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1. 5o BMIBIRIIeI |05 Differenttial Equation (DE)
1. Introduction to DE
2. BB Bmiginiliag
a. Ordinary differential equations
- 7d8Mi Linear DE
- 98Mi Non-linear DE
b. Partial differential equations
= Order of Differential Equations
- Degree of Differential Equations
3. fsBurea BmiBiniiiied | 84 Initial Value Problem IVP
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1. s BmiBiniliag bt 1

1. rieaBmiginiliag it 1

2. SBanpgihs s Bmi Bisiistaggruebi 1
a. Seperable DE
b. The First-Order Homogeneous DE
¢. The Exact DE
d. The Integrating Factor DE
e. The First-Order Linear DE
f. The Bernoulli DE
g. The Ricatti DE

3. Applications of The First-Order Differenttial Equation
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. wdmiBiniliag b 2
1. Form of Second Order DE
2. Banpgihs s Bms Bisiinaggabiny 2
a. Linear Differential Equation with Constant Coefficients
- Linear Homogeneous DE with Constant Coefficients

- Linear Non-homogeneous DE with Constant Coefficients

b. Euler Differential Equation
c. Linear Differential Equation with Variable Coefficients
- Linear Homogeneous DE with Variable Coefficients
- Linear Non-homogeneous DE with Variable Coefficients

3. Applications of The Second-Order Differenttial Equation
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1. Form of n-th Order DE
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a. Linear Homogeneous DE with Variable Coefficients
b. Linear Non-homogeneous DE with Variable Coefficients
¢. Linear Homogeneous DE with Constant Coefficients

d. Linear Non-homogeneous DE with Constant Coefficients

sfui e s anif]y



1. o BMIBIRISI0I [0 Differenttial Equation (DE)
1. Introduction to DE
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1. o BMIBIRISI0I [0 Differenttial Equation (DE)

2. SwruBwaBmaBinihiagu
Definition :
A differential equation is a mathematical equation for an unknown function of one or several variables

that relates the values of the function itself and its derivatives.

dy  dy
2. TxZ + a— + by = Sin(wx)

20
3. — +ksin(0) =0

dx?
A 62u d0%u — 0o
" dx? dy

[0
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1. o BMIBIRISI0I [0 Differenttial Equation (DE)

wEmBiniitnupinginisnthdignd Ordinary differential equations (ODE) 81
Partial differential equations u‘i
a. Ordinary Differential Equations
Definition :
An ordinary differential equation (ODE) is an equation that relates a function y(X) to some of its

derivatives y((x) = d"y/dx" . Itis usual to call X the independent variable

and Y the dependent variable.

For examples :

d
1. d—i:=—2xy+x3
d’y  dy .
2. W—4E+3y=y Sin(6x)

2

y :
3. i ksin(x)y = x?

sfui e s anif]y



1. o BMIBIRISI0I [0 Differenttial Equation (DE)

Ordinary DE %ﬁﬁiﬁmmﬁﬁgjﬁ% Linear DE and Non-linear DE
™Mgigl :

an (Y™ + 1 ()Y + e 40 ()Y + ap(X)y = F()

W 4y @nq; Ao (x) B f thignBunin(Beismiss x YW 1M Linear DE
i‘[‘ﬁiﬁISSm Non-linear DE 9

For examples :

d’y = ,dy d’y dy
1. —<+x——sinx)y=¢e3* ; 2. — in{—))— xy =
T2 + x 7 sin(2x)y =e ; T2 + x4sin ) 0

2
3. yx" +5x%y’ — i) = In(3x) ; 4. y"+4xy' — ln(x)@z 0

Example 1 and 3 are Linear DEs and example 2 and 4 are Non-linear DEs.

sfui e s anif]y



1. o BMIBIRISI0I [0 Differenttial Equation (DE)

b. Partial Differential Equations

u is dependent variable and x and y are independent variables, this is partial differential equation.

For examples :

) 0°%u N 0°%u _ 0o
" dx?  dy?
, 04u N 04u — 0o
Codx*  dtt

- Order of Differential Equations

The order of the differential equation is order of the highest derivative in the differential equation.

Differential Equations Order
dy
— =2 3 1
e x +
d*y dy\’

- = 2
dx2+3<dx> +9y =0
—d3y+x3ﬂ+ *—In(x)=0 3
dx3 dx 7

sfui e s anif]y



1. o BMIBIRISI0I [0 Differenttial Equation (DE)

- Degree of Differential Equations

The degree of a differential equation is power of the highest order derivative term in the

differential equation.

For Examples

Differential Equations Degree
% + ZxZ—i, +5y=0 1
% + 3 <%> + 9xy = 1
%+ 3<%)5+y4—1n(x)= 5

sfui e s anif]y



1. o BMIBIRISI0I [0 Differenttial Equation (DE)

3. frBures BmiBiniitagas 849 Initial Value Problem (IVP)
+ Bit e BMIgini
y=fx) thisswrBmigiminiagumsmin y idjuminBmime |
g nind tgﬁ’@j’«:ﬁ’@\ﬁm F(x) = ¢ sin(x) + c,Cos(x) hBwiswdm vy’ +y =0

TS

f'(x) = ¢y Cos(x) — c,Sin(x)

f"(x) = —cy Sin(x) — c,Cos(x)

f"(x)+ f(x) = ¢y sin(x) + c,Cos(x) + (—cl Sin(x) — czCos(x))
£ + f()=0

HiGs f(x) = cq sin(x) + c,Cos(x) DEthGibisaBms y'+y=0
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1. o BMIBIRISI0I [0 Differenttial Equation (DE)

+ Initial Value Problem (IVP)

DE U n 98 n auxiliary conditions $18G13

V(%) = Vo3 ¥'(x0) = 15 3y V() = Yy By, vy

UMM Initial Value Problem (IVP) 9
Example Solvethe IVP y'' = e™3%; y'(0) = —-1/5; y(0) =1

ivtinls 1
17 —-3x ! —-3x —-3x
y =e =y =[|edx = —3¢ + ¢4

1 1
=>y=j —ge_3x+cl dx=§e_3x+c1x+cz
abEEpls
8
9

1
y(0)=1=>§+cz=1<:>cz=

, 11 1
y(0)=—§=>—§+c1=—§<:>cl=0

eEl
o

9G3
oo

y = 1o-3c .8 minfGwiswdms
9 9

sfui e s anif]y
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IL (9 EMIBINiN a1 FSEBENY 1 (First-Order Differenttial Equation)

1. éiﬁmﬁmigiﬁiﬁ%mjﬂﬂfimﬁ 1 First-order DE form

. Derivative form :
dy
a1(0) ==+ a,(0)y = ()
X
. Differential form :

M(x)dy + N(x)ydx + P(x)dx = 0

. General form ;

dy x.7) dy _ 0
dx—fx,y or f x,y,dx =

imitissisimegiigpoiginismBusubnunungnp 84 masthspntsh
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I i 8MIBInia A FUBENY 1 (First Order Differenttial Equation)

1. TR jgihe pnwe Bmigisiitagwln 1
a. The Seperable DE J
fBmMI Seperable DE #8G ; P(y) d—i} = F(x)
inghs i (ai ¢
fP(y)dy = jF(x) dx
Ex : s pntasB8mi DE: —x2y*dx + (y% + 2)e3*dy = 0

AANEIEMIGH e 3%y ~* itHima: o e e o
. ) 4 iuguIuis  MINB{MAUSUNUIS
—x“e ¥dx + (y* +2)y *dy =0 o 3

+
= f(y"2 + 2y Ndy = fxze‘3xdx 2x \ _ 1 a
2 2 + —e
=y -3y i= sze_3xdx T 9

_ _ ,-3x
0 57 €
1 2 2

0igs sze‘3xdx=<——x2+—x——>e ¢
v 3 9 27
9 6 ., 2 2 3
—+—3=<——x +—x——)e"x+c
y 'y 37 97 27

sfui e s anif]y 10



?ﬁﬁﬂtﬁgtﬁﬁstﬁﬂmmﬁmiﬁtﬁfﬁ%mjﬂjﬁj‘mﬁ 1

Ex: TSNt Bms STt
1. 3y +6y =0 . y=e 2
2. 2y?dx + (y* + 2)e**dy = 0 2.y+y t=e+¢
3. (2= 1dx+2xdy =0 |y_+1| .
y+1

b. The First-Order Homogeneous DE
= {0 f(x,y) ’L‘hﬁS}ﬁHcé Function Homogeneous Of dergee n i8fin € IR

TR £ (tx, ty) = t"f (x,y)

Ex: TS f(x,¥) = /x6 + y6 = f(tx, ty) = /(tx)® + (ty)6 = t3/x6 + y©

= f(tx, ty) = t3f(x,y) asBmi Homogeneous Of dergee 3

< fIBMI The First-Order Homogeneous DE #181Ni]

M(x,y)dx + N(x,y)dy = 0 I8 M B N thugnsBggiunstifpGn

v

ezl

B

sfui e s anif]y 11



?ﬁﬁﬂtﬁgtﬁﬁstﬁﬂmmﬁmiﬁtﬁfﬁ%mjﬂjﬁj‘mﬁ 1

RIS
juGo 3
MYy = ux 80 u HHIBIEINS
Ngnun BMIREI MWK EMINWMEN Separable DE
y=ux = dy = udx + xdu
M (x, xu)dx + N(x, xu)(udx + xdu) = 0
& x"M(1,u)dx + x"N(1,u)(udx + xdu) = 0
o [M(1,u) +uN(1,uw)]dx + xN(1,u)du =0

N(1,u) 1
= M(1,u) + uN(1,u) du = —;dx
N(1,u) 1
= JM(l,u) + uN(1,u) du = - ;dx
& j N W du = —In|x| + ¢
M(1,u) + uN(1,u)

M BMIMuInGIBNSMuEI Separable DE

sfui e s anif]y
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?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁﬁ]iﬁmﬁﬁmjmﬁjﬁﬁﬁ 1

yjush s

SesBmMI M(x, y)dx + N(x,y)dy = 0 th3ili
dy Mxy) _
dx N(x,y)
ed8MI The First-Order Homogeneous DE ) f m‘HS‘ﬁHé Homogeneous degree zero
TR BMI dy/dx = fx,y) 191G

f(x,y)

dy y
w=FG)
mig V=2 oy 4 ,X
X dx dx
- av FO) av dx
—_— = L =
*dx FO)—V  x
j av dx
= _— = —_—
F(V)-V X

:>j av = In|x| +
FOY =V - nlx| + ¢

M BMIMEINS NS EGH (s8MI Seperable DE
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?ﬁﬁﬂtﬁgtﬁﬁstﬁﬂmmﬁmiﬁtﬁfﬁ%mjﬂjﬁj‘mﬁ 1

Ex: et Bmi (x2 + y2)dx + (x% — xy)dy = 0
juGo
NS M = x% +y? 8 N = x? —xy thugnudgiiustipd 2 gum
My = ux = dy = udx + xdu © (x? + x?u?)dx + (x? — x*u)(udx + xdu) = 0

= x2(1 + u?)dx + x%(1 — u)(udx + xdu) = 0
= (1 +u®)dx + (1 —uw)(udx + xdu) =0

1—u
=>

u—1
du+ dx—0<:>f du—f dx

1
=>jdu+j du=-[;dx

=>u—2ln|1+u|l=mnlx|+c

=>X—2ln|1+z|—ln|x| =c<:>ln|(1 +X)(\/§)|2=X—c
X X X X

= (x+y)? = e=C.xe’/x

sfui e s anif]y
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?‘t"sﬁﬂlﬁgtmslﬁnmmﬁmﬁmi‘ﬁ‘imjmﬁjmﬁ 1

nyfugh
1HE18
(x% + y3)dx + (x? — xy)dy = 0

_dy _xP4y? 14 (%)2

7 dx xy—xz_ Y _ (*)
X
i
y du
u=—=>dy xd—+u
‘.’n’mm(*)tﬁms
N Idu_1+u - du_1+u
u xdx_u—l x u—1
du 1+u Ju—l j
(:x = u= dx
u—1 u+1

1
(:)jdu— J du=f;dx(:>u—21n|1+u|=ln|x|+c

o2 2|1+~ = c o m|(14L) o) =2«
X X X X

= (x+y)? = e=C.xe’/x

sfui e s anif]y
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c. The Exact DE
- Bywhw ¢ G Bmigts t WBMI The Exact DE MAIAMA

weginininjuhinisnsnud Uy, y) ow
au au
M(x,y)dx + N(x,y)dy = adx + Edy =0
- [68dus ¢ DwBMIUW DaBMI The Exacr DE WIs[MIR
~ oM 0N
M(x,y)dx + N(x,y)dy =0 & Ty ox
R {EI TN o
MUBWYSATBMI The Exact DE

ou ou
M(x,y)dx + N(x,y)dy = adx +Edy =0

ou ou
=>§=M(x;)’) &E=N(x;Y)

oM 0 (oU 02U d (oU ON
= dy - 6y<6x> - dyox =&<E> ~ ox

oM ON

~ 9y ox

sfui e s anif]y
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IRE]INGILITATRI:
- IRfuRED
oM " 0N
dy _ ox,
- MYSWYEW
M(x,y)dx + N(x,y)d —aUd +6Ud =dU =0
x,y)dx X,y y—axx 3y y = —
s U,y =c
RSS!
aU_M( )
ax - x'y * ( )
au
— =N 2 (2

my (2) mﬁj oU = N(x,y)dy U IfHGRIITEIT 0U = Noy
=>U=jN6y+h(x) (%)

WA (%) QT (1) ISTHMBIRGIHILIEMINS
it L) m‘aj oU = M(x,y)dx U IRHBAIITNT oU = Mox

=>U=jM6x+h(y) b (%)

WH () DT (2) IIRMEIREIGwWEMIMS
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?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁﬁ]iﬁmﬁﬁmjmﬁjﬁﬁﬁ 1

Ex : idefntueiBmi DE:  2xydx + (x? — 1)dy = 0

Neitxinlish
0M_2
{M=2xy L Jay x:a_M_a_N
N=x%-1 oON ay_ax
— = 2x
o 0x
= DE: T fd™MI The Exact DE
I8IHNG:
ov_ ., »
ox Xy (D)
aU—N—(2 1) : (2
Sy ifaU= ijy6x=x2y+g(y)
>U=x%y+g@) : (x)
(2):}61]_ 2_|_ /
oy 9 )
> -D=x"+g'y)
=9'(y) =-1
= g(y) =—y Wit (+): U=x%y—y=c
C
:y_xz—l

sfui e s anif]y
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d. The Integrating Factor DE
- {GeBmI M(x,y)dx + N(x,y)dy =0 & Z—"; + g—’;' 13 BaTysthasBMi The Exact DE 16
IRE]IRGILITRRI:
- AANBMI M(x,y)dx + N(x,y)dy = 0 SUAMERIHM  (x,y) IBEjmwm
f0B8™MI The Exact DE
INSIHMS  IMdx + INdy =0 WBMI The Exact DE

dIM  0IN
e =
dy 0x
al oM al dN
>M—+1—=

I =N—+1—
dy dy 6x+ 0x
oM ON al al

0x dy

AISsMS 3 AINMEMBIRENS 3
! o ) =4 . _ = _ dl
9. ANEWIATM [ Mpwsitx @ (W0W8 [, =0 8l L, =—)

dl dl (M,—N
I(My—Nx)=N1x=N—=>—=<yTx>dx

sfui e s anif]y
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b, AEERE [ iy : (s L, =0 84 [, = ;i_j’/)

dl dl M, — N,
I(My—Nx)z—MIy=Md—y<:>T=— |

. ITHNERIR]M [(x,y) MW x,y wsswm s

My—Nx B
T—f(X;Y)

M, — N
———=g(x)
RYpInGIuREI MmIEES I (x, y) msnuthuamas

- UUBAHSIHS The Exact DE MY

aU—IIW‘ 1
ax_ '()
aU—IN : (2
=N @

sfui e s anif]y
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Ex : Solve the Differential Equations below Answers

1. DE: (2x —y%)dx + xydy =0 1. y=i|x|\/(20+4§)
2. DE : x?y?dx + x3ydy = 0
3. DE: (2y? — 9xy)dx + (B3xy — 6y?)dy = 0

2. y3x3 =3¢
3. x%2y3 —3x3y%2 =

e. The First-Order Linear DE

aiBmMImesiy dy
a(x) ==+ by = f(x)

DyjinsubunnmivnedmSy  ax) Hymns:

&y b))
a(x) a(x)

i P(x) =29 By 0(x) =%

2(0) TN NS

dy p B
=+ Py = Q)

AN EmMIBY 1(x) = e/ P4

sfui e s anif]y
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itsmsBmitgith:
ef P(x)dx% + efP(x)de(x)y _ efP(x)de(x)

J P(x)d
N efP(x)dx Zi’ + d(e dxx x)y _ efP(x)de(x)

d efP(x)dx_
- dx ) _ ot rwing

ﬁjd(efp(x)dx.y) :Jefp(x)de(X)dx

= efp(x)dx.y = j efp(x)de(x)dx +c

>y = e~ J P()ax fefp(x)de(x)dx +c

Answers :
Ex : ilolve the Differential Equations . e’ 41
1. d_ic] +xy = xe*’/2 ) y(0) =1 Y 2eX2/2
dy x%+5
2. Cosx =———ySinx = 2x,y(0) =5 2y =
dx Y= TCosx

sfui e s anif]y
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f. The Bernoulli DE
Mo megy

a@) L+ by = FOy”
IRE[InGILITA TR
sanes BBk %y‘” iinmenEmagioh:
_ndy+b(x) 1on _F(X)
a(x) a(x)
84 Q(x )_ﬁ Tt ms:

b
M P(x) = %

d
v dy +PEY' = QW)

_ ylon S8 ndy ondy _ 1 du
il u=y :> (1 ) dx:>y dx 1-n dx
hINER
1

du
T—a d—+P(x)u = Q(x)

du 1 P =(1
> —+(1-mP(u = (1 -mQw)

e BEMIE MBI NI NSMNY 198MI The First-Order Linear DE

sfui e s anif]y 23
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Ex : Solve the Differential Equations Answers

1 xi—i’+y=% 1 y=3\/1+x_c's’.

2 XZE%*‘)’Z:XY 2 y=ln|;|x+c

3. %=y(xy3 - 1) 3. y= (__x3_:f3x+c

g. The Ricatti DE

18614

dy
= P(x)y* 4+ Q(x)y + R(x)

[0

U sfui e s anif]y 24




?‘t"sﬁﬂlﬁgtmslﬁnmmﬁmﬁmi‘ﬁ‘imjmﬁjmﬁ 1

juGo 3
- InGTOm e Mmih S(x) ( msmmmsmmﬁ y r’mimusg) Y
1 av = .
- N4 y—S(x)+ maj __W'E TEINS:

2
Zi _ vlz . Z‘; = P(x) (S(x) + %) +Q(x) (S(x) + %) + R(x)

d o 1
- iWIn = B[N18414 The First-Order Linear DE :

dav
Tx + a(x)V = b(x)

- ganuSmiBanmEEm 1(x) = ef 4 s pntwm ey
G133 The First-Order Linear DE
jush
wing 2 = P(0)y? + Q()y + R(x) wiimi The Ricatti DE

- aﬁmﬁ]ﬁjﬁﬁﬁmsmﬂjﬁjmﬁ YT y =y, +u INFU Vi mmﬂjtﬁmﬁjﬁjﬁtﬁis
(08MI The Ricatti Equation DE

dy du dy, 5

dx dx+d =Py“+Qy+R

du+dy Plu+y)*+Qu+y)+R
PEN Gk Tt

dx | dx Uu-+y Qu+y;

sfui e s anif]y 25
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UG y; Gt ytsis 8mI The Ricaui DE

du
@E+Py12+Qy1+R=P(u+y1)2+Q(u+y1)+R
du
@a— (Q + 2Py)u = Pu? : (%)

S u = % = du = —%dw WANSHIHY (+) RIS 3

dw 1 1\*
= wray T Q2P0 =P (w)
dw
= E-I_ (Q + ZPyl)W = —-P

M EMIMBIN[ANWMSMY  The Linear DE

Ex : Solve the Differential Equations Answers
1

d 1. y= + e*

L d_ilz—e_xyz‘FY'*'ex —%e‘x+cex
5 2 N 1

dy 4 1 - Y5
2. —=——=——y+y? cx3—Zx

dx 2 x” Y 4

sfui e s anif]y
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Applications of The First-Order Differenttial Equation

3. Applications of The First-Order Differenttial Equation

v Growth and Decay Problems
v’ Temperature Problems

v Falling Body Problems

v’ Dilution Problems

V' Electrical Circuits

v’ Orthogonal Trajectories
v’ Solved Problems

Example : .
Practical to Falling Body F= m-—_-
|
Ak MUIUISSIANS
Falling body
>» F=mg—kv
U +mg dv
' m—-+kv=m
| dt g
Ground E n Ev —g
e Z o / f% / g % d t m

Positive x-direction

U sfui e s anif]y

Newton’s second law of motion :
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Applications of The First-Order Differenttial Equation

Practical to First-order Circuit

First-order Circuit RL

R .
Practice KVL
AW
l RI + L al E=0
E[ L / dt
T dl R _E
I LI
< dt L L
First-order Circuit RC Practice KVVL
R
F\MAM— RI + ﬂ —E=0
/ C
dq q
— R—+—=E
ET — dt c
T I dq N 1 E
< g =—
dt ' RC1TR

[5)
U sfui e s anif]y
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11 e EmiBiniita Ul 2 Second-order DE

1. Form of Second Order DE

Derivative form

d?y

dxz = F(x y’ _)
Differential linear with constant coefficients form

d’y = dy
Ay 7+ aig -+ a0y = f(%)

Differential linear with variable coefficients form

2
1200 T3+ () 2+ a0y = ()

These forms and other forms we will be study and solve them.

[0

U sfui e s anif]y
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?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁmﬁtﬁfﬁ%ﬁijmﬁjmﬁ 2

2. fBanpgihs B migiitag kit 2
a. Linear Differential Equation with Constant Coefficients
2
az%"‘%%"‘ a,y = f(x)
* 2nd-order linear Homogenoues
ay”" +by'+cy=0 ;(a,b,c)elR
RTINS ANUITAHT 2
TSN BTN ar? 4+ br + ¢ = 0
-iU A= b? — 4ac = 0 I9IBEMINSINGU 1, = —b/2a
ineHms Giliwgisi® y = (A4 + Bx)e™*
-0 A= b? — 4ac > 0 I BMINSION{IM r; 88 1,
ineHms Gibwgisls y = Ade™* + Be™?*
-iT A= b? — 4ac < 0 1w Bmimgiutmhbssifsmaumitm
W88y =a+jB 88 r, =a—jB

iDIHMS BibNIgisls y = 4e@HAX 4 Be@=iB* {5y = (C,CosPx + C,Sinfx)e™™

sfui e s anif]y 30



?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁmﬁtﬁfﬁ%ﬁijmﬁjmﬁ 2

Ex: 1S [antiesBmi wIE
l.y=(A+ Bx)e™

1.y"+2y"+y=0
Y oy 2.y = Ae* + Be3*

2.y —4y"' +y =0
3."=/3y"+3y =0

3.y= (ClCosgx + CZSin%x) e\/;x
*2nd-order linear non-Homogenoues
ay"” +by'+cy=f(x) ;(ab,c)elR
THH]INSANLITAHT 2

- IAEIBWiRN YIS ay” + by’ + cy = f(x) Mgt y,
- IRGIGEIs v 4+ by + cy = 0 M vy,
- GIBWGISIMNhw y = y, + ¥,

Ex: s {nenasBms B

1.y" +2y +y = 4e* 1l.y=(A+Bx)e ™* +¢e”

2.y = Ae* + Be3* + sinx
2.y" —4y' + 3y = 2sinx — 4cosx

3 . 3 \/—gx 2
3.y=(ClCos—x+CZSm—x)ez + x4+ 2
3.y" =3y + 3y =3x2 - 2V/3x +2 2 2

sfui e s anif]y
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NN ﬁgﬁjﬁﬁjﬁ]ﬁmglﬁﬂﬁjfﬁmﬁ 2nd-order linear non-Homogenoues

f(x) r and A BIBINTRIN Y, B18GH
r#a Ae*
ke®* r=a;(A+ 0) | Axe®*
r=a;(A=0) | Ax%e%*
kCos(ax) T # ja ACos(ax) + BSin(ax)
or kSin(ax) r=ja x[ACos(ax) + BSin(ax) |
r#0 Apx™ + A, x™ 1+ + A,
kx™ r=0;(A#0) | x(Ax"+A4,_x"1+-+A4,)
r=0;(A=0) | x?Ax"+A4,_x" 1+ +A4,))
r+a e (Apx™ + A x™ 1+ 1+ A4,))
kx™ed* r=a;(A# 0) | xe®™(Ax" + A x™ 1+ -+ A4,)
r=a;(A=0) | x?e®™Ax"+A,_x" 1 +--+A4,)
ke**Cos(fx) r+aztjp e (ACosBx + BSinfx)
or ke®*Sin(fx) |r=azxjf xe**(ACosfx + BSinfx)
n,ax
ofjlccxieag(;igé;zc) r+atjf e [(Apx™ + -+ Ay)CosPBx + (Apx™ + -+ A,)Sinfx]
r=azjp xe™[(Apx™ + -+ A,)Cosfx + (Apx™ + -+ A,)Sinfx]

sfui e s anif]y
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?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁmiﬁiﬁfﬁ%mjmﬁjmﬁ 2
b. Euler Differential Equation
M8Gi ax?y” + bxy' +cy =0: ()
ingjithe [antuia i
i o y=x™m; y' = rr:xm"1 ; ¥y = (m? —m)x™? NSHG (x) 9
68 ax?(m? — m)x™ 2 4+ bmxx™™ 1 4+ cx™ =
(am? —am + bm + ¢c)x™=0

am? + (b — a)m + ¢ = 0 s BMIWMA ¢
-{0 A= 0 1 BMINETNgU m, = —(b — a)/2a

ineHms Gibwgisi® y = (4 + Blnx)x™o
-10 A> 0 1 BMIMSTuOIgm my 88 m,
ineHms Gilbwgigld y = Ax™ + Bx™2
10 A< 0 e Bmimsinfinhtgshtumuminn
88 my = a + jB S¥im, =a —jB
ineHms Gilbwgigld y = Ax(@HB) + px(@=Jh)
i y=[CCos(Blnx) + C,Sin(Blnx)]x*

X

sfui e s anif]y
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?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁmiﬁtﬁfﬁ%mjmfﬁmﬁ 2

Ex: {8 (AN BMII{MY G

1. x%y" +2xy' — 6y =0 1. y=Ax*+Bx~3
2.x%y" —5xy"' =9y =0 2. v =(A+ Blnx)x3
3.x%y" —xy+10=0 3. y = Ax(1+J3) 4 px(1-J3)

Brms (e ¢
1.x%y" +2xy' — 6y =0
m24+R2-1m—-6=0m?+m—6 =0 DgBMITMNE
IHMS

S=my+m,=-1=2+(-3) my; = 2
{ P=m.my=—6=2(-3) =>{ m,= —3
Gitgiglisnmif ;

y = Ax? + Bx~3

sfui e s anif]y
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?ﬁﬁﬂlﬁgtmsLﬁﬂﬁjmﬁmﬁtﬁfﬁ%ﬁijmﬁjmﬁ 2

c. Linear Differential Equation with Variable Coefficients

* Linear Homogeneous with Variable Coefficients

Mesi ¥y +p(x)y +q(x)y =0 : (%)
MSHIBGIS y = c1y1 + ),
UMM IHMNS ¥, # 0 EwEeis (+) ineasumuiniings ms it v, = uy,
() = (uy)" +p(uy)’ + quy; =0
uyy +py1 +qy) +u'y; + 2u'y; +pu'y; =0
>u''y, +2u'y; +pu'y; =0

2y;" +
v @Yty

= u 0
Y1
fv=u ; v =u"
i , >u’"+gl)u’' =0
x0) = (2y:" + py1) dv
g\x) = V1 vV+gx)vr=0¢& T —g(x)v
>u’ ' +gx)u’' =0 dv j
- d
- g(x)dx

sfui e s anif]y 35



1. ?'t”sﬁﬂﬁgtmsLﬁﬂmmﬁmﬁmi‘iﬁimjmﬁjmﬁ 2

lv| = e—fg(x)dx o u = e—fg(x)dx

u= je‘fg(x)dx dx =y, =uy, = ylje_fg(x)dx dx

Higs
) 2v! +
Yy =01yt Y, =yt f e J9Wax gy T g(x) = —yly 4!
1

Ex: tQefnwadmiy” + 4y’ + 4y =0 iy, = e ¥

2y1 +py1  2(=2e7%) + 4e7?* 0

g(x) = yl e_Zx -

Y2 =Uuyr =y j e~ J9ax gy — e—zxfe—Ide dx = xe %%

—-2X

Yi Y2 —2x
€ xe — e £ ()

W(x) =
( ) }7{ }Ié _Ze—Zx (e—Zx_I_er—Zx)
N8Bt GG IS EmI D linear independent

2x

Sy=cy +cy, =ce 4+ cxe”

sy = (¢ + cpx)e™?*

v

sfui e s anif]y
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1. ?’t’sﬁﬂﬁgtmsLﬁﬂmmﬁmﬁmi‘iﬁimjmﬁjmﬁ 2
Note : Wronskians

yi Y2

W)=y

= ¥1Y2 — Y1Y2

- WWk) =018 y1§ﬁ ¥, T linear dependent HTSTOEIETT[ﬁy =Ciy1 Or Yy =(jy,

- U W(x) # 0 1813 y, 88 y, ™ linear independent MSHIVIT y = 1y, + €2V

Practice : Solve the differential equations
1. x%y" = 3xy' +4y =0;if y; = x?
2. x%y" —7xy' —16y = 0;if y; =x*

Answer
1. y = (¢1 + cylnx)x?
2. v="_(cy + clnx)x*

sfui e s anif]y

37



1.3%

ﬁﬂlﬁgimsLﬁﬂmmﬁmiﬁiﬁfﬁ%mjmﬁjmﬁ 2

* Linear Non-homogeneous DE with Variable Coefficients
Bsgilt ¥y +p(0)y’ +q()y = f(x) : ()

iRyjithe [Nt BmI (*) 16(Ed ¢

- GUBWGIGURhE y = y), + y, 80y, = o1y + cpy, DEGwHGivgsisadm

Yy +p(x)y +q(x)y =0 B y, = wy; +uyy, DilulhiwaswadmiBssgings

y"' +p)y +qx)y = f(x) 1
- Iy, munyjuuGBmIgdiugs 9

- NGy, MusnAGsH{pNguEMIhuh NI w 81w,

{

§

wiy, +uyy, =0
Wy +uy, = f(x) '
NHNS

_| 0y
W) = ooy )

)
—y2f (%)
W(x)
,  nf x <

2 W)

Uy = ——"

A

g

0
W = [0 ol
U YZf(x)
T ) W)
L (nf@
) w

sfui e s anif]y
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1. ?’t’sﬁﬂﬁgtmsLﬁﬂmmﬁmﬁmi‘iﬁimjmﬁjmﬁ 2
Practice : Solve the differential equations
1. y'" =4y + 4y = (x + 1)e?*
2. x?y" —3xy' + 3y =x%e%; if y, =x

Answers

_ 1.3 %% ox
1. y—(cl+czx+gx +7)e

2. y=e*(x? —x) + c;x + ¢c,x3

EMS {RNIH] 3

1. y' =4y +4y = (x + 1)e**

pEmMmIy" — 4y’ + 4y = 0 MSHIEMIMI 12 —4r +4 =0
MEi 7, = 2 IHMSHEIN y, = ¢y e®* + cyxe?”

— 2X l=2 2X
‘imtﬁyh=clyl+c2y2(:>{yl € =>{ ! €

y, = xe®*

sfui e s anif]y

y, = e + 2xe?*
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1. ?’t’sﬁﬂﬁgtmsLﬁﬂmmﬁmﬁmi‘iﬁimjmﬁjmﬁ 2

TEDMS
yi Vi e2x 2e%x
W(X) =" } = 2x 2x 2x| = >
Y2 V2 xe e“” + 2xe
_ o rovef(x) 5o poxePFle+ne* o x3 x?
u’l - f W(.X') dx - f e4x dx - 3 2
_ o (nf g peFene® o P
uz—fw(x)dx—f o —dx =" +x
x3  x? x?
i3 Vp = UY1 + Upy; = (—?—?) e’* + (?+x) xe?*
x*x*\
= yp = Z-I_ 7 e
Higs

sfui e s anif]y
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Applications of The Second-Order Differenttial Equation

3. Applications of The Second-Order Differenttial Equation

v Spring Problems
v Electrical Circuit Problems
v/ Buoyancy Problems
v Classifying Solutions
v Solved Problems
Examples:
Practical to Sprlng Problems Equilibrium position Initial position at £ = ()

e

follows from Newton’s second law
F(t) — kx — ax' = mx"
where a is the constant of proportionality

ke thigifine ———in |
m BWIHEME
')+ Lx () + L ey = FY !
m m m Fir)
Y

Positive x-direction

U sfui e s anif]y
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Practical Electrical Circuit Analysis

follows KVL law

RI+LdI+1 Et)=0
dr " c1 B

R

dq ) 1 ' B
—t) +ECI—E(t)

< L
() (58 20-s .

dt

R

%+(£)ﬂ+<1)q=1,g(t)

[0

U sfui e s anif]y
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1v. iBmIginiisiajudhisea

1v. e BMIginiisiajabthisen
1. Form of n-th order differential equation
GiigigiisBmiBilta bmuG n &
an (Y™ + ay1 )y + - +ay ()Y + a,(D)y = f(x)

n n-1

d"y
an(x)ﬁ + ap—1(x)

d
() 2+ 4,0y = f()

2. GLGtIgIg s BMIBIRITa b a
a. Linear Homogeneous DE Variable Coefficients
Giigig]

an ()Y ™ + a1 )y ™D + - +a ()" + a,(x)y =0
i giglisnEmif 3
n
y = c1Y1(X) + Y2 (%) + -+ + cpyn(x) = Z ¢;yi(x)
i=1
B Y1) 5y, (x) ;- v (x) DB ISt BmiBinittagashG # lincar homogencous.

sfui e s anif]y



Gibre Emginiiia it

b. Linear Non-Homogeneous DE Variable Coefficients
Giigigl
an()y™ + ap_ 1 ()y™ Y + o+ ()Y + a,(0)y = f(%)
Gl g s Bmid 5

Y =y + ¥y, 180 y, thibwhiannEmiginina il # linear non-homogeneous &t

n
Y = Y1) + Y2 (X) + -+ + cpyn(x) = z ¢;yi(x)
i=1
MGG BMI linear homogeneous a,, (X)y™ + a,,_; (X)y™* ™V + -+ +a,(x)y’ + a,(x)y = 0
gis Bibwgign
n

y=ynt+y = zciyi(x) + ¥y

i=1

sfui e s anif]y
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i BmIginita jubhiige
¢. Linear Homogeneous DE Constant Coefficients

migidl apy™ + a1y YV + -ty +a,y=0
Rujmtiinigiglisgminssingi 3
TSN BTN apr™ + a7+ s tar +a, =0

- U EMIMLTSTA 7 1§)90M iNsGIBIGISIRgHh

n
y =cie* +ce"* + o+ cpe™* = Z(Cie”")

i=1
- b EmiRmilmeT p igjaotim SiTugur, bigs ¢ ivwdssiun =p + ¢
IS gigingsithe

Y = C1pe"* + cppe™ + o+ e + (010x0 + XCoq + X%C3q + o+ CggxTT e
P q

y = Z(Ciperix) 4 eloX Z(Ciqxi—l)
i=1 i=1

- TR EMIMAMSIgY 7, JE9m insbiiwgiginssih

n
y = (c1x° + xcy + x%c3 + -+ + cpx™)eTo¥ = eTo¥ » (¢xtTY)

=1

sfui e s anif]y
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i BmIginita jubhiige

- iwBmimmbmeiogy r,, 88 p duom Biiwgu r,, b8 ¢ gEominpngiE B =p + ¢
I8 TbNIgIGIHS Rt

— 0 2 P—1\,701X 0 2 q—1\,7p2x

P q
y = eTo1X z(cipxi—l) 4 elozX Z(Ciqxi—l)
i=1 i=1
Ex 1 (RN BMIIMY 8 GO
1.y" —6y" +11y' —6y =0 1.y = cie* + cye?* + cze3*
2.y +3y"—4=0 2.y =ce* + (c; + c3x)e %
3. y(4) + 2y” + y = 0 3. y = (Cl + sz)ejx + (C3 + C4X)e_jx
4
4. y® —4y" +6y" —4y' +y =0 :
y® —4y" +6y" —4y' +y 4y = exz(cixl_l)
i=1

sfui e s anif]y 46



i BmIginita jubhiige
d. Linear Non-homogeneous DE Constant Coefficients

Sigidl apy™ + a,_ vy + - tagy + a,y = f(x)
Rejintilogigiisugminssingii s
- ntifwtoyisa §ms fincar non-homogeneous DE
@y ™ 4+ ay_ 1y + o tayy + a,y = f(x) it y, iBwmEIRnsmumnufiswhiys

- INGHTIHEIN]S $88MI apy™ + ap_ 1y @D 4+ - +ay' +a,y = 0

GrbnIgIgIHS I ;
Y=YntW
Ex st Bmisini{my ¢ ENYey
1.y" —6y" +11y' —6y = —12x%? + 44x — 42 1.y = cie* + c,e?* + c3e3* + 2x% + 3
2.y +3y"—4=0 2.y =cie* + (¢, + c3x)e 2 4+ 16e2*
(4) " — . .
3.y 2y +y =0 3.y = gSian + (c; + cox)e?* + (c3 + cux)e™*

4 _ nr mno__ ! —
4.y by +o6y" —4y +y =0 4.y = e*(cy + xcy + x%c3 + x3¢,) + 16e7%

sfui e s anif]y a7



UFANITINS Reference

Reference form books
1. Ordinary and Partial Differential Equation
2. Advanced Engineering Mathematic
3. Differential Equations for Engineers
4. Schaum s Easy Outlines Differential Equation
5. BTN HIGVDS NPIC
6. 1717 WG W EMIGIREIAI U BY thiG TURIAIANG] Y neys
7. WEMIGIRISIAII ORI ATt HI:
Reference form internet

1. http://faculty.ksu.edu.sa/khawaja/Math/02%20Ch%201%20Intro%20DE.ppt

2. http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced

%20higher/unit3/Chapter%204%20First%200rder%20Linear%20Differential%20

Equations.ppt

3. http://seltzermath.pbworks.com/f/47+Solving+Differential+Equations.ppt
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http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://faculty.ksu.edu.sa/khawaja/Math/02 Ch 1 Intro DE.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://www.alfordacademy.aberdeenshire.sch.uk/subjects/documents/math/advanced higher/unit3/Chapter 4 First Order Linear Differential Equations.ppt
http://seltzermath.pbworks.com/f/47+Solving+Differential+Equations.ppt
http://seltzermath.pbworks.com/f/47+Solving+Differential+Equations.ppt
http://seltzermath.pbworks.com/f/47+Solving+Differential+Equations.ppt
http://seltzermath.pbworks.com/f/47+Solving+Differential+Equations.ppt
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