
 

 

 

 

 

 

 

 

 

 

 

 

  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 

∗
∗
∗



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង   ល�ម ផល�នុ                                                                                        Page 1 
 

 

ជំពកូទ�០១ 

សេង�បេមេរៀនលីមីតៃនអនុគមន៍ 

 

១-ល�ម�តៃនអនគុមន៍្ រតង់ ចំ នួនកំណត 

  និយមន័យ 

   អនុគមន៍ f  មានលីមីតL  កលណx  ខិតជិត a   េបី្រគប់ចំនួន 0ε >   
មានចំនួន 0δ >  ែដល 0 | |x a δ< − <  នាំ ឲ | ( ) |f x L ε− <   ។   

េគកំណត់សរេសរ   lim ( )
x a

f x L
→

=    ។ 

ឧទាហរណ ៍ េដយេ្របីនិយមន័យប ង�
2

lim(3 1) 7
x

x
→

+ =  ? 

េយងី្រត�វបង�ញថា  ចំេពប់ចំនួន 0ε >  មាន 0δ >  ែដល |(3 1) 7|x ε+ − <  
កលណ0 | 2|x δ< − <   ។ 
េគបាន|(3 1) 7|x ε+ − < ⇔|3( 2)|x ε− <    ្រគប់ 0ε >  

សមមូល | 2|
3

x ε
− <   យក 

3
εδ =  េនាះ| 2|x δ− <  ។ 

ស្រមាយេនះប ��ក្រគប 0ε >  មាន 0
2
εδ = >  ែដល  | 2|x δ− <  នាំ ឲ្

|(3 1) 7|x ε+ − <  ។  ដូចេនះ 
2

lim(3 1) 7
x

x
→

+ =  ។ 

  និយមន័យ  

អនុគមន៍ f  ខិតេទរក+∞  ឬ −∞  កលណx  ខិតជិតa  េបី្រគប់ចំនួន 0M >  
មានចំនួន 0δ >  ែដល 0 | |x a δ< − <  នាំ ឲ ( )f x M>   ឬ  ( )f x M< − ។ 

េគកំណត់សរេសរ   lim ( )
x a

f x
→

= +∞  ឬ lim ( )
x a

f x
→

= −∞    ។ 
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ឧទាហរណ ៍  េគឲ្យអនុគមន៍ f  កំណត់េដយ 2 3( )
2

xf x
x
+

=
−

 

ចូរ្រសយតមនិយមន័
2

lim ( )
x

f x
+→

= +∞  ។ 

េគមាន 2 3 2( 2) 7 7( ) 2
2 2 2

x xf x
x x x
+ − +

= = = +
− − −

 ។ េយងីនឹងរកចំនួន 0M >  

ែដល  ( )f x M>  ។ េដីម្បីឲ្ ( )f x M>  េយងី្រគាន់ែតឲ 7
2

M
x

>
−

 និង 2x >  

េគទញបា 70 2x
M

< − <   យក 7 0
M

δ = >  េនាះ0 2x δ< − <  

ស្រមាយេនះប ��ក់ថា្រគប់ចំ 0M >  មាន 7 0
M

δ = >  

ែដល 0 | 2|x δ< − <  នាំ ឲ្ ( )f x M>  ។ ដូចេនះ
2

lim ( )
x

f x
+→

= +∞  ។  

២-ល�ម�តៃនអនគុមន៍្ រតង់អនន 

 និយមន័យ  អនុគមន៍ f  មានលីមីតL  កលណx  ខិតេទ+∞   ឬ −∞   

េបី្រគប់ចំនួន 0ε >  មានចំនួន 0N >  ែដល x N>   ឬ x N< −   នាំ ឲ្

| ( ) |f x L ε− <   ។ េគកំណត់សរេសរ   lim ( )
x

f x L
→+∞

=   ឬ lim ( )
x

f x L
→− ∞

=   ។ 

ឧទាហរណ    េគមានអនុគមន៍ f  កំណត់េដយ 4 1( )
2 3

xf x
x
+

=
+

 

ចូរ្រសយ lim ( ) 2
x

f x
→ − ∞

=   និង lim ( ) 2
x

f x
→ +∞

=  ។ 

េគមាន 4 1 2(2 3) 5 5( ) 2
2 3 2 3 2 3

x xf x
x x x
+ + −

= = = −
+ + +

 នាំ ឲ្ 5| ( ) 2|
|2 3|

f x
x

− =
+

  

ចំេពះ| ( ) 2| , 0f x ε ε− < >  េគបាន 5
|2 3|x

ε<
+

  នាំ ឲ្ 5|2 3|x
ε

+ >   

េគទញ

52 3

52 3

x

x

ε

ε

 + >

 + < −

    សមមូល 

5 3
2 2

5 3
2 2

x

x

ε

ε

 > −

 < − −

  េហតុេនះចំេព្រគប់ 0ε >  

មាន 5
2

A
ε

=   ឬ  5 3
2 2

A
ε

= +  ែដល x A>   ឬ  x A< −   នាំ ឲ |្ ( ) 2|f x ε− <  
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ដូចេនះ lim ( ) 2
x

f x
→ − ∞

=   និង lim ( ) 2
x

f x
→ +∞

=  ។ 

 និយមន័យ អនុគមន៍ f  មានលីមីត+∞  កលណx  ខិតេទ+∞  េបី្រគប់ចំនួន 

0M >  មានចំនួន 0N >  ែដល x N> នាំ ឲ្ ( )f x M>   ។ 

េគកំណត់សរេសរ   lim ( )
x

f x
→+∞

= +∞   ។ 

 និយមន័យ  អនុគមន៍ f  មានលីមីត+∞  កលណx  ខិតេទ−∞  េបី្រគប់ចំនួន

0M >  មានចំនួ 0N >  ែដល x N< − នាំ ឲ្ ( )f x M>   ។ 

េគកំណត់សរេសរ   lim ( )
x

f x
→ − ∞

= +∞   ។ 

៣-្រ�មាណ�ធ�េល�ល�ម 

េបី lim ( ) , lim ( )
x a x a

f x L g x M
→ →

= =   និង lim ( )
x a

h x N
→

=  ែដល ,L M  និង N  

ជាចំនួនពិតេនាះេគបា 

ក. lim[ ( ) ( ) ( )]
x a

f x g x h x L M N
→

+ − = + −  

ខ. lim[ ( ) ( ) ( )]
x a

f x g x h x L M Na β g a β g
→

+ − = + −  ( , ,α β γ ∈  )។ 

គ. lim[ ( ) ( ) ( )] . .
x a

f x g x h x L M N
→

=  

ឃ. ( )lim[ ]
( )x a

f x L
g x M→

=   ែដល 0M ≠  

៤-ល�ម�តៃនអនគុមនអ៍សន�ទា 

 រូបមន�សំខន់ៗគួរកត់សម �ល៖ 

 ក. lim n n
x a

x a
→

=     

 ខ. lim ( ) lim ( )n n
x a x a

f x f x
→ →

=     
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៥-ល�ម�តៃនអនគុមនប៍ណា�ក់  

េបី f  និង g  ជាអនុគមន៍ពីរែដលមានលីមី lim ( )
x a

g x L
→

= និង lim ( ) ( )
x L

f x f L
→

=   

េនាះ lim [ ( )] ( )
x a

f g x f L
→

=   ។ 

ឧទាហរណ   គណនាលីមីត
2

4 7limln( )
3x

x
x→

+
+

 

តង 4 7( )
3

xg x
x
+

=
+

 និង ( ) lnf x x=  េនាះ 4 7[ ( )] ln( )
3

xf g x
x
+

=
+

 

េគមាន
2 2

4 7 8 7lim ( ) lim 3
3 2 3x x

xg x
x→ →

+ +
= = =

+ +
 

ដូចេនះ 
2 3

lim [ ( )] lim ( ) (3) ln3
x x

f g x f x f
→ →

= = =   ។ 

ឧទាហរណ   គណនាលីមីត 4 7lim ln( )
3x

x
x→+∞

+
+

 

តង 4 7( )
3

xg x
x
+

=
+

 និង ( ) lnf x x=  េនាះ 4 7[ ( )] ln( )
3

xf g x
x
+

=
+

 

េគមាន
744 7 4lim ( ) lim lim 433 11x x x

x xg x
x

x
→+∞ →+∞ →+∞

++
= = = =

+ +
 

ដូចេនះ 
4 4

lim [ ( )] lim ( ) limln ln4 2ln2
x x x

f g x f x x
→+∞ → →

= = = =   ។ 

៦-ល�ម�តតាមការេ្រេធៀប 

ក.េបី f និង g ជាអនុគមន៍ពីេហយី Aជាចំនួនពិតមួយែដចំេព x A∀ ≥ េគមា 

( ) ( )f x g x≥  និង lim ( )
x

g x
→+∞

= +∞  េនាះ lim ( )
x

f x
→+∞

= +∞   ។ 

ខ.េបី f និង g ជាអនុគមន៍ពីេហយី A  ជាចំនួនពិតមួយែដចំេព x A∀ ≥ េគមា 

( ) ( )f x g x≤  និង lim ( )
x

g x
→+∞

= −∞  េនាះ lim ( )
x

f x
→+∞

= −∞   ។ 

គ.េបី ,f g  និង h  ជាអនុគមន៍បី េហីយ A  ជាចំនួនពិតមួយែដចំេព x A∀ ≥  

េគមាន ( ) ( ) ( )g x f x h x≤ ≤ និង lim ( ) lim ( )
x x

g x h x l
→+∞ →+∞

= =  េនា lim ( )
x

f x l
→+∞

=    
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ឃ.េបី f  និង g  ជាអនុគមន៍ពីរ េហីយ A  ជាចំនួនពិតមួយែដចំេពះ x A∀ ≥  

េគមា ( ) ( )f x g x≤  និង lim ( ) , lim ( ) '
x x

f x g xl l
→+∞ →+∞

= =   េនាះ 'λλ ≤   ។  

( λនិង 'λ ជាចំនួនពិត )  

៨-ល�ម�តៃនអនគុមន៍្ រ�េកាណម 

 ្រទឹស�ីប   េបី x  ជារង �ស់មុំ ឬ ធ�ូគិតជ ារ៉ដ្យង់េនាះ 

 ក.
0

sinlim 1
x

x
x→

=            ខ.
0

1 coslim 0
x

x
x→

−
=       គ.

0

tanlim 1
x

x
x→

=  

 ស្រមាយប �� ៖ 
  
 
 
 
 
 
 
 
 
 

តងϕ  ជាមុំគិតជារ៉ដ្យង់  0
2
πϕ< <   ។  តង



,OAT OAP
S S   និង OAPS  

េរៀងគា� ជាៃផ�្រកឡាៃន្រOAT   ៃផ� រកឡាចំេរៀកថ OAP   និងៃផ�្រក 
ៃន្រតីេកOAP ។  តមរូបខងេលីេគម

OAT OAPO AP
S S S≥ ≥    

េដយ  


21 11 tan , 1
2 2OAT O AP

S Sϕ ϕ= × × = × ×   និង 1 sin
2OAPS θ=    

P
 

T
 

A
 

Q
 

O
 

ϕ
 

y
 

x
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េនាះេគបា 1 1 1tan sin
2 2 2

ϕ ϕ ϕ≥ ≥   ឬ tan sinϕ ϕ ϕ≥ ≥    

េដយ sintan
cos

ϕϕ
ϕ

=  េនា sin sin
cos

ϕ ϕ ϕ
ϕ
≥ ≥   េនាេគទញ sincos 1ϕϕ

ϕ
≤ ≤  ។ 

េបី 0
2
π ϕ− < <   េនាះ0

2
πϕ< − <  េនាះវិស មភាពខងអចសរេសេទ 

sin( )cos( ) 1ϕϕ
ϕ
−

− ≤ ≤
−

 ឬ  sincos 1ϕϕ
ϕ

≤ ≤  

េហតុេនះេគបាន sincos 1ϕϕ
ϕ

≤ ≤  ចំេពះ្រគប ( ,0) (0, )
2 2
π πϕ ∈ − ∪  

េដយ
0

limcos 1
ϕ

ϕ
→

=   េនាះ 
0

sinlim 1
x

ϕ
ϕ→

=   ។ 

េដយជំនួសϕ  ជាx  េនាះេគបាន
0

sinlim 1
x

x
x→

=   ពិត ។ 

ម្យោ៉ងេទៀត
0 0

1 cos (1 cos )(1 cos )lim lim
(1 cos )x x

x x x
x x x→ →

− − +
=

+
 

                                  
0

sin sinlim . 1 0 0
1 cosx

x x
x x→

= = × =
+

 

ដូចេនះ 
0

1 coslim 0
x

x
x→

−
=   ពិត ។  តមរូបមន� sintan xx

x
=   

េគបាន
0 0

tan sin 1lim lim . 1 1 1
cosx x

x x
x x x→ →

= = × =  ។ ដូចេនះ 
0

tanlim 1
x

x
x→

=   ។ 

សមា�ល់    

ក.
0

lim 1
sinx

x
x→
=  ខ.

0
lim 1

tanx

x
x→
=  

៩-ល�ម�តៃនអនគុមនអ៍ុ�ចស ប្ ៉ូណង់ ែស្ 

 រូបមន�សំខន់ៗ ៖ 

 ក. lim x

x
e

→+∞
= +∞              ខ. lim 0x

x
e

→−∞
=               គ. lim

x

x

e
x→+∞
= +∞   

 ឃ. lim 0xx

x
e→+∞

=               ង. lim
x

nx

e
x→+∞

= +∞      ច. lim
n

xx

x
e→+∞

= +∞    
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១០-លមីីតៃនអនុគមន៍េលក រីតេន 

 រូបមន�សំខន់ ៖ 

 ក. lim ln
x

x
→+∞

= +∞  ខ.
0

lim ln
x

x
+→

= −∞  

 គ. lnlim 0
x

x
x→+ ∞

=  ឃ.
0

lim ln 0
x

x x
+→

=  

 ង. lnlim 0nx

x
x→+∞

=                   ច.
0

lim ln 0n

x
x x

+→
=    
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ជំពកូទ�០២ 

វិធីស�ស�គណនាលមីតៃនអនុគមន៍ម យួចំន 

 

១.�ធ�សា�ស�គណនាល�ម�តតាមការដាក់ជាផល  

 ឧបមាថាេគមានលីមីត ( )( )lim 1
( )x a

f x
g x→  

។ 

េបីតៃម�េលខ ( ) 0g a =   និង ( ) 0f a =  េនាះលីមីត (1) មានរងនកំនត់ 0
0

  ។  

ក�ុងករណីេនះេដីម្បីគណនាលីមីតេគ្រត�វដក់ភាគយកនិងភាគែបងជាផ
ត�េដយម ( )x a−  ជាកត�រ រួចស្រម�លកត�រួមេន ះេចលបនា�ប់មករកលីម  
្របភាគថ�ី 

ឧទាហរណ   គណនាលីមីត
3

22

8 4( 2)lim
4x

x x
x→−

+ + +
−

  

េគបន 
3 2

22 2

8 4( 2) ( 2)( 2 4) 4( 2)lim lim
( 2)( 2)4x x

x x x x x x
x xx→− →−

+ + + + − + + +
=

− +−
 

                                       
2

2

( 2)( 2 8)lim
( 2)( 2)x

x x x
x x→−

+ − +
=

− +
 

                                       
2

2

2 8 16lim 4
2 4x

x x
x→−

− +
= = − = −

−  
ដូចេនះ  

3

22

8 4( 2)lim 4
4x

x x
x→−

+ + +
= −

−   
។ 

២.រេបៀបគណនាលីមីតអនុគមន៍អសនិទ 

 ក.ករណីកេន្សោម A B−  

 េគមាន 2( )( )A B A B A B− + = −  េនាេគបាន
2A BA B

A B
−

− =
+
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ឧទាហរណ    គណនាលីមីត
2

21

2 2 1lim
( 1)x

x x x
x→

− + −
−

  ? 

ដំេណះ្រ 

េយងីបាន
2 2 2

2 2 21 1

2 2 1 2 2 1lim lim
( 1) ( 1) ( 2 2 1 )x x

x x x x x x
x x x x x→ →

− + − − + −
=

− − − + +
  

                                             

2

2 21

21

( 1)lim
( 1) ( 2 2 1 )

1 1 1lim
1 1 22 2 1

x

x

x
x x x x

x x x

→

→

−
=

− − + +

= = =
+− + +

  

 ដូចេនះ 
2

21

2 2 1 1lim
2( 1)x

x x x
x→

− + −
=

−
  ។ 

ខ.ករណីកេន្សោម A B−  

េគមាន 2( )( )A B A B A B− + = −  េនាេគបាន
2A BA B

A B
−

− =
+

 

ឧទាហរណ ៍ គណនាលីមីត
2

22

2 1 3 8 3lim
( 2)x

x x x
x→

+ − + −
−

  ។ 

ដំេណះ្រ 

េយងីបាន
2 2 2

2 2 22 2

2 1 3 8 3 (2 1) (3 8 3)lim lim
( 2) ( 2) (2 1 3 8 3)x x

x x x x x x
x x x x x→ →

+ − + − + − + −
=

− − + + + −
   

                                                    

2 2

2 22

2

2 22

22

4 4 1 3 8 3lim
( 2) (2 1 3 8 3)

( 2)lim
( 2) (2 1 3 8 3)

1 1lim
102 1 3 8 3

x

x

x

x x x x
x x x x

x
x x x x

x x x

→

→

→

+ + − − +
=

− + + + +

−
=

− + + + +

= =
+ + + −

 

 



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង   ល�ម ផល�នុ                                                                                        Page 10 
 

គ.ករណីកេន្សោម A B−  

េគមាន( )( )A B A B A B− + = −  េនាេគបា A BA B
A B
−

− =
+

 

ឧទាហរណ   គណនាលីមីត  
3 2

32

1 6 12 9lim
( 2)x

x x x
x→

+ − − +
−

  ។ 

ដំេណះ្រ 

េយងីបាន
3 2

32

1 6 12 9lim
( 2)x

x x x
x→

+ − − +
−

 

        

3 2

3 3 22

3

3 3 22

3 22

( 1) (6 2 9)lim
( 2) ( 1 6 12 9)

( 2)lim
( 2) ( 1 6 12 9)

1 1lim
6( 1 6 12 9)

x

x

x

x x x
x x x x

x
x x x x

x x x

→

→

→

+ − − +
=

− + + − +

−
=

− + + − +

= =
+ + − +

   

ដូចេនះ 
3 2

32

1 6 12 9 1lim
6( 2)x

x x x
x→

+ − − +
=

−
  ។ 

ឃ.ករណីកេន្សោមរ 3 A B−  

េគមាន 3 2 2 33 3( )( )A B A B A B A B− + + = −  

េនាេគបាន
3

3
3 2 23

A BA B
A B A B

−
− =

+ +
 ។

 

ឧទាហរណ    គណនាលីមី   
3 3

31

2 6 1lim
( 1)x

x x x
x→

+ − −
−

  ? 

ដំេណះ្រ 

េយងីបាន
3 3

31

2 6 1lim
( 1)x

x x x
x→

+ − −
−
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3 3

31 33 3 2 3 2

3 3 2

31 33 3 2 3 2

3

31 33 3 2 3 2

3 3 21

(2 6 ) ( 1)lim
( 1) (2 6 ) ( 1) 2 6 ( 1)

2 6 3 3 1lim
( 1) (2 6 ) ( 1) 2 6 ( 1)

( 1)lim
( 1) (2 6 ) ( 1) 2 6 ( 1)

1lim
(2 6 ) (

x

x

x

x

x x x
x x x x x x x

x x x x x
x x x x x x x

x
x x x x x x x

x x

→

→

→

→

+ − +
=

 − + + + + + +
 

+ − − − −
=

 − + + + + + +
 

−
=

 − + + + + + +
 

=
+ + 3 3 2

1
121) 2 6 ( 1)x x x x

=
+ + + +

   

ង.ករណីកេន្សោមរ 3A B−  

េគមាន 32 2 33 3( )( )A B A A B B A B− + + = −  

េនាេគបាន
3

3
32 23

A BA B
A A B B

−
− =

+ +
។ 

ឧទាហរណ   គណនាលីមីត  
3 2

32

1 4 12 7lim
( 2)x

x x x
x→

− − − +
−

  ? 

ដំេណះ្រ 

ត
3 2

32

1 4 12 7lim
( 2)x

x x xL
x→

− − − +
=

−
   

    
3 2

32 33 2 2 2 2

( 1) (4 12 7)lim
( 2) ( 1) ( 1) 4 12 7 (4 12 7)x

x x x
x x x x x x x→

− − − +
=

 − − + − − + + − +
 

  

       
3

32 33 2 2 2 2

( 2)lim
( 2) ( 1) ( 1) 4 12 7 (4 12 7)x

x
x x x x x x x→

−
=

 − − + − − + + − +
 

 

       
32 32 2 2 2

1 1lim
3( 1) ( 1) 4 12 7 (4 12 7)x x x x x x x→

= =
 − + − − + + − +
 

 

ដូចេនះ 1
3

L =    ។ 
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ច.ករណីកេន្សោមរ 3 3A B−  

េគមាន 3 32 23 3 3 3( )( . )A B A A B B A B− + + = −  

េគបាន 3 3
3 32 23 3

A BA B
A A B B

−
− =

+ +
 

ឧទាហរណ   គណនាលីមីត  
3 33 2 2

31

2 3 1lim
( 1)x

x x x x
x→

− − − +
−

  ? 

ដំេណះ្រ 

យក 
3 33 2 2

31

2 3 1lim
( 1)x

x x x xL
x→

− − − +
=

−
  

  
3 2 2

1 3 3 33 3 2 2 3 2 2 2 2

( 2 ) ( 3 1)lim
( 1) ( 2 ) ( 2 )( 3 1) ( 3 1)x

x x x x
x x x x x x x x x→

− − − +
=

 − − + − − + + − +
 

 

 

  

3

1 3 3 33 3 2 2 3 2 2 2 2

( 1)lim
( 1) ( 2 ) ( 2 )( 3 1) ( 3 1)x

x
x x x x x x x x x→

−
=

 − − + − − + + − +
 

  

  
1 3 3 33 2 2 3 2 2 2 2

1 1lim
3( 2 ) ( 2 )( 3 1) ( 3 1)x x x x x x x x x→

= =
 − + − − + + − +
 

  

ដូចេនះ
3 33 2 2

31

2 3 1 1lim
3( 1)x

x x x xL
x→

− − − +
= =

−
  ។ 

ឆ.ករណីកេន្សោមរ 3 3A B+  

េគមាន 3 32 23 3 3 3( )( . )A B A A B B A B+ − + = +  

េនាេគបាន 3 3
3 32 23 3

A BA B
A A B B

+
+ =

− +  

ឧទាហរណ    គណនាលីមីត  
3 2 3

22

4 4lim
( 2)x

x x
x→−

+ +
+

  ។ 

ដំេណះ្រ 
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តង
3 2 3

22

4 4lim
( 2)x

x xL
x→−

+ +
=

+
   

          

2

2 3 3 32 2 2 2 2

2

2 3 3 32 2 2 2 2

2 3 3 32 2 2 2

( 4) (4 )lim
( 2) ( 4) 4 ( 4) (4 )

( 2)lim
( 2) ( 4) 4 ( 4) (4 )

1 1lim
12( 4) 4 ( 4) (4 )

x

x

x

x x
x x x x x

x
x x x x x

x x x x

→−

→−

→−

+ +
=

 + + − + +
 

+
=

 + + − + +
 

=
 + − + +
 

 

ដូចេនះ  
3 2 3

22

4 4 1lim
12( 2)x

x x
x→−

+ +
=

+
  ។ 

៣.រេបៀបគណនាល�ម�ត្រតង់អន 

  រូបមន�សំខន់ 

 ក. 2 0lim
0x

a
ax

a→±∞

 + ∞ >= 
− ∞ <

ebI
ebI    

 ខ. lim 0 ,
x

a a
x→±∞
= ∈  

  រេបៀបគណនាលីមីត្រតង់អនន�ច ំេពាះកេន្ ៖ 

     
1

1 1 0
1

1 1 0

....lim
.....

m m
m m

n nx
n n

a x a x a x aL
b x b x b x b

−
−

−→∞
−

+ + + +
=

+ + + +
 

     េដម្បីគណនាលីមីតេនះេគ្រត 

  ដក់តួx  ែដលមានស�័យគុណខ�ស់ជាងេគជាកត  
  ស្រម�លកត x  េនាះេច 

  គណនាលីមីតេដយេ្របីរូបម 1lim 0, 0
x xα α
→∞

= >
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ឧទាហរណ ៍ គណនាលីមីត  
7 4

7
8 3 2lim

2 7 3x

x x x
x x→ ∞

− + +
+ −

  ? 

ដំេណះ្រ 

េយងីតង
7 4

7
8 3 2lim

2 7 3x

x x xL
x x→ ∞

− + +
=

+ −
  

                

7
3 6 7

7
6 7

3 6 7

6 7

3 1 2(8 )
lim 7 3(2 )

3 1 28 8lim 47 3 22

x

x

x
x x x

x
x x

x x x

x x

→ ∞

→ ∞

− + +
=

+ −

− + +
= = =

+ −

 

ដូចេនះ    
7 4

7
8 3 2lim 4

2 7 3x

x x xL
x x→ ∞

− + +
= =

+ −
  ។ 

សម�ល   េគអចគណនាតមរេបៀបខងេ្ 

       
7 4 7

7 7
8 3 2 8 8lim lim 4

22 7 3 2x x

x x x xL
x x x→ ∞ → ∞

− + +
= = = =

+ −
  ។ 

 រេបៀបគណនាលីមីត្រតង់អនន�ច ំេពាះកេនសនិទា 

 េគ្រត�វេ្រ�រូបមន�បំែលងដូចខងេ ៖ 

 ក. A BA B
A B
−

− =
+

 

 ខ. 3 3
3 32 23 3.

A BA B
A A B B

−
− =

+ +
 

 គ. 3 3
3 32 23 3.

A BA B
A A B B

+
+ =

− +  
 ឃ.

1 2 1...
n n

n n nn n n

A BA B
A A B B− − −

−
− =

+ + +
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ឧទាហរណ   គណនាលីមី 2 2lim ( 7 1 4)
x

x x x
→ +∞

+ + − +  ។ 

ដំេណះ្រ 

េគបាន
2 2

2 2
2 2

7 1 4lim ( 7 1 4) lim
7 1 4x x

x x xx x x
x x x→ +∞ → +∞

+ + − −
+ + − + =

+ + + +
  

                                                     
2 2

2 2

7 3lim
7 1 41 1

37 7lim
27 1 41 1

x

x

x

x x
x x x

x

x x x

→ +∞

→ +∞

−
=

+ + + +

−
= =

+ + + +

   រេបៀបគណនាលីមីត្រតង់អនន�ច ំេពាះកេន្សោមជាផលបូកៃនស�ុីតចំ 

  រូបមន�ផលបូកស�ុីតសំខន់ ៖ 

 ក. ( 1)1 2 3 ......
2

n nn +
+ + + + =  

 ខ. 2 2 2 2 ( 1)(2 1)1 2 3 .....
6

n n nn + +
+ + + + =  

 គ.
2 2

3 3 3 3 ( 1)1 2 3 ....
4

n nn +
+ + + + =  

 ឃ. ផលបូកស�ុីតនព�ន� 

     1
1 2 3

( )....
2

n
n n

n a aS a a a a +
= + + + + =   

 ង. ផលបូកស�ុីតធរណីម្ 

     1 2 3 1
1....
1

n

n n
qS a a a a a
q

−
= + + + + = ×

−
  ។ 

 
 



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង   ល�ម ផល�នុ                                                                                        Page 16 
 

ឧទាហរណ  គណនាលីមីត 2
1 2 3 ....lim

n

n
n→+∞

+ + + +  ។ 

ដំេណះ្រ 

េយងីបាន 2 2
1 2 3 ... ( 1)lim lim

2n n

n n n
n n→ +∞ → +∞

+ + + + +
=  

                                             1 1lim lim
2 2 2n n

n n
n n→ +∞ → +∞

+
= = =   ។ 

ដូចេនះ 2
1 2 3 .... 1lim

2n

n
n→+∞

+ + + +
=  ។ 

ឧទាហរណ  គណនាលីមីត
2 2 2 2

3
1 2 3 ....lim

n

n
n→+∞

+ + + +  ។ 

ដំេណះ្រ 

េយងីបាន
2 2 2 2

3 3
1 2 3 ... ( 1)(2 1)lim lim

6n n

n n n n
n n→ +∞ → +∞

+ + + + + +
=  

                                                   
2

( 1)(2 1)lim
6

1 1(1 )(2 ) 2 1lim
6 6 3

n

n

n n
n

n n

→ +∞

→ +∞

+ +
=

+ +
= = =

 
ដូចេនះ  

2 2 2 2

3
1 2 3 .... 1lim

3n

n
n→+∞

+ + + +
=  ។ 

៤.រេបៀបគណនាល�ម�តអនុគមន៍្រ�េកាណ 

 រូបមន�អនុគមន៍្រតីេកណម្រតែដលគួរ 

)A  ទំនាក់ទំនង្រគ 

ក. 2 2sin cos 1θ θ+ =         ខ. sintan
cos

θθ
θ

=          គ. coscot
sin

θθ
θ

=  

ឃ. 2
2

11 tan
cos

θ
θ

+ =      ង. 2
2

11 cot
sin

θ
θ

+ =    ច. 1tan
cot

θ
θ

=  
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)B  រូបមន�បំែលងមុំផ�ុំ  

ក.មុំផ�ុយគ �θ  និង θ−     

sin( ) sin
cos( ) cos
tan( ) tan
cot( ) cot

θ θ
θ θ
θ θ
θ θ

− = −
 − =


− = −
 − = −

    

ខ.មុំបំេពញគ �( )
2
π θ−  និង θ  

  

sin( ) cos
2

cos( ) sin
2

tan( ) cot
2

cot( ) tan
2

π θ θ

π θ θ

π θ θ

π θ θ

 − =

 − =

 − =


 − =


    

គ.មុំបែន�មគ �π θ−   និង θ      

sin( ) sin
cos( ) cos
tan( ) tan
cot( ) cot

π θ θ
π θ θ
π θ θ
π θ θ

− =
 − = −


− = −
 − = −

    

ឃ.មុំមនផលសងេស�នឹ π     

sin( ) sin
cos( ) cos
tan( ) tan
cot( ) cot

π θ θ
π θ θ
π θ θ
π θ θ

+ = −
 + = −


+ =
 + =

    

ង.មុំមនផលសងេស�នឹង 2
π     

sin( ) cos
2

cos( ) sin
2

tan( ) cot
2

cot( ) tan
2

π θ θ

π θ θ

π θ θ

π θ θ

 + =

 + = −

 + = −


 + = −

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)C  រូបមន�ផលបូកនិងផលដករវងមុំពី 

 ក.cos( ) cos cos sin sina b a b a b− = +  
 ខ.cos( ) cos cos sin sina b a b a b+ = −  
 គ.sin( ) sin cos sin cosa b a b b a+ = +  
 ឃ.sin( ) sin cos sin cosa b a b b a− = −  

 ង. tan tantan( )
1 tan tan

a ba b
a b
±

± =
  

)D  រូបមន�មុំឌុប 

  ក.sin2 sin cosa a a=  
  ខ. 2 2 2 2cos2 cos sin 2cos 1 1 2sina a a a a= − = − = −  

  គ. 2
2tantan2

1 tan
aa

a
=

−
 

)E  រូបមន�បំែលងពីផលគុណេទផលបូ 

  ក. 1sin cos sin( ) sin( )
2

a b a b a b= + + −   

  ខ. 1sin cos sin( ) sin( )
2

b a a b a b= + − −   

  គ. 1cos cos cos( ) cos( )
2

a b a b a b= + + −   

  ឃ. 1sin sin cos( ) cos( )
2

a b a b a b= − + − −   

)F  រូបមន�បំែលងពីផលគុណេទផលបូ 

  ក.sin sin 2sin cos
2 2

p q p qp q + −
+ =  

  ខ.sin sin 2sin cos
2 2

p q p qp q − +
− =  

  គ.cos cos 2cos cos
2 2

p q p qp q + −
+ =  
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  ឃ.cos cos 2sin sin
2 2

p q p qp q − +
− = −  

  ង. sin( )tan tan
cos cos

p qp q
p q
+

+ =  

  ច. sin( )tan tan
cos cos

p qp q
p q
−

− =  

  ឆ. sin( )cot cot
sin sin

p qp q
p q
+

+ =  

  ជ. sin( )cot cot
sin sin

p qp q
p q
−

− = −  

 )G  កេន្សោsin3 , cos3a a   និង tan3a  

  ក. 3sin3 3sin 4sina a a= −  
  ខ. 3cos3 4cos 3cosa a a= −  

  គ.
3

2
3tan tantan3

1 3tan
a aa

a
−

=
−

 

 )H  អនុគមន៍្រតីេកណម្រតៃន 2kθ π+  និង θ  

  ក.sin( 2 ) sinkθ π θ+ =  
  ខ.cos( 2 ) coskθ π θ+ =  
  គ.tan( 2 ) tankθ π θ+ =  
  ឃ.cot( 2 ) cotkθ π θ+ =   (ែដល k   ជាចំនួគត់រឡឺាទីហ� ) 

  រេបៀបគណនាេដយេ្រ�រូបមន�្ 

  ក.
0 0

sinlim lim 1
sinx x

x x
x x→ →

= =  

  ខ.
0 0

tanlim lim 1
tanx x

x x
x x→ →

= =                

   គ.
0

1 coslim 0
x

x
x→

−
=  
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 ឧទាហរណ     គណនាលីមីត 

 ក.
0 0 0

1 cos sin 1 cos sinlim lim lim 0 1 1
x x x

x x x x
x x x→ → →

− + −
= + = + =  

 ខ.

2
2

2
2 20 0 0

2sin sin1 cos 1 1 12 2lim lim lim 1
2 2 2

2
x x x

x x
x

xx x→ → →

 
 −

= = = × = 
 
 

 

 គ.
0 0

tan1tan 1 1 1lim lim tan3tan3 1 3 21 .3
3

x x

x
x x x

xx x
x

→ →

++ +
= = =

+ ++
  ។ 

 ឃ.
0 0

sin sin(sin ) sin sin(sin ) sin(sin ) sinlim lim . . 1
sin(sin ) sinx x

x x x x
x x x x→ →

      = =  

 ង.
0

sin sin2 sin3 ....sin( )lim nx

x x x nx
x→

  

      
0

sin sin2 sin3 sin( )lim .2 .3 .... . 1 2 3 .... !
2 3x

x x x nxn n n
x x x nx→

= = × × × × =  

 រេបៀបគណនា្រតីេកណម្រតេដយេ្រ�រូបមន�� 

 ឧបមាថាេគមានលីម lim ( )
x a

L f x
→

=     ែដល 0a ≠  

 េគតងt a x x a t= − ⇒ = −   កលណx a→  េនាះ 0t →  

 េគបានរូបមន�
0

lim ( ) lim ( )
x a t

L f x f a t
→ →

= = −       (េហថារូបមន�ប�ូរអេថរ  

 ឧទាហរណ ៍  គណនាលីមីត 
2

2

1 sinlim
( )
2

x

xL
x

π π→

−
=

−
  

 ដំេណះ្រ 

 េយងីតង
2

x tπ
− =   េនាះ

2
x tπ
= −    

 េបី 2
x π
→  េនា  0t →  



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង   ល�ម ផល�នុ                                                                                        Page 21 
 

 េគបាន
2

2 2 20 0 0

1 sin( ) 1 cos sin 1 12lim lim lim .
1 cos 2t t t

t t tL
tt t t

π

→ → →

− − −
= = = =

+
  ។ 

 ដូចេនះ 
2

2

1 sin 1lim
2( )

2
x

xL
x

π π→

−
= =

−
  ។ 

ឧទាហរណ  គណនាលីមីត 21

1 cos(2 )lim
(1 )x

xA
x
π

→

−
=

−
  ។ 

ដំេណះ្រ 

គណនា 21

1 cos(2 )lim
(1 )x

xA
x
π

→

−
=

−
    េដយ 21 cos(2 ) 2sin ( )x xπ π− =   

េគបាន
2

21

2sin ( )lim
(1 )x

xA
x
π

→
=

−
  

តង 1u x= −  េនាះ 1x u= −  េហយីកល 1x →  េនា 0u →   

េគបាន
2 2

2 20 0

sin ( ) sin ( )2 lim 2 lim
u u

u uA
u u
π π π

→ →

−
= =   

               
2

2
0

sin( )2 lim 2
( )u

u
u
π π π

π→

 
= × = 

 
  

ដូចេនះ 22A π=  ។ 

ឧទាហរណ   ចូរគណនាលីមីត

3

2sin( )
3lim

3x

x
A

xπ

π

π→

−
=

−
  ។ 

ដំេណះ្រ 

គណនា

3

2sin( )
3lim

3x

x
A

xπ

π

π→

−
=

−
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តង
3

u x π
= −  េនាះ

3
x uπ
= +   ។ កល

3
x π
→  េនា 0u →   

េគបាន
0 0 0

2sin 2sin 2 sin 2lim lim lim
3 3 33( )

3
u u u

u u uA
u uuπ π→ → →

= = = =
+ −

  

ដូចេនះ 

3

2sin( ) 23lim
3 3x

x
A

xπ

π

π→

−
= =

−
  ។ 

ឧទាហរណ   ចូរគណនាលីមីត 2 2lim ( ) tan
2x

xA x
π
π

→
= −   ។ 

ដំេណះ្រ 

គណន 2 2lim ( ) tan
2x

xA x
π
π

→
= −    

តងu xπ= −  េនាះ x uπ= −  ។  កល x π→  េនា 0u →   

េគបាន 2 2lim ( ) tan
2 2x

uA u
π

ππ π
→

  = − − −    
  

               

( )2lim 2 cot
2

1lim [ (2 ) ]
tan

2

2lim [ 2(2 u) ] 4
tan

2

x

x

x

uu u

u u u

u

u

π

π

π

π

π

π π

→

→

→

= −

= −

= − =

  

ដូចេនះ 2 2lim ( ) tan 4
2x

xA x
π
π π

→
= − =    
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ឧទាហរណ   ចូរគណនាលីមីត lim (2 1)sin
2x

xA x
x
π

→∞

 = +  + 
  ។ 

ដំេណះ្រ 

គណន lim (2 1)sin
2x

xA x
x
π

→∞

 = +  + 
   

េគមាន ( 2) 2 2
2 2 2

x x
x x x
π π π ππ+ −

= = −
+ + +

  

េនាះ 2 2sin sin sin
2 2 2

x
x x x
π π ππ     = − =     + + +     

  

េគបាន 2lim (2 1)sin
2x

A x
x
π

→ ∞

 = +  + 
  

តង 2
2

u
x
π

=
+

  េនាះ 2 2ux
u

π −
=   

កលណ x →∞  េនាះ 0u →   

េគបាន
0

2 2lim 2 1 sin
u

uA u
u

π
→

 − = +    
  

               
( )

0

0

4 4lim sin

sinlim 4 3 4

u

u

u u u
u

uu
u

π

π π

→

→

− +
=

= − =
  

ដូចេនះ lim (2 1)sin 4
2x

xA x
x
π π

→∞

 = + = + 
  ។ 

៥.ល�ម�តៃនអនគុមនអ៍�ចស ប្ ៉ូណង់ ែស្ 

 រូបមន�សំខន់ៗគួរកត់សម �ល 

 ក.
0

1lim 1
x

x

e
x→

−
=  

 ខ.
0

1lim ln , ( 0 )
x

x

a a a
x→

−
= >  
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 គ. ( )
1

0

1lim 1 lim 1
x

x
x x

x e
x→ →∞

 + = + = 
 

 

 ឃ. 1lim
0 0 1

x

x

a
a

a→+∞

 + ∞ >= 
< <

ebI
ebI    

 ឧទាហរណ ៍ គណនាលីមីតខងេ្រក 

 ក.
sin sin

0 0

1 1 sinlim lim 1 1 1
sin

x x

x x

e e x
x x x→ →

− −
= × = × =  

 ខ.
2 2 2

2 20 0

cos2 (1 2sin )lim lim
x x

x x

e x e x
x x→ →

− − −
=  

                               

2 2

20 0

2

1 sinlim 2lim

1 2 1 3

x

x x

e x
xx→ →

−  = +  
 

= + × =

 

 គ.
0 0 0

1 1lim lim lim
ax bx ax bx

x x x

e e e ea b
x ax bx→ → →

− − −
= × − ×   

                           , , *a b a b= − ∈   

 ដូចេនះ 
0

lim
ax bx

x

e e a b
x→

−
= −    ។ 

៦.ល�ម�តៃនអនគុមនេ៍លាការ 

 រូបមន�សំខន់៖ 

 ក.
0

ln(1 )lim 1
x

x
x→

+
=   

 ខ.
0

lim ln
x

x
+→

= −∞  

 គ. lim ln
x

x
→+∞

= +∞  

 ឧទាហរណ  គណនាលីមីតខងេ្រក 
 ក.

0 0

ln(1 tan2 ) ln(1 tan2 ) tan2lim lim . .2 2
tan2 2x x

x x x
x x x→ →

+ +
= =  
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 ខ.
2

2 20 0

ln(cos2 ) ln(1 2sin )lim lim
x x

x x
x x→ →

−
=  

                              
2 2

2 20

ln(1 2sin ) sinlim ( 2) 2
( 2sin )x

x x
x x→

−
= × × − = −

−
 

 គ.
2 2 2

20 0

ln(1 4 ) ln(1 4 ) 4lim lim
4x x

x x x x x x
x xx x→ →

+ − + − −
= ×

−
 

                                    
2

20

ln(1 4 )lim .(4 ) 1 4 4
4x

x x x
x x→

+ −
= − = × =

−
 

 ឃ.
0 0

ln(3 2 ) ln(1 2(1 )] 2( 1)lim lim 2
2(1 )

x x x

xx x

e e e
x xe→ →

− + − − −
= × = −

−
 

៧.រេបៀបគណនាល�ម�តរាងម�នកត ់1∞  

កល 0x x→  េគមាន ( ) 0f x →  និង ( )g x →∞  េនាះលីមីត
0

( )lim ( ) g x

x x
f x

→
    

មានរងមិនកំនត1∞  ។ 

េដម្បីគណនាលីមីតេនះេគ្រត�វេ្រ�រូបមន� 

( )
1

0
) lim 1

x

x
a x e

→
+ =          1) lim 1

x

x
b e

x→∞

 + = 
 

   ែដល 2.7182818...e =   ។ 

 

ឧទាហរណ  គណនាលីមីតខងេ្រក 

ក.

1
1 1 2 1/2

2
0 0

lim 1 lim 1
2 2

x x

x x

x x e e
→ →

 
    + = + = =       

 

 

ខ.

sin 12 .1 1 2 12sin 22
0 0

lim 1 sin lim 1 sin
2 2

x

x
xx

x x

x x e e
→ →

 
    + = + = =       

 
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គ.

2

2 22 2lim 1 1
xx

x
e

x x→+∞

 
    + = + =       

 

 

ឃ.

2
1 1

2 2
2

1 2 1lim lim 1
1 1

x
x xx

x x

x e
x x e

−
+ +
−

−

→+∞ →+∞

 − −    = + = =    + +   
 

  ។ 

ង.
1

2 sin

20

1lim
1

x

x

x x
x x→

 − +
 + + 

   

េគមាន
2 2

2 2 2
1 1 21 1 1
1 1 1

x x x x x
x x x x x x

 − + − + −
= + − = + + + + + + + 

   
2 2

1 1
2 sin sin

2 20 0

2.
1 sin 1

2

20

2
2

1 2lim lim 1
1 1

2lim 1
1

1

x x

x x

x
x x x x x

x

x

x x x
x x x x

x
x x

e
e

→ →

−
+ + + +
−

→

−

 − + − = +   + + + +  

 
−  = +  + +   

= =

 

ដូចេនះ  
1

2 sin

2 20

1 1lim
1

x

x

x x
x x e→

 − +
= + + 

  ។ 

៨.រេបៀបគណនាល�ម�តរាងម�នកំនត់េដាយេ្រ��្រទ�ស ��បទឡូ 

ក.្រទឹស�ីបទ 

សន�តថាេគមានអនុគមន៍ព f និង g  មានេដរីេវ្រត  0x x=  េហយី 0'( ) 0g x ≠  ។ 

.េបី 
0

( )lim
( )x x

f x
g x→

 មានរ 0
0

   ឬ   ∞
∞

   េនា
 0 0

0

0

'( )( ) '( )lim lim
( ) '( ) '( )x x x x

f xf x f x
g x g x g x→ →

= =   ។ 
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.េបី
0

'( )lim
'( )x x

f x
g x→

   មានរងមិនកំនត 0
0

   ឬ   ∞
∞

  ដែដលេហយីផលេធៀប ''( )
''( )

f x
g x

 

េផ��ងផា�ត់ល ក�ខណ័ �ឡូពីតេនាះេគអចអនុវត�ន៍ត មវិធានទេទដូចខង 

0 0 0 0

( )

( )
( ) '( ) ''( ) ( )lim lim lim .... lim
( ) '( ) ''( ) ( )

n

nx x x x x x x x

f x f x f x f x
g x g x g x g x→ → → →

= = = = ។ 

ខ.រូបមន�េដរសំីខន់ 

  អនុគមន៍          េដរេីវ 
 ក. y k=   ' 0y =  
 ខ. ny x=   1' ny n x −=  

 គ. 1y
x

=   2
1'y
x

= −  

 ឃ. y x=   1'
2

y
x

=  

 ង. xy e=   ' xy e=  
 ច. xy a=   ' lnxy a a=  

 ឆ. lny x=   1'y
x

=  

 ជ. siny x=   cosy x=  
 ឈ. cosy x=   ' siny x= −  

 ញ. tany x=   2
2

1' 1 tan
cos

y x
x

= = +  

 ដ. coty x=   2
1'

sin
y

x
= −  

 ឋ. arcsiny x=   
2

1'
1

y
x

=
−

 

 ទ. arccosy x=   
2

1'
1

y
x

= −
−

 

 ធ. arctany x=   2
1'

1
y

x
=

+
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គ.រូបមន�េដរេីវេផ្សងៗេទៀ 

    អនុគមន៍                                               េដរេីវ 

 ក. ny u=   1' . '. ny n u u −=  

 ខ. y u=  ''
2
uy

u
=  

 គ. .y u v=  ' ' 'y u v v u= +  

 ឃ. uy
v

=  2
' '' u v v uy

v
−

=  

 ង. lny u=  '' uy
u

=  

 ច. siny u=  ' '.cosy u u=  
 ឆ. cosy u=  ' 'siny u u= −  
 ជ. uy e=   ' '. uy u e=  
 ឈ. tany u=  2' '(1 tan )y u u= +  

 ញ. arcsiny u=  
2

''
1
uy

u
=

−
 

 ដ. arccosy u=  
2

''
1
uy

u
= −

−
 

 ឋ. arctany u=  2
''

1
uy

u
=

+
  

ឧទាហរណ  គណនាលីមីតខងេ្ 

ក.
5 4

21

2 3 5lim
1x

x x
x→

+ −
−

   មានរ 0
0

 

 

5 4

21

4 3

1

(2 3 5)'lim
( 1)'

10 12 10 12lim 11
2 2

x

x

x x
x

x x
x

→

→

+ −
=

−

+ +
= = =

 

ដូចេនះ 
5 4

21

2 3 5lim 11
1x

x x
x→

+ −
=

−
   ។ 
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ខ.
4 3

22

22lim
4x

x x x
x→

+ − −
−

 មានរ 0
0

 

    

4 3 3 2

22 2

3 2

( 22)' 4 3lim lim
2( 4)'

4(2) 3(2) 32 12 11
2(2) 4

x x

x x x x x
xx→ →

+ − − +
= =

−

+ +
= = =

 

 ដូចេនះ 
4 3

22

22lim 11
4x

x x x
x→

+ − −
=

−
 

គ.
3

1

1lim
1x

x
x→

−
−

 រង 0
0

 

    
3 2

1 1

( 1)' 3 3lim lim 61 1( 1)'
22

x x

x x
x

x
→ →

−
= = = =

−
 

ដូចេនះ   
3

1

1lim 6
1x

x
x→

−
=

−   
។ 

ឃ. 21

sinlim
1x

x
x

π
→ −

 រង 0
0

 

    21 1

(sin )' cos coslim lim
2 2 2( 1)'x x

x x
xx

π π π π π π
→ →

= = = = −
−

  

ដូចេនះ 21

sinlim
21x

x
x

π π
→

= −
−

 ។ 

 
www.mathtoday.wordpress.com 
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ជំពកូទ�០៣ 

សេង�បេមេរៀនសិក្សោភពជាប់ៃនអនុ 

 

១.ស�� ណៃនអនគុមនជ៍ាប 

 កលណាេគគូស្រកបៃនអនុគ ( )y f x=  េលីចេនា�ះ  I  មួយៃនែដនកំណត់  

េដយមិនេលីកេខ� េនាះេគបានគំនូសជាែខ្សេកងជអនុគមន៍ f ជាអនុគមន 

ជាប់្ង់្រគប់ចំណុចៃនចេនា�   I  ។ 

 

 

 

 

 

 

 

២.ភាពជាប់្រតង់មួយចំ   

និយមន័យ    អនុគមន៍ ( )y f x=  ជាអនុគមន៍ជាប់្រតx a= កលណ f  បំេពញ 

លក�ខណ� ទំងបីខងេ្រក 

  

( ) ( ):c y f x=

y

x'x
O

'y
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 ក. f  កំណត់ចំេពះx a=  

 ខ. f  មានលីមីតកលx  ខិតជិត a  

 គ. lim ( ) ( )
x a

f x f a
→

=   ។ 

ឧទាហរណ  េគឲ្យអនុគមន៍ f  កំណត់េដយ 

( ) 3
3sin sin3 0

4 0

x x x
f x x

x

− ≠= 
 =

ebI
ebI

    

ចូរសិក្សោភាពជាប់ៃនអនុ f  ្រតង 0x =  ។ 

ដំេណះ្រ 

សិក្សោភពជាប់ៃនអនុ f  ្រតង  0x =  

តមសម�តិកម ( ) 3
3sin sin3 0

4 0

x x x
f x x

x

− ≠= 
 =

ebI
ebI

      

េគមាន ( )0 4f =  កំណត់ 

គណនា ( ) ( )3

3 30 0 0

3sin 3sin 4sin3sin sin3lim lim lim
x x x

x x xx xf x
x x→ → →

− −−
= =  

                         

3 3

3 30 0

3

0

3sin 3sin 4sin 4sinlim lim

sin4 lim 4

x x

x

x x x x
x x

x
x

→ →

→

− +
= =

 = = 
 

 

េដយ ( ) ( )
0

lim 0 4
x

f x f
→

= =  េនា f  ជាអនុគមន៍ជាប់្រ 0x =  ។ 

ដូចេនះ f  ជាអនុគមន៍ជាប់្រ 0x =  ។ 
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៣.លក�ណះភាពជាប់ៃនអនុគមន 

 េបី f   និង  g   ជាអនុគមន៍ជាប់្រតង់ចំណ x a=  េនាះេគបាន 

 ក. ( ) ( )f x g x+  ជាអនុគមន៍ជាប់្រតង់ ចំណ x a=   ។ 

 ខ. ( ) ( )f x g x−  ជាអនុគមន៍ជាប់្រតង់ ចំណ x a=   ។ 

 គ. ( ). ( )f x g x  ជាអនុគមន៍ជាប់្រតង់ ចំណ x a=   ។ 

 ឃ.λ ( )f x  ជាអនុគមន៍ជាប់្រតង់ ចំណ x a=   ។ (λជាចំនួនពិត 

 ង. ( )
( )

f x
g x

 ជាអនុគមន៍ជាប់្រតង់ ចំណ x a=   ែដល ( ) 0g a ≠  ។ 

៤.ភាពជាេល�ចេនា � 

   និយមន័យ ៖ 

 អនុគមន៍ f  ជាប់េលីចេនា�ះេបី ( , )a b  លុះ្រតែ f  ជាប់ចំេពះ្រគប់តៃx  

     ៃនចេនា�ះេបីកេនាះ   

 អនុគមន៍ f  ជាបេលីចេនា�ះបិទ [ , ]a b  លុះ្រតែ f  ជាប់េលី( , )a b   និងមា 

    លីមីត lim ( ) ( )
x a

f x f a
+→

=  និង lim ( ) ( )
x b

f x f b
−→

=   ។ 

ឧទាហរណ  េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) 2

1
2

sin 1 1
1

1
2

x

xf x x
x

x

π

π

π

 − = −

= − < <

−
 =

ebI
ebI
ebI

   

ចូរសិក្សោភាពជាប់ៃនអនុ f ជាប់េលីចេនា�  1,1−    ។ 
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ដំេណះ្រ 

សិក្សោភពជាប់ៃនអនុ f ជាប់េលចេន ា� 1,1−   

េគមាន ( )1
2

f π
− = −  និង ( )1

2
f π

=  

អនុគមន៍ f  ែដល ( ) 2
sin
1

xf x
x
π

=
−

 ជាប់េលីចេនា�ះេប ( )1,1− ។ 

េយងីមា ( ) 21 1

sinlim lim
1x x

xf x
x
π

+ +→− →−
=

−
 យក 1x u= − −   

កល 1x +→ − េនា 0u −→  

េគបា ( ) ( ) ( )21 0 0

sin( ) sinlim lim lim 1
2 21 ( 1 )x u u

u uf x f
u uu

π π π π
+ − −→− → →

− −
= = = − = −

− −− − −
 

េហយី ( ) 21 1

sinlim lim
1x x

xf x
x
π

− −→ →
=

−
 យក 1x u= −   

កល 1x −→ េនា 0u +→  

េគបា ( ) ( ) ( )21 0 0

sin( ) sinlim lim lim 1
2 21 (1 )x u u

u uf x f
u uu

π π π π
− + +→ → →

−
= = = =

−− −
 

េដ ( ) ( )
1

lim 1
x

f x f
+→−

= −  និង ( ) ( )
1

lim 1
x

f x f
−→

=  

ដូចេនះ f  ជាអនុគមន៏ជាប់េលីចេនា  1,1−  ។ 

ឧទាហរណ  េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) 2

0
2

sin 0 2
2

2
2

x

xf x x
x x

x

π

π

π

 − =

= < <

−
 =

ebI
ebI
ebI

   

ចូរសិក្សោភាពជាប់ៃនអនុ f ជាប់េលីចេនា�  0,2  ។ 

ដំេណះ្រ 
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សិក្សោភពជាប់ៃនអនុ f ជាប់េលចេន ា 0,2     

េគមាន ( )0
2

f π
= −  និង ( )2

2
f π

=  

អនុគមន៍ f  ែដល ( ) 2
sin

2
xf x

x x
π

=
−

 ជាប់េលីចេនា�ះេប ( )0,2 ។ 

េយងីមា ( ) ( )20 0 0

sin sinlim lim lim 0
2 22x x x

x xf x f
x xx x

π π π π
π+ + +→ → →

= = × = − =
−−

  

េហយី ( ) 22 2

sinlim lim
2x x

xf x
x x

π
− −→ →

=
−

 យក 2x u= −   

កល 2x −→ េនា 0u +→  

េគបា ( ) ( ) ( ) ( )22 0 0

sin(2 ) sinlim lim lim 2
2 2(2 ) 2 2x u u

u uf x f
u uu u

π π π π
− + +→ → →

−
= = = =

−− − −
 

េដ ( ) ( )
0

lim 0
x

f x f
+→

=  និង ( ) ( )
2

lim 2
x

f x f
−→

=  

ដូចេនះ f  ជាអនុគមន៏ជាប់េលីចេនា  0,2  ។ 

៥.ភាពជាប់ៃនអនុគមន៍បណា  

 អនុគមន៍ g  ជាប់្រតងx a=  និងអនុគមន៍ f  ជាប់្រតង ( )x g a=  

 េនាះអនុគមន៍បណា�ក ( )( ) [ ( )]f o g x f g x=  ជាប់្រតងx a=   ។ 

ឧទាហរណ   េគឲ្យអនុគមន៍ g  និង f កំណត់េដយ 2

4( )
1

xg x
x

=
+

និង ( ) lnf x x=    

េតីអនុគមន៍ ( )( ) [ ( )]f o g x f g x=  ជាប់្រតង 1x =   ែដរឬេទ ? 

ដំេណះ្រ 

េគមាន 2

4(1) 2
1 1

g = =
+
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េហយី 21 1

4 4lim ( ) lim 2 (1)
1 1 1x x

xg x g
x→ →

= = = =
+ +

 េនាះ g  ជាអនុគមន៍ជាប់្រ 

1x =   ។ 

េហយីេបី (1) 2x g= =  េនាះ (2) ln 2f =  និង 
2 2

lim ( ) limln ln (2)
x x

f x x f
→ →

= = =  

េនា f  ជាអនុគមន៍ជាប់្រត 2x =   ។ 
ស្រមាយខងេលីប��ក ( )( ) [ ( )]f o g x f g x=  ជាប់្រតង 1x =   ។ 

៦.អនគុមនប៍នា �យតាមភាព 

 េបី f  ជាអនុគមន៍មិនកំណត់្រតងx a=  និងមានលីមីតlim ( )
x a

f x l
→

=  

 េនាះអនុគមន៍បនា�យៃ  f  តមភាពជាបង់ x a=  កំណត់េដយ៖ 

 
( )( ) f x x a

g x
x aλ
≠

= 
=

ebI
ebI  

ឧទាហរណ  េគឲ្យអនុគមន f កំណត់េដ ( )
( )2

2

ln cos 1 ln2x x
f x

x

+ + −
=   

ែដល 0x ≠   ។ រកអនុគមន៍បនា�យតមភាព ជា f  ្រតង 0x =  ។ 

ដំេណះ្រ 

រកអនុគមន៍បនា�យតមភពជា  f  ្រតង  0x =  

េយងីមា ( )
( )2

20 0

ln cos 1 ln2
lim lim
x x

x x
f x

x→ →

+ + −
=  

                          

2

20

2

2

220 0

cos 1ln
2

lim

cos 1 2ln 1
2 cos 1 2lim lim

2cos 1 2
2

x

x x

x x

x

x x
x x

xx x

→

→ →

 + +
 
  =

  + + − +     + + −  = ×
+ + −
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2

2 20 0

2

2 20 0

cos 1 1 1lim lim
2 2

1 sin 1 1 1 1 1lim lim 0
2 1 cos 2 4 41 1

x x

x x

x x
x x

x
xx x

→ →

→ →

− + −
= +

= − × + = − + =
+ + +

 

េបី g ជាអនុគមន៍បនា�យតមភ ាពជ f ្រតង 0x =  េនាះេគបា 

   ( )
( )2

2

ln cos 1 ln2
0

0 0

x x
xg x x
x

 + + − ≠= 


=

cbI
cbI

 

ឧទាហរណ ៍េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) 2
2

1 1 1ln
2 4

f x x
x

 
= + +  

 
  

ែដល 0x ≠  ។ ចូររកអនុគមន៍បនា�យតមភាព ជា f  ្រតង 0x =  ។ 

ដំេណះ្រ 

រកអនុគមន៍បនា�យតមភពជា  f  ្រតង  0x =  

េយងីមា ( ) 2
20 0

1 1 1lim lim ln
2 4x x

f x x
x→ →

 
= + +  

 
 

                         

2
2

20 0
2

2

0 0
22 2

1 1 1 1ln 1
4 2 4 2lim lim

1 1
4 2

1 1
1 14 4lim lim 11 11 11 1

2 24 24 2

x x

x x

x x

x
x

x

xx x

→ →

→ →

  
+ + −   + −    = ×
 

+ −  
 

+ −
= = = =

  ++ ++ +  
 

 

ត g ជាអនុគមន៍បនា�យតមភ ាពជ f  ្រតង 0x = េនាះេគបា 
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( )
2

2
1 1 1ln 0

2 4

1 0

x x
xg x

x

  
+ + ≠   =   


=

ebI
ebI

 

៧.្រទ�ស��បទតៃម�កណា  

្រទឹស�ីប  េបីអនុគមន៍ f  ជាប់េលីចេនា�ះបិ [ , ]a b  និង k  ជាចំនួនមួយេនចេន  

 ( )f a  និង ( )f b  េនាះមានចំនួនពិc  មួយយា៉ងតិចក�ុងចេនា�ះបិ  [ , ]a b  ែដល 

( )f c k=   ។ 

វិបាក េបីអនុគមន៍ f  ជាប់េហីយេកីនដច់ខត ឬ ចុះដច់ខតេលីចេនា  ,a b   

េនាះចំេពះ្រគប់ចំនkេនចេនា�  ( )f a  និង ( )f b សមីករ ( )f x k=  មានចេម�ីយែ 

មួយគត់េនចេនា  ,a b    ។ 

ស្រមយប ��ក 

 

 

 

 

 

 

 

a  b  

( )f a  

( )f b  

y  

x  

( ) : ( )c y f x=  

( )f c k=  

c  O  



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង   ល�ម ផល�នុ                                                                                        Page 38 
 

អនុគមន៍ f  ជាប់ និង េកីនដច់ខត េលីចេនា� [ , ]a b  ។  

f  ជាអនុគមន៍េកីនដច់ខតមានន័យថាមានពីរ ,α β  ៃន ,a b  ែដល α β<  
នាំ ឲ្ ( ) ( )f fα β<  ។ ឲ្យចំនួនk  េនចេនា�  ( )f a  និង ( )f b ( ( ) ( )f a k f b< <  ) 
និង f  ជាអនុគមន៍ជាប់ 

តម្រទឹស�ីបទប ��ក់ថាមានចំc  េនចេនា� a  និង b ែដល ( )f c k=  ។ 

ឧបមាថាមានចំន 'c  មួយេទៀតេផ្សងពីc  ែដល ( ')f c k=  េនាះេគបា

( ) ( ')f c f c=  ែដលផ�ុយពីសម�តិកម�ែដលថ f  ជាអនុគមន៍េកីនដច់ខ 

ដូចេនះមានចននួ c ែតមួយគត់ែដលេផ��ងផា�ត់  ( )f c k=  មានន័យថា សមីក

( )f x k=  មានចេម�ីយែតមួយគត់  

សម�ល    ្រទឹស�ីបទតៃម�កណា�លអចេ្របីបានច  0k = ជាពិេសសេប f ជាអនុគមន 

ជាប់េលីចេនា�ះប  ,a b    និង ( ). ( ) 0f a f b <   េនាះមានចំនួc  មួយយា៉ងតិចៃន

,a b     ែដល ( ) 0f c =   ។ 

ឧទាហរណ  

េគឲ្សមីក( ) 2: 0E ax bx c+ + =  ែដល 0ac ≠  និង , ,a b c∈  

េបី 7 4 0a b c+ + =  និង | | | |a c>  ចូរ្រសយថាសម( )E មានប�សយា៉ងត  

មួយស�ិតេនក�ុងចេនា�ះចំ នួ1 និង 2។ 

ដំេណះ្រ 

្រសយថសម( )E មន��សយ ា៉ងតិចមួយស�ិតេនក�ុងចេនា�ះចំ 1 និង 2  
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េគមា( ) 2: 0E ax bx c+ + =  ែដល 0ac ≠  និង , ,a b c∈  

យក ( ) 2f x ax bx c= + +  ជាអនុគមន៍ជាប់េ[ ]1,2  

េយងីមា ( ) ( ) ( ) ( )3 1 31 7 4
4 4 4

f a b c a c a b c a c= + + = − − + + + = − −  

េហយី ( ) ( ) ( ) ( )1 1 12 4 2 7 4
2 2 2

f a b c a c a b c a c= + + = + + + + = +  

េ្រព7 4 0a b c+ + =  (តមប្រមា 

េយងីបាន ( ) ( ) ( ) ( )2 2 2 23 31 2 | | | | 0
8 8

f f a c a c= − − = − − < េ្រព| | | |a c>  

តម្រទឹស�ីបទតៃម�កណា�លប��ក់ថាយា៉ងេហីយណាស់មានចំ    ( )0 1,2x ∈  

ែដល ( )0 0f x =  ។ 

ដូចេនះសមីក( )E មានប�សយា៉ងតិចមួយស�ិតេនក�ុងចេនា�ះចំ  1 និង 2។ 

ឧទាហរណ  

ក.្រសយប ��ក់ថាសមី tan cosx x x=  យា៉ង េហចណាស់មានឫសពិ 

   ចេនា�ះ  [ 0 , ]
4
π   ។ 

ខ.្រសយប ��ក់ថាសមី( 1)cos 2 sin 1 0nx x x− + − =   

   យា៉ង េហចណាស់មានឫសពិតមួយចេន ( 0 , 1 )  ។ 

ដំេណះ្យ 

ក.្រសយប ��ក់ថាសមយា៉ង េហចណាស់មានឫសពិតមួយចេន [ 0 , ]
4
π    
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េគមានសមីក tan cosx x x=  

តងអនុគមន៍ ( ) tan cosf x x x x= −   

មានែដនកំណត { , }
2fD k kπ π= − + ∈   ។ 

អនុគមន៍ f  ជាប់េលីចេនា� [ 0 , ]
4
π   ។ 

េគមាន (0) 1f = −   និង  2( ) 0
4 4 2

f π π
= − >  

េដយ 2(0) ( ) ( ) 0
4 4 2

f f π π
× < − − <  េនាះតម្រទឹស�ីបទត 

កណា�លយា៉ងេហចណាស់មា  នចំនួc  មួយៃន [ 0 , ]
4
π   

ែដល ( ) 0f c =   ។  ដូចេនះសមីករ tan cosx x x=  យា៉ង េហចណ 

មានឫសពិតមួយចេនា�ះ [ 0 , ]
4
π   ។ 

ខ.្រសយប ��ក់ថាសមី( 1)cos 2 sin 1 0nx x x− + − =   

យា៉ង េហចណាស់មានឫសពិតមួយចេន ( 0 , 1 )  ។ 

តងអនុគមន៍ ( ) ( 1)cos 2 sin 1nf x x x x= − + −  

េគមាន (0) 2f = −   និង  (1) 2 sin1 1 2 sin 1 0
4

f π
= − > − =  

េដយ (0) (1) 0f f× <  េនាះតម្រទឹស�ីបទតៃម�កណា�លយា៉ងេ   

មានចំនួនពិតc  មួយៃន [ 0 , 1 ] ែដល ( ) 0f c =   ។   

ដូចេនះសមីករ( 1)cos 2 sin 1 0nx x x− + − =  យា៉ង េហចណាស់ម 

ពិតមួយចេនា� ( )0,1 ។ 
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ជំពកូទ�០៤ 

វិធីស�ស�គណនាលីមីតៃនអនុគមន៍ម យួចំន 
 

លំហាត់ទ០១ 

គណនាលីមីតខងេ្រក 

ក. ( )3
2

lim 5
x

x x
→

+ −  ខ. ( )2
3

lim 2 5 1
x

x x
→

− +   គ. ( )4 2
1

lim 6 1
x

x x
→−

+ +   

ឃ. ( )3
2

lim 1
x

x x
→

+ +   ង. ( )3
lim 3 6
x

x x
→

+ + +    ច. ( )32 2
3

lim 1
x

x x
→

− −   

ឆ.
4 2

22

3 8lim
1x

x x
x→

+ −
+

  ជ.
2

3

5 4lim
2 1x

x x
x→

+ −
−

  ឈ.
2

1

2lim
3 1x

x x
x→

+ +
+

    

លំហាត់ទ០២ 

គណនាលីមីតខងេ្រក 

ក. ( )
0

lim sin cos
x

x x
→

+  ខ. ( )
3

lim cos 3 sin
x

x x
π

→
+   គ.

0

3 5coslim
3 cosx

x
x→

+
−

  

ឃ. ( )2

6

lim sin 2cos
x

x x
π

→
+   ង. 

2

2sin coslim
1 sinx

x x
xπ

→

−
+

   ច. 
2

3

1 4sinlim
1 2cosx

x
xπ

→

+
+

  

ឆ.
2

3

2cos 3cos 1lim
cos 3 sinx

x x
x xπ

→

+ +
+

  ជ.
4

3 2 sinlim
3 2 cosx

x
xπ

→

+
−

  ឈ. 2
3

1 3 tanlim
1 4sinx

x
xπ

→

+
+
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លំហាត់ទ០៣ 

គណនាលីមីតខងេ្រក 

ក. 21

1lim
1x

x
x→

−
−

  ខ.
2

3

4 3lim
3x

x x
x→

− +
−

  គ.
2

21

2lim
3 2x

x x
x x→

+ −
− +

  

ឃ.
3

3 22

8lim
2 2 4x

x
x x x→

−
− + −

  ង.
2

3 21

( 1)lim
1x

x
x x x→

−
− − +

  ច.
3

3 23

27lim
3 3 9x

x
x x x→

−
− − +

  

ឆ.
4 3 2

31

1lim
1x

x x x
x→−

+ − +
+

  ជ.
3

3 21

2lim
1x

x x
x x x→

+ −
− + −

  ញ.
4

3 22

16lim
2 4 8x

x
x x x→

−
− + −

  

លំហាត់ទ០៤ 

គណនាលីមីតខងេ្រក 

ក.
3

21

1lim
2x

x
x x→

−
+ −

 ខ.
3 2
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ឆ) 20

cos4 cos2lim
x

x x
x→

−  ជ)
3

20

1 cos3lim
x

x
x→

−  

ឈ)
3

20

cos2 cos4lim
x

x x
x→

−  ញ) 20

1 cos2 cos4lim
x

x x
x→

−  

លំហាត់ទ២៣ 

ចូរគណនាលីមីតខងេ្រ 

ក) 20

sin3lim
sin 5x

x x
x→

 ខ) ( )2
3 30

1 cos2
lim

tan 2 sin 2x

x x
x x→

−
−

  

គ) 20

2 1 coslim
sinx

x
x→

− +  ឃ)
0

1 sin coslim
1 sin cosx

x x
x x→

+ −
− −

  

ង) 20

1 cos cos2lim
x

x x
x→

−  ច) 20

1 cos cos2lim
x

x x
x→

−  

ឆ) 20

1 sin cos2lim
sinx

x x x
x→

+ −  ជ)
2

0

sinlim
1 sin cosx

x
x x x→ + −

  

ឈ)
0

( )lim
sin sinx

x a b
ax bx→

−
−

 ញ)
2

2
6

2sin 3sin 1lim
4sin 1x

x x
xπ

→

− +
−

 

លំហាត់ទ២៤ 

ចូរគណនាលីមីតខងេ្រ 

ក. 
0

2sin sin2lim
3sin sin3x

x x
x x→

−
−

 ឃ. 
0

2 1 coslim
.tanx

x
x x→

− +   

ខ. 
0

cos2 cos4lim
1 cos2 cos4x

x x
x x→

−
−

 ង. 
2

0

1 sin coslim
cos cos3x

x
x x→

+ −

−
  

គ. 40

1 cos(1 cos )lim
x

x
x→

− −  ច.  
3

0

1 cos3lim
(1 cos )x

x
x x→

−
−

  ។ 
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លំហាត់ទ២៥ 

ចូរគណនាលីមីតខងេ្រ 

ក. 30

sin sin2 sin3lim
x

x x x
x→

   ខ.
0

sin sin2 sin3lim
x

x x x
x→

+ +   

គ.
0

sin3lim
x

x x
x→

+  ឃ.
0

sin2lim
sin6x

x
x→

  

ង.
0

sin3lim
tanx

x x
x x→

+
+

  ច. 20

1 coslim
x

x
x→

−   

ឆ.
0

1 cos2lim
1 cos4x

x
x→

−
−

  ជ. 
3

0

1 cos 2lim
sinx

x
x x→

−  

ឈ. 30

tan sinlim
x

x x
x→

−   ញ.
0

2sin sin2lim
3sin sin3x

x x
x x→

−
−

  

ដ.
0

cos2 cos4lim
1 cos2 cos4x

x x
x x→

−
−

  ឋ. 40

1 cos(1 cos )lim
x

x
x→

− −   

ឌ. 20

1 cos cos2lim
x

x x
x→

−   ឍ. 
0

1 coslim
1 cos2x

x
x→

−
−

  

ណ.
0

2 1 coslim
.tanx

x
x x→

− +   ត.
2

0

1 sin coslim
cos cos3x

x
x x→

+ −

−
 

លំហាត់ទ២៦ 

គណនាលីមីតខងេ្រក 

ក. 20

1 sin cos2lim
sinx

x x x
x→

+ −  ខ. 
0

sin3lim
2 2x

x
x→ + −

 

គ. 
2

0

sinlim
1 sin cosx

x
x x x→ + −

 ឃ. 30

tan sinlim
x

x x
x→

−  

ង. 
0

1 sin coslim
1 sin cosx

x x
x x→

+ −
− −

 ច. 20

1 cos cos2lim
x

x x
x→

−  

ឆ. 20

1 cos .cos2lim
x

x x
x→

−  ជ. 40

1 cos(1 cos )lim
x

x
x→

− −  

ឈ. 2
1

lim(1 )tan
2x

xx π
→

−  ញ. 
1

tanlim
1x

x
x
π

→ −
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លំហាត់ទ២៧ 

េគមានអនុគមន៍ 2
2 2cos( ) axy f x

x
−

= =  ែដល a∈  ។ 

កំណត់តៃម�ៃន a  េដីម្បី ឲ្
0

lim ( ) 100
x

f x
→

=   ។ 

លំហាត់ទ២៨ 

មានអនុគមន៍ f  កំណត់េដយ tan sin( ) n
x xf x
x
−

=  ែដល n∈។ 

កំណត់្រគប់n  ែដលេធ�ីឲ្យ
0

lim ( )
x

f x
→

 ជាចំនួនពិត  

លំហាត់ទ២៩ 

គណនាលីមីតខងេ្រក 

ក.
2

2lim
cosx

x
xπ

π
→

−   ខ.
1

sinlim
1x

x
x
π

→ −
 

គ. 20

1 2lim ( cos 3)
cosx

x
xx→

 + −  
           ឃ. 21

1 sin
2lim

(1 )x

x

x

π

→

−

−
 

លំហាត់ទ៣០ 

ចូរគណនាលីមីតខងេ្រ 

ក)
2 2

0

sin sin 3lim
1 cos4x

x x
x→

−
−

 ខ)
0

cos cos3lim
1 cos2x

x x
x→

−
−

  

គ)
2 2

20

sinlim
sinx

x x
x x x→

−
−

 ឃ)
2

30

1 2cos2 cos 2lim
sin2x

x x
x x→

− +   

ង)
0

tan2 sin2lim
(1 cos4 )x

x x
x x→

−
−

 ច) 3 30

3sin2 sin6lim
sinx

x x
x x→

−
+

 

ឆ) 40

2 cos2 cos4lim
1 cos 5x

x x
x→

− −
−

 ជ)
3 2

20

sin (2 )lim
(tan sin )x

x
x x→ −

  



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង    ល�ម ផល�នុ                                                                                     Page 54 
 

ឈ)
4 3

20

1 cos (2 )lim
(3sin sin3 )x

x
x x→

−
−

 ញ)
3

40

1 cos 2lim
1 cos 3x

x
x→

−
−

 

លំហាត់ទ៣១ 

ចូរគណនាលីមីតខងេ្រ 

ក) 20

1 cos2 cos6lim
sin 5x

x x
x→

−  ខ)
0

1 cos4lim
1 cos6x

x
x→

−
−

 

គ)
2

30

1 cos 6lim
1 cos 2x

x
x→

−
−

 ឃ)
2

20

1 cos 2 cos4lim
x

x x
x→

−   

ង)
2

2 20

cos 2 cos6lim
3sin sin 2x

x x
x x→

−
+

 ច)
3

20

1 cos 4lim
3x

x
x→

−  

ឆ) 20

cos4 cos2lim
x

x x
x→

−  ជ)
3

20

1 cos3lim
x

x
x→

−  

ឈ)
3

20

cos2 cos4lim
x

x x
x→

−  ញ) 20

1 cos2 cos4lim
x

x x
x→

−  

លំហាត់ទ៣២ 

ចូរគណនាលីមីតខងេ្រ 

ក.
0

1 cos sinlim
x

x x
x→

− +  ខ. 20

1 coslim
x

x
x→

−  

គ.
0

tanlim
tan3x

x x
x x→

+
+

 ឃ.
0

sin[sin(sin )]lim
x

x
x→

  

ង.
0

sin sin2 sin3 ....sin( )lim nx

x x x nx
x→

   

លំហាត់ទ៣៣ 

ចូរគណនាលីមីតខងេ្រ 

ក.
 21

1 sin
2lim

(1 )x

x

x

π

→

−

−
   ខ.

 2 2
2

coslim
4x

x
xπ π→ −
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គ.
4

sin coslim
4x

x x
xπ π→

−
−

 ឃ. 2
2

2 1 sinlim
cosx

x
xπ

→

− +   

ង.
3

21

1 tanlim
1x

x x
x

π
→

− +
−

 ច. 2
2

lim(4 )tan
4x

xx π
→

−  

ឆ. lim( )tan
2x

xx
π
π

→
−  ជ.

4

1 tanlim
1 2 sinx

x
xπ

→

−
−

  

ឈ.
 3

3lim
3 2sinx

x
xπ

π
→

−
−

 ញ.
cos

lim
x

x
x

xπ

π
π

π→

+
−

  

ដ.
 

2

2lim 2sinx

x

x
π→

−    

លំហាត់ទ៣៤ 

ចូរគណនាលីមីតខងេ្រ 

ក.
( )2
1 sin

2lim
x

x

xπ π→

−

−
 ខ.

2

2lim
cosx

x
xπ

π
→

−  

គ. ( )
1
2

cos
lim

2 1x

x
x
π

→ −
 ឃ.

4

( 4 )cos2lim
1 sin2x

x x
xπ

π
→

−
−

  

ង.
3

3lim
3 2sinx

x
xπ

π
→

−
−

 ច.
4

2cos 2lim
4x

x
xπ π→

−
−

 

ឆ. 2
3

cos 3 sin 2lim
( 3 )x

x x
xπ π→

+ −
−

 ជ. ( )
2

4

2 2 cos sin
lim

cos 2x

x x
xπ

→

− +
 

ឈ. ( )2
1

lim 1 tan
2x

xx π
→

 −  
 

 ញ. ( )
2

lim 2 tan
x

x x
π

π
→

 −   
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លំហាត់ទ៣៥ 

ចូរគណនាលីមីតខងេ្រ 
3 2

3
4 3 11) lim
2 3x

x x
x x→ ∞

− +
+ +

  
2 3

4
(4 1)(6 )2) lim
(3 1)(8 5)x

x x x
x x→ ∞

+ +
+ +

 
3 2

3 2
4 7 33) lim
6 5 1x

x x x
x x x→∞

− + +
+ − +

            
10 10 10

10 10
( 1) ... ( 10)4) lim

10x

x x x
x→ ∞

+ + + + +
+

 
100 100 100

100 100
( 1) .... ( 100)5) lim

100x

x x x
x→+∞

+ + + + +
+

   
24 36) lim

x

x x
x→ +∞

+ +  
3 38 4 1 27)lim

x

x x x
x→∞

+ + + +            
3 33 3

8 18)lim
4 27 9 1x

x
x x x x→∞

+

+ + + +
 

លំហាត់ទ៣៦ 

គណនាលីមីតខងេ្រក 

ក. 2
( 1)(2 3)(2 )lim

( 1)(2 1)x

x x x
x x→∞

− + −
+ +

  ខ. lim
2 1

x

xx

e x
e→+∞

−
+

 

គ. lim( )
x

x x x x
→+∞

+ + −   ឃ. 2 3lim ln( )
1x

x
x→+∞

+
+

 

ង. 34 4 3 3 2 2lim( 4 3 2 3 )
x

x x x x x x x
→+∞

+ + + + + −  

លំហាត់ទ៣៧ 

ចូរគណនាលីមីត  

ក. 2 2lim( 4 2 2 3)
x

x x x x
→+∞

+ + − − +  

ខ. 2 2lim( 2 3)
x

x x x x
→+∞

+ + − − +  

លំហាត់ទ៣៨ 

ចូរគណនាលីមីត 3
1.2 2.3 3.4 .... ( 1)lim

n

n n
n→+∞

+ + + + −   
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លំហាត់ទ៣៩ 

គណនាលីមីតខងេ្រក 

ក. 2 2 2
1 1 1lim(1 )(1 )....(1 )
2 3n n→+∞

− − −  

ខ.
4 4 4

lim( .... )
1 2n

n n n
n n n n→+∞

+ + +
+ + +

  ។ 

លំហាត់ទ៤០ 

ចំេពះ្រគបn∈  េគមាន 

0

2 2 2 2...
1 3 3 5 (2 1)(2 3) (2 1)(2 3)

n

n
p

S
n n p p=

= + + + =
× × + + + +∑  

ក.គណន nS ជាអនុគមន៍ៃn េដយេ្រប
2

(2 1)(2 3)p p+ +
ជាទ្រមង 

 
2 1 2 3

a b
p p

+
+ +

  ។ 

ខ.គណនា lim nn
S

→+∞
  ។ 

លំហាត់ទ៤១ 

េដយេ្របីសមភ
1 1

( 1)! ! ( 1)!
k

k k k
= −

+ +
 ចូរគណនាផលបូ៖ 

1 2 3 ...
2! 3! 4! ( 1)!n

nS
n

= + + + +
+

  រចួទញរ lim nn
S

→+∞
  ។ 

លំហាត់ទ៤២ 

គណនាលីមីតខងេ្រក 

ក. 2lnlim
1 2 lnx

x x
x x→+∞

+
− +

 ខ. 2 1lim
1

x

xx

e x
e→+∞

+ −
+

 

គ. lim[ ln(2 1)]x

x
x e

→+∞
− +  ឃ. 3 2lnlim

1 3lnx

x
x→+∞

−
+
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ង. 2 lnlim
lnx

x x
x x→+∞

−
+

 ច. 2 1lim
x

xx

e x
e x→∞

+ −
+

 

លំហាត់ទ៤៣ 

ចូរគណនាលីមីៃនអនុគមន៍ខងេ្រ ៖ 

ក. 
0

lim
sin

x x

x

e e
x

−

→

−  ខ. 
0

1lim
x

x

e x
x→

+ −  

គ. 
2

20

cos2lim
x

x

e x
x

−

→

−  ឃ. 
sin tan

0
lim

x x

x

e e
x→

−  

ង. 
0

lim
ax bx

x

e e
x→

−  ច. 20

2lim
x x

x

e e
x

−

→

+ −  

ឆ. 
2

0

2lim
sin

x x

x

e e
x→

+ −  ជ. 
3

20

( 1)( 1)lim
x x

x

e e
x→

− −  

ឈ. 
sin2

20

cos2lim
tan

x x

x

e x
x→

−  ញ. 
2

lim ( 1)x
x

x e
→+∞

−  

លំហាត់ទ៤៤ 

ចូរគណនាលីមីត  

ក.
0

ln(1 4 )lim
x

x
x→

+  ខ. 
0

ln(1 3 )lim
x

x
x→

−  

គ. 20

ln(2 cos )lim
x

x
x→

−  ឃ. 20

ln(1 sin3 )lim
x

x x
x→

+  

ង. 20

ln(cos )lim
x

x
x→

 ច. 20

ln(2cos cos2 )lim
sinx

x x
x→

−  

ឆ.
0

ln[(1 )(1 2 )]lim
x

x x
x→

+ +  ជ. 
0

ln(1 tan )lim
x

x
x→

+  

ឈ.
0

ln(2 )lim
x

x

e
x→

−  ញ. 20

ln(3 2cos cos2 )lim
x

x x
x→

−  
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លំហាត់ទ៤៥ 

គណនាលីមីតខងេ្រក 

ក. 
0

ln(1 ) ln(1 )lim
x

x x
x→

+ − −  ខ. 
2

31

ln( 2 2)lim
3 2x

x x
x x→

− +
− +

 

គ. 
4

ln(tan )lim
4x

x
xπ π→ −

 ឃ. 
2

2

ln(sin )lim
( )
2

x

x

x
π π→ −

 

ង. 
2

2 22

ln( 4 5)lim
2x xx

x x
e e− −→

− +
+ −

 ច. 
2

ln(4 ) ln2lim
2x

x
x→

− −
−

 

ឆ. 21

lnlim
1x

x
x→ −

 ជ. 
2ln 3ln 2lim

1 lnx e

x x
x→

− +
−

 

លំហាត់ទ៤៦ 

គណនាលីមីតខងេ្រក 

ក.
2 sin

0

1lim
x x

x

e
x

+

→

−  ខ.
3 sin4

0
lim

x x

x

e e
x

−

→

−   

គ.
0

3lim
ax bx cx

x

e e e
x→

+ + −  ឃ.
sin sin

0
lim

x x

x

e e
x

−

→

−   

ង.
2

40

4 1lim
1

x

xx

e x
e x→

+ −
− −

 ច.
2 4

30

2lim
1

x x

xx

e e
e→

+ −
−

 

ឆ.
3 2sin 2

30

2lim
x x x

x

e e
x→

+ −  ជ.
22

20

cos4lim
x

x

e x
x→

−   

ឈ.
tan2

20

2 cos2lim
x x

x

e x
x→

− +  ញ.
sin sin

20

2lim
x x

x

e e
x

−

→

+ −   

ដ.
3 2

20

2 3 1lim
x x

x

e e
x→

− +  ថ.
2

0

4 5 1lim
x x

x

e e
x

−

→

− +  

លំហាត់ទ៤៧ 

គណនាលីមីតខងេ្រក 
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ក.
1 sin2 cos2

20
lim

1 1

x x x

x

e e
x

+

→

−

+ −
 ខ. 

sin2 tan2

30
lim

x x

x

e e
x→

−   

គ.
3sin sin3

30
lim

1 1

x x

x

e e
x→

−

− −
 ឃ.

2

20

1 cos2lim
tan

x

x

e x
x→

−   

ង.
2

0

( 1)( 1)...( 1)lim
x x nx

nx

e e e
x→

− − −  ច.
22

20

1 cos4lim
1 cos2

x

x

x e x
x x

−

→

+ −
+ −

 

ឆ.
21 cos4

20
lim

x x

x

e e
x

−

→

−  ជ.
2 2( 1) ( 1)

1 10
lim

x x

x xx

e e
e e

+ −

+ −→

−
−

  

ឈ.
2

2 2

2 cos2 1 sin 3

1 10
lim

x x

x xx

e e
e e

− +

+ −→

−

−
 ញ.

cos2 cos4

0
lim

2

x x

x xx

e e
e e−→

−
+ −

  

ត.
1 sin2 cos2

20
lim

x x x

x

e e
x

+

→

−  ថ.
2 2tan cos2 1 sin 3

20
lim

x x x

x

e e
x

+ +

→

−  

លំហាត់ទ៤៨ 

គណនាលីមីតខងេ្រក 

ក.
2 22 2

0
lim

x x x x

x

e e
x

+ −

→

−  ខ.
21 cos2

20
lim

x x

x

e e
x

+

→

−   

គ.
2sin

20

1 coslim
x

x

e x
x→

−  ឃ.
cos cos

20
lim

ax bx

x

e e
x→

−   

ង.
2sin 1 cos2

20
lim

x x

x

e e
x

−

→

−  ច.
cos2 cos cos2

20
lim

x x x

x

e e
x→

−  

ឆ.
3 2 3 2

2

3 3

1 cos20
lim

x x x x

x xx

e e
e e

+ −

+→

−

−
 ជ.

21 cos2 tan

20
lim

xx

x

e e
x

−

→

−   

ឈ.
2sin

20

1 cos2 cos4lim
x

x

e x x
x→

−  ញ.
21 sin 3 cos cos3

20
lim

x x x

x

e e
x

+

→

−   

ត.
1 3sin2 2 cos4

20
lim

x x

x

e e
x

+ −

→

−  ថ.
2

2

2

0

1 (1 )lim
1 cos2

x

xx

x e
e x−→

− +

−
 

លំហាត់ទ៤៩ 
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គណនាលីមីតខងេ្រក 

ក.
0

2 3lim
x x

x x→

−  ខ.
0

2lim
x x

x xx

a b
a b→

+ −
−

  

គ.
0

6 2lim
4 2

x x

x xx→

−
−

 ឃ.
1

0

2 2lim
x x

x

e
x

+

→

−   

ង.
0

4 (1 )(1 )lim
x x

x

a b
x→

− + +  ច.
2cos

20

2 2lim
x x

x x→

−  

ឆ.
tan tan

0

3 3lim
x x

x x

−

→

−  ជ.
cos2 cos4

20

2 2lim
x x

x x→

−   

ឈ.
3 2

0

1 2 3lim
x x

x x

+ +

→

+ −  ញ.
cos2 1 cos4

20

4 2lim
x x

x x

+

→

−   

ត. 20

2lim
x x

x

a a
x

−

→

+ −                       ថ.
2

20

1 2 cos2lim
x

x

x
x→

−  

លំហាត់ទ៥០ 

គណនាលីមីតខងេ្រក 

ក.
0

ln(1 2 )lim
x

x
x→

−  ខ.
0

ln(1 2sin3 )lim
x

x
x→

+   

គ. 20

ln(1 sin2 )lim
x

x x
x→

+  ឃ. 20

ln(3 2cos2 )lim
x

x
x→

−   

ង. 20

ln(cos6 )lim
x

x
x→

 ច. 20

ln(cos2 ) ln(cos4 )lim
x

x x
x→

+  

ឆ.
2

20

ln(2 1 )lim
x

x
x→

− +  ជ. 20

ln2 ln(1 cos2 )lim
2 1xx

x
→

− +

−
  

ឈ.
2

0

ln(1 4 )lim
ln(cos ) ln(cos3 )x

x
x x→

+
−

 ញ.
3

20

ln(cos cos 2 )lim
x

x x
x→

  

ត.
0

ln (1 )(1 2 )...(1 )
lim
x

x x nx
x→

+ + +    ថ.
0

ln(2 )lim
x

x

e
x→

−  

លំហាត់ទ៥១ 

គណនាលីមីតខងេ្រក 
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ក.
1

2

20

1lim
1

x

x

x x
x x→

 − +
 + + 

 ខ. ( )
1
2

0
lim cos

x

x
x

→
  

គ.
tan

0

tanlim

x
x x

x

x
x

−

→

 
 
 

 ឃ.

1
1

1

1lim
2

x

x

x
−

→

+ 
 
 

  

ង.

2
2 2

2
lim

2

x x

x

x
−

→

 
 
 

 ច. ( )
tan 2

4

lim tan
x

x
x

π
→

 

ឆ.

1
sin

2

0
lim

2

x
x x

x

e e
→

 +
 
 

 ជ. ( )
1

2( 2 )

2

lim sin
x

x
x

π

π

−

→
  

ឈ. ( )
1

2( )

lim cos2
x

x
x

π

π

−

→
 ញ. ( )

1
2

2
0

lim 2
x

x x

x
e e

→
−   

ត.
1

cos

2

lim tan
2

x

x

x
π

→

 
 
 

                 

ថ. ( )
1
2

0
lim cos cos2 ...cos( )

x

x
x x nx

→
 

លំហាត់ទ៥២ 

គណនាលីមីតខងេ្រក 

ក.
1

2

0

...lim
x x nx x

x

e e e
n→

 + + +
 
 

 ខ.
1

0
lim

2

x x x

x

a b
→

 +
 
 

  

គ.
1

1

2 1lim
2

x
x

x

x
x

−

→

+ 
 + 

 ឃ. ( )
2

2
lim 1

x
x

x
x

−

→
−   

ង. 1lim
1

x

x

x
x→∞

− 
 + 

 ច.
3 22

1lim cos
n n

n n

+

→+∞

 
 
 
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ឆ.
2

2
1lim
1

n

n

n n
n n→+∞

 + +
 − + 

 ជ.
12 1lim

2 1

n

n

n
n

+

→+∞

+ 
 − 

  

ឈ. lim
2

n
n n

n

a b
→+∞

 +
  
 

 ញ. 2
( 2)lim

1

x

x

x x
x→∞

+ 
 + 

  

ត.
2 1lim

( 1)

x

x

x
x x→∞

 +
 + 

                    ថ. 1lim
1

xex

xx

e
e→+∞

 −
 + 

 

លំហាត់ទ៥៣ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ 1 2 ...( )
x x x

na a af x
n

+ + +
=    

ែដល  1 2, ,..., 0na a a >  ។ ចូរគណនាលីមីត ( )
1

0
lim ( )

x

x
f x

→
  ។ 

លំហាត់ទ៥៤ 

កំណត់ចំនួនពិត a  និង b េដីម្បី ឲ្
2 23

1
lim

1

x ax x ax

x

e e b
x

+ −

→

−
=

−
  ។ 

លំហាត់ទ៥៥ 

គណនាលីមី 20

1 sin cos2lim
sinx

x x x
x→

+ −   ។ 

លំហាត់ទ៥៦ 

គណនាលីមីតខងេ្រ 

ក. 1lim x

x
xe +

→+∞
                         ខ. 2 4lim x

x
x e

→−∞
                    គ. lim 1

x

x

n
x→+∞

 + 
 

 ។ 

លំហាត់ទ៥៧ 

គណនាលីមីតខងេ្រ 
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ក.
1

1lim
1

n

mx

x
x→

−
−

                             ខ. 2 2lim , ( 0 & 0)
x a

x b a b a b
x a→

− − −
> <

−
 ។ 

លំហាត់ទ៥៨ 

ចូរគណនាលីមីតខងេ្រកម 

ក.
2

0

1 1lim
1 1x

x x
x x→

− + −
+ − −

  ខ. 2
( 1)(2 3)(2 )lim

( 1)(2 1)x

x x x
x x→+∞

− + −
+ +

  

គ.
2

0
lim

| |x

x x
x−→

+               ឃ. ( )2 2lim 8 1 3
x

x x x
→−∞

+ − − −  

លំហាត់ទ៥៩ 

គណនាលីមីតខងេ្រ 

ក. 20

sin3lim
sin 5x

x x
x→

 ខ.
2

3 30

(1 cos )lim
tan sinx

x
x x→

−
−

  

គ. 20

2 1 coslim
sinx

x
x→

− +  ឃ. 2
2

1 sinlim

2
x

x

x
π π→

−

 − 
 

  

ង. 1lim sin
x

x
x→±∞

                    ច. 2 1lim 1 cos
x

x
x→+∞

 − 
 

 

លំហាត់ទ៦០ 

គណនាលីមីតខងេ្ 

ក. 
2

2
6

2sin 3sin 1lim
4sin 1x

x x
xπ

→

− +
−

 ខ. 20

1 sin coslim
sinx

x x x
x→

+ −  

គ. ( )lim ( 0 , 0 ,
sin sinx a

x a b a b a b
ax bx→

−
≠ ≠ ≠

−
  )  

ឃ. 
2

0

sinlim
1 sin cosx

x
x x x→ + −

 ង. 2 2lim( 3 1 1)
x

x x x
→+∞

+ − + −  



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រមាប់ថា�ក១២ 
 

 
 

អ�កេរៀបេរៀង    ល�ម ផល�នុ                                                                                     Page 65 
 

ច. 
0

sin3lim
2 2x

x
x→ + −

    ។ 

លំហាត់ទ៦១ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )

3

3
4 2
8

2 2
3

x x x
xf x

x

 −
≠ −= 

 =


ebI

ebI
   

ចូរសិក្សោភាពជាប់ៃនអនុ f  ្រតង 2x =  ។ 

លំហាត់ទ៦២ 

កំណត់តៃម� a  េដីម្បី ឲ្យអនុគមន៍ខងេ្រកមជា  ៖ 

ក. ( )
3

2 1
log 1

x a x
f x

x x
− + ≤

= 
>

ebI
ebI            ខ. ( )

0
1sin 0

a x
f x

x x
x

 ≤
= 

>

ebI
ebI    

លំហាត់ទ៦៣ 

រកតៃម� A  ែដលេធ�ីឱ្យ ( )f x  ជាប់្រគប់តៃមx  

ក. 
2

3 2
( )

3 2 2
Ax x

f x
x x x

 − <= 
− + ≥

ebI
ebI  

ខ. 
2

1 3 4
( )

2 3 4
x x

f x
Ax x x

 − <= 
+ − ≥

ebI
ebI  
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លំហាត់ទ៦៤ 

រកតៃម� A  និង B ែដលេធ�ីឱ្យអនុគមន៍កំណត់េដ 
2 5 9 1

( ) 1

(3 )( 2 ) 1

Ax x x

f x B x

x A x x

 + − <

= =


− − >

ebI
ebI
ebI

ជាបេលី   ។ 

លំហាតទ�៦៥ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) 2
1 sin cos2 0

3 0

x x x x
f x x

x

+ − ≠= 
 =

cbI
cbI

    

ចូរសិក្សោភាពជាប់ៃនអនុ f  ្រតង 0x =  ។ 

លំហាត់ទ៦៦ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) 3
2sin sin2 0

1 0

x x x
f x x

x

− ≠= 
 =

ebI
ebI

    

ចូរសិក្សោភាពជាប់ៃនអនុ f  ្រតង 0x =  ។ 

លំហាត់ទ៦៧ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )
2

1 cos 0

1 0
8

ax x
xf x

x

− ≠= 
 =


cbI

cbI
    

ចូរកំណត់ចំនួនពិតa  េដីម្បី ឲ្ f  ជាអនុគមន៍ជាប់្រ 0x =  ។ 
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លំហាត់ទ៦៨ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ 
2

1 0
1( )

2 sin 0

x x
xf x

x x x
x

− ≥ += 
− <

ebI

ebI
  

េតី f   ជាអនុគមន៍ជាប់្រត 0x =   ឬេទ ? 

លំហាត់ទ៦៩ 

េគមនអនុគមន៍  f  កំណត់េដយ 4

0
sin( ) 0 1

1
3

x
xf x x

x x

x

π
π

π


=


= < <

−
 =

ebI
ebI

ebI

 

ចូរសិក្សោភាពជាប់ៃនអនុគ f   េលីចេនា�ះ [0,1 ]  ។ 

លំហាត់ទ៧០ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ
2sin ln| |( ) x x xf x

x
+

=  ែដល  0x ≠  ។ 

េតី f  អចមានអនុគមន៍បន ា�យតមភាពជាប់ 0x =  ឬេទ ?   

េបីមានចូរកំណត់រកអនុគមន៍េនាះ 

លំហាត់ទ៧១ 

េគឲ្យសមីករដឺេ្រកទីព 2 0ax bx c+ + =  ែដល  0a ≠  េហយីេលខេមគុណ , ,a b c  
បំេពញលក�ខណ�  2 3 6 0a b c+ + =  ។  

បង �ញថាសមីករេនះមានប �សយា៉ងតិចមួយេន
20,
3

 
  

 ។ 
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លំហាត់ទ៧២ 

្រសយប ��ក់ថាសមី tan cosx x x= យា៉ង េហចណាស់មានប�សជាចំន 

មួយេនចេនា�ះ  0 ,
4
π 

  
  ។ 

លំហាត់ទ៧៣ 

េគឲ្យអនុគមន៍ cos( )
1 2

xf x
x

π
=

−
  ែដល  1

2
x ≠  

ក.ចូរគណនាលីមីត 1
2

lim ( )
x

f x
→

  ។ 

ខ.េតី f  អចមានអនុគមន៍បន ា�យតមភាពជាប 1
2

x =  ឬេទ ? 

លំហាត់ទ៧៤ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )
3sin sin3

3

x xe ef x
x
−

=  ែដល  0x ≠  ។ 

គណនា ( )
0

lim
x

f x
→

 រចួទញរកអនុគមន៍បនា�យតមភ ាពជ f ្រតង 0x = ។ 

លំហាត់ទ៧៥ 

េគឲ្យសមីក 3 2( ) : 0E ax bx cx d+ + + =  ែដល  0, , , ,a a b c d≠ ∈ℜ 
េបី | | | |b d a c+ < + ចូរ្រសយថាសមី( )E មានឬសយា៉ងតិចមួ យស�ិត 
ចេនា�ះ  1−  និង 1 ។ 

លំហាត់ទ៧៦ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )
( )2ln 1x x

f x
x

+ +
=  ែដល  0x ≠  ។ 

រកអនុគមន៍បនា�យតមភាពជា  f  ្រតង 0x =  ។ 
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លំហាត់ទ៧៧ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) ( )2
2

1 2
3 2

ax xf x
x ax x

 + ≤= 
+ + >

ebI
ebI    

កំណត់ចំនួនពិតa េដីម្បី ឲ្យអនុគម fជាប់្រត 2x = ។ 

លំហាត់ទ៧៨ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )

2cos2
6

sin
6 2

cos2
2

x x

f x a x b x

x x

π

π π

π

 ≤

= + < <

 ≥

cbI
cbI
cbI

   

កំណត់ចំនួនពិតaនិងbេដីម្បី ឲ្យអនុគម fជាប់េលី។ 

លំហាត់ទ៧៩ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )

2 2 1
ln 1
2ln

x x x
f x a x b x e

x x e

 − ≤


= + < ≤
 >

ebI
ebI
ebI

   

កំណត់ចំនួនពិតaនិងbេដីម្បី ឲ្យអនុគម fជាប់េលី។ 

លំហាត់ទ៨០ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( ) 2

1
2

sin 1 1
1

1
2

x

xf x x
x

x

π

π

π

 − = −

= − < <

−
 =

ebI
ebI
ebI

   

ចូរសិក្សោភាពជាប់ៃនអនុ fជាប់េលីចេនា�  1,1−  ។ 
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លំហាត់ទ៨១ 

េគឲ្យអនុគមន៍ f  កំណត់េដយ ( )

2

3 2

1
1 1

43 1

x x
f x x ax bx a x

x
x


< −


= + + + − ≤ ≤

 + >


ebI
ebI
ebI

   

កំណត់ចំនួនពិតaនិងbេដីម្បី ឲ្យអនុគម fជាប់េលី។ 

លំហាត់ទ៨២ 

េគឲ្សមីក( ) 2: 0E ax bx c+ + =  ែដល  0a ≠  និង , ,a b c∈  ។ 

េគដឹងថ10 3 0a b c+ + = ។ ចូរ្រសយថាសម( )E មានប�សយ ងតិចមួយស�ិត 

េនក�ុងចេនា�ះចំ ន2និង4។ 

លំហាត់ទ៨៣ 

េគឲ្សមីក( ) 3 2: 0E ax bx cx d+ + + =  ែដល  0a ≠  និង , , ,a b c d∈។ 

េបី9 5 3 2 0a b c d+ + + =  និង 7 3 0a b c+ + ≠ ចូរ្រសយថាសម( )E  

មានឬសយា៉ងតិចមួ យស�ិតេនក�ុងចេនា�ះច 1និង 2  ។ 

លំហាត់ទ៨៤ 

េគឲ្សមីក( ) ( )4 3 2: cos 2 sin2 cos 1 0E x x x xϕ ϕ ϕ+ − − + + =   

ែដល ϕ ∈  ។ 

ចូរ្រសយថាសម( )E មានប�សជាចំនួនពិតយា៉ងតិចមួយ េនច  1− នងិ 1។ 
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លំហាត់ទ៨៥ 

េគឲ្ fជាអនុគមន៍កំណត់និងជាប់េលីចេន  ,a b  េហយីmនិងnជាពីរចំនួនពិ 

វជិ�មានពីរែដលេគឲ្យ ។ ចូរ្រសយប��ក់ថាស  ( ) ( ) ( )m f a n f b
f x

m n
+

=
+

 

មានប�សយា៉ងតិចមួ យស�ិតេនក�ុងចេ  ,a b   ។ 

លំហាត់ទ៨៦ 

េគឲ្សមីក( ) 2: 5 1 3cos 4sin 0E x x θ θ+ − + + =  ែដល θ ∈  ។ 

ចូរ្រសយប ��ក់ថាសម( )E មានប�សយា៉ងតិចមួ យស�ិតក�ុងចេន [ ]1,1− ។ 

លំហាត់ទ៨៧ 

េ្របី្រទស�ីបទតៃម�កណា� ង �ញថា អនុគមន៍ខងេ្រកមមាcក�ុងចេនា�  

ែដលឱ្យ   

ក. 2( ) 1 , [0,5] , ( ) 11f x x x f c= + − =   ។ 

ខ. 2( ) 6 8 , [0 , 3 ] , ( ) 0f x x x f c= − + =   ។ 

គ. 3 2( ) 2 , [0,3 ] , ( ) 4f x x x x f c= − + − =   ។ 

ឃ. 
2 5( ) , [ , 4 ] , ( ) 6

1 2
x xf x f c
x
+

= =
−

 

លំហាត់ទ៨៨ 

ចូរកំណត់ចំនួនេថរ a  េដីម្បីឱ្យលីមីតខងេ្រកមជាលីមីតៃនចំនួនេថរេហី 

លីមីតេនះផង ។ 

ក.  
1

3lim
1x

x a
x→

+ −
−

 ខ.
0

1 3lim
x

x a
x→

+ +    
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គ. 
2

1lim
2x

x a
x→

+ −
−

  ឃ. 
2

21

1lim
1x

x ax
x→−

+ −
−

 

លំហាត់ទ៨៩ 

េគមានអនុគមន៍ ( )y f x=  កំណត់េលីចេនា�ះ  ,
2 2
π π −  

  ែដល ៖ 

( )
1 cos2sin 0

sin
2 0

xx xf x x
x

 −
+ ≠= 

 =

cbI
cbI

  

េតី ( )f x   ជាប់្រត 0x =   ឬេទ។ 

លំហាត់ទ៩០ 

េគមានពហុេកណនយិ័តn ្រជ�ងចរឹកក�ុ ងរង�ង់ែដលមានកំេស�a  ។ 

ត nS  ជាៃផ�្រកឡាៃនពហុេកណេនណន nS  រចួកំណត់  lim nn
S

→+∞
 ។ 

លំហាត់ទ៩១ 

ចូរគណនាលីមីតខងេ្រកម 

ក. 2lim( )x

x
x xe

→±∞
+  ខ. lim(1 ) x

x
x e

→+∞
−  

គ. lim( 2) x

x
x e−

→+∞
+  ឃ. lim

2 1

x

xx

e x
e→+∞

−
+

 

ង. 
0

limln
1x

x
x→

 
 + 

 ច. 2lim ln( 1)
x

x x
→±∞

+   

ឆ. ( )2
4

lim ln 4 3
x

x x x
→−

− −  ជ. lim{ [ln( 1) ln ]}
x

x x x
→+∞

+ −  

លំហាត់ទ៩២ 

កំណត់តៃម�a  ែដលបំេពញលក�ខណ�  
0

1 1 1lim
8x

ax x
x→

+ − +
=   ។ 
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លំហាត់ទ៩៣ 

្រសយប ��ក់ថាសមីករខងេ្រកមមានប�សយា៉ងតិ ងចេនា�ះែដលេគ ឲ្យ 
ក. ( )sin 1 , 0,x x x π= − ∈           ខ. ( )

10
20log 0 , 1 ,10x x x− = ∈   

លំហាត់ទ៩៤ 

ចូរគណនាលីមីតខងេ្រកម 

ក. 2 2lim( 4 2 3)
x

x x x x
→+∞

+ + − − +  ខ. 2 2lim( 2 3)
x

x x x x
→+∞

+ + − − +  

គ. 
2

20

sinlim
sinx

x x x
x x→

−
−

                   ឃ. 
0

2 sinlim
1 cosx

x x
x→

−
−

 

លំហាត់ទ៩៥ 

េគឲ្យអនុគមន f កំណត់េដយ ( )
2| | 2x xf x

x
+

=  េបី 0x ≠  និង ( )0 1f = ។ 

ក.េតីអនុគមន៍ f  ជាប់្រត 0x =  ឬេទ? 

ខ.សង់្រកបតនុគមន៍ f  ។ 

លំហាត់ទ៩៦ 

គណនាលីមីតខងេ្រ 

ក.
2

3
3lim

x

x

e
x

−

→+∞
  ខ.

23lim
1

x

x

x
x

+

→+∞

+ 
 − 

  គ.
0

lim
x x

x

e e
x

−

→

 −
 
 

  

លំហាត់ទ៩៧ 

រកែដនកំណត់ៃនអនុគមន៍ខងេ្រក 

ក. 2 22 1 3 2 4y x x x x= − − + − + −   

ខ.
12 2 1lg

2 1

x

x
xy

− − +
=  − 
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លំហាត់ទ៩៨ 

េគឲ្យអនុគមន f កំណត់េដ ( ) 2 lnf x x x= −  ែដល  0x >  ។ 

ក)បង �ញ ( ) 0f x >  ចំេពះ្រគ 0x >  

ខ)បង �ញថាចំេពះ្ 1x > េគបា ln 20 x
x x

< <  រចួទញ lnlim 0
x

x
x→+∞

=  ។ 

លំហាត់ទ៩៩ 

េគឲ្យអនុគមន f  កំណត់េលី(0, )+ ∞  េដយ ( ) ln( )xf x x
e

=  ែដល 2.71828...e =  

១.ចូរគណន '( )f x រចួចំេព្រគប 1,k kx
n n

+ ∈   
 ែដលn∈និងk∈  

    ចូរ្រសយប ��ក់ ( ) 1ln ' lnk kf x
n n

+   ≤ ≤   
   

 ។ 

២.េ្របី្រទស�ីបទវិ សមភាពកំេណីនមានកំ ណត់េទនិងអន f ្រគប់ ,k n∈  

    ចូរទញប��ក់  1 1ln ( 1)ln ln lnk k k kk k
n ne ne n

+ +       ≤ + − ≤       
       

។ 

៣.ទញឲ្យបានថាចំេព ,k n∈ េគមាន 

     1 1 1 1 ! 1 1 1 1ln ln ln ln lnn
n n n

e n e n n ne n nen
+ +           − ≤ ≤ −           

           
 

៤.េដយេ្របីលទ�ផលខងេលីចូរទ
! 1lim

n

n

n
n e→+∞

 
=  

 
  ។ 
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ជំពកូទ�០៥ 

ែផ�កដំេណះ្រ 
 

កំណតច់ំណាំ!! 

.េបី ( )f a =    ែដល ∈    េនាះេគបា ( ) ( )lim
x a

f x f a
→

= =    ។ 

.េបី 1( )f a =    និង 2( )g a =    ែដល 1 2,∈ ∈      េនាះេបាន  

 a) ( ) ( ) ( ) ( ) 1 2lim lim ( ) lim ( )
x a x a x a

f x g x f x g x f a g a
→ → →

 ± = ± = ± = ±           ។  

 b) ( ) ( ) ( ) ( ) 1 2lim lim ( ) lim ( )
x a x a x a

f x g x f x g x f a g a
→ → →

  = × = × =            ។ 

.េបី 1( )f a =    និង 2( )g a =    ែដល 1 2, *∈ ∈      េនាះេគបាន 

       ( )
( )

( )
( )

1

2

lim ( )
lim

lim ( )
x a

x a
x a

f xf x f a
g x g x g a

→

→
→

    
= = = 

     





  ។ 

 

លំហាត់ទ០១ 

គណនាលីមីតខងេ្រក 

ក. ( )3
2

lim 5
x

x x
→

+ −  ខ. ( )2
3

lim 2 5 1
x

x x
→

− +   គ. ( )4 2
1

lim 6 1
x

x x
→−

+ +   

ឃ. ( )3
2

lim 1
x

x x
→

+ +   ង. ( )3
lim 3 6
x

x x
→

+ + +    ច. ( )32 2
3

lim 1
x

x x
→

− −   

ឆ.
4 2

22

3 8lim
1x

x x
x→

+ −
+

  ជ.
2

3

5 4lim
2 1x

x x
x→

+ −
−

  ឈ.
2

1

2lim
3 1x

x x
x→

+ +
+
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ដំេណាះ្រ 

គណនាលីមីតខងេ្រក 

ក. ( )3 3
2

lim 5 2 2 5 8 2 5 5
x

x x
→

+ − = + − = + − =  ។  

ខ. ( ) ( ) ( )22
3

lim 2 5 1 2 3 5 3 1 18 15 1 4
x

x x
→

− + = − + = − + =  ។  

គ. ( ) ( ) ( )4 24 2
1

lim 6 1 1 6 1 1 1 6 1 8
x

x x
→−

+ + = − + − + = + + =  ។ 

ឃ. ( )3 3
2

lim 1 2 (2) 1 2 3 5
x

x x
→

+ + = + + = + =  ។  

ង. ( )3
lim 3 6 3 3 6 3 6 3 3
x

x x
→

+ + + = + + + = + =   ។  

ច. ( ) 332 2 2 2
3

lim 1 3 3 1 9 2 7
x

x x
→

− − = − − = − =  ។ 

ឆ.
4 2 4 2

2 22

3 8 2 3(2) 8 16 12 8lim 4
51 2 1x

x x
x→

+ − + − + −
= = =

+ +
  ។ 

ជ.
2 2

3

5 4 3 5(3) 4 9 15 4lim 4
2 1 2(3) 1 6 1x

x x
x→

+ − + − + −
= = =

− − −
 ។  

ឈ.
2 2

1

2 1 1 2 2 1lim
3 1 3(1) 1 4 2x

x x
x→

+ + + +
= = =

+ +
 ។ 

លំហាត់ទ០២ 

គណនាលីមីតខងេ្រក 

ក. ( )
0

lim sin cos
x

x x
→

+  ខ. ( )
3

lim cos 3 sin
x

x x
π

→
+   គ.

0

3 5coslim
3 cosx

x
x→

+
−

  

ឃ. ( )2

6

lim sin 2cos
x

x x
π

→
+   ង. 

2

2sin coslim
1 sinx

x x
xπ

→

−
+

   ច. 
2

3

1 4sinlim
1 2cosx

x
xπ

→

+
+

  

ឆ.
2

3

2cos 3cos 1lim
cos 3 sinx

x x
x xπ

→

+ +
+

  ជ.
4

3 2 sinlim
3 2 cosx

x
xπ

→

+
−

  ឈ. 2
3

1 3 tanlim
1 4sinx

x
xπ

→

+
+
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ដំេណាះ្រ 

គណនាលីមីតខងេ្ ៖ 

ក. ( )
0

lim sin cos sin0 cos0 0 1 1
x

x x
→

+ = + = + =  ។  

ខ. ( )
3

1 3 1 3lim cos 3 sin 3 2
2 2 2 2x

x x
π

→

 
+ = + = + =  

 
  ។ 

គ.
0

3 5cos 3 5 8lim 4
3 cos 3 1 2x

x
x→

+ +
= = =

− −
 ។ 

ឃ. ( )
2

2

6

1 3 1 3lim sin 2cos 2 2
2 2 2 2x

x x
π

→

 
+ = + = + =  

 
  ។ 

ង. 
2

2sin cos 2 0 2lim 1
1 sin 1 1 2x

x x
xπ

→

− −
= = =

+ +
  ។  

ច. 

2

2

3

31 4
21 4sin 1 3 4lim 2
11 2cos 1 1 21 2
2

x

x
xπ

→

 
+   + + = = = =

+ + +  
 

 ។ 

ឆ.

2

2

3

1 1 1 32 3 1 12cos 3cos 1 32 2 2 2lim 1 3 2cos 3 sin 1 33 2 22 2
x

x x
x xπ

→

   + + + +   + +    = = =
 + ++   
 

  ។ 

ជ.
4

23 2
23 2 sin 3 1 4lim 2

3 1 23 2 cos 23 2
2

x

x
xπ

→

 
+   + + = = = =

− −
−   

 

 ។  

ឈ.
( )

2 2
3

1 3 31 3 tan 1 3 4lim 1
1 3 41 4sin 31 4

2
x

x
xπ

→

++ +
= = = =

++  
+   

 

 ។ 
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កំណតច់ំណាំ!! 

 ឧបមាថាេគមានលីមី
( )lim
( )x a

f xL
g x→

=    ។ 

 េបី ( ) 0f a =   និង ( ) 0g a =   េនាះលីមីតL  មានរងមិនកំណត0
0

  ។  

 ក�ុងករណីេនះេដីម្បីគណនាលីមីL  េគ្រត�វអនុវត�ដូចតេទ 

   បំែបកកេន្សោ ( )f x  និង ( )g x  ជាផលគុណកត � 

   ស្រម�លកត �មិនកំណត់េច 

   េធ�ីលីមីតេលី្របភាគថ ។ 

 

លំហាត់ទ០៣ 

គណនាលីមីតខងេ្រក 

ក. 21

1lim
1x

x
x→

−
−

  ខ.
2

3

4 3lim
3x

x x
x→

− +
−

  គ.
2

21

2lim
3 2x

x x
x x→

+ −
− +

  

ឃ.
3

3 22

8lim
2 2 4x

x
x x x→

−
− + −

  ង.
2

3 21

( 1)lim
1x

x
x x x→

−
− − +

  ច.
3

3 23

27lim
3 3 9x

x
x x x→

−
− − +

  

ឆ.
4 3 2

31

1lim
1x

x x x
x→−

+ − +
+

  ជ.
3

3 21

2lim
1x

x x
x x x→

+ −
− + −

  ញ.
4

3 22

16lim
2 4 8x

x
x x x→

−
− + −

  

ដំេណាះ្រ 

គណនាលីមីតខងេ្ ៖ 

ក. 21 1 1

1 1 1 1 1lim lim lim
( 1)( 1) 1 1 1 21x x x

x x
x x xx→ → →

− −
= = = =

− + + +−
  ។ 
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ខ. ( )
2

3 3 3

4 3 ( 1)( 3)lim lim lim 1 3 1 2
3 3x x x

x x x x x
x x→ → →

− + − −
= = − = − =

− −
 ។ 

គ.
2

21 1 1

2 ( 1)( 2) 2 3lim lim lim 3
( 1)( 2) 2 13 2x x x

x x x x x
x x xx x→ → →

+ − − + +
= = = = −

− − − −− +
  ។ 

ឃ.
3 2 2

3 2 2 22 2 2

8 ( 2)( 2 4) ( 2)( 2 4)lim lim lim
2 2 4 ( 2) 2( 2) ( 2)( 2)x x x

x x x x x x x
x x x x x x x x→ → →

− − + + − + +
= =

− + − − + − − +
   

                                  
2

22

2 4 4 4 4 12lim 2
4 2 62x

x x
x→

+ + + +
= = = =

++
  ។ 

ង.
2 2 2

3 2 2 21 1 1

( 1) ( 1) ( 1)lim lim lim
1 ( 1) ( 1) ( 1)( 1)x x x

x x x
x x x x x x x x→ → →

− − −
= =

− − + − − − − −
   

                               21 1 1

1 1 1 1lim lim lim
( 1)( 1) 1 21x x x

x x
x x xx→ → →

− −
= = = =

− + +−
 ។ 

ច.
3 2 2

3 2 2 23 3 3

27 ( 3)( 3 9) ( 3)( 3 9)lim lim lim
3 3 9 ( 3) 3( 3) ( 3)( 3)x x x

x x x x x x x
x x x x x x x x→ → →

− − + + − + +
= =

− − + − − − − −
  

                                  
2

23

3 9 9 9 9 27 9lim
9 3 6 23x

x x
x→

+ + + +
= = = =

−−
 ។ 

ឆ.
4 3 2 3 3

3 2 21 1 1

1 ( 1) ( 1)( 1) ( 1)( 1)lim lim lim
1 ( 1)( 1) ( 1)( 1)x x x

x x x x x x x x x x
x x x x x x x→− →− →−

+ − + + − − + + − +
= =

+ + − + + − +
  

                               
3

21

1 1 1 1 1lim
1 1 1 31x

x x
x x→−

− + − + +
= = =

+ +− +
  ។  

ជ.
3 2

3 2 21 1

2 ( 1) ( 1) 2( 1)lim lim
1 ( 1) ( 1)x x

x x x x x x x
x x x x x x→ →

+ − − + − + −
=

− + − − + −
   

                               
2 2

2 21 1

( 1)( 2) 2 4lim lim 2
2( 1)( 1) 1x x

x x x x x
x x x→ →

− + + + +
= = = =

− + +
 ។ 

ញ. ( )
4 2

3 2 22 2 2

16 ( 2)( 2)( 4)lim lim lim 2 4
2 4 8 ( 2)( 4)x x x

x x x x x
x x x x x→ → →

− − + +
= = + =

− + − − +
  ។ 
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លំហាត់ទ០៤ 

គណនាលីមីតខងេ្រក 

ក.
3

21

1lim
2x

x
x x→

−
+ −

 ខ.
3 2

33

3 45 135lim
27x

x x x
x→

− + −
−

 

គ.
3

22

8lim
4x

x
x→

−
−

 ឃ.
4 3

31

4 4lim
1x

x x x
x→−

+ + +
+

  

ង.
4 3 2

3 22

2 4lim
2 2x

x x x
x x x→

− + −
− − +

 ច.
2

23

9lim
3x

x
x x→

−
−

 

ឆ.
3

21

2lim
1x

x x
x→

+ −
−

 ជ.
2

22

6 8lim
3 2x

x x
x x→

− +
− +

 

ឈ.
4

4 20

(1 ) 4 1lim
x

x x
x x→

+ − −
+

 ញ.
0

(1 )(1 2 )(1 3 ) 1lim
x

x x x
x→

+ + + −  

ដំេណាះ្រ 

ក.
3

21

1lim
2x

x
x x→

−
+ −

 មានងមិនកំណត ់0
0

 

   
2 2

1 1

( 1)( 1) 1 1 1 1lim lim 1
( 1)( 2) 2 1 2x x

x x x x x
x x x→ →

− + + + + + +
= = = =

− + + +
 

ដូចេនះ 
3

21

1lim 1
2x

x
x x→

−
=

+ −
  ។  

ខ.
3 2

33

3 45 135lim
27x

x x x
x→

− + −
−

   មានរងមិនកំណត0
0

 
3 2 2

3 23 3

2 2

2 23 3

3 45 135 ( 3) 45( 3)lim lim
27 ( 3)( 3 9)

( 3)( 45) 45 9 45 54lim lim 2
9 9 9 27( 3)( 3 9) 3 9

x x

x x

x x x x x x
x x x x

x x x
x x x x x

→ →

→ →

− + − − + −
= =

− − + +

− + + +
= = = = =

+ +− + + + +

 

ដូចេនះ 
3 2

33

3 45 135lim 2
27x

x x x
x→

− + −
=

−
  ។ 

គ.
3 2 2

22 2 2

8 ( 2)( 2 4) 2 4lim lim lim
( 2)( 2) 24x x x

x x x x x x
x x xx→ → →

− − + + + +
= =

− + +−
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                  4 4 4 12 3
2 2 4
+ +

= = =
+

  ។ 

ដូចេនះ 
3

22

8lim 3
4x

x
x→

−
=

−
  ។ 

ឃ.
4 3 3

3 21 1

4 4 ( 1) 4( 1)lim lim
1 ( 1)( 1)x x

x x x x x x
x x x x→− →−

+ + + + + +
=

+ + − +
   

  
3 3

2 21 1

( 1)( 4) 4 1 4 3lim lim 1
1 1 1 3( 1)( 1) 1x x

x x x
x x x x x→− →−

+ + + − +
= = = = =

+ ++ − + − +
 ។ 

ដូចេនះ
4 3

31

4 4lim 1
1x

x x x
x→−

+ + +
=

+
  ។ 

ង.
4 3 2

3 22

2 4lim
2 2x

x x x
x x x→

− + −
− − +

  
3 3

2 22 2

3

22

( 2) ( 2)( 2) ( 2)( 2)lim lim
( 2) ( 2) ( 2)( 2)

2 8 2 2lim 6
4 22

x x

x

x x x x x x x
x x x x x

x x
x

→ →

→

− + − + − + +
= =

− − − − −

+ + + +
= = =

−−

 

ដូចេនះ
4 3 2

3 22

2 4lim 6
2 2x

x x x
x x x→

− + −
=

− − +
  ។ 

ច.
2

23 3

9 ( 3)( 3)lim lim
( 3)3x x

x x x
x xx x→ →

− − +
=

−− 3

3 3 3lim 2
3x

x
x→

+ +
= = =  ។ 

ឆ.
3 2

21 1

2 ( 1)( 2)lim lim
( 1)( 1)1x x

x x x x x
x xx→ →

+ − − + +
=

− +−

2

1

2 4lim 2
1 2x

x x
x→

+ +
= = =

+
  ។        

 ជ.
2

22 2

6 8 ( 2)( 4)lim lim
( 1)( 2)3 2x x

x x x x
x xx x→ →

− + − −
=

− −− + 2

4 2 4lim 2
1 2 1x

x
x→

− −
= = = −

− −
 ។ 

ឈ.
4 4 3 2

4 2 4 20 0

(1 ) 4 1 4 6lim lim
x x

x x x x x
x x x x→ →

+ − − + +
=

+ +
 

2

20

4 6lim 6
1x

x x
x→

+ +
= =

+
 ។ 

ញ.
0

(1 )(1 2 )(1 3 ) 1lim
x

x x x
x→

+ + + −   

    ( )
2 3

2
0 0

6 11 6lim lim 6 11 6 6
x x

x x x x x
x→ →

+ +
= = + + = ។ 



  េមេរៀនទី២                              ល�ម�តៃនអនគុមន ៍                    ស្រប់ថា �ក់ទ១២ 
 

 
 

អ�កេរៀបេរៀង  ល�ម ផល�នុ                                                                                         Page 82 
 

លំហាត់ទ០៥ 

គណនាលីមីតខងេ្រក 

ក.
3

24

64lim
16x

x
x→

−
−

 ខ.
3 2

3 21

6 9 4lim
1x

x x x
x x x→

− + −
− − +

   

គ.
2

32

5 8 4lim
8x

x x
x→

− −
−    

ឃ.
2

23

9lim
3x

x
x x→

−
−  

ង.
3

21

2lim
1x

x x
x→

+ −
−

 ច.
2

22

6 8lim
3 2x

x x
x x→

− +
− +  

ឆ.
4

4 20

(1 ) 4 1lim
x

x x
x x→

+ − −
+

 ជ.
0

(1 )(1 2 )(1 3 ) 1lim
x

x x x
x→

+ + + −  

ឈ.
3

24

64lim
16x

x
x→

−
−             

ញ.
3

22

8 4( 2)lim
4x

x x
x→

− + −
−

   

ដំេណាះ្រ 

គណនាលីមីតខងេ្ ៖ 

ក.
3 3 3

2 2 24

64 4lim
16 4x

x x
x x→

− −
=

− −

2 2

4 4

( 4)( 4 16) 4 16lim lim 6
( 4)( 4) 4x x

x x x x x
x x x→ →

− + + + +
= = =

− + +
។ 

ខ.
( )

3 2 2

3 2 21 1 1

6 9 4 ( 1) ( 4) 4 3lim lim lim
1 21 ( 1) 1x x x

x x x x x x
xx x x x x→ → →

− + − − − −
= = = −

+− − + − +
  ។ 

គ.
2

32

5 8 4lim
8x

x x
x→

− −
−

    េយងីសេង�តេឃញីថាលីមីតេនះមានរងមិណត់ 0
0

 

េយងីមាន 2 25 8 4 (5 10 ) (2 4)x x x x x− − = − + − ( 2)(5 2)x x= − −  
និង        3 28 ( 2)( 2 4)x x x x− = − + +  

េយងីបា 
2

3 22 2

5 8 4 ( 2)(5 2)lim lim
8 ( 2)( 2 4)x x

x x x x
x x x x→ →

− − − +
=

− − + +
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− −
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ជ.
0

(1 )(1 2 )(1 3 ) 1lim
x

x x x
x→

+ + + −  

( )
2 3

2
0 0

6 11 6lim lim 6 11 6 6
x x

x x x x x
x→ →
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3 3 3

2 2 24 4
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=
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=
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លំហាត់ទ០៦ 

គណនាលីមីតខងេ្រក 
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23
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x x x
x x→
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  ខ.
4 3
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1
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=
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x x
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2 20 0 0
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x x x

x x x x x x x
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ដូចេនះ 
3
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x
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0
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x x x
x→
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0

0

0

1 (1 ) (1 )[1 (1 2 )] (1 )(1 2 )[1 (1 3 )]lim
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ដូចេនះ 
0

1 (1 )(1 2 )(1 3 )lim 6
x

x x x
x→

− + + +
= −     ។ 
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ដូចេនះ 
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=

−
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 − − − 
  

2

2 21 1

2
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1 3 (1 ) 3lim lim
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− + + − − + +
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ដូចេនះ   31

1 3lim 1
1 1x x x→

 − = − − − 
  ។ 
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3 2 2 2

3 2 22 2

3 4 ( 2) ( 4)lim lim
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x x x x x
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=

− + − +
  

  
2
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−
 ។ 
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x x x x x x
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− + − − + +
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លំហាត់ទ០៧ 

គណនាលីមីតខងេ្រក 
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1

1lim
1x
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x→−

−
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2

4lim
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−
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3

3

27lim
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−
−

 ឃ.
3

4

64lim
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ង. 32

1 12lim
2 8x x x→

 − − − 
 ច.

2

22

( 1) 6lim
2 4x

x x x
x x→
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2lim
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x x
x→
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32lim
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−

  ញ.
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4 3 22

8lim
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ដំេណាះ្រ 
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1 1 1

1 11lim lim lim 1 2
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 ។ 
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=
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 ។ 
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ច.
3

31

3 2lim
2 3 1x

x x
x x→

− +
− +

រងមិនកំណត 0
0

 

 

( ) ( )
( ) ( )

( )( ) ( )
( )( ) ( )

( )( )
( )( )

3 2

3 21 1

2 2

221 1

1 3 3 1 1 3 1
lim lim

2 2 3 3 2 1 1 3 1

1 2 2lim lim 0
2 2 11 2 2 1

x x

x x

x x x x x x
x x x x x x

x x x x x
x xx x x

→ →

→ →

− − − − + + − −
= =

− − − − + + − −

− + − + −
= = =

+ −− + −

 

ដូចេនះ
3

31

3 2lim 0
2 3 1x

x x
x x→

− +
=

− +
។  

ឃ. 
4

21

4 3lim
( 1)x

x x
x→

− +
−

 រងមិនកំណត 0
0

 

 
( ) ( )

( )
( )( ) ( )

( )

4 3 2

2 21 1

1 4 1 1 1 4 1
lim lim

1 1x x

x x x x x x x

x x→ →

− − − − + + + − −
= =

− −
 

( )( )
( )

( ) ( ) ( )3 2 3 2

21 1

1 3 1 1 1
lim lim

11x x

x x x x x x x
xx→ →

− + + − − + − + −
= =

−−
 

( )( ) ( )( ) ( )

( ) ( )

2

1

2
1

1 1 1 1 1
lim

1
lim 1 1 1 3 2 1 6
x

x

x x x x x x
x

x x x

→

→

− + + + − + + −
=

−
 = + + + + + = + + = 

 

ដូចេនះ
4

21

4 3lim 6
( 1)x

x x
x→

− +
=

−
។ 

ង. 
3 2

22

2 2 4lim
6 8x

x x x
x x→

− + −
− +

រងមិនកំណត 0
0

 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( )( )
( )( )

3 2 2

22 2

2 2

2 2

2 2 4 2 2 2
lim lim

2 4 22 4 8

2 2 2 4 2lim lim 3
2 4 4 2 4

x x

x x

x x x x x x
x x xx x x

x x x
x x x

→ →

→ →

− + − − + −
= =

− − −− − −

− + + +
= = = = −

− − − −
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ដូចេនះ
3 2

22

2 2 4lim 3
6 8x

x x x
x x→

− + −
= −

− +
 ។ 

ច.
2

2
6

2sin 3sin 1lim
4sin 1x

x x
xπ

→

− +
−

រងមិនកំណត 0
0

 

( ) ( )
( )

( ) ( )
( )( )

2

2 2
6 6

2sin sin 2sin 1 sin 2sin 1 2sin 1
lim lim

2sin 1 2sin 12sin 1x x

x x x x x x
x xxπ π

→ →

− − − − − −
= =

− +−
 

( )( )
( )( )

6 6

1 12sin 1 sin 1 sin 1 12lim lim
12sin 1 2sin 1 2sin 1 42 1
2

x x

x x x
x x xπ π

→ →

−− − −
= = = = −

− + +   + 
 

 

ដូចេនះ
2

2
6

2sin 3sin 1 1lim
44sin 1x

x x
xπ

→

− +
= −

−
  ។ 

ញ.
3 2

2
6 6

8sin 1 (2sin 1)(4sin 2sin 1)lim lim
(2sin 1)(sin 1)2sin 3sin 1x x

x x x x
x xx xπ π

→ →

− − + +
=

− −− +
  

                                        
2

6

4sin 2sin 1 1 1 1lim 61sin 1 1
2

x

x x
xπ

→

+ + + +
= = = −

− −
 ។ 

ដូចេនះ 
3

2
6

8sin 1lim 6
2sin 3sin 1x

x
x xπ

→

−
= −

− +
  ។ 

លំហាត់ទ០៩ 

គណនាលីមីតងេ្រក 

ក. 2 31

2 3lim
1 1x x x→

 − − − 
  ខ. 

4

3 20

(1 ) 4 1lim
x

x x
x x→

+ − −
+

 

គ.
2 3

2

12lim
2x

x x x
x→

+ + −
−

  ឃ. 
2 3

1

2 3 6lim
1x

x x x
x→

+ + −
−

  

ង.
3 2

3 31

3 3 1lim
( )x

x x x
x x→

− + −
−

  ច.
2

21

3 2lim
2 3x

x x
x x→−

+ +
− −
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ឆ.
2

21
2

2lim
2 3 1x

x x
x x→

−
− +

  ជ. lim
n n

x a

x a
x a→

−
−

  ( n∈) ។ 

ឈ.
2 3

1

3lim
1x

x x x
x→

+ + −
−

  ញ. 
2 3

1

...lim
1

n

x

x x x x n
x→

+ + + + −
−

 ។ 

ដំេណាះ្រ 

គណនាលីមីតខងេ្៖ 

ក.
( ) ( )2

2 3 21 1

2 1 3 12 3lim lim
1 1 (1 )(1 )(1 )x x

x x x
x x x x x x→ →

+ + − + − = − − − + + + 
                             

( )( )

( )

2

2 21 1

21

1 2 12 1lim lim
(1 )(1 )(1 ) (1 )(1 )(1 )

2 1 1lim
2 3 2(1 )(1 )

x x

x

x xx x
x x x x x x x x

x
x x x

→ →

→

− +− −
= =

− + + + − + + +
+ 3

= = =
×+ + +

 

ខ. 
( )

4 2 3 4

3 2 20 0

(1 ) 4 1 1 4 6 4 4 1lim lim
1x x

x x x x x x x
x x x x→ →

+ − − + + + + − −
=

+ +
 

                                  
( )

2 3 4 2

20 0

6 4 6 4lim lim 6
11x x

x x x x x
xx x→ →

+ + + +
= = =

++
 

គ.
( ) ( ) ( )2 32 3

2 2

2 4 812lim lim
2 2x x

x x xx x x
x x→ →

− + − + −+ + −
=

− −
 ( ) ( )2

2
lim 1 2 2 4 17
x

x x x
→

 = + + + + + =   

ឃ. 
( ) ( ) ( )2 32 3

1 1

1 2 1 3 12 3 6lim lim
1 1x x

x x xx x x
x x→ →

− + − + −+ + −
=

− −
 

( ) ( )2
1

lim 1 2 1 3 1 14
x

x x x
→

 = + + + + + =   

ង. ( )
( ) ( ) ( )

33 2

3 3 3 3 33 31 1 1

13 3 1 1 1lim lim lim
8( ) 1 1 1x x x

xx x x
x x x x x x x→ → →

−− + −
= = =

− − + +
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ច. ( )( )
( )( )

2

21 1 1

1 23 2 2 1lim lim lim
1 3 3 42 3x x x

x xx x x
x x xx x→− →− →−

+ ++ + +
= = = −

+ − −− −
  ។ 

ឆ. ( )
( )( )

2

21 1 1
2 2 2

1
2 12 2lim lim lim 112 1 1 12 3 1 1

2
x x x

x xx x x
x x xx x→ → →

−−
= = = = −

− − −− + −
  ។ 

ជ.
( )( )1 2 1...

lim lim
n n nn n

x a x a

x a x ax ax a
x a x a

− − −

→ →

− + + +−
=

− −
   

                    ( )1 2 1 1 1 1 1lim ... ...n n n n n n n

x a
x ax a a a a na− − − − − − −

→
= + + + = + + + =  

ឈ.
( ) ( ) ( )

( )

2 32 3

1 1

1 1 13lim lim
1 1x x

x x xx x x
x x→ →

− + − + −+ + −
=

− −
  

                                 
( ) ( )( ) ( )( )

( )
( ) ( )

2

1

2
1

1 1 1 1 1
lim

1

lim 1 1 1 1 2 3 6

x

x

x x x x x x
x

x x x

→

→

− + − + + − + +
=

−

 = + + + + + = + + = 

  

ញ. 
2 3

1

...lim
1

n

x

x x x x n
x→

+ + + + −
−

 

 
( ) ( ) ( ) ( )

( )

2 3

1

1 1 1 ... 1
lim

1

n

x

x x x x
x→

− + − + − + + −
=

−
 

   

( ) ( )( ) ( )( )
( )

( ) ( ) ( )
( )

1 2

1

2 1 2
1

1 1 1 ... 1 ... 1
lim

1

lim 1 1 1 ... ... 1

1
1 2 3 ....

2

n n

x

n n

x

x x x x x x
x

x x x x x

n n
n

− −

→

− −

→

− + − + + + − + + +
=

−

 = + + + + + + + + + + 
+

= + + + + =

 

ដូចេនះ  
2 3

1

... ( 1)lim
1 2

n

x

x x x x n n n
x→

+ + + + − +
=

−
  ។ 
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កំណតច់ំណាំ!! 

រូបមន�អនុគមន៍្រតីេកណម 

 ទំនាក់ទំនង្រគ  

 2 2 2
2

2
2

sin cos) tan ) cot
cos sin

1) sin cos 1 ) 1 tan
cos

1)1 cot
sin

u ua u b u
u u

c u u d u
u

e u
u

= =

+ = + =

+ =

 

 រូបមន�មុំឌុប 

 ) sin2 2sin cosa u u u=   2 2)cos2 cos sinb u u u= −  

 2
2tan)tan2

1 tan
uc u

u
=

−
   

2cot 1)cot2
2cot

ud u
u
−

=   

 រូបមន�មុំ្រទី 

 3)sin3 3sin 4sina u u u= −   3)cos3 4cos 3cosb u u u= −   

 
3

2
3tan tan)tan3

1 3tan
u uc u

u
−

=
−

  

 រូបមន�មុំផលបូកនិងផលដកមុំពីរ 

) sin( ) sin cos sin cos )sin( ) sin cos sin cos
) cos( ) cos cos sin sin ) cos( ) cos cos sin sin

tan tan tan tan) tan( ) )tan( )
1 tan tan 1 tan tan

a u v u v v u b u v u v v u
c u v u v u v d u v u v u v

u v u ve u v f u v
u v u v

+ = + − = −
+ = − − = +

+ −
+ = − =

− +
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លំហាត់ទ១០ 

គណនាលីមីតខងេ្រ 

ក. 
2

3

tan (1 3)tan 3lim
sin 3 cosx

x x
x xπ

→

− + +
−

 ខ. 
2

4

tan 3tan 2lim
sin cosx

x x
x xπ

→

− +
−

  

គ. 3 3
4

cos2lim
cos sinx

x
x xπ

→ −
 ឃ.

2

3

4cos 1lim
sin sin2x

x
x xπ

→

−
−

  

ង. 
3

4

1 tanlim
cos2x

x
xπ

→

−  ច.
6

cos3lim
cos sin2x

x
x xπ

→ −
 

ឆ. 3
4

sin coslim
1 tanx

x x
xπ

→

−
−

 ជ. 2 30

1 cos2lim
sin sinx

x
x x→

−
+

 

ឈ.
2

3

3 4sinlim
2cos 1x

x
xπ

→

−
−

 ញ.
2 2

0

2 sinlim
cos 1x

x x x
x x→

− −
+ −

 

ដំេណាះ្រ 

គណនាលីមីតខងេ្ ៖ 

ក. 
2

3

tan (1 3)tan 3lim
sin 3 cosx

x x
x xπ

→

− + +
−

   រងមិនកំណត 0
0

 

( )( )
( )

( )
3 3

tan 1 tan 3 2 3 3tan 1 3 1lim lim
cos 33cos tan 3

2
x x

x x x
xx xπ π

→ →

− − −− −
= = = =

−
  

ដូចេនះ  
( )2

3

2 3 3tan (1 3)tan 3lim
3sin 3 cosx

x x
x xπ

→

−− + +
=

−
 ។ 

ខ. 
2

4

tan 3tan 2lim
sin cosx

x x
x xπ

→

− +
−

  រងមិនកំណត 0
0
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( )( )
( )

4 4

tan 1 tan 2 tan 2 1 2lim lim 21cos tan 1 cos
2

x x

x x x
x x xπ π

→ →

− − − −
= = = = −

−
 

ដូចេនះ  
2

4

tan 3tan 2lim 2
sin cosx

x x
x xπ

→

− +
= −

−
 ។ 

គ. 3 3
4

cos2lim
cos sinx

x
x xπ

→ −
  រងមិនកំណត 0

0
 

  

( )( )
( )2 2

4

4

cos sin cos sin
lim

cos cos sin sin

2 2
cos sin 2 22 2lim

1 sin cos 32 21
2 2

x

x

x x x x
x x x x

x x
x x

π

π

→

→

− +
=

+ +

++
= = =

+
+ ×

 

ដូចេនះ  3 3
4

cos2 2 2lim
3cos sinx

x
x xπ

→
=

−
 ។ 

ឃ.
2

3

4cos 1lim
sin sin2x

x
x xπ

→

−
−

   រងមិនកំណត 0
0

 

( )( ) ( )( )
( )

3 3

3

2cos 1 2cos 1 2cos 1 2cos 1
lim lim

sin 2sin cos sin 1 2cos

2cos 1 1 1 4 3lim
sin 33

2

x x

x

x x x x
x x x x x

x
x

π π

π

→ →

→

− + + −
= =

− −

+ +
= − = − = −

 

ដូចេនះ 
2

3

4cos 1 4 3lim
sin sin2 3x

x
x xπ

→

−
= −

−
។ 

ង. 
3

4

1 tanlim
cos2x

x
xπ

→

−   រងមិនកំណត 0
0
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( )
3 3

2 2 2 2
4 4

1 tan 1 tanlim lim
cos sin cos 1 tanx x

x x
x x x xπ π

→ →

− −
= =

− −

( )( )
( )( )

2

2
4

1 tan 1 tan tan
lim

cos 1 tan 1 tanx

x x x
x x xπ

→

− + +
=

− +
 

( )
( )

2

2 2
4

1 tan tan 1 1 1lim 3
cos 1 tan 2 1 1

2
x

x x
x xπ

→

+ + + +
= = =

+  
+  

 

 

ដូចេនះ
3

4

1 tanlim 3
cos2x

x
xπ

→

−
=  ។ 

ច.
6

cos3lim
cos sin2x

x
x xπ

→ −
រងមិនកំណត 0

0
 

( )
( )

( )

( )( )

( )

2 23

6 6 6
2

6 6

6

cos 4cos 3 4 1 sin 34cos 3coslim lim lim
cos 2sin cos cos 1 2sin 1 2sin

1 2sin 1 2sin1 4sinlim lim
1 2sin 1 2sin

1lim 1 2sin 1 2 1 1 2
2

x x x

x x

x

x x xx x
x x x x x x

x xx
x x

x

π π π

π π

π

→ → →

→ →

→

− − −−
= = =

− − −

− +−
= =

− −

 = + = + = + = 
 

 

ដូចេនះ
6

cos3lim 2
cos sin2x

x
x xπ

→
=

−
។ 

ឆ. 3
4

sin coslim
1 tanx

x x
xπ

→

−
−

  រងមិនកំណត 0
0

 

  

( ) ( )
( )( )3 2

4 4

2
4

cos tan 1 cos 1 tan
lim lim

1 tan 1 tan 1 tan tan

2
cos 22lim

1 1 1 61 tan tan

x x

x

x x x x
x x x x

x
x x

π π

π

→ →

→

− −
= = −

− − + +

= − = − = −
+ ++ +
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ដូចេនះ 3
4

sin cos 2lim
61 tanx

x x
xπ

→

−
= −

−
 ។ 

ជ. 2 30

1 cos2lim
sin sinx

x
x x→

−
+

រងមិនកំណត 0
0

 

( )
2

20 0

2sin 2 2lim lim 2
1 sin 1 0sin 1 sinx x

x
xx x→ →

= = = =
+ ++

 

ដូចេនះ 2 30

1 cos2lim 2
sin sinx

x
x x→

−
=

+
 ។ 

ឈ.
2

3

3 4sinlim
2cos 1x

x
xπ

→

−
−

រងមិនកំណត 0
0

 

    

( ) ( )( )

( )

2 2

3 3 3

3

3 4 1 cos 2cos 1 2cos 14cos 1lim lim lim
2cos 1 2cos 1 2cos 1

lim 2cos 1 1 1 2

x x x

x

x x xx
x x x

x

π π π

π

→ → →

→

− − − +−
= = =

− − −

= + = + =
  

ដូចេនះ
2

3

3 4sinlim 2
2cos 1x

x
xπ

→

−
=

−
។ 

ញ.
2 2

0

2 sinlim
cos 1x

x x x
x x→

− −
+ −

  រងមិនកំណត 0
0

 

( ) ( )

( )( ) ( )

22 2 2

0 0

0 0

2 1 cos cos 1
lim lim

cos 1 cos 1
cos 1 cos 1

lim lim cos 1 2
cos 1

x x

x x

x x x x x
x x x x

x x x x
x x

x x

→ →

→ →

− − − − −
= =

+ − + −
+ − − +

= = − + =
+ −

 

ដូចេនះ
2 2

0

2 sinlim 2
cos 1x

x x x
x x→

− −
=

+ −
  ។ 

ដ. 2
6

cos sin2lim
4cos 3x

x x
xπ

→

−
−

រងមិនកំណត 0
0
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គ.
3 3

2 30 0

sin 2 sin 2lim lim
sin6sin6x x

x x x
xx x x→ →

= ×  

 
3 3

0 0

sin2 6 1 2 4lim 2 lim
2 sin6 6 6 3x x

x x
x x→ →

   = × × = =   
   

 

ដូចេនះ 
3

20

sin 2 4lim
3sin6x

x
x x→

=   ។ 

ឃ.
0 0 0

2 sin4 2 sin4 2 sin4 4 2 4lim lim lim 2
3 3 3 3 4 3 3 3x x x

x x x x x
x x x x→ → →

+    = + = + × = + =   
   

។    

ដូចេនះ
0

2 sin4lim 2
3x

x x
x→

+
=    ។ 

ង.
0 0 0

sin3 sin3(1 ) 1 3sin3 1 3 13lim lim limsin3 sin3sin3 1 3 2(1 ) 1 3
3

x x x

x xxx x x x
x xx x x

x x
→ → →

− − ×− −
= = = = −

+ ++ + ×
។ 

ដូចេនះ 
0

sin3 1lim
sin3 2x

x x
x x→

−
= −

+
  ។  

ច.

22 2

2 2 22

0 0 0
2

sin 25 sin 2 5 45 sin 2 5 4(2 )lim lim lim 3sin3 sin3sin3 33
3

x x x

xx x
x x xx

x x xx x
xx

→ → →

+ + ×
+ +

= = = =
×

  

ដូចេនះ
2 2

0

5 sin 2lim 3
sin3x

x x
x x→

+
=   ។ 

ឆ.

2

2 3

3 3 3 3 30 0 0

3

sin4 sin4 4sin4 44lim lim lim 2
1 1sin sin sin1

x x x

x x x
x x x x

x x x x x
x x

→ → →

×
= = = =

++ +  +  
 

 ។ 

ដូចេនះ 
2

3 30

sin4lim 2
sinx

x x
x x→

=
+

 ។ 
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ជ.
2 2

2 2 2 20 00 0

3 sin4 sin4 sin4 (6 ) 1lim 3lim 3lim 4 lim
4 36sin 6 sin 6 sin 6x xx x

x x x x x x x
xx x x x→ →→ →

= × = × ×                 

                       12 1
36 3

= =   ។ 

ដូចេនះ 20

3 sin4 1lim
3sin 6x

x x
x→

=   ។ 

ឈ.
2

2 20 0

2

sin2 sin6
sin2 sin6lim lim

sin 3 sin 3x x

x x
x x x

x x
x

→ →
=  

                               2 20

sin2 sin62 6 2 6 42 6lim
33sin3 3

3
x

x x
x x

x
x

→

× × × ×
= = =

 × 
 

  ។ 

ដូចេនះ 20

sin2 sin6 4lim
3sin 3x

x x
x→

=   ។ 

ញ.
2 3

3 30 0 0

sin2 sin2lim lim lim 2 2
2sin sinx x x

x x x x
xx x→ → →

= × × =  ។ 

ដូចេនះ 
2

30

sin2lim 2
sinx

x x
x→

=   ។ 

លំហាត់ទ២០ 

ចូរគណនាលីមីតខងេ្រ 

ក) 20

1 cos2lim
4x

x
x→

−  ខ)
2

0

sin 6lim
3 sin4x

x
x x→

 

គ) 20

sin3 sin4lim
6x

x x
x→

 ឃ)
0

2sin3 sin4lim
x

x x
x→

−   

ង)
4

20

1 coslim
4x

x
x→

−  ច)
0

2lim
sin3x

x
x x→ +
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ឆ)
2

20

sin2 sin 4lim
9x

x x x
x→

+  ជ)
2

20

1 2 sin4 cos 2lim
6x

x x x
x→

+ −  

ឈ)
( )

3

20

sin 2lim
1 cos2x

x x
x→ −

 ញ) 2 20

1 sin3 cos6lim
3 sin 2x

x x x
x x→

+ −
+

 

ដំេណាះ្រ 

គណនាលីមីតខងេ្៖ 

ក)
22

2 20 0 0

1 cos2 2sin 1 sin 1lim lim lim
2 24 4x x x

x x x
xx x→ → →

−  = = = 
 

    

ដូចេនះ 20

1 cos2 1lim
24x

x
x→

−
=   ។ 

ខ)

22

2 2

0 0 0
2

sin6sin 6 6
sin 6 1 1 366lim lim lim 3sin4 sin43 sin4 3 3 124

4
x x x

xx
x xx

x x xx x
xx

→ → →

 × 
 = = = =

×
    

ដូចេនះ 
2

0

sin 6lim 3
3 sin4x

x
x x→

=   ។ 

គ) 20 0

sin3 sin4 1 sin3 sin4lim lim
66x x

x x x x
x xx→ →

=   

                            
0 0

1 sin3 sin4 12lim 3 lim 4 2
6 3 4 6x x

x x
x x→ →

   = × × = =   
   

  ។ 

ដូចេនះ 20

sin3 sin4lim 2
6x

x x
x→

=   ។ 

ឃ)
0 0

2sin3 sin4 2sin3 sin4lim lim
x x

x x x x
x x x→ →

−  = − 
 

   

                                  
0

sin3 sin4lim 6 4 2
3 4x

x x
x x→

 = × − × = 
 

  ។ 

ដូចេនះ 
0

2sin3 sin4lim 2
x

x x
x→

−
=   ។  
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ង)
4 2 2

2 20 0

1 cos 1 (1 cos )(1 cos )lim lim
44x x

x x x
x x→ →

− − +
=  

                      ( )
2

2
0

1 sin 1lim 1 cos
4 2x

x x
x→

  = + =  
   

  ។ 

ដូចេនះ 
4

20

1 cos 1lim
24x

x
x→

−
=   ។ 

ច)
0 0 0

2 2 2 2 1lim lim lim sin3sin3sin3 1 3 21 31 3
x x x

x x
xxx x x xx

→ → →
= = = =

+ +  + ×+ 
 

  ។ 

ឆ)
2 2

2 2 20 0

sin2 sin 4 1 sin2 sin 4lim lim
99x x

x x x x x x
x x x→ →

 +
= + 

 
           

                                   ( )
2

0

1 sin2 sin4 1lim 2 4 2 16 2
9 2 4 9x

x x
x x→

  = × + × = + =  
   

                                  

ដូចេនះ 
2

20

sin2 sin 4lim 2
9x

x x x
x→

+
=   ។  

ជ)
2 2

2 20 0

1 2 sin4 cos 2 sin 2 2 sin4lim lim
6 6x x

x x x x x x
x x→ →

+ − +
=  

2

0

1 sin2 sin4 4 8lim 2 8 2
6 2 4 6x

x x
x x→

  + = × + × = =  
   

                                     

ដូចេនះ 
2

20

1 2 sin4 cos 2lim 2
6x

x x x
x→

+ −
=   ។ 

ឈ)
( )

3

3 3
3

2 4 40 0 0

sin2 2
sin 2 sin 2 1 12lim lim lim 2 2

4 44sin1 cos2 sinx x x

x
x x x x x

xx x
x

→ → →

 × 
 = = = × =

−  
 
 

 ។ 

ដូចេនះ 
( )

3

20

sin 2lim 2
1 cos2x

x x
x→

=
−

  ។  
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ញ)
2

2 2 2 20 0

1 sin3 cos6 2sin 3 sin3lim lim
3 sin 2 3 sin 2x x

x x x x x x
x x x x→ →

+ − +
=

+ +
  

                                        

2

2

2 20

2

2sin 3 sin3
lim

3 sin 2x

x x x
x

x x
x

→

+

=
+

 

                                       

2

20

sin3 sin32 3 3
18 3 213 3lim 3
3 4 7sin23 2

2
x

x x
x x

x
x

→

 × + ×  + = = = =
+ + × 

 

 

ដូចេនះ 2 20

1 sin3 cos6lim 3
3 sin 2x

x x x
x x→

+ −
=

+
  ។ 

លំហាត់ទ២១ 

ចូរគណនាលីមីតខងេ្រ 

ក)
2 2

0

sin sin 3lim
1 cos4x

x x
x→

−
−

  ខ)
0

cos cos3lim
1 cos2x

x x
x→

−
−

  

គ)
2 2

20

sinlim
sinx

x x
x x x→

−
−

  ឃ)
2

30

1 2cos2 cos 2lim
sin2x

x x
x x→

− +   

ង)
0

tan2 sin2lim
(1 cos4 )x

x x
x x→

−
−

  ច) 3 30

3sin2 sin6lim
sinx

x x
x x→

−
+

 

ឆ) 40

2 cos2 cos4lim
1 cos 5x

x x
x→

− −
−

  ជ)
3 2

20

sin (2 )lim
(tan sin )x

x
x x→ −

  

ឈ)
4 3

20

1 cos (2 )lim
(3sin sin3 )x

x
x x→

−
−

  ញ)
3

40

1 cos 2lim
1 cos 3x

x
x→

−
−
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ដំេណាះ្រ 

គណនាលីមីតខងេ្រ 

ក.

2 2

2 2 2 2 2

2 20 0 0

2

sin sin 3
sin sin 3 sin sin 3 1lim lim lim

1 cos4 22sin 2 sin 2x x x

x x
x x x x x

x x x
x

→ → →

−
− −

= =
−

   

                                

2 2

20

sin sin3 3
1 1 1 93lim 1
2 2 4sin2 2

2
x

x x
x x

x
x

→

   − ×    −   = = × = −
 × 
 

។ 

ដូចេនះ  
2 2

0

sin sin 3lim 1
1 cos4x

x x
x→

−
= −

−
  ។  

ខ.
2 2

20 0

31 2sin 1 2sin
cos cos3 2 2lim lim

1 cos2 2sinx x

x x
x x

x x→ →

   − − −   −    =
−

         

  
2 2 2 2

2 20 0

3 32sin 2sin sin sin
2 2 2 2lim lim

2sin sinx x

x x x x

x x→ →

− + − +
= =  

  

2 2

2

2 20 0

2

3sin sin1 33 2 2sin sin 32 22 2
1 92 2lim lim 2
4 4sin sinx x

x x
x x

x x
x

x x
x x

→ →

   
   

− × + ×− +    
   
   = = = − + =

 
 
 

 

ដូចេនះ 
0

cos cos3lim 2
1 cos2x

x x
x→

−
=

−
 ។ 
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គ) ( ) ( )
( )

2 2

20 0 0

sin sinsin sinlim lim lim
sinsinx x x

x x x xx x x x
x x x xx x x→ → →

− +− +
= =

−−
                   

                           
0

sinlim 1 1 1 2
x

x
x→

 = + = + = 
 

   ។                        

ដូចេនះ 
2 2

20

sinlim 2
sinx

x x
x x x→

−
=

−
  ។ 

ឃ) ( )22 4

3 3 30 0 0

1 cos21 2cos2 cos 2 4sinlim lim lim
sin2 sin2 2 sin cosx x x

xx x x
x x x x x x x→ → →

−− +
= =   

                                         
33

30 0

sin sin 12lim 2lim 2
coscosx x

x x
x xx x→ →

  = = =  
   

 

ដូចេនះ 
2

30

1 2cos2 cos 2lim 2
sin2x

x x
x x→

− +
=  ។ 

ង) ( )
2 20 0 0

sin2 sin2 sin2 1 cos2tan2 sin2 cos2lim lim lim
(1 cos4 ) 2 sin 2 2 sin 2 cos2x x x

x x x xx x x
x x x x x x x→ → →

− −−
= =

−
  

                               

2 2

0 0

0

2sin sinlim lim
2 sin2 cos2 2 sin cos cos2
sin 1 1lim

2cos cos2 2

x x

x

x x
x x x x x x x

x
x x x

→ →

→

= =

= × =
 

ដូចេនះ 
( )0

tan2 sin2 1lim
1 cos4 2x

x x
x x→

−
=

−
  ។ 

ច) ( )3

3 3 3 30 0

3sin2 3sin2 4sin 23sin2 sin6lim lim
sin sinx x

x x xx x
x x x x→ →

− −−
=

+ +
   

                                

3

3 3

3 3 3 30 0

3

3

30

sin 2
4sin 2lim 4 lim

sin sin

sin2 2
4 824 lim 16

2sin1

x x

x

x
x x

x x x x
x

x
x

x
x

→ →

→

= =
+ +

 ×  × = = =
 +  
 
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ដូចេនះ  3 30

3sin2 sin6lim 16
sinx

x x
x x→

−
=

+
    ។ 

ឆ) ( ) ( )
( ) ( )4 2 20 0

1 cos2 1 cos42 cos2 cos4lim lim
1 cos 5 1 cos 5 1 cos 5x x

x xx x
x x x→ →

− + −− −
=

− − +
  

                                   
( )

( )

2 2

2 20

2 2

2

20 2
2

2sin 2sin 2lim
sin 5 1 cos 5

sin sin 2
2lim

sin 5 1 cos 5

x

x

x x
x x

x x
x

x x
x

→

→

+
=

+

+

=
+

 

                                     
( )

2 2

20
2

sin sin2 2
1 4 122lim 2
25 2 5sin5 5 1 cos 5

5
x

x x
x x

x x
x

→

   + ×    +   = = × =
× × + 

 

 

ដូចេនះ 40

2 cos2 cos4 1lim
51 cos 5x

x x
x→

− −
=

−
 ។  

ជ) ( )
( )

( )
( )

3 2 3 23 2

2 2 2 20 0 0

sin 2 sin 2sin (2 )lim lim lim
(tan sin ) tan cos tan 1 cos tanx x x

x xx
x x x x x x x→ → →

= =
− − −

  

    

32

23 2 3

40 04 2
2

sin(2 ) 2
2sin (2 ) 1 1 2lim lim 3214 44sin tan sin2 161 tan2

2
2

x x

x
xx

x xx
x

x x

→ →

 
× 

 = = = × =
 
   ×   

  
 

 ។ 

ដូចេនះ 
3 2

20

sin (2 )lim 32
(tan sin )x

x
x x→

=
−

  ។ 

ឈ)
( )

2 3 2 34 3

2 20 0 3

1 cos (2 ) 1 cos (2 )1 cos (2 )lim lim
(3sin sin3 ) 3sin 3sin 4sinx x

x xx
x x x x x→ →

   − +−    =
−  − − 
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( ) ( )2 3 2 3

60

sin 2 1 cos 2
lim

16sinx

x x
x→

 + =                                                                   

( ) ( )
23 6

2 3
30

sin 21 1 1lim 2 1 cos 2 4 2
16 sin 16 22x

x x x
xx→

      = × + = × × =       
 ។ 

ដូចេនះ  
4 3

20

1 cos (2 ) 1lim
2(3sin sin3 )x

x
x x→

−
=

−
    ។ 

ញ)
( ) ( )

( ) ( )
23

4 2 20 0

1 cos2 1 cos2 cos 21 cos 2lim lim
1 cos 3 1 cos 3 1 cos 3x x

x x xx
x x x→ →

− + +−
=

− − +
   

                          

( )
( )

2 2

2 20

2

2

20

2sin 1 cos2 cos 2
lim

sin 3 1 cos 3

sin
1 cos2 cos 22 lim

sin3 1 cos 33
3

1 3 12
9 2 3

x

x

x x x
x x

x
x xx

x x
x

→

→

+ +
=

+

 
  + + =

+ × 
 

= × × =

 

ដូចេនះ  
3

40

1 cos 2 1lim
31 cos 3x

x
x→

−
=

−
   ។ 

លហំត់ទ២២ 

ចូរគណនាលីមីតខងេ្រ 

ក) 20

1 cos2 cos6lim
sin 5x

x x
x→

−  ខ)
0

1 cos4lim
1 cos6x

x
x→

−
−

 

គ)
2

30

1 cos 6lim
1 cos 2x

x
x→

−
−

 ឃ)
2

20

1 cos 2 cos4lim
x

x x
x→

−   

ង)
2

2 20

cos 2 cos6lim
3sin sin 2x

x x
x x→

−
+

 ច)
3

20

1 cos 4lim
3x

x
x→

−   
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sin (sin ) sin 1 1 12 22lim . . 2.
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2 2

x x

x

x x

x x
x x

x x

→ →

→

−
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= = =

 

ដូចេនះ  40

1 cos(1 cos ) 1lim
8x

x
x→

− −
=  ។ 

ឃ. 
0

2 1 coslim
.tanx

x
x x→

− + មានរងមិនកំណត0
0

  

   
0

0

2 1 coslim
tan ( 2 1 cos )
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tan ( 2 1 cos )

x

x

x
x x x

x
x x x

→

→
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=

+ +
−

=
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2
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tan ( 2 1 cos )x

x

x x x→
=
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2

0 2

sin 1 1 222lim . . .
tan 4 82 1 cos( )

2
x

x
x

x x x→
= =

+ +
 

ដូចេនះ  
0

2 1 cos 2lim
.tan 8x

x
x x→

− +
=  ។ 

ង.  
2

0

1 sin coslim
cos cos3x

x
x x→

+ −
−

 

   

2 2

20

2 2

20

2

20

0

1 sin cos cos cos3lim .
cos cos3 1 sin cos
sin (1 cos ) cos cos3lim .3 3 1 sin cos2sin sin

2 2
2sin cos cos3lim .

2sin2 .sin( ) 1 sin cos
sin 2 1 cos cos3lim . . .

sin2 2

x

x

x

x

x x x x
x x x x
x x x x

x x x x x x

x x x
x x x x

x x x x
x x

→

→

→

→

+ − +
=

− + +

+ − +
=

+ − + +

+
=

− + +

+
= −

2

1
21 sin cosx x

= −
+ +

 

ដូចេនះ.  
2

0

1 sin cos 1lim
2cos cos3x

x
x x→

+ −
= −

−
  ។ 

ច.  
3

0

1 cos3lim
(1 cos )x

x
x x→

−
−

  ។ 

   

230 3

2

0
2 233

1 cos3lim
(1 cos )(1 cos3 cos 3 )

32sin
2lim

2 sin ( )(1 cos3 cos 3 )
2

x

x

x
x x x x

x

xx x x

→

→

−
=

− + +

=
+ +

 

 

2

2

2 230 3
2

3sin 29 1 9 1 32lim 2 2
4 4 3 23 1 cos3 cos 3sin

2 2
x

xx

x x x x→

 
  
 = × × × × = × × =

  + + 
       
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ដូចេនះ  
3

0

1 cos3 3lim
2(1 cos )x

x
x x→

−
=

−
  ។ 

លំហាត់ទ២៥ 

ចូរគណនាលីមីតខងេ្រ 

ក. 30

sin sin2 sin3lim
x

x x x
x→

   ខ.
0

sin sin2 sin3lim
x

x x x
x→
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គ.
0
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x
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x→

+  ឃ.
0

sin2lim
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x
x→

  

ង.
0

sin3lim
tanx

x x
x x→

+
+

  ច. 20

1 coslim
x

x
x→
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ឆ.
0
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x
x→

−
−

  ជ. 
3

0
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sinx

x
x x→
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ឈ. 30

tan sinlim
x
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x→
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0

2sin sin2lim
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−
−

  

ដ.
0
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x x
x x→

−
−

  ឋ. 40

1 cos(1 cos )lim
x

x
x→
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ឌ. 20

1 cos cos2lim
x

x x
x→

−   ឍ. 
0

1 coslim
1 cos2x

x
x→

−
−

  

ណ.
0

2 1 coslim
.tanx

x
x x→
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2

0
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cos cos3x

x
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ដំេណាះ្រ 

គណនាលីមីតខងេ្រ 

ក. 30

sin sin2 sin3lim
x

x x x
x→

 
0

sin sin2 sin3lim . .
x

x x x
x x x→

=   

                                     0 0 0

sin sin2 sin3lim .lim 2. .lim 3.
2 3

1 2 3 6
x x x

x x x
x x x→ → →

     =      
     

= × × =

 

ដូចេនះ   30

sin sin2 sin3lim 6
x

x x x
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ខ.
0

sin sin2 sin3lim
x

x x x
x→

+ +
0

sin sin2 sin3lim
x

x x x
x x x→

 = + + 
 

 

                                           0 0 0

sin sin2 sin3lim lim 2. lim 3.
2 3

1 2 3 6
x x x

x x x
x x x→ → →

     = + +     
     
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គ.
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0
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 = + = + = 
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sin2lim .
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x x
x x→

 =  
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0 0

sin2 1 6 1 1lim 2. .lim . 2
2 6 sin6 6 3x x

x x
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ដូចេនះ 
0

sin2 1lim
sin6 3x

x
x→
=   ។ 
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sin3lim
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x x→

+
+

  

 
0 0

sin3 sin3( 1 ) 1 3. 1 33lim lim 2tan tan 1 1( 1 ) 1x x

x xx
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+ + +
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++ +
  ។ 
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sin3lim 2
tanx
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=
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2
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2sin sin 1 12 2lim 2lim
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x x
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 
 
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 ។ 

ដូចេនះ 20
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x→

−
−

  
2 22 2 2

2 2 20 0 0 0

2sin sin sin 2 1 1lim lim . lim lim
sin2 4 42sin 2 sin 2x x x x

x x x x x
x xx x x→ → → →

     = = = × =     
    
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ដូចេនះ 
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=
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4 2

x x x

x x

xxx x x x x
x x x

x
x

x x

→ → →

→ →

− −
= = =

= = =

 

ដូចេនះ 30

tan sin 1lim
2x

x x
x→

−
=   ។ 

ញ. 
0

2sin sin2lim
3sin sin3x

x x
x x→
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→
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 
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