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អារម្ភកថា 
ស ៀវសៅសនេះត្រូវបានស ៀបស ៀងបនតសេញពីស ៀវសៅគណិរវភិាគ I ដែលត្រូវបាន  

ស ៀបស ៀងសោយខ្ញ ុំបាទសៅឆ្ន ុំ ២០១៤ ។ ខ្ញ ុំបាទស ៀបស ៀងស ៀវសៅត្បសេទសនេះបនតក៏សត្រេះ  
ថាគណិរវភិាគជាដននកមួយែ៏ ុំខាន់ននវទិាសាស្រ តជាពិស  គឺដននកវ ិវកមម ។ មួយវញិ 
សទៀរគណិរវភិាគជាលុំហារ់ដែលសពញនិយមបុំនញរកនញងកា ត្បឡងបាក់ឌញប និង  
អាហា ូបក ណ៍នានា ។  
 ស ៀវសៅសនេះត្រូវបានេងត្កងសឡងីសោយមានជុំនួយពីឯកសា ដខម  និង ប សទ   
ជាសត្េីន ។ កនញងស ៀវសៅសនេះខ្ញ ុំបាទ ងករ់ធ្ងន់សៅសលកីា គណនាលីមីរននអនញគមន៍  
លីមីរ វញរី  មួទុំងត្ទឹ តីបទមួយេុំនួនសទៀរទក់ទងនឹងសែ សីវ ។  
ស ៀវសៅសនេះត្រូវបានដេកសេញជាបីជុំពូក ុំខាន់ គឺ ត្ទឹ តី និង សមស ៀន ត្បធានលុំហារ ់
និង ែុំស េះត្សាយ ។ កនញងដននកត្ទឹ តី និង សមស ៀនខ្ញ ុំបាទបានសលីកយកត្ទឹ ត ីុំខាន់ៗ 
មកបកត្សាយពនយល់សោយភាា ប់ជាមួយនឹងឧទហ ណ៍សែីមីបឲ្យមិរតអនកអានងាយត្ លួ 
យល់ ។ សធ្វដីបបសនេះគឺខ្ញ ុំបាទេង់ឲ្យមិរតអនកអានយល់េា ់ពីដននកសមស ៀនជាមញន ិន 
មញននឹងចាប់សនតីមសធ្វលីុំហារ់ ។ កនញងដននកត្បធានលុំហារ់វញិខ្ញ ុំបានែកត្ ង់លុំហារ់ 
សេញពីស ៀវសៅនានា និង លុំហារ់ធាា បត់្បឡងសេញមួយេុំននួមកោក់ជាបញ្ហា  
សែីមីបឲ្យមិរតអនកអានសធ្វីកា ត្រិេះ េិះពិចា   ។ កនញងដននកសនេះ ូមមិរតអនកអានពាយាម 
គិរឲ្យអ ពី់ មរថភាពជាមញន ិន មញននឹងសមីលែុំស េះត្សាយលុំហារ់ទុំងសនាេះ ។ 
 ឯីដននកែុំស េះត្សាយវញិ ខ្ញ ុំបាទបានខិរខុំបកត្សាយេសមាយីននលុំហារ់សោយនចរិនចង់ 
សែីមីបឲ្យមិរតអនកអានងាយយល ់ងាយចាុំពីគនាឹេះកនញងកា សោេះត្សាយ ។ 
 កនញងនាមជាអនកស ៀបស ៀងស ៀវសៅមួយកាលសនេះ ខ្ញ ុំបាទ ងឃមឹយា៉ា ងមញរមាុំថា 
ស ៀវសៅសនេះនឹងកាា យជាឯកសា ែ៏លអមួយ ត្មាប់មិរតអនកអាន ជាពិស  បអូនៗដែល 
កុំពញងដរសត្រៀមត្បឡងបាក់ឌញប អាហា ូបក ណ៍ និង   ិសពូដកជាសែីម ។ 
ជាេញងសត្កាយ សយងីខ្ញ ុំមានដរ ូមអ គញណែល់មិរតអនកអានដែលដរងដរគុំត្ទសាន នែ 
ស ៀវសៅដែលស ៀបស ៀងសោយខ្ញ ុំបាទកនាងមក។  ូមអ គញណ! 

 
េនុំសពញ ០១ ដខធ្នូ ឆ្ន ុំ ២០១៧ 
ស ៀបស ៀងសោយ ជា ពិ ិែឋ 
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ជំពូក 1

�ទឹស�ីបទ និងគន�ឹះសំខន់ៗ

1 លីមីត�ងមិនកំណត់ 0
0

1.1 �បភគសនិទន

ជទូេǵ 
េដីមីបគណនលីមីត�ងមិនកំណត់ 0

0
ចំេពះ�បភគសនិទន f (x)

g(x)
េពល x → a េគ

�តȪវ
+�ក់ភគយក ( f (x)) និង ភគែបង(g(x)) ជក��
+ ស�មȫលក�� រមួេចល (x−a ជក�� រមួ)
+ គណនលីមីតៃនកេន�មថមី ។

ឧទហរណ៍ ១
គណន lim

x→1

x3 + x2 −3x+1
x4 +2x3 −3

។
ចេម�យ 

3
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េយងីមន

lim
x→1

x3 + x2 −3x+1
x4 +2x3 −3

= lim
x→1

x3 − x2 +2x2 −2x− x+1
x4 − x3 +3x3 −3

= lim
x→1

x2 (x−1)+2x(x−1)− (x−1)
x3 (x−1)+3(x3 −1)

= lim
x→1

(x−1)
(
x2 +2x−1

)
x3 (x−1)+3(x−1)(x2 + x+1)

= lim
x→1

(x−1)
(
x2 +2x−1

)
(x−1) [x3 +3(x2 + x+1)]

= lim
x→1

x2 +2x−1
x3 +3(x2 + x+1)

=
1+2−1

1+9
=

2
10

=
1
5

ឧទហរណ៍ ២ 
គណន lim

x→1

1− x2

x4 − x3 +2x2 −2x
។

ចេម�យ 
េយងីមន

lim
x→1

1− x2

x4 − x3 +2x2 −2
= lim

x→1

(1− x)(1+ x)
x3 (x−1)+2(x2 −1)

= lim
x→1

−(x−1)(x+1)
x3 (x−1)+2(x−1)(x+1)

= lim
x→1

−(x−1)(x+1)
(x−1) [x3 +2(x+1)]

= lim
x→1

−(x+1)
x3 +2x+2

=−2
5

1.2 �បភគអសនិទន
េដីមីបគណនលីមីត�ងមិនកំណត់ 0

0
ចំេពះ�បភគអសនិទនេគ�តȪវ

+បំបត់�៉ឌីកល់ (េបី�៉ឌីកល់េǷភគយកបំបត់េǷភគយក េបី�៉ឌីកល់េǷភគែបបបំបត់
េǷភគែបង)

1. ចំេពះរសឹកេរេគគុណនឹងកេន�មឆ� ស់េដីមីបឲយចូលរូបមន� a2−b2 = (a−b)(a+b) +
េបីមន a−b គុណែថមនឹង a+b

+ េបីមន a+b គុណែថមនឹង a−b

4
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2. ចំេពះរសឹគូបេគគុណនឹងកេន�មបំេពញេដីមីបឲយចូលរូបមន�
a3 −b3 = (a−b)(a2 +ab+b2)

រ ឺa3 +b3 = (a+b)(a2 −ab+b2) ។

+េ�កយពីបំបត់�៉ឌីកល់រចួ េគនឹងទទួលបនក�� រមួ ។ ស�មȫលក�� រមួេនះេចល
+គណនលីមីតៃនកេន�មថមី ។
សមគ ល់
រូបមន�ទូេǵស�មប់បំបត់�៉ឌីកល់ an −bn = (a−b)(an−1 +an−2b+ ...+abn−2 +bn−1)

រ ឺan +bn = (a−b)(an−1 −an−2b+ ...−abn−2 +bn−1) ។
ឧទហរណ៍ ១ 
គណន lim

x→0

√
x+1−1

x
។

ចេម�យ 
េយងីមន

lim
x→0

√
x+1−1

x
= lim

x→0

(√
x+1−1

)(√
x+1+1

)
x
(√

x+1+1
)

= lim
x→0

x+1−1
x
(√

x+1+1
) = lim

x→0

x
x
(√

x+1+1
)

= lim
x→0

1√
x+1+1

=
1
2

ឧទហរណ៍ ២
គណន lim

x→1

3
√

x−1
x2 −3x+2

។
ចេម�យ 
េយងីមន

lim
x→1

3
√

x−1
x2 −3x+2

= lim
x→1

( 3
√

x−1)
(

3√x2 + 3
√

x+1
)

(x−1)(x−2)
(

3√x2 + 3
√

x+1
)

= lim
x→1

x−1

(x−1)(x−2)
(

3√x2 + 3
√

x+1
)

= lim
x→1

1

(x−2)
(

3√x2 + 3
√

x+1
)

=
1

(−1)(3)
=−1

3

5
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1.3 �តីេកណម�ត

ជទូេǵ 
lim
x→0

sinx
x

= 1 lim
x→0

1− cosx
x

= 0 lim
x→0

tanx
x

= 1

lim
x→0

1− cosx
x2 =

1
2

ស�មយ 
+បង� ញថ lim

x→0

sinx
x

= 1

O

M

H
N

T

�មរូបេគបន S△OMN ≤ Sចេ�មȢកថស OMN
≤ S△OT N

េ�យ S△OMN =
1
2
×ON ×MH =

1
2

sinx

S△OT N =
1
2
×ON ×T N =

1
2

tanx

�មសមម�ត
2π �តȪវគន នឹង�ក�ៃផទ πr2 = π
x �តȪវគន នឹង�ក�ៃផទ Sចេ�មȢកថសOMN

េគបន Sចេ�មȢកថសOMN
=

x×π
2π

=
x
2

េយងីបន 1
2

sinx ≤ x
2
≤ 1

2
tanx ⇒ sinx ≤ x ≤ tanx

+ចំេពះ 0 < x <
π
2
េយងីបន sinx > 0 េនះ 1 ≤ x

sinx
≤ 1

cosx
⇒ cosx ≤ sinx

x
≤ 1

េ�យ lim
x→0+

cosx = cos0 = 1 និង lim
x→0+

1 = 1

6



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

េគបន lim
x→0+

sinx
x

= 1

+ចំេពះ −π
2
< x < 0

យក t =−x េនះ 0 < t <
π
2
េគបន

lim
t→0+

sin t
t

= 1

⇒ lim
x→0−

sin(−x)
−x

= 1

⇒ lim
x→0−

−sinx
−x

= 1

⇒ lim
x→0−

sinx
x

= 1

ដូចេនះ lim
x→0

sinx
x

= 1

+lim
x→0

1− cosx
x

= 0

េយងីមន

lim
x→0

1− cosx
x

= lim
x→0

2sin2 x
2

x

= lim
x→0

2×
(

sin x
2

x
2

)2

×
( x

2

)2

x

= lim
x→0

(
sin x

2
x
2

)2

× x
2
= 0

+lim
x→0

tanx
x

= 1

េយងីមន lim
x→0

tanx
x

= lim
x→0

sinx
cosx
x

= lim
x→0

1
cosx

× sinx
x

=
1

cos0
×1 = 1

+lim
x→0

1− cosx
x2 =

1
2

េយងីមន

lim
x→0

1− cosx
x2 = lim

x→0

2sin2 x
2( x

2

)2 ×
( x

2

)2
× 1

x2

= lim
x→0

2×
(

sin x
2

x
2

)2

× 1
4
=

1
2

7



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

ឧទហរណ៍ ១ 
គណន lim

x→0

x+ sinx
2x− sinx

។
ចេម�យ 
េយងីមន lim

x→0

x+ sinx
2x− sinx

= lim
x→0

x+sinx
x

2x−sinx
x

= lim
x→0

1+ sinx
x

2− sinx
x

=
1+1
2−1

= 2

ឧទហរណ៍ ២ 
គណន lim

x→0

1− cos2x
1− cos4x

។
ចេម�យ 
េយងីមន

lim
x→0

1− cos2x
1− cos4x

= lim
x→0

2sin2x
2sin22x

= lim
x→0

(
sinx

sin2x

)2

= lim
x→0

(
sinx

x
× 2x

sin2x
× 1

2

)2

=

(
1
2

)2

=
1
4

1.4 អនុគមន៍អិុចសប ៉ូណង់ែសយល

ជទូេǵ lim
x→0

ex −1
x

= 1 ។

ស�មយ 
�ង t = ex −1 ⇒ ex = 1+ t ⇒ x = ln(1+ t)
េពល x → 0 េនះ t → 0
េគបន lim

x→0

ex −1
x

= lim
t→0

t
ln(1+ t)

= lim
t→0

1
1
t ln(1+ t)

= lim
t→0

1

ln(1+ t)
1
t
=

1
lne

= 1

ឧទហរណ៍ ១ 
គណន lim

x→0

ex − cosx
x

។
ចេម�យ 
េយងីមន lim

x→0

ex − cosx
x

= lim
x→0

ex −1+1− cosx
x

= lim
x→0

ex −1
x

+
1− cosx

x
= 1+0 = 1

ឧទហរណ៍ ២ 
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គណន lim
x→0

eax + ebx + ecx −3
x

ចំេពះ a,b និង c ̸= 0។
ចេម�យ 
េយងីមន

lim
x→0

eax + ebx + ecx −3
x

= lim
x→0

eax −1+ ebx −1+ ecx −1
x

= lim
x→0

(
eax −1

x

)
+

(
ebx −1

x

)
+

(
ecx −1

x

)
= lim

x→0

(
eax −1

ax

)
a+
(

ebx −1
bx

)
b+
(

ecx −1
cx

)
c = a+b+ c

1.5 អនុគមន៍េ�ករតីេនែព

ជទូេǵ lim
x→0

ln(1+ x)
x

= 1 ។

ស�មយ 
េយងីមន lim

x→0

ln(1+ x)
x

= lim
x→0

ln(1+ x)
1
x = lne = 1

ឧទហរណ៍ 
គណន lim

x→0

ln(cosx)
x2 ។

ចេម�យ 
េយងីមន

lim
x→0

ln(cosx)
x2 = lim

x→0

ln(1+ cosx−1)
cosx−1

× cosx−1
x2

=− lim
x→0

ln(1+ cosx−1)
cosx−1

× 1− cosx
x2

=−1× 1
2
=−1

2
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2 លីមីត�ងមិនកំណត់ ∞
∞

វិធន េដីមីបគណនលីមីត�ងមិនកំណត់ ∞
∞
ៃន�បភគ f (x)

g(x)
េគ�តȪវ

+ចប់តួែដលមនដឺេ�កខពស់ៃនភគយក និង ភគែបងជក��
+ ស�មȫលក�� រមួេចល
+គណនលីមីតៃនកេន�មថមី ។

ឧទហរណ៍ ១
គណន lim

x→+∞

x2 +3x+2
x2 +4x−2

។
ចេម�យ 
េយងីមន lim

x→+∞

x2 +3x+2
x2 +4x−2

= lim
x→+∞

1+ 3
x +

2
x2

1+ 4
x −

2
x2

=
1+0+0
1+0−0

= 1

ឧទហរណ៍ ២
គណន lim

x→+∞

amxm +am−1xm−1 + ...+a1x+a0

bnxn +bn−1xn−1 + ...+b1x+b0
។

ចេម�យ 
េយងីមន

A = lim
x→+∞

amxm +am−1xm−1 + ...+a1x+a0

bnxn +bn−1xn−1 + ...+b1x+b0

= lim
x→+∞

xm
(

am +
am−1

x + ...+ a1
xm−1 +

a0
xm

)
xn
(

bn +
bn−1

x + ...+ b1
xn−1 +

b0
xn

)
= lim

x→+∞

amxm

bnxn = lim
x→+∞

am

bn
xm−n

+ ចំេពះ m > n េគបន A =+∞
+ ចំេពះ m < n េគបន A = 0
+ ចំេពះ m = n េគបន A =

am

bn
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េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

3 លីមីត�ងមិនកំណត់ ∞−∞

3.1 ចំេពះពហុធ

វិធន េដីមីបគណនលីមីត�ងមិនកំណត់ ∞−∞ ចំេពះពហុធេយងី�តȪវចប់តួែដល
មនដឺេ�កខពស់ជក�� ។

ឧទហរណ៍ 
គណន lim

x→+∞

(
x3 + x2 −2

) ។
ចេម�យ 
េយងីមន lim

x→+∞

(
x3 + x2 −2

)
= lim

x→+∞
x3
(

1+
1
x
− 2

x2

)
=+∞

3.2 អនុគមន៍អសនិទន

វិធន េដីមីបគណនលីមីត�ងមិនកំណត់ ∞ − ∞ ៃនអនុគមន៍អសនិទនេគ�តȪវ
បំបត់�៉ឌីកល់ ។ េ�កយពីបំបត់�៉ឌីកល់រចួ េគនឹងទទួលបនកេន�មថមីែដលលីមីត
របស់�មន�ងមិនកំណត់ ∞

∞
។ អនុវត�ករគណនលីមីតេនះ�មចំណុច 2 េយងីនឹង

ទទួលបនលទធផល ។

ឧទហរណ៍ ១
គណន lim

x→+∞

(√
x2 +3x− x

)
។

ចេម�យ 
េយងីមន

lim
x→+∞

(√
x2 +3x− x

)
= lim

x→+∞

x2 +3x− x2
√

x2 +3x+ x

= lim
x→+∞

3x√
x2 +3x+ x

= lim
x→+∞

3√
1+ 3

x +1
=

3
2

ឧទហរណ៍ ២ 
គណន lim

x→+∞

(
3
√

x3 − x−
√

x2 + x
)
។
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ចេម�យ 
េយងីមន

lim
x→+∞

(
3
√

x3 − x−
√

x2 + x
)
= lim

x→+∞

(
3
√

x3 − x− x
)
−
(√

x2 + x− x
)

= lim
x→+∞

x3 − x− x3

3
√
(x3 − x)2 + x 3√x3 − x+ x2

+
x2 + x− x2
√

x2 + x+ x

= lim
x→+∞

−x
3
√
(x3 − x)2 + x 3√x3 − x+ x2

+
x√

x2 + x+ x

= lim
x→+∞

− x

x2 3

√(
1− 1

x2

)2
+ x 3√x3 − x+ x2

+
1√

1+ 1
x +1

= lim
x→+∞

− 1

x 3

√(
1− 1

x2

)2
+ 3√x3 − x+ x

+
1√

1+ 1
x +1

=
1
2

4 លីមីតៃនអនុគមន៍អិុចស៉បូណង់ែសយល

ជទូេǵេគកំណត់យក e = lim
n→+∞

(
1+

1
n

)n

∼ 2.7182 ។

�ទឹស�បីទ lim
x→+∞

(
1+

1
x

)x

= e ។
ស�មយ

5 លីមីត�ងមិនកំណត់ 1∞

េដីមីបគណនលីមីត�ងមិនកំណត់ 1∞ េគេ�បី lim
x→∞

(
1+

1
x

)x

= e ។
ឧទហរណ៍ 
គណន lim

x→+∞

(
1+

1
x2 + x

)x2

។
ចេម�យ 

េយងីមន lim
x→+∞

(
1+

1
x2 + x

)x2

= lim
x→+∞

[(
1+

1
x2 + x

)x2+x
] x2

x2+x

= e
lim

x→+∞
x2

x2+x = e
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េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

6 The Stolz-Cesaro

�ទឹស�បីទ 
េគឲយ (an) និង (bn) ជស�ុ ីតៃនចំនួនពិត ។ េបី (bn) ជស�ុ ីតៃនចំនួនពិតវជិជមនេកីន
េǵរក +∞ និង lim

n→+∞

an+1 −an

bn+1 −bn
= l េនះ lim

n→+∞

an

bn
= l ។

ស�មយ 
េ�យ lim

n→+∞

an+1 −an

bn+1 −bn
= l

�មនិយមន័យលីមីតេយងីបន ∀ε > 0,∃Nε ∈ N,∀n ≥ Nε : l − ε <
an+1 −an

bn+1 −bn
< l + ε

េ�យ (bn)ជស�ុ ីតេកីនជនិចច េនះ bn+1 −bn > 0

េយងីបន (l − ε)(bn+1 −bn)< an+1 −an < (l + ε)(bn+1 −bn)

ឧបមថ k ជចំនួនគត់ែដល k ≥ Nε េយងីបន

(l − ε)
k

∑
n=Nε

(bn+1 −bn)<
k

∑
n=Nε

(an+1 −an)< (l + ε)
k

∑
k=nε

(bn+1 +bn)

(l − ε)(bk+1 −bNε )< ak+1 −aNε < (l + ε)(bk+1 −bNε )

(l − ε)
(

1− bNε

bk+1

)
<

ak+1

bk+1
− aNε

bk+1
< (l + ε)

(
1− bNε

bk+1

)
(l − ε)

(
1− bNε

bk+1

)
+

aNε

bk+1
<

ak+1

bk+1
< (l + ε)

(
1− bNε

bk+1

)
+

aNε

bk+1

េ�យ bk េកីនេǵរក +∞ េយងីបន lim
k→+∞

bNε

bk+1
= lim

k→+∞

aNε

bk+1
= 0

េនះ lim
k→+∞

ak+1

bk+1
= l = lim

n→+∞

an+1 −an

bn+1 −bn

ដូចេនះ lim
n→+∞

an

bn
= l

វិបក 
េគឲយ (an)ជស�ុ ីតៃនចំនួនពិតវជិជមន�ច់ខតែដល lim

n→+∞

an+1

an
= l ។

េយងីបន lim
n→+∞

n
√

an = lim
n→+∞

an+1

an
។

ស�មយ 
�ម�ទឹស�ីបទ The Stolz-Cesaro េយងីបន
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lim
n→+∞

(ln n
√

an) = lim
n→+∞

lnan

n
= lim

n→+∞

lnan+1 − lnan

(n+1)−n
= lim

n→+∞
ln
(

an+1

an

)
= ln l

េគបន lim
n→+∞

n
√

an = lim
n→+∞

eln n√an = e
lim

n→+∞
ln n√an

= eln l = l

ឧទហរណ៍ ១ 
េគឲយ (xn)ជស�ុ ីតៃនចំនួនពិតែដល xn > 0 ចំេពះ�គប់ n ≥ 1 ។ េបីេគដឹងថ lim

n→+∞

xn

n
=+∞

បង� ញថ lim
n→+∞

1√
n

n

∑
k=1

1
√

xk
= 0 ។

ស�មយ 
បង� ញថ lim

n→+∞

1√
n

n

∑
k=1

1
√

xk
= 0

�ម�ទឹស�ីបទ The Stolz-Cesaro េយងីបន

lim
n→+∞

1√
n

n

∑
k=1

1
√

xk
= lim

n→+∞

∑n
k=1

1√
xk√

n

= lim
n→+∞

∑n+1
k=1

1√
xk
−∑n

k=1
1√
xk√

n+1−
√

n

= lim
n→+∞

1√xn+1√
n+1−

√
n

= lim
n→+∞

√
n+1+

√
n

√
xn

= lim
n→+∞

(√
n+1

xn
+

√
n
xn

)
= 0

េ�ពះ lim
n→+∞

xn

n
=+∞

ដូចេនះ lim
n→+∞

1√
n

n

∑
k=1

1
√

xk
= 0

ឧទហរណ៍ ២ 
េគឲយ (xn)ជស�ុ ីតៃនចំនួនពិតកំណត់េ�យ xn =

∑n
k=1 kk!

(n+1)!−1
។

គណន lim
n→+∞

xn ។
ចេម�យ 
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�ម�ទឹស�ីបទ The Stolz-Cesaro េយងីបន

lim
n→+∞

xn = lim
n→+∞

∑n
k=1 kk!

(n+1)!−1

= lim
n→+∞

∑n+1
k=1 kk!−∑n

k=1 kk!
(n+2)!−1− (n+1)!+1

= lim
n→+∞

(n+1)(n+1)!
(n+1)(n+1)!

= 1

ដូចេនះ lim
n→+∞

xn = 1

ឧទហរណ៍ ៣ 
េគឲយ (xn)ជស�ុ ីតៃនចំនួនពិតែដល x1 = 1 និង xn+1 =

√
x1 + x2 + ...+ xn ។

គណន lim
n→+∞

xn

n
។

ចេម�យ 
េ�យ x1 = 1 និង xn+1 =

√
x1 + x2 + ...+ xn

េនះ (xn)ជស�ុ ីតេកីន និង វជិជមនជនិចច េហយី x2
n+1 = x2

n + xn

ឧបមថ (xn)ជស�ុ ីតទល់ េនះ (xn)មនលីមីត�ងេ�យ l

េយងីបន l2 = l2 + l ⇒ l = 0 មិនពិត េ�ពះ xn ≥ 1 ចំេពះ�គប់ n ≥ 1
េនះបȦជ ក់ថ (xn) មិនែមនជស�ុ ីតទល់⇒ lim

n→+∞
xn =+∞

�ម�ទឹស�ីបទ The Stolz-Cesaro េយងីបន

lim
n→+∞

xn

n
= lim

n→+∞

xn+1 − xn

n+1−n

= lim
n→+∞

x2
n+1 − x2

n

xn+1 + xn

= lim
n→+∞

xn

xn+1 + xn

= lim
n→+∞

1
xn+1

xn
+1

ម៉យងេទȢត x2
n+1 = x2

n + xn ⇒
x2

n+1

xn
= 1+

1
xn

⇒ lim
n→+∞

x2
n+1

x2
n

= 1

េយងីបន lim
n→+∞

xn+1

xn
= 1

ដូចេនះ lim
n→+∞

xn

n
=

1
1+1

=
1
2

ឧទហរណ៍ ៤ 
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គណន lim
n→+∞

lnn!−n lnn
n

។
ចេម�យ 
�ម�ទឹស�ីបទ The Stolz-Cesaro េយងីបន

lim
n→+∞

lnn!−n lnn
n

= lim
n→+∞

ln(n+1)!− (n+1) ln(n+1)− lnn!+n lnn
n+1−n

= lim
n→+∞

[ln(n+1)− (n+1) ln(n+1)+n lnn]

= lim
n→+∞

[−n ln(n+1)+n lnn]

= lim
n→+∞

−
ln
(
1+ 1

n

)
1
n

=−1

ដូចេនះ lim
n→+∞

lnn!−n lnn
n

=−1

7 �ទឹស�ីបទ Rolle

�ទឹស�បីទ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និងមនេដរេីវេលីចេន� ះេបីក (a,b) ែដល
f (a) = f (b) េនះមនចំនួនពិត c ∈ (a,b) មួយយ៉ងតិចែដល f ′(c) = 0 ។

ស�មយ 
យក f (a) = f (b) = d
+ េបី f (x) = d េថរចំេពះ�គប់ x ∈ [a,b] េនះ f ′(x) = 0 ចំេពះ�គប់ x ∈ [a,b]
េនះបȦជ ក់ថ មនចំនួនពិត c ∈ (a,b) មួយយ៉ងតិចែដល f ′(c) = 0

+ េបី f (x)> d ចំេពះ x ∈ (a,b) េនះ f (x)មនតៃម�អតិបរមមួយយ៉ងតិច�តង់
x = c ∈ (a,b)
េនះបȦជ ក់ថ មនចំនួនពិត c ∈ (a,b) មួយយ៉ងតិចែដល f ′(c) = 0

+ េបី f (x)< d ចំេពះ x ∈ (a,b) េនះ f (x)មនតៃម�អបបបរមយ៉ងតិច�តង់ x = c ∈ (a,b)
េនះបȦជ ក់ថ មនចំនួនពិត c ∈ (a,b) មួយយ៉ងតិចែដល f ′(c) = 0

ឧទហរណ៍ ១
េគឲយ f ជអនុគមន៍កំណត់េ�យ f (x) = x2 −3x+2 ។
ក) រក�ប់សីុសៃនចំណុច�បសព��ងេ�យ x1,x2 ៃន�កប�ងអនុគមន៍ និង
អ័ក��ប់សីុស ។
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ខ) បង� ញថមនចំនួនពិត c មួយេǷចេន� ះ (x1,x2) ែដល f ′(c) = 0 រចួគណន c ។
ចេម�យ 
ក) រក�ប់សីុសៃនចំណុច�បសព��ងេ�យ x1,x2 ៃន�កប�ងអនុគមន៍ និង អ័ក��ប់សីុស
េបី f (x) = 0 េយងីបន x2 −3x+2 = 0

េ�យ a+b+ c = 1−3+2 = 0 េនះ x1 = 1,x2 =
c
a
=

2
1
= 2

ដូចេនះ x1 = 1 និង x2 = 2
ខ) បង� ញថមនចំនួនពិត c មួយេǷចេន� ះ (x1,x2) ែដល f ′(c) = 0 រចួគណន c
េ�យ f (x1) = f (1) = 0 = f (2) = f (x2)

�ម�ទឹស�ីបទ Rolle មន c មួយយ៉ងតិចេǷចេន� ះ (x1,x2) ែដល f ′(c) = 0
+គណន c
េ�យ f (x) = x2 −3x+2 ⇒ f ′(x) = 2x−3

េបី f ′(c) = 0 ⇒ 2c−3 = 0 ⇒ c =
3
2
∈ (1,2)

ដូចេនះ c =
3
2

ឧទហរណ៍ ២ 
ក) េគឲយ f (x) = x2 −2x ។ បȦជ ក់អតថិភព និង រក�គប់ c ∈ [0,2] ែដល f ′(c) = 0 ។
ខ) េគឲយ f (x) = (x−3)(x+1)2។ បȦជ ក់អតថិភព និងរក�គប់ c ∈ [−1,3]ែដល f ′(c) = 0។
ចេម�យ 
ក) បȦជ ក់អតថិភព និង រក�គប់ c ∈ [0,2] ែដល f ′(c) = 0
េយងីមន f (x) = x2 −2x ⇒ f (0) = 0 និង f (2) = 22 −2(2) = 0
�ម�ទឹស�ីបទ Rolle មន c ∈ [0,2] ែដល f ′(c) = 0

ម៉យងេទȢត f ′(x) = 2x−2
េ�យ f ′(c) = 0 ⇒ 2c−2 = 0 ⇒ c = 1 ∈ [0,2]
ដូចេនះ c = 1
ខ) បȦជ ក់អតថិភព និង រក�គប់ c ∈ [−1,3] ែដល f ′(c) = 0
េយងីមន f (x) = (x−3)(x+1)2

េនះ f (−1) = (−1−3)(−1+1)2 = 0
េនះ f (3) = (3−3)(3+1)2 = 0
�ម�ទឹស�ីបទ Rolle មន c ∈ [−1,3] ែដល f ′(c) = 0
េ�យ

f ′(x) = (x+1)2 +2(x+1)(x−3)
= (x+1)[(x+1)+2(x−3)]
= (x+1)(3x−2)
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�ម f ′(c) = 0 េគបន (c+1)(3c−2) = 0 ⇒ c =−1,c =
3
2

ដូចេនះ c ∈ {−1,
3
2
}

8 �ទឹស�ីបទតៃម�មធយម

�ទឹស�បីទ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះ [a,b] និង មនេដរេីវេលី (a,b) ។ បង� ញថ មន
c ∈ (a,b) មួយយ៉ងតិចែដលបំេពញលកខខណ� f ′(c) =

f (b)− f (a)
b−a

។

ស�មយ 
បនទ ត់ែដលកត់�មចំណុច A(a, f (a)) និង B(b, f (b)) កំណត់េ�យ
(l) : y =

[
f (b)− f (a)

b−a

]
(x−a)+ f (a)

យក g(x) = f (x)− y = f (x)−
[

f (b)− f (a)
b−a

]
(x−a)− f (a)

េ�យ f ជអនុគមន៍ជប់េលីចេន� ះ [a,b] និង មនេដរេីវេលីចេន� ះ (a,b)
េយងីបន g ក៏ជអនុគមន៍ជប់ និង មនេដរេីវេលី (a,b) ែដរ
េហយី g′(x) = f ′(x)− f (b)− f (a)

b−a
ម៉យងេទȢត g(a) = 0 = g(b)

�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) មួយយ៉ងតិចែដលបំេពញលកខខណ� g′(c) = 0

⇒ f ′(c)− f (b)− f (a)
b−a

= 0

ដូចេនះ f ′(c) =
f (b)− f (a)

b−a
ឧទហរណ៍ 
បង� ញថ បនទ ត់ប៉ះនឹងប៉�៉បូល�ងអនុគមន៍ f (x) = x2 �តង់ a+b

2
�សបេǵនឹងបនទ ត់កត់

ប៉�៉បូល�តង់ A(a,a2) និង B(b2,b) ។
ចេម�យ 
េយងីមន f (x) = x2 ជអនុគមន៍ជប់ និង មនេដរេីវេលី R
�ម�ទឹស�ីបទតៃម�មធយមមន c ∈ (a,b) មួយយ៉ងតិចែដល f (b)− f (a)

b−a
= f ′(c)
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េគបន f ′(c) =
f (b)− f (a)

b−a
ជេមគុណ�បប់ទិសៃនបនទ ត់ប៉ះប៉�៉បូល�តង់ x = c

ម៉យងេទȢត f (b)− f (a)
b−a

ជេមគុណ�បប់ទិសៃន (AB)

េនះ (AB) �សបនឹងបនទ ត់ប៉ះប៉�៉បូល�តង់ x = c
េ�យ f ′(x) = 2x ⇒ f ′(c) = 2c

េយងីបន 2c =
b2 −a2

b−a
⇒ c =

a+b
2

ដូចេនះ បនទ ត់ប៉ះប៉�៉បូល�តង់ c =
a+b

2
�សបនឹងបនទ ត់ (AB)

9 �ទឹស�ីបទ Cauchy

�ទឹស�បីទ េបី f និង g ជអនុគមន៍ជប់េលី [a,b] និង មនេដរេីវេលី (a,b) ែដល
g′(x) ̸= 0 ចំេពះ�គប់ x ∈ (a,b) េហយី g(a) ̸= g(b) េនះមន c ∈ (a,b) ែដល
f (b)− f (a)
g(b)−g(a)

=
f ′(c)
g′(c)

។

ស�មយ 
យក h(x) = f (x)− kg(x) ែដល h(a) = h(b)

�ម h(a) = h(b) េយងីបន f (a)− kg(a) = f (b)− kg(b)⇒ k =
f (b)− f (a)
g(b)−g(a)

ម៉យងេទȢត f និង g ជអនុគមន៍ជប់េលី [a,b] និង មនេដរេីវេលី (a,b) េនះ h ក៏ជអនុគមន៍
ជប់េលី [a,b] និង មនេដរេីវេលី (a,b) ែដរ
�ម�ទឹស�ីបទ Rolle មន c ∈ (a,b) ែដល h′(c) = 0
េ�យ h′(x) = f ′(x)− kg′(x)⇒ h′(c) = f ′(c)− kg′(c)

េយងីបន f ′(c)− kg′(c) = 0 ⇒ k =
f ′(c)
g′(c)

ដូចេនះ f (b)− f (a)
g(b)−g(a)

=
f ′(c)
g′(c)
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10 វធិន L’Hospital

�ទឹស�បីទ េបី f និង g ជអនុគមន៍មនេដរេីវេលី voisinage ៃន a ែដល f (a) =

g(a) = 0 និង lim
x→a

f ′(x)
g′(x)

= l េនះ lim
x→a

f (x)
g(x)

= l ។

ស�មយ 
េ�យ lim

x→a

f ′(x)
g′(x)

= l

េយងីបន ∀ε > 0,∃η > 0,∀ζ ∈ (a−η ,a+η),

∣∣∣∣ f ′(ζ )
g′(ζ )

− l
∣∣∣∣< ε

ចំេពះ x ∈ (a−η ,a+η)�ម�ទឹស�ីបទ Cauchy
មន ζ ∈ (a,x) េពលគឺ ζ ∈ (a−η ,a+η) ែដល f (x)− f (a)

g(x)−g(a)
=

f ′(ζ )
g′(ζ )

⇒ f (x)
g(x)

=
f ′ (ζ )
g′ (ζ )

េ�ពះ f (x) = g(x) = 0

េគបន
∣∣∣∣ f (x)
g(x)

− l
∣∣∣∣< ε

ដូចេនះ lim
x→a

f (x)
g(x)

= l

ឧទហរណ៍ 
គណន
ក) lim

x→0

x− sinx
x− tanx

ខ) lim
x→0

x− sinx
x3 ។

ចេម�យ 
គណន
ក) lim

x→0

x− sinx
x− tanx

�ងមិនកំណត់ 0
0
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�ម�ទឹស�ីបទ L’Hospital េយងីបន

lim
x→0

x− sinx
x− tanx

= lim
x→0

(x− sinx)′

(x− tanx)′

= lim
x→0

1− cosx
1−1− tan2 x

= lim
x→0

1− cosx
− tan2 x

= lim
x→0

(1− cosx)′

(− tan2 x)′

= lim
x→0

sinx
−2tanx(1+ tan2 x)

= lim
x→0

cosx
−2(1+ tan2 x)

=
cos0

−2(1+ tan0)
=−1

2

ដូចេនះ lim
x→0

x− sinx
x− tanx

=−1
2

ខ) lim
x→0

x− sinx
x3 �ងមិនកំណត់ 0

0
�ម�ទឹស�ីបទ L’Hospital េយងីបន

lim
x→0

x− sinx
x3 = lim

x→0

(x− sinx)′

(x3)′

= lim
x→0

1− cosx
3x2

= lim
x→0

(1− cosx)′

(3x2)′

= lim
x→0

sinx
6x

=
1
6

ដូចេនះ lim
x→0

x− sinx
x3 =

1
6
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ជំពូក 2

�បធនលំ�ត់

ក�មិតមូល�� ន
ល�ំត់ ១ 
គណនលីមីតខងេ�កម

1. lim
x→1

(x3 −2x2 +3x−3)

2. lim
x→1

4x−5
5x−1

3. lim
x→1

x2 −1
x2 −3x+2

4. lim
x→1

1− x2

x2 +2−3x

5. lim
x→2

x−2
x2 −6x+8

6. lim
x→1

x2 −2x+1
x3 − x

7. lim
x→1

(
1

x−1
− 2

x2 −1

)

8. lim
x→1

x2 −5x+4
x3 −1

9. lim
x→1

2x−3+ x2

x3 +2− x−2x2

10. lim
x→−1

x2 −3x−4
5x+5

11. lim
x→2

x3 −8
x−2

12. lim
x→2

x2 −5x+6
x3 −2x2 +4x−8

13. lim
x→0

(2+ x)3 −8
x

14. lim
x→0

1
x+2 −

1
2

x

15. lim
x→a

x3 −a3

x−a
ចំេពះ a ≠ 0

16. lim
x→1

x5 +6x3 −5x−2
x4 −5x2 +4
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17. lim
x→1

x3 − x2 + x−1
x−1

18. lim
x→1

x5 −1
x7 −1

19. lim
x→3

√
x−

√
3

x−3

20. lim
x→1

3
√

x−1
x−1

21. lim
x→1

√
x2 + x−

√
2

x2 −1

22. lim
x→1

sin(x−1)
x2 −3x+2

23. lim
x→0

√
1+ x− cosx

sinx

24. lim
x→0

tanx+2sinx
x−3sinx

25. lim
x→0

2017sinx−2018tanx
2019x− sinx

26. lim
x→1

3√x2 −2 3
√

x+1
x−1

27. lim
x→1

√
x+3− (x+1)

x−1

28. lim
x→0

√
x+1−1

x

29. lim
x→+∞

−x2 + x+1
3x2 −2x+1

30. lim
x→+∞

(x−
√

x2 +1)

31. lim
x→−∞

(x+2)(3x+4)(5−6x)
(3x2 +2)(2x+1)

32. lim
x→−2+

x
x+2

33. lim
x→ π

2
−

tanx

34. lim
x→1−

x
x−1

35. lim
x→− π

2

cosx
x+ π

2

36. lim
x→π

sinnx
sinx

37. lim
x→ π

2

(π −2x) tanx

38. lim
x→1

1+ cosπx
(x−1)2

39. lim
x→ π

2

(2x−π)cos3x
cos2 x

40. lim
x→ π

2

(
x tanx− π

2cosx

)
41. lim

x→ π
3

( x
2
− π

3
cosx

)
× 1

x− π
3

42. lim
x→+∞

1
x−2

43. lim
x→−∞

1
x2 − x

44. lim
x→−∞

x2

x3 +1

45. lim
x→+∞

x+2
x2

46. lim
x→+∞

x2 +5x−1
x2 −3x+7

47. lim
x→+∞

x2 +5x+2
x−1

48. lim
x→+∞

|x−1|√
x2 −3x+4

49. lim
x→+∞

√
x2 +

√
x2 +1

x
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50. lim
x→+∞

√
x+
√

x+
√

x
√

x+1

51. lim
x→−∞

ex2+1

52. lim
x→+∞

x+ lnx
ex

53. lim
x→0

e2x −3ex +2
ex −1

54. lim
x→0+

(x lnx+ lnx)

55. lim
x→+∞

xex + x2

ex + x4

56. lim
x→0

ex + sinx−1
tanx

57. lim
x→1

n
√

x−1
m
√

x−1

58. lim
x→a

√
x−b−

√
a−b

x2 −a2 ចំេពះ a > 0

និង b < 0

59. lim
x→0

x2 − xsinx
x2 − sin2 x

60. lim
x→0

2x− sinx
1−cosx

x

61. lim
x→+∞

ln
(

x
x+1

)
62. lim

x→−∞
ln(ex +1)

63. lim
x→+∞

ln(lnx)

64. lim
x→+∞

1
ex −1

65. lim
x→+∞

(
xex +2
x2 −2

)

66. lim
x→+∞

x4 −5x
x2 −3x+1

67. lim
x→+∞

√
x2 +1+

√
x

4√x3 + x− x4

68. lim
x→+∞

(x+1)100 +(x+2)100 + ...+(x+100)100

x100 −10100

69. lim
x→0

√
x+2−

√
2

x

70. lim
x→0

1− cosx
x2

71. lim
x→+∞

3ex +1
5ex +2

72. lim
x→+∞

lnx
x−1

73. lim
x→0

2−
√

x+4
x

74. lim
x→1+

(
4

1−
√

x
− 1

1− x

)

75. lim
x→0

(
sin5x+ xsin10x
sin5x− xsin10x

)

76. lim
x→+∞

(
2ex − x
1+ ex

)

77. lim
x→ π

2

(
1−

√
1− cosx

π
2 − x

)

78. lim
x→−1

1+ x√
x2 +3−2

79. lim
x→+∞

x2 − x+2
(ex +2)(ex −1)

80. lim
x→0

sinx+ ex −1
x2 + x

81. lim
x→+∞

lnx+2
x+1
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82. lim
x→+∞

ex lnx+1
x2

83. lim
x→∞

ex −1
2ex +5

84. lim
x→ π

3

√
2cosx−1

2cos2x+1

85. lim
x→0

1
(a+x)3 − 1

a3

x

86. lim
x→0

√
x+3−

√
3

x

87. lim
x→ π

2

π −2x
cosx

88. lim
x→ π

4

2sin
(
x− π

4

)
π
4 − x

89. lim
x→0

−2sin5x√
5−

√
x+5

90. lim
x→0

1− cos2 3x
−2x2

91. lim
x→0

x2 − x
|x|

92. lim
x→− π

2

sin2 x−1
sinx+1

93. lim
x→+∞

√
x4 + x2 − x2

94. lim
x→0

(ex + e−x)sin2 x
2x2

95. lim
x→1

x−1√
x−1

96. lim
x→3

√
x+6−3
x3 −27

97. lim
x→0

5sin5x
x

98. lim
x→0

√
1+ x−

√
1− x

sinx

99. lim
x→+∞

(
√

4x2 +1−
√

x2 −1)

100. lim
x→ π

3

√
3cosx− sinx

x− π
3

101. lim
x→0

cos2x−1
2x

102. lim
x→ π

2

cos
(
x− π

2

)
−1

π
2 − x

103. lim
x→0

cos2 x−1
x(cosx+1)

104. lim
x→ π

2

sin2 x−1
1− sinx

105. lim
x→0

2tanx+ sinx
3x

106. lim
x→−∞

ln
(

x+1
x+2

)

107. lim
x→−2−

ln
(

x+1
x+2

)

108. lim
x→−1+

ln
(

x+1
x+2

)
109. lim

x→0+
(x−1) lnx

110. lim
x→+∞

(x−1) lnx

ល�ំត់ ២ 
កំណត់តៃម� a េដីមីបឲយ lim

x→0

1+ax−
√

1+ x
x

=
1
8
។
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ល�ំត់ ៣ 
កំណត់ចំនួនពិត a និង b េដីមីបឲយ lim

x→1

x2 +ax+b
x−1

= 5 ។
ល�ំត់ ៤ 
កំណត់ចំនួនពិត p និង q េដីមីបឲយ lim

x→−2

x2 + px−6
2x2 +3x−2

= q ។

ក�មិតមធយម
1. lim

x→0

√
x2 +1−1√
x+1−1

2. lim
x→0

√
x2 +1−1√
x+1−1

3. lim
x→1

x2017 + x−2
x2 −1

4. lim
x→a

xm −am

xn −an ចំេពះ m,n ∈ N

5. lim
x→1

x3 + x2 + x−3
x4 + x3 + x2 + x−4

6. lim
x→1

x+ x2 + x3 + ...+ xp − p
x+ x2 + x3 + ...+ xn −n

ចំេពះ p,n ∈ N

7. lim
x→1

nxn+1 − (n+1)xn +1
(x−1)2

8. lim
x→0

m
√

1+ax− n
√

1+bx
x

9. lim
x→0

m
√

1+ax− n
√

1+bx
p
√

1+ cx− q
√

1+dx

10. lim
x→0

sinx+ sin2x+ ...sinnx
x

11. lim
x→0

1− cosx
x tanx

12. lim
x→ π

2

sinx
x

13. lim
x→0

x− sinx
x3

14. lim
x→0

x2 − sin2 x
x4

15. lim
x→0

x− sinx
2x− sin2x

16. lim
x→0

eax + sinax−1
ebx + sinbx−1

17. lim
x→1

sin2(x2 −1)
x3 −1

18. lim
x→0

sinxsin2xsin3x...sinnx
xn

19. lim
x→0

sinmx+ cosx−1
sinnx+ cosx−1

ចំេពះ m,n ∈ R

20. lim
x→0

(1+nx)m − (1−mx)n

x2

21. lim
x→0

cosax+ cosbx+ coscx−3
cosdx+ cosex+ cos f x−3

22. lim
x→0

1− x2 − cos2x
x3 +4x2

23. lim
x→+∞

x(ln(x+1)− lnx)

24. lim
x→+∞

(
√

x2 +2x+1+
√

x2 +4x+1+

...+
√

x2 +2nx+1−
√

n2x2 +1)
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25. lim
n→+∞

(
1− 1

22

)(
1− 1

32

)
...

(
1− 1

n2

)

26. lim
x→0

tanx− sinx
x3

27. lim
x→0

1− cosxcos2x
x2

28. lim
x→0

x(a−b)
sinax− sinbx

ចំេពះ a,b ̸= 0

និង a ̸= b

29. lim
x→ π

6

2sin2 x−3sinx+1
4sin2 x−1

30. lim
x→+∞

(
√

x2 +3x−
√

x2 +1−1)

31. lim
x→0

1− cosx
√

cos2x
x2

32. lim
x→0

sin2 x√
1+ sinx− cosx

33. lim
x→+∞

ex −1
x

34. lim
x→0+

lnx
x

35. lim
x→0

√
x2 − x+1−1√
1+ x−

√
1− x

36. lim
x→0

(1− cosx)2

tan3 x− sin3 x

37. lim
x→0

√
2−

√
1+ cosx

sin2 x

38. lim
x→0

xsin
1
x

39. lim
x→0

1+ xsinx− cos2x
sin2 x

40. lim
x→0

sin3x
√

x+1− 3√x2 +1

41. lim
x→0+

xx

ក�មិតខពស់
ល�ំត់ ១ 
េគមនពហុេកណនិយត័មួយមនរង� ស់�ជȩងេសមីនឹង nចរកឹកនុងរង�ង់មួយែដលមនរង� ស់កេំសមីនឹង
a ។ យក Sn ជ�ក�ៃផទៃនពហុេកណេនះ ។ គណន Sn និង lim

n→+∞
Sn ។

ល�ំត់ ២ 
េគឲយ P(x)ជពហុធែដលមនេមគុណជចំនួនវជិជមន ។ គណន lim

x→+∞

[P(x)]
P([x])

ែដល [x]�ង
ឲយែផនកគត់ៃន x ។
ល�ំត់ ៣ 
គណន
1. lim

x→0
xcos

1
x

2. lim
x→0

x
[

1
x

]
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3. lim
x→0

x
a

[
b
x

]
ចំេពះ a,b > 0

4. lim
x→0

[x]
x

5. lim
x→+∞

x(
√

x2 +1−
√

x3 +1)

6. lim
x→0

cos
(π

2 cosx
)

sin(sinx)

7. lim
x→+∞

(
√

x4 +2x2 +2− x 3
√

x3 + x+1)

8. lim
x→+∞

(
√

x2 +2x+3+
√

9x2 +10x+11−
√

16x2 +17x+18)

9. lim
x→0

x2
(

1+2+3+ ...+

[
1
|x|

])

10. lim
x→0+

x
([

1
x

]
+

[
2
x

]
+ ...+

[
k
x

])
ចំេពះ k ∈ N

ល�ំត់ ៤ 

1. ចំេពះ a > b > 0 បង� ញថ a−b
a

< ln
a
b
<

a−b
b
។

2. បង� ញថ ln(x+1)> x− x2

2
ចំេពះ�គប់ x > 0 ។

3. គណន lim
x→0

[
1

ln(x+1)
− 1

x

]
។

ល�ំត់ ៥ 
ឧបមថ f : (−a,a)−{0}→ R ។ បង� ញថ
ក) lim

x→0
f (x) = l លុះ��ែត lim

x→0
f (sinx) = l ។

ខ) េបី lim
x→0

f (x) = l េនះ lim
x→0

f (|x|) = l ។ េតីសំេណី�ចសៃនសំេណីេនះពិតែដរ រេឺទ?
ល�ំត់ ៦ 
េគឲយអនុគមន៍ f : (−a,a)−{0}→ (0,+∞) និង បំេពញលកខខណ� lim

x→0

[
f (x)+

1
f (x)

]
= 2

។ បង� ញថ lim
x→0

f (x) = 1 ។
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1. េគមន f ជអនុគមន៍កំណត់េលី (0,+∞)េ�យ f (x) =
x

ex −1
។ គណន lim

x→0
f (x)

និង lim
x→+∞

f (x) ។

2. េគមនស�ុ ីត un មួយកំណត់េ�យ un =
1
n

[
1+ e

1
n + e

2
n + ...+ e

n−1
n

]
។ បង� ញថ 1+

e
1
n + e

2
n + ...+ e

n−1
n =

1− e

1− e
1
n
រចួទញថ un = (e−1) f

(
1
n

)
។

3. �មសំណួរ 2 ទញរក lim
n→+∞

un ។

ល�ំត់ ៨ 
គណន lim

n→+∞
(

3
√

n3 +2n2 +1− 3
√

n3 −1) ។
ល�ំត់ ៩ 
គណន lim

x→−2

3
√

5x+2+2√
3x+10−2

។
ល�ំត់ ១០ 
េគឲយ {an}n≥1 ជស�ុ ីតែដលបំេពញលកខខណ�

n

∑
k=1

ak =
3n2 +9n

2
ចំេពះ�គប់ n≥ 1។បង� ញថ

{an}ជស�ុ ីតនព�ន� រចួគណន lim
n→+∞

1
nan

n

∑
k=1

ak ។

ល�ំត់ ១១ 
េគឲយស�ុ ីត an កំណត់េ�យ a1 = a2 = 0 និង an+1 =

1
3
(an +a2

n−1 +b) ែដល 0 ≤ b < 1 ។
បង� ញថ an ជស�ុ ីតរមួ និង គណន lim

n→+∞
an ។

ល�ំត់ ១២ 
េគឲយស�ុ ីតចំនួនពិត {xn} កំណត់េ�យ x1 = 1 និង xn = 2xn−1 +

1
2
ចំេពះ�គប់ n ≥ 2 ។

គណន lim
n→+∞

xn ។
ល�ំត់ ១៣ 
គណន lim

n→+∞

[
n
(

4
5

)n

+n2 sinn π
6
+ cos

(
2nπ +

π
n

)]
។

ល�ំត់ ១៤ 
គណន lim

n→+∞

n

∑
k=1

k!k
(n+1)!

។

ល�ំត់ ១៥ 
គណន lim

n→+∞
n

√
33n(n!)3

(3n)!
។

ល�ំត់ ១៦ 
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េគឲយស�ុ ីតៃនចំនួនពិតវជិជមន {xn} ែដល (n+1)xn+1−nxn < 0ចំេពះ�គប់ n≥ 1។បង� ញថ
{xn}ជស�ុ ីតរមួ និង គណនលីមីតរបស់� ។
ល�ំត់ ១៧ 
រកតៃម� a និង b េដីមីបឲយ lim

n→+∞
(

3
√

1−n3 −an−b) = 0 ។
ល�ំត់ ១៨ 
េគឲយ p ∈ N និង α1,α2, ...,αp ជ p ចំនួនពិតវជិជមនេផ�ងគន ។
គណន lim

n→+∞
n
√

αn
1 +αn

2 + ...+αn
p ។

ល�ំត់ ១៩ 
ចំេពះ a ∈ R∗ គណន lim

x→−a

cosx− cosa
x2 −a2 ។

ល�ំត់ ២០ 
ចំេពះ n ∈ N∗ គណន lim

x→0

ln(1+ x+ x2 + ...+ xn)

nx
។

ល�ំត់ ២១ 
គណន lim

n→+∞

(
n2 +n−

n

∑
k=1

2k3 +8k2 +6k−1
k2 +4k+3

)
។

ល�ំត់ ២២ 
កំណត់ a ∈ R∗ ែដលបំេពញលកខខណ� lim

x→0

1− cosax
x2 = lim

x→π

sinx
π − x

។
ល�ំត់ ២៣ 
គណន lim

x→1

3√x2 +7−
√

x+3
x2 −3x+2

។
ល�ំត់ ២៤ 
គណន lim

n→+∞
(
√

2n2 +n−λ
√

2n2 −n) ។
ល�ំត់ ២៥ 
េគឲយ a,b,c ∈ R ។ គណន lim

x→+∞
(a
√

x+1+b
√

x+2+ c
√

x+3) ។
ល�ំត់ ២៦ 
កំណត់សំណំុ A ែដល A ⊂ R េដីមីបឲយ ax2 + x+3 ≥ 0 ចំេពះ ∀a ∈ A និង ∀x ∈ R ។
ចំេពះ�គប់ a ∈ A គណន lim

x→+∞
(x+1−

√
ax2 + x+3) ។

ល�ំត់ ២៧ 
ចំេពះ k ∈ R គណន lim

n→+∞
nk

(√
n

n+1
−
√

n+2
n+3

)
។

ល�ំត់ ២៨ 
េគឲយ k ∈ N និង a ∈ R+ \{1} ។
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គណន lim
n→+∞

nk(a
1
n −1)

(√
n−1

n
−
√

n+1
n+2

)
។

ល�ំត់ ២៩ 
គណន lim

n→+∞

n

∑
k=1

1√
n2 + k

។

ល�ំត់ ៣០ 
េគឲយ a > 0, p ≥ 2 ។ គណន lim

n→+∞

n

∑
k=1

1
p
√

np + ka
។

ល�ំត់ ៣១ 
គណន lim

n→+∞

n!
(1+12)(1+22)...(1+n2)

។
ល�ំត់ ៣២ 
គណន lim

n→+∞

(
2n2 −3

2n2 −n+1

) n2−1
n

។
ល�ំត់ ៣៣ 
គណន lim

x→0

√
1+ sin2 x− cosx

1−
√

1+ tan2 x
។

ល�ំត់ ៣៤
គណន lim

x→+∞

(
x+

√
x

x−
√

x

)x

។
ល�ំត់ ៣៥ 
គណន lim

x→0+
(cosx)

1
sinx ។

ល�ំត់ ៣៦ 
គណន lim

x→0
(ex + sinx)

1
x ។

ល�ំត់ ៣៧ 
េគឲយ a,b ∈ R+ ។ គណន lim

n→+∞

(
a−1+ n

√
b

a

)n

។

ល�ំត់ ៣៨ 

េគឲយស�ុ ីត (an) កំណត់េ�យ an =


1េបីn ≤ k,k ∈ N∗

(n+1)k −nk

Ck−1
n

េបីn > k

ក) គណន lim
n→+∞

an

ខ) េបី bn = 1+
n

∑
k=1

k lim
n→+∞

an គណន lim
n→+∞

(
b2

n

bn−1bn+1

)n

។

ល�ំត់ ៣៩ 
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េគឲយ (xn) ជស�ុ ីតៃនចំនួនពិតែដលបំេពញលកខខណ� xn+2 =
xn+1 + xn

2
ចំេពះ�គប់ n ∈ N∗

។ េបី x1 ≤ x2

ក) បង� ញថ (x2n+1)ជស�ុ ីតេកីន េហយី (x2n)ជស�ុ ីតចុះ
ខ) បង� ញថ |xn+2 − xn+1|=

x2 − x1

2n ចំេពះ�គប់ n ∈ N∗

គ) បង� ញថ 2xn+2 + xn+1 = 2x2 + x1 ចំេពះ�គប់ n ∈ N∗

ឃ) បង� ញថ (xn)ជស�ុ ីតរមួ េហយីមនលីមីត
x1 +2x2

3
។

ល�ំត់ ៤០ 
េគឲយ an,bn ∈ Q ែដលបំេពញលកខខណ� (1 +

√
2)n = an + bn

√
2 ចំេពះ�គប់ n ∈ N∗ ។

គណន lim
n→+∞

an

bn
។

ល�ំត់ ៤១ 
េគឲយ a > 0 ។ គណន lim

x→0

(a+ x)x −1
x

។
ល�ំត់ ៤២ 
េគឲយ |a1 sinx+ a2 sin2x+ ...+ an sinnx| ≤ |sinx| ចំេពះ�គប់ x ∈ R ។ បង� ញថ |a1 +
2a2 + ...+nan| ≤ 1 ។
ល�ំត់ ៤៣ 
ឧបមថ f និង g ជអនុគមន៍មនេដរេីវ�តង់ x = a ។ គណន
ក) lim

x→a

x f (a)−a f (x)
x−a

ខ) lim
x→a

f (x)g(a)− f (a)g(x)
x−a

។
ល�ំត់ ៤៤ 
េគឲយ f ជអនុគមន៍មនឌីេផរង់៉ែសយល�តង់ x = a ។ គណន
ក) lim

x→a

an f (x)− xn f (a)
x−a

ខ) lim
x→a

f (x)ex − f (a)
f (x)cosx− f (a)

ចំេពះ a = 0 និង f ′(0) ̸= 0

គ) lim
n→+∞

n
[

f
(

1+
1
n

)
+ f

(
1+

2
n

)
+ ...+ f

(
1+

k
n

)
− k f (a)

]
ឃ) lim

n→+∞
n
[

f
(

1+
1
n2

)
+ f

(
1+

2
n2

)
+ ...+ f

(
1+

n
n2

)
−n f (a)

]
។

ល�ំត់ ៤៥ 
េគឲយស�ុ ីត (an) កំណត់េ�យ a1 =

3
2
និង an+1 =

a2
n −an +1

an
។ បង� ញថ (an) ជស�ុ ីតរមួ

និង គណនលីមីតរបស់� ។
ល�ំត់ ៤៦ 
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េគឲយស�ុ ីត (xn) មួយកំណត់េ�យ x0 ∈ (0,1) និង xn+1 = xn−x2
n+x3

n−x4
n ចំេពះ�គប់ n ≥ 0

។ បង� ញថ (xn) គឺជស�ុ ីតរមួ និង គណនលីមីតរបស់� ។
ល�ំត់ ៤៧ 
េគឲយ a > 0 និង b ∈ (a,2a) ។ យក (xn) ជស�ុ ីតកំណត់េ�យ x0 = b និង xn+1 = a +√

xn(2a− xn) ចំេពះ�គប់ n ≥ 0 ។ សិក�ភពរមួៃន (xn) ។
ល�ំត់ ៤៨ 
គណន lim

n→+∞

n

∑
k=1

k
4k4 +1

។

ល�ំត់ ៤៩ 
គណន lim

n→+∞

(
n+1−

n

∑
i=2

i

∑
k=2

k−1
k!

)
។

ល�ំត់ ៥០ 
គណន lim

n→+∞

11 +22 +33 + ...+nn

nn ។
ល�ំត់ ៥១ 
េគឲយស�ុ ីត (an) កំណត់េ�យ a0 = 1 និង an−1 −an =

n
(n+1)!

ចំេពះ n ≥ 1 ។
គណន lim

n→+∞
(n+1)! lnan ។

ល�ំត់ ៥២ 
េគឲយស�ុ ីតចំនួនពិត (xn) កំណត់េ�យ x1 = a > 0 និង xn+1 =

x1 +2x2 +3x3 + ...+nxn

n
ចំេពះ n ∈ N ។ គណន lim

n→+∞
xn ។

ល�ំត់ ៥៣ 
េគឲយ n ∈ N ។ គណន lim

x→0

1− cosxcos2x...cosnx
x2 ។

ល�ំត់ ៥៤ 
េគឲយ f ជអនុគមន៍កំណត់េ�យ f (0) = 0 និង មនឌីេផរង់៉ែសយល�តង់ 0 ។ ចំេពះ k ∈ N

គណន lim
x→0

1
x

[
f (x)+ f

( x
2

)
+ f

( x
3

)
+ ...+ f

(x
k

)]
។

ល�ំត់ ៥៥ 
េគឲយ k,m ∈ N ។ គណន
ក) lim

n→+∞

(n+1)m +(n+2)m + ...+(n+ k)m

nm−1 − kn

ខ) lim
n→+∞

(
a+ 1

n

)n (
a+ 2

n

)n
...
(
a+ k

n

)n

ank

គ) lim
n→+∞

(
1+

a
n2

)(
1+

2a
n2

)
...
(

1+
na
n2

)
។
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ល�ំត់ ៥៦ 
ឧបមថ f ជអនុគមន៍មនឌីេផរង់៉ែសយល�តង់ a េហយី (xn) និង (zn)ជស�ុ ីតរមួេǵរក a ែដល
xn < a < zn ចំេពះ�គប់ n ∈ N ។ បង� ញថ lim

n→+∞

f (xn)− f (zn)

xn − zn
= f ′(a) ។

ល�ំត់ ៥៧ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និង មនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b) ។
េបីេគដឹងថ f (a) = f (b) = 0 បង� ញថ មន α ∈ (a,b) ែដល α f (x)+ f ′(x) = 0 ។
ល�ំត់ ៥៨ 
េគឲយ f និង gជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និងមនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b)

។ េបីេគដឹងថ f (a) = f (b) = 0 បង� ញថ មន x ∈ (a,b) ែដល g′(x) f (x)+ f ′(x) = 0 ។
ល�ំត់ ៥៩ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និង មនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b) ។
ឧបមថ f (a)

a
=

f (b)
b

បង� ញថ មន x ∈ (a,b) ែដល x f ′(x) = f (x) ។
ល�ំត់ ៦០ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និង មនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b) ។
េបីេគដឹងថ f 2(b)− f 2(a)= b2−a2 បង� ញថសមីករ f ′(x) f (x)= xមនរសឹមួយយ៉ងតិច
េǷេលីចេន� ះ (a,b) ។
ល�ំត់ ៦១ 
េគឲយ f ជអនុគមន៍ជប់ និង មិនសូនយេលី [a,b] េហយីមនឌីេផរង់៉ែសយលេលី (a,b) ។ េបីេគ
ដឹងថ f (a)g(b) = f (b)g(a) បង� ញថ មន x ∈ (a,b) ែដល f ′(x)

f (x)
=

g′(x)
g(x)

។
ល�ំត់ ៦២ 
គណន
ក) lim

n→+∞

(
1k +2k + ...+nk

nk+1

)
ខ) lim

n→+∞

(
1

n+1
+

1
n+2

+ ...+
1

n+n

)
គ) lim

n→+∞

(
n

n2 +1
+

n
n2 +4

+
n

n2 +9
+ ...+

n
n2 +n2

)
ល�ំត់ ៦៣ 
ឧបមថ a0,a1, ...,an ជចំនួនពិតវជិជមនែដលបំេពញលកខខណ� a0

n+1
+

a1

n
+ ...+

an−1

2
+

an = 0 ។ បង� ញថ ពហុធ P(x) = a0xn+a1xn−1+ ...+an មនរសឹយ៉ងេ�ច�ស់មួយ
េលីចេន� ះ (0,1) ។
ល�ំត់ ៦៤ 
ចំេពះ a0,a1, ...,an ជចំនួនពិតែដលបំេពញលកខខណ�
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a0

1
+

2a1

2
+

22a2

3
+ ...+

2n−1an−1

n
+

2nan

n+1
= 0 ។

បង� ញថ អនុគមន៍ f (x) = an lnn x+ an−1 lnn−1 x+ ...+ a1 lnx+ a0 មនរសឹយ៉ងេ�ច
�ស់មួយេលី (1,e2) ។
ល�ំត់ ៦៥ 
េគឲយ P(x)ជពហុធែដលមនដឺេ�ក n,n≥ 2។បង� ញថ េបី P(x)មនរសឹទងំអស់ជចំនួនពិត
េនះ P′(x) ក៏មនរសឹទងំអស់ជចំនួនពិតែដរ ។
ល�ំត់ ៦៦ 
េគឲយ f ជអនុគមន៍ជប់ និង មនឌីេផរង់៉ែសយលេលី [a,b] និង មនឌីេផរង់៉ែសយលលំ�ប់ ២
េលី (a,b) ។ ឧបមថ f (a) = f ′(a) = f (b) = 0 បង� ញថមន x1 ∈ (a,b) ែដល f ′(x1) = 0
។
ល�ំត់ ៦៧ 
េគឲយ f ជអនុគមន៍ជប់ និង មនឌីេផរង់៉ែសយលេលីចេន� ះ [a,b] េហយី មនឌីេផរង់៉ែសយល
លំ�ប់ ២ េលីចេន� ះ (a,b) ។ ឧបមថ f (a) = f (b) និង f ′(a) = f ′(b) = 0 បង� ញថមន
x1,x2 ∈ (a,b) ែដល x1 ̸= x2 និង f ′′(x1) = f ′′(x2) ។
ល�ំត់ ៦៨ 
បង� ញថ សមីករ
ក) x13 +7x3 −5 = 0
ខ) 3x +4x = 5x មនរសឹជចំនួនពិតែតមួយគត់ ។
ល�ំត់ ៦៩ 
ចំេពះចំនួនពិតមិនសូនយ a1,a2, ...,an និង nចំនួនពិតេផ�ងគន α1,α2, ...,αn បង� ញថសមីករ
a1xα1 +a2xα2 + ...+anxαn = 0 មនរសឹជចំនួនពិតយ៉ងេ�ចីន n−1 េលី (0,+∞) ។
ល�ំត់ ៧០ 
ចំេពះ f ,g និង h ជអនុគមន៍ជប់េលី [a,b] និង មនឌីេផរង់៉ែសយលេលី (a,b) េគកំណត់

អនុគមន៍ F េ�យ F(x) =

∣∣∣∣∣∣
f (x) g(x) h(x)
f (a) g(a) h(a)
f (b) g(b) h(b)

∣∣∣∣∣∣ ចំេពះ x ∈ [a,b]។

បង� ញថ ∃x0 ∈ (a,b) ែដល f ′(x0) = 0 រចួទញបȦជ ក់�ទឹស�ីបទតៃម�មធយម និង �ទឹស�ីបទ
Cauchy ។
ល�ំត់ ៧១ 
េគឲយ f ជអនុគមន៍ជប់េលី [0,2] និង មនឌីេផរង់៉ែសយលេលី (0,2) ។ េបីេគដឹងថ f (0) =
0, f (1) = 1 និង f (2) = 2 បង� ញថ ∃x0 ∈ (0,2) ែដល f ′′(x0) = 0 ។
ល�ំត់ ៧២ 
េគឲយ f ជអនុគមន៍ជប់េលី [a,b] និងមនឌីេផរង់៉ែសយលេលី (a,b)។ េបី f មិនែមនជអនុគមន៍
លីេនែអ៊រ បង� ញថ ∃x1,x2 ∈ (a,b) ែដល f ′(x1)<

f (b)− f (a)
b−a

< f ′(x2) ។
ល�ំត់ ៧៣ 
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េគឲយ f ជអនុគមន៍ជប់េលី [0,1] និង មនឌីេផរង់៉ែសយលេលី (0,1) ។ ឧបមថ f (0) =
f (1) = 0 និង មន x0 ∈ (0,1) ែដល f (x0) = 1 បង� ញថ ∃c ∈ (0,1)| f ′(c)|> 2 ។
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ជំពូក 3

ដំេ�ះ��យ

ក�មិតមូល�� ន

ល�ំត់ ១ 
គណនលីមីតខងេ�កម

1. lim
x→1

(x3 −2x2 +3x−3)

េយងីមន lim
x→1

(x3 −2x2 +3x−3) = 13 −2(12)+3(1)−3 = 1−2+3−3 =−1

ដូចេនះ lim
x→1

(x3 −2x2 +3x−3) =−1

2. lim
x→1

4x−5
5x−1

េយងីមន lim
x→1

4x−5
5x−1

=
4(1)−5
5(1)−1

=
−1
4

=−1
4

ដូចេនះ lim
x→1

4x−5
5x−1

=−1
4

3. lim
x→1

x2 −1
x2 −3x+2

មន�ងមិនកំណត់ 0
0
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េយងីមន

lim
x→1

x2 −1
x2 −3x+2

= lim
x→1

(x−1)(x+1)
(x−1)(x−2)

= lim
x→1

x+1
x−2

=
1+1
1−2

=
2
−1

=−2

ដូចេនះ lim
x→1

x2 −1
x2 −3x+2

=−2

4. lim
x→1

1− x2

x2 +2−3x
មន�ងមិនកំណត់ 0

0
េយងីមន

lim
x→1

1− x2

x2 +2−3x
= lim

x→1

−(x2 −1)
x2 −3x+2

= lim
x→1

−(x−1)(x+1)
(x−1)(x−2)

= lim
x→1

−(x+1)
x−2

=
−(1+1)

1−2
=

−2
−1

= 2

ដូចេនះ lim
x→1

1− x2

x2 +2−3x
= 2

5. lim
x→2

x−2
x2 −6x+8

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→2

x−2
x2 −6x+8

= lim
x→2

x−2
(x−2)(x−4)

= lim
x→2

1
x−4

=
1

2−4
=−1

2

ដូចេនះ lim
x→2

x−2
x2 −6x+8

=−1
2
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6. lim
x→1

x2 −2x+1
x3 − x

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

x2 −2x+1
x3 − x

= lim
x→1

(x−1)2

x(x2 −1)

= lim
x→1

(x−1)2

x(x−1)(x+1)

= lim
x→1

(x−1)
x(x+1)

=
1−1

(1)(1+1)
=

0
2
= 0

ដូចេនះ lim
x→1

x2 −2x+1
x3 − x

= 0

7. lim
x→1

(
1

x−1
− 2

x2 −1

)
មន�ងមិនកំណត់ ∞−∞

េយងីមន
lim
x→1

(
1

x−1
− 2

x2 −1

)
= lim

x→1

(
1

x−1
− 2

(x−1)(x+1)

)
= lim

x→1

x+1−2
(x−1)(x+1)

= lim
x→1

x−1
(x−1)(x+1)

= lim
x→1

1
x+1

=
1

1+1
=

1
2

ដូចេនះ lim
x→1

(
1

x−1
− 2

x2 −1

)
=

1
2

8. lim
x→1

x2 −5x+4
x3 −1

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

x2 −5x+4
x3 −1

= lim
x→1

(x−1)(x−4)
(x−1)(x2 + x+1)

= lim
x→1

x−4
x2 + x+1

=
1−4

12 +1+1
=−3

3
=−1
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ដូចេនះ lim
x→1

x2 −5x+4
x3 −1

=−1

9. lim
x→1

2x−3+ x2

x3 +2− x−2x2 មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

2x−3+ x2

x3 +2− x−2x2 = lim
x→1

x2 +2x−3
x3 −2x2 − x+2

= lim
x→1

(x−1)(x−3)
x2(x−2)− (x−2)

= lim
x→1

(x−1)(x−3)
(x−2)(x2 −1)

= lim
x→1

(x−1)(x−3)
(x−2)(x−1)(x+1)

= lim
x→1

x−3
(x−2)(x+1)

=
1−3

(1−2)(1+1)

=
−2

(−1)(2)
= 1

ដូចេនះ lim
x→1

2x−3+ x2

x3 +2− x−2x2 = 1

10. lim
x→−1

x2 −3x−4
5x+5

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→−1

x2 −3x−4
5x+5

= lim
x→−1

(x+1)(x−4)
5(x+1)

= lim
x→−1

x−4
5

=
−1−4

5
=

−5
5

=−1

ដូចេនះ lim
x→−1

x2 −3x−4
5x+5

=−1

11. lim
x→2

x3 −8
x−2

មន�ងមិនកំណត់ 0
0
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េយងីមន

lim
x→2

x3 −8
x−2

= lim
x→2

x3 −23

x−2

= lim
x→2

(x−2)(x2 +2x+4)
x−2

= lim
x→2

(x2 +2x+4)

= 22 +2(2)+4 = 4+4+4 = 12

ដូចេនះ lim
x→2

x3 −8
x−2

= 12

12. lim
x→2

x2 −5x+6
x3 −2x2 +4x−8

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→2

x2 −5x+6
x3 −2x2 +4x−8

= lim
x→2

(x−2)(x−3)
x2(x−2)+4(x−2)

= lim
x→2

(x−2)(x−3)
(x−2)(x2 +4)

= lim
x→2

x−3
x2 +4

=
2−3
22 +4

=−1
8

ដូចេនះ lim
x→2

x2 −5x+6
x3 −2x2 +4x−8

=−1
8

13. lim
x→0

(2+ x)3 −8
x

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→0

(2+ x)3 −8
x

= lim
x→0

x3 +3(x2)(2)+3(x)(22)+23 −8
x

= lim
x→0

x3 +6x2 +12x
x

= lim
x→0

(x2 +6x+12) = 12

ដូចេនះ lim
x→0

(2+ x)3 −8
x

= 12
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14. lim
x→0

1
x+2 −

1
2

x
មន�ងមិនកំណត់ 0

0
េយងីមន

lim
x→0

1
x+2 −

1
2

x
= lim

x→0

2− (x+2)
2x(x+2)

= lim
x→0

−x
2x(2+ x)

= lim
x→0

− 1
2(2+ x)

=− 1
2(2)

=−1
4

ដូចេនះ lim
x→0

1
x+2 −

1
2

x
=−1

4

15. lim
x→a

x3 −a3

x−a
ចំេពះ a ̸= 0 មន�ងមិនកំណត់ 0

0
េយងីមន

lim
x→a

x3 −a3

x−a
= lim

x→a

(x−a)(x2 +ax+a2)

x−a
= lim

x→a
(x2 +ax+a2) = a2 +a2 +a2 = 3a2

ដូចេនះ lim
x→a

x3 −a3

x−a
= 3a2

16. lim
x→1

x5 +6x3 −5x−2
x4 −5x2 +4

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

x5 +6x3 −5x−2
x4 −5x2 +4

= lim
x→1

x5 − x4 + x4 − x3 +7x3 −7x2 +7x2 −7x+2x−2
(x2 −1)(x2 −4)

= lim
x→1

x4(x−1)+ x3(x−1)+7x2(x−1)+7x(x−1)+2(x−1)
(x−1)(x+1)(x2 −4)

= lim
x→1

(x−1)(x4 + x3 +7x2 +7x+2)
(x−1)(x+1)(x2 −4)

= lim
x→1

x4 + x3 +7x2 +7x+2
(x+1)(x2 −4)

=
1+1+7+7+2

2(1−4)
=

18
−6

=−3
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ដូចេនះ lim
x→1

x5 +6x3 −5x−2
x4 −5x2 +4

=−3

17. lim
x→1

x3 − x2 + x−1
x−1

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

x3 − x2 + x−1
x−1

= lim
x→1

x2(x−1)+(x−1)
x−1

= lim
x→1

(x−1)(x2 +1)
x−1

= lim
x→1

(x2 +1) = 1+1 = 2

ដូចេនះ lim
x→1

x3 − x2 + x−1
x−1

= 2

18. lim
x→1

x5 −1
x7 −1

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

x5 −1
x7 −1

= lim
x→1

(x−1)(x4 + x3 + x2 + x+1)
(x−1)(x6 + x5 + x4 + x3 + x2 + x+1)

= lim
x→1

x4 + x3 + x2 + x+1
x6 + x5 + x4 + x3 + x2 + x+1

=
1+1+1+1+1

1+1+1+1+1+1+1
=

5
7

ដូចេនះ lim
x→1

x5 −1
x7 −1

=
5
7

19. lim
x→3

√
x−

√
3

x−3
មន�ងមិនកំណត់ 0

0
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េយងីមន

lim
x→3

√
x−

√
3

x−3
= lim

x→3

(
√

x−
√

3)(
√

x+
√

3)
(x−3)(

√
x+

√
3)

= lim
x→3

x−3
(x−3)(

√
x+

√
3)

= lim
x→3

1
√

x+
√

3

=
1√

3+
√

3
=

1
2
√

3
=

√
3

6

ដូចេនះ lim
x→3

√
x−

√
3

x−3
=

√
3

6

20. lim
x→1

3
√

x−1
x−1

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

3
√

x−1
x−1

= lim
x→1

( 3
√

x−1)( 3√x2 + 3
√

x+1)

(x−1)( 3√x2 + 3
√

x+1)

= lim
x→1

x−1

(x−1)( 3√x2 + 3
√

x+1)

= lim
x→1

1
3√x2 + 3

√
x+1

=
1

1+1+1
=

1
3

ដូចេនះ lim
x→1

3
√

x−1
x−1

=
1
3

21. lim
x→1

√
x2 + x−

√
2

x2 −1
មន�ងមិនកំណត់ 0

0
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េយងីមន

lim
x→1

√
x2 + x−

√
2

x2 −1
= lim

x→1

(
√

x2 + x−
√

2)(
√

x2 + x+
√

2)
(x−1)(x+1)(

√
x2 + x+

√
2)

= lim
x→1

x2 + x−2
(x−1)(x+1)(

√
x2 + x+

√
2)

= lim
x→1

(x−1)(x+2)
(x−1)(x+1)(

√
x2 + x+

√
2)

= lim
x→1

x+2
(x+1)(

√
x2 + x+

√
2)

=
3

(2)(2
√

2)

=
3

4
√

2
=

3
√

2
8

ដូចេនះ lim
x→1

√
x2 + x−

√
2

x2 −1
=

3
√

2
8

22. lim
x→1

sin(x−1)
x2 −3x+2

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

sin(x−1)
x2 −3x+2

= lim
x→1

sin(x−1)
(x−1)(x−2)

= lim
x→1

sin(x−1)
x−1

× 1
x−2

= 1× 1
1−2

=−1

ដូចេនះ lim
x→1

sin(x−1)
x2 −3x+2

=−1

23. lim
x→0

√
1+ x− cosx

sinx
មន�ងមិនកំណត់ 0

0
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េយងីមន

lim
x→0

√
1+ x− cosx

sinx
= lim

x→0

(
√

1+ x− cosx)(
√

1+ x+ cosx)
(
√

1+ x+ cosx)sinx

= lim
x→0

1+ x− cos2 x
(
√

1+ x+ cosx)sinx

= lim
x→0

1− cos2 x+ x
(
√

1+ x+ cosx)sinx

= lim
x→0

1−cos2 x
x +1

(
√

1+ x+ cosx)× sinx
x

=
0+1√

1+0+ cos0
=

1
2

ដូចេនះ lim
x→0

√
1+ x− cosx

sinx
=

1
2

24. lim
x→0

tanx+2sinx
x−3sinx

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→0

tanx+2sinx
x−3sinx

= lim
x→0

tanx
x + 2sinx

x

1−3 sinx
x

=
1+2
1−3

=
3
−2

ដូចេនះ lim
x→0

tanx+2sinx
x−3sinx

=−3
2

25. lim
x→0

2017sinx−2018tanx
2019x− sinx

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→0

2017sinx−2018tanx
2019x− sinx

= lim
x→0

2017sinx
x − 2018tanx

x

2019− sinx
x

=
2017−2018

2019−1
=− 1

2018

ដូចេនះ lim
x→0

2017sinx−2018tanx
2019x− sinx

=− 1
2018

48



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

26. lim
x→1

3√x2 −2 3
√

x+1
x−1

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→1

3√x2 −2 3
√

x+1
x−1

= lim
x→1

( 3
√

x−1)2

3√x3 −1

= lim
x→1

( 3
√

x−1)2

( 3
√

x−1)( 3√x2 + 3
√

x+1)

= lim
x→1

3
√

x−1
3√x2 + 3

√
x+1

=
1−1

1+1+1
= 0

ដូចេនះ lim
x→1

3√x2 −2 3
√

x+1
x−1

= 0

27. lim
x→1

√
x+3− (x+1)

x−1
មន�ងមិនកំណត់ 0

0
េយងីមន

lim
x→1

√
x+3− (x+1)

x−1
= lim

x→1

[
√

x+3− (x+1)][
√

x+3+(x+1)]
(x−1)[

√
x+3+(x+1)]

= lim
x→1

x+3− (x+1)2

(x−1)[
√

x+3+(x+1)]

= lim
x→1

x+3− x2 −2x−1
(x−1)[

√
x+3+(x+1)]

= lim
x→1

−x2 − x+2
(x−1)[

√
x+3+(x+1)]

= lim
x→1

−(x2 + x−2)
(x−1)[

√
x+3+(x+1)]

= lim
x→1

−(x−1)(x+2)
(x−1)[

√
x+3+(x+1)]

= lim
x→1

−(x+2)√
x+3+(x+1)

=
−(1+2)

2+2
=−3

4

ដូចេនះ lim
x→1

√
x+3− (x+1)

x−1
=−3

4
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28. lim
x→0

√
x+1−1

x
មន�ងមិនកំណត់ 0

0
េយងីមន

lim
x→0

√
x+1−1

x
= lim

x→0

(
√

x+1−1)(
√

x+1+1)
x(
√

x+1+1)

= lim
x→0

x+1−1
x(
√

x+1+1)

= lim
x→0

x
x(
√

x+1+1)

= lim
x→0

1√
x+1+1

=
1
2

ដូចេនះ lim
x→0

√
x+1−1

x
=

1
2

29. lim
x→+∞

−x2 + x+1
3x2 −2x+1

មន�ងមិនកំណត់ ∞
∞

េយងីមន

lim
x→+∞

−x2 + x+1
3x2 −2x+1

= lim
x→+∞

x2
(
−1+ 1

x +
1
x2

)
x2
(

3− 2
x +

1
x2

)
= lim

x→+∞

−1+ 1
x +

1
x2

3− 2
x +

1
x2

=−1
3

ដូចេនះ lim
x→+∞

−x2 + x+1
3x2 −2x+1

=−1
3

30. lim
x→+∞

(x−
√

x2 +1)មន�ងមិនកំណត់ ∞−∞

េយងីមន

lim
x→+∞

(x−
√

x2 +1) = lim
x→+∞

(x−
√

x2 +1)(x+
√

x2 +1)
x+

√
x2 +1

= lim
x→+∞

x2 − (x2 +1)
x+

√
x2 +1

= lim
x→+∞

− 1
x+

√
x2 +1

= 0

ដូចេនះ lim
x→+∞

(x−
√

x2 +1) = 0
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31. lim
x→−∞

(x+2)(3x+4)(5−6x)
(3x2 +2)(2x+1)

មន�ងមិនកំណត់ ∞
∞

េយងីមន

lim
x→−∞

(x+2)(3x+4)(5−6x)
(3x2 +2)(2x+1)

= lim
x→−∞

x3
(
1+ 2

x

)(
3+ 4

x

)( 5
x −6

)
x3
(

3+ 2
x2

)(
2+ 1

x

)
= lim

x→−∞

(
1+ 2

x

)(
3+ 4

x

)( 5
x −6

)(
3+ 2

x2

)(
2+ 1

x

)
=

(1)(3)(−6)
(3)(2)

=−3

ដូចេនះ lim
x→−∞

(x+2)(3x+4)(5−6x)
(3x2 +2)(2x+1)

=−3

32. lim
x→−2+

x
x+2

=+∞

33. lim
x→ π

2
−

tanx =+∞

34. lim
x→1−

x
x−1

=−∞

35. lim
x→− π

2

cosx
x+ π

2
�ងមិនកំណត់ 0

0

�ង t = x+
π
2
េនះ x = t − π

2
េពល x →−π

2
េនះ t → 0

េយងីបន

lim
x→− π

2

cosx
x+ π

2
= lim

t→0

cos
(
t − π

2

)
t

= lim
t→0

cos
(π

2 − t
)

t

= lim
t→0

sin t
t

= 1

ដូចេនះ lim
x→− π

2

cosx
x+ π

2
= 1

36. lim
x→π

sinnx
sinx

�ងមិនកំណត់ 0
0

�ង t = π − x េនះ x = π − t
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េពល x → π េនះ t → 0
េយងីបន

lim
x→π

sinnx
sinx

= lim
t→0

sinn(π − t)
sin(π − t)

= lim
t→0

sin(nπ −nt)
sin t

= lim
t→0

sinnt
sin t

= lim
t→0

sinnt
nt

× t
sin t

× nt
t

= 1×1×n = n

ដូចេនះ lim
x→π

sinnx
sinx

= n

37. lim
x→ π

2

(π −2x) tanx �ងមិនកំណត់ 0
0

យក t =
π
2
− x េនះ x =

π
2
− t

េពល x → π
2
េនះ t → 0

េយងីបន

lim
x→ π

2

(π −2x) tanx = lim
t→0

[
π −2(

π
2
− t)

]
tan(

π
2
− t)

= lim
t→0

2t cot t

= lim
t→0

2× t
tan t

= 2

ដូចេនះ lim
x→ π

2

(π −2x) tanx = 2

38. lim
x→1

1+ cosπx
(x−1)2 មន�ងមិនកំណត់ 0

0
�ង t = 1− x េនះ x = 1− t
េពល x → 1 េនះ t → 0
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េយងីបន

lim
x→1

1+ cosπx
(x−1)2 = lim

t→0

1+ cosπ(1− t)
t2

= lim
t→0

1+ cos(π −πt)
t2

= lim
t→0

1− cosπt
(πt)2 ×π2

=
1
2
×π2 =

1
2

π2

ដូចេនះ lim
x→1

1+ cosπx
(x−1)2 =

1
2

π2

39. lim
x→ π

2

(2x−π)cos3x
cos2 x

�ងមិនកំណត់ 0
0

យក t =
π
2
− x ⇒ x =

π
2
− t

េពល x → π
2
េនះ t → 0

េយងីបន

lim
x→ π

2

(2x−π)cos3x
cos2 x

= lim
t→0

[
2
(π

2 − t
)
−π
]

cos3
(π

2 − t
)

cos2
(π

2 − t
)

=− lim
t→0

2t cos
(
π + π

2 −3t
)

sin2 t

= lim
t→0

2t sin3t
sin2 t

= lim
t→0

2× t2

sin2 t
× sin3t

3t
×3 = 6

40. lim
x→ π

2

(
x tanx− π

2cosx

)
�ងមិនកំណត់ 0

0

យក t =
π
2
− x ⇒ x =

π
2
− t

េពល x → π
2
េគបន t → 0
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េយងីបន

lim
x→ π

2

(
x tanx− π

2cosx

)
= lim

t→0

(π
2
− t
)

tan
(π

2
− t
)
− π

2cos
(π

2 − t
)

= lim
t→0

(π
2
− t
)

cot t − π
2sin t

= lim
t→0

−t cot t +
π
2

cot t − π
2sin t

= lim
t→0

−t cot t +
π cos t
2sin t

− π
2sin t

= lim
t→0

−t cot t +
π
2

(
cos t −1

sin t

)
= lim

t→0
− t

tan t
+

π
2

(
cos t −1

t

)
× t

sin t

=−1+
π
2
×0×1 =−1

41. lim
x→ π

3

( x
2
− π

3
cosx

)
× 1

x− π
3
�ងមិនកំណត់ 0×∞

�ង t =
π
3
− x ⇒ x =

π
3
− t

េពល x → π
3
េគបន t → 0

េយងីបន

lim
x→ π

3

( x
2
− π

3
cosx

)
× 1

x− π
3
= lim

t→0

[
1
2

(π
3
− t
)
− π

3
cos
(π

3
− t
)]

× 1
t

= lim
t→0

[π
6
− t

2
− π

3

(
cos

π
3

cos t + sin
π
3

sin t
)]

× 1
t

= lim
t→0

[
π
6
− t

2
− π

3

(
cos t

2
+

√
3sin t
2

)]
× 1

t

= lim
t→0

(
π
6
− t

2
− π cos t

6
−

√
3π sin t

6

)
× 1

t

= lim
t→0

π(1− cos t)
6t

− 1
2
−

√
3π
6

× sin t
t

=−1
2
−

√
3π
6

42. lim
x→+∞

1
x−2

= 0
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43. lim
x→−∞

1
x2 − x

= lim
x→−∞

1
x2(1− 1

x )
= 0

44. lim
x→−∞

x2

x3 +1
= lim

x→−∞

1
x+ 1

x2

= 0

45. lim
x→+∞

x+2
x2 = lim

x→+∞

1+ 2
x

x
= 0

46. lim
x→+∞

x2 +5x−1
x2 −3x+7

= lim
x→+∞

1+ 5
x −

1
x2

1− 3
x +

7
x2

= 1

47. lim
x→+∞

x2 +5x+2
x−1

= lim
x→+∞

x+5+ 2
x

1− 1
x

=+∞

48. lim
x→+∞

|x−1|√
x2 −3x+4

= lim
x→+∞

x−1√
x2 −3x+4

= lim
x→+∞

x
(
1− 1

x

)
x
√

1− 3
x +

4
x2

= lim
x→+∞

1− 1
x√

1− 3
x +

4
x2

= 1

49. lim
x→+∞

√
x2 +

√
x2 +1

x
= lim

x→+∞

√
x2 +

√
x2 +1

x2 = lim
x→+∞

√
1+

√
x2 +1

x4

= lim
x→+∞

√√√√
1+

√
1+ 1

x2

x2 = 1

50. lim
x→+∞

√
x+
√

x+
√

x
√

x+1
= lim

x→+∞

√
x+
√

x+
√

x
x√

x+1
x

= lim
x→+∞

√
1+
√

x+
√

x
x2√

1+ 1
x

= lim
x→+∞

√
1+
√

1
x +

√
x

x2√
1+ 1

x

= lim
x→+∞

√
1+
√

1
x +
√

1
x3√

1+ 1
x

= 1
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51. lim
x→−∞

ex2+1 =+∞

52. lim
x→+∞

x+ lnx
ex = lim

x→+∞

x
ex +

lnx
x

ex

x
= 0

53. lim
x→0

e2x −3ex +2
ex −1

= lim
x→0

(ex −1)(ex −2)
ex −1

= lim
x→0

(ex −2) = e0 −2 = 1−2 =−1

54. lim
x→0+

(x lnx+ lnx) =−∞

55. lim
x→+∞

xex + x2

ex + x4 = lim
x→+∞

1+ x
ex

1
x +

x3

ex

=+∞

56. lim
x→0

ex + sinx−1
tanx

= lim
x→0

ex −1+ sinx
tanx

= lim
x→0

ex−1
x + sinx

x
tanx

x
=

1+1
1

= 2

57. lim
x→1

n
√

x−1
m
√

x−1
មន�ងមិនកំណត់ 0

0
េយងីមន

lim
x→1

n
√

x−1
m
√

x−1

= lim
x→1

( n
√

x−1)
(

n√xn−1 +
n√xn−2 + ...+ n

√
x+1

)(
m√xm−1 +

m√xm−2 + ...+ m
√

x+1
)

( m
√

x−1)
(

m√xm−1 +
m√xm−2 + ...+ m

√
x+1

)(
n√xn−1 +

n√xn−2 + ...+ n
√

x+1
)

= lim
x→1

(x−1)
(

m√xm−1 +
m√xm−2 + ...+ m

√
x+1

)
(x−1)

(
n√xn−1 +

n√xn−2 + ...+ n
√

x+1
)

= lim
x→1

m√xm−1 +
m√xm−2 + ...+ m

√
x+1

n√xn−1 +
n√xn−2 + ...+ n

√
x+1

=

1+1+ ...+1︸ ︷︷ ︸
m

1+1+ ...+1︸ ︷︷ ︸
n

=
m
n

58. lim
x→a

√
x−b−

√
a−b

x2 −a2 ចំេពះ a > 0 និង b < 0
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េយងីមន

lim
x→a

√
x−b−

√
a−b

x2 −a2 = lim
x→a

(√
x−b−

√
a−b

)(√
x−b+

√
a−b

)
(x−a)(x+a)

(√
x−b+

√
a−b

)
= lim

x→a

√
(x−b)2 −

√
(a−b)2

(x−a)(x+a)
(√

x−b+
√

a−b
)

= lim
x→a

x−b− (a−b)
(x−a)(x+a)

(√
x−b+

√
a−b

)
= lim

x→a

x−b−a+b
(x−a)(x+a)

(√
x−b+

√
a−b

)
= lim

x→a

x−a
(x−a)(x+a)

(√
x−b+

√
a−b

)
= lim

x→a

1
(x+a)

(√
x−b+

√
a−b

)
=

1
2a
(
2
√

a−b
)

=

√
a−b

4a(a−b)

59. lim
x→0

x2 − xsinx
x2 − sin2 x

មន�ងមិនកំណត់ 0
0

េយងីមន

lim
x→0

x2 − xsinx
x2 − sin2 x

= lim
x→0

x(x− sinx)
(x− sinx)(x+ sinx)

= lim
x→0

x
x+ sinx

= lim
x→0

1
1+ sinx

x

=
1

1+1
=

1
2

60. lim
x→0

2x− sinx
1−cosx

x

= lim
x→0

2− sinx
x

1−cosx
x2

=
2−1

1
2

= 2

61. lim
x→+∞

ln
(

x
x+1

)
= lim

x→+∞
ln

(
1

1+ 1
x

)
= ln1 = 0
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62. lim
x→−∞

ln(ex +1) = ln1 = 0

63. lim
x→+∞

ln(lnx) = +∞

64. lim
x→+∞

1
ex −1

= 0

65. lim
x→+∞

(
xex +2
x2 −2

)
= lim

x→+∞

(
1+ 2

xex

x
ex − 2

xex

)
= ∞

66. lim
x→+∞

x4 −5x
x2 −3x+1

= lim
x→+∞

x2 − 5
x

1− 3
x +

1
x2

=+∞

67. lim
x→+∞

√
x2 +1+

√
x

4√x3 + x− x4
= lim

x→+∞

√
x2+1+

√
x

x
4
√

x3+x−x4

x

= lim
x→+∞

√
1+ 1

x2 +
√

1
x

4
√

1
x +

1
x3 − x3

= 0

68. lim
x→+∞

(x+1)100 +(x+2)100 + ...+(x+100)100

x100 −10100 មន�ងមិនកំណត់ ∞
∞

េយងីមន

lim
x→+∞

(x+1)100 +(x+2)100 + ...+(x+100)100

x100 −10100

= lim
x→+∞

(x+1)100+(x+2)100+...+(x+100)100

x100

1− 10100

x100

= lim
x→+∞

(
1+ 1

x

)100
+
(
1+ 2

x

)100
+ ...+

(
1+ 100

x

)100

1− 10100

x100

=

1+1+ ...+1︸ ︷︷ ︸
100

1
= 100
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69.

lim
x→0

√
x+2−

√
2

x
= lim

x→0

(√
x+2−

√
2
)(√

x+2+
√

2
)

x
(√

x+2+
√

2
)

= lim
x→0

√
(x+2)2 −

√
22

x
(√

x+2+
√

2
)

= lim
x→0

x+2−2

x
(√

x+2+
√

2
)

= lim
x→0

x

x
(√

x+2+
√

2
)

= lim
x→0

1
√

x+2+
√

2

=
1

2
√

2
=

√
2

4

70. lim
x→0

1− cosx
x2 = lim

x→0

2sin2 x
2

x2 = lim
x→0

2×
(

sin x
2

x
2

)2

× 1
4
=

1
2

71. lim
x→+∞

3ex +1
5ex +2

= lim
x→+∞

3+ 1
ex

5+ 2
ex

=
3
5

72. lim
x→+∞

lnx
x−1

= lim
x→+∞

lnx
x

1− 1
x

= 0
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73.

lim
x→0

2−
√

x+4
x

= lim
x→0

(
2−

√
x+4

)(
2+

√
x+4

)
x
(
2+

√
x+4

)
= lim

x→0

22 −
√
(x+4)2

x
(
2+

√
x+4

)
= lim

x→0

4− (x+4)
x
(
2+

√
x+4

)
= lim

x→0

4− x−4
x
(
2+

√
x+4

)
= lim

x→0

−x
x
(
2+

√
x+4

)
= lim

x→0

−1
2+

√
x+4

=− 1
2+2

=−1
4

74.

lim
x→1+

(
4

1−
√

x
− 1

1− x

)
= lim

x→1+

4(1+
√

x)
(1−

√
x)(1+

√
x)

− 1
1− x

= lim
x→1+

4(1+
√

x)
1− x

− 1
1− x

= lim
x→1+

4+4
√

x−1
1− x

= lim
x→1+

3+4
√

x
1− x

=−∞

75.

lim
x→0

(
sin5x+ xsin10x
sin5x− xsin10x

)
= lim

x→0

(
sin5x+xsin10x

x
sin5x−xsin10x

x

)

= lim
x→0

(
sin5x

x + sin10x
sin5x

x − sin10x

)

= lim
x→0

(
5× sin5x

5x + sin10x

5× sin5x
5x − sin10x

)

=
5+0
5+0

= 1
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76. lim
x→+∞

(
2ex − x
1+ ex

)
= lim

x→+∞

(
2− x

ex

1
ex +1

)
=

2−0
0+1

= 2

77. lim
x→ π

2

(
1−

√
1− cosx

π
2 − x

)
�ង t =

π
2
− x េនះ x =

π
2
− t

េពល x → π
2
េគបន t → 0

េយងីបន

lim
x→ π

2

(
1−

√
1− cosx

π
2 − x

)
= lim

t→0

1−
√

1− cos
(π

2 − t
)

t

= lim
t→0

1−
√

1− sin t
t

= lim
t→0

(
1−

√
1− sin t

)(
1+

√
1+ sin t

)
t
(
1+

√
1+ sin t

)
= lim

t→0

1−
√
(1− sin t)2

t
(
1+

√
1+ sin t

)
= lim

t→0

1− (1− sin t)
t
(
1+

√
1+ sin t

)
= lim

t→0

1−1+ sin t
t
(
1+

√
1+ sin t

)
= lim

t→0

sin t
t
(
1+

√
1+ sin t

)
= lim

t→0

sin t
t

× 1
1+

√
1+ sin t

=
1

1+1
=

1
2
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78.

lim
x→−1

1+ x√
x2 +3−2

= lim
x→−1

(1+ x)
(√

x2 +3+2
)

(√
x2 +3−2

)(√
x2 +3+2

)
= lim

x→−1

(1+ x)
(√

x2 +3+2
)

√
(x2 +3)2 −22

= lim
x→−1

(1+ x)
(√

x2 +3+2
)

x2 +3−4

= lim
x→−1

(1+ x)
(√

x2 +3+2
)

x2 −1

= lim
x→−1

(1+ x)
(√

x2 +3+2
)

(x−1)(x+1)

= lim
x→−1

√
x2 +3+2

x−1

=

√
1+3+2
−1−1

=
4
−2

=−2

79. lim
x→+∞

x2 − x+2
(ex +2)(ex −1)

= lim
x→+∞

1− 1
x +

2
x2(

ex

x2 +
2
x2

)
(ex −1)

= 0

80. lim
x→0

sinx+ ex −1
x2 + x

= lim
x→0

sinx
x + ex−1

x
x+1

=
1+1

1
= 2

81. lim
x→+∞

lnx+2
x+1

= lim
x→+∞

lnx
x + 2

x

1+ 1
x

=
0
1
= 0

82. lim
x→+∞

ex lnx+1
x2 = lim

x→+∞

1+ 1
ex lnx

x2

ex lnx

=+∞
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83.

lim
x→0

x− sin3x
sin5x−2x

= lim
x→0

1− sin3x
x

sin5x
x −2

= lim
x→0

1− sin3x
3x ×3

sin5x
5x ×5−2

=
1−3
5−2

=−2
3

84. lim
x→∞

ex −1
2ex +5

= lim
x→+∞

1− 1
ex

2+ 5
ex

=
1
2

85.

lim
x→ π

3

√
2cosx−1

2cos2x+1
= lim

x→ π
3

(√
2cosx−1

)(√
2cosx+1

)
[2(2cos2x−1)+1]

(√
2cosx+1

)
= lim

x→ π
3

√
(2cosx)2 −1

(4cos2x−2+1)
(√

2cosx+1
)

= lim
x→ π

3

2cosx−1
(4cos2x−1)

(√
2cosx+1

)
= lim

x→ π
3

2cosx−1
(2cosx−1)(2cosx+1)

(√
2cosx+1

)
= lim

x→ π
3

1
(2cosx+1)

(√
2cosx+1

)
=

1(
2cos π

3 +1
)(√

2cos π
3 +1

) =
1

(2)(2)
=

1
4
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86.

lim
x→0

1
(a+x)3 − 1

a3

x
= lim

x→0

a3−(a+x)3

(a+x)3a3

x

= lim
x→0

a3 − (a+ x)3

(a+ x)3a3
× 1

x

= lim
x→0

a3 − (a+ x)3

(a+ x)3a3x

= lim
x→0

[a− (a+ x)]
[
a2 +a(a+ x)+(a+ x)2

]
(a+ x)3a3x

= lim
x→0

−x
(
a2 +a2 +ax+a2 +2ax+ x2

)
(a+ x)3a3x

= lim
x→0

−
(
a2 +a2 +ax+a2 +2ax+ x2

)
(a+ x)3a3

= lim
x→0

−
(
3a2 +3ax+ x2

)
(a+ x)3a3

=
−3a2

a6

=− 3
a4
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87.

lim
x→0

√
x+3−

√
3

x
= lim

x→0

(√
x+3−

√
3
)(√

x+3+
√

3
)

x
(√

x+3+
√

3
)

= lim
x→0

√
(x+3)2 −

√
32

x
(√

x+3+
√

3
)

= lim
x→0

x+3−3
x
(√

x+3+
√

3
)

= lim
x→0

x
x
(√

x+3+
√

3
)

= lim
x→0

1√
x+3+

√
3

=
1

2
√

3

=

√
3

6

88. lim
x→ π

2

π −2x
cosx

យក t =
π
2
− x ⇒ x =

π
2
− t

េពល x → π
2
េគបន t → 0

េយងីបន

lim
x→ π

2

π −2x
cosx

= lim
t→0

π −2
(π

2 − t
)

cos
(π

2 − t
)

= lim
t→0

π −π +2t
sin t

= lim
t→0

2t
sin t

= 2

89. lim
x→ π

4

2sin
(
x− π

4

)
π
4 − x

=−2 lim
x→ π

4

sin
(
x− π

4

)
x− π

4
=−2
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90.

lim
x→0

−2sin5x√
5−

√
x+5

= lim
x→0

−2
(√

5+
√

x+5
)

sin5x(√
5−

√
x+5

)(√
5+

√
x+5

)
= lim

x→0

−2
(√

5+
√

x+5
)

sin5x
√

52 −
√
(x+5)2

= lim
x→0

−2
(√

5+
√

x+5
)

sin5x

5− (x+5)

= lim
x→0

−2
(√

5+
√

x+5
)

sin5x

−x

= lim
x→0

sin5x
5x

×5×2
(√

5+
√

x+5
)

= 10
(√

5+
√

5
)

= 20
√

10

91.

lim
x→0

1− cos2 3x
−2x2 = lim

x→0

(1− cos3x)(1+ cos3x)
−2x2

= lim
x→0

2sin2 3x
2 (1+ cos3x)
−2x2

=− lim
x→0

(
sin 3x

2
3x
2

)2

×
(

3
2

)2

× (1+ cos3x)

=−9
4
×2 =−9

2

92. lim
x→0

x2 − x
|x|

+ ចំេពះ x → 0+ េយងីបន x > 0 ⇒ |x|= x

េនះ lim
x→0+

x2 − x
|x|

= lim
x→0+

x2 − x
x

= lim
x→0+

(x−1) =−1

+ ចំេពះ x → 0− េយងីបន x < 0 ⇒ |x|=−x

េនះ lim
x→0−

x2 − x
|x|

= lim
x→0−

x2 − x
−x

= lim
x→0−

(−x+1) = 1
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93.

lim
x→− π

2

sin2 x−1
sinx+1

= lim
x→− π

2

(sinx−1)(sinx+1)
sinx+1

= lim
x→− π

2

(sinx−1)

= sin
(
−π

2

)
−1 =−1−1 =−2

94.

lim
x→+∞

√
x4 + x2 − x2 = lim

x→+∞

(√
x4 + x2 − x2

)(√
x4 + x2 + x2

)
√

x4 + x2 + x2

= lim
x→+∞

x4 + x2 − x4
√

x4 + x2 + x2

= lim
x→+∞

x2
√

x4 + x2 + x2

= lim
x→+∞

1√
1+ 1

x2 +1

=
1

1+1
=

1
2

95.

lim
x→0

(ex + e−x)sin2 x
2x2 = lim

x→0

(
ex + e−x

2

)(
sinx

x

)2

=

(
e0 + e0

2

)
×12

=
1+1

2
= 1

96.

lim
x→1

x−1√
x−1

= lim
x→0

(x−1)(
√

x+1)
(
√

x−1)(
√

x+1)

= lim
x→0

(x−1)(
√

x+1)
x−1

= lim
x→0

(√
x+1

)
= 1
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97.

lim
x→3

√
x+6−3
x3 −27

= lim
x→3

(√
x+6−3

)(√
x+6+3

)
(x−3)(x2 +3x+9)

(√
x+6+3

)
= lim

x→3

x+6−9
(x−3)(x2 +3x+9)

(√
x+6+3

)
= lim

x→3

x−3
(x−3)(x2 +3x+9)

(√
x+6+3

)
= lim

x→3

1
(x2 +3x+9)

(√
x+6+3

)
=

1
(9+9+9)(3+3)

=
1

102

98. lim
x→0

5sin5x
x

= lim
x→0

25× sin5x
5x

= 25

99.

lim
x→0

√
1+ x−

√
1− x

sinx
= lim

x→0

(√
1+ x−

√
1− x

)(√
1+ x+

√
1− x

)(√
1+ x+

√
1− x

)
sinx

= lim
x→0

1+ x− (1− x)(√
1+ x+

√
1− x

)
sinx

= lim
x→0

2x(√
1+ x+

√
1− x

)
sinx

= lim
x→0

x
sinx

× 2√
1+ x+

√
1− x

= 1× 2
2
= 1

100. lim
x→+∞

(
√

4x2 +1−
√

x2 −1) = lim
x→+∞

(
x

√
4+

1
x2 − x

√
1− 1

x2

)

= lim
x→+∞

x

(√
4+

1
x2 −

√
1− 1

x2

)
=+∞
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101.

lim
x→ π

3

√
3cosx− sinx

x− π
3

= 2 lim
x→ π

3

√
3

2 cosx− 1
2 sinx

x− π
3

= 2 lim
x→ π

3

sin π
3 cosx− sinxcos π

3
x− π

3

=−2 lim
x→ π

3

sin
(π

3 − x
)

π
3 − x

=−2

102.

lim
x→0

cos2x−1
2x

= lim
x→0

−(1− cos2x)
2x

= lim
x→0

−2sin2x
2x

=− lim
x→0

sin2x
x2 × x = 0

103. lim
x→ π

2

cos
(
x− π

2

)
−1

π
2 − x

យក t =
π
2
− x ⇒ x =

π
2
− t

េពល x → π
2
េគបន t → 0

េយងីបន

lim
x→ π

2

cos
(
x− π

2

)
−1

π
2 − x

= lim
t→0

cos(−t)−1
t

= lim
t→0

cos t −1
t

=− lim
t→0

1− cos t
t

= 0

104.

lim
x→0

cos2 x−1
x(cosx+1)

= lim
x→0

(cosx−1)(cosx+1)
x(cosx+1)

= lim
x→0

cosx−1
x

=− lim
x→0

1− cosx
x

= 0
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105.

lim
x→ π

2

sin2 x−1
1− sinx

=− lim
x→ π

2

(sinx−1)(sinx+1)
sinx−1

=− lim
x→ π

2

(sinx+1)

=−
(

sin
π
2
+1
)
=−2

106. lim
x→0

2tanx+ sinx
3x

= lim
x→0

2
3

(
tanx

x

)
+

1
3

(
sinx

x

)
=

2
3
+

1
3
= 1

107. lim
x→−∞

ln
(

x+1
x+2

)
= lim

x→−∞
ln

(
1+ 1

x

1+ 2
x

)
= ln1 = 0

108. lim
x→−2−

ln
(

x+1
x+2

)
=+∞

109. lim
x→−1+

ln
(

x+1
x+2

)
=−∞

110. lim
x→0+

(x−1) lnx = lim
x→0+

x lnx− lnx =+∞

111. lim
x→+∞

(x−1) lnx =+∞

ល�ំត់ ២ 
កំណត់តៃម� a េដីមីបឲយ lim

x→0

1+ax−
√

1+ x
x

=
1
8
។

ស�មយ 
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េយងីមន

lim
x→0

1+ax−
√

1+ x
x

= lim
x→0

(1+ax−
√

1+ x)(1+ax+
√

1+ x)
x(1+ax+

√
1+ x)

= lim
x→0

(1+ax)2 − (1+ x)
x(1+ax+

√
1+ x)

= lim
x→0

1+2ax+a2x2 −1− x
x(1+ax+

√
1+ x)

= lim
x→0

2ax+a2x2 − x
x
(
1+ax+

√
1+ x

)
= lim

x→0

2a+a2x−1
1+ax+

√
1+ x

=
2a−1

2

េ�យ lim
x→0

1+ax−
√

1+ x
x

=
1
8

េយងីបន 2a−1
2

=
1
8
⇒ 2a =

1
4
+1 =

5
4

ដូចេនះ a =
5
8

ល�ំត់ ៣ 
កំណត់ចំនួនពិត a និង b េដីមីបឲយ lim

x→1

x2 +ax+b
x−1

= 5 ។
ចេម�យ 
េយងីមន

lim
x→1

(x2 +ax+b) = lim
x→1

(
x2 +ax+b

x−1

)
× (x−1)

= lim
x→1

5×0 = 0

េយងីបន 1+a+b = 0 ⇒ b =−a−1 (1)
�ម lim

x→1

x2 +ax+b
x−1

= 5
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េយងីបន

5 = lim
x→1

x2 +ax−a−1
x−1

= lim
x→1

(x2 −1)+(ax−a)
x−1

= lim
x→1

(x−1)(x+1)+a(x−1)
x−1

= lim
x→1

(x−1)(x+1+a)
x−1

= lim
x→1

(x+1+a) = 2+a

⇒ a = 3

�ម (1) េយងីបន b =−a−1 =−3−1 =−4
ដូចេនះ a = 3 និង b =−4

ល�ំត់ ៤ 
កំណត់ចំនួនពិត p និង q េដីមីបឲយ lim

x→−2

x2 + px−6
2x2 +3x−2

= q ។
ចេម�យ 
េយងីមន lim

x→−2
(x2 + px−6) = lim

x→−2

x2 + px−6
2x2 +3x−2

× (2x2 +3x−2) = q×0 = 0

េនះ (−2)2 −2p−6 = 0 ⇒ 4−2p−6 = 0 ⇒−2p = 2 ⇒ p =−1
ចំេពះ p =−1 េគបន

lim
x→−2

x2 + px−6
2x2 +3x−2

= lim
x→−2

x2 − x−6
2x2 +3x−2

= lim
x→−2

(x−3)(x+2)
(2x−1)(x+2)

= lim
x→−2

x−3
2x−1

=
−2−3

2(−2)−1
=

−5
−5

= 1

េគបន q = 1
ដូចេនះ p =−1 និង q = 1
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ក�មិតមធយម

1. lim
x→0

√
x2 +1−1√
x+1−1

�ងមិនកំណត់ 0
0

េយងីមន

lim
x→0

√
x2 +1−1√
x+1−1

= lim
x→0

(
√

x2 +1−1)(
√

x2 +1+1)(
√

x+1+1)
(
√

x+1−1)(
√

x+1+1)(
√

x2 +1+1)

= lim
x→0

(x2 +1−1)(
√

x+1+1)
(x+1−1)(

√
x2 +1+1)

= lim
x→0

x2(
√

x+1+1)
x(
√

x2 +1+1)

= lim
x→0

x(
√

x+1+1)√
x2 +1+1

=
(0)(1+1)

1+1
= 0

2.

lim
x→1

x2017 + x−2
x2 −1

= lim
x→1

x2017 −1+ x−1
(x−1)(x+1)

= lim
x→1

(x−1)
(
x2016 + x2015 + ...+ x+1

)
+ x−1

(x−1)(x+1)

= lim
x→1

(x−1)
(
x2016 + x2015 + ...+ x+2

)
(x−1)(x+1)

= lim
x→1

x2016 + x2015 + ...+ x+2
x+1

=

1+1+ ...+1︸ ︷︷ ︸
2016

+2

1+1

=
2018

2
= 1009

3. lim
x→a

xm −am

xn −an ចំេពះ m,n ∈ N

73



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

េយងីមន

lim
x→a

xm −am

xn −an = lim
x→a

(x−a)
(
xm−1 +axm−2 + ...+am−2x+am−1

)
(x−a)(xn−1 +axn−2 + ...+an−2x+an−1)

= lim
x→a

xm−1 +axm−2 + ...+am−2x+am−1

xn−1 +axn−2 + ...+an−2x+an−1

=

am−1 +am−1 + ...+am−1︸ ︷︷ ︸
m

an−1 +an−1 + ...+an−1︸ ︷︷ ︸
n

=
mam−1

nan−1

=
m
n

am−n

4.

lim
x→1

x3 + x2 + x−3
x4 + x3 + x2 + x−4

= lim
x→1

x3 −1+ x2 −1+ x−1
x4 −1+ x3 −1+ x2 −1+ x−1

= lim
x→1

(x−1)
(
x2 + x+1

)
+(x−1)(x+1)+ x−1

(x−1)(x3 + x2 + x+1)+(x−1)(x2 + x+1)+(x−1)(x+1)+ x−1

= lim
x→1

(x−1)
[(

x2 + x+1
)
+(x+1)+1

]
(x−1) [(x3 + x2 + x+1)+(x2 + x+1)+(x+1)+1]

= lim
x→1

(
x2 + x+1

)
+(x+1)+1

(x3 + x2 + x+1)+(x2 + x+1)+(x+1)+1

=
3+2+1

4+3+2+1

=
6

10
=

3
5

5. lim
x→1

x+ x2 + x3 + ...+ xp − p
x+ x2 + x3 + ...+ xn −n

ចំេពះ p,n ∈ N
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េយងីមន

lim
x→1

x+ x2 + x3 + ...+ xp − p
x+ x2 + x3 + ...+ xn −n

= lim
x→1

(x−1)+
(
x2 −1

)
+ ...+(xp −1)

(x−1)+(x2 −1)+ ...+(xn −1)

= lim
x→1

(x−1)+(x−1)(x+1)+ ...+(x−1)
(
xp−1 + xp−2 + ...+ x+1

)
(x−1)+(x−1)(x+1)+ ...+(x−1)(xn−1 + xn−2 + ...+ x+1)

= lim
x→1

(x−1)
[
1+(x+1)+ ...+

(
xp−1 + xp−2 + ...+ x+1

)]
(x−1) [1+(x+1)+ ...+(xn−1 + xn−2 + ...+ x+1)]

= lim
x→1

1+(x+1)+ ...+
(
xp−1 + xp−2 + ...+ x+1

)
1+(x+1)+ ...+(xn−1 + xn−2 + ...+ x+1)

=
1+2+ ...+ p
1+2+ ...+n

=
p(p+1)

2
n(n+1)

2

=
p(p+1)
n(n+1)

6. lim
x→1

nxn+1 − (n+1)xn +1
(x−1)2 = lim

x→1

nxn+1 −nxn − xn +1

(x−1)2

= lim
x→1

nxn (x−1)− (xn −1)

(x−1)2

= lim
x→1

nxn (x−1)− (x−1)
(
xn−1 + xn−2 + ...+ x+1

)
(x−1)2

= lim
x→1

(x−1)
[
nxn −

(
xn−1 + xn−2 + ...+ x+1

)]
(x−1)2

= lim
x→1

(
xn − xn−1

)
+
(
xn − xn−2

)
+ ...+(xn −1)

x−1

= lim
x→1

xn−1 (x−1)+ xn−2
(
x2 −1

)
+ ...+(xn −1)

x−1

= lim
x→1

xn−1 (x−1)+ xn−2 (x−1)(x+1)+ ...+(x−1)
(
xn−1 + xn−2 + ...+ x+1

)
x−1

= lim
x→1

[
xn−1 + xn−2 (x+1)+ ...+

(
xn−1 + xn−2 + ...+ x+1

)]
= 1+2+ ...+n =

n(n+1)
2
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7. lim
x→0

m
√

1+ax− n
√

1+bx
x

= lim
x→0

( m
√

1+ax−1
x

−
n
√

1+bx−1
x

)
េ�យ

lim
x→0

m
√

1+ax−1
x

= lim
x→0

(
m
√

1+ax−1
)[ m
√

(1+ax)m−1 +
m
√
(1+ax)m−2 + ...+1

]
x
[

m
√
(1+ax)m−1 +

m
√

(1+ax)m−2 + ...+1
]

= lim
x→0

m
√
(1+ax)m −1

x
[

m
√

(1+ax)m−1 +
m
√
(1+ax)m−2 + ...+1

]
= lim

x→0

1+ax−1

x
[

m
√

(1+ax)m−1 +
m
√
(1+ax)m−2 + ...+1

]
= lim

x→0

a
m
√
(1+ax)m−1 +

m
√
(1+ax)m−2 + ...+1

=
a

1+1+ ...+1︸ ︷︷ ︸
m

=
a
m

��យដូចគន េយងីបន lim
x→0

n
√

1+bx−1
x

=
b
n

េយងីបន lim
x→0

m
√

1+ax− n
√

1+bx
x

=
a
m
− b

n
=

an−bm
mn

8.

lim
x→0

m
√

1+ax− n
√

1+bx
p
√

1+ cx− q
√

1+dx
= lim

x→0

m√1+ax− n√1+bx
x

p√1+cx− q√1+dx
x

=
an−bm

mn
cq−d p

pq

=

(
an−bm

mn

)(
pq

cq−d p

)
=

pq(an−bm)

mn(cq−d p)

9. lim
x→0

sinx+ sin2x+ ...sinnx
x

= lim
x→0

(
sinx

x
+2× sin2x

2x
+ ...+n× sinnx

nx

)
= 1+2+ ...+n =

n(n+1)
2

10. lim
x→0

1− cosx
x tanx

= lim
x→0

1− cosx
x2 × x

tanx
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=
1
2
×1 =

1
2

11. lim
x→ π

2

sinx
x

=
sin π

2
π
2

=
1
π
2
=

2
π

12. lim
x→0

x− sinx
x3

យក x = 3t េពល x → 0 ⇒ t → 0
យក A = lim

x→0

x− sinx
x3 េយងីបន

A = lim
t→0

3t − sin3t

(3t)3

= lim
t→0

3t −3sin t +4sin3t
27t3

= lim
t→0

t − sin t
9t3 +

4
27

(
sin t

t

)3

=
1
9

A+
4
27

⇒ A− 1
9

A =
4

27

⇒ 8
9

A =
4

27

⇒ A =
4

27
× 9

8
=

1
6

13.

lim
x→0

x2 − sin2 x
x4 = lim

x→0

(x− sinx)(x+ sinx)
x4

= lim
x→0

(
x− sinx

x3

)(
x+ sinx

x

)
= lim

x→0

(
x− sinx

x3

)(
1+

sinx
x

)
=

1
6
×2 =

1
3
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14.

lim
x→0

x− sinx
2x− sin2x

= lim
x→0

x− sinx
x3 × (2x)3

2x− sin2x
× 1

8

=
1
6
×6× 1

8
=

1
8

15.
lim
x→0

eax + sinax−1
ebx + sinbx−1

= lim
x→0

eax −1+ sinax
ebx −1+ sinbx

= lim
x→0

eax−1
ax + sinax

ax
ebx−1

bx + sinbx
bx

× a
b

=

(
1+1
1+1

)
× a

b
=

a
b

16.

lim
x→1

sin2(x2 −1)
x3 −1

= lim
x→1

sin2 (x2 −1
)

(x2 −1)2 ×
(
x2 −1

)2

x3 −1

= lim
x→1

sin2 (x2 −1
)

(x2 −1)2 × (x−1)2(x+1)2

(x−1)(x2 + x+1)

= lim
x→1

sin2 (x2 −1
)

(x2 −1)2 × (x−1)(x+1)2

x2 + x+1
= 0

17. lim
x→0

sinxsin2xsin3x...sinnx
xn = lim

x→0

sinx
x

× sin2x
2x

× ...× sinnx
nx

×1×2× ...×n =

n!

18. lim
x→0

sinmx+ cosx−1
sinnx+ cosx−1

ចំេពះ m,n ∈ R

េយងីមន
lim
x→0

sinmx+ cosx−1
sinnx+ cosx−1

= lim
x→0

1− cosx− sinmx
1− cosx− sinnx

= lim
x→0

1−cosx
x − sinmx

mx ×m
1−cosx

x − sinnx
nx ×n

=
m
n

19. lim
x→0

4x+ x2 − sinx
5x+ x2 − sin2x

= lim
x→0

4+ x− sinx
x

5+ x− sin2x
2x ×2

=
4+0−1
5+0−2

=
3
3
= 1
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20. lim
x→0

(1+nx)m − (1−mx)n

x2

េយងីមន

A = lim
x→0

(1+nx)m − (1+mx)n

x2

= lim
x→0

(1+nx)m −1
x2 − (1+mx)n −1

x2

= lim
x→0

(1+nx−1)
[
(1+nx)m−1 +(1+nx)m−2 + ...+1

]
x2

−
(1+mx−1)

[
(1+mx)n−1 +(1+mx)n−2 + ...+1

]
x2

= lim
x→0

nx
[
(1+nx)m−1 +(1+nx)m−2 + ...+1

]
x2

−
mx
[
(1+mx)n−1 +(1+mx)n−2 + ...+1

]
x2

= lim
x→0

n
[
(1+nx)m−1 +(1+nx)m−2 + ...+1

]
x

−
m
[
(1+mx)n−1 +(1+mx)n−2 + ...+1

]
x

= lim
x→0

n
[
(1+nx)m−1 +(1+nx)m−2 + ...+(1+nx)+1−m

]
x

−
m
[
(1+mx)n−1 +(1+mx)n−2 + ...+(1+mx)+1−n

]
x
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េ�យ

lim
x→0

n
[
(1+nx)m−1 +(1+nx)m−2 + ...+(1+nx)+1−m

]
x

= n lim
x→0

(1+nx)m−1 −1+(1+nx)m−2 −1+ ...+(1+nx)−1
x

= n lim
x→0

(1+nx)m−1 −1
x

+
(1+nx)m−2 −1

x
+ ...+

(1+nx)−1
x

= n [n(m−1)+n(m−2)+ ...+n] = n2 [(m−1)+(m−2)+ ...+1]

=
n2m(m−1)

2

��យដូចគន េគបន

lim
x→0

m
[
(1+mx)n−1 +(1+mx)n−2 + ...+(1+mx)+1−n

]
x

=
m2n(n−1)

2
េយងីបន

A =
n2m(m−1)

2
− m2n(n−1)

2

=
mn [n(m−1)−m(n−1)]

2

=
mn(m−n)

2

21.

lim
x→0

cosax+ cosbx+ coscx−3
cosdx+ cosex+ cos f x−3

= lim
x→0

3− cosax− cosbx− coscx
3− cosdx− cosex− cos f x

= lim
x→0

1− cosax+1− cosbx+1− coscx
1− cosdx+1− cosex+1− cos f x

= lim
x→0

1−cosax
x2 + 1−cosbx

x2 + 1−coscx
x2

1−cosdx
x2 + 1−cosex

x2 + 1−cos f x
x2

= lim
x→0

a2 × 1−cosax
(ax)2 +b2 × 1−cosbx

(bx)2 + c2 × 1−coscx
(cx)2

d2 × 1−cosdx
(dx)2 + e2 × 1−cosex

(ex)2 + f 2 × 1−cos f x
( f x)2

=
a2
( 1

2

)
+b2

( 1
2

)
+ c2

( 1
2

)
d2
( 1

2

)
+ e2

( 1
2

)
+ f 2

( 1
2

)
=

a2 +b2 + c2

d2 + e2 + f 2
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22.

lim
x→0

1− x2 − cos2x
x3 +4x2 = lim

x→0

1− cos2x− x2

x3 +4x2

= lim
x→0

1−cos2x
x2 −1

x+4

= lim
x→0

4× 1−cos2x
(2x)2 −1

x+4

=
4
( 1

2

)
−1

4
=

1
4

23.

lim
x→+∞

x(ln(x+1)− lnx) = lim
x→+∞

x ln
(

x+1
x

)
= lim

x→+∞
x ln
(

1+
1
x

)
= lim

x→+∞
ln
(

1+
1
x

)x

= lne = 1

24. lim
x→+∞

(
√

x2 +2x+1+
√

x2 +4x+1+ ...+
√

x2 +2nx+1−
√

n2x2 +1)

= lim
x→+∞

(√
x2 +2x+1− x

)
+
(√

x2 +4x+1− x
)
+...+

(√
x2 +2nx+1− x

)
−(√

n2x2 +1−nx
)

= lim
x→+∞

x2 +2x+1− x2
√

x2 +2x+1+ x
+

x2 +4x+1− x2
√

x2 +4x+1+ x
+ ...+

x2 +2nx+1− x2
√

x2 +2nx+1+ x

− n2x2 +1−n2x2
√

n2x2 +1+nx

= lim
x→+∞

2x+1√
x2 +2x+1+ x

+
4x+1√

x2 +4x+1+ x
+ ...+

2nx+1√
x2 +2nx+1+ x

− 1√
n2x2 +1+nx

= lim
n→+∞

2+ 1
x√

1+ 2
x +

1
x2 +1

+
4+ 1

x√
1+ 4

x +
1
x2 +1

+...+
2n+ 1

x√
1+ 2n

x + 1
x2 +1

− 1√
n2x2 +1

=
2
2
+

4
2
+ ...+

2n
2

= 1+2+ ...+n =
n(n+1)

2
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25. lim
n→+∞

(
1− 1

22

)(
1− 1

32

)
...

(
1− 1

n2

)
េយងីមន 1− 1

k2 =
k2 −1

k2 =
(k−1)(k+1)

k2 =
k−1

k
× k+1

k
េយងីបន

1− 1
22 =

1
2
× 3

2

1− 1
32 =

2
3
× 4

3

1− 1
42 =

3
4
× 5

4
...

1− 1
n2 =

n−1
n

× n+1
n

គុណអងគ និង អងគេយងីបន(
1− 1

22

)(
1− 1

32

)
...

(
1− 1

n2

)
=

(
1
2
× 2

3
× 3

4
× ...× n−1

n

)
×
(

3
2
× 4

3
× 5

4
× ...× n+1

n

)
=

1
n
× n+1

2
=

n+1
2n

េគបន lim
n→+∞

(
1− 1

22

)(
1− 1

32

)
...

(
1− 1

n2

)
= lim

n→+∞

n+1
2n

=
1
2

26.

lim
x→0

tanx− sinx
x3 = lim

x→0

tanx− sinx
x3

= lim
x→0

sinx
cosx − sinx

x3

= lim
x→0

( 1
cosx −1

)
sinx

x3

= lim
x→0

(1− cosx)sinx
x3 cosx

= lim
x→0

1− cosx
x2 × sinx

x
× 1

cosx
=

1
2

82



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

27.

lim
x→0

1− cosxcos2x
x2 = lim

x→0

1− cosx+ cosx− cosxcos2x
x2

= lim
x→0

1− cosx
x2 +

(1− cos2x)cosx
x2

= lim
x→0

1− cosx
x2 +

(1− cos2x)cosx

(2x)2 ×4

=
1
2
+4
(

1
2

)
=

5
4

28. lim
x→0

x(a−b)
sinax− sinbx

ចំេពះ a,b ̸= 0 និង a ̸= b

េយងីមន lim
x→0

x(a−b)
sinax− sinbx

= lim
x→0

a−b
sinax

ax ×a− sinbx
bx ×b

=
a−b
a−b

= 1

29.

lim
x→ π

6

2sin2 x−3sinx+1
4sin2 x−1

= lim
x→ π

6

(2sinx−1)(sinx−1)
(2sinx−1)(2sinx+1)

= lim
x→ π

6

sinx−1
2sinx+1

=
1
2 −1

2
( 1

2

)
+1

=
− 1

2
2

=−1
4

30.
lim

x→+∞
(
√

x2 +3x−
√

x2 +1−1) = lim
x→+∞

(√
x2 +3x− x

)
−
(√

x2 +1− x
)
−1

= lim
x→+∞

(
x2 +3x− x2
√

x2 +3x+ x
− x2 +1− x2

√
x2 +1+ x

−1
)

= lim
x→+∞

(
3x√

x2 +3x+ x
− 1√

x2 +1+ x
−1
)

= lim
x→+∞

 3√
1+ 3

x +1
− 1√

x2 +1+ x
−1


=

3
2
−1 =

1
2
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31.

lim
x→0

1− cosx
√

cos2x
x2 = lim

x→0

1− cosx+ cosx− cosx
√

cos2x
x2

= lim
x→0

1− cosx
x2 +

(
1−

√
cos2x

)
cosx

x2

= lim
x→0

1− cosx
x2 +

(
1− cos2x

x2

)(
cosx

1+
√

cos2x

)
= lim

x→0

1− cosx
x2 +

(
1− cos2x

(2x)2

)(
4cosx

1+
√

cos2x

)
=

1
2
+

(
1
2

)(
4
2

)
=

1
2
+1 =

3
2

32.

lim
x→0

sin2 x√
1+ sinx− cosx

= lim
x→0

(√
1+ sinx+ cosx

)
sin2x(√

1+ sinx− cosx
)(√

1+ sinx+ cosx
)

= lim
x→0

(√
1+ sinx+ cosx

)
sin2x

1+ sinx− cos2x

= lim
x→0

(√
1+ sinx+ cosx

)
sin2x

sinx+ sin2x

= lim
x→0

(√
1+ sinx+ cosx

)
sin2x

(1+ sinx)sinx

= lim
x→0

(√
1+ sinx+ cosx

)
sinx

1+ sinx
= 0

33. lim
x→+∞

ex −1
x

= lim
x→+∞

(
ex

x
− 1

x

)
=+∞

34. lim
x→0+

lnx
x

=−∞
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35.

lim
x→0

√
x2 − x+1−1√
1+ x−

√
1− x

= lim
x→0

(√
x2 − x+1−1

)(√
x2 − x+1+1

)(√
1+ x+

√
1− x

)
(√

1+ x−
√

1− x
)(√

1+ x+
√

1− x
)(√

x2 − x+1+1
)

= lim
x→0

(
x2 − x+1−1

)(√
1+ x+

√
1− x

)
(1+ x−1+ x)

(√
x2 − x+1+1

)
= lim

x→0

(
x2 − x

)(√
1+ x+

√
1− x

)
2x
(√

x2 − x+1+1
)

= lim
x→0

x(x−1)
(√

1+ x+
√

1− x
)

2x
(√

x2 − x+1+1
)

= lim
x→0

(x−1)
(√

1+ x+
√

1− x
)

2
(√

x2 − x+1+1
)

=
(−1)(2)

2(2)
=−1

2

36.

lim
x→0

(1− cosx)2

tan3 x− sin3 x
= lim

x→0

(1− cosx)2

sin3x
cos3x − sin3x

= lim
x→0

(1− cosx)2(
1

cos3x −1
)

sin3x

= lim
x→0

(1− cosx)2(
1−cos3x

cos3x

)
sin3x

= lim
x→0

(1− cosx)2cos3x
(1− cosx)(1+ cosx+ cos2x)sin3x

= lim
x→0

(1− cosx)cos3x
(1+ cosx+ cos2x)sin3x

= lim
x→0

x2

sin2x
× 1− cosx

x2 × cos3x
1+ cosx+ cos2x

× 1
sinx

= ∞
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37.

lim
x→0

√
2−

√
1+ cosx

sin2 x
= lim

x→0

(√
2−

√
1+ cosx

)(√
2+

√
1+ cosx

)
(√

2+
√

1+ cosx
)

sin2x

= lim
x→0

2−1− cosx(√
2+

√
1+ cosx

)
sin2x

= lim
x→0

1− cosx(√
2+

√
1+ cosx

)
sin2x

= lim
x→0

1− cosx
x2 × x2

sin2x
× 1√

2+
√

1+ cosx

=
1
2
×1× 1

2
√

2
=

1
4
√

2
=

√
2

8

38. lim
x→0

xsin
1
x

េយងីមន
∣∣∣∣xsin

1
x

∣∣∣∣≤ |x| េ�យ lim
x→0

|x|= 0

ដូចេនះ lim
x→0

xsin
1
x
= 0

39.

lim
x→0

1+ xsinx− cos2x
sin2 x

= lim
x→0

1− cos2x+ xsinx
sin2x

= lim
x→0

(
1− cos2x

sin2x
+

xsinx
sin2x

)
= lim

x→0

(
2sin2x
sin2x

+
x

sinx

)
= lim

x→0

(
2+

x
sinx

)
= 2+1 = 3
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40.

lim
x→0

sin3x
√

x+1− 3√x2 +1
= lim

x→0

sin3x
3x ×3

√
x+1−1

x −
3
√

x2+1−1
x

= lim
x→0

sin3x
3x ×3

x+1−1
x(
√

x+1+1)
− x2+1−1

x
[

3
√

(x+1)2+ 3√x+1+1
]

= lim
x→0

sin3x
3x ×3

1√
x+1+1

− x
3
√

(x+1)2+ 3√x+1+1

=
3
1
2

= 6

41. lim
x→0+

xx = lim
x→0+

xx = lim
x→0+

elnxx
= e

lim
x→0+

lnxx

= e
lim

x→0+
x lnx

= e0 = 1

ក�មិតខពស់

ល�ំត់ ១ 
េគមនពហុេកណនិយត័មួយមនរង� ស់�ជȩងេសមីនឹង nចរកឹកនុងរង�ង់មួយែដលមនរង� ស់កេំសមីនឹង
a ។ យក Sn ជ�ក�ៃផទៃនពហុេកណេនះ ។ គណន Sn និង lim

n→+∞
Sn ។

ស�មយ 

O

A

B2π
n

a

េ�យពហុេកណែដលឲយជពហុេកណនិយត័ែដលមន n�ជȩង េនះ ∠AOB =
2π
n
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េនះ

S△AOB =
1
2
×OA×OB× sin∠AOB

=
1
2
×a×a× sin

2π
n

=
1
2

a2 sin
2π
n

េគបន Sn = nS△AOB = n× 1
2

a2 sin
2π
n

ដូចេនះ Sn =
1
2

a2nsin
2π
n+ គណន lim

n→+∞
Sn

េយងីមន lim
n→+∞

Sn = lim
n→+∞

1
2

a2nsin
2π
n

= lim
n→+∞

sin 2π
n

2π
n

×πa2 = πa2

ដូចេនះ Sn = πa2

ល�ំត់ ២ 
េគឲយ P(x)ជពហុធែដលមនេមគុណជចំនួនវជិជមន ។ គណន lim

x→+∞

[P(x)]
P([x])

ែដល [x]�ង
ឲយែផនកគត់ៃន x ។
ស�មយ 
�មនិយមន័យែផនកគត់ x−1 < [x]≤ x
ចំេពះ x > 1 េយងីបន P(x−1)< P([x])≤ P(x)

⇒ 1
P(x)

≤ 1
P([x])

<
1

P(x−1)
(1)

និង P(x)−1 < [P(x)]≤ P(x) (2)
�ម (1) និង (2) េគបន P(x)−1

P(x)
<

[P(x)]
P([x])

<
P(x)

P(x−1)

េ�យ lim
x→+∞

P(x)−1
P(x)

= 1 និង lim
x→+∞

P(x)
P(x−1)

= 1

ដូចេនះ lim
x→+∞

[P(x)]
P([x])

= 1

ល�ំត់ ៣ 
គណន

1. lim
x→0

xcos
1
x

2. lim
x→0

x
[

1
x

]
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3. lim
x→0

x
a

[
b
x

]
ចំេពះ a,b > 0

4. lim
x→0

[x]
x

5. lim
x→+∞

x(
√

x2 +1−
√

x3 +1)

6. lim
x→0

cos
(π

2 cosx
)

sin(sinx)

7. lim
x→+∞

(
√

x4 +2x2 +2− x 3
√

x3 + x+1)

8. lim
x→+∞

(
√

x2 +2x+3+
√

9x2 +10x+11−
√

16x2 +17x+18)

9. lim
x→0

x2
(

1+2+3+ ...+

[
1
|x|

])

10. lim
x→0+

x
([

1
x

]
+

[
2
x

]
+ ...+

[
k
x

])
ចំេពះ k ∈ N

ចេម�យ 

1. lim
x→0

xcos
1
x

េយងីមន
∣∣∣∣xcos

1
x

∣∣∣∣= |x|
∣∣∣∣cos

1
x

∣∣∣∣≤ |x|

េ�យ lim
x→0

|x|= 0

ដូចេនះ lim
x→0

xcos
1
x
= 0

2. lim
x→0

x
[

1
x

]
�មនិយមន័យែផនកគត់េយងីបន 1

x
−1 <

[
1
x

]
≤ 1

x

េនះ 1− x < x
[

1
x

]
≤ 1 ចំេពះ x > 0 និង 1− x > x

[
1
x

]
≥ 1 ចំេពះ x < 0

េ�យ lim
x→0

(1− x) = 1 និង lim
x→0

1 = 1

ដូចេនះ lim
x→0

x
[

1
x

]
= 1
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3. lim
x→0

x
a

[
b
x

]
ចំេពះ a,b > 0

�មនិយមន័យែផនកគត់េគបន b
x
−1 <

[
b
x

]
≤ b

x

េនះ b
a
− x

a
<

x
a

[
b
x

]
≤ b

a
ចំេពះ x > 0

និង b
a
− x

a
>

x
a

[
b
x

]
≥ b

a
ចំេពះ x < 0

េ�យ lim
x→0

(
b
a
− x

a

)
=

b
a
និង lim

x→0

b
a
=

b
a

ដូចេនះ lim
x→0

x
a

[
b
x

]
=

b
a

4. lim
x→0

[x]
x

ចំេពះ x → 0+ ⇒ 0 < x < 1 ⇒ [x] = 0

េនះ [x]
x

= 0 ⇒ lim
x→0+

[x]
x

= 0

ចំេពះ x → 0− ⇒−1 < x < 0 ⇒ [x] =−1

េនះ [x]
x

=−1
x
⇒ lim

x→0−

[x]
x

= lim
x→0−

(
−1

x

)
=+∞

េ�យ lim
x→0+

[x]
x

̸= lim
x→0−

[x]
x

ដូចេនះ lim
x→0

[x]
x
គម នលីមីត

5. lim
x→+∞

x(
√

x2 +1− 3
√

x3 +1)
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េយងីមន

lim
x→+∞

x(
√

x2 +1− 3
√

x3 +1)

= lim
x→+∞

x[(
√

x2 +1− x)− (
3
√

x3 +1− x)]

= lim
x→+∞

x

[
x2 +1− x2
√

x2 +1+ x
− x3 +1− x3

3
√
(x3 +1)2 + x 3√x3 +1+ x2

]

= lim
x→+∞

x

 1

x
√

1+ 1
x2 + x

− 1

x2 3

√(
1+ 1

x3

)2
+ x2 3

√
1+ x2 1

x3 + x2


= lim

x→+∞

1√
1+ 1

x2 +1
− 1

x 3

√(
1+ 1

x3

)2
+ x 3
√

1+ 1
x3 + x

=
1
2

6. lim
x→0

cos
(π

2 cosx
)

sin(sinx)
េយងីមន

lim
x→0

cos
(π

2 cosx
)

sin(sinx)
= lim

x→0

sin
(π

2 − π
2 cosx

)
sin(sinx)

= lim
x→0

sin
(
π sin2 x

2

)
π sin2 x

2

× sinx
sin(sinx)

× x
sinx

×
sin2 x

2( x
2

)2 × πx
4

= 0

ដូចេនះ lim
x→0

cos
(π

2 cosx
)

sin(sinx)
= 0
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7. lim
x→+∞

(
√

x4 +2x2 +2− x 3
√

x3 + x+1) េយងីមន

lim
x→+∞

(√
x4 +2x2 +2− x 3

√
x3 + x+1

)
= lim

x→+∞

(√
x4 +2x2 +2− x2

)
−
(

x 3
√

x3 + x+1− x2
)

= lim
x→+∞

x4 +2x2 +2− x4
√

x4 +2x2 +2+ x2
− x

 x3 + x+1− x3

3
√
(x3 + x+1)2 + x 3√x3 + x+1+ x2


= lim

x→+∞

2x2 +2√
x4 +2x2 +2

− x2 + x
3
√

(x2 + x+1)2 + x 3√x3 + x+1+ x2

= lim
x→+∞

2+ 2
x2√

1+ 2
x2 +

2
x4 +1

−
1+ 1

x

3

√(
1+ 1

x2 +
1
x3

)2
+ 3
√

1+ 1
x2 +

1
x3 +1

= 1− 1
3
=

2
3

8. lim
x→+∞

(
√

x2 +2x+3+
√

9x2 +10x+11−
√

16x2 +17x+18)

េយងីមន
lim

x→+∞

(√
x2 +2x+3+

√
9x2 +10x+11−

√
16x2 +17x+18

)
= lim

x→+∞

(√
x2 +2x+3− x

)
+
(√

9x2 +10x+11−3x
)
−
(√

16x2 +17x+18−4x
)

= lim
x→+∞

x2 +2x+3− x2
√

x2 +2x+3+ x
+

9x2 +10x+11−9x2
√

9x2 +10x+11+ x
− 16x2 +17x+18−16x2

√
16x2 +17x+18+4x

= lim
x→+∞

2x+3√
x2 +2x+3+ x

+
10x+11√

9x2 +10x+11+3x
− 17x+18√

16x2 +17x+18+4x

= lim
x→+∞

2+ 3
x√

1+ 2
x +

3
x2 +1

+
10+ 11

x√
9+ 10

x + 11
x2 +3

−
17+ 18

x√
16+ 17

x + 18
x2 +4

=
2
2
+

10
6

− 17
8

= 1+
5
3
− 17

8

=
24+40−51

24
=

13
24

9. lim
x→0

x2
(

1+2+3+ ...+

[
1
|x|

])
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េយងីមន 1+2+3+ ...+

[
1
|x|

]
=

1
2

[
1
|x|

]([
1
|x|

]
+1
)

េនះ x2
(

1+2+3+ ...+

[
1
|x|

])
=

1
2

x2
[

1
|x|

]([
1
|x|

]
+1
)

េ�យ 1
|x|

−1 <

[
1
|x|

]
≤ 1

|x|
(1)

⇒ 1
|x|

<

[
1
|x|

]
+1 ≤ 1

|x|
+1(2)

គុណ (1) និង (2) េគបន
1
|x|

(
1
|x|

−1
)
<

[
1
|x|

]([
1
|x|

]
+1
)
≤ 1

|x|

(
1
|x|

+1
)

⇒ 1
2

x2

|x|

(
1
|x|

−1
)
<

1
2

x2
[

1
|x|

]([
1
|x|

]
+1
)
≤ 1

2
x2

|x|

(
1
|x|

+1
)

⇒ 1
2
(1−|x|)< 1

2
x2
[

1
|x|

]([
1
|x|

]
+1
)
≤ 1

2
(1+ |x|)

ម៉យងេទȢត lim
x→0

1
2
(1−|x|) = 1

2
និង lim

x→0

1
2
(1+ |x|) = 1

2

ដូចេនះ lim
x→0

x2
(

1+2+3+ ...+

[
1
|x|

])
=

1
2

10. lim
x→0+

x
([

1
x

]
+

[
2
x

]
+ ...+

[
k
x

])
ចំេពះ k ∈ N

េយងីមន i
x
−1 <

[
i
x

]
≤ i

x

⇒
k

∑
i=1

(
i
x
−1
)
<

k

∑
i=1

[
i
x

]
≤

k

∑
i=1

i
x

⇒ 1
x

k (k+1)
2

− k <
k

∑
i=1

[
i
x

]
≤ 1

x
k (k+1)

2

⇒ k (k+1)
2

− kx < x
k

∑
i=1

[
i
x

]
≤ k (k+1)

2
េ�ពះ x > 0

េ�យ lim
x→0+

k (k+1)
2

− kx =
k (k+1)

2
និង lim

x→0+

k (k+1)
2

=
k (k+1)

2

ដូចេនះ lim
x→0+

x
([

1
x

]
+

[
2
x

]
+ ...+

[
k
x

])
=

k(k+1)
2
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ល�ំត់ ៤ 
1. ចំេពះ a > b > 0 បង� ញថ a−b

a
< ln

a
b
<

a−b
b
។

2. បង� ញថ ln(x+1)≥ x− x2

2
ចំេពះ�គប់ x ≥ 0 ។

3. គណន lim
x→0

[
1

ln(x+1)
− 1

x

]
។

ស�មយ 

1. យក f (x) = lnx ⇒ f ′(x) =
1
x

ចំេពះ x ∈ (a,b) េគបន 1
b
< f ′(x)<

1
a

�មវសិមភពកំេណីនមនកំណត់េយងីបន a−b
a

< lna− lnb <
a−b

b
ដូចេនះ a−b

a
< ln

a
b
<

a−b
b

2. យក g(x) = ln(x+1)− x+
x2

2
⇒ g′ (x) =

1
x+1

−1+ x

=
1+ x2 −1

x+1
=

x2

x+1
≥ 0 ចំេពះ x ≥ 0

េនះ g ជអនុគមន៍េកីន េគបន g(x)≥ g(0) ចំេពះ x ≥ 0

⇒ ln(x+1)− x+
x2

2
≥ 0 ⇒ ln(1+ x)≥ x− x2

2

ដូចេនះ ln(x+1)≥ x− x2

2
ចំេពះ�គប់ x ≥ 0

3. គណន lim
x→0

[
1

ln(x+1)
− 1

x

]
យក f (x) = 2x−2ln(x+1)− x ln(x+1) ចំេពះ x >−1
េនះ

f ′ (x) = 2− 2
x+1

− ln(x+1)− x
x+1

=
2x+2−2− x

x+1
− ln(x+1)

=
x

x+1
− ln(x+1)

ចំេពះ x+1 > x > 0 េគបន ln(x+1)>
x+1−1

x+1
=

x
x+1
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េយងីបន f ′(x)> 0 ⇒ f ជអនុគមន៍េកីន
េនះ f (x)> f (0),∀x > 0

⇒2x−2ln(x+1)− x ln(x+1)> 0
⇒2 [x− ln(x+1)]> x ln(x+1)

⇒ 1
ln(x+1)

− 1
x
>

1
2
(1)

ម៉យងេទȢត ln(x+1)> x− x2

2
ចំេពះ�គប់ x > 0

⇒ ln(x+1)> x
(

1− x
2

)
⇒ 1

ln(x+1)
<

1
x
(
1− x

2

)
⇒ 1

ln(x+1)
− 1

x
<

1
x
(
1− x

2

) − 1
x
=

1−1+ x
2

x
(
1− x

2

)
⇒ 1

ln(x+1)
− 1

x
<

1
2
(
1− x

2

) (2)
�ម (1) និង (2) េយងីបន 1

2
<

1
ln(x+1)

− 1
x
<

1
2
(
1− x

2

) ចំេពះ�គប់ x > 0

េ�យ lim
x→0+

1
2
=

1
2
និង lim

x→0+

1
2
(
1− x

2

) = 1
2

េយងីបន lim
x→0+

[
1

ln(x+1)
− 1

x

]
=

1
2

��យដូចគន ចំេពះ −1 < x < 0 េគបន 1
2
>

1
ln(x+1)

− 1
x
>

1
2
(
1− x

2

)
េ�យ lim

x→0−

1
2
=

1
2
និង lim

x→0−

1
2
(
1− x

2

) = 1
2

េគបន lim
x→0−

[
1

ln(x+1)
− 1

x

]
=

1
2

ដូចេនះ lim
x→0

[
1

ln(x+1)
− 1

x

]
=

1
2

ល�ំត់ ៥ 
ឧបមថ f : (−a,a)−{0}→ R ។ បង� ញថ
ក) lim

x→0
f (x) = l លុះ��ែត lim

x→0
f (sinx) = l ។

ខ) េបី lim
x→0

f (x) = l េនះ lim
x→0

f (|x|) = l ។ េតីសំេណី�ចសៃនសំេណីេនះពិតែដរ រេឺទ?
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ស�មយ 
ក) បង� ញថ lim

x→0
f (x) = l លុះ��ែត lim

x→0
f (sinx) = l

⇒ ឧបមថ lim
x→0

f (x) = l េយងីនឹងបង� ញថ lim
x→0

f (sinx) = l

�មនិយមន័យ ∀ε > 0,∃δ > 0 : | f (x)− l|< ε ចំេពះ 0 < |x|< δ
េ�យ 0 < |sinx|< |x|< δ
េយងីបន | f (sinx)− l|< ε
ដូចេនះ lim

x→0
f (sinx) = l

⇐ ឧបមថ lim
x→0

f (sinx) = l េយងីនឹងបង� ញថ lim
x→0

f (x) = l

�មនិយមន័យ ∀ε > 0,∃δ > 0 : | f (sinx)− l|< ε ចំេពះ 0 < |x|< δ
ចំេពះ 0 < |y|< sinδ < δ ⇒ 0 < |arcsiny|< δ
េយងីបន | f (sin(arcsiny))− l|< ε
េនះ | f (y)− l|< ε ចំេពះ 0 < |y|< δ
ដូចេនះ lim

x→0
f (x) = l

ល�ំត់ ៦ 
េគឲយអនុគមន៍ f : (−a,a)−{0}→ (0,+∞) និង បំេពញលកខខណ� lim

x→0

[
f (x)+

1
f (x)

]
= 2

។ បង� ញថ lim
x→0

f (x) = 1 ។
ស�មយ 
បង� ញថ lim

x→0
f (x) = 1

េយងីមន lim
x→0

[
f (x)+

1
f (x)

]
= 2

�មនិយមន័យេយងីបន ∀ε > 0,∃δ > 0 :
∣∣∣∣ f (x)+ 1

f (x)
−2
∣∣∣∣< ε ចំេពះ 0 < |x|< δ

ម៉យងេទȢត �មវសិមភព Cauchy េយងីបន f (x)+
1

f (x)
≥ 2

េនះ 0 ≤ f (x)+
1

f (x)
−2 < ε

⇒ 0 ≤ f (x)−1+
1

f (x)
−1 < ε(1)

⇒ 0 ≤ ( f (x)−1)
(

1− 1
f (x)

)
< ε (2)

�ម (1) េយងីបន [ f (x)−1]2 +2 [ f (x)−1]
[

1
f (x)

−1
]
+

[
1− 1

f (x)

]2

< ε2

⇒ [ f (x)−1]2 +
[

1− 1
f (x)

]2

< ε2 +2 [ f (x)−1]
[

1− 1
f (x)

]
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�ម (2) េយងីបន [ f (x)−1]2 +
[

1− 1
f (x)

]2

< ε2 +2ε

េនះ [ f (x)−1]2 ≤ ε2 +2ε ⇒ | f (x)−1|<
√

ε2 +2ε = ε ′
ដូចេនះ lim

x→0
f (x) = 1

ល�ំត់ ៧ 
1. េគមន f ជអនុគមន៍កំណត់េលី (0,+∞)េ�យ f (x) =

x
ex −1

។ គណន lim
x→0

f (x)

និង lim
x→+∞

f (x) ។

2. េគមនស�ុ ីត un មួយកំណត់េ�យ un =
1
n

[
1+ e

1
n + e

2
n + ...+ e

n−1
n

]
។ បង� ញថ 1+

e
1
n + e

2
n + ...+ e

n−1
n =

1− e

1− e
1
n
រចួទញថ un = (e−1) f

(
1
n

)
។

3. �មសំណួរ 2 ទញរក lim
n→+∞

un ។

ស�មយ 

1. គណន lim
x→0

f (x) និង lim
x→+∞

f (x)

+ គណន lim
x→0

f (x)

េយងីមន lim
x→0

f (x) = lim
x→0

x
ex −1

= lim
x→0

1
ex−1

x

=
1

lim
x→0

ex−1
x

= 1

+ គណន lim
x→+∞

f (x)

េយងីមន lim
x→+∞

f (x) = lim
x→+∞

x
ex −1

= lim
x→+∞

1
ex

x − 1
x

= 0

2. បង� ញថ 1+ e
1
n + e

2
n + ...+ e

n−1
n =

1− e

1− e
1
n

1+ e
1
n + e

2
n + ...+ e

n−1
n ជផលបូកស�ុ ីតធរណីម�តែដលមនតួទី 1 េសមីនឹង 1 និង េរ

សុង q = e
1
n

េយងីបន 1+ e
1
n + e

2
n + ...+ e

n−1
n =

1−
(

e
1
n

)n

1− e
1
n

=
1− e

1− e
1
n

+ទញថ un = (e−1) f
(

1
n

)
េយងីមន f (x) =

x
ex −1

⇒ f
(

1
n

)
=

1
n

e
1
n −1

=
1
n

(
1

e
1
n −1

)
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េគបន

(e−1) f
(

1
n

)
=

1
n

(
e−1

e
1
n −1

)
=

1
n

(
1− e

1− e
1
n

)
=

1
n

(
1+ e

1
n + e

2
n + ...+ e

n−1
n

)
= un

ដូចេនះ un = (e−1) f
(

1
n

)
3. ទញរក lim

n→+∞
un

េយងីមន lim
n→+∞

un = lim
n→+∞

(e−1) f
(

1
n

)
= (e−1) lim

x→0+
f (x) = (e−1)(1) = e−

1
ដូចេនះ lim

n→+∞
un = e−1

ល�ំត់ ៨ 
គណន lim

n→+∞
(

3
√

n3 +2n2 +1− 3
√

n3 −1) ។
ចេម�យ 
េយងីមន lim

n→+∞
(

3
√

n3 +2n2 +1− 3
√

n3 −1)

= lim
n→+∞

3
√

(n3 +2n2 +1)3 − 3
√
(n3 −1)3

3
√
(n3 +2n2 +1)2 + 3

√
(n3 +2n2 +1)(n3 −1)+ 3

√
(n3 −1)2

= lim
n→+∞

n3 +2n2 +1−n3 +1

3

√
(n3)2

(
1+ 2

n +
1
n3

)2
+ 3

√
(n3)2

(
1+ 2

n +
1
n3

)(
1− 1

n3

)
+

3

√
(n3)2

(
1− 1

n3

)2

= lim
x→+∞

n2
(

2+ 2
n2

)
n2

[
3

√(
1+ 2

n +
1
n3

)2
+

√(
1+ 2

n +
1
n3

)(
1− 1

n3

)
+

3

√(
1− 1

n3

)2
]

= lim
x→+∞

2+ 2
n2

3

√(
1+ 2

n +
1
n3

)2
+

√(
1+ 2

n +
1
n3

)(
1− 1

n3

)
+

3

√(
1− 1

n3

)2

=
2

1+1+1
=

2
3

ដូចេនះ lim
n→+∞

(
3
√

n3 +2n2 +1− 3
√

n3 −1) =
2
3

ល�ំត់ ៩ 
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គណន lim
x→−2

3
√

5x+2+2√
3x+10−2

។
ចេម�យ 
េយងីមន lim

x→−2

3
√

5x+2+2√
3x+10−2

= lim
x→−2

( 3
√

5x+2+2)( 3
√
(5x+2)2 −2 3

√
5x+2+4)(

√
3x+10+2)

(
√

3x+10−2)(
√

3x+10+2)( 3
√
(5x+2)2 −2 3

√
5x+2+4)

= lim
x→−2

(5x+2+8)(
√

3x+10+2)

(3x+10−4)( 3
√
(5x+2)2 −2 3

√
5x+2+4)

= lim
x→−2

(5x+10)(
√

3x+10+2)

(3x+6)( 3
√
(5x+2)2 −2 3

√
5x+2+4)

= lim
x→−2

5(x+2)(
√

3x+10+2)

3(x+2)( 3
√
(5x+2)2 −2 3

√
5x+2+4)

= lim
x→−2

5(
√

3x+10+2)

3( 3
√

(5x+2)2 −2 3
√

5x+2+4)

=
5(
√
−6+10+2)

3( 3
√
(−1)2 −2 3

√
−1+4)

=
5(4)
3(7)

=
20
21

ល�ំត់ ១០ 
េគឲយ {an}n≥1 ជស�ុ ីតែដលបំេពញលកខខណ�

n

∑
k=1

ak =
3n2 +9n

2
ចំេពះ�គប់ n≥ 1។បង� ញថ

{an}ជស�ុ ីតនព�ន� រចួគណន lim
n→+∞

1
nan

n

∑
k=1

ak ។

ចេម�យ 
េយងីមន

n

∑
k=1

ak =
3n2 +9n

2
រ ឺSn =

3n2 +9n
2

ចំេពះ�គប់ n ≥ 1

េនះ

Sn−1 =
3(n−1)2 +9(n−1)

2

=
3(n2 −2n+1)+9n−9

2

=
3n2 −6n+3+9n−9

2

=
3n2 +3n−6

2
ចំេពះ�គប់ n ≥ 2
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េហតុេនះ

Sn −Sn−1 =
3n2 +9n

2
− 3n2 +3n−6

2

=
3n2 +9n−3n2 −3n+6

2

=
6n+6

2
= 3n+3ចំេពះ ∀n ≥ 2

េគបន an = 3n+3 ចំេពះ ∀n ≥ 2

ម៉យងេទȢត a1 = S1 =
3+9

2
= 6

េនះ an = 3n+3 ចំេពះ ∀n ≥ 1
េយងីបន an+1 −an = 3(n+1)+3−3n−3 = 3
ដូចេនះ an ជស�ុ ីតនព�ន�
+គណន lim

n→+∞

1
nan

n

∑
k=1

ak

េ�យ an = 3n+3 េយងីបន

lim
n→+∞

1
nan

n

∑
k=1

ak = lim
n→+∞

1
n(3n+3)

(
3n2 +9n

2

)
= lim

n→+∞

3n2

3n2 (2)
=

1
2

ល�ំត់ ១១ 
េគឲយស�ុ ីត {an} កំណត់េ�យ a1 = a2 = 0 និង an+1 =

1
3
(an +a2

n−1 +b) ែដល 0 ≤ b < 1

។ បង� ញថ {an}ជស�ុ ីតរមួ និង គណន lim
n→+∞

an ។
ចេម�យ 
+បង� ញថ {an}ជស�ុ ីតរមួ
េយងីមន a1 = a2 = 0 និង an+1 =

1
3
(an +a2

n−1 +b)

េនះ a3 =
1
3
(a2 +a2

1 +b) =
b
3

េគបន a2 ≥ a1 និង a3 −a2 =
b
3
≥ 0 ⇒ a3 ≥ a2

ឧបមថ an ≥ an−1 និង an+1 ≥ an

េយងីនឹងបង� ញថ an+2 ≥ an+1

េ�យ an+2 =
1
3
(an+1 +a2

n +b)≥ 1
3
(an +a2

n−1 +b) = an+1 ពិត
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េនះ an+1 ≥ an ចំេពះ�គប់ n ≥ 1
េគបន {an}ជស�ុ ីតេកីន
ម៉យងេទȢត a1 = a2 = 0 ≤ b េ�ពះ 0 ≤ b < 1
ឧបមថ an−1 ≤ b និង an ≤ b
េយងីនឹងបង� ញថ an+1 ≤ b

េគបន an+1 =
1
3
(an +a2

n−1 +b)≤ 1
3
(b+b2 +b)≤ 1

3
(b+b+b) = b ពិត

េយងីបន an ≤ b ចំេពះ�គប់ n ≥ 1
េនះ {an}ជស�ុ ីតទល់េលី
ដូចេនះ {an}ជស�ុ ីតរមួ
គណន lim

n→+∞
an

�មស�មយខងេលី {an}ជស�ុ ីតរមួ េយងីឧបមថ lim
n→+∞

an = l

េ�យ an+1 =
1
3
(an +a2

n−1 +b)

⇒ l =
1
3
(l + l2 +b)

⇒ 3l = l + l2 +b
⇒ l2 −2l +b = 0 មន ∆′ = 1−b ≥ 0
េនះ l1 = 1−

√
1−b និង l2 = 1+

√
1−b ែត an ∈ [0,1)

ដូចេនះ l = 1−
√

1−b េ�ពះ 0 ≤ l1 ≤ 1 និង l2 > 1

ល�ំត់ ១២ 
េគឲយស�ុ ីតចំនួនពិត {xn} កំណត់េ�យ x1 = 1 និង xn = 2xn−1 +

1
2
ចំេពះ�គប់ n ≥ 2 ។

គណន lim
n→+∞

xn ។
ចេម�យ 
គណន lim

n→+∞
xn

យក {rn} ែដល rn = r ជស�ុ ីតជំនួយៃនស�ុ ីត {an}

េនះ rn = 2rn−1 +
1
2

េយងីបន r = 2r+
1
2
េនះ r =−1

2
⇒ rn =−1

2
ម៉យងេទȢត xn = 2xn−1 +

1
2
និង rn = 2rn−1 +

1
2េគបន xn − rn = 2(xn−1 − rn−1)

⇒{xn−rn}ជស�ុ ីតធរណីម�តែដលមនផលសងរមួេសមីនឹង 2 និង តួទី ១ កំណត់េ�យ x1−

r1 = 1− (−1
2
) =

3
2
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េយងីបន xn =
3
2
(2n−1)

ដូចេនះ lim
n→+∞

xn =+∞

ល�ំត់ ១៣ 
គណន lim

n→+∞

[
n
(

4
5

)n

+n2 sinn π
6
+ cos

(
2nπ +

π
n

)]
។

ចេម�យ 
េយងីមន lim

n→+∞

[
n
(

4
5

)n

+n2 sinn π
6
+ cos

(
2nπ +

π
n

)]
= lim

n→+∞

[
n
(

4
5

)n

+
n2

2n + cos
π
n

]
េ�យ lim

n→+∞
n
(

4
5

)n

= lim
n→+∞

n
en ×

(
4
5e

)n

= 0 និង 0 ≤ n2

2n ≤ 1
n
ចំេពះ n ≥ 10

េ�ពះ n2 < 2n ចំេពះ n ≥ 10

េនះ lim
n→+∞

n2

2n = 0

េហតុេនះ lim
n→+∞

[
n
(

4
5

)n

+n2 sinn π
6
+ cos

(
2nπ +

π
n

)]
= cos0 = 1

ដូចេនះ lim
n→+∞

[
n
(

4
5

)n

+n2 sinn π
6
+ cos

(
2nπ +

π
n

)]
= 1

ល�ំត់ ១៤ 
គណន lim

n→+∞

n

∑
k=1

k!k
(n+1)!

។

ចេម�យ 
េយងីមន k!k = k!(k+1−1) = k!(k+1)− k! = (k+1)!− k!

េនះ
n

∑
k=1

kk! =
n

∑
k=1

(k+1)!− k! = (n+1)!−1

េហតុេនះ lim
n→+∞

n

∑
k=1

k!k
(n+1)!

= lim
n→+∞

(n+1)!−1
(n+1)!

= lim
n→+∞

1− 1
(n+1)!

= 1

ល�ំត់ ១៥ 
គណន lim

n→+∞
n

√
33n(n!)3

(3n)!
។

ចេម�យ 
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េយងីមន

lim
n→+∞

n
√

an = lim
n→+∞

an+1

an

= lim
n→+∞

n

√
33n(n!)3

(3n)!

= lim
n→+∞

33(n+1)[(n+1)!]3

[3(n+1)]!
33n(n!)3

(3n)!

= lim
n→+∞

33(n+1)[(n+1)!]3

[3(n+1)]!
× (3n)!

33n(n!)3

= lim
n→+∞

27(n+1)3

(3n+1)(3n+2)(3n+3)
= 1

ដូចេនះ lim
n→+∞

n

√
33n(n!)3

(3n)!
= 1

ល�ំត់ ១៦ 
េគឲយស�ុ ីតៃនចំនួនពិតវជិជមន {xn} ែដល (n+1)xn+1−nxn < 0ចំេពះ�គប់ n≥ 1។បង� ញថ
{xn}ជស�ុ ីតរមួ និង គណនលីមីតរបស់� ។
ចេម�ីយ
េយងីមន (n+1)xn+1 −nxn < 0
េនះ nxn > (n+1)xn+1 ⇒ x1 > 2x2 > 3x3 > ... > nxn

េយងីបន 0 < xn <
x1

n
េ�យ lim

n→+∞

x1

n
= 0

�ម�ទឹស�ីបទ�ងំវុចិេគបន lim
n→+∞

xn = 0

ដូចេនះ {xn}ជស�ុ ីតរមួែដល lim
n→+∞

xn = 0

ល�ំត់ ១៧ 
រកតៃម� a និង b េដីមីបឲយ lim

n→+∞
(

3
√

1−n3 −an−b) = 0 ។
ចេម�យ េ�យ lim

n→+∞
(

3
√

1−n3 −an−b) = 0
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េយងីបន

b = lim
n→+∞

(
3
√

1−n3 −an
)

= lim
n→+∞

1−n3 −a3n3

3
√

(1−n3)2 + 3
√

an(1−n3)+
3√a2n2

= lim
n→+∞

n
(
−1−a3

)
+ 1

n2

3

√(
1
n2 −1

)2
+ 3

√
a
(

1
n5 − 1

n2

)
+ 3
√

a2

n4

(1)

ចំេពះ −1−a3 ̸= 0 េគមិន�ចរកតៃម� b ែដលេផទȣងផទ ត់ (1) បនេទ
ចំេពះ −1−a3 = 0 ⇒ a =−1 េគបន b = 0
ដូចេនះ a =−1 និង b = 0

ល�ំត់ ១៨ 
េគឲយ p ∈ N និង α1,α2, ...,αp ជ p ចំនួនពិតវជិជមនេផ�ងគន ។
គណន lim

n→+∞
n
√

αn
1 +αn

2 + ...+αn
p ។

ចេម�យ 
ឧបមថ αi = max{α1,α2, ...,αp}
េនះ

lim
n→+∞

n
√

αn
1 +αn

2 + ...+αn
p

= lim
n→+∞

n

√
αn

i

[(
α1

αi

)n

+

(
α2

αi

)n

+ ...+1+ ...+

(
αp

αi

)n]

= lim
n→+∞

αi
n

√(
α1

αi

)n

+

(
α2

αi

)n

+ ...+1+ ...+

(
αp

αi

)n

= αi
n
√

0+0+1+ ..+0 = αi

ដូចេនះ lim
n→+∞

n
√

αn
1 +αn

2 + ...+αn
p = max{α1,α2, ...,αp}

ល�ំត់ ១៩ 
ចំេពះ a ∈ R∗ គណន lim

x→−a

cosx− cosa
x2 −a2 ។

ចេម�យ 
�មរូបមន� cos p− cosq =−2sin

(
p−q

2

)
sin
(

p+q
2

)
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េយងីបន

lim
x→−a

cosx− cosa
x2 −a2 = lim

x→−a

−2sin x−a
2 sin x+a

2
(x−a)(x+a)

= lim
x→−a

−sin x−a
2 sin x+a

2

(x−a)
( x+a

2

)
=− sin(−a)

−2a
=− sina

2a

ដូចេនះ lim
x→−a

cosx− cosa
x2 −a2 =− sina

2a
ល�ំត់ ២០ 
ចំេពះ n ∈ N∗ គណន lim

x→0

ln(1+ x+ x2 + ...+ xn)

nx
។

ចេម�យ 
េយងីមន

lim
x→0

ln(1+ x+ x2 + ...+ xn)

nx
= lim

x→0

ln(1+ x+ x2 + ...+ xn)

x+ x2 + ...+ xn × lim
x→0

x+ x2 + ...+ xn

nx

= lim
x→0

x+ x2 + ...+ xn

nx
= lim

x→0

1+ x+ ...+ xn−1

n
=

1
n

េ�ពះ lim
x→0

ln(1+u)
u

= 0 ចំេពះ lim
x→0

u = 0

ល�ំត់ ២១ 
គណន lim

n→+∞

(
n2 +n−

n

∑
k=1

2k3 +8k2 +6k−1
k2 +4k+3

)
។

ចេម�យ 
េយងីមន

2k3 +8k2 +6k−1
k2 +4k+3

=
2k(k2 +4k+3)−1

k2 +4k+3

= 2k− 1
(k+1)(k+3)

= 2k− 1
2

(
1

k+3
− 1

k+1

)
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េនះ

n2 +n−
n

∑
k=1

2k3 +8k2 +6k−1
k2 +4k+3

= n2 +n−
n

∑
k=1

[
2k− 1

2

(
1

k+1
− 1

k+3

)]
= n2 +n−2

n

∑
k=1

k+
1
2

n

∑
k=1

(
1

k+1
− 1

k+3

)
= n2 +n−2× n(n+1)

2
+

1
2

(
1
2
+

1
3
− 1

n+2
− 1

n+3

)
= n2 +n−n2 −n+

5
12

+
1
2

(
1

n+2
+

1
n+3

)
=

5
12

+
1
2

(
1

n+2
+

1
n+3

)

េគបន lim
n→+∞

(
n2 +n−

n

∑
k=1

2k3 +8k2 +6k−1
k2 +4k+3

)
= lim

n→+∞

5
12

+
1
2

(
1

n+2
+

1
n+3

)
=

5
12

ល�ំត់ ២២ 
កំណត់ a ∈ R∗ ែដលបំេពញលកខខណ� lim

x→0

1− cosax
x2 = lim

x→π

sinx
π − x

។
ចេម�យ 
ពិនិតយ lim

x→0

1− cosax
x2 = lim

x→0

2sin2 ax
2

x2 = lim
x→+∞

a2

2
×

sin2 ax
2( ax

2

)2 =
1
2

a2

និង lim
x→π

sinx
π − x

= lim
x→π

sin(π − x)
π − x

= 1

េ�យ lim
x→0

1− cosax
x2 = lim

x→π

sinx
π − x

េយងីបន a2

2
= 1 េនះ a2 = 2 ⇒ a =±

√
2

ដូចេនះ a =±
√

2

ល�ំត់ ២៣ 
គណន lim

x→1

3√x2 +7−
√

x+3
x2 −3x+2

។
ចេម�យ 
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េយងីមន

lim
x→1

3√x2 +7−
√

x+3
x2 −3x+2

= lim
x→1

( 3√x2 +7−2)− (
√

x+3−2)
x2 −3x+2

= lim
x→1

3√x2 +7−2
x2 −3x+2

− lim
x→1

√
x+3−2

x2 −3x+2

= lim
x→1

( 3√x2 +7−2)[ 3
√

(x2 +7)2 +2 3√x2 +7+4]

(x−1)(x−2)[ 3
√
(x2 +7)2 +2 3√x2 +7+4]

− lim
x→1

(
√

x+3−2)(
√

x+3+2)
(x−1)(x−2)(

√
x+3+2)

= lim
x→1

x2 +7−8

(x−1)(x−2)[ 3
√
(x2 +7)2 +2 3√x2 +7+4]

− lim
x→1

x+3−4
(x−1)(x−2)(

√
x+3+2)

= lim
x→1

(x−1)(x+1)

(x−1)(x−2)[ 3
√
(x2 +7)2 +2 3√x2 +7+4]

− lim
x→1

x−1
(x−1)(x−2)(

√
x+3+2)

= lim
x→1

x+1

(x−2)[ 3
√

(x2 +7)2 +2 3√x2 +7+4]
− lim

x→1

1
(x−2)(

√
x+3+2)

=
2

(−1)(12)
− 1

(−1)(4)

=− 2
12

+
1
4
=

1
12

ដូចេនះ lim
x→1

3√x2 +7−
√

x+3
x2 −3x+2

=
1

12
ល�ំត់ ២៤ 
គណន lim

n→+∞
(
√

2n2 +n−λ
√

2n2 −n) ។
ចេម�យ 
េយងីមន

A = lim
n→+∞

(
√

2n2 +n−λ
√

2n2 −n)

= lim
n→+∞

2n2 +n−λ 2(2n2 −n)√
2n2 +n+λ

√
2n2 −n

= lim
n→+∞

2n2(1−λ 2)+n(1+λ 2)

n
(√

2+ 1
n +λ

√
2− 1

n

)
= lim

n→+∞

2n(1−λ 2)+(1+λ 2)√
2+ 1

n +λ
√

2− 1
n

107



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

+ចំេពះ λ ∈ (−∞,1) េគបន A =+∞
+ចំេពះ λ ∈ (1,+∞) េគបន A =−∞

+ចំេពះ λ = 1 េគបន A =

√
2

2
ល�ំត់ ២៥ 
េគឲយ a,b,c ∈ R ។ គណន lim

x→+∞
(a
√

x+1+b
√

x+2+ c
√

x+3) ។
ចេម�យ 
+ចំេពះ a+b+ c ̸= 0 េគបន

L = lim
x→+∞

(a
√

x+1+b
√

x+2+ c
√

x+3)

= lim
x→+∞

√
x

(
a

√
1+

1
x
+b

√
1+

2
x
+ c

√
1+

3
x

)
= lim

x→+∞

√
x(a+b+ c)

· េបី a+b+ c > 0 េគបន L =+∞
· េបី a+b+ c < 0 េគបន L =−∞
+ចំេពះ a+b+ c = 0 េគបន

L = lim
x→+∞

(a
√

x+1−a+b
√

x+2−b+ c
√

x+3− c)

= lim
x→+∞

a
(√

x+1−1
)
+b
(√

x+2−1
)
+ c
(√

x+3−1
)

= lim
x→+∞

 a√
1
x +

1
x2 +

1
x

+
b+ b

x√
1
x +

2
x2 +

1
x

+
c+ 2c

x√
1
x +

3
x2 +

1
x

= 0

ល�ំត់ ២៦ 
កំណត់សំណំុ A ែដល A ⊂ R េដីមីបឲយ ax2 + x+3 ≥ 0 ចំេពះ ∀a ∈ A និង ∀x ∈ R ។
ចំេពះ�គប់ a ∈ A គណន lim

x→+∞
(x+1−

√
ax2 + x+3) ។

ចេម�យ 
េដីមីបឲយ ax2 + x+3 ≥ 0 ចំេពះ�គប់ x ∈ R លុះ��ែត a > 0 និង ∆ ≤ 0
េ�យ ∆ = 12 −4(a)(3) = 1−12a

េនះ ∆ ≤ 0 សមមូលនឹង 1−12a ≤ 0 ⇒ a ≥ 1
12

⇒ a ∈
[

1
12

,+∞
)
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ដូចេនះ A =

[
1
12

,+∞
)

គណន lim
x→+∞

(x+1−
√

ax2 + x+3)

េយងីមន

A = lim
x→+∞

(x+1−
√

ax2 + x+3)

= lim
x→+∞

(x+1)2 −
(
ax2 + x+3

)
x+1+

√
ax2 + x+3

= lim
x→+∞

x2 +2x+1−ax2 − x−3
x+1+

√
ax2 + x+3

= lim
x→+∞

(1−a)x2 + x−2
x+1+

√
ax2 + x+3

= lim
x→+∞

(1−a)x+1− 2
x

1+ 1
x +
√

a+ 1
x +

2
x2

+ចំេពះ a ∈
[

1
12

,1
)
េគបន A =+∞

+ចំេពះ a = 1 េគបន A =
1
2

+ចំេពះ a ∈ (1,+∞) េគបន A =−∞
ល�ំត់ ២៧ 
ចំេពះ k ∈ R គណន lim

n→+∞
nk

(√
n

n+1
−
√

n+2
n+3

)
។

ចេម�យ 
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េយងីមន

A = lim
n→+∞

nk

(√
n

n+1
−
√

n+2
n+3

)

= lim
n→+∞

nk ×
n

n+1 −
n+2
n+3√

n+1
n+2 +

√
n+2
n+3

= lim
n→+∞

nk ×
n2+3n−n2−3n−2

(n+1)(n+3)√
n+1
n+2 +

√
n+2
n+3

= lim
n→+∞

nk

(n+1)(n+3)
× lim

n→+∞

−2√
n

n+1 +
√

n+2
n+3

= lim
n→+∞

−nk

(n+1)(n+3)
× (−1)

= lim
n→+∞

−nk

n2
(
1+ 1

n

)(
1+ 3

n

)

+ចំេពះ k < 2 េយងីបន A = 0
+ចំេពះ k = 2 េយងីបន A =−1
+ចំេពះ k > 2 េយងីបន A =−∞
ល�ំត់ ២៨ 
េគឲយ k ∈ N និង a ∈ R+ \{1} ។
គណន lim

n→+∞
nk(a

1
n −1)

(√
n−1

n
−
√

n+1
n+2

)
។

ចេម�យ 
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េយងីមន

A = lim
n→+∞

nk(a
1
n −1)

(√
n−1

n
−
√

n+1
n+2

)

= lim
n→+∞

nk
(

a
1
n −1

)
×

n−1
n − n+1

n+2√
n−1

n +
√

n+1
n+2

= lim
n→+∞

nk
(

a
1
n −1

)
×

n2+n−2−n2−n
n(n+2)√

n−1
n +

√
n+1
n+2

= lim
n→+∞

nk(a
1
n −1)

n(n+2)
× lim

n→+∞

−2√
n−1

n +
√

n+1
n+2

= lim
n→+∞

−nk−1

n(n+2)
× lim

n→+∞

a
1
n −1

1
n

= lna× lim
n→+∞

−nk−2

n+2

+ចំេពះ k ∈ {0,1,2} េគបន A = 0
+ចំេពះ k = 3 េគបន A =− lna
+ចំេពះ k ≥ 4 និង a ∈ (0,1) េយងីបន A =+∞
+ចំេពះ k ≥ 4 និង a > 1 េយងីបន A =−∞
ល�ំត់ ២៩ 
គណន lim

n→+∞

n

∑
k=1

1√
n2 + k

។
ស�មយ 
េយងីមន 1√

n2 +n
≤ 1√

n2 + k
≤ 1√

n2 +1
ចំេពះ�គប់ 1 ≤ k ≤ n

េយងីបន
n

∑
k=1

1√
n2 +n

≤
n

∑
k=1

1√
n2 + k

≤
n

∑
k=1

1√
n2 +1

ចំេពះ�គប់ 1 ≤ k ≤ n

េនះ n√
n2 +n

≤
n

∑
k=1

1√
n2 + k

≤ n√
n2 +1

េ�យ lim
n→+∞

n√
n2 +n

= lim
n→+∞

1√
1+ 1

n

= 1 និង lim
n→+∞

n√
n2 +1

= lim
n→+∞

1√
1+ 1

n2

= 1

ដូចេនះ lim
n→+∞

n

∑
k=1

1√
n2 + k

= 1

ល�ំត់ ៣០ 
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េគឲយ a > 0, p ≥ 2 ។ គណន lim
n→+∞

n

∑
k=1

1
p
√

np + ka
។

ចេម�យ 
េយងីមន 1

p
√

np +na
≤ 1

p
√

np + ka
≤ 1

p
√

np +a
ចំេពះ 1 ≤ k ≤ n

េយងីបន
n

∑
k=1

1
p
√

np +na
≤

n

∑
k=1

1
p
√

np + ka
≤

n

∑
k=1

1
p
√

np +a

េនះ n
p
√

np +na
≤

n

∑
k=1

1
p
√

np + ka
≤ n

p
√

np +a

េ�យ lim
n→+∞

n
p
√

np +a
= lim

n→+∞

1
p
√

1+ a
np

= 1

និង lim
n→+∞

n
p
√

np +na
= lim

n→+∞

1
p
√

1+ a
np−1

= 1

ដូចេនះ lim
n→+∞

n

∑
k=1

1
p
√

np + ka
= 1

ល�ំត់ ៣១ 
គណន lim

n→+∞

n!
(1+12)(1+22)...(1+n2)

។
ចេម�យ 
េយងីមន

0 ≤ n!
(1+12)(1+22)...(1+n2)

<
n!

12 ×22 × ...×n2

=
n!

(1×2× ...×n)(1×2× ...×n)

=
n!

(n!)(n!)

=
1
n!

េ�យ lim
n→+∞

1
n!

= 0

ដូចេនះ lim
n→+∞

n!
(1+12)(1+22)...(1+n2)

= 0

ល�ំត់ ៣២ 
គណន lim

n→+∞

(
2n2 −3

2n2 −n+1

) n2−1
n

។
ចេម�យ 
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េយងីមន

lim
n→+∞

(
2n2 −3

2n2 −n+1

) n2−1
n

= lim
n→+∞

(
1+

n−4
2n2 −n+1

) n2−1
n

= lim
n→+∞

(1+
n−4

2n2 −n+1

) 2n2−n+1
n−4


(n−4)(n2−1)
2n3−n2+n

= elimn→+∞
n3−4n2−n+4

2n3−n2+n

= e
1
2 =

√
e

ដូចេនះ lim
n→+∞

(
2n2 −3

2n2 −n+1

) n2−1
n

=
√

e

ល�ំត់ ៣៣ 
គណន lim

x→0

√
1+ sin2 x− cosx

1−
√

1+ tan2 x
។

ចេម�យ 
េយងីមន

lim
x→0

√
1+ sin2 x− cosx

1−
√

1+ tan2 x

= lim
x→0

(1+ sin2 x− cos2 x)(1+
√

1+ tan2 x)

(1−1− tan2 x)(
√

1+ sin2 x+ cosx)

= lim
x→0

2sin2 x(1+
√

1+ tan2 x)

− tan2 x(
√

1+ sin2 x+ cosx)

= lim
x→0

−2cos2 x(1+
√

1+ tan2 x)√
1+ sin2 x+ cosx

=−2

ល�ំត់ ៣៤
គណន lim

x→+∞

(
x+

√
x

x−
√

x

)x

។
ចេម�យ 
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េយងីមន

lim
x→+∞

(
x+

√
x

x−
√

x

)x

= lim
x→+∞

(
1+

2
√

x
x−

√
x

)x

= lim
x→+∞

(1+
2
√

x
x−

√
x

) x−
√

x
2
√

x


2x
√

x
x−

√
x

= elimx→+∞
2x
√

x
x−

√
x

= e
limx→+∞

2
√

x
1− 1√

x

=+∞

ល�ំត់ ៣៥ 
គណន lim

x→0+
(cosx)

1
sinx ។

ចេម�យ 
េយងីមន

lim
x→0+

(cosx)
1

sinx = lim
x→0+

[
(1+(cosx−1))

1
cosx−1

] cosx−1
sinx

= e
limx→0+

−2sin2 x
2

2sin x
2 cos x

2

= elimx→0+ − tan x
2

= e0 = 1

ដូចេនះ lim
x→0+

(cosx)
1

sinx = 1

ល�ំត់ ៣៦ 
គណន lim

x→0
(ex + sinx)

1
x ។

ចេម�យ 
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េយងីមន

lim
x→0

(ex + sinx)
1
x = lim

x→0

[
ex
(

1+
sinx
ex

)] 1
x

= lim
x→0

(ex)
1
x × lim

x→0

(1+
sinx
ex

) ex
sinx

 sinx
xex

= e× elimx→0
sinx

x × 1
ex = e2

ល�ំត់ ៣៧ 
េគឲយ a,b ∈ R+ ។ គណន lim

n→+∞

(
a−1+ n

√
b

a

)n

។
ស�មយ 
េយងីមន

lim
n→+∞

(
a−1+ n

√
b

a

)n

= lim
n→+∞

(1+
n
√

b−1
a

) a
n√b−1


n( n√b−1)

a

= e
1
a limn→+∞

b
1
n −1
1
n

= e
lnb
a = b

1
a

ដូចេនះ lim
n→+∞

(
a−1+ n

√
b

a

)n

= b
1
a

ល�ំត់ ៣៨ 

េគឲយស�ុ ីត (an) កំណត់េ�យ an =


1េបីn ≤ k,k ∈ N∗

(n+1)k −nk

Ck−1
n

េបីn > k

ក) គណន lim
n→+∞

an

ខ) េបី bn = 1+
n

∑
k=1

k lim
n→+∞

an គណន lim
n→+∞

(
b2

n

bn−1bn+1

)n

។

ចេម�យ 
ក) គណន lim

n→+∞
an
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េយងីមន

lim
n→+∞

an = lim
n→+∞

(n+1)k −nk

Ck−1
n

= lim
n→+∞

nkC0
k +nk−1C1

k + ...+nCk−1
k +1−nk

Ck−1
n

= lim
n→+∞

nk +nk−1C1
k + ...+nCk−1

k +1−nk

n!
(k−1)![n−(k−1)]!

= lim
n→+∞

nk−1C1
k + ...+nCk−1

k +1
n(n−1)(n−2)...[n−(k−2)]

(k−1)!

= (k−1)! lim
n→+∞

nk−1C1
k + ...+nCk−1

k +1

nk−1
(
1− 1

n

)(
1− 2

n

)
...
(
1− k−2

n

)
= (k−1)!C1

k

= (k−1)!× k!
(k−1)!

= k!

ដូចេនះ lim
n→+∞

an = k!

ខ) េយងីមន

bn = 1+
n

∑
k=1

k lim
n→+∞

an

= 1+
n

∑
k=1

kk!

= 1+
n

∑
k=1

[(k+1)!− k!]

= 1+(n+1)!−1 = (n+1)!
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េនះ

lim
n→+∞

(
b2

n

bn−1bn+1

)n

= lim
n→+∞

[
(n+1)!(n+1)!

n!(n+2)!

]n

= lim
n→+∞

(
n+1
n+2

)n

= lim
n→+∞

[(
1− 1

n+2

)−(n+2)
]− n

n+2

= e−1 =
1
e

ដូចេនះ lim
n→+∞

(
b2

n

bn−1bn+1

)n

=
1
e

ល�ំត់ ៣៩ 
េគឲយ (xn) ជស�ុ ីតៃនចំនួនពិតែដលបំេពញលកខខណ� xn+2 =

xn+1 + xn

2
ចំេពះ�គប់ n ∈ N∗

។ េបី x1 ≤ x2

ក) បង� ញថ (x2n+1)ជស�ុ ីតេកីន េហយី (x2n)ជស�ុ ីតចុះ
ខ) បង� ញថ |xn+2 − xn+1|=

x2 − x1

2n ចំេពះ�គប់ n ∈ N∗

គ) បង� ញថ 2xn+2 + xn+1 = 2x2 + x1 ចំេពះ�គប់ n ∈ N∗

ឃ) បង� ញថ (xn)ជស�ុ ីតរមួ េហយីមនលីមីត
x1 +2x2

3
។

ស�មយ 
ក) បង� ញថ (x2n+1)ជស�ុ ីតេកីន េហយី (x2n)ជស�ុ ីតចុះ
េយងីមន x1 ≤ x2
ឧបមថ x2n−1 ≤ x2n

េយងីនឹងបង� ញថ x2n+1 ≤ x2n+2

េយងីមន x2n+2 =
x2n+1 + x2n

2
⇒ x2n+2 − x2n =

x2n+1 + x2n

2
− x2n =

x2n+1 − x2n

2
≤ 0

េ�ពះ x2n+1 =
x2n + x2n−1

2
≤ x2n + x2n

2
= x2n

េគបន x2n−1 ≤ x2n ចំេពះ�គប់ n ∈ N

េយងីបន x2n+1 =
x2n + x2n−1

2
≥ x2n−1 + x2n−1

2
= x2n−1

ដូចេនះ (x2n+1)ជស�ុ ីតេកីន
��យដូចគន ែដរេគបន (x2n)ជស�ុ ីតចុះ
ខ) បង� ញថ |xn+2 − xn+1|=

x2 − x1

2n ចំេពះ�គប់ n ∈ N∗
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េយងីមន x3 =
x2 + x1

2
⇒ x3 − x2 =

x2 − x1

2
⇒ |x3 − x2|=

x2 − x1

2
ឧបមថ |xk+2 − xk+1|=

x2 − x1

2k

េយងីនឹងបង� ញថ |xk+3 − xk+2|=
x2 − x1

2k+1

េយងីមន |xk+3 − xk+2|=
∣∣∣∣xk+2 + xk+1

2
− xk+2

∣∣∣∣= |xk+2 − xk+1|
2

=
|x2 − x1|

2k+1

ដូចេនះ |xn+2 − xn+1|=
x2 − x1

2n ចំេពះ�គប់ n ∈ N∗

គ) បង� ញថ 2xn+2 + xn+1 = 2x2 + x1 ចំេពះ�គប់ n ∈ N∗

េយងីមន 2xn+2+xn+1 = 2
(

xn+1 + xn

2

)
+xn+1 = xn+1+xn+xn+1 = 2xn+1+xn ចំេពះ

�គប់ n ∈ N∗

េនះបȦជ ក់ថ {2xn+1 + xn}ជស�ុ ីតេថរ⇒ 2xn+2 + xn+1 = 2x2 + x1

ដូចេនះ 2xn+2 + xn+1 = 2x2 + x1 ចំេពះ�គប់ n ∈ N∗

ឃ) បង� ញថ (xn)ជស�ុ ីតរមួ េហយីមនលីមីត
x1 +2x2

3
�ម ក (x2n+1)ជស�ុ ីតេកីន េហយី (x2n)ជស�ុ ីតចុះ
ម៉យងេទȢត x1 ≤ x2 េនះ (x2n+1) និង (x2n)ជស�ុ ីតរមួ និង មនលីមីតេសមីគន
េនះ (xn)ជស�ុ ីតរមួ
យក l ជលីមីត គឺ lim

n→+∞
xn = l

�ម គ េយងីមន 2xn+2 + xn+1 = 2x2 + x1 ចំេពះ�គប់ n ∈ N∗

េនះ 2l + l = x1 +2x2 ⇒ l =
x1 +2x2

3
ដូចេនះ (xn)ជស�ុ ីតរមួ េហយីមនលីមីត

x1 +2x2

3
ល�ំត់ ៤០ 
េគឲយ an,bn ∈ Q ែដលបំេពញលកខខណ� (1 +

√
2)n = an + bn

√
2 ចំេពះ�គប់ n ∈ N∗ ។

គណន lim
n→+∞

an

bn
។

ចេម�យ 
េយងីមន (1+

√
2)n = an +bn

√
2 េនះ (1−√

2)n = an −bn
√

2

េគបន an =
1
2
[(1+

√
2)n +(1−

√
2)n]

និង bn =
1

2
√

2
[(1+

√
2)n − (1−

√
2)n]
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េគបន
an

bn
=

1
2 [(1+

√
2)n +(1−

√
2)n]

1
2
√

2
[(1+

√
2)n − (1−

√
2)n]

=
√

2×
1+
(

1−
√

2
1+

√
2

)n

1−
(

1−
√

2
1+

√
2

)n

េនះ lim
n→+∞

an

bn
=
√

2× 1+0
1−0

ដូចេនះ lim
n→+∞

an

bn
=
√

2

ល�ំត់ ៤១ 
េគឲយ a > 0 ។ គណន lim

x→0

(a+ x)x −1
x

។
ចេម�យ 
េយងីមន

lim
x→0

(a+ x)x −1
x

= lim
x→0

ex ln(a+x)−1
x

= lim
x→0

ex ln(a+x)−1

x ln(a+ x)
× lim

x→0
ln(a+ x)

= lna

ដូចេនះ lim
x→0

(a+ x)x −1
x

= lna

ល�ំត់ ៤២ 
េគឲយ |a1 sinx+ a2 sin2x+ ...+ an sinnx| ≤ |sinx| ចំេពះ�គប់ x ∈ R ។ បង� ញថ |a1 +
2a2 + ...+nan| ≤ 1 ។
ស�មយ 
រេបȢបទី ១
េយងីមន |a1 sinx+a2 sin2x+ ...+an sinnx| ≤ |sinx| ចំេពះ�គប់ x ∈ R

េនះ |a1 sinx+a2 sin2x+ ...+an sinnx|
|x|

≤ |sinx|
|x|

=

∣∣∣∣ sinx
x

∣∣∣∣
⇒
∣∣∣∣a1

sinx
x

+a2
sin2x

x
+ ...+

sinnx
x

∣∣∣∣≤ ∣∣∣∣ sinx
x

∣∣∣∣
េនះ lim

x→0

∣∣∣∣a1
sinx

x
+a2

sin2x
x

+ ...+
sinnx

x

∣∣∣∣≤ lim
x→0

∣∣∣∣ sinx
x

∣∣∣∣
ដូចេនះ |a1 +2a2 + ...+nan| ≤ 1
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រេបȢបទី ២
�ង f (x) = a1 sinx+a2 sin2x+ ...+an sinnx
េនះ

|a1 +2a2 + ...+nan|= | f ′(0)|

=

∣∣∣∣limx→0

f (x)− f (0)
x−0

∣∣∣∣
= lim

x→0

∣∣∣∣ f (x)
x

∣∣∣∣
= lim

x→0

∣∣∣∣ f (x)
sinx

∣∣∣∣× ∣∣∣∣ sinx
x

∣∣∣∣
េ�យ |a1 sinx+a2 sin2x+ ...+an sinnx| ≤ |sinx|

េនះ | f (x)| ≤ |sinx| ⇒
∣∣∣∣ f (x)

x

∣∣∣∣≤ 1

ដូចេនះ |a1 +2a2 + ...+nan| ≤ 1

ល�ំត់ ៤៣ 
ឧបមថ f និង g ជអនុគមន៍មនេដរេីវ�តង់ x = a ។ គណន
ក) lim

x→a

x f (a)−a f (x)
x−a

ខ) lim
x→a

f (x)g(a)− f (a)g(x)
x−a

។
ចេម�យ 
េ�យ f និង g ជអនុគមន៍មនេដរេីវ�តង់ x = a េនះ f ′(a) = lim

x→a

f (x)− f (a)
x−a

និង g′(a) = lim
x→a

g(x)−g(a)
x−a

គណន
ក) lim

x→a

x f (a)−a f (x)
x−a

េយងីមន

lim
x→a

x f (a)−a f (x)
x−a

= lim
x→a

x f (a)− x f (x)+ x f (x)−a f (x)
x−a

= lim
x→a

−x( f (x)− f (a))
x−a

+
(x−a) f (x)

x−a

= lim
x→a

f (x)− x× f (x)− f (a)
x−a

= f (a)−a f ′(a)
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ដូចេនះ lim
x→a

x f (a)−a f (x)
x−a

= f (a)−a f ′(a)

ខ) lim
x→a

f (x)g(a)− f (a)g(x)
x−a

េយងីមន
lim
x→a

f (x)g(a)− f (a)g(x)
x−a

= lim
x→a

f (x)g(a)−g(a) f (a)+g(a) f (a)− f (a)g(x)
x−a

= lim
x→a

g(a)( f (x)− f (a))
x−a

− f (a)(g(x)−g(a))
x−a

= g(a) f ′(a)− f (a)g′(a)

ដូចេនះ lim
x→a

f (x)g(a)− f (a)g(x)
x−a

= g(a) f ′(a)− f (a)g′(a)

ល�ំត់ ៤៤ 
េគឲយ f ជអនុគមន៍មនឌីេផរង់៉ែសយល�តង់ x = a ។ គណន
ក) lim

x→a

an f (x)− xn f (a)
x−a

ខ) lim
x→a

f (x)ex − f (a)
f (x)cosx− f (a)

ចំេពះ a = 0 និង f ′(0) ̸= 0

គ) lim
n→+∞

n
[

f
(

1+
1
n

)
+ f

(
1+

2
n

)
+ ...+ f

(
1+

k
n

)
− k f (a)

]
ឃ) lim

n→+∞
n
[

f
(

1+
1
n2

)
+ f

(
1+

2
n2

)
+ ...+ f

(
1+

n
n2

)
−n f (a)

]
។

ចេម�យ 
ក) lim

x→a

an f (x)− xn f (a)
x−a

េ�យ f មនឌីេផរង់៉ែសយល�តង់ x = a េនះ f ′(a) = lim
x→a

f (x)− f (a)
x−a

េយងីមន
lim
x→a

an f (x)− xn f (a)
x−a

= lim
x→a

an f (x)−an f (a)+an f (a)− xn f (a)
x−a

= lim
x→a

an × f (x)− f (a)
x−a

− xn −an

x−a
× f (a)

= an f ′(a)− lim
x→a

(x−a)(xn−1 + xn−2a+ ...+an−1)

x−a
× f (a)

= an f ′(a)− lim
x→a

(xn−1 + xn−2a+ ...+an−1) f (a)

= an f ′(a)− (an−1 +an−1 + ...+an−1) f (a)

= an f ′(a)−nan−1 f (a)
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ដូចេនះ lim
x→a

an f (x)− xn f (a)
x−a

= an f ′(a)−nan−1 f (a)

ខ) lim
x→a

f (x)ex − f (a)
f (x)cosx− f (a)

ចំេពះ a = 0 និង f ′(0) ̸= 0

េយងីមន

lim
x→a

f (x)ex − f (a)
f (x)cosx− f (a)

= lim
x→0

f (x)ex − f (0)
f (x)cosx− f (0)

= lim
x→0

f (x)ex − f (0)
x

× x
f (x)cosx− f (0)

= lim
x→0

f (x)ex − f (0)ex + f (0)ex − f (0)
x

× x
f (x)cosx− f (0)cosx+ f (0)cosx− f (0)

= lim
x→0

ex[ f (x)− f (0)]+ f (0)ex − f (0)
x

× x
cosx[ f (x)− f (0)]+ f (0)(cosx−1)

= lim
x→0

[
ex
(

f (x)− f (0)
x

)
+ f (0)

(
ex −1

x

)]
× 1(

f (x)− f (0)
x

)
cosx+

( cosx−1
x

)
f (0)

= [ f ′(0)+ f (0)]× 1
f ′(0)

= 1+
f (0)
f ′(0)

ដូចេនះ lim
x→a

f (x)ex − f (a)
f (x)cosx− f (a)

= 1+
f (0)
f ′(0)

គ) lim
n→+∞

n
[

f
(

a+
1
n

)
+ f

(
a+

2
n

)
+ ...+ f

(
a+

k
n

)
− k f (a)

]
េយងីមន

lim
n→+∞

n
[

f
(

a+
1
n

)
+ f

(
a+

2
n

)
+ ...+ f

(
a+

k
n

)
− k f (a)

]
= lim

n→+∞
n

k

∑
i=1

f
(

a+
i
n

)
− f (a)

=
n

∑
k=1

i× lim
n→+∞

f
(
a+ i

n

)
− f (a)

i
n

=
n

∑
k=1

i f ′(a)

=
k(k+1)

2
f ′(a)
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ដូចេនះ lim
n→+∞

n
[

f
(

a+
1
n

)
+ f

(
a+

2
n

)
+ ...+ f

(
a+

k
n

)
− k f (a)

]
=

k(k+1)
2

f ′(a)

ឃ) lim
n→+∞

f
(

1+
1
n2

)
+ f

(
1+

2
n2

)
+ ...+ f

(
1+

n
n2

)
−n f (a)

េយងីមន
lim

n→+∞
f
(

a+
1
n2

)
+ f

(
a+

2
n2

)
+ ...+ f

(
a+

n
n2

)
−n f (a)

= lim
n→+∞

n

∑
k=1

f
(

a+
k
n2

)
− f (a)

= lim
n→+∞

n

∑
k=1

f
(

a+ k
n2

)
− f (a)

k
n2

× k
n2

= lim
n→+∞

n

∑
k=1

k
n2 f ′(a)

= lim
n→+∞

n(n+1)
2n2 f ′(a) =

1
2

f ′(a)

ដូចេនះ lim
n→+∞

n
[

f
(

1+
1
n2

)
+ f

(
1+

2
n2

)
+ ...+ f

(
1+

n
n2

)
−n f (a)

]
=

1
2

f ′(a)

ល�ំត់ ៤៥ 
េគឲយស�ុ ីត (an) កំណត់េ�យ a1 =

3
2
និង an+1 =

a2
n −an +1

an
។ បង� ញថ (an) ជស�ុ ីតរមួ

និង គណនលីមីតរបស់� ។
ចេម�យ 
េយងីមន a1 > 0
ឧបមថ an > 0
កេន�ម a2

n −an +1 មន ∆ = 1−4 =−3 < 0
េនះ a2

n −an +1 > 0 ចំេពះ�គប់ an ∈ R

េយងីបន an+1 =
a2

n −an +1
an

> 0

េហតុេនះ an > 0 ចំេពះ�គប់ n ∈ N

�មវសិមភព Cauchy េយងីបន an+1 =
a2

n −an +1
an

= an +
1
an

−1 ≥ 2−1 = 1

េនះបȦជ ក់ថ (an)ជស�ុ ីតទល់េ�កម
ម៉យងេទȢត an+1 −an =

1
an

−1 ≤ 0

េនះ (an) គឺជស�ុ ីតចុះ

123



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

េយងីបន (an) គឺជស�ុ ីតរមួ
ឧបមថ l គឺជលីមីតៃនស�ុ ីត (an)

េ�យ an+1 =
a2

n −an +1
an

េយងីបន l =
l2 − l +1

l
⇒ l = 1

ដូចេនះ (an)ជស�ុ ីតរមួ និង មនលីមីតេសមីនឹង 1

ល�ំត់ ៤៦ 
េគឲយស�ុ ីត (xn) មួយកំណត់េ�យ x0 ∈ (0,1) និង xn+1 = xn−x2

n+x3
n−x4

n ចំេពះ�គប់ n ≥ 0

។ បង� ញថ (xn) គឺជស�ុ ីតរមួ និង គណនលីមីតរបស់� ។
ចេម�យ 
�មប�មប់ x0 ∈ (0,1)
ឧបមថ 0 < xn < 1
េយងីនឹងបង� ញថ 0 < xn+1 < 1
េយងីមន

xn+1 = xn − x2
n + x3

n − x4
n

= xn(1− xn + x2
n − x3

n)

= xn[(1− xn)+ x2
n(1− xn)]

= xn(1− xn)(1+ x2
n)

≤
(

xn +1− xn +1+ x2
n

3

)3

=

(
2+ x2

n

3

)3

<

(
2+1

3

)3

= 1

⇒ xn < 1 ចំេពះ�គប់ n ≥ 0
េគបន xn+1 = xn(1− xn)(1+ x2

n)> 0 ចំេពះ�គប់ n ∈ N និង x0 ∈ (0,1)⇒ xn > 0 ចំេពះ
�គប់ n ≥ 0
េនះបȦជ ក់ថ (xn) គឺជស�ុ ីតទល់េ�កម
ម៉យងេទȢត

xn+1 − xn =−x2
n + x3

n − x4
n

=−x2
n(1− xn + x2

n)< 0

េនះ (xn) គឺជស�ុ ីតចុះ
⇒ (xn) គឺជស�ុ ីតរមួ
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ឧបមថ l គឺជលីមីតៃនស�ុ ីត (xn)

�ម xn+1 = xn − x2
n + x3

n − x4
n េគបន l = l − l2 + l3 − l4 ⇒ l = 0

ដូចេនះ (xn)ជស�ុ ីតរមួ និង មនលីមីត 0

ល�ំត់ ៤៧ 
េគឲយ a > 0 និង b ∈ (a,2a) ។ យក (xn) ជស�ុតីកំណត់េ�យ x0 = b និង xn+1 = a +√

xn(2a− xn) ចំេពះ�គប់ n ≥ 0 ។ សិក�ភពរមួៃន (xn) ។
ស�មយ 
េយងីមន x0 = b និង xn+1 = a+

√
xn(2a− xn)

េនះ
x1 = a+

√
x0(2a− x0)

= a+
√

b(2a−b)

េហយី
x2 = a+

√
x1(2a− x1)

= a+
√
[a+

√
b(2a−b)][a−

√
b(2a−b)]

= a+
√

a2 −b(2a−b)

= a+
√

a2 −2ab+b2

= a+
√
(b−a)2 = a+b−a = b

េគបន (xn)ជស�ុ ីតខួប គឺ x2k = b និង x2k−1 = a+
√

b(2a−b)

េដីមីបឲយ (xn)ជស�ុ ីតរមួ លុះ��ែត lim
k→+∞

x2k = lim
k→+∞

x2k−1

េ�យ lim
k→+∞

x2k = b និង lim
k→+∞

x2k = a+
√

b(2a−b)

េនះ b = a+
√

b(2a−b)
⇒ (b−a)2 = b(2a−b)⇒ b2 −2ab+a2 = 2ab−b2

⇒ 2b2 −4ab+a2 = 0
មន ∆′ = 4a2 −2a2 = 2a2

េយងីបន b =
2a±

√
2a2

2
= a±a

√
2

2
= a(1±

√
2

2
)

ែត b > a េនះ b = a(1+

√
2

2
)

ដូចេនះ (xn)ជស�ុ ីតរមួចំេពះ b = a(1+

√
2

2
) េហយីលីមីតរបស់�េសមីនឹង b
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ល�ំត់ ៤៨ 
គណន lim

n→+∞

n

∑
k=1

k
4k4 +1

។

ចេម�យ 
េយងីមន

k
4k4 +1

=
k

4k4 +2(2k2)+1− (2(2k2))

=
k

(2k2 +1)2 − (2k)2

=
k

(2k2 −2k+1)(2k2 +2k+1)

=
1
4

(
1

2k2 −2k+1
− 1

2k2 +2k+1

)
=

1
4

[
1

2k(k−1)+1
− 1

2k(k+1)+1

]

េនះ

n

∑
k=1

k
4k4 +1

=
n

∑
k=1

1
4

[
1

2k(k−1)+1
− 1

2k(k+1)+1

]
=

1
4

[
1− 1

2n(n+1)+1

]

េហតុេនះ lim
n→+∞

n

∑
k=1

k
4k4 +1

= lim
n→+∞

1
4

[
1− 1

2n(n+1)+1

]
=

1
2

ល�ំត់ ៤៩ 
គណន lim

n→+∞

(
n+1−

n

∑
i=2

i

∑
k=2

k−1
k!

)
។

ចេម�យ 
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េយងីមន

lim
n→+∞

(
n+1−

n

∑
i=2

i

∑
k=2

k−1
k!

)

= lim
n→+∞

[
n+1−

n

∑
i=2

i

∑
k=2

(
1

(k−1)!
− 1

k!

)]

= lim
n→+∞

[
n+1−

n

∑
i=2

(
1− 1

i!

)]

= lim
n→+∞

(
1+

n

∑
i=1

1
i!

)
= e

ល�ំត់ ៥០ 
គណន lim

n→+∞

11 +22 +33 + ...+nn

nn ។
ចេម�យ 
�ម�ទឹស�ីបទ Cesaro-Stolz េយងីបន

lim
n→+∞

11 +22 +33 + ...+nn

nn = lim
n→+∞

(n+1)n+1

(n+1)n+1 −nn

= lim
n→+∞

(
1+ 1

n

)n+1(
1+ 1

n

)n+1 − 1
n

=
e

e−0
= 1

ល�ំត់ ៥១ 
េគឲយស�ុ ីត (an) កំណត់េ�យ a0 = 2 និង an−1 −an =

n
(n+1)!

ចំេពះ n ≥ 1 ។
គណន lim

n→+∞
(n+1)! lnan ។

ចេម�យ 
េយងីមន ak−1 −ak =

k
(k+1)!

េនះ ak −ak−1 =− k
(k+1)!

=
1

(k+1)!
− 1

k!
ចំេពះ 1 ≤

k ≤ n

េនះ
n

∑
k=1

ak −ak−1 =
n

∑
k=1

1
(k+1)!

− 1
k!

⇒ an −a0 =
1

(n+1)!
−1

េគបន an = a0 +
1

(n+1)!
−1 = 2+

1
(n+1)!

−1 = 1+
1

(n+1)!
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េហតុេនះ

lim
n→+∞

(n+1)! lnan = lim
n→+∞

(n+1)! ln
[

1+
1

(n+1)!

]
= lim

n→+∞
ln
[

1+
1

(n+1)!

](n+1)!

= lne = 1

ល�ំត់ ៥២ 
េគឲយស�ុ ីតចំនួនពិត (xn) កំណត់េ�យ x1 = a > 0 និង xn+1 =

x1 +2x2 +3x3 + ...+nxn

n
ចំេពះ n ∈ N ។ គណន lim

n→+∞
xn ។

ចេម�យ 
េ�យ x1 = a > 0 និង xn+1 =

x1 +2x2 +3x3 + ...+nxn

n
េនះ xn > 0 ចំេពះ�គប់ n ∈ N

េគបន xn+1 − xn =
x1 +2x2 +3x3 + ...+nxn

n
− xn =

x1 +2x2 + ...+(n−1)xn−1

n
> 0

េគបន (xn)ជស�ុ ីតេកីន⇒ xn > a ចំេពះ�គប់ n ≥ 2

េនះ xn+1 >
a+2a+3a+ ...+na

n
=

n(n+1)a
2n

=
(n+1)a

2
ដូចេនះ lim

n→+∞
xn =+∞

ល�ំត់ ៥៣ 
េគឲយ n ∈ N ។ គណន lim

x→0

1− cosxcos2x...cosnx
x2 ។

ចេម�យ 
�ង an = lim

x→0

1− cosxcos2x...cosnx
x2

េនះ a0 = lim
n→+∞

1− cos0
x2 = 0
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េយងីមន

an+1 = lim
x→0

1− cosxcos2x...cosnxcos(n+1)x
x2

= lim
x→0

1− cosxcos2x...cosnx
x2

+ lim
x→0

cosxcos2x...cosnx(1− cos(n+1)x)
x2

= an + lim
x→0

1− cos(n+1)x
x2

= an + lim
x→0

2sin2 (n+1)x
2

x2

= an +
(n+1)2

2
lim
x→0

[
sin (n+1)x

2( n+1
2

)
x

]2

= an +
(n+1)2

2

⇒ an+1 −an =
(n+1)2

2

េយងីបន
n−1

∑
k=0

(ak+1 −ak) =
n−1

∑
k=0

(k+1)2

2

េនះ an −a0 =
n

∑
k=1

k2

2
=

n(n+1)(n+2)
12

⇒ an =
n(n+1)(n+2

12
+a0 េ�យ a0 = 0

ដូចេនះ an =
n(n+1)(n+2)

12
ល�ំត់ ៥៤ 
េគឲយ f ជអនុគមន៍កំណត់េ�យ f (0) = 0 និង មនឌីេផរង់៉ែសយល�តង់ 0 ។ ចំេពះ k ∈ N

គណន lim
x→0

1
x

[
f (x)+ f

( x
2

)
+ f

( x
3

)
+ ...+ f

(x
k

)]
។

ចេម�យ 
េ�យ f (0) = 0 និង f មនឌីេផរង់៉ែសយល�តង់ x = 0 េគបន
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lim
x→0

1
x

[
f (x)+ f

( x
2

)
+ f

( x
3

)
+ ...+ f

(x
k

)]
= lim

x→0

1
x

k

∑
n=1

f
( x

n

)
= lim

x→0

k

∑
n=1

f
( x

n

)
x
n

× 1
n

=
k

∑
n=1

lim
x→0

f
( x

n

)
− f (0)

x
n −0

× 1
n

=
k

∑
n=1

1
n
× f ′(0)

=

(
1+

1
2
+ ...+

1
k

)
f ′(0)

ដូចេនះ lim
x→0

1
x

[
f (x)+ f

( x
2

)
+ f

( x
3

)
+ ...+ f

(x
k

)]
=

(
1+

1
2
+ ...+

1
n

)
f ′(0)

ល�ំត់ ៥៥ 
េគឲយ k,m ∈ N ។ គណន
ក) lim

n→+∞

(n+1)m +(n+2)m + ...+(n+ k)m

nm−1 − kn

ខ) lim
n→+∞

(
a+ 1

n

)n (
a+ 2

n

)n
...
(
a+ k

n

)n

ank

គ) lim
n→+∞

(
1+

a
n2

)(
1+

2a
n2

)
...
(

1+
na
n2

)
។

ចេម�យ 
គណន
ក) lim

n→+∞

(n+1)m +(n+2)m + ...+(n+ k)m

nm−1 − kn
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េយងីមន

lim
n→+∞

(n+1)m +(n+2)m + ...+(n+ k)m

nm−1 − kn

= lim
n→+∞

(n+1)m +(n+2)m + ...+(n+ k)m − knm

nm−1

= lim
n→+∞

k

∑
i=1

(n+ i)m −nm

nm−1

= lim
n→+∞

k

∑
i=1

(1+ i
n )

m −1
i
n

× i

=
k

∑
i=1

i f ′(0)

=
k(k+1)

2
f ′(0)

ែដល f (x) = (1+ x)m

េ�យ f ′(x) = m(1+ x)m−1 េនះ f ′(0) = m

េហតុេនះ lim
n→+∞

(n+1)m +(n+2)m + ...+(n+ k)m

nm−1 − kn =
mk(k+1)

2

ខ) lim
n→+∞

(
a+ 1

n

)n (
a+ 2

n

)n
...
(
a+ k

n

)n

ank

យក A = lim
n→+∞

(
a+ 1

n

)n (
a+ 2

n

)n
...
(
a+ k

n

)n

ank

⇒ lnA = lim
n→+∞

ln

(
a+ 1

n

)n (
a+ 2

n

)n
...
(
a+ k

n

)n

ank

= lim
n→+∞

n ln
(

a+
1
n

)
+n ln

(
a+

2
n

)
+ ...+n ln

(
a+

k
n

)
−nk lna

= lim
n→+∞

n
k

∑
i=1

ln
(

a+
i
n

)
− lna

= lim
n→+∞

k

∑
i=1

ln
(
a+ i

n

)
− lna

i
n

× i

=
k

∑
i=1

f ′(0)× i =
k(k+1)

2
× f ′(0)

ែដល f (x) = ln(a+ x)⇒ f ′(x) =
1

a+ x
េនះ f ′(0) =

1
a

េហតុេនះ lnA =
k(k+1)

2
× 1

a
=

k(k+1)
2a
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ដូចេនះ lim
n→+∞

(
a+ 1

n

)n (
a+ 2

n

)n
...
(
a+ k

n

)n

ank = e
k(k+1)

2a

គ) lim
n→+∞

(
1+

a
n2

)(
1+

2a
n2

)
...
(

1+
na
n2

)
េយងីមន A = lim

n→+∞

(
1+

a
n2

)(
1+

2a
n2

)
...
(

1+
na
n2

)
⇒ lnA = lim

n→+∞
ln
(

1+
a
n2

)
+ ln

(
1+

2a
n2

)
+ ...+ ln

(
1+

na
n2

)
= lim

n→+∞

n

∑
k=1

ln
(

1+
ka
n2

)
= lim

n→+∞

n

∑
k=1

lna
(

1
a
+

k
n2

)
= lim

n→+∞

n

∑
k=1

ln
(

1
a
+

k
n2

)
− ln

1
a

= lim
n→+∞

n

∑
k=1

ln
(

1
a +

k
n2

)
− ln 1

a
k

n2

× k
n2

= lim
n→+∞

n

∑
k=1

f ′(0)× k
n2

= lim
n→+∞

n(n+1)
2n2 f ′(0)

ែដល f (x) = ln
(

1
a
+ x
)
េនះ f ′(x) =

1
1
a + x

⇒ f ′(0) = a

េគបន lnA = lim
n→+∞

an(n+1)
2n2 =

a
2

ដូចេនះ A = e
a
2

ល�ំត់ ៥៦ 
ឧបមថ f ជអនុគមន៍មនឌីេផរង់៉ែសយល�តង់ a េហយី (xn) និង (zn)ជស�ុ ីតរមួេǵរក a ែដល
xn < a < zn ចំេពះ�គប់ n ∈ N ។ បង� ញថ lim

n→+∞

f (xn)− f (zn)

xn − zn
= f ′(a) ។

ស�មយ
េយងីមន f (xn)− f (zn)

xn − zn
=

f (xn)− f (a)
xn −a

× xn −a
xn − zn

+
f (zn)− f (a)

zn −a
× a− zn

xn − zn

េ�យ xn < a < zn េនះ 0 <
a− zn

xn − zn
< 1 និង 0 <

xn −a
xn − zn

< 1

ម៉យងេទȢត a− zn

xn − zn
+

xn −a
xn − zn

= 1
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េគបន f (xn)− f (zn)

xn − zn
េǷចេន� ះពីរចំនួន f (xn)− f (a)

xn −a
និង f (zn)− f (a)

zn −a

�មប�មប់ (xn) និង (zn) រមួេǵរក a⇒ lim
n→+∞

f (xn)− f (a)
xn −a

= lim
n→+∞

f (zn)− f (a)
zn −a

= f ′(a)

េហតុេនះ lim
n→+∞

f (xn)− f (zn)

xn − zn
= f ′(a)

ល�ំត់ ៥៧ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និង មនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b) ។
េបីេគដឹងថ f (a) = f (b) = 0 បង� ញថ មន α ∈ (a,b) ែដល α f (x)+ f ′(x) = 0 ។
ស�មយ 
យក h(x) = eαx f (x)
េនះ h(a) = eαa f (a) = 0 និង h(b) = eαb f (b) = 0
⇒ h(a) = h(b)
�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល h′(x) = 0
េ�យ h′(x) = αeαx f (x)+ eαx f ′(x) = eαx(α f (x)+ f ′(x))
េយងីបន eαx(α f (x)+ f ′(x)) = 0
ដូចេនះ α f (x)+ f ′(x) = 0

ល�ំត់ ៥៨ 
េគឲយ f និង gជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និងមនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b)

។ េបីេគដឹងថ f (a) = f (b) = 0 បង� ញថ មន x ∈ (a,b) ែដល g′(x) f (x)+ f ′(x) = 0 ។
ចេម�យ 
យក h(x) = eg(x) f (x) េនះ h(a) = eg(a) f (a) = 0 និង h(b) = eg(b) f (b) = 0
េគបន h(a) = h(b)
�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល h′(x) = 0
េ�យ h′(x) = g′(x)eg(x) f (x)+ eg(x) f ′(x) = eg(x)(g′(x) f (x)+ f ′(x))
េយងីបន eg(x)(g′(x) f (x)+ f ′(x)) = 0
ដូចេនះ g′(x) f (x)+ f ′(x) = 0

ល�ំត់ ៥៩ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និង មនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b) ។
ឧបមថ f (a)

a
=

f (b)
b

បង� ញថ មន x ∈ (a,b) ែដល x f ′(x) = f (x) ។
ចេម�យ 
យក h(x) =

f (x)
x
េនះ h(a) =

f (a)
a

=
f (b)

b
= h(b) េ�ពះ f (a)

a
=

f (b)
b

�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល h′(x) = 0

េ�យ h′(x) =
x f ′(x)− f (x)

x2

េយងីបន x f ′(x)− f (x)
x2 = 0
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ដូចេនះ x f ′(x) = f (x)

ល�ំត់ ៦០ 
េគឲយ f ជអនុគមន៍ជប់េលីចេន� ះបិទ [a,b] និង មនឌីេផរង់៉ែសយលេលីចេន� ះេបីក (a,b) ។
េបីេគដឹងថ f 2(b)− f 2(a)= b2−a2 បង� ញថសមីករ f ′(x) f (x)= xមនរសឹមួយយ៉ងតិច
េǷេលីចេន� ះ (a,b) ។
ចេម�យ 
យក h(x) = f 2(x)− x2 េនះ h(a) = f 2(a)−a2 និង h(b) = f 2(b)−b2

េយងីបន

h(b)−h(a) = [ f 2(b)−b2]− [ f 2(a)−a2]

= [ f 2(b)− f 2(a)]− (b2 −a2) = 0

េ�ពះ f 2(b)− f 2(a) = b2 −a2

េនះ h(a) = h(b)
�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល h′(x) = 0
េ�យ h′(x) = 2 f ′(x) f (x)−2x = 2[ f ′(x) f (x)− x]
េគបន 2[ f ′(x) f (x)− x] = 0
ដូចេនះ សមីករ f ′(x) f (x) = x មនរសឹមួយយ៉ងតិចេǷេលីចេន� ះ (a,b)
ល�ំត់ ៦១ 
េគឲយ f ជអនុគមន៍ជប់ និង មិនសូនយេលី [a,b] េហយីមនឌីេផរង់៉ែសយលេលី (a,b) ។ េបីេគ
ដឹងថ f (a)g(b) = f (b)g(a) បង� ញថ មន x ∈ (a,b) ែដល f ′(x)

f (x)
=

g′(x)
g(x)

។
ស�មយ 
យក h(x) =

f (x)
g(x)

េ�យ f (a)g(b) = f (b)g(a)⇒ f (a)
g(a)

=
f (b)
g(b)

េនះ h(a) =
f (a)
g(a)

=
f (b)
g(b)

= h(b)

�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល h′(x) = 0

េ�យ h′(x) =
f ′(x)g(x)− f (x)g′(x)

g2(x)

េយងីបន f ′(x)g(x)− f (x)g′(x)
g2(x)

= 0

េនះ f ′(x)
f (x)

=
g′(x)
g(x)

ដូចេនះ មន x ∈ (a,b) ែដល f ′(x)
f (x)

=
g′(x)
g(x)

ល�ំត់ ៦២ 
គណន
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ក) lim
n→+∞

(
1k +2k + ...+nk

nk+1

)
ខ) lim

n→+∞

(
1

n+1
+

1
n+2

+ ...+
1

n+n

)
គ) lim

n→+∞

(
n

n2 +1
+

n
n2 +4

+
n

n2 +9
+ ...+

n
n2 +n2

)
ចេម�យ 
គណន
ក) lim

n→+∞

(
1k +2k + ...+nk

nk+1

)
េយងីមន

lim
n→+∞

(
1k +2k + ...+nk

nk+1

)
= lim

n→+∞

1
n

[(
1
n

)k

+

(
2
n

)k

+ ...+
(n

n

)k
]

= lim
n→+∞

n

∑
i=1

1
n

(
i
n

)k

ពិនិតយអនុគមន៍ f កំណត់េ�យ f (x) = xk

f ជអនុគមន៍ជប់េលីចេន� ះ [0,1]
េបីេយងីែចកអងកត់ [0,1]ជ n អងកត់េសមីៗគន េ�យស�ុ ីតកំណត់េ�យ (xi) ែដល
x0 = 0,x1 = 0+1× 1−0

n
=

1
n
,x2 = 0+2× 1−0

n
=

2
n
, ... និង xn = 0+n× 1−0

n
=

n
n

េហយី ∆x =
b−a

n
=

1−0
n

=
1
n

�មនិយមន័យ�ងំេត�កលកំណត់េយងីបន∫ 1

0
f (x)dx = lim

n→+∞

n

∑
i=1

f (xi)∆x = lim
n→+∞

n

∑
i=1

1
n

(
i
n

)k

េ�យ
∫ 1

0
f (x)dx =

∫ 1

0
xkdx =

[
xk+1

k+1

]1

0
=

1
k+1

ដូចេនះ lim
n→+∞

(
1k +2k + ...+nk

nk+1

)
=

1
k+1

ខ) lim
n→+∞

(
1

n+1
+

1
n+2

+ ...+
1

n+n

)
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េយងីមន

lim
n→+∞

(
1

n+1
+

1
n+2

+ ...+
1

n+n

)
= lim

n→+∞

[
1

n
(
1+ 1

n

) + 1
n
(
1+ 2

n

) + ...+
1

n
(
1+ n

n

)]

= lim
n→+∞

1
n

(
1

1+ 1
n

+
1

1+ 2
n

+ ...+
1

1+ n
n

)

= lim
n→+∞

n

∑
i=1

1
n

(
1

1+ i
n

)

= lim
n→+∞

n

∑
i=1

∆x f (xi)ែដល f (x) =
1

1+ x

=
∫ 1

0

1
1+ x

dx

= [ln |x+1|]10 = ln2

ដូចេនះ lim
n→+∞

(
1

n+1
+

1
n+2

+ ...+
1

n+n

)
= ln2

គ) lim
n→+∞

(
n

n2 +1
+

n
n2 +4

+
n

n2 +9
+ ...+

n
n2 +n2

)
េយងីមន

lim
n→+∞

(
n

n2 +1
+

n
n2 +4

+
n

n2 +9
+ ...+

n
n2 +n2

)

= lim
n→+∞

 n

n2
(

1+ 1
n2

) +
n

n2
(

1+ 4
n2

) + ...+
n

n2
(

1+ n2

n2

)


= lim
n→+∞

 1

n
(

1+ 1
n2

) +
1

n
(

1+ 4
n2

) + ...+
1

n
(

1+ n2

n2

)


= lim
n→+∞

n

∑
i=1

1
n

[
1

1+
( i

n

)2

]

= lim
n→+∞

n

∑
i=1

∆x f (xi) ែដល f (x) =
1

1+ x2

=
∫ 1

0

1
1+ x2 dx = [arctanx]10 = arctan1 =

π
4
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ល�ំត់ ៦៣ 
ឧបមថ a0,a1, ...,an ជចំនួនពិតវជិជមនែដលបំេពញលកខខណ� a0

n+1
+

a1

n
+ ...+

an−1

2
+

an = 0 ។ បង� ញថ ពហុធ P(x) = a0xn+a1xn−1+ ...+an មនរសឹយ៉ងេ�ច�ស់មួយ
េលីចេន� ះ (0,1) ។
ស�មយ 
យក h(x) =

a0

n+1
xn+1 +

a1

n
xn + ...+

an−1

2
x2 +anx

េយងីបន h(0) = 0
េហយី h(1) =

a0

n+1
+

a1

n
+ ...+

an−1

2
+an = 0

េនះ h(0) = h(1)
�ម�ទឹស�ីបទ Rolle មន x ∈ (0,1) ែដល h′(x) = 0
េ�យ h′(x) = a0xn +a1xn−1 + ...+an = P(x)
េគបន P(x) = 0
ដូចេនះ ពហុធ P(x) = a0xn + a1xn−1 + ...+ an មនរសឹយ៉ងេ�ច�ស់មួយេលីចេន� ះ
(0,1)
ល�ំត់ ៦៤ 
ចំេពះ a0,a1, ...,an ជចំនួនពិតែដលបំេពញលកខខណ�
a0

1
+

2a1

2
+

22a2

3
+ ...+

2n−1an−1

n
+

2nan

n+1
= 0 ។

បង� ញថ អនុគមន៍ f (x) = an lnn x+ an−1 lnn−1 x+ ...+ a1 lnx+ a0 មនរសឹយ៉ងេ�ច
�ស់មួយេលី (1,e2) ។
ស�មយ 
យក h(x) =

an lnn+1 x
n+1

+
an−1 lnn x

n
+ ...+

a2 ln2 x
2

+a0 lnx

េនះ h(1) = 0

េហយី h(e2) =
a0

1
+

2a1

2
+

22a2

3
+ ...+

2n−1an−1

n
+

2nan

n+1
= 0

េយងីបន h(1) = h(e2) = 0
�ម�ទឹស�ីបទ Rolle មន x ∈ (1,e2) ែដល h′(x) = 0

េ�យ h′(x) =
an lnn x

x
+

an−1 lnn−1 x
x

+ ...+
a1 lnx

x
+

a0

x

េយងីបន an lnn x
x

+
an−1 lnn−1 x

x
+ ...+

a1 lnx
x

+
a0

x
= 0

េនះ an lnn x+an−1 lnn−1 x+ ...+a1 lnx+a0 = 0
ដូចេនះ អនុគមន៍ f (x)= an lnn x+an−1 lnn−1 x+...+a1 lnx+a0 មនរសឹយ៉ងេ�ច�ស់
មួយេលី (1,e2)

ល�ំត់ ៦៥ 

137



េរȢបេរȢងេ�យ ជ ពិសិដ� គណិតវភិគ II

េគឲយ P(x)ជពហុធែដលមនដឺេ�ក n,n≥ 2។បង� ញថ េបី P(x)មនរសឹទងំអស់ជចំនួនពិត
េនះ P′(x) ក៏មនរសឹទងំអស់ជចំនួនពិតែដរ ។
ចេម�យ 
ឧបមថ x1,x2, ...,xn ជរសឹពិតៃនពហុធ P(x) ែដល x1 < x2 < ... < xn
េនះ P(x1) = P(x2) = ...= P(xn)

�ម�ទឹស�ីបទ Rolle មន yk ∈ (xk,xk+1),k = 1,n,xk+1 = x1 ែដល P′(yk) = 0

េនះបȦជ ក់ថ P′(x) ែដលមនដឺេ�ក n−1 មនរសឹជចំនួនពិតចំនួន n−1
ដូចេនះ P′(x)មនរសឹទងំអស់ជចំនួនពិត
ល�ំត់ ៦៦ 
េគឲយ f ជអនុគមន៍ជប់ និង មនឌីេផរង់៉ែសយលេលី [a,b] េហយីមនឌីេផរង់៉ែសយលលំ�ប់ ២
េលី (a,b) ។ ឧបមថ f (a) = f ′(a) = f (b) = 0 បង� ញថមន x1 ∈ (a,b) ែដល f ′(x1) = 0
។
ស�មយ 
េ�យ f (a) = f (b)
�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល f ′(x) = 0
េនះ f ′(a) = f ′(x) = 0
�ម�ទឹស�ីបទ Rolle មន x1 ∈ (a,x) ែដល f ′′(x1) = 0
ដូចេនះ មន x1 ∈ (a,b) ែដល f ′(x1) = 0

ល�ំត់ ៦៧ 
េគឲយ f ជអនុគមន៍ជប់ និង មនឌីេផរង់៉ែសយលេលីចេន� ះ [a,b] េហយី មនឌីេផរង់៉ែសយល
លំ�ប់ ២ េលីចេន� ះ (a,b) ។ ឧបមថ f (a) = f (b) និង f ′(a) = f ′(b) = 0 បង� ញថមន
x1,x2 ∈ (a,b) ែដល x1 ̸= x2 និង f ′′(x1) = f ′′(x2) ។
ស�មយ 
េ�យ f (a) = f (b)
�ម�ទឹស�ីបទ Rolle មន x ∈ (a,b) ែដល f ′(x) = 0
�មប�មប់ f ′(a) = f ′(b) = 0
េគបន f ′(a) = f ′(x) = f ′(b) = 0
េនះ�ម�ទឹស�ីបទ Rolle មន x1 ∈ (a,x) និង x2 ∈ (x,b) ែដល f ′′(x1) = 0 និង f ′′(x2) = 0
ដូចេនះ មន x1,x2 ∈ (a,b) ែដល x1 ̸= x2 និង f ′′(x1) = f ′′(x2)

ល�ំត់ ៦៨ 
បង� ញថ សមីករ
ក) x13 +7x3 −5 = 0
ខ) 3x +4x = 5x មនរសឹជចំនួនពិតែតមួយគត់ ។
ចេម�យ 
បង� ញថ សមីករមនរសឹជចំនួនពិតែតមួយគត់
ក) x13 +7x3 −5 = 0
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យក f (x) = x13 +7x3 −5
េនះ f ′(x) = 13x12 +21x2 ≥ 0
⇒ f ជអនុគមន៍េកីនជនិចច
េ�យ f (0) =−5 និង lim

x→+∞
f (x) = +∞

�ម�ទឹស�ីបទតៃម�ក�� ល សមីករ f (x) = 0 មនរសឹែតមួយគត់េលី (0,+∞)

ម៉យងេទȢត ចំេពះ x ≤ 0 េគបន x13 +7x3 −5 < 0
េនះបȦជ ក់ថសមីករ f (x) = 0 គម នរសឹចំេពះ x ≤ 0
ដូចេនះ សមីករ x13 +7x3 −5 = 0 មនរសឹជចំនួនពិតែតមួយគត់
ខ) 3x +4x = 5x

ចំេពះ x = 2 េគបន 32 +42 = 52 ⇔ 25 = 25 ពិត
េនះបȦជ ក់ថ x = 2 ជរសឹៃនសមីករ
េយងីនឹងបង� ញថ x = 2 ជរសឹៃនសមីករែតមួយគត់
េយងីមន 3x +4x = 5x ⇔

(
3
5

)x

+

(
4
5

)x

= 1

េ�យ f (x) =
(

3
5

)x

+

(
4
5

)x

ជអនុគមន៍ចុះ េហយី g(x) = 1 ជអនុគមន៍េថរ

េនះសមីករ f (x) = g(x) រ ឺ
(

3
5

)x

+

(
4
5

)x

= 1 មនចេម�ីយែតមួយគត់
ដូចេនះ សមីករមនរសឹែតមួយគត់ គឺ x = 2

ល�ំត់ ៦៩ 
ចំេពះចំនួនពិតមិនសូនយ a1,a2, ...,an និង nចំនួនពិតេផ�ងគន α1,α2, ...,αn បង� ញថសមីករ
a1xα1 +a2xα2 + ...+anxαn = 0 មនរសឹជចំនួនពិតយ៉ងេ�ចីន n−1 េលី (0,+∞) ។
ស�មយ 
េយងីនឹង��យបȦជ ក់សំេណីខងេលីេ�យេ�បី�ចរកំេណីន
ចំេពះ n = 1 េយងីបន a1xα1 = 0 ⇒ xα1 = 0 មិន�ច
េនះសមីករគម នរសឹ
កនុងករណីេនះសំេណីពិត
ឧបមថសំេណីពិតចំេពះ n គឺ a1xα1 +a2xα2 +...+anxαn = 0មនរសឹជចំនួនពិតយ៉ងេ�ចីន
n−1 េលី (0,+∞)

េយងីនឹងបង� ញថសមីករ a1xα1 +a2xα2 + ...+anxαn +an+1xαn+1 = 0មនរសឹជចំនួនពិត
យ៉ងេ�ចីន n េលី (0,+∞)

េយងីមន a1xα1 +a2xα2 + ...+anxαn +an+1xαn+1 = 0
សមមូលនឹង a1xα1−αn+1 +a2xα2−αn+1 + ...+anxαn−αn+1 +an+1 = 0
�ង f (x) = a1xα1−αn+1 +a2xα2−αn+1 + ...+anxαn−αn+1 +an+1
េនះ f ′(x) = a1(α1 −αn+1)xα1−αn+1−1 +a2(α2 −αn+1)xα2−αn+1−1 + ...
+an(αn −αn+1)xαn−αn+1−1
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ឧបមថ a1xα1 +a2xα2 + ...+anxαn +an+1xαn+1 = 0 មនរសឹេ�ចីនជង n េលី (0,+∞)

�ម�ទឹស�ីបទ Rolle េគបន f ′(x) = 0 មនរសឹយ៉ងេ�ច�ស់ n ែដលផទុយពីសមមតិកមម
កំេណីន
⇒ a1xα1 +a2xα2 +...+anxαn +an+1xαn+1 = 0មនរសឹជចំនួនពិតយ៉ងេ�ចីន n េលី (0,+∞)

ដូចេនះ សំេណី�តȪវបន��យបȦជ ក់
ល�ំត់ ៧០ 
ចំេពះ f ,g និង h ជអនុគមន៍ជប់េលី [a,b] និង មនឌីេផរង់៉ែសយលេលី (a,b) េគកំណត់

អនុគមន៍ F េ�យ F(x) =

∣∣∣∣∣∣
f (x) g(x) h(x)
f (a) g(a) h(a)
f (b) g(b) h(b)

∣∣∣∣∣∣ ចំេពះ x ∈ [a,b]។

បង� ញថ ∃x0 ∈ (a,b) ែដល f ′(x0) = 0 រចួទញបȦជ ក់�ទឹស�ីបទតៃម�មធយម និង �ទឹស�ីបទ
Cauchy ។
ស�មយ 

េ�យ F(x) =

∣∣∣∣∣∣
f (x) g(x) h(x)
f (a) g(a) h(a)
f (b) g(b) h(b)

∣∣∣∣∣∣
េនះ F(a) =

∣∣∣∣∣∣
f (a) g(a) h(a)
f (a) g(a) h(a)
f (b) g(b) h(b)

∣∣∣∣∣∣= 0

និង F(b) =

∣∣∣∣∣∣
f (b) g(b) h(b)
f (a) g(a) h(a)
f (b) g(b) h(b)

∣∣∣∣∣∣= 0

េគបន F(a) = F(b)

ម៉យងេទȢត f ,g និង h ជអនុគមន៍ជប់េលី [a,b] និង មនឌីេផរង់៉ែសយលេលី (a,b)

េនះ F(x) ក៏ជអនុគមន៍ជប់េលី [a,b] និង មនឌីេផរង់៉ែសយលេលី (a,b) ែដរ

គឺ F ′ (x) =

∣∣∣∣∣∣
f ′ (x) g′ (x) h′ (x)
f (a) g(a) h(a)
f (b) g(b) h(b)

∣∣∣∣∣∣
�ម�ទឹស�ីបទតៃម�មធយម ∃x0 ∈ (a,b) ែដល F ′(x0) = 0
+ ទញបȦជ ក់�ទឹស�ីបទតៃម�មធយម

យក g(x) = x និង h(x) = 1 េគបន F ′ (x0) =

∣∣∣∣∣∣
f ′ (x0) 1 0
f (a) a 1
f (b) b 1

∣∣∣∣∣∣= 0

⇒ f (b)− f (a) = f ′ (x0)(b−a)
+ទញបȦជ ក់�ទឹស�ីបទ Cauchy

យក h(x) = 1 េគបន F ′ (x0) =

∣∣∣∣∣∣
f ′ (x0) g′ (x0) 0
f (a) g(a) 1
f (b) g(b) 1

∣∣∣∣∣∣= 0
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⇒ f (b)− f (a)
g(b)−g(a)

=
f ′ (x0)

g′ (x0)

ល�ំត់ ៧១ 
េគឲយ f ជអនុគមន៍ជប់េលី [0,2] និង មនឌីេផរង់៉ែសយលេលី (0,2) ។ េបីេគដឹងថ f (0) =
0, f (1) = 1 និង f (2) = 2 បង� ញថ ∃x0 ∈ (0,2) ែដល f ′′(x0) = 0 ។
ស�មយ 
េ�យ f ជអនុគមន៍ជប់េលី [0,2] និង មនឌីេផរង់៉ែសយលេលី (0,2)�ម�ទឹស�ីបទតៃម�មធយម
∃x1 ∈ (0,1) និង x2 ∈ (1,2) ែដល f (1)− f (0) = f ′(x1)(1−0)
⇒ f ′(x1) = 1−0 = 1
េហយី f (2)− f (1) = f ′(x2)(2−1)
⇒ f ′(x2) = 2−1 = 1
េគបន f ′(x1) = f ′(x2) = 1
�ម�ទឹស�ីបទ Rolle ∃x0 ∈ (x1,x2) ែដល f ′′(x0) = 0
ដូចេនះ ∃x0 ∈ (0,2) ែដល f ′′(x0) = 0

ល�ំត់ ៧២ 
េគឲយ f ជអនុគមន៍ជប់េលី [a,b] និងមនឌីេផរង់៉ែសយលេលី (a,b)។ េបី f មិនែមនជអនុគមន៍
លីេនែអ៊រ បង� ញថ ∃x1,x2 ∈ (a,b) ែដល f ′(x1)<

f (b)− f (a)
b−a

< f ′(x2) ។
ស�មយ 
េ�យ f មិនែមនជអនុគមន៍លីេនែអ៊រ េនះ ∃c ∈ (a,b)

ែដល f (c)< f (a)+
f (b)− f (a)

b−a
(c−a) រ ឺ f (c)> f (a)+

f (b)− f (a)
b−a

(c−a)

ចំេពះ f (c)< f (a)+
f (b)− f (a)

b−a
(c−a)

េយងីបន f (c)− f (a)
c−a

<
f (b)− f (a)

b−a

និង f (c)− f (b)
c−b

>
f (b)− f (a)

b−a

េយងីបន f (c)− f (a)
c−a

<
f (b)− f (a)

b−a
<

f (c)− f (b)
c−b

�ម�ទឹស�ីបទតៃម�មធយមមន x1,x2 ∈ (a,b) ែដល f (c)− f (a)
c−a

= f ′(x1)

និង f (c)− f (b)
c−b

= f ′(x2)

ដូចេនះ ∃x1,x2 ∈ (a,b) ែដល f ′(x1)<
f (b)− f (a)

b−a
< f ′(x2)

ល�ំត់ ៧៣ 
េគឲយ f ជអនុគមន៍ជប់េលី [0,1] និង មនឌីេផរង់៉ែសយលេលី (0,1) ។ ឧបមថ f (0) =
f (1) = 0 និង មន x0 ∈ (0,1) ែដល f (x0) = 1 បង� ញថ ∃c ∈ (0,1) ែដល | f ′(c)| > 2
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។
ស�មយ 
+ ចំេពះ x0 ̸=

1
2
េនះមួយកនុងចំេ�មចេន� ះ [0,x0] និង [x0,1] �តȪវមន�បែវងខ�ីជង 1

2
· េបី [x0,1]មន�បែវងខ�ីជង 1

2

�ម�ទឹស�ីបទតៃម�មធយម ∃c ∈ (x0,1) ែដល f (1)− f (x0)

1− x0
= f ′(c)

⇒ f ′(c) =− 1
1− x0

ែត x0 >
1
2
⇒ 1− x0 < 1− 1

2
=

1
2

េគបន f ′(c)<−2
េនះ | f ′(c)|> 2

��យដូចគន ករណី [0,x0]មន�បែវងខ�ីជង 1
2

+ចំេពះ x0 =
1
2

-ករណី f ជអនុគមន៍លីេនែអ៊រេលី [0, 1
2
] គឺ f (x) = ax+b

�ម f (0) = 0 និង f (x0) = 1

េគបន f (x) = 2x ចំេពះ ∀x ∈ [0,
1
2
]

េ�យ f ′(
1
2
) = 2 េនះ ∃x1 >

1
2
ែដល f (x1)> 1

�ម�ទឹស�ីបទតៃម�មធយមេយងីបន f (1)− f (x1)

1− x1
= f ′(c)⇒− f (x1)

1− x1
= f ′(c)

េ�យ 1− x1 < 1− 1
2
=

1
2

⇒ 1
1− x1

> 2

⇒− f (x1

1− x1
<−2 f (x1)<−2

⇒ f ′(c)<−2 ⇒ | f ′(c)|> 2

-ករណីែដល f មិនែមនជអនុគមន៍លីេនែអ៊េលី [0,
1
2
]

េនះ ∃x2 ∈ (0,
1
2
) ែដល f (x2)> 2x2 រ ឺ f (x2)< 2x2

+ f (x2)> 2x2

�ម�ទឹស�ីបទតៃម�មធយម ∃c ∈ (0,x2) ែដល f (0)− f (x2)

0− x2
= f ′(c)

f (x2)

x2
= f ′(c)⇒ f ′(c)> 2

េនះ | f ′(c)|> 2
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��យដូចគន ចំេពះ f (x2)< 2x2

សរុបមក ∃c ∈ (0,1) ែដល | f ′(c)|> 2

ល�ំត់ ៧៤ 
េគឲយ f ជអនុគមន៍ជប់េលី [a,b],a> 0 និងមនឌីេផរង់៉ែសយលេលី (a,b) ។ បង� ញថ ∃x1 ∈

(a,b) ែដល b f (a)−a f (b)
b−a

= f (x1)− x1 f ′(x1) ។
ស�មយ 
ពិនិតយ g(x)=

f (x)
x
និង h(x)=

1
x
ជអនុគមន៍ជប់េលី [a,b] និងមនឌីេផរង់៉ែសយលេលី (a,b)

េ�ពះ f ជអនុគមន៍ជប់េលី [a,b],a > 0 និង មនឌីេផរង់៉ែសយលេលី (a,b)

�ម�ទឹស�ីបទ Cauchy ∃x1 ∈ (a,b) ែដល g(b)−g(a)
h(b)−h(a)

=
g′ (x1)

h′ (x1)

⇒
f (b)

b − f (a)
a

1
b −

1
a

=

x1 f ′(x1)− f (x1)

x2
1

− 1
x2

1

= f (x1)− x1 f ′ (x1)

ដូចេនះ ∃x1 ∈ (a,b) ែដល b f (a)−a f (b)
b−a

= f (x1)− x1 f ′(x1)

ល�ំត់ ៧៥ 
ឧបមថ f : [a,b] → R,b− a ≥ 4 មនឌីេផរង់៉ែសយលេលី (a,b) ។ បង� ញថ ∃x0 ∈ (a,b)
ែដល f ′(x0)< 1+ f 2(x0) ។
ស�មយ 
ពិនិតយ g(x) = arctanx
ចំេពះ x1,x2 ែដល a < x1 < x2 < b និង x2 − x1 > π
�ម�ទឹស�ីបទតៃម�មធយមេយងីបន g(x2)−g(x1) = g′(x0)(x2 − x1) ចំេពះ x0 ∈ (x1,x2)

⇒ arctanx2 − arctanx1 =
f ′(x0)

1+ f 2(x0)
(x2 − x1) េ�ពះ g′(x) =

f (x)
1+ f 2(x)

⇒ |arctanx2 − arctanx1|=
∣∣∣∣ f ′ (x0)

1+ f 2 (x)
(x2 − x1)

∣∣∣∣= | f ′ (x0)|
1+ f 2 (x)

(x2 − x1)

ែត −π
2
≤ arctanx2 − arctanx1 ≤

π
2

⇒ |arctanx2 − arctanx1| ≤ π

⇒ | f ′ (x0)|
1+ f 2 (x0)

(x2 − x1)≤ π

⇒ | f ′ (x0)|
1+ f 2 (x0)

≤ π
x2 − x1

< 1

⇒
∣∣ f ′ (x0)

∣∣< 1+ f 2 (x0)

ដូចេនះ ∃x0 ∈ (a,b) ែដល f ′(x0)< 1+ f 2(x0) េ�ពះ f ′(x0)≤ | f ′(x0)|
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