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Symbols and Basic Formulae

1 Greek Letters
a alpha � phi

b beta F capital phi

g gamma ł psi

� capital gamma � capital psi

� delta � xi

� capital delta Z eta

e epsilon z zeta

i iota w chi

h theta � pi

l lambda � sigma

m mu � capital sigma

� nu � tau

o omega 	 rho

O capital omega 
 kapha

2 Algebraic Formulae
(i) Arithmetic progression a, a þ d, a þ 2d,…,

nth term Tn ¼ a þ (n � 1) d

Sum of n terms ¼ n

2
½2aþ n� 1ð Þd�

(ii) Geometrical progression: a, ar, ar2,…,
nth term Tn ¼ ar n�1

Sum of n terms ¼ a 1� rnð Þ
1� r

(iii) Arithmetic mean of two numbers a and b is 1
2
ðaþ bÞ

(iv) Geometric mean of two numbers a and b is
ffiffiffiffiffi
ab

p

(v) Harmonic mean of two numbers a and b is
2ab
aþb

(vi) If ax2 þ bx þ c ¼ 0 is quadratic, then

(a) its roots are given by �b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac

p
2a

(b) the sum of the roots is equal to� b
a

(c) product of the roots is equal to
c
a

(d) b2 � 4ac ¼ 0 ) the roots are equal

(e) b2 � 4ac > 0 ) the roots are real and distinct

(f) b2 � 4ac < 0 ) the roots are complex

(g) if b2 � 4ac is a perfect square, the roots are
rational

3 Properties of Logarithm
(i) loga 1 ¼ 0; loga 0 ¼ �1 for a > 1; loga a ¼ 1

loge 2 ¼ 0:6931; loge 10 ¼ 2:3026; log10 e ¼ 0:4343

(ii) loga pþ loga q ¼ loga pq

(iii) loga p� loga q ¼ loga
p

q

(iv) loga p
q ¼ q loga p

(v) loga n ¼ loga b : logb n ¼ logb n
logb a

4 Angles Relations
(i) 1 radian ¼ 180�

�

(ii) 1�¼ 0.0174 radian

5 Algebraic Signs of Trigonometrical Ratios
(a) First quadrant: All trig. ratios are positive

(b) Second quadrant: sin h and cosec h are positive, all
others negative

(c) Third quadrant: tan h and cot h are positive, all others
negative

(d) Fourth quadrant: cos h and sec h are positive, all others
negative

6 Commonly Used Values of Triganometrical Ratios

sin
�

2
¼ 1; cos

�

2
¼ 0; tan

�

2
¼ 1

cosec
�

2
¼ 1; sec

�

2
¼ 1; cos

�

2
¼ 0

sin
�

6
¼ 1

2
; cos

�

6
¼

ffiffiffi
3

p

2
; tan

�

6
¼ 1ffiffiffi

3
p

cosec
�

6
¼ 2 ; sec

�

6
¼ 2ffiffiffi

3
p ; cot

�

6
¼

ffiffiffi
3

p

sin
�

3
¼

ffiffiffi
3

p

2
; cos

�

3
¼ 1

2
; tan

�

3
¼

ffiffiffi
3

p

cosec
�

3
¼ 2ffiffiffi

3
p ; sec

�

3
¼ 2 ; cot

�

3
¼ 1ffiffiffi

3
p

sin
�

4
¼ 1ffiffiffi

2
p ; cos

�

4
¼ 1ffiffiffi

2
p ; tan

�

4
¼ 1

cosec
�

4
¼ 1ffiffiffi

2
p ; sec

�

4
¼

ffiffiffi
2

p
; cot

�

4
¼ 1

7 Trig. Ratios of Allied Angles
(a) sin �hð Þ ¼ � sin h; cos �hð Þ ¼ cos h

tan �hð Þ ¼ � tan h

cosec �hð Þ ¼ �cosec h; sec �hð Þ ¼ sec h

cot �hð Þ ¼ � cot h

(b) Any trig. ratio of

n:90� hð Þ ¼
� same trig: ratio of h when n is even
� co-ratio of h when n is odd

�



For example: sin 4620ð Þ ¼ sin½90� 52ð Þ � 60�� ¼ sin �60�ð Þ
¼ � sin 60� ¼ �

ffiffiffi
3

p
2 .

Similarly, cosec 270� � hð Þ ¼ cosec 90�ð3Þ� hð Þ ¼�sech.

8 Transformations of Products and Sums
(a) sin Aþ Bð Þ ¼ sinA cosBþ cosA sinB

(b) sin A� Bð Þ ¼ sinA cosB� cosA sinB

(c) cos Aþ Bð Þ ¼ cosA cosB� sinA sinB

(d) cos A� Bð Þ ¼ cosA cosBþ sinA sinB

(e) tan Aþ Bð Þ ¼ tanAþ tanB
1� tanA tanB

(f) tan A� Bð Þ ¼ tanA� tanB
1þ tanA tanB

(g) sin 2A ¼ 2 sinA cosA ¼ 2 tanA
1þ tan2 A

(h) cos 2A ¼ cos2 A� sin2 A ¼ 1� 2 sin2 A

¼ 2 cos2 A� 1 ¼ 1� tan2 A
1þ tan2 A

(i) tan 2A ¼ sin 2A
cos 2A ¼ 2 tanA

1� tan2 A
(j) sin 3A ¼ 3 sinA� 4 sin3 A

(k) cos 3A ¼ 4 cos3 A� 3 cosA

(l) tan 3A ¼ 3 tanA� tan3 A
1� 3 tan2 A

(m) sinAþ sinB ¼ 2 sinAþ B
2 cosA� B

2

(n) sinA� sinB ¼ 2 cosAþ B
2 sinA� B

2

(o) cosAþ cosB ¼ 2 cosAþ B
2 cosA� B

2

(p) cosA� cosB ¼ 2 sinAþ B
2 sinB� A

2

(q) sinA cosB ¼ 1

2
½sin Aþ Bð Þ þ sin A� Bð Þ�

(r) cosA sinB ¼ 1

2
½sin Aþ Bð Þ � sin A� Bð Þ�

(s) cosA cosB ¼ 1

2
½cos Aþ Bð Þ þ cos A� Bð Þ�

(t) sinA sinB ¼ 1

2
½cos A� Bð Þ � cos Aþ Bð Þ�

9 Expressions for sin A2 ; cos
A
2 and tan

A
2

(a) sin A
2
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cosA

2

q
(b) cos A

2
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cosA

2

q
(c) tan A

2
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cosA
1þ cos A

q
(d) sin A

2
þ cos A

2
¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinA
p

(e) sin A
2
� cos A

2
¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sinA
p

10 Relations Between Sides and Angles of a Triangle

(a)
a

sinA
¼ b

sinB
¼ c

sinC
(sine formulae)

(b) cosA ¼ b2 þ c2 � a2

2bc

cosB ¼ c2 þ a2 � b2

2ca

cosC ¼ a2 þ b2 � c2

2ab

9>>>=
>>>;

cosine formulae

(c) a ¼ b cosC þ c cosB
b ¼ c cosAþ a cosC
c ¼ a cosBþ b cosA

9=
; Projection formulae.

11 Permutations and Combinations Formulae
nPr ¼ n !

n� rð Þ ! ;

nCr ¼ n !

r ! n� rð Þ ! ¼
nCn�r;

nC0 ¼ nCn ¼ 1

12 Differentiation Formulae

(a)
d

dx
sin xð Þ ¼ cos x (b)

d

dx
cos xð Þ ¼ � sin x

(c)
d

dx
tan xð Þ ¼ sec2 x (d)

d

dx
cot xð Þ ¼ �cosec2 x

(e)
d

dx
secxð Þ¼ sec x tan x (f )

d

dx
cosec xð Þ¼�cosec x cot x

(g)
d

dx
exð Þ ¼ ex (h)

d

dx
axð Þ ¼ a2 loge a

(i)
d

dx
loga xð Þ ¼ 1

x log a
( j)

d

dx
loge xð Þ ¼ 1

x

(k)
d

dx
axþ bð Þn¼ na axþ bð Þn�1

(l)
dn

dxn
axþbð Þm¼m m�1ð Þ m�2ð Þ::: m�nþ1ð Þ axþbð Þm�n

(m)
d

dx
sin�1 x
� � ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p (n)

d

dx
cos�1 x
� �¼� 1ffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p

(o)
d

dx
tan�1 x
� � ¼ 1

1þ x2
(p)

d

dx
cot�1 x
� � ¼ � 1

1þ x2

(q)
d

dx
sec�1x
� �¼ 1

x
ffiffiffiffiffiffiffiffiffiffiffi
x2�1

p (r)
d

dx
cosec�1x
� �¼� 1

x
ffiffiffiffiffiffiffiffiffiffiffi
x2�1

p

(s)
d

dx
sinh xð Þ ¼ cosh x (t)

d

dx
cosh xð Þ ¼ sinh x

(u) Dn uvð Þ ¼ Dnuþ nc1D
n�1uDvþ nc2D

n�2uD2v

þ � � � þ nCrD
n�ruDrvþ � � � þ nCnuD

nv

(Leibnitz’s Formula)

13 Integration Formulae
(a)

R
sin x dx ¼ � cos x (b)

R
cos x dx ¼ sin x

(c)
R
tan x dx ¼ � log cos x (d)

R
cot x dx ¼ log sin x

(e)
R
sec x dx ¼ log sec xþ tan xð Þ

(f)
R
cosec x dx ¼ log cosec x� cot xð Þ

(g)
R
sec2 x dx ¼ tan x (h)

R
cosec2x dx ¼ � cot x

(i)
R
exdx ¼ ex (j)

R
axdx ¼ ax

loge a

(k)
R 1

x
dx ¼ loge x (l)

R
xndx ¼ xnþ1

nþ 1
; n 6¼ �1

(m)
R dx

a2 þ x2
¼ 1

a
tan�1 x

a
(n)
R dx

a2�x2
¼ 1

2a
loge

aþx

a�x

(o)
R dx

x2�a2
¼ 1

2a
loge

x�a

xþa
(p)

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�x2

p ¼ sin�1 x

a

(q)
R dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ x2
p ¼ sinh�1 x

a
(r)
R

dxffiffiffiffiffiffiffiffiffi
x2�a2

p ¼ cosh�1 x

a
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(s)
R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ x2
p

dx ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ x2

p

2
þ a2

2
sinh�1 x

a

(t)
R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � a2
p

dx ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a2

p

2
� a2

2
cosh�1 x

a

(u)
R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x2
p

dx ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p

2
þ a2

2
sin�1 x

a

(v)
R
eax sin bx dx ¼ eax

a2 þ b2
a sin bx� b cos bxð Þ

(w)
R
eax cos bx dx ¼ eax

a2 þ b2
a cos bxþ b sin bxð Þ

(x) R �
2

0 sinn x dx¼ R �
2

0 cosn xdx

¼
n�1ð Þ n�3ð Þ n�5ð Þ:::
n n�2ð Þ n�4ð Þ::: � � � if n is odd

n�1ð Þ n�3ð Þ n�5ð Þ:::
n n�2ð Þ n�4ð Þ:::

�
2
if n is even

(

(y) R �
2

0 sin
mx cosnxdx

¼
m�1ð Þ m�3ð Þ::: n�1ð Þ n�3ð Þ:::
mþnð Þ mþn�2ð Þ mþn�4ð Þ:::
m�1ð Þ m�3ð Þ::: n�1ð Þ n�3ð Þ:::
mþnð Þ mþn�2ð Þ mþn�4ð Þ:::

�
2

( if m and n are not

simultaneously even

if both m and n
are even

14 Beta and Gamma Functions

(a) b m; nð Þ ¼ R 10 xm�1 1� xð Þn�1dx converges for m, n > 0

(b) � nð Þ ¼ R1
0

e�xxn�1dx converges for n > 0

(c) � nþ 1ð Þ ¼ n � nð Þ and� nþ 1ð Þ ¼ n ! if n is positive
integer

(d) � 1ð Þ ¼ 1 ¼ � 2ð Þ and � 1
2

� � ¼ ffiffiffi
�

p

(e) b m; nð Þ ¼ � mð Þ� nð Þ
� mþ nð Þ

(f)
Z �

2

0

sinp x cosq x dx¼1

2
b

pþ1

2
;
qþ1

2

� �
¼� pþ1

2

� �
� qþ1

2

� �
2� pþqþ2

2

� �

(g)

Z �
2

0

ffiffiffiffiffiffiffiffiffiffi
tanh

p
dh¼

Z �
2

0

sin1=2 hcos� 1=2 h dh¼ � 3
4

� �
� 1

4

� �
2 � 1ð Þ

¼ 1
2
� 1

4

� �
� 3

4

� �
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UNIT

I
Differential Calculus

1 Successive Differentiation and Leibnitz̀ s Theorem

2 Asymptotes and Curve Tracing

3 Partial Differentiation





1 Successive Differentiation and Leibnitz̀ s Theorem

1.1 SUCCESSIVE DIFFERENTIATION

Let f be a real-valued function defined on an interval

[a, b]. Then, it is said to be derivable at an interior

point c if lim
x!c

f ðxÞ � f ðcÞ
x� c

exists. This limit, if exists, is

called the derivative or the differential coefficient of the

function at x ¼ c and is denoted by f 0(c).
The above limit exists, if both the following

limits exist and are equal:

(i) lim
x!c�0

f ðxÞ � f ðcÞ
x� c

, called the left-hand

derivative and denoted by f 0(c – 0),

(ii) lim
x!cþ0

f ðxÞ � f ðcÞ
x� c

, called the right-hand

derivative and denoted by f 0(c þ 0).

The derivative f 0(c) exists when f 0(c – 0)¼ f 0(cþ 0).

If y ¼ f (x) be a derivable (differentiable) function

of x, then f 0ðxÞ ¼ dy
dx

is called the first differential

coefficient of y with respect to x. If f 0(x) is again

derivable, then d
dx

dy
dx

� �
is called the second differential

coefficient of y with respect to x and denoted by

f 00ðxÞ or d2y
dx2
. If f 00(x) is further derivable, then

d
dx

d2y
dx2

� 	
, denoted by d3y

dx3
is called the third differential

coefficient of y with respect to x. In general, the nth

differential coefficient of y with respect to x is
dny

dxn
¼

d

dx

dn�1y

dxn�1

� �
: The differential operator d

dx
is also

denoted by D. As such, the nth derivative of y is
denoted by Dny. For the sake of convenience,

the derivatives Dy,D2y,…,Dny are generally repre-

sented by y1,y2,…, yn.

EXAMPLE 1.1
Find the nth derivative of

(i) y ¼ eaxþb, (ii) y ¼ ðaxþ bÞm
(iii) y ¼ 1

axþb
, (iv) y ¼ ax

(v) y ¼ sinðaxþ bÞ, and y ¼ cosðaxþ bÞ
(vi) y ¼ eax sin ðbxþ cÞ and y ¼ eaxcosðbxþ cÞ
(vii) y ¼ logðaxþ bÞ:

Solution. (i) We are given that y ¼ eaxþb. Therefore

y1 ¼ dy

dx
¼ a eaxþb;

y2 ¼ d2y

dx2
¼ a2eaxþb;

y3 ¼ a3eaxþb

and so on. Therefore the nth derivative Dny is

given by

yn ¼ aneaxþb:

(ii) We have y ¼ ðaxþ bÞm. Therefore

y1 ¼ maðaxþ bÞm�1;

y2 ¼ mðm� 1Þa2ðaxþ bÞm�2;

y3 ¼ mðm� 1Þðm� 2Þa3ðaxþ bÞm�3;

and so on. Hence, in general,

yn ¼mðm�1Þðm�2Þ . . . ðm�nþ1ÞanðaxþbÞm�n:

Further, if m is a positive integer, then

yn ¼
mðm� 1Þðm� 2Þ . . . ðm� nþ 1Þ

ðm� nÞðm� n� 1Þ . . . 2:1
ðm� nÞ ðm� n� 1Þ . . . 1

� anðaxþ bÞm�n

¼ m !

ðm� nÞ! a
nðaxþ bÞm�n ð1Þ



From (1), it follows that the mth derivative of the

given function is

ym ¼ m !

o !
amðaxþ bÞo ¼ m ! am:

In particular, taking a ¼ 1 ; b ¼ 0, we get

ym ¼ m !:

Thus, if m is a positive integer, the mth differential

coefficient of ðaxþ bÞm is constant.

In case m is negative, then m ¼ �p, where p is a

positive integer and so

yn ¼ ð�pÞð�p� 1Þð�p� 2Þ . . . ð�p� nþ 1Þan
� ðaxþ bÞ�p�n

¼ ð�1Þnpðpþ 1Þðpþ 2Þ . . . :ðpþ n� 1Þan
� ðaxþ bÞ�p�n

¼ ð�1Þn ðpþ n� 1Þ !
ðp� 1Þ ! anðaxþ bÞ�p�n:

(iii) We have y ¼ ðaxþ bÞ�1
and so

y1 ¼ ð�1Þaðaxþ bÞ�2;

y2 ¼ ð�1Þð�2Þa2ðaxþ bÞ�3;

y3 ¼ ð�1Þð�2Þð�3Þa3ðaxþ bÞ�4

and so on. Hence, in general,

yn ¼ ð�1Þð�2Þð�3Þ . . . ð�nÞanðaxþ bÞ�ðnþ1Þ

¼ ð�1Þnn ! anðaxþ bÞ�ðnþ1Þ:

(iv) If is given that y ¼ ax. Therefore

y1 ¼ ax log a;

y2 ¼ axðlog aÞ2;

y3 ¼ a2ðlog aÞ2;

and so on. Hence, in general,

yn ¼ axðlog aÞn:

(v) We have y ¼ sinðaxþ bÞ. Therefore

y1 ¼ a cosðaxþ bÞ ¼ a sin axþ bþ �

2

� 	
;

y2 ¼ a2 cos axþ bþ �

2

� 	
¼ a2 sinðaxþ bþ �Þ;

y3 ¼ a3 cosðaxþ bþ �Þ ¼ a3 sin axþ bþ 3�

2

� �
;

and so on. Hence, in general,

yn ¼ an sin axþ bþ n�

2

� 	
:

In a similar fashion, we can show that if y ¼
cosðaxþ bÞ, then

yn ¼ an cos axþ bþ n�

2

� 	
:

(vi) The given function is y ¼ eax sinðbxþ cÞ.
Therefore

y1 ¼ aeax sinðbxþ cÞ þ b eax cosðbxþ cÞ
¼ eax½a sinðbxþ cÞ þ b cosðbxþ cÞ�: ð2Þ

Let us choose a ¼ r cos� and b ¼ r sin�. Then

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
and � ¼ tan�1 b

a

� �
;

and (2) reduces to

y1 ¼ reax sinðbxþ cþ �Þ:

Similarly, repeating the above argument, we have

y2 ¼ r2eax sinðbxþ cþ 2�Þ;
y3 ¼ r3eax sinðbxþ cþ 3�Þ;
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and so on. Hence, in general,

yn ¼ rneax sinðbxþ cþ n �Þ;
where

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
and � ¼ tan�1 b

a

� �
:

In a similar fashion, we can show that if y ¼
eax cosðbxþ cÞ, then

yn ¼ rneax cosðbxþ cþ n�Þ:

(vii) When y ¼ logðaxþ bÞ, then

y1 ¼ a

axþ b
;

y2 ¼ dy1

dx
¼ ð�1Þa2ðaxþ bÞ�2;

y3 ¼ ð�1Þð�2Þa2ðaxþ bÞ�3;

and so on. Therefore, in general,

yn ¼ ð�1Þð�2Þ:::ð�ðn� 1ÞÞanðaxþ bÞ�n

¼ ð�1Þn�1ðn� 1Þ ! an
ðaxþ bÞn :

EXAMPLE 1.2
Find the nth derivative of

(i) y ¼ e2x sin3 x, (ii) cos2 x sin3 x

(iii) y ¼ cos x cos 2x cos 3x ,

(iv) y ¼ eax sin bx cos cx

Solution. (i) We have

y ¼ e2x sin3 x ¼ 1

4
e2x½3 sin x� sin 3x�:

¼ 3

4
e2x sin x� 1

4
e2x sin 3x:

Therefore, using Example 1.1 (vi), we have

yn ¼ 3

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22 þ 12

ph in
e2x sin xþ n tan�1 1

2


 �

� 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22 þ 32

ph in
e2x sin 2xþ n tan�1 3

2


 �
:

(ii) We have

y ¼ cos2 x sin3 x

¼ 1

2
ð1þ cos 2xÞ 1

4
ð3 sin x� sin 3xÞ


 �

¼ 1

8
3 sin x� sin 3xþ 3

2
ð2 sin x cos 2xÞ




� 1

2
ð2 sin 3x cos 2xÞ

�

¼ 1

8
3 sin x� sin 3xþ 3

2
ðsin 3x




� sin xÞ � 1

2
ðsin 5xþ sin xÞ

�

¼ 1

16
½2 sin xþ sin 3x� sin 5x�:

Therefore, using Example 1.1 (v), we have

yn ¼ 1

16
2 sin xþ n�

2

� 	
þ 3n sin 3xþ n�

2

� 	h
�5n sin 5xþ n�

2

� 	i
:

(iii) We are given that

y ¼ cos x cos 2x cos 3x:

¼ cos x
1

2
ðcos 5xþ cos xÞ


 �

¼ 1

4
ð2 cos x cos 5xþ 2 cos2 xÞ

¼ 1

4
½ðcos 6xþ cos 4xÞ þ ð1þ cos 2xÞ�:

Therefore, using Example 1.1 (v), we have

yn ¼ 1

4
Dnð1Þ þ 1

4
Dn½cos 2xþ cos 4xþ cos 6x�

¼ 0þ 1

4
2n cos 2xþ n�

2

� 	
þ 4n cos 4xþ n�

2

� 	h
þ6n cos 6xþ n�

2

� 	i
¼ 1

4
2n cos 2xþ n�

2

� 	
þ 4n cos 4xþ n�

2

� 	h
þ6n cos 6xþ n�

2

� 	i
:
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(iv) We have

y ¼ e2x sin bx cos cx

¼ eax
1

2
ð2 sin bx cos cxÞ


 �

¼ 1

2
eax½sinðbxþ cxÞ þ sinðbx� cxÞ�

¼ 1

2
eax sinðbþ cÞxþ 1

2
eax sinðb� cÞx:

Therefore, using Example 1.1 (vi), we have

yn ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ðbþ cÞ2

q� �n

eax

� sin ðbþ cÞxþ n tan�1 bþ c

a

� �

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ðb� cÞ2

q� �n

eax

� sin ðb� cÞxþ n tan�1 b� c

a

� �
:

EXAMPLE 1.3
Find second derivatives of the following functions

with respect to x:

(i) x ¼ aðt þ sin tÞ; y ¼ að1þ cos tÞ
(ii) x ¼ a cos3 h; y ¼ b sin3 h:

Solution: (i) For the given equations, we have

dx

dt
¼ að1þ cos tÞ ¼ 2a cos2

t

2
;

dy

dt
¼ �a sin t ¼ �2a sin

t

2
cos

t

2
:

Therefore

dy

dx
¼ �2a sin t

2
cos t

2

2a cos2 t
2

¼ � tan
t

2

and so

d2y

dx2
¼ � 1

2
sec2

t

2

dt

dx

¼ � 1

2
sec2

t

2

1

2a cos2 t
2


 �
¼ � 1

4a
sec4

t

2
:

(iii) We are given that

x ¼ a cos3 h; y ¼ b sin3 h:

Therefore

dx

dh
¼ �3a sin h cos2 h;

dy

dh
¼ 3b sin2 h cos h;

and so

dy

dx
¼

dy

dh
dx

dh

¼ � b

a
tan h:

Differentiating once more with respect to x, we get

d2y

dx2
¼ � b

a
sec2 h � dh

dx

¼ � b

a
sec2 h

1

�3a sin h cos2 h


 �

¼ b

3a2
cosec h sec4 h:

EXAMPLE 1.4
Find the nth derivative of

(i)
x2 � 4xþ 1

x3 þ 2x2 � x� 2
(ii)

1

x2 � 6xþ 8
:

Solution: We have

y¼ x2� 4xþ 1

x3þ 2x2� x� 2
¼ x2� 4xþ 1

ðx� 1Þðxþ 1Þðxþ 2Þ
¼ 13

3ðxþ 2Þ�
3

xþ 1
� 1

3ðx� 1Þ (partial fractions):

Since Dnfðaxþ bÞ�1g ¼ ð�1Þnn ! anðaxþ bÞ�n�1,

we have

yn ¼ ð�1Þnn !
13

3ðxþ 2Þnþ1
� 3

ðxþ 1Þnþ1

"

� 1

3ðx� 1Þnþ1

#
:
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(ii) We have

y ¼ 1

x2 � 6xþ 8
¼ 1

ðx� 4Þðx� 2Þ
¼ 1

2ðx� 4Þ �
1

2ðx� 2Þ ( partial fractions):

Therefore, using Dnfðaxþ bÞ�1g ¼ ð�1Þnn ! an

ðaxþ bÞ�ðnþ1Þ
, we have

yn ¼ ð�1Þnn !

2

1

ðx� 4Þnþ1
� 1

ðx� 2Þnþ1

" #
:

EXAMPLE 1.5
If x ¼ sin t; y ¼ sin pt, show that

ð1� x2Þ d
2y

dx2
� x

dy

dx
þ p2y ¼ 0:

Solution: We have

x ¼ sin t and ¼ sin pt

Therefore

dx

dt
¼ cos t;

dy

dt
¼ p cos pt;

and so

dy

dx
¼

dy

dt
dx

dt

¼ p
cos pt

cos t
:

Differentiating once more with respect to x, we get

d2y

dx
¼ p

cos tð�p sin ptÞ � cos ptð� sin tÞ
cos2 t


 �
� dt
dx

¼ p

cos2 t
½sin t cos pt � p sin pt cos t� � 1

cos t
:

Therefore

ð1� x2Þ d
2y

dx2
� x

dy

dx
þ p2y

¼ ð1� sin2 tÞ d
2y

dx2
� x

p cos pt

cos t
þ p2 sin pt

¼ p½sin t cos pt � p sin pt cos t� � 1

cos t

� p sin t cos pt

cos t
þ p2 sin pt

¼ 1

cos t
½p sin t cos pt � p2 sin pt cos t

�p sin t cos pt � p2 sin pt cos t� ¼ 0:

EXAMPLE 1.6
If y ¼ a cosðlog xÞ þ b sinðlog xÞ, show that

x2
d2y

dx2
þ x

dy

dx
þ y ¼ 0:

Solution: We have

y ¼ a cosðlog xÞ þ b sinðlog xÞ:

Therefore

y1 ¼ dy

dx
¼ �a sinðlog xÞ 1

x
þ b cosðlog xÞ: 1

x

or

xy1 ¼ �a sinðlog xÞ þ b cosðlog xÞ:

Differentiating again with respect to x, we get

xy2 þ y1 ¼ �a cosðlog xÞ 1
x
� b sinðlog xÞ: 1

x

¼ � 1

x
½a cosðlog xÞ þ b sinðlog xÞ� ¼ � y

x
:

Hence

x2y2 þ xy1 þ y ¼ 0:
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EXAMPLE 1.7
If ax2 þ 2hxyþ by2 ¼ 1, show that

d2y

dx2
¼ h2 � ab

ðhxþ byÞ3 :

Solution: We have

ax2 þ 2hxyþ by2 ¼ 1: ð1Þ

Differentiating with respect to x, we get

2axþ 2h x
dy

dx
þ y


 �
þ 2by

dy

dx
¼ 0

or

dy

dx
¼ � axþ by

hxþ by
:

Differentiating again with respect to x, we have

d2y

dx2
¼ ðh2 � abÞðax2 þ 2hxyþ by2Þ

ðhxþ byÞ2

¼ h2 � ab

ðhxþ byÞ2 ; using (1):

EXAMPLE 1.8
Find the nth derivative of tan�1 x

a

� 	
.

Solution: We have

y ¼ tan�1 x

a

� 	
:

Therefore

y1 ¼ a

x2 þ a2
¼ a

ðxþ iaÞðx� iaÞ
¼ 1

2i

1

x� ia
� 1

xþ ia


 �
: ð1Þ

Since Dn�1fðx�iaÞ�1g¼ð�1Þn�1ðn�1Þ !ðx�iaÞ�n
,

differentiating (n�1) times the expression (1) with

respect to x, we get

yn ¼ ð�1Þn�1ðn� 1Þ !
2i

½ðx� iaÞn � ðxþ iaÞ�n�:

Putting x ¼ r cos� and a ¼ r sin�, we get

yn ¼ ð�1Þn�1ðn� 1Þ ! a�n sinn � sin n�;

where � ¼ tan�1 a

x

� 	
.

1.2 LEIBNITZ’S THEOREM AND ITS APPLICATIONS

This theorem determines the nth differential coef-

ficient of the product of two differentiable func-

tions. The statement of the theorem is as follows:

Theorem 1.1. (Leibnitz’s). Let u and v be two func-

tions of x such that nth derivatives Dnu and Dnv

exist. Then the nth differential coefficient of their

product is given by

DnðuvÞ ¼ ðDnuÞvþn C1D
n�1u:Dvþn C2D

n�2uD2v

þ . . .þn CrD
n�ru:Drvþ . . .þn CnuD

nv:

Proof: We shall prove the theorem using mathema-

tical induction. For n ¼ 1, we have

DðuvÞ ¼ ðDuÞ:vþ u:Dv:

Therefore, the theorem holds for n ¼ 1. Let us

assume that the theorem holds for n ¼ m. Thus,

DmðuvÞ ¼ ðDmuÞ:vþm C1D
m�1u:Dv

þm C2D
m�2uD2vþ . . .þm CrD

m�ru:Drv

þ . . .þm CmuD
mv:

Differentiating with respect to x, we get

Dmþ1ðuvÞ ¼ ½ðDmþ1uÞvþ Dmu:Dv�
þm C1ðDmu:Dvþ Dm�1uD2vÞ
þm C2ðDm�1u:D2vþ Dm�2uD3vÞ þ . . .

þm CrðDm�rþ1u:Drvþ Dm�ru:Drþ1vÞ
þ . . .þ ðDu:Dmvþ uDmþ1vÞ

¼ ðDmþ1uÞvþ ðmC0 þm C1ÞDmu:Dv

þ ðmC1 þm C2ÞDm�1u:D2vþ . . .

þ ðmCr þm Crþ1ÞDm�ru:Drþ1v

þ . . .þ uDmþ1v
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¼ ðDmþ1uÞvþmþ1 C1D
mu:Dv

þmþ1 C2D
m�1u:D2v

þ . . .þmþ1 Crþ1D
m�ru:Drþ1v

þ . . .þ u:Dmþ1v:

Thus, the theorem holds for n ¼ m þ 1 also. Hence,

by mathematical induction, the theorem holds for

all positive integral values of n.

EXAMPLE 1.9
Find the nth derivative of xn–1 log x.

Solution. We have

y ¼ xn�1 log x:
Therefore,

y1 ¼ xn�1 1

x

� �
� n� 1ð Þxn�2 log x

or

xy1 ¼ xn�1 þ n� 1ð Þy:
Differentiating both the sides by (n� 1) times, we get

Dn�1ðxy1Þ ¼ Dn�1ðxn�1Þ þ Dn�1½ðn� 1Þy�
or

ðDn�1y1Þxþn�1C1D
n�2y1Dx¼ðn�1Þ!þðn�1Þyn�1

or

xynþðn�1Þyn�1¼ðn�1Þ!þðn�1Þyn�1

or

xyn¼ðn�1Þ!;
which yields

yn¼ðn�1Þ!
x

:

EXAMPLE 1.10
If y ¼ a cos(log x) þ b sin(log x), show that

x2y2 þ x y1 þ y ¼ 0

and

x2ynþ2 þ ð2nþ 1Þx ynþ1 þ ðn2 þ 1Þyn ¼ 0:

Solution. We are given that

y ¼ a cosðlog xÞ þ b sinðlog xÞ:
Therefore,

y1 ¼ � a

x
sinðlog xÞ þ b

x
cosðlog xÞ

or
xy1 ¼ �a sinðlog xÞ þ b cosðlog xÞ ð1Þ

Differentiating (1) with respect to x, we get

xy2 þ y1 ¼ � a

x
cosðlog xÞ � b

x
sinðlog xÞ

or

x2y2 þ xy1 ¼ �y ð2Þ
Differentiating (2), with respect to x, n times by

using Leibnitz’s Theorem, we obtain

Dn x2y2
� �þ Dn xy1ð Þ ¼ �Dny

or

ðDny2Þx2 þn C1D
n�1y2Dx

2 þn C2D
n�2y2:D

2x2

þ ðDny1Þxþn C1D
n�1y1Dxþ Dny ¼ 0

or

x2ynþ2þ2nxynþ1þ2nðn�1Þ
2

ynþxynþ1þnynþyn¼0

or

x2ynþ2 þ ð2nþ 1Þxynþ1 þ ðn2 þ 1Þyn ¼ 0:

EXAMPLE 1.11
If y¼ ea sin

�1 x, show that (1 – x2)ynþ2– (2n þ1)xynþ1

– (n2þ a2)yn ¼ 0.

Solution. We have

y ¼ ea sin
�1 x: ð1Þ

Therefore,

y1 ¼ ea sin
�1 x affiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p

 �

or

y1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
¼ aea sin

�1 x

or

y 2
1 ð1� x2Þ ¼ a2y 2; using ð1Þ:

Differentiating with respect to x once more, we get

2 y1 y2ð1� x2Þ þ y 2
1 ð�2xÞ ¼ 2 a2y y1

or

y2ð1� x2Þ � y1 x� a2 y ¼ 0: ð2Þ

Using Leibnitz’s Theorem, we differentiate (2),

n times with respect to x, and get

Dn½y2ð1� x2Þ� � Dnðy1xÞ � a2Dny ¼ 0
or

ynþ2ð1� x2Þ þn C1ynþ1ð�2xÞ þn C2ynð�2Þ
� ynþ1ðxÞ þn C1yn � a2yn ¼ 0
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or

ð1� x2Þynþ2 � ð2nþ 1Þxynþ1 � ðn2 þ a2Þyn ¼ 0:

EXAMPLE 1.12
If y ¼ etan

�1 x, show that

ð1þx2Þ ynþ2þ½2ðnþ1Þx�1� ynþ1þnðnþ1Þyn¼0:

Solution. It is given that

y ¼ etan
�1 x:

Differentiating with respect to x, we get

y1 ¼ etan
�1 x:

1

1þ x2
¼ y

1þ x2

or

ð1þ x2Þy1 ¼ y:

Differentiating (nþ 1) times by using Leibnitz’s

Theorem, we get

Dnþ1½ð1þ x2Þy1� ¼ Dnþ1y

or

ð1þ x2Þynþ2 þnþ1 C1 ynþ1ð2xÞ þnþ1 C2 yn:2 ¼ ynþ1

or

ð1þx2Þynþ2þ½2ðnþ1Þx�1� ynþ1þnðnþ1Þyn¼0:

EXAMPLE 1.13
If cos�1 y

b

� � ¼ log x
n

� �n
, show that

x2 ynþ2 þ ð2nþ 1Þx ynþ1 þ 2n2 yn ¼ 0:

Solution. We have

cos�1 y

b

� 	
¼ log

x

n

� 	n
¼ n log

x

n

� 	
¼ n½logx� logn�:

Differentiating with respect to x, we get

� 1ffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

b2

q :
y1

b
¼ n

x

or

� y1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p ¼ n

x

or

y 2
1 x2 ¼ n2ðb2 � y 2Þ:

Differentiating once more, we get

2 y1 y2 x2 þ 2x y 2
1 ¼ 2 n2 y y1

or

y2x
2 þ y1 xþ n2 y ¼ 0:

Differentiating n times by Leibnitz’s Theorem,

we get

ynþ2 x2 þn C1 ynþ1ð2xÞ þn C2 yn 2þ ynþ1x

þn C1 yn1þ n2yn ¼ 0

or

x2ynþ2 þ ð2nþ 1Þx ynþ1 þ 2n2 yn ¼ 0:

EXAMPLE 1.14
If y ¼ tan–1 x, find (yn)0.

Solution. Since y ¼ tan�1 x, we get y1 ¼ 1
1þx2

and so,

(1 þ x2)y1 � 1 ¼ 0

Differentiating once more, we get

ð1þ x2Þy2 þ 2x y1 ¼ 0:

Now differentiating n times using Leibnitz’s Theorem,

we obtain

ynþ2ð1þ x2Þ þ nynþ1ð2xÞ þ nðnþ 1Þ
2

yn:2

þ 2x ynþ1 þ 2nyn ¼ 0

or

ð1þx2Þynþ2þ2ðnþ1Þxynþ1þnðnþ1Þyn¼0: ð1Þ

Substituting x¼ 0 in the expression for y, y1, and y2,

we get

ðyÞ0 ¼ 0; ðy1Þ0 ¼ 1; ðy2Þ0 ¼ 0:

Also substituting x ¼ 0 in (1), we get

ðynþ2Þ0 ¼ �½nðnþ 1Þ�ðynÞ0: ð2Þ
Putting n – 4 and n – 2 in place of n, respectively,

in (2), we get

ðyn�2Þ0¼�½ðn�4Þðn�3Þ�ðyn�4Þ0 and
ðynÞ0¼�½ðn�2Þðn�1Þ�ðyn�2Þ0

¼�½ðn�1Þðn�2Þ�½�ðn�3Þðn�4Þ�ðyn�4Þ0:
If n is even, we have

ðynÞ0 ¼ ½�ðn� 1Þðn� 2Þ�
� ½�ðn� 3Þðn� 4Þ� � � � ½�ð3Þð2Þ�ðy2Þ0

¼ 0 since ðy2Þ0 ¼ 0:
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If n is odd, then
ðynÞ0 ¼ ½�ðn� 1Þðn� 2Þ�

� ½�ðn� 3Þðn� 4Þ� � � � ½�ð4Þð3Þ�
� ½�ð2Þð1Þ�ðy1Þ0

¼ ð�1Þn�1
2 ðn� 1Þ! since ðy1Þ0 ¼ 1:

EXAMPLE 1.15
If y ¼ xþ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p
 �m

, find the value of the nth

differential coefficient of y for x ¼ 0.

Solution. We have

y ¼ xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

ph im
: ð1Þ

Therefore,

y1 ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

ph im�1

: 1þ 1

2

2xffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p

 �

¼ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

ph im
¼ myffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p : ð2Þ

Squaring, we get
y 2
1 ð1þ x2Þ � m2y 2 ¼ 0:

Differentiating once again, we get
2y1y2ð1þ x2Þ þ 2xy 2

1 � 2m2y y1 ¼ 0
or

y2ð1þ x2Þ þ xy1 � m2y ¼ 0: ð3Þ
Differentiating (3) n times by Leibnitz’s Theorem,

we get
ynþ2ð1þ x2Þ þnC1ynþ1ð2xÞ þnC2ynð2Þ

þ xynþ1 þnC1yn � m2yn ¼ 0

or
ynþ2ð1þ x2Þð2nþ 1Þxynþ1þðn2�m2Þyn ¼ 0: ð4Þ

Substituting x ¼ 0 in (1), (2), (3), and (4), we get
ðyÞ0 ¼ 1;

ðy1Þ0 ¼ m;

ðy2Þ0 ¼ m2; and

ðynþ2Þ0 ¼ ðm2 � n2ÞðynÞ0: ð5Þ
If n is odd, that is, if n ¼ 1,3,5,…, then(5) yields
ðy3Þ0 ¼ ðm2 � 12Þðy1Þ0 ¼ ðm2 � 1Þm;
ðy5Þ0 ¼ ðm2 � 32Þðy3Þ0 ¼ ðm2 � 32Þðm2 � 12Þm;
ðy7Þ0 ¼ ðm2 � 52Þðy1Þ0 ¼ ðm2 � 52Þðm2 � 32Þ

� ðm2 � 12Þm;

and so on. Hence, when n is odd, we have

ðynÞ0 ¼ ½m2 � ðn� 2Þ2�
� ½m2 � ðn� 4Þ2� . . . ðm2 � 32Þðm2 � 12Þm

If n is even, putting n ¼ 2,4,6,…in (5), we get

ðy4Þ0 ¼ ðm2 � 22Þðy2Þ0 ¼ ðm2 � 22Þm2;

ðy6Þ0 ¼ ðm2 � 42ÞðynÞ0 ¼ ðm2 � 42Þðm2 � 22Þm2;

ðy8Þ0 ¼ ðm2 � 62Þðy6Þ0 ¼ ðm2 � 62Þðm2 � 42Þ
� ðm2 � 22Þm2;

and so on. Hence, when n is even, we get

ðynÞ0 ¼ ½m2 � ðn� 2Þ2�
� ½m2 � ðn� 4Þ2� . . . ðm2 � 42Þðm2 � 22Þm2:

1.3 MISCELLANEOUS EXAMPLES

EXAMPLE 1.16
Find the nth derivatives of

(i) ex sin2 x. and (ii)
x

ðx� 1Þð2xþ 3Þ
Solution. Let y ¼ e�x sin2 x. Then

y ¼ 1

2
e�xð2 sin2 xÞ ¼ 1

2
e�xð1� cos 2xÞ

¼ 1

2
½e�x � e�x cos 2x�:

But Dneax ¼ aneax and

Dnðeax cosðbxþ cÞÞ

¼ ða2 þ b2Þn2eax cos bxþ c� n tan�1 b

a

� �
:

Therefore

Dny ¼ 1

2
½ð�1Þne�x � ð5Þ12e�x cosð2xþ n

� tan�1ð�2ÞÞ�:

(ii) Let y ¼ ðaxþ bÞ�1. Then y1 ¼ �aðaxþ bÞ�2,

y2 ¼ ð�1Þð�2Þa2ðaxþ bÞ�3; and in general

yn ¼ ð�1Þð�2Þ . . . ð�nÞanðaxþ bÞ�ðnþ1Þ:

Thus

Dny ¼ ð�1Þnn!anðaxþ bÞ�n�1 ð1Þ
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Now

f ðxÞ ¼ x

ðx� 2Þð2xþ 3Þ
¼ 2

5ðx� 1Þ þ
3

5ð2xþ 3Þ ðpartial fractionsÞ:

Using (1), we have

Dnðx� 1Þ�1 ¼ ð�1Þnn !ðx� 1Þ�n�1;

Dnð2xþ 3Þ�1 ¼ ð�1Þnn !ð2xþ 3Þ�n�1:

Therefore

Dnðf Þ ¼ 1

5
ð�1Þnn !½2ðx� 1Þ�n�1

þ 3f2nð2xþ 3Þ�n�1g�

EXAMPLE 1.17
Prove that

Dn logx

x


 �
¼ ð�1Þnn !

xnþ1
logx� 1� 1

2
� 1

3
� � � � � 1

n


 �
:

Solution. By Leibnitz’s Theorem, we have,

Dn logx

x


 �
¼Dn½x�1 logx�

¼ ð�1Þnn !
xnþ1

logxþn C1
ð�1Þn�1ðn�1Þ!

xn
�1
x

þn C2
ð�1Þn�2ðn�2Þ !

xn�1
ð�1Þ: 1

x2

þn C3
ð�1Þn�3ðn�3Þ!

xn�2
ð�1Þð�2Þ� 1

x3
þ���

þð�1Þn�1ðn�1Þ !
xn

�1
x

¼ð�1Þnn !
xnþ1

logx�1�1

2
�1

3
� ::: �1

n


 �

E X E R C I S E S
Successive Derivatives

1. If x3 þ y3 ¼ 3axy, show that

d2y

dx2
¼ � 2a2xy

ðy2 � axÞ3 :

2. If y ¼ eax sin bx, show that

d2y

dx2
� 2a

dy

dx
þ ða2 þ b2Þy ¼ 0:

3. If y ¼ tan�1ðsinh xÞ, show that

y2 � y21 tan y ¼ 0:

4. Find the nth differential coefficient 1
x2þa2

Ans: yn¼ð�1Þnn!a�ðnþ2Þsinðnþ1Þ�sinnþ1�;

where �¼ tan�1 a

x

� 	
:

5. Find the nth derivative of e2x cos2 x sin x.

Ans: yn ¼ 1

4
ð13Þn2 sinð3xþ n tan�1 3

2

� �


þð5Þn2 sinðxþ n tan�1 1

2

� ��
:

6. Find the nth derivative of x2

ðxþ2Þð2�3xÞ

Ans:
ð�1Þn
2

1

ðxþ 2Þnþ1
� ð�3Þn�1

ð2� 3xÞnþ1

" #
:

7. Find the nth derivative of x
2x2þ3xþ1

Ans: ð�1Þnn !
1

ðxþ 1Þnþ1
� 2n

ð2xþ 1Þnþ1

" #
:
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8. Find the nth derivative of sin2 x cos3 x

Ans:
1

16
2 cos xþ n�

2

� 	
� 3n cos 3xþ n�

2

� 	h
�5n cos 5xþ n�

2

� 	i
:

9. Find the nth derivative of tan�1 1þx
1�x

Ans: ð�1Þn�1ðn� 1Þ! sin n� sinn �;

� ¼ cot�1 x:

10. If y ¼ A sinmxþ B cosmx, show that

y2 þ m2y ¼ 0:

11. If p2 ¼ a2 cos2 hþ b2 sin2 h, show that

d2p

dh2
þ p ¼ a2b2

p3
:

Leibnitz̀ s Theorem
12. Find the nth differential coefficient of

ex log x.

Ans: ex½logxþ nc1x
�1� nc2x

�2þ nc3 :2 !x
�3

� � � �þ ð�1Þn�1:ðn� 1Þ!x�n�:

13. If y ¼ ðx2 � 1Þn, show that

ðx2 � 1Þynþ2 þ 2xynþ1 � nðnþ 1Þyn ¼ 0:

14. If y ¼ x2ex, show that

yn ¼ 1

2
nðn� 1Þy2 � nðn� 2Þy1

þ 1

2
ðn� 1Þðn� 2Þy:

Hint: By Leibnitz’s Theorem yn ¼ x2exþ
2nxex þ nðn� 1Þex. Find y1 and y2.

Substitute the values of x2ex ; 2xex and ex

from y; y1 and y2 respectively in yn and get

the required result.

15. If y ¼ ðsin�1 xÞ2, show that

(i) ð1� x2Þd
2y

dx2
� x

dy

dx
�2¼ 0;

(ii) ð1� x2Þynþ2�ð2nþ1Þxynþ1�n2yn ¼ 0:

16. If y ¼ sin�1 x, show that

ðynÞ0 ¼ ðn� 2Þ2ðn� 4Þ2ðyn�4Þ0:
Deduce that

(i) ðynÞ0 ¼ ðn� 2Þ2ðn� 4Þ2 . . . 52:32:1 for

odd n,

(ii) ðynÞ0 ¼ 0 for even n.

17. If y ¼ ea sin
�1 x find ðynÞ0.

Hint: From Example 1.11,we have ðynþ2Þ0 ¼
ðn2 þ a2ÞðynÞ0.

Ans: ðynÞ0 ¼ ½ðn� 2Þ2 þ a2� . . . ð32 þ a2Þ
� ð12 þ a2Þ:a if n is odd

ðynÞ0 ¼ ½ðn� 2Þ2 þ a2� . . . ð42 þ a2Þ
� ð22 þ a2Þ� a2 if n in even

18. If y
1
m þ y�

1
m ¼ 2x, show that

ðx2 � 1Þynþ2 þ ð2nþ 1Þxynþ1

þ ðn2 � m2Þyn ¼ 0:

19. If y ¼ log½xþ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p �, find ðynÞ0.
Ans: ðynÞ0 ¼ ð�1Þn�1

2 ðn� 2Þ2ðn� 4Þ2 . . .
� 32:12 if n is odd

ðynÞ0 ¼ 0 if n is even
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2 Asymptotes and Curve Tracing

The aim of this chapter is to study the shape of a

plane curve y ¼ f (x). For this purpose, we must

investigate the variation of the function f, in the case

of unlimited increase and absolute value and of x or

y, or both, of a variable point (x, y) on the curve. The

study of such variation of the function requires the
concept of an asymptote. Before defining an

asymptote to a curve, let us define finite- and infi-

nite branches of a plane curve as follows:

Consider the equation of the ellipse x2

a2
þ y2

b2
¼ 1.

Solving this equation, we get

y ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

r
or y ¼ �b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

r
:

The first equation represents the upper half of the

ellipse while the second equation represents the

lower half of the ellipse. Thus, the earlier equation

represents two branches of the ellipse. Further,

both these branches lie within the finite part of the

xy-plane bounded by x ¼ ± a and y ¼ ± b. Hence,

both these branches of the ellipse are finite.

Consider now the equation of the hyperbola
x2

a2
� y2

b2
¼ 1. Its solution is

y ¼ b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a2

p
or y ¼ � b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � a2

p
:

Therefore, y tends to ±1 as x! ±1. Hence, both

branches of this hyperbola extend to infinity and are

therefore called the infinite branches of the rec-

tangular hyperbola.
A variable point P(x, y) moves along a curve to

infinity if the distance of the point from the origin

increases without bound. In other words, a point

P(x, y) on an infinite branch of a curve is said to tend

to infinity along the curve if either x or y, or both, tend

to infinity as P(x, y) moves along the branch of the

curve.

Nowwe are in a position to define an asymptote
to a curve.

A straight line, at a finite distance from the ori-

gin, is said to be a rectilinear asymptote (or simply

asymptote) of an infinite branch of a curve if the

perpendicular distance of a point P on that branch

from this straight line tends to zero as P tends to

infinity along the branch of the curve.
For example, the line AB will be asymptote of

the curve in the following figure if the perpendicular

distance PM from the point P to the line AB tends to

zero as P tends to infinity along the curve.

Y B

M P

A X0

2.1 DETERMINATION OF ASYMPTOTES WHEN THE
EQUATION OF THE CURVE IN CARTESIAN FORM
IS GIVEN

Let
y ¼ mxþ c ð1Þ

be the equation of a straight line. Let P (x, y) be an

arbitrary point on the infinite branch of the curve

f (x, y)¼ 0. We wish to find the values of m and c so

that (1) is an asymptote to the curve. Let PM ¼ p

be the perpendicular distance of the point P (x, y)
from (1). Then

p ¼ y� mx� cffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

p :

The abscissa x must tend to infinity as the point
P(x, y) recedes to infinity along this line. Thus,



p! 0 as x!1. Therefore,

lim
x!1 y� mx� cð Þ ¼ 0

or
lim
x!1 y� mxð Þ ¼ c:

On the other hand,
y

x
� m ¼ y� mxð Þ 1

x
:

Therefore,

lim
x!1

y

x
� m

� 	
¼ lim

x!1 y� mxð Þ lim
x!1

1

x
¼ c 0ð Þ ¼ 0

or

lim
x!1

y

x
¼ m:

Hence,

m ¼ lim
x!1

y

x
and c ¼ lim

x!1 y� mxð Þ:
Thus, to find asymptotes which are not parallel to

the y-axis, we find lim
x!1

y
x
and lim

x!1 y� mxð Þ. If these
limits are, respectively, m and c, then y ¼ mx þ c is

an asymptote.

2.2 THE ASYMPTOTES OF THE GENERAL RATIONAL
ALGEBRAIC CURVE

Let f (x, y) ¼ 0 be the equation of any rational

algebraic curve of the nth degree. Arranging this
equation in groups of homogeneous terms in x

and y, we get

ða0xn þ a1x
n�1yþ a2x

n�2y2 þ . . .þ any
nÞ

þ . . .þ ðb1xn�1 þ b2x
n�2yþ . . .þ bnx

n�1Þ
þ ðc2xn�2 þ c3x

n�3yþ . . .þ cny
n�2Þ

þ . . .þ ðk0xþ k1yÞ þ K ¼ 0:

This equation can be written as

xn�n
y

x

� 	
þ xn�1�n�1

y

x

� 	
þ xn�2�n�2

y

x

� 	
þ . . .þ x�1

y

x

� 	
þ �0

y

x

� 	
¼ 0; ð1Þ

where �r
y
x

� �
is a polynomial in y

x
of degree r.

Suppose y ¼ mx þ c as an asymptote of the curve,
where m and c are finite. We have to find m and c.

Dividing both sides of equation (1) by xn, we get

�n
y

x

� 	
þ 1

x
�n�1

y

x

� 	
þ 1

x2
�n�2

y

x

� 	
þ . . . ¼ 0:

Proceeding to limits as x ! 1 so that lim
x!1

y
x
¼ m,

we have

lim
x!1 �n

y

x

� 	
þ1

x
�n�1

y

x

� 	
þ 1

x2
�n�2

y

x

� 	
þ . . .


 �
¼0;

which yields
�n mð Þ ¼ 0: ð2Þ

Solving the equation (2), we get the slope m of the

asymptote y ¼ mx þ c. But lim
x!1 y� mxð Þ ¼ c. Let

y � mx ¼ p so that x ! 1, p ! c. But y � mx ¼ p

implies y
x
¼ mþ p

x
. Substituting this value of y

x
in

equation (1), we have

xn�n mþ p

x

� 	
þ xn�1�n�1 mþ p

x

� 	
þ xn�2�n�2 mþ p

x

� 	
þ . . . ¼ 0: ð3Þ

Taylor’s Theorem expansion of equation (3) yields

xn �n mð Þ þ p

x
�0
n mð Þ þ p2

2x2
�00
n mð Þ þ . . .


 �

þ xn�1 �n�1 mð Þ þ p

x
�0
n�1 mð Þ þ . . .

h i
þ xn�2 �n�2 mð Þ þ p

x
�0
n�2 mð Þ þ . . .

h i
þ . . . ¼ 0:

Using equation (2), the said equation reduces to

xn�1½p�0
n mð Þ þ �n�1 mð Þ� þ xn�2 p2

2!
�00
n mð Þ




þp�0
n�1 mð Þ þ �n�2 mð Þ

�
þ . . . ¼ 0

or

p�0
n mð Þ þ �n�1 mð Þ þ 1

x

p2

2!
�00
n mð Þ þ p�0

n�1 mð Þ



þ�n�2 mð Þ
�
þ . . . ¼ 0: ð4Þ

Since x ! 1, p ! c, we have

c�0
n mð Þ þ �n�1 mð Þ ¼ 0: ð5Þ

Case (i): If �n(m) has no repeated root, then

�0
n mð Þ 6¼ 0. Hence, in that case, equation (5) implies

c ¼ ��n�1 mð Þ
�0
n mð Þ : ð6Þ

If m1, m2, m3,… are the distinct roots of �n(m) ¼ 0

and c1, c2, c3,… are the corresponding values of c

determined by equation (6), then the asymptotes are

y ¼ m1xþ c1; y ¼ m2 xþ c2; y ¼ m3xþ c3; . . .

Case (ii): If �0
n mð Þ ¼ 0, that is, �n(m) has a repeated

root and if �n�1(m) 6¼ 0, then equation (6) implies

that c is undefined. Hence, there exists no asymp-

tote to the curve in this case.

Case (iii): If �0
n mð Þ ¼ �n�1 mð Þ ¼ 0. Then equa-

tion (5) reduces to an identity and equation (4)
reduces to
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p2

2!
�00
n mð Þ þ p�0

n�1 mð Þ þ �n�2 mð Þ þ 1

x
½. . .� þ . . .¼ 0:

As x ! 1, p ! c we have
c2

2
�00
n mð Þ þ c�0

n�1 mð Þ þ �n�2 mð Þ ¼ 0:

If �00
n mð Þ 6¼ 0, then this last quadratic in c gives two

values of c. Therefore, there are two asymptotes

y ¼ mxþ c1 and y ¼ mxþ c2;

corresponding to the slope m. Thus, in this case, we

have two parallel asymptotes.

Remark 2.1

(i) Since the degree of �n(m) ¼ 0 is n at the

most, the number of asymptotes, real or

imaginary, which are not parallel to y-axis,

cannot exceed n. In case the curve has

asymptotes parallel to y-axis, then the degree

of �n(m) is smaller than n by at least the

number of asymptotes parallel to y-axis.

Thus, the total number of asymptotes cannot
exceed the degree n of the curve.

(ii) Asymptotes parallel to y-axis cannot be

found by the said method as the equation of

a straight line parallel to y-axis cannot be

put in the form y ¼ mx þ c.

2.3 ASYMPTOTES PARALLEL TO COORDINATE AXES

(i) Asymptotes parallel to y-axis of a rational
algebraic curve

Let f (x, y) ¼ 0 be the equation of any algebraic

curve of the mth degree. Arranging the equation in

descending powers of y, we get

ym�0 xð Þ þ ym�1�1 xð Þ þ ym�2�2 xð Þ
þ . . .þ �mðxÞ ¼ 0; ð1Þ

where �0(x), �1(x), �2(x),… are polynomials in x.

Dividing the equation (1) by ym, we get

�0 xð Þ þ 1

y
�1 xð Þ þ 1

y2
�2 xð Þ

þ . . .þ 1

ym
�mðxÞ ¼ 0: ð2Þ

If x ¼ c be an asymptote of the curve parallel to

y-axis then lim
y!1 x ¼ c, where (x, y) lies on the

curve (1). Therefore,

lim
y!1 �0 xð Þ þ 1

y
�1 xð Þ þ 1

y2
�2 xð Þ þ . . .


 �
¼ 0

or �0 cð Þ ¼ 0

so that c is a root of the equation �0(x) ¼ 0.

If c1, c2,… are the roots of �0 (x) ¼ 0, then (x �c1),
(x�c 2),…are the factors of �0 (x). Also �0(x) is the
coefficient of the highest power of y, that is, of ym in

equation (1). Thus, we have the following simple

rule to determine the asymptotes parallel to y-axis.

The asymptotes parallel to the y-axis are obtained

by equating to zero the coefficient of the highest

power of y in the given equation of the curve. In case

the coefficient of the highest power of y is a constant
or if its linear factors are imaginary, then there will be

no asymptotes parallel to the y-axis.

(ii) Asymptotes parallel to the x-axis of a rational
algebraic curve

Proceeding exactly as in case (i) mentioned earlier,

we arrive at the following rule to determine the
asymptotes parallel to the x-axis:

The asymptotes parallel to the x-axis are

obtained by equating to zero the coefficient of the

highest power of x in the given equation of the curve.

In case the coefficient of the highest power of x is a

constant or if its linear factors are imaginary, then

there will be no asymptotes parallel to the x-axis.

2.4 WORKING RULE FOR FINDING ASYMPTOTES OF
RATIONAL ALGEBRAIC CURVE

In view of the mentioned discussion, we arrive at the

following working rule for finding the asymptotes
of rational algebraic curves:

1. A curve of degree n may have utmost n

asymptotes.

2. The asymptotes parallel to the y-axis are
obtained by equating to zero the coefficient

of the highest power of y in the given

equation of the curve. In case the coefficient

of the highest power of y is a constant or if

its linear factors are imaginary, then there

will be no asymptotes parallel to the y-axis.

The asymptotes parallel to the x-axis are

obtained by equating to zero the coefficient
of the highest power of x in the given
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equation of the curve. In case the coefficient

of the highest power of x is a constant or if

its linear factors are imaginary, then there

will be no asymptotes parallel to the x-axis.

If y ¼ mx þ c is an asymptote not parallel to the
y-axis, then the values ofm and c are found as follows:

(i) Find �n(m) by putting x ¼ 1, y ¼ m in the

highest-degree terms of the given equation
of the curve. Solve the equation �n(m) ¼ 0

for slope (m). If some values are imaginary,

reject them.

(ii) Find �n-1(m) by putting x ¼1, y ¼ m in the

next lower-degree terms of the equation of

the curve. Similarly �n-2(m) may be found
taking x¼1, y¼m in the next lower-degree

terms in the curve and so on.

(iii) If m1, m2,… are the real roots of �n(m),
then the corresponding values of c, that is,

c1, c2,… are given by

c ¼ ��n�1 mð Þ
�0
n mð Þ ; m ¼ m1; m2; . . . :

Then the required asymptotes are

y ¼ m1xþ c1; y ¼ m2xþ c2; . . .

(iv) If �0
n mð Þ ¼ 0 for some m but �n-1(m) 6¼ 0,

then there will be no asymptote corre-

sponding to that value of m.

(v) If �0
n mð Þ ¼ 0 and �n-1(m) ¼ 0 for some

value of m, then the value of c is deter-

mined from

c2

2!
�00
n mð Þ þ c

1!
�0
n�1 mð Þ þ �n�2 mð Þ ¼ 0:

This equation will yield two values of c and

thus, we will get atmost two parallel

asymptotes corresponding to this value of

m, provided �00
nðmÞ 6¼ 0.

(vi) Similarly, if�00
n mð Þ¼�0

n�1 mð Þ¼�n�2 mð Þ¼0;
then the value of c is determined from

c3

3!
�00
n mð Þ þ c2

2!
�00
n�1 mð Þ þ c

1!
�0
n�2 mð Þ

þ �n�3 mð Þ ¼ 0:

In this case, we get atmost three parallel asymptotes

corresponding to this value of m.

EXAMPLE 2.1
Find the asymptotes of the curve

y2 x2 � a2
� � ¼ x2 x2 � 4a2

� �
:

Solution. The equation of the curve is

y2 x2 � a2
� � ¼ x2 x2 � 4a2

� �
or

y2x2 � x4 � a2y2 þ 4a2x2 ¼ 0:
Since the degree of the curve is 4, it cannot havemore

than four asymptotes. Equating tozero, the coefficient

of the highest power of y, the asymptote parallel to
the y-axis is given by x2 � a2 ¼ 0. Thus, the

asymptotes parallel to the y-axis are x ¼ ±a.

Since the coefficient of the highest power of x

in the given equation is constant, there is no

asymptote parallel to the x-axis.

To find the oblique asymptotes, we put x ¼ 1

and y ¼ m in the highest-degree term, that is fourth-

degree term y2 x2 � x4 in the given equation and get
�4 (m) ¼ m2� 1. Therefore, slopes of the asymp-

totes are given by
�4 mð Þ ¼ m2 � 1 ¼ 0:

Hence,m ¼ ±1. Again putting y ¼ m and x ¼ 1 in the

next highest-degree term, that is, third-degree term, we
have �3(m) ¼ 0 (since there is no term of degree 3).

Now c is given by

c ¼ ��3 mð Þ
�0
4 mð Þ ¼

0

2m
¼ 0:

Therefore, the oblique asymptotes are y¼ xþ 0 and

y ¼ � x þ 0.

Hence, all the four asymptotes of the given

curve are x ¼ ±a and y ¼ ±x.

EXAMPLE 2.2
Find all the asymptotes of the curve

f ðx; yÞ ¼ y3 � xy2 � x2yþ x3 þ x2 � y2 � 1 ¼ 0:

Solution. The given curve is of degree 3 and so, it may

have atmost three asymptotes. Since the coefficients of

the highest power of x and y are constants, the curve
has no asymptote parallel to the coordinate axes.

To find the oblique asymptotes, we put x ¼ 1

and y¼ m in the expression containing third-degree

terms of f(x, y). Thereby we get

�3 mð Þ ¼ m3 � m2 � mþ 1 ¼ 0:

This equation yields m ¼ 1, 1,�1. Further, putting

x¼ 1, y¼ m in the next highest-degree term, we get

�2 mð Þ ¼ 1� m2:
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Therefore for m¼�1, the expression

c ¼ � 1� m2

3m2 � 2m� 1
yields c ¼ 0 and the corresponding asymptote is

y ¼ �xþ 0 or yþ x ¼ 0:

For m ¼ 1, the denominator is zero and so, c cannot
be determined by the preceding formula. Putting

x ¼ 1, y ¼ m in the first-degree terms, we have

�1(m) ¼ 0 (since there is no first-degree term). Now

for m ¼ 1, the constant c is given by

c2

2
�00
2 mð Þ þ c�0

2 mð Þ þ �1 mð Þ ¼ 0

or 3m� 1ð Þc2 � 2mc ¼ 0

or 2c2 � 2c ¼ 0 for m ¼ 1

or c c� 1ð Þ ¼ 0:
Hence, c ¼ 0 and c ¼ 1. So the two parallel
asymptotes corresponding to m ¼ 1 are y ¼ x and

y¼ xþ 1. Therefore, the asymptotes to the curve are

yþ x ¼ 0; y ¼ x and y ¼ xþ 1:

EXAMPLE 2.3
Find the asymptotes of the curve

y2 x� 2að Þ ¼ x3 � a3:

Solution. The degree of the curve is 3. So, there cannot
be more than three asymptotes. There is no asymp-

tote parallel to the x-axis. The asymptote parallel to

the y-axis is given by x � 2a ¼ 0, that is, x ¼ 2a.
To find the oblique asymptotes, we put x ¼ 1,

y¼ m in the third-degree term and get �3(m)¼ m 2�1

and so, the slope m is given by

�3 mð Þ ¼ m2 � 1 ¼ 0:

Thus, m ¼ ±1. Further, putting x ¼ 1, y ¼ m in

the second-degree terms, we get �2(m)¼�2am2.

Therefore for m ¼ 1 and m ¼ �1, the expression

c ¼ ��2 mð Þ
�0
3 mð Þ ¼

2am2

2m
¼ am

yields c¼ a, and�a respectively. Hence, the oblique

asymptotes are
y ¼ xþ a and y ¼ �x� a:

Hence, the three asymptotes of the curve are

x ¼ 2a; x� yþ a ¼ 0; and xþ yþ a ¼ 0:

EXAMPLE 2.4
Find the asymptotes of the curve

x3 þ 3x2y� 4y3 � xþ yþ 3 ¼ 0:

Solution. There is no asymptote parallel to the

coordinate axes. To find the oblique asymptotes, we

have
�3 mð Þ ¼ 1þ 3m� 4m3

and so, the slope m is given by

�3 mð Þ ¼ 1þ 3m� 4m3 ¼ 0:
Therefore, m ¼ 1;� 1

2
; and � 1

2
. For m ¼ 1, the

value of c is given by

c ¼ � �2 mð Þ
�00
3 mð Þ ¼ � 0

�12m2 þ 3
¼ 0:

Thus, the asymptote corresponding tom¼ 1 is y¼ x
or x � y ¼ 0.

For m ¼ � 1
2
; �0

3 mð Þ ¼ 0. So we find �1(m),
which is equal to �1(m) ¼ �1þm.

Hence, c is given by,

c2�00
3 mð Þ
2

þ c�0
2 mð Þ þ �1 mð Þ ¼ 0

or

6c2 � 3

2
¼ 0 or c2 ¼ 1

4
or c ¼ � 1

2
:

Thus, the asymptotes corresponding to m ¼ � 1
2
are

y ¼ � 1

2
xþ 1

2
and y ¼ � 1

2
x� 1

2
or

xþ 2y� 1 ¼ 0 and xþ 2yþ 1 ¼ 0:
Hence, the three asymptotes of the curve are

x � y ¼ 0, x þ 2y � 1 ¼ 0, and x þ 2y þ 1 ¼ 0.

EXAMPLE 2.5
Find the asymptotes of the curve

x� yð Þ2 x2þ y2
� ��10 x� yð Þx2þ12y2þ2xþ y¼ 0:

Solution. The equation of the given curve is

x� yð Þ2 x2þ y2
� ��10 x� yð Þx2þ12y2þ2xþ y¼ 0:

The coefficients of x4 and y4 are constant.

Therefore, the curve has no asymptotes parallel

to the axes. Putting x ¼ 1 and y ¼ m in the fourth-,

third- and second-degree terms, we have

�4 mð Þ ¼ 1� mð Þ2 1þ m2
� � ¼ m4 � 2m3

þ 2m2 � 2mþ 1

�3 mð Þ ¼ 10 m� 1ð Þ; and �2 mð Þ ¼ 12m2:

The slopes of the asymptotes are given by

�4 mð Þ ¼ 1� mð Þ2 1þ m2
� � ¼ 0:

Therefore,m¼ 1, 1 are the real roots. Further we have

�0
4 mð Þ ¼ 4m3 � 6m2 þ 4m� 2;
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so that �0
4 mð Þ ¼ 0 for m ¼ 1. Therefore, values of c

are given by

c2

2
�00
4 mð Þ þ c�0

3 mð Þ þ �2 mð Þ ¼ 0;

that is,

c2

2
12m2 � 12mþ 4
� �þ 10cþ 12m2 ¼ 0:

For m ¼ 1, this equation yields

2c2 þ 10cþ 12 ¼ 0 or c2 þ 5cþ 6 ¼ 0:
This equationgives c¼�2,�3. Putting the values of

m and c in y ¼ mx þ c, the asymptotes are given by

y ¼ x� 2 and y ¼ x� 3:

EXAMPLE 2.6
Find the asymptotes of the curve

xþ yð Þ2 xþ 2yð Þ þ 2 xþ yð Þ2� xþ 9yð Þ � 2 ¼ 0:

Solution. Since the coefficients of the highest-degree
term of x and y are constant, the given curve does

not have asymptotes parallel to the axes.

To find the oblique asymptotes, we put x ¼ 1

and y ¼ m in third-, second- and first-degree terms

and get

�3 mð Þ ¼ 1þmð Þ2 1þ 2mð Þ ¼ 2m3 þ 5m2 þ 4mþ 1

�2 mð Þ ¼ 2 1þmð Þ2¼ 2m2 þ 4mþ 1

�1 mð Þ ¼ � 1þ 9mð Þ ¼ �9m� 1:

Thus,
�0
3 mð Þ ¼ 6m2 þ 10mþ 4;

�00
3 3ð Þ ¼ 12mþ 10; and

�0
2 mð Þ ¼ 4mþ 4:

The slopes of the asymptotes are given by

�3 mð Þ ¼ 1þ mð Þ2 1þ 2mð Þ ¼ 0;
which yieldsm¼�1,� 1, and� 1

2
. The value of c is

given by

c ¼ ��2 mð Þ
�0
3 mð Þ ¼ � 2m2 þ 4mþ 1

6m2 þ 10mþ 4
:

For m ¼ � 1, �0
3 mð Þ ¼ 0 and so, c cannot be found

from this equation. For m ¼ � 1
2
we have c ¼ � 1.

Thus, the asymptotes corresponding to m ¼ � 1
2
is

y ¼ � 1

2
x� 1 or xþ 2yþ 2 ¼ 0:

For m ¼ �1, the value of c is calculated from the

relation
c2

2
�00
3 mð Þ þ c�0

2 mð Þ þ �1 mð Þ ¼ 0

or
c2

2
12mþ 10ð Þ þ c 4mþ 4ð Þ � 9m� 1 ¼ 0

or
c2 6mþ 5ð Þ þ c 4mþ 4ð Þ � 9m� 1 ¼ 0

or
c2 �1ð Þ þ 9� 1 ¼ 0

or
c2 ¼ 8; which yields c ¼ �2

ffiffiffi
2

p
:

Thus, the two parallel asymptotes corresponding to

the slope m ¼ �1 are

y ¼ �xþ 2
ffiffiffi
2

p
and y ¼ �x� 2

ffiffiffi
2

p
:

Hence, the asymptotes of the curve are

xþ 2yþ 2¼ 0; yþ x¼ 2
ffiffiffi
2

p
; and yþ x¼�2

ffiffiffi
2

p
:

EXAMPLE 2.7
Find the asymptotes of the curve

6x2 þ xy� 2y2 þ xþ 2yþ 1 ¼ 0

Solution. Since the coefficients of the highest powers
of x and y are constants, there is no asymptotes

parallel to the axes. To find the oblique asymptotes,

we put x ¼ 1 and y ¼ m in second- and first-degree

terms and get

�2 mð Þ ¼ 6� 2m2 þ m; �1 mð Þ ¼ 2mþ 1
and

�0
2 mð Þ ¼ �4mþ 1:

The slopes of the asymptotes are given by

�2 mð Þ ¼ 6� 2m2 þ m ¼ 0

and so, m ¼ 2, � 3
2
. The value of c is given by

c ¼ ��1 mð Þ
�0
2 mð Þ ¼ � 2mþ 1

�4mþ 1
:

For m ¼ 2 and m ¼ � 3
2
, the value of c are 5

7
and 2

7

respectively.

Therefore, the asymptotes are

y ¼ 2xþ 5

7
and y ¼ � 3

2
xþ 2

7or

14x� 7yþ 5 ¼ 0 and 21xþ 14y� 4 ¼ 0:

EXAMPLE 2.8
Find the asymptotes of the curve a2

x2
� b2

y2
¼ 1.

Solution. The equation of the given curve is

a2

x2
� b2

y2
¼ 1

or

x2y2 � a2y2 þ b2x2 ¼ 0:
Since the curve is of degree 4, it cannot have more

than four asymptotes.
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Equating the coefficient of the highest power of

x to zero, we get y2þ b2¼ 0, which yields imaginary

asymptotes.

Equating the coefficient of the highest power of

y to zero, we get

x2 � a2 ¼ 0 or x� að Þ xþ að Þ ¼ 0:
Hence, the asymptotes parallel to the y-axis are

x ¼ a and x ¼ � a. Thus, the only real asymptotes

are x � a ¼ 0 and x þ a ¼ 0.

2.5 INTERSECTION OF A CURVE AND ITS
ASYMPTOTES

We have seen that the equation of a curve of degree

n can be expressed in the form

xn�n
y

x

� 	
þ xn�1�n�1

y

x

� 	
þ xn�2�n�2

y

x

� 	
þ . . . ¼ 0: ð1Þ

Let
y ¼ mxþ c ð2Þ

be an asymptote to the curve (1). Eliminating y

from (1) and (2), we get

xn�n mþ c

x

� 	
þ xn�1�n�1 mþ c

x

� 	
þ xn�2�n�2 mþ c

x

� 	
þ . . . ¼ 0:

Expanding by Taylor’s Theorem, we get

xn �n mð Þ þ c

x
�0
n mð Þ þ c2

2!x2
�00
n mð Þ þ . . .


 �

þ xn�1 ½�n�1 mð Þ þ c

x
�0
n�1 mð Þ

þ c2

2!x2
�00
n�1 mð Þ þ . . .�

þ xn�2 �n�2 mð Þ þ c

x
�0
n�2 mð Þ




þ c2

2!x2
�00
n�2 mð Þ þ . . .

�
¼ 0; ð3Þ

that is,

xn�n mð Þþ xn�1½�0
n mð Þþ�n�1 mð Þ�

þ xn�2 c2

2!
�00
n mð Þþ c�0

n�1 mð Þþ�n�2 mð Þ

 �

þ . . .¼ 0:

But equation (2) being an asymptote of equation (1),

the values of m and c are given by

�n mð Þ ¼ 0 and c�0
n mð Þ þ �n�1 mð Þ ¼ 0:

Hence, equation (3) reduces to

xn�2 c2

2!
�00
n mð Þ þ c�0

n�1 mð Þ þ �n�2 mð Þ

 �

þ . . . ¼ 0;

which is of degree n� 2 and so, yields (n�2) values

of x. Hence, the asymptote (2) cuts the curve (1) in

(n�2) points.

If the curve has n asymptotes, then they all will

intersect the curve in n(n�2) points.

Further, if the equation of the curve of the nth

degree can be put in the form Fn þ Fn�2 ¼ 0, where
Fn�2 is of degree n�2 at the most and Fn consists of

n distinct linear factors, then the n(n�2) points of

intersection of the curve FnþFn�2¼ 0 and its

n asymptotes (given by Fn ¼ 0) lie on the curve

Fn�2 ¼ 0.

EXAMPLE 2.9
Find the asymptotes of the curve

x2y� xy2 þ xyþ y2 þ x� y ¼ 0
and show that they cut the curve in three points that

lie on the straight line x þ y ¼ 0.

Solution. Equating to zero the coefficient of highest

power of x, we get y ¼ 0. Thus, x-axis is an

asymptote to the given curve. Similarly, equating to

zero the coefficient of the highest power of y, we get
�x þ 1 ¼ 0 or x ¼ 1. Thus, x ¼ 1 is the asymptote

parallel to y-axis. To find the oblique asymptotes,

we put x ¼ 1 and y ¼ m in the third- and second-

degree terms and get

�3 mð Þ ¼ m� m2; �2 mð Þ ¼ mþ m2; and

�0
3 mð Þ ¼ 1� 2m:

Then the slopes of the asymptotes are given by

�3 mð Þ ¼ m� m2 ¼ 0;
which implies m ¼ 0 and m¼ 1. The values of c are

given by

c ¼ ��2 mð Þ
�0
3 mð Þ ¼ �mþ m2

1� 2m
:

Thus, the values of c corresponding to m ¼ 0 and
m ¼ 1 are c ¼ 0 and c ¼ 2, respectively. Therefore,

the oblique asymptotes are y ¼ 0 and y ¼ x þ 2.

Hence, the asymptotes of the curve are

y ¼ 0; x ¼ 1; and x� yþ 2 ¼ 0:
The joint equation of the asymptotes is

x� 1ð Þy x� yþ 2ð Þ ¼ 0
or

x2y� xy2 þ xyþ y2 � 2y ¼ 0:
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On the other hand, the equation of the curve can be

written as

x2y� xy2 þ xyþ y2 � 2y
� �þ yþ x ¼ 0;

which is of the form Fn þ Fn�2 ¼ 0. Hence, the
points of intersection which are n (n�2) ¼ 3(1) ¼ 3

in number lie on the curve Fn�2 ¼ x þ y¼ 0, which

is a straight line.

EXAMPLE 2.10
Show that the four asymptotes of the curve

x2 � y2
� �

y2 � 4x2
� �þ 6x3 � 5x2y

� 3xy2 þ 2y3 � x2 þ 3xy� 1 ¼ 0
cut the curve in eight points which lie on the circle

x2 þ y2 ¼ 1.

Solution. Substituting x ¼ 1 and y ¼ m in the fourth-

and third-degree terms, respectively, we get

�4 mð Þ ¼ 1� m2
� �

m2 � 4
� �

and

�3 mð Þ ¼ 6� 5m� 3m2 þ 2m3:
Thus,

�0
4 mð Þ ¼ 10m� 4m3:

The slopes of the asymptotes are given by

�4 mð Þ ¼ 1� m2
� �

m2 � 4
� � ¼ 0

and so, m ¼ ± 1, and ± 2. The value of c is given by

the expression

c ¼ ��3 mð Þ
�0
4 mð Þ ¼

6� 5m� 3m2 þ 2m3

4m3 � 10m
:

The value of c corresponding to m ¼ 1, �1, 2,

and �2 are respectively 0, 1, 0,and 1. Hence, the

asymptotes are
y ¼ x; y ¼ �xþ 1; y ¼ 2x; and y ¼ �2xþ 1:

Since the degree of the given curve is 4, the
number of point of intersection is equal to n(n�2)¼
4(4�2) ¼8.

The joint equation of the asymptotes is

ðy� xÞðyþ x� 1Þðy� 2xÞðyþ 2x� 1Þ ¼ 0
or

y2 � x2
� �

y2 � 4x2
� � � 6x3 þ 5x2y

þ 3xy2 � 2y3 þ y2 � 3xyþ 2x2 ¼ 0
or

x2 � y2
� �

y2 � 4x2
� � þ 6x3 � 5x2y

� 3xy2 þ 2y3 � y2 þ 3xy� 2x2 ¼ 0:

The given equation of the curve can be written as

x2 � y2
� �

y2 � 4x2
� � þ 6x3 � 5x2y� 3xy2 þ 2y3

� y2 þ 3xy� 2x2 þ x2 þ y2 � 1
� � ¼ 0;

which is of the form Fn þ Fn�2 ¼ 0. Hence, the

points of intersection lie on Fn�2 ¼ 0, that is, on the

circle x2 þ y2 � 1 ¼ 0.

EXAMPLE 2.11
Find the equation of the cubic which has the same

asymptotes as the curve x3�6x2y þ 11xy2�6y2 þ
xþ yþ 1¼ 0, and which touches the axis of y at the

origin and passes through the point (3, 2).

Solution. The equation of the curve is

x3 � 6x2yþ 11xy2 � 6y2 þ xþ yþ 1 ¼ 0:
The curve has no asymptote parallel to the axes. To

find the oblique asymptotes, we have

�3 mð Þ ¼ 1� 6mþ 11m2 � 6m2

¼ 1� mð Þ 1� 2mð Þ 1� 3mð Þ;
�2 mð Þ ¼ 0; �0

3 mð Þ ¼ 10m� 6:

The slopes of the asymptotes are given by

�3 mð Þ ¼ 1� mð Þ 1� 2mð Þ 1� 3mð Þ ¼ 0

and so, m ¼ 1, 1
2
, and 1

3
. Further,

c ¼ ��2 mð Þ
�0
3 mð Þ ¼ 0:

Therefore, the asymptotes are

y ¼ x; y ¼ x

2
; and y ¼ x

3
:

The joint equation of the asymptotes is
x� yð Þ x� 2yð Þ x� 3yð Þ ¼ 0:

The most general equation of any curve having

these asymptotes is

Fn þ Fn�2 ¼ 0; that is; F3 þ F1 ¼ 0
or

x� yð Þ x� 2yð Þ x� 3yð Þ þ axþ byþ k ¼ 0;
since F1 is of degree 1.

Since the curve passes through the origin, put-

ting x ¼ 0, y ¼ 0, in the preceding equation, we

get k ¼ 0. Thus, the equation of the curve becomes
x� yð Þ x� 2yð Þ x� 3yð Þ þ axþ by ¼ 0: ð1Þ

Equating to zero, the lowest-degree term in (1),

we get ax þ by ¼ 0 as the equation of the tangent at

the origin. But y-axis, that is, x ¼ 0 is tangent at the

origin. Therefore, b ¼ 0 and the equation of the

curve reduces to
x� yð Þ x� 2yð Þ x� 3yð Þ þ ax ¼ 0:

Since the curve passes through (3, 2), we have

3� 2ð Þ 3� 4ð Þ 3� 6ð Þ þ 3a ¼ 0

and so, a ¼ �1. Hence, the required curve is
x� yð Þ x� 2yð Þ x� 3yð Þ � x ¼ 0
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or
x3 � 6x2yþ 11xy2 � 6y3 � x ¼ 0:

EXAMPLE 2.12
Show that the eight points of the curve

x4 þ 5x2y2 þ 4y4 þ x2 � y2 þ xþ yþ 1 ¼ 0
and its asymptotes lie on a rectangular hyperbola.

Solution. The equation of the curve is of degree 4.

Therefore, the number of points of intersection with

the asymptotes is n(n � 2) ¼ 4(4 � 2) ¼ 8. Further,

the equation of the given curve can be written as

x2 � y2
� �

x2 � 4y2
� �þ x2 � y2 þ xþ yþ 1 ¼ 0

or
Fn þ Fn�2 ¼ 0;

where

Fn ¼ x2 � y2
� �

x2 � 4y2
� �

is of degree 4 and

Fn�2 ¼ x2 � y2 þ xþ yþ 1 ¼ 0 is of degree 2:
The asymptotes are given by Fn ¼ 0, that is, by

(x2 � y2) (x2 � 4y2) ¼ 0. Thus, the asymptotes are

x¼ ± y and x¼ ±2y. The equation Fn�2 ¼ 0, that is,

x2 � y2 þ xþ yþ 1¼ 0 is the equation of the curve

on which the points of intersection of the asymp-

totes and the given curve lie. The conic x2 � y2 þ
x þ y þ 1 ¼ 0 is a hyperbola since the sum of the

coefficients of x2 and y2 is zero. Hence, the eight
points of intersection of the given curve with its

asymptotes lie on a rectangular hyperbola.

EXAMPLE 2.13
Find the asymptotes of the curve

x ¼ að1� t2Þ
1þ t2

; y ¼ atð1� t2Þ
1þ t2

:

Solution. The equation of the curve is given in

parametric form. We eliminate t by dividing and get
x

y
¼ 1

t
so that t ¼ y

x
:

Substituting this value of t in x ¼ að1�t2Þ
1þt2

, we obtain

x ¼ aðx2 � y2Þ
x2 þ y2

or
y2ðaþ xÞ ¼ x2ða� xÞ: ð1Þ

Equating to zero the highest power of y in the

equation (1) of the curve, we have xþ a¼ 0. Hence,

x þ a ¼ 0 is the asymptote parallel to the y-axis. To
find the oblique asymptotes, we put x¼ 1 and y¼ m

in the highest-degree term of f (x, y) to get

�3ðmÞ ¼ m2 þ 1 ¼ 0:

But the roots of the equation m2 þ 1 ¼ 0 are ima-

ginary. Therefore, there is no oblique asymptote.

Hence, the only asymptote is x þ a ¼ 0.

2.6 ASYMPTOTES BY EXPANSION

Let the equation of the given curve be of the form

y ¼ mxþ cþ A

x
þ B

x2
þ C

x3
þ . . . : ð1Þ

Dividing both sides by x, we get
y

x
¼ mþ c

x
þ A

x2
þ B

x3
þ C

x4
þ . . . :

Taking limit as x ! 1, we have

lim
x!1

y

x

� 	
¼ m: ð2Þ

The equation (1) can also be written as

y� mx ¼ cþ A

x
þ B

x2
þ C

x3
þ . . . :

Taking limit as x ! 1, we get

lim
x!1ðy� mxÞ ¼ c: ð3Þ

It follows (see Article 4.1) from (2) and (3) that

y ¼ mx þ c is an asymptote of the curve (1). Hence,

y ¼ mx þ c is an asymptote of a curve, whose

equation can be expressed in the form (1) given
earlier.

For example, consider the curve

f ðx; yÞ ¼ 2x3 þ x2ð2� yÞ þ xþ 1 ¼ 0:
The given equation can be written as

x2y ¼ 2x3 þ 2x2 þ xþ 1
or

y ¼ 2xþ 2þ 1

x
þ 1

x2
:

Hence, y ¼ 2x þ 2 is an asymptote of the given

curve.

2.7 ASYMPTOTES OF THE POLAR CURVES

If a is a root of the equation f (h) ¼ 0, then

r sin h� að Þ ¼ 1
f 0 að Þ is an asymptote of the polar

curve 1
r
¼ f hð Þ.

Thus, to find the asymptotes of a polar curve,

first write down the equation of the curve in the

form 1
r
¼ f hð Þ. Then find the roots of the equation

f (h)¼ 0. If the roots are h1, h2, h3,…, find f 0(h) at
h ¼ h1, h2, h3,… . Then the asymptotes of the curve

shall be
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r sin h� h1ð Þ ¼ 1

f 0 h1ð Þ ;

r sin h� h2ð Þ ¼ 1

f 0 h2ð Þ ; and so on:

EXAMPLE 2.14
Find the asymptotes of the curve

r sin h ¼ 2 cos 2h:

Solution. The equation of the given curve can be

written as
1

r
¼ sin h

2 cos h
¼ f hð Þ:

Therefore, f (h) ¼ 0 yields sin h ¼ 0 and so, h ¼ n�,
where n is an integer. Since

f 0 hð Þ ¼ 1

2

cos 2h cos h� sin h �2 sin 2hð Þ
cos2 2h


 �
;

we have
1

f 0 n�ð Þ ¼
2 cos2 2n�ð Þ

cos 2n�ð Þ cos n�þ 2 sin n� sin 2n�

¼ 2

cos n�
¼ 2

�1ð Þn :
Hence, the required asymptotes are

r sin h� n�ð Þ ¼ 2

�1ð Þn
or

�r sin n�� hð Þ ¼ 2

�1ð Þn
or

�r½ �1ð Þn�1sin h� ¼ 2

�1ð Þn
or

r sin h ¼ 2:

EXAMPLE 2.15
Show that the curve r ¼ a

1�cos h has no asymptotes.

Solution. The equation of the given curve can be

written in the form
1

r
¼ 1� cos h

a
¼ f hð Þ:

Then f (h) ¼ 0 implies cosh ¼ 1 and so, h ¼ 2n�,
where n is an integer. Further,

f 0 hð Þ ¼ 1

a
sin h

and so,

f 0 2n�ð Þ ¼ 1

a
sin 2n�ð Þ ¼ 0:

We know that if a is a root of the equation f (h) ¼ 0,

then asymptote corresponding to this asymptotic

direction a is given by

f 0ðaÞ:r sinðh� aÞ ¼ 1:

So for a ¼ 2n�, the equation of the asymptote is

f 0ð2n�Þ:r sinðh� 2n�Þ ¼ 1:

But, we have shown that f 0(2n�) ¼ 0. Thus, 0 ¼ 1,

which is impossible. Hence, there is no asymptote

to the given curve.

EXAMPLE 2.16
Find the asymptotes of the curve

r ¼ a sec hþ tan hð Þ:

Solution. We are given that

r ¼ a
1

cos h
þ sin h

cos h

� �
¼ a 1þ sin hð Þ

cos h
:

Thus,
1

r
¼ cos h

a 1þ sin hð Þ ¼ f hð Þ:

But f (h) ¼ 0 yields cos h
a 1þsin hð Þ ¼ 0 or cos h ¼ 0 or

h ¼ 2nþ 1ð Þ �
2
.

Also,

f 0 hð Þ ¼ 1

a

1þ sin hð Þ � sin hð Þ � cos h cos h

1þ sin hð Þ2
" #

¼ � sin hþ 1ð Þ
a 1þ sin hð Þ2 :

Therefore,

f 0 2nþ 1ð Þ�
2

h i
¼ � 1

a

sin 2nþ 1ð Þ �
2
þ 1

1þ sin 2nþ 1ð Þ �
2


 �2
¼ � 1

a

�1ð Þnþ1

½1þ �1ð Þn�2
and so, the asymptotes are

r sin h� 2nþ 1ð Þ �
2

h i
¼ 1

f 0 2nþ 1ð Þ �
2


 �
or

�r sin n�þ �

2
� h

� 	
¼ � a½1þ �1ð Þn�2

�1ð Þnþ1

or

�1ð Þnr sin �

2
� h

� 	
¼ a½1þ �1ð Þn�2

�1ð Þnþ1
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or

r cos h ¼ a½1þ �1ð Þn�2
1þ �1ð Þn ¼ a½1þ �1ð Þn�:

Putting n ¼ 0, 1, 2,…, the asymptotes of the curve

are given by

r cos h ¼ 2a and r cos h ¼ 0:

Thus, we note that there are only two asymptotes of

the given curve.

EXAMPLE 2.17
Find the asymptotes of the curve r ¼ a tan h.

Solution. The equation of the given curve may be
written as

1

r
¼ 1

a

cos h

sin h
¼ f hð Þ:

Therefore, f (h) ¼ 0 implies cos h ¼ 0 and so,

h ¼ 2nþ 1ð Þ �
2
. Also

f 0 hð Þ ¼ � 1

a
cosec2 h:

Therefore,

f 0 2nþ 1ð Þ�
2

h i
¼ � 1

a sin 2nþ 1ð Þ �
2


 �2 ¼ �1

a �1ð Þ2n :

Thus,
1

f 0 2nþ 1ð Þ �
2


 � ¼ a �1ð Þ2n�1¼ �a:

The asymptotes are now given by

r sin h� 2nþ 1ð Þ�
2

� 	
¼ �a:

Proceeding as in the earlier example, we get the

asymptotes as

r cos h ¼ a and r cos h ¼ �a:

EXAMPLE 2.18
Find the asymptotes of the following curves:

(i) rh ¼ a

(ii) r ¼ 2a
1�2 cos h

(iii) r sin nh ¼ a.

Solution. (i) From the given equation, we get
1

r
¼ h

a
¼ f hð Þ:

Therefore, f (h) ¼ 0 yields h
a
¼ 0 or h ¼ 0.

Also

f 0 hð Þ ¼ 1

a
and so;

1

f 0 hð Þ ¼ a:

Thus, the asymptotes are given by

r sin h� 0ð Þ ¼ 1

f 0 0ð Þ ¼ a or r sin h ¼ a:

(ii) From the given equation, we get

1

r
¼ 1� 2 cos h

2a
¼ f hð Þ:

Therefore, f (h)¼ 0 gives 1� 2cosh¼ 0 or cos h ¼ 1
2

and so, h ¼ 2n�� �
3
, where n is an integer. Further,

f 0 hð Þ ¼ 1

2a
2 sin hð Þ ¼ sin h

a
:

This gives

f 0 2n�� �

3

� 	
¼ 1

a
sin 2n�� �

3

� 	
¼ � 1

a
sin

�

3

¼ �
ffiffiffi
3

p

2a
:

Hence, the asymptotes are given by

r sin h� 2n�� �

3

� 	h i
¼ 1

f 0 2n�� �
3

� � ¼ � 2affiffiffi
3

p

or on simplification,

r sin h� �

3

� 	
¼ 2affiffiffi

3
p and r sin hþ �

3

� 	
¼ � 2affiffiffi

3
p :

(iii) The equation of the curve may be written as

1

r
¼ sin nh

a
¼ f hð Þ:

Therefore, f (h) ¼ 0 implies that sin nh ¼ 0 and so,

nh¼m�, where m is an integer. Thus, h ¼ m�
n
. Also,

f 0 hð Þ ¼ n cos nh

a
and so,

f 0
m�

n

� 	
¼ n cosm�

a
:

Hence, the asymptotes are given by

r sin h� m�

n

� 	
¼ 1

f 0 m�
n

� � ¼ a

n cosm�
;

where m is an integer.

2.8 CIRCULAR ASYMPTOTES

Let the equation of a curve be r ¼ f (h). If

lim
h!1

f hð Þ ¼ a, then the circle r ¼ a is called the

circular asymptote of the curve r ¼ f (h)

EXAMPLE 2.19
Find the circular asymptotes of the curves

(i) r eh � 1
� � ¼ a eh þ 1

� �
:
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(ii) r hþ sin hð Þ ¼ 2hþ cos h:

(iii) r ¼ ah
h�1

:

Solution. (i) The given equation is

r eh � 1
� � ¼ a eh þ 1

� �
or

r ¼ a eh � 1
� �
eh � 1

¼ f hð Þ:
Now

lim
h!1

a eh � 1
� �
eh � 1

¼ a lim
h!1

1þ e�h

1� e�h
¼ a:

Hence, r ¼ a is the circular asymptote.

(ii) The equation of the given curve is

r ¼ 2hþ cos h

hþ sin h
¼ f hð Þ:

Further,

lim
h!1

f hð Þ ¼ lim
h!1

2hþ cos h

hþ sin h
¼ lim

h!1
2þ 1

h cos h

1þ sin h
h

¼ 2

1þ 0
¼ 2:

Hence, r ¼ 2 is the required circular asymptote.

(iii) The given equation is

r ¼ ah

h� 1
and

lim
h!1

ah

h� 1
¼ a lim

h!1
1

1� 1
h

¼ a:

Hence, r ¼ a is the circular asymptote of the given

curve.

2.9 CONCAVITY, CONVEXITY AND SINGULAR
POINTS

Consider the curve y ¼ f ðxÞ, which is the graph
of a single-valued differentiable function in a

plane. The curve is said to be convex upward or

concave downward on the interval (a, b) if all points

of the curve lie below any tangent to it on this

interval. We say that the curve is convex downward

or concave upward on the interval (c, d ) if all points

of the curve lie above any tangent to it on this

interval. Generally, a convex upward curve is
called a convex curve and a curve convex down

is alled a concave curve. For example, the curves

in figures (a) and (b) are respectively convex and

concave curves.

Tangent at P
P

P

ba dc

Tangent at P

(a) Convex Curve  (b) Concave Curve

The following theorems tell us whether the given
curve is convex or concave in some given interval.

Theorem 2.1. If at all points of an interval (a, b) the

second derivative of the function f (x) is negative,

that is, f 00ðxÞ < 0, then the curve y ¼ f ðxÞ is convex
on that interval.

Theorem 2.2. If at all points of an interval (c, d ) the

second derivative of the function f ðxÞ is positive,
that is, f 00ðxÞ > 0, then the curve y ¼ f ðxÞ is con-
cave on that interval.

A point P on a continuous curve ¼ f ðxÞ is said
to be a point of inflexion if the curve is convex on

one side and concave on the other side of P with

respect to any line, not passing through the point P.

In other words, the point that separates the con-

vex part of a continuous curve from the concave part
is called the point of inflexion.

The following theorem gives the sufficient con-

ditions for a given point of a curve to be a point of

inflexion.

Theorem 2.3. Let y ¼ f ðxÞ be a continuous curve.

If f 00ð pÞ ¼ 0 or f 00ð pÞ does not exist and if the

derivative f 00ðxÞ changes sign when passing through

x ¼ p, then the point of the curve with abscissa

x ¼ p is the point of inflexion.

Thus at a point of inflexion P, f 00ðxÞ is positive
on one side of P and negative on the other side. The

above theorem implies that at a point of inflexion
f 00ðxÞ ¼ 0 and f 000ðxÞ 6¼ 0.
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For example, the point P, in the figure shown

below is a point of inflexion.

P

0

y

x

A point through which more than one branches

of a curve pass is called a multiple point on the

curve.

If two branches of curve pass through a point,

then that point is called a double point. If r bran-

ches of a curve pass through a point, then that point

is called a multiple point of order r.

If two branches of a curve through a double
point are real and have different tangents, then the

double point is called a node.

For example, the curve in the figure below has a

node at the origin.

y

x
0

(Origin as a Node)

If two branches through a double point P are real

and have coincident tangents, then P is called a cusp.

For example, the curve in the figure below has a

cusp at the origin.

(Origin as a Cusp)

0
x

y

Let Pðx; yÞ be any point on the curve

f ðx; yÞ ¼ 0. The slope dy
dx

of the tangent at P is

given by

dy

dx
¼ �

@f

@x
@f

@y

or
@f

@x
þ @f

@y
:
dy

dx
¼ 0;

which is a first degree equation in dy
dx
. Since at a

multiple point, the curve must have at least two

tangents, therefore dy
dx

must have at least two

values at a double point. It is possible if and

only if

@f

@x
¼ 0 and

@f

@y
¼ 0:

Hence the necessary and sufficient conditions

for the existence of multiple points are

@f

@x
¼ 0 and

@f

@y
¼ 0:

EXAMPLE 2.20
Find the points of inflexion of the curve

yða2 þ x2Þ ¼ x3:
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Solution. The equation of the given curve is

y ¼ x3

a2 þ x2
:

Therefore

dy

dx
¼ ða2 þ x2Þ3x2 � 2x4

ða2 þ x2Þ2 ¼ x4 þ 3a2x2

ða2 þ x2Þ2 :

Differentiating once more with respect to x, we get

d2y

dx2
¼ xð6a4 þ 10a2x2 þ 4x4 � 12a2x2 � 4x4Þ

ða2 þ x2Þ3

¼ 2xa2ð3a2 � x2Þ
ða2 þ x2Þ3 :

At the point of inflexion, we must have d2y
dx2

¼ 0 and

so

2xa2ð3a2 � x2Þ
ða2 þ x2Þ3 ¼ 0 and 2xa2ð3a2 � x2Þ ¼ 0;

which yields x ¼ 0; � ffiffiffi
3

p
a. Further,

d3y

dx3
¼ 6a2ðx4 � 6a2x2 þ a4Þ

ða2 þ x2Þ4 :

If x ¼ 0, then d3y
dx3

¼ 6a6

a8
¼ 6

a2
6¼ 0.

If x ¼ ffiffiffi
3

p
a, then d3y

dx3
¼ � 3

4
a2 6¼ 0:

If x ¼ � ffiffiffi
3

p
a, then d3y

dx3
¼ � 3

4
a2 6¼ 0.

Thus all the three values of x corresponds to the

points of inflexion.

When x ¼ 0, the given equation yields y ¼ 0:
When x ¼ ffiffiffi

3
p

a, the given equation yields y ¼ 3
ffiffi
3

p
a

4

When x ¼ � ffiffiffi
3

p
a, the given equation yields

y ¼ � 3
ffiffi
3

p
4
a.

Hence the points of inflexion of the given curve are

ð0; 0Þ;
ffiffiffi
3

p
a ;

3
ffiffiffi
3

p

4
a

� �
and �

ffiffiffi
3

p
a ;

3
ffiffiffi
3

p

4
a

� �
:

EXAMPLE 2.21
Does the curve y ¼ x4 have points of inflexion?

Solution. The equation of the given curve is y ¼ x4.

Differentiating with respect to x, we have

dy

dx
¼ 4x3;

d2y

dx2
¼ 12x2;

d3y

dx3
¼ 24x:

Then for the points of inflexion, we must have

d2y

dx2
¼ 0; that is; 12x2 ¼ 0;

which yields x ¼ 0. But

for x<0;
d2y

dx2
>0and therefore the curve is concave,

for x>0;
d2y

dx2
>0and therefore the curve is concave.

Since the second derivative does not change sign

passing through x¼0, the curve has no points of

inflexion.

EXAMPLE 2.22
Find the points of inflexion on the curve

y2 ¼ xðxþ 1Þ2.

Solution. The given curve is symmetrical about x axis
and gives

y ¼ �x
1
2ðxþ 1Þ:

So, we can proceed with

y ¼ x
1
2ðxþ 1Þ:

Then

dy

dx
¼ x

1
2 þ 1

2
x�

1
2ðxþ 1Þ ¼ 3xþ 1

2x
1
2

;

d2y

dx2
¼ 1

2

3x
1
2 � ð3xþ 1Þ 1

2
x�

1
2

x

" #
¼ 3x� 1

4x
3
2

:

To determine the point of inflexion, we put d
2y

dx2
equal

to 0. Therefore 3x� 1 ¼ 0 or x ¼ 1
3
. Further

d2y

dx3
¼ 3

8x
5
2

ð1� xÞ 6¼ 0 at x ¼ 1

3
:

Therefore the curve has point of inflexion corre-

sponding to x ¼ 1
3
. Putting x ¼ 1

3
in the equation of
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the curve, we have y ¼ � 4
3
ffiffi
3

p . Hence the points

of inflexion on the curve are

1

3
;

4

3
ffiffiffi
3

p
� �

and
1

3
;� 4

3
ffiffiffi
3

p
� �

:

EXAMPLE 2.23
Find the points of inflexion and the intervals of con-

vexity and concavity of the Gaussian curve

y ¼ e�x2 .

Solution. The equation of the Gaussian curve is

y ¼ e�x2 . Therefore

dy

dx
¼ �2xe�x2 ;

d2y

dx2
¼ 2e�x2 ½2x2 � 1�:

For the existence of points of inflexion, we must

have d2y
dx2

¼ 0, which yields x ¼ � 1ffiffi
2

p .

Now, since

for x <
1ffiffiffi
2

p ; we have
d2y

dx2
< 0

for x >
1ffiffiffi
2

p ; we have
d2y

dx2
> 0;

therefore the point of inflexion exists for x ¼ 1ffiffi
2

p .

Putting x ¼ 1ffiffi
2

p in the given equation, y ¼ e�
1
2.

Therefore 1ffiffi
2

p ; e�
1
2

� 	
is a point of inflexion on the

curve.

Also

for x < � 1ffiffiffi
2

p ; we have
d2y

dx2
> 0

for x > � 1ffiffiffi
2

p ; we have
d2y

dx2
< 0:

Thus another point of inflexion exists for the value

x ¼ � 1ffiffi
2

p . Putting x ¼ � 1ffiffi
2

p in the equation of the

Gaussian curve, we get y ¼ e�
1
2. Hence the second

point of inflexion is � 1ffiffi
2

p ; e�
1
2

� 	
.

EXAMPLE 2.24
Determine whether the curve y ¼ ex is concave or

convex.

Solution. The given exponential curve is y ¼ ex.
Then

dy

dx
¼ ex;

d2y

dx2
¼ ex > 0 for the all values of x:

Hence the curve is everywhere concave.

EXAMPLE 2.25
Determine the existence and nature of the double

points on the curve

f ðx; yÞ ¼ y2 � ðx� 2Þ2ðx� 1Þ ¼ 0:

Solution. We have

f ðx; yÞ ¼ y2 � ðx� 2Þ2ðx� 1Þ ¼ 0;

@f

@x
¼ �ðx� 2Þð3x� 4Þ;

@f

@y
¼ 2y:

Now for the existence of double points, we must

have

@f

@x
¼ @f

@y
¼ 0:

Hence

ðx� 2Þð3x� 4Þ ¼ 0 and 2y ¼ 0;

which yield

x ¼ 2;
4

3
and y ¼ 0:

Thus the possible double points are (2, 0) and 4
3
; 0

� �
.

But, only (2, 0) satisfies the equation of the curve.

To find the nature of the double point (2, 0), we shift

the origin to (2, 0). The equation reduces to

y2 ¼ ðxþ 2� 2Þ2ðxþ 2� 1Þ ¼ x2ðxþ 1Þ
¼ x3 þ x2:
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Equating to zero the lowest degree term, we get

y2 � x2 ¼ 0, which gives y ¼ �x as the tangent at

(2, 0). Therefore, at the double point (2, 0), there

are two real and district tangents. Hence the double

point (2, 0) is a node on the given curve.

EXAMPLE 2.26
Does the curve x4 � ax2yþ axy2 þ a2y2 ¼ 0 have a

node on the origin?

Solution. Equating to zero the lowest degree term in

the equation of the given curve, we have

a2y2 ¼ 0;which yields y ¼ 0; 0:

Therefore there are two real and coincident tangents
at the origin. Hence the given curve has a cusp or

conjugate point at the origin and not a node.

2.10 CURVE TRACING (CARTESIAN EQUATIONS)

The aim of this section is to find the appropriate

shape of a curve whose equation is given. We

shall examine the following properties of the curves

to trace it.

1. Symmetry: (i) If the equation of a curve

remains unaltered when y is changed to –y, then the

curve is symmetrical about the x-axis. In other

words, if the equation of a curve consists of even
powers of y, then the curve is symmetrical about the

x-axis. For example, the parabola y2 ¼ 4ax is

symmetrical about the x-axis.

(ii) If the equation of a curve remains unaltered

when x is changed to �x, then the curve is sym-

metrical about the y-axis. Thus, a curve is sym-

metrical about the y-axis, if its equation consists of

even powers of x. For example, the curve x2 þ y2 ¼
a2 is symmetrical about the y-axis.

(iii) If the equation of a curve remains

unchanged when x is replaced by �x and y is

replaced by�y, then the curve is symmetrical in the

opposite quadrants. For example, the curve xy ¼ c2

is symmetrical in the opposite quadrants.

(iv) If the equation of a curve remains unaltered

when x and y are interchanged, then the curve is
symmetrical about the line y ¼ x. For example, the

folium of Descarte’s x3 þ y3 ¼ 3axy is symmetrical

about the line y ¼ x.

2. Origin: (i) If the equation of a curve does not
contain a constant term, then the curve passes

through the origin. In other words, a curve passes

through the origin if (0, 0) satisfies the equation of

the curve.
(ii) If the curve passes through the origin, find

the equation of the tangents at the origin by

equating to zero the lowest-degree terms in the

equation of the curve. In case there is only one

tangent, determine whether the curve lies below

or above the tangent in the neighbourhood of the

origin. If there are two tangents at the origin, then

the origin is a double point; if the two tangents
are real and distinct, then the origin is a node; if

the two tangents are real and coincident, then the

origin is cusp; if the two tangents are imaginary,

then the origin is a conjugate point or an isolated

point.

Y

X0

(Origin as a Node)
(Origin as a Cusp)

0 X

Y

3. Intersection with the Coordinate Axes: To
find the points where the curve cuts the coordinate

axes, we put y ¼ 0 in the equation of the curve to

find where the curve cuts the x-axis. Similarly, we

put x ¼ 0 in the equation to find where the curve

cuts the y-axis.

4. Asymptotes: Determine the asymptotes of
the curve parallel to the axes and the oblique

asymptotes.

5. Sign of the Derivative:Determine the points

where the derivative dy
dx

vanishes or becomes infi-

nite. This step will yield the points where the tan-

gent is parallel or perpendicular to the x-axis.

6. Points of Inflexion: A point P on a curve is

said to be a point of inflexion if the curve is concave
on one side and convex on the other side of P with
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respect to any line AB, not passing through the

point P.
Y

X
0

P (Point of Inflexion)

There will be a point of inflexion at a point P on

the curve if d2y
dx2

¼ 0 but d3y
dx3

6¼ 0.

7. Region, Where the Curve Does Not Exist:
Find out if there is any region of the plane such that

no part of the curve lies in it. This is done by solving

the given equation for one variable in terms of the

other. The curve will not exist for those values of one

variable which make the other variable imaginary.

EXAMPLE 2.27
Trace the curve

a2y2 ¼ x2 a2 � x2
� �

:

Solution. The equation of the curve is
a2y2 ¼ x2 a2 � x2

� �
:

We observe the following:

(i) Since powers of both x and y are even, it follows

that the curve is symmetrical about both the axes.

(ii) Since the equation does not contain constant

terms, the curve passes through the origin. To

find the tangent at the origin, we equate to zero
the lowest-degree terms in the given equation.

Thus, the tangents at the origin are given by

a2y2 � a2x2 ¼ 0 or y ¼ �x:
Since tangents are distinct, the origin is a node.

(iii) Putting y ¼ 0 in the given equation, we get

x¼ 0 and x¼ ± a. Therefore, the curve crosses

the x-axis at (0, 0), (a, 0), and (�a, 0).
(iv) Shifting the origin to (a, 0), the given equation

reduces to

a2y2 ¼ xþ að Þ2½a2 � xþ að Þ2�
or

a2y2 ¼ xþ að Þ2 �2ax� x2
� �

:

Equating to zero the lowest-degree term, the

tangent at the new origin is given by 4a2x2 ¼ 0

or x ¼ 0. Thus, the tangent at (a,0) is parallel to

the y-axis.

(v) The given equation can be written as

y2 ¼ x2 a2 � x2ð Þ
a2

:

When x¼ 0, y¼0 and when x¼ a, y¼ a. When
0 < x < a, y is real and so, the curve exists in

this region. When x > a, y2 is negative and so, y

is imaginary. Hence, the curve does not exist

in the region x > a.

(vi) The given curve has no asymptote.

Hence, the shape of the curve is as shown in the

following figure:

EXAMPLE 2.28
Trace the curve

xy2 ¼ 4a2ð2a� xÞðWitch of AgnesiÞ:
Solution. We note that

(i) The curve is symmetrical about the x-axis

because the equation contains even powers
of y.

(ii) Since the equation consists of a constant

term, 8a3, the curve does not pass through

the origin.

(iii) Putting y ¼ 0 in the equation, we get

x ¼ 2a. Therefore, the curve crosses the

x-axis at (2a, 0). When x¼ 0, we do not get

any value of y. Therefore, the curve does

not meet the y-axis.

Shifting the origin to (2a, 0), the equation

of the curve reduces to

xþ 2að Þy2 ¼ 4a2 2a� x� 2að Þ
or

y2xþ 2ay2 þ 4a2x ¼ 0:
Equating to zero, the lowest-degree terms

of this equation, the equation of the tangent

at this new origin is given by

4a2x ¼ 0 or x ¼ 0:
Hence, the tangent at the point (2a, 0) to the

curve is parallel to y-axis.
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(iv) Equating to zero the coefficient of high-

est power of y, the asymptote parallel to

the y-axis is x ¼ 0, that is, the y-axis.

Further, the curve has no other real

asymptote.

(v) The equation of the given curve can be

written as

y2 ¼ 4a2 2a� xð Þ
x

:

Therefore, when x ! 0, y approaches 1
and so, the line x ¼ 0 is an asymptote.

When x ¼ 2a, y ¼ 0. When 0 < x < 2a, the

value of y is real and so, the curve exists in

the region 0 < x < 2a. When x > 2a, y is

imaginary and so, the curve does not exists
for x > 2a. Similarly, when x is negative,

again y is imaginary. Therefore, the curve

does not exist for negative x.

In view of the mentioned points, the shape

of the curve is as shown in the following

figure:

(2a, 0)0

y

x

EXAMPLE 2.29
Trace the curve

y2 2a� xð Þ ¼ x3 Cissoidð Þ:
Solution. We note that

(i) Since the powers of y in the given equation

of the curve are even, the curve is sym-
metrical about the x-axis.

(ii) Since the equation of the curve does not

contain a constant term, the curve passes

through the origin. Equating to zero the

lowest-degree term in the equation, the tan-
gent at the origin is given by 2ay2 ¼ 0.

Thus, y ¼ 0, y ¼ 0 and so, there are two

coincident tangents at the origin. Hence,

the origin is a cusp.

(iii) Putting x ¼ 0 in the equation, we get y ¼ 0

and similarly, putting y ¼ 0, we get x ¼ 0.

Therefore, the curve meets the coordinate
axes only at the origin.

(iv) Equating to zero the highest power of y in

the equation of the curve, the asymptote

parallel to the y-axis is x ¼ 2a. The curve

does not have an asymptote parallel to the

x-axis or any other oblique asymptote.

(v) The given equation can be written as

y2 ¼ x3

2a� x
:

When x! 2a, y2!1 and so, x¼ 2a is an asymp-

tote. If x > 2a, y is imaginary. Therefore, the curve

does not exist beyond x¼ 2a.When 0 < x < 2a, y2 is

positive and so, y is real. Therefore, the curve exists

in the region 0 < x < 2a. When x < 0, again y is

imaginary. Therefore, the curve does not exist for a

negative x.

In view of the said observations, the shape of
the curve is as shown in the following figure:

y

x

x = 2a

0

EXAMPLE 2.30
Trace the curve

x3 þ y3 ¼ 3axy (Folium of Descartes):
Solution. We observe that

(i) The curve is not symmetrical about the
axes. However, the equation of the curve

remains unaltered if x and y are inter-

changed. Hence, the curve is symmetrical

about the line y ¼ x. It meets this line at
3a
2
; 3a
2

� �
.
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(ii) Since the equation does not contain a con-

stant term, the curve passes through the ori-

gin. Equating to zero the lowest-degree

term, we get 3axy ¼ 0. Hence, x ¼ 0,

y ¼ 0 are the tangents at the origin. Thus,

both y- and x-axis are tangents to the curve

at the origin. Since there are two real and
distinct tangents at the origin, the origin is a

node of the curve.

(iii) The curve intersects the coordinate axes

only at the origin.

(iv) If, in the equation of the curve, we take

both x and y as negative, then the right-

hand side becomes positive while the

left-hand side is negative. Therefore, we

cannot take both x and y as negative.

Thus, the curve does not lie in the third

quadrant.

(v) There is no asymptote parallel to the axes.

Further, putting x ¼ 1, y ¼ m in the high-

est-degree term, we have

�3 mð Þ ¼ m3 þ 1

The slope of the asymptotes are given bym3þ 1¼ 0.

The real root of this equation is m ¼ �1. Also,
putting x ¼ 1, y ¼ m in the second-degree term, we

have

�2 mð Þ ¼ �3am

and further,

�0
3 mð Þ ¼ 3m2:

Therefore,

c ¼ ��2 mð Þ
�0
3 mð Þ ¼

3am

3m2
¼ a

m
:

For m ¼ �1, we have c ¼ �a. Hence, the oblique

asymptote is

y ¼ �x� a or xþ yþ a ¼ 0:

In view of the earlier facts, the shape of the curve is

as shown in the following figure:

y

x + y + a = 0

y = x

x
0

2
( 3a , 3a )

2

EXAMPLE 2.31
Trace the curve

y2 aþ xð Þ ¼ x2 a� xð Þ:

Solution. We note that

(i) The equation of the curve does not alter if y

is changed to �y. Therefore, the curve is

symmetrical about the x-axis.

(ii) Since the equation does not contain a con-

stant term, the curve passes through the ori-

gin. The tangents at the origin are given by

ay2 � ax2 ¼ 0 or y ¼ �x:
Thus, there are two real and distinct tangents

at the origin. Therefore, the origin is a node.

(iii) Putting y ¼ 0, we have x2(a � x) ¼ 0 and
so, the curve intersects the x-axis at x ¼ 0

and x ¼ a, that is, at the points (0, 0) and

(a, 0). Putting x ¼ 0, we get y ¼ 0. Thus,

the curve intersects the y-axis only at (0, 0).

Shifting the origin to (a, 0), the equation of

the curve reduces to

y2 2aþ xð Þ ¼ �x x2 þ 2axþ a2
� �

:

Equating to zero the lowest-degree term,

we get a2x ¼ 0.Hence, at the new origin,

x ¼ 0 is the tangent. Thus, the tangent at

(a, 0) is parallel to the y-axis.

(iv) The equation of the curve can be written as

y2 ¼ x2 a� xð Þ
aþ x

:

Whenx lies in 0 < x < a, y2 is positive and so,
the curve exists in this region. But when x >

a, y2 is negative and so, y is imaginary.
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Thus, the curve does not exist in the region

x > a. Further, if x! �a, then y2 ! 1 and

so, x ¼ �a is an asymptote of the curve. If

�a < x < 0, y2 is positive and therefore, the

curve exists in�a < x < 0. When x <�a, y2

is negative and so, the curve does not lie in

the region x < �a.

(v) Equating to zero the coefficient of the high-

est power of y in the equation of the curve,

we have x þ a ¼ 0. Thus, x þ a ¼ 0 is the

asymptote parallel to the y-axis. To see

whether oblique asymptotes are there or

not, we have �3(m)¼ m2 þ 1. But the roots
of m2 þ 1 ¼ 0 are imaginary. Hence, there

is no oblique asymptote.

Thus, the shape of the curve is as shown in

the following figure:

y

0

y = x

y = –x

x = a

x

x 
=

 –
a

EXAMPLE 2.32
Trace the curve

x ¼ y� 1ð Þ y� 2ð Þ y� 3ð Þ:
Solution. We note that

(i) The equation of the curve has odd powers

of x and y. Therefore, the curve is not
symmetrical about the axes. It is also not

symmetrical about y ¼ x or in the opposite

quadrants.

(ii) The curve does not pass through the origin.

(iii) Putting x ¼ 0 in the given equation, we get

y ¼ 1, 2, and 3. Thus, the curve cuts the

y-axis at y ¼ 1, 2, and 3. Similarly, putting

y ¼ 0, we see that the curve cuts the x-axis

at x ¼ �6.

(iv) The curve has no linear asymptotes since
y ! ± 1, x ! ± 1.

(v) When 0 < y <1, then all the factors are

negative and so, x is negative. When 1 < y <

2, x is positive. Similarly, when 2 < y <3,

then x is negative. At y ¼ 3, x ¼ 0. When

y > 3, x is positive. When y < 0, x is

negative. Hence, the shape of the curve is

as shown in the following figure:

(3, 0)

(2, 0)

(1, 0)

0(–6, 0)
x

y

EXAMPLE 2.33
Trace the curve

x3 þ y3 ¼ a2x:

Solution.We note the following characteristics of the

given curve:

(i) Since the equation of the curve contains

odd powers of x and y, the curve is not

symmetrical about the axes. But if we

change the sign of both x and y, then the

equation remains unaltered. Therefore, the
curve is symmetrical in the opposite

quadrants.

(ii) Since the equation of the curve does not have

a constant term, the curve passes through the

origin. The tangent at the origin is given by

a2x ¼ 0. Thus, x ¼ 0, that is, y-axis is tan-
gent to the curve at the origin.

(iii) Putting y ¼ 0 in the equation, we get

x(x2�a2) ¼ 0 or x(x� a) (xþ a) ¼ 0.

Hence, the curve cuts the x-axis at x ¼ 0,

x ¼ a, and x ¼ �a, that is, at the points

(0, 0), (a, 0), and (�a, 0). On the other hand
putting x ¼ 0 in the equation, we get y ¼ 0.

Therefore, the curve cuts the y-axis only at

the origin (0, 0).

(iv) The curve does not have any asymptote

parallel to the axes. But

�3 mð Þ ¼ m3 þ 1; �2 mð Þ ¼ 0:
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Thus, the slope of the oblique asymptotes is

given by m3 þ 1 ¼ 0.Thus, the real root is

m ¼ �1. Also

c ¼ ��2 mð Þ
�

0
3 mð Þ ¼ 0:

Therefore, the curve has an oblique

asymptote y ¼ �x.

(v) From the equation of the curve, we have

y3 ¼ a2x� x3:
Differentiating with respect to x, we get

3y2
dy

dx
¼ a2 � 3x2 or

dy

dx
¼ a2 � 3x2

3y2
:

Thus,
dy

dx

� �
a;0ð Þ

¼ �1

and so, the tangent at (a, 0) is perpendicular to

the x-axis. Similarly, dy
dx

� �
�a; 0ð Þ¼ �1 and

so, the tangent at (�a, 0) is also perpendi-

cular to the x-axis.

Also we note that dy
dx
¼ 0 implies x ¼ � affiffi

3
p .

Therefore, the tangents at these points are

parallel to the x-axis.

(vi) Also y3 ¼ a2x �x3 ¼ x(a2 � x2) implies that

y3 is positive in the region 0 < x < a. But y3 is

negative in the region x > a. The earlier facts

imply that the shape of the given curve is as

shown in the following figure:
y

x
(a, 0)

y = –x

(–a, 0)
0

2.11 CURVE TRACING (POLAR EQUATIONS)

To trace a curve with a polar form of equation, we

adopt the following procedure:

1. Symmetry: If the equation of the curve does not
change when h is changed into �h the curve is

symmetrical about the initial line.

If the equation of the curve remains unchanged by

changing r into �r, then the curve is symmetrical

about the pole and the pole is the center of the

curve.

If the equation of the curve remains unchanged

when h is changed to �h and r is changed in to

�r, then the curve is symmetrical about the line
h ¼ �

2
:

2. Pole: By putting r¼ 0, if we find some real value

of h, then the curve passes through the pole which

otherwise not. Further, putting r ¼ 0, the real value

of h, if exists, gives the tangent to the curve at the

pole.

3. Asymptotes: Find the asymptotes using the

method to determine asymptotes of a polar curve.
4. Special Points on the Curve: Solve the equation
of the curve for r and find how r varies as h
increases from 0 to 1 and also as h decreases from

0 to �1. Form a table with the corresponding

values of r and h. The points so obtained will help in
tracing the curve.

5. Region: Find the region, where the curve does

not exist. If r is imaginary in a < h < b, then the
curve does not exist in the region bounded by the
lines h ¼ a and h ¼ b.
6. Value of tan�: Find tan �, that is, r dh

dr
; which will

indicate the direction of the tangent at any point. If

for h ¼ a, � ¼ 0 then h ¼ a will be tangent to the

curve at the point h ¼ a. On the other hand if for

h ¼ a, � ¼ �
2
, then at the point h ¼ a, the tangent

will be perpendicular to the radius vector h ¼ a.
7. Cartesian Form of the Equation of the Curve:
It is useful sometimes to convert the given equation

from polar form to cartesian form using the rela-

tions x ¼ r cos h and y ¼ r sin h.

EXAMPLE 2.34
Trace the curve r ¼ a sin 3h.

Solution. We note that

(i) The curve is not symmetrical about the

initial line. But if we change h to �h and

r to �r, then the equation of the curve

remains unchanged. Therefore, the curve is

symmetrical about the line h ¼ �
2
.

(ii) Putting r ¼ 0, we get sin3h ¼ 0. Thus,

3h¼ 0, � or h ¼ 0; �
3
. Thus, the curvepasses
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through the pole, and the lines h¼ 0 and h ¼
�
3
are tangents to the curve at the pole.

(iii) r is maximum when sin3h ¼ 1 or 3h ¼ �
2
or

h ¼ �
6
. The maximum value of r is a.

(iv) We have dr
dh ¼ 3a cos 3h and so,

tan� ¼ r dh
dr
¼ 1

3
tan 3h. Thus, � ¼ �

2
when

3h ¼ �
2
or h ¼ �

6
, and the tangent is per-

pendicular to the radius vector h ¼ �
6
.

(v) Some points on the curve are given below:

h : 0 �
6

�
3

�
2

2�
3

5�
6

�
r : 0 a 0 �a 0 a 0

One loop of the curve lies in the region

0 < h < �
3
. The second loop lies in the

region �
3
< h < 2�

3
in the opposite direction

because r is negative there. The third loop
lies in the region 2�

3
< h < � as r is positive

(equal to a) there.

When h increases from � to 2�, we get

again the same branches of the curve.

Hence, the shape of the curve is shown in

the following figure:

y

x

a a

a

0
� 0u

6
u �

π3
u �

π

5
3

u � 
π

3
u �

π2

6
u �

π5

π4
3

u �

u � π

EXAMPLE 2.35
Trace the curve r ¼ a (1�cos h) (Cardioid).

Solution. The equation of the given curve is r ¼ a

(1�cos h). We note the following characteristics of

the curve:

(i) The equation of the curve remains unchanged

when h is changed to �h. Therefore, the

curve is symmetrical about the initial line.

(ii) When r¼ 0, we have 1� cosh¼ 0 or h¼ 0.

Hence, the curve passes through the pole

and the line h ¼ 0 is tangent to the curve at

the pole.

(iii) The curve cuts the line h ¼ � at (2a, �).

(iv) dr
dh ¼ a sin h and so, tan� ¼ r dh

dr
¼ r

a sin h ¼
a 1�cos hð Þ

a sin h ¼ tan h
2
. If h

2
¼ �

2
, then � ¼ 90˚.

Thus, at the point h ¼ �, the tangent to the

curve is perpendicular to the radius vector.

(v) The values of h and r are:
h : 0 �

3
�
2

2�
3

�

r : 0 a
2

a 3a
2

2a

We observe that as h increases from 0 to �,
r increases from 0 to 2a. Further, r is never

greater than 2a. Hence, no portion of the

curve lies to the left of the tangent at
(2a, 0). Since | r | � 2a, the curve lies

entirely within the circle r ¼ 2a.

(vi) There is no asymptote to the curve because

for any finite value of h, r does not tend to

infinity.
Hence, the shape of the curve is as shown

in the following figure:
y

x
π θ =0θ =

0

EXAMPLE 2.36
Trace the curve r ¼ a þ b cos h, a < b (Limacon).

Solution. The given curve has the following

characteristics:

(i) Since the equation of the curve remains

unaltered when h is changed to �h, it fol-
lows that the curve is symmetrical about

the initial line.

(ii) r ¼ 0 when a þ b cos h ¼ 0 or

h¼ cos�1 �a
b

� �
. Since a

b
< 1, cos�1 � a

b

� �
is

real. Therefore, the curve passes through the

pole and the radius vector h¼ cos�1 �a
b

� �
is

tangent to the curve at the pole.
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(iii) We note that r is maximum when cos h¼ 1,

that is when h ¼ 0. Thus, the maximum

value of r is a þ b. Thus, the entire curve

lies within the circle r ¼ a þ b. Similarly, r

is minimum when cos h ¼ �1, that is when

h¼ �. Thus, theminimumvalueof r is a� b,

which is negative.

(iv) dr
dh ¼ �b sin h and so, tan� ¼ r dh

dr
¼

� r
b sin h ¼ � aþb cos h

b sin h . Thus, � ¼ 90˚ when h

¼ 0, �. Hence, at the points h¼ 0 and h¼ �,
the tangent is perpendicular to the radius

vector.

(v) The following table gives the value of r

corresponding to the value of h:

h : 0
�

2
cos�1 �a

b

� 	
cos�1 �a

b

� 	
<h<� �

r : aþb a 0 negative a�b

(vi) Since r is not infinite for any value of h, the
given curve has no asymptote:

Hence, the shape of the curve is as shown

in the following figure:

π (a+b, 0)(a–b,   )
0

X

Y

EXAMPLE 2.37
Trace the curve r2 cos 2h ¼ a2.

Solution. The equation of the given curve can be

written as

r2 cos2 h� sin2 h
� � ¼ a2

or

x2 � y2 ¼ a2 since x ¼ r cos h; y ¼ r sin h:
Therefore, the given curve is a rectangular hyper-

bola. We note that

(i) The curve is symmetrical about both the

axes.

(ii) It does not pass through the origin.

(iii) It cuts the x-axis at (a, 0) and (�a, 0). But it

does not meet y-axis.

(iv) Shifting the origin to (a, 0), we get

xþ að Þ2�y2 ¼ a2 or x2 � y2 þ 2ax ¼ 0:

Therefore, the tangent at (a, 0) is given by

2ax ¼ 0 and so, the tangent at (a, 0) is

x ¼ 0, the line parallel to the y-axis.

(v) The curve has no asymptote parallel to

coordinate axes. The oblique asymptote

(verify) are y ¼ x and y ¼ �x.

(vi) The equation of the curve can be written as

y2 ¼ x2 � a2:
When 0 < x < a, the y2 is negative and so, y is

imaginary. Therefore, the curve does not lie in the

region 0 < x < a. But when x > a, y2 is positive and

so, y is real. Thus, the curve exists in the region

x > a. Further, when x ! 1, y2 ! 1.

In view of the mentioned facts, the shape of the

curve is as shown in the following figure:
y

(–a, 0) (a, 0)

y

�x

x

y �

�

0

2.12 CURVE TRACING (PARAMETRIC EQUATIONS)

If the equation of the curve is given in a parametric

form, x ¼ f (t) and y ¼ �(t), then eliminate the
parameter and obtain a cartesian equation of the

curve. Then, trace the curve as dealt with in case of

cartesian equations.

In case the parameter is not eliminated easily, a

series of values are given to t and the corresponding

values of x, y, and dy
dx

are found. Then we plot the

different points and find the slope of the tangents at

these points by the values of dy
dx
at the points.

EXAMPLE 2.38
Trace the curve

x ¼ a t þ sin tð Þ; y ¼ a 1þ cos tð Þ:
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Solution. We note that

(i) Since y¼ a(1þ cost) is an even function of

t, the curve is symmetrical about the y-axis.

(ii) We have y ¼ 0 when cost ¼ �1, that is

when t ¼ ��, �. When t ¼ �, we have

x ¼ a�. When t ¼ ��, x ¼ �a�. Thus, the
curve meets the x-axis at (a�, 0) and

(�a�, 0).

(iii) Differentiating the given equation, we get

dx

dt
¼ a 1þ cos tð Þ; dy

dt
¼ �a sin t:

Therefore,

dy

dx
¼

dy
dt
dx
dt

¼ � a sin t

a 1þ cos tð Þ

¼ � 2a sin t
2
cos t

2

2a cos2 t
2

¼ � tan
t

2
:

Now

dy

dx

� �
t¼�

¼ � tan
�

2
¼ �1:

Thus, at the point (a�, 0), the tangent to the
curve is perpendicular to the x-axis.

Similarly, at the point �a�; 0ð Þ; dy
dx
¼ 1

and hence, at the point (�a�, 0), the tan-

gent to the curve is perpendicular to the
x-axis.

(iv) y is maximum when cost ¼ 1, that is, t ¼ 0.

When t ¼ 0 x ¼ 0 and y ¼ 2a. Thus, the

curve cuts the y-axis at (0, 2a). Further,

dy

dx

� �
t¼0

¼ 0

and so, at the point (0, 2a), the tangent to

the curve is parallel to the x-axis.

(v) It is clear from the equation that y cannot be

negative. Further, no portion of the curve

lies in the region y > 2a.

(vi) There is no asymptote parallel to the axes.
(vii) The values of x, y corresponding to the

values of t are as follows:

t �� � �
2

0 �
2

�
x �a� �a �

2
þ 1

� �
0 a �

2
þ 1

� �
a�

y 0 a 2a a 0

Hence, the shape of the curve is as shown in the fol-

lowing figure:
y

(2a, 0)

2a

0(–a  , 0)

a

(a  , 0)
x

π

π π

EXAMPLE 2.39
Trace the curve

x
2
3 þ y

2
3 ¼ a

3
2:

Solution. (i) The parametric equation of the curve are

x ¼ a cos3 t; y ¼ a sin3 t:

Therefore,
xj j � a and y � a:

This implies that the curve lies within the square

bounded by the lines x ¼ ±a, y ¼ ± a.

(ii) The equation of the curve can be written as

x2

a2

� �1
3

þ y2

a2

� �1
3

¼ 1:

This equation shows that the curve is symmetrical

about both the axes. Also it is symmetrical about

the line y ¼ x since interchanging of x and y do

not change the equation of the curve.

(iii) The given curve has no asymptote.

(iv) The curve cuts the x-axis at (a, 0) and (�a, 0). It
meets the y-axis at (0, a) and (0, �a). For x ¼ a, we

have cos3 t ¼ 1 or t ¼ 0. Therefore,

dy

dx

� �
t¼0

¼
dy
dt
dx
dt

 !
t¼0

¼ � tan tð Þt¼0¼ 0:

Hence, at the point (a, 0), the x-axis is the tangent to

the curve.

Similarly, at the point (0, a), the y-axis is the

tangent to the curve.

Hence, the shape of the curve is as shown in the

following figure.
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y

x

(0, –a)

0 (a, 0)
(–a, 0)

(0, –a)

E X E R C I S E S

Find the asymptotes of the following curves:

1. Test the curve y ¼ x3 for concavity/convexity.

Ans. Concave for x > 0 convex for x < 0.

2. Find the points of inflexion on the curve

yða2 þ x2Þ ¼ a2x:

Ans. ð0; 0Þ; ffiffiffi
3

p
a ;

ffiffi
3

p
a

4

� 	
; � ffiffiffi

3
p

a ; �
ffiffi
3

p
a

4

� 	
.

3. Show that the points of inflexion on the

curve y2 ¼ ðx� aÞ2ðx� bÞ lie on the line

3xþ a ¼ 4b:
Hint: d2y

dx2
¼ 0 yields 3xþ a ¼ 4b

4. Find the points of inflexion on the curve

x ¼ að2h� sin hÞ; y ¼ að2� cos hÞ:
Ans. a 4n�� 2�

3
	

ffiffi
3

p
2

� 	
; 3a

2

h i
5. Show that origin is a node on the curve

a2

x2
� b2

y2
¼ 1:

6. y3 þ x2y þ 2xy2 � y þ 1 ¼ 0

Ans. y ¼ 0, y þ x � 1 ¼ 0, y þ x þ 1 ¼ 0

7. x3 þ y3 � 3axy ¼ 0

Ans. x þ y þa ¼ 0

8. x3 � 2y3 þ 2x2y � xy2 þxy � y2 þ 1 ¼ 0

Ans. x� y¼ 0, x þ y þ 1¼ 0, x þ 2y � 1¼ 0

9. 3x3þ 2x3y� 7xy2þ 2y3� 14xyþ 7y2þ 4x

þ 5y¼ 0

Ans. 6x � 6y � 7 ¼ 0, y ¼ 3x � 1,

3x þ 6y þ 5 ¼ 0

10. y3 ¼ x3 þ ax2

Ans. y ¼ xþ a
3

11. y3�3x2yþxy2�3x3þ2y2þ2xyþ4xþ5yþ6¼ 0

Ans. y ¼ x� 2; y ¼ x
ffiffiffi
3

p � 1; y ¼ �x
ffiffiffi
3

p � 1

12. x2y2 ¼ a2 x2 þ y2ð Þ
Ans. x ¼ ±a, y ¼ ±a

13. x2y3 þ x3y2 ¼ x3 þ y3

Ans. x ¼ ±1, y ¼ ±1, y ¼ �x

14. x3 þ 2x2y þ xy2 � x2 � xy þ 2 ¼ 0

Ans. x ¼ 0, x þ y ¼ 0, x þ y �1 ¼ 0

15. x3 þ x2y � xy2 � y3 � 3x � y � 1 ¼ 0

Ans. y ¼ x, y ¼ �xþ1, xþy þ 1 ¼ 0

16. x2 � y2ð Þ xþ 2yþ 1ð Þ þ xþ yþ 1 ¼ 0
Ans. x þ y ¼ 0, x � y ¼ 0, x þ 2y þ 1 ¼ 0

17. (i) y2 x� 2ð Þ ¼ x2 y� 1ð Þ
Ans. x ¼ 2, y ¼ 1, y ¼ x þ 1

(ii) x ¼ aðtþt3Þ
1þt4

; y ¼ aðt�t3Þ
1þt4

.

Hint: Eliminating t, we get (x2þ y2)2¼a2 (x2� y2)

Ans. No asymptote.

18. Show that the asymptotes of the curve

x2y2 � a2 x2 þ y2
� �� a3 xþ yð Þ þ a4 ¼ 0

form a square and that the curve passes
through two angular points of that square.

Hint: The four asymptotes are x¼ ±a, y¼ ±a.

They form a square of length 2a. The angular

points are (a, a), (a,�a), (�a, a), and (�a,�a).

The curve passes through two angular points

(a,�a) and (�a, a).

19. Show that the points of intersection of the curve

2y3 � 2xy� 4xy2 þ 4x3 � 14xy

þ 6y2 þ 4x2 þ 6yþ 1 ¼ 0

and its asymptotes lie on the straight line
8x þ 2y þ 1 ¼ 0.

20. Show that the asymptotes of the cubic

x3 � 2y3 þ xy 2x� yð Þ þ y x� yð Þ þ 1 ¼ 0

cut the curve again in three points which lie on

the straight line x � y þ1 ¼ 0.

Hint: The asymptotes are y ¼ x, y ¼ �x �1,

and y ¼ � 1
2
xþ 1

2
. Their joint equation is

x2 �2y3 þ 2x2y � xy2 þ xy � y2 � x þ y ¼ 0.

Subtracting this equation from the equation of
the curve, we get x � y þ 1 ¼ 0.

21. Show that the point of intersection of the curve

4 x4 þ y4
� �� 17x2y2 � 4x 4y2 � x2

� �
þ 2 x2 � 2
� � ¼ 0

and its asymptotes lie on the ellipse x2 þ 4y2 ¼ 4.
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22. Find the equation of the hyperbola passing

through the origin and having asymptotes xþ y

� 1 ¼ 0 and x � y þ 2 ¼ 0.

Hint: The joint equation of asymptotes is F2¼
(x � y �1) (x � y þ 2) ¼ 0. Equation of the

curve is Fn þ Fn�2 ¼ 0, that is, F2 þ F0 ¼ 0.

Thus,F0 is of a zero degree and so, is a constant.
Thus, the equation of the curve is (x þ y � 1)

(x � y þ 2) þ k ¼0. It passes through the

origin. So k¼ 2. Hence, the curve is (xþ y�1)

(x � y þ 2) þ 2 ¼ 0 or x2� y2 þ x þ 3y ¼ 0.

23. Find the asymptotes of the curve xy (x2� y2) þ
x2 þ y2 ¼ a2 and show that the eight points of

intersection of the curve and its asymptotes lie

on a circle with the origin at the center.

24. Find the equation of the cubic which has

the same asymptotes as the curve x3� 6x2y þ
11xy3 þ 4x þ 5y þ 7 ¼ 0 and which passes

through the points (0, 0), (0,2), and (2, 0).
Ans. The joint equation of the asymptote is

(x � y) (x � 2y) (x � 3y) ¼ 0.

The cubic is x3� 6x2y þ 11xy2 þ � 6y3 �
4x þ 24y ¼ 0.

25. Find the equation of the straight line on which

lie the three points of intersection of the curve

x3 þ 2x2y�xy2 � 2y3 þ 4y2 þ 2xyþ y� 1¼ 0

and its asymptotes.

Ans. x þ 3y ¼ 1.

26. Find the asymptotes of the following polar

curves:

(i) rh cosh ¼ a cos 2h
Ans. r cos h ¼ 2a

2kþ1ð Þ�
(ii) r ¼ a cosec h þ b

Ans. r sin h ¼ a
(iii) r ¼ a

log h
Ans. r sin (h � 1) ¼ a

(iv) r ¼ a sec h þ b tan h
Ans. r cos h ¼ a þ b, r cos h ¼ a � b

(v) r (1 � eh) ¼ a

Ans. r sin h ¼ �a

(vi) r ¼ 2ah
h2��2

Ans. r sin h ¼ �a
27. Find the circular asymptote of the curves:

(i) r ¼ 3h2þ2hþ1
2h2þhþ1

Ans. r ¼ 3
2

(ii) r ¼ 6h2þ5h�1
2h2�3hþ7

Ans. r ¼ 3

28. Trace the curve x2y2 ¼ a2 (x2 þ y2)

Ans:
0

y �a

y �–a

x

y

29. Trace the curve y2 (x2 þ y2) þ a2 (x2 � y2) ¼ 0

Ans:
x

y
y � a

y � xy � –x

y � – a

0

30. Trace the curve ay2 ¼ x(x � a)2

Ans:

y

x
(a, 0)(a/3, 0)0
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31. Trace the curve xy ¼ a2(a � x)

Ans:

y

x0

x � a

(a, 0)

32. Trace the curve y2(a � x) ¼ x2(a þ x)

Ans:

y

x � a

(–a, 0)
x

0

33. Trace the curve r ¼ a(cos h þ sec h)
Hint: r2 ¼ ar(cos h þ sec h). Therefore,

cartesian form is y2(x � a) ¼ x2(2a � x)

Ans:

y
x 5 a

x 5 2a

(2a, 0) x0

34. Trace the curve r ¼ a sin2 h
cos h .

Hint: r2 ¼ ar2 sin2 h
r cos h ¼ ay2

x
or x2 þ y2 ¼ ay2

x
or

y2 a� xð Þ ¼ x3

Ans:

x

y

x � a

(a, 0)0

35. Trace the curve r ¼ a cos 2h.

Ans:

y

x

π5
4

0

–

π3
4

–

π
4

–

π
4

36. Trace the curve x ¼ a (h�sin h), y ¼ a

(1þ cos h).

Ans:

y

x
0

2a

ππ π

π

aa 2θ

θ�

�
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3 Partial Differentiation

Let n be a positive integer and < be the set of real

numbers. Then, <n is the set of all n-tuples

ðx1; x2; . . . ; xnÞ; xn 2 <. Thus,
< is the set of all real numbers called, the

real line,

<2 ¼ <� < ¼ fðx; yÞ: x; y 2 <g is a two-
dimensional Cartesian plane,

<3 ¼ <� <� < ¼ fðx; y; zÞ: x; y; z 2 <g is a

three-dimensional Euclidean space.

Let A be a nonempty subset of <n. Then, a function

f :A ! < is called a real-valued function of n variables

defined on the set A. Thus, f maps ðx1; x2; . . . ; xnÞ;
xi 2 < into a unique real number f (x1, x2, . . ., xn).

A function f of n variables x1, x2,. . ., xn is said to
tend to a limit l as (x1, x2,. . .xn)? (an, a2,. . .an) if
given e > 0, however small, there exists a real

number � > 0 such that

j f ðx1; x2; . . . ; xnÞ � lj < e whenever

jðx1; x2; . . . ; xnÞ � ða1; a2; . . . ; anÞj < �

or
f ðx1; x2; . . . ; xnÞ � lj j < e;

whenever

0<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1�a1Þ2þðx2�a2Þ2þ . . .þðxn� anÞ2

q
<�:

In this case, we write
lim

ðx1;x2;...;xnÞ!ða1;a2;...anÞ
f ðx1; x2; . . . ; xnÞ ¼ l:

In what follows, we shall generally deal with func-

tions of two variables.

3.1 CONTINUITY OF A FUNCTION OF TWO
VARIABLES

A function f (x,y) is said to be continuous at the

point (a, b) of its domain if for every e > 0 there

exists a positive number � such that

jf ðx; yÞ � f ða; bÞj < e whenever

jx� aj < �; jy� bj < �:

Thus, f (x, y) is continuous at a point (a, b)if

lim
ðx; yÞ!ða;bÞ

f ðx; yÞ ¼ f ða; bÞ:

3.2 DIFFERENTIABILITY OF A FUNCTION OF TWO
VARIABLES

Let u(x, y) be a function of two variables and let�x

and �y be the increments given to x and y,

respectively. A function u(x, y) is said to be dif-

ferentiable at the point (x, y) if it possesses a

determinate value in the neighborhood of this point

and if
�u ¼ A�xþ B�yþ e	;

where 	¼ | �x |þ | �y |, e ? 0 as 	 ? 0 and A, B

are independent of �x and �y.

In the preceding definition, 	 may be replaced by g,

where g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�xÞ2 þ ð�yÞ2

q
:

If the increment ratio

uðxþ�x; yÞ � uðx; yÞ
�x

tends to a unique limit as �x? 0, then that limit is

called the partial derivative of u with respect to x

and is written as @u
@x or ux.

Similarly @u
@y can be defined. Thus, if a derivative

of a function of several independent variables is found

with respect to any one of the independent variables,

treating the other as constant, it is said to be a partial

derivative of the function with respect to that variable.

3.3 THE DIFFERENTIAL COEFFICIENTS

If in the equation

�u ¼ A �xþ B �yþ e	;

we suppose that�y¼ 0, then on the assumption that
u is differentiable at the point (x, y), we have

�u ¼ uðxþ�x; yÞ � uðx; yÞ ¼ A �xþ e �xj j:



Division by �x yields

uðxþ�x; yÞ � uðx; yÞ
�x

¼ A� e:

Taking the limit as �x? 0, we get

@u

@x
¼ A; since e ! 0 as �x ! 0:

Similarly, we can show that @u
@y ¼ B. Thus, if u¼ u

(x, y) is differentiable, the partial derivatives @u
@x and

@u
@y are respectively the differential coefficients A

and B. Hence,

�u ¼ @u

@x
�xþ @u

@y
�yþ e	:

The differential of the dependant variable du is

defined to be the principal part of �u. Hence,

�u ¼ duþ e	:

Now as in the case of functions of one variable,

the differentials of the independent variables
are identical with the arbitrary increments of

these variables, that is, dx¼�x, dy¼�y. Therefore,

du ¼ @u
@x dxþ @u

@y dy.

3.4 DISTINCTION BETWEEN DERIVATIVES AND
DIFFERENTIAL COEFFICIENTS

We know that the necessary and sufficient condition

for a function y¼ f (x) to be differentiable at a point

x is that it possesses a finite derivative at that point.

Thus, for functions of one variable, the existence of
derivative f 0(x) implies the differentiability of f at that

point. But for a function of more than one variable

this is not true. We have seen earlier that if f (x, y) is

differentiable at (x, y), then the partial derivative of f

with respect to x and y exist and are equal to the

differential coefficients A and B, respectively.

However, the partial derivative may exist at a point

when the function is not differentiable at that point.
In other words, the partial derivatives need not

always be the differential coefficients.

EXAMPLE 3.1
Show that the function f ðx; yÞ ¼ x3�y3

x2þy2
, where x and y

are not simultaneously zero and f (0, 0)¼ 0, is not
differentiable at (0, 0) but the partial derivatives at

(0, 0) exist.

Solution. Suppose that the given function is differ-

entiable at the origin. Then, by definition,

f ðh; kÞ � f ð0; 0Þ ¼ Ahþ Bk þ e g; ð1Þ
where g ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2 þ k2
p

and e ? 0 as g ? 0. Putting

h¼ g cos h, k¼ g sin h in (1) and dividing throughout
by g, we get

cos3 h� sin3 h ¼ A cos hþ B sin hþ e:

Since e? 0 as g? 0, we take the limit as g? 0 and

get

cos2 h� sin3 h ¼ A cos hþ b sin h;

which is impossible since h is arbitrary. Hence,

the function is not differentiable at (0,0). On the other
hand,

fxð0;0Þ ¼ lim
h!0

f ðh;0Þ � f ð0;0Þ
h

¼ lim
h!0

h� 0

h
¼ 1 and

fyð0;0Þ ¼ lim
k!0

f ð0;kÞ � f ð0;0Þ
k

¼ lim
k!0

�k� 0

k
¼�1:

Hence, the partial derivatives at (0,0) exist.

3.5 HIGHER-ORDER PARTIAL DERIVATIVES

Partial derivatives are also, in general, functions of x

and y which may possess partial derivatives with
respect to both independent variables. Thus,

(i) @
@x

@u
@x

� � ¼ lim
�x!0

uxðxþ�x;yÞ�uxðx;yÞ
�x

and

(ii) @
@y

@u
@x

� � ¼ lim
�y!0

uxðx;yþ�yÞ�uxðx;yÞ
�y

;

provided that each of these limits exist. The second-

order partial derivatives are denoted by @2u
@x2

or uxx
and @2u

@y@x or uyx. Similarly, we may define higher-

order partial derivatives of @u
@y.

EXAMPLE 3.2
If

f ðx; yÞ ¼ xyðx2 � y2Þ
x2 þ y2

; f ð0; 0Þ ¼ 0;

show that fxyð0; 0Þ 6¼ fyxð0; 0Þ:
Solution. When ðx; yÞ is not the origin, then

@f

@x
¼ y

x2 � y2

x2 þ y2
þ 4x2y2

ðx2 þ y2Þ2
" #

; ð1Þ

@f

@y
¼ x

x2 � y2

x2 þ y2
þ 4x2y2

ðx2 þ y2Þ2
" #

: ð2Þ
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On the other hand,

fxð0; 0Þ ¼ lim
h!0

f ðh; 0Þ � f ð0; 0Þ
h

¼ 0;

fyð0; 0Þ ¼ lim
k!0

f ð0; kÞ � f ð0; 0Þ
k

¼ 0:

From (1) and (2), we have

fxð0; yÞ ¼ �y ðy 6¼ 0Þ and fyðx; 0Þ ¼ x ðx 6¼ 0Þ:
Therefore,

fxyð0; 0Þ ¼ lim
h!0

fyðh; 0Þ � fyð0; 0Þ
h

¼ lim
h!0

h

h
¼ 1:

and

fyxð0; 0Þ ¼ lim
k!0

fxð0; kÞ � fxð0; 0Þ
k

¼ lim
k!0

�k

k
¼ �1:

Hence,

fxy (0, 0) 6¼ fxy (0, 0).

The question arises: Under what conditions, fxy(a,

b)¼ fyx(a, b)?. The following theorems answer this

question:

Theorem 3.1. (Young). If (i) fx and fy exist in the

neighborhood of the point (a, b) and (ii) fx and fy are

differentiable at (a, b), then fxy(a, b)¼ fyx(a, b).

Theorem 3.2. (Schwarz). If (i) fx, fy, and fyx all exist in
the neighborhood of the point (a, b) and (ii) fyx is

continuous at (a, b), then fxy also exists at (a, b) and

fxy(a, b)¼ fyx(a, b).

In this chapter, we shall assume in the examples
involving fxy and fyx that the partial derivatives of

the first two orders of the given function are con-

tinuous so that fxy¼ fyx.

EXAMPLE 3.3
If z¼ xlog y, show that

@2z

@x@y
¼ @2z

@y@x
:

Solution.The given function is z¼ xlog y. Differentiating

z partially with respect to x, taking y as constant, we get
@z
@x ¼ log y and then,

@2z

@y@x
¼ @

@y

@z

@x

� �
¼ @

@y
ðlog yÞ ¼ 1

y
:

Differentiating z with respect to y, taking x as constant,

we get @z
@y ¼ x

y
and so,

@2z

@x@y
¼ @

@x

@z

@y

� �
¼ @

@x

x

y

� �
¼ 1

y
:

Hence,
@2z

@y@x
¼ @2z

@x@y
¼ 1

y
:

EXAMPLE 3.4

If 1
u
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
; show that

@2u

@x2
þ @2u

@y2
þ @2u

@z2
¼ 0:

Solution. We are given that

u ¼ ðx2 þ y2 þ z2Þ� 1
2:

Therefore,
@u

@x
¼ � 1

2
ðx2 þ y2 þ z2Þ� 3

2ð2xÞ

¼ �xðx2 þ y2 þ z2Þ� 3
2:

Differentiating partially once again with respect

to x, we get

@2u

@x2
¼ 3x

2
ðx2 þ y2 þ z2Þ� 5

2ð2xÞ � ðx2 þ y2 þ z2Þ� 3
2

¼ ðx2 þ y2 þ z2Þ� 5
2½3x2 � ðx2 þ y2 þ z2Þ�

¼ u5ð2x2 � y2 � z2Þ:
Similarly, by symmetry in the given function,wehave

@2u

@y2
¼ u5ð2y2 � z2 � x2Þ;

@2u

@z2
¼ u5ð2z2 � x2 � y2Þ:

Adding, we get

@2u

@x2
þ @2u

@y2
þ @2u

@z2
¼ u5ð2x2 � y2 � z2 þ 2y2

� z2 � x2 þ 2z2 � x2 � y2Þ
¼ u5ð0Þ ¼ 0

EXAMPLE 3.5
If x¼ r cos h, y¼ r sin h, show that

@2h

@x2
þ @2h

@y2
¼ 0; x; y 6¼ 0:

Solution. We have
x ¼ r cos h; y ¼ r sin h:

Therefore,

r2 ¼ x2 þ y2 and h ¼ tan �1 y

x
:

Differentiating partially with respect to x, we get
@h

@x
¼ @

@x
tan�1 y

x

� 	
¼ 1

1þ y
x

� �2 � y

x2

� 	
¼� y

x2 þ y2
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and
@2h

@x2
¼ @

@x

�y

x2 þ y2

� �
¼ 2xy

ðx2 þ y2Þ2 :

Similarly differentiating partially with respect to y,

we get
@h

@y
¼ @

@y
tan�1 y

x

� 	
¼ 1

1þ y
x

� �2 1

x

� �

¼ x

x2 þ y2

and
@2h

@y2
¼ @

@y

@h

@y

� �
¼ �2xy

ðx2 þ y2Þ2 :

Hence,
@2h

@x2
þ @2y

@y
¼ 0:

The result holds for x 6¼ 0, y 6¼ 0, otherwise @2h
@x2

and
@2h
@y2

are of the form 0
0

� �
.

EXAMPLE 3.6
If u ¼ sin�1 x

y
þ tan�1 y

x
, show that

x
@u

@x
þ y

@u

@y
¼ 0:

Solution. We have

u ¼ sin�1 x

y
þ tan�1 y

x
:

Therefore, differentiating partially with respect to x,

we get
@u

@x
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x
y

� 	2r :
1

y
þ 1

1þ y
x

� �2 � y

x2

� 	

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � x2

p � y

x2 þ y2

and so,

x
@y

@x
¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 � x2
p � xy

x2 þ y2
: ð1Þ

Now differentiating partially with respect to y, we get
@u

@y
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x
y

� 	2r �x

y2

� �
þ 1

1þ y
x

� �2 1

x

� �

¼ �x

y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � x2

p þ x

x2 þ y2

and so,

y:
@u

@y
¼ �xffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 � x2
p þ xy

x2 þ y2
: ð2Þ

Adding (1) and (2), we have

x
@u

@x
þ y

@u

@y
¼ 0:

EXAMPLE 3.7
If u ¼ x2 tan�1 y

x
� y2 tan�1 x

y
; show that

@2u

@x@y
¼ x2 � y2

x2 þ y2
:

Solution. Differentiating partially the given function

with respect to y, we get

@u

@y
¼x2

1

1þ y
x

� �2 1

x

� �" #
�2ytan�1x

y

1

1þ x
y

� 	2 �x

y2

� �2
64

3
75

¼ x3

x2þy2
�2ytan�1x

y
þ xy2

x2þy2

¼x�2ytan�1x

y
:

Now differentiating partially with respect to x, we get

@2u

@x@y
¼ 1� 2y

1

1þ x
y

� 	2 1

y

� �2
64

3
75

¼ 1� 2y2

x2 þ y2
¼ x2 � y2

x2 þ y2
:

EXAMPLE 3.8
If u ¼ logðx3 þ y3 þ z3 � 3xyzÞ, show that

@

@x
þ @

@y
þ @

@z

� �2

u ¼ � 9

ðxþ yþ zÞ2 :

Solution. We are given that

u ¼ logðx3 þ y3 þ z3 � 3xyzÞ:
Differentiating partially with respect to x, y, and z,

we get

@u

@x
¼ 3x2 � 3yz

x3 þ y3 þ z3 � 3xyz
;

@u

@y
¼ 3y2 � 3xz

x3 þ y3 þ z3 � 3xyz
; and

@u

@z
¼ 3z2 � 3xy

x3 þ y3 þ z3 � 3xyz
:

Therefore,

@

@x
þ @

@y
þ @

@z

� �2

u

¼ @

@x
þ @

@y
þ @

@z

� �
@

@x
þ @

@y
þ @

@z

� �
u
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¼ @

@x
þ @

@y
þ @

@z

� �
@u

@x
þ@u

@y
þ@u

@z

� �

¼ @

@x
þ @

@y
þ @

@z

� �
3ðx2þy2þz2�yz�zx�xyÞ

x3þy3þz3�3xyz


 �

¼ @

@x
þ @

@y
þ @

@z

� �
3

xþyþz

� �

¼3
@

@x

1

xþyþz

� �
þ @

@y

1

xþyþz

� �

þ @

@z

1

xþyþz

� ��

¼3
�1

ðxþyþzÞ2�
1

ðxþyþzÞ2�
1

ðxþyþzÞ2
" #

¼ �9

ðxþyþzÞ2 :

EXAMPLE 3.9
If u¼ f (r), where r2¼ x2þ y2, show that

@2u

@x2
þ @2u

@y2
¼ f 00ðrÞ þ 1

r
f 0ðrÞ:

Solution. We have r2¼ x2þ y2. Therefore, partial

differentiation with respect to x and y yields

2r
@r

@x
¼ 2x and 2r

@r

@y
¼ 2y

or
@r

@x
¼ x

r
and

@r

@y
¼ y

r
:

But u¼ f (r). Therefore,

@u

@x
¼ @u

@r
:
@r

@x
¼ f 0ðrÞ @r

@x
¼ x

r
f 0ðrÞ;

@2u

@x2
¼ @

@x

x

r
f 0ðrÞ

� 	
¼ 1

r
f 0ðrÞ

þ xf 0ðrÞ � 1

r2
@r

@x

� �
þ x

r
f 00ðrÞ @r

@x

¼ 1

r
f 0ðrÞ � x2

r3
f 0ðrÞ þ x2

r2
f 00ðrÞ: ð1Þ

Similarly, due to symmetry, we have

@2u

@y2
¼ 1

r
f 0ðrÞ � y2

r3
f 0ðrÞ þ y2

r2
f 00ðrÞ: ð2Þ

Adding (1) and (2), we get

@2u

@x2
þ @2u

@y2
¼ 2

r
f 0ðrÞ � x2 þ y2

r3
f 0ðrÞ þ x2 þ y2

r2
f 00ðrÞ

¼ 2

r
f 0ðrÞ � 1

r
f 0ðrÞ þ f 00ðrÞ

¼ 1

r
f 0ðrÞ þ f 00ðrÞ:

EXAMPLE 3.10
If z¼ f (xþ ct)þ� (x–ct), show that

@2z

@t2
¼ c2

@2z

@x2
:

Solution. We are given that

z ¼ f ðxþ ctÞ þ �ðx� ctÞ:
Therefore,

@z

@x
¼ f 0ðxþ ctÞ: @

@x
ðxþ xtÞ þ � 0ðx� ctÞ @

@x
ðx� ctÞ

¼ f 0ðxþ ctÞ þ � 0ðx� ctÞ
and

@2z

@x2
¼ f 00ðxþ ctÞ þ � 00ðx� ctÞ:

On the other hand,
@z

@t
¼ f 0ðxþ ctÞ: @

@t
ðxþ ctÞþ� 0ðx� ctÞ @

@t
ðx� ctÞ

¼ cf 0ðxþ ctÞ� c� 0ðx� ctÞ
and so,

@2z

@t2
¼ c2f 00ðxþ ctÞ þ c2� 00ðx� ctÞ

¼ c2½ f 00ðxþ ctÞ þ � 00ðx� ctÞ� ¼ c2
@2z

@x2
:

EXAMPLE 3.11
If x¼ r cos h, y¼ sin h, show that

@2r

@x2
þ @2r

@y2
¼ 1

r

@r

@x

� �2

þ @r

@y

� �2
" #

:

Solution. If x¼ r cos h, y¼ sin h, then r2¼ x2 þ y2.

Therefore, partial differentiation with respect to

x yields

@r

@x
¼ x

r
;
@2r

@x2
¼ r � x @r

@x

r2
¼ r2 � x2

r3

¼ x2 þ y2 � x2

r3
¼ y2

r3
:

Similarly, partial differentiation with respect to y

gives
@r

@y
¼ y

r
;

@2r

@y2
¼

r � y @r
@y

r2
¼ r2 � y2

r3
¼ x2 þ y2 � y2

r3
¼ x2

r3
:

Therefore,

@2r

@x2
þ @2r

@y2
¼ x2 þ y2

r3
¼ r2

r3
¼ 1

r
:
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On the other hand,

1

r

@r

@x

� �2

þ @r

@y

� �2
" #

¼ 1

r

x2

r2
þ y2

r2


 �

¼ 1

r

r2

r2

� �
¼ 1

r
:

Hence,

@2r

@x2
þ @2r

@y2
¼ 1

r

@r

@x

� �2

þ @r

@y

� �2
" #

:

EXAMPLE 3.12
If xx yy z z¼ c, show that at x¼ y¼ z,

@2z

@x@y
¼ �½x log ex��1:

Solution.We have xx yy zz¼ c. Here z can be regarded

as a function of x and y. Taking logarithm of both

sides, we get
x log xþ y log yþ z log z ¼ log c: ð1Þ

Since z is a function of x and y, differentiating (1)

partially with respect to x (taking y as constant),

we get

x:
1

x
þ log xþ z

1

z
þ log z


 �
@z

@x
¼ 0

or

1þ log xþ ð1þ log zÞ @z
@x

¼ 0:
Therefore,

@z

@x
¼ � 1þ log x

1þ log z
ð2Þ

Similarly, differentiating (1) partially with respect to

y we get

1þ log yþ ð1þ log zÞ @z
@y

¼ 0

or
@z

@y
¼ � 1þ log y

1þ log z
: ð3Þ

Differentiating partially (3) with respect to x, we get

@2z

@x@y
¼ @

@x
� 1þ log y

1þ log z

� �

¼ �ð1þ log yÞ @

@x

1

1þ log z

� �

¼ �ð1þ log yÞ �ð1þ log zÞ�2:
1

z
:
@

@x


 �

¼ 1þ log y

zð1þ log zÞ2 � 1þ log x

1þ log z


 �
; using (2):

Taking x¼ y¼ z, we get

@2z

@x@y
¼� ð1þ logxÞ2

xð1þ logxÞ3¼� 1

xð1þ logxÞ
¼� 1

xðlog eþ logxÞ¼� 1

xlogex
¼�½xlogex��1:

EXAMPLE 3.13
If x2

a2þu
þ y2

b2þu
þ z2

c2þu
¼ 1; show that

@u

@x

� �2

þ @u

@y

� �2

þ @u

@z

� �2

¼ 2 x
@u

@x
þ y

@u

@y
þ z

@u

@z

� �
:

Solution. Here u is a function of three variables x, y,
and z. Differentiating the given equation partially

with respect to x, we get

ða2þ uÞ2x� x2 @u@x

ða2þ uÞ2 � y2

ðb2þ uÞ
@u

@x
� z2

ðc2þ uÞ2 :
@u

@x
¼ 0

or

2x

a2þ u
� x2

ða2þ uÞ2þ
y2

ðb2þ uÞ2þ
z2

ðc2þ uÞ2
" #

@u

@x
¼ 0

or
@u

@x
¼ 2x

ða2 þ uÞ x2

ða2þuÞ2 þ
y2

ðb2þuÞ2 þ z2

ðc2þuÞ2
h i :

Thus,

@u

@x

� �2

¼ 4x2

ða2 þ uÞ2 x2

ða2þuÞ2 þ
y2

ðb2þuÞ2 þ z2

ðc2þuÞ2
h i2

¼ 4x2

ða2 þ uÞ2 P x2

ða2þuÞ2
h i2 : ð1Þ

Similarly, due to symmetry,

@u

@y

� �2

¼ 4y2

ðb2 þ uÞ2 P y2

ðb2þuÞ2
h i2 ; ð2Þ

@u

@z

� �2

¼ 4z2

ðc2 þ uÞ2 P z2

ðc2þuÞ2
h i2 : ð3Þ

Adding (1), (2), and (3), we get

@u

@x

� �2

þ @u

@y

� �2

þ @u

@z

� �2

¼ 4P
x2

ða2þuÞ2
: ð4Þ

On the other hand,

2x
@u

@x
¼ 4x2

ða2 þ uÞP x2

ða2þuÞ2
:
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Since
P

x2

a2þu
¼ 1 (given), we haveX

2x
@u

@x
¼ 4

P
x2

a2þuP
x2

ða2þuÞ2
¼ 4P

x2

ða2þuÞ2
: ð5Þ

From (4) and (5), we get

@u

@x

� �2

þ @u

@y

� �2

þ @u

@z

� �2

¼ 2 x
@u

@x
þ y

@u

@y
þ z

@u

@z

� �
:

EXAMPLE 3.14
If r2¼ x2þ y2 þz2 and V¼ rm, show that

Vxx þ Vyy þ Vzz ¼ mðmþ 1Þrm�2:

Solution. We have r2¼ x2þ y2 þz2. Differentiating

partially with respect to x, we get 2r @r
@x ¼ 2x or

@r
@x ¼ x

r
.

It is given that V¼ rm. Therefore,
@V

@x
¼ @V

@r
:
@r

@x
¼ mrm�1 x

r

� 	
¼ mxrm�2

and

@2V

@x2
¼ m rm�2 þ xðm� 2Þrm�3 @r

@x


 �
¼ m½rm�2 þ ðm� 2Þx2rm�4�:

Similarly, due to symmetry, we have

@2V

@y2
¼ m rm�2 þ ðm� 2Þy2 rm�4


 �
;

@2V

@z2
¼ m rm�2 þ ðm� 2Þz2rm�4


 �
:

Hence,

@2V

@x2
þ @2V

@y2
þ @2V

@z2
¼ 3mrm�2 þ mðm� 2Þ

� ðx2 þ y2 þ z2Þrm�4

¼ 3mrm�2 þ mðm� 2Þrm�2

¼ rm�2½3mþ m2 � 2m�
¼ mðmþ 1Þrm�2:

3.6 ENVELOPES AND EVOLUTES

Let a be a parameter which can take all real values

and let f (x, y, a)¼ 0 be a family of curves.

Suppose that P is a point of intersection of two

members f (x, y, a)¼ 0 and f (x, y, aþ �a)¼ 0 of this

family. As �a?0, let P tends to a definite point Q on
the member a. The locus of Q (for varying value of

a) is called the envelope of the family. Thus,

\The envelope of a one parameter family of

curves is the locus of the limiting positions of the

points of intersection of any two members of the

family when one of them tends to coincide with

the other which is kept fixed."
The coordinates of the points of intersection of

the curves f (x, y, a)¼ 0 and f (x, y, aþ �a)¼ 0
satisfy the equations

f ðx; y; aÞ ¼ 0 and f ðx; y; aþ �aÞ � f ðx; y; aÞ ¼ 0

and therefore, they also satisfy

f ðx; y; aÞ ¼ 0 and
f ðx; y; aþ �aÞ � f ðx; y; aÞ

�a
¼ 0:

Taking limit as �a ?0, it follows that the coor-

dinates of the limiting positions of the point of
intersection of the curves f (x, y, a)¼ 0 and f (x, y,

aþ �a) satisfy the equations

f ðx; y; aÞ ¼ 0 and
@f

@a
¼ 0:

Hence, the equation of the envelope of the family
of curves f (x, y, a)¼ 0, where a is a parameter, is

determined by eliminating a between the equa-

tions f (x, y, a)¼ 0 and @
@a f ðx; y; aÞ ¼ 0.

The evolute of a curve is the envelope of the nor-

mals to that curve.

EXAMPLE 3.15
Find the envelope of the family of straight lines

y ¼ mxþ a
m
, the parameter being m.

Solution. We have

y ¼ mxþ a

m
: ð1Þ

Differentiating with respect to m, we obtain

0 ¼ x� a

m2
or m ¼ a

x

� 	1
2

:

Putting this value of m in (1), we get

y ¼ a

x

� 	1
2

xþ a
a

x

� 	�1
2¼ xa

1
2

x
1
2

þ ax
1
2

a
1
2

¼ 2a
1
2:x

1
2;

and so, the parabola y2¼ 4ax is the envelope of the

family.

EXAMPLE 3.16
Find the envelope of the straight lines x cos aþ ysin
a¼ l sin a cos a, where the parameter is the angle a.
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Solution. Dividing throughout by sin a cos a we have
x cosec aþ y sec a ¼ l ð1Þ

Differentiating partially with respect to a, we get

xð� cos a cot aÞ þ yðsec a tan aÞ ¼ 0

or

tan a ¼ x
1
3

y
1
3

:

This yields

coses a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot2 a

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

2
3

x
2
3

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
2
3 þ y

2
3

x
2
3

s
and

sec a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ x

2
3

y
2
3

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
2
3 þ y

2
3

y
2
3

s
:

Putting these values in (1), we get

x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
2
3 þ y

2
3

q
x
1
3

þ y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
2
3 þ y

2
3

q
y
1
3

¼ l

or

x
2
3 þ y

2
3 ¼ l

2
3 ðastroidÞ:

EXAMPLE 3.17
Find the envelope of the family of straight lines

y ¼ mxþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2m2 þ b2

p
, the parameter being m.

Solution. The given family of straight lines is

y ¼ mxþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2m2 þ b2

p
or

ðy� mxÞ2 ¼ a2m2 þ b2: ð1Þ
Differentiating partially with respect to m, we get

2ðy� mxÞð�xÞ ¼ 2a2m

or

�2xyþ 2mx2 ¼ 2a2m

or

mða2 � x2Þ ¼ �xy

or

m ¼ � xy

a2 � x2
¼ xy

x2 � a2
:

Putting this value of m in (1), we get

y� x2y

x2 � a2

� �2

¼ a2
x2y2

ðx2 � a2Þ2 þ b2

or

a4y2 ¼ a2x2y2 þ b2ðx2 � a2Þ2

or

0 ¼ a2y2ðx2 � a2Þ þ b2ðx2 � a2Þ2
or

0 ¼ a2y2 þ b2ðx2 � a2Þ ¼ a2y2 þ b2x2 � a2b2

or

b2x2 þ a2y2 ¼ a2b2

or

x2

a2
þ y2

b2
¼ 1 ðellipseÞ

EXAMPLE 3.18
Find the evolute of the parabola y¼ 4ax

Solution. The equation of parabola is y2¼ 4ax. Any

normal to the parabola is

y ¼ mx� 2am� am3: ð1Þ
Differentiating partially with respect to m, we get

0 ¼ x� 2a� 3am2;

which yields

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� 2a

3a

r
:

Putting this value of m in (1), we have

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� 2a

3a

r
x� 2a� aðx� 2aÞ

3a


 �
or

27ay2 ¼ 4ðx� 2aÞ3:

EXAMPLE 3.19
Find the evolute of the ellipse x2

a2
þ y2

b2
¼ 1:

Solution. The parametric equation of the ellipse is

x¼ acosh; y¼ bsinh; where h is a parameter:

Therefore,

dx

dh
¼ �a sin h and

dy

dh
¼ b cos h:

Thus,
dy

dx
¼

dy
dh
dx
dh

¼ � b cos h

a sin h
:

Therefore, slope of the normal to the ellipse at
(a cos h, b sin h) is

� dx

dy
¼ � a sin h

b cos h
:
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Hence, the equation of the normal to the ellipse at

(a cos h, b sin h) is

y� b sin h ¼ a sin h

b cos h
ðx� a cos hÞ

or
ax

cos h
� by

sin h
¼ a2 � b2: ð1Þ

Differentiating (1) partially with respect to h, we get

ax sin h

cos2 h
þ by cos h

sin2 h
¼ 0: ð2Þ

The equation (2) gives

tan3 h ¼ � by

ax
or tan h ¼ � byð Þ13

axð Þ13
:

Therefore,

sin h ¼ byð Þ13ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axð Þ23þ byð Þ23

q and

cos h ¼ � axð Þ13ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axð Þ23þ byð Þ23

q
or

sin h ¼ � byð Þ13ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axð Þ23þ byð Þ23

q and

cos h ¼ axð Þ13ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
axð Þ23þ byð Þ23

q :

Substituting these values of sin h and cos h in (1) we

get

� axð Þ23þ byð Þ23
h i3

2¼ a2 � b2

or

ðaxÞ23 þ ðbyÞ23 ¼ ða2 � b2Þ23:

3.7 HOMOGENEOUS FUNCTIONS AND EULER’S
THEOREM

An expression of the form

a0x
n þ a1x

n�1yþ a2x
n�2y2 þ . . .þ any

n

in which every term is of nth degree is called a
homogeneous function of degree n. This can also be

rewritten as

xn a0þa1
y

x

� 	
þa2

y

x

� 	2
þ...þan�1

y

x

� 	n�1

þan
y

x

� 	n
 �

or xn� y
x

� �
. Thus, we can define a homogeneous

function as follows:

A function f(x, y), which can be expressed as xn� y
x

� �
,

is called a homogeneous function of degree n in x

and y.

To check whether a function f (x, y) is homo-

geneous or not, we put tx for x and ty for y in it. If f
(tx, ty)¼ tn f (x, y), then the function f (x, y) is a

homogeneous function of degree n which is other-

wise a nonhomogeneous function.

Let u ¼ xnf y
x

� �
be a homogeneous function of x

and y of degree n. Then,
@u

@x
¼ nxn�1f

y

x

� 	
þ xn f 0

y

x

� 	
:
�y

x2

� 	
¼ xn�1 n f

y

x

� 	
� y

x

� 	
f 0 y

x

� 	h i
¼ xn�1�

y

x

� 	
;

which is a homogeneous function of degree n – 1.

Similarly,
@u

@y
¼ xnf 0 y

x

� 	
:
1

x
¼ xn�1f 0 y

x

� 	
¼ xn�1 ł

y

x

� 	
;

which is a homogeneous function of degree n – 1. It

follows, therefore, that \If u is a homogeneous

function of x and y of degree n, then ux and uy are also

homogeneous functions of x and y of degree n – 1."

Theorem 3.3. (Euler’s Theorem). If u is a homo-

geneous function of x and y of degree n, then

x
@u

@x
þ y

@u

@y
¼ nu:

Proof: Since u is a homogeneous function of x and y

of degree n, it can be expressed as

u ¼ xnf
y

x

� 	
:

Differentiating partially with respect to x, we have
@u

@x
¼ nxn�1f

y

x

� 	
þ xnf 0

y

x

� 	
� 1

x2

� �

¼ nxn�1f
y

x

� 	
� yxn�2f 0 y

x

� 	
:

Similarly, the differentiation with respect to y yields

@u

@y
¼ xnf 0 y

x

� 	 1

x

� �
¼ xn�1f 0

y

x

� 	
:

Therefore,

x
@u

@x
þ y

@u

@y
¼ nxnf

y

x

� 	
� yxn�1f 0 y

x

� 	
þ xn�1yf 0

y

x

� 	
¼ nxnf

y

x

� 	
¼ nu:
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Remark 3.1.Euler’s theorem on homogeneous functions

also holds good for functions of n variables. Thus,

\If u(x1, x2,. . .xn) is a homogeneous function of x1,

x2,. . .xn of degree n, then

x1
@u

@x1
þ x2

@u

@x2
þ . . .þ xn

@u

@xn
¼ nu:”

EXAMPLE 3.20
If u ¼ tan�1 x3þy3

xþy

� 	
, show that

x
@u

@x
þ y

@u

@y
¼ sin 2u:

Solution. The given function is

u ¼ tan�1 x3 þ y3

xþ y

� �
:

Therefore,

tan u ¼ x3 þ y3

xþ y

� �
¼ x2

1þ y
x

� �3
1þ y

x

¼ z:

Therefore, z is a homogeneous function of degree 2

in x and y. Hence, by Euler’s theorem,

x
@z

@x
þ y

@z

@y
¼ 2z: ð1Þ

But,
@z

@x
¼ sec2 u

@u

@x
and

@z

@y
¼ sec2 u

@u

@y
:

Therefore, (1) reduces to

x sec2 u
@u

@x
þ y sec2 u

@u

@y
¼ 2 tan u

or

x
@u

@x
þ y

@u

@y
¼ 2 tan u

sec2 u
¼ 2 sin u cos u ¼ sin 2u:

EXAMPLE 3.21
If u ¼ sin�1 x2þy2

xþy
, show that

x
@u

@x
þ y

@u

@y
¼ tan u:

Solution. We have

u ¼ sin�1 x
2 þ y2

xþ y
:

Therefore,

sin u ¼ x2 þ y2

xþ y
¼ z:

Thus,

z ¼ sin u ¼ x
1þ y

x

� �2
1þ y

x

;

and so, z is a homogeneous function of degree 1 in x

and y. Hence by Euler’s theorem, we have

x
@z

@x
þ y

@z

@y
¼ z: ð1Þ

But
@z

@x
¼ cos u

@u

@x
and

@z

@y
¼ cos u

@u

@y
:

Therefore, (1) reduces to

x cos u
@u

@x
þ y cos u

@u

@y
¼ sin u

or

x
@u

@x
þ y

@u

@y
¼ tan u:

EXAMPLE 3.22
If u ¼ xf y

x

� �þ g y
x

� �
; show that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ 0:

Solution. Let u1 ¼ x f y
x

� �
and u2 ¼ g y

x

� �
so that u

u1þ u2. Then u1 is a homogeneous function of

degree 1 and u2 is a homogeneous function of
degree 0. Therefore, by Euler’s theorem, we have

x
@u1
@x

þ y
@u1
@y

¼ u1 and x
@u2
@x

þ y
@u2
@y

¼ 0: ð1Þ
But

x
@u

@x
þ y

@u

@y
¼ x

@

@x
ðu1 þ u2Þ þ y

@

@y
ðu1 þ u2Þ

¼ x
@u1
@x

þ x
@u2
@x

þ y
@u1
@y

þ y
@u2
@y

¼ x
@u1
@x

þ y
@u1
@y

� �
þ x

@u2
@x

þ y
@u2
@y

� �
¼ u1 þ 0 ¼ u1 ½using ð1Þ�: ð2Þ

Differentiating (2) partially with respect to x and y,

we get

x
@2u

@x2
þ @u

@x
þ y

@2u

@x@y
¼ @u1

@x
ð3Þ

and

x
@2u

@y@x
þ @u

@x
þ y

@2u

@y2
¼ @u1

@y
: ð4Þ

Multiplying (3) by x and (4) by y and then adding

both, we get

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
þ x

@u

@x
þ y

@u

@y

¼ x
@u1
@x

þ y@u1
@y

:
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Using (1) and (2), the last expression reduces to

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
þ u1 ¼ u1

or

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ 0:

EXAMPLE 3.23
If u is a homogeneous function of x and y of degree n,

show that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ nðn� 1Þu:

Solution. By Euler’s theorem, we have

x
@u

@x
þ y

@u

@y
¼ n u: ð1Þ

Differentiating (1) partially with respect to x, we get

x
@2u

@x2
þ @u

@x
þ y

@2u

@x@y
¼ n

@u

@x

or

x
@2u

@x2
þ y

@u

@x@y
¼ n

@u

@x
� @u

@x
¼ ðn� 1Þ @u

@x
: ð2Þ

Again differentiating (1) partially with respect to y,

we have

x
@2u

@y@x
þ y

@2u

@y2
þ @u

@y
¼ n

@u

@y

or

x
@2u

@y@x
þ y

@2u

@y2
¼ ðn� 1Þ @u

@y
: ð3Þ

Multiplying (2) by x and (3) by y and then adding

both, we have

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2

¼ ðn� 1Þ x
@u

@x
þ y

@u

@y

� �
¼ ðn� 1Þnu ½using (1)�:

EXAMPLE 3.24
If sin u ¼ x2y2

xþy
, show that

x
@u

@x
þ y

@u

@y
¼ 3 tan u:

Solution. We have

sin u ¼ x2y2

xþ y
¼ x3

y
x

� �2
1þ y

x

¼ v:

We observe that v is a homogeneous function of

degree 3. Therefore, by Euler’s theorem,

x
@v

@x
þ y

@v

@y
¼ 3v: ð1Þ

Since v¼ sin u, we have
@v

@x
¼ cos u

@u

@x
and

@v

@y
¼ cos u

@u

@y
:

Hence, (1) reduces to

x cos u
@u

@x
þ y cos u

@u

@y
¼ 3 sin u

or

x
@u

@x
þ y

@u

@y
¼ 3 tan u:

EXAMPLE 3.25
If u ¼ sin�1 x

y
þ tan�1 y

x
, show that

x
@u

@x
þ y

@u

@y
¼ 0:

Solution. We have

u¼ sin�1x

y
þ tan�1y

x
¼ sin�1 1

y
x

þ tan�1y

x
¼ x0f

y

x

� 	
:

Therefore, u is a homogeneous function of degree 0

in x and y. Hence by Euler’s theorem, we have

x
@u

@x
þ y

@u

@y
¼ 0:u ¼ 0:

For verification of the result, see Example 3.6.

EXAMPLE 3.26
If u ¼ tan�1 x3þy3

x�y
, show that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ sin 4u� sin 2u:

Solution. We have

tan u ¼ x3 þ y3

x� y
¼ x2

1þ y
x

� �3
1� y

x

¼ v:

Then v is a homogeneous function of degree 2 in x

and y. Hence, by Euler’s theorem,

x
@v

@x
þ y

@v

@y
¼ 2v:

But
@v

@x
¼ sec2 u

@u

@x
;
@v

@y
¼ sec2 u

@u

@y
:

Therefore,

x sec2 u
@u

@x
þ y sec2 u

@u

@y
¼ 2 tan u
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or

x
@u

@x
þ y

@u

@y
¼ 2 sin u cos u ¼ sin 2u: ð1Þ

Differentiating (1) partially with respect to x and y,
respectively, we get

x
@2u

@x2
þ @u

@x
þ y

@2u

@x@y
¼ 2 cos 2u

@u

@x
ð2Þ

and

x
@2u

@y@x
þ @u

@y
þ y

@2u

@y2
¼ 2 cos 2u

@u

@y
: ð3Þ

Multiplying (2) by x and (3) by y and then adding

both, we get

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
þ x

@u

@x
þ y

@u

@y

¼ 2 cos 2u x
@u

@x
þ y

@u

@y

� �
or using (1), we have

x2
@2u

@x2
þ2xy

@2u

@x@y
þ y2

@2u

@y2
þ sin2u¼ 2cos2usin2u

or

x2
@2u

@x2
þ2xy

@2u

@x@y
þy2

@2u

@y2
¼2cos2usin2u�sin2u

¼ sin4u�sin2u:

EXAMPLE 3.27
If u ¼ x

yþz
þ y

zþx
þ z

xþy
, show that

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ 0:

Solution. Replacing x by tx, y by ty, and z by tz, we get

uðtx; ; ty; tzÞ ¼ tx

tyþ tz
þ ty

tzþ tx
þ tz

txþ ty

¼ 1:uðx; y; zÞ ¼ t0uðx; y; zÞ:
Hence,u(x, y, z) is a homogeneous function of degree

zero in x, y, and z. Hence, by Euler’s theorem,

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ nu ¼ 0:u ¼ 0:

EXAMPLE 3.28
If u¼ ex

2þy2, show that

x
@u

@x
þ y

@u

@y
¼ 2u log u:

Solution. We have u¼ ex
2þy2 and so,

log u ¼ x2 þ y2 ¼ x2 1þ y

x

� 	2
 �
¼ v:

Thus, v is a homogeneous function of degree 2 in x

and y. Hence, by Euler’s theorem,

x
@v

@x
þ y

@v

@y
¼ 2v:

But
@v

@x
¼ 1

u

@u

@x
;
@v

@y
¼ 1

u

@u

@y
:

Therefore,
x

u

@u

@x
þ y

u

@u

@y
¼ 2 log u

or

x
@u

@x
þ y

@u

@y
¼ 2u log u:

EXAMPLE 3.29
If u ¼ sin�1 xþyffiffi

x
p þ ffiffi

y
p ; show that

x
@u

@x
þ y

@u

@y
¼ 1

2
tan u:

Solution. We have

sin u ¼ xþ yffiffiffi
x

p þ ffiffiffi
y

p ¼ x
1
2

1þ y
x

1þ
ffiffi
y
x

q ¼ v:

Therefore, v is a homogeneous function of degree 1
2

in x and y. Hence, by Euler’s theorem,

x
@v

@x
þ y

@v

@y
¼ 1

2
v:

But
@v

@x
¼ cos u

@u

@x
and

@v

@y
¼ cos u

@u

@y
:

Therefore,

x cos u
@u

@x
þ y cos u

@u

@y
¼ 1

2
sin u

or

x
@u

@x
þ y

@u

@y
¼ 1

2
tan u:

EXAMPLE 3.30

If u ¼ cosec�1 x
1
2þy

1
2

x
1
3þy

1
3


 �1
2

; show that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ tan u

144
ð13þ tan2 uÞ:
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Solution. We have

cosec u ¼ x
1
2 þ y

1
2

x
1
3 þ y

1
3

" #1
2

¼ x
1
2 1þ y

x

� �� �1
2

x
1
3 1þ y

x

� �� �1
3

2
4

3
5

1
2

¼ x
1
12

1þ y
x

� �1
2

1þ y
x

� �1
3

2
4

3
5

1
2

¼ v:

Therefore, v is a homogeneous function of degree 1
12

in x and y. Hence, by Euler’s theorem,

x
@v

@x
þ y

@v

@y
¼ 1

12
v:

But
@v

@x
¼ �cosec u cot u

@u

@x
;

@v

@y
¼ �cosec u cot u

@u

@y
:

Therefore,

�xcosecucot u
@u

@x
�ycosecucot u

@u

@y
¼ 1

12
cosecu

or

x cot u
@u

@x
þ y cot u

@u

@y
¼ � 1

12
or

x
@u

@x
þ y

@u

@y
¼ �1

12
tan u: ð1Þ

Differentiating (1) partially with respect to x, we get

x
@2u

@x2
þ @u

@x
þ y

@2u

@x@y
¼ � 1

12
sec2 u

@u

@x
or

x
@2u

@x2
þ y

@2u

@x@y
¼ � 1

12
sec2 u� 1

� �
@u

@x
: ð2Þ

Similarly, differentiating (1) partially with respect

to y, we get

y
@2u

@y2
þ x

@2u

@y@x
¼ � 1

12
sec2 u� 1

� �
@u

@y
: ð3Þ

Multiplying (2) by x and (3) by y and then adding

both, we get

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2

¼ � 1

12
sec2 u� 1

� �
x
@u

@x
þ y

@u

@y

� �

¼ � 1

12
sec2 u� 1

� �
� 1

12
tan u

� �

¼ 1

12
sec2 u� 1

� �
1

12
tan u

� �

¼ 1

12
1þ tan2 u
� �� 1


 �
1

12
tan u

� �

¼ 1

144
tan uð13þ tan2 uÞ:

EXAMPLE 3.31
If z ¼ xnf1

y
x

� �þ y�nf2
x
y

� 	
; show that

x2
@2z

@x2
þ 2xy

@2z

@x@y
þ y2

@2z

@y2
þ x

@z

@x
þ y

@z

@y
¼ n2z:

Solution. Let u1 ¼ xnf1
y
x

� �
and u2 ¼ y�nf2

x
y

� 	
so that

z¼ u1þ u2. Then, u1 is a homogeneous function of

degree n and u2 is a homogeneous function of
degree n. Therefore, by Euler’s theorem, we have

x
@u1
@x

þ y
@u1
@y

¼ nu1 and x
@u2
@x

þ y
@u2
@y

¼�nu2: ð1Þ
But

x
@z

@x
þ y

@z

@y
¼ x

@

@x
ðu1 þ u2Þ þ y

@

@y
ðu1 þ u2Þ

¼ x
@u1
@x

þ y
@u1
@y

� �
þ x

@u2
@x

þ y
@u2
@y

� �
¼ nðu1 � u2Þ; using (1): ð2Þ

Differentiating (2) partially with respect to x and y,

we get

x
@2z

@x2
þ @z

@x
þ y

@2z

@x@y
¼ n

@u1
@x

� @u2
@x

� �
ð3Þ

and

x
@2z

@x@y
þ @z

@y
þ y

@2z

@y2
¼ n

@u1
@y

� @u2
@y

� �
: ð4Þ

Multiplying (3) by x and (4) by y and then adding

both, we get

x2
@2z

@x2
þ 2xy

@2z

@x@y
þ y2

@2z

@y2
þ x

@z

@x
þ y

@z

@y

¼ nx
@u1
@x

� @u2
@x

� �
þ ny

@u1
@y

� @u2
@y

� �

¼ n x
@u1
@x

þ y
@u1
@y

� �
� x

@u2
@x

þ y
@u2
@y

� �
 �
¼ n½nu1 þ nu2� ¼ n2ðu1 þ u2Þ ¼ n2z:

3.8 DIFFERENTIATION OF COMPOSITE FUNCTIONS

Let x¼�(t) and y¼ł(t). If u¼ f (x, y), then u is
called a composite function of the single variable t.
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Similarly, if x¼� (u, v), y¼ł(u, v), and F¼ f (x, y),

then F is called a composite function of two vari-

ables u and v.

Theorem 3.4. If u¼ f (x, y), where x¼�(t) and y¼
(t), then

du

dt
¼ @u

@x
:
dx

dt
þ @u

@y
:
dy

dt
:

(du
dt
is called the total differential coefficient or total

derivative of u with respect to t).

Proof: Let �t be the small increment given to t and

�x, �y, and �u be the corresponding increments in

x, y, and u, respectively. We have

u ¼ f ðx; yÞ; ð1Þ
uþ �u ¼ f ðxþ �x; yþ �yÞ: ð2Þ

Subtracting (1) from (2), we get

�u ¼ f ðxþ �x; yþ �yÞ � f ðx; yÞ
¼ ½ f ðxþ �x; yþ �yÞ � f ðx; yþ �yÞ�
þ ½ f ðx; yþ �yÞ � f ðx; yÞ�:

Thus,

�u

�t
¼ f ðxþ �x; yþ �yÞ � f ðx; yþ �yÞ

�t

þ f ðx; yþ �yÞ � f ðx; yÞ
�t

¼ f ðxþ �x; yþ �yÞ � f ðx; yþ �yÞ
�x

:
�x

�t

þ f ðx; yþ �yÞ � f ðx; yÞ
�y

:
�y

�t
:

If �t ? 0, �x and �y both tend to zero and so,

lim
� t!0

�u

dt
¼ lim

�x!0

f ðxþ�x;yþ�yÞ� f ðx;yþ�yÞ
�x


 �
lim
� t!0

�x

�t

þ lim
�y!0

f ðx;yþ�yÞ� f ðx;yÞ
�y


 �
lim
�t!0

�x

�t

¼@f

@x
: lim
�t!0

�x

�t
þ@f

@y
: lim
�t!0

�y

�t
:

or
du

dt
¼ @f

@x
:
dx

dt
þ @f

@y

dy

dt
¼ @u

@x

dx

dt
þ @u

@y

dy

dt
: ð3Þ

Corollary 1. If u is a function of x and y and y is a

function of x, then

du

dx
¼ @u

@x
þ @u

@y
:
dy

dx
:

The result follows taking t¼ x in (3).

Corollary 2. If z¼ f (x, y), x¼�(u, v), and y¼ł(u, v),
then

@z

@u
¼ @z

@x
:
@x

@u
þ @z

@y
:
@y

@u

and
@z

@v
¼ @z

@x
:
@x

@v
þ @z

@y
:
@y

@v
:

Corollary 3. If u¼ f (x, y)¼ c, then by Corollary 1, we

have

0 ¼ @f

@x
þ @f

@y
:
dy

dx
or

dy

dx
¼ �

@f
@x
@f
@y

:

Differentiating once more with respect to x, we get

d2y

dx2
¼ � fxxf

2
y � 2fxfyfxy þ fyyf

2
x

f 3y
:

EXAMPLE 3.32
If xyþ yx¼ ab, find dy

dx
.

Solution. Let
f ðx; yÞ ¼ x y þ y x � ab:

Since from the given relation x yþ y x – ab¼ 0, it

follows that f (x, y)¼ 0. Therefore,

dy

dx
¼ �

@f
@x
@f
@y

¼ yxy�1 þ yx log y

xy log xþ xyx�1
:

EXAMPLE 3.33
If f (x, y)¼ 0 and � (y, z)¼ 0, show that

@f

@y
:
@�

@z
:
dz

dx
¼ @f

@x
:
@�

@y
:

Solution. Since f (x, y)¼ 0, we have

dy

dx
¼ �

@f
@x
@f
@y

: ð1Þ

Again, since � (y, z)¼ 0, we have

dz

dy
¼ �

@�
@y

@�
@z

: ð2Þ

Multiplication of (1) and (2) yields

dy

dx
:
dz

dy
¼

@f
@x
@f
@y

:

@�
@y

@�
@z
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or

dz

dx
¼

@f
@x :

@�
@y

@f
@y :

@�
@z

or

dz

dx
:
@f

@y
:
@�

@z
¼ @f

@x
:
@�

@y
:

EXAMPLE 3.34
If z is a function of x and y and x¼ eu þe–v and

y¼ e–u – e v, show that

@z

@u
� @z

@v
¼ x

@z

@x
� y

@z

@y
:

Solution. The function z is a composite function of u

and v. Therefore,

@z

@u
¼ @z

@x
:
@x

@u
þ @z

@y
:
@y

@u
¼ @z

@x
:eu � @z

@y
:e�u ð1Þ

and

@z

@v
¼ @z

@x
:
@x

@v
þ @z

@y
:
@y

@v
¼ � @z

@x
:e�v � @z

@y
:ev: ð2Þ

Subtracting (2) from (1), we have

@z

@u
� @z

@v
¼ ðeu � e�vÞ @z

@x
þ ðe�u þ evÞ @z

@y

¼ x
@z

@x
þ y

@z

@y
:

EXAMPLE 3.35
Prove that @2u

@x2
þ @2u

@y2
¼ @2u

@�2
þ @2u

@g2
; where

x ¼ � cos a� g sin a; y ¼ � sin aþ g cos a:

Solution. We have

x ¼ � cos a� g sin a; y ¼ � sin aþ g cos a:

Now

@u

@�
¼ @u

@x
:
@x

@�
þ @u

@y
:
@y

@�
¼ cos a

@u

@x
þ sin a

@u

@y
;

which yields

@

@�
ðuÞ ¼ cos a

@

@x
þ sin a

@

@y

� �
ðuÞ

and so,

@

@�
¼ cos a

@

@x
þ sin a

@

@y
:

Thus,

@2u

@�2
¼ @

@�

@u

@�

� �
¼ cosa

@

@x
þsina

@

@y

� �

� cosa
@u

@x
þ sina

@u

@y

� �

¼ cosa
@

@x
cosa

@u

@x
þsina

@u

@y

� �

þsina
@

@y
cosa

@u

@x
þ sina

@u

@y

� �

¼ cos2a
@2u

@x2
þ2sinacosa

@2u

@x@y
þsin2a

@2u

@y2
: ð1Þ

On the other hand,

@u

@g
¼ @u

@x
:
@x

@g
þ @u

@y
:
@y

@g
¼ � sin a

@u

@x
þ cos a

@u

@y
;

which gives
@

@g
¼ � sin a

@

@x
þ cos a

@

@y

� �
:

Therefore,

@2u

@g2
¼ @

@g

@u

@g

� �

¼ � sin a
@

@x
þ cos a

@

@y

� �

� � sin a
@u

@x
þ cos a

@u

@y

� �

¼ � sin a
@

@x
� sin a

@u

@x
þ cos a

@u

@y

� �

þ cos a
@

@y
� sin a

@u

@x
þ cos a

@u

@y

� �

¼ sin2 a
@2u

@x2
¼ �2 sin a cos a

@2u

@x@y

þ cos2 a
@2u

@y2
: ð2Þ

Adding (1) and (2), we get

@2u

@�2
þ @2u

@g2
¼ @2u

@x2
þ @2u

@y2
:

EXAMPLE 3.36
If y3 –3ax2þ x3¼ 0, show that

d2y

dx2
þ 2a2x2

y2
¼ 0:

Solution. Let

f ðx; yÞ ¼ y3 � 3ax2 þ x3 ¼ 0:
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Therefore, by Corollary 3 of Theorem 3.4

d2y

dx2
¼ � fxxf

2
y � 2fxfyfxy þ fyyf

2
x

f 3y
: ð1Þ

But in the present case,

fxðx;yÞ¼�6axþ3x2; fyðx;yÞ¼ 3y2; fxyðx;yÞ¼ 0;

fxxðx;yÞ¼�6aþ6x; and fyyðx;yÞ¼ 6y:

Therefore, (1) reduces to

d2y

dx2
¼�6ðx� aÞ9y4 þ ð3x2 � 6axÞ26y

27y6
¼�2

a2x2

y5
:

Hence,
d2y

dx2
þ 2

a2x2

y5
¼ 0:

EXAMPLE 3.37
If u¼ f (y – z, z– x, z – y), show that

@u

@x
þ @u

@y
þ @u

@z
¼ 0:

Solution. Substituting y – z,¼A, z– x¼B, and

x – y¼C, we have
u ¼ f ðA;B;CÞ:

Thus, u is a composite function of A, B, and C.
Therefore,

@u

@x
¼ @u

@A
:
@A

@x
þ @u

@B
:
@B

@x
þ @u

@C
:
@C

@x

¼ @u

@A
ð0Þ þ @u

@B
ð�1Þ þ @u

@C
ð1Þ ¼ � @u

@B
þ @u

@C
;ð1Þ

@u

@y
¼ @u

@A
:
@A

@y
þ @u

@B
:
@B

@y
þ @u

@C
:
@C

@y
¼ @u

@A
� @u

@C
; ð2Þ

@u

@z
¼ @u

@A
:
@A

@z
þ @u

@B
:
@B

@z
þ @u

@C
:
@C

@z
¼� @u

@A
þ @u

@B
ð3Þ

Adding (1), (2), and (3), we have

@u

@x
þ @u

@y
þ @u

@z
¼ 0:

EXAMPLE 3.38
If u¼ f (r, s, t) and r ¼ x

y
; s ¼ y

z
; t ¼ z

x
, show that

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ 0

Solution. The function u¼ f (r, s, t) is a composite

function of r, s, and t. We have
@u

@x
¼ @u

@r
:
@r

@x
þ @u

@s
:
@s

@x
þ @u

@t
:
@t

@x

¼ @u

@r

1

y

� �
þ @u

@s
ð0Þ þ @u

@t
� z

x2

� 	

@u

@x
¼ @u

@r
:
@r

@x
þ @u

@s
:
@s

@x
þ @u

@t
:
@t

@x

¼ @u

@r

1

y

� �
þ @u

@s
ð0Þ þ @u

@t
� z

x2

� 	
¼ @u

y@r
� z

x2
@u

@t
;

@u

@y
¼ @u

@r
:
@r

@y
þ @u

@s
:
@s

@y
þ @u

@t
:
@t

@y

¼ � x

y2
@u

@r
þ 1

z

@u

@s
; and

@u

@z
¼ @u

@r
:
@r

@z
þ @u

@s
:
@s

@z
þ @u

@t
:
@t

@z

¼ � y

z2
@u

@s
þ 1

x

@u

@t
:

Therefore,

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ x

y

@u

@r
� z

x

@u

@t
� x

y

@u

@r

þ y

z

@u

@s
� y

z

@u

@s
þ z

x

@u

@t
¼ 0:

EXAMPLE 3.39
If f (x, y)¼ h(u, v), where u¼ x2 – y2 and v¼ 2xy,

show that

@2f

@x2
þ @2f

@y2
¼ 4ðx2 þ y2Þ @2h

@u2
þ @2h

@v2

� �
:

Solution. Here f (x, y) is composite function of u

and v. Therefore,

@f

@x
¼ @f

@u
:
@u

@x
þ @f

@v
:
@v

@x
¼ @h

@u
ð2xÞ þ @h

@v
ð2yÞ

¼ 2 x
@

@u
þ y

@

@v

� �
h;

which yields
@

@x
¼ 2 x

@

@u
þ y

@

@v

� �
:

Therefore,

@2f

@x2
¼ @

@x

@f

@x

� �
¼ 2

@

@x
x
@h

@u
þ y

@h

@v


 �

¼ 4 x
@

@u
þ y

@

@v

� �
x
@h

@u
þ y

@h

@v

� �

¼ 4 x2
@2h

@u2
þ xy

@2h

@u@v
þ xy

@2h

@v@u
þ y2

@2h

@u2

� �

¼ 4 x2
@2h

@u2
þ 2xy

@2h

@u@v
þ y2

@2h

@v2

� �
: ð1Þ
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Further,

@f

@y
¼ @f

@u
:
@u

@y
þ @f

@v
:
@v

@y
¼ @h

@u
ð�2yÞ þ @h

@v
ð2xÞ

¼ �2 y
@h

@u
� x

@h

@v

� �
and so,

@

@y
¼ �2 y

@

@u
� x

@

@v

� �
:

Therefore,

@2f

@y2
¼ @

@y

@f

@y

� �
¼ 4 y

@

@u
� x

@

@v

� �
y
@h

@u
� x

@h

@v

� �

¼ 4 y2
@2h

@u2
� xy

@2h

@u@v
� xy

@2h

@v@u
þ x2

@2h

@v2

� �

¼ 4 y2
@2h

@u2
� 2xy

@2h

@x@y
þ x2

@2h

@v2

� �
: ð2Þ

Adding (1) and (2), we get

@2f

@x2
þ @2f

@y2
¼ 4ðx2 þ y2Þ @2h

@u2
þ @2h

@v2


 �
:

EXAMPLE 3.40
Let u (x, y) be a function possessing continuous

partial derivatives of the first two orders and let

xþ y¼ 2eh cos � and x – y¼ 2ieh sin�. Show that

@2u

@h2
þ @2u

@�2
¼ 4xy

@2u

@x@y
:

Solution. The function u is a composite function of h
and �. We are given that

xþ y¼ 2eh cos � and x – y¼ 2iehsin �. Solving
these equations, we get

x ¼ ehðcos�þ i sin�Þ ¼ ehei� and

y ¼ ehðcos�� i sin�Þ ¼ ehe��:

Therefore,

@u

@h
¼ @u

@x

@x

@h
þ @u

@y

@y

@h
¼ eh ei�

@u

@x
þ e�i� @u

@y

� �

¼ eh ei�
@

@x
þ e�i� @

@y

� �
ðuÞ;

and so,

@

@h
¼ eh ei�

@

@x
þ e�i� @

@y

� �
:

Therefore,

@2u

@h2
¼ @

@h

@u

@h

� �
¼ e2� eih

@

@x
þ e�i� @

@y

� �

ei�
@u

@x
þ e�i� @u

@y

� �

¼ e2h e2i�
@2u

@x2
þ 2

@2u

@x@y
þ e�2i� @

2u

@y2


 �
:

Similarly,

@2u

@�2
¼ �e2h e2i�

@2u

@x2
� 2

@2u

@x@y
þ e�2i� @

2u

@y2


 �
:

Adding the earlier two expressions, we get

@2u

@h2
þ @2u

@�2
¼ 4e2h

@2u

@x@y

� �
¼ 4xy

@2u

@x@y
:

3.9 TRANSFORMATION FROM CARTESIAN TO POLAR
COORDINATES AND VICE VERSA

In this section, we deal with some important trans-
formations of relations from one coordinate system

to another coordinate system.

EXAMPLE 3.41
Transform the Laplace equation

@2V

@x2
þ @2V

@y2
¼ 0

into polar coordinates.

Solution. The function V is a function of x and y,

where x and y are expressed in polar coordinates as

x¼ r cos h and y¼ r sin h. Thus, V is a function of

r and h also. We have

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
and h ¼ tan�1 y

x

� 	
:

Therefore,
@r

@x
¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p ¼ r cos h

r
¼ cos h;

@r

@y
¼ yffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p ¼ r sin h

r
¼ sin h;

@h

@x
¼ 1

1þ y2

x2

� y

x2

� 	
¼ � y

x2 þ y2

¼ � r sin h

r2
¼ � sin h

r
; and

@h

@y
¼ 1

1þ y2

x2

1

x

� �
¼ x

x2 þ y2
¼ r cos h

r2
¼ cos h

r
:
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Now,
@V

@x
¼ @V

@r
:
@r

@x
þ @V

@h
:
@h

@x
¼ cosh

@V

@r
� sin h

r

@V

@h
and

@V

@y
¼ @V

@r
:
@r

@y
þ @V

@h
:
@h

@y
¼ sin h

@V

@r
þ cos h

r

@V

@h
:

Therefore,

@

@x
¼ cos h

@

@r
� sin h

r

@

@h

� �
and

@

@y
¼ sin h

@

@r
þ cos h

r

@

@h

� �
:

Hence,

@2V

@x2
¼ cosh

@

@r
� sinh

r

@

@h

� �
cosh

@V

@r
� sinh

r

@V

@h

� �

¼ cosh
@

@r
cosh

@V

@r
� sinh

r

@V

@h

� �

� sinh

r

@

@h
cosh

@V

@r
� sinh

r

@V

@h

� �

¼ cosh cosh
@2V

@r2
þ sinh

r2
@V

@h
� sinh

r

@2V

@r@h

� �

� sinh

r
cosh

@2V

@h@r
� sinh

@V

@r

�

�cosh

r

@V

@h
� sinh

r

@2V

@h2

�

¼ cos2 h
@2V

@r2
� 2

sinhcosh

r2
@2V

@r@h

þ sinh

r2
@2V

@h2
þ sin2 h

r

@V

@r
þ 2sinh

r2
@V

@h
ð1Þ

and

@2V

@y2
¼ sinh

@

@r
þ cosh

r

@

@h

� �
sinh

@V

@r
þ cosh

r

@V

@h

� �

¼ sinh
@

@r
sinh

@V

@r
þ cosh

r

@V

@h

� �

þ cosh

r

@

@h
sinh

@V

@r
þ cosh

r

@V

@h

� �

¼ sinh sinh
@2V

@r2
� cosh

r2
@V

@h
þ cosh

r

@2V

@r@h

� �

þ cosh

r
sinh

@2V

@h@r
þ cosh

@V

@r

�

� sinh

r

@V

@h
þ cosh

r

@2V

@h2

�

¼ sin2 h
@2V

@r2
þ sinhcosh

r

@2V

@r@h
þ cosh sinh

r2
@V

@h

þ coshsinh

r

@2V

@h@r
þ cos2 h

r2
:
@2V

@h2
þ cos2 h

r

@V

@r

� sinhcosh

r2
@V

@h
: ð2Þ

Adding (1) and (2), we obtain

@2V

@x2
þ @2V

@y2
¼ @2V

@r2
þ 1

r
:
@V

@r
þ 1

r2
@2V

@h2
;

which is the required result.

EXAMPLE 3.42
Transform the expression

x
@V

@x
þy

@V

@y

� �2

þða2�x2�y2Þ @V

@x

� �2

þ @V

@y

� �2
( )

by substituting x¼ r cos h and y¼ r sin h.

Solution. If V is a function of x, y, then
@V

@r
¼ @V

@x
:
@x

@r
þ @V

@y
:
@y

@r
¼ x

r

@V

@x
þ y

r

@V

@y
or

r
@V

@r
¼ x

@V

@x
þ y

@V

@y
¼ x

@

@x
þ y

@

@y

� �
V :

Thus,

r
@

@r
¼ x

@

@x
þ y

@

@y
:

Similarly,
@

@h
¼ x

@

@y
� y

@

@x
:

Now,

@V

@x
¼ @V

@r
:
@r

@x
þ @V

@h
:
@h

@x
¼ cosh

@V

@r
� sinh

r

@V

@h
and

@V

@y
¼ sinh

@V

@r
þ cosh

r

@V

@h
:

Therefore,

@V

@x

� �2

þ @V

@y

� �2

¼ @V

@r

� �2

þ 1

r2
@V

@h

� �2

;

and the given expression is equal to

r
@V

@r

� �2

þða2 � r2Þ @V

@r

� �2

þ 1

r2
@V

@h

� �2
" #

¼ a2
@V

@r

� �2

þ a2

r2
� 1

� �
@V

@h

� �2

:
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EXAMPLE 3.43
If x¼ r cos h and y¼ r sin h, prove that

ðx2 � y2Þ @2u

@x2
� @2u

@y2

� �
þ 4xy

@2u

@x@y

¼ r2
@2u

@r2
� r

@u

@r
� @2u

@h2
;

where u is any twice-differentiable function of x

and y.

Solution. We have
@u

@r
¼ @u

@x

@x

@r
þ @u

@y
:
@y

@r

¼ cos h
@u

@x
þ sin h

@u

@y
¼ x

r

@u

@x
þ y

r

@u

@y
and so,

r
@u

@r
¼ x

@u

@x
þ y

@u

@y
: ð1Þ

Therefore,

r
@

@r
r
@u

@r

� �

¼ x
@

@x
þy

@

@y

� �
x
@u

@x
þy

@u

@y

� �

¼ x
@

@x
x
@u

@x
þy

@u

@y

� �
þy

@

@y
x
@u

@x
þy

@u

@y

� �

¼ x2
@2u

@x2
þxy

@2u

@x@y
þxy

@2u

@y@x
þy2

@2u

@y2
þx

@u

@x
þy

@u

@y

¼ x2
@2u

@x2
þ2xy

@2u

@x@y
þy2

@2u

@y2
þx

@y

@x
þy

@u

@y
:

Therefore,

r2
@2u

@r2
� r

@u

@r
¼ x2

@2u

@x2
þ 2xy

@2u

@x@y

þ y2
@2u

@y2
; using (1): ð2Þ

Again,
@u

@h
¼ @u

@x

@x

@h
þ @u

@y

@y

@h
¼ x

@u

@y
� y

@u

@x
:

Therefore,

@2u

@h2
¼ x

@

@y
� y

@

@x

� �
x
@u

@y
� y

@u

@x

� �

¼ x
@

@y
x
@u

@y
� y

@u

@x

� �
� y

@

@x
x
@u

@y
� y

@u

@x

� �

¼ x2
@2u

@y2
� 2xy

@2u

@y@x
þ y2

@2u

@x2
� x

@u

@x
� y

@u

@y
: ð3Þ

Subtracting (3) from (2), we get the required result.

EXAMPLE 3.44
If x¼ r cos h, y ¼ r sin h, and z¼ f (x, y), prove that

@z

@x
¼ @z

@r
cos h� 1

r

@z

@h
sin h:

Solution. Since x¼ r cos h and y¼ r sin h, we have

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
and h ¼ tan�1 y

x

� �
. Therefore,

@r

@x
¼ x

r
¼ r cos h

r
¼ cos h;

@r

@y
¼ y

r
¼ r sin h

r
¼ sin h;

@h

@x
¼ � y

x2 þ y2
¼ �r sin h

r2
¼ � sin h

r
; and

@h

@y
¼ y

x2 þ y2
¼ r cos h

r2
¼ cos h

r
:

Now,

@z

@x
¼ @z

@r
:
@r

@x
þ @z

@h
:
@h

@x
¼ cos h

@z

@r
� sin h

r

@z

@h
:

3.10 TAYLOR’S THEOREM FOR FUNCTIONS OF
SEVERAL VARIABLES

In view of Taylor’s theorem for functions of one

variable, it is not unnatural to expect the possibility

of expanding a function of more than one variable

f (xþ h, yþ k, zþ l,. . .) in a series of ascending
powers of h, k, l,. . .. To fix the ideas, we consider

here a function of two variables only, the reasoning

in the general case being precisely the same.

Theorem 3.5. (Taylor). If f (x, y) and all its partial

derivatives of order n are finite and continuous for all

points (x,y) in the domain a � x � aþ h and b�
y� bþ k, then f ðaþ h; bþ kÞ ¼ f ða;bÞþ
þRn;

1
2!d

2f ða;bÞþ . . .þ 1
ðn�1Þd

n�1f ða;bÞþRn;

where

Rn ¼ 1

n!
dnf ðaþ hh; bþ hkÞ; 0 < h < 1

and

df ¼ h
@f

@x
þ k

@f

@y
:

Proof: Consider a circular domain of center (a,b) and

radius large enough for the point (aþ h, b þk) to be

also with in the domain. The partial derivatives of

the order n of f (x, y) are continuous in the domain.
Write

x ¼ aþ ht and y ¼ bþ kt
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so that as t ranges from 0 to 1, the point (x, y) moves

along the line joining the point (a, b) to the point

(aþ h, bþ k). Then

f ðx; yÞ ¼ f ðaþ ht; bþ ktÞ ¼ �ðtÞ: ð1Þ
Now,

� 0ðtÞ ¼ @f

@x
:
dx

dt
þ @f

@y
:
dy

dt
¼ h

@f

@x
þ k

@f

@y
¼ df :

Similarly,

� 00ðtÞ ¼ d2f ; . . . ; �ðnÞðtÞ ¼ dnf :

Thus, �(t) and its n derivatives are continuous

functions of t in the interval 0�t�1 and so, by

Maclaurin’s theorem for function of one variable,

we have

�ðtÞ ¼ �ð0Þ þ t � 0ð0Þ þ t2

2!
� 00ð0Þ

þ . . .þ tn

n!
�ðnÞðh tÞ; ð2Þ

where 0 <h< 1. Further, the relation (1) yields

�ð1Þ ¼ f ðaþ h; bþ kÞ;
�ð0Þ ¼ f ða; bÞ;
� 0ð0Þ ¼ df ða; bÞ;
� 00ð0Þ ¼ d2f ða; bÞ; and

�ðnÞðh tÞ ¼ dnf ðaþ h h; bþ h kÞ:
Hence, (2) yields

f ðaþ h; bþ kÞ ¼ f ða; bÞ þ df ða; bÞ þ 1

2!
d2f ða; bÞ

þ . . .þ 1

ðn� 1Þ! d
n�1f ða; bÞ þ Rn;

where

Rn ¼ 1

n!
dnf ðaþ h h; bþ h kÞ; 0 < h < 1:

Remark 3.2. Taylor’s expansion does not necessarily

hold if the partial derivatives of the order n of the

function are not continuous in the domain. The

theorem can be extended easily to any number of

variables.

Theorem 3.6. (Maclaurin). Under the conditions of

the Taylor’s theorem

f ðx; yÞ ¼ f ð0; 0Þ þ df ð0; 0Þ þ 1

2!
d2f ð0; 0Þ

þ . . .þ 1

ðn� 1Þ! d
n�1f ð0; 0Þ þ Rn;

where

Rn ¼ 1

n!
dnf ðh x; h yÞ; 0 < h < 1:

Proof: By Taylor’s theorem, we have

f ðaþ h;bþ kÞ ¼ f ða;bÞ þ df ða;bÞ þ 1

2!
d2f ða;bÞ

þ . . .þ 1

ðn� 1Þ!d
n�1f ða;bÞ þRn;

where

Rn ¼ 1

n!
dnf ðaþ h h;bþ h kÞ; 0< h< 1:

Putting

a¼ b¼ 0; h¼ x; and k ¼ y; we get

f ðx;yÞ ¼ f ð0;0Þ þ df ð0;0Þ þ 1

2!
d2f ð0;0Þ

þ . . .þ 1

ðn� 1Þ!d
n�1f ð0;0Þ þRn;

where

Rn ¼ 1

n!
dnf ðh x;h yÞ; 0< h< 1:

EXAMPLE 3.45
If f ðx; yÞ ¼ xyj jð Þ12, prove that the Taylor’s expan-

sion about the point (x, x) is not valid in any domain

which includes the origin. Give reasons.

Solution. We are given that

f ðx; yÞ ¼ x yj jð Þ12:
Therefore,

fxð0; 0Þ ¼ lim
h!0

f ðh; 0Þ � f ð0; 0Þ
h

¼ lim
h!0

0

h
¼ 0;

fyð0; 0Þ ¼ lim
k!0

f ð0; kÞ � f ð0; 0Þ
k

¼ lim
k!0

0

k
¼ 0:

Also,

fxðx; yÞ ¼
1

2

y

x

��� ���� 	1
2
; x > 0

� 1

2

y

x

��� ���� 	1
2
; x < 0

8>><
>>:

and

fyðx; yÞ ¼
1

2

x

y

����
����

� �1
2
; y > 0

� 1

2

x

y

����
����

� �1
2
; y < 0

8>>>><
>>>>:
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Thus,

fxðx; xÞ ¼ fyðx; xÞ ¼
1
2
; x > 0

� 1
2
; x < 0:

�
If Taylor’s expansion about (x,x) for n¼ 1

were possible, then we should have

f ðxþ h; xþ hÞ ¼ f ðx; xÞ þ h½fxðxþ hh; xþ hhÞ
þ fyðxþ hh; xþ hhÞ�

or

xþ hj j ¼
xj j þ h if xþ hh > 0

xj j � h if x� hh < 0

xj j if x� hh ¼ 0

8<
:

9=
;: ð1Þ

Now if the domain (x, x; xþ h, xþ h) includes the

origin, then x and xþ h are of opposite signs. Thus,

either | xþ h |¼ xþ h, | x |¼ –x or |xþ h|¼ – ( x

h), |x|¼ x. But under these conditions, none of the

inequalities (1) holds. Hence, the expansion is not

valid.

EXAMPLE 3.46
Expand x2yþ 3y –2 in powers of (x – 1) and(yþ 2)

using Taylor’s theorem for several variables.

Solution. For all points in the domain a � x � aþ h

and b � y � bþ k, the Taylor’s theorem asserts that

f ðx; yÞ ¼ f ðaþ h; bþ kÞ ¼ f ða; bÞ þ df ða; bÞ
þ 1

2!
d2f ða; bÞ þ 1

3!
d3f ða; bÞ

þ 1

4!
d4f ða; bÞ þ . . .

In the present example, a¼ 1 and b¼ –2. Thus,

fxðx;yÞ¼ x2yþ3y�2 which yields f ð1;�2Þ¼�10;

fxðx;yÞ¼2xy which yields fxð1;�2Þ¼�4;

fyðx;yÞ¼ x2þ3 which yields fyð1;�2Þ¼4;

fxxðx;yÞ¼2y which yields fxxð1;�2Þ¼�4;

fxyðx;yÞ¼2x which yields fxyð1;�2Þ¼2;

fyyðx;yÞ¼0 which yields fyyð1;�2Þ¼0;

fxxxðx;yÞ¼0 which yields fxxxð1;�2Þ¼0;

fyyyðx;yÞ¼0 which yields fyyyð1;�2Þ¼0;

and
fyxxð1;�2Þ ¼ fxxyðð1;�2Þ ¼ 2:

All other higher derivatives are zero. Hence,

f ðx;yÞ ¼ f ða;bÞþ ðx� 1Þ@f
@x

ð1;�2Þ



þðyþ 2Þ @f
@y

ð1;�2Þ
�

þ 1

2 !
ðx� 1Þ @

@x
þðyþ 2Þ @

@y


 �2
f ð1;�2Þ

þ 1

3 !
ðx� 1Þ @

@x
þðyþ 2Þ @

@y


 �3
f ð1;�2Þ

¼�10� 4ðx� 1Þþ 4ðyþ 2Þ
þ 1

2 !
½�4ðx� 1Þ2þ 4ðx� 1Þðyþ 2Þ�

þ 1

3 !
½ðx� 1Þ3ð0Þþ 3ðx� 1Þ2ðyþ 2Þð2Þ

þ 3ðx� 1Þðyþ 2Þ2ð0Þþ ðyþ 2Þ2ð0Þ�
¼�10� 4ðx� 1Þþ 4ðyþ 2Þ� 2ðx� 1Þ2

þ 2ðx� 1Þðyþ 2Þ þ ðx� 1Þ2ðyþ 2Þ:
EXAMPLE 3.47
Expand sin(xy) in power of (x – 1) and y� �

2

� �
up to

and including second-degree terms.

Solution. We want to expand sinðxyÞ about the point
1; �

2

� �
. By Taylor’s theorem, we have

f ðx;yÞ¼ f ðaþh; bþ kÞ

¼ f ða;bÞþ h
@

@x
þ k

@

@y


 �
f ða;bÞ

þ1

2
h
@

@x
þ k

@

@y


 �2
f ða;bÞþ . . .

But

f ðx;yÞ¼ sinxy implies f 1;
�

2

� 	
¼1;

fxðx;yÞ¼ycosxy implies fx 1;
�

2

� 	
¼0;

fyðx;yÞ¼xcosxy implies fy 1;
�

2

� 	
¼0;

fxxðx;yÞ¼�y2 sinxy implies fxx 1;
�

2

� 	
¼��2

4
;

fxyðx;yÞ¼�xysinxy implies fxy 1;
�

2

� 	
¼ y��

2

� 	
;

and

fyyðx;yÞ¼�x2 sinxy implies fyy 1;
�

2

� 	
¼�1:
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Hence,

f ðx; yÞ ¼ 1� �2

8
ðx� 1Þ2 � �

2
ðx� 1Þ y� �

2

� 	
� 1

2
y� �

2

� 	2
:

EXAMPLE 3.48
Expand exy at (1,1) in powers of (x – 1) and (y – 1).

Solution.We have f (x, y)¼ exy. By Taylor’s theorem,

we have

f ðx; yÞ ¼ f ðaþ h; bþ kÞ

¼ f ða; bÞ þ h
@

@x
þ k

@

@y

� �
f ða; bÞ

þ 1

2 !
h
@

@x
þ k

@

@y

� �2

f ða; bÞ þ . . . :

But,

f ðx; yÞ ¼ exy implies f ð1; 1Þ ¼ e;

fxðx; yÞ ¼ yexy implies fxð1; 1Þ ¼ e;

fyðx; yÞ ¼ xexy implies fyð1; 1Þ ¼ e;

fxxðx; yÞ ¼ y2exy implies fxxð1; 1Þ ¼ e;

fxyðx; yÞ ¼ xyexy þ exy implies fxyð1; 1Þ ¼ eþ e

¼ 2e; and

fyyðx; yÞ ¼ x2exy implies fyyð1; 1Þ ¼ e:

We have h ¼ x – a ¼ x – 1 and k ¼ y – b ¼ y –1.

Hence,

f ðx; yÞ ¼ f ð1; 1Þ þ ðx� aÞfxð1; 1Þ þ ðy� kÞ
� fyð1; 1Þ þ 1

2 !
½ðx� 1Þ2fxxð1; 1Þ

þ ðy� 1Þ2fyyð1; 1Þ þ 2ðx� 1Þðy� 1Þ
� fxyð1; 1Þ

¼ eþ ðx� 1Þeþ ðy� 1Þeþ 1

2!
½ðx� 1Þ2e

þ 4ðx� 1Þðy� 1Þeþ ðy� 1Þ2e� þ . . .

¼ e 1þ ðx� 1Þ þ ðy� 1Þ þ 1

2!
½ðx� 1Þ2

�

þ4ðx� 1Þðy� 1Þ þ ðy� 1Þ2
o
þ . . .

EXAMPLE 3.49
Expand eax sin by in power of x and y as far as terms

of third degree.

Solution. We have f (x, y)¼ eax sin by. By Taylor’s

theorem for function of two variables,

f ðx; yÞ ¼ f ðaþ h; bþ kÞ

¼ f ða; bÞ þ h
@

@x
þ k

@

@y

� �
f ða; bÞ

þ 1

2!
h
@

@x
þ k

@

@y

� �2

f ða; bÞ

þ 1

3!
h
@

@x
þ k

@

@y

� �3

f ða; bÞ þ . . . :

We wish to expand the function about (0, 0).

So h¼ x – 0¼ x and k¼ y – 0¼ y.

f ðx; yÞ ¼ f ð0þ h; 0þ kÞ

¼ f ð0; 0Þ þ x
@

@x
þ y

@

@y

� �
f ð0; 0Þ

þ 1

2!
x
@

@x
þ y

@

@y

� �2

f ð0; 0Þ

þ 1

3!
x
@

@x
þ y

@

@y

� �3

f ð0; 0Þ þ . . .

But,

f ðx; yÞ ¼ eax sin by implies f ð0; 0Þ ¼ 0;

fxðx; yÞ ¼ aeax sin by implies fxð0; 0Þ ¼ 0;

fyðx; yÞ ¼ beax cos by implies fyð0; 0Þ ¼ b;

fxxðx; yÞ ¼ a2eax sin by implies fxxð0; 0Þ ¼ 0;

fxyðx; yÞ ¼ abeax cos by implies fxyð0; 0Þ ¼ ab;

fyyðx; yÞ ¼ �b2eax sin by implies fyyðx; yÞ ¼ 0;

fxxxðx; yÞ ¼ a3eax sin by implies fxxxð0; 0Þ ¼ 0;

fxxyðx; yÞ ¼ a2beax cos by implies

fxxyð0; 0Þ ¼ a2b;

fxyyðx; yÞ ¼ �b2aeax sin by implies fxyyð0; 0Þ ¼ 0;

fyyyðx; yÞ ¼ �b3eax cos by implies

fyyyð0; 0Þ ¼ �b3;

and so on. Hence,

f ðx; yÞ ¼ byþ abxyþ 1

3!
ð3a2bx2y� b3y3Þ þ . . .

EXAMPLE 3.50
Expand f ðx; yÞ ¼ tan�1 y

x
in the neighborhood of

(1,1) up to third-degree terms. Hence, compute

f (1.1,0.9) approximately.
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Solution. We note that

f ðx; yÞ ¼ tan�1 y

x
implies f ð1; 1Þ ¼ �

4
;

fxðx; yÞ ¼ �y

x2 þ y2
implies fxð1; 1Þ ¼ � 1

2
;

fyðx; yÞ ¼ x

x2 þ y2
implies fyð1; 1Þ ¼ 1

2
;

fxxðx;yÞ ¼ 2xy

ðx2þ y2Þ2 implies fxð1;1Þ ¼ 1

2
;

fxyðx;yÞ ¼ y2� x2

ðx2þ y2Þ2 implies fxyð1;1Þ ¼ 0;

fyyðx;yÞ ¼� 2xy

ðx2þ y2Þ2 implies fyyð1;1Þ ¼�1

2
;

fxxxðx;yÞ ¼ 2yðy2� 3x2Þ
ðx2þ y2Þ3 implies fxxxð1;1Þ ¼�1

2
;

fxxyðx;yÞ ¼ 2xðx2� 3y2Þ
ðx2þ y2Þ3 implies fxxyð1;1Þ ¼�1

2
;

fxyyðx;yÞ ¼ 2yð3x2� y2Þ
ðx2þ y2Þ3 implies fxyyð1;1Þ ¼ 1

2
; and

fyyyðx;yÞ ¼ 2xð3y2� x2Þ
ðx2þ y2Þ3 implies fyyyð1;1Þ ¼ 1

2
:

Therefore, by Taylor’s theorem, we have

f ðx;yÞ¼tan�1y

x

¼f ð1; 1Þþ ðx�1Þ @
@x

þðy�1Þ @
@y


 �
f ð1 ;1Þ

þ 1

2!
ðx�1Þ @

@x
þðy�1Þ @

@y


 �2
f ð1; 1Þ

þ 1

3!
ðx�1Þ @

@x
þðy�1Þ @

@y


 �3
f ð1; 1Þþ...

¼�

4
þ ðx�1Þ �1

2

� �
þðy�1Þ 1

2

� �
 �

þ1

2
ðx�1Þ2 1

2

� �
þ2ðx�1Þðy�1Þð0Þ




þðy�1Þ2 �1

2

� ��

þ 1

3!
ðx�1Þ3 �1

2

� �
þ3ðx�1Þ2ðy�1Þ �1

2

� �


þ3ðx�1Þðy�1Þ2 1

2

� �
þðy�1Þ3 1

2

� ��
þ...

¼�

4
�1

2
½ðx�1Þ�ðy�1Þ�þ1

4
½ðx�1Þ2þðy�1Þ2�

� 1

12
ðx�1Þ3þ3ðx�1Þ2ðy�1Þ
h

�3ðx�1Þðy�1Þ3�ðy�1Þ3
i
þ... :

Putting x¼ 1.1 and y¼ 0.9, we get

f ð1:1; 0:9Þ ¼ 0:6857:

3.11 EXTREME VALUES

A function f (x, y) of two independent variables x and

y is said to have an extreme value at the point (a, b)
if the increment

�f ¼ f ðaþ h; bþ kÞ � f ða; bÞ
preserves the same sign for all values of h and k

whose moduli do not exceed a sufficiently small

positive number g.
If �f is negative, then the extreme value is a

maximum and if �f is positive, then the extreme
value is a minimum.

Necessary and sufficient conditions for extreme
values

By Taylor’s theorem, we have
�f ¼ f ðaþ b; bþ kÞ � f ða; bÞ

¼ h
@f

@x
ða; bÞ þ k

@f

@y
ða; bÞ

þ terms of second and higher order:

Now by taking h and k sufficiently small, the first-

order terms can be made to govern the sign of the

right-hand side and therefore, of the left-hand side of

the previous expansion.Hence, the change in the sign
of h and kwould change the sign of the left-hand side,

that is, of�f. But if the sign of �f changes, f (x, y)

cannot have an extreme point at (a, b). Hence, as a

first condition for the extreme value, we must have

h
@f

@x
ða; bÞ þ k

@f

@y
ða; bÞ ¼ 0:

Since the arbitrary increments h and k are inde-

pendent of each other, we must have

@f

@x
ða; bÞ ¼ 0 and

@f

@y
ða; bÞ ¼ 0;

which are necessary conditions for the existence of

extreme points. However, these are not sufficient
conditions for the existence of extreme points.
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Further, a point (a, b) is called a stationary point if

fx (a, b)¼ fy (a, b)¼ 0. The value f (a, b) is called a

stationary value.

To find sufficient conditions, let (a, b) be an

interior point of the domain of f such that f admits

the second-order continuous partial derivatives in

the neighborhood of (a, b). Suppose that fx (a, b)
fy (a, b)¼ 0. We further, suppose that

r ¼ @2f

@x2
; s ¼ @2f

@x@y
; and

t ¼ @2f

@y2
; when x ¼ a and y ¼ b:

Thus,

fxxða; bÞ ¼ r; fxyða; bÞ ¼ s; and fyyða; bÞ ¼ t:

If (aþ b, bþ k) is any point in the neighborhood of

(a, b), then by Taylor’s theorem, we have

�f ¼ f ðaþ b; bþ kÞ � f ða; bÞ
¼ hfxða; bÞ þ kfyða; bÞ þ 1

2
½h2fxxða; bÞ

þ 2hkfxyða; bÞ þ k2fyyða; bÞ� þ R3

¼ 1

2
½rh2 þ 2hksþ tk2� þ R3;

where R3 consists of terms of third and higher orders

of small quantities. Thus, by taking h and k suffi-

ciently small, now the second order terms can be

made to govern the sign of the right-hand side and

therefore, of the left-hand side of the previous
expansion. But
1

2
½rh2 þ 2hksþ tk2� ¼ 1

2r
½r2h2 þ 2hkrsþ rtk2�

¼ 1

2r
½r2h2 þ 2hkrs

þ rtk2 þ k2s2 � h2s2�
¼ 1

2r
½ðrhþ skÞ2 þ k2ðrt � s2Þ�:

Since (rhþ sk) 2 is always positive, it follows that

�f is positive if rt – s2 is positive. Now rt – s2 > 0 if

both r and t have the same sign. Thus, the sign of�f

shall be that of r. Therefore, if rt – s2 is positive, we

have a maximum or a minimum accordingly, as

both r and t are either negative or positive. This
condition was first pointed out by Lagrange and is

known as Lagrange’s condition.However, if rt¼ s2,

then rh2þ 2hksþ tk 2 becomes 1
r
ðhr þ ksÞ2 and is,

therefore, of the same sign as r or t unless
h

k
¼ � s

r
; say, for which ðhr þ ksÞ2 vanishes:

In such a case, we must consider terms of higher

order in the expansion of f (aþ h, bþ k). Thus, we

may state that

1. The value f (a, b) is an extreme value of

f (x, y) if fx (a, b)¼ fy (a, b)¼ 0 and if rt – s 2 >

0. The value is maximum or minimum

accordingly as fxx(a, b) or fyy(a, b) is

negative or positive.

2. If rt – s2 < 0, then f (x, y) has no extreme

value at (a, b). The point (a, b) is a saddle

point in this case.

3. If rt – s2¼ 0, the case is doubtful and

requires terms of higher order in the

expansion of the function.

EXAMPLE 3.51
Show that the function f (x, y)¼ y 2þ x 2 yþ x 4 has

a minimum value at the origin.

Solution. We have

f ðx; yÞ ¼ y2 þ x2yþ x4:

Therefore,

fx ¼ 2xyþ 4x3 which yields fxð0; 0Þ ¼ 0;

fy ¼ 2yþ x2 which yields fyð0; 0Þ ¼ 0;

fxx ¼ 2yþ 12x2 which yields fxxð0; 0Þ ¼ 0;

fyy ¼ 2 which yields fyyð0; 0Þ ¼ 2; and

fxy ¼ 2x which yields fxyð0; 0Þ ¼ 0:

Hence, at the origin, we have rt – s2¼ 0. Thus,

further investigation is needed in the case. We write

f ðx; yÞ ¼ y2 þ x2yþ x4 ¼ yþ 1

2
x2

� �2

þ 3x4

4
:

Then,

�f ¼ f ðh; kÞ � f ð0; 0Þ ¼ k þ h2

2

� �2

þ 3h2

4
;

which is always greater than zero for all values of

h and k. Hence, f (x, y) has a minimum value at the
origin.
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EXAMPLE 3.52
Show that the function

u ¼ xyþ a3

x
þ a3

y
has a minimum value at (a, a).

Solution. We have

u ¼ xyþ a3

x
þ a3

y
:

Therefore,

@u

@x
¼ y� a3

x2
yields fxða; aÞ ¼ 0;

@u

@y
¼ x� a3

y2
yields fyða; aÞ ¼ 0;

@2u

@x2
¼ 2a3

x3
yields fxxða; aÞ ¼ 2;

@2u

@x@y
¼ 1 yields fxyða; aÞ ¼ 1; and

@2u

@y2
¼ 2a3

y3
and so, fyyða; aÞ ¼ 2:

We observe that rt – s2¼ 4 – 1¼ 3 (positive) and r

and t too positive. Therefore, u has the minimum at

(a, a). Thus, the minimum value of u is

u (a, a)¼ a2þ a2þ a2 ¼3a2.

EXAMPLE 3.53
Show that the function f (x, y)¼ 2x4 – 3x2 yþ y2

does not have a maximum or a minimum at (0, 0).

Solution. The given function is

f ðx; yÞ ¼ 2x4 � 3x2yþ y2:

Therefore,

@f

@x
¼ 8x3 � 6xy; which implies fxð0; 0Þ ¼ 0;

@f

@y
¼ �3x2 þ 2y; which implies fyð0; 0Þ ¼ 0;

@2f

@x2
¼ 24x2 � 6y; which implies fxxð0; 0Þ ¼ 0;

@2f

@x@y
¼ �6x; which implies fxyð0; 0Þ ¼ 0; and

@2f

@y2
¼ 2; which implies fyyð0; 0Þ ¼ 2:

Thus, rt – s2¼ 0 and so, further investigation is

required. We have

f ðx; yÞ ¼ ðx2 � yÞð2x2 � yÞ; f ð0; 0Þ ¼ 0:

Therefore,

�f ¼ f ðx; yÞ � f ð0; 0Þ ¼ ðx2 � yÞð2x2 � yÞ:
Thus,�f is positive, for y < 0 or x2 > y >0 and�f is

negative, for y > x2 > y
2
> 0. Thus, �f does not

keep the same sign in the neighborhood of (0, 0).

Hence, the function does not have a maximum or a

minimum at (0, 0).

EXAMPLE 3.54
Examine the function sin xþ sin yþ sin(xþ y) for

extreme points.

Solution. The given function is f (x, y)¼ sin xþ sin

yþ sin (xþ y). Therefore,
fx ¼ cos xþ cosðxþ yÞ;
fy ¼ cos yþ cosðxþ yÞ;
fxx ¼ � sin x� sinðxþ yÞ;
fxy ¼ � sinðxþ yÞ; and

fyy ¼ � sin y� sinðxþ yÞ:
For extreme points, we must have fx¼ fy¼ 0 and so,

cos xþ cosðxþ yÞ ¼ 0 ð1Þ
and

cos yþ cosðxþ yÞ ¼ 0 ð2Þ
Subtracting (2) from (1), we get cos x¼ cos y

and so, x¼ y. Also then, cos xþ cos 2x¼ 0 which

yields cos 2x¼ – cos x¼ cos (� – x) and so,

2x¼ � –x or x ¼ �
3
. Thus, �

3
; �
3

� �
is a stationary

point. Now

r ¼ fxx
�

3
;
�

3

� 	
¼ �

ffiffiffi
3

p

2
�

ffiffiffi
3

p

2
¼ �

ffiffiffi
3

p
ðnegativeÞ;

s ¼ fxy
�

3
;
�

3

� 	
¼

ffiffiffi
3

p

2

t ¼ fyy
�

3
;
�

3

� 	
¼ �

ffiffiffi
3

p

2
�

ffiffiffi
3

p

2
¼ �

ffiffiffi
3

p
ðnegativeÞ:

Thus,

rt � s2 ¼ 3� 3

4
¼ 9

4
ðpositiveÞ

and r is negative. Hence, the given function has a

maximum value at �
3
; �
3

� �
given by

f
�

3
;
�

3

� 	
¼ sin

�

3
þ sin

�

3
þ sin

2�

3

¼
ffiffiffi
3

p

2
þ

ffiffiffi
3

p

2
þ

ffiffiffi
3

p

2
¼ 3

ffiffiffi
3

p

2
:
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EXAMPLE 3.55
Examine the following surface for high- and low

points:
z ¼ x2 þ xyþ 3xþ 2yþ 5:

Solution. We have
@z

@x
¼ 2xþ yþ 3;

@z

@y
¼ xþ 2;

@2z

@x2
¼ 2;

@2z

@x@y
¼ 1; and

@2z

@y2
¼ 0:

For an extreme point, we must have @z
@x ¼ @z

@y ¼ 0

and so,
2xþ yþ 3 ¼ 0 and xþ 2 ¼ 0:

Solving these equations, we get x¼ –2, y¼ 1.

Thus, z can have a maximum or a minimum only at

(–2, 1). Further,

r ¼ @2z

@x2
ð�2; 1Þ ¼ 2;

s ¼ @2z

@x@y
ð�2; 1Þ ¼ 1; and

t ¼ @2z

@y2
ð�2; 1Þ ¼ 0:

Therefore, rt – s2¼ – 1 (negative) and so, the sta-

tionary value of z at (�2, 1) is neither a maximum

nor a minimum. Hence, the surface has no high- or

low point.

EXAMPLE 3.56
Locate the stationary points of x 4þ y 4 – 2x
2þ 4xy – 2y2 and determine their nature.

Solution. We have
f ðx; yÞ ¼ x4 þ y4 � 2x2 þ 4xy� 2y2:

Therefore,

fx ¼ 4x3 � 4xþ 4y and fy ¼ 4y3 þ 4x� 4y:

The stationary points are given by
fx ¼ 4x3 � 4xþ 4y ¼ 0 ð1Þ
fy ¼ 4y3 þ 4x� 4y ¼ 0 ð2Þ

Adding (1) and (2), we get

x3 þ y3 ¼ 0 or ðxþ yÞðx2 � xyþ y2Þ ¼ 0:

Therefore, either y¼ – x or x 2 – xyþ y2¼ 0. Putting

y¼ –x in (1), we get xðx2 � 2Þ ¼ 0; which yields

x ¼ 0;
ffiffiffi
2

p
, or � ffiffiffi

2
p

. The value of y corresponding
to these values are 0; � ffiffiffi

2
p

; and
ffiffiffi
2

p
. Thus, the

points ð0; 0Þ; ð ffiffiffi
2

p
;� ffiffiffi

2
p Þ; and ð� ffiffiffi

2
p

;
ffiffiffi
2

p Þ satisfy

(1) and (2). On the other hand, from equation (1)

and x 2 – xyþ y2¼ 0 we get (0, 0) as the only real

root. Thus, the stationary points are

ð0; 0Þ; ð
ffiffiffi
2

p
;�

ffiffiffi
2

p
Þ; and ð�

ffiffiffi
2

p
;
ffiffiffi
2

p
Þ:

Also,

fxx ¼ 12x2 � 4; fxy ¼ 4; and fyy ¼ 12y2 � 4:

At (0,0), we have
r ¼ fxxð0; 0Þ ¼ �4;

s ¼ fxyð0; 0Þ ¼ 4; and

t ¼ fyyð0; 0Þ ¼ �4;

and so, rt – s2¼ 0. Thus, at (0, 0), the case is

doubtful. The given equation can be written as

f ðx; yÞ ¼ x4 þ y4 � 2ðx� yÞ2:
So,

f ð0; 0Þ ¼ 0 and f ðh; kÞ ¼ h4 þ k4 � 2ðh� kÞ2:
We observe that for small quantities of h and k,

�f ¼ f ðh; kÞ � f ð0; 0Þ ¼ h4 þ k4 � 2ðh� kÞ2
is greater than 0, if h¼ k and less than 0, if h h 6¼ k.

Since �f does not preserve the sign, the function

has no extreme value at the origin.

At ð ffiffiffi
2

p
; � ffiffiffi

2
p Þ; we have r¼ 20, s¼ 4, and t¼ 0

so that rt – s2¼ 384 (positive). Since r is positive,
f (x, y) has a minimum at this point.

At ð� ffiffiffi
2

p
;

ffiffiffi
2

p Þ, we have r¼ 20, s¼ 4, and t¼ 20.

Thus, rt – s2 is positive. Since r is positive, f (x, y)

has a minimum at ð� ffiffiffi
2

p
;

ffiffiffi
2

p Þ also.
EXAMPLE 3.57
Find the minimum value of x2þ y2þ z2 when axþ
byþ cz¼ p.

Solution. Let f (x, y, z) ¼ x2þ y2þ z2. From the

relation axþ byþ cz¼ p, we get z ¼ p�ax�by
c

.

Putting this value of z in f (x, y, z), we get

f ðx; y; zÞ ¼ x2 þ y2 þ p� ax� by

c

� �2

as a function of two variables x and y. Then,

fx ¼ 2x� 2a

c2
ðp� ax� byÞ and

fy ¼ 2y� 2b

c2
ðp� ax� byÞ:

For extreme points, we must have fx¼ fy¼ 0. Thus,

2x� 2a

c2
ðp� ax� byÞ ¼ 0 and

2y� 2b

c2
ðp� ax� byÞ ¼ 0:
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Solving these equations, we get

x ¼ ap

a2 þ b2 þ c2
and y ¼ bp

a2 þ b2 þ c2
:

Now,

fxx ¼ 2þ 2a2

c2
; fxy ¼ 2ab

c2
; and fyy ¼ 2þ 2b2

c2
;

so that

rt � s2 ¼ 4 1þ a2

c2

� �
1þ b2

c2

� �
� 4a2b2

c4

¼ 4 1þ a2

c2
þ b2

c2

� �
ðpositiveÞ:

Also r¼ fxx is positive. Therefore, f ðx; yÞ has a

minimum at ap
a2þb2þc2

; bp
a2þb2þc2

� 	
and the minimum

value is

Min: f ðx; y; zÞ ¼ p2

a2 þ b2 þ c2
:

EXAMPLE 3.58
Show that the function

f ðx; yÞ ¼ x2 � 2xyþ y2 þ x3 � y3 þ x5

has neither a maximum nor a minimum at (0, 0).

Solution. For the given function,

fx ¼ 2x� 2yþ 3x2 þ 5x4 and fy ¼ �2xþ 2y� 3y2:

fxx ¼ 2þ 6xþ 20x3 and fxy ¼ �2; fyy ¼ 2� 6y:

For a stationary value of f (x, y), we must have fx
fy¼ 0. Thus,

2x� 2yþ 3y2 þ 5x4 ¼ 0 and � 2xþ 2y� 3y2 ¼ 0:

The origin (0,0) satisfies these equations. Further,
r¼ fxxð0;0Þ¼2; s¼ fxyð0;0Þ¼�2; t¼ fyyð0;0Þ¼2;

and so, rt – s2¼ 0. Hence, further investigations are
required. We rewrite the equation as

f ðx; yÞ ¼ ðx� yÞ2 þ ðx� yÞðx2 þ xyþ y2Þ þ x5:

We note that f (0, 0)¼ 0. But,
�f ¼ f ðh; kÞ � f ð0; 0Þ ¼ f ðh; kÞ

¼ ðh� kÞ2 þ ðh� kÞðh2 þ hk þ k2Þ þ k5:

In the neighborhood of (0, 0), if h¼ k, then�f¼ k5;

which is positive, when k > 0 and negative, when

k < 0. Thus, �f does not keep the same sign in the

neighborhood of (0, 0). Hence, f (x, y) cannot have a

maximum or a minimum at the point (0, 0).

EXAMPLE 3.59
Find the dimensions of the rectangular box, open at
the top, of maximum capacity whose surface is

432 sq. cm.

Solution. Let x, y, and z cm be the dimensions of the

box and S be its surface. Then

S ¼ xyþ 2yzþ 2zx ¼ 432 ðgivenÞ ð1Þ
and

V ¼ xyz: ð2Þ
We have to maximize V. From (1), we have

z ¼ 432� xy

2yþ 2x
: ð3Þ

Therefore, (2) reduces to

V ¼ xy
432� xy

2yþ 2x

� �
¼ 432xy� x2y2

2yþ 2x
:

Now,
@V

@x
¼ ð2yþ 2xÞð432y� 2xy2Þ � 2ð432xy� x2y2Þ

2yþ 2xð Þ2

¼ 864y2 � 4xy3 � 2x2y2

2xþ 2yð Þ2 ;

@V

@y
¼ ð2xþ 2yÞð432x� 2x2yÞ � 2ð432xy� x2y2Þ

2yþ 2xð Þ2

¼ 864x2 � 4x3y� 2x2y2

2xþ 2yð Þ2 :

For stationary points, wemust have @V
@x ¼ @V

@y ¼ 0. So,

864� 4xy� 2x2 ¼ 0 ð4Þ
864� 4xy� 2y2 ¼ 0: ð5Þ

Subtracting (5) from (4), we get y ¼ �x. Substituting

x¼ y in (5), we get

864� 4y2 � 2y2 ¼ 0 or y2 ¼ 864

6
¼ 124:

Thus, x¼ y¼ 12 and (3) implies z¼ 6. It can be

verified that rt – s2 > 0 and that r is positive for these

values. Hence, the dimensions of the box are x¼
y¼ 12cm and z¼ 6cm.

EXAMPLE 3.60
Examine x3y2(1 – x – y) for extreme points.

Solution. We have

f ðx; yÞ ¼ x3y2ð1� x� yÞ:
Therefore,

@f

@x
¼ 3x2y2 1� x� yð Þ þ x2y2 �1ð Þ
¼ 3x2y2 � 4x3y2 � 3x2y3 and

@f

@y
¼ 2x3y 1� x� yð Þ þ x2y2 �1ð Þ

¼ 2x3y� 2x4y� 3x3y2:
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For a maximum or a minimum of f, we must have
@f
@x ¼ @f

@y ¼ 0. Therefore,

x2y2 3� 4x� 3yð Þ ¼ 0 and x3y 2� 2x� 3yð Þ ¼ 0:

Solving these equations, we get the stationary points

(0, 0) and 1
2
; 1

3

� �
: Further,

r ¼ @2f

@x2
¼ 6xy2 � 12x2y2 � 6xy3 ¼ 6xy2 1� 2x� yð Þ;

s¼ @2f

@x@y
¼ x2y 6� 8x� 9yð Þ; and

t ¼ @2f

@y2
¼ 2x3 1� x� 3yð Þ:

Therefore,
(i) at (0,0), r¼ 0, t¼ 0, and s¼ 0, and so, rt – s2¼ 0.

But,

�f ¼ f ðh; kÞ � f 0; 0ð Þ ¼ h3k2 1� h� kð Þ:
Sign is governed by h3k2 which is positive, if h > 0

and negative, if h< 0. Since �f does not keep the

same sign in the neighborhood of (0, 0), the given

function does not have a maximum or a minimum

value at (0, 0).

(ii) at 1
2
; 1
3

� �
, we have

r ¼ @2f

@x2
1

2
;
1

3

� �
¼ � 1

9
;

s ¼ @2f

@x@y

1

2
;
1

3

� �
¼ �1

12
; and

t ¼ @2f

@y2
1

2
;
1

3

� �
¼ � 1

8
:

Therefore,

rt � s2 ¼ � 1

9

� �
� 1

8

� �
� �1

12

� �2

¼ 1

72
� 1

144

¼ 1

144
ðpositiveÞ:

But r is negative. Hence, f (x, y) has a maximum

at 1
2
; 1
3

� �
. The maximum value is f 1

2
; 1
3

� � ¼ 1
8
:

1
9
1� 1

2
� 1

3

� � ¼ 1
432

:

EXAMPLE 3.61
Find the points where the function x3þ y3 – 3axy

has a maximum or a minimum.

Solution. We have

fx ¼ 3x2 � 3ay; fy ¼ 3y2 � 3ax;

fxx ¼ 6x; fyy ¼ 6y; and fxy ¼ �3a:

For extreme points, we have fx¼ fy¼ 0 and so,

3x2 � 3ay ¼ 0 and 3y2 � 3ax ¼ 0:

Solving the earlier equations, we get two stationary

points (0, 0) and (a, a). Further,

rt � s2 ¼ 36xy� 9a2:

At (0, 0), rt – s 2¼ –9a 2 (negative). Therefore, there

is no extreme point at the origin.

At (a,a), we have rt� s2 = 36a2� 9a2 = 27a2 > 0.

Also r at (a, a) is equal to 6a. If a is positive, then r

is positive and f (x, y) will have a minimum at (a, a).

If a is negative, then r is negative and so, f (x, y) will
have a maximum at (a, a) for a < 0.

EXAMPLE 3.62
Prove that the rectangular solid of maximum

volume which can be inscribed in a sphere is a cube.

Solution. Let x, y, and z be the length, breadth, and

height of a rectangular solid. Then, the volume of

the solid is

V ¼ xyz: ð1Þ
Now each diagonal of the rectangular solid passes

through the center of the sphere. Therefore, each

diagonal is the diameter of the sphere, that is,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
¼ d

or
x2 þ y2 þ z2 ¼ d2

or

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � x2 � y2

p
: ð2Þ

Therefore, (1) reduces to

V ¼ xy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � x2 � y2

p
or

V 2 ¼ x2y2 d2 � x2 � y2
� �

¼ x2y2d2 � x4y2 � x2y4 ¼ f x; yð Þ:
Then,

@f

@x
¼2xy2d2�4x3y2�2xy4¼2xy2 d2�2x2�y2

� �
;

@f

@y
¼2x2yd2�2x4y�4x2y3¼2x2y d2�x2�2y2

� �
;

@2f

@x2
¼2d2y2�12x2y2�2y4;

@2f

@y2
¼2d2x2�12x2y2�2x4; and

@2f

@x@y
¼4xyd2�8x3y�8xy3:
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For stationary points, we have @f
@x ¼ @f

@y ¼ 0. Therefore,

d2 � 2x2 � y2 ¼ 0 and

d2 � x2 � 2y2 ¼ 0: ð3Þ
Solving the preceding equations, we get y¼ x.

Substituting y¼ x in (3), we get x ¼ dffiffi
3

p . Thus,

x ¼ y ¼ dffiffi
3

p . Hence, from (2), we have z ¼ dffiffi
3

p . Thus,

the stationary point is dffiffi
3

p ; dffiffi
3

p
� 	

: At dffiffi
3

p ; dffiffi
3

p
� 	

;

r ¼�8d4

9
ðnegativeÞ; s¼�4d4

9
; and t ¼�8d4

9
:

Therefore, rt � s2 ¼ 64d8

81
� 16d8

81
¼ 48

81
d8 ¼ 16d8

27
> 0.

Since r is negative, it follows that f (x, y) or V 2 has

a maximum value at dffiffi
3

p ; dffiffi
3

p
� 	

. Hence, V is max-

imum when x¼ y¼ z. Consequently, the solid is a

cube.

EXAMPLE 3.63
A rectangular box, open at the top, is to have a

volume of 32 cubic feet. Determine the dimensions
of the box requiring least material for its construction.

Solution. Let S be the surface, and x, y, and z in feet

be the edges of the box. Then,
S ¼ xyþ 2yzþ 2zx ð1Þ

and
V ¼ xyz ¼ 32 cubic feet (given): ð2Þ

From (2), we have z ¼ 32
xy
and so,

S ¼ xyþ 2 yþ xð Þ 32
xy

¼ xyþ 64
1

x
þ 1

y

� �
:

Then,

@S

@x
¼ y� 64

x2
;
@S

@y
¼ x� 64

y2
;

@2S

@x2
¼ 128

x3
;

@2S

@x@y
¼ 1; and

@2S

@y2
¼ 128

y3
:

The stationary values are given by

@S

@x
¼ y� 64

x2
¼ 0 and

@S

@y
¼ x� 64

y2
¼ 0:

Solving these equations, we get x¼ y¼ 4. Putting

these values in (1), we get z¼ 2. Further, at (4, 4),

we have rt – s2¼ 3 (positive) and r at (4, 4) is 2
(positive). Therefore, S is minimum for (4, 4). The

dimensions of the box are x¼ 4, y¼ 4, z¼ 2.

EXAMPLE 3.64
Find the points on the surface z 2¼ xyþ 1 nearest to

the origin.

Solution. If r is the distance from (0, 0, 0) of any point

(x, y, z) on the given surface, then

r2 ¼ x� 0ð Þ2þ y� 0ð Þ2þ z� 0ð Þ2¼ x2 þ y2 þ z2

¼ x2 þ y2 þ xyþ 1; using the equation of

the given surface:
Thus, we have a function of two variables given by

r2 ¼ x2 þ y2 þ xyþ 1 ¼ f ðx; yÞ; say:
Then,

@f

@x
¼ 2xþ y;

@f

@y
¼ 2yþ x;

@2f

@x2
¼ 2;

@2f

@y2
¼ 2; and

@2f

@x@y
¼ 1:

The stationary points are given by @f
@x ¼ 0 and @f

@y ¼ 0
and therefore,

2xþ y ¼ 0 and 2yþ x ¼ 0:
Solving the preceding equations, we get x¼ y¼ 0

and then, z2¼ xyþ 1 yields z¼ ±1. Thus, the sta-

tionary points are (0, 0, ±1). Further, at these points,

r ¼2, s¼ 1, and t¼ 2 and so, rt – s2¼ 3 (positive).

Since r is positive, the value is minimum at (0, 0, ±1).

3.12 LAGRANGE’S METHOD OF UNDETERMINED
MULTIPLIERS

Let u ¼ � x1; x2; . . . ; xnð Þ be a function of n vari-
ables x1; x2; . . . ; xn; which are connected by m

equations

f1 x1; x2; . . . ; xnð Þ ¼ 0; f2 x1; x2; . . . ; xnð Þ ¼ 0; . . . ;

fm x1; x2; . . . ; xnð Þ ¼ 0;

so that only n – m of the variables are independent.

For a maximum or a minimum value of u, we must

have

du¼ @u

@x1
dx1þ @u

@x2
dx2þ @u

@x3
dx3þ . . .þ @u

@xn
dxn ¼ 0:

Also, differentiating the given m equations connect-

ing the variables, we have

df1 ¼ @f1
@x1

dx1þ @f1
@x2

dx2þ @f1
@x3

dx3þ . . .þ @f1
@xn

dxn ¼ 0

df2 ¼ @f2
@x1

dx1þ @f2
@x2

dx2þ @f2
@x3

dx3þ . . .þ @f2
@xn

dxn ¼ 0

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

dfm ¼ @fm
@x1

dx1þ@fm
@x2

dx2þ@fm
@x3

dx3þ . . .þ@fm
@xn

dxn ¼ 0:
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Multiplying the earlier (mþ 1) equations, obtained

on differentiation, by 1; l1; l2; . . . ; lm; respectively,
and then adding all, we get an equation which may

be written as

P1dx1 þ P2dx2 þ P3dx3 þ . . .þ Pndxn ¼ 0; ð1Þ
where,

Pr ¼ @u

@xr
þ l1

@f1
@xr

þ l2
@f2
@xr

þ l3
@f3
@xr

þ . . .þ lm
@fm
@xr

:

The m quantities l1; l2; . . . ; lm are at our choice.

Let us choose them so as to satisfy the m linear
equations.

P1 ¼ P2 ¼ P3 ¼ . . . ¼ Pm ¼ 0:
Then, the equation (1) reduces to

Pmþ1dxmþ1 þ Pmþ2dxmþ2 þ . . .þ Pndxn ¼ 0:
It is indifferent which of the n –m of the n variables

are regarded as independent. So, suppose that the

variables xmþ1; xmþ2; . . . ; xn are independent, then

as the n –m quantities dxmþ1; dxmþ2; . . . ; dxn are all
independent, their coefficients must be separately
zero. Thus, we obtain the additional n –m equations

as follows:
Pmþ1 ¼ 0; Pmþ2 ¼ 0; . . . ;Pn ¼ 0:

In this way, we get (mþ n) equations
f1 ¼ 0; f2 ¼ 0; . . . ; fm ¼ 0 and

P1 ¼ 0; P2 ¼ 0; . . . ;Pn ¼ 0;
which together with relation u ¼ � x1; x2; . . . ; xnð Þ
determine the m multipliers l1; l2; . . . ; lm and the
values of n variables x1; x2; . . . ; xn for which the

maximum and minimum values of u are possible.

The drawback of the Lagrange’s method of

undetermined multipliers is that it does not deter-

mine the nature of the stationary point.

EXAMPLE 3.65
Find the point of the circle x2þ y2þ z2¼ k2 and
lxþmyþ nz ¼ 0 at which the function u¼ ax2þ
by2 þcz2þ 2fyzþ 2gzx þ2hxy attains its greatest

and the least value.

Solution. We have

u ¼ ax2 þ by2 þ cz2 þ 2fyzþ 2gzxþ 2hxy; ð1Þ
f1 ¼ lxþ myþ nz ¼ 0; and ð2Þ
f2 ¼ x2 þ y2 þ z2 ¼ k2: ð3Þ
For extreme points, we must have du¼ 0. So,
axþ gzþ hyð Þdxþ hxþ byþ fzð Þdy

þ gxþ fyþ czð Þdz ¼ 0: ð4Þ

Also differentiating (2) and (3), we get

ldxþ mdyþ ndz ¼ 0; and ð5Þ
xdxþ ydyþ zdz ¼ 0: ð6Þ

Multiplying (4), (5), and (6) by 1, l1, and l2,
respectively, and then by adding all and equating to
zero the coefficients of dx, dy, and dz, we get

axþ hyþ gzþ l1l þ l2x ¼ 0; ð7Þ
hxþ byþ fzþ l1mþ l2y ¼ 0; and ð8Þ
gxþ fyþ czþ l1nþ l2z ¼ 0: ð9Þ

Multiplying (7), (8), and (9) by x, y, and z, respec-

tively, and then adding all, we get

uþ l2 ¼ 0 or l2 ¼ �u:

Putting l2¼ –u in (7), (8), and (9), we obtain

ða� uÞxþ hyþ gzþ l1l ¼ 0; ð10Þ
hxþ b� uð Þyþ fzþ l1m ¼ 0; and ð11Þ
gxþ fyþ c� uð Þzþ l1n ¼ 0: ð12Þ

Also,
lxþ myþ nzþ l1:0 ¼ 0: ð13Þ

Eliminating x, y, z, and l1 from (10), (11), (12),

and (13), we get

a� u h g l

h b� u f m

g f c� u n
l m n 0

��������

��������
¼ 0;

which gives the maximum or minimum value of u.

EXAMPLE 3.66
Prove that the volume of the greatest rectangular

parallelopiped that can be inscribed in the ellipsoid
x2

a2
þ y2

b2
þ z2

c2
¼ 1 is 8abc

3
ffiffi
3

p :

Solution. Let (x, y, z) denote the coordinates of the
vertex of the rectangular parallelopiped which lies in

the positive octant and let V denote its volume.

Volume V is given by V¼ 8xyz. Its maximum value is

to be determined under the condition that it is inscri-

bed in the ellipsoid x2

a2
þ y2

b2
þ z2

c2
¼ 1. Thus, we have

V ¼ 8xyz; and ð1Þ

f1 ¼ x2

a2
þ y2

b2
þ z2

c2
¼ 1: ð2Þ

For an extreme value, we must have

dV ¼ yzdxþ zxdyþ xydz ¼ 0: ð3Þ
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Also differentiating (2), we get

df1 ¼ x

a2
dxþ y

b2
dyþ z

c2
dz ¼ 0: ð4Þ

Multiplying (3) and (4) by 1 and l, respectively, and
then adding both and equating the coefficients of

dx, dy, and dz to zero, we get

yzþ lx

a2
¼ 0; ð5Þ

zxþ ly

b2
¼ 0; ð6Þ

and

xyþ lz

c2
¼ 0: ð7Þ

From (5), (6), and (7), we get

l ¼ � a2yz

x
¼ � b2zx

y
¼ � c2xy

z
and so,

a2yz

x
¼ b2zx

y
¼ c2xy

z
:

Dividing throughout by xyz, we get

a2

x2
¼ b2

y2
¼ c2

z2
:

Then, equation (2) yields

3
x2

a2
¼ 1 or x ¼ affiffi

3
p ;

3
y2

b2
¼ 1 or y ¼ bffiffi

3
p ; and

3
z2

c2
¼ 1 or z ¼ cffiffi

3
p :

Thus, the stationary value is at the point affiffi
3

p ; bffiffi
3

p ; cffiffi
3

p
� 	

:

Differentiating partially the equation (2) with respect

to x, taking y as constant, we get
2x

a2
þ 2z

c2
@z

@x
¼ 0 and so;

@z

@x
¼ � c2x

a2z
:

Now,
@V

@x
¼ 8yzþ 8xy

@z

@x
¼ 8yzþ 8xy � c2x

a2z

� �

¼ 8yz� 8c2x2y

a2z
and so,

@2V

@x2
¼ 8y � c2x

a2z

� �
� 16c2xy

a2z
� 8c2x2y

a2z
:
c2x

a2z
;

which is negative. Hence, V is maximum at

affiffi
3

p ; bffiffi
3

p ; cffiffi
3

p
� 	

and

Max V ¼ 8abc

3
ffiffiffi
3

p :

EXAMPLE 3.67
Solve Example 3.63 using Lagrange’s method of

undetermined multipliers.

Solution. We have

S ¼ xyþ 2yzþ 2zx and ð1Þ
V ¼ xyz ¼ 32: ð2Þ

For S to be minimum, we must have

dS¼ yþ2zð Þdxþ xþ2zð Þdyþ2 xþ yð Þdz¼ 0: ð3Þ
Also, from (2), since V is constant, we have

yzdxþ zxdyþ xydz ¼ 0: ð4Þ
Multiplying (3) by 1 and (4) by l and then adding

both and equating to zero the coefficients of dx, dy,

and dz, we get

yþ 2zð Þ þ lyz ¼ 0 ð5Þ
xþ 2zð Þ þ lxz ¼ 0 ð6Þ
2xþ 2yþ lxy ¼ 0: ð7Þ

Multiplying (5) by x and (6) by y and subtracting,

we get
2zx� 2zy ¼ 0 or x ¼ y;

since z¼ 0 is not admissible due to the fact that

depth cannot be zero.

Similarly, from the equations (6) and (7), we

get y¼ 2z. Thus, for a stationary value, the dimen-

sions of the box are

x ¼ y ¼ 2z ¼ 4; [using ð2Þ�:
Proceeding, as in Example 3.65, we note that @2f

@x2
¼

2 (positive) and rt – s2 > 0. Thus, at (4, 4, 2), S has

a minimum. Hence, the required dimensions are
x¼ 4, y¼ 4, and z¼ 2.

EXAMPLE 3.68
Investigate the maximum- and minimum radii vec-

tor of the sector of \surface of elasticity"

x2 þ y2 þ z2ð Þ ¼ a2x2 þ b2y2 þ z2c2; made by the

plane lxþ myþ nz ¼ 0.

Solution. On differentiating, we get

xdxþ ydyþ ndz ¼ 0 ð1Þ
a2xdxþ b2ydyþ c2zdz ¼ 0 ð2Þ

ldxþ mdyþ ndz ¼ 0: ð3Þ
Multiplying (1), (2), and (3) by 1, l1, and l2,
respectively, and adding and equating to zero the

coefficients of dx, dy, and dz, we get
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xþ a2xl1 þ ll2 ¼ 0 ð4Þ
yþ b2yl1 þ ml2 ¼ 0 ð5Þ
zþ c2zl1 þ nl2 ¼ 0: ð6Þ

Multiplying (4), (5), and (6) by x, y, and z, respec-

tively, and adding we get

x2 þ y2 þ z2
� � þ a2x2 þ b2y2 þ c2z2

� �
l1

þ lxþ myþ nzð Þl2 ¼ 0
or

r2 þ l1r
4 ¼ 0 or l1 ¼ � 1

r2
:

Putting this value of l1 in (4), (5), and (6), we get

x ¼ l2lr
2

a2 � r2
; y ¼ l2mr

2

b2 � r2
; and z ¼ l2nr

2

c2 � r2
:

Substituting these values of x, y, and z in lxþmy

nz¼ 0, we get

l2l
2r2

a2 � r2
þ l2m

2r2

b2 � r2
þ l2n

2r2

c2 � r2
¼ 0;

or
l2

a2 � r2
þ m2

b2 � r2
þ n2

c2 � r2
¼ 0;

which is an equation in r giving the required values.

EXAMPLE 3.69
Find the length of the axes of the sectionof the ellipsoid
x2

a2
þ y2

b2
þ z2

c2
¼ 1 by the plane lx þ my þ nz ¼ 0:

Solution. We have to find the extreme values of the
function r 2¼ x 2þ y 2þ z 2 subject to the conditions

x2

a2
þ y2

b2
þ z2

c2
¼ 1 and lxþ myþ nz ¼ 0:

Differentiation yields

x dxþ y dyþ z dz ¼ 0 ð1Þ
x

a2
dxþ y

b2
dyþ z

c2
dz ¼ 0 ð2Þ

ldxþ mdyþ ndz ¼ 0: ð3Þ
Multiplying (1), (2), and (3) by 1, l1, and l2,
respectively, adding and then equating to zero the
coefficients of dx, dy, and dz, we get

xþ l1
x

a2
þ l2l ¼ 0; ð4Þ

yþ l1
y

a2
þ l2m ¼ 0; and ð5Þ

zþ l1
z

a2
þ l2n ¼ 0: ð6Þ

Multiplying (4), (5), and (6) by x, y, and z and

adding, we obtain

x2 þ y2 þ z2
� �þ l1

x2

a2
þ y2

b2
þ z2

c2

� �
þ l2 lxþ myþ nzð Þ ¼ 0

or
r2 þ l1 ¼ 0; which gives l1 ¼ �r2:

Hence, from (4), (5), and (6), we have

x ¼ l2l

r2

a2
� 1

; y ¼ l2m

r2

b2
� 1

; and z ¼ l2n

r2

c2
� 1

:

Putting these values of x, y, and z in lxþmyþ nz

0, we get

l2
l2a2

r2 � a2
þ m2b2

r2 � b2
þ n2c2

r2 � c2

� �
¼ 0:

Since l2 6¼ 0, the equation giving the values of r2,
the squares of the length of the semi-axes, is

l2a2

r2 � a2
þ m2b2

r2 � b2
þ n2c2

r2 � c2
¼ 0:

EXAMPLE 3.70
If a, b, and, c are positive and

u ¼ a2x2 þ b2y2 þ c2z2

x2y2z2
;

ax2 þ by2 þ cz2 ¼ 1;
show that a stationary value of u is given by

x2¼ m

2a mþað Þ ; y
2¼ m

2b mþbð Þ ; and z
2¼ m

2c mþcð Þ ;
where m is the positive root of the cubic

m3 � ðbcþ caþ abÞm� 2abc ¼ 0:

Solution. We have

u ¼ a2x2 þ b2y2 þ c2z2

x2y2z2
; ð1Þ

ax2 þ by2 þ cz2 ¼ 1: ð2Þ
Differentiating (1), we get

�
1

x3
b2

z2
þ c2

y2

� �
dx ¼ 0;

which on multiplication by x2y2z2 yields

�
1

x
ðb2y2 þ c 2z2Þdx ¼ 0: ð3Þ

Differentiating (2), we get
� axdx ¼ 0: ð4Þ

Using Lagrange’s multipliers 1 and m, we get
1

x
ðb2y2þc2z2Þ¼max or b2y2þc2z2¼max2; ð5Þ

1

y
ðc2z2þa2x2Þ¼mby or c2z2þa2x2¼mby2; ð6Þ
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and
1

z
ða2x2þb2y2Þ¼ mcz or a2x2þb2y2 ¼ mcz2: ð7Þ

Then, (6)þ (7) – (5) yields

2a2x2 ¼ mðby2 þ cz2 � ax2Þ
¼ mð1� 2ax2Þ; usingð2Þ:

Thus,

2aðaþ mÞx2 ¼ m or x2 ¼ m

2aðmþ aÞ :
Similarly, we obtain

y2 ¼ m

2bðmþ bÞ and z2 ¼ m

2cðmþ cÞ :
Substituting these values of x2, y2, and z2 in (2), we

have
m

2ðaþ mÞ þ
m

2ðbþ mÞ þ
m

2ðcþ mÞ ¼ 1

or
m3 � ðbcþ caþ abÞm� 2abc ¼ 0: ð8Þ

Since a, b, and c are positive, any one of (5), (6), or

(7) shows that m must be positive. Hence, m is a

positive root of (8).

3.13 JACOBIANS

If u1, u2,. . .,un are n functions of n variables x1, x2,. . .,
xn, then the determinant

@u1
@x1

@u1
@x2

:::: ::::
@u1
@xn

@u2
@x1

@u2
@x2

:::: ::::
@u2
@xn

:::: :::: :::: :::: ::::
:::: :::: :::: :::: ::::

@un
@x1

@un
@x2

:::: ::::
@un
@xn

�������������������

�������������������
is called the Jacobian of u1, u2,. . ., un with regard to
x1, x2,. . ., xn. This determinant is often denoted by
@ðu1;u2;...;unÞ
@ðx1;x2;...;xnÞ or J u1; u2; . . . ; unð Þ.

3.14 PROPERTIES OF JACOBIAN

Theorem 3.7. If U, V are functions of u and v, where u

and v are themselves functions of x and y, then
@ðU ;VÞ
@ðx; yÞ ¼ @ðU ;VÞ

@ðu; vÞ :
@ðu; vÞ
@ðx; yÞ :

Proof: Let
U¼ f ðu;vÞ;V¼Fðu;vÞ; u¼�ðx;yÞ; andv¼łðx;yÞ:

Then,
@U

@x
¼ @U

@u
:
@u

@x
þ @U

@v
:
@v

@x
;

@U

@y
¼ @U

@u
:
@u

@y
þ @U

@v
:
@v

@y
;

@V

@x
¼ @V

@u
:
@u

@x
þ @V

@v
:
@v

@x
; and

@V

@y
¼ @V

@u
:
@u

@y
þ @V

@v
:
@v

@y
:

and so,
@ðU ;V Þ
@ðu; vÞ :

@ðu; vÞ
@ðx; yÞ

¼
@U
@u

@U
@v

@V
@u

@V
@v

�����
�����

@u
@x

@u
@y

@v
@x

@v
@y

�����
�����

¼
@U
@u :

@u
@x þ @U

@v :
@v
@x

@U
@u :

@u
@y þ @U

@v :
@v
@y

@V
@u :

@u
@x þ @V

@v :
@v
@x

@V
@u :

@u
@y þ @V

@v :
@v
@y

�����
�����

¼
@U
@x

@U
@y

@V
@x

@V
@y

�����
�����

¼ @ðU ;VÞ
@ðx; yÞ :

Theorem 3.8. If J is the Jacobian of the system u, v

with regard to x, y, and J 0 is the Jacobian of x, ywith
regard to u, v, then J J 0 ¼ 1.

Proof: Let u¼ f (x, y) and v¼F (x, y). Suppose that

these are solved for x and y giving x¼�(u,v) and
y¼ł(u,v). Differentiating u¼ f (x, y) with respect

to u and v, we have

1 ¼ @u

@x
:
@x

@u
þ @u

@y
:
@y

@u
and 0 ¼ @u

@x
:
@x

@v
þ @u

@y
:
@y

@v
:

Similarly, differentiating v¼F (x, y) with respect to

u and v, we get

0 ¼ @v

@x
:
@x

@u
þ @v

@y
:
@y

@u
and 1 ¼ @v

@x
:
@x

@v
þ @v

@y
:
@y

@v
:

Therefore,

J J 0 ¼
@u
@x

@u
@y

@v
@x

@v
@y

�����
�����

@x
@u

@x
@v

@y
@u

@y
@v

�����
�����

¼
@u
@x :

@x
@u þ @u

@y :
@y
@u

@u
@x :

@x
@v þ @u

@y :
@y
@v

@v
@x :

@x
@u þ @v

@y :
@y
@u

@v
@x :

@x
@v þ @v

@y :
@y
@v

������
������

¼ 1 0

0 1

����
���� ¼ 1:
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EXAMPLE 3.71
If x¼ r cos h and y¼ r sin h, show that

ðiÞ @ðx; yÞ
@ðr; hÞ ¼ r and ðiiÞ @ðr; hÞ

@ðx; yÞ ¼
1

r
:

Solution. (i) We have

@ðx; yÞ
@ðr; hÞ ¼

@x
@r

@x
@h

@y
@r

@y
@h

�����
����� ¼ cos h �r sin h

sin h r cos h

����
����

¼ r cos2 hþ r sin2 h ¼ r:

(ii) We have

r2 ¼ x2 þ y2 and tan h ¼ y

x
:

Differentiating partially with respect to x and y, we

get

2r
@r

@x
¼ 2x and so,

@r

@x
¼ x

r
;

2r
@r

@y
¼ 2y and so,

@r

@y
¼ y

r
;

sec2 h
@h

@x
¼� y

x2
and so,

@h

@x
¼� y

x2 sec2 h

¼� y

r2 cos2 h sec2 h
¼� y

r2
;

sec2 h
@h

@y
¼ 1

x
; and so;

@h

@y
¼ 1

x sec2 h
¼ cos2 h

x

¼ x2

r2
1

x
¼ x

r2
:

Therefore,

@ðr; hÞ
@ðx; yÞ ¼

@r
@x

@r
@y

@h
@x

@h
@y

�����
����� ¼

x
r

y
r

� y
r2

x
r2

�����
�����

¼ x2

r3
þ y2

r3
¼ x2 þ y2

r3
¼ r2

r3
¼ 1

r
:

EXAMPLE 3.72
If x¼ r sin h cos �, y¼ r sin h sin �, and z¼ r cos h,
show that

@ðx; y; zÞ
@ðr; h; �Þ ¼ r2 sin h:

Solution. We have

@ðx; y; zÞ
@ðr; h; �Þ ¼

@x
@r

@x
@h

@x
@�

@y
@r

@y
@h

@y
@�

@z
@r

@z
@h

@z
@�

��������

��������
¼

sin h cos� r cos h cos� �r sin h sin�

sin h sin� r cos h sin� r sin h cos�

cos h �r sin h 0

�������
�������

¼ cos hðr2 sin h cos h cos2 �þ r2 sin h cos h sin2 �Þ
þ r sin hðr sin2 h cos2 �þ r sin2 h sin2 �Þ

¼ r2 sin h cos2 hþ r2 sin3 h

¼ r2 sin hðcos2 hþ sin2 hÞ ¼ r2 sin h:

EXAMPLE 3.73
If u¼ x þ yþ z, uv¼ yþ z, and uvw¼ z, show that

@ðx; y; zÞ
@ðu; v;wÞ ¼ u2v:

Solution. We have

z ¼ uvw;

y ¼ uv� z ¼ uv� uvw and

x ¼ u� y� z ¼ u� uvþ uvw� uvw ¼ u� uv:

Therefore,

@ðx;y; zÞ
@ðu;v;wÞ ¼

@x
@u

@x
@v

@x
@w

@y
@u

@y
@v

@y
@w

@z
@u

@z
@v

@z
@w

��������

��������
¼

1� v �u 0

v� vw u� uw �uv

vw uw uv

�������
�������

¼
1� v �u 0

v u 0

vw uw uv

�������
�������¼ uv

1� v �u

v u

�����
�����

¼ uvðu� uvþ uvÞ ¼ u2v:

EXAMPLE 3.74
If u1 ¼ x2x3

x1
; u2 ¼ x3x1

x2
; and u3 ¼ x1x2

x3
, show that

@ðu1; u2; u3Þ
@ðx1; x2; x3Þ ¼ 4:

Solution. We have

@ðu1; u2; u3Þ
@ðx1; x2; x3Þ ¼

@u1
@x1

@u1
@x2

@u1
@x3

@u2
@x1

@u2
@x2

@u2
@x3

@u3
@x1

@u3
@x2

@u3
@x3

��������

��������
¼

� x2x3
x2
1

x3
x1

x2
x1

x3
x2

� x3x1
x2
2

x1
x2

x2
x3

x1
x3

� x1x2
x2
3

��������

��������
¼ 1

x21x
2
2x

2
3

�x2x3 x3x1 x1x2

x2x3 �x3x1 x1x2

x2x3 x3x1 �x1x2

������
������

3.34 n Engineering Mathematics-I



¼ 1

x21x
2
2x

2
3

0 0 2x1x2

x2x3 �x3x1 x1x2

x2x3 x3x1 �x1x2

�������
�������

using R1 ! R1 þ R2

¼ 2x1x2

x21x
2
2x

2
3

x2x3 �x3x1

x2x3 x3x1

����
����

¼ 2x1x2

x21x
2
2x

2
3

ð2x1x2x23Þ ¼ 4:

EXAMPLE 3.75
If u ¼ y2

2x
and v ¼ x2þy2

2x
, find

@ðu;vÞ
@ðx;yÞ.

Solution. We have

@ðu; vÞ
@ðx; yÞ ¼

@u
@x

@u
@y

@v
@x

@v
@y

�����
����� ¼ � y2

2x2
y
x

1
2
� y2

2x2
y
x

�����
�����

¼ � y3

2x3
� y

2x
þ y3

2x3
¼ � y

2x
:

EXAMPLE 3.76
If u ¼ xþy

1�xy
and v ¼ tan� 1 xþ tan� 1 y; find @ðu; vÞ

@ðx; yÞ.

Solution. We have

@u

@x
¼ ð1� xyÞ � ðxþ yÞð�yÞ

ð1� xyÞ2 ¼ 1� xyþ xyþ y2

ð1� xyÞ2

¼ 1þ y2

ð1� xyÞ2 ;

@u

@y
¼ ð1� xyÞ � ðxþ yÞð�xÞ

ð1� xyÞ2 ¼ 1� xyþ x2 þ xy

ð1� xyÞ2

¼ 1þ x2

ð1� xyÞ2 ;

@v

@x
¼ 1

1þ x2
; and

@v

@y
¼ 1

1þ y2
:

Therefore,

@ðu;vÞ
@ðx;yÞ¼

1þy2

ð1�xyÞ2
1þx2

ð1�xyÞ2
1

1þx2
1

1þy2

�����
�����¼ 1

ð1�xyÞ2�
1

ð1�xyÞ2¼0:

EXAMPLE 3.77
If u¼2xy; v¼x2�y2; x¼ rcosh; and y¼ rsinh, find
@ðu;vÞ
@ðr;hÞ.

Solution. We have
@ðu; vÞ
@ðr; hÞ ¼

@ðu; vÞ
@ðx; yÞ :

@ðx; yÞ
@ðr; hÞ

¼
@u
@x

@u
@y

@v
@x

@v
@y

�����
�����:

@x
@r

@x
@h

@y
@r

@y
@h

�����
�����

¼ 2y 2x

2x �2y

����
����: cos h �r sin h

sin h r cos h

����
����

¼ �4ðy2 þ x2Þ:r ¼ �4r3:

3.15 NECESSARY AND SUFFICIENT CONDITIONS FOR
JACOBIAN TO VANISH

The following two theorems, stated without proof,

provide necessary and sufficient condition for the

Jacobian to vanish.

Theorem 3.9. If u1, u2,. . ., un are n-differentiable

functions of the n-independent variables x1, x2,. . ., xn
and there exists an identical, differentiable functional

relation �(u1, u2 ,. . ., un)¼ 0, which does not involve

xi explicitly, then the Jacobian
@ðu1; u2;...; unÞ
@ðx1; x2;...; xnÞ vanishes

identically provided that � as a function of the ui has

no stationary values in the domain considered.

Theorem 3.10. If u1, u2,. . ., un are n functions of the

n variables x1, x2,. . .,xn, say, um¼ fm (x1, x2,. . .,xn),
m¼ 1, 2,. . .,n, and if

@ðu1;u2;...; unÞ
@ðx1;x2;...; xnÞ ¼ 0, then if all the

differential coefficients are continuous, there exists

a functional relation connecting some or all of the
variables and which is independent of x1, x2,. . ., xn.

EXAMPLE 3.78
If u¼ xþ 2yþ z, v¼ x – 2yþ 3z, and w¼ 2xy –

xzþ 4yz – 2z2, show that
@ðu; v;wÞ
@ðx; y; zÞ ¼ 0 and find a

relation between u, v, and w.

Solution. We have

@ðu;v;wÞ
@ðx; y; zÞ ¼

@u
@x

@u
@y

@u
@z

@v
@x

@v
@y

@v
@z

@w
@x

@w
@y

@w
@z

��������

��������
¼

1 2 1

1 �2 3

2y� z 2xþ4z �xþ4y�4z

������
������

¼
1 0 0

1 �4 2

2y� z 2xþ6z�4y �x�2y�3z

������
������¼ 0:
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Hence, a relation between u, v, and w exists. Now,

uþ v ¼ 2xþ 4z ¼ 2ðxþ 2zÞ
u� v ¼ 4y� 2z ¼ 2ð2y� zÞ

w ¼ xð2y� zÞ þ 2zð2y� zÞ
¼ ðxþ 2zÞð2y� zÞ ¼ 1

4
ðuþ vÞðu� vÞ:

Therefore,
4w ¼ ðuþ vÞðu� vÞ

is the required relation connecting u, v, and w.

EXAMPLE 3.79
If f 0ð Þ ¼ 0 and f 0 xð Þ ¼ 1

1þx2
, show that

f xð Þ þ f yð Þ ¼ f
xþ y

1� xy

� �
:

Solution. Suppose that

u ¼ f xð Þ þ f yð Þ and v ¼ xþ y

1� xy
:

Then,

@ðu; vÞ
@ðx; yÞ ¼

@u
@x

@u
@y

@v
@x

@v
@y

�����
����� ¼

1
1þx2

1
1þy2

1þy2

ð1�xyÞ2
1þx2

ð1�xyÞ2

�����
����� ¼ 0:

Therefore, u and v are connected by a functional
relation. Let u¼� (v), that is,

f xð Þ þ f yð Þ ¼ �
xþ y

1� xy

� �
:

Putting y¼ 0, we get
f xð Þþ f 0ð Þ¼� xð Þ or f ðxÞ¼�ðxÞ; since f 0ð Þ¼ 0:

Hence,

f xð Þ þ f yð Þ ¼ f
xþ y

1� xy

� �
:

3.16 DIFFERENTIATION UNDER THE INTEGRAL SIGN

In the following theorem of Leibnitz, we shall show
that under suitable conditions, the derivative of the

integral and the integral of the derivative are

equal. The result is useful to determine the value

of a definite integral by differentiating the integrand

with respect to a quantity of which the limits of inte-

gration are independent.

Theorem 3.11. (Leibnitz’s Rule): Let f (x,a) and

fx (x,a) be continuous functions of x and a. Then,

d

da

Zb
a

f ðx; aÞdx
2
4

3
5 ¼

Zb
a

@

@a
½ f ðx; aÞ�dx;

where the limits a and b are independent of a.

Proof: Let FðaÞ ¼ Rb
a

f ðx; aÞdx. Then

Fðaþ �aÞ ¼
Zb
a

f ðx; aþ � aÞdx

and so,

Fðaþ �aÞ � FðaÞ ¼
Zb
a

½f ðx; aþ �aÞ

� f ðx; aÞ�dx: ð1Þ
But by Lagrange’s mean value theorem, we have

f ðaþ �aÞ � f að Þ ¼ �a
@

@a
f ðx; aþ h�aÞ; 0 < h < 1:

Hence, (1) reduces to

F aþ �að Þ � F að Þ
�a

¼
Zb
a

@

@a
f ðx; aþ h�aÞdx:

Therefore,

lim
�a!0

F aþ �að Þ � FðaÞ
�a

¼
Zb
a

@

@a
f x; að Þdx

or

d

da
½F að Þ� ¼ d

da

Zb
a

f x; að Þdx
2
4

3
5 ¼

Zb
a

@

@a
f x; að Þdx:

Remark 3.3. If the limits of integration a and b are not

independent of a, then

d

da

Zb
a

f x; að Þdx
2
4

3
5 ¼

Z
@

@a
½ f x; að Þ�dx

þ db

da
f b; að Þ � da

da
f ða; aÞ:

EXAMPLE 3.80
Show thatZ1

0

tan�1 ax

xð1þ x2Þ dx ¼
�

2
logð1þ aÞ; a 
 0:

Solution. Let

F að Þ ¼
Z1
0

tan�1 ax

xð1þ x2Þ dx:
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Then by Leibnitz’s Rule,

d

da

Z1
0

tan�1 ax

xð1þ x2Þ dx
2
4

3
5

¼
Z1
0

@

@a

tan�1 ax

xð1þ x2Þ

 �

dx

¼
Z1
0

1

xð1þ x2Þ :
1

1þ a2x2
:xdx

¼
Z1
0

dx

ð1þ x2Þð1þ a2x2Þ

¼ 1

1� a2

Z1
0

1

1þ x2
� a2

1þ a2x2


 �
dx

(by partial fractions)

¼ 1

1� a2
½tan�1 x�10 � a2

1� a2

Z1
0

dx

1þ a2x2

¼ �

2ð1� a2Þ �
1

1� a2

Z1
0

dx

x2 þ 1
a2

¼ �

2ð1� a2Þ �
1

1� a2
:
1
1
a

tan�1 x
1
a

" #1
0

¼ �

2ð1� a2Þ �
a

1� a2
�

2

¼ �

2ð1� a2Þ ½1� a� ¼ �

2ð1þ aÞ :

Integrating both sides with respect to a, we get

F að Þ ¼
Z1
0

tan�1 ax

xð1þ x2Þ dx ¼
�

2
logð1þ aÞ þ c: ð1Þ

Also F(0)¼ 0. Therefore, (1) yields 0 ¼ �
2
log 1þ c

and so, c¼ 0. Hence,Z1
0

tan�1 ax

xð1þ x2Þ dx ¼
�

2
logð1þ aÞ:

EXAMPLE 3.81

Evaluate
R1
0

xa�1
log xdx; a 
 0 using differentiation under

the integral sign.

Solution. Let F að Þ ¼ R1
0

xa�1
log xdx. Then by Leibnitz’s

Rule,

d

da

Z1
0

xa � 1

log x
dx

2
4

3
5 ¼

Z1
0

@

@a

xa � 1

log x


 �
dx

¼
Z1
0

1

log x
:xa log xdx

¼
Z1
0

xadx ¼ xaþ1

aþ 1


 �1
0

¼ 1

1þ a
:

Integrating with respect to a, we get

F að Þ ¼
Z1
0

xa � 1

log x
dx

¼ logð1þ aÞ þ c (a constant of integration)

But when a ¼ 0; F 0ð Þ ¼ R1
0

0 dx ¼ 0. Therefore,

0¼ log1þ c¼ c. Hence,

FðaÞ ¼
Z1
0

xa � 1

log x
dx ¼ logð1þ aÞ:

EXAMPLE 3.82
Evaluate the integralZ1

0

e�x sin ax

x
dx:

Solution. We cannot compute this integral directly

because the anti-derivative of the function e�x sin ax
x

is not expressible in terms of elementary functions.

So we use Leibnitz’s Rule to evaluate it. Let

FðaÞ ¼
Z1
0

e�x:
sin ax

x
dx:

Then by Leibnitz’s Rule, we have

d

da
F að Þ ¼ d

da

Z1
0

e�x sin a

x
dx

2
4

3
5

¼
Z1
0

@

@a
e�x sin ax

x


 �
dx

¼
Z1
0

e�x 1

x
cos ax:x dx

¼
Z1
0

e�x cos ax dx ¼ 1

1þ a2
:
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Integrating, we get

FðaÞ ¼ tan�1 aþ c: ð1Þ
But,

F 0ð Þ ¼
Z1
0

e�x sin 0x

x
dx ¼

Z1
0

0 dx ¼ 0:

Therefore, (1) yields

0 ¼ tan�1 0þ c and so; c ¼ 0:

Hence,

F að Þ ¼
Z1
0

e�x sin ax

x
dx ¼ tan�1 a:

EXAMPLE 3.83

Evaluate
Ra
0

logð1þaxÞ
1þx2

dx and hence, show thatR1
0

logð1þxÞ
1þx2

dx ¼ �
8
log 2.

Solution. We note that the limits of integration are

not independent of the parameter a. Therefore, the

formula mentioned in Remark after Theorem 3.11 is

applicable. Let

FðaÞ ¼
Za
0

logð1þ axÞ
1þ x2

dx:

Then,

d

da

Za
0

logð1þ axÞ
1þ x2

dx

2
4

3
5

¼
Za
0

@

@a

logð1þ axÞ
1þ x2


 �
dxþ logð1þ a2Þ

1þ a2
d

da
ðaÞ

� logð1þ a:0Þ
1þ 0

:
d

da
ð0Þ

¼
Za
0

x

ð1þ x2Þð1þ axÞ dxþ
logð1þ a2Þ

1þ a2

¼ 1

1þ a2

Za
0

�a

1þ ax
þ xþ a

1þ x2


 �
dx

þ logð1þ a2Þ
1þ a2

(by partial fractions)

¼ 1

1þ a2



� logð1þ axÞ þ 1

2
logð1þ x2Þ

þ a tan�1 x

�a
0

þ logð1þ a2Þ
1þ a2

¼ 1

1þ a2
� 1

2
logð1þ a2Þ þ a tan�1 a


 �

þ logð1þ a2Þ
1þ a2

¼ 1

1þ a2
1

2
logð1þ a2Þ þ a tan�1 a


 �
:

Integrating with respect to a, we get

FðaÞ ¼
Za
0

logð1þ axÞ
1þ x2

dx

¼ 1

2

Z
logð1þ a2Þ 1

1þ a2
da

þ
Z

a tan�1 a

1þ a2
daþ c

¼ 1

2



logð1þ a2Þ tan�1 a

�
Z

2a

1þ a2
tan�1 a da

�

þ
Z

a tan�1 a

1þ a2
daþ c

¼ 1

2
logð1þ a2Þ tan�1 aþ c:

Substituting a¼ 0, we have F(0)¼ 0. Therefore,

0 ¼ 1

2
log 1 tan�1 0þ c and so, c = 0:

Hence,

FðaÞ ¼
Za
0

logð1þ axÞ
1þ x2

dx ¼ 1

2
logð1þ a2Þ tan�1 a:

Substituting a¼ 1, we getZ1
0

logð1þ xÞ
1þ x2

dx ¼ �

8
log 2:

EXAMPLE 3.84
Prove thatZ�

2

�
2 �a

sin h cos�1ðcos a cosec hÞdh ¼ �

2
ð1� cos aÞ:
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Solution. Here the limits involve the parameter a. Let

FðaÞ ¼
Z�

2

�
2 �a

sin h cos�1ðcos a cosec hÞdh:

Then,

d

da
½FðaÞ�

¼
Z�

2

�
2 �a

@

@a
½sin h cos�1ðcos a cosec hÞ�dh

þ d

da

�

2

� 	
sin

�

2
cos�1 cos a cosec

�

2

� 	h i
� d

da

�

2
� a

� 	
sin

�

2
� a

� 	
cos�1

h
cos a cosec

�

2
� a

� 	� 	i

¼
Z�

2

�
2�a

sin adhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos2 a cosec2 h

p þ sin
�

2
� a

� 	

� cos�1 cos a cosec
�

2
� a

� 	h i

¼
Z�

2

�
2�a

sin a sin hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 h� cos2 a

p dhþ cos a cos�1 1ð Þ

¼
Zsin a
0

sin affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 a� t2

p dt taking cos h ¼ t

¼ sin a sin�1 t

sin a

� 	h isin a
0

¼ �

2
sin a:

Integrating with respect to a, we get

FðaÞ ¼ ��

2
cos aþ c:

But F(0)¼ 0, therefore,

0 ¼ � �

2
þ c or c ¼ �

2
:

Hence,

FðaÞ ¼ � �

2
cos aþ �

2
¼ �

2
½1� cos a�:

EXAMPLE 3.85

If y ¼ Rx
0

f ðtÞ sin½kðx� tÞ�dt, show that it satisfies

the differential equation d2y
dx2

þ k2y ¼ kf xð Þ.

Solution. We have

y ¼
Zx
0

f ðtÞ sin½kðx� tÞ�dt:

The upper limit in this integral involves the para-

meter x. So, using Leibnitz’s Rule, we have

dy

dx
¼
Zx
0

@

@x
½ f ðtÞ sin½kðx� tÞ�dt

þ f ðxÞ sin½kðx� xÞ� d
dx

ðxÞ

� f ð0Þ sin½kðx� 0Þ� d
dx

0ð Þ

¼
Zx
0

kf ðtÞ cos½kðx� tÞ�dt:

Using once more the Leibnitz’s Rule, we get

d2y

dx2
¼
Zx
0

@

@x
½kf ðtÞ cos½kðx� tÞ�dt

þ kf ðxÞ cos½kðx� xÞ� d
dx

ðxÞ

� kf ð0Þ cos½kðx� 0Þ� d
dx

ð0Þ:

¼ �k2
Zx
0

f ðtÞ sin½kðx� tÞ�dt þ kf ðxÞ

¼ �k2yþ kf ðxÞ:
Hence,

d2y

dx2
þ k2y ¼ kf ðxÞ:

EXAMPLE 3.86
By successive use of Leibnitz’s Rule to

R1
0

xmdx,

evaluate
R1
0

xmðlog xÞndx.

Solution. We have

I ¼
Z1
0

xmdx ¼ xm�1

mþ 1

����
����
1

0

¼ 1

mþ 1
:

Therefore, using Leibnitz’s Rule, we get

d

dm

1

mþ 1

� �
¼
Z1
0

@

@m
ðxmÞdx
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or

� 1

mþ 1

� �2

¼
Z1
0

xm log xdx:

Applying again the Leibnitz’s Rule, we get

d

dm

�1

mþ 1ð Þ2
 !

¼
Z1
0

@

@m
ðxm log xÞdx

or

ð�1Þð�2Þ
ðmþ 1Þ3 ¼

Z1
0

xmðlog xÞ2dx:

Repeated use of Leibnitz’s Rule yields

ð�1Þð�2Þð�3Þ
ðmþ 1Þ4 ¼

Z1
0

xmðlog xÞ3dx

:::::::::::::::::::::::::::::::::::::::::::::::::::

:::::::::::::::::::::::::::::::::::::::::::::::::::

ð�1Þð�2Þð�3Þ . . . ð�nÞ
ðmþ 1Þnþ1

¼
Z1
0

xmðlog xÞndx

or

ð�1Þnn!
ðmþ 1Þnþ1

¼
Z1
0

xmðlog xÞndx:

3.17 APPROXIMATION OF ERRORS

In numerical computation, the quantity [True value –

Approximate Value] is called the error.

We come across the following types of errors

in numerical computation.

1. Inherent Error (initial error). Inherent error is

the quantity which is already present in the

statement (data) of the problem before its

solution. This type of error arises due to the
use of approximate value in the given data

because there are limitations of the mathe-

matical tables and calculators. This type of

error can also be there due to mistakes by

human. For example, some one can write, by

mistake, 67 instead of 76. The error in this

case is called transposing error.

2. Round – off Error. This error arises due to

rounding off the numbers during computation

and occur due to the limitation of computing

aids. However, this type of error can be

minimized by

(i) Avoiding the subtraction of nearly equal

numbers or division by a small number.

(ii) Retaining at least one more significant

figure at each step of calculation.

3. Truncation Error. If is the error caused by
using approximate formulas during compu-

tation such as the one that arise when a

function f ðxÞ is evaluated from an infinite

series for x after truncating it at certain stage.

For example, we will see that in

Newton – Raphson Method for finding the

roots of an equation, if x is the true value of

the root of f ðxÞ ¼ 0 and x0 and h are approx-
imate value and correction respectively, then

by Taylor’s Theorem,

f ðx0 þ hÞ ¼ f ðx0Þ þ hf 0ðx0Þ

þ h2

2!
f 00ðx0Þ þ � � � þ ¼ 0:

To find the correction h, we truncate the series

just after first derivative. Therefore some error

occurs due to this truncation.

4. Absolute Error. If x is the true value of a

quantity and x0 is the approximate value, then

x� x0j j is called the absolute error.

5. Relative Error. If x is the true value of a
quantity and x0 is the approximate value, then
x�x0
x

� �
is called the relative error.

6. Percentage Error. If x is the true value of

quantity and x0 is the approximate value, then
x�x0
x

� �� 100 is called the percentage error.

Thus, percentage error is 100 times the rela-

tive error.

3.18 GENERAL FORMULA FOR ERRORS

Let

u ¼ f ðu1; u2; . . . ; unÞ ð1Þ

be a function of u1; u2; . . . ; un which are subject
to the errors �u1; �u2; . . . ;�un respectively.
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Let �u be the error in u caused by the errors

�u1;�u2; . . . ;�un in u1; u2; . . . ; un respectively.

Then

uþ�u ¼ f ðu1 þ�u1; u2 þ�u2; . . . ; un

þ�unÞ ð2Þ

Expanding the right hand side of (2) by

Taylor’s Theorem for a function of several vari-

ables, we have

uþ�u ¼ f ðu1; u2; . . . ; unÞ

þ �u1
@

@u1
þ � � � þ�un

@

@un

� �
f

þ 1

2
�u1

@

@u1
þ � � � þ� un

@

@un

� �2

f þ � � �

Since the errors are relatively small, we neglect the

squares, product and higher powers and have

uþ�u ¼ f ðu1; u2; . . . ; unÞ

þ �u1
@

@u1
þ � � � þ�un

@

@un

� �
f ð3Þ

Subtracting (1) from (3), we have

�u ¼ @f

@u1
�u1 þ @ f

@u2
�u2 þ � � � þ @f

@un
�un

or

�u ¼ @u

@u1
�u1 þ @ u

@u2
�u2 þ � � � þ @u

@un
�un;

which is known as general formula for error. We

note that the right hand side is simply the total
derivative of the function u.

For a relative error Er of the function u, we have

Er ¼ �u

u

¼ @ u

@u1

�u1

u
þ @u

@u2

� u2

u
þ � � � þ @u

@un

�un

u
:

EXAMPLE 3.87
If u ¼ 5xy2

z3
and error in x; y; z are 0.001, compute

the relative maximum error ðErÞmax in u when

x ¼ y ¼ z ¼ 1.

Solution. We have u ¼ 5xy2

z3
. Therefore

@u

@x
¼ 5y2

z3
;
@u

@y
¼ 10xy

z3
;
@u

@z
¼ � 15xy2

z4

and so

�u ¼ 5y2

z3
�xþ 10xy

z3
�y� 15xy2

z4
� z

But it is given that � x ¼ �y ¼ � z ¼ 0:001 and

x ¼ y ¼ z ¼ 1: Therefore

ð�uÞmax � 5y2

z3
�x

����
���� þ 10xy

z3
�y

����
����

þ 15xy2

z4
�z

����
����

¼ 5ð0:001Þ þ 10ð0:001Þ þ 15ð0:001Þ
¼ 0:03:

Thus the relative maximum error ðErÞmax is

given by

ðErÞmax ¼ ð�uÞmax

u
¼ 0:03

u
¼ 0:03

5
¼ 0:006:

EXAMPLE 3.88
The diameter and altitude of a can in the shape of

a right circular cylinder are measured as 4 cm and
6 cm respectively. The possible error in each mea-

surement is 0.1 cm. Find approximately the maxi-

mum possible error in the values computed for the

volume and the lateral surface.

Solution. If x and y denote the diameter and the

height of the can, then volume of the can is given by

V ¼ �
4
x2y and so

@V

@x
¼ �

2
xy and

@V

@y
¼ �

4
x2:
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Therefore the error formula yields

�V ¼ @V

@x
�xþ @V

@y
�y ¼ �

2
ðxy�xÞ þ �

4
ðx2�yÞ:

Putting x ¼ 4; y ¼ 6; �x ¼ �y ¼ 0:1; we get

�V ¼ ð1:2Þ�þ ð0:4Þ� ¼ 1:6 � cm3:

Further, the lateral surface is given by S ¼ �xy
and so

@S

@x
¼ �y and

@S

@y
¼ �x:

Therefore

�S ¼ �ðy�xþ x�yÞ:
Putting the values of x; y;�x and �y, we get

�S ¼ �ð0:6þ 0:4Þ ¼ � cm2:

EXAMPLE 3.89
The height h and the semi-vertical angle a of a cone
are measured and from them the total area A of the

cone (including the base) is calculated. If h and a
are in error by small quantities �h and �a respec-

tively, find corresponding error in the area. Show

further that a ¼ �
6
, an error of 1 percent in h will be

approximately compensated by an error of �0.33

degree in a.

Solution. Radius of the base ¼ r ¼ h tan a. Further,
slant height ¼ l ¼ h sec a. Therefore

Total area ¼ �r2 þ � r l ¼ � r ðr þ lÞ
¼ � h tan aðh tan a þ h sec aÞ
¼ � h2ðtan2 aþ sec a tan aÞ:

Then the error in A is given by

�A¼ @A

@h
� hþ @A

@a
� a

¼ 2�hðtan2 aþ seca tanaÞ� h
þ �h2ð2 tana sec2 aþ sec3 aþ seca tan2 aÞ�a

For the second part of the question,

a ¼ �

6
; � h ¼ h

100
:

Therefore

� A ¼ 2� h
1

3
þ 2

3


 �
h

100

þ � h2
2ffiffiffi
3

p 4

3

� �
þ 8

3
ffiffiffi
3

p þ 2

3
ffiffiffi
3

p
� �

�a

¼ � h2

50
þ 2

ffiffiffi
3

p
� h2� a ð1Þ

But after compensation � A ¼ 0. Therefore (1)

implies

� a ¼ � 1

100
ffiffiffi
3

p radians ¼ � 57:3�

173:2
¼ �0:33�

EXAMPLE 3.90
The time T of a complete oscillation of a simple

pendulum of length L is governed by the equation
T ¼ 2�

ffiffiffiffiffiffiffiffi
L=g

p
, g is constant, find the approximate

error in the calculated value of T corresponding to

the error of 2% in the value of L.

Solution. We have

T ¼ 2�

ffiffiffi
l

g

s
:

Taking logarithm, we get

log T ¼ log 2�þ 1

2
log l � 1

2
log g ð1Þ

Differentiating (1), we get

1

T
�T ¼ 1

2

�l

l
� 1

2

� g

g

or

� T

T
� 100 ¼ 1

2

� l

l
� 100� 1

2

� g

g
� 100


 �

¼ 1

2
½2� 0� ¼ 1:

Hence the approximate error is 1%.

3.42 n Engineering Mathematics-I



3.19 MISCELLANEOUS EXAMPLES

EXAMPLE 3.91
If z ¼ f ðx; yÞ and u, v are two variables such that

u ¼ lxþ my; v ¼ ly� mx: Prove that

@2z

@x2
þ @2z

@y2
¼ l2 þ m2
� � @2z

@u2
þ @2z

@v2


 �

Solution. We have

u ¼ lxþ my; v ¼ ly� mx;

@u

@x
¼ l;

@v

@x
¼ �m

@u

@y
¼ m;

@v

@y
¼ l:

Therefore

@z

@x
¼ @z

@u
� @u
@x

þ @z

@v
� @v
@x

¼ l
@z

@u
� m

@z

@v
ð1Þ

@z

@y
¼ @z

@u
� @u
@y

þ @z

@v
� @v
@y

¼ m
@z

@u
þ l

@z

@v
ð2Þ

From (1) and (2), we have

@

@x
¼ l

@

@u
� m

@

@v

and

@

@y
¼ m

@

@u
þ l

@

@v
:

Therefore

@2z

@x2
¼ @

@x

@z

@x

� �
¼ l

@

@u
� m

@

@v

� �
l
@z

@u
� m

@z

@v

� �

¼ l
@

@u
l
@z

@u
� m

@z

@v

� �
� m

@

@v
l
@z

@u
� m

@z

@v

� �

¼ l2
@2z

@u2
� lm

@2z

@u@v
� lm

@2z

@v@u
þ m2 @

2z

@v2

¼ l2
@2z

@u2
þ m2 @

2z

@v2
� 2lm

@2z

@u@v
ð3Þ

and

@2z

@y2
¼ @

@y

@z

@y

� �
¼ m

@

@u
þ l

@

@v

� �
m
@z

@u
þ l

@z

@v

� �

¼ m
@

@u
m
@z

@u
þ l

@z

@v

� �
þ l

@

@v
m
@z

@u
þ l

@z

@v

� �

¼ m2 @
2z

@u2
þ lm

@2z

@u@v
þ lm

@2z

@v@u
þ l2

@2z

@v2

¼ l2
@2z

@v2
þ m2 @

2z

@u2
þ 2lm

@2z

@u@v
: ð4Þ

Adding (3) and (4), we get

@2z

@x2
þ @2z

@y2
¼ ðl2 þ m2Þ @2z

@u2
þ @2z

@v2

� �
:

EXAMPLE 3.92
(a) If f ðx; yÞ ¼ ð1� 2 xyþ y2Þ�1=2, show that

@

@x
ð1� x2Þ @f

@x


 �
þ @

@y
y2

@f

@y


 �
¼ 0:

(b) If V ¼ f ð2x� 3y; 3y� 4z; 4z� 2xÞ, compute

the value of 6Vx þ 4Vy þ 3Vz.

Solution. (a) We have, f ¼ ð1� 2xyþ y2Þ� 1
2. Then

@f

@x
¼ � 1

2
ð1� 2xyþ y2Þ�3

2ð�2yÞ

¼ yð1� 2xyþ y2Þ�3
2;

@2f

@x2
¼ � 3

2
yð1� 2xyþ y2Þ�5

2ð�2yÞ

¼ 3y2ð1� 2xyþ y2Þ�5
2:

Therefore

@

@x
ð1� x2Þ @f

@x


 �

¼ @

@x
ð1� x2Þ @f

@x
þ ð1� x2Þ @

2f

@x2

¼ ð�2xÞ @f
@x

þ ð1� x2Þ @
2f

@x2

¼ �2xyð1� 2xyþ y2Þ�3
2

þ 3ð1� x2Þy2ð1� 2xyþ y2Þ�5
2: ð1Þ
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Similarly differentiating partially with respect to y,

we get

@f

@y
¼ ðx� yÞð1� 2xyþ y2Þ�3

2;

@2f

@y2
¼ �ð1� 2xyþ y2Þ�3

2

þ 3ðx� yÞ2ð1� 2xyþ y2Þ�5
2:

Therefore

@

@y
y2
@f

@y


 �
¼ @

@y
ðy2Þ@f

@y
þ y2

@2f

@y2

¼ 2yðx� yÞð1� 2xyþ y2Þ�3
2

þ y2½�ð1� 2xyþ y2Þ�3
2

þ 3ðx� yÞ2ð1� 3xyþ y2Þ�5
2�

¼ yð1� 2xyþ y2Þ�3
2½3yðx� yÞ2

� ð1� 2xyþ y2Þ�1 þ ð2x� 3yÞ� ð2Þ
Adding (1) and (2), we get the required result.

(b) We have

V ¼ f ð2x� 3y; 3y� 4z; 4z� 2xÞ:
Let

r ¼ 2x� 3y; s ¼ 3y� 4z and t ¼ 4z� 2x:

Then

V ¼ f ðr; s; tÞ:
Further,

@V

@x
¼ @V

@r
� @r
@x

þ @V

@s

@s

@x
þ @V

@t
� @t
@x

¼ 2
@V

@r
þ 0� 2

@V

@t
¼ 2

@V

@r
� 2

@V

@t
ð1Þ

@V

@y
¼ @V

@r
� @r
@y

þ @V

@s

@s

@y
þ @V

@t
� @t
@y

¼ �3
@V

@r
þ 3

@V

@s
þ 0 ¼ 3

@V

@r
þ 3

@V

@s
ð2Þ

and

@V

@z
¼ @V

@r
� @r
@z

þ @V

@s

@s

@z
þ @V

@t
� @t
@z

¼ 0� 4
@V

@s
þ 4

@V

@t
¼ �4

@V

@s
þ 4

@V

@t
:

The relations (1), (2) and (3) yields

6Vx þ 4Vy þ 3Vz

¼ 6 2
@V

@r
� 2

@V

@t

� �
þ 4 �3

@V

@r
þ 3

@V

@s

� �

þ 3 �4
@V

@s
þ 4

@V

@t

� �
¼ 0:

EXAMPLE 3.93
(a) If u ¼ sin�1 3x2þ4y2

3xþ4y

� 	
, prove that x @u

@x þ y @u
@y ¼

tan u.
(b) If u ¼ x3 þ y3 þ z3 þ 3xyz, show that

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ 3u:

(c)If u ¼ log x2þy2

xþy

� 	
, prove that x @u

@x þ y @u
@y ¼ 1.

Solution. (a) We have

sin u ¼ 3x2 þ 4y2

3xþ 4y
¼ z; say:

Thus

z ¼ 3x2

3x

1þ 4
3

y
x

� �2
1þ 4

3
y
x

� �
 !

¼ x
1þ 4

3
y
x

� �2
1þ 4

3
y
x

� �
 !

;

and so z is a homogeneous function of degree 1 in x

and y. Hence, by Euler’s Theorem, we have

x
@z

@x
þ y

@z

@y
¼ z: ð1Þ

But

@z

@x
¼ cos u

@u

@x
and

@z

@y
¼ cos u

@u

@y
:

Hence (1) reduces to

x cos u
@u

@x
þ y cos u

@u

@y
¼ sin u

or

x
@u

@x
þ y

@u

@y
¼ tan u:
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(b) We have

u ¼ x3 þ y3 þ z3 þ 3xyz:

Replacing x by tx, y by ty and z by tz, we get

uðtx; ty; tzÞ ¼ t3x3 þ t3y3 þ t3z3 þ 3txtytz

¼ t3ðx3 þ y3 þ z3 þ 3xyzÞ ¼ t3uðx; y; zÞ:
Hence uðx; y; zÞ is a homogeneous function of

degree 3 in uðx; y; zÞ. Therefore, by Euler’s

Theorem,

x
@u

@z
þ y

@u

@y
þ z

@u

@z
¼ 3u:

(c) We have

u ¼ log
x2 þ y2

xþ y

� �
:

Therefore

eu ¼ x2 þ y2

xþ y
;

which is homogeneous function of degree 1 in x
and y. Therefore, by Euler’s Theorem, we have

x
@

@x
ðeuÞ þ y

@

@y
ðeuÞ ¼ eu

or

x eu
@u

@x
þ y eu

@u

@y
¼ eu

or

x
@u

@x
þ y

@u

@y
¼ 1:

EXAMPLE 3.94
Find the stationary points of x2 � xyþ y2 � 2xþ y:

Solution. We have f ðx; yÞ ¼ x2 � xyþ y2 � 2xþ y;

fx ¼ 2x� y� 2; fy ¼ �xþ 2yþ 1:

Therefore the stationary points are given by

fx ¼ fy ¼ 0

and so

2x� y� 2 ¼ 0 and � xþ yþ 1 ¼ 0:

Solving these equations, we get the stationary point
as 3

5
; �4

5

� �
.

EXAMPLE 3.95
The temperature uðx; y; zÞ at any point in space is

u ¼ 400xyz2. Find the highest temperature on sur-

face of the sphere x2 þ y2 þ z2 ¼ 1:

Solution. We have

u ðx; y; zÞ ¼ 400 xyz2 ¼ 400 xy ð1� y2 � x2Þ
¼ 400 xy� 400 xy3 � 400 x3y;

which is a function of two variables x and y. Then

ux ¼ 400y� 400y3 � 1200x2y;

uy ¼ 400x� 1200xy2 � 400x3:

For extreme points, we must have ux ¼ uy ¼ 0.

Thus 1� y2 � 3x2 ¼ 0 and 1� 3y2 � x2 ¼ 0:
Solving these equations, we get x ¼ � 1

2
; y ¼ � 1

2
:

Thus we have four stationary points 1
2
; 1
2

� �
;

� 1
2
;� 1

2

� �
; 1

2
;� 1

2

� �
and � 1

2
; 1
2

� �
: Also

uxx ¼ �2400xy; uxy ¼ 400� 1200y2 � 1200x2

uyy ¼ �2400xy:

At 1
2
; 1
2

� �
and � 1

2
;� 1

2

� �
; rt � s2 is positive and r is

negative. Therefore maximum exist at these points.

Further, x ¼ 1
2
; y ¼ 1

2
; give z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 � y2

p
¼

1ffiffi
2

p : Therefore

max u ðx; y; zÞ ¼ 400
1

2

� �
1

2

� �
1

2

� �
¼ 50:

EXAMPLE 3.96
A flat circular plate is heated so that the temperature

at any point ðx; yÞ is uðx; yÞ ¼ x2 þ 2y2 � x: Find
the coldest point on the plate.

Solution. We have u ðx; yÞ ¼ x2 þ 2y2 � x, so that

ux ¼ 2x� 1; uy ¼ 4y:
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Then ux ¼ uy ¼ 0 imply x¼ 1
2
;y¼ 0. Also

uxx ¼ 2;uyy ¼ 4 and uxy ¼ 0. Then rt� s2 ¼ 8ðþveÞ
and r¼ 2: Therefore u is minimum at 1

2
;0

� �
:

Therefore the coldest point is 1
2
;0

� �
:

EXAMPLE 3.97
Find the minimum value of x2 þ y2 þ z2 when

xþ yþ z ¼ 3a:

Solution. Special case of Example 3.57 (putting
a ¼ b ¼ c ¼ 1 and p ¼ 3a in that example).

EXAMPLE 3.98
(a) If u ¼ xþ y and y ¼ uv, find the Jacobian

@ðx;yÞ
@ðu;vÞ.

(b) Show that the functions u ¼ x2 þ y2 þ z2 ;
v ¼ xþ yþ z ; w ¼ yzþ zxþ xy are not inde-

pendent of one another.

Solution. (a) We are given that u ¼ xþ y; y ¼ uv:
Therefore

x ¼ u� y ¼ u� uv and y ¼ uv:

Therefore

@ðx; yÞ
@ðu; vÞ ¼

@x
@u

@x
@v

@y
@u

@y
@v

�����
����� ¼ 1� v �u

v u

����
����

¼ uð1� vÞ þ uv ¼ u:

(b) We have

u ¼ x2 þ y2 þ z2; v ¼ xþ yþ z;

w ¼ yzþ zxþ xy:

Then

@ðu;v;wÞ
@ðx;y; zÞ ¼

@u
@x

@u
@y

@u
@z

@v
@x

@v
@y

@v
@z

@w
@x

@w
@y

@w
@z

��������

��������
¼

2x 2y 2z

1 1 1

zþ y zþ x xþ y

�������
�������

¼ 2x½ðxþ yÞ � ðzþ xÞ � 2y½ðxþ yÞ
� ðzþ yÞ� þ 2z½ðzþ xÞ � ðzþ yÞ� ¼ 0:

Since Jacobian Jðu; v;wÞ ¼ 0, there exists a func-

tional relation connecting some or all of the vari-

ables x, y and z. Hence u, v, w are not independent.

EXAMPLE 3.99
(a) If x ¼ eu cos v and y ¼ eu sin v, show that

J � J 0 ¼ 1.

(b) Verify the chain rule for Jacobians if x ¼ u;
y ¼ u tan v; z ¼ w.

Solution. (a) We have

x ¼ eu cos v; y ¼ eu sin v:

Then

J ¼ @ðx; yÞ
@ðu; vÞ ¼

@x
@u

@x
@v

@y
@u

@y
@v

�����
����� ¼ eu cos v �eu sin v

eu sin v eu cos u

����
����

¼ e2u cos2 uþ e2u sin2 v ¼ e2u:

One the other hand the given equations yield

x2 þ y2 ¼ e2u and v ¼ tan�1 y

x
:

Therefore

2e2u
@u

@x
¼ 2x which yields

@u

@x
¼ x

e2u
;

2e2u
@u

@y
¼ 2y which yields

@u

@y
¼ y

e2u
;

@v

@x
¼ �y

x2 þ y2
¼ �y

e2u
;

@v

@y
¼ x

x2 þ y2
¼ x

e2u
:

Therefore

J 0 ¼ @ðu;vÞ
@ðx; yÞ ¼

x
e2u

y
e2u� y

e2u
x
e2u

����
����¼ 2x2

e4u
þ 2y2

e4u
¼ e2u

e4u
¼ 1

e2u
:

Hence JJ 0 ¼ 1.
(b) We are given thet

x ¼ u; y ¼ u tan v; z ¼ w ð1Þ

Then

J ¼ @ðx; y; zÞ
@ðu; v;wÞ ¼

@x
@u

@x
@v

@x
@w

@y
@u

@y
@v

@y
@w

@z
@u

@z
@v

@z
@w

�������
�������

¼
1 0 0

tan v u sec2 v 0

0 0 1

������
������ ¼ u sec2 v:
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Also, from (1), we have

u ¼ x ; v ¼ tan�1 y

x
and w ¼ z:

Therefore

J 0 ¼ @ðu; v;wÞ
@ðx; y; zÞ

¼
@u
@x

@u
@y

@u
@z

@v
@x

@v
@y

@v
@z

@w
@x

@w
@y

@w
@z

�������
��������

1 0 0
�y

x2þy2
x

x2þy2 0

0 0 1

�������
�������

¼ x

x2 þ y2
¼ 1

x 1þ y
x

� �2h i
¼ 1

uð1þ tan2 vÞ ; since
y

u
¼ tan v

¼ 1

u sec2 v
:

Hence

J J 0 ¼ 1; which proves the chain rule:

EXAMPLE 3.100
Assuming

R1
0

e�x2dx ¼
ffiffi
�

p
2
, prove that

R1
0

e�x2

cos 2ax dx ¼
ffiffi
�

p
2
e�a2 :

Solution. Let

FðaÞ ¼
Z1
0

e�x2 cos 2ax dx:

Then

F 0ðaÞ ¼
Z1
0

e�x2 @

@a
ðcos 2axÞdx

¼
Z1
0

� 2xe�x2 sin 2ax dx

¼ ½e�x2 sin 2ax�10 � 2a

Z
e�x2 cos 2ax dx

¼ �2aFðaÞ:

Therefore

F 0ðaÞ
FðaÞ ¼ �2a:

Integrating, we get

logFðaÞ ¼ � 2a2

2
¼ �a2 þ log c

or

log
FðaÞ
c

¼ �a2

or

FðaÞ ¼ c e�a2 :

Putting a ¼ 0, we get c ¼ Fð0Þ ¼ R1
0

e�x2dx ¼
ffiffi
�

p
2
.

Hence

FðaÞ ¼
Z1
0

e�a2 cos 2ax dx ¼
ffiffiffi
�

p
2

e�a2 :

E X E R C I S E S

1. Let f : <2 ! < be a continuous function. Define

�: <2 ! < by

�ðx; yÞ ¼ f ðx; yÞ if ðx; yÞ 6¼ ð0; 0Þ
f ðx; yÞ þ 1 if ðx; yÞ ¼ ð0; 0Þ:

�
Show that � is not continuous at (0, 0).

Hint: �(x, y)¼ f (x, y)þ 1 for (0, 0) and so,

�(0, 0)¼ f (0, 0)þ 1. Since f is continuous, it is

continuous at (0, 0) also. So lim
ðx;yÞ!ð0;0Þ

f ðx;yÞ¼
f (0, 0). Then, lim

ðx;yÞ!ð0;0Þ
�ðx;yÞ¼ lim

ðx;yÞ!ð0;0Þ
f ðx;yÞ¼

f (0, 0). Thus, lim
ðx;yÞ!ð0;0Þ

�ðx;yÞ6¼�ð0;0Þ. Hence,
� is not continuous at (0, 0).

2. Show that f (x, y)¼ x2þ y� 1 is continuous at

(1, �2)

3. Prove that the function f ðx; yÞ ¼ xyj jð Þ12 is not
differentiable at the point (0, 0) but that @f

@x and
@f
@y exist at the origin and have value zero.

Deduce that these two partial derivatives are

continuous except at the origin.
Hint: If f (x, y) is differentiable at (0, 0), then

�f ¼ f ðh; kÞ ¼ h
@f

@x
þ k

@f

@y
þ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2

p
;
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where e? 0 as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2

p ! 0. Since fx¼ fy¼ 0

at (0, 0), f ðh; kÞ ¼ 0þ 0þ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2

p
and so,

e ¼ ½ hkj j�12ffiffiffiffiffiffiffiffiffi
h2þk2

p . Put h¼ 	 cos h and k¼ 	 sin h, so

that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2

p ¼ 	. Then, e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin h cos hj jp

and so, lim
	!0

e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin h cos hj jp ¼ 0, which is

absurd. Hence, f is not differentiable at (0, 0).

4. If u ¼ x� y
x

� �þ ł y
x

� �
, prove that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ 0:

5. If u¼ xy, show that @3u
@x2@y

¼ @3u
@x@y@x.

6. If z ¼ f y
x

� �
, show that x @z

@x þ y @z
@y ¼ 0.

7. If z ¼ x2þy2

xþy
, show that

@z

@x
� @z

@y

� �2

¼ 4 1� @z

@x
� @z

@y

� �
:

8. If u ¼ ð1� 2xyþ y2Þ�1
2, show that

@

@x
ð1� x2Þ @u

@x

� �
þ @

@y
y2

@u

@y

� �
¼ 0:

9. Find the value of 1
a2

@2z
@x2

þ 1
b2

@2z
@y2

, where a2 x2þ b2

y2 �c2 z2 ¼ 0.
Ans. 1

c2z
.

10. If u ¼ y
z
þ z

x
þ x

y
, show that x @u

@x þ y @u
@yþ

z @u@z ¼ 0.

11. If u¼ ex (x cos y� y sin y), show that

uxxþ uyy¼ 0.

12. Find the envelope of a system of concentric-

and coaxial ellipses of constant area.

Hint: Area of the ellipse x2

a2
þ y2

b2
¼ 1 is �ab,

given to be constant say equal to �c2 and so,

ab¼ c2 or b ¼ c2

a
. Putting b ¼ c2

a
in x2

a2
þ y2

b2
¼ 1,

we get x2

a2
þ y2

c4a2
¼ 0. Differentiating partially

with respect to a gives a ¼ c2x
y
. Putting this

value of a in x2

a2
þ y2

c4a2
¼ 0, we get 2xy¼ c2,

which is the required equation of the envelope.

13. Find the envelope of the straight line x
a
þ y

b
¼ 1,

where a2þ b2¼ c2.

Ans.
ffiffiffi
x

p þ ffiffiffi
y

p ¼ ffiffiffi
c

p
:

14. Show that the evolute of the rectangular

hyperbola xy¼ c2 is

ðxþ yÞ23 � ðx� yÞ23 ¼ ð4cÞ23:
15. If u ¼ log x4þy4

xþy
, show that x @u

@x þ y @u
@y ¼ 3.

Hint: eu ¼ x4þy4

xþy
(A homogeneous function of

degree 3 in x and y).

16. If u ¼ sin�1 xþyffiffi
x

p þ ffiffi
y

p
� 	

, show that

x
@u

@x
þ y

@u

@y
¼ 1

2
tan u:

Hint: sin u ¼ xþyffiffi
x

p þ ffiffi
y

p is a homogeneous function

of degree 1
2
.

17. If u ¼ sin�1 xþyffiffi
x

p þ ffiffi
y

p
� 	

, show that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ � sin u cos 2u

4 cos3 u
:

18. If u ¼ tan�1 y2

x

� 	
, show that

x2
@2u

@x2
þ 2xy

@2u

@x@y
þ y2

@2u

@y2
¼ � sin 2u sin2 u:

19. If u ¼ sin�1 x3þy3þz3

axþbyþcz

� 	
, show that

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ 2 tan u:

20. If u ¼ cos�1 xþyffiffi
x

p þ ffiffi
y

p , show that

x
@u

@x
þ y

@u

@y
¼ � 1

2
cot u:

21. If u ¼ tan�1 y
x

� �
, where x¼ et� e�t and

y¼ etþ e�t, find du
dt
.

Ans. �2
e2xþe�2x.

22. If z¼ eaxþ by f (ax� by), show that

b
@z

@x
þ a

@z

@y
¼ 2ab z:

23. If
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
¼ aðx� yÞ, find dy

dx
.

Ans.
ffiffiffiffiffiffiffiffi
1�y2

1�x2

q
.

24. If y3� 3ax2þ x3¼ 0, show that

d2y

dx2
þ 2a2x2

y4
¼ 0:

25. If x¼ r cosh and y¼ r sin h, show that

@2r

@x2
þ @2r

@y2
¼ 1

r

@r

@x

� �2

þ @r

@y

� �2
" #

:
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26. If xþ y¼ 2eh cos � and

x� y ¼ 2
ffiffiffiffiffiffiffi�1

p
eh sin�, show that

@2V

@h2
þ @2V

@�2
¼ 4xy

@2V

@x@y
:

27. Expand ex log(1þ y) in a Taylor’s series in the

neighborhood of the point (0, 0).

Ans. yþ xy� y2

2
þ x2y

2
� xy2

2
þ 1

3
y2 � . . . :

28. Expand ex cos y in powers of x and y up to third-

degree terms.

Ans. 1þ xþ 1
2
ðx2 � y2Þ þ 1

6
ðx3 � 3xy2Þ þ . . . :

29. Show that for 0 < h < 1, sin x sin y¼ xy� 1
6

[(x3þ 3xy2) cos h x sin h yþ (y3þ 3x2y) sin h x
cos h y].

Hint: Use Maclaurin’s theorem.

30. If the perimeter of a triangle is constant, show

that its area is maximum when the triangle is

equilateral.

Hint: 2s¼ aþ bþ c c¼ 2s� a� b and

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� aÞðs� bÞðs� cÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� aÞðs� bÞðaþ b� sÞ

p
Take f (a, b)¼�2¼ s (s� a) (s� b) (aþ b� s)

and find fa and fb etc, and proceed.

31. Find the points (x, y), where the function xy

(1� x� y) is either maximum or minimum.
Ans. 1

3
; 1
3

� �
.

32. Find a point within a triangle such that the sum

of the squares of its distances from the three

vertices is the minimum.

Ans. x1þx2þx3
3

; y1þy2þy3
3

� �
(centroid of the

triangle).

33. Find the point on the plane 2xþ 3y� z¼ 12

that is nearest to the origin.
Hint: Distance form the origin is

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ ð2xþ 3y� 12Þ2

q
:

Put f (x, y)¼ x2þ y2þ (2xþ 3y� 12)2 and
proceed.

Ans. 12
7
; 18
7
; �6

7

� �
.

34. Discuss the maxima and minima of

u ¼ 2 sin
1

2
ðxþ yÞ cos 1

2
ðx� yÞ þ cosðxþ yÞ:

35. Find the extreme values of 2 (x2� y2)�x4þ y4.

Ans. Max at ( ±1,0) and Min at.(0, ± 1).

36. Find the maximum value of xm yn zp subject to

the condition xþ yþ z¼ a.

Hint: Use Lagrange’s method of undetermined

multipliers.

Ans. x ¼ ma
mþnþp

; y ¼ na
mþnþp

; and z ¼ pa
mþnþp

.

Max: value ¼ mmnnpmþnþp

ðmþ nþ pÞmþnþp :

37. Divide 24 into three parts such that the con-

tinued product of the first, square of the second,

and the cube of the third part may be maximum.

Hint: Find the Max of xy2z3 subject to the

condition xþ yþ z¼ 24. Also can be obtained
from Exercise 36 by putting a¼ 24, m¼ 1,

n¼ 2, and p¼ 3.

38. The temperature T at any point (x, y, z) in space

is T¼ 400xyz2. Find the highest temperature on

the surface of the unit sphere x2þ y2þ z2¼ 1.

Ans. 50.
39. If x¼ c cos u cosh v and y¼ c sin u sinh v, show

that
@ðx; yÞ
@ðu; vÞ ¼

1

2
c2ðcos 2u� cosh 2vÞ:

40. If u ¼ x
y�z

; v ¼ y
z�x

; and w ¼ z
z�y

, show that

@ðu; v;wÞ
@ðx; y; zÞ ¼ 0:

41. If x¼ r cos h, y¼ r sin h, and z¼ z, evaluate
@ðx;y;zÞ
@ðr;h;zÞ.

Ans. r.
42. If x¼ uv and y ¼ uþv

u�v
, determine

@ðu;vÞ
@ðx;yÞ.

Ans. u�vð Þ2
4uv

.
43. The roots of the equation in l

ðl� xÞ3 þ ðl� yÞ3 þ ðl� zÞ3 ¼ 0

are u, v, and w. Show that

@ðu; v;wÞ
@ðx; y; zÞ ¼ �2

ðy� zÞðz� xÞðx� yÞ
ðv� wÞðw� uÞðu� vÞ :

Hint: The equation simplifies to

l3 � ðxþ yþ zÞl2 þ ðx2 þ y2 þ z2Þl
� 1

3
ðx3 þ y3 þ z3Þ ¼ 0:

Let xþ yþ z¼ �, x2þ y2þ z2 ¼ g, and x3þ y3

þ z3¼ �. Then uþ vþw¼ �, uvþ vwþ uw

¼ g, and uvw¼ �. Find @ð�;g;fÞ
@ðx;y;zÞ and

@ð�;g;fÞ
@ðu;v;wÞ. Then

@ðu;v;wÞ
@ðx;y;zÞ ¼ @ðu;v;wÞ

@ð�;g;fÞ :
@ð�;g;fÞ
@ðx;y;zÞ.
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44. If U¼ xþ y� z, V¼ x� yþ z, and

W¼ x2þ y2þ z2� 2yz, show that U, V and W

are connected by a functional relation, and find

that functional relation.

Hint: Show that
@ðU ;V ;W Þ
@ðx;y;zÞ ¼ 0. Further,

UþV¼ 2x, U�V¼ 2(y� z). Then (UþV)2þ
(U�V)2¼ 4(x2þ y2þ z2� 2yz)¼ 4W.

45. If u¼ x2� 2y, v¼ xþ yþ z, and w¼ x� 2y

¼ x� 2yþ 3z, find
@ðu;v;wÞ
@ðx;y;zÞ .

Ans. 10x � 2.

46. Evaluate
R�
0

logð1þ a cos xÞdx using Leibnitz’s

Rule.

Ans. � log 1
2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p� 	
.

47. Show that
R�
0

logð1þsin a cos xÞ
cos x dx ¼ �a.

48. Show that
R1
0

e�x

x
ð1�e�axÞdx¼logð1þaÞ;ða>�1Þ:

49. Differentiating
Rx
0

dx
x2þa2

¼ 1
a
tan�1 x

a
under the

integral sign, find the value of
Rx
0

dx
ðx2þa2Þ2.

50. Evaluate
R�2
0

dx

ða2 cos2 xþb2 sin2 xÞ2.

Hint: Putting tan x¼ t, we get

Z�
2

0

dx

a2 cos2 xþ b2 sin2 x
¼ �

2ab
:

Use Leibnitz’s Rule, first differentiating

with respect to a and then with respect to b. We

shall get

Z�
2

0

cos2 x dx

ða2 cos2 xþ b2 sin2 xÞ2 ¼
�

4a3b
and

Z�
2

0

sin2 x dx

ða2 cos2 xþ b2 sin2 xÞ2 ¼
�

4ab3
:

Adding these two results, we get the value

of the given integral as
�ða2þb2Þ
4a3b3

.
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4 Matrices

There are many situations in pure and applied

mathematics, theory of electrical circuits, aerody-
namics, nuclear physics, and astronomy in which

we have to deal with algebraic structures and

rectangular array of numbers or functions. These

arrays will be called matrices. The aim of this chap-

ter is to study algebra of matrices along with its

application to solve system of linear equations.

4.1 CONCEPTS OF GROUP, RING, FIELD AND
VECTOR SPACE

Definition 4.1 Let S be a non-empty set. Then a

mapping f : S� S? S is called a binary operation in S.

A non-empty set along with one or more binary

operations defined on it is called an algebraic
structure.

Definition 4.2 A non-empty set G together with a

binary operation f : G�G ? G defined on it and

denoted by � is called a group if the following

axioms are satisfied:

(G1) Associativity: For a, b, c,2G,

ða � bÞ � c ¼ a � ðb � cÞ
(G2) Existence of Identity: There exists an element e in

G such that for all a2G,

a � e ¼ e � a ¼ a

(G3) Existence of Inverse Element: For each element

a2G, there exists an element b2G, such that

a � b ¼ b � a ¼ e:

Definition 4.3 Let G be a group. If for every pair a,

b2G,
a � b ¼ b � a;

then G is called a commutative (or abelian) group.

If a � b 6¼ b � a, then G will be called non-

abelian or non-commutative group.

Definition 4.4 The number of elements in a group G is

called the order of the group G and is denoted by O

(G). A group having a finite number of elements is

called a finite group.

EXAMPLE 4.1
Let ℤ be the set of all integers and let f: ℤ�ℤ ? ℤ
defined by f (a, b)¼ a � b¼ aþ b be binary

operation in ℤ. Then

(i) aþ (bþ c)¼ (aþ b)þ c for all a, b, c2ℤ

(ii) aþ 0¼ 0þ a¼ a for all a2ℤ and so 0 acts

as an additive identity.

(iii) aþ (� a)¼ (� a)þ a¼ 0 for a2ℤ and so

(� a) is the inverse of a.

(iv) aþ b¼ bþ a, a, b2ℤ (Commutativity).

Hence, (ℤ, þ) is an infinite additive abelian group.

EXAMPLE 4.2
The set of all integers ℤ cannot be a group under

multiplication operation f (a, b)¼ ab. In fact, ±1 are

the only two elements in ℤ which have inverses.

EXAMPLE 4.3
The set of even integers [0, ±2, ±4, …] is an additive

abelian group under addition.

EXAMPLE 4.4
The set of vectors V form an additive abelian group

under addition.

EXAMPLE 4.5
We shall note in article 13.10 onmatrices that the set

of all m� n matrices form an additive abelian

group.



EXAMPLE 4.6
The set {�1, 1} is a multiplicative abelian group of

order 2.

Definition 4.5 Let S be a set with binary operation

f (m, n)¼mn, then an element a2 S is called

(i) Left cancellative if

ax ¼ ay ) x ¼ y for all x; y 2 S;

(ii) Right cancellative if

xa ¼ ya ) x ¼ y for all x; y 2 S:

If any element a is both left- and right cancellative,

then it is called cancellative (or regular). If every
element of a set S is regular, then we say that can-

cellation law holds in S.

Theorem 4.1 If G is a group under the binary opera-

tion f (ab) ¼ a � b¼ ab then for a, b, c2G,

ab ¼ ac ) b ¼ c (left cancellation law)

ba ¼ ca ) b ¼ c (right cancellation law)

(Thus cancellation law holds in a group).

Proof: Since G is a group and a2G, there exists an

element c2G such that ac¼ ca¼ e. Therefore,

ab ¼ ac ) cðabÞ ¼ cðacÞ
) cað Þb ¼ c acð Þ
) eb ¼ ce

) b ¼ c:

Similarly, we can show that

ba ¼ ca ) b ¼ c:

Theorem 4.2 Let G be a group. Then,

(a) The idetity element of G is unique.

(b) Every a2G has a unique inverse.

(c) For every a2G, a�1ð Þ�1¼ a
(d) For all a, b2G

abð Þ�1¼ b�1a�1:

Proof: (a) Suppose that there are two identity ele-

ments e and e 0 in G. Then,

ee0 ¼ e since e0 is an identity element;

and

ee0 ¼ e0 since e is an identity element:
Hence e¼ e 0.
(b) Suppose that an arbitrary element a in G has two

inverses b and c. Then, ab¼ ba¼ e and ac¼ ca¼ e.

Therefore,

bað Þc ¼ ec ¼ c
and

b acð Þ ¼ be ¼ b:

But, by associativity in G,

bað Þc ¼ b acð Þ:
Hence b¼ c.
(c) Since G is a group, every element a2G has its

inverse a�1. Then, a�1a¼ e. Now

a�1 a�1
� ��1¼ e ¼ a�1a

By left cancellation law, it follows that a�1ð Þ�1¼ a.

(d) We have

abð Þ b�1a�1
� � ¼ a bb�1

� �
a�1 ¼ aea�1

¼ aa�1 ¼ e:

Similarly

b�1a�1
� �

abð Þ ¼ b�1 a�1a
� �

b

¼ b�1eb ¼ b�1b ¼ e:
Thus

abð Þ b�1a�1
� � ¼ b�1a�1

� �
abð Þ ¼ e:

Hence, by the definition of inverse,

abð Þ�1¼ b�1a�1:

Definition 4.6 A subset H of a group G is said to a
subgroup of G, if under the binary operation in G, H

itself forms a group.

Every group G has two trivial subgroups, G

itself and the identity group {e}.

The non-trivial subgroups of G are called

proper subgroups of G.

EXAMPLE 4.7
The additive groupℝ of real numbers is a subgroup

of the additive group C of complex numbers.

Regarding subgroups, we have
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Theorem 4.3 A non-empty subset H of a group G is a

subgroup of G if and only if

(i) a; b 2 H ) ab 2 H ;

(ii) a 2 H ) a�1 2 H :

Conditions (i) and (ii) may be combined into a single

one andwe have “A non-empty subset H of a groupG is

a subgroup of G if and only if a; b 2H) ab�12H .”

Theorem 4.4 The intersection of two subgroups of a

group is again a subgroup of that group.

Definition 4.7 Let G and H be two groups with binary
operations �: G�G ? G and ł: H�H ? H,

respectively, then a mapping f:G?H is said to be a

group homomorphism if for all a, b2G,

f � a; bð Þð Þ ¼ ł f að Þ; f bð Þð Þ: ð1Þ
Thus if G is additive group and H is multiplicative
group, then (1) becomes

f aþ bð Þ ¼ f að Þ: f bð Þ:
If, in addition f is bijective, then f is called an

isomorphism.

EXAMPLE 4.8
Let Z be additive group of integers. Then the map-

ping f: Z ? H, where H is the additive group of
even integers defined by f (a)¼ 2a for all a2 Z is a

group homomorphism. In fact, for a, b2 Z

f aþ bð Þ ¼ 2 aþ bð Þ ¼ 2aþ 2b ¼ f að Þ þ f bð Þ:
Also

f að Þ ¼ f bð Þ ) 2a ¼ 2b ) a ¼ b;

and so f is one-one homomorphism (called

monomorphism).

Definition 4.8 Let G and H be two groups. If f: G? H
is a homomorphism and eH denotes the identity

element of H, then the subset

K ¼ x: x 2 G; f xð Þ ¼ eHf g

of G is called the kernel of the homomorphism f.

Definition 4.9 A non-empty set R with two binary

operation ‘þ’ and ‘.’ is called a ring if the following
conditions are satisfied.

(i) Associativity of ‘þ’: if a, b, c2R, then

aþ bþ cð Þ ¼ aþ bð Þ þ c

(ii) Existence of Identity for ‘þ’: There exists an

element 0 in R such that

aþ 0 ¼ 0þ a ¼ a for all a 2 R

(iii) Existence of inverse with respect to ‘þ’: To each

element a2R, there exists an element b2R

such that

aþ b ¼ bþ a ¼ 0

(iv) Commutativity of ‘þ’: If a, b2R, then

aþ b ¼ bþ a

(v) Associativity of ‘.’: If a, b, c2R, then

a � b � cð Þ ¼ a � bð Þ � c
(vi) Distributivity of ‘þ’ over ‘.’: If a, b, c2R, then

a � bþ cð Þ ¼ a � bþ a � c
(Left distributive law)

and

aþ bð Þ � c ¼ a � cþ b � c
(Right distributive law)

Let R be a ring, if there is an element 1 in R such that

a.1¼ 1. a¼ a for every a2R, then R is called a ring

with unit element.

If R is a ring such that a.b¼ b.a for every

a, b2R, then R is called commutative ring.

A ring R is said to be a ring without zero

divisors if a:b ¼ 0 ) a ¼ 0 or b¼ 0.

EXAMPLE 4.9
We have seen that (ℤ, þ) is an abelian group.

Further, if a, b, c2ℤ then

a � b � cð Þ ¼ a � bð Þ � c
a � bþ cð Þ ¼ a � bþ a � c
aþ bð Þ � c ¼ a � cþ b � c
a � 1 ¼ 1 � a ¼ a

a � b ¼ b � a
a � b ¼ 0 ) a ¼ 0 or b ¼ 0:

Hence ℤ is commutative ring with unity which is
without zero divisor.
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EXAMPLE 4.10
The set of even integers is a commutative ringbut there

does not exist any element b satisfying b · a¼ a · b¼ a

for a2R, Hence, it is a ring without unity.

EXAMPLE 4.11
We shall see later on that the set of n� n matrices

form a non-commutation ring with unity. This ring

is a ring with zero divisors. For example, if
1 0

0 0


 �

and
0 0

1 0


 �
, then their product is

0 0

0 0


 �
. But

none of the given matrix is zero.

Definition 4.10 A commutative ring with unity is

called an integral domain if it has no zero divisor.

For example, ring of integers is an integral

domain.

Definition 4.11 A ring R with unity is said to be a

division ring (or skew field) if every non-zero ele-

ment of R has a multiplicative inverse.

Definition 4.12 A commutative division ring is called

a field.

For example, the set of rational number Q
under addition and multiplication forms a field.

Similarly, ℝ and C are also fields. Every field is an

integral domain but the converse is not true. For

example, the set of integers form an integral domain
but is not a field. An important result is that

“Every finite integral domain is a field.”

Definition 4.13A subset S of ring R is called a subring
of R if S is a ring under the binary operations in R.

Thus, S will be a subring of R if

(i) a; b 2 S ) a� b 2 S;

(ii) a; b 2 S ) ab 2 S:

For example, the set of real numbers is a subring of

the ring of complex numbers.

Definition 4.14 Amapping f : R ? R 0 from the ring R

into the ring R 0 is said to be a ring homomorphism if

(i) f (aþ b)¼ f (a)þ f (b),

(ii) f (ab)¼ f (a). f (b),

for all a, b2R.

If, in addition, f is one-to-one and onto then f is

called ring isomorphism.

Definition 4.15 A non-empty set V is said to be a

Vector Space over the field F if

(i) V is an additive abelian group.

(ii) If for every a2F, v2V, there is defined

an element av, called scalar multiple of a
and v, in V subject to

a vþ vð Þ ¼ avþ av;

aþ bð Þv ¼ avþ bv;

a bvð Þ ¼ abð Þ v;
1v ¼ v;

for all a, b2F, v, w2V, where 1 represents the unit

elements of F under multiplication.

In the above definition, the elements of V are

called vectors whereas the elements of F are called

scalars.

EXAMPLE 4.12
Let V2¼ {(x, y): x, y2ℝ} be a set of ordered pairs.

Define addition and scalar multiplication on V2 by

x; yð Þ þ x0; y0ð Þ ¼ xþ x0; yþ y0ð Þ;
and

a x; yð Þ ¼ ax; ayð Þ:
Then V2 is an abelian group under addition opera-

tion defined earlier and

a x; yð Þ þ x0; y0ð Þ½ � ¼ a xþ x0; yþ y0ð Þ
¼ axþ ax0; ayþ ay0ð Þ
¼ axþ ayð Þ þ ax0 þ ay0ð Þ
¼ a x; yð Þ þ a x0; y0ð Þ;

aþ bð Þ x; yð Þ ¼ aþ bð Þx; aþ bð Þyð Þ
¼ axþ bx; ayþ byð Þ
¼ ðax; ayÞ þ ðbx; byÞ
¼ a x; yð Þ þ b x; yð Þ;

a b x; yð Þð Þ ¼ abð Þ x; yð Þ;
1: x; yð Þ ¼ x; yð Þ:

Hence, V2 is a vector space over ℝ. It is generally

denoted by ℝ2.
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Similarly, the set of n-tuples (x1, x2,…, xn) form

a vector space over ℝ and is denoted by Vn or ℝ
n.

Definition 4.16 Let V be a vector space over the field
K and W be a subset of V. If W is a vector space

under the operations of V, then it is called a vector

subspace of V.

Thus, W will be a subspace of V if

(i) W is a subgroup of V,

(ii) l2 F, v2W imply l v2W.

The conditions (i) and (ii) can be combined into a

single condition, namely, l1, l22F and w1, w22W

imply l1 w1þ l2 w22W.

Definition 4.17 Let V be a vector space over a field F

and let v1, v2, …,vn2V. Then any element of the

form a1v1þ a2 v2 þ…þ an vn, ai2F is called a

linear combination over F of v1, v2,…vn.

Definition 4.18 Let S be a non-empty subset of the

vector space V. Then the linear span of S, denoted
by L(S), is the set of all linear combinations of finite

sets of the elements of S.

Definition 4.19 Let V be a vector space over a field F.

Then v1, v2,…,vn2V are said to be linearly inde-

pendent over F if for scalars l1, l2,…, ln2F, l1v1
þl2v2þ…þlnvn¼ 0 implies l1¼ l2¼…¼ ln¼ 0.

Definition 4.20 Let V be a vector space. Then v1, v2,

…,vn2V are called linearly dependent if there exist

l1, l2, …, ln2F, not all of them zero, such that

l1v1þ l2v2þ…þ lnvn¼ 0.

Thus, v1, v2, …, vn are linearly dependent if
they are not linearly independent.

Definition 4.21 An infinite subset S of a vector space

V over a field F is said to be linearly independent if

every finite subset of S is linearly independent.

Theorem 4.5 L(S ) is a subspace of V.

Proof: Let v, w2 L(S ). Then

v ¼ l1s1 þ l2s2 þ . . .þ lnsn;

w ¼ m1t1 þ m2t2 þ . . .þ mmtm;

where l 0s and m 0s are scalars and si and ti are in S.

Therefore, for a, b2 F, we have

avþ bw ¼ a l1s1 þ l2s2 þ . . .þ lnsnð Þ
þ b m1t1 þ . . .þ mmtmð Þ

¼ al1ð Þs1 þ al2ð Þs2 þ . . .þ alnð Þsn
þ bm1ð Þt1 þ . . .þ bmmð Þtm 2 LðSÞ:

Hence L(S ) is subspace of V.

Further, if S and T are subsets of a vector

space V, then

(i) S 
 T ) L Sð Þ 
 L Tð Þ
(ii) L S [ Tð Þ ¼ L Sð Þ [ L Tð Þ
(iii) L(L(S ))¼ L(S )

EXAMPLE 4.13
Let v1¼ (1, 0) and v2¼ (1, 0) be vectors in the vector

space R2 ¼ x; yð Þ : x; y 2 Rf g. If l1, l22R, then

l1v1 þ l2v2 ¼ 0 ) l1 1; 0ð Þ þ l2 0; 1ð Þ ¼ 0

) l1; 0ð Þ þ 0; l2ð Þ ¼ 0

) l1; l2ð Þ ¼ 0

) l1 ¼ l2 ¼ 0:

Hence, v1, v2 are linearly independent.

EXAMPLE 4.14
Let v1¼ (1, 0, 1), v2 (0, 1, 0) and v3¼ (1, 1, 1). Then

we note that

v1 þ v2 � v3 ¼ 1; 0; 1ð Þ þ 0; 1; 0ð Þ � 1; 1; 1ð Þ
¼ 1þ 0� 1; 0þ 1� 1; 1þ 0� 1ð Þ
¼ 0; 0; 0ð Þ:

Hence, v1, v2 and v3 are linearly dependent.

Theorem 4.6 LetV be a vector space over a field F. If v1,

v2, v3,…, vn are linearly independent elements of V,

then every element in their span has a unique repre-

sentation in the form l1v1þ l2v2þ…lnvnwith li2F.

Proof: Every element in the linear span is of the form
l1 v1þ l2 v2þ… ln vn. Suppose that there are

following two representations for an element:

l1v1 þ l2v2 þ . . .þ lnvn ¼ m1v1 þ m2v2 þ . . .þ mnvn

and so

l1 � m1ð Þv1 þ l2�m2ð Þv2 þ . . .þ ln � mnð Þvn ¼ 0:
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Since v1, v2, v3…vn are linearly independent,

we have

l1 � m1 ¼ 0; l2 � m2 ¼ 0; . . . ; ln � mn ¼ 0;

which yield

l1 ¼ m1; l2 ¼ m2; . . . ; ln ¼ mn:

Hence, representation of every element in the span
is unique.

Theorem 4.7 If v1;v2;v3;...;vn are in V, then either

they are linearly independent or some vk is linear

combination of the preceding ones v1;v2;v3;...;vk�1.

Proof: If v1;v2;v3;...;vn are linearly independent, we

are done. So suppose that v1;v2;v3;...;vn are linearly
dependent. Thus, a1v1þa2v2þ ...þanvn¼0; where
not all of a1;a2;...;an, are zero. Let k be the largest
integer for which ak 6¼ 0. Since ai¼ 0 for i > k,

a1v1þ ...þakvk¼0. Since ak 6¼ 0, we have

vk¼a�1
k �a1v1�a2v2� ...�ak�1vk�1ð Þ

¼ �a�1
k a1

� �
v1þ ...þ �a�1

k ak�1

� �
vk�1:

Hence, vk is a linear combination of its predecessors.

Theorem 4.8 A system of vectors in a vector space is

linearly dependent if and only if any one of the

vectors in that system can be represented as a linear

combination of the other vectors in the system.

Proof: Suppose that V is a vector space over the field

F and let v1; v2; v3; . . . ; vn 2 V be linearly depen-
dent. Then, by definition,

l1v1 þ l2v2 þ . . .þ lnvn ¼ 0;

where not all of the li are zero. Suppose that l1 6¼ 0,
then

v1 ¼ � l2
l1

v2 � l3
l1

v3 � . . .� ln
l1

vn:

Hence v1 is linear combination of other vector in the

system.
Conversely, suppose that v1 is linear combina-

tion of v2; v3; . . . ; vn; that is

v1 ¼ l2v2 þ l3v3 þ . . .þ lnvn; li 2 F

and so

�1ð Þv1 þ l2v2 þ l3v3 þ . . .þ lnvn ¼ 0:

Since the first coefficient is non-zero, it follows that

v1; v2; v3; . . . ; vnis a linearly dependent system.

Theorem 4.9 If a subsystem of a finite system of
vectors in a vector space is linearly dependent, then

the whole system is linearly dependent.

Proof: Let v1; v2; v3; . . . ; vn 2 V be a finite system of

vectors in V. Suppose that v1; v2; v3; . . . ; vk , k < n is

linearly dependent. Therefore,

l1v1þl2v2þ...þlkvkþ0vkþ1þ0vkþ2þ...þ0vn¼0;

where not all of l1; l2; . . . ; lk are zero. Hence,

v1; v2; v3; . . . ; vn is linearly dependent.

It follows from Theorem 4.9 that any superset of a

linearly dependent set is also linearly dependent.

EXAMPLE 4.15
Show that the set

1; 1; 0ð Þ; 0; 1; 1ð Þ; 1; 0;�1ð Þ; 1; 1; 1ð Þf g
is linearly dependent.

Solution. We note that

1 1; 1; 0ð Þ � 1 0; 1; 1ð Þ � 1 1; 0;�1ð Þ ¼ 0; 0; 0ð Þ
Hence the set

1; 1; 0ð Þ; 0; 1; 1ð Þ; 1; 0;�1ð Þf g
is linearly dependent. Being superset of this linearly

dependent set, the given set is also linearly dependent.

Definition 4.22 Let S be subset of a vector space V. If

every element of V can be written as the linear

combination of the elements of S, then S is called

generator of V.

For example, let V2¼ {(x, y): x, y2ℝ} be the

vector space and let

v1 ¼ 1; 0ð Þ; v2 ¼ 0; 1ð Þ
be vectors in V2. If (x, y)2V2 be arbitrary, then

x; yð Þ ¼ x 1; 0ð Þ þ y 0; 1ð Þ
¼ xv1 þ yv2

Hence S¼ {v1, v2} generates V2.
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Definition 4.23 Let S be subset of a vector space V. If

(i) S generates V, that is, L(S )¼V, and

(ii) the elements of S are linearly independent,

then S is called basis of the vector space V.

For example {(1,0), (0,1)} is a basis of the vector space

V2 ¼ fðx; yÞ : x; y 2 ℝg:
Definition 4.24 The number of elements in the basis of

a vector space is called the dimension of that vector

space.
For example, the dimension of V2 is 2.

If the number of elements in the basis of a vec-

tor space is finite, then the vector space is called

finite dimensional vector space.

EXAMPLE 4.16
Let F be a field and

F nð Þ ¼ x1; x2; . . . ; xnð Þ: xi 2 Ff g
be a set of n-tuples. If we define addition and scalar

multiplication in F (n) by

x1; x2; . . . ; xnð Þ þ y1; y2; . . . ; ynð Þ
¼ x1 þ y1; x2 þ y2; . . . ; xn þ ynð Þ;

and

l x1; x2; . . . ; xnð Þ ¼ lx1; lx2; . . . ; lxnð Þ:
Then F (n) becomes a vector space (linear space).

Let

e1 ¼ 1; 0; . . . ; 0ð Þ;
e2 ¼ 0; 1; 0; . . . ; 0ð Þ; . . . ; en ¼ 0; 0; . . . ; 1ð Þ:

Then,

x1; x2; . . . ; xnð Þ ¼ x1 1; 0; . . . ; 0ð Þ þ x2 0; 1; 0; . . . ; 0ð Þ
þ . . .þ xn 0; 0; . . . ; 1ð Þ

¼ x1e1 þ x2e2 þ . . .þ xnen

and so {e1, e2, …, en} generates F (n). Further

l1e1 þ l2e2 þ . . .þ lnen ¼ 0

) l 1; 0; . . . ; 0ð Þ þ l2 0; 1; . . . ; 0ð Þ
þ . . .þ ln 0; 0; . . . ; 1ð Þ ¼ 0

) l1; l2; . . . ; lnð Þ ¼ 0

) l1 ¼ l2 ¼ . . . ¼ ln ¼ 0

and so {e
1
, e

2
, …, e

n
} is linearly independent. Hence,

{e
1
, e

2
, …, e

n
} is the basis of F (n) and so F (n) is n-

dimensional.

4.2 MATRICES

Definition 4.25 A rectangular array of mn real or

complex numbers, arranged in m rows and n col-

umns, is called an m � n matrix.

Anm� nmatrix A is represented by the symbol

A ¼

a11 a12 :: :: a1n

a21 a22 :: :: a2n

:: :: :: :: ::

:: :: :: :: ::

am1 am2 :: :: amn

2
6666664

3
7777775
or

A ¼

a11 a12 :: :: a1n

a21 a22 :: :: a2n

:: :: :: :: ::

:: :: :: :: ::

am1 am2 :: :: amn

0
BBBBBB@

1
CCCCCCA
;

where aij denotes the element in the ith row and jth

column of the matrix. Each of the mn number

constituting a m� n matrix is called entry (or ele-

ment) of the matrix A. We generally abbreviate the

symbol of the matrix A by A¼ ½aij�m � n or simply
by [aij]. Further, if a matrix A¼ [aij] hasm rows and

n columns, then it is said to be of order m� n.

Definition 4.26 Two matrices A¼ [aij]m� n and

B¼ [bij]m� n over a field F(ℝ or C) are said to be

equal if

(i) they are both of the same type, that is, have

the same number of rows and columns.

(ii) the elements in the corresponding places

of the two matrices are equal, that is aij¼ bij
for all pairs of i, j.

We observe that the relation of equality of two

matrices is an equivalence relation. In fact,

(i) If A is any matrix, A¼A (Reflexivity)

(ii) If A¼B, then B ¼A (Symmetry)

(iii) If A¼B and B¼C, then A¼C

(Transitivity).

Definition 4.27 The elements aii of a matrix A¼ [aij]
are called the diagonal elements of A.
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Definition 4.28 A matrix in which the number of rows

is equal to the number of columns is called a square

matrix.

If A is a square matrix having n rows and n

columns then it is also called a matrix of order n.

Definition 4.29 If the matrix A is of order n,

the elements a11; a22; . . . ; ann are said to constitute
the main diagonal of A and the elements

an1; an�12; . . . ; a1n constitute its secondary

diagonal.

Definition 4.30 A square matrix A¼ [aij] is said to be

a diagonal matrix if each of its non-diagonal ele-

ment is zero, that is, if aij¼ 0 whenever i 6¼ j.

A diagonal matrix whose diagonal elements, in

order, are d1, d2,…, dn is denoted by Diag ½d1;
d2; . . . ;dn� or Diag a11; a22; . . . ;ann½ � if A¼ ½aij�:
Definition 4.31 A diagonal matrix, whose diagonal

elements are all equal is called a scalar matrix.

For example, the matrix

2 0 0

0 2 0

0 0 2

2
4

3
5

is a scalar matrix of order 3.

Definition 4.32 A scalar matrix of order n, each

of whose diagonal element is equal to 1 is called

a unit matrix or identity matrix of order n and is

denoted by In.

For example, the matrix

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
664

3
775

is a unit matrix of order 4.

Definition 4.33 A matrix, rectangular or square, each

of whose entry is zero is called a zero matrix or a

null matrix and is denoted by 0.

Definition 4.34 A matrix having 1 row and n column

is called a row matrix (or a row vector). For

example, the matrix

½2 3 5 6 2�
is a row matrix.

Definition 4.35 If a matrix has m rows and 1 column,

it is called a column matrix (or a column vector).

For example, the matrix

2

1

0

�3

2
664

3
775

is a column matrix.

Definition 4.36 A submatrix of a given matrix A is

defined to be either A or any array obtained on delet-

ing some rows or columns or both of the matrix A.

Definition 4.37Asquare submatrix of a squarematrix is

called a principal submatrix if its diagonal elements

are also the diagonal elements of the matrix A.
Thus to obtain principal submatrix, it is neces-

sary to delete corresponding rows and columns. For

example, the matrix
3 1

4 3


 �
is a principal submatrix of the matrix

1 2 3 4

2 3 1 0

6 4 3 2

1 2 4 1

2
664

3
775:

Definition 4.38 A principal square submatrix is called
leading submatrix if it is obtained by deleting only

some of the last rows and the corresponding col-

umns. For example,

1 2

2 3


 �
is the leading principal submatrix of the matrix

1 2 3 4

2 3 1 0

6 4 3 2

1 2 4 1

2
664

3
775:

4.3 ALGEBRA OF MATRICES

Matrices allow the following basic operations:

(a) Multiplication of a matrix by a scalar.

(b) Addition and subtraction of two matrices.

(c) Product of two matrices.

However, the concept of dividing amatrix by another

matrix is undefined.
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Definition 4.39 Let a be a scalar (real or complex) and

A be a given matrix. Then the multiplication of

A¼ [aij] by the scalar a is defined by

aA ¼ a½aij� ¼ ½aaij�;
that is, each element of A is multiplied by the scalar

a. The order of the matrix so obtained will be the

same as that of the given matrix A.

For example

4
3 1 2

2 1 0


 �
¼ 12 4 8

8 4 0


 �
:

Definition 4.40 Two matrices A¼ [aij] and B ¼ [bij]

are said to be comparable (conformable) for addi-

tion/subtraction if they are of the same order.

Definition 4.41 Let A and B be two matrices of the

same order, say m x n. Then, the sum of the matrices

A and B is defined by

C ¼ ½cij� ¼ A þ B ¼ ½aij� þ ½ bij� ¼ ½aij þ bij �:
Thus,

cij ¼ aij þ bij; 1 � i � m; 1 � j � n;

The order of the new matrix C is same as that of

A and B. Similarly,

C ¼ A � B ¼ ½aij� � ½bij� ¼ ½aij � bij �
Thus,

cij ¼ aij � bij for 1 � i � m; 1 � j � n

Definition 4.42 If A1, A2,…, An are n matrices which

are conformable for addition and l1; l2; . . . ln are
scalars, then l1A1 þ l2A2 þ . . .þ lnAn is called a

linear combination of the matrices A1, A2, …, An.

Let A¼ ½aij�;B¼ ½bij�;C ¼ ½cij�,be m� n matri-
ces with entries from the complex numbers. Then

the following properties hold:

(a) AþB¼BþA (Commutative law for
addition)

(b) (AþB)þ C¼A þ (BþC) (Associative
law for addition)

(c) Aþ 0¼ 0þA¼A (Existence of additive

identity)

(d) Aþ(�A)¼(�A)þA¼ 0 (Existence of

inverse)

Thus the set of matrices form an additive commu-

tative group.

4.4 MULTIPLICATION OF MATRICES

Definition 4.43 Two matrices A ¼ ½aij�m � n and B ¼
½bij�p � q are said to comparable or conformable for

the product AB if n¼ p, that is, if the number of

columns in A is equal to the number of rows in B.

Definition 4.44 Let A ¼ ½aij�m � n and B¼ ½bij�p� q be

two matrices. Then, the product AB is the matrix

C¼ ½cij�m� q such that

cij ¼ ai1b1jþai2b2jþ . . .þa1nbnj

¼
Xn
k¼1

aik bkj for 1 � i � m;1 � j � n:

Note that the cij [the (i, j)th element of AB] has

been obtained by multiplying the ith row of A,
namely ai1; ai2; . . . ; ainð Þ with the jth column of B,

namely
b1j
b2j
. . .
. . .
bnj

2
66664

3
77775

Remark 4.1 In the product AB, the matrix A is called

prefactor and B is called postfactor.

EXAMPLE 4.17
Construct an example to show that product of two

non-zero matrices may be a zero matrix.

Solution. Let

A ¼ x 0

y 0


 �
B ¼ 0 0

a b


 �
:

Then A and B are both 2� 2 matrices. Hence, they

are conformable for product. Now,

AB ¼ x 0

y 0


 �
0 0

a b


 �

¼ 0þ 0 0þ 0

0þ 0 0þ 0


 �
¼ 0 0

0 0


 �
:

Definition 4.45 When a product AB¼ 0 such that

neither A nor B is 0 then the factors A and B are

called divisors of zero.

The above example shows that in the algebra

of matrices, there exist divisors of zero, whereas in

the algebra of complex numbers, there is no zero
divisor.
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EXAMPLE 4.18
Taking

A ¼
1 3 0

�1 2 1
0 0 2

2
4

3
5; B ¼

2 3 4

1 2 3
�1 1 2

2
4

3
5;

show that matrix multiplication is not, in general,

commutative.

Solution. Both A and B are 3� 3 matrices. Therefore,

both AB and BA are defined. We have,

AB ¼
1 3 0

�1 2 1

0 0 2

2
64

3
75

2 3 4

1 2 3

�1 1 2

2
64

3
75

¼
5 9 13

�1 2 4

�2 2 4

2
64

3
75

and

BA ¼
2 3 4

1 2 3

�1 1 2

2
64

3
75

1 3 0

�1 2 1

0 0 2

2
64

3
75

¼
�1 12 11

�1 7 8

�2 �1 5

2
64

3
75:

Hence AB 6¼ BA.

EXAMPLE 4.19
Give an example to show that cancellation law does
not hold, in general, in matrix multiplication.

Solution. Let

A ¼ 0 4

0 5


 �
; B ¼ 5 4

0 0


 �
;

C ¼ 1 2

0 0


 �
:

Then A and B are conformable for multiplication.

Similarly, A and C are also conformable for multi-

plication. Thus,

AB ¼ 0 4

0 5


 �
5 4

0 0


 �
¼ 0 0

0 0


 �

and

AC ¼ 0 4

0 5


 �
1 2

0 0


 �
¼ 0 0

0 0


 �
:

Hence AB¼AC, A 6¼ 0 without having B¼C and

so we cannot ordinarily cancel A from AB¼AC

even if A 6¼0.

Remark 4.2 The above examples show that in matrix

algebra

(a) The commutative law AB¼BA does not

hold true.

(b) There exist divisors of zero, that is, there

exists matrices A and B such that AB ¼0
but neither A nor B is zero.

(c) The cancellation law does not hold in

general, that is, AB¼AC, A 6¼ 0 does not

imply in general that B ¼ C.

4.5 ASSOCIATIVE LAW FOR MATRIX
MULTIPLICATION

If A ¼ ½aij�m�n B ¼ ½bjk �n � p, and C ¼ ½ckl�n �p are
three matrices with entries from the set of complex

numbers, then

ðABÞC ¼ AðBCÞ:
(Associative Law for Matrix Multiplication):

4.6 DISTRIBUTIVE LAW FOR MATRIX
MULTIPLICATION

If A ¼ ½aij�m � n;B ¼ ½bjk �n � p and C ¼ ½ckl�p �q are

three matrices with elements from the set of

complex numbers, then

AðBþ CÞ ¼ ABþ AC

(Distributive Law for Matrix Multiplication):

Definition 4.46 The matrices A and B are said to be

anticommutative or anticommute if AB¼�BA.

For example, each of the Pauli Spinmatrices (used

in the study of electron spin in quantum mechanics)

�x ¼ 0 1

1 0


 �
; �y ¼ 0 �i

i 0


 �
; �z ¼ 1 0

0 �1


 �
;
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where i2¼� 1 anticommute with the others. In fact,

�x�y ¼
0 1

1 0


 �
0 �i

i 0


 �
¼ i 0

0 �i


 �
;

�y�x ¼
0 �i

i 0


 �
0 1

1 0


 �
¼ �i 0

0 i


 �
;

and so �x�y ¼ ��y�x.

Definition 4.47 If A and B are matrices of order n, then

the matrix AB�BA is called the commutator of A

and B.

Definition 4.48 The sum of the main diagonal ele-

ments aii; i ¼ 1; 2; . . . ; n of a square matrix A is

called the trace or spur of A.

Thus,

tr A ¼ a11 þ a22 þ . . .þ ann:

Theorem 4.10 Let A and B be square matrices of order

n and l be a scalar. Then

(a) tr (lA)¼ l tr A,

(b) tr (AþB)¼ tr Aþ tr B,

(c) tr (AB)¼ tr (BA).

Proof: Let

A ¼ ½aij�n�n and B ¼ bij

 �

n�n
:

(a) We have

lA ¼ l aij

 �

n�n

and so

tr lAð Þ ¼
Xn
I¼1

laii ¼ l
Xn
i¼1

aii ¼ l tr A:

(b) We have

Aþ B ¼ ½aij þ bij�n � n

and so

trðAþ BÞ ¼
Xn
i¼1

aii þ bii½ �

¼
Xn
i¼1

aii þ
Xn
i¼1

bii

¼ tr A þ tr B:

(c) We have

AB ¼ ½cij�n � n

where

cij ¼
Xn
k¼1

aik bkj;

and
BA ¼ ½dij�n � n;

where

dij ¼
Xn
k¼1

bikakj:

Then

tr ABð Þ ¼
Xn
i¼1

cii ¼
Xn
i¼1

Xn
k¼1

aik bki

 !

¼
Xn
k¼1

Xn
i¼1

aik bki

 !
¼
Xn
k¼1

Xn
i¼1

bki aik

 !

¼
Xn
k¼1

dkk ¼ tr BAð Þ:
EXAMPLE 4.20
If A and B are matrices of the same order say n,
show that the relation AB�BA¼ In does not hold

good.

Solution. Suppose on the contrary that the relation

AB – BA¼ In holds true. Since A and B are of same

order, AB and BA are also of order n. Therefore,

trðAB� BAÞ ¼ tr In

) tr AB� tr BA ¼ tr In:

Since tr AB¼ tr BA, we have

0 ¼ tr In ¼ 1þ 1þ 1 . . .þ 1 ¼ n;
which is absurd. Hence, the given relation does not

hold good.

Definition 4.49 An n� n matrix A is said to be nil-
potent if An ¼0 for some positive integer n.

The smallest positive integer n, for which

An¼ 0, is called the degree of nilpotence of A.

For example, the matrix

0 1 2�1

0 0 1 2

0 0 0 1
0 0 0 0

2
664

3
775

is nilpotent and the degree of nilpotence is 4.

Similarly, the matrix

A ¼ 6 9

�4 �6


 �
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is nilpotent with degree of nilpotence 2. In fact,

A2 ¼ 6 9

�4�6

" #
6 9

�4 �6

" #

¼ 36� 36 54� 54

�24þ 24 �36þ 36

" #
¼ 0 0

0 0

" #
:

It can be shown that every 2� 2 nilpotent matrix A

such that A2¼ 0 may be written in the form

lm m2

�l2 �lm


 �
;

where l, m are scalars. If A is real then l, m are also

real.

Definition 4.50 A square matrix A is said to be

involutory if A2 ¼ I

For example, the matrix

1 0

0 1


 �
is involutory.

Theorem 4.11 A matrix A is involutory if and only if

(IþA) (I�A)¼ 0.

Proof: Suppose first that A is involutory, then

A2 ¼ I

or
I � A2 ¼ 0

or

I2 � A2 ¼ 0 since I2 ¼ I

or
I þ Að Þ I � Að Þ ¼ 0 since AI ¼ IA:

Conversely, let

I þ Að Þ I � Að Þ ¼ 0
Then,

I2 � IAþ AI � A2 ¼ 0

or
I2 � A2 þ 0 ¼ 0

or
I2 � A2 ¼ 0

or
A2 ¼ I2 ¼ I :

Definition 4.51 A square matrix A is said to be

idempotent if A2¼A.

For example, In is idempotent.

4.7 TRANSPOSE OF A MATRIX
Definition 4.52 A matrix obtained by interchanging

the corresponding rows and columns of a matrix A

is called the transpose matrix of A.

The transpose of a matrix A is denoted byAT (or

by A 0). Thus, if A¼ [aij]m�n, then AT¼ [aji]n�m is

an n�m matrix. For example, the transpose of the

matrix
1 0 2

3 7 4

1 2 8

2
4

3
5

is
1 3 1

0 7 2
2 4 8

2
4

3
5:

Further,

(i) The transpose of a row matrix is a column

matrix. For example, if A¼ [1 2 4 3 ], then

AT ¼
1

2
4

3

2
664

3
775:

(ii) The transpose of a column matrix is a row

matrix. For example, if

A ¼
3

8

3

2
4

3
5;

then
AT ¼ ½ 3 8 3 �

(iii) If A is m� n matrix, then AT is an n�m

matrix. Therefore, the product AAT, AT A

are both defined and are of order m�m

and n� n, respectively.

IfA¼ [aij]m� n and B¼ [bij]m� n are matrices of

the same order and if l is a scalar, then the transpose
of matrix has the following properties:

(a) (AT)T¼A

(b) (lA)T¼ lAT

(c) (AþB)T¼ATþBT

(d) (AB)T¼BT AT (Reversal law).

4.8 SYMMETRIC, SKEW-SYMMETRIC, AND
HERMITIAN MATRICES

Definition 4.53 A square matrix A is said to be sym-

metric if A¼AT.
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Thus, A¼ [aij]n�n is symmetric if aij¼ aji for

i� i� n, 1 � j � n.

Definition 4.54 A square matrix A ¼ ½aij�n�n is said to

be skew symmetric if aij¼ – aji for all i and j.

Thus squarematrix is skew-symmetrical ifA¼ – AT.
For example,

a h g

h b f

g f c

2
4

3
5

is symmetric matrix whereas the matrix

0 1 2

�1 0 3

�2 �3 0

2
4

3
5

is a skew-symmetric matrix.

Properties of Symmetric and Skew-Symmetric
Matrices
(a) In a skew-symmetric matrix A, all diag-

onal elements are zero. In fact, if A is

skew-symmetric, then

aij ¼ �aji for all i and j:

) aii ¼ �aii
) aii ¼ 0:

(b) The matrix which is both symmetric and
skew-symmetric must be a null matrix. In

fact, if A¼ [aij] is symmetric, then

aij ¼ aji for all i and j:

Further, if A¼ [aij] is skew-symmetric, then

aij ¼ – aji for all i and j. Adding, we get 2aij¼ 0 for

all i and j and so aij¼ 0 for all i and j. Hence, A is a

null matrix. Thus, “Null matrix is the only matrix

which is both symmetric and skew-symmetric.”

(c) For any square matrix A, A þ AT is a
symmetric matrix and A � AT is a skew-

symmetric matrix. In fact, we note that

(i) AþAT
� �T¼ATþ AT

� �T¼ ATþA¼AþAT

and so AþAT is symmetric.

(ii) A� AT
� �T¼ AT � AT

� �T¼ AT � A
¼ � A � ATð Þ

and so A – AT is skew-symmetric.

(d) Every square matrix A can be expressed
uniquely as the sum of a symmetric and a

skew-symmetric matrix. To show it, set

P ¼ 1

2
Aþ AT
� �

and Q ¼ 1

2
A� AT
� �

:

Then

PT ¼ 1

2
Aþ AT
� �
 �T

¼ 1

2
Aþ AT
� �T

¼ 1

2
AT þ AT

� �T� 	
¼ 1

2
AT þ A
� �

¼ 1

2
A þ AT
� � ¼ P:

and so P is symmetric. Further,

QT ¼ 1

2
A� AT
� �
 �T

¼ 1

2
A� AT
� �T

¼ 1

2
AT � AT

� �T� 	
¼ 1

2
AT � A
� �

¼ � 1

2
A � AT
� � ¼ �Q;

and so Q is skew-symmetric. Also PþQ¼A. Thus

A can be expressed as the sum of a symmetric and a

skew-symmetric matrix.

To establish the uniqueness of the expression,

let A¼P1þQ1, where P1 is symmetric and Q1 is
skew-symmetric. It is sufficient to show that P1¼P

and Q1¼Q. We have,

AT ¼ P1 þ Q1ð ÞT¼ PT
1 þ QT

1 ¼ P1 � Q1

Thus

Aþ AT ¼ 2P1 or P1 ¼ 1

2
Aþ AT
� � ¼ P:

Also,

Q1 ¼ A� P1 ¼ A� 1

2
Aþ AT
� �

¼ 1

2
A� AT
� � ¼ Q :

Hence, the expression is unique.

(e) If A is a square matrix, then AþAT and
AAT are symmetric matrices. These facts

follow from

(i) ðAþ AT ÞT¼ AT þ ATð ÞT¼ AT þ A

¼ Aþ AT

and

(ii) ðAAT ÞT¼ ATð ÞTAT ¼ AAT :
(f) If A and B are two symmetric matrices,

then AB-BA is a skew-symmetric matrix.
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In fact,

AB� BAð ÞT¼ ABð ÞT� BAð ÞT
¼ BTAT � ATBT ðReversal LawÞ
¼ BA� AB

¼ � AB� BAð Þ:

(g) If A is a symmetric (skew-symmetric), then

BT ABis a symmetric (skew-symmetric)

matrix. In fact, if A is symmetric, AT¼A

and so

BTAB
� �T¼ BTAT BT

� �T ¼ BTATB

¼ BTAB

and if A is skew-symmetric, then

BTAB
� �T¼ BTAT BT

� �T ¼ BT �Að ÞB ¼ �BTAB:

EXAMPLE 4.21
Express the matrix

A ¼
1 2 4

3 0 2

7 2 5

2
4

3
5

as the sum of a symmetric matrix and a skew-

symmetric matrix.

Solution. We know that every square matrix A

can be expressed as the sum of symmetric

matrix 1
2
Aþ ATð Þ and a skew-symmetric matrix

1
2
A� ATð Þ. In the present case

1

2
Aþ AT
� � ¼ 1

2

1 2 4

3 0 2

7 2 5

0
B@

1
CA þ

1 3 7

2 0 2

4 2 5

0
B@

1
CA

2
64

3
75

¼ 1

2

2 5 11

5 0 4

11 4 10

0
B@

1
CA ¼

1 5
2

11
2

5
2

0 2

11
2

2 5

0
BB@

1
CCA

and

1

2
A� AT
� � ¼ 1

2

1 2 4

3 0 2

7 2 5

0
B@

1
CA �

1 3 7

2 0 2

4 2 5

0
B@

1
CA

2
64

3
75

¼ 1

2

0�1�3

1 0 0

3 0 0

0
B@

1
CA ¼

0 � 1
2
� 3

2
1
2

0 0
3
2

0 0

0
B@

1
CA:

Hence

1 2 4

3 0 2

7 2 5

0
B@

1
CA ¼

1 5
2

11
2

5
2

0 2
11
2

2 5

0
B@

1
CA þ

0 � 1
2
� 3

2
1
2

0 0
3
2

0 0

0
B@

1
CA:

Definition 4.55Amatrix obtained from a given matrix

A by replacing its elements by the corresponding

conjugate complex numbers is called the conjugate

of A and is denoted by �A.
Thus if A ¼ ½aij�m � n, then

�A ¼ ½aij�m�n, where
�aij denotes the complex conjugate of aij.

Definition 4.56Amatrix whose all elements are real is

called a real matrix.

If A is a real matrix, then obviously A¼�A
Further if A and B are two matrices, then

(a) ð��AÞ¼ A

(b) ðAþ BÞ ¼ �Aþ �B

(c) ðlAÞ ¼ �l �A

(d) ðABÞ ¼ �A �B, where l a complex number.

Definition 4.57 The transpose of the conjugate of a
matrix A is called transposed conjugate or tranju-

gate of A and is denoted by Ah or sometimes by A�.
We observe that

�Að ÞT¼ ðAT Þ :
For example, let

A ¼
2 1þ 2i 3þ 4i

1þ i 7 2þ i

3þ 2i 4þ i 3þ 3i

2
4

3
5;
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then

�A ¼
2 1� 2i 3� 4i

1� i 7 2� i

3� 2i 4� i 3� 3i

2
4

3
5

and

Ah ¼
2 1� i 3� 2i

1� 2i 7 4� i

3� 4i 2� i 3� 3i

2
4

3
5:

Let A and B the matrices, then the tranjugate of

the matrix possesses the following properties:

(a) Ah
� �h ¼ A

(b) Aþ Bð Þh¼ Ah þ Bh, A and B being of the

same order.

(c) lAð Þh¼ �lAh, l being a complex number.

(d) ABð Þh¼ BhAh, A and B being conformable

to multiplication.

Definition 4.58 A square matrix A¼ [aij] is said to be

Hermitian if aij¼ aji for all i and j.

Thus, a matrix is Hermitian if and only if A ¼ Ah.
We note that

(a) A real Hermitian matrix is a real symmetric

matrix.

(b) If A is Hermitian, then

aii ¼ aii for all i;

and so aii is real for all i. Thus, every diagonal

element of a Hermitian matrix must be real.

Definition 4.59 A square matrix A¼ [aij] is said to be

Skew-Hermitian if aij¼ ajifor all i and j. Thus, a

matrix is Skew-Hermitian ifA¼ –Ah.We observe that

(a) A real Skew-Hermitian matrix is nothing

but a real Skew-symmetric matrix.

(b) If A is Skew-Hermitian matrix, then aii ¼
��aii or aii þ �aii¼ 0 and so aii is either a pure

imaginary number or must be zero. Thus the

diagonal element of a Skew-Hermitian matrix

must be a pure imaginary number or zero.

For example,

2 3� 4i 2þ 3i

3þ 4i 0 7� 5i
2� 3i 7þ 5i 4

2
4

3
5

is an Hermitian matrix, whereas, the matrix

0 3þ 4i

�3þ 4i i


 �

is Skew-Hermitian.

It can be shown easily that if A is any square matrix,

then AþAh, AAh, AhA are Hermitian and A – Ah is

Skew-Hermitian.

EXAMPLE 4.22
Show that every square matrix can be uniquely

expressible as the sum of a Hermitian matrix and
Skew-Hermitian matrix.

Solution. Asmentioned above, ifA is any square matrix,

then AþAh is Hermitian and A – Ah is Skew-

Hermitian. Therefore, 1
2
Aþ Ah
� �

and 1
2
A� Ah
� �

are

Hermitian and Skew- – Hermitian, respectively, so that

A ¼ 1

2
Aþ Ah
� � þ 1

2
A� Ah
� �

;

which proves first part of our result. The uniqueness

can be proved easily and is left to the reader.

EXAMPLE 4.23
Show that every square matrix A can be uniquely

expressed as Pþ i Q where P and Q, are Hermitian
matrices.

Solution. We take

P ¼ 1

2
Aþ Ah
� �

and Q ¼ 1

2i
A� Ah
� �

:

Then A¼Pþ iQ. Further,

Ph ¼ 1

2
Aþ Ah
� �� �h

¼ 1

2
Aþ Ah
� �h

¼ 1

2
Ah þ 1

2
Ah
� �h¼ 1

2
ðAh þ AÞ

¼ 1

2
ðAþ AhÞ ¼ P;
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showing that P is Hermitian. Similarly,

Qh ¼ 1

2i
A� Ah
� �
 �h

¼ � 1

2i

� �
A� A0
� �h

¼ � 1

2i
fAh � ðAhÞhg

¼ � 1

2i
Ah � A
� �

¼ 1

2i
A� Ah
� � ¼ Q;

showing that Q is also Hermitian. Thus A¼Pþ iQ,
where P and Q are Hermitian.

4.9 LOWER AND UPPER TRIANGULAR MATRICES

Definition 4.60 A square matrix A¼ [aij], in which all

elements above the main diagonal are zero, is called
a lower triangular matrix.

Thus a matrix A is lower triangular if aij¼ 0

for i < j.

Definition 4.61 A square matrix A¼ [aij], in which all

elements below the main diagonal are zero, is called

an upper triangular matrix.

Thus a matrix A is upper triangular matrix if

aij ¼ 0 for i > j.

For example,

1 2 �1

0 1 3

0 0 1

2
4

3
5and 1 0 0

6 �5 0

0 4 1

2
4

3
5

are, respectively, upper triangular and lower trian-

gular matrices.

4.10 ADJOINT OF A MATRIX

Definition 4.62 Let A¼ [aij] be a square matrix of

order n. Then the cofactor of aij is defined as

Aij ¼ cof aij
� � ¼ �1ð Þiþj

Mij

���� ;

whereMij is the matrix obtained by deleting ith row
and jth column of the matrix A.

For example, if

A ¼
1 3 2
2 0 4

3 6 5

2
4

3
5;

then

cof a23ð Þ ¼ cof 4ð Þ ¼ �1ð Þ5 1 3

3 6

����
����

¼ � 6� 9ð Þ ¼ 3

cof a32ð Þ ¼ cof 6ð Þ ¼ �1ð Þ5 1 2

2 4

����
���� ¼ 0:

Definition 4.63 Let A¼[aij] be a square matrix of

order n. Then the cofactor matrix of A is defined to
be the matrix [Aij], where Aij denotes the cofactor of

the entry aij in |A|.

For example, if

A ¼
2 1 0

0 �3 1

�1 �1 3

2
4

3
5;

then
A11 ¼ �1ð Þ2 �9þ 1ð Þ ¼ �8;

A12 ¼ �1ð Þ3 0þ 1ð Þ ¼ �1;

A13 ¼ �1ð Þ4 0� 3ð Þ ¼ �3;

A21 ¼ �1ð Þ3 3þ 0ð Þ ¼ �3;

A22 ¼ �1ð Þ4 6þ 0ð Þ ¼ 6;

A23 ¼ �1ð Þ5 �2þ 1ð Þ ¼ 1;

A31 ¼ �1ð Þ4 1þ 0ð Þ ¼ 1;

A32 ¼ �1ð Þ5 2þ 0ð Þ ¼ �2;

A33 ¼ �1ð Þ6 �6þ 0ð Þ ¼ �6:

Hence, the confactor matrix of A is given by

½Aij� ¼
�8 �1 �3

�3 6 1

1 �2 �6

2
4

3
5:

Definition 4.64 The adjoint of a square matrix A ¼
[aij] of order n is defined to be the transpose of the

cofactor matrix of A. Thus

adj A ¼

A11 A21 . . . . . . An1

A12 A22 . . . . . . An2

A13

. . .
A23

. . .
. . .
. . .

. . .

. . .
An3

. . .
A1n A2n . . . . . . Ann

2
6664

3
7775:
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EXAMPLE 4.24
Find the adj A if

A ¼
2 1 0

0 �3 1

�1 �1 3

2
4

3
5:

Solution. We have seen earlierthat the cofactor

matrix of A is

½Aij� ¼
�8 �1 �3

�3 6 1

1 �2 �6

2
4

3
5:

Therefore,

adjA ¼ ½Aij�T ¼
�8 �1 �3

�3 6 1

1 �2 �6

2
64

3
75
T

¼
�8 �3 1

�1 6 �2

�3 1 �6

2
64

3
75:

Theorem 4.12 Let A be an n�n matrix. Then

Aðadj AÞ ¼ AjAjIn ¼ ðadj AÞ A:
Proof: Since both A and adj A are square matrices

of order n, the products A(adj A) and adj Að Þ
A are defined. Let

A ¼

a11 a12 . . . . . . a1n
a21 a22 . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
an1 an2 . . . . . . ann

2
66664

3
77775:

Then the cofactor matrix of A is

½Aij� ¼

A11 A12 . . . . . . A1n

A21 A22 . . . . . . A2n

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
An1 An2 . . . . . . Ann

2
66664

3
77775

and therefore,

adj A ¼

A11 A21 . . . . . . An1

A12 A22 . . . . . . An2

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
A1n A2n . . . . . . Ann

2
66664

3
77775:

Thus

A adj Að Þ ¼

a11 a12 . . . . . . a1n

a21 a22 . . . . . . a2n

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

an1 an2 . . . . . . ann

2
6666664

3
7777775

�

A11 A21 . . . . . . An1

A12 A22 . . . . . . An2

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

A1n A2n . . . . . . Ann

2
6666664

3
7777775

But, we know that

ai1 Aj1 þ ai2Aj2 þ . . .þ ainAjn ¼ jAj if i ¼ j

0 if i 6¼ j

�
:

Therefore,

A adj Að Þ ¼

jAj 0 . . . . . . 0

0 jAj . . . . . . 0

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

0 0 . . . . . . jAj

2
66664

3
77775

¼ Aj j

1 0 . . . . . . 0

0 1 . . . . . . 0

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

0 0 . . . . . . 1

2
66664

3
77775

¼ jAj In:
Similarly,

ðadj AÞA ¼ jAjIn:
Hence

A adj Að Þ ¼ jAj In ¼ adj Að Þ A:

Corollary 4.1 If |A| 6¼ 0, then

A
1

jAj adj A
� �

¼ In ¼ 1

jAj adj A
� �

A:

4.11 THE INVERSE OF A MATRIX

Definition 4.65 A square matrix A of order n is said to

be invertible if there exists another square matrix B

of order n such that

AB ¼ BA ¼ In:
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The matrix B is then called the inverse of A. If there

exists no such matrix B, then A is called non-

invertible (singular). The inverse of A is denoted by

A�1. For example, if A ¼ 1 1

0 1


 �
and

B ¼ 1 �1

0 1


 �
, then

AB ¼ 1 1

0 1


 �
1 �1

0 1


 �
¼ 1 0

0 1


 �

BA ¼ 1 �1

0 1


 �
1 1

0 1


 �
¼ 1 0

0 1


 �
:

Thus AB¼BA¼ I2. Hence A is invertible and its

inverse is B.

Theorem 4.13 The inverse of a square matrix
is unique.

Proof: Suppose on the contrary that B and C are two

inverse of a matrix A. Then

AB ¼ BA ¼ In ð18Þ
and

AC ¼ CA ¼ In: ð19Þ
Thus, we have

B ¼ B In (property of identity matrix)

¼ BAC ½usingð19Þ�
¼ BAð Þ C ðAssociative LawÞ
¼ InC ½usingð18Þ�
¼ C:

Hence, inverse of A is unique.

Definition 4.66 A square matrix A is called non-sin-

gular if |A| 6¼ 0.

The square matrix A will be called singular if
|A|¼ 0.

Theorem 4.14 A square matrix A is invertible if and

only if it is non-singular.

Proof: The condition is necessary. Let A be invertible

and let B be the inverse of A so that

AB ¼ I ¼ BA:Therefore,

jAj jBj ¼ jI j ¼ 1:

Hence |A| 6¼ 0.

The condition is sufficient. Let A be non singular.

Therefore, |A| 6¼ 0. Let

B ¼ 1

jAj adj Að Þ: Then

AB ¼ A
1

jAj adj A
� �

¼ 1

jAj A adj Að Þ

¼ 1

jAj jAj I½ � ¼ I :

Similarly, BA¼ I. Hence, AB¼BA¼ I and so

B ¼ 1
jAj adj Að Þ is the inverse of A.

Theorem 4.15 Let A and B be two non-

singular matrices of the same order. Then AB is
non-singular and

ABð Þ�1¼ B�1 A�1:

Proof: Since
jABj ¼ jAj jBj 6¼ 0;

it follows that AB is non-singular and so invertible.
Moreover,

ABð Þ B�1 A�1
� � ¼ A B B�1

� �
A�1

¼ AIA�1 ¼ AA�1 ¼ I

and

B�1A�1
� �

ABð Þ ¼ B�1 A �1A
� �

B ¼ B�1I B

¼ B�1B ¼ I :
Hence

ABð Þ B�1A�1
� � ¼ I ¼ B�1A�1

� �
ABð Þ;

which proves that B–1 A–1 is the inverse of AB,
that is,

ABð Þ�1¼ B�1A�1

Theorem 4.16 If A is a non-singular matrix, then

AT
� ��1¼ A�1

� �T
:

(Thus operations of transposing and inversion

commute).

Proof: We note that

AT A�1
� �T¼ A�1A

� �T¼ IT ¼ I

and
A�1
� �T

AT ¼ AA�1
� �T¼ IT ¼ I :

Hence

AT A�1
� �T¼ I ¼ A�1

� �T
AT
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and so
AT
� ��1¼ A�1

� �T
:

Theorem 4.17 If a matrix A is invertible, then Ah is

invertible and

Ah
� ��1¼ A�1

� �h
:

Proof: We have

Ah A�1
� �h¼ A�1A

� �h¼ Ih ¼ I

and

A�1
� �h

Ah ¼ A A�1
� �h¼ Ih ¼ I :

Thus, A�1ð Þhis the inverse of the Ah.

4.12 METHODS OF COMPUTING INVERSE
OF A MATRIX

1. Method of an Adjoint Matrix
If A is non-singular square matrix, then we have

A
1

jAj adj A
� �

¼ I ¼ 1

jAj adj A
� �

A:

This relation yields

A�1 ¼ 1

jAj adj A:

EXAMPLE 4.25
Find the inverse of the matrix

A ¼
3 �3 4

2 �3 4

0 �1 1

2
4

3
5:

Solution. We have

jAj ¼
3 �3 4
2 �3 4

0 �1 1

������
������

¼ 3 �3þ 4ð Þ þ 3 ð 2 Þ þ 4 ð�2Þ ¼ 1:

Cofactor of the entries are

A11 ¼ 1; A12 ¼ �2 A13 ¼ �2

A21 ¼ �1; A22 ¼ 3 A23 ¼ 3

A31 ¼ 0 A32 ¼ �4 A33 ¼ �3:

Therefore, the cofactor matrix is

Aij


 � ¼ 1 �2 �2

�1 3 3
0 �4 �3

2
4

3
5

and so

adj A ¼
1 �1 0

�2 3 �4

�2 3 �3

2
4

3
5 :

Hence

A�1 ¼ 1

jAj adj A ¼
1 �1 0

�2 3 �4

�2 3 �3

2
4

3
5:

EXAMPLE 4.26
Find A–1 if

A ¼
1 2 �1
3 0 2

4 �2 5

2
4

3
5:

Solution. We have |A|¼ –4. The cofactor matrix is

Aij


 � ¼ 4 �7 �6
�8 9 10

4 �5 �6

2
4

3
5

and so

adj A ¼
4 �8 4

�7 9 �5

�6 10 �6

2
4

3
5:

Hence

A�1 ¼ � 1

4

4 �8 4

�7 9 �5

�6 10 �6

2
4

3
5 ¼

�1 2 �1
7
4

�9
4

5
4

3
2

�5
2

3
2

2
64

3
75

2. Method Using Definition of Inverse
Let B be the inverse of matrix A, which is non-

singular. Then, AB¼ I, that is,

a11 a12 . . . . . . a1n
a21 a22 . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
an1 an2 . . . . . . ann

2
66664

3
77775

b11 b12 . . . . . . b1n
b21 b22 . . . . . . b2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
bn1 bn2 . . . . . . bnn

2
66664

3
77775

¼

1 0 . . . . . . 0

0 1 . . . . . . 0

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
0 0 . . . . . . 1

2
66664

3
77775

Multiplying the matrices on the left and then com-
paring the corresponding entries we can find b11,

b12,…, bnn. Then, B will be the inverse of A.

Matrices n 4.21



EXAMPLE 4.27
Find the inverse of

A ¼
1 2 �1

0 1 3

0 0 1

2
4

3
5:

Solution. The given matrix is upper triangular matrix.

The readers may prove that inverse of an upper

triangular matrix is also upper triangular matrix.
Similarly, the inverse of a lower-triangular matrix is

again a lower-triangular matrix. So, let

a b c

0 d e

0 0 f

2
4

3
5

be the inverse of the given matrix. Then, by defini-

tion of the inverse, we must have

1 2 �1

0 1 3

0 0 1

2
4

3
5 a b c

0 d e

0 0 f

2
4

3
5 ¼

1 0 0

0 1 0

0 0 1

2
4

3
5

or

a bþ 2d cþ 2e� f

0 d eþ 3f

0 0 f

2
4

3
5 ¼

1 0 0

0 1 0

0 0 1

2
4

3
5:

Equating corresponding entries, we get

a ¼ 1; d ¼ 1; f ¼ 1

bþ 2d ¼ 0 so that b ¼ �2d ¼ �2

eþ 3f ¼ 0 so that e ¼ �3f ¼ �3

cþ 2e� f ¼ 0 so that c ¼ f � 2e ¼ 1þ 6 ¼ 7:

Hence,

A�1 ¼
1 �2 7

0 1 �3

0 0 1

2
4

3
5:

Remark 4.3 We can also find the inverse of a lower

triangular matrix by the above method.

3. Method of Matrix Equation.
Let

a11x1 þ a12x2 þ . . .þ a1nxn ¼ b1

a21x1 þ a22x2 þ . . .þ a2nxn ¼ b2

. . . . . . . . . . . .

. . . . . . . . . . . .

an1x1 þ an2x2 þ . . .þ annxn ¼ bn

be a set of n equations in n variables x1, x2, …, xn In

matrix form, we can represent these equations by

AX ¼ B;

where

A ¼

a11 a12 . . . . . . a1n
a21 a22 . . . . . . a2n
. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

an1 an2 . . . . . . ann

2
66664

3
77775;

X ¼

x1
x2
. . .

. . .

xn

2
66664

3
77775; B ¼

b1
b2
. . .

. . .

bn

2
66664

3
77775

and A is called the coefficient matrix. If A is non-

singular matrix, then A–1 exists. Premultiplying the
matrix equation by A–1 we get

A�1 AXð Þ ¼ A�1B

or

A�1A
� �

X ¼ A�1B

or

IX ¼ A�1B

or

X ¼ A�1B:

Hence, if we can represent x1, x2,…, xn in terms of

b1, b2,…, bn, then the coefficient matrix of this

system will be the inverse of A.

EXAMPLE 4.28
Find the inverse of

A ¼
1 0 �4

0 �1 2

�1 2 1

2
4

3
5:

Solution. We observe that jAj ¼ �1 6¼ 0: Thus, A is

non-singular and so the inverse of A exists. We
consider the matrix equation

1 0 �4

0 �1 2

�1 2 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

b1
b2
b3

2
4

3
5;
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which yields

x1 � 4x3 ¼ b1

�x2 þ 2x3 ¼ b2

�x1 þ 2x2 þ x3 ¼ b3:

Solving these equations for x1, x2, and x3, we have

x1 ¼ 5b1 þ 8b2 þ 4b3

x2 ¼ 2b1 þ 3b2 þ 2b3

x3 ¼ b1 þ 2b2 þ b3:

In matrix form, we have

x1
x2
x3

2
4

3
5 ¼

5 8 4

2 3 2

1 2 1

2
4

3
5 b1

b2
b3

2
4

3
5;

that is

X ¼ A�1B:

Hence

A�1 ¼
5 8 4
2 3 2

1 2 1

2
4

3
5:

4. Method of Elementary Transformation
(Gauss-Jordan Method)

The following transformations are called elemen-
tary transformation of a matrix:

(a) Interchanging of rows (columns).

(b) Multiplication of a row (column) by a non-

zero scalar.

(c) Adding/subtracting k multiple of a row

(column) to another row (column).

Definition 4.67 A matrix B is said to be row (column)

equivalent to a matrix A if it is obtained from A by

applying a finite number of elementary row (col-

umn) transformations. In such case, we write B �
A. In Gauss–Jordan Method, we perform the

sequence of elementary row transformations on

A and I simultaneously, keeping them side-by-side.

EXAMPLE 4.29
Using elementary row transformations, find A–1 if

A ¼
1 0 2

2 �1 3

4 1 5

2
4

3
5:

Solution. Consider the augmented matrix

AjI½ � ¼
1 0 2

2 �1 3

4 1 5

1 0 0

0 1 0

0 0 1

��������

2
664

3
775

�
1 0 2

0 �1 �1

0 1 �3

1 0 0

�2 1 0

�4 0 1

��������

2
664

3
775R2 ! R2 � 2R1

R3 ! R3 � 4R1

�
1 0 2

0 1 1

0 1 �3

1 0 0

2 �1 0

�4 0 1

��������

2
664

3
775R2 ! �R2

�
1 0 2

0 1 1

0 0 �4

1 0 0

2 �1 0

�6 1 1

��������

2
664

3
775R3 ! R3 � R2

�
1 0 2

0 1 1

0 0 1

1 0 0

2 �1 0

3
2

� 1
4

� 1
4

��������

2
664

3
775R3 ! � 1

4
R3

�
1 0 2

0 1 0

0 0 1

1 0 0

1
2

� 3
4

1
4

3
2

� 1
4

� 1
4

��������

2
664

3
775R2 ! R2 � R3

�
1 0 0

0 1 0

0 0 1

�2 1
2

1
2

1
2

� 3
4

1
4

3
2

� 1
4

� 1
4

��������

2
664

3
775R1 ! R1 � 2R3

Hence

A�1 ¼
�2 1

2
1
2

1
2

� 3
4

1
4

3
2

� 1
4

� 1
4

2
64

3
75:

EXAMPLE 4.30
Using elementary row transformation, find the

inverse of the matrix

A ¼
1 3 3

1 4 3
1 3 4

2
4

3
5:
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Solution. Consider the augmented matrix

[AjI ]¼
1 3 3

1 4 3

1 3 4

1 0 0

0 1 0

0 0 1

��������

2
664

3
775

�
1 3 3

0 1 �1

1 3 4

1 0 0

0 1 �1

0 0 1

��������

2
664

3
775R2 ! R2 �R3

�
1 3 3

0 1 �1

1 3 1

1 0 0

0 1 �1

�1 0 1

��������

2
664

3
775R3 ! R3 �R1

�
1 0 6

0 1 �1

0 0 1

1 �3 3

0 1 �1

�1 0 1

��������

2
664

3
775R1 ! R1 � 3R2

�
1 0 6

0 1 0

0 0 1

1 �3 3

�1 1 0

�1 0 1

��������

2
664

3
775R2 ! R2 þR3

�
1 0 0

0 1 0

0 0 1

7 �3 �3

�1 1 0

�1 0 1

��������

2
664

3
775R1 ! R1 � 6R3:

Hence

A�1 ¼
7 �3 �3

�1 1 0

�1 0 1

2
4

3
5:

EXAMPLE 4.31
Find the inverse of the matrix

A ¼
1 1 3

1 3 �3

�2 �4 �4

2
4

3
5;

by using elementary transformations.

Solution. Write A¼ I3A, that is,

1 1 3

1 3 �3

�2 �4 �4

2
4

3
5 ¼

1 0 0

0 1 0

0 0 1

2
4

3
5A:

Now we reduce the matrix A to identity matrix I3 by

elementary row transformation keeping in mind that

each such row transformation will apply to the

prefactor I3 on the right hand side.

Performing R2 ? R2 – R1 and R3 ? R3þ 2R1,

we get

1 1 3

0 2 �6
0 �2 2

2
4

3
5 ¼

1 0 0

�1 1 0
2 0 1

2
4

3
5A:

Performing R2 ! 1
2
R2; we get

1 1 3

0 1 �3

0 �2 2

2
4

3
5 ¼

1 0 0

� 1
2

1
2

0

2 0 1

2
4

3
5A:

PerformingR1? R1 – R2 and R3? R3þR2, we get,

1 0 6

0 1 �3
0 0 �4

2
4

3
5 ¼

3
2

� 1
2

0

� 1
2

1
2

0

1 1 1

2
4

3
5A:

Performing R3 ! � 1
4
R3; we get

1 0 6

0 1 �3

0 0 1

2
4

3
5 ¼

3
2

� 1
2

0

� 1
2

1
2

0

� 1
4

� 1
4

� 1
4

2
4

3
5A:

Performing R1 ? R1þ 6R3 and R2 ? R2þ 3R3, we

get

1 0 0

0 1 0

0 0 1

2
4

3
5 ¼

3 1 3
2

� 5
4

� 1
4

� 3
4

� 1
4

� 1
4

� 1
4

2
64

3
75A:

Thus,

I3 ¼
3 1 3

2

� 5
4

� 1
4

� 3
4

� 1
4

� 1
4

� 1
4

2
64

3
75A:

Hence

A�1 ¼
3 1 3

2

� 5
4

� 1
4

� 3
4

� 1
4

� 1
4

� 1
4

2
64

3
75:
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4.13 RANK OF A MATRIX

Definition 4.68 Amatrix is said to be of rank r if it has

at least one non-singular submatrix of order r but

has no non-singular submatrix of order more than r.

Rank of a matrix A is denoted by 	(A).
A matrix is said to be of rank zero if and only if all

its elements are zero.

EXAMPLE 4.32
Find the rank of the matrix

A ¼
1 3 4 2

2 4 6 2

�1 5 4 6

2
4

3
5:

Solution. The matrix A is of order 3� 4. Therefore,

	(A) � 3. We note that

jA1j ¼
1 3 4

2 4 6

�1 5 4

�������
������� ¼ 0;

jA2j ¼
1 3 2

2 4 2

�1 5 6

�������
������� ¼ 0;

jA3j ¼
1 4 2

2 6 2

�1 4 6

�������
������� ¼ 0;

jA4j ¼
3 4 2

4 6 2

5 4 6

�������
������� ¼ 0:

Therefore, 	(A) 6¼ 3. But, we have submatrix B ¼
1 3

2 4


 �
; whose determinant is equal to �2 6¼ 0.

Hence, by definition, 	(A)¼ 2.

EXAMPLE 4.33
Find the rank of the matrix

A ¼
2 1 �1
0 3 �2

2 4 �3

2
4

3
5:

Solution. Since jAj ¼ 0; 	ðAÞ � 2. But, we note that

2 1

0 3

����
���� ¼ 6 6¼ 0: Hence, 	(A)¼ 2.

Remark 4.4 The rank of a matrix is, of course,

uniquely defined when the elements are all expli-

citly given numbers, but not necessarily otherwise.

For example, consider the matrix

A ¼
4� x 2

ffiffiffi
5

p
0

2
ffiffiffi
5

p
4� x

ffiffiffi
5

p
0

ffiffiffi
5

p
4� x

2
4

3
5:

We have

jAj ¼ 4� xð Þ3�25 4� xð Þ ¼ 0; if x ¼ 9; 4 or�1:
When x¼ 9, we have the singular matrix

A ¼
�5 2

ffiffiffi
5

p
0

2
ffiffiffi
5

p �5
ffiffiffi
5

p
0

ffiffiffi
5

p �5

2
4

3
5;

which has non-singular submatrix

�5
ffiffiffi
5

pffiffiffi
5

p �5


 �
:

Thus, for x¼ 9 the rank of A is 2. Similarly, the rank

is 2 when x¼ 4 or x¼ –1. For other values of

x; jAj 6¼ 0 and so the rank of A is 3.

Theorem 4.18 Let A be an m� n matrix. Then

	(A)¼ 	(AT).

Proof: Suppose 	(A)¼ r. Then, there is at least one

square submatrix R of A of order r whose deter-

minant is non-zero. If RT is transpose of R, then it is
submatrix of AT. Since, the value of a determinant

does not alter by interchanging the rows and col-

umns, |RT| ¼|R| 6¼ 0. Therefore, 	(AT)
 r.

Now if AT contains a square submatrix S of

order rþ 1, then corresponding to S, ST is a sub-

matrix of A of order rþ 1. But 	(A)¼ r. Therefore,

jSj ¼ jST j ¼ 0: Thus, AT cannot contain an (rþ 1)

rowed square submatrix with non-zero determinant.

Thus, 	(AT)� r. Hence, 	(AT)¼ r.

Theorem 4.19 The rank of a matrix does not alter

under elementary row (column) transformations.

Proof: Let A¼ [aij] be an m� n matrix of rank r. We

prove the theorem only for elementary row trans-

formation. The proof for column transformation is
similar.
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Case I. Interchange of a pair of row does not alter the

rank.

Let s be the rank of the matrix B obtained from

the matrix A of rank r by elementary transformation

Rp Rq. Let B0 be any (rþ 1) rowed square sub-

matrix of B. The (rþ 1) rows of B0 are also the rows

of some uniquely determined submatrix A0 of A.
The identical rows of A0 and B0 may occur in the

same or in different relative positions. Since, the

interchange of two rows of a determinant changes

only the sign, we have
B0j ¼ jA0j or jB0j ¼ �jA0j:

Since 	(A)¼ r, every (rþ 1)-rowed minor of

A vanishes, that is, |A0| ¼0. Hence, | B0 |¼ 0.

Therefore, every (rþ 1) rowed minor of B vanishes.

Hence, s¼ 	(B)� r¼ 	(A). But A can also be

obtained from B by interchanging its rows.
Therefore, r� s. Hence r¼ s.

Case II. Multiplication of the elements of a row by a

non-zero number does not alter the rank.

Let s be the rank of the matrix B obtained from the

matrix A of rank r by the elementary transformation

Rp ? kRp (k 6¼ 0) If B0 is any (rþ1)-rowed submatrix

of B, then there exists a uniquely determined submatrix

A0 of A such that |B0 |¼ |A0 | (when pth row of B is one
of those rows which are deleted to obtain B0 from B) or

| B0 |¼ k| A0 | (when pth row of B is retained while

obtaining B0 from B). Since 	(A)¼ r, every (rþ 1)-

rowed submatrix has zero determinant, that is |A0 |¼ 0.

Hence, | B0 |¼ 0. Thus every (r þ1)-rowed submatrix

of B vanishes. Hence 	(B)� r, that is, s� r. On

the other hand, A can be obtained from B by ele-

mentary transformation Rp ! 1
k
Rp: Therefore, we

have r� s. Hence r¼ s.

Case III. Addition to the elements of a row, the

product by any number k of the corresponding

elements of any other row, does not alter the rank.

Let s be the rank of the matrix B obtained from

the matrix A by elementary transformation Rp ?
Rpþ kRq. Let B0 be any (r þ1)-rowed square sub-

matrix of B and A0 be the corresponding placed
submatrix of A. The transformation Rp ? Rpþ kRq

has changed only the pth row of the matrix A. We

know that the value of the determinant does not

change if we add to the elements of any row the

corresponding elements of any other row multiplied

by some number. Therefore, if no row of the sub-

matrix A0 is a part of the pth row or if two rows of A0

are parts of the pth and qth rows of A, then | B0 |¼ |

A0 |. Since 	(A)¼ r, we have | A0 |¼ 0 and conse-

quently | B0 |¼ 0.

Again, if a row of A0 is a part of the pth row of
A, but no row is part of qth row, then

jB0j ¼ jA0j þ kjC0j;
where C0 is an (rþ 1)-rowed square matrix which

can be obtained from A0 by replacing the elements

of A0 in the row which corresponds to the pth row of

A by the corresponding elements in the qth row of

A. All the (rþ1) rows of the matrix C0 are exactly

the same as the rows of some (rþ1)-rowed square
submatrix of A, though arranged in some different

order. Therefore, | C0 |¼ ± times some (rþ1)-rowed

minor of A. Since the rank of A is r, every (rþ1)-

rowed minor of A is also zero, so that | A0 |¼ 0, | C0

|¼ 0, and so in turn | B0 |¼ 0. Thus, every (rþ1)-

rowed square matrix of B has zero determinant.

Hence, s� r. Also, since, A can be obtained from B

by an elementary transformation, Rp ?Rpþ kRp

Therefore, as stated, r� s. Hence r¼ s.

EXAMPLE 4.34
Find the rank of the matrix

A ¼
3 2 �1

4 2 6
7 4 5

2
4

3
5:

Solution. We have

A ¼
3 2 �1

4 2 6

7 4 5

2
664

3
775

�
�1 0 �7

4 2 6

7 4 5

2
664

3
775R1 ! R1 � R2
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�
1 0 7

4 2 6

7 4 5

2
4

3
5R1 ! �R1

�
1 0 7

0 2 �22

0 4 �44

2
4

3
5R2 ! R2 � 4R1

R3 ! R3 � 7R1

�
1 0 7

0 1 �11

0 4 �44

2
4

3
5R2 ! 1

2
R2

�
1 0 7

0 1 �11

0 0 0

2
4

3
5R3 ! R3 � 4R2:

Thus, |A|¼ 0. Therefore 	(A) 6¼ 3. But, since

1 0

0 1

����
���� ¼ 1 6¼ 0;

it follows that 	(A)¼ 2.

4.14 ELEMENTARY MATRICES

Definition 4.69 A matrix obtained from a unit matrix

by a single elementary transformation is called an

elementary matrix.

For example,

0 0 1

0 1 0

1 0 0

2
4

3
5

is the elementary matrix obtained from I3 by sub-

jecting it to C1 $ C3: The matrix

4 0 0

0 1 0

0 0 1

2
4

3
5

is the elementary matrix obtained from I3 by sub-

jecting it to R1? 4R1, whereas the matrix

1 2 0

0 1 0

0 0 1

2
4

3
5

is the elementary matrix obtained from I3 by sub-

jecting it to R1 ? R1þ 2 R1. The elementary matrix

obtained by interchanging the ith and jth row of a

unit matrix I is denoted by Eij. Since, we obtain
same matrix by interchanging ith and jth row or ith

and jth column, Eij will also denote the elementary

matrix obtained from A by interchanging ith and jth

column. Ei (k) denotes the elementary matrix

obtained by multiplying the ith row or ith column of

a unit matrix by k.

Similarly, Eij(m) denotes the elementary matrix

obtained by adding to the elements of the ith row

(column) of a unit matrix the m multiple of the
corresponding elements of the jth row (column).

We note that jEijj ¼ �1; jEi kð Þj ¼ k 6¼ 0

j Eij mð Þ j ¼ 1. It follows, therefore, that all the

elementary matrices are non-singular and, hence,

possess inverse.

Theorem 4.20 Every elementary row (column)

transformation of a matrix can be obtained by pre-

multiplication (post-multiplication) with corre-

sponding elementary matrix.

Proof: Let B be the matrix obtained from an m� n

matrix A by row transformation. If E is elementary

matrix obtained from Im by the same row transfor-

mation, it is sufficient to show that B¼EA.

Let

M ¼

R1

R2

. . .

. . .
Rm

2
66664

3
77775; N ¼ C1C2 . . . Cn½ �:

Then

MN ¼

R1C1 R1C2 . . . . . . R1Cn

R2C1 R2C2 . . . . . . R2Cn

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
RmC1 RmC2 . . . . . . RmCn

2
66664

3
77775:

Clearly, a row transformation applied to M will be
the row transformation applied to MN. Hence, ele-

mentary row transformation of a productMN of two

matrices M and N can be obtained by subjecting

the prefactor M to the same elementary row

transformation.

Similarly, every elementary column transfor-

mation of a product MN can be obtained by sub-

jecting the post-factor N to the same elementary
column transformation.

Matrices n 4.27



Now, A is an m� n matrix and Im is an identity

matrix of orderm. Therefore, A¼ ImAHence, by the

preceding arguments, if we apply a row transfor-

mation to A to get a matrix B, then this can be done

by applying the same row transformation to Im.

Thus, if B is obtained from A by applying a row

transformation and E is obtained from Im by using
the same row transformation, then B¼EA.

Similarly, if B is obtained from A by subjecting

it to a column transformation and E is obtained from

I by subjecting it to the same column transformation

then B¼AE.

EXAMPLE 4.35
Let

A ¼
1 3 4

2 1 3

5 3 2

2
4

3
5

and

B ¼
1 3 4

4 2 6

5 3 2

2
4

3
5

Thus, B has been obtained from A by the row

transformation R2 ? 2 R2
. Now, if, E is the ele-

mentary matrix obtained from I3 by R2 ? 2 R2

then

EA¼
1 0 0

0 2 0

0 0 1

2
64

3
75

1 3 4

2 1 3

5 3 2

2
64

3
75¼

1 3 4

4 2 6

0 0 1

2
64

3
75¼ B:

4.15 ROW REDUCED ECHELON FORM AND NORMAL
FORM OF MATRICES

Definition 4.70 A matrix is said to be in row-reduced

echelon form if

(i) The first non-zero entry in each non-zero

row is 1.

(ii) The rows containing only zeros occur
below all the non-zero rows.

(iii) The number of zeros before the first non-

zero element in a row is less than the num-

ber of such zeros in the next row.

The rank of a matrix in row reduced echelon

form is equal to the number of non-zero rows of the

matrix. For example, the matrix,

0 1 3 4

0 0 1 2

0 0 0 0

2
4

3
5

is in the row reduced echelon form and its rank is

2 (the number of non-zero rows).

Theorem 4.21 Every non-zero m� n matrix of rank r

can be reduced, by a sequence of elementary
transformation, to the form

Ir 0
0 0


 �

(normal form or first canonical form), where Ir is

the identity matrix of order r.

Proof: Let A ¼ ½aij�m�n be a matrix of rank r. Since

A is non-zero, it has at least one element different

from zero. Suppose aij 6¼ 0. Interchanging the first

and ith row and then first and jth column we obtain

a matrix B whose leading element is non-zero,

say k.

Multiplying the elements of the first row of the

matrix B by 1
k
; we obtain a matrix

C ¼

1 c12 c13 . . . . . . c1n
c21 c22 c23 . . . . . . c2n
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
cm1 cm2 cm3 . . . . . . cmn

2
66664

3
77775;

whose leading element is equal to 1. Subtracting sui-

table multiples of the first column of C from the

remaining columns, and suitable multiples of first

row from the remaining rows, we obtain a matrix

D ¼

1 0 0 . . . . . . 0

0 d22 d23 . . . . . . d2n

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

0 dm2 dm3 . . . . . . dmn

2
6666664

3
7777775
;
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in which all elements of the first row and first

column except the leading element are equal to

zero. If

d22 d23 . . . . . . . . . d2n
d32 d34 . . . . . . . . . d3n
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
dm2 dm3 . . . . . . . . . dmn

2
66664

3
77775 6¼ 0;

we repeat the above process for this matrix and get a

matrix

E ¼

1 0 0 . . . . . . 0

0 1 0 . . . . . . 0
0 0 e33 . . . . . . e3n
. . . . . . . . . . . . . . . . . .
0 0 3m3 . . . . . . emn

2
66664

3
77775:

Continuing this process, we obtain a matrix

N ¼ Ik 0

0 0


 �
:

The rank of N is k. Since, the matrix N has been
obtained from A by elementary transformations,

	(N)¼ 	(A), that is, k¼ r. Hence, every non-zero

matrix can be reduced to the form

Ik 0

0 0


 �
by a finite chain of elementary transformations.

Corollary 4.2 The rank of an m� nmatrix A is r if and
only if it can be reduced to the normal form by a

sequence of elementary transformations.

Proof: If 	(A)¼ r, then by the above theorem it can

be reduced to normal form by a sequence of ele-

mentary transformations.

Conversely, let the matrix A has been reduced

to normal form
Ir 0

0 0


 �
by elementary transfor-

mations. Now the rank of
Ir 0

0 0


 �
is r and we know

that rank of a matrix is not altered by elementary
transformation. Therefore, rank of A is also r.

Corollary 4.3 If A is an m� n matrix of rank r, there

exist non-singular matrices P and Q such that

PAQ ¼ Ir 0
0 0


 �
:

Proof: Since A is an m� n matrix of rank r, it can be

reduced to normal form
Ir 0

0 0


 �
using a sequence

of elementary transformations. Further, since the

elementary row (column) transformations are

equivalent to pre-(post) multiplication by the cor-

responding elementary matrices, we have

PsPs�1 . . .P1 AQ1 Q2 . . .Qt ¼ Ir 0

0 0


 �
:

Now, since, eachelementarymatrix is non-singular and

the product of non-singular matrices is again non-sin-

gular, it follows that Ps Ps–1…P1 and Q1 Q2… Qt are

non-singular matrices, say P and Q. Hence

PAQ ¼ Ir 0

0 0


 �
;

where P and Q are non-singular matrices.

4.16 EQUIVALENCE OF MATRICES

Definition 4.71 Two matrices whose elements are real

or complex numbers are said to be equivalent if and

only if each can be transformed into the other by

means of elementary transformations.

If the matrix A is equivalent to the matrix B,

then we write A � B

The relation of equivalence ‘�’ in the set of all

m� n matrices is an equivalence relation, that is, �
is reflexive, symmetric, and transitive.

Theorem 4.22 If A and B are equivalent matrices, then

	(A)¼ 	(B).

Proof: If A�B, then B can be obtained from A by a

finite number of elementary transformations. But

elementary transformation do not alter the rank of a

matrix. Hence 	(A)¼ 	(B).

Theorem 4.23 If two matrices A and B have
the same size and the same rank, they are equivalent.
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Proof: Let A and B be two m� n matrices of the

same rank r. Then they can be reduced to

normal form by elementary transformations.

Therefore,

A � Ir 0
0 0


 �
and B � Ir 0

0 0


 �
or, by symmetry of the relation of equivalence of

matrices

A � Ir 0

0 0


 �
and

Ir 0

0 0


 �
� B:

Using transitivity of the relation, ‘�’ we have A � B.

Theorem 4.24 If A and B are equivalent matrices,

there exist non-singular matrices P and Q such that

B¼PAQ.

Proof: If A � B, then B can be obtained from A by a

finite number of elementary transformations of A.

But elementary row (column) transformations are

equivalent to pre (post) multiplication by the cor-

responding elementary matrices. Therefore, there

are elementary matrices P1, P2,…,Ps Q1, Q2,…,Qt

such that

Ps Ps�1 . . .P1A Q1 Q2 . . .Qt ¼ B:
Since, each elementary matrix is non-singular and

the product of non-singular matrices is non-singular,
we have,

PAQ ¼ B;
where P¼Ps Ps–1…P1 and Q¼Q1 Q2…Qt are non-

singular matrices.

Theorem 4.25 Any non-singular matrix of explicitly

given numbers may be factored into the product of

elementary matrices.

Proof: Any non-singular matrix A of order n and the

identity matrix In have the same order and same rank.

Hence A� In. Therefore, by the Theorem 4.41, there
exist elementary matrices Pj and Qj such that

A ¼ PsPs�1 . . .P1InQ1Q2 . . .Qt:

EXAMPLE 4.36
Reduce the matrix

A ¼
1 �1 2 �3

4 1 0 2

0 3 0 4
0 1 0 2

2
664

3
775

to normal form and, hence, find its rank.

Solution. We observe that

A �
1 0 0 0

4 5 �8 14

0 3 0 4

0 1 0 2

2
664

3
775

C2 ! C2 þ C1

C3 ! C3 � 2C1

C4 ! C4 þ 3C1

�
1 0 0 0

0 5 �8 14

0 3 0 4

0 1 0 2

2
664

3
775R2 ! R2 � 4R1

�
1 0 0 0

0 1 0 2

0 3 0 4

0 5 �8 14

2
664

3
775R2 $ R4

�
1 0 0 0

0 1 0 0

0 3 0 �2

0 5 �8 4

2
664

3
775C4 ! C4 � 2C2

�
1 0 0 0

0 1 0 0

0 0 0 �2

0 0 �8 4

2
664

3
775
R3 ! R3 � 3R2

R4 ! R4 � 5R2

�
1 0 0 0

0 1 0 0

0 0 �2 0

0 0 4 �8

2
664

3
775C3 $ C4

�
1 0 0 0

0 1 0 0

0 0 1 0

0 0 �2 1

2
664

3
775C3 ! � 1

2
C3

C4 ! � 1
8
C4

�
1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
664

3
775R4 ! R4 þ 2R3

¼ I4:

Hence, 	(A)¼ 4.

EXAMPLE 4.37
Reduce the matrix

3 2 �1

4 2 6

7 4 5

2
4

3
5

to the normal form and, hence, find its rank.
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Solution. We note that

A ¼
3 2 �1

4 2 6

7 4 5

2
64

3
75

�
�1 0 �7

4 2 6

7 4 5

2
64

3
75R1 ! R1 � R2

�
1 0 7

4 2 6

7 4 5

2
64

3
75R1 ! �R1

�
1 0 7

4 2 �22

0 4 �44

2
64

3
75R2 ! R2 � 4R1

R3 ! R3 � 7R1

�
1 0 7

0 1 �11

0 4 �44

2
64

3
75R2 ! 1

2
R2

�
1 0 7

0 1 �11

0 0 0

2
64

3
75R3 ! R3 � 4R2

�
1 0 0

0 1 �11

0 0 0

2
64

3
75C3 ! C3 � 7C1

�
1 0 0

0 1 0

0 0 0

2
64

3
75C3 ! C3 þ 11C2

� I2 0

0 0


 �
:

Hence 	(A)¼ 2.

EXAMPLE 4.38
For the matrix

A ¼
1 1 1

1 �1 �1

3 1 1

2
4

3
5;

find the non-singular matrices P and Q such that

PAQ is in the normal form. Hence, find the rank of

the matrix A.

Solution. We write
A ¼ I3AI3:

Thus,

1 1 1

1 �1 �1

3 1 1

2
4

3
5 ¼

1 0 0

0 1 0

0 0 1

2
4

3
5A 1 0 0

0 1 0

0 0 1

2
4

3
5:

We shall apply elementary transformations on A

until it is reduced to normal form, keeping in mind

that each row transformation will also be applied to

the pre-factor I3 of the product on the right and each

column transformation will also be applied to the

post-factor I3 of the product on the right.
Performing R2 ? R2 – R1, R3 ? R3 – 3R1, we

get,

1 1 1

0 �2 �2

0 �2 �2

2
4

3
5 ¼

1 0 0

�1 1 0

�3 0 1

2
4

3
5A 1 0 0

0 1 0

0 0 1

2
4

3
5

Performing C2 ? C2 – C1, C3 ? C3 – C1, we get

1 0 0

0 �2 �2

0 �2 �2

2
4

3
5 ¼

1 0 0

�1 1 0

�3 0 1

2
4

3
5A 1 �1 �1

0 1 0

0 0 1

2
4

3
5:

Performing R2 ! � 1
2
R2; we get

1 0 0

0 1 1

0 �2 �2

2
4

3
5¼

1 0 0
1
2

� 1
2

0

�3 0 1

2
4

3
5A 1 �1 �1

0 1 0

0 0 1

2
4

3
5:

Performing R3 ? R3þ 2R2, we get

1 0 0

0 1 1

0 0 0

2
4

3
5 ¼

1 0 0
1
2

� 1
2

0

�2 �1 1

2
4

3
5A 1 �1 �1

0 1 0

0 0 1

2
4

3
5:

Last, performing C3 ? C3 – C2,we have

1 0 0

0 1 0
0 0 0

2
4

3
5 ¼

1 0 0
1
2

� 1
2

0
�2 �1 1

2
4

3
5A 1 �1 0

0 1 �1
0 0 1

2
4

3
5

or
I2 0

0 0


 �
¼ PAQ;

where

P ¼
1 0 0
1
2

� 1
2

0

�2 �1 1

2
4

3
5 ; Q ¼

1 �1 0

0 1 �1

0 0 1

2
4

3
5:

Since A is equivalent to
I2 0

0 0


 �
;we have 	(A)¼ 2.
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EXAMPLE 4.39
For the matrix

A ¼
1 �1 1
1 1 1

3 1 1

2
4

3
5;

find non-singular matrices P andQ such that PAQ is
in the normal form. Hence find the rank of A.

Solution. Write A¼ I3 A I3 that is,

A ¼
1 0 0

0 1 0

0 0 1

2
4

3
5A 1 0 0

0 1 0

0 0 1

2
4

3
5:

As, in the above example,we shall reduceA to normal

form subjecting it to elementary transformations.

Performing R2?R2 – R1, R3 – 3R1, we have

1 �1 1

1 2 0

0 4 �2

2
4

3
5 ¼

1 0 0

�1 1 0

�3 0 1

2
4

3
5A 1 0 0

0 1 0

0 0 1

2
4

3
5:

Performing c2 ? c2þ c1, c3 ?c3 – c1 we have

1 0 0

0 2 0
0 4 �2

2
4

3
5 ¼

1 0 0

�1 1 0
�3 0 1

2
4

3
5A 1 1 �1

0 1 0
0 0 1

2
4

3
5:

Performing R2 ! 1
2
R2; we have

1 0 0
0 1 0

0 4 �2

2
4

3
5 ¼

1 0 0
� 1

2
1
2

0

�3 0 1

2
4

3
5A 1 1 �1

0 1 0

0 0 1

2
4

3
5:

Performing R3 ? R3 – 4R2, we have

1 0 0

0 1 0

0 0 �2

2
4

3
5 ¼

1 0 0

� 1
2

1
2

0

�1 �2 1

2
4

3
5A 1 1 �1

0 1 0

0 0 1

2
4

3
5

Performing C3 ! � 1
2
C3; we get

1 0 0

0 1 0
0 0 1

2
4

3
5 ¼

1 0 0

� 1
2

1
2

0
�1 �2 1

2
4

3
5A 1 1 1

2

0 1 0
0 0 � 1

2

2
4

3
5:

Hence,
I3 ¼ PAQ;

where

P ¼
1 0 0

� 1
2

1
2

0

�1 �2 1

2
4

3
5 and Q ¼

1 1 1
2

0 1 0
0 0 � 1

2

2
4

3
5

Since A � I3, 	(A)¼ 	(I3)¼ 3.

Theorem 4.26 The rank of the product of two matrices

cannot exceed the rank of either matrix.

Proof: Let A be m� n and B be n� p matrices with

rank rA and rB, respectively. Then, by Corollary 4.9,

there exist non-singular matrices C and D of order

m and n, respectively, such that

CAD ¼ IrA 0

0 0


 �
;

where
IrA 0

0 0


 �
denotes the normal form of A. Thus

A ¼ C�1 IrA 0

0 0


 �
D�1

so that

AB ¼ C�1
IrA 0

0 0


 �
D�1


 �
B

¼ C�1
IrA 0

0 0


 �
D�1B
� �� �

:

Since C–1 is non-singular, AB has same rank as

IrA 0

0 0


 �
D�1Bð Þ:But IrA 0

0 0


 �
has zeros in the last

m� rA rows and, hence,
IrA 0

0 0


 �
D�1Bð Þ also has

only zeros in the last m� rA rows. Hence, the rank

of
IrA 0

0 0


 �
D�1Bð Þ is at most rA. It follows,

therefore, that

	ðABÞ � rA

Also
	ðABÞ ¼ 	 ðABÞT

� 	
¼ 	½BTAT �

But, as proved earlier,

	ðBT AT Þ � 	ðBT Þ ¼ 	ðBÞ ¼ rB :

Hence,
	ðABÞ � rB:

This completes the proof of the theorem.
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EXAMPLE 4.40
Let A be any non-singular matrix and B a matrix

such that AB exists. Show that

	ðABÞ ¼ 	ðBÞ:
Solution. Let C¼AB. Since A is non-singular, there-

fore B¼A–1C. Since rank of the product of two

matrices does not exceed the rank of either matrix,

we have,
	ðCÞ ¼ 	ðABÞ � 	ðBÞ

and

	ðBÞ ¼ 	ðA�1CÞ � 	ðCÞ:
Hence

	ðCÞ ¼ 	ðABÞ � 	ðBÞ � 	ðCÞ;
which yields

	ðBÞ ¼ 	ðCÞ ¼ 	ðABÞ:

4.17 ROW AND COLUMN EQUIVALENCE
OF MATRICES

Definition 4.72 A matrix A is said to be row (column)

equivalent to B if B is obtainable from A by a finite

number of elementary row (column) transforma-

tions of A.

Row equivalence of the matrices A and B is

denoted by A�R B and column equivalence of A and

B is denoted by A�C B.

Theorem 4.27 Let A be an m� n matrix of rank r.

Then there exists a non-singular matrix P such that

PA ¼ G

0


 �
;

where G is an r� n matrix of rank r and 0 is (m� r)
n matrix.

Proof: Since A is an m� nmatrix of rank r, therefore

there exist non-singular matrices P and Q such that

PAQ ¼ Ir 0

0 0


 �
:

But every non-singular matrix can be expressed as

product of elementary matrices. So,

Q ¼ Q1Q2 . . .Qt;

where Q1, Q2…Qt are all elementary matrices.

Thus,

PAQ1 Q2 . . . Qt ¼ Ir 0

0 0


 �
:

Since, elementary column transformation of a

matrix is equivalent to post-multiplication with the

corresponding elementary matrix, we post-multiply

the left hand side of the above expression by the ele-

mentary matrices Q�1
t ;Q�1

t�1; . . . ;Q
�1
2 ;Q�1

1 succes-

sively and effect the corresponding column

transformations in the right hand side, we get a
relation of the form

PA ¼ G

0


 �
:

Since elementary transformations do not alter the

rank

	ðPAÞ ¼ 	ðAÞ ¼ r and so 	
G

0


 �
¼ r;

which implies that 	(G)¼ r since G has r rows and

lastm� r rows of
G

0


 �
consist of zero elements only.

Theorem 4.28 Every non-singular matrix is row

equivalent to a unit matrix.

Proof: Suppose that the matrix A is of order 1. Then
A ¼[a11] which is clearly row equivalent to a unit

matrix. We shall prove our result by induction on

the order of the matrix. Let A be of order n. Since

the result is true for non-singular matrix of order 1,

we assume that the result is true for all matrices of

order n� 1.

Let A¼ [aij] be an n� n non-singular matrix.

The first column of the matrix A has at least one
non-zero element, otherwise | A |¼ 0, which con-

tradicts the fact that A is non-singular. Let a11¼ k 6¼ 0.

By interchanging (if necessary) the pth row with the

first row, we obtain a matrix B whose leading

coefficient is k 6¼ 0. Multiplying the elements of the

first row by 1
k
; we get the matrix.

C ¼

1 c12 c13 . . . . . . c1n
c21 c22 c23 . . . . . . c2n
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
cn1 cn2 cn3 . . . . . . cnn

2
66664

3
77775:

Using elementary row transformation, we get

D ¼

1 d12 d13 . . . d1n
0

. . . A1

. . .
0

2
66664

3
77775;
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where A1 is (n� 1)� (n� 1) matrix. The matrix A1

is non-singular otherwise | A1 |¼ 0 and so | D |¼ 0.

Since A � D, this will imply | A |¼ 0 contradicting

the fact that A is non-singular. By induction

hypothesis, A1 can be transformed to In–1 by ele-

mentary row transformations. Thus, we get a matrix

M such that

M ¼

1 d12 d13 . . . . . . d1n
0 1 0 . . . . . . 0

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .
0 . . . . . . . . . . . . 1

2
66664

3
77775:

Further, use of elementary row transformation

reduces M to the matrix.

In ¼

1 0 0 . . . . . . 0

0 1 0 . . . . . . 0
. . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . .
0 . . . 0 . . . . . . 1

2
66664

3
77775;

which completes the proof of the theorem.

Corollary 4.4 Let A be a on-singular matrix of order n.

Then there exists elementary matrices E1, E2, …, Et
such that

EtEt�1 . . .E2E1A ¼ In:

Proof: By the Theorem 4.28, non-singular matrix A

can be reduced to In by finite number of elementary

row transformations. Since elementary row trans-

formation is equivalent to pre-multiplication by the

elementary matrix, therefore, there exists elemen-

tary matrices E1, E2, …, Et such that Et, Et – 1 … E2

E1 A¼ In.

Corollary 4.5 Every non-singular matrix is a product

of elementary matrices.

Proof: Let A be a non-singular matrix. Then, by

Corollary 4.4, there exist elementary matrices E1,

E2,…, Et such that

EtEt�1 . . .E2E1A ¼ In:

Pre-multiplying both sides by EtEt�1 . . .E2E1ð Þ�1;
we get

A ¼ E�1
1 E�1

2 . . .E�1
t :

Since, inverse of an elementary matrix is also an ele-

mentary matrix, it follows that non-singular matrix

can be expressed as a product of elementary

matrices.

Corollary 4.6 The rank of a matrix does not alter by

pre-multiplication or post-multiplication with a

non-singular matrix.

Proof: Every non-singular matrix can be expressed

as a product of elementary matrices. Also we know
that elementary row (column) transformations are

equivalent to pre-(post) multiplication with the

corresponding elementary matrices. But elementary

transformations do not alter the rank of a matrix.

Hence, the rank of a matrix remains unchanged by

pre-multiplication or post-multiplication with a

non-singular matrix.

4.18 ROW RANK AND COLUMN RANK
OF A MATRIX

Definition 4.73 Let A be any m� n matrix. Then the

maximum number of linearly independent rows

(columns) of A is called the row rank (column rank)
of A.

The following theorem (stated without proof)

shall be used in the sequel.

Theorem 4.29 The row rank, the column rank and the

rank of a matrix are equal.

4.19 SOLUTION OF SYSTEM OF LINEAR EQUATIONS

Let
a11x1 þ a12x2 þ . . .þ a1nxn ¼ b1

a21x1 þ a22x2 þ . . .þ a2nxn ¼ b2
. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
am1x1 þ am2x2 þ . . .þ amnxn ¼ bm

9>>>>=
>>>>;

ð1Þ

be a system of m linear equations in n unknown x1,
x2,…, xn The matrix form of this system is

AX ¼ B;

where

A ¼

a11 a12 . . . . . . a1n
a21 a22 . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
am1 am2 . . . . . . amn

2
6666664

3
7777775
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is called coefficient matrix of the system,

X ¼

x1
x2
. . .
. . .
xn

2
6664

3
7775

is the column matrix of unknowns, and

B ¼

b1
b2
. . .
. . .
. . .
bm

2
666664

3
777775

is column matrix of known numbers or the matrix of

constants. We call the system (1) as the system of

non-homogenous equations.
Any set of values of x1, x2,…, xn from a scalar

field which simultaneously satisfy (1) is called a

solution, over that field, of the system. When such a

system has one or more solutions, it is said to be

consistent, otherwise it is called inconsistent.

4.20 SOLUTION OF NON-HOMOGENOUS LINEAR
SYSTEM OF EQUATIONS

(A) Matrix Inversion Method.
Consider the non-homogeneous system of linear

equations AX¼B, where A is non-singular n� n
matrix. Since A is non-singular, A–1 exists. Pre-

multiplication of AX¼B by A–1 yields

A�1 AXð Þ ¼ A�1B

or

A�1A
� �

X ¼ A�1B

or

IX ¼ A�1B
or

X ¼ A�1B:
Thus if A is non-singular, then the given system of

equation can be solved using inverse of A. This

method is called the Matrix Inversion Method.

EXAMPLE 4.41
Solve xþ 2y� 3z ¼ �4

2xþ 3yþ 2z ¼ 2

3x� 3y� 4z ¼ 11

by Matrix Inversion Method.

Solution. The matrix form of the system is AX¼B,

where

A ¼
1 2 �3

2 3 2

3 �3 �4

2
4

3
5;X ¼

x

y

z

2
4
3
5and B ¼

�4

2

11

2
4

3
5:

We note that

jAj ¼ 1 �6ð Þ � 2 �14ð Þ � 3 �15ð Þ ¼ 67 6¼ 0:
Thus A is non-singular. Hence the required solution

is given by

X ¼ A�1B: ð2Þ
The cofactor matrix of A is

½Aij� ¼
�6 14 �15

17 5 9

13 �8 �1

2
4

3
5

and so

adj A ¼ ½Aij�T ¼
�6 17 13

14 5 �8

�15 9 �1

2
4

3
5:

Hence

A�1 ¼ 1

jAj adjA ¼ 1

67

�6 17 13

14 5 �8

�15 9 �1

2
4

3
5:

Substituting A–1 in (2), we get

x

y

z

2
64
3
75 ¼ 1

67

�6 17 13

14 5 �8

�15 9 �1

2
64

3
75

�4

2

11

2
64

3
75

¼ 1

67

201

�134

67

2
64

3
75 ¼

3

�2

1

2
64

3
75:

Hence x¼ 3, y¼�2, and z¼ 1.

B. Cramer’s Rule.
If |A| 6¼ 0, then AX¼B has exactly one solution xj ¼
jAjj
jAj ; j ¼ 1; 2; . . . ; n; where Aj is the matrix obtained

from A by replacing the jth column of A by the
column of b’s.

Consider thematrix formAX¼B of the system of

linear equations. Again Suppose that A is non-singular.

Then, pre-multiplication of AX¼B by A–1 yields

X ¼ A�1B¼ 1

jAj

A11 A21 . . . . . . An1

A12 A22 . . . . . . An2

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
A1n A2n . . . . . . Ann

2
66664

3
77775

b1
b2
. . .
. . .
bn

2
66664

3
77775
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or

x1
x2
. . .
. . .
xn

2
66664

3
77775 ¼ 1

jAj

b1A11 þ b2A21 þ . . .þ bnAn1

b1A12 þ b2A22 þ . . .þ bnAn2

. . .

. . .
b1A1n þ b2A2n þ . . .þ bnAnn

2
66664

3
77775:

Therefore,

x1 ¼ 1

jAj b1A11 þ b2A21 þ . . .þ bnAn1ð Þ ¼ jA1j
jAj

x2 ¼ 1

jAj b1A12 þ b2A22 þ . . .þ bnAn2ð Þ ¼ jA2j
jAj

. . . . . . . . . . . .

. . . . . . . . . . . .

xn ¼ 1

jAj bnA1n þ bnA2n þ . . .þ bnAnnð Þ ¼ jAnj
jAj ;

where Aj is the matrix obtained from A by replacing

the jth column of A by the column of b’s.

EXAMPLE 4.42
Solve the system of linear equations

3xþ yþ 2z ¼ 3

2x� 3y� z ¼ �3

xþ 2yþ z ¼ 4
by Cramer’s rule.

Solution. Let A be the coefficient matrix. Then

jAj ¼
3 1 2

2 �3 �1

1 2 1

������
������ ¼ 8

and so A is non-singular. Thus the Cramer’s rule is

applicable and we have

x ¼ 1

jAj
3 1 2

�3 �3 �1

4 2 1

������
������ ¼

8

8
¼ 1;

y ¼ 1

jAj
3 3 2

2 �3 �1

1 4 1

������
������ ¼

16

8
¼ 2;

z ¼ 1

jAj
3 1 3

2 �3 �3

1 2 4

������
������ ¼

�8

8
¼ �1:

Hence, the required solution is x¼ 1, y¼ 2, and z¼ – 1.

Remark 4.5 The above two methods are applicable

only when A is non-singular.

4.21 CONSISTENCY THEOREM

Definition 4.74 Let AX¼B be the matrix form of a

given system of equations. Then the matrix

½A:B� ¼

a11 a12 . . . a1n b1
a21 a22 . . . a2n b2
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
am1 am2 . . . amn bm

2
66664

3
77775

is called the augmented matrix of the given system

of equations.

Definition 4.75 If a system of linear equations has one
or more solution, it is said to be consistent; other-

wise it is called inconsistent.

Theorem 4.30 (Consistency Theorem). The system of

linear equations AX¼B is consistent if and only if

the coefficient matrix A and the augmented matrix

[A:B] are of the same rank.

Proof: LetC1;C2; . . . ;Cndenote the column vectors of

thematrixA. Then the equationAX¼B is equivalent to

C1C2 . . .Cn½ �

x1
x2
. . .
. . .
xn

2
66664

3
77775 ¼ B

or

x1C1 þ x2C2 þ . . .þ xnCn ¼ B: ð3Þ
Let r be the rank of the matrix A. Then A has r

linearly independent columns. Without loss of

generality, we assume that C1, C2,…,Cr form a

linearly independent set and so each of the

remaining n� r columns is a linear combination of
these r columns C1, C2,…,Cr

Suppose the given system of linear equations is

consistent. Therefore, there exist n scalar k1, k2,…, kn
such that

k1C1 þ k2C2 þ . . .þ knCn ¼ B: ð4Þ
Now since each of n� r columns Crþ1;Crþ2; . . . ;Cn

is a linear combination of first r columns C1, C2,…,

Cr, it follows from (4) that B is also a linear

combination of C1, C2,…,Cr Thus, the maximum
number of linearly independent columns of the

matrix [A:B] is also r. Therefore, the matrix [A:B] is
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also of rank r. Hence, rank of A and the augmented

matrix [A:B] is the same.

Conversely, suppose that the matricesA and [A:B]

are of the same rank r. Then the maximum number of

linearly independent columns of the matrix [A:B] is r.

But the first r columns C1, C2,…,Cr of the matrix

[A: B] had already formed a linearly independent
set. Therefore, the column B should be expressed as

a linear combination of C1, C2,…,Cr Hence, there

are scalars k1, k2,…, kr, such that

k1C1 þ k2C2 þ . . .þ krCr ¼ B

or
k1C1 þ k2C2 þ . . .þ krCr

þ 0Crþ10Crþ2 þ . . .þ 0Cn ¼ B ð5Þ
Comparing (3) and (5), we get

x1 ¼ k; x2 ¼ k2; . . . ; xr ¼ kr; xrþ1 ¼ 0;

xrþ2 ¼ 0; . . . ; xr ¼ 0

as the solution of the equation AX¼B. Hence, the

given system of linear equations is consistent. This

completes the proof of the theorem.

If the system of linear equations is consistent,

then the following cases arises:

Case I. m
 n, that is, number of equations is more
than the number of unknowns. In such a case

(i) if 	(A)¼ 	([A:B])¼ n, then the system of

equations has a unique solution
(ii) if 	(A)¼ 	([A:B])¼ r < n then the (n � r)

unknowns are assigned arbitrary values and

the remaining r unknowns can be deter-

mined in terms of these (n –r) unknowns.

Case II. m < n, that is, the number of equations is less

than the number of unknowns. In such a case

(i) if 	(A)¼ 	([A:B])¼m, then n�m un-
knowns can be assigned arbitrary values

and the values of the remaining m

unknowns can be found in terms of these

n�m unknowns, which have already been

assigned values

(ii) if 	(A)¼ 	([A:B])¼ r < m, then the (n � r)

unknowns can be assigned arbitrary values

and the values of remaining r unknowns can
be found in terms of these (n� r) unknowns,

which have already been assigned values.

EXAMPLE 4.43
Show that the system

xþ yþ z ¼ �3

3xþ y� 2z ¼ �2

2xþ 4yþ 7z ¼ 7

of linear equations is not consistent.

Solution. The matrix form of the system is

AX ¼ B
and the augmented matrix is

A:B½ � ¼
1 1 1

3 1 �2

2 4 7

2
64

�3

�2

7

3
75

�
1 1 1

0 �2 �5

0 2 5

2
64

�3

7

13

3
75R2 ! R2 � 3R1

R3 ! R3 � 2R1

�
1 1 1

0 �2 �5

0 0 0

2
64

�3

7

20

3
75R3 ! R3 þ R2

Thus the number of non-zero rows in Echelon form

of the matrix [A:B] is 3. But

A �
1 1 1

0 �2 �5

0 0 0

2
4

3
5

and so 	(A)¼ 2.

Thus,
	ðAÞ 6¼ 	ð½A:B�Þ:

Hence, the given system of equation is inconsistent.

EXAMPLE 4.44
Show that the equations

xþ 2y� z ¼ 3

3x� yþ 2z ¼ 1

2x� 2yþ 3z ¼ 2

x� yþ z ¼ �1

are consistent. Also solve them.

Solution. In matrix form, we have

AX ¼
1 2 �1

3 �1 2

2 �2 3

1 �1 1

2
664

3
775

x

y
z

2
4
3
5 ¼

3

1

2

�1

2
664

3
775:
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The augmented matrix is

A:B½ � ¼

1 2 �1

3 �1 2

2 �2 3

1 �1 1

2
6664

3

1

2

�1

3
7775

�

1 2 �1

0 �7 5

0 �6 5

0 �3 2

2
6664

3

�8

�4

�4

3
7775
R2 ! R2 � 3R1

R3 ! R3 � 2R1

R4 ! R4 � R1

�

1 2 �1

0 �1 0

0 �6 5

0 �3 2

2
6664

3

�4

�4

�4

3
7775R2 ! R2 � R3

�

1 2 �1

0 �1 0

0 0 5

0 0 2

2
6664

3

�4

20

8

3
7775
R3 ! R3 � 6R2

R4 ! R4 � 3R2

�

1 2 �1

0 �1 0

0 0 1

0 0 1

2
6664

3

�4

4

4

3
7775
R3 ! 1

5
R3

R4 ! 1
2
R4

�

1 2 �1

0 �1 0

0 0 1

0 0 0

2
6664

3

�4

4

0

3
7775R4 ! R4 � R3

The number of non-zero rows in the echelon form
is 3. Hence 	([A:B])¼ 3. Also

A �
1 2 �1

0 �1 0

0 0 1

0 0 0

2
664

3
775:

Clearly, 	(A)¼ 3. Thus, 	(A)¼ 	([A, B]) and so the

given system is consistent. Further, r¼ n¼ 3.

Therefore, the given system of equation has a

unique solution. Rewriting the equation from the

augmented matrix, we have

xþ 2y� z ¼ 3

�y ¼ �4

z ¼ 4

and so x¼�1, y¼ 4 and z¼ 4 is the required solution.

EXAMPLE 4.45
For what values of l and m, the system of equations

xþ yþ z ¼ 6

xþ 2yþ 3z ¼ 10

xþ 2yþ lz ¼ m

has (i) no solution (ii) a unique solution, and (iii) an

infinite number of solutions.

Solution. The matrix form of the given system is

AX ¼
1 1 1

1 2 3

1 2 l

2
64

3
75

x

y

z

2
64
3
75

¼
6

10

m

2
64

3
75

¼ B:

Therefore, the augmented matrix is

A:B½ � ¼
1 1 1

1 2 3

1 2 l

2
64

6

10

m

3
75

�
1 1 1

0 1 2

0 1 l� 1

2
64

6

4

m� 6

3
75R2 ! R2 � R1

R3 ! R3 � R1

�
1 1 1

0 1 2

0 0 l� 3

2
64

6

4

m� 10

3
75R3 ! R3 � R2:

If l 6¼ 3, then 	(A)¼ 3 and 	([A:B])¼ 3. Hence, the

given system of equations is consistent. Since 	(A)
is equal to the number of unknowns, therefore, the

given system of equations possesses a unique
solution for any value of m.

If l¼ 3 and m 6¼ 10, then 	(A)¼ 2 and

	([A:B])¼ 3. Therefore, the given system of equa-

tions is inconsistent and so has no solution.

If l¼ 3 and m¼ 10 then 	(A)¼ 	([A:B])¼ 2.

Thus, the given system of equation is consistent.

Further, 	(A) is less than the number of unknowns,

therefore, in this case the given system of equations
possesses an infinite number of solutions.
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EXAMPLE 4.46
Determine the value of l for which the system of

equations

x1 þ x2 þ x3 ¼ 2

x1 þ 2x2 þ x3 ¼ �2

x1 þ x2 þ l� 5ð Þx3 ¼ l

(i) has no solution

(ii) has a unique solution.

Solution. The matrix form of the given system is

AX ¼
1 1 1

1 2 1

1 1 l� 5

2
64

3
75

x1

x2

x3

2
64

3
75

¼
2

�2

l

2
64

3
75

¼ B:

Therefore, the augmented matrix is

A:B½ � ¼
1 1 1

1 2 1

1 1 l� 5

2
64

2

�2

l

3
75

�
1 1 1

0 1 0

0 0 l� 6

2
64

2

�4

l� 2

3
75R2 ! R2 � R1

R3 ! R3 � R1

:

If l¼ 6, then 	(A)¼ 2 and 	([A:B])¼ 3. Therefore,

the system is inconsistent and so possesses no solution.

If l 6¼ 6, then 	(A)¼ 	([A:B])¼ 3. Hence, the
system is consistent in this case. Since 	(A) is equal
to the number of unknowns, the system has a unique

solution in this case.

EXAMPLE 4.47
Determine the value of l for which the system of

equations

xþ yþ z ¼ 1

xþ 2yþ 4z ¼ l

xþ 4yþ 10z ¼ l2

possesses a solution and, hence, find its solution.

Solution. The given system of equations is expressed

in the matrix form as

AX ¼
1 1 1

1 2 4

1 4 10

2
4

3
5 x

y

z

2
4
3
5 ¼

1

l
l2

2
4

3
5 ¼ B:

Therefore, the augmented matrix is

A:B½ � ¼
1 1 1

1 2 4

1 4 10

2
64

1

l

l2

3
75

�
1 1 1

0 1 3

0 3 9

2
64

1

l� 1

l2 � 1

3
75

�
1 1 1

0 1 3

0 0 0

2
64

1

l� 1

l2 � 3lþ 2

3
75:

We note that

	ðAÞ ¼ 	ð½A:B�Þ if l2 � 3lþ 2 ¼ 0:

Thus, the given equation is consistent if l2 � 3lþ
2 ¼ 0; that is if (l� 2) (l� 1)¼ 0, that is, if l¼ 2
or l¼ 1. If l¼ 2, then we have

A:B½ � �
1 1 1

0 1 3
0 0 0

2
4 1

1
0

3
5

and so the given system of equations is equivalent to

xþ yþ z ¼ 1

yþ 3z ¼ 1:

These equations yields y¼ 1� 3z, and x¼ 2z.

Therefore, if z¼ k, an arbitrary constant, then x

2k, y¼ 1� 3k, and z¼ k constitute the general

solution of the given equation.

If l¼ 1 then, we have

A:B½ � �
1 1 1
0 1 3

0 0 0

2
4 1

0

0

3
5

and so the given system of equations is equivalent to

xþ yþ z ¼ 1

yþ 3z ¼ 0:

These equations yields y¼�3z, x¼ 1þ 2z. Thus, if

c is an arbitrary constant, then x¼ 1þ 2c, y¼�3c,
and z¼ c, constitute the general solution of the

given system of equations.
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EXAMPLE 4.48
Find the value of l and m for which the system of

equations
3xþ 2yþ z ¼ 6

3xþ 4yþ 3z ¼ m

6xþ 10yþ lz ¼ m

has (i) unique solution, (ii) no solution, and (iii)

infinite number of solutions.

Solution. The given system of equations is expressed

by the matrix equation

AX ¼
3 2 1

3 4 3

6 10 l

2
4

3
5 x

y

z

2
4
3
5 ¼

6

14

m

2
4

3
5 ¼ B:

Therefore, the augmented matrix is

A:B½ � ¼
3 2 1 6

3 4 3 14

6 10 l m

2
4

3
5

�
3 2 1 6

0 2 2 8

0 6 l� 2 m� 12

2
4

3
5 R2 ! R2 �R1

R3 ! R3 � 2R1

�
3 2 1 6

0 2 2 8

0 0 l� 8 m� 36

2
4

3
5 R3 ! R3 � 3R2:

If l 6¼ 8, then 	(A)¼ 	([A:B])¼ 3 and so in this case

the system is consistent. Further, since 	(A) is equal
to number of unknowns, the given system has a

unique solution.

If l¼ 8, m 6¼ 36, then 	(A)¼ 2 and 	([A:B])¼ 3.

Hence, the system is inconsistent and has no solution.

If l¼ 8, m¼ 36, then 	(A)¼ 	([A:B])¼ 2.
Therefore, the given system of equation is consistent.

Since rank of A is less than the number of unknowns,

the given system of equation has infinitely many

solutions.

EXAMPLE 4.49
Using consistency theorem, solve the equation

xþ yþ z ¼ 9

2xþ 5yþ 7z ¼ 52

2xþ y� z ¼ 0:

Solution. The matrix form of the given system of

equations is

AX ¼
1 1 1

2 5 7

2 1 �1

2
4

3
5 x

y

z

2
4
3
5 ¼

9

52

0

2
4

3
5 ¼ B:

Therefore, the augmented matrix is

A:B½ � ¼
1 1 1

2 5 7

2 1 �1

2
4 9

52

0

3
5

�
1 1 1

0 3 5

0 �1 �3

2
4 9

34

�18

3
5R2 ! R2 � 2R1

R3 ! R3 � 2R1

�
1 1 1

0 �1 �3

0 3 5

2
4 9

�18

34

3
5R2 $ R3

�
1 1 1

0 �1 �3

0 0 �4

2
4 9

�18

�20

3
5R3 ! R3 � 3R2 :

Thus we get echelon form of the matrix [A:B]. The

number of non-zero rows in this form is 3.

Therefore 	([A:B])¼ 3. Further, since

A �
1 1 1

0 �1 �3

0 0 �4

2
4

3
5:

Therefore 	(A)¼ 3. Hence, 	(A)¼ 	([A:B])¼ 3.

This shows that the given system of equations is

consistent. Also, since 	(A) is equal to the number

of unknowns, the solution of the given system is

unique. To find the solution, we note that the given

system of equation is equivalent to

1 1 1

0 �1 �3

0 0 �4

2
4

3
5 x

y

z

2
4
3
5 ¼

9

�18

�20

2
4

3
5

and so
xþ yþ z ¼ 9; �y� 3z ¼ �18; �4z ¼ �20;

which yields z ¼ 5; y ¼ 3; and x ¼ 1 as the required

solution.

4.22 HOMOGENEOUS LINEAR EQUATIONS

Consider the following system of m homogeneous

equations in n unknowns x1; x2; . . . ; xn :

a11x1 þ a12x2 þ . . .þ a1nxn ¼ 0

a21x1 þ a22x2 þ . . .þ a2nxn ¼ 0

. . .

. . .

am1x1 þ am2x2 þ . . .þ amnxn ¼ 0:

The matrix form of this system is

AX ¼ 0;

4.40 n Engineering Mathematics-I



where

a11 a12 . . . . . . a1n
a21 a22 . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
am1 am2 . . . . . . amn

2
6666664

3
7777775
; X ¼

x1
x2
. . .
. . .
xn

2
66664

3
77775; 0¼

0

0

. . .

. . .

. . .
0

2
6666664

3
7777775
:

It is evident that x1 ¼ 0; x2 ¼ 0; . . . ; xn ¼ 0, that is,

X¼ 0 is a solution of the given system of equations.

This solution is called trivial solution of the given

system.

Let X1 and X2 be two solution of AX¼ 0. Then
AX1¼ 0 and AX2¼ 0 and so for arbitrary numbers

k1, k2, we have

A k1X1 þ k2X2ð Þ ¼ k1ðAX1Þ þ k2ðAX2Þ
¼ k10þ k20 ¼ 0:

If follows, therefore, that linear combination of two

solutions of AX¼ 0 is also a solution. Hence, the

collection of all solutions of the equation AX¼ 0
form a subspace of the vector space Vn.

Theorem 4.31 Let the rank of a matrix A be r. Then

the number of linearly independent solutions of m

homogeneous linear equations in n variables, AX¼ 0
is (n� r).

Solution. Let

A ¼

a11 a12 . . . . . . a1n
a21 a22 . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
am1 am2 . . . . . . amn

2
6666664

3
7777775
; X ¼

x1
x2
. . .
. . .
xn

2
66664

3
77775

Since 	(A)¼ r, it has r linearly independent col-

umns. Without loss of generality, suppose that the

first r columns of the matrix A are linearly inde-

pendent. We write

A ¼ ½C1 C2 . . .Cn�;
where C1, C2, …, Cn are column vectors of A.

Therefore, AX¼ 0 can be written as vector equa-

tion.
x1C1 þ x2C2 þ . . .þ xrCr

þ xrþ1Crþ1 þ . . .þ xncn ¼ 0: ð6Þ
Since each of the vector Crþ1;Crþ2; . . . ;Cn is a

linear combination of vectors C1, C2, …, Cr,

therefore

Crþ1 ¼ p11C1 þ p12C2 þ . . .þ p1rCr;

Crþ2 ¼ p21C1 þ p22C2 þ . . .þ p2rCr;

. . .

. . .

Cn ¼ pk1C1 þ pk2C2 þ . . .þ pkrCr; ð7Þ
where k¼ n� r. The expression (7) can be written as

p11C1þp12C2þ...þp1rCr�1:Crþ1þ0Crþ2þ...þ0Cn¼0

p21C1þp22C2þ...þp2rCrþ0:Crþ1�1Crþ2þ...þ0Cn¼0

...

...

pk1C1þpk2C2þ...þpkrCrþ0:Crþ1þ0Crþ2þ...�1Cn¼0:

ð8Þ
Comparing (6) and (8), we note that

X1 ¼

p11
p12
. . .
. . .
p1r
�1

0

. . .

. . .
0

2
666666666666664

3
777777777777775

; X2 ¼

p21
p22
. . .
. . .
p2r
0

�1

0

. . .
0

2
666666666666664

3
777777777777775

; . . . ; Xn�r ¼

pk1
pk2
. . .
. . .
pkr
0

0

. . .
0

�1

2
666666666666664

3
777777777777775

are (n � r) solutions of AX¼ 0. Suppose now that
c1X1 þ c2X2 þ . . .þ cn�rXn�r ¼ 0:

Comparing (rþ 1)th, (rþ 2)th,…, nth compo-

nent on both sides, we get

�c1 ¼ 0;�c2 ¼ 0; . . . ; cn�r ¼ 0:

Hence X1;X2; . . . ;Xn�r are linearly independent.

Suppose that the vector X, with components

x1; x2; . . . ; xn is any solution of the equation AX¼ 0.
We assert that X is linear combination of

x1; x2; . . . ; xn�r: To prove it, we note that the vector
X þ xrþ1X1 þ xrþ2X2 þ . . .þ xnXn�r ð9Þ

being linear combination of solutions is also a solu-

tion. Then the last n� r components of the vector

(9) are all zero. Let z1; z2; . . . ; zr be the first r

components of the vector (28). Then the vector

whose components are z1; z2; . . . ; zr; 0; 0; . . . ; 0ð Þ
is a solution of the equation AX¼ 0. Therefore
from (6), we have

z1C1 þ z2C2 þ . . .þ zrCr ¼ 0:

But the vector C1;C2; . . . ;Cr are linearly indepen-

dent. Hence z1 ¼ z2 ¼ zr ¼ 0: Hence (9) is a zero
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vector, that is,

X þ xrþ1X1 þ xrþ2X2 þ . . .þ xnXn�r ¼ 0

or

X ¼ �xrþ1X1 � xrþ2X2 � . . .� XnXn�r:

Thus, every solution is a linear combination of the

n� r linearly independent solution X1;X2; . . . ;Xn�r:
It follows, therefore, that the set of solution [X1, X2,

…, Xn�r] form a basis of vector space of all the

solutions of the system of equations AX¼ 0.

Remark 4.6 Suppose we have a system of m linear

equations in n unknowns. Thus, the coefficient

matrix A is of order m� n. Let r be the rank of A.

Then, r� n (number of column of A).

If r¼ n, then AX¼ 0 possesses n� n¼ 0
number of independent solutions. In this case, we

have simply the trivial solution (which forms a

linearly dependent system).

If r < n, then there are n� r linearly indepen-

dent solutions. Further any linear combination of

these solutions will also be a solution of AX¼ 0.
Hence, in this case, the equation AX¼ 0 has infinite
number of solutions.

Ifm < n, then since r�m, we have r < n. Hence

the system has a non-zero solution. The number of

solutions of the equation AX¼ 0 will be infinite.

Theorem 4.32 A necessary and sufficient condition

that a system of n homogeneous linear equations in

n unknowns have non-trivial solutions is that

coefficient matrix be singular.

Proof:
The condition is necessary. Suppose that the system of n

homogeneous linear equations in n unknowns have

a non-trivial solution. We want to show that | A

|¼ 0. Suppose, on the contrary, | A | 6¼ 0. Then rank

of A is n. Therefore, number of linearly independent

solution is n� n¼ 0. Thus, the given system pos-

sesses no linearly independent solution. Thus, only

trivial solution exists for the given system. This
contradicts the fact that the given system of equa-

tion has non-trivial solution. Hence |A|¼ 0.

The condition is sufficient. Suppose |A|¼ 0. Therefore,

	(A) < n. Let r be the rank of A. Then the given

equation has (n� r) linearly independent solutions.

Since a linearly independent solution can never be

zero, therefore, the given system must have a non-

zero solution.

EXAMPLE 4.50
Solve

xþ 3y� 2z ¼ 0

2x� yþ 4z ¼ 0

x� 11yþ 14z ¼ 0:

Solution. The matrix form of the given system of

homogeneous equations is AX¼ 0, where

A ¼
1 3 �2

2 �1 4
1 �11 14

2
4

3
5;X ¼

x

y
z

2
4
3
5; 0 ¼

0

0
0

2
4
3
5:

We note that

Aj j ¼
1 3 �2

2 �1 4

1 �11 14

������
������ ¼ 30� 72þ 42 ¼ 0:

Therefore A is singular, that is 	(A) < n. Thus, the

given system has a non-trivial solution and will

have infinite number of solutions.

The given system is

1 3 �2

2 �1 4

1 �11 14

2
4

3
5 x

y

z

2
4
3
5 ¼ 0

�
1 3 �2

0 �7 8

0 �14 16

2
4

3
5 x

y

z

2
4
3
5 ¼ 0;

R2 ! R2 � 2R1

R3 ! R3 � R1
;

�
1 3 �2

0 �7 8

0 0 0

2
4

3
5 x

y

z

2
4
3
5 ¼ 0; R3 ! R3 � 2R2

and so we have

xþ 3y� 2z ¼ 0

� 7yþ 8z ¼ 0:

These equations yield y ¼ 8
7
z; x ¼ �10

7
z: Giving

different values to z, we get infinite number of
solutions.

EXAMPLE 4.51
Solve

x1 � x2 þ x3 ¼ 0

x1 þ 2x2 � x3 ¼ 0

2x1 þ x2 þ 3x3 ¼ 0:
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Solution. In matrix form, we have AX¼ 0, where

A ¼
1 �1 1

1 2 �1

2 1 3

2
4

3
5;X ¼

x1
x2
x3

2
4

3
5; 0 ¼

0

0

0

2
4
3
5:

We note that |A|¼ 9 6¼ 0. Thus A is non-singular.
Hence, the given system of homogeneous equation

has only trivial solution x1¼ x2¼ x3¼ 0.

EXAMPLE 4.52
Solve 2x� 2yþ 5zþ 3w ¼ 0

4x� yþ zþ w ¼ 0

3x� 2yþ 3zþ 4w ¼ 0

x� 3yþ 7zþ 6w ¼ 0:

Solution. The matrix form of the given system of

homogeneous equation is

AX ¼
2 �2 5 3

4 �1 1 1

3 �2 3 4

1 �3 7 6

2
664

3
775

x

y

z

w

2
664

3
775 ¼ 0:

Performing row elementary transformations to get

echelon form of A, we have

A ¼
2 �2 5 3

4 �1 1 1

3 �2 3 4

1 �3 7 6

2
664

3
775 �

1 �3 7 6

4 �1 1 1

3 �2 3 4

2 �2 5 3

2
664

3
775R1 $ R4

�
1 �3 7 6

4 11 �27 �23

0 7 �18 �14

0 4 �9 �9

2
664

3
775
R2 ! R2 � 4R1

R3 ! R3 � 3R1

R4 ! R4 � 2R1

�
1 �3 7 6

0 4 �9 �9

0 7 �18 �14

0 4 �9 �9

2
664

3
775R2 ! R2 � R3

�
1 �3 7 6

0 4 �9 �9

0 28 �72 �56

0 4 �9 �9

2
664

3
775R3 ! 4R3

�
1 �3 7 6

0 4 �9 �9

0 0 �9 7

0 0 0 0

2
664

3
775
R3 ! R3 � 7R2

R4 ! R4 � R2 :

The above echelon formofA suggests that rank of A is

equal to the number of non-zero rows. Thus 	(A)¼ 3.

The number of unknowns is 4. Thus 	(A) < n. Hence,

the given system possesses non-trivial solution.

The number of independent solution will be

(n� r)¼ 4� 3¼ 1.

Further, the given system is equivalent to

1 �3 7 6

0 4 �9 �9

0 0 �9 7

0 0 0 0

2
664

3
775

x

y

z

w

2
664

3
775 ¼ 0

and so, we have

x� 3yþ 7zþ 6w ¼ 0

4y� 9z� 9w ¼ 0

� 9zþ 7w ¼ 0

These equations yield z¼ 7
9
w, y¼ 4w, x¼ 5

9
w.

Thus taking w¼ t, we get x¼ 5
9
t, y¼ 4t, z ¼7

9
t,

w¼ t as the general solution of the given

equations.

EXAMPLE 4.53
Determine the value of l for which the following

equations have non-zero solutions:

xþ 2yþ 3z ¼ lx

3xþ yþ 2z ¼ ly

2xþ 3yþ z ¼ lz:

Solution. The matrix form of the given equation is

AX ¼
1� l 2 3

3 1� l 2

2 3 1� l

2
4

3
5 x

y

x

2
4
3
5 ¼ 0:

The given system will have non-zero solution only
if | A |¼ 0, that is, if rank of A is less than 3.

Thus for the existence of non-zero solution, we

must have

1� l 2 3

3 1� l 2

2 3 1� l

������
������ ¼ 0

or

6�l 6�l 6�l
3 1�l 2

2 3 1�l

������
������¼ 0 using R1 !R1þR2þR3

or

6� lð Þ
1 1 1

3 1� l 2

2 3 1� l

������
������ ¼ 0
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or

6� lð Þ
1 0 0

3 �2� l �1

2 1 �1� l

������
������¼ 0;

C2 ! C2 �C1

C3 ! C3 �C1

or
ð6� lÞ½l2 þ 3lþ 3� ¼ 0;

which yields

l ¼ 6 and
�3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9� 12
p

2
:

Thus, the only real value of l for which the given

system of equation has a solution is 6.

4.23 CHARACTERISTIC ROOTS AND
CHARACTERISTIC VECTORS

Let A be a matrix of order n, l a scalar and X ¼
x1
x2
. . .
xn

2
664

3
775 a column vector.

Consider the equation

AX ¼ lX ð10Þ
Clearly X¼ 0 is a solution of (10) for any value of l.
The question arises whether there exist scalar l and
non-zero vector X, which simultaneously satisfy the
equation (10). This problem is known as char-

acteristic value problem. If In is unit matrix of order

n, then (10) may be written in the form

A� lInð ÞX ¼ 0: ð11Þ
The equation (11) is the matrix form of a system of

n homogeneous linear equations in n unknowns.

This system will have a non-trivial solution if and

only if the determinant of the coefficient matrix
A� lIn vanishes, that is, if

A�lInj j ¼

a11�l a12 . . . . . . a1n
a21 a22�l . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
an1 an2 . . . . . . ann�l

����������

����������
¼ 0:

The expansion of this determinant yields a polyno-

mial of degree n in l, which is called the char-

acteristic polynomial of the matrix A.

The equation |A� lIn|¼ 0 is called the char-

acteristic equation or secular equation of A.

The n roots of the characteristic equation of a

matrix A of an order n are called the characteristic
roots, characteristic values, proper values, eigen-

values, or latent roots of the matrix A.

The set of the eigenvalues of a matrix A is

called the spectrum of A.

If l is an eigenvalue of a matrix A of order n,

then a non-zero vector X such that AX¼ lX is called

a characteristic vector, eigen vector, proper vector,

or latent vector of A corresponding to the char-

acteristic root l.

Theorem 4.33 The equation AX¼ lX has a non-trivial

solution if and only if l is a characteristic root of A.

Proof: Suppose first that l is a characteristic root of

the matrix A. Then |A� lIn|¼ 0 and consequently

the matrix A� lI is singular. Therefore, the matrix

equation (A� lI)X¼ 0 possesses a non-zero solu-

tion. Hence, there exists a non-zero vector X such

that (A� lI)X¼ 0 or AX¼ lX.
Conversely, suppose that there exists a non-zero

vector X such that AX¼ lX or (A� lI)X¼ 0. Thus,
the matrix equation (A� lI)X¼ 0 has a non-zero

solution. Hence A� lI is singular and so |

A� lI|¼ 0. Hence, l is a characteristic root of the

matrix A.

Theorem 4.34 Corresponding to a characteristics

value l, there correspond more than one char-
acteristic vectors.

Proof: Let X be a characteristic vector corresponding

to a characteristic root l. Then, by definition, X 6¼ 0

and AX¼ lX. If k is any non-zero scalar, then

kX 6¼ 0. Further,

AðkX Þ ¼ kðAX Þ ¼ kðlX Þ ¼ lðkX Þ:
Therefore, kX is also a characteristic vector of A

corresponding to the characteristic root l.

Theorem 4.35 If X is a proper vector of a matrix A,

then X cannot correspond to more than one char-

acteristic root of A.

Proof: Suppose, on the contrary, X be a characteristic
vector of a matrix A corresponding to two char-

acteristic roots l1 and l2. Then, AX¼ l1X and

AX¼ l2 X and so (l1� l2) X ¼ 0. Since X 6¼0, this

implies l1� l2¼ 0 or l1¼ l2. Hence the result

follows.

Theorem 4.36 Let X1, X2, …, Xn be non-zero char-

acteristic vectors associated with distinct char-

acteristic roots l1, l2, … ln of a matrix A. Then X1,
X2,…, Xn are linearly independent.
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Proof: Let c1, c2,…,cn the constants such that
c1X1 þ c2X2 þ . . .þ cnXn ¼ 0 ð12Þ

Multiplying throughout by A and using the fact that

AXi¼ liXi, we get
c1l1X1 þ c2l2X2 þ . . .þ cnlnXn ¼ 0 ð13Þ
Repeating this process, we obtain successively

c1l
2
1X1þc2l

2
2X2þ ...þcnl

2
nXn¼0

c1l
3
1X1þc2l

3
2X2þ ...þcnl

3
nXn¼0

...

...
c1l

k�1
1

X1þc2l
k�1
2

X2þ ...þcnl
k�1
n

Xn¼0

9>>>>=
>>>>;

ð14Þ

The k equations (12) through (14) in vector

unknowns X1, X2,…, Xn can be written in the form

c1X1c2X2 . . . . . . cnXn½ �

1 l1 l21 . . . lk�1
1

1 l2 l22 . . . lk�1
2

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
1 ln l2n . . . lk�1

n

2
66664

3
77775¼0:

Since l1, l2,…, ln are distinct, the right factor is a
non-singular Vander-monde matrix. Since it is non-

singular, its inverse exists. Post-multiplication by

its inverse yields

c1X1 c2X2 . . . . . . cnXn½ � ¼ 0

Since X1, X2, …, Xn are all non-zero, it follows that

c1¼ c2¼ cn¼ 0. Thus, the relation (12) implies c1

1¼ c2¼ cn¼ 0. Hence, X1, X2,…, Xn are linearly

independent.

Let �ðlÞ ¼ a0l
n þ a1l

n�1 þ . . .þ an�1lþ an
be the characteristic polynomial of a matrix A. Thus
A� lIj j ¼ � lð Þ

¼ a0l
n þ a1l

n�1 þ . . .þ an�1lþ an:

If we put l¼ 0, then we get |A|¼ an. The diagonal

term of |A�lI| is (a11�l)(a22�l)…(ann�l) and this
is the only product yielding ln and ln-1. Expanding
the product, we obtain (�1)n ln and

�1ð Þn�1 P
aiil

n�1 as the first two terms of �(l).
Hence

a0 ¼ �1ð Þn and a1 ¼ �1ð Þn�1
X

aii

In �(l), the coefficient of ln�1, namely

�1ð Þn�1 a11 þ a22 þ . . .þ annð Þ is of special inter-
est. As we know, the term a11þ a22 þ…þann is

called the trace or spur of the matrix A. It follows
from the above discussion that the sum of the

eigenvalues of a matrix is equal to its trace and the

product of the eigenvalues of a matrix A is its

determinant | A |.

Theorem 4.37 The characteristic roots of a Hermitian

matrix are real.

Proof: Let l be a characteristic root of a Hermitian

matrix. Then there exists a non-zero vectorX such that

AX ¼ lX : ð15Þ
Taking transpose conjugate, we get

X hAh ¼ �lX h: ð16Þ
Pre-multiplying (15) by Xh and post-multiplying

(16) by X, we get

X hAX ¼ lX hX ; and ð17Þ
X hAhX ¼ �lX hX : ð18Þ

Since A is Hermitian, Ah¼A and, therefore, (17) and

(18) imply

lX hX ¼ �lX hX ) l� �l
� �

X hX ¼ 0:

Since X 6¼ 0, we have l� �l ¼ 0 and so l ¼ �l.
Hence l is real.

Corollary 4.7 The characteristic roots of a real sym-

metric matrix are all real.

Proof: Since a real symmetric matrix is Hermitian, it

follows from Theorem 4.37 that the characteristic

roots of a real symmetric matrix are all real.

Corollary 4.8 The characteristic roots of a Skew-

Hermitian matrix are either pure imaginary or zero.

Proof: Let A be a Skew-Hermitian matrix. Then iA is

Hermitian. Let l be the characteristic root of A.

Then AX ¼ lX, X 6¼ 0 or (iA)X¼ (il)X. Thus il is a
characteristic root of iA. But iA is Hermitian and

characteristic roots of Hermitian matrix are real.

Thus il is real, which is possible only if l is zero or

pure imaginary. This proves the result.

Corollary 4.9 The characteristic roots of a skew

symmetric matrix are either pure imaginary or zero.

Proof: Since a Skew-Symmetric matrix is Skew-

Hermitian, the result follows from corollary 4.8.

EXAMPLE 4.54
Find the characteristic vectors of the matrix

A ¼
3 1 0

0 3 1

0 0 3

2
4

3
5:
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Solution. The characteristic equation of the given

matrix is

A� lIj j ¼
3� l 1 0
0 3� l 1

0 0 3� l

������
������ ¼ 0 ;

which yields (3�l)3¼0. Thus 3 is the only distinct

characteristic root of A. The characteristic vectors
are given by non-zero solutions of the equation

(A�3I)X¼0, that is,

0 1 0

0 0 1

0 0 0

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4

3
5:

The coefficient matrix of the equation is of rank 2.

Therefore, number of linearly independent solution

is n� r¼ 1. The above equation yields x2¼ 0,

x3¼ 0. Therefore, x1¼1, x2¼0, x3¼0 is a non-zero

solution of the above equation. Thus,

X ¼
1

0

0

2
4

3
5

is an eigenvector of A corresponding to the eigen-

value 3. Also any non-zero multiple of this vector

shall be an eigenvector of A corresponding to l¼ 3.

EXAMPLE 4.55
Find the eigenvalues and the corresponding eigen-

vectors of the matrix

A ¼
6 �2 2

�2 3 �1

2 �1 3

2
4

3
5:

Solution. The characteristic equation of the given

matrix is

A� lIj j ¼
6� l �2 2
�2 3� l �1
2 �1 3� l

�����
����� ¼ 0

or
6� l �2 0

�2 3� l 2� l
2 �1 2� l

������
������ ¼ 0 ; C3 ! C3 þ C2

or

ð2� lÞ
6� l �2 0

�2 3� l 1
2 �1 1

������
������ ¼ 0

or
2� lð Þ l� 2ð Þ l� 8ð Þ ¼ 0:

Thus, the characteristic roots of A are l¼ 2, 2, 8.

The eigenvector of A corresponding to the eigen-

value 2 is given by (A� 2I) X¼ 0 or

4 �2 2

�2 1 �1

2 �1 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4

3
5

or

�2 1 �1

4 �2 2

2 �1 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4

3
5; R1 $ R2

or

�2 1 �1

0 0 0

0 0 0

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4

3
5; R2 !R2þ2R1

R3 !R3þR1

The coefficient matrix is of rank 1. Therefore, there

are n�r¼3� 1¼ 2 linearly independent solution.
The above equation is

�2x1 þ x2 � x3 ¼ 0:
Clearly,

X1 ¼
�1

0

2

2
4

3
5 and X2 ¼

1

2

0

2
4
3
5

are two linearly independent solutions of this equa-

tion. Then X1 and X2 are two linearly independent

eigenvectors of A corresponding to eigenvalue 2. If
k1, k2 are scalars not both equal to zero, then

k1X1þ k2X2 yields all the eigenvectors of A corre-

sponding to the eigenvalue 2.

The characteristic vectors of A corresponding

to the characteristic root 8 are given by (A� 8I)

X¼ 0 or by

6�8 �2 2

�2 �8 �1

2 �1 3�8

2
4

3
5 x1

x2
x3

2
4

3
5¼

0

0

0

2
4

3
5

�
�2 �2 2

0 �3 �3

0 �3 �3

2
4

3
5 x1

x2
x3

2
4

3
5¼

0

0

0

2
4

3
5; R2!R2�R1

R3!R3þR1

�
�2 �2 2

0 �3 �3

0 0 0

2
4

3
5 x1

x2
x3

2
4

3
5¼

0

0

0

2
4

3
5; R3!R3�R2

The coefficient matrix is of rank 2. Therefore, num-

ber of linearly independent solution is n� r¼ 3

2¼1. The above equations give

� 2x1 � 2x2 þ 2x3 ¼ 0

� 3x2 � 3x3 ¼ 0:
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Hence x2¼�x3. Taking x2¼�1, x3¼ 1, we get

x1¼ 2. Therefore X3 ¼
2

�1

1

2
4

3
5

is an eigenvector of A corresponding to l¼ 8.

Further, every non-zero multiple of X3 is an

eigenvector of A corresponding to the eigenvalue 8.

EXAMPLE 4.56
If A is non-singular, show that the eigenvalues of A-1

are the reciprocals of the eigenvalues of A.

Solution. Let l be a characteristic root of the matrix A.

Therefore, there exists non-zero vector X such that
AX ¼ lX

) A�1AX ¼ lA�1X

) 1

l
X ¼ A�1X :

Hence 1
l is a characteristic root of A-1 and X is the

corresponding characteristic vector.

EXAMPLE 4.57
Show that the characteristic roots of a triangular

matrix are just the diagonal elements of the matrix.

Solution. Let
a11 a12 . . . . . . a1n
0 a22 . . . . . . a2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
0 0 . . . . . . ann

2
66664

3
77775

be a triangular matrix of order n. Then

A�lIj j¼

a11�l a12 ... ... a1n

0 a22�l ... ... a2n

... ... ... ... ...

... ... ... ... ...

0 0 ... ... ann�l

�����������

�����������
¼ða11�lÞða22�lÞ...ðann�lÞ:

Hence, the roots of the characteristic equation

|A�lI|¼ 0 are a11, a22, …, ann which are the diag-

onal element of A.

EXAMPLE 4.58
Show that 0 is an eigenvalue of a matrix A if and

only if A is singular.

Solution. If l¼ 0 is an eigenvalue, it satisfies the

characteristic equation |A�lI|¼ 0 and so we have

|A|¼ 0. Thus A is singular. Conversely if A is sin-

gular, then |A|¼ 0. Thus l¼ 0 satisfy the equation

|A�lI|¼ 0 and so it is an eigenvalue.

4.24 THE CAYLEY-HAMILTON THEOREM

Let

� lð Þ ¼ a0l
n þ a1l

n�1 þ . . .þ an�1lþ an
be the characteristic polynomial of a matrix A. Then

� Að Þ ¼ a0A
n þ a1A

n�1 þ . . .þ an�1Aþ anIn;

a0 ¼ �1ð Þn
is called the characteristic function of the matrix A.

Concerning this function, we have the following

famous theorem.

Theorem 4.38 (Cayley-Hamilton Theorem). Every

square matrix A satisfies its characteristic equation

� (A)¼ 0.

Proof: The characteristic matrix of A is A� lIn.
Since the elements of A� l In are at most of the first

degree in l, the elements, (cofactor) of the adjoint

matrix of A� lIn are of degree utmost n� 1 in l.
Therefore, we may represent adj (A� lIn) as a

matrix polynomial

adj A�lInð Þ¼B0l
n�1þB1l

n�2þ...þBn�2lþBn�1;

where Bk is the matrix whose elements are the

coefficients of l k in the corresponding elements of

adj (A� lIn ). But

A� lInð Þ adj A� lInð Þ ¼ A� lInj j In;
that is,

A adj A� lInð Þ � l adj A� lInð Þ ¼ � lð Þ In:
Substituting the expansion of adj (A� lIn) from

above and � lð Þ ¼ a0l
nþ a1l

n�1þ . . .þ an�1lþ an;
we get

A B0l
n�1þB1l

n�2þ . . .þ Bn�2lþBn�1

� �
� l B0l

n�1þB1l
n�2þ . . .þ Bn�1

� �
¼ a0l

nþ a1l
n�1þ . . .þ an�1lþ an

� �
In:

Comparing coefficients of like powers of l on both

sides, we get �IB0 ¼ a0In
AB0 � IB1 ¼ a1In
AB1 � IB2 ¼ a2In

. . . . . . . . .

. . . . . . . . .
ABn�1 ¼ anIn:
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Multiplying these successively by An, An�1,…,In and

adding, we get,

0 ¼ a0A
n þ a1A

n�1 þ . . .þ an�1Aþ anI ;

that is,

�(A)¼ 0.
This completes the proof of the theorem.

Corollary 4.10 If A is non-singular, then

A�1 ¼ �a0

an
An�1 � a1

an
An�2 � . . .� an�1

an
I

¼ �1

an
a0A

n�1 þ a1A
n�2 þ . . .þ an�1I

� �
Proof: By Cayley-Hamilton theorem, we have

a0A
n þ a1A

n�1 þ . . .þ an�1Aþ anI ¼ 0:

Pre-multiplication with A�1 yields

a0A
n�1 þ a1A

n�2 þ . . .þ an�1 þ anA
�1 ¼ 0:

or

A�1 ¼ � a0

an
An�1 � a1

an
An�2 � . . .� an�1

an
I

¼ � 1

an
a0A

n�1 þ a1A
n�2 þ . . .þ an�1I

� �
:

Remark 4.7 It follows from above that

An ¼ � 1

a0
a1A

n�1 þ a1A
n�2 þ . . .þ anI

� �
:

Thus higher powers of a matrix can be obtained

using lower powers of A.

EXAMPLE 4.59
Verify Cayley-Hamilton theorem for the matrix

A ¼
2 �1 1

�1 2 �1

1 �1 2

2
4

3
5

and hence find A�1.

Solution. We have

A� lIj j ¼
2� l �1 1

�1 2� l �1

1 �1 2� l

�������
�������

¼ �l3 þ 6l2 � 9lþ 4:

Thus, the characteristic equation of the matrix A is

l3 � 6l2 þ 9l� 4 ¼ 0:

To verify Cayley-Hamilton theorem, we have to

show that

A3 � 6A2þ9A� 4I ¼ 0: ð19Þ

We have

A2 ¼
6 �5 5

�5 6 �5

5 �5 6

2
4

3
5 ;

A3 ¼
22 �21 21

�21 22 �21

21 �21 22

2
4

3
5 :

Then, we note that

A3 � 6A2þ9A� 4I ¼
0 0 0
0 0 0
0 0 0

" #
¼ 0:

Further, pre-multiplying (19) by A�1, we get

A2 � 6Aþ 9I � 4A�1 ¼ 0
and so

A�1 ¼ 1

4
A2 � 6Aþ 9I
� �

¼ 1

4

3 1 �1

1 3 1

�1 1 3

2
64

3
75:

4.25 ALGEBRAIC AND GEOMETRIC MULTIPLICITY OF
AN EIGENVALUE

Definition 4.76 If l is an eigenvalue of order m of

matrix A, then m is called the algebraic multiplicity

of l.

Definition 4.77 If s is the number of linearly inde-

pendent eigenvectors corresponding to the eigenva-

lue l, then s is called the geometric multiplicity of l.
If r is the rank of the coefficient matrix of

(A� lI) X¼ 0, then s¼ n� r, where n is the number
of unknowns.

The geometric multiplicity of an eigenvalue

cannot exceed its algebraic multiplicity.

4.26 MINIMAL POLYNOMIAL OF A MATRIX

Definition 4.78 A polynomial in x in which the

coefficient of the highest power of x is unity is

called a monic polynomial.

For example, x4� x3þ 2x2þ xþ 4 is a monic

polynomial of degree 4 over the field of real

numbers.

Definition 4.79 The monic polynomial m(x) of lowest
degree such that m(A)¼ 0 is called the minimal

polynomial of the matrix A.
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If m(x) is the minimal polynomial of a matrix

A, then the equation m(x)¼ 0 is called the minimal

equation of the matrix A.

Theorem 4.39 The minimal polynomial of a matrix is

unique.

Proof: Suppose that the minimal polynomial of a

matrix A is of degree r. Therefore, for no non-zero
polynomial of degree less than r, we can have

m(A)¼ 0. Let m1(x) and m2(x) be two minimal

polynomial of A. Then

m1 Að Þ ¼ Ar þ a1A
r�1 þ . . .þ arI ¼ 0

m2 Að Þ ¼ Ar þ b1A
r�1 þ . . .þ brI ¼ 0 :

Subtracting, we have

b1 � a1ð ÞAr�1 þ . . .þ br � arð Þ I ¼ 0:

Thus, we have a polynomial f (x) of degree r� 1

such that f (A)¼ 0. Since its degree is less than r,

this should be a zero polynomial. Hence
b1 � a1 ¼ 0; . . . ; br � ar ¼ 0

and so
a1 ¼ b1; . . . ; br ¼ ar

proving that m1(A)¼m2(A). Hence, minimal poly-

nomial of A is unique.

Theorem 4.40 Every polynomial p(l) such that

p(A)¼ 0 is exactly divisible by the minimal poly-
nomial m(l).

Proof: Let q(l) be the quotient when p(l) is divided
by m(l) and let r(l) be the remainder, which is of

degree less than the degree of m(l). Then, by

division algorithm, we have,

pðlÞ ¼ mðlÞqðlÞ þ rðlÞ
so
0 ¼ pðAÞ ¼mðAÞqðAÞ þ rðAÞ ¼ 0:qðAÞþrðAÞ;

which yields r (A)¼ 0. Since r (l) is of degree less
than the degree of m(l), it follows that m(l) is not a
minimal polynomial unless r (l)¼ 0. Thus,

pðlÞ ¼ mðlÞqðlÞ
and hence m(l) divides p(l).

Corollary 4.11 The minimal polynomial of a matrix is

a divisor of the characteristic polynomial of that

matrix.

Proof: Let �(l) be the characteristic polynomial of

a matrix A. Then by Cayley-Hamilton theorem,

�(A)¼ 0. Letm( l) be the minimal polynomial of A.
Then, by Theorem 4.57, m(l) divides �(l).

Corollary 4.12 Every root of the minimal equation of a

matrix is also a characteristic root of the matrix.

Proof: Let �(l) be the characteristic polynomial of a

matrix A andm(l) be its minimal polynomial. Then,

by Corollary 4.17, m(l) divides �(l). Therefore,
there exists a polynomial q(l) such that

�ðlÞ ¼ mðlÞqðlÞ:
Now, suppose m is a root of the equation m(l)¼0.

Therefore, m(m)¼ 0 and so

� mð Þ ¼ m mð Þq mð Þ ¼ 0:

Hence m is a root of the characteristic equation
�(l)¼ 0 and so m is a characteristic root of A.

Theorem 4.41 If l1, l2, …, ln are the characteristic

roots, distinct or not, of a matrix A of order n and if

g(A) is any polynomial function of A, then

the characteristic roots of g(A) are g(l1), g(l2), …,

g(ln).

Proof: We have

A� lInj j ¼ �1ð Þn l� l1ð Þ l� l2ð Þ . . . l� lnð Þ:
We want to show that

g Að Þ � lInj j ¼ �1ð Þn l� g l1ð Þð Þ
� l� g l2ð Þð Þ . . . l� g lnð Þð Þ:

Suppose g(x) is of degree r in x and that for a fixed
value of l, the roots of g(x)� l¼ 0 are x1, x2,…, xr.

Then

gðxÞ � l ¼ aðx� x1Þðx� x2Þ . . . ðx� xrÞ;
where a is the coefficient of xr in g(x). Hence

g Að Þ�lIn ¼ a A� x1Inð Þ A� x2Inð Þ . . . A� xrInð Þ:
Therefore if �(l) is the characteristic poly-

nomial of A, then

g Að Þ � lInj j
¼ an A� x1Inð Þj j A� x2Inj j . . . A� xrInj j
¼ an� x1ð Þ� x2ð Þ . . . � xrð Þ
¼ an �1ð Þn x1 � l1ð Þ x1 � l2ð Þ . . . x1 � lnð Þ
. . . �1ð Þn xr � l1ð Þ xr � l2ð Þ . . . xr � lnð Þ

¼ a l1 � x1ð Þ l1 � x2ð Þ . . . l1 � xrð Þ
. . . a ln � x1ð Þ ln � x2ð Þ . . . ln � xrð Þ

¼ g l1ð Þ � lð Þ g l2ð Þ � lð Þ . . . g lnð Þ � lð Þ
¼ �1ð Þn l� g l1ð Þð Þ l� g l2ð Þð Þ . . . l� g lnð Þð Þ:

Hence, g(l1), g(l2),…, g(ln) are the characteristic

roots of g(A).
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Theorem 4.42 Every root of the characteristic equa-

tion of a matrix is also a root of the minimal

equation of the matrix.

Proof: Suppose m(x) is the minimal polynomial of a

matrix A. Then m(A)¼ 0. Let l be a characteristic

root of A. Then, by Theorem 4.58, m(l) is the

characteristic root of m(A). But m(A)¼ 0 and
so each of its characteristic root is zero. Hence

m(l)¼ 0, which implies that l is a root of the

equation m(x)¼ 0. This proves that every char-

acteristic root of a matrix A is also a root of the

minimal equation m(x)¼ 0.

Corollary 4.12 and Theorem 4.42 combined

together yield:

Theorem 4.43 A scalar l is a characteristic root of a

matrix if and only if it is a root of the minimal
equation of that matrix.

Definition 4.80 An n-rowed matrix is said to be

derogatory or non-derogatory according as the

degree of its minimal equation is less than or equal

to n.

It follows from the definition that a matrix is

non-derogatory if the degree of its minimal polyno-

mial is equal to the degree of its characteristic
polynomial.

Theorem 4.44 If the roots of the characteristic equa-

tion of a matrix are all distinct, then the matrix is

non-derogatory.

Proof: Let A be a matrix of order n having n distinct

characteristic roots. By Theorem 4.60, each of these

roots is also a root of the minimal polynomial of A.

Therefore, the minimal polynomial of A is of degree
n. Hence, by definition, A is non-derogatory.

EXAMPLE 4.60
Show that the matrix

A ¼
7 4 �1
4 7 �1

�4 �4 4

2
4

3
5

is derogatory.

Solution. We have

jA�lI j¼
7�l 4 �1
4 7�l �1

�4 �4 4�l

������
������¼� l�12ð Þ 3�lð Þ2:

Therefore, roots of the characteristic equation

|A� lI| ¼ 0 are l¼ 3, 3, 12.

Since each characteristic root of a matrix is also

a root of its minimal polynomial, therefore, (x� 3)

and (x� 12) shall be factors of m(x). Let.

g xð Þ ¼ x� 3ð Þ x� 12ð Þ ¼ x2 � 15xþ 36:
We have

A2 ¼
69 60 �15

60 69 �15

�60 �60 24

2
4

3
5

Then, we observe that

gðAÞ ¼A2 � 15Aþ 361 ¼
0 0 0

0 0 0

0 0 0

2
4

3
5:

Thus g(x) is the monomic polynomial of lowest

degree such that g(A)¼ 0. Hence g(x) is minimal

polynomial of A. Since its degree is less than the order

of the matrix A, the given matrix A is derogatory.

4.27 ORTHOGONAL, NORMAL, AND UNITARY
MATRICES

Definition 4.81 Let

X ¼

x1
x2
. . .
. . .
xn

2
66664

3
77775 and Y ¼

y1
y2
. . .
. . .
yn

2
66664

3
77775

be two complex n-vectors. The inner product of X

and Y denoted by (X, Y), is defined as

X ; Yð Þ ¼ X hY ¼ �x1�x2 . . .�xn½ �

y1

y2

. . .

. . .

yn

2
6666664

3
7777775

¼ �x1y1 þ�x2y2 þ . . .þ�xnyn:

If X and Y are real, then their product becomes

X ; Yð Þ ¼ XTY ¼ ½x1 x2 . . . xn�

y1

y2

. . .

. . .

yn

2
6666664

3
7777775

¼ x1y1 þ x2y2 þ . . .þ xnyn:
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Definition 4.82 Let X be a complex n-vector. Then the

positive square root of the inner product of X with

itself is called the length or norm of X. It is denoted

by Xk k.
For example, if

X ¼

x1
x2
. . .
. . .
xn

2
66664

3
77775

then

Xk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
X ;Xð Þ

p
¼

ffiffiffiffiffiffiffiffiffiffi
X hX

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx1j2 þ jx2j2 þ . . .þ jxnj2

q
:

Obviously, the length of a vector is zero if and only

if the vector is a zero vector.

Definition 4.83 A vector X is called a unit vector if

Xk k¼ 1.

Definition 4.84 Two complex n-vectors X and Y are
said to be orthogonal if

X ; Yð Þ ¼ X hY ¼ 0:
Obviously, zero is the only vector which is ortho-

gonal to itself.

Definition 4.85 A set S of complex n-vectors X1, X2,

…, Xn is said to be an orthogonal set if any two

distinct vectors in S are orthogonal.

Definition 4.86 A set S of complex n-vectors X1, X2,

…, Xn is said to be an orthonormal set if

(i) S is an orthogonal set

(ii) each vector in S is a unit vector.

Thus the set X1, X2, …, Xn is orthonormal if

Xi; Xj

� � ¼ �ij; i; j ¼ 1; 2; . . . ; n;
where �ij (called Kronecker delta) is defined as

�ij ¼ 0 for i 6¼ j
1 for i ¼ j :

�
Theorem 4.45 An orthogonal set of non-zero vectors

is linearly independent.

Proof: Let S¼ [X1, X2, …, Xn ] be an orthogonal set

of non-zero vectors. Let c1, c2,…, cn be scalars such

that
c1X1 þ c2X2 þ . . .þ cnXn ¼ 0 ð20Þ

Let 1�m� n. Then inner product of (20) with Xm is

Xm; c1X1 þ c2X2 þ . . .þ cnXnð Þ ¼ Xm; 0ð Þ

or

c1 Xm;X1ð Þ þ c2 Xm;X2ð Þ þ . . .þ cm Xm;Xmð Þ
þ . . .þ cn Xm;Xnð Þ ¼ 0:

Since (Xm, Xn)¼ 0 for m 6¼ n, the above relation
yields

cmðXm;XmÞ¼ 0:

Since Xm 6¼ 0, the inner product (Xm, Xm) 6¼ 0.

Hence cm¼ 0, m¼ 1, 2,…, n. Thus, (39) implies

c1¼ c2¼…¼ cn¼ 0. Hence, X1, X2, …, Xn are

linearly independent.

Corollary 4.13 Every orthonormal set of vectors is

linearly independent.

Proof: Since for every vector Xn, (Xn, Xn)¼ 1, the

result follows from Theorem 4.45.

Definition 4.87 A square matrix U with complex

element is said to be unitary if UhU¼ I.

If U is unitary, then

U hU ¼ I

) U hU
�� �� ¼ Ij j

) Uh
�� �� Uj j ¼ Ij j ¼ 1

) Uj j 6¼ 0:

Hence,U is non-singular and so invertible. Thus,Uh

is the inverse of U and we have

U hU ¼ I ¼ UU h:

Hence, a matrix U is unitary if and only if

U hU ¼ UU h ¼ I :

If U is a unitary matrix, then the transformation

Y¼UX is called a unitary transformation.

Theorem 4.46 The eigenvalues of a unitary matrix are
of unit modulus.

Proof: Let l be an eigenvalue of a unitary matrix.

Therefore, there exists non-zero vector X such that

AX ¼ lX ð21Þ
Therefore, taking transposed conjugate of (21), we

get

AXð Þh ¼ lXð Þh

) X hAh ¼ �lX
h ð22Þ
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By (21) and (22), we have

X hAhAX ¼ �llX hX

) X hX ¼ �llX hX

) 1� �ll
� �

X hX ¼ 0

) 1� �ll
� � ¼ 0 since X hX 6¼ 0

) �ll ¼ 1

) jlj ¼ 1:

Theorem 4.47 (i) If U is unitary matrix, then absolute

value of |U| ¼1

(ii) Any two eigenvectors corresponding to

the distinct eigenvalues of a unitary matrix are

orthogonal.

Proof: (i) We have

U h
�� �� ¼ U

� �T��� ��� ¼ U
�� �� ¼ jU j

Therefore

Uj j2¼ jU j : Uj j ¼ U h
�� �� Uj j ¼ UhU

�� ��
¼ Ij j ¼ 1:

Hence, absolute value of determinant of a unitary

matrix is 1.
(ii) Let l1 and l2 be two distinct eigenvalues of

a unitary matrix U and let X1, X2 be the corre-

sponding eigenvectors. Then

UX1 ¼ l1X1 ð23Þ
UX2 ¼ l2X2 ð24Þ

Taking conjugate transpose of (24), we get

X h
2U

h ¼ �l2X
h
2 ð25Þ

Post-multiplying both sides of (25) by UX1, we get

X h
2U

hUX1 ¼ �l2X
h
2UX1

) X h
2 X1 ¼ �l2X

h
2 l1X1 since U hU ¼ I

and UX1 ¼ l1X1

) X h
2 X1 ¼ �l2l1X

h
2 X1

) 1� �l2l1
� �

X h
2 X1 ¼ 0 ð26Þ

But eigenvalues of a unitary matrix are of unit
modulus.

Therefore �l2l2 ¼ 1, that is, �l2 ¼ 1
l2
. Thus (26)

reduces to

1� l1
l2

� �
X h
2 X1 ¼ 0

) l2 � l1
l2

� �
X h
2 X1 ¼ 0

) X h
2 X1 ¼ 0 since l1 6¼ l2:

Hence, X1 and X2 are orthogonal vectors

Theorem 4.48 The product of two unitary matrices of

the same order is unitary.

Proof: Let A and B be two unitary matrices of order

n. Then

AAh ¼ AhA ¼ I and BBh ¼ BhB ¼ I :

We have
ABð Þh ABð Þ ¼ BhAh

� �
ABð Þ

¼ Bh AhA
� �

B

¼ Bh I B

¼ BhB ¼ I :

Hence, AB is an unitary matrix of order n. Similarly,

BAð Þh BAð Þ ¼ AhBh
� �

BAð Þ
¼ Ah BhB

� �
A

¼ Ah I A

¼ AhA ¼ I
and so BA is unitary.

Theorem 4.49 The inverse of a unitary matrix of order

n is an unitary matrix.

Proof: Let U be an unitary matrix. Then

UU h ¼ I

) UU h
� ��1¼ I�1 ¼ I

) U h
� ��1

U�1 ¼ I

) U�1
� �h

U�1 ¼ I

Hence, U�1 is also a unitary matrix.

Remark 4.8 It follows from Theorem 4.66 that the set
of unitary matrices is a group under the binary

operation of multiplication. This group is called

unitary group.

Definition 4.88 A square matrix P is said to be

orthogonal if PTP¼ I.

Thus, a real unitary matrix is called an orthogo-

nal matrix.

If P is orthogonal, then

PTP ¼ I

) PTP
�� �� ¼ Ij j ¼ 1

) PT
�� �� Pj j ¼ 1

) Pj j 2 ¼ 1

) Pj j 6¼ 0:

Thus P is invertible and have inverse as PT. Hence

PTP¼I¼PPT.
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If P is an orthogonal matrix, then the transfor-

mation Y¼PX is called orthogonal transformation.

Theorem 4.50 The product of two orthogonal matrices

of order n is an orthogonal matrix of order n.

Proof: Let A and B be orthogonal matrices of order n.

Therefore, A and B are invertible. Further both AB

and BA are matrices of order n. But

jABj ¼ jAj jBj 6¼ 0 and jBAj ¼ jBj jAj 6¼ 0

Therefore, AB and BA are invertible. Now

ABð ÞT ABð Þ ¼ BTAT
� �

ABð Þ
¼ BT ATA

� �
B

¼ BTI B

¼ BTB ¼ I :

Hence AB is orthogonal. Similarly BA is also

orthogonal.

Theorem 4.51 If a matrix P is orthogonal, then P�1 is

also orthogonal.

Proof: Since P is orthogonal, we have

PPT ¼ I

) PPT
� ��1¼ I�1 ¼ I

) PT
� ��1

P�1 ¼ I

) P�1
� �T

P�1 ¼ I :

Hence, P�1 is also orthogonal.

Remark 4.9 The above results show that the set of

orthogonal matrices form a multiplication group

called orthogonal group.

Theorem 4.52 Eigenvalues of an orthogonal matrix

are of unit modulus.

Proof: Since an orthogonal matrix is a real unitary

matrix, the result follows from Theorem 4.46.

Remark 4.10 It follows from Theorem 4.46 that ±1
can be the only real characteristic roots of an

orthogonal matrix.

Definition 4.89 A matrix A is said to be normal if and

only if AhA¼AAh.

For example, unitary, Hermitian, and Skew-

Hermitian matrices are normal. Also, the diagonal

matrices with arbitrary diagonal elements are normal.

Theorem 4.53 If U is unitary, then A is normal if and
only if UhAU is normal

Proof: We have

UhAU
� �h

U hAU
� � ¼ UhAhU

� �
U hAU
� �

¼ U hAh UU h
� �

AU

¼ U hAhI AU

¼ U hAhAU ð27Þ
and similarly,

UhAU
� �

U hAU
� �h¼ UhAAhU ð28Þ

From (27) and (28), we note that AhA¼AAh if and

only if

U hAU
� �h

UhAU
� � ¼ UhAU

� �
UhAU
� ��

:

Hence, A is normal if and only if UhAU is normal.

4.28 SIMILARITY OF MATRICES

Definition 4.90 Let A and B be matrices of order n.
Then B is said to be similar to A if there exists a

non-singular matrix P such that B¼P�1AP.

It can be seen easily that the relation of similar-

ity of matrices is an equivalence relation.

If B is similar to A, then

Bj j ¼ P�1AP
�� �� ¼ P�1

�� �� Aj j Pj j
¼ P�1
�� �� Pj j Aj j

¼ P�1P
�� �� Aj j

¼ Ij j Aj j ¼ Aj j:
Therefore it follows that similar matrices have the
same determinant.

Theorem 4.54 Similar matrices have the same char-

acteristic polynomial and hence the same char-

acteristic roots.

Proof: Suppose A and B are similar matrices. Then

there exists an invertible matrix P such that

B¼P�1AP. Since
B� xI ¼ P�1AP� xI

¼ P�1AP� P�1 xIð ÞP
¼ P�1 A� xIð ÞP;

we have
B� xIj j ¼ P�1 A� xIð ÞP�� ��

¼ P�1
�� �� Pj j A� xIj j

¼ P�1P
�� �� A� xIj j

¼ A� xIj j:
Thus A and B have the same characteristic poly-

nomial and so they have same characteristic roots.

Further if l is characteristic root of A, then,

AX ¼ lX ; X 6¼ 0
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and so
B P�1X
� � ¼ P�1AP

� �
P�1X

¼ P�1AX ¼ P�1 lXð Þ
¼ l P�1X
� �

This shows that (P�1X) is an eigenvector of B cor-

responding to its eigenvalue l.

Corollary 4.14 If a matrix A is similar to a diagonal

matrix D, the diagonal elements of D are the

eigenvalues of A.

Proof: Since A and D are similar, they have same

eigenvalues. But the eigenvalues of the diagonal

matrix D are its diagonal elements. Hence the
eigenvalues of A are the diagonal elements of D.

4.29 DIAGONALIZATION OF A MATRIX

Definition 4.91 A matrix A is said to be diagonaliz-

able if it is similar to a diagonal matrix.

Theorem 4.55 A matrix of order n is diagonalizable if

and only if it possesses n linearly independent

eigenvectors.

Proof: Suppose first that A is diagonalizable. Then A

is similar to a diagonal matrix
D¼ diag½l1l2 . . . ln�:

Therefore, there exists an invertible matrix P¼ [X1

X2 … Xn] such that P�1AP¼D, that is, AP¼PD

and so

A½X1 X2 . . .Xn� ¼ ½X1 X2 . . .Xn� diag½l1 l2 . . . ln�
or

½AX1; AX2 . . .AXn� ¼ ½l1X1 l2X2 . . . lnXn�:
Hence

AX1 ¼ l1X1;AX2 ¼ l2X2; . . . ;AXn ¼ lnXn:
Thus, X1, X2,…, Xn are eigenvectors of A corre-

sponding to the eigenvalues l1, l2,…, ln, respec-
tively. Since P is non-singular, its column vectors

X1, X2,…, Xn are linearly independent. Hence A has
n linearly independent eigenvectors.

Conversely suppose that A possesses n linearly

independent eigenvectors X1, X2, …, Xn and let l1,
l2,…, ln be the corresponding eigenvalues. Then

AX1 ¼ l1X1; AX2 ¼ l2X2; . . . ;AXn ¼ lnXn:
Let

P¼ X1;X2;...;Xn½ �andD¼diag ½l1 l2 ... ln�:
Then

AP ¼ AX1 AX2 . . . AXn½ �
¼ l1X1 l2X2 . . . lnXn½ �
¼ ½X1; X2 . . . Xn� diag ½l1 l2 . . . ln� ¼ PD:

Since the column vectors X1, X2,…, Xn of the matrix

P are linearly independent, so P is invertible and

P�1 exists.

Therefore,

AP ¼ PD ) P�1AP ¼ P�1PD

) P�1AP ¼ D

) A is similar to D: )A is diagonalizable.

Theorem 4.56 If the eigenvalues of a matrix of order n

are all distinct, then it is always similar to a diag-

onal matrix.

Proof: Suppose that a square matrix of order n has n

distinct eigenvalues, l1, l2,…, ln. As eigenvectors
of a matrix corresponding to distinct eigenvalues are

linearly independent, A has n linearly independent

eigenvectors and so, by the above theorem, it is
similar to a diagonal matrix.

The following result is very useful in diagona-

lization of a given matrix.

Theorem 4.57 The necessary and sufficient condition

for a square matrix to be similar to a diagonal matrix

is that geometric multiplicity of each of its eigen-

values coincide with the algebraic multiplicity.

EXAMPLE 4.61
Show that the matrix

A ¼
2 3 4

0 2 �1

0 0 1

2
4

3
5

is not similar to diagonal matrix.

Solution. The characteristic equation of A is

A� lIj j ¼
2� l 3 4

0 2� l �1

0 0 1� l

������
������ ¼ 0

and so
2� lð Þ 2� lð Þ 1� lð Þ ¼ 0:

Hence the eigenvalues of A are 2, 2, and 1. The

eigenvector X of A corresponding to l¼2 is given

by (A�2I) X¼ 0, that is, by

0 3 4

0 0 �1

0 0 �1

2
64

3
75

x1

x2

x3

2
64

3
75 ¼

0

0

0

2
64

3
75

~

0 3 4

0 0 �1

0 0 0

2
64

3
75

x1

x2

x3

2
64

3
75 ¼

0

0

0

2
64

3
75; R3 ! R3 � R2:
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The coefficient matrix is of rank 2. Hence number of

linearly independent solution is n� r¼ 1. Thus

geometric multiplicity of 2 is 1. But its algebraic

multiplicity is 2. Therefore, geometric multiplicity

is not equal to algebraic multiplicity. Hence A is not

similar to a diagonal matrix.

EXAMPLE 4.62
Give an example to show that not every square
matrix can be diagonalized by a non-singular trans-

formation of coordinates.

Solution. Consider the matrix

A ¼ 1 1

0 1


 �
:

The characteristic equation of A is

A� lIj j ¼ 1� l 1

0 1� l

����
���� ¼ 0

or

1� lð Þ2¼ 0;

which yields the characteristic roots as l¼ 1,1.

The characteristic vector corresponding to

l¼ 1, is given by (A�I) X¼0, that is, by

0 1

0 0


 �
x1
x2


 �
¼ 0

0


 �
:

The rank of the coefficient matrix is 1 and so that

number of linearly independent solution is n� r

2� 1¼ 1. Thus the geometric multiplicity of

characteristic root is 1, whereas algebraic multi-

plicity of the characteristic root is 2. Hence, the

given matrix is not diagonalizable.

EXAMPLE 4.63
Show that the matrix

A ¼
8 �8 �2

4 �3 �2
3 �4 1

2
4

3
5

is diagonalizable. Hence, find the transforming

matrix and the diagonal matrix.

Solution. The roots of the characteristic equation

A� lIj j ¼
8� l �8 �2

4 �3� l �2
3 �4 1� l

������
������ ¼ 0

are 1, 2, 3. Since the eigenvalues are all distinct, A is

similar to a diagonal matrix. Further, algebraic mul-
tiplicity of each eigenvalues is 1. So there is only

one linearly independent eigenvector of A corre-

sponding to each eigenvalues. Now the eigenvector

corresponding to l¼1 is given by (A� I)X¼ 0, that

is, by

7 �8 �2

4 �4 �2

3 �4 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75;

�
7 �8 �2

�3 4 0

3 �4 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75 ; R2 !R2�R1

�
7 �8 �2

�3 4 0

0 0 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75 ; R3 !R3þR2:

We note that rank of the coefficient matrix is 2.

Therefore, there is only one linearly independent
solution. Hence geometric multiplicity of the eigen-

values 1 is 1. The equation can be written as
7x1 � 8x2 � 2x3 ¼ 0

� 3x1 þ 4x2 ¼ 0:

The last equation yields x1 ¼ 4
3
x2. So taking x2¼3,

we get x1¼4. Then the first equation yields x3¼2.

Hence, the eigenvector corresponding to l¼1 is

X1 ¼
4

3

2

2
4

3
5:

Similarly, eigenvectors corresponding to l¼2 and 3

are found to be

X2 ¼
3

2

1

2
4

3
5 and X3 ¼

2

1

1

2
4

3
5:

Therefore, the transforming matrix is

P ¼
4 3 2

3 2 1

2 1 1

2
4

3
5;

and so the diagonal matrix is

P�1AP ¼
1 0 0

0 2 0

0 0 3

2
4

3
5:

EXAMPLE 4.64
Diagonalize the matrix

A ¼
1 0 �1

1 2 1

2 2 3

2
4

3
5:
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Solution. The characteristic equation of the given

matrix is

A� lIj j ¼
1� l 0 �1
1 2� l 1

2 2 3� l

������
������ ¼ 0

or
�l3 þ 6l2 � 11lþ 6 ¼ 0:

The characteristic roots are l¼ 1, 2, 3. Since the

characteristic roots are distinct, the given matrix is

diagonalizable and the diagonal elements shall be

the characteristic roots 1, 2, 3.

The characteristic vectors corresponding to

l¼ 1 are given by (A�I) X¼0, that is, by

0 0 �1

1 1 1

2 2 2

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75

�
1 1 1

0 0 �1

2 2 2

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75; R1 $ R2

�
1 1 1

0 0 �1

0 0 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75 R3 ! R3� 2R1:

The rank of the coefficient matrix is 2. Therefore,

there is only 3� 2¼ 1 linearly independent solu-

tion. The above equation yields,
x1 þ x2 þ x3 ¼ 0

�x3 ¼ 0:
Hence, the characteristic vector corresponding to
l¼1 is

1

�1

0

2
4

3
5:

The characteristic vector corresponding to l¼2 is

given by (A�2I) X¼0, that is, by

�1 0 �1

1 0 1

2 2 1

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75

�
�1 0 �1

0 0 0

1 2 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75; R2 ! R2þR1

R3 ! R3�R1

�
�1 0 �1

1 2 0

0 0 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75; R2 $ R3:

The rank of the coefficient matrix is 2. Therefore,

there is only 3� 2¼ 1linearly independent solu-

tion. The equation implies
�x1 � x3 ¼ 0

x1 � 2x3 ¼ 0
which yields x1¼ 2, x2¼�1, x3¼ �2. Therefore,

the characteristic vector is

2

�1

�2

2
4

3
5:

The characteristic vector corresponding to l¼3 is

given by

�2 0�1

1�1 1

2 2 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75

�
�2 0�1

�1�1 0

2 2 0

2
64

3
75

x1

x2

x3

2
64

3
75¼

0

0

0

2
64

3
75; R2 ! R2 þR

1
:

The rank of coefficient matrix is 2. and so there is

3� 2¼ 1 independent solution. The equation

yields, � 2x1 � x3 ¼ 0

� x1 � x2 ¼ 0:
and so the corresponding characteristic vector is

1

�1

�2

2
4

3
5:

Thus, the transforming matrix is

P ¼
1 2 1

�1 �1 �1

0 �2 �2

2
4

3
5:

We have |P|¼�2 and the cofactors of P are

A11 ¼ 0; A12 ¼ �2; A13 ¼ 2;

A21 ¼ 2; A22 ¼ �2; A23 ¼ 2;

A31 ¼ �1; A32 ¼ 0; A33 ¼ 1:

Therefore,

adj P ¼
0 2 �1

�2 �2 0

2 2 1

2
4

3
5;

and so

P�1 ¼ 1

Pj j adj P ¼
0 �1 1

2

1 1 0

�1 �1 � 1
2

2
4

3
5:
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Then we observe that

P�1AP ¼
0 �1 1

2

1 1 0

�1 �1 � 1
2

2
4

3
5 1 0 �1

1 2 1

2 2 3

2
4

3
5

�
1 2 1

�1 �1 �1

0 �2 �2

2
4

3
5

¼
0 �1 1

2

1 1 0

�1 �1 � 1
2

2
4

3
5 1 4 3

�1 �2 �3

0 �4 �6

2
4

3
5

¼
1 0 0

0 2 0

0 0 3

2
4

3
5 ¼ diag ½1 2 3� :

Definition 4.92 Let A and B be square matrices of

order n. Then B is said to be unitarily similar to A if

there exists a unitary matrix U such that

B¼U�1AU.

Theorem 4.58 (Existence Theorem). If A is Hermitian

matrix, then there exists a unitary matrix U such
that UhAU is a diagonal matrix whose diagonal

elements are the characteristic roots of A, that is,

U hAU ¼ diag½l1 l2 . . . ln�:
Proof:We shall prove Theorem 4.75 by induction on

the order of A. If n = 1, then the theorem is

obviously true. We assume that the theorem is true

for all Hermitian matrices of order n � 1. We shall

establish that the theorem holds for all Hermitian

matrices of order n.
Let l1 be an eigenvalue of A. Thus l1 is real. Let

X1 be the eigenvector corresponding to the eigen-

values l1. Therefore AX1 = l1X1. We choose an

orthonormal basis of the complex vector space Vn

having X1 as a member. Therefore, there exists a

unitary matrix S with X1 as its first column. We now

consider the matrix S�1AS. Since X1 is the first

column of S, the first column of S�1AS is S�1AX1 =
S�1l1X1 = l1 S

�1X1. But S
�1X1 is the first column of

S�1S = I. Therefore, the first column of S�1AS is [l1
0 … 0 … 0]T. Since S is unitary, S�1 = Sh and so

S�1AS
� �h¼ ShAh S �1

� �h¼ ShAhS ¼ S�1AS:

Hence S-1AS is Hermitian. Therefore, the first row
of S�1AS is [l1 0… 0 … 0]. Thus,

S�1AS ¼ l1 0

0 B


 �
;

where B is a square matrix of order n� 1.

Therefore, by induction hypothesis, there exists a

unitary matrix V such that
V�1BV ¼ D1;

where D1 is a diagonal matrix of order n� 1.

Let R ¼ I 0

0 V


 �
be a matrix of order n. Then

R is invertible and R�1 ¼ I 0

0 V�1


 �
: Now since V

is unitary, V h = V-1 and so

Rh ¼ I 0

0 V h


 �
¼ I 0

0 V�1


 �
¼ R�1:

Hence, R is uniatary. Since R and S are unitary
matrices of order n, SR is also unitary of order n. Let

SR = U. Then
U�1AU ¼ SRð Þ�1

A SRð Þ
¼ R�1S�1
� �

A SRð Þ
¼ R�1 S�1AS

� �
R

¼ I 0

0 V�1


 �
l1 0

0 B


 �
I 0

0 V


 �

¼ l1 0

0 V�1B


 �
I 0

0 V


 �
¼ l1 0

0 V�1BV


 �

¼ l1 0

0 D1


 �
¼ diag½l1l2 . . . ln�:

As an immediate consequence of this theorem, we

have

Corollary 4.15 If A is a real symmetric matrix, there

exists an orthogonal matrix U such that UTAU is a

diagonal matrix, whose diagonal elements are the
characteristic roots of A.

Theorem 4.59 If l is an m-fold eigenvalue of

Hermitian matrix A, then rank of A-l In is n�m.

Proof: By Theorem 4.58, there exists a unitary

matrix U such that

U�AU ¼ diag½ll . . . llmþ1lmþ2 . . . ln�;
where l occurs m times and lm+1,l m+2, …, ln are all
distinct from l. Since U is unitary, subtracting lIn
from both sides of the above equation, we get

U� A� lIn½ �U ¼ diag 00 . . . 0 lmþ1 � lð Þ½
lmþ2 � lð Þ . . . ln � lð Þ�:

Since U is non-singular, it follows that the rank of

A� lIn is same as that of the diagonal matrix on the
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right-hand side. But the rank of the matrix on the

right-hand side is n�m because (lm+1� l), (lm+2�
l), …, (ln� l) are all non-zero.

Corollary 4.16 If l is m-fold eigenvalues of a

Hermitian matrix A, then there exists m linearly

independent vectors of A associated with l, that is,
with l1 there is associated an m-dimensional space
of characteristic vectors.

Theorem 4.60 With every Hermitian matrix A we can

associate an orthonormal set of n characteristic

vectors.

Proof: The eigenvectors associated with a given

eigenvalue of A form a vector space for which we

can construct an orthonormal basis by Gram-

Schmidt process. For each A, there are n vectors in
the basis so constructed. Also, the eigenvectors

associated with distinct eigenvalues of a Hermitian

matrix are orthogonal. It follows, therefore, that

these n basis vectors constitute orthonormal set.

Theorem 4.60 indicates how the diagonaliza-

tion process may be effected. In fact, we have the

following theorem.

Theorem 4.61 If U1, U2,…, Un is an orthonormal
system of eigenvectors associated respectively with

the eigenvalues l1 … ln of Hermitian matrix A and

if U is the unitary matrix [U1 U2 … Un ], then

U �AU ¼ diag l1l2 . . . ln½ �:
(The vectors U1, U2,…, Un are often called a set of

principal axes of A and the transformation with
matrix U used to diagonalize A is called principal

axis transformation).

Proof:We have AUj = ljUj, j = 1, 2,…, n, where lj is
the eigenvalue associated with Uj. Thus, if U = [U1

U2 … Un], then

AU1AU2 . . .AUn½ � ¼ l1U1 l2U2 . . . lnUn½ �;
that is,

AU ¼ U diag½l1 l2 . . . ln�:
Since,U is unitaryU-1 =Uh and so pre-multiplication
by Uh yields

UhAU ¼ U hU diag ½l1l2 . . . ln�
¼ U�1U diag ½l1l2 . . . ln�
¼ diag ½l1l2 . . . ln�:

EXAMPLE 4.65
Diagonalize the matrix

A ¼ 2 1� 2i

1þ 2i �2


 �
:

Solution. The characteristic equation of A is

A� lIj j ¼ 2� l 1� 2i

1þ 2i �2� l

����
���� ¼ 0

or
l2 � 9 ¼ 0;

which yields the characteristic roots as l = �3, 3.

The eigenvectors corresponding to the eigenvalue
�3 is given by (A + 3I)X = 0, that is, by

5 1� 2i

1þ 2i 1


 �
x1
x2


 �
¼ 0

0


 �
;

which yields
5x1 � 1� 2ið Þx2 ¼ 0

1þ 2ið Þx2 þ x2 ¼ 0:

Solving these equations, we get x1 = 1�2i, x2 =�5.

Hence, X1 ¼ 1� 2i�5

h i
is the eigenvector corre-

sponding to l = �3.

The eigenvector corresponding to l = 3 is given

by (A� 3I)X = 0 that is, by

�1 1� 2i

1þ 2i �5


 �
x1
x2


 �
¼ 0

0


 �
;

which yields
� x1 þ 1� 2ið Þx2 ¼ 0

ð1þ 2iÞx1 � 5x2 ¼ 0:

Solving these equations, we get x1 = 5, x2 = 1 + 2i.

Thus the required eigenvector is X2 ¼ 5
1þ 2i

h i
:

We note that

X h
2 X1 ¼ 5 1� 2i½ � 1� 2i

�5


 �
¼ 5ð1� 2iÞ � 5ð1� 2iÞ ¼ 0:

Thus {X1, X2} is an orthogonal set. Now

Norm of X1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ij j2þ �5j j2

q
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5þ 25
p

¼
ffiffiffiffiffi
30

p

Norm of X2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5j j2þ 1þ 2ij j2

q
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25þ 5
p

¼
ffiffiffiffiffi
30

p
:

Therefore, normalized characteristic vectors are

U1 ¼
1�2iffiffiffiffi
30

p
�5ffiffiffiffi
30

p

" #
; U2 ¼

5ffiffiffiffi
30

p
1þ2iffiffiffiffi
30

p

" #
:

4.58 n Engineering Mathematics-I



Hence the transforming unitary matrix is

U ¼
1�2iffiffiffiffi
30

p 5ffiffiffiffi
30

p
�5ffiffiffiffi
30

p 1þ2iffiffiffiffi
30

p

" #
:

We then note that

U hAU ¼ U�1AU ¼ �3 0
0 3


 �
¼ diag �3 3½ �:

EXAMPLE 4.66
Diagonalize the Hermitian matrix

A ¼
5 2 0 0
2 2 0 0

0 0 5 �2

0 0 �2 2

2
664

3
775:

Solution. The characteristic equation of A is

A� lIj j ¼
5� l 2 0 0

2 2� l 0 0

0 0 5� l �2

0 0 �2 2� l

��������

��������
¼ 0:

The characteristic roots are 1, 1, 6, 6. The character-

istic vector corresponding to l = 1 are given by

(A� I)X = 0, that is, by

4 2 0 0

2 1 0 0

0 0 4 �2

0 0 �2 1

2
664

3
775

x1
x2
x3
x4

2
664

3
775 ¼

0

0

0

0

2
664
3
775;

which yields
4x1 þ 2x2 ¼ 0

2x1 þ x2 ¼ 0

4x3 � 2x4 ¼ 0

2x3 þ x4 ¼ 0

with the complete solution as

X1 ¼
1

�2
0
0

2
64

3
75;X2 ¼

0
0
1
2

2
64
3
75:

These vectors are already orthogonal. The normal-

ized vectors are

U1 ¼ �

1ffiffi
5

p
2ffiffi
5

p
0

0

2
664

3
775and U2 ¼

0

0
1ffiffi
5

p
2ffiffi
5

p

2
6664

3
7775:

Similarly, the normalized vectors corresponding to

l = 6 are

U3 ¼

2ffiffi
5

p
1ffiffi
5

p
0
0

2
664

3
775and U4 ¼

0

0
� 2ffiffi

5
p
1ffiffi
5

p

2
6664

3
7775:

Hence, the transforming unitary matrix is

U ¼

1ffiffi
5

p 0 2ffiffi
5

p 0

� 2ffiffi
5

p 0 1ffiffi
5

p 0

0 1ffiffi
5

p 0 � 2ffiffi
5

p

0 2ffiffi
5

p 0 1ffiffi
5

p

2
66664

3
77775 ¼ 0:

and Uh AU = diag [1 1 6 6].

4.30 TRIANGULARIZATION OF AN ARBITRARY
MATRIX

Not every matrix can be reduced to diagonal form

by a unitary transformation. But it is always possible

to reduce a square matrix to a triangular form. In this

direction, we have the following result.

Theorem 4.62 (Jacobi-Thoerem). Every square matrix
A over the complex field can be reduced by a uni-

tary transformation to upper triangular form with

the characteristic roots on the diagonal.

Proof: We shall prove the theorem by induction on

the order n of the matrix A. If n = 1, the theorem is

obviously true. Suppose that the result holds for all

matrices of order n� 1. Let l1 be the characteristic
root of A and U1 denote the corresponding unit
characteristic vector. Then AU1 = l1U1. Let {U1,

U2, …, Un} be an orthonormal set, that is, U = [U1,

U2, …, Un]. Then

UhAU ¼

Uh
1

Uh
2

. . .

� � �
Uh

n

2
6666664

3
7777775
AU1 AU2 . . .AUn½ �

¼

Uh
1

Uh
2

� � �
� � �
Uh

n

2
6666664

3
7777775
l1U1 AU2 . . .AUn½ �
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Since U h
1U1 ¼ I and Uh

2U1 ¼ U h
3U1 ¼ . . . ¼

Uh
nU1 ¼ 0, we have

U �AU ¼

l1 U h
1AU2 . . . . . . U h

1AUn

0 U h
2AU2 . . . . . . U h

2AUn

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
0 U h

n AU2 . . . . . . U h
n AUn

2
66664

3
77775

¼ l1 B
0 C


 �
:

Now, by induction hypothesis, the matrix

C ¼
U h

2AU2 � � � � � � Uh
2AUn

� � � � � � � � � � � �
� � � � � � � � � � � �

U h
n AU2 � � � � � � Uh

n AUn

2
664

3
775;

which is of order n� 1, is triangularizable. Thus

there exists a unitary matrix W of order n �1 which

triangularize C, that is, WhCW is triangular. Let

V ¼ I 0

0 W


 �
: Then V�1 ¼ I 0

0 W�1


 �
and

V h ¼ I 0

0 W h


 �
¼ I 0

0 W�1


 �
¼ V�1:

Hence V is unitary and

V h U hAU
� �

V ¼ I 0

0 W h


 �
l1 B

0 C


 �
I 0

0 W


 �

¼ l1 B

0 W hC


 �
I 0

0 W


 �
¼ l1 BW

0 W hCW


 �
;

where WhCW is upper triangular. Thus, we have

UVð ÞhA UVð Þ ¼ l1 BW

0 W hCW


 �

¼

l1 b12 . . . . . . b1n

0 l2 . . . . . . b2n

. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

0 0 . . . . . . ln

2
6666664

3
7777775
:

Since UV is unitary, the characteristic roots of the

triangular matrix are the same as that of A. Thus,

diagonal elements of triangular matrix are char-

acteristic roots of A.

Theorem 4.63 A matrix A over the complex field can

be diagonalized by a unitary transformation if and

only if A is normal.

Proof: Suppose first that U is unitary and A can be

diagonalized, that is, UhAU = diag[l1 l2 … ln].

Then A = U diag[l1 l2 … ln]U
h and so

AhA¼U ðdiag½l1 l2 . . .ln�Þh ðdiag½l1 l2 . . .ln�Þ U h

and

AAh ¼U ðdiag½l1 l2 . . .ln�Þ ðdiag½l1 l2 . . .ln�Þh Uh

But

diag[l1 l2 … ln] (diag[l1 l2 … ln])
h = (diag[l1 l2

… ln])
h diag[l1 l2 … ln].

Hence AhA = AAh and so A is normal.
Conversely, suppose A is normal. Then, by

Theorem 4.70, there exists unitary matrix U such

that UhAU = B, where B is upper triangular. But

UhAU is normal and so B is normal. Suppose that

the upper triangular matrix B is

B ¼

l1 b12 . . . . . . b1n
0 l2 . . . . . . b2n
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
0 0 . . . . . . ln

2
66664

3
77775

Since BhB = BBh, we have

B ¼

�l1 0 b13 . . . . . . 0
�b12 �l2 b23 . . . . . . 0

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .
�b1n �b2n 0 . . . . . . �ln

2
66666664

3
77777775

�

l1 b12 b13 . . . . . . b1n
0 l2 b23 . . . . . . b2n
. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

0 0 0 . . . . . . ln

2
6666664

3
7777775

¼

l1 b12 b13 . . . . . . b1n
0 l2 b23 . . . . . . b2n
. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

0 0 0 . . . . . . ln

2
6666664

3
7777775

�

�l1 0 b13 . . . . . . 0
�b12 �l2 b23 . . . . . . 0

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .
�b1n �b2n 0 . . . . . . �ln

2
66666664

3
77777775
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Comparison of 1-1 entries on both sides, we have
�l1l1 ¼ l1�l1 þ b12�b12 þ b13�b13 þ . . .þ b1n�b1n

or
0 ¼ b12j j2þ b13j j2þ . . .þ b1nj j2;

which implies that b12 = b13 = …= b1n = 0.
Similarly, comparison of 2-2 entries, we get

b23 ¼ b24 ¼ . . . ¼ b2n ¼ 0

and so on, Hence B is diagonal, that is, UhAU = diag
[l1 l2 … ln].

4.31 QUADRATIC FORMS

Definition 4.93 A homogeneous polynomial of the

type Xn
i¼1

Xn
j¼1

aij xi xj;

where aij are elements of a field F is called a

quadratic form in n variables x1, x2, …, xn over the

field F.

If aij are real, then the quadratic form is called real

quadratic form.

For example, x21 � 3x1x2 þ x22 þ x1x3 is a real
quadratic form.

Theorem 4.64 Every quadratic form over a field F in n

variables x1, x2,…, xn can be expressed in the form

of XTBX, where B is a symmetric matrix of order n

over F and X is a column vector [x1, x2 ,…, xn]
T.

Proof: Let Xn
i¼1

Xn
j¼1

aij xi xj;

be a quadratic form over the field F in n variables
x1, x2, …, xn. Since xi, xj are scalars, we have xi xj =

xj xi. Therefore, the coefficient of xi xj is aij + aji.

Thus, we assign half of the coefficient to xij and half

to xji. Let bij be another set of scalars such that bii =

aii and bij ¼ 1
2
aij þ aji
� �

for i 6¼ j. ThenXn
i¼1

Xn
j¼1

aij xi xj ¼
Xn
i¼1

Xn
j¼1

bij xi xj:

Since, bij = bji, the matrix B = [bij]n� n is symmetric.
We further note that if

X ¼

x1
x2
� � �
� � �
xn

2
66664

3
77775;

then

XTBX ¼ ½x1x2 . . .n�

b11 b12 � � � � � � b1n

b21 b22 � � � � � � b2n

� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
bn1 bn2 � � � � � � bnn

2
6666664

3
7777775

x1

x2

� � �
� � �
xn

2
6666664

3
7777775

¼
Xn
i¼1

Xn
j¼1

bij xi xj ¼
Xn
i¼1

Xn
j¼1

aij xi xj:

The symmetric matrix B is called the matrix of the

quadratic form Xn
i¼1

Xn
j¼1

aij xi xj:

EXAMPLE 4.67
Find the matrix of the quadratic form

x21 � 3x1x2 þ x22 þ x1x3.

Solution. The given quadratic form can be written as

x21 �
3

2
x1x2 � 3

2
x2x1 þ x22 þ

1

2
x1x3 þ 1

2
x3x1:

Therefore, the matrix of the given quadratic form is

A ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

2
4

3
5;

where

a11 ¼ 1; a12 ¼ � 3

2
a13 ¼ 1

2

a21 ¼ � 3

2
; a22 ¼ 1 a23 ¼ 0

a31 ¼ 1

2
; a32 ¼ 0 a33 ¼ 0:

Hence

A ¼
1 � 3

2
1
2� 3

2
1 0

1
2

0 0

2
4

3
5;

which is symmetric.

EXAMPLE 4.68
Find the quadratic form corresponding to the sym-
metric matrix.

A ¼
1 2 3

2 0 3

3 3 1

2
4

3
5
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Solution. The required symmetric form is

XTAX ¼ x1x2x3½ �
1 2 3

2 0 3

3 3 1

2
64

3
75

x1

x2

x3

2
64

3
75

¼ x1x2x3½ �
x1 þ 2x2 þ 3x3

2x1 þ 3x2

3x1 þ 3x2 þ x3

2
64

3
75

¼ x1 x1 þ 2x2 þ 3x3ð Þ þ x2 2x1 þ 3x3ð Þ
þ x3 3x1 þ 3x2 þ x3ð Þ

¼ x21 þ x23 þ 4x1x2 þ 6x1x3 þ 6x2x3:

4.32 DIAGONALIZATION OF QUADRATIC FORMS

We know that for every real symmetric matrix A

there exists an orthogonal matrix U such that
UT AU ¼ diag ½l1 l2 . . . ln�;

where l1, l2,…, ln are characteristic roots of A.

Applying the orthogonal transformation X = UY to
the quadratic form XTAX, we have

XTAX ¼ l1y
2
1 þ l2y

2
2 þ . . .þ lny

2
n:

If the rank of A is r, then n-r characteristic roots are

zero and so
XTAX ¼ l1y

2
1 þ l2y

2
2 þ . . .þ lry

2
r ;

where l1, l2,…, ln are non-zero characteristic roots.

Definition 4.94 A square matrix B of order n over a

field F is said to be congruent to another square
matrix A of order n over F, if there exists a non-

singular matrix P over F such that B=PTAP.

The relation of “congruence of matrices” is an

equivalence relation in the set of all n�n matrices

over a field F. Further, let A be symmetric matrix

and let B be congruent to A. Therefore, there exists a

non-singular matrix P such that B=PTAP. Then
BT ¼ ðPT APÞT ¼ PTATP

¼ PTAP; since A is symmetric

¼ B:
Hence, every matrix congruent to a symmetric

matrix is a symmetric matrix.

Theorem 4.65 (Congruent reduction of a symmetric

matrix). If A is any n rowed non-zero symmetric

matrix of rank r over a field F, then there exists an n
rowed non-singular matrix P over F such that

PTAP ¼ A1 0
0 0


 �
;

where A1 is a non-zero singular diagonal matrix of

order r over F and each 0 is a null matrix of a

suitable size.

Proof: We prove the theorem by induction. When

n = 1, r = 1 also. The quadratic form is simply

a11x1
2, a11 6¼ 0 and the identity transformation y1 =

x1 is the non-singular transformation. Suppose that
the theorem is true for all symmetric matrices of

order n� 1, then we first show that there exists a

matrix B = [bij]n� n over F congruent to A such that

b11 6¼ 0. We take up the following cases.

Case I. If a11 6¼ 0, then we take B = A.
Case II. If a11 = 0, but some diagonal element of A, say
aii 6¼ 0. Then using Ri R1, Ci C1 to A, we obtain a

matrix B congruent to A such that b11 = aii 6¼ 0.
Case III. Suppose that each diagonal element of A is

zero. Since A is non-zero, there exists, non-zero

element aij such that aij = aji 6¼ 0. Applying the

congruent operation Ri ? Ri + Rj, Ci ? Ci + Cj to A,

we obtain a matrixD = [dij]n � n congruent to A such

that dii = aij + aji = 2aij 6¼ 0. Now, applying the

congruent operation Ri ? R1, Ci C1 to D, we obtain

a matrix B = [bij]n � n congruent to D and therefore
also congruent to A such that b11 = dii 6¼ 0. Hence,

there exists a matrix B = [bij] congruent to a sym-

metric matrix such that the leading element of B is

non-zero. Since B is congruent to a symmetric

matrix, therefore, B itself is symmetric. Since b11 6¼
0, all elements in the first row and first column

except the leading element can be made zero by

suitable congruent operation. Thus we have a matrix

C ¼
a11 0 . . . 0

0

. . . B1

0

2
664

3
775

congruent to B and, therefore, congruent to A such

that B is a square matrix of order n�1. Further C is

congruent to a symmetric matrix and so C is also

symmetric. Consequently B1 is also a symmetric

matrix. By induction hypothesis, B1 can be reduced

to a diagonal matrix by congruent operation. So C

can be reduced to a diagonal matrix by congruent

operations. Thus, A is congruent to a diagonal
matrix, say, diag [l1 l2 … lk…0 0 0 0 ]. Thus there
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exists a non-singular matrix P such that

PTAP ¼ diag½l1 l2 . . . lk . . . 0 0 0 0�:
Since 	(A) = r and we know that rank does not alter

by multiplying by a non-singular matrix, therefore,

rank of PTAP = diag[l1 l2 … lk…0 0 0 0 ] is also r.

So r elements of diag [l1 l2… lk…0 0 0 ] are non-

zero. Thus, k = r and so

PTAP ¼ diag½l1 l2 . . . lr . . . 0 0 0 0�:
Corollary 4.17 Corresponding to every quadratic form
XTAX over a field F, there exists a non-singular
linear transformation X = PY over F such that the

form XTAX transforms to

l1y
2
1 þ l2y

2
2 þ . . .þ lry

2
r ;

where l1, l2, …, lr are scalars in F and r is the rank

of the matrix A.

Definition 4.95 The rank of the symmetric matrix A is

called the rank of the quadratic form XTAX.

EXAMPLE 4.69
Find a non-singular matrix P such that PTAP is a

diagonal matrix, where

A ¼
6 �2 2

�2 3 �1

2 �1 3

2
4

3
5:

Find the quadratic form and its rank.

Solution. Write A = IAI, that is,

6 �2 2

�2 3 �1

2 �1 3

2
4

3
5 ¼

1 0 0

0 1 0

0 0 1

2
4

3
5A 1 0 0

0 1 0

0 0 1

2
4

3
5

Using congruent operations, we shall reduce
A to diagonal form. Performing congruent opera-

tions R2 ! R2 þ 1
3
R1;C2 ! C2 þ 1

3
C1 and R3 !

R3 � 1
3
R1;C3 ! C3 � 1

3
C1; we have

6 0 0

0 7
3

� 1
3

0 � 1
3

7
3

2
4

3
5 ¼

1 0 0
1
3

1 0

� 1
3

0 1

2
4

3
5A 1 1

3
� 1

3

0 1 0

0 0 1

2
4

3
5:

Now performing congruent operation R3 !
R3 þ 1

7
R2;C3 ! C3 þ 1

7
C2; we have

6 0 0

0 7
3

0

0 0 16
7

2
64

3
75 ¼

1 0 0
1
3

1 0

� 2
7

1
7

1

2
64

3
75A 1 1

3
� 2

7

0 1 1
7

0 0 1

2
64

3
75:

Thus

diag 6
7

3

16

7


 �
¼ P�1 AP;

where

P ¼
1 1

3
� 2

7

0 1 1
7

0 0 1

2
4

3
5:

The quadratic form corresponding to the matrix A is

XTAX ¼ 6x21 þ 3x22 þ 3x23 � 4x1x2 � 2x2x3

þ 4x3x1:
ð48Þ

The non-singular transformation X = PY cor-
responding to the matrix P is

x1
x2
x3

2
4

3
5 ¼

1 1
3

� 2
7

0 1 1
7

0 0 1

2
4

3
5 y1

y2
y3

2
4

3
5;

which yields

x1 ¼ y1 þ 1

3
y2 � 2

7
y3

x2 ¼ y2 þ 1

7
y3

x3 ¼ y3:

Substituting these values in (48), we get

PYð ÞTA PYð Þ ¼ 6y21 þ
7

3
y22 þ

16

7
y23:

It contains a sum of three squares. Thus, the rank of

the quadratic form is 3.

Theorem 4.66 Let A be any n-rowed real symmetric

matrix of rank r. Then there exists a real non-sin-

gular matrix P such that

PTAP ¼ diag½1 1 . . . 1 � 1 � 1 � 1 . . .

� 1 0 0 0 . . . 0�;
where 1 appears p times and �1 appears r - p times.

Proof: Since A is a symmetric matrix of rank r, there
exists a non-singular real matrix Q such that

QTAQ ¼ diag½l1 l2 . . . lr . . . 0 0 0 0�:
Suppose p of the non-zero diagonal elements are

positive and r� p are negative. Then by using

congruence operations Ri Rj, Ci Cj, we can assume

that first p elements l1, l2, …, lp are positive and lp
+1, lp+2, …, lr are negative. Let

S ¼ diag
1ffiffiffiffiffi
l1

p 1ffiffiffiffiffi
l2

p . . .
1ffiffiffiffiffi
lp

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffi�lpþ1

p . . .
1ffiffiffiffiffiffiffiffi�lr

p 111

" #
:
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Then S is non-singular and ST = S. Let P = QS. Then

P is also real non-singular matrix and we have

PTAP ¼ QSð ÞTA QSð Þ ¼ STQTAQS

¼ ST ðdiag½l1 l2 . . . lr 0 . . . 0�ÞS
¼ Sðdiag½l1 l2 . . . lr 0 . . . 0�ÞS
¼ diag½1 1 . . . 1 � 1 � 1 . . .� 1 0 . . . 0�

so that 1 appears p times and –1 appears r� p times.

Corollary 4.18 If XTAX is a real quadratic form of rank

r in n variables, then there exists a real non-singular

linear transformation X = PYwhich transform XTAX

to the form

YTPTAPY ¼ y21 þ y22 þ . . .þ y2p � y2pþ1 � . . .� y2r ;

which is called canonical form or normal form of a

real quadratic form.

The number of positive terms in the normal form of

XTAX is called the index of the quadratic form,

whereas p� (r� p) = 2p� r is called the signature
of the quadratic form and is usually denoted by s.

A quadratic form XTAX with a non-singular matrix

A of order n is called positive definite if n = r = p,

that is, if n = rank = index. A quadratic form is

called positive semi-definite if r <n and r = p.

Similarly a quadratic form is called negative defi-

nite if its index is zero and n = r and called negative

semi-definite if r <n and its index is zero.

EXAMPLE 4.70
Find the rank, index, and signature of the quadratic

form x2� 2y2 + 3z2� 4yz + 6zx.

Solution. The matrix of the given quadratic form is

A ¼
1 0 3

0 �2 �2

3 �2 3

2
4

3
5:

Write A = IAI, that is,

1 0 3

0 �2 �2
3 �2 3

2
4

3
5 ¼

1 0 0

0 1 0
0 0 1

2
4

3
5A 1 0 0

0 1 0
0 0 1

2
4

3
5:

Performing congruence operations R3 !
R3 � 3R1; C3 ! C3 � 3C1; we get

1 0 0

0 �2 �2

0 �2 �6

2
4

3
5 ¼

1 0 0

0 1 0

�3 0 1

2
4

3
5A 1 0 �3

0 1 0

0 0 1

2
4

3
5:

Performing congruence operations R3 !
R3 � R2;C3 ! C3 � C2; we have,

1 0 0

0 �2 0

0 0 �4

2
4

3
5 ¼

1 0 0

0 1 0

�3 �1 1

2
4

3
5A 1 0 �3

0 1 �1

0 0 1

2
4

3
5:

Performing R2 ! 1ffiffi
2

p R2;C2 ! 1ffiffi
2

p C2; and R3 !
1ffiffi
4

p R3;C3 ! 1ffiffi
4

p C3; we get,

1 0 0

0 �1 0

0 0 �1

2
4

3
5 ¼

1 0 0

0 1ffiffi
2

p 0

� 3
2

� 1
2

1
2

2
64

3
75A

1 0 � 3
2

0 1ffiffi
2

p � 1
2

0 0 1
2

2
64

3
75:

Hence X = PY transforms the given quadratic

form to y1
2 � y2

2 � y3
2.

The rank of the quadratic form is 3 (the number

of non-zero terms in the normal form.)

The number of positive terms is 1. Hence, the

index of the quadratic form is 1.

We note that 2p� r = 2� 3 = �1. Therefore,
signature of the quadratic form is –1.

4.33 MISCELLANEOUS EXAMPLES

EXAMPLE 4.71
Compute the inverse of

2 1 �1
0 2 1

5 2 �3

2
4

3
5 using ele-

mentary transformations.

Solution. Write A ¼ I3A, that is,

2 1 �1

0 2 1

5 2 �3

2
4

3
5 ¼

1 0 0

0 1 0

0 0 1

2
4

3
5 A:

We reduce the matrix on the L.H.S of the equation

to identity matrix by elementary row transforma-

tions, keeping in mind that each row transformation

will apply to I3 on the right hand side.
Interchanging R1 and R3, we get

5 2 �3
0 2 1

2 1 �1

2
4

3
5 ¼

0 0 1
0 1 0

1 0 0

2
4

3
5A:

Performing R1 ! R1 � 2R3, we get

1 0 �1

0 2 1

2 1 �1

2
4

3
5 ¼

�2 0 1

0 1 0

1 0 0

2
4

3
5 A
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Performing R3 ! R3 � 2R1; we have

1 0 �1

0 2 1

0 1 1

2
4

3
5 ¼

�2 0 1

0 1 0

5 0 �2

2
4

3
5 A

Now performing R2 ! R2 � R3; we get

1 0 �1

0 1 0

0 1 0

2
4

3
5 ¼

�2 0 1

�5 1 2

5 0 �2

2
4

3
5 A

Now performing R3 ! R3 � R2; we have

1 0 �1
0 1 0

0 0 1

2
4

3
5 ¼

�2 0 1
�5 1 2

10 �1 �4

2
4

3
5 A

Lastly, performing R1 ! R1 þ R3, we have

1 0 0

0 1 0
0 0 1

2
4

3
5 ¼

8 �1 �3

�5 1 2
10 �1 �4

2
4

3
5 A: ¼ A�1A:

Hence

A�1 ¼
8 �1 �3

�5 1 2

10 �1 �4

2
4

3
5:

EXAMPLE 4.72
Using Cayley-Hamilton theorem, find A�1, given

the matrix

A ¼
13 �3 5

0 4 0
�15 9 �7

2
4

3
5:

Solution. Proceeding as in Example 4.59, the char-

acteristic equation is

A� lIj j ¼
13� l �3 5

0 4� l 0

�15 9 �7� l

������
������

or

ð13� lÞð4� lÞð�7� lÞ þ 75ð4� lÞ ¼ 0

or

l3 � 10l2 þ 8lþ 64 ¼ 0:

By Cayley’s Hamilton theorem, we have

A3 � 10A2 þ 8Aþ 64I ¼ 0

or

A�1¼� 1

64
½A2�10Aþ8I �

¼� 1

64

94 �6 30

0 16 0

�90 18 �26

2
64

3
75

8><
>:

�10

13 �3 5

0 4 0

�15 9 �7

2
64

3
75þ8

1 0 0

0 1 0

0 0 1

2
64

3
75
9>=
>;

¼� 1

64

94�130þ8 �6þ30 30�50

0 16�40þ8 0

�90þ150 18�90 �26þ70þ8

2
64

3
75

¼� 1

64

�28 24 �20

0 �16 0

60 �72 52

2
64

3
75

¼� 1

16

�7 6 �5

0 �4 0

15 �18 13

2
64

3
75:

EXAMPLE 4.73
For the matrix:

A ¼
2 1 �3 �6

3 �3 1 2

1 1 1 2

2
4

3
5;

find non-singular matrices P andQ such that PAQ is

in the normal form. Hence find the rank of A.

Solution. Write

A ¼ I3AI4;

that is,

2 1 �3 �6

3 �3 1 2

1 1 1 2

2
4

3
5¼

1 0 0

0 1 0

0 0 1

2
4

3
5A

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
664

3
775:

Performing elementary transformation R1 $ R3,
we get

1 1 1 2

3 �3 1 2

2 1 �3 �6

2
4

3
5¼

0 0 1

0 1 0

1 0 0

2
4

3
5A

1 0 0 0

0 1 0 0

0 0 1 0
0 0 0 1

2
664

3
775
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Performing R2 ! R2 � 3R1 and R3 ! R3 � 2R1,

we get

1 0 0 0

0 �6 �2 �4

0 �1 �5 �10

2
64

3
75

¼
0 0 1

0 1 �3

1 0 �2

2
64

3
75A

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775:

Performing C2 ! C2 � C1;C3 ! C3 � C1;C4 !
C4 � 2C1, we get

1 0 0 0

0 �6 �2 �4

0 �1 �5 �10

2
64

3
75

¼
0 0 1

0 1 �3

1 0 �2

2
64

3
75A

1 �1 �1 �2

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775:

Now performing R3 $ R2, we have

1 0 0 0

0 �1 �5 �10

0 �6 �2 �4

2
64

3
75

¼
0 0 1

1 0 �2

0 1 �3

2
64

3
75A

1 �1 �1 �2

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775:

Performing R2 ! �R2, we get

1 0 0 0

0 1 5 10

0 �6 �2 �4

2
64

3
75

¼
0 0 1

�1 0 2

0 1 �3

2
64

3
75A

1 �1 �1 �2

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775:

Now performing R3 ! R3 þ 6R2, we get

1 0 0 0

0 1 5 10

0 0 28 56

2
64

3
75

¼
0 0 1

�1 0 2

�6 1 9

2
64

3
75A

1 �1 �1 �2

0 1 0 0

0 0 1 0

0 0 0 1

2
6664

3
7775:

Performing C3 ! C3 � 5C2 and C4 ! C4 � 10C2,

we get

1 0 0 0

0 1 0 0

0 0 28 56

2
64

3
75

¼
0 0 1

�1 0 2

�6 1 9

2
64

3
75A

1 �1 4 8

0 1 �5 �10

0 0 1 0

0 0 0 1

2
6664

3
7775:

Performing R4 ! 1
28
R4, we get

1 0 0 0

0 1 0 0

0 0 1 2

2
64

3
75

¼
0 0 1

�1 0 2

� 3
14

1
28

9
28

2
64

3
75A

1 �1 4 8

0 1 �5 �10

0 0 1 0

0 0 0 1

2
6664

3
7775:

Performing C4 ! C4 � 2C3, we get

1 0 0 0

0 1 0 0

0 0 1 0

2
64

3
75

¼
0 0 1

�1 0 2

� 3
14

1
28

9
28

2
64

3
75A

1 �1 4 8

0 1 �5 0

0 0 1 �2

0 0 0 1

2
6664

3
7775

or

½I3 0� ¼ PAQ;
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where

P ¼
0 0 1

�1 0 2

� 3
14

1
28

9
28

2
64

3
75 and

Q ¼

1 �1 4 0

0 1 �5 0

0 0 1 �2

0 0 0 1

2
6664

3
7775

Also 	ðAÞ ¼ 3

EXAMPLE 4.74
(a) Find the rank of the matrix

3 �1 2

�6 2 4
�3 1 2

2
4

3
5 by

reducing it to the normal form

(b) For the matrix A =

1 1 2

1 2 3

0 �1 �1

2
4

3
5,find non-

singular matrices P and Q such that PAQ is in

the normal form. Hence find the rank of A.
(c) Reduce the following matrix to column echelon

and find its rank:

A ¼
1 1 �1 1

�1 1 �3 �3

1 0 1 2

1 �1 3 3

2
664

3
775:

(d) Find all values of m for which rank of the matrix

A ¼
m �1 0 0

0 m �1 0

0 0 m �1

�6 11 �6 1

2
664

3
775

is equal to 3.

Solution. (a) We have

A¼
3 �1 2

�6 2 4

�3 1 2

2
64

3
75�

1 �1 2

�10 2 4

�5 1 2

2
64

3
75C1 !C1�C3

�
1 �1 2

0 �8 24

0 �4 12

2
64

3
75R2 !R2þ10R1

R3 !R3þ5R1

�
1 �1 2

0 1 �3

0 �4 12

2
64

3
75R2 !�1

8
R2

�
1 �1 2

0 1 �3

0 0 0

2
4

3
5R3 ! R3 þ 4R2

�
1 0 0

0 1 �3

0 0 0

2
4

3
5C2 ! C2 þ C1

C3 ! C3 � C1

�
1 0 0

0 1 0

0 0 0

2
4

3
5C3 ! C3 þ 3C2

¼ I2 0

0 0


 �
(normal form)

Hence 	ðAÞ ¼ 2.

(b) Expressing the given matrix in the form

A ¼ I3AI3, we have

1 1 2
1 2 3
0 �1 �1

" #
¼

1 0 0
0 1 0
0 0 1

" #
1 1 2
1 2 3
0 �1 �1

" #
1 0 0
0 1 0
0 0 1

" #
:

Using the elementary transformation R2 ! R2 � R1,

we get

0 1 2
0 1 1
0 �1 �1

" #
1 0 0

�1 1 0
0 0 1

" #
A

1 0 0
0 1 0
0 0 1

" #

Using the elementary column transformations C2 !
C2 � C1 and C3 ! C3 � 2C1; we have

1 0 0
0 1 1
0 �1 1

" #
¼

1 0 0
�1 0 0
0 0 1

" #
A

1 �1 �2
0 1 0
0 0 1

" #

Operating R3 ! R3 þ R2; we get

1 0 0
0 1 1
0 0 0

" #
¼

1 0 0
�1 0 0
�1 0 1

" #
A

1 �1 �2
0 1 0
0 0 1

" #

Now operating C3 ! C3 � C2; we have

1 0 0
0 1 0
0 0 0

" #
¼

1 0 0
�1 0 0
�1 0 1

" #
A

1 �1 �1
0 1 �1
0 0 1

" #

or

I2 0

0 0


 �
¼ PAQ;

where

P ¼
1 0 0

�1 0 0

�1 0 1

2
4

3
5 and Q ¼

1 �1 �1

0 1 �1

0 0 1

2
4

3
5:
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Since elementary transformations do not alter the

rank of a matrix,

	ðAÞ ¼ 	
I2 0

0 0


 �
¼ 2:

(c) A Matrix is said to be in column echelon form if

(i) The first non-zero entry in each non-zero

column is 1.

(ii) The column containing only zeros occurs

next to all non-zero columns.

(iii) The number of zeros above the first non-

zero entry in each column is less than the
number of such zeros in the next column.

The given matrix is

A ¼

1 1 �1 1

�1 1 �3 �3

1 0 1 2

1 �1 3 3

2
6664

3
7775

�

1 0 0 0

�1 2 �4 �2

1 �1 2 1

1 �2 4 2

2
6664

3
7775
C2 ! C2 � C1

C3 ! C3 þ C1

C4 ! C4 � C1

�

1 0 0 0

�1 2 �4 0

1 �1 2 0

1 �2 4 0

2
6664

3
7775C4 ! C4 þ C2

�

1 0 0 0

�1 2 0 0

1 �1 0 0

1 �2 0 0

2
6664

3
7775C3 ! C3 þ 2C2

�

1 0 0 0

� 1
2

1 0 0

1 � 1
2

0 0

1 �1 0 0

2
6664

3
7775R2 ! 1

2
R2;

which is column echelon form. The number of non-

zero column is two and therefore 	ðAÞ ¼ 2.

(d) Similar to Remark 4.4

We are given that

A ¼
m �1 0 0

0 m �1 0

0 0 m �1

�6 11 �6 1

2
664

3
775

Therefore

Aj j ¼ m

m �1 0

0 m �1

�6 11 �6

�������
�������þ 1

0 �1 0

0 m �1

�6 �6 1

�������
�������

¼ m3 � 6m2 þ 11m� 6

¼ 0 if m ¼ 1; 2; 3:

For m ¼ 3, we have the singular matrix

3 �1 0 0

0 3 �1 0

0 0 3 �1
�6 11 �6 1

2
664

3
775;

which has non-singular sub-matrix

3 �1 0

0 3 �1

0 0 3

2
4

3
5:

Thus for m ¼ 3, the rank of the matrix A is 3.

Similarly, the rank is 3 for m ¼ 2 and m ¼ 1. For

other values of m, we have Aj j 6¼ 0 and so 	ðAÞ ¼ 4

for other values of m.

EXAMPLE 4.75
Solve the system of equations :

xþ yþ z ¼ 6

x� yþ 2z ¼ 5

3xþ yþ z ¼ 8

2x� 2yþ 3z ¼ 7

Solution. The augmented matrix is

A : B½ � ¼
1 1 1 6

1 �1 2 5

3 1 1 8

2
64

3
75

�
1 1 1 6

0 �2 1 �1

0 �2 �2 �10

2
64

3
75 R2 ! R2 � R1

R3 ! R3 � 3R1

�
1 0 0 6

0 �2 1 �1

0 �2 �2 �10

2
64

3
75 C2 ! C2 � C1

C3 ! C3 � C1

�
1 0 0 6

0 1 �2 �1

0 �2 �2 �10

2
64

3
75 C2 $ C3
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�
1 0 0 6

0 1 �2 �1

0 0 �6 �12

2
64

3
75 R3 ! R3 þ 2R1

�
1 0 0 6

0 1 �2 �1

0 0 0 �9

2
64

3
75 R3 ! R3 þ 3R2

It follows that 	(A) = 2 and 	½A : B� ¼ 3. Hence the

given equation is inconsistent.

EXAMPLE 4.76
Discuss the consistency of the system of equations:

2x� 3yþ 6z� 5w ¼ 3; y� 4zþ w ¼ 1;

4x� 5yþ 8z� 9w ¼ l

for various values of l. If consistent, find the
solution.

Solution. The matrix equation is AX ¼ B, where

A ¼
2 �3 6 �5

0 1 �4 1

4 �5 8 9

2
4

3
5; X ¼

x

y

z

w

2
6664

3
7775 and

B ¼
3

1

l

2
4
3
5:

The augmented matrix is

½A : B� ¼
2 �3 6 �5 3

0 1 �4 1 1

4 �5 8 9 l

2
4

3
5

�
2 �3 6 �5 3

0 1 �4 1 1

0 1 �4 1 l� 6

2
4

3
5R3 ! R3 � 2R1

�
2 �3 6 �5 3

0 1 �4 1 1

0 0 0 0 l� 7

2
4

3
5R3 ! R3 � R2

We note that 	ðAÞ ¼ 	½A : B� if l� 7 ¼ 0; that is,
if l ¼ 7: Thus the given equation is consistent if

l ¼ 7: Thus if l ¼ 7; than we have

½A : B� ¼
2 �3 6 �5 3

0 1 �4 1 1
0 0 0 0 0

2
4

3
5

and so the given system of equations is equivalent to

2x� 3yþ 6z� 5v ¼ 3

y� 4zþv ¼ 1:

Therefore if w ¼ k1; z ¼ k2; then y ¼ 1þ 4k2 � k1
and x ¼ 3þ 3k2 þ k1:Hence the general solution of
the system is x ¼ 3þ 3k2 þ k1; y ¼ 1þ 4k2 � k1;
z ¼ k2; w ¼ k1.

EXAMPLE 4.77
Test for consistency the following set of equations

and solve if it is consistent: 5xþ 3yþ 7z ¼ 4;
3xþ 26yþ 2z ¼ 9; 7xþ 2yþ 10z ¼ 5:

Solution. The augmented matrix is

½A : B� ¼
5 3 7 4

3 26 2 9

7 2 10 5

2
64

3
75

�
15 9 21 12

15 130 10 45

7 2 10 5

2
64

3
75R1 ! 3R1

R2 ! 5R2

�
15 9 21 12

0 121 �11 33

7 2 10 5

2
64

3
75R2 ! R2 � R1

�
35 21 49 28

0 11 �1 3

35 10 50 25

2
64

3
75
R1 ! 7

3
R1

R2 ! 1
4
R2

R3 ! 5R3

�
35 21 49 28

0 11 �1 3

0 �11 1 �3

2
64

3
75R3 ! R3 � R1

�
35 21 49 28

0 11 �1 3

0 0 0 0

2
64

3
75R3 ! R3 þ R2:

We observe that
	ðAÞ ¼ 2; 	ð½A : B�Þ ¼ 2;

and so 	ðAÞ ¼ 	ð½A : B�Þ: Hence the given system

of equation is consistent. Further, the given system

is equivalent to
35xþ 21yþ 49z ¼ 28

11y� z ¼ 3;

which yield y ¼ 3þz
11

and x ¼ 7
11
� 16

11
z:

Taking z ¼ 0, we get a particular solution as

x ¼ 7

11
; y ¼ 3

11
; z ¼ 0:
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EXAMPLE 4.78
(a) Find the value of l for which the equations

ðl� 1Þxþ ð3lþ 1Þyþ 2lz ¼ 0;

ðl� 1Þxþ ð4l� 2Þyþ ðlþ 3Þz ¼ 0;

2xþ ð3lþ 1Þyþ 3ðl� 1Þz ¼ 0:

are consistent, and find the ratios of x : y : z when l
has the smallest of these values. What happens

when l has the greater of these values?

(b) Determine b such that the system of homoge-

neous equations

2xþ yþ 2z ¼ 0; xþ yþ 3z ¼ 0 and

4xþ 3yþ bz ¼ 0

has (i) Trivial solution (ii) Non-trivial solution.

Also find the non-trivial solution using matrix
method.

Solution. (a) For consistency, the coefficient matrix A,

in the matrix equation AX ¼ 0, should be singular.

Therefore, we must have

l� 1 3lþ 1 2l
l� 1 4l� 2 lþ 3

2 3lþ 1 3ðl� 1Þ

������
������ ¼ 0

�
l� 1 3lþ 1 2l
0 l� 3 3� l
2 3lþ 1 3ðl� 1Þ

������
������ ¼ 0

�
l� 1 3lþ 1 5l1þ1
0 l� 3 0

2 3lþ 1 6l� 2

������
������ ¼ 0

� ðl� 3Þ l� 1 5lþ 1
2 6l� 2

����
���� ¼ 0

� 2ðl� 3Þ ½ðl� 1Þð3l� 1Þ � ð5lþ 1Þ� ¼ 0

or

6lðl� 3Þ2 ¼ 0; which yields l ¼ 0 or l ¼ 3:

When l ¼ 0, the given system of equations

reduces to

� xþ y ¼ 0;

� x� 2yþ 3z ¼ 0;

2xþ y� 3z ¼ 0:

The last two equations yield

x

3
¼ y

3
¼ z

3
and so x ¼ y ¼ z:

When l ¼ 3, all the three equations become

identical.

(b) The given system of equation is

xþ yþ 3z ¼ 0;

2xþ yþ 2z ¼ 0;

4xþ 3yþ bz ¼ 0:

The system in matrix form is

1 1 3

2 1 2
4 3 b

2
4

3
5 x

y
z

2
4
3
5 ¼

0

0
0

2
4
3
5

This homogenous system will have a non-trivial

solution only if Aj j ¼ 0. Thus for non-trivial

solution

1 1 3
2 1 2

4 3 b

������
������ ¼ 0

or
1ðb� 6Þ � 1ð2b� 8Þ þ 3ð6� 4Þ ¼ 0

or

�bþ 8 ¼ 0; which yields b ¼ 8:

Thus for non-trivial solution, b ¼ 8. The coefficient

matrix for non-trivial solution is

1 1 3

2 1 2

4 3 8

2
4

3
5 �

1 1 3

0 �1 �4

0 �1 �4

2
4

3
5R2 ! R2 � 2R1

R3 ! R3 � 4R1

�
1 1 3

0 �1 �4
0 0 0

2
4

3
5R3 ! R3 � R2:

The last matrix is of rank 2. Thus the given system

is equivalent to

xþ yþ 3z ¼ 0

�y� 4z ¼ 0:

Hence y ¼ �4z and then x ¼ z. Taking z ¼ t the
general solution is

x ¼ t; y ¼ �4t; z ¼ t:

EXAMPLE 4.79
Prove that the sum of the eigenvalues of a matrix A

is the sum of the elements of the principal diagonal.

Solution. If A ¼ ½aij� be the matrix of order n, then the

characteristic equation of the matrix A is

A� lIj j ¼ ln � ln�1
Xn
i¼1

aii

 !
þ ::::: ¼ 0:
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Form the theory of equations, the sum of the roots

l1; l2; :::; ln is equal to negative of the coefficient

of ln�1. Hence

l1 þ l2 þ ::: þ ln ¼ a11 þ a22 þ ::: þ ann

¼ Trace A:

EXAMPLE 4.80
(a) Find the eigen values of A�1 if the matrix A is

2 5 �1

0 3 2

0 0 4

2
4

3
5.

(b) Find the eigenvalues and the corresponding vec-

tors of the matrix

A ¼
1 0 0
0 2 1

2 0 3

2
4

3
5:

Solution. (a) By example 4.57, the eigenvalues of

triangular matrix are the diagonal elements. Hence
the eigenvalues of A are 2, 3 and 4. Since the

eigenvalues of A�1 are multiplicative inverses of

the eigenvalues of the matrix A, the eigenvalues of

A�1 are 1
2
; 1
3
and 1

4
.

(b) We have

A ¼
1 0 0

0 2 1

2 0 3

2
4

3
5:

The characteristic equation of A is

A� lIj j ¼
1� l 0 0

0 2� l 1
2 0 3� l

������
������ ¼ 0:

or

l3 � 6l2 þ 11l� 6 ¼ 0;

which yields l ¼ 1; 2; 3. Hence the characteristic

roots are 1, 2 and 3.

The eigenvector corresponding to l ¼ 1 is

given by ðA� IÞX ¼ 0, that is, by

0 0 0

0 1 1

2 0 2

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5:

Thus, we have

x2 þ x3 ¼ 0;

2x1 þ 2x3 ¼ 0:

Hence x1 ¼ x2 ¼ �x3. Taking x3 ¼ �1, we get the

vector

X1 ¼
1
1

�1

2
4

3
5:

The eigenvector corresponding to the eigenvalue 2

is given by ðA� 2IÞX ¼ 0, that is, by
�1 0 0

0 0 1
2 0 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0
0

2
4
3
5:

This equation yields

X2 ¼
0

1

0

2
4
3
5 as one of the vector.

Similarly, the eigenvector corresponding to l ¼ 3 is
given by ðA� 3IÞX ¼ 0 or by

�2 0 0

0 �1 1

2 0 0

2
4

3
5 x1

x2
x2

2
4

3
5 ¼

0

0

0

2
4
3
5;

which yields
0
1

1

2
4
3
5 as one of the solution. Hence

X3 ¼
0

1

1

2
4
3
5.

EXAMPLE 4.81
Find the sum and product of the eigen values of the

matrix:
1 2 3 4

2 1 5 6

7 4 3 2

4 3 0 5

2
664

3
775

Solution. The given matrix is

A ¼
1 2 3 4
2 1 5 6

7 4 3 2

4 3 0 5

2
664

3
775:

The sum of the eigenvalues is the trace (spur) of the

matrix and so the sum is 1þ 1þ 3þ 5 ¼ 10.

Product of the eigenvalues is equal to Aj j.
Expanding Aj j, we get the product as 262.

EXAMPLE 4.82
One of the eigenvalues of

7 4 �4

4 �8 �1
4 �1 �8

2
4

3
5 is � 9:

Find the other two eigenvalues.
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Solution. The characteristic equation of the given

matrix is

jA� lI j ¼
7� l 4 �4

4 �8� l �1

4 �1 �8� l

������
������ ¼ 0:

or

ð7� lÞ l2 þ 16lþ 63

 �� 4 �28� 4l½ �

� 4 28þ 4l½ � ¼ 0

or

l3 þ 9l2 � 49l� 441 ¼ 0:

Clearly l ¼ �9 satisfies this equation. Then, by

synthetic division, the reduced equation is

l2 � 49 ¼ 0;
Which yields l ¼ � 7: Thus the eigenvalues of the
given matrix are �9; 7;�7. The sum of the eigen-

values is �9þ 7� 7 ¼ �9, which is equal to the

trace of the given matrix.

EXAMPLE 4.83
Verify that the following set of vectors in ℝ3 is

linearly dependent: ð1; 0; 1Þ; ð1; 1; 1Þ; ð1; 1; 2Þ and

ð1; 2; 1Þ: Also find the number of linearly inde-
pendent vectors.

Solution. The vectors is ℝ3 are given to be
v1 ¼ ð1; 0; 1Þ; v2 ¼ ð1; 1; 1Þ;
v3 ¼ ð1; 1; 2Þ; v4 ¼ ð1; 2; 1Þ:

Let
l1v1 þ l2v2 þ l3v3 þ l4v4 ¼ 0; ð29Þ

This gives
l1 ð1; 0; 1Þ þ l2 ð1; 1; 1Þ þ l3 ð1; 1; 2Þ

þ l4 ð1; 2; 1Þ ¼ 0

or
l1 þ l2 þ l3 þ l4 ¼ 0

0l1 þ l2 þ l3 þ 2l4 ¼ 0

l1 þ l2 þ 2l3 þ l4 ¼ 0:

We have four variable and three equations. Thus

there is one degree of freedom. We have
l1
�1

¼ l2
2
¼ l3

0
¼ l4

1
¼ k:

Therefore
l1 ¼ �k; l2 ¼ 2k; l3 ¼ 0; l4 ¼ �k:

Putting these values of li is (29), we get

�kv1 þ 2kv2 þ 0v3 � kv4 ¼ 0

or
v1 � 2v2 þ 0v3 þ v4 ¼ 0:

Thus (29) is satisfied for l1 ¼ 1; l2 ¼ �2; l3 ¼ 0

and l4 ¼ 1: Since not all of li are zeros, it follows

that v1; v2; v3; v4 are linearly dependent.

EXAMPLE 4.84
What do you mean by an orthogonal matrix? Verify

that the following matrix is orthogonal:

cos h 0 sin h
0 1 0

� sin h 0 cos h

2
4

3
5

Solution.A square matrix P is said to be orthogonal if

PTP ¼ PPT ¼ I . If

P ¼
cos h 0 sin h
0 1 0

� sin h 0 cos h

2
4

3
5;

then

PPT ¼
cos h 0 sin h

0 1 0

� sin h 0 cos h

2
64

3
75

cos h 0 � sin h

0 1 0

sin h 0 cos h

2
64

3
75

¼
cos2 hþ sin2 h 0

� sin h cos h

þ sin h cos h

0 1 0
� sin h cos h

þ sin h cos h
0 cos2 hþ sin2 h

2
666664

3
777775

¼
1 0 0

0 1 0

0 0 1

2
64

3
75 ¼ I :

Hence P is orthogonal.

EXAMPLE 4.85
Show that the transformation

y1 ¼ 1

3
x1 þ 2

3
x2 þ 2

3
x3;

y2 ¼ 2

3
x1 þ 1

3
x2 � 2

3
x3;

y3 ¼ 2

3
x1 � 2

3
x2 þ 1

3
x3 is orthogonal:

Solution. In matrix form, we have

Y ¼ PX ;
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where

Y ¼
y1

y2

y3

2
64

3
75; P ¼

1
3

2
3

2
3

2
3

1
3

� 2
3

2
3

� 2
3

1
3

2
6666664

3
7777775
and

X ¼
x1

x2

x3

2
64

3
75:

The transformation Y ¼ PX will be orthogonal if

PTP ¼ I . To show it, we observe that

PTP ¼

1
3

2
3

2
3

2
3

1
3

� 2
3

2
3

� 2
3

1
3

2
6666664

3
7777775

1
3

2
3

2
3

2
3

1
3

� 2
3

2
3

� 2
3

1
3

2
6666664

3
7777775

¼
1 0 0

0 1 0

0 0 1

2
64

3
75 ¼ I :

Hence Y ¼ PX is orthogonal.

EXAMPLE 4.86
Diagonalise the matrix A ¼

2 0 1

0 3 0

1 0 2

0
@

1
A through

an orthogonal transformation.

Solution. We shall proceed as in Example 4.66. The
characteristic equation of A is

A� lIj j ¼
2� l 0 1

0 3� l 0

1 0 2� l

������
������ ¼ 0

or

ð2� lÞð3� lÞð2� lÞ � ð3� lÞ ¼ 0

ð3� lÞ½ð2� lÞ2 � 1� ¼ 0

ð3� lÞ½4þ l2 � 4l� 1� ¼ 0

ð3� lÞðl2 � 4lþ 3� ¼ 0

) l ¼ 3; 3; 1:

The ch. vector corresponding to l ¼ 3 is given by

�x1 þ x3 ¼ 0

x1 � x3 ¼ 0

�
ð30Þ

Thus

X1 ¼
1

0

1

2
4
3
5:

Let X2 ¼
x

y

z

2
4
3
5 be another eigenvector of A corre-

sponding to the eigenvalue 3 and orthogonal to X1.

Then

x� y ¼ 0; because it satisfies equation (30)

and

xþ z ¼ 0; using X h
2 X1 ¼ 0:

Obviously x ¼ 1; z ¼ �1 is a solution. Therefore

X2 ¼
1

1

�1

2
4

3
5:

Further eigenvector corresponding to l ¼ 1 is given

by ðA� IÞX ¼ 0; that is , by

1 0 1

0 2 0
1 0 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼ 0:

This equation yields

x1 þ x3 ¼ 0; 2x2 ¼ 0; x1 þ x3 ¼ 0:

Thus x1 ¼ 1; x2 ¼ 0; x3 ¼ �1 and so

X3 ¼
1

0

�1

2
4

3
5:

Length (norm) of the vectors X1; X2; X3 are
respectively

ffiffiffi
2

p
;
ffiffiffi
3

p
;
ffiffiffi
2

p
. Hence the orthogonal

matrix is

P ¼
1ffiffi
2

p 1ffiffi
3

p 1ffiffi
2

p

0 1ffiffi
3

p 0
1ffiffi
2

p � 1ffiffi
3

p � 1ffiffi
2

p

2
64

3
75

and

PTAP ¼ dig½ 3 3 1� :

EXAMPLE 4.87
(a) Show that the matrix A ¼

3 1 �1

�2 1 2

0 1 2

2
4

3
5, is

diagonalizable. Hence, find P such that P�1AP is

a diagonal matrix. Also obtain the matrix
B ¼ A2 þ 5Aþ 3I .
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(b) Find a matrix P which diagonalizes the matrix

A ¼ 4 1

2 3


 �
, verify P�1AP ¼ D, where D is the

diagonal matrix.

(c) Show that the matrix A ¼
3 1 �1

�2 1 2

0 1 2

2
4

3
5 is

diagonalizable. Hence, find P such that P�1AP is a

diagonal matrix.

Solution. (a) The characteristic equation for the given
matrix A is

A� lIj j ¼
3� l 1 �1

�2 1� l 2

0 1 2� l

������
������ ¼ 0;

that is,

ð3� lÞðl2 � 3lÞ þ 4� 2lþ 2 ¼ 0

or

l3 � 6l2 þ 11l� 6 ¼ 0:

By inspection, l ¼ 1 is a root. The reduced equation

is l2 � 5lþ 6 ¼ 0, which yields l ¼ 2; 3:
Since all characteristic roots are distnict, the

given matrix A is diagonalizable. To find the non-

singular matrix P satisfying P�1AP ¼ diagð1; 2; 3Þ,
we proceed as follows:

The characteristic vectors are given by

(A� lIÞX ¼ 0, that is, by

3� l 1 �1

�2 1� l 2

0 1 2� l

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5

and so

ð3� lÞx1 þ x2 � x3 ¼ 0

�2x1 þ ð1� lÞx2 þ 2x3 ¼ 0

0x1 þ x2 þ ð2� lÞx3 ¼ 0

9=
; ð31Þ

For l ¼ 1, we get

2x1 þ x2 � x3 ¼ 0

� 2x1 þ 2x3 ¼ 0

x2 þ x3 ¼ 0

We note that x1 ¼ 1; x2 ¼ �1; x3 ¼ 1 satisfy these
equations. Hence the eigenvector corresponding to

l ¼ 1 is ½1 � 1 1�T .

For l ¼ 2, we get from (31),

x1 þ x2 � x3 ¼ 0

� 2x1 � x2 þ 2x3 ¼ 0

0x1 þ x2 ¼ 0

Clearly x1 ¼ 1; x2 ¼ 0; x3 ¼ 1 is a solution. Hence
the eigenvector corresponding to l ¼ 2 is ½1 0 1�T .

For l ¼ 3, we have

x2 � x3 ¼ 0

� 2x1 � 2x2 þ 2x3 ¼ 0

x2 � x3 ¼ 0

Taking x3 ¼ 1, we get x2 ¼ 1 and x1 ¼ 1. Thus the
eigenvector corresponding to l ¼ 3 is ½0 1 1�T .
Hence

P ¼
1 1 0

�1 0 1

1 1 1

2
4

3
5

and

P�1AP ¼ diag½ 1 2 3 � ¼ D; say ð32Þ
Premultiplication by P and postmultiplication by
P�1 reduces (32) to

A ¼ PDP�1:

Further,

An ¼ PDn P�1:

Thus

A2 ¼ PD2 P�1:

But

D ¼
1 0 0

0 2 0

0 0 3

2
64

3
75; D2 ¼

1 0 0

0 4 0

0 0 9

2
64

3
75

A2 ¼
1 1 0

�1 0 1

1 1 1

2
64

3
75 and P�1 ¼

�1 �1 1

2 1 �1

�1 0 1

2
64

3
75:

Putting these values in B ¼ A2 þ 5Aþ 3I , we get

B ¼ A2 þ 5Aþ 3I ¼
25 8 �8

�18 9 18

�2 8 19

2
4

3
5:

(b) We have

A ¼ 4 1

2 3


 �
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The characteristic equation of A is

A� lIj j ¼ 4� l 1
2 3� l

����
���� ¼ 0

or

ð4� lÞð3� lÞ � 2 ¼ 0

or

l2 � 7lþ 10 ¼ 0

The characteristic roots are l ¼ 7�3
2

¼ 2; 5. Since
the eigenvalues are distinct, the matrix A is diag-

onalizable. The eigenvector corresponding to l ¼ 2

is given by ðA� 2IÞX ¼ 0, that is ,by

2 1

2 1


 �
x1
x2


 �
¼ 0

0


 �

or by

2x1 þ x2 ¼ 0 or x1 ¼ � x2

2
:

Putting x2 ¼ 2, we get

X1 ¼ �1

2


 �
:

Similarly, eigenvector corresponding to l ¼ 5 is

given by ðA� 5IÞX ¼ 0 or by

�1 1

2 �2


 �
x1
x2

� �
¼ 0

or by

�x1 þ x2 ¼ 0

2x1 � 2x2 ¼ 0

and so x1 ¼ x2. Putting x2 ¼ 1, we get

X2 ¼ 1

1


 �

Thus the transforming matrix is

P ¼ �1 1

2 1


 �

and

P�1 ¼
� 1

3
1
3

2
3

1
3

2
4

3
5

Then

P�1AP ¼ � 1
3

1
3

2
3

1
3

" #
4 1

2 3


 � �1 1

2 1


 �

¼ � 2
3

2
3

10
3

5
3

" #
�1 1

2 1


 �

¼ 2 0

0 5


 �
:

(c) The characteristic matrix of the given matrix A is

A� lIj j ¼
3� l 1 �1

�2 1� l 2
0 1 2� l

������
������ ¼ 0

or

ð3� lÞ½ð1� lÞð2� lÞ � 2� � l½�4þ 2l� � lð�2Þ
¼ 0

or

ð3� lÞð1� lÞð2� lÞ � 6þ 2lþ 4� 2lþ 2 ¼ 0

or

ð3� lÞð1� lÞð2� lÞ ¼ 0:

Hence the given matrix A has distinct characteristic

roots l ¼ 1; 2; 3. Consequently it is diagonalizable.

Now the eigenvector corresponding to l ¼ 1 is given

by ðA� IÞX ¼ 0, that is, by

2 1 �1

�2 0 2

0 1 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5

Thus

2x1 þ x2 � x3 ¼ 0

�2x1 þ 0x2 þ 2x3 ¼ 0

0x1 þ x2 þ x3 ¼ 0

and so x1 ¼ x3 ¼ �x2. Taking x2 ¼ �1, we get an
eigenvector corresponding to l ¼ 1 as

X1 ¼
1

�1

1

2
4

3
5:

Now eigenvector corresponding to l ¼ 2 is given by

ðA� 2IÞX ¼ 0, that is, by

1 1 �1

�2 �1 2

0 1 0

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5
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Thus

x1 þ x2 � x3 ¼ 0

�2x1 � x2 þ 2x3 ¼ 0

x2 ¼ 0

For this system x1 ¼ 1; x2 ¼ 0; x3 ¼ 1 is a solution.

Therefore

X2 ¼
1

0

1

2
4
3
5:

An eigenvector corresponding to l ¼ 3 is given by

ðA� 3IÞX ¼ 0, that is, by

0 1 �1

�2 �2 2

0 1 �1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5

Thus
x2 � x3 ¼ 0

�2x1 � 2x2 þ 2x3 ¼ 0

x2 � x3 ¼ 0;

which yields x1 ¼ 0; x2 ¼ 1; x3 ¼ 1 as one of the
solution. Thus

X3 ¼
0

1

1

2
4
3
5:

Therefore the transforming matrix is

P ¼
1 1 0

�1 0 1

1 1 1

2
4

3
5

and so the diagonal matrix is

P�1AP ¼
�1 �1 1

2 1 �1

�1 0 1

2
4

3
5 3 1 �1

�2 1 2

0 1 2

2
4

3
5

�
1 1 0

�1 0 1

1 1 1

2
4

3
5

¼
1 0 0

0 2 0

0 0 3

2
4

3
5:

EXAMPLE 4.88
Reduce the quadratic form x2 þ 5y2 þ z2 þ 2xyþ
6zxþ 2yz to a canonical form through an

Orthogonal transformation.

Solution. The given quadratic form can be written as

x2 þ xyþ yxþ 5y2 þ yzþ yzþ z2 þ 3zxþ 3xz:

The matrix of the quadratic form is

A ¼
1 1 3
1 5 1

3 1 1

2
4

3
5:

Write A ¼ IAI ; that is,

1 1 3
1 5 1

3 1 1

2
4

3
5 ¼

1 0 0
0 1 0

0 0 1

2
4

3
5A 1 0 0

0 1 0

0 0 1

2
4

3
5:

Using congruent operations R2 ! R2 � R1; C2 ¼
C2 � C1 and R3 ! R3 � 3R1; C3 ! C3 � C1; we

get

1 0 0

0 4 �2

0 �2 �8

2
4

3
5¼

1 0 0

�1 1 0

�3 0 1

2
4

3
5 A

1 �1 �3

0 1 0

0 0 1

2
4

3
5:

Now performing congruent operation R3 !
R3 þ 1

2
R3; C3 ! C3 þ 1

2
C2; we get

1 0 0

0 4 0

0 0 �9

2
4

3
5¼

1 0 0

�1 1 0

� 7
2

1
2

1

2
4

3
5 A

1 �1 � 7
2

0 1 1
2

0 0 1

2
4

3
5:

Thus

diag 1 4 � 9½ � ¼ P�1AP;

where

P¼
1 �1 � 7

2

0 1 1
2

0 0 1

2
4

3
5:

Hence the required canonical form is

x2 þ 4y2 � 9z2:

EXAMPLE 4.89
Reduce the quadratic form x2 þ y2 þ z2 � 2xy�
2yz� 2zx to canonical form through an orthogonal

transformation.

Solution. The matrix of the given quadratic form is

A ¼
1 �1 �1

�1 1 �1

�1 �1 1

2
4

3
5:
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The characteristic equation of A is

jA� lI j ¼
1� l �1 �1

�1 1� l �1

�1 �1 1� l

������
������ ¼ 0

or

ð1� lÞ l2 � 2l

 �þ l� 2� 2þ l ¼ 0

or

l3 � 3l2 þ 4 ¼ 0;

which yields l ¼ �1; 2; 2:
The eigenvectors will be given by

ðA� lIÞX ¼ 0, which implies

1� l �1 �1

�1 1� l �1

�1 �1 1� l

2
4

3
5 x

y

z

2
4
3
5 ¼

0

0

0

2
4
3
5

or

ð1� lÞ x� y� z ¼ 0;

� xþ ð1� lÞy� z ¼ 0 and

� x� yþ ð1� lÞz ¼ 0:

For l ¼ �1; we have

2x� y� z ¼ 0;�xþ 2y� z ¼ 0 and

� x� yþ 2z ¼ 0:

Solving these equations, we get x ¼ y ¼ z ¼ 1 and

so the eigenvector is ½1 1 1�T . Its normalized form

is 1ffiffi
3

p 1ffiffi
3

p 1ffiffi
3

p
h iT

:

Corresponding to l ¼ 2; we have �x� y�
z ¼ 0; �x� y� z ¼ 0 and �x� y� z ¼ 0: We

note that x ¼ �2; y ¼ 1; z ¼ 1 is a solution. Thus

the eigenvector is ½�2 1 1�T . and its normalized

form is �2ffiffi
6

p ; 1ffiffi
6

p ; 1ffiffi
6

p
h iT

: To find the second vector,

we have

�x� y� z ¼ 0

and

�2xþ yþ z ¼ 0 using X h
2X1 ¼ 0:

We note that x ¼ 0; y ¼ �1 and z ¼ 1 is a solution.

The normalized vector is 0; �1ffiffi
2

p 1ffiffi
2

p
h i

:

Hence

P ¼
1ffiffi
3

p �2ffiffi
6

p 0
1ffiffi
3

p 1ffiffi
6

p � 1ffiffi
2

p
1ffiffi
3

p 1ffiffi
6

p 1ffiffi
2

p

2
64

3
75

and

PTAP ¼ diag½�1 2 2�:

E X E R C I S E S

1. Show that the subset {x2� 1, x + 1, x� 1} of

the vector space of polynomials is linearly

independent.

2. Show that the subset {(1, 1, 1, 0), (3, 2, 2, 1), (1,

1, 3, �2), (1, 2, 6, �5), (1, 1, 2, 1)} of V4 is
linearly dependent.

3. Show that the subset {(0, 0, 1), (1, 0, 1), (1, �1,

1), (3, 0, 1)} is not a basis for V3.

4. Show that the subset (1, x, (x�1)x, x(x� 1)

(x� 2)} form a basis for vector space of poly-

nomials of degree 3.

5. Show that

e1 ¼
1
0

0

2
4
3
5 and e2 ¼

0
1

0

2
4
3
5

form a linearly independent set and describe its

linear span geometrically.

Solution. We note that

ae1 þ be2 ¼ 0

implies

a
1

0

0

2
4
3
5þ b

0

1

0

2
4
3
5 ¼

0

0

0

2
4
3
5

implies

a
0

0

2
4
3
5þ

0

b
0

2
4
3
5 ¼

0

0

0

2
4
3
5
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implies

a
b
0

2
4
3
5 ¼

0

0

0

2
4
3
5

Consequently, a ¼ b ¼ 0. Hence {e1 e2} form

a linearly independent set.

Further, the linear span of {e1 e2} is the set

of all vectors of the form

a
b
0

2
4
3
5which is nothing

but ðx; yÞ plane and is a subset of the three
dimensional Euclidean space.

6. Show that the vectors

v1 ¼
1

1

1

2
4
3
5; v2 ¼ 0

�1

2

2
4

3
5; and v3 ¼

2

�1

8

2
4

3
5

are linearly dependant.

Solution. We note that the relation.

a1

1

1

1

2
4
3
5þ a2

0

�1

2

2
4

3
5þ a3

2

�1

8

2
4

3
5 ¼

0

0

0

2
4
3
5

is satisfied if we choose a1 ¼ �2; a2 ¼ �3 and

a3 ¼ 1. Thus a1v1 þ a2v2 þ a3v3 ¼ 0 is satis-

fied by a1; a2; a3, where not all of these scalars
are zero. Hence the set {v1; v2; v3} is linearly

dependent.

7. Use the principle of mathematical induction to

show that if A ¼ 1 1

0 1


 �
; then An ¼ 1 n

0 1


 �
for every positive integer n.

8. Express the matrix

A ¼
1 3 5

2 �1 3

4 6 5

2
4

3
5

as the sum of a symmetric matrix and a Skew

symmetric matrix.

Ans:

1 5
2

9
2

5
2

�1 9
2

9
2

9
2

5

2
4

3
5þ

1 1
2

1
2

� 1
2

0 � 3
2

� 1
2

3
2

0

2
4

3
5

9. Find the adjoint of the matrix

A ¼
1 1 1

1 2 �3

2 �1 3

2
4

3
5

and verify the result A(adj A) = (adj A)A = |A|In.

Ans: adj A ¼
3 �4 �5

�9 1 4

�5 3 1

2
4

3
5

10. Find the inverse of the following matrices:

(i) A ¼
0 1 2

1 2 3

3 1 1

2
4

3
5

(ii) B ¼
cos a � sin a 0

sin a cos a 0

0 0 1

2
4

3
5

(iii) C ¼
1 2 2
2 1 �2

�2 2 �1

2
4

3
5

(iv) D ¼
1 3 3

1 4 3
1 3 4

2
4

3
5

(v) E ¼
1 1 3

1 3 �3

�2 �4 �4

2
4

3
5:

Ans: ðiÞ
1
2
�1

2
1
2

�4 3 �1
5
2
�3

2
1
2

2
64

3
75;ðiiÞ cosa sina 0

�sina cosa 0

0 0 1

2
4

3
5;

ðiiiÞ
1
3

2
3
�2

3
2
3

1
3

2
3

2
3
�2

3
�1

3

2
64

3
75; ðivÞ

7 �3 �3

�1 1 0

�1 0 1

2
4

3
5;

ðvÞ�1

8

�24 �8 �12

10 2 6

2 2 2

2
4

3
5

11. Using Gauss Jordan method, find the inverse of

the following matrices:

(i) A ¼
3 �3 4

2 �3 4

0 �1 1

2
4

3
5
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(ii) B ¼
2 �1 3

1 1 1

1 �1 1

2
4

3
5

(iii) C ¼
3 �2 �1

�4 1 �1

2 0 1

2
4

3
5

(iv) D ¼
14 3 �2

6 8 �1

0 2 �7

2
4

3
5

Ans: ðiÞ
1 �1 0

�2 3 �4

�2 3 �3

2
64

3
75ðiiÞ

�1 1 2

0 1
2
�1

2

1 �1
2
�3

2

2
64

3
75

ðiiiÞ
1 2 3

2 5 7

�2 �4 �5

2
64

3
75ðivÞ� 1

654

�54 17 13

42 �98 2

12 �28 94

2
64

3
75

12. Find the rank of the following matrices.

(i)

0 1 �3 �1

0 0 1 1

3 1 0 2

1 1 �2 0

2
664

3
775 (ii)

2 3 �1 �1

1 �1 �2 �4

3 1 3 �2

6 3 0 �7

2
664

3
775

(iii)

2 �1 3 4

0 3 4 1

2 3 7 5

2 5 11 6

2
664

3
775 (iv)

1 2 1 2

1 3 2 2

2 4 3 4

3 7 4 6

2
664

3
775

(v)

1 3 4 3

3 9 12 9
1 3 4 1

2
4

3
5

Ans. (i) 3, (ii) 3, (iii) 3, (iv) 3, (v) 2
13. Show that no Skew-symmetric matrix can be of

rank 1.

Hint: Diagonal elements are all zeros. If all

non-diagonal positive elements are zero, then

the corresponding negative elements are also
zero and so rank shall be zero, If at least one

of the elements is non-zero, then at least one

2-rowed minor is not equal to zero. Hence, rank

is greater than or equal to 2.

14. Reduce the following matrices to normal form

and, hence, find their ranks.

(i)

5 3 14 4

0 1 2 1

1 �1 2 0

2
4

3
5

(ii)
1 2 1 0
�2 4 3 0

1 0 2 �8

2
4

3
5

(iii)

1 1 2

1 2 3

0 �1 �1

2
4

3
5

(iv)

2 �2 0 6

4 2 0 2

1 �1 0 3
1 �2 1 2

2
664

3
775

Ans: ðiÞ
1 0 0 0

0 1 0 0

0 0 1 0

2
64

3
75;Rank3 ðiiÞ

1 0 0 0

0 1 0 0

0 0 1 0

2
64

3
75;Rank3

ðiiiÞ
1 0 0

0 1 0

0 0 0

2
64

3
75Rank2; ðivÞ I3 0

0 0


 �
Rank3

15. Find the inverse of the matrix

A ¼
2 �1 3

1 1 1
1 �1 1

2
4

3
5

using elementary operations

Ans:

�1 1 2

0 1
2

� 1
2

1 � 1
2

� 3
2

2
4

3
5

16. Using elementary transformation, find the

inverse of the matrix

A ¼
�1 �3 3 �1

1 1 �1 0

2 �5 2 �3
�1 1 0 1

2
664

3
775

Ans:

0 2 1 3

1 1 �1 �2

1 2 0 1

�1 1 2 6

2
664

3
775
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17. Test for consistency and solve the following

system of equations.

(i) x + y + z = 6

xþ 2yþ 3z ¼ 14

xþ 4yþ 7z ¼ 30:

Ans. Consistent; rank 2; x = c� 2, y = 8� 2c,

z = c for arbitrary constant c

(ii) 2x + 6y + 11 = 0

6xþ 20yþ 6zþ 3 ¼ 0

6y� 18zþ 1 ¼ 0

Ans. Not consistent

(iii) 2x� y + 3z = 8
� xþ 2yþ z ¼ 4

3xþ y� 4z ¼ 0

Ans. Consistent, x = 2, y = 2, z = 2

18. Find the values of l for which the following

system of linear equations will have no unique

solution
3x� yþ lz ¼ 1

2xþ yþ z ¼ 2

xþ 2y� lz ¼ 1
Will this system have any solution for these

values of l?
Ans. l ¼ � 7

2
and the equations are inconsistent

for this value. Hence no solution exists for

l ¼ � 7
2

19. Discuss the existence and nature of solutions

for all values of l for the following system of

equations.
xþ yþ 4z ¼ 6

xþ 2y� 2z ¼ 6

lxþ yþ z ¼ 6

Ans. Unique Solution for l 6¼ 7
10
. For l ¼ 7

10
;

the equations are not consistent.

20. Solve the following equations using matrix

method
2x� yþ 3z ¼ 9

xþ yþ z ¼ 6

x� yþ z ¼ 2

Ans. Coefficient matrix is non-singular. The

unique solution is x = 1, y = 2, z = 3

21. Determine the values of a and b for which the

equations

xþ 2yþ 3z ¼ 4

xþ 3yþ 4z ¼ 5

xþ 3yþ az ¼ b

have (i) no solution, (ii) a unique solution, and

(iii) an infinite number of solution.

Ans. (i) a = 4, b 6¼ 5 (ii) a 6¼ 4 (iii) a = 4, b = 5

22. Solve completely the system of equation

xþ yþ z ¼ 0

2x� y� 3z ¼ 0

3x� 5yþ 4z ¼ 0

xþ 17yþ 4z ¼ 0

Ans. Trivial solution x = y = z = 0.

23. Solve

4xþ 2yþ zþ 3u ¼ 0

6xþ 3yþ 4zþ 7u ¼ 0

2xþ yþ u ¼ 0

Ans. x = c1, u = c2, y = �2c1� c2, z = �c2
24. Find the eigenvalues of the matrix

a h g

0 b 0

0 0 c

2
4

3
5 Ans. a, b, c

25. Find the eigenvalues and the corresponding

eigenvectors for the given matrix.

8 �6 2

�6 7 �4

2 �4 3

2
4

3
5

Ans: 0;3;15;c1 ¼
1
2

1

1

2
4
3
5;c2 ¼ �4

�2

4

2
4

3
5;c3 ¼ 2

�2

1

2
4

3
5

26. If the characteristic roots of a matrix A are l1,
l2, …, ln, show that the characteristic roots of A2

are l21; l
2
2; . . . ; l

2
n.

Hint: AX ¼ lX ) A AXð Þ ¼ l AXð Þ ) A2X ¼ l lXð Þ ¼ l2X
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27. Show that the matrices A and B–1AB have the

same characteristic roots

Hint: B�1AB� lI
�� �� ¼ B�1AB� B�1lIB

�� ��
¼ B�1 A� lIð ÞB�� ��
¼ B�1
�� �� A� lIj j Bj j

¼ A� lIj j B�1B
�� ��

¼ jA� lI j:
28. Verify Caley-Hamilton theorem for the matrix

A ¼
1 0 2

0 2 1

2 0 3

2
4

3
5

and, hence, find its inverse.

Ans. A satisfies A3 � 6A2 þ 7Aþ 2I ¼ 0

A�1 ¼ 1

2
A2 � 6Aþ 7I
� � ¼ �3 0 2

�1 1
2

1
2

2 0 �1

2
4

3
5:

29. Find the minimal polynomial of the matrix.

5 �6 �6

�1 4 2
3 �6 �4

2
4

3
5

Ans. x2 � 3xþ 2.

30. Show that the matrix

aþ ic �bþ id

bþ id a� ic


 �
is unitary if and only if a2 + b2 + c2 + d2 = 1.

31. Show that the matrix

A ¼
1
3

2
3

2
3

2
3

1
3

� 2
3

2
3

� 2
3

1
3

2
64

3
75

is orthogonal. Hint: Show that AT A = I.

32. Show that the matrix

�9 4 4
�8 3 4

�16 8 7

2
4

3
5

is diagonalizable. Obtain the diagonalizing

matrix P.

Ans. P =

1 0 1

1 1 1

1 �1 2

2
4

3
5diag½�1;�1;3�

33. Diagonalize the matrix

1 �6 �4

0 4 2

0 �6 �3

2
4

3
5:

Ans:
1 0 0

0 1 0

0 0 1

2
4

3
5

34. Diagonalize the real-symmetric matrix

A ¼
3 �1 1

�1 5 �1

1 �1 3

2
64

3
75

Ans: P¼
1ffiffi
2

p 1ffiffi
3

p 1ffiffi
6

p

0 1ffiffi
3

p � 2ffiffi
6

p

� 1ffiffi
2

p 1ffiffi
3

p 1ffiffi
6

p

2
664

3
775; diag ½2 3 6�

35. Find a non-singular matrix P such that PTAP is

a diagonal matrix, where

A ¼
0 1 2
1 0 3

2 3 0

2
4

3
5

Ans:

0 � 1
2

�3

1 1
2

�2

0 0 1

2
64

3
75

36. Reduce the quadratic form

x2+4y2 þ 9z2 + t2 � 12yz + 6zx = 4xy � 2xt �
6zt to canonical form and find its rank and

signature

Ans. y21 � y22 þ y24, Rank:3, Signature:1

37. Reduce the quadratic form

6x21 þ 3x22 þ 14x23 þ 4x2x3 þ 18x3x1 þ 4x1x2 to

canonical form and find its rank and signature.

Ans. y21 þ y22 þ y23, Rank:3, Signature:3
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5 Beta and Gamma Functions

The beta and gamma functions, also called Euler’s

Integrals, are the improper integrals, which are

extremely useful in the evaluation of integrals.

5.1 BETA FUNCTION

The integral
R1
0

xm�1ð1� xÞn�1dx, which converges

for m > 0 and n > 0 is called the beta function and is

denoted by b (m, n). Thus,

b m; nð Þ ¼
Z1
0

xm�1ð1� xÞn�1
dx;m > 0; n > 0:

Beta function is also known as Eulerian Integral of

First Kind.
As an illustration, consider the integralR1

0

x
1
2ð1� xÞ4dx. We can write this integral asZ1

0

x
3
2�1ð1� xÞ5�1dx;

which is abeta function,denotedbyb 3
2
; 5

� �
. But, on the

other hand, the integral
R1
0

x
1
2ð1� xÞ�3dx is not a beta

function as n�1¼�3 implies n¼�2 (negative).

5.2 PROPERTIES OF BETA FUNCTION

1. We have

b m; nð Þ ¼
Z1
0

xm�1ð1� xÞn�1dx

¼
Z1
0

ð1� xÞm�1ð1� ð1� xÞÞn�1dx; since

Za
0

f ðxÞdx ¼
Za
0

f ða� xÞdx;

¼
Z1
0

xn�1ð1� xÞm�1
dx

¼ bðn;mÞ;m > 0; n > 0:

Thus,
bðm; nÞ ¼ bðn;mÞ; m > 0; n > 0:

2. We have

b m; nð Þ ¼
Z1
0

xm�1ð1� xÞn�1dx: ð1Þ

Putting x ¼ sin2 h, we get dx ¼ 2sin h cos h dh and

therefore, (1) becomes

bðm; nÞ ¼
Z�

2

0

ðsin2 hÞm�1ð1� sin2 hÞn�1

:2 sin h cos h dh

¼ 2

Z�
2

0

sin2m�2 h cos2n�2 h sin h cos h dh

¼ 2

Z�
2

0

sin2m�1 h cos2n�1 h dh:

Thus,

b m; nð Þ ¼
Z1
0

xm�1ð1� xÞn�1
dx

¼ 2

Z�
2

0

sin2m�1 h cos2n�1 h dh:



3. Let m and n be positive integers. By definition,

b m; nð Þ ¼
Z1
0

xm�1ð1� xÞn�1dx; m > 0; n > 0:

Integration by parts yields

bðm; nÞ ¼ xm�1 ð1� xÞn
nð�1Þ


 �1
0

�
Z1
0

ðm� nÞxm�2 1� xð Þn
nð�1Þ


 �
dx

¼ m� 1

n

Z1
0

xm�2ð1� xÞndx

¼ m� 1

n
bðm� 1; nþ 1Þ:

Similarly,

bðm� 1; nþ 1Þ ¼ m� 2

nþ 1
bðm� 2; nþ 2Þ

bð2;mþ n� 2Þ ¼ 1

mþ n� 2
bð1; mþ n� 1Þ:

Multiplying the preceding equations, we get

bðm;nÞ¼ ðm�1Þðm�2Þ:::::ð2Þð1Þ
nðnþ1Þðnþ2Þ:::::ðmþn�2Þ
�bð1;mþn�1Þ

¼ ðm�1Þ! ½1:2:3::::ðn�1Þ�
1:2::::ðn�1Þnðnþ1Þðnþ2Þ:::ðmþn�2Þ

�
Z1
0

x1�1ð1� xÞmþn�2
dx

¼ ðm� 1Þ! ðn� 1Þ!
ðmþ n� 2Þ!

Z1
0

ð1� xÞmþn�2dx

¼ ðm� 1Þ! ðn� 1Þ!
ðmþ n� 2Þ!

ð1� xÞmþn�1

ðmþ n� 1Þð�1Þ

" #1
0

¼ ðm� 1Þ! ðn� 1Þ!
ðmþ n� 2Þ! :

1

mþ n� 1

¼ ðm� 1Þ! ðn� 1Þ!
ðmþ n� 1Þ! :

Hence, if m and n are positive integers, then

bðm; nÞ ¼ ðm� 1Þ!ðn� 1Þ!
ðmþ n� 1Þ! :

4. Put x ¼ t
1þt

so that dx ¼ 1
ð1þtÞ2 dt. Then the

expression for beta function reduces to

bðm;nÞ ¼
Z1
0

t

1þ t

� �m�1

1� t

1þ t

� �n�1

:
1

ð1þ tÞ2 dt

¼
Z1
0

tm�1

ð1þ tÞm�1
:

1

ð1þ tÞn�1
:

1

ð1þ tÞ2 dt

¼
Z1
0

tm�1

ð1þ tÞmþn dt¼
Z1
0

xm�1

ð1þ xÞmþn dx:

Hence,

bðm; nÞ ¼
Z1
0

xm�1

ð1þ xÞmþn dx:

Since b(m, n) ¼ b(n, m), we have

bðm; nÞ ¼
Z1
0

xm�1

ð1þ xÞmþn dx ¼
Z1
0

xn�1

ð1þ xÞmþn dx:

5. From the property (4), we have

bðm; nÞ ¼
Z1
0

xm�1

ð1þ xÞmþn dx

¼
Z1
0

xm�1

ð1þ xÞmþn dxþ
Z1
1

xm�1

ð1þ xÞmþn dx

¼ I1 þ I2; say: ð2Þ
In I2, put x ¼ 1

t
so that dx ¼ � 1

t2
dt and so,

I2¼
Z0
1

1
t

� �m�1

1þ1
t

� �mþn � 1

t2

� �
dt ¼

Z1
0

tmþn

tm�1ðtþ1Þmþn :
1

t2
dt

¼
Z1
0

tn�1

ð1þ tÞmþndt ¼
Z1
0

xn�1

ð1þxÞmþndx:

Hence, (2) reduces to

bðm; nÞ ¼
Z1
0

xm�1

ð1þ xÞmþn dxþ
Z1
0

xn�1

ð1þ xÞmþn dx

¼
Z1
0

xm�1 þ xn�1

ð1þ xÞmþn dx; m > 0; n > 0:
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EXAMPLE 5.1
Show thatZ1

0

xm�1 þ xn�1

ð1þ xÞmþn dx ¼ 2bðm; nÞ:

Solution. We know that

bðm; nÞ ¼
Z1
0

xm�1

ð1þ xÞmþn dx: ð1Þ

Since b(m, n) ¼ b(n, m), we have

bðm; nÞ ¼
Z1
0

xn�1

ð1þ xÞmþn dx: ð2Þ

Adding (1) and (2), we get

2bðm; nÞ ¼
Z1
0

xm�1 þ xn�1

ð1þ xÞmþn dx:

EXAMPLE 5.2
Show thatZa

0

xm�1ða� xÞn�1dx ¼ amþn�1bðm; nÞ:

Solution. Putting x ¼ ay, we getZa
0

xm�1ða� xÞn�1dx

¼
Z1
0

ðayÞm�1ða� ayÞn�1:a dy

¼
Z1
0

ðayÞm�1
an�1ð1� yÞn�1:a dy

¼
Z1
0

am�1þn�1þ1y m�1ð1� yÞn�1
dy

¼ amþn�1

Z1
0

y m�1ð1� yÞn�1
dy

¼ amþn�1bðm; nÞ:

EXAMPLE 5.3
Show that

bðmþ 1; nÞ
bðm; nÞ ¼ m

mþ n
:

Solution. We have

bðmþ1;nÞ¼
Z1
0

xmð1�xÞn�1dx

¼
Z1
0

ð1�xÞmxn�1dx; sincebðmþ1;nÞ¼bðn;mþ1Þ

¼ ð1�xÞmx
n

n


 �1
0

�
Z1
0

mð1�xÞm�1ð�1Þ:x
n

n
dx

¼m

n

Z1
0

xn�1:xð1�xÞm�1dx

¼m

n

Z1
0

xn�1½1�ð1�xÞ�ð1�xÞm�1
dx

¼m

n

Z1
0

xn�1ð1�xÞm�1dx�
Z1
0

xn�1ð1�xÞmdx
2
4

3
5

¼m

n
½bðn;mÞ�bðn;mþ1Þ�

¼m

n
bðm;nÞ�m

n
bðmþ1;nÞ:

Thus,

1þ m

n

� 	
bðmþ 1; nÞ ¼ m

n
bðm; nÞ

or

ðnþ mÞbðmþ 1; nÞ ¼ mbðm; nÞ
or

bðmþ 1; nÞ
bðm; nÞ ¼ m

mþ n
:

EXAMPLE 5.4
Prove that

Z�
2

0

sinm h cosn hdh ¼ 1

2
b

mþ 1

2
;
nþ 1

2

� �
;

m > �1 and n > �1:
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Solution. We have

Z�
2

0

sinm h cosn h dh

¼
Z�

2

0

sinm�1 h cosn�1 h: sin h cos h dh

¼
Z�

2

0

sinm�1 hð1� sin2 hÞn�1
2 sin h cos h dh:

Putting sin2 h ¼ x so that 2sin h cos h dh ¼ dx, we

get

Z�
2

0

sinmh cosnh dh

¼1

2

Z1
0

x
m�1
2 ð1�xÞn�1

2 dx¼1

2

Z1
0

x
mþ1
2 �1ð1�xÞnþ1

2 �1dx

¼1

2
b

mþ1

2
;
nþ1

2

� �
; m>�1 and n>�1:

EXAMPLE 5.5
Show that

bðm; nÞ ¼ bðmþ 1; nÞ þ bðm; nþ 1Þ:

Solution. By definition,

bðmþ 1; nÞ þ bðm; nþ 1Þ

¼
Z1
0

xmð1� xÞn�1dxþ
Z1
0

xm�1ð1� xÞndx

¼
Z1
0

xm�1ð1� xÞn�1½xþ ð1� xÞ�dx

¼
Z1
0

xm�1ð1� xÞn�1dx ¼ bðm; nÞ:

EXAMPLE 5.6

Express
R1
0

xm�1

ðaþbxÞmþn dx; m; n; a; b > 0 in terms of

beta function.

Solution. Put bx ¼ ay so that dx ¼ a
b
dy in the given

integral. This gives

Z1
0

xm�1

ðaþ bxÞmþn dx ¼
Z1
0

ay
b

� �m�1

ðaþ ayÞmþn :
a

b
dy

¼ 1

anbm

Z1
0

ym�1

ð1þ yÞmþn dy ¼
1

anbm
bðm; nÞ;

using property (4) of beta function.

EXAMPLE 5.7
Show that b m; 1

2

� � ¼ 22m�1bðm;mÞ.

Solution. We know [see property (2)] that

bðm; nÞ ¼ 2

Z�
2

0

sin2m�1 h cos2n�1 h dh: ð1Þ

Putting n ¼ 1
2
, we get

b m;
1

2

� �
¼ 2

Z�
2

0

sin2m�1 h dh: ð2Þ

Now, putting n ¼ m in (1), we have

bðm;mÞ ¼ 2

Z�
2

0

sin2m�1 h cos2m�1 h dh

¼ 2

Z�
2

0

ðsin h cos hÞ2m�1dh

¼ 2

Z�
2

0

1

2
sin 2h

� �2m�1

dh

¼ 1

22m�1
:2

Z�
2

0

sin2m�1 2h dh

¼ 1

22m�1

Z�
0

sin2m�1 � d�; � ¼ 2h
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¼ 1

22m�1
:2

Z�
2

0

sin2m�1 � d�

¼ 1

22m�1
b m;

1

2

� �
; usingð2Þ;

and so,

b m;
1

2

� �
¼ 22m�1bðm;mÞ:

5.3 GAMMA FUNCTION

The gamma function is defined as the definite integral

�ðnÞ ¼
Z1
0

e�xxn�1dx; n > 0:

The gamma function is also known as Euler’s Integral
of Second Kind.

5.4 PROPERTIES OF GAMMA FUNCTION

1. We have

�ðnþ1Þ¼
Z1
0

e�xxndx¼½�xne�x�10 þn

Z1
0

xn�1e�xdx

¼n

Z1
0

e�xxn�1dx¼n�ðnÞ:

Hence,
�ðnþ 1Þ ¼ n�ðnÞ;

which is called the recurrence formula for � (n).

2. Let n be a positive integer. By property (1), we

have
�ðnþ 1Þ ¼ n�ðnÞ ¼ nðn� 1Þ�ðn� 1Þ

¼ nðn� 1Þðn� 2Þ�ðn� 2Þ
¼ nðn� 1Þðn� 2Þ:::3:2:1 �ð1Þ
¼ n!�ð1Þ:

But, by definition,

�ð1Þ ¼
Z1
0

e�xdx ¼ ½�e�x�10 ¼ 1:

Hence,
�ðnþ 1Þ ¼ n!; when n is a positive integer:

If we take n ¼ 0, then
0! ¼ �ð1Þ ¼ 1;

and so, gamma function defines 0!

Further, from the relation �(nþ 1)¼ n�(n), we

deduce that
�ð2Þ ¼ 1:�ð1Þ ¼ 1!;

�ð3Þ ¼ 2:�ð2Þ ¼ 2:1 ¼ 2!;

�ð4Þ ¼ 3:�ð3Þ ¼ 3:2:1 ¼ 3!; and so on:

Moreover, �(0) ¼ 1 and �(�n) ¼ �1 if n > 0.

Also,

�ðnÞ¼�ðnþ1Þ
n

;n 6¼ 0¼ðnþ1Þ�ðnþ1Þ
nðnþ1Þ

¼�ðnþ2Þ
nðnþ1Þ ; n 6¼ 0 and n 6¼�1

¼ðnþ2Þ�ðnþ2Þ
nðnþ1Þðnþ2Þ

¼ �ðnþ3Þ
nðnþ1Þðnþ2Þ ; n 6¼ 0; n 6¼�1; and n 6¼�2

¼ �ðnþ kþ1Þ
nðnþ1Þðnþ2Þ:::ðnþ kÞ ; n 6¼ 0; n 6¼�1;

n 6¼�2; and n 6¼�k:

Thus, �(n) for n < 0 is defined, where k is a least-

positive integer such that n þ k þ 1 > 0.

5.5 RELATION BETWEEN BETA AND GAMMA
FUNCTIONS

We know that

�ðmÞ ¼
Z1
0

e�tt m�1dt:

Putting t ¼ x2 so that dt ¼ 2xdx, we get

�ðmÞ ¼ 2

Z1
0

e�x2x2m�1dx: ð1Þ

Similarly, we can have

�ðnÞ ¼ 2

Z1
0

e�y2y2n�1dy:

Therefore,

�ðmÞ�ðnÞ ¼ 4

Z1
0

e�x2x2m�1dx:

Z1
0

e�y2y2n�1dy

¼ 4

Z1
0

Z1
0

e�ðx2þy2Þx2m�1y2n�1dx dy:
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Taking x ¼ r cos h and y ¼ r sin h, we have

dx dy ¼ rdh dr.

Therefore,

�ðmÞ�ðnÞ ¼ 4

Z�
2

0

Z1
0

e�r2r2ðmþnÞ�1 cos2m�1 h

� sin2n�1 h drdh

¼ 2

Z�
2

0

2

Z1
0

e�r2r2ðmþnÞ�1dr

2
4

3
5

� cos2m�1 h sin2n�1 h dh

¼ �ðmþ nÞ
"
2

Z�
2

0

cos2m�1 h

� sin2n�1 h dh

#
; usingð1Þ

¼ �ðmþ nÞbðm; nÞ using property (2)

of beta function:

Hence,

bðm; nÞ ¼ �ðmÞ�ðnÞ
�ðmþ nÞ :

EXAMPLE 5.8
Show that � 1

2

� � ¼ ffiffiffi
�

p
:

Solution. We know that

bðm; nÞ ¼ �ðmÞ�ðnÞ
�ðmþ nÞ :

Putting m ¼ n ¼ 1
2
, we get

b
1

2
;
1

2

� �
¼ � 1

2

� �
� 1

2

� �
�ð1Þ

¼ �
1

2

� �
 �2
:

Thus,

�
1

2

� �
 �2
¼b

1

2
;
1

2

� �
¼
Z1
0

x
1
2�1ð1�xÞ12�1dx

¼
Z1
0

dxffiffiffi
x

p ffiffiffiffiffiffiffiffiffiffi
1�x

p ¼
Z1
0

dxffiffiffiffiffiffiffiffiffiffiffi
x�x2

p

¼
Z1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
� x� 1

2

� �2q ¼ sin�1 x� 1
2

1
2

 !" #1
0

¼ sin�1ð1Þ � sin�1ð�1Þ ¼ �

2
� � �

2

� 	
¼ �:

Hence,

�
1

2

� �
¼ ffiffiffi

�
p

:

Second Method
We know that (see Example 5.4)Z�

2

0

sinm h cosn hdh ¼ 1

2
b

mþ 1

2
;
nþ 1

2

� �

¼ 1

2

� mþ1
2

� �
� nþ1

2

� �
� mþnþ2

2

� � :

Putting m ¼ n ¼ 0, we getZ�
2

0

dh ¼ � 1
2

� �
 �2
2�ð1Þ ¼ � 1

2

� �
 �2
2

:

Thus,

�

2
¼ � 1

2

� �
 �2
2

:

Hence,

�
1

2

� �
¼ ffiffiffi

�
p

:

EXAMPLE 5.9
Express the integrals

R�2
0

ffiffiffiffiffiffiffiffiffiffi
tan h

p
dh and

R�2
0

ffiffiffiffiffiffiffiffiffiffi
cot h

p
dh

in terms of gamma function.

Solution. We haveZ�
2

0

ffiffiffiffiffiffiffiffiffiffi
tan h

p
dh ¼

Z�
2

0

sin
1
2 h

cos
1
2 h

dh ¼
Z�

2

0

sin
1
2h cos�

1
2 h dh

¼
�

1
2þ1

2

� 	
�

�1
2þ1

2

� 	
2�

1
2�1

2þ2

2

� 	 ¼ � 3
4

� �
� 1

4

� �
2�ð1Þ

¼ 1

2
�

3

4

� �
�

1

4

� �
:

Similarly, we can show thatZ�
2

0

ffiffiffiffiffiffiffiffiffiffi
cot h

p
dh ¼ 1

2
�

3

4

� �
�

1

4

� �
:
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EXAMPLE 5.10
Show that �ðnÞ�ð1� nÞ ¼ �

sin n� ; 0 < n < 1:

Solution. We know that

bðm; nÞ ¼
Z1
0

xn�1

ð1þ xÞmþn dx:

Also,

bðm; nÞ ¼ �ðmÞ�ðnÞ
�ðmþ nÞ ; m > 0 and n > 0:

Therefore,

�ðmÞ�ðnÞ
�ðmþ nÞ ¼

Z1
0

xn�1

ð1þ xÞmþn dx:

Putting m¼ 1�n so that m > 0 implies n < 1, we get

�ðnÞ�ð1� nÞ
�ð1Þ ¼

Z1
0

xn�1

ð1þ xÞ dx

or

�ðnÞ�ð1� nÞ ¼
Z1
0

xn�1

1þ x
dx ¼ �

sin n�
; 0 < n < 1:

EXAMPLE 5.11
Show thatZ�

2

0

sin2m�1 h cos2n�1 hdh ¼ �ðmÞ�ðnÞ
2�ðmþ nÞ:

Hence, evaluate
R�2
0

sinp h dh and
R�2
0

cosp h dh:

Solution. We know that

2

Z�
2

0

sin2m�1 h cos2n�1 h dh ¼ bðm; nÞ

or Z�
2

0

sin2m�1 h cos2n�1 h dh ¼ 1

2
:bðm; nÞ:

But, bðm; nÞ ¼ �ðmÞ�ðnÞ
�ðmþnÞ . Therefore,Z�

2

0

sin2m�1 h cos2n�1 h dh ¼ �ðmÞ�ðnÞ
2�ðmþ nÞ:

If we put 2m � 1 ¼ p and 2n � 1 ¼ q, then this

result reduces toZ�
2

0

sinp h cosq h dh ¼ � pþ1
2

� �
� qþ1

2

� �
2� pþqþ2

2

� � : ð1Þ

Putting q ¼ 0 in (1), we getZ�
2

0

sinp h dh ¼ � pþ1
2

� �
� 1

2

� �
2� pþ2

2

� � ¼ � pþ1
2

� �
� pþ2

2

� � ffiffiffi
�

p
2
:

Similarly, taking p ¼ 0, we getZ�
2

0

cosq h dh ¼
� ðqþ1Þ

2

� 	
� qþ2

2

� � ffiffiffi
�

p
2
:

EXAMPLE 5.12
Show that

�ðmÞ� mþ 1

2

� �
¼

ffiffiffi
�

p
22m�1

�ð2mÞ

ðDuplication FormulaÞ:

Solution. In Example 5.7, we have shown that

b m;
1

2

� �
¼ 22m�1bðm;mÞ:

Converting into gamma function, we get

�ðmÞ� 1
2

� �
� mþ 1

2

� � ¼ 22m�1 �ðmÞ�ðmÞ
�ð2mÞ :

Since � 1
2

� � ¼ ffiffiffi
�

p
; we getffiffiffi
�

p
� mþ 1

2

� � ¼ 22m�1 �ðmÞ
�ð2mÞ

or

�ðmÞ� mþ 1

2

� �
¼

ffiffiffi
�

p
22m�1

�ð2mÞ:

EXAMPLE 5.13
Show that Z1

0

e�axxn�1dx ¼ � nð Þ
an

;

where a and n are positive. Deduce that

(i)
R1
0

e�axxn�1 cos bx dx ¼ � nð Þ
rn

cos nh

(ii)
R1
0

e�axxn�1 sin bx dx ¼ � nð Þ
rn

sin nh;

where r2 ¼ a2 þ b2 and h ¼ tan�1 b
a
. Also evaluateR1

0

e�ax cos bx dx and
R1
0

e�ax sin bx dx:
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Solution. Put ax ¼ z, so that adx ¼ dz, to getZ1
0

e�axxn�1dx ¼
Z1
0

e�z z

a

� 	n�1

:
dz

a

¼ 1

an

Z1
0

e�zzn�1dz ¼ � nð Þ
an

: ð1Þ

Replacing a by a þ ib in (1), we getZ1
0

e�ðaþibÞxxn�1dx ¼ � nð Þ
ðaþ ibÞn : ð2Þ

But as,

e�ðaþibÞx ¼ e�ax:e�ibx ¼ e�axðcos bx� i sin bxÞ
and taking a ¼ r cos h and b ¼ r sin h, De-Moivre’s

Theorem implies

ðaþ ibÞn ¼ ðr cos hþ ir sin hÞn
¼ rnðcos hþ i sin hÞn
¼ rnðcos nhþ i sin nhÞ:

Therefore, (2) reduces toZ1
0

½e�axðcosbx� isinbxÞ�xn�1dx

¼ � nð Þ
rnðcosnhþ isinnhÞ¼

� nð Þ
rn

ðcosnhþ isinnhÞ�1

¼� nð Þ
rn

ðcosnh� isinnhÞ:
Equating real- and imaginary parts on both sides, we getZ1

0

e�axxn�1 cos bx dx ¼ � nð Þ
rn

cos nh

and Z1
0

e�axxn�1 sin bx dx ¼ � nð Þ
rn

sin nh:

If we put n ¼ 1, thenZ�
2

0

e�ax cos bx dx ¼ � 1ð Þ
r

cos h ¼ r cos h

r2
¼ a

a2 þ b2

andZ�
2

0

e�ax sin bx dx ¼ � 1ð Þ
r

sin h ¼ r sin h

r2
¼ b

a2 þ b2
:

EXAMPLE 5.14
Show that

� nþ 1

2

� �
¼

ffiffiffi
�

p
�ð2nþ 1Þ

22n�ðnþ 1Þ :

Hence, deduce that � 1
4

� �
� 3

4

� � ¼ �
ffiffiffi
2

p
.

Solution. We know that

bðm; nÞ ¼ 2

Z�
2

0

sin2m�1 h cos2n�1 h dh:

Therefore,

b nþ1

2
;nþ1

2

� �

¼ 2

Z�
2

0

sin2n hcos2n h dh ¼ 2

Z�
2

0

sin2h

2

� �2n

dh

¼ 1

22n�1

Z�
2

0

sin2n 2h dh ¼ 1

22n
:

Z�
0

sin2n� d�; �¼ 2h

¼ 1

22n
:2

Z�
2

0

sin2n� d� ¼ 1

22n�1

� 2nþ1
2

� �
� 2nþ2

2

� � ffiffiffi
�

p
2

" #

ðsee Example 6:11Þ
¼

ffiffiffi
�

p
22n

� nþ 1
2

� �
�ðnþ1Þ : ð1Þ

Also,

b nþ 1

2
; nþ 1

2

� �
¼ � nþ 1

2

� �
� nþ 1

2

� �
�ð2nþ 1Þ

¼ � nþ 1
2

� �
 �2
�ð2nþ 1Þ : ð2Þ

From (1) and (2), we have

� nþ 1

2

� �
¼

ffiffiffi
�

p
22n

:
�ð2nþ 1Þ
�ðnþ 1Þ :

Further, putting n ¼ 1
4
, we have

�
3

4

� �
¼

ffiffiffi
�

pffiffiffi
2

p :
� 3

2

� �
� 5

4

� � ¼ ffiffiffi
�

2

r
1
2
� 1

2

� �
1
4
� 1

4

� � :
Hence,

�
3

4

� �
�

1

4

� �
¼ �

ffiffiffi
2

p
:
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EXAMPLE 5.15
Show thatZ�

2

0

ffiffiffiffiffiffiffiffiffiffi
tanh

p
dh¼

Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
coth

p
dh¼1

2
�

1

4

� �
�

3

4

� �
¼ �ffiffiffi

2
p :

Solution. In Example 5.9, we have proved thatZ�
2

0

ffiffiffiffiffiffiffiffiffiffi
tan h

p
dh ¼

Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
cot h

p
dh ¼ 1

2
�

1

4

� �
�

3

4

� �
:

But,

�
1

4

� �
�

3

4

� �
¼ �

ffiffiffi
2

p
ðExample 5:14:Þ

Hence,Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
tan h

p
dh ¼

Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
cot h

p
dh ¼ �ffiffiffi

2
p :

EXAMPLE 5.16
Show thatZ1

0

yq�1 log
1

y

� �p�1

dy ¼ �ðpÞ
qp

; p > 0; q > 0:

Solution. Putting log 1
y
¼ x, we have 1

y
¼ e x or y¼ e�x

and so, dy ¼ �e �x dx. Therefore,Z1
0

yq�1 log
1

y

� �p�1

dy

¼
Z0
1

e�ðq�1Þxx p�1ð�e�xÞdx

¼
Z1
0

e�qxx p�1dx

¼
Z1
0

e�t t

q

� �p�1

:
dt

q
; putting qx ¼ t

¼ 1

qp

Z1
0

e�ttp�1dt ¼ �ðpÞ
qp

:

EXAMPLE 5.17
Show that Z�

2

0

ffiffiffiffiffiffiffiffiffiffi
sin h

p
dh:

Z�
2

0

dhffiffiffiffiffiffiffiffiffiffi
sin h

p ¼ �:

Solution. We haveZ�
2

0

ffiffiffiffiffiffiffiffiffi
sinh

p
dh:

Z�
2

0

dhffiffiffiffiffiffiffiffiffi
sinh

p

¼
Z�

2

0

sin
1
2h dh:

Z�
2

0

sin�
1
2h dh:

¼
�

1
2þ1

2

� 	
�

1
2þ2

2

� 	 : ffiffiffi
�

p
2

:
�

�1
2þ1

2

� 	
�

�1
2þ2

2

� 	 : ffiffiffi
�

p
2

¼ � 3
4

� �
� 1

4

� �
� 5

4

� �
� 3

4

� � :�
4

ðsee Example 5:11Þ

¼� 1
4

� �
� 5

4

� � :�
4
¼ � 1

4

� �
1
4
� 1

4

� � :�
4
¼�:

EXAMPLE 5.18
Prove thatZ1

0

log
1

y

� �n�1

dy ¼ �ðnÞ; n > 0:

Solution. Putting log 1
y
¼ x; that is, 1

y
¼ e x or y ¼ e�x,

we have dy ¼ �e�xdx. Hence,Z1
0

log
1

y

� �n�1

dy ¼ �
Z0
1

xn�1e�xdx

¼
Z1
0

e�xxn�1dx

¼ �ðnÞ; n > 0:

EXAMPLE 5.19

Evaluate
R1
0

x4 log 1
x

� �3
dx:

Solution. Putting log 1
x
¼ y, that is, 1

x
¼ ey or x ¼ e�y,

we have dx ¼ �ey dy. Therefore,
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Z1
0

x4 log
1

x

� �3

dx¼�
Z0
1

e�4y:y3:e�ydy¼
Z1
0

e�5y:y3dy

¼
Z1
0

e�t:
t3

125
:
dt

5
; putting5y¼ t

¼ 1

625

Z1
0

e�t:t3dt ¼ 1

625
�ð3Þ¼ 6

625
:

EXAMPLE 5.20
Show that

Z1
0

xmðlog xÞndx ¼ ð�1Þnn!
ðmþ nÞnþ1

:

Solution. Putting log x¼�y, we have x¼ e�y and so,

dx ¼ �e�y. When x ¼ 1, y ¼ 0 and when x ? 0,

y ? 1. Therefore,

Z1
0

xmðlogxÞndx

¼
Z0
1

e�myð�yÞnð�e�yÞdy¼ð�1Þn
Z1
0

e�ðmþ1Þy:yndy

¼ð�1Þn
Z1
0

e�t:
t

mþ1

� �n
dt

mþ1
; putting ðmþ1Þy¼ t

¼ ð�1Þn
ðmþ1Þnþ1

Z1
0

e�ttndt¼ ð�1Þn
ðmþ1Þnþ1

�ðnþ1Þ

¼ ð�1Þnn!
ðmþ1Þnþ1

:

EXAMPLE 5.21
Prove that

Z1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x4

p ¼ 1

4
ffiffiffi
2

p b
1

4
;
1

2

� �
:

Solution. Putting x2¼ tan h, we have 2xdx¼ sec2 h dh.
Therefore,

Z1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x4

p ¼
Z�

4

0

sec2 hffiffiffiffiffiffiffiffiffiffiffiffiffi
2 tan h

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 h

p dh

¼ 1

2

Z�
4

0

sec2 hffiffiffiffiffiffiffiffiffiffi
tan h

p :
1

sec h
dh ¼ 1

2

Z�
4

0

dh

sin
1
2 h cos

1
2 h

¼ 1

2

Z�
4

0

dh

sin h cos hð Þ12
¼ 1

2

Z�
4

0

dh

sin 2h
2

� �1
2

¼ 1ffiffiffi
2

p
Z�

4

0

dhffiffiffiffiffiffiffiffiffiffiffiffi
sin 2h

p ¼ 1ffiffiffi
2

p
Z�

2

0

d�

2
ffiffiffiffiffiffiffiffiffiffi
sin�

p ; � ¼ 2h

¼ 1

2
ffiffiffi
2

p
Z�

2

0

sin�
1
2 � cos0 � d�

¼ 2

4
ffiffiffi
2

p
Z�

2

0

sin�
1
2 � cos0 � d�

¼ 1

4
ffiffiffi
2

p b
1

4
;
1

2

� �
;

since bðm; nÞ ¼ 2
R�2
0

sin2m�1 � cos2n�1 � d�:

EXAMPLE 5.22
Show that

Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
tan h

p
þ

ffiffiffiffiffiffiffiffiffiffi
sec h

p� 	
dh

¼ 1

2
�

1

4

� �
�

3

4

� �
þ

ffiffiffi
�

p
� 3

4

� �
" #

:

Solution. We have

Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
tanh

p
þ

ffiffiffiffiffiffiffiffiffiffi
sech

p� 	
dh

¼
Z�

2

0

ffiffiffiffiffiffiffiffiffiffi
tanh

p
dhþ

Z�
2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sech dh

p

5.12 n Engineering Mathematics-I



¼
Z�

2

0

sin
1
2 h cos�

1
2 h dhþ

Z�
2

0

sin0 h cos�
1
2 h dh

¼ 2

2

Z�
2

0

sin
1
2 h cos�

1
2 h dhþ 2

2

Z�
2

0

sin0 h cos�
1
2 h dh

¼ 1

2
b

3

4
;
1

4

� �
þ 1

2
b

1

2
;
1

4

� �

¼ 1

2

� 3
4

� �
� 1

4

� �
�ð1Þ þ � 1

2

� �
� 1

4

� �
� 3

4

� �
" #

¼ 1

2
�

1

4

� �
�

3

4

� �
þ � 1

2

� �
� 3

4

� �
" #

¼ 1

2
�

1

4

� �
�

3

4

� �
þ

ffiffiffi
�

p
� 3

4

� �
" #

:

5.6 DIRICHLET’S AND LIOUVILLE’S THEOREMS

The following theorems of Dirichlet and Liouville

are useful in evaluating multiple integrals.

Theorem 5.1 (Dirichlet). If V is the region, where
x 
 0, y 
 0, z 
 0, and x þ y þ z � 1, thenZZZ

V

xp�1yq�1zr�1dx dy dz ¼ �ðpÞ�ðqÞ�ðrÞ
�ðpþ qþ r þ 1Þ :

(The Dirichlet’s Theorem can be extended to a

finite number of variables).

Proof: Since xþ yþ z� 1, we have yþ z� 1� x¼ a.
Therefore,ZZZ

V

x p�1yq�1z r�1 dx dy dz

¼
Z1
0

Z1�x

x

Z1�x�y

0

xp�1yq�1zr�1 dx dy dz

¼
Z1
0

xp�1

Za
0

Za�y

0

yq�1zr�1dz dy

2
4

3
5dx: ð1Þ

Let

I ¼
Za
0

Za�y

0

yq�1zr�1dz dy:

Putting y¼ aY and z¼ aZ, this integral reduces to

I ¼
Z
D

ðaY Þq�1ðaZÞr�1:a2dZ dY ;

where D is the domain where X 
 0, Y 
 0, and

Y þ Z 
 1. Thus,

I ¼ aqþr

Z1
0

Z1�Y

0

Yq�1Zr�1dZ dY

¼ aqþr

Z1
0

Yq�1 Zr

r


 �1�Y

0

dY

¼ aqþr

r

Z1
0

Yq�1ð1� Y ÞrdY

¼ aqþr

r
bðq; r þ 1Þ ¼ aqþr

r

�ðqÞ�ðr þ 1Þ
�ðqþ r þ 1Þ

¼ aqþr �ðqÞ�ðrÞ
�ðqþ r þ 1Þ :

Hence, (1) yieldsZ Z Z
V

xp�1yq�1zr�1dxdydz

¼
Z1
0

�ðqÞ�ðrÞ
�ðqþrþ1Þx

p�1aqþrdx

¼ �ðqÞ�ðrÞ
�ðqþrþ1Þ

Z
xp�1ð1�xÞqþrdx; sincea¼1�x

¼ �ðqÞ�ðrÞ
�ðqþrþ1Þbðp; qþrþ1Þ

¼ �ðqÞ�ðrÞ
�ðqþrþ1Þ:

�ðpÞ�ðqþrþ1Þ
�ðpþqþrþ1Þ ¼

�ðpÞ�ðqÞ�ðrÞ
�ðpþqþrþ1Þ:

Remark 5.1. If x þ y þ z � h, then by putting
x
h
¼ X ; y

h
¼ Y ; and z

h
¼ Z, we have X þ Y þ Z �

h
h
¼ 1 and so, the Dirichlet’s Theorem takes the formZZZ

V

x p�1y q�1z r�1dx dy dz

¼ �ðpÞ�ðqÞ�ðrÞ
�ðqþ r þ 1Þ :h

pþqþr:
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Theorem 5.2 (Liouville). If x, y, and z are all positive

such that h1 < x þ y þ z < h2, thenZZZ
f ðxþ yþ zÞxp�1yq�1zr�1dx dy dz

¼ �ðpÞ�ðqÞ�ðrÞ
�ðpþ qþ rÞ

Zh2
h1

f ðhÞhpþqþr�1dh:

(Proof, not provided here, is a slight modification of

the proof of Dirichlet’s Theorem).

EXAMPLE 5.23
Evaluate

RRR
x y z dx dy dz taken throughout the

ellipsoid
x2

a2
þ y2

b2
þ z2

c2
� 1:

Solution. Put x2

a2
¼ X ; y2

b2
¼ Y , and z2

c2
¼ Z to get

x ¼ aX
1
2; y ¼ bY

1
2; and z ¼ cZ

1
2

and

xdx ¼ a2

2
dX ; ydy ¼ b2

2
dY ; and zdz ¼ c2

2
dZ:

The condition, under this substitution, becomes
X þ Y þ Z � 1:

Therefore, for the first quadrant,ZZZ
xyz dx dy dz

¼
ZZZ

ðxdxÞðydyÞðzdzÞ

¼
ZZZ

a2

2
dX

� �
b2

2
dY

� �
c2

2
dZ

� �

¼ a2b2c2

8

ZZZ
X 1�1Y 1�1Z1�1dX dY dZ

¼ a2b2c2

8

�ð1Þ�ð1Þ�ð1Þ
�ð1þ 1þ 1þ 1Þ ;

by Dirichlet’s Theorem

¼ a2b2c2

8
:

1

�ð4Þ ¼
a2b2c2

8:3!
¼ a2b2c2

48
:

Therefore, value of the integral for the whole of the

ellipsoid is 8 a2b2c2

48

� 	
¼ a2b2c2

6
:

EXAMPLE 5.24
The plane x

a
þ y

b
þ z

c
¼ 1 meets the axes in A, B, and

C. Find the volume of the tetrahedron OABC.

Solution. We wish to evaluateZZZ
dx dy dz

under the condition x
a
þ y

b
þ z

c
¼ 1. Putting

x
a
¼ X ; y

b
¼ Y , and z

c
¼ Z, we get X þ Y þ Z ¼ 1.

Also dx ¼ adX, dy ¼ bdY, and dz ¼ cdZ. Therefore,

using Dirichlet’s Theorem, the required volume of

the tetrahedron is

V ¼
ZZZ

dx dy dz

¼
ZZZ

abc dX dY dZ

¼ abc

ZZZ
X 1�1Y 1�1Z1�1dX dY dZ

¼ abc
�ð1Þ�ð1Þ�ð1Þ

�ð1þ 1þ 1þ 1Þ

¼ abc

�ð4Þ ¼ abc

3!
¼ abc

6
:

EXAMPLE 5.25
Evaluate

RRR
xl�1 ym�1 zn�1 dx dy dz, where x > 0,

y > 0, and z > 0 under the condition x
a

� �pþ y
b

� �qþ
z
c

� �r� 1.

Solution. Put x
a

� �p¼ X ; y
b

� �q¼ Y ; and z
c

� �r¼ Z so that

dx ¼ a

p
X

1
p�1dX ;

dy ¼ b

q
Y

1
q�1dY ; and

dz ¼ c

r
Z

1
r�1dZ:

Therefore,ZZZ
xl�1ym�1zn�1dx dy dz

¼
ZZZ

aX
1
p

� 	l�1

bY
1
q

� 	m�1

cZ
1
r

� 	n�1

� abc

pqr
X

1
p�1Y

1
q�1Z

1
r�1dX dY dZ

¼ albmcn

pqr

ZZZ
X

l
p�1Y

m
q�1Z

n
r�1dX dY dZ

¼ albmcn

pqr
:
� l

p

� 	
� m

q

� 	
� n

r

� �
� 1þ l

p
þ m

q
þ n

r

� 	 :
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EXAMPLE 5.26
Show that

R R
xm�1 yn�1 dx dy over the positive

octant of the ellipse x2

a2
þ y2

b2
¼ 1 is ambn

2n
b m

2
; n
2
þ 1

� �
:

Solution. Putting x2

a2
¼ X and y2

b2
¼ Y , we get x ¼

a
ffiffiffiffi
X

p
and y ¼ b

ffiffiffiffi
Y

p
and dx ¼ a

2
X�1

2dX and dy ¼ b
2

Y�1
2dY . Therefore,ZZ

xm�1yn�1dxdy

¼
ZZ

am�1X
m�1
2 bn�1Y

n�1
2
a

2
X� 1

2
b

2
Y� 1

2dXdY

¼ ambn

4

Z Z
X

m
2�1Y

n
2�1dX dY

¼ ambn

4
:

� m
2

� �
� n

2

� �
� 1þ m

2
þ n

2

� � ¼ ambn

4n
2

:
� m

2

� �
� n

2

� �
n
2

� mþn
2

þ 1
� �

¼ ambn

2n
:
� m

2

� �
� n

2
þ 1

� �
� mþn

2
þ 1

� � ¼ ambn

2n
b

m

2
;
n

2
þ 1

� 	
:

5.7. MISCELLANEOUS EXAMPLES

EXAMPLE 5.27
Evaluate

R1
0

x dx
1þx6

using Beta and Gamma functions.

Solution. Putting x6 ¼ t, we have x ¼ t
1
6 and so

dx ¼ 1
6
t�

5
6. When x ¼ 0; t ¼ 0 and when x ¼ 1;

t ¼ 1. Therefore

Z1
0

x dx

1þ x6
¼ 1

6

Z1
0

t
1
6

1þ t
t�

5
6dt

¼ 1

6

Z1
0

t�
2
3

1þ t
dt ¼ 1

6

Z1
0

t
1
3�1

ð1þ tÞ13þ2
3

dt

¼ 1

6
b

�
1

3
;
2

3

�
; since bðm; nÞ

¼
Z1
0

xm�1

ð1þ xÞmþn dx

¼ 1

6

� 1
3

� �
� 2

3

� �
� 1

3
þ 2

3

� � ¼ 1

6

� 1
3

� �
� 2

3

� �
�ð1Þ

¼ 1

6
�

1

3

� �
�

2

3

� �

¼ 1

6

�

sin �
3

� �
; using �ðnÞ � 1� 2

n

� �

¼ �

sin n�
ð0 < nÞ:

EXAMPLE 5.28
Evaluate

R a
0
x4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dx using Gamma function.

Solution. Putting x ¼ a sin h, we get dx ¼ a cos h dh

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a2 sin2 h

p
¼ a cos h. When

x ¼ 0; h ¼ 0 and when x ¼ a; h ¼ �
2
. Therefore

I ¼
Za
0

x4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dx

¼
Z�

2

0

a4 sin4 hða cos hÞða cos hÞdh

¼ a6
Z�

2

0

sin4 h cos2 h dh:

Since
R�2
0

sinmh cosn h dh ¼ 1
2

� mþ1
2ð Þ� n�1

2ð Þ
� mþnþ2

2ð Þ , we have

I ¼ a6
� 5

2

� �
� 3

2

� �
2 �ð4Þ


 �

¼ a6

2

3
2
: 1
2

ffiffiffi
�

p
: 1
2

ffiffiffi
�

p
3!


 �
¼ �a6

32
:

EXAMPLE 5.29
Show that

R 1
0

xnffiffiffiffiffiffiffiffi
1�x2

p dx ¼ 2:4: ... ðn�1Þ
1:3: 5: ... n , where n is odd

integer.

Solution. Putting x ¼ sin h, we have dx ¼ cos h dh.
Therefore

Z1
0

xnffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx¼
Z�

2

0

sinn h

cosh
cosh dh

¼
Z�

2

0

sinn h dh

¼ � nþ1
2

� �
2 � nþ2

2

� � ffiffiffi
�

p
(see Example 5.11):
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Since n is odd, we take n ¼ 2mþ 1. Therefore

Z1
0

xnffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

¼ �ðmþ 1Þ
2 � mþ 3

2

� � ffiffiffi
�

p
2

¼ mðm� 1Þðm� 2Þ . . . 3:2:1
ðmþ 1

2
Þðm� 1

2
Þðm� 3

2
Þ . . . 3

2
� 1
2
�ð1

2
Þ
ffiffiffi
�

p
2

¼ 2mð2m� 2Þð2m� 4Þ . . . 6:4:2
ð2mþ 1Þð2m� 1Þð2m� 3Þ . . . 3:1

¼ ðn� 1Þðn� 3Þðn� 5Þ . . . 6:4:2
nðn� 2Þ . . . 5:3:1 ; ðn oddÞ

which was to be established.

EXAMPLE 5.30
Show that

R1
0

xme� a2x2dx ¼ 1
2amþ1 � mþ1

2

� �
.

Solution. Putting ax ¼ ffiffi
z

p
, we have a dx ¼ 1

2
z�

1
2dz.

Therefore

Z1
0

xme� a2x2dx ¼ 1

2a

Z1
0

e�z

ffiffi
z

p
a

� �m

z�
1
2dz

¼ 1

2amþ1

Z1
0

e�zz
m�1
2 dz

¼ 1

2amþ1

Z1
0

e�zz
mþ1
2 �1dz

¼ 1

2amþ1
�

mþ 1

2

� �
:

E X E R C I S E S

1. Show that

(i) bð2:5; 1:5Þ ¼ �
16
:

(ii) b 9
2
; 7
2

� � ¼ 5�
2048

:

(iii) � 3
4

� �
� 1

4

� � ¼ �
ffiffiffi
2

p
:

2. Show that Z1
0

ffiffiffi
x

p
e�x3dx ¼

ffiffiffi
�

p
3

:

3. Show thatZ1
0

x2n�1e�ax2dx ¼ �ðnÞ
2an

:

4. Show thatZ1
0

xa

ax
dx ¼ �ðaþ 1Þ

ðlog aÞaþ1
; if a > 1:

5. Show that

Z�
2

0

sin3 x cos
5
2 xdx ¼ 8

77
:

6. Show that

Zb
a

ðx�aÞmðb�xÞndx¼ðb�aÞmþnþ1bðmþ1;nþ1Þ:

7. Prove that

Z1
0

xne�a2x2dx ¼ 1

2anþ1
�

nþ 1

2

� �
; n > �1:

8. Show that

Z1
0

x2dxffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x4

p :

Z1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x4

p ¼ �

4
ffiffiffi
2

p :

9. Prove that

Z1
0

xdxffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x5

p ¼ 1

5
b

2

5
;
1

2

� �
:
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10. Show that

Z1
0

dxffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xn

p ¼
ffiffiffi
�

p
n

:
� 1

n

� �
� 1

n
þ 1

2

� �:

11. Express the integrals in terms of gamma

function:

(i)
R1
0

xp�1e�kxdx; k > 0 Ans. (i) �ðnÞ
kn
.

(ii)
R1
0

log 1
x

� �n�1
dx (ii)

R1
0

e�yyn�1dy ¼ �ðnÞ.

(iii)
R1
0

e�x2dx (iii) 1
2

R1
0

e�tt�
1
2dt ¼ 1

2
� 1

2

� �
.

12. Show that
R1
0

x3e�x2dx ¼ 1
9
� 1

3

� �
.

13. Show that
R1
0

x2n�1e�ax2dx ¼ �ðnÞ
2an

.

14. Show that yb(x þ 1, y) ¼ xb(x, y þ 1).

15. Show that
R1
0

ffiffiffi
x

p
e�x2dx:

R1
0

e�x2ffiffi
x

p dx ¼ �
2
ffiffi
2

p .

16. The plane x
a
þ y

b
þ z

c
¼ 1 meets the axes in A, B,

and C, respectively. Find the mass of the
tetrahedron OABC if the density at any point is

	 ¼ m xyz.

Hint : Mass ¼
ZZZ

	 dx dy dz; 0 � x

a
þ y

b

þ z

c
� 1

¼
ZZZ

mxyz dx dy dz

Put
x

a
¼ X ;

y

b
¼ Y ; and

z

c
¼ Z and proceed:

Ans. ma
2b2c2

720
.

17. Show that the volume of the solid bounded

by the coordinate planes and the surface
ffiffi
x
a

p þffiffi
y
b

q
þ ffiffi

z
c

p ¼ 1 is abc
90
.

18. Find the volume of the ellipsoid x2

a2
þ y2

b2
þ z2

c2
¼1.

Hint : V ¼ 8

Z Z Z
dxdydz:

Put
x2

a2
¼ X ;

y2

b2
¼ Y ; and

z2

c2
¼ Z;

and use Dirichlet’s Theorem to get

V ¼ 4�

3
abc:

19. Show that the entire volume of the solid

x
a

� �2
3þ y

b

� �2
3þ z

c

� �2
3¼ 1 is 4

35
� abc.
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6 Multiple Integrals

The aim of this chapter is to study double- and triple

integrals along with their applications. Thus, we

shall consider here the integrals of the functions of

two- and three variables.

6.1 DOUBLE INTEGRALS

The notion of a double integral is an extension of the

concept of a definite integral on the real line to the

case of two-dimensional space. Let f (x, y) be a

continuous function of two independent variables x
and y inside and on the boundary of a region R.

Divide the region R into subdomains R1, R2,…,Rn

of areas �R1, �R2,…, �Rn, respectively. Let (xi, yi) be

an arbitrary point inside the ith elementary area,

�Ri. Consider the sum

Sn ¼ f xi; yið Þ�R1 þ f x2; y2ð Þ�R2 þ . . .

þ f xi; yið Þ�Ri þ . . .þ f xn; ynð Þ�Rn:

¼
Xn
i¼1

f xi; yið Þ�Ri:

When n ? 1, the number of subregions increases

indefinitely such that the largest of the areas �Ri

approaches zero. The lim
n!1
�Ri!0

Sn, if exists, is called the

double integral of the function f (x, y) over the

region (domain) R and is denoted byZZ
R

f x; yð ÞdR:

If the region R is divided into rectangular meshes

by a network of lines parallel to the coordinate

axes and if dx and dy be the length and breadth

of a rectangular mess, then dxdy is an element of

area in Cartesian coordinates. In such a case, we

have ZZ
R

f x; yð ÞdR ¼
ZZ

R

f x; yð Þ dx dy:

We now state, without proof, two theorems that pro-

vide sufficient conditions for the existence of a dou-

ble integral over a closed region R.

Theorem 6.1. Let � and ł be two continuous func-

tions defined on a closed interval [a, b] such that

�(x) � ł(x) for all x 2 [a, b]. Let f be a continuous
function defined over R ¼ {(x, y): a � x � b,

�(x) � y � ł(x)}. Then,
RR
R

f x; yð Þdxdy andRb
a

Rł xð Þ

� xð Þ
f x; yð Þdy

" #
dx exist and are equal.

Theorem 6.2. Let � and ł be two continuous func-

tions defined on a closed interval [c, d] such that

�(y) � ł(y) for y 2 [c, d]. Let f be a continuous
function defined over R ¼ {(x, y): c � y � d,

�(y) � x � ł(y)}. Then,
RR
R

f x; yð Þdxdy andRd
c

Rł yð Þ

� yð Þ
f x; yð Þdx

" #
dy exist and are equal.

EXAMPLE 6.1
Show thatZ1

0

Z1
0

x� y

xþ yð Þ3 dx
2
4

3
5dy 6¼ Z

1

0

Z1
0

x� y

xþ yð Þ3 dy
2
4

3
5dx:

Solution. We haveZ1
0

Z1
0

x� y

xþ yð Þ3 dx
2
4

3
5dy

¼
Z1
0

Z1
0

xþ y� 2y

xþ yð Þ3 dx

2
4

3
5dy

¼
Z1
0

Z1
0

1

xþ yð Þ2 �
2y

xþ yð Þ3
( )

dx

2
4

3
5dy



¼
Z1
0

�1

xþ y
þ 2y

2 xþ yð Þ2
" #1

0

dy

¼
Z1
0

�1

1þ yð Þ2
" #

dy ¼ 1

1þ y


 �1
0

¼ � 1

2
:

Similarly, we can show thatZ1
0

Z1
0

x� y

xþ yð Þ3 dy
2
4

3
5dx ¼ 1

2
:

Hence,Z1
0

Z1
0

x� y

xþ yð Þ3 dx
2
4

3
5dy 6¼ Z

1

0

Z1
0

x� y

xþ yð Þ3 dy
2
4

3
5dx:

The reason is that the function f x; yð Þ ¼ x� y

xþ yð Þ3
is not continuous in R¼ x;yð Þ: 0�x�1; 0�y�1g:f

6.2 PROPERTIES OF A DOUBLE INTEGRAL

1. Let K 6¼ 0 be any real number. Then,ZZ
R

Kf ðx; yÞdx dy ¼ K

ZZ
R

f x; yð Þdx dy:

2. The double integral of the algebraic sum of

a finite number of functions fi is equal to
the sum of the double integrals taken for

each function. Thus,Z Z
R

½ f1ðx;yÞþ f2ðx;yÞþ . . .þ fnðx;yÞ�dx dy

¼
Z Z

R

f1ðx;yÞdx dyþ
Z Z

R

f2ðx;yÞdx dy

þ . . .þ
Z Z

R

fnðx;yÞdx dy:

3. If the region R is partitioned into two regions

R1 and R2, thenZZ
R

f x; yð Þdx dy ¼
Z Z

R1

f x; yð Þdx dy

þ
Z Z
R2

f x; yð Þdx dy:

6.3 EVALUATION OF DOUBLE INTEGRALS
(CARTESIAN COORDINATES)

Thedouble integrals canbe evaluatedusingTheorems6.1

and 6.2. In fact,

(i) If the limits in the inner integral are func-

tions of x, then we evaluate
Rł xð Þ

� xð Þ
f x; yð Þdy,

first taking x as a constant and then evalu-

ate the integrand (function of x), obtained

in the first step, integrating it with respect

to x between the limits a and b. Thus,

Zb
a

Zł xð Þ

� xð Þ

f x; yð Þdx dy¼
Zb
a

Zł xð Þ

� xð Þ

f x; yð Þdy

2
64

3
75dx:

(ii) If the limits in the inner integral are func-

tions of y, then we evaluate
Rł yð Þ

� yð Þ
f x; yð Þdx,

first taking y as a constant and then evalu-

ate the integrand (function of y), obtained

as a result of the first step, integrating it

with respect to y between the limits c and d.

Thus,

Zd
c

Zł yð Þ

� yð Þ

f x; yð Þdx dy¼
Zd
c

Zł yð Þ

� yð Þ

f x; yð Þdx

2
64

3
75dy:

EXAMPLE 6.2
Show that

Z2
1

Z4
3

xyþ e yð Þdx
2
4

3
5dy ¼ Z

4

3

Z2
1

xyþ e yð Þdy
2
4

3
5dx:

Solution. The function f (x, y) ¼ xy þ e y is a con-

tinuous function over the rectangle R ¼ {(x, y): 1 �
x � 2, 3 � y � 4}. Therefore, the values of these

integrals are equal. In fact, we note that

Z4
3

xyþ e yð Þdx ¼ 7

2
yþ e y

and so,
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Z2
1

Z4
3

xyþ e yð Þdx dy ¼
Z2
1

7

2
xþ e y


 �
dy

¼ 21

4
þ e2 � e:

One the other hand,Z2
1

xyþ e yð Þdy ¼ 3

2
xþ e2 � e

and so,Z4
3

Z2
1

xyþ e yð Þdy
2
4

3
5dx ¼ Z

4

3

3

2
xþ e2 � e


 �
dx

¼ 21

4
þ e2 � e:

Hence, the result.

EXAMPLE 6.3
Evaluate

RR
x2y2dx dy over the circle x2 þ y2 � 1.

Solution. Since x2 þ y2 � 1, it follows that
x2 � 1 and y2 � 1� x2

or
xj j � 1 and yj j �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
or
�1 � x � 1 and �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
� y �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
:

The integrand f (x, y) ¼ x2y2 is continuous over the

region

R¼ x;yð Þ :�1� x� 1;�
ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
� y�

ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

pn o
:

Therefore,ZZ
R

x2y2dx dy ¼
Z1
�1

Zffiffiffiffiffiffiffiffi1�x2
p

�
ffiffiffiffiffiffiffiffi
1�x2

p
x2y2dy

2
64

3
75dx

¼
Z1
�1

x2
y3

3

� � ffiffiffiffiffiffiffiffi
1�x2

p

�
ffiffiffiffiffiffiffiffi
1�x2

p

" #
dx ¼

Z1
�1

2

3
x2ð1� x2Þ32dx

¼ 4

3

Z1
0

x2ð1� x2Þ32dx; since integrand is even

¼ 4

3

Z�
2

0

sin2 h cos4 h dh; substituting x ¼ sin h

¼ 4

3
:
1:3:1

6:4:2
:
�

2
¼ �

24
:

EXAMPLE 6.4
Evaluate the double integral of the function f (x, y)

¼ 1 þ x þ y over a region bounded by y ¼ �x;
x ¼ ffiffiffi

y
p

; and y ¼ 2.

Solution. The region R is bounded by y ¼ �x, the
parabola y2 ¼ x, and the line y ¼ 2. Thus, the limits

of integration for x are x ¼ �y; x ¼ ffiffiffi
y

p
; y ¼ 0,

and y ¼ 2. Therefore,

Z Z
R

ð1þ xþ yÞdx dy ¼
Z2
0

Z ffiffiyp

�y

ð1þ xþ yÞdx

2
64

3
75 dy

¼
Z2
0

xþ x2

2
þ xy


 � ffiffiyp

�y

dy

¼
Z2
0

ffiffiffi
y

p þ y

2
þ y

ffiffiffi
y

p� 	
� �yþ y2

2
� y2

� �
 �
dy

¼
Z1
0

y2

2
þ 3y

4
þ ffiffiffi

y
p þ y

ffiffiffi
y

p� �
dy

¼ y3

2
þ 3y2

4
þ 2

3
y
3
2 þ 2

5
y
5
2


 �2
0

¼ 13

3
þ 44

15

ffiffiffi
2

p
:

EXAMPLE 6.5
Evaluate

RR
R

ydx dy, where R is the region bounded

by the parabolas y2 ¼ 4x and x2 ¼ 4y.

Solution. The given parabolas are y2 ¼ 4x and x2 ¼ 4y.

Solving these equations, we get x¼ 0 and y ¼ 4. The

corresponding values of y are y ¼ 0 and y ¼ 4. Both

the curves pass through the origin and the points of

intersection are (0, 0) and (4, 4). Thus, the limits of

integration are x¼ 0 to x¼ 4 and y ¼ x2

4
to y ¼ 2

ffiffiffi
x

p
.

Thus,

R ¼ x; yð Þ : 0 � x � 4;
x2

4
� y � 2

ffiffiffi
x

p� �
:
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y

A(4, 4)

x
0

x 2 � 4y

y 2 � 4x

Therefore,ZZ
R

y dx dy ¼
Z4
0

Z2 ffiffixp

x2

4

y dy

2
664

3
775dx

¼
Z4
0

y2

2


 �2 ffiffixp

x2

4

dx ¼
Z4
0

4x

2
� x4

32

� �
dx

¼
Z4
0

2x� x4

32

� �
dx¼ x2 � x5

160


 �4
0

¼ 48

5
:

EXAMPLE 6.6
Calculate the double integralZ1

0

Zx2
0

ðx2 þ y2Þdx dy

and determine the region of integration.

Solution. The region of integration is bounded by the

lines x ¼ 0, x ¼ 1, y ¼ 0, and the parabola x2 ¼ y.

Thus, the region is

R ¼ x; yð Þ : 0 � x � 1; 0 � y � x2
� �

;

and is shown in the following figure:

Y

X

x = 1

0

x2 = y

The given integral can be expressed asZ1
0

Zx2
0

ðx2 þ y2Þdy

2
64

3
75dx:

So, we evaluate the inner integral first. We haveZx2
0

ðx2 þ y2Þdy ¼ x2yþ y3

3


 �x2
0

¼ x4 þ x6

3
:

Therefore,ZZ
R

ðx2 þ y2Þdx dy ¼
Z1
0

x4 þ x6

3

� �
dx

¼ x5

5
þ x7

21


 �1
0

¼ 1

5
þ 1

21
¼ 26

105
:

EXAMPLE 6.7
Evaluate the double integral

RR
R

exþydR over the

region R, which lies between two squares with their

center at the origin and with sides parallel to the

axes of coordinates, if each side of the inner square

is equal to 2 and that of the outer square is 4.

Solution. The region R is irregular. However, the
straight lines x ¼ �1 and x ¼ 1 divide this region

into four regular subregions R1, R2, R3, and R4.
y

R2

R4

R3

R1

–2 –1 0 1 2 x

Therefore,ZZ
R

exþydR ¼
Z Z
R1

exþydx dyþ
Z Z
R2

exþydx dy

þ
Z Z
R3

exþydx dyþ
Z Z
R4

exþydx dy
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¼
Z�1

�2

Z2
�2

exþydy

2
4

3
5dxþ Z1

�1

Z2
1

exþydy

2
4

3
5dx

þ
Z1
�1

Z�1

�2

exþydy

2
4

3
5dxþ Z

2

1

Z2
�2

exþydy

2
4

3
5dx

¼ ðe2 � e�2Þðe�1 � e�2Þ þ ðe2 � eÞðe� e�1Þ
þ e�1 � e�2
� �

e� e�1
� �þ e2 � e�2

� �
� e2 � e
� �

¼ ðe3 � e�3Þðe� e�1Þ ¼ 4 sinh 3 sinh 1:

EXAMPLE 6.8
Evaluate

RR
xy dx dy over the positive quadrant of

the circle x2 þ y2 ¼ a2.

Solution. The region of integration is

R ¼ x; yð Þ : 0 � x � a; 0 � y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

pn o
:

The integrand f (x, y) ¼ xy is continuous over R.

Therefore,ZZ
R

xy dx dy ¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

xy dy

2
64

3
75dx

¼
Za
0

x
y2

2


 � ffiffiffiffiffiffiffiffiffia2�x2
p

0

¼ 1

2

Za
0

x½a2 � x2�dx

¼ 1

2

Za
0

a2x dx�
Za
0

x3dx

2
4

3
5

¼ 1

2
a2

x2

2


 �a
0

� 1

2

x4

4


 �a
0

¼ a4

4
� a4

8
¼ a4

8
:

EXAMPLE 6.9
Evaluate

RR
R

xy dx dy, where R is the domain bounded

by the x-axis, ordinate x¼ 2a, and the curve x2¼ 4ay.

Solution. The region of integration is

R ¼ x; yð Þ : 0 � x � 2a; 0 � y � x2

4a

� �
:

The region is bounded by y ¼ 0, x ¼ 2a, and the

parabola x2 ¼ 4ay.

y

x
0

x2 = 4ay

x 5 2a

Therefore,

ZZ
R

xy dx dy ¼
Z2a
0

Zx24a
0

xy dy

2
664

3
775dx

¼
Z2a
0

x
y2

2


 �x2

4a

0

8<
:

9=
;dx ¼

Z2a
0

x5

32a2
dx

¼ 1

32a2
x6

6


 �2a
0

¼ 1

32a2
64a6

6


 �
¼ a4

3
:

EXAMPLE 6.10

Evaluate
R1
0

Rffiffixp

x

x2 þ y2ð Þdy dx.

Solution. The region of integration is bounded by

x ¼ 0, x ¼ 1, y ¼ x, and the parabola y2 ¼ x. Thus,

R ¼ x; yð Þ : 0 � x � 1; x � y � ffiffiffi
x

p� �
:

Therefore,

Z1
0

Z ffiffixp

x

x2 þ y2
� �

dy dx ¼
Z1
0

Z ffiffixp

x

x2 þ y2
� �

dy

2
64

3
75dx

¼
Z1
0

x2yþ y3

3


 � ffiffixp

x

( )
dx

¼
Z1
0

x
5
2 þ x

3
2

3

 !
� x3 þ x3

3

� �" #
dx
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¼
Z1
0

x
5
2 þ x

3
2

3
� 4x3

3

" #
dx

¼ x
7
2

7
2

þ x
5
2

15
2

� 4x4

12

" #1
0

¼ 2

7
þ 2

15
� 1

3
¼ 9

105
¼ 3

35
:

EXAMPLE 6.11
Evaluate

RR
xþ yð Þ2dx dy over the area bounded by

the ellipse x2

a2
þ y2

b2
¼ 1.

Solution. The equation of the ellipse is x2

a2
þ y2

b2
¼ 1:

Therefore,

y2

b2
¼ 1� x2

a
or

y

b
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

r
or

y ¼ � b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
:

The ellipse cuts the x-axis at x ¼ ±a. Therefore, the
region of integration is

R ¼ x; yð Þ : �a � x � a;f � b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
� y

� b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
g:

Since x2 þ y2 is an even function of y and xy is an

odd function of y, we haveZZ
R

xþ yð Þ2dx dy

¼
Za
�a

Zb
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p

�b
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p
x2 þ y2 þ 2xy
� �

dy

2
664

3
775dx

¼
Za
�a

Zb
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p

�b
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p
x2 þ y2
� �

dy

2
664

3
775dx

þ
Za
�a

Zb
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p

�b
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p
2xy dy

2
664

3
775dx

¼
Za
�a

2

Zb
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p

0

x2 þ y2
� �

dy

2
64

3
75dxþ 0

¼ 2

Za
�a

x2yþ y3

3


 �b
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p

0

dx

¼ 2

Za
�a

x2b

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
þ b3

3a3
a2 � x2
� �3

2


 �
dx

¼ 4

Za
0

b

a
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
þ b3

3a3
a2 � x2
� �3

2


 �
dx:

Substituting x ¼ a sin h, we have dx ¼ a cos h dh
and so,ZZ

R

xþ yð Þ2dx dy

¼ 4

Z�
2

0

a3b sin2 h cos2 hþ ab3

3
cos4 h


 �
dh

¼ 4 a3b:
1

4:2
:
�

2
þ ab3

3
:
3:1

4:2
:
�

2


 �

¼ �

4
a3bþ ab3
� � ¼ �ab

4
a2 þ b2
� �

:

EXAMPLE 6.12
Evaluate Z1

0

Zffiffiffiffiffiffiffiffi1þx2
p

0

1

1þ x2 þ y2
dy dx:

Solution. We haveZ1
0

Zffiffiffiffiffiffiffiffi1þx2
p

0

1

1þ x2þ y2
dy dx

¼
Z1
0

Zffiffiffiffiffiffiffiffi1þx2
p

0

1

1þ x2þ y2
dy

2
64

3
75dx

¼
Z1
0

Zffiffiffiffiffiffiffiffi1þx2
p

0

1

1þ x2ð Þþ y2
dy

2
64

3
75dx

¼
Z1
0

1ffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p tan�1 yffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p

 � ffiffiffiffiffiffiffiffi1þx2

p

0

dx;
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since

Z
dx

a2 þ x2
¼ 1

a
tan�1 x

a

¼
Z1
0

1ffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p ½tan�1 1� tan�1 0�dx

¼ �

4

Z1
0

dxffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p ¼ �

4
log

xþ ffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p

1

 !" #1
0

¼ �

4
½logð1þ

ffiffiffi
2

p
Þ� log1� ¼ �

4
logð1þ

ffiffiffi
2

p
Þ:

6.4 EVALUATION OF DOUBLE INTEGRALS (POLAR
COORDINATES)

We wish to evaluate
Rh2
h1

Rr2
r1

f r; hð Þdr dh over the

region bounded by the straight lines h ¼ h1 and h ¼
h2 and the curves r ¼ r1 and r ¼ r2. To do so, we

first integrate f (r, h) with respect to r between the

limits r ¼ r1 and r ¼ r2. The resulting integrand is

then integrated with respect to h between the limits

h ¼ h1 and h ¼ h2.

EXAMPLE 6.13
Evaluate

RR
r sin h dr dh over the area of the car-

dioid r ¼ a(1 þ cos h) above the initial line.

Solution. To evaluate the given integral above the

initial line, we note that the limits of integration for

r are r ¼ 0 and r ¼ a(1 þ cos h), whereas the limits

of h are h ¼ 0 to h ¼ �.

y

x

r = a(1�cos  )

θ 0

  �   �2θ π

π=
θ 

θ 

= 0

Therefore, ZZ
R

r sin h dr dh

¼
Z�
0

Zað1þcos hÞ

0

r sin h dr dh

¼
Z�
0

sin h
r2

2

����
����
að1þcos hÞ

0

dx

¼ 1

2

Z�
0

a2ð1þ cos hÞ2 sin h dh

¼ a2

2

Z�
0

2 cos2
h

2

� �2

2 sin
h

2
cos

h

2
dh

¼ 4a2
Z�
0

cos5
h

2
sin

h

2
dh

¼ 4a2
Z�

2

0

cos5 � sin�:2d�; h ¼ 2�

¼ 8a2
Z�

2

0

cos5 � sin� d�

¼ �8a2
Z�

2

0

cos5 � � sin�ð Þd�

¼ �8a2
cos6 �

6


 ��
2

0

¼ 4a2

3
:

EXAMPLE 6.14
Calculate

RR
r3dr dh over the area included between

the circles r ¼ 2sin h and r ¼ 4sin h.

Solution. The region of integration is between the
circles as shown in the following figure:

y

x0 0= π

r = 4sin

r =
 2sin

θ

θ =θ

θ

Therefore,ZZ
r3dr dh ¼

Z�
0

Z4sin h
2sin h

r3dr dh ¼
Z�
0

r4

4


 �4sin h
2sin h

dh

¼ 1

4

Z�
0

ð256 sin4 h� 16 sin4 hÞdh
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¼ 60

Z�
0

sin4 h dh ¼ 120

Z�
2

0

sin4 � d �; h ¼ 2�

¼ 120:
3:1

4:2
:
�

2
¼ 45

�

2
:

EXAMPLE 6.15
Evaluate

RR
r dr dhffiffiffiffiffiffiffiffiffi
a2þr2

p over are loop of the lemniscates

r2 ¼ a2 cos 2h.

Solution. From the figure of the curve, we note that in
the region of integration, r varies from 0 to

a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2h

p
and h varies from � �

4
to

�

4
.

� π�  �4

4
π

���

r 2 � a2 cos 2�

 0��

(a, 0)(�a, 0) x

y

0

Therefore,

ZZ
r dr dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p ¼
Z�

4

��
4

Za ffiffiffiffiffiffiffiffifficos 2h
p

0

rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p dr

2
64

3
75dh

¼
Z�

4

��
4

1

2

Za ffiffiffiffiffiffiffiffifficos 2h
p

0

2rða2 þ r2Þ�1
2dr

2
64

3
75dh

¼ 1

2

Z�
4

��
4

ða2 þ r2Þ12
1
2

�����
�����
a
ffiffiffiffiffiffiffiffiffi
cos 2h

p

0

dh

¼
Z�

4

��
4

a½ð1þ cos 2hÞ12 � 1�dh

¼ a

Z�
4

��
4

a½ð2 cos2 hÞ12 � 1�dh

¼ a

Z�
4

��
4

ð
ffiffiffi
2

p
cos h� 1Þdh

¼ 2a

Z�
4

0

ð
ffiffiffi
2

p
cos h� 1Þdh

¼ 2a
ffiffiffi
2

p
sin h� h

��� ����4
0
¼ 2a 1� �

4

� 	
:

EXAMPLE 6.16
Evaluate

RR
r3dr dh over the area included between

the circles r ¼ 2a cos h, r ¼ 2b cos h, where b < a.

Solution. The region of integration between the given
circles is shown in the following figure:

0

 �r � 2a cos

y

x0� �

2
π

� ��

2
π

��

 θr � 2b cos

In the region of integration, r varies from 2b cosh to
2a cosh, whereas h varies from � �

2
to �

2
. Therefore,ZZ

r3dr dh ¼
Z�

2

��
2

Z2acos h
2bcos h

r3dr

2
4

3
5dh

¼
Z�

2

��
2

r4

4


 �2acos h
2bcos h

dh

¼ 1

4

Z�
2

��
2

½16a4 cos4 h� 16b4 cos4 h�dh

¼ 4

Z�
2

��
2

ða4 � b4Þ cos4 h dh

¼ 8

Z�
2

0

ða4 � b4Þ cos4 h dh

¼ 8ða4 � b4Þ: 3:1
4:2

:
�

2
¼ 3�

2
ða4 � b4Þ:
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EXAMPLE 6.17
Show that

RR
R

r2 sin h dr dh ¼ 2a3

3
, where R is the

region bounded by the semi-circle r ¼ 2acos h,
above the initial line.

Solution. The region of integration is shown in the

following figure. In this region r varies from 0 to

2acos h, whereas h varies from 0 to
�

2
.

0

�r � 2acos

y

x

Therefore,ZZ
R

r2 sin h dr dh ¼
Z�

2

0

Z2acos h
0

r2 sin h dr

2
4

3
5dh

¼
Z�

2

0

sin h
r3

3

����
����
2acos h

0

dh

¼ 8a3

3

Z�
2

0

sin h cos3 h dh

¼ 8a3

3
:
2

4:2
¼ 2a3

3
:

6.5 CHANGE OF VARIABLES IN A DOUBLE INTEGRAL

Regarding the change of variables in a double inte-

gral, we have the following theorem stated here

without proof.

Theorem 6.3. Let D be a domain in <2 and f : D ! <
be integrable over D. Suppose that D be mapped on
to a set A of the uv-plane by the transformation

x ¼ �(u, v) and y ¼ ł(u, v), where � and ł have

continuous partial derivatives in A and the Jacobian
@ x; yð Þ
@ u; vð Þ 6¼ 0 for all (u, v) 2 A. Then,ZZ

D

f ðx; yÞdx dy ¼
ZZ

A

f �ðu; vÞ; ł u; vð Þð Þ Jj jdu dv:

Deduction. If there is a change in variable from

Cartesian- to polar coordinates, then x ¼ rcos h,
y ¼ rsin h, and

J ¼
@x

@r

@x

@h

@y

@r

@y

@h

��������

��������
¼ cos h �r sin h

sin h r cos h

����
����

¼ r cos2 hþ sin2 h
� � ¼ r:

Therefore,ZZ
D

f ðx; yÞdx dy ¼
ZZ

A

f rcos h; rsin hð Þ r dh dr:

EXAMPLE 6.18
Calculate the integralZZ ðx� yÞ2

x2 þ y2
dx dy

over the circle x2 þ y2 � 1.

Solution. The value of the given integral is four times

the value of the integral taken over the positive quad-

rant of the circle x2 þ y2 ¼ 1. Substituting x ¼ rcos h
and y ¼ rsin h, the given integral is equal to

4

Z1
0

Z�
2

0

1

r2
rcos h� rsin hð Þ2 @ x; yð Þ

@ r; hð Þ dr dh

¼ 4

Z1
0

r

Z�
2

0

ðcos2 hþ sin2 h� 2sin h cos hÞdr dh

¼ 4

Z�
2

0

ð1� sin 2hÞ
Z1
0

rdr

2
4

3
5dh

¼ 2

Z�
2

0

ð1� sin 2hÞdh

¼ 2 hþ cos 2h

2


 ��
2

0

¼ �� 2:
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EXAMPLE 6.19

Evaluate
R1
0

R1
0

e�ðx2þy2Þdy dx by changing to polar

coordinates. Hence, deduce that
R1
0

e�x2dx ¼
ffiffi
�

p
2
.

Solution. In the given integral, both x and y vary from
0 to1. Hence, the region of integration is xy-plane.

Changing to polar coordinates by substituting x ¼ r

cos h and y¼ r sin h, we get x2 þ y2 ¼ r2; and in the

region of integration, r varies from 0 to 1 and h

varies from 0 to
�

2
. Thus,Z1

0

Z1
0

e�ðx2þy2Þdy dx ¼
Z�

2

0

Z1
0

e�r2 � @ x; yð Þ
@ r; hð Þdr dh

¼
Z�

2

0

Z1
0

re�r2dr dh

¼
Z�

2

0

Z1
0

e�t:
dt

2
dh; r2 ¼ t

¼ 1

2

Z�
2

0

e�t

�1

����
����
1

0

dh

¼ �1

2

Z�
2

0

ð0� 1Þdh ¼ �

4
: ð1Þ

On the other hand,Z1
0

Z1
0

e�ðx2þy2Þdy dx ¼
Z1
0

e�x2dx

Z1
0

e�y2dy

¼
Z1
0

e�r2dx

2
4

3
5
2

:

Hence, (1) impliesZ1
0

e�x2dx ¼
ffiffiffi
�

p
2

:

EXAMPLE 6.20

Evaluate
RR ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2b2 � b2x2 � a2y2

a2b2 þ b2x2 þ a2y2

s
dx dy over the

positive quadrant of the ellipse
x2

a2
þ y2

b2
¼ 1.

Solution. Substituting
x

a
¼ X and

y

b
¼ Y , the problem

reduces to the evaluation of
RR

ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�X 2�Y 2

1þX 2þY 2

r
dxdy

over the positive quadrant of the circle X 2 þ Y 2 ¼ 1.

Substituting X ¼ r cos h and Y ¼ r sin h, we have

dXdY ¼ rdr dh. In the region of integration r varies

from 0 to 1 and h varies from 0 to �
2
. Hence, the given

integral reduces to

ab

Z�
2

0

Z1
0

ffiffiffiffiffiffiffiffiffiffiffi
1�r2

1þr2

r
rdr dh

¼ab

Z1
0

ffiffiffiffiffiffiffiffiffiffiffi
1�r2

1þr2

r
rdr

Z�
2

0

dh

¼ab�

2

Z1
0

ffiffiffiffiffiffiffiffiffiffiffi
1�r2

1þr2

r
rdr

¼ab�

2

Z�
2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sint

1þsint

r
:
1

2
cost dt; r2¼ sint

¼�ab

4

Z�
2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sint

1þsint

r
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sint

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sint

p cost dt

¼�ab

4

Z�
2

0

1�sint

cost
cost dt

¼�ab

4

Z�
2

0

ð1�sintÞdt

¼�ab

4
½tþcost��20 ¼

�ab

4

�

2
�1

h i
¼�ab

8
��2ð Þ:

Remark 6.1. Substituting a ¼ b ¼ 1, the problem

reduces to the evaluation of

Z Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�x2�y2

1þx2þy2

s
dx dy

over the positive quadrant of the circle x2 þ y2 ¼ 1.

The value of the integral in that case is
�2

8
��

4
.
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EXAMPLE 6.21
Evaluate

R R
x2þy2�1

sin � x2 þ y2ð Þdx dy:

Solution. Changing to polar form yieldsZ Z
x2þy2�1

sin� x2 þ y2
� �

dx dy

¼
Z2�
0

Z1
0

sin �r2
� �

rdr dh

¼
Z2�
0

Z1
0

sin � tð Þ dt
2

dh

¼ 1

2

Z2�
0

� cos �t

�

��� ���1
0
dh

¼ � 1

2�

Z2�
0

½cos �� cos 0�dh

¼ 2

2�

Z2�
0

dh ¼ 2:

EXAMPLE 6.22

Evaluate
R2
0

Rffiffiffiffiffiffiffiffiffi2x�x2
p

0

xffiffiffiffiffiffiffiffiffi
x2þy2

p dy dx by changing to polar

coordinates.

Solution. The limits of y are from 0 to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x� x2

p
.

But y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x� x2

p
implies y2¼ 2x� x2 or x2þ y2¼

2x. Thus, the region of integration is bounded by

x ¼ 0, x ¼ 2, y ¼ 0, and x2 þ y2 ¼ 2x. Changing to

polar coordinates x2 þ y2 ¼ 2x transforms to r2 ¼
2rcos h or r ¼ 2cos h.

0

�r � 2cos 

x � 2

y

x

2
π

��

0��

For the region of integration, r varies from 0 to 2 cos

h, whereas h varies from 0 to
�

2
: Therefore,

Z2
0

Zffiffiffiffiffiffiffiffiffi2x�x2
p

0

xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p dy dx

¼
Z�

2

0

Z2 cos h
0

r cos h

r
r dr dh

¼
Z�

2

0

cos h

Z2 cos h
0

r dr dh

¼
Z�

2

0

cos h
r2

2

����
����
2 cos h

0

dh

¼ 2

Z�
2

0

cos3 h dh ¼ 2 � 2
3
¼ 4

3
:

EXAMPLE 6.23
Transform to the Cartesian form and hence, evaluate

the integral
R�
0

Ra
0

r3 sin h cos h dr dh:

Solution. We are given that

I ¼
Z�
0

Za
0

r3 sin h cos h dr dh:

Put x ¼ r cos h and y ¼ r sin h so that dx dy ¼ r dr

dh. The region of integration is shown in the fol-

lowing figure:

0��π�� 0 a

a

y

x

x2�y2 � a2

Therefore, the Cartesian form of the given integral is

I ¼
Za
�a

Za
0

xy dx dy:
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Further,

I ¼
Z�
0

Za
0

r3 sinhcosh dr dh¼
Z�
0

sinhcosh
r4

4

����
����
a

0

dh

¼ a4

4

Z�
0

sinhcosh dh¼ a4

4

sin2 h

2

����
����
�

0

¼ 0:

EXAMPLE 6.24
Use the transformation x þ y ¼ u and y ¼ uv to

show that
R1
0

R1�x

0

e
y

xþy dy dx ¼ e�1
2
.

Solution. We have

x ¼ u� y ¼ u� uv ¼ u 1� vð Þ and
y ¼ uv:

Therefore,

@ x; yð Þ
@ u; vð Þ ¼

@x

@u

@x

@v
@y

@u

@y

@v

��������

��������
¼ 1� v �u

v u

����
����

¼ uð1� vÞ � ð�uvÞ ¼ u:

The Jacobian vanishes when u ¼ 0, that is, when

x ¼ y ¼ 0, but not otherwise. Also the origin (0, 0)

corresponds to the whole line u ¼ 0 of the uv-plane
so that the correspondence ceases to be one-to-one.

In order to exclude (0, 0), we note that the given

integral exists as the limit, when h? 0 of the

integral over the region is bounded by

xþ y ¼ 1; x ¼ h; and y ¼ 0 where h > 0:

The transformed region is then bounded by the lines

u ¼ 1; v ¼ 0; and uð1� vÞ ¼ h:

When h ? 0, the new region of the uv-plane tends,

as its limit, to the square bounded by the lines u¼ 1,
v ¼ 1, u ¼ 0, and v ¼ 0. Thus, the region of inte-

gration in the xy- and uv-planes are as shown in the

following figures:

y

x

(0, 1)

(1, 0)0

v

u0

u � 0 u � 1

v �  0

v � 1
x

�
 y

�
 1

Therefore,Z1
0

Z1�x

0

e
y

xþy dy dx ¼
Z1
0

Z1
0

e
uv
u :u du dv

¼
Z1
0

ev
Z1
0

u du dv ¼
Z1
0

ev
u2

2


 �1
0

dv

¼ 1

2

Z1
0

evdv ¼ 1

2
½ev�10 ¼

1

2
ðe� 1Þ:

EXAMPLE 6.25

Evaluate
Ra
0

Ra
y

x dx dy

x2 þ y2
by changing into polar

coordinates.

Solution. The region of integration is shown in the

following figure:

y

x0

y � a

y � x

x � a

0 ��

The region is bounded by x ¼ y, x ¼ a, y ¼ 0, and

y¼ a. Changing to polar coordinates, we have x¼ r

cos h, y¼ r sin h, and dx dy¼ r dr dh. Further, in the

region of integration h varies from 0 to
�

4
. Also,

x ¼ a implies r cos h ¼ a or r ¼ a

cos h
. Therefore,

r varies from 0 to a

cos h
. Hence,

Za
0

Za
y

x dx dy

x2 þ y2
¼
Z�

4

0

Za
cos h

0

r cos h

r2
r dr dh

¼
Z�

4

0

cos h½r� a
cos h

0 dh ¼ a

Z�
4

0

dh ¼ a�

4
:
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EXAMPLE 6.26
Evaluate

RR
xy x2 þ y2ð Þn2dx dy over the positive

octant of the circle x2þ y2¼ 4, supposing nþ 3 > 0.

Solution. The region of integration is bounded by x ¼
0, x ¼ 2, y ¼ 0, and y ¼ 2. Changing to polar

coordinates, we have x ¼ rcos h and y ¼ rsin h and

so, rdh dr ¼ dxdy. The limits of integration in the

first quadrant of the given circle are now r ¼ 0 to r

¼ 2 and h ¼ 0 to h ¼ �

2
. Hence,

Z Z
xy x2 þ y2
� �n

2dx dy

¼
Z�

2

0

Z2
0

r cosh:r sin h r2
� �n

2:r dr dh

¼
Z�

2

0

sin h cos h

Z2
0

rnþ3dr

2
4

3
5 dh

¼
Z�

2

0

sin h cos h
rnþ4

nþ 4


 �2
0

dh

¼ 2nþ4

nþ 4

Z�
2

0

sin h cos h dh ¼ 2nþ4

nþ 4
:
1:1

2
¼ 2nþ3

nþ 4
:

6.6 CHANGE OF ORDER OF INTEGRATION

We have seen that, in a double integration, if the
limits of both variables are constant, then we can

change the order of integration without affecting

the result. But if the limits of integration are vari-

able, a change in the order of integration requires

a change in the limits of integration. Some integrals

are easily evaluated by changing the order of inte-

gration in them.

EXAMPLE 6.27
Change the order of integration in the integral

I ¼
Za
�a

Zffiffiffiffiffiffiffiffiffia2�y2
p

0

f x; yð Þdx dy:

Solution. The region of integration is bounded by

y ¼ �a, y ¼ a, x ¼ 0, and x2 þ y2 ¼ a2. We have

I ¼
Za
�a

Zffiffiffiffiffiffiffiffiffia2�y2
p

0

f x; yð Þdx

2
664

3
775 dy:

Thus, in the given form, we first integrate with

respect to x and then with respect to y.

y

x0

R

S

(a, 0)

On changing the order of integration, we first inte-

grate with respect to y, along a vertical ship RS,
which extends from y ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
to

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
. To cover the whole region of inte-

gration, we then integrate with respect to x from

x ¼ 0 to x ¼ a. Thus,

I ¼
Za
0

dx

Zffiffiffiffiffiffiffiffiffia2�x2
p

�
ffiffiffiffiffiffiffiffiffi
a2�x2

p
f x; yð Þ dy

¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

�
ffiffiffiffiffiffiffiffiffi
a2�x2

p
f x; yð Þ dy

2
64

3
75dx:

EXAMPLE 6.28
Change the order of integration in I ¼ R1

0

R2�x

x2
xydx dy

and hence, evaluate the same.

Solution. For a given integral, the region of
integration is bounded by x ¼ 0, x ¼ 1, y ¼ x2,
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(parabola), and the line y ¼ 2 � x. Thus, the region

of integration OABO is as shown in the following

figure:

y

x0

C

B

A(1, 1)
x

�
 y

�
 2

x2 � y

In the given form of the integral, we have to inte-

grate first with respect to y and then with respect

to x. Therefore, on changing the order of integra-
tion, we first integrate the integrand, with respect to

x and then, with respect to y. The integration with

respect to x requires the splitting-up of the region

OABO into two parts OACO and the triangle ABC.

For the subregion OACO, the limit of integration

are from x ¼ 0 to x ¼ ffiffiffi
y

p
and y ¼ 0 to y ¼ 1. Thus,

the contribution to the integral I from the region

OACO is

I1 ¼
Z1
0

Z ffiffiyp

0

xy dx

2
64

3
75dy:

For the subregion ABC, the limits of integration

are from x¼ 0 to x¼ 2� y and y¼ 1 to y¼ 2. Thus,

the contribution to I from the subregion ABC is

I2 ¼
Z2
1

Z2�y

0

xy dx

2
4

3
5dy:

Hence, on changing the order of integration, we get

I ¼
Z1
0

Z ffiffiyp

0

xy dx

2
64

3
75dy þ

Z2
1

Z2�y

0

xy dx

2
4

3
5dy

¼
Z1
0

y
x2

2


 � ffiffiyp

0

dyþ
Z2
1

yx2

2


 �2�y

0

dy

¼ 1

2

Z1
0

y2dyþ 1

2

Z2
1

yð2� yÞ2dy

¼ 1

2

y3

3


 �1
0

þ 1

2

y4

4
þ 4

y2

2
� 4

y3

3


 �2
1

¼ 1

6
þ 5

24
¼ 3

8
:

EXAMPLE 6.29
Changing the order of integration, find the value of

the integral
R1
0

R1
x

e�y

y
dy dx.

Solution. The region of integration is bounded by

x¼ 0 and y¼ x. The limits of x are from 0 to1 and
those of y are from x to1. The region of integration

is shown in the following figure:

y

x

y � x

SR

0

On changing the order of integration, we first inte-

grate the integrand, with respect to x, along a
horizontal strip RS, which extends from x ¼ 0 to

x ¼ y. To cover the region of integration, we then

integrate, with respect to y, from y ¼ 0 to y ¼ 1.

Thus,

I ¼
Z1
0

Zy
0

e�y

y
dx

2
4

3
5 dy ¼

Z1
0

e�y

y
½x�y0 dy

¼
Z1
0

e�y dy ¼ ½�e�y�10 ¼ � 1

ey


 �1
0

¼ � 0� 1ð Þ ¼ 1:
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EXAMPLE 6.30
Change the order of integration in the integralR4a
0

R2 ffiffiffiffiaxp

x2

4a

dy dx and evaluate.

Solution. The given integral is
R4a
0

R2 ffiffiffiffiaxp

x2

4a

dy dx. The

integration is first carried out with respect to y and

then with respect to x. The region of integration

is bounded by x ¼ 0, x ¼ 4a, and the parabolas

x2 ¼ 4ay and y2 ¼ 4ax. Thus, the region of inte-

gration is as shown in the following figure:

Y

A(4a, 4a)

R S

X
0

x2 � 4ay

y 2 � 4ax

The coordinates at the point of intersection of the

parabolas are A(4a, 4a).
On changing the order of integration, we first

integrate the integrand, with respect to x, along the

horizontal strip RS, which extends from x ¼ y2
4a

to

x ¼ ffiffiffiffiffiffiffi
4ay

p ¼ 2
ffiffiffiffiffi
ay

p
. To cover the region of inte-

gration, we then integrate with respect to y from

y ¼ 0 to y ¼ 4a. Thus,

Z4a
0

Z2 ffiffiffiffiaxp

x2

4a

dy dx ¼
Z4a
0

Z2 ffiffiffiffiayp

y2

4a

dx

2
664

3
775dy ¼

Z4a
0

½x�2
ffiffiffiffi
ay

p
y2

4a

dy

¼
Z4a
0

2
ffiffiffiffiffi
ay

p � y2

4a


 �
dy ¼ 2

ffiffiffi
a

p
y
3
2

3
2

� y3

12a

" #4a
0

¼ 32a2

3
� 16a2

3
¼ 16a2

3
:

EXAMPLE 6.31
Evaluate the integralZ1

0

Zffiffiffiffiffiffiffiffi2�x2
p

x

x dy dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
by changing the order of integration.

Solution. For the given integral, the region of inte-

gration is bounded by x ¼ 0, x ¼ 1, y ¼ x, and the

circle x2 þ y2 ¼ 2. Thus, the region of integration is

as shown in the following figure:

y

x

y � x

x � a

A(1, 1)C

0

B � (0, √2)

The point of intersection of the circle x2 þ y2 ¼ 2

and x ¼ y is A(1, 1). Draw AC OB. Thus, the region

of integration is divided into two subregions ABCA

and ACO.

On changing the order of integration, we first

integrate with respect to x, along the strips parallel
to the x-axis.

In the subregion ABCA, the strip extends from

x ¼ 0 to x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2� y2

p
. To cover the subregion, we

then integrate with respect to y from y ¼ 1 to

y ¼ ffiffiffi
2

p
. Thus, the contribution to the integral due to

this subregion is

I1 ¼
Z ffiffi2p

1

Zffiffiffiffiffiffiffiffi2�y2
p

0

xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p dx

2
664

3
775dy:

On the other hand, in the subregion ACO, the

strip extends from x ¼ 0 to x ¼ y. To cover this

subregion, we then integrate with respect to y from
y¼ 0 to y¼ 1. Thus, the contribution to the integral
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by this subregion is

I2 ¼
Z1
0

Zy
0

yffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p dx

2
4

3
5dy:

Hence, the given integral is equal to

I ¼ I1 þ I2 ¼
Z ffiffi2p

1

Zffiffiffiffiffiffiffiffi2�y2
p

0

xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p dx

2
664

3
775dy

þ
Z1
0

Zy
0

xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p dx

2
4

3
5dy

¼
Z ffiffi2p

1

½ x2 þ y2
� �1

2�
ffiffiffiffiffiffiffiffi
2�y2

p
0 dyþ

Z1
0

½ x2 þ y2
� �1

2�y0dy

¼
Z ffiffi2p

1

ffiffiffi
2

p
� y

� 	
dyþ

Z1
0

ffiffiffi
2

p
y� y

� 	
dy

¼
ffiffiffi
2

p
y� y2

2


 � ffiffi2p

1

þ
ffiffiffi
2

p
� 1

� 	 y2

2


 �1
0

¼ 2� ffiffiffi
2

p

2
¼ 1� 1ffiffiffi

2
p :

EXAMPLE 6.32
Evaluate the integral

R3
0

Rffiffiffiffiffiffi4�y
p

1

ðxþ yÞdx dy by chan-

ging the order of integration.

Solution. The region of integration is bounded by
x ¼ 1, x2 ¼ 4 � y, y ¼ 0, and y ¼ 3, as shown in the

following figure:

y � 3
(1, 3)(0, 4)

(1, 0) (2, 0)

y

x0

x 2
�

 4
�

 y

On changing the order of integration, we first inte-

grate the integrand, with respect to y, by taking

the strip parallel to the axis of y. In the region of

integration, y varies from 0 to 4 � x2 and x varies

from 1 to 2. Therefore,

Z3
0

Zffiffiffiffiffiffi4�y
p

0

ðxþ yÞdx dy

¼
Z2
1

Z4�x2

0

ðxþ yÞdy

2
64

3
75dx ¼

Z2
1

xyþ y2

2


 �4�x2

0

dx

¼
Z2
1

4x� x3 þ 8þ x4

2
� 4x2


 �
dx

¼ 4
x2

2
� x4

4
þ 8xþ x5

10
� 4x3

3


 �2
1

¼ 8� 4þ 16þ 32

10
� 32

3

� �

� 2� 1

4
þ 8þ 1

10
� 4

3

� �
¼ 241

60
:

EXAMPLE 6.33
Change the order of integration in I¼R2a
0

Rffiffiffiffiffi2ax
p

ffiffiffiffiffiffiffiffiffiffiffi
2ax�x2

p �ðx; yÞdy dx.

Solution. The region of integration is bounded by

x ¼ 0 and x ¼ 2a, the circle x2 þ y2 ¼ 2ax, and the

parabola y2 ¼ 2ax. The equation of the circle can be
written as (x � a)2 þ y2 ¼ a2 and so, has the center

at (a, 0). The region of integration is as shown in the

following figure:

y

E F

A(2a, 2a)

x0 C

D

B(2a, 0)

x � 2a

y
2 � 2ax
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Wedivide the region of integration into three parts by

drawing the line EDF through D parallel to the x-

axis. On changing the order of integration, we first

integrate the integrand, with respect to x and then

integrate the resultant integrand, with respect to y.

So, we draw horizontal strips parallel to the x-axis.

In the subregion OEDO, x varies from y2

2a
to a�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � y2
p

and y varies from 0 to a. Thus, the con-

tribution to the integral due to this subregion is

I1 ¼
Za
0

Za�
ffiffiffiffiffiffiffiffiffi
a2�y2

p

y2

2a

�ðx; yÞdx

2
664

3
775 dy:

Similarly, the contribution to the integral due to the

subregion DBFD is

I2 ¼
Za
0

Z2a
aþ

ffiffiffiffiffiffiffiffiffi
a2�y2

p
�ðx; yÞdx

2
664

3
775 dy;

and the contribution to the integral due to the subre-

gion AEFA is

I3 ¼
Za
0

Z2a
y2

2a

�ðx; yÞdx

2
664

3
775 dy:

Hence,

I ¼
Za
0

Za�
ffiffiffiffiffiffiffiffiffi
a2�y2

p

y2

2a

�ðx; yÞdx dy

þ
Za
0

Z2a
aþ

ffiffiffiffiffiffiffiffiffi
a2�y2

p
�ðx; yÞdx dy

þ
Z2a
0

Z2a
y2

2a

�ðx; yÞdx dy:

EXAMPLE 6.34

Evaluate
R1
0

Rx
0

x e�
x2

y dy dx by changing the order of

integration.

Solution. The region of integration is bounded by the

lines
x ¼ 0; x ¼ 1; y ¼ 0; and y ¼ x:

Therefore, the region of integration is as shown in

the following figure:

y

x0

y � x

SR

On changing the order of integration, we first inte-

grate, with respect to x and then, with respect to y.

Thus,Z1
0

Zx
0

x e�
x2

y dy dx ¼
Z1
0

Z1
y

x e�
x2

y dx

2
64

3
75 dy: ð1Þ

We first evaluate the inner integral. Substituting

x2 ¼ t, we have 2x dx ¼ dt. When x ¼ y, t¼ y2

and when x ¼ 1, t ¼ 1, Therefore,Z1
y

x e�
x2

y dx ¼ 1

2

Z1
y2

e�
t
ydt ¼ 1

2

e�
t
y

� 1
y

" #1
y2

¼ 1

2
y e�y:

Therefore, (1) reduces toZ1
0

Zx
0

x e�
x2

y dy dx ¼ 1

2

Z1
0

y e�ydy

¼ 1

2

y e�y

�1


 �1
0

þ 1

2

Z1
0

e�ydy

¼ 1

2

e�y

�1


 �1
0

¼ 1

2
:

6.7 AREA ENCLOSED BY PLANE CURVES
(CARTESIAN AND POLAR COORDINATES)

(A) Cartesian Coordinates: The area A of the

region

R ¼ x; yð Þ: a � x � b; f1ðxÞ � y � f2ðxÞf g
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is given by the double integral

A ¼
Zb
a

Zf2ðxÞ
f1ðxÞ

dy

2
64

3
75dx:

Similarly, the area A of the region R ¼
x; yð Þ: c � y � d; f1ðyÞ � x � f2ðyÞf g is given by

the double integral

A ¼
Zd
c

Zf2ðyÞ
f1ðyÞ

dx

2
64

3
75dy:

(B) Polar Coordinates: The area A of the region

R ¼ r; hð Þ; a � h � b; f1 hð Þ � r � f2 hð Þf g
is given by

A ¼
Zb
a

Zf2 hð Þ

f1 hð Þ

r dr

2
64

3
75dh:

Similarly, the area A of the region R ¼
r; hð Þ; r1 � r � r2; f1 rð Þ � h � f2 rð Þf g is given by

A ¼
Zr2
r1

Zf2 rð Þ

f1 rð Þ

dh

2
64

3
75 r dr:

EXAMPLE 6.35
Find the area of a plate in the form of a quadrant of

the ellipse x2

a2
þ y2

b2
¼ 1. Hence, find the area enclosed

by the given ellipse.

Solution. From the figure, we note that the required

area is bounded by x ¼ 0, x ¼ a, y ¼ 0, and

y ¼ b
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
.

y

x0 (a, 0)(�a, 0)

x 2

a 2 �

� 1

y 2

b 2

Thus,

A ¼
Za
0

Zb
a

ffiffiffiffiffiffiffiffiffi
a2�x2

p

0

dy

2
64

3
75dx ¼

Za
0

½y�ba
ffiffiffiffiffiffiffiffiffi
a2�x2

p
0 dx

¼ b

a

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dx

¼ b

a

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p

2
þ a2

2
sin�1 x

a

" #a
0

¼ b

a
0þ a2

2
sin�1 1

� �
� 0


 �

¼ ba

2
sin�1 1 ¼ ba

2
:
�

2

¼ �ab

4
sq units:

Hence, the total area enclosed by the given ellipse is

four times the area enclosed by the plate in the form

of one quadrant ¼ � ab sq units.

EXAMPLE 6.36
Find the area lying between the parabola y¼ 4x� x2

and the line y ¼ x.

Solution. The parabola passes through the origin.

Solving y ¼ 4x � x2 and y ¼ x for x, we get x ¼ 0
and x ¼ 3. Thus, the curves y ¼ 4x � x2 and y ¼ x

intersect at x¼ 0 and x¼ 3. When 0 < x < 3, 4x� x2

is greater than x. Therefore, the region of integra-

tion is as shown in the following figure:

y

x0

A(3, 3)

y � x

y � 4x � x
2
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Thus, the required area lies between y¼x, y¼4x� x2,

x ¼ 0, and x ¼ 3. Therefore,

A ¼
Z3
0

Z4x�x2

x

dy

2
64

3
75dx ¼ Z

3

0

½y�4x�x2

x dx ¼
Z3
0

ð3x� x2Þdx

¼ 3x2

2
� x3

3


 �3
0

¼ 27

2
� 27

3
¼ 9

2
:

EXAMPLE 6.37
Find the area lying between the parabola y2 ¼ 4ax

and x2 ¼ 4ay.

Solution. Solving the equation of the given parabola,

we have O(0, 0) and A(4a, 4a) as the points of

intersection. The region of integration is shown in

the following figure:

y

A(4a, 4a)

x0

x 2 � 4ay

y 2 � 4ax

Therefore, the required area is

A ¼
Z4a
0

Z2 ffiffiffiffiaxp

x2

4a

dy

2
664

3
775dx ¼

Z4a
0

½y�2
ffiffiffiffi
ax

p
x2

4a

¼
Z4a
0

2
ffiffiffiffiffi
ax

p � x2

4a


 �
dx

¼ 2
ffiffiffi
a

p Z4a
0

ffiffiffi
x

p
dx� 1

4a

Z4a
0

x2dx

¼ 2
ffiffiffi
a

p x
3
2

3
2

" #4a
0

� 1

4a

x3

3


 �4a
0

¼ 4

3

ffiffiffi
a

p
8a

3
2

� 	
� 1

12a
ð64a3Þ

¼ 32a2

3
� 16a2

3
¼ 16

3
a2:

EXAMPLE 6.38
Find the area of the cardioid r ¼ a(1 þ cosh).

Solution. The curve passes through the origin and

cuts the x-axis at x ¼ 2a. Clearly, h varies from 0 to

� and r varies from 0 to a(1 þ cos h) in the upper-

half part of the integration region.

y

(2a, 0)

r �
 a(1�cos � )

0
� π� � 0�

� π/2�

x

The required area is given by

A ¼ 2

Z�
0

Zað1þcos hÞ

0

r dr

2
64

3
75dh ¼2

Z�
0

r2

2


 �a 1þcos hÞð Þ

0

dh

¼
Z�
0

a2ð1þ cos hÞ2dh

¼ 4a2
Z�
0

cos2
h

2

� �2

dh

¼ 4a2
Z�
0

cos4
h

2
dh

¼ 8a2
Z�

2

0

cos4 � dh; h ¼ 2�

¼ 8a2:
3

4:2
:
�

2
¼ 3�a2

2
:

EXAMPLE 6.39
Find the area lying inside the circle r ¼ a sin h and

outside the cardioid r ¼ a (1 � cos h).

Solution. We have r ¼ a sin h and r ¼ a (1 � cos h).
Therefore, a sin h¼ a(1� cos h), which yields sin h
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þ cos h¼ 1 or sin2 hþ cos2 hþ 2 sin h cos h¼ 1 or

sin 2h ¼ 0. Hence, 2 h ¼ 0 and � and so, h ¼ 0 or �
2
.

Further, from the region of integration, it is clear

that r varies from a (1 � cos h) to a sin h.

r � a(1
�co

s � )
r �

 a
 s
in

 �

y

0

x

� 0�

� π/2�

Therefore,

A ¼
Z�

2

0

Za sin h
að1�cos hÞ

r dr

2
64

3
75dh ¼

Z�
2

0

r2

2


 �a sin h
að1�cos hÞ

dh

¼ a2

2

Z�
2

0

½sin2 h� ð1� cos hÞ2�dh

¼ a2

2

Z�
2

0

½sin2 h� cos2 hþ 2 cos h� 1�dh

¼ a2

2

Z�
2

0

ð�2 cos2 hþ 2 cos hÞdh

¼ a2 � 1

2
:
�

2
þ 1


 �
¼ a2 1� �

4

� 	
:

EXAMPLE 6.40
Find the area of one loop of the lemniscates r2 ¼ a2

cos 2h.

Solution. The region of integration is shown in the
following figure:

r 2
� a2 cos 2�

y

0
x

� 0�
(a, 0)(�a, 0)

� π/4�

� �π/4�

The required area is given by

A ¼ 2

Z�
4

0

Za ffiffiffiffiffiffiffiffifficos 2h
p

0

r dr

2
64

3
75dh ¼ 2

Z�
4

0

r2

2


 �a ffiffiffiffiffiffiffiffifficos 2h
p

0

dh

¼ a2
Z�

4

0

cos 2h dh ¼ a2

2
½sin 2h��40 ¼

a2

2
:

EXAMPLE 6.41
Find the area included between the curve r ¼ a(sec h
þ cos h) and its asymptote.

Solution. The curve r ¼ a(sec h þ cos h) is sym-

metrical about the initial line. The equation of the

asymptote is r ¼ a sec h.

r
�

 a
se
c

�

r � a (sec � �cos � )

y

0 x
2aa

The required area is

A ¼ 2

Z�
2

0

Zaðsec hþcos hÞ

a sec h

r dr

2
64

3
75 dh

¼ 2

Z�
2

0

r2

2


 �aðsec hþcos hÞ

a sec h

dh

¼
Z�

2

0

½a2ðsec hþ cos hÞ2 � a2 sec2 h�dh

¼ a2
Z�

2

0

sec2 hþ cos2 hþ 2� sec2 h
� �

dh

¼ a2
Z�

2

0

ðcos2 hþ 2Þdh ¼ a2
1

2
:
�

2
þ 2�

2


 �
¼ 5�a2

4
:
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EXAMPLE 6.42
Find the area bounded by the parabolas y2 ¼ 4 � x

and y2 ¼ 4 � 4x.

Solution. The required area is given by

A ¼ 2

Z2
0

Z4�y2

4�y2

4

dx

0
BB@

1
CCAdy ¼2

Z2
0

4� y2

4
� 4� y2

4


 �
dy

¼ 2

Z2
0

3� 3

4
y2

� �
dy ¼ 2 3y� y3

4


 �2
0

¼ 2½6� 2� ¼ 8:

6.8 VOLUME AND SURFACE AREA AS DOUBLE
INTEGRALS

(A) Volume as a Double Integral: Consider a

surface z ¼ f (x, y). Let the region S be the ortho-

gonal projection of the portion S 0 of z ¼ f(x, y) on
the xy-plane. Divide S into elementary rectangles of

area �x �y by drawing lines parallel to the x- and y-

axis. On each of these rectangles, erect a prism

which has a length parallel to Oz. Then, the volume

of the prism between S 0 and S is z �x �y.

0
y

z

z = f (x, y)

S ′

S
x

Therefore, the volume of the solid cylinder with S as

base, is composed of these prisms and so,

V ¼ lim
�x!0
�y!0

X
z �x �y ¼

ZZ
S

z dx dy

¼
ZZ

S

f x; yð Þ dx dy:

In the polar coordinates, the region S is divided into

elements of area r �r �h and so, the volume in that

case is given by

V ¼
ZZ

S

f r cos h; r sin hð Þrdr dh:

(B) Volumes of Solids of Revolution: Let P(x, y) be
a point in a plane area R. Suppose that the elementary

area �x �y at P(x, y) revolves about the x-axis. This

will generate a ring of radius y. The elementary

volume of this ring is �V ¼ 2�y �y �x. Hence, the
total volume of the solid formed by the revolution of

the area R about the x-axis is given by

V ¼ 2�

ZZ
R

y dy dx:

Changing to polar coordinates, we get

V ¼ 2�

ZZ
R

r sin h r dr dh

¼ 2�

ZZ
R

r2 sin h dr dh:

0 x

y

R

P(x, y)

�y

�x

Similarly, the volume V of the area R revolved

about the y-axis is given by

V ¼ 2�

ZZ
R

x dx dy:

Changing to polar coordinates, we have

V ¼ 2�

ZZ
R

r cos h r dr dh

¼ 2�

ZZ
R

r2 cos h dr dh:
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(C) Surface Area as a Double Integral: Let

z ¼ ł (x, y) be a surface bounded by a curve C. Let

the projection of C on the xy-plane be bounded by

and letD be the domain on the xy-plane bounded by

.

0
y

z

x

D

S

C

Then, the area of the surface S is given by

S ¼
ZZ

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @z

@x

� �2

þ @z

@y

� �2
s

dx dy:

EXAMPLE 6.43
Find the volume of the sphere x2 þ y2 þ z2 ¼ a2

using polar coordinates.

Solution. The solid under consideration is bounded

above by z2 ¼ a2 � (x2 þ y2) ¼ a2 � r2. The sphere

cuts the xy-plane in the circle x2þ y2¼ a2or r2¼ a2.

Because of symmetry, the required volume is given

by

V ¼ 2

Z2�
0

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
r dr dh

¼
Z2�
0

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
:2r dr dh

¼
Z2�
0

a2 � r2ð Þ32
3
2

" #a
0

dh ¼ 2a3

3

Z2�
0

dh ¼ 4�a3

3
:

EXAMPLE 6.44
Find the volume of the ellipsoid x2

a2
þ y2

b2
þ z2

c2
¼ 1.

Solution. Due to symmetry, the volume of the given

ellipsoid is eight times the volume of the portion of

the ellipsoid in the first octant. For the positive

octant, the given equation yields

z ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2
� y2

b2

r
:

The region in this octant is bounded by

x ¼ 0; x ¼ a; y ¼ 0; and y ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

r
:

Hence, the required volume is given by

V ¼ 8

Za
0

Zb ffiffiffiffiffiffiffi
1� x

a2

p

0

z dy dx

¼ 8

Za
0

Zb
ffiffiffiffiffiffiffi
1�x2

a2

p

0

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2
� y2

b2

r
dy dx

¼ 8

Za
0

Zb
ffiffiffiffiffiffiffi
1�x2

a2

p

0

c 1� x2

a2

� �
� y2

b2


 �1
2

dy dx:

Substituting
y

b
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

a2

r
sinh, we get dy¼b

ffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

q
cosh dh (as x is a constant). Therefore,

V ¼ 8

Za
0

Z�
2

0

c 1� x2

a2

� �
� 1� x2

a2

� �
sin2 h


 �1
2

� b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

r
cosh dh

¼ 8bc

Za
0

1� x2

a2

� �Z�
2

0

½1� sin2 h�12 cosh dh

¼ 8bc

Za
0

1� x2

a2

� �Z�
2

0

cos2h dh

¼ 8bc

Za
0

1� x2

a2

� �
:
1

2
:
�

2

¼ 2�bc x� x3

3a2


 �a
0

¼ 4

3
�abc:
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EXAMPLE 6.45
Find the volume contained between the ellipsoid

x2

a2
þ y2

b2
þ z2

c2
¼ 1 and the cylinder

x2

a2
þ y2

b2
¼ x

a
.

Solution. The equation of the given elliptical cylinder
is

x2

a2
þ y2

b2
¼ x

a
:

Substituting
x

a
¼ r cos h and

y

b
¼ r sin h, this

equation yields

r2 ¼ r cos h or r ¼ cos h:

The required volume is given by

V ¼ 4

ZZ
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2
� y2

b2

r
dy dx

¼ 4abc

Z�
2

0

Zcos h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
r dr dh

¼ � 4abc

2

Z�
2

0

ð1� r2Þ32
3
2

" #cos h
0

dh

¼ � 4abc

2

Z�
2

0

ðsin3 h� 1Þ dh

¼ � 4abc

3

2

3
� �

2


 �
¼ 2

9
abc½3�� 4�:

EXAMPLE 6.46
Find the volume common to a sphere x2þy2þ z2¼a2

and a circular cylinder x2 þ y2 ¼ ax.

(particular case of Example 6.45, taking a¼b¼cÞ:

Solution. The required volume is the part of the
sphere lying within the cylinder and is given by

V ¼ 4

Z Z
R

zdy dx ¼ 4

ZZ
R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2

p
dy dx;

where R is the half of the circle lying in the first

quadrant. Substituting x ¼ r cos h and y ¼ r sin h,
the equation x2 þ y2 ¼ ax yields

r2 ¼ a r cos h or r ¼ a cos h:

Thus, the region of integration is bounded by

r ¼ 0; r ¼ acos h; h ¼ 0; and h ¼ �

2
:

Hence,

V ¼ 4

Z�
2

0

Za cos h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
r dr dh

¼ 4

�2

Z�
2

0

Za cos h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
ð�2rÞ dr dh

¼ �2

Z�
2

0

ða2 � r2Þ32
3
2

" #a cos h
0

dh

¼ � 4

3

Z�
2

0

ða3 sin3 h� a3Þ dh

¼ � 4a3

3

2

3
� �

2


 �
¼ 2a3

9
ð3�� 4Þ:

EXAMPLE 6.47
Find the volume bounded by the cylinder x2 þ y2 ¼
4 and the planes y þ z ¼ 4 and z ¼ 0.

Solution. To find the required volume, z ¼ 4 – y is to

be integrated over the circle x2 þ y2 ¼ 4 in the
xy-plane.

y

z

x

To cover the area (half of the circle) in the xy-plane, x
varies from 0 to

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
and y varies from �2 to 2.
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Thus,

V ¼ 2

Z2
�2

Zffiffiffiffiffiffiffiffi4�y2
p

0

z dx

2
664

3
775dy

¼ 2

Z2
�2

Zffiffiffiffiffiffiffiffi4�y2
p

0

ð4� yÞ dx

2
664

3
775dy

¼ 2

Z2
�2

ð4� yÞ½x�
ffiffiffiffiffiffiffiffi
4�y2

p
0 dy

¼ 2

Z2
�2

ð4� yÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
dy

¼ 2 4

Z2
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
dy�

Z2
�2

y
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
dy

2
4

3
5

¼ 8

Z2
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
dy; second integrand being odd

¼ 16

Z2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
dy; because of even integrand

¼ 16
y
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y2

p
2

þ 4

2
sin�1 y

2

" #2
0

¼ 16½2 sin�1 1� ¼ 32�

2
¼ 16�:

EXAMPLE 6.48
Find the volume of the solid bounded above by the

parabolic cylinder z ¼ 4– y2 and bounded below by

the elliptic paraboloid z ¼ x2 þ 3y2.

Solution. The two surfaces intersect in a space
curve, whose projection on the xy-plane is the

ellipse x2 þ 4y2 ¼ 4 or
x2

4
þ y2 ¼ 1. Substituting

x¼2r cos h and y¼r sin h, the ellipse becomes r2¼ 1.

Further,

z ¼ �1 xð Þ ¼ 4� y2 and

z ¼ �2 xð Þ ¼ x2 þ 3y2:

Therefore,

�1 xð Þ � �2 xð Þ ¼ 4� y2 � x2 � 3y2

¼ 4� 4y2 � x2 ¼ 4 1� r2
� �

:
Also,

J ¼ @ x; yð Þ
@ r; hð Þ ¼ 2:

Since the solid is symmetrical about x- and y-axis,

we have

V ¼ 4

Z�
2

0

Z1
0

4ð1� r2Þ2r dr dh

¼ 32

Z�
2

0

Z1
0

ðr � r3Þ dr dh

¼ 32

Z�
2

0

r2

2
� r4

4


 �1
0

dh ¼ 32�

8
¼ 4�:

EXAMPLE 6.49
Find the volume bounded by xy-plane, the cylinder

x2 þ y2 ¼ 1, and the plane x þ y þ z ¼ 3.

Solution. We have to integrate z ¼ 3 – x – y over the

circle x2þ y2¼ 1. Substituting x¼ r cos h and y¼ r

sin h, so that x2 þ y2 ¼ r2, the integrand reduces to

3 – r cos h – r sin h ¼ 3 – r (cos h þ sin h) and the

circle x2 þ y2 ¼ 1 reduces to r2 ¼ 1. Thus, to cover
half of the region, r varies from 0 to 1 and h varies

from 0 to �
2
. Hence,

V ¼ 4

Z�
2

0

Z1
0

3� rðcos hþ sin hÞf gr dr
2
4

3
5dh

¼ 4

Z�
2

0

3
r2

2
� r3

3
ðcos hþ sin hÞ


 �1
0

dh

¼ 4

Z�
2

0

3

2
� 1

3
ðcos hþ sin hÞ


 �
dh

¼
Z�

2

0

6dh� 4

3

Z�
2

0

ðcos hþ sin hÞdh

¼ 6�

2
� 4

3
½sin h� cos h��20

¼ 6�

2
� 4

3
½1þ 1� ¼ 3�� 8

3
:
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EXAMPLE 6.50
Find the volume common to the cylinders x2þy2¼a2

and x2 þ z2 ¼ a2.

Solution. The required volume is given by

V ¼ 8

Za
0

Zffiffiffiffiffiffiffiffiffia2�r2
p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dy

2
64

3
75dx

¼ 8

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
½ y �

ffiffiffiffiffiffiffiffiffi
a2�x2

p
0 dx

¼ 8

Za
0

ða2 � x2Þ dx ¼ 8 a2x� x3

3


 �a
0

¼ 16a3

3
:

EXAMPLE 6.51
Prove that the volume, enclosed between x2þy2¼ 2ax

and z2 ¼ 2ax is
128a3

15
.

Solution. To find the required volume, z ¼ ffiffiffiffiffiffiffi
2ax

p
is to

be integrated over the curve x2þ y2¼ 2ax in the xy-

plane. Changing to polar coordinates by substitut-

ing x ¼ r cos h and y ¼ r sin h, the required volume

is given by

V ¼ 4

Z�
2

0

Z2a cos h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ar cos h

p
r dr dh

¼ 4
ffiffiffiffiffi
2a

p Z�
2

0

Z2a cos h
0

ffiffi
r

p ffiffiffiffiffiffiffiffiffiffi
cos h

p
r dr dh

¼ 4
ffiffiffiffiffi
2a

p Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
cos h

p Z2a cos h
0

r
3
2 dr

2
4

3
5dh

¼ 4
ffiffiffiffiffi
2a

p Z�
2

0

ffiffiffiffiffiffiffiffiffiffi
cos h

p r
5
2

5
2

" #2a cos h
0

¼ 8
ffiffiffiffiffi
2a

p

5

Z�
2

0

ð2aÞ52
ffiffiffiffiffiffiffiffiffiffi
cos h

p
ðcos hÞ52 dh

¼ 8

5
2að Þ3

Z�
2

0

cos3 h dh ¼ 64a3

5
:
2

3
¼ 128

15
a3:

EXAMPLE 6.52
Find, by double integration, the volume generated

by revolving the cardioid r ¼ a(1 þ cos h) about
the initial line.

Solution.We observe that the upper and lower halves

of the cardioid r ¼ a(1 þ cos h) generate the same

volume. Therefore, it is sufficient to consider the

revolution of the upper-half cardioid only, for
which r varies from 0 to a(1 þ cos h) and h varies

from 0 to �.

x

y

r � a(1 � cos � )

0

� 0�

(2a, 0)� π�

Hence,

Volume of Revolution ¼2�
R�
0

Rað1þcoshÞ

0

r2 sinhdr dh

¼2�

Z�
0

sinh
r3

3


 �að1þcoshÞ

0

¼2�a3

3

Z�
0

sinhð1þcoshÞ3dh

¼�2�a3

3

ð1þcoshÞ4
4

" #�
0

¼�2�a3

3
ð�24Þ¼8

3
�a3:

EXAMPLE 6.53
Find the volume of the solid generated by revolving

the ellipse
x2

a2
þ y2

b2
¼ 1 about the x-axis.

Solution. Due to symmetry, it is sufficient to calcu-

late the volume obtained on revolving the upper
half of the ellipse. For this, x varies from � a to a
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and y varies from 0 to b
ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

q
.

x

y

0(�a, 0) (a, 0)

x 2

a 2

b 2

� y 2

� 1

Therefore, the required

volume of revolution = 2�

Za
�a

Zb
ffiffiffiffiffiffiffi
1�x2

a2

p

0

y dy dx

¼ 2�

Za
�a

y2

2


 �b ffiffiffiffiffiffiffi
1�x2

a2

p
0

dy ¼ �

Za
�a

b2 1� x2

a2

� �
dx

¼ 2�b2

a2

Za
0

ða2 � x2Þdx ¼ 2�b2

a2
a2x� x3

3


 �a
0

¼ 2�b2

a2

Za
0

a3 � a3

3


 �
¼ 4

3
�ab2:

EXAMPLE 6.54
Find the area of the surface of the paraboloid

x2 þ y2 ¼ z, which lies between the planes z ¼ 0

and z ¼ 1.

Solution. The required surface area is given by

S ¼
ZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ @z

@x

� �2

þ @z

@y

� �2
s

dx dy:

But,
@z

@x
¼ 2x and

@z

@y
¼ 2y:

Therefore,

S ¼
ZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4ðx2 þ y2Þ
p

dx dy

¼
ZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4r2
p

r dr dh

(changing to polar coordinates):

To find the limits, we see that the projection on the

plane z ¼ 1 is the circle x2 þ y2 ¼ 1 or r2 ¼ 1 and

this circle lies between h ¼ 0 and h ¼ 2�. Hence,

S ¼
Z2�
0

Z1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4r2

p
r dh dr

¼ 1

8

Z2�
0

Z1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4r2

p
8r dh dr

¼ 1

8

Z2�
0

1þ 4r2ð Þ32
3
2

" #1
0

dh ¼ 1

12

Z2�
0

ð5
ffiffiffi
5

p
� 1Þdh

¼ 5
ffiffiffi
5

p � 1

12
½h�2�0 ¼ �

6
½5

ffiffiffi
5

p
� 1�:

EXAMPLE 6.55
Compute the surface area of the sphere x2 þ y2 þ
z2 ¼ a2.

Solution. The surface area of the sphere is twice

the surface area of the upper-half sphere

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2

p
. We have

@z

@x
¼ � xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x2 � y2
p and

@z

@y
¼ � yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x2 � y2
p :

Therefore,

S ¼
ZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ @z

@x

� �2

þ @z

@y

� �2
s

dx dy:

¼
ZZ

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2

p dx dy:

The domain of integration is the circle x2 þ y2 ¼ a2

on the xy-plane. Therefore,

S ¼ 2

Za
�a

Zffiffiffiffiffiffiffiffiffia2�x2
p

�
ffiffiffiffiffiffiffiffiffi
a2�x2

p

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2

p dy

2
64

3
75dx:
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Changing to polar coordinates, we have

S ¼ 2

Z2�
0

Za
0

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p r dr

2
4

3
5dh

¼
Z2�
0

Za
0

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p 2r dr

2
4

3
5dh ¼ 4�a2:

EXAMPLE 6.56
Find the area of the spherical surface x2 þ y2 þ z2 ¼
a2 inside the cylinder x2 þ y2 ¼ ax.

Solution. We have

S ¼ 4

ZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @z

@x

� �2

þ @z

@y

� �2
s

dx dy

¼ 4

ZZ
adx dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x2 � y2
p over x2 þ y2 ¼ ax

¼ 4a

Z�
2

0

Za cos h
0

r dr dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p ; x ¼ r cos h; y ¼ r sin h

¼ 2a2ð�� 2Þ:

EXAMPLE 6.57
Find the area of that part of the cylinder x2 þ y2 ¼
a2, which is cut off by the cylinder x2 þ z2 ¼ a2.

Solution. The equation of the surface has the form

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
so that

@y

@x
¼ � xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x2
p ;

@y

@z
¼ 0

and ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @y

@x

� �2

þ @y

@z

� �2
s

¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p :

The domain of integration is a quarter circle

x2 þ z2 ¼ a2 where x
 0 and z
 0 on the xz-

plane. Therefore,

S ¼ 8

Za
0

Zffiffiffiffiffiffiffiffia2�x2
p

0

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p dz

2
664

3
775dx ¼ 8a2:

EXAMPLE 6.58
Find the area of the paraboloid 2z ¼ x2

a
þ y2

b
inside

the cylinder
x2

a2
þ y2

b2
¼ 1.

Solution. The required area is

S ¼ 4

ZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @z

@x

� �2

þ @z

@y

� �2
s

dx dy;

where the integration extends over the positive

octant of the ellipse
x2

a2
þ y2

b2
¼ 1.

y

z

x

0

We have
@z

@x
¼ x

a
and

@z

@y
¼ y

b
. Therefore,

S ¼ 4

ZZ
1þ x2

a2
þ y2

b2

� �1
2

dx dy

¼ 4ab

ZZ
1þ �2 þ g2
� �

d�dg;

x ¼ a�; y ¼ b�; so that �2 þ g2 ¼ 1

¼ 4ab

Z�
2

0

Z1
0

1þ r2
� �

r dr dh;

� ¼ r cos h; g ¼ r sin h

¼ 2

3
�ab 2

3
2 � 1

� 	
:

6.9 TRIPLE INTEGRALS AND THEIR EVALUATION

Let f (x, y, z) be a continuous function in a finite

region V of <3. Divide the region V into n sub-
regions of respective volumes �V1, �V2,…, �Vn. If
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(xi, yj, zi) be an arbitrary point of the ith subregion,

then

lim
n!1
�Vi!0

Xn
i¼1

f xi; yi; zið Þ�Vi;

if exists, is called the triple integral of f(x,y,z)

over the region V, and is denoted byRRR
V

f x; y; zð ÞdV or
RRR

V

f x; y; zð Þdx dy dz:

Evaluation of Triple Integrals
(a) If the region V is specified by the inequalities,

a � x � b; c � y � d; and e � z � f ;

and if a, b, c, d, e, and f are constants, then

ZZZ
V

f x; y; zð Þdx dy dz ¼
Zb
a

Zd
c

Zf
e

f x; y; zð Þdx dy dz

¼
Zb
a

dx

Zd
c

dy

Zf
e

f x; y; zð Þdz:

Since a, b, c, d, e, and f are constant, the order of

integration is immaterial, and the integration

with respect to any of x, y, and z can be per-

formed first.
(b) If the limits of z are given as functions of x and y,

and the limits of y as functions of x while x takes

the constant values say from a to b, thenZZZ
V

f x; y; zð Þdx dy dz

¼
Zb
a

Zy2 xð Þ

y1 xð Þ

Zz2 x;yð Þ

z1 x;yð Þ

f x; y; zð Þdz

8><
>:

9>=
>;dy

2
64

3
75dx:

Thus, the integration with respect to z is performed
first regarding x and y as constants, then the inte-

gration with respect to y is performed regarding x as

constant and in the last, the integration with respect

to x is performed.

EXAMPLE 6.59
Evaluate

I ¼
Zlog 2
0

Zx
0

Zxþlog y

0

exþyþzdz dy dx:

Solution. We have

I ¼
Zlog 2
0

Zx
0

½exþyþz�xþlog y
0 dy dx

¼
Zlog 2
0

Zx
0

½exþyþxþlog y � exþy� dy dx

¼
Zlog 2
0

Zx
0

½e2x:ey:elog y � ex:ey� dy dx

¼
Zlog 2
0

Zx
0

½e2xyey � ex:ey� dy dx

¼
Zlog 2
0

Zx
0

e2xyeydy�
Zx
0

exeydy

2
4

3
5dx

¼
Zlog 2
0

e2x yeyf gx0�e2x
Zx
0

eydy� ex
Zx
0

eydy

2
4

3
5dx

¼
Zlog 2
0

½e2x � xex � e2xðex � 1Þ � exðex � 1Þ�dx

¼
Zlog 2
0

½xe3x � e3x þ ex�dx

¼
Zlog 2
0

xe3xdx�
Zlog 2
0

e3xdxþ
Zlog 2
0

exdx

¼ 1

3
½xe3x�log 20 � 1

3

Zlog 2
0

e3xdx�
Zlog 2
0

e3xdxþ
Zlog 2
0

exdx

¼ 1

3
log 2 e3 log 2 � 4

3

e3x

3


 �log 2
0

þ½ex�log 20

¼ 1

3
log 2 elog 8 � 4

9
elog 8 � 1
� 	

þ elog 2 � 1
� 	

¼ 8

3
log 2� 4

9
ð8� 1Þ þ ð2� 1Þ

¼ 8

3
log 2� 28

9
þ 1 ¼ 8

3
log 2� 19

9
:
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EXAMPLE 6.60
Evaluate

I ¼
Ze
1

Zlog y
1

Zex
1

logz dz dx dy:

Solution. We have

I ¼
Ze
1

Zlog y
1

Zex
1

logz: 1dz

2
4

3
5 dx dy

¼
Ze
1

Zlog y
1

½z log z�ex0 �
Zex
1

z:
1

z
dz

8<
:

9=
;dx dy

¼
Ze
1

Zlog y
1

½ex log ex � 0� ex þ 1�dx dy

¼
Ze
1

Zlog y
1

½ðx� 1Þexþ1�dx dy

¼
Ze
1

Zlog y
1

x� 1ð Þexdxþ
Zlog y
1

dx

2
64

3
75dy

¼
Ze
1

Zlog y
1

ðx� 1Þexdxþ log y� 1

2
64

3
75 dy

¼
Ze
1

½ x� 1ð Þex�log y1 �
Zlog y
1

exdxþ log y� 1

8<
:

9=
; dy

¼
Ze
1

½ðlog y� 1Þelog y � ðelog y � eÞ þ log y� 1� dy

¼
Ze
1

½yðlog y� 1Þ�ðy� eÞ þ log y� 1� dy

¼
Ze
1

½ðyþ 1Þ log y� 2yþe� 1� dy

¼ log y
y2

2
þ y

� �
 �e
1

�
Ze
1

1

y

y2

2
þ y

� �
dy

� 2
y2

2


 �e
1

þðe� 1Þ½y�e1

¼ e2

2
þ e�

Ze
1

y

2
þ 1

� 	
dy� ðe2 � 1Þ þ ðe� 1Þ2

¼ e2

2
þ e� y2

4
þ y

� �e

1

�2eþ 2

¼ e2

2
þ e� e2

4
þ e

� �
� 1

4
þ 1

� �
� 2eþ 2

¼ e2

4
� 2eþ 13

4
¼ 1

4
ðe2 � 8eþ 13Þ:

EXAMPLE 6.61
Evaluate the integral

Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

Zffiffiffiffiffiffiffiffiffiffiffiffiffi1�x2�y2
p

0

xyz dz dy dx:

Solution. The given triple integral is

I

¼
Z1
0

xy

Zffiffiffiffiffiffiffiffi1�x2
p

0

z2

2


 � ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�x2�y2

p

0

dy dx

¼
Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

1

2
xyð1�x2 � y2Þ dy dx

¼
Z1
0

1

2
x

Zffiffiffiffiffiffiffiffi1�x2
p

0

ðy� x2y� y3Þ dy

2
64

3
75 dx

¼ 1

2

Z1
0

x
y2

2
� x2

y2

2
� y4

4


 � ffiffiffiffiffiffiffiffi1�x2
p

0

dx

¼ 1

8

Z1
0

xð1� x2Þ2dx

¼ 1

8

Z�
2

0

sin hð1� sin2 hÞ2 cos h dh; x ¼ sin h

¼ 1

8

Z�
2

0

sin h cos5 h dh ¼ 1

8
:
1:4:2

6:4:2
¼ 1

48
:

EXAMPLE 6.62
Evaluate

I ¼
Za
0

Za�x

0

Za�x�y

0

x2dx dy dz:
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Solution. We have

I ¼
Za
0

Za�x

0

x2
Za�x�y

0

dz

2
4

3
5dx dy:

¼
Za
0

Za�x

0

x2½z�a�x�y
0 dx dy

¼
Za
0

x2
Za�x

0

ða� x� yÞdy
2
4

3
5dx

¼
Za
0

x2 ay� xy� y2

2


 �a�x

0

dx

¼
Za
0

x2 a2 � ax� axþ x2 � a� xð Þ2
2

" #
dx

¼ 1

2

Za
0

ðx2a2 � 2ax3 þ x4Þdx

¼ 1

2
a2

x3

3
� 2a

x4

4
þ x5

5


 �a
0

¼ a5

60
:

EXAMPLE 6.63

Evaluate

ZZZ
dx dy dz

xþ yþ zþ 1ð Þ3 over a tetrahedron
bounded by coordinate planes and the plane xþ yþ
z ¼ 1.

Solution. The region of integration is bounded by the
coordinate planes x ¼ 0, y ¼ 0, and z ¼ 0 and the

plane x þ y þ z ¼ 1. Thus,

R ¼ x; y; zð Þ; x 
 0; y 
 0; z 
 0; xþ yþ z � 1f g
¼ x; y; zð Þ; 0 � x � 1; 0 � y � 1� x;f

0 � z � 1� x� yg:

y

x

z

0

C(0, 0, 1)

B (0, 1 ,0)

A(1, 0, 0)

Therefore,Z Z Z
R

dxdydz

ðxþ yþ zþ 1Þ3

¼
Z1
0

Z1�x

0

Z1�x�y

0

1

ðxþ yþ zþ 1Þ3 dz dy dx

¼
Z1
0

Z1�x

0

Z1�x�y

0

ðxþ yþ zþ 1Þ�3dz

2
4

3
5dydx

¼
Z1
0

Z1�x

0

ðxþ yþ zþ 1Þ�2

�2

" #1�x�y

0

dydx

¼ 1

2

Z1
0

Z1�x

0

1

ðxþ yþ 1Þ2 �
1

4

" #
dydx

¼ 1

2

Z1
0

�1

ðxþ yþ 1Þ �
y

4


 �
0

1�x

dx

¼ 1

2

Z1
0

�1

2
� 1� x

4
þ 1

xþ 1

� �
dx

¼ 1

2

Z1
0

�3

4
þ x

4
þ 1

xþ 1


 �
dx

¼ 1

2
�3x

4
þ x2

8
þ logðxþ 1Þ


 �1
0

¼ 1

2
�3

4
þ 1

8
þ log2


 �
¼ 1

2
log2� 5

16
:

EXAMPLE 6.64

Evaluate
Ra
0

Rx
0

Rxþy

0

exþyþzdz dy dx.

Solution. We have

Za
0

Zx
0

Zxþy

0

exþyþzdz dy dx

¼
Za
0

Zx
0

½exþyþz�xþy
0 dy dx
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¼
Za
0

Zx
0

½e2ðxþyÞ � exþy�dy dx

¼
Za
0

Zx
0

e2 xþyð Þdy�
Zx
0

exþydy

2
4

3
5 dx

¼
Za
0

e2 xþyð Þ

2


 �x
0

�½exþy�x0
( )

dx

¼
Za
0

e4x

2
� e2x

2
� e2x þ ex


 �
dx

¼ e4x

8
� e2x

4
� e2x

2
þ ex


 �a
0

¼ e4a

8
� 3e2a

4
þ ea:

EXAMPLE 6.65
Evaluate the triple integral

I ¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

Zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffia2�x2�y2
p

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2 � z2

p dz dy dx:

Solution. We have

I ¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

Zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffia2�x2�y2
p

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2ð Þ � z2

p dz

2
664

3
775 dy dx

¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

sin�1 zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2

p
" # ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffia2�x2�y2

p

0

dy dx

¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

½sin�1 1�dy

2
64

3
75 dx

¼ �

2

Za
0

½y�
ffiffiffiffiffiffiffiffiffi
a2�x2

p
0 dx ¼ �

2

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dx

¼ �

2

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p

2
þ a2

2
sin�1 x

a

" #a
0

¼ �

2
0þ a2

2
sin�1 1� 0


 �
¼ �a2

4
sin�1 1

¼ �a2

4
:
�

2
¼ �2a2

8
:

Note: The earlier example may be restated as

“Evaluate

Z Z Z
dx dy dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x2 � y2 � z2
p over the posi-

tive octant of the sphere x2 þ y2 þz2¼ a2.”

EXAMPLE 6.66
Evaluate

I ¼
Zc
�c

Zb
�b

Za
�a

x2 þ y2 þ z2
� �

dz dy dx

Solution. We observe that the integrand x2 þ y2 þz2

is symmetrical in x, y, and z. Therefore, the limits of

integration can be assigned as per our preference.
We have

I ¼
Zc
�c

Zb
�b

Za
�a

x2 þ y2 þ z2
� �

dx dy dz

¼ 2

Zc
�c

Zb
�b

Za
0

x2 þ y2 þ z2
� �

dx

2
4

3
5dy dz;

since x2 þ y2 þ z2 is even in x

¼ 2

Zc
�c

Zb
�b

x3

3
þ y2xþ z2x


 �a
0

dy dz

¼ 2

Zc
�c

Zb
�b

a3

3
þ ay2 þ az2


 �
dy dz

¼ 4

Zc
�c

Zb
0

a3

3
þ ay2 þ az2

� �
dy

2
4

3
5dz;

since integrand is even in y

¼ 4

Zc
�c

a3y

3
þ ay3

3
þ az2y


 �b
0

dz

¼ 4

Zc
�c

ba3

3
þ ab3

3
þ abz2


 �
dz

Multiple Integrals n 6.31



¼ 8

Zc
0

ba3

3
þ ab3

3
þ abz2


 �
dz;

since integrand is even in z

¼ 8
ba3

3
zþ ab3z

3
þ abz3

3


 �c
0

¼ 8
ba3c

3
þ ab3c

3
þ abc3

3


 �

¼ 8abc

3
½a2 þ b2 þ c2�:

EXAMPLE 6.67
Evaluate

RRR
xyz dx dy dz over the ellipsoid

x2

a2
þ y2

b2
þ z2

c2
¼ 1.

Solution. The region of integration is bounded by

z ¼ �c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2
� y2

b2

r
and z ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2
� y2

b2

r
.

The projection on the xy-plane is the ellipse

x2

a2
þ y2

b2
¼ 1. Hence, the limits of integration for y

and x are from y ¼ �b
ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

q
to y ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

q
and x ¼ –a to x ¼ a. Thus,

R¼
x;y;zð Þ;�a�x�a;�b

ffiffiffiffiffiffiffiffiffiffi
1�x2

a2

q
�y�b

ffiffiffiffiffiffiffiffiffiffi
1�x2

a2

q
;

�c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

a2
�y2

b2

q
�z�c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

a2
�y2

b2

q
8<
:

9=
;:

Hence,ZZZ
R

xyz dx dy dz

¼
Za
�a

Zb
ffiffiffiffiffiffiffi
1�x2

a2

p

�b
ffiffiffiffiffiffiffi
1�x2

a2

p xy

Zc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

a2
�y2

b2

q

�c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

a2
�y2

b2

q z dz

2
666664

3
777775dy dx

¼ 0, since the integrand z is an odd function.

6.10 CHANGE TO SPHERICAL POLAR COORDINATES
FROM CARTESIAN COORDINATES IN A TRIPLE
INTEGRAL

Let P(x, y, z) be any point in <3. Then, the position

of this point is determined by the following three
numbers:

(i) The distance r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
of P(x, y, z)

from the origin (0, 0, 0).

(ii) The polar distance h, where h is the angle

between the radius vector OP and the

positive direction of z-axis.

(iii) The angle �, which the projection of the

radius vector OP on the xy-plane makes

with the x-axis.

y

x

M

N

P(x, y, z)

x

z

zr

90°

90°2�
0 r sin �  sin �

r sin �

�

�

Then,

x ¼ r sinh cos�; y ¼ r sinh sin�; z ¼ r cosh

and so, x2 þ y2 þ z2¼ r2. Under these transforma-

tions, the region

R ¼ x; y; zð Þ; x2 þ y2 þ z2 � a2
� �

is mapped into the region

R 0 ¼ {(r, h, �); 0 � r � a, 0 � h � �, 0 � � � 2�}.
Also,

@ x; y; zð Þ
@ r; h; �ð Þ ¼

@x

@r

@x

@h

@x

@�

@y

@r

@y

@h

@y

@�

@z

@r

@z

@h

@z

@�

�������������

�������������
¼

sin h cos� r cos h cos� �r sin h sin�

sin h sin� r cos h sin� r sin h cos�

cos h �r sin h 0

�������
�������

¼ r2 sin h:
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Hence,

I ¼
ZZZ

R

f x; y; zð Þdx dy dz

¼
ZZ Z

R0

f ðr sin h cos�; r sin h sin�; r cos hÞ

� r2 sin h dr dh d�:

The polar spherical coordinates are useful when
the region of integration is a sphere or a part of it.

If the region of integration is a whole sphere,

then 0 � r � a, 0 � h � �, and 0 � � � 2�. But
if the region of integration is the positive octant of

the sphere, then 0 � r � a, 0 � h � �, and

0 � � � �

2
.

Remark 6.2. If the region of integration is a right

circular cylinder, then the Cartesian coordinates

are changed to cylindrical polar coordinates

(r, h, z) because the position of P(x, y, z) is deter-

mined by r, h, and z as shown in the following
figure:

y

x

M

N

P (x, y, z)

x

z

z

r

y

90°

90°2�
0

r sin �

�

Then,

x ¼ r cos h; y ¼ r sin h; and z ¼ z;

and

@ x; y; zð Þ
@ r; h; zð Þ ¼

@x

@r

@x

@h

@x

@z
@y

@r

@y

@h

@y

@z
@z

@r

@z

@h

@z

@z

������������

������������
¼

cos h �r sin h 0

sin h r cos h 0

0 0 1

�������
�������

¼ r cos2 hþ r sin2 h ¼ r:

Hence,

I ¼
ZZZ

R

f x; y; zð Þdx dy dz

¼
ZZZ

R

f r cos h; r sin h; zð Þ r dr dh dz:

EXAMPLE 6.68
Evaluate I¼RRRz x2 þ y2ð Þdx dy dz over x2 þ y2 �
1 and 2 � z � 3.

Solution. The region of integration is

V ¼ x; y; zð Þ; x2 þ y2 � 1; 2 � z � 3
� �

:

Using the transformation

x ¼ r cos h, y ¼ r sin h, and z ¼ z (cylindrical polar

coordinates), we have

I¼
Z1
0

Z2�
0

Z3
2

zr2:r dz

2
4

3
5dh dr¼

Z1
0

r3
Z2�
0

z2

2


 �3
2

dh dr

¼
Z1
0

r3
Z2�
0

9

2
� 4

2


 �
dh dr ¼ 5

2

Z1
0

r3½h�2�0 dr

¼ 5�

Z1
0

r3dr ¼ 5�
r4

4


 �1
0

¼ 5�

4
:

EXAMPLE 6.69
Evaluate I¼ RRR ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2

a2
� y2

b2
� z2

c2

q
dx dy dz over the

region

V ¼ x;y; zð Þ; x
 0; y
 0; z
 0; x2

a2
þ y2

b2
þ z2

c2
� 1

n o

Solution. Substituting
x

a
¼ X ;

y

b
¼ Y ; and

z

c
¼ Z

so that dx¼ adX, dy¼ bdY, dz¼ cdZ and hence, dx

dy dz ¼ abc dX dY dZ. Therefore,

I ¼ abc

Z Z Z
1� X 2 � Y 2 � Z2
� �1

2dx dy dz;

over the region

V 0 ¼ X ; Y ; Zð Þ; X 
 0; Y 
 0; Z 
 0;f
X 2 þ Y 2 þ Z2 � 1

�
:

Using spherical polar coordinates,

X ¼ r sin h cos�; Y ¼ r sin h sin�; and

Z ¼ r cos h;
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the region of integration becomes

V
00¼ r;h;�ð Þ; 0� r�1;0<0;��

2
; 0����

2

n o
:

Hence,

I ¼ abc

Z1
0

Z�
2

0

Z�
2

0

1� r2
� �1

2r2 sin h dr dh d�

¼ abc

Z1
0

r2ð1� r2Þ12
Z�

2

0

sin h

Z�
2

0

d�

2
64

3
75 dh dr

¼ abc

Z1
0

r2ð1� r2Þ12
Z�

2

0

sin h½���20 dh dr

¼ abc�

2

Z1
0

r2ð1� r2Þ12
Z�

2

0

sin h dh

2
64

3
75 dr

¼ abc�

2

Z1
0

r2ð1� r2Þ12½� cos h��20 dr

¼ abc�

2

Z1
0

r2ð1� r2Þ12 dr: ð1Þ

But, substituting r ¼ sin t so that dr ¼ cos t dt, we

haveZ1
0

r2 1� r2
� �1

2dr ¼
Z�

2

0

sin2 t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 t

p
cos t dt

¼
Z�

2

0

sin2 t cos2 t dt¼ 1

4:2
:
�

2
¼ �

16
:

Hence (1) reduces to

I ¼ �abc

2

�

16

� 	
¼ �2abc

32

EXAMPLE 6.70
Evaluate

I ¼
Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

Zffiffiffiffiffiffiffiffiffiffiffiffiffi1�x2�y2
p

0

dz dy dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 � y2 � z2

p
by changing to spherical polar coordinates.

Solution. The region of integration is

V ¼ x; y; zð Þ; 0 � x � 1; 0 � y �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
;

n
0 � z �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 � y2

p o
:

Now, we transform the region by using spherical

polar coordinates, by substituting x¼ r sin h cos�,
y ¼ r sin h sin�, and z ¼ r cos h. The transformed

region is

V 0 ¼ r; h; �ð Þ; 0 � r � 1; 0 � h � �

2
; 0 � � � �

2

n o
:

Therefore,

I ¼
Z1
0

Z�
2

0

Z�
2

0

r2 sin hffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p dr dh d�

¼
Z1
0

r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Z�

2

0

sin h

Z�
2

0

d�

2
64

3
75 dh dr

¼
Z1
0

r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Z�

2

0

sin h½���20 dh dr

¼ �

2

Z1
0

r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
Z�

2

0

sin h dh

2
64

3
75 dr

¼ �

2

Z1
0

r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p ½� cos h��20 dr

¼ �

2

Z1
0

r2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p dr ¼ �

2

Z1
0

1� ð1� r2Þffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p dr

¼ �

2

Z1
0

drffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p �
Z1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p
2
4

3
5 dr

¼ �

2
sin�1 r � r

ffiffiffiffiffiffiffiffiffiffiffi
1� r

p

2
þ 1

2
sin�1 r

� �
 �1
0

( )

¼ �

2

�

2
� �

4

n o
¼ �

2
:
�

4
¼ �2

8
:

Note: This example is a particular case of Example

6.65 for a ¼ 1.

EXAMPLE 6.71
Evaluate I¼RRR

V

x2 þ y2 þ z2ð Þmdx dy dz; m > 0

over the region V ¼ {(x, y, z); x2 þ y2 þ z2 � 1}.

Solution. The given region of integration is

V ¼ x; y; zð Þ; x2 þ y2 þ z2 � 1
� �

:
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Changing to spherical polar coordinates by substi-

tuting

x ¼ r sin h cos�; y ¼ r sin h sin�; and z

¼ r cos h;

we get x2 þ y2 þ z2 ¼ r2 and
@ x; y; zð Þ
@ r; h; �ð Þ ¼ r2 sin h.

Therefore, the region of integration reduces to

V 0 ¼ r; h; �ð Þ; 0 � r � 1; 0 � h � �; 0 � � � 2�f g:
Hence,

I ¼
Z1
0

Z�
0

Z2�
0

r2mþ2 sin h dr dh d�

¼
Z1
0

r2mþ2

Z�
0

sin h

Z2�
0

d�

2
4

3
5dh dr

¼
Z1
0

r2mþ2

Z�
0

sin h½��2�0 dh dr

¼ 2�

Z1
0

r2mþ2

Z�
0

sin h dh

2
4

3
5dr

¼ 2�

Z1
0

r2mþ2½� cos h��0dr

¼ 4�

Z1
0

r2mþ2dr ¼ 4�
r2mþ3

2mþ 3


 �1
0

¼ 4�

2mþ 3
:

6.11 VOLUME AS A TRIPLE INTEGRAL

In Cartesian coordinates, the volume of a region V is

given by the triple integralZZZ
dx dy dz;

where the limits of integration are chosen to cover

the entire region V.

In spherical polar coordinates, the volume of a

region V is given by the triple integralZZZ
r2 sin h dr dh d�;

where the limits of integration are chosen to cover

the entire region V.

In cylindrical coordinates, the volume of a region V

is given by the triple integralZZZ
r dr dh dz;

where the limits of integration are chosen to cover

the entire region V.

EXAMPLE 6.72
Find the volume of the sphere x2 þ y2 þ z2 ¼ r2.

Solution. The required volume is given by

V ¼ 8

ZZZ
dx dy dz;

taken over the positive octant of the given sphere.

Changing to spherical polar coordinates, we put

x¼ r sin h cos �, y ¼ r sin h sin �, and z ¼ r cos
h. So, x2 þ y2 þ z2 ¼ r2. In the positive octant, we

have

0 � r � a; 0 � h � �

2
; and 0 � � � �

2
:

Therefore,

V ¼ 8

Za
0

Z�
2

0

Z�
2

0

r2 sin h dr dh d�

¼ 8

Za
0

r2
Z�

2

0

sin h

Z�
2

0

d�

2
64

3
75dh dr

¼ 8

Za
0

r2
Z�

2

0

sin h½���20dh dr

¼ 4�

Za
0

r2
Z�

2

0

sin h dh

2
64

3
75 dr

¼ 4�

Za
0

r2½� cos���20 dr ¼ 4�

Za
0

r2 dr

¼ 4�
r3

3


 �a
0

¼ 4� a3

3
:

EXAMPLE 6.73
Find the volume of the ellipsoid

x2

a2
þ y2

b2
þ z2

c2
¼ 1.
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Solution. Substituting x
a
¼ X ; y

b
¼ Y ; and z

c
¼ Z, we

have

dx ¼ adX, dy ¼ adY, and z ¼ adZ. Therefore, the

volume is given by

V ¼ abc

ZZZ
dX dY dZ;

taken over X2 þ Y2 þ Z2 ¼ 1. Changing to spherical
polar coordinates by substituting X ¼ r sin h cos �, y
¼ r sin h sin �, and z ¼ r cos h, we have

V ¼ 8abc

Z1
0

Z�
2

0

Z�
2

0

r2 sin h dr dh d�

¼ 8abc

Z1
0

r2
Z�

2

0

sin h

Z�
2

0

d�

2
64

3
75dh dr

¼ 8abc

Z1
0

r2
Z�

2

0

sin h½���20 dh dr

¼ 4�abc

Z1
0

r2
Z�

2

0

sin h dh

2
64

3
75 dr

¼ 4�abc

Z1
0

r2½� cos h��20 dr ¼ 4�abc

Z1
0

r2 dr

¼ 4�abc
r3

3


 �1
0

¼ 4

3
�abc:

EXAMPLE 6.74
Find the volume of the solid bounded by the surface

x

a

� 	2
3þ y

b

� 	2
3þ z

c

� 	2
3¼ 1:

Solution. Substituting
x

a

� 	2
3¼ X ;

y

b

� 	2
3¼ Y ; and

z

c

� 	2
3¼ Z; that is, x ¼ aX3, y ¼ bY3, and z ¼ cZ3, we

get dx ¼ 3aX2 dX, dy ¼ 3bY2 dY, and dz ¼ 3cZ2 dZ.

Then, the required volume is given by

V ¼
Z Z Z

V

dx dy dz

¼
Z ZZ

27abcX 2Y 2Z2dX dY dZ;

taken throughout the sphere X2 þ Y2 þ Z2 ¼ 1.

Changing to spherical polar coordinates (r, h, �), we
have

V ¼ 8

ZZZ
V 0

27abc r2 sin2 h cos2 �:

r2 sin2 h sin2 � r2 cos2 h:r2 sin h dr dh d�;
where

V 0¼ r; h; �ð Þ; 0 � r � 1; 0 � h � �

2
; 0 � � � �

2

n o
:

Thus,

V ¼ 216abc

Z1
0

r8
Z�

2

0

sin5 h cos2 h

:

Z�
2

0

sin2 � cos2 � d�

2
64

3
75 dh dr

¼ 216abc

Z1
0

r8
Z�

2

0

sin5 h cos2 h:
1

4:2
:
�

2
dh

2
64

3
75 dr

¼ 216

16
�abc

Z1
0

r8
Z�

2

0

sin5 h cos2 h dh

2
64

3
75 dr

¼ 216

16
�abc

Z1
0

r8
4:2:1

7:5:3:1


 �
dr

¼ 216

210
�abc

r9

9


 �1
0

¼ 216�abc

1890

¼ 4

35
�abc:

Second Method: For the positive octant, we have

V ¼
ZZZ

dx dy dz:

Substituting
x

a

� 	2
3¼ X ;

y

b

� 	2
3¼ y; and

z

c

� 	2
3¼ Z; we

have dx ¼ 3

2
aX

1
2 dX ; dy ¼ 3

2
bY

1
2 dY ; dz ¼ 3

2
cZ

1
2 dZ,

and X þ Y þ Z � 1. Therefore, by Dirichlet’s

Theorem,

V ¼
Z ZZ

27

8
abcX

1
2Y

1
2Z

1
2 dX dY dZ

¼ 27

8
abc

Z ZZ
X

3
2�1Y

3
2�1Z

3
2�1dX dYdZ

6.36 n Engineering Mathematics-I



¼ 27

8
abc

� 3
2

� �
� 3

2

� �
� 3

2

� �
� 1þ 3

2
þ 3

2
þ 3

2

� �
¼ 27abc

8

� 3
2

� �� �3
� 9

2
þ 1

� �
¼ 27

8
abc

1
2
:
ffiffiffi
�

p� �2
9
2
: 7
2
: 5
2
: 3
2
: 1
2
:
ffiffiffi
�

p

¼ �

8
abc:

4

35
:

Hence, the total volume is ¼ 8 �abc
8

: 4
35
¼ 4�abc

35
:

EXAMPLE 6.75
Find the volume of the portion cut off from

the sphere x2 þ y2 þ z2 ¼ a2 by the cylinder

x2 þ y2 ax.

Solution. The required volume is

y

x

z

0

V ¼ 4

Za
0

Zffiffiffiffiffiffiffiffiffiax�x2
p

0

Zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffia2�x2�y2
p

0

dx dy dz

¼ 4

Za
0

Zffiffiffiffiffiffiffiffiffiax�x2
p

0

a2 � x2 � y2
� �1

2 dy dx

¼ 4

Z�
2

0

Za cos h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
r dr dh;

changing to polar coordinates

¼ 4

2

Z�
2

0

Za cos h
0

2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
dr dh

¼ 2

Z�
2

0

�ða2 � r2Þ32
3
2

" #a cos h
0

dh

¼ 4

3

Z�
2

0

½�a3 sin3 hþ a3�dh

¼ 4

3
a3 � 2

3
þ �

2


 �

¼ 2

3
a3 �� 4

3

� �
:

EXAMPLE 6.76
Prove that the volume of the wedge intercepted

between the cylinder x2 þ y2 ¼ 2ax and the

planes z ¼ mx and z ¼ nx is �(m – n)a3.

Solution. The required volume is given by

V ¼ 2

Z2a
0

Zffiffiffiffiffiffiffiffiffiffiffi2ax�x2
p

0

Zmx
nx

dx dy dz

¼ 2

Z2a
0

Zffiffiffiffiffiffiffiffiffiffiffi2ax�x2
p

0

½z�mxnx dy dx

¼ 2

Z2a
0

Zffiffiffiffiffiffiffiffiffiffiffi2ax�x2
p

0

ðm� nÞx dy dx

¼ 2

Z2a
0

ðm� nÞx½y�
ffiffiffiffiffiffiffiffiffiffiffi
2ax�x2

p
0 dx

¼ 2ðm� nÞ
Z2a
0

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ax� x2

p
dx

¼ 2ðm� nÞ
Z2a
0

x
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ax� x2

p
dx:

Substituting x ¼ 2a sin2 h, we get dx ¼ 4asin h
cos h dh. The limits of integration are h ¼ 0 to

h ¼ �

2
. Therefore,

V ¼ 2ðm� nÞ
Z�

2

0

16a3 sin4 h cos2 h dh

¼ 32ðm� nÞ: 3:1

6:4:2
:
�

2
¼ �ðm� nÞa3:
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EXAMPLE 6.77
The axes of two right circular cylinders of the same

radius a, intersect at right angles. Prove that the

volume inside both the cylinders is 16a3

3
.

Solution. Let the equations of the cylinders be
x2 þ y2 ¼ a2 and x2 þ z2 ¼ a2:

Therefore, the region of integration is defined by

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
� z �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
;

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
� y �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
; and

� a � x � a:

Hence, the required volume is

V ¼
Za
�a

Zffiffiffiffiffiffiffiffiffia2�x2
p

�
ffiffiffiffiffiffiffiffiffi
a2�x2

p

Zffiffiffiffiffiffiffiffiffia2�x2
p

�
ffiffiffiffiffiffiffiffiffi
a2�x2

p
dx dy dz

¼ 8

Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

dx dy dz

¼ 8

Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dy dx

¼ 8

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
½y�

ffiffiffiffiffiffiffiffiffi
a2�x2

p
0 dx

¼ 8

Za
0

ða2 � x2Þ dx

¼ 8 a2x� x3

3


 �a
0

¼ 8 a3 � a3

3


 �
¼ 16a3

3
:

EXAMPLE 6.78
Find the volume in the positive octant bounded by

the coordinate planes and the plane.xþ 2yþ3z¼ 4.

Solution. The region of integration is

V ¼ x; y; zð Þ; 0 � x � 4; 0 � y � 4� x

2
;

�

0 � z � 4� x� 2y

3

�
:

Therefore, the required volume is

V ¼
Z4
0

Z4�x
2

0

Z4�x�2y
3

0

dz

2
664

3
775 dy dx

¼ 1

3

Z4
0

Z4�x
2

0

ð4� x� 2yÞ dy dx

¼ 1

3

Z4
0

4y� xy� 2
y2

2

� �4�x
2

0

dx

¼ 1

3

Z4
0

8� 2x� 2xþ x2

2
� 4� x2

4
þ 2x

� �
dx

¼ 1

3

Z4
0

4� 2xþ x2

4

� �
dx ¼ 1

3
4x� x2 þ x3

12

� �4

0

¼ 1

3
16� 16þ 64

12


 �
¼ 16

9
:

EXAMPLE 6.79
Find the volume of the tetrahedron bounded by the

planes x ¼ 0, y ¼ 0, z ¼ 0, and
x

a
þ y

b
þ z

c
¼ 1;

a; b; c 
 0.

Solution. The region of integration is bounded by

four planes x ¼ 0, y ¼ 0, z ¼ 0, and
x

a
þ y

b
þ z

c
¼ 1.

It is bounded below and above by z ¼ 0 and

z ¼ c 1� x

a
� y

b

� 	
. Its projection on the xy-plane is

a triangle bounded by x ¼ 0, y ¼ 0, and
x

a
þ y

b
¼ 1.

Therefore, the region is

V ¼ x; y; zð Þ; 0 � x � a; 0 � y � b 1 � x

a

� 	n
;

0 � Z � c 1 � x

a
� x

b

� 	o
:
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0 y

x

A

B

C

z

Hence, the volume of the tetrahedron OABC is

V ¼
Z Z Z

V

dx dy dz¼
Za
0

Zb 1�x
að Þ

0

Zc 1�x
a�y

bð Þ

0

dz dy dx

¼
Za
0

Zb 1�x
að Þ

0

z½ �c 1�x
a�y

bð Þ
0 dy dx

¼ c

Za
0

Zb 1�x
að Þ

0

1� x

a
� y

b

� 	
dy

2
664

3
775dx

¼ c

Za
0

1� x
a
� y

b

� �2
2 � 1

b

� �
" #b 1�x

að Þ

0

dx¼ bc

2

Za
0

1� x

a

� 	2
dx

¼ bc

2

1� x
a

� �3
3 � 1

a

� �
" #a

0

�abc

6
½0� 1�

¼ abc

6
cu units:

Second Method: Substituting
x

a
¼ u;

y

b
¼ v; and

z

c
¼ w, we have u
o,v
0,w
0, and uþ vþ w�1.

Therefore

V ¼
ZZZ

V

dx dy dz

¼
ZZ Z

V 0

a d u:b d u:c d u; uþ vþw� 1

¼ abc

ZZ Z
V 0

u1�1v1�1w1�1du dv dw

¼ abc
� 1ð Þ � 1ð Þ � 1ð Þ
� 1þ 1þ 1þ 1ð Þ ; by Dirichlet’s Theorem

¼ abc

3!
¼ abc

6
:

EXAMPLE 6.80
Find the volume of the portion cut off from a sphere

x2 þ y2 þ z2 ¼ a2 by a cone x2 þ y2 ¼ z2.

Solution. The origin is the center of the sphere and the
vertex of the cone x2 þ y2 ¼ z2. Therefore, the
volume is symmetrical about the plane z¼ 0. Hence,

V ¼ 2

ZZZ
dx dy dz:

Changing the coordinates to spherical polar, x2 þ y2

þ z2 ¼ a2 reduces to r2 ¼ a2 or r ¼ a. Further,

x2 þ y2 ¼ z2 reduces to

r2 sin2 h cos2 �þ r2 sin2 h sin2 � ¼ r2 cos2 h

or

r2 sin2 hðcos2 �þ sin2 �Þ ¼ r2 cos2 h

or

sin2 h ¼ cos2 h; which yields h ¼ �

4
:

Thus, h varies from 0 to �
4
and � varies from 0 to �.

Therefore,

V ¼ 2

Za
0

Z�
4

0

Z2�
0

r2 sin h dr dh d�

¼ 2

Za
0

r2
Z�

4

0

sin h ½��2�0 dh dr

¼ 4�

Za
0

r2
Z�

4

0

sin h dh

¼ 4�

Za
0

r2½� cos h��40dr � 4�

Za
0

r2 1� 1ffiffiffi
2

p
� �

dr

¼ 4� 1þ 1ffiffiffi
2

p
� �

r3

3


 �a
0

¼ 4�a3

3
1� 1ffiffiffi

2
p

� �

¼ 2�a3

3
ð2�

ffiffiffi
2

p
Þ:
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6.12 MISCELLANEOUS EXAMPLES

EXAMPLE 6.81

Evaluate
R3
4

R2
1

ðxþ yÞ�2dx dy:

Solution. Z3
4

Z2
1

ðxþ yÞ�2dx

2
4

3
5dy

¼
Z3
4

ðxþ yÞ�1

�1

" #2
0

dy

¼ �
Z3
4

1

2þ y
� 1

1þ y


 �
dy

¼ �½logð2þ yÞ � logð1þ yÞ�34
¼ log 4þ log 6� 2 log 5

¼ log
24

25
:

EXAMPLE 6.82
Evaluate the integral

R a
0

R a
y

x
x2þy2

dxdy by changing

the order of integration.

Solution. The given integral is

I ¼
Za
0

Za
y

x

x2 þ y2
dx dy:

The region of integration is bounded by the lines

x ¼ y; x ¼ a; y ¼ 0 and y ¼ a. Thus the region of

integration is shown in the figure below:

y = 0O

x = a

x = y

y = a
(a,a)

X

Y

On changing the order of integration, we first inte-
grate with respect to y along the strip parallel to

y axis. The strip extends from y ¼ 0 to y ¼ x.

To cover the whole region, we then integrate with

respect to x from x ¼ 0 to x ¼ a. Hence

I ¼
Za
0

Zx
0

x

x2 þ y2
dx dy ¼

Za
0

x
1

x
tan�1 y

x


 �x
0

dx

¼
Za
0

�

4
dx ¼ �

4
a:

EXAMPLE 6.83
By changing the order of integrations, evaluate

Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

ða2 � x2 � y2Þdy dx:

Solution. The region of integration is bounded by

x ¼ 0; x ¼ a; y ¼ 0 and the circle x2 þ y2 ¼ a2:

(a,0)

(0,a)

O
x

y

After changing the order of integration, we have to

integrate the integrand first with respect to x and
then with respect to y. We take a strip parallel to

x-axis. The limit of x varies from 0 to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � y2

p
. To

cover the whole region, the limits of y will vary

from 0 to a. Hence the given integral is

I ¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�y2
p

0

ða2 � y2Þ � x2

 �

dxdy

¼
Za
0

x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � y2Þ � x2

p"

þ a2 � y2

2
sin�1 xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � y2
p

# ffiffiffiffiffiffiffiffiffi
a2�y2

p

0

dy
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¼
Za
0

0þ �ða2 � y2Þ
4

� 0


 �
dy

¼ �

4

Za
0

ða2 � y2Þdy ¼ �

4
a2y� y3

3


 �a
0

¼ �

4
a3 � a3

3


 �
¼ �

6
a3:

EXAMPLE 6.84
Changing the order of integration of

R1
0

R1
0

e�xy sin nx

dx dy, show that
R1
0

sin nx
x

� �
dx ¼ �

2
:

Solution. We have

I ¼
Z1
0

Z1
0

e�xy sin nx dx dy

¼
Z1
0

sin nx

Z1
0

e�xydy

2
4

3
5dx

¼
Z1
0

sin nx
e�xy

�x


 �1
0

dx

¼
Z1
0

sin nx

x
dx: ð1Þ

On the other hand,

I ¼
Z1
0

Z1
0

e�xy sin nx dx dy

¼
Z1
0

Z1
0

e�xy sin nx dx

2
4

3
5dy

¼
Z1
0

e�xy

n2 þ y2
ðn cos nxþ y sin nxÞ


 �1
0

dy

¼
Z1
0

n

n2 þ y2
dy ¼ tan�1 y

n

h i1
0
¼ �

2
ð2Þ

From (1) and (2), it follows thatZ1
0

sin nx

x
dx ¼ �

2
:

EXAMPLE 6.85
By transforming into polar co-ordinates, evaluateRR

x2y2

x2þy2
dxdy over the annular region between the

circles x2 þ y2 ¼ a2 and x2 þ y2 ¼ b2, where b > a.

Solution. Putting x ¼ r cos h; y ¼ r sin h; we have

dx dy ¼ rdrdh. ThereforeZ Z
x2y2

x2þ y2
dx dy¼

Zb
a

Z2�
0

r4 sin2 hcos2 h

r2
rdr dh

¼ 1

16
ðb4�a4Þ

Z2�
0

1� cos4h

2

� �
dh

¼ b4�a4

16

1

2
h�1

8
sin4h


 �2�
0

¼ �

16
ðb4�a4Þ:

EXAMPLE 6.86
Evaluate the integral

R1
0

Rffiffiffiffiffiffiffiffi1�x2
p

0

R0ffiffiffiffiffiffiffiffiffi
x2þy2

p
dz dy dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2þz2

p :

Solution. We have

I ¼
Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

Z0
ffiffiffiffiffiffiffiffiffi
x2þy2

p
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2þ y2þ z2
p dz dy dx

I ¼
Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

Z0
ffiffiffiffiffiffiffiffiffi
x2þy2

p
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þ y2

p
Þ2þ z2

q dz dy dx

¼
Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

log zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þ y2þ z2

p��� ���h i0 ffiffiffiffiffiffiffiffiffi
x2þy2

p dx dy

¼
Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

log
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þ y2

p��� ���h

� log
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þ y2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðx2þ y2

p��� ���idxdy
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¼ � logð
ffiffiffi
2

p
þ 1Þ

Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

dy dx

¼ � logð
ffiffiffi
2

p
þ 1Þ

Z1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx

¼ � logð
ffiffiffi
2

p
þ 1Þ 1

2
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
þ 1

2
sin�1 x

1


 �1
0

¼ � logð
ffiffiffi
2

p
þ 1Þ 1

2
sin�1 1


 �
¼ � �

4
log

ffiffiffi
2

p
þ 1

� 	
:

EXAMPLE 6.87
Find the area in the first quadrant enclosed by the

curve x
a

� �aþ y
b

� �b¼ 1, where a > 0; b > 0:

Solution. The equation of the curve is

x

a

� 	a
þ y

b

� 	b
¼ 1; a; b > 0:

The parametric form of the curve is

x ¼ a cos
2
a t; y ¼ b sin

2
b t:

Therefore, the required area is

A ¼
Z0
�
2

y dx ¼
Z
�
2

y
dx

dt
dt

¼
Z0
�
2

ðb sin2
b tÞ � 2a

a
cos

2
a�1ð Þ t

� �
sin t dt

¼ 2ab

a

Z�
2

0

sin
2
bþ1ð Þ t cos 2

a�1ð Þ t dt

¼ 2ab

a

�
ð2bþ2Þ
2

� 	
�

ð2a�1þ1Þ
2

� 	
2�

2
bþ1þ2

a�1þ2

2

� 	
2
64

3
75

¼ 2ab

2ab

� 1
a

� �
� 1

b

� 	
� 1

a þ 1
b þ 1

� 	
2
4

3
5

¼ ab

aþ b

� 1
a

� �
� 1

b

� 	
F 1

a þ 1
b

� 	

E X E R C I S E S

Evaluation of a Double Integral
1. Evaluate

RR
D

4� x2 � y2ð Þ dx dy if the region D

is bounded by the lines x ¼ 0; x ¼ 1; y ¼ 0;

and y ¼ 3

2
.

Ans.
35

8
:

2. Evaluate
R R

e2xþ3ydx over the triangle bounded

by x ¼ 0, y ¼ 0, and x þ y ¼ 1.

Ans. 1
6
2eþ 1ð Þ e� 1ð Þ2:

3. Evaluate
Ra
0

Rffiffiffiffiffiffiffiffiffia2�y2
p

0

a2 � x2 � y2ð Þ12dx dy:

Ans.
�a3

6
:

4. Evaluate

Za
1

Zb
1

dx dy

xy
.

Ans. log b log a.

5. Evaluate

Z1
0

Zffiffiffiffiffiffiffiffi1þx2
p

0

dx dy

1þ x2 þ y2
:

Hint: I ¼
Z1
0

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p tan�1 yffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p

 � ffiffiffiffiffiffiffiffi1þx2

p

0

dx

¼
Z1
0

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p ½tan�1 1� tan�1 0�dx

¼ �

4

Z1
0

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p dx

¼ �

4
½log xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

pn o
�10

¼ �

4
log½1þ

ffiffiffi
2

p
�:

6. Evaluate

ZZ
x2y2dx dy over the region boun-

ded by x ¼ 0, y ¼ 0, and x2 þ y2 ¼ 1.

Ans.
Z1
0

Zffiffiffiffiffiffiffiffi1�y2
p

0

x2y2dx dy ¼ �

96
:
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7. Evaluate

ZZ
R

y dx dy, where R is the region in

the first quadrant bounded by the ellipse

x2

a2
þ y2

b2
¼ 1:

Hint: R¼ x;yð Þ;0� x� a; 0� yf �b

ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2

r
g

Ans.
ab2

3
:

8. Evaluate

ZZ
xy xþ yð Þdx dy over the area

between y ¼ x2 and y ¼ x.

Ans.
3

56
:

9. Evaluate

ZZ
D

xy dx dy, where A is the region

common to the circle x2 þ y2 ¼ x and x2 þ y2 ¼

y.

Hint: The points of intersection of two circles

are 0; 0ð Þ and 1

2
;
1

2

� �
. The limits are x ¼ 0 to

x ¼ 1

2
and y ¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4x2

p

2
to y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x2

p
.

Ans.
1

96
:

10. Evaluate

Z�
0

Zað1þcos hÞ

0

r2 cos h dh dr.

Ans.
5�a3

8
:

11. Evaluate

ZZ
r sin hdr dh over the cardioid r¼

a (1 – cos h) above the initial line.

Hint :

ZZ
R

r sin h dr dh ¼
Z�
0

Zað1�cos hÞ

0

r sin h dr dh

¼
Z�
0

sin h
r2

2


 �a 1�cos hð Þ

0

dh

¼ a2

2

Z�
0

sin h 1� cos hð Þ2dh

¼ a2

2

1� cos hð Þ3
3

" #�
0

¼ 4a2

3
:

12. Evaluate

ZZ
r2dh dr over the area of the circle

r ¼ acos h.
Ans.

4a3

9
:

13. Evaluate

Z�
2

0

Za cos h
0

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
dr dh:

Ans.
a3

18
3�� 4ð Þ:

14. Evaluate

ZZ
r dr dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ r2

p over one loop of

r2 ¼ a2 cos2 2h.
Ans.

a

2
4� �ð Þ:

Change of Variable in a Double Integral
15. Transform the following double integral to

polar coordinates and hence, evaluate the same.

I ¼
Za
0

Zffiffiffiffiffiffiffiffiffia2�y2
p

0

a2 � x2 � y2
� �

dx dy:

Hint: I ¼
Z�

2

0

Z1
0

a2 � r2
� �

r dr dh:

Ans.
�a4

8
:

16. Changing to polar coordinates, evaluateZZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 � y2

1þ x2 þ y2

s
dx dy over the positive

quadrant of the circle x2 þ y2 ¼ 1.

Hint: I ¼ R�2
0

R1
0

ffiffiffiffiffiffiffiffi
1�r2

1þr2

q
r dr dh¼ R�2

0

R1
0

1�r2ffiffiffiffiffiffiffiffi
1�r4

p r dr dh:

Ans.
�

4

�

2
� 1

� 	
:

17. Using the transformation x þ y ¼ u and y ¼ uv,

show that

ZZ
½xy 1� x� yð Þ�12dx dy, taken

over the area of triangle bounded by the lines x

¼ 0, y ¼ 0, and x þ y ¼ 1, is
2�

105
.

Hint: x¼ u – y¼ u – uv and y¼ uv. Therefore,

Jacobian J ¼ u. So, dx dy ¼ u du dv. Further, 0

� u � 1 and 0 � v � 1. Thus,

I ¼
Z1
0

Z1
0

u 1� uð Þ12 v1
2 1� vð Þ12u du dv
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¼
Z1
0

u2 1�uð Þ12 du:
Z1
0

v
1
2 1�vð Þ12dv

¼
Z1
0

u3�1 1�uð Þ32�1du:

Z1
0

v
3
2�1 1�vð Þ32�1dv

¼b 3;
3

2

� �
b

3

2
;
3

2

� �
; convert to gamma function.

18. Evaluate

Z Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2 � y2

p
dx dy over the

semi-circle x2 þ y2 ¼ ax in the positive

quadrant.

Hint: I ¼
Z�

2

0

Za cos h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
r dr dh.

Ans.
a3

3

�

2
� 2

3

� �
:

19. Evaluate

Z Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2
� y2

b2

1þ x2

a2
þ y2

b2

vuut dx dy over the

positive quadrant of the ellipse
x2

a2
þ y2

b2
¼ 1.

Hint: Another from of Example 6.20.

20. Change

Z4a
0

Zy
y2

4a

x2 � y2

x2 þ y2
dx dy in polar coordi-

nates and hence, evaluate the same.

Ans.
Z�

2

�
4

Z4a cos hsin2 h

0

r cos 2h dh dr ¼ 8a2
�

2
� 5

3

� �
:

21. Changing to polar coordinates, evaluateZ Z
xy x2 þ y2
� �3

2dx dy over the positive

quadrant of the circle x2 þ y2 ¼ 1.

Ans.
1

14
:

Change of Order of Integration
22. Change the order of integration inZ1

0

Zxð2�xÞ

x

f ðx; yÞdx dy.

Ans.
Z1
0

Zy
1�

ffiffiffiffiffiffi
1�y

p
f x; yð Þdy dx:

23. Changing the order of integration, evaluate the

integral

Za
0

Z2a�x

x2

a

xy dy dx.

Ans.
5a4

6
:

24. Changing the order of integration, evaluateZa
0

Za
y

x dx dy

x2 þ y2
.

Ans.
�a

4
:

25. Change the order of integration

Za
0

Za2x
x

xþ yð Þ dx dy: and hence evaluate it.

Ans. 1.

26. Evaluate the integral

Zb
0

Za
b

ffiffiffiffiffiffiffiffiffi
b2�y2

p

0

xy dy dx.

Ans.
a2b2

8
:

27. Changing the order of integration, evaluate the

integral

Zaffiffi
2

p

0

Zffiffiffiffiffiffiffiffiffia2�y2
p

y

log x2 þ y2
� �

dx dy; a > 0.

Ans.
�a4

4
log a� 1

2

� �
:

Area Enclosed by Curves
28. Find the area bounded by the parabola y ¼ x2

and the line y ¼ 2x þ 3.

Ans.
32

3
:

29. Find the area of the region bounded by the lines,

x ¼ – 2 and x ¼ 2and the circle, x2 þ y2 ¼ 9.

Ans. 4
ffiffiffi
5

p
þ 18 sin�1 2

3
sq. units.

30. Find the area of the cardioid r ¼ a(1– cos h).

Ans. Area ¼ 2

Z�
0

Za 1�cos hð Þ

0

r dr dh ¼ 3�a2

2
sq.

units.

31. Find the area outside the circle r¼ a and inside

the cardioid. r ¼ a(1 þ cosh).

Ans.
�a2

2
:
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32. Find by double integration, the area lying

inside the cardioid r¼ a (1þ cos h) and outside
the parabola r(1þ cos h).¼ 1.

Hint: Eliminating r between the two equations,

we get cos2 hþ2cos h¼0, which implies h¼��

2
.

Then Area ¼
Z�

2

��
2

Z1þcosh

1
1þcosh

rdrdh¼9�þ16

12
.

33. Find, using double integration, the smaller of

the areas bounded by the circle x2 þ y2 ¼ 9 and
the line x þ y ¼ 3.

Ans.
9

4
�� 2ð Þ.

Volume and Surface Areas as Double Integrals
34. Find the volume of the solid region under the

surface z ¼ 3 – x2 – 2y2 for x2 þ y2 � 1.

Ans.
9�

4
:

35. Using double integration, find the volume of

the tetrahedron bounded by the coordinate

planes and the plane
x

a
þ y

b
þ z

c
¼ 1.

Ans.
Za
0

Zb 1�x
að Þ

0

c 1� x

a
� y

b

� 	
dy

2
664

3
775 dx ¼ abc

6
:

36. Find the volume of the region bounded by the

surfaces y ¼ x2 and x ¼ y2 and the planes z ¼ 0

and z ¼ 3.

Hint: V ¼
Z1
0

Z ffiffixp

x2

3 dy dx ¼ 1.

37. Calculate the volume of the solid bounded by the

surfaces x ¼ 0, y ¼ 0, z ¼ 0, and x þ y þ z ¼ 1.

Ans.
1

6
:

38. Find the volume of the cylinder x2 þ y2 – 2ax¼
0 intercepted between the paraboloid x2 þ y2 ¼
2az and the xy-plane.

Ans. 3�a3.
39. Find the volume bounded by the xy-plane, the

paraboloid 2z¼ x2þ y2¼ 2ax, and the cylinder

x2 þ y2 ¼ 4.

Ans. 4�.

40. Find the volume common to the surface y2 þ z2

¼ 4ax and x2 þ y2 ¼ 2ax, the axis being

rectangular.

Hint:

V ¼
Z2a
0

Zffiffiffiffiffiffiffiffiffiffiffi2ax�x2
p

�
ffiffiffiffiffiffiffiffiffiffiffi
2ax�x2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ax� y2

p
dy dx

¼ 2

Z2a
0

Zffiffiffiffiffiffiffiffiffiffiffi2ax�x2
p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ax� y2

p
dy dx:

Ans.
2

3
ð3�þ 8Þa3.

41. Find the volume of the sphere x2 þ y2 þ z2 ¼ 9.

Ans. 36�.

42. Find the area of the surface z2 ¼ 2xy included

between x ¼ 0, x ¼ a, y ¼ 0, and y ¼ b.

Ans.
2
ffiffiffi
2

p

3

ffiffiffiffiffi
ab

p
aþ bð Þ:

43. Find the area of the portion of the sphere x2 þ
y2 þ z2 ¼ 9 lying inside the cylinder x2 þ y2 ¼
3y.

Hint: z2 ¼ 9 – x2 – y2. Then

1þ @z

@x

� �2

þ @z

@y

� �2

¼ 9

9� x2 � y2
. Change to

polar coordinates. Surface area

¼ 4

Z�
2

0

Z3 sin h
0

3ffiffiffiffiffiffiffiffiffiffiffiffiffi
9� r2

p dr dh ¼ 18�� 36:

44. Find the area of the portion of the cylinder

x2 þ y2 ¼ 4y lying inside the sphere
x2 þ y2 þz2 ¼ 16.

Ans. 64 sq. units.

45. Using double integration, find the volume
generated by the revolution of the cardioid r ¼
a(1 – cosh) about its axis.
Hint: Volume of revolution

¼ 2�

Z�
0

Za 1�cos hð Þ

0

r2 sin h dr dh ¼ 8

3
�a3:

46. Find the volume generated by revolving the

ellipse
x2

a2
þ y2

b2
¼ 1 about the y-axis.

Ans.
4

3
�a2b:
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Evaluation of Triple Integral

47. Evaluate

Z1
0

Z1�x

0

Z1�x�y

0

xyz dx dy dz:

Ans.
1

720
:

48. Evaluate

Z Z Z
z2dx dy dz over the sphere.

x2 þy2 þ z2 ¼ 1.

Ans.
4�

15
:

49. Evaluate

Z3
1

Z1
1
x

Z ffiffiffiffixyp

0

xyz dz dy dx.

Ans.
1

3

13

3
� 1

2
log 3

� �
:

50. Evaluate

Z�
2

0

Za cos h
0

Zffiffiffiffiffiffiffiffiffia2�r2
p

0

r dz dr dh.

Ans. a3
�

6
� �

9

� 	
:

51. Evaluate

Z Z Z
V

dx dy dz, where V ¼ {(x, y, z);

x2 þ y2 þ z2 � a2, 0� z� h}, using cylindrical

polar coordinates.

Ans.
Z�

2

0

Z2�
0

Zh
0

r dz dh dr ¼ �a2h:

Volume as a Triple Integral
52. Find the volume bounded by the surface

x2 þ y2 ¼ a2 and
x2

p
þ y2

q
¼ 2z; p > 0; q > 0:

Ans.
�a4

8

1

p
þ 1

q

� �
:

53. Find the volume of the paraboloid of revolution
x2 þ y2 ¼ 4z cut off by the plane z ¼ 4.

Hint: V ¼ 4

Z4
0

Zffiffiffiffiffiffiffiffiffi16�x2
p

0

Z4
x2þy2

4

dx dy dz ¼ 32�:.

54. Find the volume bounded above by the sphere

x2þ y2 þ z2¼ 2a2 and below by the paraboloid

az ¼ x2 þ y2.

Ans. � a3
4
ffiffiffi
2

p

3
� 7

6

� �
:

55. Show that the volume enclosed by the cylinder

x2 þ y2 ¼ 2ax and z2 ¼ 2ax is
128a3

15
.

56. Show that the volume of the wedge intercepted

between the cylinder x2 þ y2 ¼ 2ax and the

planes z ¼ x and z ¼ 2x is � a3.

Hint: See Example 6.76.
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7 Vector Calculus

We know that scalar is a quantity that is character-

ized solely by magnitude whereas vector is a quan-

tity which is characterized by both magnitude and

direction. For example, time, mass, and temperature

are scalar quantities whereas displacement, velocity,

and force are vector quantities. We represent a vector
by an arrow over it. Geometrically, we represent a

vector~a by a directed line segment ~PQ, where~a has

direction from P to Q. The point P is called the initial

point and the point Q is called the terminal point of~a.

The length ~PQ
��� ��� of this line segment is themagnitude

of~a. Two vectors~a and~b are said to be equal if they

have the same magnitude and direction. The product

of a vector ~a and a scalar m is a vector m ~a with

magnitude |m| times the magnitude of~a with direc-

tion, the same or opposite to that of~a, according as

m > 0 or m < 0. In particular, if m ¼ 0, then m~a is a
null vector~0. A vector with unit magnitude is called

a unit vector. If~a is non-zero vector, then ~a
~aj j ¼ ~a

a
is a

unit vector having the same direction as that of~a and
is denoted by â.

If ~a;~b and ~c are vectors and m and n are

scalars (real or complex), then addition and scalar

multiplication of vectors satisfy the following

properties:

(i) ~aþ~b ¼~bþ~a (Commutative law for

addition).

(ii) ~aþ ~bþ~c
� 	

¼ ~aþ~b
� 	

þ~c (Associative

law for addition).

(iii) ~m ~aþ~b
� 	

¼ m~aþ m~b (Distributive law

for addition).

(iv) mþ nð Þ~a ¼ m~aþ n~a (Distributive law

for scalars).

(v) ~aþ~0 ¼~a ¼~0þ~a (Existence of identity

for addition).

(vi) ~aþ �~að Þ ¼~0 ¼ �~að Þ þ~a (Existence of

inverse for addition).

(vii) m~aj j ¼ mj j ~aj j.
(viii) m n~að Þ ¼ mnð Þ~a.
(ix) n m~að Þ ¼ m n~að Þ.
The unit vectors in the directions of positive x-,

y-, and z-axes of a three-dimensional, rectangular

coordinate system are called the rectangular unit

vectors and are denoted, respectively, by î; ĵ, and k̂.

Let a1, a2, and a3 be the rectangular coordinates
of the terminal point of vector ~a with the initial

point at the origin O of a rectangular coordinate

system in three dimensions. Then, the vectors

a1 î; a2 ĵ; and a3k̂ are called rectangular component

vectors or simply component vectors of~a in the x,

y, and z directions, respectively.

Z

Z

O Y

a2k

a2 j

a2i

a

ˆ

ˆ

ˆ

→

The resultant (sum) of a1 î; a2 ĵ; and a3k̂ is the

vector~a and so,

~a ¼ a1 î þ a2 ĵ þ a3k̂:



Further, the magnitude of~a is

~aj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ a22 þ a23

q
:

In particular, the radius vector or position vector~r
from O to the point (x, y, z) in a three-dimension

space is expressed as

~r ¼ x î þ y ĵ þ z k̂

and

r ¼ ~rj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
:

The scalar product or dot product or inner product

of two vectors~a and~b is a scalar defined by

~a:~b ¼ ~aj j ~b
��� ��� cos h;

where h is the angle between the vectors~a and~b and
0 � h � �.
The scalar product satisfies the following

properties:

(i) ~a:~b ¼~b:~a:

(ii) ~a: ~bþ~c
� 	

¼~a:~bþ~a:~c:

(iii) t ~a:~b
� 	

¼ t~a:~b
� 	

¼~a: t~b
� 	

¼ ~a:~b
� 	

t,

where t is a scalar.

(iv) î:̂i ¼ ĵ:̂j ¼ k̂:k̂ ¼ 1 and î:̂j ¼ ĵ:k̂ ¼ k̂ :̂i ¼ 0:

(v) If ~a ¼ a1 îþ a2 ĵþ a3 k̂, then ~a:~a ¼ ~aj j2
¼ a2 ¼ a21 þ a22 þ a23.

(vi) If ~a ¼ a1 îþ a2 ĵþ a3k̂ and ~b ¼ b1 îþ
b2 ĵþ b3 k̂, then

~a:~b ¼ a1b2 þ a2b2 þ a3b3:

(vii) If~a:~b ¼ 0 and~a and~b are nonzero vec-

tors, then cos h ¼ 0 and so, h ¼ �
2
. Hence,

~a and~b are perpendicular.

(viii) The projection of a vector~a on a vector~b
is a vector defined by “projection of ~a
on~b ¼ ðacos hÞ~eb ¼ ð~a:~ebÞ~eb”, where h
is the angle between ~a and ~b, and ~eb
is a unit vector in the direction of the

vector~b.

Let a vector ~a makes angles a, b, and c,
respectively, with positive directions of x, y, and z.

Then, the numbers cos a, cos b and cos c are

called the directions cosines of ~a. Thus, cos a ¼
î:~ea; cos b ¼ ĵ:~ea; and cos c ¼ k̂:~ea, where ~ea is a

unit vector in the direction of~a.

a

b

θ

The vector- or cross product of two vectors~a

and~b is a vector defined by~a�~b ¼ ~aj j~b
��� ��� sin h ê ¼

ab sin h ê, where h is the angle between the vectors~a
and~b such that 0 � h � � and ê is a unit vector

perpendicular to both~a and~b. The direction of~a�~b
is perpendicular to the plane of A and B, such that~a,
~b, and~a�~b form a right-handed triad of vectors.

In particular, if~a ¼~b or~a is parallel to~b, then

~a�~b ¼~0.
If~a¼ a1 îþa2 ĵþa3 k̂ and~b¼ b1 îþb2 ĵþb3 k̂,

then

~a�~b ¼
î ĵ k̂

a1 a2 a3

b1 b2 b3

��������

��������
;

where î� î ¼ ĵ� ĵ ¼ k̂ � k̂ ¼ 0;

î� ĵ ¼ k̂; ĵ� k̂ ¼ î; and k̂ � î ¼ j; and

ĵ� î ¼ �k̂; k̂ � ĵ ¼ �î; and î� k̂ ¼ �ĵ:

The magnitude ~a�~b
��� ��� of~a�~b is equal in the area

of the parallelogram with sides~a and~b.

The vector product satisfies the following

properties:

(i) ~a�~b ¼ �~b�~a (Anti-commutative law).

(ii) ~a � ~bþ~c
� 	

¼~a�~bþ~a�~c

(Distributive law over addition).

(iii) t ~a�~b
� 	

¼ t~að Þ�~b¼~a� t~b
� 	

¼ ~a�~b
� 	

t;

t is a scalar.
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The dot- and cross multiplication of three vectors

~a;~b, and~c follow the following laws:

(i) ~a �~b
� 	

~c 6¼~a ~b �~c
� 	

:

(ii) ~a � ~b�~c
� 	

¼~b � ~c�~að Þ ¼~c � ~a�~b
� 	

.

If ~a ¼ a1 îþ a2 ĵþ a3 k̂; ~b ¼ b1 îþ b2 ĵþ
b3 k̂; and~c ¼ c1 îþ c2 ĵþ c3 k̂, then

~a � ~b�~c
� 	

¼
a1 a2 a3

b1 b2 b3

c1 c2 c3

�������
�������:

(iii) ~a� ~b�~c
� 	

6¼ ~a�~b
� 	

�~c.

(iv) ~a� ~b�~c
� 	

¼ ~a �~cð Þ~b� ~a �~b
� 	

~c,

~a�~b
� 	

�~c ¼ ~a �~cð Þ~b� ~b �~c
� 	

~a:

The product ~a: ~b�~c
� 	

is called the scalar triple

product or box product and is denoted by [abc].

The product ~a� ~b�~c
� 	

is called the vector

triple product.

7.1 DIFFERENTIATION OF A VECTOR

A vector~r is said to be a vector function of a scalar

variable t if to each value of t there corresponds a

value of~r.
A vector function is denoted by ~r ¼~rðtÞ or

~r ¼~f ðtÞ. For example, the position vector ~r of a

particle moving along a curved path is a vector

function of time t. In rectangular coordinate system,

the vector function~f can be expressed in a com-
ponent form as

~r ¼~f ðtÞ ¼ f1 îþ f2 ĵþ f3 k̂;

where f1, f2, and f3 are scalar functions of t and are

called components of~f .

Let~r ¼~f ðtÞ be a vector function of the scalar

variable t. If �t denotes a small increment in t and

�~r the corresponding increment in~r, then

d~r

dt
¼ lim

�t!0

�~r

�t
¼ lim

�t!0

~f t þ�tð Þ �~f tð Þ
�t

;

if exists, is called the ordinary derivative of~r with
respect to the scalar t.

Since d~r
dt
is itself a vector depending on t, we can

further consider its derivative with respect to t. If

this derivative exists, it is denoted by d2~r
dt2
. Similarly,

higher derivatives of~r can be defined.

Geometric Significance of d~r
dt
: Let~r ¼~f ðtÞ be the vector

equation of a curve C in space. Let P and Q be two

neighboring points on C with position vectors~r and
~r þ �~r. Then, OP ¼~r; OQ ¼~r þ �~r and so,

~PQ ¼ ~OQ � ~OP ¼~r þ �~r �~r ¼ �~r:

Therefore, �~r
� t is directed along the chord PQ. As

�t? 0, that is, as Q ?P, the chord PQ tends to the

tangent to the curve C at P. Hence, d~r
dt
¼ lim

� t)0

�~r
� t is a

vector along the tangent to the curve at P.

Q

PO
r

dr

r �   r

r
�

�

Unit Tangent Vector to a Curve: Suppose that we take an
arc length s from any point, say A, on the curve C,

up to the point P as the parameter, instead of t.
Then, AP ¼ s, AQ ¼ s þ �s, and so, PQ ¼ �s. In
this case, d~r

ds
will be a vector along the tangent at P.

Further,

d~r

ds

����
���� ¼ lim

�s!0

�~r

�s

����
���� ¼ lim

Q!P

chord PQ

Arc PQ
¼ 1:

Hence, d~r
ds
is the unit vector t̂ along the tangent at P.

Theorem 7.1. If~a;~b, and~c are differentiable vector

functions of a scalar t and � is a differentiable scalar

function of t, then

(i) d
dt

~a�~b
� 	

¼ d~a
dt
þ d~b

dt
.

(ii) d
dt

~a �~b
� 	

¼~a � d~b
dt
þ d~a

dt
�~b.

(iii) d
dt

~a�~b
� 	

¼~a� d~b
dt
þ d~a

dt
�~b.

(iv) d
dt

�~að Þ ¼ � d~a
dt
þ d�

dt
~a:
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(v) d
dt
~a � ~b�~c
� 	h i

¼~a � ~b� d~c
dt

� 	
þ~a � d~b

dt
�~c

� 	
þd~a

dt
� ~b�~c
� 	

:

(vi) d
dt

~a� ~b�~c
� 	h i

¼~a� ~b� d~c
dt

� 	
þ~a� d~b

dt
�~c

� 	
þ d~a

dt
� ~b�~c
� 	

:

Proof: We prove (i), (iii), and (v). The other parts

may similarly be proved by the readers themselves.

ðiÞ d
dt

~aþ~b
� 	

¼ lim
�t!0

~aþ�~að Þ þ ~bþ�~b
� 	h i

� ~aþ~b
� 	

�t

¼ lim
�t!0

�~aþ�~b

�t
¼ lim

�t!0

�~a

�t
þ lim

�t!0

�~b

�t

¼ d~a

dt
þ d~b

dt
:

ðiiiÞ d
dt

~a�~b
� 	

¼ lim
�t!0

~aþ�~að Þ� ~bþ�~b
� 	h i

�~a�~b
�t

¼ lim
�t!0

~a�~bþ~a��~bþ�~a�~bþ�~a��~b�~a�~b
�t

¼ lim
�t!0

~a��~bþ�~a�~bþ�~a��~b

�t

¼ lim
�t!0

~a��~b

�t
þ�~a

�t
�~bþ�~a

�t
��~b

" #

¼~a�d~b

dt
þd~a

dt
�~bþd~a

dt
�~0

¼~a�d~b

dt
þd~a

dt
�~bþ~0¼~a�d~b

dt
þd~a

dt
�~b:

(v) Using (ii) and (iii), we have
d

dt
~a � ~b�~c
� 	h i

¼~a � d
dt

~b�~c
� 	

þ d~a

dt
� ~b�~c
� 	

¼~a � ~b� d~c

dt
þ d~b

dt
�~c

" #
þ d~a

dt
� ~b�~c
� 	

¼~a � ~b� d~c

dt


 �
þ~a � d~b

dt
�~c

" #
þ d~a

dt
� ~b�~c
� 	

:

Theorem 7.2. The derivative of a constant vector is

the zero vector.

Proof: We know that a vector is called constant if its

magnitude and direction do not change. Let~c be a

constant vector and let ~r ¼~c. Then, ~r þ �~r ¼~c
and so, �~r ¼~0. Thus, �~r

� t ¼
~0
� t ¼~0 and hence,

d~r
dt
¼ lim

� t!0

�~r
�t ¼ lim

� t!0

~0 ¼~0.

Theorem 7.3. A vector function~f of a scalar variable t

is constant if and only if d~f
dt
¼~0.

Proof: If~f is a constant vector, then, by Theorem 7.2,
d~f
dt
¼~0.

Conversely, suppose that d
~f
dt
¼~0. If f1, f2, and f3 are

the components of~f along x-, y-, and z-axes, then
~f ¼ f1 îþ f2 ĵþ f3 k̂. Hence,

~0 ¼ d~f

dt
¼ df1

dt
îþ df2

dt
ĵþ df3

dt
k̂:

Therefore, equality of two vectors implies
df1

dt
¼ df2

dt
¼ df3

dt
¼ 0:

Therefore, f1, f2, and f3 are constant scalars, inde-

pendent of t. Hence,~f is a constant vector function.

Theorem 7.4. A vector function~f of a scalar variable t
has a constant magnitude if and only if~f � d~f

dt
¼ 0.

Proof: First, suppose that the vector function~f has a
constant magnitude c. Then,

~f �~f ¼ ~f
��� ���2¼ c2

and so,
d

dt
~f �~f
� 	

¼ d

dt
c2
� � ¼ 0:

But,

d

dt
~f �~f
� 	

¼~f � d
~f

dt
þ d~f

dt
�~f ¼ 2~f � d

~f

dt
:

Hence,

2~f � d
~f

dt
¼ 0 or~f � d

~f

dt
¼ 0:

Conversely, suppose that ~f : d
~f
dt

¼ 0. Therefore,

2~f � d~f
dt

¼ 0 or ~f � d~f
dt
þ d~f

dt
�~f ¼ 0 or d

dt
~f �~f
� 	

¼ 0,

which implies~f �~f is constant ¼ c2, say.
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Hence, ~f
��� ���2¼ c2 or ~f

��� ��� ¼ c, that is, ~f has a

constant magnitude.

Theorem 7.5. The necessary and sufficient condition

for a vector function~f of a scalar variable t to have a
constant direction is that~f � d~f

dt
¼~0.

Proof: Let~F be a vector function of modulus unity

for all t. Let ~f
��� ��� ¼ f . Then,~f ¼ f ~F.

The condition is necessary: Suppose that~f has a con-

stant direction. Since~f ¼ f~F, it follows that~f and~F
have the same direction. Thus, ~F has a constant

magnitude, equal to unity and a constant direction

too and so, is a constant vector. Therefore, d
~F
dt

¼ 0.

Differentiating~f ¼ f~F with respect to t, we have

d~f

dt
¼ df

dt
~F þ f

d~F

dt
:

Now,

~f �d~f

dt
¼ f~F
� �� df

dt
~Fþ f

d~F

dt

" #

¼ f
df

dt
~F�~Fþ f 2~F�d~F

dt

¼~0þ f 2~F�d~F

dt
; since~F�~F¼~0

¼ f 2~F�d~F

dt

¼ f 2~F�~0¼~0; since
d~F

df
¼~0 (as shown earlier):

The condition is sufficient: Suppose that~f � d~f
dt

¼~0.

Therefore, as shown previously, f 2~F � d~F
dt

¼~0 and

so~F � d~F
dt
¼~0. Also, since~F is of constant magni-

tude,~F: d
~F
dt
¼~0. These two facts imply that d~F

dt
¼~0.

Therefore,~F is a constant vector. But magnitude of
F is constant (unity). Therefore, ~F has a constant

direction. But~f ¼ f~F. Therefore, direction of~f is
also constant.

Corollary 7.1: The derivative of a vector function of a
scalar variable t having a constant direction is col-

linear with it.

Proof: Since~f has a constant direction,~f � d~f
dt

¼ 0

and so,~f and d~f
dt

are collinear. This completes the
proof of the corollary.

From Theorems 7.3–7.5, we conclude that

(i) d~f
dt
¼~0 if and only if~f is a constant vector

function in both magnitude and direction

(ii) ~f : d
~f
dt
¼ 0 if and only if~f has a constant

magnitude.

(iii) ~f � d~f
dt
¼ 0 if and only if~f has a constant

direction.

Theorem 7.6. If ~f ¼ f1 îþ f2 ĵþ f3 k̂ is a vector

function of the scalar variable t, then

d~f

dt
¼ f 01 tð Þîþ f 02 tð Þ ĵþ f 03 tð Þ k̂:

Proof: We have

~f ¼ f1 îþ f2 ĵþ f3 k̂;

where f1, f2, and f3 are scalar functions of t. Therefore,

d~f

dt
¼ d

dt
f1 î
� �þ d

dt
f2 ĵ
� �þ d

dt
f3k̂
� 	

¼ f1
dî

dt
þ df1

dt
îþ f2

dĵ

dt
þ df2

dt
ĵþ f3

dk̂

dt
þ df3

dt
k̂

¼~0þ df1

dt
îþ~0þ df2

dt
ĵþ~0þ df3

dt
k̂

¼ df1

dt
îþ df2

dt
ĵþ df3

dt
k̂:

Thus, to differentiate a vector, it is sufficient to dif-

ferentiate its components.

Velocity and Acceleration: Let~r be the position vector

of a moving particle P, and let �~r be the displace-
ment of the particle in time �t, where t denotes time.

Then, the vector �~r
�t denotes the average velocity

of the particle during the interval �t of time.

Therefore, the velocity vector~v of the particle at P

is given by

~v ¼ lim
�t!0

�~r

�t
¼ d~r

dt
;

and its direction is along the tangent at P. Further, if

�~v is the change in velocity ~v during the time

interval �t, then the rate of change of velocity, that

is, �~v
� t

is the average acceleration of the particle

during the interval �t. Thus, the acceleration of the
particle at P is

~a ¼ lim
�t!0

�~v

�t
¼ d~v

dt
¼ d

dt

d~r

dt

� �
¼ d2~r

dt2
:

Vector Calculus n 7.7



Tangential and Normal Acceleration: Let ~r be the

position vector of a point P moving in a plane curve

at any time t. Then the velocity of the moving point

is given by

~v ¼ d~r

dt
¼ d~r

ds
� ds
dt

:

But d~r
ds
¼ T̂ is a unit vector along the tangent at P.

Therefore,~v ¼ ds
dt
T̂ . Thus, the acceleration is

d~v

dt
¼ d

dt

ds

dt
T̂

� �
¼ d2s

dt2
T̂ þ ds

dt
� dT̂
dt

: ð1Þ

But,

y

O

A

N

x

T

P

S
r

^

^

dT̂

dt
¼ dT̂

dł
� dł
dt

¼ dł
dt

N̂ ;

where N̂ is a unit vector along the normal at P.

Therefore,

dT̂

dt
¼ dł

ds
� ds
dt

N̂ ¼ 1

	

ds

dt
N̂ ;

where 	 is the radius of curvature at P. Hence,

(1) reduces to

d~v

dt
¼ d2s

dt2
T̂ þ 1

	

ds

dt

� �2

N̂ ¼ dv

dt
T̂ þ v2

	
N̂ :

Therefore,

Tangential acceleration ¼ dv

dt
¼ d2s

dt2

and

Normal acceleration ¼ v2

	
:

Radial and Transverse Acceleration of a Moving Particle:
Let~r be the position vector of a moving particle

P (r, h). Suppose that R̂ and T̂ are the unit vectors

in radial- and transverse directions, respectively.

Then, r̂ ¼ rR̂ and

velocity~v ¼ d~r

dt
¼ d

dt
rR̂
� � ¼ dr

dt
R̂þ r

dR̂

dt

¼ dr

dt
R̂þ r

dR̂

dh
:
dh

dt
¼ dr

dt
R̂þ r

dh

dt
T̂ :

Therefore, the components of the velocity in the

radial- and transverse directions are

vR ¼ dr

dt
and vT ¼ r

dh

dt
:

T

O X

R

P(r,   )

r

�

^ ^

�

Further, since d R̂
dh ¼ T̂ and d T̂

dh ¼ �R̂, we have

acceleration~a

¼ d~v

dt
¼ d

dt

dr

dt
R̂þ r

dh

dt
T̂

� �

¼ d2r

dt2
R̂þ dr

dt
:
dR̂

dt
þ dr

dt
:
dh

dt
T̂ þ r

d2h

dt2
~T þ r

dh

dt
:
dT̂

dt

¼ d2r

dt2
R̂þ dr

dt

dR̂

dh
:
dh

dt
þ dr

dt

dh

dt
þ r

d2h

dt2

� �
T̂

þ r
dh

dt

dT̂

dh
:
dh

dt

¼ d2r

dt2
R̂þ dr

dt
:
dh

dt
T̂ þ dr

dt
:
dh

dt
þ r

d2h

dt2

� �
T̂

� r
dh

dt

� �2

R̂

¼ d2r

dt2
� r

dh

dt

� �2
" #

R̂þ 2
dr

dt

dh

dt
þ r

d2h

dt2


 �
T̂ :
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Hence,

Radial acceleration ¼ aR ¼ d2r

dt2
� r

dh

dt

� �2

and

Transverse acceleration ¼ aT ¼ 2
dr

dt
:
dh

dt
þ r

d2h

dt2
:

EXAMPLE 7.1
If ~a¼ sinh îþ cosh ĵþ hk̂;~b¼ cos ĥi� sin ĥj� 3k̂;
and~c¼ 2~iþ 3~j�~k, find d

dh
~a�ð~b�~cÞ
� 	

at h ¼ 0.

Solution. We are given that
~a ¼ sin h îþ cos h ĵþ hk̂,
~b ¼ cos hî� sin hĵ� 3k̂, and~c ¼ 2~iþ 3~j� k̂.

Therefore,

~b�~c ¼
î ĵ k̂

cos h � sin h �3

2 3 �1

�������
�������

¼ sin hþ 9ð Þî� � cos hþ 6ð Þĵ
þ 3 cos hþ 2 sin hð Þk̂:

Then,

~a� ~b�~c
� 	

¼
î ĵ k̂

sin h cos h h

9þ sin h � cos hþ 6 3 cos hþ 2 sin h

�������
�������

¼ 3 cos2 hþ sin 2h� h cos hþ 6h
� �

î

� 3

2
sin 2hþ 2 sin2 h� 9h� h sin h

� �
ĵ

þ �6 sin h� 9 cos hð Þk̂:
Therefore,

d

dh
~a� ~b�~c

� 	h i
¼ �6coshsinhþ2cos2h� coshþhsinhþ6ð Þ̂i
� 3cos2hþ4sinhcosh�9�hcosh� sinhð Þ̂j
þ �6coshþ9sinhð Þk̂:

Putting h ¼ 0, we get

d

dh
~a� ~b�~c

� 	h i
¼ 2� 1þ 6ð Þ̂i� 3� 9ð Þ̂j� 6k̂

¼ 7îþ 6ĵ� 6k̂:

EXAMPLE 7.2
If~r ¼ cos ntð Þîþ sin ntð Þ̂j, where n is a constant

and t varies, show that~r � d~r
dt
¼ nk̂.

Solution. We have

~r ¼ cos ntð Þîþ sin ntð Þĵ:
Therefore,

d~r

dr
¼ �n sin ntð Þîþ n cos ntð Þĵ:

Therefore,

~r � d~r

dt
¼

î ĵ k̂

cos nt sin nt 0

�n sin nt n cos nt 0

�������
�������

¼ k̂ n cos2 nt þ n sin2 nt
� �

¼ nk̂:

EXAMPLE 7.3
If ~a and ~b are constant vectors, v is a constant

scalar, and~r ¼ ~a sinvt þ~b cosvt, show that

(i) d2~r
dt2

þ v2~r ¼~0 and (ii)~r � d~r
dt
¼ �v~a�~b.

Solution. (i) Since~a and~b are constant vectors, we

have

d~a

dt
¼~0 and

d~b

dt
¼~0: ð1Þ

Now it is given that ~r ¼~a sin vt þ~b cos vt.
Therefore,

d~r

dt
¼ sin vt

d~a

dt
þ d

dt
sin vtð Þ~a

þ cosvt
d~b

dt
þ d

dt
cos vtð Þ~b

¼ 0þ d

dt
sin vtð Þ~aþ 0þ d

dt
cos vtð Þ~b; using ð1Þ:

¼ v cos vtð Þ~a� v sin vtð Þ~b

and

d2~r

dt2
¼ �v2 sin vt
� �

~a� v2 cosvt
� �

~b

¼ �v2 ~a sin vt þ~b cos vt
� 	

¼ �v2~r:
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Hence,

d2~r

dt2
þ v2~r ¼~0:

(ii) Since~a�~a¼~0;~b�~b¼ 0, and~a�~b¼�~b�~a,
we have

~r � d~r

dt
¼ cos vtð Þ~aþ sin vtð Þ~b
h i
� �v sin vtð Þ~aþ v cos vtð Þ~b
h i

¼ v cos2 vt
� �ð~a�~bÞ � v sin2 vt

� �ð~b�~aÞ
¼ v cos2 vt
� �ð~a�~bÞ þ v sin2 vt

� �ð~a�~bÞ
¼ v cos2 vt þ sin2 vt

� �
 �ð~a�~bÞ
¼ v ~a�~b

� 	
:

EXAMPLE 7.4
Show that

d

dt
~a� d~b

dt
� d~a

dt
�~b

 !
¼~a� d2~b

dt2
� d2~a

dt2
�~b:

Solution. We have

d

dt
~a� d~b

dt
� d~a

dt
�~b

 !

¼ d~a

dt
� d~b

dt
þ~a� d2~b

dt2
� d2~a

dt2
�~b� d~a

dt
� d~b

dt

¼~a� d2~b

dt2
� d2~a

dt2
�~b;

which proves our assertion.

EXAMPLE 7.5
Let ~r ¼ t2 î� 3tĵþ 2t þ 1ð Þk̂, find at t ¼ 0, the

value of d2~r
dt2

��� ���.
Solution. Let~r ¼ t2 î� 3tĵþ 2t þ 1ð Þk̂. Then,

d~r

dt
¼ d

dt
t2
� �

î� d

dt
3tð Þĵþ d

dt
2t þ 1ð Þk̂

¼ 2tî� 3ĵþ 2k̂ and

d2~r

dt2
¼ d

dt
2tð Þî� d

dt
3ð Þĵþ d

dt
2ð Þk̂ ¼ 2î:

When t ¼ 0, we have d2~r
dt2

¼ 2î. Further,

d2~r

dt2

����
���� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

22 þ 02 þ 02
p

¼ 2:

EXAMPLE 7.6
If ~a ¼ 5t2 îþ tĵ� t2k̂ and~b ¼ sin tî� cos tĵ, find
d
dt

~a:~b
� 	

and d
dt

~a�~b
� 	

.

Solution. Let~a¼ 5t2̂iþ t̂j� t2k̂ and~b¼ sin t̂i� cos t̂j.
Then,

~a:~b ¼ 5t2 sin t � t cos t:

Therefore,

d

dt
~a:~b
� 	

¼ d

dt
¼ 5t2 sin t � t cos t
� �

¼ 5t2 cos t þ 10t sin t þ t sin t � cos t

¼ 5t2 � 1
� �

cos t þ 11 t sin t:

Also,

~a�~b ¼
î ĵ k̂

5t2 t �t

sin t � cos t 0

�������
�������

¼ �t2 cos t
� �

î� t3 sin t
� �

ĵ

þ �5t2 cos t � t sin t
� �

k̂:

Therefore,

d

dt
~a�~b
� 	
¼ d

dt
�t3 cos t
� �

î� d

dt
t3 sin t
� �

ĵ

þ d

dt
�5t2 cos t � t sin t
� �

k̂

¼ t3 sin t � 3t2 cos t
� �

î� t3 cos t þ 3t2 sin t
� �

ĵ

þ 5t2 sin t � 11t cos t � sin t
� �

k̂:

EXAMPLE 7.7
Find a unit tangent vector to any point on the curve

x ¼ a cos vt, y ¼ a sin vt, and z ¼ bt, where a, b,

and v are constants.

Solution. Let~r be the position vector of any point
(x, y, z) on the given curve. Then,

~r¼ x̂iþ ŷjþ zk̂ ¼ a cos vtð Þ̂iþ a sin vtð Þ̂jþ btð Þk̂:
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Therefore,

d~r

dt
¼ �av sin vtð Þîþ av cos vtð Þĵþ bk̂:

The vector d~r
dt

is along the tangent at the point

(x, y, z) to the given curve. Hence, unit tangent

vector is given by

~T ¼
d~r
dt
d~r
dt

�� �� ¼ �av sinvtð Þîþ av cosvtð Þĵþ bk̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2v2 þ b2

p :

EXAMPLE 7.8
A particle moves along the curve x¼ 3t2, y¼ t2 – 2t

and z¼ t3. Find its velocity and acceleration at t¼ 1

in the direction of îþ ĵ� k̂.

Solution. Let~r be the position vector of any point
(x, y, z) on the given curve. Then,

~r ¼ xîþ yĵþ zk̂ ¼ 3t2 îþ t2 � 2t
� �

ĵþ t3k̂

and so, the velocity and acceleration of the particle

are, respectively,

~v¼ d~r

dt
¼ 6t̂iþ 2t� 2ð Þ̂jþ 3t2k̂ ¼ 6̂iþ 3k̂ at t ¼ 1

and

~a ¼ d2~r

dt2
¼ 6îþ 2ĵþ 6tk̂ ¼ 6îþ 2ĵþ 6k̂ at t ¼ 1:

The unit vector in the direction of îþ ĵ� k̂ is

n̂ ¼ îþ ĵ� k̂

îþ ĵ� k̂
�� �� ¼ îþ ĵ� k̂ffiffiffi

3
p :

Therefore, the components of velocity and accel-

eration in the direction of îþ ĵ� k̂ are

~v:̂n ¼ 6îþ 3k̂
� 	

�
îþ ĵ� k̂
� 	

ffiffiffi
3

p ¼ 3ffiffiffi
3

p ¼
ffiffiffi
3

p

and

~a:̂n ¼ 6îþ 2ĵþ 3k̂
� 	

�
îþ ĵ� k̂
� 	

ffiffiffi
3

p ¼ 2ffiffiffi
3

p ¼ 2
ffiffiffi
3

p

3
:

EXAMPLE 7.9
Find the angle between the tangents to the curve

~r ¼ t2 îþ 2tĵ� t3k̂ at the points t ¼ ±1.

Solution. We have

~r ¼ t2 îþ 2tĵ� t3k̂:
Therefore, the vector along the tangent at any

point is
d~r

dt
¼ 2tîþ 2ĵ� 3t2k̂:

Thus, the vectors along the tangents at t ¼ ±1 are

~T1 ¼ 2îþ 2ĵ� 3k̂ and ~T2 ¼ �2îþ 2ĵ� 3k̂:

The angle h between the tangents is given by

cosh¼
~T1:~T2
~T1
�� �� ~T2

�� ��¼ 2 �2ð Þþ 2 2ð Þ� 3 �3ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4� 9

p
:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4þ 9

p ¼ 9

17
:

Hence,

h ¼ cos�1 9

17

� �
:

EXAMPLE 7.10
A particle moves along the curve

~r ¼ t3 � 4t
� �

îþ t2 þ 4t
� �

ĵþ 8t2 � 3t3
� �

k̂:

where t denotes time. Find the magnitude of accel-

eration along the tangent and normal at time t ¼ 2.

Solution. The curve is

~r ¼ t3 � 4t
� �

îþ t2 þ 4t
� �

ĵþ 8t2 � 3t3
� �

k̂:

Therefore,

~v ¼ d~r

dt
¼ 3t2 � 4
� �

îþ 2t þ 4ð Þĵþ 16t � 9t2
� �

k̂

¼ 8îþ 8ĵ� 4k̂ at t ¼ 2

and

acceleration~a ¼ d2~r

dt2
¼ 6tîþ 2ĵþ ð16� 18tÞk̂

¼ 12îþ 2ĵ� 20k̂ at t ¼ 2:

The velocity is along the tangent to the curve.

Therefore,
Component of ~a along the tangent

¼~a:
~v

~vj j
¼ 12îþ 2ĵ� 20k̂
� 	 8îþ 8ĵ� 4k̂

8îþ 8ĵ� 4k̂
�� ��

¼ 12îþ 2ĵ� 20k̂
� 	 8îþ 8ĵ� 4k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

64þ 64þ 16
p

¼ 96þ 16þ 80

12
¼ 16
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and

Component of ~a along the normal

¼ ~a� resolved part of ~a along the tangentj j

¼ j12îþ 2ĵ� 20k̂ � 16
8îþ 8ĵ� 4k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64þ 64þ 16

p

¼ 1

3
4î� 26ĵ� 44k̂
�� ��

¼ 1

3
½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi16þ 676þ 1936
p � ¼ 2

ffiffiffiffiffi
73

p
:

7.2 PARTIAL DERIVATIVES OF A VECTOR FUNCTION

Let~f be a vector function of x, y, and z. Let �~f be the
change in~f corresponding to a small change �x in x.
Then, �~f ¼~f xþ �x; y; zð Þ �~f x; y; zð Þ. The limit

lim
�x!0

�~f

�x
¼ lim

�x

~f xþ �x; y; zð Þ �~f x; y; zð Þ
�x

;

if it exists, is called the partial derivative of the

vector function~f with respect to x and is denoted by
@~f
@x or

~fx.

Similarly, the partial derivatives of ~f with

respect to y and z are defined by

~fy ¼ lim
�y!0

~f x; yþ �y; zð Þ �~f x; y; zð Þ
�y

and

~fz ¼ lim
�z!0

~f x; y; zþ �zð Þ �~f x; y; zð Þ
�z

;

provided these limits exist.

If~f and~g are differentiable vector functions of

the independent variables x, y, and z and � is a

differentiable scalar function of x, y, and z, then

(i) @
@x

~f þ~g
� 	

¼ @~f
@x þ @~g

@x.

(ii) @
@x �~f
� 	

¼ � @~f
@x þ @�

@x :
~f

(iii) @
@x

~f :~g
� 	

¼~f : @~g@x þ @~f
@x :~g.

(iv) @
@x

~f �~g
� 	

¼~f � @~g
@x þ @~f

@x �~g.

Similar expressions for partial derivatives

with respect to y and z are valid. Higher partial

derivatives of~f may also be defined in the same

way. For example,

~fxx ¼ @2~f

@x2
¼ @

@x

@~f

@x

 !
:

EXAMPLE 7.11

If~f ¼ xyzîþ xz2 ĵ� y3k̂, find @2f
@x@y at the origin.

Solution. We have

~f ¼ xyzîþ xz2 ĵ� y3k̂:

Therefore,

@~f

@y
¼ xẑiþ~0� 3y2k̂ and

@2~f

@x@y
¼ ẑi ¼~0 at ð0; 0; 0Þ:

EXAMPLE 7.12
If~a ¼ x2yzî� 2xz3 ĵþ xz2k̂ and~b ¼ 2zîþ yĵ� x2k̂,

find the value of @2

@x2
~a�~b
� 	

at the point (1, 0, 1).

Solution. We have

~a ¼ x2yzî� 2xz3 ĵþ xz2k̂ and~b ¼ 2zîþ yĵ� x2k̂:

Therefore,

~a�~b ¼
î ĵ k̂

x2yz �2xz3 xz2

2z y �x2

�������
�������

¼ 2x3z3 � xyz2
� �

î� �x4yz� 2xz3
� �

ĵ

þ x2y2zþ 4xz4
� �

k̂:

Hence,

@

@x
~a�~b
� 	

¼ 6x2z3 � yz2
� �

î� �4x3yz� 2z3
� �

ĵ

þ 2xy2zþ 4z4
� �

k̂

and

@2

@x2
~a�~b
� 	

¼ 12xz3
� �

î� �12x2yz
� �

ĵ þ 2y2z
� �

k̂

¼ 12î at 1; 0; 1ð Þ:
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7.3 GRADIENT OF A SCALAR FIELD

A variable quantity whose value at any point in a

region of space depends upon the position of the

point is called a point function. If for each point

P(x, y, z) of a region R, there corresponds a scalar

�(x, y, z), then � is called a scalar-point function for

the region R. The region R is then called a scalar field.
For example, the temperature at any point within or

on the surface of the earth is a scalar-point function.

Similarly, atmospheric pressure in the space is a

scalar-point function. On the other hand, if for each

point P(x, y, z), of a region R, there exists a vector
~f ðx; y; zÞ, then~f is called a vector-point function and
the region R is then called a vector field. For

example, the gravitational force is a vector-point

function.

Let f (x, y, z), be a scalar-point function.

Then, the points satisfying an equation of the type

f (x, y, z)¼ c (constant) constitute a family of

surface in a three-dimensional space. The surfaces

of this family are called level surfaces. Since the
value of the function f at any point of the surface

is the same, these surfaces are also called iso-f-

surfaces.

The operator r, defined by

r ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z
;

is called the vector differential operator and is read

as del or nabla.

Let � be a scalar function defined and differ-

entiable at each point (x, y, z) in a certain region of

space. Then, the vector defined by

r� ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
�;

¼ î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z

is called the gradient of the scalar function � and is

denoted by grad � or r�.
Thus, grad � is a vector with components

@�
@x ;

@�
@y, and @�

@z. We note that � is a scalar-point

function, whereas r� is a vector-point function.

7.4 GEOMETRICAL INTERPRETATION OF A GRADIENT

Let~r ¼ xîþ yĵþ zk̂ be the position vector of a point

P through which a level surface �(x, y, z) ¼ c

(constant) passes. Then, differentiating �(x, y, z) ¼ c

with respect to t, we get

d�

dt
¼ 0 or

@�

@x
:
dx

dt
þ @�

@y
:
dy

dt
þ @�

@z
:
dz

dt
¼ 0:

or

@�

@x
îþ @�

@y
ĵþ @�

@z
k̂

� �
:

dx

dt
îþ dy

dt
ĵþ dz

dt
k̂

� �
¼ 0

or

r�:
d~r

dt
¼ 0:

Since d~r
dt
is the vector tangent to the curve at P and

since P is an arbitrary point on �(x, y, z) ¼ c, it

follows that r� is perpendicular to �(x, y, z) ¼ c

at every point. Hence, r� is normal to the surface

�(x, y, z) ¼ c.

7.5 PROPERTIES OF A GRADIENT

The following theorem illustrates the properties

satisfied by a gradient.

Theorem 7.7. If � and ł are two scalar-point func-
tions, and c is a constant, then,

(i) r �� łð Þ ¼ r��rł.

(ii) r �łð Þ ¼ �rłþ ł r�.

(iii) r �
ł

� 	
¼ ł r���rł

ł2 , provided that ł 6¼ 0.

(iv) r c�ð Þ ¼ cr�.

(v) r� is a constant if and only if � is a

constant.

Proof: (i). By the definition of a gradient, we have

r ��łð Þ
¼ î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
��łð Þ

¼ î
@

@x
��łð Þþ ĵ

@

@y
��łð Þþ k̂

@

@z
��łð Þ

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
�� î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
ł

¼r��rł:
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(ii) r �łð Þ ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
�łð Þ

¼ î
@

@x
�łð Þ þ ĵ

@

@y
�łð Þ þ k̂

@

@z
�łð Þ

¼ î �
@ł
@x

þ ł
@�

@x


 �
þ ĵ �

@ł
@y

þ ł
@�

@y


 �

þ k̂ �
@ł
@z

þ ł
@�

@z


 �

¼ � î
@ł
@x

þ ĵ
@ł
@y

þ k̂
@ł
@z


 �

þ ł î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z


 �

¼ � r łþ ł r �:

(iii) r �

ł

� �
¼ î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
�

ł

� �

¼ î
@

@x

�

ł

� �
þ ĵ

@

@y

�

ł

� �
þ k̂

@

@z

�

ł

� �

¼ î
ł @�

@x � � @ł
@x

ł2

" #
þ ĵ

ł @�
@y � � @ł

@y

ł2

" #

þ k̂
ł @�

@z � � @ł
@z

ł2

" #

¼ ł
î @�@x þ ĵ @�@y þ k̂ @�

@z

h i
ł2

� �
î @ł@x þ ĵ @ł@y þ k̂ @ł

@z

h i
ł2

¼ ł r �� � r ł
ł2

; ł 6¼ 0:

(iv) We have

r c�ð Þ ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
c�ð Þ

¼ î
@

@x
c�ð Þ þ ĵ

@

@y
c�ð Þ þ k̂

@

@z
c�ð Þ

¼ cî
@

@x
�þ cĵ

@

@y
�þ ck̂

@

@z
�

¼ c î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z

� �
¼ c r �:

(v) We note that

r � ¼~0 , î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z
¼~0

, @�

@x
¼ 0;

@�

@y
¼ 0;

@�

@z
¼ 0

, � is a constant.

7.6 DIRECTIONAL DERIVATIVES

Let A be any given point in the region of definition

of a scalar-point function �. Let P be a point on any

line drawn on one side of A. Then lim
P!A

� Pð Þ�� Að Þ
AP

, if

exists, is called the directional derivative of the

scalar-point function � at A in the direction of AP.

The length of AP is regarded as positive. The

direction derivative in the direction ofAP´, where P´
is a point on the other side of A, is negative of that

in the direction of AP.

P

A

P

The directional derivative of the vector function~f at

A in the direction of AP is defined as lim
P!A

~f Pð Þ�~f Að Þ
AP

,

provided the limit exists.

7.6.1 Directional Derivatives Along Coordinate Axes
Let A(x, y, z) be a point and let P(x þ �x, y, z) be a
point on a line drawn through A and parallel to the

positive direction of x-axis. Then, AP ¼ �x > 0.

Therefore, directional derivative of a scalar-point

function at A along AP is defined as

lim
P!A

� Pð Þ � � Að Þ
AP

¼ lim
� x!0

� xþ �x; y; zð Þ � � x; y; zð Þ
�x

¼ @�

@x
:

Thus, the directional derivative of a scalar-point
function � along the x-axis is the partial deriva-

tive of � with respect to x.
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Similarly, directional derivatives of � along

y- and z-axis are, respectively, @�@y and
@�
@z .

The directional derivatives of a vector-point

function~f along the coordinate axes are similarly
@~f
@x ;

@~f
@y ; and

@~f
@z ; respectively.

Further, if l, m, and n, are direction cosines of

AP¼ r, then the coordinates of P are xþ lr, yþ mr,

and z þ nr and so, the directional derivative of the

scalar-point function � along AP becomes

lim
P!A

� Pð Þ�� Að Þ
AP

¼lim
r!0

� xþlr ;yþmr ; zþnrð Þ�� x;y;zð Þ
r

¼lim
r!0

� x;y;zð Þþ lr@�@xþmr@�@yþnr@�@z

� 	
þ...�� x;y;zð Þ

r

¼l
@�

@x
þm

@�

@y
þn

@�

@z
;

by the application of Taylor’s Theorem for function

of several variables under the assumption that � has

a continuous first-order partial derivatives.

Similarly, the directional derivative of a vector-
point function ~f along any line with direction

cosines l, m, and n is l @
~f
@x þ m @~f

@y þ n @~f
@z.

Theorem 7.8. The directional derivative of a scalar-

point function � along the direction of unit vector â

is r� � â.
Proof: The unit vector â along a line whose direction
cosines are l, m, and n is

â ¼ lîþ mĵþ nk̂:

Therefore,

r�:̂a ¼ î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z

� �
lîþ mĵþ nk̂
� 	

¼ l
@�

@x
þ m

@�

@y
þ n

@�

@z
;

which is nothing but directional derivative of � in

the direction of the unit vector â.

Theorem 7.9. Grad � is a vector in the direction of
which the maximum value of the directional deri-

vative of � occurs. Hence, the directional derivative

is maximum along the normal to the surface and the

maximum value is

grad �j j ¼ r�j j:

Proof: Recall that~a:~b ¼ aj j bj j cos h, where h is the

angle between the vectors~a and~b. Since (grad �). â
gives the directional derivative in the direction of
unit vector â, that is, the rate of change of �(x, y, z) in
the direction of the unit vector â, it follows that the

rate of change of �(x, y, z) is zero along directions

perpendicular to grad � since cos �
2
¼ 0

� �
and is

maximum along the direction parallel to grad �.
Since grad � acts along the normal direction to the

level surface of �(x, y, z), the directional derivative is
maximum along the normal to the surface. The
maximum value is | grad � | ¼ |r�|.

EXAMPLE 7.13
If~r ¼ xîþ yĵþ zk̂ and ~rj j ¼ r, show that

(i) rf rð Þ ¼ f 0 rð Þrr and (ii) rf rð Þ �~r ¼~0.

Solution. (i) By the definition of gradient,

rf rð Þ ¼ î
@

@x
f rð Þ þ ĵ

@

@y
f rð Þ þ k̂

@

@z
f rð Þ

¼ îf 0 rð Þ @r
@x

þ ĵf 0 rð Þ @r
@y

þ k̂f 0 rð Þ @r
@z

¼ f 0 rð Þ î
@r

@x
þ ĵ

@r

@y
þ k̂

@r

@z

� �
¼ f 0 rð Þrr:

(ii) As in part (i), we have

rf rð Þ ¼ f 0 rð Þ î
@r

@x
þ ĵ

@r

@y
þ k̂

@r

@z

� �
:

Since r ¼ ~rj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
, we have

@r

@x
¼ 1

2 x2 þ y2 þ z2ð Þ12
2xð Þ ¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2 þ z2
p ¼ x

r
;

and similarly, @r@y ¼ y
r
and @r

@z ¼ z
r
. Therefore,

rf rð Þ ¼ f 0 rð Þ î
x

r
þ ĵ

y

r
þ k̂

z

r

� 	
¼ f 0 rð Þ~r

r
:
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Hence,

rf rð Þ �~r ¼ f 0 rð Þ
r

~r �~rð Þ ¼~0:

EXAMPLE 7.14
If f ~rð Þ ¼ x2yz2, find rf at the point (1,2,3). Hence

calculate

(i) the directional derivative of f ~rð Þ at (1,2,3)
in the direction of the vector (– 2,3, – 6).

(ii) the maximum rate of change of the func-

tion at (1,2,3) and its direction.

Solution. Since @f
@x¼ 2xyz2; @f@y¼ x2z2; and @f

@z¼ 2x2yz,

we have

rf ¼ 2xyz2 îþ x2z2 ĵþ 2x2yzk̂:

Therefore, at the point (1,2,3),

grad f ¼ rf ¼ 36îþ 9ĵþ 12k̂:

(i) The unit vector â in the direction of the vector
(– 2,3, –6) is

�2îþ 3ĵ� 6k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 9þ 36

p ¼ �2

7
îþ 3

7
ĵ� 6

7
k̂:

Therefore, the directional derivative at (1,2,3) in the

direction of the vector (– 2,3, –6) is

rf :̂a ¼ 36îþ 9ĵþ 12k̂
� 	

: � 2

7
îþ 3

7
ĵ� 6

7
k̂

� �

¼ � 72

7
þ 27

7
� 72

7
¼ � 117

7
:

(ii) The maximum rate of change of the function at

(1,2,3) occurs along the direction parallel to rf at

(1,2,3), that is, parallel to 36îþ 9ĵþ 12k̂. The

unit vector in that direction is 36îþ9ĵþ12k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1296þ144þ81

p ¼
36îþ9ĵþ12k̂

39
¼ 12îþ3ĵþ4k̂

13
.

The maximum rate of change of f ~rð Þ is

grad fj j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1296þ 144þ 81

p ¼ 39.

EXAMPLE 7.15
If ~r is the usual position vector ~r ¼ xîþ yĵþ zk̂

with ~rj j ¼ r, evaluate

(i) rr; (ii) r 1
r

� �
; (iii) rrn; and (iv) r 1

r2

� �
.

Solution. Since ~rj j ¼ r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
, we have

@r

@x
¼ x

r
;
@r

@y
¼ y

r
; and

@r

@z
¼ z

r
:

Therefore,

(i) r rð Þ ¼ î @
@x þ ĵ @

@y þ k̂ @
@z

� 	
rð Þ ¼ î @r@x þ ĵ @r@y þ k̂ @r

@z

¼ î
x

r
þ ĵ

y

r
þ k̂

z

r
¼ xîþ yĵþ zk̂

r
¼~r

r
:

(ii)r 1

r

� �
¼ î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
1

r

� �

¼ î
@

@x

1

r

� �
þ ĵ

@

@y

1

r

� �
þ k̂

@

@z

1

r

� �

¼ î � 1

r2
@r

@x

� �
þ ĵ � 1

r2
@r

@y

� �
þ k̂ � 1

r2
@r

@z

� �

¼ î � 1

r2
:
x

r

� �
þ ĵ � 1

r2
:
y

r

� �
þ k̂ � 1

r2
:
z

r

� �

¼� 1

r3
x̂iþ ŷjþ ẑk
� 	

¼�~r

r3
:

(iii) rrn ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
rnð Þ

¼ î
@

@x
rnð Þ þ ĵ

@

@y
rnð Þ þ k̂

@

@z
rnð Þ

¼ î nrn�1 @r

@x

� �
þ ĵ nrn�1 @r

@y

� �

þ k̂ nrn�1 @r

@z

� �

¼ î nrn�1:
x

r

� 	
þ ĵ nrn�1:

y

r

� 	
þ k̂ nrn�1:

z

r

� 	

¼ nrn�2 x̂iþ ŷjþ zk̂
� 	

¼ nrn�2~r:
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(iv) r 1

r2

� �
¼ î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
1

r2

� �

¼ î
@

@x

1

r2

� �
þ ĵ

@

@y

1

r2

� �
þ k̂

@

@z

1

r2

� �

¼ î � 2

r3
@r

@x

� �
þ ĵ � 2

r3
@r

@y

� �

þ k̂ � 2

r3
@r

@z

� �

¼ î � 2

r3
:
x

r

� �
þ ĵ � 2

r3
:
y

r

� �

þ k̂ � 2

r3
:
z

r

� �

¼ � 2

r4
xîþ yĵþ zk̂
� 	

¼ � 2~r

r4
:

EXAMPLE 7.16
Find the directional derivative of f (x, y, z) ¼ xy2 þ
yz3 at the point (2, – 1,1) in the direction of the

vector îþ 2ĵþ 2k̂.

Solution. We have

rf ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
xy2 þ yz3
� �

¼ y2 îþ 2xyþ z3
� �

ĵþ 3yz2
� �

k̂

¼ î� 3ĵ� 3k̂ at the point ð2;�1; 1Þ:
The unit vector in the direction of the vector îþ
2ĵþ 2k̂ is

â ¼ îþ 2ĵþ 2k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4þ 4

p ¼ 1

3
îþ 2ĵþ 2 k
� �

:

Therefore, the directional derivative of f at (2, – 1,1)

in the direction of îþ 2ĵþ 2k̂ is

r �:̂a ¼ î� 3ĵ� 3k̂
� 	

:
1

3
îþ 2ĵþ 2k̂
� 	

¼ 1

3
1� 6� 6ð Þ ¼ � 11

3
:

EXAMPLE 7.17
Find the directional derivative of � (x, y, z) ¼ xy2 þ
yz3 at the point (2, – 1,1) in the direction of the

normal to the surface xlog z – y2þ 4¼ 0 at (2, – 1,1).

Solution. We have � ¼ xy2 þ yz3; @�
@x ¼ y2; @�

@y ¼
2xyþ z3; and @�

@z ¼ 3yz2. Therefore, as in Example

7.16,

r� ¼ î� 3ĵ� 3k̂ at 2;�1; 1ð Þ:

On the other hand,

rðx log z� y2 þ 4Þ

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x log z� y2 þ 4
� �

¼ î
@

@x
x log z� y2 þ 4
� �þ ĵ

@

@y
x log z� y2 þ 4
� �

þ k̂
@

@z
x log z� y2 þ 4
� �

¼ log zî� 2yĵþ x

z
k̂ ¼ �4ĵ� k̂ at �1; 2; 1ð Þ:

But r(x log z – y2 þ 4) is normal to the surface

x log z – y2 þ 4. Unit vector along r(x log z – y2 þ
4) is

â ¼ �4ĵ� k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 1

p ¼ �4ĵ� k̂ffiffiffiffiffi
17

p :

Therefore, the directional derivative of � at (2, – 1,1)

in the direction of the normal to the surface x log
z – y2 þ 4 ¼ 0 at (– 1,2,1) is

r�:̂a¼ î� 3̂j�3k̂
� 	 �4̂j� k̂ffiffiffiffiffi

17
p

 !
¼ 12þ3ffiffiffiffiffi

17
p ¼ 15ffiffiffiffiffi

17
p :

EXAMPLE 7.18
Find the angle between the surfaces x2þ y2þ z2¼ 9

and z ¼ x2 þ y2 – 3 at the point (2, �1, 2).

Solution. Let �(x, y, z)¼ x2þ y2þ z2 – 9 andł (x, y, z)

¼ x2 þ y2 – 3 – z. Then, the angle between the

surfaces at the given point (2,–1,2) is the angle

between the normal to the surfaces at that point.
Also r� and rł are along the normal to � and ł,
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respectively. But,

r� ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x2 þ y2 þ z2 � 9
� �

¼ 2xîþ 2yĵþ 2zk̂

¼ 4î� 2ĵþ 4k̂ at the pointð2;�1; 2Þ
and

rł ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x2 þ y2 � 3� z
� �

¼ 2xîþ 2yĵ� k̂

¼ 4î� 2ĵ� k̂ at the point 2;�1; 2ð Þ:
If h is the angle between r� and rł, then

cos h ¼ r�:rł
r�j j rłj j ¼

4î� 2ĵþ 4k̂
� 	

: 4î� 2ĵ� k̂
� 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 4þ 16

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 4þ 1

p

¼ 16þ 4� 4

6
ffiffiffiffiffi
21

p ¼ 8

3
ffiffiffiffiffi
21

p :

Hence, the required angle is h ¼ cos�1 8
3
ffiffiffiffi
21

p
� 	

.

EXAMPLE 7.19
In what direction from (3,1,–2) is the directional
derivative of � ¼ x2 y2 z4 maximum and what is its

magnitude?

Solution. The directional derivative at a given point

of a given surface � is maximum along the normal

to the surface and grad � acts along the normal.

Therefore, the directional derivative is maximum

along r�. We have

r� ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x2y2z4
� �

¼ 2xy2z4
� �

îþ 2x2yz4
� �

ĵþ 4x2y2z3
� �

k̂

¼ 96îþ 288ĵ� 288k̂ at the point 3; 1;�2ð Þ:

Thus, the directional derivative is maximum in

the direction of 96îþ 288ĵ� 288k̂. The magnitude

of the maximum directional derivative is

r�j j ¼ 96
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 9þ 9

p ¼ 96
ffiffiffiffiffi
19

p
.

EXAMPLE 7.20
Find the angles between the normal to the surface

xy ¼ z2 at the points (4,1,2) and (3,3,–3).

Solution. Let �( x, y, z) ¼ xy – z2. Since r� is along

the normal, it is sufficient to find angle betweenr�
at (4, 1, 2) and r� at (3, 3, –3). Now,

r�¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
xy� z2
� �¼ ŷiþ x̂j�2zk̂:

Therefore,

r� at 4; 1; 2ð Þ is îþ 4ĵ� 4k̂ and

r� at 3; 3;�3ð Þ is 3îþ 3ĵþ 6k̂:

Hence, the required angle h is the angle between îþ
4ĵ� 4k̂ and 3îþ 3ĵþ 6k̂. Therefore,

cos h ¼
îþ 4ĵ� 4k̂
� 	

: 3îþ 3ĵþ 6k̂
� 	

îþ 4ĵ� 4k̂
�� �� 3îþ 3ĵþ 6k̂

�� �� ¼ �9ffiffiffiffiffi
33

p ffiffiffiffiffi
54

p

¼ � 1ffiffiffiffiffi
22

p :

Hence,

h ¼ cos�1 � 1ffiffiffiffiffi
22

p
� �

:

EXAMPLE 7.21
Find the constants a and b so that the surface ax2 –

byz ¼ (a þ 2)x is orthogonal to the surface 4x2 y þ
z3 ¼ 4 at the point (1,–1,2).

Solution. The two given surfaces will be orthogonal

if the angle between the normal to the surfaces

at the point (1,–1,2) is �
2
. Since r� acts along the

normal, it is sufficient to find r� and rł at

(1,–1,2), where � ¼ ax2 – byz – (a þ 2)x and ł ¼
4x2 yþz3 – 4. We have

r� ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
ax2 � byz� aþ 2ð Þx� �

¼ î 2ax� a� 2ð Þ þ ĵ �bzð Þ þ k̂ �byð Þ
¼ a� 2ð Þ̂i� 2bĵþ bk̂ at 1;�1; 2ð Þ;
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and

rł ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
4x2yþ z3 � 4
� �

¼ î 8xyð Þ þ ĵ 4x2
� �þ k̂ 3z2

� �
¼ �8îþ 4ĵþ 12k̂ at 1;�1; 2ð Þ:

Since h ¼ �
2
, we have

cos
�

2
¼

a� 2ð Þ̂i� 2bĵþ bk̂
� 	

: �8îþ 4ĵþ 12k̂
� 	

a� 2ð Þ̂i� 2bĵþ bk̂
�� �� �8îþ 4ĵþ 12k̂

�� �� :

Hence,

a� 2ð Þ̂i� 2bĵþ bk̂
� 	

: �8îþ 4ĵþ 12k̂
� 	

¼ 0

or
a� 2ð Þ �8ð Þ � 8bþ 12b ¼ 0

or �8aþ 4b ¼ �16: ð1Þ
Since the points (1, �1, 2) lie on both surfaces �
and ł, we have from the surface �,

aþ 2b ¼ aþ 2 or b ¼ 1: ð2Þ
Putting the value of b from (2) in (1), we get

� 8a ¼ �16� 4 or a ¼ 20

8
¼ 5

2
:

Hence, a ¼ 5
2
and b ¼ 1.

EXAMPLE 7.22
A paraboloid of revolution has the equation

2z ¼ x2 þ y2. Find the equation of the normal

and the tangent plane to the surface at the point
(1, 3, 5).

Solution. Let � ¼ x2 þ y2 – 2z. Then, r� gives the

vector normal to the surface. Thus, the normal

vector to the surface is

r� ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x2 þ y2 � 2z
� �

¼ 2xîþ 2yĵ� 2k̂

¼ 2îþ 6ĵ� 2k̂; at the point 1; 3; 5ð Þ:

Therefore, the unit normal vector at the point (1,3,5)

is

â ¼ 2îþ 6ĵ� 2k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 36þ 4

p ¼ îþ 3ĵ� k̂ffiffiffiffiffi
11

p :

The equation of the line through the point (1,3,5) in

the direction of this normal vector is

x� 1

1
¼ y� 3

3
¼ z� 5

�1
:

Therefore, the equation of the tangent plane to the

surface at the point (1,3,5) is

1 x� 1ð Þ þ 3 y� 3ð Þ þ �1ð Þ z� 5ð Þ ¼ 0

or
xþ 3y� z ¼ 5:

EXAMPLE 7.23
Find the angle between the tangent planes to the sur-

faces x log z ¼ y2 – 1 and x2 y ¼ 2 – z at the point

(1, 1, 1).

Solution. The required angle will be the angle
between the vectors normal to the given surfaces at

the given point. The normal vectors to the surfaces �
¼ x log z – y2 þ 1 and ł ¼ x2 y – 2 þ z are given by

r� ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x log z� y2 þ 1
� �

¼ log zî� 2yĵþ x

z
k̂

¼ �2ĵþ k̂ at the point 1; 1; 1ð Þ
and

rł ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x2y� 2þ z
� �

¼ 2xyîþ x2 ĵþ k̂

¼ 2îþ ĵþ k̂ at the point 1; 1; 1ð Þ:
Therefore, the required angle is given by

cosh ¼
�2̂jþ k̂
� 	

: 2̂iþ ĵþ k̂
� 	
ffiffiffi
5

p
:
ffiffiffi
6

p ¼ �2þ 1ffiffiffiffiffi
30

p ¼ �1ffiffiffiffiffi
30

p :

Hence,

h ¼ cos�1 �1ffiffiffiffiffi
30

p
� �

:
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7.7 DIVERGENCE OF A VECTOR-POINT FUNCTION

If we want to consider the rate of change of a vector-

point function~f , there are two ways of operating the
vector operator r to the vector~f . Thus, we have

two cases to consider, namely,

r � ~f and r�~f :

These two cases lead us to the two concepts called

Divergence of a Vector Function and curl of a

Vector Function. If we consider a vector field as a

fluid flow, then at every point in the flow, we need

to measure the rate of flow of the fluid from that

point and the amount of spin possessed by the
particles of the fluid at that point. The above two

concepts provide respectively, the two measures

called divergence of~f and curl of~f .

Let ~f ¼ f1 îþ f2 ĵþ f3k̂ be a vector function,

where f1, f2, and f3 are scalar-point functions, which

is defined and differentiable at each point of the
region of space. Then, the divergence of~f , denoted
by r � ~f or div~f , is a scalar given by

r � ~f ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
: f1 îþ f2 ĵþ f3k̂
� 	

¼ @f1
@x

þ @f2
@y

þ @f3
@z

:

The vector~f is called Solenoidal if r � ~f ¼ 0.

7.8 PHYSICAL INTERPRETATION OF DIVERGENCE
Consider the steadymotion of the fluid having velocity

~v ¼ vxîþ vyĵþ vzk̂ at a point P(x, y, z) Consider a

small parallelopiped with edges �x, �y, and �z parallel
to the axes, with one of its corner at P(x, y, z). The

mass of the fluid entering through the face PQRS per

unit time is vy �x �z and the mass of the fluid that

flows out through the opposite face ABCD is vy þ �y

�x �z. Therefore, the change in the mass of fluid

flowing across these two faces is equal to

vyþ�y�x �z� vy�x�z ¼ vy þ @vy
@y

:�y

� �
�x �z

� vy�x �z ¼ @vy
@y

�y �x �z:

Similarly, the changes in the mass of the fluid for the

other two pairs of faces are

@vx
@x

�x �y �z and
@vz
@z

�x �y �z:

Z

X

O Y

A

BQ

P

S

vy

R C
x

y

z
D

vy �

�

y�

�

�

Therefore, the total change in the mass of the fluid

inside the parallelopiped per unit time is equal to

@vx
@x

þ @vy
@y

þ @vz
@z

� �
�x �y �z:

Hence, the rate of change of the mass of the fluid
per unit time per unit volume is

@vx
@x

þ @vy
@y

þ @vz
@z

¼ r �~v;

by the definition of divergence. Hence, div~v gives
the rate at which the fluid (the vector field) is

flowing away at a point of the fluid.

EXAMPLE 7.24
Find div~v, where~v ¼ 3x2yîþ ẑjþ x2k̂.

Solution. We know that

div~v ¼ @v1
@x

þ @v2
@y

þ @v3
@z

:

Here, v1 ¼ 3x2 y, v2 ¼ z, and v3 ¼ x2. Therefore,

div~v ¼ 6xy:

7.20 n Engineering Mathematics-I



EXAMPLE 7.25
Find the value of the constant l such that the vector

field defined by

~f ¼ 2x2y2 þ z2
� �

îþ 3xy3 � x2z
� �

ĵþ lxy2zþ xy
� �

k̂

is solenoidal.

Solution. We have

f1¼2x2y2þ z2; f2¼3xy3�x2z; and f3¼lxy2zþxy:

Therefore,

div~f ¼ @f1
@x

þ @f2
@y

þ @f3
@z

¼ 4xy2 þ 9xy2 þ lxy2:

The vector field shall be a solenoidal if div~f ¼ 0.

So, we must have

4xy2 þ 9xy2 þ lxy2 ¼ 0;

which yields l ¼ – 13.

EXAMPLE 7.26
Find div~f , where~f ¼ grad x3 þ y3 þ z3 � 3xyzð Þ.
Solution. We have

~f ¼ r x3 þ y3 þ z3 � 3xyz
� �

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x3 þ y3 þ z3 � 3xyz
� �

¼ 3x2 � 3yz
� �

îþ 3y2 � 3xz
� �

ĵþ 3z2 � 3xy
� �

k̂

¼ f1 îþ f2 ĵþ f3k̂; say:

Then,

div~f ¼ @f1
@x

þ@f2
@y

þ@f3
@z

¼ 6xþ6yþ6z¼ 6 xþ yþ zð Þ:

EXAMPLE 7.27
Find div 3x2 îþ 5xy2 ĵþ xyz3k̂

� 	
at the point.

(1, 2, 3).

Solution. Let~f ¼3x2̂iþ5xy2̂jþxyz3k̂¼ f1̂iþ f2̂jþ f3k̂,

say. Then,

div~f ¼ @f1
@x

þ @f2
@y

þ @f3
@z

¼ 6xþ 10xyþ 3xyz2

¼ 6þ 20þ 54 ¼ 80 at 1; 2; 3ð Þ:

7.9 CURL OF A VECTOR-POINT FUNCTION

Let~f ¼ f1 îþ f2 ĵþ f3k̂ be a vector-point function,

where f1, f2, and f3 are scalar-point functions. If~f
is defined and differentiable at each point (x, y, z)

of the region of space, then the curl (or rotation) of
~f , denoted, by curl~f , r�~f , or rot~f is defined by

Curl~f ¼r�~f

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
� f1 îþ f2 ĵþ f3k̂
� 	

¼
î ĵ k̂

@
@x

@
@y

@
@z

f1 f2 f3

��������

��������
¼ @f3

@y
� @f2

@z

� �
îþ @f1

@z
� @f3

@x

� �
ĵ

þ @f2
@x

� @f1
@y

� �
k̂:

Obviously, curl~f is a vector-point function.

7.10 PHYSICAL INTERPRETATION OF CURL

Consider a rigid body rotating about a fixed axis
through the origin with angular velocity ~v ¼ v1 îþ
v2 ĵþv3k̂. Let ~r ¼ x̂iþ ŷjþ zk̂ be the position

vector of any point P(x,y,z) on the body. Then, the

velocity~v of P is given by

~v ¼ ~v�~r ¼
î ĵ k̂

v1 v2 v3

x y z

�������
�������

¼ v2z�v3yð Þ̂iþ v3x�v1zð Þ̂jþ v1y�v2xð Þk̂:
Therefore,

Curl~v¼r�~v

¼
î ĵ k̂

@
@x

@
@y

@
@z

v2z�v3y v3x�v1z v1y�v2x

��������

��������
¼ 2 v1̂iþv2̂jþv3k̂
� 	

; since v1;v2; and

v3 are constants

¼ 2~v:
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Hence, ~v ¼ 1
2
curl~v. It follows, therefore, that the

angular velocity at any point is equal to half the

curl of the linear velocity at that point of the body.

Thus, curl is ameasure of rotation. If curl~v ¼ 0,

then the vector~v is called an irrotational vector.

7.11 THE LAPLACIAN OPERATOR r2

If � is a scalar-point function, then

grad � ¼ r � ¼ î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z

(vector - point function)

and then,

div ½grad �� ¼ r � r �

¼ @

@x

@�

@x

� �
þ @

@y

@�

@y

� �
þ @

@z

@�

@z

� �

¼ @2�

@x2
þ @2�

@y2
þ @2�

@z2

¼ @2

@x2
þ @2

@y2
þ @2

@z2

� �
� ¼ r2�;

where r2 ¼ @2

@x2
þ @2

@y2
þ @2

@z2
is called Laplacian

operator.

A scalar-point function possessing second-

order continuous partial derivatives and satisfying
the Laplacian equation r2� ¼ 0 is called a

harmonic function.

EXAMPLE 7.28
Find curl~F, where~F ¼ gradðx3 þ y3 þ z3 � 3 xyzÞ.
Solution. We have
~F ¼ grad x3 þ y3 þ z3 � 3xyz

� �
¼ î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
x3 þ y3 þ z3 � 3xyz
� �

¼ 3x2 � 3yz
� �

îþ 3y2 � 3xz
� �

ĵ þ 3z2 � 3xy
� �

k̂:

Therefore,

Curl~F ¼r�~F ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
�~F

¼
î ĵ k̂
@
@x

@
@y

@
@z

3x2� 3yz 3y2�3xz 3z2�3xy

�������
�������

¼ î �3xþ3xð Þþ ĵ �3yþ3yð Þþ k̂ �3zþ3zð Þ
¼~0:

EXAMPLE 7.29
Show that the vector ~v ¼ yzð Þîþ zxð Þĵþ xyð Þk̂ is

irrotational.

Solution. It is sufficient to show that the curl~v ¼~0.
We have

Curl~v ¼ r�~v ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �

� yzð Þîþ zxð Þĵþ xyð Þk̂
h i

¼
î ĵ k̂
@
@x

@
@y

@
@z

yz zx xy

�������
�������

¼ î x� xð Þ þ ĵ y� yð Þ þ k̂ z� zð Þ ¼~0:

EXAMPLE 7.30
If~r ¼ xîþ yĵþ zk̂, show that curl~r ¼~0.

Solution. We have

curl~r¼r�~r¼
î ĵ k̂
@
@x

@
@y

@
@z

x y z

�������
�������

¼ î
@

@y
zð Þ� @

@z
yð Þ


 �
þ ĵ

@

@z
xð Þ� @

@x
zð Þ


 �

þ k̂
@

@x
yð Þ� @

@y
xð Þ


 �
¼ î 0ð Þþ ĵ 0ð Þþ k̂ 0ð Þ ¼~0:

EXAMPLE 7.31
Show that curl curl~f ¼~0, where~f ¼ zîþ xĵþ yk̂.

Solution. Let~f ¼ zîþ xĵþ yk̂. Then

curl~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

z x y

�������
�������

¼ @y

@y
� @x

@z


 �
îþ @z

@z
� @y

@x


 �
ĵþ @x

@x
� @z

@y


 �
k̂

¼ 1� 0ð Þîþ 1� 0ð Þĵþ 1� 0ð Þk̂ ¼î þ̂jþ k̂:
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Hence,

curl curl~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

1 1 1

�������
������� ¼

@

@y
1ð Þ � @

@z
1ð Þ


 �
î

þ @

@z
1ð Þ � @

@x
1ð Þ


 �

ĵþ @

@x
1ð Þ � @

@y
1ð Þ


 �
k̂

¼ 0îþ 0ĵþ 0k̂ ¼~0:

EXAMPLE 7.32
If all second-order derivatives of � and ~v are
continuous, show that

(i) curl grad �ð Þ ¼~0, (ii) curl curl~vð Þ ¼ grad

div~v�r2~v, (iii) div curl~vð Þ ¼ 0, and (iv) grad

div~vð Þ ¼ î @
@x þ ĵ @

@y þ k̂ @
@z

� 	
@v1
@x þ @v2

@y þ @v3
@z

� 	
:

Solution. (i) We have

curl grad �ð Þ ¼ r �r�

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �

� î
@�

@x
þ ĵ

@�

@y
þ k̂

@�

@z

� �

¼
î ĵ k̂
@
@x

@
@y

@
@z

@�
@x

@�
@y

@�
@z

��������

��������
¼ î

@2�

@y@z
� @2�

@z@y

� �
þ ĵ

@2�

@z@x
� @2�

@x@z

� �

þ k̂
@2�

@x@y
� @2�

@y@x

� �
¼ î 0ð Þ þ ĵ 0ð Þ þ k̂ 0ð Þ ¼~0:

(ii) If~v ¼ v1 îþ v2 ĵþ v3k̂, then

curl~v¼r�~v¼
î ĵ k̂
@
@x

@
@y

@
@z

v1 v2 v3

�������
�������¼
X

i
@v3
@y

�@v2
@z

� �

and so,

curl curl~vð Þ¼r� r�~vð Þ

¼
î ĵ k̂

@
@x

@
@y

@
@z

@v3
@y �@v2

@z
@v1
@z �@v3

@x
@v2
@x �@v1

@y

��������

��������
¼
X

î
@

@y

@v2
@x

�@v1
@y

� �

� @

@z

@v1
@z

�@v3
@x

� ��

¼
X

î
@

@x

@v2
@y

þ@v3
@z

� �

� @2v1

@y2
þ@2v1

@z2

� ��

¼
X

î
@

@x

@v1
@x

þ@v2
@y

þ@v3
@z

� �


� @2v1

@x2
þ@2v1

@y2
þ@2v1

@z2

� ��

¼
X

î
@

@x
div~vð Þ�

X
r2̂iv1

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
div~vð Þ

�r2 îv1þ ĵv2þ k̂v3

� 	
¼graddiv~v�r2~v:

(iii) As in (ii),

curl~v ¼ î
@v3
@y

� @v2
@z

� �
þ ĵ

@v1
@z

� @v3
@x

� �

þ k̂
@v2
@x

� @v1
@y

� �
:

Therefore,

div curl~vð Þ ¼r � r�~vð Þ
¼ @

@x

@v3
@y

� @v2
@z

� �
þ @

@y

@v1
@z

� @v3
@x

� �
 �

þ @

@z

@v2
@x

� @v1
@y

� �

¼ @2v3

@x@y
� @2v2

@x@z
þ @2v1

@y@z
� @2v3

@y@x

þ @2v2

@z@x
� @2v1

@z@y

¼ @2v3

@x@y
� @2v2

@x@z
þ @2v1

@y@z
� @2v3

@x@y

þ @2v2

@x@z
� @2v1

@y@z
since~v is continuous

¼ 0:
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(iv) If~v ¼ v1 îþ v2 ĵþ v3k̂, then

div~v ¼ @v1
@x

þ @v2
@y

þ @v3
@z

:

Therefore,

grad div~vð Þ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
@v1
@x

þ@v2
@y

þ@v3
@z

� �
:

EXAMPLE 7.33
If~a is a constant vector and~r ¼ xîþ yĵþ zk̂, show

that

(i) div ~a�~rð Þ ¼ 0 and (ii) curl ~a�~rð Þ ¼ 2~a.

Solution. (i) We have~a ¼ a1 îþ a2 ĵþ a3k̂. Therefore,

~a�~r ¼
î ĵ k̂

a1 a2 a3

x y z

�������
�������

¼ î a2z� a3yð Þ � ĵ a1z� a3xð Þ þ k̂ a1y� a2xð Þ:
Hence,

div ~v�~rð Þ ¼ @

@x
a2 z� a3 yð Þ � @

@y
a1 z� a3 xð Þ

þ @

@z
a1 y� a2 xð Þ ¼ 0� 0þ 0 ¼ 0

(ii) curl ~a�~rð Þ¼r� ~a�~rð Þ

¼
î ĵ k̂

@
@x

@
@y

@
@z

a2 z�a3 y a3 x�a1 z a1 y�a2 x

�������
�������

¼ î a1þa1ð Þþ ĵ a2þa2ð Þþ k̂ a3þa3ð Þ
¼2 a1̂iþa2̂jþa3k̂
� 	

¼2~a:

EXAMPLE 7.34
Determine curl curl~v if~v ¼ x2yîþ y2ẑjþ z2yk̂.

Solution. Let~v ¼ x2yîþ y2zĵþ z2yk̂. Then

curl~v ¼ r�~v ¼
î ĵ k̂
@
@x

@
@y

@
@z

x2y y2z z2y

������
������

¼ î z2 � y2
� �þ ĵ 0ð Þ þ k̂ �x2

� �
¼ î z2 � y2
� �þ 0ĵ� x2k̂

Hence,

curl curl~v ¼
î ĵ k̂
@
@x

@
@y

@
@z

z2 � y2 0 �x2

������
������

¼ 2zþ 2xð Þĵþ 2yk̂

EXAMPLE 7.35
Show that rn~r is irrotational.

Solution. It is sufficient to show that curl rn~r ¼~0. We

have
curl rn~r ¼ r� rn~r

¼ r� rn x~iþ y~jþ z~k
� 	h i

¼
î ĵ k̂
@
@x

@
@y

@
@z

rnx rny rnz

�������
�������

¼ @

@x
rnzð Þ � @

@z
rnyð Þ


 �
î

þ @

@z
rnxð Þ � @

@x
rnzð Þ


 �
ĵ

þ @

@x
rnyð Þ � @

@y
rnxð Þ


 �
k̂

¼ znrn�1 @r

@y
� ynrn�1 @r

@z


 �
î

þ xnrn�1 @r

@z
� znrn�1 @r

@x


 �
ĵ

þ ynrn�1 @r

@x
� xnrn�1 @r

@y


 �
k̂

¼ znrn�1 y

r
� ynrn�1 z

r

h i
î

þ xnrn�1 z

r
� znrn�1 x

r

h i
ĵ

þ ynrn�1 x

r
� xnrn�1 y

r

h i
k̂

¼ 0îþ 0ĵþ 0k̂ ¼~0:

Hence, rn~r is irrotational.

7.12 PROPERTIES OF DIVERGENCE AND CURL

(A) Properties of Divergence. Let~f and~g be two

vector-point functions and � a scalar-point

function. Then, the divergence has the following

properties.

(i) div ~f þ~g
� 	

¼r� ~f þ~g
� 	

¼r�~f þr�~g.
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(ii) div �~f
� 	

¼r� �~f
� 	

¼ r�ð Þ:~f þ� r�~f
� 	

¼ grad �ð Þ�~f þ�div~f :

(iii) div~f ¼ 0 if~f is a constant vector.

(iv) div ~f �~g
� 	

¼~g:curl~f �~f :curl~g:

Proof: Let~f ¼ f1̂iþ f2̂jþ f3k̂ and~g¼g1̂iþg2̂jþg3k̂.

(i) We have

~f þ~g ¼ f1 þ g1ð Þîþ f2 þ g2ð Þĵþ f3 þ g3ð Þk̂:
Therefore,

r� ~f þ~g
� 	

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
:

f1þg1ð Þ̂iþ f2þg2ð Þ̂jþ f3þg3ð Þk̂
h i
¼ @

@x
f1þg1ð Þþ @

@y
f2þg2ð Þþ @

@z
f3þg3ð Þ

¼ @f1
@x

þ@f2
@y

þ@f3
@z

� �

þ @g1
@x

þ@g2
@y

þ@g3
@z

� �

¼r�~f þr�~g

(ii)r� �~f
� 	

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
: �f1̂iþ�f2̂jþ�f3k̂
� 	

¼ @

@x
�f1ð Þþ @

@y
�f2ð Þþ @

@z
�f3ð Þ

¼ @�

@x
f1þ�

@f1
@x

� �
þ @�

@y
f2þ�

@f2
@y

� �

þ @�

@z
f3þ�

@f3
@z

� �

¼ @�

@x
f1þ@�

@y
f2þ@�

@z
f3

� �

þ �
@f1
@x

þ�
@f2
@y

þ�
@f3
@z

� �

¼ @�

@x
îþ@�

@y
ĵþ@�

@z
k̂

� �
� f1̂iþf2̂jþf3k̂
� 	

þ�
@f1
@x

þ@f2
@y

þ@f3
@z

� �

¼ r�ð Þ�~f þ� r�~f
� 	

¼ grad�ð Þ:~f þ�div~f :

(iii) Let~f ¼ f1 îþ f2 ĵþ f3k̂. Then

r �~f ¼ @f1
@x

þ @f2
@y

þ @f3
@z

¼ 0; since~f is constant:

(iv) div ~f �~g
� 	

¼ r � ~f �~g
� 	

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
: ~f �~g
� 	

¼
X

î:
@

@x
~f �~g
� 	

¼
X

î:
@~f

@x
�~g þ~f � @~g

@x

 !

¼
X

î:
@~f

@x
�~g

 !

þ
X

î: ~f � @~g

@x

� �

¼
X

î� @~f

@x

 !
:~g

�
X

î:
@~g

@x
�~f

� �

¼
X

î� @~f

@x

 !
:~g

�
X

î� @~g

@x

� �
:~f

¼ r�~f
� 	

:~g � r�~gð Þ :~f

¼~g: r�~f
� 	

�~f r�~gð Þ
(commutativity of dot product)

¼~g curl~f �~f :curl~g:

(B) Properties of Curl. Let~f and~g be two vector-

point functions and � a scalar-point function, all

having continuous second-order partial derivatives.
Then,

(i) curl ~f þ~g
� 	

¼ curl~f þ curl~g:

(ii) curl �~f
� 	

¼ grad �ð Þ �~f þ � curl~f :

(iii) curl~f ¼~0, if~f is a constant vector.

(iv) r� ~f �~g
� 	

¼ ~g:rð Þ~f � ~f:r
� 	

~g

þ~f r �~gð Þ � r �~f
� 	

~g:
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Proof: If~f ¼ f1̂iþ f2̂jþ f3k̂ and ~g¼ g1̂iþ g2̂jþ g3k̂,

then

(i) ~f þ~g ¼ f1 þ g1ð Þîþ f2 þ g2ð Þĵþ f3 þ g3ð Þk̂
and so,

curl ~f þ~g
� 	

¼r� ~f þ~g
� 	

¼
î ĵ k̂

@
@x

@
@y

@
@z

f1þg1 f2þg2 f3þg3

��������

��������
¼ @

@y
f3þg3ð Þ� @

@z
f2þg2ð Þ


 �̂
i

þ @

@z
f1þg1ð Þ� @

@x
f3þg3ð Þ


 �̂
j

þ @

@x
f2þg2ð Þ� @

@y
f1þg1ð Þ


 �
k̂

¼ @f3
@y

�@f2
@z

� �̂
iþ @f1

@z
�@f3

@x

� �̂
j




þ @f2
@x

�@f1
@y

� �
k̂

�

þ @g3
@y

�@g2
@z

� �̂
iþ @g1

@z
�@g3

@x

� �̂
j




þ @g2
@x

�@g1
@y

� �
k̂

�

¼r�~f þr�~g ¼ curl~f þ curl ~g:

(ii) curl �~f
� 	

¼r� �~f
� 	

¼r� � f1̂iþ� f2 ĵþ� f3k̂
� 	

¼
î ĵ k̂

@
@x

@
@y

@
@z

� f1 � f2 � f3

��������

��������
¼ @

@y
� f3ð Þ� @

@z
� f2ð Þ


 �
i
^

þ @

@z
� f1ð Þ� @

@x
� f3ð Þ


 �
j
^

þ @

@x
� f2ð Þ� @

@y
� f1ð Þ


 �
k
^

¼ �
@f3
@y

þ@�

@y
f3��

@f2
@z

�@�

@z
f2


 �
i
^

þ �
@f1
@y

þ@�

@z
f1��

@f3
@x

�@�

@x
f3


 �
j
^

þ �
@ f2
@z

þ@�

@x
f2��

@f1
@y

�@�

@y
f1


 �
k
^

¼�
@f3
@y

�@f2
@z

� �
i
^þ @f1

@z
�@f3
@x

� �
j
^
þ @f2

@x
�@f1

@y

� �
k
^


 �

þ @�

@y
f3�@�

@z
f2

� �
i
^þ @�

@z
f1�@�

@x
f3

� �
j
^
þ @�

@x
f2�@�

@y
f1

� �
k
^


 �

¼� r� f
!� �

þ
î ĵ k̂

@�
@x

@�
@y

@�
@z

f1 f2 f3

��������

��������
¼� r� f

!� �
þ r�ð Þ� f

!

¼� curl f
!
þ grad�ð Þ� f

!
:

(iii) Let~f ¼ f1 îþ f2 ĵþ f3k̂ be a constant vector.

Then,

curl~f ¼ r�~f

¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
� f1 îþ f2 ĵþ f3k̂
� 	

¼
î ĵ k̂

@
@x

@
@y

@
@z

f1 f2 f3

���������

���������
¼ î

@f3
@y

� @f2
@z

� �
þ ĵ

@f1
@z

� @f3
@x

� �

þ k̂
@f2
@x

� @f1
@y

� �

¼ î 0ð Þ þ ĵ 0ð Þ þ k̂ 0ð Þ ¼~0:

(iv) If ~f ¼ f1̂iþ f2 ĵþ f3k̂ and ~g¼ g1̂iþg2 ĵþg3k̂,
then

r� ~f �~g
� 	

¼ î
@

@x
þ̂j

@

@y
þk̂

� �
� ~f �~g
� 	

¼̂i� @

@x
~f �~g
� 	

þ̂j� @

@y
~f �~g
� 	
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þ k̂ � @

@z
~f �~g
� 	

¼ î� @~f

@x
�~g þ~f � @~g

@x

" #

þ ĵ� @~f

@y
�~g þ~f � @~g

@y

" #

þ k̂ � @~f

@z
�~g þ~f � @~g

@z

" #

¼
X

î� @~f

@x
�~g

 !

þ
X

î� ~f � @~g

@x

� �

¼
X

î:~g
� � @~f

@x
� î:

@~f

@x

 !
~g

" #

þ
X

î:
@~g

@x

� �
~f � î:~f

� 	 @~g
@x


 �

(by property of vector triple product)

¼
X

g1
@~f

@x
�

X @f1
@x

� �
~g

þ
X @g1

@x

� �
~f �

X
f1
@~g

@x

¼ g1
@

@x
þ g2

@

@y
þ g3

@

@z

� �
~f � r �~f

� 	
~g

þ r �~gð Þ~f � f1
@

@x
þ f2

@

@y
þ f3

@

@z

� �
~g

¼ ~g:rð Þ~f � r �~f
� 	

~g þ r �~gð Þ~f � ~f :r
� 	

~g:

EXAMPLE 7.36
Show that

div grad rnð Þ ¼ r � r rnð Þ ¼ r2 rnð Þ
¼ n nþ 1ð Þrn�2:

Deduce that r2 1
r

� � ¼ 0.

Solution. From the definition of the Laplacian

operator r2, we have

div grad rnð Þ¼r� rrnð Þ

¼r2 rnð Þ:¼ @2

@x2
þ @2

@y2
þ @2

@z2

� �
rnð Þ: ð1Þ

But,

@2

@x2
rnð Þ¼ @

@x

@

@x
rn

� �
¼ @

@x
nrn�1@r

@x

� �

¼ @

@x
nrn�1:

x

r

� 	
;since

@r

@x
¼ x

r

¼ @

@x
nrn�2x
� �¼n n�2ð Þrn�3@r

@x
:xþrn�2


 �

¼n n�2ð Þrn�3:
x

r
:xþnrn�2

¼n n�2ð Þrn�4x2þnrn�2:

Similarly,

@2

@y2
rnð Þ ¼ n n� 2ð Þrn�4y2 þ n rn�2 and

@2

@z2
rnð Þ ¼ n n� 2ð Þrn�4z2 þ n rn�2:

Hence, (1) reduces to

r2 rnð Þ ¼ n½ n� 2ð Þrn�4 x2 þ y2 þ z2
� �þ 3rn�2�

¼ n½ n� 2ð Þrn�2 þ 3 rn�2h� ¼ n nþ 1ð Þrn�2:

Putting n ¼ �1, we get r2 1
r

� � ¼ 0:

Second Method: From Example 7.15, we have

rrn ¼ nrn�2~r: Therefore,

r2 rnð Þ ¼ r � rrnð Þ
¼ r � nrn�2~r

� �
¼ n r � rn�2~r

� �
: ð2Þ

But, div �~rð Þ ¼ r � �~rð Þ ¼ r�ð Þ:~r þ � r �~rð Þ.
Therefore, (2) becomes

r2 rnð Þ¼ n rrn�2
� �

:~rþ rn�2 r�~rð Þ
 �
¼ n n�2ð Þrn�4~r:~rþ3rn�2

 �

sincer�~r¼ 3

¼ n½ n�2ð Þrn�4r2þ3rn�2�; since~r:~r¼ r2

¼ n nþ1ð Þrn�2:
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EXAMPLE 7.37
Show that curl grad~rð Þ ¼ r �rrn ¼~0:

Solution. We have seen that

rrn ¼ nrn�2~r ¼ nrn�2 xîþ yĵþ zk̂
� 	

:

Therefore,

r�rrn¼
î ĵ k̂

@
@x

@
@y

@
@z

nrn�2x nrn�2y nrn�2z

��������

��������
¼
X @

@y
nrn�2z
� �� @

@z
nrn�2y
� �
 �

î

¼
X

nz n�2ð Þrn�3@r

@y
�ny n�2ð Þrn�3@r

@z


 �̂
i

¼
X

nz n�2ð Þrn�3y

r
�ny n�2ð Þrn�3 z

r

h î
i

¼
X

n n�2ð Þrn�4yz�n n�2ð Þrn�4yz

 �̂

i

¼ 0̂iþ 0̂jþ0k̂¼~0:

EXAMPLE 7.38
If ~f and ~g are irrotational, show that ~f �~g is

solenoidal.

Solution. Since~f and~g are irrotational, we have

r�~f ¼~0 andr�~g ¼~0:

Now,

div ~f �~g
� 	

¼~g: r�~f
� 	

�~f : r�~gð Þ
¼~g:~0�~f :~0 ¼~0:

Hence,~f �~g is solenoidal.

EXAMPLE 7.39
Show that

r2f rð Þ ¼ f 00 rð Þ þ 2

r
f 0ðrÞ;

where~r ¼ xîþ yĵþ zk̂:

Solution. We have r2 ¼ x2 þ y2 þ z2 and so,
@r
@x ¼ x

r
; @r

@y ¼ y
r
; and @r

@z ¼ z
r
. Then,

grad r¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
r ¼ î

@r

@r
þ ĵ

@r

@y
þ k̂

@r

@z

¼ î
x

r
þ ĵ

y

r
þ k̂

z

r
¼ 1

r
x̂iþ ŷjþ zk̂
� 	

¼~r
r
: ð1Þ

Also, by Example 7.13,

grad f rð Þ ¼ f 0 rð Þr r ¼ f 0 rð Þgrad r: ð2Þ

Therefore,

r2f rð Þ¼r� r f ðrÞð Þ¼div grad f ðrÞð Þ¼div f 0ðrÞrrð Þ

¼div
1

r
f 0ðrÞ~r


 �
;usingð1Þ

¼1

r
f 0 rð Þdiv~rþ~r:grad 1

r
f 0 rð Þ

� �
;

by divergent property

¼3

r
f 0 rð Þþ~r: d

dr

1

r
f 0ðrÞ

� �
gradr


 �
;

usingð2Þanddiv~r¼3:

¼3

r
f 0ðrÞþ~r: � 1

r2
f 0ðrÞþ1

r
f 00ðrÞ


 �
~r

r
;

usingð1Þ

¼3

r
f 0 rð Þþ~r:~r

r
� 1

r2
f 0 rð Þþ1

r
f 00 rð Þ


 �

¼3

r
f 0 rð Þþr2

r
� 1

r2
f 0 rð Þþ1

r
f 00 rð Þ


 �

¼3

r
f 0 rð Þþf 00 rð Þ�1

r
f 0 rð Þ¼2

r
f 0 rð Þþf 00 rð Þ:

EXAMPLE 7.40
Show that div rn~rð Þ ¼ nþ 3ð Þrn:
Solution. We know that

div �~f
� 	

¼ grad �ð Þ:~f þ � div~f :

Therefore,

div rn~rð Þ ¼ grad rnð Þ:~r þ rndiv~r:

But, grad rn ¼ nrn�2~r and div~r ¼ 3. Therefore,

div rn~rð Þ ¼ nrn�2~r:~r þ 3rn ¼ nrn�2 r2 þ 3rn

¼ nþ 3ð Þrn:

EXAMPLE 7.41
Show that curl � grad�ð Þ ¼~0.
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Solution. We have

grad � ¼ r� ¼ @�

@x
îþ @�

@y
ĵþ @�

@z
k̂

and so,

� grad � ¼ �
@�

@x
îþ �

@�

@y
ĵþ �

@�

@z
k̂:

Hence,

curl �grad�ð Þ¼
î ĵ k̂
@
@x

@
@y

@
@z

�@�
@x �@�

@y �@�
@z

��������

��������
¼
X @

@y
�
@�

@z

� �
� @

@z
�
@�

@y

� �
 �̂
i

¼
X @�

@y
�@�
@z

þ�
@2�

@y@z
�@�

@z
�@�
@y

��
@2�

@z@y


 �̂
i

¼
X

0̂i¼ 0̂iþ 0̂jþ0k̂¼~0:

Also, it follows that � grad � is irrotational.

EXAMPLE 7.42
Show that the vector f rð Þ~r is irrotational.
Solution. A vector ~f is irrotational if curl~f ¼~0.
Also, we know that

~r �~r ¼ 0; curl~r ¼ 0 and

grad f rð Þ ¼ f 0 rð Þgrad r ¼ f 0 rð Þ~r
r
:

Therefore,

curl f rð Þ~r½ � ¼ ½grad f rð Þ� �~r þ f rð Þcurl~r
¼ ½f 0 rð Þgrad r� �~r þ~0

¼ f 0 rð Þ~r
r
�~r þ~0

¼ 1

r
f 0 rð Þ~r �~rð Þ ¼~0:

Hence, f rð Þ~r is irrotational.

7.13 INTEGRATION OF VECTOR FUNCTIONS

If~f and ~F are two vector functions of the scalar

variable t such that d~F
dt
¼~f , then ~F is called the

indefinite integral of~f with respect to t. Thus,Z
~f dt ¼~F:

If ~f ¼ f1 îþ f2 ĵþ f3 k̂, where f1; f2; and f3 are

scalar functions of the scalar t, thenZ
~f dt ¼ î

Z
f1dt þ ĵ

Z
f2dt þ k̂

Z
f3dt:

Hence, to integrate a vector function, we integrate

its components.

EXAMPLE 7.43
The acceleration of a particle at any time t 
 0 is

given by

~a¼ d~v

dt
¼ 12cos2t î�8sin2t ĵþ16t k̂:

If the velocity~v and displacement~r are zero at t¼ 0,

find~v and~r at any time t.

Solution. We have

~a¼ d~v

dt
¼ 12cos2t î� 8 sin2t ĵþ 16t k̂:

Integration with respect to t yields

~v ¼ 6 sin 2t îþ 4 cos 2t ĵþ 8t2 k̂ þ~c;

where~c is a constant of integration. But~v ¼ ~0 when
t ¼ 0. Therefore,

~0 ¼ 0 îþ 4 ĵþ 0 k̂ þ~c

and so,~c ¼ �4 ĵ: Therefore,

~v¼ 6sin2t îþ 4cos 2t�4ð Þ̂jþ8t2 k̂

or

d~r

dt
¼ 6 sin 2t îþ 4cos2t� 4ð Þ ĵþ 8t2 k̂:

Integrating again with respect to t, we get

~r ¼�3cos 2t îþ 2 sin 2t� 4tð Þ ĵþ 8

3
t3 k̂þ~p;

where~p is a constant of integration. But~r ¼ 0 when

t ¼ 0. Therefore,

~0 ¼ �3 îþ 0 ĵþ 0 k̂ þ ~p

and so,~p ¼ 3 î. Hence,

~r¼ 3�3cos 2tð Þ îþ 2sin 2t�4tð Þ ĵþ8

3
t3 k̂:
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EXAMPLE 7.44
If~r ¼ ~0 when t¼ 0 and d~r

dt
¼ ~u when t¼ 0, find the

value of~r satisfying the equation d2~r
dt2

¼ ~a , where~a
is a constant vector.

Solution. Integrating d2~r
dt2

¼ ~a with respect to t, we get

d~r

dt
¼ ~at þ~c;

where~c is a constant vector of integration. When

t ¼ 0, d~r
dt
¼ ~u. Therefore,

~u ¼ ~a 0ð Þ þ~c and so~c ¼~u:

Therefore,
d~r

dt
¼~at þ~u:

Integrating again with respect to t, we get

~r ¼ 1

2
~a t2 þ~u t þ~p;

where~p is the constant vector of integration. When

t ¼ 0,~r ¼~0. Therefore,~0 ¼~p. Hence,

~r ¼~u t þ 1

2
~a t2:

7.14 LINE INTEGRAL

An integral which is evaluated along a curve is

called a line integral. Note, however, that a line

integral is not represented by the area under the

curve.

Consider any arc of the curve C enclosed
between two points A and B. Let a and b be the

values of the parameter t for A and B, respectively.

Partition the arc between A and B into n parts as

given in the following equation:

A ¼ P0; P1; . . . ;Pn ¼ B:

Let ~r0; ~r1; . . . ;~rn be the position vectors of the

points P0, P1,…,Pn, respectively. Let i be any point

on the subarc P1–1 Pi and let �~ri ¼~ri �~ri�1.

Let ~f ~rð Þ be a continuous vector-point function.

Then,

lim
n!1
� ri

!j j!0

Xn
i¼1

~f �ið Þ : �~ri; ð1Þ

if exists, is called a line integral of~f along C and is

denoted by
R
C

~f :d~r or
R
C

~f : d~r
dt
dt. Thus, the line

integral is a scalar and is also called the tangential

line integral of~f along the curve C.

If ~f ¼ f1 îþ f2 ĵþ f3 k̂ and~r ¼ x îþ y ĵþ z k̂;
then d~r ¼ îdxþ ĵdyþ k̂dz and so,Z

C

~f :d~r ¼
Z
C

f1dxþ f2dyþ f3dzð Þ

¼
Zb
a

f1
dx

dt
þ f2

dy

dt
þ f3

dz

dt

� �
dt;

where a and b are, respectively, values of the

parameter t at the points A and B.

If we replace the dot product in (1) by a vector

product, then the vector line integral is defined asR
C

~f � d~r , which is a vector.

If C is a simple closed curve, then the tangent
line integral of the vector function~f around C is

called the circulation of~f around C and denoted byH
C

~f :d~r.

The vector function~f is said to be irrotational

in a region R if the circulation of ~f around any

closed curve in R is zero.

EXAMPLE 7.45
If~f ¼ 3x2þ6yð Þ̂i� 14yz ĵþ20xz2 k̂, evaluate

R
C

~f :d~r,

where C is given by x ¼ t, y ¼ t2, and z ¼ t3, and
t varies from 0 to 1.

Solution. The parametric equation of C is

x ¼ t; y ¼ t2; and z ¼ t3;

where t varies from 0 to 1:

Now,~r ¼ x îþ y ĵþ z k̂ ¼ t îþ t2 ĵþ t3 k̂. Therefore,

d~r

dt
¼ îþ 2t ĵþ 3t2 k̂:

Further,

~f ¼ 3x2 þ 6y
� �

î� 14yz ĵþ 20xz2 k̂

¼ 3t2 þ 6t2
� �

î� 14t2:t3 ĵþ 20t:t6 k̂

¼ 9t2 î� 14t5 ĵþ 20t7 k̂:
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Therefore,

Z
C

~f :d~r¼
Z
C

~f :
d~r

dt

� �
dt¼

Z1
0

9t2̂ i�14t5̂jþ20t7 k̂
� 	h

� îþ2t ĵþ3t2̂jþ3t2 k̂
� 	i

dt

¼
Z1
0

9t2�28t6þ60t9
� �

dt

¼ 9t3

3
�28t7

7
þ60t10

10


 �1
0

¼5:

EXAMPLE 7.46
If ~f ¼ sin yð Þîþ x 1þ cos yð Þĵ, evaluate the line

integral
R
C

~f :d~r along the circular path C given by

x2 þ y2 ¼ a2 and z ¼ 0.

Solution. The parametric equation of the circular path

C are x ¼ a cos t, y ¼ a sin t, and z ¼ 0, where t

varies from 0 to 2�. Now,

~r ¼ xîþ y ĵþ z k̂ ¼ a cos tð Þîþ a sin tð Þĵ:
Therefore,

d~r

dt
¼ �a sin tð Þîþ a cos tð Þĵ:

Also,~f , in terms of parameter t, is given by

~f ¼ sin a sin tð Þîþ a cos tð Þ 1þ cos a sin tð Þð Þĵ:

Therefore,

Z
C

~f :d~r¼
Z
C

~f :
d~r

dt

� �
dt

¼
Z2�
0

sin a sin tð Þ̂iþ a cos tð1þcosða sin tÞÞ̂j� �
 �
: �a sin tð Þ̂iþ acos tð Þ̂j
 �

dt

¼
Z2�
0

�asintsin asintð Þ½

þa2cos2 t 1þcosðasintÞð Þ�dt

¼
Z2�
0

½�asintsinðasintÞþa2cos2 t

þa2cos2 tcosðasintÞ�dt

¼
Z2�
0

d½acostsin asintð Þ�þa2cos2 t
� �

dt

¼½acostsin asintð Þ�2�0 þ
Z2�
0

a2cos2 tdt

¼a2
Z2�
0

1þcos2t

2
dt¼a2

2
tþsin2t

2


 �2�
0

¼a2

2
2�ð Þ¼�a2:

EXAMPLE 7.47
Calculate

R
C

~f :d~r, where C is the part of the

spiral ~r ¼ a cos h; a sin h; ahð Þ corresponding to

0 � h � �
2
and~f ¼ r2 î.

Solution. We have

~r ¼ a cos h îþ a sin h ĵþ ah k̂ so that

d~r

dh
¼ �a sin h îþ a cos h ĵþ a k̂:

Also,

~f ¼ r2 î ¼ a2 cos2 hþ a2 sin2 hþ a2h2
� �

î

¼ ½a2 1þ h2
� �

î:

Therefore,Z
C

~f :d~r¼
Z�

2

C

~f :
d~r

dh

� �
dh¼

Z�
2

0

f½a2ð1þh2Þ�̂i

:½ð�asinhÞ̂iþ acoshð Þ̂jþak̂�gdh

¼�
Z�

2

0

a3 1þh2
� �

sinhdh

¼�a3
Z�

2

0

sinhþh2sinh
� �

dh

¼�a3½coshþ2hsinh�h2cos��20¼�a3 ��1ð Þ:
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EXAMPLE 7.48
If~f ¼ xy î� z ĵþ x2 k̂ and C is the curve x ¼ t 2,

y¼ 2t, and z¼ t3 from t¼ 0 to t¼ 1, find the vector

line integral
R
C

~f � d~r:

Solution. We have

~r ¼ x îþ y ĵzþ k̂ ¼ t2 îþ 2t ĵþ t3 k̂;

d~r

dt
¼ 2t îþ 2 ĵþ 3t2 k̂;

and

~f ¼ xy î� z ĵþ x2 k̂ ¼ 2t3 î� t3 ĵþ t4 k̂:

Therefore,

~f � d~r

dt
¼

î ĵ k̂

2t3 �t3 t4

2t 2 3t2

�������
�������

¼ �3t5 � 2t4
� �̂

iþ �4t5
� �̂

jþ 4t3 þ 2t4
� �̂

k:

Hence,

Z
C

~f �d~r¼
Z1
0

~f �d~r

dt

� �
dt

¼
Z1
0

ð�3t5�2t4Þ̂iþ �4t5
� �̂

jþ 4t3þ2t4
� �̂

k
h i

dt

¼ �3t6

6
�2t5

5


 �1
0

îþ �4
t6

6

� �
 �1
0

ĵ

þ 4
t4

4
þ2t5

5


 �1
0

k̂

¼� 9

10
î�2

3
ĵþ7

5
k̂:

EXAMPLE 7.49
If ~f ¼ 5xy� 6x2ð Þ̂iþ 2y� 4xð Þ̂j, evaluate

R
C

~f :d~r

along the curve C in the xy plane y ¼ x3 from the

point (1, 1) to (2, 8).

Solution. Substituting x ¼ t, we get y ¼ t3. When x ¼
1, t ¼ 1and when x ¼ 2, t ¼ 2. Then,

~r¼x îþy ĵþ ẑk ¼ t îþ t3̂j;
d~r

dt
¼ îþ3t2̂j and

~f ¼ 5xy�6x2
� �̂

iþ 2y�4xð Þ̂j¼ 5t4�6t2
� �̂

iþ 2t3�4t
� �̂

j:

Hence,Z
c

~f :d~r ¼
Z2
1

~f :
d~r

dt

� �
dt ¼

Z2
1

5t4 � 6t2
� �

î

�

þ 2t3 � 4t
� �

ĵ
� � îþ 3t2 ĵ
� ��

dt

¼
Z2
1

½ð5t4 � 6t2Þ þ 3t2ð2t3 � 4tÞ�dt

¼
Z2
1

½6t5 þ 5t4 � 12t3 � 6t2� dt

¼ 6
t6

6
þ 5

t5

5
� 12

t4

4
� 6t3

3


 �2
1

¼ ½t6 þ t5 � 3t4 � 2t3�21 ¼ 35:

EXAMPLE 7.50

Evaluate
RB
A

½2xydxþ x2 � y2ð Þdy� along the arc of

the circle x2 þ y2 ¼ 1 in the first quadrant from A

(1, 0) to B(0, 1).

Solution. On the circle, y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
so that dy

dx
¼ �x

ð1� x2Þ� 1
2 or dy ¼ �2x 1� x2ð Þ� 1

2dx. Therefore,

ZB
A

2xydxþ x2 � y2
� �

dy

 �

¼
Z0
1

2x 1� x2
� �1

2dx� 2x2 � 1
� �

x 1� x2
� �� 1

2dx
h i

¼ �2

3
1� x2
� �3

2


 �0
1

�
Z0
1

x2 � 1

2

� �
2x 1� x2
� �� 1

2dx

¼�2

3
þ 2 x2 � 1

2

� �
1� x2
� �1

2


 �0
1

� 2

Z0
1

2x 1� x2
� �1

2dx

¼�2

3
� 1þ 2

1� x2ð Þ32
3
2

" #0
1

¼�2

3
� 1þ 4

3
¼�1

3
:
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EXAMPLE 7.51
Evaluate

R
C

½ x2 þ xyð Þdxþ x2 þ y2ð Þdy�, where C is

the square formed by the lines y ¼ ±1 and x ¼ ±1.

Solution. The curve C is as shown in the following

figure:

y

x

B(1, 1)

A(1, –1)

0

C(–1, 1)

D(–1, –1)

We note thatZ
C

½ x2þxy
� �

dxþ x2þy2
� �

dy� ¼
Z
AB

þ
Z
BC

þ
Z
CD

þ
Z
DA

:

Along AB, we have x¼ 1 and so, dx¼ 0. Also along

AB, y varies from �1 to 1. Thus,Z
AB

½ x2 þ xy
� �

dxþ x2 þ y2
� �

dy�

¼
Z1
�1

1þ y2
� �

dy ¼ yþ y3

3


 �1
�1

¼ 8

3
:

Along BC, we have y¼ 1 so that dy¼ 0. Also along

BC, x varies from 1 to �1. Thus,Z
BC

½ x2 þ xy
� �

dxþ x2 þ y2
� �

dy�

¼
Z1
�1

x2 þ x
� �

dx ¼ x3

3
þ x2

2


 ��1

1

¼ � 2

3
:

Similarly,Z
CD

x2 þ xy
� �

dxþ x2 þ y2
� �

dy

 �

¼
Z�1

1

1þ y2
� �

dy ¼ � 8

3
and

Z
DA

½ x2 þ xy
� �

dxþ x2 þ y2
� �

dy�

¼
Z1
�1

x2 þ x
� �

dx ¼ 2

3
:

Hence,Z
c

½ x2þ xy
� �

dxþ x2þ y2
� �

dy� ¼ 8

3
�2

3
�8

3
þ2

3
¼ 0:

7.15 WORK DONE BY A FORCE

The work done as the point of application of a force
~f moves along a given path C can be expressed as a

line integral. In fact, the work done, when the point

of application moves from P~rð Þ to Q ~r þ �~rð Þ,
where ~PQ ¼ �~r, is

�W ¼ �~rj j ~f
��� ��� cos h ¼~f :�~r:

A

P

B

r C

tangent

f (r )

Therefore, the total work done as P moves from A

to B is

W ¼
ZB
A

~f :d~r:

Now, suppose that the force~f is conservative. Then,
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there exists a scalar function � such that~f ¼�grad �,

that is,~f ¼ �r� ¼ � î @�@x þ ĵ @�@y þ k̂ @�
@z

h i
.

Therefore, the work done in this case is given by

W ¼
ZB
A

� î
@�

@x
þ ĵ

@�

@y
þ ĵ

@�

@z


 �
: î dxþ ĵ dyþ k̂ dz
� 	

¼
ZA
B

@�

@x
dxþ @�

@y
dyþ @�

@z
dz


 �

¼
ZA
B

d� ¼ ½��AB ¼ �A � �B:

Hence, in a conservative field, the work done

depends on A and B and is the same for all paths

joining A and B. Thus, in the case of conservative

force,~f ~rð Þ:d~r is an exact differential �d�. In such

a case, � is called the potential energy. The forces

which do not have this property are said to be dis-

sipative or nonconservative.

EXAMPLE 7.52
Find the total work done in moving a particle in a
force field, given by ~f ¼ 3xy î� 5z ĵþ 10x k̂,

along the curve x ¼ t2 þ 1, y ¼ 2t2, and z ¼ t3, from

t ¼ 1 to t ¼ 2.

Solution. The parametric equation of the curve is

x ¼ t2 þ 1; y ¼ 2t2; and z ¼ t3; 1 � t � 2:

We have

~f ¼ 3xy î� 5z ĵþ 10x k̂

¼ 3 t2 þ 1
� �

2t2
� �

î� 5t3 ĵþ 10 t2 þ 1
� �

k̂

¼ 6 t4 þ t2
� �

î� 5t3 ĵþ 10 t2 þ 1
� �

k̂

and

~r ¼ x îþ y ĵþ z k̂ ¼ t2 þ 1
� �

îþ 2t2 ĵþ t3k̂:

Therefore, d~r
dt

¼ 2t îþ 4t ĵþ 3t2 k̂ and so, the total

work done is given by

W ¼
Z
C

~f :d~r ¼
Z2
1

~f :
d~r

dt

� �
dt

¼
Z2
1

6 t4 þ t2
� �

î� 5t3 ĵþ 10 t2 þ 1
� �

k̂
h i

� 2t îþ 4t ĵþ 3t2k̂
h i

dt

¼
Z2
1

½12 t5 þ t3
� �� 20t4 þ 30 t4 þ t2

� �� dt

¼
Z2
1

12t2 þ 10t4 þ 12t3 þ 30t2
� �

dt

¼ 12
t6

6
þ 10

t5

5
� 12

t4

4
þ 30

t3

3


 �2
1

¼ 320� 17 ¼ 303:

EXAMPLE 7.53
Find the work done by the force

~f ¼ 2yþ 3ð Þîþ xz ĵþ yz� xð Þk̂;
when it moves a particle from the point (0, 0, 0) to

the point (2, 1, 1) along the curve x¼ 2t2, y¼ t, and
z ¼ t3.

Solution. The parametric equations of the curve are

x ¼ 2t2, y ¼ t, and z ¼ t3. Further,

~f ¼ 2yþ 3ð Þîþ xz ĵþ yz� xð Þk̂
¼ 2t þ 3ð Þîþ 2t5 ĵþ t4 � 2t2

� �
k̂

and

~r ¼ x îþ y ĵþ z k̂ ¼ 2t2 îþ t ĵþ t3 k̂:

Therefore,

d~r

dt
¼ 4t îþ ĵþ 3t2 k̂:

The given points (0, 0, 0) and (2, 1, 1) correspond to

t ¼ 0 and t ¼ 1. Therefore, the work done by the
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force is given by

W ¼
Z
c

~f :d~r

¼
Z1
0

2t þ 3ð Þîþ 2t5 ĵþ t4 � 2t2
� �

k̂
h i

� 4t îþ ĵþ 3t2k̂
h i

dt

¼
Z1
0

½ 2t þ 3ð Þ4t þ 2t5 þ 3 t4 � 2t2
� �

t2�dt

¼
Z1
0

½8t2 þ 12t þ 2t5 þ 3t6 � 6t4� dt

¼
Z1
0

½3t6 þ 2t5 � 6t4 þ 8t2 þ 12t� dt

¼ 3
t7

7
þ 2

t6

6
� 6

t5

5
þ 8

t3

3
þ 12

t2

2


 �1
0

¼ 3

7
þ 1

3
� 6

5
þ 8

3
þ 6 ¼ 288

35
:

EXAMPLE 7.54
Find the work done in moving a particle in the force

field~f ¼ 3x2 îþ 2xz� yð Þĵþ z k̂ along

(i) the straight line from (0, 0, 0,) to (2, 1, 3)

and

(ii) the curve defined by x2 ¼ 4y and 3x2 ¼ 8z

from x ¼ 0 to x ¼ 2.

Solution. (i) The curve C is the line joining (0, 0, 0) to

(2, 1, 3) whose equation is

x� 0

2� 0
¼ y� 0

1� 0
¼ z� 0

3� 0
or

x

2
¼ y

1
¼ z

3
¼ t; say:

Thus, x ¼ 2t, y ¼ t, and z ¼ 3t are the parametric

equations of the line. The point (0, 0, 0) corresponds

to t ¼ 0 and the point (2, 1, 3) corresponds to t ¼ 1.

Also,
~f ¼ 3x2 îþ 2xz� yð Þĵþ z k̂

¼ 12t2 îþ 12t2 � t
� �

ĵþ 3t k̂

and

~r ¼ x îþ y ĵþ z k̂ ¼ 2t îþ t ĵþ 3t k̂:

Therefore, d~r
dt

¼ 2 îþ ĵþ 3 k̂. Hence,

W ¼
Z
C

~f :d~r ¼
Z1
0

~f :
d~r

dr

� �
dt

¼
Z1
0

12t2 îþ 12t2 � t
� �

ĵþ 3t k̂
h in

� 2 îþ ĵþ 3 k̂
h io

dt

¼
Z1
0

½24t2 þ 12t2 � t
� �þ 9t� dt

¼
Z1
0

36t2 þ 8t
� �

dt ¼ ½12t3 þ 4t2�10 ¼ 16:

(ii) Putting x ¼ t in the given curve, we get

y ¼ t2

4
and z ¼ 3t3

3
, where 0 � t � 2. Then,

~f ¼ 3x2 îþ ð2xz� yÞĵþ z k̂

¼ 3t2 îþ 3

4
t4 � t2

4

� �
ĵþ 3

8
t3k̂

and

~r¼ x îþ y ĵþ z k̂ ¼ t îþ t2

4
ĵþ 3

8
t3 k̂; 0� t� 2 :

Therefore,
d~r

dt
¼ îþ 1

2
t ĵþ 9

8
t2 k̂:

Hence,

W ¼
Z
C

~f :d~r ¼
Z2
0

~f :
d~r

dt

� �
dt

¼
Z2
0

3t2 þ 3

8
t5 � 1

8
t3 þ 27

64
t5

� �
dt

¼ t3 þ t6

16
� t4

32
þ 9

128
t6


 �2
0

¼ 16:
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7.16 SURFACE INTEGRAL

An integral evaluated over a surface is called a

surface integral. Two types of surface integral

exist:

(i)
RR
S

f x; y; zð ÞdS
and

(ii)
RR
S

~f ~rð Þ : n̂ dS ¼ RR
S

~f ~rð Þ:d~S:
In case (i), we have a scalar field f, whereas

in case (ii), we have a vector field ~f ~rð Þ,
vector element of area d~S ¼ n̂ dS, and n̂

the outward-drawn unit normal vector to the

element dS.

(i) Let f (x,y,z) be a scalar-point function defined

over a surface S of finite area. Partition the area S

into n subareas �S1, �S2,…, �Sn. In each area �Si,
choose an arbitrary point Pi(xi, yi, zi). Define f (Pi)

¼ f (xi, yi, zi) and form the sum
Pn
i¼1

f x1; yi; zið Þ�Si.
Then, the limit of this sum as n ? 1 in such a

way that the largest of the subarea �Si approaches
zero is called the surface integral of f (x,y,z) over

S and is denoted by
RR
S

f x; y; zð ÞdS.

(ii) Now, let~f be a vector-point function defined

and continuous over a surface S. Let P be any

point on the surface S and let n̂ be the unit vector

at P in the direction of the outward-drawn nor-

mal to the surface S at P. Then, ~f . n̂ is the

normal component of~f at P. The integral of~f . n̂
over S is called the normal surface integral of~f
over S and is denoted by

RR
S

~f :̂n dS. This integral

is also known as flux of~f over S. If we associate
with the differential of surface area dS, a vector

d~S, with magnitude dS, and whose direction is

that of n̂, then d~S ¼ n̂dS and hence,ZZ
S

~f :̂n dS ¼
ZZ

~f :d~S:

The surface integrals are easily evaluated by expres-

sing them as double integrals, taken over an ortho-

gonal projection of the surface S on any of the

coordinate planes. But, the condition for this is

that any line perpendicular to the coordinate plane

chosen meets the surface S in not more than one

point. However, if S does not satisfy this condition,

then S can be subdivided into surfaces satisfying this

condition.

Let S be the surface such that any line perpendi-

cular to the xy-plane meets S in not more than one
point. Then, the equation of the surface S can be

written as z¼ h(x,y). LetR1 be the projection of S on

the xy-plane. Then, the projection of dS on the

xy-plane is dS cosc, where c is the acute angle which
the normal n̂ at P to the surface S makes with z-axis.

Therefore,

dS cos c ¼ dx dy:

z

s

y

R1

x

0

dxdy

But cos c ¼ n̂: k̂
�� ��, where~k is, as usual, a unit vector

along the z-axis. Thus,

dS ¼ dxdy

n̂ : k̂
�� �� :

Hence, ZZ
S

~f :̂n dS ¼
Z Z
R1

~f :̂n
dxdy

n̂ : k̂
�� �� :

Similarly, if R2 and R3 are projections of S on the

yz, and zx-plane, respectively, thenZZ
S

~f : n̂ dS ¼
Z Z
R2

~f : n̂
dxdy

n̂ :̂i
�� ��;

and ZZ
S

~f : n̂ dS ¼
Z Z
R3

~f : n̂
dxdy

n̂ : ĵ
�� �� :
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EXAMPLE 7.55
Evaluate

RR
S

~f : n̂ dS, where ~f ¼ yz îþ zx ĵþ zy k̂

and S is that part of the surface of the sphere x2 þ y2

þ z2 ¼ 1, which lies in the first octant.

Solution. A vector normal to the surface of the given

sphere is

r x2 þ y2 þ z2 � 1
� � ¼ î

@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
� x2 þ y2 þ z2 � 1
� �

¼ 2x îþ 2y ĵþ 2z k̂:
Therefore, the unit normal to any point (x,y,z) of the

surface is

n̂ ¼ 2x îþ 2y ĵþ 2z k̂

2x îþ 2y ĵþ 2z k̂
�� �� ¼ 2x îþ 2y ĵþ 2z k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4x2 þ 4y2 þ 4z2
p

¼ 2x îþ 2y ĵþ 2z k̂

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p ¼ x îþ y ĵþ z k̂;

since x2 þ y2 þ z2 ¼ 1 on S. Now,

~f : n̂ ¼ yz îþ zx ĵþ xy k̂
� 	

: x îþ y ĵþ z k̂
� 	

¼ xyzþ xyzþ xyz ¼ 3xyz
and

~n : k̂ ¼ : x îþ y ĵþ z k̂
� 	

: k̂ ¼ z;

which gives n̂ : k̂
�� �� ¼ z. Hence, in the first quad-

rant, ZZ
S

~f : n̂ dS ¼
ZZ

S

~f : n̂
dxdy

n̂ : k̂
�� ��

¼
ZZ

R

3xyz

z
dxdy

¼ 3

ZZ
R

xy dx dy

¼ 3

Z1
0

Zffiffiffiffiffiffiffiffi1�x2
p

0

xy dy

2
64

3
75dx

¼ 3

Z1
0

x
y2

2


 � ffiffiffiffiffiffiffiffi1�x2
p

0

dx

¼ 3

2

Z1
0

x 1� x2
� �

dx

¼ 3

2

x2

2
� x4

4


 �1
0

¼ 3

8
:

EXAMPLE 7.56
Evaluate

RR
S

~f : n̂ dS, where~f ¼ 18z î� 12 ĵþ 3y k̂

and S is the surface 2xþ 3y þ 6z ¼ 12 in the first

octant.

Solution. A vector normal to the surface S is

r 2xþ 3yþ 6z ¼ 12ð Þ ¼ 2z îþ 3 ĵþ 6 k̂:

Therefore, the unit normal vector to the surface S is

n̂ ¼ 2z îþ 3ĵþ 6 k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 9þ 36

p ¼ 2z îþ 3ĵþ 6 k̂

7
and so,

n̂ : k̂ ¼ 2îþ 3ĵþ 6k̂

7

 !
:k̂ ¼ 6

7
:

Also,

~f : n̂ ¼ 18z î� 12ĵþ 3y k̂
� 	

� 2 îþ 3ĵþ 6 k̂

7

 !

¼ 36z

7
� 36

7
þ 18

7
y

¼ 36

7

12� 2x� 3y

6


 �
� 36

7
þ 18

7
y

¼ 36

7
� 12x

7
:

z

(0, 4, 0)0

x

Y

(6, 0, 0)

Hence,ZZ
S

~f : n̂ dS ¼
ZZ

R

~f : n̂
dxdy

n̂ : k̂
�� ��

¼ 7

6

ZZ
R

36

7
� 12x

7

� �
dx dy

¼
ZZ

R

6� 2xð Þdx dy:
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But, R is the region of projection of S (triangle) on

the xy plane. Thus, the projection is a triangle

bounded by x-axis, y-axis, and the line 2xþ 3y¼ 12

and z ¼ 0. Hence, the limits of x are from 0 to 6 and

that of y are from 0 to 12�2x
3

. Therefore,

ZZ
S

~f : n̂ dS ¼
Z6
0

Z12�2x
3

0

6� 2xð Þdy

2
64

3
75dx

¼
Z6
0

½6y� 2xy�12�2x
3

0 dx

¼ 1

3

Z6
0

72� 36xþ 4x2
� �

dx

¼ 1

3
72x� 36

x2

2
þ 4x3

3


 �6
0

¼ 144� 216þ 96 ¼ 24:

EXAMPLE 7.57
Evaluate

RR
S

~f :d~S, where~f ¼ z îþ x ĵ� 3y2z k̂ and

S is the surface of the cylinder x2 þ y2 ¼ 16 in the

first octant between z ¼ 0 and z ¼ 5.

Solution. The surface S is shown in the following

figure:

(0, 0, 5)

z

dS

y
(0, 4, 0)

(4, 0, 0)

x

A vector normal to the surface S is given by

r x2 þ y2 � 16
� � ¼ 2x îþ 2y ĵ;

so that the unit normal vector n̂ at any point of S is

n̂ ¼ 2x îþ 2y ĵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2 þ 4y2

p ¼ 2x îþ 2y ĵ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ 2x îþ 2y ĵ

8
¼ x îþ y ĵ

4
:

Also,

~f : n̂¼ z îþ x ĵ�3y2z k̂
� 	

:
x îþ y ĵ

4

� �
¼ 1

4
xzþ xyð Þ:

Let R be the projection of the surface S on xz-plane.

Then

n̂ : ĵ ¼ 1

4
x îþ y ĵ
� �

: ĵ
� � ¼ y

4
:

HenceZ Z
S

~f : dS¼
Z Z

S

~f : n̂ dS¼
Z Z

R

xzþ xy

4
� dxdz
n̂ : ĵ
�� ��

¼
Z Z

R

xzþ xy

4
:
dxdz

y
4

¼
Z Z

R

xzþ xy

y
:dxdz;

where R is the rectangular region in the xz-plane

bounded by 0 � x � 4, 0 � z � 5. Since the inte-

grand is still evaluated on the surface, we have

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16� x2

p
and so,

ZZ
S

~f :d~S ¼
Z4
0

Z5
0

xþ xzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16� x2

p
� �

dz

2
4

3
5dx

¼
Z4
0

xzþ xz2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16� x2

p

 �5

0

dx

¼
Z4
0

5xþ 25x

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16� x2

p
� �

dx

¼ 5
x2

2
� 25

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16� x2

p
 �4
0

¼ 90:

EXAMPLE 7.58
Evaluate

RR
S

~f : n̂ dS, where ~f ¼ 4x î� 2y2 ĵþ z2k̂

and S is the surface bounding the region x2 þ y3 ¼
4, z ¼ 0, and z ¼ 3.
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Solution. The region is bounded by the cylinder x2 þ
y3 ¼4, z ¼ 0, and z ¼ 3. Therefore, the surface S

consists of three parts:

(i) S1, the circular base of the cylinder in the

plane z ¼ 0,

(ii) S2, the circular top in the plane z ¼ 3, and

(iii) S3, the curved surface of the cylinder

given by x2 þ y2 ¼ 4.

Now, for the subsurface S1, we have z ¼ 0, n̂ ¼ �k̂,

and~f ¼ 4x î� 2y2 ĵ.

Therefore,

~f : n̂ ¼ 4x î� 2y2 ĵ
� �

: � k̂
� 	

¼ 0:

Hence,
RR
S1

~f :̂n dS ¼ 0.

On S2, we have z ¼ 3, n̂ ¼ k̂, and ~f ¼ 4x î

�2y2 ĵþ 9 k̂. Therefore,

~f : n̂ ¼ 4x î� 2y2 ĵþ 9 k̂
� 	

: k̂
� 	

¼ 9:

Hence,Z Z
S2

~f : n̂ dS ¼
Z Z
S2

9dxdy ¼ 9 �:4ð Þ ¼ 36�:

For the surface S3, which is the curved surface of

the cylinder and is given by x2 þ y2 ¼ 4, the vector
normal to the surface is

r x2 þ y2 � 4
� � ¼ 2x îþ 2y ĵ:

Therefore, the unit normal vector to the surface S3 is

given by

n̂ ¼ 2x îþ 2y ĵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2 þ 4y2

p ¼ 2x îþ 2y ĵ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ 2x îþ 2y ĵ

2:2

¼ x îþ y ĵ

2
:

Therefore,

~f : n̂¼ 4x î� 2y2̂jþ z2k̂
� 	

:
x îþ y ĵ

2

� �
¼ 2x2� y3:

Now, on S3, x ¼ 2cosh, y ¼ 2 sinh, and dS ¼ 2dh dz.

For this surface, z varies from 0 to 3 and h varies from
0 to 2�. Therefore,Z Z

S3

~f : n̂ dS ¼
Z2�
0

Z3
0

½2 2 cos hð Þ2� 2 sin hð Þ3�2dh dz

¼
Z2�
0

16 cos2 h� sin3 h
� �½z�30dh

¼ 48

Z2�
0

cos2 h� sin3 h
� �

dh

¼ 48

Z2�
0

cos2 h dh� 48

Z2�
0

sin3 h dh

¼ 48ð Þ 4ð Þ
Z�

2

0

cos2 h dh� 0

¼ 192 :
1

2
:
�

2

¼ 48�:
Hence,ZZ

S

~f : n̂ dS ¼
Z Z
S1

~f : n̂ dS þ
Z Z

S2

~f : n̂ dS

þ
Z Z
S3

~f : n̂ dS

¼ 0þ 36�þ 48�

¼ 84�:

EXAMPLE 7.59
If~f ¼ 4xz î� y2 ĵþ yz k̂, evaluate

R
S

~f : n̂ dS, where

S is the surface of the cube bounded by x¼ 0, x¼ 1,

y ¼ 0, y ¼ 1, z ¼ 0, and z ¼ 1.

Solution. The surface of the cube is bounded by

x ¼ 0, x ¼ 1, y ¼ 0, y ¼ 1, z ¼ 0, and z ¼ 1 and

so, the surface can be subdivided into six parts
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in the following manner:

z
FC

G
E

O

A

x
D

B y

(i) S1 is the surface formed by the face OADB,

where

z ¼ 0; n̂ ¼ �k̂; and~f ¼ �y2 ĵ; so that

~f : n̂ ¼ �y2 ĵ
� �

: �k̂
� 	

¼ 0

and Z Z
S1

~f : n̂ dS ¼
Z1
0

Z1
0

0dxdy ¼ 0:

(ii) S2 is the surface formed by the face GEFC,

where z¼ 1 n̂ ¼ k̂, and dz¼ 0. On this face, we
have

~f ¼ 4xz î� y2 ĵþ yz k̂ ¼ 4x î� y2 ĵþ y k̂

and so,

~f : n̂ ¼ 4x î� y2 ĵþ y k̂
� 	

: k̂
� 	

¼ y:

Hence,Z Z
S2

~f : n̂ dS ¼
Z1
0

Z1
0

ydxdy ¼
Z1
0

y2

2


 �1
0

dx

¼ 1

2

Z1
0

dx ¼ 1

2
:

(iii) S3 is the surface formed by the face ADEG,
where n̂ ¼ î, x ¼ 1, and dx ¼ 0. On this face,

~f ¼ 4xz î� y2̂jþ yz k̂ ¼ 4z î� y2̂jþ yz k̂ and

~f : n̂¼ 4z î� y2̂jþ yz k̂
� 	

: î¼ 4z:

Hence,Z Z
S3

~f : n̂ ds¼
Z1
0

Z1
0

4z dy dx

¼ 4

Z1
0

z2

2


 �1
0

dy ¼ 2

Z1
0

dy ¼ 2:

(iv) S4 is the surface formed by OBFC, where

n̂ ¼ �î, x ¼ 0, and dx ¼ 0. On this face,

~f ¼ 4xz î� y2 ĵþ yz k̂ ¼ �y2 ĵþ yz k̂ and

~f : n̂ ¼ �y2 ĵþ yz k̂
� 	

� �î
� � ¼ 0:

Hence,Z Z
S4

~f :̂n dS ¼
Z1
0

Z1
0

0 dx dy ¼ 0:

(v) S5 is the surface formed by the face OCGA,

where n̂ ¼ �ĵ, y ¼ 0, and dy ¼ 0. On this face,
~f ¼ 4xz î� y2 ĵþ yz k̂ ¼ 4xz î and so,

~f : n̂ ¼ 4xz î
� �

: �ĵ
� � ¼ 0: Hence;Z Z

S5

~f : n̂ dS ¼ 0:

(vi) S6 is the surface formed by the face DBFE,

where n̂ ¼ ĵ, y ¼ 1, and dy ¼ 0. On this face,

~f ¼ 4xz î� y2 ĵþ yz k̂ ¼ 4xz î� ĵþ z k̂ and

~f :̂n ¼ 4xz î� ĵþ z k̂
� 	

� ĵ
� � ¼ �1:

Therefore,Z Z
S6

~f :̂n dS ¼
Z1
0

Z1
0

ð�1Þdz dx ¼ �
Z1
0

½z�10dx

¼ �1

Z1
0

dx ¼ �1:

Hence,ZZ
S

~f :̂n ds ¼
Z Z
S1

þ
Z Z
S2

þ
Z Z
S3

þ
Z Z
S4

þ
Z Z
S5

þ
Z Z
S6

¼ 0þ 1

2
þ 2þ 0þ 0þ�1 ¼ 3

2
:
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7.17 VOLUME INTEGRAL

Let� be a scalar-point function defined throughout a

given region of volume V. Partition the given region

into n subregions of volumes �V1, �V2,…, �Vn. Let

P(xi, yi, zi) be any point inside or on the boundary of

the subregion of volume �Vi. Then the limit

lim
n!1
�Vi!0

Xn
i¼1

� Pið Þ�Vi;

if exists, for all mode of subdivision (partition), is
called the volume integral of � over the volume V,

and this integral is denoted by
RR R

V

� dV .

If we partition the region of volume V into small

cuboids, by drawing lines parallel to the coordinate

axes, then dV ¼ dx dy dz and so,ZZ Z
V

� dV ¼
ZZ Z

V

� dx dy dz:

Similarly, if~f ¼ f1 îþ f2 ĵþ f3 k̂ is a vector-point

function, thenZZ Z
V

~f dV ¼ î

ZZ Z
V

f1 x; y; zð Þdx dy dz

þ ĵ

ZZ Z
V

f2 x; y; zð Þdx dy dz

þ k̂

ZZ Z
V

f3 x; y; zð Þdx dy dz:

EXAMPLE 7.60
If ~f ¼ 2x2 � 3zð Þî � 2xy ĵ � 4x k̂, evaluateRRR

V

r �~f dV , where V is the region bounded by the

coordinate planes and the plane 2x þ 2y þ z ¼ 4.

Solution. We have

r�~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

2x2 � 3z �2xy �4x

�������
�������

¼ î
@

@y
�4xð Þ � @

@z
�2xyð Þ


 �

þ ĵ
@

@z
2x2 � 3z
� �� @

@x
�4xð Þ


 �

þ k̂
@

@x
�2xyð Þ � @

@y
2x2 � 3z
� �
 �

¼ ĵ� 2yk̂:

The region V is bounded by the planes x ¼ 0, y ¼ 0,

z ¼ 0 and the plane 2x þ 2y þ z ¼ 4. Therefore, the

limits of integration are:

z varies from 0 to 4� 2x� 2y;

y varies from 0 to 2� x; and

x varies from 0 to 2:

Hence,Z Z Z
V

r�~f dV

¼
Z2
0

Z2�x

0

Z4�2x�2y

0

ĵ� 2y k̂
� 	

dx dy dz

¼
Z2
0

Z2�x

0

ĵ� 2y k̂
� 	

½z�4�2x�2y
0 dx dy

¼
Z2
0

Z2�x

0

4� 2x� 2yð Þ̂j� 8y� 4xyþ 4y2
� �

k̂
h i

dxdy

¼
Z2
0

4y� 2xy� 2
y2

2

� �
ĵ




� 8
y2

2
� 4x

y2

2
þ 4

y3

3

� �
k̂

�2�x

0

¼
Z2
0

2� xð Þ2 ĵ� 2

3
2� xð Þ3k̂


 �
dx

¼ 2� xð Þ3
�3

ĵ� 2

3

2� xð Þ4
�4

k̂

" #2
0

¼ 8

3
ĵ� 8

3
k̂ ¼ 8

3
ĵ� k̂
� 	

:

EXAMPLE 7.61
If ~f ¼ 2x2 � 3zð Þî� 2xy ĵ� 4x k̂, then evaluateRRR

V

r �~f dV , where V is bounded by the coordinate

planes and the plane 2x þ 2y þ z ¼ 4.

Solution. We have

r �~f ¼ @

@x
îþ @

@y
ĵþ @

@z
k̂

� �

� 2x2 � 3z
� �

î� 2xy ĵ� 4x k̂
h i

¼ 4x� 2x ¼ 2x:
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The limits of integration are as mentioned in

Example 7.60. Therefore,ZZ Z
V

r �~f dV ¼
Z2
0

Z2�x

0

Z4�2x�2y

0

dx dy dz

¼ 2

Z2
0

Z2�x

0

x 4� 2x� 2yð Þdx dy

¼ 4

Z2
0

Z2�x

0

x 2� x� yð Þdx dy

¼ 4

2

Z2
0

x 2� xð Þ2dx

¼ 2
x2

4
� 4x3

3
þ 4x2

2


 �2
0

¼ 8

3
:

EXAMPLE 7.62
Evaluate

RRR
V

r �~f dV if ~f ¼ 4xy îþ yz ĵ� xy k̂

and V is bounded by x¼ 0, x¼2, y¼ 0, y¼ 2, z¼ 0

and z ¼ 2.

Solution. We haveZZ Z
V

r �~f

¼
ZZ Z

V

@

@x
4xyð Þ þ @

@y
yzð Þ þ @

@z
�xyð Þ

� �
dV

¼
ZZ Z

V

4yþ zð ÞdV ¼
Z2
0

Z2
0

Z2
0

4yþ zð Þdz dy dx

¼
Z2
0

Z2
0

4yzþ z2

2


 �2
0

dy dx ¼ 2

Z2
0

Z2
0

4yþ 1ð Þdy dx

¼ 2

Z2
0

4y2

2
þ y


 �2
0

dx ¼ 4

Z2
0

5dx ¼ 20½x�20 ¼ 40:

7.18 GAUSS’S DIVERGENCE THEOREM

The following theoremofGauss is useful in evaluating

the surface integral over a closed surface by reducing it
to a volume integral (triple integral) and vice versa.

Theorem 7.10. (Gauss’s Divergence Theorem). Let~f
be a vector-point function possessing continuous

first-order partial derivatives at each point of a

three-dimensional region V enclosed in a closed

surface S. Then,Z Z
S

~f : n̂ dS ¼
Z Z Z

V

div~f dV ¼
Z Z Z

V

r �~f dV ;

where n̂ is the outward-drawn unit normal vector to

the surface S.

The divergence theorem can be expressed in the

form of Cartesian coordinates as follows:

Let~f ¼ f1 îþ f2 ĵþ f3 k̂. Then

div~f ¼ r �~f ¼ @f1
@x

þ @f2
@y

þ @f3
@z

:

Let the outward-drawn unit normal vector n̂ makes

angles a, b, and c, respectively, with positive

directions of x-, y-, and z-axis. Thus, cos a, cos b,
and cos c are the direction cosines of n̂ and so,

n̂ ¼ cos a îþ cos bĵþ cos c k̂

and then,

~f : n̂¼ f1 îþ f2 ĵþ f3 k̂
� 	

: cosa îþ cos b̂jþ cosck̂
� 	

¼ f1 cosaþ f2 cosbþ f3 cosc:

Hence, the Gauss’s Divergence Theorem takes the
form ZZ Z

V

@f1
@x

þ @f2
@y

þ @f3
@z

� �
dx dy dz

¼
ZZ

S

f1dy dzþ f2dz dxþ f3dx dyð Þ;

since cos a dS ¼ dy dz, cos b dS ¼ dz dx, and cos c
dS¼ dxdy. This form of Gauss’s Divergence Theorem
is also known as Green’s Theorem in Space.

Proof: Consider a closed surface S, which is such

that it is possible to introduce a rectangular coor-

dinate system, such that any line parallel to any

coordinate axis cuts S in, at the most, two points.

Let R be the projection of the surface S on the

xy-plane. Then, in accordance to our assumption, a

line through a point (x, y, 0) of R meets the boundary
of S in two points. Suppose that the z coordinates of

these points are z ¼ �1(x, y) and z ¼ �2(x, y), where
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�2(x, y) 
 �1(x, y). Then,Z Z Z
V

@f3
@z

dV¼
Z Z Z

V

@f3
@z

dzdydx

¼
Z Z

R

Z�2 x;yð Þ

�1 x;yð Þ

@f3
@z

dz

2
64

3
75dydx

¼
Z Z

R

½ f3 x;y;zð Þ��2 x;yð Þ
�1 x;yð Þdydx

¼
Z Z

R

½ f3 x;y;�2ð Þ� f3 x;y;�1ð Þ�dydx:

ð1Þ
Let S1 and S2 be the portion of the surface S corre-

sponding to z ¼ �1 (x, y) and z ¼ �2 (x, y), respec-
tively. Let n̂2 be the outward-drawn unit normal

vector to S2, making an acute angle c2 with the

positive direction k̂
� 	

of z-axis. If dS2 is projected

on the xy-plane, then this projection dy dx of dS2 is

dy dx ¼ cos c2dS2 ¼ k̂: k̂2 dS2:

In the same fashion, let n̂1 be the outward-drawn

unit normal vector to S1, making an obtuse angle c1
with k̂. Then,

dydx¼ cos �� c1ð ÞdS1 ¼� cosc1dS1 ¼�k̂: n̂ dS1:

Therefore,ZZ
R

f3 x; y; �2ð Þdy dx ¼
Z Z
S2

f3 k̂:n̂2dS2

and ZZ
R

f3 x; y; �1ð Þdy dx ¼ �
Z Z
S1

f3 k̂: n̂1 dS1:

Hence, (1) reduces toZZ Z
V

@f3
@z

dV ¼
Z Z

S2

f3 k̂ :̂n2 dS2

þ
Z Z

S1

f3 k̂: n̂1 dS1

¼
ZZ

S

f3 k̂: n̂ dS: ð2Þ

Similarly, projecting S on the remaining two coordi-

nate planes, we haveZZ Z
V

@f1
@x

dV ¼
ZZ

S

f1 î: n̂ dS and ð3Þ

ZZ Z
V

@f2
@y

dV ¼
ZZ

S

f2 ĵ: n̂ dS: ð4Þ

Adding (2), (3), and (4), we obtain

ZZ Z
V

@f1
@x

þ @f2
@y

þ @f3
@z

� �
dV

¼
ZZ

S

f1 îþ f2 ĵþ f3: k̂
� 	

:̂n dS

¼
ZZ

S

~f : n̂ dS:

This proves the theorem. The Gauss’s Divergence

Theorem can be extended to the surfaces which are

such that lines parallel to the coordinate axes meet

them in more than two points. For this, the region
enclosed by S is partitioned into subregions whose

surfaces satisfy the condition assumed in the above

proof. Applying the theorem to each subregion and

adding will yield the required result.

Deductions:
(i) If n̂ is the outward-drawn unit normal vector to S,

then Z ZZ
V

~f :r�dV ¼
ZZ

S

�~f : n̂ dS

�
ZZ Z

V

� div~f dV :

Proof: By Gauss’s Divergence Theorem,ZZ
S

~F: n̂ dS ¼
ZZ Z

V

div~F dV :
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Putting~F ¼ �~f , we haveZZ
S

�~f : n̂ dS ¼
ZZ Z

V

div �~f
� 	

dV

¼
ZZ Z

V

� div~f þ~f :r�
� 	

dV

¼
ZZ Z

V

� div~f dV

þ
ZZ Z

V

~f :r�dV

and so,ZZZ
V

~f :r�dV ¼
Z Z

S

�~f : n̂ dS�
Z Z Z

V

�div~f dV :

(ii)
RR
S

~f � n̂ dS ¼ � RRR
V

curl~f dV :

Proof: By Gauss’s Divergence Theorem,ZZ
S

~F: n̂ dS ¼
ZZ Z

V

div~F dV :

Putting~F ¼~a�~f , where~a is an arbitrary constant

vector, we haveZZ
S

~a�~f
� 	

: n̂ dS ¼
ZZ Z

V

r � ~a�~f
� 	

dV

or ZZ
S

~a: ~f � n̂
� 	

dS ¼ �
ZZ Z

S

~a: r�~f
� 	

dV

or

~a:

ZZ
S

~f � n̂
� 	

dS ¼ �~a:
ZZZ

V

r�~f
� 	

dV

or

~a:

ZZ
S

~f � n̂
� 	

dS þ
ZZZ

V

r�~f
� 	

dV

2
4

3
5 ¼ 0

or ZZ
S

~f � n̂
� 	

:þ
ZZZ

V

r�~f
� 	

dV ¼ 0;

that is,ZZ
S

~f � n̂
� 	

dS ¼ �
ZZZ

V

curl~f dV :

(iii)
RR
S

� n̂ dS ¼ RRR
V

grad � dV .

Proof: By Gauss’s Divergence TheoremZZ
S

~f :̂n dS ¼
ZZZ

V

div~f dV :

Putting~f ¼~a �, where ~a is on arbitrary constant

vector, we getZZ
S

~a �ð Þ : n̂ dS ¼
ZZZ

V

div ~a �ð ÞdV

¼
ZZZ

V

r � ~a �ð ÞdV :

Thus,

~a:

ZZ
S

� n̂ð ÞdS ¼~a:

ZZZ
V

r�ð ÞdV
or

~a:

ZZ
S

� n̂ð ÞdS �
ZZZ

V

r�ð ÞdV
2
4

3
5 ¼ 0

or ZZ
S

� n̂ð ÞdS �
ZZZ

V

r�ð ÞdV ¼ 0

or ZZ
S

� n̂ dS ¼
ZZZ

V

r� dV :

EXAMPLE 7.63
If S is a closed surface, n̂ is the outward-drawn

normal to S and V is the volume enclosed by S,

show that

(i)

ZZ
S

~r: n̂ dS ¼ 3V ,

(ii)

ZZZ
V

div n̂ dV ¼ S,

(iii)

ZZ
S

n̂ dS ¼~0; and

(iv)

ZZ
S

~f :̂n dS ¼ 6V ,

where~f ¼ x îþ 2y ĵþ 3z k̂.
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Solution. (i) By the divergence theorem,ZZ
S

~r: n̂ ds ¼
ZZZ

V

div~r dV ¼
ZZZ

V

r � ~r dV

¼
ZZZ

V

î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �

� x îþ y ĵþ z k̂
� 	

dV

¼ 3

ZZZ
V

dV ¼ 3V :

(ii) By the divergence theorem,ZZZ
V

div n̂ dV ¼
ZZ

S

n̂ : n̂ dS

¼
ZZ

S

dS ¼ S:

(iii) If â is any constant vector, then

~a:

ZZ
S

n̂ dS ¼
ZZ

S

~a: n̂ dS

¼
ZZZ

V

div~a dV ;

by divergence theorem

¼~0; because div~a ¼~0:

(iv) By the Gauss’s Divergence TheoremZZ
S

~f : n̂ dS ¼
ZZZ

V

r �~f dV

¼
ZZZ

V

î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �

� x îþ 2y ĵþ 3z k̂
� 	

dV

¼
ZZZ

V

1þ 2þ 3ð ÞdV

¼ 6

ZZZ
V

dV ¼ 6V :

EXAMPLE 7.64
Verify the divergence theorem for~f ¼ 4x î� 2y2 ĵ

þz2k̂, taken over the region bounded by the cylinder

x2 þ y2 ¼ 4, z ¼ 0 and z ¼ 3.

Solution. In Example 7.58, we have shown thatZZ
S

~f : n̂ dS ¼ 84�:

On the other hand,Z Z Z
V

div~f dV¼
Z Z Z

V

r�~f dV

¼
Z Z Z

V

@

@x
4xð Þþ @

@y
�2y2
� �


þ @

@z
z2
� ��

dV

¼
Z Z Z

V

4�4yþ3zð Þdxdydz:

Since z varies from 0 to 3, y varies from �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� x2

p
to

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� x2

p
, and x varies from � 2 to 2, we haveZZZ

V

div~f dV

¼
Z2
�2

Zffiffiffiffiffiffiffiffi4�x2
p

�
ffiffiffiffiffiffiffiffi
4�x2

p

Z3
0

4� 4yþ 2zð Þdz
2
4

3
5 dy dx

¼
Z2
�2

Zffiffiffiffiffiffiffiffi4�x2
p

�
ffiffiffiffiffiffiffiffi
4�x2

p
4z� 4yzþ 2

z2

2


 �3
0

dy dx

¼
Z2
�2

Zffiffiffiffiffiffiffiffi4�x2
p

�
ffiffiffiffiffiffiffiffi
4�x2

p
½12� 12yþ 9� dy dx

¼ 21

Z2
�2

Zffiffiffiffiffiffiffiffi4�x2
p

�
ffiffiffiffiffiffiffiffi
4�x2

p
dy

2
64

3
75 dx;

since 12y is an odd function of y

¼ 42

Z2
�2

Zffiffiffiffiffiffiffiffi4�x2
p

0

dy

2
64

3
75 dx ¼ 42

Z2
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� x2

p
dx

¼ 84

Z2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� x2

p
dx; since integrand is even

¼ 84
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� x2

p

2
þ 4

2
sin�1 x

2

" #2
0

¼ 84 0þ 2 sin�1 1

 � ¼ 84

2�

2


 �
¼ 84�:
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Therefore,ZZ
S

~f : n̂ dS ¼
ZZZ

V

div~f dV

and thus, Gauss’s Divergence Theorem is verified

for the given function.

EXAMPLE 7.65
Verify Gauss’s Divergence Theorem for the func-

tion~f ¼ 4xz î� y2 ĵþ yz k̂ over the surface S of the

cube bounded by x ¼ 0, x ¼ 1, y ¼ 0, y ¼ 1, z ¼ 0,

and z ¼ 1.

Solution. In Example 7.59, we have shown thatZZ
S

~f :̂n dS ¼ 3

2
:

On the other hand,Z Z Z
V

div~f dv

¼
Z Z Z

V

r�~f dV

¼
Z Z Z

V

@

@x
4xzð Þþ @

@y
�y2
� �þ @

@z
yzð Þ


 �
dV

¼
Z Z Z

V

4z�2yþyð ÞdV¼
Z Z Z

V

4z�yð ÞdV

¼
Z1
0

Z1
0

Z1
0

4z�yð Þdz
2
4

3
5dydx¼Z

1

0

Z1
0

4z2

2
�yz


 �1
0

dydx

¼
Z1
0

Z1
0

2�yð Þdy
2
4

3
5dx¼Z

1

0

2y�y2

2


 �1
0

dx

¼
Z1
0

2�1

2

� �
dx¼3

2

Z1
0

dx¼3

2
:

Therefore,ZZ
S

~f : n̂ dS ¼
ZZZ

V

div~f dV

and thus, the Gauss’s Divergence Theorem is

verified.

EXAMPLE 7.66
Evaluate

RR
S

~f : n̂ dS, where ~f ¼ ax îþ by ĵþ cz k̂

and S is the surface of the sphere x2 þ y2 þ z2 ¼ 1.

Solution. Since S is closed, by the divergence theo-

rem, we haveZZ
S

~f : n̂ dS ¼
ZZZ

V

div~f dV

¼
ZZZ

V

r � ~f dV

¼
ZZZ

V

@

@x
axð Þ þ @

@y
byð Þ




þ @

@z
czð Þ
�
dV

¼
ZZZ

V

aþ bþ cð ÞdV

¼ aþ bþ cð Þ
ZZZ

V

dV

¼ aþ bþ cð Þ 4

3
�

� �
;

since
RRR
V

dV ¼ volume of the sphere x2 þ y2 þ z2

¼ 1, which is 4
3
�. 13.

EXAMPLE 7.67
VerifyGauss’s Divergence Theorem for~f ¼ x3�yzð Þ̂i
�2x2y~jþ2k̂, taken over the cube bounded by the

planes x ¼ 0, x ¼ a, y ¼ 0, y ¼ a, z ¼ 0, and z ¼ a.

Solution. The surface F is a cube with six faces as

shown in the following figure:

A

x

a O

E
G

D

C
z

F

B y

Figure 3.6

To calculate
RR
S

~f : n̂ dS, we evaluate
RR
S

~f : n̂ dS

over the six faces and then add those values.
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(i) For the face OADB, we have n̂ ¼ �k̂ and

z ¼ 0. Therefore,Z Z
OADB

~f : n̂ dS

¼
Z Z

OADB

x3�yz
� �̂

i�2x2y ĵþ2k̂
h i

: �k̂
� 	

dS

¼
Za
0

Za
0

�2ð Þdxdy¼�2

Za
0

½y�a0dx

¼�2a

Za
0

dx¼�2a½x�a0

¼�2a2: ð1Þ

(ii) For the face CGEF, we have n̂ ¼ k̂ and
z ¼ a. Therefore,

Z Z
CGEF

~f : n̂ dS¼
Za
0

Za
0

2dx dy

¼ 2a

Za
0

dx

¼ 2a2: ð2Þ

(iii) For the face ADEG, we have n̂ ¼ î,
x ¼ a, and dx ¼ 0. Therefore,

Z Z
ADEG

~f : n̂ dS¼
Za
0

Za
0

ða3 � yzÞdydz

¼
Za
0

a3z� y
z2

2


 �a
0

dy

¼
Z1
0

a4 � a2y

2

� �
dy

¼ a4y� a2y2

4


 �a
0

¼ a5 � a4

4
: ð3Þ

(iv) For the face OBFC, we have n̂ ¼ �î,

x ¼ 0, and dx ¼ 0. Therefore,

Z Z
OBFC

~f : n̂ dS¼
Za
0

Za
0

yzð Þdydz

¼
Za
0

y
z2

2


 �a
0

¼ 1

2

Za
0

a2ydy

¼ a2

2

y2

2


 �a
0

¼ a2

4
: ð4Þ

(v) For the face OAGC, we have n̂ ¼ �ĵ,

y ¼ 0, and dy ¼ 0. Therefore,

Z Z
OAGC

~f :̂n dS ¼
Za
0

Za
0

0 dx dz ¼ 0: ð5Þ

(vi) For the face DBFE, we have n̂ ¼ ĵ,

y ¼ a, and dy ¼ 0. Therefore,Z Z
DBFE

~f :̂n dS

¼
Za
0

Za
0

�2x2a dxdz ¼ �2a

Za
0

½x2z�a0dx

¼ �2a2
Za
0

x2dx ¼ �2a2
x3

3


 �a
0

¼ � 2a5

3
: ð6Þ

Adding (1)�(6), we getZZ
S

~f :̂n dS ¼ �2a2 þ 2a2 þ a5

� a4

4
þ a2

4
þ 0� 2a5

3
¼ a5

3
:
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On the other hand,ZZZ
V

div~f dV ¼
ZZZ

V

r �~f dV

¼
ZZZ

V

@

@x
x3 � yz
� �þ @

@y
�2x2y
� �þ @

@z
2ð Þ


 �
dV

¼
ZZZ

V

3x2 � 2x2
� �

dV ¼
Za
0

Za
0

Za
0

x2dx dy dz

¼
Za
0

Za
0

½x2z�a0 dy dx ¼
Za
a

Za
0

x2a dy

2
4

3
5 dx

¼ a

Za
0

½x2y�a0 dx ¼ a2
Za
0

x2dx ¼ a2
x3

3


 �a
0

¼ a5

3
:

Thus, ZZ
S

~f :̂n dS ¼
ZZZ

V

div~f dV

and thereby, Gauss’s Divergence Theorem is

verified.

EXAMPLE 7.68
Evaluate

RR
S

x3�yzð Þdydz�2x2ydzdxþzdxdy over

the surface bounded by the coordinate planes and

the planes x ¼ y ¼ z ¼ a.

Solution. By giving divergence theorem in Cartesian

form, we haveZZ
S

f1dy dzþ f2dz dxþ f3dx dyð Þ

¼
ZZZ

V

@f1
@x

þ @f2
@y

þ @f3
@z

� �
dV

¼
ZZZ

V

@

@x
x3 � yz
� �þ @

@y
�2x2y
� �þ @

@z
zð Þ


 �
dV

¼
ZZZ

V

x2 þ 1
� �

dV ¼
Za
0

Za
0

Za
0

x2 þ 1
� �

dx dy dz

¼
Za
0

Za
0

½x2zþ z�a0 dydz ¼
Za
0

Za
0

a x2 þ 1
� �

dy

2
4

3
5dx

¼ a

Za
0

½x2yþ y�a0 dx ¼ a2
Za
0

x2 þ 1
� �

dx

¼ a2
x3

3
þ x


 �a
0

¼ a5

3
þ a3:

EXAMPLE 7.69
Using Green’s Theorem in space, evaluateRR
S

4xzdy dz� y2dz dxþ yzdx dyð Þ, where S is the

surface of a cube bounded by the planes x ¼ 0,

y ¼ 0, z ¼ 0, x ¼ 1, y ¼ 1, and z ¼ 1.

Solution. Let

f1 ¼ 4xz; f2 ¼ �y2; and f3 ¼ yz:

Then, by Green’s Theorem in space, we haveZZ
S

f1dy dzþ f2dz dxþ f3dx dyð Þ

¼
ZZZ

V

@f1
@x

þ @f2
@y

þ @f3
@z

� �
dx dy dz

¼
ZZZ

V

@

@x
4xzð Þ þ @

@y
�y2
� �þ @

@z
yzð Þ

� �
dx dy dz

¼
ZZZ

V

4z� yð Þdx dy dz

¼
Z1
0

Z1
0

4
z2

2
� yz


 �1
0

dy dx ¼
Z1
0

Z1
0

2� yð Þdy
2
4

3
5 dx

¼
Z1
0

2y� y2

2


 �1
0

¼ 3

2

Z1
0

dx ¼ 3

2
:

7.19 GREEN’S THEOREM IN A PLANE

A domain D is said to be a quadratic with respect to

y-axis, if it is bounded by the curves of the form

y ¼ � xð Þ; y ¼ ł xð Þ : x ¼ a; x ¼ b;

where � and ł are continuous functions and � (x)


 ł (x) for all x 2 [a, b]. Thus, a domain which is

quadratic with respect to y-axis is such that a line

parallel to y-axis and lying between x¼ a and x¼ b

meets the boundary of D in just two points.

Similarly, we can define domains which are quad-
ratic with respect to x-axis.
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The Green’s Theorem is useful in changing a line

integral around a closed curve C into a double

integral over the region R enclosed by C.

Theorem 7.11. (Green’s Theorem). Let f, g, @f@y, and
@f
@y

are continuous in a region R, which can be split up

in finite number of regions quadratic with respect to

either axis. Then,I
C

½ f x;yð Þdxþ g x;yð Þdy� ¼
Z Z

R

@g

@x
� @f

@y

� �
dxdy;

where the integral on the left is a line integral

around the boundary C of the region, taken in such a

way that the interior of the region remains on the

left as the boundary is described.

Proof: Consider the region R bounded by the curves

x ¼ a, x ¼ b, y ¼ �(x), and y ¼ ł(x), such that �(x)

 ł(x) for all x 2 [a, b]. Let f be a real-valued
continuous function defined in R, and let @f

@y exists

and is continuous in R. Then,

0
x

y

x � a x � b

y �   (x)

y �   (x)�

	

ZZ
R

@f

@y
dxdy ¼

Zb
a

Z� xð Þ

ł xð Þ

@f

@y
dy

2
64

3
75 dx

¼
Zb
a

f x; :�ðxÞð Þdx�
Zb
a

f x;łðxÞð Þdx

¼ �
Za
b

f x; �ðxÞð Þdx�
Zb
a

f x;łðxÞð Þdx

¼ �
Zb
a

f x; łðxÞð Þdxþ
Za
b

f x; �ðxÞð Þdx
2
4

3
5

¼ �
I
C

f x; yð Þdx:

Therefore,I
C

f x; yð Þdx ¼ �
ZZ

R

@f

@y
dx dy: ð1Þ

Similarly, it can be shown thatI
C

g x; yð Þdy ¼
ZZ

R

@g

@x
dx dy: ð2Þ

Adding (1) and (2), we obtainI
C

½ f x; yð Þdxþ g x; yð Þdy� ¼
ZZ

R

@g

@x
� @f

@y


 �
dx dy:

Deductions:
(i) If f (x, y) ¼ �y and g (x, y) ¼ x, then by Green’s
Theorem, we haveI

C

xdy� ydxð Þ ¼
ZZ

R

1þ 1ð Þdxdy

¼ 2

ZZ
R

dxdy ¼ 2A;

where A denotes the area of the region R. Thus,

A ¼ 1

2

I
C

½xdy� ydx�:

(ii) Putting f (x, y) ¼ �y and g (x, y) ¼ 0, the

Green’s Theorem implies

�
I

ydx ¼
ZZ

R

dxdy ¼ Area of the region R:

(iii) Putting g (x, y) ¼ x and f (x, y) ¼ 0, we getI
C

xdy ¼
ZZ

R

dx dy ¼ Area of the region R:

Hence, the area of a closed region R is given by any

of the three formulaeI
C

xdy; �
I
C

ydx; or
1

2

I
C

xdy� ydxð Þ;

where C denotes the boundary of the closed region

R described in the positive sense.

EXAMPLE 7.70
Verify Green’s theorem in the plane forH
C

½ xyþ y2ð Þdxþ x2dy�, where C is the closed curve

of the region bounded by y ¼ x and y ¼ x2.
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Solution. The region is bounded by the straight line

y ¼ x and the parabola y ¼ x2. The point of inter-

section of y ¼ x and y ¼ x2 are (0, 0) and (1, 1).

We note that

y

x

C2

C1

x2
y

 y

(1, 1)

0

 x

 �

�

I
C

½ xyþ y2
� �

dxþ x2dy�

¼
Z
C1

½ xyþ y2
� �

dxþ x2dy�

þ
Z
C2

½ xyþ y2
� �

dxþ x2dy� ð1Þ

For the line integral along C1, we have y ¼ x2 and

so, dy ¼ 2xdx and x varies from 0 to 1. Thus,Z
C1

½ xyþ y2
� �

dxþ x2dy�

¼
Z1
0

½ x3 þ x4
� �

dxþ x2 2xð Þdx�

¼
Z1
0

x4 þ 3x3
� �

dx ¼ x5

5
þ 3x4

4


 �1
0

¼ 19

20
:

For the line integral along (2), we have y¼ x and so,
dy ¼ dx, and x varies from 1 to 0. Therefore,Z
C2

½ xyþy2
� �

dxþx2dy�¼
Z0
1

½ x2þx2
� �

dxþx2dx�

¼
Z0
1

3x2dx¼ 3x3

3


 �0
1

¼�1:

Hence, (1) yieldsZ
C

½ xyþ y2
� �

dxþ x2dy� ¼ 19

20
� 1 ¼ � 1

20
:

On the other hand,Z Z
S

@f2
@x

�@f1
@y

� �
dxdy

¼
Z Z

S

@

@x
x2
� �� @

@y
xyþy2
� �
 �

dxdy

¼
Z1
0

Zy¼x

y¼x2

½2x� xþ2yð Þ�dydx

¼
Z1
0

Zx
x2

x�2yð Þdy
2
4

3
5dx¼Z

1

0

½xy�y2�xx2dx

¼
Z1
0

x4�x3
� �

dx¼ x5

5
�x4

4


 �1
0

¼1

5
�1

4
¼� 1

20
:

Hence,I
C

½f1 x;yð Þdxþ f2 x;yð Þdy� ¼
Z Z

S

@f2
@x

�@f1
@y

� �
dx dy;

and thus, Green’s theorem is verified.

EXAMPLE 7.71
Apply Green’s Theorem to show that the area

bounded by a simple closed curve C is given by
1
2

H
C

xdy� ydxð Þ. Hence, find the area of the ellipse

x2

a2
þ y2

b2
¼ 1.

Solution. In Deduction (i) of Green’s Theorem, we
have shown that the area A bounded by a simple

closed curve C is equal to 1
2

H
C

xdy� ydxð Þ.
For the secondpart,weknow that the parametric equa-

tions of theellipse x2

a2
þ y2

b2
¼1 are x¼ a cos h and y¼ b

sin h. Thus, dx ¼ �a sin h dh and dy ¼ b cos h dh.
Therefore, the area A of the ellipse is given by

A ¼ 1

2

I
C

ðxdy� ydxÞ

¼ 1

2

Z 2�

0

½ða cos hÞðb cos hÞdh
� ðb sin hÞð�a sin hÞdh�

¼ 1

2

Z 2�

0

½ab cos2 hþ absin2h�dh

¼ ab

2

Z 2�

0

dh ¼ ab

2
½h�2�h ¼ �ab:

7.50 n Engineering Mathematics-I



EXAMPLE 7.72
Verify Green’s theorem in the plane for

H
C

½ð3x2�
8y2Þdxþ ð4y� 6xyÞdy�, where C is the boundary

of the region bounded by x ¼ 0, y ¼ 0, and

x þ y ¼ 1.

Solution. We have

f1 x; yð Þ ¼ 3x2 � 8y2 and f2 x; yð Þ ¼ 4y� 6xy:

Therefore,ZZ
S

@f2
@x

� @f1
@y

� �
dxdy

¼
Z1
0

Z1�x

0

�6yþ 16yð Þdy
2
4

3
5 dx ¼ 10

Z1
0

y2

2


 �1�x

0

dx

¼ 5

Z1
0

1� xð Þ2dx ¼ � 5

3
½ 1� xð Þ3�10 ¼

5

3
: ð1Þ

Further, the line integral splits into three parts:I
C

½ f2dxþ f1dy� ¼
Z
OA

þ
Z
AB

þ
Z
BO

:

y

B (0, 1)

A(1, 0)y � 0

x � 0

x
�

 y
�

 1

x
O

Along OA, we have y¼ 0 so that dy¼ 0 and x varies

from 0 to 1. Hence,

Z
OA

¼
Z1
0

3x2dx ¼ 3
x3

3


 �1
0

¼ 1:

Along AB, we have y ¼ 1 � x and so dy ¼ �dx and

x varies from 1 to 0. Therefore,

Z
AB

¼
Z0
1

½3x2 � 8 1� xð Þ�2 dx

þ ½4 1� xð Þ � 6x 1� xð Þ� �1ð Þdx

¼
Z0
1

�11x2 þ 26x� 12
� �

dx

¼ �11
x3

3
þ 26

x2

2
� 12x


 �0
1

¼ 11

3
� 13þ 12 ¼ 8

3
:

Along BO, we have x¼ 0 so that dx¼ 0 and y varies

from 1 to 0. Therefore,

Z
BO

¼
Z0
1

4ydy ¼ 4
y2

2


 �0
1

¼ �2:

Hence, I
C

½ f2dxþ f1dy� ¼ 1þ 8

3
� 2 ¼ 5

3
: ð2Þ

From (1) and (2), it follows thatI
C

½ f2dxþ f1dy� ¼
ZZ

S

@f2
@x

� @f1
@y

� �
dx dy;

and thus, Green’s theorem is verified.

EXAMPLE 7.73
Using Green’s theorem in a plane, evaluateH
C

½ y� sin xð Þdxþ cos x dy�, where C is the triangle

with vertices (0,0), �
2
; 0

� �
, and �

2
; 1

� �
.

Solution. We have

f1 x; yð Þ ¼ y� sin x and f2 x; yð Þ ¼ cos x:

The closed curve C is the triangle with vertices

(0,0), �
2
; 0

� �
, and �

2
; 1

� �
as shown in the following

figure. The equation of the line OB is y�0
x�0

¼ 1�0
�
2�0

, that

is, y ¼ 2x
� .
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Y

B

X
(0, 0) A(    , 0)O

2
π

x
x

y
2

2

2

 1

π

π

π

�
�

 )( ,

By Green’s Theorem, we haveI
C

½ f1dxþ f2dy� ¼
ZZ

S

@f2
@x

� @f1
@y

� �
dx dy

¼
ZZ

S

@

@x
cos xð Þ � @

@y
y� sin xð Þ


 �
dx dy

¼
ZZ

� sin xþ 1ð Þdx dy

¼ �
Z�

2

0

Z2x
�

0

1þ sin xð Þdy

2
64

3
75 dx

¼ �
Z�

2

0

½yþ y sin x�2x�0 dx

¼ � 2

�

Z�
2

0

x 1þ sin xð Þdx

¼ � 2

�
½x x� cos xð Þ��20 �

Z�
2

0

x� cos xð Þdx

8><
>:

9>=
>;

¼ � �

2
þ 2

�

Z�
2

0

x� cos xð Þdx

¼ � �

2
þ 2

�

x2

2
� sin x


 ��
2

0

¼ � �

2
þ 2

�

�2

8
� 1


 �

¼ � �

2
þ �

4
� 2

�
¼ � �

4
� 2

�
:

EXAMPLE 7.74
Evaluate, by Green’s Theorem,

H
C

½ 3x� yð Þdxþ
2xþ yð Þdy�, where C is the curve x2 þ y2 ¼ a2.

Solution. We have

f1 x; yð Þ ¼ 3x� y and f2 x; yð Þ ¼ 2xþ y:

By Green’s Theorem,Z
C

f1dxþ f2dyð Þ

¼
ZZ

R

@f2
@x

� @f1
@y

� �
dx dy ¼

ZZ
R

2� 1ð Þdx dy

¼
Za
�a

Zffiffiffiffiffiffiffiffiffia2�x2
p

�
ffiffiffiffiffiffiffiffiffi
a2�x2

p
dx dy ¼ 4

Za
0

Zffiffiffiffiffiffiffiffiffia2�x2
p

0

dx dy

¼ 4

Za
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
dx

¼ 4a2
Z�

2

0

cos2 h dh; x ¼ asin h

¼ 4a2:
1

2
:
�

2
¼ �a2:

EXAMPLE 7.75
Compute the area of the loop of Descartes’s Folium,

x3 þ y3 ¼ 3axy.

Solution. Putting y ¼ tx, we get the parametric

equations of the contour of the folium as

x ¼ 3at

1þ t3
and y ¼ 3at2

1þ t3
:

The loop is described as t varies from 0 to1, since

t ¼ y
x
¼ tan h, where h varies from 0 to �

2
. Thus,

dx ¼ 3a 1�2t3

1þt3ð Þ2 dt and dy ¼ 3a 2t�t4

1þt3ð Þ2 dt. Hence, by

Green’s Theorem,

Area ¼ 1

2

I
C

xdy� ydxð Þ ¼ 9a2

2

Z1
0

t2dt

1þ t3ð Þ2 ¼
3

2
a2:

7.20 STOKE’S THEOREM

The Stoke’s Theorem provides a relation between a
surface integral taken over a surface to a line inte-

gral along the boundary curve of the surface.
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Theorem 7.12. (Stoke’s Theorem). Let~f be a vector-

point function possessing continuous first-order

partial derivatives and S be a surface bounded by a

closed curve C. Then,I
C

~f :d~r ¼
ZZ

S

curl~f :̂ndS;

where n̂ is a unit normal vector at any point of S,
drawn in the sense in which a right-handed screw

would move when rotated in the sense of descrip-

tion of the curve C.

Proof: Let the unit normal vector n̂ makes angles

a, b and c with the positive directions of co-

ordinate axes x, y, and z, respectively. Then,

n̂¼cosâiþcosb̂jþcosck̂. Since~r¼ x̂iþ ŷjþzk̂, we

have d~r¼ îdxþ ĵdyþ k̂dz. Let ~f ¼ f1̂iþ f2̂jþ f3k̂.

Then,

curl~f ¼r�~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

f1 f2 f3

�������
�������

¼ î
@f3
@y

�@f2
@z

� �
þ ĵ

@f1
@z

�@f3
@x

� �

þ k̂
@f2
@x

�@f1
@y

� �

and so,

curl~f :̂n ¼ @f3
@y

� @f2
@z

� �
cos a

þ @f1
@z

� @f3
@x

� �
cos b

þ @f2
@x

� @f1
@y

� �
cos c:

On the other hand,

~f :d~r ¼ f1 îþ f2 ĵþ f3k̂
� 	

: îdxþ ĵdyþ k̂dz
� 	

¼ f1dxþ f2dyþ f3dz:

Therefore, Stoke’s Theorem takes the formI
C

ðf1dxþ f2dyþ f3dzÞ

¼
ZZ

S

@f3
@y

� @f2
@z

� �
cos aþ @f1

@z
� @f3

@x

� �
cos b




þ @f2
@x

� @f1
@y

� �
cos c

�
dS:

Wenowprove the theorem in this form. Suppose z¼ �
(x, y) be the equation of the surface S and R be the

projection of S on the xy-plane. Then, the projection

of the curve C on the xy-plane shall be the curve C1,

which enclose the region R. Therefore,I
C

f1 x; y; zð Þdx ¼
I
C1

f1 x; y; � x; yð Þð Þdx

¼
Z
C1

½f1 x; y; �ð Þdx� 0dy�

¼
ZZ

R

@

@x
0ð Þ � @

@y
f1 x; y; �ð Þ


 �
dx dy

(by Green’s theorem in plane)

¼ �
ZZ

R

@

@y
f1 x; y; �ð Þdx dy

¼ �
ZZ

R

@f1
@y

þ @f1
@z

@�

@y


 �
dx dy: ð1Þ

Since the direction ratios of the normal n̂ to the
surface S are @�

@x ;
@�
@y, and �1, we have

cos a
@�
@x

¼ cos b
@�
@y

¼ cos c

�1
and so

@�

@y
¼ � cos b

cos c
:

Moreover, dxdy being the projection of dS on the

xy-plane, we have

dxdy ¼ cos cdS:

Hence, (1) reduces toI
C

f1 x; y; zð Þdx

¼ �
ZZ

S

@f1
@y

þ @f1
@z

� cos b

cos c

� �
 �
cos c dS

¼
ZZ

S

@f1
@z

cos b� @f1
@y

cos c


 �
dS: ð2Þ

Similarly, it can be established thatI
C

f2 x;y;zð Þdx¼
Z Z

S

@f2
@x

cosc�@f2
@z

cosa


 �
dS ð3Þ

andI
C

f3 x;y;zð Þdz¼�
Z Z

S

@f3
@y

cosa�@f3
@x

cosb


 �
dS: ð4Þ
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Adding (2), (3), and (4), we getI
C

ðf1dxþ f2dyþ f3dzÞ

¼
ZZ

S

@f3
@y

� @f2
@z

� �
cos a




þ @f1
@z

� @f3
@x

� �
cos bþ @f2

@x
� @f1

@y

� �
cos c

�
dS:

This completes the proof of the theorem.

Remark 7.1. The equivalent statement of Stoke’s

Theorem is that

The line integral of the tangential component of a

vector-point function ~f taken around a simple
closed curve C is equal to the surface integral of the

normal component of the curl of~f taken over any

surface S having C as its boundary.

EXAMPLE 7.76
Verify Stoke’s Theorem for the function~f ¼x2 îþxŷj,

integrated around the square in the plane z ¼ 0,

whose sides are along the lines x ¼ 0, x ¼ a, y ¼ 0,

and y ¼ a.

Solution. Since~f ¼ x2 îþ xy ĵ, we have

~f :d~r ¼ x2 îþ xy ĵ
� �

: î dxþ ĵ dy
� �¼ x2dxþ xydy:

Therefore, I
C

~f :d~r ¼
I
C

x2dxþ xydy
� �

;

where C is the square shown in the figure.

y 5 a

x 5 0

y 5 0

x 5 a

X

Y

C(0, a)
B(a, a)

(0, 0) A(a, 0)
O

Thus, I
C

~f :d~r ¼
Z
OA

þ
Z
AB

þ
Z
BC

þ
Z
CA

: ð1Þ

Along OA, we have y ¼ 0 and so, dy ¼ 0. Thus,Z
AB

~f :d~r ¼
Za
0

x2dx ¼ x3

3


 �a
0

¼ a3

3
:

Along AB, x ¼ a and so, dx ¼ 0. Thus,Z
AB

~f : d~r ¼
Za
0

aydy ¼ a2

2
:

Along BC, we have y ¼ a and so, dy ¼ 0. Thus,Z
BC

~f :d~r ¼
Z0
a

x2dx ¼ � a3

3
:

Along CO, we have x ¼ 0 and so, dx ¼ 0. Thus,Z
CO

~f :d~r ¼
Z0
a

0dy ¼ 0:

Hence, (1) yieldsI
C

~f :d~r ¼ a3

3
þ a2

2
� a3

3
¼ a2

2
:

On the other hand,

curl~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

x2 xy 0

������
������ ¼ y k̂:

Since the square (surface) lies in the xy-plane,

n̂ ¼ k̂. Therefore,

curl~f :̂n ¼ y k̂:k̂ ¼ y

and so,ZZ
S

curl~f :̂n dS ¼
Za
0

Za
0

ydx dy ¼
Za
0

y2

2


 �a
0

dx

¼ a2

2

Za
0

dx ¼ a3

2
:

Hence, I
C

~f : d~r ¼
ZZ

S

curl~f : n̂ dS:
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EXAMPLE 7.77
Verifies Stoke’s Theorem for ~f ¼ y îþ z ĵþ x k̂,

where S is the upper-half surface of the surface x2þ
y2 þ z2 ¼1 and C is its boundary.

Solution. Here, C is the boundary of the upper-half

surface of x2þ y2þ z2¼1, that is, C is the boundary

of the circle x2 þ y2 ¼ 1 in the xy-plane. Thus, the

parametric equations of C are x ¼ cos t, y ¼ sin t,
z ¼ 0, and 0 � t � 2�. Therefore,I

C

~f : d~r ¼
I
C

f1dxþ f2dyþ f3dzð Þ

¼
I
C

½ydxþ zdyþ xdz�

¼
Z2�
0

½sin t � sin tð Þ�dt

¼ �
Z2�
0

sin2 t dt

¼ �4

Z�
2

0

sin2 tdt ¼ �4:
1

2
:
�

2
¼ ��:

On the other hand,

curl~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

y z x

�������
�������

¼ î
@x

@y
� @z

@z

� �
þ ĵ

@y

@z
� @x

@x

� �
þ k̂

@z

@x
� @y

@y

� �

¼ � îþ ĵþ k̂
� 	

and so,

curl~f : n̂ ¼ � îþ ĵþ k̂
� 	

: k̂ ¼ �1:

Therefore,ZZ
S

curl~f : n̂ dS ¼ �
ZZ

dx dy ¼ �� 1ð Þ2¼ ��:

Hence, I
C

~f : d~r ¼
ZZ

S

curl~f : n̂ dS

and thus, Stoke’s theorem is verified:

EXAMPLE 7.78
Verify Stoke’s theorem for the vector field
~f ¼ x2 � y2ð Þîþ 2xy ĵ, integrated around the rec-

tangle z ¼ 0, and bounded by the lines x ¼ 0, y ¼ 0,

x ¼ a, and y ¼ b.

Solution. Since~f ¼ x2 � y2ð Þîþ 2xy ĵ, we have

~f : d~r ¼ x2 � y2
� �

îþ 2xy ĵ

 �

: î dxþ ĵ dy
� �

¼ x2 � y2
� �

dxþ 2xydy:

y 5 b

x 5 0

y 5 0

x 5 a

x

y

C(0, b)
B(a, b)

(0, 0) A(a, 0)0

Therefore,I
C

~f : d~r ¼
I
C

½ x2 � y2
� �

dxþ 2xydy�

¼
Z
OA

þ
Z
AB

þ
Z
BC

þ
Z
CO

:

Along OA, we have y ¼ 0 and dy ¼ 0. Therefore,Z
OA

~f : d~r ¼
Za
0

x2dx ¼ x3

3


 �a
0

¼ a3

3
:

Along AB, we have x ¼ a and dx ¼ 0. Therefore,Z
AB

~f : d~r ¼
Zb
0

2aydy ¼ ab2:

Along BC, we have y ¼ b and dy ¼ 0. Therefore,Z
BC

~f : d~r ¼
Z0
a

ðx2 � b2Þdx ¼ x3

3
� b2x


 �0
a

¼ � a3

3
þ ab2:

Along CO, we have x ¼ 0 and dx ¼ 0. Therefore,Z
CO

~f : d~r ¼ 0:
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Hence,I
C

~f : d~r ¼ a3

3
þ ab2 � a3

3
þ ab2 ¼ 2ab2:

On the other hand,

curl~f ¼ r�~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

x2 � y2 2xy 0

������
������ ¼ 4y k̂:

Therefore,

curl~f :̂n ¼ 4y k̂
� 	

: k̂
� 	

¼ 4y

and so,ZZ
S

curl~f : n̂ dS ¼ 4

Za
0

Zb
0

ydy

0
@

1
Adx ¼ 4

Za
0

y2

2


 �b
0

dx

¼ 2b2
Za
0

dx ¼ 2ab2:

Hence, I
C

~f : d~r ¼
ZZ

S

curl~f : n̂ dS

and thus, Stoke’s theorem is verified.

EXAMPLE 7.79
Apply Stoke’s Theorem to evaluateZ

C

½ xþ yð Þdxþ 2x� zð Þdyþ yþ zð Þdz�;

where C is the boundary of the triangle with vertices

(2,0,0), (0,3,0), and (0,0,6).

Solution. Taking projection on three planes, we note

that the surface S consists of three triangles, OAB in

xy-plane, OBC in yz-plane, and OAC in xz-plane.
Using two-point formula (or intercept form), the

equations of the lines AB, BC, and CA are res-

pectively 3x þ 2y ¼ 6, 2y þ z ¼ 6 and 3x þ z ¼ 6.

We have

~f ¼ xþ yð Þîþ 2x� zð Þĵþ yþ zð Þk̂:

Therefore,

curl~f ¼
î ĵ k̂

@
@x

@
@y

@
@z

xþ y 2x� z yþ z

��������

��������
¼ î

@

@y
yþ zð Þ � @

@z
2x� zð Þ


 �

þ ĵ
@

@z
xþ yð Þ � @

@x
yþ zð Þ


 �

þ k̂
@

@x
2x� zð Þ � @

@y
xþ yð Þ


 �
¼ 2îþ k̂:

A(2, 0, 0)
3x � 2y � 6

2y
�

 z
�

 6

3x
�

 z
�

 6

B(0, 3, 0)

x

0

C(0, 0, 6)

z

Now, by Stoke’s Theorem,I
C

~f : d~r ¼
ZZ

S

curl~f : n̂ ds

¼
Z Z
OAB

þ
Z Z
OBC

þ
Z Z

OAC

¼
Z Z
OAB

2 îþ k̂
� 	

: k̂
� 	

ds

þ
Z Z
OBC

2 îþ k̂
� 	

: ĵ
� �

ds

þ
Z Z
OAC

2 îþ k̂
� 	

: î
� �

ds

¼
Z3
0

Z6�2y
3

0

dx

2
64

3
75 dyþ 0þ 2

Z6
0

Z6�z
2

0

dy

2
64

3
75 dz
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¼
Z3
0

6� 2y

3
dyþ 2

Z6
0

6� z

2
dz

¼ 1

3
6y� 2

y2

2


 �3
0

þ 2

2
6z� z2

2


 �6
0

¼ 3þ 18 ¼ 21:

EXAMPLE 7.80
Evaluate

H
C

~f : d~r by Stoke’s theorem, where~f ¼
y2 îþ x2 ĵ� xþ zð Þk̂ and C is the boundary of the

triangle with vertices at (0, 0, 0), (1, 0, 0), and (1, 1, 0).

Solution. We have

curl~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

y2 x2 � xþ zð Þ

������
������ ¼ ĵþ 2 x� yð Þ k̂:

Therefore,

curl~f : n̂ ¼ ĵþ 2 x� yð Þk̂
h i

: n̂ :

We note that the z-coordinate of each vertex of the

triangle is zero. Therefore, the triangle lies in the

xy-plane. Hence, n̂ ¼ k̂. Thus,

curl~f : n̂ ¼ ĵþ 2 x� yð Þk̂
h i

: k̂ ¼ 2 x� yð Þ:
y

B(1, 1)

x � 1

y
�

 x

y � 0
x

A(1, 0)O

The equation of OB is y ¼ x. Therefore, by Stoke’s

theorem, we haveI
C

~f : d~r ¼
ZZ

S

curl~f : n̂ dS ¼
Z1
0

Zx
0

2 x� yð Þdy dx

¼ 2

Z1
0

xy� y2

2


 �x
0

dx ¼ 2

Z1
0

x2 � x2

2

� �
dx

¼
Z1
0

x2dx ¼ x3

3


 �1
0

¼ 1

3
:

7.21 MISCELLANEOUS EXAMPLES

EXAMPLE 7.81
Evaluate

R
C

ðx2 þ yzÞdz, where C is the curve

defined by x ¼ t; y ¼ t2; z ¼ 3t for t lying in the

interval 1 � t � 2:

Solution. The parametric equation of the curve C are

x ¼ t; y ¼ t2 and z ¼ 3t. Therefore

Z
C

ðx2 þ yzÞdz ¼ 3

Z2
1

ðt2 þ 3t3Þdt

¼ 3
t3

3
þ 3

t4

4


 �2
1

¼ 163

4
:

EXAMPLE 7.82
Find the work done when a force �F ¼
x2 � y2 þ xð Þi� ð2 xyþ yÞj moves a particle from

the origin to the point ð1; 1Þ along y ¼ x2.

Solution.We put x ¼ t and get y ¼ t2. Then x ¼ 0 )
t ¼ 0 and x ¼ 1 ) t ¼ 1. Thus

r
!¼ x i

^þy j
^
þzk

^¼ t i
^þt2 j

^
implies

d r
!

dt

¼ i
^þ2t j

^
and F

!¼ ðt2� t4þ tÞ i^�ð2t3þ t2Þ j
^
:

Therefore

W ¼
Z
c

F
!�d r!¼

Z1
0

F
!�d r

!

dt

 !
dt

¼
Z1
0

ðt2� t4þ tÞ i^�ð2t3þ t2Þ j
^
 �

� i
^þ2t j

^� �� �
dt

¼
Z1
0

½ðt2� t4þ tÞ�2tð2t3þ t2Þ�dt

¼
Z1
0

½t2� t4þ t�4t4�2t3�dt
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¼
Z1
0

ð�5t4 � 2t3 þ t2 þ tÞdt

¼ �5t5

5
� 2t4

4
þ t3

3
þ t2

2


 �1
0

¼ �1� 1

2
þ 1

3
þ 1

2
¼ � 2

3
:

EXAMPLE 7.83
If ~f ¼ ðxþ 3yÞ̂iþ ðy� 2zÞ̂jþ ðxþ lzÞ̂k is Sole-

noidal, find l

Solution. As in Example 7.25, we have

f1 ¼ xþ 3y;

f2 ¼ y� 2z;

f3 ¼ xþ l z:

Then

div f
!

¼ @ f1
@ x

þ @ f2
@ y

þ @ f3
@ z

¼ 1þ 1þ l ¼ 2þ l:

The vector will be solenoidal if div f
!
¼ 0; that is,

if 2þ l ¼ 0 or if l ¼ �2:

EXAMPLE 7.84
(a) Show that the vector field F

!¼ 2x y2 þ z3ð Þ̂iþ
2x2y ĵþ 3x2z2̂k is conservative.

(b) Prove that ðy2 � z2 þ 3yz� 2xÞ̂ iþ ð3xzþ
2xyÞ ĵþ ð3xy� 2xzþ 2zÞ k̂ is both solenoidal

and irrotational.

Solution. (a) Since every irrotational field is con-

servative, it is sufficient to show that curl F
! ¼ 0:

We note that

curl F
! ¼

î ĵ k̂
@
@x

@
@y

@
@z

2xðy2 þ z3Þ 2x2y 3x2z2

�������
�������

¼ î
@

@y
3x2z2
� �� @

@z
2x3y
� �
 �

� ĵ
@

@x
3x2z2
� �� @

@z
2xðy2 þ z3
� ��
 �

þ k̂
@

@x
ð2x2yÞ � @

@y
2x y2 þ z3
� �� �
 �

¼ 0� 6xz2 � 6xz2
� �̂

jþ k̂ ð4xy� 4xyÞ ¼ 0:

Hence the force F
!
is conservative.

(b) f
!
¼ ðy2 � z2 þ 3yz� 2xÞ i^

þ ð3xzþ 2xyÞ j
^
þð3xy� 2xzþ 2zÞ k

^

Then

r � f
!
¼ i

^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
: f
!

¼ �2þ 2xþ 2� 2x ¼ 0:

Hence f
!
is solenoidal. Further,

curl f
!
¼

i
^

j
^

k
^

@
@x

@
@y

@
@z

y2 � z2

þ3yz� 2x
3xzþ 2xy 3xy� 2xzþ 2z

����������

����������
:

¼ i
^½3x� 3x� � j

^
½3y� 2zþ 2z� 3y�

þ k
^½3zþ 2y� 2y� 3z� ¼ 0

!

Hence f
!

is irrotational.

EXAMPLE 7.85
Find the gradient of the sealer field f ðx; yÞ ¼
y2 � 4xy at ðl; 2Þ:
Solution.

rf ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
ðy2 � 4xyÞ

¼ î
@

@x
y2 � 4xy
� �þ ĵ

@

@y
y2 � 4xy
� �

þ k̂
@

@z
y2 � 4xy
� �

¼ �4ŷiþ ð2y� 4xÞ̂jþ 0

¼ �8̂iþ 0̂j ¼ �8̂i at ð1; 2Þ:

EXAMPLE 7.86
A particle moves on the curve x ¼ 2t2; y ¼ t2 � 4t;
z ¼ 3t � 5, where t is time. Find the components of

velocity and acceleration at time t ¼ 1 in the

direction of i� 3jþ 2k:

Solution. Proceeding as in Example 7.8, we have

r
! ¼ x îþ y ĵþ z k̂ ¼ 2t2̂iþ ðt2 � 4tÞ̂jþ ð3t � 5Þ̂k:
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Therefore

~v ¼ d~r

dt
¼ 4t̂iþ ð2t � 4Þ̂jþ 3̂k

¼ 4̂i� 2̂jþ 3̂k at t ¼ 1;

~a ¼ d2~r

dt2
¼ 4̂iþ 2̂j

The unit vector in the direction of î� 3 ĵþ 2 k̂ is

n̂ ¼ î� 3 ĵþ 2̂k

î� 3 ĵþ 2 k̂
�� �� ¼ î� 3 ĵþ k̂ffiffiffiffiffi

14
p :

Therefore the components of velocity and accel-
eration in the direction of î� 3 ĵþ 2 k̂ are

~v:̂n ¼ ð4 î� 2 ĵþ 3 k̂Þ � î� 3 ĵþ 2 k̂ffiffiffiffiffi
14

p ¼ 4þ 6þ 6ffiffiffiffiffi
14

p

¼ 16ffiffiffiffiffi
14

p

or

~a: n̂ ¼ ð4 îþ 2 ĵÞ � î� 3 ĵþ 2 k̂ffiffiffiffiffi
14

p ¼ � 2ffiffiffiffiffi
14

p :

EXAMPLE 7.87
Find the values of a and b so that the surfaces ax3 �
by2z ¼ aþ 3ð Þx2 and 4x2y� z3 ¼ 11 may cut

orthogonally at ð2;�1;�3Þ.
Solution. Following Example 7.21, we have

� ¼ ax3 � by2z� ðaþ 3Þx2
ł ¼ 4x2y� z3 � 11:

Then

r� ¼ î
@

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ðax3 � by2z� aþ zÞx2

¼ i
^ ½3ax2 � 2 ðaþ 3Þx� þ j

^½�2byz� þ k
^½�by2�

¼ i
^ ð8a� 12Þ � 6b j

^
�b k

^
at ð2; �1; �3Þ

rł ¼ î
@

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ð4x3y� z3 � 11Þ

¼ i
^ ð8xyÞ þ ĵ ð4x2Þþ k

^ ð�3 z2Þ
¼ 16 i

^þ16 j
^
�27 k

^
at ð2; �1; �3Þ:

Then r� � rł ¼ 0 implies

½ð8a� 12Þ i^�6b j
^
�b k

^�:½�16 i
^þ16 j

^
�27 k

^� ¼ 0

) 128aþ 69b ¼ 192: ð1Þ
Also ð2; �1; �3Þ lies on �. Therefore

8aþ 3b� 4a� 12 ¼ 0

or

4aþ 3b ¼ 12 ð2Þ
Solving (1) and (2), we get a ¼ � 7

3
; b ¼ 64

9
.

EXAMPLE 7.88
(a) Find the directional derivative of ’ ¼

x2 yz þ 4xz2 at the point ð1;�2;�1Þ in the

direction of the vector 2̂i� ĵ� 2̂k.

(b) Find a unit normal vector n̂ of the cone of revo-

lution z2 ¼ 4ðx2 þ y2Þ at the point Pð1; 0; 2Þ.
(c) Find the directional derivative of f ðx; y; zÞ ¼

2x2 þ 3y2 þ z2 at the point Pð2; 1; 3Þ in the
direction of the vector â ¼ î� 2̂k.

Solution. (a) We have

rf ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �
ðx2yzþ 4xz2Þ

¼ îð2yzþ 4z2Þ þ ĵðx2zÞ þ k̂ðx2yþ 8xzÞ
¼ 8̂i� ĵ� 10̂k at ð1;�2;�1Þ:

The unit vector in the direction of the given vector

2̂i� ĵ� 2̂k is

n̂ ¼ 2̂i� ĵ� 2̂kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4þ 1

p ¼ 2̂i� ĵ� 2̂k

3
:

Therefore the directional derivative of f at
ð1;�2;�1Þ in the direction of 2̂i� ĵ� 2̂k is

rf :̂n ¼ ð8̂i� ĵ� 10̂kÞ: 2̂i� ĵ� 2̂k

3

 !
¼ 37

3
:

(b) Similar to Exercise 16 of Chapter 7.

Let � ¼ z2 � 4x2 � 4y2. Then r� is along the

normal vector.

But

r� ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ðz2 � 4x2 � 4y2Þ

¼ �8x i
^�8y j

^
þ2z k

^

¼ �8 i
^þ4 k

^
at the point ð1; 0; 2Þ:
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Therefore unit normal vector n
^
to the given cone at

(1,0,2) is

n
^ ¼ �8 i

^þ4 k
^ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

64þ 16
p ¼ �8 i

^þ4 k
^ffiffiffiffiffi

80
p ¼ �2 i

^þ k
^ffiffiffi

5
p

(c) Similar to Example 7.16.
We have

rf ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ð2x2 þ 3y2 þ z2Þ

¼ 4x i
^þ6y j

^
þ2z k

^

¼ 8̂iþ 6̂jþ 6̂k at the point ð2; 13Þ:
Now unit vector in the direction of i

^�2 k
^
is

u
^ ¼ i

^�2 k
^ffiffiffiffiffiffiffiffiffiffiffi

1þ 4
p ¼ 1ffiffiffi

5
p i

^�2 k
^

� �
:

Therefore, the directional derivative at (2, 1, 3) in

the direction of i
^�2 k

^
is

rf : u
^ ¼ 1ffiffiffi

5
p 8 i

^þ6 j
^
þ6 k

^
� �

i
^�2 k

^
� �

¼ 1ffiffiffi
5

p ½8þ 0� 12� ¼ � 4ffiffiffi
5

p

EXAMPLE 7.89
If r ¼ j r! j and a

!
is a constant vector, prove that

r� a
!� r

!

rn

" #
¼ 2� n

rn
a
! þ n

rnþ2
ða! � r

!Þ r
!
:

Solution. If r ¼ ~rj j and~a is a constant vector, then

using 7.12 (B) (ii), we have

r� ~a � ~r

rn


 �
¼r� ½r�nð~a� ~rÞ�

¼ ðr r�nÞ � ð~a� ~r Þ þ r�n½r� ð~a� ~rÞ

¼ � n~r

r nþ2


 �
� ð~a� ~rÞ þ r�n½ r� ð~a � ~r Þ�

¼ � n

rnþ2
½~r� ð~a� ~rÞ� þ r�n½r� ð~a� ~rÞ�

¼ � n

r nþ2
½ð~r :~r Þ~a� ð~r :~a Þ~r � þ r �n½ r� ð~a� ~r Þ�

¼ � n

rnþ2
½r2~a� ð~a:~r Þ~r � þ r�n½r� ð~a� ~r Þ�

¼ � n

rn
~aþ n

rnþ2
ð~a:~r Þ~r � þ r�n½r� ð~a�~r Þ�:

Also by Example 7.33, (ii)

r� ð~a�~rÞ ¼ curlð~a�~rÞ ¼ 2a
*
:

Therefore

r� ~a � ~r

rn


 �
¼ �n

rn
~aþ n

rnþ2
ð~a :~r Þ~r þ 2~a

rn

¼ 2� n

rn
~a þ n

rnþ2
ð~a:~r Þ~r;

which is the required result.

EXAMPLE 7.90
Show that

gradð~f :~gÞ ¼~f � curl~g þ~g � curl~f þ ð~f :rÞ~g
þ ð~g:rÞ~f :

Solution. We have

gradð f
!
� g!Þ¼

X
i
^ @

@x
f
!
� g!

� �

¼
X

i
^ @

@x
f
!
� @ g

!

@x
þ@ f

!

@x
: g
!

0
@

1
A

¼
X

i
^

f
!
� @g
@x

� �
þ
X

i
^ @ f

!

@x
: g
!

0
@

1
A: ð1Þ

On the other hand

~f �ð̂ i�@~g

@x
Þ¼ð~f :@~g

@x
Þ̂i�ð~f :̂iÞ@~g

@x

or

f
!
�@ g

!

@x

 !
i
^ ¼ f �

!
i
^�@ g

!

@x

 !
þ f

!
� i^

� �
@ g
!

@x
:

ThereforeX
~f :

@~g

@x

� �̂
i¼~f �

X
î�@~g

@x

� �
þ
X

~f :̂i
� 	@~g

@x

¼ f
!
�curl g

!þ f
!
�r

� �
g
!
: ð2Þ

Interchanging f
!

and g
!

in (2), we get

X
~g:

@~f

@x

 !
î¼~g�curl~f þ ~g:rð Þ~f : ð3Þ
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From (1), (2) and (3), it follows that

grad f
!
� g!

� �
¼ f

!
�curl g

!þ g
!�curl f

!

þ f
!
�r

� �
g
!þ g

!�r
� 	

f
!
:

EXAMPLE 7.91
Verify divergence theorem for

~F ¼ ðx2 � yzÞ̂iþ ðy2 � zxÞ̂jþ ðz2 � xyÞ̂k;
taken over the rectangular parallelopiped 0 � x � a;
0 � y � b; 0 � z � c:

Solution. To verify Gauss divergence theorem, we

have to show thatZZZ
v

div ~F dv ¼
ZZ

s

~F :̂n ds:

Firstly,ZZZ
v

div ~F dv

¼
Zc
0

Zb
0

Za
0

@

@x
ðx2 � yzÞ þ @

@y
ðy2 � zxÞ




þ @

@z
ðz2 � xyÞ

�
dxdy

¼
Zc
0

Zb
0

Za
0

2ðxþ yþ zÞdxdydz

¼ a2bcþ ab2cþ abc2 ¼ abcðaþ bþ cÞ:
Now to calculate

RR
s

~F � n̂ ds; we divide the surface

s of the parallelepiped 0 � x � a; 0 � y � b;
0 � z � c into six parts.

D

yBa

A

x

O

G
E

FC
Z

(i) For the face OADB, we have n̂ ¼ �̂k; z ¼ 0.

ThereforeZ Z
OADB

~F :̂n: ds¼
Z Z
OADB

ðx2 îþ y2 ĵ� xŷkÞ:ð�̂kÞds

¼
Zb
0

Za
0

xy dx dy ¼ a2b2

4
:

(ii) For the face CGEF, we have z ¼ c; n̂ ¼ k̂.

ThereforeZ Z
CGEF

~F :̂n: ds

¼
Z Z
CGEF

½ðx2 � cyÞ̂iþ ðy2 � cxÞ̂j

þðc2 � xyÞ̂kÞ� � k̂ ds

¼
Zb
0

Za
0

ðc2 � xyÞdx dy ¼ abc2 � a2b2

4
:

(iii) For the face ADEG, we have n̂ ¼ î; x ¼ a and

dx ¼ 0. Therefore

Z Z
ADEG

~F :̂n: ds ¼
Zc
0

Zb
0

ða2 � yzÞdy dz

¼ a2bc� b2c2

4

:

(iv) For the face OBFC, we have n̂ ¼ �̂i; x ¼ 0;
dx ¼ 0. Therefore

Z Z
OBFC

~F :̂n: ds ¼
Za
0

Zb
0

yz dy dz ¼ b2c2

4
:

(v) For the face OAGC, we have n̂ ¼ �̂j; y ¼ 0;
dy ¼ 0 ThereforeZ Z

OAGC

~F :̂n: ds ¼
Za
0

Zc
0

zx dz dx ¼ a2c2

4
:

(vi) For the face DBFE, we have n̂ ¼ ĵ; y ¼ b;
dy ¼ 0 ThereforeZ Z

DBFE

~F :̂n: ds¼
Za
0

Zc
0

ðb2� zxÞdzdx¼ab2c�a2c2

4
:
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Hence adding the values of the above integrals,

we get ZZ
S

~F :̂n: ds ¼ abcðaþ bþ cÞ:

Hence ZZZ
V

div ~F dv ¼
ZZ

S

~F :̂n ds;

which verifies the Gauss’s divergence theorem.

EXAMPLE 7.92
Evaluate using divergence theorem

RR
S
~v � n̂ð ÞdA,

where v!¼ x2ẑiþ ŷj� xz2̂k and S is the boundary

of the region bounded by the paraboloid z ¼ x2 þ y2

and the plane z ¼ 4y.

Solution. We have

~v ¼ x2ẑiþ ŷj� xz2̂k:

Therefore

div ~v ¼ r ��v ¼ î
@

@x
þ ĵ

@

@y
þ k̂

@

@z

� �

� x2ẑiþ ŷj� xz2̂k
� 	

¼ 2xzþ 1� 2xz ¼ 1:

Using Divergence Theorem, we haveZ Z
~v � n̂ð ÞdA¼

Z Z Z
v

div~vdv

¼
Z Z Z

v

dv; since div~v¼ 1:

¼
Z4
0

Zffiffiffiffiffiffiffiffiffi4y�y2
p

�
ffiffiffiffiffiffiffiffiffi
4y�y2

p

Z4y
x2þy2

dz dx dy

¼
Z4
0

Zffiffiffiffiffiffiffiffiffi4y�y2
p

�
ffiffiffiffiffiffiffiffiffi
4y�y2

p
4y� x2� y2

 �

dx dy

¼ 2

Z4
0

Zffiffiffiffiffiffiffiffiffi4y�y2
p

0

4y� x2� y2

 �

dx dy

ðeven integrand is xÞ

¼ 2

Z4
0

4y� y2
� �

x� x3

3


 � ffiffiffiffiffiffiffiffiffi
4y�y2

p

0

dy

¼ 4

3

Z4
0

ð4y� y2Þ32 dy ¼ 4

3

Z4
0

4� ðy� 2Þ2
h i3

2

dy

Substituting y� 2 ¼ 2 sin t, we have dy ¼ 2 cos t dt
and soZZZ

v

div~v dv¼ 8

3

Z�
2

��
2

ð4� sin2tÞ cos t dt

¼ 64

3

Z�
2

��
2

cos3t cos t dt

¼ 128

3

Z�
2

0

cos4t dt ¼ 128

3
� 3
8
� �
2
¼ 8�:

EXAMPLE 7.93
(a) Using Green’s theorem in the plane evaluateR

C

2x2 � y2ð Þdxþ x2 þ y2ð Þdy½ � where C is the

boundary of the region bounded by x ¼ 0;
y ¼ 0; xþ y ¼ 1:

(b) Using Green’s Theorem find the area of the

region in the first quadrant bounded by the curves

y ¼ x; y ¼ 1

x
; y ¼ x

4
:

Solution. (a) We haveZZ
S

@f2
@x

� @f1
@y

� �
dx dy

¼
Z1
0

Z1�x

0

2ðx� yÞdy dx ¼ 2

Z1
0

xy� y2

2


 �1�x

0

dx

¼
Z1
0

2xy� y2

 �1�x

0
dx

¼
Z1
0

½2xð1� xÞ � ð1� xÞ2�dx

¼
Z1
0

½2x� 2x2 � 1� x2 þ 2x�dx

¼
Z1
0

ð4x� 3x2 � 1Þdx

¼ 4x2

2
� 3x3

3
� x


 �1
0

¼ 2� 1� 1 ¼ 0:
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(b) Using Green’s Theorem,

A ¼ 1

2

I
c

ðx dy� ydxÞ;

¼ 1

2

I
C1

þ
I
C2

þ
I
c3

2
64

3
75;

¼ 1

2

Z
c1

ðxdy� ydxÞ þ
Z
c2

ðxdy� ydxÞ
2
4

þ
Z
c3

ðxdy� ydxÞ
3
5;

where c1 is y ¼ x
4
; c2 is y ¼ 1

x
and c3 is y ¼ x.

Along c1, we have y ¼ x
4
so that y ¼ 1

x
dx and

x varies from 0 to 2. Therefore

I
c1

ðxdy� ydxÞ ¼
Z2
0

x

4
dx� x

4
dx

� 	
¼ 0:

Along c2 we have y ¼ 1
x
so that dy ¼ � 1

x2
dx and x

varies from 2 to 1. Therefore

I
c2

ðxdy� ydxÞ ¼
Z1
2

�1

x
dx� 1

x
dx

� �

¼ �2

Z1
0

1

x
dx ¼ 2 log 2:

Along c3, we have y ¼ x so that dy ¼ dx and x

varies from 1 to 0. ThereforeI
c3

ðxdy� ydxÞ ¼
I
c3

ðxdx� xdxÞ ¼ 0:

HenceI
c

ðxdy� ydxÞ ¼ 1

2
½0þ 2 log 2þ 0� ¼ log 2:

EXAMPLE 7.94
Verify Gauss divergence theorem for the function
�F ¼ yiþ xjþ z2k over the cylindrical region

bounded by x2 þ y2 ¼ 9; z ¼ 0 and z ¼ 2.

Solution. We haveZ Z Z
V

div f
!
dv

¼
Z3
�3

Zffiffiffiffiffiffiffiffi9�x2
p

�
ffiffiffiffiffiffiffiffi
9�x2

p

Z2
0

2zdz

2
4

3
5dy dx

¼ 4

Zffiffiffiffiffiffiffiffi9�x2
p

�
ffiffiffiffiffiffiffiffi
9�x2

p
dy

2
64

3
75dx¼ 8

Z3
�3

Zffiffiffiffiffiffiffiffi9�x2
p

0

dy

2
64

3
75dx

¼ 16

Z3
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9� x2dx

p
¼ 16

x
ffiffiffiffiffiffiffiffiffiffiffiffi
9� x2

p

2
þ 9

2
sin�1 x

3

" #3
0

¼ 16 0þ 9

2
sin�1 3

3


 �
¼ 16� 9��

2� 2
¼ 36�:

Similarly (Proceeding as in Example7.58), we haveZ Z
S

F
!�n^ds¼ 36�:

Hence the theorem is verified.

EXAMPLE.7.95
Evaluate

RR
S

~f :d~S if f
!
¼ yz i

^þ2y2 j
^
þxz2 k

^
and S is

the surface of the cylinder x2 þ y2 ¼ 9 contained in

the first octant between the planes z ¼ 0 and z ¼ 2.

Solution. By Gauss’s Divergence TheoremZ Z
S

f
!
�n^ ds¼

Z Z Z
V

div f
!
dv

¼
Z Z Z

V

@

@x
ðyzÞþ @

@y
ð2y2Þþ @

@z
ðxz2Þ


 �
dv

¼
Z Z Z

½4yþ2xz�dz dydx

¼
Z3
0

Zffiffiffiffiffiffiffiffi9�x2
p

0

Z2
0

ð4yþ2xzÞdzdydx

¼
Z3
0

Zffiffiffiffiffiffiffiffi9�x2
p

0

ð8yþ4xÞdydx

¼
Z3
0

½4ð9�x2Þþ4xð9�x2Þ12�dx¼108:
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EXAMPLE 7.96
Verify Stoke’s theorem for ~F ¼ xy2̂iþ y ĵþ z2x k̂

for the surface of a rectangular lamina bounded by

x ¼ 0; y ¼ 0; x ¼ 1; y ¼ 2; z ¼ 0:

Solution. Similar to Example 7.78.

We have

f
!
¼ xy2 i

^þy j
^
þz2x k

^
:

Therefore

f
!
�d r

! ¼ ðxy2 i^þy j
^
þz2x k

^Þ:ð i^ dxþ j
^
dyþ k

^
dzÞ

¼ xy2dxþ ydyþ z2xdz:

ThereforeI
C

f
!
�d r

! ¼
I
C

ðxy2dxþ ydyþ z2xdzÞ

¼
Z
OA

þ
Z
AB

þ
Z
BC

þ
Z
CO

C (0,2)
y = 2

B (1,2)

x=1

A (1,0)O (0,0)

Along OA, we have y ¼ 0 and dy ¼ 0. Therefore

Z
OA

~f :d~r ¼
Z1
0

0 dx ¼ 0:

Along AB, we have x ¼ 1 and dx ¼ 0. Therefore

Z
AB

f
!
�d r

! ¼
Z2
0

ydy ¼ y2

2


 �2
0

¼ 2:

Along BC, we have y ¼ 2 and dy ¼ 0. Therefore

Z
BC

~f :d~r ¼
Z0
1

4x dx ¼ 4
x2

2


 �0
1

¼ �2:

Along CO, we have x ¼ 0 and dx ¼ 0. Therefore

Z
CO

f
!
�d r

! ¼
Z0
2

ydy ¼ y2

2


 �0
2

¼ �2:

Hence I
C

f
!
�d r

! ¼ 0þ 2� 2� 2 ¼ �2:

On the other hand,

curl f
!
¼ r� f

!
¼

i
^

j
^

k
^

@
@x

@
@y

@
@z

xy2 y z2x

����������

����������
¼ i

^½0� þ j
^
½0� z2� þ k

^½�2xy�
¼ �z2 j

^
þ2xy k

^
:

Therefore

curl f
!
� n^ � ds ¼ ð�z2 j

^
þ2xy k

^Þ k
^ ¼ �2xy

and so

Z Z
S

curl f
!
� n^ �ds ¼ �2

Z1
0

Z2
0

xy dy

0
@

1
Adx

¼ �2

Z1
0

x
y2

2


 �2
0

dx

¼ �2

Z1
0

2x dx ¼ �4
x2

2


 �1
0

¼ �2:

Hence I
C

f
!
� d r

! ¼
ZZ

S

curl f
!
� n^ ds

and Stoke’s Theorem is verified.

E X E R C I S E S

Differentiation of Vectors
1. If r̂ is a unit vector in the direction of~r, show

that r̂ � d r̂
dt

¼ 1
r2
~r � d~r

dt
, where ~rj j ¼ r.
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2. If ~a¼ t2 î� t ĵþ 2tþ1ð Þ̂k and ~b¼ 2t�3ð Þ̂iþ
ĵ� t k̂, find (i) d

dt
~a:~b
� 	

and (ii) d
dt

~a�~b
� 	

, when

t ¼ 1.
Ans. (i) �6, (ii) 7ĵþ 3 k̂.

3. If the vector~a has a constant magnitude, show that

~a and d~a
dt
are perpendicular, provided d~a

dt

�� �� 6¼0.

Hint:~a:~a¼ ~aj j2 ¼ constant implies d
dt
~a:~að Þ¼0

or ~a:d~a
dt
þ~ad~a

dt
¼0 or 2~a:d~a

dt
¼0 and so, ~a is

orthogonal to d~a
dt
, if d~a

dt

�� �� 6¼0.

4. If~a;~b, and~c are constant vectors, show that the

vector~r ¼~a t2 þ~b t þ ~c is the position vector
of a point moving with a constant acceleration.

Hint: d2~r
dt

¼ 2~a (constant).

5. A particle moves along the curve x ¼ t3 þ 1, y

¼ t2, and z ¼ 2t þ 5, where t is the time. Find

the component of its velocity and acceleration
at time t ¼ 1 in the direction îþ ĵþ 3k̂.

Ans.
ffiffiffiffiffi
11

p
; 8ffiffiffiffi

11
p .

6. A particle moves so that its position vector is

given by ~r ¼ cosvt îþ sinvt ĵ, where v is

constant. Show that (i) the velocity ~v of the

particle is perpendicular to~r, (ii) the accelera-

tion is directed toward the origin and has a

magnitude proportional to the distance from the
origin, and (iii)~r �~v is a constant vector.

Hint: ~r:v ¼ 0 and ~a ¼ d~v
dt

¼ �v2 cos t î�
v2 sinvt ĵ ¼ �v2:~r.

7. Find the unit tangent vector at any point on the

curve x ¼ t2 þ 2, y ¼ 4t � 5, and z ¼ 2t2 � 6t,

where t is any variable.

Hint: T̂ ¼ d~r
dt
d~r
dtj j, where~r ¼ x îþ y ĵþ z k̂.

Ans. 2 îþ2 ĵþ k̂
3

.
8. Find the angle between the tangents to the

curve x ¼ t, y ¼ t2, and z ¼ t3 at t ¼ ± 1.

Hint: ~r ¼ x îþ y ĵþ z k̂ ¼ t îþ t2 ĵþ t3 k̂.

Find d~r
dt

and put t ¼ 1 and t ¼ �1 to get ~T1
and~T2. Then, the angle between~T1 and~T2 is

given by cos h ¼ ~T1 ~T2
~T1 ~T2j j.

Ans. cos�1 3
7
.

9. If~a ¼ x2yz î� 2xz3 ĵþ xz2 k̂, find the value of

@2

@x@y
~a�~b
� 	

at the point (1,0,�2).

Ans. �4 î� 8ĵ.

10. The position vector of a point at any time t is

given by~r ¼ et cos t îþ sin t ĵ
� �

. Show that (i)

~v, where~a and~v are respectively acceleration

and velocity of the particle and (ii) the angle

between the radius vector and the acceleration

is constant.

Hint~v¼ d~r

dt
¼ et cos t� sin tð Þ̂iþ et sin tþ cos tð Þ̂j ;

~a¼ sinh t�1ð Þ̂iþ2et cos t ĵ:

Clearly~a ¼ 2~v�~rð Þ.
11. The position vector of a particle at time t

is~r ¼ cos t � 1ð Þîþ sinh t � 1ð Þ̂jþ Kt3k̂. Find

the value of K such that at time t ¼ 1, the

acceleration is normal to the position vector~r.
Hint: d2~r

dt2
at t ¼ 1 is � îþ 6K k̂ and~r at t ¼ 1

is îþ Kk̂. Therefore, cosh¼ � îþ6K k̂ð Þ : îþK k̂ð Þffiffi
7

p
1þk2ð Þ12

¼
6K2�1ffiffi
7

p
1þK2ð Þ12

. For normality, 6K2 � 1 ¼ 0 and so,

K¼� 1ffiffi
6

p :

12. A particle moves along the curve x ¼ t3 þ 1,

y ¼ t2, and z ¼ 2t þ 5, where t represents the

time. Find the component of its velocity and

acceleration at time t ¼ 1 in the direction of

îþ ĵþ k̂.

Hint: ~r¼ t3þ1ð Þ̂iþ t2 ĵþ 2tþ5ð Þ̂k and d~r
dt
¼

3t2 îþ2t ĵþ2 k̂. At t¼1;~v¼3 îþ2 ĵþ2 k̂. The

unit vector in the direction of îþ ĵþ3 k̂ is îþ̂jþ3 k̂ffiffiffiffi
11

p .

Therefore, the component of~v along îþ ĵþ3k̂ is

3 îþ2 ĵþ2 k̂
� 	

îþ̂jþ3 k̂ffiffiffiffi
11

p
� 	

¼ ffiffiffiffiffi
11

p
. Similarly, pro-

ceed for acceleration, which will be 8ffiffiffiffi
11

p .

13. If ~F ¼ xyz îþ xz2 ĵ� y3 k̂ and ~g ¼ x3 î�
xyz ĵþ x2z k̂, then determine @2~f

@y2
� @2~g

@x2
at the

point (1, 1, 0).

Ans. �36ĵ.
Gradient- and Fractional Derivatives
14. If~r is the position vector of a point and~a is any

vector, show that grad ~r~a~b
h i

¼~a�~b.

Hint: ~r¼x îþy ĵþz k̂ and ~a¼a1 îþa2 ĵþa3 k̂.
Then, ~a :~r¼a1xþa2yþa3z and r ~a :~rð Þ¼~a.
Therefore,

r ~r~a~b
� 	

¼r ~r: ~a�~b
� 	h i

¼r ~a�~b
� 	

:~r
h i

¼~a�~b.
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15. If �(x, y, z)¼ 3xy2� y3 z2, findr � at the point

(�1, 2, �1).

Ans. 12 î� 24 ĵþ 16 k̂:

16. Find a unit normal to the surface x2 y þ 2xz ¼ 4

at the point (2, �2, 3). Hence, find the equation

of the normal to the surface at (2, �2, 3).

Hint: Let � ¼ x2y þ 2xz �4. Then, r� ¼
2 xyþ zð Þîþ x2 ĵþ 2x k̂ and r � at 2;�2;3ð Þ¼
�2 îþ4 ĵþ4 k̂. Thus, the unit normal vector to

the surface at (2, �2, 3) is �2 îþ4 ĵþ4 k̂ffiffiffiffi
36

p ¼
1
3

� îþ2 ĵþ2 k̂
� 	

. Thus, the equation of normal

is x�2
�1

¼ yþ2
2
¼ z�3

2
.

17. Find a unit normal vector to the surface x3 þ y3

þ 3xyz ¼ 3 at the point (1, 2, �1).

Ans. � îþ3ĵþ2 k̂ffiffiffiffi
14

p :
18. Find the directional derivative of � (x, y, z) ¼

x2yz þ 4xz2 at the point (1, �2, �1) in the

direction of 2 î� ĵ� 2 k̂.

Hint: Proceed as in Example 7.16.

Ans. 37
3
.

19. Find the directional derivative of the function �
(x, y, z) ¼ x2 � y2 þ 2z2 at P (1, 2, 3), in the

direction of the line PQ, where Q is the point (5,

0,4). In what direction the directional deriva-

tive will be maximum?

Hint:r� ¼ 2x î� 2y ĵþ 4z k̂. Therefore,r �
at (1, 2, 3) is 2 î� 4 ĵþ 12 k̂. Also, ~PQ ¼
~OQ� ~OP¼ 5̂iþ4ĵ

� �� îþ2ĵþ3k̂
� 	

¼4̂i�2ĵþ k̂.

Unit vector â in the direction of ~PQ is 4 î�2 ĵþ k̂ffiffiffiffi
21

p .

Then, the required directional derivative

¼r�(at(1,2,3)). â¼ 4
3

ffiffiffiffiffi
21

p
. It will be maximum

in the direction of the normal to �, that is, in the
direction ofr �, which is equal to 2 î�4 ĵþ12 k̂.

Its maximum value is r�j j¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ16þ144

p ¼ffiffiffiffiffiffiffi
164

p ¼2
ffiffiffiffiffi
41

p
.

20. If � (x, y, z) ¼ 2xy þ z2, find the directional

derivative of � in the direction of îþ 2 ĵþ 2 k̂.

Hint: r�¼2y îþ2x ĵþ2z k̂¼�2 îþ2 ĵþ6 k̂

at (1, �1, 3). Unit vector â in the direction

of îþ2 ĵþ2 k̂ is îþ2 ĵþ2 k̂
3

. Therefore, the

required directional derivative is r�: â¼
�2 îþ2 ĵþ6 k̂
� 	

: îþ2 ĵþ2 k̂
3

� 	
¼ 14

3
.

21. Find the greatest rate of increase of u ¼ x2 þ
yz2 at the point (1, �1, 3).

Ans. r uj j ¼ ffiffiffiffiffiffiffiffi
121

p
.

22. Find the equation of the tangent plane to the

surface z ¼ x2 þ y2 at the point (2, �1, 5).

Hint: r � at (2, �1, 5) is 4 î� 2 ĵ� k̂. The

unit normal vector at (2, �1, 5) is â ¼ 4 î�2 ĵ�k̂ffiffiffiffi
21

p .

The equation of the line through (2, �1, 5) in

the direction of normal vector â is x�2
4

¼ yþ1
�2

¼
z�5
�1

. Therefore, the equation of tangent plane to

the surface at (2, �1, 5) is 4(x � 2) � 2(y þ 1)
� (z � 5) ¼ 0 or 4x � 2y � z ¼5. We may also

find a tangent plane using ~r �~að Þ :r� ¼ 0.

Therefore, in the present case, we have

x îþ y ĵþ z k̂
� 	

� 2 î� ĵþ 5 k̂
� 	h i

: 4 î� 2 ĵ� k̂
� 	

¼ 0 or 4 x� 2ð Þ
� 2 yþ 1ð Þ � z� 5ð Þ ¼ 0 or 4x� 2y� z¼ 5:

Divergence and Curl of Vector-Point Function
23. Show that the vector �x2 þ yzð Þîþ

4y� z2xð Þ̂jþ 2xz� 4zð Þk̂ is solenoidal.

Hint: Show that r �~f ¼ 0.

24. If f ¼ (x2 þ y2 þ z2)�n, find div grad f and also

n, so that div grad f ¼ 0.

Ans. 2n 2n�1ð Þ
x2þy2þz2ð Þnþ1 and n ¼ 1

2
.

25. Show that div ~r
r3

� �¼0, where~r¼x îþy ĵþz k̂.

Hint:Usediv �~f
� 	

¼�div~f þgrad�:~f :We get

div
~r

r3

� �
¼div r�3~r

� �¼r�3div~rþ~r:gradr�3¼

3r�3þ~r: �3r�4gradr
� �¼3r�3þ~r: �3r�4~r

r


 �
¼

3r�3�3r�5 ~r:~rð Þ¼3r�3�3r�5 r2
� �¼0:

Thus, it also follows that ~r
r3
is solenoidal.

26. Show that the function 1
r
, where r ¼ ~rj j ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2 þ z2
p

, is a harmonic function, if r 6¼ 0.

Hint: Show that r2 1
r

� �¼0 (see Example 7.36).

27. If~f ¼ 1
u
rv, where u and v are scalar fields and

~f is a vector field, show that~f curl~f ¼ a.
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Hint: curl~f ¼r� 1
u
ru

� �
:r1

u
�rvþ1

u
r�rv¼

r1
u
�rvþ0. Hence, ~f . Curl ~f ¼1

u
rv:ðr1

u
�

rvÞ¼0.

28. Show that the vector r � � r ł is solenoidal.

29. Find the value of a so that
~f ¼ ax2yþ yz

� �
îþ xy2 � xz2
� �

ĵ

þ 2xyz� 2x2y2
� �

k̂

is solenoidal. Also find the curl of this solenoi-

dal vector.

Hint: div~f ¼ 2 aþ 2ð Þxy. Now, ~f will be

solenoidal if div~f ¼ 0, which yields a ¼ �2.

curl~f can be found.

30. If ~r¼x îþy ĵþz k̂ and r¼ ~rj j¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2þz2

p
,

show that div r̂ð Þ¼ 2
r
.

Hint : r̂¼ x îþy ĵþz k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2þz2

p ¼~r
r
and

div
~r

r

� �
¼1

r
div~rþgrad

1

r
:~r

¼3

r
þ �1ð Þr�2grad r

 �

:~r

¼3

r
� 1

r2
~r

r

� �
:~r¼3

r
� 1

r3
~r:~rð Þ

¼3

r
�r2

r3
¼3

r
�1

r
¼2

r
:

31. Show that r2 r~rð Þ ¼ 4
r

� �
~r.

Hint:

r2 r~rð Þ ¼
X @2

@x2
r~rð Þ

¼
X @

@x

@

@x
r~rð Þ

� �

¼
X @

@x

@r

@x
~r þ r

@~r

@x


 �

¼
X @

@x

x

r
~r þ ri

h i
¼
X ~r

r
þ x

r
ið Þ � x

r2
x

r

� 	
~r

� �
þ i

x

r

� �

¼ 4

r

� �
~r:

32. Show that the vector field v
! ¼ sin yþ zð Þîþ

x cos y� zð Þĵþ x� yð Þk̂ is irrotational.

33. If ~r ¼ xîþ yĵþ zk̂, determine r � ~r
r

� �
. (See

Exercise 25).

Vector Integration and Line Integrals
34. If ~r tð Þ ¼ 2î� ĵþ 2k̂ for t ¼ 2 and ~r tð Þ¼

4̂i� 2̂jþ3k̂ for t ¼ 3, show that
R3
2

~r:d~r
dt


 �
dt¼10.

Hint: d
dt

~rð Þ2
h i

¼2~rd~r
dt

implies ~rd~r
dt
¼ 1

2
d
dt

~rð Þ2
h i

.

Therefore,Z3
2

~r
d~r

dt


 �
dt¼1

2
~rð Þ2
h i3

2
¼1

2
½29�9�¼10; using

~r tð Þ¼ 4̂i� 2̂jþ3k̂ for t ¼ 3 and 2̂i� ĵþ2k̂ for t ¼ 2.

35. Evaluate
R
C

~f :d~r, where ~f ¼ x2 þ y2ð Þî� 2xyĵ

and the curve C is the rectangle bounded by

y ¼ 0, x ¼ a, y ¼ b, and x ¼ 0.

Ans. �2ab2.

36. If~f ¼ 2yî� zĵþ xk̂, find the vector line inte-

gral
R
C

~f � d~r along the curve x ¼ cos t, y ¼ sin

t, and z ¼ 2 cos t and from t ¼ 0 to t ¼ �
2
.

Ans. 2� �
4

� �
îþ �� 1

2

� �
ĵ.

37. Evaluate
R
C

~f :d~r, where~f ¼ yẑiþ zxĵþ xyk̂ and

C is the portion of the curve ~r ¼ a costîþ
b sin tĵþ ctk̂ from t ¼ 0 to t ¼ �

2
.

Hint: Parametric equations of the curve are x¼
a cos t, y ¼ b sin t, and z ¼ ct.

Also d~r
dt
¼ �a sin tîþ b cos tĵþ ck̂. Putting the

values of x, y, z (in terms of t) in~f , we see thatR
C

~f : d~r ¼ R
C

~f : d~r
dt

� �
dt ¼ abc 0ð Þ ¼ 0.

38. Evaluate
R
C

½y2dx� x2dy� along the triangle

whose vertices are (1, 0), (0, 1) and (�1, 0).

Hint: Find the equations of three sides by a

two-point formula and evaluate the integral
over those sides.

Ans. � 2
3
.

39. If~f ¼ 2xþ yð Þ̂iþ 3y� xð Þĵ, evaluate R
C

~f : d~r,

where C is the curve in the xy-plane consisting

of straight lines from (0, 0) to (2, 0) and (2, 0) to

(3, 2).

Hint: If O (0, 0), A (2, 0), and B (3, 2) are the

points, then C consists of two lines OA and AB.

On OA, we have y ¼ 0 so that dy ¼ 0 and

x varies from 0 to 2. The equation of AB is
y ¼ 2x � 4 so that dy ¼ 2dx and on this line, x
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varies from 2 to 3. Therefore,
R
C

~f : d~r ¼ R
OA

þ R
AB

,

which will come out to be 4 þ 7 ¼ 11.

40. Find the circulation of~f around the curve C,

where~f ¼ yîþ zĵþ xk̂ and C is the circle x2 þ
y2 ¼ 1 and z ¼ 0.

Hint: Parametric equations of C are x ¼ cos t,
y¼ sin t, and z¼ 0, where t varies from 0 to 2�.

Then,
H
C

~f : d~r ¼ � R2�
0

1�cos 2t
2

dt ¼ ��.

41. Find the work done when a force ~f ¼
x2 � y2 þ xð Þî� 2xyþ yð Þĵ moves a particle in

xy-plane from (0, 0) to (1, 1) along the parabola

y2 ¼ x.

Hint: Proceed as in Example 7.49.

Ans. � 2
3
.

42. Compute the work done by a force ~f ¼
xî� zĵþ 2yk̂ to displace a particle along a

closed path C consisting of the segments C1,

C2, and C3, such that

0 � x � 1; y ¼ x; z ¼ 0 on C1;

0 � z � 1; x ¼ 1; y ¼ 1 on C2; and

0 � x � 1; y ¼ z ¼ x on C3:

Ans. 3
2
.

43. Find the work done in moving a particle once

around a circle C in the xy-plane, if the circle

has its center at the origin with a radius 3, and if

the force field is given by ~f ¼ 2x�yþzð Þ̂iþ
ðxþy�z2Þ̂jþ 3x�2yþ4zð Þ̂k.
Hint: Parametric equations of C are x¼ 3 cos t,

y ¼ 3 sin t, and 0 � t � 2�.
Ans. 18�.

Surface Integrals
44. Evaluate

RR
S

~f : n̂ ds, where~f ¼ 12x2ŷi� 3yẑjþ
2zk̂ and S is the portion of the plane x þ y þ
z ¼ 1, included in the first octant.

Hint: n̂¼ îþ̂jþk̂ffiffi
3

p and~f : n̂¼ 1ffiffi
3

p 12x2y�3yzþ2zð Þ

¼ 1ffiffiffi
3

p ½12x2y�3y 1�x�yð Þþ2 1�x�yð Þ:

n̂:k̂ ¼ 1ffiffi
3

p . Evaluate
RR

f̂ : n̂ ds.
Ans. 49

120
.

45. Evaluate
RR
S

~f : n̂ dS, where ~f ¼ xþ y2ð Þî�
2xĵþ 2yzk̂ and S is the surface of the plane 2x

þ y þ 2z ¼ 6, in the first octant.

Hint: Proceed as in Example 7.56. Ans. 81.

46. Evaluate
RR
S

~f : n̂dS, where f
^
¼ 4xy îþ yz ĵ�

xy k̂ and S is the surface bounded by the planes

x ¼ 0, x ¼ 2, y ¼ 0, y ¼ 2, z ¼ 0, and z ¼ 2.

Hint: Proceed as in Example 7.59. Ans. 40.
47. Evaluate

RR
S

� n̂ dS, where � ¼ 3
8
xyz and S is

the surface of the cylinder x2 þ y2 ¼ 16,

included in the first octant between z ¼ 0 and
z ¼ 5.

Hint: r x2þy2�16ð Þ¼2x̂iþ2ŷj; n̂¼ 2x̂iþ2ŷjffiffiffiffiffiffiffiffiffiffiffiffi
4x2þ4y2

p ,

and

n̂ : ĵ¼ x̂iþ ŷj
� �

4
: ĵ¼ y

4
Therefore;Z Z

S

�n̂ ds¼
Z Z

S

� n̂
dxdz

n̂ : ĵ
�� ��

¼
Z Z

R

3

8
xyz

x̂iþ ŷj
� �

4
:
dxdz

y
4

¼3

8

Z Z
R

xz x̂iþ ŷj
� �

dxdz

¼3

8

Z5
0

Z4
0

x2ẑiþxz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16�x2

p
ĵ

� 	
dxdz¼100 îþ ĵ

� �
:

48. Evaluate
RR
S

~f : n̂ dS, where~f ¼ yîþ 2x ĵ� zk̂

and S is the surface of the plane 2x þ y ¼ 6, in
the first octant cut off by the plane z ¼ 4.

Ans. 108.
Volume Integral
49. Evaluate

RR
S

�dV , where �¼ 45x2 y and V is the

region bounded by the planes 4x þ 2y þ z ¼ 8,
x ¼ 0, y ¼ 0, and z ¼ 0.

Ans. 128.
50. Evaluate

RRR
V

2xþ yð ÞdV , where V is the closed

region bounded by the cylinder z ¼ 4 �x2 and

the planes x ¼ 0, y ¼ 0, y ¼ 2, and z ¼ 0.

Hint: The limits of integration are x ¼ 0 to x ¼
2, y ¼ 0 to y ¼ 2, and z ¼ 0 to z ¼ 4 �x2.

Ans. 80
3
.
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51. Evaluate
RRR
V

div~f dV , where~f ¼ x2 � yzð Þî�
2x2yĵþ 2k̂ and the region V is enclosed by the

planes x¼ 0, x¼ a, y¼ 0, y¼ a. and z¼ 0, and

z ¼ a.

Hint: See Example 7.67. Ans. a
5

3
.

52. If~f ¼ 2xẑi� xĵþ y2k̂, evaluate
RRR
V

~f dV , where

V is the region bounded by the surfaces x ¼ 0,

x ¼ 2, y ¼ 0, y ¼ 6, z ¼ x2 and z ¼ 4.

Ans. 128î� 24ĵþ 384k̂.

Gauss’s Divergence Theorem
53. If ~f ¼ xîþ 2yĵþ 7zk̂, evaluate

RR
S

~f : n̂dS,

where S is the surface enclosing volume V.

Hint: By Divergence Theorem,Z Z
S

~f : n̂dS¼
Z Z Z

V

r :~f
� 	

dV

¼
Z Z Z

V

@

@x
xð Þþ @

@y
2yð Þþ @

@z
7zð Þ


 �
dV

¼
Z Z Z

V

1þ2þ7ð ÞdV¼10V :

54. Verify divergence theorem for~f ¼ x2 � yzð Þîþ
y2�zxð Þ̂jþ z2�xyð Þk̂, taken over the rectan-

gular parallelopiped 0� x� a, 0� y� b, and 0
� z � c.

Hint: div~f ¼ 2 xþ yþ zð Þ. Therefore,ZZZ
V

div~f dV ¼
Za
0

Zb
0

Zc
0

2 xþ yþ zð Þdxdydz

¼ abc aþ bþ cð Þ:
Evaluate

RR
~f : n̂ dS on all the six faces and

add. We shall get
RR
S

~f : n̂ dS ¼ abc aþ bþ cð Þ.
Thus, the theorem is verified.

55. Evaluate
RR
S

~f :̂ndS, where ~f ¼ 2xþ 3zð Þî�
xzþ yð Þĵþ y2 þ 2zð Þk̂ and S is the surface of

the sphere having a radius 3.

Hint: By divergence theorem,Z Z
S

~f :̂n dS¼
Z Z Z

V

div~f dV

¼
Z Z Z

V

@

@x
2xþ3zð Þþ @

@y
�xzþ yð Þ




þ @

@z
y2þ2z
� ��

dV

¼
Z Z Z

V

3dV

¼ 3V ¼ 3
4

3
� 3ð Þ3

� �
¼ 108�:

56. Verify Divergence Theorem for the function
~f ¼ yîþ xĵþ z2k̂ over the cylindrical region

bounded by x2þy 2¼ 9, z ¼ 0, and z ¼ 2.

Hint: Proceed as in Example 7.64.

57. Verify Divergence Theorem for ~f ¼
yîþ xĵþ z2k̂ over the cylindrical region boun-

ded by x2 þ y2 ¼ a2, z ¼ 0, and z ¼ h. (Similar

to Exercise 56.)

58. Evaluate
RR
S

~f :̂ndS, where ~f ¼ x3 îþ y3 ĵþ z3k̂

and S is the surface of the sphere x2þy2þ z2¼ a2.

Hint: By divergence theorem,ZZ
S

~f :̂n dS ¼
ZZZ

V

div~f dV

¼
ZZZ

V

3x2 þ 3y2 þ 3z2
� �

dV

¼ 3a2
ZZZ

V

dV ¼ 3a2V

¼ 3a2:
4

3
�a3 ¼ 4�a5:

59. Evaluate
RR
S

~f :̂n dS for~f ¼ xî� yĵþ 2zk̂ over

the sphere x2 þ y2 þ (z � 1)2 ¼ 1.

Ans. 8
3
�.

Green’s Theorem
60. Verify Green’s theorem in the xy-plane forH

C

½ xy2 � 2xyð Þdxþ x2yþ 3ð Þdy� around the

boundary C of the region enclosed by y2 ¼ 8x
and x ¼ 2.

Ans.
H
C

f1dxþ f2dyð Þ ¼ RR
S

@f2
@x � @f1

@y

� 	
dxdy ¼ 128

5
.

61. Evaluate by Green’s Theorem
H
C

e�xðsinydxþ
þcosydyÞ, where C is the rectangle with ver-

tices (0,0), (�, 0), �;�
2

� �
, and 0;�

2

� �
.

Ans. 2e�x � 2.
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62. Verify Green’s theorem in the plane forH
C

½ 2xy�x2ð Þdxþ x2þy2ð Þdy�, where C is the

boundary of the region enclosed by y ¼ x2 and

y2 ¼ x.
Hint: The two parabolas intersect at (0,0) and

(1,1).RR
S

@f2
@x � @f1

@y

� 	
dxdy ¼ R1

0

Rffiffixp

y¼x2
2x� 2xð Þdxdy ¼ 0.

Along the lower portion C1, we have x2 ¼ y, so

that 2xdx ¼ dy and x varies from 0 to 1.Z
c1

f1dxþ f2dyð Þ ¼
Z1
0

½2x3 � x2 þ x2 þ x4
� �

2x dx

¼
Z1
0

4x3 þ 2x5 � x2
� �

dx

¼ 4x4

5
þ 2x6

6
� x3

3


 �1
0

¼ 1þ 1

3
� 1

3
¼ 1:

Along the upper portion, we have y2 ¼ x so that

2 ydy ¼ dx and y varies from 1 to 0. Thus,Z
c2

f1dxþ f2dyð Þ

¼
Z0
1

½ 2y3 � y4
� �

2yþ y4 þ y2
� �� dy

¼
Z0
1

½4y4 � 2y5 þ y4 þ y2� dy

¼
Z0
1

5y4 � 2y5 þ y2
� �

dy ¼ 5y5

2
� 2y6

6
þ y3

3


 �0
1

¼ �1� 1

3
þ 1

3
¼ �1:

So,
H
C

f1dxþ f2dyð Þ ¼ 1� 1 ¼ 0.

63. Using Green’s theorem in a plane, evaluateH
C

½ 2x2 � y2ð Þdxþ x2 þ y2ð Þ� dy, where C is the

boundary in the xy-plane of the area enclosed

by the x-axis and the semi-circle x2 þ y2 ¼ 1 in
the upper half of the xy-plane.

Hint:
H
C

f1dxþ f2dyð Þ ¼ RR
S

@f2
@x � @f1

@y

� 	
dxdy ¼R1

�1

Rffiffiffiffiffiffiffiffi1�x2
p

0

2 xþ yð Þdydx ¼ 4
3
:

64. Verify Green’s theorem in the plane forR
C

3x2 � 8y2ð Þdxþ 4y� 6xyð Þdy, where C is the

boundary of the region bounded by the para-
bolas y ¼ ffiffiffi

x
p

and y ¼ x2.

Ans.
H
C

f1dxþ f2dyð Þ ¼ RR
S

@f2
@x � @f1

@y

� 	
dxdy ¼ 3

2
:

Stoke’s Theorem
65. Verify Stoke’s Theorem for the function~f ¼

x2 þ y2ð Þî� 2xy ĵ taken around the rectangle

bounded by x ¼ ±a, y ¼ 0, and y ¼ b.

Hint: curl~f ¼
î ĵ k̂
@
@x

@
@y

@
@z

x2 þ y2 �2xy 0

������
������ ¼ �4yk̂.

For the given surface, n̂ ¼ k̂. Therefore,RR
S

curl~f :̂ndS ¼ Rb
0

Ra
�a

�4yxdy ¼ �4ab2. It can

be seen that the line integral
H
C

~f : d~r ¼ �4ab2.

66. Evaluate by Stoke’s Theorem, the integralH
C

exdxþ 2ydy� dzð Þ, where C is the curve

x2 þ y2 ¼ 4 and z ¼ 2.

Hint: curl~f ¼ 0 and so, curl~f : n̂ ¼ 0. Hence,RR
S

curl~f :̂nds ¼ 0.

67. Verify Stoke’s Theorem for the function
~f ¼ 2x� yð Þî� yz2 ĵ� y2zk̂, where S is the

upper-half surface of the sphere x2 þ y2 þ z2 ¼
1, bounded by its projection on the xy-plane.

Hint: Parametric equations of C are x ¼ cos t,

y ¼ sin t, z ¼ 0, and 0 � t � 2�. Therefore,

I
~f : d~r ¼

Z
f1dx þ f2dy þ f3dzð Þ

¼
Z2�
0

�2 sin t cos t þ sin2 t
� �

dt ¼ �:

Further, curl~f ¼ k̂. Therefore,
RR

curl~f : n̂dS¼RR
R

n̂: k̂ dxdy

n̂: k̂j j, where R is the projection of S on
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xy-plane. Then,
RR
R

n̂: k̂ dxdy

n̂: k̂j j¼
RR
R

dxdy¼ area of

R ¼ �(1)2 ¼ �.

68. Transform the integral
RR
S

curl~f : n̂dS into a line

integral, if S is a part of the surface of the

paraboloid z¼ 1� x2� y2 for which, z
 0 and
~f ¼ yîþ zĵþ xk̂.

Hint: Surface S is x2 þ y2 ¼ 1 and z ¼ 0 with

parametric equations x ¼ cos h, y ¼ sin h, z ¼
0, and 0 � h < 2�. Use Stoke’s Theorem to

transform the given integral into a line integral.

The value of the line integral will come out to

be ��.
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EXAMINATION PAPERS WITH SOLUTIONS
B.TECH

(SEM I) ODD SEMESTER THEORY EXAMINATION
2009–10

MATHEMATICS–I

Time: 3 Hours Total marks: 100

Note : Attempt all questions.

1. Attempt any two parts of the following:

(a) Reduce the matrix:

A ¼
1 1 �1 1

�1 1 �3 �3
1 0 1 2

1 �1 3 3

2
664

3
775

to column echelon form and find its rank.

(b) Verify the Cayley-Hamilton theorem for the matrix:

A ¼
1 0 �4

0 5 4
�4 4 3

2
4

3
5

And hence find A�1.

(c) Find the eigenvalues and the corresponding eigen vectors of the matrix

A ¼
1 0 0

0 2 1

2 0 3

2
4

3
5

2. Attempt any two parts of the following:

(a) If y ¼ ðx2 � 1Þn, prove that

ðx2 � 1Þynþ2 þ 2xynþ1 � nðnþ 1Þyn ¼ 0



(b) If u ¼ x3 þ y3 þ z3 þ 3xyz, show that

x
@u

@x
þ y

@u

@y
þ z

@u

@z
¼ 3u

(c) If u ¼ f ðrÞ where r2 ¼ x2 þ y2, prove that

@2u

@x2
þ @2u

@y2
¼ f 00ðrÞ þ 1

r
f 0ðrÞ

3. Attempt any two parts of the following:

(a) If x ¼ r sin h cos�; y ¼ r sin h sin�; z ¼ r cos h, show that

@ðx; y; zÞ
@ðr; h; �Þ ¼ r2 sin h

(b) Determine the points where the function

f ðx; yÞ ¼ x3 þ y3 � 3xy

has a maximum or minimum.

(c) A rectangular box open at the top is to have a given capacity. Find the dimensions of the box

requiring least material for its construction.

4. Attempt any two parts of the following:

(a) Evaluate ZZ
A

xy dx xy

where A is the domain bounded by x-axis, ordinate x ¼ 2a and the curve x2 ¼ 4ay.

(b) Find the volume bounded by the cylinder x2 þ y2 ¼ 4 and the planes yþ z ¼ 4 and z ¼ 0.

(c) Evaluate: ZZZ
R

ðxþ yþ zÞdx dy dz; where

R : 0 � x � 1; 1 � y � 2; 2 � z � 3

5. Attempt any two parts of the following:

(a) Find a unit normal vector n̂ of the cone of revolution

z2 ¼ 4ðx2 þ y2Þ at the point P : ð1; 0; 2Þ:

(b) Using Green’s theorem evaluate Z
C

ðx2 þ xyÞdxþ ðx2 þ y2Þdy;

where C is the square formed by the lines y ¼ +1; x ¼ +1

(c) Verify Stock’s theorem for~F ¼ xy2 îþ ŷjþ z2x̂k for the surface of a rectangular lamina bounded by
x ¼ 0; y ¼ 0; x ¼ 1; y ¼ 2; z ¼ 0
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SOLUTIONS
1. (a) Please see Example 4.74(c). Matrix is said to be in column echelon form if

(i) The first non-zero entry in each non-zero column is 1.

(ii) The column containing only zeros occurs next to all non-zero columns.

(iii) The number of zeros above the first non-zero entry in each column is less than the number of such
zeros in the next column.

The given matrix is

A ¼
1 1 �1 1

�1 1 �3 �3

1 0 1 2

1 �1 3 3

2
664

3
775 �

1 0 0 0

�1 2 �4 �2

1 �1 2 1

1 �2 4 2

2
664

3
775
C2 ! C2 � C1

C3 ! C3 þ C1

C4 ! C4 � C1

�
1 0 0 0

�1 2 �4 0

1 �1 2 0

1 �2 4 0

2
664

3
775C4 ! C4 þ C2

�
1 0 0 0

�1 2 0 0

1 �1 0 0
1 �2 0 0

2
664

3
775C3 ! C3 þ 2C2

�
1 0 0 0

� 1
2

1 0 0

1 � 1
2

0 0

1 �1 0 0

2
664

3
775R2 ! 1

2
R2;

which is column echelon form. The number of non-zero column is two and therefore 	ðAÞ ¼ 2.

(b) Cayley-Hamilton theorem states that ‘‘every matrix satisfies its characteristic equation’’. We are

given that

A ¼
1 0 �4
0 5 4

�4 4 3

" #
:

Therefore

A2 ¼
1 0 �4
0 5 4

�4 4 3

" #
1 0 �4
0 5 4

�4 4 3

" #
¼

17 �16 �16
�16 41 32
�16 32 41

" #

and

A3 ¼ A2:A ¼
81 �144 �180

�144 333 324

�180 324 315

2
4

3
5:
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On the other hand

A� lIj j ¼
1� l 0 �4

0 5� l 4

�4 4 3� l

������
������

¼ ð1� lÞ½ð5� lÞð3� lÞ � 16� � 4½4ð5� lÞ�
¼ ð1� lÞðl2 � 8l� 1Þ � 80þ 16l

¼ �l3 þ 9l2 þ 9l� 81:

Therefore, the characteristic equation of the matrix A is

l3 � 9l2 � 9lþ 81 ¼ 0: ð1Þ
To verify Cayley Hamilton Theorem, we have to show that

A3 � 9A2 � 9Aþ 81I ¼ 0: ð2Þ
We note that

81 �144 �180

�144 333 324

�180 324 315

2
4

3
5� 9

17 �16 �16

�16 41 32

�16 32 41

2
4

3
5� 9

1 0 �4

0 5 4

�4 4 3

2
4

3
5

þ 81

1 0 0

0 1 0

0 0 1

2
4

3
5 ¼

0 0 0

0 0 0

0 0 0

2
4

3
5:

Hence A satisfies its characteristic equation.

(c) We have

A ¼
1 0 0
0 2 1

2 0 3

2
4

3
5:

The characteristic equation of A is

A� lIj j ¼
1� l 0 0

0 2� l 1
2 0 3� l

������
������ ¼ 0

or

l3 � 6l2 þ 11l� 6 ¼ 0;

which yields l ¼ 1; 2; 3. Hence the characteristic roots are 1, 2 and 3.

The eigenvector corresponding to l ¼ 1 is given by ðA� IÞX ¼ 0, that is, by

0 0 0
0 1 1

2 0 2

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0
0

0

2
4
3
5:

Thus, we have

x2 þ x3 ¼ 0;

2x1 þ 2x3 ¼ 0:
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Hence x1 ¼ x2 ¼ �x3. Taking x3 ¼ �1, we get the vector

X1 ¼
1
1

�1

2
4

3
5:

The eigenvector corresponding to the eigenvalue 2 is given by ðA� 2IÞX ¼ 0, that is, by

�1 0 0

0 0 1

2 0 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5:

This equation yields

X2 ¼
0

1

0

2
4
3
5 as one of the vector:

Similarly, the eigenvector corresponding to l ¼ 3 is given by ðA� 3IÞX ¼ 0 or by

�2 0 0

0 �1 1

2 0 0

2
4

3
5 x1

x2
x2

2
4

3
5 ¼

0

0

0

2
4
3
5;

which yield
0
1

1

2
4
3
5 as the of the solution. Hence X3 ¼

0
1

1

2
4
3
5.

2. (a) We have

y ¼ ðx2 � 1Þn:
Therefore

y1 ¼ 2nxðx2 � 1Þn�1

y2 ¼ 22x2nðn� 1Þðx2 � 1Þn�2 þ 2nðx2 � 1Þn�1:

Thus

ðx2 � 1Þy2 ¼ 2ðn� 1Þx½2nxðx2 � 1Þn�1� þ 2nðx2 � 1Þn
¼ 2ðn� 1Þxy1 þ 2ny: ð1Þ

Differentiating (1) n times by Leibnitz’s Theorem, we get

ðx2 � 1Þynþ2 þ nc1ynþ1ð2xÞ þ nc2ynð2Þ � 2ðn� 1Þ½ynþ1ðxÞ þ nc1yn� � 2nyn ¼ 0

or

ðx2 � 1Þynþ2 þ 2nxynþ1 þ nðn� 1Þyn � 2ðn� 1Þxynþ1 � 2nðn� 1Þyn � 2nyn ¼ 0

or

ðx2 � 1Þynþ2 þ 2xynþ1 � nðnþ 1Þyn ¼ 0:

(b) We have

u ¼ x3 þ y3 þ z3 þ 3xyz:

Replacing x by tx; y by ty and z by tz, we get

uðtx; ty; tzÞ ¼ t3x3 þ t3y3 þ t3z3 þ 3txtytz

¼ t3ðx3 þ y3 þ z3 þ 3xyzÞ ¼ t3uðx; y; zÞ:
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Hence uðx; y; zÞ is a homogeneous function of degree 3 in uðx; y; zÞ. Therefore, by Euler’s Theorem,

x
@u

@z
þ y

@u

@y
þ z

@u

@z
¼ 3u:

(c) Example 3.9

3. (a) Example 3.72
(b) Example 3.61 (putting a ¼ 1)

(c) Example 3.63 (replacing 32 by V)

4. (a) Example 6.9

(b) Example 6.47

(c) We have

Z3
2

Z2
1

Z1
0

ðxþ yþ zÞdx dy dz ¼
Z3
2

Z2
1

x2

2
þ xyþ xz


 �1
0

dy dz

¼
Z3
2

Z2
1

1

2
þ yþ z


 �
dy dz

¼
Z3
2

1

2
yþ y2

2
þ yz


 �2
dz

¼
Z3
2

1þ 2þ 2z� 1

2
þ 1

2
þ z

� �
 �
dz

¼
Z3
2

½zþ 2�dz ¼ z2

2
þ 2z


 �3
2

¼ 9

2
þ 6

� �
� ð2þ 4Þ ¼ 9

2
:

5. (a) Similar to Exercise 16 of Chapter 7.

Let � ¼ z2 � 4x2 � 4y2. Then r� is along the normal vector.

But

r� ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ðz2 � 4x2 � 4y2Þ

¼ �8x i
^�8y j

^
þ2z k

^

¼ �8 i
^þ4 k

^
at the point ð1; 0; 2Þ:

Therefore unit normal vector n
^
to the given cone at ð1; 0; 2Þ is

n
^ ¼ �8 i

^þ4 k
^ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

64þ 16
p ¼ �8 i

^þ4 k
^ffiffiffiffiffi

80
p ¼ �2 i

^þ k
^ffiffiffi

5
p
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(b) Let

f1ðx; yÞ ¼ x2 þ xy and f2ðx; yÞ ¼ x2 þ y2:

Then, by Green’s Theorem, Z
C

ðf1dxþ f2dyÞ ¼
Z
R

Z
@f2
@x

� @f1
@y

� �
dx dy

¼
Z1
�1

Z1
�1

ð2x� xÞdx dy

¼
Z1
�1

Z1
�1

xdx dy

¼
Z1
�1

x2

2


 �1
�1

dy ¼ 0

(c) Please see Example 7.96.

We have

f
!
¼ xy2 i

^þy j
^
þz2x k

^
:

Therefore

f
!
� d r! ¼ ðxy2 i^þy j

^
þz2x k

^Þ � ð i^ dxþ j
^
dyþ k

^
dzÞ

¼ xy2dxþ ydyþ z2xdz:

Therefore I
C

f
!
� d r! ¼

I
C

ðxy2dxþ ydyþ z2xdzÞ

¼
Z
OA

þ
Z
AB

þ
Z
BC

þ
Z
CO

C (0,2)
y = 2

B (1,2)

x=1

A (1,0)O (0,0)
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Along OA, we have y ¼ 0 and dy ¼ 0. Therefore

Z
OA

f
!
� d r! ¼

Z1
0

0 dx ¼ 0:

Along AB, we have x ¼ 1 and dx ¼ 0. Therefore

Z
AB

f
!
� d r! ¼

Z2
0

ydy ¼ y2

2


 �2
0

¼ 2:

Along BC, we have y ¼ 2 and dy ¼ 0. Therefore

Z
BC

f
!
� d r! ¼

Z0
1

4x dx ¼ 4
x2

2


 �0
1

¼ �2:

Along CO, we have x ¼ 0 and dx ¼ 0. Therefore

Z
CO

f
!
� d r! ¼

Z0
2

ydy ¼ y2

2


 �0
2

¼ �2:

Hence

I
C

f
!
� d r! ¼ 0þ 2� 2� 2 ¼ �2:

On the other hand,

curl f
!
¼ r� f

!

¼
i
^

j
^

k
^

@
@x

@
@y

@
@z

xy2 y z2x

����������

����������
¼ i

^½0� þ j
^
½0� z2� þ k

^½�2xy�
¼ �z2 j

^
þ2xy k

^
:

Therefore

curl f
!
� n^ :ds ¼ ð�z2 j

^
þ2xy k

^Þ k
^ ¼ �2xy
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and so Z
S

Z
curl f

!
� n^ � ds ¼ �2

Z1
0

Z2
0

xy dy

0
@

1
Adx

¼ �2

Z1
0

x
y2

2


 �2
0

dx

¼ �2

Z1
0

2x dx ¼ �4
x2

2


 �1
0

¼ �2:

Hence I
C

f
!
� d r! ¼

Z
S

Z
curl f

!
: n
^
ds

and Stoke’s Theorem is verified.
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U.P. TECHNICAL UNIVERSITY, LUCKNOW
B.TECH. (C.O.)

FIRST SEMESTER EXAMINATION, 2008–2009
MATHEMATICS–I
(PAPER ID: 9916)

Time : 3 Hours Total Marks : 100

Note: Attempt all Questions.

1. Attempt any two parts of the following:

(a) Find all values of m for which rank of the matrix.

A ¼
m �1 0 0

0 m �1 0

0 0 m �1

�6 11 �6 1

2
664

3
775 is equal to 3:

(b) If A ¼
1 0 0
1 0 1

0 1 0

2
4

3
5, then show that An ¼ An�2 þ A2 � I for n 
 3.

(c) Show that the matrix A ¼
3 1 �1

�2 1 2

0 1 2

2
4

3
5 is diagonalizable. Hence, find P such that P�1 AP is a

diagonal matrix.

2. Attempt any two parts of the following:

(a) Find ðynÞ0 when y ¼ sinða sin�1 xÞ.
(b) If u ¼ exyz, show that @2u

@x@y@z ¼ ð1þ 3xyzþ x2y2z2Þexyz:
(c) Trace the curve y2ðaþ xÞ ¼ x2ð3a� xÞ:

3. Attempt any two parts of the following:

(a) Show that the functions u ¼ x2 þ y2 þ z2; v ¼ xþ yþ z; w ¼ yzþ zxþ xy are not independent of
one another.



(b) The height h and the semi-vertical angle a of a cone are measured, and from them A, the total

surface area of the cone, including the base, is calculated. If h and a are in error by small quantities

�h and �a respectively, find corresponding error in the area. Show further that, a ¼ �
6
, an error of

þ1 percent in h will be approximately compensated by an error of �0�:33 in a.

(c) Determine the points where the function x2 þ y3 � 3axy has a maximum or minimum.

(d) Find the point upon the plane axþ byþ cz ¼ p at which the function f ¼ x2 þ y2 þ z2 has a

mnimum value and find this minimum f.

4. Attempt any two parts of the following:

(a) Evaluate:
RR

R xy dx dy

where R is the quadrant of the circle x2 þ y2 ¼ a2 where x 
 0 and y 
 0.

(b) Find the volume common to the cylinders x2 þ y2 ¼ a2 and x2 þ z2 ¼ a2

(c) Evaluate:
RRR

R ðx� 2yþ zÞdxdydz where R: 0 � x � 1; 0 � y � x2; 0 � z � xþ y.

5. Attempt any two parts of the following:

(a) Find the directional derivative of f ðx; y; zÞ ¼ 2x2 þ 3y2 þ z2 at the point Pð2; 1; 3Þ in the direction

of the vector â ¼ î� 2̂k.

(b) Show that
RR

S
~F � n̂dS ¼ 3

2
;where~F ¼ 4xẑi� y2 îþ yẑk and S is the surface of the cube bounded by

the planes x ¼ 0; x ¼ 1; y ¼ 0; y ¼ 1; z ¼ 0; z ¼ 1.

(c) Use the Stoke’s theorem to evaluate
R
C xþ 2yð Þ dxþ x � zð Þ dy þ y � zð Þdz½ � where C is the

boundary of the triangle with vertices ð2; 0; 0Þ; ð0; 3; 0Þ and ð0; 0; 6Þ oriented in the anti-clockwise

direction.

SOLUTIONS
1. (a) Similar to Remark 4.5

We are given that

A ¼
m �1 0 0

0 m �1 0
0 0 m �1

�6 11 �6 1

2
664

3
775

Therefore

Aj j ¼ m

m �1 0

0 m �1

�6 11 �6

�������
�������þ 1

0 �1 0

0 m �1

�6 �6 1

�������
������� ¼ m3 � 6m2 þ 11m� 6 ¼ 0 if m ¼ 1; 2; 3:

For m ¼ 3, we have the singular matrix

3 �1 0 0

0 3 �1 0

0 0 3 �1

�6 11 �6 1

2
664

3
775;
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which has non-singular sub-matrix

3 �1 0

0 3 �1

0 0 3

2
4

3
5:

Thus for m ¼ 3, the rank of the matrix A is 3. Similarly, the rank is 3 for m ¼ 2 and m ¼ 1. For other

values of m, we have Aj j 6¼ 0 and so 	ðAÞ ¼ 4 for other values of m.

(b) We have

A2 ¼
1 0 0
1 0 1

0 1 0

2
4

3
5 1 0 0

1 0 1

0 1 0

2
4

3
5 ¼

1 0 0
1 1 0

1 0 1

2
4

3
5:

Then

Aþ A2 � I ¼
1 0 0

1 0 1

0 1 0

2
4

3
5þ

1 0 0

1 1 0

1 0 1

2
4

3
5�

1 0 0

0 1 0

0 0 1

2
4

3
5 ¼

1 0 0

2 0 1

1 1 0

2
4

3
5

Also

A3 ¼ A2A ¼
1 0 0

1 1 0

1 0 1

2
4

3
5 1 0 0

1 0 1

0 1 0

2
4

3
5 ¼

1 0 0

2 0 1

1 1 0

2
4

3
5

Hence for n ¼ 3, the relation

An ¼ An�2 þ A2 � I ð1Þ
holds. We want to show that it holds for n 
 3 We prove the result using mathematical induction.

We have

Anþ1 ¼ An:A ¼ ½An�2 þ A2 � I �A
¼ Aðnþ1Þ�2 þ A3 � AI

¼ Aðnþ1Þ�2 þ ½Aþ A2 � I � � A

¼ Aðnþ1Þ�2 þ A2 � I :

Hence, by mathematical induction, the result holds for all n 
 3.

(c) The characteristic matrix of the given matrix A is

A� lIj j ¼
3� l 1 �1

�2 1� l 2

0 1 2� l

������
������ ¼ 0

or

ð3� lÞ½ð1� lÞð2� lÞ � 2� � 1½�4þ 2l� � 1ð�2Þ ¼ 0

or

ð3� lÞð1� lÞð2� lÞ � 6þ 2lþ 4� 2lþ 2 ¼ 0

or

ð3� lÞð1� lÞð2� lÞ ¼ 0:
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Hence the given matrix A has distinct characteristic roots l ¼ 1; 2; 3. Consequently it is diagonalizable. Now
the eigenvector corresponding to l ¼ 1 is given by ðA� IÞX ¼ 0, that is, by

2 1 �1

�2 0 2

0 1 1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0

0

0

2
4
3
5

Thus

2x1 þ x2 � x3 ¼ 0

� 2x1 þ 0x2 þ 2x3 ¼ 0

0x1 þ x2 þ x3 ¼ 0

and so x1 ¼ x3 ¼ �x2. Taking x2 ¼ �1, we get an eigenvector corresponding to l ¼ 1 as

X1 ¼
1

�1

1

2
4

3
5:

Now eigenvector corresponding to l ¼ 2 is given by ðA� 2IÞX ¼ 0, that is, by

1 1 �1

�2 �1 2

0 1 0

2
4

3
5 x1

x2

x3

2
4

3
5 ¼

0

0

0

2
4
3
5

Thus

x1 þ x2 � x3 ¼ 0

� 2x1 � x2 þ 2x3 ¼ 0

x2 ¼ 0

For this system x1 ¼ 1; x2 ¼ 0; x3 ¼ 1 is a solution. Therefore

X2 ¼
1

0

1

2
4
3
5:

An eigenvector corresponding to l ¼ 3 is given by ðA� 3IÞX ¼ 0, that is, by

0 1 �1
�2 �2 2

0 1 �1

2
4

3
5 x1

x2
x3

2
4

3
5 ¼

0
0

0

2
4
3
5

Thus

x2 � x3 ¼ 0

� 2x1 � 2x2 þ 2x3 ¼ 0

x2 � x3 ¼ 0;

which yields x1 ¼ 0; x2 ¼ 1; x3 ¼ 1 as one of the solution. Thus

X3 ¼
0

1

1

2
4
3
5:
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Therefore the transforming matrix is

P ¼
1 1 0

�1 0 1

1 1 1

2
4

3
5

and so the diagonal matrix is

P�1AP ¼
�1 �1 1

2 1 �1

�1 0 1

2
64

3
75

3 1 �1

�2 1 2

0 1 2

2
64

3
75

1 1 0

�1 0 1

1 1 1

2
64

3
75 ¼

1 0 0

0 2 0

0 0 3

2
64

3
75:

2. (a) We are given that

y ¼ sinða sin�1 xÞ
Therefore

y1 ¼ cosða sin�1 xÞ affiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p ð1Þ

or ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
y1 ¼ a cosða sin�1 xÞ

or

ð1� x2Þy21 ¼ a2 cos2ða sin�1 xÞ ¼ a2½1� sin2ða sin�1 xÞ�
or

ð1� x2Þy21 ¼ a2ð1� y2Þ:
Differentiating again with respect to x, we get

ð1� x2Þ2y1y2 � 2xy21 ¼ �2a2yy1

or

ð1� x2Þy2 � xy1 þ a2y ¼ 0 ð2Þ
Differentiating (2), n times by Leibnitz-theorem, we have

½ynþ2ð1� x2Þ þ nc1ynþ1ð�2xÞ þ nc2ynð�2Þ�
� ½ynþ1ðxÞ þ nc1ynð1Þ� þ a2yn ¼ 0

or

ð1� x2Þynþ2 � ð2nþ 1Þxynþ1 � ðn2 � a2Þyn ¼ 0 ð3Þ
Putting x ¼ 0 in (1), (2) and (3) we get

y1ð0Þ ¼ að1� a2Þ; y2ð0Þ ¼ 0

ynð0Þ ¼ að12 � a2Þð32 � a2Þ . . . ½ðn� 2Þ2 � a2� for odd n

and

ynð0Þ ¼ 0 for even n:

(b) We have

u ¼ ex y z:
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Therefore

@u

@z
¼ ðxyÞex y z;

@2u

@y @z
¼ ðxyÞðxzÞex y z þ xex y z ¼ ex y z½xþ x2y z�

and then

@3u

@x @y @z
¼ ex y zðyzÞ½xþ x2yz� þ ex y z½1þ 2x y z�

¼ ex y z½x y zþ x2y2z2 þ 1þ 2x y z�
¼ ð1þ 3x y zþ x2y2z2Þex y z:

(c) Similar to Example 2.24. The only difference is that the curve intersect the x-axis at x ¼ 0 and x ¼ 3a,

that is, at the points ð0; 0Þ and ð3a; 0Þ. Tangent at ð3a; 0Þ is parallel to y-axis. Also, y ¼ � ffiffiffi
3

p
x are two

real and distinct tangents at the origin and so origin is a node. Also x ¼ �a is asymptote parallel to the

x-axis. There is no oblique asymptote.

3. (a) We have

u ¼ x2 þ y2 þ z2; v ¼ xþ yþ z; w ¼ yzþ zxþ xy:

Then

@ðu; v;wÞ
@ðx; y; zÞ ¼

@u
@x

@u
@y

@u
@z

@v
@x

@v
@y

@v
@z

@w
@x

@w
@y

@w
@z

�������������

�������������
¼

2x 2y 2z

1 1 1

zþ y zþ x xþ y

�������
�������

¼ 2x½ðxþ yÞ � ðzþ xÞ � 2y½ðxþ yÞ � ðzþ yÞ� þ 2z½ðzþ xÞ � ðzþ yÞ�
¼ 0:

Since Jacobian Jðu; v;wÞ ¼ 0, there exists a functional relation connecting some or all of the variables

x, y and z. Hence u, v, w are not independent.

(b) Radius of the base ¼ r ¼ h tan a. Further, slant height ¼ l ¼ h sec a. Therefore

Total area ¼ �r2 þ � r l ¼ � r ðr þ lÞ
¼ � h tan aðh tan a þ h sec aÞ
¼ � h2ðtan2 aþ sec a tan aÞ:

Then the error in A is given by

� A ¼ @A

@h
� hþ @A

@a
� a

¼ 2� hðtan2 aþ sec a tan aÞ� hþ � h2ð2 tan a sec2 aþ sec3 aþ sec a tan2Þ� a
For the second part of the question,

a ¼ �

6
; � h ¼ h

100
:
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Therefore

�A ¼ 2� h
1

3
þ 2

3


 �
h

100
þ � h2

2ffiffiffi
3

p 4

3

� �
þ 8

3
ffiffiffi
3

p þ 2

3
ffiffiffi
3

p
� �

�a

¼ � h2

50
þ 2

ffiffiffi
3

p
� h2� a: ð1Þ

But after compensation � A ¼ 0. Therefore (1) implies

� a ¼ � 1

100
ffiffiffi
3

p radians ¼ � 57:3�

173:2
¼ �0:33�:

4. (a) Example 6.8

(b) Example 6.50

(c) We want to evaluate I ¼ RRR
R

ðx� 2yþ zÞdx dy dz,
where

R : 0 � x � 1; 0 � y � x2; 0 � z � xþ y:

We have

I ¼
Z1
0

Zx2
0

Zxþy

0

ðx� 2yþ zÞdz
2
4

3
5 dy dx

¼
Z1
0

Zx2
0

xz� 2y zþ z2

2


 �xþy

0

dy dx

¼
Z1
0

Zx2
0

x2 � xy � 2y2 þ x2

2
þ xyþ y2

2


 �
dy dx

¼ 3

2

Z1
0

Zx2
0

ðx2 � y2Þdy dx

¼ 3

2

Z1
0

x2y� y3

3


 �x2
0

dx

¼ 3

2

Z
x4 � x6

3

� �
dx

¼ 3

2

x5

5
� x7

21


 �1
0

¼ 8

35
:

5. (a) Similar to Example 7.16.

We have

rf ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ð2x2 þ 3y2 þ z2Þ

¼ 4x i
^þ6y j

^
þ2z k

^

¼ 8̂iþ 6̂jþ 6̂k at the point ð2; 1; 3Þ:
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Now unit vector in the direction of i
^�2 k

^
is

u
^ ¼ i

^�2 k
^ffiffiffiffiffiffiffiffiffiffiffi

1þ 4
p ¼ 1ffiffiffi

5
p i

^�2 k
^

� �
:

Therefore, the directional derivative at (2, 1, 3) in the direction of i
^�2 k

^
is

rf : u
^ ¼ 1ffiffiffi

5
p 8 i

^þ6 j
^
þ6 k

^
� �

i
^�2 k

^
� �

¼ 1ffiffiffi
5

p ½8þ 0� 12� ¼ � 4ffiffiffi
5

p

(b) Example 7.59

(c) Similar to Example to 7.79. Here

curl f
!
¼

i
^

j
^

k
^

@
@x

@
@y

@
@z

xþ 2y x� z y� z

��������

��������
¼ i

^ @

@y
ðy� zÞ � @

@x
ðx� zÞ


 �

þ j
^ @

@z
ðxþ 2yÞ � @

@x
ðy� zÞ


 �
þ k

^ @

@x
ðx� zÞ � @

@y
ðxþ 2yÞ


 �

¼ 2 i
^�2 k

^
:

Now, by Stoke’s Theorem,I
f
!
� d r

! ¼
Z
S

Z
curl f

!
� n^ ds

¼
Z Z
OAB

þ
Z Z
OBC

þ
Z Z
OAC

(see figure of Example 7.79)

¼
Z Z
OAB

2 i
^�2 k

^
� �

: k
^
� �

ds

þ
Z Z
OAB

2 i
^�2 k

^
� �

: j
^� �

ds

þ
Z Z
OAC

2 i
^�2 k

^
� �

: i
^
� �

ds

¼ �2

Z3
0

Z6�2y
3

0

dx

2
64

3
75dyþ 0þ 2

Z6
0

Z6�z
2

0

dy

2
64

3
75dz

¼ �6þ 18 ¼ 12
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U.P. TECHNICAL UNIVERSITY, LUCKNOW
B.TECH

FIRST SEMESTER EXAMINATION, 2008–2009
MATHEMATICS–I
(PAPER ID: 9601)

Time: 3 Hours Total marks: 100

SECTION A

All parts of the question are compulsory: (2 � 10 = 20)

1. (a) For which value of ‘b’ the rank of the martix

A ¼
1 5 4

0 3 2

b 13 10

2
4

3
5is 2; b ¼ . . .

(b) Determine the constants a and b such that the curl of vector �A ¼ ð2xyþ 3yzÞ̂iþ ðx2 þ axz� 4z2Þ̂ jþ
ð3xyþ 2byzÞ k̂ is zero, a ¼ . . . ; b ¼ . . . .

(c) The nth derivative ðynÞ of the function y ¼ x2 sin x at x ¼ 0 is . . . .

(d) With usual notations, match the items on right hand side with those on left had side for properties of
Maxm and minimum:

(i) Maxm ðpÞ rt � s2 ¼ 0

(ii) Minm ðqÞ rt � s2 < 0

(iii) Saddle point ðrÞ rt � s2 > 0; r > 0

(iv) Failure case ðsÞ rt � s2 > 0 and r < 0

(e) Match the items on the right hand side with those on left hand side for the following special

functions: (Full marks is awarded if all matching are correct)

(i) bðp; qÞ ðpÞ �ð1=2Þ
(ii) �p�q

�ðpþqÞ ðqÞ R1
0

yp�1

ð1þyÞpþq dy

(iii)
ffiffiffi
�

p ðrÞ bðp; qÞ
(iv) �

sin p� ðsÞ �p�ð1� pÞ



Indicate True of False for the following statements:

(f) (i) If jAj ¼ 0, then at least on eigen value is zero. (True/False)

(ii) A�1 exists if 0 is an eigen value of A (True/False)

(iii) If jAj 6¼ 0, then A is known as singular matrix (True/False)

(iv) Two vectors X and Y is said to be orthogonal Y ;XTY ¼ YTX 6¼ 0: (True/False)

(g) (i) The curve y2 ¼ 4ax is symmetric about x-axis. (True/False)

(ii) The curve x3 þ y3 ¼ 3axy is symmetric about the line y ¼ �x (True/False)

(iii) The curve x2 þ y2 ¼ a2 is symmetric about both the axis x and y. (True/False)

(iv) The curve x3 � y3 ¼ 3axy is symmetric about the line y ¼ x. (True/False)

Pick the correct answer of the choice given bolow:

(h) If �r ¼ x̂iþ ŷjþ ẑk is position vector, then value of rðlog rÞ is
(i) �r

r
(ii) �r

r2

(iii) � �r
r3

(iv) None of the above

(i) The Jacobian
@ðu;vÞ
@ðx;yÞ for the function u ¼ ex sin y; v ¼ ðxþ log sin yÞ is

(i) 1 (ii) sin x sin y� xy cos x cos y

(iii) 0 (iv) ex

x
.

(j) The volume of the solid under the surface az ¼ x2 þ y2 and whose base R is the circle x2 þ y2 ¼ a2

is given as

(i) �=2a (ii) �a3=2

(iii) 4
3
�a3 (iv) None of the above.

SECTION B

2. Attempt any three parts of the following: (3 � 10 = 30)

(a) If y ¼ ðsin�1 xÞ2, prove that ynð0Þ ¼ 0 for b odd and ynð0Þ ¼ 2:22:42:62 . . . ðn� 2Þ2; n 6¼ 2 for n is

even.

(b) Find the dimension of rectangular box of maximum capacity whose surface area is given when

(a) box is open at the top (b) box is closed.

(c) Find a matrix P which diagonalizes the matrix A ¼ 4 1

2 3


 �
, verify P�1AP ¼ D where D is the

diagonal matrix.

(d) Find the area and the mass contained in the first quadrant enclosed by the curve x
a

� �aþ y
b

� �b¼ 1

where a > 0; b > 0 given that density at any point 	ðx; yÞ is k ffiffiffiffiffi
xy

p
.

(e) Using the divergence theorem, evaluate the surface integral
RR

S
ðyz dy dzþ zx dz dxþ xy dy dxÞ

where S: x2 þ y2 þ z2 ¼ 4.
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SECTION C

Attempt any two parts from each question. All questions are compulsory: (5 � 10 = 50)

3. (a) Trace the curve r2 ¼ a2 cos 2h

(b) If u ¼ log ðx2þy2Þ
ðxþyÞ

� 	
; prove that x @u

@x þ y @u
@y ¼ 1

(c) If V ¼ f ð2x� 3y; 3y� 4z; 4z� 2xÞ, compute the value of 6Vx þ 4Vy þ 3Vz:

4. (a) The temperature ‘T’ at any point ðx; y; zÞ in space is Tðx; y; zÞ ¼ Kxyz2 where K is constant. Find the

highest temperature on the surface of the sphere x2 þ y2 þ z2 ¼ a2.

(b) Verify the chain rule for Jacobians if x ¼ u; y ¼ u tan v; z ¼ w.

(c) The time ‘T’ of a complete oscillation of a simple pendulum of length ‘L’ is governed by the

equation T ¼ 2�
ffiffiffi
L
g

q
; g is constant, find the approximate error in the calculated value of T corre-

sponding to an error of 2% in the value of L.

5. (a) Determine ‘b’ such that the system of homogeneous equation 2xþ yþ 2z ¼ 0; xþ yþ 3z ¼ 0;
4xþ 3yþ bz ¼ 0 has (i) Trivial solution (ii) Non-Trivial solution. Find the Non-Trivial solution

using matrix method.

(b) Verify Cayley–Hamilton theorem for the matrix A ¼ 1 2

2 �1

� �
and hence find A�1.

(c) Find the eigen value and corresponding eigen vectors of the matrix

I ¼ �5 2

2 �2

� �

6. (a) Find the directional derivative ofrðrf Þ at the point ð1;�2; 1Þ in the direction of the normal to the

surface xy2z ¼ 3xþ z2 where f ¼ 2x3y2z4.

(b) Using Green’s theorem, find the area of the region in the first quadrant bounded by the curves

y ¼ x; y ¼ 1
x
; y ¼ x

4
.

(c) Prove that y2 � z2 þ 3yz � 2x
� �

î þ 3xz þ 2xyð Þ ĵ þ 3xy � 2xz þ 2zð Þ̂k is both solenoidal and

irrotational.

7. (a) Changing the order of integration of
R1
0

R1
0

e�xy sin nx dx dy
Show that

R1
0

sin nx
x

� �
dx ¼ �

2

(b) Determine the area bounded by the curves xy ¼ 2; 4y ¼ x2 and y ¼ 4.

(c) For a b function, show that

bðp; qÞ ¼ bðpþ 1; qÞ þ bðp; qþ 1Þ:
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SOLUTIONS

1. (a) We have to show that Aj j ¼ 0. But

Aj j ¼
1 5 4

0 3 2

b 13 10

�������
�������

¼ 1½30� 26� � 5½�2b� þ 4½�3b�
¼ 4þ 10b� 12b ¼ 4� 2b:

Thus Aj j ¼ 0 if 2b ¼ 4 or b ¼ 2.

(b) We note that

curl A
! ¼

i
^

j
^

k
^

@
@x

@
@y

@
@z

2xyþ 3yz x2 þ axz� 4z2 2xyþ 2byz

��������

��������
¼ i

^ @

@y
ð3xyþ 2byzÞ � @

@z
ðx2 þ axz� 4z2


 �

� j
^ @

@x
ð3xyþ 2byzÞ � @

@z
ð2xyþ 3yzÞ


 �

þ k
^ @

@x
ðx2 þ axz� 4z2Þ � @

@y
ð2xyþ 3yzÞ


 �

¼ i
^½ð3xþ 2bzÞ � ðax� 8zÞ�

þ j
^
½3y� 3y� þ k

^½ð2xþ azÞ � ð2xþ 3zÞ�
¼ i

^½xð3� aÞ þ zð2b� 8Þ� þ k
^½ða� 3Þz�

¼ 0 for a ¼ 3 and b ¼ 4:

(c) Let y ¼ x2 sin x. Take

u ¼ sin x and v ¼ x2

Then

un ¼ sin ðxþ n�

2
Þ; v1 ¼ 2x; v2 ¼ 2; v3 ¼ 0:
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Therefore, by Leibnitz-theorem, we have

yn ¼ sin xþ n�

2

� 	
ðx2Þ þ nc1 sin xþ ðn� 1Þ�

2

� �
ð2xÞ

þ nc2 sin xþ ðn� 2Þ�
2

� �
ð2Þ

¼ x2 sin xþ n�

2

� 	
þ 2nx sin xþ ðn� 1Þ�

2


 �

þ nðn� 1Þ sin xþ ðn� 2Þ�
2


 �
:

Hence

ðynÞ0 ¼ nðn� 1Þ sin ðn� 2Þ�
2

¼ ðn� n2Þ sin n�
2
:

(d) Matching yields

i. Max ! rt � s2 > 0; r < 0

ii. Min ! rt � s2 > 0; r < 0

iii. saddle point ! rt � s2 < 0

iv. Failure case ! rt � s2 ¼ 0

(e) The Matching yields

(i) bðp; qÞ ! R1
0

yp�1

ð1þyÞpþ2 dy

(ii)
�ðpÞ�ðqÞ
� ðpþqÞ ! bðp; qÞ

(iii)
ffiffiffi
�

p ! � 1
2

� �
(iv) �

sin p � ! �ðpÞ�ð1� pÞ

(f)

(i) True

(ii) False
(iii) False

(iv) The statement is wrong

(g)

(i) False

(ii) False

(iii) True

(iv) False

(h) rðlog rÞ ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ðlog rÞ

¼ i
^ 1

r

@r

@x

� �
þ j

^ 1

r

@r

@y

� �
þ k

^ 1

r

@r

@z

� �
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But r ¼ x i
^þy j

^
þz k

^
. Therefore

r ¼ r
!��� ��� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2 þ z2
p

or

r2 ¼ x2 þ y2 þ z2:

Thus

2r
@r

@x
¼ 2x

or

@r

@x
¼ x

r
:

Similarly,

@ r

@y
¼ y

r
and

@r

@z
¼ z

r
:

Therefore

rðlog rÞ ¼ i
^ 1

r

x

r

� 	
 �
þ j

^ 1

r

y

r

� 	
 �
þ k

^ 1

r

z

r

� 	
 �

¼ i
^ x

r2

� 	
þ j

^ y

r2

� 	
þ k

^ z

r2

� 	

¼ 1

r2
x i
^þy j

^
þ2 k

^
� �

¼ r
!

r2
:

Hence choice (ii) is true

(i) We have

u ¼ ex sin y; v ¼ xþ log sin y:

Therefore

@ðu; vÞ
@ðx; yÞ ¼

@u
@x

@u
@y

@v
@x

@v
@y

�����
����� ¼ ex sin y ex cos y

1 cot y

����
����

¼ ex cos y� ex cos y ¼ 0

Hence the choice (iii) is correct

(j) (iii) is correct.

2. (a) We have

y ¼ ðsin�1 xÞ2:
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Then

y1 ¼ 2 sin�1 x:
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p

or

ð1� x2Þy21 ¼ 4ðsin�1 xÞ2 ¼ 4y ð1Þ

Differentiating (1) again, we get

ð1� x2Þy2 � xy1 � 2 ¼ 0 ð2Þ

Differentiating (2) n times by Leibnitz Theorem, we get

ð1� x2Þynþ2 þ nc1ynþ1ð�2xÞ þ nc2ynð�2Þ � xynþ1 � nc1yn ¼ 0

or

ð1� x2Þynþ2 � ð2nþ 1Þxynþ1 � n2yn ¼ 0: ð3Þ

Therefore (1), (2), (3) imply

ðy1Þ0 ¼ 0; ðy2Þ0 ¼ 2; ðynþ2Þ0 ¼ n2ðynÞ0:

Taking n ¼ 1; 2; 3; . . . in ðynþ2Þ0 ¼ n2ðynÞ0, we get

ðy3Þ0 ¼ ðy1Þ0 ¼ 0

ðy4Þ0 ¼ 22ðy2Þ0 ¼ 2:22

ðy5Þ0 ¼ 32ðy3Þ0 ¼ 0

ðy6Þ0 ¼ 42ðy4Þ0 ¼ 2:22:42

and so on. Hence, in general

ðynÞ0 ¼ 0 for odd n

and

ðynÞ0 ¼ 2:22:42:62:82 . . . ðn� 2Þ2:

(b) Please see Example 3.63

Replace 32 by V in this Example and get

x ¼ y ¼ ð2VÞ13; z ¼ ð2VÞ13
2

(for open at the top)

For the closed box

S ¼ 2xyþ 2yzþ 2zx

Now proceed as in Example 3.63
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(c) Please see Example 4.87(b). We have

A ¼ 4 1

2 3


 �

The characteristic equation of A is

A� lIj j ¼ 4� l 1

2 3� l

����
���� ¼ 0

or

ð4� lÞð3� lÞ � 2 ¼ 0

or

l2 � 7lþ 10 ¼ 0

The characteristic roots are l ¼ 7�3
2

¼ 2; 5. Since the eigenvalues are distinct, the matrix A is diag-

onalizable. The eigenvector corresponding to l ¼ 2 is given by ðA� 2IÞX ¼ 0, that is, by

2 1

2 1


 �
x1
x2


 �
¼ 0

0


 �

or by

2x1 þ x2 ¼ 0 or x1 ¼ � x2

2
:

Putting x2 ¼ 2, we get

X1 ¼ �1

2


 �
:

Similarly, eigenvector corresponding to l ¼ 5 is given by ðA� 5IÞX ¼ 0 or by

�1 1

2 �2


 �
x1
x2

� �
¼ 0

or by

� x1 þ x2 ¼ 0

2x1 � 2x2 ¼ 0

and so x1 ¼ x2. Putting x2 ¼ 1, we get

X2 ¼ 1

1


 �

Thus the transforming matrix is

P ¼ �1 1

2 1


 �
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and

P�1 ¼
� 1

3
1
3

2
3

1
3

2
4

3
5

Then

P�1AP ¼
� 1

3
1
3

2
3

1
3

2
64

3
75 4 1

2 3


 � �1 1

2 1


 �

¼
� 2

3
2
3

10
3

5
3

2
64

3
75 �1 1

2 1


 �
¼ 2 0

0 5


 �
:

(d) The equation of the curve is

x

a

� 	a
þ y

b

� 	b
¼ 1; a; b > 0:

The parametric form of the curve is

x ¼ a cos
2
a t; y ¼ b sin

2
b t:

Therefore, the required area is

A ¼
Z0
�
2

y dx ¼
Z
�
2

y
dx

dt
dt

¼
Z0
�
2

ðb sin2
b tÞ � 2a

a
cos

2
a�1ð Þ t

� �
sin t dt

¼ 2ab

a

Z�
2

0

sin
2
bþ1ð Þ t cos 2

a�1ð Þ t dt

¼ 2ab

a

�
ð2bþ2Þ
2

� 	
�

ð2a�1þ1Þ
2

� 	
2�

2
bþ1þ2

a�1þ2

2

� 	
2
64

3
75

¼ 2ab

2ab

� 1
a

� �
� 1

b

� 	
� 1

a þ 1
b þ 1

� 	
2
4

3
5

¼ ab

aþ b

� 1
a

� �
� 1

b

� 	
F 1

a þ 1
b

� 	
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(e) By Divergence Theorem, Z
S

Z
ðyz dy dzþ zx dz dxþ xy dx dyÞ

¼
ZZZ
V

@

@x
ðyzÞ þ @

@y
ðzxÞ þ @

@z
ðxyÞ


 �
dV

¼
ZZZ
V

0dV ¼ 0:

3. (a) Hints: The given curve is r2 ¼ a2 cos 2h. It is symmetrical about the initial line. It is symmetrical about

the origin. Intersects the initial line at the points � �
4

� �
. The curve has no asymptote. At ða; 0Þ and

ð�a; 0Þ the tangents are perpendicular to the initial line. Tangents at the pole are h ¼ � �
4
. The curve

passes through the pole. The figure of the curve is similar to the figure of Example 2.20.

(b) We have

u ¼ log
x2 þ y2

xþ y

� �
:

Therefore

eu ¼ x2 þ y2

xþ y
;

which is homogeneous function of degree 1 in x and y. Therefore, by Euler’s Theorem, we have

x
@

@x
ðeuÞ þ y

@

@y
ðeuÞ ¼ eu

or

x eu
@u

@x
þ y eu

@u

@y
¼ eu

or

x
@u

@x
þ y

@u

@y
¼ 1:

(c) We have

V ¼ f ð2x� 3y; 3y� 4z; 4z� 2xÞ:

Let

r ¼ 2x� 3y; s ¼ 3y� 4z and t ¼ 4z� 2x:

Then

V ¼ f ðr; s; tÞ:
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Further,

@V

@x
¼ @V

@r
:
@r

@x
þ @V

@s

@s

@x
þ @V

@t
:
@t

@x

¼ 2
@V

@r
þ 0� 2

@V

@t
¼ 2

@V

@r
� 2

@V

@t
: ð1Þ

@V

@y
¼ @V

@r
:
@r

@y
þ @V

@s

@s

@y
þ @V

@t
:
@t

@y

¼ �3
@V

@r
þ 3

@V

@s
þ 0 ¼ 3

@V

@r
þ 3

@V

@s
: ð2Þ

and

@V

@z
¼ @V

@r
:
@r

@z
þ @V

@s

@s

@z
þ @V

@t
:
@t

@z

¼ 0� 4
@V

@s
þ 4

@V

@t

¼ �4
@V

@s
þ 4

@V

@t
:

The relations (1), (2) and (3) yields

6Vx þ 4Vy þ 3Vz ¼ 6 2
@V

@r
� 2

@V

@t

� �

þ 4 �3
@V

@r
þ 3

@V

@s

� �

þ 3 �4
@V

@s
þ 4

@V

@t

� �
¼ 0:

4. (a) We have

Tðx; y; zÞ ¼ kxyz2 ð1Þ

and

�ðx; y; zÞ ¼ x2 þ y2 þ z2 � a2 ð2Þ

Taking l as the Lagrange’s multiplier, we have

Fðx; y; zÞ ¼ Tðx; y; zÞ þ l�ðx; y; zÞ
¼ kxyz2 þ lðx2 þ y2 þ z2 � a2Þ:

For maxima or minima of Fðx; y; zÞ, we should have

@F

@x
¼ @T

@x
þ l

@�

@x
¼ Kyz2 þ 2xl ¼ 0 ð3Þ

@F

@y
¼ @T

@y
þ l

@�

@y
¼ kxz2 þ 2ly ¼ 0 ð4Þ

@F

@z
¼ @T

@z
þ l

@�

@z
¼ 2kxyz þ 2lz ¼ 0 ð5Þ
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Multiplying (3) by x, (4) by y and (5) by z and adding we get

4kxyz2 þ 2lðx2 þ y2 þ z2Þ ¼ 0

or

4kxyz2 þ 2la2 ¼ 0 ðusing x2 þ y2 þ z2 ¼ a2Þ:

Therefore

l ¼ � 2kxyz2

a2
:

Substituting this value of l in (3), we have

kyz2 � 4kx2yz2

a2
¼ 0

or

1� 4x2

a2
¼ 0

Hence x ¼ � a
2
. Similarly y ¼ � a

2
: Substituting the value of x, y, and l is (5), we get

1� 2
z2

a2
¼ 0 and so z ¼ � affiffiffi

2
p :

Then the highest temperature on the sphere is

T ¼ kxyz2 ¼ k
a

2

� 	 a

2

� 	 a2

2

� �
¼ k

8
a4

(b) We are given thet

x ¼ u; y ¼ u tan v; z ¼ w: ð1Þ

Then

J ¼ @ðx; y; zÞ
@ðu; v;wÞ ¼

@x
@u

@x
@v

@x
@w

@y
@u

@y
@v

@y
@w

@z
@u

@z
@v

@z
@w

������������

������������
¼

1 0 0

tan v u sec2 v 0

0 0 1

�������
�������

¼ u sec2 v:

Also, from (1), we have

u ¼ x; v ¼ tan�1 y

x
and w ¼ z:
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Therefore

J 0 ¼ @ðu; v;wÞ
@ðx; y; zÞ ¼

@u
@x

@u
@y

@u
@z

@v
@x

@v
@y

@v
@z

@w
@x

@w
@y

@w
@z

�������������

�������������
�

1 0 0
�y

x2þy2
x

x2þy2
0

0 0 1

���������

���������

¼ x

x2 þ y2
¼ 1

x 1þ y
x

� �2h i
¼ 1

uð1þ tan2 vÞ ; since
y

u
¼ tan v

¼ 1

u sec2 v
:

Hence

J J 0 ¼ 1; which proves the chain rule:

(c) We have

T ¼ 2�

ffiffiffi
l

g

s
:

Taking logarithm, we get

log T ¼ log 2�þ 1

2
log l � 1

2
log g: ð1Þ

Differentiating (1), we get

1

T
�T ¼ 1

2

�l

l
� 1

2

� g

g

or

� T

T
� 100 ¼ 1

2

� l

l
� 100� 1

2

� g

g
� 100


 �

¼ 1

2
½2� 0� ¼ 1:

Hence the approximate error is 1%.
5. (a) The give system of equation is

xþ yþ 3z ¼ 0

2xþ yþ 2z ¼ 0

4xþ 3yþ bz ¼ 0:
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The system in matrix form is

1 1 3

2 1 2
4 3 b

2
4

3
5 x

y
z

2
4
3
5 ¼

0

0
0

2
4
3
5

This homogenous system will have a non-trivial solution only if Aj j ¼ 0. Thus for non-trivial solution

1 1 3

2 1 2

4 3 b

������
������ ¼ 0

or

1ðb� 6Þ � 1ð2b� 8Þ þ 3ð6� 4Þ ¼ 0

or

�bþ 8 ¼ 0; which yields b ¼ 8:

Thus for non-trivial solution b ¼ 8. The coefficient matrix for non-trivial solution is

1 1 3

2 1 2

4 3 8

2
64

3
75 �

1 1 3

0 �1 �4

0 �1 �4

2
64

3
75R2 ! R2 � 2R1

R3 ! R3 � 4R1

�
1 1 3

0 �1 �4

0 0 0

2
64

3
75R3 ! R3 � R2

The last matrix is of rank 2. Thus the given system is equivalent to

xþ yþ 3z ¼ 0

� y� 4z ¼ 0:

Hence y ¼ �4z and then x ¼ z. Taking z ¼ t the general solution is

x ¼ t; y ¼ �4t; z ¼ t:

(b) We have

A ¼ 1 2

2 �1


 �
:

The characteristic equation is

A� lIj j ¼ 1� l 2

2 �1� l

����
���� ¼ 0
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or

l2 � 5 ¼ 0: ð1Þ

We note that

A2 ¼ 1 2
2 �1


 �
1 2
2 �1


 �
¼ 5 0

0 5


 �
:

Then

A2 � 5I ¼ 5 0

0 5


 �
� 5 0

0 5


 �
¼ 0 0

0 0


 �
:

Hence A satisfies its characteristic equation. Premultiplication by A�1 yields

A� 5A�1 ¼ 0

or

A�1 ¼ 1

5
A ¼

1
5

2
5

2
5

� 1
5

2
4

3
5:

(c) The characteristic equation is

A� lIj j ¼ �5� l 2

2 �2� l

����
���� ¼ 0

or

ð�5� lÞð�2� lÞ � 4 ¼ 0

or

l2 þ 7lþ 6 ¼ 0

or

l ¼ �7� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
49� 24

p

2
¼ �6; �1:

The characteristic vector corresponding to l ¼ �2 is given by ðAþ IÞX ¼ 0, that is, by

�4 2

2 �1


 �
x1
x2


 �
¼ 0

0


 �

or by

� 4x1 þ 2x2 ¼ 0

2x1 � x2 ¼ 0:
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Thus

X1 ¼ x1
x2


 �
¼ 1

2


 �
:

The characteristic vector corresponding to l ¼ �6 is given by

1 2

2 4


 �
x1
x2


 �
¼ 0

0


 �

or by

x1 þ 2x2 ¼ 0

2x1 þ 4x2 ¼ 0:

These equations imply

X2 ¼ x1
x2


 �
¼ �2

1


 �
:

6 (a) We have

f ¼ 2x3y2z4

Therefore

@f

@x
¼ 6x2y2z4;

@f

@y
¼ 4x3yz4 and

@f

@z
¼ 8x3y2z3

and so

r f ¼ 6x2y2z4 i
^þ4x3yz4 j

^
þ8x3y2z3 k

^
:

Then

� ¼ rðrf Þ ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
6x2y2z4 i

^þ4x3yz4 j
^
þ8x2y2z3 k

^
� �

¼ 12xy2z4 þ 4x3z4 þ 24x2y2z2:

Now

r� ¼ @�

@x
i
^þ @�

@y
j
^
þ @�

@z
k
^

¼ ð12y2z4 þ 12x2z4 þ 48xy2z2Þ i^þð24zyz4 þ 48x2yz2Þ j
^

þ ð48xy2z3 þ 16x3z3 þ 48x2y2zÞ k
^

¼ 56 i
^�144 j

^
þ16 k

^
:
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Now normal to the surface ł ¼ xy2z� 3x� z2 is

rł ¼ i
^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
ðxy2z� 3x� z2Þ

¼ ðy2z� 3Þ i^þð2xyzÞ j
^
þðxy2 � 2zÞ k

^
:

The unit vector in the direction of rł is

a
^ ¼ ðy2z� 3Þ i^þð2xyzÞ j

^
þðxy2 � 2zÞ k

^ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy2z� 3Þ2 þ ð2xyzÞ2 þ ðxy2 � 2zÞ2

q

¼ � i
^�4 j

^
þ2 k

^ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16þ 4

p ¼ 1ffiffiffiffiffi
21

p � i
^�4 j

^
þ2 k

^
� �

Therefore directional derivative of rðrf Þ at ð1;�2; 1Þ in the given direction is

r�: a
^ ¼ 56 i

^�144 j
^
þ16 k

^
� �

1ffiffiffiffiffi
21

p � i
^�4 j

^
þ2 k

^
� �

¼ 1ffiffiffiffiffi
21

p ½�56þ 576þ 32� ¼ 542ffiffiffiffiffi
21

p :

(b) Using Green’s Theorem,

A ¼ 1

2

I
c

ðx dy� ydxÞ;

¼ 1

2

I
C1

þ
I
C2

þ
I
c3

2
64

3
75;

¼ 1

2

Z
c1

ðxdy� ydxÞ þ
Z
c2

ðxdy� ydxÞ þ
Z
c3

ðxdy� ydxÞ
2
4

3
5;

where c1 is y ¼ x
4
; c2 is y ¼ 1

x
and c3 is y ¼ x.

Along c1, we have y ¼ x
4
so that y ¼ 1

x
dx and x varies from 0 to 2. Therefore

I
c1

ðxdy� ydxÞ ¼
Z2
0

x

4
dx� x

4
dx

� 	
¼ 0:

Along c2 we have y ¼ 1
x
so that dy ¼ � 1

x2
dx and x varies from 2 to 1. Therefore

I
c2

ðxdy� ydxÞ ¼
Z1
2

�1

x
dx� 1

x
dx

� �
¼ �2

Z1
0

1

x
dx ¼ 2 log 2:
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Along c3, we have y ¼ x so that dy ¼ dx and x varies from 1 to 0. ThereforeI
c3

ðxdy� ydxÞ ¼
I
c3

ðxdx� xdxÞ ¼ 0:

Hence I
c

ðxdy� ydxÞ ¼ 1

2
½0þ 2 log 2þ 0� ¼ log 2:

(c)

f
!
¼ ðy2 � z2 þ 3yz� 2xÞ i^þð3xzþ 2xyÞ j

^
þð3xy� 2xzþ 2zÞ k

^

Then

r: f
!
¼ i

^ @

@x
þ j

^ @

@y
þ k

^ @

@z

� �
: f
!

¼ �2þ 2xþ 2� 2x ¼ 0:

Hence f
!

is solenoidal. Further,

curl f
!
¼

i
^

j
^

k
^

@
@x

@
@y

@
@z

y2 � z2 þ 3yz� 2x 3xzþ 2xy 3xy� 2xzþ 2z

����������

����������
¼ i

^½3x� 3x� � j
^
½3y� 2zþ 2z� 3y� þ k

^½3zþ 2y� 2y� 3z� ¼ 0
!

Hence f
!

is irrotational.

7 (a).

I ¼
Z1
0

Z1
0

e�xy sin nx dx dy

¼
Z1
0

sin nx

Z1
0

e�xydy

2
4

3
5dx

¼
Z1
0

sin nx
e�xy

�x


 �1
0

dx

¼
Z1
0

sin nx

x
dx: ð1Þ
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On the other hand,

I ¼
Z1
0

Z1
0

e�xy sin nx dx dy

¼
Z1
0

Z1
0

e�xy sin nx dx

2
4

3
5dy

¼
Z1
0

e�xy

n2 þ y2
ðn cos nxþ y sin nxÞ


 �1
0

dy

¼
Z1
0

n

n2 þ y2
dy ¼ tan�1 y

p


 �1
0

¼ �

2
: ð2Þ

From (1) and (2), it follows that Z1
0

sin nx

x
dx ¼ �

2
:

(b)

A ¼
Z4
1

Z2 ffiffiyp

2
y

dx

2
664

3
775dy

¼
Z4
1

½x�2
ffiffi
y

p
2
y

dy

¼
Z4
1

2
ffiffiffi
y

p � 2

y


 �
dy

¼ 2
y
3
2

3
2

� log y

" #4
1

¼ 2
16

3
� 2 log 2

� �
� 2

3


 �

¼ 28

3
� 4 log 2:

(c) Example 5.5
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