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Preface

ThefirsttimeChinaparticipatedinIMO wasin1985,when

twostudentsweresenttothe26thIMO.Since1986,Chinahas

ateamofsixstudentsateveryIMOexceptin1998whenitwas

heldinTaiwan.Sofar,upto2014,Chinahasachievedthe

numberonerankingfor20timesinteam effort.A great

majorityofstudentsreceivedgoldmedals.ThefactthatChina

obtainedsuchencouragingresultisdueto,ontheonehand,

Chinesestudents􀆳hardworkandperseverance,andontheother

hand,theeffortofteachersinschoolsandthetrainingoffered

bynationalcoaches. We believeitisalso aresultofthe

educationsystem in China,in particular,theemphasison

trainingofbasicskillsinscienceeducation.

Thematerialsofthisbookcomefromaseriesoffourbooks
(inChinese)onForwardtoIMO:ACollectionofMathematical
OlympiadProblems(2011 2014).Itisacollectionofproblems

andsolutionsofthemajormathematicalcompetitionsinChina.

ItprovidesaglimpseofhowtheChinanationalteamisselected

and formed. First, there is the China Mathematical

Competition,anationalevent.ItisheldonthesecondSunday
ofOctobereveryyear.Throughthecompetition,about300

studentsareselectedtojointheChinaMathematicalOlympiad
(commonlyknownasthewintercamp),orinshortCMO,in

ⅴ
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MathematicalOlympiadinChina

thefollowingJanuary.CMOlastsforfivedays.Boththetype
andthe difficulty ofthe problems match those ofIMO.
Similarly,studentsaregiventhreeproblemstosolvein4.5
hourseach day.From CMO,about50to60studentsare
selectedtoformanationaltrainingteam.Thetrainingtakes

placefortwoweeksinthemonthofMarch.Afterfourtosix
tests,plustwoqualifyingexaminations,sixstudentsarefinally
selectedtoformthenationalteam,takingpartinIMOinJuly
ofthatyear.

In view ofthe differencesin education,culture and
economyof western partof Chinaincomparison withthe
coastalpartinEastChina,mathematicalcompetitionsin West
Chinadidnotdevelopasfastasintherestofthecountry.In
ordertopromotetheactivityofmathematicalcompetitionand
toenhancethelevelofmathematicalcompetition,startingfrom
2001,China MathematicalOlympiadCommitteeorganizesthe
ChinaWestern MathematicalOlympiad.Thetoptwowinners
willbeadmittedtothenationaltrainingteam.Throughthe
CWMO,therehavebeentwostudentsenteringthenational
teamandreceivingGoldMedalsfortheirperformanceatIMO.

Since1995,foraquitelongperiodtherewasnofemale
studentintheChinesenationalteam.Inordertoencourage
more female students participating in the mathematical
competition, starting from 2002, China Mathematical
OlympiadCommitteeconductedtheChinaGirls􀆳Mathematical
Olympiad.Again,thetoptwowinnerswillbeadmitteddirectly
intothenationaltrainingteam.

TheauthorsofthisbookarecoachesoftheChinanational
team.TheyareXiongBin,LiShenghong,LengGangsong,Wu
Jianping,Chen Yonggao,Li Weigu,Yu Hongbing,Zhu

ⅵ
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Preface

Huawei,Feng Zhigang,LiuShixiong,Qu Zhenhua,Wang
Weiye,and Zhang Sihui. Those who took part in the
translation work are Xiong Bin, Wang Shanping, Liu
Yongming.Wearegratefulto Qiu Zonghu,WangJie,Wu
Jianping,andPanChengbiaofortheirguidanceandassistance
toauthors.WearegratefultoNiMingofEastChinaNormal
UniversityPress.Theirefforthashelpedmakeourjobeasier.
WearealsogratefultoZhangJiofWorldScientificPublishing
forherhardworkleadingtothefinalpublicationofthebook.

XiongBin
October2017
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Introduction
Earlydays

The International Mathematical Olympiad (IMO),

foundedin1959,isoneofthe mostcompetitiveandhighly
intellectualactivitiesintheworldforhighschoolstudents.

Even beforeIMO,there were already many countries

whichhad mathematicscompetition.They were mainlythe

countriesinEasternEuropeandin Asia.Inadditiontothe

popularization of mathematics and the convergence in

educationalsystemsamongdifferentcountries,thesuccessof

mathematicalcompetitionsatthe nationallevelprovided a

foundation forthesetting-up ofIMO.The countriesthat

assertedgreatinfluenceareHungary,theformerSovietUnion

andtheUnitedStates.HereisabriefreviewoftheIMOand

mathematicalcompetitioninChina.

In1894,theDepartmentofEducationinHungarypasseda

motionanddecidedtoconductamathematicalcompetitionfor

thesecondary schools.The well-known scientist,J.von
Etövös,wastheMinisterofEducationatthattime.Hissupport

inthe eventhad madeitasuccessandthusit was well

publicized.Inaddition,thesuccessofhisson,R.vonEtövös,

whowasalsoaphysicist,inprovingtheprincipleofequivalence

ofthegeneraltheoryofrelativity by A.Einstein through

ⅸ
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MathematicalOlympiadinChina

experiment,hadbroughtHungarytotheworldstageinscience.
Thereafter,theprizeformathematicscompetitioninHungary
was named “Etövös prize”. This was the first formally
organized mathematicalcompetitioninthe world.In what
follows,Hungaryhadindeedproducedalotof well-known
scientistsincludingL.Fejér,G.Szegö,T.Radó,A.Haar
andM.Riesz(inrealanalysis),D.König(incombinatorics),

T.vonKármán (inaerodynamics),andJ.C.Harsanyi (in

gametheory),whohadalsowontheNobelPrizeforEconomics
in1994.TheyallwerethewinnersofHungarymathematical
competition.Thetopscientificgeniusof Hungary,J.von
Neumann,wasoneoftheleadingmathematiciansinthe20th
century.Neumann wasoverseaswhilethecompetitiontook

place.Laterhedidithimselfandittookhimhalfanhourto
complete.Another mathematician worth mentioningisthe
highlyproductivenumbertheoristP.Erdös.Hewasapupilof
Fejérandalsoa winnerofthe WolfPrize.Erdös wasvery
passionate about mathematical competition and setting
competitionquestions.Hiscontributiontodiscretemathematics
wasuniqueandgreatlysignificant.Therapid progressand
development of discrete mathematics over the subsequent
decadeshadindirectlyinfluencedthetypesofquestionssetin
IMO.AninternationallyrecognizedprizenamedafterErdös
wastohonourthosewhohadcontributedtotheeducationof
mathematicalcompetition.ProfessorQiuZonghufrom China
hadwontheprizein1993.

In1934,afamousmathematicianB.Deloneconducteda
mathematicalcompetitionforhighschoolstudentsinLeningrad
(nowSt.Petersburg).In1935,Moscowalsostartedorganizing
suchevent.OtherthanbeinginterruptedduringtheWorldWar

ⅹ
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Introduction

II,theseeventshadbeencarriedonuntiltoday.Asforthe
RussianMathematicalCompetition(laterrenamedastheSoviet
MathematicalCompetition),it wasnotstarted until1961.
Thus,theformerSovietUnionandRussiabecametheleading
powersof MathematicalOlympiad.Alotofgrandmastersin
mathematicsincludingthegreatA.N.Kolmogorov wereall
veryenthusiasticaboutthe mathematicalcompetition.They
would personally involve in setting the questions for the
competition.The former Soviet Union even calleditthe
Mathematical Olympiad,believingthat mathematicsisthe
“gymnasticsofthinking”.Thesepointsofviewgaveagreat
impactontheeducationalcommunity.ThewinneroftheFields
Medalin1998,M.Kontsevich,wasoncethefirstrunner-upof
the Russian Mathematical Competition.G.Kasparov,the
internationalchessgrandmaster,wasoncethesecondrunner-
up.GrigoriPerelman,thewinneroftheFieldsMedalin2006
(buthedeclined),whosolvedthePoincaré􀆳sConjecture,wasa

goldmedalistofIMOin1982.
Inthe United States of America,due to the active

promotionbytherenownedmathematicianG.D.Birkhoffand
hisson,together with G.Pólya,the Putnam mathematics
competitionwasorganizedin1938forjuniorundergraduates.
Manyofthequestionswerewithinthescopeofhighschool
students.ThetopfivecontestantsofthePutnam mathematical
competitionwouldbeentitledtothemembershipofPutnam.
Manyofthese wereeventuallyoutstanding mathematicians.
TherewerethefamousR.Feynman(winneroftheNobelPrize
forPhysics,1965),K.Wilson (winneroftheNobelPrizefor
Physics,1982),J.Milnor(winneroftheFieldsMedal,1962),

D.Mumford (winneroftheFields Medal,1974),and D.

ⅺ
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MathematicalOlympiadinChina

Quillen(winneroftheFieldsMedal,1978).
Since1972,inordertopreparefortheIMO,theUnited

Statesof America Mathematical Olympiad (USAMO)was
organized.Thestandardofquestionsposed wasveryhigh,

paralleltothatoftheWinterCampinChina.Priortothis,the
United States had organized American High School
Mathematics Examination (AHSME)for the high school
studentssince1950.Thiswasatthejuniorlevelyetthemost

popularmathematicscompetitioninAmerica.Originally,itwas

plannedto select about100 contestantsfrom AHSME to

participateinUSAMO.However,duetothediscrepancyinthe
levelofdifficulty betweenthetwocompetitionsand other
restrictions,from 1983 onwards,an intermediatelevelof
competition, namely, American Invitational Mathematics
Examination (AIME), was introduced. Henceforth both
AHSMEandAIMEbecameinternationallywell-known.Afew
citiesin Chinahadparticipatedinthecompetitionandthe
resultswereencouraging.

SimilarlyasintheformerSovietUnion,theMathematical
Olympiadeducation waswidelyrecognizedin America.The
book“HowtoSolveit”writtenby GeorgePolya alongwith
manyothertitles had beentranslatedinto many different
languages.GeorgePolya provideda wholeseriesofgeneral
heuristicsforsolvingproblemsofallkinds.Hisinfluenceinthe
educationalcommunityinChinashouldnotbeunderestimated.

InternationalMathematicalOlympiad
In1956,theEastEuropeancountriesandtheSovietUnion

tooktheinitiativetoorganizetheIMO formally.Thefirst
International Mathematical Olympiad (IMO)was held in

ⅻ
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Introduction

Brasov,Romania,in1959.Atthetime,therewereonlyseven

participatingcountries,namely,Romania,Bulgaria,Poland,

Hungary, Czechoslovakia,East Germany and the Soviet
Union.Subsequently,the UnitedStatesofAmerica,United
Kingdom,France,Germanyandalsoothercountriesincluding
thosefromAsiajoined.Today,theIMOhadmanagedtoreach
almostallthedevelopedanddevelopingcountries.Exceptin
theyear1980duetofinancialdifficultiesfacedbythehost
country,Mongolia,therewerealready49Olympiadsheldand
97countriesparticipating.

The mathematicaltopicsintheIMO include Algebra,

Combinatorics,Geometry,Numbertheory.Theseareashad

providedguidanceforsettingquestionsforthecompetitions.
OtherthanthefirstfewOlympiads,eachIMOisnormallyheld
inmid-Julyeveryyearandthetestpaperconsistsof6questions
inall.Theactualcompetitionlastsfor2daysforatotalof9
hourswhereparticipantsarerequiredtocomplete3questions
eachday.Eachquestionis7pointswithtotalupto42points.
Thefullscoreforateamis252 marks.Abouthalfofthe

participantswillbeawarded a medal,where1/12 willbe
awardedagoldmedal.Thenumbersofgold,silverandbronze
medalsawardedareintheratioof1:2:3approximately.Inthe
casewhenaparticipantprovidesabettersolutionthanthe
officialanswer,aspecialawardisgiven.

EachparticipatingcountrywilltaketurntohosttheIMO.
Thecostisbornebythehostcountry.Chinahadsuccessfully
hostedthe31stIMOinBeijing.Theeventhad madeagreat
impactonthemathematicalcommunityinChina.Accordingto
therulesandregulationsoftheIMO,allparticipatingcountries
arerequiredtosendadelegationconsistingofaleader,a

􀃸
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MathematicalOlympiadinChina

deputyleaderand6contestants.Theproblemsarecontributed
bytheparticipatingcountriesandarelaterselectedcarefullyby
thehostcountryforsubmissiontotheinternationaljurysetup
bythe hostcountry.Eventually,only6problems willbe
acceptedforuseinthecompetition.Thehostcountrydoesnot

provide any question. The short-listed problems are
subsequentlytranslated,if necessary,in English,French,

German,Russianandotherworkinglanguages.Afterthat,the
team leaders will translate the problems into their own
languages.

The answerscriptsofeach participatingteam willbe
markedbytheteamleaderandthedeputyleader.Theteam
leaderwilllaterpresentthescriptsoftheircontestantstothe
coordinatorsforassessment.Ifthereisanydispute,thematter
willbesettledbythejury.Thejuryisformedbythevarious
teamleadersandanappointedchairmanbythehostcountry.
Thejuryisresponsiblefordecidingthefinal6problemsforthe
competition.Theirdutiesalsoincludefinalizingthegrading
standard,ensuring the accuracy ofthe translation ofthe

problems,standardizingrepliesto written queriesraised by
participantsduringthecompetition,synchronizingdifferences
ingradingbetweentheteamleadersandthecoordinatorsand
alsodecidingonthecut-offpointsforthemedalsdependingon
thecontestants􀆳resultsasthedifficultiesofproblemseachyear
aredifferent.

Chinahadparticipatedinformallyinthe26thIMOin1985.
Onlytwostudentsweresent.Startingfrom1986,exceptin
1998whentheIMOwasheldinTaiwan,Chinahadalwayssent
6 official contestants to the IMO. Today,the Chinese
contestantsnotonlyperformedoutstandinglyintheIMO,but

􀃹
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Introduction

alsointheInternationalPhysics,Chemistry,Informatics,and
BiologyOlympiads.Thiscanberegardedasanindicationthat
Chinapaysgreatattentiontothetrainingofbasicskillsin
mathematicsandscienceeducation.

WinnersoftheIMO
AmongalltheIMO medalists,thereweremanyofthem

whoeventuallybecamegreatmathematicians.Theywerealso
awardedtheFieldsMedal,WolfPrizeandNevanlinnaPrize(a

prominentmathematicsprizeforcomputingandinformatics).
Inwhatfollows,wenamesomeofthewinners.

G.Margulis,asilver medalistofIMO in1959,was
awardedtheFieldsMedalin1978.L.Lovasz,whowonthe
WolfPrizein1999,wasawardedtheSpecialAwardinIMO
consecutivelyin1965and1966.V.Drinfeld,agoldmedalistof
IMOin1969,wasawardedtheFieldsMedalin1990.J.-C.
YoccozandT.Gowers,who werebothawardedtheFields
Medalin1998,weregoldmedalistsinIMOin1974and1981
respectively.AsilvermedalistofIMOin1985,L.Lafforgue,

wontheFieldsMedalin2002.AgoldmedalistofIMOin1982,

GrigoriPerelmanfromRussia,wasawardedtheFieldsMedalin
2006forsolvingthefinalstepofthePoincaréconjecture.In
1986,1987,and1988,TerenceTao wonabronze,silver,and

gold medalrespectively.He wastheyoungestparticipantto
dateintheIMO,firstcompetingattheageoften.Hewasalso
awardedtheFieldsMedalin2006.GoldmedalistofIMO1988
and1989,NgoBau Chao,wonthe Fields Medalin2010,

together with the bronze medalist of IMO 1988, E.
Lindenstrauss.Gold medalistofIMO1994and1995,Maryam
MirzakhaniwontheFieldsMedalin2014.Agoldmedalistof

􀃺
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MathematicalOlympiadinChina

IMOin1995,ArturAvilawontheFieldsMedalin2014.
AsilvermedalistofIMOin1977,P.Shor,wasawarded

theNevanlinnaPrize.A gold medalistofIMOin1979,A.
Razborov,wasawardedtheNevanlinnaPrize.Anothergold
medalistofIMOin1986,S.Smirnov,wasawardedtheClay
Research Award.V.Lafforgue,agold medalistofIMOin
1990,wasawardedtheEuropean MathematicalSocietyprize.
HeisL.Lafforgue􀆳syoungerbrother.

Also,afamous mathematicianin numbertheory,N.
Elkies,whoisalsoaprofessorat Harvard University,was
awardedagoldmedalofIMOin1982.Otherwinnersinclude
P.Kronheimerawardedasilvermedalin1981andR.Taylora
contestantofIMOin1980.

MathematicalcompetitioninChina
Duetovariousreasons,mathematicalcompetitioninChina

startedrelativelylatebutisprogressingvigorously.
“Wearegoingtohaveourownmathematicalcompetition

too!”saidHuaLuogeng.Huaisahouse-holdnameinChina.
Thefirstmathematicalcompetition washeldconcurrentlyin
Beijing,Tianjin,Shanghaiand Wuhanin1956.Duetothe

politicalsituationatthetime,thiseventwasinterruptedafew
times.Until1962,whenthepoliticalenvironmentstartedto
improve,Beijing and other cities started organizing the
competitionthough notregularly.In the era of Cultural
Revolution,the wholeeducationalsystem in China wasin
chaos.Themathematicalcompetitioncametoacompletehalt.
Incontrast,themathematicalcompetitionintheformerSoviet
Unionwasstillon-goingduringthewarandatatimeunderthe
difficultpoliticalsituation.Thecompetitionsin Moscow were

􀃻
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Introduction

interruptedonly3timesbetween1942and1944.Itwasindeed
commendable.

In1978,it wasthe spring ofscience.Hua Luogeng
conductedthe MiddleSchoolMathematicalCompetitionfor8

provincesin China.The mathematicalcompetitionin China
wasthenmakingafreshstartandembarkedonaroadofrapid
development.Hua passedawayin1985.Incommemorating
him,acompetitionnamedHuaLuogengGoldCupwassetupin
1986forstudentsinGrade6and7andithasagreatimpact.

ThemathematicalcompetitionsinChinabefore1980can
beconsideredastheinitialperiod.Theproblems wereset
withinthescopeofmiddleschooltextbooks.After1980,the
competitionsweregraduallymovingtowardstheseniormiddle
schoollevel.In 1981,the Chinese Mathematical Society
decidedtoconductthe China MathematicalCompetition,a
nationaleventforhighschools.

In1981,theUnitedStatesofAmerica,thehostcountryof
IMO,issuedaninvitationtoChinatoparticipateintheevent.
Onlyin 1985,China sent two contestants to participate
informallyintheIMO.Theresultswerenotencouraging.In
view ofthis,anotheractivitycalledthe Winter Camp was
conductedafterthe China Mathematical Competition.The
WinterCamp waslaterrenamedasthe China Mathematical
OlympiadorCMO.Thewinningteam wouldbeawardedthe
ChernShiing-Shen Cup.Basedontheoutcomeatthe Winter
Camp,aselection would be madeto form the6-member
nationalteamforIMO.From1986onwards,otherthanthe

yearwhenIMO wasorganizedin Taiwan,Chinahadbeen
sendinga6-memberteamtoIMO.Upto2011,Chinahadbeen
awardedtheoverallteamchampionfor17times.
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MathematicalOlympiadinChina

In1990,Chinahadsuccessfullyhostedthe31stIMO.It
showedthatthestandardofmathematicalcompetitioninChina
hasleveledthatofotherleadingcountries.First,thefactthat
Chinaachievesthehighestmarksatthe31stIMOfortheteam
isanevidenceoftheeffectivenessofthepyramidapproachin
selectingthe contestantsin China.Secondly,the Chinese
mathematicianshadsimplifiedandmodifiedover100problems
andsubmittedthemtotheteamleadersofthe35countriesfor
theirperusal.Eventually,28problemswererecommended.At
theend,5problemswerechosen(IMOrequires6problems).
ThisisanotherevidencetoshowthatChinahasachievedthe
highestqualityinsettingproblems.Thirdly,theanswerscripts
oftheparticipantsweremarkedbythevariousteamleadersand
assessedbythecoordinatorswhowerenominatedbythehost
countries.Chinahadformedagroup50 mathematiciansto
serveascoordinatorswhowouldensurethehighaccuracyand
fairnessinmarking.Themarkingprocesswascompletedhalfa
dayearlierthanitwasscheduled.Fourthly,thatwasthefirst
everIMOorganizedinAsia.Theoutstandingperformanceby
Chinahadencouragedtheotherdevelopingcountries,especially
thosein Asia.Theorganizingandcoordinating workofthe
IMObythehostcountrywasalsoreasonablygood.

InChina,theoutstandingperformancein mathematical
competitionisaresultof manycontributionsfrom theall

quarters of mathematicalcommunity.There arethe older

generationofmathematicians,middle-agedmathematiciansand
alsothemiddleandelementaryschoolteachers.Thereisone

personwhodeservesaspecialmentionandheisHuaLuogeng.
Heinitiatedandpromotedthemathematicalcompetition.Heis
alsotheauthorofthefollowingbooks:Beyond Yanghui􀆳s
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Introduction

Triangle,BeyondthepiofZuChongzhi,Beyondthe Magic
Computation of Sun-zi, Mathematical Induction, and
MathematicalProblemsofBee Hive.These werehisbooks
derivedfrom mathematicscompetitions.WhenChinaresumed
mathematicalcompetitionin1978,heparticipatedinsetting
problemsandgivingcritiquetosolutionsoftheproblems.Other
outstanding books derived from the Chinese mathematics
competitionsare:SymmetrybyDuanXuefu,LatticeandArea
byMinSihe,OneStroke DrawingandPostmanProblem by
JiangBoju.

After1980,the younger mathematiciansin China had
takenoverfrom theoldergeneration of mathematiciansin
running the mathematical competition. They worked and
strivedhardtobringthelevelofmathematicalcompetitionin
Chinatoanew height.QiuZonghuisonesuchoutstanding
representative.Fromthetrainingofcontestantsandleadingthe
team3timestoIMOtotheorganizingofthe31thIMOin
China,hehadcontributedprominentlyandwasawardedtheP.
Erdösprize.

PreparationforIMO
Currently,theselectionprocessofparticipantsforIMOin

Chinaisasfollows.
First,the China MathematicalCompetition,a national

competitionforhighSchools,isorganizedonthesecondSunday
in Octobereveryyear.Theobjectivesare:toincreasethe
interestofstudentsinlearning mathematics,topromotethe
developmentofco-curricularactivitiesinmathematics,tohelp
improvethe teaching of mathematicsin high schools,to
discoverandcultivatethetalentsandalsotoprepareforthe
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MathematicalOlympiadinChina

IMO.Thishappenssince1981.Currentlythere are about
200,000participantstakingpart.

ThroughtheChinaMathematicalCompetition,around350
ofstudentsareselectedtotakepartintheChinaMathematical
OlympiadorCMO,thatis,theWinterCamp.TheCMOlasts
for5daysandisheldinJanuaryeveryyear.Thetypesand
difficultiesoftheproblemsinCMOaresimilartotheIMO.
Therearealso3problemstobecompletedwithin4.5hourseach
day.However,thescoreforeachproblemis21markswhich
addupto126marksintotal.Startingfrom1990,the Winter
Camp instituted the Chern Shiing-Shen Cup for team
championship.In 1991,the Winter Camp was officially
renamedastheChina MathematicalOlympiad (CMO).Itis
similartothehighestnationalmathematicalcompetitioninthe
formerSovietUnionandtheUnitedStates.

The CMO awardsthe first,second and third prizes.
AmongtheparticipantsofCMO,about60studentsareselected
toparticipateinthetrainingforIMO.Thetrainingtakesplace
inMarcheveryyear.After6to8testsandanother2roundsof

qualifyingexaminations,only6contestantsareshort-listedto
formtheChinaIMOnationalteamtotakepartintheIMOin
July.

Besidesthe China MathematicalCompetition (forhigh
schools),theJuniorMiddleSchoolMathematicalCompetition
isalsodevelopingwell.Startingfrom1984,thecompetitionis
organizedinAprileveryyearbythePopularizationCommittee
oftheChinese MathematicalSociety.Thevariousprovinces,

citiesandautonomousregionswouldrotatetohosttheevent.
Anothermathematicalcompetitionforthejuniormiddleschools
isalsoconductedin Aprileveryyearbythe MiddleSchool
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Introduction

Mathematics Education Society ofthe Chinese Educational
Societysince1998tillnow.

TheHuaLuogeng GoldCup,acompetitionbyinvitation,

had also been successfully conducted since 1986. The

participatingstudentscompriseelementarysixandjuniormiddle
onestudents.Theformatofthecompetition consistsofa

preliminaryround,semi-finalsinvariousprovinces,citiesand
autonomousregions,thenthefinals.

MathematicalcompetitioninChinaprovidesaplatformfor
studentstoshowcasetheirtalentsinmathematics.Itencourages
learning of mathematicsamong students.It helpsidentify
talentedstudents and to provide them with differentiated
learning opportunity.It developsco-curricular activitiesin
mathematics.Finally,itbringsaboutchangesintheteachingof
mathematics.
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ChinaMathematical
Competition

2010 (Fujian)

Commissioned by Chinese Mathematical Society, Fujian
MathematicalSociety organized the 2010 China Mathematical
CompetitionheldonOctober17,2010.

Comparedtothecompetitionsinthepreviousyears,whilethe
testtimeandproblemtypesremainunchangedinthiscompetition,

theallocationofmarkstoeachproblemisadjustedslightlytomake
itmorereasonable.

Thetimeforthefirstroundtestis80minutes,andthatforthe
supplementarytestis150minutes.
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2    MathematicalOlympiadinChina

PartI Short-AnswerQuestions(Questions1 8,eightmarks
each)

1 Therangeoff(x)= x -5- 24-3xis    .

Solution.Itiseasytoseethatf(x)isincreasingonitsdomain

[5,8].Therefore,itsrangeis[-3,3].  

2 Theminimumofy = (acos2x -3)sinxis-3.Thenthe
rangeofrealnumberais    .

Solution.Letsinx =t.Theexpressionisthenchangedto

g(t)=(-at2 +a -3)t,or

g(t)=-at3 +(a -3)t.

From -at3 +(a -3)t ≥-3,weget

-at(t2 -1)-3(t-1)≥0,
(t-1)(-at(t+1)-3)≥0.

Sincet-1≤0,wehave-at(t+1)-3≤0,or

a(t2 +t)≥-3. ①

Whent=0,-1,expression①alwaysholds;when0<t≤

1,wehave0<t2 +t ≤2;andwhen-1<t<0,-14 ≤t2 +

t <0.Therefore,-32 ≤a ≤12.  

3 Thenumberofintegralpoints(i.e.,thepointswhosex-
andy-coordinatesarebothintegers)withinthearea(not
includingtheboundary)enclosedbytherightbranchof

hyperbolax2 -y2 =1andlinex =100is    .

Solution.Bysymmetry,weonlyneedtoconsiderthepartof

theareaabovethex-axis.Supposeliney =kinterceptsthe
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ChinaMathematicalCompetition 3    

rightbranchofthehyperbolaandlinex =100atpointsAkand

Bk(k = 1,2,...,99),respectively.Thenthenumberof

integralpointswithinthesegmentAkBkis99-k.Therefore,

thenumberofintegralpointswithintheareaabovethex-axisis

∑
99

k=1

(99-k)=99×49=4851.

Finally,weobtainthetotalnumberofintegralpoints
withinthewholeareaas2×4851+98=9800.  

4 Itisknownthat{an}isanarithmeticsequencewithnon-

zerocommondifferenceand{bn}ageometricsequence,

satisfyinga1 =3,b1 =1,a2 =b2,3a5 =b3;furthermore,

thereareconstantsαandβsuchthatforeverypositive

integern,wehavean =logαbn +β.Thenα +β =

    .

Solution.Letthecommondifferenceof{an}bedandthe

commonratioof{bn}beq.Then

3+d =q, ①

3(3+4d)=q2. ②

Substituting①into②,wehave9+12d =d2 +6d +9.

Thenwegetd =6andq =9.

Therefore,3+6(n -1)=logα9n-1 +βor6n -3 = (n -

1)logα9+βholdsforeverypositiveintegern.Lettingn =1and

n =2inturn,wefindthatα =
3
3andβ =3.

Consequently,α+β =
3
3+3.  

5 Functionf(x)=a2x +3ax -2(a >0,a ≠1)reachesthe

maximumvalue8oninterval[-1,1].Thenitsminimum
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4    MathematicalOlympiadinChina

valueonthisintervalis    .

Solution.Letax =y.Theoriginalfunctionisthenchangedto

g(y)=y2 +3y -2,whichisincreasingover -32
,+ ∞æ

è
ç

ö

ø
÷.

When0<a <1,wehavey ∈ [a,a-1]and

g(y)max =a-2 +3a-1 -2=8⇒a-1 =2⇒a = 12.

Then

g(y)min = 1
2

æ

è
ç

ö

ø
÷

2

+3×12 -2=-14.

Whena >1,wehavey ∈ [a-1,a]and

g(y)max =a2 +3a -2=8⇒a =2.

Then g(y)min =2-2 +3×2-1 -2=-14.

Insummary,theminimumvalueoff(x)onx ∈ [-1,1]is-14.

 

6 Twopersonsrolltwodiceinturn.Whoevergetsthesum

numbergreaterthan6first will winthe game.The

probabilityforthepersonrollingfirsttowinis    .

Solution.Theprobabilityforrollingtwodicetogetthesum

numbergreaterthan6is2136 = 7
12.Therefore,therequired

probabilityis

7
12+ 5

12
æ

è
ç

ö

ø
÷

2

×712+ 5
12

æ

è
ç

ö

ø
÷

4

×712+… = 712× 1

1-25144

=1217.
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ChinaMathematicalCompetition 5    

7 Thelengthsofthenineedgesofregulartriangularprism
ABC A1B1C1areequal,PisthemidpointofCC1,andthe
dihedralangleB A1P B1 =α.Thensinα =     .

Fig.7.1

Solution 1. Let the line

throughsegmentAB bex-axis
with the origin O being the
midpointofABandlettheline
throughsegmentOCbey-axisto
establish a space rectangular
coordinate system shown in
Fig.7.1.Assumingthelength
of an edge is 2, we have
B(1,0,0), B1(1, 0, 2),

A1(-1,0,2),P(0,3,1).Then

BA1
→ = (-2,0,2),BP→ = (-1,3,1),

B1A1
→ = (-2,0,0),B1P→ = (-1,3,-1).

Letvectorsm→ = (x1,y1,z1)andn→ = (x2,y2,z2)be

perpendiculartoBA1PandB1A1P,respectively.Wehave

m→·BA1
→ =-2x1 +2z1 =0,

m→·BP→ =-x1 + 3y1 +z1 =0,{
n→·B1A1

→ =-2x2 =0,

n→·B1P→ =-x2 + 3y2 -z2 =0.{

Wecanthenassumethatm→ = (1,0,1),n→ = (0,1,3).

From|m→·n→|=|m→|·|n→||cosα|,wehave

3 = 2·2|cosα|⇒|cosα|= 6
4.
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6    MathematicalOlympiadinChina

Therefore,sinα = 10
4 .

Fig.7.2

Solution2.AsseeninFig.7.2,wehave

PC =PC1,PA1 =PB.SupposeA1Band
AB1intersectatO.ThenwegetOA1 =

OB,OA =OB1,A1B ⊥AB1.
SincePA = PB1,thenPO ⊥AB1.

ThereforeAB1 ⊥planePA1B.
OnplanePA1BthroughOdrawline

OE ⊥A1P withfootpointE.

ConnectingB1E,∠B1EOisthentheplaneangleofthe

dihedralangleB A1P B1.AssumingAA1 =2,itiseasytofind

thatPB =PA1 = 5,A1O =B1O = 2,PO = 3.

Inrighttriangle△PA1O,wehaveA1O·PO =A1P·OE,

or2· 3 = 5·OE.SoOE = 6
5

.

AsB1O = 2,wehave

B1E = B1O2 +OE2 = 2+65 =455 .

Finally,

sinα =sin∠B1EO =B1O
B1E

= 2
45
5

= 10
4 .  

8 Thenumberofpositiveintegersolutionsofequationx +

y +z =2010withx ≤y ≤zis    .

Solution.Itiseasytofindthatthenumberofpositiveinteger

solutionsofx +y +z =2010isC22009 =2009×1004.

Wenowclassifythesesolutionsintothreecategories:
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(1)x =y =z,thenumberinthiscategoryisobviously1;

(2)thereareexactlytwothatareequalamongx,y,z—

thenumberinthiscategoryis1003;

(3)x,y,zaredifferentfromeachother—supposethe

numberinthiscategoryisk.

From

1+3×1003+6k =2009×1004,

wehave

6k =2009×1004-3×1003-1
=2006×1005-2009+3×2-1
=2006×1005-2004.

Weget k =1003×335-334=335671.

Therefore,the number of positive integer solutions

satisfyingx ≤y ≤zis

1+1003+335671=336675.  

PartII WordProblems(16marksforQuestion9,20marks

eachforQuestions10and11,andthen56marksin

total)

9 Itisknownthatf(x)=ax3 +bx2 +cx +d (a ≠0),and

|f'(x)|≤1for0 ≤x ≤1.Pleasefindthemaximum

valueofa.

Solution1.f'(x)=3ax2 +2bx +c.Wehave

f'(0)=c,

f' 1
2

æ

è
ç

ö

ø
÷ = 34a +b+c,

f'(1)=3a +2b+c.

ì

î

í

ï
ïï

ï
ï
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Then

3a =2f'(0)+2f'(1)-4f' 1
2

æ

è
ç

ö

ø
÷.

Weget

3|a|= 2f'(0)+2f'(1)-4f' 1
2

æ

è
ç

ö

ø
÷

≤2|f'(0)|+2|f'(1)|+4f' 1
2

æ

è
ç

ö

ø
÷ ≤8.

Therefore,a ≤ 83.Furthermore,itiseasytofindthat

f(x)= 83x
3 -4x2 +x +m (wheremisanyconstant)satisfies

thegivencondition.Therefore,themaximumvalueofais83.

Solution2.Letg(x)=f'(x)+1.Then0≤g(x)≤2for0≤

x ≤1.Letz =2x -1.Thenx =z +1
2 and-1≤z ≤1.Let

h(z)=g z +1
2

æ

è
ç

ö

ø
÷ =3a4z

2 +3a +2b
2 z +3a4 +b+c+1.

Itiseasytocheckthat0≤h(z)≤2and0≤h(-z)≤2for
-1≤z ≤1.

Therefore,0≤h(z)+h(-z)
2 ≤2for-1≤z ≤1.And

thatis

0≤3a4z
2 +3a4 +b+c+1≤2.

Thenwehave3a4 +b+c+1≥0and3a4z
2 ≤2.From0≤

z2 ≤1wegeta ≤ 83.

Asf(x)= 83x
3 -4x2 +x +m (wheremisanyconstant)
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satisfiesthegivencondition.Weobtainthatthemaximumvalue

ofais83.  

10 Giventwo movingpointsA(x1,y1)andB(x2,y2)on

parabolacurvey2 =6xwithx1+x2 =4andx1 ≠x2,and
theperpendicularbisectorofsegmentABintersectsx-axis
atpointC.Findthemaximumareaof△ABC.

Solution1.LetthemidpointofABbeM(x0,y0).Thenx0 =

x1 +x2

2 =2andy0 =
y1 +y2

2 .Wehave

kAB =
y2 -y1

x2 -x1
=

y2 -y1

y2
2

6 -
y2
1

6

= 6
y2 +y1

= 3
y0

.

TheequationoftheperpendicularbisectorofABis

y -y0 =-
y0

3
(x -2). ①

Itiseasytofindthatonesolutionofitisx =5,y =0.
Therefore,theintersectionCisafixedpointwithcoordinate
(5,0).

From ①,weknowtheequationoflineABisy -y0 = 3
y0

(x -2),or

x =
y0

3
(y -y0)+2. ②

Substituting②iny2 =6x,wegety2 =2y0(y -y0)+12,

or

y2 -2y0y +2y2
0 -12=0. ③

Asy1andy2aretworealrootsof③andy1 ≠y2,wehave
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Δ =4y2
0 -4(2y2

0 -12)=-4y2
0 +48>0.

Therefore,-23 <y0 <23.Thenwehave

Fig.10.1

|AB|= (x1 -x2)2 +(y1 -y2)2

= 1+ y0

3
æ

è
ç

ö

ø
÷

2
æ

è
ç

ö

ø
÷(y1 -y2)2

= 1+
y20
9

æ

è
ç

ö

ø
÷[(y1 +y2)2 -4y1y2]

= 1+
y20
9

æ

è
ç

ö

ø
÷(4y20 -4(2y20 -12))

= 23
(9+y2

0)(12-y2
0).

ThedistancefrompointC(5,0)tosegmentABis

h =|CM|= (5-2)2 +(0-y0)2 = 9+y2
0.

Therefore,

S△ABC = 12|AB|·h = 13
(9+y2

0)(12-y2
0)· 9+y2

0

= 13
1
2
(9+y2

0)(24-2y2
0)(9+y2

0)

≤ 13
1
2
9+y2

0 +24-2y2
0 +9+y2

0

3
æ

è
ç

ö

ø
÷

3

=143 7.

Theequalityholdsifandonlyif9+y2
0 =24-2y2

0,i.e.

y0 = ± 5.Thenweget

A 6+ 35
3

,5+ 7
æ

è
ç

ö

ø
÷,B 6- 35

3
,5- 7

æ

è
ç

ö

ø
÷

and   A 6+ 35
3

,-(5+ 7)
æ

è
ç

ö

ø
÷,B 6- 35

3
,- 5+ 7

æ

è
ç

ö

ø
÷.
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Consequently,themaximumareaof△ABCis143 7.

Solution 2.Similarto Solution 1,we getthatC,the
intersectionoftheperpendicularbisectorofABandthex-axis,

isafixedpointwithcoordinate(5,0).
Letx1 =t21,x2 =t22,t1 >t2,t21+t22 =4.ThenS△ABCisthe

absolutevalueof

1
2

5 0 1

t21 6t1 1

t22 6t2 1

,

so

S2
△ABC = 1

2
(56t1 + 6t21t2 - 6t1t22 -56t2)æ

è
ç

ö

ø
÷

2

= 32
(t1 -t2)2(t1t2 +5)2

= 32
(4-2t1t2)(t1t2 +5)(t1t2 +5)

≤ 32
14
3

æ

è
ç

ö

ø
÷

3

.

Therefore,S△ABC ≤
14
3 7andtheequalityholdsifandonly

if(t1-t2)2 =t1t2+5andt21+t22 =4.Wethengett1 = 7+ 5
6

andt2 =- 7- 5
6

,whichimplieseither

A 6+ 35
3

,5+ 7
æ

è
ç

ö

ø
÷,B 6- 35

3
,5- 7

æ

è
ç

ö

ø
÷

or

A 6+ 35
3

,-(5+ 7)
æ

è
ç

ö

ø
÷,B 6- 35

3
,- 5+ 7

æ

è
ç

ö

ø
÷.
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Finally,themaximumareaof△ABCis143 7.  

11 Provethatequation2x3 +5x -2=0hasexactlyonereal

root (denoted asr),and thereis a unique strictly

increasingsequence{an}suchthat25 =ra1 +ra2 +ra3 +….

Solution.Letf(x)=2x3 +5x -2.Thenwehavef'(x)=

6x2 +5 > 0, which means f(x)is strictly increasing.

Furthermore,f(0)=-2 <0,f 1
2

æ

è
ç

ö

ø
÷ = 3

4 >0.Therefore,

f(x)hasauniquerealrootr∈ 0,12
æ

è
ç

ö

ø
÷.From2r3+5r-2=0,

wehave

2
5 = r

1-r3
=r+r4 +r7 +r10 +….

Therefore,sequencean =3n -2(n =1,2,...)satisfiesthe

requiredcondition.
Assumetherearetwodifferentpositiveintegersequences

a1 <a2 < … <an < …andb1 <b2 < … <bn < …

satisfying

ra1 +ra2 +ra3 +… =rb1 +rb2 +rb3 +… = 25.

Deletingthetermsthatappearatthebothsidesofthe
expression,wehave

rs1 +rs2 +rs3 +… =rt1 +rt2 +rt3 +…,

wheres1 <s2 <s3 <…,t1 <t2 <t3 <…withallthesiandtj

differentfromeachother.
Wemayaswellassumethats1 <t1.Then
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rs1 <rs1 +rs2 +… =rt1 +rt2 +…,

1<rt1-s1 +rt2-s1 +… ≤r+r2 +…

= 1
1-r -1< 1

1-12

-1=1.

Itisacontradiction.Thisprovesthat{an}isunique.

2011 (Hubei)

CommissionedbyChineseMathematicalSociety,HubeiMathematical
Societyorganizedthe2011ChinaMathematicalCompetitionheldon

October16,2011.

PartI Short-AnswerQuestions(Questions1 8,eightmarks
each)

1 LetA = {a1,a2,a3,a4}.Supposethesetofsumsofall
theelementsineveryternarysubsetofAisB = {-1,3,

5,8}.ThenA =     .

Solution.Obviously,everyelementofAappearsthreetimes

inalltheternarysubsets.Thenwehave

3(a1 +a2 +a3 +a4)= (-1)+3+5+8=15,

ora1 +a2 +a3 +a4 =5.Therefore,thefourelementsofAare
5-(-1)=6,5-3=2,5-5=0,5-8=-3,respectively.
TheanswerisA = {-3,0,2,6}.  

2 Thevaluefieldoff(x)= x2 +1
x -1 is    .
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Solution.Letx =tanθ,-π2 <θ < π2andθ ≠ π4.Wehave

f(x)=

1
cosθ
tanθ-1= 1

sinθ-cosθ = 1

2sinθ-π4
æ

è
ç

ö

ø
÷

.

Letu = 2sinθ-π4
æ

è
ç

ö

ø
÷.Then- 2 ≤u <1andu ≠0.

Therefore,f(x)= 1u ∈ - ∞,- 2
2

æ

è
ç

ù

û
úú ∪ (1,+ ∞).

3 Supposeaandbarepositiverealnumberssatisfying1a +1b

≤22and(a -b)2 =4(ab)3.Thenlogab =     .

Solution.From1a +1b ≤22,wehavea+b≤22ab.Onthe

otherhand,

(a +b)2 =4ab+(a -b)2 =4ab+4(ab)3

≥4·2 ab·(ab)3 =8(ab)2,

andthatmeans

a +b ≥22ab. ①

Therefore,

a +b =22ab. ②

Theequalityin①holdsonlywhenab =1.Associatingit
with②,wefind

a = 2-1,

b = 2+1,{ and
a = 2+1,

b = 2-1.{
Sotheanswerislogab =-1.  
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4 Supposecos5θ -sin5θ <7(sin3θ -cos3θ),θ ∈ [0,2π).

Thentherangeofθis    .

Solution.Fromtheinequality

cos5θ-sin5θ <7(sin3θ-cos3θ),

wehave

sin3θ+17sin
5θ >cos3θ+17cos

5θ.

Sincef(x)=x3 + 17x
5isincreasingover(- ∞,+ ∞),

thensinθ >cosθ,andthatmeans

2kπ+π4 <θ <2kπ+5π4
(k ∈Z).

Butθ ∈ [0,2π),sotherangeofθis π
4
,5π
4

æ

è
ç

ö

ø
÷.  

5 Sevenstudentsarearrangedtoattendfivesportingevents.

ItisrequiredthatstudentsAandBcannotattendthesame

event,everyeventisattendedbyatleastonestudent,and

eachstudentmustattendoneandonlyoneevent.Then

thenumberofthearrangementplansmeetingtherequired

conditionis    .(theanswershouldbegivenin

numericalvalue)

Solution.Therearetwopossiblecasesthatsatisfytherequired

conditions:

(1)thereisaneventattendedbythreestudents—thiscase

hasC37·5! -C15·5! =3600plans;

(2)therearetwoeventseachattendedbytwostudents—

thiscasehas12
(C27·C25)·5! -C25·5! =11400plans.
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Therefore,thereare3600+11400=15000plansthatmeet
therequiredcondition.  

6 GivenatetrahedronABCD,itisknownthat∠ADB =

∠BDC = ∠CDA =60°,AD =BD =3andCD =2.Then
the radius of the sphere circumscribing ABCD is
    .

Fig.6.1

Solution.Letthe center ofthe

spherecircumscribingABCD beO.
ThenO isontheverticallineof

planeABD through point N the
circumcenterof△ABD.Itisknown
that△ABDisregular,soNisthe
centerofit.LetP andM bethe
midpoints of AB and CD,

respectively.ThenNisonDP with
ON ⊥DPandOM ⊥CD.

LetθdenotetheanglebetweenCDandplaneABD.From

∠CDA = ∠CDB = ∠ADB =60°,

wefindcosθ = 1
3
,sinθ = 2

3
.

SinceDM =12CD =1,DN =23
·DP =23

· 3
2
·3= 3,

bycosinetheoremwehave,in△DMN,

MN2 =DM2 +DN2 -2·DM·DN·cosθ

=12 +(3)2 -2·1· 3·1
3

=2,

thatisMN = 2.TheradiusofthespherecircumscribingABCD
isthen
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OD = MN
sinθ = 2

2
3

= 3.

TheanswerisR = 3.  

7 Linex -2y -1 =0andparabolay2 =4xintersectat

pointsA,B,pointCisontheparabola,and ∠ACB =

90°.ThenthecoordinateofCis    .

Solution.LetA(x1,y1),B(x2,y2),C(t2,2t).From

x -2y -1=0,

y2 =4x,{
wegety2 -8y -4=0,whichmeansy1 +y2 =8,y1·y2 =-4.

Sincex1 =2y1 +1,x2 =2y2 +1,wehave

x1 +x2 =2(y1 +y2)+2=18,

x1·x2 =4y1·y2 +2(y1 +y2)+1=1.

Furthermore,by ∠ACB =90°,wehaveCA→·CB→ =0,

whichmeans

(t2 -x1)(t2 -x2)+(2t-y1)(2t-y2)=0,

thatis

t4 -(x1 +x2)t2 +x1·x2 +4t2 -2(y1 +y2)t+y1·y2 =0.

Then

t4 -14t2 -16t-3=0,

or

(t2 +4t+3)(t2 -4t-1)=0.

Obviously,t2 -4t-1 ≠0;otherwise,wehavet2 -2·

2t-1 =0,whichmeansCisonx -2y -1 =0,i.e.,C
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coincideswitheitherAorB.Sot2 +4t+3 =0.Thent1 =

-1,t2 =-3.

Therefore,thecoordinateofCis(1,-2)or(9,-6). 

8 Letan =Cn
200·(

3
6)200-n·

1
2

æ

è
ç

ö

ø
÷

n

(n =1,2,...,95).Then

thenumberoftermsthatareintegersin{an}is    .

Solution.Wehavean =Cn
200·3

200-n
3 ·2

400-5n
6 .Whenan(1≤n ≤

95)isaninteger,200
-n
3 and400-5n

6 mustbeintegers.Then

6|n +4.

Whenn =2,8,14,20,26,32,38,44,50,56,62,68,

74,80,200-n
3 and400-5n

6 areallnon-negativeintegers.So

thecorrespondingan,totally14,areintegers.

Whenn =86,wehavea86 =C86200·338·2-5.Thenumberof

thefactorsof2in200!is

200
2[ ] + 200

22[ ] + 200
23[ ] + 200

24[ ] + 200
25[ ] + 200

26[ ] + 200
27[ ] =197.

Bythesamereason,thenumbersofthefactorsof2in86!

and114!are82and110,respectively.Therefore,thenumber

ofthefactorsof2inC86200 = 200!
86!·114!is197-82-110=5.So

a86isaninteger.

Whenn =92,wehavea92 =C92200·336·2-10.Inthesame

way,wefindthenumbersofthefactorsof2in92!and108!

are88and105,respectively,whichmeansthatinC86200is197-

88-105=4.Therefore,a92isnotaninteger.

Overall,therequirednumberis14+1=15.  

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 9
1.

12
4.

25
3.

25
 o

n 
05

/3
1/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



ChinaMathematicalCompetition 19   

PartII WordProblems(16marksforQuestion9,20marks

eachforQuestions10and11,andthen56marksin

total)

9 Supposef(x)=|lg(x+1)|andrealnumbersa,b(a<b)

satisfyf(a)=f -b+1
b+2

æ

è
ç

ö

ø
÷,f(10a +6b +21)=4lg2.

Findthevaluesofa,b.

Solution.Asf(a)=f -b+1
b+2

æ

è
ç

ö

ø
÷,wehave

|lg(a+1)|= lg -b+1
b+2+1æ

è
ç

ö

ø
÷ = lg 1

b+2
æ

è
ç

ö

ø
÷ =|lg(b+2)|.

Theneithera +1=b+2or(a+1)(b+2)=1.Sincea <

b,soa +1≠b+2.Therefore,(a +1)(b+2)=1.

Fromf(a)=|lg(a +1)|weknow0<a +1.Then

0<a +1<b+1<b+2,

whichimplies

0<a +1<1<b+2.

Therefore,

(10a +6b+21)+1=10(a +1)+6(b+2)

=6(b+2)+ 10
b+2>1.

Then

f(10a +6b+21)= lg6(b+2)+ 10
b+2[ ]

=lg6(b+2)+ 10
b+2[ ].

Ontheotherhand,

f(10a +6b+21)=4lg2.
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So

lg6(b+2)+ 10
b+2[ ] =4lg2,

whichmeans6(b+2)+ 10
b+2=16.Theneitherb =-13orb =

-1(discarded).

Substitutingb =-13into(a +1)(b+2)=1,wefinda =

-25.

Thereforea =-25
,b =-13.  

10 Supposesequence{an}satisfiesa1 =2t-3(t∈Randt≠±1),

an+1 =
(2tn+1 -3)an +2(t-1)tn -1

an +2tn -1
(n ∈N*).

(1)Findtheformulaofgeneraltermabout{an}.
(2)Ift >0,findoutwhichislargerbetweenan+1andan.

Solution.(1)Thegivenexpressioncanberewrittenas

an+1 =2
(tn+1 -1)(an +1)
an +2tn -1

-1.

Then

an+1 +1
tn+1 -1

= 2(an +1)
an +2tn -1

=

2(an +1)
tn -1

an +1
tn -1

+2
.

Letan +1
tn -1

=bn.Thenbn+1 = 2bn

bn +2
,withb1 =a1 +1

t-1 =

2t-2
t-1 =2.
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Furthermore,1bn+1
= 1bn

+12
,1
b1

= 12.Then

1
bn

= 1b1
+(n -1)·12 = n

2.

Therefore,an +1
tn -1

=2n
,whichmeansan =2(t

n -1)
n -1.

(2)Wehave

an+1 -an =2(t
n+1 -1)
n +1 -2(t

n -1)
n

=2(t-1)
n(n +1)

[n(1+t+… +tn-1 +tn)-

(n +1)(1+t+… +tn-1)]

=2(t-1)
n(n +1)

[ntn -(1+t+… +tn-1)]

=2(t-1)
n(n +1)

[(tn -1)+(tn -t)+… +(tn -tn-1)]

=2(t-1)2
n(n +1)

[(tn-1 +tn-2 +… +1)+

t(tn-2 +tn-3 +… +1)+… +tn-1].

Itisobviousthatan+1-an >0fort>0(t≠1).Therefore,

an+1 >an.  

Fig.11.1

11 Straightlinelwithslope13

interceptsellipseC:x
2

36+y
2

4
= 1atpointsA,B,and

pointP(32,2)isinthe
top-leftofl (asshownin
Fig.11.1).
(1)Provethatthecenteroftheinscribedcircleof△PAB
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isonagivenline;
(2)When∠APB =60°,findtheareaof△PAB.

Solution.(1)Letlbeastraightlinesuchthaty = 13x +m,

andA(x1,y1),B(x2,y2).

Substitutingy =13x +mintox2

36+y2

4 =1,andsimplifying

it,wehave

2x2 +6mx +9m2-36=0.

Thenx1 +x2 =-3m,x1x2 =9m
2-36
2

,kPA =
y1 - 2
x1 -32

,

kPB =
y2 - 2
x2 -32

.Therefore,

kPA +kPB =
y1 - 2
x1 -32

+
y2 - 2
x2 -32

=
(y1 - 2)(x2 -32)+(y2 - 2)(x1 -32)

(x1 -32)(x2 -32)
.

Intheexpressionabove,thenumeratorisequalto

1
3x1 +m - 2æ

è
ç

ö

ø
÷(x2 -32)+ 1

3x2 +m - 2æ

è
ç

ö

ø
÷(x1 -32)

= 23x1x2 +(m -22)(x1 +x2)-62(m - 2)

= 23
·9m

2-36
2 +(m -22)(-3m)-62(m - 2)

=3m2-12-3m2+62m -62m +12=0.

Therefore,kPA +kPB =0.SincePisinthetop-leftofl,we
knowthatthebisectorof ∠APB isparalleltothey-axis.
Therefore,thecenteroftheinscribedcircleof△PABisonline

x =32.
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(2)When∠APB =60°,bytheresultin(1),wehavekPA =

3,kPB =- 3.ThentheequationforlinePAisy - 2 =

3(x -32).Substitutingitintox2

36+y2

4 =1,andeliminating

y,weget

14x2 +96(1-33)x +18(13-33)=0,

whichhasrootsx1and32.Sox1·32 =18(13-33)
14

,i.e.

x1 =32(13-33)
14 .Thenwefind

|PA|= 1+(3)2·|x1 -32|=32(33+1)
7 .

Inthesame way,we have| PB |= 32(33-1)
7 .

Therefore,

S△PAB = 12
·|PA|·|PB|·sin60°

= 12
·32(33+1)

7
·32(33-1)

7
· 3
2

=117349 .

 

2012 (Shaanxi)

Commissioned by Chinese Mathematical Society, Shaanxi
MathematicalSociety organized the 2012 China Mathematical
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CompetitionheldonOctober14,2012.

PartI Short-AnswerQuestions(Questions1 8,eightmarks
each)

1 LetP beapointontheimageofy =x + 2x
(x >0).

ThroughPdrawlinesperpendiculartoy =xandy-axis
withfootpointsA,B,respectively.Thenthevalueof
PA→·PB→is    .

Solution1.LetP x0,x0 + 2x0

æ

è
ç

ö

ø
÷.TheexpressionforlinePA

isthen

y - x0 + 2x0

æ

è
ç

ö

ø
÷ =-(x -x0),

or y =-x +2x0 + 2x0
.

From

y =x,

y =-x +2x0 + 2x0
,

ì

î

í

ïï

ïï

wegetA x0 + 1x0
,x0 + 1x0

æ

è
ç

ö

ø
÷.

Ontheotherhand,wehaveB 0,x0 + 2x0

æ

è
ç

ö

ø
÷.ThenPA→ =

1
x0
,- 1x0

æ

è
ç

ö

ø
÷andPB→ = (-x0,0).Therefore,

PA→·PB→ = 1x0
·(-x0)=-1.

Theansweris-1.
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Fig.1.1

  Solution2.AsseeninFig.1.1,

thedistancesfromP x0,x0 + 2x0

æ

è
ç

ö

ø
÷to

linesy =xandy-axis,respectively,

are 

|PA|=
x0 - x0 + 2x0

æ

è
ç

ö

ø
÷

2
= 2
x0

and

|PB|=x0.

SinceO,A,PandBareconcyclicpoints,then

∠APB =π- ∠AOB =3π4.

Therefore,PA→·PB→ =|PA→|·|PB→|·cos3π4 =-1.  

2 Suppose △ABC with anglesA,B and C,and the

correspondingsidesa,bandcsatisfiesequationacosB -

bcosA = 35c.ThenthevalueoftanAtanBis    .

Solution1.BythegivenconditionandtheLawofCosines,wehave

a·c
2 +a2 -b2
2ca -b·b

2 +c2 -a2
2bc = 35c

,

ora2 -b2 = 35c
2.Therefore,

tanA
tanB =sinAcosBsinBcosA =

a·c
2 +a2 -b2
2ca

b·b
2 +c2 -a2
2bc
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=c2+a2-b2
b2+c2-a2

=

8
5c2

2
5c2

=4.

Theansweris4.

Fig.2.1

Solution2.Asseen in Fig.2.1,

throughCdrawCD ⊥AB withfoot

pointD.WehaveacosB = DBand
bcosA =AD.Bythegivencondition,

wehaveDB -AD = 35c.Combining

itwithDB +AD =c,wegetAD =

1
5candDB = 45c.Therefore,

tanA
tanB =

CD
AD
CD
BD

=BD
AD =4.

Solution3.Bytheprojectiontheorem,wehaveacosB+bcosA =

c.CombiningitwithacosB -bcosA = 35c
,wegetacosB = 45c

andbcosA = 15c.Therefore,

tanA
tanB =sinAcosBsinBcosA =a·cosB

b·cosA =

4
5c

1
5c

=4.  

3 Letx,y,z ∈ [0,1].ThenthemaximumvalueofM =

|x -y|+ |y -z|+ |z -x|is    .

Solution.Wemayassume0≤x ≤y ≤z ≤1.Then

M = y -x + z -y + z -x.
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Since

y -x + z -y ≤ 2[(y -x)+(z -y)]= 2(z -x),

wehave

M ≤ 2(z -x)+ z -x = (2+1) z -x ≤ 2+1.

Theequalityholdsifandonlyify-x =z-y,x =0,z =

1i.e.x =0,y = 12
,z =1æ

è
ç

ö

ø
÷.

Therefore,theanswerisM max = 2+1.  

4 Letthefocusanddirectrixofparabolay2 =2px(p >0)

beFandl,respectively.AandBaremovingpointsonthe

parabolasatisfying∠AFB = π3.LettheprojectionofM

the midpoint ofsegmentAB onl be N.Then the

maximumvalueof|MN|
|AB|

is    .

Solution1.Suppose ∠ABF =θ0<θ <2π3
æ

è
ç

ö

ø
÷.Thenbythe

LawofSine,wehave

|AF|
sinθ = |BF|

sin2π3 -θæ

è
ç

ö

ø
÷

=|AB|
sinπ3

.

Andthen

|AF|+|BF|

sinθ+sin2π3 -θæ

è
ç

ö

ø
÷

=|AB|
sinπ3

.

So

|AF|+|BF|
|AB|

=
sinθ+sin2π3 -θæ

è
ç

ö

ø
÷

sinπ3

=2cosθ-π3
æ

è
ç

ö

ø
÷.
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Fig.4.1

AsseeninFig.4.1,byusingthe
definition of a parabola and the

propertyofatrapezoid,we have

|MN|=|AF|+|BF|
2 .Then

|MN|
|AB|

=cosθ-π3
æ

è
ç

ö

ø
÷.

Therefore,|MN|
|AB|

reachesthe

maximumvalue1whenθ = π3.

Theansweris1.

Solution2.Byusingthedefinitionofaparabolaandthe

propertyofatrapezoid,wehave|MN|=|AF|+|BF|
2 .In

△AFB,byusingtheLawofCosineswehave

|AB|2 =|AF|2 +|BF|2 -2|AF|·|BF|cosπ3
= (|AF|+|BF|)2 -3|AF|·|BF|

≥ (|AF|+|BF|)2 -3|AF|+|BF|
2

æ

è
ç

ö

ø
÷

2

= |AF|+|BF|
2

æ

è
ç

ö

ø
÷

2

=|MN|2.

Theequality holdsif and onlyif| AF |=| BF |.

Therefore,themaximumvalueof|MN|
|AB|

is1.  

5 SupposetworegulartriangularpyramidsP ABCandQ
ABCsharingthesamebaseareinscribedinthesamesphere.

Iftheanglebetweentheside-faceandthebaseofP ABCis

45°,thenthetangentvalueoftheanglebetweentheside-face
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andthebaseofQ ABCis    .

Fig.5.1

Solution. As seen in Fig.5.1,

connectingPQ,thenPQisperpendicular
toplaneABC withthefootpointH
beingthecenterof△ABC.Thecenter
ofthesphereOisalsoonPQ.Connect
andextendCHtoletitintersectwith
ABatpointM.Misthenthemidpoint
ofAB,andCM ⊥AB.Itiseasytosee
that∠PMHand∠QMHaretheplane
anglesformedbythesides-facesand
thebasesoftheregulartriangularpyramidsP ABCandQ ABC,

respectively.Then∠PMH =45°,soPH =MH = 12AH.

Since∠PAQ =90°,AH ⊥PQ,thenAH2 =PH·QH.We

thenhaveAH2 = 12AH·QH.

Therefore,QH =2AH =4MH.

Finally,tan∠QMH = QH
MH =4.

Theansweris4.  

6 Letf(x)beanoddfunctiononR,andf(x)=x2forx ≥

0.Supposeforanyx ∈ [a,a +2],f(x +a)≥2f(x).
Thentherangeofrealnumberais    .

Solution.Accordingtothegivencondition,wehave

f(x)=
x2 (x ≥0),

-x2 (x <0).{
So2f(x)=f(2x).Therefore,theoriginalinequalityis

equivalenttof(x +a)≥f(2x).
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Asf(x)isincreasingoverR,thenx +a ≥ 2x,i.e.,

a ≥ (2-1)x.

Furthermore,sincex ∈ [a,a +2],(2 -1)xreaches

(2-1)(a +2)themaximumvaluewhenx =a +2.

Therefore,a ≥(2-1)(a+2),fromwhichweobtaina ≥

2,i.e.,a ∈ [2,+ ∞).

Theansweristhen[2,+ ∞).  

7 Thesumofallthepositiveintegersnsatisfying14 <sinπn

< 13is    .

Solution.Assinxisaconvexfunctionforx ∈ 0,π6
æ

è
ç

ö

ø
÷,we

have3πx <sinx <x.Then

sinπ13<
π
13<

1
4
,sinπ12>

3
π ×π12= 14

,

sinπ10<
π
10<

1
3
,sinπ9 > 3π ×π9 = 13

,

thatis

sinπ13<
1
4 <sinπ12<sin

π
11<sin

π
10<

1
3 <sinπ9.

Therefore,allthepossiblevaluesofpositiveintegersnare

10,11,12,andtheirsumis33.
Theansweris33.  

8 Aninformationstationemploysfourdifferentcodes,A,

B,CandD,forcommunication,buteachweekusesonly
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oneofthem.The code used in a definite week is
randomlyselectedwithequalchanceamongthethreeones
thathavenotbeenusedinthelastweek.Supposethe
codeusedinthefirstweekisA.Thentheprobabilitythat
Aisalsousedintheseventhweekis    .(expressed
asanirreduciblefraction)

Solution.LetPkdenotetheprobabilitythatcodeAisusedin

thekthweek.ThentheprobabilitythatAisnotusedinthekth
weekis1-Pk.Therefore,wehave

Pk+1 = 13
(1-Pk).

Or

Pk+1 -14 =-13
Pk -14

æ

è
ç

ö

ø
÷.

AsP1 =1, Pk -14{ }isthenageometricsequencewith34

asthefirsttermand-13asthecommonratio.Sowehave

Pk -14 = 34
-13

æ

è
ç

ö

ø
÷

k-1

.

Or

Pk = 34
-13

æ

è
ç

ö

ø
÷

k-1

+14.

Therefore,P7 = 61243.

Theansweris61243.  
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PartII WordProblems(56marksintotalforthreequestions)

9 (16marks)Supposef(x)=asinx -12cos2x +a -3a +

1
2
,a ∈R,a ≠0.

(1)Iff(x)≤0foranyx ∈R,findtherangeofa.
(2)Ifa≥2andthereexistsx ∈Rsuchthatf(x)≤0,find
therangeofa.

Solution.(1)Wehavef(x)=sin2x +asinx +a -3a.Let

t =sinx(-1≤t ≤1).Then

g (t)=t2 +at+a -3a.

Thesufficientandnecessaryconditionforf(x)≤0,∀x
∈Ris

g(-1)=1-3a ≤0,

g(1)=1+2a -3a ≤0.

ì

î

í

ï
ï

ï
ï

Therefore,weobtaintherangeaofis(0,1].

(2)Asa ≥2,then-a
2 ≤-1.Wehave

g(t)min =g(-1)=1-3a.

Thenf(x)min = 1 - 3
a.Therefore,thesufficientand

necessaryconditionforf(x)≤0,∃x ∈Ris1-3a ≤0,or0<

a ≤3.

Finally,weobtainthattherangeofais[2,3].  
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10 (20marks)Itisknownthateachtermofsequence{an}is

anon-zerorealnumber,andforanypositiveintegern
holdstheequation

(a1 +a2 +… +an)2 =a31 +a32 +… +a3n.

(1)Whenn =3,findoutallthesequencesconsistingof

threetermsa1,a2,a3.
(2)Doesthereexistaninfinitesequence{an}suchthat

a2013 =-2012?Ifitexists,writeouttheformulaofgeneral

term;ifnot,giveyourreason.

Solution.(1)Whenn =1,wehavea21 =a31.Sincea1 ≠0,we

geta1 =1.

Whenn =2,wehave(1+a2)2 =1+a32.Sincea2 ≠0,we

geta2 =2ora2 =-1.

Whenn =3,wehave(1+a2 +a3)2 =1+a32 +a33.Fora2 =

2,wegeta3 =3ora3 =-2;fora2 =-1,wegeta3 =1.

Insummary,wegetthreesequencesconsistingofthree

termsthatsatisfythegivencondition:

{1,2,3},{1,2,-2},and{1,-1,1}.

(2)LetSn =a1 +a2 +… +an.Thenwehave

S2
n =a31 +a32 +… +a3n(n ∈N),

(Sn +an+1)2 =a31 +a32 +… +a3n +a3n+1.

Findingoutthedifferenceofthetwoexpressionsaboveand

byan+1 ≠0,wehave2Sn =a2n+1 -an+1.

Whenn =1,weknowfrom(1)thata1 =1.

Whenn ≥2,wehave

2an =2(Sn -Sn-1)= (a2n+1 -an+1)-(a2n -an).
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Andthatis

(an+1 +an)(an+1 -an -1)=0.

Thenwegetan+1 =-anoran+1 =an +1.
Finally,froma1 =1anda2013 =-2012,wefindtheformula

ofgeneraltermforarequiredsequenceas

an =
n, 1≤n ≤2012,

2012(-1)n, n ≥2013.{
 

Fig.11.1

11 (20marks)AsseeninFig.11.1,

in the rectangular coordinate
system XOY,the side of the
rhombusABCDis4,and|OB|=

|OD|=6.
(1)Provethat|OA|·|OC|isa
constant.
(2)WhenpointAismovingon
thehalfcircle(x -2)2 +y2 =

4(2≤x ≤4),findthetraceof
C.

Fig.11.2

Solution.(1)Since|OB|=|OD|
and|AB|=|AD|=|BC|=|CD|,

thenO,A,Carecollinear.
AsseeninFig.11.2,connecting

BD,thenBDisperpendiculartoAC
andthroughits midpointK.So we
have 
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|OA|·|OC|= (|OK|-|AK|)(|OK|+|AK|)

=|OK|2 -|AK|2

= (|OB|2 -|BK|2)-(|AB|2 -|BK|2)

=|OB|2 -|AB|2 =62 -42 =20(aconstant).

(2)LetC(x,y),A(2+2cosα,2sinα),where

α = ∠XMA -π2 ≤α ≤ π2
æ

è
ç

ö

ø
÷.

Then∠XOC = α
2.As

|OA|2 = (2+2cosα)2 +(2sinα)2 =8(1+cosα)=16cos2α2
,

then|OA|=4cosα
2.Combiningitwiththeresultin(1),we

get|OC|cosα
2 =5.

Thenwehavex =|OC|cosα2 =5,andy =|OC|sinα
2 =

5tanα
2 ∈ [-5,5].

Therefore,thetraceofpointCisasegmentwiththeends
(5,5)and(5,-5).  

2013 (Jilin)

CommissionedbyChinese MathematicalSociety,Jilin Mathematical

Societyorganizedthe2013ChinaMathematicalCompetitionheldon

October13,2013.
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PartI Short-AnswerQuestions(Questions1 8,eightmarks
each)

1 GivenA = {2,0,1,3},letB ={x|-x ∈A,2-x2 ∉

A}.ThenthesumofelementsinBis    .

Solution.ItiseasytofindthatB ⊆ {-2,0,-1,-3}.We
have2-x2 ∉Awhenx =-2,-3,and2-x2 ∈Awhenx =

0,-1.Therefore,B ={-2,-3},thesumofwhoseelements
is-5.

Theansweris-5.  

2 InaplanerectangularcoordinatesystemxOy,pointsA,

Bareontheparabolay2 =4x,satisfyingOA→·OB→ =-4,

andpointFisthefocusoftheparabola.ThenS△OFA ·

S△OFB =     .

Solution.LetF(1,0),A(x1,y1),B(x2,y2).Thenx1 =

y2
1

4
,x2 =

y2
2

4
,and

-4=OA→·OB→ =x1x2 +y1y2 = 116
(y1y2)2 +y1y2,

from which wehave 1
16
(y1y2 +8)2 = 0,ory1y2 =-8.

Therefore,

S△OFA·S△OFB = 1
2|OF|·|y1|æ

è
ç

ö

ø
÷· 1
2|OF|·|y2|æ

è
ç

ö

ø
÷

= 14
·|OF|2·|y1y2|=2.

Theansweris2.  

3 Supposein△ABCwehavesinA =10sinBsinC,cosA =

10cosBcosC.ThentanA =     .
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Solution.AssinA -cosA =10(sinBsinC -cosBcosC)=

-10cos(B +C)=10cosA,wehavesinA =11cosA.Therefore
tanA =11.

Theansweris11.  

4 Supposethesideofthebaseandtheheightofregular

triangularpyramidP ABCare1and 2,respectively.
Thentheradiusoftheinscribedsphereofthepyramidis
    .

Fig.4.1

Solution.AsseeninFig.4.1,supposethe

projectionsoftheinscribedsphere􀆳scenterO
on faces ABC and ABP are H, K,

respectively,themidpointofABisM,and
theradiusofthesphereisr.ThenP,K,M

arecollinear,∠PHM = ∠PKO = π2
,and

OH =OK =r,PO =PH -OH = 2-r,

MH = 3
6AB = 3

6
,PM = MH2 +PH2 = 1

12+2 =536 .

Thenwehave

r
2-r

=OK
PO =sin∠KPO = MH

PM = 15.

Therefore,r = 2
6.

Theansweris26.  

5 Leta,bberealnumbers,andf(x)=ax +bsatisfies

|f(x)|≤1foranyx ∈[0,1].Thenthemaximumofab
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is    .

Solution.Itiseasytofindthata = f(1)- f(0),b =

f(0).Then

ab =f(0)·(f(1)-f(0))=- f(0)-12f
(1)æ

è
ç

ö

ø
÷

2

+14
(f(1))2

≤ 14
(f(1))2 ≤ 14.

When2f(0)=f(1)=±1,i.e.,a =b =±12
,wegetab =14.

Therefore,themaximumofabis14.

Theansweris14.  

6 Takerandomlyfivedifferentnumbersfrom1,2,...,

20.Thenthe probabilitythatthereareatleasttwo

adjacentnumbersamongthemis    .

Solution.Supposea1 <a2 <a3 <a4 <a5takenfrom1,

2,...,20.Ifa1,a2,a3,a4,a5 arenotadjacenttoeach

other,thenwehave

1≤a1 <a2 -1<a3 -2<a4 -3<a5 -4≤16,

from which weknowthatthenumberofwaystoselectfive

numbersnotadjacenttoeachotherfrom1,2,...,20isthe

sameasselectingfivedifferentnumbersfrom1,2,...,16,

i.e.,C516.Therefore,therequiredprobabilityis

C520 -C516
C520

=1-C
5
16

C520
=232323.

Theansweris232323.  
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7 Supposerealnumbersx,ysatisfyx -4 y =2 x -y.
Thentherangeofxis    .

Solution.Let y =a, x -y =b(a,b ≥0).Thenx =y+

(x -y)=a2 +b2.Theequationinthequestionbecomesa2 +

b2 -4a =2b,whichisequivalentto

(a -2)2 +(b-1)2 =5(a,b ≥0).

Fig.7.1

AsseeninFig.7.1,thetraceof

point(a,b)inplaneaObisthepart
ofthecirclewithcenter(2,1)and

radius 5satisfyinga,b ≥0,i.e.,

the union of point O and arc
ACB︵.Then

a2 +b2 ∈ {0}∪ [2,25].

Therefore,x =a2 +b2 ∈{0}∪
[4,20].

Theansweris{0}∪ [4,20].  

8 Supposesequence{an}consistsofnineterms,whichsatisfy

a1 =a9 =1andai+1

ai
∈ 2,1,-12{ }foranyi∈{1,2,...,

8}.Thenthenumberofsequenceslikethisis    .

Solution.Letbi = ai+1

ai
(1 ≤i ≤ 8).Thenforeach {an}

satisfyingthegivencondition,wehave

∏
8

i=1
bi =∏

8

i=1

ai+1

ai
=a9
a1

=1,withbi ∈ 2,1,-12{ }(1≤i≤8).

①

Conversely,asequenceofeightterms{bn}satisfying①can
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uniquelydetermineasequence{an}inthequestion.

Ineach{bn},thereareobviouslyevennumberof-12and

thesamenumberof2,withtheremainderbeing1.Or,inother

words,thenumbersof - 12 and2areboth2k,whilethe

numberof1is8-4k.Here,itiseasytocheckthatkcanonly
be0,1,2.Oncekisgiven,thereareC2k8C2k8-2k waystoconstruct
{bn}.Therefore,thetotalnumberof{bn}satisfying①is

N =1+C28C26 +C48C44 =1+28×15+70×1=491.

Theansweris491.  

PartII WordProblems(56marksintotalforthreequestions)

9 (16 marks)Suppose positive numbersequence {xn}

satisfiesSn ≥2Sn-1,n =2,3,...,whereSn =x1+… +

xn.ProvethatthereexistsaconstantC >0,suchthat

xn ≥C·2n,n =1,2,....

Solution.Whenn ≥2,Sn ≥2Sn-1isequivalentto

xn ≥x1 +… +xn-1. ①

LetC = 14x1.Wewillprove

xn ≥C·2n,n =1,2,.... ②

byinduction.

Whenn =1,itisobviouslytrue.Whenn =2,wehavex2

≥x1 =C·22.

Whenn ≥3,assumexk ≥C·2k,k =1,2,...,n -1.
Thenfrom ①,wehave
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xn ≥x1 +(x2 +… +xn-1)

≥x1 +(C·22 +… +C·2n-1)

=C(22 +22 +23 +… +2n-1)=C·2n.

Therefore,②holdsforeveryn.  

10 (20marks) Givenanellipseequationx2

a2
+y2

b2
=1(a >b

>0)inaplanerectangularcoordinatesystemxOy,letA1,

A2,F1,F2beitsleftandrightend-points,leftandright
focuses,respectively,andP beanypointontheellipse
differentfromA1,A2.SupposetherearepointsQ,R
satisfyingQA1 ⊥PA1,QA2 ⊥PA2,RF1 ⊥PF1,RF2 ⊥

PF2.Findandprovetherelationshipbetweenthelength
ofsegmentQRandb.

Solution.Letc = a2 -b2.ThenA1(-a,0),A2(a,0),

F1(-c,0),F2(c,0).

DenoteP(x0,y0),Q(x1,y1),R(x2,y2),wherex2
0

a2
+

y2
0

b2
=1,y0 ≠0.

FromQA1 ⊥PA1,QA2 ⊥PA2,wehave

A1Q→·A1P→ = (x1 +a)(x0 +a)+y1y0 =0, ①

A2Q→·A2P→ = (x1 -a)(x0 -a)+y1y0 =0. ②

Subtracting①and②,wehave2a(x1+x0)=0,i.e.x1 =

-x0.Substitutingitinto①,weget-x2
0 +a2 +y1y0 =0,or

y1 =x2
0 -a2

y0
.ThenQ -x0,x

2
0 -a2

y0

æ

è
ç

ö

ø
÷.

FromRF1 ⊥PF1,RF2 ⊥PF2,inthesamewayweobtain

R -x0,x
2
0 -c2

y0

æ

è
ç

ö

ø
÷.Therefore,
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|QR|= x2
0 -a2

y0
-x2

0 -c2

y0
= b2
|y0|

.

Since|y0|∈ (0,b],then|QR|≥b,wheretheequality
holdsifandonlyif|y0|=b(i.e.,P(0,±b)).  

11 (20marks)Findallthepositiverealnumberpairs(a,b),

suchthatf(x)=ax2 +bsatisfies

f(xy)+f(x +y)≥f(x)f(y)(foranyrealnumbersx,y).

Solution.Thegivenconditionisequivalentto

(ax2y2 +b)+(a(x +y)2 +b)≥ (ax2 +b)(ay2 +b). ①

In①,lety =0.Wehaveb+(ax2 +b)≥(ax2 +b)·b,or

(1-b)ax2 +b(2-b)≥0.

Asa >0andax2canbesufficientlylarge,then1-b ≥0,

i.e.,0<b ≤1.

In①,lety =-x.Wehave(ax4+b)+b≥(ax2+b)2,or

(a -a2)x4 -2abx2 +(2b-b2)≥0. ②

Denotetheleft-handsideof②asg(x).Itisobviousthat

a -a2 ≠0(otherwise,froma >0weknowa =1.Theng(x)=

-2bx2 +(2b -b2)withb > 0,which meansg(x)can be

negative.Acontradiction).Then

g(x)= (a -a2)x2 - ab
a -a2

æ

è
ç

ö

ø
÷

2

-
(ab)2

a -a2
+(2b-b2)

= (a -a2)x2 - b
1-a

æ

è
ç

ö

ø
÷

2

+ b
1-a

(2-2a -b)

≥0

holdsforanyrealnumberx.Sowehavea -a2 >0,i.e.,0<

a <1.
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Furthermore,from b
1-a >0and

g b
1-a

æ

è
ç

ö

ø
÷ = b
1-a

(2-2a -b)≥0,

wehave2a +b ≤2.
Sofar,wegetthenecessaryconditionthata,bmustsatisfy

asfollows:

0<b ≤1,0<a <1,2a +b ≤2. ③

Wearegoingtoprovethatforanypair(a,b)satisfying③
andanyrealnumbersx,y,①holds,orequivalently,

h(x,y)= (a -a2)x2y2 +a(1-b)(x2 +y2)+

2axy +(2b-b2)≥0.

Asamatteroffact,when③holds,wethenhave

a(1-b)≥0,a -a2 >0and b
1-a

(2-2a -b)≥0.

Combiningitwithx2 +y2 ≥-2xy,weget

h(x,y)≥ (a -a2)x2y2 +a(1-b)(-2xy)+2axy +(2b-b2)

= (a -a2)x2y2 +2abxy +(2b-b2)

= (a -a2)xy + b
1-a

æ

è
ç

ö

ø
÷

2

+ b
1-a

(2-2a -b)≥0.

Therefore,thesetofallthepairs(a,b)meetingthegiven
conditionis

{(a,b)|0<b ≤1,0<a <1,2a +b ≤2}.
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Competition

(ComplementaryTest)

2010 (Fujian)

Fig.1.1

1 (40 marks) As seen in
Fig.1.1,the circumcenter
ofacutetriangleABCisO,

K is a point (not the
midpoint)onthesideBC,

Disapointontheextended
lineofsegmentAK,lines
BD and AC intersect at

pointN,andlinesCD and
ABintersectatpointM.ProveifOK ⊥MN,thenA,B,
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Fig.1.2

D,Careconcyclic.

Solution. By reduction to

absurdity,assumethatA,B,D,

Carenotconcyclic.Letthecircu-
mcircle(withradiusr)ofABC
intersectAD atpointE.JoinBE
andextendittointersectlineAN
atpointQ;joinCEandextendit
tointersectAM atP.JoinPQ,as
seeninFig.1.2.

Wehave

PK2 =thepowerofP withrespectto☉O +

thepowerofQ withrespectto☉O
= (PO2 -r2)+(KO2 -r2).

(Wewillproveitintheappendix)

Inthesameway,

QK2 = (QO2 -r2)+(KO2 -r2).

Thenwehave

PO2 -PK2 =QO2 -QK2.

Therefore,OK ⊥PQ.BythegivenconditionOK ⊥MN,

wegetthatPQ‖MN.Thenwehave

AQ
QN = AP

PM. ①

ByMenelaus􀆳Theorem,weobtain

NB
BD

·DE
EA
·AQ
QN =1, ②

MC
CD

·DE
EA
·AP
PM =1. ③
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From ①,②,③,wegetNB
BD = MC

CD
,orND

BD = MD
DC .Then

△DMN ∽ △DCB,whichimplies ∠DMN = ∠DCB.Then
BC‖MN.Therefore,OK ⊥ BC,andthat meansK isthe
midpointofBC ,whichisacontradiction.Thiscompletesthe

proofthatA,B,D,Careconcyclic.

Appendix.Wearegoingtoprove

PK2 =thepowerofP withrespectto☉O +

thepowerofQ withrespectto☉O.

ExtendPKtopointF,suchthat

PK·KF =AK·KE ④

Fig.1.3

(seeFig.1.3).ThenP,E,F,A
areconcyclic,andwehave

∠PFE = ∠PAE = ∠BCE.

Then E, C, F, K are
concyclic,andwehave

PK·PF =PE·PC. ⑤

From⑤and④,wegetPK2 =

PE·PC -AK·KE =thepower

ofP withrespectto☉O +thepowerofQ withrespectto☉O.

 

Remark.IfEisontheextendedlineofAD,thentheproofis

similar.

2 (40marks)Givenpositiveintegerk,letr =k+12.Define

f(1)(r)=f(r)=rr ,f(l)(r)=f(f(l-1)(r)),x ∈R+,l≥2.
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(Herex denotestheminimumintegernotlessthanx;e.g.,

1
2 =1,1 =1.)Provethatthereexistsapositiveintegerm

suchthatf(m)(r)isaninteger.

Solution.Definev2(n)astheexponentof2inpositiveinteger

n.Wewillprovethatf(m)(r)isanintegerform =v2(k)+1.

Weusemathematicalinductiononv2(k)=v.

Whenv =0,kisoddandk +1iseven.Then

f(r)=f(1)(r)= k +12
æ

è
ç

ö

ø
÷k +12 = k +12

æ

è
ç

ö

ø
÷(k +1)

isaninteger.

Assumethepropositionistrueforv-1(v ≥1).Thenforv
≥1,let

k =2v +αv+1·2v+1 +αv+2·2v+2 +…,

whereαi ∈ {0,1}fori =v +1,v +2,....Wehave

f(r)= k +12
æ

è
ç

ö

ø
÷k +12 = k +12

æ

è
ç

ö

ø
÷(k +1)    

= 12 +k
2 +k2 +k

= 12 +2v-1 +(αv+1 +1)·2v +(αv+1 +αv+2)·

2v+1 +… +22v +…

=k'+12
, ①

with

k' =2v-1 +(αv+1 +1)·2v +(αv+1 +αv+2)·2v+1 +… +22v +….

Obviously,v2(k') = v - 1.Letr' = k' + 1
2.By

assumption,weknowf(v)(r')isaninteger,whichisequalto
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f(v+1)(r)by①.Theproofisthencompleted.  

3 (50marks)Givenintegern >2,supposepositivereal

numbersa1,a2,...,ansatisfyak ≤1,k =1,2,...,n.

LetAk =a1 +a2 +… +ak

k
,k =1,2,...,n.

Prove ∑
n

k=1
ak -∑

n

k=1
Ak <n -1

2 .

Solution.For1≤k ≤n-1,wehave0<∑
k

i=1ai ≤kand0<

∑
n

i=k+1ai ≤n-k.Byusingthefactthat|x-y|<max{x,y}

forx,y >0,weget

|An -Ak|= 1
n -1k

æ

è
ç

ö

ø
÷∑

k

i=1
ai +1n∑

n

i=k+1
ai

= 1
n∑

n

i=k+1
ai - 1

k -1n
æ

è
ç

ö

ø
÷∑

k

i=1
ai

<max 1
n∑

n

i=k+1
ai, 1

k -1n
æ

è
ç

ö

ø
÷∑

k

i=1
ai{ }

≤max 1
n
(n -k), 1

k -1n
æ

è
ç

ö

ø
÷k{ }

=1-k
n.

Therefore,

∑
n

k=1
ak -∑

n

k=1
Ak = nAn -∑

n

k=1
Ak

= ∑
n-1

k=1

(An -Ak) ≤∑
n-1

k=1
|An -Ak|

<∑
n-1

k=1
1-k

n
æ

è
ç

ö

ø
÷ =n -1

2 .

Thiscompletestheproof.  
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4 (50marks)Thecodesettingofacipherlockisestablished
onann-regular-polygonwithverticesA1,A2,...,An:

eachvertexisassignedanumber(0or1)andacolor(red
orblue),suchthateitherthenumbersorthecolorson
eachpairofadjacentverticesarethesame.Weask:How
manycode-setscanberealizedforthislock?

Solution.Givenanarbitrarycode-setforthelock,iftwo

adjacentverticeshavedifferentnumbers,welabelthesides
linkingthembylettera;iftheyhavedifferentcolors,welabel
itbyb;ifboththenumbersandcolorsarethesame,welabelit
byc.OncethenumberandcoloronvertexA1areset(thereare
fourdifferentsetsforit),wecanthensetA2,A3,...,Anone
byoneaccordingtotheletterslabelledoneachside.Inorderto
letitreturntotheinitialsetofA1finally,thenumbersofsides
labelledaandbmustbebotheven.Sothenumberofcode-sets
forthelockisfourtimes ofthe number oflabelled-side
sequenceswhichsatisfytheconditionthatthenumbersofsides
labelledbyaandbarebotheven.

Supposethereare2i0 ≤i ≤ n
2[ ]æ

è
ç

ö

ø
÷ sideslabelledbya,

and2j 0 ≤j ≤ n -2i
2[ ]æ

è
ç

ö

ø
÷sideslabelledbyb.Thenthereare

C2in waystolabel2isidesbyafromnones,C2jn-2i waystolabel
2jsidesbybfromn -2iones,andtheremainingsidesare
labelledbyc.Therefore,bythe Multiplication Principle,

there are C2inC2jn-2i waysto labelallthe sides.So there
aretotally

4∑
n
2[ ]

i=0

æ

è
ççC2in ∑

n-2i
2[ ]

j=0
C2jn-2i

ö

ø
÷÷ ①
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code-setsforthelock.HerewestipulateC00 =1.
Whennisodd,wehaven -2i >0,andthen

∑
n-2i
2[ ]

j=0
C2jn-2i =2n-2i-1. ②

Substitutingitinto①,weget

4∑
n
2[ ]

i=0

æ

è
ççC2in ∑

n-2i
2[ ]

j=0
C2jn-2i

ö

ø
÷÷ =4∑

n
2[ ]

i=0

(C2in2n-2i-1)=2∑
n
2[ ]

i=0

(C2in2n-2i)

=∑
n

k=0
Ck

n2n-k +∑
n

k=0
Ck

n2n-k(-1)k

= (2+1)n +(2-1)n

=3n +1.

Whenniseven,ifi<n
2
,then②remainstrue;ifi =n

2
,

thenallthesidesofthepolygonarelabelledbya,andthat
meansthereisonlyonewaytolabelthesides.Therefore,there
aretotally

4∑
n
2[ ]

i=0

æ

è
ççC2in ∑

n-2i
2[ ]

j=0
C2jn-2i

ö

ø
÷÷ =4×

æ

è
çç1+ ∑

n
2[ ]-1

i=0

(C2in2n-2i-1)
ö

ø
÷÷

=2+4∑
n
2[ ]

i=0

(C2in2n-2i-1)=3n +3

code-setsforthelock.
Insummary,

thenumberofcode-setsforthelock=
3n +1whennisodd,

3n +3whenniseven.{
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2011 (Hubei)

1 (40 marks)Asseenin Fig.1.1,pointsP,Q are,

respectively,the midpoints of AC,BD — the two

diagonalsofcyclicquadrilateralABCD.Let ∠BPA =

∠DPA.Prove∠AQB = ∠CQB.

Fig.1.1
  

Fig.1.2

Solution.AsshowninFig.1.2,weextendsegmentDP to

interceptwiththecircleatpointE.Then∠CPE = ∠DPA =

∠BPA.SincePisthemidpointofAC,wegetAB︵ =CE︵,which

means ∠CDP = ∠BDA.Furthermore,∠ABD = ∠PCD.

Therefore,△ABD ∽ △PCB.ThenAB
BD = PC

CD
,i.e.,AB·

CD =PC·BD.

Thenwehave

AB·CD = 12AC·BD =AC· 1
2BDæ

è
ç

ö

ø
÷ =AC·BQ,

orAB
AC =BQ

CD.Combiningitwith ∠ABQ = ∠ACD,wederive

that△ABQ ∽ △ACD.So∠QAB = ∠DAC.

ExtendingsegmentAQtointerceptwiththecircleatpoint

F,wethenhave
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∠CAB = ∠QAB - ∠QAC = ∠DAC - ∠QAC = ∠DAF,

whichmeansBC︵ = DF︵.Furthermore,asQisthemidpointof

BD,then∠CQB = ∠DQF.
Since∠AQB = ∠DQF,wethenhave∠AQB = ∠CQB.

Theproofiscompleted.  

2 (40marks)Proveforanyintegern ≥4,thereexistsa

polynomialofdegreen,

f(x)=xn +an-1xn-1 +… +a1x +a0

withthefollowingproperties.
(1)a0,a1,...,an-1areallpositiveintegers;
(2)Foranypositiveintegermandarbitraryk(k ≥2)

positiveintegersr1,r2,...,rk thataredifferentfrom
eachother,wehave

f(m)≠f(r1)f(r2)…f(rk).

Solution.Let

f(x)= (x +1)(x +2)…(x +n)+2. ①

Obviously,f(x)isamonicpolynomialofdegreen with

positiveintegercoefficients.Wearegoingtoprovethatf(x)

hasproperty(2).

Foranyintegert,sincen ≥4,weknowthatthereexists
definitelyamultipleof4inanynconsecutivenumberst+1,t
+2,...,t+n.Thenfrom ①,wehavef(t)≡2(mod4).

Thenforanyk(k≥2)positiveintegersr1,r2,...,rk,we

have

f(r1)f(r2)…f(rk)≡2k ≡0(mod4).

Ontheotherhand,foranypositiveintegerm,wehave
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f(m)≡2(mod4).Therefore,

f(m)≢f(r1)f(r2)…f(rk)(mod4),

whichimpliesthatf(m)≠f(r1)f(r2)…f(rk).Wethenfind
therequiredf(x)andcompletetheproof.  

3 (50marks)Leta1,a2,...,an(n ≥4)bepositivereal
numberswitha1 <a2 < … <an.Foranypositivereal
numberr,the number ofternary groups (i,j,k)

satisfying
aj -ai

ak -aj
=r(1≤i <j <k ≤n)isdenotedas

fn(r).Provefn(r)<n2

4.

Solution.Givenj(1<j <n),thenumberofternarygroups
(i,j,k)satisfying1≤i <j <k ≤nand

aj -ai

ak -aj
=r ①

isdenotedasgj(r).Forfixedi,jwithi <j,thereisatmost
oneksatisfying①;sotherearej -1waystochoosei,which
meansgj(r)≤j-1.Inasimilarway,forfixedj,kwithk >

j,thereisatmostoneisatisfying①;sotherearen-jwaysto
choosek,whichmeansgj(r)≤n -j.Therefore,

gj(r)≤min{j-1,n -j}.

Then,whenniseven(i.e.,n =2m),wehave

fn(r)=∑
n-1

j=2
gj(r)=∑

m-1

j=2
gj(r)+∑

2m-1

j=m
gj(r)

≤∑
m

j=2

(j-1)+ ∑
2m-1

j=m+1

(2m -j)=m(m -1)
2 +m(m -1)

2

=m2-m <m2=n2

4.
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Whennisodd(i.e.n =2m +1),wehave

fn(r)=∑
n-1

j=2
gj(r)=∑

m

j=2
gj(r)+ ∑

2m

j=m+1
gj(r)

≤∑
m

j=2

(j-1)+ ∑
2m

j=m+1

(2m +1-j)

=m2<n2

4.

Theproofiscompleted.  

4 (50marks)Givena3×9arrayAwitheachcellcontaining
apositiveinteger,wesayam ×n(1≤m ≤3,1≤n ≤9)

subarrayofA isa “goodrectangle”ifthesum ofthe

numbersinitscellsisamultipleof10,andcalla1×1cell

ofA “bad”ifitisnotcontainedinany“goodrectangle”.

Findthemaximumnumberof“badcells”inA.

Solution.Wefirstclaimthatthenumberof“badcells”inAis

nomorethan25.Otherwise,therewillbeatmostonecellinA
thatisnot“bad”.Withoutlossofgenerality,weassumethe

cellsinthefirstrowofAareall“bad”.Thenletthenumbers

fromtoptobottomintheithcolumnbeai,bi,ci(i =1,

2,...,9)inturn,anddefine

Sk =∑
k

i=1
ai,Tk =∑

k

i=1

(bi +ci),k =1,2,...,9,

withS0 = T0 =0.Wearegoingtoprovethatthreenumber

groupsS0,S1,...,S9,T0,T1,...,T9,andS0 +T0,S1 +

T1,...,S9 + T9 each form a completesetofresidues

modulo10:

Ifthereexistm,n,0≤m <n ≤9suchthatSm ≡Sn(mod

10),then
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∑
n

i=m+1
ai =Sn -Sm ≡0(mod10),

whichmeansthatthecellsinthefirstrowandfromcolumns

m +1tonforma“goodrectangle”.Butitisacontradictionto

theassumptionthatthecellsinthefirstrowareall“bad”.

Ifthereexistm,n,0≤m <n≤9suchthatTm ≡Tn(mod

10),then

∑
n

i=m+1

(bi +ci)=Tn -Tm ≡0(mod10).

Sothecellsrangingfromrows2to3andcolumnsm +1to

nforma“goodrectangle”,whichmeansthereareatleasttwo

cellsthatarenot“bad”.Butitisalsoacontradiction.

Inasimilarway,wecanalsoprovethattherearenom,n,

0≤m <n ≤9suchthat

Sm +Tm ≡Sn +Tn(mod10).

Therefore,wehave

∑
9

k=0
Sk ≡∑

9

k=0
Tk ≡∑

9

k=0

(Sk +Tk)≡0+1+2+… +9

≡5(mod10).

Then

∑
9

k=0

(Sk +Tk)≡∑
9

k=0
Sk +∑

9

k=0
Tk ≡5+5≡0(mod10).

Itisagainacontradiction! Therefore,thenumberof“bad

cells”inAisnomorethan25.

Ontheotherhand,wecanconstructa3×9arrayinthe

followingandcheckthateachcellinitthatdoesnotcontain

number10is“bad”.
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1 1 1 2 1 1 1 1 10

1 1 1 1 1 1 1 1 1

1 1 1 10 1 1 1 1 2

  Therefore,wefindoutthatthemaximumnumberof“bad
cells”inAis25.  

2012 (Shaanxi)

1 (40marks)AsseeninFig.1.1,inacutetriangle△ABC,

AB >AC,M,NaretwodifferentpointsonBCsuchthat
∠BAM = ∠CAN,andO1,O2arethecircumcentersof
△ABC,△AMN,respectively.ProveO1,O2,A are
collinear.

Fig.1.1
  

Fig.1.2

Solution.AsshowninFig.1.2,weconnectAO1,AO2,and
throughAdrawalineperpendiculartoAO1andintersectwith
theextendedlineofBCatpointP.ThenAPisatangentlineof
☉O1,whichmeans∠B = ∠PAC.

As∠BAM = ∠CAN,wehave

∠AMP = ∠B + ∠BAM = ∠PAC + ∠CAN = ∠PAN.

ThenAPisalsoatangentlineof☉O2thecircumcircleof
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△AMN.Therefore,AP ⊥AO2,andthatmeansO1,O2,Aare
collinear.Theproofiscomplete.  

2 (40marks)LetA = {2,22,...,2n,...}.Prove:
(1)Foranya ∈A,b ∈N*,ifb <2a-1,thenb(b+1)

willnotbeamultipleof2a.
(2)Foranya ∈A(= N* -A)satisfyinga ≠1,there
existsb ∈N*satisfyingb <2a-1,suchthatb(b+1)isa
multipleof2a.

Solution.(1)Foranya ∈A,a =2k(k ∈N*).Then2a =

2k+1.Letbbeanypositiveintegerstrictlylessthan2a-1.Then
(b+1)≤2a -1.

Betweenbandb+1,oneisanoddnumberthatcontainsno

primefactor2,andtheotherisanevennumberthatcontainsat
mostthekthpowerof2.Therefore,b(b+1)isdefinitelynota
multipleof2a.

(2)Fora ∈Aanda ≠1,supposea =2kmwherekisanon-
negativeintegerandmisanoddnumbergreaterthan1.Then
2a = 2k+1m.We willpresentthreedifferentproofsinthe
following.

Proof1.Letb=mx,b+1=2k+1y.Eliminatingb,wehave
2k+1y -mx =1.Since(2k+1,m)=1,theequationhasintegral
solutionsthatcanbeexpressedas

x =x0 +2k+1t,

y =y0 +mt{ (wheret ∈Z,and(x0,y0)isaspecial

solutionoftheequation).
Denotethesmallestsolutionamongthem as(x*,y*).

Thenx* <2k+1.
Therefore,b=mx* <2a-1andb(b+1)isamultipleof2a.
Proof2.Since(2k+1,m)=1,bytheChineseRemainder
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Theorem,thecongruenceequation

x ≡0(mod2k+1),

x ≡m -1(modm){
hasasolutionx =bwithb ∈(0,2k+1m).Itiseasytoseethatb
<2a -1andb(b+1)isamultipleof2a.

Proof3.Since(2k+1,m)=1,thenthereexistsr∈N*,r≤

m -1,suchthat2r ≡1(modm).
Taket∈N*suchthattr >k+1.Then2tr ≡1(modm).It

iseasytoseethatthereexists

b = (2tr -1)-q·2k+1m >0(q ∈N),

suchthat0<b <2a -1.Thenwehavem|b,2k+1|b +1.
Therefore,b(b+1)isamultipleof2a.  

3 (50marks)LetP0,P1,P2,...,Pnben +1pointsona

plane,andtheminimumdistancebetweeneachtwopoints
ofthemisd(d >0).Prove

|P0P1|·|P0P2|·…·|P0Pn|> d
3

æ

è
ç

ö

ø
÷

n
(n +1)!.

Solution1.Wemayassumethat|P0P1|≤|P0P2|≤… ≤|P0Pn|.

Atfirst,wewillprovethat|P0Pk|> d
3 k +1forany

positiveintegern.

Obviously,|P0Pk|≥d ≥d
3 k +1fork =1,2,...,8,

andthesecondequalityholdsonlywhenk =8.Thenweonly

needtoprovethat|P0Pk|≥d ≥d
3 k +1fork ≥9.

TakeeachPi(i =0,1,2,...,k)asthecentertodrawa

circlewithradiusd
2.Thenthesecirclesareeitherexternally
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tangenttoorapartfromeachother.TakeP0asthecenterto

drawacirclewithradius|P0Pk|+d
2.Thenthepreviousk+1

smallercirclesarealllocatedinthislargerone.

Thenπ|P0Pk|+d
2

æ

è
ç

ö

ø
÷

2

> (k +1)π d
2

æ

è
ç

ö

ø
÷

2
,from whichwe

have|P0Pk|>d
2
(k +1-1).

Itiseasytocheckthat k +1-1
2 > k +1

3 fork ≥9.

Then|P0Pk|>d
3 k +1fork ≥9.

Overall,wehave|P0Pk|>d
3 k +1fork ≥9.

Therefore,

|P0P1|·|P0P2|·…·|P0Pn|> d
3

æ

è
ç

ö

ø
÷

n
(n +1)!.

Solution2.Wemayassume|P0P1|≤|P0P2|≤… ≤|P0Pn|.
TakeeachPi(i =0,1,2,...,k)asthecentertodrawa

circlewithradiusd
2.Thenthesecirclesareeitherexternally

tangenttoorapartfromeachother.
LetQbeanypointon☉Pi.Since

|P0Q|≤|P0Pi|+|PiQ|=|P0Pi|+d
2

≤|P0Pk|+12|P0Pk|= 32|P0Pk|,

wegetthatthecirclewithcenterP0andradius32|P0Pk|coverthe

previousk +1smallercircles.Thenwehaveπ 32|P0Pk|æ

è
ç

ö

ø
÷

2

>

(k +1)π d
2

æ

è
ç

ö

ø
÷

2
,andthatis

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



60   MathematicalOlympiadinChina

|P0Pk|>d
3 k +1(i =0,1,2,...,k).

Therefore,

|P0P1|·|P0P2|·…·|P0Pn|> d
3

æ

è
ç

ö

ø
÷

n
(n +1)!.  

4 (50marks)LetSn =1+12+…+1n
,wherenisapositive

integer.Provethatforanyrealnumbersa,bwith0≤a <

b ≤1,thereareinfinitemanytermsinthesequence{Sn -

[Sn]}thatare within (a,b).(Here [x]denotesthe

largestintegernotgreaterthanrealnumberx.)

Solution1.Foranyn ∈N*,wehave

S2n =1+12 +13 +… +1
2n =1+12 + 1

21 +1
+1
22

æ

è
ç

ö

ø
÷+

1
2n-1 +1

+… +1
2n

æ

è
ç

ö

ø
÷

>1+12 + 1
22

+1
22

æ

è
ç

ö

ø
÷+… + 1

2n +… +1
2n

æ

è
ç

ö

ø
÷

=1+12 +12 +… +12 > 12n.

LetN0 = 1
b-a[ ] +1,m =[SN0

]+1.Then 1
b-a <N0,

1
N0

<b-a,andSN0 <m ≤m +a.

LetN1 =22(m+1).ThenSN1 =S22(m+1) >m +1≥m +b.

Weclaimthatthereexistn ∈N* withN0 <n <N1suchthat

m +a <Sn <m +b(or,inotherwords,Sn -[Sn]∈ (a,b)).
Otherwise,assumingtheclaimisfalse,thenthere must

existk >N0suchthatSk-1 ≤m +aandSk ≥m +b.

ThenSk -Sk-1 ≥b -a.Butitcontradictsthefactthat
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Sk -Sk-1 = 1k < 1N0
<b-a.Therefore,theclaimistrue.

Furthermore,assumethereareonlyafinitenumberof

positiveintegersn1,...,nksatisfying

Snj
-[Snj

]∈ (a,b)(1≤j ≤k).

Definec = min
1≤j≤k

{Snj
-[Snj

]}.Thenthereexistsnon ∈N*

suchthatSn -[Sn]∈ (a,c).Itcontradictstheaboveclaim.
Therefore,thereareinfinitetermsinthesequence{Sn -

[Sn]}thatarewithin(a,b).
Theproofiscomplete.

Solution2.Foranyn ∈N*,wehave

S2n =1+12 +13 +… +1
2n =1+12 + 1

21 +1
+1
22

æ

è
ç

ö

ø
÷+

1
2n-1 +1

+… +1
2n

æ

è
ç

ö

ø
÷

>1+12 + 1
22

+1
22

æ

è
ç

ö

ø
÷+… + 1

2n +… +1
2n

æ

è
ç

ö

ø
÷

=1+12 +12 +… +12 > 12n.

Therefore,Sn canbelargerthananypositivenumberas
longasnbecomessufficientlylarge.

LetN0 = 1
b-a[ ] +1.Then1N0

<b-a,andwhenk>N0,

wehave

Sk -Sk-1 = 1k < 1N0
<b-a.

Soforanypositiveintegerm >SN0
,thereexistsn > N0

suchthatSn -m ∈ (a,b),or,inotherwords,m +a <Sn <

m +b.Otherwise,theremustbek >N0suchthatSk-1 ≤m +a
andSk ≥m +b,i.e.,Sk -Sk-1 ≥b-a.Butitcontradictsthe
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factthatSk -Sk-1 = 1k < 1N0
<b-a.

Nowletmi = [SN0
]+i(i =1,2,3,...).Thenthere

existsni >N0suchthatmi +a <Sni <mi +b,i.e.,Sni -

[Sni
]∈ (a,b).

Therefore,thereareinfinitetermsinthesequence{Sn -

[Sn]}thatarewithin(a,b).  

2013 (Jilin)

1 (40marks)AsseeninFig.1.1,ABisachordofcircleω,

PisapointonarcAB,andE,F are2pointsonAB

satisfyingAE =EF =FB.ConnectPE,PFandextend

themtointersectwithωatC,D,respectively.Prove

EF·CD =AC·BD.

Fig.1.1
  

Fig.1.2

Solution.AsshowninFig.1.2,weconnectAD,BC,CF,

DE.SinceAE =EF =FB,wehave
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BC·sin∠BCE
AC·sin∠ACE =distancebetweenBandCP

distancebetweenAandCP =BE
AE =2.

①

Inthesameway,

AD·sin∠ADF
BD·sin∠BDF =distancebetweenAandPD

distancebetweenBandPD =AF
BF =2.

②

Ontheotherhand,since

∠BCE = ∠BCP = ∠BDP = ∠BDF,

∠ACE = ∠ACP = ∠ADP = ∠ADF,

multiplying①by②,wehaveBC·AD
AC·BD =4,or

BC·AD =4AC·BD. ③

ByPtolemy􀆳sTheorem,wehave

AD·BC =AC·BD +AB·CD. ④

Combining③and④,wegetAB·CD =3AC·BD,and
thatis

EF·CD =AC·BD.

Theproofiscomplete.  

2 (40marks)Givenpositiveintegersu,v,thesequence{an}

isdefinedas:a1 =u +v,andform ≥1,

a2m =am +u,

a2m+1 =am +v.{
DenoteSm =a1+a2+… +am(m =1,2,...).Prove

thatthereareinfinitetermsinsequence{Sn}thatare
squarenumbers.
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Solution.Forpositiveintegern,wehave

S2n+1-1 =a1 +(a2 +a3)+(a4 +a5)+… +(a2n+1-2 +a2n+1-1)

=u +v +(a1 +u +a1 +v)+(a2 +u +a2 +v)+… +

(a2n-1 +u +a2n-1 +v)

=2n(u +v)+2S2n-1.

Then

S2n-1 =2n-1(u +v)+2S2n-1-1

=2n-1(u +v)+2(2n-2(u +v)+2S2n-2-1)

=2·2n-1(u +v)+22S2n-2-1

= … = (n -1)·2n-1(u +v)+2n-1(u +v)

= (u +v)n·2n-1.

Supposeu +v =2k·q,wherekisanon-negativeinteger,

andqisanoddnumber.Taken =q·l2,wherelisanypositive
integersatisfyingl≡k-1(mod2).ThenS2n-1 =q2l2·2k-1+q·l2,

and

k -1+q·l2 ≡k -1+l2 ≡k -1+(k -1)2

=k(k -1)≡0(mod2).

Therefore,S2n-1 isa square number.Sincethere are
infinitel􀆳s,thereareinfinitetermsin{Sn}thataresquare
numbers.Theproofiscomplete.  

3 (50 marks)Suppose there are m questions in an
examinationattendedbynstudents,wherem,n ≥2are

given natural numbers. The marking rule for each

questionisasfollows:ifthereareexactlyx students
failingtoanswerthequestioncorrectly,thentheywill
eachget0marks,andthosewhoansweritcorrectlywill
eachgetx marks.Thetotalmarksofastudentarethe
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sumof markshe/shegetsfromthem questions.Now
rankthetotalmarksofthenstudentsasp1 ≥p2 ≥ … ≥

pn.Findthemaximumpossiblevalueofp1 +pn.

Solution.Foranyk =1,2,...,m,assumingtherearexk

studentsfailingtoanswerthekthquestioncorrectly,thenthere
aren -xkoneswhoansweritcorrectlyandeachgetsxk marks
fromitaccordingly.Supposethesumofthenstudents􀆳total
marksisS.Thenwehave

∑
n

i=1
pi =S =∑

m

k=1
xk(n -xk)=n∑

m

k=1
xk -∑

m

k=1
x2

k.

Aseachstudentgetsat mostxk marksfrom thekth

question,wehave

p1 ≤∑
m

k=1
xk.

Sincep2 ≥ … ≥pn,thenpn ≤
p2 +p3 +… +pn

n -1 =
S -p1

n -1.

Therefore,

p1 +pn ≤p1 +
S -p1

n -1 =n -2
n -1p1 + S

n -1

≤n -2
n -1

·∑
m

k=1
xk + 1

n -1
· n∑

m

k=1
xk -∑

m

k=1
x2

k( )

=2∑
m

k=1
xk - 1

n -1
·∑

m

k=1
x2

k.

BytheCauchyInequality,wehave

∑
m

k=1
x2

k ≥
1
m ∑

m

k=1
xk( )

2
.

Then
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p1 +pn ≤2∑
m

k=1
xk - 1

m(n -1)
· ∑

m

k=1
xk( )

2

=- 1
m(n -1)

· ∑
m

k=1
xk -m(n -1)( )

2
+m(n -1)

≤m(n -1).

Ontheotherhand,ifthereisastudentwhoanswersallthe

questionscorrectly,whiletheothern-1studentsfailtoanswer
anyquestions,thenwehave

p1 +pn =p1 =∑
m

k=1

(n -1)=m(n -1).

Therefore,themaximumpossiblevalueofp1 +pnism
(n -1).  

4 (50marks)Letn,kbeintegersgreaterthan1andsatisfyn
<2k.Provethatthereare2kintegersnotdivisiblebyn,

suchthatifwedividethemintotwogroups,thenthere
mustexistagroupinwhichthesumofsomeintegerscanbe
dividedbyn.

Solution.Atfirst,weconsiderthecasethatn =2r,r ≥1.
Obviously,atthistimer <k.Wetakethree“2r-1”sand2k-3
“1”s — eachofthem cannotbedividedbyn.Ifthese2k
numbersaredividedintotwogroups,thentheremustexistagroup
thatcontainstwo“2r-1”s,whosesumis2r —divisiblebyn.

Next,weconsiderthecasethatnisnotapowerof2.At
thistime,the2kintegerswetakeare

-1,-1,-2,-22,...,-2k-2,1,2,22,...,2k-1.

Thentheyeachcannotbedividedbyn.
Assumethesenumberscanbedividedintotwogroups,such

thatanypartialsumofnumbersinonegroupisnotdivisibleby
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n.Wemaysaythat“1”isinthefirstgroup.Since(-1)+1=

0isdivisiblebyn,thetwo“-1”smustbeinthesecondgroup;

since(-1)+(-1)+2=0,the“2”isinthefirstgroup;then
the“-2”isinthesecondgroup.

Nowbyinduction,assuming1,2,...,2lareinthefirst

groupand-1,-1,-2,...,-2linthesecondone(1≤l <

k -2),since

(-1)+(-1)+(-2)+… +(-2l)+2l+1 =0

isdivisiblebyn,wegetthat2l+1isinthefirstgroup,andthen-

2l+1inthesecond.
Therefore,1,2,22,...,2k-2isinthefirstgroupand-1,

-1,-2,-22,...,-2k-2inthesecond.Finally,since

(-1)+(-1)+(-2)+… +(-2k-2)+2k-1 =0,

then2k-1isinthefirstgroup.Therefore,1,2,22,...,2k-1are
allinthefirstgroup.

Ontheotherhand,theknowledgeaboutthebinarynumber
systemtellsusthateverypositiveintegerwhichisnotgreater
than2k -1canberepresentedasthepartialsum of1,2,

22,...,2k-1.Sincen≤2k -1,thenitisthepartialsumof1,2,

22,...,2k-1thatisofcoursedivisiblebynitself.Thisisa
contradictiontotheassumption.

Therefore,wehavefoundout2kintegersthatmeetthe
requirementinthequestion.Theproofisthencomplete.  
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ChinaMathematical
Olympiad

The China Mathematical Olympiad,organized by the China

MathematicalOlympiadCommittee,isheldinJanuaryeveryyear.

About150winnersoftheChinaMathematicalCompetitiontakepart

init.Thecompetitionlastsfortwodays,andtherearethree

problemstobecompletedwithin4.5hourseachday.

2011 (Changchun,Jilin)

FirstDay
8:00~12:30January15,2011

1 Leta1,a2,...,an(n ≥3)berealnumbers.Provethat
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∑
n

i=1
a2i -∑

n

i=1
aiai+1 ≤

n
2[ ](M -m)2,

wherean+1 =a1,M =max1≤i≤nai,m =min1≤i≤nai.[x]isthe
largestintegernotexceedingx.

Solution.Ifn =2k(kisapositiveinteger),then

2∑
n

i=1
a2i -∑

n

i=1
aiai+1( ) =∑

n

i=1

(ai -ai+1)2 ≤n(M -m)2,

therefore,

∑
n

i=1
a2i -∑

n

i=1
aiai+1 ≤

n
2
(M -m)2 = n

2[ ](M -m)2.

Ifn =2k +1(kisapositiveinteger),thenfor2k +1
numbersarrangedinacyclicway,onecanalwaysfindthree

consecutiveincreasing ordecreasingterms (as∏
2k+1

i=1
(ai -

ai-1)(ai+1 -ai)=∏
2k+1

i=1
(ai -ai-1)2 ≥0,soitisnotpossible

thatforeveryi,ai -ai-1andai+1 -aihavingoppositesigns).
Withoutlossofgenerality,weassumethata1,a2,a3 are
monotonic,then

(a1 -a2)2 +(a2 -a3)2 ≤ (a1 -a3)2.

Hence,

2∑
n

i=1
a2i -∑

n

i=1
aiai+1( ) =∑

n

i=1

(ai -ai+1)2

≤ (a1 -a3)2 +∑
n

i=3

(ai -ai+1)2,

whichtransformedthequestionintothecaseof2knumbers.We
have

2∑
n

i=1
a2i -∑

n

i=1
aiai+1( ) ≤ (a1 -a3)2 +∑

n

i=3

(ai -ai+1)2

≤2k(M -m)2,
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i.e.,

∑
n

i=1
a2i -∑

n

i=1
aiai+1( ) ≤k(M -m)2 = n

2[ ](M -m)2.

 

Fig.2.1

2 AsshowninFig.2.1,Disthe
midpoint of arcBC ofthe
circumcircleoftriangleABC,

X liesonarcBD,E isthe
midpointofarcAX,Slieson
arcAC,SD intersectsBC at
R,SE intersectsAX atT.
ProvethatifRT‖DE,then
theincenteroftriangleABC

liesonlineRT.

Proof.ConnectAD,denotetheintersectionofADandRTby
I,thenAIisthebisectorof∠BAC.ConnectAS,SI,thenby
RT‖DE ,wehave

∠STI = ∠SED = ∠SAI,

soA,T,IandSareconcyclic,andwedenotethiscirclebyω1.

ConnectCE,denotetheintersectionofCEandRT byJ,

connectSC,then

∠SRJ = ∠SDE = ∠SCE,

soS,J,RandCareconcyclic,andwedenotethiscirclebyω2.

DenotebyKtheintersectionpointofω1andω2otherthan

S,weprovenextthatKistheintersectionofAJandCI.

DenotebyK1theintersectionofω1 andAJ otherthan

A,then
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∠SK1A = ∠STA = 12
(SA +XE)= 12

(SA +AE)

= ∠SDE = ∠SRT = ∠SRJ,

soS,K1,J andR areconcyclic,i.e.,K1 belongstoω2.

Similarly,denotebyK2theintersectionofω2andCIotherthan

C,thenK2belongstoω1.Hence,K1andK2coincide,andKis

theintersectionofAJandCI.

As∠CAD = ∠CAI,and ∠TJE = ∠CJR = ∠CED =

∠CAD,soA,I,JandCareconcyclic,therefore,∠ACI =

∠AJI.

Ontheotherhand,bytheconcyclicityofC,K,JandR,

wehave∠BCI = ∠ICR = ∠AJI,and∠ACI = ∠BCI,soIis

theincenterofthetriangleABC.  

3 LetA1,A2,...,Anbennon-emptysubsetsofafiniteset

Aofrealnumberssatisfyingthefollowingconditions:

(1)ThesumofelementsofAisequalto0;

(2)PickarbitrarilyanumberfromeachAi,andtheirsum

isstrictlypositive.

ProvethatthereexistsetsAi1
,Ai2

,...,Aik
,1≤i1 <i2

< … <ik ≤n,suchthat

|Ai1 ∪Ai2 ∪ … ∪Aik |<
k
n|A|.

|X|denotesthenumberofelementsofafinitesetX.

Solution.LetA ={a1,...,am}witha1 >… >am.By(1)we

havea1 +… +am =0.Considerthesmallestelementofeach

Ai,thesumofthesenumbersisgreaterthan0.Assumethat

thereareexactlyki setsamongA1,...,An whose minimal

elementisai,i =1,2,...,m.Then,onehas
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k1 +… +km =n.

By(2),wehave

k1a1 +… +kmam >0.

Fors=1,2,...,m -1,thereareintotalk1+…+kssets,

whose minimalelementsare greaterthan orequaltoas.
Therefore,theunionofthesesetsiscontainedin{a1,...,as},

whencethenumberofelementsdoesnotexceeds.
Next,weprovethatthereexistss ∈ {1,2,...,m -1}

suchthatk = k1 + … +ks >sn
m .Weprovethisclaim by

contradiction.Supposethat

k1 +… +ks ≤
sn
m
,s =1,2,...,m -1.

WiththehelpoftheAbeltransformandthefactthatas -

as+1 >0,1≤s ≤m -1,weknowthat

 0<∑
m

j=1
kjaj

=∑
m-1

s=1

(as -as+1)(k1 +… +ks)+am(k1 +… +km)

≤∑
m-1

s=1

(as -as+1)snm +amn

= n
m∑

m

j=1
aj =0.

Wethengetacontradiction.Forsuchans,wetakethesets
amongA1,...,An,whoseminimalelementsaregreaterthan
as,sayAi1

,Ai2
,...,Aik .Then,bytheaboveresults,we

knowthatthetotalnumberofsuchsetsisk =k1+…+ks >
sn
m
,

andthenumberofelementsoftheiruniondoesnotexceeds,
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i.e.,|Ai1 ∪Ai2 ∪ … ∪Aik |≤s <km
n = k

n|A|.  

SecondDay
8:00~12:30,January16,2011

4 Givenpositiveintegern,letS ={1,2,...,n}.Findthe
minimumof|AΔS|+|BΔS|+|CΔS|fornonempty
finitesetsAandBofrealnumbers,whereC = {a+b|a
∈A,b ∈B},XΔY ={x|xbelongstoexactlyoneofX
andY},|X|denotesthenumberofelementsofafinite

setX.

Solution.Theminimumisn +1.

First,bytakingA =B =S,wehave

|AΔS|+|BΔS|+|CΔS|=n +1.

Second,wecanprovethatl=|AΔS|+|BΔS|+|CΔS|≥

n +1.LetX\Y = {x|x ∈X,x ∉Y}.Wehave

l =|A\S|+|B\S|+|C\S|+|S\A|+|S\B|+|S\C|.

Allweneedtoprovearethefollowing:

(i)|A\S|+|B\S|+|S\C|≥1,
(ii)|C\S|+|S\A|+|S\B|≥n.

For(i).Infact,if|A\S|=|B\S|=0,thenA,B ⊆S.So
1cannotbeanelementofC,hence|S\C|≥1,therefore(i)isvalid.

For(ii).IfA ∩S = ⌀,then|S\A|≥n,theclaimis
alreadyvalid.IfA ∩S ≠ ⌀,weassumethatthe maximal

elementofA ∩Sisn -k,0≤k ≤n -1,then

|S\A|≥k. ①

Ontheotherhand,fori=k+1,k+2,...,n,eitheri∉
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B (theni ∈S\B )ori∈B(thenn-k+i∈C,i.e.,n-k+

i ∈C\S),hence

|C\S|+|S\B|≥n -k. ②

From ①and②,weobtain(ii).
Inconclusion,(i)and(ii)arevalid,sol ≥n +1.Hence,

theminimumisn +1.  

5 Given integer n ≥ 4. Find the maximum of

∑
n

i=1ai(ai +bi)

∑
n

i=1bi(ai +bi)
for non-negative real numbersa1,

a2,...,an,b1,b2,...,bnsatisfying

a1 +a2 +… +an =b1 +b2 +… +bn >0.

Solution.Themaximumisn -1.Byhomogeneity,wecan

assumewithoutlossofgeneralitythat∑
n

i=1ai =∑
n

i=1bi =1.

First,itisclearthatifa1 =1,a2 =a3 = … =an =0and

b1 =0,b2 =b3 =… =bn = 1
n -1

,then∑
n

i=1ai(ai +bi)=1,

∑
n

i=1bi(ai +bi)= 1
n -1

,hence

∑
n

i=1
ai(ai +bi)

∑
n

i=1
bi(ai +bi)

=n -1.

Nowweprovethatforanyrealnumbersa1,a2,...,an,

b1,b2,...,bnsatisfying∑
n

i=1ai =∑
n

i=1bi =1,wehave

∑
n

i=1
ai(ai +bi)

∑
n

i=1
bi(ai +bi)

≤n -1.
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Notethatthedenominatorispositive,itisequivalentto
showthat

∑
n

i=1
ai(ai +bi)≤ (n -1)∑

n

i=1
bi(ai +bi),

i.e.,

(n -1)∑
n

i=1
b2i +(n -2)∑

n

i=1
aibi ≥∑

n

i=1
a2i.

Bysymmetry,wecanassumethatb1isthesmallestone
amongb1,b2,...,bn.Then

 (n -1)∑
n

i=1
b2i +(n -2)∑

n

i=1
aibi

≥ (n -1)b21 +(n -1)∑
n

i=2
b2i +(n -2)∑

n

i=1
aib1

≥ (n -1)b21 + ∑
n

i=2
bi( )

2
+(n -2)b1

= (n -1)b21 +(1-b1)2 +(n -2)b1
=nb21 +(n -4)b1 +1

≥1=∑
n

i=1
ai ≥∑

n

i=1
a2i.

 

6 Provethatforanygivenpositiveintegersm,n,there
existinfinitelymanypairsofcoprimepositiveintegersa,

b,suchthata +b|ama +bnb.

Solution.Ifmn =1,thentheclaimisvalid.Formn ≥2,since

na(ama +bnb)= (a +b)na+b +a ((mn)a -na+b),

itissufficienttoprovetheexistenceofinfinitelymanycoprime
numberpairsa,b,suchthat

a +b|(mn)a -na+b,(a +b,n)=1.
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Letp = a +b,weonlyneedtoprovethatthereare
infinitelymanyprimenumberspandpositiveinteger1 ≤a ≤

p -1suchthat

p|(mn)a -np.

ByFermat􀆳stheorem,i.e.,whena1 ≡a2(modp -1),a1
≥1,a2 ≥1,(mn)a1 ≡ (mn)a2(modp).

Soweonlyneedtoprovethatthereareinfinitely many
primenumberspandpositiveintegerasuchthat

p|(mn)a -n. ①

Ifthere are only finitely manysuch primes,sayp1,

p2,...,pr (asmn ≥ 2,theexistence ofsuch primesis

obvious).Supposethat

(mn)2 -n =pα11 pα22 ...pαrr ,αi􀆳sarenon-negativeintegers
(1≤i≤r). ②

Leta = pα11 pα22 …pαrr (p1 - 1)…(pr - 1) + 2,and

supposethat

(mn)a -n =pβ11 pβ22 …pβrr ,βi􀆳sarenon-negativeintegers
(1≤i ≤r).

③

Ifpi|n,then,by③anda ≥2,weknowthatpβii |n,

hencepβii |(mn)2 -n,andby② wehaveβi ≤αi.

Ifpi n,thenpi m,so(pαi+1
i ,mn)=1.ByEuler􀆳s

Theorem(asφ(pαi+1
i )=pαii (pi -1)isafactorofa -2)

(mn)a -n ≡ (mn)2 -n(modpαi+1
i ).

Becausepαi+1
i (mn)2 -n,thecongruencerelationabove

impliesthatpαi+1
i (mn)a -n.Soβi ≤αi.Hence,
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(mn)a -n =pβ11 pβ22 …pβrr ≤pα11 pα22 …pαrr = (mn)2 -n,

whichisincontradiction witha >2.Sothereareinfinitely
manyprimespandpositiveintegersasuchthatp|(mn)a -n.

 

2012 (Xian,Shaanxi)

FirstDay
8:00~12:30January15,2012

1 AsshowninFig.1.1,∠Aisthebiggestangleintriangle
ABC.Onthecircumcircleof△ABC,thepointsDandE
arethemidpointsofABCandACB,respectively.Denote
by☉O1thecirclepassingthroughAandB,andtangentto
lineAC,by☉O2thecirclepassingthroughAandE,and
tangenttolineAD.☉O1intersects☉O2atpointsAand
P.ProvethatAPisthebisectorof∠BAC.

Fig.1.1

Solution.Joinrespectivelythe

pairsofpointsEP,AE,BE,

BP,CD. For the sake of
convenience,wedenotebyA,

B, C the angles ∠BAC,

∠ABC,∠ACB,thenA +B +

C =180°. Take an arbitrary
pointXontheextensionofCA,

apointYontheextensionofDA.ItiseasytoseethatAD =

DC,AE = EB.BythefactthatA,B,C,D andE are
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concyclic,weget

∠BAE =90°-12
∠AEB =90°-C

2
,∠CAD

=90°-12
∠ADC =90°-B

2.

AslineACand☉O1aretangentatpointA,lineADand

☉O2aretangentatpointA,weget

∠APB = ∠BAX =180°-A,∠ABP = ∠CAP,

and

∠APE = ∠EAY =180°- ∠DAE =180°-(∠BAE + ∠CAD -A)

=180°- 90°-C
2

æ

è
ç

ö

ø
÷- 90°-B

2
æ

è
ç

ö

ø
÷+A =90°+A

2.

Bycomputation,weobtain

∠BPE =360°- ∠APB - ∠APE =90°+A
2 = ∠APE.

In△APE and△BPE,weapplyLawofSine,andtake

intoaccountthatAE =BE,weobtain

sin∠PAE
sin∠APE =PE

AE =PE
BE =sin∠PBE

sin∠BPE.

Therefore,sin∠PAE =sin∠PBE.Ontheotherhand,

∠APEand∠BPEarebothobtuse,so ∠PAEand ∠PBEare

bothacute,thus∠PAE = ∠PBE.

Hence,∠BAP = ∠BAE - ∠PAE = ∠ABE - ∠PBE =

∠ABP = ∠CAP.  

2 Givenaprimenumberp,letAbeap×pmatrixsuchthat

itsentriesareexactly1,2,...,p2insomeorder.The

followingoperationisallowedforamatrix:addoneto
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eachnumberinaroworacolumn,orsubtractonefrom
eachnumberinaroworacolumn.ThematrixAiscalled
“good”ifonecantakeafiniteseriesofsuchoperations
resultinginamatrixwithallentrieszero.Findthenumber
ofgoodmatricesA.

Solution.Wemaycombinetheoperationsonthesamerowor
column,thusthefinalresultofaseriesofoperationscanbe
realizedassubstractingintegerxifromeachnumberofi-throw
andsubstractingintegeryjfromeachnumberofj-thcolumn.
Thus,thematrixAisgoodifandonlyifthereexistintegersxi

yj,suchthataij =xi +yjforall1≤i,j ≤p.
SincetheentriesofA aredistinct,x1,x2,...,xp are

pairwisedistinct,andsoarey1,y2,...,yp.Wemayconsider
onlythecasethatx1 <x2 <… <xpsinceswappingthevalueof
xiandxjresultsinswappingthei-throwandj-throw,whichis
againagoodmatrix.Similarly,wemayconsideronlythecase
thaty1 <y2 < … <yp,thusthematrixisincreasingfromleft
toright,alsofromtoptobottom.

Fromtheassumptionsabove,wehavea11 =1,a12ora21
equals2.Wemayconsideronlythecasethata12 =2sincethe
transposeofthe matrixisagain good.Now we argue by
contradictionthatthefirstrowis1,2,...,p.Assumeonthe
contrarythat1,2,...,kisonthefirstrow,butk+1isnot,2
≤k <p,thereforea21 =k+1.Wecallkconsecutiveintegersa
“block”,andweshallprovethatthefirstrowconsistsofseveral
blocks,thatis,thefirstk numbersisablock,thenextk
numbersisagainablock,andsoon.

Ifitisnotso,assumethefirstngroupsofknumbersare
“blocks”,butthenextknumbersisnota“block”(orthereare
noknumbersremaining).Itfollowsthatforj =1,2,...,n,
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y(j-1)k+1,y(j-1)k+2,...,yjkisa“block”,thefirstnkcolumnsof
thematrixcanbedividedintopn1×ksubmatricesai,(j-1)k+1,

ai,(j-1)k+2,...,ai,jk,i=1,2,...,p,j =1,2,...,n,each
submatrixisa“block”.Nowassumea1,nk+1 =a,letbbethe
smallestpositiveintegerssuchthata+bisnotonthefirstrow,

thenb≤k-1.Sincea2,nk+1-a1,nk+1 =x2-x1 =a21-a11 =k,

wehavea2,nk+1 =a +k,thereforea +bliesinthefirstnk
columns.Therefore,a +biscontainedinoneofthe1 ×k
submatricesmentionedabove,whichisa“block”,howevera,

a +karenotinthis“block”,whichisacontradiction.
Weshowedthatthefirstrowisformedbyblocks,in

particulark|p,however,1<k <p,andpisaprime,whichis
impossible.Soweconcludethatthefirstrowis1,2,...,p,

thek-throwmustbe(k-1)p+1,(k-1)p+2,...,kp.Thus
uptointerchangingrows,columnsandtranspose,thegood
matrixisunique,theansweristherefore2(p!)2.  

3 ProvethatforanyrealnumberM >2,thereexistsa
strictlyincreasinginfinitesequenceofpositiveintegersa1,

a2,...satisfyingboththefollowingtwoconditions:

(1)ai >Miforanypositiveintegeri.
(2)Anintegernisnon-zeroifandonlyifthereexistsa

positiveintegermandb1,b2,...,bm ∈ {-1,1},withn
=b1a1 +b2a2 +… +bmam.

Solution.Forgiven M > 2,weconstructbyinduction a
sequence{an}thatsatisfiestherequirements.Takea1,a2that
satisfya2 -a1 =1anda1 >M2.Nowsupposea1,a2,...,a2k
arealreadychosen,suchthatai >Mi,i =1,2,...,2kand
suchthatthesetAk ={b1a1 +… +bmam|b1,...,bm =±1,1
≤ m ≤ 2k}doesnotcontain0.ItisobviousthatAk is
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symmetric,i.e.,Ak =-Ak.A1 ={a1,-a1,1,-1}.Letnbe

thesmallestpositiveintegernotinAk,N = ∑
2k

i=1ai,now

choosepositiveintegersa2k+1,a2k+2satisfyinga2k+2-a2k+1 =N +

n,a2k+1 >M2k+2,a2k+1 >∑
2k

i=1ai.WenowshowthatAk+1does

notcontain0andn ∈Ak+1.First,n =-∑
2k

i=1ai -a2k+1+a2k+2.

Ontheotherhand,if∑
m

i=1biai =0,m ≤2k +2,as0∉

Ak,wemusthavem =2k +1or2k +2.

Ifm =2k +1,then|∑
2k+1

i=1biai|≥a2k+1 -∑
2k

i=1ai >0.

Ifm =2k +2andb2k+1andb2k+2areofthesamesign,then

|∑
2k+2

i=1biai|≥a2k+1 +a2k+2 -∑
2k

i=1ai >0;ifb2k+1andb2k+2are

ofdifferentsigns,then

∑
2k+2

i=1
biai = ∑

2k

i=1
biai ±(a2k+1 -a2k+2) ≥|a2k+1 -a2k+2|-∑

2k

i=1
ai

=N +n -N =n >0.

The{an}thusconstructedsatisfiestherequirementssince0
isnotcontainedinanyAk,andanynon-zerointegerbetween
-kandkiscontainedinAk.  

SecondDay
8:00~12:30January16,2012

4 Letf(x)= (x +a)(x +b)wherea,baregivenpositive
realnumbers,n ≥2beagiveninteger.Fornon-negative
realnumbersx1,x2,...,xnthatsatisfyx1 +x2 +… +

xn =1,findthemaximumofF =∑1≤i<j≤nmin{f(xi),

f(xj)}.

Solution1.As
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min{f(xi),f(xj)}=min{(xi +a)(xi +b),(xj +a)(xj +b)}

≤ (xi +a)(xi +b)(xj +a)(xj +b)

≤ 12
((xi +a)(xj +b)+(xi +b)(xj +a))

=xixj +12
(xi +xj)(a +b)+ab,

so

F ≤ ∑
1≤i<j≤n

xixj +a +b
2 ∑

1≤i<j≤n

(xi +xj)+C2n·ab

= 12 ∑
n

i=1
xi( )

2
-∑

n

i=1
x2

i[ ] +a +b
2
(n -1)∑

n

i=1
xi +C2n·ab

= 12 1-∑
n

i=1
x2

i( ) +n -1
2
(a +b)+C2n·ab

≤ 12
1-1n ∑

n

i=1
xi( )

2æ

è
ç

ö

ø
÷+n -1

2
(a +b)+C2n·ab

= 12
1-1n

æ

è
ç

ö

ø
÷+n -1

2
(a +b)+n(n -1)

2 ab

=n -1
2

1
n +a +b+nabæ

è
ç

ö

ø
÷.

Theequalityholdswhenx1 =x2 = … =xn = 1n.Sothe

maximumofFisn -1
2

1
n +a +b+nabæ

è
ç

ö

ø
÷.

Solution2.Weshowthatthemaximumvalueisattainedwhen

x1 =x2 =… =xn =1n
,andFmax =n -1

2
1
n +a +b+nabæ

è
ç

ö

ø
÷.

Weinductonntoshowamoregeneralstatement:fornon-

negativerealnumbersx1,x2,...,xnsatisfyingx1 +x2 +… +

xn =s (wheresisafixednon-negativerealnumber),the

maximum value of F = ∑1≤i<j≤nmin{f(xi),f(xj)}is
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attainedwhenx1 =x2 = … =xn = s
n.

SinceFissymmetric,wemayassumex1 ≤x2 ≤ … ≤xn.

Notethatf(x)isstrictlyincreasing on non-negative real

numbers,wehave

F = (n -1)f(x1)+(n -2)f(x2)+… +f(xn-1).

Whenn =2,F =f(x1)≤f s
2

æ

è
ç

ö

ø
÷,equalityholdswhenx1 =

x2.Assumethatthestatementholdsforn,considerthecaseof

n +1.Applyinginductivehypothesisonx2 +x3 +… +xn+1 =

s-x1,wehave

F ≤nf(x1)+12n
(n -1)f s-x1

n
æ

è
ç

ö

ø
÷ =g(x1),

whereg(x)isa quadraticfunction ofx,theleading

coefficientis1 +n -1
2n2 ,andthecoefficientofxisa +b -

n -1
2n a +b+s

2n
æ

è
ç

ö

ø
÷,therefore,theaxisofsymmetryis

n -1
2n a +b+s

2n
æ

è
ç

ö

ø
÷-a -b

2+n -1
n2

≤ s
2(n +1).

(Theaboveinequalityisequivalentto[(n-1)s-2n(n+1)(a+

b)](n +1)≤2s(2n2 +n -1);obviously,left-handside <

(n2 -1)s < right-hand side.)Therefore,g s
n +1
æ

è
ç

ö

ø
÷ isthe

maximumofg(x)on 0, s
n +1[ ].Thus,Fattainsitsmaximum

whenx2 =x3 = … =xn+1 =s-x1

n = s
n +1=x1,completing

thesolution.  
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5 Letn beasquare-freepositiveevennumber,k bean

integer,pbeaprimenumber,satisfyingp <2n,p n,

p|n+k2.Provethatncanbewrittenasn =ab+bc+ca,

wherea,b,caredistinctivepositiveintegers.

Solution.Sinceniseven,wehavep ≠2.Asp n,wehave

p k.Wemayassumewithoutlossofgenerality0<k <p.Set

a =k,b =p -k,thenc =
n -k(p -k)

p
=n +k2

p
-k.

Byassumption,cisaninteger,anda,b are distinct

positiveintegers.Itremainstobeshownthatc>0,andc≠a,

b.BytheAM GMinequality,wehaven
k +k ≥2n >p,thus

n +k2 >pk,hencec >0.Ifc =a,thenn +k2
p

-k =k,thus

n =k(2p -k).Sinceniseven,kisalsoeven,asaconsequence
nisdivisibleby4,whichcontradictsthefactthatnissquare-
free.Ifc =b,thenn =p2 -k2.Sinceniseven,kisodd,

implyingthatnisagaindivisibleby4,whichisacontradiction.
Weconcludethata,b,csatisfyalltherequirements,

completingtheproof.  

6 Findthesmallestpositiveintegerk withthefollowing
property:foranykelementsubsetAofthesetS = {1,

2,...,2012},thereexistthreepairwisedistinctelements
a,b,cofSsuchthata+b,b+c,c+aallbelongtoA.

Solution.Withoutlossofgenerality,wemayassumea <b <

c.Writex =a +b,z =b +c,y =a +c,thenx <y <z,

x +y >z,andx +y +ziseven.Ontheotherhand,ifthere
existx,y,z ∈Asuchthatx <y <z,x +y >z,andthat

x +y +ziseven,seta =
x +y -z

2
,b =

x +z -y
2

,c =
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y +z -x
2

,itisclearthata,b,carepairwisedistinctelements

ofS,andx =a +b,y =a +c,z =b+c.

Therequiredpropertyisequivalenttothefollowing:for

anyk-elementsubsetAofS,thereexistthreeelementsx,y,

z ∈Asuchthat

x <y <z,x +y >z,andx +y +ziseven. (*)

IfA ={1,2,3,5,7,...,2011},|A|=1007,andAdoes

notcontainthreeelementssatisfyingproperty(*).Therefore,

k ≥1008.

Wenextprovethatany1008-elementsubsetofScontains

threeelementssatisfyingproperty(*).

Weproveageneralstatement:Foranyintegern ≥4,any
(n +2)-elementsubsetof{1,2,...,2n}containsthree

elementssatisfying(*).Weinductonn.

Whenn =4,letAbea6-elementsubsetof{1,2,...,8},

thenA ∩{3,4,5,6,7,8}containsatleastfourelements.IfA
∩ {3,4,5,6,7,8}containsthreeevennumbers,then4,6,

8∈Asatisfying (*).IfA ∩ {3,4,5,6,7,8}contains

exactlytwoevennumbers,thenitcontainstwooddnumbers.

Foranytwooddnumbersx,yof{3,5,7},twoof(4,x,y),
(6,x,y),(8,x,y)wouldsatisfyproperty(*),thusoneof

themiscontainedinA.IfA ∩{3,4,5,6,7,8}containsexactly
oneevennumberx,thenitcontainsallthreeoddnumbers,then(x,

5,7)satisfies(*).Theresultholdsforn =4.

Assumingtheresultholdsforn(n≥4),considerthecaseof

n +1.LetAbe(n+3)-elementsof{1,2,...,2n+2},if|A
∩ {1,2,...,2n}|≥n+2.Byinductivehypothesis,theresult

follows.Itremainstoconsider|A ∩{1,2,...,2n}|=n+1,
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and2n +1,2n +2∈A.IfAcontainsanoddnumberxin{1,

2,...,2n},thenx,2n +1,2n +2satisfy(*);ifnoodd
numberof{1,2,...,2n}greaterthan1iscontainedinA,

thenA = {1,2,4,6,...,2n,2n+1,2n+2},and4,6,8∈

Asatisfy(*).
Hence,thesmallestkwiththerequiredpropertyis1008.

 

2013 (Shenyang,Liaoning)

FirstDay8:00 12:30
January12,2013

1 TwocirclesK1andK2ofdifferentradiiintersectattwo

pointsAandB,letCandDbetwopointsonK1andK2,

respectively,suchthatAisthemidpointofthesegment
CD.TheextensionofDB meetsK1atanotherpointE,

andtheextensionofCB meetsK2atanotherpointF.Let
l1andl2betheperpendicularbisectorsofCD andEF,

respectively.

Fig.1.1

(1)Show thatl1 andl2
haveauniquecommon

point(denotedbyP).
(2)Provethatthelengths

ofCA,APandPEare

thesidelengthsofa

righttriangle.

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaMathematicalOlympiad 87   

Solution(1)SinceC,A,B,Eareconcyclic,andD,A,B,

Fareconcyclic,CA =AD,andbythetheoremofpowerofa

point,wehave

CB·CF =CA·CD =DA·DC =DB·DE. ①

Supposeonthecontrarythatl1andl2donotintersect,then

CD‖EF,henceCF
CB = DE

DB.Plugginginto①,wegetCB2 =

DB2,thusCB =DB,henceBA ⊥CD.ItfollowsthatCBand

DBarethediametersofK1andK2,respectively,henceK1and

K2havesameradii,whichcontradictswithassumption.Thus,

l1andl2haveauniquecommonpoint.
(2)JoinAE,AFandPF,wehave

∠CAE = ∠CBE = ∠DBF = ∠DAF.

SinceAP ⊥CD,APisthebisectorof∠EAF.SincePison

theperpendicularbisectorofthesegmentEF,P isonthe

circumcircleof△AEF.Wehave

∠EPF =180°- ∠EAF = ∠CAE + ∠DAF
=2∠CAE =2∠CBE.

Hence,BisonthecirclewithcenterP andradiusPE,

denotingthiscirclebyΓ.LetR betheradiusofΓ.Bythe

theoremofpowerofapoint,wehave

2CA2 =CA·CD =CB·CF =CP2 -R2,

thus

AP2 =CP2 -CA2 = (2CA2 +R2)-CA2 =CA2 +PE2.

ItfollowsthatCA,AP,PEformthesidelengthsofa

righttriangle.  
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2 Findallnon-emptysetsSofintegerssuchthat3m -2n ∈

Sforall(notnecessarilydistinct)m,n ∈S.

SolutionCallasetS“good”ifitsatisfiesthepropertyasstated
intheproblem.

(1)IfShasonlyoneelement,Sis“good”.
(2)Now we can assumethatS containsatleasttwo

elements.Let

d =min{|m -n|∶m,n ∈S,m ≠n}.

Thenthereisanintegera,suchthata +d,a +2d ∈S.
Notethat

a +4d =3(a +2d)-2(a +d)∈S,

a -d =3(a +d)-2(a +2d)∈S,

a +5d =3(a +d)-2(a -d)∈S,

a -2d =3(a +2d)-2(a +4d)∈S.

Sowehaveprovedthatif

a +d,a +2d ∈S,

then

a -2d,a -d,a +4d,a +5d ∈S.

Continuingthisprocedure,wecandeducethat

{a +kd|k ∈Z,3k}⊆S.

LetS0 ={a+kd|k ∈Z,3k},itiseasytoverifythatS0

is“good”.
(3)Now wehaveprovedthatS0 ⊆S.IfS ≠S0,picka

numberb ∈S\S0,thenthereexistsanintegerl,suchthata +

ld ≤b <a + (l +1)d.Sinceatleastoneoflandl +1is
indivisibleby3,weknowthatatleastoneofa +ld,a +(l+

1)discontainedinS0.Ifa+ld ∈S0,notethat0≤|b-(a+
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ld)|<d,bythedefinitionofd,wemusthaveb =a +ld.If

a +(l+1)d ∈S0,notethat

0<|a +(l+1)d -b|≤d,

bythedefinitionofd,wealsohaveb =a +ld.

Inbothcases,wehaveprovedthatthereisanumberb ∈

S\S0oftheformb=a+ld.Thislmustbedivisibleby3,hence

a +ld,a +(l+1)d,a +(l+2)d ∈S,

a +(l-2)d,a +(l-1)d ∈S.

So

a +(l+3)d =3(a +(l+1)d)-2(a +ld)∈S,

a +(l-3)d =3(a +(l-1)d)-2(a +ld)∈S.

Continuingthisprocedure,wehavea+(l+3j)d ∈S,j∈

Z,whichimpliesthat{a+kd|d ∈Z}⊆S.WeclaimthatS =

{a +kd∣k ∈Z},sinceforanynumberx ∉{a+kd|d ∈Z},

thereisanelementiny ∈ {a+kd|k ∈Z}suchthat0<|x -

y|<d.Bythedefinitionofd,wemusthavex ∉S.SoS =

{a +kd ∣k ∈Z},anditiseasytoverifythatsuchSis“good”.

Weconcludethattherearethreeclassesof“good”sets:

(1)S = {a};
(2)S = {a +kd ∣k ∈Z,3k};
(3)S = {a +kd ∣k ∈Z},herea,d ∈Z,d >0.  

3 Find allpositive real numberst with the following

property:thereexistsaninfinitesetX ofrealnumbers

suchthattheinequality

max{|x -(a -d)|,|y -a|,|z -(a +d)|}>td

holdsforall(notnecessarilydistinct)x,y,z ∈X,all
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realnumbersaandallpositiverealnumbersd.

SolutionTheansweris0<t < 12.

Firstly,for0<t<12
,chooseλ∈ 0,1-2t

2(1+t)
æ

è
ç

ö

ø
÷,letxi =

λi,X = {x1,x2,...}.Weclaimthatforall(notnecessarily
distinct)x,y,z ∈X,allrealnumbersaandallpositivereal

numbersd,wehavethefollowinginequality:

max{|x -(a -d)|,|y -a|,|z -(a +d)|}>td.

Supposeonthecontrarythatthereexista ∈R,d ∈R+and

xi,xj,xk,suchthat

max{|xi -(a -d)|,|xj -a|,|xk -(a +d)|}≤td.

Hence,

-td ≤xi -(a -d)≤td,

-td ≤xj -a ≤td,

-td ≤xk -(a +d)≤td,

ì

î

í

ï
ï

ïï

i.e.,

xi +(1-t)d ≤a ≤xi +(1+t)d,

xj -td ≤a ≤xj +td,

xk -(1+t)d ≤a ≤xk -(1-t)d,

ì

î

í

ï
ï

ïï

(*)

whichimpliesthat

xk -(1+t)d ≤a ≤xi +(1+t)d,

xi +(1-t)d ≤a ≤xj +td,

xj -td ≤a ≤xk -(1-t)d,

ì

î

í

ï
ï

ïï

notethat0<t < 12.Itfollowsthat
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d ≥xk -xi

2(1+t)
,

d ≤
xj -xi

1-2t
,

d ≤
xk -xj

1-2t .

ì

î

í

ï
ï
ï
ï

ï
ï
ïï

①

②

③

By②,③andd >0,wegetxi <xj <xk,hencei >j >

k,λj +λi+1 ≤λk+1 +λi,weget

xj -xi

xk -xi
=
λj -λi

λk -λi ≤λ. ④

By①and②,weget
xj -xi

1-2t ≥xk -xi

2(1+t)
,hence

xj -xi

xk -xi
≥ 1-2t
2(1+t)>λ,

whichcontradicts④!ThusourearlierclaimaboutXisproved.

Secondly,fort ≥ 12
,weshowthatforanyinfinitesetX,

foranyx <y <zinX,wecanchoosea ∈Randd ∈R+such

that

max{|x -(a -d)|,|y -a|,|z -(a +d)|}≤td.

Infact,letd =z -x
2
,hencex +(1-t)d =z-(1+t)d.

Leta =max{x +(1-t)d,y -td}.Sincet ≥ 12
,weobtain

y -x <2d ≤ (1+2t)d,

x -y <0≤ (2t-1)d,{
i.e.,

y -td ≤x +(1+t)d,

x +(1-t)d ≤y +td,{
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hence

x +(1-t)d ≤a ≤x +(1+t)d,

y -td ≤a ≤y +td,

z -(1+t)d ≤a ≤z -(1-t)d,

ì

î

í

ï
ï

ïï

fromwhichweconcludethat

max{|x -(a -d)|,|y -a|,|z -(a +d)|}≤td.

Soeveryt ≥ 12 doesnotsatisfytherequirementofthe

problem.

Inconclusion,thesetofallrequiredtis 0,12
æ

è
ç

ö

ø
÷.  

SecondDay8:00 12:30
January13,2013

4 Givenanintegern ≥2,supposeA1,A2,...,An aren

nonemptyfinitesetssatisfying|AiΔAj|=|i-j|forall

i,j ∈ {1,2,...,n}.

Findtheminimumvalueof|A1|+|A2|+ … +|An|.
(Here|X|denotesthenumberofelementsofafiniteset

XandXΔY ={a|a ∈X,a ∉Y}∪{a|a ∈Y,a ∉X}

foranysetsXandY.)

Solution For each positiveintegerk,we provethatthe

minimumvalueofS2kisk2 +2;theminimumvalueofS2k+1is

k(k +1)+2.

Firstly,definethesetsA1,A2,...,A2k,A2k+1asfollows:

Ai = {i,i+1,...,k},i =1,2,...,k;Ak+1 = {k,k +1};

Ak+j = {k +1,k +2,...,k +j-1},j =2,3,...,k +1.
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Forthisfamilyofsets,itiseasytoverifythat|AiΔAj|=

j-i =|i-j|holdsinthefollowingcases:
(1)1≤i <j ≤k;
(2)1≤i <j =k +1;
(3)1≤i <k +1<j ≤2k +1;
(4)k +1=i <j ≤2k +1;
(5)k +2≤i <j ≤2k +1.
Moreover,thecaseofi=jistrivial,andthecaseofi>jcan

bereducedtothecaseofi <j.Thus,foralli,j ∈ {1,2,...,

2k +1},wehaveverifiedthat

|AiΔAj|=j-i =|i-j|.

Fortheabove(2k +1)sets,wecaneasilycalculatethat

S2k+1 =k(k +1)
2 +2+k(k +1)

2 =k(k +1)+2;

ifwechoosethefirst2ksets,wegetthat

S2k =S2k+1 -k =k2 +2.

Secondly,weshowthatS2k ≥k2+2andS2k+1 ≥k(k+1)+

2.Notethefollowingfacts:

Fact1.ForanytwofinitesetsX,Y,wehave|X|+|Y|
≥|XΔY|.

Fact2.Foranytwonon-emptyfinitesetsX,Y,if|XΔY|
=1,then|X|+|Y|≥3.

Whenn =2k,itfollowsfromFact1that

|Ai|+|A2k+1-i|≥|AiΔA2k+1-i|=2k +1-2i,i
=1,2,...,k -1.

By|AkΔAk+1|=1andFact2,wehave|Ak|+|Ak+1|≥3.So
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S2k =|Ak|+|Ak+1|+∑
k-1

i=1

(|Ai|+|A2k+1-i|)

≥3+∑
k-1

i=1

(2k +1-2i)=k2 +2.

Similarly,whenn =2k +1,wegetthat

|Ai|+|A2k+2-i|≥|AiΔA2k+2-i|=2k +2-2i,i
=1,2,...,k -1.

Since|AkΔAk+1|=1,wehave

(|Ak|+|Ak+1|)+|Ak+2|≥3+1=4,

so

S2k+1 =|Ak|+|Ak+1|+|Ak+2|+∑
k-1

i=1

(|Ai|+|A2k+2-i|)

≥4+∑
k-1

i=1

(2k +2-2i)=k(k +1)+2.

Inconclusion,theminimumvalueofS2kisk2 +2,andthe

minimumvalueofS2k+1isk(k+1)+2.Equivalently,foranyn

≥2,theminimumvalueofSnis n2

4[ ] +2.  

5 Foreachpositiveintegernandeachintegeri(0≤i≤n),

letCi
n ≡c(n,i)(mod2),wherec(n,i)∈ {0,1},

anddefine

f(n,q)=∑
n

i=0
c(n,i)qi.

Letm,nandqbepositiveintegerswithq+1notapower
of2.Supposethatf(m,q)|f(n,q).Provethatf(m,

r)|f(n,r)foreverypositiveintegerr.

SolutionForeachpositiveintegern,we writeninbinary
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representationasn =2a1 +2a2 +…+2ak,where0≤a1 <a2 <…

<ak.DefineasetT(n)= {2a1,...,2ak},T(0)isconsidered

anemptyset.

ByLucas􀆳Theorem,Ci
nisoddifandonlyifT(i)⊆T(n),

hence

f(n,q)= ∑
A⊆T(n)

qσ(A) = ∏
a∈T(n)

(1+qa),

whereσ(A)denotesthesumofallelementsofA.
Form,nandqasgivenbyassumption,weshowthatif

f(m,q)= ∏
a∈T(m)

(1+qa) ∏
a∈T(n)

(1+qa)=f(n,q),

thenT(m)⊆T(n),andconsequently,f(m,r)|f(n,r)for
everyr.

Foranyintegersi,j,0 ≤i <j,wehavethefollowing
factorization:

q2
j

-1= (q2
j-1

+1)…(q2
i

+1)(q2
i

-1),

therefore,

(q2
j

+1,q2
i

+1)= (q2
i

+1,2)|2.

Lets(k)bethelargestodddivisorofapositiveintegerk,

thens(q2
i

+1)ands(q2
j

+1)arecoprime.Clearly,q >1.Ifi
>0,q2

i
+1≡1or2(mod4),andq2

i
+1>2,thuss(q2

i
+1)>

1.Ifi =0,sinceq+1isnotapowerof2,wehaves(q+1)>

1.Foranya ∈T(m),s(qa +1)|∏b∈T(n)s(q
b +1).Since

s(1+qa)>1,wehavea ∈T(n),henceT(m)⊆T(n),which

completestheproof.  

6 Givenpositiveintegersmandn,findthesmallestinteger
N(≥m)withthefollowingproperty:ifanN-elementset
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ofintegerscontainsacompleteresiduesystem modulom,

thenithasanon-emptysubsetsuchthatthesum ofits
elementsisdivisiblebyn.

SolutionTheansweris

N =maxm,m +n -12m[(m,n)+1]{ } .

First,weshowthatN ≥maxm,m +n-12m
[(m,n)+1]{ }.

Letd =(m,n),andwritem =dm1,n =dn1.Ifn >12m(d+

1),thereexistsacompleteresiduesystem modulom,x1,

x2,...,xm,suchthattheirresiduemodulonconsistsexactlyof
m1groupsof1,2,...,d.Forexample,thefollowingm
numbershavetherequiredproperty:

i+dn1j,i =1,2,...,d,j =1,2,...,m1.

Findinganothersetofk =n - 12m(d +1)-1numbersy1,

y2,...,ykthatarecongruentto1modulon,theset

A = {x1,x2,...,xm,y1,...,yk}

containsacompleteresiduesystemmodulom,however,noneof
itsnon-emptysubsetshasitssumofelementsdivisiblebyn.In
fact,thesumofthe(smallestnon-negative)residuemodulonof
allelementsofAisgreaterthanzeroandlessthanorequalto
m1(1+2+… +d)+k =n -1.Thus,

N ≥m +n -12m(d +1),

i.e.,

N ≥maxm,m +n -12m[(m,n)+1]{ }.
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Next,weshowthatN =maxm,m +n-12m
[(m,n)+1]{ }

hastherequiredproperty.
Thefollowingkeyfactisfrequentlyusedintheproof:

amonganykintegers,onecanfinda(non-empty)subsetwhose
sumisdivisiblebyk.Leta1,a2,...,akbeintegers,Si =a1 +

a2 +… +ai.IfsomeSiisdivisiblebyk,thentheresultistrue.
Otherwise,thereexist1≤i<j≤k,suchthatSi ≡Sj(modk),

thenSj -Si =ai+1 +… +ajisdivisiblebyk,theresultisagain
true.Thefollowingfactisaneasycorollaryoftheprevious
result:amonganykintegers,eachofwhichisamultipleofa,

onecanfinda(non-empty)subsetwhosesumisdivisiblebyka.
Returningtotheproblem,weshalldiscusstwocases.

Case1:n ≤ 12m(d +1),andN =m.

Wecallafinitesetofintegersak-setifthesumofallits
elementsisdivisiblebyk.Letx1,x2,...,xm beacomplete
residuesystemmodulom.Clearly,wecandividethesenumbers
intom1 groups,eachgroupconsistingofacompleteresidue
system modulod.Lety1,y2,...,yd beacompleteresidue
system modulod,andyi ≡i(modd).Ifdisodd,wecandivide

eachgroupintod +1
2 d-set,forexample,{y1,yd-1},...,{yd-1

2
,

yd+1
2
},{yd}.Weget12m1(d +1)d-sets.Sincen1 ≤

1
2m1(d +

1),wecanchoosesomeofthesed-setssuchthatthesum of
theirelementsisdivisiblebyn1d(=n).Ifdiseven,similarly,

acompleteresiduesystem modulod canbedividedintod
2

d-sets,withyd
2 remaining.Tworemainingnumberscanform

anotherd-set.Intheend,wedividex1,x2,...,xminto12m1d+
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m1

2[ ] d-sets(possiblywithanumberleftifm1isodd).

Sincen1 ≤
1
2m1(d +1)= 12m1d +m1

2
,wehaven1 ≤

1
2

m1d + m1

2[ ],againwecanfindsomeofthesed-setssuchthat

thesumofalltheirelementsisdivisiblebyn1d =n.

Case2:n > 12m(d +1),N =m +n -12m(d +1).

LetAbeanN-elementset,containingacompleteresidue

system modulom,x1,x2,...,xm,withsomeothern -12m

(d +1)numbers.Ifdisodd,asshownincase1,we may

dividex1,x2,...,xm into12m1(d +1)d-sets.Dividethe

remainingn -12m(d +1)numbersarbitrarilyinton1 -12m1

(d +1)groups,eachwithdnumbers.Amongeachgroupofd
numbers,one mayfindad-set,therefore,wehaveanother

n1 -12m1(d +1)d-sets,andtotallyn1d-sets.Ifdiseven,as

discussedincase1,wemaydividex1,x2,...,xminto12m1

d + m1

2[ ]d-sets.Ifm1isodd,weareleftwithanumberxiwith

d|xi -d
2.Dividetheothern-12m(d+1)numbersarbitrarily

into2n1 -m1(d+1)groups,eachwithd
2numbers.Fromeach

group,wecanfindad
2
-set;fromanytwod

2-sets.wecan

findad-set.Ifm1iseven,then wecanfindanothern1 -

1
2m1(d +1)d-sets,andtotallyn1d-sets.Ifm1isodd,{xi}isa
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d
2-set

,wehave2n1 -m1(d +1)+1d
2-sets

,andalson1 -

1
2m1(d +1)+12d-sets.Again,wecanfindn1d-sets.Finally,

wecanchoosesomeofthesen1d-sets,suchthatthesumofall
theirelementsisdivisiblebyn1d(=n).  

2013 (Nanjing,Jiangsu)

FirstDay
8:00 12:30,December21,2013

Fig.1.1

1 InanacutetriangleABC,AB >

AC,thebisectorofangleBAC
andsideBCintersectatpointD,

twopointsE andF areinsides
AB andAC,respectively,such
thatB,C,F,E areconcyclic.
Provethatthe circumcenter of
triangleDEF coincideswiththe
innercenter oftriangle ABC if
andonlyifBE +CF =BC.

Solution.LetIbetheinnercenterof△ABC.
(Sufficiency)SupposeBC =BE +CF.LetKbethepoint

onBCsuchthatBK = BE,thusCK = CF.SinceBIbisects
∠ABC,CIbisects ∠ACB,△BIK and△BIE arereflection
withrespecttoBI,△CIK and △CIF arereflection with
respecttoCI,wehave ∠BEI = ∠BKI =π- ∠CKI =π-
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Fig.1.2

∠CFI = ∠AFI.Therefore,A,E,I,

Fareconcyclic.SinceB,E,F,Care
concyclic,wehave∠AIE = ∠AFE =

∠ABC,andhenceB,E,I,D are
concyclic.

Sincethebisectorof ∠EAF and
thecircumcircleof△AEF meetatI,

IE =IF.Sincethebisectorof∠EBD
andthecircumcircle of △BED also

meetatI,IE =ID.So,ID =IE =IF,thatis,Iisalsothe

circumcenterof△DEF.

Q.E.D.
(Necessity)SupposeIisthecircumcenterof△DEF.SinceB,

E,F,Careconcyclic,AE·AB =AF·AC,AB >AC,wehave

AE <AF.Therefore,thebisectorof∠EAFandtheperpendicular

bisectorofEFmeetatI,whichliesonthecircumcircleof△AEF.

SinceBIbisects∠ABC,letKbethesymmetricpointofE
withrespecttoBI,thenwehave∠BKI = ∠BEI = ∠AFI >

∠ACI = ∠BCI.Therefore,KliesonBC,∠IKC = ∠IFC,

∠ICK = ∠ICF,and△IKC ≌ △IFC.

HenceBC =BK +CK =BE +CF.  

2 Foranyintegernwithn >1,let

D(n)= {a -b|a,barepositiveintegerswithn
=abanda >b}.

Provethatforanyintegerk withk >1,thereexistk

pairwisedistinctintegersn1,n2,...,nk withni >1(1≤

i ≤k),suchthatD(n1)∩D(n2)∩ … ∩D(nk)hasat

leasttwoelements.
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Proof.Leta1,a2,...,ak+1bek +1distinctpositiveodds,

whereeachofthemissmallerthantheproductofotherk
numbers.WriteN =a1a2…ak+1.Foreachi=1,2,...,k+1,

letxi = 12
N
ai

+ai
æ

è
ç

ö

ø
÷,yi = 12

N
ai

-ai
æ

è
ç

ö

ø
÷,thenx2

i -y2
i = N.

Sinceaiaj <NandN
ai

>ai,(xi,yi)(1≤i ≤k+1)arek+1

positiveintegersolutionsofequationx2 -y2 =N.Withoutloss

ofgenerality,supposexk+1 =min{x1,x2,...,xk+1}.Foreach

i ∈ {1,2,...,k},sincex2
i -y2

i =x2
k+1 -y2

k+1,wehave

(xi +xk+1)(xi -xk+1)=x2
i -x2

k+1 =y2
i -y2

k+1

= (yi +yk+1)(yi -yk+1).

Letni = (xi +xk+1)(xi -xk+1)= (yi +yk+1)(yi -yk+1),then

2xk+1 = (xi +xk+1)-(xi -xk+1)∈D(ni),

2yk+1 = (yi +yk+1)-(yi -yk+1)∈D(ni).

Soxk+1 >yk+1,2xk+1and2yk+1aretwodifferentmembersof

D(n1)∩D(n2)∩ … ∩D(nk).  

3 LetN*bethesetofallpositiveintegers.Provethatthere

existsauniquefunctionf:N* → N* satisfyingf(1)=

f(2)=1and

f(n)=f(f(n -1))+f(n -f(n -1)),n =3,4,....

Forsuchf,findthevalueoff(2m)forintegerm ≥2.

Solution.Sincef(1)=1,wehave12 ≤f(1)≤1.

Weshowbyinductionthatforanyintegern >1,f(n)is
uniquelydeterminedbythevalueoff(1),f(2),...,f(n -

1),andn
2 ≤f(n)≤n.
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Forn =2,f(2)=1,theclaimistrue.
Assumethatforanyk,1≤k <n(n ≥3),f(k)isuniquely

determined,andk
2 ≤f(k)≤k,then1≤n -1

2 ≤f(n-1)≤

n -1,and1 ≤n -f(n -1)≤n -1,hencebyinduction

hypothesis,thevalueoff(f(n -1))andf(n -f(n -1))is

determined,andthevalueoff(n),bydefinition,is

f(n)=f(f(n -1))+f(n -f(n -1)), ①

whichisuniquelydetermined.Furthermore,wehave

1
2f
(n -1)≤f(f(n -1))≤f(n -1),

1
2
(n -f(n -1))≤f(n -f(n -1))≤n -f(n -1).

Equality①impliesn
2 ≤f(n)≤f(n-1)+(n-f(n-1))=

n.Theclaimisalsotrueforn.Byinduction,weprovedthat

thereexistsa uniquefunctionf:N* → N* satisfyingthe

requiredproperties,andn
2 ≤f(n)≤n.

Next,weshowbyinductionthatforanypositiveintegern,

wehave

f(n +1)-f(n)∈ {0,1}. ②

Whenn =1,②istrue.

Assumethat②istrueforn ≤k.By①,wehave

 f(k +2)-f(k +1)

= (f(f(k +1))+f(k +2-f(k +1)))-(f(f(k))+

f(k +1-f(k)))

= (f(f(k +1))-f(f(k)))+(f(k +2-f(k +1))-

f(k +1-f(k))).
③
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Byinductionhypothesis,f(k +1)-f(k)∈ {0,1}.
Iff(k +1)=f(k)+1,since1 ≤f(k)≤k,itfollows,

from ③andinductionhypothesis,that

f(k +2)-f(k +1)=f(f(k)+1)-f(f(k))∈ {0,1}.

Iff(k+1)=f(k),since1≤k+1-f(k)≤k,itfollows
from ③andtheinductionhypothesisthat

f(k +2)-f(k +1)=f(k +2-f(k))-

f(k +1-f(k))∈ {0,1}.

Thus,②istrueforn =k +1.Byinduction,②istruefor
anypositiveintegern.

Finally,weshowbyinductionthatforanypositiveinteger
m,wehavef(2m)=2m-1.

Form =1,theresultisclear.
Assumethattheresultistrueform =k,i.e.,f(2k)=

2k-1,considerthecaseform =k +1.
Assumeonthecontrarythatf(2k+1)≠2k,sincef(2k+1)≥

2k,andf(2k+1)isaninteger,wehavef(2k+1)≥2k +1.Since

f(1)=1,by②,letnbethesmallestintegersuchthatf(n)=

2k +1,wehaven≤2k+1,bytheminimalityofn,f(n-1)=2k.
Noticethatn -2k ≤2k,wehave

2k +1=f(n)=f(f(n -1))+f(n -f(n -1))

=f(2k)+f(n -2k)≤2f(2k)=2k,

whichisacontradiction.Itfollowsthatf(2k+1)=2k,theresult
isalsotrueform =k +1.Byinduction,f(2m)=2m-1forany
positiveintegerm.  
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SecondDay
8:00 12:30December22,2013

4 Foranyintegern withn >1,letn = pα11 …pαtt beits

standardfactorization,write

ω(n)=t,Ω(n)=α1 +… +αt.

Proveordisprovethefollowingstatement:Given any

positiveintegerkandanypositiverealnumbersαandβ,

thereexistsapositiveintegernwithn >1suchthat

ω(n +k)
ω(n) >αandΩ

(n +k)
Ω(n) <β.

Solution.TheanswerisYES.

FromthedefinitionofωandΩ,wehave

ω(ab)≤ω(a)+ω(b), ①

Ω(ab)=Ω(a)+Ω(b), ②

foranypositiveintegersa,b.Givenafixedpositiveintegerk
andpositiverealnumbersα,β,wetakeapositiveintegerm >

(ω(k)+1)α.Asthereareinfinitelymanyprimenumbers,we

cantakeasufficientlylargeprimepsuchthatΩ
(k)+1
pm +logp2

<β,andtakempairwisedistinctprimenumbersq1,q2,...,

qmthatareallgreaterthanp.Wewillshowthatn =2q1q2…qmk
hasthedesiredproperty.

First,weproveω(n +k)
ω(n) >α.Letn1 =n +k

k =2q1q2…qm +

1.Asq1,q2,...,qm arealloddprimenumbers,2qi +1|n1

when1≤i≤m,thendi =
2qi +1
3 isanintegergreaterthan1.
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Notethat

(2r -1,2s -1)=2(r,s)-1forallpositiveintegersr,s,③

and(qi,qj)=1(i ≠j),wehave

(di,dj)= 13
(2qi +1,2qj +1)≤ 13

(22qi -1,22qj -1)

=
2(2qi,2qj)-1

3 =2
2 -1
3 =1.

d1,d2,...,dm arethepairwisecoprimefactorsofn1,and
eachofthemisgreaterthan1.Hence,ω(n1)≥m.From ①
andthechoiceofm,wehave

ω(n +k)
ω(n) ≥ω(n1)

ω(n) ≥
ω(n1)

ω(k)+1≥
m

ω(k)+1>α.

Next,weproveΩ
(n+k)
Ω(n) <β.Asq1q2…qmisaoddnumber

andcannotbedividedby3,wehaven1 =2q1q2…qm +1≡±3(mod9),

thatis,3‖n1.Supposeqisaprimefactorofn1

3andq ≤p,then

22q1q2…qm -1= (2q1q2…qm -1)·n1 ≡0(modq).

FromtheFermat􀆳sLittleTheorem,2q-1 ≡1(modq).From③,

q|2(2q1q2…qm,q-1)-1.From(q-1,2q1q2…qm)= (q-1,2)≤

2,q-1<p <qi(i =1,2,...,m),henceq|22 -1,q =3.

Thiscontradictsthatn1

3isnotamultipleof3.Therefore,each

primefactorofn1

3islargerthanp.Son1

3 >pΩ(n1/3).From ②

andthechoiceofprimespandq1,q2,...,qm,wehave

Ω(n +k)=Ω(k)+Ω(3)+Ωn1

3
æ

è
ç

ö

ø
÷ <Ω(k)+1+logp

n1

3
æ

è
ç

ö

ø
÷

<Ω(k)+1+logp(n1 -1)

=Ω(k)+1+q1q2…qmlogp2,

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



106  MathematicalOlympiadinChina

Ω(n +k)
Ω(n) <

Ω(k)+1+q1q2…qmlogp2
q1q2…qm

<Ω(k)+1
pm +logp2<β.

 

5 GivenX ={1,2,...,100},considerfunctionf:X →X
satisfyingboththefollowingconditions:

(1)f(x)≠xforallx ∈X;
(2)A ∩f(A)≠ ⌀forallA ⊆X with|A|=40.
Findthesmallestpositiveintegerk,suchthatforanysuch

functionfthereexistsasetB ⊆Xsatisfying|B|=kand
B ∪f(B)=X.

Remark.ForasubsetTofX,wedefinef(T)= {x|there

existst ∈Tsuchthatx =f(t)}.

Solution.First,wedefineafunctionf:X →X with

f(3i-2)=3i-1,f(3i-1)=3i,f(3i)=3i-2,

i =1,2,...,30,

f(j)=100,91≤j ≤99,f(100)=99.

Obviously,fsatisfiescondition(1).ForanyA ⊆X with|A|
=40,if

(i)thereexistsanintegeriwith1≤i≤30suchthat|A ∩

{3i-2,3i-1,3i}|≥2,thenA ∩f(A)≠ ⌀;or
(ii)91,92,...,100∈A,thenA ∩f(A)≠⌀alsoholds.
Inbothcases,fsatisfiescondition(2).IfasubsetBofX

satisfiesf(B)∪B =X,thenwehave|B ∩ {3i-2,3i-1,3i}|
≥2forall1≤i ≤30,{91,92,...,98}⊂B,andB ∩ {99,

100}≠ ⌀.Hence,|B|≥69.

Next,wewillshowthat,foranyfunctionfsatisfyingthe
describedconditions,thereexistsasubsetB ⊆X with|B|≤69
suchthatf(B)∪B =X.
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AmongallthesubsetsU ⊆X withU ∩f(U)= ⌀,choose

onesuchthat|U|ismaximal.IftherearemanyU ⊆X with

|U|beingmaximal,chooseonesuchthat|f(U)|ismaximal.

TheexistenceofUisguaranteedbycondition (1).LetV =

f(U),W = X\(U ∪V).NotethatU,V,W arepairwise

disjointandX =U ∪V ∪W.Fromcondition(2),|U|≤39,

|V|≤39,|W|≥22.Wemakethefollowingassertions:

(i)f(w)∈U,forallw ∈W.Otherwise,letU' =U ∪

{w},sincef(U)=V,f(w)∉U,f(w)≠w,wehaveU' ∩

f(U')= ⌀.Itisacontradictionto|U|beingmaximal.
(ii)f(w1)≠f(w2)forallw1,w2 ∈ W,w1 ≠ w2.

Otherwise,letu =f(w1)=f(w2)thenbycondition(1),u ∈

U.LetU'=(U\{u})∪{w1,w2},sincef(U')⊆V ∪{u},U'
∩ (V ∪ {u})= ⌀,wehaveU' ∩ f(U')= ⌀.Itisa

contradictionto|U|beingmaximal.

LetW ={w1,w2,...,wm},ui =f(wi),1≤i≤mthen

by(i)and(ii),u1,u2,...,um aredistinctelementsofU.
(iii)f(ui)≠f(uj)forall1≤i <j ≤m.Otherwise,let

v =f(ui)=f(uj)∈V,U' =(U\{ui})∪{wi},thenf(U')

=V ∪{ui},U'∩f(U')=⌀.However,|f(U')|>|f(U)|.

Itisacontradictionto|f(U)|beingmaximal.

Therefore,f(u1),f(u2), ...,f(um)are distinct

elementsofV.Inparticular,|V|≥|W |.As|U|≤39,we

have|V|+|W|≥61and|V|≥31.LetB =U ∪W,then|B|≤

69andf(B)∪B ⊇V ∪B =X.Overall,thedesiredsmallest

integerkis69.  

6 Fornon-emptysetsS,Tofnumbers,wedefine

S +T = {s+t|s ∈S,t ∈T},2S = {2s|s ∈S}.
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Letnbeapositiveinteger,andA,Bbenon-emptysubsets
of{1,2,...,n}.ProvethatthereexistsasubsetDofA +

Bsuchthat

D +D ⊆2(A +B),and|D|≥|A|·|B|
2n

,

where|X|denotesthenumberofelementsofafinitesetX.

Solution.LetSy ={(a,b)|a-b =y,a ∈A,b∈B}.Since

∑
n-1

y=1-n
|Sy|=|A|·|B|,thereexistsanintegery0suchthat1-

n ≤y0 ≤n -1and|Sy0|≥
|A|·|B|
2n -1 >|A|·|B|

2n .

LetD = {2b+y0|(a,b)∈Sy0
},then

|D|=|Sy0|>
|A|·|B|

2n .

FromthedefinitionofSy0
,foreachd ∈D,thereexists

(a,b)∈Sy0suchthatd =2b+y0 =a +b ∈A +B.SoD ⊆

A +B.Foranyd1,d2 ∈D,letd1 =2b1 +y0 =2a1 -y0,

d2 =2b2 +y0(b1,b2 ∈B,a1 ∈A),then

d1 +d2 =2a1 -y0 +2b2 +y0 =2(a1 +b2)⊆2(A +B).

Therefore,Dsatisfiesthecondition.  
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ChinaNational
TeamSelectionTest

2011 (Fuzhou,Fujian)

FirstDay
8:00 12:30,March27,2011

1 Givenanintegern ≥3,findthemaximumrealnumberM,

suchthatforanypositivenumbersx1,x2,...,xn,there

existsapermutationy1,y2,...,yn ofx1,x2,...,xn

thatsatisfies

∑
n

i=1

y2
i

y2
i+1 -yi+1yi+2 +y2

i+2
≥M,
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whereyn+1 =y1,yn+2 =y2.(posedbyQuZhenhua)

Solution.Let

F(x1,...,xn)=∑
n

i=1

x2
i

x2
i+1 -xi+1xi+2 +x2

i+2
.

First,takex1 =x2 = … =xn-1 =1,xn =ε,thenall

permutationsarethesameinthesenseofcirculation.Inthis

case,wehave

F(x1,...,xn)=n -3+ 2
1-ε+ε2 +ε2.

Letε→0+,F →n -1,soM ≤n -1.

Next,weshowthatforanypositivenumbersx1,...,xn,

thereexistsapermutationy1,...,ynsatisfyingF(y1,...,yn)

≥n-1.Infact,takethepermutationy1,...,ynwithy1 ≥y2

≥ … ≥ynandbytheinequalitya2-ab+b2 ≤max(a2,b2),we

seethat

F(y1,...,yn)≥
y2
1

y2
2

+
y2
2

y2
3

+… +
y2

n-1

y2
1
≥n -1,

wherethelastinequality is obtained by AM-GM inequality.

Summingup,M =n -1.  

2 Letn >1beaninteger,kbethenumberofdistinctprime

factorsofn.Provethatthereexistsanintegera,1<a <

n
k +1,suchthatn|a2 -a.(posedbyYuHongbing)

Solution.Letn =pα11 …pαkk bethestandardfactorizationofn.

Sincepα11 ,...,pαkk arepairwisecoprime,bytheChinese

RemainderTheorem,foreachi,1 ≤i ≤ k,congruence

equations 
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x ≡1(modpαii )

x ≡0(modpαjj ),j ≠i{
havesolutionxi.

Foranysolutionofx2
0 =x0(modn),weseethatx0(x0-1)

≡0(modn).Thenforeachi=1,2,...,k,eitherx0 ≡0(mod

pαii )orx0 ≡1(modpαii ).Further,letS(A)bethesum of
elementsofsubsetAof{x1,x2,...,xk}(particularly,S(⌀)

=0).Obviously,wehave

S(A)(S(A)-1)≡0(modn).

(Thisis because ofthe selection ofxi,such thatS(A)

mod(pαii )iseither0or1.)MoreoverifA ≠A',thenS(A)≢
S(A')(modn).Therefore,thesumofallsubsetsof{x1,x2,...,

xn}isexactlyallsolutionsofx(x -1)≡0(modn).
LetS0 =n,Srbetheleastnon-negativeremainderofx1 +x2 +

… +xr modulen,r =1,2,...,k.ThusSk =1.Forall1≤r
≤k -1,Sr ≠0.Sincek+1numbersS0,S1,...,Skarein[1,

n],byDirichlet􀆳sDrawerPrinciple,thereexist0≤l<m ≤k,

suchthatSl,Sminthesameintervaljn
k
,(j+1)n

k
æ

è
ç ],(0≤j≤

k -1),wherel =0andm =kdonotholdsimultaneously.

Thus,|Sl -Sm |< n
k.Denotey1 =S1,yr =Sr -Sr-1

(r =2,3,...,k).Soanysumofyr ≡xr(modn)(r =1,

2,...,k)meetstherequirement.
IfSm -Sl >1,thena =yl+1 +yl+2 +… +ym =Sm -Sl ∈

1,nk
æ

è
ç

ö

ø
÷isthesolutionoftheequationx2 -x ≡0(modn).

IfSm -Sl =1,thenn|(y1 +y2 + … +yl)+ (ym+1 +

ym+2 +… +yk),thatis,n|(x1 +x2 + … +xl)+ (xm+1 +

xm+2 +… +xk).Noticethatm >l,whichcontradictstothe
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definitionofxi.
IfSm -Sl =0,thenn|yl+1 +yl+2 +… +ym,thatis,n

|xl+1 +xl+2 +… +xm,whichcontradictsthedefinitionofxi.
IfSm -Sl <0,then

a = (y1 +y2 +… +yl)+(ym+1 +… +yk)

=Sk -(Sm -Sl)=1-(Sm -Sl)

isthesolutionofequationx2 -x ≡0(modn),and1<a <1+n
k.

Summingup,thereexistsasatisfyingthecondition.  

3 Let3n2bethevertexnumberofasimplegraphG(integer
n ≥2).Ifthedegreeofeachvertexisnotgreaterthan4n,

thereexistsatleastonevertexwithdegree1,andthere
existsaroutewithlengthnotgreaterthan3betweenany
twovertices.Provethattheminimumnumberofedgesof

Gis72n
2 -32n.

Remark.Aroutebetweentwodistinctverticesuandv with
lengthkisasequenceofverticesu =v0,v1,...,vk =v,

whereviandvi+1,i=0,1,...,k-1,areadjacent.(posedby
LengGangsong)

Solution.Foranytwodistinctverticesuandv,wesaythatthe
distancebetweenuandvistheshortestlengthoftheroute
betweenuandv.ConsideragraphG* withvertexset{x1,

x2,...,x3n2-n,y1,y2,...,yn},whereyiandyjareadjacent
(1≤i<j ≤n),xiandxjarenotadjacent(1≤i<j ≤3n2 -

n),xiandyjareadjacentifandonlyifi≡j(modn).Thus,the
degreeofeachxiis1,andthedegreeofyidoesnotexceed

n -1+3n
2 -n
n =4n -2.
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Itiseasytoseethatthedistancebetweenxiandxjisnot

greaterthan3.SographG* satisfiesthecondition ofthe

problem.G* hasN =3n2 -n +C2n = 72n
2 -32nedges.

Inthefollowing,weshowthatanygraphG =G(V,E)

satisfyingtheconditionoftheproblemhasatleastNedges.Let

X ⊆Vbethesetofverticeswithdegree1,Y ⊆ (V\X)bethe

setofremainingverticesadjacenttoX,andZ ⊆V\(X ∪Y)be
thesetofremainingverticesadjacenttoY.LetW =V\(X ∪Y
∪Z).Wewillpointoutthefollowingfacts.

Property1.AnytwoverticesinYareadjacent.Thisisbecause

ofthefactthatify1,y2 ∈Yaretwovertices,thereexistx1,x2 ∈

Xthatareadjacenttoy1andy2,respectively;hencey1andy2

areadjacentsincethedistancebetweenx1andx2isnotgreater

than3.

Property2.ThedistancebetweenvertexinWandvertexinY

is2.Thisisbecauseofthefactthatifthedistancebetweenw0 ∈W

andy0 ∈Yisgreaterthan2(obviously,distance>1),suppose

thatx0 ∈Xisadjacenttoy0,thenthedistancebetweenw0and

x0isgreaterthan3,whichisacontradiction.Furthermore,we

knowthisProperty2meanseachvertexinWisadjacenttosome

vertexinZ.

Denotebyx,y,zandwthenumbersofelementinsetsX,

Y,Z andW,respectively.Nowcountthenumberofedges:

thereareC2yedgesbetweenpointsinY,xedgesfrompointsofX
toY,atleastzedgesfrompointsofZtoY,andatleastwedges

frompointsofWtoZ.So,ify ≥n,then

|E|≥C2y +x +z +w =3n2 +C2y -y ≥3n2 +C2n -n =N,

andify ≤n -1,sinceeachdegreeofvertexisatmost4n,
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wehave

x +z ≤y(4n -(y -1))=y(4n +1-y)

≤ (n -1)(3n +2)=3n2 -n -2,

w ≥3n2 -y -y(4n +1-y)≥3.

SelectavertexPinW suchthatPisadjacentaslessas

possibletoverticesinZ.Supposetheleastnumberisa,a >0
(byProperty2).DenotethesetoftheseaverticesbyNP ⊆Z.

Countingthenumberoftheedgesagain,thereareC2y edges

betweenpointsinY,xedgesfrompointsofXtoY,atleasty
edgesfrompointsofNPtoY(byProperty2,thedistancefrom

PtovertexinYis2),atleastz-aedgesfrompointsofZ\NP

toY,andatleastawedgesfrompointsofWtoZ.Thus,

|E|≥C2y +x +y +z -a +aw

=3n2 -1+C2y +(a -1)(w -1).

Ifa >1,then

|E|≥3n2 -1+C2y +(w -1)

≥3n2 -2+C2y +3n2 -y -y(4n +1-y)>N.

Ifa =1,sincethedegreeofeachvertexinWisatleast2,

whenwecounttheedgesfrompointsofWtoZ,weshouldadd

atleastw/2edges,so

|E|≥3n2 -1+C2y +12w

≥3n2 -1+C2y +12
(3n2 -y -y(4n +1-y))>N.

Summingup,theleastnumberofedgesisN =72n
2 -32n.
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SecondDay
8:00 12:30,March28,2011

4 LetH betheorthocenterofa
cubit-angled △ABC,P be a

pointonBC︵ofthecircumcircle
of△ABC.PHintersectsAC︵at
M.ThereexistsapointK on
AB︵suchthatthelineisKM

paralleltotheSimsonlineofP
with respect to △ABC,the
chordQP‖BC,thechordKQintersectsBCatpointJ.
Provethat△KMJisisosceles.(posedbyXiongBin)

Solution.WeshowthatJK =JM.

DrawlinefromP andletitbe

perpendiculartoBCandintersectthe
circumcircleandBCatpointSandL,

respectively.LetN bethe project

pointofPonAB.SinceB,P,Land
Nareconcyclic,

  ∠SLN = ∠NBP = ∠ABP = ∠ASP.

Thus,NL‖AS.SinceNL‖KM,thenKM ‖SA.

LetTbetheintersectionpointofBCandPH.Sincepoints

K,Q,PandMareconcyclicandBC‖PQ,soareK,J,Tand

M.SupposethattheextensionofAHintersectsthecircumcircle

atpointD.Thenwehave

∠JKM = ∠MTC,∠KMJ = ∠KTJ.

Itsufficestoshowthat∠MTC = ∠KTJ.
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ItiseasytoseethatD andH aresymmetricoverline
BC.Then

∠SPM = ∠SPH = ∠THD = ∠HDT.

Furthermore KS = AM,so ∠ADM = ∠KPS.
Consequently,

∠TDM = ∠HDT + ∠ADM = ∠SPM + ∠KPS
= ∠KPM = ∠KDM,

whichmeansthatpointsK,TandDarecollinear.Thus

∠KTJ = ∠DTC = ∠MTC.

So∠JKM = ∠KMJ.ConsequentlyJK =JM.  

5 Leta1,a2,...beapermutationofallpositiveintegers.

Provethatthereexistinfinitepositiveintegersi􀆳s,such

that(ai,ai+1)≤ 34i.(posedbyChenYonggao)

Solution.Weprovethisproblem bycontradiction.Ifthe

conclusionoftheproblemisnottrue,thenthereexistsi0,and

wehave(ai,ai+1)> 34ifori ≥i0.

TakeapositivenumberM >i0,soifi ≥4M,then(ai,

ai+1)> 34i ≥3M.

So,ifi≥4M,ai ≥(ai,ai+1)>3M,then{1,2,...,3M}

⊆ {a1,a2,...,a4M-1}.

Hence

 |{1,2,...,3M}∩ {a2M,a2M+1,...,a4M-1}|
≥3M -(2M -1)= M +1.

ByDirichlet􀆳sDrawerPrinciple,thereexists2M ≤j0 <4M -
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1suchthataj0
,aj0+1 ≤3M.Thus,

(aj0
,aj0+1

)≤ 12max
{aj0
,aj0+1

}≤3M2 = 34
·2M ≤ 34j0

,

whichisacontradiction.  

6 Wecallapointsequence(A0,A1,...,An)interesting,if
theabscissaandordinateareequalforeachAi,andthe
slopesofsegmentOA0,OA1,...,OAn strictlyincrease
(Oistheorigin),andtheareaofeach△OAiAi+1(0≤i≤

n -1)is12.

Forapointsequence(A0,A1,...,An),insertapointA

adjacenttotwopointsAi,Ai+1satisfyingOA→ =OAi
→ +OAi+1

→,

thenwecallthusobtainednewpointsequence(A0,...,Ai,

A,Ai+1,...,An)anexpansionof(A0,A1,...,An).
Let(A0,A1,...,An)and(B0,B1,...,Bm)beanytwo
interestingpointsequences.ProvethatifA0 =B0andAn

=Bm,thenwecanexpandbothpointsequencestosome
samepointsequence(C0,C1,...,Ck).(posedbyQu
Zhenhua)

Solution.Weseethatbytheconditionoftheproblem,an

expansionofaninterestingsequenceisstillinteresting.
First,weconstructtheinterestingsequence(C0,C1,...,

Ck)containingallpointsofsequences(A0,A1,...,An)and
(B0,B1,...,Bm),andC0 =A0 =B0,Ck =An =Bm.

BythePickTheorem,weknowthattheareaoftriangle
equals1/2ifandonlyifthereisnogridpointonthetriangle
excepttriangle vertices. Hencethereis no grid point on
△OAiAi+1exceptitsvertices.Therefore,iftheslopesofOAi

andOBjareequal,thenAi =Bj.
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Fig.6.1

  Denotetheslopesofsegments
frompointsof{Ai}and{Bj}tothe
origininstrictlyincreasingorderby
D0,D1,...,Dl,whereD0 =C0 =

A0 =B0andDl =Ck =An =Bm.If
a sequence (Di, Di+1)is not
interesting,then we can insert
severalpointsE1,...,Essuchthat
thesequence (Di,E1,...,Es,

Di+1)isinteresting.Infact,considertheconvexhullPofthe

gridpointson △ODiDi+1,excepttheorigin.P isaconvex

polygonorsegmentDiDi+1 (adegeneratedpolygon).Thenthe
sequence of vertices of P isinteresting.Thus,we have
constructedtheinterestingsequence(C0,C1,...,Ck).

Finally,itsufficestoshowthattheinterestingsequence
(A0,A1,...,An)canbeexpandedto(C0,C1,...,Ck),and
thesameistruefor(B0,B1,...,Bm).Weonlyneedtoprove
thisforthecaseofn =1,sincewecanapplytheconclusionfor
n =1to(Ai,Ai+1),i=0,1,...,n-1successively.LetC0 =

A0andCk = A1.Byinductiononk,fork =1,weneedno
expansion.Supposethattheconclusionistrueforallpositive
integerslessthank.

Fig.6.2

Then denotethe grid pointA
satisfyingOA→ =OA0

→ +OA1
→,andwe

seethatA mustbeapointofC1,...,

Ck-1.Sinceifnot,thereisnogrid

pointoninteriorofsegmentOA,and
thereexistsi,0≤i<k,suchthatA
locatesintheanglemadebyraysOCi

andOCi+1.Wemaysupposethati >
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0,otherwisetakethegraphsymmetricoverthelinex = y.
Sincetheareaoftheparallelogram▱OA0AA1is1,Cilocates
outsideof▱OA0AA1,Ci+1locatesoutsideof▱OA0AA1orCi+1

=A1.Inanyway,wetakeBsuchthatOB→ =OCi
→ +OC→i+1and

takeB'suchthatCi+1B'‖OA0,CiB'‖A0A,thenAlocateson
▱OCi+1B'Ci.Thus,A locatesinsideof▱OCiBCi+1,which
contradictsthefactthattheareaof▱OCiBCi+1is1.Therefore
theinsertedpointAto(A0,A1)forexpansionissomeCi.Then
weusetheinductionhypothesesto(A0,A)and(A,A1),

respectively.  

2012 (Nanchang,Jianxi)

FirstDay
8:00 12:30,March25,2012

Fig.1.1

1 LetH betheorthocenterofan
acute-angled△ABC with ∠A >

60°.LetpointsM andN beon
sidesAB andAC,respectively,

such that ∠HMB = 60° =

∠HNC.LetObethecircumcenter
of△HMN.LetpointsDandA
beonthesamesideoflineBC,

suchthat△DBCisregular(see

Fig.1.1).ProvethatpointsH,O andD arecollinear.
(posedbyZhangSihui)
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Solution.LetTbetheorthocenterof△HMN.Extendedlines

ofHMandCAintersectatpointP.ExtendedlinesHNandBA
intersectatpointQ.ItiseasytoseethatpointsN,M,PandQ
areconcyclic.

Fig.1.2

By∠THM = ∠OHN,weseethat∠PQH - ∠OHN =

∠NMH - ∠THM =90°,thatis,

HO ⊥PQ. ①

LetpointRbesymmetrictopointCoverHP.ThenHC =

HR.
By∠HPC + ∠HCP =(∠BAC -60°)+(90°- ∠BAC)=

30°,weseethat∠CHR =60°.Hence△HCRisregular.
By∠HPC = ∠HQBand ∠HCP = ∠HBQ,weseethat

△PHC ∽ △QHB.Then△PHR ∽ △QHB,so△QHP ∽

△BHR.
Denoteby ∠(UV,XY)theanglebetweenUV→ andXY→

(positiveanticlockwise).
Since∠PHR =150°,wehave ∠(PQ,RB)= ∠(HP,

HR)=150°,△BCD and△RCH areregular.So△BRC ≌

△DHC.Hence ∠(RB,HD) = ∠(CR,CH) =- 60°.
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Consequently,

∠(PQ,HD)= ∠(PQ,RB)+ ∠(RB,HD)=150°-60°=90°,

thatis

DH ⊥PQ. ②

By①and②,pointsH,OandDarecollinear.  

2 Provethat,foranygivenintegerk ≥2,thereexistk
distinctpositiveintegersa1,a2,...,aksuchthatforany
integersb1,b2,...,bkwithai ≤bi ≤2ai,i=1,2,...,

k,andanynon-negativeintegersc1,c2,...,ck,wehave

k∏
k

i=1b
cii < ∏

k

i=1bi,provided∏
k

i=1b
cii < ∏

k

i=1bi.

(posedbyChenYonggao)

Solution.Wewillproveastrongerproposition:foranygiven

realnumberkandanypositiveintegern,thereexistnpositive

integersa1,a2,...,an,satisfyingai+1 >2ai,1≤i ≤n -1,

andforanyrealnumbersb1,b2,...,bn,ai ≤bi ≤2ai,i=1,

2,...,n,andanynon-negativeintegersc1,c2,...,cn,we

havek∏
n

i=1b
cii <∏

n

i=1bi,provided∏
n

i=1b
cii <∏

n

i=1bi.

Letk >1.Weprovethepropositionbyinductiononn.Ifn
=1,c1 =0,thentakea1 >k,theconclusionistrue.Suppose

thattheconclusionistrueforn ≥1.Therearex1 <x2 <… <

xnsatisfyingxi+1 >2xi,1≤i≤n-1.Nowconsiderthecaseof

n +1.Takeapositiveintegerxn+1 >2xn,satisfying

xn+1

2xn
>k 2xn

x1

æ

è
ç

ö

ø
÷

n

. ①

Thenletai =txi,i =1,2,...,n +1,tisasufficiently
largeinteger,suchthat

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



122  MathematicalOlympiadinChina

an+1
1 >2na2…an+1, ②

and

k·2n-1an-1
n+1 <a1…an. ③

Inthefollowing,wewillshowthattheseai(1≤i≤n+1)

meettherequirement.Letbi ∈[ai,2ai](1≤i≤n+1)bethe

realnumber(noticethatwehaveb1 <b2 <… <bn+1),andci(1

≤i ≤n +1)benon-negativeintegers,satisfying∏
n+1

i=1b
cii <

∏
n+1

i=1bi.

If∑
n+1

i=1ci ≤n,then

k∏
n+1

i=1
bcii ≤kbn

n+1 ≤k·2n-1an-1
n+1bn+1 <a1…anbn+1

≤∏
n+1

i=1
bi.(byusing③)

If∑
n+1

i=1ci ≥n +2,then

∏
n+1

i=1
bcii ≥bn+2

1 ≥an+1
1 b1 >2na2…an+1b1 ≥∏

n+1

i=1
bi.(byusing②)

Itisimpossible.

If∑
n+1

i=1ci =n +1,weconsiderthreecases.

Ifcn+1 ≥2,then

∏
n+1

i=1
bcii

∏
n+1

i=1
bi

≥bn+1

bn
· b1

bn

æ

è
ç

ö

ø
÷

n-1

≥an+1

2an
· a1
2an

æ

è
ç

ö

ø
÷

n-1

=xn+1

2xn
· x1

2xn

æ

è
ç

ö

ø
÷

n-1

>1.(byusing①)

Itisimpossible.
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Ifcn+1 =1,then

∏
n+1

i=1
bcii

∏
n+1

i=1
bi

=∏
n

i=1b
cii

∏
n

i=1bi

.

Notethatbi

t ∈ [xi,2xi],1 ≤i ≤ n.Bytheinduction

hypotheses,weseethat

k∏
n+1

i=1
bcii <∏

n+1

i=1
bi.

Ifcn+1 =0,then

∏
n+1

i=1
bi

∏
n+1

i=1
bcii

≥bn+1

bn
· bn

b1
æ

è
ç

ö

ø
÷

n

≥an+1

2an
· an

2a1
æ

è
ç

ö

ø
÷

n

=xn+1

2xn
· xn

2x1

æ

è
ç

ö

ø
÷

n

>k.(byusing①)

Thus,wehavecheckedthata1,a2,...,an+1 meetthe
requirement.  

3 LetP(x)=x2012 +a2011x2011 +a2010x2010 +… +a1x+a0be
apolynomialofdegree2012ofrealcoefficientswith1as

itsleadingcoefficient.Findtheminimumofrealnumberc
suchthat|Imz|≤c|Rez|,whereRezandImzare,

respectively,therealandtheimaginarypartsofanyroot

of a polynomial obtained by changing some of the
coefficientsofP(x)totheiroppositenumbers.(posedby
ZhuHuawei)

Solution.First,wepointoutthatc ≥cot π
4022.Considerthe
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polynomialP(x)=x2012 -x.Changingthesignofcoefficients

ofP(x),weobtainfourpolynomialsP(x),-P(x),Q(x)=

x2012 +xand-Q(x).NotethatP(x)and-P(x)havethe

sameroots;oneoftherootsisz1 =cos10062011π+isin10062011π.

Q(x)and-Q(x)havethesameroots,andaretheopposite

numberoftherootsofP(x).ThusQ(x)hasarootz2 =-z1.
Then,

c ≥min|Imz1|
|Rez1|

,|Imz2|
|Rez2|

æ

è
ç

ö

ø
÷ =cot π

4022.

Next,weshowthattheanswerisc =cot π
4022.Forany

P(x)=x2012 +a2011x2011 +a2010x2010 +… +a1x +a0,

weobtainapolynomial

R(x)=b2012x2012 +b2011x2011 +b2010x2010 +… +b1x +b0,

bychangingsignofsomecoefficientofP(x),whereb2012 =1,

andforj =1,2,...,2011,

bj =
|aj|,j ≡0,1(mod4),

-|aj|,j ≡2,3(mod4).{
Weshowthat,foreachrootzofR(x),wehave|Imz|≤

c|Rez|.

Weprovethisresultbycontradiction.Supposethereisa

rootz0ofR(x),suchthat|Imz0|>c|Rez0|,thenz0 ≠0and

eithertheangleofz0andiislessthanθ = π
4022

,ortheangleof

z0and-iislessthanθ.Supposethattheangleofz0andiisless

thanθ;fortheothercase,weneedonlyconsidertheconjugate

ofz0.Therearetwocases:
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Ifz0isonthefirstquadrant(orimaginaryaxis),suppose

that∠(z0,i)=α <θ,where∠(z0,i)istheleastanglethat

rotatesz0toianticlockwise.For0≤j ≤2012,ifj ≡0,2(mod

4),then∠(bjzj
0,1)=jα ≤2012α <2012θ.

Ifj ≡1,3(mod4),then ∠(bjzj
0,i)=jα <2011θand

∠(b1z0,i)=α.Thus,theprincipalargumentofbjzj
0 ∈ [2π-

2012α,2π)∪ 0,12π-α[ ].Thevertexangleofthisangle-

domainis2012α+12π-α = 12π+2011α <π.Andbjzj
0,0≤j

≤2012,arenotallzero,sotheresumcannotbezero.

Ifz0isatthesecondquadrant,supposethat∠(i,z0)=α

<θ,ifj ≡0,2(mod4),then∠(1,bjzj
0)=jα <2012θ.Ifj ≡

1,3(mod4),then∠(i,bjzj
0)=jα ≤2011α < π2.Thus,every

principleargumentofbjzj
0 ∈ 0,π2 +2011α[ ].Sinceπ2 +2011α

<π,andbjzj
0,0 ≤j ≤2012,arenotallzero,sotheirsum

cannotbezero.

Summingup,theleastrealnumberc =cot π
4022.  

SecondDay
8:00 12:30,March26,2012

4 Givenanintegern ≥4,LetA,B ⊆ {1,2,...,n}.
Supposethatab+1isaperfectsquarenumberforanya ∈

Aandb ∈B.Provethat

min{|A|,|B|}≤log2n.

(posedbyXiongBin)
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Solution.Firstweprovealemma.

Lemma.Givenanintegern ≥4,letA,B ⊆ {1,2,...,n}.
Supposethatab+1isaperfectsquarenumberforanya∈Aand

b ∈B.Leta,a'∈A,b,b'∈B,anda <a',b<b',thena'b'
>5.5ab.

Proofofthelemma.Firstnoticethat(ab +1)(a'b' +1)>
(ab'+1)(a'b+1).So

(ab+1)(a'b'+1)> (ab'+1)(a'b+1).

Sincetwosidesofaboveinequalityareallintegers,wehave

(ab+1)(a'b'+1)≥ ( (ab'+1)(a'b+1)+1)2.

Byexpansion,weobtain

ab+a'b' ≥ab'+a'b+2 (ab'+1)(a'b+1)+1

>ab'+a'b+2 ab'·a'b.

Bya <a',b<b',wehaveab'+a'b>2ab.Leta'b'=λab,

andcombiningtheaboveinequality,wehave(1+λ)ab > (2+

2λ)ab,soλ >3+22 >5.5.

Nowturntotheoriginproblem.LetA = {a1,a2,...,

am},B = {b1,b2,...,bn},a1 <a2 <… <am,b1 <b2 <…

<bn.Wemaysupposethat2 ≤ m ≤n.Sincea1b1 +1isa

perfectsquarenumber,wehavea1b1 ≥3.Bythelemma,a2b2
>5.5a1b1 >42,ak+1bk+1 >4akbk,k =2,...,m -1.Thus,

n2 ≥ambm ≥4m-2a2b2 >4m.

Therefore,m ≤log2n.  

5 Findallintegersk ≥3,withthefollowingproperties:

Thereexistintegersmandnsatisfying(m,k)=(n,k)=
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1andk|(m -1)(n -1)with1<m <k,1<n <kand

m +n >k.(posedbyYuHongbing)

Solution.Ifkhasafactorofsquarenumbergreaterthan1,let

t2|k,t>1,thentakingm =n =k-k
t +1,weseethatsuch

khastheproperties.

Ifkhasnofactorofsquarenumber,iftherearetwoprimes

p1,p2suchthat(p1 -2)(p2 -2)≥4andp1p2|k.Letk =

p1p2…pr andp1,p2,...,pr bepairwisedifferent,r ≥2.

Sincethereisatleastoneof(p1 -1)p2p3…pr +1and(p1 -

2)p2p3…pr +1iscoprimewithp1 (otherwisep1dividestheir

differencep2p3…pr,whichisacontradiction),takingthis

numberasthenumberm,then,1 < m <k,(m,k)=1.

Similarly,wecantakeanumbernof(p2 -1)p1p3…pr +1or
(p2 -2)p1p3…pr +1suchthat1 <n <k,(n,k)=1.So

p1p2…pr|(m -1)(n -1),and

m +n ≥ (p1 -2)p2p3…pr +1+(p2 -2)p1p3…pr +1

=k +((p1 -2)(p2 -2)-4)p3…pr +2>k.

Suchm,nwillsatisfytheconditions.

Iftherearenotwoprimesp1,p2suchthat(p1-2)(p2-2)

≥4,p1p2|k,thenitiseasytoverifysuchintegerk ≥3can

onlybe15,30orasp,2p(wherepisanoddprime).Itiseasy
toseethat,ifk =p,2p,30,thentherearenom,nsatisfying
theconditions;ifk =15,thenm =11,n =13satisfythe

conditions.

Summingup,integerk ≥3satisfiestheconditionsifand

onlyifkisnotanoddprime,nordoubleofanoddprimeand

nor30.  
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6 Supposetherearebeetlesonachessboardconsistingof
2012 × 2012 unit squares. Each unit square can

accommodateatmostonebeetle.Atamoment,allbeetles

flyandlandonthechessboardagain.Forabeetle,wecall

thevectorfrom itsflyingunittoitslandingunitthe

beetle􀆳s“displacementvector”.Wecallthesum ofall

beetle􀆳s“displacementvectors”the “totaldisplacement

vectors”.

Findthe maximum length of “totaldisplacement

vector”consideringthenumberofbeetlesandallpossible

positionsofflyingandlanding.(posedbyQuZhenhua)

Solution.Setupacoordinate withoriginatthecenterof

chessboardOandthegridlineasthecoordinateline.Denote

thesetofthecentersofsquaresbyS,andthesetwherethe

beetlesinitiallystandonbyM1 ⊆S,andthesetthatthebeetles

landonbyM2 ⊆S.Letf:M1→M2betheone-to-onemapping
definedbyabeetle􀆳spositionvatthebeginningtotheposition

u =f(v)offirstlanding.Thus,thetotaldisplacementvector

isgivenby

V = ∑
v∈M1

(f(v)-v)= ∑
u∈M2

u -∑
v∈M1

v. ①

Notethattheright-handsideof①isindependentoff.We

needonlytofindthemaximumof|V|=|∑u∈M2
u-∑v∈M1

v|

forallM1,M2 ⊆S,|M1|=|M2|.WemaysupposethatM1

∩M2 = ⌀,sinceelementofM1 ∩M2doesnotchange|V|.

Supposethat|V|attainsitsmaximumat(M1,M2),obviously
V ≠0.Letlinel ⊥VbeatpointO.

Lemma1.LineldoesnotpassanypointofS.M1isthesetof

Sononesideofl,andM2isthesetofSontheothersideofl.
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ProofofLemma1.First,M1 ∪M2 =S.Otherwise,since|S|
iseven,thereareatleasttwopointsaandbwhicharenotin
M1 ∪M2.Supposethattheanglebetweena-bandVdoesnot
exceed90°,then|V +(a -b)|>|V|.SoaddaintoM2,add
bintoM1,then|V|willincrease,whichisacontradiction.

Second,M2 =-M1.Otherwise,thereexista,b ∈S,such
thata,-a ∈ M1andb,-b ∈ M2.Supposethattheangle
betweena -bandVdoesnotexceed90°.PutaintoM2,andb
intoM1,VchangestoV+2(a-b),and|V+2(a-b)|>|V|,

whichisacontradiction.
Third,ldoesnotpassanypointofS.Otherwise,letlpass

a,a ∈M1,-a ∈M2,thenchangeaintoM2,-aintoM1,V
changestoV+4a.Noticethata⊥V,so|V+4a|>|V|,which
isacontradiction.

Fourth,weshowthatM2isthesetofSononesideofl
(thesidethatVispointingto),andM1isthesetofSonthe
othersideofl.Otherwise,thereisa ∈M1atthesidethatVis

pointingto.Andthereisab ∈M2ontheotherside.Thenthe
anglebetweena-bandVislessthan90°.ChangeaintoM2and
bintoM1,thenVchangesintoV+2(a-b),thelengthofwhich
isgreater,whichisacontradiction.Lemma1isnowproved.

Lemma2.LetSk = {(x,y)∈S |x|=k-12or|y|=k-

1
2},k =1,2,...,1006,lbealinepassingOanddoesnot

passpointsofSk.DenoteallpointsofSkononesideoflbyAk,

allpointsofSkontheothersidebyBk.DenoteVk =∑u∈Ak
u-

∑v∈Bk
v,thenthe maximum of|Vk |isobtained whenlis

horizontal(orvertical),andVkisvertical(orhorizontal).
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Fig.6.1

ProofofLemma2.Skislocatedat

theboundaryofasquarewith2kpoints
oneachside.Letthefourverticesof

the square be A k -12
,k -12

æ

è
ç

ö

ø
÷,

B -k +12
,k -12

æ

è
ç

ö

ø
÷,C

æ

è
ç -k+12

,-

k +12
ö

ø
÷ andD k -12

,-k +12
æ

è
ç

ö

ø
÷.By

symmetricity,wemaysupposethatlintersectsAD atpointP
withnon-negativeslope.LetPbelocatedbetweenthet(1 ≤t
≤k)th(fromtoptobottom)ofSkonADandthe(t+1)thofSk

onAD (seeFig.6.1,incaseofk =6,t =3).Thus,

Vk = (2k -2)(2k -1)j
→

+(2k -t)(-(2k -1)i
→

+tj
→
)+

t((2k -1)i
→

+(2k -t)j
→
)

=-2(2k -1)(k -t)i
→

+2(-(k -t)2 +3k2 -3k +1)j
→
,

wherei
→

andj
→

are horizontal and vertical unit vectors,

respectively.Denote(k -t)2 =u,0≤u ≤ (k -1)2,then

1
4|Vk|2 = (2k-1)2u+u2 -2(3k2 -3k+1)u+(3k2 -3k+1)2

=u2 -(2k2 -2k +1)u +(3k2 -3k +1)2.

Asaquadraticfunctionofu,u = k2 -k + 12isthe

symmetricaxis.Itiseasytoknowthat|Vk|2takesitsmaximum
atu =0.Sot =k,thatis,lishorizontal,soVkisvertical.
Lemma2isproved.

Turntotheoriginalproblem.Bysymmetricity,weneedto
onlyconsiderthattheslopeoflisnon-negativeandlessthan1.
LetM1,M2belocatedontwosidesofl.DenoteM2 ∩Sk =
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Ak,M1 ∩Sk =Bk,Vk =∑u∈Ak
u -∑v∈Bk

v,then

|V|= ∑
1006

k=1
Vk ≤∑

1006

k=1
|Vk|. ②

So,|V|max ≤∑
1006

k=1|Vk|max.Iflishorizontal,M2isallthe

pointsofSontheupperhalf-plane,M1isallpointsofSonthe
lowerhalf-plane;each|Vk |takesitsmaximum,andallVk

pointupward.Andtheequalityof② holds.So|V|indeed
takesthemaximum|V|max =2×10063.  

2013 (Jiangyin,Jiangsu)

FirstDay
8:00 12:30,March24,2013

1 Givenanyn(>1)coprimepositiveintegersa1,a2,...,

an,denoteA =a1 +a2 +… +an.Letdi =(A,ai)(the

greatestcommondivisor),i =1,2,...,n.
LetDi bethegreatestcommondivisorof{a1,a2,...,

an}\{ai},i = 1,2,...,n.Findthe minimum of

∏
n

i=1
A -ai

diDi
.(posedbyZhangSihui)

Solution.Consider

D1 = (a2,a3,...,an)andd2 = (a2,A)

= (a2,a1 +a2 +… +an).

Let(D1,d2)=d.Thend|a2,d|a3,...,d|an,d|a1 +

a2 +… +an.Thus,d|a1.Consequently,
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d|(a1,a2,...,an).

Sincea1,a2,...,an arecoprime,wehaved =1.Note

thatD1|a2,d2|a2and(D1,d2)=1.WehaveD1d2|a2.So
D1d2 ≤a2.Similarly,wehaveD2d3 ≤a3,...,Dnd1 ≤a1.
Hence,

∏
n

i=1
diDi = (D1d2)·(D2d3)·…·(Dnd1)

≤a2a3…ana1

=∏
n

i=1
ai. ①

Considering

∏
n

i=1

(A -ai)=∏
n

i=1
∑
j≠i

aj( )      

≥∏
n

i=1

(n -1)∏
j≠i

aj( )
1

n-1( )

= (n -1)n·∏
n

i=1
ai ②

andby①and②,weseethat

∏
n

i=1

A -ai

diDi
≥ (n -1)n.

Ontheotherhand,ifa1 =a2 = … =an =1,

∏
n

i=1
A -ai

diDi
= (n -1)n.

Summingup,theminimumof∏
n

i=1
A -ai

diDi
is(n -1)n.

 

2 SupposethatOandIarethecentresofthecircumcircle
andincircleof△ABCwithradiusRandr,respectively,P
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isthemidpointofarcBAC︵.LetQPbethediameterofO.
LetPIintersectBCatpointD,andletthecircumcircleof
△AIDintersecttheextendedlineofPAatpointF.Let

pointE beonPD suchthatDE = DQ.Provethat,if

∠AEF = ∠APE,thensin2∠BAC =2rR .(posedbyXiong

Bin)

Fig.2.1 Fig.2.2

Solution.Since∠AEF = ∠APE,then△AEF ∽ △EPF.So
AF·PF = EF2.SincepointsA,I,D andFareconcyclic,

PA·PF =PI·PD.Thus,

PF2 =AF·PF +PA·PF
=EF2 +PI·PD.

①

SincePQisthedimeterofcircleOandpointIisonAQ,we
seethatAI ⊥AP.Consequently,

∠IDF = ∠IAP =90°.

Thus,wehave

PF2 -EF2 =PD2 -ED2.

Combining①,wehave

PI·PD =PD2 -ED2.
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Thus

QD2 =ED2 =PD2 -PI·PD =ID·PD.

Consequently,wehave

△QID ∽ △PQD. ②

SincePQisthediameterofcircleO,weseethatBP ⊥BQ.
SupposethatPQistheperpendicularbisectorofBCatpointM.
NotethatIistheincentreof△ABC.WehaveQI2 =QB2 =

QM·QP.Thus,

△QMI ∽ △QIP. ③

By②and③,weseethat∠IQD = ∠QPD = ∠QPI =

∠QIM.Hence,MI‖QD.LetIK ⊥ BC be atK.Then
IK ‖PM;thus,

PM
IK =PD

ID = PQ
MQ.

BytheCircle-PowerTheoremandtheSineTheorem,we
knowthat

PQ·IK =PM·MQ =BM·MC

= 1
2BC

æ

è
ç

ö

ø
÷

2

= (Rsin∠BAC)2,

thus,sin2∠BAC =PQ·IK
R2 =2R·r

R2 =2rR .  

3 Supposethereare101personssittingaroundaroundtable
inanarbitraryorder.Thekthpersonpossesseskpiecesof
carts,k =1,...,101.Wecallitatransitionifone
transitsoneofhiscartstooneofhisadjacentpersons.
Findtheminimumpositivenumberk,suchthatwhatever
theorderoftheseating,thereiswayofnomorethank
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transitionssothateachpersonpossesses51carts.(posed
byQuZhenhua)

Solution.Theanswerisk =42925.

Letthecircumferenceofthetablebe101,andthedistance
betweentwo adjacentpersonsbe1.Inthefollowing,we
considertheleasttransitiontimes.

Denotethepersonwhoinitiallypossessesicardsby[i -

51].So,ifp >0,thenwecanthinkofperson[p]asthesource
whoshouldsendoutpcards;andifp <0,person[p]isthe
sinkwhoshouldreceive-pcards.

Supposethatattheendoftransitions,eachpersonhas51
cards.IfpersonB possessesacarduinitiallybelongingto

personA,wecanthinkthatAcarriescardutoB bypassing
throughtheminorarcAB︵,thelengthoftherouteisthearc
length|AB︵|meansthetimesoftransitions.

Letseatingorderbeasshowninthefigure.Person[i]

transitsallhisicardstoperson[-i](i =1,2,...,50)with
routelengthi.Sotherearealltogether12 +22 + … +502 =

42925transitions.Inthefollowing,wewillshowthatnoless
transitionscanmeettherequirementifpersonsareseatedinthis
way.

Fig.3.1

We use the notion of
“potential”.Letpotentialat
thehighestposition [50]be
50;the neighbor positions
[49]and [48]each has

potential49,...,thelowest

position [-49]and [-50]

each haspotential0.Then,

the total potential at the
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beginningis

S =101×50+(100+99)×49+… +(2+1)×0.

Andattheendoftransitions,thetotalpotentialis

T =51×50+(51+51)×49+… +(51+51)×0.

ThedifferenceisS -T =42,925.

Sinceaftereachtransition,thetotalpotentialchangesat

most1,soatleast42,925transitionsareneeded.

Inthefollowing,weshowthatwhateverbetheorderof

seating,thereisalwaysa way of no morethan 42,925

transitionssuchthateachpersonpossesses51cards.Toshow

this,wegivetwolemmas.

Lemma1.Letc,a0,a1,...,an-1beintegerswiththeirsum

zero,andc ≥0,a0 ≤a1 ≤ … ≤an-1.

Ifn +1personsdenotedby[c],[a0],[a1],...,[an-1],

possessN +c,N +a0,N +a1,...andN +an-1 cards,

respectively,whereNisapositiveinteger,suchthatN +a0 >

0.Letthepersonsstandon0,1,...,nofthenumberaxis,

suchthat[c]standsatn.Thenthereisawayofnomorethan

cn +∑
n-1

i=0iaitransitions,suchthateachpersonpossessesN

cards.

ProofofLemma1.Supposethatan-1 ≥… ≥as >0≥as-1 ≥…

≥a0,theninductiononM =an-1 +… +as.IfM =0,then[c]

passesccardsto[ai],suchthat[ai]obtains-aicards(0≤i≤

s-1).Supposethatperson[ai]standsatxi(0 ≤i ≤n -1),

thenx0,x1,...,xn-1isapermutationof0,1,...,n -1.

Thus,a cardthatpassesfrom [c]to [ai]needsn - xi

transitions.Sothetotaltransitionsneededare

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaNationalTeamSelectionTest 137  

∑
s-1

i=0

(n -xi)(-ai)=cn +∑
s-1

i=0
xiai ≤cn +∑

s-1

i=0
iai

=cn +∑
n-1

i=0
iai.

Nowsupposethattheconclusionistrueforintegerssmaller

thanM.ConsiderthecaseofintegerM.Supposethat

an-1 = … =an-s >an-s-1,al >al-1 = … =a0.

Thenthereisapersonin[an-1],...,[an-s]andapersonin
[a0],...,[al-1]suchthattheirdistanceisnomorethann -s
-l+1.Wemaysupposethatthedistancebetween[an-s]and
[al-1]isnomorethann -s-l+1,thenletperson[an-s]pass

acarduto[al-1]bynomorethann-s-l+1transitions.Next,

byinductiononcand

an-1 ≥ … ≥an-s+1 >an-s -1≥an-s-1

≥ … ≥al ≥al-1 +1>al-2 ≥ … ≥a0,

weseethatbytakingnomorethan

L =cn +(n -1)an-1 +… +(n -s+1)an-s+1 +

(n -s)(an-s -1)+(n -s-1)an-s-1 +… +

lal +(l-1)(al-1 +1)+(l-2)al-2 +… +0·a0

transitions,each personpossessesN cards.Additionofthe

transitionsofcardu,weknowthattherearenomorethan

lL +(n -s-l+1)=cn +∑
n-1

i=0
iai

transitions.TheproofofLemma1iscompleted.

Lemma2.Foranypermutationof[-50],[-49],...,[49],

[50]onacircle,therealwaysexistsaperson[c],denotethe

linepassingthrough[c]andtheoriginbyl,suchthatthesumof
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eachsideofl(includec)inthebracketshasthesamesignofc.

ProofofLemma2.Letthepermutationonthecirclebe[a1],
[a2],...,[a101]clockwise.Thenthereisadirecteddiameterl
ofthecirclesuchthat[a1],[a2],...,[a50]areononesideof
land[a51],[a52],...,[a101]areontheotherside.

If∑
50

i=1ai =0,thentakec =a51;else,if∑
50

i=1ai ≠0,then

thesumsofeachsideoflhavedifferentsign.Ifwerotatel180°
clockwise,weseethatthesumofeachsidechangessign.So
thereexistsa[c]whichmeetingtherequirementofLemma2.

Take[c]inLemma2.Supposethatc≥0(elsechangeeach
[ai]by[-ai]andchangeallthedirectionsofthearc.Letc =

c1 +c2,c1,c2 ≥0,suchthatthesumofc1andthenumberson
onesideof(notincludec)liszero.Denote50numbersonthis
sidebya0 ≤a1 ≤… ≤a49,anddenote50numbersontheother
sidebyb0 ≤b1 ≤… ≤b49.Thenthesumofc2andb0,b1,...,

b49isalsozero.UsingLemma1toc1,a0,a1,...,a49andc2,

b0,b1,...,b49,respectively,weobtainthatthetransition
timesarenomorethan

L =50c1 +∑
49

j=0
jaj +50c2 +∑

49

j=0
jbj.

Sincec,a0,...,a49,b0,...,b49isapermutationof-50,

-49,...,50,bytheorderinequality

L =50c+∑
49

j=0
j(aj +bj)

≤502 +∑
49

j=0
j(2j-50+2j-49)

=42925.

Summingup,theleastpositiveintegerk =42925.  
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SecondDay
8:00 12:30,March25,2013

4 Letpbeaprime,aandkbepositiveintegers,satisfying
pa <k<2pa.Provethatthereexistspositiveintegern,n
<p2a suchthatCk

n ≡n ≡k(modpa).(posedby Yu

Hongbing)

Solution.Wearetoproveanextendedproblem.

Letpbeaprime,aandkbepositiveintegers,satisfyingpa

<k <2pa.Provethatforanynon-negativeintegerb,there
existspositiveintegern,n <pa+bsuchthatn ≡k(modpa)and

Ck
n ≡k(modpb).

Ifb =0,pb =1,taken =k-pa.Weprovebyinduction.
Supposethattheconclusionistrueforintegerb ≥0.Thatis,

thereexistsapositiveintegern <pa+bn ≡k(modpa),andCk
n ≡

k(modpb).
Let1≤t ≤p -1.Consider

Ck
n+tpa+b =∏

k-1

i=0

n +tpa+b -i
k -i .

Forintegerm,letP(m)=pvp
(m),r(m)= m

P(m)
,where

vp(m)isthenumberofpinthestandardfactorizationofm.

Sincek -i <2pa ≤pa+1,weseethatvp(k -i)≤aand

n -i ≡k -i(modpa).Hence,

P(k -i)|n +tpa+b -i.

Consequently,

Ck
n+tpa+b =∏

k-1

i=0

n -i
P(k -i)+tpa+b-vp

(k-i)

r(k -i) .
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Ifk-i≠pa,thenvp(k-i)≤a-1anda+b-vp(k-i)

≥b+1.Ifk -i =pa,thenvp(k -i)=a.Hence,

Ck
n+tpa+b ≡∏

k-1

i=0

n-i
P(k-i)r(k-i)+

æ

è

ç
ç ∏

k-1

0≤i≤k-1
i≠k-pa

n-i
P(k-i)r(k-i)

ö

ø

÷
÷
·tpb

≡Ck
n +

æ

è

ç
ç ∏

k-1

0≤i≤k-1
i≠k-pa

r(n -i)
r(k -i)

ö

ø

÷
÷
·tpb(modpb+1).

Thisisbecausethatifk -i ≠pa,thenpa|(n -i)-(k-i).
So

vp(n -i)=vp(k -i).

Since∏
k-1
0≤i≤k-1
i≠k-pa

r(n -i)
r(k -i)iscoprimetop,we see that

Ck
n+tpa+b(0≤t≤p-1)goesthroughthefollowingremaindersof

modularpb+1:

Ck
n +jpb,j =0,1,...,p -1.

SinceCk
n ≡k(modpb),thereexistsj(0≤j ≤p -1),such

thatCk
n +jpb ≡k(modpb+1).Thatis,thereexistst(0 ≤t ≤

p -1),suchthatCk
n+tpa+b ≡k(modpb+1).LetN =n+tpa+b.Then

N <pa+b+1,N ≡n ≡k(modpa)andCk
N ≡k(modpb+1).

Theextendedproblemisprovedbyinduction.  

5 Letn ≥2anda1,a2,...,an,b1,b2,...,bn benon-

negativeintegers.Provethat

n
n -1
æ

è
ç

ö

ø
÷

n-1 1
n∑

n

i=1
a2iæ

è
ç

ö

ø
÷+ 1

n∑
n

i=1
bi

æ

è
ç

ö

ø
÷

2

≥∏
n

i=1

(a2i +b2i)
1
n .

①

(posedbyLengGangsong)
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Solution.Denoteλ = n
n -1
æ

è
ç

ö

ø
÷

n-1
,n ≥2.Obviously,λ >1.

Forgiveni ∈ {1,...,n},fixp =a2k +b2k fork =1,

2,...,nandfixajandbj(j ≠i).Thentheleft-handsideof

① = λ
n
(p -b2i +∑j≠ia

2
j)+ 1

n2(bi +∑j≠ibj)2isaquadratic

functionofbi,bi ∈[0,p],withleadingcoefficient-λ
n +1

n2 <

0.Thus,itsminimumistakenattheendpoints,thatis,bi =0or

ai =0.

So,wecansupposethataibi =0,i =1,2,...,n.

Case1.Eachai =0,thenbythemeanvalueinequality,we

have

1
n∑

n

i=1
bi

æ

è
ç

ö

ø
÷

2

≥∏
n

i=1
b
2
ni .

Case2.Eachbi =0,thenbythemeanvalueinequality,we

have

λ 1
n∑

n

i=1
a2iæ

è
ç

ö

ø
÷ ≥ 1n∑

n

i=1
a2i ≥∏

n

i=1
a

2
ni .

Case3.Wemaysupposethatb1 = … =bk =0,ak+1 = … =

an =0,1≤k <n.

Leta1a2…ak =ak,bk+1…bn =bn-k,a,b≥0.Thenbythe

meanvalueinequality,wehave

a21 +a22 +… +a2k ≥ka2,bk+1 +… +bn ≥ (n -k)b.

Itsufficestoprovethat

λk
na2 +

(n -k)2
n2 b2 ≥a

2k
n·b

2(n-k)
n . ②

Bythemeanvalueinequality,weseethat
Theleft-handsideof
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② = λ
na2 +… +λ

na2

􀮩 􀮫􀮪􀪁􀪁􀪁􀪁 􀪁􀪁􀪁􀪁
kterms

+n -k
n2 b2 +… +n -k

n2 b2

􀮩 􀮫􀮪􀪁􀪁􀪁􀪁􀪁 􀪁􀪁􀪁􀪁􀪁
n-kterms

≥λ
k
na

2k
n· n -k

n
æ

è
ç

ö

ø
÷

n-k
n
·b

2(n-k)
n .

So,itsufficestoshowthatλ
k
n

n -k
n

æ

è
ç

ö

ø
÷

n-k
n
≥1,thatis,to

show n
n -k
æ

è
ç

ö

ø
÷

n-k

≤λk.

Infact,

 n
n -k

· n
n -k

·…· n
n -k

􀮩 􀮫􀮪􀪁􀪁􀪁􀪁􀪁􀪁 􀪁􀪁􀪁􀪁􀪁􀪁
n-kterms

·1·1·…·1
􀮩 􀮫􀮪􀪁􀪁􀪁 􀪁􀪁􀪁

nk-nterms

≤ n +(nk -n)
nk -k

æ

è
ç

ö

ø
÷

nk-k

= n
n -1
æ

è
ç

ö

ø
÷

(n-1)k

=λk.  

6 Inaplanewithcartesiancoordinates,letP andQ betwo
regionsofconvexpolygon(includingboundaryandinterior)

whoseverticesareallintegerpoints(i.e.,theircoordinates
areallintegers)andT =P ∩Q.ProvethatifTisnot
emptyanddoesnotcontainintegerpoint,thenTisanon-
degenerateconvexquadrilateral.(posedbyQuZhenhua)

Solution.Sincethenon-emptyintersectionT oftwoconvex

closedpolygonsisaclosed convex polygon ordegenerated

polygon,therearethreepossiblecases.
(1)Tisapoint.ThenT mustbethevertexofP orQ,

contradictingthefactthatTcontainsnointegerpoint.
(2)Tisasegment.ThenT mustbetheintersectionofan

edgeofPandanedgeofQ,whichcontainsthevertexofPor
Q,whichisacontradiction.
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(3)Tisaclosedconvexpolygon.
So,itremainstobeshownthatTisaquadrilateral.
First,wenotethatifThastwoadjacentedgesontheedges

ofP (orQ),thenthecommonvertexofthistwoedgesmustbe
thevertexofP (orQ),whichisacontradiction.Thus,the
boundaryofTisformedalternatelybyapartofanedgeofP
andthenapartofanedgeofQ,andeachvertexofTisthe
intersectpointofedgesofPandQ.Thus,thenumberofedges
ofTiseven.

WeseethatifanedgeeofPintersectsanedgefofQ,then
emustintersectanotheredgeofQ,otherwiseT willcontainan
integerpoint.

Inthe following,we show by contradiction thatthe
numberofedgesofTcanbe6ormore.

IfT hasedgesnolessthan6,thensupposePcontainsk
integerpointsexcepttheverticesofP.

Case1.Ifk =0,thenPisanelementintegertriangle,ora

parallelogramwitharea1.So,Pcanbelocatedbetweentwo

parallellinesl1,l2.Andthereisnointegerpointintheopen
domainΩbetweenl1andl2.AtleastthreeedgesofParethe
edgesofT,becauseThasatleastsixedges.

Fig.6.1

(a)IncaseofP being△ABC
(SeeFig.6.1),DE,FGandHIare
edgesofQ.D,GandE maycoincide
withF,H andI,respectively.Lines
FG,HI,l1 andl2 form aconvex

quadrilateral.SincelineDEdoesnot
intersectsegmentBC,weseethatthe
intersectpointoflineDEandFGoroflineDEandHIisinΩ.
Thus,QhasintegervertexinΩ,acontradiction.
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(b)IncaseofPbeingaparallelogram▱ABCD.LetAD,

ABandBCbethreeedgesofP (seeFig.6.2).Theintersection

pointoflineEFandHGlocatesinΩ.LetAB,BCandCDbe
threeedgesofP (seeFig.6.3),andthereisnoedgeofQon
AD.Similartothecaseof(a),wecanseetheintersection

pointoflineEFandHG oroflineEFandIJlocatesinΩ,

whichisacontradiction.

Fig.6.2
 

Fig.6.3

Fig.6.4

Case2.k ≥ 1.Consider
integerpointXonPotherthan
the vertices.Since X ∉ T,

thereexistsanedgeMN ofT
suchthatTandXareseparated
bylineMN (denotebyl)(see
Fig.6.4).Thus,MNisapart
ofboundaryofQ.MisontheedgeABofP,Nisontheedge
CDofP.A,CandXareonthesamesideofl(AandC may
coincide,butBandD donotbythehypothesisthatT hasat
leastsixedges).Thus,thereisanothervertexUofTonAB,

andthereisanothervertexVofTonCD.
DenotetheconvexhullofpointsXandverticesofPbelow

lbyP'.ThenP'andPcoincidebelowBD,andthepartofP'
upBDis△BXD.ComparingT' =P' ∩QwithT,weseethat
T'⊂T,andtheboundaryofT'istheboundaryofTwithMN,
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MUandNVreplacedbyM'N',M'U'andN'V',respectively.
Thatis,T'andT havethesamenumberofedges,andthe
numberofintegerpointsofP'otherthanverticesislessthan
thatofP.Byafiniteprocedurelikethis,wecanobtaina
convexpolygonwithnointeriorintegerpoint.ByCase1,itis
impossible.  

2014 (Nanjing,Jiangsu)

FirstDay
8:00 12:30,March23,2014

1 LetO bethecircumcenterof△ABC and HA bethe

projectionofAontoBC.TheextensionofAOintersects
thecircumcircleof△BOCatA'.TheprojectionsofA'
ontoABandACareDandE,respectively.LetOAbethe
circumcenterof△DHAE.DefineHB,OB,HC andOC

similarly.

Fig.1.1

ProvethatHAOA,HBOB and
HCOC areconcurrent.(posed
byZhangSihui)

Solution.LetT bethesymmetry
point of A over BC,F be the

projectionofA'ontoBC,andM be
theprojectionofTontoAC.

SinceAC =CT,wehave∠TCM =

2∠TAM.Since ∠TAM = π
2 -
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∠ACB = ∠OAB,wehave

∠TCM =2∠OAB = ∠A'OB = ∠A'CF,

and

∠TCHA = ∠A'CF + ∠A'CT = ∠TCM + ∠A'CT = ∠A'CE.

Becauseofthefactthat ∠CHAT, ∠CMT, ∠CEA',

∠CFA'arerightangles,wehave,

CHA

CM =CHA

CT
·CT
CM =cos∠TCHA

cos∠TCM =cos∠A'CEcos∠A'CF

= CE
CA'

·CA'
CF =CE

CF
,

i.e.,CHA·CF =CM·CE,soHA,F,M andEareonthe
samecircleω1.

Similarly,letNbetheprojectionofTontoAB,thenHA,

F,N andD areonthesamecircleω2.SinceA'FHAT and
A'EMTarebothrighttrapezoid,theperpendicularbisectorof
thesegmentsHAF andEM meetatthe midpointK ofthe
segmentA'T,i.e.,Kisthecenterofcircleω1andKFisthe
radiusofcircleω1.Similarly,KandKFarealsothecenterand
theradiusofcircleω2,respectively.Thus,ω1andω2arethe
same,D,N,F,HA,EandMareonthesamecircle.SoOAis
themidpointKofA'T,OAHA ‖AA'.

Since∠HCAO + ∠AHCHB = π2 - ∠ACB + ∠ACB = π2
,

wehaveAA' ⊥ HBHC,thusOAHA ⊥ HBHC,therefore,

OAHA,OBHB andOCHC allpassthroughtheorthocenterof
△HAHBHC.  

2 LetA1A2…A101bearegular101 gon,andcolorevery
vertexred orblue.Let N bethe numberofobtuse
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trianglessatisfyingthefollowingconditions:Thethree
verticesofthetrianglemustbeverticesofthe101 gon,

boththeverticeswithacuteangleshavethesamecolor,

andthevertexwithobtuseanglehasdifferentcolor.
(1)FindthelargestpossiblevalueofN.
(2)Findthenumberofwaystocolortheverticessuch

thatmaximum N isachieved.(Twocoloringsare
differentifforsomeAithecolorsaredifferenton
thetwocoloringschemes.)(posedbyQuZhenhua)

Solution.Definingxi =0or1dependsonwhetherAiisredor
blue.ForobtusetriangleAi-aAiAi+b (vertexAiisthevertexof
theobtuseangle,i.e.,a+b ≤50),thesethreeverticessatisfy
theconditionsoftheproblemifandonlyif

(xi -xi-a)(xi -xi+b)=1, ①

otherwiseequal0,herethesubscriptmodules101.Thus,

N =∑
101

i=1
∑
(a,b)
(xi -xi-a)(xi -xi+b).

Here∑(a,b)standsforthesummationofallpositiveintegerpairs

(a,b)satisfyinga+b≤50.Thereare49+48+…+1=1225such

positiveintegerpairs.Expanding①,wehave

N =∑
101

i=1
∑
(a,b)
(xi -xi-a)(xi -xi+b)        

=∑
101

i=1
∑
(a,b)
(x2

i -xixi-a -xixi+b +xi-axi+b)

=1225∑
101

i=1
x2

i +∑
101

i=1
∑
50

k=1

(k -1-2(50-k))xixi+k

=1225n +∑
101

i=1
∑
50

k=1

(3k -101)xixi+k. ②

Herenisthenumberofthebluevertices.Foranytwovertexes
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AiandAj,1≤i ≤j ≤101,let

d(Ai,Aj)=d(Aj,Ai)=min{j-i,101-j+i}.

LetB ⊆{A1,A2,...,A101}bethesetofallbluevertices.

Then②canbewrittenas

N =1225n -101C2n +3 ∑
{P,Q}⊆B

d(P,Q), ③

where{P,Q}passthroughallthetwo-elementsubsetsofB.

Withoutlossofgenerality,weassumethatniseven.Otherwise,

changethecolorofallvertices,thevalueofN doesnotchange.
Writen =2t,0≤t ≤50,fromonepoint,renumberalltheblue

verticesbyP1,P2,...,P2tclockwise.Then

∑
{P,Q}⊆B

d(P,Q)=∑
t

i=1
d(Pi,Pi+t)+12∑

t

i=1
∑
t-1

j=1

(d(Pi,Pi+j)+

d(Pi+j,Pi+t)+d(Pi+t,Pi-j)+d(Pi-j,Pi))

≤50t+1012t(t-1).

④

HerethesubscriptofPi modules2t,andweusetheinequality
d(Pi,Pi+t)≤50and

 d(Pi,Pi+j)+d(Pi+j,Pi+t)+d(Pi+t,Pi-j)+d(Pi-j,Pi)

≤101.

⑤

Combining③and④,wehave

N ≤1225n -101C2n +350t+1012t(t-1)æ

è
ç

ö

ø
÷

=-1012t2 +50992t.
⑥

Theright-handsideof⑥attainsitsmaximumvaluewhen
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t =25,thusN ≤32175.
Next,consider the necessary and sufficient condition of

N =32175.First,t =25meansthatthereare50bluevertices.

Secondly,for1≤i ≤t,wehaved(Pi,Pi+t)=50.Whend(Pi,

Pi+t)=50,equalityof⑤holds.Therefore,thenumberofwaysto

choose50blueverticessuchthatNachievesmaximumisequaltothe

numberof waystochoose25diagonalsfrom thelongest101
diagonalssuchthatanytwodiagonalsdonothavecommonvertices.

EdgingAiandAi+50,i=1,2,...,101,wegetagraphG.

Notethat50and101arerelativelyprime,so1+50n(0≤n ≤

100)formacompleteresiduesystem module101,i.e.Gisa

circlewith101edges.Therefore,thenumberofways(written
asS)tocolor50verticesblueandNachievesmaximumisequal

tothenumberofwaystochoose25edgesofGsuchthatanytwo

ofthemdonothavecommonvertices.Now,fixoneedgeeof

G.SincethenumberofwaystochooseedgeshavingeisC2475,not

havingeisC2576,soS =C2475 +C2576.Similarly,thenumberofways

tohave50redverticesisalsoS,thusthenumberofwaystocolor
theverticessuchthatthelargestvalueofNisachievedis2S.

Insummary,thelargestpossiblevalueofNis32175,the

numberofwaystocoloris2S =2(C2475 +C2576).  

3 Showthatthereareno2 tuples(x,y)ofpositive

integerssatisfyingtheequation

(x +1)(x +2)…(x +2014)= (y +1)(y +2)…(y +4028).
(posedbyLiWeigu)

Proof.Forn =2k·m(kisanon-negativeinteger,misodd),

letv(n)=2k.

Weprovethisbycontradiction.Assume(x,y)isone
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positiveintegersolutionoftheequation.Let

v(x +i)= max
1≤j≤2014

{v(x +j)}.

If1≤j ≤2014,j ≠i,then

v(x +j)=v(x +i+(j-i))=v(j-i),

so

v 

 ∏
1≤j≤2014,j≠i

(x +j)

 =v((2014-j)!·(j-1)!)≤v(2013!).

since∏
2014

j=1
(x+j)=∏

4028

j=1
(y+j)isamultipleof4028!,thus

x +i ≥v(x +i)≥v 4028!
2013!






 >21007.

Therefore,x >21006.So(y +4028)4028 > ∏
4028

j=1
(y +j)=

∏
2014

j=1
(x +j)>21006·2014.Wehavey +4028>2503,y >2502.

Lemma.Let0≤xi <
1
2
(1≤i≤n).Ifx =1n∑

n

i=1xi,y =

2max1≤i≤n{x2
i},then

1-x ≥ ∏
n

i=1

(1-xi) 
1
n ≥1-x -y.

Proofoflemma.BytheAM GMinequality,theinequalityon

theleftiseasytoprove.Theinequalityontheleftholds,since

∏
n

i=1

(1-xi) 
1
n ≥ n

∑
n

i=1
1

1-xi

≥ n

∑
n

i=1
(1+xi +2x2

i)

= n
n +nx +2∑

n

i=1x
2
i

≥ 1
1+x +y

≥1-x -y.

Thelemmaisproved.

2    MathematicalOlympiadinChina

PartI Short-AnswerQuestions(Questions1 8,eightmarks
each)

1 Therangeoff(x)= x -5- 24-3xis    .

Solution.Itiseasytoseethatf(x)isincreasingonitsdomain

[5,8].Therefore,itsrangeis[-3,3].  

2 Theminimumofy = (acos2x -3)sinxis-3.Thenthe
rangeofrealnumberais    .

Solution.Letsinx =t.Theexpressionisthenchangedto

g(t)=(-at2 +a -3)t,or

g(t)=-at3 +(a -3)t.

From -at3 +(a -3)t ≥-3,weget

-at(t2 -1)-3(t-1)≥0,
(t-1)(-at(t+1)-3)≥0.

Sincet-1≤0,wehave-at(t+1)-3≤0,or

a(t2 +t)≥-3. ①

Whent=0,-1,expression①alwaysholds;when0<t≤

1,wehave0<t2 +t ≤2;andwhen-1<t<0,-14 ≤t2 +

t <0.Therefore,-32 ≤a ≤12.  

3 Thenumberofintegralpoints(i.e.,thepointswhosex-
andy-coordinatesarebothintegers)withinthearea(not
includingtheboundary)enclosedbytherightbranchof

hyperbolax2 -y2 =1andlinex =100is    .

Solution.Bysymmetry,weonlyneedtoconsiderthepartof

theareaabovethex-axis.Supposeliney =kinterceptsthe
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Backtotheproblem,letw =x+2015>21007,z=y+40292
>2502;thentheequationisequivalentto

 w· 1-1w
æ

è
ç

ö

ø
÷ 1-2w

æ

è
ç

ö

ø
÷… 1-2014w

æ

è
ç

ö

ø
÷

æ

è
ç

ö

ø
÷

1
2014

=z2· 1- 1
4z2

æ

è
ç

ö

ø
÷ 1- 9

4z2
æ

è
ç

ö

ø
÷… 1-4027

2

4z2
æ

è
ç

ö

ø
÷

æ

è
ç

ö

ø
÷

1
2014

.

Bythelemma,

w 1-20152w
æ

è
ç

ö

ø
÷ >w· 1-1w

æ

è
ç

ö

ø
÷ 1-2w

æ

è
ç

ö

ø
÷… 1-2014w

æ

è
ç

ö

ø
÷

æ

è
ç

ö

ø
÷

1
2014

>w 1-20152w -2·2014
2

w2
æ

è
ç

ö

ø
÷

>w 1-20152w
æ

è
ç

ö

ø
÷-18.

Therefore,the decimalofw · æ

è
ç

æ

è
ç1 - 1

w
ö

ø
÷

æ

è
ç1 - 2

w
ö

ø
÷…

æ

è
ç1-2014w

ö

ø
÷

ö

ø
÷

1
2014

belongsto
æ

è
ç
3
8
,1
2

ö

ø
÷ .

Ontheotherhand,bythelemma

 z2 1-1
2 +32 +… +40272
4z2·2014

æ

è
ç

ö

ø
÷

>z2· 1- 1
4z2

æ

è
ç

ö

ø
÷ 1- 9

4z2
æ

è
ç

ö

ø
÷… 1-4027

2

4z2
æ

è
ç

ö

ø
÷

æ

è
ç

ö

ø
÷

1
2014

>z2 1-1
2 +32 +… +40272
4z2·2014

-2·4027
4

(4z2)2
æ

è
ç

ö

ø
÷,

thus

z2 -4·2014
2 -1

12 >z2· 1- 1
4z2

æ

è
ç

ö

ø
÷ 1- 9

4z2
æ

è
ç

ö

ø
÷… 1-4027

2

4z2
æ

è
ç

ö

ø
÷

æ

è
ç

ö

ø
÷

1
2014

>z2 -4·2014
2 -1

12 -4027
4

8z2

>z2 -4·2014
2 -1

12 -18.
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Sincez2-4·2014
2 -1

12 isaninteger,sothedecimalpartof

z2·
æ

è
ç

æ

è
ç1- 1

4z2
ö

ø
÷

æ

è
ç1- 9

4z2
ö

ø
÷… æ

è
ç1-4027

2

4z2
ö

ø
÷

ö

ø
÷

1
2014

belongsto
æ

è
ç
7
8
,1

ö

ø
÷,

whichisacontradiction.
Therefore,thereareno2 tuples(x,y)ofpositiveintegers

satisfying 

∏
2014

j=1

(x +i)=∏
4028

j=1

(y +i).  

SecondDay
8:00 12:30,March24,2014

4 Given an oddintegerk > 3.Provethatthereexist
infinitelymanypositiveintegersn,suchthatthereare

twopositiveintegersd1,d2thatalldividen2 +1
2

,and

d1 +d2 =n +k.(posedbyYuHongbing)

Solution.ConsidertheDiophantineequation

((k -2)2 +1)xy = (x +y -k)2 +1, ①

weprovethat①hasinfinitelymanypositiveoddsolutions(x,y).
Obviously,(1,1)isapositiveoddsolution,let(x1,y1)=

(1,1).Assumethat(xi,yi)isapositiveoddsolutionof①,

andxi ≤yi,letxi+1 =yi,yi+1 = (k-1)(k-3)yi +2k-xi.
Since①canbewrittenas

x2 -((k -1)(k -3)y +2k)x +(y -k)2 +1=0,

byVieta􀆳stheorem,(xi+1,yi+1)isalsoaintegersolutionof①.

Sincexi,yiandkareallpositiveoddintegers,andk ≥5,so
xi+1isapositiveoddinteger,and
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yi+1 = (k -1)(k -3)yi +2k -xi ≡-xi ≡1(mod2),

yi+1 ≥8yi +2k -xi >yi >0.

Thus,(xi+1,yi+1)isapositiveoddsolutionof①,andxi +

yi <xi+1+yi+1.By(x1,y1)andtheconstructionabove,weget
aseriesofpositiveoddsolutionsof①:(xi,yi),i=1,2,...,

suchthatx1 +y1 <x2 +y2 < ….
Foranyintegerigreaterthank,xi +yi >k.Letn =xi +

yi -k,d1 =xi,d2 =yi.Thennisapositiveoddinteger,and

d1+d2 =n+k.Since(k-2)2+1iseven,wecanshowthatd1,

d2arebothdivisorsofn
2 +1
2

,andd1+d2 =n+k.Thussuchn

satisfiesalltheconditions,thereforethereexistinfinitelymany
positiveoddintegersnsatisfyingtheconditions.  

5 Letnbeagivenintegerwhichisgreaterthan1.Findthe

greatestconstantλ(n)suchthatforanynon-zerocomplex
z1,z2,...,zn,wehave

∑
n

k=1
|zk|2 ≥λ(n)min

1≤k≤n
{|zk+1 -zk|2},

wherezn+1 =z1.(posedbyLengGangsong)

Solution.Let

λ0(n)=

n
4
,2|n,

n
4cos2 π2n

,otherwise,

ì

î

í

ï
ïï

ï
ïï

weproveλ0(n)isthegreatestconstant.
Ifthereexistsk(1≤k ≤n)suchthat|zk+1 -zk|=0,the

inequalityholdsobviously.Sowithoutlossofgenerality,wecan
assumethat
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min
1≤k≤n

{|zk+1 -zk|2}=1. ①

Underthis assumption,it suffices to show that the

minimumvalueof∑
n

k=1|zk|2isλ0(n).

Whenniseven.Since

∑
n

k=1
|zk|2 = 12∑

n

k=1

(|zk|2 +|zk+1|2)≥ 14∑
n

k=1
|zk+1 -zk|2

≥n
4 min

1≤k≤n
{|zk+1 -zk|2}= n

4
,

andequalityholdswhen(z1,z2,...,zn)=
æ

è
ç
1
2
,-12

,...,

1
2
,-12

ö

ø
÷,thustheminimumvalueof∑

n

k=1|zk|2isn
4 =λ0(n).

Next,considertheconditionwhennisodd.Let

θk =argzk+1

zk
∈ [0,2π),k =1,2,...,n.

Forallk =1,2,...,n,ifθk ≤
π
2orθk ≥

3π
2
,thenby①,

|zk|2 +|zk+1|2 =|zk -zk+1|2 +2|zk||zk+1|cosθk

≥|zk -zk+1|2 ≥1. ②

Ifθk ∈
π
2
,3π
2

æ

è
ç

ö

ø
÷,thenbycosθk <0and②,

1≤|zk -zk+1|2

=|zk|2 +|zk+1|2 -2|zk||zk+1|cosθk

≤ (|zk|2 +|zk+1|2)(1+(-2cosθk))

= (|zk|2 +|zk+1|2)·2sin2θk

2.

Therefore,
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|zk|2 +|zk+1|2 ≥ 1

2sin2θk

2

. ③

Nowconsiderthefollowingtwoconditions.

(1)Ifforallk(1≤k ≤n),θk ∈
π
2
,3π
2

æ

è
ç

ö

ø
÷,by③

∑
n

k=1
|zk|2 = 12∑

n

k=1

(|zk|2 +|zk+1|2)≥ 14∑
n

k=1

1

sin2θk

2

. ④

Since∏
n

k=1
zk+1

zk
=zn+1

z1
=1,wehave

∑
n

k=1
θk =arg∏

n

k=1

zk+1

zk

æ

è
ç

ö

ø
÷+2mπ=2mπ, ⑤

wheremisapositiveinteger,andm <n.Notethatnisodd,so

0<sinmπ
n ≤sin

(n -1)π
2n =cosπ2n. ⑥

Letf(x)= 1
sin2x

,x ∈ π
4
,3π
4[ ].Itiseasytoshowthat

f(x)isaconvexfunction.By④andJensen􀆳sInequality,and
combining⑤and⑥,wehave

∑
n

k=1
|zk|2 ≥ 14∑

n

k=1

1

sin2θk

2

≥n
4
· 1

sin2 1n∑
n

k=1
θk

2
æ

è
ç

ö

ø
÷

= n
4
· 1

sin2mπn

≥n
4
· 1

cos2 π2n

=λ0(n).

(2)Ifthereexistsj(1≤j ≤n),suchthatθj ∉
π
2
,3π
2

æ

è
ç

ö

ø
÷,

let

I = jθj ∉
π
2
,3π
2

æ

è
ç

ö

ø
÷,j =1,2,...,n{ }.
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By②,forj∈I,wehave|zj|2+|zj+1|2 ≥1;andby③,

forj ∉I,wehave

|zj|2 +|zj+1|2 ≥
1

2sin2
θj

2

≥ 12.

Therefore,

∑
n

k=1
|zk|2 = 12 ∑j∈I(|zj|2 +|zj+1|2)+∑

j∉I

(|zj|2 +|zj+1|2)( )

≥ 12|I|+14
(n -|I|)

= 14
(n +|I|)≥n +1

4 . ⑦

Notethat

n +1
4 ≥n

4
· 1

cos2 π2n

⇔cos2 π2n ≥ n
n +1

⇔sin2 π2n =1-cos2 π2n ≤1- n
n +1= 1

n +1.

Theequalityholdswhenn =3;whenn ≥5,

sin2 π2n < π
2n

æ

è
ç

ö

ø
÷

2

<π
2

2n
· 1
n +1<

1
n +1

,

theinequalityalsoholds.Soforoddintegern ≥3,n +1
4 ≥n

4
·

1

cos2 π2n

.Combining⑦,wehave

∑
n

k=1
|zk|2 ≥n

4
· 1

cos2 π2n

=λ0(n).

Ontheotherhand,whenzk = 1

2cosπ2n

·e
i(n-1)kπ

n ,k =1,

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaNationalTeamSelectionTest 157  

2,...,n,wehave|zk -zk+1|=1,k =1,2,...,n,and

∑
n

k=1|zk|2achievesitsminimumvalueλ0(n).

Summingup,thegreatestλ(n)is

λ0(n)=

n
4
,2|n,

n
4cos2 π2n

,otherwise.

ì

î

í

ï
ïï

ï
ïï  

6 Forpositiveintegerk >1,letf(k)bethenumberofways

offactoringkintoproductofpositiveintegersgreater

than1.(Theorderoffactorsarenotcountered,for

examplef(12)=4,as12canbefactoredinthesefour

ways:12,2×6,3×4,2×2×3.)

Provethat,ifnisapositiveintegergreaterthan1,pisa

primefactorofn,thenf(n)≤n
p

.(posedbyYaoYijun)

Solution.WeuseP(n)tostandforthebiggestprimedivisor

ofn,anddefineP(1)=f(1)=1.Wefirstprovetwolemmas.

Lemma1.Forpositiveintegernandprimep|n,wehavef(n)

≤∑d n
p
f(d).

ProofofLemma1.Forconvenience,afactoringsatisfying
theconditioniscalledafactoringforshort.

Foranyfactoringofn,writen =n1n2…nk,sincep|n,so
thereexistsi ∈ {1,...,k},suchthatp|ni (ifthereismore

thanonesuchi,chooseanyoneofthem),withoutlossof

generality,assumethati =1.Mapthisfactoringtoafactoring

ofd = n
n1
,d =n2n3…nk.

Fortwodifferentfactoringsofn,n =n1n2…nkandn =
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n'1n'2…n'l(wherepdividesn1andn'1).Ifn1 =n'1,thend =

n2…nkandd =n'2…n'karetwodifferentfactoringsofd(disa

divisorofn
p
);ifn1 ≠n'1,thend =n

n1
≠n
n'1

=d',sothesetwo

factoringsmaptoafactoringofdandd',respectively(dand

d'aredivisorsofn
p
).Thus,f(n)≤∑d n

p
f(d).Lemma1is

proved.

Lemma2.Forpositiveintegern,letg(n)=∑d|n
d

P(d)
,then

g(n)≤n.

ProofofLemma2.Inductiononthenumberofdifferent

primedivisorsofn.Ifn =1,theng(1)=1.Ifn =pa,pisa

prime,then

g(n)=1+1+p +… +pa-1 =1+pa -1
p -1 ≤1+pa -1=n.

Assumethatwhenthenumberofdifferentprimedivisors

ofnisk,wehaveg(n)≤n.Considerthesituationwhennhas

k +1differentprimedivisors.Lettheprimefactorizationofn
ben =pa11 …pakkp

ak+1
k+1
,wherep1 < … <pk <pk+1,andwriten

=mp
ak+1
k+1 .So

g(n)=g(m)+∑
d|m
∑
ak+1

i=1

dpi
k+1

pk+1
=g(m)+σ(m)

p
ak+1
k+1 -1

pk+1 -1
,

whereσ(m)standsforthesum ofpositivedivisorsofm.By
assumption,g(m)≤m,since

σ(m)
p

ak+1
k+1 -1

pk+1 -1 = ∏
k

i=1

pai+1
i -1
pi -1

æ

è
ç

ö

ø
÷
p

ak+1
k+1 -1

pk+1 -1

≤ ∏
k

i=1

pai+1
i -1

pi+1 -1
æ

è
ç

ö

ø
÷(p

ak+1
k+1 -1)
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≤ ∏
k

i=1

pai+1
i -1
pi

æ

è
ç

ö

ø
÷(p

ak+1
k+1 -1)

≤ ∏
k

i=1
pai

i( )(pak+1
k+1 -1)

=n -m,

sog(n)≤n.Lemma2isproved.
Backtotheproblem,itsufficestoprove,forpositive

integern,f(n)≤ n
P(n)holds.

Byinductiononn,ifn =1,theequalityholds.Assumethat

forn =1,2,...,k,wehavef(n)≤ n
P(n).Then

,ifn =k+

1,byLemmas1and2andtheassumption,

f(k +1)≤ ∑
d k+1

P(k+1)

f(d)≤ ∑
d k+1

P(k+1)

d
P(d)

=g k +1
P(k +1)

æ

è
ç

ö

ø
÷ ≤ k +1

P(k +1).
 

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaGirls􀆳Mathematical
Olympiad

2010 Shijiazhuang

FirstDay8:00~12:00
August10,2010

1 Letnbeanintegergreaterthantwo,andletA1,A2,...,

A2nbepairwisedistinctnonemptysubsetsof{1,2,...,n}.

Determinethemaximumvalueof∑
2n

i=1
|Ai ∩Ai+1|
|Ai|·|Ai+1|

.

(Here,wesetA2n+1 =A1.ForasetX,let|X|denotethe
numberofelementsinX.)

SolutionTheanswerisn.
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Weconsidereachsummandsi = |Ai ∩Ai+1|
|Ai|·|Ai+1|

.

IfAi ∩Ai+1isemptyset,thensi =0.
IfAi ∩Ai+1isnonempty,becauseAi ≠Ai+1,atleastoneof

AiandAi+1hasmorethanoneelement,thatis,max{|Ai|,

|Ai+1|}≥2.BecauseAi ∩Ai+1isasubsetofeachofAiand
Ai+1,|Ai ∩Ai+1|≤min{|Ai|,|Ai+1|}and

si = |Ai ∩Ai+1|
|Ai|·|Ai+1|

≤ min{|Ai|,|Ai+1|}
max{|Ai|,|Ai+1|}·min{|Ai|,|Ai+1|}

≤ 12.

Itfollowsthat

∑
2n

i=1

|Ai ∩Ai+1|
|Ai|·|Ai+1|

≤∑
2n

i=1

1
2 =n.

Thisupperboundcanbeachievedwithsets

A1 = {1},A2 = {1,2},A3 = {2},A4 = {2,3},...,

A2n-2 = {n -1,n},A2n-1 = {n},A2n = {n,1}.

 

Fig.2.1

2 IntriangleABC,AB = AC.
PointDisthemidpointofside
BC.PointE lies outside the
triangleABCsuchthatCE ⊥AB
andBE = BD.LetM bethe
midpointofsegmentBE.Point
Fliesonthe minorarcAD︵ of
thecircumcircleoftriangleABD
suchthatMF ⊥BE.Provethat

ED ⊥FD.
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Solution1.ConstructpointF1suchthatEF1 =BF1andray
DF1isperpendiculartolineED.ItsufficestoshowthatF =F1

orABDF1iscyclic;thatis,

∠BAD = ∠BF1D. ①

Set∠BAD = ∠CAD =x.BecauseEC ⊥ABandAD ⊥BC,

∠ECB =90°- ∠ABD = ∠BAD =x.

NotethatMDisa midlineof triangleBCE.Inparticular,

MD‖ECand

∠MDB = ∠ECD =x. ②

Fig.2.2

InisoscelestriangleEF1M,

wemayset∠EF1M = ∠BF1M =

y.BecauseEM ⊥MF1andMD ⊥

DF1,

∠EMF1 = ∠EDF1 =90°,

implyingthatEMDF1 iscyclic.
Consequently,wehave

∠EDM = ∠EF1M =y. ③

Combining②and③,weobtain

∠BDE = ∠EDM + ∠MDB =x +y.

BecauseBE = BD,weconcludethattriangleBED is

isosceleswith ∠MED = ∠BED = ∠BDE =x +y.Because

EMDF1iscyclic,wehave∠MF1D = ∠MED =x +y.Itis

thenclearthat

∠BF1D = ∠MF1D - ∠MF1B =x = ∠BAD,

whichis①.
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Solution 2.(Based on work by Sherry Gong and Inna

Zakharevich)WemaintainthenotationsusedinSolution1.Let
ωandOdenotethecircumcircleandthecircumcenteroftriangle
ABD,andletTbesecondintersection(otherthanB )between
lineBEandω.ExtendsegmentDEthroughEtomeetωatS.
PointF2liesonωsuchthatDF2 ⊥DE.WewillshowthatF2 =

ForF2B =F2E.LetM2denotethefootoftheperpendicular
fromF2tolineBE.ItsufficestoshowthatM2isthemidpoint
ofsegmentBE,thatis,EM2 = M2B.

Fig.2.3

Because∠SDF2 = ∠EDF2 =

90°,O isthe midpointofSF2.
BecauseBTADiscyclic,∠BTD =

∠BAD = ∠BCE =x.Notealso
thatBD = BE and ∠EBC =

∠DBT. We conclude that
triangle BDT and BEC are
congruenttoeachother,implying
thatBE = ET.Hence,OE ⊥

BT.LetNbethefootoftheperpendicularfromStolineBE.

Note that segments NE and EM2 are the respective

perpendicularprojectionsofsegmentsSOandOF2ontolineBE.

BecauseSO =OF2,NE =EM2.BecauseTE =EB,itsuffices

toshowthatTN =NE,whichisevidentsince

∠STE = ∠SEB = ∠SDB = ∠EDB = ∠BED = ∠SET

andsotriangleSETisisosceleswithSE =ST.  

3 Provethatforeverygivenpositiveintegern,thereexista

primepandanintegermsuchthat
(a)p ≡5(mod6);

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



164  MathematicalOlympiadinChina

(b)p n;
(c)n ≡m3(modp).

Solution1.There areinfinitely many primesp thatare

congruentto5 modulo6.(Thisisaspecialcase ofthe

Dirichlet􀆳stheoremonprimesinanarithmeticprogressionthat

canbeeasilyprovendirectly.Thereisatleastonesuchprime
(namely,5).Supposethere wereonlyfinitely manyprimes

congruentto5modulo6,andlettheirproductbeP.Then6

P -1,whichislargerthanP andcongruentto5modulo6,

musthaveanotherprimedivisorcongruentto5 modulo6,

whichisacontradiction.Thus,theoriginalassumption was

wrong,andthereareinfinitely many odd primesthatare

congruentto5modulo6.)Inparticular,onesuchprimepis

largerthann.Thus,psatisfiesbothconditions(a)and(b).We

canwritep =6k +5forsomepositiveintegerk.Wesetm =

n4k+3.ThentheFermat􀆳sLittleTheorem,wehave

m3 ≡n12k+9 ≡n6k+4·n6k+4·n ≡np-1·np-1·n ≡n(modp).

Solution2.Setm =n-1.Thenm3 -n =n3 -3n2 +2n-1,

whichisrelativelyprimeton.Anyprimedivisorpofm3 -nis

relativelyprimeton,thatis,psatisfiestheconditions(b)and
(c).Itremainstofindapthatiscongruentto5modulo6.

Notethat

m3 -m =m(m2-1)= (m -1)m(m +1),

whichisdivisibleby6.Hence,m3 -n ≡m -n ≡-1≡5(mod

6).Thus,thereisaprimedivisorpofm3 -nthatiscongruent

to5modulo6,andthisistheprimewesought.  

Comment:Theoriginalversionoftheproblemisasfollows.

Provethatforeverygivenpositiveintegern,thereexista
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primepandanintegermsuchthat
(a)p ≡3(mod4);

(b)p n;
(c)n ≡m2(modp).

Itwasinspiredbyasolutiontotheproblem3ofIMO2010.

4 Letx1,x2,...,xn (wheren ≥2)berealnumberswith

x2
1 +x2

2 +… +x2
n =1.

Provethat

∑
n

k=1

1- k

∑
n

i=1ix
2
i

æ

è
çç

ö

ø
÷÷

2

·x
2
k

k ≤ n -1
n +1

æ

è
ç

ö

ø
÷

2

∑
n

k=1

x2
k

k .

Determinewhentheequalityholds.

Comment:Expanding the left-hand side of the desired

inequalitygives

 ∑
n

k=1

1- k

∑
n

i=1ix
2
i

æ

è
çç

ö

ø
÷÷

2

·x
2
k

k

=∑
n

k=1

x2
k

k -∑
n

k=1

2x2
k

∑
n

i=1ix
2
i

+∑
n

k=1

kx2
k

(∑
n

i=1ix
2
i)2

=∑
n

k=1

x2
k

k - 1

∑
n

i=1ix
2
i
∑
n

k=1

1
2x2

k
+ 1
(∑

n

i=1ix
2
i)2∑

n

k=1
kx2

k

=∑
n

k=1

x2
k

k - 2

∑
n

i=1ix
2
i

+ 1

∑
n

i=1ix
2
i

=∑
n

k=1

x2
k

k - 1

∑
n

i=1ix
2
i

.

Wewanttoshowthat

∑
n

k=1

x2k
k - 1

∑
n

i=1ix
2
i

≤ n-1
n+2

æ

è
ç

ö

ø
÷

2

∑
n

k=1

x2k
k =∑

n

k=1

x2k
k - 4n

(n+1)2∑
n

k=1

x2k
k
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or

4n
(n +1)2∑

n

k=1

x2
k

k ≤ 1

∑
n

i=1ix
2
i

,

thatis,

∑
n

k=1

x2
k

k
æ

è
ç

ö

ø
÷ ∑

n

k=1
kx2

k( ) ≤
(n +1)2
4n . ①

Wepresenttwoproofsoftheaboveinequality.

Solution1.Werewrite①as

4n ∑
n

k=1

x2
k

k
æ

è
ç

ö

ø
÷ ∑

n

k=1
kx2

k( ) ≤ (n +1)2.

BytheAM GMinequality,wehave

4n ∑
n

k=1

x2
k

k
æ

è
ç

ö

ø
÷ ∑

n

k=1
kx2

k( ) =4∑
n

k=1

nx2
k

k
æ

è
ç

ö

ø
÷ ∑

n

k=1
kx2

k( )

≤ ∑
n

k=1

nx2
k

k +∑
n

k=1
kx2

k
æ

è
ç

ö

ø
÷

2

= ∑
n

k=1

n
k +kæ

è
ç

ö

ø
÷x2

k
æ

è
ç

ö

ø
÷

2

.

Itsufficestoshowthat

n
k +k ≤n +1

or

0≤nk +k -k2 -n = (n -k)(k -1),

whichisevident.

Now,weconsidertheequalitycase.Notethatthelast

inequalityisstrictfor1<k <n.Hence,wemusthavex2 = … =

xn-1 =0.FortheAM GMinequalitytohold,wemusthave
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∑
n

k=1

nx2
k

k =∑
n

k=1
kx2

kornx2
1 +x2

n =x2
1 +nx2

n

withx2
1 +x2

n =1.Wemusthavex2
1 =x2

n = 12andx2 = … =

xn-1 =0.

Sulution2.(ByLynnelleYe)Wewrite④as

(n +1)2 -4n ∑
n

k=1

x2
k

k






 ∑

n

k=1
kx2

k  ≥0.

Notethattheleft-handsideoftheaboveinequalityisthe

discriminantofthequadratic(int):

f(t)=n(x2
1 +2x2

2 +… +nx2
n)t2 -(n +1)t+

x2
1 +x2

2

2 +… +x2
n

n






.

Itsufficestoshowthatf(t)hasarealroot.Becausethe

leadingcoefficientoff(x)isn(x2
1 +2x2

2 +… +nx2
n),whichis

positive,itremainstobeshownthatf(t)≤ 0forsomet.

Becausex2
1 +… +x2

n =1,wehave

f(t)=n(x2
1 +2x2

2 +… +nx2
n)t2 -(n +1)(x2

1 +x2
2 +… +

x2
n)t+ x2

1 +x2
2

2 +… +x2
n

n








=∑
n

k=1
nkx2

kt2 -(n +1)x2
kt+x2

k

k








=∑
n

k=1
x2

k(nkt-1)t-1k






.

Itiseasytoseethatf 1
n






 ≤ 0becausefort = 1

n
,

eachsummand

x2
k(nkt-1)t-1k







 =x2

k(k -1)(k -n)
nk ≤0,

2    MathematicalOlympiadinChina

PartI Short-AnswerQuestions(Questions1 8,eightmarks
each)

1 Therangeoff(x)= x -5- 24-3xis    .

Solution.Itiseasytoseethatf(x)isincreasingonitsdomain

[5,8].Therefore,itsrangeis[-3,3].  

2 Theminimumofy = (acos2x -3)sinxis-3.Thenthe
rangeofrealnumberais    .

Solution.Letsinx =t.Theexpressionisthenchangedto

g(t)=(-at2 +a -3)t,or

g(t)=-at3 +(a -3)t.

From -at3 +(a -3)t ≥-3,weget

-at(t2 -1)-3(t-1)≥0,
(t-1)(-at(t+1)-3)≥0.

Sincet-1≤0,wehave-at(t+1)-3≤0,or

a(t2 +t)≥-3. ①

Whent=0,-1,expression①alwaysholds;when0<t≤

1,wehave0<t2 +t ≤2;andwhen-1<t<0,-14 ≤t2 +

t <0.Therefore,-32 ≤a ≤12.  

3 Thenumberofintegralpoints(i.e.,thepointswhosex-
andy-coordinatesarebothintegers)withinthearea(not
includingtheboundary)enclosedbytherightbranchof

hyperbolax2 -y2 =1andlinex =100is    .

Solution.Bysymmetry,weonlyneedtoconsiderthepartof

theareaabovethex-axis.Supposeliney =kinterceptsthe
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completingour proof.Forthe equality case ofthe given

inequality,wemusthaveequalitycasefortheaboveinequality
foreveryk;thatis,xk =0for2 ≤k ≤n -1.Itisthennot

difficulttoobtainthat

x2
1 =x2

2 = 12.  

SecondDay
8:00 12:00,August11,2010

5 Letf(x)andg(x)bestrictlyincreasinglinearfunctions

fromRtoRsuchthatf(x)isanintegerifandonlyif

g(x)isaninteger.Provethatforanyrealnumberx,

f(x)-g(x)isaninteger.

Solution.Wecanwritef(x)=ax +bandg(x)=cx +dfor

somerealnumbersa,b,c,dwitha,c >0.

Bysymmetry,wemayassumethata ≥c.

Weclaimthata =c.Assumeonthecontrarythata >c.

Becausea >c>0,therangesoffandgarebothR.Thereisa

x0suchthatf(x0)=ax0 +bisaninteger.Henceg(x0)=cx0

+disalsoaninteger.Butthen,

f x0 +1a
æ

è
ç

ö

ø
÷ =ax0 +b+1

and

g x0 +1a
æ

è
ç

ö

ø
÷ =cx0 +b+c

a.

Butthisisimpossiblebecausewecannothavetwointegers

g(x0)andg(x1)thathavepositivedifferencec
a whichisless
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than1.
Therefore,wecanwritef(x)=ax+bandg(x)=ax+d

forsomerealnumbersa,b,dwitha >0.
Thenb-d =f(x0)-g(x0)mustbeaninteger,thatis,

f(x)-g(x)=b-d

isaninteger.  

Fig.6.1

6 InacutetriangleABC,

AB > AC.LetM be
the midpoint of side
BC.Theexteriorangle
bisector of ∠BAC
meets ray BC at P.
PointsK andFlieon
thelinePAsuchthatMF ⊥BCandMK ⊥PA.Prove
thatBC2 =4PF·AK.

Solution.Letω and O denote the circumcircle and the

circumcenteroftriangleABC,respectively,andletN bethe
midpointofarcBC︵ (notcontainingA ).NotethatlineMNis
theperpendicularbisectorofsegmentBC.Inparticular,bothF
andOlieonlineMN.NotealsothatrayAN istheinterior
bisectorof∠BACimplyingthatNA ⊥FPor∠NAF =90°.It
followsthatNFisadiameterofω.ItisclearthatMK ‖AN,

fromwhichitfollowsthat

AK
MN =FK

FM.

Hence,

PK·AK =PK·FK·MN
FM .
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NotethatMK isthealtitudetothehypotenuseinright
triangleFMP,implyingthattriangleFMKandFPMaresimilar
toeachotherandPF·FK = FM2.Combiningthelasttwo
equalitiesyields

PF·AK =PF·FK·MN
FM =FM·MN.

Fig.6.2

By the power-of-a-point theorem (or cross-chord

theorem),wehaveFM·MN =BM·MC =BC2

4 .Combining

thelasttwoequalitiesgivesthedesiredresult.  

7 Letn beanintegergreaterthan orequalto3.Fora

permutationp =(x1,x2,...,xn)of(1,2,...,n),wesay
thatxjliesinbetweenxiandxkifi<j <k.(Forexample,

inthepermutation(1,3,2,4),3liesinbetween1and4,

and4doesnotlieinbetween1and2.)SetS ={p1,p2,...,

pm}consistsof(distinct)permutationspiof(1,2,...,n).

Supposethatamongeverythree distinctnumbersin {1,

2,...,n},oneofthesenumbersdoesnotlieinbetweenthe

othertwonumbersineverypermutationspi ∈S.Determine

themaximumvalueofm.

Solution.Theansweris2n-1.
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Wefirstshowthatm ≤2n-1.Weinductonn.Thebasecase

n =3istrivial.(Indeed,say3doesnotlieinbetween1and2,

thenwecanhaveS ={(1,2,3),(3,1,2),(2,1,3),(3,2,

1)}.)Assumethatthestatementistrueforn =k(wherek ≥

3).Nowconsidern =k+1andasetSk+1satisfiestheconditions

oftheproblem.Notethatiftheelementk +1isdeletedfrom

eachpermutationpiinSk+1,theresultingpermutationsqiforma

setSkthatsatisfiestheconditionsoftheproblem(forn =k).It
sufficestoshowthefollowingclaim:thereareatmosttwo

distinctpermutationspandqinSk+1thatcanmaptothesame

permutationrinSk (bydeletingtheelementk +1inthe

permutationspandq).
Indeed,assumethatfor

p1 = (x1,x2,...,xk+1),p2 = (y1,y2,...,yk+1),

p3 = (z1,z2,...,zk+1)

inSk+1,q1 =q2 =q3 =q.Bysymmetry,wemayassumethat

q =(1,2,...,k).Assumethatxa =yb =zc =k+1.Againby
symmetry,wemayassumethat1≤a <b <c ≤k +1.(Note

thatbecauseq1 =q2 =q3 =q,a,b,caredistinct.)We

considerthreenumbersa,b,k+1.Wehavep1 =(...,k+1,

a,...,b,...)(inparticular,aliesinbetweenk +1andb),

p2 =(...,a,...,k +1,b,...)(inparticular,k +1liesin

betweenaandb),andp3 =(...,a,...,b,...,k+1,...)

(inparticular,bliesinbetweenaandk+1).Henceeachoneof

thenumbersa,b,k+1lieinbetweentheothertwonumbersin

somepermutationsinSk,violatingtheconditionsofSk.Thus

ourassumptionwaswrongandatmosttwoelementsinSk+1can

bemappedtoaelementinSk,establishingourclaim.

Itremainstobeshownthatm =2n-1isachievable.We
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constructpermutationpinductively:(1)place1;(2)after
numbers1,2,...,lareplaced,weplacel+1eithertotheleft
ortherightoftheallthenumbersplacedsofar.Becausethere

aretwopossibleplacesforeachofthenumbers2,3,...,n,we
canconstruct2n-1suchpermutations.Foranythreenumbers1≤

a <b<c≤n,cdoesnotlieinbetweenaandb.Hence,thisset

of2n-1 permutationssatisfiestheconditionsoftheproblem,

completingourproof.  

Comment:Theoriginalversionoftheproblemisasfollows.

Therearenbooksarrangedinarowonashelf.Alibrarian
comesperiodicallyandrearrangesthebooksinaneworder.It
turnsoutthat,amonganythreebooks,thereisonethatis

neverplacedanywherebetweentheothertwo.Provethatthe

totalnumberofdifferentordersthatoccurisatmost2n-1.

Toenhancethelevelofdifficultyofthetestpaper,the

problemdecidestoaskcontestantstofindthismaximumvalue.

8 Determinetheleastoddnumbera > 5satisfyingthe
followingconditions:Thereare positiveintegersm1,

m2,n1,n2suchthata = m2
1 +n2

1,a2 = m2
2 +n2

2,and

m1 -n1 =m2 -n2.

Solution.Theansweris261.

Notethat

261=152 +62,2612 =1892 +1802,15-6=189-180.

Weknowthatthereisnonumberinbetween5and261that
satisfiestheconditionoftheproblem.Assumeonthecontrary
thataissuchanumber.Wemaysetd =m1 -n1 >0.Because

aisodd,m1andn1 havedifferentparity,andsodisodd.

Becausem1 <261,d ≤15;thatis,thepossiblevaluesofdare
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1,3,5,7,9,11,13,15.Wewilleliminateeveryoneofthem.

Wecanwritem2 =n2 +danda2 = (n2 +d)2 +n2
2or

2a2 -d2 = (2n2 +d)2. ①

Ifd =1,then①becomesaPell􀆳sequationx2 -2y2 =-1

with(x,y)= (2n2 +1,a).ThisPell􀆳sequationhasminimal

solution(x,y)=(1,1)andx+y 2=(1+ 2)2k-1forpositive

integersk.TheyvaluesofthesolutionsofthisPell􀆳sequations

are5,29,169,985,....Thus,theonlypossiblevaluesfora
are29and169.Itiseasytocheckthatneither29nor169can

bewrittenintheformof(n1 +1)2 +n2
1.Henced ≠1.

Ifdisamultipleof3,thenm2 ≡n2(mod3)anda2 ≡

2m2
2(mod3).Because2isnotaquadraticresiduemodulo3,we

concludethat0 ≡m2 ≡n2 ≡a(mod3).Hence,m2
1 +n2

1 ≡

0(mod3),from whichitfollowsthatm1 ≡n1 ≡0(mod3).

Thus,a = m2
1 +n2

1isamultipleof9andm2
2 +n2

2 =a2isa

multipleof81.Wecanwritem2 =3m',n2 =3n',anda =9a'

forintegersm2,n3,a'.Wehavem'2 +n'2 =9a'2.Again,

because-1isanotaquadraticresiduemodulo3,wemusthave

m' ≡n' ≡0(mod3).Itfollowsthatd =3(m'-n')isdivisible

by9.Thus,d =9.

Becausea <261=152+62,n1 <6.Therefore,n1 =3and

a =122 +32 =153.Butthen①becomes92·577=(2n2 +9)2,

whichisimpossible.Hence,d ≠3,or9,or15.

Ifd =11ord =13,because2isnotaquadraticresidue

modulod,froma2 ≡2m2
2(modd),weconcludethat0≡m2 ≡

n2 ≡a(modd).Itfollowsthat2m2
1 ≡a ≡0(modd)and0≡m1

≡n1 ≡a(modd).Inparticular,n1 ≥d,m1 ≥2dand

a =m2
1 +n2

1 ≥5d2 >261.
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Hence,d ≠11or13.
Ifd =5,wealsonotethat2isnotaquadraticreside

modulo5.Bythesamereasoningbefore,wehave

m1 ≡n1 ≡m2 ≡n2 ≡0(mod5).

Ifn1 ≥10,thenm1 ≥15anda =m2
1 +n2

1 ≥102 +152 >

261.Thus,n1 =5,m1 =10,anda =125.Butthen①becomes

52·1249= (2n2 +5)2,

whichisimpossible.Hence,d ≠5.
Ifd =7,thenbecausea <261=152+62,wehaven1 ≤8.

Thepossiblevaluesofaarethen65,85,109,137,169,205,

245.Butthen①becomes(2n2 +7)2 =2a2 -49.Itiseasyto
checkthatthereisnosolutioninthiscase.Hence,d ≠7.

Combiningtheabove,weconcludethat261istheanswer
ofthisquestion.  

2011 (Shenzhen,Guangdong)

The10thChinaGirls􀆳MathematicalOlympiadwasheldduringJuly
28 August3,2011attheNo.ThreeSeniorHighSchoolof
ShenzheninShenzhen,GuangdongProvince,China.Around39
teamsfromMainlandChina,plus9teamsfromRussia,theUnited
States,Singapore,Japan,etc.,totally188girlstudentsattended
thecompetition.Thecompetitionconsistsoftworounds— each
lastsfourhoursandcontainsfourproblems.TheteamfromShanghai
HighSchoolwonthefirstplaceinteamtotalscore.20participants
wongoldmedals,40wonsilvermedals,and80bronzemedals.
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FirstDay
8:00 12:00,August1,2011

1 Findallpositiveintegersnsuchthatequation1x +1
y

= 1n
hasexactly2011positiveintegersolutions(x,y)withx ≤

y.(posedbyXiongBin)

Solution.Fromthegivenequation,wehavexy -nx -ny =

0⇒(x -n)(y -n)=n2.Then,besidesx =y =2n,forany
x -nequaltoaproperdivisorofn2,wewillgetapositive
integersolution(x,y)satisfyingtherequiredcondition.Therefore,

n2shouldhaveexactly2010properdivisorsthatarelessthann.
Supposen = pα11 …pαkk ,wherep1,...,pk are prime

numbersdifferentfromeachother.Thenthenumberofproper
divisorsofn2lessthannis

(2α1 +1)…(2αk +1)-1
2 .

So(2α1 +1)…(2αk +1)=4021.Since4021isprime,we

getk =1,2α1 +1=4021,andα1 =2010.

Therefore,n =p2010,wherepisanyprimenumber.  

Fig.2.1

2 AsshowninFig.2.1,thediagonals
AC,BD ofquadrilateralABCD
intersect at point E, the
midperpendiculars of AB,CD
(withM,Nbeingtheirmidpoints,

respectively)intersectatpoint
F,andlineEFintersectswith
BC, AD at points P, Q,
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respectively.SupposeMF·CD = NF·AB,DQ·BP =

AQ·CP.ProvePQ ⊥BC.(posedbyZhengHuan)

Fig.2.2

Solution.Asshown in Fig.2.2,

connectpointsA F,B F,C F,

andD F.Bythegivencondition,

△AFBand△CFDarebothisosceles
triangleswithFM andFN beingthe
altitudestoeachtriangle􀆳sbase.

SinceMF·CD = NF·AB,

△AFB ∽ △DFC.Then ∠AFB =

∠CFDand ∠FAB = ∠FDC.Moreover,∠BFD = ∠CFA.
FromFB =FA,FD =FC,wehave△BFD ≌ △AFC,which
meansthat∠FAC = ∠FBDand∠FCA = ∠FDB.Therefore,

pointsA,B,F,EandpointsC,D,E,Fareeachconcyclic.
Fromtheaboveresult,weget

∠FEB = ∠FAB = ∠FDC = ∠FEC,

whichimpliesthatlineEPistheanglebisectorof∠BEC.Then

wehaveEB
EC =BP

CP.Inthesameway,wehaveED
EA =QD

AQ.

IfDQ·BP =AQ·CP,thenEB·ED =EC·EA,which
meansABCDisacyclicquadrilateralwithFasthecenterofits
circumcircle.Atthistime,since

∠EBC = 12
∠DFC = 12

∠AFB = ∠ECB,

wethengetPQ ⊥BC.  

3 Supposepositiverealnumbersa,b,c,dsatisfyabcd =1.
Prove

1
a +1b +1c +1d + 9

a +b+c+d ≥254.(posedbyZhu
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Huawei)

Solution1.First,wewillprovethat,whenevertherearetwo

numbersamonga,b,c,dthatareequal,theinequalityholds.

Wemayassumethata =bandlets =a +b +c +d.Then
wehave

 1a +1b +1c +1d + 9
a +b+c+d

= 2a +c+d
cd +9s = 2a +a2(s-2a)+9s

= 2a -2a3 + a2s+9s
æ

è
ç

ö

ø
÷.

Wedefinetheexpressionaboveasf(s).Thenweseethat

f(s)reachestheminimumfors = 3a.

Whena ≥ 2
2
,however,wehave

s =a +b+c+d ≥2a +2a ≥ 3a.

Atthistime,f(s)reachestheminimumfors =2a +2a.

Wethenhave

2
a -2a3 + a2s+9s

æ

è
ç

ö

ø
÷ = 2a -2a3 +a2 2a +2a

æ

è
ç

ö

ø
÷+9s

= 2a +2a +9s =s+9s

= 716s+916s+9s ≥ 716×4+2 9
16s
·9
s

= 74 +92 =254
∵s =2a +2a ≥4æ

è
ç

ö

ø
÷.

When0<a < 2
2
,wehave
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2
a -2a3 + a2s+9s

æ

è
ç

ö

ø
÷ ≥ 2a -2a3 +6a = 2a +5a +(a -2a3)

> 2a +5a ≥2 2
a
·5a =2 10 >254.

Second,weconsiderthecasethata,b,c,daredifferent

fromeachother.Wemayassumethata >b >c >d.Ifad
c
·

b·c·c =abcd =1,byusingtheresultabove,wehave

1
ad
c

+1b +1c +1c + 9
ad
c +b+c+c

≥254.

Therefore,weonlyneedtoprovethat

 1a +1b +1c +1d + 9
a +b+c+d  

≥ 1ad
c

+1b +1c +1c + 9
ad
c +b+c+c

. ①

Wehave

① ⇔ 1a +1d + 9
a +b+c+d ≥ c

ad +1c + 9
ad
c +b+2c

⇔ac+cd -c2 -ad
acd ≥ 9

(a +b+c+d)ad
c +b+2cæ

è
ç

ö

ø
÷

·

a +d -ad
c -cæ

è
ç

ö

ø
÷

⇔
(a -c)(c-d)

acd ≥ 9
(a +b+c+d)ad

c +b+2cæ

è
ç

ö

ø
÷

·

(a -c)(c-d)
c

⇔ 1ad ≥ 9
(a +b+c+d)ad

c +b+2cæ

è
ç

ö

ø
÷
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⇔(a +b+c+d)ad
c +b+2cæ

è
ç

ö

ø
÷ ≥9ad

⇐ad
c +b+2c ≥ 9ad ∵a +b+c+d >ad

c +b+2cæ

è
ç

ö

ø
÷

⇐ad
c +3c ≥ 9ad.

Theproofiscomplete.  

Solution2.Weproveitbyusingtheadjustmentmethod.We

mayassumethata ≤b ≤c ≤d,anddefine

f(a,b,c,d)= 1a +1b +1c +1d + 9
a +b+c+d.

Firstly,wewillprove

f(a,b,c,d)≥f(ac,b, ac,d). ②

Asamatteroffact,expression②isequivalentto

1
a +1c + 9

a +b+c+d ≥ 1
ac

+ 1
ac

+ 9
2 ac +b+d

⇔
(a - c)2

ac ≥ 9(a - c)2

(a +b+c+d)(2 ac +b+d)

(∵(a - c)2 ≥0)

⇐(a +b+c+d)(2 ac +b+d)≥9ac

∵b+d ≥2 bd = 2
ac

æ

è
ç

ö

ø
÷

⇐ a +c+ 2
ac

æ

è
ç

ö

ø
÷ 2 ac + 2

ac
æ

è
ç

ö

ø
÷ ≥9ac.

③

From1=abcd ≥a·a·c·c⇒ac ≤1⇒ 2
ac

≥2 acand

a +c ≥2 ac,wehavethefollowingcondition:

Theleft-handsideof③ ≥ 2 ac + 2
ac

æ

è
ç

ö

ø
÷ 2 ac + 2

ac
æ

è
ç

ö

ø
÷
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≥4 ac·4 ac =16ac>9ac=theright-handsideof③.
Therefore,② holds,which meansf(a,b,c,d)(with

a ≤b ≤c ≤d)reachesitsminimumifandonlyifa =c(i.e.a
= b = c).So we may assume that (a,b,c,d) =

1
t
,1
t
,1
t
,t3æ

è
ç

ö

ø
÷ (t≥1).Thenweonlyneedtoprovethat,for

allt ≥1,

f 1
t
,1
t
,1
t
,t3æ

è
ç

ö

ø
÷ ≥254. ④

Wehave

f 1
t
,1
t
,1
t
,t3æ

è
ç

ö

ø
÷ ≥254

⇔3t+1
t3

+ 9

t3 +3t

≥254

⇔12t8 -25t7 +76t4 -75t3 +12≥0

⇔(t-1)2(12t6 -t5 -14t4 -27t3 +36t2 +24t+12)≥0

⇐12t6 -t5 -14t4 -27t3 +36t2 +24t+12≥0

⇔(t-1)(12t5 +11t4 -3t3 -30t2 +6t+30)+42≥0.

⑤

Sincet≥1,12t5 +6t≥2 12t5·6t =122t3 >3t3,and

11t4 +30≥2 11t4·30 =2 330t2 >30t2,

then(t -1)(12t5 +11t4 -3t3 -30t2 +6t +30)+42 >0.
Therefore,⑤holds,whichjustifies④.

Theproofiscomplete.  

4 n(n ≥3)table tennis players have a round-robin
tournament—eachplayerwillplayalltheothersexactly
once,andthereisnodraw game.Suppose,afterthe
tournament,alltheplayerscanbearrangedinacircle
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suchthat,foranythreeplayersA,B,C,ifA,Bare
adjacent,thenatleastoneofthem defeatedC.Please
findallpossiblevaluesofn.(posedbyFuYunhao)

Solution.Wewillprovethatncanbeanyoddnumbersnotless
than3.Supposen =2k+1,anoddnumbergreaterthan3,and
nplayersarerepresentedbyA1,A2,...,A2k+1.Letusarrange
thecompetitionresultasfollows:Ai(1≤i ≤2k +1)defeated
Ai+2,Ai+4,...,Ai+2k (westipulatethatA2k+1+j =Aj,j =1,

2,...,2k +1)butlosttotheotherplayers.Thenthese

playerscanbearrangedinacircleinorderA1,A2,...,A2k+1,

A1.Now,givenanythreeplayersA,B,C withA,B being
adjacentinthecircle,wemayassumethatA =At,B =At+1,C
=At+r(1≤t≤2k+1,2≤r≤2k).Theneitherrorr-1isan
evennumbernotlessthan2k,whichimpliesthatatleastoneof
theplayersA,BdefeatedC.

Ontheotherhand,supposenisanevennumbernotless
than4,andthen playerscanbearrangedinacircleA1,

A2,...,An,A1thatmeetstherequiredcondition.Wemay
assumethatA1defeatedA2.Accordingtotherequirement,at
leastoneofA2,A3defeatedA1,andthenA3defeatedA1 ;but
atleastoneofA1,A2defeatedA3,soA2defeatedA3,andso
forth.Wethengetthat,forany1≤i≤n,AidefeatedAi+1and
losttoAi-1 (stipulatethatAn+1 = A1,A0 = An ).Wenow

dividetheplayersafterAiandbeforeAi-1inton -2
2 pairs—

eachconsistsoftwoadjacentplayers.Thenthereisatleastone

playerineachpairwhodefeatedAi,andthatmeans,besides

Ai-1,thereareatleastn -2
2 playerswhodefeatedAi.ThenAi

lostatleastn
2games.Sonplayerslosttotallyatleastn

2

2games.

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



182  MathematicalOlympiadinChina

ButthenumberoftotalgamesisC2n =n(n -1)
2 <n2

2.Thisisa

contradiction.Therefore,thepossiblevaluesofnareallthe
oddnumbersnotlessthan3.  

SecondDay
8:00 12:00,August2,2011

Fig.5.1

5 Givenrealnumberα,pleasefind
the minimum realnumberλ =

λ(α),suchthatforanycomplex
numbersz1,z2andrealnumberx
∈ [0,1],if|z1|≤α|z1 -z2|

then|z1 -xz2|≤λ|z1 -z2|.
(posedbyLiShenghong)

Solution.Asshowninthefigure,in

thecomplexplane,pointsA,B andC denotethecomplex

numbersz1,z2 andxz2,respectively.Cisobviouslyonthe

segmentOB.The VectorsBA→ andCA→ arerepresented by
complexnumbersz1 -z2andz1 -xz2,respectively.As|z1|≤

α|z1 -z2|,wehave|OA→|≤α|BA→|.Then

|z1 -xz2|max =|AC→|max = max |OA→|,|BA→|{ }

= max |z1|,|z1 -z2|{ }

= max α|z1 -z2|,|z1 -z2|{ }.

Therefore,λ(α)=max{α,1}.  

6 Arethereanypositiveintegersm,nsuchthatm20 +11nis
asquarenumber?Proveyourconclusion.(posedbyYuan
Hanhui)
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Solution.Assumingtherearepositiveintegersm,nsuchthat

m20 +11n =k2withk ∈Z,wethenhave

11n =k2 -m20 = (k -m10)(k +m10),

whichmeansthatthereareintegersα,β ≥0suchthat

k -m10 =11α,

k +m10 =11β.{
①
②

Itisobviousthatα <β.Subtracting①from ②,wehave

2m10 =11α(11β-α -1).

Letm =11γm1,whereγ,m1 ∈N*,11 m1.Then

1110γ·2m10
1 =11α(11β-α -1),

whichimplies10γ =αand2m10
1 =11β-α -1.

ByFermat􀆳sLittleTheorem,wehavem10
1 ≡1(mod11),

then2m10
1 ≡2(mod11).But11β-α -1≡10(mod11),whichis

acontradiction.Sotheprovedconclusionisthatthereareno

positiveintegersm,nsuchthatm20 +11nisasquarenumber.  

7 Supposensmallballshavebeenplacedintonnumbered

boxesB1,B2,...,Bn.EachtimewecanselectaboxBk

anddothefollowingoperations:

(1)Ifk =1andthereisatleastoneballinB1,moveone

ballfromB1intoB2.
(2)Ifk =nandthereisatleastoneballinBn,moveone

ballfromBnintoBn-1.
(3)If2≤k ≤n-1andthereareatleasttwoballsinBk,

moveoneballfromBk intoBk+1 andoneballinto

Bk-1,respectively.

Prove the following:no matter how the balls are
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distributed among the boxes originally,itis always
realizabletoleteachboxcontainexactlyoneballbyfinite
operations.(posedbyWangXinmao)

Solution.Foranytwovectorsx= (x1,x2,...,xn)andy=

(y1,y2,...,yn),ifthereexists1≤k ≤nsuchthat

x1 =y1,...,xk-1 =yk-1,xk >yk,

wethendenoteitasx≻y.Letx=(x1,x2,...,xn)represent
thedistributionoftheballsamongtheboxes.Thenxisanon-
negativeintegervector.Theoperationdefinedinthequestion,

ifexecutable,canbeexpressedasx+αk,whereα1 = (-1,1,

0,...,0),αk = (0,...,0
􀮩 􀮫􀮪􀪁􀪁 􀪁􀪁

k-2

,1,-2,1,0,...,0)(2 ≤k ≤

n -1),αn = (0,...,0,1,-1).Thenfork ≥2,wealways
havex+αk ≻x.Soforanyinitialdistributionoftheballs,after
afinitenumberofoperationsoneveryBk(k ≥2)thatcontains
atleasttwoballs,wecanarriveataballdistributiony= (y1,

y2,...,yn)satisfyingyk ≤1forallk ≥2.Ifatthistimey2 =

… =yn =1,theproblemissolved;otherwise,wehavey1 ≥2.
Assumingiisthesmallestnumbersuchthatyi =0,wecanthen
doaseriesofoperationsonB1,B2,...,Bi-1:

(y1,1,...,1,0,yi+1,...,yn)
B1,B2,...,Bi-1

→

(y1,1,...,1,0,1,yi+1,...,yn)
B1,B2,...,Bi-2

→
(y1,1,...,1,0,1,1,yi+1,...,yn)→ … →

(y1,0,1,...,1,yi+1,...,yn)
B1
→

(y1 -1,1,...,1,yi+1,...,yn)

toget(y1 -1,1,...,1,yi+1,...,yn).Repeatingthe
operationsabove,wecanfinallyarriveattheballdistribution
vectorthatmeetstherequirement.  
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8 AsshowninFig.8.1,☉Oistheescribedcircletouching
sideBCof△ABCatpointM,andpointsD,Eareonthe
segmentsAB,AC,respectively,satisfying DE‖BC ;

☉O1istheinscribedcircleof△ADEtangenttosideDEat

pointN ;O1B,DOintersectatpointF,andO1C,EO
intersectatpointG.PleaseprovethatMNdividessegment
FGequally.(posedbyBianHongping)

Fig.8.1

Solution1.IfAB = AC,thenthegraphissymmetricabout

thebisectorof∠BACandtheconclusionisobvious.Sowemay
assumethatAB > AC.AsshowninFig.8.2,letL bethe

midpointofBC,lineO1LintersectingwithFGatR,andO1N

beextendedtointersectwithBCatK.DrawlineATthatis

perpendiculartoBC atT andintersectswithlineDE atS.

ConnectingAO,obviously O1 is on the segmentAO.By
Menelaus􀆳theorem,wehave

Fig.8.2
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O1F
FB

·BD
DA
·AO
OO1

=1,O1G
GC

·CE
EA
·AO
OO1

=1. ①

SinceDE‖BC,wehaveBD
DA =CE

EA.SoO1F
FB =O1G

GC
,which

meansthatFG‖BC.ThenFR
GR =BL

CL =1.Therefore,Risthe

midpointofFG.WenowonlyneedtoprovethatM,R,Nare

collinear.Forthis purpose,by the inverse of Menelaus􀆳

theorem,weonlyneedtoprovethat

O1R
RL

·LM
MK

·KN
NO1

=1. ②

SinceFR‖BL,wehaveO1R
RL = O1F

FB = OO1

AO
·AD

DB
(the

second equality isjustified by ①).So we only need to

provethat

OO1

AO
·AD
DB
·LM
MK

·KN
NO1

=1. ③

SinceO1K ⊥DE,OM ⊥BC,AT ⊥BC,DE‖BC,then

linesO1K,OM,ATareparallel.Bythetheoremofdividing

thesegmentsintoproportionalbyparallellines,wehaveOO1

AO =

MK
MT.Substitutingitinto③,wethenonlyneedtoprove

AD
DB
·LM
MT

·KN
NO1

=1. ④

SinceDE‖BC,KN ⊥ DE,ST ⊥ BC,quadrilateral

KNSTisarectangleandthenKN =ST.Furthermore,from

DS‖BT wehaveAD
DB =AS

ST.Substitutingtheseresultsinto④,

wenowonlyneedtoprove
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LM
MT = NO1

AS . ⑤

LetBC =a,AC =b,AB =c.Wehave

BM =a +b-c
2

(thepropertyofanescribedcircle),BL = a
2
,

BT =ccos∠ABC =c·a
2 +c2 -b2
2ac =a2 +c2 -b2

2a .

Then

LM
MT =BL -BM

BT -BM =

c-b
2

c2 -b2 +a(c-b)
2a

= a
a +b+c.

Ontheotherhand,

NO1

AS =

2S△ADE

AD +DE +AE
2S△ADE

DE

= DE
AD +DE +AE = a

a +b+c.

Therefore,⑤holds.Theproofiscomplete.

Solution2.Lettheradiiof ☉O and ☉O1 ber andr1,

respectively.Obviously,O1,OandAarecollinear.

 

DE ∥BC⇒AB
BD =AC

CE

OF
FD =

S△BOO1

S△DBO1

=

1
2

ABsinA
2

æ

è
ç

ö

ø
÷·OO1

1
2r1

·BD

OG
GE =

S△OO1C

S△EOO1

=

1
2

ACsinA
2

æ

è
ç

ö

ø
÷·OO1

1
2r1

·CE

ü

þ

ý

ï
ï
ï
ï
ï
ï

ï
ï
ï
ï
ï
ï

⇒OF
FD =OG

GE

⇒FG‖DE‖BC.
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ConnectON andextendittointersectwithBCatK.If
∠ABC = ∠ACB,thenbysymmetry,thepropositionholds.So
wemayassumethat∠ABC < ∠ACBinthefollowing.

WeconnectOM,O1M,OB,MD,DO1,respectively(see
Fig.8.3).SinceO1N ‖OM,wehave

Fig.8.3

S△ONM =S△MOO1 = 12r
·OO1·sinC -B

2
, ①

OG
GE =OF

DF =
S△BOO1

S△BDO1

=

1
2BO

·OO1·sinC
2

1
2
·BD·DO1·sinB

2

=
r·OO1·sinC

2

r1·BD·cosB
2

②

r =BO·cosB
2
,r1 =DO1·sinB

2
æ

è
ç

ö

ø
÷,

S△DMN -S△MEN = 12NK·DN -NE          

= 12BD·sinB· r1cotB
2 -r1cotC

2
æ

è
ç

ö

ø
÷. ③

From ②and③,wehave
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   OG
GES△DMN -S△MEN

 = 12r1
·BD·sinB· cotB

2 -cotC
2

æ

è
ç

ö

ø
÷·

r·OO1·sinC
2

r1·BD·cosB
2

=r·OO1·sinB
2
·sinC

2
· cotB

2 -cotC
2

æ

è
ç

ö

ø
÷

=r·OO1·sinC -B
2 .

Combiningitwith①,weget

OG
GE
(S△DMN -S△MEN)=2S△MON .

SinceOG
GE∶2=OG

OE∶
DF
OD +EG

OE
æ

è
ç

ö

ø
÷,then

OF
OD
·S△MND -OG

OE
·S△MEN = DF

OD +EG
OE

æ

è
ç

ö

ø
÷·S△MON,

OF·S△MND -DF·S△MON

OD =OG·S△MEN +EG·S△MON

OE .④

Ontheotherhand,

S△NMG =S△MEN·OG +EG·S△MON

OE .

Therefore,S△NMG =OF·S△MND -DF·S△MON

OD .

Inthesameway,

S△NMF =OF·S△MND -DF·S△MON

OD .

By④,wehaveS△NMG =S△NMF.Therefore,MN divides

segmentFGequally.

Theproofiscomplete.  
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2012 (Guangzhou,Guangdong)

FirstDay
8:00 12:00,August,10,2012

1 Leta1,a2,...,an ben non-negativerealnumbers.
Provethat

1
1+a1

+ a1
(1+a1)(1+a2)

+… + a1a2…an-1

(1+a1)(1+a2)…(1+an)
≤1.

(posedbyAiYinghua)

Solution.Leta0 =1.Weprovethefollowingidentity:

∑
n

k=1
∏
k

j=1

aj-1

1+aj
=1-∏

n

j=1

aj

1+aj
①

byinductiononn.
Itisevidentthat①istrueforn =1.Supposethat①istrue

forn -1,n ≥2,thenforn,

∑
n

k=1
∏
k

j=1

aj-1

1+aj
=∑

n-1

k=1
∏
k

j=1

aj-1

1+aj
+∏

n

j=1

aj-1

1+aj

=1- ∏
n-1

j=1

aj

1+aj
-∏

n

j=1

aj-1

1+aj

æ

è
ç

ö

ø
÷

=1-∏
n

j=1

aj

1+aj
.

 

2 Asshowninthefigure,circlesΓ1 andΓ2 aretangent
externallyatpointT.PointsA andE areoncircleΓ1,

linesABandDEaretangenttocircleΓ2atpointsBand
D,respectively.LinesAEandBD meetatpointP.Prove
that
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(1)AB
AT =ED

ET
;

(2)∠ATP + ∠ETP =180°.
(posedbyXiongBin)

Solution.LettheextensionofAT meetcircleΓ2atpointH,

Fig.2.1

andtheextensionofET meet
circleΓ2atpointG.Thenitis
easy to seethatAE‖GH,

thus △ATE ∽ △HTG,

consequentlyAT
TH =ET

TG.And

furtherwehaveAH
TH =EG

TG.

BytheCirclePowerTheorem,wehave

AB2

TH2 = AT·AH
TH·TH =ET·EG

TG·TG =ED2

TG2,

Fig.2.2

Hence TH
TG = AB

ED
;

therefore,

AT
ET = HT

GT =AB
ED.

Bythe Sine Law,we
have 

AP
AB =sin∠ABP

sin∠APB =sin∠EDP
sin∠EPD =EP

ED.

Hence,

AP
EP =AB

ED =AT
ET
,

thatis,PTisthebisectoroftheexteriorangleof ∠ATE.
Therefore,
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∠ATP + ∠ETP =180°.  

3 Find allthe pairs ofintegers (a,b)satisfyingthe

followingcondition:thereexistsanintegerd ≥2such

thatan +bn +1isdivisiblebydforanypositiveintegern.
(posedbyChenYonggao)

Solution.Ifa+bisodd,thenan +bn +1iseven,thusd =2.

Ifa +biseven,thenan +bn +1isodd,sodisodd.

Sinced|a+b+1,(a+b+1)2 =a2 +b2 +1+2(a+b+

1)+2(ab-1),andd|a2 +b2 +1,then,d|2(ab-1),sowe

haved|ab-1.

Weseethata3 +b3 +1 ≡ (a +b)(a2 +b2 -ab)+1 ≡
(-1)(-1-1)+1≡3(modd),andd|a3+b3+1,henced|3,

sod =3.

Since

(a -b)2 =a2 +b2 -2ab ≡-1-2≡0(mod3),

wehavea ≡b(mod3).Thus,0≡a+b+1≡2a+1(mod3),we

seethata ≡1(mod3).

Therefore,a ≡b ≡ 1(mod3).Consequently,forany

positiveintegern,wehave

an +bn +1≡1+1+1≡0(mod3).

Summingup,therequiredintegerpairsareoftheforms:

(2k,2l+1),(2k+1,2l),(3k+1,3l+1),wherekandlare

integers.  

4 Thereisastone(ofgogame)ateachvertexofagivenregular

13-gon,andthecolorofeachstoneisblackorwhite.Prove

thatwemayexchangethepositionoftwostonessuchthatthe
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coloringofthesestonesaresymmetricwithrespecttosome

symmetricaxisofthe13-gon.(posedbyFuYunhao)

Solution.TakeanyvertexAandthesymmetricaxislpassing
it.Therearesixpairsofverticessymmetrictol.Ifthecolorof

stonesateachpairofverticesisthesame,thenthecoloringis

symmetrictol.

Ifthereisonlyonepairofsymmetricverticesthathas

differentcolorstones,thenexchangethestoneatonevertexof

thepairindifferentcolortoA withthestoneonA.

Ifthereareexactlytwopairsofverticesindifferentcolors,

thenexchangethewhitestoneinvertexofapairwiththeblack

stoneinvertexoftheotherpair.

NowsupposethatforanyvertexAandthesymmetricaxis

passingA,thereareatleastthreepairsofsymmetricverticesin

differentcolors.Weshallshowthisisimpossible.

Iftherearexblackstonesandywhitestones,thenx+y =

13;withoutlossofgenerality,letxbeoddandybeeven.

IfthestoneonAisinblack,thentheremainingstonesare

eveninblackandwhite,respectively.Hence,thereareeven

pairsofverticesindifferentcolors,thatis,thereareatleast

fourpairsofverticesindifferentcolors.

Similarly,ifthestoneonAisinwhite,thenthereareat

leastthreepairsofsymmetricverticesindifferentcolors.

Sinceeachpairofverticesissymmetrictooneaxis,wesee

thatthenumberofpairsindifferentcolorsisatleast4x +3y.

Ontheotherhand,thenumberofpairsindifferentcolors

isexactlyxy,thus

xy ≥4x +3y =x +39,

thatis,x(y -1)≥39,butitcontradictsto
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x(y -1)≤ x +(y -1)
2

æ

è
ç

ö

ø
÷

2

=36.  

SecondDay
8:00 12:00,August,11,2012

Fig.5.1

5 As shown in Fig.5.1,the
inscribedcircle☉Iof△ABC
istangenttothesidesABand
AC at points D and E,

respectively. And O is the
circumcentreof△BCI.Prove
that∠ODB = ∠OEC.(posed
byZhuHuawei)

Solution.SinceOisthecircumcentre

of△BCI,weseethat

∠BOI =2∠BCI = ∠BCA.

Inthesamemanner,∠COI = ∠CBA.Hence,

∠BOC = ∠BOI+ ∠COI = ∠BCA + ∠CBA =π- ∠BAC.

Thus,fourpointsA,B,OandCareconcyclic.ByOB =

OC,weknowthat∠BAO = ∠CAO.(Itcanalsobeseenfrom

Fig.5.2

thewell-knownconclusionthatpoint

Oisthe midpointofarcBC︵ (not

containpointA )oncircumcircleof

△ABC.)Combined withthefact

thatAD =AE,AO =AO,wehave

△OAD ≅ △OAE.Hence,∠ODA
= ∠OEA,therefore, ∠ODB =

∠OEC.  
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6 Therearencities(n >3)andtwoairlinecompaniesina
country.Betweenanytwocities,thereisexactlyone2-
wayflightconnectingthem whichisoperatedbyoneof
thetwo companies.A female mathematician plansa
travelroute,sothatitstartsandendsatthesamecity,

passesthroughatleasttwoothercities,andeachcityon
therouteisvisitedonce.Shefindsoutthatwherevershe
startsand whateverrouteshechooses,she musttake
flightsofbothcompanies.Findthemaximumvalueofn.
(posedbyLiangYingde)

Solution.Considereachcityasavertexandeachairlineasan
edgeinacolorcorrespondingtotheairlinecompanyitbelongs.
Thentheairlineroutechartofthiscountrycanberegardedasa
two-colorcomplete graph withn vertices.Bythe problem
states,anycirclecontainsedgesofbothcolors.Thatis,the
subgraphofeachcolorhasnocircle.Itiswell-knownthatfor
thesimplegraphwithoutcircle,thenumberofedgesislessthan
thenumberofvertices.Thus,thenumberofedgesofthesame
colorisnomorethann-1,thatis,thetotalnumberofedgesis
nomorethan2(n -1).Ontheotherhand,thenumberofa
completegraphwithnverticesisn(n-1)/2.Hence,n(n-1)≤

2(n -1),thatis,n ≤4.
Ifn =4,denotefourcitiesbyA,B,CandD.Letthree

routesAB,BCandCDbeoperatedbythefirstcompanyandthe
otherthreeroutesAC,ADandBDbythesecondcompany.We
seethattheroutechartofeachcompanyhasnocircle.So,the
maximumnumberofnis4.  

7 Leta1 ≤a2 ≤ …beasequenceofpositiveintegerssuch
thatr/ar =k+1forsomepositiveintegerskandr.Prove
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thatthereexistsapositiveintegerssuchthats/as =k.
(posedbyJacekFabrykowski,USA)

Solution.Letg(t)=t-kat.Theng(r)=r-kar =ar >0.
Notethatg(1)=1-ka1 ≤0.Sotheset{t|t =1,2,...,r,

g(t)≤0}isnotempty.Letsbethemaximalelementofthe
set;thens <r.Hence,g(s+1)>0.Ontheotherhand,

g(s+1)=s+1-kas+1 ≤s+1-kas =g(s)+1≤1.①

Thus,0<g(s+1)≤1.Consequently,g(s+1)=1.And
by①,1=g(s+1)≤g(s)+1≤1.Wehaveg(s)=0,thatis,

s/as =k.  

8 Findthenumberofintegerskintheset{0,1,2,...,

2012}such that the combination number
2012
k

æ

è
ç

ö

ø
÷ =

2012!
k!(2012-k)!isa multipleof2012.(posedby Wang

Bin)

Solution.Factorizing2012=4×503,weseethatp =503isa

prime.Ifkisnotamultipleofp,then

2012
k

æ

è
ç

ö

ø
÷ =

4p
k

æ

è
ç

ö

ø
÷ =

(4p)!
k! ×(4p -k)! =

4p
k ×

4p -1
k -1
æ

è
ç

ö

ø
÷.

Hence
2012
k

æ

è
ç

ö

ø
÷ = 2012!

k!(2012-k)!isamultipleofp.

Ifkisamultipleofp,thereareonlyfivecases:k =0,p,

2p,3p,4p.And weseethatinallcases,thecombination
numbers 

4p
0

æ

è
ç

ö

ø
÷ =

4p
4p

æ

è
ç

ö

ø
÷ =1,

4p
p

æ

è
ç

ö

ø
÷ =

4p
3p

æ

è
ç

ö

ø
÷ =
4(3p +1)(3p +2)…(3p +(p -1))

(p -1)! ≡4(modp),
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and

4p
2p

æ

è
ç

ö

ø
÷ =

   6[(2p +1)(2p +2)…(2p +(p -1))]
[(2p +(p +1))(2p +(p +2))…(2p +(2p -1))]

(p -1)![(p +1)(p +2)…(2p -1)]

≡6(modp)

arenotmultipleofp.
Nowwedenotethebinarynumeralofnon-negativeinteger

nby

n = (arar-1…a0)2 =∑
r

j=0
aj2j,ands(n)=∑

r

j=0
aj,

whereaj =0or1forj =0,1,...,r.

Thenthepowermoffactor2minfactorizationofn !canbe
expressedby

n
2 + n

4 +… + n
2m +…

= (arar-1…a2a1)2 +(arar-1…a3a2)2 +… +ar

=ar ×(2r -1)+ar-1 ×(2r-1 -1)+… +a1 ×

(21 -1)+a0 ×(20 -1)

=n -s(n).

Ifthecombinationnumber
2012
k

æ

è
ç

ö

ø
÷ = 2012!

k! ×(2012-k)! =

(k +m)!
k! ×m!isodd(m =2012-k),thenitmeansthatthepowers

of2infactorsofthenumeratorandthedenominatorofthe
fractionabovearethesame.Then

k +m -s(k +m)=k -s(k)+m -s(m),

or

s(k +m)=s(k)+s(m).
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Thismeansthatthebinaryadditionofk+m =2012hasno

carrying.

Since2012 = (11111011100)2,itconsistsofeight1􀆳sand

three0􀆳s.Ifthereisnocarryingintheadditionofk +m =

(11111011100)2,thenonthebitof0in(11111011100)2,k,m
are0;onthebitof1,oneis0,theotheris1,sotherearetwo

choices:1=1+0and1=0+1.Thus,thereare28 =256cases

thatthebinaryadditionoftwonon-negativeintegersk +m =

2012hasno carrying.Thatis,there are256combination

numbersthatareodd,andtheremaining2013-256 =1757

combinationnumbersareeven.

Ifthecombinationnumber

2012
k

æ

è
ç

ö

ø
÷ = 2012!

k! ×(2012-k)! =
(k +m)!
k! ×m!

isevenbutnotamultipleof4,thenitmeansthatthepowerof

2inthenumeratorisgreaterthanthatinthedenominatorby1.

Thus,

k +m -s(k +m)=k -s(k)+m -s(m)-1,

or

s(k +m)=s(k)+s(m)-1.

Thatis,thereisonlyonecarryinginthebinaryadditionof

k+m =2012.Thecarryinghappensattwobitsas01+01=10.

By

k +m =2012= (11111011100)2,

weseethatthecarryingcanonlyhappenatthefifth(fromthe

highestbittothelowestbit)andsixthbitsorattheninthand

tenthbits.Sothereexist27 =128cases.Thatis,thereare256
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combinations whose values are even numbers but notthe
multiplesof4.

Thus,thereare2013 -256 -256 =1501combinations
whosevaluesaremultiplesof4.Now,wegobacktoconsider
thecaseswherekisnotthemultipleofp =503.

Weseethat
4p
0

æ

è
ç

ö

ø
÷ =

4p
4p

æ

è
ç

ö

ø
÷ =1isnotamultipleof4.For

4p
p

æ

è
ç

ö

ø
÷ =

4p
3p

æ

è
ç

ö

ø
÷ =

(4p)!
p!(3p)!

,thepowerof2iss(p)+s(3p)-

s(4p)=s(3p)=7,andfor
4p
2p

æ

è
ç

ö

ø
÷ =

(4p)!
(2p)!(2p)!

,thepowerof

2iss(2p)+s(2p)-s(4p)=s(p)=8.Thus,therearethree
combinationnumberswhicharemultiplesof4butnotmultiples
ofp =503,thatis,thenumberofksuchthatthecombinations
2012
k

æ

è
ç

ö

ø
÷aremultiplesof2012is1501-3=1498.  

2013 (Zhenhai,Zhejiang)

FirstDay
(8:00 12:00August12,2013)

1 LetA bethecloseddomainontheplanedelimitedby
threelinesx =1,y =0,andy =t(2x -t),where0 <

t <1.Provethatthesurfaceofanytriangleinsidethe
domainAwithP(t,t2)andQ(1,0)astwoofitsvertices

cannotexceed14.
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Fig.1.1

Solution. It is easy to

observethatthedomainisa
closed triangle. Its three

verticesareB t
2
,0æ

è
ç

ö

ø
÷,Q(1,

0)andC(1,t(2-t)).Picka

pointX inside the △BQC,

thenthe area of △PQX is
equaltohalfoftheproductof
PQ withthedistancefromX
toPQ.SotheareaofPQX

takesitsmaximum valuewhenthedistancefrom X toPQis

maximized,i.e.,whenXcoincideswithBorC.

Theareaof△PQBis

1
2
1-t

2
æ

è
ç

ö

ø
÷t2 = 14

(2-t)t2 ≤ 14
(2-t)t

≤ 14
2-t+t
2

æ

è
ç

ö

ø
÷

2

= 14
;

theareaof△PQCis

1
2
(1-t)(2t-t2)= 142t

(1-t)(2-t)

≤ 14
2t+1-t+2-t

3
æ

è
ç

ö

ø
÷

3

= 14.

Hence,inthedomainA ,anytrianglewithP,Qastwoof

itsverticescannothaveanareathatexceeds14.  

2 AsshowninFig.2.1,InatrapezoidABCD,AB‖CD,

☉O1istangenttothesegmentsDA,AB,BC,☉O2is

tangenttothesegmentsBC,CD,DA .LetP bethe
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tangentpointof☉O1 withAB ,andQ bethetangent

pointof☉O2 withCD.ProvethatAC,BD,PQ are

concurrent.

Fig.2.1 Fig.2.2

Solution.LetRbetheintersectionoflinesAC,BD,andjoin

O1A,O1B,O1P,O2C,O2D,O2Q,PR,QR.Asshown

inFig.2.2.

AsBAandBCaretangentlinesof☉O1,

∠PBO1 = ∠CBO1 = 12
∠ABC.

Similarly,wehave∠QCO2 = 12
∠BCD .

FromAB‖CD,weknowthat∠ABC + ∠BCD =180°.

Therefore,∠PBO1 + ∠QCO2 =90°,andasRt△O1BP and

Rt△CO2Qaresimilar,wehaveO1P
BP = CQ

O2Q
.

Similarly,wehaveAP
O1P

=O2Q
DQ .Bymultiplyingthesetwo

identities,weobtainAP
BP =CQ

DQ
,whichinturnimplies AP

AP +BP =

CQ
CQ +DQ

,i.e.,AP
AB =CQ

CD.

AgainbyAB‖CD,weknowthat△ABRand△CDRare
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similar,soAR
AB =CR

CD.ComparingwithAP
AB =CQ

CD
,wehaveAR

AP =

CR
CQ.Meanwhile,△PAR issimilarto △QCR as ∠PAR =

∠QCR.Thus ∠PRA = ∠QRC.SoP,R,Q arecollinear.

Therefore,AC,BD,PQareconcurrent.  

3 Inagroupofmgirlsandnboys,anytwoofthemeither

knoweachother,ordonotknoweachother.Forany
twoboysandtwogirls,atleastoneboyandonegirldo

notknoweachother.Provethatthenumberofboy-girl

pairsthatknoweachotherisatmostm +n(n -1)
2 .

Solution.Fromthehypothesis,foranytwoboys,thereisat

mostonegirlthatknowsbothofthem.Letxibethenumberof

girlsthatknowexactlyiboys,1≤i ≤n.So∑
n

i=1xi =m.By

counting the number of the above two boys-one girl

combinations,wehave

∑
i≥2

i(i-1)
2 xi ≤

n(n -1)
2 .

Thenumberofboy-girlpairsthatknoweachotheristhen

∑
n

i=1
ixi =m +∑

n

i=2

(i-1)xi ≤m +∑
n

i=2

i(i-1)
2 xi

≤m +n(n -1)
2 .

 

4 Findthenumberofpolynomialsf(x)=ax3 +bxthat

satisfythefollowingconditionsbelow:

(1)a,b ∈ {1,2,...,2013};

(2)thedifferenceofanytwonumbersamongf(1),
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f(2),...,f(2013)isnotamultipleof2013.

Solution.2013isfactorizedas2013=3×11×61.Letp1 =3,

p2 =11,p3 =61.Wedenotebyaitheresidueofamodulopi,

bybitheresidueofb modulopi(i =1,2,3),a,b ∈ {1,

2,...,2013}.BytheChineseReminderTheorem,wehavea

bijectionof(a,b)with(a1,a2,a3,b1,b2,b3).

Now,letfi(x)=aix3 +bix,i =1,2,3.Wecalla

polynomial “good modulo n”if the residues of f(0),

f(1),...,f(n -1)modulonarealldistinct.

Iff(x)=ax3 +bxisnotgoodmodulo2013,thenthere

existsx1 ≢ x2 (mod2013)suchthatf(x1) ≡ f(x2)(mod

2013).Supposex1 ≢x2(modpi).Letu1andu2betheresidues

ofx1andx2modulopi,respectively.Thenu1 ≢u2(modpi)and

fi(u1)≡fi(u2)(modpi),sofi(x)isnotgoodmodulopi.

Iff(x)=ax3 +bxisgoodmodulo2013,thenforeveryi,

fi(x)isgood modulopi.Thereasonisasfollows.Forany
distinctpairr1,r2 ∈ {0,1,...,pi -1},thereexistx1,x2 ∈

{1,2,...,2013}suchthatx1 ≡r1,x2 ≡r2(modpi)andx1 ≡

x2 mod2013pi

æ

è
ç

ö

ø
÷.Nowf (x1)≡f(x2)mod2013pi

æ

è
ç

ö

ø
÷,butf(x1)≢

f(x2)(mod2013),sof(r1)≢f (r2)(modpi).

Hence,we need to determine the number of good

polynomialsfi(x)modulopi.

Forp1 =3,byFermat􀆳stheorem,agoodpolynomial

f1(x)≡a1x +b1x ≡ (a1 +b1)x(mod3)

isequivalenttosaythata1+b1isnotdivisibleby3.Therearein

totalsixsuchf1(x).

Fori=2,3,iffi(x)isgoodmodulopi,thenforanyuand

v ≢0(modpi),fi(u +v)≢fi(u -v)(modpi),i.e.,
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fi(u +v)-fi(u -v)=2v[ai(3u2 +v2)+bi]

isnotdivisiblebypi.Ifai ≠0,theresiduesmodulopi of

elementsinthesetsA = 3aiu2|u =0,1,...,pi -1
2{ } and

B = (-bi -aiv2)|v =1,2,...,pi -1
2{ } donotcoincide,

and|A|+|B|=pi.SoA ∪Bformsacompleteresiduesystem

modulopi.Their sum must be a multiple ofpi,i.e.,

∑
pi-1

2

u=03aiu2 +∑
pi-1

2

v=1
(-bi -aiv2)≡0(modpi).

Now,12 +22 +… + pi -1
2

æ

è
ç

ö

ø
÷

2

=16
·pi -1

2
·pi +1

2
·piis

amultipleofpi,so-
pi -1
2
·biisalsoamultipleofpi.Hence,

biisdivisiblebypi,i.e.,exactlyoneofai,biis0.

Ifai =0,bi ≠0,thenfi(x)=bixisobviouslygood.

Therearepi -1suchgoodpolynomials.

Ifai ≠0,bi =0,thenfi(x)=aix3.Forp2 =11,by
Fermat􀆳stheorem,(x3)7 = x21 ≡ x(mod11),soforx1 ≠

x2(mod11)andx3
1 ≠x3

2(mod11),f2(x)=a2x3isgood.There

areintotal10suchpolynomials.

Forp3 =61,as43 =64≡125=53(mod61),f3(x)=a3x3

cannotbegood.

Therefore,thetotalnumberthatwearelookingforis6×

(10+10)×60=7200.  

SecondDay
8:00 12:00,August13,2013

5 Givenpositiverealnumbersa1,a2,...,an.Provethat
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thereexistpositiverealnumbersx1,x2,...,xnsuchthat

∑
n

i=1xi =1,andthatforanypositiverealnumbersy1,

y2,...,ynsatisfying∑
n

i=1yi =1,onehas

∑
n

i=1

aixi

xi +yi
≥ 12∑

n

i=1
ai.

Solution.Letxi = ai

∑
n

i=1ai

.Then∑
n

i=1
xi =1.Moreover,

∑
n

i=1

aixi

xi +yi
=∑

n

i=1
ai∑

n

i=1

x2
i

xi +yi
.

Foranypositivenumbersy1,y2,...,yn with∑
n

i=1yi =

1.BytheCauchy-SchwarzInequality,

2∑
n

i=1

x2
i

xi +yi
=∑

n

i=1

(xi +yi)∑
n

i=1

x2
i

xi +yi
≥ ∑

n

i=1
xi( )

2
=1.

Hence,

∑
n

i=1

aixi

xi +yi
=∑

n

i=1
ai∑

n

i=1

x2
i

xi +yi ≥
1
2∑

n

i=1
ai.  

6 LetSbeasubsetofmelementsof{0,1,2,...,98},m
≥3,suchthatforanyx,y ∈S,thereexistsz∈Swithx
+y ≡2z(mod99).Findallpossiblevaluesofm.

Solution.LetS ={s1,s2,...,sm}.AsS'={0,s2-s1,...,

sm -s1}satisfiesalsothehypothesis,wemayassumewithout

lossofgeneralitythat0∈S.Foranyx,y ∈S,50(x +y)≡

z(mod99)∈S.Bytakingy =0,wehavethatforanyx ∈S,

50x ∈S.As50and99arecoprime,thereexistsapositive
integerksuchthat50k ≡1(mod99).Hence,

x +y ≡50k(x +y)(mod99)∈S.
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Letd = gcd(99,s1,s2,...,sm).Theaboveargument

thenimpliesthatd ∈S,thereforeS = {0,d,2d,...}.For

anypositivefactord < 99of99,thisS satisfiesallthe

requirements.Hence,allthepossiblevaluesofmare3,9,11,

33,99.  

7 Asshown in Fig.7.1,☉O1 and ☉O2 are tangent

externally at point T.The quadrilateral ABCD is

inscribedin☉O1.ThelinesDAandCBaretangentto

☉O2atpointsEandF,respectively.BN,thebisectof
∠ABF,intersectsthesegmentEFatpointN.LineFT

intersectsthearcAT (whichdoesnotcontainB )at

pointM.ProvethatMistheexocenterof△BCN.

Fig.7.1 Fig.7.2

Solution.LetPbetheintersectionoflineAM withEF.Join

AT,BM,BP,BT,CM,CT,ET,TP.AsshowninFig.7.2.

AsBFistangentto☉O2atF,wehave∠BFT = ∠FET.

As☉O1istangentto☉O2atT,wehave ∠MBT = ∠FET.

Hence,∠MBT = ∠BFM.So△MBTand△MFBaresimilar,

thereforeMB2 = MT·MF.ThesameargumentgivesMC2 =

MT·MF.

Nowagainfromthat☉O1istangentto☉O2atT,wehave
∠MAT = ∠FET.SoA,E,P andT areconcyclic,which
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impliesthat∠APT = ∠AET.AsAEistangentto☉O2atE,

wehave ∠AET = ∠EFT.Thus,∠MPT = ∠PFM,and

△MPTissimilarto△MF.Therefore,MP2 = MT·MF.

Fromtheaboveargument,wehaveMC = MB = MP,

whichmeansthatM istheexcenterof△BCP.So ∠FBP =

1
2
∠CMP.Meanwhile,∠CMP = ∠CDA = ∠ABF,andwe

have∠FBN = 12
∠ABF.Hence,∠FBN = ∠FBP,i.e.,P

andNcoincide.  

8 Letn ≥4beanevennumber.Attheverticesofaregular

n gon we writein an arbitrary wayn distinctreal

numbers.Startingfromoneedge,wenamealltheedges

inaclockwisewaybye1,e2,...,en.Anedgeiscalled
“positive”,ifthe difference ofthe numbers atits

endpointanditsstartpointispositive.Asetoftwoedges
{ei,ej}iscalled“crossing”,if2|(i+j),andamongthe

four,thenumberswrittenattheirvertices,thelargest

andthethirdlargestonesbelongtothesameedge.Prove

thatthenumberofcrossingsandthenumberofpositive

edgeshavedifferentparity.

Solution1.Withoutlossofgenerality,wemayassumethat

thenumberswrittenontheverticesare1,2,...,n.LetAbe

thenumberofcrossings,andBbethenumberofpositiveedges.

WewillprovethattheparityofS remainsthesameifwe

exchangenumbersiandi+1.Wedistinguishtwocases.

CaseI.Thenumbersiandi +1are writtenonadjacent

vertices,i.e.,theendpointsofedgeek.Onceweexchangei
andi+1,thenumberofpositiveedgesismodifiedby1,thus
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theparityofBischanged.Ontheotherhand,theonlytwo-
edgesubsetthatwillbecomeanewcrossing(orchangefroma
crossingtoanon-crossing)is{ek-1,ek+1}(thesubindicesareto
beunderstoodmodulon),alltheothertwo-edgesubsetswill
notbeaffected.SotheparityofA willchange.

CaseII.Thenumbersiandi+1arewrittenonnon-adjacent
vertices.Assumethatthey are written onthe (common)

endpointsofej,ej+1 andofek,ek+1,respectively.Once we
exchangeiandi+1,everypositiveedgewillremainpositive,so
arenon-positiveones.Therefore,Bisunchanged.Now,for
numberofcrossings,ifatwo-edgesubsetdoesnotinvolveatthe
sametimeiandi+1,thenwhetheritisacrossingornotisnot
affectedbytheoperation.Sotheonlytwo-edgesubsetstobe
consideredarethetwothathavebothiandi+1writtenontheir
verticesandthesumoftheedgenumberiseven.Theywillboth
becomecrossingaftertheexchangeiftheyarenotbefore,and
vice-versa.Hence,theparityofAremainsthesame.

Nowobviously,everypatterncanbeobtainedfromafinite
numberofsuchexchangeifwestartfrom writing1,2,...,n
consecutivelyinaclockwiseway,andintheinitialsituation,

B =n -1,A =0.SoAandBhavedifferentparity.

Solution2.Startingfromonevertex,wedenotethenumbers
writtenontheverticesbyx1,x2,...,xninaclockwiseway.
Wemayassumethatthenumberswrittenontheendpointsof
edgeei arexi,xi+1,i =1,2,...,n,wherexn+1 = x1.
Apparentlyeiispositiveifandonlyifxi+1-xi >0.Now,letA
bethenumberofpositiveedges,andB bethenumberof
crossings.Write

β =∏
n

i=1

(xi+1 -xi).
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Asniseven,thesignofβisjust(-1)A.

Ontheotherhand,{ei,ej}isacrossingifandonlyif2|
i+jand

(xj -xi)(xj -xi+1)(xj+1 -xi)(xj+1 -xi+1)<0.

Wedenotebyf(ei,ej)theleft-handsideofaboveinequality,

obviouslyf(ei,ej)=f(ej,ei).Thisquantityisnegativeifand

onlyifthetwo-edgesetisacrossing.Now,define

α = ∏
1≤i<j≤n
2|i+j

(xj -xi)(xj -xi+1)(xj+1 -xi)(xj+1 -xi+1)

= ∏
1≤i<j≤n
2|i+j

f(ei,ej),

thenthesignofαis(-1)B .Letuscalculatethesignofαβ.For

1 ≤i <j ≤n,considerthetimesofappearance,andthesign

ofxj -xi inαandβ,respectively.Wedistinguishseveral

cases.

CaseI.j-i=1,xj -xiappearsonceinβwithapositivesign,

andonceinα.Ifi>1,itappearsinf(ei-1,ei+1)withapositive

sign.Ifi=1,x2-x1appearsinf(e2,en)withanegativesign.

Theproductofthesenumbershasanegativesign.

CaseII.2≤j-i <n -1,thenxj -xidoesnotappearinβ,

andappearinαtwice.Among(i -1,j -1)and(i -1,j),

thereisexactlyonepairthatisofthesameparity,among(i,

j-1)and(i,j),thereisalsoexactlyonesuchpair.Thesign

ofxj -xiineachappearanceisalwayspositive.Fori =1,its

appearanceinf(ej-1,en)orf(ej,en)comeswithanegative

sign.Hence,thereisanegativesignforeachpair(i,j)(i =

1,j =3,4,...,n -1).Thispartoftheproducthasthesign
(-1)n-3 =-1.
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CaseIII.i =1,j =n,thenxn -x1appearsonceinβwitha

negativesign,andonceinα (inf(en-1,e1))withapositive
sign.Thispartoftheproducthasanegativesign.

Inbrief,thesignofαβisnegative,i.e.,A +Bisodd. 
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1 Supposethatmandkarenon-negativeintegers,andp =

22
m

+1isaprimenumber.Provethat
(a)22

m+1pk
≡1(modpk+1);

(b)2m+1pkisthesmallestpositiveintegernsatisfyingthe

congruenceequation2n ≡1(modpk+1).

Solution.Wewanttoprovethat22
m+1pk

=pk+1tk +1forsome

integertk notdivisiblebyp.Weproceedbyinductiononk.
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Whenk =0,itfollowsfrom22
m

=p -1that22
m

=(p -1)2 =

p(p -2)+1,inthiscase,t0 =p -2.

Forinductivestep,supposethat22
m+1pk

=pk+1tk +1where
k ≥0andp tk,then

22
m+1pk+1

= (22
m+1pk)p = (pk+1tk +1)p

=∑
p

s=0

p
s

æ

è
ç

ö

ø
÷(pk+1tk)s

=1+p·pk+1tk +p(p -1)
2

(pk+1tk)2 +∑
p

s=3

p
s

æ

è
ç

ö

ø
÷(pk+1tk)s.

Ask ≥0,thenforanys ≥2,wehave(k +1)s ≥2(k +1)=

2k +2≥k+2,so22
m+1pk+1

=pk+2tk+1+1,wheretk+1 ∈Z+andp
tk+1.Itfollowsfrom mathematicalinductionthat(a)holds.

Next,weprove(b).Write2m+1pk =nℓ+r,whereℓ,r ∈

Zand0≤r<n.Thenitfollowsfrom(a)that1≡22
m+1pk

≡2nℓ+r

≡(2n)ℓ·2r ≡2r(modpk+1).As0≤r <n,itfollowsfromthe
definitionofnthatr =0,i.e.,n|2m+1pk.BytheFundamental
TheoremofArithmetic,n =2tps.Ift ≤ m ,then22

mpk
=

(22
tpk)2m-t

≡1(modp).Ontheotherhand,22
mpk

= (22
m)pk

≡

(-1)p
k
≡-1(modp),whichisacontradiction,andhencet=

m +1,i.e.,n =2m+1ps.  

Fig.2.1

2 Asshownin Fig.2.1,AB isa
diameterofacircle withcenter
O.LetCandD betwodifferent

pointsonthecircleonthesame
sideofAB,andthelinestangent
tothecircleatpointsC andD
meetatE.SegmentsADandBC
meetatF.LinesEFandABmeet
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atM.ProvethatE,C,MandDareconcyclic.

Solution1.AsshowninFig.2.2,joinOC,OD andOE.It

followsfrom ∠OCE + ∠EDO =90°+90°=180°thatECODis
cyclic.IfO =M,thenECMDiscyclic.WemayassumethatO
≠Minthefollowing.LetGbetheintersectionofBCandAD,

andH1betheintersectionofGFandAB.LetH2bethefootof

perpendicularofEtoAB.ItfollowsfromAC ⊥BGandBD ⊥

AGthatFistheorthocenterof△BAG,soGH2 ⊥ AB.As
∠CH2D = ∠CBF + ∠DAF =180°-2∠BGA,and∠COD =

180°- ∠BOC - ∠AOD =180°-(180°-2∠GBA)-(180°-

2∠GAB)=2(∠GBA +∠GAB)-180°-2∠BGA,then∠CH2D
= ∠COD,soC,O,H2andDareconcyclic.Itfollowsfrom
∠ECO = ∠EDO = ∠EH1O =90°thatE,C,O,H1andDare
concyclic.Hence,H1 = H2,i.e.EF ⊥ABandtheymeetat
M.Consequently,E,C,MandDareconcyclic.

Fig.2.2

Solution2.AsshowninFig.2.2,join

EO,CO,DO,CA,CD.Itfollows
from ∠COE = ∠CAFthatRt△COE ∽

Rt△COF,andsoCE
CF =CO

CA.As∠ECF

=90°- ∠BCO = ∠OCA,so△ECF ∽

△OCA,andhence ∠CFE = ∠CAO.
As ∠BFM = ∠CFE,so ∠FBM +

∠BFM = ∠FBM + ∠CAO = 90°.
Hence,EM ⊥AB,itfollowsthatO,

M,D,E,Careconcyclic.  

3 Determineallpossiblevaluesofpositiveintegern,such
thattherearendifferent3 elementsubsetsA1,A2,...,

Anoftheset{1,2,...,n},with|Ai ∩Aj|≠1forall

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



214  MathematicalOlympiadinChina

i ≠j.

Solution.Thesetofpositiveintegerssatisfyingthegiven
conditionconsistsofallpositivemultiplesof4.Wefirstprove
thatn =4k(k ∈Z+)satisfyingthecondition.DefineA1,A2,...,

A4kasfollows:A4i-j ={4i-3,4i-2,4i-1,4i}\{4i-j},for
all1≤i ≤kand0≤j ≤3.

Second,wewanttoprovethatif4 n,thensuchnsubsets
donotexist.SupposetothecontrarythatA1,...,An be
different3 elementsubsetsfulfillingtheconditionstatedinthe

problem.LetA1 ={a,b,c},considerallthegiven3 element
subsetswithnon-emptyintersection,wemayassumethatthey
areA2,...,Amafterrelabeling.LetU =A1 ∪A2 ∪… ∪Am.
Wedivideintothefollowingdifferentcases:

● If|U|=3,thenm =1<|U|.

● If|U|=4,thenm ≤
4
3

æ

è
ç

ö

ø
÷ =4=|U|.

● If|U|≥5,thenweprovethatm <|U|asfollows.

Supposethatm ≥|U|,thenforany2≤i,j≤m,wehave|A1 ∩

Ai|=2,|A1 ∩Aj|=2.As|A1|=3,wehaveAi ∩Aj ≠⌀.
Anditfollowsfrom|Ai ∩Aj|≠1that|Ai ∩Aj|=2.It
meansthatanytwodistinctsubsetsofA1,...,Am haveonly
twocommonelements.
ConsiderthefourintersectionsA1 ∩A2,A1 ∩A3,A1 ∩A4,

A1 ∩A5,itfollowsfromthepigeon-holeprinciplethatthere
aretwointersectionsthatareequal;byrelabelingagain,we
mayassumethattheyareA2 = {a,b,d},A3 = {a,b,e}.
Thenforany4 ≤i ≤m ,wehavea,b ∈Ai;otherwise,Ai

containsatleastoneofaorb,andtheotherthreeelementsc,dand
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e,inthiscase,|Ai|≥4,whichisimpossible.Hence|U|=m +2,

whichcontradictsto|U|=m.

Fromtheargumentabove,onecandividethesubsetsA1,...,

Anintoseveralgroups,andanytwosubsetsinthesamegroup
havenon-emptyintersections.Moreover,thenumberofsubsets

inthesamegroupisnotmorethanthenumberofelements

appearedinthisgroup.Asthenumberofsubsetsisn,whichis

equalthenumberofelementsin{1,2,...,n},soeachgroup
hasexactlyfoursubsets.Itfollowsthat4|n,whichcontradicts

theoriginalassumption4 n.  

4 Leta1,a2,...,an,b1,b2,...,bnbenon-negativenumbers

satisfyingthefollowingconditionssimultaneously:

(1)∑
n

i=1
(ai +bi)=1;

(2)∑
n

i=1i(ai -bi)=0;

(3)∑
n

i=1i
2(ai +bi)=10.

Provethatmax{ak,bk}≤ 10
10+k2forall1≤k ≤n.

Solution.Forany1 ≤ k ≤ n,itfollowsfrom thegiven

conditionsandCauchy􀆳sInequalitythat

(kak)2 ≤ ∑
n

i=1
iai( )

2
= ∑

n

i=1
ibi( )

2

≤ ∑
n

i=1
i2bi( ) ∑

n

i=1
bi( )

= 10-∑
n

i=1
i2ai( ) 1-∑

n

i=1
ai( )

≤ (10-ka2ak)(1-ak)

=10-(10+k2)ak +k2a2k.
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Itfollowsfromthatak ≤
10

10+k2.Similarly
,bk ≤

10
10+k2

,and

hencetheresultfollows.  

5 Letkbeanintegerandk >1.Defineasequence{an}as

follows:a0 =0,a1 =1andan+1 =kan +an-1forn =1,

2,....

Determine,withproof,allpossiblekforwhichthere

existnon-negativeintegersℓ,m(ℓ ≠ m)and positive

integersp,qsuchthataℓ +kap =am +kaq.

Solution.Theanswerisk =2.

Ifk =2,thena0 =0,a1 =1,a2 =2,soa0 +2a2 =a2 +

2a1 =4.Hence,(ℓ,m)= (0,2)and(p,q)= (2,1).

Fork ≥3,itfollowsfromtherecurrentrelationthatthe

sequence{an}isstrictlyincreasing,andk|an+1-an-1foralln≥

1.Inparticular,forn ≥0,wehave

a2n ≡a0 ≡0(modk),a2n+1 ≡a1 ≡1(modk). (*)

Supposethereexistℓ,m ∈N,andp,q∈Z+suchthatℓ≠mand

aℓ +kap =am +kaq.Wemayassumethatℓ<m,anddivideinto

thefollowingcases.
(a)p <ℓ<m :Themaℓ +kap ≤aℓ +kaℓ-1 <kaℓ +aℓ-1 =

aℓ+1 ≤ am < am + kaq,which contradicts the original

assumption.
(b)ℓ =p <m:Ifℓ=p =m -1,thenwehaveam +kaq =

aℓ +kap =(k+1)am-1,andmodulokwehaveam ≡am-1modk,

whichcontradicts(*).

Ifℓ =p <m -1,thenaℓ +kap <am-2 +kam-2 =am <

am +kaq,whichcontradictstheoriginalassumption.
(c)ℓ <p <m:Inthiscase,fromqwehaveaq >0,then

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaWesternMathematicalOlympiad 217  

aℓ +kap ≤kap +ap-1 =ap+1 ≤am <am +kaq,whichcontradicts
theoriginalassumption.

(d)ℓ <m ≤p:Thenap >
aℓ +kap -am

k =aq.Itfollows

from

kaq +am =kap +aℓ ≥kap ①

that

aq ≥ap -am

k ≥ap -
ap

k =k -1
k ap. ②

Notethat

ap =kap-1 +ap-2 ≥kap-ℓ, ③

hence

ap >aq ≥
k -1
k ap ≥ (k -1)ap-1 ≥ap-1. ④

Thenbyincreasingpropertyof{an}and④,wehaveaq =

ap-1,soinequalities① ③turnintoequalities.Itfollowsfrom
②thatm =p,andfrom③thatp =2.Hence,aq =ap-1 =a1
=1.Anditfollowsfrom ①thatℓ =0.Fromaℓ +kap =am +

kaq,wehavek2 =k +k =2k,sok =2,whichisimpossible.
Sok =2istheonlysolution.  

Fig.6.1

6 As shown in Fig.6.1,

△ABCisaright-angled

triangle,∠C =90°.Draw

acirclecenteredatBwith

radiusBC.LetD bea

pointonthesideAC,and
DE be tangent to the
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circleatE.ThelinethroughCperpendiculartoAB meets
lineBEatpointF.LineAFmeetsDEatpointG.Theline
throughAparalleltoBGmeetsDEatH.ProvethatGE =

GH.

Fig.6.2

Solution. Let K be the

intersectionofABandDE,and
MbetheintersectionofABand
CF.JoinFK,AEandME.In
△ABC,itfollowsfromCM ⊥

ABthatBM ·BA = BC2 =

BE2,so △BEM ∽ △BAE,

and△BEM = ∠BAE.

As∠FMK = ∠FEK = 90°,so MFEK iscyclic,and
∠BEM = ∠FKM.Itfollowsfrom ∠BAE = ∠BEM =

∠FKM,soFK ‖AE ,andhence

KA
KB =EF

BF
, i.e.,KA

KB
·BF
FE =1. ①

AsthelineEGAintersects△EBK ,wehave

EG
GK
·KA
AB
·BF
FE =1 ②

AsBG‖AH,wehaveHK
KG =AK

KB
,so

HG
GK =AB

BK. ③

From ① ③,wehaveEG
HG =1,andsoEG = HG.  

7 Therearen(n ≥3)playersinatabletennistournament,

inwhichanytwoplayershaveamatch.PlayerAiscalled
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notout-performedbyplayerB,ifatleastoneofplayerA􀆳s
losersisnotaB􀆳sloser.
Determine,withproof,allpossiblevaluesofn,suchthat
thefollowingcasecouldhappen:afterfinishingallthe
matches,everyplayerisnotout-performedbyanyother

player.

Solution.Theanswerisn =3orn ≥5.
(1)Forn =3,supposeA,BandCarethreeplayers,and

theresultofthreematchesareasfollows:AwinsB,BwinsC,

andCwinsA.Theseresultsobviouslysatisfythecondition.
(2)Ifn =4,supposethattheconditionholds,i.e.,in

viewoftheresultsofallmatches,everyplayerisnotout-

performedbyanyotherplayer.Itisobviousthatnoneofthese
fourplayerswinsinhisthreegames,otherwise,theotherthree

playerswillbenotout-performedbythisplayer.Similarly,

noneofthesethreeplayerslosesinhisthreegames.Itfollows
thateachplayerwinsoneortwomatches.

FortheplayerA,assumethatAwinsBandD,butlosesto
C,thenbothBandD winC;otherwise,theywouldnotout-

performedA.FortheloserinthematchBvs.D,heonlywins
C,andsotheloserisimpossibletobenotout-performedbythe
winner.Consequently,forn =4,thegivenconditioncouldnot
happen.

Fig.7.1

(3)Forn = 6,one can
constructthetournamentresults
bymeansofthefollowingdirected

graph,in whicheach black dot
representsa player,and· →􀳱
representsamatchwiththeresult
thatplayer·winsplayer􀳱.
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(4)Ifthereexisttournamentresultssuchthateachofn

playersAi(1≤i≤n)isnotout-performedbyanyotherplayer,

wewillprovethatthesameholdsforn +2playersasfollows:

SupposethatMandNaretheadditionalplayerstotheoriginaln

players.ConstructthegameresultsofMandNasfollows:

Ai →M,M →N,N →Ai

Fig.7.2

foralli =1,2,...,n,andthegameresults
amongAi􀆳sarestilltheoriginalones.Nowwe
wanttocheckthatthesen+2playerssatisfythe

givencondition.ForanyplayerG ∈ {A1,

A2,...,An},thenitsufficestoconsiderthe

playersG,M,N,anditreducestothecasen
=3.

OnecancheckthateachofthesethreeplayersG,M,Nisnot
out-performedbyanyoneoftheothertwoplayers.Hence,the
tournamentresultofthesen+2playerssatisfiestherequiredcondition.

Inparticular,itfollowsfrom(1)andtheinductionstepof
(4)thattherequiredconditionholdsforanyoddnwithn ≥3.
Moreover,itfollowsfrom (3)andtheinductionstepof(4)

thattherequiredconditionholdsforanyevennwithn ≥6,and
itcompletestheproof.  

8 Determineallpossiblevaluesofintegerkforwhichthere

existpositiveintegersaandbsuchthatb+1
a +a +1

b =k.

Solution.Theansweristhatk =3or4.
Fixapossiblevaluek,amongallthepairs(A,B)of

positiveintegerssatisfying

B +1
A +A +1

B =k,
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chooseany(a,b)suchthatbisthesmallest.Thenthequadratic
equation

x2 +(1-kb)x +b2 +b =0

hasanintegralrootx =a.Letx =a'bethesecondroot,it
followsfroma +a' =kb-1thata' ∈Z,andfrom

a·a' =b(b+1)

thata' >0.Hence,wehave

b+1
a' +a'+1

b =k.

Anditfollowsfromtheassumptiononbthat

a ≥b,a' ≥b.

Sooneofaanda'isequaltob.Withoutlossofgenerality,we

mayassumea =b,sok =2+2b
,andsob|2i.e.,b =1or2,

andk =3or4,respectively.
Ifa =b =1,thenk =4;ifa =b =2,thenk =3.

Consequently,k =3or4istheonlysolution.  

2011 (Yushan,Jiangxi)

FirstDay
8:00 12:00,October29,2011

1 Giventhat0 <x,y <1,determine,withproof,the

maximumvalueof xy(1-x -y)
(x +y)(1-x)(1-y)

.(posedbyLiu
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Shixiong)

Solution.Whenx =y = 13
,thevalueofexpressionis18.

Wewillprovethat xy(1-x -y)
(x +y)(1-x)(1-y)

≤ 18forany

0<x,y <1asfollows.

Ifx +y ≥1,then xy(1-x -y)
(x +y)(1-x)(1-y)

≤0< 18.

Ifx +y <1,thenlet1-x -y =z >0,itfollowsfrom

AM GMInequalitythat

xy(1-x -y)
(x +y)(1-x)(1-y)

=
xyz

(x +y)(y +z)(z +x)

≤
xyz

2 xy·2 yz·2 zx
= 18.

Inconclusion,themaximumvalueoftheexpressionis18.

 

2 LetM ⊆ {1,2,...,2011}beasubsetsatisfyingthe

followingcondition:ForanythreeelementsinM,there
existtwoofthemaandb,suchthata|borb|a .

Determine,withproof,the maximum valueof|M |,

where|M|denotesthenumberofelementsofM.(posed

byFengZhigang)

Solution.OnecancheckthatM ={1,2,22,23,...,210,3,

3×2,3×22,...,3×29}satisfiesthecondition,and|M|=

21.

Supposethat|M|≥22,andleta1 <a2 < … <akbethe

elementsofM,where|M|=k≥22.Wefirstprovethatan+2 ≥

2anforalln;otherwise,wehavean <an+1 <an+2 <2anfor
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somen <k +2,thenanytwoofthesethreeintegersan,an+1,

an+2donothaveany multiplerelationship,whichcontradicts
theassumption.

Itfollowsfromtheinequalityabovethata4 ≥2a2 ≥4,a6
≥2a4 ≥8,…a22 ≥2a20 ≥211 >2011,whichisacontradiction!

Hence,themaximumvalueof|M|is21.  

3 Letn ≥2beagiveninteger.
(1)Provethatonecanarrangeallthesubsetsoftheset
{1,2,...,n }asasequenceofsubsetsA1,A2,...,

A2n,suchthat|Ai+1|=|Ai|+1or|Ai|-1,wherei=

1,2,...,2nandA2n+1 =A1.
(2)Determine,withproof,allpossiblevaluesofthesum

∑
2n

i=1
(-1)iS (Ai),whereS (Ai)=∑x∈Ai

xandS(⌀)

=0,foranysubsetsequenceA1,A2,...,A2n satisfying
theconditionin(1).(posedbyLiangYingde)

Solution.(1)Weprovebymathematicalinductionthatthere
existsasequenceA1,A2,...,A2nsuchthatA1 ={1},A2n =⌀
andsatisfiestheconditionin(1).

Whenn =2,thesequence{1},{1,2},{2},⌀of{1,2}

works.
Assumethatwhenn =k,thereexistssuchasequenceB1,

B2,...,B2kofsubsetsof{1,2,...,k}.Asforn =k+1,one
canconstructasequenceofsubsetsof{1,2,...,k +1},as
follows:

A1 =B1 = {1},

Ai =Bi-1 ∪ {k +1},i =2,3,...,2k +1,

Aj =Bj-2k,j =2k +2,2k +3,...,2k+1.

Onecaneasilycheckthatthesequencefulfillstherequired
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conditionsstatedabove.Byinductionwehaveproved(1)forn
≥2.

(2)Wewillshowthatthesumis0,independentofthe
arrangement.Withoutlossofgenerality,wemayassumethat
A1 = {1},otherwiseshifttheindexcyclically.Itfollowsfrom

|Ai+1| =|Ai|+1or|Ai|-1thattheirparitiesaredifferent,

andhencetheparitiesoftheindexlabelofanysubsetandits
cardinalityarethesame.

Itfollowsthat∑
2n

i=1
(-1)iS(Ai)=∑A∈PS(A)-∑A∈Q

S (A),wherePconsistsofallsubsetsof{1,2,...,n}with
evennumbersofelements,andQconsistsofallsubsetsof{1,2,

...,n}withoddnumbersofelements.
Foranyx ∈{1,2,...,n},amongallk-elementsubsets,x

appearsinexactlyCk-1
n-1ofthem,henceitcontributestothesum

∑A∈PS(A)-∑A∈QS (A)as

-C0n-1 +C1n-1 -C2n-1 +… +(-1)nCn-1
n-1 =-(1-1)n-1 =0.

Therefore,∑
2n

i=1
(-1)iS (Ai)=0.  

Fig.4.1

4 AsshowninFig.4.1,ABandCDare

twochordsinthecircle☉O meeting
atpointE,andAB ≠ CD.☉Iis

tangentto☉OinternallyatpointF,

andistangenttothechordsABand

CDatpointsGandH,respectively.l
isalinepassingthroughO,meeting
AB,CDatpointsP,Q,respectively,

suchthatEP =EQ.LineEF meets

thelinelatpointM.Provethatthe
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linethroughM andparalleltothelineABistangentto
thecircle☉O.(posedbyLiQiusheng)

Solution.AsshowninFig.4.2,drawalineparalleltoABand

tangenttocircle☉O atpointL,which meetsthecommon
tangentlinetothesetwocirclesatapointS.LetR bethe
intersectionoflinesFSandBA,andjoinsegmentsLFandGF.

Fig.4.2

First,weprovethatthepointsL,GandFarecollinear.As
bothSLandSFaretangentto☉O,SL =SF;asbothRGand
RFaretangentto☉I,RG =RF.

Fig.4.3

AsSL‖RG,we have ∠LSF =

∠GRF,so

∠LFS =180°- ∠LSF
2 =180°- ∠GRF

2
= ∠GFR,

andhenceL,GandFarecollinear.

Similarly,asshown in Fig.4.3,

drawalineparalleltoCD andtangent

to☉OatpointJ,thenF,H andJare

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



226  MathematicalOlympiadinChina

Fig.4.4

collinear.Lettangentlinestothecircle
☉OatthepointsLandJ meetEFat

pointsM1andM2,respectively.Inthe
following,weprovethatthepointsM1

andM2 coincide.Itfollowsfrom the
homothetycenteredatF mapping☉O

to☉IthatLJ‖GH,thenM1E
EF =LG

GF

=JH
HF = M2E

EF
,andhenceM1andM2

coincide.DenotethispointbyK.
Finally,we wantto prove that

pointsMandKalsocoincide.Itsuffices
toshowthatKliesonthelinel.

AsshowninFig.4.4,joinKO,asKLandKJaretangent

to☉O,so∠LKO = ∠JKO.

NotethatKObisects∠LKJ,itfollowsfromKL‖ABand

KJ‖CDthatthelineKO meetslinesABandCD withthesame

anglesofintersection,andhenceKOisjustthelinel,i.e.,K
liesonthelinel.

Hence,KisjusttheintersectionpointMoflineEFandl.
 

SecondDay
8:00 12:00,October30,2011

5 Determine,withproof,whetherthereisanyoddinteger

n ≥3andndistinctprimenumbersp1,p2,...,pnsuch

thatallpi +pi+1(i =1,2,...,n,andpn+1 =p1)are

perfectsquares? (posedbyTaoPingsheng)
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Solution.Theanswerisnegative.Supposethatthereexistodd
integern ≥3andndistinctprimenumbersp1,p2,...,pn

satisfyingthegivencondition.
Ifallp1,p2,...,pn areodd,thenitfollowsfromthe

givenconditionthatallthesumspi +pi+1aremultiplesof4,so
theprimenumbersp1,p2,...,pn modulo4appeartobe1and
3alternatively,anditcontradictsthefactthatnisodd.

Ifoneofp1,p2,...,pn is2,then withoutlossof

generality,wemayassumethatp1 =2.Asbothp1 +p2and

pn +p1areprefectsquaresandbothareodd,itfollowsthatp2

andpnarecongruentto3modulo4.Similartothediscussionin
thefirstcase,weknowthattheprimesp2,p3,...,pn modulo
4appeartobe1and3alternatively,son-1isodd,whichisa
contradiction.

Hence,thereare no oddintegern ≥ 3andn primes
satisfyingthegivenconditions.  

6 Leta,b,c >0,provethat

 
(a -b)2

(c+a)(c+b)+
(b-c)2

(a +b)(a +c)+
(c-a)2

(b+c)(b+a)

≥
(a -b)2

a2 +b2 +c2.

(posedbyLiShenghong)

Solution1.Itfollowsfrom12
(a -2b)2 +12

(a -2c)2 +(b-

c)2 ≥0that

3(a2 +b2 +c2)≥2a2 +2ab+2bc+2ac =2(a +b)(a +c),

sowehave(a +b)(a +c)≤ 32
(a2 +b2 +c2).Similarly,

wehave
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(b+a)(b+c)≤ 32
(a2 +b2 +c2),

and(c+a)(c+b)≤ 32
(a2 +b2 +c2).

Hence,

(a -b)2
(c+a)(c+b)+

(b-c)2
(a +b)(a +c)+

(c-a)2
(b+c)(b+a)

≥ 23
·(a -b)2 +(b-c)2 +(c-a)2

a2 +b2 +c2

≥ 23
·
(a -b)2 +12

(b-c+c-a)2

a2 +b2 +c2

=
(a -b)2

a2 +b2 +c2.

Solution2.ItfollowsfromCauchyInequalitythat

(a -b)2
(c+a)(c+b)+

(b-c)2
(a +b)(a +c)+

(c-a)2
(b+c)(b+a)[ ]·

[(c+a)(c+b)+(a +b)(a +c)+(b+c)(b+a)]

≥ (|a -b|+|b-c|+|c-a|)2

≥ (|a -b|+|b-c+c-a|)2 =4(a -b)2.

And

(c+a)(c+b)+(a +b)(a +c)+(b+c)(b+a)

= (a2 +b2 +c2)+3(ab+bc+ca)≤4(a2 +b2 +c2),

hence

(a -b)2
(c+a)(c+b)+

(b-c)2
(a +b)(a +c)+

(c-a)2
(b+c)(b+a)

≥ 4(a -b)2
(c+a)(c+b)+(a +b)(a +c)+(b+c)(b+a)

≥ 4(a -b)2
4(a2 +b2 +c2)

=
(a -b)2

a2 +b2 +c2.  
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Fig.7.1

7 AsshowninFig.7.1,AB >

AC,andtheincircle☉Iof
△ABCistangenttoBC,CA
andAB atpointsD,E and
F,respectively.LetMbethe
midpoint of side BC,and
AH ⊥BC atthe point H.
The bisector AI of ∠BAC
intersectsthelinesDE,DFat

pointsK,L,respectively.
ProvethatM,L,HandKareconcyclic.(posedbyBian
Hongping)

Solution.JoinCL,BI,DI,BK,MLandKH.ExtendCLto
meetABatpointN.

AsbothCDandCEarethetangentto☉I,soCD =CE.
As

∠BIK = ∠BAI+ ∠ABI = 12
(∠BAC + ∠ABC)

= 12
(180°- ∠ACB)= ∠EDC = ∠BD,

soB,K,DandIarecyclic.
As∠BKI = ∠BDI =90°,i.e.,BK ⊥ AK;similarly,

CL ⊥AL.AsAListhebisectorof∠BAC,soListhemidpoint
ofCN.AsMisthemidpointofBC,soML‖AB.

Since∠BKA = ∠BHA =90°,itfollowsthatpointsB,K,

HandAarecyclic,so∠MHK = ∠BAK = ∠MLK,henceM,

L,HandKarecyclic.  

8 Determine,withproof,allpairs(a,b)ofintegers,such
thatforanypositiveintegern,onehasn|(an +bn+1).
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(posedbyChenYonggao)

Solution.Thesolutionpairsconsistof(0,0)and(-1,-1).

Ifoneofaandbis0,itisobviousthattheotherisalso0.
Nowweassumethatab≠0,selectalargeprimepsuchthat

p >|a +b2|,itfollowsfromFermat􀆳sLittleTheoremthat

ap +bp+1 ≡a +b2(modp).

Asp|(ap +bp+1)andp >|a+b2|,wehavea+b2 =0.
Thenweselectanotherprimeqsuchthatq >|b +1|and

(q,b)=1.Letn =2q.Thenwehave

an +bn+1 = (-b2)2q +b2q+1 =b4q +b2q+1 =b2q+1(b2q-1 +1).

Itfollowsfromn|(an +bn+1)and(q,b)=1that

q|(b2q-1 +1).

Asb2q-1 +1≡(bq-1)2·b+1≡b+1(modq),andq>|b+1|,

itfollowsthatb+1=0,i.e.,b =-1,andsoa =-b2 = -1.
Inconclusion,thereareonlytwosolutionpairs(0,0)and

(-1,-1).  

2012 (Hohhot,InnerMongolia)

FirstDay
8:00 12:00,September28,2012

1 Findtheleastpositiveintegerm,suchthatforevery
primenumberp >3,

105|9p2 -29p +m.

(posedbyYangHu)
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Solution.As105=3×5×7,theoriginalproblemisequivalent

tothatoffindingtheleastpositiveintegermsuchthat9p2 -

29p +mcanbedividedsimultaneouslyby3,5,7.

Sincep2andphavethesameodd-evencharacter,wehave

9p2 -29p +m ≡ (-1)p
2

-(-1)p +m ≡m(mod5).

Thenwegetm ≡0(mod5).

Asp >3isanoddnumber,wehave

9p2 -29p +m ≡-(-1)p +m ≡m +1(mod3).

Therefore,m ≡2(mod3).

Wehavealsop2 ≡1(mod3)forp >3,orp2 =3k+1.Then

9p2 -29p +m ≡23k+1 -1+m ≡8k·2-1+m
≡m +1(mod7).

Therefore,m ≡6(mod7).

Insummary,wehave

m ≡0(mod5),

m ≡2(mod3),

m ≡6(mod7).

ì

î

í

ï
ï

ïï

Thenitiseasytofindthattheleastpositiveintegermis20.

 

2 Provethat,amonganynverticesofaregular2n -1

polygon(n ≥3),therearethreeones,whicharethe

verticesofanisoscelestriangle.(posedbyZouJin)

Solution.Sinceitiseasytoverifydirectlytheassertionforthe

casesn =3(apentagon)andn =4(aheptagon),wemay
assumethatn >4inthefollowingdiscussion.

Byreductiontoabsurdity,assumewecanselectnvertices

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



232  MathematicalOlympiadinChina

inaregular2n-1polygonA1A2A3…A2n-1suchthatnothreeof
themconstitutesanisoscelestriangle.We markthesepoints
withcolorred andtheremaindern - 1ones with blue,

respectively.
WemayletA1bered,anddividetheother2n -2points

inton -1pairs(seethefigure):(A2,A2n-1),(A3,A2n-2),

...,(An,An+1).

Fig.2.1

Thetwopointsineach

paircannotbebothredas
theyplusA1 constitutean
isoscelestriangle,andmust
beoneredandonebluefor

thereareexactlynredpoints.

AssumingA2isred,thenA2n-1isblue,andA3mustbeblue

as△A1A2A3isanisoscelestriangle.ThereforeA2n-2isred,

from which we infer that A5,A2n-4 are both blue,as

△A2n-2A2A5,△A2n-4A2n-2A1aretwoisoscelestriangles.But

A5,A2n-4arethetwopointsinapair,theymustbeoneredand

oneblue.Thisisacontradiction!Theassertionforn >4isthen

alsotrue.Theproofiscomplete.  

3 LetE be a givenset withn elements.SupposeA1,

A2,...,Ak arekdistinctnon-emptysubsetsofE,with

thepropertythat,forany1≤i <j ≤k,eitherAi ∩Aj =

⌀oroneincludestheother(i.e.,Ai ⊂AjorAj ⊂Ai).

Findthemaximumvalueofk.(posedbyLengGangsong)

Solution.Weclaimthatthemaximumvalueofkis2n-1.To

provethis,weatfirstgiveanexamplethatsatisfiesk =2n-1.

WemayletE = {1,2,...,n},and
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Ai =
{i} for1≤i ≤n,

{1,2,...,i-n +1} forn +1≤i ≤2n -1.{
Itiseasytoseethattheypossessthegivenproperty.
Nowwewillprovethatk ≤2n -1byinduction.
Whenn =1,itisobviouslytrue.
Assumethatitistrueforn ≤m -1.Thenwhenn =m,we

considerthesetthatcontainsthemostelementsamongA1,A2,

...,Ak excludingE.WemayassumethatitisA1containing
t(≤m -1)elements.ThenwecandivideA1,A2,...,Akinto
threecategories:

(1)thesetE;
(2)setsthatareincludedinA1;and
(3)setswhoseintersectionwithA1isempty.
(Categories(1)and(2)maybeempty.)

Thenthenumberofsetsincategory(1)isnotgreaterthan1.
Byinduction,thenumberofsetsincategory(2)isnot

greaterthan2t-1.
Thenumberofelementscontainedintheunionofthesets

incategory(3)isnotgreaterthanm -t.Thenbyinduction,the
numberofsetsinthatcategoryisnotgreaterthan2(m -t)-1.

Intotal,

k ≤1+(2t-1)+[2(m -t)-1]=2m -1.

Therefore,thepropositionistrueforn =m.
Byinduction,weconcludethatforanysetEofnelements,

wealwayshavek ≤2n -1.Thiscompletestheproof.  

4 LetPbeanyinnerpointofanacute△ABC;E,Fbethe

projectionpointsofP ontolinesAC,AB,respectively;

and the extended lines of BP,CP intersect the
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circumcircleof△ABCatpointsB1,C1(B1 ≠B,C1 ≠

C),respectively.LetR andrdenotetheradiiofthe
circumcircleandincircleof△ABC,respectively.Prove

that EF
B1C1

≥r
R
,and,whentheequalityholds,determine

completelythepositionsofP.(posedbyLiQiusheng)

Fig.4.1

Solution.AsseeninFig.4.1,

we make PD ⊥ BC with
intersectingpointD,extendline
AP to intersect with the
circumcircleof△ABC atpoint
A1andconnectDE,DF,A1B1,

A1C1.
Since P, D, B, F are

concyclic,we have ∠PDF =

∠PBF;sinceP,D,C,E,wehave∠PDE = ∠PCE.Then

∠FDE = ∠PDF + ∠PDE = ∠PBF + ∠PCE
= ∠AA1B1 + ∠AA1C1 = ∠C1A1B1.

In the same way, we have ∠DEF = ∠A1B1C1.
Therefore,△DEF ~ △A1B1C1.

Fig.4.2

Theradiusofthecircumcircleof
△A1B1C1 isalso R,andletthe
radiusofthecircumcircleof△DEF

beR'.Wethenhave EF
B1C1

=R'
R .

Nowlettheincenterof△DEFbe
O'.ConnectAO',BO',CO' (see
Fig.4.2).Wehave
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S△ABC =
(AB +BC +CA)·r

2
=S△O'AB +S△O'BC +S△O'AC

≤AB·O'F
2 +BC·O'D

2 +CA·O'E
2

=
(AB +BC +CA)·R'

2 .

Therefore,R' ≥r.Theequalityholdsifandonlyif

O'D ⊥BC,O'E ⊥CA,O'F ⊥AB,

whichimpliesP =O'andPistheincenterof△ABC.

Therefore,EF
B1C1

≥r
R andtheequalityholdsifandonlyP

istheincenterof△ABC.
Theproofiscomplete.  

SecondDay
8:00 12:00,September29,2012

5 LetHandObetheorthocenterandcircumcenterofacute
triangle△ABC,respectively(A,H,Oarenon-collinear).
SupposeDistheprojectionofA ontolineBC,andthe

perpendicularbisectorofthesegmentAOmeetslineBCat
E.ProvethatthemidpointNofOHisonthecircumcircle

Fig.5.1

of △ADE.(posed by
FengZhigang)

Solution.AsseeninFig.5.1,

weextendHDtoletitintersect
withthecircumcircleof△ABC
atpointH',linkFN,DN,

BH,BH',OH',and denote
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themidpointofAOasF.
AsHistheorthocenter,wehave

∠CBH' = ∠CAH' = ∠CBH.

Therefore,DisthemidpointofHH'.Ontheotherhand,

NisthemidpointofHO,soDNisthemedianof△HOH'.

Therefore,DN = 12OH'.

SinceOH' =OAandFisthemidpointofOA,then

DN = 12OH' = 12OA =AF.

ItiseasytoseeFN ‖AH.ThenAFND isanisosceles

trapezoidandA,F,N,Dareconcyclic.
Furthermore,from ∠ADE =90°= ∠AFEweknowA,F,

D,Earealsoconcyclic.ThenA,F,N,D,Eareconcyclic,

whichimpliesthatthecircumcircleof△ADEcrossesN atthe

midpointofOH.Theproofiscomplete.  

Remark.Bythefactsthattheradiusofthenine-point

circleofatriangleishalfofthatofthecircumcircleandNis
thecenterofthenine-pointcircleof△ABC,wecangetalso

thatAFNDisanisoscelestrapezoid.

6 Sequence{an}isdefinedbya0 = 12
,an+1 =an + a2n

2012
,

n =0,1,2,....Findintegerk,suchthatak <1<ak+1.
(posedbyBianHongping)

Solution.Fromthegivencondition,wehave

1
2 =a0 <a1 < … <a2012.

Wenotethat
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1
an+1

= 2012
an(an +2012)= 1an

- 1
an +2012

,

or

1
an

- 1
an+1

= 1
an +2012.

Bythetelescopingsum,wehave

1
a0

-1an
=∑

n-1

i=0

1
ai +2012.

Then

2- 1
a2012

=∑
2011

i=0

1
ai +2012<∑

2011

i=0

1
2012=1.

Therefore,

a0 <a1 < … <a2012 <1.

Thenwehave

2- 1
a2013

=∑
2012

i=0

1
ai +2012>∑

2012

i=0

1
1+2012=1,

whichmeansa2013 >1.
Consequently,wefindthatk =2012.  

7 Givenann×ngrid,wecalltwocellsinitadjacentifthey
haveacommonside.Atthe beginning,each cellis
assignednumber+1.Anoperationonthegridisdefined
asfollows:onechoosesacell,andthenchangesthesigns
ofeverynumberinitsadjacentcells(butnotchangethesign
ofthenumberinitself).Findalltheintegersn≥2,suchthat
afterafiniteofoperations,allthenumbersinthecellsofthe

gridarechangedto-1.(posedbyShenHuyue)

Solution.Wewillprovethatnmeetstherequiredconditionif
andonlyifitisanevennumber.

Wedenotethecellinthei-rowandj-columnofthegridas
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Aij(i,j ∈ {1,2,...,n}).
Whenn =2k,k ∈N*,wemarkeachAijsatisfyingi+j≡

0(mod2)withcolorred(presentedbyshadedareas),andthat
satisfyingj-i ≡3(mod4)andj-i ≢j+i(mod4)withblue
(presentedbyobliquelineareas)(seeFig.7.1).

Fig.7.1
  

Fig.7.2

Inthisway,wecanseethateverycelladjacenttoablueoneis
red,andthereisexactlyonebluecellaroundeachredone.

Nowwedotheoperationoneachbluecell.Thenumberin
eachredcellisthenchangedfrom+1to-1,whilethenumbers
intheremainingcellsareunchanged.

Sincenisanevennumber,wecanrotatethegridaroundits
centerO anticlockwiseby90°.Thenalltheredcellsofthe
rotatedgridcoverexactlyallthecellsthatarenotredinthe
originalgrid(seeFig.7.2).

Wedotheoperationsagainfortheoriginalgridonallthe
cellsthatarecoveredbybluecellsoftherotatedgrid.Thenwe
seethatallthenumberswithvalue+1intheremainingcellsof
theoriginalgridarechangedto-1,whilethenumbersinthe
othercellsareunchanged.

Therefore,whennisanevennumber,allthenumbersinthe
cellsofthegridcanbechangedto-1byafiniteofoperations.

Whennisodd,wedenotethenumberincellAiiasMi(i=
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Fig.7.3

1,2,...,n),anddenotethenumber
ofoperationsoneachoftheiradjacent
cellsasx1,x2,...,xn-1,y1,y2,...,

yn-1,respectively(seeFig.7.3).
Afterfiniteoperations,itiseasy

toseethat:

M1ischangedfrom +1to -1if
andonlyx1 +y1isodd;

M2ischangedfrom +1to-1ifandonlyx1 +y1 +x2 +y2

isodd;

M3ischangedfrom +1to-1ifandonlyx2 +y2 +x3 +y3

isodd;
︙

Mn-1ischangedfrom +1to-1ifandonlyxn-2 +yn-2 +

xn-1 +yn-1isodd,and

Mnischangedfrom+1to-1ifandonlyxn-1+yn-1isodd.

Sincenisodd,thesumofnoddnumbersisstillodd.Then,

 x1 +y1( ) + x1 +y1 +x2 +y2( ) + x2 +y2 +x3 +y3( )

 +… + xn-2 +yn-2 +xn-1 +yn-1( ) + xn-1 +yn-1( )

=2(x1 +x2 +… +xn-1 +y1 +y2 +… +yn-1)

isodd.Itisimpossible!

Therefore,allthenumbersinthecellsofagivenn×ngrid
canbechangedfrom +1to -1afterafiniteofoperationsif

andonlyifnisanevennumber.  

8 Findallthe prime numbersp,for which there are

infinitelymanypositiveintegersn,suchthatp|nn+1 +

(n +1)n.(posedbyChenYonggao)

Solution.nn+1 + (n +1)nisalwaysanoddnumberforany
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positiveintegern,sotherequiredpwillnotbe2.Nowweare

goingtoprovethat,foranyprimenumberp ≥3,thereare
infinitemanypositiveintegersthat meetthecondition.We

presenttwoproofsinthefollowing.

Proof1.Foranyprimenumberp ≥3,letn =pk-2beanodd
number.Then

nn+1 +(n +1)n ≡ (-2)pk-1 +(-1)pk-2 ≡2pk-1 -1
≡ (2p-1)k·2k-1 -1≡2k-1 -1(modp).

Next,letk -1= (p -1)t.
Thennn+1 +(n +1)n ≡0(modp).
Therefore,whenn =p(p -1)t +p -2(wheretisany

positiveinteger),wehavep|nn+1 +(n +1)n.

Proof2.Givenanyprimenumberp ≥3,wehave(2,p)=1.
ByFermat􀆳sLittleTheorem,weknow2p-1 ≡1(modp).Letn
=pt -2,wheret =1,2,3,....Wehave

nn+1 +(n +1)n ≡ (-2)p
t-1 +(-1)p

t-2

≡2pt-1 -1≡ (2p-1)pt-1+pt-2+…+p+1 -1
≡1-1≡0(modp).

Theproofiscomplete.  

2013 (Lanzhou,Gansu)

FirstDay
8:00 12:00,August17,2013

1 Dothereexistintegersa,bandcsuchthata2bc +2,

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaWesternMathematicalOlympiad 241  

ab2c+2,abc2 +2areperfectsquares.(posedby Li

Qiusheng)

Solution.No.Suppose the contrary thatthere are such

integersa,bandc.

Ifoneofthemiseven,saya,thena2bc+2 ≡2(mod4),

whichcontradictstheassumptionthata2bc +2isaperfect

square.Wemaythenassumethata,bandcareodd,sothey
areeither1or3 (mod4).ItfollowsfromthePigeon-hole

Principlethattwoofthemarecongruentmodulo4.Relabelif

necessary,wemayassumethata≡b(mod4),soabc2+2≡c2+

2 ≡ 1 +2 ≡ 3 (mod4),whichviolatestheperfectsquare

assumption.  

2 Letnbeaninteger,n ≥2,andx1,x2,...,xn ∈[0,1].

Provethat

∑
1≤k<l≤n

kxkxl ≤
n -1
3 ∑

n

k=1
kxk.

(posedbyLengGangsong)

Solution.Asx1,x2,...,xn ∈[0,1],xixj ≤xi,sowehave

3 ∑
1≤k<l≤n

kxkxl = ∑
1≤k<l≤n

3kxkxl ≤ ∑
1≤k<l≤n

(kxk +2kxl).

For1≤k ≤n,thecoefficientofxkinthelastsumis

2[1+2+… +(k -1)]+k(n -k)=k(n -1),

sowehave

3 ∑
1≤k<l≤n

kxkxl ≤ ∑
1≤k<l≤n

(kxk +2kxl)=∑
n

k=1
k(n -1)xk

= (n -1)∑
n

k=1
kxk,

andhencethedesiredinequalityholds.  
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3 In △ABC,pointB2isthereflectionofthecenterof
B-excirclewithrespecttothemidpointofsideAC,and

pointC2isthereflectionofthecenterofC-excirclewith
respectto the midpoint ofside AB.The A-excircle
touchessideBC atpointD.ProvethatAD ⊥ B2C2.
(posedbyBianHongping)

Fig.3.1

Solution.LetA1bethecenterof

A-excircle. By the properties
aboutcenters ofex-circles,the
followingsetsofthreepointsare
collinear:{B1,A,C1},{A1,C,

B1}and{C1,B,A1},andA1A ⊥

B1C1.
Ontheplane,choosepointP

suchthatC2P→ = B2C→,thenit

followsfromB2C→ =AB1
→thatC2P→ =AB1

→.AsBC2
→ =C1A→and

thepointsC1,B,A1arecollinear,thepointsB,C2,Pare

collinear,soBP→ =C1B1
→.Itfollowsfrom

∠AC1B =180°- 180°- ∠BAC
2

æ

è
ç

ö

ø
÷- 180°- ∠ABC

2
æ

è
ç

ö

ø
÷

= ∠BAC + ∠ABC
2 =180°- ∠ACB

2 = ∠BCA1

that△A1BC ∽△A1B1C1.LetA1DandA1Abethealtitudesof

the△A1BCand△A1B1C1,respectively,withrespecttothe

oppositesides,soB1C1

BC =A1A
A1D

.

IfBP→ =C1B1
→,thenA1A ⊥B1C1,soBP

BC =A1A
A1D

.IfBP ⊥

A1A,thenBC ⊥ A1D,sowehave△BPC ∽ △A1AD,and

henceCP ⊥AD.AgainbyC2P→ =B2C→,onehasB2C2
→ =CP→,
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andhenceAD ⊥B2C2.  

4 Therearen(n ≥2)coinsinarow.Ifoneofthecoinsis
head,selectanoddnumberofconsecutivecoins(oreven
1coin)withtheoneinheadontheleftmost,andthen
flipalltheselectedcoinsupsidedownsimultaneously.

Thisisamove.Nomoveisallowedifallncoinsaretails.
Supposencoinsareheadsattheinitialstage,determineif

thereisawaytocarryout2
n+1

3 moves.(posedbyGuBin)

Solution.Theanswerispossible.

Foranyconfigurationofthecoins,wedefineacorresponding
01 sequencec1c2...cnoflengthnasfollows:ci =1,ifthei-th
coinfromtheleftishead,otherwise,ci =0.Itiseasytosee

thatthestatusofthencoinsasone-to-onecorrespondenceto
such01 sequences,sointhefollowing,wewillconsiderthis
sequencemodelinstead.

Initially,thesequenceis11…11,denotedby1n (withn
consecutivedigitsof1).Similarly,00…00,denotedby0n(with
ndigitsof0).Forany01 sequencewithatleastadigit“1”,

considerthefollowing move:locatethefirstdigit“1”from
righttoleftinthesequence,thentakethe01 subsequence
fromlefttorightstartingthis“1”ofmaximaloddlength,and
changethe01 parityinthissubsequencejustlikeflippingthe

coinsinamove.Denotebyanthetotalnumberofmovesinthe

waystatedabove.Weclaim:an =2
n+1

3 .Whenn =1,itiseasy

toseethata1 =1=2
2

3
,proceedbyinduction.Assumeformula

an = 2
n+1

3 holdsforn =k,i.e.,ak = 2
k+1

3 .
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Now,wediscussthecasen =k+1,i.e.,wewanttofind

thetotalnumberofmovesasdescribedaboveifthesequenceis

1k+1,i.e,therearek +1coinsinarow.

Ifkisodd,thenbyinductionhypothesis,thesequence1k+1

(withk +1digitsof1)changesto10k (withkdigitsof0)after

ak movesasstatedabove.Afteranadditionalmove,itchanges

to01k-10(withk -1digitsof1),thenafterapplyingak -1

moves,thesequencechangesto0k+1(withk+1digitsof0).In

fact,recallthatinsequenceofak movesfrom1kto0k by,the

firstmoveisfrom1kto1k-10.Therefore,wehave

ak+1 =2ak =22
k+1

3 =2·2
k+1 -1
3 =2

k+2 -2
3 = 2

k+2

3 .

Ifkiseven,bytheinductionassumptionittakesak moves

from1k+1to10k,thenapplyanadditionalfrom10kto01k,and

finallybytheinductionassumptionagain,ittakesak moves

from01kto0k+1.Thenwehave

ak+1 =2ak +1=22
k+1

3 +1=2·2
k+1 -2
3 +1

=2
k+2 -1
3 = 2

k+2

3 .

Byinductionthatan = 2
n+1

3
,hencethereexistsawayto

maketherequirednumberofmoves.  

SecondDay
8:00 12:00,August18,2013

5 Anon-emptysetA ⊆{1,2,3,...,n}iscalledagoodset
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ofdegreenif|A|≤ min
x∈A

x.Denotebyanthenumberof

goodsetsofdegreen.Provethatan+2 =an+1 +an +1for

anypositiveintegern.(posedbyLiWeigu)

Solution1.LetAbeagoodsetofdegreen,and|A|=k,

thenminx∈Ax ≥k,soA ⊆ {k,k +1,...,n}.Hencethe

numberofgoodsetsofdegreen withkelementsisCk
n-k+1.It

followsthatan =∑
n+1
2[ ]

k=1 Ck
n-k+1 =C1n +C2n-1 +C3n-2 +….

Ifniseven,n =2m,then

a2m+2 =C12m+2 +C22m+1 +… +Cm+1
m+2

= (C12m+1 +C02m+1)+(C22m +C12m)+… +(Cm+1
m+1 +Cm

m+1)

= (C12m+1 +C22m +… +Cm+1
m+1)+(C12m +C22m-1 +…

+Cm
m+1)+C02m+1

=a2m+1 +a2m +1.

Ifnisodd,n =2m -1,then

a2m+1 =C12m+1 +C22m +… +Cm
m+2 +Cm+1

m+1

= (C12m +C02m)+(C22m-1 +C12m-1)+… +(Cm
m+1 +Cm-1

m+1)+Cm
m

= (C12m +C22m-1 +… +Cm
m+1)+(C12m-1 +C22m-2 +…

+Cm-1
m+1 +Cm

m)+C02m
=a2m +a2m-1 +1.

Insummary,theequalityan+2 =an+1 +an +1holdsforall

positiveintegersn.

Remark.LetFnbethen-thtermofFibonaccisequence.From

thecombinatorialidentity∑
n
2[ ]

k=0 C
k
n-k = Fn,onecanderive

thatan =Fn+1 -1.

Solution2.Ifn =1,thereisonlyonegoodsetofdegree1,

namely{1},soa1 =1.
Ifn =2,thenthereareonlytwogoodsetsofdegree2:
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{1},{2},soa2 =2.

Recallthatan,an+1arethenumbersofthenon-emptygood

subsetsAof{1,2,...,n}and{1,2,...,n+1},respectively,

satisfying|A|≤minx∈Ax.

Considerthecasen +2:Foranynon-emptygoodsetAof

degreen +2,Aisasubsetof{1,2,...,n+2},thenwehave

thefollowingthreecases:

(a)Adoesnotcontaintheelementn +2;

(b)Acontainsn +2,andhasatleast2elements;

(c)A = {n +2}.

Inthefollowing,wefocusonthenumberofgoodsetsof

types(a)and(b).ForanygoodsetAin(a),itfollowsfrom

|A|≤minx∈Axandmaxx∈Ax ≤n +1thatAisagoodsetof

degreen +1.Conversely,anygoodsetofdegreen +1isalsoa

goodsetofdegreen +2,therefore,thereareexactlyan+1good

setsoftype(a).

ForanygoodsetA = {a1,a2,...,ak,n +2}ofdegree

n +2oftype(b),wherea1 <a2 < … <ak <n +2.Asa1 =

minx∈Ax ≥|A|≥2,onecanconsiderthenon-emptysetA' =

{a1 -1,a2 -1,...,ak -1},where1≤a1 -1<a2 -1< …

<ak -1<n+1,andA'satisfies|A'|=|A|-1≤a1 -1=

minx∈A'x,henceA'isagoodsetofdegreen.Conversely,any

goodsetofdegreencanberepresentedintheformA' = {a1 -

1,a2 -1,...,ak -1},whereA ={a1,a2,...,ak,n+2}is

agoodsetofdegreen+2oftype(b),sothecorrespondenceis

one-to-onebetweenAandA',andthereareexactlyangoodsets

ofdegreen +2oftype(b).

Accordingtothediscussiononthenumberofgoodsetsof

types(a),(b)and(c),wehavean+2 =an+1 +an +1.  
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Fig.6.1

6 AsshowninFig.6.1,PA,PBare
tangenttothecirclewithcenterO
atAandB,pointC(differentfrom
A,B )isonminorarcAB.Theline
lthroughpointCandperpendicular
to PC meetsthe angle bisectors
∠AOCand ∠BOCatpointsD and
E,respectively.ProvethatCD =

CE.(posedbyHeYijie)

Fig.6.2

Solution1.AsshowninFig.6.2,Line

PC meetsthecircle☉Oatanotherpoint
F.JoinBC,BE,BF,OF,respectively.
Since B,C are on ☉O,OE bisects
∠BOC,and hence OE perpendicularly
bisectsBC,soCE =BE.ByFO =BOand
PC ⊥DE,wehave

∠ECB = 90° - ∠FCB = 90° -

1
2
∠BOF = ∠OBF,and so△CEB ∽

△BOF,hence

CE
BO =CB

BF. ①

AsPBistangentto☉O,so∠PBC = ∠PFB,and△PCB ∽

△PBF,andhence

CB
BF =PC

PB. ②

By① and ②,wehaveCE = BO ·PC
PB.Bysymmetry,

CD =AO·PCPA.ItfollowsfromAO =BO,PA =PBthatCD =CE.

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



248  MathematicalOlympiadinChina

Fig.6.3

Solution2.AsshowninFig.6.3.Join

AB,AC,BC.OD meetsACatpointM.
AsA,C are on ☉O,so OD bisects

∠AOC,∠DMC =90°andMC = 12AC.

AsPC ⊥DE,socos∠ACD =sin∠ACP,

and

CD = MC
cos∠ACD = AC

2sin∠ACP. ③

LetRbetheradiusof☉O.AsPAistangentto☉O,so
∠ABC = ∠CAP,andthenitfollowsfrom ③ andtheSine
Lawthat 

CD =2Rsin∠ABC
2sin∠ACP =R·sin∠CAP

sin∠ACP =R·CPAP.

Bysymmetry,onehasCE =R·CP
BP
,anditfollowsfrom

AP =BPthatCD =CE.  

7 Labelthesidesofaregularn-goninclockwisedirectionin
orderwith1,2,...,n.Determineallintegersn(n ≥4)

satisfyingthefollowingtwoconditions:
(1)n-3non-intersectingdiagonalsinthen-gonareselected,

whichsubdividethen-goninton -2non-overlapping
triangles,and

(2)eachofthechosenn -3diagonalsislabeledwithan
integer,suchthatthesum oflabelednumberson
threesidesofeachtrianglesin (1)isequaltothe
other.(posedbyZouJin)

Solution.The requiredintegersarethosesatisfying both
conditions:n ≥4andn ≢2(mod4).Supposethatnsatisfiesthe
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conditions(1)and(2),wefirstprovethatn ≢2(mod4)as
follows.DenotebySthesumofthelabelsinthreesidesofany
triangle,andbymthesumofthelabelsinthen -3diagonals
chosen.Addingupthesumsoflabelsinthreesidesofall
trianglesinthesubdivisionin(a),everydiagonalappearstwice
inthosetriangles,itfollowsthat(n-2)S =(1+2+… +n)+

2m.Supposen ≡2(mod4),then(n-2)Sisevenbut(1+2+…

+n)+2misodd,whichisacontradiction,son ≢2(mod4).
Letusremarkthattheconditionontheregularn-goninthe

problemcanberelaxedtoconvexn-gon,sowecansimplifythe
writing-upofthesolution.

Fig.7.1

Inthefollowing,weprovethatallintegersnwithn≥4and
n ≢2(mod4)satisfyconditions(1)and(2).

TheFig.7.1showslabelingforthecasen =4,5and7,and
onecanverifydirectlythatbothconditionshold.

In the following, we show that ifn satisfies both
conditions,sodoesn +4.

AsshowninFig.7.2,labelonediagonalwhichsubdivides
thegiven(n+4)-gonintoaconvexn-gonandaconvexhexagon
(non-regularanymore).Asnsatisfiesconditions(1)and(2),

onecansubdividetheconvexn-goninto(n -2)trianglessuch
thatthesumofthethreelabelsineachtriangleisequaltothe
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samenumberS.Onecanalsosubdividethehexagonwiththree
diagonalswithlabels:S-2n-1,n+1andS-2n-5.Onecan
checkthatthesum ofthethreelabelsineachofthesefour
trianglesisalsoS,hencen +4alsosatisfiesconditions(1)and
(2).Soitfollowsthatanyintegernsuchthatn ≥4andn ≢

2(mod4)satisfiesconditions(1)and(2).

Fig.7.2

Insummary,thoseintegersnsatisfyingconditions(1)and
(2)areexactlygivenbyn ≥4andn ≢2(mod4).  

8 Findallpositiveintegersasuchthat(2n -n2)|(an -na)

forallpositiveintegersn ≥5.(posedbyYangMingliang)

Solution.Theonlyanswersforaare2and4.

First,weprovethataiseven.Itfollowsfromthegiven
conditionbychoosinganevenintegern ≥6.

Next,weprovethatahasnooddprimefactor.Suppose

thecontrary,letpbeanoddprimefactorofa.Ifp =3,letn=

8,then2n -n2 =192hasafactor3,butan -naisnotdivisible

by3,contradictingto(2n -n2)|(an -na),hencepisnot3.
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Ifp =5,letn =16,then2n -n2 =64110hasafactor5,

butan -naisnotdivisibleby5,contradicting(2n -n2)|(an -

na),hencepisnot5.
Ifp ≥7,letn =p -1,itfollowsfrom Fermat􀆳sLittle

Theoremthat2p-1 ≡1(modp).
As(p-1)2 ≡1(modp),sop|(2n -n2).Moreover,since

aisevenandp|a,sona ≡(p -1)a ≡(-1)a ≡1(modp)and

p|an,andhencepdoesnotdivide(an -na),contradicting
(2n -n2)|(an -na).

Finally,weprovethatais2or4.Forthis,leta =2twhere
tisapositiveinteger,thenitfollowsfrom(2n -n2)|(2tn -n2t)

and(2n -n2)|(2tn -n2t)that(2n -n2)|(n2t -n2t).
Ifwechoosentobesufficientlylarge,itfollowsfromthe

factlim
n→∞

n2t

2n =0thatn2t -n2t =0,hence2t =2t.t=1andt=

2areobvioussolutions.
Ift≥3,thenbytheBinomialTheorem,wehavet=2t-1 =

(1+1)t-1 >1+(t-1)=t,whichisimpossible.Atlast,one
caneasilycheckthata =2anda =4satisfytheconditioninthe

problem,sothesolutionsforaare2and4.  
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ChinaSoutheastern
MathematicalOlympiad

2010 (Lukang,Changhua,Taiwan)

FirstDay
8:00 12:00,Auguest17,2010

1 Leta,b,c ∈ {0,1,2,...,9}.Thequadraticequation
ax2+bx+c =0hasarationalroot.Provethatthethree-
digitnumberabcisnotaprimenumber.

Solution.Weprovebycontradiction.Ifabc =pisaprime
number,therationalrootofquadraticequationf(x)=ax2 +bx+

c =0isx1,x2 = -b± b2 -4ac
2a .Obviously,b2 -4acisa
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perfectsquarenumber,andx1,x2areallnegative,and

f(x)=a(x -x1)(x -x2).

Thus,

p =f(10)=a(10-x1)(10-x2).

So,

4ap = (20a -2ax1)(20a -2ax2).

Itiseasytoseethat(20a -2ax1)and(20a -2ax2)areall

positiveintegers.Consequently,p|(20a-2ax1)orp|(20a-

2ax2).Ifp|(20a -2ax1),thenp ≤20a -2ax1,so,80-

8x1 -10x2 +x1x2 ≤ 0,which contradictstox1,x2 < 0.
Similarly,p|(20a -2ax1)isnottrue.  

2 ForanysetA = {a1,a2,...,am},denoteP(A)=

a1a2...am.LetA1,A2,...,andAn beall99 element

subsetsof{1,2,...,2010},n = C992010.Provethat

2010∑
n

i=1P(Ai).

Solution1.Foreach99-elementssubset,Ai = {a1,a2,...,

a99}of{1,2,...,2010}uniquelycorrespondsto99 elements
subsetBi ={b1,b2,...,b99}of{1,2,...,2010}bybk =2011-

ak,k =1,2,...,99.

Since∑
99

k=1
(ak +bk)=99×2011isodd,weseethatAi,Bi

aredifferentsubsetsof{1,2,...,2010}.WhenAitakeall99
elementssubsetof{1,2,...,2010},soareBi.Moreover

 P(Ai)+P(Bi)

=a1a2…a99 +(2011-a1)(2011-a2)…(2011-a99)

≡a1a2…a99 +(-a1)(-a2)…(-a99)(mod2011)

≡0(mod2011).
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Thus,

2∑
n

i=1
P(Ai)=∑

n

i=1
P(Ai)+∑

n

i=1
P(Bi)≡0(mod2011),

hence2011∑
n

i=1
P(Ai).

Solution2.Letf(n)= (n-1)(n-2)…(n-2010)-n2010 -

2010!,wheren ∈Z.

Since2011isprime,byFermat􀆳sLittleTheorem,n2010 ≡

1(mod2011).By Wilson􀆳s Theorem, we have 2010! ≡

-1(mod2011).Thus,

(i)If2011 n,then

f(n)≡ (n -1)(n -2)…(n -2010)≡0(mod2011).

(ii)If2011|n,then

f(n)≡ (2011-1)(2011-2)…(2011-2010)-20112010 -2010!

≡2010! -2010!(mod2011)

≡0(mod2011).

Sof(n)≡0(mod2011)has2011solutionsinthesenseof

mod2011.

Sincef(n)isapolynomialoforder2009,andforalln ∈

Z,2011|f(n),weseethateachcoefficientoff(n)canbe

dividedby2011.

Turn to the original problem, ∑
n

i=1P(Ai)is the

coefficient of term with order 1911 of f(n), thus

2011∑
n

i=1P(Ai).  

3 AsshowninFig.3.1.LettheinscribedcircleIof△ABC
touchBCandABatDandF,respectively.LetIintersectthe
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Fig.3.1

segmentsADandCFatHand
K,respectively.Provethat
FD ×HK
FH ×DK =3.

Solution 1.Suppose that the

lengthsofsegmentsareAF =x,

BF = y,CD = z,then by
Stewart􀆳sTheorem,wehave

AD2 =BD
BC
·AC2 +CD

BC
·AB2 -BD·DC

=y(x +z)2 +z(x +y)2

y +z -yz

=x2 +
4xyz
y +z.

ByTangent-SecantTheorem,wehaveAH =AF2

AD = x2

AD.

Thus,

HD =AD -AH =AD2 -x2

AD =
4xyz

AD(y +z).

Similarly,wehave

KF =
4xyz

CF(x +y)
.

Since△CDK ∽ △CFD,weseethat

DK =DF ×CD
CF =DF

CFz.

Bythefactof△AFH ∽ △ADF,wehave

FH =DF ×AF
AD =DF

ADx.
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  BytheCosineLaw,

DF2 =BD2 +BF2 -2BD·BFcosB

=2y2 1-
(y +z)2 +(x +y)2 -(x +z)2

2(x +y)(y +z)
æ

è
ç

ö

ø
÷

=
4xy2z

(x +y)(y +z).

Thus

KF ×HD
FH ×DK =

4xyz
CF(x +y)

· 4xyz
AD(y +z)

DF
ADx·DF

CFz

=
16xy2z

DF2(x +y)(y +z)
=4.

ApplingPtolemy􀆳sTheoremtocyclicquadrilateralDKHF,

wehave

KF·HD =DF·HK +FH·DK.

CombiningwithKF ×HD
FH ×DK =4,weobtainFD ×HK

FH ×DK =3.

Fig.3.2

Solution2.First we prove a

lemma.

Lemma.AsshowninFig.3.2.

IfthecircletouchesABandACat
B andC,respectively,Q isa

pointonthecircle.AQintersects
the circle at point P,then
wehave

PQ·BC =2BP·QC =2BQ·PC.

Proofofthelemma.ByPtolemy􀆳sTheorem,weseethat

PQ·BC =BP·QC +BQ·PC.
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SinceABtangentstothecircle,weseethat∠ABP = ∠AQB.
Furtherby∠BAP = ∠QAB,wehave△ABP ∽ △AQB.

Consequently,

BP
BQ =AP

AB =AB
AQ.

Thus,

BP
BQ

æ

è
ç

ö

ø
÷

2

=AP
AB ×AB

AQ =AP
AQ.

Similarly,

CP
CQ

æ

è
ç

ö

ø
÷

2

=AP
AQ.

Thus,CP
CQ

æ

è
ç

ö

ø
÷

2

= BP
BQ

æ

è
ç

ö

ø
÷

2
,thatisBP·QC =BQ·PC.So

PQ·BC =2BP·QC =2BQ·PC.

Fig.3.3

Thelemmaisproved.
Turntotheoriginalproblem.

LetcircleIintersectACatpointO
anddrawsegmentsHO,OK,OD
andFO.AsshowninFig.3.3.

By Ptolemy􀆳s Theorem,we
have 

KF·HD =DF·HK +FH·DK.

Thus,

FD ×HK
FH ×DK =3⇔KF ×HD

FH ×DK =4.

SinceCQandCDaretangenttocircleI,byLemma,weseethat

KF·DO =2DK·FO,

HD·FO =2FH·DO.
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Multiplyabovetwoequationsbyeachside,wehave

KF·HD·DO·FO =4DK·FH·DO·FO,

thatis,KF ×HD
FH ×DK =4.  

4 Letaandbbepositiveintegerssuchthat1≤a <b≤100.

Ifthereexistsapositiveintegerksuchthatab|(ak +bk),

thenwesaythatthepair(a,b)isgood.Determinethe

numberofgoodpairs.

Solution.Let(a,b)=d,a =sd,b =td,(s,t)=1,t>1,

thenstd2|dk(sk +tk).Sok≥2andst|dk-2(sk +tk).Since(st,

sk +tk)=1,wehavest|dk-2.Therefore,anyprimefactorof

stcanbedividedbyd.

Ifthereisaprimefactorpofsortnolessthan11,thenp
dividesd.Sop2 |a orp2 |b,butp2 > 100,whichisa

contradiction.

Sotheprimefactorofstmaybe2,3,5or7.

Ifthereareatleastthreeprimefactorsofstamong2,3,5,

7,thenthereisaprimefactorofsortnolessthan5.Andd >

2×3 ×5 = 30,sothata orb ≥ 5d > 100,whichisa

contradiction.Theprimefactorsetofstcannotbe {3,7},

otherwise,aorb ≥7×3×7>100,whichisacontradiction.

Similarly,theprimefactorsetofstcannotbe{5,7}.

Therefore,theprimefactorsetofstcanonlybe{2},{3},

{5},{7},{2,3},{2,5},{2,7}or{3,5}.
(i)Iftheprimefactorsetofstis{3,5},thendcanonlybe

15.Then,s=3,t=5.Sothereisonegoodpair(a,b)=(45,75).
(ii)Iftheprimefactorsetofstis{2,7},thendcanonly

be14.Thens=2,t=7ors=4,t=7.Sotherearetwogood
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pairs(a,b)= (28,98)and(56,98).
(iii)Iftheprimefactorofstis{2,5},thendcanonlybe

10or20.
Ford =10,thens =2,t =5;s =1,t =10;s =4,t =

5;s =5,t =8.
Ford =20,thens =2,t =5;s =4,t =5.
Therearesixgoodpairs.
(iv)Iftheprimefactorofstis{2,3},thendcanonlybe

6,12,18,24or30.
Ford =6,s=1,t=6;s=1,t=12;s=2,t=3;s=

2,t =9;s =3,t =4;s =3,t =8;s =3,t =16;s =4,t
=9;s =8,t =9;s =9,t =16.

Ford =12,s=1,t=6;s=2,t=3;s=3,t=4;s=

3,t =8.
Ford =18,s =2,t =3;s =3,t =4.
Ford =24,s =2,t =3;s =3,t =4.d =30,s =2,

t =3.
Thereare19goodpairs.
(v)Iftheprimefactorsetofstis{7},thens=1,t=7,d

canonlybe7or14.
So,therearetwogoodpairs.
(vi)Iftheprimefactorsetofstis{5},thens =1,t =5,

dcanonlybe5,10,15or20.So,therearefourgoodpairs.
(vii)Iftheprimefactorsetofstis{3}thenwehavethe

following:

whens =1,t =3,dcanonlybe3,6,...,or33;

whens =1,t =9,dcanonlybe3,6or9;

whens =1,t =27,dcanonlybe3.
Thereare15goodpairs.
(viii)Iftheprimefactorsetofstis{2},thenwehavethe
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following:

whens =1,t =2,dcanonlybe2,4,...,or50;

whens =1,t =4,thendcanonlybe2,4,...,or24;

whens =1,t =8,thendcanonlybe2,4,...,or12;

whens =1,t =16,thendcanonlybe2,4or6;

whens =1,t =32,thendcanonlybe2.
Thereare47goodpairs.
Therefore,therearealltogether1+2+6+19+2+4+

15+47=96goodpairs.  

SecondDay
8:00 12:00,Auguest18,2010

Fig.5.1

5 AsshowninFig.5.1.LetC
be the right angle of
△ABC.M1 and M2 are
twoarbitrarypointsinside
△ABC, and M is the
midpoint of M1M2. The
extensionsofBM1,BM and
BM2intersectACatN1,N

andN2respectively.ProvethatM1N1

BM1
+M2N2

BM2
≥2MN

BM .

Fig.5.2

Solution.AsshowninFig.5.2.

Let H1, H2 and H be the

projectionpointsofM1,M2and
MonlineBC,respectively.Then

M1N1

BM1
= H1C
BH1

,
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M2N2

BM2
= H2C
BH2

,

MN
BM = HC

BH = H1C +H2C
BH1 +BH2

.

SupposethatBC =1,BH1 =xandBH2 =y.Wehave

M1N1

BM1
= H1C
BH1

=1-x
x

,

M2N2

BM2
= H2C
BH2

=
1-y
y

,

MN
BM = HC

BH =
1-x +1-y

x +y
.

Thus,theinequalitywearetoproveisequivalentto

1-x
x +

1-y
y

≥21
-x +1-y
x +y

,

whichisequivalentto1x +1
y
≥ 4

x +y
,thatis,(x -y)2 ≥0

whichisobviouslytrue.  

6 LetN*bethesetofpositiveintegers.Definea1 =2,and
forn =1,2,...,

an+1 =minλ 1
a1

+1a2
+… +1an

+1λ <1,λ ∈N*{ }.

Provethatan+1 =a2n -an +1forn =1,2,....

Solution.Bya1 =2,a2 = minλ 1
a1

+1λ <1,λ ∈N*{ },

consider1a1
+1λ <1,then1λ <1-12 =12

,λ >2,hencea2 =

3.Sotheconclusionistrueforn =1.
Supposethattheconclusionistrueforallintegern ≤k -

1(k ≥2).Ifn =k,thenak+1 =min{λ 1
a1

+1a2
+… +1ak

+1λ
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<1,λ ∈N* } .Considering

1
a1

+1a2
+… +1ak

+1λ <1,

thatis,0< 1λ <1- 1
a1

+1a2
+… +1ak

æ

è
ç

ö

ø
÷,wehave

λ > 1

1-1a1
-1a2

-… -1ak

.

Inthefollowing,weshowthat

1

1-1a1
-1a2

-… -1ak

=ak(ak -1).

Bytheinductionhypotheses,for2 ≤n ≤k,an =an-1

(an-1 -1)+1,wehave

1
an -1= 1

an-1(an-1 -1)= 1
an-1 -1- 1

an-1
,

therefore 1
an-1

= 1
an-1 -1- 1

an -1.Bytakingthesum,wehave

∑
k

i=2

1
ai-1

=1- 1
ak -1

,thatis

∑
k

i=1

1
ai

=1- 1
ak -1+1ak

=1- 1
ak(ak -1).

Consequently, 1

1-1a1
-1a2

-… -1ak

= ak(ak - 1).

Therefore,

ak+1 = minλ|1a1
+1a2

+… +1ak
+1λ <1,λ ∈N*{ }

=ak(ak -1)+1.
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Byinductiononn,forallpositiveintegern,wehave,an+1 =

a2n -an +1.  

7 Thereare2nrealnumbersa1,a2,...,an,r1,r2,...,

andrnsatisfyinga1 ≤a2 ≤ … ≤anand0≤r1 ≤r2 ≤ …

≤rn.Provethat∑
n

i=1∑
n

j=1aiajmin(ri,rj)≥0.

Solution.Writeamatrixofn ×nelementsasfollows:

A1 =

a1a1r1 a1a2r1 a1a3r1 … a1anr1
a2a1r1 a2a2r2 a2a3r2 … a2anr2
a3a1r1 a3a2r2 a3a3r3 … a3anr3
︙ ︙ ︙ ⋱ ︙

ana1r1 ana2r2 ana3r3 … ananrn

æ

è

ç
ç
ç
ç
ç
çç

ö

ø

÷
÷
÷
÷
÷
÷÷

.

Since

∑
n

i=1
∑
n

j=1
aiajmin(ri,rj)=∑

n

j=1
a1ajmin(r1,rj)+∑

n

j=1
a2ajmin(r2,rj)

+… +∑
n

j=1
akajmin(rk,rj)+…

+∑
n

j=1
anajmin(rn,rj),

itskthtermis

∑
n

j=1
akajmin(rk,rj)=aka1r1 +aka2r2 +… +akakrk

+akak+1rk +… +akanrk

whichisthesum ofelementsofthekthrowofA1,k =1,

2,...,n.

Therefore,∑
n

i=1∑
n

j=1aiajmin(ri,rj)isthesum ofall

elementsofA1.
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Ontheotherhand,thesummationcanalsobedoneas
follows:Taketheelementsoffirstcolumnandthefirstrowof
A1,sumup;denotetherest(n-1)×(n-1)elementbymatrix
A2,thentakethefirstcolumnandthefirstrowofA2,sumup,

denotetherestbymatrixA3,...,soweget

∑
n

i=1
∑
n

j=1
aiajmin(ri,rj)=∑

n

k=1
rk(a2k +2ak(ak+1 +ak+2 +… +an))

=∑
n

k=1
rk ak +∑

n

i=k+1
ai( )

2
- ∑

n

i=k+1
ai( )

2
( )

=∑
n

k=1
rk ∑

n

i=k
ai( )

2
- ∑

n

i=k+1
ai( )

2
( )

=r1 ∑
n

i=1
ai( )

2
+r2 ∑

n

i=2
ai( )

2
+r3 ∑

n

i=3
ai( )

2
+…

+rn ∑
n

i=n
ai( )

2
-r1 ∑

n

i=2
ai( )

2
-r2 ∑

n

i=3
ai( )

2

-… -rn-1 ∑
n

i=n
ai( )

2

=∑
n

k=1

(rk -rk-1)∑
n

i=k
ai( )

2
≥0

(wherer0 =0).  

8 GiveneightpointsA1,A2,...,A8onacircle,determine
thesmallestpositiveintegernsuchthatamonganyn
triangleswithverticesintheseeightpoints,therearetwo
whichhaveacommonside.

Solution.First,weconsiderthemaximalnumberoftriangles
withnocommonside.

Considerthemaximalnumberoftriangleswithnocommon
sidepairwise.ThereareC28 =28chordsbyconnectingeight
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Fig.8.1

points.Ifeachchordonlybelongsto
onetriangle,thenthesechordscan

onlyformr≤ 28
3[ ] =9triangleswith

no common side pairwise.Butif
thereareninesuchtriangles,then
thereare27vertices.So,thereisone

pointineightpoints,whichisthe
common vertex of four triangles.

SupposethatpointisA8,theneightedgesareconnectedto

sevenpointsA1,A2,...,A7.So,theremustexistanedge

A8Ak,whichisthecommonsideoftwotriangles,whichisa

contradiction.Sor ≤8.

Ontheotherhand,whenr =8,wecanmakesucheight

triangles,seefigure.Denotethetrianglesbythreeverticesas:

(1,2,8),(1,3,6),(1,4,7),(2,3,4),(2,5,7),(3,5,

8),(4,5,6)and(6,7,8).Sotheminimalnumberofnis9.
 

2011 (Ningbo,Zhejiang)

FirstDay
8:00 12:00,July27,2011

1 Ifminx∈R
ax2 +b
x2 +1

=3,find

(1)therangeofb;
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(2)thevalueofaforgivenb.(posedbyLuXingjiang)

Solution1.Denotef(x)=ax2 +b
x2 +1

.Itiseasytoseethata >

0.Byf(0)=b,weseethatb ≥3.
(i)Ifb-2a ≥0,

f(x)= ax2 +b
x2 +1

=a x2 +1+ b-a
x2 +1

≥2 a(b-a)=3,

equalityholdsifa x2 +1 = b-a
x2 +1

,thatis,ifx = ± b-2a
a .

Thevalueofaforgivenbisa =b- b2 -9
2

,especially

whenb =3,a = 32.

(ii)Ifb-2a <0,let x2 +1 =t(t≥1).f(x)=g(t)=

at+b-a
t monotonicallyincreasingwhent ≥1,so,

min
x∈R

f(x)=g(1)=a +b-a =b =3,whena > 32.

Summingup,weget(1)therangeofbis[3,+ ∞).

(2)Ifb =3,thena ≥32
;ifb >3,thena =b- b2 -9

2 .

Solution2.Letf(x)= ax2 +b
x2 +1

.Itiseasytoseethata >0.

Sinceminx∈R
ax2 +b
x2 +1

=3,andf(0)=b,weseethatb ≥3.

f'(x)=
ax x2 -b-2a

a
æ

è
ç

ö

ø
÷

(x2 +1)3/2 .

(i)Ifb-2a ≤0,letf'(x)=0,wehavethesolutionx0 =

0,andifx <0,thenf'(x)<0;andifx >0,thenf'(x)>0.
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f(0)=bistheminimalvalue.Henceb =3,anda ≥b
2.

(ii)Ifb-2a>0,letf'(x)=0,wehavethesolutionsx0 =

0,x1,2 =± b-2a
a .

Itiseasytoseef(0)=bisnottheminimalvalue,which

impliesb >3;andf(x1,2)istheminimalvalue

f(x1,2)=
a·b-2a

a +b

b-2a
a +1

=3⇒2 a(b-a)=3

⇒a2 -ab+94 =0⇒a =b- b2 -9
2

,

thatis,b >3anda =b- b2 -9
2 .

Summingup,weget
(1)therangeofbis[3,+ ∞).

(2)Ifb =3,thena ≥32
;ifb >3,thena =b- b2 -9

2 .

 

2 Leta,bandcbecoprimepositiveintegerssothata2|(b3 +

c3),b2|(a3+c3)andc2|(a3+b3).Findthevaluesofa,

bandc.(posedbyYangXiaoming)

Solution.Bytheconditionoftheproblem,wehavea2|(a3 +

b3 +c3),b2|(a3 +b3 +c3)andc2|(a3 +b3 +c3).Sincea,b

andcarecoprime,weseethata2b2c2|(a3 +b3 +c3).

Withoutlossofgenerality,supposethata ≥b ≥c,so

3a3 ≥a3 +b3 +c3 ≥a2b2c2⇒a ≥b2c2
3
,
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and

2b3 ≥b3 +c3 ≥a2⇒2b3 ≥b4c4
9 ⇒b ≤18

c4.

Weseethatifc ≥2⇒b ≤1,theresultcontradictsb ≥c.

Thus,c =1.

Ifc =1andb =1,thena =1,so(a,b,c)=(1,1,1)is
asolution.

Ifc =1,b ≥2anda =b,thenb2|b3 +1,whichisa

contradiction!

Ifb ≥2anda >b >c =1,then

a2b2|(a3 +b3 +1)⇒2a3 ≥a3 +b3 +1≥a2b2⇒a ≥b2
2
,

andbyc =1,

a2|(b3 +1)⇒b3 +1≥a2 ≥b4
4⇒4b

3 +4≥b4.

Forb>5,theinequalityhasnosolution.Takeb=2,3,4,

5,weseethatthesolutionsarec =1,b =2,a =3.

Therefore,allsolutionsare(a,b,c)= (1,1,1),(1,2,

3),(1,3,2),(2,1,3),(2,3,1),(3,2,1)and(3,1,2).
 

3 LetsetM = {1,2,3,...,50}.Findallpositiveinteger

n,suchthatthereareatleasttwodifferentelementsaand

binanysubsetwith35elementsofM,suchthata+b =n
ora -b =n.(posedbyLiShenghong)

Solution.TakeA = {1,2,3,...,35},thenforanya,b ∈A,

a -b ≤34,a +b ≤34+35=69.

Inthefollowing,weshowthat1≤n ≤69.LetA = {a1,
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a2,...,a35},withoutlossofgenerality,supposethata1 <a2
< … <a35.

(i)If1≤n ≤19,by

1≤a1 <a2 < … <a35 ≤50,

2≤a1 +n <a2 +n < … <a35 +n ≤50+19=69,

andbyDirichlet􀆳sDrawerTheorem,thereexist1 ≤i,j ≤35
(i ≠j)suchthatai +n =aj,thatis,ai -aj =n.

(ii)If51≤n ≤69,by

1≤a1 <a2 < … <a35 ≤50,

1≤n -a35 <n -a34 < … <n -a1 ≤68,

andbyDirichlet􀆳sDrawerTheorem,thereexistatleast1≤i,

j ≤35(i ≠j)suchthatn -ai =aj,thatis,ai +aj =n.
(iii)If20≤n ≤24,since

50-(2n +1)+1=50-2n ≤50-40=10,

weseethatthereareatleast25elementsina1,a2,...,a35that
belongto[1,2n].

Thereareatmost24elementsin{1,n+1},{2,n+2},...,
{n,2n}suchthat{ai,aj}= {i,n+i}.Hence,aj -ai =n.

(iv)If25≤n ≤34,since{1,n+1},{2,n+2},...,{n,

2n}haveatmost34elements,byDirichletDrawerTheorem,

thereexist1≤i,j ≤35(i ≠j)suchthatai =i,aj =n +i,

thatisaj -ai =n.
(v)Ifn =35,thereare33elements{1,34},{2,33},...,

{17,18},{35},{36},...,{50}.Hence,thereexist1≤i,j≤

35(i ≠j)suchthatai +aj =35.
(vi)If36≤n ≤50,

ifn =2k +1,{1,2k},{2,2k -1},...,{k,k +1},
{2k +1},...,{50};

if18≤k ≤20,50-(2k+1)+1=50-2k ≤50-36=14;

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



270  MathematicalOlympiadinChina

if21≤k ≤24,50-(2k+1)+1=50-2k ≤50-42=8,

thereexist1≤i,j≤35(i≠j)suchthatai +aj =2k+1=n.
Ifn =2k,{1,2k -1},{2,2k -2},...,{k -1,k +1},

{k},{2k},{2k +1},...,{50};

if18≤k ≤19,50-(2k+1)+3≤16k-1≤19-1=18;

if20≤k ≤23,50-(2k+1)+3≤50-2k+2≤12k-1
≤23-1=22;

if24≤k ≤25,50-(2k+1)+3≤50-2k+2≤4k-1≤

25-1=24,

thereexist1≤i,j ≤35(i≠j)suchthatai +aj =2k.  

4 SupposethatalinepassingthecircumcentreOof△ABC
intersectsABandACatpointsMandN,respectively,and
EandFarethemidpointsofBN andCM,respectively.
Provethat∠EOF = ∠A.(posedbyTaoPingsheng)

Solution.Weshowthattheaboveconclusionistrueforanytriangle.
If△ABCisright-angled.Theconclusionisobvious.In

fact,seeFig.4.1,where∠ABC =90°.So,thecircumcentreO
isthemidpointofAC,OA = OBandN =O.SinceFisthe
midpointofCM,weseethatthemedianlineOF‖AM.Hence
∠EOF = ∠OBA = ∠OAB = ∠A.

If△ABCisnotright-angled,seeFig.4.2andFig.4.3.

Fig.4.1
 

Fig.4.2
 

Fig.4.3
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Firstwegivealemma.

Lemma.LetA andB betwopointsonthediameterKL of

circle☉OwithradiusR,andOA =OB =a.Seefigure.
LetCD and EF be two chords passing A and B,

respectively.SupposeCE andDFintersectKL atM andN,

respectively.ThenMA =NB.

Fig.4.4

Proofofthelemma.Asshownin

Fig.4.4.SupposethatCD ∩EF =P.
ThinkofthatlinesCEandDFintersect
△PAB.ByMenelaus􀆳Theorem,wehave

AC
CP
·PE
EB
·BM
MA =1,

BF
FP
·PD
DA
·AN
NB =1.

Then

MA
NB =AC

BE
·AD
BF
·PE
PC
·PF
PD
·BM
AN. ①

BytheIntersectingChordTheorem,weget

PC·PD =PE·PF. ②

So

AC·AD =AK·AL =R2 -a2 =BK·BL =BE·BF.
③

By①,③,wehaveMA
NB = MB

NA
,thatis

MA
NB = MA +AB

NB +AB =AB
AB =1.

Thus,MA =NB.

Now,returntotheoriginalproblem,see Fig.4.5and
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Fig.4.6.ExtendMNtodiameterKK1,takepointM1onKK1

suchthatOM1 = OM.LetCM1 ∩ ☉O = A1,andletA1B
intersectKK1atN1.Bythelemma,MN1 =M1N (orM1N1 =

MNontherightfigure).So,OisthemidpointofNN1.Thus,

OE andOF arethe medianlineof△NBN1 and △MCM1,

respectively.Thus,wehave∠EOF = ∠BA1C = ∠A.  

Fig.4.5
   

Fig.4.6

SecondDay
8:00 12:00,July28,2011

5 LetAA0,BB0andCC0beangularbisectorsof△ABC.
LetA0A1‖BB0andA0A2‖CC0,whereA1andA2lieon

Fig.5.1

ACandAB,respectively,

andletlineA1A2intersect

BCatA3.ThepointsB3

and C3 are obtained

similarly. Prove that

pointsA3,B3,C3 are

collinear.(posedbyTao

Pingsheng)

Solution.By the Menelaus
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InverseTheorem,weneedonlytoshowthat

AB3

B3C
·CA3

A3B
·BC3

C3A
=1. ①

Since line A1A2A3 intersects △ABC,by Menelaus􀆳

Theorem,wehaveCA3

A3B
·BA2

A2A
·AA1

A1C
=1.So

CA3

A3B
=A2A

BA2
·A1C
AA1

. ②

Similarly,wehave

AB3

B3C
=B2B

CB2
·B1A
BB1

, ③

BC3

C3A
=C2C
AC2

·C1B
CC1

. ④

ByBA2 =BC0

BC
·BA0andAA2 =AA0

AI
·AC0,wehave

AA2

BA2
=AA0·AC0

BA0·BC0
·BC
AI. ⑤

Moreover,byAA1 =AA0

AI
·AB0andCA1 =CA0

CB
·CB0,we

have

A1C
AA1

= CA0·CB0

AA0·AB0
·AI
BC. ⑥

Thenby②,⑤and⑥,wehave

CA3

A3B
=CA0

BA0
·AC0

BC0
·CB0

AB0
= CA0

A0B
æ

è
ç

ö

ø
÷

2

.

Similarly,wehave

CB3

B3A
= CB0

B0A
æ

è
ç

ö

ø
÷

2
,
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AC3

C3B
= AC0

C0B
æ

è
ç

ö

ø
÷

2

. ⑦

SincethreeanglebisectorsAA0,BB0,CC0of△ABCare

concurrent,byCeva􀆳sTheorem,wehave

AB0

B0C
·CA0

A0B
·BC0

C0A
=1. ⑧

Thus,by⑦and⑧,wehave

AB3

B3C
·CA3

A3B
·BC3

C3A
= AB0

B0C
·CA0

A0B
·BC0

C0A
æ

è
ç

ö

ø
÷

2

=1,

thatis①.  

6 GivennpointsP1,P2,...,Pnonaplane,letM beany

pointonsegmentABontheplane.Denoteby|PiM|the

distancebetweenPiandM,i =1,2,3,...,n.Provethat

∑
n

i=1 | PiM |≤ max ∑
n

i=1|PiA|,∑
n

i=1|PiB|{ }.

(posedbyJinMengwei)

Solution.LetObetheorigin.ThenwehaveOM→ =tOA→ +

(1-t)OB→,t ∈ (0,1).

|PiM|=|OM→ -OPi
→|

=|tOA→ +(1-t)OB→ -tOPi
→ -(1-t)OPi

→|

≤t|OA→ -OPi
→|+(1-t)|OB→ -OPi

→|
=t|PiA|+(1-t)|PiB|.

Hence,

∑
n

i=1
|PiM|≤t∑

n

i=1
|PiA→|+(1-t)∑

n

i=1
|PiB→|

≤max∑
n

i=1
|PiA|,∑

n

i=1
|PiB|{ }.  
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7 Supposethatthesequence{an}definedbya1 =a2 =1,

an =7an-1 -an-2,n ≥3.Provethatan +an+1 +2isa

perfectsquareforanypositiveintegern.(posedbyTao
Pingsheng)

Solution.Itiswellknownthatthesolutionofthesequence

canbeobtainedbysolvingtwogeometricsequence.Wegetan

=C1λn
1 +C2λn

2,where

λ1 =7+ 45
2 = 3+ 5

2
æ

è
ç

ö

ø
÷

2

, λ2 =7- 45
2 = 3- 5

2
æ

è
ç

ö

ø
÷

2

,

λ1andλ2aresolutionsoftheequationλ2-7λ+1=0,a1 =

1=C1λ1 +C2λ2,a2 =1=C1λ21 +C2λ22.
Therefore,

an +an+1 +2=λn-1
1 C1(λ1 +λ21)+λn-1

2 C2(λ2 +λ22)+2

=λn-1
1 +λn-1

2 +2

= 3+ 5
2

æ

è
ç

ö

ø
÷

n-1
æ

è
ç

ö

ø
÷

2

+ 3- 5
2

æ

è
ç

ö

ø
÷

n-1
æ

è
ç

ö

ø
÷

2

+2

= 3+ 5
2

æ

è
ç

ö

ø
÷

n-1

+ 3- 5
2

æ

è
ç

ö

ø
÷

n-1
é

ë
êê

ù

û
úú

2

=x2
n,

wherexn = 3+ 5
2

æ

è
ç

ö

ø
÷

n-1

+ 3- 5
2

æ

è
ç

ö

ø
÷

n-1

isthesolutionofthe

sequence{xn}ofpositiveintegersx1 =2,x2 =3,xn =3xn-1 -

xn-2,n ≥3.  

8 Consider12figuresontheclockfaceas12points.Color
theminfourcolors:red,yellow,blueandgreen.Each
coloris used for three points. Configuren convex

quadrilateralswithverticesinthesepoints,suchthat
(1)therearenosamecolorofverticesforeachquadrilateral.
(2)amonganythreeofthesequadrilaterals,thereisa

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



276  MathematicalOlympiadinChina

colorofverticessuchthattheverticesofthatcolor
aredifferent.

Findthelargestnumberofn.(posedbyTaoPingsheng)

Solution.WeuseA,B,C,Dtorepresentthesefourcolors,

respectively,andthepointsinthesamecolorbylowerlettersas
a1,a2,a3;b1,b2,b3;c1,c2,c3andd1,d2,d3respectively.

NowconsidercolorA.If,innquadrilaterals,thenumber
ofpointsa1,a2,a3incolorAaren1,n2,n3respectively,then
n1 +n2 +n3 =n.Supposethatn1 ≥n2 ≥n3.Ifn ≥10,then
n1 +n2 ≥7.Considerthesesevenquadrilaterals(itsAcolor
vertexiseithera1ora2),ifthenumbersofpointsb1,b2,b3in
colorBarem1,m2,m3,respectively,thenm1+m2+m3 =7.
Bysymmetricity,wemaysupposethatm1 ≥m2 ≥m3,thenm3

≤2,thatis,m1 +m2 ≥5.
Considerthesefivequadrilaterals(itsAcolorpointiseither

a1ora2,anditsBcolorpointiseitherb1orb2),ifthenumbers
ofpointsc1,c2,c3incolorCarek1,k2,k3,respectively,then
k1 +k2+k3 =5.Bysymmetricity,wemaysupposethatk1 ≥k2
≥k3,thenk3 ≤1,thatis,k1 +k2 ≥4.

Considerthesefourquadrilaterals,denotedasT1,T2,

T3,T4(itscolorApointiseithera1ora2,itscolorBpointis
eitherb1orb2,anditscolorCpointiseitherc1orc2).Since
there are only three points in color D,there are two

quadrilateralsthathavethesamecolorD point.Supposethat
thesamecolorDpointofT1,T2isd1.

Then,inthreequadrilateralsT1,T2,T3,whateverbethe
color of the vertex,there are repeated points, which
contradictscondition(2).Hence,n ≤9.

Weshowthe maximalnumbern =9byconstructionof
theseninequadrilaterals.
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Wedrawthree “concentricannulus”withfourpointson
eachradiusrepresentingfourverticesandthecolor.Sonine
radiirepresentninequadrilaterals,whichsatisfycondition(1).

Next,weshowthattheyalsosatisfycondition(2).Take
anythreeradii(orthreequadrilaterals).

Ifthesethreeradiicomefromaconcentricannulus,for
eachcolorexceptA,therearethreepoints.

Ifthesethreeradiicomefrom threeconcentricannuli,

thenforcolorA,therearethreepoints.
Ifthesethreeradiicomefromtwoconcentricannuli,call

these three figures Fig.1,Fig.2 and Fig.3. The radius
directionsarecalled “upradius”,“leftradius”and “right
radius”,anddenoted,respectively,byS,ZandY.Ifthree
radiihavethreedirections,thentherearethreepointsofcolor
Binthreequadrilaterals.Ifthethreeradiihaveonlytwo
directions,thenthereareallcasesasshowninthetablesbelow,

where1,2and3standforFig.1,Fig.2andFig.3,respectively.
Here,the color in figure means that the three

quadrilateralshavecolorwithdifferentfigures.

S 1,21,2 2 1

Z 1 1,21,2 2

Y 2 1 1,21,2

C  

S 1,21,2 1 2

Z 2 1,21,2 1

Y 1 2 1,21,2

D
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S 1,31,3 1 3

Z 3 1,31,3 1

Y 1 3 1,31,3

C  

S 1,31,3 3 1

Z 1 1,31,3 3

Y 3 1 1,31,3

D

S 2,32,3 3 2

Z 2 2,32,3 3

Y 3 2 2,32,3

C  

S 2,32,3 2 3

Z 3 2,32,3 2

Y 2 3 2,32,3

D

Thus,themaximalnumberofnis9.  

2012 (Putian,Fujian)

FirstDay
8:00 12:00,July27,2012

1 Findatriple(l,m,n)(1 <l < m <n)ofpositive

integerssuchthat∑
l

k=1k,∑
m

k=l+1k,∑
n

k=m+1kforma

geometricsequenceinorder.(posedbyTaoPingsheng)

Solution.Fort ∈N*,denoteSt =∑
t

k=1k =t(t+1)
2 .Let

∑
l

k=1
k =Sl,∑

m

k=l+1
k =Sm -Sl,∑

n

k=m+1
k =Sn -Sm,

formageometricsequenceinorder.Then

Sl(Sn -Sm)= (Sm -Sl)2, ①

thatisSl(Sn +Sm -Sl)=S2
m.Thus,Sl|S2

m,thatis
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2l(l+1)|m2(m +1)2.

Letm +1=l(l+1)andtakel=3.Thenm =11andSl =

S3 =6,Sm =S11 =66.Substituteitinto①,wehaveSn =666,

thatisn
(n +1)
2 =666.Son =36.

Therefore,(l,m,n)=(3,11,36)isasolutionsatisfying
thecondition.  

Remark.Thesolutionisnotunique.Forexample,thereare

othersolutionsas(8,11,13),(5,9,14),(2,12,62),(3,24,

171).(Wemayshowthatthenumberofsolutionsisinfinite.)

2 Let☉Ibetheincircleof△ABC.Thecircle☉Iintersects
sidesAB,BCandCAatpointsD,EandF,respectively.
LineEFintersectslinesAI,BIandDIatpointsM,N
andK,respectively.ProvethatDM·KE = DN·KF.
(posedbyZhangPengcheng)

Solution.ItiseasytoseethatpointsI,D,E andB are

concyclicand

∠AID =90°- ∠IAD,

∠MED = ∠FDA =90°- ∠IAD.

So ∠AID = ∠MED,thuspointsI,D,E andM are
concyclic.

Fig.2.1

Hence,fivepointsI,D,B,E,

Mareconcyclicand∠IMB = ∠IEB
=90°,thatisAM ⊥BM.

Similarly,pointsI,D,A,N
andFareconcyclicandBN ⊥AN.

LetlinesANandBMintersectat

pointG. We see pointI is the
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orthocenterof△GABandID ⊥AB,sopointsG,IandDare

collinear.

SincepointsG,N,D andB areconcyclic,weseethat
∠ADN = ∠G.

Similarly,∠BDM = ∠G.SoDKbisects∠MDN,thus

DM
DN = KM

KN . ①

SincepointsI,D,EandMareconcyclic,andpointsI,D,

NandFareconcyclic,weseethat

KM·KE =KI·KD =KF·KN.

Therefore,

KM
KN = KF

KE. ②

By①and②,weseethatDM
DN = KF

KE
,thatisDM·KE =

DN·KF.  

3 Forpositivecompositenumbern,denotebyf(n)and

g(n)thesumofthesmallestthreepositivedivisorsofn

andthelargesttwopositivedivisorsofn,respectively.

Findallnsuchthatg(n)equalsf(n)tosomepowerof

positiveintegers.(posedbyHeYijie)

Solution.Ifnisodd,thenallfactorsofnareodd.Sof(n)is

oddandg(n)iseven.g(n)cannotbef(n)tosomepowerof

positiveinteger.Thereforeniseven.Thesmallesttwodivisors

ofnare1and2,andthelargesttwodivisorsofnarenandn/2.
Letdbethethirdsmallestdivisorofn.Ifthereexistsk ∈

N*suchthatg(n)=fk(n),then
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3n
2 = (1+2+d)k = (3+d)k ≡dk(mod3).

Since33n2
,weseethat3|dk.So3|d,andsincedisthe

thirdsmallest,weseethatd =3.

Thus,32n =6k,wegetn =4×6k-1.Since3|n,weseethat

k ≥2.
Summingup,n =4×6l(l ∈N*).  

4 Letrealnumbersa,b,canddsatisfy

f(x)=acosx +bcos2x +ccos3x +dcos4x ≤1

foranyrealnumberx.Findthevaluesofa,b,candd
suchthata +b -c +dtakesthe maximum number.
(posedbyLiShenghong)

Solution.Since

f(0)=a +b+c+d,

f(π)=-a +b-c+d,

f π
3

æ

è
ç

ö

ø
÷ = a
2 -b

2 -c-d
2
,

then

a +b-c+d =f(0)+23f
(π)+43f

π
3

æ

è
ç

ö

ø
÷ ≤3

ifandonlyiff(0)=f(π)=f π
3

æ

è
ç

ö

ø
÷ =1,thatis,ifa =1,b+

d =1andc =-1,thentheequalityholds.Lett =cosx,

-1≤t ≤1.Then

f(x)-1=cosx +bcos2x -cos3x +dcos4x -1
=t+(1-d)(2t2 -1)-(4t3 -3t)+d(8t4 -8t2 +1)-1
=2(1-t2)[-4dt2 +2t+(d-1)]≤0,∀t∈[-1,1],
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thatis

4dt2 -2t+(1-d)≥0,∀t ∈ (-1,1).

Takingt=1/2+ε,|ε|<1/2,thenε[(2d-1)+4dε]≥0,

|ε|<1/2.Soweseethatd = 12.Ifd = 12
,then

4dt2 -2t+(1-d)=2t2 -2t+1/2=2(t-1/2)2 ≥0.

So,themaximalnumberofa+b-c+dis3,and(a,b,c,

d)= 1,12
,-1,12

æ

è
ç

ö

ø
÷.  

SecondDay
8:00 12:00,July28,2012

5 Anon-negativenumbermiscalledasixmatchnumber.If
mandthesumofitsdigitsarebothmultiplesof6,find
thenumberofthesix match numberslessthan2012.
(posedbyTaoPingsheng)

Solution.Letn =d1d2d3d4 =1000d1 +100d2 +10d3 +d4,

d1,d2,d3,d4 ∈ [0,1,2,...,9],andS(n)=d1 +d2 +

d3 +d4.
Matchthenon-negativemultiplesof6lessthan2000into

167pairs(x,y),x +y =1998,suchthat

(0,1998),(6,1992),(12,1986),...,(996,1002).

Foreachpair(x,y),letx =a1a2a3a4,y =b1b2b3b4,then

 1000(a1 +b1)+100(a2 +b2)+10(a3 +b3)+(a4 +b4)

=x +y =1998.

Sincex,yareeven,a4,b4 ≤8.Soa4 +b4 ≤16 <18.
Thus,a4 +b4 =8.Sincea3 +b3 ≤18 <19,a3 +b3 =9.
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Similarly,wecanobtaina2 +b2 =9anda1 +b1 =1.Thus,

S(x)+S(y)= (a1 +b1)+(a2 +b2)+(a3 +b3)+(a4 +b4)

=1+9+9+8=27.

Consequently,thereisonlyoneofS(x)andS(y)thatis

themultipleof6.(Thisisbecausethatx,yareallmultiplesof

3,soareS(x)andS(y).)Thatis,thereisonlyoneofxandy
whichisasixmatchnumber.

Therefore,thereare167sixmatchnumberslessthan2000,

andthereisjustonesixmatchnumberbetween2000and2011.

Therefore,theansweris167+1=168.  

6 Findtheminimumpositiveintegernsuchthat

n -2011
2012 - n -2012

2011 <
3
n -2013
2011 -

3
n -2011
2013 .

(posedbyLiuGuimei)

Solution.Weseethatif2012≤n ≤4023,then n -2011
2012 -

n -2012
2011 ≥0and

3
n -2013
2011 -

3
n -2011
2013 <0.

Otherwise,

n -2011
2012 ≤ n -2012

2011 ⇔n >4023

3
n -2013
2011 ≥

3
n -2011
2013 ⇔n ≥4024.

Thus,ifn ≥4024,then

n -2011
2012 - n -2012

2011 <0≤
3
n -2013
2011 -

3
n -2011
2013 .

Sotheminimumofnis4024.  

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



284  MathematicalOlympiadinChina

Fig.7.1

7 In△ABCwithAB =1,letD
beapointonACsuchthat
∠ABD = ∠CandletEbea

pointonABsuchthatBE =

DE.LetHbeapointonDE
suchthatAH ⊥DEandMbe
themidpointofCD.IfAH =

2- 3,findthesizeof∠AME.(posedbyXiongBin)

Solution.Let∠ABD = ∠C =αand∠DBC =β.Itiseasyto

seethat∠BDE =α,∠AED =2α,

∠ADE = ∠ADB - ∠BDE = (α+β)-α =β,

AB =AE +EB =AE +EH +HD.

Hence,

AB
AH =AE +EH

AH +HD
AH =1+cos2α

sin2α +cotβ

= cotα+cotβ. ①

Fig.7.2

Draw linesEK ⊥ AC and
EL ⊥BD with pedalsK andL,

respectively. Then, L is the
midpointofBD.Combiningwith
theSineTheorem,weobtain

EL
EK = DEsin∠EDL

DEsin∠EDK =sinαsinβ

=BD
CD =LD

MD.

Thus,

cotα =LD
EL = MD

EK = MK
EK -DK

EK =cot∠AME -cotβ.②

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaSoutheasternMathematicalOlympiad 285  

By①,②andknownconditions,wehave

cot∠AME = AB
AH = 1

2- 3
=2+ 3.

Therefore,∠AME =15°.  

8 Letmbeapositiveinteger,n =2m -1,andPn ={1,2,...,

n}bethesetofnpointsonnumberaxis.A grasshopper

jumpsbetweenadjacentpointsonPn.Findthemaximal

numberofmsuchthatforanyx,y ∈Pn,thenumberof

waysthatagrasshopperjumpingfromxtoyby2012steps

iseven(passingxoryonthewayispermitted).(posed

byZhangSihui)

Solution.Ifm ≥11,thenn =2m -1 >2013.Sincethereis

onlyonewayagrasshopperjumpsfrompoint1topoint2013by
2012steps,weseethatm ≤10.

Inthefollowing,weshowthattheanswerism =10.To

showthis,wewillproveastrongerpropositionbyinductionon

m :foranyk ≥n =2m -1andanyx,y ∈Pn,thenumberof

waysthegrasshopperjumpsfrompointxtoybykstepsiseven.

Ifm =1,thenumberofwaysis0,where0iseven.

Ifm =l,thenumberofwaysiseven.Then,fork ≥n =

2l+1 -1,therearethreekindofroutesfrompointxtopointy
byksteps.Weshowthatthenumberofwaysisevenforeach

kindofroute.
(1)Theroutedoesnotpasspoint2l.Sopointsxandyboth

areononesideofpoint2l.Bytheinductionhypotheses,there

areevenroutes.
(2)Theroutepassespoint2ljustonce.

Supposethatthegrasshopperisatpoint2latthei-thsteps.
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(i∈{0,1,...,k},i=0meansx =2l,i=kmeansy =2l).We

showthat,foranyi,thenumberofroutesiseven.

Supposethattherouteisx,a1,...,ai-1,2l,ai+1,...,

ak-1,y.Divideditintotwosub-routes:frompointxtopoint

ai-1ofi-1stepsandfrompointai+1topointyofk-i-1steps
(fori =0ork,onlyonesub-routeofk -1steps).

Ifi-1<2l -1andk -i-1<2l -1,thenk ≤2l+1 -2,

whichcontradictsk ≥n =2l+1 -1.So,wemusthavei-1≥

2l -1ork -i-1≥2l -1.Bytheinductionhypotheses,there

areeven waysfor asub-route.So,bythe Multiplication

Principle,thenumberofwaysiseven.
(3)Theroutepassespoint2lnolessthantwotimes.

Considerthesub-routesfrom2lto2l,thenumberofwaysis

even,sincewecanconsidertheroutessymmetricto2l.Soby
theMultiplicationPrinciple,thenumberofwaysiseven.

Summingup,themaximalmis10.  

2013 (Yingtan,Jiangxi)

FirstDay
8:00 12:00,July27,2013

1 Leta,bberealnumberssuchthattheequationx3-ax2+

bx -a =0hasonlyrealroots.Findthe minimum of

2a3 -3ab+3a
b+1 .

Solution.Letx1,x2andx3betherealrootsoftheequation
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x3 -ax2 +bx -a =0.ByVieta􀆳sFormula,wehave

x1 +x2 +x3 =a,x1x2 +x2x3 +x1x3 =b,x1x2x3 =a.

By(x1+x2+x3)2 ≥3(x1x2+x2x3+x1x3),wehavea2 ≥

3b,andbya =x1 +x2 +x3 ≥3
3
x1x2x3 =3

3
a,wehave

a ≥33.Thus,

2a3 -3ab+3a
b+1 =a(a2 -3b)+a3 +3a

b+1

≥a3 +3a
b+1 ≥a3 +3a

a2
3 +1

=3a ≥93.

Ifa =33,b=9,thentheequalityholdswheneachrootis

equalto 3.

Summingup,theansweris93.  

2 Let☉Ibetheincircleof△ABC withAB > AC.☉I
tangenttoBC andAD atD andE,respectively.The
tangentlineEPof☉IintersectstheextendedlineofBCat
P.SegmentCFisparalleltoPEandintersectsADatpoint
F.LineBFintersects☉IatpointsMandNsuchthatMis
onsegmentBF.SegmentPM intersects☉Iattheother

pointQ.Provethat∠ENP = ∠ENQ.

Solution.Supposethat☉I
touchesACandABatSand
T,respectively. Suppose
thatST intersects AI at

pointG,weseethatIT ⊥

AT andTG ⊥ AI.So we
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haveAG·AI=AT2 =AD·AE,thuspointsI,G,EandDare

concyclic.

SinceIE ⊥PEandID ⊥PD,weseethatpointsI,E,P
andD areconcyclic.Hence,pointsI,G,E,P andD are

concyclic.

Therefore,∠IGP = ∠IEP =90°,thatis,IG ⊥ PG.
Hence,pointsP,SandTarecollinear.

Line PST intersects △ABC.By Menelaus􀆳 Theorem,

wehave

AS
SC
·CP
PB
·BT
TA =1.

SinceAS =AT,CS =CDandBT =BD,wehave

PC
PB
·BD
CD =1. ①

LettheextensionofBNintersectPEatpointH.Thenline

BFHintersects△PDE.ByMenelaus􀆳Theorem,

PH
HE

·EF
FD
·DB
BP =1.

SinceCFparalleltoBE,EFFD =PC
CD
,wehave

PH
HE

·PC
CD
·DB
BP =1. ②

By①and②,wehavePH =HE.Hence,PH2 =HE2 =

HM·HN.Thus,wehavePH
HM =HN

PH
,△PHN ∽△MHPand

∠HPN = ∠HMP = ∠NEQ.Further,since ∠PEN =

∠EQN,therefore∠ENP = ∠ENQ.  

3 Letthesequence{an}bedefinedby
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a1 =1,a2 =2,an+1 =a2n +(-1)n
an-1

(n =2,3,...).

Provethatthesumofsquaresofanytwoadjacentterms
ofthesequenceisalsointhesequence.

Solution.Byan+1 = a2n +(-1)n
an-1

,wehavean+1an-1 =a2n +

(-1)n(n =2,3,...,),so

an -an-2

an-1
=anan-2 -a2n-2

an-1an-2
=a2n-1 +(-1)n-1 -a2n-2

an-1an-2

=a2n-1 -an-1an-3

an-1an-2
=an-1 -an-3

an-2

= … =a3 -a1
a2

=2,

thatis,an =2an-1 +an-2(n ≥3),a1 =1,a2 =2.

Therefore,an =C1λn
1 +C2λn

2,λ1 +λ2 =2,λ1λ2 =-1,

a1 =1,a2 =2n ∈N+.

Then,sinceλ1λ2 =-1andλ2 =2-λ1 ,wehave

1=C1λ1 +C2λ2
2=C1λ21 +C2λ22{ ⇒

λ2 =C1λ1λ2 +C2λ22
2=C1λ21 +C2λ22{

⇒
2-λ1 =-C1 +C2λ22
2=C1λ21 +C2λ22{

⇒C1(1+λ21)=λ1.

Thus,bysymmetriccondition,wehaveC2(1+λ22)=λ2.
So,since1+λ1λ2 =0,wehave

a2n +a2n+1 =C2
1(1+λ21)λ2n1 +C2

2(1+λ22)λ2n2 +

2C1C2(λ1λ2)n(1+λ1λ2)

C1λ2n+1
1 +C2λ2n+1

2 =a2n+1.  

4 Supposethat12acrobatslabeled1 12dividedintotwo
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circlesAandB,withsixpersonsineach.Leteachacrobat
inBstandontheshouldersoftwoadjacentacrobatsofA.We
callitatowerifthelabelofeachacrobatofBisequaltothe
sumofthelabelsoftheacrobatsunderhisfeet.How many
differenttowerscantheymake?

(Remark.Wetreattwotowersasthesameifonecanbe

obtainedbyrotationorreflectionoftheother.Forexample,

thefollowingtowersarethesame,wherethelabelsinsidethe
circlerefertothebottomacrobat,thelabelsoutsidethecircle
referstotheupperacrobat.)

Solution.DenotethesumoflabelsofA andB byxandy,

respectively.Theny =2x.Thus,wehave

3x =x +y =1+2+… +12=78,x =26.

Obviously,1,2∈Aand11,12∈B.DenoteA ={1,2,a,

b,c,d},wherea <b <c <d.Thena+b+c+d =23,and
a ≥3,8≤d ≤10(ifd ≤7,thena+b+c+d ≤4+5+6+

7=22,whichisacontradiction.)
(1)Ifd =8,thenA = {1,2,a,b,c,

8},c≤7,a+b+c=15.Thus,(a,b,c)=

(3,5,7)or(4,5,6),thatis,A = {1,2,

3,5,7,8}orA = {1,2,4,5,6,8}.
IfA ={1,2,3,5,7,8},thenB ={4,

6,9,10,11,12}.SinceBcontains11,4,6and12,thereis

onlyonetowerthat,inA,8and3,3and1,1and5,5and7
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areadjacent.
IfA ={1,2,4,5,6,8},thenB ={3,7,9,10,11,12}.

Similarly,weseethat,inA,1and2,5and6,4and8are
adjacent,respectively.Therearetwoarrangements,thatis,

therearetwotowers.

(2)Ifd =9,thenA ={1,2,a,b,c,9},c ≤8,a+b+

c =14,where(a,b,c)=(3,5,6)or(3,4,7),thatis,A =

{1,2,3,5,6,9}orA = {1,2,3,4,7,9}.
IfA ={1,2,3,5,6,9},thenB ={4,7,8,10,11,12}.

Toobtain4,10and12inB,1,3,and9inA mustbeadjacent

pairwise,itisimpossible!

IfA ={1,2,3,4,7,9},thenB ={5,6,8,10,11,12}.
Toobtain6,8and12inB ,2and4,1and7,9and3mustbe
adjacentinA,respectively.Therearetwoarrangements,that
is,therearetwotowers.

(3)Ifd =10,thenA ={1,2,a,b,c,

10},wherec ≤9,a+b+c =13.Thus,(a,

b,c)= (3,4,6),thatis,A ={1,2,3,4,

6,10}andB = {5,7,8,9,11,12}.To
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obtain8,9,11and12inB,6and2,6and3,10and1,10and

2mustbeadjacent,respectively.Thereisonlyonetower.

Summingup,therearesixdifferenttowersalltogether.  

SecondDay
8:00 12:00,July28,2013

5 Letf(x)= x
1![ ] + x

2![ ] +… + x
2013![ ],where[x]isthe

greatestintegernogreaterthanx.Callanintegerna

goodnumberiftheequationf(x)=nhasarealsolution

x.Findthenumberofgoodnumbersintheset{1,3,

5,...,2013}.

Solution.First,wepointouttwoobviousfacts:

(a)Ifmisapositiveintegerandxisreal,then

x
m[ ] =

[x]
m[ ].

(b)Foranyintegerlandpositiveevennumberm,wehave

2l+1
m[ ] = 2l

m[ ].

Letm =k!(k =1,2,...,2013)in(a)andsummingup,

wehave

f(x)=∑
2013

k=1

x
k![ ] =∑

2013

k=1

[x]
k![ ] =f([x]),

thatis,f(x)=nhasarealsolutionifandonlyiff(x)=nhas

anintegersolution.So,weonlyconsiderxasaninteger.Since

f(x +1)-f(x)= x +1[ ] - x[ ] +∑
2013

k=2

x +1
k![ ] - x

k![ ]æ

è
ç

ö

ø
÷ ≥1,

①
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weseethatf(x)(x ∈Z)ismonotonouslyincreasing.Now,we
findintegersaandb,suchthat

f(a -1)<0≤f(a)<f(a +1)< …

<f(b-1)<f(b)≤2013<f(b+1).

Notethatf(-1)<0=f(0),soa =0.Since

f(1173)=∑
6

k=1

1173
k![ ] =1173+586+195+48+9+1

=2012≤2013,

f(1174)=∑
6

k=1

1174
k![ ] =1174+587+195+48+9+1

=2014>2013,

weseethatb =1173.
Sothegoodnumbersin{1,3,5,...,2013}aretheodd

numbersin

{f(0),f(1),...,f(1173)}.

Letx =2l(l =0,1,...,586)in①.By(b),wehave

2l+1
k![ ] = 2l

k![ ](2≤k ≤2013).

Thus,

f(2l+1)-f(2l)=1+∑
2013

k=2

2l+1
k![ ] - 2l

k![ ]æ

è
ç

ö

ø
÷ =1,

thatis,thereisexactlyoneoddnumberinf(2l)andf(2l+1).

Therefore,thereare11742 =587oddnumbersin{f(0),f(1),

...,f(1173)},thatis,thereare587goodnumbersintheset
{1,3,5,...,2013}.  

6 Letnbeanintegergreaterthan1.Denotethefirstnprimesin
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increasingorderbyp1,p2,...,pn (i.e.,p1 =2,p2 =

3,...).LetA =pp11pp22 …ppnn .Findallpositiveintegersx

suchthatA
xisevenandhasexactlyxdistinctpositivedivisors.

Solution.By2x|A,notethatA =4·pp22 …ppnn .Wemay
supposethatx =2α1pα22 …pαnn ,where0≤α1 ≤1,0≤αi ≤pi

(i =2,3,...,n).Then,wehave

A
x =22-α1pp2-α22 …ppn-αnn .

Hence,thenumberofdifferentdivisorsofA
xis

(3-α1)(p2 -α2 +1)…(pn -αn +1).

Weknowthat

(3-α1)(p2 -α2 +1)…(pn -αn +1)=x =2α1pα22 …pαnn .

①

Byinductiononn,weshallprovethatthearray (α1,

α2,...,αn)satisfying①is(1,1,...,1)(n ≥2).
(1)Ifn =2,then①becomes(3-α1)(4-α2)=2α13α2,

whereα1 ∈ {0,1}.Ifα1 =0,then3(4-α2)=3α2 whichhasno

integersolutionα2.Ifα1 =1,then2(4-α2)=2·3α2.Wehaveα2 =

1.Thus,(α1,α2)=(1,1).Thatis,theconclusionistrueforn =2.
(2)Supposethattheconclusionistrueforn =k-1.(k ≥

3),thenwhenn =k,①becomes

 (3-α1)(p2 -α2 +1)…(pk-1 -αk-1 +1)(pk -αk +1)

=2α1pα22 …pαk-1k-1pαkk .
②

Ifαk ≥2,considering

0<pk -αk +1<pk,

0<pi -αi +1≤pi +1<pk(1≤i ≤k -1),
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weseethattheleft-handsideof②cannotbedividedbypk,but
theright-handside of ② isa multiple ofpk,whichisa
contradiction.

Ifαk =0,then②becomes

 (3-α1)(p2 -α2 +1)…(pk-1 -αk-1 +1)(pk +1)

=2α1pα22 …pαk-1k-1 .
③

Notethatp2,p3,...,pkareoddprime,thus,ontheone
hand,pk +1iseven.Sotheleft-handsideof③iseven.Onthe
otherhand,therightsideof③isodd.Soα1 =1.Butthen3-

α1 =2,sotheleft-handsideof③isamultipleof4,butthe
right-handsideof③isnot,whichisacontradiction.

Bytheaboveargument,wemusthaveαk =1,andin②,

pk -αk +1=pαkk =pk.

Thus,

(3-α1)(p2 -α2 +1)…(pk-1 -αk-1 +1)=2α1pα22 …pαk-1k-1 .

Bytheinductionhypotheses,α1 =α2 = … =αk-1 =1.
Thus,α1 =α2 =… =αk-1 =αk =1,thatis,theconclusion

istrueforn =k.
By(1)and(2),weconcludethat(α1,α2,...,αn)=(1,

1,...,1),sotheintegerrequiredisx =2p2…pn =p1p2…pn.
 

7 Cutoffacornerof2×2unitsquaresfroma3×3unit
squares,theremainingfigureiscalledahorn(Fig.7.1isa
horn).Now,putsomehornswithoutoverlappingona
boardof10×10unitsquares(Fig.7.2)suchthatthe
boundariesofthe horncoincide withthegrid ofthe
board.Findthemaximumofksuchthatwhateverthek
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hornsputontheboard,onecanalwaysputanotherhorn
ontheboard.(posedbyHeYijie)

Fig.7.1
  

Fig.7.2

Fig.7.3

Solution.First,wehavekmax <8,

thisisbecauseofthatifweputeight
hornsasinFig.7.3,thenno more
horncanbeput.

Next,weshowthat,afterputting
any seven horns,there is always
roomforanotherhorn.

Considerfour4×4squaresin
fourcornersof10×10squares.Then any horn can only
intersectoneofthese4×4squares.So,sevenhornsareplaced
on10×10squares.BytheDirichletDrawerTheorem,there
existsa4×4squareSsuchthatthereisatmostonehornHthat
intersectsS,andHcanbecontainedbya3×3squares,soS ∩His

Fig.7.4

containedbya3×3squaresonaconnerofS.
Wecan puta horn onS asshownin

Fig.7.4. 
Summingup,wehavekmax =7.  

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



ChinaSoutheasternMathematicalOlympiad 297  

8 Letn ≥3beinteger.Supposethatα,β,γ ∈ (0,1)and

ak,bk,ck ≥0(k =1,2,...,n)satisfy∑
n

k=1
(k+α)ak

≤α,∑
n

k=1
(k+β)bk ≤βand∑

n

k=1
(k+γ)ck ≤γ.Find

theminimumofλsuchthat∑
n

k=1
(k +λ)akbkck ≤λ.

Solution.Leta1 = α
1+α

,b1 = β
1+β

,c1 = γ
1+γ

,ai,bi,ci =

0(i =2,3,...,n).Weseethatallconditionsaresatisfied.
So,wemusthave

(1+λ) α
1+α

· β
1+β

· γ
1+γ ≤λ,

thatis,

λ ≥
αβγ

(1+α)(1+β)(1+γ)-αβγ
.

Denote αβγ
(1+α)(1+β)(1+γ)-αβγ

=λ0.Wewillshow

that,foranyak,bk,ck,k =1,2,...,n,wehave

∑
n

k=1

(k +λ0)akbkck ≤λ0, ①

whichsatisfiesalltheconditions.
Bytheconditionsoftheproblem,

∑
n

k=1

k +α
α ak·

k +β
β

bk·k +γ
γ ck

æ

è
ç

ö

ø
÷

1
3

≤ ∑
n

k=1

k +α
α ak

æ

è
ç

ö

ø
÷

1
3
· ∑

n

k=1

k +β
β

bk
æ

è
ç

ö

ø
÷

1
3
· ∑

n

k=1

k +γ
γ ck

æ

è
ç

ö

ø
÷

1
3
≤1,

whereweusetheHölder􀆳sInequality:ifxi,yi,zi ≥0(i =1,

2,...,n),then

∑
n

i=1
xiyizi( )

3
≤ ∑

n

i=1
x3

i( ) ∑
n

i=1
y3

i( ) ∑
n

i=1
z3i( ). ②
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Therefore,toprove①,itsufficestoshowthat,fork =1,

2,...,n,wehave

k +λ0
λ0

akbkck ≤
k +α
α

·k +β
β
·k +γ

γ
·akbkck

æ

è
ç

ö

ø
÷

1
3
,

thatis

k +λ0
λ0

akbkck( )
2
3 ≤

(k +α)(k +β)(k +γ)
αβγ

æ

è
ç

ö

ø
÷

1
3

. ③

Infact,

λ0 =
αβγ

1+(α+β+γ)+(αβ+βγ +γα)

≥
αβγ

k2 +(α+β+γ)k +(αβ+βγ +γα)

=
kαβγ

(k +α)(k +β)(k +γ)-αβγ
.

Thus,

k +λ0
λ0

≤
(k +α)(k +β)(k +γ)

αβγ
. ④

Andsince(k+α)ak ≤α,(k+β)bk ≤β,(k+γ)ck ≤γ,we
have

akbkck( )
2
3 ≤

αβγ
(k +α)(k +β)(k +γ)

æ

è
ç

ö

ø
÷

2
3

. ⑤

By④and⑤,weseethatequation③holds,thus①holds.

Summingup,wehaveλmin =λ0 =
αβγ

(1+α)(1+β)(1+γ)-αβγ
.
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InternationalMathematical
Olympiad

2011 (Amsterdam,Holland)

FirstDay
9:00~13:30,July18,2011

1 GivenanysetA = {a1,a2,a3,a4}offourdistinct

positiveintegers,wedenotethesuma1 +a2 +a3 +a4 =

sA.LetnAdenotethenumberofpares(i,j)with1≤i<

j ≤4forwhichai +ajdividessA.FindsallsetsAoffour

distinctpositiveintegerswhichachievethelargestpossible

valueofnA.(posedbyMexico)
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Solution.(BasedonthesolutionbyJinZhaorong)LetsetA =

{a1,a2,a3,a4}offourpositiveintegerswitha1 <a2 <a3 <

a4.Since

1
2sA = 12

(a1 +a2 +a3 +a4)<a2 +a4 <a3 +a4 <sA,

a2 +a4,a3 +a4donotdividesA.Therefore,

nA ≤C24 -2=4.

Ontheotherhand,ifA = {1,5,7,11},nA =4,the

largestpossiblevalueofnAis4.

Next,wewillfindallsetsAoffourpositiveintegerswith

nA =4.

First,weseethata2 +a4,a3 +a4donotdividesA,and

1
2sA ≤max{a1 +a4,a2 +a3}<sA.

Thus, 1
2sA =max{a1 +a4,a2 +a3},

andthen a1 +a4 =a2 +a3.

Bya1 +a3|sA,letsA =k(a1 +a3),wherekisapositive

integer.Andbya1 +a3 <a2 +a3weknowthatk >2.

As2(a2+a3)=sA =k(a1+a3),a2 =12
(ka1+(k-2)a3),

andfrom

a2 = 12
(ka1 +(k -2)a3)<a3,

wehavek <4.Thus,k =3.Consequently,wehave

2(a2 +a3)=2(a1 +a4)=3(a1 +a3)=sA,

fromwhichwecanderivea2 = 12
(3a1 +a3),a4 = 12

(a1 +
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3a3).

Andbya1 +a2|sA,letsA =l(a1 +a2),wehave

3(a1 +a3)=la1 +12
(3a1 +a3)æ

è
ç

ö

ø
÷,

thatis, (6-l)a3 = (5l-6)a1.

Sincea1anda3arepositiveintegersanda1 <a3,l=3,4or5.

Ifl =3,wehavea2 =a3,whichisacontradiction.

Ifl =4,wehavea3 =7a1,consequently,itfollowsthat

a2 =5a1,a4 =11a1.

Ifl =5,wehavea3 =19a1,consequently,wehavea2 =

11a1,a4 =29a1.

Itiseasytoverifythat,whenl =4,5,eachofa1 +a2,

a1 +a3,a1 +a4anda2 +a3dividessA.

Tosum up,allsetsA offourdistinctpositiveintegers

whichachievethelargestpossiblevalueofnA =4areA = {a,

5a,7a,11a},andA = {a,11a,19a,29a},whereaisany

positiveinteger.  

2 LetSbeafinitesetofatleasttwopointsintheplane.

AssumethatnothreepointsofSarecollinear.Awindmill
isaprocessthatstartswithalinelgoingthroughasingle

pointP ∈S.ThelinerotatesclockwiseaboutthepointP
untilthefirsttimethatthelinemeetssomeotherpoint

belongingtoS.Thisprocesscontinuesindefinitely.

ShowthatwecanchooseapointPinSandalinelgoing
throughPsuchthattheresultingwindmilluseseachpoint

ofSasapivotinfinitelymanytimes.(posedbyBritish)

Solution.(BasedonthesolutionbyZhouTianyou)Consider

eachlineℓhasadirection,whichvariescontinuouslywhenthe
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lineℓrotates.First,considerthecasewhen|S|=2k +1
isold.

Intheprocessofawindmill,wesayalineℓisonagood

position,iftherearekpointsofSoneachsideofthelineℓ
whenℓjustleavesonepointofS.

Weconsidertwogoodpositionsareequalifℓpassesthe
sametwopointswiththesamedirection,otherwisetheyare
differentgoodpositions.Itiseasytoseethatthenumberof

goodpositionsisfinitein all windmills.Given a positive
directionsuchasx-axis,denoteallgoodpositionsintheorder
ofclockwiseanglesin[0,2π)byℓ1,ℓ2,...,ℓm.Weproceed
toproveinthreesteps.

Firstly,givenanygoodposition,wecanseethereisat
mostonegoodposition.Sinceifthereweretwogoodpositions
ℓiandℓjthathadthesamedirection,thentheywereparallel
anddidnotcoincide,thenumberontherightsidetothelinesℓi

andℓjshouldbekork-1,itcouldnotbepossibletobothlines
ℓiandℓj.

Secondly,foranypointinS,thereexistssomeℓi passing
throughPasfollows.

TakeanypointP ∈S,andlineℓpassingthroughPbut
notthroughtheotherpointofS.Ifthenumberofpointstothe
rightsideoflineℓiss,thenthenumberofpointstotheleft
sideoflineℓis2k -s.Thedifferenceoftwonumbersis2k -

2s.Now,rotate ℓ aboutP clockwise,withsincreasingor
decreasingby1when ℓispassingapoint,sothat2k -2s
changes2.Whenℓrotates180°,2k -2sbecomesitsopposite
number.Therefore,thereexistsamomentthatanℓofwhich
thenumbersofpointsontwosidesareequal.Denotethelast

passingpointbyQ,thenthereisagoodpositionℓipassingPandQ.
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Thirdly,awindmillstartingfromagoodpositionmeetsthe
requirementoftheproblem.

Withoutlossofgenerality,wemaystartwithℓ1.Andwe
showthatthenextmeetingpointisjustℓ2,sothe windmill
meetsallℓ1andcontinuesinfinitelymanytimes.Bysteptwo,

weknowthateachpointofSisusedasapivotinfinitelymany
times.

Supposethatℓ =ℓ1passingPandQ withPasapivotand
dividingSequallywhenℓ1isjustleavingQ.Supposethatℓmet

pointR nextanduseR asapivot,then ℓremaindividesS
equallywhenℓleavingPwhichisvalidforRonanysideofP.

ThisshowsthatℓisstillagoodpositionwhenitmetRand
denotesthisgoodpositionasℓ'.Itremainstobeshownthat
thereisnogoodpositionbetweenℓandℓ',soℓ' =ℓ2.Sinceif
ℓ2 wasagoodpositionbetweenℓandℓ',takedirectedlineℓ″

passingPandparalleltoℓ2,thenℓ″dividesSequally,sothat
thereareatleastk +1pointsontheleftorrightsideofℓ2,

whichcontradictsthefactthatℓ2isagoodposition.
Now,considerthecase when|S |= 2kiseven.The

argumentaboveisstillvalidwithsuitablerevision.Wesaya
lineℓisonagoodpositioniftherearekpointsofSonthe
rightsideofthelineℓwhenℓjustleavesonepointofS.Then
thefirstandsecondstepscanbeprovensimilarly.Forthethird
step,startingfromagoodposition,wecanshowsimilarlythat
thenextmeetingpointbyℓisstillagoodposition.Theonly
slightdifferencetotheoddcaseistoshowthatthereisnogood

positionbetweenℓ1andℓ2.
Takedirectedlineℓ″passingP andparallelto ℓ2,then

therearekpointsofStotherightofℓ″.Ifℓ2wereontheright
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sidetoℓ″,thentherewouldbenomorethank -2points,soℓ″

wouldnotbeagoodposition.Ifℓ2wereontheleftsidetoℓ″,

thentherewouldbeatleastk +1totherightsidetoℓ″,soℓ″
wouldnotbeagoodposition.Thus,weprovedfortheeven

case.  

3 Letf :R→Rbeareal-valuedfunctiondefinedontheset

ofrealnumbersthatsatisfies

f(x +y)≤yf(x)+f(f(x)) ①

forallrealnumbersxandy.Provethatf(x)=0forall

x ≤0.(posedbyBelarus)

Solution.(BasedonthesolutionbyWuMengxi)

Lety =f(x)-xininequality①,thenwehave

f(f(x))≤ (f(x)-x)f(x)+f(f(x)),

thus,

(f(x)-x)f(x)≥0. ②

Consequently,foranyrealnumberx,wehave

(f(f(x))-f(x))f(f(x))≥0.

Notethatbytakingy =0,①impliesf(x)≤f(f(x)).
Therefore,

f(f(x))≥0,orf(f(x))=f(x)<0. ③

Wefirstshowthatf(x)≤0foranyrealnumberx by
contradiction.Ifthereisarealnumberx0suchthatf(x0)>0,

thenforanyrealnumbery,wehavef(x0 +y)≤yf(x0)+

f(f(x0)).Thus,foranyy <-
f(f(x0))
f(x0)

,wehavef(x0 +y)
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<0.So,foranyrealnumberz<x0-
f(f(x0))
f(x0)

,wehavef(z)

<0.Therefore,forz <min0,x0 -
f(f(x0))
f(x0){ },weseethat

z <0andf(z)<0. ④

Thus,by②,wehave

f(z)≤z <min0,x0 -
f(f(x0))
f(x0){ }≤x0 -

f(f(x0))
f(x0)

.

Consequently,f(f(z))=f(x0+(f(z)-x0))<0.Thus,

by②and④,wehave

f(f(z))=f(z)<0. ⑤

Hence,foranyrealnumbery,by①and⑤,wehave

f(z +y)≤yf(z)+f(f(z))= (y +1)f(z). ⑥

Lety =x0 -zin⑥,then

f(x0)≤ (1+x0 -z)f(z). ⑦

Takingztobesufficientlynegativesuchthat1+x0 -z >

0,then by ⑤ and ⑦,we havef(x0) < 0,whichisa

contradiction.

Therefore,foranyrealnumberx,

f(x)≤0andf(f(x))≤0. ⑧

Lety =-xin①,thenf(0)≤-xf(x)+f(f(x))≤
-xf(x)by⑧.

Thus,weonlyneedtoshowthatf(0)=0,thenforx <0,

f(x)≥0,andby⑧,weprovedf(x)=0forallx ≤0.

Infact,iff(t)=thasnonegativesolution,thenforany
realnumberx,wehave
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f(f(x))≠f(x)andf(f(f(x)))≠f(f(x)). ⑨

Sof(f(x))≥0andf(f(f(x)))≥0by③.Consequently,

f(f(x))=0andf(f(f(x)))=0by⑧.Thatis,f(0)=0.
Iff(t)=thasanegativesolution,weshowthattis

unique.Sinceiftherearetwosolutionst1 <t2 <0,thenby①,

wehave

t2 =f(t2)≤ (t2 -t1)f(t1)+f(f(t1))= (t2 -t1)t1 +t1,

thus (t2 - t1)(1 - t1) ≤ 0,which is a contradiction.
Furthermore,weshowthatthereexistsrealnumberxsuchthat

f(x)≠t(otherwiseforally,t≤yt+t,whichfailswheny <

0),hence⑨holdforthisx.  

SecondDay
9:00~13:30,July19,2011

4 Letn >0beaninteger.Wearegivenabalanceandn
weightsofweight20,21,...,2n-1.Wearetoplaceeach
ofthenweightsonthebalance,oneafteranother,insuch
awaythattherightpanisneverheavierthantheleftpan.
Ateachstep,wechooseoneoftheweightsuntilallofthe
weightsthathavenotyetbeenplacedonthebalanceand

placeitoneithertheleftpanortherightpan,untilallthe
weightshavebeenplaced.
Determinethenumberofwaysinwhichthiscanbedone.
(posedbyIran)

Solution.(BasedonthesolutionbyYaoBowen)Thenumber
ofwaysis(2n -1)!! =1×3×5×… ×(2n -1).

Weprovetheproblembyinductiononn.Thecasen =1is
clear,putoneweightontheleftpan.Hence,thereisonlyone
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way.

Supposethatinthecasen =k,thenumberofwaysis(2k-

1)!!.

Thenforthecasen =k +1,withoutaffectingtheresult,

multiplybothweightsby1/2,thek +1weightsofweightare

1/2,1,2,...,2k-1.Sinceforanypositiveintegerr,wehave

2r >2r-1 +2r-2 +… +1+12 ≥∑
r-1

i=-1
±2i.

The heavier pan is where the heaviest weight is.

Therefore,theheaviestweightonthebalancemustbeonthe

leftpan.Inthefollowing,considerthepositionoftheweight

1/2intheprocession.
(a)Ifwetakeweight1/2first,thenitmustputontheleft

pan.Thentheremainingkweightshave(2k-1)!!waystodo.
(b)Ifwetakeweight1/2atstept =2,3,...,k+1,we

canputiteitherontheleftpanorontherightpanbecauseweight

1/2isthelightestone,sothenumberofwaysis(2k-1)!!

Tosumup,whenn =k+1,therearetotally(2k-1)!! +

k ×(2k-1)!! =(1+2k)(2k-1)!! =(2k+1)!!ways,which

completestheinduction.  

5 Letfbeafunctionfromthesetofintegerstothesetof

positiveintegers.Supposethat,foranytwointegersmand

n,thedifferencef(m)-f(n)isdivisiblebyf(m -n).
Provethat,foranytwointegerswithf(m)<f(n),the
numberisdivisiblebyf(m).(posedbyIran)

Solution.(BasedonthesolutionbyLongZichao)According
totheproblem,wehavef(k)|f(x +k)-f(x),∀x ∈Zfor

anyintegerk ≠0.Consequently,f(k)|f(x +tk)-f(x),
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∀x ∈Z,t∈Z.Sof(k)|f(m)-f(n)foranym,nsuchthat
k|m -n.Thus,

f(n)|f(m +n)-f(m), ①

f(m -(-n))|f(m)-f(-n). ②

Wenowshowthatforanyintegern,f(n)=f(-n).Since
otherwise,withoutlossofgenerality,ifthereisanintegern ≠

0,suchthatf(n)>f(-n)>0,then0 <f(n)-f(-n)<

f(n),whichcontradictsf(n)|f(n)-f(-n).
Therefore,by②,wehave

f(m +n)|f(m)-f(n). ③

If0<f(m)<f(n),thenby③,wehave0<f(m +n)<

f(n).Combining①and③,wehavef(m +n)=f(m).Then
by③,wegettheresultf(m)|f(n).Forf(m)=f(n),the
resultisobvious.  

6 Let△ABCbeanacutetrianglewithcircumcircleΓ.Letl
beatangentlinetoΓ,andletla,lb andlc bethelines

obtainedbyreflectingltothelinesBC,CA andAB,

respectively.Showthatthecircumcircleofthetriangle

formedbylinesla,lb andlcistangenttothecircleΓ.
(posedbyJapan)

Solution.(BasedonthesolutionbyChenLin)LetPbethe

tangentpointofltoΓ.DenotethesymmetricpointsofPto

BC,CA,andABbyPa,PbandPc,respectively.Thesepoints

areoncirclesΓa,ΓbandΓcsymmetrictoΓtoBC,CAandAB,

respectively.Hence,ℓa,ℓbandℓcaretangenttoΓa,ΓbandΓcat

pointsPa,PbandPc,respectively.

Denotela ∩lb =C',lb ∩lc =A',lc ∩la =B'.

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



InternationalMathematicalOlympiad 309  

Fig.6.1

Definetheorientedangleoflinemtolinenby (m,n).
Themagnitudeof (m,n)istheanglerotatedanticlockwise
frommton.

Weconcludethat
(1)PointsPa,PbPcarecollinear.
Infact,themidpointsofPPa,PPb,PPc arethepedal

pointsofPtoBC,CAandAB,respectively.Thepedalpointsare
collinearbySimson􀆳sTheorem.SoPa,PbandPcarecollinear.

(2)Denotethecircumcirclesof△A'PbPc,△B'PcPa and
△C'PaPb byΓ1,Γ2 andΓ3,respectively.Andcircumcirclesof
△A'B'C'byΩ.ThenfourcirclesΓ1,Γ2,Γ3andΩarecopunctal.

Infact,itisjustthe Miquel Theorem for complete

quadrilateralA'PcB'PaC'Pb.DenotethecopunctalpointbyQ.
(3)PointsA,B andC areoncirclesΓ1,Γ2 andΓ3,

respectively.
Infact,circlesΓbandΓcintersectatpointA,andAPc

︵
=

AP︵ =APb
︵.Rotateanangleof (PcA,PbA)aboutpointA,then

Γc →Γb,Pc →Pb,andtangentlinelc →lb.So, (lc,lb)=

(PcA,PbA)and (lc,lb)= (PcA',PbA'),whichmeansfour
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pointsareconcyclic.Thatis,pointAisoncircleΓ1.Similarly,

pointsBandCareoncirclesΓ2andΓ3,respectively.
(4)PointQisoncircleΓ.

BydefinitionofpointQ,

(AQ,BQ)= (AQ,PcQ)+ (PcQ,BQ)

= (APb,PbPc)+ (PcPa,BPa)

= (APb,BPa)

= (APb,AC)+ (AC,BC)+ (BC,BPa)

= (AC,AP)+ (AC,BC)+ (BP,BC)

=2 (AC,BC)- (AP,BP)

= (AC,BC).

Hence,fourpointsA,B,CandQareconcyclic,thatis,

pointQisoncircleΓ.
(5)CircleΓistangenttocircleΩatpointQ.

LetlineQAintersectcircleΩatpointsQandA″,thenwehave

(A″B',B'Q)= (A″B',B'A')+ (A'B',B'Q)

= (A″Q,QA')+ (A'B',B'Q)

= (AQ,A'Q)+ (A'B',B'Q)

= (APc,A'Pc)+ (A'B',B'Q)

= (AB,BPc)+ (A'B',B'Q)

= (AB,BPc)+ (PcB',B'Q)

= (AB,BPc)+ (PcB,BQ)

= (AB,BQ).

ThisshowsthatthedegreesofA″Q︵andAQ︵areequalin

circleΩ.NotethatpointsA,QandA″arecollinear,andpoint

QisthesamepointoncirclesΩandΓ.Therefore,thetangent

linesofthetwocirclesatpointQcoincide.Thatis,thecircles

ΩandΓaretangentatQ.  
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2012 (MarDelPlata,Argentine)

FirstDay
9:00~13:30,July10,2012

1 GiventriangleABC,thepointJ isthecentreofthe
excircleoppositevertexA.Thisexcircleistangenttothe
sideBCatM,andtothelinesABandACatK andL,

respectively.ThelinesLMandBJmeetatF,andthelines
KMandCJmeetatG.LetSbethepointofintersectionof
linesAFandBC,andletTbethepointoftheintersection
oflinesAGandBC.

ProvethatMisthemidpointofST.(Theexcircleof
△ABCoppositethevertexAisthecirclethatistangentto
thelinesegmentBC,totherayABbeyondB,andtothe
rayACbeyondC.)

Solution.Let∠CAB =α,∠ABC =β,∠BCA =γ.SinceAJis

thebisectorof∠CAB,∠JAK = ∠JAL =α/2.Since∠AKL =

∠ALJ =90°,pointsKandLareonthecircleωwithdiameterAJ.

Fig.1.1

SinceBJisthebisectorof∠KBM,wehave∠MBJ =90°-
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β/2.Similarly, ∠CML = γ/2and ∠MCJ = 90° - γ/2.
Consequently,∠LFJ = ∠MBJ - ∠BMF = ∠MBJ - ∠CML
=90°-β/2-γ/2 =α/2 = ∠JAL.Hence,pointFisonthe

circleω.Similarly,pointGisalsoonthecircleω.SinceAJis

thediameterofcircleω,wehave∠AFJ = ∠AGJ =90°.

SegmentsABandBCaresymmetricaboutthebisectorof

externalangleof∠ABC.AndbyAF ⊥BFandKM ⊥BF,we
seethatsegmentsSM andAKaresymmetricaboutBF,SM =

AK.Similarly,TM =AL.AndsinceAK =AL,wehaveSM =

TM,namely,MisthemidpointofST.  

2 Letn ≥3beaninteger,andleta2,a3,...,anbepositive

realnumberssuchthata2a3…an =1.Provethat(1 +

a2)2(1+a3)3…(1+an)n >nn.

Solution.BytheAM GMinequality,wehave

(1+ak)k = 1
k -1+ 1

k -1+… + 1
k -1+ak

æ

è
ç

ö

ø
÷

k

≥kk· 1
k -1
æ

è
ç

ö

ø
÷

k-1

ak

fork =2,3,...,n.

Thus,

 (1+a2)2(1+a3)3…(1+an)n

≥22a2·33 12
æ

è
ç

ö

ø
÷

2

a3·44 13
æ

è
ç

ö

ø
÷

3

a4·…·nn 1
n -1

æ

è
ç

ö

ø
÷

n-1

an

=nn.

Theequalityholdswhenak = 1
k -1

,k =2,...,n,which

isnotthecasesincea2a3…an =1.

Hence,(1+a2)2(1+a3)3…(1+an)n >nn.  
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3 Theliar􀆳sguessinggameisagameplayedbetweentwo

playersA andB.Therulesofthegamedependontwo

positiveintegerskandnwhichareknowntobothplayers.
Atthestartofthegame,AchoosesintegersxandN

with1≤x ≤N.PlayerAkeepsxsecret,andtruthfully
tellsN to player B.Now player B tries to obtain
information aboutx by asking playerA questions as
follows:eachquestionconsistsofBspecifyinganarbitrary
setSofpositiveintegers(possiblyonespecifiedinsome

previousquestion),andaskingA whetherxbelongstoS.
PlayerB mayaskasmanysuchquestionsashewishes.
Aftereachquestion,playerA mustimmediatelyanswerit
withyesorno,butisallowedtolieasmanytimesasshe
wants;theonlyrestrictionisthat,amonganyk +1
consecutiveanswers,atleastoneansweristruthful.

AfterBhasaskedasmanyquestionsashewants,hemust
specifyasetofXofatmostnpositiveintegers.Ifxbelongsto
X,thenBwins;otherwise,heloses.Provethat:

1.Ifn ≥2k,thenBcanguaranteeawin;

2. Forallsufficientlylargek,thereexistsanintegern >

1.99ksuchthatBcannotguaranteeawin.

Solution.Werephrasetheruleofthegameasfollows:Given
twopositiveintegerskandn,playerAtellsafinitesetT ={1,

2,...,N}toplayerBandkeepsoneelementxsecret.Player
BchoosesafinitesubsetSofTandasksplayerA whetherx
belongstoS.PlayerAanswersitwithyesornoandisallowed
tolieatmostconsecutivektimes.Afteraskingfinitequestions,

ifplayerBcanspecifyasubsetofTcontainingxwithatmostn
elements,thenplayerBwins.

(1)IfN >2k,we willshowthatplayerB canalways
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determinesomeelementy ∈Tsuchthaty ≠x.Thus,wecan
restrictN ≤2k.Consequently,ifn ≥2k,thenplayerBwins.

DenoteT = {1,2,...,N},playerBasksplayerAsame

questionktimes:Isx =2k +1?Iftheanswersareallno,then
x ≠2k +1 = y.Onceananswerisyes,thenthenextfirst

questionofplayerBis:Isx ∈ {t ∈Z|1 ≤t ≤2k-1}?IfA
answersyes,thenwehavetofinday ∈{t∈Z|2k-1 +1≤t≤

2k}suchthaty ≠x.IfAanswersno,thenwehavetofinday
∈ {t ∈Z|1≤t≤2k-1}suchthaty ≠x.Inthisway,byeach
answerofplayerA,wecanreducehalfthesizeoftheset
containingy.WhenA answerskquestions,wecanconclude
thatthereisauniquea,1 ≤a ≤2k.Ifa =x,thenAlies
consecutivek +1times.Soy =a ≠x.

(2) We prove that for any1 < λ < 2,ifn =

[(2-λ)λk+1]-1,then playerB cannot guarantee a win.
Specially,takeλ,1.99<λ<2,forsufficientlylargeintegerk,

wehave

n = [(2-λ)λk+1]-1>1.99k,

whichistherequiredconclusion.
PlayerAchoosesT ={1,...,n+1},andchoosesanyx ∈

T.Denotethemaximumnumberofconsecutiveliesbymiwhen

x =i.Anddefineϕ =∑
n+1

i=1λ
mi.ThestrategyofAistochoose

tolieornotsuchthatϕtakesthesmallervalue.Wewillshow
thatϕ <λk+1atanytimewiththestrategystatedabove.Thus
mi ≤kforeachi∈T.SoBcannotdeterminewhetheri=xor
not.Thus,playerBcannotguaranteeawin.

ϕ =min(ϕ1,ϕ2)≤ 12
(ϕ1 +ϕ2)= 12

(λϕ +n +1)

< 12
(λk+2 +(2-λ)λk+1)=λk+1.
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Atthebeginning,mi =0,soϕ =n+1<λk+1.Supposethat

afterseveralanswers,ϕ <λk+1,andB asks:Isx ∈S? The
answer“yes”or “no”correspondingtotwonumbersofϕ,

respectively,isasfollows:ϕ1 =∑i∈S1+∑i∉Sλ
mi+1andϕ2 =

∑i∉S
+∑i∈Sλ

mi+1.Bydefinition,

ϕ =min(ϕ1,ϕ2)≤ 12
(ϕ1 +ϕ2)= 12

(λϕ +n +1)

< 12
(λk+2+(2-λ)λk+1)=λk+1.  

SecondDay
9:00~13:30,July11,2012

4 Findallfunctionsf:Z→Zsuchthat,forallintegersa,b,

cthatsatisfya +b+c =0,thefollowingequalityholds:

 f2(a)+f2(b)+f2(c)

=2f(a)f(b)+2f(b)f(c)+2f(c)f(a).
①

(HereZdenotesthesetofintegers.)

Solution.Leta =b =c =0yield3f2(0)=6f2(0).Hence,

f(0)=0. ②

Letb =-a,c =0yield(f(a)-f(-a))2 =0.Hence,f
isodd,thatis,

f(a)=f(-a),∀a ∈Z. ③

Letb =a,c =-2ayield2f(a)2 +f(2a)2 =2f(a)2 +

4f(a)f(2a).Hence,

f(2a)=0orf(2a)=4f(a),∀a ∈Z. ④

Iff(r)=0forsomer≥1,thenletb=r,c=-a-ryield
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(f(a +r)-f(a))2 =0.Thatis,fisaperiodicfunctionof

periodr:

f(a +r)=f(a),∀a ∈Z.

Especially,f(a)=0,∀a ∈Z,iff(1)=0.Andinthis

case,functionf(a)=0,∀a ∈Z,satisfiesthecondition①.

Nowsupposethatf(1)=k ≠0.Thenby③,f(2)=0,or

f(2)=4k.Iff(2)=0,thenfisaperiodicfunctionofperiod

2:

f(2n)=0,f(2n +1)=k,∀n ∈Z.

Iff(2)=4k ≠0,thenby④,f(4)=0,orf(4)=16k.

Iff(4)=0,thenfisaperiodicfunctionofperiod4,and

f(3)=f(-1)=f(1)=k.Hence,

f(4n)=0,f(4n +1)=f(4n +3)=k,

f(4n +2)=4k,∀n ∈Z.

Iff(4)=16k ≠0,leta =1,b =2,c =-3yieldf(3)2 -

10kf(3)+9k2 =0.

Thus,

f(3)∈ {k,9k}. ⑤

Leta =1,b=3,c=-4yieldf2(3)-34kf(3)+225k2 =0.

Thus,

f(3)∈ {9k,25k}. ⑥

Hence,by⑤and⑥,f(3)=9k.

Nowweshowthatf(x)=kx2,∀x ∈ N,byinduction.

Forx =0,1,2,3,4,wehavef(x)=kx2.Nowsupposethat

f(x)=kx2forx =0,1,...,n(n ≥4),thenleta =n -1,

b =2,c =-n -1in①yield
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f(n +1)∈ {k(n +1)2,k(n -1)2}.

Andleta =n -1,b =2,c =-n -1in①yield

f(n +1)∈ {k(n +1)2,k(n -3)2}.

Thus,f(n+1)=k(n+1)2forn ≥4.Therefore,f(x)=

kx2forallx ∈N.By③,f(x)=kx2forallx ∈Z.
Tosum upalltheabovecases,wenowcheckthefinal

result:

f1(x)=0,f2(x)=kx2,

f3(x)=
0,x ≡0(mod2),

k,x ≡1(mod2),{

f4(x)=

0,x ≡0(mod4),

k,x ≡1(mod2),

4k,x ≡2(mod4).

ì

î

í

ï
ï

ïï

Obviously,f1,f2satisfy①.Forf3,ifa,b,careeven,

thenf(a)=f(b)=f(c)=0satisfy①;iftherearetwoodd
andoneevenina,bandc,thenbothsidesof①areequalto

2k2.
Forf4,sincea +b+c =0,(f(a),f(b),f(c))hasonly

fourcases:(0,k,k),(4k,k,k),(0,0,0)and(0,4k,4k),

obviously,theyallsatisfy①.  

5 Let△ABCbeatrianglewith ∠BCA =90°,andletDbe
thefootofthealtitudefromC.LetX beapointinthe
interiorofthesegmentCD.LetK bethepointonthe
segmentAXsuchthatBK =BC.Similarly,letLbethe

pointonthesegmentBXsuchthatAL =AC.LetMbethe

pointofintersectionofALandBK.
ShowthatMK = ML.
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Solution.LetpointsC'andCbesymmetricoverthelineAB,

andω1andω2becircleswithcentresAandB,radiusALand

Fig.5.1

BK,respectively.SinceAC' =AC
= AL andBC' = BC = BK,

pointsCandC'arebothoncircles
ω1andω2.Since ∠BCA =90°,

linesAC andBC aretangentto
circlesω2andω1,respectively,at

point C. Let K1 be another
intersectionpointoflineAXand
circleω2differenttoK,andL1be
anotherintersectionpointofline
BXandcircleω1differenttoL.

BytheCircle-PowerTheorem,wehave

XK·XK1 =XC·XC' =XL·XL1,

henceK1,L,K,L1arefourconcyclicpointsatcircledenoted

byω3.

ByapplyingCircle-PowerTheoremtocircleω2,wehave

AL2 =AC2 =AK·AK1.

ThisimpliesthelineAListangenttocircleω3atpointL.By
thesimilarargument,lineBKistangenttocircleω3atpointK.

Therefore,MKandMLaretwotangentlinesfrompointM
tocircleω3,thusMK = ML.  

6 Findallpositiveintegersnfor whichthereexistnon-

negativeintegersa1,a2,a3,...,an,suchthat

1
2a1

+ 1
2a2

+… + 1
2an

= 1
3a1

+ 2
3a2

+… + n
3an

=1. ①
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Solution.Supposethatnsatisfiescondition①,thatis,there

existnon-negativeintegersa1 ≤a2 ≤a3 ≤ … ≤an,suchthat

∑
n

i=1
2-ai =∑

n

i=1
i·3-ai =1.

Multiplyingbothsidesofthesecondequalitybyan,and

thentakingmod2,wehave

∑
n

i=1
i = 12n

(n +1)≡1(mod2),

hence,n ≡1,2(mod4).Inthefollowing,weshallshowthat
thisisalsoasufficientcondition.Thatis,nareallintegerssuch
thatn ≡1,2(mod4).

WecallasetoffiniterepeatablepositiveintegersB ={b1,

b2,...,bn}as“feasible”,iftheelementsofBcancorrespond

tonon-negativeintegersa1,a2,...,ansuchthat

∑
n

i=1
2-ai =∑

n

i=1
bi3-ai =1.

NoteanimportantfactthatifBisfeasible,replacingany
elementbofBbytwopositiveintegersuandvwithu+v =3b,

thenthe resulting setB' is also feasible.In fact,ifb
correspondstonon-negativeintegera,wetakebothuandv
corresponding to a + 1,keeping others correspondence
unchanged.Since

2-a-1 +2-a-1 =2-a,

u·3-a-1 +v·3-a-1 =b·3-a,

B'isfeasible.IfB'canbeobtainedbysuchfinitereplacements

fromB,wedenotethembyB B'.Particularly,ifb ∈B,

thenwecanreplacebbyband2b,thus,B B ∪ {2b}.
Weshallshowthatforeachpositiveintegern ≡1,2(mod
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4),Bn ={1,2,...,n}isfeasible.B1isfeasible,sincewecan

takea1 =0.B2isfeasible,sinceB1 B2.IfBnisfeasiblefor

n ≡1(mod4),thensinceBn Bn+1,Bn+1isalsofeasible.

Thus,itsufficestoshowthatBnisfeasibleforn ≡1(mod

4).B5isfeasible,since

B2 {1,3,3} {1,3,4,5} B5.

B9isfeasible,since

B5 {1,2,3,4,6,9} {1,2,3,5,6,7,9} B9\{8} B9.

B13isfeasible,since

B9 {1,2,3,4,5,6,7,9,11,13} B13,

Thelaststepisobtainedbyappending2bseveraltimes.

Appending8,10and12successively,wegetthatB17isfeasible,

since

B6 B5 ∪ {7,11} B8 ∪ {11} B7 ∪ {9,11,15}

B12 ∪ {15} B17\{10,14,16} B17.

Lastly,weshowthatB4k+2 B4k+13foranyintegerk ≥2,

andcompletetheproof.

Bysuccessivelyappending4k+4,4k+6,...,4k+12,we

notethat

(4k +12)/2≤4k +2.

Intheremainingsixoddnumbers4k+3,4k+5,...,4k+

13,denotethenumbersthataremultiplesof3byu1,v1,the

sumoftwoofwhichisamultipleof3byu2,v2andu3,v3.

Thensubstitutebi =13
(ui +vi)byui,vifori=1,2,3.Note

thatbiiseven,soweappendbi/2andgetB4k+13.  
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2013 (SantaMarta,Colombia)

FirstDay
9:00~13:30,July23,2013

1 Provethatforanypairofpositiveintegerskandn,there

existkpositiveintegersm1,m2,...,mk(notnecessarily
different)suchthat

1+2
k -1
n = 1+ 1m1

æ

è
ç

ö

ø
÷ 1+ 1m2

æ

è
ç

ö

ø
÷… 1+ 1mk

æ

è
ç

ö

ø
÷. ①

(posedbyJapan)

Solution.Method1.Byinductiononk,thecaseofk =1is

trivial.Supposethatthepropositionistruefork =j -1,we

showthatthecaseofk =jisalsotrue.

Ifnisodd,thatis,n =2t-1forsomepositiveintegert,

notethat

1+
2j -1
2t-1=

2(t+2j-1 -1)
2t

· 2t
2t-1

= 1+
2j-1 -1

t
æ

è
ç

ö

ø
÷ 1+ 1

2t-1
æ

è
ç

ö

ø
÷,

andbythehypothesisofinduction,wecanfindm1,...,mj-1

suchthat

1+
2j-1 -1

t = 1+ 1m1

æ

è
ç

ö

ø
÷ 1+ 1m2

æ

è
ç

ö

ø
÷… 1+ 1

mj-1

æ

è
ç

ö

ø
÷.

Thus,weneedonlytotakemj =2t-1.

Ifniseven,thatis,n =2tforsomepositiveintegert,note
that
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1+
2j -1
2t =

2t+2j -1
2t+2j -2

·2t+2j -2
2t

= 1+ 1
2t+2j -2

æ

è
ç

ö

ø
÷ 1+

2j-1 -1
t

æ

è
ç

ö

ø
÷

and2t+2j -2>0,bythehypothesisofinduction,wecanfind
m1,...,mj-1suchthat

1+
2j-1 -1

t = 1+ 1m1

æ

è
ç

ö

ø
÷ 1+ 1m2

æ

è
ç

ö

ø
÷… 1+ 1

mj-1

æ

è
ç

ö

ø
÷.

Thus,weneedonlytotakemj =2t+2j -2.
Method2.Considerthebinaryexpansionoftheremainders

ofmod2kofnand-n:

n -1≡2a1 +2a2 +… +2ar(mod2k),

where0≤a1 <a2 < … <ar ≤k -1,and

-n ≡2b1 +2b2 +… +2bs(mod2k),

where0≤b1 <b2 < … <bs ≤k -1.
Since

-1≡20 +21 +… +2k-1(mod2k),

wehave

 {a1,a2,...,ar}∪ {b1,b2,...,bs}

= {0,1,...,k -1},andr+s =k.

For1≤p ≤r,1≤q ≤s,wedenote

Sp =2ap +2ap+1 +… +2ar,

Tq =2b1 +2b2 +… +2bq.

AnddefineSr+1 =T0 =0.Notethat

S1 +Ts =2k -1

andn +Ts ≡0(mod2k).Wehave
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1+2
k -1
n =n +S1 +Ts

n

=n +S1 +Ts

n +Ts
·n +Ts

n

=∏
r

p=1

n +Sp +Ts

n +Sp+1 +Ts
·∏

s

q=1

n +Tq

n +Tq-1

=∏
r

p=1
1+

2ap

n +Sp+1 +Ts

æ

è
ç

ö

ø
÷·∏

s

q=1
1+

2bq

n +Tq-1

æ

è
ç

ö

ø
÷.

Thus,iffor1 ≤ p ≤r,1 ≤ q ≤s,definemp =

n +Sp+1 +Ts

2ap
andmr+q =

n +Tq-1

2bq
,thenwegettherequired

equality.Weneedonlytoprovethatallmiareintegers.For1
≤p ≤r,weknowthat

n +Sp+1 +Ts ≡n +Ts ≡0(mod2ap).

Andfor1≤q ≤s,wehave

n +Tq-1 ≡n +Ts ≡0(mod2bq),

whichobtainstheconclusion.

Method3.Foranya(≠0,-1),wehave

1+1a
æ

è
ç

ö

ø
÷ 1+ 1

a +1
æ

è
ç

ö

ø
÷ =

1+1a
2

æ

è

ç
ç

ö

ø

÷
÷. ②

Werewritetheleft-handsideof ① intheform ofthe

productof2k -1fractions:

n +2k -1
n = 1+1n

æ

è
ç

ö

ø
÷ 1+ 1

n +1
æ

è
ç

ö

ø
÷ 1+ 1

n +2
æ

è
ç

ö

ø
÷…

1+ 1
n +2k -3

æ

è
ç

ö

ø
÷ 1+ 1

n +2k -2
æ

è
ç

ö

ø
÷.

③

Fortheevenn,groupingsuccessivelytheright-handsideof
③inpairsfromthelefttotherightandbyusing② wegetthe
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formofproductof2k-1fractions:

1+1n
2

æ

è

ç
ç

ö

ø

÷
÷
1+ 1

n
2 +1

æ

è

ç
ç

ö

ø

÷
÷
… 1+ 1

n
2 +2k-1 -2

æ

è

ç
ç

ö

ø

÷
÷

æ

è

ç
ç

ö

ø

÷
÷ 1+ 1

n +2k -2
æ

è
ç

ö

ø
÷.

④

Fortheevenn,groupingtheright-handsideof③inpare

fromtherighttotheleftandbyusing②,wegettheformof

productof2k-1fractions:

1+1n
æ

è
ç

ö

ø
÷

æ

è

ç
ç
1+ 1

n +1
2

æ

è

ç
ç

ö

ø

÷
÷
1+ 1

n +1
2 +1

æ

è

ç
ç

ö

ø

÷
÷
…

1+ 1
n +1
2 +2k-1 -3

æ

è

ç
ç

ö

ø

÷
÷ 1+ 1

(n +1)/2+2k-1 -2
æ

è
ç

ö

ø
÷

ö

ø

÷
÷ .

⑤

Repeatingtheabovegroupingprocesstothefractionsin

bigparenthesesof④and⑤k -2times,respectively,wewill

gettheformoftheright-handsideof①.  

2 A configuration of4027pointsinthe planeiscalled

Colombianifitconsistsof2013redpointsand2014blue

points,and nothree pointsoftheconfiguration are

collinear.Bydrawingsomelines,theplaneisdividedinto

severalregions.Anarrangementoflinesisgoodfora

Colombianconfigurationifthefollowingtwoconditions

aresatisfied:
● Nolinepassesthroughanypointoftheconfiguration.
● Noregioncontainspointsofbothcolours.

Findtheleastvalueofksuchthatforany Colombian

configurationof4027points,thereisagoodarrangement

ofklines.(posedbyAustralia)
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Solution1.Theanswerisk =2013.
Firstly,weshowthatk ≥2013withanexample.Wemark

2013redpointsand2013bluepointsonacirclealternatively.
Thenthereare4026arcsonthecirclewithdifferentendpoint
colours.Markanotherpointinblueontheplane.Ifklinesis

good,theneacharcintersectswithsomelineandanyline
intersectsthecircleatmosttwopoints,hencethereareatleast
4026/2=2013lines.

In the following,we show thatthere exists a good
arrangementof2013lines.

First,notethatfortwopointsA andB withthesame
colour,wecanseparatethesetwopointswithothersbydrawing
twosufficientnearparallellinestoABoneachsideofAB.

LetPbetheconvexhullofallcolouredpoints.Taketwo
adjacentverticesofP,saypointsAandB.Thenotherpoints
arelocatedononesideoflineAB.Ifoneofthemisred,sayA.
ThenwecandrawonelinetoseparateAwithotherpoints.The
remaining2012redpointscanbegroupedin1006pairs;each

pairofredpointscanbeseparatedbytwolines.Soalltogether
2013linesmeettherequirement.IfAandBareallblue,then
theycanbeseparatedwithotherverticesbyusingaline.The
remaining2012bluepointscanbegroupedin1006pairs;each

pairofbluepointscanbeseparatedby2lines.Soalltogether
2013linesmeettherequirements.

Solution2.Wehaveamoregeneralresultasfollows.
Supposetherearenpointsinredorblueonaplane,andno

threeofthemarecollinear.Thenthereexist[n/2]linesthat
meettherequirements.

Proof.Weprovebyinduction.Theconclusionisobviousifn≤

2.Forn ≥3,consideralineℓpassingpointsAandB,such
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thattheremainingpointsareononesideoflineℓ.Bythe
hypothesesofinduction,theremainingpointshave[n/2]-1
linesthatmeettherequirements.

IfAandBhavethesamecolourorindifferentcoloursbut
areseparatedbyaline,wecanseparateA andB withother

pointsbyalineparallelto ℓ.Thus,[n/2]lines meetthe
requirements.IfAandBareindifferentcoloursbutbothina
regionR,thentheremainingpointsintheregionRdonothave
acolour,say,blue,wecandrawalinetoseparatetheblue

pointofAorB withotherpoints.Thus,the[n/2]linesmeet
therequirementsandcompletetheinduction.  

Remark:Wecanaskageneralproblemthatsubstitutes
2013and2014byanypositiveintegersm andn,respectively,

m ≤n.Denotedthesolutiontothegeneralproblembyf(m,n).
Wecanobtainthatm ≤f(m,n)≤m +1bytheideaof

Solution1.Andifmiseven,thenf(m,n)=m.Ontheother
hand,forthecasethatmisodd,thenthereisanN,suchthat
foranym ≤n ≤N,wehavef(m,n)=m,andforanyn >N,

wehavef(m,n)=m +1.

Fig.3.1

3 Supposethattheexcircleof
△ABCoppositethevertexA
touchesthesideBC atthe

pointA1.Definethepoints
B1 on CA and C1 on AB
analogously by using the
excirclesoppositetoBandC,

respectively.Supposethatthe
circumcentreof△A1B1C1lies
on the circumcircle of
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△ABC.Provethat△ABCisright-angled.(Theexcircle
of△ABCoppositethevertexAisthecirclethattouched

thelinesegmentBCtotherayABbeyondBandtotheray
ACbeyondC.TheexcirclesoppositeBandCaresimilarly
defined.)(posedbyRussia)

Solution.Denotethecircumcirclesof△ABCand△A1B1C1by

ΩandG,respectively.LetA0bethemidpointofarcBC︵onΩ

containingpointA.PointsB0andC0aredefinedanalogously.

LetQbethecentreofcircleG,thenQisonΩbythehypothesis

oftheproblem.First,wegivethefollowinglemma.

Lemma.A0B1 = A0C1.PointsA,A0,B1 andC1 are

concyclic.

IfpointsA0 and A coincide,then △ABC isisosceles

triangle,thusAB1 = AC1.Otherwise,A0B = A0C bythe

definitionofA0.Itisevidentthat

BC1 =CB1 = 12
(b+c-a)æ

è
ç

ö

ø
÷,

and

∠C1BA0 = ∠ABA0 = ∠ACA0 = ∠B1CA0.

Thus, △A0BC1 ≌ △A0CB1. ①

So,wehaveA0B1 =A0C1.

Also,by ①,we have ∠A0C1B = ∠A0B1C,hence
∠A0C1A = ∠A0B1A.Thus,pointsA,A0,B1 andC1 are

concyclic.

Obviously,pointsA1,B1andC1areonasemi-arcofΓ,

thus△A1B1C1isanobtuse-angledtriangle.Withoutlossof

generality,wemaysupposethat∠A1B1C1isobtuseangle,then

pointsQandB1areondifferentsidesofA1C1.Obviously,so
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arepointsBandB1,hence,pointsQandBareonthesameside

ofA1C1.

NotethattheperpendicularbisectorofA1C1intersectswith
GattwopointswhichareondifferentsidesofA1C1.Bythe

aboveargument,B0andQareamongtheintersectionpoints,

andB0andQ areonthesamesideofA1C1.SoB0 = Q,as
showninthediagram.

Bythelemma,linesQA0 and QC0 are perpendicular

bisectorsofB1C1andA1B1,respectively,andA0andC0are

midpointsofarcsCBandBA,respectively.Therefore,

∠C1B0A1 = ∠C1B0B1 + ∠B1B0A1 =2∠A0B0B1 +2∠B1B0C0

=2∠A0B0C0 =180°- ∠ABC.

Ontheotherhand,bythelemmaoncemore,wehave

∠C1B0A1 = ∠C1BA1 = ∠ABC.

Hence,∠ABC =180°- ∠ABC,so ∠ABC =90°.This

completestheproof.  

SecondDay
9:00~13:30,July24,2013

4 Let△ABCbeanacute-angledtrianglewithorthocenter

H,andletW beapointonthesideBC,lyingstrictly
betweenBandC.ThepointsMandNarethefeetofthe

altitudesfromB andC,respectively.Denotebyω1the

circumcircleof△BWN,andletXbethepointontheω1

suchthatWXisthediameterofω1.Analogously,denote

byω2thecircumcircleof△CWM,andYbethepointon

ω2suchthatWYisadiameterofω2.ProvethatX,Yand
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Fig.4.1

Harecollinear.(posedby
Thailand)

Solution. Let AL be the

altitudetosideBC,andZbethe
intersectionpointofcirclesω1

andω2otherthanW.Weshow
thatpointsX,Y,ZandH are
collinear.

PointsB,C,M andN are
concyclic(denotethecircleby
ω3)since ∠BNC = ∠BMC =

90°.WZ,BN andCM intersectatapointsincetheyarethe
radicalaxisofω1andω2,ω1andω3,ω2andω3,respectively.
AndsinceBNandCMintersectatA,WZpassesthroughA.

∠WZX = ∠WZY =90°sinceWXandWYarethediameters
ofω1andω2,respectively.Thus,pointsXandYareontheline
lperpendicularfromZtoWZ.

So,pointsB,L,H andN areconcyclicsince∠BNH =

∠BLH =90°.BytheCircle-PowerTheorem,

AL·AH =AB·AN =AW·AZ. ①

IfpointH isonthelineAW,thenH andZ coincide.
Otherwise,by①,wehave

AZ
AH = AL

AW.

Thus,△AHZ ∽△AWL,consequently,∠HZA = ∠WLA =

90°,hence,pointHisalsoonlinel.  

5 LetQ+bethesetofallpositiverationalnumbers.Letf:

Q+→ R be a function satisfying the following three
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conditions:
(i)forallx,y ∈Q+,wehavef(x)f(y)≥f(xy);
(ii)forallx,y ∈Q+,wehavef(x+y)≥f(x)+f(y);
(iii)thereexistsarationalnumbera >1suchthatf(a)=a.

Provethatf(x)= xforallx ∈ Q+.(posedby
Bulgaria)

Solution.Letx =1,y =ain(i),wehave

f(1)≥1. ①

By(ii)andinductiononn,wehave

f(nx)≥nf(x),"n ∈Z+ (thesetofallpositiveintegers),

"x ∈Q+. ②

Takingx =1in②,wehave

f(n)≥nf(1)≥n."n ∈Z+. ③

By(i)onceagain,wehave

f m
n

æ

è
ç

ö

ø
÷f(n)≥f(m),"m,n ∈Z+. ④

Hence,by③and④,wehave

f(q)>0,"q ∈Q+. ⑤

Thenby(ii)and⑤,fisstrictlyincreasing,and

f(x)≥f(x)≥x >x -1,"x ∈Q+,x >1. ⑥

By(i)andinductiononn,wehave

fn(x)≥f(xn),"n ∈Z+ ,"x ∈Q+, ⑦

Thus,by⑥and⑦,wehave

fn(x)≥f(xn)>xn -1,"x ∈Q+,x >1. ⑧

Thenby⑧,wehave
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f(x)>
n
xn -1,"n ∈Z+,"x ∈Q+,x >1. ⑨

Takingthelimitasntendstotheinfinityin⑨,wehave

f(x)≥x "x ∈Q+,x >1. ⑩

By(iii),⑦and⑩,wehavean =fn(a)≥f(an)≥an.

Thus,

f(an)=an. (11)

Forallx ∈Q+,x >1,wemaychoosen ∈Z+,suchthat

an -x >1.By(11),(ii)and⑩,wehave

an =f(an)≥f(x)+f(an -x)≥x +(an -x)=an.

Therefore,

f(x)=xforallx ∈Q+,x >1. (12)

Lastly,forallx ∈Q+,andforalln ∈Z+,by(12),(i)and

②,wehave

nf(x)=f(n)f(x)≥f(nx)≥nf(x),

"n ∈Z+,n >1."x ∈Q+, (13)

thatis,

f(nx)=nf(x),"n ∈Z+,n >1,"x ∈Q+, (14)

Takingx =m/nforallm ≤n ∈Z+,n >1,wehave

f m
n

æ

è
ç

ö

ø
÷ =f(m)

n = m
n.

Thatis,f(x)=xforallx ∈Q+,x ≤1.  

Remark.Theconditionf(a)=a >1isessential.Infact,for

b ≥1,functionf(x)=bx2satisfies(i)and(ii)forallx,y ∈

Q+,andfhasauniquefixedpoint1b ≤1.
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6 Supposethatintegern ≥3,andconsideracirclewithn+

1equally spaced points marked on it. Consider all
labellingsofthesepointswiththenumbers0,1,...,n
suchthateachnumberisusedexactlyonce;twosuch
labellingsareconsideredtobethesameifonecanbe
obtainedfromtheotherbyarotationofthecircle.A
labellingiscalledbeautifulif,foranyfourlabelsa <b<

c <d witha +d =b +c,thechord(a,d)doesnot
intersectthechord(b,c).
LetMbethenumberofbeautifullabellings,andletNbe
thenumberofchords(x,y)suchthatx <y,x +y ≤n
andgcd(x,y)=1.ProvethatM = N +1.(posedby
Russia)

Solution1.Notethatthedistancebetweenmarkedpointsdoes

notmatter.Theintersectionofthechordsonlydependsonthe
orderofthepoints.Foracirculationofpermutationof[0,n]

= {0,1,...,n},wecallachord(x,y)ak-chordifx +y =

Fig.6.1

k.Ifx =y,thenthechorddegenerates.
Wecallthreedisjointchordsareinorder
ifachordpartsothertwochords,e.g.,

inFig.6.1,chordsA,B andC arein
orderbutchordsB,CandDnot.Wecall
m ≥3disjointchordsareinorder,ifany
threechordsareinorder.

AuxiliaryLemma.Inabeautifullabelling,allk-chordsarein
orderforanyintegerk.

Proof.Weproveitbyinductiononn.Thelemmaistrivialfor
n ≤3.Forn ≥4,supposethattherewereabeautifullabelling
S,suchthatthreek-chordsA,BandCwerenotinorder.Ifn
isnottheendpointofchordsA,BandC,wecandeletethe
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pointnandobtainabeautifullabellingS\{n}of[0,n-1].By
thehypothesisofinduction,chordsA,BandCareinorder.
Similarly,If0isnottheendpointofchordsA,BandC,we
candeletethepoint0,andminuseachlabellingby1,sowe
obtain a beautifullabelling S\{0}.By the hypothesis of
induction,chordsA,B andC arein order,which is a
contradiction.Thus,0andnmustappearamongtheendpoints
n-chordsofA,BandC.Supposethatchords(0,x)and(y,n)

areamongA,BandC.Thenn ≥0+x =k =n+y ≥n,thus
x =nandy =0.Thatis,(0,n)isoneofn-chordsofA,Band
C.Withoutlossofgenerality,supposethatC = (0,n).

Fig.6.2

LetchordD = (u,v)beadjacent
andparalleltochordC,seeFig.6.2,

anddenotet =u +v.Ift =n,then
n-chordsA,BandDarenotinorder
inthe beautifullabellingS\{0,n},

which contradictsthe hypothesis of
induction.Ift<n,thent-chord(0,t)

doesnotintersectD,thenchordCis
apartpointtandchordD.Andn-chordE =(t,n-t)doesnot
intersectchordC.So,pointstandn-tareonthesamesideofC.
ButchordsA,BandEarenotinorder,whichisacontradiction.

Lastly,sincethe mappingofxton -x conservesthe
beautifulnessofacircularpermutation,at-chordmapsto(2n-

t)-chord,thatis,t >nequivalentstot <n.Thus,wehave

provedtheauxiliarylemma.
Inthefollowing,weprovetheproblembyinductiononn.

Thecaseofn =2istrivial.Letn ≥3,andSbeabeautiful

permutationof[0,n].TisobtainedbydeletingninS.All
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n-chordsinTareinorder,theirendpointsincludenumbers[0,

n-1].WecallsuchTisoffirstkindif0islocatedbetweentwo

n-chords,otherwise,wecallsuchTisofsecondkind.Weshall

showthateachfirstkindofbeautifulpermutationof[0,n-1]

correspondstoexactonebeautifulpermutationof[0,n].And

eachsecondkindofpermutationof[0,n -1]correspondsto

exactlytwobeautifulpermutationsof[0,n].
IfTisofthefirstkind,supposethat0locatesonthearc

betweenchordsAandB.SincechordsA,(0,n)andchordsB
inSareinorder,nmustlocateontheotherarcbetweenchords

AandB.Thus,wecanretrieveSfromT uniquely.Onthe

otherhand,foreachTofthefirstkind,wecanaddninthe

above manner to obtain S. We shall show that cyclic

permutationSmustbebeautiful.

For0<k <n,thek-chordofSisalsothek-chordofT,so
k-chordsareinorder.

IfTisofthesecondkind,thenthepositionofntothe

correspondingShastwopossibilities,thatis,nadjacientto0on

eitherside.Similarly,wecan checkthatS isa beautiful

permutationof[0,n].
Denotethetotalnumberofbeautifulpermutationof[0,n]

by Mn,thetotalnumberofthesecond kind ofbeautiful

permutationof[0,n -1]byLn.Thenwehave

Mn = (Mn-1 -Ln-1)+2Ln-1

= Mn-1 +Ln-1.

Itsufficestoshow thatLn-1 isthenumberofpositive

integerpairs(x,y)withtheconstraintsx +y =nandgcd(x,

y)=1.

Forn ≥3,define
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φ(n)= #{x:1≤x ≤n,gcd(x,n)=1}.

WeshallshowthatLn-1 =φ(n).Considerasecondkindof
beautifulpermutationof[0,n-1],marknumbers0,...,n-

1clockwiseonthecirclesuchthatnumber0coincideswiththe

position0.Denotethenumberofpositioniasf(i).Suppose
thatf(a)=n -1.

Sinceeachnumberof[1,...,n -1]isatanendpointof
n-chord,andalln-chordsareinorder,bythedefinitionofthe
secondkind,(1,n -1)isann-chord.Thus,alln-chordsare

parallel.Thatis,f(i)+f(n -i)=nfori =1,...,n -1.
Similarly,sinceall(n-1)-chordsareinorderandeachpointis

anendpointofan(n -1)-chord,all(n -1)-chordsareparallel.
Thus,f(i)+f(mod(a-i,n))=n-1fori =1,...,n-1.

Therefore,f(-i)=f(mod(a-i,n)+1.Consequently,

bytakingi=a,2a,...,(n-1)asuccessively,andf(0)=0,

wehave

f(-ak)=mod(k,n),k =0,1,2,...,(n -1). ①

Sincefisapermutation,wemusthavegcd(a,n)=1.
Thatis,Ln-1 ≤φ(n).Toshowthattheequalityholdsfor①,

weneedonlytoshowthatthepermutationfgivenby ①is
beautiful.Toseethis,weconsiderfournumbersw,x,yandz
onthecirclesatisfyingw +y =x +z.Theircorresponding
positionsonthecirclesatisfy(-aw)+(-ay)≡ (-ax)+(-

az)mod(n),thatis,thechord(w,y)andchord(x,z)are

parallel.Thus,thepermutation①isbeautiful,andisofthe
secondkindbyconstruction.  

 M
at

he
m

at
ic

al
 O

ly
m

pi
ad

 in
 C

hi
na

 (
20

11
–2

01
4)

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 O

F 
SI

N
G

A
PO

R
E

 o
n 

05
/0

6/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



336  MathematicalOlympiadinChina

2014
(CapeTown,The
RepublicofSouth
Africa)

FirstDay
9:00~13:30,July8,2014

1 Leta0 <a1 <a2 < …beaninfinitesequenceofpositive

integers.Provethatthereexistsauniquepositiveinteger

nsuchthat

an <
a0 +a1 +… +an

n ≤an+1.

(postedbyAustria)

Solution.Definedn =(a0 +a1 +… +an)-nan,n =1,2,....

Notethat

nan+1 -(a0 +a1 +… +an)

= (n +1)an+1 -(a0 +a1 +… +an +an+1)

=-dn+1.

So,theproblemisequivalenttoprovethatthereexistsa

uniquepositiveintegernsuchthatdn >0≥dn+1.

Weseethatd1 = (a0 +a1)-1·a1 =a0 >0,and

dn+1 -dn = ((a0 +a1 +… +an)-nan+1)-

((a0 +a1 +… +an)-nan)

=n(an -an+1)<0,

thatis,{dn}isastrictlydecreasingsequenceofintegerswith

thefirstterm beingpositive.Hence,thereexistsaunique

positiveintegern,suchthatdn >0≥dn+1.  
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Remark.Itisessentiallyanintermediatetheoremindiscrete

form.

2 Letn ≥2beaninteger.Considerann ×nchessboard

consistingofn2unitsquares.Aconfigurationofnrooks

onthisboardispeacefulifeveryrowandeverycolumn

containsexactly onerook.Findthe greatestpositive

integerksuchthatforeachpeacefulconfigurationofn
rooks,thereisanemptyk×ksquarewithoutanyrookson

anyofitsk2unitsquares.(posedbyCroatia)

Solution.Weshallshowthattheansweriskmax =[n -1]by
twosteps.Letlbeapositiveinteger.

(1)Ifn>l2,thenthereexistsanemptyl×lsquareforany

peacefulconfiguration.
(2)Ifn ≤l2,thenthereexistsapeacefulconfiguration,

suchthateachl×lsquareisnotempty.

Proofof(1).ThereisarowR withfirstcolumnhasarook.

TakesuccessivelylrowscontainingrowR,whicharedenoted

byU.Ifn >l2,thenl2 +1≤n,andfromcolumn2tocolumn

l2 +1inU,containingll×lsquareswhichhaveatmostl-1

rooks.So,atleastonel×lsquareisempty.

Proofof (2).Forn = l2,we shallfind a peaceful

configurationwhichhasnoemptyl ×lsquare.Welabelthe

rowsfrombottomtotopandthecolumnsfromlefttorightboth

by0,1,...,l2 -1.Sodenoteby(r,c)theunitsquareatthe

rowrandcolumnc.

Weputarookat(il+j,jl+i)fori,j =0,1,2,...,

l-1.Thefigurebelowshowsthecaseforl =3.Sinceeach

numberbetween0tol2 -1canbewrittenuniquelyintheform
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Fig.2.1

ofil+j,(0≤i,j ≤l-1),sucha
configurationispeaceful.

Foranyl ×lsquareA,suppose
thatthelowestrowofAisrowpl+

q,0≤p,q ≤l-1(sincepl+q ≤

l2 -l).ThereisonerookinAbythe
configuration,andthecolumnlabels
oftherookmaybeql+p,(q+1)l+

p,...,(l-1)l+p,p +1,l+(p +

1),...,(q-1)l+p+1.Rearrangethesenumbersinincreasing
orderto

p +1,l+(p +1),...,(q-1)l+p +1,ql+p,
(q+1)l+p,...,(l-1)l+p.

Thenthefirstnumberislessthanorequaltol,thelastis

greaterthanorequalto(l-1)landthedifferencebetweentwo

adjacentnumbersisl.Therefore,thereexistsonerookinA.

Forthecaseofn <l2,considertheconfigurationabove,

butdeletel2 -ncolumnsandrowsfromtherightandfromthe

bottom,respectively,wegetanl×lsquare.Thus,weobtain
ann ×nsquare,wherethereisnoemptyl×lsquare.Butsome

rowsandcolumnsmaybeempty.Wecanputrooksatthecross

squaresofempty rowsand columnsto obtainthe desired

peacefulconfiguration.  

Remark.Theanswercouldalsobeintheformof n -1.

3 AconvexquadrilateralABCDhas∠ABC = ∠CDA =90°.
PointHisthefootoftheperpendicularfromAtoBD.

PointsSandTlieonsidesABandAD,respectively,such
thatH liesinside△SCT and ∠CHS - ∠CSB =90°,
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∠THC - ∠DTC =90°.
ProvethatlineBD istangenttothecircumcircle of
△TSH.(posedbyIran)

Solution.SupposethatthelinepassingCandperpendicularto

lineSCintersectslineABatpointQ,seethefigurebelow.Then
∠SQC =90°- ∠BSC =180°- ∠SHC.

Hence,pointsC,H,S andQ areconcyclic withSQ its
diameter.Therefore,thecircumcentreKof△SHCisonlineAB.In
thesamemanner,thecircumcentreLof△CHTisonlineAD.

Fig.3.1

ToshowthatlineBD istangenttothecircumcircleof
△TSH,itsufficestoshow thattheintersection pointof

perpendicularbisectorsofHSandHTisonlineAH.Butthe

perpendicularbisectorsarejusttheanglebisectorsof ∠AKH
and ∠ALH,respectively.By the Internal Angle Bisector

Theorem,itsufficestoshowthat

AK
KH = AL

LH. ①

Inthefollowing,wewillgivetwoproofsof①.

Proof1.LetMbetheintersectionpointoflinesKLandHC,

seethefigurebelow.

256  MathematicalOlympiadinChina

  BytheCosineLaw,

DF2 =BD2 +BF2 -2BD·BFcosB

=2y2 1-
(y +z)2 +(x +y)2 -(x +z)2

2(x +y)(y +z)








=
4xy2z

(x +y)(y +z).

Thus

KF ×HD
FH ×DK =

4xyz
CF(x +y)

· 4xyz
AD(y +z)

DF
ADx·DF

CFz

=
16xy2z

DF2(x +y)(y +z)
=4.

ApplingPtolemy􀆳􀆳sTheoremtocyclicquadrilateralDKHF,

wehave

KF·HD =DF·HK +FH·DK.

CombiningwithKF ×HD
FH ×DK =4,weobtainFD ×HK

FH ×DK =3.

Fig.3.2

Solution2.First we prove a

lemma.

Lemma.AsshowninFig.3.2.

IfthecircletouchesABandACat
B andC,respectively,Q isa

pointonthecircle.AQintersects
the circle at point P,then
wehave

PQ·BC =2BP·QC =2BQ·PC.

Proofofthelemma.ByPtolemy􀆳􀆳sTheorem,weseethat

PQ·BC =BP·QC +BQ·PC.
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Fig.3.2

SinceKH =KCandLH =

LC, points H and C are
symmetricoverlineKL.Thus,

Misthemid-pointofHC.Let
O bethecircumcentre ofthe

quadrilateralABCD.Hence,Ois
the mid-point of AC and
consequentlyOM ‖AH,therefore
OM ⊥ BD.FurtherbyOB =

OD,we see thatOM isthe

perpendicularbisectorofBD,thusBM =DM.

SinceCM ⊥KL,pointsB,C,MandKareconcyclicwithKC,

thediameter.Similarly,pointsL,C,MandDareconcyclicwith

LC,thediameter.So,bytheSineTheorem,wehave

AK
AL =sin∠ALK

sin∠AKL =DM
CL

·CK
BM =CK

CL = KH
LH

,

thatis,①.

Proof2.IfpointsA,HandCarecollinear,thenAK =AL,KH
=LH,thus①follows.Else,letωbethecirclepassingA,H
andC.SinepointsA,B,CandDareonacircle

∠BAC = ∠BDC =90°- ∠ADH = ∠AHD.

LetN ≠Abetheotherintersectionpointofthecircleω
andthebisectorof ∠CAH,thenAN isalsothebisectorof
∠BAD.SincepointsHandCaresymmetricoverlineKL,and
HN =NC,weseethatpointNandthecentreofωarebothon

lineKL.Thatis,thecircleωistheApolloniuscircleofpoints

KandL,thus①follows.  

Remark.Problem3hasanextensionbytheproblemselection
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committeeasfollows.

ForaconvexquadrilateralABCD,pointsSandTareon

sidesABandAD,respectively.AndpointHislocatedinthe

innerpartof△SCT,satisfying ∠BAC = ∠DAH,∠CHS -

∠CSB =90°and∠THC - ∠DTC =90°.

Thenthe circumcentre of △TSH is on AH and the

circumcentreof△SCTisonAC.  

SecondDay
9:00~13:30,July9,2014

4 PointsPandQlieonsideBCofacute-angled△ABCsothat
∠PAB = ∠BCAand∠CAQ = ∠ABC.PointsMandNlieon

linesAPandAQ,respectively,suchthatPisthemidpointof

AM,andQisthemidpointofAN.ProvethatlinesBMandCN
intersectonthecircumcircleof△ABC.(posedbyGeorgia)

Solution.LetSbetheintersectionpointoflinesBMandCN,

seethefigurebelow.Denoteβ= ∠QAC = ∠CBA,γ = ∠PAB
= ∠ACB,thenwecanseethat△ABP ∽ △CAQ,thus

BP
PM =BP

PA =AQ
QC = NQ

QC.

By∠BPM =β +γ = ∠CQN,△BPM ∽ △NQC,thus
∠BMP = ∠NCQ.Consequently,△BPM ∽ △BSC,thus
∠CSB = ∠BPM =β+γ =180°- ∠BAC.  

5 Foreachpositiveintegern,thebankofCapeTownissues

coinsofdenomination1n.Givenafinitecollectionofsuch

coins(ofnotnecessarydifferentdenominations)withtotal
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Fig.5.1

valueatmost99+ 12
,prove

thatitispossibletosplitthis
collectioninto100orfewer

groups,suchthateachgroup
hastotalvalueat most1.
(posedbyLuxembourg)

Solution. We shall prove a

general conclusion: for any
positiveintegerN,givenafinite

collectionofsuchcoinswithatotalvalueatmostN -12
,prove

thatitispossibletosplitthiscollectionintoNorfewergroups,

suchthateachgrouphasatotalvalueofatmost1.

Ifsomecoinshavetotalvalueof1/k (kisa positive

integer),wereplacethesecoinsbyonecoinofvalue1/k,which

doesnotaffecttheproblem.Inthisway,foreacheveninteger

k,atmostonecoinhasvalueof1/k(otherwise,twosuchcoins

maybereplacedbyonecoinofvalue2/k);foreachoddinteger

k,atmost(k -1)coinsofvalue1/k,(otherwise,ksuchcoins

canbereplacedbyonecoinofvalue1).So,wemaysuppose

thatthereisnomorereplacementcanbemakeforthecoins.

Firstwetakeeachcoinofvalue1asagroup.Supposethere

ared < Nsuchgroups.Iftherearenoothercoins,thenthe

problemissolved.Otherwise,takecoinofvalue1/2asagroup
(d +1)ifthereisany.Letm = N -d ≥1.Thenforeach

integerkin2,...,m,takecoinsofvalue1/(2k-1)andvalue

1/(2k)ingroup(d +k)ifthereareany,inwhichthetotal

valuedoesnotexceed(2k-2)/(2k-1)+1/(2k)<1.Forcoins

ofvaluelessthan1/(2m),ifthereareany,wecanputthemin
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somegroup(d +j)suchthatthetotalvalueislessthan1(since
ifeachgroup(d +j)hasvaluegreaterthan1-1/(2m),then
thetotalvaluewillbegreaterthand +m(1-1/(2m))=m +

d -1/2=N -1/2).Repeatthisprocedurefinitetimes,all
coinsareputinNorfewergroupswitheachgroupofvalueat
mostone.  

6 Asetoflinesintheplaneisingeneralpositionifnotwo
ofthemareparallelandnothreeofthempassthroughthe
samepoint.Asetoflinesingeneralpositioncutsthe

planeintoregions,someofwhichhavefinitearea;we
callthem finiteregions.Provethatforallsufficiently
largen,inanysetofnlinesingeneralposition,itis

possibletocolouratleast nofthelinesinbluesuchthat
noneofitsfiniteregionshasacompletelyblueboundary.
(posedbyAustria)

Solution.LetBbethemaximalsetoflinessuchthatnofinite

regionhascompletelyblueboundary.Let|B|=k,andcolour
theothern -klinesinred.Foreachredlineℓ,thereisas
leastonefiniteregionA whoseuniqueredsideliesonℓ.We
sayapointisredifitistheintersectionpointofredandblue
lines.Andwesayapointisblueifitistheintersectionpointof
twobluelines.DenotetheverticesofAclockwiseby(p1,p2,

...,ps)withpointp1inredandp2inblue.Thenwesaythe
redlineℓcorrespondstotheredpointp1andbluepointp2.
Nowwearetoshowthatanybluepointcanbecorrespondedto

atmosttworedlines.(Ifthisistrue,thenn-k ≤2k
2

æ

è
ç

ö

ø
÷⇔n ≤

k2.)

Weproveitbycontradiction.Ifnot,supposethatthere
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arethreeredlinesℓ1,ℓ2andℓ3correspondtoabluepointb,

andthecorrespondingredpointsonredlinesℓ1,ℓ2andℓ3
arer1,r2andr3,respectively.Letbbetheintersectionpointof
twobluelines.Withoutlossofgenerality,wemaysupposethat
sides(r2,b)and(r3,b)areononeofthetwobluelines,and
(r1,b)isthesideofregionAontheotherblueline.SinceA
hasonlyoneredside,A mustbeatriangle△r1br2.Butthen
redlinesℓ1andℓ2passr2,andabluelinealsopassesr2,which
isacontradiction.  
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