




Multiple Choice Questions 

1. Calculate the following sum:

1 2 3 4 10 
-+-+-+-+ . . .  + -. 2 4 8 16 210 

(A) 
503 . 
256' (B) 505 . 507 (D) 509 . 

256 , (C) 256 ; 256 , (E) None of the above.

2. It is known that the roots of the equation

x5 + 3x4 - 4044118x3 - 12132362x2 - 12132363x - 20112 = 0

are all integers. How many distinct roots does the equation have? 

(A) 1; (B) 2; (C) 3; (D) 4; (E) 5.

3. A fair dice is thrown three times. The results of the first, second and third throw are recorded

as x, y and z, respectively. Suppose x + y = z. What is the probability that at least one of

x, y and z is 2?

(A)
1 (B) �8 ·, (C) 8 (D) 1 

(E) !__. 12 ; 15 ; 3; 13 

4. Let

X = 1 000 · · · 000 1 000 · · · 000 50.'-....--" '-....--" 
2011 times 2012 times 

Which of the following is a perfect square? 

(A) x- 75; (B) x- 25; (C) x; (D) x + 25; (E) x + 75.

5. Suppose N1, N2, ... , N2o11 are positive integers. Let 

X= (N1 + N2 + · · · + N2o10) (N2 + N3 + · · · + N2ou), 

Y = (N1 + N2 + · · · + N2ou) (N2 + N3 + · · · + N2o1o). 

Which one of the following relationships always holds? 

(A) X= Y; (B) X> Y; (C) X< Y; (D) X - N1 < Y - N2ou; (E) None of the above. 

6. Consider the following egg. shaped curve. ABC D is a circle of radius 1 centred at 0. The

arc AE is centred at C ,  CF is centred at A and EF is centred at D.
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(A) 1680; (B) 1712; (C) 3696; (D) 3760; (E) None of the above.

10. In the set {1, 6, 7, 9}, which of the numbers appear as the last digit of nn for infinitely many

positive integers n?

(A) 1, 6, 7 only; (B) 1, 6, 9 only; (C) 1, 7, 9 only; (D) 6, 7, 9 only; (E) 1, 6, 7, 9.

Short Questions 

x y z a b c  . 11. Suppose-+-+-= ..J2 and-+-+-= 0. Fmd
a b c x y z 

12. Suppose x = 13 . Find the exact value of 
v'19 + sv'3 

x4 - 6x3 - 2x2 + 18x + 23
x2- 8x + 15 

13. Let a1 = 3, and define an+l = J3 an �1 
for all positive integers n. Find a2011 ·an +  3 

14. Let a, b, c be positive real numbers such that

a2 + ab + b2 = 25,

b2 + be + c2 = 49,

c2 + ca + a2 = 64.
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distinct ways of using two tiles of size 1 x 1, two tiles of size 1 x 2 and one tile of size 1 x 4. 

It is not necessary to use all the three kinds of tiles. ) 

24. A 4 x 4 Sudoku grid is filled with digits so that each column, each row, and each of the four

2 x 2 sub-grids that composes the grid contains all of the digits from 1 to 4. For example,

4 3 1 2 

2 1 3 4 

1 2 4 3 

3 4 2 1 

Find the total number of possible 4 x 4 Sudoku grids. 

25. If the 13th of any particular month falls on a Friday, we call it Friday the 13th. It is known

that Friday the 13th occurs at least once every calendar year. If the longest interval between

two consecutive occurrences of Friday the 13th is x months, find x.

26. How many ways are there to put 7 identical apples into 4 identical packages so that each

package has at least one apple?

27. At a fun fair, coupons can be used to purchase food. Each coupon is worth $5, $8 or $12.

For example, for a $15 purchase you can use three coupons of $5, or use one coupon of $5

and one coupon of $8 and pay $2 by cash. Suppose the prices in the fun fair are all whole

dollars. What is the largest amount that you cannot purchase using only coupons?

28. Find the length of the spirangle in the following diagram, where the gap between adjacent

parallel lines is 1 unit.
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E 

D c 

34. Consider an equilateral triangle A BC,  where A B  = BC = CA = 2011. Let P be a point

inside LA BC. Draw line segments passing through P such that DE II BC, FG II CA and

HI II AB. Suppose DE : FG : HI= 8 :  7 : 10. Find DE + FG + HI .  

A 

c 

35. In the following diagram, A B  j_ BC . D and E are points on segments AB and BC respec

tively, such that BA + AE = E D + DC . It is known that A D =  2, BE= 3 and EC = 4.

Find BA + AE.
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Note that 

X= (101012 + 1) X 102014 +50= 104026 + 102014 +50

= (102013)2 + 2 X 102013 X 5 +50 = (102013 + 5)2 + 25.

So x - 25 is a perfect square. 

5. Answer: (B).

Let K = N2 + · · · + N2010· Then X= (N1 + K)(K + N2on) andY= (N1 + K + N2on)K. 

6. Answer: (A).
,---... 7r (22) 1f The area enclosed by A D ,  DE and AE is -8 -- 1 = 2 - 1.

. 7r(2 - J2)2 (3 ) 
The area of the wedge E DF IS 

4 
= 2- J2 1f. 

So the area of the egg is: � + 1 + 2 x (�- 1) + (�- J2) 1r = (3- J2)1r- 1.

7. Answer: (B).

The left shows that 3 colours are not enough. The right is a painting using 4 colours. 

8. Answer: (E).

Since 5 I (24- 1), 71 (36- 1), 11 I (510- 1), 13 I (712- 1), n is divisible by 5, 7, 11  and 13.

9. Answer: (C). 

We consider the position of the Black Knight. The number of positions being attacked by 
the White Knight can be counted. 
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13. Answer: 3. 

J3 J3 vs-1 _1
Let f (x) = 

3 x  01
. Then f (J (x)) = �vis 3x-J3- x-J3 x-J3 -

X+ 3 3x-1 + J3x+vfs 
J3x - 1 + V3x + 3 J3x + ( 

vfsx-1 _ J3 
/"il 

/"il 
J(J(J (x))) = x+vfs = v3x - 1- v3x- 3 = _.!.. So J (J(J (J(J (J (x)))))) = x.

J3 vfsx-1 + 1 3x -J3 + x + J3 X 
x+vfs 

Since 2010 = 6 x 335, a2o11 = f (J (J · · · f (J(3)) · · · )) = 3.
'-----v--" 

2010 copies 

14. Answer: 129. 

Consider the following picture, where LAOB = L BOC = LCOA = 120°, OA = a, OB = b 
and OC = c. 

A 

B c 

Then IBCI = 5, I CAl= 7 and lAB I= 8. The area of the triangle A BC is 

yl10(10- 5) (10- 7) (10- 8) = 10.J3.

1V3
Then 2 2(ab +be+ ca) = 10J3. So ab +be+ ca = 40.

2 (a + b + c)2 = (a2 + ab + b2) + (b2 +be+ c2) + (c2 + ca + a2) + 3(ab +be+ ca) = 258. 

Thus, (a+ b + c)2 = 129. 

15. Answer: 0. 

Define Q (x) = (1 + x)P(x) - x. Then Q(x) is a polynomial of degree 2011. Since Q(O) = 
Q(1) = Q(2) = · · · = Q(2010) = 0, we can write, for some constant A, 

Q (x) = Ax(x- 1) (x- 2) · · · (x- 2010). 

1 = Q(  -1) = A (  -1) ( -2) ( -3) · · · ( -2011) =-A· 2011!. Then Q(2012) = A· 2012! = -2012, 

and P(2012) = 
Q(2012) + 2012 

= 
2013 o. 

16. Answer: 9241. 
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Suppose x1 = x2 = · · · = Xk = 1 < 2 � Xk+l � · · · � X2011 · Let M = x1 · · · X20l1 · Then 

M = Xk+1Xk+2 . . .  X2QlOX20ll

= (Xk+l- 1)xk+2 · · · X2010X2011 + Xk+2 . . .  X2010X2011
2:: (Xk+l- 1)2 + Xk+2 · · · X2010X2011
> . . . . . . . . . . . . . . . . . . . .  . 

2:: (xk+l - 1)2 + · · · + (x2009- 1)2 + X2010X2011
2:: (xk+l - 1)2 + · · · + (x2009- 1)2 + (x2o10- 1)2 + (x2o11 - 1)2

= 2(xk+l + · · · + x2o11- (2011- k)) 

= 2(M- 2011). 

Therefore, M � 4022. On the other hand, (1, 1, . . .  , 1, 2, 2011) is a solution to the equation.
So the maximum value is 4022. 

21. Answer: 101.

If n 2:: 102, then M(n) = n- 10 2:: 92.

M(91) = M(M(102)) = M(92) = M(M(103)) = M(93) = · · · = M(101) = 91. 

For each k = 1, . . .  , 10, M(80 + k) = M(M(91 + k)) = M(91) = 91, and thus 

M(70 + k) = M(M(81 + k)) = M(91) = 91, 

M(k) = M(M(11 + k)) = M(91) = 91. 

Hence, all integers from 1 to 101 are solutions to M(n) = 91. 

22. Answer: 19.
An+l 1 2on+l + 11n+l 20 + 11 . (M)n

An n +1 20n +11n - (n +1) (1 +(M)n) · 

Then An+l < An if n > 10 + � 11 )n ; and An+l > An if n < 10 + �!! 
)n .1 + w 1 + w 

Note that 10 + �11 n < 10 + 9 = 19. Son 2:: 19 implies An > An+l ·1 + 20) 

9 . 9 
If 10 � n � 18, then n � 10 + 8 < 10 + 11 ; 1f n < 10, then n < 10 +

( 11 )n . Hence,
1 + ( 20 )

n 1 + 20 
n � 18 implies An < An+l ·

23. Answer: 169.

Let an be the number of ways to pave a block of 1 X n. Then an = an-1 + an-2 + an-4 with 
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26. 

Case 2: The first year is a leap year.

Jan Feb Mar Apr Mar Jun Jul Aug Sep Oct Nov Dec 
0 3 4 0 2 5 @] 3 6 1 4 6 
2 5 5 1 3 6 1 4 @] 2 5 0 

Case 3: The second year is a leap year.

Jan Feb Mar Apr Mar Jun Jul Aug Sep Oct Nov Dec 
0 3 3 6 1 4 []] 2 5 @ 3 5 
1 4 5 1 3 []] 1 4 @ 2 5 0 

From these tables we see that the answer is 14. The longest time period occurs when the 
Friday of 13th falls in July of the first year and in September of the second year, while the 
second year is not a leap year. 

Answer: 350. 

By considering the numbers of apples in the packages, there are 3 cases: 

l) (4, l, l, l). (7) = 7 X 6 X 5 X 4 
= 35. 

4 4x3x2xl 

2) (3, 2, 1, 1 ). (7) (4) = 7 X 6 X 5 
= X 

4 X 3 
= 35 X 6 = 210.

3 2 3x2xl 2xl 

3) (2, 2, 2, l). � (7) (5) (3) = � X 7 X 6 
X 

5 X 4 
X 

3 X 2 
= l05.

3! 2 2 2 6 2 X 1 2 X 1 2 X 1 

So the total number of ways is 35 + 210 + 105 = 350. 

27. Answer: 19.

Note that 8 + 12 = 20, 5 + 8 + 8 = 21, 5 + 5 + 12 = 22, 5 + 5 + 5 + 8 = 23, 8 + 8 + 8 = 24.
If n 2:: 25, write n = 5k + m where 20 :::; m :::; 24 and k is a positive integer. So any amount
2:: 25 can be paid exactly using coupons.

However, 19 cannot be paid exactly using these three types of coupons.

28. Answer: 10301.

. The broken line is constructed using "L", with lengths 2, 4, 6, . . .  , 200. The last "L" is 
100 + 101 = 201. Then the total length is 2 (1 + 2 + 3 + · · · + 100) + 201 = 10301. 

29. Answer: 15.
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So c= 12 or c = -20 (ignored). Substitute y = -x + 12 into the parabola: x2 = -x + 12 =* 

x = 3, -4. So A is (3, 9) and B is ( -4, 16). Then 

IABI 2 = (3- ( -4))2 + (9- 16)2 = 98.

33. Answer: 30.

J2
Draw BF ..l CE, where F is on CE. If AB = 1, then BF = 2 and BE = J2. Thus
LE = 30°. 

E 

D 

34. Answer: 4022.

Set D P  = GP = a, I P  = FP = b, EP = HP = c. Then

DE + FG +HI= (a+ c)+ (a+ b)+ (b +c)= 2 (a + b +c)= 2 x 2011 = 4022. 

35. Answer: 10.

By given, B D  + 2 + AE = B D  + DC. So 2 + AE = DC.

Note that AB2 + BE2 = AE2 and B D 2 + BC2 = DC2. Then

(2 + B D )2 + 32 = AE2, B D 2 + 72 = (AE + 2)2. 

32 
4 (AE + B D )  = 32. Then AE + BA = 4 + 2 = 10.
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Singapore Mathematical Society 
Singapore Mathematical Olympiad (SMO) 2011 

(Junior Section, Round 2 solutions) 

1. It's equivalent to prove x2y2 :;:::: (ac + bd)2 as all the numbers are nonnegative. This
is true s ince 

x2y2 = (a2 + b2)(c2 + d2)
= (ac)2 + (bd)2 + a2d2 + b2c2

:;:::: (ac)2 + (bd)2 + 2(ac)(bd) AM-GM
= (ac + bd)2.

2. Let the tangent at P meet the tangent at R at the point S. Let 0 be the centre of
r1. Then ORST is a s quare. Hence LKPR = LRPS = 45°. Also LNPS = LNKP = 

LPMS = LMPK. Thus LMPR = LRPN. 

K 

3. Let ai = maxSi, bi = minSi and s uppos e that t1 = min{ti}. For each j, if 81 nSj i=
0, then a1 :;:::: b j. Therefore a1 E Sj.

Note: Problem 4 in the Senior Section is the general vers ion. 

4. Replace 2011 by any pos itive odd integer n. We firs t s how by induction that am 
= 

3m2n-m - 1 for m = 0, 1, ... , n - 1. This is certainly true for m = 0. Suppos e 
it's true for s ome m < n - 1. Then 3am 

+ 1 = 3m+l2n-m - 2. Since n- m > 1,
the odd part is 3m+l2n-m-l - 1 which is am+l· Now an-1 = 3n-121 - 1. Thus
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Singapore Mathematical Society 

Singapore Mathematical Olympiad (SMO) 2011 

(Senior Section) 

Tuesday, 31 May 2011 0930-1200 hrs 

Instructions to contestants 

1. Answer ALL 35 questions.

2. Enter your answers on the answer sheet provided.

3. For the multiple choice questions, enter your answer on the answer
sheet by shading the bubble containing the letter (A, B, C, D or E)
corresponding to the correct answer.

4. For the other short questions, write your answer on the answer sheet
and shade the appropriate bubble below your answer.

5. No steps are needed to justify your answers.

6. Each question carries 1 mark.

7. No calculators are allowed.

PLEASE DO NOT TURN OVER UNTIL YOU ARE 
TOLD TO DO SO 
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6. Determine the value of
2 

1 1 
0+Vfs+2 + 0-V'8+2

(A) 4-0 (B) 2-20 (C) 4 + 0 (D) 20 + 4
(E) 40-2 

1 1 1 
7. Let x = 1 + 1 + 1. Which of the following statements

log� 2 logi 4 log� 8 
is true? 

(A) 1.5 < X < 2 
(D) 3 <X< 3.5 

(B) 2 < x < 2.5 
(E) 3.5 <X< 4 

8. Determine the last two digits of 756•

(A) 01 (B) 0 7 (C) 09 (D) 43 

(C) 2.5 < X < 3 

(E) 49 

9. It is given that x and y are two real numbers such that x > 1 and
y > 1. Find the smallest possible value of

logx 2011 +logy 2011 
logxy 2011 

(A) 4 (B) 6 (C) 8 (D) 10 (E) 12 

10. It is given that a, band care three real numbers such that a+ b = c-1
and ab = c2- 7c + 14. Find the largest possible value of a2 + b2. 

(A) 5 (B) 6 (C) 8 (D) 9 (E) 10 

Short Questions 

11. Find the value of

20112 + 21112 -2 X 2011 X 2111 
25 
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18. In the diagram below, the lengths of the three sides of the triangle are 
a
2 
+ b

2 

a em, b em and c em. It is given that 2 = 2011. Find the value

of 
cot C 

cot A +  cotE 

a 

c 

b 

c 

19. Su p pose there are a total of 2011 partici pants in a mathematics com
petition, and at least 1000 of them are female . Moreover, given any
1011 partici pants, at least 11 of them are male . How many male 
partici pants are there in this com petition? 

20. Let f : Q \ {0, 1} -t Q be a function such that

(X -1) 
x

2 
f ( x) + f 

x 
= 2x

2

for all rational numbers x #- 0, 1. Here Q denotes the set of rational
numbers . Find the value off(�). 

21. In the diagram below, ABCD is a convex quadrilateral such that AC 
intersects BD at the midpoint E of BD. The point His the foot of 
the per pendicular from A onto DE, and H lies in the interior of the 
segment DE. Su p pose LBCA = 90°, CE = 12 em, EH = 15 em,
AH = 40 em and CD= x em. Find the value of x. 

A 

c 
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28. It is given that a, b, c and d are four positive prime numbers such 
that the product of these four prime numbers is e qual to the sum of 
55 consecutive positive integers. Find the smallest possible value of 
a+ b + c +d. (Remark: The four numbers a, b, c, d are not necessarily

distinct. ) 

29. In the diagram below, ABC is a triangle with AB = 39 em , BC = 45
em and C A = 42 em. The tangents at A and B to the circumcircle of
DABC meet at the point P. The point D lies on BC such that P D

is parallel to AC. It is given that the area of DABD is x cm 2. Find 
the value of x. 

30. It is given that a and b are positive integers such that a has exactly
9 positive divisors and b has exactly 10 positive divisors. If the least

common multi ple (LCM ) of a and b is 4400, find the value of a + b. 

31. In the diagram below, ABCD is a quadrilateral such that .!_ABC=
135° and L_BCD = 120°. Moreover, it is given that AB = 2J3 em,
BC = 4 - 2-/2 em, CD = 4-/2 em and AD = x em. Find the value

of x2- 4x. 
B c

A <-----------------"' D 
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Singapore Mathematical Society 

Singapore Mathematical Olympiad (SMO) 2011 
(Senior Section Solutions) 

1. Ans wer: (B)
a2 b2 c2 

Since a ,  b and c are nonzero real numbers and 
b2 2 

< 
2 2 

< 
2 b2 

, we s ee 
+c c +a a + 

that 
b2 + c2 c2 + a2 a2 + b2
--=--- > > --=--

a2 b2 c2 
Adding 1 throughout, we obtain 

1 1 1 
Thus 2 > 

b2 
> 2 , which implies that a2 < b2 < c2. So we have Ia I < l bl < lei ·a c 

2. Ans wer: (A)
Note that

(s in()+ cos ())2 = s in2 () + cos 2 () + 2 s in() cos() = 1 +s in 2() = 1 +a. 
Since 0::; ()::;�' we have s in()+ cos()> 0. So s in() +cos()= v'f+(i". 

3. Ans wer: (D)
We have 

4. Ans wer: (C)

Now we have 

1 1-- -X 2y 
1 

2x+y 
::::?-

::::?-

::::?-

30 

� · [(a-b)2 + (b-e)2 + (c-a)2]2 �. [(-1)2 + (-1)2 + 22] = 3. 

2x+y 2x+y 
= 1-

X 2y 
y X 1 2+-----= 1
X y 2 

y X 1 
X y 2 





Moreover, 

2x 

SO X >  3. 5. 

8. Ans wer: (B)

2(log 3 +log 5� +log 7i) 
log 2 

log(9 x 5) +log(49i) log(45 x 27 i)
-------- > ----,----

log2 log 2 
log( 45 x 3) 

> 
log(128) 

= 7 
�g2 �g2 '

Note that 74-1 = 2400, s o  that 74n-1 is divis ible by 100 for any n E z+. Now,

where 

756 7(756-1 -1 + 1) 
7(756-1-1) + 7 
7(74n-1) + 7 , 

n = 
56-1 '77+ 

4 
E !LJ . 

Since 7(74n -1) is divis ible by 100, its las t two digits are 00. It follows that the las t
two digits of 756 are 07. 

9. Ans wer: (A)

logx 2011 +logy 2011
logxy 2011

(
log 2011 

+ 
log 2011

) . ( 
log xy 

) 
log x logy log 2011 
1 1 

(- + -) . (logx +logy)
log x logy 

logx logy 
2+--+--

logy logx 
> 4 (us ing AM 2:: G M),

and the equality is attained when log x = logy, or equivalently, x = y. 

10. Ans wer: (C)
The roots of the equation x2- (c-1)x + c2- 7c + 14 = 0 are a and b, which are
real. Thus the dis criminant of the equation is non-negative. In other words , 

(c-1)2- 4(c2- 7c + 14) = -3c2 + 26c- 55= (-3c + 11)(c- 5) 2:: 0.

So we have 
11 < c < 5. Together with the equalities
3 - -

(a+ b?- 2ab 
(c- 1)2-2(c2- 7c + 14)
-c2 + 12c- 27 = 9 - ( c- 6)2, 
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15. Ans wer: 8001
Note that J5n- y'5n- 4 < 0. 01 if and only if

y'5; + v'5n- 4 = J5n 4 
> 400. 

5n-y'5n- 4 

If n = 8000, then J5n + y'5n - 4 = v' 40000 + \1'39996 < 400.

If n = 8001, then J5n + y'5n - 4 = v' 40005 + v' 40001 > 400.

So the ans wer is 8001. 

16. Ans wer: 1006

The s eries can be paired as
1 1 1 1 1 1 

(
1 + 11-2011 + 

1 + 112011)+(
1 + 11-2oo9 

+ 
1 + 112oo9

) +· · ·+ (
1 + 11-1 + 

1 + 111)·
Each pair of terms is of the form

1 1 
----,-+--= 1. 
1 + a-1 1 +a 

There are 1006 pairs of s uch terms , and thus the s um of the s eries is 1006. 

17. Ans wer: 54

X 
. 4 7r 4 7r 4 77r 4 (

77r)Sill (-8) +cos (-8) +sin (8) +cos 8 
s in4 (i) + cos 4 (i) + s in4 (i) + cos 4 (i) 
( . 2 (7r) 2 (7r) )2 . 2 (7r) 2 (7r) . 2 (7r) 

3 
2 Sill 8 + COS 8 - 4 Sill 8 COS 8 = 2 -Sill 4 = 2 ·

Thus 36x = 54. 

18. Ans wer: 1005

By the laws of s ine and cos ine, we have

Then 

s in A 
a 

s inE 
b 

cote 
cotA+cot B 

s inG 
c 

and 

cosC 1 
s in C . cosAsi� B+�os BsinA 

smAsm B 
s in A s in B cos C 
s in(A + B) s in C 

(
s in A s in B

) C . 20 
cos 

Sill 
(abjc2) s in2 C a2 + b2- 2 

( 
s in 2 C 

) ( 
2ab 

) 

a2 + b2- c2 
2c2 

2011 - 1 
= 1005. 

2 
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22. Ans wer: 3

Note that
1 1 1 

-+- = - =? xy- 211x- 211y = 0 =? (x- 211)(y- 211) = 2112. 
X y 211 

Since 211 is a prime number, the factors of 2112 are 1, 211, 2112, -1, -211, -2112. 
Thus the pairs of integers (x, y) s atis fying the las t equation are given by: 

(x- 211, y- 211) = (1, 2112), (211, 211), (2112, 1), (-1, -2112), 
(-211, -211), (-2112, -1). 

Equivalently, (x, y) are given by 

(212, 211 + 2112), (422, 422), (211 + 2112, 212), (210, 211- 2112), 
(0, 0), (211- 2112, 210). 

Note that (0, 0) does not s atisfy the firs t equation. Among the remaining 5 pairs 
which s atisfy the firs t equation, three of them satisfy the inequality x � y, and they
are given by (x, y) = (422, 422), (211 + 2112, 212), (210, 211- 2112). 

23. Ans wer: 93

By long divis ion, we have

x4 + ax2 + bx + c = ( x2 + 3x -1) · ( x2 -3x + (a+ 10)) + ( b-3a -33 )x + ( c +a+ 10).

Let m1, m2 be the two roots of the equation x2 + 3x- 1 = 0. Note that m1 -=1m2,
s ince the dis criminant of the above quadratic equation is 32-4 · 1 · 1· ( -1) = 13 -=1 0.
Since m1, m2 als o s atis fy the equation x4 + ax2 + bx + c = 0, it follows that m1 and 
m2 als o satisfy the equation

(b- 3a- 33)x + (c +a+ 10) = 0. 

Thus we have 
(b- 3a- 33)m1 + (c +a+ 10) = 0, 

and 
(b- 3a- 33)m2 + (c +a+ 10) = 0.

Since m1 -=1m2, it follows that b-3a-33 = 0 and c+a+lO = 0. Hence we have b = 

3a+33 and c = -a-10. Thus a+b+4c+100 = a+(3a+33)+4( -a-10)+100 = 93. 

24. Ans wer: 1120

Let m and n be pos itive integers s atisfying the given equation. Then 3(n2-m) = 

2011n. Since 2011 is a prime, 3 divides n. By letting n = 3k, we have (3k )2 = 

m + 2011k. This implies that k divides m. Let m = rk. Then 9k2 = rk + 2011k s o
that 9k = r + 2011. The smalles t pos itive integer r s uch that r + 2011 is divis ible
by 9 is r = 5. Thus k = (5 + 2011)/9 = 224. The corresponding values of m and n
are m = 1120 and n = 672.
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� = c2�b2• Since GN is parallel to AD and G is the centroid of the triangle ABC, we
have MD/MN = 3. It follows that c+b = aJ3. Thus , AB = aJ3-b = 15-6 = 9. 

28. Ans wer: 28

The s um of 55 pos itive cons ecutive integers is at leas t (55 x 56) /2 = 1540. Let
the middle number of thes e cons ecutive pos itive integers be x. Then the product
abed= 55x = 5 · 11 · x. So we have 55x 2': 1540 and thus x 2': 28. The leas t value of
a+ b + c +d is attained when x = 5(7). Thus the ans wer is 5 + 11 + 5 + 7 = 28.

29. Ans wer: 168

Firs t L_BDP = L_BCA = L_BAP so  that P, B ,  D, A are concyclic. Thus L_ACD =
L_ P  BA = L_ P  DA = L_DAC s o  that DA = DC.

By cos ine rule, cos C = 3/5. Thus DC = � ACjcos C = 21 x 5/3 = 35. Hence 
ED = 10 and BC = 10 + 35 = 45. Thus area(L,ABD) = �� x area(L,ABC). By
Heron's formula, area(L,ABC) = 756. Thus area(L,ABD) = �� x 756 = 168.

30. Ans wer: 276

Since the number of pos itive divis ors of a is odd, a must be a perfect square. As a
is a divis or of 4400 = 24 x 52 x 11 and a has exactly 9 pos itive divis ors , we s ee that
a= 22 x 52. Now the leas t common multiple of a and b is 4400 implies that b mus t
have 24 x 11 as a divis or. Since 24 x 11 has exactly 10 pos itive divis ors , we deduce
that b = 24 x 11 = 176. Hence a+ b = 276.

31. Ans wer: 20

Firs t we let /!, be the line which extends BC in both directions . Let E be the point on
/!, s uch that AE is perpendicular t o  f. Similarly, we let F be the point on /!, s uch that
DF is perpendicular to f. Then, it is eas y to s ee that BE= AE = v'6, CF = 2J2
and DF = 2v'6. Thus EF = y'6 + 4- 2J2 + 2J2 = 4 + v'6. Now we let G be 
the point on DF such that AG is parallel to £. Then AG = EF = 4 + v'6 and
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which is a contradiction to the given fact that each element of S is les s than or equal 
to 2011. 

Case 2. 1 is in A. We may let a16 = 1. Then a1, a2, · · · , a1 5 are compos ite numbers .
As in Cas e 1, we have 

which is a contradiction. 

Thus we have shown that every 16-element s ubs et A of S s uch that all elements in 
A are pairwis e relatively prime must contain a prime number. Hence the smalles t 
k is 16. 

35. Ans wer: 12

Let the extens ions of A Q  and BP meet at the point R. Then LP RQ = LP AB =
LQPR so  that QP = QR. Since QA = QP, the point Q is the midpoint of
A R. As AR  is parallel to LP, the triangles A RB and LP B are s imilar s o  that
M is the midpoint of PL. Therefore, N is the centroid of the triangle P LB, and
3MN= BM.

B 

Let LABP = e. Thus tanB = A R/AB = 2A QjAB = 5/6. Then BL = PB cosB = 
ABcos 2 0. Als o BM/BL = BQ/BA so  that 3MN = EM = �� ABcos 2 0 
cos 2 B(QM + 3MN). Solving 'for MN, we have MN = 3�:;_; e = 3x (�f6)2 = 12.
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1. There is an error in this problem. The triangle is not neces s arily equilateral. In fact
we s hall prove that the altitude at A,  the bis ector of LB and the median at C meet at 
a common point if and only if cos B = a�c where BC = a, C A = b and AB = c. 

Let D, E and F be the points on BC, CA and A B  respectively s uch that AD is 
the altitude at A,  BE is the bis ector of LB and CF is the median at C. Suppos e that 
AD, BE, CF meet at a common point. The point of concurrence of AD, BE and CF 
mus t lie ins ide the triangle A BC. Since F is the midpoint of AB, by Ceva's theorem 
CE : EA = CD : DB. Us ing the angle bis ector theorem, CE : EA =a : c. Thus 
CD= a2 /(a+ c) and DB= acj(a +c). Thus cos B = �� = a�c· 

A 

B 

Convers ely, if cosB = a�c' then LB is acute and BD = c cos B = acj(a+c) <a s o  that 
D is within BC. Thus DC= a - ac/(a +c)= a2j(a + c). Therefore BD/DC = cja. 
Consequently (AF/FB)(BD/DC)(CE/EA) = 1. By Ceva's theorem, AD,BE and 
CF are concurrent. 

So given a and c, the acute angle B and hence the triangle ABC is determined. If 
a -=/- c, then the triangle ABC is not equilateral.

2. Yes , in fact, for any k E N, there is a s et 8k having k elements s atis fying the given
condition. For k = 1, let 81 be any s ingleton s et. For k = 2, let 82 = {2, 3}. Suppos e
that 8k = { a1, ... , ak} s atisfies the given conditions . Let 

b1 = a1a2 · · · ak

bj = b1 + aj-1, 2 :::; j :::; k + 1.

Let 8k+1 = {b1, b2, ... , bk+1}. Then the fact that 8k+1 s atisfies the required property
can be verified by obs erving that lm- nl = (m, n) if and only if (m- n) divides m. 
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Note that a1 a2 · · · an = 1. It suffices to show that 

since it is equivalent to 

1 1 1 
-- + +···+ �n- 1. 
1 + a1 1 + a2 1 + an 

We shall show that ( * ) is true for n 2:: 2. The case n = 2 is obvious. We will now prove 
it by induction. Suppose ( * ) holds for n = k. Now assume a1 · · · ak+l = 1, ai > 0 for
all i. To prove the inductive step, it suffices to show that

which can be verified directly. 

Note: This is an extension of the problem : 

44 





Throughout this paper, let lxJ denote the greatest integer less than or equal to x. For example, 
l2.1J = 2, l3.9j = 3 (This notation is used in Questions 7, 9, 19 and 20).

1. A circular coin A is rolled, without sliding, along the circumference of another stationary
circular coin B with radius twice the radius of coin A. Let x be the number of· degrees 
that the coin A makes around its centre until it first returns to its initial position. Find 
the value of x. 

2. Three towns X, Y and Z lie on a plane with coordinates (0, 0), (200, 0) and (0, 300) respec
tively. There are 100, 200 and 300 students in towns X, Y and Z respectively. A school is
to be built on a grid point (x, y), where x and y are both integers, such that the overall
distance travelled by all the students is minimized. Find the value of x + y. 

3. Find the last non-zero digit in 30!.

(For example, 5! = 120; the last non-zero digit is 2.)

4. The diagram below shows �ABC,  which is isoceles with AB = AC and LA = 20°. The
point D lies on AC such that A D  = BC. The segment E D  is constructed as shown.
Determine LAB D  in degrees.

A 

. cos4 a sin 4 a cos4 f3 sin 4 f3 
5. G1ven that �(3 + -.-2- = 1, evaluate --2- + -

.-2- . 
cos sm f3 cos a sm a 

6. The number 25 is expressed as the sum of positive integers XI, x 2, · · · , Xk, where k ::; 25.
What is the maximum value of the product of XI, x 2, X3, · · · , and Xk?
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18. A collection of 2011 circles divide the plane into N regions in such a way that any pair of
circles intersects at two points and no point lies on three circles. Find the last four digits 
of N. 

19. If a positive integer N can be expressed as l x J + l2x J + l3x J for some real numbers x,
then we say that N is ''visible"; otherwise, we say that N is "invisible". For example, 8 is 
visible since 8 = l1.5 J + l2 (1.5)J + l3 (1.5)J , whereas 10 is invisible. If we arrange all the
"invisible" positive integers in increasing order, find the 2011th "invisible" integer. 

20. Let A be the sum of all non-negative integers n satisfying

Determine A. 

21. A triangle whose angles are A, B, C satisfies the following conditions

and 

sin A+ sinE+ sinG 12 
cos A+ cos B + cosC 7' 

12 
sin A sin B sin C = 25

. 

Given that sin C takes on three possible values 81, 82 and 83 , find the value of 100818283 .

22. Let x > 1, y > 1 and z > 1 be positive integers for which the following equation

1! + 2! + 3! + . . .  + x! = yz 

is satisfied. Find the largest possible value of x + y + z. 

23. Let A BC be a non-isosceles acute-angled triangle with circumcentre 0, orthocentre H
and LC = 41 o. Suppose the bisector of LA passes through the midpoint M of OH. Find
LH AO in degrees.

24. The circle 'Yl centred at 01 intersects the circle 'Y2 centred at 02 at two points P and Q.
The tangent to 'Y2 at P intersects 'Yl at the point A and the tangent to 'Yl at P intersects
'Y2at the point B where A and B are distinct from P. Suppose PQ · 0102 = P01 · P02
and LAP B is acute. Determine the size of LAP B in degrees.

25. Determine n 1 . 
lim L (n).n-+oo . i=O � 

(Note: Here (�) denotes .1 ( n� ") ' fori= 0, 1, 2, 3, · · · , n. )
't 't. n 't .  
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Thus, 

30! 
30! 
107 

226 . 314 . 57 . 74 . 112 . 132 . 17 . 19 . 23 . 29

219 . 314 . 74 . 112 . 132 . 17 . 19 . 23 . 29

614 . 25 . 74 . 112 . 132 . 17 . 19 . 23 . 29
6 (2) (1) (1) (9) (7) (9) (3) (9) (mod 10) 
2 (  -1) (  -3) ( -1) (3) ( -1) (mod 10) 
8(mod 10), 

showing that the last non-zero digit is 8. 

4. Answer. 10

D 

Solution. Let E be the point inside f:,ABC such that f:,E BC is equilateral. Connect A
and D to E respectively.
It is clear that f:,AE B and f:,AEC are congruent, since AE = AE, AB = AC and
BE= CE. It implies that LBAE = LCAE = lOa.
Since A D = BC = BE, LE BA = LDAB = 20a and AB = BA, we have t:,ABE and
f:, BA D  are congruent, implying that LAB�= LBAE = lOa.

5. Answer. 1

. . cos4 a sin4 a cos2 a c sin2 a Solutwn. Smce �(3 + -.-2 -= 1, set cos e = --13- and sine = ------:-----(3 . Then
cos sm 

(3 cos sm 

cos ( e - a) = cos e cos a + sin e sin a = cos2 a + sin 2 a = 1.
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Now let x2 +ax+ b = (x- xl) (x- x2), where x1 :::; x2. Then the set of integer solutions
of x2 + ax + b < 0 is 

{k : k is an integer, x1 < k < x2}.

By the given condition, 

{k: k is an integer, x1 < k < x2} = {k: k is an integer, -11 < k < 6}

= {-10,-9, . .  · , 5}. 

Thus -11 :::; x1 < -10 and 5 < x2 :::; 6. It implies that -6 < x1 + x2 < -4 and 
-66 :::; X1X2 < -50.
From x2+ax+b = (x-x1) (x-x2), we have a= -(x1 +x2) and b = x1x2. Thus 4 < a< 6
and -66:::; b <-50. It follows that 54< a- b < 72. 
Thus max:Lia- biJ :::; 71.
It remains to show that it is possible that lla- biJ = 71 for some a and b. 
Let a= 5 and b = -66. Then x2+ab+b = (x+11) (x-6) and the inequality x2+ab+b < 0
has solutions {x: -11 < x < 6}. So the set of integer solutions of x2 + ab+ b < 0 is really
the set of integers in A n B. 
Hence max:Lia- biJ = 71. D 

10. Answer. 8

Solution. We consider the polynomial

P(t) = t3 + bt2 + ct +d.

Suppose the root of the equation P(t) = 0 are x, y and z. Then 

-b = X+ y + Z = 14,

and 

x3 + y3 + z3 +3d= (x + y + z) (x2 + y2 + z2- xy- xz- yz).

Solving for b, c and d, we get b = -14, c = 30 and d = -64. Finally, since t3- 14t2 + 30t-
64 = 0 implies t = 2 or t = 4 or t = 8, we conclude that max{ a, ,B, 'Y} = 8. D 

11. Answer. 38

Solution. Let n be an even positive integer. Then each of the following expresses n as
the sum of two odd integers: n = (n - 15) + 15, (n - 25) + 25 or (n - 35) + 35. Note that
at least one of n - 15, n - 25, n - 35 is divisible by 3, hence n can be expressed as the
sum of two composite odd numbers if n > 38. Indeed, it can be verified that 38 cannot be
expressed as the sum of two composite odd positive integers. D 

12. Answer. 1936
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We shall show that IAI = I BI = (63°) = 34220 by showing that the mapping¢> below is a
bijection from A to B: 

First, since {a1, a2, a3 } E A, we have a1 +3 � a2 and a2+4 � a3 , and so a1 < a2-2 < a3-5,
implying that {a1, a2- 2, a3 - 5} E B.
It is clear that ¢> is injective. 
It is also surjective, as for any {b1, b2, b3 } E B with b1 < b2 < b3 , we have {b1, b2+2, b3+5} E 
A and 

Hence¢> is a bijection and IAI = I BI = 34220. 0 

16. Answer. 32

Solution. It is clear that 8(  cos 40°)3 -6 cos 40° + 1 = 0, since cos 3A = 4 cos3 A-3 cos A. 
Observe that 

3 
2
1 + 64 sin2 20°

sin2 20° cos 20° 
6 2 

---- + 32 (1 -cos 40°) 
1 - cos 40° 1 + cos 40° 
8 cos 40° + 4 32 _ 32 400

1- (cos 40°)2 + cos 

8 COS 40° + 4 -32 COS 40° + 32 ( COS 40°)3
+ 32 

1 - (cos 40°)2 

4x 
1-6 cos 40°+8(cos 40°)3

+32 
1- (cos 40°)2 

== 32, 

where the last step follows from 8( cos 40°)3 - 6 cos 40° + 1 = 0.

17. Answer. 6029

Solution. Given the original equation

f (x2 + x) + 2f(x2-3x + 2) = 9x2 -15x, 

we replace x by 1 -x and obtain 

f (x2-3x + 2) + 2f (x2 + x) = 9 (1-x)2-15(1-x) = 9x2-3x-6. 

Eliminating f (x2-3x + 2) from the two equations, we obtain 

3f(x2 + x) = 9x2 + 9x -12, 

thereby 
f (x2 + x) = 3x2 + 3x-4 = 3(x2 + x)-4,

hence f (2011) = 3(2011)- 4 = 6029. 
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20. Answer. 95004

Solution. We shall prove that for any positive integer a, if f(a) denotes the sum of all
nonnegative integer solutions to L�J = La�lJ, then

1 f(a) = 6a(a2-1)(a + 2). 
Thus !(27) = 95004.
Let n be a solution to L�J = La�1J . Write n = aq + r, where 0::; r <a. Thus L�J = q.
Also n = (a+ 1)q+r-q. Since la�1J = q, we have 0::; r-q, that is, q::; r <a. Therefore 
for each q = 0, 1, . . .  , a-1, r can be anyone of the values q, q + 1, ... , a-1. Thus 

a-1a-1 
A= LL(qa+r) 

q=O r=q 
a-1 a-1a-1 

= L(a-q)qa+ LLr 
q=O q=O r=q 

a-1 a-1 a-1 r 
= a2L:q-a Lq2+ LLr 

q=O q=O r=O q=O 
a-1 a-1 a-1 

= a2L:q-aLq2+ L:r(r+1) 
q=O q=O r=O 
a-1 a-1 a-1 a-1 

= a2 L q-a L q2 + L r2 + L r 
q=O q=O r=O r=O 

= (a2 + 1) · �a( a-1) + (1- a)· �a(2a-1)(a-1) 
1 2 6 

= 6a(a2-1)(a + 2). 

21. Answer. 48 

By using factor formulae and double angle formulae:

and 

sin A+ sinE+ sinG 4cos .:1 cos fl. cos Q 122 2 2 ---
cosA+cos B+cosC - 1+4sin 4 sin � sin � - 7' 

. . . . A . B . C A B C 12 
smA sm B smC = 8 sm 2 sm 2 sm 2 cos 2 cos 2 cos 2 = 25.

Solving these equations, we obtain 

Furthermore, 

. A . B . C 0 1sm-sm-sm- - . 2 2 2 
A B C 

cos 2 cos 2 cos 2 0. 6

sin 
C 

= cos (A + B ) = cos 
A 

cos 
B 

- sin 
A 

sin 
B 

2 2 2 2 2 2' 
5 6  
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Let L be the midpoint of BC. It is a known fact that AH = 20£. To see this, extend
CO meeting the circumcircle of the triangle ABC at the point N. Then AN BH is a
parallelogram. Thus AH = NB = 20£. Therefore in the right-angled triangle OLC, 
OC = OA = AH = 20£. This implies L.OCL = 30°. Since the triangle ABC is acute, the
circumcentre 0 lies inside the triangle. In fact L.A = 60° and L.B = 79°. Then L.OAC = 
L.OCA = 41°-30° = 11°. Consequently, L.HAO = 2L.OAM = 2 X (30° -11°) = 38°. D 

24. Answer. 30

Let P01 = r1 and P02 = r2. First note that 0102 intersects PQ at the midpoint H
(not shown in the figure) of PQ perpendicularly. Next observe that L.APQ = L.PBQ = 
L.P0201, and L.BPQ = L.PA Q = L.P0102. Therefore L.APB = L.APQ + L.BPQ = 
L.P0201 + L.P0102.

'/'1 
'/'2 

Let L.P0201 = a and L.P01 02 = f3. Then sin a = P
2 
Q, cos a = 02H and sin f3 = r2 r2 fr�, cos f3 = 0f1

H. Thus sin L.AP B = sin ( a + /3) = sin a cos f3 + cos a sin f3 = fr� · 0f1
H +

02H. E9.. = PQ·(01 H+02H) = PQ·0102 = 1. Since L.APB is acute it is equal to 30°. D r2 2r1 2r1r2 2r1r2 2 ' · 

25. Answer. 2

Solution. Let

Assume that n � 3. It is clear that
n-1 ( ) -1

an= 2+ � ; > 2. 
�=1 
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1. In the acute-angled non-isosceles triangle ABC, 0 is its circumcentre, H is its
orthocentre and AB > AC. Let Q be a point on AC such that the extension of
HQ meets the extension of BC at the point P. Suppose BD = DP, where Dis
the foot of the perpendicular from A onto BC. Prove that LODQ = 90°.

2. If 46 squares are colored red in a 9 x 9 board, show that there is a 2 x 2 block on
the board in which at least 3 of the squares are colored red.

3. Let x, y, z > 0 such that � + � + � < x!z· Show that

2x 2y 2z 
3 + + < . 

yl + x2 y'l + y2 yl + z2

4. Find all polynomials P(x) with real coefficients such that

P(a) E Z implies that a E Z. 

5. Find all pairs of positive integers (m, n) such that

3mn 2011 
m+n-

3 m+n 
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which leads to a contradiction. On the other hand, s uppos e that r1, r3, r5, r7, r9 2:: 6. 
Then the s um of any 2 cons ecutive ri's is :::; 9. Again we get a contradiction as

(r1 + r2) + · · · + (r7 + rs) + rg :::; 4 x 9 + 9 = 45.

3. Let r = 1/x, s = 1/y, t = 1/ z. There exis ts a < 1 s uch that r + s + t = a2rst
or a(r + s + t) = a3rst. Let a= ar, b =as, c =at. Write a= tanA, b = tanB, 
c = tan C, then A+ B + C = 1r. It is clear that

1 1 1 1 
- X LHS = + + -----;==::;;;: 2 y1 + r2 v1 + s2 v1 + t2 

1 1 1 < + + -----;==::;;;: v1 + a2 v1 + b2 v1 + c2 
= cos A+ cos B + cos B 

< 3 cos (A + B + C) = � = � x RHS.- 3 2 2 

2nd soln: Note that 

Hence 

1 1 1 1 
-+ - + - < - :::::? xy + yz + xz < 1.
x y z xyz 

2x 2x 2x ----r===;;;= < -r-::::::======= 
y1 + x2 Jx2 + xy + xz + yz J(x + y)(x + z) 

By AM-GM we have 

Similarly, 

2x X X ----r-.;======:=;===;= < --+ --.
J(x+y)(x+z) - x+y x+z 

2z z z 2y < _Y_+_Y_ 
J(y + z)(y + x) - y + z y + x'

----r-.;======:=;===;= < -- + --.V ( Z + X) (z + y) - Z + X Z + y 

The des ired inequality then follows by adding up the three inequalities . 

4. Let P(x) = anxn + · · · + a1x + a0. Define Q(x) = P(x + 1) - P(x). Then Q(x) is 
of degree n- 1. We'll prove by contradiction that IQ(x)l :::; 3 for all x. This will imply
that n :::; 1. As s ume that IQ(a)i > 3 for s ome a E R Then IP(a + 1) - P(a)l > 3.
Thus there are 3 integers between P(a) and P(a + 1). Hence there exis ts three values 
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