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នឯង ។ េណះរសយេដយខេធកហតកសហកសសរមប

វតអនហត៣ ជករមងលកទង ជេណះរសយ  នកដជែផ

២  កទ  ជហតន 168 លភពេលកចញពសេរេរជហត

១ ជករមង កទ ជកគមមនបងេសៀវេភេនះរ េនក

ង ។ េយជត
របេទសវឌឍនអភមបមេទៀតេដនបែនែតេរចសសេអយមនកនធនធនមន

នយបេងងនងកជេយងរបេទសកមទយេនកតវយគណយវកសមេល

មបេដេសសគងជព( IMO : International Mathematical Olympiad)ន

រជតចអនទយអតវមរបឡងគណលរេរតៀមេទចមបង េដ នជត

ងរបេទសែកទសសពណងេរតៀមរបឡងសកសែដលមនបកសសរមប

កជឯកសរ ណងទងេគលបងកបទបនេរៀបេរៀងចងរកងេឡេនះ ខ

ងៃដ អនេនកងែតកនកសកកសច ែដលអទយអតវេសៀវេភគណ

អន ! របរសឡញកសជទកសរប

អរមភកថ 

 សួសតី ិយ៍មិតតអន ិ ី ់ ់

ិ ិ ូឡពិំ ន ិ ពុំ ់ នុ

ញុ ំ  នុ ំ ុ

់អន ិ ំ ិ ូ ូទ ំ  

ថន ក់ ិ ិ  ី ូ ួ ិ ិ ូឡពិំ ត ិ 

ិ ិ ឺ  ចូីល 

រូ  ទួ ស័ិ ិ ិ នុ ពុ  នុ ័ ក
ុ ់  ថ  ី ិ ៍

ិ 

នុ ួ ីជពូំ ឺ ពូំ ី

លំ ់  សជុវំ ិ ិ នួំ ំ ់ ពូំ ី

ន ំ ិ ពូំ ី ំ ់ ុ តន៍ 

់អន ិ វិ ់ វដំ លួ
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                     Tel : 017 768 246                                                   

ន លមឹ ផលគង េរៀបេរៀង  នពនកន              អ                                                   

 ២០១១ ដ ឆ ៣១ ែខ កកបង ៃថ                                                 

 ។ ភរកងរគបនះកយជង មនជៀសែវ នេឈរបជ

 មន ខភពលមមនសន សមជឈដងរគបកសកកសរប

េពះ នពរចមេគរពជកេរៀបេរៀង សបទជអ ខបញ ជទ

មេទៀត។ តយភពបែនរកែតមនសអេសៀវេភេនះេអយកនែកល

មបន េដមជឈដងរគបកសកកសណកបនពែបបសះគន

វមតជនកេរៀបេរៀង រងចបទជអេនះ ខយេហតអរស

រវងអកកេទស នងបេចច ទតមនេជៀសពរបកដជេក

ងេដយអេចតនសឆសឯងេនះេទ កសេគ ហែដលល

នែមនជេសៀវេភចេនះ មទយអតវ េសៀវេភគណិ ិ ូឡពិំ ិ  

អហួ ួ ហុំ គ  

 ុ ំរួ ំ ច ិ ខ រុិទឋ 

័ ុ ញុ ំ ន ំ ិចចនូ ិ 

រ ិ ់ ថ ីសំ ់អន ិ នុ ់ ឋ   ី

ំ ់ ុ ិ ថ

ី ច ប់ ញុ ំ ន ូ ូ ំ

ិយ៍មិតតអន ិ នុ ់ ឋ ូ ុ អ

ញ ល ិ ័ ំ នុ ់ ិចច

 
 

បត់ដំ ងទី ក ន ំ

ន ិ ឋ ិ ុ
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រ  ម មេលក ល     រតួតពិនិតយអកខរវិរទុឋេដយ   

ន ពង    េលក ែសន  នម ផលេលក ល     អនកេរៀបេរៀង   

នម ឆ េលក លយ រ  ទករស អ

ណងង ស េលក អ ធរ េលក យ

គណះកមមករពិនិតយ

ណងង សក      េលក អ គ  ល េលករស

អនករចនទំពរ ័និង រកបេសៀវេភ

ណងង សក      េលក អ គ  ល េលករស

អនកវយអតថបទ

ណងង ស េលក អ

ន      េលក ែសន ពម ផល េលក ល

គណះកមមករនិពនឋ 

ឹ គុ ិសិដឋ 

ុ ឹ ំ  

 

ី ី ុណណ ុ ឹ ំ  

 

ី ី ុណណ ុ ឹ ំ  

 

៉ង់ ី ុ ឹ ំ  

ន ី ុ ណី ឹ ុ  

ឹ គុ ិ ិសិដឋ 

ឹ គិគសិ  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័ 

 

ករមងលំហតេ់រជីសេរ ស 

១-ចូរបងហ ញថ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ឹង 1897  

២-េគយក z,y,x  ជចំនួនពតិវជិជមនែដល 1xyz ====  

    ចូរបងហ ញថ 2
3

yxy
1

xzx
1

zyz
1 ≥≥≥≥

++++
++++

++++
++++

++++    

៣-េគមនអនុគមន ៍
1
4

)(
++++
++++====

x
x

xf  ែដល 1−−−−≠≠≠≠x  ។ 

    គណន ])]...]([[...[ xffffn  

៤-េគឱយរតេីកណ ABC  មយួមនមុ ំ C,B,A  ជមុរំសួច ។ 

    ចូររសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++  

៥-េគឱយ c;b;a  ជបីចនួំនពតិវជិជមន ។ ចូររសយថ  ៖  

   )cabcab(9)2c)(2b)(2a( 222 ++++++++≥≥≥≥++++++++++++     ។    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័ 

 

៦-េគតង γγγγββββαααα ,,  ជរងវ ស់មុកំនុងរតេីកណ ABC  មយួែដលមន 

    បរមិរត p2 និងករំងវងច់រកឹេរក R  ។ 

/a  ចូររសយបញជ កថ់ 









−−−−≥≥≥≥γγγγ++++ββββ++++αααα 1

p

R
.93cotcotcot

2

2
222  

/b  េតេពលណេទបេគបនសមភព ?         

៧-ចូររសយបញជ កវ់សិមភព  ៖  

   2
23

)a1(c)c1(b)b1(a 222222 ≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++   

   ចំេពះរគបច់ំនួនពតិ c,b,a   ។ 

៨-េគឲយស៊វីតៃនចំនួនពតិ )u( n កំនតេ់ដយ៖ 

       




>>>>∈∈∈∈∀∀∀∀−−−−====

====

++++ 2a,INn,2uu

au
2

n1n

0  

    ចូររសយបញជ កថ់ 
nn 2

2
2

2

n 2
4aa

2
4aa

u 








 −−−−−−−−++++








 −−−−++++====  
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៩-ក....ចូរកំនតេ់លខៃនអញញ ត d,c,b,a  ៃនចនួំន abcd   

 េបេគដឹងថ dcba9abcd ====××××         

 ខ....ចំេពះតៃមល d,c,b,a  ែដលបនរកេឃញខងេលចូរបញជ កថ់ 

 ចំនួន abcd  និង dcba  សុទឋែតជកេររបកដ ។    

១០-ចំនួនមយួមនេលខបនួខទងែ់ដលេលខខទងវ់េរៀបតមលំដប ់ 

      b;b;a;a     ។ 

      រកចំនួនេនះេបេគដឹងថវជកេររបកដ ។    

១១-េគឱយស៊វីតៃនចំនួនពតិ )u( n  និង )v( n  កណំតេ់ដយ  ៖  

 








====

====

2
2

v

2
2

u

1

1

       និង 









++++====

−−−−====

++++

++++

2
vu

v

2
vu

u

nn
1n

nn
1n

    ែដល 1n ≥≥≥≥  

 ក. េគពនិិតយស៊វីតៃនចំនួនកុផំលិច nnn v.iuz ++++====  ។ 

 ចូររសយថ )z( n  ជស៊វីតធរណីមរតៃនចំនួនកុផំលិច រចួគណន nz  
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 ជអនុគមនៃ៍ន n  េដយសរេសរលទឋផលជទរមងរ់តេីកណមរត ។ 

 ខ. សំែដង nu  និង nv  ជអនុគមនៃ៍ន n  ។ 

១៣-ក----របសិនេប 1p −−−−≥≥≥≥  ចំេពះរគប ់n IN∈∈∈∈  ចូរបងហ ញថ ៖ 

     n(1 p) 1 np (1)+ ≥ ++ ≥ ++ ≥ ++ ≥ +         ។ 

 ខ----េគឲយ 1 2 3 na ,a ,a , ......,a  ជn  ចំនួនមនិអវជិជមន ។ 

      េគតង 
n

a....aaa
A n321

n
++++++++++++++++

====   

    និង n
n321n a......a.a.aG ====  ។ 

    បងហ ញថរបសិនេប kk AG ≤≤≤≤  េហយ 0Ak ≠≠≠≠      

   េគបន )p1(Aa.G 1k
k1k

k
k ++++≤≤≤≤ ++++

++++     ែដល 1
A

a
p

k

1k −−−−==== ++++  ។ 

 គ----េដយេរបលទឋផលខងេលចូររសយបញជ កថ់ ៖ 

         n
n321n321 a....aaana.....aaa ≥≥≥≥++++++++++++++++     ។    
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១៣-សមកីរ 0cbxaxx 23 ====−−−−++++−−−−  មនឬបជីចំនួនពតិវជិជមន     

     (មនិចបំចខុ់សគន  )។ 

      ចូរកំណតត់ៃមលអបបបរមែដលអចៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++   ។ 

១៤-េគឱយ 0z,y,x >>>>  ែដល 1zyx ====++++++++   ។ 

                 ចូររសយថ 4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−  

១៥-េគកំណតច់ំនួន n210 a....,,a,a,a  ដូចខងេរកម   ៖  

      
)1n....,,2,1,0k,1n(

n
a

aa;
2
1

a
2

k
k1k0 −−−−====>>>>++++======== ++++  

      ចូរបងហ ញថ  1a
n
1

1 n <<<<<<<<−−−−   ។ 

១៦-េគយក c,b,a  ជចំនួនពតិវជិជមនែដល abccabcab ====++++++++  

                    ចូរបងហ ញថ 1
)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44

≥≥≥≥
++++

++++++++
++++

++++++++
++++

++++
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១៧-គណនផលគុណខងេរកម  ៖  

       n
242

n

0k
k

2
n 2

x
tan.....

4
x

tan.
2
x

tan.xtan
2

x
tanP

nk
∏∏∏∏

====
====







====  

១៨-ចំនួនពតិ  z,y,x,c,b,,a          េផទៀងផទ ត ់ 0cba >>>>≥≥≥≥≥≥≥≥      

                            និង 0zyx >>>>≥≥≥≥≥≥≥≥  ។    ចូរបងហ ញថ  

         4
3

)bxay)(byax(
zc

)azcx)(axcz(
yb

)cybz)(czby(
xa 222222

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++      

១៩១៩១៩១៩----ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន a ,b ,c     ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់    ៖៖៖៖    

    
2 2 2 2 2 2

33 6
(a b )(b c )(c a )

(a b)(b c)(c a) abc
8

+ + ++ + ++ + ++ + ++ + + ≥ ++ + + ≥ ++ + + ≥ ++ + + ≥ +          

២០២០២០២០----កនុងរតេីកណ កនុងរតេីកណ កនុងរតេីកណ កនុងរតេីកណ ABC     មយួចូររសយបញជ កថ់ ៖មយួចូររសយបញជ កថ់ ៖មយួចូររសយបញជ កថ់ ៖មយួចូររសយបញជ កថ់ ៖ 
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sin

1

2
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sin

1

2
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sin

1 ≥≥≥≥++++++++             

    ែដល ែដល ែដល ែដល r     នងិ នងិ នងិ នងិ R     ជករំងវងច់រកឹកនុង នងិ ចរកឹេរករតេីកណ ។ជករំងវងច់រកឹកនុង នងិ ចរកឹេរករតេីកណ ។ជករំងវងច់រកឹកនុង នងិ ចរកឹេរករតេីកណ ។ជករំងវងច់រកឹកនុង នងិ ចរកឹេរករតេីកណ ។    
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២១២១២១២១----ចូររសយថចូររសយថចូររសយថចូររសយថ    ៖៖៖៖    
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Cyc

4
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++++
++++
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++++
++++++++≤≤≤≤++++−−−−++++

∑∑∑∑         

        ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន c,b,a         ។។។។                                                                                                                                                                                                        

២២២២២២២២----ស៊វីត ស៊វីត ស៊វីត ស៊វីត }a{ n     កណំតេ់ដយ កណំតេ់ដយ កណំតេ់ដយ កណំតេ់ដយ 
16
21

a1 ====         

    នងិចេំពះ នងិចេំពះ នងិចេំពះ នងិចេំពះ 1n1nn
2

3
a3a2:2n ++++−−−− ====−−−−≥≥≥≥     

    េគយក េគយក េគយក េគយក m     ជចនួំនគតម់យួែដល ជចនួំនគតម់យួែដល ជចនួំនគតម់យួែដល ជចនួំនគតម់យួែដល 2m ≥≥≥≥     ។ ។ ។ ។     

    ចូរបងហ ញថចេំពះ ចូរបងហ ញថចេំពះ ចូរបងហ ញថចេំពះ ចូរបងហ ញថចេំពះ mn ≤≤≤≤     

    េយងបន េយងបន េយងបន េយងបន 1nm
1m

3
2

m
2

3
a

2
m

)1m(n
m
1

3nn ++++−−−−
−−−−<<<<
























−−−−






 ++++

−−−−

++++     

២៣២៣២៣២៣----េគឲយ េគឲយ េគឲយ េគឲយ ABC     ជរតេីកណមយួែដលេផទៀងផទ តល់កខខ័ណ័ឌជរតេីកណមយួែដលេផទៀងផទ តល់កខខ័ណ័ឌជរតេីកណមយួែដលេផទៀងផទ តល់កខខ័ណ័ឌជរតេីកណមយួែដលេផទៀងផទ តល់កខខ័ណ័ឌ     

    AcosCsinBsin1CsinBsin 22 ++++====++++     ។។។។    

    បងហ ញថ បងហ ញថ បងហ ញថ បងហ ញថ ABC     ជរតេីកណែកង ។ជរតេីកណែកង ។ជរតេីកណែកង ។ជរតេីកណែកង ។    



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ8័ 

 

២៤២៤២៤២៤----គណនផលបកូ គណនផលបកូ គណនផលបកូ គណនផលបកូ ∑∑∑∑
==== ++++−−−−

====
101

0i
2

ii

3
i

x3x31

x
S         

    ែដល ែដល ែដល ែដល ...,3,2,1i;
101

i
xi ========         ។។។។    

២៥២៥២៥២៥----េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជចនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ជចនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ជចនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ជចនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់    ៖៖៖៖    
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)ba(c2

)bac2(
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)cb(a2
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≤≤≤≤
++++++++
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++++++++++++

++++++++
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២៦-េប េប េប េប c,b,a     ជរងវ ស់រជុងៃនរតេីកណមយួ េហយ ជរងវ ស់រជុងៃនរតេីកណមយួ េហយ ជរងវ ស់រជុងៃនរតេីកណមយួ េហយ ជរងវ ស់រជុងៃនរតេីកណមយួ េហយ r     ជករំងវង់ជករំងវង់ជករំងវង់ជករំងវង ់   

    ចរកឹកនុងៃនរតេីកណេនះចូររសយថ ចរកឹកនុងៃនរតេីកណេនះចូររសយថ ចរកឹកនុងៃនរតេីកណេនះចូររសយថ ចរកឹកនុងៃនរតេីកណេនះចូររសយថ 2222 r4

1

c

1

b

1

a

1 ≤≤≤≤++++++++     ។ ។ ។ ។     

២៧២៧២៧២៧----េគឲយស៊វីត េគឲយស៊វីត េគឲយស៊វីត េគឲយស៊វីត ����� ������ ��
)n(

n 32.....222U ++++++++++++++++++++====             

    ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ *INn ∈∈∈∈     ។។។។    

    កកកក----ចូរកនំត ់ចូរកនំត ់ចូរកនំត ់ចូរកនំត ់ nU     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    

    ខខខខ----ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 
n

n321

2.3
sin2

3
U......UUU

ππππ
====××××××××××××××××         ។។។។    
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    គគគគ----េគពនិតិយស៊វីត េគពនិតិយស៊វីត េគពនិតិយស៊វីត េគពនិតិយស៊វីត ����� ������ ��
)n(

n
n 32.....2222V ++++++++++++++++−−−−====     ។។។។    

            ចូរគណន ចូរគណន ចូរគណន ចូរគណន nV     នងិ លីមតី នងិ លីមតី នងិ លីមតី នងិ លីមតី n
n

Vlim
+∞+∞+∞+∞→→→→     ។។។។    

២៨២៨២៨២៨----េគឱយ េគឱយ េគឱយ េគឱយ x ,y , z     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 4 4 4x y z 1+ + =+ + =+ + =+ + =         ។។។។    

    ចូរកណំតត់ៃមលតូចបផុំតៃន ចូរកណំតត់ៃមលតូចបផុំតៃន ចូរកណំតត់ៃមលតូចបផុំតៃន ចូរកណំតត់ៃមលតូចបផុំតៃន 
3 3 3

8 8 8

x y z
1 x 1 y 1 z

+ ++ ++ ++ +
− − −− − −− − −− − −         ។។។។    

២៩-ចូរបងហ ញថេប ចូរបងហ ញថេប ចូរបងហ ញថេប ចូរបងហ ញថេប 8abc ====         នងិ នងិ នងិ នងិ 0c,b,a >>>>     េនះេគបនេនះេគបនេនះេគបនេនះេគបន    ៖៖៖៖    
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៣០-េគឱយ េគឱយ េគឱយ េគឱយ n     ជចនួំនគតវ់ជិជមនេដយដងឹថ ជចនួំនគតវ់ជិជមនេដយដងឹថ ជចនួំនគតវ់ជិជមនេដយដងឹថ ជចនួំនគតវ់ជិជមនេដយដងឹថ 1n2822 2 ++++++++         

    ជចនួំនគត។់ជចនួំនគត។់ជចនួំនគត។់ជចនួំនគត។់    

    ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 1n2822 2 ++++++++     ជកេររបកដៃនចនួំនគតម់យួ។ជកេររបកដៃនចនួំនគតម់យួ។ជកេររបកដៃនចនួំនគតម់យួ។ជកេររបកដៃនចនួំនគតម់យួ។    

៣១-េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ ABC     មយួមនមុកំនុងជមុរំសួច ។ ចូរបងហ ញថមយួមនមុកំនុងជមុរំសួច ។ ចូរបងហ ញថមយួមនមុកំនុងជមុរំសួច ។ ចូរបងហ ញថមយួមនមុកំនុងជមុរំសួច ។ ចូរបងហ ញថ    ៖៖៖៖    

        CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++      



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័0 

 

៣២៣២៣២៣២----េគឲយ េគឲយ េគឲយ េគឲយ 1a ≥≥≥≥     នងិ នងិ នងិ នងិ 1b ≥≥≥≥     ។។។។    

    ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  )
2

ba
(log2blogalog 222

++++≤≤≤≤++++     

៣៣៣៣៣៣៣៣----គណនផលគុណគណនផលគុណគណនផលគុណគណនផលគុណ    ៖៖៖៖    

        (((( ))))∏∏∏∏
==== 












−−−−

++++====
n

1k
2k2

k2

n
2tan1

x2tan1
P         ែដល ែដល ែដល ែដល 2n2

|x| ++++
ππππ<<<<     

៣៤-េគឱយចនួំនពតិ េគឱយចនួំនពតិ េគឱយចនួំនពតិ េគឱយចនួំនពតិ 212121 z,z,y,y,x,x     េផទៀងផទ ត ់េផទៀងផទ ត ់េផទៀងផទ ត ់េផទៀងផទ ត ់ 0x,0x 21 >>>>>>>>     

                0zyx 2
111 >>>>−−−−     នងិ នងិ នងិ នងិ 0zyx 2

222 >>>>−−−−         ។។។។    

                        ចូររសយថចូររសយថចូររសយថចូររសយថ    ៖៖៖៖    

                        
2
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)zz()yy)(xx(
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++++−−−−++++++++     

៣៥៣៥៣៥៣៥----េគឱយ េគឱយ េគឱយ េគឱយ ∑∑∑∑
====

++++++++++++++++====
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    គណន គណន គណន គណន nS     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     រចួទញរក រចួទញរក រចួទញរក រចួទញរក n
n

Slim
+∞+∞+∞+∞→→→→     
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៣៦៣៦៣៦៣៦----េគមន េគមន េគមន េគមន     

    111111445556,11114556,1156 222222 ====−−−−====−−−−====−−−−     

    1111111144455556 22 ====−−−−         ។។។។        

ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង     

៣៧-េគឱយ េគឱយ េគឱយ េគឱយ a ,b ,c     ជចនួំនពតិវជិជមនែដលមនផលបកូេសម ជចនួំនពតិវជិជមនែដលមនផលបកូេសម ជចនួំនពតិវជិជមនែដលមនផលបកូេសម ជចនួំនពតិវជិជមនែដលមនផលបកូេសម 6     ។ ។ ។ ។     

ចូរកណំតត់ៃមលអតបិរមៃន  ចូរកណំតត់ៃមលអតបិរមៃន  ចូរកណំតត់ៃមលអតបិរមៃន  ចូរកណំតត់ៃមលអតបិរមៃន  3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +     

៣៨-េគេអយបចីនួំនពតិវជិជមន េគេអយបចីនួំនពតិវជិជមន េគេអយបចីនួំនពតិវជិជមន េគេអយបចីនួំនពតិវជិជមន c,b,a         ។ ចូររសយថ។ ចូររសយថ។ ចូររសយថ។ ចូររសយថ    ៖៖៖៖    
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)ba(

c

)ac(

b

)cb(

a
3

3

3

3

3

3

≥≥≥≥
++++

++++
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++++

         

៣៩-េគឲយអនុគមន ៍េគឲយអនុគមន ៍េគឲយអនុគមន ៍េគឲយអនុគមន ៍
1x3x3

1x3x3x
)x(f

2

23

++++−−−−
++++−−−−++++====     កនំតច់េំពះរគប ់កនំតច់េំពះរគប ់កនំតច់េំពះរគប ់កនំតច់េំពះរគប ់ IRx ∈∈∈∈         

    ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន a     នងិ នងិ នងិ នងិ b     ចូររសយបញជ កថ់ ៖ចូររសយបញជ កថ់ ៖ចូររសយបញជ កថ់ ៖ចូររសយបញជ កថ់ ៖    
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



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++++++++++++≥≥≥≥




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 ++++++++
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៤០-គណនផលបកូគណនផលបកូគណនផលបកូគណនផលបកូ    ៖៖៖៖    

    
∑∑∑∑
====

++++++++ 








−−−−−−−−
====

n

1k
1k1kkk

k

n )23)(23(
6

S     

    រចួទញរកតៃមល  រចួទញរកតៃមល  រចួទញរកតៃមល  រចួទញរកតៃមល  n
n

Slim
+∞+∞+∞+∞→→→→         ។។។។    

៤១-េគឲយ េគឲយ េគឲយ េគឲយ θθθθ     ជចនួំនពតិែដល ជចនួំនពតិែដល ជចនួំនពតិែដល ជចនួំនពតិែដល 
2

0
ππππ<<<<θθθθ<<<<         ។។។។    

    ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  (((( )))) (((( )))) 1cossin sincos >>>>θθθθ++++θθθθ θθθθθθθθ         

៤២-ចូរកនំតរ់គបគូ់តៃមលគត ់ចូរកនំតរ់គបគូ់តៃមលគត ់ចូរកនំតរ់គបគូ់តៃមលគត ់ចូរកនំតរ់គបគូ់តៃមលគត ់ 3n,m ≥≥≥≥     េបេគដងឹថចេំពះរគប់េបេគដងឹថចេំពះរគប់េបេគដងឹថចេំពះរគប់េបេគដងឹថចេំពះរគប ់   

    ចនួំនគតវ់ជិជមន ចនួំនគតវ់ជិជមន ចនួំនគតវ់ជិជមន ចនួំនគតវ់ជិជមន a         េគមន  េគមន  េគមន  េគមន  
1aa
1aa

2n

m

−−−−++++
−−−−++++     ជចនួំនគត ់។ជចនួំនគត ់។ជចនួំនគត ់។ជចនួំនគត ់។    

៤៣៤៣៤៣៤៣----េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជចនួំនពតិវជិជមន ។ ជចនួំនពតិវជិជមន ។ ជចនួំនពតិវជិជមន ។ ជចនួំនពតិវជិជមន ។     

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ     0
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba 222

≥≥≥≥
++++

−−−−++++
++++

−−−−++++
++++

−−−−          

៤៤៤៤៤៤៤៤----េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជចនួំនពតិវជិជមន េដយដងឹថ ជចនួំនពតិវជិជមន េដយដងឹថ ជចនួំនពតិវជិជមន េដយដងឹថ ជចនួំនពតិវជិជមន េដយដងឹថ     

        
cba

c
1

b
1

a
1 ++++++++====++++++++ ។  ចូរបងហ ញថ។  ចូរបងហ ញថ។  ចូរបងហ ញថ។  ចូរបងហ ញថ        
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)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤
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++++
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++++

++++++++     

៤៥-េគតង េគតង េគតង េគតង r     នងិ នងិ នងិ នងិ R     េរៀងគន ជកៃំនរងវងច់រកិកនុង នងិ ចរកិេរកេរៀងគន ជកៃំនរងវងច់រកិកនុង នងិ ចរកិេរកេរៀងគន ជកៃំនរងវងច់រកិកនុង នងិ ចរកិេរកេរៀងគន ជកៃំនរងវងច់រកិកនុង នងិ ចរកិេរក    

        របស់រតេីកណែកង របស់រតេីកណែកង របស់រតេីកណែកង របស់រតេីកណែកង ABC     មយួ ។មយួ ។មយួ ។មយួ ។    

        ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ r)21(R ++++≥≥≥≥         ????    

៤៦-េគឱយ េគឱយ េគឱយ េគឱយ z,y,x     ជបចីនួំនពតិវជិជមនែដលេផទៀងផទ ត ់ជបចីនួំនពតិវជិជមនែដលេផទៀងផទ ត ់ជបចីនួំនពតិវជិជមនែដលេផទៀងផទ ត ់ជបចីនួំនពតិវជិជមនែដលេផទៀងផទ ត ់ 1xyz ====         ។។។។    

        ចូរបងហ ញវសិមភពចូរបងហ ញវសិមភពចូរបងហ ញវសិមភពចូរបងហ ញវសិមភព    ៖៖៖៖    

        
zyx

y
)1xz(

x
)1zy(

z
)1yx( 222

++++++++≥≥≥≥
−−−−++++++++

−−−−++++++++
−−−−++++     

៤៧-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជរជុងរបស់រតេីកណមយួ ។  ចូររសយថជរជុងរបស់រតេីកណមយួ ។  ចូររសយថជរជុងរបស់រតេីកណមយួ ។  ចូររសយថជរជុងរបស់រតេីកណមយួ ។  ចូររសយថ    ៖៖៖៖    

    
cabcab
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)bac( 444
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−−−−++++                                                                                                                                                                 
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៤៨-េគឱយ េគឱយ េគឱយ េគឱយ c;b;a     ជរបែវងរជុងរបស់រតេីកណមយួែដលមនជរបែវងរជុងរបស់រតេីកណមយួែដលមនជរបែវងរជុងរបស់រតេីកណមយួែដលមនជរបែវងរជុងរបស់រតេីកណមយួែដលមន    

    បរមិរតេសម បរមិរតេសម បរមិរតេសម បរមិរតេសម 2        ។  ចូររសយថ។  ចូររសយថ។  ចូររសយថ។  ចូររសយថ    ៖៖៖៖    

                            2abc2cba
2
3 222 <<<<++++++++++++<<<<         

៤៩-គណនតៃមលៃនផលគុណ គណនតៃមលៃនផលគុណ គណនតៃមលៃនផលគុណ គណនតៃមលៃនផលគុណ     

    )44cot1).....(3cot1)(2cot1)(1cot1(P oooo −−−−−−−−−−−−−−−−====  

៥០-េគឱយ េគឱយ េគឱយ េគឱយ d,c,b,a     ជបចីនួំនពតិែដលេផទៀងផទ តវ់សិមភពជបចីនួំនពតិែដលេផទៀងផទ តវ់សិមភពជបចីនួំនពតិែដលេផទៀងផទ តវ់សិមភពជបចីនួំនពតិែដលេផទៀងផទ តវ់សិមភព    ៖៖៖៖    

        22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++         

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 1ba 22 >>>>++++     នងិ នងិ នងិ នងិ 1dc 22 >>>>++++         ។។។។    

៥១-េគឲយសវុីតចនួំនពតិ េគឲយសវុីតចនួំនពតិ េគឲយសវុីតចនួំនពតិ េគឲយសវុីតចនួំនពតិ )y( n     កនំតេ់ដយកនំតេ់ដយកនំតេ់ដយកនំតេ់ដយ    

3
0 2

3
y ====         នងិទនំកទ់នំងកេំណ ន នងិទនំកទ់នំងកេំណ ន នងិទនំកទ់នំងកេំណ ន នងិទនំកទ់នំងកេំណ ន 3 3

n
6

n

2
n

1n
2y2y

y
y

++++−−−−
====++++             

    ែដល ែដល ែដល ែដល ....,2,1,0n ====         ។។។។                ចូរគណន ចូរគណន ចូរគណន ចូរគណន ny     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     
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៥២-េគមន េគមន េគមន េគមន 999800019999,998001999,980199 222 ============     

                        9999800001999992 ====         ។។។។    

    ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទនងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទនងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទនងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទនងិរសយបញជ ករ់បូមនតេនះផង     

៥៣-េគឱយ  េគឱយ  េគឱយ  េគឱយ  1 2 nx ,x , ...., x     ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល 
n

i
i 1

x 1
====
∑∑∑∑ ====     ។ ។ ។ ។     

    ចូររសយថចូររសយថចូររសយថចូររសយថ        (((( )))) 2
n n

i
i 1 i 1

i

1 n
x

1 x n 1= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

    
≤≤≤≤        + ++ ++ ++ +    

        ។។។។    

៥៤-េគឲយ េគឲយ េគឲយ េគឲយ c,b,a     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 1cbaabc4 ++++++++++++====     

        ចូរបងហ ញថ ៖ចូរបងហ ញថ ៖ចូរបងហ ញថ ៖ចូរបងហ ញថ ៖    

        )cabcab(2
c

ba
b

ac
a

cb 222222

++++++++≥≥≥≥++++++++++++++++++++         

៥៥-េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ )u( n     នងិ នងិ នងិ នងិ )v( n     កណំតេ់ដយកណំតេ់ដយកណំតេ់ដយកណំតេ់ដយ    ៖៖៖៖    

        



====

====

3v

1u

0

0                             នងិ នងិ នងិ នងិ 




====
−−−−====

++++

++++

nn1n

2
n

2
n1n

vu2v

vuu                 ែដល ែដល ែដល ែដល 0n ≥≥≥≥     

        កកកក. . . . េគពនិតិយស៊វីតៃនចនួំនកុផំលចិ េគពនិតិយស៊វីតៃនចនួំនកុផំលចិ េគពនិតិយស៊វីតៃនចនួំនកុផំលចិ េគពនិតិយស៊វីតៃនចនួំនកុផំលចិ nnn v.iuz ++++====     ។។។។    
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                        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 2
n1n zz ====++++     រចួទញថ រចួទញថ រចួទញថ រចួទញថ n2

0n zz ====     ។។។។    

        ខខខខ. . . . សំែដង សំែដង សំែដង សំែដង nu     នងិ នងិ នងិ នងិ nv     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    

៥៦-េគឲយ េគឲយ េគឲយ េគឲយ z,y,x         ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 1zyx ====     ,,,,    

    ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ     
4
3

)y1)(x1(
z

)x1)(z1(
y

)z1)(y1(
x 333

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++

    

៥៧-ចូរបងហ ញថ ៖ចូរបងហ ញថ ៖ចូរបងហ ញថ ៖ចូរបងហ ញថ ៖    

        
1

ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++     

        ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន c,b,a         ។។។។    

៥៨-េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ )u( n     កណំតេ់ដយកណំតេ់ដយកណំតេ់ដយកណំតេ់ដយ    ៖ ៖ ៖ ៖     

        2
7

u1 ====     នងិ នងិ នងិ នងិ 
4
1

uuu n
2

n1n −−−−++++====++++     រគប ់រគប ់រគប ់រគប ់ 1n ≥≥≥≥     

    បងហ ញថេគអចកណំតច់នួំនពតិ បងហ ញថេគអចកណំតច់នួំនពតិ បងហ ញថេគអចកណំតច់នួំនពតិ បងហ ញថេគអចកណំតច់នួំនពតិ a     ែដល ែដល ែដល ែដល 2
n1n )au(au ++++====++++++++         

    ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ 1n ≥≥≥≥     រចួគណន រចួគណន រចួគណន រចួគណន nu     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័7 

 

៥៩-េគឱយ េគឱយ េគឱយ េគឱយ z;y;x     ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល 1xyz ====     ។ ចូររសយថ។ ចូររសយថ។ ចូររសយថ។ ចូររសយថ    ៖៖៖៖    

    2
1

1x)1z(

1

1z)1y(

1

1y)1x(

1
222222 ≤≤≤≤

++++++++++++
++++

++++++++++++
++++

++++++++++++  

៦០-កកកក. . . . ចូរគណនតៃមលរបកដៃន ចូរគណនតៃមលរបកដៃន ចូរគណនតៃមលរបកដៃន ចូរគណនតៃមលរបកដៃន 
10

sin
ππππ     នងិ នងិ នងិ នងិ 10

cos
ππππ     

        ខខខខ. . . . ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 
10

sin)yx(4)yx(x 22222 ππππ++++≤≤≤≤−−−−++++         

                    រគបច់នួំន រគបច់នួំន រគបច់នួំន រគបច់នួំន IRy,x ∈∈∈∈         ។។។។    

៦១-ស៊វីតៃនចនួំនពតិ ស៊វីតៃនចនួំនពតិ ស៊វីតៃនចនួំនពតិ ស៊វីតៃនចនួំនពតិ 1nn )a( ≥≥≥≥         កណំតេ់ដយ  កណំតេ់ដយ  កណំតេ់ដយ  កណំតេ់ដយ  3a,1a 21 ========     

        នងិ នងិ នងិ នងិ INn,a)2n(a)3n(a n1n2n ∈∈∈∈∀∀∀∀++++−−−−++++==== ++++++++         

        ចូរកណំតរ់គបត់ៃមល ចូរកណំតរ់គបត់ៃមល ចូរកណំតរ់គបត់ៃមល ចូរកណំតរ់គបត់ៃមល n     េដមបឱីយ េដមបឱីយ េដមបឱីយ េដមបឱីយ na     ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 11     ។។។។    

៦២-េគឲយអនុគមន ៍៖េគឲយអនុគមន ៍៖េគឲយអនុគមន ៍៖េគឲយអនុគមន ៍៖    

        
IRy;x,

)y1()x1(

)yx1)(yx(
)y,x(f

2222

2222

∈∈∈∈
++++++++
−−−−−−−−====     

        ចូរបងហ ញថចេំពះរគប់ចូរបងហ ញថចេំពះរគប់ចូរបងហ ញថចេំពះរគប់ចូរបងហ ញថចេំពះរគប់ IRy,x ∈∈∈∈     េគបន  េគបន  េគបន  េគបន  
4
1

|)y;x(f| ≤≤≤≤         
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៦៣-េគឱយ េគឱយ េគឱយ េគឱយ C;B;A     ជមុរំសួចកនុងរបស់រតេីកណ ជមុរំសួចកនុងរបស់រតេីកណ ជមុរំសួចកនុងរបស់រតេីកណ ជមុរំសួចកនុងរបស់រតេីកណ ABC     មយួ ។មយួ ។មយួ ។មយួ ។    

        ចូរបងហ ញថ   ចូរបងហ ញថ   ចូរបងហ ញថ   ចូរបងហ ញថ   3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++         

៦៤-េគមន េគមន េគមន េគមន 111088893333,110889333,108933 222 ============     

                        1111088889333332 ====         ។។។។    

ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ នងិរសយបញជ ករ់បូមនតេនះផង     

៦៥-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជបចីនួំនពតិមនិអវជិជមន ។ជបចីនួំនពតិមនិអវជិជមន ។ជបចីនួំនពតិមនិអវជិជមន ។ជបចីនួំនពតិមនិអវជិជមន ។    

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 3333 )a
2

cb
(2abc3cba −−−−++++≥≥≥≥−−−−++++++++         ។។។។    

៦៦-ចនួំនគតវ់ជិជមន ចនួំនគតវ់ជិជមន ចនួំនគតវ់ជិជមន ចនួំនគតវ់ជិជមន n     ែចកនងឹ ែចកនងឹ ែចកនងឹ ែចកនងឹ 8 8 8 8 ឱយសំណល់ ឱយសំណល់ ឱយសំណល់ ឱយសំណល់ 1  1  1  1  ។ ។ ។ ។     

        ចនួំន ចនួំន ចនួំន ចនួំន n េនះែចកនងឹ េនះែចកនងឹ េនះែចកនងឹ េនះែចកនងឹ 5 5 5 5 ឱយសំណល់ ឱយសំណល់ ឱយសំណល់ ឱយសំណល់ 2  2  2  2  ។។។។    

        កកកក----េបចនួំន េបចនួំន េបចនួំន េបចនួំន n     េនះែចកនងឹ េនះែចកនងឹ េនះែចកនងឹ េនះែចកនងឹ 4444០ ០ ០ ០ ឱយសំណល់ប៉នុម ន ឱយសំណល់ប៉នុម ន ឱយសំណល់ប៉នុម ន ឱយសំណល់ប៉នុម ន ????    

        ខខខខ----រកចនួំន រកចនួំន រកចនួំន រកចនួំន n     េនះេដយដងឹថ  េនះេដយដងឹថ  េនះេដយដងឹថ  េនះេដយដងឹថ  4000n3940 <<<<<<<<         ។។។។    
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៦៧-េគឱយចនួំនកុផំលចិ េគឱយចនួំនកុផំលចិ េគឱយចនួំនកុផំលចិ េគឱយចនួំនកុផំលចិ 321 z,z,z     េហយេផទៀងផទ តទ់នំកទ់នំងេហយេផទៀងផទ តទ់នំកទ់នំងេហយេផទៀងផទ តទ់នំកទ់នំងេហយេផទៀងផទ តទ់នំកទ់នំង    ៖៖៖៖    

        1|z||z||z| 321 ============     នងិ នងិ នងិ នងិ 01
zz

z
zz

z
zz

z

21

2
3

31

2
2

32

2
1 ====++++++++++++         

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ }2,1{|zzz| 321 ∈∈∈∈++++++++         ។។។។    

៦៨-េគឱយ េគឱយ េគឱយ េគឱយ z;y;x     ជចនួំនពតិែដល ជចនួំនពតិែដល ជចនួំនពតិែដល ជចនួំនពតិែដល 




====++++++++
====++++++++

3zxyzxy

5zyx     

        ចូរបងហ ញថ   ចូរបងហ ញថ   ចូរបងហ ញថ   ចូរបងហ ញថ   
3

13
z1 ≤≤≤≤≤≤≤≤−−−−      

៦៩-ចូរកនំតរ់គបគូ់ ចូរកនំតរ់គបគូ់ ចូរកនំតរ់គបគូ់ ចូរកនំតរ់គបគូ់ )n;m(     ៃនចនួំនគតវ់ជិជមនេបេគដងឹថ ៖ៃនចនួំនគតវ់ជិជមនេបេគដងឹថ ៖ៃនចនួំនគតវ់ជិជមនេបេគដងឹថ ៖ៃនចនួំនគតវ់ជិជមនេបេគដងឹថ ៖    

        )nm(13nm 22 ++++====++++             ។។។។    

៧០-ចូរកណំតរ់គបគូ់ៃនចនួំនគតវ់ជិជមន ចូរកណំតរ់គបគូ់ៃនចនួំនគតវ់ជិជមន ចូរកណំតរ់គបគូ់ៃនចនួំនគតវ់ជិជមន ចូរកណំតរ់គបគូ់ៃនចនួំនគតវ់ជិជមន )y,x(     េដយដងឹថ េដយដងឹថ េដយដងឹថ េដយដងឹថ                     

                            yxyx2 ++++++++             ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 7yxy2 ++++++++             ។។។។    

៧១-កកកក....គណន គណន គណន គណន n)1n(
1

....
4.3

1
3.2

1
2.1

1
−−−−

++++++++++++++++         ែដល ែដល ែដល ែដល 2n >>>>     

    ខខខខ....េដយេរបវសិមភពេដយេរបវសិមភពេដយេរបវសិមភពេដយេរបវសិមភព GMAM −−−−     ៃន ៃន ៃន ៃន )1n( −−−−     ចនួំនខងេរកម ៖ចនួំនខងេរកម ៖ចនួំនខងេរកម ៖ចនួំនខងេរកម ៖    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័0 

 

        n)1n(
1

;
4.3

1
;

3.2
1

;
2.1

1
−−−−     ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  2n )!n(n <<<<                 ។។។។    

៧២-ចេំពះរគបច់នួំនពតិ ចេំពះរគបច់នួំនពតិ ចេំពះរគបច់នួំនពតិ ចេំពះរគបច់នួំនពតិ )
4

,0(x
ππππ∈∈∈∈         

        ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  xsinxcos )x(sin)x(cos >>>>     

៧៣-ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ 333 )
b
1

a
1

)(ba(2
a
b

b
a ++++++++≤≤≤≤++++         

        ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន a     នងិ នងិ នងិ នងិ b     ។។។។    

៧៤-េគឱយចនួំនកុផំលចិ េគឱយចនួំនកុផំលចិ េគឱយចនួំនកុផំលចិ េគឱយចនួំនកុផំលចិ 1z     នងិ  នងិ  នងិ  នងិ  2z     ែដល ែដល ែដល ែដល 1|z||z| 21 ========     

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 2|1zz||1z||1z| 2121 ≥≥≥≥++++++++++++++++++++             

៧៥៧៥៧៥៧៥----ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ 0y;x ≥≥≥≥     ចូររសយបញជ កវ់សិមភពចូររសយបញជ កវ់សិមភពចូររសយបញជ កវ់សិមភពចូររសយបញជ កវ់សិមភព    ៖៖៖៖    

)yx(21yy1xx1yy1xx 2222 ++++≥≥≥≥++++++++++++++++++++++++−−−−++++−−−−                                                                                                                                                                                                                                                                         

៧៦-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជចនួំនពតិវជិជមនេហយេផទៀងផទ តល់កខខណឌ័  ជចនួំនពតិវជិជមនេហយេផទៀងផទ តល់កខខណឌ័  ជចនួំនពតិវជិជមនេហយេផទៀងផទ តល់កខខណឌ័  ជចនួំនពតិវជិជមនេហយេផទៀងផទ តល់កខខណឌ័      

        c
1

b
1

a
1

)cba(16 ++++++++≥≥≥≥++++++++     ។ ចូររសយបញជ កថ់។ ចូររសយបញជ កថ់។ ចូររសយបញជ កថ់។ ចូររសយបញជ កថ់    ៖៖៖៖    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័1 

 

    9
8

)c2b2ac(

1

)b2a2cb(

1

)c2a2ba(

1
333

≤≤≤≤
++++++++++++

++++
++++++++++++

++++
++++++++++++      

៧៧-ចូរគណនផលបកូចូរគណនផលបកូចូរគណនផលបកូចូរគណនផលបកូ    ៖៖៖៖    

        13

2
.....

13
2

13
2

S n2

1n

2

2

n
++++

++++++++
++++

++++
++++

====
++++

 

៧៨-េគឱយស៊វីត  េគឱយស៊វីត  េគឱយស៊វីត  េគឱយស៊វីត  1 2a 1, a 5= == == == =         នងិ  នងិ  នងិ  នងិ  n n 1
n 1 2 2

n n 1

a a
a n 2

a a 1
−−−−

++++

−−−−

= ∀ ≥= ∀ ≥= ∀ ≥= ∀ ≥
+ ++ ++ ++ +         

        ចូរកណំតតួ់ទូេទៃនស៊វីត ចូរកណំតតួ់ទូេទៃនស៊វីត ចូរកណំតតួ់ទូេទៃនស៊វីត ចូរកណំតតួ់ទូេទៃនស៊វីត n{a }    ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    

៧៩-របសិនេប របសិនេប របសិនេប របសិនេប )z1)(y1)(x1(xyx −−−−−−−−−−−−====     ែដល ែដល ែដល ែដល 1z;y;x0 ≤≤≤≤≤≤≤≤     

ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  
4
3

)y1(z)x1(y)z1(x ≥≥≥≥−−−−++++−−−−++++−−−−  

៨០-េគឱយ េគឱយ េគឱយ េគឱយ 0a...,,a,a n21 >>>>     នងិ នងិ នងិ នងិ 0x...,,x,x n21 >>>>     ។ ចូររសយថ។ ចូររសយថ។ ចូររសយថ។ ចូររសយថ    ៖៖៖៖    

        n21

2
n21

n

2
n

2

2
2

1

2
1

x....xx
)a...aa(

x
a
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x
a

x
a

++++++++++++
++++++++++++≥≥≥≥++++++++++++  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័2 

 

៨១-េគឱយ េគឱយ េគឱយ េគឱយ c;b;a     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 1abc ====     ។ ចូរបងហ ញថ។ ចូរបងហ ញថ។ ចូរបងហ ញថ។ ចូរបងហ ញថ    

        2
3

)ba(c

1

)ac(b

1

)cb(a

1
333 ≥≥≥≥

++++
++++

++++
++++

++++      

៨២-េគឱយ  េគឱយ  េគឱយ  េគឱយ  INn,i
3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====             ។។។។    

        ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  3
n

sin.
)3(

2
.iA

n

1n ππππ====
++++

        ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ INn ∈∈∈∈     ។។។។    

៨៣-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a ជបចីនួំនពតិមនិអវជិជមន នងិ ជបចីនួំនពតិមនិអវជិជមន នងិ ជបចីនួំនពតិមនិអវជិជមន នងិ ជបចីនួំនពតិមនិអវជិជមន នងិ z,y,x         

        ជបចីនួំនពតិវជិជមនេដយដងឹថ  ជបចីនួំនពតិវជិជមនេដយដងឹថ  ជបចីនួំនពតិវជិជមនេដយដងឹថ  ជបចីនួំនពតិវជិជមនេដយដងឹថ  zyxcba ++++++++====++++++++     ។។។។    

        ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់    ៖ ៖ ៖ ៖ cba
z

c

y

b

x

a
2

3

2

3

2

3
++++++++≥≥≥≥++++++++     ។។។។    

៨៤-េគឱយស៊វីតៃនចនួំនកុផំលចិ េគឱយស៊វីតៃនចនួំនកុផំលចិ េគឱយស៊វីតៃនចនួំនកុផំលចិ េគឱយស៊វីតៃនចនួំនកុផំលចិ )z( n     កណំតេ់ដយកណំតេ់ដយកណំតេ់ដយកណំតេ់ដយ    ៖៖៖៖    

    2
i32

z1
++++++++====         នងិ នងិ នងិ នងិ 

2
i32

z
2

i3
z n1n

−−−−−−−−++++++++====++++     

        ែដល ែដល ែដល ែដល ...,3,2,1n ====     ។។។។    

កកកក. . . . តង តង តង តង 1zw nn −−−−====     ។ បងហ ញថ ។ បងហ ញថ ។ បងហ ញថ ។ បងហ ញថ )w( n     ជស៊វីតធរណីមរតៃនចនួំនជស៊វីតធរណីមរតៃនចនួំនជស៊វីតធរណីមរតៃនចនួំនជស៊វីតធរណីមរតៃនចនួំន    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័3 

 

    កុផំលចិ រចួគណន កុផំលចិ រចួគណន កុផំលចិ រចួគណន កុផំលចិ រចួគណន nw     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     េដយសរេសរលទឋផលេដយសរេសរលទឋផលេដយសរេសរលទឋផលេដយសរេសរលទឋផល    

    ជទរមងរ់តេីកណមរត ។ជទរមងរ់តេីកណមរត ។ជទរមងរ់តេីកណមរត ។ជទរមងរ់តេីកណមរត ។    

    ខខខខ. . . . ទញបងហ ញថ ទញបងហ ញថ ទញបងហ ញថ ទញបងហ ញថ )
12
n

sini
12
n

(cos
12
n

cos2zn
ππππ++++ππππππππ====     ។។។។    

៨៥-េគយក េគយក េគយក េគយក c,b,a     ជចនួំនវជិជមន។ជចនួំនវជិជមន។ជចនួំនវជិជមន។ជចនួំនវជិជមន។    

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ )
abc

cba
1(2)

a
c

1)(
c
b

1)(
b
a

1( 3

++++++++++++≥≥≥≥++++++++++++      

៨៦-េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ INnn )v( ∈∈∈∈     កនំតេ់ដយកនំតេ់ដយកនំតេ់ដយកនំតេ់ដយ    ៖៖៖៖    

        5v0 ====         នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន 0n;1v2v 2
n1n ≥≥≥≥∀∀∀∀−−−−====++++         

        បងហ ញថ បងហ ញថ បងហ ញថ បងហ ញថ 22
nn

2
1n1n )1vv(1vv −−−−++++====−−−−++++ ++++++++         

        រចួគណន រចួគណន រចួគណន រចួគណន nv     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n         ។។។។    

៨៧-គណនផលបកូ  គណនផលបកូ  គណនផលបកូ  គណនផលបកូ  n

3

3

3

2

33

n 2
n

....
2
3

2
2

2
1

S ++++++++++++++++====     

        រចួទញរកលីមតីៃន រចួទញរកលីមតីៃន រចួទញរកលីមតីៃន រចួទញរកលីមតីៃន nS     កលណ កលណ កលណ កលណ +∞+∞+∞+∞→→→→n         ។។។។    
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៨៨-េគឲយស៊វីតៃនចនួំនពតិេគឲយស៊វីតៃនចនួំនពតិេគឲយស៊វីតៃនចនួំនពតិេគឲយស៊វីតៃនចនួំនពតិ )U( n កនំតេ់ដយកនំតេ់ដយកនំតេ់ដយកនំតេ់ដយ
4

n
sin.2U

n

n

ππππ====         

        ែដល ែដល ែដល ែដល *INn ∈∈∈∈     ។។។។    

        កកកក----ចូរបងអ ញថ  ចូរបងអ ញថ  ចូរបងអ ញថ  ចូរបងអ ញថ  
4

n
sin

4
n

cos
4

)1n(
cos.2

ππππ−−−−
ππππ====

ππππ++++             

        ខខខខ----ទញឲយបនថ ទញឲយបនថ ទញឲយបនថ ទញឲយបនថ 
4

)1n(
cos)2(

4
n

cos)2(U 1nn
n

ππππ++++−−−−
ππππ==== ++++             

        គគគគ----គណនផលបកូ ៖គណនផលបកូ ៖គណនផលបកូ ៖គណនផលបកូ ៖    

        n321n U.........UUUS ++++++++++++++++==== ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    

៨៩-ចេំពះរគបច់នួំនគតវ់ជិជមន ចេំពះរគបច់នួំនគតវ់ជិជមន ចេំពះរគបច់នួំនគតវ់ជិជមន ចេំពះរគបច់នួំនគតវ់ជិជមន n     េគឱយេគឱយេគឱយេគឱយ    ៖៖៖៖    

        1n
T

....
4

T
3

T
2
T

U

S....SSST
n
1

....
3
1

2
1

1S

n321
n

n321n

n

++++
++++++++++++++++====

++++++++++++++++====

++++++++++++++++====

    

        ចូរកណំតេ់ដយេធវដេំណះរសយ ចូរកណំតេ់ដយេធវដេំណះរសយ ចូរកណំតេ់ដយេធវដេំណះរសយ ចូរកណំតេ់ដយេធវដេំណះរសយ នូវចនួំនគត់នូវចនួំនគត់នូវចនួំនគត់នូវចនួំនគត ់   

        0001000d,c,b,a0 <<<<<<<<         េដយដងឹថ េដយដងឹថ េដយដងឹថ េដយដងឹថ baST 19891988 −−−−====             
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        នងិ នងិ នងិ នងិ dcSU 19891988 −−−−====         ។។។។    

៩០-េគឲយ េគឲយ េគឲយ េគឲយ z,y,x         ជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថ    

        3 xyz
)zyx(2

2
x
z

1
z
y

1
y
x

1
++++++++++++≥≥≥≥







 ++++






 ++++






 ++++                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

៩១-ចេំពះ ចេំពះ ចេំពះ ចេំពះ aនងិ នងិ នងិ នងិ b     ជចនួំនពតិ សមកីរ ជចនួំនពតិ សមកីរ ជចនួំនពតិ សមកីរ ជចនួំនពតិ សមកីរ     

        01axbxaxx 234 ====++++++++++++++++     មនឬសយ៉ងតចិមនឬសយ៉ងតចិមនឬសយ៉ងតចិមនឬសយ៉ងតចិ    

        មយួជចនួំនពតិ។មយួជចនួំនពតិ។មយួជចនួំនពតិ។មយួជចនួំនពតិ។    

        ចូរគណនតៃមលតូចបផុំតៃន ចូរគណនតៃមលតូចបផុំតៃន ចូរគណនតៃមលតូចបផុំតៃន ចូរគណនតៃមលតូចបផុំតៃន 22 ba ++++     ?  ?  ?  ?      

៩២-េគឲយ េគឲយ េគឲយ េគឲយ )a( n ជស៊វីតៃនចនួំនពតិែដល ជស៊វីតៃនចនួំនពតិែដល ជស៊វីតៃនចនួំនពតិែដល ជស៊វីតៃនចនួំនពតិែដល 2
1

a1 ====         

    នងិចេំពះរគបច់នួំនគតវ់ជិជមននងិចេំពះរគបច់នួំនគតវ់ជិជមននងិចេំពះរគបច់នួំនគតវ់ជិជមននងិចេំពះរគបច់នួំនគតវ់ជិជមនn េយងមន  េយងមន  េយងមន  េយងមន  1aa

a
a

n
2

n

2
n

1n ++++−−−−
====++++                             

    ចូររសយបញជ កថ់ចេំពះរគបច់នួំនគតវ់ជិជមន ចូររសយបញជ កថ់ចេំពះរគបច់នួំនគតវ់ជិជមន ចូររសយបញជ កថ់ចេំពះរគបច់នួំនគតវ់ជិជមន ចូររសយបញជ កថ់ចេំពះរគបច់នួំនគតវ់ជិជមន n     េយងមន ៖េយងមន ៖េយងមន ៖េយងមន ៖    

    1a.........aaa n321 <<<<++++++++++++++++         ។។។។    
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៩៣-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជបចីនួំនពតិវជិជមន ។  ចូររសយបញជ កថ់ជបចីនួំនពតិវជិជមន ។  ចូររសយបញជ កថ់ជបចីនួំនពតិវជិជមន ។  ចូររសយបញជ កថ់ជបចីនួំនពតិវជិជមន ។  ចូររសយបញជ កថ់    ៖៖៖៖    

    2
cba

acac2

c

cbcb2

b

baba2

a
22

2

22

2

22

2 ++++++++≥≥≥≥
++++++++

++++
++++++++

++++
++++++++  

៩៤-េគឱយ  េគឱយ  េគឱយ  េគឱយ  n21 x...,,x,x ( ( ( ( ែដល ែដល ែដល ែដល 2n ≥≥≥≥ ))))ជចនួំនពតិវជិជមនែដលជចនួំនពតិវជិជមនែដលជចនួំនពតិវជិជមនែដលជចនួំនពតិវជិជមនែដល    

    េផទៀងផទ ត់េផទៀងផទ ត់េផទៀងផទ ត់េផទៀងផទ ត ់               1998
1

1998x
1

....
1998x
1

1998x
1

n21

====
++++

++++++++
++++

++++
++++         

    ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−
        ។។។។ 

៩៥-ចូរកណំតគូ់ៃនចនួំនគត ់ចូរកណំតគូ់ៃនចនួំនគត ់ចូរកណំតគូ់ៃនចនួំនគត ់ចូរកណំតគូ់ៃនចនួំនគត ់(a ,b)     េដយដងឹថ េដយដងឹថ េដយដងឹថ េដយដងឹថ 17 16ax bx 1+ ++ ++ ++ +     

        ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 2x x 1− −− −− −− −         ។។។។    

៩៦-េគឲយ េគឲយ េគឲយ េគឲយ 632a0 ++++++++====     នងិ នងិ នងិ នងិ 
)2a(2

5a
a

n

2
n

1n ++++
−−−−====++++     

        ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ 0n ≥≥≥≥     ។។។។    

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 2
3

2
cota

3n

n −−−−






 ππππ====
−−−−

        ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ INn ∈∈∈∈ ។។។។    
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៩៧-េគឲយស៊វីតៃនចនួំនពតិ េគឲយស៊វីតៃនចនួំនពតិ េគឲយស៊វីតៃនចនួំនពតិ េគឲយស៊វីតៃនចនួំនពតិ )U( n កនំតេ់ល កនំតេ់ល កនំតេ់ល កនំតេ់ល IN     េដយ ៖េដយ ៖េដយ ៖េដយ ៖    

        2
2

U0 ====     នងិ នងិ នងិ នងិ INn,
2

U11
U

2
n

1n ∈∈∈∈∀∀∀∀
−−−−−−−−

====++++     

        គណន គណន គណន គណន nU     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    

៩៨-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជបចីនួំនពតិខុសគន  ។ ជបចីនួំនពតិខុសគន  ។ ជបចីនួំនពតិខុសគន  ។ ជបចីនួំនពតិខុសគន  ។     

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 2
)ba(

c

)ac(

b

)cb(

a
2

2

2

2

2

2

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

        ។។។។    

៩៩-េគឱយ េគឱយ េគឱយ េគឱយ baxx)x(P 25 ++++++++====     មនឬសរប ំមនឬសរប ំមនឬសរប ំមនឬសរប ំ 54321 x,x,x,x,x     នងិនងិនងិនងិ    

            3x)x(f 2 −−−−==== ។។។។    

        រកតៃមលអបបបរមៃន រកតៃមលអបបបរមៃន រកតៃមលអបបបរមៃន រកតៃមលអបបបរមៃន )x(f)x(f)x(f)x(f)x(f 54321 ។។។។    

១០០-េគយក េគយក េគយក េគយក c,b,a     ជចនួំនវជិជមនែដលេផទៀងផទ ត ់ជចនួំនវជិជមនែដលេផទៀងផទ ត ់ជចនួំនវជិជមនែដលេផទៀងផទ ត ់ជចនួំនវជិជមនែដលេផទៀងផទ ត ់ 1abc ====     ។។។។    

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 4
3

)1a)(1c(
c

)1c)(1b(
b

)1b)(1a(
a ≥≥≥≥

++++++++
++++

++++++++
++++

++++++++  

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័8 

 

១០១-េគឱយ េគឱយ េគឱយ េគឱយ 0,, >>>>cba         ។  ចូររសយបញជ កថ់។  ចូររសយបញជ កថ់។  ចូររសយបញជ កថ់។  ចូររសយបញជ កថ់    ៖៖៖៖    

        2
9)(4)(4)(4 3 333 333 33

≥≥≥≥
++++

++++++++++++
++++

++++++++++++
++++

++++++++
ba

bac
ac

acb
cb

cba
 

១០២-េគឲយអនុគមន ៍េគឲយអនុគមន ៍េគឲយអនុគមន ៍េគឲយអនុគមន ៍ 2x)x(f 2 −−−−====     ែដល ែដល ែដល ែដល IRx ∈∈∈∈     

        កកកក----េគយក េគយក េគយក េគយក )x(fU1 ====     នងិនងិនងិនងិ )U(fU n1n ====++++ ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់n IN∈     ។។។។    

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ [[[[ ]]]][[[[ ]]]][[[[ ]]]].......)x(ff.......ffU nn ====     ។។។។    

        ខខខខ----រសយថេប រសយថេប រសយថេប រសយថេប 2x >>>>     េគបន េគបន េគបន េគបន 2Un >>>>     រគប ់រគប ់រគប ់រគប ់n IN∈     ។។។។    

        គគគគ----េគតង េគតង េគតង េគតង 4UUV 2
nnn −−−−−−−−====     រគប ់រគប ់រគប ់រគប ់n IN∈ នងិ នងិ នងិ នងិ 2x >>>>         ។។។។    

            ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់n IN∈     ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 2
n1n VV2 ====++++     ។។។។    

        ឃឃឃឃ----សនមតថ សនមតថ សនមតថ សនមតថ 2lnVlnW nn −−−−====     ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ *INn ∈∈∈∈     ។។។។    

            ចូររករបេភទៃនស៊វីត ចូររករបេភទៃនស៊វីត ចូររករបេភទៃនស៊វីត ចូររករបេភទៃនស៊វីត nW     ។។។។    

        ងងងង----េរបលទឋផលខងេលចូរទញរកអនុគមន ៍៖េរបលទឋផលខងេលចូរទញរកអនុគមន ៍៖េរបលទឋផលខងេលចូរទញរកអនុគមន ៍៖េរបលទឋផលខងេលចូរទញរកអនុគមន ៍៖    

        [[[[ ]]]][[[[ ]]]][[[[ ]]]].........)x(ff........ff)x(F nn ====     ។។។។ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័9 

 

១០៣-េគឱយ េគឱយ េគឱយ េគឱយ x ,y , z     ជចនួំនពតិវជិជមន ។ ចូរបងហ ញថជចនួំនពតិវជិជមន ។ ចូរបងហ ញថជចនួំនពតិវជិជមន ។ ចូរបងហ ញថជចនួំនពតិវជិជមន ។ ចូរបងហ ញថ    ៖៖៖៖    

        2 2 2

1 yz zx 1 zx xy 1 xy yz
1

(1 x y) (1 y z) (1 z x)
+ + + + + ++ + + + + ++ + + + + ++ + + + + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + ++ + + + + ++ + + + + ++ + + + + +         ។។។។    

១០៤-េគឱយ  េគឱយ  េគឱយ  េគឱយ  c,b,a     ជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថ    ៖៖៖៖    

            
2

3333

5555

)cba(
9

10
)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++             

១០៥-េដះរសយសមកីរេដះរសយសមកីរេដះរសយសមកីរេដះរសយសមកីរ    

        )12(log

8
)12(log21

)12(log

6
)12(log x2

3

x
3x

3

x
3 ++++

++++++++++++====
++++

++++++++             

១០៦-េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ INkk )u( ∈∈∈∈     កនំតេ់ដយកនំតេ់ដយកនំតេ់ដយកនំតេ់ដយ    ៖៖៖៖    

        9u0 ====         នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន (((( ))))∑∑∑∑
====

++++ ====
n

1p

p
k

p
n1k uCu             

        ែដល ែដល ែដល ែដល )!pn(!p
!n

Cp
n −−−−

====         ។ចូរគណន ។ចូរគណន ។ចូរគណន ។ចូរគណន ku     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន k     នងិ នងិ នងិ នងិ n         
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័0 

 

១០៧-េគឲយ េគឲយ េគឲយ េគឲយ n     ចនួំន ចនួំន ចនួំន ចនួំន )1,0(a....,,a,a,a n321 ∈∈∈∈     េហយេគតងេហយេគតងេហយេគតងេហយេគតង    

        n321

n321
n a...aaa

a....a.a.a
.nt

++++++++++++++++
====     ។។។។    

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ (((( )))) n)1n(tlog
n

1k
nak

−−−−≥≥≥≥∑∑∑∑
====

        ។។។។    

១០៨-េគឱយ េគឱយ េគឱយ េគឱយ c;b;a     ជរបែវងរជុងរបស់រតេីកណមយួ ។ ជរបែវងរជុងរបស់រតេីកណមយួ ។ ជរបែវងរជុងរបស់រតេីកណមយួ ។ ជរបែវងរជុងរបស់រតេីកណមយួ ។     

        ចូរបងហ ញថចូរបងហ ញថចូរបងហ ញថចូរបងហ ញថ    ៖៖៖៖    

        cbabacacbcba ++++++++≤≤≤≤−−−−++++++++−−−−++++++++−−−−++++      

១០៩-គណនផលបកូ ៖គណនផលបកូ ៖គណនផលបកូ ៖គណនផលបកូ ៖    

                999....999....999999Sn ++++++++++++++++====     ( ( ( ( មនេលខ មនេលខ មនេលខ មនេលខ 9     ចនួំន ចនួំន ចនួំន ចនួំន n     េលខ េលខ េលខ េលខ ))))    

១១០-េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ ABC     មយួ ។ តង មយួ ។ តង មយួ ។ តង មយួ ។ តង r     នងិ នងិ នងិ នងិ R     េរៀងគន ជករំងវង់េរៀងគន ជករំងវង់េរៀងគន ជករំងវង់េរៀងគន ជករំងវង ់   

            ចរកឹកនុង នងិ ចរកឹេរករតេីកណ ។  ចរកឹកនុង នងិ ចរកឹេរករតេីកណ ។  ចរកឹកនុង នងិ ចរកឹេរករតេីកណ ។  ចរកឹកនុង នងិ ចរកឹេរករតេីកណ ។      

            កកកក. . . . ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 
R
r

1CcosBcosAcos ++++====++++++++         

        ខខខខ. . . . េប េប េប េប ABC     ជរតេីកណែកងេនះចូររសយថជរតេីកណែកងេនះចូររសយថជរតេីកណែកងេនះចូររសយថជរតេីកណែកងេនះចូររសយថ    r)12(R ++++≥≥≥≥     
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័1 

 

១១១-េគឲយបនួចនួំនវជិជមន េគឲយបនួចនួំនវជិជមន េគឲយបនួចនួំនវជិជមន េគឲយបនួចនួំនវជិជមន d,c,b,a     ។  ។  ។  ។      

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ     

        2
bad

d
adc

c
dcb

b
cba

a
1 <<<<

++++++++
++++

++++++++
++++

++++++++
++++

++++++++
<<<<     

១១២-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល 1cba ====++++++++     ។។។។    

            ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 8
3

b1

ca

a1

bc

c1

ab
222 ≤≤≤≤

−−−−
++++

−−−−
++++

−−−−
    

១១៣-េគឱយស៊វីតចនួំនពតិ េគឱយស៊វីតចនួំនពតិ េគឱយស៊វីតចនួំនពតិ េគឱយស៊វីតចនួំនពតិ )a( n     កណំតេ់ដយកណំតេ់ដយកណំតេ់ដយកណំតេ់ដយ    ៖៖៖៖    

            



====−−−−====
========

++++++++ ...,3,2,1n,aaa

1a,1a

n1n2n

21     

        េគតងស៊វីតចនួំនកុផំលចិ  េគតងស៊វីតចនួំនកុផំលចិ  េគតងស៊វីតចនួំនកុផំលចិ  េគតងស៊វីតចនួំនកុផំលចិ  n1nn a
2

3i1
az

−−−−−−−−==== ++++     ។។។។    

        កកកក. . . . ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ n1n z
2

3i1
z

++++====++++     ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ 1n ≥≥≥≥     ។។។។    

    ខខខខ. . . . ចូរដក ់ចូរដក ់ចូរដក ់ចូរដក ់
2

3i1 ++++     ជទរមងរ់តេីកណមរតរចួទញរកជទរមងរ់តេីកណមរតរចួទញរកជទរមងរ់តេីកណមរតរចួទញរកជទរមងរ់តេីកណមរតរចួទញរក    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័2 

 

            nz ជអនុគមន៍ជអនុគមន៍ជអនុគមន៍ជអនុគមន ៍   ៃន ៃន ៃន ៃន n     ។។។។    

        គគគគ. . . . ទញរកតួទូេទៃនស៊វីត ទញរកតួទូេទៃនស៊វីត ទញរកតួទូេទៃនស៊វីត ទញរកតួទូេទៃនស៊វីត na     ។ េត ។ េត ។ េត ។ េត )a( n     ជស៊វីតខួបឬេទ ជស៊វីតខួបឬេទ ជស៊វីតខួបឬេទ ជស៊វីតខួបឬេទ ។។។។    

១១៤-េគឱយ េគឱយ េគឱយ េគឱយ c;b;a     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 1cba 222 ====++++++++     

            បងហ ញថ បងហ ញថ បងហ ញថ បងហ ញថ 
abc

)cba(2
3

c
1

b
1

a
1 333

222

++++++++++++≥≥≥≥++++++++         

១១៥-េគឲយ េគឲយ េគឲយ េគឲយ )x( n     នងិ នងិ នងិ នងិ )y( n     ជស៊វីតចនួំនពតិកនំតេ់ល ជស៊វីតចនួំនពតិកនំតេ់ល ជស៊វីតចនួំនពតិកនំតេ់ល ជស៊វីតចនួំនពតិកនំតេ់ល IN     

        េដយ េដយ េដយ េដយ 1y,5x 00 ========     នងិទនំកទ់នំងកេំនន ៖នងិទនំកទ់នំងកេំនន ៖នងិទនំកទ់នំងកេំនន ៖នងិទនំកទ់នំងកេំនន ៖    

        
2

nn
3

n1n yx3xx ++++====++++         នងិ នងិ នងិ នងិ 3
nn

2
n1n yyx3y ++++====++++ រគប ់រគប ់រគប ់រគប ់ INn ∈∈∈∈     

        ចូរគណន ចូរគណន ចូរគណន ចូរគណន nx     នងិ នងិ នងិ នងិ ny     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    

១១៦-ចេំពះរគបច់នួំនគតវ់ជិជមន  ចេំពះរគបច់នួំនគតវ់ជិជមន  ចេំពះរគបច់នួំនគតវ់ជិជមន  ចេំពះរគបច់នួំនគតវ់ជិជមន  n     នងិ ចេំពះរគបច់នួំនពតិវជិជមន នងិ ចេំពះរគបច់នួំនពតិវជិជមន នងិ ចេំពះរគបច់នួំនពតិវជិជមន នងិ ចេំពះរគបច់នួំនពតិវជិជមន     

        n21 a....,,a,a         េផទៀងផទ ត ់េផទៀងផទ ត ់េផទៀងផទ ត ់េផទៀងផទ ត ់ 1a....aaa n321 ====     ចូរបងហ ញថចូរបងហ ញថចូរបងហ ញថចូរបងហ ញថ    ៖៖៖៖    

        
∑∑∑∑∑∑∑∑
========

≤≤≤≤
++++

n

1i i

n

1i 4
i

i
a
1

2
1

3a

a
                    ។។។។    

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័3 

 

១១៧-េគឲយេគឲយេគឲយេគឲយ c,b,a     ជបចីនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ ៖ជបចីនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ ៖ជបចីនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ ៖ជបចីនួំនពតិវជិជមន ។ ចូររសយបញជ កថ់ ៖    

        
2

)ba(4c

ba

)ac(4b

ac

)cb(4a

cb
3 333 333 33

≤≤≤≤
++++++++

++++++++
++++++++

++++++++
++++++++

++++
        

១១៨-ឲយពហុធ ឲយពហុធ ឲយពហុធ ឲយពហុធ n)acosasinx()x(P ++++====     ែដល ែដល ែដល ែដល *INn ∈∈∈∈     

        ចូររកសំណល់ៃនវធិែីចករវង ចូររកសំណល់ៃនវធិែីចករវង ចូររកសំណល់ៃនវធិែីចករវង ចូររកសំណល់ៃនវធិែីចករវង )x(P     នងឹ នងឹ នងឹ នងឹ 1x2 ++++     ។។។។    

១១៩-គណនតៃមល គណនតៃមល គណនតៃមល គណនតៃមល     

        )29tan3)...(3tan3)(2tan3)(1tan3(A oooo ++++++++++++++++====     

១២០-េគឱយ េគឱយ េគឱយ េគឱយ f     ជអនុគមនក៍ណំតេ់លចេនល ះ ជអនុគមនក៍ណំតេ់លចេនល ះ ជអនុគមនក៍ណំតេ់លចេនល ះ ជអនុគមនក៍ណំតេ់លចេនល ះ [0,1]    េដយដងឹថេដយដងឹថេដយដងឹថេដយដងឹថ    ៖៖៖៖    

        f (0) f (1) 1= == == == =         នងិ នងិ នងិ នងិ | f (a) f (b) | | a b |− < −− < −− < −− < −             

            ចេំពះរគប ់ ចេំពះរគប ់ ចេំពះរគប ់ ចេំពះរគប ់ a b≠≠≠≠     កនុងចេនល ះ កនុងចេនល ះ កនុងចេនល ះ កនុងចេនល ះ [0,1]    ។។។។    

            ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 1
| f (a) f (b) |

2
− <− <− <− <         ។។។។    

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័4 

 

១២១-េគឱយ េគឱយ េគឱយ េគឱយ z,y,x     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល zyxxyz ++++++++====     ។។។។    

            ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ xyz2
27

y1
xz

x1
zy

z1
yx

222 ≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

    ។។។។    

១២២-រតេីកណ រតេីកណ រតេីកណ រតេីកណ ABC     មយួមនរជុមយួមនរជុមយួមនរជុមយួមនរជុងងងង cAB,bAC,aBC ============         

            េហយមនមុកំនុងជមុរំសួច ។េហយមនមុកំនុងជមុរំសួច ។េហយមនមុកំនុងជមុរំសួច ។េហយមនមុកំនុងជមុរំសួច ។    

            ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++         

១២៣-េគឲយ េគឲយ េគឲយ េគឲយ c,b,a     ជរជុងរបស់រតេីកណមយួែដលមនៃផទរកឡជរជុងរបស់រតេីកណមយួែដលមនៃផទរកឡជរជុងរបស់រតេីកណមយួែដលមនៃផទរកឡជរជុងរបស់រតេីកណមយួែដលមនៃផទរកឡ    

            េសមនងឹ េសមនងឹ េសមនងឹ េសមនងឹ S     ។ ចូររសយថ ។ ចូររសយថ ។ ចូររសយថ ។ ចូររសយថ S34cba 222 ≥≥≥≥++++++++     ។។។។    

១២៤-េគឲយស៊វីតៃនចនួំនពតិ េគឲយស៊វីតៃនចនួំនពតិ េគឲយស៊វីតៃនចនួំនពតិ េគឲយស៊វីតៃនចនួំនពតិ )u( n     កនំតេ់ដយ ៖កនំតេ់ដយ ៖កនំតេ់ដយ ៖កនំតេ់ដយ ៖    

            1u0 ====     នងិ នងិ នងិ នងិ 1u4u6u4
u

u
n

2
n

3
n

4
n

1n ++++++++++++
====++++     រគប ់រគប ់រគប ់រគប ់ INn ∈∈∈∈     

            ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 
4

n1n u
1

1
u

1
1 








++++====++++

++++
    រគប ់រគប ់រគប ់រគប ់ INn ∈∈∈∈     

            រចួគណន រចួគណន រចួគណន រចួគណន nu     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n     ។។។។    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័5 

 

១២៥-ចូរកនំតរ់គបគូ់តៃមលគតវ់ជិជមន ចូរកនំតរ់គបគូ់តៃមលគតវ់ជិជមន ចូរកនំតរ់គបគូ់តៃមលគតវ់ជិជមន ចូរកនំតរ់គបគូ់តៃមលគតវ់ជិជមន )b,a(     េបេគដងឹថចនួំន ៖េបេគដងឹថចនួំន ៖េបេគដងឹថចនួំន ៖េបេគដងឹថចនួំន ៖    

            1bab2
a

32

2

++++−−−−     ជចនួំនគតវ់ជិជមនែដរ ។ជចនួំនគតវ់ជិជមនែដរ ។ជចនួំនគតវ់ជិជមនែដរ ។ជចនួំនគតវ់ជិជមនែដរ ។    

១២៦-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល 3cba ====++++++++     ។ ។ ។ ។     

            ចូររសយបញជ កវ់សិមភព ចូររសយបញជ កវ់សិមភព ចូររសយបញជ កវ់សិមភព ចូររសយបញជ កវ់សិមភព 
2
3

ac

c

cb

b

ba

a
2

2

2

2

2

2

≥≥≥≥
++++

++++
++++

++++
++++

        

១២៧-ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន c,b,a     េគកណំតត់ងេគកណំតត់ងេគកណំតត់ងេគកណំតត់ង
3

cba
A

++++++++====     

            3 abcG ====         នងិ នងិ នងិ នងិ 
c
1

b
1

a
1

3
H

++++++++
====     ។ ។ ។ ។     

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ 
H
A

.
4
3

4
1

G
A 3

++++≥≥≥≥






                                                                                                                             

១២៨-េដះរសយរបពន័ឋសមកីរ ៖េដះរសយរបពន័ឋសមកីរ ៖េដះរសយរបពន័ឋសមកីរ ៖េដះរសយរបពន័ឋសមកីរ ៖    

                

    

 

(((( ))))
(((( ))))

21 2
2

31 2 3
2 2

27 3 log 36

3 log log 28

x x

x

x y

x y x y
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 + =+ =+ =+ =

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គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ3័6 

 

១២៩-េគឱយស៊វីតចនួំនពតិ េគឱយស៊វីតចនួំនពតិ េគឱយស៊វីតចនួំនពតិ េគឱយស៊វីតចនួំនពតិ )a( n     កណំតេ់ដយកណំតេ់ដយកណំតេ់ដយកណំតេ់ដយ    ៖៖៖៖    

        9a,4a 10 ========     នងិ នងិ នងិ នងិ 3a8a6a n1n2n ++++−−−−==== ++++++++         

        ែដល ែដល ែដល ែដល ...,2,1,0n ==== ។។។។    

        ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ na     ជកេររបកដចេំពះរគប ់ជកេររបកដចេំពះរគប ់ជកេររបកដចេំពះរគប ់ជកេររបកដចេំពះរគប ់ 0n ≥≥≥≥         ។។។។    

១៣០-ចូរកនំតេ់លខ ចូរកនំតេ់លខ ចូរកនំតេ់លខ ចូរកនំតេ់លខ a     នងិ នងិ នងិ នងិ b     េដមបឲីយចនួំន េដមបឲីយចនួំន េដមបឲីយចនួំន េដមបឲីយចនួំន abba     ជគូបៃនចនួំនគត ់ជគូបៃនចនួំនគត ់ជគូបៃនចនួំនគត ់ជគូបៃនចនួំនគត ់។។។។    

១៣១-េគឲយចនួំន េគឲយចនួំន េគឲយចនួំន េគឲយចនួំន 0121nn aaa......aaA −−−−====         

        ែដល ែដល ែដល ែដល n210 a.....,,a,a,a     ជេលខ ។ជេលខ ។ជេលខ ។ជេលខ ។    

        ចូររសយថចនួំន ចូររសយថចនួំន ចូររសយថចនួំន ចូររសយថចនួំន A     ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 6     កលណ កលណ កលណ កលណ     

        0n21 a)a...aa(4y ++++++++++++++++====     ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 6         ។។។។    
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១៣២-េគមនស៊វីត េគមនស៊វីត េគមនស៊វីត េគមនស៊វីត )( nx     នងិ នងិ នងិ នងិ )( ny     កណំតេ់ដយ កណំតេ់ដយ កណំតេ់ដយ កណំតេ់ដយ 




====
====

0

1

0

0

y

x
            នងិ នងិ នងិ នងិ     

        








++++++++−−−−====

−−−−++++++++====

++++

++++

nnn

nnn

yaaxaay

yaaxaax

)cos(sin
2
1

)1(cotcos
2
1

)tan1(sin
2
1

)cos(sin
2
1

1

1

    

        ែដល ែដល ែដល ែដល 
2

0
ππππ<<<<<<<< a         នងិ នងិ នងិ នងិ ....,2,1,0====n     ។។។។    

        កកកក. . . . ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ 0≥≥≥≥n     តង តង តង តង ayaxu nnn sincos ++++====     នងិ នងិ នងិ នងិ     

                            ayaxv nnn sincos −−−−====     ។។។។    

                                ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ )( nu     នងិ នងិ នងិ នងិ )( nv     សុទឋែតជស៊វីតធរណីមរត ។សុទឋែតជស៊វីតធរណីមរត ។សុទឋែតជស៊វីតធរណីមរត ។សុទឋែតជស៊វីតធរណីមរត ។    

            ខខខខ....គណន គណន គណន គណន nu     នងិ នងិ នងិ នងិ nv     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n    នងិ នងិ នងិ នងិ a     ។។។។    

            គគគគ. . . . ទញរក ទញរក ទញរក ទញរក nx     នងិ នងិ នងិ នងិ ny     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n    នងិ នងិ នងិ នងិ a     ។។។។    

១៣៣-េគឱយ េគឱយ េគឱយ េគឱយ z;y;x     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 1zyx ====++++++++     ។។។។    

            ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ ចូររសយបញជ កថ់ 81
z
1

1
y
1

1
x
1 ≥≥≥≥







 −−−−






 −−−−






 −−−−     ។។។។    
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១៣៤-ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  zxyzxy
4

)xz(

1

)zy(

1

)yx(

1
222 ++++++++

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−     

            ចេំពះរគបច់នួំនពតិមនិអវជិជមនខុសគន  ចេំពះរគបច់នួំនពតិមនិអវជិជមនខុសគន  ចេំពះរគបច់នួំនពតិមនិអវជិជមនខុសគន  ចេំពះរគបច់នួំនពតិមនិអវជិជមនខុសគន  z,y,x         ។។។។    

១៣៥-េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ េគឱយស៊វីតៃនចនួំនពតិ INnn )u( ∈∈∈∈     កនំតេ់ដយកនំតេ់ដយកនំតេ់ដយកនំតេ់ដយ    ៖៖៖៖    

            1u0 ====         នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន នងិ ទនំកទ់នំងកេំនន 1u4u2u n
2

n1n ++++++++====++++             

            ចូរគណន ចូរគណន ចូរគណន ចូរគណន nu     ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន ជអនុគមនៃ៍ន n             

១៣៦-េគឲយអនុគមន ៍េគឲយអនុគមន ៍េគឲយអនុគមន ៍េគឲយអនុគមន ៍
7x6x3

6x9x
)x(f 2

3

++++++++
++++++++====     

            ចូរគណន ចូរគណន ចូរគណន ចូរគណន )x(f.....fff)x(f
)n(

n �� ��� �� ����====             ។។។។    

១៣៧-ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  ចូរបងហ ញថ  
db

1
ca

1
1

d
1

c
1

1

b
1

a
1

1

++++
++++

++++

≤≤≤≤
++++

++++
++++     

            ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន ចេំពះរគបច់នួំនពតិវជិជមន d,c,b,a         ។។។។    
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១៣៨-េគឱយ េគឱយ េគឱយ េគឱយ 1 2 3z , z , z     ជចនួំនកុផំលចិែដល  ជចនួំនកុផំលចិែដល  ជចនួំនកុផំលចិែដល  ជចនួំនកុផំលចិែដល  
1 2 2

2 2 2
1 2 3

1 2 3

z z z 2

z z z 3

z z z 4

+ + =+ + =+ + =+ + =
 + + =+ + =+ + =+ + =
 ====

    

        ចូរគណនតៃមល ចូរគណនតៃមល ចូរគណនតៃមល ចូរគណនតៃមល     

        
1 2 3 2 3 1 3 1 2

1 1 1
S

z z z 1 z z z 1 z z z 1
= + += + += + += + +

+ − + − + −+ − + − + −+ − + − + −+ − + − + −  

១៣៩-េគឱយ េគឱយ េគឱយ េគឱយ c,b,a     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល             

                                1cabcab ====++++++++         ។។។។        ចូរកនំតត់ៃមលអបបបរមៃនកេនសម ចូរកនំតត់ៃមលអបបបរមៃនកេនសម ចូរកនំតត់ៃមលអបបបរមៃនកេនសម ចូរកនំតត់ៃមលអបបបរមៃនកេនសម     

        ac
c

cb
b

ba
a

E
222

++++
++++

++++
++++

++++
====         ។។។។    

១៤០-េគឱយបចីនួំនពតិវជិជមន េគឱយបចីនួំនពតិវជិជមន េគឱយបចីនួំនពតិវជិជមន េគឱយបចីនួំនពតិវជិជមន c,b,a         ែដល ែដល ែដល ែដល 1cba ====++++++++         ។ ។ ។ ។     

            ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់    ៖៖៖៖    

    cabcab
1

b2b2ca

1

a2a2bc

1

c2c2ab

1
222 ++++++++

≥≥≥≥
++++++++
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++++++++
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១៤១-េគឲយេគឲយេគឲយេគឲយ c,b,a     ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល ជបចីនួំនពតិវជិជមនែដល 1cabcab ====++++++++     ។។។។    

            ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 16)
a
1

c()
c
1

b()
b
1

a( 222 ≥≥≥≥++++++++++++++++++++      

១៤២-េគឲយ េគឲយ េគឲយ េគឲយ 011nn aa..........aaA −−−−====         នងិ នងិ នងិ នងិ 011nn a2a.........aaB ××××−−−−==== −−−−     

            រសយថ រសយថ រសយថ រសយថ A     ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 7     លុះរតែត លុះរតែត លុះរតែត លុះរតែត B    ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 7         ។។។។    

១៤៣-េគឲយ េគឲយ េគឲយ េគឲយ )x(P ជពហុធដេឺរកទបី ី។ ជពហុធដេឺរកទបី ី។ ជពហុធដេឺរកទបី ី។ ជពហុធដេឺរកទបី ី។             េគដងឹថ េគដងឹថ េគដងឹថ េគដងឹថ 2)x(P ++++     ែចកដច់ែចកដច់ែចកដច់ែចកដច ់   

                                        នងឹ នងឹ នងឹ នងឹ 2)1x( ++++ េហយ េហយ េហយ េហយ 2)x(P −−−−     ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 2)1x( −−−−     ។។។។    

                        ចូរកនំតរ់កពហុធ ចូរកនំតរ់កពហុធ ចូរកនំតរ់កពហុធ ចូរកនំតរ់កពហុធ )x(P     ។។។។    

១៤៤-េគឱយ េគឱយ េគឱយ េគឱយ ]a,0[x ∈∈∈∈     នងិចនួំនគត់នងិចនួំនគត់នងិចនួំនគត់នងិចនួំនគត ់   0n,m >>>>         ។  ។  ។  ។      

            ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ nm
nm

nm
nm a.

)nm(

nm
)xa(x ++++

++++++++
≤≤≤≤−−−−         ។។។។    

១៤៥-េគឱយ េគឱយ េគឱយ េគឱយ 0z;y;x >>>>         ។ ចូររសយបញជ កថ់។ ចូររសយបញជ កថ់។ ចូររសយបញជ កថ់។ ចូររសយបញជ កថ់    ៖៖៖៖    

            2
1

y3x2z
z

x3z2y
y

z3y2x
x ≥≥≥≥

++++++++
++++

++++++++
++++

++++++++             
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១៤៦-េគឲយពរីចនួំន េគឲយពរីចនួំន េគឲយពរីចនួំន េគឲយពរីចនួំន x     នងិ នងិ នងិ នងិ y     ខុសពសូីនយ នងិ មនសញញ ដូចគន  ។ខុសពសូីនយ នងិ មនសញញ ដូចគន  ។ខុសពសូីនយ នងិ មនសញញ ដូចគន  ។ខុសពសូីនយ នងិ មនសញញ ដូចគន  ។    

            ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 04
x
y

y
x

3
x

y

y

x
2

2

2

2

≥≥≥≥++++






 ++++−−−−++++         ។។។។    

១៤៧-េគយក េគយក េគយក េគយក c,b,a     ជចនួំនពតិៃនចេនល ះ ជចនួំនពតិៃនចេនល ះ ជចនួំនពតិៃនចេនល ះ ជចនួំនពតិៃនចេនល ះ )1,0(     ។ ។ ។ ។     

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 1)c1)(b1)(a1(abc <<<<−−−−−−−−−−−−++++      

១៤៨-គណនផលគុណខងេរកមគណនផលគុណខងេរកមគណនផលគុណខងេរកមគណនផលគុណខងេរកម    ៖៖៖៖    

        
∏∏∏∏

====





 −−−−====
n

0k

2
k

2
n

k
)

2

x
tan1(P  

១៤៩-េគឲយេគឲយេគឲយេគឲយ c,b,a     ជបចីនួំនពតិវជិជមន ។  ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។  ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។  ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។  ចូរបងហ ញថ    

        abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++  

១៥០-េគឱយ េគឱយ េគឱយ េគឱយ c;b;a     ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល 1abc ====     ។។។។    

            ចូររសយថចូររសយថចូររសយថចូររសយថ            0)aa(c)cc(b)bb(a 222 ≥≥≥≥−−−−++++−−−−++++−−−−         

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ4័2 

 

១៥១-េគឱយ េគឱយ េគឱយ េគឱយ C;B;A     ជមុកំនុងរបស់រតេីកណ ជមុកំនុងរបស់រតេីកណ ជមុកំនុងរបស់រតេីកណ ជមុកំនុងរបស់រតេីកណ ABC     មយួ ។មយួ ។មយួ ។មយួ ។    

        ចូរបងហ ញថ   ចូរបងហ ញថ   ចូរបងហ ញថ   ចូរបងហ ញថ   33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++      

១៥២-េគឱយ េគឱយ េគឱយ េគឱយ d,c,b,a     ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល ជចនួំនពតិវជិជមនែដល 1abcd ====     ។។។។    

        េបេគដងឹថ េបេគដងឹថ េបេគដងឹថ េបេគដងឹថ a
d

d
c

c
b

b
a

dcba ++++++++++++>>>>++++++++++++         េនះចូរបងហ ញថ េនះចូរបងហ ញថ េនះចូរបងហ ញថ េនះចូរបងហ ញថ     

        d
a

c
d

b
c

a
b

dcba ++++++++++++<<<<++++++++++++         ។។។។    

១៥៣-េគឱយ េគឱយ េគឱយ េគឱយ c;b;a     ជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថជបចីនួំនពតិវជិជមន ។ ចូរបងហ ញថ    ៖៖៖៖    

        
)

abc
cba

1(2
a
c

1
c
b

1
b
a

1 3

++++++++++++≥≥≥≥






 ++++






 ++++






 ++++      

១៥៤-េគឱយ  េគឱយ  េគឱយ  េគឱយ  a ,b ,c     ជបចីនួំនពតិមនិអវជិជមន ែដល ជបចីនួំនពតិមនិអវជិជមន ែដល ជបចីនួំនពតិមនិអវជិជមន ែដល ជបចីនួំនពតិមនិអវជិជមន ែដល     

        1
ab bc ca

3
+ + =+ + =+ + =+ + =     ។។។។    

        ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ 2 2 2

1 1 1
3

a bc 1 b ca 1 c ab 1
+ + ≤+ + ≤+ + ≤+ + ≤

− + − + − +− + − + − +− + − + − +− + − + − +          
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ4័3 

 

១៥៥-ចូរគណនតៃមលផលគុណចូរគណនតៃមលផលគុណចូរគណនតៃមលផលគុណចូរគណនតៃមលផលគុណ    ៖៖៖៖    

        )29tan3).....(2tan3)(1tan3(P ooo ++++++++++++====      

១៥៦-េគឱយអនុគមន ៍េគឱយអនុគមន ៍េគឱយអនុគមន ៍េគឱយអនុគមន ៍ IRIR:f →→→→     េដយេដយេដយេដយ    
1xx
)1xx(

)x(f 36

32

++++−−−−
++++−−−−====     ។។។។    

            ចូររកតៃមលអបបបរមៃនអនុគមនេ៍នះ ចូររកតៃមលអបបបរមៃនអនុគមនេ៍នះ ចូររកតៃមលអបបបរមៃនអនុគមនេ៍នះ ចូររកតៃមលអបបបរមៃនអនុគមនេ៍នះ ????    

១៥៧-េគឱយបចីនួំនពតិមនិអវជិជមន េគឱយបចីនួំនពតិមនិអវជិជមន េគឱយបចីនួំនពតិមនិអវជិជមន េគឱយបចីនួំនពតិមនិអវជិជមន c,b,a     នងិមនិសូនយរពមគន ពរី ។នងិមនិសូនយរពមគន ពរី ។នងិមនិសូនយរពមគន ពរី ។នងិមនិសូនយរពមគន ពរី ។    

            ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់ចូររសយបញជ កថ់    ៖៖៖៖    

        2 2 2

1 1 1 9
(ab bc ca)

(a b) (b c) (c a) 4
    + + + + ≥+ + + + ≥+ + + + ≥+ + + + ≥    + + ++ + ++ + ++ + +    

            

១៥៨-ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ ចូរបងហ ញថ (((( ))))2
ab21

xcos
b

1
xsin

a
1 ++++≥≥≥≥







 ++++






 ++++         

            ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់
2

x0,0b,0a
ππππ<<<<<<<<>>>>>>>>     
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ4័4 

 

១៥៩-េគតង េគតង េគតង េគតង I     នងិ នងិ នងិ នងិ O     េរៀងគន ជផចតិរងវងច់រកឹកនុងនងិផចតិរងវងច់រកឹេរៀងគន ជផចតិរងវងច់រកឹកនុងនងិផចតិរងវងច់រកឹេរៀងគន ជផចតិរងវងច់រកឹកនុងនងិផចតិរងវងច់រកឹេរៀងគន ជផចតិរងវងច់រកឹកនុងនងិផចតិរងវងច់រកឹ    

            េរកៃនរតេីកណ េគឱយរតេីកណ េរកៃនរតេីកណ េគឱយរតេីកណ េរកៃនរតេីកណ េគឱយរតេីកណ េរកៃនរតេីកណ េគឱយរតេីកណ ABCមយួ ។មយួ ។មយួ ។មយួ ។    

    ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ o90OIA ====∠∠∠∠     លុះរតែត  លុះរតែត  លុះរតែត  លុះរតែត  CA,BC,AB     ជស៊វីតនពវនតជស៊វីតនពវនតជស៊វីតនពវនតជស៊វីតនពវនត    

១៦០-េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ ABC     មយួមនរជុង មយួមនរជុង មយួមនរជុង មយួមនរជុង c,b,a         ។ ។ ។ ។     

        តង តង តង តង r     នងិ នងិ នងិ នងិ R     េរៀងគន ជករំងវងច់រកឹកនុង នងិ ករំងវងច់រកឹេរកៃន េរៀងគន ជករំងវងច់រកឹកនុង នងិ ករំងវងច់រកឹេរកៃន េរៀងគន ជករំងវងច់រកឹកនុង នងិ ករំងវងច់រកឹេរកៃន េរៀងគន ជករំងវងច់រកឹកនុង នងិ ករំងវងច់រកឹេរកៃន     

        ABC∆∆∆∆     ។។។។    

        កកកក. . . . ចូរសយថ  ចូរសយថ  ចូរសយថ  ចូរសយថ  
R
pr2

CcoscbosBAcosa ====++++++++     

                                                                                
abc2

cba
c

Ccos
b

Bcos
a

Acos 222 ++++++++====++++++++     

                                                                                
R
r

1CcosBcosAcos ++++====++++++++         

        ែដល ែដល ែដល ែដល 
2

cba
p

++++++++====     ជកនលះបរមិរតៃនរតេីកណ ។ជកនលះបរមិរតៃនរតេីកណ ។ជកនលះបរមិរតៃនរតេីកណ ។ជកនលះបរមិរតៃនរតេីកណ ។    

        ខខខខ. . . . ចូរទញបញជ កថ់ ចូរទញបញជ កថ់ ចូរទញបញជ កថ់ ចូរទញបញជ កថ់ 2222 )rR(4cba ++++≥≥≥≥++++++++             

                        ( ( ( ( C,B,A ជមុរំសួចជមុរំសួចជមុរំសួចជមុរំសួច))))។។។។    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ4័5 

 

១៦១-ចូរកណំតតួ់ទូេទៃនស៊វីតែដលកណំតេ់ដយចូរកណំតតួ់ទូេទៃនស៊វីតែដលកណំតេ់ដយចូរកណំតតួ់ទូេទៃនស៊វីតែដលកណំតេ់ដយចូរកណំតតួ់ទូេទៃនស៊វីតែដលកណំតេ់ដយ    ៖៖៖៖    

        0 1x 3,x 4= == == == =     នងិ នងិ នងិ នងិ 2
n 1 n 1 nx x nx+ −+ −+ −+ −= −= −= −= −     ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់ចេំពះរគប ់n ∈∈∈∈����     ។។។។    

១៦២-ចូរគណនផលបកូចូរគណនផលបកូចូរគណនផលបកូចូរគណនផលបកូ    ៖៖៖៖    

        
n

3 4 n 2
S ...

1! 2! 3! 2! 3! 4! n! (n 1)! (n 2)!
++++= + + += + + += + + += + + +

+ + + + + + + ++ + + + + + + ++ + + + + + + ++ + + + + + + +  

១៦៣-េដះរសយកនុងសំណំុចនួំនពតិៃនសមកីរេដះរសយកនុងសំណំុចនួំនពតិៃនសមកីរេដះរសយកនុងសំណំុចនួំនពតិៃនសមកីរេដះរសយកនុងសំណំុចនួំនពតិៃនសមកីរ    ៖៖៖៖    

            3x 3x x 2− = +− = +− = +− = +             ។។។។    

១៦៤-េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ ABC     មយួមនរជុង មយួមនរជុង មយួមនរជុង មយួមនរជុង     

                    cAB,bCA,aBC ============         េហយមុកំនុង េហយមុកំនុង េហយមុកំនុង េហយមុកំនុង C,B,A     

                                    ជមុរំសួចឬមុែំកង ។តង ជមុរំសួចឬមុែំកង ។តង ជមុរំសួចឬមុែំកង ។តង ជមុរំសួចឬមុែំកង ។តង S     ជៃផទរកឡៃន ជៃផទរកឡៃន ជៃផទរកឡៃន ជៃផទរកឡៃន ABC∆∆∆∆         

            ចូររសយបញជ កថ់   ចូររសយបញជ កថ់   ចូររសយបញជ កថ់   ចូររសយបញជ កថ់   2444 S16

9

c

1

b

1

a

1 ≥≥≥≥++++++++         ។។។។    

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ4័6 

 

១៦៥-េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ េគឱយរតេីកណ ABC     មយួែកងរតង ់មយួែកងរតង ់មយួែកងរតង ់មយួែកងរតង ់C។។។។D     នងិ នងិ នងិ នងិ E     ជចណុំចពរីជចណុំចពរីជចណុំចពរីជចណុំចពរី    

        េរជសេរ សេនេលអុបី៉េូតនូស ែដលេរជសេរ សេនេលអុបី៉េូតនូស ែដលេរជសេរ សេនេលអុបី៉េូតនូស ែដលេរជសេរ សេនេលអុបី៉េូតនូស ែដល BDBC ====     នងិ នងិ នងិ នងិ AEAC ====     ។។។។    

        F     នងិ នងិ នងិ នងិ G     ជចេំណលែកងៃន ជចេំណលែកងៃន ជចេំណលែកងៃន ជចេំណលែកងៃន D     នងិ នងិ នងិ នងិ E     េលរជុង េលរជុង េលរជុង េលរជុង AC     នងិ នងិ នងិ នងិ BC         

        េរៀងគន  ។ចូររសយបញជ កថ់ េរៀងគន  ។ចូររសយបញជ កថ់ េរៀងគន  ។ចូររសយបញជ កថ់ េរៀងគន  ។ចូររសយបញជ កថ់ EGDFDE ++++====         ។។។។    

១៦៦-ចូរកណំតរ់គបអ់នុគមន ៍ចូរកណំតរ់គបអ់នុគមន ៍ចូរកណំតរ់គបអ់នុគមន ៍ចូរកណំតរ់គបអ់នុគមន ៍ IRIR:f →→→→     េដយដងឹថសមភព េដយដងឹថសមភព េដយដងឹថសមភព េដយដងឹថសមភព     

         (((( ))))  )y(f)x(fyxf ==== ពតិជនចិចរគប ់ពតិជនចិចរគប ់ពតិជនចិចរគប ់ពតិជនចិចរគប ់ IRy,x ∈∈∈∈ ។។។។    

        ( ( ( (  a     តងឱយែផនកគតៃ់ន តងឱយែផនកគតៃ់ន តងឱយែផនកគតៃ់ន តងឱយែផនកគតៃ់ន a     ) ) ) ) ។  ។  ។  ។      

១៦៧-ចូរបងហ ញថចេំពះរគបច់នួំនគតវ់ជិជមន ចូរបងហ ញថចេំពះរគបច់នួំនគតវ់ជិជមន ចូរបងហ ញថចេំពះរគបច់នួំនគតវ់ជិជមន ចូរបងហ ញថចេំពះរគបច់នួំនគតវ់ជិជមន n     ចនួំន ចនួំន ចនួំន ចនួំន 3n n3 ++++         

            ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 7     លុះរតែត លុះរតែត លុះរតែត លុះរតែត 1n3 3n ++++     ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ ែចកដចន់ងឹ 7     ។។។។    

១៦៨-កនុងេតរតែអត៊ កនុងេតរតែអត៊ កនុងេតរតែអត៊ កនុងេតរតែអត៊ ABCD    មយួមន មយួមន មយួមន មយួមន o90BDC ====∠∠∠∠     េហយេជងេហយេជងេហយេជងេហយេជង    

    ៃនចេំណលែកងព ីៃនចេំណលែកងព ីៃនចេំណលែកងព ីៃនចេំណលែកងព ីD     េទបលង ់េទបលង ់េទបលង ់េទបលង ់ )ABC(     ជរបសពវៃនកមពស់ៃនជរបសពវៃនកមពស់ៃនជរបសពវៃនកមពស់ៃនជរបសពវៃនកមពស់ៃន ABC∆∆∆∆     

    ចូររសយថ ចូររសយថ ចូររសយថ ចូររសយថ )CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++         

    េតេពលណេទបេយងបនសមភព េតេពលណេទបេយងបនសមភព េតេពលណេទបេយងបនសមភព េតេពលណេទបេយងបនសមភព ។។។។    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័47 

 

លហំត់ទី១  (Eötvös Competition 1899)(Eötvös Competition 1899)(Eötvös Competition 1899)(Eötvös Competition 1899) 

ចូរបងហ ញថ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ឹង 1897 

ដំេណះរសយ 

បងហ ញថ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ងឹ 1897 

េគមន 72711897 ××××====  េហយ 1)7,271(GCD ====  

តមរបូមនត )b....baa)(ba(ba 1p2p1ppp −−−−−−−−−−−− ++++++++++++−−−−====−−−−  

េគបន 11
nn N3007N)8032903(8032903 ××××====−−−−====−−−−  

              22
nn N297N)261464(261464 ××××====−−−−====−−−−  

ែដល 21 N,N  ជចនួំនគតវ់ជិជមន ។ 

េនះ  )N29N300(72614648032903 21
nnnn −−−−====++++−−−−−−−−  

នឱំយ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ងឹ 7 ។ 

ដូចគន ែដរ 33
nn N9271N)4642903(4642903 ××××====−−−−====−−−−  

             44
nn N2271N)261803(261803 ××××====−−−−====−−−−  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័48 

 

េនះ  )N2N9(2712614648032903 43
nnnn −−−−====++++−−−−−−−−  

នឱំយ  nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ឹង 271 ។ 

ដូចេនះ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ឹង 1897  ។ 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័49 

 

លហំត់ទី២  (Kazakhstan Kazakhstan Kazakhstan Kazakhstan 2008200820082008 ) 

េគយក z,y,x  ជចំនួនពតិវជិជមនែដល 1xyz ====  

ចូរបងហ ញថ 2
3

yxy
1

xzx
1

zyz
1 ≥≥≥≥

++++
++++

++++
++++

++++   

ដំេណះរសយ 

បងហ ញថ  2
3

yxy
1

xzx
1

zyz
1 ≥≥≥≥

++++
++++

++++
++++

++++  

តង a
c

z;
c
b

y;
b
a

x ============   េនះ  1xyz ====  

វសិមភពសមមលូ 2
3

ba
c

ac
b

cb
a ≥≥≥≥

++++
++++

++++
++++

++++  

តង 
bcac

c
abbc

b
acab

a
ba

c
ac

b
cb

a
T

222

++++
++++

++++
++++

++++
====

++++
++++

++++
++++

++++
====  

តមវសិមភព SchwarzCauchy−−−−   

េគបន )cabcab(2
)cba(

T
2

++++++++
++++++++≥≥≥≥  

តមវសិមភព GMAM −−−−  េគមន  
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)cabcab(3)cba(

cabcabcba

cabcab
2

ac
2

cb
2

ba

2

222

222222

++++++++≥≥≥≥++++++++

++++++++≥≥≥≥++++++++

++++++++≥≥≥≥++++++++++++++++++++

 

េគទញបន  
2
3

T ≥≥≥≥   ពតិ  ។ 

ដូចេនះ  2
3

yxy
1

xzx
1

zyz
1 ≥≥≥≥

++++
++++

++++
++++

++++   ។ 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័51 

 

លហំត់ទី៣ 

េគមនអនុគមន ៍
1
4

)(
++++
++++====

x
x

xf  ែដល 1−−−−≠≠≠≠x  ។ 

គណន ])]...]([[...[ xffffn   

ដំេណះរសយ 

គណន ])]...]([[...[ xffffn   

តង )(1 xfa ====  

       

)(]]....)]([[....[

)(])]([[

)()]([

1

23

12

−−−−========
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

========
========

nnn afxffffa

afxfffa

afxffa

 

េគបន 
1
4

)(1 ++++
++++========++++

n

n
nn a

a
afa  

ដូចេនះករគណន ])]...]([[...[ xffffn  គឺរតូវកំណតត់ួ na  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័52 

 

ៃនស៊វីតែដលកំណតេ់ដយ 










≥≥≥≥
++++
++++====

++++
++++========

++++ 1,
1
4

1
4

)(

1

1

n
a
a

a

x
x

xfa

n

n
n

 

សមកីរសមគ ល់ៃនស៊វីតគឺ 
1
4

++++
++++====

r
r

r  

េគបន 42 ++++====++++ rrr  នឱំយ 2,2 21 ====−−−−==== rr  

តងស៊វីតជំនួយ 2
2

2

1

−−−−
++++====

−−−−
−−−−====

n

n

n

n
n a

a
ra
ra

b  

េគបន 
2

1
4

2
1
4

2
2

1

1
1

−−−−
++++
++++

++++
++++
++++

====
−−−−
++++====

++++

++++
++++

n

n

n

n

n

n
n

a
a
a
a

a
a

b  

          n
n

n

n

n
n b

a
a

a
a

b 3
2
2

.3
2
63

1 −−−−====
−−−−
++++−−−−====

++++−−−−
++++====++++  

នឱំយ )( nb  ជស៊វីតធរណីមរតមនេរសុង 3−−−−====q  

និងតួ 2
2

.3
224
224

2
2

1

1
1 −−−−

++++−−−−====
−−−−−−−−++++
++++++++++++====

−−−−
++++====

x
x

xx
xx

a
a

b  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័53 

 

តមរូបមនត nn
n x

x
qbb )3(

2
21

1 −−−−××××
−−−−
++++====××××==== −−−−  

េដយ 
2
2

−−−−
++++====

n

n
n a

a
b  េគទញ 

1
)1(2

−−−−
++++====

b
b

an  

ដូចេនះ  
2)3)(2(

]2)3)(2([2
++++−−−−−−−−++++
−−−−++++−−−−++++====

xx

xx
a n

n

n   ។ 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័54 

 

លហំត់ទី៤ 

េគឱយរតីេកណ ABC  មយួមនមុ ំ C,B,A  ជមុរំសួច ។ 

ចូររសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++    

ដំេណះរសយ 

រសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++  

តង 
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
++++++++====∑∑∑∑  

           
Ccos
Ctan

Bcos
Btan

Acos
Atan 222

++++++++====  

តមវសិមភព SchwarzCauchy −−−−  េគបន  ៖  
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តមវសិមភព GMAM −−−−  និង Jensen  េយងបន  ៖  

θθθθ≤≤≤≤






 ++++++++≤≤≤≤ 3
3

cos
3

CcosBcosAcos
CcosBcosAcos  

េគទញ 
9
4

)3cos(coscos 33 ≤≤≤≤θθθθ−−−−θθθθθθθθ  

េដយ θθθθ−−−−θθθθ====θθθθ cos3cos43cos 3  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័59 

 

េគបន 
9
4

)cos3cos3(cos 33 ≤≤≤≤θθθθ−−−−θθθθθθθθ  

                   
27
4

)cos1(cos 24 ≤≤≤≤θθθθ−−−−θθθθ   

តមវសិមភព GMAM −−−−  េគបន  ៖  
3

2
22

2
22

3

cos1
2

cos
2

cos

)cos1.(
2

cos
.

2
cos


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លហំត់ទី៦( Morocco National Olympiad 2011 ) 

េគតង γγγγββββαααα ,,  ជរងវ ស់មុកំនុងរតេីកណ ABC  មយួែដលមនបរមិរត  
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
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េហតុេនះ )2(
p
R9

sinsinsin
9

sin
1

sin
1

sin
1 ====
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លហំត់ទី៧ 

ចូររសយបញជ កវ់សិមភព  ៖  

2
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)a1(c)c1(b)b1(a 222222 ≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++   

 ចំេពះរគបច់ំនួនពតិ c,b,a   ។ 

ដំេណះរសយ 

តមវសិមភព Minkowsky  េគមន  ៖  
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
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

 −−−−++++====

++++++++

++++  

    

1k1k 2
2

2
2

1k 2
4aa

2
4aa

u

++++++++










 −−−−−−−−++++








 −−−−++++====++++  ពតិ 

ដូចេនះ 
nn 2

2
2

2

n 2
4aa

2
4aa

u 








 −−−−−−−−++++








 −−−−++++====  ។ 
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លហំត់ទី៩ 

ក.ចូរកំនតេ់លខៃនអញញ ត d,c,b,a  ៃនចំនួន abcd  

េបេគដឹងថ ៖ 

dcba9abcd ====××××   

ខ.ចំេពះតៃមល d,c,b,a  ែដលបនរកេឃញខងេលចូរបញជ កថ់ 

ចំនួន abcd និង dcba សុទឋែតជកេររបកដ ។ 

ដំេណះរសយ 

ក.កំនតេ់លខៃនអញញ ត d,c,b,a  ៖ 

េគមន )1(dcba9abcd ====××××   

តមទំនកទ់នំង )1(  េគទញបនតៃមល a ែតមយួគតគ់ឺ 1a ====  ។ 

ចំេពះ 1a ====  េគបន )2(1dcb9bcd1 ====××××  

តមទំនកទ់នំង )2(  េគទញបន 9d ====  េរពះ 819d ====××××  

 មនេលខខងចុងេសម 1 ។ 
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ចំេពះ 9d ====  េគបន )3(1cb999bc1 ====××××   

តមទំនកទ់នំង )3(  េគទញបន 0b ====   

( េរពះ 9b ××××  មនិអចមនរតទុកេទ ) 

ចំេពះ 0b ====  េគបន )3(01c999c10 ====××××  

តមទំនកទ់នំង )3(  េគទញបន 8c ====  េរពះ 72989c ====××××====××××   

ែថម 8 ឲយេលខខងចុងេសម 0 ។ 

ចំេពះ 8c ====  េគបន 980191089 ====××××  ។ 

ដូចេនះ 9d,8c,0b,1a ================   ។ 

ខ.បញជ កថ់ចំនួន abcd និង dcba សុទឋែតជកេររបកដ ៖ 

ចំេពះ 9d,8c,0b,1a ================  េគបន ៖ 
2331089abcd ========   និង 2999801dcba ========   

សុទឋែតជកេររបកដ ។ 
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លហំត់ទី១០ 

ចំនួនមយួមនេលខបនួខទងែ់ដលេលខខទងវ់េរៀបតមលំដប ់ 

b;b;a;a  ។ 

រកចំនួនេនះេបេគដឹងថវជកេររបកដ ។ 

ដំេណះរសយ 

រកចំនួនែដលជកេររបកដ ៖ 

តង N  ជចំនួនែដលរតូវរក 

េយងបន bb10a100a1000aabbN ++++++++++++========  

        [[[[ ]]]] )1()ba(a9911)ba100(11N

b11a1100N

++++++++====++++====
++++====

 

េដយ 9a0 ≤≤≤≤<<<<  និង 9b0 ≤≤≤≤≤≤≤≤  េនះ 18ba0 ≤≤≤≤++++<<<<   

តមទំនកទ់នំង )1(  េដមបឲីយ N  អចជកេររបកដលុះរតែត  

ba ++++  ជពហុគុណៃន 11 េហយ 18ba0 ≤≤≤≤++++<<<<  េនះេគរតូវឲយ 

11ba ====++++  ែតមយួគត ់។ 
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ទំនកទ់ំនង )1(  អចសរេសរ (((( )))) )1a9(1111a9911N 2 ++++====++++====  

េហតុេនះ N  ជកេររបកដកលណ 1a9 ++++  ជកេររបកដ ។ 

េដយ 9a1 ≤≤≤≤≤≤≤≤  នឲំយ 811a910 ≤≤≤≤++++≤≤≤≤  េគទញ ៖ 

 161a9 ====++++  (គម នឬសកនុង IN  )  

 251a9 ====++++  (គម នឬសកនុង IN  ) 

 361a9 ====++++  (គម នឬសកនុង IN  )   

 491a9 ====++++  (គម នឬសកនុង IN  ) 

 641a9 ====++++  នឲំយ 7a ====  េហយ 4711b ====−−−−====  

 811a9 ====++++  (គម នឬសកនុង IN  ) ។ 

ដូចេនះចំនួនែដលរតូវកំនតេ់នះគឺ 2887744====    ។ 
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លហំត់ទី១១ 

េគឱយស៊វីតៃនចំនួនពិត )u( n  និង )v( n  កំណតេ់ដយ  ៖  










====

====

2
2

v

2
2

u

1

1

       និង 










++++====

−−−−====

++++

++++

2
vu

v

2
vu

u

nn
1n

nn
1n

    ែដល 1n ≥≥≥≥  

ក. េគពិនិតយស៊វីតៃនចំនួនកុំផលិច nnn v.iuz ++++====  ។ 

ចូររសយថ )z( n  ជស៊វីតធរណីមរតៃនចំនួនកុំផលិច រចួគណន nz  

ជអនុគមនៃ៍ន n  េដយសរេសរលទឋផលជទរមងរ់តីេកណមរត ។ 

ខ. សំែដង nu  និង nv  ជអនុគមនៃ៍ន n  ។ 

ដំេណះរសយ 

ក. រសយថ )z( n  ជស៊វីតធរណីមរតៃនចំនួនកុំផលិច  ៖  

េគមន nnn v.iuz ++++====   

េគបន 1n1n1n v.iuz ++++++++++++ ++++====  
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nnn

nnnn

z
1

2i2
)ivu(

2
2i2

2
vu

.i
2
vu

++++====++++++++====

++++++++−−−−====
 

ដូចេនះ )z( n  ជស៊វីតធរណីមរតៃនចំនួនកុំផលិច ។ 

គណន nz ជអនុគមនៃ៍ន n  ៖  

េគបន 1n
1n qzz −−−−××××====  

ែត 
4

sin.i
4

cos
2
2

i
2
2

ivuz 111
ππππ++++ππππ====++++====++++====   

និង 
4

sin.i
4

cos
2
2

i
2
2

q
ππππ++++ππππ====++++====  

េគបន n
n )

4
sini

4
(cosz

ππππ++++ππππ====  

ដូចេនះ  
4

n
sin.i

4
n

coszn
ππππ++++ππππ====   (របូមនតដឺមរ័ ) 

ខ. សំែដង nu  និង nv  ជអនុគមនៃ៍ន n   

េគមន nnn v.iuz ++++====    
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េដយ  
4

n
sin.i

4
n

coszn
ππππ++++ππππ====  

ដូចេនះ 
4

n
cosun

ππππ====   និង 
4

n
sinvn

ππππ====   ។ 
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លហំត់ទី១២ 

ក-របសិនេប 1p −−−−≥≥≥≥  ចំេពះរគប ់n IN∈∈∈∈  ចូរបងហ ញថ ៖ 

 
n(1 p) 1 np (1)+ ≥ ++ ≥ ++ ≥ ++ ≥ +   ។ 

ខ-េគឲយ 1 2 3 na ,a ,a , ......,a  ជn  ចំនួនមនិអវជិជមន ។ 

 េគតង 
n

a....aaa
A n321

n
++++++++++++++++

====   

និង n
n321n a......a.a.aG ====  ។ 

 បងហ ញថរបសិនេប kk AG ≤≤≤≤  េហយ 0A k ≠≠≠≠   

េគបន )p1(Aa.G 1k
k1k

k
k ++++≤≤≤≤ ++++

++++  ែដល 1
A
a

p
k

1k −−−−==== ++++  ។ 

គ-េដយេរបលទឋផលខងេលចូររសយបញជ កថ់ ៖ 

  n
n321n321 a....aaana.....aaa ≥≥≥≥++++++++++++++++  ។ 
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ដំេណះរសយ 

បងហ ញថ ៖  )1(np1)p1( n ++++≥≥≥≥++++    

តមរបូមនតេទវធញូតុនេគមន ៖ 
nn

n
22

n
1
n

0
n

n pC.....pCpCC)p1( ++++++++++++++++====++++   

េដយ 
2

n)1n(
C,nC,1C 2

n
1
n

0
n

−−−−============  

េគបន n2n p.....p
2

n)1n(
np1)p1( ++++++++

−−−−++++++++====++++  

េដយចំេពះរគប ់ 1p −−−−≥≥≥≥  េគមន 0p....p
2

n)1n( n2 ≥≥≥≥++++++++
−−−−  

ដូចេនះ )1(np1)p1( n ++++≥≥≥≥++++   ។ 

ខ-បងហ ញថ  )p1(Aa.G 1k
k1k

k
k ++++≤≤≤≤ ++++

++++    

របសិនេប kk AG ≤≤≤≤  េនះ 1k
k
k1k

k
k aAaG ++++++++ ≤≤≤≤  

)p1(A

)]1
A

a
(1[A

)]Aa(A[AaA

1k
k

k

1k1k
k

k1kk
k
k1k

k
k

++++====

−−−−++++====

−−−−++++====

++++

++++++++

++++++++

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័75 

 

េរពះ 1
A
a

p
k

1k −−−−==== ++++  ។  

ដូចេនះ )p1(Aa.G 1k
k1k

k
k ++++≤≤≤≤ ++++

++++   ។ 

គ-រសយបញជ កថ់ ៖  

  n
n321n321 a....aaana.....aaa ≥≥≥≥++++++++++++++++   

េយងមន 0aaa2a)aa( 2211
2

21 ≥≥≥≥++++−−−−====−−−−  

នឲំយ 2121 aa2aa ≥≥≥≥++++  ពតិ ។ 

សនមតថវពតិដល់តួទី k  គឺ ៖ 

k
k21k21 a.....aaka.....aa ≥≥≥≥++++++++++++  ពតិ  

េយងនឹងរសយថវពតិដល់តួទី 1k ++++ គ ◌ឺ៖ 

k
1k211k21 a.....aaka.....aa ++++++++ ≥≥≥≥++++++++++++  ពតិ 

តមករសនមតេយងមន k
k21k21 a.....aaka.....aa ≥≥≥≥++++++++++++   

សមមូល  k
k321

k321 a......aaa
k

a...aaa
≥≥≥≥

++++++++++++++++
 

 ឬ kk GA ≥≥≥≥  
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ែដល 
k

a....aaa
A k321

k
++++++++++++++++

====   

និង k
k321k a......a.a.aG ==== ។ 

តមសរមយខងេលេគមន )p1(Aa.G 1k
k1k

k
k ++++≤≤≤≤ ++++

++++    

េដយ 1k
1k1kk211k

k
k Gaa.....a.aaG ++++

++++++++++++ ========   

េគទញ )p1(AG 1k
k

1k
1k ++++≤≤≤≤ ++++++++

++++   

ែដល 0A,11
A
a

p k
k

1k ≠≠≠≠−−−−≥≥≥≥−−−−==== ++++  ។ 

តមរបូមនត )1( េគបន 1k)
1k

p
1()p1( ++++

++++
++++≤≤≤≤++++  

នឲំយ 1k1k
k

1k
k )

1k
p

1(A)p1(A ++++++++++++

++++
++++≤≤≤≤++++  

េគទញ 1k1k
k

1k
1k )

1k
p

1(AG ++++++++++++
++++ ++++

++++≤≤≤≤   

ឬ )
1k

p
1(AG k1k ++++

++++≤≤≤≤++++  

េដយ៖ 
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1k
Aa

A)1
A
a

(
1k

1
1A)

1k
p

1(A k1k
k

k

1k
kk ++++

−−−−++++====







−−−−

++++
++++====

++++
++++ ++++++++

 

          1k
1kk21k1kkk A

1k
aa....aa

1k
AaAkA

++++
++++++++ ====

++++
++++++++++++++++====

++++
−−−−++++++++====  

េគទញ 1k
1k

k1k A)p1(AG ++++
++++

++++ ≤≤≤≤++++≤≤≤≤   

ឬ    k
1k211k21 a.....aaka.....aa ++++++++ ≥≥≥≥++++++++++++  ពតិ 

ដូចេនះ n
n321n321 a....aaana.....aaa ≥≥≥≥++++++++++++++++  ។ 

 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័78 

 

លហំត់ទី១៣  (TuTuTuTurkey Team Selection Tests 2008)rkey Team Selection Tests 2008)rkey Team Selection Tests 2008)rkey Team Selection Tests 2008) 

សមកីរ 0cbxaxx 23 ====−−−−++++−−−−  មនឬបជីចំនួនពតិវជិជមន     

(មនិចបំចខុ់សគន  )។ 

ចូរកំណតត់ៃមលអបបបរមែដលអចៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++   ។ 

ដំេណះរសយ 

កំណតត់ៃមលអបបបរមែដលអចៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++    

តង w,v,u  ជឬសរបស់សមកីរ 0cbxaxx 23 ====−−−−++++−−−−  ។ 

េគបន 








====
====++++++++

====++++++++

cuvw

bwuvwuv

awvu

 

េដយ 0w,0v,0u >>>>>>>>>>>>  េនះ 0c,0b,0a >>>>>>>>>>>>  

េគមន 
a3ab2b

c3bac2abb
b
c

ba23
cba1

2

2

++++++++
−−−−++++−−−−++++====−−−−

++++++++
++++++++++++  
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)b3ab2b(3

c9ac6abb2
3
1

)b3ab2b(3

)c9ac6abb2()b3ab2b(

)b3ab2b(3

c9b3ac6ab3b3

2

2

2

22

2

2

++++++++
−−−−−−−−++++++++====

++++++++
−−−−−−−−++++++++++++++++====

++++++++
−−−−++++−−−−++++====

 

តមវសិមភព GMAM −−−− េគមន  ៖  

3 uvw3wvua ≥≥≥≥++++++++====    

និង 3 222 wvu3wuvwuvb ≥≥≥≥++++++++====  

េគបន c9uvw9ab ====≥≥≥≥  ឬ (*)0c9ab ≥≥≥≥−−−−  

មយ៉ងេទៀតេគមន   ៖  

                        

)3(vwu
2

vuwu

)2(uvw
2

wuwv

)1(wuv
2

wvvu

2
2222

2
2222

2
2222

≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++
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បូកវសិមភព )3(,)2(,)1(  េគបន  ៖  

)wvu(uvwuwwvvu 222222 ++++++++≥≥≥≥++++++++  

 

ែថមអងគទងំពរីនងឹ )wvu(uvw2 ++++++++  េគបន 

)wvu(uvw3)wuvwuv( 2 ++++++++≥≥≥≥++++++++  

ឬ ac3b2 ≥≥≥≥   ឬ (**)0ac6b2 2 ≥≥≥≥−−−−  

បូកវសិមភព (**)&(*)  េគបន 0c9ac6abb2 2 ≥≥≥≥−−−−−−−−++++  

េហតុេនះ 3
1

)b3ab2b(3

c9ac6abb2
3
1

2

2

≥≥≥≥
++++++++

−−−−−−−−++++++++   

ឬ 
3
1

b
c

ba23
cba1 ≥≥≥≥−−−−

++++++++
++++++++++++   

ដូចេនះតៃមលអបបបរមៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++  គឺ 3

1   ។ 
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លហំត់ទី១៤ 

េគឱយ 0z,y,x >>>>  ែដល 1zyx ====++++++++   ។ 

ចូររសយថ 4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−    

ដំេណះរសយ 

េគពនិិតយ 2

232

2

3

)x1(
)xx2()xx2x(

)x1(
x

−−−−
−−−−++++++++−−−−====

−−−−  

                           

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

2 2 2

2 2

2 2 2

2 2

2 9 6 1 1 2
1 4 1

3 1 1 1 3 1
4 1 4 4 1

x x x x x x
x x

x x

x x x
x x

x x

− − + − − +− − + − − +− − + − − +− − + − − += + = += + = += + = += + = +
− −− −− −− −

− − − −− − − −− − − −− − − −= + = − += + = − += + = − += + = − +
− −− −− −− −

 

េដយ 0
)x1(4
)1x3(
2

2

≥≥≥≥
−−−−
−−−−   េនះ )1(

4
1

x
)x1(

x
2

3

−−−−≥≥≥≥
−−−−  

ដូចគន ែដរ )2(
4
1

y
)y1(

y
2

3

−−−−≥≥≥≥
−−−− និង )3(

4
1

z
)z1(

z
2

3

−−−−≥≥≥≥
−−−−  

បូកវសិមភព )3(,)2(,)1(  អងគ និង អងគេគបន  ៖  

4
1

4
3

1
4
3

zyx
)z1(

z
)y1(

y
)x1(

x
2

3

2

3

2

3

====−−−−====−−−−++++++++≥≥≥≥
−−−−

++++
−−−−

++++
−−−−   ពតិ ។ 
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លហំត់ទី១៥  (IMO Longlists 1980) 

េគកំណតច់ំនួន n210 a....,,a,a,a  ដូចខងេរកម  ៖  

)1n....,,2,1,0k,1n(
n

a
aa;

2
1

a
2

k
k1k0 −−−−====>>>>++++======== ++++  

ចូរបងហ ញថ  1a
n
1

1 n <<<<<<<<−−−−   ។ 

ដំេណះរសយ 

បងហ ញថ  1a
n
1

1 n <<<<<<<<−−−−    

េគមន  
n

)an(a
n

a
aa kk

2
k

k1k
++++====++++====++++  

េគបន na
1

a
1

)na(a
n

a
1

kkkk1k ++++
−−−−====

++++
====

++++
 

ឬ      
1kkk a

1
a
1

na
1

++++
−−−−====

++++  

េហតុេនះ (*)
a
1

2
a
1

a
1

)
a

1
a
1

(
na

1 1n

0k nn01kk

1n

0k k
∑∑∑∑∑∑∑∑
−−−−

==== ++++

−−−−

====
−−−−====−−−−====−−−−====

++++  

េគមន 0
2
1

a0 >>>>====   ពតិ  ។  ឧបមថ 0ak >>>>  ពតិ 
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តម 
n

a
aa

2
k

k1k ++++====++++  េគទញបន 0a 1k >>>>++++  ពិត  

ដូចេនះ 0ak >>>>  េនះ nnak >>>>++++   ឬ 1n,
n
1

na
1

k
>>>>∀∀∀∀<<<<

++++  

េគបន 1
n
n

n
1

...
n
1

n
1

n
1

na
1 1n

0k
)n(

1n

0k k
========++++++++++++====<<<<

++++ ∑∑∑∑∑∑∑∑
−−−−

====

−−−−

==== �������
 

តម (*)  េគទញបន 1
a
1

2
n

<<<<−−−−   នឱំយ )i(1an <<<<  

មយ៉ងេទៀតេដយ 1an <<<<   េនះ 1ak <<<<  ឬ  1nnak ++++<<<<++++  

ឬ 1n
1

na
1

k ++++
>>>>

++++   រគប ់ 1n....,,2,1,0k −−−−====  ។ 

េគបន 1n
n

1n
1

na
11n

0k

1n

0kk ++++
====

++++
>>>>

++++∑∑∑∑ ∑∑∑∑
−−−−

====

−−−−

====
  

េដយពនិិតយេឃញថរគប ់ 1n >>>>  េគមន 0
1n

2
1n
2n

1n
n

2 >>>>
−−−−

====
−−−−
−−−−−−−−

++++  

េនះេគទញបន 1n
2n

1n
n

na
11n

0k k −−−−
−−−−>>>>

++++
>>>>

++++∑∑∑∑
−−−−

====
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តម (*)  េគទញបន 1n
2n

a
1

2
n −−−−

−−−−>>>>−−−−    

ឬ 1n
n

1n
2n

2
a
1

n −−−−
====

−−−−
−−−−−−−−<<<<   េនះ )ii(

n
1

1
n

1n
an −−−−====−−−−>>>>  

តម )ii(&)i(  េគទញបន  1a
n
1

1 n <<<<<<<<−−−−     ។ 

ដូចេនះ 1a
n
1

1 n <<<<<<<<−−−−    ។ 
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លហំត់ទី១៦(Poland 2006) 

េគយក c,b,a  ជចំនួនពតិវជិជមនែដល abccabcab ====++++++++  

ចូរបងហ ញថ 1
)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44

≥≥≥≥
++++

++++++++
++++

++++++++
++++

++++   

ដំេណះរសយ 

បងហ ញថ 1
)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44

≥≥≥≥
++++

++++++++
++++

++++++++
++++

++++  

េគមន 1
c
1

b
1

a
1

abccabcab ====++++++++⇔⇔⇔⇔====++++++++  

តង c
1

z,
b
1

y,
a
1

x ============   េនះ 1zyx ====++++++++    

េហយវសិមភពសមមូល 

1
xz

xz

zy

zy

yx

yx
33

44

33

44

33

44

≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

  ។ 

តមវសិមភព Tchebyshev េគមន 
2

yx
.

2
yx

2
yx 3344 ++++++++≥≥≥≥++++  

េគទញ )1(
2

yx

yx

yx
33

44 ++++≥≥≥≥
++++
++++  
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រសយដូចគន ែដរេគបន )2(
2

zy

zy

zy
33

44 ++++≥≥≥≥
++++
++++   

និង )3(
2

xz

xz

xz
33

44 ++++≥≥≥≥
++++
++++  

បូកវសិមភព )2(,)1( និង )3(   េគបន  ៖  

1zyx
xz

xz

zy

zy

yx

yx
33

44

33

44

33

44

====++++++++≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

  ពតិ  ។ 
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លហំត់ទី១៧ 

គណនផលគុណខងេរកម  ៖  

n
242

n

0k
k

2
n 2

x
tan.....

4
x

tan.
2
x

tan.xtan
2

x
tanP

nk
∏∏∏∏

====
====







====  

ដំេណះរសយ 

គណនផលគុណ 2

0
tan

2

n k

n k
k

x
P

====
∏∏∏∏     ====     
    

  

េគមន 
a2sin
asin2

acosasin2
asin2

acos
asin

atan
22

============  

យក k2

x
a ====  េគបន 

k

k
2

k

2

x2
sin

2

x
sin2

2

x
tan ====  

េគទញ x2sin
2

x
sin

.2

2

x2
sin

2

x
sin

.2P
n

2

12
n

0k
k

2

k
2

2
n

1n

1n

k

1k

k

++++
++++

++++

−−−−

====
====



















==== ∏∏∏∏   

ដូចេនះ 
x2sin
2

x
sin

.2P
n

2

)12(
n

1n

1n

++++
++++ −−−−====    ។ 
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លហំត់ទី១៨(Korea 2000) 

ចំនួនពតិ  z,y,x,c,b,,a  េផទៀងផទ ត ់ 0cba >>>>≥≥≥≥≥≥≥≥   

និង 0zyx >>>>≥≥≥≥≥≥≥≥  ។ 

ចូរបងហ ញថ  

4
3

)bxay)(byax(
zc

)azcx)(axcz(
yb

)cybz)(czby(
xa 222222

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++                                                                       

ដំេណះរសយ 

បងហ ញថ   

4
3

)bxay)(byax(
zc

)azcx)(axcz(
yb

)cybz)(czby(
xa 222222

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++   

េដយ 0cba >>>>≥≥≥≥≥≥≥≥  និង 0zyx >>>>≥≥≥≥≥≥≥≥  

េគបន 0czbycybz)yz)((cb( ≤≤≤≤−−−−−−−−++++====−−−−−−−−  ឬ  czbycybz ++++≤≤≤≤++++  

េគទញ )zcyb(2)czby()cybz)(czby( 22222 ++++≤≤≤≤++++≤≤≤≤++++++++  

េហតុេនះ )1(
ZY

X
.

2
1

)zcyb(2

xa
)cybz)(czby(

xa
2222

2222

++++
====

++++
≥≥≥≥

++++++++  
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ែដល 222222 zcZ,ybY,xaX ============   ។ 

រសយដូចគន ែដរេគបន   

)3(
YX

Z
.

2
1

)bxay)(byax(
zc

,)2(
XZ

Y
.

2
1

)azcx)(axcz(
yb 2222

++++
≥≥≥≥

++++++++++++
≥≥≥≥

++++++++  

តង )bxay)(byax(
zc

)azcx)(axcz(
yb

)cybz)(czby(
xa

T
222222

++++++++
++++

++++++++
++++

++++++++
====   

េគបន )
YX

Z
XZ

Y
ZY

X
(

2
1

T
++++

++++
++++

++++
++++

≥≥≥≥   ។ 

តមវសិមភព GMAM −−−−  េគមន  ៖  

3 )XZ)(ZY)(YX(3)XZ()ZY()YX( ++++++++++++≥≥≥≥++++++++++++++++++++  

ឬ )i()XZ)(ZY)(YX(
2
3

ZYX 3 ++++++++++++≥≥≥≥++++++++  

េហយ )ii(
)XZ)(ZY)(YX(

3
YX

1
XZ

1
ZY

1
3 ++++++++++++

≥≥≥≥
++++

++++
++++

++++
++++  

គុណវសិមភព )i(  និង )ii(  អងគ និង អងគ េគបន  ៖  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័90 

 

2
3

3
2
9

YX
Z

XZ
Y

ZY
X

2
9

1
YX

Z
1

XZ
Y

1
ZY

X
2
9

YX
ZYX

XZ
ZYX

ZY
ZYX

====−−−−≥≥≥≥
++++

++++
++++

++++
++++

≥≥≥≥++++
++++

++++++++
++++

++++++++
++++

≥≥≥≥
++++

++++++++++++
++++

++++++++++++
++++

++++++++

 

េគទញ 
4
3

T ≥≥≥≥   ពតិ 

ដូចេនះ  

4
3

)bxay)(byax(
zc

)azcx)(axcz(
yb

)cybz)(czby(
xa 222222

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++    ។ 
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លហំត់ទី១៩ 

ចំេពះរគបច់ំនួនពតិវជិជមន a,b ,c ចូររសយបញជ កថ់  ៖  
2 2 2 2 2 2

33 6
(a b )(b c )(c a )

(a b)(b c)(c a) abc
8

+ + ++ + ++ + ++ + ++ + + ≥ ++ + + ≥ ++ + + ≥ ++ + + ≥ +    

ដំេណះរសយ 

បងហ ញថ ៖ 

36
222222

3 abc
8

accbba
accbba ++++≥+++ ))()((
))()((    

ជដំបងូេយងរតូវរសយថរគប ់ 0yx ≥,  េគបន  
2 2x y

x y xy
2
+++++ ≥ ++ ≥ ++ ≥ ++ ≥ +   

េគមន xy2yx ≥+  េនះ xy4yx 2 ≥+ )(  ឬ 0xy4yx 2 ≥−+ )(  

េលកជកេរ 0xy4yx 22 ≥−+ ])[(  

                 
)(])[()(

)()(
2224

2224

yxxy8xy2yxxy8yx

0yx16yxxy8yx

+=−+≥+

≥++−+
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េគទញ 
2

yx
xy4yx

22
2 +≥+ )(   ឬ 

2
yx

xy2
2

yx 222 +≥+ )(  

េដយ 
2

yx
xy

2
yx

2
yx

xy2
2

2
2222 )(

)(.
+−++=+   

េគបន 
2

yx
xy

2
yx

2
yx 2

2
222 )(

)(
)( +−++=+  

នឱំយ xy
2

yx
yx

22

++≥+  ។  

តមវសិមភពខងេល េគទញ  








+≥+

+≥+

+≥+

acrca

bcqcb

abpba

   

ែដល ,
2

ba
p

22 +=  
2

cb
q

22 +=   និង 
2

ca
r

22 +=    

េគបន ))()(())()(( acrbcqabpaccbba +++≥+++   

ឬ      abcnmpqraccbba +++≥+++ ))()((  

ែដល 3 222222 rqpcba3abqrbcpracpqm ≥++=   

និង   3 444222 pqrcba3crabbcqapabcn ≥++=  
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េដយ 336 abcpqrabcnmpqr )( +≥+++  

េគទញ 336 abcpqraccbba )())()(( +≥+++  

ឬ 363 abcpqraccbba +≥+++ ))()((  

ដូចេនះ  
2 2 2 2 2 2

33 6
(a b )(b c )(c a )

(a b)(b c)(c a) abc
8

+ + ++ + ++ + ++ + ++ + + ≥ ++ + + ≥ ++ + + ≥ ++ + + ≥ +  
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លហំត់ទី២០ 

កនុងរតេីកណ ABC  មយួចូររសយបញជ កថ់ ៖ 

r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++
   

ែដល r  និង R  ជករំងវងច់រកឹកនុង នងិ ចរកឹេរករតេីកណ ។ 

ដំេណះរសយ 

រសយថ (((( ))))1
r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++   

តង cAB,bAC,aBC ============  

តមរទឹសតីបទកូសីុនូសកនុងរតេីកណ ABC  េគមន ៖ 

Acos.bc2cba 222 −−−−++++====  េដយ 
2
A

sin21Acos 2−−−−====  

េនះ )
2
A

sin21(bc2cba 2222 −−−−−−−−++++====  

េគទញ 
bc4

)cba)(cba(
bc4

)cb(a
2
A

sin
22

2 ++++−−−−−−−−++++====−−−−−−−−====  
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តង 
2

cba
p

++++++++====  ( កនលះបរមិរតៃនរតីេកណ ) 

េគបន )cp(2cba −−−−====−−−−++++  និង )bp(2cba −−−−====++++−−−−  

េគបន 
bc

)cp)(bp(
2
A

sin2 −−−−−−−−====   

នឲំយ 
bc

)cp)(bp(
2
A

sin
−−−−−−−−====  ។ ដូចគន ែដរេគទញ ៖ 

ab
)bp)(ap(

2
C

sin;
ac

)cp)(ap(
2
B

sin
−−−−−−−−====−−−−−−−−====  

េគបន 
abc

)cp)(bp)(ap(
2
C

sin
2
B

sin
2
A

sin
−−−−−−−−−−−−====   

េគមន 
R4

abc
pr)cp)(bp)(ap(pS ========−−−−−−−−−−−−====  

េគទញ S.R4abc ==== និង S.r
p
S

)cp)(bp)(ap(
2

========−−−−−−−−−−−−  

េគបន 
R4
r

S.R4
S.r

2
C

sin
2
B

sin
2
A

sin ========  ។ 

វសិមភព (((( ))))1  សមមលូេទនឹង ៖ 
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(((( ))))22

2
C

sin

2
B

sin
2
A

sin

2
B

sin

2
A

sin
2
C

sin

2
A

sin

2
C

sin
2
B

sin

2
C

sin
2
B

sin
2
A

sin4

1
4

2
C

sin

1

2
B

sin

1

2
A

sin

1

≥≥≥≥++++++++

≥≥≥≥++++++++

   

េដយ 
2
A

sin
a

ap
bca

)cp)(bp()ap(
2
C

sin
2
B

sin 2

2 −−−−====−−−−−−−−−−−−====  

 

េគទញ a
ap

2
A

sin

2
C

sin
2
B

sin −−−−====  ។ ដូចគន ែដរេគទញបន ៖ 

b
bp

2
B

sin

2
A

sin
2
C

sin −−−−====  និង c
cp

2
C

sin

2
B

sin
2
A

sin −−−−====  

វសិមភព (((( ))))2  សមមលូេទនឹង ៖ 

2
c

cp
b

bp
a

ap ≥≥≥≥−−−−++++−−−−++++−−−−
  

តមវសិមភព GMAM −−−−  េគបន ៖ 
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a)ap(2a)ap(p −−−−≥≥≥≥++++−−−−====  នឲំយ p
)ap(2

a
ap −−−−≥≥≥≥−−−−  

ដូចគន ែដរ p
)bp(2

b
bp −−−−≥≥≥≥−−−−  និង p

)cp(2
c

cp −−−−≥≥≥≥−−−−  

េគបន  

Bit2
c

cp
b

bp
a

ap

p
)cp()bp()ap(

2
c

cp
b

bp
a

ap

≥≥≥≥−−−−++++−−−−++++−−−−

−−−−++++−−−−++++−−−−≥≥≥≥−−−−++++−−−−++++−−−−

  

ដូចេនះ r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++    ។ 
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លហំត់ទី២១  (Turkey TST 2010)(Turkey TST 2010)(Turkey TST 2010)(Turkey TST 2010) 

ចូររសយថ  ៖  

)
ac

1
cb

1
ba

1
)(cba(

3
2

2
)baba)(ba( 222

Cyc

4
2222

++++
++++

++++
++++

++++
++++++++≤≤≤≤++++−−−−++++

∑∑∑∑   

 ចំេពះរគបច់ំនួនពតិវជិជមន c,b,a   ។                                                                                                              

ដំេណះរសយ 

រសយបញជ កថ់  ៖  

)
ac

1
cb

1
ba

1
)(cba(

3
2

2
)baba)(ba( 222

Cyc

4
2222

++++
++++

++++
++++

++++
++++++++≤≤≤≤++++−−−−++++

∑∑∑∑  

តមវសិមភព SchwarzCauchy−−−−  េគមន  ៖  

)cba(2
9

ac
1

cb
1

ba
1

++++++++
≥≥≥≥

++++
++++

++++
++++

++++  

គុណអងគទងំពរីនឹង )cba(
3
2 222 ++++++++  េគបន  ៖  

)1(
cba

)cba(3
)

ac
1

cb
1

ba
1

)(cba(
3
2 222

222

++++++++
++++++++≥≥≥≥

++++
++++

++++
++++

++++
++++++++  
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តមវសិមភព GMAM −−−−  េគមន  ៖  

2
)baba)(ba(

2

)baba(
2

ba
2222

22
22

++++−−−−++++≥≥≥≥
++++−−−−++++++++

 

ឬ 
2

)baba)(ba(
4

ab2b3a3 222222 ++++−−−−++++≥≥≥≥−−−−++++  

េគបន ∑∑∑∑∑∑∑∑
−−−−++++≤≤≤≤

++++−−−−++++

Cyc

22

Cyc

4
2222

2
ab2b3a3

2
)baba)(ba(   

តមវសិមភព SchwarzCauchy−−−−  េគបន  ៖  

2
)ca2bc2ab2c6b6a6(3

2
ab2b3a3 222

Cyc

22 −−−−−−−−−−−−++++++++≤≤≤≤−−−−++++
∑∑∑∑  

េគទញបន  ៖  

)2(
2

)]cabcab()cba(3[6
2

)baba)(ba( 222

Cyc

4
2222 ++++++++−−−−++++++++≤≤≤≤++++−−−−++++

∑∑∑∑  

េយងនឹងរសយថ  ៖  

2
)]cabcab()cba(3[6

cba
)cba(3 222222 ++++++++−−−−++++++++≥≥≥≥

++++++++
++++++++    
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សមមូល 

6
)]cabcab()cba(3[)cba(

cba
2222

222 ++++++++−−−−++++++++++++++++≥≥≥≥++++++++   

6
)cabcab(3)cba(9[)cba(2

cba
2222

222 ++++++++−−−−++++++++++++++++≥≥≥≥++++++++  

តមវសិមភព GMAM −−−−  េគមន 0y,x,
2

yx
xy ≥≥≥≥∀∀∀∀++++≤≤≤≤  

)cabcab(3)cba(9y,)cba(2x 2222 ++++++++−−−−++++++++====++++++++====  

េហយ cabcab)cba(11yx 222 ++++++++++++++++++++====++++  េនះេគបន  

cabcabcba

12
cabcab)cba(11

cba

222

222
222

++++++++≥≥≥≥++++++++

++++++++++++++++++++≥≥≥≥++++++++  

ឬ 0])ac()cb()ba([
2
1 222 ≥≥≥≥−−−−++++−−−−++++−−−−   ពតិ 

េហតុេនះេគបន 

)3(
2

)]cabcab()cba(3[6
cba

)cba(3 222222 ++++++++−−−−++++++++≥≥≥≥
++++++++
++++++++    
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តមទំនកទ់នំង )2(,)1(  និង )3(   េគទញបន   ៖  

)
ac

1
cb

1
ba

1
)(cba(

3
2

2
)baba)(ba( 222

Cyc

4
2222

++++
++++

++++
++++

++++
++++++++≤≤≤≤++++−−−−++++

∑∑∑∑   

វសិមភពេនះកល យជសមភពលុះរតែត cba ========   ។ 
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លហំត់ទី២២(China National Olympiad 2005) 

ស៊វីត }a{ n  កំណតេ់ដយ 
16
21

a1 ====   

និងចំេពះ 1n1nn
2

3
a3a2:2n ++++−−−− ====−−−−≥≥≥≥  

េគយក m  ជចំនួនគតម់យួែដល 2m ≥≥≥≥  ។  

ចូរបងហ ញថចំេពះ mn ≤≤≤≤  

េយងបន 1nm
1m

3
2

m
2

3
a

2
m

)1m(n
m
1

3nn ++++−−−−
−−−−<<<<
























−−−−






 ++++

−−−−

++++  

ដំេណះរសយ 

បងហ ញថ  1nm
1m

3
2

m
2

3
a

2
m

)1m(n
m
1

3nn ++++−−−−
−−−−<<<<
























−−−−






 ++++

−−−−

++++      

េគមន 1n1nn
2

3
a3a2 ++++−−−− ====−−−−  

នឱំយ 
4
3

a2.3a2 1n
1n

n
n ====−−−− −−−−

−−−−  
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ឬ     n1n

1n

n

n

3

1
4
3

a
3
2

a
3
2 ××××====







−−−−







−−−−

−−−−

 

េគបន ∑∑∑∑∑∑∑∑
========

−−−−

−−−−








====


















−−−−






 n

2k
k

n

2k
1k

1k

k

k

3

1
4
3

a
3
2

a
3
2

 

        

3
1

1

3
1

1
.

3

1
4
3

a
3
2

a
3
2

1n

21n

n

−−−−








−−−−
××××====−−−−









−−−−

 

         






 −−−−====−−−−







−−−−1nn

n

3

1
1

8
1

16
21

.
3
2

a
3
2  

េគទញបន 3n

n

n
2

3
2
3

a ++++−−−−






====   ឬ   
n

3nn 2
3

2

3
a 







====++++ ++++  

តង 











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



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




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m
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m
1

3nn 3
2

m
2

3
aP      
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
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យក acz,cby,bax ++++====++++====++++====  

េគបន 








++++++++====++++
++++++++====++++
++++++++====++++

bac2yz

acb2yx

cba2zx

 និង 








−−−−++++====
−−−−++++====
−−−−++++====

xyzc2

zyxb2

yzxa2

 

កេនសម T  អចសរេសរជ  ៖  

22

2

22

2

22

2

z2)zxy(

)xy(2

x2)xyz(

)yz(2

y2)yzx(

)zx(2
T

++++−−−−++++
++++++++

++++−−−−++++
++++++++

++++−−−−++++
++++====   

តមវសិមភព SchwarzCauchy−−−−  ៖ 222 )vu()vu(2 ++++≥≥≥≥++++  

េគបន 2222 )zx()yyzx(y2)yzx(2 ++++====++++−−−−++++≥≥≥≥++++−−−−++++  
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         2222

2222

y)zx(
2
1

y2)yzx(

y2)zx(y4)yzx(2

++++++++≥≥≥≥++++−−−−++++

++++++++≥≥≥≥++++−−−−++++
 

េគទញ  
2

222

2

22

2

)zx(

y2
1

4

y)zx(
2
1

)zx(2

y2)yzx(

)zx(2

++++
++++

====
++++++++

++++≤≤≤≤
++++−−−−++++

++++
 

េដយ )zx(2)zx( 222 ++++≤≤≤≤++++  នឱំយ ់ 22

2

2

2

zx

y

)zx(

y2

++++
≥≥≥≥

++++
 

ឬ   22

222

2

2

zx

zyx

)zx(

y2
1

++++
++++++++≥≥≥≥

++++
++++  

េគទញបន )1(
zyx

)zx(4

y2)yzx(

)zx(2
222

22

22

2

++++++++
++++≤≤≤≤

++++−−−−++++
++++

 

 

រសយបំភលដូឺចខងេលែដរេគបន  ៖  

)3(
zyx

)xy(4

z2)zxy(

)xy(2

)2(
zyx

)yz(4

x2)xyz(

)yz(2

222

22

22

2

222

22

22

2

++++++++
++++≤≤≤≤

++++−−−−++++
++++

++++++++
++++≤≤≤≤

++++−−−−++++
++++
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បូកវសិមភព )3(,)2(,)1(  េគបន  ៖  

8
zyx

)xy(4)yz(4)zx(4
T 222

222222

====
++++++++

++++++++++++++++++++≤≤≤≤  

ដូចេនះ 8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++   ។ 

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ៣ី៣៣៣    

តង 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T

++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++====  

េគមនសមភព )vu2(3)vu(2)vu2( 2222 ++++====−−−−++++++++  

េដយយក au ====   និង  cbv ++++====  េនះេគបន  ៖  

(((( ))))2222 )cb(a23)cba(2)cba2( ++++++++====−−−−−−−−++++++++++++  

ឬ (((( )))) 2222 )cba(2)cb(a23)cba2( −−−−−−−−−−−−++++++++====++++++++  

ែចកអងគទងំពរីនងឹ 22 )cb(a2 ++++++++  េគបន  ៖  

េយងបន  22

2

22

2

)cb(a2

)cba(2
3

)cb(a2

)cba2(

++++++++
−−−−−−−−−−−−====

++++++++
++++++++  
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កេនសម T  អចបំែលងជ  ៖  










++++++++
−−−−−−−−++++

++++++++
−−−−−−−−++++

++++++++
−−−−−−−−−−−−==== 22

2

22

2

22

2

)ba(c2

)bac(

)ac(b2

)cab(

)cb(a2

)cba(
29T  

េដមបរីសយថ 8T ≤≤≤≤   េយងរតូវរសយឱយេឃញថ  ៖  

2
1

)ba(c2

)bac(

)ac(b2

)cab(

)cb(a2

)cba(
S 22

2

22

2

22

2

≥≥≥≥
++++++++

−−−−−−−−++++
++++++++

−−−−−−−−++++
++++++++

−−−−−−−−====  

េគមន bc2cba2)cb(a2 22222 ++++++++++++====++++++++  

េដយ 22 cbbc2 ++++≤≤≤≤   េនះ )cba(2)cb(a2 22222 ++++++++≤≤≤≤++++++++  

រសយដូចគន ែដរ )cba(2)ac(b2 22222 ++++++++≤≤≤≤++++++++  

េហយ )cba(2)ba(c2 22222 ++++++++≤≤≤≤++++++++  

េគទញ 
)cba(2

)bac()cab()cba(
S 222

222

++++++++
−−−−−−−−++++−−−−−−−−++++−−−−−−−−≥≥≥≥  

េដយកេនសម 222 )bac()cab()cba( −−−−−−−−++++−−−−−−−−++++−−−−−−−−  

េសមនឹង )cabcab(2)cba(3 222 ++++++++−−−−++++++++  
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េនះ 222 cba

cabcab
2
3

S
++++++++
++++++++−−−−≥≥≥≥  

េគមន cabcab
2

ac
2

cb
2

ba 222222

++++++++≥≥≥≥++++++++++++++++++++  

ឬ cabcabcba 222 ++++++++≥≥≥≥++++++++  នឱំយ 
2
1

1
2
3

S ====−−−−≥≥≥≥   ពតិ ។ 

 

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ៤ី៤៤៤    

រសយថ 8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++   

តង 
c

ba
z,

b
ac

y,
a

cb
x

++++====++++====++++====  

ែដល   1
cba

c
cba

b
cba

a
1z

1
1y

1
1x

1 ====
++++++++

++++
++++++++

++++
++++++++

====
++++

++++
++++

++++
++++  

វសិមភពសមមលូ 8
z2

)z2(

y2

)y2(

x2

)x2(
2

2

2

2

2

2

≤≤≤≤
++++
++++++++

++++
++++++++

++++
++++   

េយងនឹងរសយថ 
3
1

u1
1

3
8

u2

)u2(
2

2

−−−−
++++

≤≤≤≤−−−−
++++
++++   រគប ់ 0u >>>>  
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េគមន 0
)u1)(u2(3

)2u)(5u(
3
1

u1
1

3
8

u2

)u2(
2

2

2

2

≤≤≤≤
++++++++

−−−−++++−−−−====++++
++++

−−−−−−−−
++++
++++ ពតិ 

េហតុេនះ  (*)
3
8

3
1

u1
1

u2

)u2(
2

2

++++−−−−
++++

≤≤≤≤
++++
++++  

តម (*)  េគបន  ៖  

81
z1

1
y1

1
x1

1

z2

)z2(

y2

)y2(

x2

)x2(
2

2

2

2

2

2

++++−−−−
++++

++++
++++

++++
++++

≤≤≤≤
++++
++++++++

++++
++++++++

++++
++++  

ដូចេនះ   8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++
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លហំត់ទី២៦  (Turkey National Olympiad 2005)Turkey National Olympiad 2005)Turkey National Olympiad 2005)Turkey National Olympiad 2005) 

េប c,b,a  ជរងវ ស់រជុងៃនរតេីកណមយួ េហយ r  ជករំងវង ់

ចរកឹកនុងៃនរតេីកណេនះចូររសយថ 2222 r4

1

c

1

b

1

a

1 ≤≤≤≤++++++++  ។  

ដំេណះរសយ 

រសយបញជ កថ់  2222 r4

1

c

1

b

1

a

1 ≤≤≤≤++++++++  

តង 








====−−−−++++
====−−−−++++
====−−−−++++

zcba

ybac

xacb

  េនះ 















++++====

++++====

++++====

2
yx

c

2
xz

b

2
zy

a

 

េគបន )1(
)yx(

4

)xz(

4

)zy(

4

c

1

b

1

a

1
222222 ++++

++++
++++

++++
++++

====++++++++  

តមរបូមនតេហរ ៉ងុេគបន  ៖  

)cp)(bp)(ap(prpS −−−−−−−−−−−−========   ែដល 
2

cba
p

++++++++====  
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េគទញ p
)cp)(bp)(ap(

r 2 −−−−−−−−−−−−====  

ឬ )zyx(4
xyz

)cba(4
)cba)(bac)(acb(

r 2

++++++++
====

++++++++
−−−−++++−−−−++++−−−−++++====  

េគទញ )2(
xy
1

zx
1

yz
1

xyz
zyx

r4

1
2 ++++++++====++++++++====  

តមវសិមភព GMAM −−−−  េគមន  ៖  

yz2zy ≥≥≥≥++++   នឱំយ yz
1

)zy(

4
2 ≤≤≤≤

++++  

ដូចគន ែដរ zx
1

)xz(

4
2 ≤≤≤≤

++++   និង xy
1

)yx(

4
2 ≤≤≤≤

++++  

េគបន )3(
xy
1

zx
1

yz
1

)yx(

4

)xz(

4

)zy(

4
222 ++++++++≤≤≤≤

++++
++++

++++
++++

++++  

តមទំនកទ់នំង )3(&)2(,)1(  េគទញបន  

2222 r4

1

c

1

b

1

a

1 ≤≤≤≤++++++++ ពតិ 

ដូចេនះ 2222 r4

1

c

1

b

1

a

1 ≤≤≤≤++++++++   ។ 
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លហំត់ទី២៧ 

េគឲយស៊វីត ����� ������ ��

)n(

n 32.....222U ++++++++++++++++++++====    

ចំេពះរគប ់ *INn ∈∈∈∈  ។ 

ក-ចូរកំនត ់ nU  ជអនុគមនៃ៍ន n  ។ 

ខ-ចូរបងហ ញថ 
n

n321

2.3
sin2

3
U......UUU

ππππ
====××××××××××××××××   ។ 

គ-េគពនិិតយស៊វីត ����� ������ ��

)n(

n
n 32.....2222V ++++++++++++++++−−−−====  ។ 

  ចូរគណន nV  និង លីមតី n
n

Vlim
+∞+∞+∞+∞→→→→  ។ 

ដំេណះរសយ 

ក-កំនត ់ nU  ជអនុគមនៃ៍ន n  

េយងមន ����� ������ ��

)n(

n 32.....222U ++++++++++++++++++++====    
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េយងបន 6
cos23U1

ππππ========  

 

24
cos2

12
cos22U2322U

12
cos2

6
cos22U232U

23

12

ππππ====
ππππ++++====++++====++++++++====

ππππ====
ππππ++++====++++====++++====

 

--------------------------------------------------------- 

េយងសនមតថវពតិដល់តួទី kk 2.3
cos2U

ππππ====  ។ 

េយងនឹងរសយបញជ កថ់វពតិដល់តួទី )1k( ++++ គឺ ៖ 

1k1k 2.3
cos2U ++++++++

ππππ====  ពតិ 

េយងមន ៖ 

k1k U232...2222U ++++====++++++++++++++++++++++++====++++  

េដយតមករសនមតេគមន  kk 2.3
cos2U

ππππ====  
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េយងបន ៖ 

                            

1

2
1

1

2 2cos
3.2

4cos
3.2

2cos
3.2

k k

k

k

U
ππππ

ππππ

ππππ

++++

++++

++++

= += += += +

====

====

  

ដូចេនះ  nn 2.3
cos2U

ππππ====   ។ 

ខ-បងហ ញថ 
n

n321

2.3
sin2

3
U......UUU

ππππ
====××××××××××××××××     

េយងមន  
n

n

nn

2.3
sin

2.3

2
sin

2.3
cos2U

ππππ

ππππ

====
ππππ====   

 ( របូមនត acosasin2a2sin ====  ) 
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េយងបន ៖ 

 























ππππ

ππππ

====

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

ππππ

ππππ

====

ππππ

ππππ

====

n

n

n

2

1

2.3
sin

2.3
2

sin
U

12
sin

6
sin

U

6
sin

3
sin

U

 

ដូចេនះ  
nn

n321

2.3
sin2

3

2.3
sin

3
sin

U......UUU
ππππ

====ππππ

ππππ

====××××××××××××××××    ។ 

 

គ-គណន nV  និង លីមតី n
n

Vlim
+∞+∞+∞+∞→→→→   

េយងមន  ����� ������ ��

)n(

n
n 32.....2222V ++++++++++++++++−−−−====
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1n
n

n

)1n(

n
n

U22V

32....2222V

−−−−

−−−−

−−−−====

++++++++++++++++−−−−====
���� ����� ��

 

េដយ nn 2.3
cos2U

ππππ====  េនះ  1n1n 2.3
cos2U −−−−−−−−

ππππ====  

េយងបន ៖ 

n
1n

n
2n

1n
n

n

2.3
sin2

2.3
sin42

2.3
cos222V

ππππ====ππππ====

ππππ−−−−====

++++

−−−−

 

ដូចេនះ  n
1n

n 2.3
sin2V

ππππ==== ++++   ។ 

េហយ 3
2

2.3
sin2limVlim

n
1n

n
n

n

ππππ====
ππππ==== ++++

+∞+∞+∞+∞→→→→+∞+∞+∞+∞→→→→
  ។ 
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លហំត់ទី២៨ 

េគឱយ x ,y ,z ជបចីំនួនពតិវជិជមនែដល 4 4 4x y z 1+ + =+ + =+ + =+ + =   ។ 

ចូរកំណតត់ៃមលតូចបំផុតៃន 
3 3 3

8 8 8

x y z
1 x 1 y 1 z

+ ++ ++ ++ +
− − −− − −− − −− − −   ។ 

ដំេណះរសយ 

កំណតត់ៃមលតូចបំផុតៃន 
3 3 3

8 8 8

x y z
S

1 x 1 y 1 z
= + += + += + += + +

− − −− − −− − −− − −     

េដយ x,y ,z 0>>>>   និង 4 4 4x y z 1+ + =+ + =+ + =+ + =   េនះេគទញ 0 x,y,z 1< << << << <  

ចំេពះ 0 t 1< << << << <  តង 8f (t) t(1 t )= −= −= −= −   

េគបន 8 8 8 8[f (t)] t (1 t )= −= −= −= −  ឬ [[[[ ]]]]8 8 8 88 f (t) 8t (1 t )= −= −= −= −   

តមវសិមភព AM GM−−−−  េគបន  
98 8

8 8 8 8 8 8 8t 8 8t
8t (1 t ) 8t .(1 t )(1 t )...(1 t )

9
+ −+ −+ −+ −    − = − − − ≤− = − − − ≤− = − − − ≤− = − − − ≤     

    
 

                                                                       

9
8
9
    ====     
    
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េគទញ [[[[ ]]]]
9

8 8
8 f (t)

9
    ≥≥≥≥     
    

  ឬ  94

8
f (t)

3
≤≤≤≤  ែត 8f (t) t(1 t )= −= −= −= −  

េនះេគទញបនថ 
94

8

1 1 3
(*)

t(1 t ) f (t) 8
= ≥= ≥= ≥= ≥

−−−−
 

េគមន 
3 3 3

8 8 8

x y z
S

1 x 1 y 1 z
= + += + += + += + +

− − −− − −− − −− − −     

េគអចសរេសរ 
4 4 4

8 8 8

x y z
S

x(1 x ) y(1 y ) z(1 z )
= + += + += + += + +

− − −− − −− − −− − −  

តមវសិមភព (*)  េគទញបន  ៖  
9 94 4

4 4 43 3
S (x y z )

8 8
≥ + + =≥ + + =≥ + + =≥ + + =   េរពះ 4 4 4x y z 1+ + =+ + =+ + =+ + =  

ដូចេនះតៃមលតូចបផុំតៃន 
3 3 3

8 8 8

x y z
S

1 x 1 y 1 z
= + += + += + += + +

− − −− − −− − −− − −     

គឺ    
94 4

min

3 9 3
S

8 8
= == == == =     ។ 
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លហំត់ទី២៩ 

ចូរបងហ ញថេប 8abc ====   និង 0c,b,a >>>>  េនះេគបន  ៖  

 3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++  

ដំេណះរសយ 

បងហ ញថ  3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++  

តង )a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
T

33

2

33

2

33

2

++++++++
++++

++++++++
++++

++++++++
====    

តមវសិមភព GMAM −−−− េគមន  
2222

23

2
a2

2
aa1a1

)aa1)(a1(a1 






 ++++====






 ++++−−−−++++++++≤≤≤≤++++−−−−++++====++++  

េគទញ 
2

2a
a1

2
3 ++++≤≤≤≤++++   ។ 

េហតុេនះ )1(
)2b)(2a(

a4

)b1)(a1(

a
22

2

33

2

++++++++
≥≥≥≥

++++++++    

រសយដូចគន ែដរេគបន  ៖  
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)3(
)2a)(2c(

c4

)a1)(c1(

c

)2(
)2c)(2b(

b4

)c1)(b1(

b

22

2

33

2

22

2

33

2

++++++++
≥≥≥≥

++++++++

++++++++
≥≥≥≥

++++++++
   

បូកវសិមភព )3(,)2(,)1(  អងគនឹងអងគេគបន  ៖  

8)c2b2a2accbba(2cba
)c2b2a2accbba(4

)2c)(2b)(2a(
)]2b(c)2a(b)2c(a[4

)2a)(2c(
c4

)2c)(2b(
b4

)2b)(2a(
a4

T

222222222222

222222222

222

222222

22

2

22

2

22

2

++++++++++++++++++++++++++++
++++++++++++++++++++====

++++++++++++
++++++++++++++++++++====

++++++++
++++

++++++++
++++

++++++++
====

 

េដយ 8abc ====  េនះេគបន  ៖  

36t
t2

36)c2b2a2accbba(
)c2b2a2accbba(2

T 222222222

222222222

++++
====

++++++++++++++++++++++++
++++++++++++++++++++≥≥≥≥  

ែដល  222222222 c2b2a2accbbat ++++++++++++++++++++====  

តមវសិមភព GMAM −−−−  េគបន  ៖  

72cba6cba3t 3 2223 444 ====++++≥≥≥≥    ( េរពះ )8abc====  
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េគបន 
2
3

2
1

1
t

36
1 ====++++≤≤≤≤++++   ឬ 

2
3

t
36t ≤≤≤≤++++  នឱំយ 

3
2

36t
t ≥≥≥≥

++++  

េហតុេនះ  
3
4

36t
t2

T ≥≥≥≥
++++

≥≥≥≥   ពតិ 

ដូចេនះ 

3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++
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លហំត់ទី៣០ 

េគឱយ n  ជចនួំនគតវ់ជិជមនេដយដងឹថ 1n2822 2 ++++++++   

ជចំនួនគត។់ 

ចូររសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចនួំនគតម់យួ។ 

ដំេណះរសយ 

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ១ី១១១    

រសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចនួំនគត ់

តមបរមប ់ 1n2822 2 ++++++++  ជចនួំនគតន់ឱំយមន INm ∈∈∈∈ ែដល 

22 m1n28 ====++++   ឬ 1n28m 22 ====−−−−  ជសមកីរ Pell  ។ 

គូចេមលយដំបងូៃនសមកីរេនះគឺ 24n,127m ========   

េរពះ 12428127 22 ====××××−−−− ។  ចំេពះរគប ់ 1k ≥≥≥≥ េគអចសរេសរ  ៖  
k22222 )2428127(2428127n28m ××××−−−−====××××−−−−====−−−−  

kk )748127()748127()n72m)(n72m( ++++−−−−====++++−−−−  
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េគទញ 






++++====++++

−−−−====−−−−
k

k

)748127(n72m

)748127(n72m
 

េគបនចេមលយទូេទៃនសមកីរ  ៖  

74
)748127()748127(

n

2
)748127()748127(

m

kk

kk

−−−−−−−−++++====

++++++++−−−−====
 

កនុងករណីេនះេគបន  m221n2822 2 ++++====++++++++  

kk2 )748127()748127(21n2822 −−−−++++++++++++====++++++++  

េដយ 2)738(748127 ±±±±====±±±±  

និង 1)738)(738( ====−−−−++++  េនះេគបន  

[[[[ ]]]]2kkkk )738()738()748127()748127(2 −−−−++++++++====−−−−++++++++++++  

េគបន 2kk2 ])738()738[(1n2822 −−−−++++++++====++++++++  

ជកេររបកដៃនចំនួនគតេ់រពះ kk )738()738( −−−−++++++++ ជចំនួនគត ់

ដូចេនះេប 1n2822 2 ++++++++  ជចំនួនគតេ់នះ 1n2822 2 ++++++++   
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ជកេររបកដៃនចំនួនគត ់។ 

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ២ី២២២    

រសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចនួំនគត ់

តមបរមប ់ 1n2822 2 ++++++++  ជចនួំនគតន់ឱំយមន INm ∈∈∈∈ ែដល 

22 m1n28 ====++++   ឬ 22 n281m ====−−−−  

ឬ 2n7
2

1m
.

2
1m ====++++−−−−   

តមសមកីរេនះេគទញបន 









====++++

====−−−−

2

2

q7
2

1m

p
2

1m

 ឬ  









====++++

====−−−−

2

2

q
2

1m

p7
2

1m

  

ែដល p  និង q  ជចនួំនគតវ់ជិជមន ។ 

េគទញបន   

1q14m,1p2m 22 −−−−====++++====  ឬ 1q2m,1p14m 22 −−−−====++++====     

-ករណី 1q14m,1p2m 22 −−−−====++++====  
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  េគបន 1q141p2 22 −−−−====++++  ឬ 1q7p 22 −−−−====−−−−  ជសមកីរគម ន 

ចេមលយកនុង IN  េរពះអងគទីពរីសមកីរែចកនងឹ 7 ឱយសំណល់ 1−−−−  

ែតអងគទីពរីៃនសមកីរែចកនងឹ 7 មនិអចឱយសំណល់ 1−−−−  េទ េរពះរគប ់

ចំនួនគតវ់ជិជមន p  ចំនួន 2p  ែចកនឹង 7 ឱយសំណល់ 4,2,1  ។ 

-ករណី  1q2m,1p14m 22 −−−−====++++====   

េគបន 1q21p14 22 −−−−====++++  ឬ 1p7q 22 ====−−−−  ជសមកីរមនចេមលយ 

កនុងសំណំុ IN  េរពះ 22 p7q −−−−  ែចកនងឹ 7 អចឱយសំណល់ 1 ។ 

េហតុេនះ មនគូ  INq,p ∈∈∈∈  ែដល  1q2m,1p14m 22 −−−−====++++====   

 កនុងករណីេនះេគបន m221n2822 2 ++++====++++++++   

ចំេពះ 1q2m 2 −−−−====  េគបន  

222 q4)1q2(221n2822 ====−−−−++++====++++++++  ជកេររបកដ ។ 

ឬេគអចយក 1p14m 2 ++++====  េគបន  ៖  
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4p28)1p14(221n2822 222 ++++====++++++++====++++++++  

                    
22 q4)1p7(4 ====++++====  ជកេររបកដ។ 

 េរពះ 1p7q 22 ====−−−−   ឬ 22 q1p7 ====++++   ។ 

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ៣ី    ៣    ៣    ៣    រសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចំនួនគត ់

តមបរមប ់ 1n2822 2 ++++++++  ជចនួំនគតន់ឱំយមនចំនួនគតវ់ជិជមន p  

ែដល 1p4p4)1p2(1n28 222 ++++++++====++++====++++  

េគបន 2n7)1p(p ====++++  េដយ 1)1p,p(GCD ====++++  

េរពះ 1p)1p( ====−−−−++++  (តមរទឹសតីបទ Bezout  ) 

េគទញបន p  ែចកដចន់ឹង 7  ឬ 1p ++++  ែចកដចន់ឹង 7 ។ 

-ករណី p  ែចកដចន់ឹង 7  ៖  

តម 2n7)1p(p ====++++  េគទញបន 22 t1p,k7p ====++++====   

រគបច់នួំនគតវ់ជិជមន k  និង t  េហយ 1)t,k(GCD ====   ។ 

េគមន 22 t1k7 ====++++  ឬ 1k7t 22 ====−−−−   ជសមកីរមនឬសកនុង IN  
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េរពះ 22 k7t −−−−  ែចកនងឹ 7 មនសំណល់ 2,1  ឬ 4 ។ 

-ករណី 1p ++++  ែចកដចន់ឹង 7  ៖  

តម 2n7)1p(p ====++++  េគទញបន 22 t71p,kp ====++++====  

រគបច់នួំនគតវ់ជិជមន k  និង t  េហយ 1)t,k(GCD ====  ។ 

េគមន 22 t71k ====++++  ឬ 1t7k 22 −−−−====−−−−   ជសមកីរគម នឬសកនុង IN  

េរពះ 22 t7k −−−−  ែចកនងឹ 7 មនិអចមនសំណល់ 1−−−− េទ ។ 

ចំេពះ 22 t1p,k7p ====++++====   ែដល 1k7t 22 ====−−−−   េគមន 

22 t44p4)1p2(221n2822 ====++++====++++++++====++++++++ ជកេរ ។ 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័136 

 

លហំត់ទី៣១ 

េគឱយរតេីកណ ABC  មយួមនមុកំនុងជមុរំសួច ។ ចូរបងហ ញថ  ៖  

CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++   

ដំេណះរសយ 

បងហ ញថ CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++  

តមរទឹសតីបទសីុនូស 

R2
Csin

c
Bsin

b
Asin

a ============    ( :R ករំងវងច់រកឹេរករតេីកណ ) 

េគទញ )I(

CsinR2c

BsinR2b

AsinR2a









====
====
====

 

តមរទឹសតីបទកូសីុនូស 

)II(Acosbc2cba 222 −−−−++++====  

យក  )I(  ជួសកនុង )II(  េគបន  ៖  

AcosCsinBsin2CsinBsinAsin

AcosCsinBsinR8CsinR4BsinR4AsinR4
222

2222222

−−−−++++====

−−−−++++====  
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េគទញ 
CsinBsin2

AsinCsinBsin
Acos

222 −−−−++++====  

េហតុេនះ )1(
AsinCsinBsin2

AsinCsinBsin
Acot

222 −−−−++++====  

ដូចគន ែដរ )2(
BsinAsinCsin2

BsinAsinCsin
Bcot

222 −−−−++++====  

េហយនឹង )3(
CsinBsinAsin2

CsinBsinAsin
Ccot

222 −−−−++++====  

បូកទនំកទ់នំង )2(;)1(  និង )3(  េគទទួលបន   ៖  

)4(
CsinBsinAsin2

CsinBsinAsin
CcotBcotAcot

222 ++++++++====++++++++   

មយ៉ងេទៀតេគមន ππππ====++++++++ CBA  ឬ CBA −−−−ππππ====++++  

េគបន )Ctan()BAtan( −−−−ππππ====++++  

          Ctan
BtanAtan1
BtanAtan −−−−====

−−−−
++++  

េគទញ CtanBtanAtanCtanBtanAtan ====++++++++  

គុណអងគទងំពរីនឹង CcotBcotAcot         

       េគបន 1AcotCcotCcotBcotBcotAcot ====++++++++  
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តមវសិមភព GMAM −−−−  ចំេពះរគប ់ 0z;y;x >>>>  

េគមន 









≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++

zx2xz

yz2zy

xy2yx

22

22

22

 

េគបន )zxyzxy(2)zyx(2 222 ++++++++≥≥≥≥++++++++  

ឬ          zxyzxyzyx 222 ++++++++≥≥≥≥++++++++  

ែថមអងគទងំពរីនងឹ zx2yz2xy2 ++++++++  េគបន  ៖  

)zxyzxy(3)zyx( 2 ++++++++≥≥≥≥++++++++  

េដយយក Ccotz;Bcoty;Acotx ============   

េគបន 3)CcotBcotA(cot 2 ≥≥≥≥++++++++  

នឱំយ  )5(3CcotBcotAcot ≥≥≥≥++++++++  

តមទំនកទ់នំង )4(  និង )5(  េគបន  

3
CsinBsinAsin2

CsinBsinAsin 222

≥≥≥≥
++++++++

  

ដូចេនះ CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++   
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លហំត់ទី៣២ 

េគឲយ 1a ≥≥≥≥  និង 1b ≥≥≥≥  ។ 

ចូរបងហ ញថ  )
2

ba
(log2blogalog 222

++++≤≤≤≤++++  

ដំេណះរសយ 

បងហ ញថ  )
2

ba
(log2blogalog 222

++++≤≤≤≤++++  

ចំេពះ  1a ≥≥≥≥  និង 1b ≥≥≥≥   

េយងមន b.a2ba ≥≥≥≥++++  (  វសិមភព GMAM −−−− ) 

ឬ   b.a
2

ba ≥≥≥≥
++++   

នឲំយ )blogalog(
2
1

)
2

ba
(log 222 ++++≥≥≥≥

++++  

ឬ   )1()
2

ba
(log2blogalog 222

++++≤≤≤≤++++  

មយ៉ងេទៀតេគមន ៖ 
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blog.alog2blogalog 2222 ≥≥≥≥++++  

)2()blogalog(
2
1

blogalog

)blogalog()bloga(log2

blogblog.alog2alog)bloga(log2

2
2222

2
2222

222222

++++≥≥≥≥++++

++++≥≥≥≥++++

++++++++≥≥≥≥++++

 

តមទំនកទ់នំង )1(  និង )2(  េយងទញ៖ 

 

)
2

ba
(log2blogalog

)
2

ba
(log4)blogalog(

)
2

ba
(log2)blogalog(

2
1

222

2
2

22

2
2

22

++++≤≤≤≤++++

++++≤≤≤≤++++

++++≤≤≤≤++++

 

ដូចេនះ  2 2 2log log 2 log ( )
2

a b
a b

+++++ ≤+ ≤+ ≤+ ≤   ។ 
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លហំត់ទី៣៣ 

គណនផលគុណ  ៖  

(((( ))))∏∏∏∏
==== 












−−−−

++++====
n

1k
2k2

k2

n
2tan1

x2tan1
P   ែដល 2n2

|x| ++++
ππππ<<<<  

ដំេណះរសយ 

គណនផលគុណ      (((( ))))∏∏∏∏
==== 












−−−−

++++====
n

1k
2k2

k2

n
2tan1

x2tan1
P  

តមរបូមនត 
atan1

atan1
a2cos 2

2

++++
−−−−====  

េគបន  
x2tan1

x2tan1
x2cos k2

k2
1k

++++
−−−−====++++  

េហយ 
x2cos

x2cos

x2cos

2sin2cos
2tan1 k2

1k

k2

k2k2
k2

++++
====−−−−====−−−−  

េគបន 
x2cos

x2cos

)x2tan1(

x2tan1
1k2

k2

2k2

k2

++++====
−−−−
++++  

ដូចេនះ 
x2cos

x2cos

x2cos

x2cos
P 1n2

2n

1k
1k2

k2

n ++++
====

++++ ====








==== ∏∏∏∏    ។ 
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លហំត់ទី៣៤(IMO 1969) 

េគឱយចំនួនពតិ 212121 z,z,y,y,x,x  េផទៀងផទ ត ់ 0x,0x 21 >>>>>>>>  

0zyx 2
111 >>>>−−−−  និង 0zyx 2

222 >>>>−−−−   ។ 

ចូររសយថ  ៖  

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8

−−−−
++++

−−−−
≤≤≤≤

++++−−−−++++++++  

ដំេណះរសយ 

រសយថ  ៖  

(*)
zyx

1

zyx

1

)zz()yy)(xx(

8
2

222
2

111
2

212121 −−−−
++++

−−−−
≤≤≤≤

++++−−−−++++++++   

តង 0zyxb;0zyxa 2
222

2
111 >>>>−−−−====>>>>−−−−====   

និង 2
212121 )zz()yy)(xx(c ++++−−−−++++++++====  

េដយ 0x1 >>>>  និង 0x2 >>>>  េនះ 0
x
za

y
1

2
1

1 >>>>++++====  និង 0y2 >>>>  

េគមន  ៖  
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211221
2

222
2

111 zz2yxyx)zyx()zyx(c −−−−++++++++−−−−++++−−−−====  

211221 zz2yxyxbac −−−−++++++++++++====  

េដយ 2
111 zyxa −−−−====   េនះ 

1

2
1

1 y
za

x
++++====  

 និង  2
222 zyxb −−−−====  េនះ 

2

2
2

2 y
zb

x
++++====  

េគបន 21
2

2
2

1
1

2
1

2 zz2)
y

zb
(y)

y
za

(ybac −−−−++++++++++++++++++++====  

            
2

2
2

1
21

2
1

1

2

2

1

1

2 z
y
y

zz2z
y
y

b
y
y

a
y
y

ba ++++−−−−++++++++++++++++====  

             

2

2
2

1
1

1

2

2

1

1

2 z
y
y

z
y
y

b
y
y

a
y
y

ba 







−−−−++++++++++++++++====  

េដយ 0z
y
y

z
y
y

2

2
2

1
1

1

2 ≥≥≥≥







−−−−  េនះេគទញបន  ៖  

b
y
y

a
y
y

bac
2

1

1

2 ++++++++++++≥≥≥≥  េដយ ab2b
y
y

a
y
y

2

1

1

2 ≥≥≥≥++++  

េនះ )1()ba(ab2bac 2++++====++++++++≥≥≥≥   
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េយងឧបមថវសិមភព (*)  ពតិេពលគឺ  b
1

a
1

c
8 ++++≤≤≤≤  ពតិ 

េគបន 
ba

ab8
c

++++
≥≥≥≥  េដយ 2)ba(c ++++≥≥≥≥   (តមវសិមភព )1(  ) 

េយងនឹងរសយថ  

សមមូល ab8)ba)(ba( 2 ≥≥≥≥++++++++  

តមវសិមភព GMAM −−−−  េគមន  ៖  

ab2ba ≥≥≥≥++++   េហយ ab4)ba( 2 ≥≥≥≥++++  

េនះ ab8)ba)(ba( ≥≥≥≥++++++++   ពតិ 

ដូចេនះ  

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8

−−−−
++++

−−−−
≤≤≤≤

++++−−−−++++++++   

វសិមភពេនះកល យសមភពលុះរតែត  ៖  

2

1
2

1

2
1 y

y
z

y
y

z ====   ឬ 1221 yzyz ====  និង b
y
y

a
y
y

2

1

1

2 ====   ។ 

 

ba
ab8

)ba( 2

++++
≥≥≥≥++++
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លហំត់ទី៣៥ 

េគឱយ ∑∑∑∑
====

++++++++++++++++====








====

n

1k
n

2

3

2

2

22

k

2

n 3

n
....

3

3

3

2
3
1

3

k
S   

គណន nS  ជអនុគមនៃ៍ន n  រចួទញរក n
n

Slim
+∞+∞+∞+∞→→→→  

ដំេណះរសយ 

គណន nS  ជអនុគមនៃ៍ន n  ៖ 

∑∑∑∑
====

++++++++++++++++====








====

n

1k
n

2

3

2

2

22

k

2

n 3

n
....

3

3

3

2
3
1

3

k
S  

តង k

2

k 3

k
t ====   ចំេពះរគប ់ 1k ≥≥≥≥  

េគបន  kk

2

k

2

k1k 3

1k2

3

k

3

)1k(
tt3

++++====−−−−++++====−−−−++++  

យក kk1kk 3

1k2
tt3T

++++====−−−−==== ++++  

េគបន kkkk1k 3

2

3

1k2

3

3k2
TT3 ====++++−−−−++++====−−−−++++  

ឬ kk1k1k2k 3

2
)tt3()tt3(3 ====−−−−−−−−−−−− ++++++++++++  
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 ឬ   kk1k2k 3

2
tt6t9 ====++++−−−− ++++++++  

េដយេគមន ៖ 

kk1k1k2kk1k2k t4)tt(3)tt(9tt6t9 ++++−−−−++++−−−−====++++−−−− ++++++++++++++++++++  

េគទញ )tt(
4
3

)tt(
4
9

3

1
.

2
1

t k1k1k2kkk −−−−−−−−−−−−−−−−==== ++++++++++++  

េគបន (((( )))) (((( ))))∑∑∑∑∑∑∑∑∑∑∑∑
====

++++
====

++++++++
====

−−−−−−−−−−−−−−−−






====
n

1k
k1k

n

1k
1k2k

n

1k
kk tt

4
3

tt
4
9

3

1
2
1

S  

              

121n2nn

11n22n

n

t
4
3

t
4
9

t
4
3

t
4
9

)
3

1
1(

4
1

)tt(
4
3

)tt(
4
9

3
1

1

3

1
1

.
6
1

++++++++−−−−−−−−−−−−====

−−−−−−−−−−−−−−−−
−−−−

−−−−
====

++++++++

++++++++

 

េដយ k

2

k 3

k
t ====    

េគបន 2n

2

2n1n

2

1n21 3

)2n(
t;

3

)1n(
t;

9
4

t;
3
1

t ++++++++++++++++
++++====++++============  

3
1

.
4
3

9
4

.
4
9

3

)1n(
.

4
3

3

)2n(
.

4
9

3.4

1
4
1

S 1n

2

2n

2

nn ++++++++++++−−−−++++−−−−−−−−==== ++++++++  
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ដូចេនះ n

2

n 3

3n3n
.

2
1

2
3

S
++++++++−−−−====  

េដយ 0
3

3n3n
lim n

2

n
====++++++++

+∞+∞+∞+∞→→→→
 

ដូចេនះ  
2
3

Slim n
n

====
+∞+∞+∞+∞→→→→

  ។ 
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លហំត់ទី៣៦ 

េគមន  

111111445556,11114556,1156 222222 ====−−−−====−−−−====−−−−  

1111111144455556 22 ====−−−−   ។  

ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ និងរសយបញជ ករ់បូមនតេនះផង  

ដំេណះរសយ 

រករបូមនតទូេទ នងិរសយបញជ ក ់៖ 

េគមន  

111111445556

11114556

1156

22

22

22

====−−−−
====−−−−

====−−−−

 

1111111144455556 22 ====−−−−  
តមលំនែំដលេគឲយេយងអចសរេសររបូមនតទូេទដូចខងេរកម ៖ 

���������������

)n2()n(

2

)n(

2 111.......111445.....444556....555 ====−−−−   
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សរមយេផទៀងផទ តរ់បូមនតេនះ ៖ 

តង ����������

)n(

2

)n(

2
n 445.....444556....555T −−−−====   

(((( ))))

(((( ))))
9

999.........999

9
110

)
9

110
(110

1)110(
9
4

1)110(
9
5

1)110(
9
4

1)110(
9
5

1)110(
9
4

1)110(
9
5

)1444......444(1555.....555

)n2(
n2n

n

nnnn

2
n

2
n

22

�������

====
−−−−====

−−−−++++====






 −−−−−−−−−−−−++++−−−−




 ++++−−−−++++++++−−−−====








 ++++−−−−−−−−






 ++++−−−−====

++++−−−−++++====

 

  �������

)n2(

n 111..........111T ====
  ពតិ ។ 

ដូចេនះ ���������������

)n2()n(

2

)n(

2 111.......111445.....444556....555 ====−−−−    
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័50 

 

លហំត់ទី៣៧( Greece National Olympiad 2011) 

េគឱយ a,b ,c  ជចនួំនពតិវជិជមនែដលមនផលបូកេសម 6  ។  

ចូរកំណតត់ៃមលអតបិរមៃន  3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +   

ដំេណះរសយ 

កំណតត់ៃមលអតបិរមៃន  3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +   

តង 3 32 2u a 2bc , v b 2ca= + = += + = += + = += + = +  និង 3 2w c 2ab= += += += +  

េគមន  

3 3 3 2 2 2 2u v w a 2bc b 2ca c 2ab (a b c)+ + = + + + + + = + ++ + = + + + + + = + ++ + = + + + + + = + ++ + = + + + + + = + +  

ែតតមសមមតកិមម a b c 6+ + =+ + =+ + =+ + =   េនះ 3 3 3u v w 36 (1)+ + =+ + =+ + =+ + =  

េហយ S u v w (2)= + += + += + += + +  

ចំេពះរគប ់x 0>>>>  េយងេរជសេរ ស 3f (x) x====  

េគមន 2f '(x) 3x====  និង f ''(x) 6x 0= >= >= >= >   

េនះតមវសិមភព Jensenេគបន 
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u v w
f (u) f (v) f (w) 3f ( ) , u, v,w 0

3
+ ++ ++ ++ ++ + ≥ ∀ >+ + ≥ ∀ >+ + ≥ ∀ >+ + ≥ ∀ >  

េគបន 
3

3 3 3 3u v w 1
u v w 3 (u v w) (3)

3 9
+ ++ ++ ++ +    + + ≥ = + ++ + ≥ = + ++ + ≥ = + ++ + ≥ = + +    

    
 

តមទំនកទ់នំង  (1),(2)& (3)  េគបន  
3S

36
9

≥≥≥≥   នឱំយ 3S 3 12≤≤≤≤  

ដូចេនះតៃមលអតបិរមៃន  3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +   

េសមនឹង 3
maxS 3 12====   ែដលរតូវនឹង a b c 2= = == = == = == = =    ។ 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័52 

 

លហំត់ទី៣៨ 

េគេអយបីចនួំនពតិវជិជមន c,b,a   ។ ចូររសយថ  ៖  

8
3

)ba(

c

)ac(

b

)cb(

a
3

3

3

3

3

3

≥≥≥≥
++++

++++
++++

++++
++++

   

ដំេណះរសយ 

រសយបញជ កថ់  ៖  8
3

)ba(

c

)ac(

b

)cb(

a
3

3

3

3

3

3

≥≥≥≥
++++

++++
++++

++++
++++

 

តមវសិមភព GMAM −−−− េគបន  ◌ៈ 

)cb(4
a3

)cb(

a
8
1

8
1

3

3

++++
≥≥≥≥

++++
++++++++   

ឬ )1(
4
1

)cb(4
a3

)cb(

a
3

3

−−−−
++++

≥≥≥≥
++++

 

ដូចគន ែដរ )2(
4
1

)ac(4
b3

)ac(

b
3

3

−−−−
++++

≥≥≥≥
++++

 

និង )3(
4
1

)ba(4
c3

)ba(

c
3

3

−−−−
++++

≥≥≥≥
++++
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បូកវសិមភព )3(&)2(,)1(  េគបន  ៖  

4
3

ba
c

ac
b

cb
a

4
3

)ba(

c

)ac(

b

)cb(

a
3

3

3

3

3

3

−−−−








++++
++++

++++
++++

++++
≥≥≥≥

++++
++++

++++
++++

++++
  

េយងនឹងរសយថ 
8
3

4
3

)
ba

c
ac

b
cb

a
(

4
3 ≥≥≥≥−−−−

++++
++++

++++
++++

++++  

ឬ 
2
3

ba
c

ac
b

cb
a ≥≥≥≥

++++
++++

++++
++++

++++  

តង 








====++++
====++++
====++++

pba

nac

mcb

        

េគបន (((( )))) (((( )))) (((( )))) pnmbaaccb ++++++++====++++++++++++++++++++   

នឱំយ 
2

pnm
cba

++++++++====++++++++  

េគទញ 















−−−−++++====

++++−−−−====

−−−−++++====

2
pnm

c

2
pnm

b

2
mpn

a

 

េគបន 
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    p2
pnm

n2
pnm

m2
mpn

ba
c

ac
b

cb
a −−−−++++++++

++++−−−−++++
−−−−++++====

++++
++++

++++
++++

++++  









−−−−






 ++++++++






 ++++++++






 ++++====
++++

++++
++++

++++
++++

3
n
p

p
n

p
m

m
p

n
m

m
n

2
1

ba
c

ac
b

cb
a  

តមវសិមភព GMAM −−−−  េគបន  

    2
n
p

p
n

;2
p
m

m
p

;2
n
m

m
n ≥≥≥≥++++≥≥≥≥++++≥≥≥≥++++  

េគបន (((( ))))
2
3

3222
2
1

ba
c

ac
b

cb
a ====−−−−++++++++≥≥≥≥

++++
++++

++++
++++

++++   ពតិ 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័55 

 

លហំត់ទី៣៩ 

េគឲយអនុគមន ៍
1x3x3

1x3x3x
)x(f

2

23

++++−−−−
++++−−−−++++====   

កំនតច់ំេពះរគប ់ IRx ∈∈∈∈  ។ 

ចំេពះរគបច់ំនួនពតិវជិជមន a និង b  ចូររសយបញជ កថ់ ៖ 










++++++++
++++++++++++≥≥≥≥







 ++++++++
ba2
abba1

f
2

ba1
f  ។ 

ដំេណះរសយ 

រសយបញជ កថ់ 








++++++++
++++++++++++≥≥≥≥







 ++++++++
ba2
abba1

f
2

ba1
f    

េយងមន 1x3x3

1x3x3x
)x(f

2

23

++++−−−−
++++−−−−++++====  កំនតច់ំេពះរគប ់ IRx ∈∈∈∈  

IRx,0
)1x3x3(

)1x(x3

)1x3x3(

x3x6x3

)1x3x3(

)1x3x3x)(3x6()1x3x3)(3x6x3(
)x('f

22

22

22

234

22

2322

∈∈∈∈∀∀∀∀≥≥≥≥
++++−−−−

−−−−====
++++−−−−
++++−−−−====

++++−−−−
++++−−−−++++−−−−−−−−++++−−−−−−−−++++====

 

ដូចេនះ )x(f  ជអនុគមនេ៍កនេល IR  ។ 
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មយ៉ងេទៀតេយងសនមតថ ba2
abba1

2
ba1

++++++++
++++++++++++≥≥≥≥

++++++++   

េគបន abba1
ba2

ba1
2

++++++++++++
++++++++≤≤≤≤

++++++++  

     

b1
1

a1
1

ba1
2

)b1)(a1(
)b1()a1(

ba1
2

++++
++++

++++
≤≤≤≤

++++++++

++++++++
++++++++++++≤≤≤≤

++++++++  

េដយ a1
1

ba1
1

++++
≤≤≤≤

++++++++  និង b1
1

ba1
1

++++
≤≤≤≤

++++++++   

រគបច់នួំនពតិវជិជមន a និង b។ 

េគទញ b1
1

a1
1

ba1
2

++++
++++

++++
≤≤≤≤

++++++++   

នឲំយករសនមត ba2
abba1

2
ba1

++++++++
++++++++++++≥≥≥≥

++++++++ ពិត។ 

ដូចេនះតមលកខណះអនុគមនេ៍កនេគទញបន ៖ 










++++++++
++++++++++++≥≥≥≥







 ++++++++
ba2
abba1

f
2

ba1
f  ។ 
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លហំត់ទី៤០ 

គណនផលបូក  ៖  

∑∑∑∑
====

++++++++ 








−−−−−−−−
====

n

1k
1k1kkk

k

n )23)(23(
6

S  

រចួទញរកតៃមល  n
n

Slim
+∞+∞+∞+∞→→→→   ។ 

ដំេណះរសយ 

គណនផលបូក ∑∑∑∑
====

++++++++ 








−−−−−−−−
====

n

1k
1k1kkk

k

n )23)(23(
6

S  

េគមន  
)23)(23(

6

23

3

23

3
1k1kkk

k

1k1k

1k

kk

k

++++++++++++++++

++++

−−−−−−−−
====

−−−−
−−−−

−−−−
 

េគបន ∑∑∑∑
====

++++++++

++++












−−−−
−−−−

−−−−
====

n

1k
1k1k

1k

kk

k

n 23
3

23
3

S  

ដូចេនះ 1n1n

1n

n 23

3
3S ++++++++

++++

−−−−
−−−−====   ។ 

េហយ 213
23

3
3limSlim 1n1n

1n

n
n

n
====−−−−====










−−−−
−−−−==== ++++++++

++++

+∞+∞+∞+∞→→→→+∞+∞+∞+∞→→→→
 

ដូចេនះ  2Slim n
n

====
+∞+∞+∞+∞→→→→     ។ 
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លហំត់ទី៤១ 

េគឲយ θθθθ  ជចំនួនពតិែដល 
2

0
ππππ<<<<θθθθ<<<<   ។ 

ចូរបងហ ញថ  (((( )))) (((( )))) 1cossin sincos >>>>θθθθ++++θθθθ θθθθθθθθ   

ដំេណះរសយ 

បងហ ញថ  (((( )))) (((( )))) 1cossin sincos >>>>θθθθ++++θθθθ θθθθθθθθ  

តមវសិមភព Bernoulli   

េគមន 0,1x,x1)x1( >>>>αααα−−−−>>>>∀∀∀∀αααα++++≤≤≤≤++++ αααα  

េយងមន ៖ 

θθθθ
θθθθθθθθ−−−−θθθθ++++θθθθ<<<<









θθθθ

θθθθ
θθθθ−−−−θθθθ++++<<<<









θθθθ










θθθθ
θθθθ−−−−++++====









θθθθ

θθθθ

θθθθ

θθθθθθθθ

sin
cossincossin

sin
1

sin
)sin1(cos

1
sin

1

sin
sin1

1
sin

1

cos

cos

coscos

 

ឬ (((( )))) )1(
cossincossin

sin
sin cos

θθθθθθθθ−−−−θθθθ++++θθθθ
θθθθ>>>>θθθθ θθθθ  
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រសយដូចខងេលេនះែដរេយងបន៖ 

  (((( )))) )2(
cossincossin

cos
cos sin

θθθθθθθθ−−−−θθθθ++++θθθθ
θθθθ>>>>θθθθ θθθθ  

បូកវសិមភព )1(  និង )2( ខងេលេនះេយងបន ៖ 

(((( )))) (((( ))))
θθθθθθθθ−−−−θθθθ++++θθθθ

θθθθ++++θθθθ>>>>θθθθ++++θθθθ θθθθθθθθ

cossincossin
cossin

cossin sincos  

េដយេគមន 1
cossincossin

cosson >>>>
θθθθθθθθ−−−−θθθθ++++θθθθ

θθθθ++++θθθθ  

ដូចេនះ (((( )))) (((( )))) 1cossin sincos >>>>θθθθ++++θθθθ θθθθθθθθ   ។ 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័60 

 

លហំត់ទី៤២ 

ចូរកំនតរ់គបគូ់តៃមលគត ់ 3n,m ≥≥≥≥  េបេគដងឹថចំេពះរគប ់

ចំនួនគតវ់ជិជមន a  េគមន  
1aa
1aa

2n

m

−−−−++++
−−−−++++  ជចំនួនគត ់។ 

ដំេណះរសយ 

កំនតរ់គបគូ់តៃមលគតវ់ជិជមន )n,m(  ៖ 

េដមបឲីយ  1aa
1aa

2n

m

−−−−++++
−−−−++++  ជចំនួនគតលុ់ះរតែត 1aa 2n −−−−++++   

ជកតត រមួៃន  1aam −−−−++++  េហយ nm >>>>  ។ 

េយងយក m n k , k IN= + ∈= + ∈= + ∈= + ∈ េយងបន ៖ 

)1aa)(a1()1aa(a

1aa1aa
k1k2nk

knm

−−−−++++−−−−++++−−−−++++====
−−−−++++====−−−−++++

++++

++++

 

តមទំនកទ់នំងេនះេដមបឲីយ 1aa 2n −−−−++++  ជកតត រមួៃន 1aam −−−−++++  

លុះរតែត 1kn ++++====  និង 2k =  ។ 

ដូចេនះ )3,5()n,m( ====  ។ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័61 

 

លហំត់ទី៤៣(BMO 2010) 

េគឱយ c,b,a  ជចនួំនពតិវជិជមន ។  

ចូរបងហ ញថ  0
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba 222

≥≥≥≥
++++

−−−−++++
++++

−−−−++++
++++

−−−−
   

ដំេណះរសយ 

បងហ ញថ  ◌ៈ  

 0
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba 222

≥≥≥≥
++++

−−−−++++
++++

−−−−++++
++++

−−−−
   

េគមន  

abc
ba
ca

.ab
ba

)ba(abc)ca(ab

ba
)cabbca()cabba(

ba
bcaba

ba
)cb(ba

2
2

222222222

−−−−
++++
++++====

++++
++++−−−−++++====

++++
++++−−−−++++====

++++
−−−−====

++++
−−−−

 

េគបន )1(abc
ba
ca

.ab
ba

)cb(ba 2
2

−−−−
++++
++++====

++++
−−−−  

រសយបំភលដូឺចគន ែដរេគបន )2(abc
cb
ab

bc
cb

)ac(cb 2
2

−−−−
++++
++++====

++++
−−−−  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័62 

 

និង )3(
ac
bc

ca
ac

)ba(ac 2
2

++++
++++====

++++
−−−−  

បូកសមភព )2(,)1(  និង )3(  អងគនិងអងគេគបន   ៖  

abc3
ac
bc

ca
cb
ab

bc
ba
bc

abT 222 −−−−
++++
++++++++

++++
++++++++

++++
++++====    

ែដល 
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba
T

222

++++
−−−−++++

++++
−−−−++++

++++
−−−−====    

តមវសិមភព GMAM −−−−  េគមន  ៖  

    abc3
ac
bc

ca
cb
ab

bc
ba
bc

ab 222 ≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

   

ឬ   0abc3
ac
bc

ca
cb
ab

bc
ba
bc

ab 222 ≥≥≥≥−−−−
++++
++++++++

++++
++++++++

++++
++++    

ដូចេនះ  0
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba 222

≥≥≥≥
++++

−−−−++++
++++

−−−−++++
++++

−−−−    ។ 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័63 

 

លហំត់ទី៤៤  ( IMO Shortlist 2009 ) 

េគឱយ c,b,a  ជចនួំនពតិវជិជមន េដយដងឹថ  

cba
c
1

b
1

a
1 ++++++++====++++++++ ។  ចូរបងហ ញថ  

16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++  

ដំេណះរសយ 

រសយថ 16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++   

េគមន 222 )cb()cb(a4a4)cba2( ++++++++++++++++====++++++++   

                                2

22

)cb()ca)(ba(4

)cb(bc4ac4ab4a4

−−−−++++++++++++====

−−−−++++++++++++++++====
 

េដយ 0)cb( 2 ≥≥≥≥−−−−  េនះ )ca)(ba(4)cba2( 2 ++++++++≥≥≥≥++++++++  

េគទញ  )1(
)ca)(ba(4

1

)cba2(

1
2 ++++++++

≤≤≤≤
++++++++    

រសយដូចគន ែដរេគបន  )2(
)cb)(ba(4

1

)cb2a(

1
2 ++++++++

≤≤≤≤
++++++++   



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័64 

 

និង )3(
)ca)(cb(4

1

)c2ba(

1
2 ++++++++

≤≤≤≤
++++++++     

បូកវសិមភព )2(,)1(  និង )3(  េគបន  ៖  

)ac)(cb)(ba(2
cba

S

)ca)(cb(4
1

)cb)(ba(4
1

)ca)(ba(4
1

S

++++++++++++
++++++++≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
≤≤≤≤

 

ពនិិតយ abc)ac)(cb)(ba()cabcab)(cba( ====++++++++++++−−−−++++++++++++++++  

តមវសិមភព GMAM −−−−  េគមន  ៖  

abc8ca2.bc2.ab2)ac)(cb)(ba( ====≥≥≥≥++++++++++++  

េគទញបន  

)cabcab)(cba(
9
8

)ac)(cb)(ba( ++++++++++++++++≥≥≥≥++++++++++++   

តមសមមតកិមមេគមន cba
c
1

b
1

a
1 ++++++++====++++++++  

េគបន )cabcab)(
c
1

b
1

a
1

(
9
8

)ac)(cb)(ba( ++++++++++++++++≥≥≥≥++++++++++++    



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័65 

 

         
abc

)cabcab(
9
8

)ac)(cb)(ba(
2++++++++≥≥≥≥++++++++++++    

េដយ )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  េនះេគទញ 

)cba(
3
8

)ac)(cb)(ba( ++++++++≥≥≥≥++++++++++++   េនះ 
16
3

8
3

.
2
1

S ====≤≤≤≤  

ដូចេនះ 16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++    

 

 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័66 

 

លហំត់ទី៤៥ 

េគតង r  និង R  េរៀងគន ជកៃំនរងវងច់រកិកនុង និង ចរកិេរក 

របស់រតេីកណែកង ABC  មយួ ។ 

ចូររសយបញជ កថ់ r)21(R ++++≥≥≥≥   ? 

ដំេណះរសយ 

រសយបញជ កថ់ r)21(R ++++≥≥≥≥  

តង CcosBcosAcosT ++++++++====  

      

2
C

sin
2
B

sin
2
A

sin41

)
2

CB
cos

2
CB

(cos
2
A

sin21

)
2

CB
cos

2
A

sin(
2
A

sin21

2
CB

cos
2
A

sin2
2
A

sin21

2
CB

cos
2

CB
cos2

2
A

sin21

2

2

++++====

−−−−−−−−
++++−−−−====

−−−−−−−−−−−−====

−−−−++++−−−−====

−−−−++++++++−−−−====

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័67 

 

េគបន (((( ))))1
2
C

sin
2
B

sin
2
A

sin41CcosBcosAcos ++++====++++++++  

តមរទឹសតីបទកូសីុនូស Acosbc2cba 222 −−−−++++====  

េដយ 
2
A

sin21Acos 2−−−−====   

េគបន 
2
A

sinbc4bc2cba 2222 ++++−−−−++++====  

េគទញ 
bc4

)cba)(cba(
bc4

)cb(a
2
A

sin
22

2 −−−−++++++++−−−−====−−−−−−−−====  

យក 
2

cba
p

++++++++====  នឲំយ 




−−−−====−−−−++++
−−−−====++++−−−−

)cp(2cba

)bp(2cba
 

េគបន 
bc

)cp)(bp(
bc4

)cp)(bp(4
2
A

sin2 −−−−−−−−====−−−−−−−−====  

េគទញ 
bc

)cp)(bp(
2
A

sin
−−−−−−−−====  

ដូចគន ែដរ 
ab

)bp)(ap(
2
C

sin;
ac

)cp)(ap(
2
B

sin
−−−−−−−−====−−−−−−−−====  

េគបន )2(
abc

)cp)(bp)(ap(
2
C

sin
2
B

sin
2
A

sin
−−−−−−−−−−−−====  

តមរបូមនតរកឡៃផទរតេីកណ ៖ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័68 

 

R4
abc

pr)cp)(bp)(ap(pS ========−−−−−−−−−−−−====  

េគទញបន 








============−−−−−−−−−−−−

====

r.S
p

r.p.S
p
S

)cp)(bp)(ap(

RS4abc
2  

តម )2(  អចសរេសរ ៖ 

(((( ))))3
R4
r

2
C

sin
2
B

sin
2
A

sin ====  

យកទំនកទ់នំង )3(  ជួសកនុង )1(  េគបន ៖ 

(((( ))))4
R
r

1CcosBcosAcos ++++====++++++++  

េដយ ABC  ជរតេីកណែកងេនះេគអចេរជសេរ សយក 2
A

ππππ====  

េហយ C
2

B −−−−ππππ====  ជួសកនុងទនំកទ់នំង )4(  េគបន ៖ 

(((( ))))5
R
r

1CcosCsin

R
r

1Ccos)C
2

cos(
2

cos

++++====++++

++++====++++−−−−ππππ++++ππππ

 

តមទំនកទ់នំង 2)C
4

sin(2CcosCsin ≤≤≤≤++++ππππ====++++  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័69 

 

េនះតម )5(  េគបន 2
R
r

1 ≤≤≤≤++++  

នឲំយ r)12(
12

r
R ++++====

−−−−
≥≥≥≥   

ដូចេនះ r)21(R ++++≥≥≥≥  ។ 

វសិមភពេនះកល យជសមភពកលណ ៖ 

2)C
4

sin(2CcosCsin ====++++ππππ====++++  នឲំយ 
4

C
ππππ==== និង 4

B
ππππ====  

េពលគឺរតេីកណ ABC  ជរតេីកណែកងសមបត ។ 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័70 

 

លហំត់ទី៤៦ 

េគឱយ z,y,x  ជបចីំនួនពតិវជិជមនែដលេផទៀងផទ ត ់ 1xyz ====   ។ 

ចូរបងហ ញវសិមភព  ៖  

zyx
y

)1xz(
x

)1zy(
z

)1yx( 222

++++++++≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++
 

ដំេណះរសយ 

បងហ ញវសិមភព  ៖  

zyx
y

)1xz(
x

)1zy(
z

)1yx( 222

++++++++≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++
  

រេបៀបទី១   

តមវសិមភព GMAM −−−−  េគបន  ៖  

)3()1xz(2|1xz|2y
y

)1xz(

)2()1zy(2|1zy|2x
x

)1zy(

)1()1yx(2|1yx|2z
z

)1yx(

2

2

2

−−−−++++≥≥≥≥−−−−++++≥≥≥≥++++−−−−++++

−−−−++++≥≥≥≥−−−−++++≥≥≥≥++++−−−−++++

−−−−++++≥≥≥≥−−−−++++≥≥≥≥++++
−−−−++++

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័71 

 

បូកវសិមភព )3(,)2(,)1(  អងគនឹងអងគេគបន  ៖  

6)zyx(3
y

)1xz(
x

)1zy(
z

)1yx( 222

−−−−++++++++≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++  

េដយ 3xyz3zyx 3 ====≥≥≥≥++++++++      េរពះ 1xyz ====  

េគបន 6)zyx(2 ≥≥≥≥++++++++  

ឬ       06)zyx(2 ≥≥≥≥−−−−++++++++  

ឬ        zyx6)zyx(3 ++++++++≥≥≥≥−−−−++++++++  

ដូចេនះ zyx
y

)1xz(
x

)1zy(
z

)1yx( 222

++++++++≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++  

រេបៀបទី២ 

េគតង  

)zyx(
y

)1xz(
x

)1zy(
z

)1yx(
T

222

++++++++−−−−−−−−++++++++−−−−++++++++−−−−++++====  

េដយេរបវសិមភព cba
)zyx(

c
z

b
y

a
x 2222

++++++++
++++++++≥≥≥≥++++++++   េគបន 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័72 

 

[[[[ ]]]]

zyx
)1zyx)(3zyx(3

T

zyx
)zyx()3z2y2x2(

T

zyx
)zyx()1xz1zy1yx(

T

)zyx(
zyx

|1xz||1zy||1yx|
T

22

22

2

++++++++
−−−−++++++++−−−−++++++++≥≥≥≥

++++++++
++++++++−−−−−−−−++++++++≥≥≥≥

++++++++
++++++++−−−−−−−−++++++++−−−−++++++++−−−−++++≥≥≥≥

++++++++−−−−
++++++++

−−−−++++++++−−−−++++++++−−−−++++≥≥≥≥

 

តមវសិមភព GMAM −−−−  េគមន  ៖  

3xyz3zyx 3 ====≥≥≥≥++++++++    (េរពះ 1xyz ====  ) 

េគទញបន 03zyx ≥≥≥≥−−−−++++++++   នងិ 21zyx ≥≥≥≥−−−−++++++++  

េហតុេនះ 0
zyx

)1zyx)(3zyx(3
T ≥≥≥≥

++++++++
−−−−++++++++−−−−++++++++====  ពតិ 

ដូចេនះ zyx
y

)1xz(
x

)1zy(
z

)1yx( 222

++++++++≥≥≥≥−−−−++++++++−−−−++++++++−−−−++++   ។  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័73 

 

លហំត់ទី៤៧(Greece National Olympiad 2007) 

េគឱយ c,b,a  ជរជុងរបស់រតេីកណមយួ ។  ចូររសយថ  ៖  

cabcab
)bac(c

)acb(
)acb(b

)cba(
)cba(a

)bac( 444

++++++++≥≥≥≥
−−−−++++

−−−−++++++++
−−−−++++

−−−−++++++++
−−−−++++

−−−−++++
                                        

ដំេណះរសយ 

រសយថ  ៖  

cabcab
)bac(c

)acb(
)acb(b

)cba(
)cba(a

)bac( 444

++++++++≥≥≥≥
−−−−++++

−−−−++++++++
−−−−++++

−−−−++++++++
−−−−++++

−−−−++++  

តមវសិមភព GMAM −−−−  េគមន  ៖  

2
4

)bac(2)cba(a
)cba(a

)bac( −−−−++++≥≥≥≥−−−−++++++++
−−−−++++

−−−−++++
  

េគទញ )cba(a)bac(2
)cba(a

)bac( 2
4

−−−−++++−−−−−−−−++++≥≥≥≥
−−−−++++

−−−−++++    

ឬ        )1(bc4ab5ac5c2b2a
)cba(a

)bac( 222
4

−−−−−−−−++++++++++++≥≥≥≥
−−−−++++

−−−−++++    

រសយដូចគន ែដរេគបន  ៖  
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័74 

 

)3(ab4ac5bc5cb2a2
)bac(c

)acb(

)2(ac4bc5ab5c2ba2
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លហំត់ទី៥៣  ( China Team Selection Test 2006) 

េគឱយ  1 2 nx ,x , ....,x     ជចំនួនពតិវជិជមនែដល 
n

i
i 1

x 1
====
∑∑∑∑ ====  ។  

ចូររសយថ  ៖  

(((( )))) 2
n n

i
i 1 i 1

i

1 n
x

1 x n 1= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

    
≤≤≤≤        + ++ ++ ++ +    

  ។ 

ដំេណះរសយ 

តង i i1 x y+ =+ =+ =+ =   េគទញ i ix y 1= −= −= −= −  និង 
n

i
i 1

y n 1
====
∑∑∑∑ = += += += +   ែដល iy 1>>>>  

វសិមភព (((( )))) 2
n n

i
i 1 i 1

i

1 n
x

1 x n 1= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

    
≤≤≤≤        + ++ ++ ++ +    

   សមមូល  ៖  

(((( )))) 2
n n

i
i 1 i 1

i

1 n
y 1

y n 1= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

    
− ≤− ≤− ≤− ≤         ++++    

  

តមវសិមភព Cauchy Schwarz−−−−  ៖ (((( ))))2n n n2 2
i i i i

i 1 i 1 i 1
a b (a ). (b )

= = == = == = == = =
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑≤≤≤≤  

េគយក 1 i i

1
a ,a y 1 i 2

n
= = − ∀ ≥= = − ∀ ≥= = − ∀ ≥= = − ∀ ≥  

េហយ  1 1 i

1
b y 1 , b , i 2

n
= − = ∀ ≥= − = ∀ ≥= − = ∀ ≥= − = ∀ ≥   េគបន  ៖  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័86 

 

2
n n n

i i 1
i 1 i 2 i 2

1 1 1
. y 1 (y 1) y 1

n nn= = == = == = == = =
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

                 − ≤ + − − +− ≤ + − − +− ≤ + − − +− ≤ + − − +                
                

   

េដយ 
n

i 1 1
i 2

(y 1) n 1 y (n 1) 2 y
====
∑∑∑∑ − = + − − − = −− = + − − − = −− = + − − − = −− = + − − − = −  

េហយ   
n

i 2

1 n 1
n n====

∑∑∑∑
−−−−====  េនះេគបន  ៖  

 
n n

i 1 i i
i 2 i 2

1 1 1 2n 1
(y 1) y 1 ( y )(y )

n n n n= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

++++            + − − + = − −+ − − + = − −+ − − + = − −+ − − + = − −            
            

   

                                                       
2

1 1 2

2(n 1) 2n 1
y y

n n
+ ++ ++ ++ += − + −= − + −= − + −= − + −  

េគទញ  
2

n 2
i 1 1 2i 1

1 2(n 1) 2n 1
. y 1 y y

n nn====
∑∑∑∑

+ ++ ++ ++ +    − ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −    
    

  

ឬ  n 2
i 1 1 2i 1

2(n 1) 2n 1
y 1 n y y

n n====
∑∑∑∑

+ ++ ++ ++ +− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −  

ឬ  
n

i 1 2i 1
11

1 2n 2 2n 1 1
y 1 n y .

n n yy ====
∑∑∑∑

+ ++ ++ ++ +− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −   

ដូចគន ែដរេគទញបន  ៖  
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n

i 2 2i 1
22

n

i n 2i 1
nn

1 2n 2 2n 1 1
y 1 n y .

n n yy

1 2n 2 2n 1 1
y 1 n y .

n n yy

====

====

∑∑∑∑

∑∑∑∑

+ ++ ++ ++ +− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −

− − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − −

+ ++ ++ ++ +− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −

 

េដយេធវវធិីបូកអងគ និង អងគៃនបណត វសិមភពខងេលេគបន  ៖  

n n n

i i 2i 1 i 1 i 1
ii

1 2n 2 2n 1 1
y 1 . n y . (*)

n n yy= = == = == = == = =
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

+ ++ ++ ++ +− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −  

តមវសិមភព Cauchy Schwarz−−−−  េគមន  ៖  

n n

i i2 2i 1 i 1
i i

2n 2 2n 1 1 2n 2 2n 1 1
y . n ( y . )

2 n y n n y= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

+ + + ++ + + ++ + + ++ + + +− + − ≤ − + −− + − ≤ − + −− + − ≤ − + −− + − ≤ − + −   

េដយ 
n

i
i 1

2n 2
( y ) (n 1) 2n 2 n 1

n====
∑∑∑∑

++++− + = − + + + = +− + = − + + + = +− + = − + + + = +− + = − + + + = +  

េគបន 
n n

i 2 2i 1 i 1
i i

2n 2 2n 1 1 2n 1 1
y . n n 1 .

2 n y n y= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

+ + ++ + ++ + ++ + +− + − ≤ + −− + − ≤ + −− + − ≤ + −− + − ≤ + −    

េហយ  
2 2

n

n
i 1

i i
i 1

1 (1 1 ... 1) n
y n 1y====

====

∑∑∑∑
∑∑∑∑

+ + ++ + ++ + ++ + +≥ =≥ =≥ =≥ =
++++  
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េគទញ 
2

n

i 2 2i 1
i

2n 2 2n 1 1 2n 1 n
y . n n 1 .

2 n y n n 1====
∑∑∑∑

+ + ++ + ++ + ++ + +− + − ≤ + −− + − ≤ + −− + − ≤ + −− + − ≤ + −
++++     

ឬ   
n

i 2i 1
i

2n 2 2n 1 1 n
y . n . (**)

2 n y n 1====
∑∑∑∑

+ ++ ++ ++ +− + − ≤− + − ≤− + − ≤− + − ≤
++++     

តម (*)  និង (**)  េគទញ  (((( )))) 2
n n

i
i 1 i 1

i

1 n
y 1

y n 1= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

    
− ≤− ≤− ≤− ≤         ++++    

 ពតិ 

ដូចេនះ (((( )))) 2
n n

i
i 1 i 1

i

1 n
x

1 x n 1= == == == =
∑ ∑∑ ∑∑ ∑∑ ∑

    
≤≤≤≤        + ++ ++ ++ +    

  ។ 
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លហំត់ទី៥៤ 

េគឲយ c,b,a  ជបីចំនួនពតិវជិជមនែដល 1cbaabc4 ++++++++++++====  

ចូរបងហ ញថ ៖ 

)cabcab(2
c

ba
b

ac
a

cb 222222

++++++++≥≥≥≥++++++++++++++++++++
  

ដំេណះរសយ 

រសយថ ៖ 

)cabcab(2
c

ba
b

ac
a

cb 222222

++++++++≥≥≥≥++++++++++++++++++++
  

តមវសិមភព GMAM −−−−  េគមន ៖ 
4 abc41cbaabc4 ≥≥≥≥++++++++++++====  នឲំយ 1abc ≥≥≥≥   

េគទញ  )1(abc31abc4cba ≥≥≥≥−−−−====++++++++  ( េរពះ 1abc ≥≥≥≥ )  

តមវសិមភព GMAM −−−−  េគបន ៖ 

(((( ))))2
c
ab2

b
ca2

a
bc2

c
ba

b
ac

a
cb 222222

++++++++≥≥≥≥++++++++++++++++++++
  

តមវសិមភព Cauchy Cauchy Cauchy Cauchy ----    Schwarz Schwarz Schwarz Schwarz  េគមន ៖ 
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[[[[ ]]]]2222 )ca()bc()ab(3)cabcab( ++++++++≤≤≤≤++++++++  

េដយ ])ab()ca()bc([
abc
2

c
ab2

b
ca2

a
bc2 222 ++++++++====++++++++   

េគទញ (((( ))))3)cabcab(
abc3
2

c
ab2

b
ca2

a
bc2 2++++++++≥≥≥≥++++++++  

តម )2(  និង )3(  េគទញបន៖ 

(((( ))))4)cabcab(
abc3
2

c
ba

b
ac

a
cb 2

222222

++++++++≥≥≥≥++++++++++++++++++++  

េយងមន 








≥≥≥≥++++
≥≥≥≥++++
≥≥≥≥++++

bca2)ab()ca(

abc2)ca()bc(

cab2)bc()ab(

222

222

222

 

េគបន )cba(abc2])ca()bc()ab([2 222 ++++++++≥≥≥≥++++++++   

      )cba(abc)ca()bc()ab( 222 ++++++++≥≥≥≥++++++++  
ែថមអងគទងំពរីនងឹ )ca)(bc(2)ca)(ab(2)bc)(ab(2 ++++++++  

េគបន )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  

េគមន abc3cba ≥≥≥≥++++++++   ( តម (((( ))))1  ) 
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េគទញ 2222 cba9)cabcab( ≥≥≥≥++++++++  

    ឬ  abc3cabcab ≥≥≥≥++++++++  

នឲំយ (((( ))))5)cabcab(2)cabcab(
abc3
2 2 ++++++++≥≥≥≥++++++++  

តម )4(  និង )5(  េគទញបន ៖ 

)cabcab(2
c

ba
b

ac
a

cb 222222

++++++++≥≥≥≥++++++++++++++++++++
  ។ 
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លហំត់ទី៥៥ 

េគឱយស៊វីតៃនចំនួនពិត )u( n  និង )v( n  កំណតេ់ដយ  ៖  





====

====

3v

1u

0

0
       និង 





====
−−−−====

++++

++++

nn1n

2
n

2
n1n

vu2v

vuu
    ែដល 0n ≥≥≥≥  

ក. េគពិនិតយស៊វីតៃនចំនួនកុំផលិច nnn v.iuz ++++====  ។ 

     ចូររសយថ 2
n1n zz ====++++  រចួទញថ n2

0n zz ====  ។ 

ខ. សំែដង nu  និង nv  ជអនុគមនៃ៍ន n  ។ 

ដំេណះរសយ 

ក.រសយថ 2
n1n zz ====++++  រចួទញថ n2

0n zz ====  ៖  

េគមន nnn v.iuz ++++====  

េគបន 1n1n1n ivuz ++++++++++++ ++++====  

                  

2
nn

2
nnn

2
n

nn
2

n
2

n

)ivu(

)iv(viu2u

viu2vu

++++====

++++++++====

++++−−−−====
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ដូចេនះ 2
n1n zz ====++++   ។ 

 

 

មយ៉ងេទៀតេប 0n ====  េនះ 2
01 zz ====  

េប 1n ====  េនះ 4
0

2
12 zzz ========  

េប 2n ====  េនះ 8
0

2
23 zzz ========  

ឧបមថវពិតដល់តួទី k  គឺ 
k2

0k zz ====   

េយងនឹងរសយថវពិតដល់តួទី 1k ++++  គឺ 
1k2

01k zz
++++

++++ ====  

េគមន 2
k1k zz ====++++  ែតតមករឧបម k2

0k zz ====  

េគបន 1k2
0

2k2
01k z)z(z

++++
++++ ========   ពិត ។ 

ដូចេនះ n2
0n zz ====  ។ 

ខ. សំែដង nu  និង nv  ជអនុគមនៃ៍ន n   

េគមន n2
0n zz ====   េដយ 3i1ivuz 000 ++++====++++====  
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                                           )
3

sini
3

(cos2
ππππ++++ππππ====  

េគបន 
n2n2

n )
3

sini
3

(cos2z
ππππ++++ππππ====  

               )
3

2
sini

3
2

(cos2
nnn2 ππππ++++ππππ====  

ដូចេនះ 
3

2
sin2v;

3
2

cos2u
nn2

n

nn2
n

ππππ====ππππ====   ។ 

 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ1័95 

 

លហំត់ទី៥៦( IMO Shortlist 1998 ) 

េគឲយ z,y,x   ជបីចំនួនពតិវជិជមនែដល 1zyx ====  , 

ចូរបងហ ញថ  
4
3

)y1)(x1(
z

)x1)(z1(
y

)z1)(y1(
x 333

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++

 

ដំេណះរសយ 

បងហ ញថ   
4
3

)y1)(x1(
z

)x1)(z1(
y

)z1)(y1(
x 333

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++

   

តមវសិមភព GMAM −−−−   េយងមន  

(((( ))))

(((( ))))

(((( ))))3
4
z3

8
y1

8
x1

)y1)(x1(
z

2
4
y3

8
x1

8
z1

)x1)(z1(
y

1
4
x3

8
z1

8
y1

)z1)(y1(
x

3

3

3

≥≥≥≥++++++++++++++++
++++++++

≥≥≥≥++++++++++++++++
++++++++

≥≥≥≥++++++++++++++++
++++++++

 

បូកវសិមភព (1) , (2) និង (3) អងគនិងអងគេគបន  

4
3)zyx(2

)y1)(x1(
z

)x1)(z1(
y

)z1)(y1(
x 333 −−−−++++++++≥≥≥≥

++++++++
++++

++++++++
++++

++++++++
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េដយ 3xyz3zyx 3 ====≥≥≥≥++++++++    េរពះ 1xyz ====  

ដូចេនះ   
4
3

)y1)(x1(
z

)x1)(z1(
y

)z1)(y1(
x 333

≥≥≥≥
++++++++

++++
++++++++

++++
++++++++
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លហំត់ទី៥៧ 

ចូរបងហ ញថ ៖ 

1
ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++  

ចំេពះរគបច់ំនួនពតិវជិជមន c,b,a   ។ 

ដំេណះរសយ 

បងហ ញថ 1
ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++   

ជដំបងូេយងរតូវរសយថ  
3

4

3

4

3

4

3

4

2

cba

a

bc8a

a

++++++++
≥≥≥≥

++++
 

វសិមភពេនះសមមូល )bc8a(a)cba( 23
4

23
4

3
4

3
4

++++≥≥≥≥++++++++  

សមមូល bca8cb2ca2ba2cb 3
4

3
4

3
4

3
4

3
4

3
4

3
4

3
8

3
8

≥≥≥≥++++++++++++++++   

តមវសិមភព GMAM −−−− េគមន 3
4

3
4

3
8

3
8

cb2cb ≥≥≥≥++++  

េគទញ bca8cb2ca2ba2cb 3
4

3
4

3
4

3
4

3
4

3
4

3
4

3
8

3
8

≥≥≥≥++++++++++++++++  ពតិ 
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េហតុេនះ (((( ))))1

cba

a

bc8a

a

3

4

3

4

3

4

3

4

2

++++++++
≥≥≥≥

++++
  

ដូចគន ែដរេគទញ (((( ))))2

cba

b

ac8b

b

3

4

3

4

3

4

3

4

2

++++++++
≥≥≥≥

++++
 

េហយ         (((( ))))3

cba

c

ab8c

c

3

4

3

4

3

4

3

4

2

++++++++
≥≥≥≥

++++
 

េដយបូកវសិមភព )3(,)2(,)1(  អងគនិងអងគេគបន 

1
ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++   ។ 
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លហំត់ទី៥៨ 

េគឱយស៊វីតៃនចំនួនពិត )u( n  កំណតេ់ដយ  ៖  

2
7

u1 ====  និង 
4
1

uuu n
2

n1n −−−−++++====++++  រគប ់ 1n ≥≥≥≥  

បងហ ញថេគអចកំណតច់ំនួនពិត a ែដល 2
n1n )au(au ++++====++++++++   

ចំេពះរគប ់ 1n ≥≥≥≥  រចួគណន nu  ជអនុគមនៃ៍ន n  ។ 

ដំេណះរសយ 

កំណតច់ំនួនពិត a 

េគមន )1(
4
1

uuu n
2

n1n −−−−++++====++++  

េហយ  )2()au(au 2
n1n ++++====++++++++  

យក )1(  ជំនួសកនុង )2(  េគបន  ៖  
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4
1

aau)a21(

aau2ua
4
1

uu

)au(a
4
1

uu

2
n

2
n

2
nn

2
n

2
nn

2
n

++++−−−−====−−−−

++++++++====++++−−−−++++

++++====++++−−−−++++

 

សមកីរេនះពិតជនិចចចំេពះរគបត់ៃមល n  លុះរតែត  ៖  








====++++−−−−

====−−−−

0
4
1

aa

0a21

2   នឱំយ ់
2
1

a ====  

ដូចេនះ 
2
1

a ====   ។ 

គណន nu  ជអនុគមនៃ៍ន n  ៖  

ចំេពះ 
2
1

a ====  េគបន 2
n1n )

2
1

u(
2
1

u ++++====++++++++  

េគទញ )3()
2
1

uln(2)
2
1

uln( n1n ++++====++++++++  

តង )
2
1

uln(v)
2
1

uln(v 1n1nnn ++++====⇒⇒⇒⇒++++==== ++++++++  
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តម )3(  េគបន n1n v2v ====++++  នឱំយ )v( n  ជស៊វីតធរណីមរត 

មនផលេធៀបរមួ 2q ====  និង 4ln)
2
1

uln(v 11 ====++++====  

េគបន n2n1n1n
1n 2ln2ln24ln2qvv ============××××==== −−−−−−−−  

េដយ )
2
1

uln(v nn ++++====  េគទញ 
n2

n 2
2
1

u ====++++  

ដូចេនះ  
2
1

2v
n2

n −−−−====   ។ 
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លហំត់ទី៥៩ 

េគឱយ z;y;x  ជចនួំនពតិវជិជមនែដល 1xyz ====  ។ ចូររសយថ  ៖  

2
1

1x)1z(

1

1z)1y(

1

1y)1x(

1
222222 ≤≤≤≤

++++++++++++
++++

++++++++++++
++++

++++++++++++   

ដំេណះរសយ 

បងហ ញថ   

2
1

1x)1z(

1

1z)1y(

1

1y)1x(

1
222222 ≤≤≤≤

++++++++++++
++++

++++++++++++
++++

++++++++++++   

េយងមន 2x2yx1y)1x( 2222 ++++++++++++====++++++++++++  

េដយ xy2yx 22 ≥≥≥≥++++  

េគទញ )1xxy(21y)1x( 22 ++++++++≥≥≥≥++++++++++++  

នឱំយ 1xxy
1

.
2
1

1y)1x(

1
22 ++++++++

≤≤≤≤
++++++++++++  

េគមន 1xyz ====  េនះេគអចយក 
c
a

z,
b
c

y;
a
b

x ============  

ែដល 0c;0b;0a >>>>>>>>>>>>  ។ 
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េគបន 
a

cba
1

a
b

a
c

1xxy
++++++++====++++++++====++++++++  

េហតុេនះ (((( ))))1
cba

a
.

2
1

1y)1x(

1
22 ++++++++

≤≤≤≤
++++++++++++  

រសយដូចគន ែដរេគបន  ៖  

(((( ))))

(((( ))))3
cba

c
.

2
1

1x)1z(
1

2
cba

b
.

2
1

1z)1y(

1

22

22

++++++++
≤≤≤≤

++++++++++++

++++++++
≤≤≤≤

++++++++++++  

េធវផលបកូវសិមភព )2(;)1(  និង )3(  េគបន   ៖  

2
1

1x)1z(

1

1z)1y(

1

1y)1x(

1
222222 ≤≤≤≤

++++++++++++
++++

++++++++++++
++++

++++++++++++   
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លហំត់ទី៦០ 

ក. ចូរគណនតៃមលរបកដៃន 
10

sin
ππππ  និង 10

cos
ππππ  

ខ. ចូររសយថ 
10

sin)yx(4)yx(x 22222 ππππ++++≤≤≤≤−−−−++++   

    រគបច់នួំន IRy,x ∈∈∈∈   ។ 

ដំេណះរសយ 

ក. គណនតៃមលរបកដៃន 
10

sin
ππππ  និង 10

cos
ππππ

 

 េគមន   
10
3

210
2 ππππ−−−−

ππππ====
ππππ

 

 េគបន  
10
3

cos)
10
3

2
sin(

10
2

sin
ππππ====ππππ−−−−ππππ====ππππ

 

   តមរបូមនតរតេីកណមរត ៖ 

   acosasin2a2sin ====  និង acos3acos4a3cos 3 −−−−====  
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)
10

sin1(43
10

sin2

10
cos43

10
sin2

10
cos4

10
cos3

10
cos

10
sin2

10
3

cos
10

cos
10

sin2

2

2

3

ππππ−−−−−−−−====
ππππ

ππππ−−−−====
ππππ

ππππ−−−−
ππππ====

ππππππππ

ππππ====
ππππππππ

 

 ឬ     01
10

sin2
10

sin4 2 ====−−−−
ππππ−−−−

ππππ  តង 0
10

sint >>>>
ππππ====  

 េគបន  0541',01t2t4 2 >>>>====++++====∆∆∆∆====−−−−−−−−  

 េគទញឬស 0
4

51
t 1 <<<<

−−−−====  ( មនិយក ) 
4

51
t, 2

++++====  

 ដូចេនះ  
4

51
10

sin
++++====

ππππ   ។ 

 េដយ 1
10

cos
10

sin 22 ====
ππππ++++

ππππ   

  នឲំយ 
4

5210
)

4
51

(1
10

cos 2 −−−−====
++++−−−−====

ππππ
 

 ដូចេនះ  
4

5210
10

cos
−−−−====ππππ   ។ 
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ខ. រសយថ 
10

sin)yx(4)yx(x 22222 ππππ++++≤≤≤≤−−−−++++  

 តងអនុគមន ៍
10

sin)yx(4)yx(x)y;x(f 22222 ππππ++++−−−−−−−−++++====  

 េគបន ៖ 

 
222222 )

4
51

)(yx(4yxy2xx)y;x(f
++++++++−−−−++++−−−−++++====  

         

IRy,x,0y
2

15
x

2
15

y
2

15
xy2x

2
15

y
2

51
xy2x

2
51

2
53

)yx(yxy2x2

16
526

)yx(4yxy2x2

2

22

22

2222

2222

∈∈∈∈∀∀∀∀≤≤≤≤











 ++++++++
−−−−−−−−====








 ++++++++++++
−−−−−−−−====

++++−−−−−−−−
−−−−====

++++++++−−−−++++−−−−====

++++++++−−−−++++−−−−====

 

 ដូចេនះ 
10

sin)yx(4)yx(x 22222 ππππ++++≤≤≤≤−−−−++++  ។ 
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លហំត់ទី៦១(Balkan MO 1990) 

ស៊វីតៃនចំនួនពតិ 1nn )a( ≥≥≥≥   កំណតេ់ដយ  3a,1a 21 ========  

និង INn,a)2n(a)3n(a n1n2n ∈∈∈∈∀∀∀∀++++−−−−++++==== ++++++++   

ចូរកំណតរ់គបត់ៃមល n  េដមបឱីយ na  ែចកដចន់ងឹ 11 ។ 

ដំេណះរសយ 

កំណតរ់គបត់ៃមល n  េដមបឱីយ na  ែចកដចន់ឹង 11 

េគមន INn,a)2n(a)3n(a n1n2n ∈∈∈∈∀∀∀∀++++−−−−++++==== ++++++++  

ឬ )aa)(2n(aa n1n1n2n −−−−++++====−−−− ++++++++++++  

ឬ 2n
aa

aa

n1n

1n2n ++++====
−−−−

−−−−

++++

++++++++  

េគបន ∏∏∏∏∏∏∏∏
−−−−

====

−−−−

==== ++++

++++++++ ++++====








−−−−
−−−− )2n(

1k

)2n(

1k k1k

1k2k )2k(
aa

aa  

                    n......5.4.3
aa

aa

12

1nn ====
−−−−

−−−− −−−−   េដយ 2aa 12 ====−−−−  

េគទញបន !naa 1nn ====−−−− −−−−  
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េហយ (((( )))) (((( ))))∑∑∑∑∑∑∑∑
========

−−−− ====−−−−
n

2k

n

2k
1kk !kaa  

               !n....!3!2aa 1n ++++++++++++====−−−−   េដយ !11a1 ========  

េគបន !n.....!3!2!1an ++++++++++++++++====   ។ 

-ករណីទី១  ៖ ចំេពះ 11n <<<<  េគមន 

  

4037913!10aa

409113!9aa

11420346233!8aa

5913!7aa

873!6aa

153!5aa

11333!4!3!2!1a

9!3!2!1a

3a

1a

910

89

78

67

56

45

4

3

2

1

====++++====
====++++====

××××========++++====
====++++====
====++++====
====++++====

××××========++++++++++++====
====++++++++====

====
====

 

េគបន 8n,4n ========  ។ 

-ករណីទី២◌ៈ ចំេពះ 11n ≥≥≥≥  
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េគបន ∑∑∑∑
====

++++====
n

11k
10n )!k(aa  

េដយ ∑∑∑∑
====

n

11k
)!k(  ែចកដចន់ឹង 11 េហយ 10a  ែចកមនិដចន់ឹង 11 

េនះចំេពះ 11n ≥≥≥≥  េគបន na  ែចកមនិដចន់ឹង 11 ។ 

ដូចេនះតៃមល n  ែដលេធវឱយ na  ែចកដចន់ឹង 11 មនែតពរីគតគ់ឺ ៗ 

4n ====    ឬ   8n ====  ។ 
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លហំត់ទី៦២ 

េគឲយអនុគមន ៍៖ 

IRy;x,
)y1()x1(

)yx1)(yx(
)y,x(f

2222

2222

∈∈∈∈
++++++++
−−−−−−−−====  

ចូរបងហ ញថចំេពះរគប់ IRy,x ∈∈∈∈  េគបន  
4
1

|)y;x(f| ≤≤≤≤   

ដំេណះរសយ 

េយងមន 2222

2222

)y1()x1(

)yx1)(yx(
)y,x(f

++++++++
−−−−−−−−====  

            

22

2

22

2

2222

222222

2222

422422

2222

2422242222

2222

422242

)y1(
y

)x1(
x

)y1()x1(
)x1(y)y1(x

)y1()x1(
)xx21(y)yy21(x

)y1()x1(
yxyx2yyxyx2x

)y1()x1(
yxyyxx

++++
−−−−

++++
====

++++++++
++++−−−−++++====

++++++++
++++++++−−−−++++++++====

++++++++
−−−−−−−−−−−−++++++++====

++++++++
++++−−−−−−−−====
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េយងបន៖ 

IRy,x,0
)y1(

y
)x1(4
)x1(

)y1(
y

)x1(4
)x1(x4

)y1(
y

4
1

)x1(
x

4
1

)y,x(f

22

2

22

22

22

2

22

222

22

2

22

2

∈∈∈∈∀∀∀∀≤≤≤≤
++++

−−−−
++++
−−−−−−−−====

++++
−−−−

++++
++++−−−−====

++++
−−−−−−−−

++++
====−−−−

  

េគទញ 0
4
1

)y,x(f ≤≤≤≤−−−−    

នឲំយ  )1(IRy,x,
4
1

)y,x(f ∈∈∈∈∀∀∀∀≤≤≤≤  

មយ៉ងេទៀតេយងមន ៖ 

IRy,x,0
)y1(4
)y1(

)x1(
x

)y1(4
y4)y1(

)x1(
x

)y1(
y

4
1

)x1(
x

4
1

)y,x(f

22

22

22

2

22

222

22

2

22

2

22

2

∈∈∈∈∀∀∀∀≥≥≥≥
++++
−−−−++++

++++
====

++++
−−−−++++++++

++++
====

++++
−−−−++++

++++
====++++
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េគទញ 0
4
1

)y,x(f ≥≥≥≥++++    

នឲំយ  )2(IRy,x,
4
1

)y,x(f ∈∈∈∈∀∀∀∀−−−−≥≥≥≥  

តមទំនកទ់នំង )1(  និង )2(  េគទញបន  

IRy,x,
4
1

)y,x(f
4
1 ∈∈∈∈∀∀∀∀≤≤≤≤≤≤≤≤−−−−   ។ 

ដូចេនះ   
4
1

|)y;x(f| ≤≤≤≤    ចំេពះរគប ់ IRy,x ∈∈∈∈   ។ 
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លហំត់ទី៦៣ 

េគឱយ C;B;A  ជមុរំសួចកនុងរបស់រតេីកណ ABC  មយួ ។ 

ចូរបងហ ញថ   3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++   

ដំេណះរសយ 

បងហ ញថ   3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++    

េដយ C;B;A  ជមុរំសួចេនះ 0Ctan;0Btan;0Atan >>>>>>>>>>>>  

តមវសិមភព GMAM −−−−  រគប ់ 0z;0y;0x >>>>>>>>>>>> េគមនៈ 

33

3 2223

)xyz1()z1)(y1)(x1(

xyzzyx3xyz31)z1)(y1)(x1(

xyz)zxyzxy()zyx(1)z1)(y1)(x1(

++++≥≥≥≥++++++++++++

++++++++++++≥≥≥≥++++++++++++

++++++++++++++++++++++++++++====++++++++++++

 

យក Ctanz;Btany;Atanx ============  េគបន  ៖  
3)CtanBtanAtan1()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++    

េគមន )Ctan()BAtan( −−−−ππππ====++++  

          Ctan
BtanAtan1
BtanAtan −−−−====

−−−−
++++  
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េគទញ CtanBtanAtanBtanBtanAtan ====++++++++  

                             xyzzyx ====++++++++  
តមវសិមភព GMAM −−−−   េគបន  ៖  

3

3

xyz3xyz

xyz3zyx

≥≥≥≥

≥≥≥≥++++++++
  

េគទញ 33xyz ≥≥≥≥   ឬ  33CtanBtanAtan ≥≥≥≥  

េគបន 33 )331()Btan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++  

ដូចេនះ 3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++   ។ 
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លហំត់ទី៦៤ 

េគមន 111088893333,110889333,108933 222 ============  

      1111088889333332 ====   ។ 

ពឧីទហរណ៍ខងេលចូររករបូមនតទូេទ និងរសយបញជ ករ់បូមនតេនះផង  

ដំេណះរសយ 

េគមន 111088893333,110889333,108933 222 ============  

      1111088889333332 ====   ។ 

តមលំនេំនះេយងអចបេងកតរបូមនតទូេទដូចខងេរកម ៖ 

9888.....8880111.....111333.....333
)1n()1n(

)n(

2
����������

������� −−−−−−−−

====
   ។ 

កររសយបញជ ករ់បូមនត ៖ 

េយងតង 9888.........8880111..........111A
)1n()1n(
��������������

−−−−−−−−

====
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�� ��� ��

��������������

)n(

2

2n2nnn2

n1nn2

1n1n1n

)1n(

1n

)1n(

333............333

3
110

9
)110(

9
110.210

9
818010.81010

910)110(
9
8

10)110(
9
1

910.888.........88810111.........111

====








 −−−−====
−−−−====

++++−−−−====

++++−−−−++++−−−−====

++++−−−−++++−−−−====

++++++++××××====

++++

−−−−++++−−−−

−−−−

++++

−−−−

 

ដូចេនះេគបនរបូមនត ៖ 

9888.....8880111.....111333.....333
)1n()1n(

)n(

2
����������

������� −−−−−−−−

====
   ។ 
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លហំត់ទី៦៥ 

េគឱយ c,b,a  ជបចីំនួនពតិមនិអវជិជមន ។ 

ចូររសយថ 3333 )a
2

cb
(2abc3cba −−−−++++≥≥≥≥−−−−++++++++   ។ 

ដំេណះរសយ 

តមវសិមភព GMAM −−−−  េគមន abc3cba 333 ≥≥≥≥++++++++  

េនះ  0abc3cba 333 ≥≥≥≥−−−−++++++++  ។ 

េប 0a
2

cb ≤≤≤≤−−−−++++   េនះវសិមភពខងេលពតិជនិចច ។ 

េយងឧបមថ 0a
2

cb >>>>−−−−++++  ។ 

តង 3333 )a
2

cb
(2abc3cbaT −−−−++++−−−−−−−−++++++++====  

យក x2ab ++++====   និង y2ac ++++====  េនះ y2x2a2cb ++++++++====++++  

ែដល 0y,0x ≥≥≥≥≥≥≥≥   ។  េគបន   ៖  

3333 )yx(2)y2a)(x2a(a3)y2a()x2a(aT ++++−−−−++++++++−−−−++++++++++++++++====  
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បនទ បព់បីរងមួរចួេគបន  ៖  
2222 )yx)(yx(6)yx)(yx(6)yxyx(a12T −−−−++++≥≥≥≥−−−−++++++++++++−−−−====  

0)
2

cb
)(a

2
cb

(6T 2 ≥≥≥≥−−−−−−−−++++====   ពតិ 

ដូចេនះ   3333 )a
2

cb
(2abc3cba −−−−++++≥≥≥≥−−−−++++++++   ។ 
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លហំត់ទី៦៦ 

ចំនួនគតវ់ជិជមន n  ែចកនងឹ 8 ឱយសំណល់ 1  ។  

ចំនួន n េនះែចកនងឹ 5 ឱយសំណល់ 2  ។ 

ក-េបចំនួន n  េនះែចកនងឹ 4០ ឱយសំណល់ប៉ុនម ន ? 

ខ-រកចំនួន n  េនះេដយដឹងថ  4000n3940 <<<<<<<<   ។ 

ដំេណះរសយ 

ក. េបចនួំន n  េនះែចកនងឹ 40 ឱយសំណល់ប៉ុនម ន ? 

ឧបមថ n  ែចកនងឹ 8 ឱយផលែចក INq1 ∈∈∈∈ និងសំណល់ 1   

និង  ចនួំន n េនះែចកនងឹ 5 ឱយផលែចក INq2 ∈∈∈∈ និងសំណល់ 2  ។ 

តមអគឺលីត  េយងបន  )16(

)15(

2q5n

1q8n

2

1 −−−−





++++====
++++====

   

                      ឬ   




++++====
−−−−−−−−====−−−−

)2(32q80n16

)1(15q120n15

2

1  

បូកសមកីរ (1) នងិ (2)  
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េយងបន   17q4017q120q80n 12 ++++====++++−−−−====   

ែដល 12 q3q2q −−−−====  ។ 

តមទំនកទ់នំង 17q40n ++++====  បញជ កថ់េបចំនួន n េនះែចកនឹង 40  

ឱយសំណល់ 17r ====   

ខ. រកចនួំន n  េនះេដយដឹងថ  4000n3940 <<<<<<<<     

េយងមន 17q40n ++++====  េដយ 4000n3940 <<<<<<<<     

េគទញ 400017q403940 <<<<++++<<<<     

ឬ   40
17

100n
40
3

98 ++++<<<<<<<<++++  

េដយ  INq ∈∈∈∈   នឱំយេគទញបន }100,99{q ====   

េហយ  }4017,3977{n ====  ។ 
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លហំត់ទី៦៧ 

េគឱយចំនួនកុំផលិច 321 z,z,z  េហយេផទៀងផទ តទ់ំនកទ់ំនង  ៖  

1|z||z||z| 321 ============  និង 01
zz

z
zz

z
zz

z

21

2
3

31

2
2

32

2
1 ====++++++++++++   

ចូររសយថ }2,1{|zzz| 321 ∈∈∈∈++++++++   ។ 

ដំេណះរសយ 

រសយថ }2,1{|zzz| 321 ∈∈∈∈++++++++    

េគមន 01
zz

z
zz

z
zz

z

21

2
3

31

2
2

32

2
1 ====++++++++++++  

េគបន 0zzzzzz 321
3

3
3

2
3

1 ====++++++++++++  

ឬ 321321
3

3
3

2
3

1 zzz4zzz3zzz −−−−====−−−−++++++++  

តង 321 zzzz ++++++++====  េគបន  ៖  
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[[[[ ]]]]
(((( ))))4|z|3zzz)4z.z3(zzzz

4)zzz(z3zzzz

4)
z
1

z
1

z
1

(z3zzzz

zzz4)zzzzzz(z3z

2
321321

3

321321
3

321
321

3

321313221
3

−−−−====−−−−====

−−−−++++++++====









−−−−++++++++====

−−−−====++++++++−−−−

 

 

 

េគបន |)4|z|3(zzz||z| 2
321

3 −−−−====   

ឬ |4|z|3||z| 23 −−−−====  

-េប  04|z|3 2 ≥≥≥≥−−−−    ឬ 
3

2
|z| ≥≥≥≥   

េគបន 4|z|3|z| 23 −−−−====  

         

2|z|0)2|z)(|1|z(|

04|z|3|z|
2

23

====⇒⇒⇒⇒====−−−−++++

====++++−−−−
 

-េប 04|z|3 2 <<<<−−−−    ឬ 
3

2
|z| <<<<  
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េគបន )4|z|3(|z| 23 −−−−−−−−====  

         

1|z|0)2|z)(|1|z(|

04|z|3|z|
2

23

====⇒⇒⇒⇒====++++−−−−

====−−−−++++
 

ដូចេនះ }2,1{|zzz| 321 ∈∈∈∈++++++++   ។ 
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លហំត់ទី៦៨ 

េគឱយ z;y;x  ជចនួំនពតិែដល 




====++++++++
====++++++++

3zxyzxy

5zyx  

ចូរបងហ ញថ   
3

13
z1 ≤≤≤≤≤≤≤≤−−−−   

ដំេណះរសយ 

បងហ ញថ   
3

13
z1 ≤≤≤≤≤≤≤≤−−−−   

េគមន 5zyx ====++++++++   

េយងបន z5yx −−−−====++++  

        22

22

zz1025)yx(

)z5()yx(

++++−−−−====++++

−−−−====++++
 

េដយ 3zxyzxy ====++++++++   

េយងបន )yx(z3xy ++++−−−−====  

            2zz53xy

)z5(z3xy

++++−−−−====

−−−−−−−−====
 

េយងមន 0xy4)yx()yx( 22 ≥≥≥≥−−−−++++====−−−−  
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េគទញ 0)zz53(4)zz1025( 22 ≥≥≥≥++++−−−−−−−−++++−−−−  

0)13z3)(1z(

0)1z(13)1z(z3

0)13z13()z3z3(

013z10z3

0z4z2012zz1025

2

2

22

≥≥≥≥++++−−−−++++
≥≥≥≥++++++++++++−−−−
≥≥≥≥++++++++−−−−−−−−

≥≥≥≥++++++++−−−−

≥≥≥≥−−−−++++−−−−++++−−−−

 

េគទញ 
3

13
z1 ≤≤≤≤≤≤≤≤−−−−   ។ 
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័26 

 

លហំត់ទី៦៩ 

ចូរកំនតរ់គបគូ់ )n;m(  ៃនចំនួនគតវ់ជិជមនេបេគដងឹថ ៖ 

)nm(13nm 22 ++++====++++    ។ 

ដំេណះរសយ 

កំនតរ់គបគូ់ )n;m(  ៖ 

េគមន )1()nm(13nm 22 ++++====++++    

-ករណីទី១ nm ====  

 េគបន n26n2 2 ====  នឲំយ 13n ====  

 ដូចេនះ 13nm ========  ។ 

-ករណីទី២ nm ≠≠≠≠   

េយងពនិិតយេឃញថេប )n;m(  ជគូចេមលយរបស់ )1(  េនះេគបន 

)m;n(  កជ៏គូចេមលយរបស់ )1(  ែដរ ។ 

សនមតថ nm <<<<  ។ តមវសិមភព Cauchy SchwarzCauchy SchwarzCauchy SchwarzCauchy Schwarz    
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េយងមន )nm(2)nm( 222 ++++<<<<++++  

        
26nm

)nm(26)nm( 2

<<<<++++
++++<<<<++++  

េដយ nm <<<<  េនះេគបន 26nmm2 <<<<++++<<<<  ឬ 13m <<<<  

េដយ *INm ∈∈∈∈  េនះេគទញ 12m1 ≤≤≤≤≤≤≤≤  ។ 

មយ៉ងេទៀតសមកីរ )1(  អចសរេសរ ៖ 

)2(0m13mn13n 22 ====−−−−++++−−−−  

ឌីសរគីមណីង ់ )m13m(4169 2 −−−−−−−−====∆∆∆∆  

សមកីរ )2(  មនចេមលយកនុង *IN  កលណ ∆∆∆∆  ជកេររបកដ 

ៃនចំនួនគតវ់ជិចមនេសស ។ 

េគយក INk)1k2()m13m(4169 22 ∈∈∈∈∀∀∀∀++++====−−−−−−−−  

េគបន )1k(k41)1k2()m13m(4168 22 ++++====−−−−++++====−−−−−−−−  

េគទញ )m13(m42)1k(k −−−−++++====++++  េដយ 12m1 ≤≤≤≤≤≤≤≤  

េនះតៃមលែដលអចរបស់ផលគុណ )1k(k ++++ គឺ ៖ 
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}84,82,78,72,64,54{)1k(k ====++++  ។ 

កនុងតៃមលទងំរបមំយួេនះតៃមលែដលជផលគុណចនួំនគតត់គន មនែត 

តៃមល 9872 ××××====  មយួគតែ់ដលរតូវនឹង }10;3{m ====  ។ 

-ចំេពះ 3m ====  េគបន 0)2n)(15n(30n13n2 ====++++−−−−====−−−−−−−−  

នឲំយ 15n ====  ។ 

-ចំេពះ 10m ====  េគបន 0)2n)(15n(30n13n2 ====++++−−−−====−−−−−−−−  

នឲំយ 15n ====  ។ 

សរបុមកេគទទួលបនគូចេមលយរបគូំគឺ ៖ 

})10;15(;)3;15(;)13;13(;)15;10();15;3({)n;m( ====  ។ 
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លហំត់ទី៧០(IMO 1998) 

ចូរកំណតរ់គបគូ់ៃនចំនួនគតវ់ជិជមន )y,x(  េដយដឹងថ yxyx2 ++++++++   

ែចកដចន់ឹង 7yxy2 ++++++++    ។ 

ដំេណះរសយ 

កំណតរ់គបគូ់ៃនចំនួនគតវ់ជិជមន )y,x(  

តង yxyxa 2 ++++++++====   និង  7yxyb 2 ++++++++====  

េប a ែចកដចន់ឹង b  េនះេគបនដូចគន  bxay −−−−  ែចកដចន់ឹង b  ។ 

េគមន x7y)7yxy(x)yxyx(ybxay 222 −−−−====++++++++−−−−++++++++====−−−−  

េដយ 1x ≥≥≥≥  េនះ  22 yxy ≥≥≥≥   

នឱំយ b7yxyx7xyx7y 222 ====++++++++<<<<−−−−≤≤≤≤−−−−  ។ 

ដូចេនះ x7y2 −−−−  ែចកដចន់ឹង b  លុះរតែត 0x7y2 ≤≤≤≤−−−−  ។ 

ក. ករណីទី១  ៖ 0x7y2 ====−−−−  េនះ x7y2 ====    

េដយ y  ជចំនួនគតវ់ជិជមនេនះលុះរតែត 2k7x ====  េហយ k7y ====   
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េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័30 

 

រគបច់នួំនគតវ់ជិជមន k  ។ 

ខ.ករណីទី២  0x7y2 <<<<−−−−   េនះ 0yx7 2 >>>>−−−−    

 េដយពនិិតយេឃញថ x7yx7 2 <<<<−−−−   េហតុេនះេដមបឱីយ 2yx7 −−−−  ែចក 

ដចន់ងឹ 7yxyb 2 ++++++++====  លុះរតែត 7yxyyx7x7 22 ++++++++≥≥≥≥−−−−>>>>  

េហតុេនះេគរតូវឱយ 7y2 <<<<   េនះ 1y ====  ឬ 2y ====  ។ 

-ចំេពះ 1y ====   េគបន 1x7yx7 2 −−−−====−−−−  េហយ 8xb ++++====  

េគមន  57)8x(71x7 −−−−++++====−−−−  ែចកដចន់ឹង 8xb ++++====  លុះរតែត 

b  ជតួែចកៃន 57 ។ េដយ 88xb >>>>++++====  េនះ 19b ====  ឬ 57b ====  

េគទញបន 11x ====   ឬ 49x ====  ។ 

ដូចេនះេគបន 1y,11x ========   ឬ  1y,49x ========  ។ 

-ចំេពះ 2y ====  េគបន 4x7yx7 2 −−−−====−−−−  េហយ 9x4b ++++====  

េដយ 1)4;9x4(GCD ====++++  េនះ 4x7 −−−−  ែចកដចន់ឹង 9x4 ++++  

សមមូល )4x7(4 −−−−  ែចកដចន់ឹង 9x4 ++++  ។ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័31 

 

េគមន 79)9x4(7)4x7(4 −−−−++++====−−−−   ។  

េដយ 79 ជចំនួនបថមេនះេដមបឱីយ )4x7(4 −−−−  ែចកដចន់ឹង 9x4 ++++  

លុះរតែត 799x4 ====++++   េនះ 
2
35

x ====  មនិែមនជចនួំនគត ់។ 

ដូចេនះកនុងករណី 2y ====  គម នចេមលយ ។ 

សរបុមកេគបនគូចេមលយ  ៖  

...,2,1k,})k7,k7(,)1,49(,)1,11({)y,x( 2 ====∈∈∈∈  
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លហំត់ទី៧១ 

ក.គណន n)1n(
1

....
4.3

1
3.2

1
2.1

1
−−−−

++++++++++++++++   ែដល 2n >>>>  

ខ.េដយេរបវសិមភព GMAM −−−−  ៃន )1n( −−−−  ចំនួនខងេរកម ៖ 

n)1n(
1

;
4.3

1
;

3.2
1

;
2.1

1
−−−−  ចូរបងហ ញថ  2n )!n(n <<<<     ។ 

ដំេណះរសយ 

ក.គណន  ∑∑∑∑
====










−−−−
====

−−−−
++++++++++++++++

n

2k k)1k(
1

n)1n(
1

....
4.3

1
3.2

1
2.1

1  

េគមន k
1

1k
1

k)1k(
)1k(k

k)1k(
1 −−−−

−−−−
====

−−−−
−−−−−−−−====

−−−−  

េគបន n
1

1
k
1

1k
1

k)1k(
1 n

2k

n

2k
−−−−====







 −−−−
−−−−

====








−−−−
∑∑∑∑∑∑∑∑
========

 

ដូចេនះ  n
1

1
n)1n(

1
....

4.3
1

3.2
1

2.1
1 −−−−====

−−−−
++++++++++++++++   ។  

ខ. បងហ ញថ  2n )!n(n <<<<   

តមវសិមភព GMAM −−−− ៖ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័33 

 

n
1 2 3 n 1 2 3 na a a ..... a n a .a .a ......a+ + + + ≥+ + + + ≥+ + + + ≥+ + + + ≥   0a; k ≥≥≥≥∀∀∀∀  

េគបន ៖ 

)1n(

n)1n(
1

......
3.2

1
.

2.1
1

)1n(
n)1n(

1
....

3.2
1

2.1
1

−−−−

−−−−
−−−−>>>>

−−−−
++++++++++++

               

           

2n
2

1n

)1n(
2

)1n(

)1n(

)!n(n
)!n(

n
n
1

)!n(
n

n
1

!)1n(!n
1

)1n(
n

1n

!)1n(!n
1

)1n(
n
1

1

<<<<⇒⇒⇒⇒>>>>








>>>>

−−−−
−−−−>>>>

−−−−

−−−−
−−−−>>>>−−−−

−−−−

−−−−

−−−−

−−−−

 

ដូចេនះ  
n 2n ( n! )<<<<    ។ 
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លហំត់ទី៧២ 

ចំេពះរគបច់ំនួនពតិ )
4

,0(x
ππππ∈∈∈∈   

ចូរបងហ ញថ  xsinxcos )x(sin)x(cos >>>>  

ដំេណះរសយ 

បងហ ញថ  xsinxcos )x(sin)x(cos >>>>  

តមវសិមភព Bernoulli  ចំេពះរគបច់នួំន x  និង a  

ែដល 1x −−−−>>>>  និង 1a >>>> េយងមន ax1)x1( a ++++≥≥≥≥++++   ។ 

េហតុេនះចំេពះ 
4

x0
ππππ<<<<<<<<  េគបន  ៖  

xsin
xcos

xsin
xcos

xsin
xcos

2 )xsin1.()xsin1()x(cos ++++−−−−====  

េដយ xcos1)xsin1( xsin
xcos

−−−−>>>>−−−−  និង xcos1)xsin1( xsin
xcos

++++>>>>++++  

េគបន xsin)xcos1)(xcos1()x(cos 2xsin
xcos

2 ====++++−−−−>>>>  

េគទញ  xsin)x(cos xsin
xcos

>>>>  
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xsinxcos

xsin
xcos

)xln(sin)xln(cos

)xln(sinxsin)xln(cosxcos

)xln(sin)xln(cos
xsin
xcos

)xln(sin)xln(cos

>>>>
>>>>

>>>>

>>>>

 

ដូចេនះ xsinxcos )x(sin)x(cos >>>>   ។ 
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លហំត់ទី៧៣ 

ចូររសយបញជ កថ់ 333 )
b
1

a
1

)(ba(2
a
b

b
a ++++++++≤≤≤≤++++   

ចំេពះរគបច់ំនួនពតិវជិជមន a និង b  ។ 

ដំេណះរសយ 

333 )
b
1

a
1

)(ba(2
a
b

b
a ++++++++≤≤≤≤++++   

េដយគុណអងគទងំពរីៃនវសិមភពនឹង 3 ab  េគបន   ៖  

3 23 23 2 )ba(2ba ++++≤≤≤≤++++  

តង 3 ax ====  និង 3 by ====    

េគបន (*))yx(2yx 3 3322 ++++≤≤≤≤++++  

តមវសិមភព GMAM −−−−  េគមន  ៖  
2433336 yx3yxyxx ≥≥≥≥++++++++   និង 4233336 yx3yxyxy ≥≥≥≥++++++++  

បូកវសិមភពទងំពរីេនះអងគនិងអងគេគបន  ៖  

42246336 yx3yx3yyx4x ++++≥≥≥≥++++++++  
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ែថមអងគទងំពរីៃនវសិមភពនឹង 66 yx ++++  េគបន 

322233

6422466336

)yx()yx(2

yyx3yx3x)yyx2x(2

++++≥≥≥≥++++

++++++++++++≥≥≥≥++++++++
 

េគទញ 3 3322 )yx(2yx ++++≤≤≤≤++++  នឱំយ (*) ពតិ ។ 

ដូចេនះ  333 )
b
1

a
1

)(ba(2
a
b

b
a ++++++++≤≤≤≤++++    រគប ់ 0b;0a >>>>>>>> ។ 
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លហំត់ទី៧៤ 

េគឱយចំនួនកុំផលិច 1z  និង  2z  ែដល 1|z||z| 21 ========  

ចូររសយថ 2|1zz||1z||1z| 2121 ≥≥≥≥++++++++++++++++++++     

ដំេណះរសយ 

រសយថ 2|1zz||1z||1z| 2121 ≥≥≥≥++++++++++++++++++++  

តមវសិមភពរតីេកណ |ba||b||a| ±±±±≥≥≥≥++++  េគបន  ៖  

|z1||z1||z||1zz||1z|

|1zz1z||1zz||1z|

112212

212212

−−−−====−−−−≥≥≥≥++++++++++++
−−−−−−−−++++≥≥≥≥++++++++++++

 

េហយ 2|)z11z(||z1||1z| 1111 ====−−−−++++++++≥≥≥≥−−−−++++++++  

ដូចេនះ 2|1zz||1z||1z| 2121 ≥≥≥≥++++++++++++++++++++    ។ 
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លហំត់ទី៧៥(Kazakhstan NMO 2010) 

ចំេពះរគប ់ 0y;x ≥≥≥≥  ចូររសយបញជ កវ់សិមភព ៖ 

)yx(21yy1xx1yy1xx 2222 ++++≥≥≥≥++++++++++++++++++++++++−−−−++++−−−−                                                                   

ដំេណះរសយ 

រសយបញជ កវ់សិមភព ៖ 

)yx(21yy1xx1yy1xx 2222 ++++≥≥≥≥++++++++++++++++++++++++−−−−++++−−−−  

 

 

 

 

 

 

 

េរជសេរ សចតុេកណេប៉ង ABCD  មយួមនអងកតរ់ទូង AC  និង BD  

របសពវគន រតងច់ំនុច I  ែដល  1IDIB,yIC,xIA ================
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និង o60CIDAIB ====∠∠∠∠====∠∠∠∠  ។ តមរទសឹតីបទកូសីុនូសេគបន ៖ 

1yyBC,1xxAD

1yyCD,1xxAB

22

22

++++++++====++++++++====

++++−−−−====++++−−−−====
 

តមរទឹសតីបទតូលីេម BC.ADCD.ABBD.AC ++++≤≤≤≤  

េដយ 2ICBIBC,yxIBAIAC ====++++====++++====++++====     

ដូចេនះ ដូចេនះ ដូចេនះ ដូចេនះ     
2 2 2 2x x 1 y y 1 x x 1 y y 1 2(x y)− + − + + + + + + ≥ +− + − + + + + + + ≥ +− + − + + + + + + ≥ +− + − + + + + + + ≥ +  
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លហំត់ទី៧៦(Vietnam Team Selection Tests 2010) 

េគឱយ c,b,a  ជចនួំនពតិវជិជមនេហយេផទៀងផទ តល់កខខណឌ័   

c
1

b
1

a
1

)cba(16 ++++++++≥≥≥≥++++++++  ។ ចូររសយបញជ កថ់  ៖  

9
8

)c2b2ac(

1

)b2a2cb(

1

)c2a2ba(

1
333

≤≤≤≤
++++++++++++

++++
++++++++++++

++++
++++++++++++         

ដំេណះរសយ 

រសយបញជ កថ់  ៖  

9
8

)c2b2ac(

1

)b2a2cb(

1

)c2a2ba(

1
333

≤≤≤≤
++++++++++++

++++
++++++++++++

++++
++++++++++++  

តមសមមតកិមមេគមន 
c
1

b
1

a
1

)cba(16 ++++++++≥≥≥≥++++++++  

េគបន )1()cba(abc16cabcab ++++++++≤≤≤≤++++++++  

តមវសិមភព GMAM −−−−  េគមន  ៖  

bcaabccab
2

baac
2

accb
2

cbba 222
222222222222

++++++++≥≥≥≥++++++++++++++++++++
 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ2័42 

 

)cba(abcbcaabccabaccbba 222222222 ++++++++====++++++++≥≥≥≥++++++++  

ែថមអងគទងំពរីនងឹ )cba(abc2bca2abc2cab2 222 ++++++++====++++++++  

េគបន )2()cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  

តម )1(  នឹង  េគទញបន  

)cabcab(
16
3

)cabcab( 2 ++++++++≥≥≥≥++++++++  

ឬ  )3(
16
3

cabcab ≥≥≥≥++++++++  

មយ៉ងេទៀតតមវសិមភព GMAM −−−−  េគមន  ៖  

3
2

)ca)(ba(
3)c2a2(

2
1

)c2a2(
2
1

)ba(
++++++++≥≥≥≥++++++++++++++++++++  

ឬ )ca)(ba(
2
27

)c2a2ba( 3 ++++++++≥≥≥≥++++++++++++  

េគទញបន )4(
)ca)(ba(

1
.

27
2

)c2a2ba(

1
3 ++++++++

≤≤≤≤
++++++++++++   

រសយបំភលដូឺចគន ែដរេគបន  ៖  

)2(
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)6(
)cb)(ac(

1
.

27
2

)c2b2ac(

1

)5(
)cb)(ba(

1
.

27
2

)b2a2cb(

1

3

3

++++++++
≤≤≤≤

++++++++++++

++++++++
≤≤≤≤

++++++++++++
 

តង     

333 )c2b2ac(

1

)b2a2cb(

1

)c2a2ba(

1
T

++++++++++++
++++

++++++++++++
++++

++++++++++++
====   

បូកវសិមភព )6(,)5(,)4(  េគបន  

)ac)(cb)(ba(
)cba(2

.
27
2

T
++++++++++++

++++++++≤≤≤≤  

េគមន  

)7(abc)ac)(cb)(ba()cabcab)(cba( ====++++++++++++−−−−++++++++++++++++  

តមវសិមភព GMAM −−−−  េគមន  ៖  

)8(abc8ca2.bc2.ab2)ac)(cb)(ba( ====≥≥≥≥++++++++++++  

តម )7(  និង )8( េគទញបន  
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)cabcab)(cba(
9
8

)ac)(cb)(ba( ++++++++++++++++≥≥≥≥++++++++++++  

នឱំយ 6
3
16

.
8
9

cabcab
1

.
8
9

)ac)(cb)(ba(
cba ========

++++++++
≤≤≤≤

++++++++++++
++++++++

 

េរពះ 
16
3

cabcab ≥≥≥≥++++++++   ។ 

េគទញបន 
9
8

62
27
2

T ====××××××××≤≤≤≤   ពតិ 

ដូចេនះ  

9
8

)c2b2ac(

1

)b2a2cb(

1

)c2a2ba(

1
333

≤≤≤≤
++++++++++++

++++
++++++++++++

++++
++++++++++++   
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លហំត់ទី៧៧ 

ចូរគណនផលបកូ   ៖  

13

2
.....

13
2

13
2

S n2

1n

2

2

n
++++

++++++++
++++

++++
++++

====
++++

   

ដំេណះរសយ 

គណនផលបូក  ៖  

េគមន ∑∑∑∑
====

++++++++










++++
====

++++
++++++++

++++
++++

++++
====

n

0k
k2

1k

n2

1n

2

2

n
13

2

13

2
.....

13
2

13
2

S    

ចំេពះរគប ់ 1x ≠≠≠≠  េយងមន  ៖  

1x
1

)
1x

1
1x

1
(

2
1

1x
1x

1x
1

22 −−−−
−−−−

++++
−−−−

−−−−
====

−−−−
−−−−====

++++  

េគទញ 
1x

2
1x

1
1x

1
2 −−−−

−−−−
−−−−

====
++++  

យក k23x ====  េគបន 
13

2

13

1

13

1
1k2k2k2 −−−−

−−−−
−−−−

====
++++

++++   

គុណនឹង 1k2 ++++  េគបន 
13

2

13

2

13

2
1k2

2k

k2

1k

k2

1k

−−−−
−−−−

−−−−
====

++++
++++

++++++++++++
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េគបន  ៖  

)
13

2

13

2
(...)

13

2
13

2
()

13
2

13
2

(S 1n2

2n

n2

1n

22

3

2

2

2

2

n
−−−−

−−−−
−−−−

++++++++
−−−−

−−−−
−−−−

++++
−−−−

−−−−
−−−−

==== ++++

++++++++

 

ដូចេនះ 
13

2
1S 1n2

2n

n
−−−−

−−−−==== ++++

++++

  ។ 
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លហំត់ទី៧៨( China Team Selection Test 2002 ) 

េគឱយស៊វីត  1 2a 1, a 5= == == == =   និង  
n n 1

n 1 2 2
n n 1

a a
a n 2

a a 1
−−−−

++++

−−−−

= ∀ ≥= ∀ ≥= ∀ ≥= ∀ ≥
+ ++ ++ ++ +   

ចូរកំណតតួ់ទូេទៃនស៊វីត n{a }  ជអនុគមនៃ៍ន n  ។ 

ដំេណះរសយ 

កំណតតួ់ទូេទៃនស៊វីត n{a }  ជអនុគមនៃ៍ន n  ៖  

េគមន  n n 1
n 1 2 2

n n 1

a a
a n 2

a a 1
−−−−

++++

−−−−

= ∀ ≥= ∀ ≥= ∀ ≥= ∀ ≥
+ ++ ++ ++ +  

េគបន 

          

2 2
n n 1

2 2 2
n 1 n n 1

2 2 2 2 2
n 1 n n 1 n n 1

2 2 2 2
n 1 n n 1 n

2 2 2
n 1 n n 1

1 a a 1
a a a

1 1 1 1
a a a a a

1 1 1 1
1 (1 ) (1 )

a a a a

1 1 1
1 (1 )(1 )

a a a

−−−−

+ −+ −+ −+ −

+ − −+ − −+ − −+ − −

+ −+ −+ −+ −

+ −+ −+ −+ −

+ ++ ++ ++ +====

= + += + += + += + +

+ = + + ++ = + + ++ = + + ++ = + + +

+ = + ++ = + ++ = + ++ = + +

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័248 

 

ឬ   2 2 2
n 2 n n 1

1 1 1
1 (1 )(1 ) (*)

a a a+ ++ ++ ++ +

+ = + ++ = + ++ = + ++ = + +  

តង n 2
n

1
b ln(1 )

a
= += += += +  េនះ n 1 2

n 1

1
b ln(1 )

a++++
++++

= += += += +  

េហយ    n 2 2
n 2

1
b ln(1 ) (**)

a++++
++++

= += += += +  

យក (*)  ជំនួសកនុង (**)  េគទទួលបន  n 2 n 1 nb b b+ ++ ++ ++ += += += += +  

សមកីរសមគ ល់  2q q 1 0− − =− − =− − =− − =    

មនឬស 1 2

1 5 1 5
q , q

2 2
+ −+ −+ −+ −= == == == =  

េគបន n n
n

1 5 1 5
b ( ) ( )

2 2
+ −+ −+ −+ −= α + β= α + β= α + β= α + β  

ែដល ,α βα βα βα β  កំណតដូ់ចខងេរកម  ៖  

ចំេពះ n 1====  1

1 5 1 5
b . .

2 2
+ −+ −+ −+ −= α + β= α + β= α + β= α + β  

ចំេពះ 2

3 5 3 5
n 2 : b

2 2
+ −+ −+ −+ −= = α + β= = α + β= = α + β= = α + β  
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េដយ 1 2
1

1
b ln(1 ) ln2

a
= + == + == + == + =  និង 2 2

2

1 26
b ln(1 ) ln

a 25
= + == + == + == + =  

េគបន 
1 5 1 5

ln 2
2 2

3 5 3 5 26
ln

2 2 25

 + −+ −+ −+ −α + β =α + β =α + β =α + β =


+ −+ −+ −+ − α + β =α + β =α + β =α + β =

 

េគទញ 1 2 13 1 100
ln ln

2 5 35

    
α = +α = +α = +α = +    

    
 

និង      
1 2 13 1 100

ln ln
2 5 35

    
β = −β = −β = −β = −    

    
 

េហយ  n 2
n

1
b ln(1 )

a
= += += += +  េគទញ n

nb

1
a

e 1
====

−−−−
  ។ 
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លហំត់ទី៧៩ 

របសិនេប )z1)(y1)(x1(xyx −−−−−−−−−−−−====  ែដល 1z;y;x0 ≤≤≤≤≤≤≤≤  

ចូរបងហ ញថ  
4
3

)y1(z)x1(y)z1(x ≥≥≥≥−−−−++++−−−−++++−−−−  

ដំេណះរសយ 

បងហ ញថ ៖ 

4
3

)y1(z)x1(y)z1(x ≥≥≥≥−−−−++++−−−−++++−−−−  

េគមន 0
4
1

xx)
2
1

x( 22 ≥≥≥≥++++−−−−====−−−−  ចំេពះរគប ់x  

េគទញ 
4
1

)x1(x ≤≤≤≤−−−−   េដយ 1x0 ≤≤≤≤≤≤≤≤  េនះេគទញបន ៖ 

4
1

)x1(x0 ≤≤≤≤−−−−≤≤≤≤  ។ រសយដូចគន ែដរេគបន ៖ 

4
1

)y1(y0 ≤≤≤≤−−−−≤≤≤≤    និង 4
1

)z1(z0 ≤≤≤≤−−−−≤≤≤≤  

េយងបន 64
1

)z1)(y1)(x1(xyz ≤≤≤≤−−−−−−−−−−−−  

េដយ )z1)(y1)(x1(xyz −−−−−−−−−−−−====  េនះេគទញ ៖ 
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(((( ))))
64
1

xyz 2 ≤≤≤≤    នឱំយ 
8
1

xyz ≤≤≤≤   ។ 

តង )y1(z)x1(y)z1(xT −−−−++++−−−−++++−−−−====  

         )xzyzxy()zyx( ++++++++−−−−++++++++====  
េដយ )z1)(y1)(x1(xyz −−−−−−−−−−−−====  

ឬ      xyz)zxyzxy()zyx(1xyz −−−−++++++++++++++++++++−−−−====  

ឬ     xyz21)zxyzxy()zyx( −−−−====++++++++−−−−++++++++  

េគទញ 
4
3

8
1

21xyz21T ====






−−−−≥≥≥≥−−−−====  

ដូចេនះ  
4
3

)y1(z)x1(y)z1(x ≥≥≥≥−−−−++++−−−−++++−−−−    
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លហំត់ទី៨០ 

េគឱយ 0a...,,a,a n21 >>>>  និង 0x...,,x,x n21 >>>>  ។ ចូររសយថ  ៖  

n21

2
n21

n

2
n

2

2
2

1

2
1

x....xx
)a...aa(

x
a

...
x
a

x
a

++++++++++++
++++++++++++≥≥≥≥++++++++++++  

ដំេណះរសយ 

រសយថ  ៖  

n21

2
n21

n

2
n

2

2
2

1

2
1

x....xx
)a...aa(

x
a

...
x
a

x
a

++++++++++++
++++++++++++≥≥≥≥++++++++++++  

តង 
n21

2
n21

n

2
n

2

2
2

1

2
1

n x...xx
)a...aa(

x
a

...
x
a

x
a

T
++++++++++++
++++++++++++−−−−++++++++++++====   

ចំេពះ 1n ====  េគបន 00
x
a

x
a

T
1

2
1

1

2
1

1 ≥≥≥≥====−−−−====  ពតិ 

ចំេពះ 2n ====  េគបន  ៖  

21

2
21

2

2
2

1

2
1

2 xx
)aa(

x
a

x
a

T
++++
++++−−−−++++====  
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)xaxa(

)xx(xx
)aa(xx)xaxa)(xx(
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2
1221

2121

2
21211

2
22

2
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ឧបមថវពតិដល់តួទី k  គឺ 0Tk ≥≥≥≥  ពតិ 

េយងនឹងរសយថវពតិដល់តួទី 1k ++++  គឺ 0T 1k ≥≥≥≥++++  ពិត 

េគមន 0Tk ≥≥≥≥  ( ករឧបមខងេល ) 

េគបន 0
x...xx
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x
a

...
x
a

x
a

k21

2
k21

k

2
k

2

2
2

1

2
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++++++++++++
++++++++++++−−−−++++++++++++   

េគទញ 
k21

2
k21

k

2
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2

2
2

1

2
1

x...xx
)a...aa(

x
a
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x
a

x
a
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++++++++++++≥≥≥≥++++++++++++   

ែថមអងគទងំពរីនងឹ 
1k

2
1k

x
a

++++

++++  េគបន  ៖  
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2
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k21

2
k21

1k

2
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k

2
k

2

2
2

1

2
1

x
a

x...xx
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x
a

x
a
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x
a
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a
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++++
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++++ ++++
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++++++++++++≥≥≥≥++++++++++++++++  

េដយ 
1k21

2
1k21

1k

2
1k

k21

2
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x...xx
)a...aa(

x
a

x...xx
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++++++++++++
++++++++++++≥≥≥≥++++

++++++++++++
++++++++++++  

េគទញបន  ៖  
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2
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2
1
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x
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a

x
a
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នឱំយ 0T 1k ≥≥≥≥++++  ពតិ ។ 

ដូចេនះ  
n21

2
n21

n

2
n

2

2
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2
1

x....xx
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x
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x
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លហំត់ទី៨១ 

េគឱយ c;b;a  ជបចីំនួនពតិវជិជមនែដល 1abc ====  ។ ចូរបងហ ញថ 

2
3

)ba(c

1

)ac(b

1

)cb(a

1
333 ≥≥≥≥

++++
++++

++++
++++

++++   

ដំេណះរសយ 

រសយថ 2
3

)ba(c

1

)ac(b

1

)cb(a

1
333 ≥≥≥≥

++++
++++

++++
++++

++++    

)ba(c)ac(b)cb(a
c
1

b
1

a
1

)ba(c
c
1

)ac(b
b
1

)cb(a
a
1

T

)ba(c

1

)ac(b

1

)cb(a

1
T

2222

333

++++++++++++++++++++








 ++++++++
≥≥≥≥

++++










++++
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








++++
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








====

++++
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++++
++++

++++
====

 

េដយ 2
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)cabcab(
abc

cabcab
c
1

b
1

a
1 ++++++++====







 ++++++++====






 ++++++++  

េហយ )cabcab(2)ba(c)ac(b)cb(a ++++++++====++++++++++++++++++++  

េគទញ 
2
3

2
)abc(3

2
cabcab

T
3 2

====≥≥≥≥++++++++≥≥≥≥  

ដូចេនះ  2
3

)ba(c

1

)ac(b

1

)cb(a

1
333 ≥≥≥≥

++++
++++

++++
++++

++++     ។ 
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លហំត់ទី៨២ 

េគឱយ  INn,i
3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====    ។ 

ចូរបងហ ញថ  3
n

sin.
)3(

2
.iA

n

1n ππππ====
++++

  ចេំពះរគប ់ INn ∈∈∈∈  ។ 

ដំេណះរសយ 

េយងមន INn,i
3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====    

តង 1 1 i. 3 2 1 3 2
Z i i cos i.sin

2 2 3 33 3 3 3

    + π π+ π π+ π π+ π π    = + = = + = += + = = + = += + = = + = += + = = + = +         
        

 

តមរបូមនតដមឺរេ័គបន 






 ππππ++++
ππππ====







 ++++====
3

n
sin.i

3
n

cos
)3(

2
i

3

1
Z

n

nn
n  

េហយ  






 ππππ−−−−
ππππ====

3
n
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3

n
cos

)3(

2
Z

n

n
n  

េគទញ 






 ππππ−−−−
ππππ−−−−







 ππππ++++
ππππ====

3
n
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3

n
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)3(

2
3

n
sin.i

3
n

cos
)3(

2
A

n

n

n

n

 

              
n n 1

n n

2 n n n n 2 n
cos i.sin cos i.sin i. .sin

3 3 3 3 3( 3) ( 3)

++++π π π π ππ π π π ππ π π π ππ π π π π    = + − + == + − + == + − + == + − + =    
    

 

ដូចេនះ  3
n

sin.
)3(

2
.iA

n

1n ππππ====
++++

  ។ 
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លហំត់ទី៨៣(Indonesia Indonesia TST 2010) 

េគឱយ c,b,a ជបីចនួំនពតិមនិអវជិជមន នងិ z,y,x   

ជបីចនួំនពតិវជិជមនេដយដងឹថ  zyxcba ++++++++====++++++++  ។ 

ចូររសយបញជ កថ់  ៖ cba
z

c

y

b

x

a
2

3

2

3

2

3
++++++++≥≥≥≥++++++++  ។ 

ដំេណះរសយ 

រសយបញជ កថ់  cba
z

c

y

b

x

a
2

3

2

3

2

3
++++++++≥≥≥≥++++++++     

តមវសិមភព GMAM −−−−  េគមន  3
2

3

2

3
x.x.

x

a
3xx

x

a ≥≥≥≥++++++++  

េគទញ  )1(x2a3
x

a
2
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លហំត់ទី៨៥(APMO 1998) 
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លហំត់ទី៨៩(USAMO 1989 ) 

ចំេពះរគបច់ំនួនគតវ់ជិជមន n  េគឱយ  ៖  

1n
T

....
4
T

3
T

2
T

U

S....SSST
n
1

....
3
1

2
1

1S

n321
n

n321n

n

++++
++++++++++++++++====

++++++++++++++++====

++++++++++++++++====

 

ចូរកំណតេ់ដយេធវដំេណះរសយ នូវចំនួនគត ់

0001000d,c,b,a0 <<<<<<<<   េដយដឹងថ baST 19891988 −−−−====    

និង dcSU 19891988 −−−−====   ។ 

ដំេណះរសយ 

កំណតច់ំនួនគត ់ d,c,b,a  

េយងនឹងរសយតមកំេណ នថរគប ់ nnST:2n n1n −−−−====≥≥≥≥ −−−−   

-ចំេពះ 121 S12)
2
1

1(22S2T:2n ========−−−−++++====−−−−========  ពតិ 

-ឧបមថ nnST n1n −−−−====−−−−  ពតិ 
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េយងនឹងរសយថ )1n(S)1n(T 1nn ++++−−−−++++==== ++++  ពតិ 

េគមន n1nn1n21n STSS...SST ++++====++++++++++++++++==== −−−−−−−−  

           nS)1n(SnnST nnnn −−−−++++====++++−−−−====  

េដយ 
1n

1
SS n1n ++++

====−−−−++++  េនះ 
1n

1
SS 1nn ++++

++++==== ++++  

េគបន )1n(S)1n(n)
1n

1
S)(1n(T 1n1nn ++++−−−−++++====−−−−

++++
++++++++==== ++++++++ ពតិ 

ដូចេនះ nnST:2n n1n −−−−====≥≥≥≥ −−−−  

យក 1989n ====  េគបន 1989S1989T 19891988 −−−−====  

េដយ baST 19891988 −−−−====    

េនះេគទញ 1989b,1989a ========  ។ 

េហយ )
1k

T
(

1n
T

...
4
T

3
T

2
T

U
n

1k

kn321
n ∑∑∑∑

==== ++++
====

++++
++++++++++++++++====  
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)1n(2S)1n(

n1)1n(S)1n(

nST

nS....SS

)1S(

1k
)1k(S)1k(

U

1n

1n

11n

1n32

n

1k
1k

n

1k

1k
n

++++−−−−++++====
−−−−−−−−++++−−−−++++====

−−−−−−−−====
−−−−++++++++++++====

−−−−====

++++
++++−−−−++++====

++++

++++

++++

++++

====
++++

====

++++

∑∑∑∑

∑∑∑∑

 

យក 1988n ====   េគបន 3978S1989U 19891988 −−−−====  

េដយ dcSU 19891988 −−−−====   េនះ 3978d,1989c ========  

ដូចេនះ 3978d,1989c,1989b,1989a ================  ។ 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័275 

 

លហំត់ទី៩០( APMO 1998 )  

េគឲយ z,y,x   ជបីចំនួនពតិវជិជមន ។ ចូរបងហ ញថ 

3 xyz
)zyx(2

2
x
z

1
z
y

1
y
x

1
++++++++++++≥≥≥≥







 ++++






 ++++






 ++++                                                                                                      

ដំេណះរសយ 

បងហ ញថ 

3 xyz
)zyx(2

2
x
z

1
z
y

1
y
x

1
++++++++++++≥≥≥≥







 ++++






 ++++






 ++++  

េយងមន  

(((( ))))i
x
y

y
z

z
x

x
z

z
y

y
x

2)
x
z

1()
z
y

1()
y
x

1( 






 ++++++++++++






 ++++++++++++====++++++++++++  

តមវសិមភព GMAM −−−−   េគមន  

3
3

2

xyz
x3

yz
x

3
z
y

y
x

y
x ====≥≥≥≥++++++++   ឬ (((( ))))1

xyz
x3

z
y

y
x2

3
≥≥≥≥++++  

រសយដូចគន ែដរេគបន  
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 (((( ))))2
xyz
y3

x
z

z
y2

3≥≥≥≥++++    និង  (((( ))))3
xyz
z3

y
x

x
z2

3≥≥≥≥++++  

បូកវសិមភព )2(,)1(  និង  េគបន  

3 xyz
)zyx(3

x
z

z
y

y
x

3
++++++++≥≥≥≥







 ++++++++   ឬ  (((( ))))4
xyz

zyx
x
z

z
y

y
x

3

++++++++≥≥≥≥++++++++  

រសយដូចគន ែដរេគបន )5(
xyz

zyx
x
y

y
z

z
x

3

++++++++≥≥≥≥++++++++  

បូកវសិមភព (4) និង (5) េគបន  

(((( ))))ii
xyz

)zyx(2
)

x
y

y
z

z
x

()
x
z

z
y

y
x

( 3

++++++++≥≥≥≥++++++++++++++++++++  

តមទំនកទ់នំង )i(  និង )ii(   េគទញបន  

3 xyz
)zyx(2

2
x
z

1
z
y

1
y
x

1
++++++++++++≥≥≥≥







 ++++






 ++++






 ++++   ។ 

 

 

 

 

)3(
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លហំត់ទី៩១(IMO 1973) 

ចំេពះ aនិង b  ជចំនួនពិត សមកីរ  

01axbxaxx 234 ====++++++++++++++++  មនឬសយ៉ងតិច 

មយួជចំនួនពិត។ 

ចូរគណនតៃមលតូចបំផុតៃន 22 ba ++++  ?   

ដំេណះរសយ 

គណនតៃមលតូចបំផុតៃន 22 ba ++++  

េគមន 01axbxaxx 234 ====++++++++++++++++  

ែចកអងគទងំពីរៃនសមកីរេនះ នឹង 0x2 ≠≠≠≠  េគបន  ៖  

02b)
x
1

x(a)
x
1

x(

0b)
x
1

x(a
x

1
x

0
x

1
x
a

baxx

2

2
2

2
2

====−−−−++++++++++++++++

====++++++++++++++++

====++++++++++++++++
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តង 
x
1

xz ++++====  សមកីរេនះអចសរេសរ  ៖  

02bazz2 ====−−−−++++++++  ឬ )1(z2baz 2−−−−====++++  

តមវសិមភព SchwarzCauchy −−−−  េគមន  ៖  

)2()1z)(ba()baz( 2222 ++++++++≤≤≤≤++++  

តម )2(&)1(  េគបន  ៖  

22222 )z2()1z)(ba( −−−−≥≥≥≥++++++++  

               

1z

9
5zba

1z

)]z1(3[
ba

1z

)z2(
ba

2
222

2

22
22

2

22
22

++++
++++−−−−≥≥≥≥++++

++++
++++−−−−≥≥≥≥++++

++++
−−−−≥≥≥≥++++

 

យក 2zt ====  េដយ   
x

1x
x
1

xz
2 ++++====++++====   

េនះ 2
|x|
|x2|

|x|
|1x|

|z|
2

====≥≥≥≥++++≥≥≥≥  េហយ 4|z|zt 22 ≥≥≥≥========  
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េគបន 
1t

9
5tba 22

++++
++++−−−−≥≥≥≥++++  

តងអនុគមន ៍
1t

9
5t)t(f

++++
++++−−−−====   

េគបន 4t0
)1t(

)2t)(4t(

)1t(

9
1)t('f

22
≥≥≥≥∀∀∀∀>>>>

++++
−−−−++++====

++++
−−−−====  

េគទញបន )t(f  ជអនុគមនេ៍កនរគប ់ 4t ≥≥≥≥  ។ 

តមលកខណៈៃនអនុគមនេ៍កនេគបន )4(f)t(f ≥≥≥≥  

ែត 
5
4

5
9

1
14

9
54)4(f ====++++−−−−====

++++
++++−−−−====  េនះ 

5
4

)t(f ≥≥≥≥  

េគទញបន 
5
4

)t(fba 22 ≥≥≥≥≥≥≥≥++++  

ដូចេនះ តៃមលតូចបំផុតៃន 22 ba ++++ េសមនឹង 
5
4
  ។ 
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លហំត់ទី៩២ 

េគឲយ )a( n ជស៊វីតៃនចំនួនពតិែដល 2
1

a1 ====   

និងចំេពះរគបច់នួំនគតវ់ជិជមនn េយងមន  1aa

a
a

n
2

n

2
n

1n ++++−−−−
====++++        

ចូររសយបញជ កថ់ចំេពះរគបច់ំនួនគតវ់ជិជមន n  េយងមន ៖ 

1a.........aaa n321 <<<<++++++++++++++++   ។ 

ដំេណះរសយ 

រសយបញជ កថ់  1a.........aaa n321 <<<<++++++++++++++++   

េយងមន   1aa

a
a

n
2

n

2
n

1n ++++−−−−
====++++  

តង 
n

n a
1

b ====  េនះទំនកទ់ំនងែដលឲយកល យេទជ ៖ 

1bbb n
2

n1n ++++−−−−====++++  

េគទញ n
2

n1n bb1b −−−−====−−−−++++  
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nnnn1n

nn1n

b
1

1b
1

)1b(b
1

1b
1

)1b(b1b

−−−−
−−−−

====
−−−−

====
−−−−

−−−−====−−−−

++++

++++

 

េគទញ 1b
1

1b
1

b
1

a
1nnn

n −−−−
−−−−

−−−−
========

++++
 

n21
n21 b

1
......

b
1

b
1

a....aa ++++++++++++====++++++++++++       

1
1b

1
1

1b
1

1b
1

)
1b

1
1b

1
(...)

1b
1

1b
1

()
1b

1
1b

1
(

1n1n1

1nn3221

<<<<
−−−−

−−−−====
−−−−

−−−−
−−−−

====

−−−−
−−−−

−−−−
++++++++

−−−−
−−−−

−−−−
++++

−−−−
−−−−

−−−−
====

++++++++

++++  

ពេីរពះ 2
a
1

b
1

1 ========   ។ 

ដូចេនះ   1a.........aaa n321 <<<<++++++++++++++++   ។ 
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លហំត់ទី៩៣ 

េគឱយ c,b,a  ជបចីំនួនពតិវជិជមន ។  ចូររសយបញជ កថ់  ៖  

2
cba

acac2

c

cbcb2

b

baba2

a
22

2

22

2

22

2 ++++++++≥≥≥≥
++++++++

++++
++++++++

++++
++++++++

 

ដំេណះរសយ 

េយងពនិិតយអនុគមន ៍
1xx2

x
)x(f

2

2

++++++++
====   រគប ់ 0x >>>>  

វសិមភពខងេលសមមូល 2
cba

)
a
c

(af)
c
b

(cf)
b
a

(bf
++++++++≥≥≥≥++++++++  ។ 

េដមបរីសយបញជ កវ់សិមភពេនះេយងរតូវកំណតអ់នុគមនលី៍េនែអម៊យួ 

ែដល (*)x)x(f ββββ++++αααα≥≥≥≥  េហយ αααα និង ββββ  ជពរីចំនួនពតិែដលបំេពញ 

លកខខ័ណឌ័  (*)ពតិចំេពះរគប ់ 0x >>>>  ។ 

េដយសែតវសិមភពពតិចំេពះ cba ========  េនះេយងនងឹកណំតរ់ក  

αααα និង ββββែដលេធវឱយែខសេកង  )x(fy:)c( ====  បះ៉នងឹ  

ββββ++++αααα==== xy:)d(  រតង ់ 1x ====  ។ 
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េពលគឺរតូវឱយ ββββ++++αααα====)1(f  និង αααα====)1('f  ។ 

េដយ 
2
1

)1(f ====   េនះ 
2
1====ββββ++++αααα  

េគមន 
1x2x2

x.
1x2x22

1x4
1x2x2x2

)x('f 2

2
2

2

++++++++
++++++++

++++−−−−++++++++
====  

េគបន 
16
11

4
4
5

4
)1('f ====

−−−−
====   េនះ 

16
11====αααα   េហយ 16

3
2
1 −−−−====αααα−−−−====ββββ  

េហតុេនះ  
16

3x11
)x(f

−−−−≥≥≥≥   ឬ  (**)
16

3x11

1xx2

x
2

2 −−−−≥≥≥≥
++++++++

 

-េប  11
3

x0 <<<<<<<<  េនះវសិមភព (**)  ពតិជនិចចេរពះអងគទី១ 

ជកេនសមវជិជមនជនចិចរគប ់ 0x >>>>  េហយអងគទីពរីអវជិជមន ។ 

-េប 11
3

x ≥≥≥≥  េនះវសិមភព (**)  អចសរេសរ  ៖  

  0
)1xx2(256

)9x39x14()1x(
256

)3x11(

1x2x2

x
2

2222

2

2

≥≥≥≥
++++++++

−−−−++++−−−−⇔⇔⇔⇔−−−−≥≥≥≥










++++++++
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វពតិចំេពះរគប ់
11
3

x ≥≥≥≥  េរពះ 09x39x14 2 >>>>−−−−++++  ។ 

តម (**)  េគជំនួស x  េដយ 
a
c

,
c
b

,
b
a  េគបន  ៖  

16
a3c11c3b11b3a11

)
a
c

(af)
c
b

(cf)
b
a

(bf
−−−−++++−−−−++++−−−−≥≥≥≥++++++++  

                                        
2

cba
16

c8b8a8 ++++++++====++++++++====  ពតិ 

ដូចេនះ  
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លហំត់ទី៩៤ 

េគឱយ  n21 x...,,x,x ( ែដល 2n ≥≥≥≥ )ជចំនួនពតិវជិជមនែដលេផទៀងផទ ត់  ៖  

1998
1

1998x
1

....
1998x
1

1998x
1

n21

====
++++

++++++++
++++

++++
++++   

ចូរបងហ ញថ 1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−
  ។ 

ដំេណះរសយ 

បងហ ញថ 1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−    

េគមន 1998
1

1998x
1

....
1998x
1

1998x
1

n21

====
++++

++++++++
++++

++++
++++   

ឬ 1
1998x

1998
....

1998x
1998

1998x
1998

n21

====
++++

++++++++
++++

++++
++++   

តង 1x
1998

y
i

i ++++
====  េគបន 1y....yy n21 ====++++++++++++  

េគទញ ∑∑∑∑
≠≠≠≠

====−−−−
ij

ii )y(y1   ែដល ni1 ≤≤≤≤≤≤≤≤  និង nj1 ≤≤≤≤≤≤≤≤  

តម GMAM −−−−  េគមន ∑∑∑∑ ∏∏∏∏
≠≠≠≠

−−−−
≠≠≠≠

−−−−≥≥≥≥
ij

1n
ij

ii )y()1n()y(  
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េគបន 1n

ij
ii )y()1n(y1 −−−−

≠≠≠≠
∏∏∏∏−−−−≥≥≥≥−−−−    

េគទញ ∏∏∏∏∏∏∏∏
========

−−−−≥≥≥≥−−−−
n

1i
i

n
n

1i
i )y()1n()y1(  ឬ ∏∏∏∏

====
−−−−≥≥≥≥−−−−n

1i

n

i

i )1n()
y

y1
(  

ែត 1998
x

y
y1 i

i

i ====−−−−  េនះ  n
n

n21 )1n(
1998

x...xx −−−−≥≥≥≥  ឬ 1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−   ។ 
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លហំត់ទី៩៥( AIME 1988 ) 

ចូរកំណតគូ់ៃនចនួំនគត ់(a,b) េដយដឹងថ 17 16ax bx 1+ ++ ++ ++ +  

ែចកដចន់ឹង 2x x 1− −− −− −− −   ។ 

ដំេណះរសយ 

កំណតគូ់ៃនចំនួនគត ់(a,b)  ៖  

តង p  និង q  ជឬសរបស់សមកីរ 2x x 1 0− − =− − =− − =− − =   

េនះតមរទឹសតីបទែវយតេគបន p q 1+ =+ =+ =+ =   នងិ pq 1= −= −= −= −  ។ 

េដមបឱីយ 17 16ax bx 1+ ++ ++ ++ +  ែចកដចន់ឹង 2x x 1− −− −− −− −  លុះរតែត p  និង q   

ជឬសរបស់សមកីរ 17 16ax bx 1 0+ + =+ + =+ + =+ + =  ែដរ ។ 

េគបន 17 16ap bp 1+ = −+ = −+ = −+ = −   និង 17 16aq bq 1+ = −+ = −+ = −+ = −   

េគទញបន 16 17 16 16q (ap bp ) q+ = −+ = −+ = −+ = −   

ឬ 16ap b q+ = −+ = −+ = −+ = −  (េរពះ pq 1= −= −= −= − ) 

េហយ  16 17 16 16p (aq bq ) p+ = −+ = −+ = −+ = −   ឬ 16aq b p+ = −+ = −+ = −+ = −  
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េហតុេនះ 16 16(ap b) (aq b) p q+ − + = −+ − + = −+ − + = −+ − + = −  

េគទញបន 
16 16

2 2 4 4 8 8p q
a (p q)(p q )(p q )(p q )

p q
−−−−= = + + + += = + + + += = + + + += = + + + +
−−−−  

េដយ  p q 1+ =+ =+ =+ =  េនះ 2 2 2p q (p q) 2pq 1 2 3+ = + − = + =+ = + − = + =+ = + − = + =+ = + − = + =  

          
4 4 2 2 2 2 2p q (p q ) 2p q 9 2 7+ = + − = − =+ = + − = − =+ = + − = − =+ = + − = − =  

         
8 8 4 4 2 4 4p q (p q ) 2p q 49 2 47+ = + − = − =+ = + − = − =+ = + − = − =+ = + − = − =  

ដូចេនះ a 1.3.7.47 987= == == == =  ។ 

មយ៉ងេទៀតតម 17 16ap bp 1+ = −+ = −+ = −+ = −   និង 17 16aq bq 1+ = −+ = −+ = −+ = −  

េគបន  17 16 17 16ap bp aq bq+ = ++ = ++ = ++ = +  

េគទញបន 
17 17

16 16

p q
b .a

p q
−−−−= −= −= −= −
−−−−   ែត 

16 16p q
a

p q
−−−−====
−−−−  

េនះ  
17 17

16 15 14 2 16p q
b (p p q p q ... q )

p q
−−−−= − = − + + + += − = − + + + += − = − + + + += − = − + + + +
−−−−  

           
16 16 14 14 2 2 12 12[(p q ) pq(p q ) p q (p q ) ....= − + + + + + += − + + + + + += − + + + + + += − + + + + + +  

                     
7 7 2 2 8 8... p q (p q ) p q ]+ + ++ + ++ + ++ + +  

           
16 16 14 14 2 2[(p q ) (p q ) ... (p q ) 1]= − + − + + − + += − + − + + − + += − + − + + − + += − + − + + − + +  
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តង 2n 2n
2nS p q= += += += +  រគប ់n 1≥≥≥≥  េនះ 2 4 8S 3,S 7,S 47= = == = == = == = =  

េគមន 2n 4 2n 4
2n 4S p q+ ++ ++ ++ +

++++ = += += += +  

                   

2 2 2n 2 2n 2 2 2 2n 2n

2n 2 n

(p q )(p q ) p q (p q )

3S S

+ ++ ++ ++ +

++++

= + + − += + + − += + + − += + + − +
= −= −= −= −  

យកតៃមល n 3,4,5,6,7,8====  ជំនួសកនុង 2n 4 2n 2 2nS 3S S+ ++ ++ ++ += −= −= −= −  

េគបន 6 8 10 12 14S 18 ,S 47 ,S 123,S 322 , S 843= = = = == = = = == = = = == = = = =  

និង 16S 2207====  ។ 

េគបន b (2207 843 322 123 47 18 7 3 1)= − − + − + − + − += − − + − + − + − += − − + − + − + − += − − + − + − + − +  

ឬ      b 1597= −= −= −= −   ។ 

ដូចេនះ (a,b) (987, 1597)= −= −= −= −  ។ 
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លហំត់ទី៩៦ 

េគឲយ 632a0 ++++++++====  និង )2a(2
5a

a
n

2
n

1n ++++
−−−−====++++  

ចំេពះរគប ់ 0n ≥≥≥≥  ។ 

ចូររសយថ 2
3

2
cota

3n

n −−−−






 ππππ====
−−−−

  ចំេពះរគប ់ INn ∈∈∈∈ ។ 

ដំេណះរសយ 

រសយបញជ កថ់ 2
3

2
cota

3n

n −−−−






 ππππ====
−−−−

   

ចំេពះ 0n ====  េគបន 2
24

cota0 −−−−ππππ====  

26
264

4
26

4
26

1

)
43

sin(

)
43

cos(1

12
sin

12
cos1

24
cos

24
sin2

24
cos2

24
sin

24
cos

24
cot

2

−−−−
++++++++====

−−−−

++++++++
====ππππ−−−−ππππ

ππππ−−−−ππππ++++
====

ππππ

ππππ++++
====ππππππππ

ππππ

====ππππ

ππππ

====ππππ
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6322
4

348)26(4
4

)26()26(4
24

cot
2

++++++++++++====

++++++++++++====

++++++++++++====ππππ

 

េគទញ 632a0 ++++++++====  

េហតុេនះ 2
3

2
cota

3n

n −−−−






 ππππ====
−−−−

  ពតិចំេពះ 0n ====  ។ 

សនមតថវពតិដល់តួទី k  គឺ 2
3

2
cota

3k

k −−−−






 ππππ====
−−−−

  ពតិ 

េយងនឹងរសយថវពតិដល់តួទី 1k ++++  គឺ ៖ 

2
3

2
cota

2k

1k −−−−






 ππππ====
−−−−

++++  ពតិ ។ 

េយងមន )2a(2
5a

a
k

2
k

1k ++++
−−−−====++++  េដយ 2

3
2

cota
3k

k −−−−






 ππππ====
−−−−

   



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័292 

 

េនះ 







 ππππ

−−−−







−−−−






 ππππ

==== −−−−

−−−−

++++

3
2

cot2

52
3

2
cot

a
3k

23k

1k  

    

2

2
2

cot2

1
3

2
cot

3
2

cot2

1
3

2
cot4

3
2

cot

a

3k

3k
2

3k

3k3k
2

1k

−−−−








 ππππ

−−−−






 ππππ

====








 ππππ

−−−−






 ππππ−−−−






 ππππ

====

−−−−

−−−−

−−−−

−−−−−−−−

++++

 

េដយេរបរបូមនត acot2
1acot

a2cot
2 −−−−====  

េគបន 2
3

2
cota

2k

1k −−−−






 ππππ====
−−−−

++++   ពតិ ។ 

ដូចេនះ 2
3

2
cota

3n

n −−−−






 ππππ====
−−−−

   ។ 
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លហំត់ទី៩៧ 

េគឲយស៊វីតៃនចំនួនពតិ )U( n កំនតេ់ល IN  េដយ ៖ 

2
2

U0 ====  និង INn,
2

U11
U

2
n

1n ∈∈∈∈∀∀∀∀
−−−−−−−−

====++++  

គណន nU  ជអនុគមនៃ៍ន n  ។ 

ដំេណះរសយ 

គណន nU  ជអនុគមនៃ៍ន n  ៖ 

េយងមន 4
sin

2
2

U0

ππππ========  

    

8
sin

2
4

sin11

2

U11
U

2
2

0
1

ππππ====

ππππ−−−−−−−−
====

−−−−−−−−
====  

ឧបមថវពតិដល់តួទី p គឺ 2pp 2
sinU ++++

ππππ====    

េយងនឹងរសយថវពតិដល់តួទី )1p( ++++  គឺ 3p1p 2
sinU ++++++++

ππππ====  ពិត 

េយងមន 
2

U11
U

2
p

1p

−−−−−−−−
====++++

  ករឧបម 2pp 2
sinU ++++

ππππ====    
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េយងបន 
2

2
sin11

U
2p

2

1p

++++

++++

ππππ−−−−−−−−
====   

      
3p

3p
2

2p

2
sin

2
2

sin2

2
2

cos1

++++

++++++++ ππππ====

ππππ

====

ππππ−−−−
====  ពតិ 

ដូចេនះ  2nn 2
sinU ++++

ππππ====   ។ 
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លហំត់ទី៩៨ 

េគឱយ c,b,a  ជបចីំនួនពតិខុសគន  ។  

ចូររសយថ 2
)ba(

c

)ac(

b

)cb(

a
2

2

2

2

2

2

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

  ។ 

ដំេណះរសយ 

េគមន )zxyzxy(2)zyx(zyx 2222 ++++++++−−−−++++++++====++++++++  

េដយ 0)zyx( 2 ≥≥≥≥++++++++  រគបច់នួំនពតិ z,y,x  េនះេគបន  ៖  

(*))zxyzxy(2zyx 222 ++++++++−−−−≥≥≥≥++++++++  

យក 
ba

c
z,

ac
b

y,
cb

a
x

−−−−
====

−−−−
====

−−−−
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លហំត់ទី៩៩ 

េគឱយ baxx)x(P 25 ++++++++====  មនឬសរប ំ 54321 x,x,x,x,x  និង 

 3x)x(f 2 −−−−==== ។ 

រកតៃមលអបបបរមៃន )x(f)x(f)x(f)x(f)x(f 54321 ។ 

ដំេណះរសយ 

រកតៃមលអបបបរមៃន )x(f)x(f)x(f)x(f)x(f 54321   

េប  baxx)x(P 25 ++++++++====  មនឬសរប ំ 54321 x,x,x,x,x   

េនះេគបន ∏∏∏∏
====

−−−−====
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តង ∏∏∏∏
====

========
5

1k
k54321 )x(f)x(f)x(f)x(f)x(f)x(fQ  
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េគបន ∏∏∏∏∏∏∏∏
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++++−−−−====−−−−====
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2
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លហំត់ទី១០០  (Czech and Slovak Republics 2005Czech and Slovak Republics 2005Czech and Slovak Republics 2005Czech and Slovak Republics 2005 ) 
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លហំត់ទី១០២ 

េគឲយអនុគមន ៍ 2x)x(f 2 −−−−====  ែដល IRx ∈∈∈∈  

ក-េគយក )x(fU1 ====  និង )U(fU n1n ====++++ ចំេពះរគប ់n IN∈  ។ 

 ចូរបងហ ញថ [[[[ ]]]][[[[ ]]]][[[[ ]]]].......)x(ff.......ffU nn ====  ។ 

ខ-រសយថេប 2x >>>>  េគបន 2Un >>>>  រគប ់n IN∈  ។ 

គ-េគតង 4UUV 2
nnn −−−−−−−−====  រគប ់n IN∈ និង 2x >>>>   ។ 

 ចំេពះរគប ់n IN∈  ចូរបងហ ញថ 2
n1n VV2 ====++++  ។ 

ឃ-សនមតថ 2lnVlnW nn −−−−====  ចំេពះរគប ់ *INn ∈∈∈∈  ។ 

 ចូររករបេភទៃនស៊វីត nW  ។ 

ង-េរបលទឋផលខងេលចូរទញរកអនុគមន ៍៖ 

[[[[ ]]]][[[[ ]]]][[[[ ]]]].........)x(ff........ff)x(F nn ====  ។ 

ដំេណះរសយ 

ក-បងហ ញថ [[[[ ]]]][[[[ ]]]][[[[ ]]]].......)x(ff.......ffU nn ====  
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េយងមន )x(fU1 ====  ពតិ ( តមសមមតកិមម ) 

       [[[[ ]]]])x(ff)U(fU 12 ========  ពតិ ( េរពះ )U(fU n1n ====++++  ) 

       [[[[ ]]]][[[[ ]]]])x(fff)U(fU 23 ========  ពតិ 

េយងសនមតថវពតិដល់តួទី kគឺ ៖ 

[[[[ ]]]][[[[ ]]]][[[[ ]]]].......)x(ff.......ffU kk ====    ពតិ 

េយងនឹងរសយថវពតិដល់តួទី 1k ++++ គឺ ៖ 

[[[[ ]]]][[[[ ]]]][[[[ ]]]].......)x(ff.......ffU 1k1k ++++++++ ====  ពតិ 

េយងមន 

(((( )))) [[[[ ]]]][[[[ ]]]][[[[ ]]]][[[[ ]]]]
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......)x(ff........fffUfU
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kk1k

++++

++++

====
========

 

ដូចេនះ [[[[ ]]]][[[[ ]]]][[[[ ]]]].......)x(ff.......ffU nn ====  ។ 

ខ-រសយថេប 2x >>>>  េគបន 2Un >>>>  រគប ់ *INn ∈∈∈∈  

េយងមន 2U)U(fU 2
nn1n −−−−========++++  

េប 2x >>>>  េនះ 22x)x(fU 2
1 >>>>−−−−========  ឬ  2U1 >>>>  ពតិ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័307 

 

េយងសនមតថវពតិដល់តួទី k  គឺ 2Uk >>>>  ពតិ 

េយងនឹងរសយថវពតិដល់តួទី 1k +  គឺ 2U 1k >>>>++++  ពិត 

េយងមន 2UU 2
k1k −−−−====++++  

េដយ 2Uk >>>>  នឲំយ 4U 2
k >>>>  ឬ 2242U 2

k ====−−−−>>>>−−−−  

េគទញ 22UU 2
k1k >>>>−−−−====++++  ពតិ ។ 

ដូចេនះ េប 2x >>>>  េគបន 2Un >>>>  រគប ់ *INn ∈∈∈∈  ។ 

គ-បងហ ញថ 2
n1n VV2 ====++++  

េយងមន 4UUV 2
nnn −−−−−−−−====  

េយងបន 4UUV 2
1n1n1n −−−−−−−−==== ++++++++++++  ែត 2UU 2

n1n −−−−====++++  
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ដូចេនះ 2
n1n VV2 ====++++  ។ 

ឃ-រករបេភទៃនស៊វីត nW  ។  

េគមន 2lnVlnW nn −−−−====  ចំេពះរគប ់ *INn ∈∈∈∈  
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លហំត់ទី១០៣  (Japan Mathematical Olympiad Finals 2010) 

េគឱយ x ,y ,z ជចនួំនពតិវជិជមន ។ ចូរបងហ ញថ  ៖  

2 2 2

1 yz zx 1 zx xy 1 xy yz
1

(1 x y) (1 y z) (1 z x)
+ + + + + ++ + + + + ++ + + + + ++ + + + + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + ++ + + + + ++ + + + + ++ + + + + +   ។ 

ដំេណះរសយ 

តមវសិមភព Cauchy Schwarz−−−−  ៖  

2 2 2 2 2 2 2
1 1 2 2 3 3 1 2 3 1 2 3(a b a b a b ) (a a a )(b b b )+ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + +  

យក 1 1 2 2 3 3

x y
a b 1 ,a xz ,b ,a yz ,b

z z
= = = = = == = = = = == = = = = == = = = = =  

េគបន 2 x y
(1 x y) (1 xz yz)(1 )

z z
+ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + +  

េគទញបន    2

1 xz yz z
(1)

(1 x y) x y z
+ ++ ++ ++ + ≥≥≥≥
+ + + ++ + + ++ + + ++ + + +  

រសយដូចគន ែដរ  2

1 zx xy x
(2)

(1 y z) x y z
+ ++ ++ ++ + ≥≥≥≥
+ + + ++ + + ++ + + ++ + + +  

និង   2

1 xy yz y
(3)

(1 z x) x y z
+ ++ ++ ++ + ≥≥≥≥
+ + + ++ + + ++ + + ++ + + +  
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េធវផលបកូវសិមភព (1), (2) & (3) េគបន  ៖  

2 2 2

1 yz zx 1 zx xy 1 xy yz x y z
1

(1 x y) (1 y z) (1 z x) x y z
+ + + + + + + ++ + + + + + + ++ + + + + + + ++ + + + + + + ++ + ≥ =+ + ≥ =+ + ≥ =+ + ≥ =
+ + + + + + + ++ + + + + + + ++ + + + + + + ++ + + + + + + +    

ដូចេនះ  2 2 2

1 yz zx 1 zx xy 1 xy yz
1

(1 x y) (1 y z) (1 z x)
+ + + + + ++ + + + + ++ + + + + ++ + + + + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + ++ + + + + ++ + + + + ++ + + + + +   ។ 
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លហំត់ទី១០៤ 

េគឱយ  c,b,a  ជបចីំនួនពតិវជិជមន ។ ចូរបងហ ញថ  ៖  

2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++

   

ដំេណះរសយ 

េគមនសមភព  ៖  

)cabcabcba)(ac)(cb)(ba(5)cba(cba

)ac)(cb)(ba(3)cba(cba
2225555

3333

++++++++++++++++++++++++++++++++−−−−++++++++====++++++++

++++++++++++−−−−++++++++====++++++++
 

េគបន  ៖  

)cabcabcba(
3
5

)cba(cba
)cba(cba 222

3333

5555

++++++++++++++++++++====
++++++++−−−−++++++++
++++++++−−−−++++++++  

េយងនឹងរសយថ 2222 )cba(
9
10

)cabcabcba(
3
5 ++++++++≥≥≥≥++++++++++++++++++++  

ឬ 2222 )cba(2)cabcabcba(3 ++++++++≥≥≥≥++++++++++++++++++++  

ឬ                          cabcabcba 222 ++++++++≥≥≥≥++++++++  
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តមវសិមភព GMAM −−−−  េគមន  ៖  

222
222222

cba
2

ac
2

cb
2

ba
cabcab ++++++++====++++++++++++++++++++≤≤≤≤++++++++   ពតិ 

ដូចេនះ  2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++   ។ 
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លហំត់ទី១០៥ 

េដះរសយសមកីរ 

)12(log

8
)12(log21

)12(log

6
)12(log

x2
3

x
3x

3

x
3 ++++

++++++++++++====
++++

++++++++    

ដំេណះរសយ 

េដះរសយសមកីរ 

)12(log

8
)12(log21

)12(log

6
)12(log

x2
3

x
3x

3

x
3 ++++

++++++++++++====
++++

++++++++    

តង  )12(logt x
3 ++++====   សមកីរអចសរេសរ ៖ 

2t

8
t21

t
6

t ++++++++====++++   ឬ  
2

22

t

)4t2t)(2t(
2

t
6tt ++++−−−−++++====++++−−−−  

ឬ   )1(
t

4t2t
.

t
2t

2
t

6tt 22 ++++−−−−++++====++++−−−−  

តង  
t

2t
u

++++====   និង  t
4t2t

v
2 ++++−−−−====   េគបន 

t
6tt

vu
2 ++++−−−−====++++  

សមកីរ (1) អចសរេសរ  0)vu(uv2vu 2 ====−−−−⇔⇔⇔⇔====++++  
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េគទញ vu ====   ឬ  
t

4t2t
t

2t 2 ++++−−−−====++++    (  )0t ≠≠≠≠  

                    ឬ  4t2t2t 2 ++++−−−−====++++  

                    ឬ   02t3t 2 ====++++−−−−   មនឬស 2t;1t 21 ========   ។ 

-ចំេពះ  1)12(log1t x
3 ====++++⇒⇒⇒⇒====  

                  
1x

22

312
x

x

====⇒⇒⇒⇒

====⇒⇒⇒⇒

====++++⇒⇒⇒⇒

 

-ចំេពះ  2)12(log2t x
3 ====++++⇒⇒⇒⇒====  

                   
3x

82

912
x

x

====⇒⇒⇒⇒

====⇒⇒⇒⇒

====++++⇒⇒⇒⇒

 

ដូចេនះសមកីរមនឬស  3x,1x 21 ========   ។ 
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លហំត់ទី១០៦ 

េគឱយស៊វីតៃនចំនួនពតិ INkk )u( ∈∈∈∈  កំនតេ់ដយ  ៖  

9u0 ====   និង ទំនកទ់ំនងកំេនន (((( ))))∑∑∑∑
====

++++ ====
n

1p

p
k

p
n1k uCu    

ែដល )!pn(!p
!n

Cp
n −−−−

====   ។ចូរគណន ku  ជអនុគមនៃ៍ន k  និង n   

ដំេណះរសយ 

គណន ku  ជអនុគមនៃ៍ន k  និង n  ៖  

េយងមន (((( ))))∑∑∑∑
====

++++ ====
n

1p

p
k

p
n1k uCu    

េដយ (((( )))) (((( )))) p
k

n

0p

p
k

p
n

n

1p

p
k

p
n )u1(1uC1uC ++++++++−−−−====++++−−−−==== ∑∑∑∑∑∑∑∑

========
 

េគបន p
k1k )u1(1u ++++++++−−−−====++++ េគទញ )u1ln(p)u1ln( k1k ++++====++++ ++++  

ទំនកទ់ំនងេនះបញជ កថ់ })u1ln({ k++++  ជស៊វីតធរណីមរតមន 

ផលេធៀបរមួ p និងតួដំបូង 10ln)u1ln( o ====++++  

េគបន 10lnp)u1ln( k
k ====++++  នឱំយ 110u

kp
k −−−−====     ។ 
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លហំត់ទី១០៧ 

េគឲយ n  ចំនួន )1,0(a....,,a,a,a n321 ∈∈∈∈  េហយេគតង 

n321

n321
n a...aaa

a....a.a.a
.nt

++++++++++++++++
====  ។ 

ចូររសយថ (((( )))) n)1n(tlog
n

1k
nak

−−−−≥≥≥≥∑∑∑∑
====

  ។ 

ដំេណះរសយ 

រសយថ (((( )))) n)1n(tlog
n

1k
nak

−−−−≥≥≥≥∑∑∑∑
====

 

តមវសិមភព GMAM −−−−  រគប់ )1,0(a....,,a,a,a n321 ∈∈∈∈  

េគមន n
n321

n321 a...a.a.a
n

a...aaa ≥≥≥≥
++++++++++++++++  

េគទញ (((( )))) n
1n

n321n a....a.a.at
−−−−

≤≤≤≤  េដយ 1a0 k <<<<<<<<  

េគទញ )a...a.a(log.
n

1n
)t(log k21ana kk

−−−−≥≥≥≥  

ឬ [[[[ ]]]] (((( ))))[[[[ ]]]] (((( ))))*a...a.alog.
n

1n
)t(log

n

1k
k21a

n

1k
na kk

∑∑∑∑
−−−−≥≥≥≥∑∑∑∑

========
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តង [[[[ ]]]]∑∑∑∑====
====

n

1k
k21an )a....a.a(logS

k  

      )aloga(log....

...)aloga(log...)aloga(logn

1nana

na1a1a2a

n1n

1n21

−−−−++++++++

++++++++++++++++++++++++++++====

−−−−

 

តមវសិមភព 0t,2
t
1

t >>>>∀∀∀∀≥≥≥≥++++  េគទញបន ៖ 

2

n n]2...)2n(2)1n(2nS ====++++++++−−−−++++−−−−++++≥≥≥≥  

តមទំនកទ់នំង (((( ))))*  េគទញបន ៖ 

(((( )))) n)1n(tlog
n

1k
nak

−−−−≥≥≥≥∑∑∑∑
====

   ។ 
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លហំត់ទី១០៨ 

េគឱយ c;b;a  ជរបែវងរជុងរបស់រតេីកណមយួ ។ ចូរបងហ ញថ  ៖  

cbabacacbcba ++++++++≤≤≤≤−−−−++++++++−−−−++++++++−−−−++++   

ដំេណះរសយ 

រសយថ cbabacacbcba ++++++++≤≤≤≤−−−−++++++++−−−−++++++++−−−−++++    

េដយ c;b;a  ជរបែវងរជុងរបស់រតេីកណេនះេគបន  ៖  

0bac;0acb;0cba >>>>−−−−++++>>>>−−−−++++>>>>−−−−++++  

តមវសិមភព SchwartzCauchy −−−− េគបន  ៖  

)3(c2bacacb

)2(a2baccba

)1(b2acbcba

≤≤≤≤−−−−++++++++−−−−++++

≤≤≤≤−−−−++++++++−−−−++++

≤≤≤≤−−−−++++++++−−−−++++

 

បូកវសិមភព )2(;)1(  និង )3(  េគទទួលបន   ៖  

)cba(2)bacacbcba(2 ++++++++≤≤≤≤−−−−++++++++−−−−++++++++−−−−++++  

ដូចេនះ cbabacacbcba ++++++++≤≤≤≤−−−−++++++++−−−−++++++++−−−−++++   ។ 
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លហំត់ទី១០៩ 

គណនផលបូក ៖ 

   999....999....999999Sn ++++++++++++++++====  ( មនេលខ 9 ចំនួន n  េលខ )  

ដំេណះរសយ 

គណនផលបូក ៖ 

�����

)9n(
999......999....999999Sn

elx
++++++++++++++++====

 

   

2 3 n

2 3 n

n n 1

(10 1) (10 1) (10 1) .... (10 1)

(10 10 10 ... 10 ) (1 1 1 ... 1)

10 1 10 (9n 10)
10. n

9 9

++++

= − + − + − + + −= − + − + − + + −= − + − + − + + −= − + − + − + + −
= + + + + − + + + += + + + + − + + + += + + + + − + + + += + + + + − + + + +

− − +− − +− − +− − += − == − == − == − =

 

ដូចេនះ 
9

)10n9(10
S

2n

n

++++−−−−====
++++

 ។ 
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លហំត់ទី១១០ 

េគឱយរតេីកណ ABC  មយួ ។ តង r  និង R  េរៀងគន ជករំងវង ់

ចរកឹកនុង និង ចរកឹេរករតេីកណ ។   

ក. ចូរបងហ ញថ 
R
r

1CcosBcosAcos ++++====++++++++   

ខ. េប ABC  ជរតេីកណែកងេនះចូររសយថ r)12(R ++++≥≥≥≥  

ដំេណះរសយ 

ក. បងហ ញថ 
R
r

1CcosBcosAcos ++++====++++++++   

េគមន 
2

BA
cos

2
BA

cos2BcosAcos
−−−−++++====++++  

េដយ 
2
C

sin
2
C

2
cos

2
BA

cos ====






 −−−−
ππππ====

++++  

និង   2
C

sin21Ccos 2−−−−====   េគបន  ៖  

2
C

sin2
2

BA
cos

2
C

sin21CcosBcosAcos 2−−−−−−−−++++====++++++++  
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2
C

sin
2
B

sin
2
A

sin41

2
BA

cos
2

BA
cos

2
C

sin21

2
C

sin
2

BA
cos

2
C

sin21

++++====








 ++++−−−−
−−−−++++====








 −−−−−−−−++++====

 

េគបន 
2
C

sin
2
B

sin
2
A

sin41CcosBcosAcos ++++====++++++++  

តមរទឹសតីបទសីុនូស  ៖  

Acosbc2cba 222 −−−−++++====  េដយ 
2
A

sin21Acos 2−−−−====  

)
2
A

sin21(bc2cba 2222 −−−−−−−−++++====  

េគទញ 
bc4

)cba)(cba(
bc4

)cb(a
2
A

sin
22

2 ++++−−−−−−−−++++====−−−−−−−−====  

                     
bc

)cp)(bp(
bc4

)b2p2)(c2p2( −−−−−−−−====−−−−−−−−====  

នឱំយ 
bc

)cp)(bp(
2
A

sin
−−−−−−−−====  

រសយដូចគន ែដរ  ៖  
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ab
)bp)(ap(

2
C

sin;
ac

)cp)(ap(
2
B

sin
−−−−−−−−====−−−−−−−−====  

េគបន  ៖  

abc
)cp)(bp)(ap(4

1CcosBcosAcos
−−−−−−−−−−−−++++====++++++++  

េដយ )cp)(bp)(ap(p
R4

abc
prS −−−−−−−−−−−−============  

េគទញ 








====

============−−−−−−−−−−−−

SR4abc

Sr
p

prS
p
S

)cp)(bp)(ap(
2

 

នឱំយ 
R4
r

abc
)cp)(bp)(ap( ====−−−−−−−−−−−−  

ដូចេនះ 
R
r

1CcosBcosAcos ++++====++++++++  

ខ. េប ABC  ជរតេីកណែកងេនះចូររសយថ r)12(R ++++≥≥≥≥   

ឧបមថ ABC  ជរតេីកណែកងរតង ់A  េនះ C
2

B;
2

A −−−−ππππ====ππππ====  

េដយ 
R
r

1CcosBcosAcos ++++====++++++++  
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េគបន 
R
r

1CcosC
2

cos0 ++++====++++






 −−−−
ππππ++++  

                       

R
r

1C
4

sin2

R
r

1CcosCsin

++++====






 ++++ππππ

++++====++++
 

េដយ 1C
4

sin ≤≤≤≤






 ++++
ππππ  េនះ  2

R
r

1 ≤≤≤≤++++   

នឱំយ r)12(
12

r
R ++++====

−−−−
≥≥≥≥  

ដូចេនះ  r)12(R ++++≥≥≥≥    ។ 
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លហំត់ទី១១១ 

េគឲយបនួចំនួនវជិជមន d,c,b,a  ។   

ចូរបងហ ញថ 2
bad

d
adc

c
dcb

b
cba

a
1 <<<<

++++++++
++++

++++++++
++++

++++++++
++++

++++++++
<<<<  

ដំេណះរសយ 

ចំេពះរគប ់ 0d,0c,0b,0a >>>>>>>>>>>>>>>>    

េយងមន 












++++>>>>++++++++>>>>++++++++++++
++++>>>>++++++++>>>>++++++++++++
++++>>>>++++++++>>>>++++++++++++
++++>>>>++++++++>>>>++++++++++++

dbbaddcba

acadcdcba

dbdcbdcba

cacbadcba

 

េគទញ  

















++++
<<<<

++++++++
<<<<

++++++++++++

++++
<<<<

++++++++
<<<<

++++++++++++

++++
<<<<

++++++++
<<<<

++++++++++++

++++
<<<<

++++++++
<<<<

++++++++++++

db
d

bad
d

dcba
d

ca
c

adc
c

dcba
c

db
b

dcb
b

dcba
b

ca
a

cba
a

dcba
a

 

េដយបូកទំនកទ់ំនងទងំេនះអងគនឹងអងគេគបន ៖ 

2
bad

d
adc

c
dcb

b
cba

a
1 <<<<

++++++++
++++

++++++++
++++

++++++++
++++

++++++++
<<<<    
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លហំត់ទី១១២ 

េគឱយ c,b,a  ជចនួំនពតិវជិជមនែដល 1cba ====++++++++  ។ 

ចូរបងហ ញថ 8
3

b1

ca

a1

bc

c1

ab
222 ≤≤≤≤

−−−−
++++

−−−−
++++

−−−−
 

ដំេណះរសយ 

បងហ ញថ 8
3

b1

ca

a1

bc

c1

ab
222 ≤≤≤≤

−−−−
++++

−−−−
++++

−−−−
   

េដយ 1cba ====++++++++  

េនះ 222 c)cba(c1 −−−−++++++++====−−−−                                    

                 )cb)(ba()ca)(ba(

)c2ba)(ba(

++++++++++++++++++++====
++++++++++++====

 

េគបន )cb)(ba()ca)(ba(
ab

c1

ab
2 ++++++++++++++++++++

====
−−−−  

តមវសិមភព SchwarzCauchy−−−−  េគបន  ៖  
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)cb)(ba()ca)(ba(
4

)ac)(cb)(ba(
c1

)cb)(ba()ca)(ba(
4

)ac)(cb)(ba(
c2ba

)cb)(ba()ca)(ba(
4

)cb)(ba(
1

)ca)(ba(
1

++++++++++++++++++++
≥≥≥≥

++++++++++++
++++

++++++++++++++++++++
≥≥≥≥

++++++++++++
++++++++

++++++++++++++++++++
≥≥≥≥

++++++++
++++

++++++++

 

េគទញ )1(
)ac)(cb)(ba(4

)c1(ab

c1

ab
2 ++++++++++++

++++≤≤≤≤
−−−−   

រសយបំភលដូឺចគន ែដរេគបន )2(
)ac)(cb)(ba(4

)a1(bc

a1

bc
2 ++++++++++++

++++≤≤≤≤
−−−−    

និង )3(
)ac)(cb)(ba(4

)b1(ac

b1

ac
2 ++++++++++++

++++≤≤≤≤
−−−−  

បូកវសិមភព )3(&)2(,)1( េគបន  ៖  

)ac)(cb)(ba(4
)b1(ac)a1(bc)c1(ab

b1

ac

a1

bc

c1

ab
222 ++++++++++++

++++++++++++++++++++≤≤≤≤
−−−−

++++
−−−−

++++
−−−−   

)4(
)ac)(cb)(ba(4

abc3cabcab

b1

ac

a1

bc

c1

ab
222 ++++++++++++

++++++++++++≤≤≤≤
−−−−

++++
−−−−

++++
−−−−   

េគមន )c1)(b1)(a1()ac)(cb)(ba( −−−−−−−−−−−−====++++++++++++  

េរពះ 1cba ====++++++++  ។ 
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េដយ  

abc)cabcab()cba(1)c1)(b1)(a1( −−−−++++++++++++++++++++−−−−====−−−−−−−−−−−−  

                            abccabcab −−−−++++++++====  
េគបន abccabcab)ac)(cb)(ba( −−−−++++++++====++++++++++++   

ឬ abc3cabcababc4)ac)(cb)(ba( ++++++++++++====++++++++++++++++  

ឬ )ac)(cb)(ba(
abc3cabcab

)ac)(cb)(ba(
abc4

1
++++++++++++

++++++++++++====
++++++++++++

++++   

េដយ abc8)ac)(cb)(ba( ≥≥≥≥++++++++++++  

េគបន )5(
2
3

8
4

1
)ac)(cb)(ba(

abc3cabcab ====++++≤≤≤≤
++++++++++++

++++++++++++
 

តម )5(&)4(  េគបន 8
3

b1

ca

a1

bc

c1

ab
222 ≤≤≤≤

−−−−
++++

−−−−
++++

−−−−
 ពិត ។ 

ដូចេនះ 8
3

b1

ca

a1

bc

c1

ab
222 ≤≤≤≤

−−−−
++++

−−−−
++++

−−−−
  ។ 
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លហំត់ទី១១៣ 

េគឱយស៊វីតចំនួនពិត )a( n  កំណតេ់ដយ  ៖  





====−−−−====
========

++++++++ ...,3,2,1n,aaa

1a,1a

n1n2n

21  

េគតងស៊វីតចំនួនកុំផលិច  n1nn a
2

3i1
az

−−−−−−−−==== ++++  ។ 

ក. ចូររសយថ n1n z
2

3i1
z

++++====++++  ចំេពះរគប ់ 1n ≥≥≥≥  ។ 

ខ. ចូរដក ់
2

3i1++++  ជទរមងរ់តីេកណមរតរចួទញរក nz ជអនុគមន ៍

     ៃន n  ។ 

គ. ទញរកតួទូេទៃនស៊វីត na  ។ េត )a( n  ជស៊វីតខួបឬេទ ? 

ដំេណះរសយ 

ក. រសយថ n1n z
2

3i1
z

++++====++++  ចំេពះរគប ់ 1n ≥≥≥≥   

េគមន n1nn a
2

3i1
az

−−−−−−−−==== ++++  
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េគបន 1n2n1n a
2

3i1
az ++++++++++++

−−−−−−−−====  

េដយ n1n2n aaa −−−−==== ++++++++  

េគបន 1nn1n1n a
2

3i1
aaz ++++++++++++

−−−−−−−−−−−−====  

                  

)a
2

3i1
a(

2
3i1

)a
3i1

2
a(

2
3i1

aa
2

3i1

n1n

n1n

n1n

−−−−−−−−++++====

++++
−−−−++++====

−−−−++++====

++++

++++

++++

 

ដូចេនះ n1n z
2

3i1
z

++++====++++  ។ 

ខ. ដក ់
2

3i1++++  ជទរមងរ់តីេកណមរត  ៖  

េគបន 
3

sini
3

cos
2
3

i
2
1

2
3i1 ππππ++++ππππ====++++====++++  

ទញរក nz ជអនុគមនៃ៍ន n  ៖  
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េដយ n1n z
2

3i1
z

++++====++++  េនះ )z( n  ជស៊វីតធរណីមរតៃនចំនួន 

កុំផលិចែដលមនេរសុង 
3

sini
3

cos
2

3i1
q

ππππ++++ππππ====++++====  

និងតួ 
3

sini
3

cos
2

3i1
a

2

3i1
az 121

ππππ
++++

ππππ
====

++++
====

−−−−
−−−−====  

 

តមរូបមនត n1n
1n )

3
sini

3
(cosqzz

ππππ++++ππππ====××××==== −−−−  

តមរូបមនតដឺមរ័េគបន 
3

n
sini

3
n

coszn
ππππ++++ππππ====   ។ 

គ. ទញរកតួទូេទៃនស៊វីត na   

េគមន  n1nn a
2

3i1
az

−−−−−−−−==== ++++  

េគបន )1(a
2
3

i)
2

a
a(z n

n
1nn ++++−−−−==== ++++  

េដយ )2(
3
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លហំត់ទី១១៥ 
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លហំត់ទី១១៦( Turkey National Olympiad 2010 ) 

ចំេពះរគបច់ំនួនគតវ់ជិជមន  n  និង ចំេពះរគបច់ំនួនពតិវជិជមន  

n21 a....,,a,a   េផទៀងផទ ត ់ 1a....aaa n321 ====  ចូរបងហ ញថ  ៖  

∑∑∑∑∑∑∑∑
========

≤≤≤≤
++++

n

1i i

n

1i 4
i

i
a
1

2
1

3a

a
     ។ 

ដំេណះរសយ 

បងហ ញថ    ∑∑∑∑∑∑∑∑
========

≤≤≤≤
++++

n

1i i

n

1i 4
i

i
a
1

2
1

3a

a
   

ជដំបងូេយងរតូវរសយឱយេឃញថចំេពះរគបច់ំនួនពតិ 0x >>>>    េគមន 

0)2x2x()1x(

)1x(3x
3x

x
1x

x

22

24
4

≥≥≥≥++++++++−−−−⇔⇔⇔⇔

++++≥≥≥≥++++⇔⇔⇔⇔
++++

≥≥≥≥
++++   

េដយ 0)1x( 2 ≥≥≥≥−−−−  និង 01)1x(2x2x 22 >>>>++++++++====++++++++  

នឱំយ 0)2x2x()1x( 22 ≥≥≥≥++++++++−−−−   ពតិរគបច់នួំនពតិ x   ។ 

េហតុេនះ ∑∑∑∑∑∑∑∑
======== ++++

≥≥≥≥
++++

n

1i 4
i

i
n

1i i

i )1(
3a

a
1a

a
  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័342 

 

ជបនតេទៀតេយងនឹងរសយថ ∑∑∑∑ ∑∑∑∑
==== ==== ++++

≥≥≥≥
n

1i

n

1i i

i

i 1a
a

a
1

2
1  ។ 

ឧបមថ  ∑∑∑∑∑∑∑∑
======== ++++

≥≥≥≥
n

1i i

i
n

1i i 1a
a

2
a
1  ពតិ 

សមមូល ∑∑∑∑∑∑∑∑ ∑∑∑∑
======== ==== ++++

−−−−≥≥≥≥++++−−−−
++++ n

1i i

n

1i

n

1i ii

i )
1a

1
1(2

a2
1

)
2
1

a2
1a

(  

សមមូល ∑∑∑∑∑∑∑∑∑∑∑∑
============ ++++

−−−−≥≥≥≥++++−−−−
++++ n

1i i

n

1i i

n

1i i

i
1a

2
n2

a2
1

2
n

a2
1a  

សមមូល  2
n5

a2
1

)
1a

2
a2

1a
(

n

1i i

n

1i ii

i ≥≥≥≥++++
++++

++++
++++

∑∑∑∑∑∑∑∑
========

   

តមវសិមភព GMAM −−−−  ចំេពះ 0a...,,a,a n21 >>>>  េគមន  ៖  

n2)
1a

2
.

a2
1a

(n2)
1a

2
a2

1a
( n2

n

1i ii

i
n

1i ii

i ====
++++

++++≥≥≥≥
++++

++++++++ ∏∏∏∏∑∑∑∑
========

 

និង 2
n

a
1

2
n

a2
1 n

n

1i i

n

1i i
====≥≥≥≥ ∏∏∏∏∑∑∑∑

========
  (េរពះ 1a....aaa n321 ====  ) 

េគទញបន 2
n5

2
n

n2
a2
1

)
1a

2
a2

1a
(

n

1i i

n

1i ii

i ====++++≥≥≥≥++++
++++

++++
++++

∑∑∑∑∑∑∑∑
========

  ពតិ 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័343 

 

េគទញបន )2(
1a

a
a
1

2
1 n

1i

n

1i i

i

i
∑∑∑∑ ∑∑∑∑
==== ==== ++++

≥≥≥≥  

តមទំនកទ់នំង )1(  និង )2(  េគទញបន  ∑∑∑∑∑∑∑∑
======== ++++

≥≥≥≥
n

1i 4
i

i
n

1i i 3a

a
a
1

2
1

 

ដូចេនះ ∑∑∑∑∑∑∑∑
========

≤≤≤≤
++++

n

1i i

n

1i 4
i

i
a
1

2
1

3a

a
   ។ 

 

 

 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័344 
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លហំត់ទី១១៨ 
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ដូចេនះ acosasinx)x(R ++++====  ជសំនល់ៃនវធិីែចក ។ 

-េប 2n ≥≥≥≥  េគបន )x(R)x(Q)1x()x(P 2 ++++++++====  

ែដល )x(Q  ជផលែចក នឹង BAx)x(R ++++====  

េគបន BAx)x(Q)1x()acosasinx( 2n ++++++++++++====++++  

េប ix ====  េនះ BAi)acosasini( n ++++====++++  

ឬ A.iB)nasin(.i)nacos( ++++====++++  េគទញ )nasin(A ====   

និង )nacos(B ====   ។ ដូចេនះ )nacos()nasin(x)x(R ++++====   ។ 
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លហំត់ទី១១៩ 

គណនតៃមល  

)29tan3)...(3tan3)(2tan3)(1tan3(A oooo ++++++++++++++++====  

ដំេណះរសយ 

គណនតៃមល A  

)29tan3)...(3tan3)(2tan3)(1tan3(A oooo ++++++++++++++++====  

េគមន oo

o
oo0

1cos60cos
61sin

1tan60tan1tan3 ====++++====++++   

 

oo

o
oo0

oo

o
ooo

oo

o
ooo

29cos60cos
89sin

29tan60tan29tan3

3cos60cos
63sin

3tan60tan3tan3

2cos60cos
62sin

2tan60tan2tan3

====++++====++++

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

====++++====++++

====++++====++++

 

េគបន 29ooooo29o

oooo

)60(cos
1

29cos...3cos2cos1cos)60(cos
89sin....63sin.62sin.61sin

A ========  

េដយ 
2
1

60cos o ====  ដូចេនះ 5368709122A 29 ========  ។ 
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លហំត់ទី១២០( China 1983 ) 

េគឱយ f  ជអនុគមនក៍ំណតេ់លចេនល ះ [0,1] េដយដឹងថ  ៖  

f (0) f (1) 1= == == == =   និង | f (a) f (b) | | a b |− < −− < −− < −− < −    

ចំេពះរគប ់ a b≠≠≠≠  កនុងចេនល ះ [0,1] ។ 

ចូរបងហ ញថ 1
| f (a) f (b) |

2
− <− <− <− <   ។ 

ដំេណះរសយ 

បងហ ញថ 1
| f (a) f (b) |

2
− <− <− <− <    

-ករណីទី១  ៖  

  ចំេពះ 1
| a b |

2
− ≤− ≤− ≤− ≤   េនះេគបន 1

| f (a) f (b) | | a b |
2

− < − ≤− < − ≤− < − ≤− < − ≤  ពតិ 

-ករណីទី២  ៖  

  ចំេពះ 1
| a b |

2
− >− >− >− > េនះតមលកខណៈឆលុះេគអចសនមតថ a b>>>>  

  េគមន | f (a) f (b) | | f (a) f (1) f (0) f (b) |− = − + −− = − + −− = − + −− = − + −  
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  តមវសិមភពរតេីកណេគបន  ៖  

  

| f (a) f (b) | | f (a) f (1) | | f (0) f (b) |

1
| f (a) f (b) | | a 1 | | 0 b | 1 a b 1 (a b)

2

− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −

− < − + − = − + = − − <− < − + − = − + = − − <− < − + − = − + = − − <− < − + − = − + = − − <  

  ដូចេនះ 1
| f (a) f (b) |

2
− <− <− <− <   ។ 
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លហំត់ទី១២១ 

េគឱយ z,y,x  ជបចីំនួនពតិវជិជមនែដល zyxxyz ++++++++====  ។ 

ចូររសយថ xyz2
27

y1
xz

x1
zy

z1
yx

222 ≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

 ។ 

ដំេណះរសយ 

បងហ ញថ  xyz2
27

y1
xz

x1
zy

z1
yx

222 ≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

 

តង 222 y1
xz

x1
zy

z1
yx

T
++++
++++++++

++++
++++++++

++++
++++====  

ឬ 
)xz(yxz

)xz(
)zy(xzy

)zy(
)yx(zyx

)yx(
T 2

2

2

2

2

2

++++++++++++
++++++++

++++++++++++
++++++++

++++++++++++
++++====  

តមវសិមភព SchwarzCauchy−−−−  េគមន  ៖  

n321

2
n321

n

2
n

3

2
3

2

2
2

1

2
1

b...bbb
)a...aaa(

b
a

....
b
a

b
a

b
a

++++++++++++++++
++++++++++++++++≥≥≥≥++++++++++++++++  
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េគបន  ៖  

[[[[ ]]]]

)xz)(zy)(yx(
)zyx(4

T

xyzyzxyxyzxzxyz2
)zyx(4

T

)xz(y)zy(x)yx(z)zyx(2
)xz()zy()yx(

T

2

222222

2

222

2

++++++++++++
++++++++≥≥≥≥

++++++++++++++++++++++++
++++++++≥≥≥≥

++++++++++++++++++++++++++++++++
++++++++++++++++++++≥≥≥≥

 

តមវសិមភព GMAM −−−−  េគមន  ៖  

)xz)(zy)(yx(27)zyx(8

)xz)(zy)(yx(3)zyx(2

)xz)(zy)(yx(3)xz()zy()yx(

3

3

3

++++++++++++≥≥≥≥++++++++

++++++++++++≥≥≥≥++++++++

++++++++++++≥≥≥≥++++++++++++++++++++

 

េគទញ xyz2
27

)zyx(2
27

)xz)(zy)(yx(
)zyx(4 2

====
++++++++

≥≥≥≥
++++++++++++

++++++++  

នឱំយ xyz2
27

T ≥≥≥≥  

ដូចេនះ  xyz2
27

y1
xz

x1
zy

z1
yx

222 ≥≥≥≥
++++
++++++++

++++
++++++++

++++
++++

 ។ 
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លហំត់ទី១២២ 

េគឱយរតេីកណ ABC  មយួមនរជងុ cAB,bAC,aBC ============   

េហយមនមុកំនុងជមុរំសួច ។ 

ចូររសយថ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++   

ដំេណះរសយ 

បងហ ញថ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++  

តង 
Bcos
ac

Acos
cb

Ccos
ba ++++++++++++++++++++====∑∑∑∑  

           Bcos)ac(
)ac(

Acos)cb(
)cb(

Ccos)ba(
)ba( 222

++++
++++++++

++++
++++++++

++++
++++====  

តមវសិមភព 
n21

2
n21

n

2
n

2

2
2

1

2
1

y...yy
)x...xx(

y
x

....
y
x

y
x

++++++++++++
++++++++++++≥≥≥≥++++++++++++  

េគបន Bcos)ac(Acos)cb(Ccos)ba(
)]ac()cb()ba[( 2

++++++++++++++++++++
++++++++++++++++++++≥≥≥≥∑∑∑∑  

          )AcosbBcosa()CcosaAcosc()BcoscCcosb(
)cba(4 2

++++++++++++++++++++
++++++++≥≥≥≥∑∑∑∑  
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           )cba(4
cba
)cba(4 2

++++++++====
++++++++
++++++++≥≥≥≥∑∑∑∑  

ដូចេនះ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++   ។ 
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លហំត់ទី១២៣ 

េគឲយ c,b,a  ជរជុងរបស់រតេីកណមយួែដលមនៃផទរកឡ 

េសមនឹង S ។ ចូររសយថ S34cba 222 ≥≥≥≥++++++++  ? 

ដំេណះរសយ 

រសយថ S34cba 222 ≥≥≥≥++++++++  

េគមន Asinbc
2
1

S ====  នឲំយ 
bc
S2

Asin ====  

េហយ 
bc2

acb
Acos

222 −−−−++++====  ( រទឹសតីបទកូសីុនូស ) 

េគបន 
S4

acb
Asin
Acos

Acot
222 −−−−++++========  

ដូចគន ែដរ 
S4

cba
Ccot;

S4
bac

Bcot
222222 −−−−++++====−−−−++++====  

េគបន 
S4

cba
CcotBcotAcot

222 ++++++++====++++++++  

នឲំយ )1()CcotBcotA(cotS4cba 222 ++++++++====++++++++  

ជបនតេទេនះេយងនឹងរសយថ 3CcotBcotAcot ≥≥≥≥++++++++  ។ 
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េគមន ππππ====++++++++ CBA  េនះ )CB(A ++++−−−−ππππ====  

េគបន (((( )))) )CBtan()CB(tanAtan ++++−−−−====++++−−−−ππππ====  

      

CtanBtanCtanBtanAtan
Ctan.Btan1

CtanBtan
Atan

++++====++++−−−−
−−−−

++++−−−−====  

េគទញ CtanBtanAtanCtanBtanAtan ====++++++++  

គុណអងគទងំពរីនឹង CcotBcotAcot  េគបនសមភព 

1AcotCcotCcotBcotBcotAcot ====++++++++  
េដយេរបវសិមភព )zxyzxy(3)zyx( 2 ++++++++≥≥≥≥++++++++  

េគទញបន 3)CcotBcotA(cot 2 ≥≥≥≥++++++++  

នឲំយ 3CcotBcotAcot ≥≥≥≥++++++++  ( C,B,A  ជមុរំសចួ ) 

តមទំនកទ់នំង )1(  េគទញបន ៖ 

S34cba 222 ≥≥≥≥++++++++  ជវសិមភពែដលរតូវរសយបញជ ក ់។ 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័356 

 

លហំត់ទី១២៤ 

េគឲយស៊វីតៃនចំនួនពតិ )u( n  កំនតេ់ដយ ៖ 

1u0 ====  និង 1u4u6u4
u

u
n

2
n

3
n

4
n

1n ++++++++++++
====++++  រគប ់ INn ∈∈∈∈  

ចូរបងហ ញថ 
4

n1n u
1

1
u

1
1 








++++====++++

++++
 រគប ់ INn ∈∈∈∈  

រចួគណន nu  ជអនុគមនៃ៍ន n  ។ 

ដំេណះរសយ 

បងហ ញថ 
4

n1n u
1

1
u

1
1 








++++====++++

++++
  

េយងមន 4
n

n
2

n
3

n

1n u
1u4u6u4

1
u

1
1

++++++++++++++++====++++
++++

 

               

44 3 2 4
n n n n n

4 4
n n n

u 4u 6u 4u 1 (u 1) 1
1

u u u
    + + + + ++ + + + ++ + + + ++ + + + += = = += = = += = = += = = +    
    

 

ដូចេនះ 
4

n1n u
1

1
u

1
1 








++++====++++

++++
 ។ 
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គណន nu  ជអនុគមនៃ៍ន n  

េយងមន 
4

n1n u
1

1
u

1
1 








++++====++++

++++
 

េគបន 







++++====








++++

++++ n1n u
1

1ln4
u

1
1ln  

តង 







++++====

n
n u

1
1lnv  នឲំយ 








++++====

++++
++++

1n
1n u

1
1lnv  

េគបន n1n v4v ====++++  ។ 

ទំនកទ់ំនងេនះបញជ កថ់ )v( n  ជស៊វីតធរណីមរតមនេរសុង 4q ====  

និងតួ 2ln
u
1

1lnv
0

0 ====







++++====   ( េរពះ 1u0 ====  ) ។ 

តមរបូមនត 2ln4q.vv nn
0n ========  េដយ 








++++====

n
n u

1
1lnv  

េគទញ 2ln4
u
1

1ln n

n

====







++++  នឲំយ 

n4

n

2
u
1

1 ====++++  

ដូចេនះ 
12

1
u n4n

−−−−
====    ។ 
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លហំត់ទី១២៥ 

ចូរកំនតរ់គបគូ់តៃមលគតវ់ជិជមន )b,a(  េបេគដឹងថចំនួន ៖ 

1bab2
a

32

2

++++−−−−  ជចំនួនគតវ់ជិជមនែដរ ។ 

ដំេណះរសយ 

កំនតរ់គបគូ់តៃមលគតវ់ជិជមន )b,a(  ៖ 

យក  k
1bab2

a
32

2

====
++++−−−−   ែដល *INk ∈∈∈∈  

េគបន )1(0)1b(kakb2a 322 ====−−−−++++−−−−  

ឌីសរគីមណីងៃ់នសមកីរ )1b(k4bk4 342 −−−−−−−−====∆∆∆∆  

                 
222 bk4)bkb2( −−−−++++−−−−====∆∆∆∆  

សមកីរ )1(  មនចេមលយកនុង *IN  លុះរតែត ∆∆∆∆  ជកេររបកដ 

មននយ័ថ 2222 dbk4)bkb2( ====−−−−++++−−−−====∆∆∆∆  

ែដល d  ជចនួំនគត។់ 

-េប  0bk4 2 ====−−−−  ឬ 
4

b
k

2

====  
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េយងទទួលបន  
2

bb
2
b

kb2a
3

2 −−−−====−−−−====   ឬ  
2
b

a ====  

េដយ b,a  ជចំនួនគតវ់ជិជមន េហតុេនះេគរតូវឲយ ៖ 

INp,p2b ∈∈∈∈∀∀∀∀====  

េគទញ  pp8p
4

)p2(
)p2(2a 4

2
2 −−−−====−−−−====   

េហយ   p
2
p2

a ========  ។ 

ដូចេនះ  *INp,)p2,p(;)p2,pp8()b,a( 4 ∈∈∈∈∀∀∀∀−−−−====  

-េប  0bk4 2 >>>>−−−−  

េគបន *INk,)1bkb2(dbk4)bkb2( 222222 ∈∈∈∈∀∀∀∀++++−−−−≥≥≥≥====−−−−++++−−−−  

ឬ   0)1b()1b(k4 22 ≤≤≤≤−−−−++++−−−−    េគទញបន 1b ====  

កនុងករណីសមកីរ )1( កល យជ 0ak2a2 ====−−−−  នឲំយ k2a ====  

ដូចេនះ  )1,k2()b,a( ====   ចំេពះរគប ់ *INk ∈∈∈∈   ។ 

-េប 0bk4 2 <<<<−−−−  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័360 

 

េគបន 222222 )1bkb2(dbk4)bkb2( −−−−−−−−<<<<====−−−−++++−−−−  

សមមូល 0)1bkb2(bk4)bkb2( 22222 <<<<−−−−−−−−−−−−−−−−++++−−−−  

ឬ 0)1k4()1b(b2)3k4(b2 <<<<−−−−++++−−−−++++−−−−  (  មនិពតិកនុង *IN  ) 

សរបុមកេគបនគូចេមលយបីមនរងដូចខងេរកម ៖ 

)k2,kk8(;)k2,k(;)1,k2()b,a( 4 −−−−====  *INk ∈∈∈∈    
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លហំត់ទី១២៦ ((((Croatia Team Selection Tests 2011) 

េគឱយ c,b,a  ជចនួំនពតិវជិជមនែដល 3cba ====++++++++  ។  

ចូររសយបញជ កវ់សិមភព 
2
3

ac

c

cb

b

ba

a
2

2

2

2

2

2

≥≥≥≥
++++

++++
++++

++++
++++

   

ដំេណះរសយ 

រសយបញជ កវ់សិមភព 
2
3

ac

c

cb

b

ba

a
2

2

2

2

2

2

≥≥≥≥
++++

++++
++++

++++
++++

 

េគមន )1(
ba

ab
a

ba

ab)ba(a

ba

a
2

2

2

22

2

2

++++
−−−−====

++++
−−−−++++====

++++
 

ដូចគន ែដរ )3(
ac

ca
c

ac

c
;)2(

cb

bc
b

cb

b
2

2

2

2

2

2

2

2

++++
−−−−====

++++++++
−−−−====

++++
 

តង 2

2

2

2

2

2

ac

c

cb

b

ba

a
S

++++
++++

++++
++++

++++
====  ។ បូកវសិមភព )3(&)2(),1(  

េគបន )
ac

ca

cb

bc

ba

ab
(3S 2

2

2

2

2

2

++++
++++

++++
++++

++++
−−−−====   

េដមបរីសយថ 
2
3

S ≥≥≥≥  េនះេយងនងឹរសយថ  ◌ៈ 
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2
3

2
3

3S3
ac

ca

cb

bc

ba

ab
2

2

2

2

2

2

====−−−−≤≤≤≤−−−−====
++++

++++
++++

++++
++++

  ។ 

តមវសិមភព GMAM −−−−  េគមន 
ab

ab2
ab2ba

2
2 ====≥≥≥≥++++  

េគទញ 
2

ab

ba

ab
2

2

≤≤≤≤
++++

  េហយ 
2

ca

ac

ca
,

2
bc

cb
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2

2

2

2

≤≤≤≤
++++

≤≤≤≤
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េហតុេនះ (*))bcabca(
2
1

ac

ca

cb

bc

ba

ab
2

2

2

2

2

2

++++++++≤≤≤≤
++++

++++
++++

++++
++++

  

តមវសិមភព SchwarzCauchy−−−−    េគមន  ៖  

)cabcab)(cba()bcabca( 2 ++++++++++++++++≤≤≤≤++++++++   

)cabcab(3)bcabca( 2 ++++++++≤≤≤≤++++++++    

េហយ )acb)(cba()cabcab( 2222222 ++++++++++++++++≤≤≤≤++++++++   

        

9)cba()cabcab(3

)cabcab(2)cba(cabcab

cbacabcab

)cba()cabcab(

2

2

222

22222

====++++++++≤≤≤≤++++++++

++++++++−−−−++++++++≤≤≤≤++++++++

++++++++≤≤≤≤++++++++

++++++++≤≤≤≤++++++++

 

េគទញ 9)cabcab(3)bcabca( 2 ≤≤≤≤++++++++≤≤≤≤++++++++    
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នឱំយ (**)3bcabca ≤≤≤≤++++++++  

តមវសិមភព (**)&(*)  េគទញបន  ៖  

2
3

ac

ca

cb

bc

ba
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2

2

2

2

2

2

≤≤≤≤
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++++
++++
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++++

  ពតិ 

ដូចេនះ 
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លហំត់ទី១២៧(IMO LongList 1992) 

ចំេពះរគបច់ំនួនពតិវជិជមន c,b,a  េគកំណតត់ង
3

cba
A

++++++++====  

3 abcG ====   និង 
c
1

b
1

a
1

3
H

++++++++
====  ។ ចូររសយថ 

H
A

.
4
3

4
1

G
A 3

++++≥≥≥≥






                               

ដំេណះរសយ 

រសយបញជ កថ់  ៖
H
A

.
4
3

4
1

G
A 3

++++≥≥≥≥




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    
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4
1

G
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++++≥≥≥≥

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


  ពតិ 

សមមូល 333 G.
H
A

.
4
3

G
4
1

A ++++≥≥≥≥  

           

)
c
1

b
1

a
1

)(cba(
4
abc9
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4
27

)cba(

abc.

c
1

b
1

a
1

3
3

cba

.
4
3
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4
1

)
3
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3

3
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ឬ )cabcab)(cba(9abc27)cba(4 3 ++++++++++++++++++++≥≥≥≥++++++++   

តមវសិមភព GMAM −−−−  េយងបន 

3 abc3cba ≥≥≥≥++++++++   នឱំយ )1(abc27)cba( 3 ≥≥≥≥++++++++  

cabcabcba

cabcab
2

ac
2

cb
2

ba

222

222222

++++++++≥≥≥≥++++++++

++++++++≥≥≥≥++++++++++++++++++++
 

ែថមអងគទងំពរីនងឹ ca2bc2ab2 ++++++++  េគបន  ៖  

)2()cabcab(9)cba(3

)cabcab(3)cba(
3

2

++++++++≥≥≥≥++++++++

++++++++≥≥≥≥++++++++
 

បូកវសិមភព )2(&)1(  េគបន  ៖  

)cabcab)(cba(9abc27)cba(4 3 ++++++++++++++++++++≥≥≥≥++++++++  ពតិ 

ដូចេនះ 
H
A

.
4
3

4
1

G
A 3

++++≥≥≥≥






    ។ 
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លហំត់ទី១២៨ 

េដះរសយរបពន័ឋសមកីរ ៖ 

 

 

ដំេណះរសយ 

េដះរសយរបពន័ឋ 

(((( ))))
(((( ))))

21 2
2

31 2 3
2 2

27 3 log 36

3 log log 28

x x

x

x y

x y x y

++++

++++

 + =+ =+ =+ =


+ =+ =+ =+ =

 

លកខខណឌ័    0y >>>>   និង  x IR∈∈∈∈  

តង 3 0xa = >= >= >= >   និង 2logb x y====  

របពន័ឋសមកីរសមមូល 
3 2

2 3

3 36 ( )

3 28 ( )

a ab i

a b b ii

+ =+ =+ =+ =


+ =+ =+ =+ =
 

បូកសមកីរ )i(  និង )ii(   េគបន  3 2 2 33 3 64a a b ab b+ + + =+ + + =+ + + =+ + + =  

ឬ  3( ) 64a b+ =+ =+ =+ =   នឲំយ  4 (1)a b+ =+ =+ =+ =  

(((( ))))
(((( ))))

21 2
2

31 2 3
2 2

27 3 log 36

3 log log 28

x x

x

x y

x y x y

++++

++++

 + =+ =+ =+ =


+ =+ =+ =+ =
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ដកសមកីរ )i(  និង )2(   េគបន  3 2 2 33 3 8a a b ab b− + − =− + − =− + − =− + − =  

ឬ  3( ) 8a b− =− =− =− =   នឲំយ  2 (2)a b− =− =− =− =  

តម (1) នងិ (2) េគបនរបពនឋ ័ 4

2

a b

a b

+ =+ =+ =+ =
 − =− =− =− =

    

នឲំយ  3 , 1a b= == == == =  

េដយ  3 3 1xa x= == == == = ⇒⇒⇒⇒ ====   េហយ 2log 1 2b x y y= == == == = ⇒⇒⇒⇒ ====    

ដូចេនះ    1 ; 2x y= == == == =    ។ 
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លហំត់ទី១២៩ 

េគឱយស៊វីតចំនួនពតិ )a( n  កំណតេ់ដយ   ៖  

9a,4a 10 ========  និង 3a8a6a n1n2n ++++−−−−==== ++++++++  ែដល ...,2,1,0n ====  

ចូររសយថ na  ជកេររបកដចំេពះរគប ់ 0n ≥≥≥≥   ។ 

ដំេណះរសយ 

រសយថ na  ជកេររបកដ 

េគមន )1(3a8a6a n1n2n ++++−−−−==== ++++++++  

តងស៊វីតចំនួនពតិ kab nn ++++====   ែដល k  ជចំនួនពតិេថរ ។ 

េគទញ kba,kba,kba 2n2n1n1nnn −−−−====−−−−====−−−−==== ++++++++++++++++  

ទំនកទ់ំនង )1(  អចសរេសរ  ៖  

)2(3k3b8b6b

3)kb(8)kb(6kb

n1n2n

n1n2n

++++++++−−−−====
++++−−−−−−−−−−−−====−−−−

++++++++

++++++++  

េប 1k03k3 −−−−====⇒⇒⇒⇒====++++  េនះទំនកទ់នំង )2(  កល យេទជ   ៖  

n1n2n b8b6b −−−−==== ++++++++  មនសមកីរសមគ ល់ 08x6x2 ====++++−−−−  
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មនឬស 4x,2x 21 ========   ។ 

តងស៊វីតជំនួយ 



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++++++++++++
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b4by
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
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

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++++

++++
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y2y
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េគទញបន )x( n  និង )y( n  ជស៊វីតធរណីមរតមនេរសុង េរៀងគន   

2q,4q 21 ========  ។ 

តមរបូមនត n
10n q.xx ====  និង n

20n q.yy ====  

េដយ 2)ka(2)ka(b2bx 01010 ====++++−−−−++++====−−−−====  

និង     4)ka(4)ka(b4by 01010 −−−−====++++−−−−++++====−−−−====  

េគបន n
n 4.2x ====  និង n

n 2.4y −−−−====   ។ 

េដយ 

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n1nn
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េធវផលសងេគបន nn
n

nn
n 2.24b2.44.2b2 ++++====⇒⇒⇒⇒++++====  

េដយ 12.24kba nn
nn ++++++++====−−−−====    ( េរពះ )1k −−−−====  

ដូចេនះ 2n
n )12(a ++++====  ជកេររបកដរគប ់ INn ∈∈∈∈  ។ 
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លហំត់ទី១៣០ 

ចូរកំនតេ់លខ a និង b  េដមបឲីយចំនួន abba ជគូបៃនចំនួនគត ់។ 

ដំេណះរសយ 

កំនតេ់លខ a និង b   

តង ab10b100a1000abbaN ++++++++++++========  

    )b10a91(11N

b110a1001N

++++====
++++====

 

េដមបឲីយ N  ជគូបៃនចំនួនគតលុ់ះរតែត  

*INk,k121k11b10a91 332 ∈∈∈∈========++++  

េដយ 9b0,9a0 ≤≤≤≤≤≤≤≤≤≤≤≤<<<<   េនះ 909b10a910 ≤≤≤≤++++<<<<  

េគបន 909k1210 3 ≤≤≤≤<<<<   

សមមូល 
121
62

7
121
909

k0 3 ++++====≤≤≤≤<<<<  នឲំយ 1k ====  

េគទញបន 121b10a91 ====++++ នឲំយ 10
a91121

b
−−−−====  
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−−−−   

ឬ 
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1
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a ++++====≤≤≤≤  នឲំយ 1a ==== េហយ 3
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b ====
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លហំត់ទី១៣១ 

េគឲយចំនួន 0121nn aaa......aaA −−−−====  ែដល n210 a.....,,a,a,a  ជេលខ ។ 

ចូររសយថចំនួន A  ែចកដចន់ងឹ 6 កលណ  

0n21 a)a...aa(4y ++++++++++++++++====  ែចកដចន់ឹង 6  ។ 

ដំេណះរសយ 

េយងមន 0121nn aaa......aaA −−−−==== 2 n
0 1 2 na 10a 10 a ..... 10 a= + + + += + + + += + + + += + + + +  

េយងមន )6(mod410≡≡≡≡  

        

)6(mod410

)6(mod410

)6(mod410

n

3

2

≡≡≡≡
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

≡≡≡≡
≡≡≡≡

 

េយងបន )6(mod)a.....aa(4aA n210 ++++++++++++++++≡≡≡≡  

ដូចេនះចំនួន A  ែចកដចន់ឹង 6 កលណ  

0n21 a)a...aa(4y ++++++++++++++++==== ែចកដចន់ឹង 6  ។ 
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េគមនស៊វីត )( nx  និង )( ny  កំណតេ់ដយ 




====
====

0

1

0

0

y

x
   និង  










++++++++−−−−====

−−−−++++++++====

++++

++++

nnn

nnn

yaaxaay

yaaxaax

)cos(sin
2
1

)1(cotcos
2
1

)tan1(sin
2
1

)cos(sin
2
1

1

1

 

ែដល 
2

0
ππππ<<<<<<<< a   និង ....,2,1,0====n  ។ 

ក. ចំេពះរគប ់ 0≥≥≥≥n  តង ayaxu nnn sincos ++++====  និង  

     ayaxv nnn sincos −−−−====  ។ 

      ចូររសយថ )( nu  និង )( nv  សុទឋែតជស៊វីតធរណីមរត ។ 

ខ.គណន nu  និង nv  ជអនុគមនៃ៍ន n និង a  ។ 

គ. ទញរក nx  និង ny  ជអនុគមនៃ៍ន n និង a  ។ 
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ដំេណះរសយ 

ក. រសយថ )( nu  និង )( nv  សុទឋែតជស៊វីតធរណីមរត  

េគមន  ៖  

nnn yaaxaax )tan1(sin
2
1

)cos(sin
2
1

1 −−−−++++++++====++++  

គុណអងគទងំពីរនឹង acos  េគបន  ៖  

)1(
2

)sin(cossin
2

)cos(sincos
cos1 nnn y

aaa
x

aaa
ax

−−−−++++
++++====++++  

េគមន  ៖  

nnn yaaxaay )cos(sin
2
1

)1(cotcos
2
1

1 ++++++++−−−−====++++  

គុណអងគទងំពីរនឹង asin  េគបន  ៖  

)2(
2

)cos(sinsin
2

)sin(coscos
sin1 nnn y

aaa
x

aaa
ay

++++++++−−−−====++++  

បូកសមកីរ )1(  និង )2(  អងគ និង អងគេគបន  ៖  

)sincos(cossincos 11 ayaxaayax nnnn ++++====++++ ++++++++  
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េដយ ayaxu nnn sincos ++++====  

េគទញបន nn uau .cos1 ====++++  នឱំយ )( nu  ជស៊វីតធរណីមរតមន 

េរសុង aqu cos====   ។ 

ដកសមកីរ )1(  និង )2(  អងគ និង អងគេគបន  ៖  

)sincos(sinsincos 11 ayaxaayax nnnn −−−−====−−−− ++++++++  

េដយ ayaxv nnn sincos −−−−====   

េគទញបន nn vav .sin1 ====++++  នឱំយ )( nv  ជស៊វីតធរណីមរតមន 

េរសុង aqv sin====   ។ 

ខ.គណន nu  និង nv  ជអនុគមនៃ៍ន n និង a   

េគមន aayaxu cossincos 000 ====++++====  

េគបន aaaquu nnn
un

1
0 coscos.cos ++++========××××====  

េហយ aayaxv cossincos 000 ====−−−−====  

េគបន aaqvv nn
vn sin.cos0 ====××××====  

ដូចេនះ aavau n
n

n
n sincos,cos 1 ======== ++++   ។ 
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គ. ទញរក nx  និង ny  ជអនុគមនៃ៍ន n និង a   

េដយ ayaxu nnn sincos ++++====  

និង  ayaxv nnn sincos −−−−====  

េគបន axvu nnn cos2====++++  

េគទញ 
a

aaa
x

nn

n cos2
sincoscos 1 ++++====

++++

 

           

2
sincos aa

x
nn

n
++++====   ។ 

េហយ ayvu nnn sin2====−−−−  

េគទញ 
a

aaa
y

nn

n sin2
sincoscos 1 −−−−====
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លហំត់ទី១៣៣ 

េគឱយ z;y;x  ជបចីំនួនពតិវជិជមនែដល 1zyx ====++++++++  ។ 

ចូររសយបញជ កថ់ 81
z
1

1
y
1

1
x
1 ≥≥≥≥







 −−−−






 −−−−






 −−−−   

ដំេណះរសយ 

រសយបញជ កថ់ 81
z
1

1
y
1

1
x
1 ≥≥≥≥







 −−−−






 −−−−






 −−−−  

េគមន 
xyz

)z1)(y1)(x1(
1

z
1

1
y
1

1
x
1 −−−−−−−−−−−−====







 −−−−






 −−−−






 −−−−   

េដយ 1zyx ====++++++++  នឱំយ 








++++====−−−−
++++====−−−−
++++====−−−−

yxz1

zxy1

zyx1

 

េគបន 
xyz

)yx)(xz)(zy(
1

z
1

1
y
1

1
x
1 ++++++++++++====







 −−−−






 −−−−






 −−−−  

តមវសិមភព GMAM −−−−  េគមន ៖ 

zx2xz;yz2zy ≥≥≥≥++++≥≥≥≥++++   និង xy2yx ≥≥≥≥++++  

េគបន xyz8)yx)(xz)(zy( ≥≥≥≥++++++++++++  
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)yx)(xz)(zy( ≥≥≥≥++++++++++++  

ដូចេនះ  81
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x
1 ≥≥≥≥







 −−−−






 −−−−






 −−−−   ។ 
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លហំត់ទី១៣៤(េវៀតណម  2008 ) 

ចូរបងហ ញថ  zxyzxy
4

)xz(

1

)zy(

1

)yx(

1
222 ++++++++

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−  

ចំេពះរគបច់ំនួនពតិមនិអវជិជមនខុសគន  z,y,x   ។ 

ដំេណះរសយ 

បងហ ញថ  zxyzxy
4

)xz(

1

)zy(

1

)yx(

1
222 ++++++++

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−   

េដយ z,y,x   ជចំនួនពតិខុសគន  និង មនិអវជិជមនេនះេគអចសនមត 

យក   0xyz ≥≥≥≥>>>>>>>>   ។ 

តង 222 )xz(

1

)zy(

1

)yx(

1
A

−−−−
++++

−−−−
++++

−−−−
====  

និង zxyzxyB ++++++++====  ។  

យក qpxz,pxy ++++++++====++++====  ែដល 0q,0p >>>>>>>>  

េគបន  222 )qp(

1

q

1

p

1
A

++++
++++++++====  

និង )qpx(x)qpx)(px()px(xB ++++++++++++++++++++++++++++++++====  
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         pqpx)qp2(2x3 22 ++++++++++++++++====  

េដយសរែត 0x ≥≥≥≥   េនះ )qp(ppqpB 2 ++++====++++≥≥≥≥  

េគបន )qp(p
)qp(

1
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1

p

1
BA 222 ++++


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
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++++++++≥≥≥≥××××  
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2
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q
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p
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1
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p
q

1
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p

q

)qp(p
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qp

++++++++
++++

++++====

++++++++
++++

−−−−++++====
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−−−−++++++++++++++++====
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++++++++++++++++====

 

េដយ 2
q

)qp(p
.

)qp(p
q

2
q

)qp(p
)qp(p

q
2

2

2

2

====++++
++++

≥≥≥≥++++++++
++++  

េគទញបន 422BA ====++++≥≥≥≥××××   នឱំយ 
B
4

A ≥≥≥≥  

ដូចេនះ zxyzxy
4

)xz(

1

)zy(

1

)yx(

1
222 ++++++++

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−   ។ 
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វសិមភពេនះកល យជសមភពលុះរតែត 






====++++

====++++++++
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2

q)qp(p

0x)qp2(2x3
 

េគទញបន 0x ====  និង 2q)qp(p ====++++  េហយ qpz,py ++++========  

េនះ qyz ====−−−−  តម 2q)qp(p ====++++  េគទញបន 2)yz(yz −−−−====  

នឱំយ 0yyz3z 22 ====++++−−−−  េដយ yz >>>>   

េនះ 
2

2
51

2
53

y
z








 ++++====++++====   ៕ 
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លហំត់ទី១៣៥ 

េគឱយស៊វីតៃនចំនួនពតិ INnn )u( ∈∈∈∈  កំនតេ់ដយ  ៖  

1u0 ====   និង ទំនកទ់ំនងកំេនន 1u4u2u n
2

n1n ++++++++====++++    

ចូរគណន nu  ជអនុគមនៃ៍ន n    

ដំេណះរសយ 

គណន nu  ជអនុគមនៃ៍ន n   ◌ៈ 

េគមន 1u4u2u n
2

n1n ++++++++====++++  

គុណអងគទងំពរី នឹង 2 េគបន  ៖  

2u8u4u2 n
2

n1n ++++++++====++++  

ែថមអងគទងំពរីនងឹ 2 េគបន  ៖  

2
n1n )1u(4)1u(2 ++++====++++++++  

តង [[[[ ]]]])1u(2lnv nn ++++====   

េគបន [[[[ ]]]])1u(2lnv 1n1n ++++==== ++++++++  
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[[[[ ]]]]

[[[[ ]]]])1u(2ln2v

)1u(4lnv

n1n

2
n1n

++++====
++++====

++++

++++  

នឱំយ )v( n  ជស៊វីតធរណីមរតមនផលេធៀបរមួ 2q ====  

និងតួ )4ln()]1u(2[lnv 00 ====++++====  

តមរបូមនត  1n2nn
0n 2ln4ln2qvv

++++
========××××====  

េដយ [[[[ ]]]])1u(2lnv nn ++++====  

េគទញ 1n2
n 2)1u(2

++++
====++++  

ដូចេនះ  12u 12
n

1n
−−−−==== −−−−++++    ។ 
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លហំត់ទី១៣៦ 

េគឲយអនុគមន ៍
7x6x3
6x9x

)x(f 2

3

++++++++
++++++++====  
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n �� ��� �� ����====    ។ 
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n �� ��� �� ����====   
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7a6a3
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n
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n
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ឬ 0)1r)(1r)(3r(2 ====++++−−−−++++  
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3
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-េប 3n ====  េនះ 27
1

3
34 bbb ========  

ឧបមថវពតិចំេពះ pn ====  គឺ 
1p3

1p bb
−−−−

====   

េយងនឹងរសយថវពតិចំេពះ 1pn ++++====  គឺ 
p3

11p bb ====++++  

េគមន 3
p1p bb ====++++   ែតតមករឧបម 1p3

1p bb
−−−−

====  

េហតុេនះ (((( )))) p1p 3
p

3
3

p1p bbb ========
−−−−

++++   ពតិ 

ដូចេនះ 1n3
1n bb

−−−−
====  
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1
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6x9x

3
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3

2

3

1

1
1
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++++++++
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−−−−
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1
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27x27x9x

b
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
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++++++++++++====

−−−−−−−−−−−−++++++++
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b 

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
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លហំត់ទី១៣៧(េវៀតណម  1962 ) 

ចូរបងហ ញថ  
db

1
ca

1
1

d
1

c
1

1

b
1

a
1

1

++++
++++

++++

≤≤≤≤
++++

++++
++++  

ចំេពះរគបច់ំនួនពតិវជិជមន d,c,b,a   ។ 

ដំេណះរសយ 

េគមន  ៖  

)dc)(ba(
bcdacdabdabc
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ba
ab

d
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b
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a
1

1
X

++++++++
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និង  dcba
)db)(ca(
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េគបន )dc)(ba(
bcdacdabdabc

dcba
)db)(ca(
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++++++++++++−−−−
++++++++++++
++++++++====−−−−  

បនទ បព់តីរមូវភគរមួ រចួសរមួលេគបន  ៖  

0
)dcba)(dc)(ba(

)bcad(
XY

2

≥≥≥≥
++++++++++++++++++++

−−−−====−−−−  នឱំយ XY ≥≥≥≥   ពតិ។ 
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លហំត់ទី១៣៨ 

េគឱយ 1 2 3z ,z ,z  ជចនួំនកុផំលិចែដល  
1 2 2

2 2 2
1 2 3

1 2 3

z z z 2

z z z 3

z z z 4

+ + =+ + =+ + =+ + =
 + + =+ + =+ + =+ + =
 ====
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1 2 3 2 3 1 3 1 2
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S
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ដំេណះរសយ 

េគមន 1 2 3 1 2 3 1 2 3z z z 1 z z z 1 (z z z )+ − = + + − + ++ − = + + − + ++ − = + + − + ++ − = + + − + +  

                               1 2 1 2 1 2z z 1 z z (z 1)(z 1)= + − − = − −= + − − = − −= + − − = − −= + − − = − −  
រសយបំភលដូឺចគន េនះែដរេគបន  ៖  

2 3 1 2 3 3 1 2 1 3z z z 1 (z 1)(z 1),z z z 1 (z 1)(z 1)+ − = − − + − = − −+ − = − − + − = − −+ − = − − + − = − −+ − = − − + − = − −
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∑∑∑∑
+ + −+ + −+ + −+ + −= == == == =

− − − − −− − − − −− − − − −− − − − −
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លហំត់ទី១៣៩ 
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ចូរកំនតត់ៃមលអបបបរមៃនកេនសម 
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បូកវសិមភព )3(&)2(;)1(   េគទទួលបន  ៖  
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2
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លហំត់ទី១៤០(Turkey 2007) 

េគឱយបីចនួំនពតិវជិជមន c,b,a   ែដល 1cba ====++++++++   ។  
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លហំត់ទី១៤១ 

េគឲយ c,b,a  ជបីចំនួនពតិវជិជមនែដល 1cabcab ====++++++++  ។ 
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លហំត់ទី១៤២ 

េគឲយ 011nn aa..........aaA −−−−====   និង 011nn a2a.........aaB ××××−−−−==== −−−−  

រសយថ A  ែចកដចន់ងឹ 7 លុះរតែត B ែចកដចន់ឹង 7  ។ 

ដំេណះរសយ 

េប B ែចកដចន់ឹង 7  េនះនឲំយមន INq ∈∈∈∈  ែដល q7B ====  

េគបន q7a2a..........aa 011nn ====××××−−−−−−−−   

នឲំយ  )1(a2q7a..........aa 011nn ××××++++====−−−−  

េយងមន  

)2(a10a...........aaaa.........aaA 011nn011nn ++++××××======== −−−−−−−−  

យក )1(  ជូសកនុង )2(  េគបន  

00 a10)a2q7(A ++++××××++++====   

)a3q10(7a21q70aa20q70A 0000 ++++====++++====++++++++====    

នឲំយ A  ែចកដចន់ងឹ 7 ។ 

ដូចេនះA  ែចកដចន់ឹង 7 លុះរតែត B ែចកដចន់ឹង 7   ។ 
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លហំត់ទី១៤៣ 

េគឲយ )x(P ជពហុធដឺេរកទីបី ។  

េគដឹងថ 2)x(P ++++  ែចកដចន់ឹង 2)1x( ++++  

េហយ 2)x(P −−−−  ែចកដចន់ឹង 2)1x( −−−−  ។ 

ចូរកំនតរ់កពហុធ )x(P  ។ 

ដំេណះរសយ 

កំនតរ់កពហុធ )x(P ៖ 
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

====−−−−
====++++−−−−
02)1(P

02)1(P
  នឲំយ 





====
−−−−====−−−−

2)1(P

2)1(P
 

េដយេធវេដរេីវេល )1(  និង )2(  េគបន ៖ 







−−−−++++++++−−−−====

++++++++++++++++====
2

2

)1x(c)dcx)(1x(2)x('P

)1x(a)bax)(1x(2)x('P
 





−−−−++++++++−−−−====
++++++++++++++++====

)4()1x(c)dcx(2)[1x()x('P

)3()]1x(a)bax(2)[1x()x('P
 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័399 

 

តម )3( នឹង )4( បញជ កថ់ )x('P ែចកដចន់ឹង )1x)(1x( −−−−++++  

េគទញ )1x)(1x(k)x('P −−−−++++====   

( េរពះ )x(P ជពហុធដឺេរកទី៣ ) 

េគបន ∫∫∫∫ ++++−−−−====−−−−==== r)x
3
x

(kdx).1x(k)x(P
3

2  

ចំេពះ 1x ±±±±====  េគបន  









====++++−−−−====

−−−−====++++====−−−−

2rk
3
2

)1(P

2rk
3
2

)1(P

   

េដះរសយរបពន័ឋេនះេគបន  0r,3k ========  

ដូចេនះ x3x)x
3
x

(3)x(P 3
3

−−−−====−−−−====   ។ 
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លហំត់ទី១៤៤ 

េគឱយ ]a,0[x ∈∈∈∈  និងចំនួនគត ់ 0n,m >>>>   ។   

 ចូររសយថ nm
nm

nm
nm a.

)nm(

nm
)xa(x ++++

++++++++
≤≤≤≤−−−−   ។ 

ដំេណះរសយ 

រសយថ nm
nm

nm
nm a.

)nm(

nm
)xa(x ++++

++++++++
≤≤≤≤−−−−     

តងអនុគមន ៍ nm )xa(x)x(g −−−−====   ែដល ]a,0[x ∈∈∈∈  និង 0n,m >>>>   

េគបន m1nn1m x)xa(n)xa(mx)x('g −−−−−−−− −−−−−−−−−−−−====   

                  
[[[[ ]]]]
[[[[ ]]]]x)nm(ma)xa(x

nx)xa(m)xa(x
1n1m

1n1m

++++−−−−−−−−====

−−−−−−−−−−−−====
−−−−−−−−

−−−−−−−−

 

េដយ ]a,0[x ∈∈∈∈  និង 0n,m >>>>   េនះ 0)xa(x 1n1m ≥≥≥≥−−−− −−−−−−−−  

េហតុេនះ )x('g  មនសញញ ដូច x)nm(ma ++++−−−−  ។ 

េប nm
ma

x0x)nm(ma
++++

====⇒⇒⇒⇒====++++−−−−  ។ 
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ចំេពះ nm )
nm

ma
a()

nm
ma

()
nm

ma
(f

nm
ma

x
++++

−−−−
++++

====
++++

⇒⇒⇒⇒
++++

====  

                                          nm
nm

nm

a.
)nm(

nm ++++
++++++++

====  

 តរងអេថរភព  
 

x  
0               

nm
ma

++++                  a 

)x('f    
)x(f  

 

              )
nm

ma
(f

++++  

        

តមតរងខងេលរគប ់ ]a,0[x ∈∈∈∈  េគបន )
nm

ma
(f)x(f

++++
≤≤≤≤  

 ដូចេនះ nm
nm

nm
nm a.

)nm(

nm
)xa(x ++++

++++++++
≤≤≤≤−−−−    ។ 
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សមគ ល់   ៖  

វសិមភពេនះអចរសយមយួែបបេទៀតដូចខងេរកម  ៖  

តមវសិមភពមធយមនពវនត នងិ មធយមធរណីមរតេគមន  ៖  

k
k321k321 a......aaaka.....aaa ≥≥≥≥++++++++++++++++    

រគប ់ 0a......,,a,a k21 ≥≥≥≥   

ឬ 
k

k321
k321 k

a.....aaa
a......a.a.a 







 ++++++++++++++++≤≤≤≤   ។ 

េគមន ))mx)....(mx)(mx((
m

1
x

n
n

m
��� ���� ��
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












−−−−−−−−−−−−====−−−−
����� ������ ��

m
m

n ))xa(n))....(xa(n)).(xa(n(
n

1
)xa(    
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m

1
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
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



++++
−−−−++++≤≤≤≤−−−−



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



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−−−−++++++++−−−−++++++++++++≤≤≤≤−−−−












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)nm(
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)xa(x ++++
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លហំត់ទី១៤៥ 

េគឱយ 0z;y;x >>>>   ។ ចូររសយបញជ កថ់  ៖  

2
1

y3x2z
z

x3z2y
y

z3y2x
x ≥≥≥≥

++++++++
++++

++++++++
++++

++++++++    

ដំេណះរសយ 

រសយថ 2
1

y3x2z
z

x3z2y
y

z3y2x
x ≥≥≥≥

++++++++
++++

++++++++
++++

++++++++   

តង y3x2z
z

x3z2y
y

z3y2x
x

T
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++++++++

++++
++++++++

====   

      

)zxyzxy(5zyx

)zyx(
T

yz3xz2z

z

xy3yz2y

y

xz3xy2x

x
T
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++++++++≥≥≥≥
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++++

++++++++
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េគបន 
2
1

)zxyzxy(5zyx

)zyx(
2
1

T 222

2

−−−−
++++++++++++++++++++

++++++++≥≥≥≥−−−−  

         0
)zxyzxy(5zyx

)xz()zy()yx(
2
1

2
1

T 2222

222

≥≥≥≥
++++++++++++++++++++
−−−−++++−−−−++++−−−−≥≥≥≥−−−− នេំអយ

2
1

T ≥≥≥≥  

ដូចេនះ 2
1

y3x2z
z

x3z2y
y

z3y2x
x ≥≥≥≥

++++++++
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++++++++
++++
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លហំត់ទី១៤៦ 

េគឲយពរីចំនួន x  នងិ y  ខុសពសូីនយ និង មនសញញ ដូចគន  ។ 

ចូរបងហ ញថ 04
x
y

y
x

3
x

y

y

x
2

2

2

2

≥≥≥≥++++






 ++++−−−−++++   ។ 

ដំេណះរសយ 

បងហ ញថ 04
x
y

y
x

3
x
y

y
x

2

2

2

2

≥≥≥≥++++






 ++++−−−−++++    

តង x
y

y
x

P ++++====   េគបន 2
x

y

y

x
x
y

y
x

P
2

2

2

22
2 ++++++++====







 ++++====  

យក 4
x
y

y
x

3
x

y

y

x
M

2

2

2

2

++++






 ++++−−−−++++====  

េគបន )2P)(1P(2P3P4P32PM 22 −−−−−−−−====++++−−−−====++++−−−−−−−−====  

េដយ 0
xy

)yx(
2

x
y

y
x

2P
2

≥≥≥≥
−−−−====−−−−++++====−−−−  ( x  និង y  មនសញញ ដូចគន  ) 

េហតុេនះ 0)1P)(2P(M ≥≥≥≥−−−−−−−−====  ។ 

ដូចេនះ 04
x
y

y
x

3
x
y

y
x

2

2

2

2

≥≥≥≥++++






 ++++−−−−++++   ។ 
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លហំត់ទី១៤៧  (Romania 2002) 

េគយក c,b,a  ជចំនួនពតិៃនចេនល ះ )1,0(  ។  

ចូរបងហ ញថ 1)c1)(b1)(a1(abc <<<<−−−−−−−−−−−−++++   

ដំេណះរសយ 

ចំេពះរគបច់ំនួនពតិ z,y,x  ៃនចេនល ះ )
2

,0(
ππππ   

េគយក zcosc,ycosb,xcosa 222 ============  

វសិមភពសមមលូ 1zsinysinxsinzcosycosxcos <<<<++++    

េដយ )
2

,0(z
ππππ∈∈∈∈∀∀∀∀  េគមន 1zcos <<<<  និង 1zsin <<<<  

េគទញ ycosxcoszcosycosxcos <<<<  និង ysinxsinzsinysinxsin <<<<  

នឱំយ ysinxsinycosxcoszsinysinxsinzcosycosxcos ++++<<<<++++  

       )yxcos(zsinysinxsinzcosycosxcos −−−−<<<<++++  
េដយ 1)yxcos( ≤≤≤≤−−−−  េនះ 1zsinysinxsinzcosycosxcos <<<<++++   ពិត 

ដូចេនះ 1)c1)(b1)(a1(abc <<<<−−−−−−−−−−−−++++   ។ 
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លហំត់ទី១៤៨ 

គណនផលគុណខងេរកម  ៖  

∏∏∏∏
====






 −−−−====
n

0k

2
k

2
n

k
)

2

x
tan1(P    

ដំេណះរសយ 

គណនផលគុណ  ៖  

∏∏∏∏
====






 −−−−====
n
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2
k

2
n

k
)

2

x
tan1(P   

េយងមន 
k

2

k

k
2

k
2

k
2

k
2

2

x
cos

2

x2
cos

2

x
cos

2

x
sin

2

x
cos

2

x
tan1 ====

−−−−
====−−−−   

េគបន 
n

2

n

0k
k

2

1k
2

n

2

x
cos

x2cos

2

x
cos

2

x
cos

P
1n1k

k

++++++++
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















==== ∏∏∏∏
====

−−−−
  

ដូចេនះ  
n

2
n

2

x
cos

x2cos
P

1n++++
====      ។ 
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លហំត់ទី១៤៩  (USAMO 1998) 

េគឲយ c,b,a  ជបីចំនួនពតិវជិជមន ។  ចូរបងហ ញថ 

abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
 

ដំេណះរសយ 

បងហ ញថ  

 
abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
     

េយងមន 0)ba(abba)ba)(ba( 3322 ≥≥≥≥++++−−−−++++====−−−−−−−−  

ឬ )ba(abba 33 ++++≥≥≥≥++++  

ឬ )cba(ababc)ba(ababcba 33 ++++++++====++++++++≥≥≥≥++++++++  

េគទញ (((( ))))1
)cba(abc

c
)cba(ab

1

abcba

1
33 ++++++++

====
++++++++

≤≤≤≤
++++++++
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រសយបំភលដូឺចគន ែដរេគបន 

(((( ))))

(((( ))))3
)cba(abc

b

abcca

1

2
)cba(abc

a

abccb

1

33

33

++++++++
≤≤≤≤

++++++++

++++++++
≤≤≤≤

++++++++  

េដយបូកវសិមភព (1) , (2) និង (3) េគបន 

abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
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លហំត់ទី១៥០ 

េគឱយ c;b;a  ជចនួំនពតិវជិជមនែដល 1abc ====  ។ ចូររសយថ  ៖  

0)aa(c)cc(b)bb(a 222 ≥≥≥≥−−−−++++−−−−++++−−−−   

ដំេណះរសយ 

បងហ ញថ  0)aa(c)cc(b)bb(a 222 ≥≥≥≥−−−−++++−−−−++++−−−−   

េដយ 1abc ====  េនះេគអចតង 2

2
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2
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z
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y

x
a ============  

ែដល 0z;0y;0x >>>>>>>>>>>>  ។ 

វសិមភពខងេលសមមូល  ៖  
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x

z

yx

0)
y
x

y
x

(
x
z

)
x
z

x
z

(
z
y

)
z
y

z
y

(
y
x

2

22

2

22

2

22

2

4

222

4

222

4

22

2

4

222

4

222

4

22

4

4

2

2

4

4

2

2

4

4

2

2

≥≥≥≥







−−−−++++








−−−−++++







 −−−−

≥≥≥≥−−−−++++−−−−++++−−−−

≥≥≥≥−−−−++++−−−−++++−−−−

≥≥≥≥−−−−++++−−−−++++−−−−
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លហំត់ទី១៥១ 

េគឱយ C;B;A  ជមុកំនុងរបស់រតេីកណ ABC  មយួ ។ 

ចូរបងហ ញថ   33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++   

ដំេណះរសយ 

បងហ ញថ   33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++  

េគមន ππππ====++++++++ CBA  នឱំយ 
2
C

22
B

2
A −−−−ππππ====++++  

េគបន 






 −−−−
ππππ====







 ++++
2
C

2
tan

2
B

2
A

tan   ឬ   2
C

cot

2
B

tan
2
A

tan1

2
B

tan
2
A

tan
====

−−−−

++++
 

1
2
A

tan
2
C

tan
2
C

tan
2
B

tan
2
B

tan
2
A

tan

2
B

tan
2
A

tan1)
2
B

tan
2
A

(tan
2
C

tan

2
C

tan

1

2
B

tan
2
A

tan1

2
B

tan
2
A

tan

====++++++++

−−−−====++++

====
−−−−

++++
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គុណអងគទងំពរីនឹង 2
C

cot
2
B

cot
2
A

cot   េគបន  ៖  

2
C

cot
2
B

cot
2
A

cot
2
C

cot
2
B

cot
2
A

cot ====++++++++  

េដយ ππππ<<<<<<<< C;B;A0  េនះ 
22

C
;

2
B

;
2
A

0
ππππ<<<<<<<<  

េគបន 0
2
C

cot;0
2
B

cot;0
2
A

cot >>>>>>>>>>>>  

តមវសិមភព GMAM −−−−  េគបន  ៖  








 ++++++++≥≥≥≥






 ++++++++

++++++++≥≥≥≥++++++++

≥≥≥≥++++++++

2
C

cot
2
B

cot
2
A

cot27
2
C

cot
2
B

cot
2
A

cot

2
C

cot
2
B

cot
2
A

cot3
2
C

cot
2
B

cot
2
A

cot

2
C

cot
2
B

cot
2
A

cot3
2
C

cot
2
B

cot
2
A

cot

3

3

3

 

ដូចេនះ 33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++   ។ 
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លហំត់ទី១៥២ 

េគឱយ d,c,b,a  ជចនួំនពតិវជិជមនែដល 1abcd ====  ។ 

េបេគដឹងថ 
a
d

d
c

c
b

b
a

dcba ++++++++++++>>>>++++++++++++   េនះចូរបងហ ញថ  

d
a

c
d

b
c

a
b

dcba ++++++++++++<<<<++++++++++++   ។ 

ដំេណះរសយ 

បងហ ញថ 
d
a

c
d

b
c

a
b

dcba ++++++++++++<<<<++++++++++++    

េគមន 
ad
d

cd
c

bc
b

ab
a

a
d

d
c

c
b

b
a

dcba
2222

++++++++++++====++++++++++++>>>>++++++++++++    

          
dacdbcab
)dcba(

dcba
2

++++++++++++
++++++++++++>>>>++++++++++++  

នឱំយ )1(cbadacdbcab ++++++++>>>>++++++++++++  

មយ៉ងេទៀត 
dab
)ab(

cda
)ad(

bcd
)cd(

abc
)bc(

d
a

c
d

b
c

a
b

2

2

2

2

2

2

2

2

++++++++++++====++++++++++++  
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(*)

c
b

b
a

a
d

d
c

)abdacdbc(

c
b

)ab(

b
a

)ad(

a
d

)cd(

d
c
)bc(

2

2222

++++++++++++

++++++++++++≥≥≥≥

++++++++++++====

 

តម )1(  េគបន )2()dcba()abdacdbc( 22 ++++++++++++>>>>++++++++++++  

តមសមមតកិមម     
a
d

d
c

c
b

b
a

dcba ++++++++++++>>>>++++++++++++    

េគទញ              )3(
dcba

1

a
d

d
c

c
b

b
a

1
++++++++++++

>>>>
++++++++++++  

គុណវសិមភព )2(  និង )3(  អងគនិងអងគេគបន  

(**)dcba

a
d

d
c

c
b

b
a

)abdacdbc( 2

++++++++++++>>>>
++++++++++++

++++++++++++
 

តម (*)  និង (**)  េគបន  dcba
d
a

c
d

b
c

a
b ++++++++++++>>>>++++++++++++  

ដូចេនះ 
d
a

c
d

b
c

a
b

dcba ++++++++++++<<<<++++++++++++   ។ 
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លហំត់ទី១៥៣ 

េគឱយ c;b;a  ជបចីំនួនពតិវជិជមន ។ ចូរបងហ ញថ  ៖  

)
abc

cba
1(2

a
c

1
c
b

1
b
a

1 3

++++++++++++≥≥≥≥






 ++++






 ++++






 ++++   

ដំេណះរសយ 

រសយថ  )
abc

cba
1(2

a
c

1
c
b

1
b
a

1 3

++++++++++++≥≥≥≥






 ++++






 ++++






 ++++   

តង 






 ++++






 ++++






 ++++====
a
c

1
c
b

1
b
a

1T  

          

)
abc

cba
1(213

abc
)cba(2

1
abc

cba
abc

)cba(2
1

abc
)cba(3

1
abc
c3

abc
b3

abc
a3

1
c
c

b
c

a
c

c
b

b
b

a
b

c
a

b
a

a
a

b
c

c
a

a
b

a
c

c
b

b
a

2

33

333

333

++++++++++++====−−−−++++++++++++≥≥≥≥

−−−−++++++++++++++++++++====−−−−++++++++≥≥≥≥

−−−−++++++++≥≥≥≥

−−−−






 ++++++++++++






 ++++++++++++






 ++++++++====

++++++++++++++++++++++++====

 

ដូចេនះ  )
abc

cba
1(2

a
c

1
c
b

1
b
a

1 3

++++++++++++≥≥≥≥






 ++++






 ++++






 ++++  ។ 
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លហំត់ទី១៥៤( China Team Selection Test 2005) 

េគឱយ  a,b ,c    ជបីចនួំនពតិមនិអវជិជមន ែដល 1
ab bc ca

3
+ + =+ + =+ + =+ + =  ។ 

ចូរបងហ ញថ 2 2 2

1 1 1
3

a bc 1 b ca 1 c ab 1
+ + ≤+ + ≤+ + ≤+ + ≤

− + − + − +− + − + − +− + − + − +− + − + − +   ។ 

ដំេណះរសយ 

តង 2 2 2

a b c
S

a bc 1 b ca 1 c ab 1
= + += + += + += + +

− + − + − +− + − + − +− + − + − +− + − + − +   

និង  2 2 2

1 1 1
T

a bc 1 b ca 1 c ab 1
= + += + += + += + +

− + − + − +− + − + − +− + − + − +− + − + − +   

េគមន 
2 2 2

3 3 3

a b c
S

a abc a b cab b c abc c
= + += + += + += + +

− + − + − +− + − + − +− + − + − +− + − + − +  

តមវសិមភព Cauchy Schwarz−−−−  េគបន  ៖  
2

3 3 3

(a b c)
S

a b c 3abc a b c
+ ++ ++ ++ +≥≥≥≥

+ + − + + ++ + − + + ++ + − + + ++ + − + + +  

ែត 3 3 3 2 2 2a b c 3abc (a b c)(a b c ab bc ca)+ + − = + + + + − − −+ + − = + + + + − − −+ + − = + + + + − − −+ + − = + + + + − − −  

េគបន 2 2 2

a b c
S

a b c ab bc ca 1
+ ++ ++ ++ +≥≥≥≥

+ + − − − ++ + − − − ++ + − − − ++ + − − − + េដយ 1
ab bc ca

3
+ + =+ + =+ + =+ + =  
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េនះ 2 2 2

a b c 1
S

a b c 2ab 2bc 2cc a b c
+ ++ ++ ++ +≥ =≥ =≥ =≥ =

+ + + + + + ++ + + + + + ++ + + + + + ++ + + + + + +  ។ 

មយ៉ងេទៀត 2 2 2

T ab bc ca ab bc ca ab bc ca
3 a bc 1 b ca 1 c ab 1

+ + + + + ++ + + + + ++ + + + + ++ + + + + += + += + += + += + +
− + − + − +− + − + − +− + − + − +− + − + − +  

េហយ 2 2 2

ab bc ca a(a b c) 1
1

a bc 1 a bc 1 a bc 1
+ + + ++ + + ++ + + ++ + + += + −= + −= + −= + −
− + − + − +− + − + − +− + − + − +− + − + − +  

 

េគបន 

        

2cyc

2 2cyc

T ab bc ca
3 a bc 1

a(a b c) 1
[ 1]

a bc 1 a bc 1
1

(a b c)S T 3 (a b c). T 3
a b c

∑∑∑∑

∑∑∑∑

+ ++ ++ ++ +====
− +− +− +− +
+ ++ ++ ++ += + −= + −= + −= + −

− + − +− + − +− + − +− + − +

= + + + − ≥ + + + −= + + + − ≥ + + + −= + + + − ≥ + + + −= + + + − ≥ + + + −
+ ++ ++ ++ +

 

េរពះ 1
S

a b c
≥≥≥≥

+ ++ ++ ++ +  (សរមយខងេល ) 

េគទញ T
T 2

3
− ≤− ≤− ≤− ≤   ឬ T 3≤≤≤≤  ។ 

ដូចេនះ 2 2 2

1 1 1
3

a bc 1 b ca 1 c ab 1
+ + ≤+ + ≤+ + ≤+ + ≤

− + − + − +− + − + − +− + − + − +− + − + − +   ។ 
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លហំត់ទី១៥៥ 

ចូរគណនតៃមលផលគុណ  ៖  

)29tan3).....(2tan3)(1tan3(P ooo ++++++++++++====   

ដំេណះរសយ 

គណនតៃមលផលគុណ  ៖  

(((( ))))∏∏∏∏
====

++++====

++++++++++++====
29

1k

o

ooo

ktan3

)29tan3).....(2tan3)(1tan3(P

 

េគមន o

oo

o

o
o

kcos

ksinkcos3

kcos

ksin
3ktan3

++++====++++====++++  

                          o

oo

kcos

)k30cos(2 −−−−====  

េគបន ∏∏∏∏
====








 −−−−====
29

1k
o

oo

kcos
)k30cos(2

P  

            
29

oooo

oooo29

2
29cos28cos.....2cos1cos

1cos2cos.....28cos29cos2 ========  

ដូចេនះ  29ooo 2)29tan3).....(2tan3)(1tan3( ====++++++++++++   ។ 
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លហំត់ទី១៥៦ 

េគឱយអនុគមន ៍ IRIR:f →→→→  េដយ 
1xx

)1xx(
)x(f 36

32

++++−−−−
++++−−−−====  ។ 

ចូររកតៃមលអបបបរមៃនអនុគមនេ៍នះ ? 

ដំេណះរសយ 

រកតៃមលអបបបរមៃនអនុគមន ៍ )x(f  

1xx

)1xx(
)x(f 36

32

++++−−−−
++++−−−−====   

េយងសំគល់េឃញថ 1)o(f ====  កំនត ់។ អនុគមនអ៍ចសរេសរ  ៖  

1)
x
1

x(3)
x
1

x(

)1
x
1

x(

1
x

1
x

)1
x
1

x(
)x(f

3

3

3
3

3

−−−−++++−−−−++++

−−−−++++
====

−−−−++++

−−−−++++
====  

តង 
x
1

xt ++++====  ែដល 2|t| ≥≥≥≥  ឬ [;2[]2;]t ∞∞∞∞++++∪∪∪∪−−−−∞∞∞∞−−−−∈∈∈∈   

េគបន 
1t3t

)1t(
)t(g)x(f 3

3

−−−−−−−−
−−−−========  ។ 

េយងមន 23

3232

)1t3t(

)1t)(1t(3)1t3t()1t(3
)x('g

−−−−−−−−
−−−−−−−−−−−−−−−−−−−−−−−−====  
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23

22

23

2332

)1t3t(

)2t2t()1t(3

)1t3t(

)1ttt1t3t()1t(3
)t('g

−−−−−−−−
−−−−−−−−−−−−====

−−−−−−−−
−−−−++++++++−−−−−−−−−−−−−−−−====

 

េប 0)t('g ====  េគបន 1t ====  ឬ 02t2t 2 ====−−−−−−−−  

សមមូល 31t;31t;1t 321 −−−−====++++========  

េដយ [;2[]2;]t ∞∞∞∞++++∪∪∪∪−−−−∞∞∞∞−−−−∈∈∈∈  េនះេគទញ 31t ++++====  

េដយ 0
)1t3t(

)1t(3
23

2

>>>>
−−−−−−−−

−−−−  រគប ់ [;2[]2;]t ∞∞∞∞++++∪∪∪∪−−−−∞∞∞∞−−−−∈∈∈∈  

េនះ )t('g  មនសញញ ដូច 2t2t 2 −−−−−−−−  ។ 

រតងច់ំនុច 31t ++++====  អនុគមន ៍ )t('g  បតូរសញញ ព ី )(−−−−  េទ )(++++  

នឱំយ )t(g  មនតៃមលអបបបរមរតង ់ 31t ++++====  

គឺ 332)32(3
32

3
)31(g −−−−====−−−−====

++++
====++++  

ដូចេនះតៃមលអបបបរមៃន f  គឺ  332 −−−−  ។ 
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លហំត់ទី១៥៧  ( Iran 1996 ) 

េគឱយបីចនួំនពតិមនិអវជិជមន c,b,a  និងមនិសូនយរពមគន ពរី ។ 

ចូររសយបញជ កថ់  ៖  

2 2 2

1 1 1 9
(ab bc ca)

(a b) (b c) (c a) 4
    + + + + ≥+ + + + ≥+ + + + ≥+ + + + ≥    + + ++ + ++ + ++ + +    

   

ដំេណះរសយ 

រសយបញជ កថ់  ៖  

(*)
4
9

)ac(

1

)cb(

1

)ba(

1
)cabcab( 222 ≥≥≥≥









++++
++++

++++
++++

++++
++++++++    

តង abcz,cabcaby,cbax ====++++++++====++++++++====  

េគមនសមភព  ៖  

abc)cabcab)(cba()ac)(cb)(ba( −−−−++++++++++++++++====++++++++++++  

                                  zxy −−−−====  

និង )zxy(x4)yx()ca()ba( 22

cyc

22 −−−−−−−−++++====++++++++∑∑∑∑  
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វសិមភព (*)  ខងេលសមមូល  4
9

)zxy(

)zxy(x4)yx(
y 2

22

≥≥≥≥








−−−−
−−−−−−−−++++

 

សមមូល 0z9xyz34y4yx17yx4 23224 ≥≥≥≥−−−−++++++++−−−−  

(**)0)z9xy(z)xz6y4yx5x(y)z9xy4x(xy 2243 ≥≥≥≥−−−−++++++++++++−−−−++++++++−−−−  

តមវសិមភព Schur  ចំេពះរគបច់នួំនពតិមនិអវជិជមន z,y,x   

េគមន  ៖  

)1(0z9xy4x0)zx)(yx(x 3

cyc
≥≥≥≥++++−−−−⇔⇔⇔⇔≥≥≥≥−−−−−−−−∑∑∑∑

 

)2(0xz6y4yx5x0)zx)(yx(x 224

cyc

2 ≥≥≥≥++++++++−−−−⇔⇔⇔⇔≥≥≥≥−−−−−−−−∑∑∑∑  

តមវសិមភព GMAM −−−−  េគមន  ៖  

)3(0z9xyabc9)cabcab)(cba( ≥≥≥≥−−−−⇔⇔⇔⇔≥≥≥≥++++++++++++++++  

តម )3(&)2(),1(  េគទញបន (**)  ពិត ។ 

ដូចេនះ 4
9

)ac(

1

)cb(

1

)ba(

1
)cabcab( 222 ≥≥≥≥









++++
++++

++++
++++

++++
++++++++  ។  

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័423 

 

លហំត់ទី១៥៨ 

ចូរបងហ ញថ (((( ))))2
ab21

xcos
b

1
xsin

a
1 ++++≥≥≥≥







 ++++






 ++++   

ចំេពះរគប ់
2

x0,0b,0a
ππππ<<<<<<<<>>>>>>>>  

ដំេណះរសយ 

េគមន 
xcosxsin

ab
xcos

b
xsin

a
1)

xcos
b

1()
xsin

a
1( ++++++++++++====++++++++  

តមវសិមភព GMAM −−−−  េគមន ៖ 

xcosxsin
ab2

xcos
b

xsin
a ≥≥≥≥++++  

េគបន 
xcosxsin

ab
xcosxsin

ab2
1)

xcos
b

1)(
xsin

a
1( ++++++++≥≥≥≥++++++++  

      
22

2

)ab21()
x2sin

ab2
1()

xcos
b

1()
xsin

a
1(

)
xcosxsin

ab
1()

xcos
b

1)(
xsin

a
1(

++++≥≥≥≥++++≥≥≥≥++++++++

++++≥≥≥≥++++++++
 

ពេីរពះរគប ់
2

x0
ππππ<<<<<<<<  េគមន 1x2sin ≤≤≤≤   ។ 
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លហំត់ទី១៥៩ 

េគតង I  និង O  េរៀងគន ជផចិតរងវងច់រកឹកនុងនិងផចិតរងវងច់រកឹេរក 

ៃនរតេីកណ េគឱយរតេីកណ ABC មយួ ។ 

ចូររសយថ o90OIA ====∠∠∠∠  លុះរតែត  CA,BC,AB  ជស៊វីតនពវនត ។ 

ដំេណះរសយ 

រសយថ o90OIA ====∠∠∠∠  លុះរតែត  CA,BC,AB  ជស៊វីតនពវនត  

 

 

 

 

 

 

 

 
 

តង cAB,bAC,aBC ============   និង 2
cba

p
++++++++====  

A C 

C 

O 

H 

I 
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េហយ r  និង R  ជករំងវងច់រកឹកនុង និង ចរកឹេរកៃនរតេីកណ  

ABC  ។ 

យក H  ជចំេណលៃន I  េល ]AC[  េនះេគបន  ៖  

rIH ====   និង apAH −−−−====   ។ 

-សនមតថ  o90OIA ====∠∠∠∠  េនះ 222 IAOIOA ++++====  

តមរទឹសតីបទអែឺលេគមន )r2R(ROI 2 −−−−====  

តមរទឹសតីបទពតីគរក័នុងរតេីកណែកង 222 IHAHIA:AHI ++++====  

េគបន 222 )ap(r)r2R(RR −−−−++++====−−−−====  

   ឬ    22 )ap(rrR2 −−−−++++====  

តមរបូមនតេហរ ៉ងុ 
R4

abc
)cp)(bp)(ap(pprS ====−−−−−−−−−−−−========  

េគទញ  p2
abc

rR2 ====   និង p
)cp)(bp)(ap(

r 2 −−−−−−−−−−−−====  

េគបន 2)ap(
p

)cp)(bp)(ap(
p2

abc −−−−++++−−−−−−−−−−−−====  
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acba

)acb(bcabc

)bcp2p2)(acb(abc

]bc)cba(pp2)[a2p2(abc

)papbcpcpbp)(a2p2(abc

)]ap(p)cp)(bp)[(ap(2abc

)ap(p2)cp)(bp)(ap(2abc

22

2

22

2

−−−−++++====
−−−−++++====

++++−−−−−−−−++++====

++++++++++++−−−−−−−−====

−−−−++++++++−−−−−−−−−−−−====

−−−−++++−−−−−−−−−−−−====
−−−−++++−−−−−−−−−−−−====

 

េគទញ cba2 ++++====  េនះ b,a,c  ជស៊វីតនពវនត ។ 

-សនមតថ b,a,c  ជស៊វីតនពវនតេនះេគបន  cba2 ++++====  

តមរទឹសតីបទកូសីុនូសកនុងរតេីកណ OIA  េគបន  ៖  

OIAcosIA.OI2IAOIOA 222 ∠∠∠∠−−−−++++====  

េគទញ 
IA.OI2

OAIAOI
OIAcos

222 −−−−++++====∠∠∠∠  

                             

IA.OI2
)ap(rR2r

IA.OI2
R)ap(r)r2R(R

22

222

−−−−++++−−−−====

−−−−−−−−++++++++−−−−====
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េដយ a2cb ====++++  េនះ 
2
a3

2
cba

p ====++++++++====  

a12
)c2a3)(b2a3(a

2
a3

)c
2
a3

)(b
2
a3

)(a
2
a3

(
r 2 −−−−−−−−====

−−−−−−−−−−−−
====  

     
12

a3bc4
12

bc4a)cb(6a9 22 −−−−====++++++++−−−−====  

េហយ 3
bc

)
2
a3

(2

abc
rR2R ============  

េគបន 0
IA.OI2

)a
2
a3

(
3
bc

12
a3bc4

OIAcos

2
2

====
−−−−++++−−−−−−−−

====∠∠∠∠  

េគបន o90OIA ====∠∠∠∠  ។ 

ដូចេនះ  o90OIA ====∠∠∠∠  លុះរតែត  CA,BC,AB  ជស៊វីតនពវនត ។ 
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លហំត់ទី១៦០ 

េគឱយរតេីកណ ABC  មយួមនរជងុ c,b,a   ។  

តង r  និង R  េរៀងគន ជករំងវងច់រកឹកនុង និង ករំងវងច់រកឹេរកៃន  

ABC∆∆∆∆  ។ 

ក. ចូរសយថ  
R
pr2

CcoscbosBAcosa ====++++++++  

                    
abc2

cba
c

Ccos
b

Bcos
a

Acos 222 ++++++++====++++++++  

                    
R
r

1CcosBcosAcos ++++====++++++++   

ែដល 
2

cba
p

++++++++====  ជកនលះបរមិរតៃនរតីេកណ ។ 

ខ. ចូរទញបញជ កថ់ 2222 )rR(4cba ++++≥≥≥≥++++++++    

   ( C,B,A ជមុរំសួច)។ 
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ដំេណះរសយ 

ក. រសយថ  
R
pr2

CcoscbosBAcosa ====++++++++  

 

 

 

 

 

 

 

េគមន BOKBOC
2
1

BAC ∠∠∠∠====∠∠∠∠====∠∠∠∠  (មុផំចិត នងិ មុចំរកឹកនុងរងវង ់) 

កនុងរតេីកណែកង OKB  េគមន 
R

OK
OB
OK

BOKcos ========∠∠∠∠  

េគទញ AcosRBOKcosROK ====∠∠∠∠====  ។ 

រសយដូចគន ែដរ CcosROM,BcosROL ========  

តង S ជៃផទរកឡៃនរតេីកណ ABC  េនះេគបន  ៖  

OABOCAOBC SSSS ++++++++====    

A 

B C 
K 

L M 
O 
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)CcoscBcosbAcosa(R
2
1

pr

CcoscR
2
1

BcosbR
2
1

AcosRa
2
1

pr

OM.AB
2
1

OL.CA
2
1

OK.BC
2
1

pr

++++++++====

++++++++====

++++++++====

 

ដូចេនះ  
R
pr2

CcoscBcosbAcosa ====++++++++  ។ 

តមរទឹសតីបទកូសីុនូសេគមន Acosbc2cba 222 −−−−++++====  

េគទញ 
abc2

acb
a

Acos 222 −−−−++++====   ។   

រសយដូចគន ែដរេគបន  ៖  

abc2
bca

b
Bcos 222 −−−−++++====  និង abc2

cba
c

Ccos 222 −−−−++++====  

ដូចេនះ 
abc2

cba
c

Ccos
b

Bcos
a

Acos 222 ++++++++====++++++++  ។ 

មយ៉ងេទៀតេគមន   ៖  
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(*)
abc2

)cba(2)cba)(cba(

abc2
)cba()ba(c)ac(b)cb(a

ab2
cba

ac2
bac

bc2
acb

CcosBcosAcos

333222

333222222

222222222

++++++++−−−−++++++++++++++++====

++++++++−−−−++++++++++++++++++++====

−−−−++++++++
−−−−++++++++

−−−−++++====++++++++

 

តមរបូមនតេហរ ៉ងុេគមន pr)cp)(bp)(ap(p ====−−−−−−−−−−−−  

េលកអងគទងំពរីជកេរេគបន  ៖  

223

2

22

prabcp)cabcab(p)cba(p

pr)cp)(bp)(ap(

rp)cp)(bp)(ap(p

====−−−−++++++++++++++++++++−−−−

====−−−−−−−−−−−−

====−−−−−−−−−−−−

 

េដយ p2cba ====++++++++  េហយ pr
R4

abc
S ========  េនះ Rpr4abc ====  

េគបន 233 prRpr4p)cabcab(p2p ====−−−−++++++++++++−−−−  

េគទញ rR4rpcabcab 22 ++++++++====++++++++  

េដយ )cabcab(2cba)cba( 2222 ++++++++++++++++++++====++++++++  

េគបន  )rR4rp(2p4cba 222222 ++++++++−−−−====++++++++  

ឬ        )rR4rp(2cba 22222 −−−−−−−−====++++++++  
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េហយ )cabcabcba)(cba(abc3cba 222333 −−−−−−−−−−−−++++++++++++++++====−−−−++++++++  

េគទញបន )Rpr6pr3p(2cba 23323 −−−−−−−−====++++++++  

ទំនកទ់ំនង (*)  អចសរេសរ  ◌ៈ 

1
R
r

Rr2
Rr2r2

Rr2
Rr6r3pRr4rp

Rpr8
)Rpr6pr3p()Rr4rp(p4

CcosBcosAcos

2

2222

2322

++++====
++++====

++++++++−−−−−−−−−−−−====

−−−−−−−−−−−−−−−−−−−−====++++++++

 

ដូចេនះ 
R
r

1CcosBcosAcos ++++====++++++++   ។ 

ខ. ទញបញជ កថ់ 2222 )rR(4cba ++++≥≥≥≥++++++++   

តមវសិមភព SchwarzCauchy −−−−   េគមន  ៖  

)yyy)(xxx()yxyxyx( 2
3

2
2

2
1

2
3

2
2

2
1

2
332211 ++++++++++++++++≤≤≤≤++++++++  

យក Ccoscx,Bcosbx,Acosax 321 ============  

និង  c
Ccos

z,
b

Bcos
y,

a
Acos

y 221 ============   េគបន  ៖  
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2

222

2

2

222
2

222
2

R4

cba

R

)Rr(

Rpr8
cba

.
R
pr2

)
R
r

1(

abc2
cba

.
R
pr2

)CcosBcosA(cos

++++++++≤≤≤≤
++++

++++++++≤≤≤≤++++

++++++++≤≤≤≤++++++++

 

ដូចេនះ 2222 )rR(4cba ++++≥≥≥≥++++++++   ។ 

 

 

 

 

 

 

 

 

 

 



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័434 

 

លហំត់ទី១៦១ 

ចូរកំណតតួ់ទូេទៃនស៊វីតែដលកណំតេ់ដយ  ៖  

0 1x 3,x 4= == == == =  និង 2
n 1 n 1 nx x nx+ −+ −+ −+ −= −= −= −= −  ចំេពះរគប ់n ∈∈∈∈����  ។ 

ដំេណះរសយ 

េគមន  

         

0

1

2
2 0 1

x 3 0 3

x 4 1 3

x x x 9 4 5 2 3

= = += = += = += = +
= = += = += = += = +
= − = − = = += − = − = = += − = − = = += − = − = = +

 

ឧបមថ n 1 nx n 2 , x n 3−−−− = + = += + = += + = += + = +   ពតិ 

េយងនឹងរសយថ n 1x n 4++++ = += += += +  

េគមន 2
n 1 n 1 nx x nx+ −+ −+ −+ −= −= −= −= −  

                 

2

2 2

(n 2) n(n 3)

n 4n 4 n 3n

n 4

= + − += + − += + − += + − +
= + + − −= + + − −= + + − −= + + − −
= += += += +

 

ដូចេនះ nx n 3= += += += +   ។ 
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លហំត់ទី១៦២ 

ចូរគណនផលបកូ   ៖  

n

3 4 n 2
S ...

1! 2! 3! 2! 3! 4! n! (n 1)! (n 2)!
++++= + + += + + += + + += + + +

+ + + + + + + ++ + + + + + + ++ + + + + + + ++ + + + + + + +  

ដំេណះរសយ 

តង  k

k 2
a

k! (k 1)! (k 2)!
++++====

+ + + ++ + + ++ + + ++ + + +  

            

2

2

k 2
k ![1 (k 1) (k 1)(k 2)]

k 2
k !(1 k 1 k 3k 2)

k 2 1
k !(k 2) k !(k 2)

k 1 (k 2) 1
(k 2)! (k 2)!

1 1
(k 1)! (k 2)!

++++====
+ + + + ++ + + + ++ + + + ++ + + + +

++++====
+ + + + ++ + + + ++ + + + ++ + + + +
++++= == == == =
+ ++ ++ ++ +

+ + −+ + −+ + −+ + −= == == == =
+ ++ ++ ++ +

= −= −= −= −
+ ++ ++ ++ +

 

ដូចេនះ 
n

n k
k 1

1 1
S a

2 (n 2)!====
∑∑∑∑= = −= = −= = −= = −

++++   ។ 
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លហំត់ទី១៦៣ 

េដះរសយកនុងសំណំុចំនួនពតិៃនសមកីរ  ៖  

3x 3x x 2− = +− = +− = +− = +    ។ 

ដំេណះរសយ 

សមកីរមននយ័លុះរតែត x 2 0+ ≥+ ≥+ ≥+ ≥   ឬ x 2≥ −≥ −≥ −≥ −  ។ 

-ចំេពះ x 2>>>>  េគមន 3 2x 4x x(x 2) 0 (i)− = − >− = − >− = − >− = − >  

  េហយ 2x x 2 (x 1)(x 2) 0− − = + − >− − = + − >− − = + − >− − = + − >   ឬ x x 2 (ii)> +> +> +> +  

  បូកវសិមភព  (i)& (ii)  េគបន 3x 3x x 2− > +− > +− > +− > +  

  ដូចេនះសមកីរ 3x 3x x 2− = +− = +− = +− = +   គម នឬសចំេពះ x 2>>>>  ។ 

-ចំេពះ 2 x 2− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤   េយងអចតង x 2cosa====   ែដល 0 a≤ ≤ π≤ ≤ π≤ ≤ π≤ ≤ π   

  សមកីរអចសរេសរជ 38cos a 6cosa 2cosa 2− = +− = +− = +− = +  

                              

3 2 a
2(4cos 3cosa) 4cos

2
a

cos3a | cos |
2

− =− =− =− =

====
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េដយ 0 a≤ ≤ π≤ ≤ π≤ ≤ π≤ ≤ π  េនះ a
cos 0

2
≥≥≥≥  

សមកីរសមមូល a
cos3a cos

2
====   

េគទញឬស  1 2

a a
3a 2k , 3a 2k

2 2
= + π = − + π= + π = − + π= + π = − + π= + π = − + π  

ឬ  Z
1 2

1 2

4k 4k
a , a (k ,k )

5 7
π ππ ππ ππ π= = ∈= = ∈= = ∈= = ∈  

េដយ 0 a≤ ≤ π≤ ≤ π≤ ≤ π≤ ≤ π  េនះេគទញបន 4 4
a { 0 , , }

5 7
π ππ ππ ππ π∈∈∈∈  

ដូចេនះ 4 4
x 2cos0 2 , x 2cos ,x 2cos

5 7
π ππ ππ ππ π= = = == = = == = = == = = =   ។ 
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លហំត់ទី១៦៤ 

េគឱយរតេីកណ ABC  មយួមនរជងុ cAB,bCA,aBC ============  

េហយមុកំនុង C,B,A  ជមុរំសួចឬមុែំកង ។ 

តង S ជៃផទរកឡៃន ABC∆∆∆∆   

ចូររសយបញជ កថ់   2444 S16

9

c

1

b

1

a

1 ≥≥≥≥++++++++   ។ 

ដំេណះរសយ 

រសយបញជ កថ់   2444 S16

9

c

1

b

1

a

1 ≥≥≥≥++++++++   ។ 

េគមន )cp)(bp)(ap(pS2 −−−−−−−−−−−−====  ែដល 
2

cba
p

++++++++====  

តង 222222222 cbaz,bacy,acbx −−−−++++====−−−−++++====−−−−++++====  

ែដល 0z,y,x ≥≥≥≥  និង មនិអចមនពរីសូនយរពមគន  ។ 

េគបន 222 b2xz,a2zy,c2yx ====++++====++++====++++  

េហយ )cba)(bac)(acb)(cba(S16 2 −−−−++++−−−−++++−−−−++++++++++++====  
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zxyzxyx)xz)(yx(

)acb(cb4
2

222222

++++++++====−−−−++++++++====

−−−−++++−−−−====
 

វសិមភព 2444 S16

9

c

1

b

1

a

1 ≥≥≥≥++++++++   អចបែមលងេទជ  ៖  

zxyzxy
9

)xz(

4

)zy(

4

)yx(

4
222 ++++++++

≥≥≥≥
++++

++++
++++

++++
++++  

4
9

]
)xz(

1

)zy(

1

)yx(

1
[)zxyzxy( 222 ≥≥≥≥

++++
++++

++++
++++

++++
++++++++   

តមលកខណះអមូ៉ូែសនេគអចេរជសេរ សយក 1zxyzxy ====++++++++   

េនះវសិមភពខងេលសមមលូ  ៖  

222

cyc

22 )zx()zy()yx(9)zx()yx(4 ++++++++++++≥≥≥≥++++++++∑∑∑∑  

េដយ 1xyzxzxyx)zx)(yx( 22 ++++====++++++++++++====++++++++  

េហយ )zy)(1x()zx)(zy)(yx( 2 ++++++++====++++++++++++  
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xyzzyx

zy)yz1(x

zy)xzxy(x

zy)zy(x2

−−−−++++++++====
++++++++−−−−====

++++++++++++====
++++++++++++====

 

េគបន 2

cyc

22 )xyzzyx(9)1x(4 −−−−++++++++≥≥≥≥++++∑∑∑∑  

2222222 )xyzzyx(9])1z()1y()1x[(4 −−−−++++++++≥≥≥≥++++++++++++++++++++  

(*))xyzzyx(9]3)zyx(2)zyx[(4 2222444 −−−−++++++++≥≥≥≥++++++++++++++++++++++++  

តង zyxS ++++++++====   និង xyzP ====  

ែដល 0cbaS 222 >>>>++++++++====   និង 0P ≥≥≥≥  េរពះ 0z,y,x ≥≥≥≥  ។ 

េគបន 2zyx)zyx(S 22222 ++++++++++++====++++++++====  

េហយ )zyzyyx(2zyx)2S( 22222244422 ++++++++++++++++++++====−−−−  

េដយ 1xzyzxy ====++++++++   េនះ 1)xzyzxy( 2 ====++++++++  

ឬ 1)zyx(xyz2zxzyyx 222222 ====++++++++++++++++++++   

ឬ PS21zxzyyx 222222 −−−−====++++++++  
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េនះ )PS21(2zyx)2S( 44422 −−−−++++++++++++====−−−−  

នឱំយ  2SP4S4Szyx 24444 ++++++++−−−−====++++++++  

វសិមភព (*)ខងេលសមមូល  ៖  
2224 )PS(9)34S22SP4S4S(4 −−−−≥≥≥≥++++−−−−++++++++++++−−−−  

(**))PS(9SP16)4S)(1S4(S9

)PS(94SP16S8S4

)PS(9)1SP4S2S(4

2222

224

224

−−−−≥≥≥≥++++−−−−−−−−++++

−−−−≥≥≥≥++++++++−−−−

−−−−≥≥≥≥++++++++−−−−

 

-ចំេពះ   2S ≥≥≥≥  េគមន  0SP16)4S)(1S4( 22 ≥≥≥≥++++−−−−−−−−  

នឱំយវសិមភព (**)  ពតិ  

េរពះ 22222 )PS(9S9SP16)4S)(1S4(S9 −−−−≥≥≥≥≥≥≥≥++++−−−−−−−−++++  ។ 

-ចំេពះ 2S0 <<<<<<<<   វសិមភព (**)  អចសរេសរ  ៖  

 
22222 P9SP18S9SP16)4S)(1S4(S9 ++++−−−−≥≥≥≥++++−−−−−−−−++++  

0P9SP34)4S)(1S4( 222 ≥≥≥≥−−−−++++−−−−−−−−  

តង 222 P9SP34)4S)(1S4(T −−−−++++−−−−−−−−====  



គណ�ត�ទយអឡូំព�ច 

 

េរៀបេរៀងេដយ ល�ម ផលគនុ ទំពរ ័442 

 

េយងនឹងរសយថ 0T ≥≥≥≥   ។ 

េគមន xyz9)xzyzxy)(zyx( ≥≥≥≥++++++++++++++++  (តម GMAM −−−− ) 

េដយ 1zxyzxy ====++++++++  េនះ P9S ≥≥≥≥  

េហយ SP33)P9S(P)4S)(1S4(T 22 ++++−−−−++++−−−−−−−−====  

េគបន SP33)4S)(1S4(T 22 ++++−−−−−−−−≥≥≥≥  

តមវសិមភព Schur  េគមន ∑∑∑∑ ≥≥≥≥−−−−−−−−
cyc

2 0)zx)(yx(x  

េដយ )zy(xyzxx)zx)(yx(x 3242 ++++−−−−++++====−−−−−−−−  

េគបន ∑∑∑∑∑∑∑∑∑∑∑∑ ++++≥≥≥≥++++
cyc

3

cyccyc

4 )zy(x)x(xyz)x(  

េដយ SPxxyz,2SP4S4S)x(
cyc

24

cyx

4 ====++++++++−−−−==== ∑∑∑∑∑∑∑∑  

និង ∑∑∑∑∑∑∑∑ ∑∑∑∑ −−−−====++++====++++
cyc

2

cyc cyc

23 )yz1(x)xzxy(x)zy(x
 

                          
SP2Sxxyzx 2

cyccyc

2 −−−−−−−−====−−−−==== ∑∑∑∑∑∑∑∑  
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េគបន 2SPS2SP5S4S 224 −−−−−−−−≥≥≥≥++++++++−−−−  

                                  4S5SSP6 24 −−−−++++−−−−≥≥≥≥  

                                  )1S)(S4(SP6 22 −−−−−−−−≥≥≥≥  

េហតុេនះ  

            

)3S)(S4(
2
3

T

)1S)(S4(
2
11

)4S)(1S4(T

22

2222

−−−−−−−−≥≥≥≥

−−−−−−−−++++−−−−−−−−≥≥≥≥
 

េដយ 2S0 ≤≤≤≤<<<<  េនះ 0S4 2 ≥≥≥≥−−−−  

េហយ 3)zxyzxy(3)zyx(S 22 ====++++++++≥≥≥≥++++++++====  េនះ 03S2 ≥≥≥≥−−−−  

េគទញបន 0)3S)(S4(
2
3

T 22 ≥≥≥≥−−−−−−−−≥≥≥≥  ពតិ ។ 

សរបុមកេគបន  

4
9

]
)xz(

1

)zy(

1

)yx(

1
[)zxyzxy( 222 ≥≥≥≥

++++
++++

++++
++++

++++
++++++++   

ដូចេនះ 2444 S16

9

c

1

b

1

a

1 ≥≥≥≥++++++++   ។ 

SP6
2
11

)4S)(1S4(T 22 ××××++++−−−−−−−−≥≥≥≥
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លហំត់ទី១៦៥ 

េគឱយរតេីកណ ABC  មយួែកងរតង ់C។  

D និង E ជចំណុចពរីេរជសេរ ស 

េនេលអុបី៉ូេតនូស ែដល BDBC ====  និង AEAC ====  ។ 

F  និង G  ជចំេណលែកងៃន D និង E េលរជុង AC  និង BC   

េរៀងគន  ។ចូររសយបញជ កថ់ EGDFDE ++++====   ។ 

ដំេណះរសយ 

រសយបញជ កថ់ EGDFDE ++++====    
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េយងសងក់មពស់ CN  រចួភជ ប ់CD  និង CE  ។ 

េគមន BDBC ====  េនះ BCD∆∆∆∆  ជរតេីកណសមបតកំពូល B 

េគបន BDCBCD ∠∠∠∠====∠∠∠∠  ែត NCDBCNBCD ∠∠∠∠++++∠∠∠∠====∠∠∠∠  

និង ADCABDC ∠∠∠∠++++∠∠∠∠====∠∠∠∠   

េហតុេនះ )1(ADCANCDBCN ∠∠∠∠++++∠∠∠∠====∠∠∠∠++++∠∠∠∠  

េដយ ABCN ⊥⊥⊥⊥  េនះ )2(ABCN ∠∠∠∠====∠∠∠∠  (មុបំំេពញៃនមុ ំ NCA∠∠∠∠ ) 

តម )1(  និង )2(  េគទញបន DCANCD ∠∠∠∠====∠∠∠∠   

េហយ o90CFDCND ====∠∠∠∠====∠∠∠∠  េនះេគទញរតេីកណ CND   

និង CFD  ជរតេីកណែកងប៉នុគន  ។  េគទញបន DFDN ====  ។ 

រសយបំភលតឺមរេបៀបដូចគន េគបន EGEN ====  ។ 

ដូចេនះ  EGDFNEDNDE ++++====++++====  ។ 
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លហំត់ទី១៦៦(  IMO 2010  ) 

ចូរកំណតរ់គបអ់នុគមន ៍ IRIR:f →→→→  េដយដឹងថសមភព  

 (((( ))))  )y(f)x(fyxf ==== ពិតជនិចចរគប ់ IRy,x ∈∈∈∈ ។ 

(  a  តងឱយែផនកគតៃ់ន a ) ។   

ដំេណះរសយ 

កំណតរ់គបអ់នុគមន ៍ IRIR:f →→→→  

រគប ់ IRy,x ∈∈∈∈  េគមនសមភព  

យក 0x ====  និង 0y ====  េគបន  )0(f)0(f)0(f ====  

េគទញ  (((( )))) 0)0(f1)0(f ====−−−−   េនះ 0)0(f ====  ឬ   1)0(f ====  

-ករណី   1)0(f ====  

យក 0y ====  ជំនួសកនុង (*)  េគបន  )0(f)x(f)0(f ====    

ឬ  )0(f)x(f ====   នឱំយ )x(f  ជអនុគមនេ៍ថរ 

តង c)x(f ====  ជំនួសកនុងសមកីរ (*)  េគបន  ccc ====    

េនះ   1c,0c ========   ។ 
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ដូចេនះ 0)x(f ====  ឬ  c)x(f ====   ែដល  )2,1[c∈∈∈∈  (េរពះ    1c ====  ) 

-ករណី 0)0(f ====  

យក  1yx ========  ជំនួសកនុង (*)  េគបន  )1(f)1(f)1(f ====   

េនះ 0)1(f ====  ឬ   1)1(f ====   

ក. ចំេពះ 0)1(f ====  េនះេយងយក 1x ====  ជំនួសកនុង (*) េគបន  

  IRy0)y(f)1(f)y(f ∈∈∈∈∀∀∀∀========  ។ 

ខ. ចំេពះ   1)1(f ====  េនះេយងយក 1y ====  េគបន   (**))x(f)x(f ====  

យក 
2
1

y,2x ========  កនុង (*)  េគបន 




==== )
2
1

(f)2(f)1(f  

ែតតម (**)  េគបន 0)0(f)
2
1

(f ========  េហតុេនះេគទញបន 0)1(f ====  

មនិពិតេរពះ   1)1(f ====   ។ 

សរបុមកេគបនចេមលយ IRx,0)x(f ∈∈∈∈∀∀∀∀====    

ឬ  IRx,c)x(f ∈∈∈∈∀∀∀∀====   ែដល 2c1 <<<<≤≤≤≤    ។ 
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លហំត់ទី១៦៧ 

ចូរបងហ ញថចំេពះរគបច់ំនួនគតវ់ជិជមន n  ចំនួន 3n n3 ++++  ែចកដច ់

នឹង 7 លុះរតែត 1n3 3n ++++  ែចកដចន់ឹង 7 ។ 

ដំេណះរសយ 

-សនមតថ 3n n3 ++++  ែចកដចន់ងឹ 7 េនះ n រតូវែចកមនិដចន់ងឹ 7 

តមរទឹសតីបទ Euler  េគបន )7(mod1n6 ≡≡≡≡  ។ 

ចំនួន 3n n3 ++++  ែចកដចន់ងឹ 7 េនះេគបនដូចគន  )n3(n 3n3 ++++  

ែចកដចន់ឹង 7 ។ 

េគមន  )1n()13n()n3(n 6n33n3 −−−−++++++++====++++  

េដយ )7(mod1n6 ≡≡≡≡  េនះេគទញបន 13n n3 ++++  ែចកដចន់ងឹ7 

-សនមតថ 13n n3 ++++  ែចកដចន់ងឹ 7 េនះ n រតូវែចកមនិដចន់ងឹ 7 

តមរទឹសតីបទ Euler  េគបន )7(mod1n6 ≡≡≡≡  ។ 

ចំនួន 13n n3 ++++  ែចកដចន់ងឹ 7 េនះ )13n(n n33 ++++ ែចកដចន់ឹង 7 ។ 
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េគមន n3n6n33 3n3)1n()13n(n ++++++++−−−−====++++  

េដយ )7(mod1n6 ≡≡≡≡  េនះេគទញបន n3 3n ++++  ែចកដចន់ងឹ7 

ដូចេនះ ចំនួន 3n n3 ++++  ែចកដចន់ឹង 7 លុះរតែត 1n3 3n ++++   

ែចកដចន់ឹង 7 ។ 
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លហំត់ទី១៦៨ (IMO 1970) 

កនុងេតរតែអត៊ ABCD  មយួមន o90BDC ====∠∠∠∠  េហយេជង 

ៃនចំេណលែកងព ីD េទបលង ់ )ABC(  ជរបសពវៃនកមពស់ៃន ABC∆∆∆∆ ។ 

ចូររសយថ )CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++   

េតេពលណេទបេយងបនសមភព ? 

ដំេណះរសយ 

រសយបញជ កថ់ )CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++   

 

 

 

 

 

 

D 

H 
E 

F 
B 

C 

A 
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សងក់មពស់ ]CE[   និង ]BF[  ៃនរតេីកណ ABC  េហយតង H   

ជរបសពវរវងកមពស់ៃនរតេីកណេនះ ។ 

េគមន )ABC()CED( ⊥⊥⊥⊥   និង )CE()AB( ⊥⊥⊥⊥  ែដល )CE(   

ជបនទ តរ់បសពវរវងបលង ់ )CED(  និង )ABC(  េនះេគទញបន 

)CDE()AB( ⊥⊥⊥⊥  េហយេដយ )CDE()DE( ⊂⊂⊂⊂ េនះេគបន 

)DE()AB( ⊥⊥⊥⊥  នឱំយ BED∆∆∆∆  ជរតេីកណែកងរតង ់E ។ 

តមរទឹសតីបទពតីគរ ័ )1(EBDEBD 222 ++++====   

តមសមមតកិមម o90BDC ====∠∠∠∠  េនះ BDC∆∆∆∆  ជរតេីកណែកងរតង ់D 

េគបន )2(CDBDBC 222 ++++====  

យក )1(  ជួសកនុង )2(  េគបន  2222 CDEBDEBC ++++++++====  

ែត 222 EBCEBC ++++====  េនះេគទញបន  ៖  

22222 CDEBDEEBCE ++++++++====++++  ឬ 222 CDDECE ++++====  

នឱំយ CED∆∆∆∆  ជរតេីកណែកងរតង ់D ។ 
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េគបន  )ED()CD( ⊥⊥⊥⊥  និង )BD()CD( ⊥⊥⊥⊥  េនះ )ABD()CD( ⊥⊥⊥⊥  

េដយ )ABD()AD( ⊂⊂⊂⊂  េនះ )AD()CD( ⊥⊥⊥⊥  នឱំយ CDA∆∆∆∆   

ជរតេីកណែកងរតង ់D ។  រសយដូចគន ែដរេគបន )BD()AD( ⊥⊥⊥⊥   

នឱំយ ់ ADB∆∆∆∆  ជរតេីកណែកងរតង ់D ។  

តមរទឹសតីបទពតីគរេ័គបន  









++++====

++++====

++++====

222

222

222

CDADCA

CDBDBC

BDADAB

 

េគទញ )3()CDBDAD(2CABCAB 222222 ++++++++====++++++++  

តមវសិមភព SchwarzCauchy−−−−  េគមន  ៖  

)4()CABCAB(3)CABCAB( 2222 ++++++++≤≤≤≤++++++++  

តម )4(&)3(  េគបន  ◌ៈ 

)CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++   ពតិ 

វសិមភពេនះកល យជសមភពលុះរតែត CABCAB ========  

កនុងករណីេនះេគបន ABC  ជរតេីកណសមងស ័៕ 
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