
ស�ុតី
និង

េសរ៊ ី



េបǿ 51+x + 51−x,
a
2

និង 25x + 25−x ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ បİƟ ញ▫ a ≥ 12 ។

ល�ំត់ទី១

ដំេ�ះ��យ

េគŌន 51+x + 51−x,
a
2

, 25x + 25−x

ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ

េគģន 2 × a
2
=
(

51+x + 51−x
)
+
(
25x + 25−x)

a = 5 · 5x + 5 · 5−x + 52x + 5−2x

″ង t = 5x =⇒ t > 0

េគģន a = 5t +
5
t
+ t2 +

1
t2

=

(
t2 +

1
t2

)
+ 5

(
t +

1
t

)
=

[(
t − 1

t

)2

+ 2

]
+ 5

[(√
t − 1√

t

)2

+ 2

]

=

(
t − 1

t

)2

+ 5
(√

t − 1√
t

)2

+ 12 ≥ 12

ដូចេនះ a ≥ 12

ចំេĵះចំនួនពិតវǤជąŌន ខុសពីមួយ x, y, z េបǿ 1, logy x, logz y,−15 logx z ďតួតýĖ ៃនសƃǶ ីតនពƃនŉ ។

បİƟ ញ▫ x = z3 ។

ល�ំត់ទី២

ដំេ�ះ��យ

េគŌន 1, logy x, logz y,−15 logx z

ďតួតýĖ ៃនសƃǶ ីតនពƃនŉ

″ង d ďផលសងរួមៃនសƃǶ ីតនពƃនŉេនះ

េគģន logy x = 1 + d =⇒ x = y1+d

logz y = 1 + 2d =⇒ y = z1+2d

− 15 logx z = 1 + 3d =⇒ z = x−(1+3d)/15

េគģន x = y1+d = (z1+2d)1+d = z(1+d)(1+2d)

=
(

x−(1+3d)/15
)(1+d)(1+2d)

= x−(1+d)(1+2d)(1+3d)/15

Ĝំឱŏ 1 =
(1 + d)(1 + 2d)(1 + 3d)

15
(1 + d)(1 + 2d)(1 + 3d) = −15

6d3 + 11d2 + 6d + 16 = 0

(d + 2)(6d2 − d + 8) = 0

េŢយ 6d2 − d + 8 > 0∀d ∈ R

េគģន d + 2 = 0 ⇐⇒ d = −2

Ĝំឱŏ z = x5/15 = x1/3 ⇐⇒ x = z3

ដូចេនះ x = z3

២



េគŌនបីចំនួនពិតវǤជąŌន a, b, c ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ និង abc = 4 ។ រកតៃមžអបġរŌៃន b ។

ល�ំត់ទី៣

ដំេ�ះ��យ

េគŌន ចំនួនពិតវǤជąŌន a, b, c ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ

″ង d ďផលសងរួមៃនសƃǶ ីតនពƃនŉេនះ

េគģន a = b − d និង c = b + d

េគŌន 4 = abc = (b − d)b(b + d)

= b(b2 − d2) = b3 − bd2

=⇒ b3 = 4 + bd2 ≥ 4 េŪĵះ b > 0, d2 ≥ 0

េគģន b3 ≥ 4 =⇒ b ≥ 3
√

4

ដូចេនះ តៃមžអបġរŌៃន b គឺ 3
√

4

គណĜផលបូក
14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · ·+ n4

(2n − 1)(2n + 1)
។

ល�ំត់ទី៤

ដំេ�ះ��យ

″ង ak =
k4

(2k − 1)(2k + 1)
=

1
4
× 4k4

4k2 − 1
=

1
4
× 4k4 − k2 + k2

4k2 − 1

=
1
4
× k2(4k2 − 1) + k2

4k2 − 1
=

1
4

k2 +
1
4
× k2

4k2 − 1

=
1
4

k2 +
1
16

× 4k2 − 1 + 1
4k2 − 1

=
1
4

k2 +
1

16
+

1
16

× 1
4k2 − 1

=
1
4

k2 +
1
16

+
1

16
× 1

(2k − 1)(2k + 1)

=
1
4

k2 +
1
16

+
1

32

(
1

2k − 1
− 1

2k + 1

)

េគģន
14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · ·+ n4

(2n − 1)(2n + 1)
=

n

∑
k=1

ak

=
n

∑
k=1

[
1
4

k2 +
1

16
+

1
32

(
1

2k − 1
− 1

2k + 1

)]

=
1
4

n

∑
k=1

k2 +
1
16

n

∑
k=1

1 +
1

32

n

∑
k=1

(
1

2k − 1
− 1

2k + 1

)
៣



=
1
4

(
n(n + 1)

2

)2

+
1

16
n +

1
32

(
1
1
− 1

2n + 1

)

=
n2(n + 1)2

16
+

n
16

+
n

16(2n + 1)

ដូចេនះ
14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · ·+ n4

(2n − 1)(2n + 1)
=

n2(n + 1)2

16
+

n
16

+
n

16(2n + 1)

រកតៃមžអតិបរŌៃនផលបូកេស៊រǪ 20 + 19
1
3
+ 18

2
3
+ 18 + · · · ។ (សŌð ល់ 19

1
3

ďចំនួនចŪមǶះ)

ល�ំត់ទី៥
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ផលបូកេស៊រǪ 20 + 19
1
3
+ 18

2
3
+ 18 + · · ·

ŌនតៃមžអតិបរŌនŁល₧តួនីមួយៃនេស៊រǪេនះďចំនួនវǤជąŌន

″ង ak+1 ďតួទី k + 1 ៃនេស៊រǪ

េគģន ak+1 = 20 − k +
k
3
= 20 − 2

3
k

រក k េដǿមġីឱŏ ak+1 > 0

េគģន 20 − 2k
3

> 0 ⇐⇒ k < 30

ែត k ďចំនួនគត់មិនអវǤជąŌន Ĝំឱŏ k = 29

េគģនតៃមžអតិបរŌនៃនផលបូកៃនេស៊រǪគឺ

a0 + a1 + a2 + · · ·+ a30

=
29

∑
k=0

ak+1

=
29

∑
k=0

(
20 − 2

3
k
)

=
29

∑
k=0

20 − 2
3

29

∑
k=0

k

= 20 × 30 − 2
3
× 29 × 30

2
= 310

ចំេĵះចំនួនពិតវǤជąŌន a និង r ចូរគណĜផលបូក n តួដំបូងៃនសƃǶ ីត log a, log(ar), log(ar2), . . . ។

ល�ំត់ទី៦
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″ង Sn = log a + log(ar) + log(ar2) + · · ·+ log(arn−1)

= log a + (log a + log r) + (log a + log r2) + · · ·+ (log a + log rn−1)

= n log a + log r + 2 log r + 3 log r + · · ·+ (n − 1) log r

៤



= n log a + [1 + 2 + 3 + · · ·+ (n − 1)] log r

= n log a +
n(n − 1)

2
log r =

1
2

n log a2 +
1
2

n log rn−1 =
1
2

n log arn−1

″ង Sn ďផលបូក n តនួមីួយៗៃនសƃǶ តីនពƃនŉេនះďចំនួនវǤជąŌន និងផលសងរួម d ែដល d = Sn − kSn−1 + Sn−2 ។

ចូររកតៃមžៃនចំនួនពិត k ។

ល�ំត់ទី៧
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″ង an ďតួទូេĉៃនសƃǶ ីតនពƃនŉេនះ

េគŌន an = Sn − Sn−1

េហǿយ an−1 = Sn−1 − Sn−2

Ĝំឱŏ an − an−1 = (Sn − Sn−1)− (Sn−1 − Sn−2)

= Sn − 2Sn−1 + Sn−2

ែត ផលសងរួមៃនសƃǶ ីតនពƃនŉ d = an − an−1

េគģន d = Sn − 2Sn−1 + Sn−2

េគឱŏ d = Sn − kSn−1 + Sn−2

Ĝំឱŏ Sn − kSn−1 + Sn−2 = Sn − 2Sn−1 + Sn−2

=⇒ k = 2

ដូចេនះ k = 2

េគឱŏ a, b, c ďចំនួនពិតវǤជąŌន និងďតៃមžៃនតួទី x, y, z េរȄងýĖ ៃនសƃǶ ីតធរណីŌŪតមួយ។

ចូរគណĜ (y − z) log a + (z − x) log b + (x − y) log c ។

ល�ំត់ទី៨
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″ង p ďតៃមžៃនតួទី 1 និងផលេធȄបរួម q

េគģន a = pqx−1, b = pqy−1, c = pqz−1

Ĝំឱŏ (y − z) log a + (z − x) log b + (x − y) log c

= log ay−z + log bz−x + log cx−y

= log
(
ay−z · bz−x · cx−y)

= log
[(

pqx−1
)y−z

·
(

pqy−1
)z−x

·
(

pqz−1
)x−y

]
= log

[
py−zq(x−1)(y−z)pz−xq(y−1)(z−x)px−yq(z−1)(x−y)

]
៥



= log
[

py−z+z−x+x−y · q(x−1)(y−z)+(y−1)(z−x)+(z−1)(x−y)
]

= log
(

p0 · qxy−zx−y+z+yz−xy−z+x+zx−yz−x+y
)

= log
(

q0
)
= log 1 = 0

ដូចេនះ (y − z) log a + (z − x) log b + (x − y) log c = 0

េគឱŏតួទី p + q ៃនសƃǶ ីតធរណីŌŪតមួយគឺ a ែដល និងតួទី p − q គឺ b ែដល a > 0, b > 0, p, q ďចំនួនគត់ និង

p > q ។ គណĜតៃមžៃនតួទី p ៃនសƃǶ ីតេនះ។

ល�ំត់ទី៩
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″ង x ďតួទីមួយ និង y ďផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះ

េគģន a = tp+q = xyp+q−1 (1)

និង b = tp−q = xyp−q−1 (2)

យក (1) ែចក (2) េគģន 
a
b
=

xyp+q−1

xyp−q−1 = y2q

=⇒ y =
( a

b

) 1
2q ជំនួសកĖǶង (1)

េគģន a = x
( a

b

) p + q − 1
2q

=⇒ x = a
(

b
a

) p + q − 1
2q

េĜះតួទី p ៃនសƃǶ ីតធរណីŌŪតេនះគឺ

tp = xyp−1 = a
(

b
a

) p + q − 1
2q ·

( a
b

) p − 1
2q

= a1− p+q−1
2q +

p−1
2q × b

p+q−1
2q − p−1

2q

= a
2q−p−q+1+p−1

2q × b
p+q−1−p+1

2q

= a
1
2 b

1
2 =

√
ab

ដូចេនះ តួទី p គឺ tp =
√

ab

េគឱŏសƃǶ ីតធរណីŌŪតមួយែដលŌនតួទី n ″ងេŢយ an និង an > 0, ∀n ∈ N ។ េបǿ
100

∑
k=1

a2k = α និង

100

∑
k=1

a2k−1 = β រកផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះ។

ល�ំត់ទី១០

៦



ដំេ�ះ��យ

េគŌន α =
100

∑
k=1

a2k

= a2 + a4 + a6 + · · ·+ a200

= a1r + a1r3 + a1r5 + · · ·+ a1r199

= a1r(1 + r2 + r4 + · · ·+ r198) (1)

េហǿយ β =
100

∑
k=1

a2k−1

= a1 + a3 + a5 + · · ·+ a199

= a1 + a1r2 + a1r4 + · · ·+ a1r198

= a1(1 + r2 + r4 + · · ·+ r198) (2)

យក (1) ែចក (2) េគģន
α

β
= r

ដូចេនះ ផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះគឺ r =
α

β

គណĜផលបូក n តួដំបូងៃនសƃǶ ីត
1
2

,
3
4

,
7
8

,
15
16

, ... ។

ល�ំត់ទី១១
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េគŌន a1 =
1
2
= 1 − 1

2

a2 =
3
4
= 1 − 1

22

a3 =
7
8
= 1 − 1

23

a4 =
15
16

= 1 − 1
24

.....................................

an = 1 − 1
2n

េគģន Sn =
n

∑
k=1

ak =
n

∑
k=1

(
1 − 1

2k

)

=
n

∑
k=1

1 −
n

∑
k=1

1
2k

= n −

1
2

(
1 − 1

2n

)
1 − 1

2

= n −
(

1 − 1
2n

)
= n − 1 +

1
2n

ដូចេនះ Sn = n − 1 +
1
2n

គណĜផលបូកៃនេស៊រǪ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · · ែដល |x| < 1 ។

ល�ំត់ទី១២

៧
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េគŌន ak =
x2k−1

1 − x2k =
1 + x2k−1 − 1(

1 − x2k−1
) (

1 + x2k−1
) =

1
1 − x2k−1 −

1
1 − x2k

េគģន Sn =
n

∑
k=1

ak =
n

∑
k=1

(
1

1 − x2k−1 −
1

1 − x2k

)

=

(
1

1 − x
− 1

1 − x2

)
+

(
1

1 − x2 − 1
1 − x22

)
+ · · ·+

(
1

1 − x2n−1 −
1

1 − x2n

)

=
1

1 − x
− 1

1 − x2n

Ĝំឱŏ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · · = lim
n→+∞

Sn = lim
n→+∞

(
1

1 − x
− 1

1 − x2n

)
=

1
1 − x

− 1 =
x

1 − x

េŪĵះ |x| < 1 ⇐⇒ −1 < x < 1 ⇐⇒ lim
n→+∞

x2n
= 0

ដូចេនះ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · · = x
1 − x

គណĜផលបូក 
3

1 · 2
· 1

2
+

4
2 · 3

·
(

1
2

)2

+
5

3 · 4
·
(

1
2

)3

+ · · ·+ n + 2
n(n + 1)

·
(

1
2

)n
។

ល�ំត់ទី១៣
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េគŌន
k + 2

k(k + 1)
·
(

1
2

)k
=

2(k + 1)− k
k(k + 1)

·
(

1
2

)k
=

(
2
k
− 1

k + 1

)(
1
2

)k
=

1
k
·
(

1
2

)k−1

− 1
k + 1

·
(

1
2

)k

េគģន
3

1 · 2
· 1

2
+

4
2 · 3

·
(

1
2

)2

+
5

3 · 4
·
(

1
2

)3

+ · · ·+ n + 2
n(n + 1)

·
(

1
2

)n

=
n

∑
k=1

[
k + 2

k(k + 1)
·
(

1
2

)k
]

=
n

∑
k=1

[
1
k
·
(

1
2

)k−1

− 1
k + 1

·
(

1
2

)k
]

=

[
1 − 1

2
·
(

1
2

)]
+

[
1
2
·
(

1
2

)
− 1

3
·
(

1
2

)2
]
+ · · ·+

[
1
n
·
(

1
2

)n−1

− 1
n + 1

·
(

1
2

)n
]

៨



= 1 − 1
n + 1

·
(

1
2

)n

ដូចេនះ
3

1 · 2
· 1

2
+

4
2 · 3

·
(

1
2

)2

+
5

3 · 4
·
(

1
2

)3

+ · · ·+ n + 2
n(n + 1)

·
(

1
2

)n
= 1 − 1

n + 1
·
(

1
2

)n

ចំេĵះចំនួនពិត y ̸= 1 េគŌន (1 − y)(1 + 2x + 4x2 + 8x3 + 16x4 + 32x5) = 1 − y6 ។

ចូរគណĜតៃមžៃន
y
x

។

ល�ំត់ទី១៤

ដំេ�ះ��យ

េគŌន (1 − y)(1 + 2x + 4x2 + 8x3 + 16x4 + 32x5) = 1 − y6

(1 − y)×
[

1 − (2x)6

1 − (2x)

]
= 1 − y6

Ĝំឱŏ តៃមžែដលƫចេកǿតŌនៃន y គឺ y = 2x ⇐⇒ y
x
= 2

ដូចេនះ
y
x
= 2

េគឱŏ a, b, c ďចំនួនពិតវǤជąŌន។ រកតៃមžតូចបំផុតៃនកេនƙម alog b−log c + blog c−log a + clog a−log b ។

ល�ំត់ទី១៥
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″មវǤសមļពកូសុី េគģន

alog b−log c + blog c−log a + clog a−log b ≥ 3
3
√

alog b−log c · blog c−log a · clog a−log b (1)

″ង x = alog b−log c · blog c−log a · clog a−log b

=⇒ log x = log
(

alog b−log c · blog c−log a · clog a−log b
)

= log alog b−log c + log blog c−log a + log clog a−log b

= (log b − log c) log a + (log c − log a) log b + (log a − log b) log c

= log a log b − log a log c + log b log c − log a log b + log a log c − log b log c = 0

Ĝំឱŏ log x = 1 ⇐⇒ x = 1

៩



″ម (1) េគģន alog b−log c + blog c−log a + clog a−log b ≥ 3

ដូចេនះ តៃមžតូចបំផុតៃន alog b−log c + blog c−log a + clog a−log b គឺ 3

គណĜផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5 ។

ល�ំត់ទី១៦

ដំេ�ះ��យ

″ង S199 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិពី 1 ដល់ 199

S3 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកŢច់នឹង 3

S5 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកŢច់នឹង 5

S15 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកŢច់នឹង 15

S ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5

េគģន S = S199 − S3 − S5 + S15

េŢយ S199 = 1 + 2 + 3 + · · ·+ 199 =
199 × 200

2
= 19900

S3 = 3 + 6 + 9 + · · ·+ 198 =
66
2

× (3 + 198) = 6633

S5 = 5 + 10 + 15 + · · ·+ 195 =
39
2

× (5 + 195) = 3900

S15 = 15 + 30 + 45 + · · ·+ 195 =
13
2

× (15 + 195) = 1365

Ĝំឱŏ S = S199 − S3 − S5 − S15 = 19900 − 6633 − 3900 + 1365 = 10732

ដូចេនះ ផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5 េសŊ ǿនឹង 10732

គណĜ
n

∑
i=1

i

∑
j=1

j

∑
k=1

1 ។

ល�ំត់ទី១៧
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ដំេ�ះ��យ

េគŌន
n

∑
i=1

i

∑
j=1

j

∑
k=1

1 =
n

∑
i=1

i

∑
j=1

j =
n

∑
i=1

[
i(i + 1)

2

]
=

1
2

n

∑
i=1

(
i2 + i

)
=

1
2

[
n(n + 1)(2n + 1)

6
+

n(n + 1)
2

]

=
n(n + 1)

12
(2n + 1 + 3) =

n(n + 1)(n + 2)
6

ដូចេនះ
n

∑
i=1

i

∑
j=1

j

∑
k=1

1 =
n(n + 1)(n + 2)

6

គណĜផលបូកៃនេស៊រǪ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · ។

ល�ំត់ទី១៨

ដំេ�ះ��យ

″ង ak =
4k + 1

5k · k(k − 1)
, k ≥ 2

=
5k − (k − 1)
5k · k(k − 1)

=
1

5k−1 · (k − 1)
− 1

5k · k

េគģន Sn =
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · ·+ 4n + 1

5n · n(n − 1)
=

n

∑
k=2

ak

=
n

∑
k=2

[
1

5k−1 · (k − 1)
− 1

5k · k

]

=

(
1
5
− 1

52 · 2

)
+

(
1

52 · 2
− 1

53 · 3

)
+ · · ·+

(
1

5n−1 · (n − 1)
− 1

5n · n

)

=
1
5
− 1

5n · n

Ĝំឱŏ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · = lim

n→+∞
Sn = lim

n→+∞

(
1
5
− 1

5n · n

)
=

1
5

ដូចេនះ ផលបូកៃនេស៊រǪ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · = 1

5

១១



ចំេĵះចំនួនគត់េសស n ≥ 1 គណĜផលបូក n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · ·+ (−1)n−113 ។

ល�ំត់ទី១៩

ដំេ�ះ��យ

េគŌន n ďចំនួនគត់េសស Ĝំឱŏ n − 1 ďចំនួនគត់គូ េគģន (−1)n−1 = 1

េគģន n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · ·+ (−1)n−113

= n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · ·+ 13

= n3 + (n − 1)3 + (n − 2)3 + · · ·+ 13 − 3
[
(n − 1)3 + (n − 3)3 + (n − 5)3 + · · ·+ 43 + 23

]

=

[
n(n + 1)

2

]2

− 2 × 23

[(
n − 1

2

)3

+

(
n − 3

2

)3

+ · · ·+ 33 + 23 + 13

]

=
n2(n + 1)2

4
− 16

[
1
2

(
n − 1

2

)(
n − 1

2
+ 1
)]2

=
n2(n + 1)2

4
− 4

[
(n − 1)(n + 1)

4

]2

=
n2(n + 1)2

4
− (n − 1)2(n + 1)2

4

=
(n + 1)2

4

[
n2 − (n − 1)2

]
=

(2n − 1)(n + 1)2

4

ដូចេនះ n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · ·+ (−1)n−113 =
(2n − 1)(n + 1)2

4

េគឱŏ p, q, r ďចំនួនពិតវǤជąŌនែដល 27pqr ≥ (p + q + r)3 និង 3p + 4q + 5r = 12 ។

គណĜតៃមžៃន p3 + q4 + r5 ។

ល�ំត់ទី២០

ដំេ�ះ��យ

េគŌន 27pqr ≥ (p + q + r)3 (1)

ែត″មវǤសមļពកូសុី p + q + r ≥ 3 3
√

pqr ⇐⇒ 27pqr ≤ (p + q + r)3 (2)

១២



″ម (1) និង (2) េគģន 27pqr = (p + q + r)3

េĜះ″មវǤសមļពកូសុី សមļពេកǿតŌនŁល₧ p = q = r

ែតេŢយ 3p + 4q + 5r = 12 ⇐⇒ p = q = r = 1

េគģន p3 + q4 + r5 = 1 + 1 + 1 = 3

ដូចេនះ p3 + q4 + r5 = 3

គណĜផលបូក Sn =
1

1 + 12 + 14 +
2

1 + 22 + 24 +
3

1 + 32 + 34 + · · ·+ n
1 + n2 + n4 ។

ល�ំត់ទី២១

ដំេ�ះ��យ

េគŌន ak =
k

1 + k2 + k4 =
k

(1 + k2)2 − k2 =
k

(1 − k + k2)(1 + k + k2)
=

1
2

(
1

1 − k + k2 − 1
1 + k + k2

)

=
1
2

[
1

1 + (k − 1) + (k − 1)2 − 1
1 + k + k2

]
, k ≥ 2

េគģន Sn =
1

1 + 12 + 14 +
2

1 + 22 + 24 +
3

1 + 32 + 34 + · · ·+ n
1 + n2 + n4

=
1

1 + 12 + 14 +
n

∑
k=2

ak

=
1
3
+

1
2

n

∑
k=2

[
1

1 + (k − 1) + (k − 1)2 − 1
1 + k + k2

]

=
1
3
+

1
2

[(
1

1 + 1 + 12 − 1
1 + 2 + 22

)
+

(
1

1 + 2 + 22 − 1
1 + 3 + 32

)
+ · · ·

· · ·+
(

1
1 + (n − 1) + (n − 1)2 − 1

1 + n + n2

)]

=
1
3
+

1
2

(
1
3
− 1

1 + n + n2

)

=
1
2
− 1

2(1 + n + n2)
=

1 + n + n2 − 1
2(1 + n + n2)

=
n(n + 1)

2(n2 + n + 1)

ដូចេនះ Sn =
n(n + 1)

2(n2 + n + 1)

១៣



េបǿ
+∞

∑
n=1

xn−1 = a និង
+∞

∑
n=1

yn−1 = b ែដល |x| < 1, |y| < 1 ។ គណĜ
+∞

∑
n=1

(xy)n−1 ďអនុគមន៍ៃន a, b ។

ល�ំត់ទី២២

ដំេ�ះ��យ

េគŌន a =
+∞

∑
n=1

xn−1 = 1 + x + x2 + x3 + · · · = 1
1 − x

=⇒ 1 − x =
1
a
=⇒ x = 1 − 1

a
=

a − 1
a

េហǿយ b =
+∞

∑
n=1

yn−1 = 1 + y + y2 + y3 + · · · = 1
1 − y

=⇒ 1 − y =
1
b
=⇒ y = 1 − 1

b
=

b − 1
b

េគģន
+∞

∑
n=1

(xy)n−1 = 1 + (xy) + (xy)2 + (xy)3 + · · · = 1
1 − xy

=
1

1 − a − 1
a

× b − 1
b

=
ab

ab − (a − 1)(b − 1)

=
ab

ab − ab + a + b − 1
=

ab
a + b − 1

ដូចេនះ
+∞

∑
n=1

(xy)n−1 =
ab

a + b − 1

េបǿ λ =
+∞

∑
i=1

1
i4 ។ គណĜ

+∞

∑
i=1

1
(2i − 1)4 ďអនុគមន៍ៃន λ ។

ល�ំត់ទី២៣

ដំេ�ះ��យ

េគŌន λ =
+∞

∑
i=1

1
i4 = 1 +

1
24 +

1
34 +

1
44 + · · ·

េគģន
+∞

∑
i=1

1
(2i − 1)4 = 1 +

1
34 +

1
54 +

1
74 + · · ·

=

(
1 +

1
24 +

1
34 +

1
44 + · · ·

)
−
(

1
24 +

1
44 +

1
64 + · · ·

)

= λ − 1
24

(
1 +

1
24 +

1
34 + · · ·

)
= λ − 1

16
λ =

15
16

λ

១៤



ដូចេនះ
+∞

∑
i=1

1
(2i − 1)4 =

15
16

λ

រកតៃមžអបġរŌៃនកេនƙម 8sin x
8 + 8cos x

8 ។

ល�ំត់ទី២៤

ដំេ�ះ��យ

″មវǤសមļពកូសុី េគģន

8sin x
8 + 8cos x

8 ≥ 2
√

8sin x
8 × 8cos x

8

ែត 8sin x
8 × 8cos x

8 = 8sin x
8+cos x

8

= 8
√

2 cos( x
8−

π
4 )

= 23
√

2 cos( x
8−

π
2 )

តៃមžធំបំផុតៃន 23
√

2 cos( x
8−

π
2 ) គឺ 23

√
2 = 2

3
√

2
2

េគģន 8sin x
8 + 8cos x

8 ≥ 2 × 2
3
√

2
2

ឬ 8sin x
8 + 8cos x

8 ≥ 2
3
√

2+2
2

ដូចេនះ តៃមžអបġរŌគឺ 2
3
√

2+2
2

រកេមគុណៃន x49 ៃនផលគុណ (x − 1)(x − 3) · · · (x − 99) ។

ល�ំត់ទី២៥

ដំេ�ះ��យ

េមគុណៃន x ៃនផលគុណ (x − 1)(x − 3) = x2−4x + 3 គឺ −1 − 3 = −4

េមគុណៃន x2 ៃនផលគុណ (x − 1)(x − 3)(x − 5) = x3−9x2 + 23x − 15 គឺ −1 − 3 − 5 = −9

េមគុណៃន x3 ៃនផលគុណ (x − 1)(x − 3)(x − 5)(x − 7) = x4−16x3 + 86x2 − 176x + 105

គឺ −1 − 3 − 5 − 7 = −16

េមគុណៃន x49 គឺ −(1 + 3 + 5 + · · ·+ 99) = −502 = −2500

គណĜផលបូក
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · ·+ 13 + 23 + 33 + · · ·+ 93

1 + 3 + 5 + · · ·+ 17
។

ល�ំត់ទី២៦

១៥



ដំេ�ះ��យ

″ង ak =
13 + 23 + 33 + · · ·+ k3

1 + 3 + 5 + · · ·+ (2k − 1)
=

[
k(k + 1)

2

]2

k2 =
(k + 1)2

4

េគģន
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · ·+ 13 + 23 + 33 + · · ·+ 93

1 + 3 + 5 + · · ·+ 17

=
9

∑
k=1

ak =
9

∑
k=1

[
(k + 1)2

4

]
=

1
4

9

∑
k=1

(k + 1)2

=
1
4
(22 + 32 + 42 + · · ·+ 102)

=
1
4

[
(12 + 22 + 32 + · · · 102)− 1

]
=

1
4

[
10 × 11 × 21

6
− 1
]
=

1
4
(385 − 1) = 96

ដូនេចះ
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · ·+ 13 + 23 + 33 + · · ·+ 93

1 + 3 + 5 + · · ·+ 17
= 96

គណĜផលបូកៃនេស៊រǪ
+∞

∑
n=1

2n − 1
(
√

2)n
។

ល�ំត់ទី២៧

ដំេ�ះ��យ

″ង Sn =
n

∑
k=1

2k − 1
(
√

2)k
=

1√
2
+

3
(
√

2)2
+

5
(
√

2)3
+ · · ·+ 2n − 1

(
√

2)n

√
2Sn =

√
2

[
1√
2
+

3
(
√

2)2
+

5
(
√

2)3
+ · · ·+ 2n − 1

(
√

2)n

]

= 1 +
3√
2
+

5
(
√

2)2
+

7
(
√

2)3
+ · · ·+ 2n − 3

(
√

2)n−2
+

2n − 1
(
√

2)n−1

= 1 +
2 + 1√

2
+

2 + 3
(
√

2)2
+

2 + 5
(
√

2)3
+ · · ·+ 2 + 2n − 5

(
√

2)n−2
+

2 + 2n − 3
(
√

2)n−1

= 1 +

[
2√
2
+

2
(
√

2)2
+

2
(
√

2)3
+ · · ·+ 2

(
√

2)n−1

]
+

១៦



[
1√
2
+

3
(
√

2)2
+

5
(
√

2)3
+ · · ·+ 2n − 1

(
√

2)n

]
− 2n − 1

(
√

2)n

= 1 + 2 ×

1√
2

(
1 − 1√

2n−1

)
1 − 1√

2

+ Sn −
2n − 1
(
√

2)n

(
√

2 − 1)Sn = 1 +
2√

2 − 1

(
1 − 1√

2n−1

)
− 2n − 1√

2n

Sn =
1√

2 − 1
+

2
(
√

2 − 1)2

(
1 − 1√

2n−1

)
− 2n − 1

(
√

2 − 1)
√

2n

=
√

2 + 1 + 2(
√

2 + 1)2
(

1 − 1√
2n−1

)
− 2n − 1

(
√

2 − 1)
√

2n

េគģន
+∞

∑
n=1

2n − 1
(
√

2)n
= lim

n→+∞
Sn = lim

n→+∞

[
√

2 + 1 + 2(
√

2 + 1)2
(

1 − 1√
2n−1

)
− 2n − 1

(
√

2 − 1)
√

2n

]

=
√

2 + 1 + 2(
√

2 + 1)2 = 7 + 5
√

2

ដូចេនះ
+∞

∑
n=1

2n − 1
(
√

2)n
= 7 + 5

√
2

េគŌន Sn =
n

∑
r=0

1
C(n, r)

និង Pn =
n

∑
r=0

r
C(n, r)

ែដល C(n, r) =
n!

r!(n − r)!
។ គណĜ

Pn

Sn
។

ល�ំត់ទី២៨

ដំេ�ះ��យ

េគŌន Sn =
n

∑
r=0

1
C(n, r)

=
1

C(n, 0)
+

1
C(n, 1)

+
1

C(n, 2)
+ · · ·+ 1

C(n, n)

Pn =
n

∑
r=0

r
C(n, r)

=
0

C(n, 0)
+

1
C(n, 1)

+
2

C(n, 2)
+ · · ·+ n − 1

C(n, n − 1)
+

n
C(n, n) .....(1)

Pn =
n

C(n, n)
+

n − 1
C(n, n − 1)

+ · · ·+ 2
C(n, 2)

+
1

C(n, 1)
+

0
C(n, 0)

=
n

C(n, 0)
+

n − 1
C(n, 1)

+
n − 2

C(n, 2)
+ · · ·+ 1

C(n, n − 1)
+

0
C(n, n) ......(2)
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យក (1) + (2) េគģន

=⇒ 2Pn = n
[

1
C(n, 0)

+
1

C(n, 1)
+

1
C(n, 2)

+ · · ·+ 1
C(n, n)

]
= nSn =⇒ Pn

Sn
=

n
2

ដូចេនះ
Pn

Sn
=

n
2

រកតួទូេĉៃនសƃǶ ីតែដលេផĀȅងĬĀ ត់ x0 = 3, x1 = 4 និង xn+1 = x2
n−1 − nxn ចំេĵះŪគប់ n ∈ N ។

ល�ំត់ទី២៩

ដំេ�ះ��យ

េយǿងនឹងŪƘយ▫ xn = n + 3 ចំេĵះŪគប់ចំនួនគត់ n = 0, 1, 2, 3, ..., n

f េបǿ n = 0, 1 េគģន x0 = 3, x1 = 4 ពិត

f ឧបŌ▫ពិតដល់ n = k គឺ xk = k + 3

f ចំេĵះ n = k + 1

េគŌន xk+1 = x2
k−1 − kxk = (k + 2)2 − k(k + 3) = k2 + 4k + 4 − k2 − 3k = (k + 1) + 3 ពិត

ដូចេនះ xn = n + 3 ចំេĵះŪគប់ចំនួនគត់ n ≥ 0

េគឱŏ x1, x2, ..., xn ďសƃǶ ីតៃនចំនួនគត់ែដលេផĀȅងĬĀ ត់

(i) − 1 ≤ xi ≤ 2, ចំេĵះ i = 1, 2, ..., n

(ii) x1 + x2 + · · ·+ xn = 19

(iii) x2
1 + x2

2 + · · ·+ x2
n = 99

រកតៃមžតូចបំផុត និងធំបំផុតៃន x3
1 + x3

2 + · · ·+ x3
n ។

ល�ំត់ទី៣០

ដំេ�ះ��យ

េគŌន x1, x2, ..., xn ďសƃǶ ីតៃនចំនួនគត់ េĜះ″ម (i) េគģន xi = −1 ឬ xi = 0 ឬ xi = 1 ឬ xi = 2 ចំេĵះ i = 1, 2, ..., n

″ង a, b, c ďចំនួនតួៃនសƃǶ ីតែដលŌនតៃមžេសŊ ǿ −1, 1, 2 េរȄងýĖ េĜះ a, b, c ďចំនួនគត់មិនអវǤជąŌន

១៨



″ម (ii) និង (iii) េគģន


−a + b + 2c = 19

a + b + 4c = 99
⇐⇒


a = 40 − c

b = 59 − 3c

ែតេŢយ b ≥ 0 ⇐⇒ 59 − 3c ≥ 0 ⇐⇒ 0 ≤ c ≤ 19

េគģន x3
1 + x3

2 + · · ·+ x3
n = −a + b + 8c = −(40 − c) + (59 − 3c) + 8c = 19 + 6c

េŢយ 0 ≤ c ≤ 19 ⇐⇒ 19 ≤ 19 + 6c ≤ 133 ⇐⇒ 19 ≤ x3
1 + x3

2 + · · ·+ x3
n ≤ 133

ដូចេនះ តៃមžតូចបំផុតគឺ 19 និងធំបំផុតគឺ 133

ចំេĵះសƃǶ ីតៃនចំនួនពិត A = {a1, a2, a3, ...} ″ង ∆A ďសƃǶ ីតៃន {a2 − a1, a3 − a2, a4 − a3, ...} ។ េបǿŪគប់តួៃន

សƃǶ ីត ∆(∆A) េសŊ ǿនឹង 1 និង a19 = a92 = 0 ចូររក a1 ។

ល�ំត់ទី៣១

ដំេ�ះ��យ

″ង d ďតៃមžៃនតួទីមួយៃនសƃǶ ីត ∆A

េគģន ∆A = {d, d + 1, d + 2, d + 3, ...} េŪĵះ ∆(∆A) = {1, 1, 1, ..., 1}

Ĝំឱŏ ∆A ďសƃǶ ីតនពƃនŉ ែដលŌនតួទី n គឺ d + n − 1

េគģន A = {a1, a1 + d, a1 + d + (d + 1), a1 + d + (d + 1) + (d + 2), ...}

េគģនទំĜក់ទំនង n ៃន A គឺ an = a1 +
n−1

∑
k=1

(d + k − 1) = a1 + (d − 1)(n − 1) +
1
2

n(n − 1)

េŢយ


a19 = 0

a92 = 0
⇐⇒


a1 + 18(d − 1) + 171 = 0

a1 + 91(d − 1) + 4186 = 0
⇐⇒ a1 = 819

ដូចេនះ a1 = 819

េគŌន (an)n≥1 ďសƃǶ ីតៃនចំនួនពិត ែដល a1 = 2 និង an+1 =
an

2
+

1
an

, ∀n ∈ N ។ កំណត់តួទូេĉៃនសƃǶ ីតេនះ។

ល�ំត់ទី៣២

ដំេ�ះ��យ

សមីŁរសŌð ល់ x =
x
2
+

1
x
=⇒ 2x2 = x2 + 2 =⇒ x = ±

√
2

១៩



េគģន an+1 −
√

2 =
an

2
+

1
an

−
√

2 =
a2

n − 2
√

2an + 2
2an

=
(an −

√
2)2

2an
...(1)

េហǿយ an+1 +
√

2 =
an

2
+

1
an

+
√

2 =
a2

n + 2
√

2an + 2
2an

=
(an +

√
2)2

2an
...(2)

យក (1) ែចក (2) េគģន
an+1 −

√
2

an+1 +
√

2
=

(an −
√

2)2

(an +
√

2)2
=

(
an −

√
2

an +
√

2

)2

″ង bn =
an −

√
2

an +
√

2
េគģន bn+1 = b2

n

=⇒ bn = (bn−1)
2 = (bn−2)

22
= (bn−3)

23
= · · · = (b1)

2n−1

េគģន
an −

√
2

an +
√

2
=

(
a1 −

√
2

a1 +
√

2

)2n−1

=

(
2 −

√
2

2 +
√

2

)2n−1

=

(
(2 −

√
2)2

2

)2n−1

= (
√

2 − 1)2n

=⇒ an −
√

2 = (
√

2 − 1)2n
(an +

√
2) = (

√
2 − 1)2n

an +
√

2(
√

2 − 1)2n

=⇒ an

[
(
√

2 − 1)2n − 1
]
= −

√
2 −

√
2(
√

2 − 1)2n
= −

√
2
[
1 + (

√
2 − 1)2n

]

=⇒ an =
−
√

2
[
1 + (

√
2 − 1)2n

]
(
√

2 − 1)2n − 1
=

√
2
[
1 + (

√
2 − 1)2n

]
1 − (

√
2 − 1)2n

ដូចេនះ an =

√
2
[
1 + (

√
2 − 1)2n

]
1 − (

√
2 − 1)2n

២០


