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1 Preliminaries

In this chapter, we present some basic mathematical

concepts and definitions which shall be frequently

used in the forthcoming chapters. The knowledge
of these concepts is essential due to their extensive

use in the study of Fourier series and various integral

transforms. For example, knowledge of real- and
complex-valued functions—along with their con-

tinuity, differentiability, and integrability, and seq-

uences, series, and special functions—is required
time and again in this study.

1.1 SETS AND FUNCTIONS

According to Georg Cantor, a set may be viewed as
a well-defined collection of objects, called the

elements or members of the set.

The sets are denoted by capital letters such A,
B, and C whereas its elements are denoted by lower-

case letters such as a, b, and c. We write a 2A if a is

an element of the set A.

EXAMPLE 1.1

(a) R ¼ {x: x is a real number} is called the set of

real numbers.

(b) Z ¼ {x: x is an integer} represents the set of all

integers… �4, �3, �2, �1, 0, 1, 2, 3, 4,….

(c) N ¼ {x:x is a positive integer or zero} repre-
sents the set consisting of 0, 1, 2, 3,…

(d) The set havingno elements is representedby� or

{ } and is called the empty (or null or void) set.

Definition 1.1. Let A and B be sets. Then A is called a

subset of B, written as A � B if and only if every
element of A is also an element of B.

EXAMPLE 1.2
The set A¼ {6, 5, 8} is a subset of the set B¼ {2, 3,
6, 7, 5, 8}.

Definition 1.2. Let A and B be sets. Then A is called a

proper subset of B if and only if every element of

A is in B, but there is at least one element of B that
is not in A.

EXAMPLE 1.3
The set {5, 6, 8} is a proper subset of the set {1, 5, 6,
8, 4}.

Definition 1.3. Two sets A and B are called equal if

every element of A is in B and every element of B is
in A. Thus, A ¼ B if and only if A � B and B � A.

Definition 1.4. Suppose we are dealing with sets, all
of which are subsets of a set U. Then, the set U is

called a universal set or a universe of discourse.

Definition 1.5. Let A and B be subsets of a universal

set U. Then the union of A and B, denoted by A [ B,

is the set of all elements a in U such that a is in A or
a is in B.

Thus,

A [ B ¼ fa 2 U : a 2 A or a 2 Bg:
Definition 1.6. Let A and B be subsets of a universal

set U. Then, the intersection of A and B, denoted by

A \ B, is the set of all elements a of U such that a 2
A and a 2 B.

Thus,

A \ B ¼ fa 2 U : a 2 A and a 2 Bg:
Definition 1.7. Let A and B be subsets of a universal

set U. Then, the difference B�A (or the relative

complement of A in B) is the set of all elements a in
U such that a 2 B and a =2 A:
Thus,

B� A ¼ fa 2 U : a 2 B and a =2 Ag:
Definition 1.8. Let A be a subset of a universal set U.

Then complement of A, denoted by Ac, is the set of
all elements a in U such that a is not in A.



Thus,

Acfa 2 U : a =2 Ag:
Definition 1.9. Two sets A and B are called disjoint if

and only if they have no element in common.

Definition 1.10. Let X and Y be arbitrary given sets.

By a function f: X ! Y from the set X into Y, we

mean a rule which assigns to each member x of X, a
unique member f(x) of Y.

The member f(x) is called image of x under the
function (mapping) f or the value of f at x. The set X is

called the domain of f and the set Y is called the

codomain of f. The set of elements f(x), x2X is called
the range of f. Thus, the range of f is a subset of Y.

If Y ¼ R, the set of real numbers, then f is

called the real-valued function and if Y¼ C, the set
of complex numbers, then f is called the complex-

valued function. If X¼ C, then f is called a function

of complex variables.

Definition 1.11. Let f: A ! B be a mapping from the

set A into the set B. If f(x1) ¼ f(x2) ) x1 ¼ x2 for
every x1, x2 2 A, then f is called one–one mapping

or injective mapping.

Thus, a function f: A ! B is injective if and only if
the images of distinct points of A are distinct, that

is, x1 6¼ x2 ) f(x1) 6¼ f(x2).

EXAMPLE 1.4
Let Z+ be a set of positive integers and Y be a set of

even positive integers. Then, the mapping f: Z+!Y

defined by f (x) ¼ 2x is injective. In fact, if x, y 2
Z+, then f (x) ¼ 2x, f (y) ¼ 2y and so, f(x) ¼ f(y)

implies 2x ¼ 2y and hence, x ¼ y.

Definition 1.12. A function f which is not one–one is

called a many-to-one mapping.

EXAMPLE 1.5
The function f defined by f (x) ¼ x2, � 1 < x < 1
is not one–one, because 4 is the image of both �2

and 2.

Definition 1.13. Let f: X ! Y be a map. If f (X) ¼ Y,

that is, the range of f is the whole of Y, then f is
called a surjective or onto mapping.

Thus, f: X! Y is onto if and only if for every point
y in Y there exists at least one point x in X such that

f (x) ¼ y.

EXAMPLE 1.6
The linear function f:R!R defined by f (x)¼ ax + b,

x 2 R is surjective whereas the function f: R ! R

defined by f (x) ¼ sin x is not surjective. In fact,
there is no element in R for which sin x ¼ 2. Thus,

the range of f is not equal to R.

Consider f: Z+ ! Z+ defined by f (x) ¼ x2, x 2
Z+. Then, if x, y 2 Z+, we note that

f ðxÞ ¼ f ðyÞ ) x2 ¼ y2

) ð�xÞ2 ¼ ð�yÞ2
) �x ¼ �y

) x ¼ y; since x; y 2 ℤþ:

Hence, f is one-one. Further

Rðf Þ ¼ f1; 4; 9; . . .g;

which is a proper subset of Z+. Thus, f is not
surjective.

Definition 1.14. A mapping f: X ! Y is called
bijective if it is both injective and surjective.

For example, if X ¼ {x 2 R, x 6¼ 0}. Then, the

mapping f: X ! X defined by f (x) ¼ 1
x
is one–one

and onto and hence, bijective.

1.2 CONTINUOUS AND PIECEWISE CONTINUOUS
FUNCTIONS

Definition 1.15. A function f: X ! R is said to be

continuous at a point x0 2 X, if given e > 0, there
exists a � > 0 such that

j f ðxÞ � f ðx0Þj < e whenever jx� x0j < �:

Equivalently, we say that f is continuous at x0 if lim
x!x0

f (x) ¼ f (x0).

The left-hand limit of f at the point x0 is defined

by

lim
x!x0
x < x0

f ðxÞ ¼ f ðx0 � 0Þ;

provided the limit exists and is finite.
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Similarly, the right-hand limit of f at the point
x0 is defined by

lim
x!x0
x > x0

f ðxÞ ¼ f ðx0 � 0Þ;

provided the limit exists and is finite.

At the point of continuity, both the left- and

right-hand limit exist and

f ðx0 � 0Þ ¼ f ðx0 þ 0Þ ¼ f ðx0Þ:
At a point x0 of discontinuity, if both f (x0 � 0) and

f (x0 + 0) exist but are not equal, then x0 is called a
point of discontinuity of the first kind or a point of

jump discontinuity. In such a case, f(x0 + 0) �
f(x0 �0) is called the jump of the discontinuous
function f at the point x0.

EXAMPLE 1.7
Consider the function f defined by

f ðxÞ ¼ x2 for x � 0
4xþ 3 for x > 0:

�

Then,

f ð0�Þ ¼ lim
x!0�

x2 ¼ 0 and

f ð0þÞ ¼ lim
x!0þ

4xþ 3 ¼ 3:

Thus, f(0�) 6¼ f(0+) and so, f has jump dis-
continuity at x¼ 0. The jump of this discontinuity is

f ð0þÞ � f ð0�Þ ¼ 3:

If at least one of left- and right-hand limit does not

exist at a point x0, then x0 is called a point of dis-
continuity of second kind.

EXAMPLE 1.8
The function f defined by f(x) ¼ 1

t�3
has a dis-

continuity at t ¼ 3. Since neither the left- nor the

right-hand limit exists at t ¼ 3, the function has a

discontinuity of second kind.

Definition 1.16. A function f (real-valued or complex-

valued) is called piecewise (or sectionally)
continuous on the interval [a, b] if there exists a

partition a ¼ x0 < x1 < … < xn ¼ b of [a, b] such

that f is continuous in each of the open interval
(xi�1, xi), i ¼ 1, 2, …, n and each of the limit

f (a +), f (b �), f (xi +), and f (xi �) exists for
i ¼ 1, 2, …, n.

The function f is called the piecewise con-

tinuous on R if f is the piecewise continuous on
each subinterval [a, b] of R.

Some of the properties of piecewise continuous

functions are listed below:

(a) A function f continuous on [a, b] is piecewise

continuous there.

(b) The sum, difference, and product of two func-

tions which are piecewise continuous on [a, b]

are piecewise continuous on [a, b].

(c) A function piecewise continuous on [a, b]

is bounded on [a, b], that is, there exists a

positive constant M such that | f(x)| � M for all
x 2 [a, b].

(d) The definite integral of a piecewise continuous

function exists on [a, b] andZb

a

f ðxÞ dx ¼
Xn
i¼1

Zxi
xi�1

f ðxÞdx:

(e) The indefinite integral
Rt
a

f ðxÞ dx, a � t � b

exists and is continuous on [a, b].

EXAMPLE 1.9
The function f defined by

f ðxÞ ¼ e�x2=2 for x > 0

0 for x < 0

�

has a jump discontinuity at x ¼ 0 (with jump 1) and

is continuous elsewhere. Hence, f is piecewise

continuous on [0,1). But the function f defined by

f ðxÞ ¼ sin
1

x
; x 6¼ 0

f ð0Þ ¼ 0

is not piecewise continuous on [0, 1] because f (0 +)
does not exist.

1.3 DERIVABILITY OF A FUNCTION AND PIECEWISE
SMOOTH FUNCTIONS

Definition 1.17. A function f defined on [a, b] is said

to be derivable at x if

lim
h!0

f ðxþ hÞ � f ðxÞ
h

exists:
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In case the limit exists, then this limit is called the
derivative of f at x and is denoted by f 0(x). The
limits

lim
h!0�

f ðxþ hÞ � f ðxÞ
h

and lim
h!0þ

f ðxþ hÞ � f ðxÞ
h

if exist are called, respectively, the left- and right-
hand derivative and are again denoted by f 0�ðxÞ and
f 0þðxÞ. Clearly, f 0(x) exists if both f 0�ðxÞ and f 0þðxÞ
exist and are equal.

Further, if a function is derivable at a point,

then it is continuous at that point. But the converse
need not be true. For example, the function f defined

by f (x) ¼ |x|, x 2 R is continuous at x ¼ 0 but it

is not derivable at x ¼ 0. In fact, f 0�ðxÞ ¼ �1 and
f 0þðxÞ ¼ 1 for this function.

Definition 1.18. A piecewise continuous function f on
the interval [a, b] is called piecewise smooth if its

derivative f 0 is piecewise continuous.

A function is called piecewise smooth on R if it
is piecewise smooth on each interval [a, b] of R.

Thus, the graph of a piecewise smooth function is

either a continuous curve or a discontinuous curve,
which can have a finite number of corners (points at

which the curve has two distinct tangents).

EXAMPLE 1.10
The function with the graph (Figure 1.1)

a
b x

y

0

f(x)

Figure 1.1
is continuous piecewise smooth, whereas the func-

tion with graph is discontinuous piecewise smooth
(Figure 1.2)

x

y

0

f(x)

Figure 1.2

1.4 THE RIEMANN INTEGRAL

Let f be a bounded real function defined on

[a, b] and let

a ¼ x0 � x1 � x2 � . . . � xn ¼ b

be a partition of [a, b]. Corresponding to each
partition P of [a, b], let

Mi ¼ lub f (x) (xi�1 � x � xi),

mi ¼ glbf ðxÞðxi�1 � x � xiÞ;

UðP; f Þ ¼
Xn
i¼1

Miðxi � xi�1Þ; and

LðP; f Þ ¼
Xn
i¼1

miðxi � xi�1Þ:

TheU(P, f ) and L(P, f ) are called upper Riemann sum
and lower Riemann sum, respectively. Further, let

Zb

a

f ðxÞdx ¼ glbUðP; f Þ and

Zb

�a

f ðxÞdx ¼ lub LðP; f Þ;

where glb and lub are taken over all possible parti-

tions P of [a, b]. Then,
Rb
a

f is called the upper

Riemann integral and
Rb
�a

f is called the lower

Riemann integral of f over [a, b].
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A bounded real function f is said to be
Riemann-integrable on [a, b] if upper- and lower

Riemann integral are equal and then, their common

value, denoted by
Rb
a

f ðxÞdx, is called the Riemann-

integral of f.

If a or b is infinite or if f is unbounded for some

x 2 [a, b], then the integral
Rb
a

f is called an improper

integral.

Definition 1.19. A function f is called absolutely

integrable on R ifZ1

�1
j f ðtÞj dt < 1

is an improper Riemann integral.

EXAMPLE 1.11
The function pa(t), known as a Block function or
Rectangular pulse function of height 1, defined by

paðtÞ ¼ 1 for jtj � a
2

0 otherwise

�
;

is absolutely integrable.

1.5 THE CAUSAL AND NULL FUNCTION

Definition 1.20. A function f is called causal if

f(x) ¼ 0 for x < 0.
For example, f defined by

f ðxÞ ¼ 0 for x < 0

sin x for x > 0

�

is a causal sine function.
A delayed (by �/3) causal sine function is then

gðxÞ ¼ 0 for x < �=3
sin x for x > �=3

�

Similarly, the function H defined by

Hðt � aÞ ¼ 0 for t < a
1 for t > a

�

is causal and is called Heaviside’s unit step function.

Definition 1.21. A function f is said to be a null

function if for all t > 0,Z t

0

f ðxÞ dx ¼ 0:

EXAMPLE 1.12
The function f defined by

f ðtÞ ¼
1 for t ¼ 1=2

�1 for t ¼ 1

0 otherwise

8<
:

is a null function.
The other examples are

(a) NðtÞ ¼ 1 for t ¼ 0

0 for t 6¼ 0

�

(b) a function which is identically zero (which is
the only continuous null function).

1.6 FUNCTIONS OF EXPONENTIAL ORDER

Definition 1.22. A function f is said to be of expo-

nential order or exponential growth a if there exist

constants a 2 R andM > 0 such that for some t0 � 0

j f ðtÞj � Meat; t � t0:

In such a case we write f (t) is O(eat).

EXAMPLE 1.13

(a) The function f (x) ¼ e3x sin x of exponential
order O(e3x) since with M ¼ 1, | f (x) | ¼
| e3x sin x | � e3x.

(b) The function e(t) defined by

eðtÞ ¼ 0 for t < 0

1 for t > 0

�

is of exponential order with M ¼ 1 and a ¼ 0

because |e(t)| � 1.

(c) Every bounded function f is of exponential

order withM¼ 1 and a¼ 0 because | f (t) |�M

for some M > 0.

(d) The function f defined by f (t) ¼ t2 is of expo-

nential order 3 because | t2 | ¼ t2 < e3t for all

t > 0.

(e) The function f defined by f (x) ¼ ex
3

is not of

exponential order since je�axex
3 j ¼ ex

3�ax can
be made larger than any given constant M by

increasing x.

(f) The function f defined by f (x) ¼ e3x
2

is not of
exponential order.
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1.7 PERIODIC FUNCTIONS

Definition 1.23. A function f is called periodic if there

exists a constant T > 0 for which f (x) ¼ f (x + T) for
any x in the domain of definition of f.

The smallest value of the constant T for which the

above condition holds is called the fundamental
period (or simply period) of the function f.

EXAMPLE 1.14
The functions sin t and cos t both have period

T ¼ 2�, whereas tan x has period T ¼ �. Similarly,
A sin (vx +�), where A, v, and � are constants is

periodic with period 2�
v . This function is called a

harmonic of amplitude |A|, angular frequency v,
and initial phase �. In fact,

A sin v xþ 2�

v

� �
þ �

� �
¼ A sin ½ðvxþ �Þ þ 2��
¼ A sinðvxþ �Þ:

If T is a period of the function f, then the numbers

2T, 3T, … are also periods of f. In fact,

f ðxÞ ¼ f ðxþ TÞ ¼ f ðxþ 2TÞ ¼ f ðxþ 3TÞ ¼ . . .

and also

f ðxÞ ¼ f ðx� TÞ ¼ f ðx� 2TÞ ¼ f ðx� 3TÞ ¼ . . .

Further, the sum, difference, product, or quotient of

two functions of period T is again a function of per-

iod T. Also, if periodic function f with period T is
integrable on any intervals of length T, then it is

integrable on any other interval of the same length

and the value of the integrals is the same. Thus for
any periodic function f with period T, we haveZaþT

a

f ðxÞ dx ¼
ZbþT

b

f ðxÞ dx

for any a and b.

1.8 EVEN AND ODD FUNCTIONS

Definition 1.24. Let the function f defined either on R

or on some interval be symmetric with respect to
the origin of co-ordinates. Then

(a) f is called even if
f ð�tÞ ¼ f ðtÞ for all t:

It follows from the definition that the graph of an

even function f is symmetric with respect to the
y-axis (Figure 1.3).

1− 1 0
t

f (t)

Figure 1.3

Thus interpreting the integral as an area, we have for

an even function f,

ZT

�T

f ðtÞdt ¼ 2

ZT

0

f ðtÞdt for any T;

provided that f is defined and integrable on [�T, T].
(b) f is called odd if

f ð�tÞ ¼ �f ðtÞ for every t:

The definition suggests that the graph of an odd

function is symmetric with respect to the origin
(Figure 1.4).

f (t)

0 t

Figure 1.4

Thus, for odd function f, we have

ZT

�T

f ðtÞdt ¼ 0 for any T;

provided f is defined and integrable on [�T, T].

Let f and g be two even functions, then h¼ fg is

even. In fact,

hð�xÞ ¼ ð fgÞ ð�xÞ ¼ f ð�xÞgð�xÞ
¼ f ðxÞgðxÞ ¼ hðxÞ:
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Similarly, if f and g both are odd functions, then
h ¼ fg is even, since

hð�xÞ ¼ f ð�xÞg ð�xÞ ¼ ½�f ðxÞ� ½�gðxÞ�
¼ f ðxÞgðxÞ ¼ hðxÞ:

But if one of the functions f and g is even and the

other is odd, then h¼ fg is odd. In fact, let f be even

and g odd. Then

hð�xÞ ¼ f ð�xÞgð�xÞ ¼ ½ f ðxÞ� ½�gðxÞ�
¼ �f ðxÞgðxÞ ¼ �hðxÞ:

Thus, we have shown that

(a) The product of two even- or two odd functions

is an even function.

(b) The product of an even function and an odd
function is an odd function.

EXAMPLE 1.15
The function cos x is even, whereas sin x is odd.
Similarly, f (x) ¼ x2(�� � x � �) is even and so is

f (x) ¼| x | (�� � x � �). But f (x) ¼ x (�� < x <�)
is odd.

1.9 SEQUENCE AND SERIES

Definition 1.25. By a sequence of real numbers, we

mean a function f: N ! R from the set of natural

numbers into the real line.
Thus, for each n 2 N, we have f(n) ¼ xn, xn 2

R. The term xn ¼ f(n) is called the nth term of the

sequence f. The sequence f is generally denoted by

f ¼ fx1; x2; . . . ; xn; . . .g
or simply by {xn}, (xn), or < xn >.

EXAMPLE 1.16
1
n

� �
is the sequence 1; 1

2
; 1
3
; . . .

� �
with nth term

xn ¼ 1
n
.

Definition 1.26. A sequence {xn} is called increasing
if xn � xn+1 for all n and decreasing if xn � xn+1 for

all n.

EXAMPLE 1.17
The sequence {xn}, where xn ¼ 2n is increasing.

Definition 1.27. A sequeence {xn} is said to converge
to the limit x if lim

n!1 jxn � xj ¼ 0.

The limit of a convergent sequence of real num-

ber is unique.
A sequence {xn} which does not converge to a

limit is called divergent.

Let {xn} and {yn} be two convergent sequences
with limits x and y, respectively. Then

(a) lim
n!1 (axn + byn) ¼ ax + by, a, b 2

(b) lim
n!1 xn yn ¼ xy

(c) lim
n!1

xn
yn
¼ x

y
if y 6¼ 0.

Definition 1.28.A real-valued sequence {xn} is said to
be a Cauchy sequence if for any e > 0 there exists a

positive integer n0 such that |xn�xm| < e for all n,
m � n0.

Definition 1.29. Let {an} be a sequence. An expres-

sion of the form

a1 þ a2 þ a3 þ . . . ¼
X1
n¼1

an

is called an infinite series or just a series.
For the sequence {an}, let

sn ¼
Xn
k¼1

ak ¼ a1 þ a2 þ . . .þ an:

Then sn is called the partial sum of the series
P1
n¼1

an.

Definition 1.30. A series
P1
n¼1

an is called convergent if

and only if the sequence of its partial sums {sn}

converges to some limit, say s. Then, s is called the

sum of the series
P1
n¼1

an and we write s ¼ P1
n¼1

an.

EXAMPLE 1.18
Consider the series

P1
n¼0

xn, x 2 R. Then

sn ¼
Xn
k¼0

xk ¼ 1þ xþ x2 þ . . .þ xn:

If x ¼ 1, then

sn ¼ 1þ 1þ . . .þ 1 ¼ nþ 1

and so lim
n!1sn ¼ lim

n!1n + 1 ¼ 1. Thus the given

series, known as geometric series, diverges for x¼ 1.
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If x 6¼ 1, then

sn ¼ 1� xnþ1

1� x

If | x | < 1, then lim
n!1 xn ¼ 0 and so the series con-

verges to 1
1�x

, that is,

X1
n¼0

xn ¼ 1

1� x
for jxj < 1:

For |x| > 1, the partial sum sn does not tend to a limit

and so the series diverges for these values.
As an another example, the series

P
1
np

con-

verges if p > 1 and diverges if p � 1. This series is

called harmonic series.
Suppose that the series

P
an converges and has

the sum s. Since sn� sn�1 ¼ an, we have

lim
n!1 an ¼ lim

n!1 ðsn � sn�1Þ ¼ lim
n!1 sn � lim

n!1 sn�1

¼ s� s ¼ 0:

Therefore it follows that if
P

an converges, then

an ! 0 as n ! 1.

Definition 1.31. A series
P1
n¼1

an is called absolutely

convergent if
P1
n¼1

janj converges.
An absolutely convergent series is convergent.

But the converse need not be true. For example, the
series

P ð�1Þn
n

converges by Leibnitz’s Rule but it

is not absolutely convergent, because the series

1 + 1
2
þ 1

3
+ … is divergent.

1.10 SERIES OF FUNCTIONS

Consider the series

X1
n¼1

sin nt

n2
and

X1
n¼0

xn

n!
:

The partial sums of these series are polynomials.

The terms of the sequences of partial sums are in

fact functions.
Let {fn} be a sequence of functions defined on

a set E and suppose that the sequence of numbers

{fn(x)} converges for every x 2 E. Then the func-
tion f defined by

f ðxÞ ¼ lim
n!1 fnðxÞ; x 2 E

is called the limit function of { fn} and we say that
{fn} converges to f pointwise on E.

Definition 1.32. A sequence of functions {fn} is said
to converge uniformly on a set E to a function f if for

every e > 0 there exists an integer N such that n� N

implies

j fnðxÞ � f ðxÞj < e for all x 2 E

An infinite series of functions
P

fnðxÞ is said to

converge uniformly on E if the sequence of its
partial sums converges uniformly on E.

The following result on uniform convergence

shall be used to derive Fourier formulae.

Theorem 1.1. (Term by Term Integration). If f1(x),

f2(x), …, fn(x), are continuous functions of x in [a, b]

and if � fn(x) converges uniformly to f(x) in [a, b],
then

Zb

a

f ðxÞdx ¼
Zb

a

f1ðxÞdxþ
Zb

a

f2ðxÞdxþ . . .

þ
Zb

a

fnðxÞdxþ . . . :

1.11 PARTIAL FRACTION EXPANSION OF A
RATIONAL FUNCTION

Definition 1.33. A rational function F(s) is a function

which has the form

FðsÞ ¼ PðsÞ
QðsÞ ;

where degree of the polynomial Q(s) is greater than

the degree of the polynomial P(s), and P(s) andQ(s)
have no common factor. The zeros of Q(s) are

called poles of F(s).

Partial fraction expansion of a rational function
will be required to determine inverse Laplace trans-

form and inverse z-function of a rational function in

the forthcoming chapters.

To find partial fraction expansion of a rational

function F(s), we recall that

(a) To each linear factor of the form as + b of Q(s),
there corresponds a partial fraction of the form
A

asþb
, where A is a constant.

(b) To each repeated linear factor of the form

(as + b)n, there corresponds a partial fraction
of the form
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A1

asþ b
þ A2

ðasþ bÞ2 þ . . .þ An

ðasþ bÞn ;

where A1, A2, …, An are constants.

(c) To each quadratic factor of the form as2 + bs + c

of Q(s), there corresponds a partial fraction of
the form AsþB

as2þbsþc
, where A and B are constants.

(d) To each repeated quadratic factor of the form

(as2 + bs +c)n of Q(s), there corresponds a
partial fraction of the form

A1sþ B1

as2 þ bsþ c
þ A2sþ B2

ðas2 þ bsþ cÞ2 þ . . .

þ Ansþ Bn

ðas2 þ bsþ cÞn ;

where A1, A2, .., An are constants.

The constants are determined by clearing frac-
tions and equating the like powers of both sides of

the resulting equation.

EXAMPLE 1.19
Resolve into partial fractions:

3sþ 1

ðs� 1Þ ðs2 þ 1Þ
Solution. According to the above discussed scheme,
we have

3sþ 1

ðs� 1Þ ðs2 þ 1Þ ¼
A

s� 1
þ Bsþ C

s2 þ 1
and so

3sþ 1 ¼ Aðs2 þ 1Þ þ ðBsþ cÞðs� 1Þ
Taking s ¼ 1 yields A ¼ 2. Now taking s ¼ 0, we

have 1 ¼ A � C ¼ 2 � C, which gives C ¼ 1.

Comparing the coefficients of s on both sides of the
above equation, we have 3 ¼ � B + C ¼ �B + 1

and so B ¼ �2. Hence

3sþ 1

ðs� 1Þ ðs2 þ 1Þ ¼
2

s� 1
þ�2sþ 1

s2 þ 1

EXAMPLE 1.20
Resolve into partial fraction:

4sþ 5

ðs� 1Þ2 ðsþ 2Þ

Solution. Write

4sþ 5

ðs� 1Þ2 ðsþ 2Þ ¼
A

s� 1
þ B

ðs� 1Þ2 þ
C

sþ 2

and so

4sþ 5 ¼ Aðs� 1Þðsþ 2Þ þ Bðsþ 2Þ þ Cðs� 1Þ2:
Taking s ¼ 1 yields B ¼ 3. Taking s ¼ � 2 yields

C ¼ �1
3
and equating the coefficients of s2 on both

sides, we get A ¼ 1
3
. Hence

4sþ 5

ðs� 1Þ2 ðsþ 2Þ ¼
1

3ðs� 1Þ þ
3

ðs� 1Þ2 �
1

3ðsþ 2Þ

1.12 SPECIAL FUNCTIONS

In this section, we present some special functions
having applications in science and engineering.

Definition 1.34. (The Gamma Function). The gamma
function is defined by the improper integral

�ðzÞ ¼
Z1

0

e�u uz�1 du; ReðzÞ > 0 ð1Þ

Substituting z ¼ 1 in (1), we get

�ð1Þ ¼
Z1

0

e�u du ¼ lim
T!0

ZT

0

e�u du

¼ lim
T!0

ð1� e�T Þ ¼ 1:

Further, integration by parts yields

�ðzþ 1Þ ¼
Z1

0

e�u uz du

¼ 0þ z

Z1

0

e�u uz�1 du ¼ z�ðzÞ; ð2Þ

which is recurrence formula for �ðzÞ. Using (2), we
have

�ð2Þ ¼ 1; �ð3Þ ¼ 2; �ð4Þ ¼ 3!
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and in general,

�ðnþ 1Þ ¼ n!; n ¼ 0; 1; 2; . . .

Thus gamma function in an extension of factorial
function. The other important properties of gamma

function are

�
1

2

� �
¼ ffiffiffi

�
p ð3Þ

�ðpÞ�ð1� pÞ ¼ �

sin p�
; 0 < p < 1 ð4Þ

Definition 1.35. (The Beta Function). The beta func-

tion b(m, n) is defined by

bðm; nÞ ¼ R1
0

um�1ð1� uÞn�1
du; m > 0; n > 0.

The beta function has the following properties:

(i) bðm; nÞ ¼ �ðmÞ �ðnÞ
�ðmþnÞ ð5Þ

(ii)

Z�=2

0

sin2m�1 h cos2n�1 h dh ¼ 1

2
bðm; nÞ

¼ �ðmÞ �ðnÞ
2 �ðmþnÞ ð6Þ

The relation (6) follows from (5). In fact,

bðm; nÞ ¼
Z1

0

um�1ð1� uÞn�1 du ¼ �ðmÞ �ðnÞ
�ðmþ nÞ :

Substituting u ¼ sin2 h, we have

bðm; nÞ ¼ 2

Z�=2

0

sin2m�1 h cos2n�1 h dh

¼ �ðmÞ �ðnÞ
�ðmþ nÞ ;

and so (6) follows.

EXAMPLE 1.21
Show that

(a)
R�=2
0

sin2 h cos4 h dh ¼ �
32

(b)
R�=2
0

sin7 h dh ¼ 16
35

(c)
R�=2
0

dhffiffiffiffiffiffiffi
tan h

p ¼ �
ffiffi
2

p
2

Solution. (a) Comparing the given integral with

Z�=2

0

sin2m�1 h cos2n�1 hdh;

we observe thatm¼ 3
2
, n¼ 5

2
and so using (6), we get

Z�=2

0

sin2 h cos4 h dh ¼ �ð3=2Þ �ð5=2Þ
2�½ð3=2Þ þ ð5=2Þ�

¼ 3
ffiffiffi
�

p
3!ð16Þ :

ffiffiffi
�

p ¼ �

32
:

(b) Comparing the given integral with

Z�=2

0

sin2m�1 h cos2n�1 dh;

we observe that 2m � 1 ¼ 7 and 2n � 1 ¼ 0 and so
we get m ¼ 4 and n ¼ 1

2
. Hence, the application of

(6) yields

Z�=2

0

sin7 h dh ¼ �ð4Þ�ð1=2Þ
2�ð9=2Þ ¼ 3 !ð8Þ ffiffiffi

�
p

105
ffiffiffi
�

p ¼ 16

35
:

(c) We have

Z�=2

0

dhffiffiffiffiffiffiffiffiffiffi
tan h

p ¼
Z�=2

0

sin�1=2 h cos1=2 h dh

Taking 2m� 1¼� 1
2
and 2n� 1¼ 1

2
, we get m¼ 1

4
,

n ¼ 3
4
.

Hence, using (6) and the relation (4), we get

Z�=2

0

dhffiffiffiffiffiffiffiffiffiffi
tan h

p ¼ �ð1=4Þ �ð3=4Þ
2�ð1Þ ¼ 1

2
:

�

sinð�=4Þ

¼ �
ffiffiffi
2

p

2
:

Definition 1.36. (Bessel Function). A Bessel function
of order n is defined by

JnðtÞ¼ tn

2n�ðnþ1Þ
� 1� t2

2ðnþ2Þþ
t4

2:4ð2nþ2Þð2nþ4Þ�...

� �
ð7Þ

The main properties of this function are
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(a) J�nðtÞ ¼ ð�1ÞnJnðtÞ; if n is a positive
integer ð8Þ

(b) Jnþ1ðtÞ ¼ 2n
t
JnðtÞ � Jn�1ðtÞ ð9Þ

(c) d
dt
ftnJnðtÞg ¼ tnJn�1ðtÞ ð10Þ

Thus, if n ¼ 0, we have

J00ðtÞ ¼ J1ðtÞ ½usingðaÞ�:

Definition 1.37. (Error Function and Complementary

Error Functions). The error function is defined by

the integral

erfðzÞ ¼ 2ffiffiffi
�

p
Zz

0

e�t2 dt; ð11Þ

where z may be real or complex variable. This

function appears in probability theory, heat con-

duction theory, and mathematical physics. When
z ¼ 0, erf(0) ¼ 0, and

erfð1Þ ¼ 2ffiffiffi
�

p
Z1

0

e�t2 dt ¼ �ð1=2Þffiffiffi
�

p ¼ 1:

The complementary error function is defined by the

integral

erfcðzÞ ¼ 2ffiffiffi
�

p
Z1

z

e�t2 dt ð12Þ

Using the properties of the integrals, we note that

erfcðzÞ ¼ 2ffiffiffi
�

p
Z1

0

e�t2 dt � 2ffiffiffi
�

p
Zz

0

e�t2 dt

¼ 2ffiffiffi
�

p
ffiffiffi
�

p
2

� �
� erfðzÞ

¼ 1 � erf ðzÞ ð13Þ
Definition 1.38. (Heaviside’s Unit Step Function).

The Heaviside’s unit step function (also known as
delayed unit step function) is defined by

Hðt � aÞ ¼ 1 for t > a

0 for t < a:

�
ð14Þ

It delays the output until t ¼ a and then assumes a

constant value of 1 unit.

If a ¼ 0, then

HðxÞ ¼ 1 for t > 0
0 for t < 0;

�
ð15Þ

which is generally called unit step function.

The graph of Heaviside’s unit step function is
shown in Figure 1.5.

0

H(t−a)

t

1

a

Figure 1.5 Graph of Heaviside’s unit step function

This function has a jump discontinuity at t ¼ a with

a jump of unit magnitude. The beauty of this func-
tion is that it acts like a switch to turn another

function on or off at some time. For example, the

function

gðtÞ ¼ Hðt � aÞ cos 2�t

is zero for t < a but assumes the graph of the cosine

function for t > a as shown in Figure 1.6.

0

g(t)

t

1

−1

1 2 3

Figure 1.6 Graph of g(t) ¼ H(t � a) cos 2�t

Definition 1.39. (Pulse of Unit Height and Duration T).
The pulse of unit height and duration T is defined by

f ðtÞ ¼ 1 for 0 < t < T

0 for T < t

�
ð16Þ

Definition 1.40. (Sinusoidal Pulse). The sinusoidal

pulse is defined by

f ðtÞ ¼ sin at for 0 < t < �=a
0 for �=a < t:

�
ð17Þ
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Definition 1.41. (Rectangle Function). A rectangle
function f is defined by

f ðtÞ ¼ 1 for a < t < b

0 otherwise:

�
ð18Þ

The graph of this function is shown in Figure 1.7.

0

f (t)

t
ba

1

Figure 1.7 Graph of Rectangle Function

In term of Heaviside unit step function, we have

f ðtÞ ¼ Hðt � aÞ � Hðt � bÞ
If a ¼ 0, then rectangle function reduces to pulse of

unit height and duration b.

Definition 1.42. (Gate Function). The gate function is

defined as

faðtÞ ¼ 1 for jtj < a

0 for jtj > a

�
ð19Þ

The graph of the gate function is shown in Figure 1.8.

0

fa(t)

ta− a

1

Figure 1.8 Graph of Gate Function

Definition 1.43. (Dirac Delta Function). Consider the
function fe defined by

fe tð Þ ¼
1
e for 0 � t � e
0 for t > e;

�
ð20Þ

where e > 0. The graph of fe is shown in
Figure 1.9.

0

( )tfε

t
ε

ε
1

Figure 1.9 Graph of fe(t)

We note that as e ! 0; the height of the rectangle

increases indefinitely and width decreases in such a
way that its area is always equal to 1.

We further note that lim
e!0

fe tð Þ does not exist.

Even then we define a function � as

�ðtÞ ¼ lim
e!0

fe tð Þ: ð21Þ

This “generalized function or distribution” �(t) is
called Dirac delta function and has the property

�ðtÞ ¼ 0 for t 6¼ 0; ð22Þ
Z1

�1
�ðtÞ dt ¼ 1; and ð23Þ

Z1

�1
�ðt�aÞf ðtÞdt¼ f(a) for a continuous function f :

ð24Þ
Since �ðt � aÞ ¼ �ða� tÞ; it follows that �ðtÞ in an
even function.

Definition 1.44. (Signum Function). The signum
function, denoted by sgn(t), is defined by

sgnðtÞ ¼ 1 for t > 0

�1 for t < 0:

�
ð25Þ

It H(t) is unit step function, then

HðtÞ ¼ 1

2
[1 + sgnðtÞ�

and so
sgnðtÞ ¼ 2HðtÞ � 1 ð26Þ
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Definition 1.45. (Saw Tooth Wave Function). The
saw tooth wave function f with period a is defined

by

f ðtÞ ¼ t for 0 � t < a
0 for t � 0;

�
ð27Þ

f ðt þ aÞ ¼ f ðtÞ:

The graph of this function is shown in Figure 1.10.

0

f(t)

t
a 2 a 3 a

a

Figure 1.10 Graph of Saw-tooth Function with

Period a
The saw-tooth function with period 2� is defined as

f ðtÞ ¼ t for � � < t < �
0 elsewhere:

�

The graph of this function is shown in Figure 1.11.

0

f (t)

tπ 2π

a

−π−2π

Figure 1.11 Graph of Saw Tooth Function with

Period 2�

Definition 1.46. (Triangular Wave Function). The tri-

angular wave function f with period 2a is defined by

f ðtÞ ¼ t for 0 � t < a

2a� t for a � t < 2a;

�
ð28Þ

f ðt þ 2aÞ ¼ f ðtÞ:

The graph of this function is shown in Figure 1.12.

0

f (t)

t
a 2a 3a

a

4a

Figure 1.12 Graph of Triangular Wave Function with

Period 2a

Definition 1.47. (Half-wave Rectified Sinusoidal

Function). The half-wave rectified sinusoidal

function f with period 2� is defined by

f ðtÞ ¼ sin t for 0 < t < �
0 for � < t < 2�;

�
ð29Þ

f ðt þ 2�Þ ¼ f ðtÞ:
The graph of this function is shown in Figure 1.13.

0

f(t)

t
π 2π 3π 4π

Figure 1.13 Graph of Half-wave Rectified Sine
Function

Definition 1.48. (Full Rectified Sine Wave Function).

The full rectified sine wave function f with period �
is defined by

f ðtÞ ¼ sin t for 0 < t < �
� sin t for � < t < 2�;

�
ð30Þ

f ðt þ �Þ ¼ f ðtÞ:
or by

f ðtÞ ¼ jsin vtj with period �=v:

The graph of this function is shown in Figure 1.14.

0

f(t)

t
π 2π 3π 4π

Figure 1.14 Graph of Full Rectifier with Period �
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Definition 1.49. (Square Wave Function). The square
wave function f with period 2a is defined by

f ðtÞ ¼ 1 for 0 < t < a

�1 for a < t < 2a

�
ð31Þ

f ðt þ 2aÞ ¼ f ðtÞ:
In terms of Heaviside’s unit step function, the

definition converts to

f ðtÞ ¼ HðtÞ � 2Hðt � aÞ þ 2Hðt � 2aÞ
� 2Hðt � 3aÞ þ . . .

The graph of this function is shown in Figure 1.15.

0

f(t)

ta 2a 3a

1

4a

−1

Figure 1.15 Graph of the Square Wave Function

1.13 THE INTEGRAL TRANSFORMS

Definition 1.50. The integral transform of a function f

is defined by

If f ðxÞg ¼
Zx2
x1

f ðxÞKðw; xÞdx; ð32Þ

where K(w, x) is called the kernel of the transform

and is a known function of w and x.
The function f is called inverse transform of I{f (x)}.

If Kðw; xÞ ¼ e�wx; then the integral transform
(32) is called Laplace transform of f.

If Kðw; xÞ ¼ e�iwx; then the integral transform
(32) is called Fourier transform of f.

If Kðw; xÞ ¼ xw�1; then the integral transform
(32) is called the Mellin transform of f.

If K(w, x) ¼ cos nx, then the integral transform
(32) is called the Fourier cosine transform of f.

If K(w, x) ¼ sin nx, then the integral transform

(32) is called the Fourier sine transform of f.
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2 Differential Equations

Differential equations play an important role in

engineering and science. Many physical laws and

relations appear in the form of differential equa-
tions. For example, the current I in an LCR circuit

is described by the differential equation LI 00 + RI +
1
C
I ¼ E, which is derived from Kirchhoff’s laws.

Similarly, the displacement y of a vibrating mass m
on a spring is described by the equationmy 00 + ky¼ 0.

The study of differential equations involves formation

of differential equations, the solutions of differential
equations, and the physical interpretation of the

solution in terms of the given problem.

2.1 DEFINITIONS AND EXAMPLES

Definition 2.1. A differential equation is an equation

which involves derivatives.

For example,

(a) d2x
dt2

+ n2 x ¼ 0, (b) d2y
dx2

þ dy
dx

� �2 ¼ 0

(c) @2�
@x2 þ @2�

@y2 ¼ 0 and (d) dy
dx
¼ x + 1

are differential equations.

We note that a differential equationmay have the

variables present only in the derivatives. For example
in (b), the variables are present only in derivatives.

Moreover, a differential equation may have more

than one dependent variable. For example,
d�

dt
þ dł

dt
¼ �þ ł

has two dependent variables � and ł and one

independent variable t.

Definition 2.2. A differential equation involving
derivatives with respect to a single independent

variable is called an ordinary differential equation.
For example,

d2y

dx2
þ 3y ¼ 0

is an ordinary differential equation.

Definition 2.3. Adifferential equation involving partial

derivatives with respect to two or more independent

variables is called a partial differential equation.
For example,

@2u

@t2
¼ a2

@2u

@x2
and

@u

@t
¼ k

@2u

@x2

are partial differential equations.

Definition 2.4. The order of the highest derivative
appearing inadifferential equation free fromradicals

is called the order of that differential equation.

For example the, order of the differential equation
y 00 + 4y ¼ 0 is two, the order of the differential

equation @2u
@t2 ¼ a2 @2u

@x2 is two, and order of the dif-

ferential equation y ¼ x dy
dx
þ x

dy=dx is one.

Definition 2.5. The degree or exponent of the highest
derivative appearing in a differential equation free
from radicals and fractions is called the degree of

the differential equation.

For example, the degree of the differential equation

y
dy

dx
¼ x

dy

dx

� �2

þ1

is two. Similarly, the degree of the differential equation

d3y

dx3

� �2=3

¼ 1þ 2
dy

dx

is two because the given equation can be written as

d3y

dx3

� �2

¼ 1þ 2
dy

dx

� �3

:

2.2 FORMULATION OF DIFFERENTIAL EQUATION

The derivation of differential equations fromphysical

or other problems is calledmodelling. The modelling

involves the successive differentiations and elim-
ination of parameters present in the given sytem.



EXAMPLE 2.1
Form the differential equation for “free fall” of a
stone dropped from the height y under the action of

force due to gravity g.

Solution. We know that equation of motion of the

free fall is

y ¼ 1

2
gt2:

Differentiating with respect to t, we get
dy

dt
¼ gt:

Differentiating once more, we get
d2y

dt2
¼ g;

which is the desired differential equation represent-
ing the free fall of a stone.

EXAMPLE 2.2
Form the differential equation of simple harmonic

motion given by x ¼ A cos (vt + �), where A and

� are constants.

Solution. To get the required differential equation, we
have to differentiate the given relation and eliminate
the constants A and �. Differentiating twice, we get

dx

dt
¼ �Av sinðvt þ �Þ;

d2x

dt2
¼ �Av2 cosðvt þ �Þ ¼ �v2x: ð1Þ

Hence
d2x

dt2
þ v2x ¼ 0

is the differential equation governing simple harmo-

nic motion. Equation (1) shows that acceleration
varies as the distance from the origin.

EXAMPLE 2.3
Find the differential equation governing the motion
of a particle of mass m sliding down a frictionless

curve.

Solution. Velocity of the particle at the starting

point P(x, y) is zero since it starts from rest. Let

�(x, u) be some intermediate point during the
motion (see Figure 2.1). Let the origin O be

the lowest point of the curve and let the length of
the arc OQ be s.

P(x, y)

Q(x, u)
y

y

x
0

u

Figure 2.1

By Law of Conservation of energy, we have

potential energy at P + kinetic energy at P

¼ potential energy at Q + kinetic energy at Q;

and so

mgyþ 0 ¼ mguþ 1

2
m

ds

dt

� �2

:

Hence

ds

dt

� �2

¼ 2gðy� uÞ

is the required differential equation.

If the duration T0 of descent is independent of

the starting point, the solution of this differential
equation comes out to be the equation of a cycloid.

Thus the shape of the curve is a cycloid. This curve

is called Tautochrone Curve.

EXAMPLE 2.4
Derive the differential equation governing a mass-

spring system.

Solution. Let m be the mass suspended by a

spring that is rigidly supported from one end (see
Figure 2.2). Let

(i) rest position be denoted by x ¼ 0, down-
ward displacement by x > 0 and upward

displacement be denoted by x < 0.

(ii) k > 0 be spring constant and a > 0 be
damping constant.
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(iii) a dx
dt
be the damping force due to medium

(damping force is proportional to the

velocity).

(iv) f (t) be the external impressed force on m.

x  � 0 (rest position) 

x  < 0

x  > 0

0

f(t)

Figure 2.2

Then, by Newton’s second law of motion, the

sum of force acting on m is m d2x
dt2

and so

m
d2x

dt2
¼ �kx� a

dx

dt
þ f ðtÞ;

that is,

d2x

dt2
þ a

m

dx

dt
þ k

m
x ¼ f ðtÞ;

which is the required differential equation governing
the system.

EXAMPLE 2.5
Find the differential equation of all circles of radius
a and centre (h, k).

Solution. We know that the equation of the circle
with radius a and centre (h, k) is

ðx� hÞ2 þ ðy� kÞ2 ¼ a2 ð2Þ
Differentiating twice, we get

x� hþ ðy� kÞ dy
dx

¼ 0; ð3Þ

1þ ðy� kÞ d
2y

dx2
þ dy

dx

� �2

¼ 0 ð4Þ

From (4), we have

y� k ¼ � 1þ dy
dx

� �2
d2y=dx2

and then (3) yields

x� h ¼ �ðy� kÞ dy
dx

¼
dy
dx

1þ dy
dx

� �2h i
d2y=dx2

:

Substituting the values of x – h and y – k in (2),

we get

1þ dy

dx

� �2
" #3

¼ a2
d2y

dx2

� �2

;

which is the required differential equation. It

follows that

1þ dy
dx

� �2h i3=2
d2y=dx2

¼ a;

and so the radius of curvature of a circle at any point

is constant.

EXAMPLE 2.6
Form the differential equation from the equation

xy ¼ Aex + B e–x.

Solution. Differentiating twice, we get

x
dy

dx
þ y ¼ Aex � B e�x

x
d2y

dx2
þ dy

dx
þ dy

dx
¼ Aex þ B e�x ¼ xy:

Hence

x
d2y

dx2
þ 2

dy

dx
� xy ¼ 0

is the required differential equation.

2.3 SOLUTION OF DIFFERENTIAL EQUATION

Definition 2.6. A solution of a differential equation is

a functional relation between the variables involved
such that this relation and the derivatives obtained

from it satisfy the given differential equation.

For example, x2 + 4y ¼ 0 is a solution of the dif-
ferential equation

dy

dx

� �2

þx
dy

dx
� y ¼ 0: ð5Þ
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In fact, differentiating x2 + 4y ¼ 0, we get

2xþ 4
dy

dx
¼ 0

and so dy
dx
¼ � x

2
. Hence

dy

dx

� �2

þx
dy

dx
� y ¼ x2

4
þ x � x

2

� �
� y

¼ x2

4
� x2

2
� � x2

4

� �
¼ 0:

Hence x2 + 4y ¼ 0 is a solution of (5).

Definition 2.7. A solution of a differential equation in

which the number of arbitrary constants is equal to the

order of the differential equation is called the general
(or complete) solution of the differential equation.

For example xy¼ Aex + Be–x is the general solution of

x
d2y

dx2
þ 2

dy

dx
� xy ¼ 0:

Definition 2.8. A solution obtained from the general

solution of a differential equation by giving parti-
cular values to the arbitrary constants is called a

particular solution of that differential equation.

Definition 2.9. A problem involving a differential

equation and one or more supplementary conditions,

relating to one value of the independent variable,
which the solution of the given differential equation

must satisfy is called an initial-value problem.

For example,
d2y

dt2
þ y ¼ cos 2t;

yð0Þ ¼ 1; y0ð0Þ ¼ �2

is an initial-value problem. Similarly, the problem
d2y

dx2
þ y ¼ 0;

yð1Þ ¼ 3; y0ð1Þ ¼ 4

is also an initial-value problem.

Definition 2.10. A problem involving a differential

equation and one or more supplementary conditions,
relating to more than one values of the independent

variable, which the solution of the differential

equation must satisfy, is called a boundary-value
problem.

For example,
d2y

dx2
þ y ¼ 0

yð0Þ ¼ 2; y
�

2

� �
¼ 4

is a boundary value problem.

2.4 DIFFERENTIAL EQUATIONS OF FIRST ORDER

We consider first the differential equations of first
order. Let D be a open connected set in R2 and let

f : D!R be continuous. We discuss the problem of

determining solution in D of the first order differ-
ential equation

dy

dx
¼ f ðx; yÞ:

Definition 2.11. A real-valued function f: D ! R

defined on the connected open set D in R2 is said to
satisfy a Lipschitz condition in y on D with

Lipschitz constant M if and only if

j f ðx; y2Þ � f ðx; y1Þj � M j y2 � y1j
for all (x, y1) and (x, y2) 2 D.

Regarding existence of solutions of first order

differential equation, we have the following

theorems.

Theorem 2.1. (Picard’s Existence and Uniqueness

Theorem). Let f: D ! R be continuous on open
connected set D in R2 and satisfy Lipschitz condition

in y onD. Then for every (x0, y0)2D, the initial-value

problem dy
dx

¼ f(x, y) has a solution passing through
(x0, y0).

The solution obtained in Theorem 2.1 is unique. The

Lipschitz condition in the hypothesis of Picard’s
theorem cannot be dropped because continuity of f

without this condition will not yield unique solu-

tion. For example, consider the equation

dy

dx
¼ y2=3; yð0Þ ¼ 0:

Clearly �1(x) ¼ 0 is a solution to this equation.

Further substituting y¼ sin3h, we have dy¼ 3 sin2h
cos h dh and so

3 sin2 h cos h dh

dx
¼ sin2 h;

which yields 3 cos h dh ¼ dx and x ¼ 3 sin h. Thus
x3 ¼ 27 sin3h ¼ 27y and hence y ¼ x3

27
is also a
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solution. Therefore, the given initial-value problem
does not have unique solution. The reason is that it

does not satisfy Lipschitz condition.

Theorem 2.2. (Peano’s Existence Theorem). Let f be a

continuous real-valued function on a non-empty open

subsetD of the Euclidean spaceR2 and let (x0, y0)2D.
Then there is a positive real number a such that the

first order differential equations dy
dx

¼ f(x, y) has a

solution � in the interval [x0, x0 + a] which satisfies
the boundary condition �(x0) ¼ y0.

Clearly, Peano’s theorem is merely an exis-

tence theorem and not a uniqueness theorem.
We now consider certain basic types of first

order differential equations for which an exact solu-

tion may be obtained by definite procedures. The
most important of these types are separable equa-

tions, homogeneous equations, exact equations,

and linear equations. The corresponding methods
of solution involve various devices. We take these

types of differential equations one by one.

2.5 SEPARABLE EQUATIONS

The first order differential equation

dy

dx
¼ f ðx; yÞ ð6Þ

is separable if f may be expressed as

f ðx; yÞ ¼ MðxÞ
Nð yÞ ; ðx; yÞ 2 D ð7Þ

The function M(x) and N(y) are real-valued func-

tions of x and y, respectively. Thus (6) becomes

Nð yÞ dy
dx

¼ MðxÞ ð8Þ

The equation (8) is solved by integrating with

respect to x. Thus the solution isZ
Nð yÞdy ¼

Z
MðxÞdxþ C:

EXAMPLE 2.7
Solve

dy

dx
¼ exþy; yð1Þ ¼ 1: Find yð�1Þ:

Solution. We have
dy

dx
¼ ex

e�y

and so
e�ydy ¼ ex dx:

Integrating both sidesZ
e�y dy ¼

Z
exdxþ C or � e�y ¼ ex þ C:

Using initial condition y (1) ¼ 1, we get

�e�1 ¼ eþ C

and so C ¼ � 1þe2

e

� �
.

Thus the solution is

�e�y ¼ ex � 1þ e2

e

� �
:

Hence y(�1) is given by

yð�1Þ ¼ e�1 � 1þ e2

e

� �

¼ 1

e
� 1þ e2

e
¼ �e;

that is

�e�y ¼ �e

or
y ¼ �1:

EXAMPLE 2.8

Solve dy
dx
¼ (4x + y + 1)2, y(0) ¼ 1.

Solution. Substituting 4x + y + 1 ¼ t, we get

dy

dx
¼ dt

dx
� 4

Hence, the given equation reduces to

dt

dx
� 4 ¼ t2

or
dt

dx
¼ t2 þ 4

or
dt

t2 þ 4
¼ dx:

Integrating both sides, we haveZ
dt

t2 þ 4
dt ¼

Z
dxþ C
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or
1

2
tan�1 t

2
¼ xþ C

or

1

2
tan�1 4xþ yþ 1

2
¼ xþ C

or

4xþ yþ 1 ¼ 2 tan 2ðxþ CÞ
Using given initial conditions x ¼ 0, y ¼ 1, we get

1

2
tan�1 1 ¼ C

which gives C ¼ �
8
. Hence the solution is

4xþ yþ 1 ¼ 2 tanð2xþ �=4Þ:

EXAMPLE 2.9
Solve

y� x
dy

dx
¼ a y2 þ dy

dx

� �
:

Solution. The given equation can be written as

dy

dx
ðaþ xÞ ¼ yð1� ayÞ

or

dy

yð1� ayÞ ¼
dx

aþ x
:

Integrating both sides, we have

log y� logð1� ayÞ ¼ logðaþ xÞ þ C

or

log
y

ðaþ xÞ ð1� ayÞ ¼ C:

Hence

y ¼ Kðaþ xÞð1� ayÞ; K constant

is the general solution.

EXAMPLE 2.10
Solve

xð1þ y2Þdxþ yð1þ x2Þdy ¼ 0:

Solution. Dividing the given equation throughout by
(1 + x2) (1 + y2), we get

x

1þ x2
dxþ y

1þ y2
dy ¼ 0:

Integrating both sides, we haveZ
x

1þ x2
dxþ

Z
y

1þ y2
dy ¼ C

or

1

2

Z
2x

1þ x2
dxþ 1

2

Z
2y

1þ y2
dy ¼ C

or

1

2
logð1þ x2Þ þ 1

2
logð1þ y2Þ ¼ C

or

1

2
logð1þ x2Þð1þ y2Þ ¼ C

or

logð1þ x2Þð1þ y2Þ ¼ 2C ¼ logC

Hence

ð1þ x2Þð1þ y2Þ ¼ K ðconstantÞ
is the required solution.

EXAMPLE 2.11
Solve

dy

dx
¼ ex�y þ x2e�y:

Solution. We have

dy

dx
¼ ex

ey
þ x2

ey

or

ey
dy

dx
¼ ex þ x2

or

eydy ¼ ðex þ x2Þdx ¼ exdxþ x2dx:

Integrating both sides, we get

ey ¼ ex þ x3

3
þ C ðconstantÞ:

EXAMPLE 2.12

Solve

16y
dy

dx
þ 9x ¼ 0:
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Solution. We are given that

16y
dy

dx
þ 9x ¼ 0

or

16y dy ¼ �9x dx:

Integrating both sides, we have

16
y2

2
¼ �9

x2

2
þ C

or

x2

16
þ y2

9
¼ K ðconstantÞ;

which is the required solution and represents a

family of ellipses.

EXAMPLE 2.13
Solve

dy

dx
¼ ðxþ yÞ2:

Solution. Substituting z ¼ x + y, we get dz
dx
¼ 1þ dy

dx
.

Therefore, the given equation reduces to

dz

dx
� 1 ¼ z2

or
dz

dx
¼ 1þ z2

or
dz

1þ z2
¼ dx:

Integrating, we get

tan�1 z ¼ xþ C:

Putting back the value of z, we get

tan�1ðxþ yÞ ¼ xþ C:

Hence

xþ y ¼ tanðxþ CÞ:

EXAMPLE 2.14
Solve

ð2x� 4yþ 5Þ dy
dx

¼ x� 2yþ 3:

Solution. We have

2ðx� 2yþ 5

2
Þ dy
dx

¼ x� 2yþ 3:

Substituting z ¼ x – 2y, we get dz
dx

¼ 1 – 2 dy
dx
.

The equation becomes

ð2zþ 5Þ dz
dx

¼ 4zþ 11

or

ð4zþ 10Þ dz
dx

¼ 2ð4zþ 11Þ
or

4zþ 10

4zþ 11
dz ¼ 2 dx

or

4zþ 11� 1

4zþ 11
dz ¼ 2dx

or

1� 1

4zþ 11

� �
dz ¼ 2dx

Integrating both sides, we have

z� 1

4
log j4zþ 11j ¼ 2xþ C:

Putting back the value of z, we have

4xþ 8yþ log j4x� 8yþ 11j ¼ C:

EXAMPLE 2.15
Solve (x + 2y) (dx – dy) ¼ dx + dy.

Solution. We have

ðxþ 2yÞðdx� dyÞ ¼ dxþ dy

or

ðxþ 2y� 1Þdx ¼ ðxþ 2yþ 1Þdy

or
dy

dx
¼ xþ 2y� 1

xþ 2yþ 1
:

Substituting x + 2y ¼ z, we have 1 + 2dy
dx
¼ dz

dx
and so

dy

dx
¼ 1

2

dz

dx
� 1

� �
:
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Hence the above equation becomes

1

2

dz

dx
� 1

� �
¼ z� 1

zþ 1

or
dz

dx
¼ 3z� 1

zþ 1
:

Separating the variables, we have

ðzþ 1Þ dz
3z� 1

¼ dx

or

1

3

3z� 1þ 4

3z� 1

� �
dz ¼ dx

or

1

3
1þ 4

3z� 1

� �
dz ¼ dx:

Integrating both sides, we get

1

3

Z
1þ 4

3z� 1

� �
dz ¼

Z
dxþ C

or

1

3
zþ 4

3
logð3z� 1Þ

� �
¼ xþ C

or

3zþ 4 logð3z� 1Þ ¼ 9xþ k ðconstantÞ
or

3ðy� xÞ þ 2 logð3xþ 6y� 1Þ ¼ k

2
¼ K ðconstantÞ:

2.6 HOMOGENEOUS EQUATIONS

Definition 2.12. An expression of the form

a0x
n þ a1x

n�1yþ a2x
n�2y2 þ . . .þ any

n;

in which every term is of the nth degree, is called a

homogeneous function of degree n.

Definition 2.13. A differential equation of the form

dy

dx
¼ f ðx; yÞ

�ðx; yÞ ;

where f(x, y) and �(x, y) are homogeneous functions
of the same degree in x and y is called an homo-

geneous equation.

A homogeneous differential equation can be
solved by substituting y ¼ vx. Then dy

dx
¼ v + x dv

dx
.

Putting the value of y and dy
dx
in the given equation,

we get a differential equation in which variables
can be separated. Integration then yields the solu-

tion in terms of v, which we replace with y
x
.

EXAMPLE 2.16
Solve

ðx2 þ y2Þdx� 2xy dy ¼ 0:

Solution. We have

ðx2 þ y2Þdx� 2xy dy ¼ 0

and so

dy

dx
¼ x2 þ y2

2xy
ð9Þ

This equation is homogeneous in x and y. So, put

y ¼ vx. We have dy
dx
¼ v + x dv

dx
. Hence (9) becomes

vþ x
dv

dx
¼ x2 þ v2x2

2vx2
¼ 1þ v2

2v

or

x
dv

dx
¼ 1þ v2

2v
� v ¼ 1� v2

2v

or

2v dv

1� v2
¼ dx

x

or

1

1� v
� 1

1þ v

� �
dv ¼ dx

x
:

Integrating both sides, we get

� logð1� vÞ � logð1þ vÞ ¼ log xþ C

or

� logð1� v2Þ ¼ log xþ C

or

log xþ logð1� v2Þ ¼ C
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or

log xð1� v2Þ ¼ C
or

log x 1� y

x

� �2� �
¼ C

or

x 1� y2

x2

� �
¼ C:

Hence

x2 � y2 ¼ Cx

is thegeneral solutionof thegivendifferential equation.

EXAMPLE 2.17
Solve

x
dy

dx
¼ yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
:

Solution. We have

dy

dx
¼ yþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
x

;

which is homogeneous in x and y. Put y ¼ vx so that
dy
dx
¼ v + xdv

dx
. Hence the equation takes the form

vþ x
dv

dx
¼ vxþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ v2x2
p

x

¼ vþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p
:

Thus

x
dv

dx
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p
and so

dvffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p ¼ dx

x
:

Integrating both sides, we getZ
dvffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p ¼
Z

dx

x
þ C

or

logðvþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2

p
Þ ¼ log xþ logC

¼ log x C:

Hence

vþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
¼ x C:

Substituting the value of v, we get

y

x
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ y2

x2

r
¼ x C;

which is the required solution.

EXAMPLE 2.18
Solve

ðy2 � 2xyÞdx ¼ ðx2 � 2xyÞdy:

Solution. The given differential equation can be

expressed by
dy

dx
¼ y2 � 2xy

x2 � 2xy
:

Clearly it is a homogeneous equation. Put y ¼ vx so
that dy

dx
¼ v+ x dv

dx
. Hence

vþ x
dy

dx
¼ v2x2 � 2x2v

x2 � 2x2v
¼ v2 � 2v

1� 2v
:

or

x
dv

dx
¼ v2 � 2v

1� 2v
� v:

¼ v2 � 2v� vþ 2v2

ð1� 2vÞ
¼ 3v2 � 3v

1� 2v
:

Thus
1� 2v

3v2 � 3v
dv ¼ dx

x
or

1� 2v

3ðv2 � vÞ ¼
dx

x
:

Integrating, we get

� 1

3
logðv2 � vÞ ¼ log xþ C

� 1

3
log

y2

x2
� y

x

� �
¼ log xþ C

� 1

3
log

y2 � xy

x2

� �
¼ log xþ C

log x3
y2 � xy

x2

� �
¼ logC:

Hence

xðy2 � xyÞ ¼ C:
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EXAMPLE 2.19
Solve

x
dy

dx
þ y2

x
¼ y:

Solution. We have

x
dy

dx
¼ y� y2

x
¼ xy� y2

x

or
dy

dx
¼ xy� y2

x2
;

which is homogeneous in x and y. Putting y¼ vx, we

have dy
dx
¼ vþ x dv

dx
Hence the equation becomes

vþ x
dy

dx
¼ xy� y2

x2
¼ vx2 � v2x2

x2
¼ v� v2

or

x
dv

dx
¼ �v2

or

dv

v2
¼ � dx

x
:

Integrating, we get

1

v
¼ � log xþ logC:

Putting v ¼ y
x
, we get

x

y
¼ � log x C:

EXAMPLE 2.20
Solve

ðx2 � y2Þdx ¼ 2xy dy:

Solution. We have

dy

dx
¼ x2 � y2

2xy

so that the given equation is homogeneous in x and y.
Putting y ¼ vx, the equation takes the form

vþ x
dv

dx
¼ x2 � v2x2

2vx2
¼ 1� v2

2v
:

Therefore,

x
dv

dx
¼ 1� v2

2v
� v ¼ 1� v2 � 2v2

2v
¼ 1� 3v2

2v
:

Now, variables separation yields

2v

1� 3v2
dv ¼ dx

x
:

Integrating both sides, we get

� 1

3

Z �6v

1� 3v2
dv ¼

Z
dx

x
þ C

or

� 1

3
logð1� 3v2Þ ¼ log xþ C

or
� logð1� 3v2Þ ¼ log x3 þ 3C

or
log x3ð1� 3v2Þ ¼ �3C

or

x3 1� 3y2

x2

� �
¼ K

or
xðx2 � 3y2Þ ¼ K:

EXAMPLE 2.21
Solve

ð1þ ex=ydxþ ex=yð1� x

y
Þdy ¼ 0:

Solution. We have

dx

dy
¼ �

ex=yð1� x
y
Þ

1þ ex=y
:

Putting x ¼ vy, we have dx
dy

¼ v + y dv
dy

and so the
above equation reduces to

vþ y
dv

dy
¼ � evð1� vÞ

1þ ev
¼ evðv� 1Þ

1þ ev
:

Hence

y
dv

dy
¼ evðv� 1Þ

1þ ev
� v ¼ � vþ ev

1þ ev

and so separation of variable gives

1þ ev

vþ ev
dv ¼ � dy

y
:

Integrating both sides, we get

Z
1þ ev

vþ ev
¼ �

Z
dy

y
þ C
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or

logðvþ evÞ ¼ � log yþ log k

or

logðvþ evÞ ¼ log
k

y
:

Thus

vþ ev ¼ k

y
:

But v ¼ x
y
. Hence

xþ yex=y ¼ k ðconstantÞ:

2.7 EQUATIONS REDUCIBLE TO HOMOGENEOUS
FORM

Equations of the form
dy

dx
¼ axþ byþ C

a0xþ b0yþ C0

can be reduced, by substitution, to the homogeneous

form and then solved. Two cases arise:

(i) If a
a0 6¼ b

b0, then the substitution x¼ X + h and

y ¼ Y + k, where h and k are suitable con-

stants, makes the given equation homo-
geneous in X and Y.

(ii) If a
a0 ¼ b

b0, then the substitution ax + by ¼ z

serves our purpose.

EXAMPLE 2.22
Solve

dy

dx
¼ 2x� yþ 1

xþ 2y� 3
:

Solution. We observe that the condition a
a0 6¼ b

b0 is
satisfied in the present case. So, we put

x ¼ X þ h and y ¼ Y þ k:

Therefore, dx ¼ dX and dy ¼ dY and the given
equation reduces to

dY

dX
¼ 2ðX þ hÞ � ðY þ kÞ þ 1

X þ hþ 2ðY þ kÞ � 3

¼ 2X � Y þ 2h� k þ 1

X þ 2Y þ hþ 2k � 3
:

We choose h and k such that

2h� k þ 1 ¼ 0; and

hþ 2k � 3 ¼ 0:

Solving these two equations, we get h ¼ 1
5
, k ¼ 7

5
.

Hence

dY

dX
¼ 2X � Y

X þ 2Y
;

which is homogeneous in X and Y. So put Y ¼ vX.

Then

vþ X
dv

dX
¼ 2X � vX

X þ 2vX
¼ 2� v

1þ 2v

and so

X
dv

dX
¼ 2� v

1þ 2v
� v ¼ �2v2 � 2vþ 2

1þ 2v
:

Now separation of variables yields

1þ 2v

�2ðv2 þ v� 1Þ dv ¼ dX

X
:

Integrating both sides, we get

� 1

2

Z
1þ 2v

v2 þ v� 1
dv ¼

Z
dX

X
þ C

or

� 1

2
logðv2 þ v� 1Þ ¼ logX þ C

or

� logðv2 þ v� 1Þ ¼ 2 logX þ C ¼ logX2 þ C

or

logX 2ðv2 þ v� 1Þ ¼ log k

or

X 2ðv2 þ v� 1Þ ¼ k

or

X 2 Y 2

X 2
þ Y

X
� 1

� �
¼ k

or

Y 2 þ YX � X 2 ¼ k

or

yþ 7

5

� �2

þ yþ 7

5

� �
xþ 1

5

� �
� xþ 1

5

� �2

¼ k
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or

y2 þ xy� x2 þ 14

5
þ 1

5

� �
yþ � 2

5
þ 7

5

� �
x ¼ k

or

y2 þ xy� x2 þ 3yþ x ¼ k:

EXAMPLE 2.23
Solve

dy

dx
¼ 2xþ 3yþ 4

4xþ 6yþ 5
:

Solution.Wenote that the condition a
a0 ¼ b

b0 is satisfied
in the present case. Hence put 2x + 3y¼ z so that 2 +

3dy
dx
¼ dz

dx
. Hence the given equation reduces to

dz

dx
¼ 7zþ 22

2zþ 5

or
2zþ 5

7zþ 22
dz ¼ dx

Integrating both sides, we getZ
2zþ 5

7zþ 22
dz ¼

Z
dxþ C

or
2

7
z� 9

49
logð7zþ 22Þ ¼ xþ C:

Substituting z ¼ 2x + 3y, we get

14ð2xþ 3yÞ � 9 logð14xþ 21yþ 22Þ ¼ 49xþ C

or

21x� 42yþ 9 logð14xþ 21yþ 22Þ ¼ C

EXAMPLE 2.24
Solve

ðxþ 2yþ 1Þ dx ¼ ð2xþ 4yþ 3Þdy:

Solution. We have

dy

dx
¼ xþ 2yþ 1

2xþ 4yþ 3
¼ axþ byþ C

a0xþ b0yþ C
:

We observe that a
a0 ¼ b

b0 ¼ 1
2
. So we put x + 2y ¼ z

and have 1 + 2dy
dx
¼ dz

dx
. Then dy

dx
¼ dz=dx�1

2
. The given

equation now reduces to

ðdz=dxÞ � 1

2
¼ zþ 1

2zþ 3

or

dz

dx
¼ 2zþ 2

2zþ 3
þ 1 ¼ 4zþ 5

2zþ 3
or

2zþ 3

4zþ 5

� �
dz ¼ dx:

Integrating both sides, we haveZ
2zþ 3

4zþ 5
dz ¼

Z
dxþ C

or Z
1

2
þ 1

2ð4zþ 5Þ
	 


dz ¼
Z

dxþ C

or

1

2
zþ 1

8
logð4zþ 5Þ ¼ xþ C

or

4zþ logð4zþ 5Þ ¼ 4xþ k ðconstantÞ
or

4ðxþ 2yÞ þ logð4xþ 8yþ 5Þ ¼ 8xþ k

or
4ð2y� xÞ þ logð4xþ 8yþ 5Þ ¼ k:

2.8 LINEAR DIFFERENTIAL EQUATIONS

Definition 2.14. A differential equation is said to be
linear if the dependent variable and its derivatives

occur in the first degree and are not multiplied

together.
Thus a linear differential equation is of the form

dy

dx
þPy¼Q, where P and Q are functions of x only

or

dx

dy
þPx¼Q, where P and Q are funtions of y only:

A linear differential equation of the first order is
called Leibnitz’s linear equation.

To solve the linear differential equation
dy

dx
þ Py ¼ Q; ð10Þ

we multiply both sides by e

R
Pdx

and get

dy

dx
e

R
Pdx þ Pye

R
Pdx ¼ Q e

R
Pdx ð11Þ
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But

d

dx
ðy e

R
PdxÞ ¼ dy

dx
e

R
Pdx þ P ye

R
Pdx:

Hence (11) reduces to

d

dx
ðy e

R
PdxÞ ¼ Q e

R
Pdx;

which an integration yields

y e

R
Pdx ¼

Z
Q e

R
Pdx

dxþ C;

as the required solution.

The factor e

R
Pdx

is called an integrating factor

(I.F.) of the differential equation.

EXAMPLE 2.25
Solve

ðxþ 2y3Þ dy
dx

¼ y:

Solution. The given differential equation can be

written as

y
dx

dy
¼ xþ 2y3

or

y
dx

dy
� x ¼ 2y3

or

dx

dy
� 1

y
x ¼ 2y2:

Comparing with dx
dy
+ Px ¼ Q, we have P ¼ – 1

y
and

Q ¼ 2y4. The integrating factor is

I:F: ¼ e

R
P dy ¼ e

R
�1

y dy ¼ e� log y ¼ elog y
�1 ¼ y�1:

Therefore, the solution of the differential equation is

xy�1 ¼
Z

ð2y2Þy�1 dyþ C

¼
Z

2y dyþ C ¼ y2 þ C:

EXAMPLE 2.26
Solve

ð1þ y2Þ dx
dy

¼ tan�1 y� x:

Solution. The given equation can be expressed as

dx

dy
þ x

1þ y2
¼ tan�1 y

1þ y2

and so is Leibnitz’s linear equation in x. Comparing
with dx

dy
+ Px ¼ Q, we get P ¼ 1

1þy2
and Q ¼ tan�1 y

1þy2
.

Therefore

I:F: ¼ e

R
P dy ¼ e

R
1

1þy2
dy ¼ etan

�1 y:

Hence the solution of the differential equation is

xetan
�1 y ¼

Z
tan�1 y

1þ y2
etan

�1 ydyþ C

¼
Z

t et dt þ C; tan�1 y ¼ t

¼ t et � et þ C ðintegration by partsÞ
¼ ðtan�1 y� 1Þ etan�1 y þ C:

Hence

x ¼ tan�1 y� 1þ C e� tan�1 y:

EXAMPLE 2.27
Solve

sin 2x
dy

dx
¼ yþ tan x:

Solution. We have

dy

dx
� 1

sin 2x
y ¼ tan x

sin 2x
¼ sin x

2 cos2 x sin x
¼ 1

2
sec2 x:

Thus, the given equation is linear in y. Now

I:F: ¼ e

R
� cos ec 2x dx ¼ e�

1
2 log tan x

¼ elogðtan xÞ
�1=2 ¼ ðtan xÞ�1=2:

Hence, the solution of the given differential equa-
tion is

y tan xð Þ�1
2 ¼

Z
1

2
sec2 xðtan xÞ�1=2dxþ C

¼ 1

2

Z
ðsec2 xÞ ðtan xÞ�1=2dxþ C

¼ 1

2

ðtan xÞ�1
2þ1

� 1
2
þ 1

þ C

¼ ðtan xÞ1=2 þ C;
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which can be expressed as

y ¼ tan xþ C
ffiffiffiffiffiffiffiffiffiffi
tan x

p
:

2.9 EQUATIONS REDUCIBLE TO LINEAR
DIFFERENTIAL EQUATIONS

Definition 2.15. An equation of the form

dy

dx
þ Py ¼ Qyn; ð12Þ

where P and Q are functions of x is called
Bernoulli’s equation.

The Bernoulli’s equation can be reduced to

Leibnitz’s differential equation in the following
way:

Divide both sides of (12) by yn to get

y�n dy

dx
þ P y1�n ¼ Q ð13Þ

Put y1–n ¼ z to give

ð1� nÞy�n dy

dx
¼ dz

dx

or

y�n dy

dx
¼ 1

1� n

dz

dx
:

Hence (13) reduces to

1

1� n

dz

dx
þ Pz ¼ Q

or

dz

dx
þ Pð1� nÞz ¼ Qð1� nÞ;

which is Leibnitz’s linear equation in z and can be
solved by finding the appropriate integrating factor.

EXAMPLE 2.28
Solve

dy

dx
þ x sin 2y ¼ x2 cos2 y:

Solution. Dividing throughout by cos2 y, we have

sec2 y
dy

dx
þ 2x sin y cos y

cos2 y
¼ x2

or

sec2 y
dy

dx
þ 2x tan y ¼ x3:

Putting tan y ¼ z, we have sec2 y dy
dx
¼ dz

dx
. Hence, the

given equation reduces to

dz

dx
þ 2xz ¼ x3; ð14Þ

which is Leibnitz-equation in z and x. The inte-

grating factor is given by

I:F: ¼ e

R
Pdx ¼ e

R
2x dx ¼ ex

2

:

Hence solution of the equation (14) is

zex
2 ¼

Z
x3 � ex2dxþC ¼

Z
xðx2ex2ÞdxþC

¼ 1

2

Z
2xðx2ex2ÞdxþC ¼ 1

2

Z
tetdtþC; x2 ¼ t

¼ 1

2
ðx2 � 1Þex2 þC

Putting back the value of z, we get

tan y ex
2 ¼ 1

2
ðx2 � 1Þ ex2 þ C

or

tan y ¼ 1

2
ðx2 � 1Þ þ C e�x2 :

EXAMPLE 2.29
Solve

dy

dx
þ y ¼ xy3:

Solution. Dividing throughout by y3, we get

y�3 dy

dx
þ y�2 ¼ x:

Put y–2 ¼ z. Then dz
dx
¼ �2y�3 dy

dx
and, therefore, the

above differential equation reduces to

� 1

2

dz

dx
þ z ¼ x

or

dz

dx
� 2z ¼ �2x;

which is Leibnitz’s equation in z. We have

I:F: ¼ e
�
R

2 dx ¼ e�2x:

Therefore, the solution of the equation in z is

z e�2x ¼
Z

�2x:e�2xdxþ C ¼ 1

2
e�2xð2xþ 1Þ þ C
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or

z ¼ xþ 1

2
þ C e2x

or

y�2 ¼ xþ 1

2
þ C e2x:

EXAMPLE 2.30
Solve

x
dy

dx
þ y ¼ x3y6:

Solution. Dividing throughout by y6, we have

y�6 dy

dx
þ y�5

x
¼ x2:

Putting y–5 ¼ z, we have – 5y�6 dy
dx
¼ dz

dx
and so the

preceeding equation transfers to

� 1

5

dz

dx
þ z

x
¼ x2

or

dz

dx
� 5z

x
¼ �5x2:

Now

I:F: ¼ e
�5
R

1
x dx ¼ e�5 log x ¼ x�5:

Therefore, the solution the above differential equa-

tion in z is

z:x�5 ¼
Z

�5x2x�5 dxþ C

or

y�6:x�5 ¼ �5

Z
x�3 dxþ C ¼ �5

�2
x�2 þ C

or
1 ¼ ð10þ Cx2Þx3 y5:

2.10 EXACT DIFFERENTIAL EQUATION

Definition 2.16. A differential equation of the form

Mðx; yÞdxþ Nðx; yÞdy ¼ 0

is called an exact differential equation if there exists

a function U � Uðx; yÞ of x and y such that M(x, y)
dx + N(x, y) dy ¼ d U.

Thus, a differential eqution of the form
Mðx; yÞdxþ Nðx; yÞdy ¼ 0 is an exact differential

equation if Mdx + Ndy is an exact differential.

For example, the differential equation y2 dx+2xy
dy¼0 is an exact equation because it is the total dif-

ferential of U(x, y)¼ xy2. In fact the coefficient of dy is
@F
@y(xy

2) ¼ 2xy.

The following theorem tells us whether a given

differential equation is exact or not.

Theorem 2.3. A necessary and sufficient condition for

the differential equationMdx + N dy ¼ 0 to be exact

is
@M

@y
¼ @N

@x
;

where M and N are functions of x and y having

continuous first order derivative at all points in the

rectangular domain.

Proof: (1) Condition is necessary. Suppose that the

differential equation Mdx + Ndy ¼ 0 is exact. Then
there exists a function U(x, y) such that

M dxþN dy ¼ d U:

But, in term of partial derivatives, we have

dU ¼ @U

@x
dxþ @U

@y
dy:

Therefore,

M dxþN dy ¼ @U

@x
dxþ @U

@y
dy:

Equating coefficients of dx and dy, we get

M ¼ @U

@x
and N ¼ @U

@y
:

Now

@M

@y
¼ @2U

@y @x
and

@N

@x
¼ @2U

@x @y
:

Since partial derivatives of M and N are continuous,
we have

@2U

@y @x
¼ @2U

@x @y
:

Hence

@M

@y
¼ @N

@x
:
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(2) Condition is sufficient. Suppose that M and N
satisfy

@M

@y
¼ @N

@x
:

Let Z
M dx ¼ U ;

where y is treated as a constant while integratingM.
Then

@

@x

Z
M dx

� �
¼ @U

@x

or

M ¼ @U

@x
:

Therefore,

@M

@y
¼ @2U

@y @x

and so

@M

@y
¼ @2U

@y @x
¼ @N

@x
:

Also, by continuity of partial derivatives,

@2U

@y @x
¼ @2U

@x @y
:

Thus

@M

@y
¼ @2U

@y @x
and

@N

@x
¼ @2U

@x @y
:

Integrating both sides of @N@x ¼ @2U
@x @ywith respect to x,

we get

N ¼ @U

@y
þ f ðyÞ:

Thus,

Mdxþ Ndy ¼ @U

@x
dxþ @U

@y
þ f ð yÞ

	 

dy

¼ @U

@x
dxþ @U

@y
dyþ f ð yÞdy

¼ d U þ f ð yÞdy
¼ d½U þ

Z
f ð yÞdy�

Thus, M dx + N dy is the exact differential of U +R
f ðyÞ dy and, hence, the differential equation M dx

+ N dy ¼ 0 is exact.

2.11 THE SOLUTION OF EXACT DIFFERENTIAL
EQUATION

In the proof of Theorem 2.3, we note that if M dx +

N dy ¼ 0 is exact, then

M dxþ N dy ¼ dðU þ
Z

f ð yÞdyÞ:
Therefore,

dðU þ
Z

f ð yÞ dyÞ ¼ 0

or
dUþ f ð yÞdy ¼ 0

Integrating, we get the required solution as

U þ
Z

f ð yÞ dy ¼ CðconstantÞ

or Z
y constant

M dxþ
Z

f ðyÞ dy ¼ C

or Z
y constant

M dxþ
Z

ðtermsof Nnot containing xÞdy¼C:

EXAMPLE 2.31
Solve

ð2x cos yþ 3x2yÞdxþ ðx3 � x2 sin y� yÞdy ¼ 0

Solution. Comparing with M dx + N dy ¼ 0, we get

M ¼ 2x cos yþ 3x2y;

N ¼ x3 � x2 sin y� y:

Then

@M

@y
¼ �2x sin yþ 3x2 ¼ @N

@x
:

Hence the given equation is exact. Therefore, the
solution of the equation is given byZ
y constant

M dxþ
Z

ðterms of N not containing xÞdy¼C

or Z
y constant

ð2x cos yþ 3x2yÞdxþ
Z

�ydy ¼ C
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or

x2 cos yþ x3y� y2

2
¼ C:

EXAMPLE 2.32
Solve

ð2xyþ y� tanyÞdxþðx2� x tan2 yþ sec2 yÞdy¼ 0:

Solution. Comparing with Mdx + Ndy ¼ 0, we

observe that

M ¼ 2xyþ y� tan y; and

N ¼ x2 � x tan2 yþ sec2 y:

Therefore,

@M

@y
¼ 2x� sec2 yþ 1;

@N

@x
¼ 2x� tan2 y:

Hence, @M
@y ¼ @N

@x and so the equation is exact. Its
solution is given byZ

y constant

ð2xyþ y� tan yÞ dxþ
Z

sec2 y dy ¼ C

or

x2yþ xy� x tan yþ tan y ¼ C:

EXAMPLE 2.33
Solve

ð2xy cos x2 � 2xyþ 1Þ dxþ ðsin x2 � x2Þ dy ¼ 0:

Solution. Comparing with M dx + N dy ¼ 0, we note

that

M ¼ 2xy cos x2 � 2xyþ 1;N ¼ sin x2 � x2:

Then

@M

@y
¼ 2x cos x2 � 2x;

@N

@y
¼ 2x cos x2 � 2x:

Thus @M
@y ¼ @N

@x and, therefore, the given equation is

exact. The solution of the given equation is

Z
y constant

ð2xy cos x2 � 2xyþ 1Þ dxþ
Z

0 dy ¼ C

or

y

Z
2x cos x2dx� 2y

Z
x dxþ

Z
dx ¼ 0

or

y

Z
cos t dt�x2yþ x ¼ C; x2 ¼ t

or

y sin x2 � x2yþ x ¼ C:

EXAMPLE 2.34
Solve

dy

dx
þ y cos xþ sin yþ y

sin xþ x cos yþ x
¼ 0:

Solution. The given differential equation is

ðycos xþ sin yþ yÞdxþ ðsin xþ xcos yþ xÞdy¼ 0

Comparing with M dx + N dy ¼ 0, we get

M ¼ y cos xþ sin yþ y;

N ¼ sin xþ x cos yþ x;

and so

@M

@y
¼ cos xþ cos yþ 1;

@N

@x
¼ cos xþ cos yþ 1:

Therefore, the given equation is exact and its solu-

tion is Z
y constant

ðy cos xþ sin yþ yÞ dxþ
Z

0 dy ¼ C

or

y sin xþ x sin yþ xy ¼ C:

EXAMPLE 2.35
Solve

ðsec x tan x tan y� exÞdxþ sec x sec2 y dy ¼ 0:

Solution. Comparing with M dx + N dy ¼ 0, we have

M ¼ sec x tan x tan y� ex;

N ¼ sec x sec2 y:
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Therefore,

@M

@y
¼ sec x tan x sec2 y;

@N

@x
¼ sec x tan x sec2 y:

Hence the equation is exact and its solution is given

by Z
y constant

ðsec x tan x tan y � exÞ dxþ
Z

0 dx ¼ C

or

tan y

Z
sec x tan x dx� ex ¼ C

or

tan y sec x� ex ¼ 0

EXAMPLE 2.36
Solve

ð1þ ex=yÞ dxþ ex=yð1� x

y
Þ dy ¼ 0:

Solution. Comparing with M dx + N dy ¼ 0, we get

M ¼ 1þ ex=y; N ¼ ex=y 1� x

y

� �
;

@M

@y
¼ ex=y

�x

y2

� �
¼ � x

y2
ex=y;

@N

@x
¼ ex=y

1

y

� �
1� x

y

� �
þ ex=y � 1

y

� �
¼ � x

y2
ex=y:

Hence the given differential equation is exact and its

solution is Z
y constant

ð1þ ex=yÞdxþ
Z

0 dx ¼ C

or

xþ y ex=y ¼ C:

EXAMPLE 2.37
Show that the differential equation

ðaxþ hyþ gÞdxþ ðhxþ byþ f Þdt ¼ 0

is the differential equation of a family of conics.

Solution. Comparing the given differential equation
with Mdx+Ndy ¼ 0, we get

M ¼ axþ hyþ g; N ¼ hxþ byþ f ;

@M

@y
¼ h;

@N

@x
¼ h:

Hence the given differential equation is exact and its

solution isZ
y constant

ðaxþ hyþ gÞdxþ
Z

ðbyþ f Þdy ¼ C

or

a
x2

2
þ hyxþ gxþ b

y2

2
þ fy ¼ C

or

ax2 þ bx2 þ 2hxyþ 2gxþ 2fyþ k ¼ 0;

which represents a family of conics.

2.12 EQUATIONS REDUCIBLE TO EXACT
EQUATION

Differential equations which are not exact can

sometimes be made exact on multiplying by a suita-

ble factor called an integrating factor.
The integrating factor for Mdx + Ndy ¼ 0 can

be found by the following rules:

1. If Mdx + Ndy ¼ 0 is a homogeneous

equation in x and y, then 1
MxþNy

is an inte-

grating factor, provided Mx + Ny 6¼ 0.

2. If the equationMdx + Ndy¼ 0 is of the form

f (xy)y dx + �(xy)x dy ¼ 0, then 1
Mx�Ny

is an

integrating factor, provided Mx – Ny 6¼ 0.

3. Let M dx + N dy ¼ 0 be a differential

equation. If
ð@M=@yÞ�ð@N=@xÞ

N
is a function

of x only, say f(x), then e

R
f ðxÞ dx

is an

integrating factor.

4. Let M dx + N dy ¼ 0. If
ð@N=@xÞ�ð@M=@yÞ

M
is a

function of y only, say f (y), then e

R
f ðyÞ dy

is an integrating factor.

5. For the equation

xaybðmydxþnxdyÞþxa
0
yb

0 ðm0ydxþn0xdyÞ¼0
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the integrating factor is xh yk, where h and k

are such that

aþhþ1

m
¼bþkþ1

n
;

a0þhþ1

m0 ¼b0þkþ1

n0
:

EXAMPLE 2.38
Solve

y dx� x dyþ log x dx ¼ 0:

Solution. The given equation is not exact. Dividing

by x2, we get

y

x2
dx� x dy

x2
þ 1

x2
log x dx ¼ 0

or

ydx� xdy

x2
þ 1

x2
log x dx ¼ 0

or

�d
y

x

� �
þ d

Z
1

x2
log x dx

� �
¼ 0

or

d

Z
1

x2
log xdx� y

x

� �
¼ 0

Thus 1
x2
is an integrating factor and on integration,

we get the solution asZ
1

x2
log x dx� y

x
¼ C

On integration by parts, we have

� log x

x
þ
Z

1

x2
dx ¼ C þ y

x
:

or

� 1

x
log x� 1

x
¼ C þ y

x
:

EXAMPLE 2.39
Solve

xdxþ ydy ¼ a2ðx dy� y dxÞ
x2 þ y2

:

Solution. We know that

d tan�1 y

x

� �
¼ x dy� y dx

x2 þ y2
:

Therefore, the given differential equation is

xdxþ ydy � a2d tan�1 y

x

� �

Integrating, we get

x2

2
þ y2

2
� a2 tan�1 y

x
¼ C

or

x2 þ y2 � 2a2 tan�1 y

x
¼ k ðconstantÞ:

EXAMPLE 2.40
Solve

x dy� y dxþ aðx2 þ y2Þ dx ¼ 0:

Solution. Dividing throughout by x2 + y2, we get
x dy

x2 þ y2
� y dx

x2 þ y2
þ a dx ¼ 0

or
x dy� y dx

x2 þ y2
þ adx ¼ 0

or

d tan�1 y

x

� �
þ adx ¼ 0:

Integrating, we get

tan�1 y

x
þ ax ¼ C:

EXAMPLE 2.41
Solve

ðx2 y� 2xy2Þdx ¼ ðx3 � 3x2yÞdy ¼ 0:

Solution. The given equation is homogeneous.

Comparing it with M dx + N dy ¼ 0, we have

M ¼ x2y� 2xy2;N ¼ �x3 þ 3x2y;

@M

@y
¼ x2 � 4xy;

@N

@x
¼ �3x2 þ 6xy:

Therefore, @M
@y 6¼ @N

@x and so the given equation is

not exact. Further

MxþNy ¼ x3y� 2x2y2 � x3yþ 3x2y2 ¼ x2y2 6¼ 0:

Hence the integrating factor is 1
MxþNy

¼ 1
x2y2

.

Multiplying the given equation by 1
x2y2

, we have

1

y
� 2

x

� �
dx� x

y2
� 3

y

� �
dy ¼ 0 ð15Þ
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Since

@

@y

1

y
� 2

x

� �
¼ @

@x

x

y2
� 3

y

� �
¼ � 1

y2
;

the equation (15) is exact and so its solution isZ
y constant

1

y
� 2

x

� �
dx�

Z
� 3

y

� �
dy ¼ C

or
x

y
� 2 log xþ 3 log y ¼ C:

EXAMPLE 2.42
Solve

y dxþ 2x dy ¼ 0:

Solution. The given equation is of typeMdx +Ndy¼ 0
and is homogeneous. Further

M ¼ y; N ¼ 2x;

@M

@y
¼ 1;

@N

@x
¼ 2;

@M

@y
6¼ @N

@x
:

Thus the equation is not exact. But

MxþN y ¼ xyþ 2xy ¼ 3xy 6¼ 0:

Therefore, 1
3xy

is the integrating factor. Multiplying

the given equation throughout by 1
3xy
, we get

1

3xy
y dxþ 2x

3xy
dy ¼ 0

or
1

3x
dxþ 2

3y
dy ¼ 0:

The solution is

1

3

Z
1

x
dxþ 2

3

Z
1

y
dy ¼ C

or

1

3
log xþ 2

3
log y ¼ C

or
log xy2 ¼ k ¼ log p

or

xy2 ¼ p ðconstantÞ:
EXAMPLE 2.43
Solve

x2y dx� ðx3 þ y3Þ dy ¼ 0:

Solution. The given equation is homogeneous and
comparing with Mdx + N dy ¼ 0, we get

M ¼ x2y;N ¼ �x3 � y3:

Then

Mxþ Ny ¼ x3y� x3y� y4 ¼ �y4 6¼ 0:

Thus the integrating factor is 1
�y4

. Multiplying the

given differential equation throughout by – 1
y4
, we get

� 1

y4
x2ydxþ 1

y4
ðx3 þ y3Þdy ¼ 0

or

� x2

y3
dxþ x3

y4
þ 1

y

� �
dy ¼ 0;

which is exact. Hence the required solution is

� 1

y3

Z
x2 dxþ

Z
1

y
dy ¼ C

� x3

3y3
þ log y ¼ C:

EXAMPLE 2.44
Solve

yðxyþ 2x2 y2Þ dxþ xðxy� x2 y2Þdy ¼ 0:

Solution. The given differential equation is of the

form
f ðxyÞydxþ �ðxyÞxdy ¼ 0:

Also comparing with M dx + Ndy ¼ 0, we get

M ¼ yðxyþ 2x2y2Þ;N ¼ xðxy� x2y2Þ:
Therefore,

Mx�Ny ¼ 3x3y3 6¼ 0:

Thus, 1
3x3y3

is the integrating factor. Multiplying

throughout by 1
3x3y3

, we have

1

3x3y3
ðyðxyþ2x2y2ÞÞdxþ 1

3x3y3
½xðxy�x2y2Þ�dy¼0:

or

1

3x2y
þ 2

3x

� �
dxþ 1

3xy2
� 1

3y

� �
x dy ¼ 0:

Since

@

@y

1

3x2y
þ 2

3x

� �
¼ @

@x

1

3xy2
� 1

3y

� �
;
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the above equation is exact and its solution isZ
y constant

1

3x2y
þ 2

3x

� �
dxþ

Z
� 1

3y

� �
dy ¼ C

or

� 1

3xy
þ 2

3
log x� 1

3
log y ¼ C

or

� 1

xy
þ 2 log x� log y ¼ k ðconstantÞ:

EXAMPLE 2.45
Solve

ð1þ xyÞ y dxþ ð1� xyÞ x dy ¼ 0:

Solution. The given differential equation is of the
form

f ðxyÞ ydxþ �ðxyÞ x dy ¼ 0:

Comparing with M dx + Ndy ¼ 0, we have

M ¼ yþ xy2; N ¼ x� x2y:

Therefore,

Mx�Ny ¼ 2x2y2 6¼ 0:

Therefore, the integrating factor is 1
2x2y2

. Multiplying

the given differential equation throughout by 1
2x2y2

,
we get

1

2x2y2
ðyþ xy2Þdxþ 1

2x2y2
ðx� x2yÞ ¼ 0

or

1

2x2y
þ 1

2x

� �
dxþ 1

2xy2
� 1

2y

� �
dy ¼ 0:

We note that this equation is exact. Hence its solu-

tion isZ
y constant

1

2x2y
þ 1

2x

� �
dxþ

Z
� 1

2y

� �
dy ¼ C

or
1

2y
� 1

x

� �
þ 1

2
log x� 1

2
log y ¼ C

or

log
x

y
� 1

xy
¼ k ðconstantÞ:

EXAMPLE 2.46
Solve

ðx2y2 þ xyþ 1Þ y dxþ ðx2 y2 � xyþ 1Þ x dy ¼ 0:

Solution. The given differential equation is of the form
f ðxyÞydxþ �ðxyÞxdx ¼ 0:

Moreover, comparing the given equation with
M dx+N dy ¼ 0, we get

M ¼ x2y3 þ xy2 þ y; N ¼ x3y2 � x2yþ x:
Therefore

Mx�Ny ¼ x3y3 þ x2y2 þ xy� x3y3 þ x2y2 � xy

¼ 2x2y2 6¼ 0:

Therefore, the integrating factor is 1
2x2y2

. Multiplying

the given differential equation throughout by 1
2x2y2

,

we get

1

2x2y2
ðx2y3 þ xy2 þ yÞ dx

þ 1

2x2y2
ðx3y2 � x2yþ xÞ dy ¼ 0

or

y

2
þ 1

2x
þ 1

2x2y

� �
dxþ 1

2
x� 1

y
þ 1

xy2

� �
dy ¼ 0;

which is exact. Hence the solution of the equation is

Z
y constant

y

2
þ 1

2x
þ 1

2x2y

� �
dxþ 1

2

Z
� 1

y

� �
dy ¼ C

or
xy

2
þ 1

2
log x� 1

2yx

� �
� 1

2
log y ¼ k

or

xy� 1

xy
þ log

x

y
¼ k ðconstantÞ:

EXAMPLE 2.47
Solve

yð2xyþ 1Þ dxþ xð1þ 2xy� x3 y3Þdy ¼ 0:

Solution. The differential equation in question is of
the form

f ðxyÞydxþ �ðxyÞxdy ¼ 0:
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Further comparing the given equation with M dx +
N dy ¼ 0, we get

M ¼ 2xy2 þ y;N ¼ xþ 2x2y� x4y3:

Therefore,

Mx�Ny ¼ 2x2y2 þ xy� xy� 2x2y2 � x4y4

¼ �x4y4:

Thus the integrating factor is 1
�x4y4

. Multiplying the
given differential equation throughout by � 1

x4y4
, we

get

� 1

x4y4
ð2xy2þ yÞdx� 1

x4y4
ðxþ 2x2y� x4y3Þ dy

¼ 0:

or

� 2

x3y2
� 1

x4y3

� �
dxþ � 1

x3y4
� 2

x2y3
þ 1

y

� �
dy ¼ 0;

which is exact. Hence the solution of the equation is

Z
y constant

�2

x3y2
� 1

x4y3

� �
dxþ

Z
1

y
dy ¼ C

or

1

x2y2
þ 1

3x3y3
þ log y ¼ C:

EXAMPLE 2.48
Solve

ðx2 þ y2 þ 2xÞ dxþ 2y dy ¼ 0:

Solution. Comparing the given equation with Mdx +

Ndy ¼ 0, we get

M ¼ x2 þ y2 þ 2x; N ¼ 2y

which gives

@M

@y
¼ 2y;

@N

@x
¼ 0:

Thus the equation is not exact. We have

@M
@y � @N

@x

N
¼ 2y

2y
¼ 1 ¼ x0 ðfunction of xÞ:

Therefore, e

R
1 dx ¼ ex is the integrating factor.

Multiplying the given differential equation

throughout by ex, we get

ðx2 þ y2 þ 2xÞexdxþ 2yexdy ¼ 0;

which is exact. Hence the required solution is

Z
y constant

ðx2 þ y2 þ 2xÞ ex dx þ
Z

0 dy ¼ C;

which yield

ðx2 þ y2Þ ex ¼ C:

EXAMPLE 2.49
Solve

ðxy2 � ex
1=3Þdx� x2 y dy ¼ 0:

Solution. Comparing the given equationwithM dx + N

dy ¼ 0, we get

M ¼ xy2 � ex
1=3

; N ¼ �x2y;

@M

@y
¼ 2xy;

@N

@x
¼ �2xy:

Therefore,
@M
@y � @N

@x

N
¼ 2xy� ð�2xyÞ

�x2y
¼ � 4

x
;

which is a function of x only. Hence e

R
�4

x dx ¼
e�4 log x ¼ 1

x4
is the integrating factor. Multiplying

the equation throughout by 1
x4
, we get

y2

x3
� 1

x4
ex

1=3

� �
dx� y

x2
dy ¼ 0;

which is exact. The required solution is, therefore,Z
y constant

y2

x3
� 1

x4
ex

1=3

� �
dx ¼ C

or

� y2

2x2
þ 1

3

Z
� 3

x4
ex

1=3

dx ¼ C

or

� y2

2x2
þ 1

3

Z
et dt ¼ C; t ¼ x

1
3:

or

� y2

2x2
þ 1

3
et ¼ C
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or

� 3y2

2x2
þ 2ex

1=3 ¼ k ðconstantÞ:

EXAMPLE 2.50
Solve

ðxy3 þ yÞdxþ 2ðx2y2 þ xþ y4Þ dy ¼ 0:

Solution. Comparing with M dx + N dy ¼ 0, we get

M ¼ xy3 þ y; N ¼ 2x2y2 þ 2xþ 2y4;

@M

@y
¼ 3xy2 þ 1;

@N

@x
¼ 4xy2 þ 2:

Since @M
@y 6¼ @N

@x , the equation is not exact. It is also

not homogeneous. It is also not of the form f (x y) y

dx + � (x y)x dy ¼ 0. We note that
@N
@x�@M

@y

M
¼ xy2þ1

yðxy2þ1Þ ¼ 1
y
ðfunctionof y aloneÞ:

Hence, the integrating factor is e

R
1
y dy ¼ elog y ¼ y.

Multiplying the given equation throughout by y, we

get

yðxy3 þ yÞdxþ 2yðx2y2 þ xþ y4Þdy ¼ 0

ðxy4 þ y2Þdxþ ð2x2y3 þ 2xyþ y5Þdy ¼ 0;

which is exact. Therefore, its solution isZ
y constant

ðxy4 þ y2Þdxþ
Z

y5dy ¼ C

or

x2y4

2
þ xy2 þ y6

6
¼ C:

EXAMPLE 2.51
Solve

ðy4 þ 2yÞdxþ ðxy3 þ 2y4 � 4xÞdy ¼ 0:

Solution. The given differential equation is neither
homogeneous nor is of the type f (x y) y dx + �(x y)
x dy ¼ 0. Comparing with Mdx + Ndy ¼ 0, we get

M ¼ y4 þ 2y; N ¼ xy3 þ 2y4 � 4x:

Therefore,

@M

@y
¼ 4y3 þ 2;

@N

@x
¼ y3 � 4;

which shows that the given equation is not exact.
Further,

@N
@x � @M

@y

M
¼ �3y3 � 6

y4 þ 2y
¼ �3ðy2 þ 2Þ

yðy3 þ 2Þ ¼ � 3

y
;

which is a function of y alone. Therefore, the inte-

grating factor is e

R
�3

y dy ¼ e�3 log y ¼ y�3 ¼ 1
y3
.

Multiplying the given differential equation

throughout by 1
y3
, we get

1

y3
ðy4 þ 2yÞdxþ 1

y3
ðxy3 þ 2y4 � 4xÞdy ¼ 0

or

yþ 2

y2

� �
dxþ xþ 2y� 4x

y3

� �
dy ¼ 0;

which is exact. The solution of the given differential

equation is, therefore,Z
y constant

yþ 2

y2

� �
dxþ

Z
2y dy ¼ 0

or

yþ 2

y2

� �
xþ y2 ¼ C:

EXAMPLE 2.52
Solve

yðxyþ 2x2y2Þdxþ xðxy� x2y2Þdy ¼ 0:

Solution. The given equation can be written as

xyð ydxþ xdyÞ þ x2y2ð2ydx� xdyÞ ¼ 0:

Comparing it with

xaybðmydxþ nxdyÞ þ xa
0
yb

0 ðm0y dxþ n0x dyÞ ¼ 0;

we note that a¼ b¼ 1, a 0 ¼ b 0 ¼ 2, m¼ n¼ 1 and

m 0 ¼ 2, n 0 ¼ –1. Then the integrating factor is xhyk,

where

aþ hþ 1

m
¼ bþ k þ 1

n
;

a0 þ hþ 1

m0 ¼ b0 þ k þ 1

n0
;

that is,

hþ 2

1
¼ k þ 2

1
;

3þ h

2
¼ 3þ k

�1

Differential Equations n 37



or

hþ 2 ¼ k þ 2; �3� k ¼ 6þ 2k

or

h� k ¼ 0; hþ 2k ¼ �9:

Solving for h and k, we get h ¼ k ¼ –3. Hence, the
integrating factor is 1

x3y3
. Multiplying throughout by

1
x3y3

, we get

1

x2y
þ 2

x

� �
dxþ 1

xy2
� 1

y

� �
dy ¼ 0;

which is exact. Therefore, the solution isZ
y constant

1

x2y
þ 2

x

� �
dxþ

Z
� 1

y

� �
dy ¼ C

or

1

y
� 1

x

� �
þ 2 log x� log y ¼ C

or

� 1

xy
þ 2 log x� log y ¼ C:

EXAMPLE 2.53
Solve

ðy2 þ 2x2yÞ dxþ ð2x3 � xyÞ dy ¼ 0:

Solution. The given equation can be written as

x0yðy dx� x dyÞ þ x2y0ð2y dxþ 2x dyÞ ¼ 0:

Comparing this with

xaybðmydxþ nxdyÞ þ xa
0
yb

0 ðm0ydxþ n0xdyÞ ¼ 0;

we get
a ¼ 0; b ¼ 1; a0 ¼ 2; b0 ¼ 0;

m ¼ 1; n ¼ �1; m0 ¼ 2; n0 ¼ 2:

Then the integrating factor is xhyk, where

aþ hþ 1

m
¼ bþ k þ 1

n
;
a0 þ hþ 1

m0 ¼ b0 þ k þ 1

n0
;

or

hþ 1

1
¼ 2þ k

�1
;
3þ h

2
¼ k þ 2

2

or

hþ k ¼ �3 and 2h� 2k ¼ �4:

Solving for h and k, we get h ¼ � 5
2
k ¼ � 1

2
.

Hence, 1
x5=2 y1=2

is the integrating factor. Multiplying

the given differential equation by 1
x5=2 y1=2

, we get

ðx�5=2 y3=2 þ 2x�1=2y1=2Þdx
þ ð2x1=2y1=2 þ 2x�3=2y1=2Þdy ¼ 0;

which is exact. Therefore, the required solution isZ
y constant

ðx�5=2y3=2 þ 2x�1=2y1=2Þdxþ
Z

0 dy ¼ 0

or

� 2

3
y3=2x�3=2 þ 4y1=2x1=2 ¼ C

or

�y3=2x�3=2 þ 6x1=2y1=2 ¼ C

or

6
ffiffiffiffiffi
xy

p � y

x

� �3=2
¼ C:

EXAMPLE 2.54
Solve

ð3xy� 2ay2Þ þ ðx2 � 2axyÞ dy ¼ 0:

Solution. The given equation can be written as

xy0ð3ydxþ xdyÞ þ yx0ð�2aydx� 2axdyÞ ¼ 0:

Comparing this with

xaybðmydxþ nxdyÞ þ xa
0
yb

0 ðm0ydxþ n0xdyÞ ¼ 0;

we get

a ¼ 1; b ¼ 0; a0 ¼ 0; b0 ¼ 1;

m ¼ 3; n ¼ 1; m0 ¼ �2a; n0 ¼ �2a:

Then the integrating factor is xh yk, where

aþ hþ 1

m
¼ bþ k þ 1

m
;
a0 þ hþ 1

m0 ¼ b0 þ k þ 1

n0

or

2þ h

3
¼ k þ 1

1
;
hþ 1

�2a
¼ k þ 2

�2a

or

h� 3k ¼ 1; h� k ¼ 1:

Thus h ¼ 1, k ¼ 0. Therefore, the integrating factor
is x. Multiplying the given differential equation
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throughout by x, we get

ð3x2y� 2axy2Þdxþ ðx3 � 2ax2yÞdy ¼ 0:

Let

M ¼ 3x2y� 2axy2; N ¼ x3 � 2ax2y:Then

@M

@y
¼ 3x2 � 4axy;

@N

@x
¼ 3x2 � 4axy:

Hence @M
@y ¼ @N

@x and so the transformed equation is

exact.

The required solution isZ
y constant

ð3x2y� 2axy2Þdxþ
Z

0 dy ¼ 0

or

yx3 � ax2y2 ¼ C:

EXAMPLE 2.55
Solve

ð2x2y2 þ yÞdxþ ð�x3 yþ 3xÞ dy ¼ 0:

Solution. Comparing the given differential equation

with Mdx + Ndy ¼ 0, we get

M ¼ 2x2y2 þ y; N ¼ �x3yþ 3x;

@M

@y
¼ 4x2yþ 1;

@N

@x
¼ 3� 3x2y:

Since @M
@y 6¼ @N

@x , the given equation is not exact.
However, the given equation can be written in the

form

x2yð2ydx � xdyÞ þ x0y0ðydxþ 3xdyÞ ¼ 0:

Comparing it with

xaybðmy dxþ nx dyÞ þ xa
0
yb

0 ðm0ydxþ n0xdyÞ ¼ 0;

we get

a ¼ 2; b ¼ 1; a0 ¼ 0; b0 ¼ 0;

m ¼ 2; n ¼ �1; m0 ¼ 1; n0 ¼ 3:

The integrating factor is xh yk, where

aþ hþ 1

m
¼ bþ k þ 1

n
;

a0 þ hþ 1

m0 ¼ b0 þ k þ 1

n0

or

hþ 2k ¼ �7; 3h� k ¼ �2:

Solving these equations for h and k, we get h ¼ � 11
7

and k ¼ � 19
7
. Thus the integrating factor is x–11/7

y–19/7. Multiplying the given equation throughout

by x–11/7 y–19/7, we get

ð2x3=7y�5=7 þ x�11=7y�12=7Þdx
� ðx10=7y�12=7 � 3x�4=7y�10=7Þdy ¼ 0:

This transformed equation is exact and its solution isZ
y constant

ð2x3=7y�5=7 þ x�11=7y�12=7Þ dx ¼ C

or
7

5
x10=7y�5=7 � 7

4
x�4=7y�12=7 ¼ C:

2.13 APPLICATIONS OF FIRST ORDER AND FIRST
DEGREE EQUATIONS

Theaimof thissection is to formdifferentialequations
for physical problems like flow of current in electric

circuits, Newton law of cooling, heat flow and ortho-

gonal trajectories, and to find their solutions.

(A) Problems Related to Electric Circuits
Consider the RCL circuit shown in the Figure 2.3

and consisting of resistance, capacitor, and inductor

connected to a battery.

L

R

C

E

Figure 2.3

We know that the resistance is measured in ohms,

capacitance in farads, and inductance in henrys. Let
I denote the current flowing through the circuit and

Q denote the charge. Since the current is rate of flow

of charge, we have I ¼ dQ
dt
. Also, by Ohm’s law, V

I
¼

R (resistance). Therefore, the voltage drop across a

resistor R is RI. The voltage drop across the inductor

L is L dI
dt
and the voltage drop across a capacitor is Q

C
.

If E is the voltage (e.m.f.) of the battery, then by

Kirchhoff’s law, we have

L
dI

dt
þ RI þ Q

C
¼ EðtÞ; ð16Þ
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where L, C, and R are constants. Since I ¼ dQ
dt
, we

have Q ¼ Rt
0

IðuÞ du and so (16) reduces to

L
dI

dt
þ RI þ 1

C

Z t

0

IðuÞ du ¼ EðtÞ:

The forcing function (input function), E(t), is sup-
plied by the battery (voltage source). The system

described by the above differential equation is

known as harmonic oscillator.
The equation (16) can be written as

dI

dt
þ R

L
I þ Q

LC
¼ E

L
ðtÞ ð17Þ

EXAMPLE 2.56
Given that I ¼ 0 at t ¼ 0, find an expression for the
current in the LR circuit shown in the Figure 2.4.

L

R E

Figure 2.4

Solution. By Kirchhoff’s law, we have
dI

dt
þ R

L
I ¼ E

L
; ð18Þ

which is Leibnitz’s linear equation. Its integrating

factor is e

R
R
L dt ¼ eRt=L. Hence the solution of (18) is

I eRt=L ¼
Z

E

L
eRt=L dt þ C ¼ E

L

Z
eRt=Ldt þ C

¼ E

L

eRt=L

R=L
þ C ¼ E

R
eRt=L þ C:

Thus

I ¼ E

R
þ Ce�Rt=L: ð19Þ

But I(0) ¼ 0, therefore, (19) yields 0 ¼ E
R
þ C and

so C ¼ � E
R
. Hence

I ¼ E

R
� E

R
e�Rt=L ¼ E

R
ð1� e�Rt=LÞ:

Clearly I increases with time t and attains its max-
imum value, E/R.

EXAMPLE 2.57
Find the time t when the current reaches half of its
theoretical maximum in the circuit of Example 2.56.

Solution. From Example 2.56, we have

I ¼ E

R
ð1� e�Rt=LÞ:

The maximum current is E
R
. By the requirement of

the problem, we must have

1

2

E

R
¼ E

R
ð1� e�Rt=LÞ

or
1

2
¼ e�Rt=L

or

�Rt

L
¼ log

1

2
¼ � log 2

or

t ¼ L

R
log 2:

EXAMPLE 2.58
In an LR circuit, an e.m.f. of 10 sin t volts is applied.

If I(0) ¼ 0, find the current in the circuit.

Solution. In an LR circuit the current is governed by

the differential equation
dI

dt
þ R

L
I ¼ E

L
:

We are given that E ¼ 10 sin t. Therefore,

dI

dt
þ R

L
I ¼ 10

L
sin t:

This is Leibnitz’s linear equation with integrating

factor as e

R
R
L dt ¼ eRt=L: Therefore, its solution is

I eRt=L ¼
Z

10

L
sin t eRt=Ldt þ C

¼ 10

L

Z
eRt=L sin t dt þ C

ð20Þ

But we know (using integration by parts) thatZ
eat sin bt dt ¼ eat

a2 þ b2
ða sin bt � b cos btÞ

¼ eat

a2 þ b2
sin bt � tan�1 b

a

� �
:
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Therefore (20) reduces to

I eRt=L ¼ 10

L

eRt=L

ðR2=L2Þ þ 1

R

L
sin t � cos t

� �	 

þ C

¼ 10L2

L2
eRt=L

R2 þ L2
ðR sin t � L cos tÞ

	 

þ C

¼ 10 eRt=L

R2 þ L2
ðR sin t � L cos tÞ þ C:

Hence

I ¼ 10

R2 þ L2
ðR sin t � L cos tÞ þ Ce�Rt=L:

Using the initial condition I(0) ¼ 0, we get

C ¼ 10L
R2þL2

. Hence

I ¼ 10

R2 þ L2
ðR sin t � L cos t þ Le�Rt=LÞ:

EXAMPLE 2.59
If voltage of a battery in an LR circuit is E0 sin t,
find the current I in the circuit under the initial

condition I(0) ¼ 0.

Solution. Proceeding as in Example 2.58, we get

I ¼ E0

R2 þ L2
e�Rt=L þ E0L

R2 þ L2
cos tþ E0R

R2 þ L2
sin t:

EXAMPLE 2.60
Find the current in the following electric circuit con-

taining condenser C, resistance R, and a battery of

e.m.f. E0 sin vt with the initial condition I(0) ¼ 0.

Solution. The RC circuit of the problem is shown in

Figure 2.5.

R

C

E0 sin t 

Figure 2.5

Using Kirchhoff’s law, we have

RIþ 1

C

Z t

0

IðuÞ du ¼ E0 sinvt:

Differentiating both sides with respect to t, we have

R
dI

dt
þ I

C
¼ vE0 sinvt

or

dI

dt
þ I

RC
¼ vE0

R
cosvt;

which is Leibnitz’s linear equation. The integrating

factor is e

R
1
RC dt ¼ e

t
RC. Therefore, the solution of the

above first order equation is

I e
t

RC ¼
Z

vE0

R
cosvt:e

t
RCdt þ C

¼ v E0

R

Z
cos vt e

t
RCdt þ C

Using
R
eax cos bx dx ¼ eax

a2þb2
ða cos bxþ b sin bxÞ,

we have

Ie
t

RC¼vE0

R

e
t

RC

1
RC

� �2þv2

1

RC
cosvtþvsinvt

� �" #
þC

¼ vR2C2E0

R2C

e
t

RC

1þR2v2C2
ðcosvtþRCvsinvtÞ

	 

þC

¼ vCE0 e
t

RC

1þR2v2C2
ðcosvtþRCvsinvtÞþC:

But I(0) ¼ 0 implies C ¼ � vCE0

1þR2v2C2 :
Hence

I ¼ vCE0

1þ R2v2C2
ðcosvt þ RCv sinvt � e�t=RCÞ:

EXAMPLE 2.61
A voltage E e–at is applied at t ¼ 0 to a LR circuit.
Find the current at any time t.

Solution. The differential equation governing the LR
circuit is

d I

dt
þ R

L
I ¼ e:m:f :

L
¼ E e�at

L
:
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As in Example 2.58, the integrating factor is e
Rt
L .

Therefore, the solution of the above equation is

I e
Rt
L ¼

Z
E e�at

L
e
Rt
L dt þ C ¼ E

L

Z
e
Rt
L � atdt þ C

¼ E

L

e
Rt
L � at

R
L
� a

þ C ¼ E

R� aL
½eRt

L � at� þ C

and so

I ¼ E

R� aL
e�at þ C e�

Rt
L :

Using the initial condition I(0) ¼ 0, we get

C ¼ � R
R�aL

. Hence

I ¼ E

R� aL
½e�at � e�

Rt
L �:

EXAMPLE 2.62
An RC circuit has an e.m.f. given in volt by 400 cos

2t, a resistance of 100 ohms, and a capacitance of
10–2 farad. Initially there is no charge on the

capacitor. Find the current in the circuit at any time

t.

Solution. The equation governing the circuit is

RIþ Q

C
¼ E:

We are given that R ¼ 100 ohms, C ¼ 10–2 farad

and E ¼ 400 cos 2t. Thus, we have

IþQ ¼ 4 cos 2t
or

dQ

dt
þ Q ¼ 4 cos 2t; since I ¼ dQ

dt
:

The integrating factor is e

R
1 dt ¼ et. Therefore, the

solution is

Q:et ¼ 4

Z
cos 2t et dt

¼ 4
et

5
½cos 2t þ 2 sin 2t�

	 

þ C

¼ 4

5
et cos 2t þ 8

5
et sin 2t þ C:

Thus

Q ¼ 4

5
cos 2t þ 8

5
sin 2t þ C e�t:

Using the initial condition Q(0) ¼ 0, we get

C ¼ � 4
5
. Therefore,

Q ¼ 4

5
cos 2t þ 8

5
sin 2t � 4

5
e�t:

Hence

I ¼ dQ

dt
¼ � 8

5
sin 2t þ 16

5
cos 2t þ 4

5
e�t:

(B) Problems Related to Newton’s Law of Cooling
Newton’s Law of Cooling states that the time rate

of change of the temperature of a body is propor-

tional to the temperature difference between the
body and its surrounding medium.

Let T be the temperature of the body at any

time t and T0 be the temperature of the surrounding
at that particular time. Then, according to Newton’s

Law of Cooling,

dT

dt
1 ðT � T0Þ

and so

dT

dt
¼ �kðT � T0Þ; ð21Þ

the negative sign with the constant of proportional-

ity is required to make dT
dt
negative in cooling process

when T is greater than T0, and positive in a heating

process when T is less than T0.

The equation (21) is first order differential
equation and can be solved for T.

EXAMPLE 2.63
A body at a temperature of 50�F is placed outdoors,

where the temperature is 100�F. If after 5 minutes,

the temperature of the body is 60�F, find the time
required by the body to reach a temperature of

75�F.

Solution. By Newton’s Law of Cooling, we have

dT

dt
¼ �kðT � T0Þ

or

dT

dt
þ k T ¼ k T0:
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But T0 ¼ 100 F. Therefore,

dT

dt
þ kT ¼ 100k;

which is linear.The integrating factor is e

R
k dt ¼ ekt.

Hence the solution is

T � ekt ¼ 100

Z
k ektdt þ C ¼ 100ekt þ

Z
C

or

T ¼ C e�kt þ 100:

When t ¼ 0, T ¼ 50, therefore, C ¼ –50. Hence

T ¼ �50e�kt þ 100:

Now it is given that T ¼ 60 at t ¼ 5. Hence

60 ¼ �50e�5k þ 100 or e�5k ¼ 4

5
:

Taking log, we get

k ¼ � 1

5
log

4

5
¼ � 1

5
ð�0:223Þ ¼ 0:045:

Hence T ¼ –50e0.045t + 100. When T ¼ 75, we get

e�0:045 t ¼ 1
2
, which yields �0:045t ¼ log 1

2
and so

t ¼ 2.4 minutes.

EXAMPLE 2.64
A body originally at 80�C cools down to 60�C in 20

minutes, the temperature of the air being 40�C. Find
the temperature of the body after 40 minutes from
the original.

Solution. By Newton’s Law of Cooling, we have

dT

dt
¼ �kðT � T 0Þ

and so variable separation gives

dT

T � T0
¼ �kdt:

Integrating, we have

logðT � T0Þ ¼ �kt þ logC

or

T � T0 ¼ C e�kt or T � 40 ¼ C e�kt:

But when t ¼ 0, T ¼ 80�C. Therefore, C ¼ 80 – 40
¼ 40 and we have

T� 40 ¼ 40e�kt:

Now when t ¼ 20, T ¼ 60�. Therefore

20 ¼ 40 e�20 k or e�20 k ¼ 1

2

or

�20 k ¼ log
1

2
; which yields k ¼ 1

20
log 2:

Hence

T� 40 ¼ 40e�
1
20 log 2ð Þ t:

When t ¼ 40, we have

T� 40 ¼ 40e�2 log 2

or

T ¼ 40þ 40 elog
1
4 ¼ 40þ 40

4
¼ 50�C:

(C) Problems Relating to Heat Flow
The fundamental principles of heat conduction are:

(i) Heat always flow from a higher tempera-

ture to a lower temperature.

(ii) The quantity of heat in a body is propor-
tional to its mass and temperature (Q ¼
mst), where m is the mass, s is the specific

heat, and t is the time.

(iii) The rate of heat flow across an area is pro-

portional to the area and to the rate of

change of temperature with respect to its
distance normal to the area.

Let Q be the quantity of heat flow per second across
a slab of area A and thickness �x and whose faces

are kept at temperature T and T + �T. Then, by the

above principles

Q 1A
dT

dx
:

or

Q ¼ �k A
dT

dx
ð22Þ
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where k is a constant, called the coefficient of
thermal conductivity and depends upon the material

of the body. Negative sign has been taken since T

decreases as x increases. The relation (22) is called
the Fourier’s law of conductivity.

EXAMPLE 2.65
The inner and outer surfaces of a spherical shell are
maintained at temperature T0 and T1, respectively. If

the inner and outer radii of the shell are r0 and r1,

respectively and k is the thermal conductivity, find the
amount of heat lost from the shell per unit time. Also

find the temperature distribution through the shell.

Solution. We have

Q ¼ �k ð4�x2Þ dT
dx

;

where x is the radius. Thus

dT ¼ � Q

4�k
:
dx

x2
:

Integrating, we get

T ¼ � Q

4�k
� 1

x

� �
þ C ¼ Q

4�xk
þ C ð23Þ

Now T ¼ T0 when x ¼ r0 and T ¼ T1 when x ¼ r1.

Therefore, we have

T0 ¼ Q

4�r0k
þ C and T1 ¼ Q

4�r1k
þ C:

Subtracting, we get

T 0 � T1 ¼ Q

4�k

1

r0
� 1

r1

� �
¼ Q

4�k

r1 � r0

r0 r1

� �

or

Q ¼ 4�k r0 r1ðT0 � T1Þ
r1 � r0

:

When x ¼ r0, T ¼ T0, then (23) gives

T 0 ¼ Q

4�r0k
þ C

¼ 4�kr0r1ðT0 � T1Þ
4� r0kðr1 � r0Þ þ C

¼ r1ðT0 � T1Þ
r1 � r0

þ C:

Thus

C ¼ T 0 � r1 ðT0 � T1Þ
r1 � r0

¼ T0ðr1 � r0Þ � r1ðT0 � T1Þ
r1 � r0

¼ r1T1 � r0T0

r1 � r0
Hence (23) transforms to

T ¼ 4�kr0r1ðT0 � T1Þ
4�xkðr1 � r0Þ þ r1T1 � r0T0

r1 � r0

¼ 1

r1 � r0

ðT0 � T1Þr0r1
x

þ r1T1 � r0T0

	 

:

EXAMPLE 2.66
A spherical shell of inner and outer radii 10 cm and
15 cm, respectively, contains steam at 150�C. If the
temperature of the outer surface of the shell is 40�C
and thermal conductivity k ¼ 0.0025, find the
temperature half-way through the thickness of the

shell under steady state conditions.

Solution. With the notation of Example 2.65, we

have

r0 ¼ 10 cm; r1 ¼ 15 cm; x ¼ 12:5 cm;

T0 ¼ 150�C; T1 ¼ 40�C:

Hence

T ¼ 1

r1� r0

ðT0�T1Þr0 r1
x

þ r1T1� r0 T0

	 


¼ 1

5

ð150� 40Þ150
12:5

þ 600� 1500

	 


¼ 1

5

16500

12:5
� 900

	 

¼ 1

5
½1320 � 900� ¼ 84�C:

EXAMPLE 2.67
A long hollow pipe has a inner radius of r0 cm and
outer radius of r1 cm. The inner surface is kept at a

temperature T0 and the outer surface at the tem-

perature T1. If thermal conductivity is k, find the
heat lost per second of 1 cm length of the pipe. Also

find the temperature distribution through the

thickness of the pipe.

Solution. Let Q cal/sec be the constant quantity of

heat flowing out radially through the surface of the
pipe having radius x cm and length 1 cm. Then the
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area of the lateral surface is 2�x. Therefore, by
Fourier law,

Q ¼ �kA
dT

dx
¼ �kð2�xÞ dT

dx

and so

dT ¼ � Q

2�k
:
dx

x
:

Integrating, we get

T ¼ � Q

2�k
log xþ C: ð24Þ

When x ¼ r0, T ¼ T0, and so

T0 ¼ � Q

2�k
log r0 þ C ð25Þ

When x ¼ r1, T ¼ T1 and we have

T1 ¼ � Q

2�k
log r1 þ C: ð26Þ

Subtracting (26) from (25), we have

T0 � T1 ¼ Q

2�k
½log r0 � log r1� ¼ Q

2�k
log

r1

r0
:

Thus

Q ¼ 2�kðT0 � T1Þ
log r1

r0
;

ð27Þ

which gives the heat lost per second in 1 cm of the

pipe. Further subtracting (25) from (24) and using

(27), we get

T� T0 ¼ � Q

2�k
½log x� log r0� ¼ � Q

2�k
log

x

r0

¼ � 2�kðT0 � T1Þ
2�k log r1

r0

log
x

r0

¼ ðT1 � T0Þ
log r1

r0

log
x

r0
:

Hence,

T ¼ T0 þ ðT1 � T0Þ
log r1

r0

log
x

r0
ð28Þ

which gives the required temperature distribution

through the thickness of the pipe.

EXAMPLE 2.68
A pipe 20 cm in diameter contains steam at 150�C
and is protected with a covering 5 cm thick. If

thermal conductivity is 0.0025 and the temperature
of the outer surface of the covering is 40�C, find the

temperature half-way through the covering under
steady-state conditions.

Solution. Using the notation of Example 2.67, we
have

r0 ¼ 10cm; r1 ¼ 15 cm; x ¼ 12:5;

T0 ¼ 150�C; T1 ¼ 40�C; k ¼ 0:0025:

Hence using (28), we have

T ¼ 150þ 40� 150

log 15
10

log
12:5

10

¼ 150� 110 log
1:25

1:5
¼ 89:5�C:

EXAMPLE 2.69
A long hollow pipe has an inner diameter of 10 cm

and outer diameter of 20 cm. The inner surface is
kept at 200�C and the outer surface at 50�C. The
thermal conductivity is 0.12. How much heat will

be lost per second from a portion of 1 cm of the pipe
and what is the temeprature at a distance of 7.5 cm

from the centre of the pipe?

Solution. From Example 2.67, we have

Q ¼ 2�kðT0 � T1Þ
log r1

r0

¼ 2�kð200� 50Þ
log 10

5

¼ 300�k

log 2

¼ 300�ð0:12Þ
log 2

¼ 163cal=sec:
Also

T¼T0þðT1�T0Þ
log r1

r0

log
x

r0

¼ 200 þð50�200Þ
log2

log
7:5

5

¼ 200�150 log
1:5

2
¼ 200�150ð:58Þ¼ 113�C:

(D) Rate Problems
Insomeproblems, the rateatwhichaquantitychanges is
a known function of the amount present and/or the time

and it is desired to find the quantity itself. Radioactive

nucleidecay,populationgrowth, andchemical reactions
are some of the phenomenon of this kind.
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Let x be the amount of radioactive nuclei pre-
sent after t years. Then dx

dt
represents the rate of

decay. Since the nuclei decay at a rate proportional

to the amount present, we have
dx

dt
¼ kx; ð29Þ

where k is constant of proportionality.

The law of chemical reaction states that the rate
of change of chemical reaction is proportional to

the amount of substance present at that instant.

Thus, the differential equation (29) governs the
chemical reaction of first order.

Moreover, if the rate at which amount of a sub-

stance increases or decreases is found to be jointly
proportional to two factors, each factor being a lin-

ear function of x, then the chemical reaction is said

to be of second order. For example, if a solution
contains two substances whose amounts at the

beginning are a and b respectively and if equal

amount x of each substance changes in time t, then
the amounts of the substance left in the solution at

time t are (a – x) and (b – x) and, therefore, we have

dx

dt
¼ kða� xÞðb� xÞ:

Taking the case of population growth, we assume

that the population is a continuous and differenti-
able function of time. Let x be the number of indi-

viduals in a population at time t. Then rate of

change of population is proporitional to the number
of individuals in it at any time. Thus equation (29) is

valid for population growth also.

EXAMPLE 2.70
If 10% of 50 mg of a radioactive material decays in

2 hours, find the mass of the material left at any

time t and the time at which the material has
decayed to one-half of its initial mass.

Solution. Let x denote the amount of material present
at time t. Then the equation governing the decay is

dx

dt
¼ kx:

Variable separation gives

dx

x
¼ kdt:

Integrating, we get

log x ¼ kt þ logC or x ¼ Cekt:

At t ¼ 0, x ¼ 50. Therefore, C ¼ 50 and so x ¼ 50

ekt. At t ¼ 2, 10% of the mass present is decayed.

Thus 5 mg of the substance has been decayed and
45 gm still remains. Therefore, 45 ¼ 50 e2k. Thus

k ¼ 1

2
log

45

50
¼ �0:053:

Hence mass of the material left at any time t is

x ¼ 50�e�0:053 t:

Further, when half of the material is decayed, we
have x ¼ 25 mg and so

25 ¼ 50�e�0:053 t

or

�0:053t ¼ log
1

2

or

t ¼ 13 hours:

EXAMPLE 2.71
A tank contains 1000 litres of fresh water. Salt water

which contains 150 gm of salt per litre runs into it at

the rate of 5 litres/min and well stirred mixture runs
out of it at the same rate. When will the tank contain

5000 gm of salt?

Solution. Let x denote the amount of salt in the tank

at time t. Then
dx

dt
¼ IN�OUT:

The brine flows at the rate of 5 litres/min and each
litre contains 150 gm of salt. Thus

IN ¼ 5� 150 ¼ 750 gm=min

Since the rate of outflow equals the rate of inflow,
the tank contains 1000 litres of mixture at any time

t. This 1000 litres contains x gm of salt at time t

and so the concentration of the salt at time t is x
1000

gm/litres. Since mixture flows out at the rate of 5

litres/min, we have

OUT ¼ x

1000
� 5 ¼ x

200
gm=litres:
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Thus the differential equation for x becomes

dx

dt
¼ 750 � x

200
: ð30Þ

Since initially there was no salt in the tank, we have

the initial condition x(0) ¼ 0. The equation (30) is
linear and separable. We have in fact

dx

150000� x
¼ dt

200
:

Integrating, we get

� logð150000� xÞ ¼ t

200
þ C: ð31Þ

Using the initial condition x(0) ¼ 0, we have

C ¼ � log 150000:

Hence (31) yields

t

200
¼ log 150000� logð150000� xÞ

or

t ¼ 200 log
150000

150000� x
:

If x ¼ 5000 gm, then

t ¼ 200 log
150000

145000
¼ 200 log

30

29
¼ 6:77min:

EXAMPLE 2.72
If the population of a city gets doubled in 2 years

and after 3 years the population is 15,000, find the
initial population of the city.

Solution. Let x denote the population at any time t
and let x0 be the initial population of the city. Then

dx

dt
¼ kx;

which has the solution as

x ¼ C ekt:

At t ¼ 0, x ¼ x0. Hence C ¼ x0. Thus

x ¼ x0e
kt ð32Þ

But at t ¼ 2, x ¼ 2x0. Therefore

2x0 ¼ x0e
2k or e2k ¼ 2

or

k ¼ 1

2
log 2 ¼ 0:347

Hence (32) reduces to

x ¼ x0 e
0:347 t:

At t ¼ 3, x ¼ 15,000 and so

15; 000 ¼ x0 e
ð0:347Þ ð3Þ ¼ x0ð2:832Þ

Hence

x0 ¼ 15000

2:832
¼ 5297:

(E) Falling Body Problems
Consider a body of mass m falling under the influ-
ence of gravity g and an air resistance, which is

proportional to the velocity of the falling body.

Newton’s second law of motion states that the net
force acting on a body is equal to the time rate of

change of the momentum of the body.

Thus

F ¼ d

dt
ðmvÞ:

If m is assumed to be constant, then

F ¼ m
dv

dt
; ð33Þ

where F is the net force on the body and v is the

velocity of the body at time t.

The falling body is under the action of two
forces: (i) Force due to gravity which is given by

the weight mg of the body (ii) the force due to

resistance of air and that is –kv, where k 	 0 is a
constant of proportionality. Thus (33) yields

mg � kv ¼ m
dv

dt
or

dv

dt
þ k

m
v ¼ g; ð34Þ

which is equation of motion for the falling body.

If air resistance is negligible, then k¼ 0 and we

have
dv

dt
¼ g: ð35Þ

The differential equation (35) is separable and we

have
dv ¼ g dt:

Integrating, we get
v ¼ gt þ C:
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But when t ¼ 0, v ¼ 0 and so C ¼ 0. Hence

v ¼ gt: ð36Þ
Also velocity is time rate of change of displacement
x and so

dx

dt
¼ gt or dx ¼ gt dt:

Integrating, we get

x ¼ 1

2
gt2 þ k ðconstantÞ:

But at t¼ 0, the displacement is 0. Therefore k ¼ 0.

Hence
x ¼ 1

2
gt2: ð37Þ

EXAMPLE 2.73
Abody ofmass 16 kg is dropped froma height of 625

ft. Assuming that there is no air resistance, find the

time required by the body to reach the ground.

Solution. By (37), we have (with g ¼ 32 ft/sec2)

x ¼ 1

2
gt2 ¼ 16t2 ;

therefore,

t2 ¼
ffiffiffiffiffi
x

16

r
¼

ffiffiffiffiffiffiffiffi
625

16

r
¼ 25

4
¼ 6:25 sec:

(F) Orthogonal Trajectories
Recall that a curve which cuts every member of a
given family of curves according to some definite

law is called a trajectory of the family.

A curve which cuts every member of a given
family of curves at right angles is called orthogonal

trajectories. Further, two families of curves are said

to be orthogonal if every member of either family
cuts each member of the other family at right angles.

Consider a one-parameter family of curves in

the xy-plane defined by
f ðx; y; cÞ ¼ 0; ð38Þ

where c denotes the parameter. Differentiating (38),

with respect to x and eliminating c between (38) and

the resulting equation, we get the differential
equation of the family in question. Let the differ-

ential equation be

F x; y;
dy

dx

� �
¼ 0: ð39Þ

To obtain the equation of the orthogonal trajectory,
we replace dy

dx
by � dx

dy
and get the differential equa-

tion of orthogonal trajectory as F x; y; � dx
dy

� �
:

Solution of this differential equation will yield the
equation of the orthogonal trajectory.

In case of polar curves
f ðr; h; cÞ ¼ 0: ð40Þ

Differentiating (40) and eliminating c between (40)
and the resulting equations, we get the differential

equation of the family represented by (40). Let the

differential equation be

F ðr ; h ; dr
dh

Þ ¼ 0: ð41Þ
Replacing dr

dh by � r2 dh
dr

in (41), we get the differ-

ential equation of the orthogonal trajectory as

F ðr ; h � r2
dh

dr
Þ ¼ 0: ð42Þ

Solution of (42) will then yield the equation of the

required orthogonal trajectory.

EXAMPLE 2.74
Find the orthogonal trajectories of the family of

curves x2 + y2 ¼ cx .

Solution. We have

x2 þ y2 � cx ¼ 0: ð43Þ
Differentiating, we get

2x þ 2y
dy

dx
¼ c: ð44Þ

Eliminating c between (43) and (44) yields

2x þ 2y
dy

dx
¼ x2 þ y2

x
or

dy

dx
¼ y2 � x2

2xy
: ð45Þ

The equation (45) is the differential equation of the

family represented by (43). Therefore, the differ-
ential equation of the orthogonal trajectory is

dy

dx
¼ 2xy

x2 � y2
: ð46Þ

This is an homogeneous equation. Substituting

y ¼ vx, and separating variables, we get

dx

x
þ � 1

v
þ 2v

v2 þ 1

� �
dv ¼ 0:
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Integrating, we get

log x� log vþ logðv2 þ 1Þ ¼ C

or

xðv2 þ 1Þ ¼ kv; ðC ¼ log kÞ:
Substituting v ¼ y

x
; we get

x2 þ y2 ¼ ky:

EXAMPLE 2.75
Find the orthogonal trajectory of the family of the

curves xy ¼ C.

Solution. The equation of the given family of curves is

xy ¼ C: ð47Þ
Differentiating, we get

x
dy

dx
þ y ¼ 0

or
dy

dx
¼ � y

x
: ð48Þ

Therefore, the differential equation of the family of

orthogonal trajectory is

dy

dx
¼ x

y
ð49Þ

or

x dx� y dy ¼ 0:

Integrating, we get

x2 � y2 ¼ k;

which is the equation of orthogonal trajectories

called equipotential lines (shown in Figure 2.6).

x
0

y

Figure 2.6

EXAMPLE 2.76
Find the orthogonal trajectories of the family of
curves y ¼ ax2.

Solution. Thegiven family represented by the equation

y ¼ ax2 ð50Þ
is a family of parabolas symmetric about y-axis with
vertices at (0, 0). Differentiating with respect to x,

we get
dy

dx
¼ 2ax: ð51Þ

Eliminating a between (50) and (51), we get

dy

dx
¼ 2xy

x2
¼ 2y

x
:

Therefore, differential equation of the orthogonal
trajectory is

dy

dx
¼ � x

2y
ð52Þ

or

2y dyþ x dx ¼ 0:

Integrating, we get

2
y2

2
þ x2

2
¼ C

or
x2

2
þ y2

1
¼ C: ð53Þ

The orthogonal trajectories represented by (53) are
ellipses (shown in the Figure 2.7)

x

y

0

Figure 2.7

EXAMPLE 2.77
Show that the system of confocal and coaxial para-
bolas is self-orthogonal.
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Solution. The equation of the family of confocal
parabolas having x-axis as their axis is of the form

y2 ¼ 4aðxþ aÞ: ð54Þ
Differentiating, we get

y
dy

dx
¼ 2a

or

dy

dx
¼ 2a

y
: ð55Þ

From (55), we have a ¼ y dy
2 dx

: Substituting this
value in (54), we get

y2 ¼ 2y
dy

dx
þ xþ 1

2
y
dy

dx

� �

or

y
dy

dx

� �2

þ2x
dy

dx
� y ¼ 0; ð56Þ

which is the differential equation of the given family.
Replacing dy

dx
by � dx

dy
in (56) we obtain (56) again.

Hence, each member of family (54) cuts every other

member of the same family orthogonally.

EXAMPLE 2.78
Find the orthogonal trajectories of the family of

curves x2

a2
þ y2

b2þl
¼ 1.

Solution. The equation of the family of the given

curve is

x2

a2
þ y2

b2 þ l
¼ 1: ð57Þ

Differentiating with respect to x, we get

x

a2
þ y

b2 þ l

dy

dx
¼ 0: ð58Þ

From (57) and (58) we have respectively

b2 þ l ¼ a2y2

a2 � x2
and b2 þ l ¼ � a2y

x

dy

dx
:

Hence

a2y2

a2 � x2
¼ � a2y

x

dy

dx

or
dy

dx
¼ �xy

a2 � x2
:

Therefore, differential equation of the orthogonal
trajectory is

dy

dx
¼ a2 � x2

xy

or

y dy ¼ a2 � x2

x
dx ¼ a2

x
dx� x dx:

Integrating, we get

y2

2
¼ a2 log x� x2

2
þ C

or

x2 þ y2 ¼ 2a2 log xþ kðconstantÞ;
which is the equation of the required orthogonal

trajectories.

EXAMPLE 2.79
Find the orthogonal trajectory of the cardioid r ¼ a

(1 – cos h).

Solution. The equation of the family of given cardi-

oide is

r ¼ að1� cos hÞ: ð59Þ
Differentiating with respect to h, we have

dr

dh
¼ a sin h: ð60Þ

Dividing (60) by (59), we get the differential
equation of the given family as

1

r

dr

dh
¼ sinh

1�cosh
¼ 2sinh=2 cosh=2

2sin2h=2
¼ cot

h

2
ð61Þ

Replacing dr
dh by � r2 dh

dr
in (61), we get

1

r
�r2

dh

dr

� �
¼ cot

h

2

or

dr

r
þ tan

h

2
dh ¼ 0; ð62Þ

which is the equation of the family of orthogonal

trajectories. Integrating (62), we get

log r � 2 log cos h
2
¼ logC

or

log r ¼ logC þ log cos2
h

2
¼ logC cos2

h

2
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or

r ¼ C cos2
h

2
¼ C ð1 þ cos hÞ;

which is the equation of orthogonal trajectory of the

given family.

EXAMPLE 2.80
Find the orthogonal trajectories of the family of

curves x2 + y2 ¼ c2

Solution. The equation of the given family of curves is

x2 þ y2 � c2 ¼ 0 ð63Þ
Differentiating (63), we get

2x þ 2y
dy

dx
¼ 0

or
dy

dx
¼ � x

y
; ð64Þ

which is the differential equation representing the

given curves. Therefore the differential equation
of the required family of orthogonal trajectories is

dy

dx
¼ y

x

or
dy

y
¼ dx

x
ð65Þ

Integrating, we get

log y ¼ log xþ log k

or
y ¼ kx;

which is the equation of the orthogonal trajectories,

which are straight lines through the origin as shown
in the Figure 2.8.

x

y

0

Figure 2.8

EXAMPLE 2.81
Find the orthogonal trajectories of the curves r2 ¼
a2 cos 2h.

Solution. We are given that

r2 ¼ a2 cos 2h ¼ a2ð1� 2 sin2 hÞ: ð66Þ
Differentiating (66) w.r.t. h, we have

2r
dr

dh
¼ �2a2 sin 2h: ð67Þ

Dividing (67) by (66), we get

2

r

dr

dh
¼ �2 sin 2h

cos 2h
:

Replacing dr
dh with –r2 dh

dr
, we get

�2r
dh

dr
¼ � sin 2h

cos 2h
¼ �2 tan 2h

or
dr

r
¼ cot 2h:

Integrating, we get

log r ¼ 1

2
log sin 2hþ logC

or
2 log r ¼ 2 logC þ log sin 2h

or

log r2 ¼ logC2 þ log sin 2h

or

r2 ¼ C2 sin 2h:

2.14 LINEAR DIFFERENTIAL EQUATIONS

Definition 2.17. A differential equation in which the

dependent variable and its derivatives occur only in

the first degree and are not multiplied together is
called a linear differential equation.

Thus, a linear differential equation of nth order

is of the form

a0
dny

dxn
þa1

dn�1y

dxn�1
þa2

dn�2y

dxn�2
þ...þany¼FðxÞ ð68Þ

wherea0, a1,…, an and F(x) are functions of x alone.

If a0, a1, …, an are constants, then the above

equation is called a linear differential equation with
constant coefficients.

If F is identically zero, then the equation (68)

reduces to

a0
dny

dxn
þ a1

dn�1y

dxn�1
þ a2

dn�2y

dxn�2
þ :::þ any¼ 0 ð69Þ

and is called a homogeneous linear differential
equation of order n.
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Definition 2.18. If f1, f2, …, fn are n given functions
and c1, c2, …, cn are n constants, then the expres-

sion

c1 f1 þ c2 f2 þ . . .þ cn fn

is called a linear combination of f1, f2 , …, fn .

Definition 2.19. The set of functions {f1, f2, …, fn} is

said to be linearly independent on [a, b] if the relation

c1 f1 þ c2 f2 þ . . .þ cn fn ¼ 0

for all x 2 [a, b] implies that

c1 ¼ c2 ¼ . . . ¼ cn ¼ 0:

Definition 2.20. The symbol D ¼ d
dx

is called a dif-

ferential operator. Similarly, D2 ¼ d2

dx2
, D3 ¼ d3

dx3
, …,

Dn ¼ dn

dxn
are also regarded as operators. In terms of

these symbols, the equation (68) takes the form

ða0 Dn þ a1D
n�1 þ :::þ an�1Dþ anÞy ¼ FðxÞ

or
f ðDÞy ¼ FðxÞ;

where

f ðDÞ ¼ a0 D
n þ a1D

n�1 þ . . .þ an�1Dþ an:

We note that

Dðuþ vÞ ¼ Duþ Dv

Dðl uÞ ¼ lDðuÞ
ðDm DnÞ ðuÞ ¼ DmþnðuÞ
ðDm DnÞ ðuÞ ¼ ðDnDmÞ ðuÞ:

Theorem 2.4. Any linear combination of linearly

independent solutions of the homogeneous linear
differential equation is also a solution (in fact,

complete solution) of that equation.

Proof: Let y1, y2, …, yn be the solution of the

homogeneous linear differential equation

ðDn þ a1D
n�1 þ a2D

n�2 þ :::þ anÞy ¼ 0 ð70Þ
Therefore,

Dny1þa1D
n�1y1þa2D

n�2y1þ:::þany1¼0
Dny2þa1D

n�1y2þa2D
n�2y2þ:::þany2¼0

:::::::::::::
Dnynþa1D

n�1ynþa2D
n�2ynþ:::þanyn¼0

9>>=
>>;

ð71Þ

Let
u ¼ c1y1 þ c2y2 þ . . .þ cnyn:

Then

Dnuþ a1D
n�1uþ a2D

n�2uþ :::þ anu

¼ Dnðc1y1 þ c2y2 þ :::þ cnynÞ
þ a1D

n�1ðc1y1 þ c2y2 þ :::þ cnynÞ
þ a2D

n�2ðc1y1 þ c2y2 þ :::þ cnynÞ
þ . . .þ anðc1y1 þ c2y2 þ :::þ cnynÞ

¼ c1ðDny1 þ a1D
n�1y1 þ :::þ any1Þ

þ c2ðDny2 þ a1D
n�1y2 þ :::þ any2Þ

þ . . .þ cnðDnyn þ a1D
n�1yn þ :::þ anynÞ

¼ 0þ 0þ ::þ 0 ¼ 0using ð71Þ:
Hence,u¼ c1 y1 + c2 y2 +… + cn yn is also a solution
of the homogeneous linear differential equation (68).

Since this solution contains n arbitrary constants, it is

a general or a complete solution of (70).

EXAMPLE 2.82
Showthatc1 sin x + c2 cos x is a solution of

d2y
dx2

+ y¼ 0.

Solution. Let
y1 ¼ sin x; y2 ¼ cos x:

Then

dy1

dx
¼ cos x;

dy2

dx
¼ � sin x

d2y1

dx2
¼ � sin x;

d2y2

dx2
¼ � cos x:

We note that

d2y1

dx2
þ y1 ¼ � sin xþ sin x ¼ 0

and

d2y2

dx2
þ y2 ¼ � cos xþ cos x ¼ 0:

Hence, sin x and cos x are solutions of the given

equation. These two solutions are linearly inde-

pendent. Therefore, their linear combination c1 sin
x + c2 cos x is also a solution of the given equation.

Theorem 2.5. If y1 is a complete solution of the
homogeneous equation f(D)y ¼ 0 and y2 is a parti-

cular solution containing no arbitrary constants of the

differential equation f(D)y¼ F(x), then y1 + y2 is the
complete solution of the equation f(D)y ¼ F(x).
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Proof: Since y1 is a complete solution of the homo-
geneous differential equation f(D)y ¼ 0, we have

f ðDÞy1 ¼ 0 ð72Þ
Further, since y2 is a particular solution of linear

differential equation f(D)y ¼ F(x), we have

f ðDÞy2 ¼ FðxÞ: ð73Þ
Adding (70) and (71), we get

f ðDÞy1 þ f ðDÞy2 ¼ FðxÞ
or

f ðDÞðy1 þ y2Þ ¼ FðxÞ:
Hence, y1 + y2 satisfies the equation f(D)y ¼ F(x)

and so is the complete solution since it contains n

arbitrary constants.

Definition 2.21. Let f(D)y ¼ F(x) be a linear differ-

ential equation with constant coefficients. If y1 is a
complete solution of f(D)y¼ 0 and y2 is a particular

solution of f(D)y ¼ F(x), then y1 + y2 is a complete

solution of f(D)y ¼ F(x) and then y1 is called the
complementary function and y2 is called the particular

integral of the differential equation f (D)y ¼ F(x) .

Consider the homogeneous differential equation
f(D)y ¼ 0. Then

ðDn þ a1D
n�1 þ an�2

2 þ :::þ anÞy ¼ 0: ð74Þ
Let y ¼ emx be a solution of (74). Then

Dy ¼ memx;D2y ¼ m2 emx; . . . ; Dny ¼ mnemx

and so (74) transforms to

ðmn þ a1m
n�1 þ :::þ anÞemx ¼ 0:

Since emx 6¼ 0, we have

mn þ a1m
n�1 þ a2m

n�2 þ :::þ an ¼ 0: ð75Þ
It follows, therefore, that if emx is a solution of f (D)y

¼ 0, then equation (75) is satisfied.
The equation (75) is called auxiliary equation

for the differential equation f (D)y ¼ 0.

2.15 SOLUTION OF HOMOGENEOUS LINEAR
DIFFERENTIAL EQUATION WITH CONSTANT
COEFFICIENTS

Consider the homogeneous linear differential equation

dny

dxn
þ a1

dn�1y

dxn�1
þ :::þ an�1

dy

dx
þ any ¼ 0:

The symbolic form of this equation is

ðDn þ a1D
n�1 þ :::þ an�1Dþ anÞy ¼ 0; ð76Þ

where a1, a2, …, an are constants. If y ¼ emx is a

solution of (76), then

mn þ a1m
n�1 þ :::þ an�1mþ an ¼ 0: ð77Þ

Three cases arise, according as the roots of (77)
are real and distinct, real and repeated or complex.

Case I. Distinct Real Roots
Suppose that the auxiliary equation (77) has n dis-

tinct rootsm1,m2, …,mn. Therefore, (77) reduces to

ðm� m1Þðm� m2Þ . . . ðm� mnÞ ¼ 0 ð78Þ
Equation (78) will be satisfied by the solutions of
the equations

ðD� m1Þy ¼ 0; ðD� m2Þy ¼ 0; . . . ;

ðD� mnÞ ¼ 0:

We consider (D – m1)y ¼ 0. This can be written as

dy

dx
� m1y ¼ 0;

which is linear differential equation with integrating

factor as e�m1x. Therefore, its solution is

y:e�m1x ¼
Z

0 : e�m1xdxþ c1

or

y ¼ c1 e
m1x:

Similarly,

the solution of ðD� m2Þy ¼ 0 is c2 em2x;
the solution of ðD� m3Þy ¼ 0 is c3 em3x;

. . .

. . .
the solution of ðD� myÞy ¼ 0 is cne

mnx:

Hence, the complete solution of homogeneous dif-
ferential equation (76) is

y ¼ c1 e
m1x þ c2e

m2x þ . . .þ cne
mnx: ð79Þ

Case II. Repeated Real Roots
Suppose that the roots m1 and m2 of the auxiliary
equation are equal. Then the solution (79) becomes

y ¼ c1 e
m1x þ c2 e

m1x þ c3 e
m3x þ . . .þ cn e

mnx

¼ ðc1 þ c2Þ em1x þ c3 e
m3x þ . . .þ cn e

mnx:
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Since it contains n – 1 arbitrary constants, it is not a
complete solution of the given differential equation.

We shall show that the part of the solution corre-

sponding to equal roots m1 and m2 is (c1x + c2) e
m1x.

To prove it, consider the equation

ðD� m1Þ2y ¼ 0;

that is,

ðD� m1ÞðD� m1Þy ¼ 0:

Substituting (D – m1)y ¼ U, the above equation
becomes

ðD� m1ÞU ¼ 0

or

dU

dx
� m1U ¼ 0

or

dU

U
¼ m1dx:

Integrating, we get

logU ¼ m1xþ logC1

or

log
U

c1
¼ m1x or

U

c1
¼ em1x

and so
U ¼ c1 e

m1x:

Hence

ðD� m1Þy ¼ c1 e
m1x

or

dy

dx
� m1y ¼ c1 e

m1x;

which is again a linear equation with integrating

factor e�m1x. Hence, the solution is

y: e�m1x ¼
Z

c1e
m1x:e�m1x þ c2

¼ c1xþ c2;

which yields

y ¼ ðc1xþ c2Þem1x:

Hence, the complete solution of the given differen-
tial equation is

y ¼ ðc1xþ c2Þem1x þ c3e
m3x þ . . .þ cn e

mnx:

Remark 2.1. If three roots of the auxiliary equation
are equal, that is, m1 ¼ m2 ¼ m3, then the complete

solution will come out to be

y ¼ ðc1x2 þ c2xþ c3Þem1x þ c4e
m4x þ . . .þ cn e

mnx:

In general, ifm1¼ m2¼…¼mk, then the complete
solution of the differential equation shall be

y ¼ ðc1xk�1 þ c2x
k�2 þ :::þ ckÞ þ ckþ1 e

mkþ1x þ :::

þcn e
mnx:

Case III. Conjugate Complex Roots
(a) Suppose that the auxiliary equation has a non-

repeated complex root a + ib. Then, since the
coefficients are real, the conjugate complex

number a – ib is also a non-repeated root.
Thus, the solution given in (79) becomes

y¼c1e
ðaþibÞxþc2e

ða�ibÞxþc3e
m3xþ:::þcne

mnx

¼eaxðc1eibxþc2e
�ibxÞþc3e

m3xþ:::þcne
mnx

¼eax½c1ðcosbxþisinbxÞþc2ðcosbx�isinbxÞ�
þc3e

m3xþ:::þcne
mnx

¼eax½ðc1þc2Þcosbxþiðc1�c2Þsinbx�
þc3e

m3xþ:::þcne
mnx

¼eax½k1cosbxþk2sinbx�þc3e
m3xþ:::þcne

mnx;

where k1 ¼ c1 + c2, k2 ¼ i(c1 – c2) .

(b) If two pairs of imaginary roots are equal, then

m1 ¼ m2 ¼ aþ ib and m3 ¼ m4 ¼ a� ib:

Using Case II, the complete solution is

¼ eax½ðc1xþ c2Þ cos bxþ ðc3xþ c4Þ sin bx�
þc5 e

m5x þ . . .þ cne
mnx:

EXAMPLE 2.83
Solve

d3y

dx3
þ d2y

dx2
þ 4

dy

dx
þ 4y ¼ 0:

Solution. The symbolic form of the given equation is

ðD3 þ D2 þ 4Dþ 4Þy ¼ 0:

Therefore its auxiliary equation is

m3 þ m2 þ 4mþ 4 ¼ 0:

By inspection –1 is a root. Therefore, (m + 1) is a
factor of m3 +m2 + 4m + 4. The synthetic division
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by m + 1 gives

�1 1 1 4 4

�1 0 �4

1 0 4 0

Therefore, the auxiliary equation is

ðmþ 1Þðm2 þ 4Þ ¼ 0

and so
m ¼ �1 and m ¼ 
 2i:

Hence, the complementary solution is

y ¼ c1e
�x þ e0 xðc2 cos 2xþ c3 sin 2xÞ

¼ c1e
�x þ c2 cos 2xþ c3 sin 2x:

EXAMPLE 2.84
Solve

d3y

dx3
� 3

d2y

dx2
þ 3

dy

dx
� y ¼ 0:

Solution. The symbolic form of the given equation is

ðD3 � 3D2 þ 3D� 1Þy ¼ 0:

Therefore, the auxiliary equation is

m3 � 3m2 þ 3m� 1 ¼ 0:

By inspection1 is a root. Then synthetic divisionyields

1 1 �3 3 �1

1 �2 1

1 �2 1 0

Therefore, the auxiliary equation is

ðm� 1Þðm2 � 2mþ 1Þ ¼ 0 or ðm� 1Þ3 ¼ 0:

Hence the roots are 1, 1, 1 and so the solution of the

given equation is

y ¼ ðc1 þ c2xþ c3x
2Þex:

EXAMPLE 2.85
Find the general solution of

d4y

dx4
� 5

d3y

dx3
þ 6

d2y

dx2
þ 4

dy

dx
� 8y ¼ 0:

Solution. The auxiliary equation is

m4 � 5m3 þ 6m2 þ 4m� 8 ¼ 0;

whose roots are 2, 2, 2, and –1. Hence the general

solution is

y ¼ ðc1 þ c2xþ c3x
2Þe2x þ c4e

�x:

EXAMPLE 2.86
Solve d2y

dx2
� 2 dy

dx
þ 10y ¼ 0 subject to the conditions

y(0) ¼ 4, y 0(0) ¼ 1.

Solution. The symbolic form of the given differential
equation is

ðD2 � 2Dþ 10Þy ¼ 0:

Therefore, the auxiliary equation is

m2 � 2mþ 10 ¼ 0;

which yields

m ¼ 1
 3i:

Therefore, the solution is

y ¼ exðc1 cos 3xþ c2 sin 3xÞ:
Now,

y0 ¼ c1½ex cos 3x� 3ex sin 3x�
þ c2½ex sin 3xþ 3ex cos 3x�

¼ ex cos 3xðc1 þ 3c2Þ þ ex sin xðc2 � 3c1Þ:
The initial conditions y(0) ¼ 4 and y 0(0) ¼ 1 yield

4 ¼ c1 and 1 ¼ c1 þ 3c2

and so c1 ¼ 4 and c2 ¼ –1. Hence the solution is

y ¼ exð4 cos 3x� sin 3xÞ:

EXAMPLE 2.87
Solve

d3y

dx3
þ y ¼ 0:

Solution. The auxiliary equation is

m3 þ 1 ¼ 0

or

ðmþ 1Þðm2 � mþ 1Þ ¼ 0:
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Thus the roots are –1, 1
 ffiffi
3

p
i

2
. Hence, the general

solution of the equation is

y ¼ c1 e
�x þ e

1
2 xðc2 cos

ffiffiffi
3

p

2
xþ c3 sin

ffiffiffi
3

p

2
xÞ:

EXAMPLE 2.88
Solve

d4y

dx4
¼ m4 y:

Solution. The auxiliary equation for the given dif-
ferential equation is

s4 � m4 ¼ 0
or

ðsþ mÞðs� mÞðs2 þ m2Þ ¼ 0

and so s ¼ m, –m, ± mi. Hence the solution is

y ¼ c1 e
mx þ c2 e�mx þ c3 cosmxþ c4 sinmx

¼ c1½coshmxþ sinhmx� þ c2½coshmx� sinhmx�
þ c3 cosmxþ c4 sinmx

¼ ðc1 þ c2Þ coshmxþ ðc1 � c2Þ sinhmx
þ c3 cosmxþ c4 sinmx

¼ C1 coshmxþ C2 sinhmxþ c3 cosmx
þ c4 sinmx;

where
C1 ¼ c1 þ c2 and C2 ¼ c1 � c2:

EXAMPLE 2.89
Solve 4 d3y

dx3
þ 4 d2y

dx2
þ dy

dx
¼ 0.

Solution. The auxiliary equation for the given dif-

ferential equation is

4m3 þ 4m2 þ m ¼ 0

or

mð4m2 þ 4mþ 1Þ ¼ 0:

Thus the roots are m ¼ 0, –1
2
, and –1

2
. Hence the

solution is

y ¼ c1e
0 x þ ðc2 þ c3xÞ e�x=2

¼ c1 þ ðc2 þ c3xÞe�x=2:

2.16 COMPLETE SOLUTION OF LINEAR
DIFFERENTIAL EQUATION WITH
CONSTANT COEFFICIENTS

We now discuss the methods of finding particular
integral of a linear differential equation with

constant coefficients so that complete solution of
the equation may be found.

Definition 2.22. 1
D
F(x) is that function of x which

when operated upon by D yields F(x).

Similarly, 1
f ðDÞF(x) is that function of x, free

from arbitrary constant, which when operated upon
by f (D) yields F(x).

Thus, 1
D
is the inverse operator of D and 1

f ðDÞ is
the inverse operator of f (D).

Theorem 2.6. 1
D
F(x) ¼ R FðxÞ dx.

Proof: Let
1

D
FðxÞ ¼ v: ð80Þ

Operating both sides of (80) by D, we get

D:
1

D
FðxÞ ¼ Dv

or

FðxÞ ¼ Dv ¼ dv

dx

or

dv ¼ FðxÞdx:
Integrating, we get

v ¼
Z

FðxÞ dx;

where no constant of integration is added since
1
D
F(x) contains no constant. Thus,

1

D
FðxÞ ¼

Z
FðxÞ dx:

Hence, 1
D
stands for integration.

Theorem 2.7. 1
D�aFðxÞ ¼ eax

R
FðxÞe�ax dx.

Proof: Let
1

D� a
FðxÞ ¼ y: ð81Þ

Operating both sides of (81) by D – a, we have

FðxÞ ¼ ðD� aÞy ¼ Dy� ay

¼ dy

dx
� ay:
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Therefore,

dy

dx
� ay ¼ FðxÞ;

which is a linear differential equation with integrat-
ing factor e–ax. Therefore, its solution is

y:e�ax

Z
FðxÞ e�ax dx

or

y ¼ eax
Z

FðxÞ e�ax dx

or

1

D� a
FðxÞ ¼ eax

Z
FðxÞ e�ax dx:

Theorem 2.8. 1
f ðDÞF(x) is the particular integral of

f (D)y ¼ F(x).

Proof: The given linear differential equation is

f ðDÞy ¼ FðxÞ ð82Þ
Substituting y ¼ 1

f ðDÞF(x) in (82), we have F(x) ¼
F(x), which is true. Hence y ¼ 1

f ðDÞ F(x) is a solution
of (82).

2.16.1 Standard Cases of Particular Integrals
Consider the linear differential equation

f ðDÞy ¼ FðxÞ:
By Theorem 2.8, its particular integral is

P.I. ¼ 1

f ðDÞFðxÞ:

Case I. When F(x) ¼ eax

We have

f ðDÞ¼Dnþa1D
n�1þa2D

n�2þ ...þan:

Therefore,

f ðDÞeax¼ðDnþa1D
n�1þ ...þanÞeax

¼Dneaxþa1D
n�1eaxþ ...þan�1Deaxþane

ax

¼aneaxþa1a
n�1eaxþ ...þan�1ae

axþane
ax

¼ðanþa1a
n�1þ ...þan�1aþanÞeax

¼ f ðaÞeax:

Operating both sides by 1
f ðDÞ yields

eax ¼ 1

f ðDÞ ½ f ðaÞe
ax�

¼ f ðaÞ 1

f ðDÞ e
ax:

Hence

1

f ðDÞ e
ax ¼ 1

f ðaÞ e
ax; provided f ðaÞ 6¼ 0: ð83Þ

If f (a) ¼ 0, then D – a is a factor of f (D). So, let

f ðDÞ ¼ ðD� aÞ�ðDÞ: ð84Þ

Then

1

f ðDÞe
ax¼ 1

ðD�aÞ�ðDÞe
ax¼ 1

ðD�aÞ
1

�ðDÞe
ax

	 


¼ 1

D�a

1

�ðaÞe
ax

	 

usingð83Þsince�ðaÞ 6¼0

¼ 1

�ðaÞ
1

D�a
eax

	 


¼ 1

�ðaÞe
ax

Z
eax:e�axdx; byTheorem2.7

¼x
eax

�ðaÞ ð85Þ

Differentiating (84) with respect to D gives

f 0ðDÞ ¼ �ðDÞ þ ðD� aÞ�0ðDÞ:

Putting D ¼ a, we get f 0(a) ¼ �(a). Therefore, (85)
reduces to

1

f ðDÞ e
ax ¼ x

eax

�ðaÞ ¼ x
eax

d
dD

f ðDÞ �
D¼a

¼ x
eax

f 0ðaÞ ; provided f
0ðaÞ 6¼ 0: ð86Þ

If f 0(a) ¼ 0, then the rule can be repeated to give

1

f ðDÞ e
ax ¼ x2

eax

f 00ðaÞ e
ax;

provided f 00ðaÞ 6¼ 0 and so on:
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Case II. When F(x) ¼ sin (ax + b) or cos (ax + b)
We have

D sinðaxþ bÞ ¼ a cosðaxþ bÞ
D2 sinðaxþ bÞ ¼ �a2 sinðaxþ bÞ
D3 sinðaxþ bÞ ¼ �a3 cosðaxþ bÞ
D4 sinðaxþ bÞ ¼ a4 sinðaxþ bÞ

. . .

. . .

We note in general that

ðD2Þn sinðaxþ bÞ ¼ ð�a2Þn sinðaxþ bÞ:
Hence

f ðD2Þ sinðaxþ bÞ ¼ f ð�a2Þ sinðaxþ bÞ:
Operating on both sides by 1

f ðD2Þ, we get

sinðaxþ bÞ ¼ f ð�a2Þ 1

f ðD2Þ sinðaxþ bÞ:

Dividing both sides by f (–a2), we have

1

f ð�a2Þ sinðaxþ bÞ ¼ 1

f ðD2Þ sinðaxþ bÞ:

Hence

1

f ðD2Þ sinðaxþ bÞ ¼ 1

f ð�a2Þ sinðaxþ bÞ; ð87Þ

provided f (–a2) 6¼ 0.

Similarly,

1

f ðD2Þ cosðaxþ bÞ ¼ 1

f ð�a2Þ cosðaxþ bÞ; ð88Þ

provided f (–a2) 6¼ 0.

If f (–a2) ¼ 0, then (87) and (88) are not valid.

In such a situation, we proceed as follows:
By Euler’s formula

eiðaxþbÞ ¼ cosðaxþ bÞ þ i sinðaxþ bÞ:
Thus

1

f ðD2Þ e
iðaxþbÞ ¼ 1

f ðD2Þ ½cosðaxþ bÞ þ i sinðaxþ bÞ�

or, by 86,

x:
1

f 0ðD2Þe
iðaxþbÞ ¼ 1

f ðD2Þ½cosðaxþbÞþ isinðaxþbÞ�

or

x:
1

f 0ðD2Þ ½cosðaxþ bÞ þ i sinðaxþ bÞ�

¼ 1

f ðD2Þ ½cosðaxþ bÞ þ i sinðaxþ bÞ�
Equating real and imaginary parts, we have

1

f ðD2Þ cosðaxþ bÞ ¼ x:
1

½ f 0ðD2Þ�D2¼�a2
cosðaxþ bÞ

ð89Þ

provided that f 0(–a2) 6¼ 0, and
1

f ðD2Þ sinðaxþ bÞ ¼ x
1

½ f 0ðD2Þ�D2¼�a2
sinðaxþ bÞ;

ð90Þ
provided f 0(–a2) 6¼ 0.

If f 0(–a2) ¼ 0, then repeating the above pro-
cess, we have

1

f ðD2ÞcosðaxþbÞ ¼ x2
1

½ f 00ðD2Þ�D2¼�a2
cosðaxþbÞ

provided f 00(–a2) 6¼ 0

and

1

f ðD2Þ sinðaxþ bÞ ¼ x2
1

½ f 00ðD2Þ�D2¼�a2
sinðaxþ bÞ

provided f 00(–a2) 6¼ 0.

Case III. When F(x) ¼ xn, n being positive integer
Since in this case

P:I:
1

f ðDÞ FðxÞ ¼
1

f ðDÞ x
n;

we make the coefficient of the leading term of f (D)

unity, take the denominator in numerator and then

expand by Binomial theorem. Operate the resulting
expansion on xn.

Case IV. When F(x) ¼ eax Q(x), where Q(x) is some
function of x

Let G is a function of x, we have

D½eaxG�¼eaxDGþaeaxG¼eaxðDþaÞG
D2½eaxG�¼eaxðDþaÞ2G

...

...
Dn½eaxG�¼eaxðDþaÞnG
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Hence

f ðDÞ½eaxG�¼eaxf ðDþaÞG
Operating both sides by 1

f ðDÞ, we get

eaxG¼ 1

f ðDÞ½e
axf ðDþaÞ�G

Putting f (D + a)G ¼ Q, we have G ¼ Q
f ðDþaÞ and so

we have

eax:
1

f ðDþaÞQ¼ 1

f ðDÞðe
axQÞ

or

1

f ðDÞðe
axQðxÞÞ¼eax

1

f ðDþaÞQ ð91Þ

Case V. When F(x) ¼ x Q(x)
Resolving f(D) into linear factors, we have

f ðDÞ ¼ ðD� m1ÞðD� m2Þ . . . ðD� mnÞ:
Then, using partial fractions and Theorem 2.7, we
have

P:I: ¼ 1

f ðDÞ FðxÞ

¼ 1

ðD� m1Þ ðD� m2Þ . . . ðD� mnÞFðxÞ

¼ A1

D� m1
þ A2

D� m2
þ . . .þ An

D� mn

	 

FðxÞ

¼ A1e
m1x

Z
FðxÞ e�m1x þ A2e

m2x

Z
FðxÞ e�m2x

þ . . .þ Ane
mnx

Z
FðxÞe�mnx:

EXAMPLE 2.90
Solve 4 d2y

dx2
þ 4 dy

dx
� 3y ¼ e2x .

Solution. The symbolic form of the given differential
equation is

ð4D2 þ 4D� 3Þy ¼ e2x

and so the auxiliary equation is

4m2 þ 4m� 3 ¼ 0:

The roots of A.E. are m ¼ 1
2
, – 3

2
. Therefore, the

complementary function is

C:F: ¼ c1e
x=2 þ c2e

�3x=2:

Since 2 is not a root of the auxiliary equation,
by (82), we have

P:I: ¼ 1

f ð2Þ e
2x ¼ 1

4ð4Þ þ 4ð2Þ � 2
e2x ¼ e2x

21
:

Hence the complete solution of the given equation is

y ¼ C:F:þ P:I: ¼ c1e
x=2 þ c2e

�x=2 þ e2x

21
:

EXAMPLE 2.91
Solve d2y

dx2
� 5 dy

dx
þ 6y ¼ e3x.

Solution. The symbolic form of the equation is

ðD2 � 5Dþ 6Þy ¼ e3x:

The auxiliary equation is

m2 � 5mþ 6 ¼ 0

or

ðm� 3Þðm� 2Þ � 0:

Therefore m ¼ 2, 3. Then

C:F: ¼ c1 e
3x þ c2 e

2x:

Since 3 is a root of auxiliary equation, we use (85)

and get

P:I: ¼ x
e3x

�ð3Þ ¼ x
e3x

ð3� 2Þ ¼ xe3x:

Hence, the complete solution of the given equation is

y ¼ C:F:þ P:I: ¼ c1e
3x þ c2e

2x þ x e3x:

Remark 2.2. (a) In the above example, if we use (86),

then

P:I: ¼ x
eax

d
dD

f ðDÞ� �
D¼a

¼ x
e3x

½2D� 5�D¼3

¼ x
e3x

6� 5
¼ x e3x:

(b) We can also find the particular integral in the

above case by using Theorem 2.7. In fact, we have
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P:I: ¼ 1

f ðDÞFðxÞ ¼
1

ðD� 3Þ ðD� 2Þ e
3x

¼ 1

D� 3
e2x
Z

FðxÞ e�2x dx

¼ 1

D� 3
e2x
Z

e3x e�2x dx ¼ 1

D� 3
e3x

¼ e3x
Z

e3x : e�3x dx ¼ e3x
Z

e0dx ¼ x e3x:

EXAMPLE 2.92
Solve

d2y

dx2
� 3

dy

dx
þ 2y ¼ cos hx:

Solution. The auxiliary equation is

m2 � 3mþ 2 ¼ 0;

which yields m ¼ 1, 2. Therefore,

C:F: ¼ c1e
x þ c2e

2x:
Now

cosh x ¼ ex þ e�x

2
:

Therefore,

P:I:¼ 1

f ðDÞFðxÞ¼
1

ðD�1ÞðD�2Þ
exþe�x

2

	 


¼1

2
:

1

D2�3Dþ2
exþ1

2
:

1

D2�3Dþ2
e�x

¼1

2

1

D2�3Dþ2
exþ1

2

1

1þ3þ2
e�x

¼1

2
x

1
d
dD
½D2�3Dþ2�D¼1

exþ 1

12
e�xsince f ð1Þ¼0

¼ x

2

1

½2D�3�D¼1

exþ 1

12
e�x

¼�x

2
exþ 1

12
e�x:

Hence, the complete solution of the equation is

y ¼ C:F:þ P:I: ¼ c1e
x þ c2e

2x � x

2
ex þ 1

12
e�x:

EXAMPLE 2.93
Solve d2y

dx2
� 4y ¼ ex þ sin 2x.

Solution. The auxiliary equation for the given dif-

ferential equation is

m2 � 4 ¼ 0;

which yields m ¼ ±2. Hence

C:F: ¼ c1 e
2x þ c2e

�2x:

Now, using (82) and (87), we have

P:I:¼ 1

D2�4
ðexþsin2xÞ¼ 1

D2�4
exþ 1

D2�4
sin2x

¼ ex

12�4
þ 1

�4�4
sin2x¼�1

3
ex�1

8
sin2x:

Hence, the complete solution of the given differ-

ential equation is

y ¼ C:F:þ P:I: ¼ c1e
2x þ c2e

�2x � 1

3
ex � 1

8
sin 2x:

EXAMPLE 2.94

Solve d3y
dx3

þ d2y
dx2

� dy
dx
– y ¼ cos 2x.

Solution. The auxiliary equation is

m3 þ m2 � m� 1 ¼ 0;

whose roots are 1, –1, –1. Therefore,

C:F: ¼ c1e
x þ ðc2 þ c3xÞe�x

Further,

P:I:¼ 1

f ðDÞFðxÞ¼
1

D3þD2�D�1
cos2x

¼ 1

DD2�D2�D�1
cos2x

¼ 1

Dð�4Þþð�4Þ�D�1
cos2x

¼ 1

�5D�5
cos2x¼� 1

5ðDþ1Þcos2x

¼� ðD�1Þ
5ðD2�1Þcos2x¼�1

5
ðD�1Þ 1

�4�1
cos2x

¼ 1

25
ðD�1Þcos2x¼ 1

25
ðDcos2x�cos2xÞ

¼ 1

25
ð�2sin2x�cos2xÞ¼� 1

25
ð2sin2xþcos2xÞ:

Hence the complete solution is

y ¼ c1e
x þ ðc2 þ c2xÞe�x � 1

25
ð2 sin 2xþ cos 2xÞ:
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EXAMPLE 2.95
Solve d2y

dx2
– 4y ¼ x sin hx.

Solution. The auxiliary equation is m2 – 4 ¼ 0 and

m ¼ ±2. Therefore,

C:F: ¼ c1e
2x þ c2e

�2x:

Further,

P:I:¼ 1

D2�4
xsinhx¼ 1

D2�4
x

ex�e�x

2

� �

¼1

2

1

D2�4
xex� 1

D2�4
xe�x

	 


¼1

2
ex

1

ðDþ1Þ2�4
x�e�x 1

ðD�1Þ2�4
x

" #

¼1

2
ex

1

D2þ2D�3
x�e�x 1

D2�2D�3
x

	 


¼1

2
ex

1

�3 1�2D
3
�D2

3

� �x�e�x 1

�3 1þ2D
3
�D2

3

� �x
" #

¼�1

6

"
ex

(
1�
 
2D

3
þD2

3

!)�1

x

�e�x

(
1þ
 
2D

3
�D2

3

!)�1

x

#

¼�1

6
ex 1þ2D

3
þ ...

� �
x�e�x 1�2D

3
þ ...

� �
x

	 


¼�1

6
ex xþ2

3

� �
�e�x x�2

3

� �	 


¼�x

3

ex�e�x

2

� �
�2

9

exþe�x

2

� �

¼�x

3
sinhx�2

9
coshx:

Hence the solution is

y ¼ C:F:þ P:I:

¼ c1e
2x þ c2e

�2x � x

3
sin hx� 2

9
cos hx:

EXAMPLE 2.96
Solve d2y

dx2
– 4y ¼ x2.

Solution. The auxiliary equation is m4 – 4 ¼ 0 and so
m ¼ ± 2. Therefore,

C:F: ¼ c1e
2x þ c2e

�2x:

Further,

P:I: ¼ 1

f ðDÞ FðxÞ ¼
1

D2 � 4
x2

¼ � 1

4� D2
x2 ¼ � 1

4 1� D2

4

� � x2

¼ � 1

4
1� D2

4

� ��1

x2

¼ � 1

4
1þ D2

4
þ :::

	 

x2

¼ � 1

4
x2 � 1

16
D2ðx2Þ

¼ � 1

4
x2 � 1

16
ð 2Þ ¼ � 1

4
x2 � 1

8
:

Hence the complete solution is

y ¼ C:F:þ P:I: ¼ c1e
2x þ c2e

�2x � 1

4
x2 � 1

8
:

EXAMPLE 2.97
Solve d2y

dx2
+ 4y ¼ ex + sin 3x + x2.

Solution. The auxiliary equation is m2 + 4 ¼ 0 and so

m ¼ ± 2i. Therefore,

C:F: ¼ c1 cos 2xþ c2 sin 2x:

Further,

P:I: ¼ 1

f ðDÞFðxÞ ¼
1

D2 þ 4
ðex þ sin 3xþ x2Þ

¼ 1

D2 þ 4
ex þ 1

D2 þ 4
sin 3xþ 1

D2 þ 4
x2

¼ 1

5
ex þ 1

�9þ 4
sin 3xþ 1

4
1þ D2

4

� ��1

x2

¼ 1

5
ex � 1

5
sin 3xþ 1

4
1� D2

4
þ . . .

� �
x2

¼ 1

5
ex � 1

5
sin 3xþ x2

4
� 1

16
:2

¼ 1

5
ex � 1

5
sin 3xþ 1

4
x2 � 1

8
:
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Hence the complete solution is

y¼C:F:þP:I:

¼ c1 cos2xþ c2 sin2xþ 1

5
ex� 1

5
sin3xþ 1

4
x2� 1

8
:

EXAMPLE 2.98

Solve d2y
dx2

� 2 dy
dx
+ y ¼ xex sin x.

Solution. The auxiliary equation of the given dif-
ferential equation is

m2 � 2mþ 1 ¼ 0;

which yields m ¼ 1, 1. Hence

C:F: ¼ ðc1 þ c2xÞex:
The particular integral is

P:I: ¼ 1

f ðDÞFðxÞ ¼
1

ðD� 1Þ2 xe
x sin x

¼ ex
1

ðDþ 1� 1Þ2 x sin x ¼ ex
1

D2
x sin x

¼ ex
1

D

Z
x sin x dx ¼ ex

1

D
ð�x cos xþ sin xÞ

¼ ex
Z

ð�x cos xþ sin xÞ dx

¼ ex½�x sin x� cos x� cos x�
¼ �exðx sin xþ 2 cos xÞ:

Hence the complete solution is

y ¼ C:F:þ P:I:

¼ ðc1 þ c2xÞex � exðx sin xþ 2 cos xÞ:

EXAMPLE 2.99

Solve (D2 – 4D + 3)y ¼ sin 3x cos 2x .

Solution. The auxiliary equation is

m2 � 4mþ 3 ¼ 0;

which yields m ¼ 3, 1. Therefore,

C:F: ¼ c1e
3x þ c2e

x:

Further

P:I:¼ 1

D2�4Dþ3
½sin3xcos2x�

¼ 1

D2�4Dþ3
½1
2
2sin3xcos2x�

¼ 1

D2�4Dþ3
½1
2
ðsin5xþsinxÞ�

¼1

2
:

1

D2�4Dþ3
sin5xþ1

2
:

1

D2�4Dþ3
sinx

¼1

2

1

�25�4Dþ3
sin5xþ 1

�1�4Dþ3
sinx

	 


¼1

2

1

�22�4D
sin5xþ 1

2�4D
sinx

	 


¼1

2
� 1

2ð11þ2DÞsin5xþ
1

2ð1�2DÞsinx
	 


¼1

4
� 11�2D

121�4D2
sin5xþ 1þ2D

1�4D2
sinx

	 


¼1

4
� 11�2D

121�4ð�25Þsin5xþ
1þ2D

1�4ð�1Þsinx
	 


¼1

4
�11�2D

221
sin5xþ1þ2D

5
sinx

	 


¼1

4

"
� 1

221
½11sin5x�2Dsin5x�

þ1

5
ðsinxþ2DsinxÞ

#

¼1

4
� 11

221
sin5xþ 10

221
cos5xþ1

5
sinxþ2

5
cosx

	 


¼� 11

884
sin5xþ 10

884
cos5xþ 1

20
sinxþ 1

10
cosx:

Hence the complete solution is

y ¼ c1e
3x þ c2e

x � 11

884
sin 5xþ 10

884
cos 5x

þ 1

20
sin xþ 1

10
cos x:

EXAMPLE 2.100
Solve (D2 + 1)y ¼ cosec x.

Solution. The auxiliary equation is m2 + 1¼ 0, which

yields m ¼ ±i. Thus,
C:F: ¼ c1 cos xþ c2 sin x:

62 n Engineering Mathematics



Now

P:I: ¼ 1

f ðDÞFðxÞ ¼
1

D2 þ 1
cosec x

¼ 1

ðDþ iÞ ðD� iÞ cosec x

¼ 1

2i

1

D� i
� 1

Dþ i

	 

cosec x

¼ 1

2i

1

D� i
cosec x� 1

Dþ i
cosec x

	 

:

But, by Theorem 2.7,

1

D� i
cosec x ¼ eix

Z
cosec x e�ixdx

¼ eix
Z

cosec x ðcos x� i sin xÞ dx

¼ eix
Z

ðcot x� iÞ dx

¼ eixðlog sin x� ixÞ:
Similarly,

1

Dþ i
cosec x ¼ e�ixðlog sin xþ ixÞ:

Therefore,

P:I: ¼ 1

2i
½eixðlog sin x� ixÞ � e�ixðlog sin xþ ixÞ�

¼ log sin x
eix � e�ix

2i

� �
� x

eix þ e�ix

2

� �

¼ ðlog sin xÞ sin x� x cos x:

Hence the complete solution is

y ¼ c1 cos xþ c2 sin xþ sin x log sin x� x cos x:

EXAMPLE 2.101
Solve d2y

dx2
þ 5 dy

dx
þ 6y ¼ e�2x sin 2x.

Solution. The auxiliary equation is m2 + 5m + 6 ¼ 0,

which yields

m ¼ �5
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25� 24

p

2
¼ �2;�3:

Therefore,

C:F: ¼ c1e
�2x þ c2e

�3x:

Further

P:I: ¼ 1

f ðDÞ FðxÞ

¼ 1

D2 þ 5Dþ 6
e�2x sin 2x

¼ e�2x 1

ðD� 2Þ2 þ 5ðD� 2Þ þ 6
sin 2x

¼ e�2x 1

D2 þ D
sin 2x

¼ e�2x 1

D� 4
sin 2x

¼ e�2x:
Dþ 4

D2 � 4
sin 2x

¼ e�2x Dþ 4

�8
sin 2x

¼ e�2x

�8
½D sin 2xþ 4 sin 2x�

¼ e�2x

�8
½2 cos 2xþ 4 sin 2x�:

Hence the complete solution is

y ¼ C:F:þ P:I:

¼ c1e
�2x þ c2e

�3x � 1

8
e�2x½2 cos 2xþ 4 sin 2x�:

EXAMPLE 2.102
Solve d3y

dx2
þ y ¼ sin 3x� cos2 x

2
.

Solution. The auxiliary equation of the given differ-

ential equation is

m3 þ 1 ¼ 0

or

ðmþ 1Þðm2 � mþ 1Þ ¼ 0

and so m ¼ –1, 1
2
±
ffiffi
3

p
2
i. Therefore,

C:F: ¼ c1e
�x

þ ex=2 c2 cos

ffiffiffi
3

p

2
xþ c3 sin

ffiffiffi
3

p

2
x

	 

:
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On the other hand,

P:I:¼ 1

D3þ1
sin3x�1

2
ð1þcosxÞ

	 


¼ 1

D3þ1
sin3x� 1

2ðD3þ1Þð1þcosxÞ

¼ 1

DD2þ1
sin3x� 1

2ð1þD3Þ½1þcosx�

¼ 1

�9Dþ1
sin3x� 1

2ð1þD3Þ½1þcosx�

¼ 1

1�9D
sin3x�1

2
ð1þD3Þ�1ð1Þ� 1

2ð1þD3Þcosx

¼ 1þ9D

1�81D2
sin3x�1

2
ð1�D3þ ::Þð1Þ

� 1

2þ2DD2
cosx

¼ 1þ9D

1�81ð�9Þsin3x�
1

2
� 1

2�2D
cosx

¼1þ9D

730
sin3x�1

2
� 2þ2D

4�4D2
cosx

¼ 1

730
ðsin3xþ27cos3xÞ�1

2
�2þ2D

8
cosx

¼ 1

730
ðsin3xþ27cos3xÞ�1

2
�1

4
cosxþ1

4
sinx

¼ 1

730
ðsin3xþ27cos3xÞ�1

2
�1

4
ðcosx�sinxÞ:

Hence the complete solution is

y ¼ c1e
�x þ ex=2ðc2 cos

ffiffiffi
3

p

2
xþ c3 sin

ffiffiffi
3

p

2
xÞ

þ 1

730
ðsin 3xþ 27 cos 3xÞ � 1

2

� 1

4
ðcos x� sin xÞ :

EXAMPLE 2.103
Solve d3y

dx3
� 3 dy

dx
þ 2y ¼ x2ex:

Solution. The symbolic form of the given equation is

ðD3�3Dþ 2Þy ¼ x2ex:

Its auxiliary equation is

m3�3mþ2 ¼ 0;

which yields m = 1, 1, �4. Therefore,

C:F: ¼ ðc1 þ c2xÞex þ c3 e
�2x:

Further

P:I: ¼ 1

D3 � 3Dþ 2
x2ex

¼ ex
1

ðDþ 1Þ3 � 3ðDþ 1Þ þ 2
x2

¼ ex
1

D3 þ 3D2
x2 ¼ ex

1

3D2 1þ D
3

� � x2

¼ ex
1

3D2
1� D

3
þ D

3

� �2

�::

" #
x2

¼ ex

3D2
1� D

3
þ D2

9
� . . .

	 

x2

¼ ex

3D2
x2 � Dx2

3
þ D2x2

9

� �

¼ ex

3D2
x2 � 2x

3
þ 2

9

� �

¼ ex

3D

Z
x2dx� 2

3

Z
x dxþ 2

9

Z
dx

	 


¼ ex

3D

x3

3
� x2

3
þ 2

9
x

	 


¼ ex

3

Z
x3

3
dx�

Z
x2

3
dxþ 2

9

Z
x dx

	 


¼ ex

3

x4

12
� x3

9
þ x2

9

	 

¼ ex

108
½3x4 � 4x3 þ 4x2�

¼ x2 ex

108
½3x2 � 4xþ 4�:

Hence complete solution is

y ¼ C:F:þ P:I:

¼ ðc1 þ c2xÞex þ c3e
�2x þ x2 ex

108
½3x2 � 4xþ 4�:

EXAMPLE 2.104
Solve (D2 � 1)y = x sin 3x + cos x.

Solution. The auxiliary equation for the given dif-

ferential equation is m2 � 1 = 0, and so m = ±1.
Therefore,

C:F: ¼ c1e
x þ c2e

�x:
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Further,

P:I: ¼ 1

D2 � 1
ðx sin3xþcosxÞ

¼ 1

D2 � 1
xðI :P: of e3ixÞ þ 1

D2 � 1
cos x

¼ I:P: of
1

D2 � 1
x e3ix þ 1

ð�12Þ � 1
cos x

¼ I:P:of e3ix
1

ðDþ 3iÞ2 � 1
x

" #
� 1

2
cos x

¼ I:P:of e3ix
1

D2 þ 6iD� 10
x

	 

� cos x

2

¼ I:P:of e3ix
1

�10 1� 6
10

iD� D2

10

� � x
" #

� 1

2
cos x

¼ � 1

10
I:P:of e3ix 1� 3

5
iDþ D2

10

� �� ��1

x

" #

� 1

2
cos x

¼ � 1

10
I:P:of e3ix 1þ 3

5
iDþ D2

10
þ ::

� �
x

	 


� 1

2
cos x

¼ � 1

10
I:P:of e3ix xþ 3

5
i

� �	 

� 1

2
cos x

¼ � 1

10
I:P:of ðcos 3xþ i sin 3xÞ xþ 3

5
i

� �	 


� 1

2
cos x

¼ � 1

10
I:P:of½xcos3xþixsin3xþ 3i

5
cos 3x

� 3

5
sin3x�� 1

2
cos x

¼ � 1

10
I:P:of x cos 3x� 3

5
sin 3x

	

þi
3

5
cos3xþ xsin3x

� �

� 1

2
cos x

¼ � 1

10

3

5
cos 3xþ x sin 3x

� �
� 1

2
cos x:

Hence the complete solution of the given differen-
tial equation is

y ¼ C:F:þ P:I: ¼c1e
�xþc2e

�x

� 1

10

3

5
cos 3xþ x sin 3x

� �
� 1

2
cos x:

2.17 METHOD OF VARIATION OF PARAMETERS TO
FIND PARTICULAR INTEGRAL

Definition 2.23. Let y1(x), y2(x), …, yn(x) be the
functions defined on [a, b] such that each function

possesses n–1 derivatives on [a, b]. Then the

determinant

Wðy1; y2 . . . ; ynÞ ¼

y1 y2 ::: yn
y01 y02 ::: y0n
::: ::: ::: :::
::: ::: ::: :::

y
ðn�1Þ
1 y

ðn�1Þ
2 ::: yðn�1Þ

n

����������

����������
is called the Wronskian of the set {y1, y2, …, yn}.

If the Wronskian of a set of n functions on [a, b]
is non-zero for atleast one point in [a, b], then the

set of n functions is linearly independent.

If the Wronskian is identically zero on [a, b] and
each of the function is a solution of the same linear

differential equation, then the set of functions is

linearly dependent.
The method of variation of parameters is applic-

able to the differential equation of the form

d2y

dx2
þ p

dy

dx
þ qy ¼ FðxÞ; ð92Þ

where p, q, and F are functions of x.

Let the complementary function of (92) be
y=c1y1+c2y2.. Then y1 and y2 satisfy the equation

d2y

dx2
þ p

dy

dx
þ qy¼ 0 ð93Þ

Replacing c1 and c2 (regarded as parameters) by
unknown functions u(x) and v(x), we assume that

particular integral of (92) is

y ¼ uy1þvy2: ð94Þ
Differentiating (94) with respect to x, we get

y0 ¼ uy01 þ xy02 þ u0y1 þ x0y2
¼ uy01 þ xy02; ð95Þ

under the assumption that

u0y1 þ v0y2 ¼ 0 ð96Þ
Differentiating (95) with respect to x, we get

y00 ¼ uy001þvy002þu0y1þv0y02: ð97Þ
Substituting the values of y, y 0, and y 00 from (94),

(95), and (97) in (92), we have

uy1
00þvy2

00þu0y10þv0y20þpðuy10þvy2
0Þ

þ qðuy1þvy2Þ ¼FðxÞ
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or

uðy100þpy1
0 þ qy1Þþvðy200þpy2

0þqy2Þ
þ u0y10þv0y20 ¼FðxÞ:

Since y1, y2 satisfy (93), the above expression
reduces to

u0y01þv0y02 ¼ FðxÞ: ð98Þ
Solving (96) and (98), we get

u0 ¼ � y2FðxÞ
W

and v0 ¼ y1FðxÞ
W

;

where

W ¼ y1 y2
y01 y02

����
���� ¼ y1y

0
2 � y1

0y2:

Integrating, we have

u ¼ �
Z

y2FðxÞ
W

dx ; v ¼
Z

y1 FðxÞ
W

dx:

Substituting the value of u and v in (94), we get

P:I: ¼ y ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx:

EXAMPLE 2.105
Using method of variation of parameters, solve
d2y
dx2

� 6 dy
dx
þ 9y ¼ e3x

x2
.

Solution. The auxiliary equation for the given dif-

ferential equation is

m2�6mþ9 ¼ 0;

which yields m = 3, 3. Therefore,

C:F: ¼ ðc1þc2xÞ e3x.
Thus, we get

y1 ¼ e3x and y2 ¼ x e3x:

The Wronskian of y1, y2 is

W ¼ y1 y2

y01 y02

�����
�����

¼ e3x x e3x

3e3x ð3xþ 1Þe3x

�����
�����

¼ e6x:

Therefore,

P:I: ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ �e3x
Z

x e3x:e3x

x2 e6x
dxþ xe3x

Z
e3x:e3x

x2 e6x

¼ �e3x
Z

dx

x
þ xe3x

Z
1

x2
dx

¼ �e3x log xþ x e3x � 1

x

� �
¼ �e3xðlog xþ 1Þ:

Hence the complete solution is

y ¼ C:F:þ P:I: ¼ ðc1 þ c2xÞe3x � e3xðlog xþ 1Þ
¼ ½kþc2x�log x�e3x where k ¼ c1�1:

EXAMPLE 2.106
Using method of variation of parameters, solve
d2y
dx2

þ y ¼ sec x.

Solution. The auxiliary equation for the given dif-

ferential equation is m2 + 1 = 0 and so m = ± i. Thus

C:F: ¼ c1 cos xþc2 sin x:

To find P.I., let

y1 ¼ cos x and y2 ¼ sin x:

Then

W ¼ cos x sin x
� sin x cos x

����
����¼ cos2xþsin2x¼ 1:

Therefore,

P:I: ¼�y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼�cosx

Z
sin x secx

1
dxþ sinx

Z
cosx secxdx

1

¼ cosx log cosxþx sinx:

Hence the complete solution is

y ¼ C :F:þ P:I: ¼c1cos xþc2sin x

þ cos x log cos xþx sin x:

EXAMPLE 2.107
Solve the given equation using method of variation

of parameters
d2y
dx2

þy¼ cosec x:
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Solution. The symbolic form of the differential
equation is

ðD2þ1Þy¼ cosec x:

Its auxiliary equation is m2 + 1 = 0 and so m = ± i.
Therefore,

C:F: ¼ c1 cos xþc2 sin x:

To find P.I., let

y1¼ cos x and y2¼ sin x:

Then Wronskian

W ¼ y1 y2
y01 y02

����
���� ¼ cos x sin x

� sin x cos

����
����¼ 1:

Therefore,

P:I: ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ �cos x

Z
sin x cosec x dx

þ sin x

Z
cos x cosec x dx

¼ �cos x

Z
dxþsin x

Z
cos x

sin x
dx

¼ �x cos xþsin x log sin x:

Hence the complete solution is

y ¼ C :F:þ P:I: ¼c1cos xþc2sin x

� x cos xþsinx log sinx:

EXAMPLE 2.108
Solve the given equation using method of variation

of parameters

d2y

dx2
� 2

dy

dx
¼ ex sin x:

Solution. The auxiliary equation is m2 – 2m = 0 or m

(m – 2) = 0 and so m = 0,2. Hence

C:F: ¼ c1þc2e
2x:

Now let

y1 ¼ 1 and y2 ¼ e2x:

Then the Wronskian of y1, y2 is

W ¼ 1 e2x

0 2e2x

����
���� ¼ 2e2x:

Therefore,

P:I: ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1 FðxÞ
W

dx

¼ �
Z

e2x:ex sin x

2e2x
dxþ e2x

Z
ex sin x

2e2x
dx

¼ � 1

2

Z
ex sin x dxþ e2x

2

Z
e�x sin x dx

¼ � 1

2
ex sin x:

Hence the complete solution is

y¼ C:F:þ P:I: ¼ c1 þ c2e
2x � 1

2
ex sin x:

EXAMPLE 2.109
Solve y 00 – 2y 0 + 2y = ex tan x.

Solution. The auxiliary equation is m2 – 2m + 2 = 0

and so m ¼ 2
 ffiffiffiffiffiffi
4�8

p
2

¼ 1
 i: Hence

C:F: ¼exðc1cos xþc2sin xÞ:
Let

y1 ¼ excos x and y2 ¼ exsin x:

Then the Wronskian of y1, y2 is

W ¼ ex cos x ex sin x
exðcos x� sin xÞ exðcos xþ sin xÞ

����
����

¼ e2x:

Therefore,

P:I: ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1 FðxÞ
W

dx

¼ �ex cos x

Z
ex sin xex tan x

e2x
dx

þ ex sin x

Z
ex cos xex tan x

e2x
dx

¼ �ex cos x

Z
ðsec x� cos xÞ dx

þ ex sin x

Z
sin x dx

¼ �e�x cos x½logðsec xþ tan xÞ � sin x�
� ex sin x cos x

¼ �e�x cos x logðsec xþ tan xÞ:
Hence, the complete solution is

y ¼ C :F:þ P:I: ¼exðc1cos xþc2sin xÞ
� e�xcos x logðsec xþtan xÞ:
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EXAMPLE 2.110
Using method of variation of parameters, solve the
differential equation

d2y

dx2
þ 4y¼ tan 2x:

Solution. The symbolic form of the given differential

equation is

ðD2þ4Þy¼ tan 2x:

Its auxiliary equation is m2 + 4 = 0, which yields m

= ± 2i. Thus

C:F: ¼ c1cos 2xþc2sin 2x:

To find P.I., let

y1¼ cos 2x and y2¼ sin 2x:

Then Wronskian W is

W ¼ cos 2x sin 2x
�2 sin 2x 2 cos 2x

����
���� ¼ 2:

Hence

P:I: ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ � cos 2x

2

Z
sin 2x tan 2x dx

þ sin 2x

x

Z
cos 2x tan 2x dx

¼ � cos 2x

2

Z
sin2 2x

cos 2x
dx

þ sin 2x

2

Z
cos 2x tan 2x dx

¼ � cos 2x

2

Z
1� cos2 2x

cos 2x
dx

þ sin 2x

2

Z
cos 2x tan 2x dx

¼ � 1

2
cos 2x

Z
ðsec 2x� cos 2xÞdx

þ 1

2
sin 2x

Z
sin 2x dx

¼ � 1

4
cos 2x½logðsec 2xþ tan 2xÞ � sin 2x�

� 1

4
sin 2x cos 2x

¼ � 1

4
cos 2x logðsec 2xþ tan 2xÞ:

Hence the complete solution is

y¼ C:F:þ P:I: ¼c1cos 2xþc2sin2x

� 1

4
cos 2x logðsec 2xþ tan 2xÞ:

EXAMPLE 2.111
Solve the equation using the method of variation of

parameters
d2y

dx2
� 2

dy

dx
þ y ¼ ex log x:

Solution. The auxiliary equation is m2 – 2m + 1 = 0

and so m = 1, 1. Thus

C:F:¼ ðc1þc2xÞex:
To find P.I., let y1 = ex, y2 = xex. Then

W ¼ ex x ex

ex ðxþ 1Þex
����

���� ¼ e2x:

Therefore,

P:I: ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ �ex
Z

x ex:ex

e2x
log x dxþ xex

Z
ex:ex log x

e2x
dx

¼ �ex
Z

x log x dxþ xex
Z

log x dx

¼ �ex
x2

2
log x�

Z
x2

2x
dx

	 


þ x ex x log x�
Z

x

x
dx

	 


¼ �ex
x2

2
log x� x2

4

� �
þ x2ex log x� x2ex

¼ �ex
x2

2
log xþ x2

4
ex þ x2ex log x� x2ex

¼ 1

2
exx2 log x� 3

4
x2ex ¼ 1

4
x2exð2 log x� 3Þ:

Hence the complete solution is

y¼ C:F:þ P:I: ¼ ðc1þc2xÞexþ1

4
x2exð2 log x� 3Þ:

2.18 DIFFERENTIAL EQUATIONS WITH VARIABLE
COEFFICIENTS

In this section, we shall consider differential

equations with variable coefficients which can be

reduced to linear differential equations with con-
stant coefficients.
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The general form of a linear equation of second
order is

d2y

dx2
þ P

dy

dx
þ Qy ¼ R;

where P, Q and R are functions of x only. For

example,

d2y

dx2
þ x

dy

dx
þ x2y ¼ cos x

is a linear equation of second order.
If the coefficients P and Q are constants, then such

type of equation can be solved by finding com-

plementary function and particular integral as dis-
cussed earlier. But, if P and Q are not constants but

variable, then there is no general method to solve

such problem. In this section, we discuss three
special methods to handle such problems.

(A) Method of Solution by Changing Indepen-
dent Variable: Let

d2y

dx2
þ P

dy

dx
þ Qy ¼ R; ð99Þ

be the given linear equation of second order. We

change the independent variable x to z by taking
then

dy

dx
¼ dy

dz
:
dz

dx
;

and

d2y

dx2
¼ dy

dz

d2z

dx2

� �
þ d2y

dz2
dz

dx

� �2
:

Substituting these values in (99), we get

d2y

dz2
dz

dx

� �2
þ dy

dz

d2z

dx2

� �
þ P

dy

dz
:
dz

dx
þ Q y ¼ R

or

d2y

dz2
dz

dx

� �2
þ dy

dz

d2z

dx2
þ p

dz

dx

� �
þ Q y ¼ R

or

d2y

dz2
þ dy

dz

d2z
dx2

þ P dz
dx

dz
dx

� �2
" #

þ Q

dz
dx

� 	2 y ¼ R

dz
dx

� 	2
or

d2y

dz2
þ P1

dy

dz
þ Q1y ¼ R1;

where

P1 ¼
d2z
dx2

þ P dz
dx

dz
dx

� 	2 ;

Q1 ¼ Q

dz
dx

� 	2 ;
and

R1 ¼ R

dz
dx

� 	2 :
Using the functional relation between z and x, it

follows that P1; Q1 and R1 are functions of x.
Choose z so that P1 ¼ 0; that is,

d2z

dx2
þ P

dz

dz
¼ 0;

which yields

dz

dx
¼ e

�
R

Pdx

or

z ¼
Z

e
�
R

Pdx
dx:

If for this value of z, Q1 becomes constant or a
constant divided by z2, then the equation (99) can

be integrated to find its solution.

EXAMPLE 2.112
Solve d2y

dx2
þ cot x dy

dx
þ 4y cos ec2x ¼ 0:

Solution. Comparing with the standard form, we get

P ¼ cot x; Q ¼ 4 cos ec2x and R ¼ 0:

If we choose z such that P1 ¼ 0, then z is given by

z ¼
Z

e
�
R

Pdx
dx

¼
Z

e
�
R

cot x dx
dx

¼
Z

elog cos ec xdx

¼
Z

cos ec x dx

¼ log tan
x

2
:
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Then

Q1 ¼ Q

dz
dx

� �2 ¼ 4 cos ec2x

cos ec2x
¼ 4;

and

R1 ¼ R

dz
dx

� �2 ¼ 0

cos ec2x
¼ 0:

Therefore the given equation reduces to

d2y

dz2
þ 4y ¼ 0;

or, in symbolic form,

ðD2 þ 4Þy ¼ 0:

The auxiliary equation for this differential equation

is m2 þ 4 ¼ 0; which yields m ¼ 
2i: Therefore
the solution of the given equation is

y ¼ c1 cos 2zþ c2 sin 2z

¼ c1 cos 2 log tan
x

2

� �
þ c2 sin 2 log tan

x

2

� �
:

EXAMPLE 2.113
Solve

x
d2y

dx2
� dy

dx
� 4x3y ¼ x5:

Solution. Dividing throughout by x, the given dif-
ferential equation reduces to

d2y

dx2
� 1

x

dy

dx
� 4x2y ¼ x4:

Comparing with the standard form, we have

P ¼ � 1

x
; Q ¼ �4x2; and R ¼ x4:

Choose z so that P1 ¼ 0: Then

z ¼
Z

e
�
R

Pdx
dx ¼

Z
e

R
1
xdxdx

¼
Z

elog xdx ¼
Z

x dx ¼ x2

2
:

Further,

Q1 ¼ Q

dz
dx

� �2 ¼ �4x2

x2
¼ �4;

and

R1 ¼ R

dz
dx

� �2 ¼ x4

x2
¼ x2:

Hence the given equation reduces to

d2y

dx2
� 4y ¼ x2 ¼ 2z

or

ðD2 � 4Þy ¼ 2z:

The auxiliary equation for this differential equation
is m2 � 4 ¼ 0 and so m ¼ 
2: Therefore

C.F. ¼ c1e
2z þ c2e

�2z ¼ c1e
x2 þ c2e

�x2 :

Now

P.I. ¼ 1

D2 � 4
ð2zÞ ¼ �2

4
1� D2

4

� ��1

ðzÞ

¼ � 1

2
1þ D2

4
þ :::

	 

ðzÞ

¼ � z

2
¼ � x2

4
:

Hence the complete solution of the given differen-
tial equation is

y ¼ C.F.þ P.I. ¼ c1e
x2 þ c2e

�x2 � 1

4
x2

EXAMPLE 2.114
Solve

x2
d2y

dx2
� 2x

dy

dx
þ 2y ¼ x3:

(This equation is Cauchy-Euler equation and has

also been solved in Example 2.121 by taking

t ¼ log x).

Solution. Dividing the given equation throughout by

x2, we get

d2y

dx2
� 2

x

dy

dx
þ 2

x2
y ¼ x:

Comparing with the standard form, we have

P ¼ � 2

x
; Q ¼ 2

x2
and R ¼ x:
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Choosing z such that P1 ¼ 0; we have

z ¼
Z

e
�
R

Pdx
dx ¼

Z
e
2
R

1
xdxdx

¼
Z

e2 log xdx ¼
Z

x2 dx ¼ x3

3
:

Therefore the given equation reduces to

d2y

dz2
þ Q1y ¼ R1;

where

Q1 ¼ Q

dz
dx

 �2 ¼
2
x2

ðx2Þ2 ¼
2

x6
¼ 2

9z2

and

R1 ¼ R

dz
dx

 �2 ¼ x

x4
¼ 1

x3
¼ 1

3z
:

Hence the equation reduces to

d2y

dx
þ 2y

9z2
¼ 1

3z

or

9z2
d2y

dz2
þ 2y ¼ 3z:

Let X ¼ log z so that z ¼ eX and (see Example

2.121), z2 d2y
dz2

¼ DðD� 1Þy: Thus the equation now

reduces to

½9DðD� 1Þ þ 2�y ¼ 3eX

or

ð9D2 � 9Dþ 2Þy ¼ 3eX

The auxiliary equation for this symbolic equation is

m2 � 9mþ 2 ¼ 0;

which yields m ¼ 2
3
; 1

3
: Hence the complementary

function is given by

C.F. ¼ c1e
2
3X þ c2e

1
3X

¼ c1e
2
3 log z þ c2e

1
3 log z

¼ c1z
2
3 þ c2z

1
3 ¼ c3x

2 þ c4x:

Further,

P.I. ¼ 3
1

9D2 � 9Dþ 2
eX

¼ 3
1

9� 9þ 2
eX ¼ 3

2
eX ¼ 3

2
elog z

¼ 3

2
z ¼ 3

2

x3

3

� �

¼ 1

2
x3:

Hence the complete solution of the given differen-

tial equation is

y ¼ C.F.þ P.I. ¼ c3x
2 þ c4xþ 1

2
x3:

(B) Method of Solution by Changing the
Dependent Variable
This method is also called the “Method of
Removing First Derivative. Let

d2y

dx2
þ P

dy

dx
þ Qy ¼ R ð100Þ

be the given linear equation of second order. We

change the dependent variable y by taking y ¼ vz:
Then

dy

dx
¼ v

dz

dx
þ z

dv

dx
;

d2y

dx2
¼ v

d2z

dx2
þ 2

dv

dx
:
dz

dx
þ z

d2v

dx2
:

Therefore equation (100) reduces to

z
d2v

dx2
þ 2

dz

dx
þ Pz

� �
dv

dx
þ d2z

dx2
þ P

dz

dx
þ Qz

� �
v

¼ R

or

d2v

dx2
þ Pþ 2

z

dz

dx

� �
dv

dx
þ 1

z

d2z

dx2
þ P

dz

dx
þ Qz

� �
v

¼ R

z

or

d2v

dx2
þ P1

dv

dx
þ Q1v ¼ R1; ð101Þ
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where

P1 ¼ Pþ 2

z

dz

dx
;

Q1 ¼ 1

z

d2z

dx2
þ P

dz

dx
þ Qz

� �
; R1 ¼ R

z
:

Bymaking proper choice of z, any desired value can

be assigned to P1 or Q1. In particular, if P1 ¼ 0,
then

Pþ 2

z
:
dz

dx
¼ 0

or

dz

dx
¼ �Pz

2

or

dz

z
¼ � 1

2
Pdx:

Integrating, we get

log z ¼ � 1

2

Z
Pdx

or

z ¼ e
�1

2

R
Pdx:

Therefore

dz

dx
¼ �P

2
e
�1

2

R
Pdx

and

d2z

dx2
¼ e

�1
2

R
Pdx P2

4
� 1

2

dP

dx

	 

:

Putting these values in Q1, we get

Q1 ¼ Q� 1

2

dP

dx
� P2

4
:

Hence the equation (101) reduces to

d2v

dx2
þ Q� 1

2

dP

dx
� P2

4

� �
v ¼ R1: ð102Þ

The equation (102) is called the normal form of the

given differential equation (100) and we observe

that this equation does not have first derivative.
That is why, the present method is called the

“Method of Removing First Derivative”. The nor-

mal form (102) can be solved by using already
discussed methods.

EXAMPLE 2.115
Solve d2y

dx2
� 2 tan x dy

dx
� 5y ¼ 0 by the method of

removing first derivative.

Solution. Comparing the given equation with stan-
dard form, we have

P ¼ �2 tan x; Q ¼ �5; R ¼ 0:

Therefore

Q1 ¼ Q� 1

2

dP

dx
� P2

4
¼ �5þ sec2x� tan2x

¼ �5þ ð1þ tan2xÞ � tan2x ¼ �4;

and

z ¼ e
�1

2

R
Pdx ¼ e

R
tan x dx ¼ sec x:

The normal form of the given equation is

d2v

dx2
þ Q1v ¼ R1

or

d2v

dx2
� 4v ¼ 0

or

ðD2 � 4Þv ¼ 0:

The auxiliary equation for this symbolic form is

m2 � 4 ¼ 0. Therefore m ¼ 
2 and so

v ¼ c1e
2x þ c2e

�2x

Hence the required solution is

y ¼ vz ¼ ðc1e2x þ c2e
�2xÞ sec x:

EXAMPLE 2.116
Solve

d2y

dx2
� 4x

dy

dx
þ ð4x2 � 3Þy ¼ ex

2

:

Solution. We have

Q1 ¼ Q� 1

2

dP

dx
� P2

4

¼ 4x2 � 3� 1

2
ð�4Þ � 4x2 ¼ �1
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and

z ¼ e
�1

2

R
Pdx ¼ e

2
R

x dx ¼ ex
2

:

The normal form of the given equation is

d2v

dx2
� v ¼ ex

2

z
¼ ex

2

ex
2 ¼ 1

or

ðD2 � 1Þv ¼ 1:

ThereforeA.E. ism2 � 1 ¼ 0, which yieldsm ¼
1.

Thus

C.F. ¼ c1e
x þ c2e

�x:

Moreover

P.I. ¼ �1:

Hence

v ¼ C.F.þ P.I. ¼ c1e
x þ c2e

�x � 1:

But y ¼ vz: Therefore

y ¼ ðc1ex þ c2e
�x � 1Þex2 :

(C) Method of Undetermined Coefficients
This method is used to find Particular integral of the

differential equation F(D) = X, where the input

(forcing) function X consists of the sum of the
terms, each of which possesses a finite number of

essentially different derivatives. A trial solution

consisting of terms in X and their finite derivatives
is considered. Putting the values of the derivatives

of the trial solution in f(D) and comparing the

coefficient on both sides of f(D) = X, the P.I. can be
found. Obviously the method fails if X consists of

terms like sec x and tan x having infinite number of

different derivatives. Further, if any term in the trial
solution is a part of the complimentary function,

then that terms should be multiplied by x and then

tried.

EXAMPLE 2.117
Solve d2y

dx2
þ y ¼ ex þ sin x:

Solution. The symbolic form of the given differential

equation is

D2 þ 1
� �

y ¼ ex þ sin x:

The auxiliary equation is m2 + 1 ¼ 0. Therefore
m ¼ ±i and so

C.F. ¼ c1 cos xþ c2 sin x:

The forcing function consists of terms ex and sin x.
Their derivatives are ex and cos x. So consider the

trial solution.

y ¼ a ex þ bx sin x þ cx cos x:

Then

dy

dx
¼ aexþbðxcos xþ sin xÞþ cðcos x� xsin xÞ

d2y

dx
¼ aexþb½cos x� xsin xþ cos x�
þ c½�sin x� sin x� xcos x�

¼ aexþ2bcos x�bxsin x�2csin x� cxcos x

¼ aexþ 2b� cxð Þcos x� bxþ2cð Þsin x:

Substituting the values of d2y
dx2

and y in the given

equation, we get

2aex þ 2b cos x� 2c sin x ¼ ex þ sin x:

Comparing corresponding coefficients, we have

2a ¼ 1; 2b ¼ 0 and 2c ¼ �1:

Thus a ¼ 1
2
; b ¼ 0; c ¼ � 1

2
and so

P.I. ¼ 1

2
ex � 1

2
x cos x:

Hence the solution is

y ¼ c1 cos xþ c2 sin xþ 1

2
ex � 1

2
x cos x:

EXAMPLE 2.118
Solve d2y

dx2
� 4 dy

dx
þ 4y ¼ ex sin x:

Solution. The symbolic form of the given differential

equation is

m2 � 4mþ 4 ¼ 0

which yields m ¼ 2,2. Hence

C.F. ¼ c1 þ c2xð Þe2x:
The forcing function is ex sin x. Its derivative is

ex cos x + ex sin x. Therefore, we consider

y ¼ aex sin xþ bex cos x
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as the trial solution. Then

dy

dx
¼ aðex cos xþ ex sin xÞ þ bðex cos x� ex sin xÞ
¼ aþ bð Þex cos xþ a� bð Þex sin x;

d2y

dx2
¼ aþ bð Þ ex cos x� ex sin x½ �
þ a� bð Þ ex cos x þ ex sin x½ �

¼ 2a ex cos x� 2bex sin x:

Substituting the values of d2y
dx2
; dy

dx
and y in the given

differential equation, we get

2aex cos x� 2bex sin x� 4 aþ bð Þex cos x
� 4 a� bð Þex sin x
þ 4aex sin xþ 4bex cos x ¼ ez sin x

or

�2aex cos xþ 2bex sin x ¼ ex sin x:

Comparing coefficients, we get 2b = 1 or b ¼ 1
2
.

Hence

P.I. ¼ 1

2
ex cos x

and so the complete solution of the given differen-

tial equation is

y ¼ C.F.þ P.I. ¼ c1 þ c2xð Þe2x þ 1

2
ex cos x:

(D) Method of Reduction of Order
This method is used to find the complete solution of
d2y
dx2

þ P dy
dx
þ Qy ¼ R; where P,Q and R are function

of x only, and when part of complementary function
is known. So, let u, a function of x, be a part of the

complementary function of the above differential

equation. Then

d2u

dx2
þ P

du

dx
þ QU ¼ 0: ð103Þ

Let y = uv be the complete solution of the given

differential equation, where v is also a function of x.
Then

dy

dx
¼ u

dv

dx
þ v

du

dx
;

d2y

dx2
¼ u

d2v

dx2
þ 2

du

dx
� dv
dx

þ v
d2v

dx2
:

Substituting these values of d
2y

dx2
; dy
dx
and y in the given

equation, we get

u
d2v

dx2
þ2

du

dx
�dv
dx

þ v
d2v

dx2
þP u

dv

dx
þdu

dx

� �
þQuv¼R

or

u
d2v

dx2
þ 2

du

dx
þPu

� �
�dv
dx

þ d2u

dx2
þP

du

dx
þQu

� �
v¼R

or, using (103)

u
d2v

dx2
þ 2

du

dx
þ Pu

� �
dv

dx
¼ R

or, division by u yields,

d2v

dx2
þ 2

u

du

dx
þ P

� �
dv

dx
¼ R

u

or, taking dv
dx
¼ z; we get

dz

dx
þ 2

u

du

dx
þ P

� �
z ¼ R

u
; ð104Þ

which is a first order differential equation in z and x.
The integration factor for (104) is

I.F. ¼ e

R
2
u
du
dxþpð Þdx ¼ e

R
2
udxþ
R

pdx
� �

¼ u2e

R
pdx:

Therefore, the solution of (104) is

z u2 e

R
Pdx ¼

Z
R

u
u2e

R
pdx

� �
dxþ c1

or

z ¼ 1

u2e

R
Pdx

Z
R

u
u2e

R
Pdx

� �
dxþ e

	 


or

dv

dx
¼ 1

u2
e
�
R

Pdx

Z
Ru e

R
Pdx

dxþ c1

	 

: ð105Þ

Integrating (105) with respect to x, we get

v ¼
Z

1

u2
e
�
R

Pdx

Z
Ru e

R
Pdx

dxþ c1

	 

þ c2;

where c1 and c2 are constants of integration. Hence

the complete solution of the given differential

equation is

y ¼ uv

¼ u

Z
1

u2
e
�
R

Pdx

Z
R u e

R
Pdx

dxþ c1

	 
� �
þ c2u:
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EXAMPLE 2.119
Find the complete solution of

d2y

dx2
� 4x

dy

dx
þ 4x2 � 2
� �

y ¼ 0;

if y ¼ ex
2

is an integral included in the com-

plementary solution.

Solution. Let y = uv, where u ¼ ex
2

be the complete

solution of the given equation.
Then

d2v

dx2
þ Pþ 2

u

du

dx

	 

dv

dx
¼ 0;

where

P ¼ �4x; Q ¼ 4x2 � 2 and R ¼ 0:

Thus

d2v

dx2
þ �4xþ 2

ex
2 2xex

2
� �	 


dv

dx
¼ 0

or

d2v

dx2
þ 4x� 4x½ � dv

dx
¼ 0

or

d2v

dx2
¼ 0:

Integrating, we get

dv

dx
¼ c1:

Integrating once more, we get

v ¼ c1xþ c2:

Hence the complete solution is

y ¼ uv ¼ ex
2

c1xþ c2½ �:

EXAMPLE 2.120
Solve sin2x d2y

dx2
¼ 2y; given that y ¼ cot x is an

integral included in the complementary function.

Solution. The given equation is

d2y

dx2
� ð2 cos ec2xÞy ¼ 0:

Comparing with

d2y

dx2
þ P

dy

dx
þ Qy ¼ R;

we get

P ¼ 0;Q ¼ �2 cos ec2x;R ¼ 0:

Therefore, putting y ¼ uv ¼ (cot x)v, the reduced
equation is

d2v

dx2
þ Pþ 2

u

du

dx

	 

dv

dx
¼ 0;

that is,

d2v

dx2
þ 2

cot x
� cos ec2x
� �	 


dv

dx
¼ 0

or

cot x
d2v

dx2
� 2 cos ec2x

dv

dx
¼ 0: ð106Þ

Let dv
dx
¼ z: Then (106) reduces to

cot x
dz

dx
� ð2 cos ec2xÞz ¼ 0

or

dz

z
¼ 2

cos ec2x

cot x
dx: ð107Þ

Integrating (107), we get

log z ¼ �2 log cot xþ log c1

or

log zþ log cot2x ¼ log c1

or

z ¼ c1tan
2x

or

dv

dx
¼ c1tan

2x ¼ c1 sec2x� 1
� �

: ð108Þ

Integrating (108), we get

v ¼ c1ðtan x� xÞ þ c2;

where c1 and c2 are constants of integration.

Hence the complete solution is

y ¼ uv ¼ cot x c1 tan x� xð Þ þ c2½ �
¼ c1 1� x cot xð Þ þ c2 cot x:
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(E) Cauchy-Euler Homogeneous Linear Equation
Consider the following differential equation with

variable coefficients:

xn
dny

dxn
þ a1x

n�1 d
n�1y

dxn�1
þ :::þ an�1x

dy

dx

þ an¼ FðxÞ; ð109Þ
where ai are constant and F is a function of x. This

equation is known as Cauchy-Euler homogeneous
linear equation (or equidimensional equation). The

Cauchy-Euler homogeneous linear equation can be

reduced to linear differential equation with constant
coefficients by putting x = et or t = log x. Then

dy

dx
¼ dy

dt
:
dt

dx
¼ dy

dt
:
1

x
or

x
dy

dx
¼ dy

dt
¼ Dy:

Now
d2y

dx2
¼ d

dx

1

x

dy

dt

� �
¼ � 1

x2
dy

dt
þ 1

x

d2y

dt2
:
dt

dx

¼ � 1

x2
dy

dt
þ 1

x2
d2y

dt2

and so

x2
d2y

dx2
¼ d2y

dt2
� dy

dt
¼ D2y�Dy¼ DðD� 1Þy:

Similarly,

x3
d3y

dx3
¼ DðD� 1ÞðD� 2Þy

and so on. Putting these values in (109), we obtain a

linear differential equation with constant coeffi-
cients which can be solved by using the methods

discussed already.

EXAMPLE 2.121

Solve x2 d2y
dx2

� 2x dy
dx
þ 2y ¼ x3:

Solution. This is a Cauchy-Euler equation. Putting

x = et or t = log x, we have x dy
dx
¼ Dy; x2 d2y

dx2
¼

DðD� 1Þy: Hence the given equation transforms to

ðDðD� 1Þ � 2Dþ 2Þy ¼ e3t

or

ðD2 � 3Dþ 2Þy ¼ e3t;

which is a linear differential equation with constant
coefficient. The auxiliary equation ism2 –3m + 2 = 0

and so m = 1, 2. Therefore

C:F: ¼ c1 e
t þ c2 e

2t:
The particular integral is

P:I: ¼ 1

f ðDÞFðxÞ ¼
1

D2 � 3Dþ 2
e3t

¼ 1

9� 9þ 2
e3t ¼ 1

2
e3t:

Hence the complete solution is

y ¼ c1e
t þ c2e

2t þ 1

2
e3t

Returning back to the variable x, we have

y ¼ c1xþc2x
2þ 1

2
x3:

EXAMPLE 2.122
Solve the Cauchy-Euler equation

x2
d2y

dx2
� x

dy

dx
þ y ¼ log x:

Solution. Putting x = et, we have

x
dy

dx
¼ Dyand x2

d2y

dx2
¼ DðD� 1Þy

and so the equation transforms to

ðDðD� 1Þ �Dþ 1Þy ¼ t

or
ðD� 1Þ2y ¼ t:

The complementary function is

C:F:¼ ðc1þc2tÞet:
Now

P:I: ¼ 1

ðD� 1Þ2 t ¼ ð1� DÞ�2
t

¼ ð1þ 2Dþ . . .Þt ¼ tþ2:

Hence the complete solution is

y¼ C:F:þ P:I: ¼ ðc1þc2tÞetþtþ2:

Returning back to x, we get

y¼ ðc1þc2 log xÞxþlog xþ2:

EXAMPLE 2.123
Solve Cauchy-Euler equation

x2
d2y

dx2
þ x

dy

dx
þ y¼ log x sinðlog xÞ:
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Solution. Putting x = et, this equation transforms to

ðD2þ1Þy ¼ tsin t:

The complementary function is

C:F: ¼ c1cos tþc2sin t:
Further

P:I: ¼ 1

D2 þ 1
t sin t¼ I:P: of

1

D2 þ 1
teit

¼ I:P: of ei t
1

ðDþ iÞ2 þ 1

¼ I:P: of ei t
1

2iD 1þ D
2i

� � t

¼ I:P: of eit:
1

2i
:
1

D
1� iD

2

� ��1

t

¼ I:P: of eit � it2

4
þ t

4

� �

¼ I:P: of ðcos tþisin tÞ �it2

4
þ t

4

� �

¼ � t2

4
cos t þ t

4
sin t:

Therefore, the complete solution is

y ¼ c1cos tþc2sin t � t2

4
cos tþ t

4
sin t:

Returning back to x, we get

y¼c1cosðlogxÞþc2sinðlogxÞ�1

4
ðlogxÞ2cosðlogxÞ

þ1

4
log x sinðlog xÞ:

EXAMPLE 2.124
Solve the Cauchy-Euler equation

x2
d2y

dx2
� x

dy

dx
þ 2y ¼ x log x:

Solution. Putting x = et, the equation reduces to

ðDðD� 1Þ�Dþ 2Þy ¼ t et

or

ðD2�2Dþ 2Þy ¼ t et

The C.F. for this equation is

C:F: ¼ etðc1cos tþc2sin tÞ:

The particular integral is

P:I: ¼ 1

D2 � 2Dþ 2
t et

¼ et
1

ðDþ 1Þ2 � 2ðDþ 1Þ þ 2
t

¼ et
1

D2 þ 1
t ¼ etð1�D2Þ�1

t ¼ etðt�0Þ ¼t et:

Therefore, the complete solution is

y ¼ C :F:þ P:I: ¼ etðc1cos tþc2sin tÞþt et

¼ xðc1cosðlog xÞ
þ c2sinðlog xÞþx log x:

EXAMPLE 2.125
Solve x2 d2y

dx2
� 2y ¼ x2 þ 1

x
:

Solution. Putting x = et, the given equation reduces to
ðDðD� 1Þ � 2Þy ¼ e2t þ 1

et
:

The auxiliary equation is m2 – m – 2 = 0 and so
m = 2, –1. Therefore,

C:F: ¼ c1 e
2t þ c2 e

�t:

Moreover,

P:I: ¼ 1

D2 � D� 2
ðe2t þ 1

et
Þ

¼ 1

D2 � D� 2
e2t þ 1

D2 � D� 2
ðe�tÞ

¼ t
1

½2D� 1�D¼2

e2t þ t
1

ð2D� 1ÞD¼�1

e�t

¼ t

3
e2t � 1

3
te�t:

Thus, the complete solution is

y ¼ C :F:þ P:I: ¼c1e
2t þ c2 e

�t þ t

3
e2t � t

3
e�t

¼ c1x
2 þ c2

x
þ 1

3
x2 � 1

x

� �
log x:

EXAMPLE 2.126
Solve the Cauchy-Euler equation

x2
d2y

dx2
þ 2x

dy

dx
� 20y ¼ ðxþ 1Þ2:
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Solution. Putting x = et, the given equation trans-
forms into

ðDðD� 1Þ þ 2D� 20Þy ¼ e2t þ 2et þ 1

or

ðD2þD� 20Þy ¼ e2t þ 2et þ 1:

The auxiliary equation is m2 + m – 20 = 0 and so

m = –5, 4. Therefore,

C:F: ¼ c1 e
�5t þ c2e

4t:

Now

P:I: ¼ 1

D2 þ D� 20
e2t þ 2

D2 � D� 20
et

þ 1

D2 � D� 20
x0 t

¼ � 1

14
e2t þ 2

�20
et � 1

20
:

Thus the complete solution is

y¼C:F:þP:I:¼c1e
�5t þ c2 e

4t � 1

14
e2t � 1

10
et � 1

20

¼ c1x
�5þ c2x

4� 1

14
x2� x

10
� 1

20

(F) Legendre’s Linear Equation
An equation of the form

ðaxþ bÞn d
ny

dxn
þ a1ðaxþ bÞn�1 d

n�1y

dxn�1
þ :::

þ any¼ FðxÞ ð110Þ
where an are constants and F is a function of x, is

called Legendre’s linear equation.

To reduce the Legendre’s equation to a linear
differential equation with constant coefficient, we

put ax + b = et or t = log (ax + b). Then

dy

dx
¼ dy

dt
:
dt

dx
¼ a

axþ b

dy

dt

or

ðaxþbÞ dy
dx

¼ aDy:

Further

d2y

dx2
¼ d

dx

a

axþ b

dy

dt

� �
¼ a2

ðaxþ bÞ2
d2y

dt2
� dy

dt

� �

and so

ðaxþbÞ2 d
2y

dx2
¼ a2ðD2�DÞy ¼ a2DðD� 1Þy:

Similarly,

ðaxþbÞ3 d
3y

dx3
¼ a3DðD� 1ÞðD� 2Þy

and so on.

Putting these values in (110), we get a linear
differential equation with constant coefficients

which can be solved by usual methods.

EXAMPLE 2.127
Solve ð2xþ3Þ2 d2y

dx2
� 2ð2xþ 3Þ dy

dx
� 12y ¼ 6x:

Solution. Putting 2x + 3 = et or t = log (2x + 3), the
given equation reduces to

ð4ðD2�DÞ�4D�12Þy¼ 6
et�3

2
¼ 3et�9

or

ð4D2�8D� 12Þy¼ 3et�9:

The auxiliary equation is

4m2�8m�12¼ 0;

which yields m = 3, – 1. Therefore,

C:F: ¼ c1 e
�t þ c2 e

3t:

Now

P:I: ¼ 1

4D2 � 8D� 12
ð3et � 9Þ ¼ 3

�16
et þ 3

4
:

Hence the complete solution is

y ¼ c1e
�t þ c2e

3t � 3

16
et þ 3

4

¼ c1

ð2xþ 3Þ þ c2ð2xþ 3Þ3 � 3

16
ð2xþ 3Þ þ 3

4
:

EXAMPLE 2.128
Solve Legendre’ equation

ð1þ xÞ2 d
2y

dx2
þ ð1þ xÞ dy

dx
þ y ¼ 4 cos logð1þ xÞ:

Solution. Putting x + 1 = et or t = log (x + 1), the

given equations transforms to (12 (D2 –D) + 1D + 1)y =
4 cos t
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or

ðD2þ1Þy¼ 4cos t:

The auxiliary equation is m2 + 1 = 0 and so m = ± i.

Therefore,

C:F: ¼ c1cos tþc2sin t:

The particular integral is

P:I: ¼ 4

D2 þ 1
cos t ¼ t

4ð2DÞ
½4D2�D2¼�1

cos t

¼ 8t

�4
D cos t ¼ �2tð� sin tÞ ¼ 2t sin t:

Thus, the complete solution is

y ¼ c1cos tþc2sin tþ2tsin t

¼ c1cosðlogðxþ1ÞÞþc2sinðlogðxþ1ÞÞ
þ2logðxþ 1Þsinðlogðxþ1ÞÞ:

EXAMPLE 2.129
Solve the Legendre’s equation

ð1þxÞ2 d
2y

dx2
þ ð1þ xÞ dy

dx
þ y¼ sinð2logð1þxÞÞ:

Solution. As in Example 2.128, putting x + 1 = et, the

given equation reduces to

ðD2þ1Þy¼ sinð2tÞ:
The complementary function is

C:F: ¼ c1cos tþc2sin t
Further,

P:I: ¼ 1

D2 þ 1
sin½2t� ¼ 1

�4þ 1
sin 2t ¼ � 1

3
sin 2t:

Therefore, the complete solution is

y ¼ c1 cos tþc2 sin t� 1

3
sin2 t

¼ c1 cosðlogðxþ1ÞÞþc2 sinðlogðxþ1Þ

� 1

3
sinð2logðxþ1ÞÞ:

EXAMPLE 2.130

Solve (1+x)2 d2y
dx2

þ ð1þ xÞ dy
dx
þ y = 2 sin (log (x + 1)).

Solution. As in Example 2.128, putting x + 1 = et, the

given equation transforms to

ðD2þ1Þy¼ 2 sin t:

Its complementary function is given by

C:F: ¼ c1cos tþc2sin t:

Its particular integral is given by

P:I: ¼ 1

D2 þ 1
ð2 sin tÞ ¼ 2

D2 þ 1
sin t

¼ 2t

½2D�D2¼�1

sin t ¼ D sin t

�1
¼ �t cos t:

Therefore, the complete solution is

y ¼ c1cos tþc2sin t�tcos t

¼ c1cosðlogðxþ1ÞÞþc2sinðlogðxþ1ÞÞ
� logðxþ1Þcosðlogðxþ1ÞÞ:

2.19 SIMULTANEOUS LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

Differential equations, in which there are two or

more dependent variables and a single independent

variable are called simultaneous linear equations.
The aim of this section is to solve a system of linear

differential equations with constant coefficients.

The solution is obtained by eliminating all but one
of the dependent variables and then solving the

resultant equations by usual methods.

EXAMPLE 2.131
Solve the simultaneous equations

dx

dt
¼ 7x�y;

dy

dt
¼ 2xþ5y:

Solution. In symbolic form, we have

ðD� 7Þxþy¼ 0 ð111Þ
ðD� 5Þy�2x¼ 0 ð112Þ

Multiplying (111) by (D – 5) and subtracting (112)

from it, we get

ðD� 5ÞðD� 7Þxþ2x¼ 0
or

ðD2�12Dþ 35þ 2Þx¼ 0
or

ðD2�12Dþ 37Þx¼ 0:

Its auxiliary equation is m2 – 12m + 37 = 0, which

yields m = 6 ± i. Therefore, its complete solution is
x ¼ e6tðc1 cos t þ c2 sin tÞ:
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Now

dx

dt
¼ d

dt
ðc1e6t cos tÞþ d

dt
ðc2e6t sin tÞ

¼ c1½6e6t cos t� e6t sin t�þ c2½6e6t sin tþ e6t cos t�
¼ e6t½ð6c1þ c2Þcos tþð6c2� c1Þ sin t�

Putting the values of x and dx
dt
in (111), we get

e6t½ð6c1þc2Þ cos tþð6c2�c1Þ sin t�
� 7e6t½c1 cos tþc2sin t�þy¼ 0:

Therefore,

y ¼ 7e6t ðc1 cos tþc2 sin tÞ
� e6t½ð6c1þc2 Þ cos tþð6c2�c1Þ sin t�

¼ e6t½ðc1�c2Þ cos tþðc1þc2Þ sin t�:
Hence the solution is

x ¼ e6tðc1 cos tþc2sin tÞ
y ¼ e6t½ðc1�c2Þ cos tþðc1þc2Þ sin t�:

EXAMPLE 2.132
Solve d2y

dt2
þ dy

dt
� 2y ¼ sin t; dx

dy
þx�3y¼ 0:

Solution. The given system of equations are

ðD2þD� 2Þy¼ sin t ð113Þ
ðDþ 1Þx� 3y ¼ 0 ð114Þ

The auxiliary equation for (113) is

m2 þ m� 2 ¼ 0

and so m = –2, 1. Therefore,

C:F: ¼ c1 e
t þ c2 e

�2t:

P:I: ¼ 1

D2 þ D2 � 2
sin t ¼ 1

D� 3
sin t

¼ Dþ 3

D2 � 9
sin t ¼ � 1

10
ðDþ 3sintÞ

¼ � 3

10
sin t � 1

10
cos t:

Therefore, the complete solution of (113) is

y ¼ c1 e
t þ c2e

�2t � 1

10
ðcos t þ 3 sin tÞ:

Putting this value of y in (114), we get

dx

dt
þx ¼ 3½c1et þ c2e

�2t � 1

10
ðcos t þ 3 sin tÞ�

The integrating factor is e

R
1 dt ¼ et. Therefore,

x:et ¼ 3

Z
et½c1et þ c2e

�2t � 1

10
ðcos tþ 3 sin tÞ�dt;

which yields

x ¼ 3
2
c1e

2t � 3e2e
�t � 3

10
etðcos t � 2 sin tÞ.

Therefore, the solution is

x ¼ 3

2
c1e

2t � 3c2e
�t � 3

10
etðcos t � 2 sin tÞ

y ¼ c1e
t þ c2e

�2t � 1

10
ðcos t þ 3 sin tÞ:

EXAMPLE 2.133
A mechanical system with two degrees of freedom

satisfies the equation

2
d2x

dt2
þ 3

dy

dt
¼ 4; 2

d2y

dt2
� 3

dx

dt
¼ 0

under the condition that x, y, dx
dt
; dy
dt
all vanish at t = 0.

Find x and y.

Solution. The given equations are

2D2xþ 3Dy ¼ 4

2D2y� 3Dx ¼ 0 ð115Þ
or

4D3xþ 6D2y ¼ 2Dð4Þ ¼ 0

�9Dxþ 6D2y ¼ 0:

Subtracting, we get

4D3xþ9Dx¼ 0

or
ð4D3þ9DÞx¼ 0:

Auxiliary equation is

4m3 þ 9m ¼ 0; and so m ¼ 0;
 3

2
i:

Hence

x ¼ c1 þ c2 cos
3

2
t þ c3 sin

3

2
t:

At t = 0, x = 0. Therefore, 0 = c1 + c2 or c1 = –c2.
Also

dx

dt
¼ � 3

2
c2 sin

3

2
t þ 3

2
c3 cos

3

2
t

80 n Engineering Mathematics



At t = 0, dx
dt
= 0 and so 0 = 3

2
c3 or c3 = 0. Thus

x ¼ c1�c1cos
3

2
t:

Therefore,

dx

dt
¼ 3

2
c1 sin

3

2
t and

d2x

dt2
¼ 9

4
c1 cos

3

2
t:

Putting this value of dx
dt
in (115), we get

2D2y� 9

2
c1sin

3

2
t¼ 0 or D2y ¼ 9

4
c1sin

3

2
t:

Integrating, we get

Dy¼ � 3

2
c1 cos

3

2
t þ k:

Using initial condition dy
dt
= 0 at t = 0, we get k = 3

2
c1.

Therefore,

Dy¼ � 3

2
c1cos

3

2
tþ 3

2
c1:

Integrating again, we have

y ¼ �c1 sin
3

2
t þ 3

2
c1t þ k:

When t = 0, y = 0. So we have k = 0. Hence

y ¼ �c1 sin
3t

2
þ 3

2
c1t:

Further, putting the value of d2x
dt2

and dy
dt
in the first of

the given equations, we get c1 =
8
9
. Hence

x ¼ 8

9
1� cos

3t

2

� �
; y ¼ 4

3
t � 8

9
sin

3t

2
:

2.20 APPLICATIONS OF LINEAR DIFFERENTIAL
EQUATIONS

Linear differential equations play an important role
in the analysis of electrical, mechanical and other

linear systems. Some of the applications of these

equations are discussed below.

(A) Electrical Circuits
Consider an LCR circuit consisting of inductance L,

capacitor C, and resistance R. Then, using Kirchhoff’s
law [see (16)], the equation governing the flow of

current in the circuit is

L
dI

dt
þ RI þ Q

C
¼ EðtÞ;

where I is the current flowing in the circuit, Q is
the charge, and E is the e.m.f. of the battery. Since

I = dQ
dt
, the above equation reduces to

L
d2Q

dt
þ R

dQ

dt
þ Q

C
¼ EðtÞ ð116Þ

If we consider LC circuit without having e.m.f.

source, then the differential equation describing

the circuit is

L
d2Q

dt2
þ Q

C
¼ 0

or

d2Q

dt2
þ Q

LC
¼ 0

or

d2Q

dt2
þ m2Q¼ 0;m2 ¼ 1

LC
:

This equation represents free electrical oscillations

of the current having period

T ¼ 2�

m
¼ 2�

ffiffiffiffiffiffiffi
LC

p
:

EXAMPLE 2.134
In an LCR circuit, an inductance L of one henry,

resistance of 6 ohm, and a condenser of 1/9 farad
have been connected through a battery of e.m.f.

E = sin t. If I = Q = 0 at t = 0, find charge Q and

current I.

Solution. The differential equation for the given

circuit is

L
d2Q

dt2
þ R

dQ

dt
þ Q

C
¼ EðtÞ:

Here L = 1, R = 6, C = 1
9
, E(t) = sin t. Thus, we have

d2Q

dt2
þ 6

dQ

dt
þ 9Q¼ sint

subject to Q(0) = 0, Q 0 (0) = 0 = I(0). The auxiliary

equation for this differential equation ism2 + 6m + 9
= 0 and so m = –3, –3. Thus

C:F: ¼ðc1 þ c2tÞe�3t:
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Now

P:I: ¼ 1

D2 þ 6Dþ 9
sin t ¼ 1

6Dþ 8
sin t

¼ 6D� 8

36D2 � 64
sin t ¼ 6D� 8

�100
sin t

¼ � 1

100
½6D sin t � 8 sin t�

¼ � 6

100
cos t þ 8

100
sin t:

Hence the complete solution is

Q ¼ðc1 þ c2tÞe�3t � 6

100
cos t þ 8

100
sin t:

Now Q(0) = 0 gives 0 = c1 –
6

100
and so c1 =

6
100

. Also

dQ

dt
¼ �3c1e

�3t þ c2ðe�3t � 3te�3tÞ

þ 6

100
sin t þ 8

100
cos t:

Therefore dQ
dt

= 0 at t = 0 yields

0 ¼ �3c1 þ c2 þ 8

100
¼ � 18

100
þ c2 þ 8

100

and so c2 =
1
10
. Hence

Q ¼ 6

100
þ t

10

� �
e�3t � 6

100
cos t þ 8

100
sin t

¼ e�3t

50
ð5t þ 3Þ � 3

50
cos t þ 2

25
sin t:

Since I = dQ
dt
, we have

I ¼ 5e�3t

50
� 3

50
ð5t þ 3Þe�3t þ 3

50
sin t þ 2

25
cos t

¼ � e�3t

50
ð15t þ 4Þ þ 3

50
sin t þ 2

25
cos t:

EXAMPLE 2.135
Find the frequency of free vibrations in a closed

electrical circuit with inductance L and capacity C
in series.

Solution. Since there is no applied e.m.f., the dif-

ferential equation governing this LC circuit is

L
d2Q

dt2
þ Q

C
¼ 0

or
d2Q

dt2
¼ � Q

LC
¼ �v2Q;

where v2 = 1
LC
. Thus the equation represents oscil-

latory current with period.

T ¼ 2�

v
¼ 2�

ffiffiffiffiffiffiffi
LC

p
:

Then

Frequency = 1
T
¼ 1

2�
ffiffiffiffiffi
LC

p per second

¼ 60

2�
ffiffiffiffiffiffiffi
LC

p ¼ 30

�
ffiffiffiffiffiffiffi
LC

p per minute:

EXAMPLE 2.136
The differential equation for a circuit in which

self-inductance and capacitance neutralize each

other is

L
d2i

dt2
þ i

C
¼ 0:

Find the current i as a function of t, given that I is

maximum current and i = 0 when t = 0.

Solution. We have

d2i

dt2
þ i

LC
¼ 0:

The auxiliary equation is m2 + 1
LC

= 0 and so m =

± iffiffiffiffiffi
LC

p . Hence the solution is

i ¼ c1cos
1ffiffiffiffiffiffiffi
LC

p t þ c2 sin
1ffiffiffiffiffiffiffi
LC

p t:

Since i = 0 at t = 0, we have c1 = 0 and so

i ¼ c2sin
tffiffiffiffiffiffiffi
LC

p :

For maximum current I, we have I = c2 max sin tffiffiffiffiffi
LC

p
= c2. Hence i = I sin tffiffiffiffiffi

LC
p .

EXAMPLE 2.137
An LCR circuit with battery e.m.f. E sin pt is tuned

to resonance so that p2 = 1
LC
. Show that for small

value of R
L
, the current in the circuit at time t is given

by E t
2L

sin pt.

Solution. The differential equation governing the
LCR circuit is L d2q

dt2
þ R dq

dt
þ q

C
¼ EðtÞ ¼ E sin pt:

The auxiliary equation is

m2 þ R

L
mþ 1

LC
¼ 0;
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which yields

m ¼
� R

L



ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

L2
� 4

LC

q
2

¼
� R

L



ffiffiffiffiffiffiffiffiffi
� 4

LC

q
2

since
R

L
is small

¼ � R

2L

 1ffiffiffiffiffiffiffi

LC
p i

¼ � R

2L

 pi since p2 ¼ 1

LC
:

Therefore

C:F: ¼ e�
Rt
2Lðc1 cos pt þ c2 sin ptÞ

¼ 1� Rt

2L

� �
ðc1 cos ptþc2 sin ptÞ

rejecting higher power of
R

L
:

Further

P:I: ¼ 1

LD2 þ RDþ 1
C

ðE sin ptÞ

¼ E

�Lp2 þ RDþ 1
C

sin pt

¼ E

� L
LC

þ 1
C
þ RD

sin pt

¼ E

RD
sin pt ¼ E

R

D

D2
sin pt

¼ � E

Rp2
D sin pt

¼ � E

Rp2
p cos pt ¼ � E

Rp
cos pt:

Thus, the complete solution is

q ¼ 1� Rt

2L

� �
ðc1 cos pt þ c2 sin ptÞ � E

Rp
cos pt:

Using the initial condition q = 0 for t = 0, we get

0 ¼ c1 � E

Rp
or c1 ¼ E

Rp
:

Also

i ¼ dq

dt
¼ 1� Rt

2L

� �
ð�c1 sin pt þ c2 cos ptÞp

� R

2L
ðc1 cos pt þ c2 sin ptÞþE

R
sin pt:

Using the initial condition i = 0 for t = 0, we get

0 ¼ pc2�Rc1

2L

¼ pc2 � R

2L

E

Rp

� �

¼ pc2 � RE

2Lp

and so c2 =
E

2Lp2
. Hence, the solution is

i ¼ 1� Rt

2L

� �
� E

Rp
sin pt þ 2

2Lp2
cos pt

� �
p

� R

2L

E

Rp
cos pt þ E

2Lp2
sin pt

� �
þ E

R
sin pt

¼ Et

2L
sin pt

2.21 MASS-SPRING SYSTEM

In Example 2.4, we have seen that the differential
equation governing a Mass-spring system is

m
d2x

dt2
þ a

dx

dt
þ kx ¼ f ðtÞ

where m is the mass, a dx
dt
the damping force due to

the medium, k is spring constant, and x represents

the displacement of the mass.

This is exactly the same differential equation
which occurs in LCR electric circuits. When a =

0, the motion is called undamped whereas if a 6¼ 0,

the motion is called damped. If f (t) = 0, then the
motion is called forced.

EXAMPLE 2.138
Amass of 10 kg is attached to a spring having spring

constant 140N/m. Themass is started inmotion from

the equilibrium position with a velocity of 1 m/sec in
the upward direction and with an applied external

force f (t) = 5 sin t. Find the subsequent motion of

the mass if the force due to air resistance is –90 x0 N.

Solution. The describing differential equation is
d2x
dt2

þ a
m

dx
dt
þ k

m
x ¼ 1

m
f ðtÞ:

Here a = 90, k = 140, and m = 10. Therefore, we
have

d2x

dt2
þ 9

dx

dt
þ 14x ¼ 1

2
sin t:
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The auxiliary equation is m2 + 9m + 14 = 0, and so
m = –2, –7. Therefore,

C:F: ¼ c1e
�2t þ c2e

�7t:

Further

P:I:¼ 1

D2þ9Dþ14

1

2
sint

� �
¼ 1

2ð�1þ9Dþ14Þsint

¼1

2

1

ð9Dþ13Þsint¼
1

2

9D�13

ð�81�169Þsint

¼� 1

500
ð�13sintþ9costÞ

¼ 13

500
sint� 9

500
cost:

Hence, the complete solution is

x ¼ c1e
�2t þ c2e

�7t þ 13

500
sin t � 9

500
cos t:

Using the initial condition x(0) = 0, we get 0 = c1+c2
� 9

500
and so c1 + c2=

9
500

. Since dx
dt
(0) = –1 (initial

velocity in upper direction), we get

�1¼�2c1�7c2þ 13

500
or2c1þ7c2¼ 513

500
:

Solving for c1 and c2, we get c1 = � 90
500

, c2 = 99
500

.
Hence

x ¼ 1

500
ð�90e�2t þ 99e�7t þ 13 sin t � 9 cos tÞ:

EXAMPLE 2.139
If in a mass spring system, mass = 4kg, spring con-
stant = 64, f(t) = 8 sin 4t, and if there is no air

resistance and initial velocity, then find the sub-

sequent motion of the weight. Show that the reso-
nance occurs in this case.

Solution. The governing equation is

d2x

dt2
þ a

m

dx

dt
þ k

m
x ¼ 1

m
f ðtÞ:

Therefore, we have

d2x

dt2
þ16x¼ 2sin4t:

The auxiliary equation is m2 + 16 = 0 and so m =

± 4i. Therefore,

C:F: ¼ c1cos4tþc2sin4t:

Now

P:I: ¼ 1

D2 þ 16
ð2 sin 4tÞ ¼ 2t

2D
ðsin4tÞ

¼ t Dðsin 4tÞ
�16

¼ � t

16
ð4cos4tÞ

¼ � t

4
cos4t :

Hence the complete solution is

x ¼ c1 cos 4tþc2 sin4t � t

4
cos 4t:

Using initial condition x(0) ¼ 0, we have 0 ¼ c1.

Differentiating w.r.t. t, we get

dx

dt
¼ �4c1sin4tþ4c2cos4t

� 1

4
½cos4t�4tsin4t�:

Now dx
dt
¼ 0 at t ¼ 0. Therefore, 0 ¼ 4c2 –

1
4
which

gives c2 ¼ 1
16
. Hence

x ¼ 1

16
sin 4t � t

4
cos 4t:

We observe that x (t) ! 1 as t ! 1 due to the

presence of the term t cos 4t. This term is called a
secular term. The presence of secular term causes

resonance because the solution becomes unbounded.

2.22 SIMPLE PENDULUM

The system in which a heavy particle (bob) is
attached to one end of a light inextensible string, the

other end of which is fixed, and oscillates under the

action of gravity force in a vertical plane is called a
simple pendulum. To describe its motion, let m be

the mass of the particle, l be the length of the string,

and O be the fixed point of the string (Figure 2.9).

T

mg  cos mgmg sin 

B

P

l

A

D

s

O

Figure 2.9
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Let P be the position of the heavy particle at any
time t and let ffAOP ¼ h, where OA is vertical

line through O. Then the force acting on the bob are

(a) weight mg acting vertically downward
(b) tension T in the string.

Resolving mg, we note that tension is balanced by

mg cosh. The equation of motion along the tangent is

m
d2s

dt2
¼ �mg sin h

or
d2

dt2
ðlhÞ ¼ � g sin h

or

d2h

dt2
¼ � g

l
sin h

¼ � g

l
h� h3

3 !
þ ::

	 

(using expansion for sin hÞ

¼ � gh

l
to the first approximation:

Thus the differential equation describing the motion

of bob is

d2h

dt2
þ v2h ¼ 0;

wherev2¼ g
l
. The auxiliary equation of this equation is

m2 þ v2 ¼ 0

and so m ¼ ± vi. Therefore, the solution is

h ¼ c1 cos vt þ c2 sin vt

¼ c1cos

ffiffiffi
g

l

r
t þ c2 sin

ffiffiffi
g

l

r
t:

The motion in case of simple pendulum is simple
harmonic motion where time period

T ¼ 2�

v
¼ 2�

ffiffiffi
l

g

s
:

The motion of the bob from one extreme position to

the other extreme position on the other side of A is

called a beat or a swing. Therefore,

Time for one swing ¼ 1
2
T ¼ �

ffiffi
l
g

q
.

The pendulum which beats once every second is
called a second’s pendulum. Therefore, the num-

ber of beats is a second pendulum in one day is

equal to the number of seconds in a day. Thus, a
second pendulum beats 86,400 times a day.

Now, since, the time for 1 beat in a second’s
pendulum is 1 sec, we have

1 ¼ �

ffiffiffi
l

g

s
¼ �

ffiffiffiffiffiffiffiffi
l

981

r

and so l ¼ 99.4 cm is the length of second’s
pendulum.

EXAMPLE 2.140
The differential equation of a simple pendulum is
d2x
dt2

þ v2
0x ¼ F0 sin nt, where v0 and F0 are con-

stants. If initially dx
dt

¼ 0, determine the motion

when v0 ¼ n

Solution. We have

d2x

dt2
þ n2x ¼ F0 sin nt since;v0 ¼ n:

The auxiliary equation is m2 + n2 ¼ 0 and so m ¼
± ni. Therefore,

C.F. ¼ c1 cos nt þ c2 sin nt:

Now

P:I: ¼ F0

D2 þ n2
sin nt ¼ F0t

2D
sin nt

¼ F0t

2

Z
sin nt dt ¼ � F0t

2n
cos nt:

Thus, the complete solution is

x ¼ c1 cos ntþc2 sin nt � F0t

2n
cos nt:

Initially x ¼ 0 for t ¼ 0, so c1 ¼ 0.

Also
dx

dt
¼ � nc1sin ntþnc2cos nt

� F0

2n
½cos nt� tn sin nt�:

But for t ¼ 0, dx
dt

¼ 0: Therefore, 0 ¼ nc2 � F0

2n

and so c2 ¼ F0

2n2
.

Hence

x ¼ F0

2n2
sin nt � F0t

2n
cos nt

¼ F0

2n2
ðsin nt� nt cos ntÞ:

2.23 SOLUTION IN SERIES

The method of series solution of differential equa-

tions is applied to obtain solutions of linear differ-
ential equations with variable coefficients.
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Consider the differential equation

P0ðxÞ d
2y

dx2
þ P1ðxÞ dy

dx
þ P2ðxÞy ¼ 0; ð117Þ

where P0ðxÞ ; P1ðxÞ, and P2ðxÞ are polynomials in
x. This equation can be written as

d2y

dx2
þ P1ðxÞ
P0ðxÞ

dy

dx
þ P2ðxÞ
P0ðxÞ y ¼ 0: ð118Þ

The point x ¼ a is called an ordinary point of the

equation (117) or (118) if the functions
P1ðxÞ
P0ðxÞ and

P2ðxÞ
P0ðxÞ are analytic at x¼ a. In other words, x¼ a is an

ordinary point of (117) if P0ðaÞ 6¼ 0.

If either (or both) of
P1ðxÞ
P0ðxÞ or/and

P2ðxÞ
P0ðxÞ is (are) not

analytic at x ¼ a, then x ¼ a is called a singular
point of the equation (117) or (118). Thus x¼ a is a

singular point of (117) if P0(a) ¼ 0.

Further, let

Q1ðxÞ ¼ ðx� aÞP1ðxÞ
P0ðxÞ ;

Q2ðxÞ ¼ ðx� aÞ2 P2ðxÞ
P0ðxÞ :

IfQ1 and Q2 are both analytic at x¼ a, then x¼ a is

called a regular singular point of (117) otherwise it
is called irregular point of (117).

For example, consider the equation

9xð1� xÞ d
2y

dx2
� 12

dy

dx
þ 4y ¼ 0:

We have

P1ðxÞ
P0ðxÞ ¼

�12

9xð1� xÞ and
P2ðxÞ
P0ðxÞ ¼

4

9xð1� xÞ ;

which are not analytic at x ¼ 0 and x ¼ 1. Hence
x ¼ 0 and x ¼ 1 are singular points of the given

equation. Further, at x ¼ 0,

Q1ðxÞ ¼ �12

9ð1� xÞ ; Q2ðxÞ ¼ 4

�ð1� xÞ ;

which are analytic at x ¼ 0. Thus x ¼ 0 is a regular

singular point.

For x ¼ 1, we have

Q1ðxÞ ¼ 12

9x
; Q2ðxÞ ¼ �4

9x
;

which are analytic if x ¼ 1. Hence x ¼ 1 is also
regular.

2.23.1 Solution About Ordinary Point
If x ¼ a is an ordinary point of the differential

equation (117), then its every solution can be

expressed in the form

y ¼ a0 þ a1ðx� aÞ þ a2ðx� aÞ2

þ a3ðx� aÞ3 þ . . . ;
ð119Þ

where the power series converges in some interval
|x – a| < R about a. Thus the series may be differ-

entiated term by term on this interval and we have

dy

dx
¼ a1 þ 2a2ðx� aÞ þ 3a3ðx� aÞ2 þ . . . ;

d2y

dx2
¼ 2a2 þ 6a3ðx� aÞ þ . . . :

Substituting the values of y ; dy
dx
, and d2y

dx2
is (117), we

get an equation of the type

c0 þ c1ðx� aÞ þ c2ðx� aÞ2 þ . . . ¼ 0; ð120Þ
where the coefficients c0, c1, and c2 are functions of

a. Then (120) will be valid for all x in |x – a| < R if
all c1, c2,… are zero. Thus

c0 ¼ c1 ¼ c2 ¼ . . . :0: ð121Þ
The coefficients ai of (119) are obtained from (121).

In case (120) is expressed in powers of x, then
equating to zero the coefficients of the various

powers of x will determine a2, a3, a4,… in terms of a0
and a1. The relation obtained by equating to zero the
coefficient of xn is called the recurrence relation.

2.23.2 Solution About Singular Point (Forbenious
Method)

If x ¼ a is a regular singular point of (117), then the

equation has at least one non-trivial solution of the
form

y¼ðx�aÞm½a0þa1ðx�aÞþa2ðx�aÞ2þ ...�; ð122Þ
where m is a definite constant (real or complex) and
the series on the right converges at every point of

the interval of convergence with centre a.

Differentiating (122) twice, we get

dy

dx
¼ ma0ðx� aÞm�1 þ ðmþ 1Þa1ðx� aÞm þ . . .

d2y

dx2
¼ mðm� 1Þa0ðx� aÞm�2

þ mðmþ 1Þa1ðx� aÞm�1 þ . . . :
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Substituting the values of y; dy
dx
and d2y

dx2
in (117), we

get an equation of the form

c0ðx� aÞmþk þ c1ðx� aÞmþkþ1

þ c2ðx� aÞmþkþ2 þ . . . ¼ 0; ð123Þ
where k is an integer and the coefficients ci are

functions of m and ai. In order that (123) be valid in
|x – a| < R, we must have

c0 ¼ c1 ¼ c2 ¼ . . . ¼ 0: ð124Þ
On equating to zero the coefficient c0 in (123), we
get a quadratic equation in m, called indicial

equation, which gives the value of m. The two roots

m1 and m2 of the indicial equation are called
exponents of the differential equation (117). The

coefficients a1; a2; a3; . . . are obtained in terms of

a0 from c1 ¼ c2 ¼ :: ¼ 0. Putting the values of
a1; a2; . . .in (122), the solution of (117) is obtained.

If m1 � m2 6¼ 0 or a positive integer, then the

complete solution of equation (117) is

y ¼ c1ðyÞm1
þ c2ðyÞm2

:

Ifm1 – m2 ¼ 0, that is, the roots of indicial equation
are equal, then the two independent solutions are

obtained by substituting the value of m in y and @y
@m.

Thus, in this case,

y ¼ c1ðyÞm1
þ c2

@y

@m

� �
m1

Ifm1 –m2 is a positive integers making a coefficient
of y infinite when m ¼ m2, then the form of y is

modified by replacing a0 by k(m – m2). Two inde-

pendent solutions of the differential equation (117)
are then

y ¼ c1ðyÞm2
þ c2

@y

@m

� �
m2

If m1 – m2 is a positive integer making a coefficient

of y indeterminate when m ¼ m2, then the complete

solution of (117) is

y ¼ c1ðyÞm2
:

EXAMPLE 2.141
Find the power series solution of the equation

ð1� x2Þ d
2y

dx2
� 2x

dy

dx
þ 2y ¼ 0

in powers of x, that is, about x ¼ 0.

Solution. Let

y ¼ a0 þ a1xþ a2x
2 þ a3x

3 þ a4x
4 þ . . . :

Differentiating twice we get

dy

dx
¼a1þ2a2xþ3a3x

2þ4a4x
3þ ...þnanx

n�1þ ...

d2y

dx2
¼2a2þ6a3xþ ...þnðn�1Þanxn�2þ ... :

Substituting the values of y, dy
dx
and d2y

dx2
in the given

differential equation, we get

ð1� x2Þ½2a2 þ 6a3xþ . . .þ nðn� 1Þanxn�2 þ . . .�
� 2x½a1 þ 2a2xþ 3a3x

2 þ . . .þ nanx
n�1 þ . . .�

þ 2ða0 þ a1xþ a2x
2 þ . . .þ anx

n þ . . .Þ ¼ 0

or

2ða2 þ a0Þ þ ð6a3 � 2a1Þx
þ ð12a4 � 2a2 � 4a2 þ 2a2Þx2
þ . . .þ ½ðnþ 2Þðnþ 1Þanþ2

� nðn� 1Þan � 2nan þ 2an�xn þ . . . ¼ 0

or

2ða2 þ a0Þ þ 6a3xþ ð12a4 � 4a2Þx2

þ . . .þ ½ðn2 þ 3nþ 2Þanþ2 � ðn2 � nÞan
þ 2anð1� nÞ�xn þ . . . ¼ 0:

Equating to zero the coefficients of the various

powers of x, we get

a2 ¼ �a0; a3 ¼ 0; a4 ¼ � 1

3
a0; ...

anþ2½n2 þ 3nþ 2� þ anð�n2 � nþ 2Þ ¼ 0:

Taking n ¼ 3, 4, …

20a5 � 10a3 ¼ 0 ) a5 ¼ 0
30a6 � 18a4 ¼ 0 ) a6 ¼ 18

30
a4 ¼ � 1

5
a0

. . .

. . .

Therefore,

y¼a0þa1xþa2x
2þa3x

3þa4x
4þa5x

5þa6x
6þ ...

¼a0þa1x�a0x
2�1

3
a0x

4�1

5
a0x

6þ ...

¼a0 1�x2�1

3
x4�1

5
x6� ...

� �
þa1x:
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EXAMPLE 2.142
Find the solution in series of the equation

d2y

dx2
þ x

dy

dx
þ x2y ¼ 0

about x ¼ 0.

Solution. The point x ¼ 0 is a regular point of the

given differential equation. So, let the required

solution be

y¼a0þa1xþa2x
2þa3x

3þa4x
4þ ...þanx

nþ ... :

Then differentiating twice, we get

dy

dx
¼a1þ2a2xþ3a3x

2þ4a4x
3þ . . .þnanx

n�1þ . . .

d2y

dx2
¼2a2þ6a3xþ12a4x

2þ20a5x
3

þ . . .þnðn�1Þanxn�2þ . . . :

Substituting the values of y; dy
dx
, and d2y

dx2
in the given

equation, we get

½2a2 þ 6a3xþ 12a4x
2 þ 20a5x

3

þ . . .þ nðn� 1Þanxn�2 þ . . .�
þ x½a1 þ 2a2xþ 3a3x

2 þ 4a4x
3

þ . . .þ nanx
n�1 þ . . .�

þ x2½a0 þ a1xþ a2x
2 þ a3x

3

þ a4x
4 þ . . .þ anx

n þ . . .� ¼ 0

or

2a2 þ ð6a3 þ a1Þxþ ð12a4 þ 2a2 þ a0Þx2
þ ð20a5 þ 3a3 þ a1Þx3 þ ð30a6 þ 4a4 þ a2Þx4
þ ð42a7 þ 5a5 þ a3Þx5 þ . . .

þ . . . ½ðnþ 2Þðnþ 1Þanþ2 þ nan þ an�2�xn þ . . .¼ 0:

Equating to zero the coefficients of the various
powers of x, we get

a2¼0; a3¼�1

6
a1;

12a4þ2a2þa0¼0;whichyieldsa4¼� 1

12
a0

20a5þ3a3þa1¼0whichyieldsa5¼� 1

40
a1

30a6þ4a4þa2¼0whichyieldsa6¼ 1

90
a0; and soon:

Hence

y ¼ a0 þ a1x� 1

6
a1x

3 � 1

12
a0x

4

� 1

40
a1x

5 þ 1

90
a0x

6 . . .

¼ a0 1� 1

12
x4 þ 1

90
x6 � . . .

� �

þ a1 x� 1

6
x3 � 1

40
x5 � . . .

� �
:

EXAMPLE 2.143
Find power series solution of the equation

d2y

dx
þ xy ¼ 0

in powers of x, that is, about x ¼ 0.

Solution. We note that x ¼ 0 is a regular point of the

given equation. Therefore, its solution is of the form

y ¼ a0 þ a1xþ a2x
2 þ a3x

3 þ a4x
4 þ a5x

5 þ a6x
6

þ . . .þ anx
n þ � � � :

Differentiating twice successively, we get
dy

dx
¼ a1 þ 2a2xþ 3a3x

2 þ 4a4x
3 þ 5a5x

4

þ 6a6x
5 þ . . .þ nanx

n�1 þ . . .

d2y

dx2
¼ 2a2 þ 6a3xþ 12a4x

2 þ 20a5x
3

þ 30a6x
4 þ . . .þ nðn� 1Þxn�2 þ . . .

Putting the values of y ; dy
dx

and d2y
dx2
in the given

equation, we get

2a2þ 6a3xþ 12a4x
2þ 20a5x

3þ 30a6x
4

þ . . .þ nðn� 1Þanxn�2þ . . .

þ x½a0þ a1xþ a2x
2þ a3x

3þ a4x
4þ a5x

5þ . . .� ¼ 0

or

2a2 þ ð6a3 þ a0Þxþ ð12a4 þ a1Þx2 þ ð20a5 þ a2Þx3
þ . . .þ ½ðnþ 2Þðnþ 1Þanþ2 þ anþ1�xn þ . . . :
Equating to zero the coefficients of various powers
of x, we get

a2 ¼ 0; 6a3 þ a0 ¼ 0 which yields a3 ¼ � 1

6
a0

12a4 þ a1 ¼ 0 which yields a4 ¼ � 1

12
a1

20a5 þ a2 ¼ 0 which yields a5 ¼ 0

ðnþ 2Þðnþ 1Þanþ2 þ an�1 ¼ 0:
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Putting n ¼ 4, 5, 6, 7, …, we get

30a6 þ a3 ¼ 0 which yields a6 ¼ � a3

30
¼ 1

180
a0

42a7 þ a4 ¼ 0 which yields a7 ¼ � a4

42
¼ 1

504
a1;

and so on:
Hence

y ¼ a0 1� 1

6
x3 þ 1

180
x6 � . . .

� �

þ a1 x� 1

12
x4 þ 1

504
x7 � . . .

� �
:

EXAMPLE 2.144
Find series solution of the differential equation

x
d2y

dx2
þ dy

dx
� y ¼ 0

about x ¼ 0.

Solution. The point x ¼ 0 is a regular singular point
of the given equation. So, let

y ¼ a0x
m þ a1x

mþ1 þ a2x
mþ2 þ . . . ; a0 6¼ 0:

Differentiating twice in succession, we get

dy

dx
¼
X1
n¼0

ðnþ mÞanxnþm�1

and

d2y

dx2
¼
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2:

Substituting the values of y ; dy
dx
and d2y

dx2
in the given

equation, we get

x
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2

þ
X1
n¼0

ðnþ mÞanxnþm�1 �
X1
n¼0

anx
nþm ¼ 0

or

X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�1

þ
X1
n¼0

ðnþ mÞanxnþm�1 �
X1
n¼0

anx
nþm ¼ 0

or

X1
n¼0

ðnþ mÞ2anxnþm�1 �
X1
n¼0

anx
nþm ¼ 0

or

X1
n¼�1

ðnþ mþ 1Þ2anþ1x
nþm �

X1
n¼0

anx
nþm ¼ 0

or

m2a0x
m�1 þ

X1
n¼0

ðnþ mþ 1Þ2anþ1x
nþm

�
X1
n¼0

anx
nþm ¼ 0

or

m2a0x
m�1 þ

X1
n¼0

xnþm

� ½ðnþ mþ 1Þ2anþ1 � an� ¼ 0 ð125Þ
Therefore, the indicial equation is m2 ¼ 0, which

yields m ¼ 0, 0. Equating to zero other coefficients
in (125), we get

ðnþ mþ 1Þ2anþ1 ¼ an; n 	 0:
Therefore,

a1 ¼ 1

ðmþ 1Þ2 a0;

a2 ¼ 1

ðmþ 2Þ2 a1 ¼
1

ðmþ 1Þ2ðmþ 2Þ2 a0;

a3 ¼ 1

ðmþ 3Þ2 a2 ¼
1

ðmþ 1Þ2ðmþ 2Þ2ðmþ 3Þ2 a0;

and so on. Thus

y¼a0x
mþ 1

ðmþ1Þ2a0x
mþ1þ 1

ðmþ1Þ2ðmþ2Þ2a0x
mþ2

þ 1

ðmþ1Þ2ðmþ2Þ2ðmþ3Þ2a0x
mþ3þ ...

¼a0x
m 1þ 1

ðmþ1Þ2xþ
1

ðmþ1Þ2ðmþ2Þ2x
2

"

þ 1

ðmþ1Þ2ðmþ2Þ2ðmþ3Þ2x
3

#
:

Putting m ¼ 0, we get one solution of the given

differential equation as

y1 ¼ c1 1þ xþ 1

4
x2 þ 1

36
x3 þ . . .

	 

:
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Further,

@y

@m
¼a0x

m logx 1þ 1

ðmþ1Þ2xþ
1

ðmþ1Þ2ðmþ2Þ2 x
2

"

þ 1

ðmþ1Þ2ðmþ2Þ2ðmþ3Þ2x
3þ . . .

#

þa0x
m � 2x

ðmþ1Þ3�
1

ðmþ1Þ2ðmþ2Þ2
"

� 2

ðmþ1Þþ
2

ðmþ2Þ2
 !

x2þ . . .

#
:

Therefore,

@y

@m

� �
m¼0

¼ a0 log 1þ xþ 1

4
x2 þ 1

36
x3 þ . . .


	

þ a0 �2x� 1

4
ð2þ 1Þx2 þ . . .

	 

:

Hence the solution of the given equations is

y ¼ c1ðyÞm¼0 þ c2
@y

@m

� �
m¼0

¼ ðc1 þ c2 log xÞ 1þ xþ 1

4
x2 þ 1

36
x3 þ . . .

	 


� 2c2 xþ 1

4
1þ 1

2

� �
x2 þ . . .

	 

:

EXAMPLE 2.145
Find the series solution near x¼ 0 of the differential

equation

x2
d2y

dx2
þ x

dy

dx
þ x2y ¼ 0:

(This equation can also the written as x d2y
dx2

þ dy
dx
þ

xy ¼ 0 and is known as Bessel’s Equation of order
zero.)

Solution. The point x ¼ 0 is a regular singular point

of the given equation. So, let

y ¼
X1
n¼0

anx
nþm:

Differentiating twice in succession, we get

dy

dx
¼
X1
n¼0

ðnþ mÞanxnþm�1

d2y

dx2
¼
X1
n¼0

ðnþ mÞðnþ m� 1Þanxn�m�2:

Putting the values of y ; dy
dx

and d2y
dx2

in the given
equation, we get

x
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2

þ
X1
n¼0

ðnþ mÞanxnþm�1 þ x
X1
n¼0

anx
nþm ¼ 0

or

X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�1

þ
X1
n¼0

ðnþ mÞanxnþm�1 þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

ðnþ mÞ2anxnþm�1 þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼�1

ðnþ mþ 1Þ2anþ1x
nþm þ

X1
n¼0

anx
nþmþ1 ¼ 0

or

m2a0x
m�1 þ

X1
n¼0

ðnþ mþ 1Þ2anþ1x
nþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0:

Therefore, the indicial equation is m2 ¼ 0, which

yields m ¼ 0, 0. Equating to zero the coefficients of
powers of xm ; xmþ1 xmþ2; . . . ; we get

ðnþ mþ 1Þ2a1 ¼ 0 which yields a1 ¼ 0;

ðmþ 2Þ2a2 þ a0 ¼ 0 and so a2 ¼ � a0

ðmþ 2Þ2 ;
ðmþ 3Þ2a3 þ a1 ¼ 0 and so a3 ¼ 0;

ðmþ 4Þ2a4 þ a2 ¼ 0 and so a4 ¼ �a2

ðmþ 4Þ2
¼ a0

ðmþ 2Þ2ðmþ 4Þ2 ;
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and so on. Hence,

y¼a0x
m� a0

ðmþ2Þ2x
mþ2þ a0

ðmþ2Þ2ðmþ4Þ2x
mþ4�...

¼a0x
m 1� 1

ðmþ2Þ2x
2þ 1

ðmþ2Þ2x
4�...

" #
:

Further,

@y

@m
¼ a0x

m log x 1� 1

ðmþ 2Þ2 x
2

"

þ 1

ðmþ 2Þ2ðmþ 4Þ2 x
4 � . . .

#

þ a0x
m 2x2

ðmþ 2Þ3 �
x4

ðmþ 2Þ2ðmþ 4Þ2
"

� 2

mþ 2
þ 2

mþ 4

� �
þ . . .



:

Therefore,

@y

@m

� �
m¼0

¼ a0 log x 1� 1

4
x2 þ 1

64
x4 � . . .

	 


þ a0
x2

4
� 3x4

2:4:16
þ . . .

	 

:

Hence the solution of the given equation is

y¼c1ðyÞm¼0þc2
@y

@m

� �
m¼0

¼c1 1� 1

22
x2þ 1

22:42
x4� 1

22:42:62
x6þ ...

	 


þc2 logx 1� 1

22
x2þ 1

22:42
x4� 1

22:42:62
x6þ ...

	 


þa0
1

22
x2� 1

22:42
1þ1

2

� �
x4

	

þ 1

22:42:62
1þ1

2
þ1

3

� �
x6� ...




¼ðc1þc2 logxÞ 1� 1

22
x2þ 1

22:42
x4

	

� 1

22:42:62
x6þ ...



þa0

1

22
x2� 1

22:42
1þ1

2

� �
x4

	

þ 1

22:42:62
1þ1

2
þ1

3

� �
x6þ ...



:

The solution

c1ðyÞm¼0¼c1 1�� 1

22
x2þ 1

22:42
x4� 1

22:42:62
x6þ...

	 


is called Bessel function of the first kind of order

zero and is represented by J0ðxÞ, where as the
solution.

c2
@y

@m

� �
m¼0

¼ c2 log x 1� 1

22
x2 þ 1

22:42
x4

	

� 1

22:42:62
x6 � . . .




þ a0
1

22
x2 � 1

22:42
1þ 1

2

� �
x4

	

þ 1

22:42:62
1þ 1

2
þ 1

5

� �
x6 � . . .




is called Neumann function or Bessel function of

second kind of order zero and is denoted by Y0ðxÞ.
EXAMPLE 2.146
Find series solution about x ¼ 0 of the differential
equations

2xð1� xÞ d
2y

dx2
þ ð1� xÞ dy

dx
þ 3y ¼ 0:

Solution. Evidently x ¼ 0 is a regular singular point

of the given equation. So, let

y ¼
X1
n¼0

anx
nþm; an 6¼ 0:

Differentiating twice in succession, we get

dy

dx
¼
X1
n¼0

ðnþ mÞanxnþm�1;

d2y

dx2
¼
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2:

Substituting the values of y ; dy
dx
, and d2y

dx2
in the given

equation, we get

2xð1� xÞ
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2

þ ð1� xÞ
X1
n¼0

ðnþ mÞanxnþm�1 þ 3
X1
n¼0

anx
nþm ¼ 0:

Differential Equations n 91



or

2
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�1

� 2
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm

þ
X1
n¼0

ðnþ mÞanxnþm�1 �
X1
n¼0

ðnþ mÞanxnþm

þ 3
X1
n¼0

anx
nþm ¼ 0

or

X1
n¼0

ðnþ mÞð2nþ 2m� 1Þanxnþm�1

�
X1
n¼0

½ðnþ mÞð2nþ 2m� 1Þ � 3�anxnþm ¼ 0

or

X1
n¼�1

ðnþ mþ 1Þð2nþ 2mþ 1Þanþ1x
nþm

�
X1
n¼0

½ðnþ mÞð2nþ 2m� 1Þ � 3�anxnþm ¼ 0

or

mð2m� 1Þa0xm�1

þ
X1
n¼0

ðnþ mþ 1Þð2nþ 2mþ 1Þanþ1x
nþm

�
X1
n¼0

½ðnþ mÞð2nþ 2m� 1Þ � 3�anxnþm ¼ 0:

Therefore, the indicial equation is

mð2m� 1Þ ¼ 0; which yields m ¼ 0 ;
1

2
:

Equating to zero the other coefficients, we get

ðnþ mþ 1Þð2nþ 2mþ 1Þanþ1

¼ ½ðnþ mÞð2nþ 2m� 1Þ � 3�an
¼ ½2n2 þ 2m2 þ 4nm� m� n� 3�an

or

anþ1 ¼ 2n2 þ 2m2 þ 4nm� m� n� 3

ðnþ mþ 1Þð2nþ 2mþ 1Þ an:

For m ¼ 0, we get

anþ1 ¼ 2n2 � n� 3

ðnþ 1Þð2nþ 1Þ an ¼
ðnþ 1Þð2n� 3Þ
ðnþ 1Þð2nþ 1Þ an

¼ 2n� 3

2nþ 1
an; n 	 0:

Putting n ¼ 0, 1, 2, …, we have

a1 ¼ �3a0; a2 ¼ � 1

3
a1 ¼ a0;

a3 ¼ 1

5
a2 ¼ 1

5
a0; a4 ¼ 3

7
a3 ¼ 3

35
a0; and so on:

Therefore, the solution for m ¼ 0 is

y1 ¼ a0x
0 þ a1xþ a2x

2 þ a3x
3 þ . . .

¼ a0 � 3a0xþ a0x
2 þ 1

5
a0x

3 þ 3

35
a0x

4 þ . . .

¼ a0 1� 3xþ x2 þ 1

5
x3 þ 3

35
x4 þ . . .

	 

:

For m ¼ 1
2
, we have

anþ1 ¼ 2n2 þ 2m2 þ 4mn� m� n� 3

ðnþ mþ 1Þð2nþ 2mþ 1Þ an

¼ 2n2 þ 1
2
þ 2n� 1

2
� n� 3

nþ 3
2

� �ð2nþ 2Þ an

¼ 2n2 þ n� 3

ð2nþ 3Þðnþ 1Þ an

¼ ð2nþ 3Þðn� 1Þ
ð2nþ 3Þðnþ 1Þ an ¼

n� 1

nþ 1
an:

Putting n ¼ 0, 1, 2, …, we get

a1 ¼ �a0 ; a2 ¼ 0;

a3 ¼ 1

4
a2 ¼ 0 ; a4 ¼ 1

2
a3 ¼ 0;

and so on. Therefore, the solution corresponding to

m ¼ 1
2
is

y2 ¼ a0x
1
2 þ a1x

3
2 þ a2x

5
2 þ a3x

7
2 þ . . .

¼ a0x
1
2 � a0x

3
2 ¼ a0x

1
2ð1� xÞ:

Hence, the general solution of the given equation is

y ¼ c1y1 þ c2y2

¼ c1 1� 3xþ x2 þ 1

5
x3 þ 3

35
x4 þ . . .

	 


þ c2x
1
2ð1� xÞ:
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EXAMPLE 2.147
Find series solution about x ¼ 0 of the differential
equation

x2
d2y

dx2
� x

dy

dx
� x2 þ 5

4

� �
y ¼ 0:

Solution. The point x ¼ 0 is a regular singular point

of the given equation. So, let

y ¼
X1
n¼0

anx
nþm; a0 6¼ 0:

Differentiating twice in succession, we have

dy

dx
¼
X1
n¼0

ðnþ mÞanxnþm�1;

d2y

dx
¼
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2:

;

Putting the values of y; dy
dx
, and d2y

dx2
in the given

differential equation, we haveX1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm �
X1
n¼0

ðnþ mÞanxnþm

�
X1
n¼0

anx
nþmþ2 � 5

4

X1
n¼0

anx
nþm ¼ 0

or

X1
n¼0

ðnþ mÞðnþ m� 1Þ � ðnþ mÞ � 5

4

	 

anx

nþm

�
X1
n¼0

anx
nþmþ2 ¼ 0

or

X1
n¼0

ðnþ mÞðnþ m� 2Þ � 5

4

	 

anx

nþm

�
X1
n¼2

an�2x
nþm ¼ 0

or

mðm�2Þ�5

4

	 

a0x

mþ ðmþ1Þðm�1Þ�5

4

	 

a1x

mþ1

�
X1
n¼2

ðnþmÞðnþm�2Þ�5

4

� �
an�an�2

	 

xnþm¼0:

Therefore, the indicial equation is

mðm� 2Þ � 5

4
¼ 0; which yields m ¼ 5

2
; � 1

2
:

Equating to zero the other coefficients, we get

ðmþ 1Þðm� 1Þ � 5

4

	 

a1 ¼ 0 and so a1 ¼ 0

and

ðnþ mÞðnþ m� 2Þ � 5

4

	 

an ¼ an�2 for n 	 2:

For m ¼ � 1
2
, we get

n� 1

2

� �
n� 5

2

� �
� 5

4

	 

an ¼ an�2; n	 2 ð126Þ

or

an ¼ 1

nðn� 3Þ an�2; n 	 2; n 6¼ 3 ð127Þ

Hence, for m ¼ � 1
2
, we have, from (127),

a2 ¼� 1
2
a0. Putting n ¼ 3 in (126), we have

3� 1

2

� �
3� 5

2

� �
� 5

4

	 

a3 ¼ a1 or 0: a3 ¼ a1

and so a3 may be any constant. Further, from (127),

we have

a4 ¼ � 1

8
a0; a5 ¼ a3

10
; a6 ¼ �a0

144
;

a7 ¼ a3

280
; and so on:

Hence for m ¼ � 1
2
, the required solution is

y ¼ a0x
� 1

2 1� x2

2
� x4

8
� x6

144
� . . .

� �

þ a3x
� 1

2 x3 þ x5

10
þ x7

280
þ . . .

� �
: ð128Þ

Since this solution contains two constants a0 and a3
and a0 6¼ 0, this is general solution of the given
differential equation. By taking m ¼ 5

2
, the solution

is

y ¼ x
5
2 1þ x2

10
þ x4

280
þ . . .

� �
:

Hence, (128) is general solution.

EXAMPLE 2.148
Find series solution about x ¼ 0 of the differential
equation

9xð1� xÞ d
2y

dx
� 12

dy

dx
þ 4y ¼ 0:
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Solution. The point x ¼ 0 is a regular singular point
of the given equation. Let

y ¼
X1
n¼0

anx
nþm; a0 6¼ 0:

Differentiation of y with respect to x yields

dy

dx
¼
X1
n¼0

ðnþ mÞanxnþm�1;

d2y

dx2
¼
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2:

Substituting the values of y ; dy
dx
, and d2y

dx2
in the given

equation, we get

9
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�1

� 9
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm

� 12
X1
n¼0

ðnþ mÞanxnþm�1 þ 4
X1
n¼0

anx
nþm ¼ 0

or

X1
n¼0

ðnþ mÞð9nþ 9m� 21Þanxnþm�1

�
X1
n¼0

½9ðnþ mÞðnþ m� 1Þ � 4�anxnþm ¼ 0

or

X1
n¼�1

ðnþ mþ 1Þð9nþ 9m� 12Þanþ1x
nþm

�
X1
n¼0

½9ðnþ mÞðnþ m� 1Þ � 4�anxnþm ¼ 0

or

mð9m�21Þa0xm�1þ
X1
n¼0

½ðnþmþ1Þð9nþ9m�12Þanþ1

�ð9ðnþmÞðnþm�1Þ�4Þan�xnþm¼0:
Therefore, the indicial equation is

mð9m� 21Þ ¼ 0; which yields m ¼ 0;
7

3
:

We note that the roots are distinct and their differ-
ence is not an integer. Equating other coefficients

of the powers of x to zero, we get

ðnþ mþ 1Þð9nþ 9m� 12Þanþ1

¼ ½9ðnþ mÞðnþ m� 1Þ � 4�an

or

anþ1 ¼ 9ðnþ mÞðnþ m� 1Þ � 4

ðnþ mþ 1Þð9nþ 9m� 12Þ an; n 	 0:

For m ¼ 0, we get

anþ1 ¼ 3mþ 1

3mþ 3
an ; n 	 0:

Putting n ¼ 0, 1, 2, 3,…, we obtain

a1 ¼ 1

3
a0; a2 ¼ 2

3
a1 ¼ 2

9
a0;

a3 ¼ 7

9
a2 ¼ 14

81
a0; a4 ¼ 5

6
a3 ¼ 35

243
a0;

and so on. Thus, the solution corresponding to

m ¼ 0 is

y1 ¼ a0 1þ x

3
þ 2

9
x2 þ 14

81
x3 þ 35

243
x4 þ . . .

	 

:

For m ¼ � 7
3
, we have

anþ1 ¼
9 n� 7

3

� �
n� 7

3
�1

� �
3 n� 7

3
þ1

� �ð3n�7�4Þ¼
3n�6

3n�4
an; n	 0:

Putting n ¼ 0, 1, 2, 3,…, we get

a1 ¼ 3

2
a0; a2 ¼ 3a1 ¼ 9

2
a0;

a3 ¼ 0; a4 ¼ 0; a5 ¼ 0; . . . :

Thus, the solution corresponding to m ¼ � 7
3
is

y2 ¼ a0x
7
3 1þ 3

2
xþ 9

2
x2

� �
:

Hence, the general solution of the given differential

equation is

y ¼ c1y1 þ c2y2

¼ c1 1þ x

3
þ 2

9
x2 þ 14

81
x3 þ 35

243
x4 þ . . .

	 


þ c2x
7
3 1þ 3

2
xþ 9

2
x2

� �
:

EXAMPLE 2.149
Find series solution about x ¼ 0 of the differential

equation

ð1þ x2Þ d
2y

dx2
þ x

dy

dx
� y ¼ 0:
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Solution. Since x ¼ 0 is a regular point of the given
equation, so let

y ¼ a0 þ a1xþ a2x
2 þ . . .þ anx

n þ . . . :

Then,

dy

dx
¼a1þ2a2xþ3a3x

2þ4a4x
3þ ...þnanx

n�1þ ...

d2y

dx2
¼2a2þ6a3xþ12a4x

2þ20a5x
3

þ ...þnðn�1Þanxn�2þ ... :

Substituting the values of y ; dy
dx
, and d2y

dx2
in the given

equation, we get

ð1þx2Þ½2a2þ6a3xþ12a4x
2þ20a5x

3

þ ...þnðn�1Þanxn�2�
þx½a1þ2a2xþ3a3x

2þ4a4x
3þ ...þnanx

n�1þ ...�
�½a0þa1xþa2x

2þ ...þanx
nþ ...�¼0:

Equating to zero the coefficients of various powers

of x, we get

2a2 � a0 ¼ 0 and so a2 ¼ a0

2
;

6a3 þ a1 � a1 ¼ 0 and so a3 ¼ 0;

2a2 þ 12a4 þ 2a2 � a2 ¼ 0 and so

a4 ¼ � 1

4
a2 ¼ � 1

8
a0;

6a3 þ 20a5 þ 3a3 þ a3 ¼ 0 and so a5 ¼ 0;

and in general,

nðn� 1Þan þ ðnþ 2Þðnþ 1Þanþ2 þ nan � nan ¼ 0

or

anþ2 ¼ nðnþ 1Þ
ðnþ 1Þðnþ 2Þ an:

Putting n ¼ 4, 5,…, we get

a6 ¼ 12

30
a4 ¼ 2

5
a4 ¼ � 1

20
a0

and so on. Thus, the required solution is

y ¼ a0 1� 1

2
x2 � 1

8
x4 � 1

20
x6 � . . .

� �
þ a1x:

2.24 BESSEL’S EQUATION AND BESSEL’S FUNCTION

The equation

x2
d2y

dx2
þ x

dy

dx
þ ðx2 � n2Þy ¼ 0;

where n is a non-negative real number, is called
Bessel’s equation of order n. It occurs in problems

related to vibrations, electric fields, heat conduc-

tion, etc. For n ¼ 0, we have already found its
solution in Example 2.136. Now we find series

solution of Bessel’s equation of order n. This

equation can be written as

d2y

dx2
þ 1

x

dy

dx
þ 1� n2

x2

� �
¼ 0:

Since 1
x
and 1� n2

x2

� �
are not analytic at 0, it follows

that 0 is a singular point of the given equation.

But x 1
x

� �
and x2 1� n2

x2

� �
are analytic at 0.

Therefore, x ¼ 0 is a regular singular point of the
equation. So, let

y ¼
X1
m¼0

amx
mþr; am 6¼ 0

be the series solution of the equation about x ¼ 0.
Differentiating twice in succession, we get

dy

dx
¼
X1
m¼0

ðmþ rÞamxmþr�1

d2y

dx2
¼
X1
m¼0

ðmþ rÞðmþ r � 1Þamxmþr�2:

Putting the values of y; dy
dx
, and d2y

dx2
in the given

differential equation, we get

X1
m¼0

ðmþ rÞðmþ r�1Þamxmþrþ
X1
m¼0

ðmþ rÞamxmþr

þ
X1
m¼0

amx
mþrþ2�n2

X1
m¼0

amx
mþr ¼ 0

or

X1
m¼0

½ðmþ rÞ2 � n2�amxmþr þ
X1
m¼0

amx
mþrþ2 ¼ 0

or

X1
m¼0

½ðmþ rÞ2 � n2�amxmþr þ
X1
m¼2

am�2x
mþr ¼ 0

or

ðr2 � n2Þa0xr þ ½ðr þ 1Þ2 � n2�a1xrþ1

þ
X1
m¼2

½ ðmþ rÞ2 � n2
� �

am þ am�2�xmþr ¼ 0:
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Equating to zero the coefficient of lower power of x,
we get the indicial equation as

r2 � n2 ¼ 0; which yields r ¼ n; �n:

Equating other coefficients to zero, we get

½ðr þ 1Þ2 � n2�a1 ¼ 0 or a1 ¼ 0
and

½ðmþ rÞ2 � n2�am þ am�2 ¼ 0;

which yields

am ¼ am�2

ðmþ rÞ2 � n2
; m 	 2:

Putting m ¼ 2, 3, 4, 5, 6,…, we get

a3 ¼ a5 ¼ a7 ¼ . . . ¼ 0

and

a2¼� a0

ðrþ2Þ2�n2

a4¼ ð�1Þ2a0
ðrþ2Þ2�n2
n o

ðrþ4Þ2�n2
n o

a6¼ ð�1Þ3a0
ðrþ2Þ2�n2
n o

ðrþ4Þ2�n2
n o

ðrþ6Þ2�n2
n o

and so on. For r ¼ n, we have

a1 ¼ 0; a2 ¼ � a0

ðnþ 2Þ2 � n2
¼ � a0

4ðnþ 1Þ ;

a4 ¼ a0

422 !ðnþ 1Þðnþ 2Þ ;

a6 ¼ �a0

433 !ðnþ 1Þðnþ 2Þðnþ 3Þ ; and so on;

where as a2 ¼ a5 ¼ a7 ¼ … ¼ 0. Thus the solution
corresponding to r ¼ n is

y1 ¼ a0x
n 1� 1

4ðnþ 1Þ x
2 þ 1

42:2 !ðnþ 1Þðnþ 2Þ x
4

	

� 1

43:3 !ðnþ 1Þðnþ 2Þðnþ 3Þ x
6 þ . . .



: ð129Þ

Similarly, for r ¼ –n, the solution is

y2 ¼ a0x
�n 1� 1

4ð1� nÞx
2 þ 1

42:2 !ð1� nÞð2� nÞx
4

	

� 1

43:3 !ð1� nÞð2� nÞð3� nÞx
6 þ . . .



: ð130Þ

We observe that y1 ¼ y2 for n ¼ 0. Further, y1 is
meaningless if n is a negative integer and y2 is

meaningless if n is a positive integer. Hence if n is
non-zero and non-integer, then the general solution

of the Bessel’s equation of order n is

y ¼ c1y1 þ c2y2:

But y1 can be expressed is

y1¼a0x
n� ðnþ1Þ 1

� ðnþ1Þ�
1

22ðnþ1Þ� ðnþ1Þx
2

	

þ 1

24:2 !ðnþ1Þðnþ2Þ� ðnþ1Þx
4

þ 1

26:3 !ðnþ1Þðnþ2Þðnþ3Þ� ðnþ1Þx
6þ . . .




¼a0x
n � ðnþ1Þ 1

� ðnþ1Þ�
1

22 � ðnþ2Þx
2

	

þ 1

24:2 !�ðnþ3Þx
4þ 1

26:3 ! � ðnþ4Þx
6þ . . .




¼a0x
n � ðnþ1Þ

X1
m¼0

ð�1Þm x2m
22m:m! � ðnþmþ1Þ

¼a02
n � ðnþ1Þ

X1
m¼0

ð�1Þm
m! � ðnþmþ1Þ

x

2

� �2mþn

¼
X1
m¼0

ð�1Þm
m! � ðnþmþ1Þ

x

2

� �2mþn

; ð131Þ

where a0 ¼ 1
2n � ðnþ1Þ. The solution (131) is called

the Bessel’s function of the first kind of order n and

is denoted by Jn(x). Thus,

JnðxÞ ¼
X1
m¼0

ð�1Þm
m! � ðnþ mþ 1Þ

x

2

� �2mþn

: ð132Þ

Replacing n by –n in Jn(x), we get

J�nðxÞ ¼
X1
m¼0

ð�1Þm
m ! � ð�nþmþ 1Þ

x

2

� �2m�n

; ð133Þ

which is called Bessel’s function of the first kind of

order –n. Thus, the complete solution of the
Bessel’s equation of order n may be expressed as

y ¼ c1JnðxÞ þ c2J�nðxÞ; ð134Þ
whose n is not an integer.

96 n Engineering Mathematics



When n is an integer, let y ¼ u(x)Jn(x) be a solution
of the Bessel’s equation of order n. Then

dy

dx
¼u0 ðxÞJnðxÞþuðxÞJ 0nðxÞ

d2y

dx2
¼u00 ðxÞJnðxÞþJ 0nðxÞu0ðxÞþu0ðxÞJ 0nðxÞþuðxÞJ 00n ðxÞ
¼u00ðxÞJnðxÞþ2u0ðxÞJ 0nðxÞþuÞxÞJ 00n ðxÞ:

Putting the values of y ; dy
dx
, and d2y

dx2
in the given

equation, we get

uðxÞ½x2J 00n ðxÞ þ xJ 0nðxÞ þ ðx2 � n2ÞJnðxÞ�
þ x2u00ðxÞJnðxÞ þ 2x2u0ðxÞJ 0nðxÞ þ xu0ðxÞJnðxÞ ¼ 0:

Since JnðxÞ is a solution of the given equation, we

have

x2J 00n ðxÞ þ xJ 0nðxÞ þ ðx2 � n2ÞJnðxÞ ¼ 0:

Therefore, the above expression reduces to

x2u00ðxÞJnðxÞ þ 2x2u0ðxÞJ 0nðxÞ þ xu0ðxÞJnðxÞ ¼ 0

or

u00ðxÞ
u0ðxÞ þ 2

J 0nðxÞ
JnðxÞ þ

1

x
¼ 0

or

d

dx
ðlog u0ðxÞÞ þ 2

d

dx
ðlog JnðxÞÞ þ d

dx
ðlog xÞ ¼ 0

or

d

dx
½logðxu0ðxÞJ2n ðxÞÞ� ¼ 0:

Integrating this expression, we get

log xu0ðxÞJ2n ðxÞ ¼ logB so that xu0ðxÞJ 2n ðxÞ ¼ B:

Thus

u0ðxÞ ¼ B

xJ2n ðxÞ
and so uðxÞ ¼ B

Z
dx

xJ 2n ðxÞ
þ A:

Hence, the complete solution is

y ¼ uðxÞJnðxÞ ¼ Aþ B

Z
dx

xJ 2n ðxÞ
	 


JnðxÞ

¼ AJnðxÞ þ BJnðxÞ
Z

dx

xJ2n ðxÞ
¼ AJnðxÞ þ BYnðxÞ;

where

YnðxÞ ¼ JnðxÞ
Z

dx

xJ2n ðxÞ
is called the Bessel function of the second kind of
order n or the Neumann function.

EXAMPLE 2.150
Show that

J�nðxÞ ¼ ð�1ÞnJnðxÞ:
Solution. We have

JnðxÞ ¼
X1
m¼0

ð�1Þm
m! � ðnþ mþ 1Þ

x

2

� �2mþn

and

J�nðxÞ ¼
X1
m¼0

ð�1Þm
m! � ð�nþ mþ 1Þ

x

2

� �2m�n

:

But for positive integer n,

� ðnþ mþ 1Þ ¼ ðnþ mÞ! and
� ð�nþ mþ 1Þ ¼ ðm� nÞ!

Therefore,

JnðxÞ ¼
X1
m¼0

ð�1Þm
m!ðnþ mÞ!

x

2

� �2mþn

and

J�nðxÞ ¼
X1
m¼0

ð�1Þm
m!ðm� nÞ!

x

2

� �2m�n

:

Since, (-n)! is infinite for n > 0, we have

J�nðxÞ

¼
X1
m¼0

ð�1Þm
m!ðm�nÞ!

x

2

� �2m�n

¼
X1
m¼0

ð�1Þmþn

m!ðnþmÞ!
x

2

� �2mþn

; by changingm tomþn

¼ð�1Þn
X1
m¼0

ð�1Þm
m!ðnþmÞ!

x

2

� �2mþn

¼ð�1ÞnJnðxÞ:

EXAMPLE 2.151
Show that

(i)
d

dx
½xnJnðxÞ� ¼ xnJn�1ðxÞ

(ii)
d

dx
½x�nJnðxÞ� ¼ �x�nJnþ1ðxÞ

(iii) JnðxÞ ¼ x

2n
½Jn�1ðxÞ þ Jnþ1ðxÞ�

(iv) J 0nðxÞ ¼
1

2
½Jn�1ðxÞ � Jnþ1ðxÞ�.
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These results are known as recurrence formulae for
the Bessel’s function Jn(x).

Solution. (i) We know that

JnðxÞ ¼
X1
m¼0

ð�1Þm
m! � ðnþ mþ 1Þ

x

2

� �2mþn

:

Therefore,

xnJnðxÞ ¼
X1
m¼0

ð�1Þm
m! � ðnþ mþ 1Þ

x2
ðmþnÞ

22mþn

and so

d

dx
ðxnJnðxÞÞ¼

X1
m¼0

ð�1Þm
m! �ðnþmþ1Þ :

x2ðmþnÞ�1

22mþn

¼ xn
X1
m¼0

ð�1Þm
m! �ðn�1þmþ1Þ

x

2

� �n�1þ2m

¼ xnJn�1ðxÞ:
(ii) Multiplying the expression for J-n(x) by x-n

throughout and differentiating, we get (ii)

(iii) Part (i) implies

xnJ 0nðxÞ þ nxn�1JnðxÞ ¼ xnJn�1ðxÞ
and so

J 0nðxÞ þ
n

x
JnðxÞ ¼ Jn�1ðxÞ: ð135Þ

Similarly, part (ii) yields

�J 0nðxÞ þ
n

x
JnðxÞ ¼ Jnþ1ðxÞ: ð136Þ

Adding (135) and (136), we obtain

2n

x
JnðxÞ ¼ Jn�1ðxÞ þ Jnþ1ðxÞ

or

JnðxÞ ¼ x

2n
½Jn�1ðxÞ þ Jnþ1ðxÞ�

or

Jnþ1ðxÞ ¼ 2n

x
JnðxÞ � Jn�1ðxÞ:

(iv) Subtracting (136) from (135) yields

2J 0nðxÞ ¼ Jn�1ðxÞ � Jnþ1ðxÞ
or

J 0nðxÞ ¼
1

2
½Jn�1ðxÞ � Jnþ1ðxÞ�:

EXAMPLE 2.152
Show that e

1
2
x z�1

zð Þ is the generating function of the
Bessel’s functions.

Solution. We have

e
1
2x z�1

zð Þ ¼ e
1
2xz: e�

1
2xz

� 1

¼ 1þ 1

2
x

� �
zþ 1

2
x

� �2
z2

2!

"

þ . . .þ
1
2
x

� �r
zr

r!
þ . . .

#

� 1þ � 1

2
x

� �
z�1
� �þ � 1

2
x

� �2
z�2

2!

"

þ . . .þ � 1
2
x

� �r
z�r

r!

#
:

The coefficient of zn in this expansion is

1
2
x

� �n
n!

þ
1
2
x

� �nþ1 � 1
2
x

� �2
ðnþ 1Þ! þ

1
2
x

� �nþ2 � 1
2
x

� �2
ðnþ 2Þ! 2! þ . . .

¼
X1
m¼0

ð�1Þm
m! ðmþ nÞ!

1

2
x

� �2mþn

¼
X1
m¼0

ð�1Þm
m! � ðnþ mþ 1Þ

x

2

� �2mþn

¼ JnðxÞ:

Thus

e
1
2x z�1

zð Þ ¼
X1
n¼�1

znJnðxÞ:

Hence, e
1
2x z�1

zð Þ is the generating function of the

Bessel’s function.

EXAMPLE 2.153
Show that

(i) J1
2
ðxÞ ¼

ffiffiffiffiffi
2

�x

r
sin x

(ii) J� 1
2
ðxÞ ¼

ffiffiffiffiffi
2

�x

r
cos x

(iii)
R
xJ 20 ðxÞdx ¼

1

2
x2½J20 ðxÞ þ J21 ðxÞ�.
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Solution. (i) Putting n ¼ 1
2
in the expression for Jn(x),

we have

J1
2
ðxÞ¼

X1
m¼0

ð�1Þm
m !� 1

2
þmþ1

� � x

2

� �2mþ1
2

¼ x

2

� �1
2
X1
m¼0

ð�1Þm
m !� mþ3

2

� � x

2

� �2m

¼ x

2

� �1
2 1

� 3
2

� �� 1

� 5
2

� � x

2

� �2
þ 1

2 !� 7
2

� � x

2

� �4
�...

" #

¼ x

2

� �1
2 1

1
2
� 1

2

� �� 1
3
2
1
2
� 1

2

� � x

2

� �2"

þ 1

2:5
2
:3
2
:1
2
� 1

2

� � x

2

� �4
�...

#

¼ x

2

� �1
2 2

� 1
2

� � 1�x2

3 !
þx4

5 !
� ...

	 


¼
ffiffiffi
2

p
ffiffiffi
x

p ffiffiffi
�

p x�x3

3 !
þx5

5 !
� ...

	 

¼

ffiffiffiffiffi
2

�x

r
sinx:

(ii) Putting n ¼ 1
2
in the expression for J-n(x) and

proceeding as in part (i), we obtain part (ii).

(iii) We haveZ
xJ20 ðxÞdx

¼x2

2
J20 ðxÞ�

Z
x2

2
2J0ðxÞJ 00ðxÞdx (integrationbyparts)

¼x2

2
J20 ðxÞþ

Z
x2J0ðxÞJ1ðxÞdx since J 00ðxÞ¼�J1ðxÞ

¼x2

2
J20 ðxÞþ

Z
xJ1ðxÞ: d

dx
ðxJ1ðxÞÞdx since

d

dx
ðxJ1ðxÞÞ¼xJ0ðxÞ

¼x2

2
J20 ðxÞþ

1

2
ðxJ1ðxÞÞ2¼x2

2
½J20 ðxÞþJ 21 ðxÞ�:

EXAMPLE 2.154
Show that Jn(lix) is a solution of

x2
d2y

dx
þ x

dy

dx
þ ðl2i x2 � n2Þy ¼ 0:

Solution. We know that Jn(z) is a solution of the
Bessel’s equation

z2
d2y

dz2
þ z

dy

dz
þ ðz2 � n2Þy ¼ 0: ð137Þ

Put z ¼ lix. Then

dy

dz
¼ dy

dx
:
dx

dz
¼ 1

li

dy

dx

and

d2y

dz2
¼ 1

l2i

d2y

dx2
:

Putting the values of z; dy
dz
, and d2y

dz2
in (137), we get

l2i x
2 1

l2i

d2y

dx2

 !
þ lix

1

li

dy

dx

� �
þ ðl2i x2 � n2Þy ¼ 0:

or

x2
d2y

dx2
þ x

dy

dx
þ ðl2i x2 � n2Þy ¼ 0: ð138Þ

Hence Jn(lix) is a solution of (138).

EXAMPLE 2.155
If l1, l2,… are the roots of JnðaxÞ ¼ 0 ; a e <,
show that the system

Jnðl1xÞ; Jnðl2xÞ; Jnðl3xÞ; . . .
of Bessel’s functions is an orthogonal system, with
weight function x, on ½0; a�; ae <.
Solution. Let

ui ¼ JnðlixÞ and uj ¼ JnðljxÞ; i 6¼ j:

Then, by Example 2.145, we have

x2u00i þ xu0i þ ðl2i x2 � n2Þui ¼ 0 ð139Þ
and

x2u00j þ xu
0

J
� þ ðl2j x2 � n2Þuj ¼ 0: ð140Þ

Multiplying (139) by uJ and (140) by ui and sub-

tracting, we get

x2 uju
00
i �uiu

00
j

� �
þx uju

0
i�uiu

0
j

� �
þx2uiuj l2i �l2j

� �
¼0

or

x uju
00
i �uiu

00
j

� �
þ uju

0
i�uiu

0
j

� �
¼x l2j �l2i

� �
uiuj
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or

x
d

dx
uju

0
i � uiu

0
j

� �
þ uju

0
i � uiu

0
j

� �
¼ x l2j � l2i

� �
uiuj

or

d

dx
x uju

0
i � uiu

0
j

� �h i
¼ x l2j � l2i

� �
uiuj: ð141Þ

Integrating (141) with respect to x in [0, a], we get

x uju
0
i � uiu

0
j

� �h ia
0
¼ l2j � l2i

� �Za

0

xuiujdx

or

a liJn lja
� �

J
0
nðliaÞ � ljJnðliaÞJ 0

n lja
� �h i

¼ l2j � l2i

� �Za

0

xuiujdx: ð142Þ

Since Jn lja
� � ¼ JnðliaÞ ¼ 0, it follows that

l2j � l2i

� �Za

0

xuiuj ¼ 0; li 6¼ lj

or Za

0

xJnðlixÞJn ljx
� �

dx ¼ 0; i 6¼ j:

Hence the system {Jn(lix)} forms an orthogonal

system with weight x.

Remark. From (142), we have

Za

0

xJnðlixÞJnðljxÞdx

¼ a ðliJnðljaÞJ 0
nðliaÞ � ljJnðliaÞJ 0

nðljaÞ
 �

l2j � l2i
:

If li ¼ lj, then right hand side of the above

expression is of 0
0
form. We assume that li is a root

of Jn (ax) ¼ 0 and lj ! li. Then we have

lim
lj!li

Z a

0

xJnðlixÞJnðljxÞdx ¼ lim
lj!li

aliJnðljaÞJ 0
nðliaÞ

l2j � l2i

Or, using L Hospital’s Rule,

Za

0

xJ2n ðlixÞdx ¼ lim
lj!li

a2l0iJnðljaÞJ
0
nðliaÞ

2lj

¼ a2

2
J

0
nðliaÞ

h i2
¼ a2

2
J 2nþ1ðliaÞ:

Hence

2

a2J2nþ1ðliaÞ
Za

0

xJ 2n ðlixÞdx ¼ 1:

EXAMPLE 2.156
Show that xnJn(x) is a solution of the differential

equation

x
d2y

dx2
þ ð1� 2nÞ dy

dx
þ xy ¼ 0:

Solution. Let y ¼ xnJnðxÞ. Then
dy

dx
¼ d

dx
ðxnJnðxÞÞ ¼ xnJn�1; and

d2y

dx2
¼ d

dx
ðxnJn�1Þ ¼ xnJ

0
n�1 þ nxn�1Jn�1:

Putting the values of y; dy
dx
, and d2y

dx2
in the given

equation, we get

x
d2y

dx2
þ ð1� 2nÞ dy

dx
þ xy

¼ xnþ1 J 0n�1 �
n� 1

x
Jn�1

	 

þ xnþ1Jn

¼ xnþ1ð�JnÞ þ xnþ1Jn ¼ 0:

EXAMPLE 2.157
Express J4(x) is term of J0(x) and J1(x).

Solution. We know that

JnðxÞ¼ x

2n
½Jn�1;ðxÞþJnþ1ðxÞ�(recurrence formula)

or

Jnþ1ðxÞ ¼ 2n

x
JnðxÞ � Jn�1ðxÞ:
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Putting n ¼ 1, 2, and 3, we get

J2ðxÞ¼2

x
J1ðxÞ�J0ðxÞ

J3ðxÞ¼4

x
J2ðxÞ�J1ðxÞ

¼4

x

2

x
J1ðxÞ�J0ðxÞ

	 

�J1ðxÞ

¼ 8

x2
J1ðxÞ�4

x
J0ðxÞ�J1ðxÞ

¼ 8

x2
�1

� �
J1ðxÞ�4

x
J0ðxÞ;

J4ðxÞ¼6

x
J3ðxÞ�J2ðxÞ

¼6

x

8

x
�1

� �
J1ðxÞ�4

x
J0ðxÞ

	 


� 2

x
J1ðxÞ�J0ðxÞ

	 


¼48

x3
J1ðxÞ�6

x
J1ðxÞ�24

x2
J0ðxÞ�2

x
J1ðxÞþJ0ðxÞ

¼ 48

x3
�8

x

� �
J1ðxÞþ 1�24

x2

� �
J0ðxÞ:

EXAMPLE 2.158
Solve

x2
d2z

dx2
þ x

dz

dx
þ ðx2 � 64Þz ¼ 0:

Solution. The given equation is evidently Bessel’s

equation of order 8, which is an integer. Therefore,
its general solution is

z ¼ c1J8ðxÞ þ c2Y8ðxÞ;
where c1 and c2 are arbitrary constants.

EXAMPLE 2.159
Solve the differential equation

x
d2y

dx2
þ dy

dx
þ 1

4
y ¼ 0:

Solution. Let z ¼ ffiffiffi
x

p
. Then

dy

dx
¼ dy

dz
:
dz

dx
¼ dy

dz
:

1

2
ffiffiffi
x

p ; and

d2y

dx2
¼ dy

dz
:
1

2
� 1

2
x�

3
2

� �
þ 1

2
ffiffiffi
x

p d2y

dz2
:

1

2
ffiffiffi
x

p
� �

¼ 1

4x

d2y

dz2
� 1

4x
3
2

dy

dz
¼ 1

4z2
d2y

dz2
� 1

4z3
dy

dz
:

Putting these values of the partial derivatives in the
given equation, we get

z2
1

4z2
d2y

dz2
� 1

4z3
dy

dz

	 

þ 1

2z

dy

dz
þ 1

4
y ¼ 0

or

d2y

dz2
� 1

z

dy

dz
þ 2

z

dy

dz
þ y ¼ 0

or

z
d2y

dz2
þ dy

dz
þ zy ¼ 0

or

z2
d2y

dz2
þ z

dy

dz
þ ðz2 � 02Þy ¼ 0;

which is Bessel’s equation of order 0. Therefore, its

general solution is

y ¼ c1J0ðzÞ þ c2y0ðzÞ ¼ c1J0
ffiffiffi
x

p� �þ c2Y0
ffiffiffi
x

p� �
:

EXAMPLE 2.160
Show that

e
x
2 z�1

zð Þ ¼ J0ðxÞ þ z� 1

z

� �
J1ðxÞ þ z2 þ 1

z2

� �
J2ðxÞ

þ z3 � 1

z3

� �
J3ðxÞ þ . . .

Hence or otherwise show that

J0ðxÞ ¼ 1

�

Z�

0

cosðx cos hÞdh:

Solution. We know that

e
x
2 z�1

zð Þ ¼
X1
n�1

znJnðxÞ ðgenerating functionÞ

¼ J0 þ
X1
n¼1

ðJnzn þ J�nz
�nÞ

¼ J0 þ
X1
n¼1

ðJnzn þ ð�1ÞnJnz�nÞ

¼ J0 þ
X1
n¼1

½zn þ ð�1Þnz�n�Jn

¼ J0 þ z� 1

z

� �
J1 þ ðz2 þ z�2ÞJ2

þ ðz3 � z�3ÞJ3 þ . . . ð143Þ
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Putting z ¼ ei� we get z� 1
z
¼ 2i sin�,

z2 þ 1
z2
¼ 2 cos 2�, and so on. Therefore, (143)

reduces to

eiðx sin�Þ ¼ J0 þ ð2i sin�ÞJ1 þ ð2 cos 2�ÞJ2 þ . . .

or

cosðx sin�Þ þ i sinðx sin�Þ
¼ J0 þ ð2i sin�ÞJ1 þ ð2 cos 2�ÞJ2 þ . . . :

Separating real and imaginary parts, we get

cosðx sin�Þ ¼ J0 þ ð2 cos 2�ÞJ2
þ ð2 cos 4�ÞJ4 þ . . . ð144Þ

and

sinðx sin�Þ ¼ ð2 sin�ÞJ1 þ ð2 sin 3�ÞJ3
þ ð2 sin 5�ÞJ5 þ . . . ; ð145Þ

which are called Jacobi’s series.
Putting � ¼ �

2
� h in (144), we get

cosðx cos hÞ ¼ J0 � ð2 cos 2hÞJ2 þ . . . :

Therefore,

Z�

0

cosðx cos hÞdh ¼
Z�

0

J0dh

�
Z�

0

ð2 cos 2hÞJ2dhþ . . . ¼ �J0:

Hence

J0 ¼ 1

�

Z �

0

cosðx cos hÞdh:

EXAMPLE 2.161
Solve the differential equation

x
d2y

dx2
þ dy

dx
� ixy ¼ 0:

Solution. The given equation can be written as

x2
d2y

dx2
þ x

dy

dx
� ix2y ¼ 0:

Putting z ¼ ffiffiffiffiffiffi�i
p

x, we have

dy

dx
¼ dy

dz
:
dz

dx
¼ ffiffiffiffiffiffi�i

p dy

dz
;

d2y

dx2
¼ �i

d2y

dz2
:

Thus, the given equation reduces to

z2
d2y

dz2
þ z

dy

dx
þ ðz2 � 0Þy ¼ 0;

which is Bessel’s equation of order zero. Its solution

is

y ¼ J0ðzÞ ¼ J0ð
ffiffiffiffiffiffi
�i

p
xÞ ¼ J0 i

3
2x

� �

¼ 1� i3x2

22
þ i6x4

24ð2!Þ2 �
i9x6

26ð3!Þ2 þ
i12x8

28ð4!Þ2 � . . .

¼ 1� x4

22:42
þ x8

22:42:62:82
� . . .

� �

þ i
x2

22
� x6

22:42:62
þ x10

22:42:62:82:102
� . . .

� �

¼ ber xþ i bei x;

where

ber x ¼ 1þ
X1
m¼1

ð�1Þm x4m

22:42:62 . . . ð4mÞ2

is called Bessel’s real (or ber) function and

bei x ¼ �
X1
m¼1

ð�1Þm x4m�2

22:42:62 . . . ð4m� 2Þ2

called Bessel’s imaginary (or bei) function.

2.25 FOURIER-BESSEL EXPANSION OF A
CONTINUOUS FUNCTION

We have proved in Example 2.155 that Bessel’s
functions Jn (lx) form an orthogonal set with

weight x. This property allows us to expand a

continuous function f in Fourier-Bessel series in a
range 0 to a. So, let

f ðxÞ ¼ c1Jnðl1xÞ þ c2Jnðl2xÞ þ ::::::::

þ cnJnðlnxÞ; ð146Þ
where li are the roots of the equation Jn (la)¼ 0. To
determine the coefficients ci, we multiply both sides

of the equation (146) by xJn (lix) and integrate with
respect to x between the limits 0 to a. Using
orthogonal property and the remark cited above,
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we have

Za

0

xf ðxÞJnðlixÞdx ¼ ci

Za

0

xJnðlixÞdx

¼ ci
a2

2
J 2nþ1ðliaÞ

	 

:

Hence

ci ¼ 2

a2J2nþ1ðliaÞ
Za

0

xf ðxÞJnðlixÞdx:

Substituting the values of ci in the expression (146),

we get the Fourier-Bessel series of f.

EXAMPLE 2.162
Expand f ðxÞ ¼ x2ð0 < x < aÞ in Fourier-Bessel

series in J2(lnx) if lna are the positive roots of
J2(x) ¼ 0.

Solution. Let the Fourier-Bessel series of the func-
tion f ðxÞ ¼ x2ð0 < x < aÞbe

x2 ¼
X1
n¼1

cnJ2ðlnxÞ:

We know that

ci ¼ 2

a2J2nþ1ðliaÞ
Za

0

xf ðxÞJnðlixÞdx

¼ 2

a2J23 ðliaÞ
Za

0

x3J2ðlixÞdx

¼ 2

a2J23 ðliaÞ
x3J3ðlixÞ

li

	 
a
0

¼ 2a

liJ3ðliaÞ :

Hence the Fourier-Bessel Series for f(x) = x2 is

x2 ¼ 2a
X1
n¼1

J2ðlnxÞ
lnJ3ðlnaÞ:

EXAMPLE 2.163
Expand f(x) ¼ 1 in Fourier-Bessel series in J0(lnx)
if l1, l2, .., ln are the roots of J0(x) ¼ 0.

Solution. Let the Fourier-Bessel series of f(x) ¼ 1 be

1 ¼
X1
1

cnJ0ðlnxÞ:

Since f(x) ¼ 1 and a ¼ 1, the coefficients ci are
given by

ci ¼ 2

J21 ðliÞ
Z1

0

xJ0ðlixÞdx

¼ 2

J21 ðliÞ
xJ1ðlixÞ

li

	 
1
0

¼ 2

liJ1ðliÞ :

Hence the required Fourier-Bessel series is

1 ¼ 2
X1
n¼1

J0ðlnxÞ
lnJ1ðlnÞ :

2.26 LEGENDRE’S EQUATION AND LEGENDRE’S
POLYNOMIAL

The differential equation

ð1� x2Þ d
2y

dx2
� 2x

dy

dx
þ nðnþ 1Þy ¼ 0 ð147Þ

is called Legendre’s equation of order n, where n is
a real number. The equation can be written is the

form

d2y

dx2
� 2x

1� x2
dy

dx
þ nðnþ 1Þ

1� x2
y ¼ 0:

Since � 2x
1�x2

and
nðnþ1Þ
1�x2

are analytic at 0, the point
x ¼ 0 is a regular point of the Legendre’s equation.

So let

y ¼
X1
m¼0

amx
m

be the power series solution of the given Legendre’s

equation about x ¼ 0. Then

dy

dx
¼
X1
m¼1

mamx
m�1; and

d2y

dx2
¼
X1
m¼2

mðm� 1Þamxm�2:
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Putting the values of y; dy
dx
, and d2y

dx2
in the given

equation, we get

ð1� x2Þ
X1
m¼2

mðm� 1Þamxm�2

� 2x
X1
m¼1

mamx
m�1 þ nðnþ 1Þ

X1
m¼0

amx
m ¼ 0

or

X1
m¼2

mðm� 1Þamxm�2 �
X1
m¼2

mðm� 1Þamxm

� 2
X1
m�1

mamx
m þ nðnþ 1Þ

X1
m¼0

amx
m ¼ 0

or

X1
m¼0

ðmþ 2Þðmþ 1Þamþ2x
m �

X1
m�2

mðm� 1Þamxn

� 2
X1
m¼1

mamx
m þ nðnþ 1Þ

X1
m¼0

amx
m ¼ 0

or

½2a2 þ nðnþ 1Þa0� þ ½6a3 � 2a1 þ nðnþ 1Þa1�x

þ
X1
m¼2

½ðmþ 2Þðmþ 1Þamþ2

þ ðn� mÞðnþ mþ 1Þam�xm ¼ 0:

Equating to zero the coefficient of powers of x, we

get

2a2 þ nðnþ 1Þa0 ¼ 0; which yields

a2 ¼ � nðnþ 1Þ
2!

a0;

6a3 � 2a1 þ nðnþ 1Þa1 ¼ 0; which gives

a3 ¼ �ðn� 1Þðnþ 2Þ
3!

a1;

and in general

amþ2 ¼ �ðn� mÞðnþ mþ 1Þ
ðmþ 1Þðmþ 2Þ am; m 	 2:

Putting m ¼ 0, 1, we observe that a2 and a3 are the
same as found above. Therefore,

amþ2 ¼ �ðn� mÞðnþ mþ 1Þ
ðmþ 1Þðmþ 2Þ am; m 	 0;

which is called the recurrence solution of the
Legendre’s equation. Putting m ¼ 2, 3, … we have

a4 ¼ ðn� 2Þnðnþ 1Þðnþ 3Þ
4!

a0;

a5 ¼ ðn� 3Þðn� 1Þðnþ 2Þðnþ 4Þ
5!

a1

and so on. Hence

y¼a0þa1x�nðnþ1Þ
2 !

a0x
2�ðn�1Þðnþ2Þ

3!
x3

þðn�2Þnðnþ1Þðnþ3Þ
4 !

a0x
4

þðn�3Þðn�1Þðnþ2Þðnþ4Þ
5!

a1x
5þ...

¼a0 1�nðnþ1Þ
2 !

x2þðn�2Þnðnþ1Þðnþ3Þ
4!

x4þ...

	 


þa1 x�ðn�1Þðnþ2Þ
3 !

x3
	

þðn�3Þðn�1Þðnþ2Þðnþ4Þ
4 !

x5þ...




¼a0y1ðxÞþa1y2ðxÞ;say:

Thus, y1 contains only even powers of x while y2
contains odd powers of x. Also y1 and y2 are linearly

independent.

If n is even, then y1(x) is a polynomial of
degree n and if n is odd, then y2(x) is a polynomial

of degree n. Moreover if an ¼ ð2nÞ!
2nðn!Þ2, then

PnðxÞ ¼ a0 þ a2x
2 þ . . .þ anx

n if n is even
a1xþ a3x

3 þ . . .þ anx
n if n is odd

�

is called the Legendre polynomial of degree n.

We note that

P0ðxÞ ¼ 1; P1ðxÞ ¼ x;

P2ðxÞ ¼ 1

2
ð3x2 � 1Þ; P3ðxÞ ¼ 1

2
ð5x2 � 3xÞ;

P4ðxÞ ¼ 1

8
ð35x4 � 30x2 þ 3Þ; and so on:

Evidently, the value of the polynomial Pn(x), n ¼ 0,
1, 2,… is 1 for x ¼ 1.

EXAMPLE 2.164
Show that

PnðxÞ ¼ 1

n! 2n
dn

dxn
ðx2 � 1Þn ðRodrigue0s formulaÞ:
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Solution. Putting u ¼ (x2 – 1)n, we have

du

dx
¼ 2nxðx2 � 1Þn�1 ¼ 2nxu

x2 � 1
and so

ð1� x2Þ du
dx

þ 2nxu ¼ 0: ð148Þ

Differentiating (148), (n + 1) times by Leibnitz’s

theorem, we get

ð1� x2Þunþ2 � 2ðnþ 1Þxunþ1 � nðnþ 1Þun
þ 2n½xunþ1 þ ðnþ 1Þun� ¼ 0

or

ð1� x2Þunþ2 � 2xunþ1 þ nðnþ 1Þun ¼ 0
or

ð1� x2Þ d
2un

dx2
� 2x

dun

dx
þ nðnþ 1Þun ¼ 0:

Thus, un ¼ dn

dxn
ðx2 � 1Þn satisfies the Legendre’s

equation

ð1� x2Þ d
2y

dx2
� 2x

dy

dx
þ nðnþ 1Þy ¼ 0:

Since the solution of Legendre’s equation is Pn(x),
we have

PnðxÞ ¼ cun ¼ c
dn

dxn
ðx2 � 1Þn: ð149Þ

Putting x ¼ 1 in (149), we get

1 ¼ c
dn

dxn
ðx� 1Þnðxþ 1Þn

	 

x¼1

¼ c½n! ðxþ 1Þn þ term containing x� 1

along with its powers]x¼1

¼ c n! 2n;

and so c ¼ 1
n! 2n. Thus,

PnðxÞ ¼ 1

n! 2n
dn

dxn
ðx2 � 1Þn:

EXAMPLE 2.165
Show that

ð1� 2xtþ t2Þ�1
2 ¼
X1
n¼0

tnPnðxÞ; xj j< 1; tj j< 1

3
:

[Thus ð1� 2xt þ t2Þ� 1
2 is a generating function of

the Legendre’s polynomials.]

Solution. We have, by binomial expansion,

½1�ð2xt�t2Þ�12

¼1þ1

2
ð2xt�t2Þþ 1:3

22:2 !
ð2xt�t2Þ2þ...

þ1:3...ð2n�5Þ
2n�2ðn�2Þ! ð2xt�t2Þn�2

þ1:3...ð2n�3Þ
2n�1ðn�1Þ! ð2xt�t2Þn�1

þ1:3...ð2n�1Þ
2n:n !

ð2xt�t2Þnþ...

¼1þxtþ �1

2
þ3

8
:4x2

� �
t2þ...

þ 1:3...ð2n�1Þ
2n:n!

ð2xÞn�1:3...ð2n�3Þ
2n�1ðn�1Þ! ðn�1Þð2xÞn�2

	

þ1:3...ð2n�5Þ
2n�2ðn�2Þ !

ðn�2Þðn�3Þ
1:2

ð2xÞn�4þ...



tnþ...

¼1þxtþ1

2
ð3x2�1Þt2þ...

þ1:3...ð2n�1Þ
n !

xn� nðn�1Þ
2ð2n�1Þx

n�2

	

þnðn�1Þðn�2Þðn�3Þ
2:4ð2n�1Þð2n�3Þ xn�4þ...



tnþ...

¼P0ðxÞþtP1ðxÞþt2P2ðxÞþ...þtnPnðxÞþ...

¼
X1
n¼0

tnPnðxÞ:

Hence, ð1� 2xt þ t2Þ� 1
2 generates Legendre poly-

nomials Pn(x).

EXAMPLE 2.166
Express the polynomial x3 + 2x2 – x – 3 in terms of

Legendre’s polynomials.

Solution. We know that

P0ðxÞ ¼ 1 ; P1ðxÞ ¼ x;

P2ðxÞ ¼ 1

2
ð3x2 � 1Þ and so x2 ¼ 2

3
P2ðxÞ þ 1

3
;

P3ðxÞ ¼ 1

2
ð5x3 � 3xÞ and so x3 ¼ 2

5
P3ðxÞ þ 3

5
P1ðxÞ:
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Hence,

x3 þ 2x2 � x� 3

¼ 2

5
P3ðxÞ þ 3

5
P1ðxÞ

	 

þ 2

2

3
P2ðxÞ þ 1

3

	 


� P1ðxÞ � 3P0ðxÞ

¼ 2

5
P3ðxÞ þ 4

3
P2ðxÞ � 2

5
P1ðxÞ � 7

3
P0ðxÞ:

EXAMPLE 2.167
Show that Legendre polynomials are orthogonal on
the interval [– 1, 1].

Solution. Let Pm and Pn be Legendre polynomials for

m 6¼ n. We want to show that

Z1

�1

PmðxÞPnðxÞdx ¼ 0; m 6¼ n:

Since Pm and Pn satisfy Legendre’s equation, we
have

ð1�x2ÞP00
nðxÞ�2xP0

mðxÞþmðmþ1ÞPmðxÞ¼0 ð150Þ
ð1�x2ÞP00

nðxÞ�2xP0
nðxÞþnðnþ1ÞPnðxÞ¼0: ð151Þ

Multiplying (150) by Pn(x) and (151) by Pm(x) and
subtracting, we get

ð1� x2Þ½PnðxÞP00
mðxÞ � PmðxÞP00

nðxÞ�
� 2x½PnðxÞP0

mðxÞ þ PmðxÞP0
nðxÞ�

¼ ðn2 � m2 þ n� mÞPmðxÞPnðxÞ
or

d

dx
½ð1� x2ÞðPnðxÞP0

mðxÞ � PmðxÞP0
nðxÞÞ�

¼ ðn� mÞðnþ mþ 1ÞPmðxÞPnðxÞ:
Integration on the interval [–1, 1] yields

½ð1� x2ÞðPnðxÞP0
mðxÞ � PmðxÞP0

nðxÞ�1�1

¼ ðn� mÞðnþ mþ 1Þ
Z1

�1

PmðxÞPnðxÞdx

or

0 ¼ ðn� mÞðnþ mþ 1Þ
Z1

�1

PmðxÞPnðxÞdx

or

Z1

�1

PmðxÞPnðxÞdx ¼ 0; m 6¼ n:

Hence, {Pn(x)} forms an orthogonal system.

EXAMPLE 2.168
Show that

ffiffiffiffiffiffiffiffi
2nþ1
2

q
PnðxÞ

n o
forms an orthonormal

system.

Solution. The systemof polynomials
ffiffiffiffiffiffiffiffi
2nþ1
2

q
PnðxÞ

n o
will

form an orthonormal system if

2nþ 1

2

Z1

�1

PmðxÞPnðxÞdx ¼ 0 for m 6¼ n

1 for m ¼ n:

�

By Example 2.167, it follows that

2nþ 1

2

Z1

�1

PmðxÞPnðxÞdx ¼ 0; m 6¼ n:

If remains to show that
R1
�1

P2
nðxÞdx ¼ 2

2nþ1
.

In this direction, we have by generating functions,

ð1� 2xt þ t2Þ� 1
2 ¼

X1
m¼0

t mPmðxÞ

and

ð1� 2xt þ t2Þ� 1
2 ¼

X1
n¼0

t nPnðxÞ:

Multiplying these two expressions, we get

ð1� 2xt þ t2Þ�1 ¼
X1
m¼0

X1
n¼0

t mþnPmðxÞPnðxÞ:

Integrating w.r.t. x on [– 1, 1], we have

Z1

�1

ð1� 2xt þ t2Þ�1
dx

¼
X1
m¼0

X1
n¼0

Z1

�1

t mþnPmðxÞPnðxÞdx:
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Since
R1
�1

PmðxÞPnðxÞdx ¼ 0 for m 6¼ n, the above

expression reduces to

Z1

�1

ð1� 2xt þ t2Þ�1dx ¼
X1
n¼0

Z1

�1

t2nP2
nðxÞdx:

Thus

X1
n¼0

Z1

�1

t2nP2
nðxÞdx ¼ � 1

2t
logð1þ t2 � 2xt

	 
1
x¼�1

¼ � 1

2t
log

ð1� tÞ2
ð1þ tÞ2 ¼

1

t
log

1þ t

1� t

¼ 1

t
2 t þ t3

3
þ t5

5
þ . . .

� �	 


¼ 2 1þ t2

3
þ t4

5
þ . . .þ t2n

2nþ 1
þ . . .

� �
:

Comparing the coefficients of t2n, we haveZ1

�1

P2
nðxÞdx ¼

2

2nþ 1

or

2nþ 1

2

Z1

�1

P2
nðxÞdx ¼ 1:

EXAMPLE 2.169
Using Rodrigue’s formula, find the polynomial
expression for P4ðxÞ.
Solution. The Rodrigue’s formula is

PnðxÞ ¼ 1

2nn!

dn

dxn
ðx2 � 1Þn:

Therefore,

P4ðxÞ ¼ 1

2n4!

d4

dx4
ðx2 � 1Þ4 ¼ 1

384

d4

dx4
ðx2 � 1Þ4:

So let

y ¼ ðx2 � 1Þ4 ¼ x8 � 4x6 þ 6x4 � 4x2 þ 1:

Then,

dy

dx
¼ 8x7 � 24x5 þ 24x3 � 8x

d2y

dx2
¼ 56x6 � 120x4 þ 72x2 � 8

d3y

dx3
¼ 336x5 � 480x3 þ 144x

d4y

dx4
¼ 1680x4 � 1440x2 þ 144:

Therefore,

P4ðxÞ ¼ 1

384
½1680x4 � 1440x2 þ 144�

¼ 1

8
½35x4 � 30x2 þ 3�:

EXAMPLE 2.170
Establish the following recurrence relations for
Legendre polynomial.

(i) ðnþ 1ÞPnþ1ðxÞ ¼ ð2nþ 1ÞxPnðxÞ � nPn�1ðxÞ
(ii) nPnðxÞ ¼ xP

0
nðxÞ � P

0
n�1ðxÞ

(iii) ð2nþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ � P

0
n�1ðxÞ

(iv) ðnþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ � xP

0
nðxÞ

(v) ð1� x2ÞP0
nðxÞ ¼ nðPn�1ðxÞ � xPnðxÞÞ

(vi) ð1� x2ÞP0
nðxÞ ¼ ðnþ 1ÞðxPnðxÞ � Pnþ1Þ.

Solution. (i) The generating formula for Pn(x) is

ð1� 2xt þ t2Þ� 1
2 ¼

X1
n¼0

tnPnðxÞ:

Differentiating w.r.t. t, we get

� 1

2
ð1� 2xt þ t2Þ� 3

2ð�2xþ 2tÞ ¼
X1
n¼0

nPnðxÞtn�1

or

ðx� tÞð1�2xtþ t2Þ� 1
2¼ð1�2xtþ t2Þ

X1
n¼0

nPnðxÞtn�1

or

ðx� tÞ
X1
n¼0

tnPnðxÞ¼ð1�2xtþ t2Þ
X1
n¼0

ntn�1PnðxÞ:

Comparing coefficients of tn, we get

xPnðxÞ � Pn�1ðxÞ ¼ ðnþ 1ÞPnþ1ðxÞ � 2nxPnðxÞ
þ ðn� 1ÞPn�1ðxÞ

or

ðnþ 1ÞPnþ1ðxÞ ¼ ð2nþ 1ÞxPnðxÞ � nPn�1ðxÞ
(ii) Differentiating the generating formula w.r.t. x,
we get

� 1

2
ð1� 2xt þ t2Þ� 3

2ð�2tÞ ¼
X1
n¼0

tnP
0
nðxÞ
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or

tð1� 2xt þ t2Þ� 3
2 ¼

X1
n¼0

tnP
0
nðxÞ: ð152Þ

On the other hand, differentiation of the generating

formula w.r.t. t yields

ðx� tÞð1� 2txþ t2Þ� 3
2 ¼

X1
n¼0

ntn�1PnðxÞ: ð153Þ

Dividing (153) by (152), we get

x� t

t
¼
P1
n¼0

ntn�1PnðxÞ
P1
n¼0

tnP
0
nðxÞ

or

X1
n¼0

ntnPnðxÞ ¼ ðx� tÞ
X1
n¼0

tnP
0
nðxÞ:

Comparing the coefficients of tnon both sides, we

have

nPnðxÞ ¼ xP
0
nðxÞ � P

0
n�1ðxÞ:

(iii) From (i), we have

ðnþ 1ÞPnþ1ðxÞ ¼ ð2nþ 1ÞxPnðxÞ � nPn�1ðxÞ:
Differentiating w.r.t. x, we get

ðnþ 1ÞP0
nþ1ðxÞ ¼ ð2nþ 1ÞPnðxÞ

þ ð2nþ 1ÞxP0
nðxÞ � nP0

n�1ðxÞ: ð154Þ
But from part (ii)

xP
0
nðxÞ ¼ nPnðxÞ þ P

0
n�1ðxÞ:

Therefore, (154) reduces to

ðnþ 1ÞP0
nþ1ðxÞ ¼ ð2nþ 1ÞPnðxÞ

þ ð2nþ 1Þx½nPnðxÞ þ P
0
n�1ðxÞ� � nP

0
n�1ðxÞ

or

ð2nþ 1ÞPnðxÞ ¼ P0
nþ1 � P0

n�1:

(iv) From part (ii), we have

ð2nþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ � P

0
n�1ðxÞ

and from part (ii), we have

nPnðxÞ ¼ xP
0
nðxÞ � P

0
n�1ðxÞ:

Subtracting, we obtain

ðnþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ � xP

0
nðxÞ:

(v) From part (iv), we have

ðnþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ � xP

0
nðxÞ:

Replacing n by n – 1, we get

nPn�1ðxÞ ¼ P
0
nðxÞ � xP

0
n�1ðxÞ: ð155Þ

Also, from part (ii), we have

nPnðxÞ ¼ xP
0
nðxÞ � P

0
n�1ðxÞ

or

nxPnðxÞ ¼ x2P
0
nðxÞ � xP

0
n�1ðxÞ: ð156Þ

Subtracting (156) from (155), we get

nPn�1ðxÞ � nxPnðxÞ ¼ ð1� x2ÞP0
nðxÞ

or

ð1� x2ÞP0
nðxÞ ¼ n½Pn�1ðxÞ � xPnðxÞ�:

(vi) From (155), we have

nxPn�1ðxÞ ¼ xP
0
nðxÞ � x2P

0
n�1ðxÞ ð157Þ

and from part (ii), we have

nPnðxÞ ¼ xP
0
nðxÞ � P

0
n�1ðxÞ: ð158Þ

Subtracting (158) from (157), we obtain

n½xPn�1ðxÞ � PnðxÞ� ¼ ð1� x2ÞP0
n�1ðxÞ :

Replacing n by n + 1, we get

ð1� x2ÞP0
nðxÞ ¼ ðnþ 1Þ½xPnðxÞ � Pnþ1ðxÞ� :

EXAMPLE 2.171
Show that if n is odd, then

P
0
nðxÞ ¼ ð2n� 1ÞPn�1ðxÞ þ ð2n� 5ÞPn�3ðxÞ

þ ð2n� 9ÞPn�5ðxÞ þ . . .þ 3P1ðxÞ :
Solution. We have

ð2nþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ�P

0
n�1ðxÞ

ðrecurrence formulaÞ:
Changing n to (n – 1), (n – 3), (n – 5),…, we get

ð2n� 1ÞPn�1ðxÞ ¼ P
0
nðxÞ � P

0
n�2ðxÞ

ð2n� 5ÞPn�3ðxÞ ¼ P
0
n�2ðxÞ � P

0
n�4ðxÞ

ð2n� 9ÞPn�5ðxÞ ¼ P
0
n�4ðxÞ � P

0
n�6ðxÞ

. . .

. . .

3P1ðxÞ ¼ P
0
2ðxÞ � P

0
0ðxÞ if n is odd:
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Adding these equations, we get

ð2n� 1ÞPn�1ðxÞ þ ð2n� 5ÞPn�3ðxÞ
þ ð2n� 9ÞPn�5ðxÞ þ . . .þ 3P1ðxÞ

¼ P
0
nðxÞ � P

0
0ðxÞ ¼ P

0
nðxÞ � 0

¼ P
0
nðxÞ; since P0 ðxÞ ¼ 1:

EXAMPLE 2.172
Show that

Z1

�1

xPnðxÞPn�1ðxÞdx ¼ 2n

4n2 � 1
:

Solution. We know that

ðnþ 1ÞPnþ1ðxÞ ¼ ð2nþ 1ÞxPnðxÞ � nPn�1ðxÞ :
Changing n to n –1, we get

nPnðxÞ ¼ ð2n� 1ÞxPn�1ðxÞ � ðn� 1ÞPn�2ðxÞ
or

xPn�1ðxÞ ¼ 1

2n� 1
½nPnðxÞ þ ðn� 1ÞPn�2ðxÞ� :

Therefore,

Z1

�1

xPnðxÞPn�1ðxÞdx

¼ 1

2n�1

Z1

�1

½nPnðxÞþðn�1ÞPn�2ðxÞ�PnðxÞdx

¼ n

2n�1

Z1

�1

P2
nðxÞdxþ

n�1

2n�1

Z1

�1

PnðxÞPn�2ðxÞdx

¼ 1

2n�1

Z1

�1

P2
nðxÞdxþ0usingorthogonal property

¼ n

2n�1

2

2nþ1

	 

¼ 2n

4n2�1
:

EXAMPLE 2.173
Show that
(i) Pnð�xÞ ¼ ð�1ÞnPnðxÞ
(ii) Pnð1Þ ¼ 1

(iii) Pnð�1Þ ¼ ð�1Þn:

Solution. (i) Generating function formula is

ð1� 2xt þ t2Þ� 1
2 ¼

X1
n¼0

tnPnðxÞ :

Therefore,X1
n¼0

tnPnð�xÞ¼ð1þ2xtþ t2Þ� 1
2

¼½1�2xð�tÞþ t2�� 1
2

¼
X1
n¼0

ð�tÞnPnðxÞ ¼
X1
n¼0

ð�1ÞntnPnðxÞ

and so Pn(–x) ¼ (–1)n Pn (x) .
(ii) We have

X1
n¼0

Pnð1Þtn ¼ ð1� 2t þ t2Þ� 1
2 ¼ ð1� tÞ�1

¼ 1þ t þ t2 þ . . .þ tn þ . . .

¼
X1
n¼0

tn :

Hence Pnð1Þ ¼ 1 :
(iii) We note that

X1
n¼0

tnPnð�1Þ ¼ ð1þ 2t þ t2Þ� 1
2

¼ ð1þ tÞ�1 ¼
X1
n¼0

ð�1Þntn:

Hence Pnð�1Þ ¼ ð�1Þn :
Second Method. From part (i)

Pnð�xÞ ¼ ð�1ÞnPnðxÞ :
Therefore,

Pnð�1Þ ¼ ð�1ÞnPnð1Þ ¼ ð�1Þn using (ii):

2.27 FOURIER–LEGENDRE EXPANSION OF A
FUNCTION

We have established in Examples 2.167 and 2.168

that
ffiffiffiffiffiffiffiffi
2nþ1
2

q
PnðxÞf g constitutes an orthonormal

system. Therefore, as in the case of Fourier

expansion, the expansion in terms of Pn(x) of a

given function f (x) is possible. Let

fðxÞ ¼
X1
n¼0

cnPnðxÞ : ð159Þ
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Multiplying both sides by Pn(x) and integrating both
sides by [–1, 1], we get

Z1

�1

f ðxÞPnðxÞdx ¼ cn

Z1

�1

P2
nðxÞdx ¼ cn

2

2nþ 1

� �

and so

cn ¼ 2nþ 1

2

Z1

�1

f ðxÞPnðxÞdx :

The coefficients cnare called Fourier–Legendre
coefficients and the expansion (159) is called

Fourier–Legendre expansion of f(x) .

EXAMPLE 2.174
Expand

f ðxÞ ¼ 0; �1 < x < 0

1; 0 < x < 1:

�

in Fourier–Legendre series.

Solution. We have

cn ¼ 2nþ1

2

Z1

�1

f ðxÞPnðxÞdx ¼ 2nþ1

2

Z1

�1

PnðxÞdx:

Therefore,

c0 ¼ 1

2

Z1

0

P0ðxÞdx¼ 1

2

Z1

0

dx¼ 1

2
;

c1 ¼ 3

2

Z1

0

P1ðxÞdx¼ 3

2

Z1

0

xdx¼ 3

2

1

2

� �
¼ 3

4
;

c2 ¼ 5

2

Z1

0

P2ðxÞdx¼ 5

2

Z1

0

3x2�1

2
dx¼ 5

4
½x3�x�10 ¼ 0;

c3 ¼ 7

2

Z1

0

P3ðxÞdx¼ 7

2

Z1

0

5x3�3x

2
dx

¼ 7

4
5
x4

4
�3

x2

2

	 
1
0

¼� 7

16
;

c4 ¼ 9

2

Z1

0

P4ðxÞdx¼ 9

2

Z1

0

35x4�30x2þ3

8
dx¼ 27

16
;

and so on. Hence, Fourier–Legendre expansion of
the given function is

f ðxÞ ¼
X1
n¼0

cnPnðxÞ

¼ 1

2
P0ðxÞ þ 3

4
P1ðxÞ � 7

16
P3ðxÞ þ 27

16
P4ðxÞ

þ . . .

2.28 MISCELLANEOUS EXAMPLES

EXAMPLE 2.175
Solve the differential equation

x dy� y dx ¼ ðx2 þ y2Þdx

Solution. We have

x dy� y dx ¼ ðx2 þ y2Þdx

or

x dy� y dx

x2 þ y2
¼ dx

or

d tan�1 y

x

� �
¼ dx:

Integrating, we get

tan�1 y

x
¼ xþ C:

EXAMPLE 2.176
Solve ð1þ y2Þdx ¼ ðetan�1 y � xÞdy:

Solution. The given equation can be written as

dx

dy
þ x

1þ y2
¼ etan

�1y

1þ y2
;

which is of the form

dx

dy
þ Px ¼ Q;

where P and Q are function of y only. The inte-

grating factor is

I:F ¼ e

R
1

1þy2
dy ¼ etan

�1y:

110 n Engineering Mathematics



Therefore the solution of the differential equation is

x etan
�1y ¼

Z
etan

�1y

1þ y2
:etan

�1ydyþ c

¼
Z

e2tan
�1y

1þ y2
dyþ c ¼ e2 tan�1y

2
þ c

or

2xetan
�1y ¼ e2tan

�1y þ c1:

EXAMPLE 2.177
Solve the initial value problem ex (cos y dx �
sin y dy) ¼ 0, y (0) ¼ 0.

Solution. The given equation is of the form Mdx +

Ndy = 0, where

M ¼ ex cos y and N ¼ �ex sin y:

Therefore

@M

@y
¼ �ex sin y and

@N

@x
¼ �ex sin y:

Hence the given equation is exact. The solution of

the given differential equation isZ
yconstant

Mdxþ
Z
ðterms in N notcontaining xÞdy¼k

or

ex cos y ¼ k:

Using the initial condition y(0) ¼ 0, we get k ¼
e0 cos 0 ¼ 1. Hence the required solution is

ex cos y ¼ 1:

EXAMPLE 2.178
Solve the following equation

ðxy2 � e
1

x3Þdx� x2y dy ¼ 0:

Solution. The equation here is

xy2 � ex
1
3

� �
dx� x2ydy ¼ 0

Comparing it with Mdx + Ndy ¼ 0, we have

M ¼ xy2 � e
1

x3 and N ¼ �x2y

Therefore

@M

@y
¼ 2xy and

@N

@x
¼ �2xy:

Since @M
@y 6¼ @N

@x ; the given equation is not exact. But

@M
@y � @N

@x

N
¼ 2xy� ð�2xyÞ

�x2y
¼ � 4

x
;

which is a function of x only. Hence e

R
�4
x dx ¼

e�4 log x ¼ 1
x4
is the integrating factor. So multiplying

the given equation throughout by 1
x4
, we get

y2

x3
� 1

x4
e

1

x3

� �
dx� y

x2
dy ¼ 0;

which is an exact equation. Therefore the required

solution is Z
y constant

y2

x3
� 1

x4
e

1

x3

� �
dx ¼ c

y constant

or

� y2

2x2
þ
Z

1

3
e

1

x3
�3

x4

� �
dx ¼ c

or

� y2

2x2
þ 1

3
e

1

x3 ¼ c:

EXAMPLE 2.179
Solve the differential equation

ðy cos xþ 1Þ dxþ sin x dy ¼ 0:

Solution. The given differential equation is of the
form Mdxþ Ndy ¼ 0, where

M ¼ y cosþ 1; N ¼ sin x:

Now

@M

@y
¼ cos x;

@N

@x
¼ cos x:

Therefore the given equation is exact and its solu-

tion is Z
y constant

ðy cosþ1Þdxþ
Z

0dy ¼ C
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or

y sin xþ x ¼ C:

EXAMPLE 2.180
If the air is maintained at 30ºC and the temperature
of the body cools from 80ºC to 60ºC in 12 minutes,

find the temperature of the body after 24 minutes.

Solution. Let T be the temperature of the body at any

instant t. By Newton’s low of cooling, we have

dT

dt
¼ kðT � T0Þ

and so variable separation yields

dT

T � T0
¼ � kdt:

Integrating, we get

logðT � T0Þ ¼ �kt þ logC

or

T � T0 ¼ C e�kt

or

T � 30 ¼ c e�kt:

But when t ¼ 0; T ¼ 80�: Therefore, C ¼ 80�
30 ¼ 50, and we have

T � 30 ¼ 50 e�kt:

Now when t ¼ 12 ; T ¼ 60�: Therefore,

60� 30 ¼ 50 e�12k

or

30 ¼ 50 e�12 k

or

�12k ¼ log
3

5
; which yields k ¼ 1

12
log

5

3
:

Hence,

T ¼ 30þ 50 e�
1
12 log

5
3ð Þ t

When t ¼ 24; we have

T ¼ 30þ 50 e�2 log53

¼ 30þ 50 elog
9
25

¼ 30þ 50
9

25

� �
¼ 30þ 18 ¼ 48�C:

EXAMPLE 2.181
Suppose that an object is heated to 300� and allowed
to cool in a room whose air temperature is 80�. If
after 10 minutes the temperature of the object is

250�, what will be its temperature after 20 minutes?

Solution. By Newton’s law of cooling, we have

dT

dt
¼ �kðT � T0Þ;

or

dT

dt
¼ �k dt:

Integrating, we get

logðT � T0Þ ¼ �kt þ logC

or

T � T0 ¼ Ce�kt ð160Þ
Equation (160) gives

T � 80 ¼ C e�kt

When t¼ 0; T ¼ 300�. Therefore, C¼ 300�80 ¼
220�.
Thus

T ¼ 80þ 220 e�kt:

But when t ¼ 10; T ¼ 250�: Therefore

250 ¼ 80þ 220 e�10k ;

which yields

e�10k ¼ 250� 80

220
¼ 17

22

or

k ¼ 1

10
log

29

7
¼ 0:02578:

Hence,

T ¼ 80þ 220 e�0:2578t:

Therefore, temperatureof thebodyafter20minutes is

T ¼ 80þ 220 e�5:156:

EXAMPLE 2.182
A bacterial culture growing exponentially increases

200 to 500 grms in the period from 6 AM to 9 AM.
How many gram will it be at noon?
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Solution. The governing differential equation of this
problem is

dx

dt
¼ kx;

which has the solution as

x ¼ C ekt: ð161Þ
When t ¼ 0; x ¼ 200: Therefore (16 ) gives C ¼
200: Thus

x ¼ 200 ekt: ð162Þ
When t ¼ 3 hours, x ¼ 500: Therefore (162) yields

500 ¼ 200 e3k

or

e3k ¼ 5

2
: ð163Þ

At noon t ¼ 6 hour, using (163), we have

x¼ 200 e6k ¼ 200ðe3kÞ2 ¼ 200
5

2

� �2

¼ 1250 gms:

EXAMPLE 2.183
Find the orthogonal trajectories of the family
2a
r
¼ 1� cos h:

Solution. We have

2a

r
¼ 1� cos h;

or

r ¼ 2a

1� cos h
: ð164Þ

Differentiating (164) with respect to h; we get

dr

dh
¼ ð1� cos hÞ ð0Þ � 2aðsin hÞ

ð1� cos hÞ2

¼ � 2a sin h

ð1� cos hÞ2 : ð165Þ

Dividing (165) by (164), we get

1

r

dr

dh
¼ � sin h

1� cos h
¼ � 2 sin h

2
cos h

2

2sin2 h
2

¼ � cot
h

2
: ð166Þ

Replacing dr
dh by �r2 dh

dr
in (166), we get

1

r
�r2

dh

dr

� �
¼ � cot

h

2

or

r
dh

dr
¼ cot

h

2

or

dr

r
¼ tan

h

2
dh ¼ sin h

2

cos h
2

dh:

Integrating, we get

log r ¼ �2 log cos
h

2
þ log c

or

log r þ 2 log cos
h

2
¼ log c

or

log r þ log cos2
h

2
¼ log c

or

rcos2
h

2
¼ c

or
r

2
ð1þ cos hÞ ¼ c

or

r ¼ 2c

1þ cos h
;

which is the required orthogonal trajectory

EXAMPLE 2.184
Solve

ðD3 � 6D2 þ 11D� 6Þy ¼ e�2x þ e�3x

Solution. The auxiliary equation for the given non-

homogeneous equation is

m3 � 6m2 þ 11m� 6 ¼ 0

or

ðm� 1Þðm� 2Þðm� 3Þ ¼ 0;
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which yields m ¼ 1; 2; 3: Therefore

C.F. ¼ c1e
x þ c2 e

2x þ c3 e
3x:

The particular integral is given by

P.I. ¼ 1

ðD� 1ÞðD� 2ÞðD� 3Þ e
�2x

þ 1

ðD� 1ÞðD� 2ÞðD� 3Þ e
�3x

¼ 1

ð�2� 1Þð�2� 2Þð�2� 3Þ e
�2x

þ 1

ð�3� 1Þð�3� 2Þð�3� 3Þ e�3x:

¼ � 1

60
e�2x � 1

120
e�3x:

Hence the complete solution of the given differen-

tial equation is

y ¼ C.F.þ P.I.

¼ C1e
x þ C2e

2x þ c3e
3x � 1

60
e�2x � 1

120
e�3x:

EXAMPLE 2.185
Solve ðD2 þ 4Dþ 13Þy ¼ e2x

Solution. The auxiliary equation for the given dif-

ferential equation is

m2 � 4mþ 13 ¼ 0;

which yields m ¼ 4
 ffiffiffiffiffiffiffiffiffiffi
16�52

p
2

¼ 2
 3i: Therefore

C.F. ¼ ðc1 cos 3xþ c2 sin 3xÞe2x:
The particular integral is given by

P.I. ¼ 1

f ðDÞFðxÞ ¼
1

D2 � 4Dþ 13
e2x

¼ 1

22 � 4ð2Þ þ 13
e2x ¼ 1

9
e2x:

Hence the complete solution is

y ¼ C.F.þ P.I.

¼ ðc1 cos 3xþ c2 sin 3xÞe2x þ 1

9
e2x:

EXAMPLE 2.186
Solve ðD2 þ 1Þy ¼ sin x sin 2xþ exx2:

Solution. The auxiliary equation for the given dif-

ferential equation is

m2 þ 1 ¼ 0; which yields m ¼ 
2:

Therefore

C.F. ¼ c1 cos xþ c2 sin x:

The particular integral is given by

P.I. ¼ 1

D2 þ 1
sin x sin 2xþ 1

D2 þ 1
exx2

¼ 1

D2 þ 1

1

2
ðcos x� cos 3xÞ

	 

þ 1

D2 þ 1
exx2

¼ 1

2ðD2 þ 1Þ cos x�
1

2ðD2 þ 1Þ cos 3x

þ ex
1

ðDþ !Þ2 þ 1
x2

¼ x

4
sin x� 1

2ð�9þ 1Þ cos 3x

þ ex

2
1þ Dþ D2

2

� ��1

x2

¼ x

4
sin xþ 1

16
cos 3xþ 1

2
exðx2 � 2xþ 1Þ:

Hence the complete solution is

y ¼ C.F.þ P.I.

¼ c1 cos xþ c2 sin xþ 1

4
x sin xþ 1

16
cos 3x

þ 1

2
exðx2 � 2xþ 1Þ:

EXAMPLE 2.187
Solve (D2 + 1)y ¼ sin2 x.

Solution. We have

ðD2 þ 1Þy ¼ sin2x:

The auxiliary equation is m2 þ 1 ¼ 0; which yields

m ¼ 
i: Therefore

C.F. ¼ c1 cos xþ c2 sin x:
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Now

P.I. ¼ 1

f ðDÞFðxÞ ¼
1

D2 þ 1

1� cos 2x

2

	 


¼ 1

2ðD2 þ 1Þ ½1� cos 2x�

¼ 1

2
� 1

2ðD2 þ 1Þ cos 2x

¼ 1

2
� 1

2ð�4þ 1Þ cos 2x ¼
1

2
þ 1

6
cos 2x:

Hence the solution is

y ¼ c1 cos xþ c2 sin xþ 1

2
þ 1

6
cos 2x:

EXAMPLE 2.188
Findtheparticularintegralof(D2�2D+ l)y¼ cos h x.

Solution. The required particular integral is

P.I. ¼ 1

D2 � 2Dþ 1
cosh x

¼ 1

D2 � 2Dþ 1

ex þ e�x

2

	 


¼ 1

2
:

1

D2 � 2Dþ 1
ex þ 1

2
:

1

D2 � 2Dþ 1
e�x

¼ 1

2
x:

1

2D� 2
ex þ 1

8
e�x

¼ 1

2
x2:

1

2
ex þ 1

8
e�x

¼ 1

4
x2 ex þ 1

8
e�x:

EXAMPLE 2.189
Solve the differential equation

d2y

dx2
þ 4y ¼ x sin x:

Solution. The auxiliary equation for the given dif-

ferential equation is m2 þ 4 ¼ 0; which yields m ¼

2i: Therefore

C.F. ¼ c1 cos 2xþ c2 sin 2x:

Further,

P.I. ¼ 1

D2 þ 4
ðx sin xÞ

¼ 1

D2 þ 4
x½I :P: of eix� ¼ I :P of

1

D2 þ 4
x eix

¼ I.P. of eix
1

ðDþiÞ2þ4
x

" #

¼ I.P. of eix
1

D2þ2iD�1þ4
x

	 


¼ I.P. of eix
1

D2þ2iD�1þ3
x

	 


¼ I.P. of eix
1

3 1þ2
3
iDþD2

3

� �x
" #

¼1

3
I.P. of eix 1þ2

3
iDþD2

3

� ��1

x

" #

¼1

3
I.P. of eix 1�2

3
iD�D2

3
þ 2

3
iDþD2

3

� �2

� :::

" #
x

( )

¼1

3
I.P. of eix x�2

3
i

� �� �

¼1

3
I.P. of ðcosxþisinxÞ x�2

3
i

� �� �

¼1

3
I.P. of xcosxþixsinx�2

3
icosþ2

3
sinx

� �

¼1

3
I.P. of xcosxþ2

3
sinxþi xsinx�2

3
cosx

� �� �

¼1

3
xsinx�2

3
cosx

	 

:

Hence the complete solution of the given differen-
tial equation is

y ¼ c1 cos 2xþ c2 sin 2xþ 1

3
x sin x� 2

3
cos x

	 

:

EXAMPLE 2.190
Solve

d2y

dx2
� 3

dy

dx
þ 2y ¼ xe3x þ sin 2x:

Solution. The auxiliary equation for the given dif-

ferential equation is m2 � 3mþ 2 ¼ 0; which

yields m ¼ 1; 2: Hence

C.F. ¼ c1e
x þ c2e

2x:
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Further,

P.I. ¼ 1

f ðDÞFðxÞ ¼
1

D2 � 3Dþ 2
½xe3x þ sin 2x�

¼ 1

D2 � 3Dþ 2
ðxe3xÞ þ 1

D2 � 3Dþ 2
ðsin 2xÞ

¼ e3x1
1

ðDþ 3Þ2 � 3ðDþ 3Þ þ 2
x

þ 1

�4� 3Dþ 2
ðsin 2xÞ

¼ e3x
1

D2 þ 3Dþ 2
x

� 2� 3D

ð2þ 3DÞð2� 3DÞ ðsin 2xÞ

¼ 1

2
e3x 1þ D2 þ 3D

2

� ��1

x� 2� 3D

4� 9D2
ðsin 2xÞ

¼ 1

2
e3x 1� 3D

2
� D2

2
þ � � �

� �
x

� 2� 3D

4þ 36
ðsin 2xÞ

¼ 1

2
e3x x� 3

2

� �
� 1

40
½2 sin 2x� 3Dðsin 2xÞ�

¼ 1

2
xe3x � 3

4
e3x � 1

20
sin 2xþ 6

40
cos 2x

¼ 1

4
e3xð2x� 3Þ þ 1

20
ð3 cos 2x� sin 2xÞ:

Hence the complete solution of the given differen-

tial equation is

y ¼ c1e
x þ c2e

2x þ 1

4
e3xð2x� 3Þ

þ 1

20
ð3 cos 2x� sin 2xÞ:

EXAMPLE 2.191
Solve d2x

dt2
� 4 dx

dt
þ 13x ¼ 0 with xð0Þ ¼ 0; dxð0Þ

dt
¼ 2:

Solution. The auxiliary equation for the given equa-

tion is

m2 � 4mþ 13 ¼ 0;

which yield m ¼ 2
 3i: Therefore the general

solution is

x ¼ e2t½c1 cos 3t þ c2 sin 3t�:

When t ¼ 0 we have x ¼ 0. Therefore c1 ¼ 0.
Further,

dx

dt
¼ e2t½�3c1 sin 3t þ 3c2 cos 3t�
þ 2e2t½c1 cos 3t þ c2 sin 3t�

When t ¼ 0; dx
dt
¼ 2 and so we have

2 ¼ 3c2 þ 2c1 ) c2 ¼ 2

3
:

Hence

x ¼ 2

3
e2t sin 3t:

EXAMPLE 2.192
Solve (x2 D2 + 4xD + 2)y ¼ x log x.

Solution. The given Cauchy-Euler equation is

x2
d2y

dx2
þ 4x

dy

dx
þ 2y ¼ x log x:

Proceeding as in Example 2.124, we put x ¼ et and

reduce the equation to the form

½DðD� 1Þ þ 4Dþ 2�y ¼ t et:

The C.F. for this equation is

C.F. ¼ c1e
�t þ c2e

�2t:

The particular integral is

P.I. ¼ 1

D2 þ 3Dþ 2
t et

¼ et
1

ðDþ 1Þ2 þ 3ðDþ 1Þ þ 2
t

¼ et
1

D2 þ 5Dþ 6
t

¼ et
1

6 1þ 5
6
Dþ 1

6
D2

� � t

¼ et
1

6
1þ 5

6
Dþ 1

6
D2

� ��1

t

¼ 1

6
et 1� 5

6
D� 1

6
D2 þ ::::

	 

t

¼ 1

6
et t � 5

6

	 

¼ 1

6
t et � 5

36
et:
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Hence the solution is

y ¼ c1e
�t þ c2e

�2t þ 1

6
t et � 5

36
et

¼ c1

x
þ c2

x2
þ 1

6
x log x� 5

6
x:

EXAMPLE 2.193
Convert (x3D2 + 3x2D + 5x) y = 2 into a differential
equation with constant co-efficients.

Solution. Given equation can be written as

ðx2D2 þ 3xDþ 5Þy ¼ 2

x
;

which is Cauchy’s homogeneous linear difference

equation, Let x ¼ et: Then, we have x dy
dx
¼ Dy and

x2 d2y
dx2

¼ DðD� 1Þy; where D ¼ d
dt
: Hence given

equation reduces to ½DðD� 1Þ þ 3Dþ 5�y ¼ 2:e�t

or ðD2 þ 2Dþ 5Þy ¼ 2e�t:

EXAMPLE 2.194
Solve ðxD2 þ DÞy � 0:

Solution. The given differential equation with vari-

able coefficients is

x D2yþ Dy ¼ 0:

Multiplying throughout by x, we get

x2 D2yþ x Dy ¼ 0;

which is Cauchy-Euler equation. Putting x ¼ et so
that t ¼ log x, we have

x
dy

dx
¼ Dy and x2

d2y

dx2
¼ DðD� 1Þy:

Consequently, the given equation transforms to

[D (D � 1) + D] y ¼ 0 or D2 y ¼ 0.
Integrating twice, we get

y ¼ at þ b ¼ a log xþ b:

EXAMPLE 2.195
Solve (x2 D2 � 3x D + 4) y ¼ x2 given that y(1) ¼ l
and y0 (1) = 0.

Solution. We are given the differential equation

ðx2D2 � 3x Dþ 4Þ y ¼ x2;

which is a Cauchy-Euler homogeneous equation.

Putting x ¼ et so that t ¼ log x, we have

x
dy

dx
¼ Dy and x2

d2y

dx2
¼ DðD� 1Þ½ �y:

Therefore the given equation transforms to

½D D� 1ð Þ � 3Dþ 4�y ¼ e2t

or

D2 � 4Dþ 4
 �

y ¼ e2t ð167Þ
The auxiliary equation for the equation (167) is

m2 � 4m + 4 = 0, which yields m = 2, 2.
Therefore

C.F. ¼ ðc1 þ c2tÞe2t:
Further

P.I. ¼ 1

D2 � 4Dþ 4
e2t

¼ t
1

2D� 4
e2t ¼ t2:

1

2
e2t

¼ 1

2
t2 e2t:

Hence the required solution is

y ¼ C.F.þ P.I.

¼ ðc1 þ c2 log xÞ x2 þ x2

2
ðlog xÞ2:

EXAMPLE 2.196
Solve the differential equations:

ðx2D2 � xD� 3Þ y ¼ x2 ðlog xÞ2:

Solution. The given equation

x2
d2y

dx2
� x

dy

dx
� 3y ¼ x2ðlog xÞ2

is a Cauchy-Euler homogeneous linear equation. So
put x ¼ et so that t ¼ log x: Then

x
dy

dx
¼ Dy and x2

d2y

dx2
¼ DðD� 1Þy;
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and the given equation transforms to

½DðD� 1Þ � D� 3�y ¼ t2e2t

or

ðD2 � 2D� 3Þy ¼ t2e2t:

The roots of the auxiliary equationm2 � 2m� 3 ¼ 0
are m ¼ 3 and m ¼ �1: Therefore

C.F. ¼ c1e
3t þ c2e

�t:

Now

P.I. ¼ 1

D2 � 2D� 3
ðt2e2tÞ

¼ e2t
1

½ðDþ 2Þ2 � 2ðDþ 2Þ � 3� t
2

¼ e2t
1

D2 þ 2D� 3
t2 ¼ � e2t

3

1

1� 2
3
D� D2

3

� � t2

¼ � 1

3
e2t 1� 2D

3
þ D2

3

� �	 
�1

t2

¼ � 1

3
e2t 1þ 2D

3
þ D2

3
þ 4D2

9
þ ::::

	 

t2

¼ � 1

3
e2t 1þ 2D

3
þ 7D2

9
þ :::::

	 

t2

¼ � 1

3
e2t t2 þ 2

3
Dðt2Þ þ 7

9
D2ðt2Þ

	 


¼ � 1

3
e2t t2 þ 4

3
t þ 14

9

	 

:

Therefore the complete solution is

y ¼ C.F.þ P.I.

¼ c1e
3t þ c2e

�t � 1

3
e2t t2 þ 4

3
t þ 14

9

	 


¼ c1x
3 þ c2

x
� x2

3
ðlog xÞ2 þ 4

3
log xþ 14

9

	 

:

EXAMPLE 2.197
Solve the differential equation

x2d2y

dx2
� 2x

dy

dx
� 4y ¼ x2 þ 2 log x:

Solution. The given Cauchy-Euler homogeneous
linear equation is

x2
d2y

dx2
� 2x

dy

dx
� 4y ¼ x2 þ 2 log x:

Substitute x ¼ et so that t ¼ log x: Then

x
dy

dx
¼ Dy and

d2y

dx2
¼ DðD� 1Þy:

Therefore the given equation reduces to

DðD� 1Þy� 2Dy� 4y ¼ e2t þ 2t

or

ðD2 � 3D� 4Þy ¼ e2t þ 2t:

The characteristic equation for the equation is

m2 � 3m� 4 ¼ 0; which yields m ¼ 4; �1:

Thus

C.F. ¼ c1e
4t þ c2e

�t:

The particular integral is given by

P.I. ¼ 1

D2 � 3Dþ 4
e2t þ 2 t

D2 � 3Dþ 4
e�t:

¼ e2t

4� 6� 4
� 2t

4 1� D�3D
4

� �

¼ � e2t

6
� 1

2
1� D2 � 3D

4

� ��1

t

¼ � 1

6
e2t � 1

2
1þ D2 � 3D

4
þ :::

� �
t

¼ � 1

6
e2t � 1

2
t � 1

2

D2

4
� 3D

4

	 

t

¼ � 1

6
e2t � 1

2
t þ 3

8
:

Hence the complete solution of the given differen-
tial equation is

y ¼ C.F.þ P.I. ¼ c1e
4t þ c2e

�t � 1

6
e2t � 1

2
t þ 3

8

¼ c1x
4 þ c2

x
� x2

6
� 1

2
log xþ 3

8
:

EXAMPLE 2.198
Solve

ð2xþ 3Þ2 d
2y

dx2
þ 5ð2xþ 3Þ dy

dx
þ y ¼ 4x:
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Solution. We have

ð2xþ 3Þ2 d
2y

dx2
þ 5ð2xþ 3Þ dy

dx
þ y ¼ 4x;

which is Legendre’s linear equation. So putting

2xþ 3 ¼ et or t ¼ logð2xþ 3Þ; the given equa-
tion reduces to

4ðD2 � DÞ þ 10Dþ 1
 �

y ¼ 4
et � 3

2

or

ð4D2 þ 6Dþ 1Þy ¼ 2et � 6:;

The auxiliary equation is

4m2 þ 6mþ 1 ¼ 0;

which yields

m ¼ �6
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36� 16

p

8
¼ �6
 2

ffiffiffi
5

p

8
¼ �3
 ffiffiffi

5
p

4
:

Therefore

C.F. ¼ c1e
�3þ ffiffi5p

4

� �
t þ c2e

�3� ffiffi5p
4

� �
t;

Further,

P.I. ¼ 1

4D2 þ 6Dþ 1
ð2et � 6Þ ¼ 2

11
et � 6

¼ 2

11
ð2xþ 3Þ � 6:

Hence the solution is

y ¼ C.F.þ P.I.

¼ c1ð2xþ 3Þ�3þ ffiffi5p
4 þ c2ð2xþ 3Þ�3� ffiffi5p

4

þ 2

11
ð2xþ 3Þ � 6:

EXAMPLE 2.199
Solve by using the method of variation of para-

meters (D2 + 9)y ¼ cot 3x.

Solution. The auxiliary equation is m2 þ 9 ¼ 0;
which yields m ¼ 
3i: Therefore

C.F. ¼ c1 cos 3xþ c2 sin 3x:

To find P.I., let FðxÞ ¼ cot 3x; y1 ¼ cos 3x and
y2 ¼ sin 3x:

Then Wronskian

W ¼ y1 y2
y01 y02

����
���� ¼ cos 3x sin 3x

�3 sin 3x 3 cos 3x

����
���� ¼ 3:

Therefore

P.I.¼�y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼�1

3
cos3x

Z
sin3xcot3xdx

þ1

3
sin3x

Z
cos3xcot3xdx

¼�1

3
cos3x

Z
cos3xdx

þ1

3
sin3x

Z
cos23x

sin3x
dx

¼�1

9
cos3xsin3x

þ1

3
sin3x

Z
1� sin23x

sin3x
dx

	 


¼�1

9
cos3xsin3x

þ1

3
sin3x

Z
ðcosec3x� sin3xÞdx

¼�1

9
cos3xsin3x

þ1

3
sin3x

1

3
logðcosec3x� cot3xÞþ cos3x

3

	 


¼ 1

9
sin3x½logðcosec3x� cot3xÞ�

EXAMPLE 2.200
Solve (D2 + a2) y ¼ tan ax by the method of var-

iation of parameters.

Solution. We have (D2 + a2)y ¼ tan ax. It’s auxiliary

equation is m2 + a2 ¼ 0, which yields m ¼ 
 ai:
Therefore

C.F. ¼ c1 cos axþ c2 sin ax:

To find particular integral, let

y1 ¼ cos ax and y2 ¼ sin ax:

Then

y01 ¼ �a sin ax and y02 ¼ a cos ax:
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Thus the wronskian W is given by

W ¼ y1 y2
y01 y02

����
���� ¼ cos ax sin ax

�a sin ax a cos ax

����
���� ¼ a:

Hence

P.I.¼�y1

Z
y2FðxÞ
W

dxþy2

Z
y1FðxÞ
W

dx

¼�cosax

a

Z
sinax tanaxdxþsinax

a

Z
cosax tanaxdx

¼�cosax

a

Z
sin2ax

cosax
dxþsinax

a

Z
cosax tanaxdx

¼�cosax

a

Z
1�cos2ax

cosax
dxþsinax

a

Z
cosax tan axdx

¼�cosax

a

Z
ðsecax�cos axÞdxþsinax

a

Z
sinaxdx

¼�cosax

a2
logðsec axþtanaxÞ�sinax½ �

� 1

a2
sinax cosax

¼�cosax

a2
logðsec axþ tanaxÞ½ �:

Hence the complete solution of the given differen-
tial equation is

y ¼ C.F.þ P.I.

¼ c1 cos axþ c2 sin ax

� cos ax

a2
½logðsec axþ tan axÞ�

EXAMPLE 2.201
Solve the differential equation by the method of var-
iations of parameters:

y00 þ y ¼ sec2 x

Solution. The given differential equation is

y00 þ y ¼ sec2 x:

The symbolic form of the equation is

ðD2þÞy ¼ sec2 x:

The auxiliary equation is m2 þ 1 ¼ 0; which yields

m ¼ 
 i: Therefore

C.F. ¼ c1 cos xþ c2 sin x:

To find particular integral, let

y1 ¼ cos x and y2 ¼ sin x:

Then

y01 ¼ � sin x and y02 ¼ cos x:

The wronskian W is given by

W ¼ y1 y2
y01 y02

����
���� ¼ cos x sin x

� sin x cos x

����
���� ¼ 1:

Therefore

P.I. ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ � cos x

Z
sin x sec2x dx

þ sin x

Z
cos x sec2x dx

¼ � cos x

Z
sec x tan x dx

þ sin x

Z
sec x cos x dx

¼ � cos x sec xþ sin x logðsec xþ tan xÞ
¼ �1þ sin x logðsec xþ tan xÞ:

Hence the complete solution is

y¼C.F.þP.I.

¼ c1 cosxþ c2 sinx�1þ sinx logðsecxþ tanxÞ:

EXAMPLE 2.202
Find the general solution of the equation y00þ
16y ¼ 32 sec 2x, using method of variation of
parameters.

Solution. The symbolic form of the given differential
equation is

ðD2 þ 16Þy ¼ 32 sec 2x:

The roots of the auxiliary equation m2 +16 ¼ 0 are

m ¼ ± 4i. Therefore the complementary function is

C.F. ¼ c1 cos 4xþ c2 sin 4x:

To find the particular integral, let F(x) ¼ 32 sec 2x,

y1 ¼ cos 4x, y2 ¼ sin 4x. Then the wronskian W is
given by

W ¼ y1 y2
y11 y12

����
����� cos 4x sin 4x

�4 sin 4x 4 cos 4x

����
���� ¼ 4:

120 n Engineering Mathematics



By the method of variation of parameters, we have

P.I. ¼ �y1

Z
y2FðxÞ

w
dxþ y2

Z
y1FðxÞ

w
dx

¼ � cos 4x

Z
sin 4xð32 sec 2xÞ

4
dx

þ sin 4x

Z
cos 4xð32 sec 2xÞ

4
dx

¼ � 8 cos 4x

Z
sec 2xð2 sin 2x cos 2xÞ dx

þ 8 sin 4x

Z
ð2cos22x� 1Þ sec 2x dx

¼ �16 cos 4x

Z
sin 2x dx þ 8 sin 4x

�
Z

ðcos 2x� sec2xÞdx

¼ �16 cos 4x
� cos 2x

2

� �

þ 8 sin 4x sin 2x� 1

2
log ðsec 2xþ tan 2xÞ

	 


¼ 8 cos 4x cos2xþ 8 sin4x sin2x

� 4 sin4x log ðsec2xþ tan2xÞ
¼ 8 cos ð4x� 2xÞ
� 4 sin 4x log ðsec 2xþ tan 2xÞ

¼ 8 cos 2x� 4 sin4x log ðsec2xþ tan2xÞ:
Hence the required solution is

y ¼ C.F.þ P.I.

¼ c1 cos 4xþ c2 sin 4xþ 8 cos 2x

� 4 sin 4x logðsec 2xþ tan 2xÞ

EXAMPLE 2.203
(a) Solve d2y

dx2
þ dy

dx
� 2y ¼ 1

1�ex
by using the method

of variation of parameters.

(b) Solve d2y
dx2

þ 2 dy
dx
þ y ¼ e�x log x by using the

method of variation of parameters.

Solution. The symbolic form of the given differential
equation is

ðD2 þ D� 2Þy ¼ 1

1� ex
:

The corresponding auxiliary equation is

m2 þ m� 2 ¼ 0;

which yields m ¼ 1 ; �2: Hence

C.F. ¼ c1e
x þ c2e

�2x:

Let

y1 ¼ ex; y2 ¼ e�2x (so that) y01 ¼ ex and

y02 ¼ �2e�2x:

Let FðxÞ ¼ 1
1�ex

: Then Wronskian W is given by

W ¼ y1 y2

y01 y02

����
���� ¼ ex e�2x

ex �2e�2x

����
����

¼ �3exe�2x:

Therefore

P.I. ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ �ex
Z

e�2x

�3exe�2xð1� exÞ dx

þ e�2x

Z
ex

�3exe�2xð1� exÞ dx

¼ 1

3
ex
Z

e�x

1� ex
dx� 1

3
e�2x

Z
e2x

1� ex
dx:

ButZ
e�x

1� ex
dx ¼

Z
1

z2ð1� zÞ dz ; ex ¼ z

¼
Z

1

z
þ 1

z2
þ 1

1� z

	 

dz

¼ log z� 1

z
� logð1� zÞ

¼ log
z

1� z
� 1

z
¼ log

ex

1� ex
� e�x

andZ
e2x

1� ex
dx ¼ 1

2

Z
dz

1� z
¼ � 1

2
logð1� zÞ

¼ � 1

2
logð1� exÞ:

Therefore

P:I:¼ 1

3
ex log

ex

1� ex
� e�x

	 

þ1

6
e�2x logð1� exÞ:
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Hence the complete solution is

y ¼ c1e
x þ c2e

�2x þ 1

3
ex log

ex

1� ex
� e�x

	 


þ 1

6
e�2x logð1� exÞ:

(b) The auxiliary equation for the given differential

equation is

m2 þ 2mþ 1 ¼ 0;

Which yields m ¼ �1 ; �1: Thus C.F. ¼ ðc1þ
c2xÞe�x:
To find P. I, let

y1 ¼ e�x and y2 ¼ x e�x:

Then

W ¼ e�x x e�x

�e�x �x e�x þ e�x

����
���� ¼ e�2x:

Therefore

P.I. ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ �e�x

Z
xe�x:e�x log x

e�2x
dx

þ xe�x

Z
e�x:e�x log x

e�2x
dx

¼ �e�x

Z
x log x dxþ x e�x

Z
log x dx

¼ �e�x x2

2
log x� x2

4

	 

þ x e�x½x log x� x�:

EXAMPLE 2.204
Solve D2 � 3DD0 þ 2D02ð Þz ¼ sin x cos y:

Solution. Replacing D by m and D0 by 1, the aux-
iliary equation is

m2 � 3mþ 2 ¼ 0;

which yields m = 1, 2. Therefore

C.F ¼ �1ðyþ xÞ þ �2 ðyþ 2xÞ:

Further,

P.I.¼ 1

D2�3DD0 þ2D02 sin x cos y

¼ 1

D2�3DD0 þ2D02
1

2
sin ðxþyÞ þsinðx�yÞ½ �

� �

¼1

2

1

D2�3DD0 þ2D02 sinðxþyÞ
	

þ 1

D2�3DD0 þ2D02 sin ðx�yÞ



¼1

2

1

ðD�2D0Þ ðD�D0Þ sin ðxþyÞ
	 


þ1

2

1

ðD�2D0Þ ðD�D0Þ sin ðx�yÞ
	 


¼1

2

1

ð1�2ÞðD�D0Þ
Z

cos udu;whereu¼xþy

	 


þ1

2

1

ðD�2D0Þð1þ1Þ
Z

sin udu;whereu¼x�y

	 


¼� 1

2ðD�D0Þ sin ðxþyÞ� 1

4ðD�2D0Þcos ðx�yÞ

¼�1

2

x1

12:1!
sin ðxþyÞ�1

4

x1

1:1!
cos ðx�yÞ

¼�1

2
x sin ðxþyÞ�1

4
x cosðx�yÞ:

EXAMPLE 2.205
A simple pendulum of length l is oscillating through
a small angle h in a medium in which the resistance

is proportional to velocity. Find the differential

equation of its motion. Discuss the motion and find
the period of oscillation.

Solution. Please refer to figure 2.9 of article 2.22. We
have AOP : ¼ h;AP ¼ s ¼ lh; OA ¼ l: The resis-

tance is proportional to the velocity and so it is l ds
dt
,

where l is a constant. Therefore the equation of
motion along the tangent is

m
d2s

dt2
¼ �mg sin h� l

ds

dt
:

or

d2ðlhÞ
dt2

þ l

m

dðlhÞ
dt

þ g sin h ¼ 0
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or

d2h

dt2
þ l

m

dh

dt
þ g

l
sin h ¼ 0

Thus, to the first approximation of sin h, we have

d2h

dt2
þ 2k

dh

dt
þ gh

l
¼ 0; ð168Þ

where l
m
¼ 2k. The differential equation (168)

describes the motion of the bob. Its auxiliary

equation is

m2 � 2kmþ g

l
¼ 0;

whose roots are m ¼ �k 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � v2

p
;

where v2 ¼ g
l
: Since the oscillatory motion of the

bob is possible only if k < v; the roots are

�k 
 i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � k2

p
: Therefore the solution of differ-

ential equation (166) is

h ¼ e�kt C1 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � k2

p� �
t

h

þC2 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � k2

p� �
t
i
;

which gives a vibratory motion of period

2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � k2

p :

EXAMPLE 2.206
(a). Solve the simultaneous equations dx

dt
� y ¼ t and

dy
dt
þ x ¼ t2:

(b). Solve the following simultaneous equations
dx
dt
¼ 3xþ 2y and dy

dt
¼ 5xþ 3y:

(c). Solve the following simultaneous equations
dx
dt
þ 5x� 2y ¼ t; dy

dt
þ 2xþ y ¼ 0:

Solution. (a). We have

Dx� y� t ¼ 0; ð169Þ
xþ Dy� t2 ¼ 0: ð170Þ

Multiplying (169) by D and adding to (170), we get

D2x� Dt � t2 ¼ 0

or

D2x� 1� t2 ¼ 0

or

D2x

dt2
¼ 1þ t2:

Therefore

dx

dt
¼ t þ t3

3
þ c1

and

x ¼ t2

2
þ t4

12
þ c1xþ c2:

Putting the value of dx
dt
in (167), we get

t ¼ t3

3
þ c1 � y� t ¼ 0

or

y ¼ t3

3
þ c1:

Thus the required solution is

x ¼ t2

2
þ t4

12
þ c1xþ c2;

y ¼ t3

3
þ c1:

(b) The given equations are

dx

dt
¼ 3xþ 2y and

dy

dt
¼ 5xþ 3y:

In symbolic form, we have

ðD� 3Þx� 2y ¼ 0; ð171Þ
� 5xþ ðD� 3Þy ¼ 0

or

ðD� 3Þ2x� 2ðD� 3Þy ¼ 0 ð172Þ
�10xþ 2ðD� 3Þy ¼ 0 ð173Þ

Adding (172) and (173), we get

½ðD� 3Þ2x� 10�x ¼ 0

or

ðD2 � 6D� 1Þx ¼ 0: ð174Þ
The auxiliary equation of (174) is

m2 � 6m� 1 ¼ 0;

which gives m ¼ 3
 ffiffiffiffiffi
10

p
: Therefore

x ¼ e3t½c1 cosh
ffiffiffiffiffi
10

p
t þ c2 sin

ffiffiffiffiffi
10

p
t�: ð175Þ
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Form equation (171), we have (using (175))

2y ¼ dx

dt
� 3x

¼ e3t
ffiffiffiffiffi
10

p
½c1 sinh

ffiffiffiffiffi
10

p
t þ c2 cosh

ffiffiffiffiffi
10

p
t�

þ 3 e3t
ffiffiffiffiffi
10

p
½c1 cosh

ffiffiffiffiffi
10

p
t þ c2 sinh

ffiffiffiffiffi
10

p
t�

� 3 e3t
ffiffiffiffiffi
10

p
½c1 cosh

ffiffiffiffiffi
10

p
t þ c2 sinh

ffiffiffiffiffi
10

p
t�

¼ e3t½c1 sinh
ffiffiffiffiffi
10

p
t þ c2 cosh

ffiffiffiffiffi
10

p
t�:

Hence

y ¼ 1

2
½e3t

ffiffiffiffiffi
10

p
½c1 sinh

ffiffiffiffiffi
10

p
t þ c2 cosh

ffiffiffiffiffi
10

p
t�:

(c) The symbolic forms of the equations are

ðDþ 5Þx� 2y ¼ t ð176Þ
2xþ ðDþ 1Þy ¼ 0 ð177Þ

Operating (176) by ðDþ 1Þ and multiplying (177)

by 2 and then adding, we get

ðD2 þ 6Dþ 9Þx ¼ 1þ t:

The auxiliary equation is

m2 þ 6Dþ 9 ¼ 0

and so m ¼ �3;�3 and hence

C.F. ¼ ðc1 þ c2tÞe�3t

Further,

P.I. ¼ 1

ðDþ 3Þ2 ð1þ tÞ ¼ 1

9
1þ D

3

� ��2

ð1þ tÞ

¼ 1

9
1� 2D

3
þ :::

	 

ð1þ tÞ ¼ 1

9
t þ 1

3

� �
:

Hence

x ¼ C.F.þ P.I.

¼ ðc1 þ c2tÞe�3t þ 1

9
t þ 1

3

� �
: ð178Þ

Therefore

dx

dt
¼ �3ðc1 þ c2tÞe�3t þ c2e

�3t þ 1

9
:

Putting in the first (given) equation, we get

y ¼ ðc1 þ c2tÞe�3t þ 1

2
c2e

�3t � 2

9
t þ 4

27
: ð179Þ

Hence the solution is given by (178) and (179).

EXAMPLE 2.207
Solve the following simultaneous equations

dx

dt
þ 2xþ 3y ¼ 0; 3xþ dy

dt
þ 2y ¼ 2et

Solution. In symbolic representation, we have

ðDþ 2Þxþ 3y ¼ 0 ð180Þ
and

3xþ ðDþ 2Þy ¼ 2et: ð181Þ
Multiplying (180) by (D + 2) and (181) by 3 and
subtracting, we get

ðDþ 2Þ2x� 9x ¼ �6et

or

ðD2 þ 4D� 5Þx ¼ �6et ð182Þ
The auxiliary equation for (182) is m2 þ 4m� 5 ¼
0; whose roots are 1 and � 5. Therefore

C.F. ¼ c1e
t þ c2e

�5t:

Further,

P.I. ¼ 1

D2 þ 4D� 5
ð�6etÞ

¼ t
1

2Dþ 4
ð�6etÞ ¼ t

6
ð�6etÞ

¼ �tet:

Hence the complete solution of (182) is

x ¼ c1e
t þ c2e

�5t � tet ð183Þ
Differentiating (183) with respect to t, we have

dx

dt
¼ c1e

t � 5c2 e
�5t � ½et þ tet�:

Putting the value of dx
dt
in the equation dx

dt
þ 2xþ

3y ¼ 0; we get

3y ¼ � dx

dt
� 2x ¼ � c1e

t � 5c2e
�5t � et � tet

 �
� 2½c1et þ c2e

�5t � tet�
¼ �3c1e

t þ 4c2e
�5t þ et þ 3tet

or

y ¼ 4

3
c2e

�5t � c1e
t þ 1

3
et þ tet ð184Þ

Expressions (183) and (184) represent the required
solution.
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EXAMPLE 2.208
(a) Show that

R 1
�1 ð1� x2Þ P0

nðxÞ½ �2 dx ¼ 2nðnþ1Þ
2nþ1

:

(b) Show that
R 1
�1

f ðxÞPnðxÞdx ¼ ð�1Þn
2nn!

R 1
�1

ðx2 � 1Þn
f ðnÞðxÞdx:
(c) Show that J3ðxÞ þ 3J 00ðxÞ þ 4J 0000 ðxÞ ¼ 0

(d) P2nð0Þ ¼ ð�1Þ2ð2nÞ!
22nðn!Þ2 :

Solution. (a) We have (see solved Exercise 49,

chapter 2)

d

dx
½ð1� x2ÞP0

nðxÞ�PnðxÞ þ nðnþ 1ÞPnðxÞ ¼ 0

or

nðnþ 1ÞPnðxÞ ¼ � d

dx
½ð1� x2ÞP0

nðxÞ�PnðxÞ:
ð185Þ

Multiplying both sides of (185) by PnðxÞ and inte-

grating between the limits � 1 and 1, we get

nðnþ1Þ
Z1

�1

P2
nðxÞdx¼�

Z1

�1

½ð1� x2ÞP0
nðxÞ�0PnðxÞdx

¼f�PnðxÞ½ð1� x2ÞP0
nðxÞ�g1�1

þ
Z1

�1

P0
nðxÞð1� x2ÞP0

nðxÞdx

¼
Z1

�1

ð1� x2Þ½P0
nðxÞ�2dx: ð186Þ

But

Z1

�1

P2
nðxÞdx ¼

2

2nþ 1
:

Therefore (186) implies

Z1

�1

ð1� x2ÞðP0
nðxÞ�2dx ¼

2nðnþ 1Þ
2xþ 1

:

(b) By Rodrigue’s formula, we have

PnðxÞ ¼ 1

2nn !

dn

dxn
ðx2 � 1Þn:

Therefore integrating by parts, we have

Z1

�1

f ðxÞPnðxÞdx¼ 1

2nn !

Z1

�1

f ðxÞ d
n

dxn
ðx2 � 1Þndx

¼ 1

2nn !
f ðxÞ d

n�1

dxn�1
ðx2 � 1Þn

� �1

�1

"

�
Z1

�1

f 0ðxÞ d
n�1

dxn�1
ðx2 � 1Þndx

3
5

¼ ð�1Þ
2nn !

Z1

�1

f 0ðxÞ dn�1

dxn�1
ðx2 � 1Þdx

¼ ð�1Þ2
2nn !

Z1

�1

f 00ðxÞ dn�1

dxn�1
ðx2 � 1Þndx

(using integration by parts second time)

::::::::::::::::::::::::::::::::::

::::::::::::::::::::::::::::::::::

::::::::::::::::::::::::::::::::::

¼ ð�1Þn
2nn !

Z1

�1

f ðnÞðxÞðx2 � 1Þndx

(using integration by parts nth time)

(c) We know that

d

dx
½x�nJnðxÞ� ¼ �x�nJnþ1ðxÞ

(Please see Example 2.151 (ii))

Putting n ¼ 0, we have

J 00ðxÞ ¼ �J1ðxÞ:
Therefore

J 000 ðxÞ¼�J 01ðxÞ
¼�1

2
½J0�J2� (Please see Example 2.151 (iv))
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and

J 0000 ðxÞ ¼ � 1

2
½J 00ðxÞ � J 02ðxÞ�

¼ � 1

2
J 00ðxÞ þ

1

2

1

2
fJ1ðxÞ � J0ðxÞg

	 


¼ � 1

2
J 00ðxÞ þ

1

4
J1ðxÞ � 1

4
J3ðxÞ

¼ � 1

2
J 00ðxÞ þ

1

4
½�J 00ðxÞ� �

1

4
J3ðxÞ

¼ � 3

4
J 00ðxÞ �

1

4
J3ðxÞ:

Hence

4J 0000 ðxÞ þ 3J 00ðxÞ þ J3ðxÞ ¼ 0:

(d) Since ð1� 2xt þ t2Þ�1
2 is generating function of

the Legendre’s polynomial, we have

ð1� 2xþ t2Þ�1
2 ¼ �tnPnðxÞ

orX
tnPnð0Þ ¼ 1� 1

2
t2 þ 1:3

2:4
t4

� :::ð�1Þr 1:3:5:::ð2r � 1Þ
2:4:6:::ð2rÞ t2r þ :::

Equating coefficients of t2n on both sides, we get

P2nð0Þ ¼ ð�1Þn 1:3:5:::ð2n� 1Þ
2:4:6:::ð2nÞ

¼ ð�1Þn 1:2:3:4:::ð2n� 1Þ2n
½2:4:6:::ð2nÞ�2

¼ ð�1Þn ð2nÞ !
½2nð1:2:::nÞ�2 ¼ ð�1Þn ð2nÞ !

22nðn !Þ2 :

EXAMPLE 2.209
Solve the simultaneous equations

dx

dt
þ y ¼ sin t;

dy

dt
þ x ¼ cos t;

given that x ¼ 2; y ¼ 0 when t = 0

Solution. We have

dx

dy
þ y ¼ sin t and

dy

dt
þ x ¼ cos t;

under the condition that x ¼ 2, y ¼ 0 when t ¼ 0. In
symbolic form, we have

Dxþ y ¼ sin t ð187Þ
Dyþ x ¼ cos t: ð188Þ

Multiplying (187) by D and subtracting (188) from
the resultant equation, we have

D2x� x ¼ cos t � cos t ¼ 0:

Its Auxiliary equation is

m2 � 1 ¼ 0;which yields m ¼ 
1:

Hence

x ¼ c1e
t þ c2e

�t: ð189Þ
When t ¼ 0, we have x ¼ 2. Therefore

c1 þ c2 ¼ 2 ð190Þ
Now putting the value of x from (189) in (187), we

get

Dðc1et þ c2e
�tÞ þ y ¼ sin t

or

c1e
t � c2e

�t þ y ¼ sin t:

or

y ¼ �c1e
t þ c2e

�t þ sin t ð191Þ
When t = 0, y = 0. Therefore

0 ¼ �c1 þ c2 ð192Þ
Solving (190) and (192), we have c1 ¼ 1; c2 ¼ 1:
Hence the required solution is

x ¼ et þ e�t; y ¼ �et þ e�t þ sin t:

EXAMPLE 2.210
Solve the following differential equation in series:

2x2
d2y

dx2
� x

dy

dx
þ ðx� 5Þy ¼ 0:

Solution. Comparing the given equation with

d2y

dx2
þ PðxÞ dy

dx
þ QðxÞy ¼ 0;

we get

PðxÞ ¼ � 1

2x
; QðxÞ ¼ x� 5

2x2
:
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At x¼ 0, both P (x) and Q (x) are not analytic. Thus
x ¼ 0 is a singular point. Further

xPðxÞ ¼ � 1

2
and x2QðxÞ ¼ x� 5

2
;

which are analytic at x ¼ 0: Hence x ¼ 0 is a reg-

ular singular point. So, let

y ¼
X1
n¼0

anx
nþm; an 6¼ 0:

Differentiating twice, we get

dy

dx
¼
X1
n¼0

ðnþ mÞanxnþm�1

d2y

dx2
¼
X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2:

Substituting the values of y, dy
dx
and d2y

dx2
in the given

equation, we have

X1
n¼0

2ðnþ mÞðnþ m� 1Þanxnþm

�
X1
n¼0

ðnþ mÞanxnþm

þ
X1
n¼0

anx
nþmþ1 �

X1
n¼0

5anx
nþm ¼ 0

or

X1
n¼0

½2ðnþ mÞðnþ m� 1Þ � ðnþ mÞ � 5�anxnþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

½2n2 þ 2m2 þ 4mn� 3n� 3m� 5�anxnþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

½2n2 þ 2m2 þ 4mn� 3n� 3m� 5�anxnþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

½2n2 þ 2m2 þ 4mn� 3n� 3m� 5�anxnþm

þ
X1
n¼1

an�1x
nþm ¼ 0

or

ð2m2 � 3m� 5Þa0xm

þ
X1
n¼1

½ð2n2 þ 2m2 þ 4mn� 3n� 3m� 5Þan

þ an�1�xmþn ¼ 0:

Therefore the indicial equation is

2m2 � 3m� 5 ¼ 0; which yields m ¼ 5

2
; �1:

Equating to zero the other coefficients, we have

ð2n2 þ 2m2 þ 4mn� 3n� 3m� 5Þan
¼ �an�1 for n 	 1 ð193Þ

For m ¼ 5
2
; we have from (193),

ð2n2 þ 7nÞan ¼ �an�1; a 	 1

or

an ¼ � an�1

2n2 þ 7n
; n 	 1:

Thus, putting n ¼ 1; 2; 3; ::: we get

a1 ¼ � a0

9

a2 ¼ a0

198

a3 ¼ � a0

7722

and so on. Therefore

y1 ¼ a0x
5
2 1� x

9
þ x2

198
� x3

7722
þ :::

	 

:

For m ¼ �1; the relation (193) yields

ð2n2 � 7nÞan ¼ �an�1; n 	 1

or

an ¼ �an�1

2n2 � 7n
; n 	 1:
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Therefore

a1 ¼ � a0

�5
¼ a0

5

a2 ¼ � a1

�6
¼ a0

30

a3 ¼ � a2

�3
¼ a0

90
;

and so on. Hence

y2 ¼ a0x
�1 1þ x

5
þ x2

30
þ x3

90
þ :::

	 


Therefore the general solution is

y ¼ c1y1 þ c2y2

¼ Ax
5
2 1þ x

9
þ x2

198
� x3

7722
þ :::

	 


þ Bx�1 1þ x

5
þ x2

30
þ x3

90
þ :::

	 

:

EXAMPLE 2.211
For Bessel’s polynomial JnðxÞ of degree n, show

that

(a) J 02ðxÞ ¼ 1� 4
x2

� �
J1ðxÞ þ 2

x
J0ðxÞ

(b) J20 þ 2 J21 þ J22 þ J23 þ :::
� � ¼ 1:

Solution. (a) We know that

J 0nðxÞ ¼
1

2
½Jn�1ðxÞ � Jnþ1ðxÞ�:

Therefore

J 02ðxÞ ¼
1

2
½J1ðxÞ � J3ðxÞ�: ð194Þ

Also

Jnþ1ðxÞ ¼ 2n

x
JnðxÞ � Jn�1ðxÞ:

Therefore

J3ðxÞ ¼ 4

x
J2ðxÞ � J1ðxÞ

¼ 4

x

2

x
J1ðxÞ � J0ðxÞ

	 

� J1ðxÞ

¼ 8

x2
� 1

� �
J1ðxÞ � 4

x
J0ðxÞ:

Putting this value in (194), we get

J 02ðxÞ ¼ 1� 4

x2

� �
J1ðxÞ þ 2

x
J0ðxÞ:

(b) From example 2.160, the Jacobi’s series are

J0 þ 2J2 cos 2�þ 2J4 cos 4�þ ::: ¼ cosðx sin�Þ
and

2J1 sin�þ 2J3 sin 3�þ 2J5 sin 5�þ :::

¼ sinðx sin�Þ:
Squaring these equations and integrating with
respect to � in the interval ð0; �Þ; we get

�J20 þ 2� J22 þ 2�J 2
4 þ :::

¼
Z�

0

cos2ðx sin�Þd� ð195Þ
and

2�J 21 þ 2� J23 þ 2� J25 þ :::

¼
Z�

0

sin2ðx sin�Þd� ð196Þ

Adding (195) and (196) we get

�J 20 þ 2� J 21 þ 2� J22 þ ::: ¼
Z�

0

d� ¼ �:

Hence

J20 þ 2 J21 þ 2 J22 þ 2J23 þ ::: ¼ 1:

E X E R C I S E S

1. Form differential equation from the following

equations
(a) y ¼ a e2x þ be�3x þ c ex

Ans. x d2y
dx2

þ 2 dy
dx
� xy ¼ 0

(b) x ¼ A cos (nt + a) Ans. d
2x
dt2

þ n2x ¼ 0

2. Solve the separable equations

(a) (x � 4) y4 dx � x3(y3 � 3) dy ¼ 0.

Ans. � 1
x
þ 2

x2
þ 1

y
� 1

y3
¼ c

(b) dy
dx
¼ e2x�3y þ 4x2e�3y

Ans. 3ex � 2e3y þ 8x3 ¼ c

(c) dy
dx
� x tanðy� xÞ ¼ 1:

Ans. log sin (y � x) ¼ 1
2
x2 + c

128 n Engineering Mathematics



(d) ðx � yÞ2 dy
dx

¼ a2:

Ans. alog x�y�a
x�yþa

� �
¼ 2yþ k

(e) dx
dt

¼ x2 � 2xþ2
Ans. x ¼ 1 + tan (t + c)

(f) x dy
dx
þ cot y¼ 0 if yð ffiffiffi

2
p Þ ¼ �=4:

Ans. x¼ 2 cos y

3. Solve the homogeneous equations :

(a) dy
dx
¼ y

x
þ sin y

x
Ans. 2x tan�1ðcxÞ

(b) ydx � xdy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
dx

Ans. yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ c

(c) 2xy dy
dx
¼ 3y2þx2 Ans. x2 + y2 ¼ cx3

(d) y0 ¼ yþx
x

Ans. y ¼ x log |cx|

4. Reduce the following equations to homo-

geneous form and solve them

(a) (2x + y � 3)dy ¼ (x + 2y – 3)dx
Ans. (y – x)3 ¼ k(y + x – 2)

(b) (x + 2y) (dx – dy) ¼ dx + dy

Ans. logðxþyþ 1
3
Þ þ 3

2
ðy � xÞ þ k

(c) dy
dx
þ axþhyþg

hxþbyþf
¼ 0:

Ans. ax2 + 2hxy + by2 + 2gx + 2fy + c ¼ 0

5. Solve the following linear equations :

(a) x2 dy
dx
¼ 3x2 � 2yxþ 1

Ans. y ¼ xþ 1
x
þ c

x2
:

(b) ðxþ1Þ dy
dx

� y ¼ e3xðxþ 1Þ2:
Ans. y¼ ðxþ1Þð1

3
e3x þ cÞ

(c) dy
dx

¼ � xþy cos x
1þsin x

Ans. yð1þ sin xÞ ¼ c � x2

2

(d) y log y dx + (x – log y) dy ¼ 0

Ans. x ¼ 1
2
log yþ c

log y

(e) xlog x dy
dx
þy¼ log x2:Ans. y¼ log xþ c

log x

6. Solve the following equations
(a) (x3 y2 + xy) dx ¼ dy.

Ans. 1
y
¼ x2 � 2þ ce�x2=2

(b) dy
dx
� tan y

1þx
¼ ð1þ xÞex sec y

Ans. sin y ¼ (1 + x) (ex + c)

(c) dz
dx
þ z

x
log z ¼ z

x
ðlog zÞ2

Ans. 1
log z ¼ 1þ cx

(d) dy
dx
þ y tan x ¼ y3sec x

Ans. cos2 x ¼ y2(c + 2 sin x)

7. Solve the exact equations

(a) [y (1 + 1
x
) + cos y]dx + (x + log x – x sin y)dy¼ 0

Ans. y(x + log x) + x cos y ¼ 0

(b) [5x4 + 3x2 y2� 2xy3]dx¼ (2x3y – 3x2 y2 – 5y4)dy¼ 0

Ans. x5 + x3 y2 – x2 y3 – y5 ¼ 0

(c) 2x
y3
dxþ y2�3x2

y4
dy ¼ 0

Ans. x2 – y2 ¼ cy3

(d) (x2 + y2 – a2) x dx + (x2 – y2 –b2)y dy ¼ 0.

Ans. x4 + 2x2 y2 – y4 – 2a2x2 – 2b2y2 ¼ c

8. Solve the following equations which are redu-
cible to exact equations:

(a) (y2 + 2x2y) dx + (2x3 � xy)dy ¼ 0.

Ans. 6
ffiffiffiffiffi
xy

p � y
x

� �3=2 ¼ c

(b) (x2 + y2 + 1) dx � 2xy dy ¼ 0.

Ans. x2� 1
x
� y2

x
¼ c

(c) (xy ex/y + y2)dx � x2 ex/y dy ¼ 0

Ans. 3log x � 2 log y +y
x
¼ c

(d) x dy – y dx + a(x2 + y2)dx ¼ 0

Ans. axþ tan�1 y
x
¼ c

(e) x dy – y dx ¼ xy2 dx Ans. x
2

2
þ x

y
¼ c

(f) dy
dx
¼ x3þy3

xy2
Ans. 3 log x� y

x

� �3 ¼ c

9. In RC circuit containing steady voltage V,

find the change at any time t. Also derive
expression for the current flowing through the

circuit.

Ans: Q ¼ CV ð1� e�
t

RC and I ¼ V

R
e�

t
RC

10. An RL circuit has an e.m.f. of 3 sin 2t volts, a

resistance of 10 ohms, an inductance of 0.5
henry, and an initial current of 6 amp. Find the

current in the circuit at any time t.

Ans: I ¼ 609
101

e�20t þ 30
101

sin 2t � 3
101

cos 2t
11. If the air is maintained at 30�C and the tem-

perature of the body cools from 80�C to 60�C
in 12 min, find the temperature of the body
after 24 min. Ans. 48�C

12. A pipe 20 cm in diameter contains steam at

200�C. It is covered by a layer of insulation 6
cm thick and thermal conductivity 0.0003. If

the temperature of the outer surface is 30�C,
find the heat loss per hour from 2 metre length
of the pipe. Ans. 490,000 cal.
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13. A steam pipe 20 cm in diameter is covered with
an insulating sheath 5cm thick, the conductivity

of which is 0.00018. If the pipe has the constant

temperature 100�C, and outer surface of the
sheath is kept at 30�C, find the temperature of

the sheath as a function of the distance x from

the axis of the pipe. How much heat is lost per
hour through a section 1 metre long.

Ans. T ¼ 497.5 – 172.6 log x and

Q ¼ 70300 cal.
14. A tank contains 5000 litres of fresh water. Salt

water which contains 100 gm of salt per litre

flows into it at the rate of 10 l/min and the
mixture kept uniform by stirring, runs out at the

same rate. When will the tank contain 2,00,000

gm of salt? How long will it take for the
quantity of salt in the tank to increase from

1,50,000 gm to 2,50,000 gm?

Ans. 4 h 2.52 min, 2 h 48.23 min
15. The amount x of a substance present in a cer-

tain chemical reaction at time t is given by dx
dt
þ

x
10

¼ 2� 1:5 e�
t
10: If at t¼ 0, x¼ 0. 5, find x at

t ¼ 10. Ans: 20 � 69
2e

16. Radium decomposes at a rate proportional to

the amount present. If a fraction p of the ori-

ginal amount disappears in 1 year, how much
will it remain at the end of 21 years?

Hint: use x¼ x0 e
kt. Using given data k¼ log 1

p
]

Ans. ð1� 1
p
Þ21 times the original amount

17. Find the orthogonal trajectories of the family of
curves r ¼ a(1+cos h).

Ans. r ¼ c(1 – cos h)
18. Find the orthogonal trajectories of the family of

parabolas y2 ¼ 4ax.

Ans. 2x2 + y2 ¼ c

19. Find the orthogonal trajectories of the family of
curves ay2 ¼ x3 .

Ans. 3y2 + 2x2 ¼ c2

20. Solve the following differential equation

(a) d4y
dx4

� 4 d3y
dx3

þ 14 d2y
dx2

� 20 dy
dx
þ 25y ¼ 0

Hint:Roots ofA.E. are 1+2i, 1 – 2i, 1 + 2i, 1 – 2i.

Ans. y ¼ ex[(c1 + c2x) sin 2x + (c3 + c4x)cos 2x

(b) d2y
dx2

� 6 dy
dx
þ25y ¼ 0; y(0) ¼ –3, y 0(0) ¼ –1.

Ans. y ¼ e3x(2 sin 4x � 3 cos 4x)

(c) d4y
dx4

þ 8 d2y
dx2

þ 16y ¼ 0:

Ans. y ¼ (c1 + c2x) cos 2x + (c3 + c4x) sin 2x

(d) d2x
dt2

þ 6 dx
dt
þ 9x ¼ 0

Ans. x ¼ (c1 + c2t) e
–3t

(e) d2y
dx2

þðaþ bÞ dy
dx
þ aby ¼ 0

Ans. y ¼ c1e
�ax þ c2e

�bx

(f) ðD3 þ D2 þ 4Dþ 4Þ y ¼ 0

Ans. y ¼ c1 e
–x+ c2 cos 2x + c3 sin2x

(g) d3y
dx2

� 2 dy
dx
þ 2y ¼ 0: Are the solutions line-

arly independent?

Ans. y ¼ c1e
x þ c2e

x; Wronskian

Wðex; e2xÞ ¼ ex e2x

ex 2e2x

����
���� ¼ e3x 6¼ 0;

Therefore, ex,e2x are linearly independent.

21. Solve the following differential equations:

(a) d2y
dx2

þ a2y ¼ tan ax

Ans. y ¼ c1 cos ax + c2 sin ax

– 1
a2
cos ax log (sec ax + tan ax)

(b) (D2 � 3D + 2) y ¼ 6 e–3x + sin 2x.

Ans: y ¼ c1 e
x þ c2e

2x

þ 3
10
e�3x þ 1

20
ð3 cos 2x� sin 2xÞ

(c) d2y
dx2

� 4y ¼ x2 þ 2x:

Ans. y ¼ c1e
2x þ c2e

�2x � 1
4
ðx2 þ 1

2
Þ

(d) (D2 � 4D + 4)y ¼ 8x2 e2x sin 2x.

Ans: y ¼ ðc1 þ c2xÞe2x
� e2x½4x cos 2xþ ð2x2 � 3Þ sin 2x

(e) (D2 � 1)y ¼ x sin x + (1 + x2)ex.

Ans: y ¼ c1e
xþc2e

�x � 1

2
ðx sin x þ cos xÞ

þ 1

12
xexð2x2 � 3xþ9Þ

( f ) (D � 1)2 (D + 1)2 y ¼ sin2 x
2
+ ex + x.

Ans: y ¼ ðc1 þ c2xÞex þ ðc3 þ c4xÞe�x

þ 1
2
� 1

8
cos xþexþx

(g) (D2 + 4)y ¼ ex + sin 2x.

Ans. y ¼ c1 cos 2xþc2 sin 2xþ 1
5
ex � x

4
cos 2x
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(h) d3y
dx2

þ 3 dy
dx
þ 2y ¼ 4 cos2 x :

Ans: y ¼ c1e
�x þ c2e

�2x þ 1

þ 1
10

ð3 sin 2x� cos 2xÞ
(i) d3y

dx2
� 3 dy

dx
þ 2y ¼ xe3x þ sin 2x :

Ans: y ¼ c1e
x þ c2e

2x þ 1
4
e3xð2x� 3Þ

þ 1
20
ð3 cos 2x� sin 2xÞ

( j) d3y
dx3

þ 2 d2y
dx2

þ dy
dx
¼ x2e2x þ sin2 x :

Ans: y¼c1þðc2þc3xÞe�xþe2x

18
ðx2�7

8
xþ11

6
Þ

þ 1

100
ð3 sin2xþ4 cos2xÞ

(k) d2y
dx2

þ 3 dy
dx
þ2y ¼ ee

x

:

Ans: y¼c1e
�xþc2e

�2xþe�2xee
x

(l) (D2 � D)y ¼ 2x + 1 + 4 cos x + 2ex.

Ans. y ¼ c1 + c2 e
x + c3 e

–x

+ x ex � (x2 + x) – 2 sin x

22. Solve the following differential equations of
second order by changing the independent

variable.

(i) x4 d2y
dx2

þ 2x3 dy
dx
þ 4y ¼ 0

Ans: y ¼ c1 cos
2

x
þ c2 sin

2

x

� �

(ii) x6 d2y
dx2

þ 3x5 dy
dx
þ a2y ¼ 1

x2

Ans: y ¼ c1 cos
a

2x2
� c2 sin

a

2x2
þ 1

a2x2

(iii) x2 d2y
dx2

� x dy
dx
þ y ¼ log x

Ans: y ¼ ðc1 þ c2 log xÞxþ log xþ 2

(iv) cos x d2y
dx2

þ sin x dy
dx
� ð2cos3xÞy ¼ 2cos5x

Ans: y ¼ c1e
ffiffi
2

p
sin x þ c2e

� ffiffi
2

p
sin x þ sin2x

23. Solve the following differential equation of sec-

ond order by changing the dependent variable.

(i) d2y
dx2

þ 2n cot nx dy
dx
þ ðm2 � n2Þy ¼ 0

Ans: y ¼ 1

sin nx
½c1 cosmxþ c2 sinmx�

(ii) x2 d2y
dx2

� 2y ¼ x2 þ 1
x

Ans: y ¼ c1x
2 þ c2

x
þ 1

3
x2 � 1

x

� �
log x

(iii) cos2x d2y
dx2

� ð2 sin x cos xÞ dy
dx
þ ðcos2xÞy ¼ 0

Ans: y ¼ ½c1 cosð
ffiffiffi
2

p
xÞ þ c2 sinð

ffiffiffi
2

p
xÞ� sec x

(iv) d2y
dx2

þ y
h i

cot xþ 2 y tan xþ dy
dx

 � ¼ 0

Ans: y ¼ ðc1 þ c2xÞ cos x
24. Solve by method of undetermined coefficients.

(i) d2y
dx2

þ y ¼ 2ex þ cos x

Ans: y ¼ c1 cos xþ c2 sin xþ ex þ 1

2
þ x sin x

(ii) d2y
dx2

� 2 dy
dx
þ y ¼ x2ex

Ans: y ¼ ðc1 þ c2xÞex þ x4

12
ex

(iii) d2y
dx2

þ 2 dy
dx
þ y ¼ x� ex

Ans: y ¼ ðc1 þ c2xÞe�x þ x� 2� ex

4

25. Solved by method of reduction of order.

(i) x2 d2y
dx2

� 2xð1þ xÞ dy
dx
þ 2ð1þ xÞy ¼ x3if

y ¼ x is a solution of the C.F.

Ans: y ¼ x � x

2
þ c1

2
e2x þ c2

h i

(ii) ð1� x2Þ d2y
dx2

þ x dy
dx
� y ¼ xð1� x2Þ32 if y ¼ x

is a part of C.F.

Ans: y¼�xð1� x2Þ32
9

� c1

	 ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
þ xsin�1 x�þ c2x

(iii) d2y
dx2

þ 2 dy
dx
þ y ¼ x� ex

Ans: y ¼ ðc1 þ c2xÞe�x þ x� 2� ex

4

26. Solve the following equations using the

method of variation of parameters:

(a) d2y
dx2

þ a2y¼ sec ax:

Ans: y ¼ c1cos ax þ c2 sin ax

þ 1
a2
cos ax logðcos axÞþ 1

a
x sin ax

(b) d2y
dx2

þy ¼ x sin x:

Ans: y¼ c1 cos xþ c2 sinxþ x

4
sin x � x2

4
cos x

(c) d2y
dx2

+ 4y ¼ tan 2x.

Ans: y ¼ c1 cos 2xþ c2 sin 2x

� 1
4
cos 2 x logðsec 2xþ tan 2xÞ�

(d) d2y
dx2

� 2 dy
dx
þ 2y ¼ ex tan x :

Ans. y ¼ ex(c1 cos x + c2 sin x)

� ex cos x log (sec x + tan x)
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(e) ðD2 þ 1Þy ¼ 1
1þsin x :

Ans. y ¼ c1 cos x + c2 sin x

+ sin x log(1 + sin x) – x cos x – 1

(f ) (D2 + 1)y ¼ x sin x.
Ans: y¼ c1 cos xþ c2 sin xþ x

4
sin x � x2

4
cos x

27. Solve the following Cauchy-Euler equations:

(a) x3 d3y
dx3

þ 2x2 d2y
dx2

þ 2y ¼ 10 xþ 1
x

� �
:

Ans: y¼c1

x
þx½c2 cosðlogxÞþc3 sinðlogxÞ

(b) x2 d2y
dx2

� 3x dy
dx
þ 5y ¼ x2 sinðlog xÞ

Ans: y ¼ x2½c1 cos ðlog xÞþ c2 sin ðlog xÞ�
� 1

2
x2 log x cos ðlog xÞ

(c) x2 d2y
dx2

� 2x dy
dx
� 4y ¼ x2 þ 2 log x

Ans: y ¼ c1
x
þ c2x

4 � x6

6
� 1

2
log xþ 3

8

(d) x2 d3y
dx3

� 4x d2y
dx2

þ 6 dy
dx
¼ 4

Hint: Write the given equation in the form

x3
d3y

dx3
� 4x2

d2y

dx2
þ 6x

dy

dx
¼ 4x

Ans. y ¼ c1 þ c2x
3 þ c3x

4 þ 2
3
x

(e) x2 d2y
dx2

� 4x dy
dx
þ6y ¼ x2

Ans. y ¼ 1
x
ðc1 þ c2 log xÞ þ 1

x
log x

1�x

(f) x2 d2y
dx2

� 3x dy
dx
þ y¼ log sinðlogxÞþ1

x

Ans: y ¼ c1x
ffiffi
3

p þ2 þ c2x
2� ffiffi

3
p

þ 1
61x

log x½5sinðlog xþ6cosðlog xÞ�
þ 2

61
½21sinðlog xÞ þ 191cosðlog xÞ�

þ 1

6x
ð1þ log xÞ

(g) x3 d3y
dx3

þ 3x2 d2y
dx2

þ x dy
dx
þ 8y ¼ 65 cosðlog xÞ

Ans: y ¼ c1x
�2 þ x½c2 cos

ffiffiffi
3

p
ðlog xÞ

þ c3 sinð
ffiffiffi
3

p
log xÞ�

þ 8cosðlog xÞ � sinðlog xÞ
28. Solve the following Legendre’s linear

equations:

(a) ð3xþ2Þd2y
dx2

þ3ð3xþ2Þ dy
dx
� 36y¼3x2þ4xþ1:

Ans: y ¼ c1ð3xþ2Þ2 þ c2ð3xþ2Þ�2

þ 1
108

½ð3xþ2Þ2logð3xþ2Þ þ 1

(b) ðxþ1Þ2 d2y
dx2

þðxþ1Þ dy
dx
¼ ð2xþ3Þð2xþ4Þ:

Ans. y ¼ c1 + c2 log (x + 1)

+ [log(x + 1)]2 + x2 + 8x

(c) ð1þ2xÞ2 d2y
dx2

�6ð1þ2xÞ dy
dx
þ16y¼ 8ð1þ2xÞ2

Ans. (1 + 2x)2 [c1 + c2 log (1 + 2x) + log(1 + 2x)]

29. Solve the following simultaneous equations:

(a) d2x
dt2

þ 4xþ 5y ¼ t2; d2y
dt2

þ 5xþ 4y ¼ tþ 1

Ans: x ¼ c1e
t þ c2e

�t þ c3 cos 3t þ c4 sin 3t

� 1
9
ð4t2 � 5t þ 37

9
Þ;

y ¼ �c1e
t � c2e

�t þ c3 cos 3t

þ c4 sin 3t þ 1
9
ð5t2 � 4t þ 44

9
Þ

(b) d2y
dt2

þ dy
dt
� 2y ¼ sin t; dx

dt
þx�3y ¼ 0:

Ans: x ¼ 3

2
c1 e

2t � 3c2e
�t

� 3
10

etðcos t� 2sin tÞ;
y ¼ c1e

t þ c2e
�2t � 1

10
ðcos t þ 3 sin tÞ

(c) dx
dt
þ 2xþ 3y ¼ 0; dy

dt
þ 3xþ 2y ¼ 2e2t:

Ans: x ¼ c1e
t þ c2e

�5t þ 6

7
e2t;

y ¼ c2e
�5t � c1e

t þ 8

7
e2t

(d) dx
dt
þy¼ sint; dy

dt
þ x¼ cost subject to x ¼ 2

and y ¼ 0 when t ¼ 0.

Ans. x ¼ e�t + et, y ¼ e�t – et + sin t

(e) 2 d2x
dt2

þ 3 dy
dt

¼ 4; 2 d2y
dt2

� 3 dx
dt

¼ 0 subject

to x(0) ¼ y(0) ¼ 0, x 0 (0) ¼ y 0 (0) ¼ 0.

Ans: x¼ 8
9
1�cos 3t

2

� �
;y¼ 4

3
t� 8

9
sin3t

2

30. An uncharged condenser of capacity C is
charged by applying an e.m.f. E sin tffiffiffiffiffi

LC
p

through leads of self inductance L and negli-

gible resistance. Then find the charge at the

condenser plate at time t.

Ans. EC
2

sin tffiffiffiffiffi
LC

p � tffiffiffiffiffi
LC

p cos tffiffiffiffiffi
LC

p
h i

31. A circuit consists of an inductance L and a capa-
citor of capacity C in series. An alternating e.m.

f. E sin nt is applied to the circuit at time t ¼ 0,

the initial current and charge on the condenser
being zero. Prove that the current at time t is
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nE
Lðn2�v2Þ ðcosvt� cosvtÞ;where CL v2 ¼ 1.
If n ¼ v , show that current at time t is Et sinvt

2L
.

Hint: Solve L d2Q
dt2

þ Q
C
¼ E sin nt under

the conditions I(0) ¼ 0, Q(0) ¼ 0. Then
use I ¼ dQ

dt
:

32. A pendulum of length l hangs against a wall at

an angle h to the horizontal. Show that the time

of complete oscillation is 2�
ffiffiffiffiffiffiffiffiffi

l
g sin h

q
:

33. A simple pendulum has a period T. When the
length of the string is increased by a small

fraction 1
n
of its original length, the period is T 0.

Show that (approximately) 1
n
¼ 2ðT 0�TÞ

T
:

34. Howmany seconds a clock would lose per day if

the length of its pendulum were increased in the

ratio 900:901.
Ans. 48 s/day

Solution about regular points
35. Solve the following differential equations about

x ¼ 0.

(i) d2y
dx2

þ x2y ¼ 0

Ans: y ¼ a0 x� x4

4:3 þ x8

8:7:4:3 � x12

12:11:8:7:4:3 þ . . .
h i

þ a1 x� x5

5:4 þ x9

9:8:5:4 � x13

13:12:9:8:5:4 þ . . .
h i

(ii) ðx2 þ 1Þ d2y
dx2

þ xy dy
dx
¼ xy ¼ 0

Ans: y ¼ a0 1� 1
6
x3 � 3

40
x5 þ . . .

� �
þ a1 x� 1

6
x3 þ 1

12
x4 þ 3

40
x5 þ . . .

� �

(iii) d2y
dx2

þ x dy
dx
þ ð2x2 þ 1Þy ¼ 0

Ans: y ¼ a0 1� 1
2
x2 � 1

24
x4 þ . . .

� �
þ a1 x� x3

3
� x5

30
� . . .

� �

(iv) d2y
dx2

þ x dy
dx
þ ð3xþ 2Þy ¼ 0

Ans: y ¼ a0 1� x2 � x3

2
þ x4

3
þ 11x5

40
þ . . .

� �

þ a1 x� x3

2
� x4

4
þ x5

8
þ . . .

� �

36. Find the power series solution in the powers of

(x – 1) of the initial value problem.

x
d2y

dx2
þdy

dx
þ2y¼ 0; yð1Þ¼ 1; y0ð1Þ¼ 2 :

Hint: x ¼ 1 is the ordinary point. So consider

y ¼ P1
n¼0

anðx� 1Þn, find dy
dx

and d2y
dx2
, put in the

given equation. Use the initial conditions in

finding a0 and a1 by putting x ¼ 1 in y and dy
dx
.

Other coefficients to be found by equating to
zero the powers of (x – 1).

Ans: y ¼ 1þ 2ðx� 1Þ � 2ðx� 1Þ2

þ 2
3
ðx� 1Þ3 � 1

6
ðx� 1Þ4 þ . . .

Solution about regular singular point
37. Solve the following differential equations about

x ¼ 0

(i) xð1� xÞ d2y
dx2

þ ð1� xÞ dy
dx
� y ¼ 0

Ans: y ¼ a0ð1þ log xÞð1þ xþ 2x2

4

þ 2:5
4:9 x

3 þ . . .Þ þ a0ð�2x� x2 � . . .Þ

(ii) xð1� xÞ d2y
dx2

� ð1þ 3xÞ dy
dx
� y ¼ 0

Ans: y ¼ ðAþ B log xÞð1:2x2 þ 2:3x3

þ 3:4x4 þ . . .Þ
þ Bð�1þ xþ 2x2 þ 11x3 þ . . .Þ

(iii) 2x2 d2y
dx2

þ x dy
dx
þ ðx2 � 1Þy ¼ 0

Ans: y ¼ c1x 1� x2

14
þ x4

616
þ . . .

� �

þ c2
ffiffiffi
x

p
1� x2

2
þ x4

40
þ . . .

� �

(iv) ð2xþ x3Þ d2y
dx2

� dy
dx
� 6xy ¼ 0

Ans: y ¼ c1 1þ 3x2 þ 3x4

5
þ . . .

� �

þ c2x
3
2 1þ 3x2

8
� 3x4

128
þ . . .

� �

(v) 4x d2y
dx2

þ 2ð1� xÞ dy
dx
� y ¼ 0

Ans: y ¼ c1 1þ x
2 ! þ x2

22:2 ! þ x3

23:3 ! þ . . .
� �

þ c2x
1
2 1þ x

1:3 þ x2

1:3:5 þ x3

1:3:5:7 þ . . .
� �

(vi) x d2y
dx2

þ dy
dx
þ 2y ¼ 0

Ans: y ¼ ðc1 þ c2 log xÞ 1� 2xþ 22x2

ð2 !Þ2 � . . .
� �

þ c2ð4x� 3x2 þ . . .Þ

Differential Equations n 133



Bessel’s Equation and Bessel Function
38. Write the general solution of the differential

equation

x2
d2y

dx2
þ x

dy

dx
þ x2 � 9

16

� �
y¼ 0 in terms of JnðxÞ:

Ans. y ¼ c1J3
4
ðxÞ þ c2J� 3

4
ðxÞ.

39. Express J5ðxÞ in terms of J0ðxÞand J1ðxÞ.
Ans. J5ðxÞ¼ 384

x4
� 72

x2
�1

� �
J1ðxÞþ 12

x
� 192

x3

� �
J0ðxÞ

40. Solve x d2y
dx2

þ 2 dy
dx
þ 1

2
xy ¼ 0 in terms of Bessel’s

function.

Ans. y ¼ ffiffiffi
x

p
c1J1

2

xffiffi
2

p
� �

þþc2J�1
2

xffiffi
2

p
� �h i

41. Show that
R
J3ðxÞdx ¼ �J2ðxÞ � 2

x
J0ðxÞ þ c

42. Show that J 20 ðxÞ þ 2J21 ðxÞ þ 2J22 ðxÞ þ 2J23 ðxÞþ
. . . ¼ 1 :

Hint: Squaring and integrating the Jocobi series

cosðxsin�Þ¼J0þ2J2cos2�þ2J4cos4�þ... ;

sinðxsin�Þ¼2J1sin�þ2J3sin3�þ2J5sin5�þ... ;

we get

R�
0

cos2ðx sin�Þd� ¼ �ðJ20 þ 2J22 þ 2J24 þ . . .Þ
R�
0

sin2ðx sin�Þd� ¼ �ð2J 21 þ 2J23 þ 2J25 þ . . .Þ :
Adding these expressions, we get the required result

43. Show that

(i) cos x ¼ J0 � 2J1 þ 2J4 þ . . .

¼ J0 þ 2
P1
n¼1

ð�1ÞnJ2n ;

(ii) sin x ¼ 2J1 � 2J3 þ 2J5 þ . . .

¼ 2
P1
n¼1

ð�1ÞnJ2nþ1

Hint: Put � ¼ �
2
in the Jocobi series

cosðxsin�Þ¼J0þ2J2cos2�þ2J4cos4�þ ...

and

sinðx sin�Þ ¼ 2J1 sin�þ 2J3 sin 3�

þ 2J5 sin 5�þ . . .

44. Show that

d

dx
½J 2n ðxÞ� ¼

x

2n
½J2n�1ðxÞ � J 2nþ1ðxÞ� :

Legendre Equation and Legendre Polynomial

45. Express in the terms of Legendre polynomial

(i) 4x3 � 2x2 � 3xþ 8

Ans. 8
5
P3ðxÞ � 4

3
P2ðxÞ � 3

5
P1ðxÞ þ 22

3
P0ðxÞ

(ii) x4 þ 3x3 � x2 þ 5x� 2

Ans: 8
35
P4ðxÞ þ 6

5
P3ðxÞ � 2

21
P2ðxÞ þ 34

5
P1ðxÞ

� 224
105

P0ðxÞ
(iii) 4x2 – 3x + 2

Ans. 8
3
P2ðxÞ � 3P1ðxÞ þ 10

3
P0ðxÞ

46. Show that

PnðxÞ ¼ P
0
nþ1ðxÞ � 2xP

0
nðxÞ þ P

0
n�1ðxÞ

Hint: Use recurrence formulae

ð2nþ 1ÞPnðxÞ ¼ P
0
nþ1ðxÞ � P

0
n�1ðxÞ ðiÞ

and
nPnðxÞ ¼ xP

0
nðxÞ � P

0
n�1ðxÞ ðiiÞ

From ðiÞ;PnðxÞ ¼ P
0
nþ1ðxÞ � P

0
n�1ðxÞ � 2nPnðxÞ

¼ P
0
nþ1ðxÞ � P

0
n�1ðxÞ � 2xP

0
nðxÞ

þ 2P
0
n�1ðxÞ

¼ P
0
nþ1ðxÞ � 2xP

0
nðxÞ þ P

0
n�1ðxÞ

47. Show that
R1
�1

PnðxÞdx ¼ 2 if n ¼ 0
0 if n 	 1:

�

48. Show that

R1
�1

xPnðxÞP0
nðxÞdx ¼ 2n

2nþ1
:

Hint: Use integration by parts and

R1
�1

P2
nðxÞdx ¼ 2

2nþ1
:

49. Using Rodrigue’s formula, show that PnðxÞ
satisfies the differential equation

d
dx

ð1� x2Þ½ d
dx
PnðxÞ� þ nðnþ 1ÞPnðxÞ ¼ 0 :

Hint: Let y ¼ ðx2 � 1Þn: Find dy
dx

and differ-

entiate once more to get ðx2 � 1Þ d2y
dx2

þ 2xy1 ¼
2nðxy1 þ nÞ :

Then use Leibnitz’s theorem to get

ð1� x2Þynþ2 � 2xynþ1 þ nðnþ 1Þyn ¼ 0
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or

½ð1� x2Þynþ1� þ nðnþ 1Þyn ¼ 0

or
d
dx

ð1� x2Þ d
dx

dn

dxn
ðx2 � 1Þn� � �

þ nðnþ 1Þ dn

dxn
ðx2 � 1Þn ¼ 0

50. Expand

f ðxÞ ¼ 0; �1 < x < 0
x; 0 < x < 1

�

in Fourier–Legendre series.

Ans. f ðxÞ ¼ 1
4
P0ðxÞ þ 1

2
P1ðxÞ

þ 5
16
P2ðxÞ � 3

32
P3ðxÞ þ . . .
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3 Partial Differential Equations

A differential equation which involves partial deri-

vatives with respect to two or more independent

variables is called a partial differential equation.
Such equations appear in the description of physical

processes in applied sciences and engineering. The

equations

@2u

@x2
þ@2u

@y2
¼0 (two -dimensionalLaplace equation);

@2u

@t2
¼c2

@2u

@x2
ðwave equationÞ;

and

@2u

@x2
¼ k

@u

@t
(heat conduction equation)

are all partial differential equations.

The order of the highest partial derivative occurring

in a partial differential equation is called the order
of that partial differential equation. The degree of

the highest partial derivative appearing in the par-

tial differential equation free from radicals and
fractions is called the degree of that partial differ-

ential equation. For example,

@2u

@x2
þ @2u

@y2
¼ x2 þ y2

is a partial differential equation of order two and

degree one.

3.1 FORMULATION OF PARTIAL DIFFERENTIAL
EQUATION

Partial differential equation can be formulated in

two ways:
(i) By the elimination of arbitrary constants from a

given relation involving dependent and inde-

pendent variables: If the number of arbitrary
constants equals the number of independent

variables, then the partial differential equation

formed is of first order. On the other hand, if

the number of arbitrary constants is more than
the number of independent variables, then the

partial differential equation formed will be of

second or higher order.
(ii) By the elimination of arbitrary functions from

the given functional relations: In this case, the

order of the differential equation is the same as
the number of arbitrary functions involved in

the equation.

The following examples will illustrate the proce-
dure of formation of partial differential equation.

We shall use the following notation for the deriva-

tives:

p¼ @z

@x
; q¼ @z

@y
; r ¼ @2z

@x2
; s¼ @2z

@x@y
; t ¼ @2z

@y2
:

EXAMPLE 3.1
Form the partial differential equations from the

relations

(i) z ¼ ax + a2 y2 + b,

(ii) 2z ¼ (ax + y)2 + b.

Solution. (i) Differentiating z with respect to x and y,

we get
@z

@x
¼ a;

@z

@y
¼ 2a2y:

Eliminating a between these relations, we have

@z

@y
¼ 2

@z

@x

� �2

y;

or
q ¼ 2p2y;

which is a partial differential equation of first order.

(ii) Differentiating with respect to x, we get

@z

@x
¼ aðaxþ yÞ:



Differentiating with respect to y, we get
@z

@y
¼ axþ y:

Therefore, we have

@z

@x
¼ a

@z

@y
¼ 1

x

@z

@y
� y

� �
@z

@y

or

x
@z

@x
¼ @z

@y
� y

� �
@z

@y
;

or, in notations

px ¼ ðq� yÞq
or

pxþ qy ¼ q2;

which is the required partial differential equation.

EXAMPLE 3.2
Eliminate the arbitrary function f from the relation

z ¼ y2 þ 2f
1

x
þ log y

� �
:

Solution. The given relation is

z ¼ y2 þ 2f
1

x
þ log y

� �
:

Differentiating z partially with respect to x, we get

@z

@x
¼ 2f 0

1

x
þ log y

� �
� 1

x2

� �

or

�px2 ¼ 2f 0
1

x
þ log y

� �
: ð1Þ

Differentiating z with respect to y, we get

@z

@y
¼ 2yþ 2f 0

1

x
þ log y

� �
1

y

� �

or

q ¼ 2yþ 2f 0
1

x
þ log y

� �
1

y
or

qy� 2y2 ¼ 2f 0
1

x
þ log y

� �
: ð2Þ

The relations (1) and (2) yield

�px2 ¼ qy� 2y2

or
px2 þ qy ¼ 2y2;

which is a partial differential equation of first order.

EXAMPLE 3.3
Eliminate arbitrary function f from the relation

f ðx2 þ y2; z� xyÞ ¼ 0:

Solution. We are given that

f ðx2 þ y2; z� xyÞ ¼ 0:

Let

x2 þ y2 ¼ u; z� xy ¼ v:

Then the given relation becomes

f ðu; vÞ ¼ 0:

Differentiating with respect to x, we get

@f

@u
:
@u

@x
þ @f

@v
:
@v

@x
¼ 0

or

fuð2xÞ þ fv
@z

@x
� y

� �
: ð3Þ

Differentiating f(u, v) ¼ 0 with respect to y, we get

@f

@u
:
@u

@y
þ @f

@v
:
@v

@y
¼ 0

or

fuð2yÞ þ fv
@z

@y
� x

� �
¼ 0: ð4Þ

Eliminating fu and fv from (3) and (4), we get

2x p� y

2y q� x

����
���� ¼ 0

or

2xðq� xÞ � 2yðp� yÞ ¼ 0

or

2xq� 2x2 � 2ypþ 2y2 ¼ 0

or
py� qx ¼ y2 � x2:

EXAMPLE 3.4
Eliminate the function f from the relation

f ðxyþ z2; xþ yþ zÞ ¼ 0:

Solution. The given relation is

f ðxyþ z2; xþ yþ zÞ ¼ 0:

We put

xyþ z2 ¼ u; xþ yþ z ¼ v;

so that the given equation becomes

f ðu; vÞ ¼ 0:
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Differentiating with respect to x, we get

@f

@u
:
@u

@x
þ @f

@v
:
@v

@x
¼ 0

or

fu yþ 2z
@z

@x

� �
þ fv 1þ @z

@x

� �
: ð5Þ

Differentiating f with respect to y, we have

@f

@u

@u

@y
þ @f

@v
:
@v

@y
¼ 0

or

fu xþ 2z
@z

@y

� �
þ fv 1þ @z

@y

� �
: ð6Þ

Eliminating fu and fv from (5) and (6), we have

yþ 2pz 1þ p

xþ 2qz 1þ q

����
���� ¼ 0

or

ðyþ 2pzÞð1þ qÞ � ð1þ pÞðxþ 2qzÞ ¼ 0

or

yþ 2pzþ yqþ 2pqz� ½xþ 2qzþ pxþ 2pqz� ¼ 0

or

pð2zþ 2qz� 2qz� xÞ þ qðy� 2zÞ ¼ x� y

or

pðx� 2zÞ þ qð2z� yÞ ¼ y� x:

EXAMPLE 3.5
Form partial differential equation from the relation

(i) xyz ¼ �(x + y + z)

(ii) z ¼ f(x2 – y2).

Solution. (i) Put x +y + z ¼ u, xyz ¼ v. Then the

relation becomes
�ðuÞ � v ¼ 0:

Differentiating with respect to x, we get

@�

@u

@u

@x
¼ @v

@x

or
@�

@u
1þ @z

@x

� �
¼ y zþ x

@z

@x

� �
;

that is,

@�

@u
1þ pð Þ ¼ y zþ xpð Þ: ð7Þ

Differentiating with respect to y, we get

@�

@u
1þ qð Þ ¼ x zþ yqð Þ: ð8Þ

From (7) and (8), we have

1þ p

1þ q
¼ yðzþ xpÞ

xðzþ yqÞ
or

xðy� zÞpþ yðz� xÞq ¼ zðx� yÞ:
(ii) Differentiating z with respect to x, we have

@z

@x
¼ f 0ðx2 � y2Þ2x

or

p ¼ f 0ðx2 � y2Þ2x: ð9Þ
Differentiating z with respect to y, we have

@z

@y
¼ f 0ðx2 � y2Þð�2yÞ

or
q ¼ f 0ðx2 � y2Þð�2yÞ: ð10Þ

Dividing (9) by (10), we get
p

q
¼ � x

y
or pyþ qx ¼ 0:

EXAMPLE 3.6
Form the partial differential equations from the

relations

(i) z ¼ f(x+it) + g(x – it)

(ii) z ¼ f1(y + 2x) + f2(y–3x).

Solution. (i) Differentiating z with respect to x, we

have

p ¼ @z

@x
¼ f 0ðxþ itÞ þ g0ðx� itÞ:

r ¼ @2z

@x2
¼ f 00ðxþ itÞ þ g00ðx� itÞ:

ð11Þ

Differentiating z with respect to t, we have

q ¼ @z

@t
¼ if 0ðxþ itÞ � ig0ðx� itÞ

t ¼ @2z

@t2
¼ i2f 00ðxþ itÞ þ i2g00ðx� itÞ:

ð12Þ

Adding (11) and (12), we get

@2z

@x2
þ @2z

@y2
¼ 0 or r þ t ¼ 0;
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which is partial differential equation of second order
and whose solution is z ¼ f(x + it) + g(x – it).

(ii) Differentiating z with respect to x, we get

@z

@x
¼ 2f 01ðyþ 2xÞ � 3f 02ðy� 3xÞ;

@2z

@x2
¼ 4f 001 ðyþ 2xÞ þ 9f 002 ðy� 3xÞ:

Differentiating z with respect to y, we get

@z

@y
¼ f 01ðyþ 2xÞ þ f 02ðy� 3xÞ;

@2z

@y2
¼ f 001 ðyþ 2xÞ þ f 002 ðy� 3xÞ:

Further,

@2z

@x@y
¼ 2f 001 ðyþ 2xÞ � 3f 002 ðy� 3xÞ:

Therefore,

@2z

@x2
þ @2z

@x@y
� 6

@2z

@y2
¼ 0:

EXAMPLE 3.7
Form partial differential equation from the relation

z ¼ yf ðxÞ þ xgðyÞ:
Solution. We have

@z

@x
¼ yf 0ðxÞ þ gðyÞ;

@z

@y
¼ f ðxÞ þ xg0ðyÞ;

@2z

@x@y
¼ f 0ðxÞ þ g0ðyÞ:

Then

x
@z

@x
þ y

@z

@y
� z ¼ xyf 0ðxÞ þ xyg0ðyÞ ¼ xy

@2z

@x@y
:

Hence

xy
@2z

@x@y
¼ x

@z

@x
þ y

@z

@y
� z;

which is the required partial differential equation.

EXAMPLE 3.8
Form partial differential equation from the relation

2z ¼ x2

a2
þ y2

b2
:

Solution. Differentiating z partially with respect to x
and y, respectively, we get

2
@z

@x
¼ 2x

a2
which yields

1

a2
¼ p

x
and

2
@z

@y
¼ 2y

b2
which yields

1

b2
¼ q

y
:

Substituting for 1
a2
and 1

b2
in the given equation, we

get
2z ¼ pxþ qy:

3.2 SOLUTIONS OF A PARTIAL DIFFERENTIAL
EQUATION

A functional relation between x, y, and z is called a
solution of the first order partial differential equa-

tion f(x, y, z, p, q) ¼ 0 if this relation along with the

derivatives p ¼ @z
@x and q ¼ @z

@y satisfies that partial
differential equation.

A solution such as �(x, y, z, a, b) ¼ 0 of the

equation f(x, y, z, p, q) ¼ 0 which contains two
arbitrary constants is called a complete solution or

complete integral of that equation.

A solution obtained from the complete solution
�(x, y, z, a, b) ¼ 0 by giving particular values to the

constants a and b is called a particular integral or a

particular solution of the partial differential equa-
tion f(x, y, z, p, q) ¼ 0.

We will now discuss the methods to find solu-

tions of partial differential equation of first order.

(A) Direct Integration Method
This method is applicable to the partial differential

equations which contain only one partial derivative.

We should keep in mind that the constant of inte-
gration will be arbitrary function of the variable

kept constant.

EXAMPLE 3.9
Solve

@3z

@x2@y
¼ cosð2xþ 3yÞ:

Solution. Integrating the given equation twice with
respect to x, we get

@2z

@x@y
¼ 1

2
sinð2xþ 3yÞ þ f ð yÞ; and

@z

@y
¼ � 1

4
cosð2xþ 3yÞ þ xf ð yÞ þ �ð yÞ:
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Integrating now with respect to y, we get the
required solution as

z ¼ � 1

12
sinð2xþ 3yÞ þ xf1ð yÞ þ �1ð yÞłðxÞ;

where f1(y) and �1(y) are integral of f(y) and �(y)
with respect to y.

EXAMPLE 3.10
Solve

@2z

@x2
þ z ¼ 0

subject to the condition that when x ¼ 0, z ¼ ey and
@z
@x ¼ 1.

Solution. If z was a function of x alone, then since the
roots of the auxiliary equation would have been
imaginary, the solution would have been

z ¼ c1 cos xþ c2 sin x;

where c1, c2 are constants. But here z is a function of

x and y, therefore, c1 and c2 are functions of y.
Therefore, the solution of the given equation is

z ¼ f ð yÞ cos xþ �ð yÞ sin x:
Then

@z

@x
¼ �f ð yÞ sin xþ �ð yÞ cos x:

As x¼ 0 implies z¼ ey and also since we have @z
@x ¼

1 for x ¼ 0, then,

e y ¼ z ¼ f ð yÞ and 1 ¼ �ð yÞ:
Hence

z ¼ sin xþ e y cos x:

EXAMPLE 3.11
Solve

@2z

@x2
¼ a2z;

given that when x ¼ 0, @z
@x ¼ a sin y and @z

@y ¼ 0.

Solution. If z were a function of x only, then the

solution would have been z ¼ c1 e
ax + c2 e

–ax. But z

is a function of x and y. Therefore, c1 and c2 should
be a function of y. Thus, the solution is

z ¼ f1ð yÞeax þ f2ð yÞe�ax:

Therefore, using the condition that @z
@x¼a sin y for

x ¼ 0, we have

a sin y ¼ a½ f1ð yÞ � f2ð yÞ�
and so

f1ð yÞ ¼ sin yþ f2ð yÞ:
Thus

z ¼ ðsin yþ f2ð yÞÞeax þ f2 yð Þe�ax:

Now

@z

@y
¼ ½cos yþ f 02ð yÞ�eax þ f 02ð yÞe�ax:

Now using the condition that @z
@y ¼ 0 for x ¼ 0, we

have

0 ¼ cos yþ f 02ð yÞ þ f 02ð yÞ
and so

f 02ð yÞ ¼ � cos y

2
:

Hence integrating, we get

f2ð yÞ ¼ � 1

2
sin y:

Thus

f1ð yÞ ¼ sin y� 1

2
sin y ¼ 1

2
sin y

and so

z ¼ 1

2
sin yeax � 1

2
sin ye�ax

or
z ¼ sin y sinh ax:

EXAMPLE 3.12
Solve

@2z

@x@y
¼ sin x sin y;

given that @z@y ¼ –2 siny when x ¼ 0, and z ¼ 0 when
y is an odd multiple of �/2.

Solution. We are given that

@2z

@x@y
¼ sin x sin y:

Therefore, integrating with respect to x, keeping y

constant, we have

@z

@y
¼ � cos x sin yþ f ð yÞ:
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When x ¼ 0, @z
@y ¼ –2 sin y. Therefore, –2 sin y ¼

�sin y + f(y) and so f(y) ¼ sin y. Thus

@z

@y
¼ � cos x sin y� sin y:

Integrating with respect to y, keeping x constant, we

get
z ¼ cos x cos yþ cos yþ �ðxÞ:

Now when y in an odd multiple of �/2, z ¼ 0. So
�(x) ¼ 0. Hence

z ¼ cos x cos yþ cos y;
which is the required solution.

EXAMPLE 3.13
Solve

@2z

@y2
¼ z;

given that when y ¼ 0, z ¼ ex and @z
@y ¼ e–x.

Solution. The solution is

z ¼ �1ðxÞe y þ �2ðxÞe�y:

Now when y ¼ 0, z ¼ ex. Therefore,

e x ¼ �1ðxÞ þ �2ðxÞ:
Further

@z

@y
¼ �1ðxÞe y � �2ðxÞe�y:

When y ¼ 0, @z
@y ¼ e–x and so

e�x ¼ �1ðxÞ � �2ðxÞ:
Adding the above expressions for ex and e–x, we get

2�1ðxÞ ¼ e x þ e�xor �1ðxÞ ¼ e x þ e�x

2
¼ cosh x

Substituting this value of �1(x) in ex ¼ �1 (x) +

�2(x), we get �1(x) ¼ sinh x. Hence

z ¼ cosh xe y þ sinh xe�y:

(B) Lagrange’s Method
The partial differential equation of the form Pp +

Qq ¼ R, where P, Q, and R are functions of x, y, z

and p ¼ @z
@x ; q ¼ @z

@y ; is known as Lagrange’s linear
equation. Regarding the solution of this equation,

we have the following theorem.

Theorem 3.1. The general solution of a linear partial

differential equation

Ppþ Qq ¼ R ð13Þ

is of the form
f ðu; vÞ ¼ 0; ð14Þ

where f(u, v) is an arbitrary function of

uðx; y; zÞ ¼ c1
and

vðx; y; zÞ ¼ c2

9=
; ð15Þ

which form a solution of

dx

P
¼ dy

Q
¼ dz

R
: ð16Þ

Proof: Since u(x, y, z) ¼ c1 is a solution of (16),

@u

@x
dxþ @u

@y
dyþ @u

@z
dz ¼ 0

and
dx

P
¼ dy

Q
¼ dz

R

must be compatible. Therefore,

Pux þ Quy þ Ruz ¼ 0: ð17Þ
Similarly

Pvx þ Qvy þ Rvz ¼ 0: ð18Þ
Solving (17) and (18) for P, Q, and R, we get

P

uyvz � uzvy
¼ Q

uzvx � uxvz
¼ R

uxvy � vxuy

or
P

@ðu;vÞ
@ðy;zÞ

¼ Q
@ðu;vÞ
@ðx;zÞ

¼ R
@ðu;vÞ
@ðx;yÞ

: ð19Þ

Differentiating (14) w.r.t. x and y, we get

@f

@u
ðux þ puzÞ þ @f

@v
ðvx þ pvzÞ ¼ 0; ð20Þ

and

@f

@u
ðuy þ quzÞ þ @f

@v
ðvy þ qvzÞ ¼ 0: ð21Þ

Eliminating @f
@u and @f

@v from (20) and (21), we get

ux þ puz vx þ pvz
uy þ quz vy þ qvz

����
���� ¼ 0:

Simplifying we get

p
@ðu; vÞ
@ðy; zÞ þ q

@ðu; vÞ
@ðz; xÞ ¼

@ðu; vÞ
@ðx; yÞ : ð22Þ

Now equation (19) and (22) yield

PpþQq ¼ R:

The equations (16) are called auxiliary equations or
subsidiary equations.
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EXAMPLE 3.14
Solve

ðx2 � yzÞpþ ðy2 � zxÞq ¼ z2 � xy:

Solution. The given Lagranges’ differential

equation is

ðx2 � yzÞpþ ðy2 � zxÞq ¼ z2 � xy:

The corresponding auxiliary equations are

dx

x2 � yz
¼ dy

y2 � zx
¼ dz

z2 � xy
: ð23Þ

Therefore,

dx� dy

ðx� yÞðxþ yþ zÞ ¼
dy� dz

ðy� zÞðxþ yþ zÞ
or

dx� dy

x� y
¼ dy� dz

y� z
:

Integrating we get

logðx� yÞ ¼ logðy� zÞ þ log a

or

log
x� y

y� z

� �
¼ log a

or
x� y

b� z
¼ a ð24Þ

Using x, y, z as multiplier, each fraction of (23) is

equal to

xdxþ ydyþ zdz

x3 þ y3 þ z3 � 3xyz

¼ xdxþ ydyþ zdz

ðxþ yþ zÞðx2 þ y2 þ z2 � xy� yz� zxÞ :

ð25Þ
Also each fraction of (23) is equal to

dxþ dyþ dz

x2 þ y2 þ z2 � xy� yz� zx
: ð26Þ

From (25) and (26), we have

xdxþ ydyþ zdz

xþ yþ z
¼ dxþ dyþ dz

or

xdxþ ydyþ zdz ¼ ðxþ yþ zÞdðxþ yþ zÞ:
Integrating, we get

x2

2
þ y2

2
þ z2

2
¼ ðxþ yþ zÞ2

2
þ c

or

x2 þ y2 þ z2 ¼ ðxþ yþ zÞ2 þ b

or
xyþ yzþ zx ¼ b: ð27Þ

From (24) and (27), the general solution is

f
x� y

y� z
; xyþ yzþ zx

� �
¼ 0;

where f is an arbitrary function.

EXAMPLE 3.15
Solve

ðmz� nyÞpþ ðnx� lzÞq ¼ ly� mx:

Solution. The auxiliary equations are

dx

mz� ny
¼ dy

nx� lz
¼ dz

ly� mx
: ð28Þ

Using multipliers x, y, and z, each fraction of (28) is

equal to
xdxþ ydyþ zdz

0
:

Therefore, xdx + ydy + zdz ¼ 0, which on integra-

tion gives
x2 þ y2 þ z2 ¼ a: ð29Þ

Now using multipliers l, m, and n, each fraction of

(28) is equal to

ldxþ mdyþ ndz

0

and so l dx + m dy + n dz ¼ 0, which on integration
gives

lxþ myþ nz ¼ b: ð30Þ
Hence, from (29) and (30), the required solution is

x2 þ y2 þ z2 ¼ f ðlxþ myþ nzÞ;
where f is an arbitrary function.

EXAMPLE 3.16
Solve

ðx2 � y2 � z2Þpþ 2xyz ¼ 2xz:

Solution. The auxiliary equations are

dx

x2 � y2 � z2
¼ dy

2xy
¼ dz

2xz
: ð31Þ

The last two members yield

dy

y
¼ dz

z
;

142 n Engineering Mathematics



which on integration yields

log y ¼ log zþ log a

or

log
y

z
¼ log a or

y

z
¼ a: ð32Þ

Using x, y, z as multipliers, we get each fraction of

(31) equal to
xdxþ ydyþ zdz

xðx2 þ y2 þ z2Þ :

Therefore,
xdxþ ydyþ zdz

xðx2 þ y2 þ z2Þ ¼ dz

2xz

or

2xdxþ 2ydyþ 2zdz

x2 þ y2 þ z2
¼ dz

z
:

Integrating this equation, we get

logðx2 þ y2 þ z2Þ ¼ log zþ log b

or

x2 þ y2 þ z2

z
¼ b: ð33Þ

Therefore, by (32) and (33), the general solution is

x2 þ y2 þ z2

z
¼ f

y

z

� �
or

x2 þ y2 þ z2 ¼ zf
y

z

� �
;

where f is an arbitrary function.

EXAMPLE 3.17
Solve

zðxp� yqÞ ¼ y2 � x2:

Solution. The given equation is

xzp� yzq ¼ y2 � x2:

The auxiliary equations are

dx

xz
¼ dy

�yz
¼ dz

y2 � x2
¼ xdxþ ydyþ zdz

0
: ð34Þ

The first and second member of (34) imply

dx

x
¼ dy

�y
;

which on integration yields

log xþ log y ¼ log c

or

xy ¼ c;where c is a constant of integration:

ð35Þ
The last member of (34) implies

xdxþ ydyþ zdz ¼ 0;

which on integration yields

x2

2
þ y2

2
þ z2

2
¼ a

or

x2 þ y2 þ z2 ¼ 2a ¼ b: ð36Þ
Therefore, the general solution of the given partial

differential equation is

fðxy; x2 þ y2 þ z2Þ ¼ 0;

where f is an arbitrary function.

EXAMPLE 3.18
Solve

ðz2 � 2yz� y2Þpþ ðxyþ zxÞq ¼ xy� zx:

Solution. The corresponding auxiliary equations are

dx

z2 � 2yz� y2
¼ dy

xyþ zx
¼ dz

xy� zx

¼ xdxþ ydyþ zdz

0
ð37Þ

The second and third members of (37) gives

dy

yþ z
¼ dz

y� z
or

ðy� zÞdy ¼ ðyþ zÞdz
or

ydy� ðzdyþ ydzÞ � zdz ¼ 0

or
ydy� dðyzÞ � zdz ¼ 0:

Integrating we get

y2 � 2yz� z2 ¼ a: ð38Þ
The last member of (37) gives

xdxþ ydyþ zdz ¼ 0
Integrating we get

x2 þ y2 þ z2 ¼ b ð39Þ
Therefore (38) and (39) yield the general solution of

the differential equation as

f ðx2 þ y2 þ z2; y2 � 2yz� z2Þ ¼ 0:
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EXAMPLE 3.19
Solve

p tan xþ q tan y ¼ tan z:

Solution. The corresponding auxiliary equations are

dx

tan x
¼ dy

tan y
¼ dz

tan z
: ð40Þ

Integrating the first two members of (40), we have

log sin x ¼ log sin y ¼ log a

or
sin x

sin y
¼ a: ð41Þ

Similarly, the last two members of (40) yield

sin y

sin z
¼ b: ð42Þ

Therefore, (41) and (42) yield the general solution

of the given equation as

f
sin x

sin y
;
sin y

sin z

� �
¼ 0;

where f is an arbitrary function.

EXAMPLE 3.20
Solve

xðy� zÞpþ yðz� xÞq ¼ zðx� yÞ:
Solution. The auxiliary equations for the given
equation are

dx

xy� xz
¼ dy

yz� yx
¼ dz

zx� zy

¼ dxþ dyþ dz

0
: ð43Þ

The last member of (43) yields

dxþ dyþ dz ¼ 0;

which on integration gives

xþ yþ z ¼ a: ð44Þ
Also, using 1

x
; 1

y
; and 1

z
as the multipliers, we get

dx

x
þ dy

y
þ dz

z
¼ 0;

which on integration yields

log xþ log yþ log z ¼ log b
or

xyz¼ b;where b is a constant of integration: ð45Þ

From (44) and (45), the general solution of the
given partial differential equation is

f ðxþ yþ z; xyzÞ ¼ 0;

where f is an arbitrary function.

EXAMPLE 3.21
Solve

1

z
� 1

y

� �
pþ 1

x
� 1

z

� �
q ¼ 1

y
� 1

x
:

Solution. The corresponding auxiliary equations are

dx
1
z
� 1

y

¼ dy
1
x
� 1

z

¼ dz
1
y
� 1

x

: ð46Þ

We note that each member of (46) is equal to

dxþ dyþ dz

0
:

Thus

dxþ dyþ dz ¼ 0;

which on integration gives

xþ yþ z ¼ a: ð47Þ
Further using 1

x
; 1
y
; 1
z
as the multipliers, each member

of (46) is equal to

1
x
dxþ 1

y
dyþ 1

z
dz

0
and so

1

x
dxþ 1

y
dyþ 1

z
dz ¼ 0:

Integrating, we get

log xþ log yþ log z ¼ log b

or

xyz ¼ b;where b is a constant of integration:

ð48Þ
Combining (47) and (48), the general solution of the

equation is

f ðxþ yþ z; xyzÞ ¼ 0;

where f is an arbitrary function.

EXAMPLE 3.22
Solve

p
ffiffiffi
x

p þ q
ffiffiffi
y

p ¼ ffiffi
z

p
:
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Solution. The auxiliary equations are

dxffiffiffi
x

p ¼ dyffiffiffi
y

p ¼ dzffiffi
z

p :

On integration, the first two members of auxiliary

equation give ffiffiffi
x

p � ffiffiffi
y

p ¼ c1:

Similarly, on integration, the last two members giveffiffiffi
y

p � ffiffi
z

p ¼ c2:

Therefore, the required solution is

fð ffiffiffi
x

p � ffiffiffi
y

p
;

ffiffiffi
y

p � ffiffi
z

p Þ ¼ 0;

where f is an arbitrary function.

EXAMPLE 3.23
Solve xp + yq ¼ 3z.

Solution. The auxiliary equations are

dx

x
¼ dy

y
¼ dz

3z

The first two members, on integration, yield

log x ¼ log yþ log c or
x

y
¼ c:

The first and third members on integration yield

log x ¼ 1

3
log zþ log b

or

log x3 ¼ log zþ log b3

or
x3

z
¼ a:

Hence, the required general solution is

f
x

y
;
x3

z

� �
¼ 0;

where f is an arbitrary function.

EXAMPLE 3.24
Solve

ðz� yÞpþ ðx� zÞq ¼ y� x:

Solution. The corresponding auxiliary equations are

dx

z� y
¼ dy

x� z
¼ dz

y� x
¼ dxþ dyþ dz

0
: ð49Þ

The last member of (49) yields

dxþ dyþ dz ¼ 0;

which on integration, gives

xþ yþ z ¼ a: ð50Þ
Further using x, y, z as the multipliers, each fraction

of (49) is equal to

xdxþ ydxþ zdz

0
:

Thus,
xdxþ ydxþ zdz ¼ 0;

which on integration gives

x2 þ b2 þ z2 ¼ b: ð51Þ
From (50) and (51), the general solution of the

given equation is

x2 þ y2 þ z2 ¼ f ðxþ yþ zÞ;
where f is an arbitrary function.

EXAMPLE 3.25
Solve

xðy2 � z2Þpþ yðz2 � x2Þq ¼ zðx2 � y2Þ:
Solution. The corresponding auxiliary equations are

dx

xðy2 � z2Þ ¼
dy

yðz2 � x2Þ ¼
dz

zðx2 � y2Þ
¼ xdxþ ydyþ zdz

0
ð52Þ

The last member of (52) implies

xdxþ ydyþ zdz ¼ 0;

which on integration gives

x2 þ y2 þ z2 ¼ a: ð53Þ
On the other hand, using 1

x
; 1
y
; and 1

z
as the multi-

pliers, each member of (52) is equal to
1
x
dxþ 1

y
dyþ 1

z
dz

0
;

and so

1

x
dxþ 1

y
dyþ 1

z
dz ¼ 0:

Integrating, we have

log xþ log yþ log z ¼ log b

or
xyz ¼ b: ð54Þ

Hence (53) and (54) provide the general solution as

f ðx2 þ y2 þ z2; xyzÞ ¼ 0;

where f is an arbitrary function.
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3.3 NON-LINEAR PARTIAL DIFFERENTIAL
EQUATIONS OF THE FIRST ORDER

A partial differential equation, which involves first

order partial derivatives p and q with degree higher

than one and the products of p and q, is called as a
non-linear partial differential equation of the first

order. A general method for solving non-linear

partial differential equation is due to Charpit and is
known, after his name, as Charpit’s method.

3.4 CHARPIT’S METHOD

Consider the partial differential equation

f ðx; y; z; p; qÞ ¼ 0; ð55Þ
which may be non-linear in p and q. The funda-

mental idea in this method is to find another first

order partial differential equation.

gðx; y; z; p; q; aÞ ¼ 0; ð56Þ
where a is constant, so that
(i) equations (55) and (56) can be solved for p and q

to give

p ¼ pðx; y; z; aÞ and q ¼ qðx; y; z; aÞ
(ii) the equation

dz ¼ pdxþ qdy ð57Þ
is integrable.

The main step is to find the function g. After
this, we can solve it for p and q along with (55).

Substituting the values of p and q in (57) and then

integrating, we get the requried solution. Since this
integral will contain two arbitrary constants a and b,

it will be a complete integral of the partial differ-

ential equation (55). The condition (i) will be
satisfied if

J ¼ @ð f ; gÞ
@ð p; qÞ ¼

@f
@p

@g
@p

@f
@q

@g
@q

�����
����� 6¼ 0 ð58Þ

Assuming that (58) holds, the equation (57) exists

and the condition (ii) will be satisfied if

p
@q

@z

� �
þ q � @p

@z

� �
� @p

@y
� @q

@x

� �
¼ 0

or

p
@q

@z
þ @q

@x
¼ q

@p

@z
þ @p

@y
: ð59Þ

Putting the values of p and q as functions of x, y, and
z in (55) and (56) and differentiating with respect

to x, we get

@f

@x
þ @f

@p

@p

@x
þ @f

@q

@q

@x
¼ 0

and
@g

@x
þ @g

@p

@p

@x
þ @g

@q

@q

@x
¼ 0:

Therefore,

@f

@x

@g

@q
� @f

@q

@g

@p

� �
@q

@x
¼ @f

@x

@g

@p
� @f

@p

@g

@x

or

@q
@x ¼ 1

J
@f
@x

@g
@p � @f

@p
@g
@x

n o
Similarly;

@p
@y ¼ 1

J
� @f

@y
@g
@q þ @f

@q
@g
@y

n o
@p
@z ¼ 1

J
� @f

@z
@g
@q þ @f

@q
@g
@z

n o
@p
@z ¼ 1

J
� @f

@z
@g
@q þ @f

@q
@g
@z

n o

9>>>>>>>>>>=
>>>>>>>>>>;

ð60Þ

Substituting from (60) into the equation (59), we

have

1

J
p

@f

@z

@g

@q
� @f

@p

@g

@z

� �
þ @f

@x

@f

@p
� @f

@p

@g

@x

� �� 	

¼ 1

J
q � @f

@z

@g

@q
þ @f

@q

@g

@z

� �
þ � @f

@y

@g

@q
� @f

@q

@g

@y

� �� 	

or

� @f

@p

� �
@g

@x
þ � @f

@q

� �
@g

@y
þ �p

@f

@p
� q

@f

@q

� �
@g

@z

þ p
@f

@z
þ @f

@x

� �
þ q

@f

@z
þ @f

@y

� �
@f

@q
¼ 0: ð61Þ

The equation (61) is linear in the variables x, y, z,

p, q and has the auxiliary equations

dx

� @f
@p

¼ dy

� @f
@q

¼ dz

�p @f
@p � q @f

@q

¼ dp
@f
@x þ p @f

@z

¼ dq
@f
@y þ q @f

@z

ð62Þ

Any of the solutions of equations (62) satisfies

equation (61). If such a solution involves p or q it
can be taken for (56). Thus, once equation (56) has

been found, the problem reduces to solve (55) and

(56) for p and q and then to integrate the equation
(57).
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EXAMPLE 3.26
Solve by Charpit’s method

pxþ qy ¼ pq:

Solution. We have

f ¼ pxþ qy� pq ¼ 0: ð63Þ
Since

@f

@x
¼ p;

@f

@y
¼ q;

@f

@p
¼ x� q;

@f

@q
¼ y� p;

the Charpit’s auxiliary equations are

dx

� @f
@p

¼ dy

� @f
@q

¼ dp
@f
@x

¼ dq
@f
@y

or

dx

q� x
¼ dy

p� y
¼ dp

p
¼ dq

q
:

Taking the last pair, we have

dp

p
¼ dq

q
:

Integrating this equation, we get

log p ¼ log qþ log a

or
p

q
¼ a: ð64Þ

Substituting p ¼ aq is (63), we get

aqxþ qy� aq2 ¼ 0

or
axþ y� aq ¼ 0

or

q ¼ axþ y

a
:

Therefore,
p ¼ axþ y:

Now
dz ¼ pdxþ qdy

¼ ðaxþ yÞdxþ axþ y

a
dy

or

adz ¼ aðaxþ yÞdxþ ðaxþ yÞdy
¼ ðaxþ yÞðadxþ dyÞ:

Integrating, we get

az ¼ ðaxþ yÞ2
2

þ c;

which is the required solution of the equation.

EXAMPLE 3.27
Solve by Charpit’s method

z2 ¼ pqxy:

Solution. We have

z2 � pqxy ¼ 0: ð65Þ
Therefore,

@f

@x
¼ �pqy;

@f

@y
¼ �pqx;

@f

@z
¼ 2z;

@f

@p
¼ �qxy;

@f

@q
¼ �pxy

and, thus, the Charpit’s auxiliary equations are

dx

qxy
¼ dy

pxy
¼ dz

pqxyþ pqxy
¼ dp

�pqyþ 2zp

¼ dq

�pqxþ 2zq

or

dx

qxy
¼ dy

pxy
¼ dz

2pqxy
¼ dp

pð2z� qyÞ
¼ dq

qð2z� pxÞ : ð66Þ

From (66), we get
dp
p
� dq

q

px� qy
¼

dy
y
� dx

x

px� qy

and so
dp

p
þ dx

x
¼ dy

y
þ dq

q
:

On Integrating we get

log pþ log x ¼ log yþ log qþ log a2

or

px ¼ a2qy: ð67Þ
Substituting this value of px in (65), we get

z2 ¼ a2q2y2 or q ¼ z

ay

and then (67) implies p ¼ az
x
. Therefore, dz ¼ p dx +

q dy becomes

dz ¼ az

x
dxþ z

ay
dy

or

dz

z
¼ a

dx

x
þ 1

a

dy

y
:
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On integrating we get

log z ¼ a log xþ 1

a
log yþ log b

¼ log xa þ log y1=a þ log b ¼ log bxay1=a:

or

z ¼ bxay1=a:

EXAMPLE 3.28
Solve by Charpit’s method

ð p2 þ q2Þy ¼ qz:

Solution. The given equation is

f � ð p2 þ q2Þy� qz ¼ 0:

We have

@f

@x
¼ 0;

@f

@y
¼ p2 þ q2;

@f

@z
¼ �q;

@f

@p
¼ 2py;

@f

@q
¼ 2qy� z:

Therefore, Charpit’s auxiliary equations are

dx

�2py
¼ dy

z� 2qy
¼ dz

�qz
¼ dp

�pq
¼ dq

p2
:

From last two members, we have

p2dp ¼ �pq dq

or
pdp ¼ �qdq

and so integration implies

p2 þ q2 ¼ a2: ð68Þ
Substituting this value of p2 + q2 in the given

equation, we have

a2y ¼ qz

and so

q ¼ a2y

z
;

which with the help of (68) implies

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � q2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a4y2

z2

r
¼ a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2y2

p
:

Therefore,

dz ¼ pdxþ qdy

¼ a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2y2

p
dxþ a2y

z
dy:

or

zdz ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2y2

p
dxþ a2y dy

or
zdz� a2ydyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2y2
p ¼ a dx

or
1
2
dðz2 � a2y2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2y2

p ¼ a dx:

Integrating, we getffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2y2

p
¼ axþ b

or
z2 ¼ ðaxþ bÞ2 þ a2y2:

EXAMPLE 3.29
Solve by Charpit’s method

ð p2 þ q2Þx ¼ pz

Solution. The given equation is

f � ð p2 þ q2Þx� pz ¼ 0:

We have

@f

@x
¼ p2 þ q2;

@f

@y
¼ 0;

@f

@z
¼ �p;

@f

@p
¼ 2px� z;

@f

@q
¼ 2qx:

Therefore, Charpit’s auxiliary equations are

dx

z� 2px
¼ dy

�2qx
¼ dz

pðz� 2pxÞ � 2q2x

¼ dp

p2 þ q2 � p2
¼ dq

�pq

or

dx

z� 2px
¼ dy

�2qx
¼ dz

�pz
¼ dp

q2
¼ d2

�pq
:

The last two members give

�pq dp ¼ q2dq

or

�pdp ¼ qdq;

which on integration gives

p2 þ q2 ¼ a2: ð69Þ
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Substituting this in the given equation, we get

a2x ¼ pz or p ¼ a2x

z
:

Subsituting this value of p in (69), we have

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � p2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a4x2

z2

r
¼ a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2x2:

p

Therefore,

dz ¼ pdxþ qdy ¼ a2x

z
dxþ a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2x2

p
dy

or

zdz ¼ a2xdxþ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2x2

p
dy

or
z dz� a2x dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2x2
p ¼ ady

or
1
2
dðz2 � a2x2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2x2

p ¼ ady:

On integrating, we getffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2x2

p
¼ ayþ b

or

z2 ¼ a2x2 þ ðayþ bÞ2:

EXAMPLE 3.30
Solve by Charpit’s method

p ¼ ðzþ qyÞ2:
Solution. Given

f � p � ðzþ qyÞ2 ¼ 0
or

p� z2 � q2y2 � 2yzq ¼ 0:

Thus

@f

@x
¼ 0;

@f

@y
¼ �2q2y� 2zq;

@f

@z
¼ �2z� 2yq

@f

@p
¼ 1;

@f

@q
¼ �2qy2 � 2yz:

Therefore, Charpit’s auxiliary equations are

dx

�1
¼ dy

2yðzþ qyÞ ¼
dz

�pþ 2qyðzþ qyÞ
¼ dp

�2pðzþ qyÞ ¼
dq

�4qðzþ qyÞ :

From second and fifth members, we get

dy

y
¼ dq

�2q
and so q ¼ a

y2
:

Putting this value of q in the given equation, we get

p ¼ zþ a

y

� �2

:

Then dz ¼ pdx + qdy becomes

dz ¼ zþ a

y

� �2

dxþ a

y2
dy

or

dx ¼
d zþ 1

y

� �

zþ a
y

� �2 :

Hence,

x þ 1

zþ a
y

¼ b

or

xþ y

aþ yz
¼ b;

is the required solution.

EXAMPLE 3.31
Solve by Charpit’s method z ¼ p2x + q2y.

Solution. The given equation is

f � z� p2x� q2y ¼ 0:
Thus

@f

@x
¼ �p2;

@f

@y
¼ �q2;

@f

@z
¼ 1

@f

@p
¼ �2px;

@f

@q
¼ �2qy:

Therefore, Charpit’s auxiliary equations are

dx

2px
¼ dy

2qy
¼ dz

2p2xþ 2q2y
¼ dp

�p2 þ p
¼ dq

�q2 þ q

or
dx

2px
¼ dy

2qy
¼ dz

2ðp2xþ q2yÞ ¼
dp

pð1� pÞ
¼ dq

qð1� qÞ :

It follows that

p2dxþ 2pxdp

p2x
¼ q2 dyþ 2qy dq

q2y
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or
dx

x
þ 2dp

p
¼ dy

y
þ 2dq

q
;

which yields

log xþ 2 log p ¼ log yþ 2 log qþ log a

or

xp2 ¼ aq2y; where a is constant: ð70Þ
Putting the value of xp2 in the given equation, we

get

z ¼ aq2yþ q2y ¼ q2ð yþ ayÞ
or

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

z

yþ ay

r

and then (70) yields p ¼ ffiffiffiffiffiffiffiffi
az

xþax

p
. Then dz ¼ p dx + q

dy becomes

dz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
az

xþ ax

r
dxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
z

yþ ay

r
dy

or ffiffiffiffiffiffiffiffiffiffiffi
1þ a

z

r
dz ¼

ffiffiffi
a

x

r
dx þ

ffiffiffiffiffiffiffiffiffiffiffi
1

y
dy :

s

On integrating, we getffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ aÞ z

p
¼ ffiffiffiffiffi

ax
p þ ffiffiffi

y
p þ b :

EXAMPLE 3.32
Solve by Charpit’s method

qþ xp ¼ p2:

Solution. We are given that

f � q þ xp � p2 ¼ 0:

Thus,

@f

@x
¼ p;

@f

@y
¼ 0;

@f

@z
¼ 0;

@f

@p
¼ x� 2p;

@f

@q
¼ 1:

Therefore, Charpit’s auxiliary equations are

dx

�xþ 2p
¼ dy

�1

¼ dz

2p2 � px� q
¼ dp

p
¼ dq

0
: ð71Þ

From second and fourth members of (71), we have

� dy

1
¼ dp

p
;

which yields

�y ¼ log pþ log c ¼ log pc

and so p ¼ae–y. Putting this value of p in the given

equation, we get q¼ a2 e–2y – axe–y. Then dz¼ p dx
+ q dy becomes

dz ¼ ae�y dxþ ða2e�2y � axe�yÞ dy:
On integrating, we get

z ¼ axe�y þ a2e�2y

�2
� axe�y

�1
þ b

¼ 2axe�y � a2

2
e�2y þ b:

EXAMPLE 3.33
Using Charpit’s method, find the complete integral

of the equation xp + 3yq ¼ 2(z – x2 q2).

Solution. We have

f � xpþ 3yq� 2zþ 2x2q2 ¼ 0:

Therefore

@f

@x
¼ pþ 4xq2;

@f

@y
¼ 3q;

@f

@z
¼ �2;

@f

@p
¼ x;

@f

@q
¼ 3yþ 4x2q:

Thus, the Charpit’s auxiliary equations are

dx

�x
¼ dy

�3y� 4x2q
¼ dz

�px� qð3yþ 4x2qÞ
¼ dp

pþ 4xq2 � 2p
¼ dq

3q� 2q

or

dx

�x
¼ dy

�3y� 4x2q
¼ dz

�px� qð3yþ 4x2qÞ
¼ dp

4xq2 � q
¼ dq

q
:

Thus
dq

q
¼ dx

�x
;

which yields qx¼ a (constant). Putting this value of

q in the given equation, we have

p ¼ 2ðz� x2q2Þ
x

� 3yq

x
¼ 2ðz� a2Þ

x
� 3ya

x2
:
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Therefore, dz ¼ p dx + q dy gives

dz ¼ 2ðz� a2Þ
x

� 3ya

x2

� 	
dxþ a

x
dy

or

x2dz ¼ ½2xðz� a2Þ � 3ya�dxþ ax dy

¼ 2xðz� a2Þdy� 3ya dxþ ax dy

or

x2dz� 2xðz� a2Þdx ¼ �3ya dxþ ax dy

or

x4d
z� a2

x2

� �
� 3ya dxþ ax dy

or

d
z� a2

x2

� �
� 3ay

x4
dxþ a

x3
dy ¼ d

ay

x3

� �
:

On integrating, we have the required solution as

z� a2

x2
¼ ay

x3
þ b

or

z ¼ a aþ y

x

� �
þ bx2;

where a and b are arbitrary constants.

EXAMPLE 3.34
Solve by Charpit’s method pxy + pq + qy ¼ yz.

Solution. The given equation is

f � pxyþ pqþ qy� yz ¼ 0:

Then

@f

@x
¼ py;

@f

@y
¼ pxþ q� z;

@f

@z
¼ �y

@f

@p
¼ xyþ q;

@f

@q
¼ pþ y:

Therefore, Charpit’s auxiliary equations are

dx

�xy� q
¼ dy

�y� p
¼ dz

pððxyþ qÞ � ðpþ yÞq
¼ dp

py� py
¼ dq

ðpxþ q� zÞ � yq

From the fourth member of the auxiliary equations,
we have

dp ¼ 0 or p ¼ a ðconstantÞ:
Putting this value in the given equation, we have

axyþ aqþ qy ¼ yz;

or
qðaþ yÞ ¼ yz� axy

or

q ¼ yz� axy

aþ y
:

Then dz ¼ p dx + q dy becomes

dz ¼ adxþ yz� axy

aþ y
dy ¼ adxþ yðz� axÞ

aþ y
dy

or

dz� adx ¼ yðz� axÞ
aþ y

dy

or
dz� adx

z� ax
¼ y

aþ y
dy ¼ y� aþ a

aþ y
dy

¼ dy� a

aþ y
dy:

On integrating, we get

logðz� axÞ ¼ y� a logðaþ yÞ þ b:

3.5 SOME STANDARD FORMS OF NON-LINEAR
EQUATIONS

We have observed that the general method of find-

ing solution is usually much longer. However, there
are a few standard forms of the partial differential

equation f(x, y, z, p, q) ¼ 0 which can be solved

by very short methods. We discuss these standard
forms one-by-one.

(A) Equations of the Form f (p, q) ¼ 0
Equation of this standard form involves only p and q

and not x, y, and z explicitly. The Charpit’s aux-

iliary equations for such equations are

dp

0
¼ dq

0
:

Therefore, dp ¼ 0 and so p ¼ a (constant). Putting
this value of p in f(p, q)¼ 0 yields f(a, q)¼ 0, which

gives q¼ b. Now f(p, q)¼ 0 implies f(a, b)¼ 0 and

so b ¼ �(a). Thus, dz ¼ p dx + q dy reduces to

dz ¼ adxþ �ðaÞdy:
Integrating, we get

z ¼ axþ �ðaÞy ¼ c;

where a, b, and c are constants and a and b are
connected by the relation f (a, b) ¼ 0.
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EXAMPLE 3.35
Solve

(i) p2 + q2 ¼ 1

(ii) p + q ¼ pq.

Solution. (i) The equation is of the form f(p, q) ¼ 0.

Therefore, its solution is

z ¼ axþ byþ c;

where a2 + b2¼ 1. Thus b2¼ 1 – a2 or b¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
.

Hence the solution is

z ¼ axþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
yþ c:

(ii) The given equation is of the form f (p, q) ¼ 0
and so its solution is z ¼ ax + by + c, where a+b ¼
ab, that is, b(a�1) ¼ a or b ¼ a

a�1
.

Thus

z ¼ axþ a

a� 1
yþ c:

EXAMPLE 3.36
Solve (x + y) (p + q)2 + (x – y) (p – q)2 ¼ 1.

Solution. First we reduce the given equation to a
standard form f (p, q) ¼ 0. Put

xþ y ¼ U2; ðx� yÞ ¼ V2: ð72Þ
Then

p ¼ @z

@x
¼ @z

@U

@U

@x
þ @z

@V
:
@V

@x

¼ @z

@U

1

2U

� �
þ @z

@V

1

2V

� �
;

q ¼ @z

@y
¼ @z

@U
:
@U

@y
þ @z

@V
:
@V

@y

¼ @z

@U

1

2U

� �
þ @z

@V
� 1

2V

� �
:

Therefore,

pþ q ¼ 1
U

@z
@U ;

p� q ¼ 1
V

@z
@V



ð73Þ

Putting the values of x + y, x – y, p + q and p – q
from (72) and (73) in the given equation, we get

@z

@U

� �2

þ @z

@V

� �2

¼ 1:

Therefore, we get equation of the form f (p, q) ¼ 0.
Hence the solution is

z ¼ aUþ bVþ c;

where a2 + b2 ¼ 1. Thus b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
. Hence the

solution is

z ¼ aUþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
Vþ c

¼ a
ffiffiffiffiffiffiffiffiffiffiffi
xþ y

p þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p ffiffiffiffiffiffiffiffiffiffiffi
x� y

p þ c:

EXAMPLE 3.37
Solve x2 p2 + y2 q2 ¼ z2.

Solution. The given equation can be written as

px

z

� �2
þ qy

z

� �2
¼ 1:

We convert it to the form f (p, q) ¼ 0. To do so, put

dx

x
¼ dX ;

dy

y
¼ dY ;

dz

z
¼ dZ;

that is,

X ¼ log x; Y ¼ log y; and Z ¼ log z:

Then

@Z

@X
¼ @Z

@z
:
@z

@x
:
@x

@X
¼ 1

z
:
x

1
:
@z

@x
¼ x

z

@z

@x
¼ px

z
;

@Z

@Y
¼ @Z

@z
:
@z

@y
:
@y

@Y
¼ 1

z
:
y

1
:
@z

@y
¼ y

z

@z

@y
¼ qy

z
:

Hence the given equation reduces to

@Z

@X

� �2

þ @Z

@Y

� �2

¼ 1:

Therefore, its solution is

Z ¼ aX þ bY þ c;

where a2 + b2 ¼ 1 or b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
. Thus

Z ¼ aX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
Yþ c:

Returning back to x, y, z, we get

log z ¼ a log xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
log yþ c:

EXAMPLE 3.38
Solve (x – y) (px – qy) ¼ (p – q)2.

Solution. We convert first the given equation to the

form f (p, q) ¼ 0. To this end, let us put

xþ y ¼ U; xy ¼ V:
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Then

p ¼ @z

@x
¼ @z

@U

@U

@x
þ @z

@V

@V

@x
¼ @z

@U
þ y

@z

@V

and

q ¼ @z

@y
¼ @z

@U
:
@U

@y
þ @z

@V
:
@V

@y
¼ @z

@U
þ x

@z

@V
:

Then

px� qy ¼ x
@z

@U
þ xy

@z

@V

� 	
� y

@z

@U
þ xy

@z

@V

� 	

¼ ðx� yÞ @z

@U

and
p� q ¼ ðy� xÞ @z

@V

or

ðp� qÞ2 ¼ ðx� yÞ2 @z

@V

� �2

:

Thus the given equation reduces to

@z

@U
¼ @z

@V

� �2

:

Hence the solution is

z ¼ aUþ bVþ c; where a ¼ b2

¼ aUþ ffiffiffi
a

p
Vþ c

¼ aðxþ yÞ þ ffiffiffi
a

p
xyþ c:

(B) Equation of the form f (z, p, q) ¼ 0
These types of equations do not contain x and y. In

this case, the Charpit’s auxiliary equations are

dx

fp
¼ dy

fq
¼ dx

pfp þ qfq
¼ dp

�ð fx þ pfzÞ ¼
dq

�ð fy þ qfzÞ :

Since fx ¼ fy ¼ 0, we have

dp

p
¼ dq

q
;

and so p ¼ aq (or q ¼ ap). Putting this value in the
given equation, we find p and q. Putting these

values of p and q in dz¼ p dx + q dy and integrating,

the required solution is obtained.

EXAMPLE 3.39
Solve p (1 + q) ¼ qz.

Solution. The given equation is of the form f(z, p, q)
¼ 0. Therefore, Charpit’s auxiliary equations give

p¼ aq. Putting this value of p in the given equation,
we get

aqð1þ qÞ ¼ qzor að1þ qÞ ¼ z

and so q ¼ z�a
a
. Hence p ¼ z – a. Therefore, dz ¼ p

dx + q dy becomes

dz ¼ ðz� aÞdxþ z� a

a

� �
dy

or

adz ¼ aðz� aÞdxþ ðz� aÞdy
or

a dz

z� a
¼ adxþ dy:

On integrating, we get

a logðz� aÞ ¼ axþ yþ log b

or

log ðz� aÞa ¼ b eaxþy:

EXAMPLE 3.40
Solve z ¼ p2 + q2.

Solution. The equation is of the form f (z, p, q) ¼ 0.

So taking p ¼ aq, we have z¼ a2 q2 + q2 ¼ q2 (a2 +
1) and so q ¼ ffiffiffiffiffiffiffiffi

z
a2þ1

p
. Then p ¼ a

ffiffi
z

pffiffiffiffiffiffiffiffi
a2þ1

p . Therefore,

dz ¼ pdxþ qdy ¼ a
ffiffi
z

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1

p dxþ
ffiffi
z

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1

p dy

or ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1

p dzffiffi
z

p ¼ adxþ dy

or

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1

p ffiffi
z

p ¼ axþ yþ b

or

4ða2 þ 1Þz ¼ ðaxþ yþ bÞ2:

EXAMPLE 3.41
Solve the equation q2 ¼ z2 p2(1 – p2).

Solution. The given equation is of the type
f (z, p, q) ¼ 0. So, by Charpit’s auxiliary equations,

we have q ¼ ap. Putting this value in the given

equation, we have

a2p2 ¼ z2p2ð1� p2Þ
or

p2 ¼ z2 � a2

z2
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or

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

z

and so q ¼ a
ffiffiffiffiffiffiffiffiffi
z2�a2

p
z

. Thus

dz ¼ pdxþ qdy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

z
dxþ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

z
dy

or
z dzffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p ¼ dxþ ady

or

dð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
Þ ¼ dxþ ady:

On integrating, we getffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
¼ xþ ayþ c or

z2 � a2 ¼ ðxþ ayþ bÞ2:

EXAMPLE 3.42
Solve z2(p2 + q2 + 1) ¼ a2.

Solution. The given equation is of the form

f(z, p, q) ¼ 0. So, Charpit’s auxiliary equations

yield q ¼ ap. Substituting this value in the given
equation, we have

z2ð p2 þ a2p2 þ 1Þ ¼ a2

or

p2ð1þ a2Þ ¼ a2

z2
� 1 ¼ a2 � z2

z2

or

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

z2ð1þ a2Þ

s
¼ 1

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

1þ a2

r

and so q ¼ a
z

ffiffiffiffiffiffiffiffiffi
a2�z2

1þa2

q
. Thus

dz ¼ pdxþ qdy ¼ 1

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

1þ a2

r
dxþ a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

1þ a2

r
dy

or
z dzffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p dxþ affiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p dy

or

�dð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

p
Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p dxþ affiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p dy:

On integrating, we get

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

p
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p xþ affiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p yþ b

or

ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � z2

p
Þ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
Þ ¼ xþ ayþ c

or

ða2 � z2Þð1þ a2Þ ¼ ðxþ ayþ cÞ2:

EXAMPLE 3.43
Solve z2(p2 + q2 + 1) ¼ 0.

Solution. The given equation is of the type

f(z, p, q)¼ 0 and so q¼ ap. Thus the given equation

implies

z2ð p2 þ a2p2 þ 1Þ ¼ 1

or

p2ð1þ a2Þ ¼ 1

z2
� 1 ¼ 1� z2

z2

or

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� z2Þp

z
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p :

Then q¼ a
z

ffiffiffiffiffiffiffiffi
1�z2

1þa2

q
. Therefore, dz ¼ pdx + q dy

becomes

dz ¼ 1

z

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

1þ a2

r
dxþ a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

1þ a2

r
dy

or ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p z dzffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

p ¼ dxþ ady

orffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
d
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

p
¼ dxþ ady:

On integrating, we getffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

p
Þ ¼ xþ ayþ b

or
ð1þ a2Þð1� z2Þ ¼ ðxþ ayþ bÞ2:

EXAMPLE 3.44
Solve zpq ¼ p + q.

Solution. The given equation is of the type
f (z, p, q) ¼ 0. So q ¼ ap and putting this value of q
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in the given equation, we get

zap2 ¼ apþ p

and so p ¼ aþ1
az
. Then q ¼ aþ1

z
. Hence

dz ¼ aþ 1

az
dxþ aþ 1

z
dy

or

zdz ¼ aþ 1

a
dxþ ðaþ 1Þ dy:

On integrating, we get

z2

2
¼ aþ 1

a
xþ ðaþ 1Þyþ c or

z2 ¼ 2

a
ðaþ 1Þxþ 2ðaþ 1Þyþ b:

EXAMPLE 3.45
Solve z2 (p2 x2 + q2) ¼ 1.

Solution. We reduce the given equation to the form

f(z, p, q) ¼ 0 by putting

dx

x
¼ dX;

so that X ¼ log x. Then

@z

@x
¼ @z

@X
� @X
@x

¼ @z

@X
� 1
x
;

which yields

px ¼ @z

@X
:

Therefore, the given equation becomes

z2
@z

@X

� �2

þq2

" #
¼ 1; ð74Þ

which is of the form f (z, P, q) ¼ 0, where P ¼ @z
@X .

Therefore, we have q ¼ aP. Putting in (74), we get

z2½P2 þ a2P2� ¼ 1

or

P2ð1þ a2Þ ¼ 1

z2

or

P ¼ 1

z
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p :

Then q ¼ a
z
ffiffiffiffiffiffiffiffi
1þa2

p and so the equation dz ¼ P dX + q

dy becomes

dz ¼ 1

z
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p dX þ a

z
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p dy

or

z ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
Þdz ¼ dXþ a dy:

Integrating, we get the required solution asffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p z2

2
¼ Xþ ayþ b

or ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

p
z2 ¼ 2Xþ 2ayþ 2b

¼ 2ðlog xþ abÞ þ c:

(C) Separable Equations
The equations of the form f (x, p)¼ g(y, q), in which
z is absent and the terms containing x and p can be

separated from those containing y and q. The

Charpit’s auxiliary equations in this case becomes

dx

fp
¼ dy

�gq
¼ dz

pfp � qfq
¼ dp

�fx
¼ dq

gy
:

Therefore,
fx dxþ fp dp ¼ 0;

which implies that f is constant, that is, f (x, p) ¼ a.
Therefore, g(y, q) ¼ a. Hence solving for p, we get

p¼�(x) and solving for q, we have q ¼ ł(y).
Therefore, dz ¼ p dx + q dy gives

dz ¼ �ðxÞdxþ łð yÞdy
and so

z ¼
Z

�ðxÞ dxþ
Z

łðyÞ dyþ c:

EXAMPLE 3.46
Solve p2 – q2 ¼ x – y.

Solution. The given equation can be separated as

p2 – x¼ q2 – y and, therefore, by Charpit’s auxiliary

equations,

p2 � x ¼ a ¼ q2 � y:

Thus

p ¼ ffiffiffiffiffiffiffiffiffiffiffi
aþ x

p
and q ¼ ffiffiffiffiffiffiffiffiffiffiffi

aþ y
p

:

Thus dz ¼ p dx + q dy reduces to

dz ¼ ffiffiffiffiffiffiffiffiffiffiffi
aþ x

p
dxþ ffiffiffiffiffiffiffiffiffiffiffi

aþ y
p

dy

On integrating, we get the solution as

z ¼ 2

3
ðaþ xÞ3=2 þ 2

3
ðaþ yÞ3=2 þ b:

EXAMPLE 3.47
Solve z(p2 – q2) ¼ x – y.
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Solution. The given equation can be written as

ð ffiffi
z

p
pÞ2 � ð ffiffi

z
p

qÞ2 ¼ x� y:

Substitute

ffiffi
z

p
dz ¼ dZ; so that Z ¼ 2

3
z3=2:

Then
@Z

@x
¼ @Z

@z
� @z
@x

¼ ffiffi
z

p @z

@x
¼ ffiffi

z
p

p;

@Z

@y
¼ @Z

@z
:
@z

@y
¼ ffiffi

z
p @z

@y
¼ ffiffi

z
p

q:

Therefore, the given equation transforms to

@Z

@x

� �2

� @Z

@y

� �2

¼ x� y

or

P2 �Q2 ¼ x� y;

where P ¼ @Z
@x, Q ¼ @Z

@y. Thus

P2 � x ¼ Q2 � y ¼ a;

which yields

P ¼ ffiffiffiffiffiffiffiffiffiffiffi
aþ x

p
; Q ¼ ffiffiffiffiffiffiffiffiffiffiffi

aþ y
p

:

Thus dz ¼ p dx + q dy transforms to

dZ ¼ P dxþQ dy ¼ ffiffiffiffiffiffiffiffiffiffiffi
aþ x

p
dxþ ffiffiffiffiffiffiffiffiffiffiffi

aþ y
p

dy:

On integrating, we get

Z ¼ 2

3
ðaþ xÞ3=2 þ 2

3
ðaþ yÞ3=2 þ c

or

2

3
z3=2 ¼ 2

3
ðaþ xÞ3=2 þ 2

3
ðaþ yÞ3=2 þ c

or

z3=2 ¼ ðaþ xÞ3=2 þ ðaþ yÞ3=2 þ b:

EXAMPLE 3.48
Solve p2 + q2 ¼ x + y.

Solution. The given equation is separable and we

have

p2 � x ¼ y� q2 ¼ a:

Thus

p ¼ ffiffiffiffiffiffiffiffiffiffiffi
aþ x

p
and then q ¼ ffiffiffiffiffiffiffiffiffiffiffi

y� a
p

:

Therefore, dz ¼ p dx + q dy takes the form

dz ¼ ffiffiffiffiffiffiffiffiffiffiffi
aþ x

p
dxþ ffiffiffiffiffiffiffiffiffiffiffi

y� a
p

dy:

Integrating, we get the required solution as

z ¼ 2

3
ðaþ xÞ3=2 þ 2

3
ð y� aÞ3=2 þ b:

EXAMPLE 3.49
Solve p + q ¼ sin x + sin y.

Solution. The given equation is separable, that is, of

the form f (x, p) ¼ g(y, q). Thus

p� sin x ¼ sin y� q ¼ a

and so

p ¼ aþ sin x;

q ¼ sin y� a:

Thus, dz ¼ pdx + q dy takes the form

dz ¼ ðaþ sin xÞdxþ ðsin y� aÞdy:
On integrating, we get

z ¼ ax� cos x� cos y� ayþ b

¼ aðx� yÞ � ðcos xþ cos yÞ þ b:

EXAMPLE 3.50
Solve z2 (p2 + q2) ¼ x2 + y2.

Solution. The given equation can be written as

ðzpÞ2 þ ðzqÞ2 ¼ x2 þ y2:

Put Z ¼ 1
2
z2. Then

@Z

@x
¼ @Z

@z
� @z
@x

¼ z
@z

@x
¼ zp;

@Z

@y
¼ @Z

@z
� @z
@y

¼ z
@z

@y
¼ zq:

Hence the given equation becomes

@Z

@x

� �2

þ @Z

@y

� �2

¼ x2 þ y2

or
P2 þQ2 ¼ x2 þ y2;

where P ¼ @Z
@x and Q ¼ @Z

@y. This equation is of the

form f (x, P) ¼ g(y, Q). Therefore,

P2 � x2 ¼ y2 �Q2 ¼ a;

which yields

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ x2

p
; Q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � a

p
:

Thus the equation d Z ¼ P dx + Q dy becomes

d Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ x2

p
dxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � a

p
dy:
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On integrating, we get

Z ¼ 1

2
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a

p
þ a

2
logðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a

p
Þ

þ 1

2
y
ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � a

p
� a

2
logðyþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � a

p
Þ þ b

or

z2 ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffi
x2þ a

p
þ a logðxþ

ffiffiffiffiffiffiffiffiffiffiffiffi
x2þ a

p
Þ

þ y
ffiffiffiffiffiffiffiffiffiffiffiffi
y2� a

p
� a logðyþ

ffiffiffiffiffiffiffiffiffiffiffiffi
y2þ a

p
Þþ 2b

¼ x
ffiffiffiffiffiffiffiffiffiffiffiffi
x2þ a

p
þ y

ffiffiffiffiffiffiffiffiffiffiffiffi
y2� a

p
þ a log

xþ ffiffiffiffiffiffiffiffiffiffiffiffi
x2þ a

p

yþ
ffiffiffiffiffiffiffiffiffiffiffiffi
y2� a

p þ 2b:

(D) Clairut’s Equation
Any first order partial differential equation of the
form

z ¼ pxþ qyþ f ðp; qÞ
is called a Clairut’s equation.

For such equations, the Charpit’s auxiliary
equations are

dx

pþ fp
¼ dy

yþ fq
¼ dz

pxþ qyþ pfp þ qfq
¼ dp

0
¼ dq

0
:

The last two members yield

p ¼ a and q ¼ b:

Therefore dz ¼ pdx + qdy implies

dz ¼ a dxþ b dy;
which on integration gives the required solution as

z ¼ axþ byþ c; where c ¼ f ða; bÞ:
EXAMPLE 3.51
Solve (pq – p – q) (z – px – qy) ¼ pq.

Solution. The given equation can be written as

pqz� p2xq� pq2y� pzþ p2xþ pqy� qz

þ pqxþ q2y ¼ pq

zðpq� p� qÞ ¼ �pxðpþ q� pqÞ
� qyðpþ q� pqÞ þ pq

or

z ¼ pxþ qyþ pq

pq� p� q
;

which is Clairut’s equation. Therefore, replacing p

by a and q by b, we get the required solution as

z ¼ axþ byþ ab

ab� a� b
:

EXAMPLE 3.52
Solve pqz ¼ p2(xq + p2) + q2(yp + q2).

Solution. Dividing throughout by pq, we get

z ¼ p

q
ðxqþ p2Þ þ q

p
ðypþ q2Þ

¼ pxþ qyþ p3

q
þ q3

p
:

Thus, the given equation is Clairut’s equation. So,

replacing p by a and q by b, we get the solution

z ¼ axþ byþ a3

b
þ b3

a
or

z ¼ axþ byþ a4 þ b4

ab
:

EXAMPLE 3.53
Solve z ¼ px + qy +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p
.

Solution. It is a Clairut’s equation and, therefore,

replacing p by a and q by b, we get the solution

z ¼ axþ byþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2 þ b2

p
:

EXAMPLE 3.54
Solve 4xyz ¼ pq + 2px2y + 2qxy2.

Solution. Dividing throughout by xy, we get

4z ¼ 2pxþ 2qyþ pq

xy
:

Putting x2 ¼ X and y2 ¼ Y, we get

p ¼ @z

@x
¼ @z

@X
� @X
@x

¼ 2x
@z

@X

q ¼ @z

@y
¼ @z

@Y
� @Y
@y

¼ 2y
@z

@Y
:

Therefore, the equation transforms to

4z ¼ 4x2
@z

@Y
þ 4y2

@z

@Y
þ 4

@z

@X
� @z
@Y

or
z ¼ XPþ YQþ PQ;

where

P ¼ @z

@X
; Q ¼ @z

@Y
:

This equation is Clairut’s equation and so the
solution is

z ¼ aX þ bY þ ab ¼ ax2 þ by2 þ ab:
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EXAMPLE 3.55
Solve pq (px + qy – z)3 ¼ 1.

Solution. The given equation is

pqðpxþ qy� zÞ3 ¼ 1:

Therefore,

ðpxþ qy� zÞ3 ¼ 1

pq

or

pxþ qy� z ¼ 1

ðpqÞ1=3
or

z ¼ pxþ qy� 1

ðpqÞ1=3
;

which is Clairut’s equation. Hence its solution is

z ¼ axþ by� 1

ðabÞ1=3
;

EXAMPLE 3.56
Solve (px + qy – z)2 ¼ 1 + p2 + q2.

Solution. We have

ðpxþ qy� zÞ2 ¼ 1þ p2 þ q2:

Therefore

pxþ qy� z ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p
:

or

z ¼ pxþ qy�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p
;

which is Clariut’s equations. Hence its solution is

z ¼ axþ by�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2 þ b2

p
:

3.6 LINEAR PARTIAL DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS

A linear partial differential equation of order n is an
equation of the form

a0
@nz

@xn
þa1

@nz

@xn�1@y
þa2

@nz

@xn�2@y2
þ :::þan

@nz

@yn

� �

þ b0
@n�1z

@xn�1
þb1

@n�1z

@xn�2@y
þ :::þbn�1

@n�1z

@yn�1

� �

þ :::þ m0
@z

@x
þm1

@z

@y

� �
þnz¼ f ðxyÞ; ð75Þ

where the coefficients a0; a1; :::; b0; b1; :::; m0;
m1; :::; are constants or functions of x and y. In case

these coefficients are all constants, then such a

partial differential equation is called a linear partial
differential equation with constant coefficients. On

the other hand, if these coefficients are function of x

or y or both, then the above equation turned out to
be linear partial differential equation with variable

coefficients. In case, the orders of all partial deri-

vatives involved in (75) are same, then it is called a
homogeneous linear partial differential equation.

Similarly, if the orders of the partial derivatives are

distinct, then (75) is called non-homogeneous lin-
ear partial differential equation. For Example

(i) the equations

2
@2z

@x2
þ 7

@2z

@x@y
þ 5

@2x

@y2
¼ sin x

and

@3z

@x3
� 3

@3z

@x2@y
þ 4

@3z

@y3
¼ e xþ2y

are homogeneous linear partial differential
equations with constant coefficients, whereas the

equations

@z

@x
� @2z

@y2
¼ ex

and

@2z

@x2
þ 2

@2z

@x@y
þ @2z

@y2
þ 4

@z

@y
þ 3

@z

@y
þ z

¼ sinðxþ yÞ

are non-homogeneous linear partial differential

equations with constant coefficients.

Similarly, the equation

x2
@2z

@x2
þ y

@2z

@x@y
þ x

@2z

@y2
þ x ¼ e x

is linear partial differential equation with variable
coefficients.
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(A) Homogeneous Linear Partial Differential
Equations with Constant Coefficients

Consider the homogeneous linear partial differen-

tial equation

a0
@nz

@xn
þ a1

@nz

@xn�1@y
þ a2

@nz

@xn�2@y2
þ :::þ an

@nz

@yn

¼ f ðx; yÞ

with constant coefficients a0; a1; :::; an. Let

(i) D stands for @
@x

(ii) D0 stands for @
@y

(iii) DD0 stands for @2

@x@y

(iv) D2 stands for @2

@x2

(v) D02 stands for @2

@y2

and so on. Then the above equation transforms to

ða0Dn þ a1D
n�1D0 þ :::þ anD

0nÞz ¼ f ðx; yÞ:

or

�ðD;D0Þz ¼ f ðx; yÞ: ð76Þ

As, in the case of ordinary linear differential equa-

tion with constant coefficients, the complete solu-
tion of (76) consists of two parts:

(a) Complementary function (C.F), which is the

solution of �ðD;D0Þz ¼ 0 and shall have n
arbitrary functions for partial differential

equation of order n.

(b) Particular integral (P.I), which is the particular
solution of �ðD;D0Þz ¼ f ðx; yÞ:

The complete solution of (76) is then given by
z ¼ C.F.þ P.I.

Theorem 3.2. Let �ðD;D0Þz ¼ 0 be a linear partial
differential equation with constant coefficients. If

u1; u2; :::; um are m solutions of �ðD;D0Þz ¼ 0, then

their linear combination
Pm
i¼1

eiui is also a solution of

�ðD;D0Þz ¼ 0.

Proof: Since ui; 1 � i � m is a solution of

�ðD;D0Þz ¼ 0, we have �ðD;D0Þui ¼ 0 for
1 � i � m. Therefore

�ðD;D0Þ
Xm
i¼1

ciui

 !
¼
Xm
i¼1

�ðD;D0ÞðciuiÞ

¼
Xm
i¼1

ci�ðD;D0Þui

¼
Xm
i¼1

cið0Þ ¼ 0

and hence
Pm
i¼1

ciui is also a solution of

�ðD;D0Þz ¼ 0.

Theorem 3.3. Let �ðD;D0Þz ¼ f ðx; yÞ be a linear

partial differential equation with constant coeffi-
cients. If u is a solution of �ðD;D0Þz ¼ 0 and v is a

solution of �ðD;D0Þz ¼ f ðx; yÞ, then uþ v is a sol-

ution of �ðD;D0Þz ¼ f ðx; yÞ.

Proof: Since u is a solution of �ðD;D0Þz ¼ 0, we

have

�ðD;D0Þu ¼ 0: ð77Þ
Similarly, since v is a solution of �ðD;D0Þz ¼
f ðx; yÞ, we have

�ðD;D0Þv ¼ f ðx; yÞ ð78Þ
Then, by (77) and (78), we get

�ðD;D0Þðuþ vÞ ¼ �ðD;D0Þuþ �ðD;D0Þv
¼ 0þ f ðx; yÞ ¼ f ðx; yÞ:

Hence uþ v is a solution of �ðD;D0Þz ¼ f ðx; yÞ.

(B) Complementary Function of Second Order Linear
Homogeneous Partial Differential Equation

Consider the second order linear homogeneous par-

tial differential equation

a0
@2z

@x2
þ a1

@2z

@x@y
þ a2

@2z

@y2
¼ 0: ð79Þ

The symbolic form of equation (79) is

ða0D2 þ a1DD
0 þ :::þ a2D

02Þz ¼ 0: ð80Þ
The auxiliary equation (A.E.) for equation (80) is

a0m
2 þ a1mþ a2 ¼ 0; ð81Þ

whichisobtainedbyputtingD¼m andD0 ¼ 1 in the
symbolic form (80). The auxiliary equation (81),
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being a quadratic equation, has two roots, say m1

and m2, which may be real and distinct or real and

repeated.

Case 1. Let the roots of the auxiliary equation (81)

the real and distinct. Then equation (79) may be

written as

a0ðD� m1D
0ÞðD� m2D

0Þz ¼ 0: ð82Þ
Now, for i ¼ 1; 2, the solution of ðD� mD0Þz ¼ 0 is

also a solution of (82) and hence of (79). This yields

@z

@x
� mi

@z

@y
¼ 0

or

p� miq ¼ 0; ð83Þ
which is Lagrange’s linear equation of first order.

The auxiliary equations of (83) are

dx

1
¼ dy

�mi
¼ dz

0
;

which yield

dyþ midx ¼ 0 and dz ¼ 0:

Then, integration yields

yþ mix ¼ c1 and x ¼ c2:

Hence

z ¼ fiðyþ mixÞ;
where fi are arbitrary functions. Thus

z ¼ f1ðyþ m1xÞ and z ¼ f2ðyþ m2xÞ
are solutions of the partial differential equation (79).
Since linear combination of solutions of partial dif-

ferential equation is also a solution, the solution of

(79) is

z ¼ f1ðyþ m1xÞ þ f2ðyþ m2xÞ:
Proceeding in a similar way, the solution for the
homogeneous linear partial differential equation of

order n with constant coefficients (for distinct roots

of A.E.) is

z ¼ f1ðyþ m1xÞ þ f2ðyþ m2xÞ þ :::þ fnðyþ mnxÞ:

Case II. Let the roots of the auxiliary equation be real
and repeated. Thus for partial differential equation

(79), we have m1 ¼ m2. Then equation (80) can be
written as

a0ðD� m1D
0Þ2z ¼ 0

or

ðD� m1D
0Þ2z ¼ 0: ð84Þ

Put ðD� m1D
0Þz ¼ u, then (84) becomes

ðD� m1D
0Þu ¼ 0:

Therefore, as in case 1, its solution is

u ¼ f1ðyþ m1xÞ
so that

ðD� m1D
0Þz ¼ f1ðyþ m1xÞ

or

@z

@x
� m1

@z

@y
¼ f1ðyþ m1xÞ

or

p� m1q ¼ f1ðyþ m1xÞ;
which is a Lagrange’s linear equation with auxiliary

equation

dx

1
¼ dy

�m1

¼ dz

f1ðyþ m1xÞ :

Thus

dyþ m1dx ¼ 0 and dx ¼ dz

f1ðyþ m1xÞ
or

dyþ m1dx ¼ 0 and dz ¼ f1ðyþ m1xÞdx: ð85Þ
Integration of first member of (85) yields

yþ m1x ¼ c1: ð86Þ
Using (86) in the second member of (85), we have

dz ¼ f1ðc1Þdx;
which, on integration, yields

z ¼ f1ðc1Þxþ c2

¼ f1ðc1Þxþ f2ðc1Þ; putting c2 ¼ f2ðc1Þ
¼ xf1ðyþ m1xÞ þ f2ðyþ m1xÞ:

Thus, the solution of (79), in this case, is

z ¼ f2ðyþ m1xÞ þ xf1ðyþ m1xÞ:
Proceeding similarly, it can be shown that if the root

m1 of homogeneous linear partial differential
equation of order n is repeated r times, then the
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complementary function of that partial differential
equation is given by

z ¼ f1ðyþ m1xÞ þ xf2ðyþ m1xÞ þ x2f3ðyþ m1xÞ
þ :::þ xn�1frðyþ m1xÞ;

where f1; f2; :::; fr are arbitrary functions.

Remark 3.1. If a0 ¼ 0 in (79), then we have

ða1DD0 þ a2D
02Þz ¼ 0

or

D0ða1Dþ a2D
0Þz ¼ 0:

Therefore the solution of D0z ¼ 0 is also a solution

of (79). The solution of D0z ¼ 0, that is, solution of
@z
@y ¼ 0 is z ¼ �ðxÞ, where � is an arbitrary function.

EXAMPLE 3.57
Solve @2z

@x2 � 4 @2z
@x@y þ 4 @2z

@y2 ¼ 0:

Solution: The symbolic form of the given homo-
geneous linear partial differential equation of order

2 is

r � 4sþ 4t ¼ 0;

or

ðD2 � 4DD0 þ 4D02Þz ¼ 0:

Putting D ¼ m, and D0 ¼ 1, we get the auxiliary
equation for the given equation as

m2 � 4mþ 4 ¼ 0 or ðm� 2Þ2 ¼ 0;

which yields m ¼ 2; 2. Thus the general solution of

the given equation is

z ¼ f1ðyþ 2xÞ þ xf2ðyþ 2xÞ:

EXAMPLE 3.58
Solve ðD3D02 þ D2D03Þz ¼ 0.

Solution. We have

ðD3D02 þ D2D03Þz ¼ 0

or

D02D2ðDþ D0Þz ¼ 0:
The part of the general solution (see Remark above)
corresponding to the factor D02 is f1ðxÞ þ yf2ðxÞ.

Further, the auxiliary equation of D2ðDþ D0Þz ¼ 0
is

m2ðmþ 1Þ ¼ 0;

which yields m ¼ 0; 0;�1. Therefore part of the

general solution corresponding to the factor

D2ðDþ D0Þ is
f3ðyþ 0xÞ þ xf4ðyþ 0xÞ þ f5ðy� xÞ:

Hence the general solution of the given partial dif-

ferential equation is

z ¼ f1ðxÞ þ yf2ðyÞ þ f3ðyÞ þ xf4ðyÞ þ f5ðy� xÞ;

where f1; f2; f3; f4; f5 are arbitrary functions.

(C) Particular Integral (P.I.) of / (D,D 0) z ¼ f (x,y)
Since

�ðD;D0Þ 1

�ðD;D0Þ f ðx; yÞ
� 	

¼ f ðx; yÞ;

the operator 1
�ðD;D0Þ is called the inverse operator of

the operator �ðD;D0Þ. Further, 1
�ðD;D0Þ f ðx; yÞ is a

particular solution of the equation �ðD;D0Þz ¼
f ðx; yÞ, because

�ðD;D0Þ 1

�ðD;D0Þ f ðx; yÞ
� 	

¼ f ðx; yÞ:

We now discuss four different cases for finding par-
ticular integral according to different forms of

f ðx; yÞ.

Case I. When f ðx; yÞ ¼ xmyn, where m and n are

constants. In this case, the particular integral
1

�ðD;D0Þ f ðx; yÞ is obtained by expanding 1
�ðD;D0Þ into

an infinite series in ascending powers of either D or

D0. The particular integral obtained by using D and

D0 may not be identical. So, any of the two parti-
cular integrals may be used. However, ifm < n, then

it is advised to expand 1
�ðD;D0Þ in ascending powers

of D while for n < m, we should expand 1
�ðD;D0Þ in

ascending power of D0
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Case II.When f ðx;yÞ ¼ sinðaxþbyÞ or cosðaxþ byÞ.
In this case

P.I.¼ 1

�ðD2;DD0;D02Þ ½sinðaxþbyÞ or

cosðaxþbyÞ�:
Replace D2by� a2; DD0 by� ab and D02 by� b2

so that

P.I. ¼ 1

�ð�a2;�ab;�b2Þ ½sinðaxþ byÞ� or

cosðaxþ byÞ:
In case �ða; bÞ ¼ 0 then bD� aD0 must be a factor

of �ðD;D0Þ. If bD� aD0 is repeated r times, then
the value of 1

ðbD�aD0Þr f ðaxþ byÞ ¼ xr

brr ! f ðaxþ byÞ:

Case III. When f ðx; yÞ ¼ eaxþby. We note that

D½eaxþby� ¼ a eaxþby;

D0½eaxþby� ¼ b eaxþby;

D2½eaxþby� ¼ a2 eaxþby;

DD0½eaxþby� ¼ ab eaxþby;

D02½eaxþby� ¼ b2 eaxþby:

Therefore

ðD2 þ a1DD
0 þ a2D

02Þeaxþby

¼ ða2 þ a1abþ a2b
2Þeaxþby

or

�ðD;D0Þeaxþby ¼ �ða; bÞeaxþby;

or

�ðD;D0Þ eaxþby

�ða; bÞ ¼ f ðx; yÞ:

Operating 1
�ðD;D0Þ on both sides, we get

1

�ða; bÞ e
axþby ¼ 1

�ðD;D0Þ f ðx; yÞ ¼ P.I.

Hence, for f ðx; yÞ ¼ eaxþby, we have

P.I. ¼ 1

�ða; bÞ e
axþby

Case IV. When f ðx; yÞ is any function of x and y,

specially other than the above discussed three cases,
then resolve 1

�ðD;D0Þ into partial fractions, treating

�ðD;D0Þ as a function of D alone and operate each
partial fraction on f ðx; yÞ as

1

ðD� m D0Þ f ðx; yÞ ¼
Z

f ðx; c� mxÞdx;

that is, replacing y by c�mx in f ðx; yÞ and integrate
it with respect to x. After integration replace c by
yþ mx. Repeat the process with the second factor

and so on.

EXAMPLE 3.59
Solve @2z

@x2 � 4 @z
@x@y þ 4 @2z

@y2 ¼ e2xþy

Solution. From Example 3.57, the complementary
function for this partial differential equation is

C.F. ¼ f1ðyþ 2xÞ þ xf2ðyþ 2xÞ:
Further,

P.I. ¼ 1

�ðD;D0Þ f ðx; yÞ ¼
1

ðD� 2D0Þ2 e
2xþy:

Now if we put D ¼ 2 and D0 ¼ 1, the rule III fails.
Therefore we use rule IV and have (taking

y ¼ c� mx ¼ c� 2xÞ from ðD� 2D0Þu ¼ e2xþy,

the solution

u ¼
Z

f ðx; c� mxÞdx ¼
Z

e2xþc�2xdx

¼
Z

ecdx ¼ x ec ¼ x e2xþy:

Now from ðD� 2D0Þz ¼ u ¼ x e2xþy, the solution

is

z ¼
Z

x e2xþc�2xdx ¼ 1

2
x2ec ¼ 1

2
x2e2xþy:

Hence the complete solution of the given equation is

z ¼ f1ðyþ 2xÞ þ xf2ðyþ 2xÞ þ 1

2
x2e2xþy:

EXAMPLE 3.60
Solve @2z

@x2 � 2 @2z
@x@y ¼ sin x cos 2y.

Solution. The symbolic form of the given linear

homogeneous partial differential equation of order

2 is

ðD2 � 2 DD0Þz ¼ sin x cos 2y:
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The auxiliary equation for this equation is

m2 � 2m ¼ 0;

which yields m ¼ 0; 2. Therefore

C.F. ¼ f1ðyþ 0Þ þ f2ðyþ 2xÞ
¼ f1ðyÞ þ f2ðyþ 2xÞ:

Further,

P.I. ¼ 1

�ðD;D0Þ f ðx; yÞ

¼ 1

ðD2 � 2DD0Þ ½sin x cos 2y�

¼ 1

D2 � 2DD0
1

2
fsinðxþ 2yÞ þ sinðx� 2yÞg

� 	

¼ 1

2
:

1

D2 � 2DD0 ½sinðxþ 2yÞ�

þ 1

2
:

1

D2 � 2DD0 ½sinðx� 2yÞ�

¼ 1

2

1

�1þ 4

� �
sinðxþ 2yþ 1

2

1

�1� 4

� �

� sinðx� 2yÞ

¼ 1

6
sinðxþ 2yÞ � 1

10
sinðx� 2yÞ:

Hence the complete solution is

z ¼ C.F.þ P.I. ¼ f1ðyÞ þ f2ðyþ 2xÞ
þ 1

6
sinðxþ 2yÞ � 1

10
sinðx� 2yÞ:

EXAMPLE 3.61
Solve the partial differential equation

@2z

@x2
þ @2z

@x@y
� 6

@2z

@y2
¼ cosð2xþ yÞ:

Solution. The symbolic form of the given homo-

geneous linear partial differential equation of order

2 is

ðD2 þ DD0 � 6D02Þz ¼ cosð2xþ yÞ:
The auxiliary equation for the equation is

m2 þ m� 6 ¼ 0;

which yields m ¼ 2 ; �3. Therefore

C.F. ¼ f1ðyþ 2xÞ þ f2ðy� 3xÞ:

To find particular integral, we have

P.I. ¼ 1

D2 þ DD0 � 6D02 cosð2xþ yÞ:

But putting D2 ¼ �4; DD0 ¼ �2 and D02 ¼ �1,

we get

1

D2 þ DD0 � 6D02 ¼
1

�4� 2þ 6
¼ 1

0
¼ 1

and so particular integral can not be found by the
rule for sinðaxþ byÞ and cosðaxþ byÞ. Now

1

D2 þ DD0 � 6D02 ¼
1

ðD� 2D0ÞðDþ 3D0Þ
¼ 1

5ðD� 2D0Þ �
1

5ðDþ 3D0Þ
and so (by case IV),

P.I. ¼ 1

5ðD� 2D0Þ cosð2xþ yÞ

� 1

5ðDþ 3D0Þ cosð2xþ yÞ

¼ 1

5

Z
cosð2xþ c1 � 2xÞdx� 1

5

Z
cosð2x

þ c2 þ 3xgÞdx

¼ 1

5

Z
ðcos c1Þdx� 1

5

Z
cosð5xþ c2Þdx

¼ 1

5
x cos c1 � 1

25
sinð5xþ c2Þ

¼ 1

5
x cosð2xþ yÞ � 1

25
sinðyþ 2xÞ:

Hence the complete solution of the given equation is

z ¼ C.F.þ P.I.

¼ f1ðyþ 2xÞ þ f2ðy� 3xÞ þ 1

5
x cosð2xþ yÞ

� 1

25
sinðyþ 2xÞ:

EXAMPLE 3.62
Solve the partial differential equation

@2z

@x2
� @2z

@y2
¼ x2y:
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Solution. The symbolic form of the given equation is

ðD2 � D
02Þz¼x2y:

Its auxiliary equation is

m2 � 1 ¼ 0;

which yields m ¼ 1; �1. Therefore

C.F. ¼ f1ðyþ xÞ þ f2ðy� xÞ:
Further,

P.I. ¼ 1

D2 � D02 x
2y ¼ 1

D2
1� D02

D2

� ��1

ðx2yÞ

¼ 1

D2
1þ D02

D2
þ :::

� �
ðx2yÞ

¼ 1

D2
x2yþ 1

D2
fD02ðx2yÞg þ :::

� 	

¼ 1

D2
x2yþ 1

D2
fx2ð0Þg

� 	
¼ 1

D2
ðx2yÞ

¼ 1

D

x3

3
y

� �
¼ x4y

12
:

Hence the complete solution of the given partial dif-

ferential equation is

z ¼ f1ðyþ xÞ þ f2ðy� xÞ þ x4y

12
:

EXAMPLE 3.63
Solve the partial differential equation

@2z

@x2
þ @2z

@x@y
� 6

@2z

@y2
¼ y cos x:

Solution.
As in Example 3.61, we have

C.F. ¼ f1ðyþ 2xÞ þ f2ðy� 3xÞ
Further,

P.I. ¼ 1

ðD� 2D0ÞðDþ 3D0Þ ðy cos xÞ:

Let

ðDþ 3D0Þu ¼ y cos x:

Then

u ¼
Z

ðcþ 3xÞ cos x; since y ¼ c� mx ¼ cþ 3x

¼ ðcþ 3xÞ sin x�
Z

3 sin xdx

¼ ðcþ 3xÞ sin xþ 3 cos x ¼ y sin xþ 3 cos x:

Now ðD� 2D0Þz ¼ u ¼ y sin xþ 3 cos x yields

z ¼
Z

½ðc� 2xÞ sin xþ 3 cos x�dx; because

y ¼ c� mx ¼ c� 2x

¼ ðc� 2xÞð� cos xÞ � ð�2Þð� sin xÞ þ 3 sin x

¼ ðyþ 2x� 2xÞð� cos xÞ � 2 sin xþ 3 sin x

¼ �y cos xþ sin x:

Hence the complete solution is

z ¼ f1ðyþ 2xÞ þ f2ðy� 3xÞ þ sin x� y cos x:

EXAMPLE 3.64
Solve the partial differential equation

@3z

@x3
� 3

@3z

@x2y
þ 4

@3z

@y3
¼ exþ2y:

Solution. The symbolic form of the given equation is

ðD3 � 3D2D0 þ 4D03Þz ¼ exþ2y:

Its auxiliary equation is

m3 � 3m2 þ 4 ¼ 0;

which yields m ¼ �1; 2; 2. Therefore

C.F. ¼ f1ðy� xÞ þ f2ðyþ 2xÞ þ xf3ðyþ 2xÞ:
Also,

P.I. ¼ 1

D3 � 3D2D0 þ 4D03 ðexþ2yÞ

¼ 1

1� 6þ 32
exþ2y ¼ 1

27
exþ2y:

Hence the complete solution of the given linear
homogenous partial differential equation of order

2 is

z ¼ f1ðy� xÞ þ f2ðyþ 2xÞ þ xf3ðyþ 2xÞ

þ 1

27
exþ2y:
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EXAMPLE 3.65
Solve the partial differential equation

ðD3 � 4D2D0 þ 4DD02Þz ¼ cosð2xþ yÞ:

Solution. The auxiliary equation for the given partial

differential equation is

m3 � 4m2 þ 4m ¼ 0 or mðm2 � 4mþ 4Þ ¼ 0;

which yields m ¼ 0; 2, 2. Hence

C.F. ¼ f1ðyÞ þ f2ðyþ 2xÞ þ xf3ðyþ 2xÞ:
Further,

P.I. ¼ 1

�ðD;D0Þ cosð2xþ yÞ:

But, taking D2 ¼ �4; DD0 ¼ �2; D02 ¼ �1, we
have

1

�ðD;D0Þ ¼
1

D3 � 4D2D0 þ 4DD02 ¼
1

0
:

Therefore the rule fails. But then

P.I. ¼ 1

DðD� 2D0Þ2 cosð2xþ yÞ

¼ 1

ðD� 2D0Þ2
1

D
cosð2xþ yÞ

� 	

¼ 1

ðD� 2D0Þ2
Z

cosð2xþ yÞdx

¼ 2
1

ðD� 2D0Þ2 sinð2xþ yÞ:

Now since 1
D�2D0 ¼ 1

0
for D ¼ 2; D0 ¼ 1and the

factor D� 2D0 is repeated twice, we have

P.I. ¼ 1

2

x2

122 !
sinð2xþ yÞ

� 	
¼ x2

4
sinð2xþ yÞ:

Hence the complete solution of the given partial dif-
ferential equation is

z ¼ f1ðyÞ þ f2ðyþ 2xÞ þ xf3ðyþ 2xÞ

þ x2

4
sinð2xþ yÞ:

EXAMPLE 3.66
Solve the partial Differential equations

(i) @3z
@x2 þ @3z

@x2@y þ 4 @2z
@x@y2 ¼ 2 sinð3xþ 2yÞ:

(ii) @2z
@x2 þ @2z

@y2 ¼ cos mx : cos ny:

(iii) @2z
@x2 � 2 @2z

@x@y ¼ sin x: cos 2y:

Solution (i). As in the above Example, the compli-
mentary function of the given equation is

C.F. ¼ f1ðyÞ þ f2ðyþ 2xÞ þ xf3ðyþ 2xÞ:

Further,

f ðx; yÞ ¼ 2 sinð3xþ 2yÞ;
�ðD;D0Þ ¼ D3 � 4D2D0 þ 4DD02;
�ða; bÞ ¼ 27� 4:9:2þ 4:3:4 ¼ 3 6¼ 0:

Therefore

P.I. ¼ 1

D3 � 4D2D0 þ 4DD02 ½2 sinð3xþ 2yÞ�

¼ 1

DðD2 � 4DD0 þ 4D02Þ ½2 sinð3xþ 2yÞ�

¼ 1

Dð�9þ 24� 16Þ ½2 sinð3xþ 2yÞ�

¼ � 2

D
sinð3xþ 2yÞ

¼ �2

Z
sinð3xþ 2yÞdx

¼ 2

3
cosð3xþ 2yÞ:

Hence the complete solution of the given partial dif-

ferential equation is

z ¼ f1ðyÞ þ f2ðyþ 2xÞ þ xf3ðyþ 2xÞ
þ 2

3
cosð3xþ 2yÞ

(ii) The symbolic form of the equation is

ðD2 þ D02Þz ¼ cosmx cos ny:

The auxiliary equation is
m2 þ 1 ¼ 0, which yields m ¼ �i.

Therefore

C.F. ¼ f1ðyþ i xÞ þ f2ðy� i xÞ:
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Further,

P.I.¼ 1

D2þD02 cosmx cosny

¼ 1

D2þD02
1

2
fcosðmxþnyÞþ cosðmx�nyÞg

� 	

¼ 1

2

1

D2þD02 cosðmxþnyÞ
�

þ 1

D2þD02 cosðmx�nyÞ
	

¼ 1

2

1

m2þn2

Z Z
cosududu

�

þ 1

m2þn2

Z Z
cosvdvdv

	
;

wheremxþny¼ u andmx�ny¼ v

¼ 1

2

1

m2þn2
ð�cosuÞþ 1

m2þn2
ð�cosvÞ

� 	

¼� 1

2ðm2þn2Þ ½cosu þ cos v�

¼ �1

2ðm2þn2Þ ½cosðmxþnyÞþ cosðmx�nyÞ�

¼ �1

m2þn2
cosmx cosny:

Hence the solution is

z ¼ C.F.þ P.I.

¼ f1ðyþ i xÞ þ f2ðy� i xÞ

� 1

m2 þ n2
cosmx cos ny:

(iii) The symbolic form of the given equation is

ðD2 � 2DD0Þz ¼ sin x cos 2y:

The auxiliary equation is

m2 � 2m ¼ 0; which yields m ¼ 0; 2:

Therefore

C.F. ¼ f1ðyÞ þ f2ðyþ 2xÞ;

where f1 and f2 are arbitrary functions. Further,

P.I. ¼ 1

D2 � 2DD0 : sin x cos 2y

¼ 1

D2 � 2DD0 :
1

2
½sinðxþ 2yÞ þ sinðx� 2yÞ�

¼ 1

2

1

D2 � 2DD0 sinðxþ 2yÞ
�

þ 1

D2 � 2DD0 sinðx� 2yÞ
	

¼ 1

2

1

12 � 2ð1Þð2Þ
ZZ

sin u du du

�

þ 1

12 � 2ð1Þð2Þ
ZZ

sin v dv dv

	
;

where xþ 2y ¼ u; x� 2y ¼ v

¼ 1

2

1

3
sin u� 1

5
sin v

� 	

¼ 1

6
sinðxþ 2yÞ � 1

10
sinðx� 2yÞ:

Hence the complete solution of the given partial dif-

ferential equation is

z ¼ C.F.þ P.I. ¼ f1ðyÞ þ f2ðyþ xÞ
þ 1

6
sinðxþ 2yÞ � 1

10
sinðx� 2yÞ:

EXAMPLE 3.67
Solve the partial differential equation

@3z

@x3
þ @3z

@x2@y
� @3z

@x@y2
� @3z

@y3
¼ ex cos 2y:

Solution. The symbolic form of the given partial

differential equation is

ðD3 þ D2D0 � DD02 � D03Þz ¼ ex cos 2y:

The auxiliary equation is

m3 þ m2 � m� 1 ¼ 0;

whose roots are 1; �1; �1. Therefore

C.F. ¼ f1ðyþ xÞ þ f2ðy� xÞ þ xf3ðy� xÞ:
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Now

P.I. ¼ 1

ðD� D0ÞðDþ D0Þ2 e
x cos 2y

¼ 1

ðDþ D0Þ2
1

D� D0 e
x cos 2y

� 	
: ð87Þ

But integration by parts yields

1

D�D0 e
x cos2y¼

Z
ex cos2ðc� xÞdx;

y¼ c�mx¼ c� x

¼ ex

5
½cos2ðc� xÞ�2sin2ðc� xÞ�

¼ ex

5
½cos2y�2sin2y�:

Therefore (87) reduces to

P.I. ¼ 1

ðDþ D0Þ2
ex

5
fcos 2y� 2 sin 2yg�

� 	

¼ 1

Dþ D0
1

Dþ D0
ex

5
ðcos 2y� 2 sin 2yÞ

� 
� 	
:

ð88Þ

But integration by parts yields

1

Dþ D0 e
x cos 2y ¼

Z
ex cos 2ðcþ xÞdx;

y ¼ cþ x

¼ ex

5
½cos 2ðcþ xÞ

þ 2 sinðcþ xÞ�:
¼ ex

5
½cos 2yþ 2 sin 2y� ð89Þ

and similarly,

1

Dþ D0 e
x sin 2y ¼

Z
ex sin 2ðcþ xÞdx

¼ ex

5
½sin 2y� 2 cos 2y�:

Hence (88) reduces to

P.I. ¼ 1

Dþ D0
ex

25
ðcos 2yþ 2 sin 2y� 2 sin 2y

�

þ 4 cos 2yÞ
#

¼ 1

Dþ D0
ex

5
cos 2y

� 	
¼ ex

25
½cos 2yþ 2 sin 2y�;

using (89) again.

Hence the complete solution of the given partial dif-
ferential equation is

z ¼ C.F.þ P.I.

¼ f1ðyþ xÞ þ f2ðy� xÞ þ xf3ðy� xÞ þ ex

25
½cos 2y

þ 2 sin 2y�:

EXAMPLE 3.68
Solve the partial differential equation

@3z

@x3
� 2

@3z

@x2@y
¼ x2y:

Solution. The symbolic form of the given equation is

ðD3 � 2D2D1Þz ¼ x2y:

The auxiliary equation is

m3 � 2m2 ¼ 0 or m2ðm� 2Þ ¼ 0;

which yields m ¼ 0; 0; 2. Therefore

C.F. ¼ f1ðyÞ þ xf2ðyÞ þ f3ðyþ 2xÞ:
Further

P.I. ¼ 1

D2ðD� 2D0Þ x
2y ¼ 1

D3 1� 2D0
D

�  x2y

¼ 1

D3
1þ 2D0

D
þ 4D02

D2
þ :::

� 	
x2y

¼ 1

D3
x2yþ 2

2

D
x2

� 	
¼ 1

D3
x2yþ 2

x3

3

� 	

¼ 1

D3
x2yþ 2

3D3
x3 ¼ x5y

60
þ x6

180
:
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Hence the complete solution of the given differen-
tial equation is

z ¼ C.F.þ P.I.

¼ f1ðyÞ þ xf2ðyÞ þ f3ðyþ 2xÞ þ x5y

60
þ x6

180
:

(D) Solution of Non-homogeneous Linear Partial
Differential Equation

As pointed out earlier, a partial differential equation
�ðD;D0Þz ¼ f ðx; yÞ is called non-homogeneous if

all the terms of �ðD;D0Þ are not of the same order.

The complete solution of such equation also
consists of two parts-complimentary function

(C.F.) and particular integral (P.I.). The particular

integral of such equation can be found using the
rules of homogeneous linear partial differential

equations. The complementary function of such

equation can be found by the following two
methods:

Method I. Let �ðD;D0Þ be factorized as

�ðD;D0Þ ¼ða1Dþ b1D
0 þ c1Þða2Dþ b2D

0 þ c2Þ
� ::::ðanDþ bnD

0 þ cnÞ;

where ai; bi , and ci are constants. The solution of the
equation

aiDþ biD
0 þ ci ¼ 0 ð90Þ

will be a solution of �ðD;D0Þ ¼ 0. The Lagrange’s
auxiliary equations for (90) are

dx

ai
¼ dy

bi
¼ dz

�ciz
:

Thus

bidx� aidy ¼ 0

and

dz

z
¼ � ci

ai
dx or

dz

z
¼ � ci

bi
dy:

Integrating these equations, we get

bix� aiy ¼ k1 (constant)

and

log z ¼ � ci

ai
xþ log k2 if ai 6¼ 0

or

log z ¼ � ci

bi
yþ log k3 if bi 6¼ 0;

that is,

bix� aiy ¼ k1
and

z¼ k2e
�ci

ai
x
if ai 6¼ 0 or z¼ k3e

�ci
bi
y
if bi 6¼ 0:

Hence the general solution of (90) is

z ¼ e
�ci

ai
x
fiðbix� aiyÞ if ai 6¼ 0

or

z ¼ e
�ci

bi
y
fiðbix� aiyÞ if bi 6¼ 0;

where fi is an arbitrary function.

The solution corresponding to the other factors
can be found similarly. The complementary func-

tion of the given equation is the sum of all solutions

obtained as above.
In case of repeated factors, the solution of

ðaiDþ biD
0 þ ciÞn shall be

z ¼ e
�ci

ai
x
Xn
i¼1

xi�1fiðbix� aiyÞ if ai 6¼ 0

or

z ¼ e
�ci

bi
y
Xn
i¼1

yi�1 fiðbix� aiyÞ if bi 6¼ 0:

Method II. Suppose that z ¼ eaxþby is a trial solution

of �ðD;D0Þz ¼ 0. Then

DðeaxþbyÞ ¼ @

@x
ðeaxþbyÞ ¼ a eaxþby

and

D0ðeaxþbyÞ ¼ @

@y
ðeaxþbyÞ ¼ b eaxþby:

Therefore �ðD;D0Þz ¼ 0 implies

�ða; bÞeaxþby ¼ 0:

Since eaxþby 6¼ 0, we have

�ða; bÞ ¼ 0: ð91Þ
Suppose that solving (91) for b in terms of a, we get

b ¼ f1ðaÞ ; f2ðaÞ; :::
Then

C.F. ¼ � ci e
axf ðaÞy:
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EXAMPLE 3.69
Solve

ðD� D0 � 1ÞðD� D0 � 2Þz ¼ e2x�y:

Solution. The factors of �ðD;D0Þ in the given non-

homogeneous partial differential are already of the
type aiDþ biD

0 þ ci. Therefore we use method I in

this case. In this case a1 ¼ 1; b1 ¼�1; c1 ¼�1 and

a2 ¼ 1; b2 ¼�1; c2 ¼�2.
Therefore

C.F.¼ e
�c1

a1
x
f1ðxþ yÞþ e

�c2
a2
x
f2ðxþ yÞ

¼ exf1ðyþ xÞþ e2xf2ðyþ xÞ:
Moreover,

P.I.¼ 1

ðD�D0 �1ÞðD�D0 �2Þe
2x�y

¼ 1

ð2Þð1Þe
2x�y; replacingD by 2 andD0 by �1

¼ 1

2
e2x�y:

Hence the complete solution is

z ¼ C.F.þ P.I.

¼ exf1ðyþ xÞ þ e2xf2ðyþ xÞ þ 1

2
e2x�y:

EXAMPLE 3.70
Solve the non-homogeneous partial differential
equation ðD2 � DD0 þ D0 � 1Þz ¼ cosðxþ 2yÞ:

Solution. We have

�ðD;D0Þ ¼ D2 � DD0 þ D0 � 1

¼ ðD� 1ÞðD� D0 þ 1Þ:
Thus a1 ¼ 1; b1 ¼ 0; c1 ¼�1 and a2 ¼ 1; b2 ¼�1;
c2 ¼ 1. Therefore

C.F.¼ exf1ðyÞþ e�xf2ðyþ xÞ:
More over,

P.I. ¼ 1

D2 � DD0 þ D0 � 1
cosðxþ 2yÞ

¼ 1

�1þ 2þ D0 � 1
cosðxþ 2yÞ

¼ 1

D0 cosðxþ 2yÞ ¼
Z

cosðxþ 2yÞdy

¼ 1

2
sinðxþ 2yÞ

Hence the complete equation is

z ¼ exf1ðyÞ þ e�xf2ðyþ xÞ þ 1

2
sinðxþ 2yÞ:

EXAMPLE 3.71
Solve the partial differential equation

ðD3 � 3DD0 þ D0 þ 4Þz ¼ e2xþy:

Solution. We note that �ðD;D0Þ ¼ D3 � 3DD0 þ
D0 þ 4 is irreducible (does not have linear factor).
Therefore we use method II in this case. We have

�ða; bÞ ¼ a3 � 3abþ 4 ¼ 0

Being a cubic in a, it has three values of a in terms of

b. Let these values be f1ðbÞ; f2ðbÞand f3ðbÞ. Then
C.F. ¼ c1e

f1ðbÞxþy þ c2e
f2ðbÞxþby þ c3e

f3ðbÞxþby:

Further,

P.I. ¼ 1

D3 � 3DD0 þ D0 þ 4
e2xþy

¼ 1

8� 6þ 1þ 4
e2xþy ¼ 1

7
e2xþy:

Hence the complete solution is

z ¼ C.F.þ P.I.

¼ c1e
f1ðbÞxþby þ c2e

f2ðbÞxþby þ c3e
f3ðbÞxþby

þ 1

7
e2xþy:

EXAMPLE 3.72
Solve ð2D4 � 3D2D0 þ D02Þz ¼ 0:

Solution. We have

2D4 � 3D2D0 þ D02 ¼ ð2D2 � D0ÞðD2 � D0Þ
¼ �1ðD;D0Þ�2ðD;D0Þ:

Since 2D2 � D0 is irreducible, we have
�1ða; bÞ ¼ 2a2 � b ¼ 0

or
b ¼ 2a2:

Therefore contribution to C.F. due to �1ðD;D0Þz ¼
0 is

c1e
axþ2a2y:

Again, since D2 � D0 is irreducible, we have
�2ða0; b0Þ ¼ a02 � b0 ¼ 0 or b0 ¼ a02:
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Therefore contribution to C.F. due to �2ðD;D0Þz ¼
0 is

c2e
a0xþa02y:

Hence the complete solution is

z ¼ c1e
axþ2a2y þ c2e

a0xþa02y:

3.7 CLASSIFICATION OF SECOND ORDER LINEAR
PARTIAL DIFFERENTIAL EQUATIONS

Consider the second order linear partial differential

equation

A
@2u

@x2
þ B

@2u

@x@y
þ C

@2u

@y2
þD

@u

@x
þ E

@u

@y

þ FðuÞ ¼ 0; ð92Þ
where A, B, C, D, E, and F are real constants. The
equation (92) is said to be

(i) hyperbolic if B2 – 4AC > 0

(ii) parabolic if B2 – 4AC ¼ 0

(iii) elliptic if B2 – 4AC < 0.

For example, the equation

@2u

@x2
� @2u

@y2
¼ 0 ðspecial case of wave equationÞ

is hyperbolic, since A¼ 1, B¼ 0, C¼ – 1, and B2 –

4AC ¼ 4 > 0. This equation is satisfied by small

transverse displacement of the points of a vibrating
string.

On the other hand, the equation

@2u

@x2
þ @2u

@y2
¼ 0

ðtwo-dimensional Laplace equationÞ
is elliptic since A ¼ 1, B ¼ 0, C ¼ 1, and B2 –

4AC ¼ –4 < 0. This equation is satisfied by the

steady temperature at points of a thin rectangular
plate. Similarly, the heat equation

@u

@t
¼ c

@2u

@x2

is parabolic.

3.8 THE METHOD OF SEPARATION OF VARIABLES

The method of separation of variables is a very
powerful method for obtaining solutions for certain

problems involving partial differential equations.
Problems those are of great physical interest can

be solved by this method. For example, wave equa-

tion, heat equation, and Laplace equation can be
solved by this method.

This method involves a solution which breaks

up into a product of functions, each of which con-
tains only one of the variables. If the partial differ-

ential equation involves n independent variables x1,

x2, …, xn, we first assume that the equation pos-
sesses product solution of the form X1 X2…Xn,

where Xi is a function of only xi (i ¼ 1, 2, …, n).

This basic assumption will produce ordinary dif-
ferential equations, one in each of the unknown

functions Xi(i ¼ 1, 2, …, n). We solve these n

ordinary differential equations, which may also
involve initial or boundary conditions. The solution

of these n equations will produce particular solu-

tions of the form X1 X2 … Xn satisfying some sup-
plementary conditions of the original problem. Then

these particular solutions are combined by super-

position rule to produce a solution of the problem.

EXAMPLE 3.73
Solve @2z

@x2 � 2 @z
@x þ @z

@y ¼ 0.

Solution. Let
z ¼ XðxÞ YðyÞ; ð93Þ

be a trial solution of the given partial differential

equation. Then the given equation reduces to

X00ðxÞYðyÞ � 2X0ðxÞYðyÞ þXðxÞY0ðyÞ ¼ 0

Separating the variables, we get

X 00ðxÞ � 2X 0ðxÞ
X ðxÞ ¼ � Y 0ðyÞ

Y ðyÞ : ð94Þ

The left-hand side is a function of x only, whereas
the right-hand side is a function of y only. Since x

and y are different variables, equality in (94) can

occur only if the left-hand side and right-hand side
are both equal to a constant, say a. Thus, we get two

ordinary differential equations

X00ðxÞ � 2X0ðxÞ � aX0ðxÞ ¼ 0 ð95Þ
and

Y0ðyÞ þ aYðyÞ ¼ 0: ð96Þ
The auxiliary equation for (95) is

m2 � 2m� a ¼ 0;
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which yields m ¼ 1 ±
ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p
. Therefore, the solu-

tion of (94) is

XðxÞ ¼ c1e
ð1þ ffiffiffiffiffiffi

1þa
p Þx þ c2e

ð1� ffiffiffiffiffiffi
1þa

p Þx:

The auxiliary equation for (96) is

mþ a ¼ 0

and so m ¼ –a. Therefore, the solution of (96) is

YðyÞ ¼ c3e
�ay:

Substituting the value of X(x) and Y(y) into (93),
we get

z ¼ XðxÞ YðyÞ ¼ ½c1eð1þ
ffiffiffiffiffiffi
1þa

p Þx

þ c2e
ð1� ffiffiffiffiffiffi

1þa
p Þx�c3e�ay

¼ ½c4eð1þ
ffiffiffiffiffiffi
1þa

p Þx þ c5e
ð1� ffiffiffiffiffiffi

1þa
p Þx�e�ay;

which is the required solution of the given differen-
tial equation.

EXAMPLE 3.74
Solve @u

@x ¼ 2 @u
@t þ u, subject to the condition

uðx; 0Þ ¼ 6e�3x:

Solution. The given equation involves two indepen-

dent variables x and t. So let

uðx; tÞ ¼ XðxÞTðtÞ: ð97Þ
Then the given equation transforms to

X0ðxÞTðtÞ ¼ 2XðxÞT0ðtÞ þXðxÞTðtÞ
or

X0ðxÞTðtÞ ¼ ð2T0ðtÞ þ TðtÞÞXðxÞ:
Separating variables, we obtain

X 0ðxÞ
X ðxÞ ¼ 2T 0ðtÞ þ TðtÞ

TðtÞ : ð98Þ

Since x and t are different variables, the left-hand

side and right-hand side are both equal to a con-
stant, say a. Therefore, we get two ordinary dif-

ferential equations

X 0ðxÞ
X ðxÞ ¼ a ð99Þ

and

2T0ðtÞ þ TðtÞ � aTðtÞ ¼ 0: ð100Þ

The solution of (99) is

logXðxÞ ¼ axþ log c1

or

log
X ðxÞ
c1

¼ ax

or
XðxÞ ¼ c1e

ax ð101Þ
Equation (100) can be written as

2T0ðtÞ ¼ TðtÞða� 1Þ
or

T 0ðtÞ
TðtÞ ¼ 1

2
ða� 1Þ

and so its solution is

logTðtÞ ¼ 1

2
ða� 1Þt þ log c2

or

log
TðtÞ
c2

¼ 1

2
ða� 1Þt

or

TðtÞ ¼ c2 e
1
2 ða�1Þ t ð102Þ

Putting the values of X(x) and T(t) obtained from

(101) and (102) in (97), the solution is

uðx; tÞ ¼ XðxÞTðtÞ ¼ c1 c2e
ax: e

1
2ða�1Þ t:

Using the initial condition u(x, 0) ¼ 6e�3x, we get

6e�3x ¼ c1 c2 eax:

So
c1c2 ¼ 6 and a ¼ �3:

Hence, the solution of the given partial differential

equation is

uðx; tÞ ¼ 6e�3x e�2t ¼ 6e�ð3xþ 2tÞ:

EXAMPLE 3.75
Solve 4 @u

@x þ @u
@y ¼ 3u subject to the condition that

u(0, y) ¼ 3e�y � 5e�5y.

Solution. The given equation involves two variables

x and y. So, let

uðx; yÞ ¼ XðxÞYðyÞ: ð103Þ
Then the given equation reduces to

4X0ðxÞYðyÞ þXðxÞY0ðyÞ ¼ 3XðxÞYðyÞ
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or equivalently,

4
X 0ðxÞ
X ðxÞ ¼ 3Y ðyÞ � Y 0ðyÞ

Y ðyÞ :

Since x and y are independent variables, the left-

hand side and right-hand side are both equal to
some constant, say a. Thus, we get two differential

equations

4
X 0ðxÞ
X ðxÞ ¼ a; ð104Þ

and
3Y ðyÞ � Y 0ðyÞ

Y ðyÞ ¼ a ð105Þ

The solution of (104) is

logXðxÞ ¼ a

4
xþ log c1

or
XðxÞ
c1

¼ e
a
4 x

or

XðxÞ ¼ c1e
a
4 x: ð106Þ

The equation (105) can be written as

Y 0ðyÞ
Y ðyÞ ¼ 3� a

and so its solution is

logYðyÞ ¼ ð3� aÞyþ log c2
or

YðyÞ ¼ c2 eð3�aÞ y: ð107Þ
Using (105) and (107), the solution (103) reduce to

uðx; yÞ ¼ c1c2 e
a
4 x: eð3�aÞ y:

Therefore, using the initial condition u(0,y)¼
3e�y � e�5y, we get

3e�y � e�5y ¼ c1c2e
ð3�aÞy:

Now

3e�y � e�5y ¼ c1c2e
�ða�3Þ y þ 0 e� 5y

gives one value of set as

c1 c2 ¼ 3 and a� 3 ¼ 1;

that is,
c1 c2 ¼ 3 and a ¼ 4:

The other set of values is given by

3e�y � e�5y ¼ 0:e�y þ c1c2e
�ða�3Þ y

and that set is

c1 c2 ¼ �1 and a� 3 ¼ 5;

that is,

c1 c2 ¼ �1 and a ¼ 8;

Thus we get two solutions

u1ðx; yÞ ¼ 3e
4
4 x:eð3�4Þy ¼ 3e x:e�y ¼ 3ex�y

and

u2ðx; yÞ ¼ �1 e
8
4
x:eð3�8Þ y ¼ �e2x:e�5y ¼ �e2x�5y:

Hence the required solution is

uðx; yÞ ¼ u1ðx; yÞ þ u2ðx; yÞ
¼ 3ex�y � e2x�5y:

3.9 BASIC PARTIAL DIFFERENTIAL EQUATIONS

(A) One-Dimensional Heat Equation
Consider the flow of heat through a homogeneous
metallic thin bar with area of cross-section A and

with insulated sides so that the heat flows only in

one direction perpendicular to an end of the bar.
We take this end as origin and direction of heat

flow as positive x-axis. The temperature u at any

point of the bar depends on the distance x of the
point from the fixed end, taken as the origin, and

time t. We further assume that the temperature at all

points of same cross-section is same.
The quantity of heat flow per second across any

area of cross-section A is proportional to the area A

and the rate of change of temperature with respect to
distance x, normal to A. Thus, if, Q1 is the quantity

of heat that flows across the cross-section A, then

Q1 ¼ �k A
@u

@x

� �
x

per second;

where k is the coefficient of conductivity.

We have taken negative sign on the right side
because as x increases, u decreases.

Similarly, the quantity Q2 of heat that flows per

second across the cross-section at a distance x + �x
is given by

Q2 ¼ �kA
@u

@x

� �
xþ�x per second:
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Hence the amount of heat retained per second by the
slab of thickness �x is

Q1 �Q2 ¼ kA
@u

@x

� �
xþ�x

� @u

@x

� �
x

� 	
:

But the rate of change of heat in a solid is s�A �x @u
@t ,

where s is specific heat of the material, � is the
density, A�x is the volume, and @u

@t is rate of change

of temperature with time. Hence

s�A�x
@u

@t
¼ kA

@u

@x

� �
xþ�x

� @u

@x

� �
x

� 	

or

@u

@t
¼ k

s�

@u

@x

� �
xþ�x

� @u

@x

� �
x

� 	�
�x:

Taking limit as �x ! 0, we get

@u

@t
¼ c2

@2u

@x2
; ð108Þ

where c2¼ k
s� is called diffusivity of the bar material.

Equation (108) is called heat flow equation or heat

conduction equation or one-dimensional heat
equation.

We now solve one-dimensional heat equation

using method of separation of variables.

EXAMPLE 3.76
Solve one dimensional heat equation

@u

@t
¼ k

@2u

@x2
; x 2 ð0;LÞ;

with initial condition u(x, 0) ¼ f(x) and the

boundary conditions u(0,t) ¼ 0, u(L, t) ¼ 0, t 	 0.

Solution. The boundary conditions show that the

temperature at both ends of the rod is kept at zero.
We shall use the method of separation of variables.

So let,
uðx; tÞ ¼ TðtÞXðxÞ:

Then, the given heat equation reduces to

T0ðtÞXðxÞ ¼ k X00ðxÞTðtÞ;
which gives

T0ðtÞ
TðtÞ ¼ k

X00ðxÞ
XðxÞ : ð109Þ

The left-hand side of (109) is a function of t only

whereas the right-hand side is a function of x only.
Since t and x are independent variables, equality in

(109) can occur only if the left-hand side and right-
hand side are both equal to a constant, say C. Thus,

we have

T0ðtÞ
TðtÞ ¼ k

X00ðxÞ
XðxÞ ¼ C (constant of separation):

The boundary conditions imply that

uð0; tÞ ¼ TðtÞXð0Þ ¼ 0 ð110Þ
and

uðL; tÞ ¼ TðtÞXðLÞ ¼ 0: ð111Þ
Since we do not want trivial solution T(t) ¼ 0, the
relations (110) and (111) yield X(0) ¼ 0 and

X(L) ¼ 0.

If C¼ 0, then X00(x) ¼ 0 and so X(x) ¼ ax + b.
Therefore, X(0) ¼ 0 implies b ¼ 0 and X(L) ¼ 0

implies aL ¼ 0. Thus a ¼ b ¼ 0 and as such X(x) is

a trivial solution. Hence C ¼ 0 is discarded.
Let C 6¼ 0, then the characteristic equation of

X00(x) – C
k
X(x) ¼ 0 is s2 – C

k
¼ 0 which yields two

roots s1 and s2 such that s2 ¼ –s1. The general
solution is, therefore,

XðxÞ ¼ a es1x þ b e�s1x ð112Þ
The boundary condition X(0) ¼ 0 implies a + b¼ 0

and so b ¼ –a.
The boundary condition X(L) ¼ 0 implies

aðes1L� e�s1LÞ ¼ 0 (since b ¼ –a).
Now a cannot be zero, because a ¼ 0 gives

b ¼ 0 and so (112) has trivial solution. Hence

es1L�e�s1L¼0¼ 0, which yields e2s1L ¼ 1 and so

s1 ¼ in�
L
, where n 6¼ 0 is an integer. Thus C

k
¼s21

yields C ¼ �kn2�2

L2 . Hence (111) reduces to

XnðxÞ¼a e
in�x
L �e�

in�x
L

h i
¼2a sin

n�x

L

h i
:

Also the equation T0(t) – CT(t) ¼ 0 has character-
istic equation as s – C ¼ 0 and so s ¼ C. So the

fundamental solution is

TnðtÞ ¼ a0 e�Ct ¼ a0e
�kx2�2

L2
t ¼ a0e

� n�
Lð Þ2kt:

Hence the fundamental solution of the heat equation

is given by

unðx; tÞ ¼ TnðtÞXnðxÞ

¼ Ane
� n�

Lð Þ2kt sin n�x
L

for n ¼ 1; 2; . . . ; An ¼ 2aa0:
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By the principle of superposition (principle of
adding all solutions for n ¼ 1; 2; 3; . . . ; Þ, we have

uðx; tÞ ¼
X1
n¼1

Ane
� n�

Lð Þ2kt sin n�x

L

� �
:

Using initial condition u(x, 0) ¼ f(x), we have

f ðxÞ ¼
X1
n¼1

An sin
n�x

L

� �
; 0 � x � L: ð113Þ

Thus the coefficients An are nothing but the Fourier

sine coefficients of the function f(x) with respect to
the system sin n�x

L
, that is,

An ¼ 2

L

ZL

0

f ðxÞ sin n�x

L

� �
dx:

Substituting the value of An in u(x, t) shall yield the

solution of the given heat equation.

For example, if u(x, 0) ¼ x, 0 < x < 2�, then

An ¼ 1

�

Z2�

0

x sin
nx

2
dx ¼ � 4

n
ð�1Þn;

and so in that case the solution of the heat equation

becomes

uðx; tÞ ¼
X1
n¼1

� 4

n
ð�1Þne�n2�2kt=L2 sin

n�x

L

� �
;

¼
X1
n¼1

� 4

n
ð�1Þne�n2kt=4 sin

nx

2

� �

since L ¼ 2�

EXAMPLE 3.77
Solve

@u

@t
¼ k

@2u

@x2
; 0 < x < 2�

with the condition

uðx; 0Þ ¼ x2; ð0; tÞ ¼ uð2�; tÞ ¼ 0

Solution. From Example 3.76, we have

uðx; tÞ ¼
X1
n¼1

An e�n2�2kt=L2 sin
n�x

L
; L ¼ 2�

¼
X1
n¼1

Ane
�n2kt=L2 sin

nx

2
;

where

An ¼ 1

�

Z2�

0

x2 sin
nx

2
dx

¼ �2

�n
x2

nx

2

h i2�
0
þ 4

�n

Z2�

0

x cos
nx

2
dx

¼ � 8�

n
ð�1Þn þ 8

�n2
x sin

nx

2

h i2�
0

� 8

�n2

Z2�

0

sin
nx

2
dx

¼ 8

n
ð�1Þn 2

�n2
� �

� 	
:

Hence

uðx; tÞ ¼
X1
n¼1

8

n
ð�1Þn 2

�n2
� �

� 	
e�n2kt=4 sin

nx

2
:

EXAMPLE 3.78
Solve the heat conduction equation

@u

@t
¼ k

@2u

@x2
; 0 < x < L; t > 0

with the boundary condition ux(0, t)¼0, ux(L,t)¼ 0,

t 	 0 and the initial condition u(x, 0) ¼ f (x),

0 � x � L.

Solution. The boundary conditions show that the

ends of the rod are insulated. As in Example 3.76,
we have

T0ðtÞ
TðtÞ ¼ k

X00ðxÞ
XðxÞ ¼ C ð114Þ

Differentiating u(x, t) ¼ T(t) X(x) with respect to x,
we have

uxðx; tÞ ¼ TðtÞX0ðxÞ:
Therefore, the boundary value conditions yield

uxð0; tÞ ¼ TðtÞX0ð0Þ ¼ 0

and

u2ðL; tÞ ¼ TðtÞX0ðLÞ ¼ 0;

and so

X0ð0Þ ¼ X0ðLÞ ¼ 0:

Now if C ¼ 0, then (114) implies that X00(x) ¼ 0
and so X(x) ¼ ax + b. Therefore, X0(x)¼ a and so
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X0(0) ¼ a ¼ 0 and so X(x) ¼ b. Therefore, C ¼ 0 is
an eigenvalue with eigen function a constant.

If C 6¼ 0, then the characteristic equation of X00

(x) – C
k
X(x) ¼ 0 is s2 – C

k
¼ 0 which yield, two roots

s1 and s2 with s2 ¼ –s1. Therefore, the general

solution is

XðxÞ ¼ a es1x þ be�s1x ð115Þ
We have now from (115),

X0ðxÞ ¼ as1e
s1x � b e�s1x:

So the boundary condition X0(0) ¼ 0 and X0(L) ¼ 0
implies

a� b ¼ 0 yielding a ¼ b;

and
as1ðes1L � e�s1LÞ ¼ 0:

If a ¼ 0, then b ¼ 0, and so we will have a trivial
solution. Therefore, es1L � e�s1L ¼ 0, which gives

e2s1L ¼ 1 and so s1 ¼ in�
L
. Then C

k
¼ s21 implies

C ¼ � kn2�2

L2
. Hence (115) becomes

XnðxÞ ¼ a½ein�x=L þ e�in�x=L�
¼ 2a cos

n�x

L
:

Moreover (see Example 3.76), T0(t) – CT(t)¼ 0 has

general solution as

TnðtÞ ¼ a0 e�n2�2kt=L2 :

Thus, the general solution of the heat equation

becomes

unðx; tÞ ¼ TnðtÞXnðxÞ

¼ A0

2
þ Ane

�n2�2kt
L2 cos

n�x

L
:

Now superposition of general solutions yield

uðx; tÞ ¼ A0

2
þ
X1
n¼1

Ane
�n2�2kt

L2 cos
n�x

L
: ð116Þ

The initial condition u(x, 0)¼ f(x), 0 � x � L gives

f ðxÞ ¼ A0

2
þ
X1
n¼1

An cos
n�x

L
; 0 � x � L:

Thus, the Fourier coefficients An of f (x) with
respect to the system cos n�x

L
are given by

An ¼ 2

L

ZL

0

f ðxÞ cos
n�x

L
dx; n ¼ 0; 1; 2; . . .

Substituting the value of An in (116) will yield the
solution of the given heat conduction equation.

EXAMPLE 3.79
An insulated rod of length l has its ends A and B
maintained at 0˚C and 100˚C, respectively, until

steady state condition prevails. If B is suddenly

reduced to 0˚C and maintained at 0˚C, find the
temperature at a distance x from A at time t.

Solution. The heat flow equation is

@u

@t
¼ c2

@2u

@x2
:

Prior to the sudden change of temperature at the end

B, the temperature u depends only upon x and not
on t. Hence the equation of heat flow is @2u

@x2 ¼ 0,

whose solution is u ¼ ax + b. Since u ¼ 0 for x ¼ 0

and u ¼ 100 for x ¼ l, we get 0 ¼ b and 100 ¼ al or
a ¼ 100

l
. Thus u(x) ¼ 100

l
x. Hence u(x) ¼ 100

l
x gives

the temperature at t ¼ 0, that is, u(x, 0) ¼ 100
l
x is the

initial condition. The boundary conditions for the
subsequent flow are u(0, t)¼ 0 and u(l, t)¼ 0 for all

values of t. Therefore, by Example 3.76, the solu-

tion of the problem is

uðx; tÞ ¼
X1
n¼1

An e�
n�
lð Þ2c2t sin n�x

l
;

where

An ¼ 2

l

Z l

0

f ðxÞ sin
n�x

l
dx:

Here f (x) ¼ 100x
l
. Therefore,

An¼2

l

Z l

0

100

l
xsin

n�x

l
dx

¼200

l2

Z l

0

xsin
n�x

l
dx

¼200

l2
� l2

n�
cosn�

� �
; using integration by parts

¼200

n�
ð�1Þnþ1; since cosn �¼ð�1Þn:
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Hence

uðx;tÞ¼200

�

X1
n¼1

ð�1Þnþ1

n
sin

n�x

l
e�

c2n2�2 t
l2 :

EXAMPLE 3.80
A bar 10 cm long with insulated sides has its ends A

and B maintained at temperature 50˚C and 100˚C,
respectively, until steady state condition prevails.

The temperature at A is suddenly raised to 90˚C and

at the same time lowered to 60˚C at B. Find the
temperature distribution in the bar at time t.

Solution. Prior to sudden change, the temperature

distribution is described by @2u
@x2 ¼ 0, whose

solution is
u ¼ axþ b:

Since u ¼ 50˚C for x ¼ 0 and u ¼ 100˚C for x ¼ 10
cm, we get 50 ¼ b and 100 ¼ 10 a + b ¼ 10a + 50

and so a ¼ 5. Hence the initial temperature dis-

tribution in the rod is u (x, 0) ¼ 5x + 50. Similarly,
taking u ¼ 90˚C for x ¼ 0 and u ¼ 60˚C for x ¼ 10

the final temperature distribution in the rod is us
(x, 0) ¼ �3x + 90. We want to find the temperature
distribution during the intermediate period, mea-

suring time from the instant when the end tem-

perature was changed. Let

uðx; tÞ ¼ usðxÞ þ utðx; tÞ;
where us(x) is the steady state temperature and

ut(x, t) is the transient temperature distribution
which decreases as time increases. Thus

usðxÞ ¼ �3xþ 90;

and ut(x, t) satisfies the heat equation

@u

@t
¼ c2

@2u

@x2
:

Hence the solution is

uðx; tÞ ¼ �3xþ 90þ
X1
n¼1

An sin
n�x

l
e
�c2n2�2 t

l2 :

Here l ¼ 10 and An are determined by

An ¼ 2

10

Z10

0

f ðxÞ sin n�x
10

dx;

where f(x)¼ ut (x, 0)¼ u(x, 0) – us (x, 0)¼ 5x + 50 –
(–3x + 90) ¼ 8x –40.

Thus

An ¼ 1

5

Z10

0

ð8x� 40Þ sin n�x
10

dx

¼ 1

5
ð8x� 40Þ � 10

n�
cos

n�x

10

� ��

�8 � 100

n2�2
sin

n�x

10

� �	10
0

¼ 1

5
� 400

n�
cos n�� 400

n�

� 	

¼ � 80

n�
ðcos n�þ 1Þ

¼
0 if n is odd

� 160
n� if n is even

(

Hence

uðx; tÞ ¼ �3xþ 90� 160

�

X
even

1

n
e�

c2n2�2 t
100 : sin

n�x

10

¼ �3xþ 90� 160

�

X1
m¼1

1

2m
e�

c2m2�2 t
25 : sin

m�x

5

¼ �3xþ 90� 80

�

X1
m¼1

1

m
e�

c2m2�2 t
25 : sin

m�x

5
:

EXAMPLE 3.81
A rod of length l with insulated side is initially at a
uniform temperature u0. Its ends are suddenly

cooled at 0˚C and kept at that temperature. Find the

temperature function u(x, t).

Solution. We have to solve the heat equation

@u

@t
¼ c2

@2u

@x2

under the initial condition u(x, 0) ¼ u0, u(0, t) ¼ 0,

u(l, t) ¼ 0 because both ends are kept at zero tem-
perature. Therefore, by Example 3.76 the solution is

uðx; tÞ ¼
X1
n¼1

Ane
�c2n2�2 t

l2 : sin
n�x

l
;
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where

An ¼ 2

l

Z l

0

uðx; 0Þ sin n�x
l

dx

¼ 2

l

Z l

0

u0 sin
n�x

l
dx

¼ 0 for even n
4u0
n� for odd n:

�

Hence the temperature distribution is given by

uðx; tÞ ¼ 4u0

�

X
odd n

1

n
e�

c2n2�2 t
l2 : sin

n�x

l

¼ 4u0

�

X1
n¼1

1

2n� 1
e�

c2ð2n�1Þ2�2 t
l2 : sin

ð2n� 1Þ�x
l

:

EXAMPLE 3.82
Find the temperature u(x, t) in a bar which is per-
fectly insulated laterally, whose ends are kept at

temperature 0˚C and whose initial temperature is

f (x) ¼ x(100 – x), given that its length is 10 cm,
constant cross-section of area 1 cm2, density 10.6

gm/cm3, thermal conductivity 1.04 cal/cm deg sec,

and specific heat 0.056 cal/gm deg.

Solution. As in Example 3.76, the temperature dis-

tribution is given by

uðx; tÞ ¼
X1
n¼1

An e�
c2n2�2 t

l2 : sin
n�x

l
:

Here l ¼ 10 cm, c2 ¼ k
s� ¼ 1.75 and An are given by

An ¼ 2

l

Z l

0

uðx; 0Þ sin n�x
l

dx

¼ 1

5

Z100

0

xð100� xÞ sin n�x
l

dx

¼ 400

n3�3
½1� ð�1Þn�

¼
0 for even n

800
n3�3 for odd n:

(

Hence

uðx; yÞ ¼ 800

�3

X
odd n

1

n3
e�0:0175n2�2t: sin

n�x

10

¼ 800

�3

X1
n¼1

1

ð2n� 1Þ3 e
�0:0175ð2n�1Þ2�2t

sin
ð2n� 1Þ�x

10
:

(B) One-dimensional Wave Equation
Consider a uniform elastic string of length L

stretched tightly with its ends fixed on the x-axis
at x¼ 0 and x ¼ L. Let for each x in the interval 0 <

x < L, the string is displaced into the xy-plane and

let for each x, the displacement from the x-axis be
given by f (x), where f is a function of x (Fig. 3.1).

0 x x
x + dx

a

b

y

Q

P

T2

T1

Figure 3.1

We assume that the string perfectly flexible, is of
constant linear density � and of constant tension T at

all times.We also assume that the motion takes place

entirely in the xy-plane and that each point on the
string moves on a straight line perpendicular to the x-

axis as the string vibrates. The displacement y at

each point of the string and the slope @y
@x are small

compared to the length L. Further, no external force

acts upon the string during motion and angle

between the string and the x-axis at each point is
sufficiently small.

Let m be the mass per unit length of the string

and let PQ be an element of length �s of the string.
Then mass of PQ is m �s. The tensions T1 and T2 at

P and Q are respectively tangential to the curve

(Figure 3.1) making angles a and b with the hor-
izontal direction.

Since there is no motion in the horizontal direc-

tion, we have
T1cos a ¼ T2 cos b ¼ constant ¼ T, say. (117)
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By Newton’s Second Law of Motion, the equation
of motion in the vertical direction is

m�s
@2y

@t2
¼ T2 sin b� T1 sin a

or

m�s @
2y

@t2

T
¼ T2 sin b

T
� T1 sin a

T

Using (117), we get

m�s @
2y
@t2

T
¼ T2 sin b

T2 cos b
� T1 sin a

T1 cos a

¼ tan b� tan a

or

@2y

@t2
¼ T

m�s
tan b� tan a½ �

¼ T

m�x
tan b� tan a½ �; �s 
 �x

¼ T

m

@y
@x

� �
xþ�x

� @y
@x

� �
x

�x

2
64

3
75

¼ T

m

@2y

@x2
in the limit as �x ! 0:

Hence

@2y

@t2
¼ a2

@2y

@x2
; 0 < x < L; t > 0: ð118Þ

where a2 ¼ T/m is a constant related to tension in

the vibrating string of length L having fixed ends.
The boundary conditions are

yð0; tÞ ¼ yðL; tÞ ¼ 0; t 	 0;

and initial conditions are

yðx; 0Þ ¼ f ðxÞ; 0 � x � L

yxðx; 0Þ ¼ 0; 0 � x � L:

The equation (118) is called one-dimensional wave
equation. We find its solution in the following

Example 3.83.

EXAMPLE 3.83
Solve the wave equation

@2u

@t2
¼ a2

@2u

@x2
; 0 < x < L; t > 0;

where a is a constant related to tension in the
vibrating string of length L having fixed ends. The

boundary conditions and initial conditions are

uð0; tÞ ¼ uðL; tÞ ¼ 0; t 	 0

uðx; 0Þ ¼ f ðxÞ; 0 � x � L

utðx; 0Þ ¼ 0; 0 � x � L:

Solution. Let
uðx; tÞ ¼ TðtÞXðxÞ

Then the wave equation takes the form

T00ðtÞXðxÞ ¼ a2X00ðxÞTðtÞ
or

T00ðtÞ
TðtÞ ¼ a2

X00ðxÞ
XðxÞ ¼ C

ðconstant of separationÞ:
The boundary conditions u(0, t) ¼ u(L, t) ¼ 0, t	 0
imply X(0) ¼ 0 and X(L) ¼ 0. Further, the condi-

tion ut(x, 0) ¼ 0 gives T0(0) X(x) ¼ 0, 0 � x � L.

Therefore, T0(0) ¼ 0.
The auxiliary equation for X(x) is s2 – C

a2
¼ 0

which yields s2 ¼ –s1 as the two roots. Therefore,

the fundamental (general) solution is

XðxÞ ¼ aes1x þ be�s1x: ð119Þ
The boundary condition X(0) ¼ 0 and X(L) ¼ 0
gives a+b ¼ 0, that is, b ¼ –a and

0 ¼ a es1L þ be�s1L ¼ aðes1L � e�s1LÞ:
Since a ¼ 0 implies b ¼ 0 and the solution then

becomes trivial, so a 6¼ 0 and thus es1L ¼ e�s1L and
so e2s1L ¼ 1. Thus s1 ¼ in�

L
, n 6¼ 0 being an integer.

Therefore, s21 ¼ C
a2

yields C¼ – a2n2�2

L2
. The funda-

mental solution (119) now takes the form

XnðxÞ ¼ a½ein�x=L � e�in�x=L�
¼ 2i a sin

n�x

L
:

Further, characteristic equation for T00(t) – CT(t)¼ 0

is s2 – C ¼ 0, that is, s2 + a2n2�2

L2
¼ 0. Thus the

fundamental solution is

TnðtÞ ¼ a cos
n�at

L

� �
þ b sin

n�at

L

� �
:

We have

T0ðtÞ ¼ n�a

L
�a sin

n�at

L
þ b cos

n�at

L

� �
:
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The condition T0(0) ¼ 0 yields b ¼ 0 and so

TnðtÞ ¼ a cos
n�at

L

� �
; n ¼ 1; 2; 3; . . .

Hence the fundamental solution for the wave equa-

tion is

unðx; tÞ ¼ TnðtÞXnðxÞ
¼ An cos

n�at

L
sin

n�x

L
; n ¼ 1; 2; . . . ; An ¼ 2aa0:

Superposition of the fundamental solutions implies

uðx; tÞ ¼
X1
n¼1

An cos
n�at

L
sin

n�x

L
: ð120Þ

Using initial condition u(x, 0) ¼ f (x), we have

f ðxÞ ¼
X1
n¼1

An sin
n�x

L
; 0 � x � L:

The Fourier coefficients An of f(x) with respect to
the system sin n�x

L
is given by

An ¼ 2

L

ZL

0

f ðxÞ sin n�x
L

dx:

Putting the values of An in (120), we get the solution

of the wave equation.

EXAMPLE 3.84
A tightly stretched flexible string has its ends fixed

at x¼ 0 and x¼ l. At time t¼ 0, the string is given a

shape defined by f(x) ¼ mx(l – x), where m is a
constant and then released. Find the displacement

of any point x of the string at any time t > 0.

Solution. By Example 3.83, we have

yðx; tÞ ¼
X

An cos
n�at

l
sin

n�x

l
;

where

An ¼ 2

l

Z l

0

f ðxÞ sin n�x
l

dx:

Here f (x) ¼ y(x, 0) ¼ mx(l – x). Hence integrating
by part, we have

An ¼ 2

l

Z l

0

mxðl � xÞ sin n�x
l

dx

¼ 2m

l
� 2l3

n3�3
cos n�þ 2l3

n3�3

� 	

¼ 4m l2

n3�3
½1� ð�1Þn�

¼
8m l2

n3�3 for odd n

0 for even n_

(

Hence

yðx; tÞ ¼ 8ml2

�3

X
odd n

1

n3
cos

n�at

l
sin

n�x

l

¼ 8m l2

�3

X1
n¼1

1

ð2n� 1Þ3 cos
ð2n� 1Þ�at

l

� sin
ð2n� 1Þ�x

l
:

EXAMPLE 3.85
A string is stretched and fastened to two points,

l distant apart. Motion is started by displacing the

string in the form y ¼ a sin �x
l
from which it is

released at time t ¼ 0. Show that the displacement

of any point of the string at a distance x from one

end at any time t is given by

yðx; tÞ ¼ a sin
�x

l
cos

�ct

l
:

Solution. By Example 3.83,

yðx; tÞ ¼
X1
n¼1

An cos
n�ct

l
sin

n�x

l
;

where

An ¼ 2

l

Z l

0

f ðxÞ sin n�x
l
dx;

and f (x) ¼ u(x, 0). Here

uðx; 0Þ ¼ a sin
�x

l
:
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Therefore,

An ¼ 2

l

Z l

0

a sin
�x

l
sin

n�x

l
dx

¼ 2a

l

Z l

0

sin
�x

l
sin

n�x

l
dx;

which vanishes for all values of n except n ¼ 1.
Therefore,

A1 ¼ 2a

l

Z l

0

sin2
�x

l
dx ¼ a

l

Z l

0

ð1� cos
2�x

l
Þdx

¼ a

l
x� l

2�
sin

2�x

l

� 	l
0

¼ a

l
ðlÞ ¼ a:

Hence

yðx; tÞ ¼ A1 cos
�ct

l
sin

�x

l
¼ a cos

�ct

l
sin

�x

l
:

EXAMPLE 3.86
Show that the solution of the wave equation @2y

@t2 ¼
c2 @2y

@x2 can be expressed in the form

yðx; tÞ ¼ �ðxþ ctÞ þ łðx� ctÞ: ð121Þ
If y(x, 0)¼ f (x) and @y

@t(x, 0) ¼ 0, show that y(x, t) ¼
1
2
[ f (x + ct) + f (x – ct)] [The solution (121) is called

the D’Alembert’s solution of the wave equation].

Solution. Put
u ¼ xþ ct and v ¼ x� ct

so that @u@x ¼ 1 and @v
@x ¼ 1, @u@t ¼ c, @v@t ¼ –c.

Then y becomes a function of u and v and we have

@y

@x
¼ @y

@u
� @u
@x

þ @y

@v
� @v
@x

¼ @y

@u
þ @y

@vand

@2y

@x2
¼ @

@x

@y

@u
þ @y

@v

� �

¼ @

@u

@y

@u
þ @y

@v

� �
þ @

@v

@y

@u
þ @y

@v

� �

¼ @2y

@u2
þ 2

@2y

@u @v
þ @2y

@v2
;

supposing
@2y

@u@v
¼ @2y

@v@u
:

Similarly,

@2y

@t2
¼ c2

@2y

@u2
� 2

@2y

@u @v
þ @2y

@v2

� 	
:

Substituting these values of @2y
@x2 and

@2y
@t2 in the wave

equation, we get

@2y

@u @v
¼ 0:

Integrating with respect to v, we get

@y

@u
¼ f ðuÞ;where f is an arbitrary function of u:

Now integrating w.r.t u, we have

y ¼
Z

f ðuÞ duþ łðvÞ;where łðvÞ
is an arbitrary function of v

¼ �ðuÞ þ łðvÞ; say;
since

Z
f ðuÞ du is a function of u only:

Thus

y ¼ �ðxþ ctÞ þ łðx� ctÞ: ð122Þ
Now let initially y(x, 0) ¼ f (x) and @y

@t(x, 0) ¼ 0.
Differentiating (122) w.r.t. t, we get

@y

@t
¼ c�0ðxþ ctÞ � cł0ðx� ctÞ:

But at t ¼ 0, �0 (x) ¼ ł0 (x), and y(x, 0) ¼ � (x) + ł
(x) ¼ f(x). Thus, we have �(x) ¼ ł(x) + k.
Therefore,

2łðxÞ þ k ¼ f ðxÞ
or

łðxÞ ¼ 1

2
½ f ðxÞ � k� and then �ðxÞ ¼ 1

2
½ f ðxÞ þ k�:

Hence the solution becomes

yðx; tÞ ¼ 1

2
½ f ðxþ ctÞ þ k� þ 1

2
½ f ðx� ctÞ � k�

¼ 1

2
½ f ðxþ ctÞ þ f ðx� ctÞ�:

EXAMPLE 3.87
Find the deflection of a vibrating string of unit

length having fixed ends with initial velocity zero
and initial deflection f (x) ¼ k (sin x – sin 2x).
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Solution. We are given that

yðx; 0Þ ¼ kðsin x� sin 2xÞ ¼ f ðxÞ:
By D’Alembert method, the solution is

yðx; tÞ ¼ 1

2
½ f ðxþ ctÞ þ f ðx� ctÞ�

¼ 1

2
½kfsinðxþ ctÞ � sin 2ðxþ ctÞ�

þ kfsinðx� ctÞ � sin 2ðx� ctÞg�
¼ k½sin x cos ct � sin 2x cos 2ct�

Since y(x, 0) ¼ k(sin x � sin 2x); we have

@y

@t
ðx; 0Þ ¼ k½�c sin x sin ct þ 2c sin 2x sin 2ct�t¼0

¼ 0:

Thus the given boundary conditions are satisfied.

(C) Two-Dimensional Heat Equation
Consider the flow of heat in a metal plate in the

XOY plane. Suppose that the temperature at any

point of the plate depends on x, y, and t (time) and
not on the z-coordinate. Then this type of flow of

heat is known as two-dimensional heat flow. It lies

entirely in XOY plane and is zero along the normal
to the plane XOY. The equation governing this type

of flow is

@u

@t
¼ c2

@2u

@x2
þ @2u

@y2

� �
;

where c2 ¼ k
s�, s is specific heat and � is the density

of the metal plate.

In steady state, u is independent of time and so
@u
@t ¼ 0. Therefore, the above equation transforms to

@2u

@x2
þ @2u

@y2
¼ 0; ð123Þ

which is known as two-dimensional Laplace

equation.

We now find the solution of two dimensional
Laplace equation by separation of variable method.

Since there are two independent variables, let

uðx; yÞ ¼ XðxÞYðyÞ: ð124Þ
Then using (124), the equation (123) reduces to

X00ðxÞYðyÞ þXðxÞY00ðyÞ ¼ 0:

Therefore, separation of variables yields

X 00ðxÞ
X ðxÞ ¼ � Y 00ðyÞ

Y ðyÞ ¼ kðseparation parameterÞ:

Hence we get two differential equations

X 00ðxÞ
X ðxÞ � kX ðxÞ ¼ 0 ð125Þ

and

Y00ðyÞ þ kYðyÞ ¼ 0: ð126Þ
Now the following three cases are to be considered:

Case I. If k > 0, then k ¼ p2, where p is real. In this

case the equations (125) and (126) take the form

d2X

dx2
� p2X ¼ 0 ð127Þ

and

d2Y

dy2
þ p2Y ¼ 0: ð128Þ

The auxiliary equation for (127) is m2 � p2 ¼ 0 and

so m ¼ ± p. Thus the solution of (127) is

XðxÞ ¼ c1e
px þ c2e

�px:

The auxiliary equation for (128) is m2 + p2 ¼ 0 and

so m ¼ ± pi. Hence the solution of (128) is

Yð yÞ ¼ c3 cos pyþ c4 sin py:

Thus, the solution of the Laplace equations in this

case is

uðx; yÞ ¼ XðxÞYðyÞ
¼ ðc1e px þ c2e

�pxÞ
� ðc3 cos pyþ c4 sin pyÞ: ð129Þ

Case II. If k ¼ 0, then equations (125) and (126)

reduce to

d2X

dx2
¼ 0 and

d2Y

dy2
¼ 0;

whose solutions are

XðxÞ ¼ c5xþ c6 and YðyÞ ¼ c7yþ c8:

Thus the solution of the Laplace equation is of the

form

uðx; yÞ ¼ ðc5 xþ c6Þ ðc7 yþ c8Þ: ð130Þ
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Case III. Let k < 0. Then k ¼ �p2. Then equations
(125) and (126) reduce to

d2X

dx2
þ p2X ¼ 0 and

d2Y

dx2
� p2Y ¼ 0;

whose solutions are, respectively

XðxÞ ¼ c9 cos pxþ c10 sin px

and

Yð yÞ ¼ c11 epy þ c12 e�py:

Thus the solution of the Laplace equation in this
case is

uðx; yÞ ¼ ðc9 cos pxþ c10 sin pxÞ ðc11 e py

þ c12 e�pyÞ: ð131Þ
In all these cases ci, i ¼ 1, 2, …, 12 are constant of

integration and are calculated using the boundary
conditions.

EXAMPLE 3.88
Solve @2u

@x2 þ @2u
@y2 ¼ 0, subject to the conditions u(x, 0)

¼ 0, u(x, a) ¼ 0, u(x, y)! 0 as x!1 when x 	 0

and 0 � y � a.

Solution. The suitable method of separation of vari-

ables in this case is

uðx; yÞ ¼ ðc1epx þ c2e
�pxÞðc3 cos pyþ c4 sin pyÞ:

Since u(x, y) ! 0 as x ! 1, we have c1 ¼ 0 for
all y. Therefore,

uðx; yÞ ¼ c2e
�px ½c3 cos pyþ c4 sin py�:

Since u(x, 0) ¼ 0, we obtain 0 ¼ c2 c3 e
�px and so

c3 ¼ 0 since c2 6¼ 0 6¼ e�px for all x. Therefore,

uðx; yÞ ¼ c2 c4 e�px sin py:

Now using u(x, a) ¼ 0, we get 0 ¼ c2 c4 e
�px sin pa

and so sin pa ¼ 0, that is, sin pa ¼ sin n�. Hence
pa ¼ n� or p ¼ n�

a
, n ¼ 0, ±1, ± 2, …. Therefore,

unðx; yÞ ¼ An e�
n�x
a sin

n�y

a
;

n ¼ 0; �1; �2; . . .

Using principles of superposition, the solution of the
wave equation is

uðx; yÞ ¼
X

Ane
�n�x

a sin
n�y

a
; An constant:

EXAMPLE 3.89
A rectangular plate with insulated surface is 10 cm
wide and so long compared to its width that it may

be considered in length without introducing an

appreciable error. If the temperature of the short
edge y ¼ 0 is given by u ¼ 20 for 0 � x � 5 and

u ¼ 20(10 – x) for 5 � x � 10 and the two long

edges x ¼ 0, x ¼ 10 as well as the other short edge
are kept at 0˚C, show that the temperature u at any

point (x, y) is given by

u ¼ 800

�2

X1
n¼1

ð�1Þnþ1

ð2n� 1Þ2 e
�ð2n�1Þ�y

10 : sin
ð2n� 1Þ�x

10
:

Solution. To find the temperature u(x, t), we have to

solve the Laplace equation

@2u

@x2
þ @2u

@y2
¼ 0

subject to the conditions

uð0; yÞ ¼ 0; y 	 0

uð10; yÞ ¼ 0; y 	 0

uðx;1Þ ¼ 0; 0 � x � 10

uðx; 0Þ ¼ 20x 0 � x � 5

20ð10� xÞ 5 � x � 10:

(

We know that three possible solutions of Laplace

equations are

(i) u ¼ ðc1epx þ c2e
�pxÞ ðc3 cospyþ c4 sinpyÞ

(ii) u¼ (c1 cos px + c2 sin px) (c3 e
py + c4 e

�py)

(iii) u ¼ (c1 x + c2) (c3 x + c4).

Now solution (i) is not suitable because for x ¼ 0,
u 6¼ 0. The solution (iii) is also not suitable because

it does not satisfy u(x, 1) ¼ 0 in 0 � x � 10. Thus

only (ii) is possible. Since u(0, y) ¼ 0, (ii) yields

0 ¼ c1ðc3e py þ c4e
�pyÞ

and so c1 ¼ 0. Thus

uðx; yÞ ¼ c2 sin pxðc3e py þ c4e
�pyÞ:

Since u(10, y) ¼ 0, we have

0 ¼ c2 sin 10 pðc3epy þ c4e
�pyÞ

and sin 10 p ¼ 0 ¼ sin n�. Thus p ¼ n�
10
; n ¼ 0, ±1,

±2, … Also u(x, 1) ¼ 0. Therefore c3 ¼ 0. Hence
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the solution is

unðx; yÞ ¼ c2 c4 e
�n�y

10 : sin
n�x

10

¼ An e
�n�y

10 : sin
n�x

10
:

Hence the general solution is

uðx; yÞ ¼
X1
n¼1

Ane
�n�y

10 : sin
n�x

10

Now

uðx; 0Þ ¼
X1
n¼1

An sin
n�x

10
:

Therefore, An is Fourier sine coefficient of u(x, 0).

Thus

An¼2

l

Z l

0

uðx;0Þsinn�x
10

dx

¼1

5

Z5

0

20sin
n�x

10
dxþ

Z10

5

20ð10�xÞsinn�x
10

dx

0
@

1
A

¼ 800

n2�2
sin

n�

2

¼
0 for evenn

800
n2�2 ð�1Þn�1

2 for oddn:

(

Hence the required solution is

uðx;yÞ¼800

�2

X
odd n

ð�1Þn�1
2

n2
e�

n�y
10 :sin

n�x

10

¼800

�2

X1
1

ð�1Þnþ1

ð2n�1Þ2e
�ð2n�1Þ�y

10 :sin
ð2n�1Þ�x

10
:

EXAMPLE 3.90
Solve

@2u

@x2
þ @2u

@y2
¼ 0

subject to theconditionsuð0;yÞ¼uðl;yÞ¼uðx;0Þ¼0;
uðx;aÞ¼sinn�x

l
.

Solution. As per the given conditions, out of the three
solutions of the Laplace equation, the solution

uðx; yÞ ¼ ðc1 cos pxþ c2 sin pxÞ ðc3e py þ c4e
�pyÞ

is suitable. The boundary condition u(0, y) ¼ 0
implies c1 ¼ 0. Therefore,

uðx; yÞ ¼ c2 sin pxðc3e py þ c4e
�pyÞ:

Now using the condition u(l, y) ¼ 0 gives

0 ¼ c2 sin plðc3epy þ c4e
�pyÞ

and so

sin pl ¼ 0 ¼ sin n�; n ¼ 0;�1;�2; . . .

giving p ¼ n�
l
. Thus the solution becomes

uðx; yÞ ¼ c2 sin
n�x

l
ðc3en�y=l þ c4e

�n�y=lÞ:
Now the use of condition u(x, 0) ¼ 0 gives

0 ¼ c2 sin
n�x

l
ðc3 þ c4Þ

and so c3 + c4 ¼ 0 or c4 ¼ –c3. Thus the solution

reduces to

uðx; yÞ ¼ c2 c3 sin
n�x

l
ðen�y=l � e�n�y=lÞ

¼ An sin
n�x

l
sinhn�y=l :

Now the last condition uðx; aÞ ¼ sin n�x
l
yields

sin
n�x

l
¼ An sin

n�x

l
sinh

n�a

l
or

An ¼ 1

sinh n�a
l

:

Hence

uðx; yÞ ¼ sin n�x

l
:
sin n�y=l

sin n� a=l
:

EXAMPLE 3.91
Solve

@2u

@x2
þ @2u

@y2
¼ 0; 0 � x � a; 0 � y � b

subject to the conditions

uð0;yÞ ¼ uða; yÞ ¼ uðx;bÞ ¼ 0;uðx;0Þ ¼ xða;�xÞ:
Solution. Three possible solutions to the given
equation are

(i) u(x, y) ¼ ðc1epx þ c2e
�pxÞ(c3cos py + c4

sin py)

(ii) u(x, y) ¼ (c1 cos px + c2 sin px)

(c3 e
py þ c4e

�py)

(iii) (c1 x + c2) (c3 y + c4).
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Since u 6¼ 0 for x ¼ 0, the solution (i) does not
satisfy u(0, y)¼ 0. The solution (iii) does not satisfy

u(x, 0) ¼ a(a –x). Hence solution (ii) is suitable.

Now u(0, y)¼ 0 implies 0¼ c1(c3 e
py + c4 e

–py) and
so c1 ¼ 0. Thus

uðx; yÞ ¼ c2 sin pxðc3e py þ c4e
�pyÞ:

Nowu(a, y)¼ 0 implies 0¼ c2 sin pa (c3 e
py+ c4e

–py)
and so sin pa ¼ 0 ¼ sin n�, n ¼ 0, ±1, ±2, ….

Thus p ¼ n�
a
, n ¼ 0, ±1, ±2, … Further u(x, b) ¼ 0

implies

0 ¼ c2 sin
n�x

a
ðc3en�b=a þ c4e

�n�b=aÞ

and so

either c4 ¼ c3e
n�b=a

e�n�b=a
or c3 ¼ � c4 e�

n�b
a

en�b=a
:

For the first case,

u1ðx; yÞ ¼ c2 sin
n�x

a
c3e

n�y
a � c3e

n�b=a

e�n�b=a
e�n�y=a

� �

¼ c2c3 sin
n�x

a
e
n�y
a � en�b=a

e�n�b=a
e�

n�y
a

� �

¼ 2c2c3 sin
n�x

a

e
n�y
a e�

n�b
a � e

n�b
a e

n�y
a

2e�
n�b
a

" #

¼ 2c2c3 sin
n�x

a

ðsinh n�
a
ðb� yÞ

e�n�b=a

Similarly, for the second case,

u2ðx; yÞ ¼ 2c2c4 sin
n�x

a
� sinh n�

a
ðb� yÞ

en�b=a

� 	
:

Therefore, the solution is

uðx; yÞ ¼ 2c2c3u1ðx; yÞ � 2c2c4u2ðx; yÞ

¼ An sin
n�x

a

sinh n�
a
ðb� yÞ

sinh n�b
a

:

But u(x, 0) ¼ a – x. Thus

xða� xÞ ¼
X

An
sin n�x

a
:

Therefore,

An ¼ 2

a

Za

0

xða� xÞ sin
n�x

a
dx

¼ 2

a
aðax� x2Þ � cos n�x

a

n�

� ��

�ða� 2xÞa2 � sin n�x
a

n2�2

� �

þ ð�2Þa3 cos n�x
a

n3�3

� �	a
0

¼ 2

a
0� 0� 2a3

n3�3
cos

n�a

a
þ 2a3

n3�3

� 	

¼ 4a2

n3�3
½1� ð�1Þn�

¼ 0 for even n
8a2

n3�2 for odd n:

(

Hence the solution becomes

uðx; yÞ ¼ 8a2

�3

X
odd n

1

n3
sin

n�x

a
:
sinh n�ðb� yÞ=a

sinh n�b=a

¼ 8a2

�3

X1
n¼0

1

ð2nþ 1Þ3 sin
ð2nþ 1Þ�x

a

� sinh ð2nþ1Þ�
a

ðb� yÞ
sinh ð2nþ1Þ�b

a

:

EXAMPLE 3.92
A rectangular plate with insulated surface is 8 cm

wide and so long compared to its width that it

may the considered infinite in length. If the tem-
perature along one short edge y ¼ 0 is given by

u x; 0ð Þ ¼ 100 sin �x
8
; 0 < x < 8 while two long

edges x ¼ 0 and x ¼ 8 as well as the other short

edges are kept at 0˚C. Find the steady state
temperature.

Solution. The partial differential equation governing

the problem is

@2u

@x2
þ @2u

@y2
¼ 0
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along with the boundary conditions

uð0; yÞ ¼ 0; uð8; yÞ ¼ 0; uðx; yÞ ¼ 0 as y ! 1;

uðx; 0Þ ¼ 100 sin
�x

8
:

The solution

uðx; yÞ ¼ ðc1 cos pxþ c2 sin pxÞðc3epy þ c4e
�pyÞ

is the suitable solution under the given conditions.

The use of initial condition u(0, y) ¼ 0 yields

0 ¼ c1ðc3epy þ c4e
�pyÞ

and so c1 ¼. Thus the solution becomes

uðx; yÞ ¼ c2 sin pxðc3e py þ c4e
�pyÞ:

The condition u(8, y) ¼ 0 implies

0 ¼ c2 sin 8pðc3e py þ c4e
�pyÞ

and so sin 8p¼ 0. Therefore, sin 8p¼ sin n� and so

p ¼ n�
8
, n ¼ 0, ±1, ±2, …. The solution becomes

uðx; yÞ ¼ c2 sin
n�x

8
ðc3en�y=8 þ c4e

�n�y=8Þ:

The condition u(x, y) ¼ 0 as y!1 implies c3 ¼ 0.
Hence

uðx; yÞ ¼ c2 c4 e�
n�y
8 : sin

n�x

8
¼ An e

�n�y
8 : sin

n�x

8
:

But u(x, 0) ¼ 100 sin �x
8
. Therefore,

100 sin
�x

8
¼ An sin

n�x

8

and so An ¼ 100, n ¼ 1. Hence the solution is

uðx; yÞ ¼ 100e�
�y
8 sin

�x

8
:

(D) Two-Dimensional Wave Equation
Consider the vibrations of a tightly stretched mem-

brane, such as membrane of drum. We assume that
the membrane is uniform and that the tension per

unit length in the membrane is same at every point

of it in all directions. Let m be the mass per unit
area and T be the tension per unit length of the

membrane. Let u be the displacement of an element

�x �y of the membrane perpendicular to the xy-
plane. Then the forces acting on the membrane are:

(i) The forces T �y tangential to the membrane
on its opposite edges of length �y acting

respectively at angles a and b to the

horizontal.

(ii) The forces T �x acting on the opposite
edges of length �x (Fig. 3.2).

Figure 3.2

The angles a and b, being small, the vertical com-

ponent of forces corresponding to (i) is

ðT �yÞsinb�ðT �yÞsina¼ T �yðtanb� tanaÞ

¼ T�y
@u

@x

� �
xþ�x

� @u

@x

� �
x

� �

¼ T�y�x
@u
@x

� �
xþ�x

� @u
@x

� �
x

�x

" #

¼ T�x�y
@2u

@x2
in the limit as �x! 0:

Similarly, the vertical component of forces corre-

sponding to (ii) is T �x�y @2u
@y2. Hence the equation

of motion of the element �x�y is

m�x�y
@2u

@t2
¼ T�x�y

@2u

@x2
þ @2u

@y2

� �

or
@2u

@t2
¼ c2

@2u

@x2
þ @2u

@y2

� �
ð132Þ

where c2 ¼ T
m
: The equation (132) is called Two-

Dimensional Wave Equation.
We now find the solution of the equation (132) by

separation of variables method. So let

u ðx; y; tÞ ¼ X ðxÞY ðyÞTðtÞ
be a trial solution of (132). Then

@2u

@x2
¼ X 00YT ;

@2u

@y2
¼ XY 00T ; and

@2u

@t2
¼ XYT 00:

Substituting these values of second order deriva-

tives in the equation (132), we have

1

c2
XYT 00 ¼ X 00YT þ XY 00T

Dividing throughout by XYT, we get

1

c2
T 00

T
¼ X 00

X
þ Y 00

Y
:
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Since x, y, and t are independent variables, the
above equation is valid if each term in this is

constant. Choosing the constants as �k2, �l2,

and �(k2 + l2), we get

d2X

dx2
þ k2X ¼ 0; ð133Þ

d2Y

dy2
þ l2Y ¼ 0; ð134Þ

d2T

dt2
þ k2 þ l2
� 

c2T ¼ 0; ð135Þ

The solutions to the homogenous equations (133)

(134) (135) are respectively

X ¼ c1 cos kxþ c2 sin kx;

Y ¼ c3 cos lyþ c4 sin ly;

T ¼ c5 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
ct þ c6 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
ct:

Hence the solution of the two-dimensional wave

equation (131) is

uðx;y; tÞ¼ c1 coskxþc2 sinkxð Þ
� c3 cos lyþc4 sin lyð Þ
��c5 cos ffiffiffiffiffiffiffiffiffiffiffiffiffi

k2þ l2
p

ctþc6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
ct


EXAMPLE 3.93
Find the deflection u(x, y, t) of the square membrane

with a ¼ b ¼ c ¼ 1 if the initial velocity is zero and
the initial deflection f(x) ¼ A sin �x sin 2�y.

Solution.We know that the vibrations of a membrane
are governed by two-dimensional wave equation

@2u

@t2
¼ c2

@2u

@x2
þ @2u

@y2

� �
:

The membrane is stretched between the lines

X ¼ 0; x ¼ 1; y ¼ 0; and y ¼ 1:

Therefore the boundary conditions are

uð0; y; tÞ ¼ 0; uð1; y; tÞ ¼ 0;

uðx; 0; tÞ ¼ 0; and uðx; 1; tÞ ¼ 0:

The initial conditions are

uðx;y;0Þ¼ f ðx;yÞ

¼Asin�x sin2�y and
@u

@t

� �
t¼0

¼ 0:

We know that the solution of two-dimensional wave
equation is

uðx; y; tÞ ¼ c1 cos kxþ c2 sin kxð Þ
c3 cos lyþ c4 sin lyð Þ�
c5 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
ct þ c6 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
ct


It is given that c = 1. Therefore

uðx;y; tÞ ¼ c1 coskxþ c2 sinkxð Þ
� c3 cos lyþ c4 sin lyð Þ
� �c5 cos ffiffiffiffiffiffiffiffiffiffiffiffiffi

k2þ l2
p

tþ c6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
t

:

Using the boundary condition u(0, y, t) ¼ 0, we get

0 ¼c1 c3 cos lyþ c4 sin lyð Þ
� �c5 cos ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ l2
p

t þ c6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
t

:

Thus c1 ¼ 0 and the solution reduces to

uðx;y; tÞ ¼c2 sinkx c3 cos lyþ c4 sin lyð Þ
� �c5 cos ffiffiffiffiffiffiffiffiffiffiffiffiffi

k2þ l2
p

tþ c6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
t


ð136Þ
Now the boundary condition u(1, y, t) = 0 gives

0 ¼c2 sin k c3 cos lyþ c4 sin lyð Þ
� �c5 cos ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ l2
p

t þ c6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
t

;

and so sin k ¼ 0, which implies k ¼ m�. Hence
(136) reduces to

uðx;y; tÞ ¼ c2 sinm�x c3 cos lyþ c4 sin lyð Þ
� �c5 cos ffiffiffiffiffiffiffiffiffiffiffiffiffi

k2þ l2
p

tþ c6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
t

:

ð137Þ
The boundary condition u(x, 0, t) ¼ 0 implies

0 ¼ c2 sinm�x c3 c5 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
t

�h

þ c6 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
t
�i

and so c3 ¼ 0. Thus (137) reduces to

uðx;y; tÞ ¼ c2 c4 sinm�xsin ly

� c5 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
tþ c6 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
t

� �
:

ð138Þ
Lastly, the boundary condition u(x, 1, t) ¼ 0 yields
0 ¼ c2 c4 sinm�x sin l

� c5 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
t þ c6 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
t

� �

186 n Engineering Mathematics



and so sin l = 0 or l = n�. Therefore (138) reduces to

uðx;y; tÞ ¼ c2 c4 sinm�xsinn�y

� c5 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
tþ c6 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
t

� �
:

¼sinm�xsinn�y Amn cosptþBmn sinptð Þ;
where p¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þ l2

p
ð139Þ

Therefore superposition of general solutions yields

uðx; y; tÞ ¼
X1
m¼1

X1
n¼1

sinm�x sin n�y

� Amn cos pt þ Bmn sin ptð Þ: ð140Þ

The application of initial condition @u
@t

� 
t¼0

¼ 0

implies Bmn ¼ 0 and use of the initial condition

f(x, y) ¼ A sin �xsin 2�y at t ¼ 0 yields

A sin�xsin2�y ¼
X1
m¼1

X1
n¼1

Amn sinm�x sin n�y:

ð141Þ
The right hand side of (141) is a Double Fourier

Series of A sin �xsin 2�y. The Fourier coefficients
are given by

Amn ¼ 2

1
�2
1

Z1

0

Z1

0

A sin �x sin 2�y sinmx sin n�y½ � dxdy:

We note that

Am1 ¼Am3 ¼Am4 ¼ . . .¼ 0;

A22 ¼A32 ¼A42 ¼ . . .¼ 0;

Am2 ¼ 4A

Z1

0

Z1

0

sin �x sin m�xsin2 2�yð Þ dxdy

¼ 2A

Z1

0

Z1

0

sin �x sin m�x 1� cos4y½ � dxdy

¼ 2A

Z1

0

sin �xsin m�xdx¼ 0;and

A12 ¼ 2A

Z1

0

sin2�xdx ¼A

Z1

0

1� cos2�xð Þdx¼A:

Hence the solution (140) becomes

uðx;y; tÞ ¼Asin�x sin2�y cospt;

sincem¼ 1 and n¼ 2

¼Acos �
ffiffiffi
5

p
t

� �
sin�xsin2�y;

since

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2�2 þ n2�2

p
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 þ 22

p
¼ �

ffiffiffi
5

p
:

3.10 SOLUTIONS OF LAPLACE EQUATION

(A) Laplace Equation in Two Dimensions
(1) Cartesion Form: Please see Article 3.9 (C).

(2) Polar Form: Putting x ¼ r cos h; y ¼ r sin h in
@2u
@x2 þ @2u

@y2 ¼ 0; the Laplace equation in polar co-

ordinates is given by

@2u

@r2
þ 1

r

@u

@r
þ 1

r2
@2u

@h2
¼ 0: ð142Þ

Let u(r ¼ 0) ¼ R(r) F(h) be trial solution of (142).

Then

@u

@r
¼ F

dR

dr
;

@2u

@r2
¼ F

d2R

dr2
;

@2u

@h2
¼ R

d2F

dh2
:

Therefore equation (142) reduces to

r2F
d2R

dr2
þ rF

dR

dr
þ R

d2F

dh2
¼ 0:

Separation of variables yield

r2 d2R
dr2

þ r dR
dr

R
¼ �

d2F
dh2

F
¼ k ðconstantÞ

Thus, we get two equations

r2
d2R

dr2
þ r

dR

dr
� kR ¼ 0 ð143Þ

and

d2F

dh2
þ kF ¼ 0: ð144Þ
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The equation (143) is a homogeneous linear differ-
ential equation. So, substituting r = ez the equation

(143) reduces to

d2R

dz2
� kR ¼ 0: ð145Þ

Case I. k ¼ p2 (positive)

The auxiliary equation of (145) is m2 � p2 ¼ 0 and
so m ¼ ±p. Thus the solution of (145) is

R ¼ c1e
pz þ c2e

�pz ð146Þ
The auxiliary equation of (144) is m2 + p2 ¼ 0 and

so m ¼ ip. Thus the solution of (144) is

F ¼ c3 cos p hþ c4 sin ph ð147Þ

Case II. k ¼ �p2 (negative)

In this case the auxiliary equation for (145) is m2 +
p2¼ 0 and som¼ ± ip. Thus the solution of (145) is

R ¼ c1 cos pzþ c2 sin pz

¼ c1 cos p log rð Þ þ c2 sin p log rð Þ: ð148Þ
The auxiliary equation of (144) is m2 � p2 ¼ 0,

which yields m ¼ ± p. Thus solution of (144) is

F ¼ c3e
ph þ c4e

�ph ð149Þ

Case III. k ¼ 0

In this case the solutions of (145) and (144) are
respectively

R ¼ c1zþ c2 ¼ c1 log r þ c2 ð150Þ
and

F ¼ c3hþ c4: ð151Þ
Hence the three possible solution of the Laplace

equation (142) are

u ¼ c1r
p þ c2r

�pð Þ c3 cos phþ c4 sin phð Þ; ð152Þ
u ¼ c1 cos p log rð Þ½

þ c2 sin p log rð Þ� c3eph þ c4e
�ph

� 
; ð153Þ

u ¼ c1 log r þ c2ð Þ c3hþ c4ð Þ: ð154Þ
Out of these three solutions, the solution consistent

with the boundary conditions is considered.

Generally, the solution (152) is considered to be
most suitable.

(B) Laplace Equation in Three Dimensions
(1) Cartesian Form: The Laplace equation in three

dimensions is

@2u

@x2
þ @2u

@y2
þ @2u

@z2
¼ 0: ð155Þ

Let u(x, y, z) = X(x) Y(y) Z(z) be the trial solution.
Then (155) reduces to

X 00YZ þ XY 00Z þ XYZ 00 ¼ 0

Dividing throughout by XYZ, we get

X 00

x
þ Y 00

y
þ Z 00

z
¼ 0;

that is

1

X

d2X

dx2
þ 1

Y

d2Y

dy2
þ 1

Z

d2Z

dz2
¼ 0 ð156Þ

Since x, y, z are independent, (156) is possible only
if

1

X

d2X

dx2
;
1

Y

d2Y

dy2
and

1

Z

d2Z

dz2
are all constant.

Let

1

X

d2X

dx2
¼ k2;

1

Y

d2Y

dy2
¼ l2 and

1

Z

d2Z

dz2
¼ �ðk2 þ l2Þ:

Thus, we get three equations

d2X

dx2
� k2X ¼ 0 ð157Þ

d2Y

dy2
� l2Y ¼ 0 ð158Þ

and

d2Z

dz2
þ ðk2 þ l2Þ ¼ 0 ð159Þ

The solution of (157), (158), and (159) are respec-

tively

X ¼ c1e
kx þ c2e

�kx

Y ¼ c3e
ly þ c4e

�ly and

Z ¼ c5 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
zþ c6 sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
z:
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Hence the solution of the three dimensional Laplace
equation in Cartesian form is

u ¼ c1e
kx þ c2e

�kx
� 

c3e
ly þ c4e

�ly
� 

� c5z cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p
þ c6z sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ l2

p� �
:

The choice of the constant depends on the initial and

boundary conditions.

(C) Laplace Equation in Cylindrical Co-ordinates
Substituting x ¼ rcos h, y ¼ rsin h and z ¼ z in the
Cartesian form of three dimensional Laplace

equation, we get

@2u

@r2
þ 1

r

@u

@r
þ 1

r2
@2u

@h2
þ @2u

@z2
¼ 0: ð160Þ

Let u(r, h, z)¼ R(r) F(h) Z(z) be the trial solution of
(160). Then (160) takes the form

R00FZ þ 1

r
R0FZ þ 1

r2
RF 00Z + RFZ 00 ¼ 0:

Dividing throughout by R F Z, we get

R00

R
þ 1

rR
R0 þ F 00

r2F
þ Z 00

Z
¼ 0

or

1

R

d2R

dr2
þ 1

r

dR

dr

� 	
þ 1

r2F

d2F

dh2
þ 1

Z

d2Z

dz2
¼ 0: ð161Þ

Taking

d2F

dh2
¼ �n2F and

d2Z

dz2
¼ k2Z; ð162Þ

we have

1

R

d2R

dr2
þ 1

r

dR

dr

� 	
� n2

r2
þ k2 ¼ 0

or

r2
d2R

dr2
þ r

dR

dr
þ k2r2 � n2
�  ¼ 0: ð163Þ

The solution of the Bessel’s equation (163) is

R ¼ c1JnðkrÞ þ c2YnðkrÞ:
The solution of (162) are

F ¼ c3 cos nhþ c4 sin nh;

Z ¼ c5e
kz þ c6e

�kz:

Thus the solution of the Laplace equation (160) is

u ¼ c1JnðkrÞ þ c2YnðkrÞ½ � c3 cos nhþ c4 sin nhð Þ
� c5e

kz þ c6e
�kz

� 
;

which is called cylindrical harmonic.

(D) Laplace Equation in Spherical Co-ordinates
Substituting x ¼ r sin h cos �, y ¼ rsin h sin � and

z ¼ rcos h in the three dimensional Cartesian form
of the Laplace equation, we get

@2u

@r2
þ 2

r

@u

@r
þ 1

r2
@2u

@h2
þ cot h

r2
@u

@h
þ 1

r2 sin2 h

@2u

@�2
¼ 0:

ð164Þ
Let u(r, h, �)¼ R(r) G(h) H(�) be a trial solution of
(164). Then (164) takes the form

R00GH þ 2

r
R0GH þ 1

r2
RG00H þ cot h

r2
RG0H

þ 1

r2sin2h
RGH 00 ¼ 0:

Dividing this equation throughout by R G H, we
have

1

R
r2
d2R

dr2
þ 2r

dR

dr

� 	

þ 1

G

d2G

dh2
þ cot h

dG

dh

� 	
þ 1

Hsin2h

d2H

d�2
¼ 0:

ð165Þ
Taking

1

R
r2
d2R

dr2
þ 2r

dR

dr

� 	
¼ nðnþ 1Þ ð166Þ

and

1

H

d2H

d�2
¼ �m2; ð167Þ

the equation (165) reduces to

d2G

dh2
þ cot h

dG

dh
þ nðnþ 1Þ � m2cosec2h
� �

G ¼ 0:

The solution of this Legendre’s Equation is

G ¼ c1P
m
n ðcos hÞ þ c2Q

m
n ðcos hÞ:
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Further, the solution of equation (167) is

H ¼ c3 cosm�þ c4 sinm�:

Taking R ¼ rk in (166), we get

kðk � 1Þ þ 2k ¼ nðnþ 1Þ
or

ðk2 � n2Þ þ ðk � nÞ ¼ 0

or

ðk � nÞðk þ nþ 1Þ ¼ 0

and so k ¼ n, � n � 1. Therefore

R ¼ c5r
n þ c6r

�n�1:

Hence the general solution of the Laplace Equation

(164) is

u ¼
X1
n¼0

X1
m¼0

c1P
m
n ðcos hÞ þ c2Q

m
n ðcos hÞ

� �

� c3 cos m�þ c4 sinm�ð Þ c5r
n þ c6r

�n�1
� 

;

which is called spherical harmonic.

3.11 TELEPHONE EQUATIONS OF A
TRANSMISSION LINE

Let O be the transmitting end and R the receiving
end of a transmission cable carrying an electric

current with resistance R ohms/km, inductance

L henries/km, capacitance C farads/km and lea-
kance Gmhos/km. Let P be a point on the cable at a

distance x km from the transmitting end O and let

vðx; tÞand iðx; tÞ be respectively the instantaneous
voltage and current at the point P at any time t.

Consider a small segment PQ of length � x of the

cables.

O P Q
xδ R

The voltage drop across PQ is the sum of the vol-

tage drop due to the resistance R and the voltage
drop due to the inductance L. Thus the voltage drop

across the section PQ is given by

�� v ¼ R i� xþ L � x
@ i

@ t

or

� � v

� x
¼ R iþ L

@ i

@ t
:

Taking limit as � x ! 0, we have

� @v

@x
¼ Riþ L

@i

@t

or

@ v

@ x
þ Rþ L

@

@ t

� �
i ¼ 0: ð168Þ

On the other hand, the current loss across the seg-

ment PQ is the sum of current loss due to capaci-

tance and the current loss due to leakance. Therefore

�� i ¼ C
@ v

@ t
� xþ Gv � x

or

� � i

� x
¼ C

@ v

@ t
þ Gv:

Taking limit as � x ! 0, we have

� @ i

@ x
¼ C

@ v

@ t
þ Gv

or

@ i

@ x
þ C

@

@ t
þ G

� �
v ¼ 0: ð169Þ

Differentiating (168) partially with respect to x, we

get

@2v

@x2
þ R

@ i

@ x
þ L

@2i

@ t @ x
¼ 0: ð170Þ

Operating (169) by Rþ L @
@ t

� 
, we have

R
@ i

@ x
þ L

@2i

@ t @ x
þ R C

@

@ t
þ G

� �
v

þ LC
@2v

@ t2
þ LG

@ v

@ t
¼ 0: ð171Þ

Subtracting (171) from (170), we have

@2v

@x2
¼ LC

@2v

@ t2
þ ðLGþ RCÞ @ v

@ t
þ RGV : ð172Þ
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Similarly, operating (168) by C @
@ t þ G

� �
, we get

C
@2v

@ t @ x
þ RC

@ i

@ t
þ LC

@2i

@ t2
þ G

@ v

@ x
þ RG i

þ GL
@ i

@ t
¼ 0: ð173Þ

Differentiating (169) partially with respect to x, we
have

@2i

@ x2
þ C

@2v

@ t @ x
þ G

@ v

@ x
¼ 0: ð174Þ

Subtracting (174) from (173), we get

@2i

@ x2
¼ LC

@2i

@ t2
þ ðLGþ RCÞ @ i

@ t
þ RG i ¼ 0:

ð175Þ
We observe that the equation (175) can be obtained
by replacing v in equation (172) by i. The equations

(172) and (175) are called telephone equations.

If R ¼ G ¼ 0, then the telephone equations reduce
to

@2v

@ x2
¼ LC

@2v

@ t2

and

@2i

@ x2
¼ LC

@2i

@ t2
;

which are called radio equations.

If L ¼ G ¼ 0, then the telephone equations reduce

to

@2v

@x2
¼ RC

@v

@t
;

and

@2i

@x2
¼ RC

@i

@t
;

which are called telegraph equations. Setting

c2 ¼ 1
RC
, we note that the telegraph equations are

similar to the heat equation @v
@t ¼ c2 @2v

@x2.

EXAMPLE 3.94
A transmission line 1000 kilometers long is initially
under steady state condition with potential 1300

volts at the sending edge ðx ¼ 0Þ and 1200 volts

at the receiving end ðx ¼ 1000Þ. The terminal end
of the line is suddenly grounded, but the potential at

the source is kept at 1300 volts. If inductance and
leakage are negligible, determine the potential

vðx; tÞ.

Solution. When inductance L and leakage G are

negligible, then the partial differential equation

governing the given problem is

@2v

@x2
¼ RC

@v

@t

or

@v

@t
¼ 1

RC

@2v

@x2
; ð176Þ

where R and C represent resistance and capacitance.
The equation (176) is of one dimensional heat

equation type and is known as telegraph equation.

Since the transmission line is initially under steady
state, therefore @v

@t ¼ 0 and so (176) reduces to

@2v

@x2
¼ 0;

which yields (on integration)

v ¼ c1xþ c2: ð177Þ
Now

(i) When x ¼ 0; v ¼ 1300 volts, therefore

(176) yields c2 ¼ 1300.
When x ¼ 1000; v ¼ 1200 volts and so

1200 ¼ 1000 c1 þ c2 ¼ 1000c1 þ 1300

and so c1 ¼ 1
10
. Hence (176) implies

v ¼ 1300� x

10
at t ¼ 0: ð178Þ

(ii) When the terminal end is grounded, we
have v ¼ 1300 for x ¼ 0 and so (177)

yields c2 ¼ 1300. When x ¼ 1000; v ¼ 0

and so 0 ¼ 1300þ 1000 c1, which implies

c1 ¼ � 13
10
. Thus vg ¼ 1300� 13

10
x (when

terminal is grounded).

If vtðx; tÞ is the transient part of the solution, then
vðx; tÞ ¼ vg þ vtðx; tÞ; ð179Þ

where (see Example 3.76)

vtðx; tÞ ¼
X1
n¼1

Bn sin
n�x

1000

� �
e

�x2�2 t

RCð1000Þ2 :
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Thus (179) reduces to

vðx; tÞ ¼ 1300� 13x

10
þ
X1
n¼1

Bn sin
n�x

1000

� �
e

�n2�2 t

RCð1000Þ2 :

When t ¼ 0, we have

vðx; 0Þ ¼ 1300� 13

10
xþ

X1
n¼1

Bn sin
n�x

1000

� �

or, using (178), we have

1300� x

10
¼ 1300� 13

10
xþ

X1
n¼1

Bn sin
n�x

1000

� �

or

6x

5
¼
X1
n¼1

bn sin
n�x

1000

� �
:

Thus bn is Fourier (sine) coefficient of the function
6x
5
and as such

bn ¼ 2

L

ZL

0

f ðxÞ sin n�x

1000
dx

¼ 2

1000

Z1000

0

6x

5
sin

n�x

1000
dx

¼ �6

2500
�ð1000Þ2

n�
cos n�

" #
¼ 2400

n�
ð�1Þn:

Hence the required solution is

vðx; tÞ ¼ 1300� 13x

10

þ 2400

�

X1
n¼1

ð�1Þn
n

sin
n�x

1000

� �
e

�n2�2 t

RCð1000Þ2 :

EXAMPLE 3.95
Find a solution of radio equation @2v

@x2 ¼ LC @2v
@t2 , when

a periodic e.m.f V0 cos pt is applied at the and x ¼ 0

of the line.

Solution. The given radio equation is

@2v

@x2
¼ LC

@2v

@t2
:

We are given that

vð0; tÞ ¼ V0 cos pt ¼ f ðtÞ:

By D’Alembert method, the solution is

vðx; tÞ ¼ 1

2
f ðt þ x

ffiffiffiffiffiffiffi
LC

p
Þ þ f ðt � x

ffiffiffiffiffiffiffi
LC

p
Þ

h i

¼ 1

2
V0 cos pðt þ x

ffiffiffiffiffiffiffi
LC

p
Þ

h

þ V0 cos pðt � x
ffiffiffiffiffiffiffi
LC

p
Þ
i

¼ V0

2
cos pt cos p x

ffiffiffiffiffiffiffi
LC

ph

� sin pt sin px
ffiffiffiffiffiffiffi
LC

p

þ cos pt cos px
ffiffiffiffiffiffiffi
LC

p
þ sin pt sin px

ffiffiffiffiffiffiffi
LC

p i

¼ V0 cos pt cos px
ffiffiffiffiffiffiffi
LC

p
:

Since the solution implies vð0; tÞ ¼ V0 cos pt and

@v

@x
ð0; tÞ ¼ V0 cos ptð� p

ffiffiffiffiffiffiffi
LC

p
sin px

ffiffiffiffiffiffiffi
LC

p
Þ

h i
x¼0

¼ 0;

the boundary conditions for the D’Alembert’s

method are satisfied.

EXAMPLE 3.96
Neglecting the resistance R and the leakance G in a

transmission line l km: long, obtain the voltage drop
vðx; tÞ, t seconds after the ends are suddenly
grounded taking the initial conditions

iðx; 0Þ ¼ i0 and vðx; 0Þ ¼ v0 sin
�x

l
:

Solution. The problem is governed by the radio

equation

@2v

@x2
¼ L C

@2v

@t2
:

Since the ends are suddenly earthed, we have

vð0; tÞ ¼ vðl; tÞ ¼ 0:

Also, when t ¼ 0; we have i ¼ i0 (constant).

Therefore @ i
@ t ¼ 0; which implies �C @v

@ t ¼ 0 and so
@ v
@ t

� 
t¼0

¼ 0.

Let v ¼ X ðxÞ TðtÞ be a trial solution. Then the radio
equation reduces to

TðtÞ d
2X ðxÞ
dx2

¼ LC X ðxÞ d
2TðtÞ
dt2
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or

1

X ðxÞ
d2X ðxÞ
dx2

¼ LC

TðtÞ
d2TðtÞ
d t2

¼ �p2; say:

Thus we get two equations

ðD2 þ p2ÞX ðxÞ ¼ 0 and D2 þ p2

LC

� �
TðtÞ ¼ 0:

The solution of these equations are

X ðxÞ ¼ c1 cos pxþ c2 sin p x

and

TðtÞ ¼ c3 cos
pffiffiffiffiffiffiffi
LC

p t þ c4 sin
pffiffiffiffiffiffiffi
LC

p t:

Hence solution of the radio equation is

vðx; tÞ ¼ ðc1 cos pxþ c2 sin pxÞ

� c3 cos
pffiffiffiffiffiffiffi
LC

p t þ c4 sin
pffiffiffiffiffiffiffi
LC

p t

� �
:

The initial condition vð0; tÞ ¼ 0 implies

0 ¼ c1 c3 cos
pffiffiffiffiffiffiffi
LC

p t þ c4 sin
pffiffiffiffiffiffiffi
LC

p t

� �

and so c1 ¼ 0. Therefore

vðx; tÞ ¼ c2 sin px c3 cos
pffiffiffiffiffiffiffi
LC

p t þ c4 sin
pffiffiffiffiffiffiffi
LC

p t

� �
:

The initial condition vðl; tÞ ¼ 0 implies

0 ¼ c2 sin pl c3 cos
pffiffiffiffiffiffiffi
LC

p t þ c4 sin
pffiffiffiffiffiffiffi
LC

p t

� �

and so sin pl ¼ 0 or p ¼ n�
l
. Hence the solution

takes the form

vðx; tÞ ¼ c2 sin
n�x

l
c3 cos

n�t

l
ffiffiffiffiffiffiffi
LC

p þ c4 sin
n�t

l
ffiffiffiffiffiffiffi
LC

p
� �

:

Differentiating partially with respect to t, we get

@ v

@ t
¼ c2 sin

n� x

l

�n�c3

l
ffiffiffiffiffiffiffi
LC

p sin
n� t

l
ffiffiffiffiffiffiffi
LC

p
�

þ n� c4

l
ffiffiffiffiffiffiffi
LC

p cos
n� t

l
ffiffiffiffiffiffiffi
LC

p
	
:

Now the initial condition @ v
@ t

� 
t¼0

¼ 0 implies
c4 ¼ 0. Hence the solution reduces to

vðx; tÞ ¼ � n�

l
ffiffiffiffiffiffiffi
LC

p c2c3 sin
n�x

l
cos

n�t

l
ffiffiffiffiffiffiffi
LC

p

¼ An sin
n�x

l
cos

n�t

l
ffiffiffiffiffiffiffi
LC

p ;

An ¼ � n�

l
ffiffiffiffiffiffiffi
LC

p c2c3:

Therefore the general solution is

vðx; tÞ ¼
X1
n¼1

An sin
n� x

l
cos

n� t

l
ffiffiffiffiffiffiffi
LC

p :

But vðx; 0Þ ¼ v0 sin
� x
l
. Therefore

v0 sin
� x

l
¼
X1
n¼1

An sin
n�x

l
:

HenceA1 ¼ v0; A2 ¼ A3 ¼ ::: ¼ 0 and the required

solution is

vðx; tÞ ¼ v0 sin
� x

l
cos

� t

l
ffiffiffiffiffiffiffi
LC

p :

3.12 MISCELLANEOUS EXAMPLE

EXAMPLE 3.97
Form the partial differential equation by eliminating

the arbitrary constants ‘a’ and ‘b’ from the equation
(x � a)2 + (y � b)2 + z2 ¼ 1.

Solution. The given equation is x� að Þ2 þ y� bð Þ2
þz2 ¼ 1:
Therefore

z2 ¼ 1� ðx� aÞ2 � ðy� bÞ2:
Differentiating partially with respect to x, we get

2z
@z

@x
¼ �2ðx� aÞ;

and so

ðx� aÞ ¼ �z
@z

@x
: ð180Þ

Similarly, differentiating partially with respect to y,

we have 2z @z
@y ¼ �2ðy� bÞ; and so

ðy� bÞ ¼ �z
@z

@y
ð181Þ

Partial Differential Equations n 193



Putting the values of (x � a) and (y � b) from (180)
and (181) in the given equation, we get

z2
@z

@x

� �2
þ z2

@z

@y

� �2
þ z2 ¼ 1

or

z2ðp2 þ q2 þ 1Þ ¼ 1:

EXAMPLE 3.98
Form the PDE by eliminating the arbitrary functions

from the equation z ¼ xf y
x

� þ ygðxÞ:

Solution. We have z ¼ xf y
x

� þ y gðxÞ: Therefore
@z

@x
¼ f

y

x

� �
þ x f 0

y

x

� � �y

x2

� �
þ y g0ðxÞ

¼ f
y

x

� �
� y

x
f 0

y

x

� �
þ yg0ðxÞ; ð182Þ

@z

@y
¼ x f 0

y

x

� �
:
1

x
þ gðxÞ

¼ f 0
y

x

� �
þ gðxÞ: ð183Þ

From (182) and (183), we have

x
@z

@x
¼ x f

y

x

� �
� y f 0

y

x

� �
þ xy g0 ðxÞ

and

y
@z

@y
¼ y f 0

y

x

� �
þ y g ðxÞ:

Therefore

x
@z

@x
þ y

@z

@y
� z ¼ xy g0ðxÞ: ð184Þ

Also

@2z

@x @y
¼ f 00

y

x

� � �y

�x2

� �
þ g0ðxÞ; ð185Þ

@2z

@y2
¼ f 00

y

x

� � 1

x

� �
: ð186Þ

From (186), we have f 00 y
x

�  ¼ x @2z
@y2 : Putting this

value in (185), we get

g0ðxÞ ¼ @2z

@x@y
þ y

x

@2z

@y2
:

Hence (184) reduces to

x
@z

@x
þ y

@z

@y
� z ¼ xy

@2z

@x@y
þ y

x

@2z

@y2

� 	

¼ xy
@2z

@x@y
þ y2

@2z

@y2

EXAMPLE 3.99
Solve: xð1þ yÞp ¼ yð1þ xÞq.

Solution. The given partial differential equation can

be written as xp
1þx

¼ yq
1þy

, which is of the form
f (x, p) ¼ g (y, q) (separable equation). Therefore
xp
1þx

¼ yq
1þy

¼ a, which yields

p ¼ að1þ xÞ
x

and q ¼ að1þ yÞ
y

:

Then dz = p dx + q dy reduces to

dz ¼ að1þ xÞ
x

dxþ að1þ yÞ
y

dy:

Integrating we get

z ¼ a log xþ x½ � þ a log yþ y½ � þ b

or

z ¼ a log xþ log y½ � þ axþ ayþ b

or

z ¼ a log xyþ xþ y½ � þ b:

EXAMPLE 3.100
Solve @2z

@x2 ¼ xy:

Solution. It is given that @2z
@x2 ¼ xy:

Integrating with respect to x, we get

@z

@x
¼ x2y

2
þ f ðyÞ:

Integrating again, we have

z ¼ x3y

6
þ xf ðyÞ þ gðyÞ:

EXAMPLE 3.101
Solve the partial differential equation:

x2ðy� zÞpþ y2ðz� xÞq ¼ z2ðx� yÞ

Solution. The given partial differential equation is

x2ðy� 3Þpþ y2ð3� xÞq ¼ z2ðx� yÞ:
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It is of the form Ppþ Qq ¼ R. The auxiliary
equation for the Lagrange’s method is

dx

P
¼ dy

Q
¼ dz

R
;

that is,

dx

x2ðy� zÞ ¼
dy

y2ðz� xÞ ¼
dz

z2ðx� yÞ ð187Þ

Using multipliers 1
x
; 1

y
and 1

z
, each fraction of (187)

is equivalent to
dx
x
þ dy

y
þ dz

z

0

and so

dx

x
þ dy

y
þ dz

z
¼ 0 ð188Þ

Integrating (188), we get

log xþ log yþ log z ¼ log a

or

log xyz ¼ log a

or

xyz ¼ a ð189Þ
Now using multipliers 1

x2
; 1

y2
; 1

z2
; each fraction of

(187) is equivalent to

dx
x2
þ dy

y2
þ dz

z2

0
ð190Þ

Integrating (190), we get

1

x
þ 1

y
þ 1

z
¼ b ð191Þ

Hence, from (189) and (191), the required solution

is

f
1

x
þ 1

y
þ 1

z
; xyz

� �
¼ 0:

EXAMPLE 3.102
Solve the partial differential equation

x2pþ y2q ¼ ðxþ yÞz

Solution. We have

x2pþ y2q ¼ ðxþ yÞz:

The auxiliary equation for Lagrange’s method are

dx

x2
¼ dy

y2
¼ dz

xþ y
: ð192Þ

Form (192), we get

dx� dy

x2 � y2
¼ dz

xþ y
;

or

dx� dy

x� y
¼ dz

1
: ð193Þ

Integrating (193), we get

logðx� yÞ ¼ zþ log c: ð194Þ
Again, from (192), we have

dx

x2
¼ dy

y2
:

Integrating both sides, we getZ
dx

x2
¼
Z

dy

y2

or

1

x
¼ 1

y
þ D

or

1

x
� 1

y
¼ D

or
x� y

xy
¼ �D: ð195Þ

From (194) and (195), the required solution of the

given partial differential equation is

f
x� y

ez
;
x� y

xy

� �

EXAMPLE 3.103
Solve ð2z� yÞpþ ðxþ zÞqþ 2xþ y ¼ 0:

Solution. We have

ð2z� yÞpþ ðxþ zÞ qþ 2xþ y ¼ 0:

The auxiliary equations are

dx

2z� y
¼ dy

xþ z
¼ � dz

2xþ y
ð196Þ

Partial Differential Equations n 195



Using multipliers x, y and z, each fraction of (196) is
equal to xdxþydyþzdz

0
: Therefore xdxþ ydyþ zdz ¼

0: integrating, we get

x2 þ y2 þ z2 ¼ a ð197Þ
Using multipliers 1, �2 and �1, each fraction of

(196) is equal to dx�2dy�dz
0

; and so dx� 2dy�
dz ¼ 0, which on integration yields

x� 2y� z ¼ b ð198Þ
Hence, from (197) and (198), the required solution
is

x2 þ y2 þ z2 ¼ f ðx� 2y� zÞ;
where f is an arbitrary function.

EXAMPLE 3.104
Solve z ¼ pxþ qyþ p2q2 and find the complete
and singular solutions.

Solution. We have z ¼ pxþ qyþ p2q2; which is a
Clariut’s equation. Hence its complete integral is

z ¼ axþ byþ a2b2 (See 3.5D) ð199Þ
The singular integral is obtained by eliminating a

and b between (199) and the equations

0 ¼ x� @f

@a
¼ x� 2ab2; ð200Þ

0 ¼ y� @f

@b
¼ y� 2a2b: ð201Þ

From (199), (200) and (201), we have

x

z
¼ 2 ab2

z
¼ 2ab2

2a2b2 þ 2a2b2 þ a2b2
¼ 2ab2

5a2b2
¼ 2

5a

and

y

z
¼ 2a2b

5a2b2
¼ 2

5b
:

Therefore a ¼ 2z
5x

and b ¼ 2z
5y
, Putting these values

in (199), we get

z ¼ 2z

5
þ 2z

5
þ 4z2

25xy

� �2
¼ 4z

5
þ 16z4

625x2y2

or

1 ¼ 4

5
þ 16z3

625x2y2

or

16z3 ¼ 105x2y2:

EXAMPLE 3.105
Find the temperature in a thin metal rod of length L,
with both the ends insulated (so that there is no

passage of heat through the ends) and with initial

temperature in the rod sin ð�x=LÞ:

Solution. As shown is Example 3.78, since the ends

of the rod of length L are insulated, the solution is

Uðx; tÞ ¼ A0

2
þ
X1
n¼1

Ane
�n2�2kt

L2 cos
n�x

L
;

where

An ¼ 2

L

ZL

0

f ðxÞ cos n�x
L

dx; n ¼ 0; 1; 2; ::::

Here f ðxÞ ¼ sin �x
L
. Therefore

An ¼ 2

L

ZL

0

sin
�x

L
cos

n�x

L
dx

¼ 2

L

ZL

0

1

2
sin

ðnþ 1Þ�x
L

� sinðn� 1Þ�x
L

� 	
dx

¼ 1

L
� cosðnþ 1Þ� x

L

ðnþ 1Þ� þ cosðn� 1Þ� x
L

ðn� 1Þ�
� 	L

0

¼ 1

L
� cosðnþ 1Þ�

ðnþ 1Þ�
� 	

þ cosðn� 1Þ�
ðn� 1Þ�

þ 1

ðnþ 1Þ�� 1

ðn� 1Þ�

¼ 1

L

ð�1Þnþ2

ðnþ 1Þ�þ ð�1Þn�1

ðn� 1Þ�þ 1

ðnþ 1Þ�� 1

ðn� 1Þ�

" #

¼ 1

� L

ð�1Þn
ðnþ 1Þ �

ð�1Þn
ðn� 1Þ þ

1

ðnþ 1Þ �
1

ðn� 1Þ
� 	

¼ �2

� L
½1þ ð�1Þn�:
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Putting n = 0. we haveA0 ¼ � 4
� L. Hence

uðx; tÞ ¼ � 2

� L

� 2

� L

X1
n¼1

ð1þ ð�1ÞnÞe�n2�2kt
L2 cos

n�x

L
:

EXAMPLE 3.106
The initial temperature along the length of an infi-

nite bar is given by

uðx; 0Þ ¼ 2; xj j < 1

0; xj j > 1:

�

If the temp u (x, t) satisfies

@u

@t
¼ @2u

@x2
;�1 < x < 1; t > 0;

find the temperature at any pt. of the bar at any

instant.

Solution. See Example 18.39 or 18.40. (See

Engineering Mathematics by the author) We take

k = 1, a = 1 and f ðxÞ ¼ 2 for jxj < j:
Ans.

2

�

Z 1

0

e�v2t sin ð1þ xÞvþ sin ð1� xÞv
v

dv:

EXAMPLE 3.107
Solve

log
@2z

@x@y

� �
¼ xþ y

Solution. We have

log
@2z

@x@y

� �
¼ xþ y

or

@2z

@x@y
¼ exþy:

Integrating w.r.t. x, we get

@z

@y
¼ exþy þ f ðyÞ:

Integrating w.r.t. y, we have

z ¼ exþy þ
Z

f ðyÞdyþ gðxÞ:

EXAMPLE 3.108
A string is stretched between two fixed points at a
distant 2l apart and the points of the string are

given initial velocities

v ¼
cx
l
; 0 < x < 1

cð2l�xÞ
l

; l < x < 2l

8<
: ;

where x being the distance from an end point, Find
the displacement of the string at any time.

Solution. The given problem is governed by one-
dimensional wave equation @2y

@x2 ¼ c2 @2y
@t2 , under the

conditions

yð0; tÞ ¼ yð2l; tÞ ¼ 0; t � 0

yðx; 0Þ ¼ 0

@y

@t

� �
t¼0

¼
cx
l
; 0 � x < l

cð2l�xÞ
l

; l < x < 2l

(

Let

yðx; tÞ ¼ TðtÞ X ðxÞ

be a trial solution of the given partial differential
equation. Then the wave equation takes the form

T 00ðtÞX ðxÞ ¼ c2X 00ðxÞ TðtÞ:

Separation of variables yields
T 00ðxÞ
TðtÞ ¼ c2

X 00ðxÞ
X ðxÞ ¼ k

(constant of separation). The boundary conditions
y(0, t) = y(2l, t) = 0, t � 0 imply X (0) = 0 and X

(2l) = 0. The auxiliary equation for X 00ðxÞ �
k
c2
X ðxÞ ¼ 0 is s2 � k

c2
¼ 0; which yields s1 and �s1

as the two roots. Therefore the fundamental solu-

tion is

X ðxÞ ¼ a es1x þ b e�s1x: ð202Þ

The boundary conditions X(0) ¼ 0 ¼ X (2l) imply

aþ b ¼ 0 or b ¼ �a and 0 ¼ a es1ð2lÞ þ be�s1ð2lÞ

¼ a e2s1l � e�2s1l
� �

: Since a ¼ 0 implies b ¼ 0 and

since the solution in that case becomes trivial, it

follows that a 6¼ 0 and hence e2s1l ¼ e�2s1l or

e4s1l ¼ 1 or s1 ¼ in�
2l
; when n 6¼ 0 is an integer.

Also, s1 being the root, we have s21 ¼ k
c2
: Therefore

k ¼ � c2n2�2

4l2
:
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The solution (202) now reduces to

XnðxÞ ¼ a e
in�x
2l � e

�in�x
2l

h i

¼ 2a sin
n �x

2l
ð203Þ

On the other hand, the characteristic equation

for T 00ðtÞ � kTðtÞ ¼ 0 is s2 � k ¼ 0; that is

s2 þ c2n2�2

4l2
¼ 0. Therefore the fundamental solution

in this case is

TnðtÞ ¼ c cos
n�ct

2l

� �
þ � sin

n�ct

2l

� �
: ð204Þ

From (203) and (204), the fundamental solution of

the given wave equation is

ynðx; tÞ ¼ TnðtÞXnðxÞ
¼ 2a c cos

n�ct

2l

� �
þ � sin

n�ct

2l

� �h i

� sin
n�x

2l
:

Since the string was initially at rest, y (x, 0) ¼ 0.

This implies ynðx; tÞ ¼ Bn sin n�ct
2l

� 
sin n�x

2l

� 
Now the superposition of the fundamental solutions

implies

yðx; tÞ ¼
X1
n¼1

Bn sin
n�ct

2l

� �
sin

n�x

2l

� �
ð205Þ

Differentiating (205) partially with respect to t, we

get

@y

@t
¼
X1
n¼1

Bn sin
n�x

2l

� �
cos

n�ct

2l

� � n�c

2l

� �h i

¼ �c

2l

X1
n¼1

n Bn cos
n�ct

2l

� �
sin

n�x

2l

� �

ð206Þ
But, at t = 0, we are given that

@y

@t
¼

cx
l
; 0 < x < l

cð2l�xÞ
l

; l < x < 2l:

�

Therefore

�c

2l

X1
n¼1

n Bn sin
n�x

2l

� �
¼

cx
l
; 0 < x < l

cð2l�xÞ
l

; l < x < 2l:

�

The series on the left hand side is a Fourier sine ser-
ies for 0 < x < 2l. Therefore

�c

2l
n Bn ¼ 2

2l

Z 2l

0

f ðxÞ sin
n�x

2l

� �
dx

¼ c

l2

Z l

0

x sin
n�x

2l

� �
dx:

�

þ
Z 2l

l

ð2l � xÞ sin n�x

2l

� �
dx

	

¼ c

l2
x

� cos n�x
2l

� 
�x=2l

� �
þ sin n�x

2l

� 
n2�2=ð4l2Þ

� 	� l

0

þ ð2l � xÞ � cos n�x
2l

� 
n�=2l

� �
� sin n�x

2l

� 
n2�2

4l2

" #2l
l

9=
;

¼ c

l2
8l2 sin n�

2

� 
n2�2

� 4l2
sin n�

n2�2

� 	

¼ 4c

n2�2
2 sin

n�

2
� sin n�

h i

¼ 8c

n2�2
sin

n�

2
¼ � 8c

n2�2
:

Therefore

Bn ¼ 16lc

cn3�3
;

and the required solution is

y ðx; tÞ ¼ 16 lc

c�3

X 1

n3
sin

n�ct

2l

� �
sin

n�x

2l

� �
:

EXAMPLE 3.109
A semi circular plate of radius a centimeter has insu-

lated faces and heat flows in plane curves. The
bounding diameter is kept at 0˚C and the semi-

circumference is maintained at a temperature

given by

uða; hÞ ¼
kh
� ; 0 < h � �l2

kð��hÞ
� ; �l2 � h < h

(

Find the steady-state temperature distribution

uðr; hÞ:

Solution. We want to solve the Laplace Equation

r2
@2u

@r2
þ r

@u

@r
þ @2u

@h2
¼ 0; ð207Þ

198 n Engineering Mathematics



subject to the conditions

uðr; 0Þ ¼ 0; uðr; �Þ ¼ 0; uð0; hÞ ¼ 0;

and

uða; hÞ ¼
kh
� ; 0 < h � �

2

kð��hÞ
� ; �

2
� h < �:

(

k(p–q)

p (r,q)

x
(–0, 0) 0°c 0°c0

p

kq
p

The solution to the equation (207) is

uðr; hÞ ¼ ðc1rp þ c2r
�pÞ ðc3 cos ph

þ c4 sin phÞ ð208Þ

Using the boundary condition u(r, 0)= 0, we get
c3 ¼ 0: Thus

uðr; hÞ ¼ ðc1rp þ c2r
�pÞc4 sin ph: ð209Þ

Now the condition uð0; hÞ ¼ 0 implies

0 ¼ c2 since r ! 0 implies u ¼ 0:

Thus (209) transforms to

uðr; hÞ ¼ c1 c4 r
p sin ph

¼ bnr
p sin ph; say:

Now uðr; �Þ ¼ 0 implies

0 ¼ bnr
p sin p�;

which yields p� ¼ n�; that is, p ¼ n (integer).

Hence the solution is

unðr; hÞ ¼ bn r
n sin nh: ð210Þ

The superposition of the solutions implies

uðr; hÞ ¼
X1
n¼1

bn r
n sin nh: ð211Þ

Thus

uða; hÞ ¼
X1
n¼1

bn a
n sin nh ð212Þ

The series on the right hand side of (212) is the half-
range sine series of uða; hÞ: Therefore

an bn ¼ 2

�

Z �=2

0

kh

�
sin n h dh

"

þ
Z �

�=2

kð�� hÞ
�

sin nh dh

#

¼ 2k

�
0

� cos nh

n

� �
þ sin nh

n2

� 	�=2
0

þ �� hð Þ � cos nh

n

� �
� sin nh

n2

� 	�
�=2

¼ 2k

n

��

2n
cos

n�

2
þ sin n�

2

n2

�

þ �

2n
cos

n�

2n
þ sin n�

2

n2

	

¼ 4k

�n2
sin

n�

2
:

Thus

bn ¼ 4k

�ann2
sin

n�

2
:

Hence the solution of the Laplace equation is

uðr; hÞ ¼ 4k
�

P
1
n2

r
a

� n
sin n�

2
sin nh:

EXAMPLE 3.110
Use the method of separation of variables to solve

the equation @2V
@x2 ¼ @V

@t :

Solution. Let V ðx; tÞ ¼ TðtÞX ðxÞ be the possible

solution of @v
@t ¼ @2v

@x2 : Then the given heat equation
reduces to

T 0ðtÞX ðxÞ ¼ X 00ðxÞTðtÞ:
Separation of variable yields

T 0ðtÞ
TðtÞ ¼ X 00ðxÞ

X ðxÞ : ð213Þ

The left hand side of (213) is a function of t only,

where as the right hand side is a function of x only.
Since x and t are independent variables, (213) is

valid only if each side is equal to some constant C,

called the constant of separation. Thus

T 0ðtÞ
TðtÞ ¼ X 00ðxÞ

X ðxÞ ¼ C:
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Three cases arise:

The above three cases suggest that the possible solu-

tions of the given heat equation are:

(i) V ðx; tÞ ¼ c1e
k2t ðc2ekx þ c3e

�kxÞ
(ii) V x; tð Þ ¼ c1 e

�k2tðc2 cos kxþ c3 sin kxÞ
(iii) V ðx; tÞ ¼ c1 ðc2xþ c3Þ:

EXAMPLE 3.111
Solve the following equations by method of separa-
tion of variables:

(a) @2u
@x@t ¼ e�t cos x;

given that u¼ 0 when t ¼ 0 and @u
@t ¼ 0 when x ¼ 0.

(b) @u
@x ¼ 4 @u

@y ; uð0; yÞ ¼ 8 e�3y:

Case I. When C is positive, Let c ¼ k2. Then

For
T 0ðtÞ
TðtÞ ¼ c ¼ k2 For

X 00ðxÞ
X ðxÞ ¼ c ¼ k2

We have

T 0ðtÞ � k2TðtÞ ¼ 0:

The auxiliary equation is

m� k2 ¼ 0

and so m ¼ k2 and

C.F. ¼ c1e
k2t:

Hence

TðtÞ ¼ c1e
k2t:

We have

X 0ðxÞ � k2X ðxÞ ¼ 0:

The auxiliary equation is

m2 � k2 ¼ 0

and so m ¼ � k: Hence

C.F. ¼ c2e
kx þ c3e

�kx

and thus the solution is

X ðxÞ ¼ c2e
kx þ c3e

�kx:

Case II. Where C is negative, let c ¼ �k2: Then

For
T 0ðtÞ
TðtÞ ¼ �k2 For

X 00ðxÞ
X ðxÞ ¼ �k2

We have

T 0ðtÞ þ k2TðtÞ ¼ 0:

The auxiliary equation is

mþ k2 ¼ 0;

Which yields m ¼ �k2: Thus the solution is

TðtÞ ¼ c1e
�k2t

We have

X 00ðxÞ þ k2X ðxÞ ¼ 0:

The auxiliary equation is

mþ k2 ¼ 0;

which yields m ¼ � ki: Hence the solution is

X ðxÞ ¼ c2 cos kxþ c3 sin kx:

Case III. Where C ¼ 0. Then

T 0ðtÞ
TðtÞ ¼ 0 and so T 0ðtÞ ¼ 0; which implies

TðtÞ ¼ c1:

X 00ðxÞ
X ðxÞ ¼ 0

and so X 00ðxÞ ¼ 0; which implies

X ðxÞ ¼ c2xþ c3:
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Solution. (a). Let
u ¼ X ðxÞTðtÞ

be a trial solution of the given differential equation.

Then

@u

@t
¼ X ðxÞT 0ðtÞ;

@2u

@x @t
¼ T 0ðtÞX 0ðxÞ:

Therefore the given equation transforms to

T 0ðtÞX 0ðxÞ ¼ e�t cos x:

The separation of variable yields

etT 0ðtÞ ¼ cos x

X 0ðxÞ ¼ a (constant)

Then

etT 0ðtÞ ¼ a

or

dT ¼ ae�tdt ð214Þ
Integration of (214) yields

T ¼ �ae�t þ c1 ð215Þ
Further,

X 0ðxÞ ¼ 1

a
cos x dx ð216Þ

Integrating (216), we get

X ¼ 1

a
sin xþ c2 ð217Þ

From (215) and (217), we get

uðx; tÞ ¼ 1

a
sin xþ c2

� �
ð�ae�t þ c1Þ ð218Þ

Since u is zero when t ¼ 0, we have

0 ¼ 1

a
sin xþ c2

� �
ð�aþ c1Þ

This is possible if ð�aþ c1Þ ¼ 0 or if c1 ¼ a.
Further, the solution (218) implies

@u

@t
¼ 1

a
sin xþ c2

� �
ðae�tÞ: ð219Þ

Using the condition that @u@t ¼ 0 when, x = 0, we get
from (219) that 0 ¼ c2a e�t; which implies c2 ¼ 0.

Substituting the values c1 and c2 in the solution
(218), we have

uðx; tÞ ¼ 1

a
sin x½�ae�t þ a� ¼ sin xð1� e�tÞ:

(b) The given partial differential equation is

@u

@x
¼ 4

@u

@y
; uð0; yÞ ¼ 8 e�3y ð220Þ

Let
u ¼ X ðxÞY ðyÞ

be a trial solution of the given partial differential

equation Then (220) implies

X 0ðxÞY ðyÞ ¼ 4X ðxÞY 0ðyÞ
Separating the variables, we get

X 0ðxÞ
X ðxÞ ¼ 4

Y 0ðyÞ
Y ðyÞ ¼ a (constant)

Thus we get two ordinary differential equations

X 0ðxÞ
X ðxÞ ¼ a ð221Þ

and

4
Y 0ðxÞ
X ðxÞ ¼ a ð222Þ

Integrating (221), we get

logX ¼ axþ log c1

or
X ¼ c1e

ax ð223Þ
Integrating (222), we have

log Y ¼ a

4
yþ log c2

or

Y ¼ c2e
ay
4 ð224Þ

Therefore

u ¼ X ðxÞY ðyÞ ¼ c1c2 eax e
ay
4

¼ c1c2e
axþay

4 ¼ c1c2 e
4axþay

4

But uð0; yÞ ¼ 8 e�3y. Therefore

8e�3y ¼ c1c2e
ay
4 ;

which implies c1c2 ¼ 8 and a
4
¼ �3. Thus a ¼ �12.

Hence the solution is

uðx; yÞ ¼ 8e
�48x�12y

4 ¼ 8 e�12x�3y:
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E X E R C I S E S

1. Form the partial differential equation from the
following:

(a) z ¼ ax + by + a2 + b2

Ans. z ¼ px + qy + p2 + q2

(b) z ¼ (a + x2) (b + y2)

Ans. pq ¼ 4xyz

(c) (x –a)2 + (y – b)2 + z2 ¼ c2

Ans. z2(p2 + q2 + 1) ¼ c2

2. Find the differential equation of all planes

which are at a constant distance ‘a’ from the
origin.

Ans. z ¼ px + qy + a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p
3. Form partial differential equation by eliminat-

ing the arbitrary functions from the following:
(a) z ¼ f1(x) f 2(y)

Ans. z @2z
@x @y � @z

@x :
@z
@y ¼ 0

(b) z ¼ f y
x

� 
Ans. px + qy ¼ 0

(c) z ¼ x f1 (x + t) + f2(x +c)

Ans. @2z
@x2 � 2 @2z

@x @t þ @2z
@t2 ¼ 0

(d) z ¼ f (x) + e ygðxÞ
Ans. @2z

@y2 ¼ @z
@y

4. Solve

(a) @2z
@x2 + z¼ 0 given that when x¼ 0, z¼ ey, and

@z
@x ¼ 1.

Ans. z ¼ ey cos x + sin x

(b) @2z
@y2 ¼ sin (xy)

Ans. z ¼ – 1
x2
sin (xy) + y f(x) + �(x)

(c) @2u
@x @t ¼ e�t cos x

Ans. u ¼ –e�t sin x + f (x) + g (t)

5. Solve the Lagrange’s linear equations:

(a) y2z
x

p + xzq ¼ y2

Ans. �(x3 – y3, x2 – z2) ¼ 0

(b) x2 (y – z)p + y2 (z – x)q ¼ z2 (x – y)

Ans. f 1
x
þ 1

y
þ 1

z
; xyz

� �
¼ 0

(c) x2 p + y2 q ¼ (x + y)z

Ans. f xy
z
; 1

y
� 1

x

� �
¼ 0

(d) y2 p – xyq ¼ x (z – 2y)
Ans. f (x2 + y2, yz – y2) ¼ 0

(e) xp + yq ¼ 3z
Ans. f x

y
; x3

z

� �
¼ 0

(f) (y – z)p + (x – y)q ¼ z � x

Ans. f (x + y + z, x
2

2
+ yz) ¼ 0

(g) p – q ¼ log (x + y)

Ans. x log (x + y) – z ¼ f (x + y)

(h) px(z – 2y2) ¼ (z – qy) (z – y2 – 2x3)

Ans. f y
z
; z

x
� a2z2

x
þ x2

� �
¼ 0

6. Solve the following equations by Charpit’s

method:

(a) 2z + p2 + qy + 2y2 ¼ 0
Ans. y2[(x – a)2 + y2 + 2z] ¼ b.

(b) 2(z + xp + yp) ¼ yp2

Ans. z ¼ ax
y2
� a2

4y3
þ b

y

(c) 2zx – px2 – 2pxy + pq ¼ 0

Ans. z ¼ ay + b(x2 – a)

(d) 1 + p2 ¼ qz

Ans. z
2

2
� z

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4a2

p
� 2a2 logðzþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4a2

p
Þ

h i
¼ 2ax + 2y + b]

(e) p(q2 + 1) + (b – z)q ¼ 0

Ans. q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� a� b

p ¼ ffiffiffiffiffi
ax

p þ 1ffiffi
a

p yþ c

7. Solve

(a) (y – x) (qx – px) ¼ (p – q)2

Hint: Convert to f (P, Q) ¼ 0 form
Ans. z ¼ a(x+y) +

ffiffiffi
a

p
xy + c

(b) p2 + p ¼ q2

Ans. z ¼ ax +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ ayþ c

p
(c) z2 p2

x2
þ q2

y2

� �
¼ 1

Ans. z ¼ ax2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
y2 + c

(d) p2 x + q2 y ¼ z Hint: Put dxffiffi
x

p ¼ dX, dyffiffi
y

p ¼
dY, dzffiffi

z
p ¼ dZ

Ans. 2
ffiffi
z

p ¼ 2a
ffiffiffi
x

p
+ 2

ffiffiffi
y

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
+ c

(e)
ffiffiffi
p

p þ ffiffiffi
q

p ¼ 1
Ans. z ¼ ax + (1 –

ffiffiffi
a

p
)2 y + c.

(f) pq¼ xm yn z2l Hint : Put xm dx¼ dX, yn dy

z�land z�ldz ¼ d Z

Ans. z
l�1

1�l
¼ a xmþ1

mþ1
þ ynþ1

aðnþ1Þ + c

8. Solve:
(a) p + q ¼ z.

Ans. (1 + a) log z ¼ z + ay + b

(b) z2(p2 z2 + q2) ¼ 1
Ans. (z2 + a2)3 ¼ 9(x + ay + b)2
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(c) z2 ¼ 1 + p2 + q2

Ans. z ¼ cosh xþayþbffiffiffiffiffiffiffiffi
a2þ1

p
(d) p2 ¼ qz

Ans. z ¼ b eaxþa2y

(e) z ¼ pq + p + q ¼ 0

Ans. z ¼ ax – ay/(1 + a) + b

9. Solve:

(a) p – x2 ¼ q + y2

Ans. z ¼ 1
3
(x3 – y3) + a(x + y) + b

(b) q ¼ xyp2

Ans. z ¼ 2
ffiffiffiffiffi
ax

p þ 1
2
ay2 þ b

(c) pq ¼ x4 y3 z4

Ans. z ¼ �1

cx
5

5
þy4

4c
þb

(d)
ffiffiffi
p

p þ ffiffiffi
q

p ¼ 2x
Ans. z ¼ 1

6
ð2xþ aÞ3 þ a2yþ b

(e) p2 + q2 ¼ z2 (x + y)

Ans. log z ¼ 2
3
(a + x)3/2 + 2

3
(y – a)3/2 + c

10. Solve :
(a) z ¼ px + qy + sin (p + q)

Ans. z ¼ ax + by + sin(a + b)
(b) z ¼ px + qy – 2

ffiffiffiffiffi
pq

p
Ans. z ¼ ax + by – 2

ffiffiffiffiffi
ab

p

11. Solve the following by the method of separa-

tion of variables

(a) @2u
@x @t ¼ e�t cos x, u(0) ¼ 0, @u@t ¼ 0 at t ¼ 0.

Ans. u ¼ (1 – e�t) sin x

(b) 3 @u
@x þ 2 @u

@y ¼ 0, u(x, 0) ¼ 4e�x.

Ans. 3e�5x�3y þ 2e�3x�2y

(c) @2u
@x2 � @u

@y � 2u ¼ 0, u(0, y) ¼ 0,
@u
@x ð0; yÞ ¼ 1þ e�3y.

Ans. u ¼ 1ffiffi
2

p sin
ffiffiffiffiffi
2x

p þ e�3y sin x

(d)
@2x2

@x2
¼ h2

@u

@t
; uð0; tÞ ¼ uðl; tÞ ¼ 0;

uðx; 0Þ ¼ sin
�x

l
Ans. uðx; tÞ ¼ e�

�2 t2

l2 sin �x
l
.

12. Solve the equation @u
@t ¼ @2u

@x2 with boundary

u(x, 0) ¼ 3 sin n x, u(0, t) ¼ 0, u(l, t) ¼ 0,
where 0 < x < 1, t >0.

Ans. uðx; tÞ ¼ 3
P1
n¼1

e�n2�2t: sinðn�xÞ.
13. Solve @u

@t ¼ k @2u
@x2, ux(0, l) ¼ 0, u(x, y) ! finite

number as t ! 1, u(0, l) ¼ lx – x2.

Ans. u(x, t)¼ 1
6
l2 � l2

�2

P1
n¼1

1
n2
cos 2n�x

l
e�

4�2n2 k t

l2

14. A tightly stretched string with fixed end points
x ¼ 0 and x ¼ l is initially at rest in its equi-

librium position. If it is set vibrating by giving

to each of its points a velocity of lx(l – x), find
the displacement of the string at any distance x

from one end at any time t.

Ans. y(x,t)¼ 8ll3

c�4

P1
m¼1

1

ð2m�1Þ4sin
ð2m�1Þ�et

l
sinð2m�1Þ�x

l

15. Solve the wave equation @2y
@t2 ¼ 4 @2y

@x2 subject to
the conditions

yð0; tÞ ¼ 0;
@y

@t

� �
t¼0

¼ 3 sinð2�xÞ � 2 sinð5�xÞ

Ans. yðx; tÞ ¼ 1
20� ½15 sinð4�tÞ sinð2�xÞ

�4 sinð5�xÞ sinð10�tÞ
16. A tightly stretched stringwith fixed points x ¼ 0

and x ¼ l is initially in a position given by y ¼
y0 sin

3 �x
l

� 
. If it is released from rest from this

position, find the displacement y(x, t) at any

time t.
Ans. y(x, t) ¼ y0

4
3 sin �x

l
cos n�c

l
� sin 3�x

l
cos 3�ct

l

� 
17. An infinitely long plate uniform plate is

bounded by two parallel edges and an end at
right angle to them. The breadth is �. This end
is maintained at a temperature u0 at all points

and the other edges are at zero temperature.
Determine the temperature at any point of the

plate in a steady state.

Ans. u(x,y) ¼
440
� e�y sin xþ 1

3
e�3y sin 3xþ 1

5
e�5y sin 4xþ . . .

� �
18. A homogeneous rod of conducting material of

length 100 cm has its ends kept at zero tem-
perature and the initial temperature is

uðx; 0Þ ¼ x; 0 � x � 50

100� x; 50 � x � 100:

�

Find the temperature uðx; tÞ at any time t.

Ans.

uðx; tÞ ¼ 400
�2

P1
n¼1

ð�1Þn
ð2nþ1Þ2 e

�ð2nþ1Þ2c2�2 t
1002 : sin ð2nþ1Þ�x

100
.

19. @2y
@t2 � a2 @2y

@x2 ¼ E sin pt:

Hint: Roots of A.E are m ¼ �a. Therefore

C.F. ¼ f1ðx� atÞ þ f2ðxþ atÞ
P.I. ¼ 1

D2 � 2D02 E sin pt ¼ � E

p2
sin pt

Ans. y ¼ f1ðx� atÞ þ f2ðxþ atÞ ¼ E
p2
sin pt:
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20. ðD2 � DD0 � 2D02Þz ¼ exðy� 1Þ
Ans. z ¼ f1ðy� xÞ þ f2ðyþ 2xÞ þ y ex

21. ðD2 � DD0Þz ¼ cos x cos 2y
Hint: Convert cos x cos 2y into 1

2
½cosðxþ

2yÞ þ cosðx� 2yÞ� and then use standard
method to find P.I.

Ans. z ¼ f1ðyÞ þ f2ðyþ xÞ � 1
6
cosðx� 2yÞ þ

1
2
cosðxþ 2yÞ

22. ðD3 � 7DD02 � 6D03Þz ¼ x2 þ xy2 þ y3

þ cosðx� yÞ
Ans. f1ðy� xÞ þ f2ðy� 2xÞ þ f3ðyþ 3xÞ

þ 5

72
x6 þ 1

60
x5 þ 7

50
x5yþ 1

24
x4x2 þ 1

6
x3y3

þ x

4
cosðx� yÞ:

23. ðD2 � 2DD0 þ D02Þz ¼ sin x

Ans. z ¼ f1ðyþ xÞ þ xf2ðyþ xÞ � sin x:

24. ðD2 � D02Þz ¼ tan3x tan y� tan3y tan x

Ans. z ¼ f1ðyþ xÞ þ f2ðy� xÞ þ 1
2
tan x tan y:

25. @
2z

@x2 � @2z
@y2 ¼ exþ2y

Ans. z ¼ f1ðyþ xÞ þ f2ðy� xÞ � 1
3
exþy

Solve the following non-homogeneous partial

differential equations

26. ðD2 � DD0 þ D0Þz ¼ x2 þ y2

Ans.

z ¼ f1ðyÞ þ e�xf2ðyþ xÞ þ x3

3
� x2 þ xy2 þ 6x

27. ðD2 þ Dþ D0Þz ¼ 0
Ans. z ¼ c eax�ða2þaÞy, where a and c are

constants.

28. ð2DD0 þ D02 � 3D0Þz ¼ 3 cosð3x� 2yÞ
Ans. x ¼ f1ðxÞ þ e3yf2ð2y� xÞ

þ 3

50
½3 sinð3x� 2yÞ þ 4 cosð3x� 2yÞ�

29. r � sþ p ¼ 1

Ans. z ¼ f1ðyÞ þ e�xf2ðyþ xÞ þ x

30. ðD2 � D0 � 1Þz ¼ x2y
Ans. z ¼ c1e

axþða2�1Þy � x2yþ x2 � 2yþ 8,

where a and c are constants.

31. A tightly stretched unit square membrane starts
vibrating from rest and its initial displacement

k sin 2�x sin y. Show that the deflection at

any instant is ksin2�xsin�y cos
ffiffiffi
5

p
�ct

� 
:

32. Show that the deflection of a rectangular mem-
brane (0 � x � a; 0 � y � b) with fixed

boundary and starting from rest satisfying

u(x, y, 0) ¼ xy(a � x)(b � y) is given by

uðx; y; tÞ ¼
X1
m¼1

X1
n¼1

Amn cos ckt sin
m�x

a
sin

n�y

b
;

where

Amn ¼ 16a2b2

m3n3�6
1� cosm�ð Þ 1� sin n�ð Þ and

k2 ¼ �2 m2

a2
þ n2

b2

� �
:
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4 Fourier Series

In the early eighteenth century, the work of C.

Maclaurin and B. Taylor led to the representation of

functions like sin x, cos x, ex, and arc tan x as
power series expansions. By the middle of the

eighteenth century it became important to study the

possibility of representation of the ‘given function by
infinite series other than the power series. Since

many phenomena like vibration of string, the vol-

tages and currents in electrical networks, electro-
magnetic signals, and movement of pendulum are

periodic in nature, physicist, and mathematicians

discussed the possibility of representing a periodic
function as an infinite series involving sinusoidal

(sin x and cos x) functions. In his classic Théorie

analytique de la chaleur, published in 1822, the
French physicist Jean Baptiste Joseph Fourier

announced in his work on heat conduction that an

arbitrary periodic function could be expanded in a
series of sinusoidal functions. Thus, the aim of the

theory of Fourier series is to determine the condi-

tions under which the periodic functions can be
represented as linear combinations of sine and cosine

functions. These combinations are called Fourier

series and the coefficients that occur in the combi-
nations are called Fourier-coefficients.

4.1 TRIGONOMETRIC SERIES

Let T denote the period of the periodic functions.

Our aim is to approximate arbitrary periodic func-

tion as linear combination of sine and cosine func-
tions. Therefore in that situation the sine and cosine

functions must also have period T. Obviously, the

functions sin 2�t
T , cos 2�t

T , sin 4�t
T , cos

4�t
T , and so on

have period T. The constant function also has

period T. Thus the functions sin 2�nt
T and cos 2�nt

T ,

n 2 N have period T. Put 2�
T ¼ v0. Then the func-

tions sin nv0t and cos nv0t, n 2 N have period T.

The constant v0 ¼ 2�
T is called the fundamental

frequency. The functions sin v0t and cos v0t will

complete exactly one cycle on an interval of length
T whereas functions sin nv0t and cos nv0t with

n >1 will complete several cycles (Fig. 4.1). Thus,

frequencies of sin nv0t and cos nv0t are integer
multiples of v0. The linear combinations, called

superpositions, are again periodic with period 2�.

0

sin 2ω0t

t

1

– 1

sinω0t

– T/2  T/2

Figure 4.1 Sin nv0t for n ¼ 1, 2

Definition 4.1. An expression of the form

f ðtÞ¼ a0þ
Xn
k¼1

ðak coskv0tþbk sinkv0tÞ;v0 ¼ 2�

T
;

where a0, a1, a2, … are constants, is called a tri-
gonometric polynomial with period T.

If |an| + |bn| > 0, then the number n is called the

order of the trigonometric polynomial.

Definition 4.2. An expression of the form

a0

2
þ
X1
n¼1

ðan cos nv0t þ bn sin nv0tÞ; ð1Þ

where a0, a1, a2, … are constants, is called a tri-

gonometric series. The constants an, bn are called
coefficients of the series.

The free (first) term has been taken as a0
2
so that

it can be found directly from the formula for an, by
taking n ¼ 0, while finding Fourier coefficients.



The following trigonometric identities
shall be required in the forthcoming discussion.

ðaÞ
ZT=2

�T=2

cos nv0t dt ¼ sin nv0t

nv0

����
����
T=2

�T=2

¼ 0;

ðbÞ
ZT=2

�T=2

sin nv0t dt ¼ � cos nv0t

nv0

����
����
T=2

�T=2

¼ 0;

ðcÞ
ZT=2

�T=2

cos2nv0tdt ¼1

2

ZT=2

�T=2

ð1þcos2nv0tÞdt

¼1

2
tþsin2nv0t

2nv0

����
����
T=2

�T=2

" #
¼T

2
;

ðdÞ
ZT=2

�T=2

sin2nv0t dt ¼1

2

ZT=2

�T=2

ð1�cos2nv0tÞdt

¼1

2
t�sin2nv0t

2nv0

����
����
T=2

�T=2

" #
¼T

2
;

ðeÞ
ZT=2

�T=2

sinnv0tcosmv0t dt

¼1

2

ZT=2

�T=2

½sinðnþmÞv0tþsinðn�mÞv0t�dt

¼0using ðbÞ;
ðfÞ If n; m 2N; n 6¼ m; then

ZT=2

�T=2

cosnv0t cosmv0t dt

¼ 1

2

ZT=2

�T=2

½cosðnþmÞv0tþ cosðn�mÞv0t�dt

¼ 0 using ðaÞ;

(g) If n, m 2 N, n 6¼ m, then

ZT=2

�T=2

sinnv0t sinmv0t dt

¼ 1

2

ZT=2

�T=2

½cosðn�mÞv0t� cosðnþmÞv0t�dt

¼ 0 using ðaÞ:

4.2 FOURIER (OR EULER) FORMULAE

Let f(t), defined on � T
2
; T

2

� �
, be the sum of the

trigonometric series (1). Thus

f ðtÞ ¼ a0

2
þ
X1
n¼1

½an cos nv0t þ bn sin nv0t�: ð2Þ
Suppose that this trigonometric series converges
uniformly in � T

2
; T

2

� �
. Then term-by-term inte-

gration of the series is valid. Therefore, integration

of (2) term-by-term yields

ZT=2

�T=2

f ðtÞ dt ¼
ZT=2

�T=2

a0

2
dtþ

X1
n¼1

an

ZT=2

�T=2

cosnv0t dt

þ
X1
n¼1

bn

ZT=2

�T=2

sinnv0t dt

¼ a0

2
T þ 0þ 0¼ a0

2
T ;and so

a0 ¼ 2

T

ZT=2

�T=2

f ðtÞ dt ð3Þ

Now multiplying (2) by cos mv0t and integrating,
we obtain

ZT=2

�T=2

f ðtÞ cosmv0t dt ¼ a0

2

ZT=2

�T=2

cosmv0t dt

þ
X1
n¼1

an

ZT=2

�T=2

cosmv0t cos nv0t dt

þ
X1
n¼1

bn

ZT=2

�T=2

cosmv0t sin nv0t dt

¼ 0þ
X1
n¼1

an

ZT=2

�T=2

cosmv0t cos nv0tdt þ 0
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But

ZT=2

�T=2

cosmv0t cos nv0t dt ¼ 0 for m 6¼ n
T=2 for m ¼ n:

�

Hence

ZT=2

�T=2

f ðtÞ cos nv0t dt ¼ an

2
T ;

which yields

an ¼ 2

T

ZT=2

�T=2

f ðtÞ cos nv0t dt: ð4Þ

Similarly, multiplying (2) by sin mv0t and inte-
grating, we get

bn ¼ 2

T

ZT=2

�T=2

f ðtÞ sin nv0t dt: ð5Þ

Note that if we put n¼ 0 in (4), we obtain (3). That is

why, we take a0
2
in (1) instead of taking a constant a0.

In the above discussion, the interval of integra-
tion has been � T

2
; T

2

� �
, whose length is precisely

one period T. However, to determine the coeffi-

cients an and bn, we can integrate over any other
interval of length T. Sometimes (0, T) is also taken

as interval of integration.

The formulae (4) and (5) are called Fourier
or Euler formulae, the numbers an and bn are

called Fourier coefficients and the series a0
2
þP1

n¼1

ðan cos nv0t þ bn sin nv0tÞ is called Fourier

series of the function f where an and bn are Fourier
coefficients determined by (4) and (5).

When the periodic function f is real, then an
and bn are real and the nth term an cos nv0t +
bn sin nv0t, in the Fourier series, is called the nth

harmonic. This term can also be written as a single

cosine term in the following form:

ancosnv0tþbnsinnv0t¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2nþb2n

q
cosðnv0tþ�nÞ;

where

tan�n¼bn

an
if an 6¼0;

�n¼��

2
if an¼0:

The factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

p
is the amplitude of the nth

harmonic and �n is the initial phase. The initial

phase tells us how far the nth harmonic is shifted

relative to cos nv0t.
If an and bn are Fourier coefficients for f, then

we write

f � a0

2
þ
X1
n¼1

ðan cos nv0t þ bn sin nv0tÞ;

until and unless we know that the series converges

to f. Thus we can replace ‘�’ by ‘¼’ only if the

Fourier series converges to f.

Deductions. (a) If f is even in � T
2
; T

2

� �
, then f(t) cos

nv0t is also even and so

an ¼ 4

T

ZT=2

0

f ðtÞ cos nv0t dt:

Further, since product of an even function f with

odd function sin nv0t is odd, we have

bn ¼ 2

T

ZT=2

�T=2

f ðtÞ sin nv0t dt ¼ 0:

Thus, if f is an even function, then its Fourier series

will consist of cosine terms only.
(b) If f is an odd function in � T

2
; T

2

� �
, then f (t) cos

nv0t will be odd and f(t) sin nv0t will be even.

Therefore, in this case,

an ¼ 0 and bn ¼ 4

T

ZT=2

0

f ðtÞ sin nv0t dt:

Thus, if f is an odd function, then its Fourier series

will consist of sine terms only.
(c) As discussed above, to determine the Fourier

coefficients an and bn, we can, in general, integrate

the integrand over any interval of length T (period).
For example, if we take T ¼ 2l and the interval as

(–l, l), then v0 ¼ 2�
T
¼ �

l
. Since sin �t

l
and cos �t

l
have

period 2l, the Fourier series valid in (–l, l) takes the
form

f ðtÞ � a0

2
þ
X1
n¼1

an cos
n�t

l
þ bn sin

n�t

l

	 

;
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where

an ¼ 2

T

ZT=2

�T=2

f ðtÞ cos nv0t dt

¼ 2

2l

Z l

�l

f ðtÞ cos
n�t

l
dt

¼ 1

l

Z l

�l

f ðtÞ cos
n�t

l
dt ð6Þ

and similarly

bn ¼ 1

l

Z l

�l

f ðtÞ sin
n�t

l
dt ð7Þ

In particular, if T¼ 2� and interval of integration is

(–�, �), then

an ¼ 1

�

Z�

��

f ðtÞ cos nt dt; ð8Þ

bn ¼ 1

�

Z�

��

f ðtÞ sin nt dt: ð9Þ

Similarly, if we carry out integration over (c, c + T),
where T is the period of the function f, then we have

an ¼ 2

T

ZcþT

c

f ðtÞ cos nv0t dt; ð10Þ

bn ¼ 2

T

ZcþT

c

f ðtÞ sin nv0t dt: ð11Þ

Taking c ¼ 0, we get the interval of integration as

(0, T) and

an ¼ 2

T

ZT

0

f ðtÞ cos nv0t dt; ð12Þ

bn ¼ 2

T

ZT

0

f ðtÞ sin nv0t dt: ð13Þ

4.3 PERIODIC EXTENSION OF A FUNCTION

Let f be a function defined on the interval � T
2
; T

2

� �
.

By periodic extension of f we mean that f is defined

by f(t + kT) ¼ f(t) for all k 2 Z. The extended
function is then a periodic function of period T.

EXAMPLE 4.1
Consider the sawtooth function f defined on the
interval � T

2
; T

2

� �¼ (–�, �) by f(t)¼ t. The graph of

f is shown in the Figure 4.2.

0

f (t )

tπ

π

–π

Figure 4.2 Graph of f(t) ¼ t

The graph of the extended periodic function with
period T ¼ 2� is then as shown in the Figure 4.3.

0

f(t)

tπ 2ππ2π3π

Figure 4.3 Extended Periodic Function f (t) ¼ t with

Period 2�
It is a piecewise smooth function discontinuous at
the points t ¼ (2k + 1)�, k ¼ 0, ±1, ±2, ….

EXAMPLE 4.2
Consider the function f defined by f(t)¼ t2 on (��, �).
The graph of f is a parabola, shown in the Figure 4.4.

0
t

ππ

f(t)

Figure 4.4 Graph of f (t) ¼ t2
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The periodic extension of f is then a function of
period 2� shown in the Figure 4.5.

0

f(t)

t
π 3π  5ππ

Figure 4.5 Periodically Extended Function f (t) ¼ t2

4.4 FOURIER COSINE AND SINE SERIES

We have seen that if f is an even function, then its
Fourier series consists of cosine terms only, whereas

for an odd function, the Fourier series consists of

sine terms only. Sometimes one would like to
obtain a Fourier series containing only cosine terms

or sine terms for an arbitrary function on the

interval 0; T
2

� �
. Such series are called Fourier

cosine series and Fourier sine series, respectively.

To obtain Fourier cosine series for an arbitrary

function f defined on 0; T
2

� �
, make the even exten-

sion of f from the interval 0; T
2

� �
onto the interval

� T
2
; 0

� �
by defining f (–t) ¼ f(t) for – T

2
< t < 0 and,

subsequently, extend the function periodically with

period T. The function, thus, created is now an even

function on the interval � T
2
; T

2

� �
and so its Fourier

series will consists of cosine terms only. This function

is equal to the original function on the interval 0; T
2

� �
.

To obtain Fourier sine series, we first make odd
extension of f from the interval 0; T

2

� �
on the

interval � T
2
; 0

� �
by defining f(–t) ¼ –f(t) for � T

2
<

t < 0 and, subsequently, extend the function peri-
odically with period T. The function thus created is

an odd function on the interval � T
2
; T

2

� �
and so its

Fourier series shall consists of only sine terms. This
newly created function is equal to the original

function on the interval 0; T
2

� �
.

The process of obtaining Fourier cosine series
or Fourier sine series of an arbitrary function by

making even or odd extension is called forced

series development. The Fourier series so obtained
is called half-range series.

EXAMPLE 4.3
Consider the function f(t) ¼ 1(0 < t < �) and
suppose that we want to have odd extension of f to
(–�, 0). So we have to define f (–t) ¼ –f (t). Thus
f(–t) ¼ –1 in (–�, 0). Thus, the graph of the
extended function is as shown in Figure 4.6.

     

0
t

π

1

1

f(t)

π

Figure 4.6 Odd Extension of f

The period of this extended function is 2�. We then
extend this periodically to obtain the following

graph (Fig. 4.7):

0
t

π 2π 3π

1

4π

1

f(t)

π

Figure 4.7 Periodic Extension of f

4.5 COMPLEX FOURIER SERIES

Let f be a an integrable function on the interval

� T
2
; T

2

� �
. Then the Fourier series of f is

f ðtÞ � a0

2
þ
X1
n¼1

ðan cos nv0t þ bn sin nv0tÞ; ð14Þ

where v0 ¼ 2�
T
and an, bn are determined by Euler’s

formulae

an ¼ 2

T

ZT=2

�T=2

f ðtÞ cos nv0t dt;

bn ¼ 2

T

ZT=2

�T=2

f ðtÞ sin nv0t dt:
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By Euler’s formula, relating trigonometric and
exponential functions, we have

cos nv0t ¼ einv0t þ e�inv0t

2

and

sin nv0t ¼ einv0t � e�inv0t

2i
:

Substituting these values into the expression (14), it
follows that

a0

2
þ
X1
n¼1

ðan cosnv0tþbn sinnv0tÞ

¼ a0

2
þ
X1
n¼1

an
einv0tþ e�inv0t

2
þbn

einv0t� e�inv0t

2i

� �

¼ a0

2
þ
X1
n¼1

1

2
ðan� ibnÞeinv0tþ1

2
ðanþ ibnÞe�inv0t

 �

¼ c0þ
X1
n¼1

ðcneinv0tþc�ne
�inv0tÞ¼

X1
n¼�1

cne
inv0t;

where

c0¼a0

2
; cn¼an�ibn

2
;c�n¼anþibn

2
for n2N

ð15Þ
The form

f ðtÞ�
X1
n¼�1

cne
inv0t ð16Þ

is called complex form of the Fourier series of f.

The coefficients cn are complex Fourier coefficients
of the function f. We note that

cn¼1

2
ðan�ibnÞ

¼1

2

2

T

ZT=2

�T=2

f ðtÞcosnv0t dt

2
64 �2i

T

ZT=2

�T=2

f ðtÞsinnv0t dt

3
75

¼ 1

T

ZT=2

�T=2

f ðtÞ einv0tþe�inv0t

2
�i

einv0t�e�inv0t

2i

 �

¼ 1

T

ZT=2

�T=2

f ðtÞe�inv0tdt: ð17Þ

Similarly,

c�n¼anþibn

2
¼ 1

T

ZT=2

�T=2

f ðtÞeinv0t dt: ð18Þ

If f is real, then cn are c–n are complex conjugates.

Thus, the complex Fourier coefficients cn are

defined by:

cn ¼ 1

T

ZT=2

�T=2

f ðtÞ e�inv0tdt; n 2 ℤ ð19Þ

The term einv0t in Fourier series
P1

n¼�1
cne

inv0t is
called time-harmonic function.

4.6 SPECTRUM OF PERIODIC FUNCTIONS

Let f be a periodic function defined for t 2 R. If t is
time variable, then we say that the periodic function

f is defined in the time domain. Further, each

Fourier coefficient in the Fourier expansion of f is
associated with a specific frequency nv0. Also if

the series converges to f, then the function f is

completely determined by their Fourier coeffi-
cients. Therefore, we say that f is described by the

Fourier coefficients in the frequency domain.

The signals are generally interpreted in terms of
frequencies. For example, sound is expressed in

terms of frequency as pitch whereas light is

expressed in term of frequency as colour.

Definition 4.3. The sequence of Fourier coefficients cn
with n 2 Z, which describe a function in the fre-
quency domain, is called the spectrum of the func-

tion. Since n assumes only integer values, the

spectrum is called a discrete spectrum or line
spectrum.

Definition 4.4. The sequence of absolute values of cn,
that is, {|cn|} is called amplitude spectrum, whereas,

the sequence {arg(cn)} is called phase spectrum of

the function.

4.7 PROPERTIES OF FOURIER COEFFICIENTS

Following theorems describe the properties of
Fourier coefficients:
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Theorem 4.1. (Linearity). Let cn and dn be, respectively,
the Fourier coefficients of f and g. Then the Fourier

coefficients of af + bg, a, b 2 C shall be acn + bdn.

(Thus Fourier coefficients of linear combinations of
functions is equal to the same linear combinations of

the Fourier coefficients of the individual functions).

Proof: Let Cn

^
be the Fourier coefficients of af + bg.

Then

Cn

^
¼ 1

T

ZT=2

�T=2

½af ðtÞ þ bgðtÞ� e�inv0tdt

¼ a

T

ZT=2

�T=2

f ðtÞ e�inv0tdt þ b

T

ZT=2

�T=2

gðtÞ e�inv0tdt

¼ acn þ bdn:

Theorem 4.2. (Conjugation). If Fourier coefficients of
f are cn, then Fourier coefficients of f ðtÞ are �c�n.

Proof: Since einv0t ¼ e�inv0t, we have

¼ 1

T

ZT=2

�T=2

f ðtÞ e�inv0tdt

¼ 1

T

ZT=2

�T=2

f ðtÞ env0t dt

¼ 1

T

ZT=2

�T=2

f ðtÞ e�ið�nÞv0t dt ¼ �c�n:

Theorem 4.3. (Shift in Time). If cn are Fourier

coefficients of f, then the Fourier coefficient of

f (t – t0) is e
�inv0t0 cn.

Proof: We have

1

T

ZT=2

�T=2

f ðt � t0Þ e�inv0tdt

¼ e�inv0t0 :
1

T

ZT=2

�T=2

f ðt � t0Þe�inv0ðt�t0Þ dt

¼ e�inv0t0 :
1

T

ZT=2

�T=2

f ðuÞ e�inv0u du; t � t0 ¼ u

¼ e�inv0t0cn:

Theorem 4.4. (Time reversal). If cn are the Fourier
coefficients of f(t), then c-n will be the Fourier

coefficients of f(–t).

Proof: Putting –t ¼ u, we get

1

T

ZT=2

�T=2

f ð�tÞ e�inv0tdt

¼ 1

T

Z�T=2

T=2

f ðuÞ e�inv0ð�uÞ dð�uÞ

¼ 1

T

ZT=2

�T=2

f ðuÞ e�ið�nÞv0udu ¼ c�n:

Theorem 4.5. (Bessel’s inequality). Let cn be the

Fourier coefficients of piecewise continuous peri-
odic function f with period T. Then

X1
n¼�1

jcnj2 � 1

T

ZT=2

�T=2

j f ðtÞj2dt:

Proof: Let

SnðtÞ ¼
Xn
k¼�n

cke
ikv0t ð20Þ

be the partial sum of the Fourier series
P1

n¼�1
cne

inv0t.

Let –n � k � n. Then

1

T

ZT=2

�T=2

½ f ðtÞ � SnðtÞ�e�ikv0t

¼ 1

T

ZT=2

�T=2

f ðtÞe�ikv0t � 1

T

ZT=2

�T=2

SnðtÞe�ikv0t

¼ ck � 1

T

Xn
l¼�n

cl

ZT=2

�T=2

eiðl�kÞv0t dt; usingð20Þ:

But

ZT=2

�T=2

e�iðl�kÞv0tdt ¼ 0 for l 6¼ k
T for l ¼ k:

�
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Hence

1

T

ZT=2

�T=2

½ f ðtÞ � SnðtÞ�e�ikv0t

¼ ck � 1

T
T ck ¼ ck � ck ¼ 0 ð21Þ

Using (21), it follows that

1

T

ZT=2

�T=2

½ f ðtÞ�SnðtÞ��Sn ðtÞ dt

¼
Xn
k¼�n

�ck

ZT=2

�T=2

½ f ðtÞ�SnðtÞ�e�ikv0t dt¼0: ð22Þ

But (22) implies

1

T

ZT=2

�T=2

½ f ðtÞ�SnðtÞ� ½ f ðtÞ�Sn ðtÞ� dt

¼
ZT=2

�T=2

½ f ðtÞ�SnðtÞ� f ðtÞ dt

¼
ZT=2

�T=2

f ðtÞ f ðtÞ dt�
ZT=2

�T=2

SnðtÞ f ðtÞ dt

¼
ZT=2

�T=2

j f ðtÞj2dt�
Xn
k¼�n

ck

ZT=2

�T=2

eikv0t f ðtÞ dt

¼
ZT=2

�T=2

j f ðtÞj2dt�
Xn
k¼�n

ck

ZT=2

�T=2

e�i kv0t f ðtÞ dt

¼
ZT=2

�T=2

j f ðtÞj2dt�
Xn
k¼�n

ckT�ck (by definition of ckÞ

¼
ZT=2

�T=2

j f ðtÞj2dt�T
Xn
k¼�n

jck j2:

The integrand on the left-hand side is equal to
| f(t) – Sn(t)|

2 � 0. Hence the left-hand side is also

greater than or equal to zero. Hence

T
Xn
k¼�n

jck j2 �
ZT=2

�T=2

j f ðtÞj2dt: ð23Þ

Since (23) holds for any n 2 N, letting n ! 1, we

have

X1
n¼1

jcnj2 ¼ lim
n!1

Xn
k¼�n

jck j2 � 1

T

ZT=2

�T=2

j f ðtÞj2dt;

which proves the theorem.

Remark 4.1. For real form of the Fourier series, we
have cn ¼ an�ibn

2
so that Bessel’s inequality takes the

form

a20
2
þ
X1
n¼1

ða2n þ b2nÞ �
1

T

ZT=2

�T=2

j f ðtÞj2dt: ð24Þ

Theorem 4.6. (Riemann-Lebesgue Lemma). Let f be a

piecewise continuous periodic function with Fourier

coefficients cn. Then lim
n!1 cn ¼ lim

n!�1 cn ¼ 0.

Proof: Since f is piecewise continuous, so is | f(t)|2.

Hence the integral
RT=2

�T=2

j f ðtÞj2 dt is finite. But, by

Bessel’s inequality, we have

X1
n¼�1

jcnj2 � 1

T

ZT=2

�T=2

j f ðtÞj2 dt:

Since right-hand side is finite, the series
P1

n¼�1
jcnj2

of positive terms is convergent. Hence cn ! 0 as

n! ±1.

Remark 4.2. Since cn ¼ an�ibn
2

, it follows from the

Riemann-Lebesgue lemma that an, bn tend to zero

as n ! 1.

Theorem 4.7. (Mean Convergence of Fourier Series

in L2 ��; �½ �). Let f 2 L2 ��; �½ �: Then the Fourier
series of f converges in mean to f in L2 ��; �½ �:

Proof: A function f is said to belong to the class
L

p ��; �½ �; 0 < p � 1; if
R �

�� f ðtÞj jpdt < 1:
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Further, a sequence of functions fn 2 L
p ��; �½ �; 0 <

p � 1 is said to converge in norm or converge in

mean with index p to f 2 L
p ��; �½ � if

lim
n!1

Z�

��

fnðtÞ � f ðtÞj jpdt
2
4

3
5
1
p

¼ 0:

A necessary and sufficient condition for conver-

gence of the sequence of functions fn 2 L
p

is that
given e > 0 there exists N such that

fn � fmk kLp < e for n;m � N ;
that is,

Z
fn � fmj jp

 �1
p
< e for n;m � N :

Let {Sn (x)} be the sequence of partial sums of the

Fourier series
P1

k¼0 ak cos kv0t þ bk sin kv0tð Þ for
f 2 L2 ��; �½ �: Then if m < n, we have

1

�

Z�

��

SnðxÞ � SmðxÞj j2dx

¼ 1

�

Z�

��

Xn
k¼mþ1

ak cos kv0t þ bk sin kv0t

�����
�����
2

dt:

�
Xn

k¼mþ1

a2k þ b2k
�� ��:

But,byBessel’s inequality,
Pn

k¼1 a2k þ b2k
�� �� < 1 for

f 2 L2 ��; �½ �: Therefore there exists a number N
such that

Pn
k¼mþ1 a2k þ b2k

�� �� < e for m > N. Hence

SnðxÞ � SmðxÞk kL2 < e for n;m � N ;

and so the Fourier series of f converges in mean to f.

Theorem 4.8. (Riesz-Fischer Theorem). If {ak} and

{bk} are the sequences of real numbers such that

a20
2
þ
X1
k¼1

ða2k þ b2kÞ < 1;

then there exists a function f such that
R�
��

jf ðtÞj2 dt <

1 and whose Fourier coefficients are precisely ak
and bk.

Proof: Let
SnðtÞ ¼ a0

2
þ
Xn
k¼1

ðak cos kv0t þ bk sin kv0tÞ;

where� T

2
� t � T

2
: If m < n; then

2

T

ZT=2

�T=2

ðSn � SmÞ2¼ 2

T

ZT=2

�T=2

Xn
k¼mþ1

ðak cos kv0t

þ bk sin kv0tÞ2 dt

¼
X1

k¼mþ1

ða2k þ b2kÞ: ð25Þ

But, by the given hypothesis, the series
P1
k¼1

ða2k þ b2kÞ

is convergent. Hence the tail
P1

k¼mþ1

ða2k þ b2kÞ tends
to zero as n ! 1. The left-hand side of (25) is

nothing but 2
T

Sn � Smk k. Therefore, Sn � Smk k ! 0

asm, n!1. Thus {Sn} is a Cauchy sequence. But f

is in L2 � T
2
; T

2

� �
space, which is complete. Hence

this sequence of partial sum converges to some

function f in L2 � T
2
; T

2

� �
. Thus for anyp¼ 0, 1, 2,…,

we have

lim
n!1

2

T

ZT=2

�T=2

SnðtÞcospv0t dt

¼ 2

T

ZT=2

�T=2

f ðtÞcospv0t dt:

But if n � p, we have

2

T

ZT=2

�T=2

SnðtÞ cos pv0t dt ¼ ap:

Hence

2

T

ZT=2

�T=2

f ðtÞ cos pv0t dt ¼ ap ðp ¼ 0; 1; 2; . . .Þ:

Thus ap are the Fourier cosine coefficients of f.

Similarly, it can be proved that bp are the Fourier
sine coefficients of f.

4.8 DIRICHLET’S KERNEL

Definition 4.5. The Dirichlet’s kernel Dn(t) is defined by

DnðtÞ ¼ 1

2
þ cos t þ . . .þ cos nt: ð26Þ

This is a periodic function and plays an important
role in the convergence of trigonometric series.
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Multiplying both sides of (26) with 2 sin t
2
, we get

2 sin
t

2
DnðtÞ ¼ sin

t

2
þ 2 cos t sin

t

2
þ 2 cos 2t sin

t

2

þ . . .þ 2 cos nt sin
t

2
ð27Þ

Applying the formula

2 cos a sinb ¼ sinðaþ bÞ � sinða� bÞ;
the equation (27) reduces to

2 sin
t

2
DnðtÞ

¼ sin
t

2
þ sin

3

2
t � sin

t

2

� �
þ sin

5

2
t � sin

3

2
t

� �

þ . . .þ sin nþ 1

2

� �
t � sin n� 1

2

� �
t

� �

¼ sin nþ 1

2

� �
t:

Hence

DnðtÞ
sin nþ 1

2

� �
t

2 sin t
2

: ð28Þ

We note that

(a) Dirichlet’s kernel is an even periodic function.

(b) the expression (28) for Dirichlet’s kernel
implies that

DnðtÞ � 1

2 sin t
2

: ð29Þ

Simple differentiation shows that sin t
t

decreases in
the interval 0; �

2

� �
. Therefore,
sin t

t
� sin �

2
�
2

¼ 2

�
;

which means

sin t

t
� 2

�
for 0 � t � �

2
;

that is,
sin t

2
t
2

� 2

�
for 0 � t

2
� �

2
;

that is,

sin
t

2
� t

�
for 0 � t � �:

Hence (29) yields

jDnðtÞj �
�

2t
for 0 < jtj � �;

and so

jDnðtÞj ¼ O
1

t

� �
: ð30Þ

Sometimes it will be required that if � � |t|� �, then

jDnðtÞj �
�

2�
: ð31Þ

(c) The expression (26) shows that

Dn tð Þj j � 1

2
þ 1þ 1þ . . .þ 1|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

n times

¼ nþ 1

2
: ð32Þ

(d) Integrating the expression (26) over the interval

� T
2
; T

2

� �
, we have

ZT=2

�T=2

DnðtÞdt ¼ T

2
: ð33Þ

(e) Since Dn(t) is an even function, we have

Ln ¼ 1

�

Z�

��

jDnðtÞjdt ¼ 2

�

Z�

0

jDnðtÞjdt:

Expanding
sin nþ1

2ð Þt
2 sin t

2
, we have Dn(t) ¼ sin nt

t
+ O(1).

Therefore,

Ln ¼ 2

�

Z�

0

sin nt

t

����
���� dt þOð1Þ:

Since
R�
0

sin nt
t

�� �� dt � 2
� log n, it follows that

Ln � 4

�2
log n:

Thus, we have shown that

Ln ¼ 1

�

Z�

��

jDnðtÞj dt � 4

�2
log n: ð34Þ

The constant Ln in the expression (34) is called
Lebesgue constant.

Remarks 4.3. (a) The expression
�DnðtÞ ¼ sin t þ sin 2t þ . . .þ sin nt

is called conjugate Dirichlet’s kernel. It takes the form

�DnðtÞ ¼
cos t

2
� cos nþ 1

2

� �
t

2 sin t
2and so

�DnðtÞ � 1

sin t
2

:

(b) The expressions

KnðtÞ ¼ 1

nþ 1

Xn
p¼0

DpðxÞ
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and

�KnðtÞ ¼ 1

nþ 1

Xn
p¼0

�DpðxÞ

are called the Fejér’s kernel and conjugate Fejér’s

kernel, respectively.

4.9 INTEGRAL EXPRESSION FOR PARTIAL SUMS OF
A FOURIER SERIES

Let

SnðtÞ ¼ a0

2
þ
Xn
k¼1

ðak cos kv0t þ bk sin kv0tÞ
be the partial sum of the Fourier series. Replacing ak
and bk by the defining integrals, we obtain

SnðtÞ¼ 1

T

ZT=2

�T=2

f ðuÞ du

þ 2

T

Xn
k¼1

ZT=2

�T=2

f ðuÞcos kv0u du

0
B@

1
CAcos kv0t

2
64

þ
ZT=2

�T=2

f ðuÞsin kv0u du

0
B@

1
CAsin kv0t

3
75

¼ 2

T

ZT=2

�T=2

f ðuÞ
"
1

2
þ
Xn
k¼1

ðcos kv0ucos kv0t

þsin kv0u sin kv0tÞ
#
du

¼ 2

T

ZT=2

�T=2

f ðuÞ 1

2
þ
Xn
k¼1

cos kv0ðu� tÞ
" #

du

¼ 2

T

ZT=2

�T=2

f ðuÞDnðu� tÞ du:

Substituting u � t ¼ x, we have

SnðtÞ ¼ 2

T

ZðT=2Þ�t

ð�T=2Þ�t

f ðxþ tÞ DnðxÞdx

¼ 2

T

ZT=2

�T=2

f ðxþ tÞ DnðxÞdx;

using the fact that the functions f(x + t) and Dn(x)
are periodic in the variable x with period T and the

length of the interval � T
2
� t; T

2
� t

� �
is T and so the

integral over � T
2
� t; T

2
� t

� �
is same as the integral

over � T
2
; T

2

� �
.

Since Dn(x) is even, that is, Dn(�x) ¼ Dn(x),
the partial sum becomes

SnðtÞ¼2

T

Z0

�T=2

f ðxþtÞDnðxÞdxþ2

T

ZT=2

0

f ðxþtÞDnðxÞdx

¼2

T

ZT=2

0

f ðt�xÞDnð�xÞdxþ2

T

ZT=2

0

f ðxþtÞDnðxÞdx

¼2

T

ZT=2

0

½ f ðxþtÞþf ðt�xÞ�DnðxÞdx

¼2

T

ZT=2

0

½ f ðtþxÞ�f ðtþÞþf ðt�xÞ�f ðt�Þ�DnðxÞdx

þ2

T

ZT=2

0

½ f ðtþÞþf ðt�Þ�DnðxÞdx: ð35Þ

Since
R�=2
0

DnðxÞ dx ¼ T
4
by (33), the second term in

(35) is
f ðtþÞþf ðt�Þ

2
. Thus, we get

SnðtÞ ¼ f ðtþÞ þ f ðt�Þ
2

þ 2

T

ZT=2

0

½ f ðt þ xÞ � f ðtþÞ

þ f ðt � xÞ � f ðt�Þ� DnðxÞ dx:

4.10 FUNDAMENTAL THEOREM (CONVERGENCE
THEOREM) OF FOURIER SERIES

The following theorem shows that the Fourier series

of a piecewise smooth function converges to that

function at each point of continuity.

Theorem 4.9. (Fundamental Theorem of Fourier

Series). Let f be a piecewise smooth periodic
function with period T defined on R with Fourier
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coefficients an and bn. Then for any t 2 R,
a0

2
þ
X1
n¼1

ðan cos nv0t þ bn sin nv0tÞ

¼ 1

2
½ f ðtþÞ þ f ðt�Þ�:

[At the point of continuity f(t +) ¼ f(t�) ¼ f(t) and

so, in that case, the right-hand side becomes f(t)].

Proof: If Sn(t) is the partial sum of the Fourier series,

then we have established (above) that

SnðtÞ ¼ f ðtþÞ þ f ðt�Þ
2

þ 2

T

ZT=2

0

½ f ðt þ xÞ � f ðtþÞ

þ f ðt � xÞ � f ðt�Þ� DnðxÞ dx;
where Dn(x) is the Dirichlet’s kernel. To prove the

theorem, it is sufficient to show that the term

InðtÞ ¼ 2

T

ZT=2

0

½ f ðt þ xÞ � f ðtþÞ þ f ðt � xÞ

� f ðt�Þ� DnðxÞ dx
tends to zero as n ! 1. To this end, we have

InðtÞ ¼ 2

T

ZT=2

0

½ f ðt þ xÞ � f ðtþÞ þ f ðt � xÞ � f ðt�Þ�
x

� x sin nþ 1
2

� �
v0x

2 sinv0
x
2

dx

¼ 2

T

ZT=2

0

QðxÞ sin nþ 1

2

� �
v0 x dx; ð36Þ

where

QðxÞ ¼ f ðt þ xÞ � f ðtþÞ þ f ðt � xÞ � f ðt�Þ
x

� x

2 sinv0
x
2

:

For x ¼ 0, the denominator of Q(x) equals 0 and so

integral In(t) is not defined for x ¼ 0. But since f is

piecewise smooth,

lim
x!0

f ðt þ xÞ � f ðtþÞ
x

¼ f 0ðtþÞ
(right-hand derivative)

and

lim
x!0

f ðt � xÞ � f ðt�Þ
x

¼ f 0ðt�Þ
(left-hand derivative)

exist. Also lim
x!0

x
sinv0

x
2
exists. Hence, Q(x) is piece-

wise continuous function. Further, both Q(x) and

sin nþ 1
2

� �
v0x being odd, the integrand in (36) is an

even function. Therefore, (36) can be written as

InðtÞ ¼ 2

2T

ZT=2

�T=2

QðxÞ sin nþ 1

2

� �
v0 x dx

¼ 1

2
:
2

T

ZT=2

�T=2

QðxÞ sin n v0 x cosv0
x

2

h

þ cos nv0x sinv0
x

2

i
dx

¼ 1

2
:
2

T

ZT=2

�T=2

QðxÞ cosv0
x

2
sin nv0x dx

þ 1

2
:
2

T

ZT=2

�T=2

QðxÞ sinv0
x

2
cos nv0x dx:

But 2
T

RT=2
�T=2

QðxÞ cosv0
x
2
sin nv0x dx is the Fourier

coefficient bn for the function Q(x) cos v0
x
2

whereas 2
T

RT=2
�T=2

QðxÞ sinv0
x
2
cos nv0x dx is Fourier

coefficient an for the function Q(x) sin v0
x
2
. By

Riemann-Lebesgue lemma, both of these coeffi-

cients tend to zero as n ! 1. Hence In(t) ! 0 as
n!1. It follows, therefore, that the Fourier series

converges to 1
2
[ f (t +) + f (t �)].

Remark 4.4. It follows from Theorem 4.9 that if two

periodic piecewise smooth functions have the same

Fourier series, that is, if their Fourier coefficients
are equal, then these functions must be equal at all

points of continuity. This assertion is known as

Uniqueness theorem.

Remark 4.5. The assumption in the convergence
theorem may be written as:

(a) the function f is periodic and single-valued.

(b) f is piecewise continuous.
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(c) f has finite number of maxima and minima in a
period.

These three conditions are called Dirichlet’s

conditions.

4.11 APPLICATIONS OF FUNDAMENTAL THEOREM
OF FOURIER SERIES

As consequences of fundamental theorem of

Fourier series, we have the following results:

Theorem 4.10. (Fourier Series of a Product of

Functions). Let f and g be piecewise smooth peri-

odic functions with Fourier coefficients cn and dn
respectively. Then h ¼ fg has a convergent Fourier

series with Fourier coefficients pn given by

pn ¼
X1
k¼�1

ck dn�k :

Proof: Since f and g are piecewise smooth periodic

functions, so is h ¼ fg. Therefore, by fundamental

theorem of Fourier series, h has a convergent Fourier
series. The Fourier coefficients pn of h are given by

pn ¼ 1

T

ZT=2

�T=2

f ðtÞ gðtÞ e�inv0tdt:

Since f is piecewise smooth periodic function, by

fundamental theorem of Fourier series, it can be

replaced by its Fourier series at the points of con-
tinuity. But in integration, the values at the points of

discontinuity are of no importance. Therefore,

pn ¼ 1

T

ZT=2

�T=2

X1
k¼�1

ck ei k v0tgðtÞe�inv0t dt:

Changing the order of integration and summation,

we have

pn¼
X1

k¼�1
ck

1

T

ZT=2

�T=2

gðtÞe�iðn�kÞv0t dt¼
X1
k¼�1

ckdn�k :

Theorem 4.11. (Parseval’s Identity). Let f and g be
piecewise smooth periodic function with Fourier

coefficients cn and dn, respectively. Then

1

T

ZT=2

�T=2

f ðtÞ gðtÞ dt ¼
X1

k¼�1
ck �dk :

Proof: Since dn is Fourier coefficient of g(t), by
Theorem 4.2, the Fourier coefficient of gðtÞ shall be
d�n. Now if pn be the Fourier coefficients of the

product f �g, Theorem 4.10 implies that

pn ¼
X1
k¼�1

ck �d�ðn�kÞ:

In particular,

p0 ¼
X1
k¼�1

ck �dk :

But, by definition,

p0 ¼ 1

T

ZT=2

�T=2

f ðtÞ gðtÞ dt:

Hence

1

T

ZT=2

�T=2

f ðtÞ gðtÞ dt ¼
X1
k¼�1

ck �dk :

Theorem 4.12. (Parseval’s equality). Let f be a pie-

cewise smooth periodic function with Fourier
coefficient cn. Then

1

T

ZT=2

�T=2

j f ðtÞj2dt ¼
X1

k¼�1
jck j2

Proof: Taking f (t) ¼ g(t) in Theorem 4.11, we have

1

T

ZT=2

�T=2

f ðtÞf ðtÞ dt ¼
X1
k¼�1

ck �ck

and so

1

T

ZT=2

�T=2

j f ðtÞj2dt ¼
X1

k¼�1
jck j2:

Definition 4.6. The integral 1
T

RT=2
�T=2

jf ðtÞj2dt is called

the power of periodic time continuous signal f.

Thus, if f is piecewise smooth periodic function,
then by Theorem 4.12, its power can be calculated

using Fourier coefficients. In fact

P ¼
X1

k¼�1
jck j2:
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4.12 CONVOLUTION THEOREM FOR FOURIER SERIES
Definition 4.7. The convolution product of two pie-

cewise smooth periodic functions f and g with

period T is defined by

ð f 	 gÞðtÞ ¼ 1

T

ZT=2

�T=2

f ðuÞ gðt � uÞ du:

The convolution product is very useful in system
analysis. We note that for k 2 Z,

ð f 	gÞðtþkTÞ¼ 1

T

ZT=2

�T=2

f ðuÞgðtþkT�uÞdu

¼ 1

T

ZT=2

�T=2

f ðuÞgðt�uÞdu

¼ð f 	gÞðtÞ;
since g being periodic, g (t � u + kT) ¼ g (t � u). It

follows, therefore, that convolution product of peri-

odic function is also periodic with the same period.

Theorem 4.13. (Convolution Theorem for Fourier

Series). If f and g are piecewise smooth periodic
functions with Fourier coefficients cn and dn, then

f 	 g has a convergent Fourier series with Fourier

coefficients cn dn [denoted by ( f 	 g)n].

Proof: Since f and g are piecewise smooth periodic
function, f 	 g is also piecewise smooth periodic

function. Hence, by Fundamental theorem of Fourier

series, it has a convergent Fourier series. Further

ð f 	gÞn¼
1

T

ZT=2

�T=2

ð f 	gÞðtÞe�inv0t dt

¼ 1

T2

ZT=2

�T=2

ZT=2

�T=2

f ðuÞgðt�uÞdu

0
B@

1
CAe�inv0t dt:

Changing the order of integration, we get

ðf 	 gÞn ¼
1

T

ZT=2

�T=2

1

T

ZT=2

�T=2

gðt � uÞe�inv0ðt�uÞ dt

0
B@

1
CA

�f ðuÞ e�inv0u du

¼ 1

T
dn

ZT=2

�T=2

f ðuÞ e�inv0u du ¼ cndn:

4.13 INTEGRATION OF FOURIER SERIES

Sometimes, the Fourier series of a function is
known but not the function itself. In such cases,

the following problems arise:

(a) If Fourier series of the function f of period

2� is given, can we calculate
Rb
a

f ðxÞ dx over arbi-

trary interval [a, b]?

(b) If Fourier series of the function f is known,

can we find the Fourier series of the function

FðxÞ ¼ Rx
0

f ðtÞ dt?

The following theorem provides the answer to the

above-posed problems.

Theorem 4.14. Let

f ðtÞ � a0

2
þ
X1
n¼1

ðan cos nt þ bn sin ntÞ

be the Fourier series of an absolutely integrable

function of period 2�. Then
Rb
a

f ðtÞ dt can be found

by term-by-term integration of the Fourier series

(irrespective of the convergence), that is,

Zb

a

f ðtÞdt¼a0

2
ðb�aÞ

þ
X1
n¼1

anðsinnb�sinnaÞ�bnðcosnb�cosnaÞ
n

:

Moreover, the integral of f has the Fourier series

expansion in (��, �) given by

Zx

0

f ðtÞdt¼
Xbn

n
þ
X1
n¼1

�bncosnxþ½anþð�1Þnþ1
a0�sinnx

n
:

Proof: Let

FðxÞ ¼
Zx

0

f ðtÞ dt � a0

2
x:

Then F is continuous and has absolutely integrable
derivative (except for a finite number of points).
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Moreover,

Fðxþ2�Þ¼
Zxþ2�

0

f ðtÞdt�a0

2
ðxþ2�Þ

¼
Zx

0

f ðtÞdtþ
Zxþ2�

x

f ðtÞdt�a0

2
x��a0

¼FðxÞþ
Z�

��

f ðtÞdt��a0

¼FðxÞþ�a0��a0; since a0¼1

�

Z�

��

f ðtÞdt

¼F ðxÞ:

Therefore, F is periodic with period 2�. Hence F can

be expressed as a Fourier series

FðxÞ ¼ A0

2
þ
X

ðAn cos nxþ Bn sin nxÞ; ð37Þ

where

An ¼ 1

�

Z�

��

FðxÞ cos nx dx

¼ 1

�
FðxÞ sin nx

n

����
����
�

��

� 1

n�

Z�

��

F0ðxÞ sin nx dx

¼ 0� 1

n�

Z�

��

f ðxÞ � a0

2

	 

sin nxdx

¼ � 1

n�

Z�

��

f ðxÞ sin nx dxþ a0

2n�

Z�

��

sin nx dx

¼ � 1

n�
:�bn þ 0 ¼ � bn

n
;

and similarly

Bn ¼ an

n
:

Thus (37) reduces to

FðxÞ ¼ A0

2
þ
X1
n¼1

an sin nx� bn cos nx

n

and soZx

0

f ðtÞ dt ¼ A0

2
þ a0

2
x

þ
X1
n¼1

an sin nx� bn cos nx

n
ð38Þ

Putting x¼ b and x¼ a in (38) and subtracting, we getZb

a

f ðtÞdt¼a0

2
ðb�aÞ

þ
X1
n¼1

anðsinnb�sinnaÞ�bnðcosnb�cosnaÞ
n

:

It follows, therefore, that the Fourier series (even
divergent) can be integrated term-by-term in any

interval.

Now if we put x ¼ 0 in (38), we get

A0

2
¼

X1
n¼1

bn

n
ð39Þ

But (see Example 4.7)

x

2
¼

X1
n¼1

ð�1Þnþ1

n
sin nx:

Hence (38) reduces toZx

0

f ðtÞdt¼
X1
n¼1

bn

n

þ
X1
n¼1

�bncosnxþ½anþð�1Þnþ1a0�sinnx
n

:

Remark 4.6. The expression (39) shows that for any

Fourier series, the series
P bn

n
converges. This fact

helps us to differentiate the Fourier series of abso-

lutely integrable functions from other trigonometric

series. For example, the seriesX1
n¼2

sin nx

log n
;

converges everywhere but cannot be a Fourier series

since the seriesX bn

n
¼

X 1

n log n

is divergent.
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4.14 DIFFERENTIATION OF FOURIER SERIES

Regarding differentiation of Fourier series, we have
the following theorem:

Theorem 4.15. Let f be a continuous function of

period 2� having an absolutely integrable deriva-

tive (except at certain points). Then the Fourier
series of f 0 can be obtained from the Fourier series

of the function f by term-by-term differentiation.

Proof: By Convergence theorem, the Fourier series

of f converges to f. So let

f ðxÞ ¼ a0

2
þ
X1
n¼1

ðan cos nxþ bn sin nxÞ: ð40Þ

If a0n and b0n denote Fourier coefficients of f 0, then

a00 ¼
1

�

Z�

��

f 0ðxÞ dx ¼ f ð�Þ � f ð��Þ ¼ 0;

a0n ¼
1

�

Z�

��

f 0ðxÞ cos nx dx

¼ 1

�
½cos nxf ðxÞ���� þ

n

�

Z�

��

sin nx f ðxÞdx

¼ 0þ n

�

Z�

��

f ðxÞ sin nx dx ¼ nbn;

b0n ¼
1

�

Z�

��

f 0ðxÞ sin nx dx

¼ 1

�
½f ðxÞ sin nx���� �

n

�

Z�

��

f ðxÞ cos nx dx

¼ 0� nan ¼ �nan:

Hence the Fourier series of f 0 is given by

f 0ðxÞ �
X1
n¼1

nðbn cos nx� an sin nxÞ;

which is nothing but the series obtained from (40)
by term-by-term differentiation.

4.15 EXAMPLES OF EXPANSIONS OF FUNCTIONS IN
FOURIER SERIES

EXAMPLE 4.4
Expand in Fourier series the function f defined by

f ðxÞ ¼ 0 for� � � x < 0
1 for 0 � x � �:

�

Deduce that sum of the Gregory series 1� 1
3
þ 1

5
�

1
7
þ 1

9
� . . . is �

4
.

Solution. Taking periodic extension of the function,

the graph of f is shown in Figure 4.8. The extended

function is of period 2�. So, we have

an¼ 1

�

Z�

��

f ðxÞcosnx dx¼ 1

�

Z�

0

cosnxdx¼ 1

�

sinnx

n

 ��
0

¼ 0 for n¼1;2; . . .;

1 for n¼0

�

0

f(x)

x
π 2π 3π

1

4π

1

π2π

Figure 4.8 Graph of Periodically Extended f

bn¼ 1

�

Z�

��

f ðxÞ sinnx dx¼ 1

�

Z�

0

sinnx dx¼1�cosn�

n�

¼
2
n� for n¼1;3;5; . . .

0 for n¼2;4;6; . . .

(

Hence the Fourier series of f is given by

f � 1

2
þ 2

�

sin x

1
þ sin 3x

3
þ sin 5x

5
þ . . .

 �
:

We have used the symbol� because the series does

not converge to f. In fact, we note that f (0) ¼ 1 by

definition of f. But x¼ 0 in the series yields the sum
as 1

2
.
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At x ¼ �
2
, we have

1 ¼ 1

2
þ 2

�
1� 1

3
þ 1

5
� 1

7
þ 1

9
� . . .

 �
;

which yields

1� 1

3
þ 1

5
� 1

7
þ 1

9
� . . . ¼ �

4
:

EXAMPLE 4.5
Determine Fourier series of the function f defined
by

f ðxÞ ¼ �� for� � < x < 0

x for 0 < x < �:

�

Prove that 1
12
þ 1

32
þ 1

52
þ . . . ¼ �2

8
.

Solution. Taking periodic extension of the given

function, we have a function of period 2�. Then

a0¼1

�

Z�

��

f ðxÞdx¼1

�

Z0

��

f ðxÞdxþ1

�

Z�

0

f ðxÞdx

¼1

�

Z0

��

ð��Þdxþ1

�

Z�

0

xdx¼1

�
��2þ�2

2

 �
¼��

2
;

an¼1

�

Z�

��

f ðxÞcosnxdx¼1

�

Z0

��

��cosnxdxþ
Z�

0

xcosnxdx

2
4

3
5

¼1

�

cosn�

n2
� 1

n2

 �
¼ � 2

�n2
foroddn

0 for evenn;

�

bn¼1

�

Z�

��

f ðxÞsinnxdx

¼1

�

Z0

��

��sinnxdxþ
Z�

0

xsinnxdx

2
4

3
5¼1

n
ð1�2cosn�Þ:

Hence Fourier series expansion of f is

f ðxÞ ¼ a0

2
þ
X1
n¼1

ðan cos nxþ bn sin nxÞ

¼ ��

4
� 2

�

cos x

12
þ cos 3x

32
þ cos 5x

52
þ . . .

� �

þ 3 sin x� sin 2x

2
þ 3 sin 3x

3
� sin 4x

4
þ . . .

Taking x ¼ 0, we get

f ð0Þ ¼ ��

4
� 2

�

1

12
þ 1

32
þ 1

52
þ . . .

� �
:

But, by Convergence theorem, we have

f ð0Þ ¼ 1

2
½ f ð0þÞ þ f ð0�Þ� ¼ 1

2
��þ 0ð Þ ¼ ��

2
:

Hence

��

2
¼ ��

4
� 2

�

1

12
þ 1

32
þ 1

52
þ . . .

� �
;

which yields

1

12
þ 1

32
þ 1

52
þ . . . ¼ �2

8
:

EXAMPLE 4.6
Expand f (x) ¼ x2, –� < x < � in Fourier series and

show that

(a)
P1
n¼1

1
n2
¼ �2

6

(b)
P1
n¼1

1

ð2n�1Þ2 ¼ �2

8

(c)
P1
n¼1

1
n4
¼ �4

90
.

Solution. The function is defined in the interval
(–�, �). The periodic extension of f is continuous

and smooth (see Example 4.2). Since f (x) ¼ f (�x),

the function is even. Hence, the Fourier coefficients
bn ¼ 0 for n ¼ 1, 2, …. To calculate an, we use

integration by parts and get

a0 ¼ 2

�

Z�

0

x2 dx¼ 2�2

3
;

an ¼ 1

�

Z�

��

f ðxÞcosnx dx¼ 2

�

Z�

0

x2 cosnxdx

¼ 2

�
x2
sinnx

n
�2x

�cosnx

n2

	 

þ2 �sinnx

n3

� � ��
0

¼ 2

�
2�

cosn�

n2

h i
¼ 4

n2
ð�1Þn;since cosn�¼ð�1Þn:
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Since f is continuous and smooth, the Fourier series
of f converges to f and so the Fourier series is

f ðxÞ ¼ �2

3
þ 4

X1
n¼1

ð�1Þn
n2

cos nx: ð41Þ

Derivations. (a) Substituting x ¼ � in (41), we get

�2 ¼ �2

3
þ 4

X1
n¼1

ð�1Þn
n2

ð�1Þn ¼ �2

3
þ 4

X1
n¼1

1

n2
;

which yields

�2

6
¼

X1
n¼1

1

n2
:

(b) Now putting x ¼ 0 in (41), we get

0 ¼ �2

3
þ 4

X1
n¼1

ð�1Þn
n2

:

Thus

4 � 1

12
þ 1

22
� 1

32
þ . . .

 �
¼ � �2

3
; ð42Þ

that is ,

1

12
� 1

22
þ 1

32
� . . . ¼ �2

12
: ð43Þ

Adding (42) and (43), we get

1

12
þ 1

32
þ 1

52
þ . . . ¼ �2

8

or

X1
n¼1

1

ð2n� 1Þ2 ¼
�2

8
:

(c) Applying Parseval’s equality, we get

Z�

��

½ f ðxÞ�2 dx ¼ 2�a20 þ �
X1
n¼1

ða2n þ b2nÞ;

that is, Z�

��

ðx2Þ2 dx ¼ 2�
�2

3

� �2

þ�
X1
n¼1

16

n4
;

that is,

2

5
�5 ¼ 2

9
�5 þ �

X1
n¼1

16

n4
;

which yields

X1
n¼1

1

n4
¼ �4

90
:

EXAMPLE 4.7
Obtain the Fourier series for the function f (x)¼ 2x+1,
�� <x < �. Hence deduce Fourier series for x and the
line y ¼ mx + c.

Solution. Using Fourier formulae, we have

a0 ¼ 1

�

Z�

��

ð2xþ 1Þdx ¼ 1

�
½x2 þ x���� ¼ 2;

an ¼ 1

�

Z�

��

ð2xþ 1Þ cos nx dx

¼ 1

�
ð2xþ 1Þ sin nx

n

� �
� 2 � cos nx

n2

	 
 ��
��

¼ 1

�

2 cos n�

n2
� 2 cos n�

n2

 �
¼ 0;

bn ¼ 1

�

Z�

��

ð2xþ 1Þ sin nx dx

¼ 1

�
ð2xþ 1Þ � cos nx

n

	 

� 2 � sin nx

n2

� � ��
��

¼ 1

�

ð2�þ 1Þð� cos n�Þ
n

þ ð�2�þ 1Þðcos n�Þ
n

 �

¼ 1

�
� 4� cos n�

n

 �
¼ � 4

n
ð�1Þn:

Since the function is continuous and smooth, by

Fundamental theorem, Fourier series converges to
f and we have

f ðxÞ¼ 2xþ1¼ 1�4
X1
n¼1

ð�1Þn
n

sinnx;��< x<�;

that is,

x ¼ 2
X1
n¼1

ð�1Þnþ1

n
sin nx;

which is the Fourier series for x in [–�, �].
Comparing mx + c ¼ with 2x + 1, we get

mxþ c ¼ c� 2m
X1
n¼1

ð�1Þn
n

sin nx:

EXAMPLE 4.8
Find the Fourier series for the function f defined
by f(x)¼x�x2,��<x<�. Deduce that 1

12
� 1

22
þ

1
32
� 1

42
þ . . . ¼ �2

12
.
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Solution. The periodic extension of f is of period 2�.
Using Euler’s formulae, we have

a0¼1

�

Z�

��

ðx�x2Þdx¼�2�2

3
;

an¼1

�

Z�

��

ðx�x2Þcos nxdx

¼1

�
ðx�x2Þ sinnx

n

� �
�ð1�2xÞ �cosnx

n2

	 

þð�2Þ �sinnx

n3

� � ��
��

¼1

�

ð1�2�Þcosn�
n2

�ð1þ2�Þcosn�
n2

 �
¼� 4

n2
ð�1Þn:

Similarly, one can show that

bn ¼ 1

�

Z�

��

ðx� x2Þ sin nx dx ¼ � 2ð�1Þn
n

:

Hence the Fourier series is

f ðxÞ ¼ � �2

3
þ 4

cos x

12
� cos 2x

22
þ cos 3x

32
� . . .

 �

þ2
sin x

1
� sin 2x

2
þ sin 3x

3
� . . .

 �
:

Putting x ¼ 0, we get

0 ¼ � �2

3
þ 4

1

12
� 1

22
þ 1

32
� . . .

� �

and so

1

12
� 1

22
þ 1

32
� . . . ¼ �2

12
:

EXAMPLE 4.9
If a is a real number, find the Fourier series of the

function f defined by

f ðxÞ ¼ eax; �� < x < �

f ðxþ 2�Þ ¼ f ðxÞ; x 2 R:

Deduce the value of the series
P1
n¼1

ð�1Þn
a2þn2

.

Solution. Using Euler’s formulae, we have

an þ ibn ¼ 1

�

Z�

��

eaxþinx dx ¼ 1

�ðaþ inÞ ½eaxþinx����

¼ 1

�ðaþ inÞ e
in� ½ea� � e�a��

¼ 2ð�1Þn
�ðaþ inÞ sinh a�

¼ 2ð�1Þnða� inÞ
�ða2 þ n2Þ sinh a�:

Equating real and imaginary parts, we have

an ¼ 2að�1Þn sinh a�
�ða2 þ n2Þ ; bn ¼ 2n sinh a�

�ða2 þ n2Þ ;

a0 ¼ 2a sinh a�

�a2
¼ 2 sinh a�

�a
:

The series shall also converge to f due to piecewise
continuity and smoothness. Hence

f ðxÞ¼ sinha�

�

1

a
þ2

X1
n¼1

ð�1Þn
a2þn2

ðacosnx�nsinnxÞ
" #

:

Putting x ¼ 0, we get

e0 ¼ 1 ¼ sinh a�

�

1

a
þ 2

X1
n¼1

ð�1Þna
a2 þ n2

" #

and so

X1
n¼1

ð�1Þn
a2 þ n2

¼ 1

2a2
ða� cosech a�� 1Þ:

EXAMPLE 4.10
Find the Fourier series of the function

f ðxÞ ¼ jxj; �2 � x � 2

f ðxÞ ¼ f ðxþ 4Þ:

Solution. The period of the given function is 4.

Therefore, the Fourier series shall be

a0

2
þ
X1
n¼1

an cos
n�x

2
þ bn sin

n�x

2

	 

;

where

a0 ¼ 1

2

Z2

�2

jxjdx¼ 2;
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an ¼ 1

2

Z2

�2

jxj cosn�x
2

dx

¼
Z2

0

x cos
n�x

2
dx (integrand is even)

¼ 2x

n�
sin

n�x

2

 �2
0

�
Z2

0

2

n�
sin

n�x

2
dx

¼ 0þ 4

n2�2
½�1þ ð�1Þn� ¼ 0 for even n

� 8
n2�2 for odd n:

�

Since the given function is even, bn ¼ 0 for n ¼ 1,

2, … Also, the function is continuous on 0; 1
2

� �
.

Hence, by Convergence theorem,

f ðxÞ ¼ 1� 8

�2
cosxþ 1

9
cos3xþ 1

25
cos5xþ . . .

 �
:

EXAMPLE 4.11
Expand f (t) ¼ 1 – t2, – 1 � t � 1 in Fourier series.

Solution. Periodically extended function of the

given function is of period 2. Therefore, its Fourier
shall be

a0

2
þ
X1
n¼1

an cos n�t:

By Euler’s formula, we have

a0 ¼ 1

1

Z1

�1

ð1� t2Þdt¼ 4

3
;

an ¼ 1

1

Z1

�1

ð1� t2Þcosn�t dt

¼ ð1� t2Þsinn�t
n�

 �1
�1

�
Z1

�1

ð�2tÞsinn�t
n�

dt

¼ 0þ 2

n�

Z1

�1

t sinn�t dt

¼ 2

n�

tð�cosn�tÞ
n�

 �1
�1

� 2

n�

Z1

�1

�cosn�t

n�
dt

¼ �4

n2�2
ð�1Þnþ 2

n2�2

sinn�t

n�

 �1
�1

¼� 4

n2�2
ð�1Þn:

Hence the Fourier series is

f ðxÞ � 2

3
þ
X1
n¼1

�4

n2�2
ð�1Þn cos n�t

¼ 2

3
þ 4

�2
cos �t � cos 2�t

22
þ cos 3�t

32
� . . .

 �
:

EXAMPLE 4.12
Determine the Fourier series for sawtooth function f
defined by

f ðtÞ ¼ t; t 2 ð��; �Þ
f ðtÞ ¼ f ðt þ 2�Þ

Solution. The periodic extension of the function is
piecewise smooth and its graph is shown in Figure

4.9. This extended function is an odd function with

period T ¼ 2�. Therefore, the Fourier series will
have only sine terms. Using Euler formulae, we have

a0 ¼ 2

T

ZT=2

�T=2

f ðtÞdt ¼ 1

�

Z�

��

t dt ¼ 0;

0
t

π 2π2π3π

π

π

π

f(t)

Figure 4.9

bn ¼ 1

�

Z�

��

t sin nt dt

¼ � 1

n�
½t cos nt���� þ

1

n�

Z�

��

cos nt dt

¼ � 2

n
cos n�þ 0 ¼ � 2

n
ð�1Þn; n 2 N:

Since the function is piecewise continuous and
smooth, we have

f ðtÞ ¼
X1
n¼1

ð�1Þnþ1 2

n
sin nt

¼ 2 sin t � sin 2t

2
þ sin 3t

3
� . . .

� �
:
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EXAMPLE 4.13
Determine the Fourier series of the square wave
function f defined by

f ðxÞ ¼ �k for� � < x < 0

k for 0 < x < �;

�

f ðxÞ ¼ f ðxþ 2�Þ:
Deduce that 1� 1

3
þ 1

5
� 1

7
¼ �

4
.

Solution. The graph of periodically extended square

wave function f is shown in the Figure 4.10. The
function is of period T ¼ 2�. Further,

f ð�xÞ ¼ �k for� � <�x< 0; that is;0< x< �

k for 0<�x< �; that is;�� < x< 0

(

¼� k for 0< x< �

�k for� � < x< 0

(

¼�f ðxÞ:

0
x

π 2π

k

k

2π π

f(t)

Figure 4.10

Thus, f is an odd function and so its Fourier series
consists of sine terms only. We have

bn ¼ 1

�

Z�

��

f ðxÞ sin nx dx ¼ 2

�

Z�

0

k sin nx dx

¼ 2k

�
� cos nx

n

h i�
0
¼ 0 for even n

4k
n� for odd n:

(

Hence, the function being piecewise continuous and

smooth, the Fourier series for f is given by

f ðxÞ ¼
X1
n¼1

4k

n�
sin nx; n odd

¼ 4k

�
sin xþ 1

3
sin 3xþ 1

5
sin 5xþ . . .

 �
:

Taking x ¼ �
2
, we get

k ¼ 4k

�
1� 1

3
þ 1

5
� 1

7
þ . . .

 �

and so

1� 1

3
þ 1

5
� 1

7
þ . . . ¼ �

4
:

EXAMPLE 4.14
Determine the Fourier series for the periodic
triangle function f with period T defined for

0 < a � T
2
on � T

2
; T

2

� �
by

f ðxÞ ¼ 1� jxj
a

for jxj � a

0 for a < jxj � T=2:

�

Solution. The graph of the periodically extended
triangle function is shown in the Figure 4.11.

0
x

a

1

a T /2 TTT /2

f(x)

Figure 4.11

The function is periodic with period T and is also

even. So the Fourier coefficients bn are zero. For

an, we have

an ¼ 4

T

ZT=2

0

f ðxÞcosnv0x dx;v0 ¼ 2�

T

¼ 4

T

Za

0

1� x

a

	 

cosnv0x dx

¼ 4

Tnv0
1� x

a

	 

sinnv0x

n oa

0
þ1

a

Za

0

sinnv0x dx

2
4

3
5

¼ 4

aTnv0

Za

0

sinnv0x dx¼ 4

aTnv0
�cosnv0x

nv0

 �a
0

¼ 4

aTn2v2
0

½1�cosnv0a� ¼ 8

aTn2v2
0

sin2
nv0a

2

	 

;
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and

a0 ¼ 4

T

Za

0

1� x

a

	 

dx ¼ 2a

T
:

Hence

f ðxÞ ¼ a

T
þ 8

aTv2
0

X1
n¼1

1

n2
sin2ðnv0

a

2
Þ cos nx:

EXAMPLE 4.15
Determine the Fourier series for periodic block

function f with period T > 0 and 0 � a � T and
defined by

f ðxÞ ¼ 1 for jxj � a=2 � T=2
0 for a=2 < jxj � T=2:

�

Solution. The graph of periodically extended func-
tion with period T is shown in the Figure 4.12. This

function is also even.

0
x

a /2a /2

1

T/2 TT/2T

f(t)

Figure 4.12
We have

an ¼ 2

T

ZT=2

�T=2

f ðxÞ cos nv0x dx; v0 ¼ 2�

T

¼ 4

T

Za=2

0

cos nv0 xdx ¼ 4

T

sin nv0 x

nv0

 �a=2
0

¼ 4

Tnv0

sinðnv0
a

2
Þ; n 6¼ 0;

whereas

a0 ¼ 4

T

Za=2

0

dx ¼ 2a

T
:

Since f is piecewise continuous and smooth, the

Convergence theorem of Fourier series yields

f ðxÞ ¼ a

T
þ 4

Tv0

X1
n¼1

1

n
sinðnv0

a

2
Þ cos nx:

EXAMPLE 4.16
Expand f (x) ¼ x2, 0 < x < 2� in a Fourier series
assuming that the function is of period 2�.

Solution. We are given that T ¼ 2�. The graph

of the periodically extended function is shown in

the Figure 4.13.

0
x

2π2π 4π 6π 8π4π

4π2

f(x)

Figure 4.13
Using Fourier formulae, we have

an ¼ 1

�

Z2�

0

f ðxÞ cosnx dx¼ 1

�

Z2�

0

x2 cosnx dx

¼ 1

�
x2
sinnx

n
� 2x � cosnx

n2

	 

þ 2 � sinnx

n3

� � �2�
0

¼ 4

n2
; n 6¼ 0:

For n ¼ 0, we get

a0 ¼ 1

�

Z2�

0

x2 dx ¼ 8�2

3
:

Similarly,

bn ¼ 1

�

Z2�

0

x2 sin nx dx ¼ � 4�

n
:

Thus the required Fourier series is

4�2

3
þ
X1
n¼1

4

n2
cos nx� 4�

n
sin nx

� �
:

At x ¼ 0 and x ¼ 2�, the series converges to 2�2.

EXAMPLE 4.17
Develop Fourier series for f (x) ¼ x sin x, 0 <
x < 2�.
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Solution. Using Euler’s formulae, we have

a0 ¼ 1

�

Z2�

0

x sinx dx

¼ 1

�
½xð�cos xÞ�2�0 � 1

�

Z2�

0

ð� cos xÞdx¼�2;

an ¼ 1

�

Z2�

0

x sinx cosnx dx

¼ 1

2�

Z2�

0

x½sinðnþ 1Þx� sinðn� 1Þx�dx

¼ 1

2�

Z2�

0

x sinðnþ 1Þx dx�
Z2�

0

x sinðn� 1Þx dx
2
4

3
5

¼ 1

2�

xð�cosðnþ 1ÞxÞ
nþ 1

þ sinðnþ 1Þx
ðnþ 1Þ2

" #2�

0

8<
:

� xð�cosðn� 1ÞxÞ
n� 1

þ sinðn� 1Þx
ðn� 1Þ2

" #2�

0

9=
;

¼ 1

2�

�2�

nþ 1
þ 2�

n� 1

 �
¼ 2

n2 � 1
; n 6¼ 1;

a1 ¼ 1

�

Z2�

0

x sin x cos x dx¼ 1

2�

Z2�

0

x sin2x dx¼�1

2
;

while

bn ¼ 1

�

Z2�

0

x sinxsinnx dx

¼ 1

2�

Z2�

0

x½cosðn� 1Þx� cosðnþ 1Þx�dx

¼ 1

2�

1

ðn� 1Þ2�
1

ðn� 1Þ2�
1

ðnþ 1Þ2þ
1

ðnþ 1Þ2
" #

¼ 0; n 6¼ 1

and

b1 ¼ 1

�

Z2�

0

x sin2 x dx ¼ 1

2�

Z2�

0

xð1� cos 2xÞdx

¼ 1

2�
½2�2� ¼ �:

Hence the Fourier expansion of f is

a0

2
þ
X1
n¼1

ðan cos nxþ bn sin nxÞ

¼ �1� 1

2
cos xþ � sin xþ 2

X1
n¼2

cos nx

n2 � 1
:

EXAMPLE 4.18
Find the Fourier series of f (x) ¼ x, 0 < x < 2�.

Solution. The periodic extension of the given func-

tion f is shown in the Figure 4.14.

0
x

π 2π 4π

f(t)

Figure 4.14

We have

a0 ¼ 1

�

Z2�

0

x dx ¼ 2�;

an ¼ 1

�

Z2�

0

x cos nxdx ¼ 0� 1

�n

Z2�

0

sin nxdx ¼ 0;

bn ¼ 1

�

Z2�

0

x sin nxdx ¼ � 2

n
:

Therefore

x ¼ �� 2 sin xþ sin 2x
2

þ sin 3x
3

þ . . .
� �

; 0 < x < 2�.
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EXAMPLE 4.19
Expand f (x) ¼e–x, 0 < x < 2�.

Solution. Using integration by parts, we have

an ¼ 1

�

Z2�

0

f ðxÞ cos nxdx ¼ 1

�

Z2�

0

e�x cos nx dx

¼ 1� e�2�

�

� �
:

1

n2 þ 1
;

bn ¼ 1

�

Z2�

0

f ðxÞ sin nx dx ¼ 1

�

Z2�

0

e�x sin nx dx

¼ 1� e�2�

�

n

n2 þ 1

� �
:

Hence

f ðxÞ � 1� e�2�

�

1

2
þ 1

2
cos xþ 1

5
cos 2xþ 
 
 


� �

þ 1

2
sin xþ 2

5
sin 2xþ . . .

� ��
:

EXAMPLE 4.20
Find the Fourier series for f(x) ¼ �x, 0 � x � 2.

Solution. Comparing the interval with (0, T), we have
T¼ 2. The function is odd and, therefore, the Fourier

series shall consists of only sine terms. We have

bn ¼ 2

T

ZT

0

f ðxÞ sin n�x dx ¼
Z2

0

�x sin n�x dx

¼ � x
ð� cos n�xÞ

n�

 �2
0

þ 1

n

Z2

0

ðcos n�xÞ dx ¼ � 2

n
:

Hence, the required Fourier series is �2
P1
n¼1

sin n�x
n

.

EXAMPLE 4.21
Determine the Fourier series of the half-wave rec-

tified sinusoidal defined by

f ðtÞ ¼ sin t for 0 < t < �

0 for � < t < 2�;

�

f ðtÞ ¼ f ðt þ 2�Þ:
Deduce that

(a) 1
1:3 þ 1

3:5 þ 1
5:7 þ . . . ¼ 1

2

(b) 1
1:3 � 1

3:5 þ 1
5:7 � . . . ¼ ��2

4
.

Solution. The graph of the function is shown in the

Figure 4.15.

0
t

π 2π 3π 4π

f(x)

Figure 4.15
Using the Euler formulae, we have

a0 ¼ 1

�

Z2�

0

f ðtÞdt ¼ 1

�

Z�

0

sin t dt ¼ 2

�
;

an ¼ 1

�

Z2�

0

f ðtÞ cos nt dt ¼ 1

�

Z�

0

sin t cos nt dt

¼ 1

2�

Z�

0

½sinðnþ 1Þt � sinðn� 1Þt�dt

¼ 1

2�
� cosðnþ 1Þt

nþ 1
þ cosðn� 1Þt

nþ 1

 ��
0

¼
� 2

�ðn2�1Þ for even n

0 for odd n:

(

bn ¼ 1

�

Z2�

0

f ðtÞ sin nt dt ¼ 1

�

Z�

0

sin t sin nt dt

¼ 1

2�

Z�

0

½cosðn� 1Þt � cosðnþ 1Þt�dt

¼ 1

2�

sinðn� 1Þt
n� 1

� sinðnþ 1Þt
nþ 1

 ��
0

¼ 0; n 6¼ 1

For n ¼ 1, we get

b1 ¼ 1

�

Z�

0

sin t sin t dt ¼ 1

�

Z�

0

sin2 t dt ¼ 1

2
:
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Hence the required Fourier series is

f ðtÞ � 1

�
� 2

3�
cos 2t � 2

15�
cos 4t

� 2

35�
cos 6t þ . . .þ 1

2
sin t

¼ 1

�
1þ �

2
sin t � 2

3
cos 2t � 2

3:5
cos 4t



� 2

3:5:7
cos 6t � . . .

�

Deductions. (a) Putting t¼ � in this Fourier series, we
get f (�) ¼ 0 and, therefore,

0 ¼ 1

�
1� 2

1:3
� 2

3:5
� 2

5:7
� . . .

 �

or

1

1:3
þ 1

3:5
þ 1

5:7
þ . . . ¼ 1

2
:

(b) Putting t ¼ �
2
, we have f �

2

� � ¼ sin �
2
¼ 1.

Therefore, the Fourier series reduces to

1 ¼ 1

�
1þ �

2
þ 2

1:3
� 2

3:5
þ 2

5:7
� . . .

 �
;

which yields

�� 2

4
¼ 1

1:3
� 1

3:5
þ 1

5:7
� . . . :

EXAMPLE 4.22
Expand f (x) ¼ |sin x| in Fourier series.

Solution. The given function is defined for all x and is
continuous, piecewise smooth, and even. Its graph

is shown in the Figure 4.16

0
x

π 2π 3ππ2π

f(x)

Figure 4.16

By Fundamental theorem of Fourier series, the

function f(x) ¼ |sin x| is everywhere equal to its
convergent Fourier series. Since f is even, the series

shall consists of only cosine terms. We have

a0 ¼ 1

�

Z�

��

f ðxÞ dx ¼ 2

�

Z�

0

sin x dx ¼ 4

�

and

an ¼ 2

�

Z�

0

sin x cos nx dx

¼ 1

�

Z�

0

½sinðnþ 1Þx� sinðn� 1Þx�dx

¼ � 1

�

cosðnþ 1Þx
nþ 1

� cosðn� 1Þ
n� 1

 ��
0

¼ � 1

�

ð�1Þnþ1 � 1

nþ 1
� ð�1Þnþ1 � 1

n� 1

" #

¼ �2

�ðn2 � 1Þ ½ð�1Þn þ 1�; for n 6¼ 1;

while for n ¼ 1, we get

a1 ¼ 2

�

Z�

0

sin x cos x dx ¼ 1

�

Z�

0

sin 2x dx ¼ 0:

Hence

f ðxÞ ¼ j sin xj

¼ 2

�
� 4

�

cos 2x

3
þ cos 4x

15
þ cos 6x

35
þ . . .

� �
:

EXAMPLE 4.23
Determine sine series expansion of the function f

defined by f(x) ¼ 1, 0 < x < �.

Solution. The graph of the given function is shown in
the Figure 4.17. We wish to obtain a Fourier sine
series for this function. Making the odd extension

of f onto the interval (–�, 0) produces a dis-

continuity at x¼ 0. We, thus, get an odd function on
the interval (–�, �). We then extend it periodically
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with

0
x

π

1

f(t)

Figure 4.17

period 2� over the whole x-axis. The odd extension
and subsequent periodic extensions are shown in

the Figure 4.18.

0
x

π 2π 3π

1

1

π

f(x)

Figure 4.18

The Fundamental theorem of Fourier series is

applicable. The Fourier series will converge to 1
for 0 < x < �. Outside the interval 0 < x < �, it
converges to the function as shown in the Figure 4.18

with the sum of the series being equal to zero at the
points 0, ±�, ±2�, ±3�, …. Since the function, thus,

created is odd, an ¼ 0 for n ¼ 0, 1, 2, … For bn, we

have

bn¼1

�

Z�

��

f ðtÞsinnt dt¼1

�

Z0

��

ð�1Þsinnt dtþ1

�

Z�

0

sinnt dt

¼2

�

Z�

0

sinnt dt¼2

�

�cosnt

n

h i�
0
¼ 2

�n
½1�ð�1Þn�:

Hence

f ðxÞ¼1¼
X1
n¼1

2

�n
½1�ð�1Þn�sinnx

¼4

�
sinxþsin3x

3
þsin5x

5
þ ...

 �
for 0<x<�:

EXAMPLE 4.24
Find cosine series for the function f defined by

f ðxÞ ¼ x for 0 � x � L=2
L� x for L=2 � x � L:

�

Solution. The even extension of f in (–L, L) and sub-

sequent periodic extension are shown in the Figure 4.19.

0
x

L/2 3L/2 2LL/2 L 

f(x)

Figure 4.19

We have

a0 ¼ 2

L

ZL

0

f ðxÞ dx ¼ 2

L

ZL=2

0

x dxþ
ZL

L=2

ðL� xÞ dx

2
64

3
75

¼ 2

L

2L2

8

 �
¼ L

2
;

an ¼ 2

L

ZL

0

f ðxÞ cos n�x
L

dx

¼ 2

L

ZL=2

0

x
cos nx�

L
dxþ

ZL

L=2

ðL� xÞ cos n�x
L

dx

2
64

3
75

¼ L

n�
sin

n�

2
þ 2L

n2�2
cos

n�

2
� 2L

n2�2

� L

n�
sin

n�

2
� 2L

n2�2
cos n�þ 2L

n2�2
cos

n�

2

¼ 4L

n2�2
cos

n�

2
� 2L

n2�2
cos n�� 2L

n2�2

¼ 4L

n2�2
cos

n�

2
� 2L

n2�2
½1þ cos n��

¼ 4L

n2�2
cos

n�

2
� 2L

n2�2
2 cos2

n�

2

	 


¼ 4L

n2�2
cos

n�

2
1� cos

n�

2

h i

¼ 4L

n2�2
cos

n�

2
:2 sin2

n�

4
:
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Thus

a1 ¼ 0; a2 ¼�2L

�2
; a3 ¼ 0; a4 ¼ 0; a5 ¼ 0;

a6 ¼ 2L

9�2
; a7 ¼ a8 ¼ a9 ¼ 0; a10 ¼� 2L

25�2
; 
 
 


Therefore,

f ðxÞ ¼ L

4
� 2L

�2
cos

2�x

L
þ 1

32
cos

6�x

L



þ 1

52
cos

10�x

L
þ . . .

�
:

EXAMPLE 4.25
Expand f (x) ¼ sin x (0 < x < �) in cosine series.

Solution. The graph of the given function is shown in
the Figure 4.20.

0

f (x )

x
π

Figure 4.20

We extend sin x to an even function on the interval

(–�, �) and then extend it periodically with period 2�.
The graph of the extended function then becomes as
shown in Figure 4.21.

0
x

π 2π 3π−π−2π

f(x)

Figure 4.21

Since the function so created is even, bn ¼ 0. For
this extended function, we have already calculated

an, n 6¼ 1, a1 and a0 in Example 4.22. The Fourier

series is, therefore, same as in Example 4.22.

EXAMPLE 4.26
Determine half-range sine series for the function f

defined by f (t) ¼ t2 + t, 0 � t � �.

Solution. Extending f to an odd function we get the

graph of the extended odd function as shown in the
Figure 4.22.

t
0

f(x)

Figure 4.22

Since the extended function is odd, an ¼ 0. For bn,

we have

bn ¼ 1

�

Z�

��

f ðtÞ sin nt dt ¼ 1

�

Z0

��

f ðtÞ sin nt dt

þ 1

�

Z�

0

f ðtÞ sin nt dt

¼ 2

�

Z�

0

ðt2 þ tÞ sin nt dt

¼ 2

�
ðt2 þ tÞ � cos nt

n

	 
h i�
0

� 2

�

Z�

0

ð2t þ 1Þ � cos nt

n

	 

dt

¼ 2

�
�ð�2 þ �Þ

n
ð�1Þn þ 2

n3
ðð�1Þn � 1Þ

 �
:

Thus, the required Fourier series is

f ðtÞ ¼ 2

�

X1
n¼1

ð�2 þ �Þ
n

ð�1Þnþ1



þ 2

n3
ðð�1Þn � 1Þ

�
sin nt; t 2 ð0; �Þ:

EXAMPLE 4.27

Find the half-range sine series for the function

f defined by

f ðxÞ ¼ x for 0 < x < �=2
�� x for �=2 < x < �:

�

Solution. Extending f as an odd function in the

interval (–�, �), we have an ¼ 0 for n ¼ 0, 1, 2, ….
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For bn, we have

bn ¼ 2

�

Z�

0

f ðxÞsinnx dx

¼ 2

�

Z�=2

0

xsinnx dxþ
Z�

�=2

ð�� xÞsinnx dx

2
64

3
75

¼ 2

�
x

�cosnx

n

	 

þ sinnx

n2

 ��=2
0

þ2

�
ð�� xÞ �cosnx

n

	 

� sinnx

n

 ��=2
0

¼ 4

�n2
sin

n�

2
:

Therefore, the forced series development of f is

f ðxÞ ¼
X1
n¼1

4

�n2
sin

n�

2
sin nx

¼ 4

�

sin x

12
� sin 3x

32
þ sin 5x

52
� . . .

 �
:

EXAMPLE 4.28
Find the Fourier series of the following function:

f ðxÞ ¼ x2 for 0 � x � �

�x2 for� � � x � 0:

(

Solution. The given function is an odd extension of

the function f (x) ¼ x2, 0 � x � � to the interval
��� x� �. Since the extended function is odd, the
Fourier series shall consists of only sine terms. We

have

bn¼ 1

�

Z�

��

f ðxÞsinnx dx¼ 2

�

Z�

0

x2 sinx dx

¼ 2

�
x2 �cosnx

n

	 
h i�
0
�
Z�

0

2x �cosnx

n

	 

dx

8<
:

9=
;

¼�2

n�
½ð�1Þn�2�þ 4

n�
x
sinnx

n

 ��
0

� 4

n2�

Z�

0

sinnx dx

¼�2

n�
½ð�1Þn�2�� 4

n2�
�cosnx

n

h i�
0

¼� 2

n�
½ð�1Þn�2�þ 4

n3�
½ð�1Þn�1�:

Hence, the Fourier sine series is given by

f ðxÞ � 2 �� 4

�

� �
sin x� � sin 2x

þ 2

3
�� 4

9�

� �
sin 3x� �

2
sin 4xþ . . . :

EXAMPLE 4.29
Sketch the amplitude spectrum of the function
f defined by

f ðtÞ ¼ t; t 2 ð��; �Þ:

Solution. The Fourier coefficients of this saw tooth

function, as derived in Example 4.12, are

an ¼ 0; bn ¼ � 2

n
ð�1Þn:

Therefore

cn ¼ an � ibn

2
¼ ð�1Þni

n
:

So the line spectrum is
ð�1Þni

n

n o
. The amplitude

spectrum is then given by

cnj j ¼ 1

jnj ; n 6¼ 0; c0j j ¼ 0:

The sketch of the amplitude spectrum is thus as

shown in the Figure 4.23.

n

| cn |

0 1−1−2−3 32

Figure 4.23

EXAMPLE 4.30
Find complex Fourier series for the function
f defined by

f ðxÞ ¼ ex;�� < x < �

f ðxþ 2�Þ ¼ f ðxÞ:
Solution. By definition of complex Fourier coeffi-
cients, we have

cn ¼ 1

T

ZT=2

�T=2

f ðtÞe�inv0tdt

232 n Engineering Mathematics



Here T ¼ 2�. Therefore, v0 ¼ 2�
T
¼ 1. Thus

cn ¼ 1

2�

Z�

��

ex:e�inxdx ¼ 1

2�

Z�

��

ex�inxdx

¼ 1

2�ð1� inÞ ½e
x�inx����

¼ 1

2�ð1� inÞ eð1�inÞ� � e�ð1�inÞ�
h i

¼ ð�1Þn
2ð1� inÞ ½e

� � e���; since e�inx ¼ ð�1Þn

¼ 2ð�1Þnð1þ inÞ
2�ð1þ n2Þ sinh �

¼ ð�1Þn ð1þ inÞ
�ð1þ n2Þ sinh �:

Hence, the complex Fourier series is given by

f ðxÞ �
X1
n¼�1

ð�1Þnð1þ inÞ
�ð1þ n2Þ sinh � einx:

EXAMPLE 4.31
Using shift property, derive the Fourier coefficients

of g(t) ¼ t – �, 0 < t < 2� from the Fourier coeffi-

cients of f (t) ¼ t, –� < t < �, f (t) ¼ f (t + 2�).

Solution. In Example 4.12, we have seen that Fourier

coefficients of f (t) ¼ t, � < t < � are an ¼ 0 and

bn ¼ � 2
n
ð�1Þn.

Therefore,

cn ¼ an � ibn

2
¼ i

n
ð�1Þn:

The periodically extended graph of g(t) is shown in
the Figure 4.24.

0

g(t )

t
π 2π−π−2π

Figure 4.24

Clearly, g(t)¼ f(t – �). Hence, by shift property, the
coefficients of g are

dn ¼ cne
�inv0�; v0 ¼ 2�

2�
¼ 1

¼ cne
�i�n ¼ i

n
ð�1Þn:e�i�n ¼ i

n
ð�1Þ2n ¼ i

n
:

Verification: For the function g(t), we have an¼ 0 and

bn ¼ 2

2�

Z2�

0

ðt � �Þ sin nt dt

¼ �1

n�
½ðt � �Þ cos nt�2�0

þ 1

n�

Z2�

0

ð1� �Þ cos nt dt ¼ � 2

n
;

and so

cn ¼ an � ibn

2
¼ 0þ 2 i

n

2
¼ i

n
:

EXAMPLE 4.32
Find complex Fourier coefficients for the function f

defined by

f ðtÞ ¼ 0 for� � � t < 0
1 for 0 � t � �:

�

Using time reversal property of Fourier coefficients,

deduce the Fourier coefficients of f(–t).

Solution. The Fourier coefficients of f (see Example

4.4) are an ¼ 0 for n ¼ 1, 2, …, and bn ¼ 1�ð�1Þn
n� .

Therefore,

cn ¼ an � ibn

2
¼ ð�1Þn � 1

2n�

 �
i:

Let dn be the Fourier coefficients of f(–t). Then, by

time reversal property,

dn ¼ c�n ¼ an þ ibn

2
¼ 1� ð�1Þn

2n�

� �
i:

Verification: We have

f ð�tÞ ¼ 0 for� � < �t < 0
1 for 0 � �t � �:

�

that is,

f ð�tÞ ¼ 0 for 0 < t < �
1 for� � < t < 0:

�
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For this function an ¼ 0, n ¼ 1, 2, … and

bn ¼ 1

�

Z�

��

f ðtÞ sin nt dx ¼ 1

�
� cos nt

n

h i0
��

¼ cos n�� 1

n�
¼ ð�1Þn � 1

n�
:

So

dn ¼ an � ibn

2
¼ 1� ð�1Þn

2n�

� �
i:

EXAMPLE 4.33
Given the series x ¼ 2

P1
n¼1

ð�1Þnþ1

n
sin nx, show that

X1
n¼1

1

n2
¼ �2

6
:

Solution. The Parseval’s equality states that

Z�

��

½f ðxÞ�2 ¼ 2�a20 þ �
X1
n¼1

ða2n þ b2nÞ:

For this example, the left-hand side of this equality is

Z�

��

x2dx ¼ x3

3

 ��
��

¼ 2

3
�3:

Since an ¼ 0, bn ¼ 2ð�1Þnþ1

n
, the right-hand side of

the equality is �
P1
n¼1

4
n2
. Hence,

P1
n¼1

1
n2
¼ �2

6
.

EXAMPLE 4.34
Expand f (x) ¼ x (0 < x < 2�) in Fourier series and

deduce that
P1
n¼1

4�ð�1Þn
4n2

¼ 3�2

16
.

Solution. In Example 4.18, we have seen that the

Fourier expansion of the given function is

x ¼ �� 2
X1
n¼1

1

n
sin nx:

Using integration of Fourier serieswith t ¼ �
2
, we get

Z�=2

0

x dx ¼ �
�

2
� 0

	 

� 2

X1
n¼1

� 1

n

1

n
cos

nx

2

 ��=2
0

;

that is,

�2

8
¼ �2

2
þ 2

X1
n¼1

1

n2
cos

n�

2
� cos 0

h i

¼ �2

2
þ 2

X1
n¼1

ð�1Þn
ð2nÞ2 � 2

X1
n¼1

1

n2
:

Therefore,

3�2

16
¼

X1
n¼1

4� ð�1Þ2
4n2

:

EXAMPLE 4.35
Expand f (x) ¼ x2(–� < x < �) in Fourier series and

deduce the value of the series

X1
k¼1

ð�1Þk�1

ð2k � 1Þ3:

Solution. As per Example 4.6, the Fourier series

expansion of f (x) ¼ x2 (–� < x < �) is

x2 ¼ �2

3
þ 4

X1
n¼1

ð�1Þn
n2

cos nx:

Using integration of Fourier series with t ¼ �/2, we
haveZ�=2

0

x2dx ¼ �2

3

�

2

	 

þ 4

X ð�1Þn
n3

sinðn�=2Þ;

or
�3

24
¼ �3

6
þ 4

X1
n¼1

ð�1Þn
n3

sinðn�=2Þ

¼ �3

6
þ 4 �

X1
k¼1

ð�1Þk�1

ð2k � 1Þ3
" #

;

which yields

X1
k¼1

ð�1Þk�1

ð2k � 1Þ3 ¼
1

4

�3

6
� �3

24

 �
¼ �3

32
:

EXAMPLE 4.36
Expand f (x) ¼ x(–� < x < �) in Fourier series

and deduce the Fourier series for f (x) ¼ x2(–� <
x < �).

Solution. As per Example 4.12, we have

x ¼
X1
n¼1

2

n
ð�1Þn sin nx:
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Term-by-term integration yields

x2

2
¼

X1
n¼1

2

n2
ð�1Þn cos nxþ AðconstantÞ: ð44Þ

Integrating both sides with respect to x between the
limits –� and �, we have

Z�

��

x2

2
dx ¼

X1
n¼1

2

n2
ð�1Þn

Z�

��

cos nx dxþ
Z�

��

A dx;

which yields A ¼ �2

6
. Hence (44) reduces to

x2 ¼ �2

3
þ
X1
n¼1

4ð�1Þn
n2

cos nx;

which is the required Fourier series for f (x) ¼
x2(� � < x < �).

EXAMPLE 4.37
Verify Riemann-Lebesgue lemma for the function

f (x) ¼ 2x + 1, –� < x < �.

Solution. The Fourier coefficients of this function

(see Example 4.7) are

an ¼ 0; n ¼ 1; 2; . . . and bn ¼ � 4

n
ð�1Þn:

Clearly bn! 0 as n!1. Thus Riemann-Lebesgue
lemma is valid.

EXAMPLE 4.38
Let f and g be periodic function with period
2� defined on (–�, �) by f (x) ¼ g(x) ¼ x. Find the

Fourier series of fg over (–�, �).

Solution. In Example 4.12, we have seen that the Fourier
coefficients of f are an ¼ 0 and bn ¼ � 2

n
ð�1Þn.

Therefore, cn ¼ dn ¼ an�ibn
2

¼ ð�1Þni
n

. Thus

cn ¼ dn ¼
ð�1Þni

n
for n 6¼ 0

0 for n ¼ 0:

�

If fn is complex Fourier coefficients of fg, then we

know that

fn ¼
X1
k¼�1

ck dn�k :

Therefore,

f0 ¼
X1
k¼�1

ckd�k ¼
X1
k¼�1

ckc�k :

But c�k ¼ anþibn
2

¼ �ð�1Þni
n

. Hence f0 ¼ 2
P1
k¼1

1
k2
¼ �2

3
,

since
P1
k¼1

1
k2
¼ �2

6
(by Examples 4.6, 4.33).

Further,

fn¼
X1

k¼�1
k 6¼0; k 6¼n

ck dn�k¼
X1

k¼�1
k 6¼0; k 6¼n

ck cn�k

¼
X1

k¼�1
k 6¼0; k 6¼n

i

k
ð�1Þk : i

ðn�kÞð�1Þn�k

¼�ð�1Þn
X1

k¼�1
k 6¼0; k 6¼n

1

kðn�kÞ

¼�ð�1Þn1
n

X1
k¼�1
k 6¼0; k 6¼n

1

k
� 1

n�k

� �

¼�ð�1Þn
n

�1

n
þ

X1
k¼�1
k 6¼0

1

k

0
B@

1
CA

2
64

þ �1

n
þ

X1
k¼�1
k 6¼n

1

n�k

�0
B@

3
75

¼�ð�1Þn
n

�2

n

 �
¼ 2

n2
ð�1Þn:

Hence

fn ¼
2
n2
ð�1Þn for n 6¼ 0
�2

3
for n ¼ 0:

�

Therefore,

x2 ¼ �2

3
þ 2

X1
n¼�1

1

n2
ð�1Þneinx:

Verification:We have seen in Example 4.6 that Fourier

coefficients of f (x)¼ x2, –� < x < � are a0 ¼ 2�2

3
and

an ¼ 4
n2
ð�1Þn. Then complex coefficients are

f0¼�2

3
and fn¼an� ibn

2
¼ 2

n2
ð�1Þn; n¼1;2; ...

4.16 METHOD TO FIND HARMONICS OF FOURIER
SERIES OF A FUNCTION FROM TABULAR
VALUES

The harmonics of a Fourier series of a function can
even be found if the function is not defined expli-

citly but the tabular values of the function are

given. This is possible using mean value of a
function.
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The mean value a function f over (a, b) is defined by

1

b� a

Zb

a

f ðxÞ dx:

By the definition of Fourier coefficients, we have

a0 ¼ 1

�

Z2�

0

f ðxÞdx ¼ 2
1

2�

Z2�

0

f ðxÞdx
2
4

3
5

¼ 2�mean value of f over ð0; 2�Þ;

an ¼ 1

�

Z2�

0

f ðxÞ cos nx dx ¼ 2
1

2�

Z2�

0

f ðxÞ cos nx dx
2
4

3
5

¼ 2�mean value of f cos nx over ð0; 2�Þ;

bn ¼ 1

�

Z2�

0

f ðxÞ sin nx dx ¼ 2
1

2�

Z2�

0

f ðxÞ sin nx dx
2
4

3
5

¼ 2�mean value of f ðxÞ sin nx over ð0; 2�Þ;

Thus theFourier coefficient canbedeterminedby the

mean values of f ðxÞ; f ðxÞ cos nx and f ðxÞ sin nx:
Hence the nth harmonic an cos nxþ bn sin nx can be
determinedusing the tabular valuesof f ; f ðxÞ cos nx
and f ðxÞ sin nx:
The following example illustrates the method dis-

cussed above.

EXAMPLE 4.39
Find the first two harmonics of the Fourier Series of
y = f (x) from the data:

x˚: 0 30 60 90 120 150 180 210 240 270 300 330

y: 298 356 373 337 254 155 80 51 60 93 147 221

Solution. TheMean value of a function f over (a, b) is

defined by 1
b�a

R b

a f ðxÞ dx: The Fourier coefficients

in terms of mean values can be expressed as

a0 ¼ 2
1

2�

� �Z 2�

0

f ðxÞ dx ¼ 2

[mean value of f ðxÞ in ð0; 2�Þ�;

an ¼ 2
1

2�

� �Z 2�

0

f ðxÞ cos nx dx ¼ 2

[mean value of f ðxÞ cos nx in (0, 2�)],

bn ¼ 2
1

2�

� �Z 2�

0

f ðxÞ sin nx dx ¼ 2

[mean value of f ðxÞ sin nx in ð0; 2�Þ�:

We want to find the first two harmonics, that is,

a1 cos xþ b1 sin x and a2 cos 2xþ b2 sin 2x:
The values of sin x, sin 2x, cos x, cos 2x, f (x) sin x,
f (x) sin 2x, f (x) cos x and f(x) cos 2x are given in the

following table:

x 0˚ 30˚ 60˚ 90˚ 120˚ 150˚ 180˚ 210˚ 240˚ 270˚ 300˚ 330˚

f(x) 298 356 373 337 254 155 80 51 60 93 147 221

sin x 0 0.5 0.87 1 0.87 0.5 0 �0.5 �0.87 �1.0 �0.87 �0.5

sin 2x 0 0.87 0.87 0 �0.87 �0.87 0 0.87 0.87 0 �0.87 �0.87

cos x 1 0.87 0.5 0 �0.5 �0.87 �1 �0.87 �0.5 0 0.5 0.87

cos 2x 1 0.5 0.5 �1 �0.5 �0.5 1 0.5 �0.5 �1 �0.5 0.5

f(x) sin x 0 178 324.51 337 220.98 75 0 �25.5 �52.2 �93 �127.89 �110.5

f(x) sin 2x 2x0 309.72 324.51 0 �220.98 �134.85 0 44.37 52.2 0 �127.89 �192.27

f(x) cos x 298 309.72 186.5 0 �127 �134.85 �80 �44.37 �30 0 73.5 192.27

f(x) cos 2x 298 178 186.5 �337 �127 �75 80 25.5 �30 �93 �73.5 110.5
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We note that

X
f ðxÞ ¼ 2425;

X
f ðxÞ cos x ¼ 643:77;X

f ðxÞ sin x ¼ 726:40X
f ðxÞ cos 2x ¼ 143:0 andX

f ðxÞ sin 2x ¼ 54:81:

Therefore

a1 ¼ 2

P
f ðxÞ cos x
12

 �
¼ 643:77

6
¼ 107:295

a2 ¼ 2

P
f ðxÞ cos 2x

12

 �
¼ 143:0

6
¼ 23:83

b1 ¼ 2

P
f ðxÞ sin x
12

 �
¼ 726:4

6
¼ 121:67

b2 ¼ 2

P
f ðxÞ sin 2x
12

 �
¼ 54:81

6
¼ 9:135:

Hence the first two harmonics are

a1 cos xþ b1 sin x ¼ 107:295 cos xþ 121:07 sin x

and

a2 cos 2xþb2 sin2x¼ 23:83 cos 2xþ9:135 sin 2x:

4.17 SIGNALS AND SYSTEMS

Definition 4.8. A signal is a function of one or more

independent variable(s) which convey information.
The independent variable may be time, space, etc.

For example, in electrical network, the voltage E(t)

is a signal, which is defined as a function of time.

Definition 4.9. A system is a mapping F which assigns

a unique output to an input.

Definition 4.10. Let y be a uniquely determined output
corresponding to an input x under the system F, then

y is called response of the system to the input x and

we write y ¼ Fx or x ! y.

4.18 CLASSIFICATION OF SIGNALS

Definition 4.11. If the signal f, as a mapping, is real-
valued, then it is called a real signal.

Definition 4.12. If the signal f, as a mapping, is
complex-valued, then it is called complex signal. It

is of the form f ¼ f1 + if2, where f1 is called real part

of the complex signal and f2 is called the imaginary
part of f. If f1 ¼ f2 ¼ 0, then the signal is called the

null signal.

Definition 4.13. A signal which is a function of time

variable t, t 2 R, is called continuous time signal.

For example, in electrical networks and
mechanical systems, the signals are functions of

the time variable. Similarly, temperature of a room,

and speech signals are continuous time signals.
A continuous time signal f is said to be bounded

if there exists a positive constant K such that | f (t)|

� K, t 2 R.

Definition 4.14. Signals which are defined at discrete

time are called discrete signals. Thus discrete time

signals can be considered as a function defined on Z
or a part of Z (the set of integers).

For example, energy consumption in a state in

the years 2001, 2002, …, 2006 is a discrete time
signal.

A discrete time signal f [n] is called bounded if

there exists a positive constant K such that | f [n]|� K,
n 2 N.

Definition 4.15. A continuous time signal f is called

periodic with period T > 0 if f (t + T) ¼ f (t), t 2 R.
For example, sinusoidal (sin t, cos t) are periodic

signals. The sinusoidal are real signals, which in the

continuous time case can be written as f (t) ¼ A cos
(vt +�0), t 2 R, where A is the amplitude, v is the

radial frequency, and �0 the initial phase of the

signal. The frequencyv equals 2�
T , where T is period.

Definition 4.16. A discrete time signal f [n] is called

periodicwith period N 2N if f [n + N]¼ f [n], n 2 Z.
In discrete-time case, the sinusoidal signals

have the form f [n] ¼ A cos (vn + �0), n 2 N,

where A is amplitude, v is frequency, �0 is initial
phase, and period N ¼ 2�/v.

Definition 4.17. If, both, dependent and independent

variables of a signal are continuous in nature, then it is

called an analog signal. These signals arise when a
physical wave form is converted into an electrical signal.
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For example, telephone speech signals and TV
signals are analog signals.

Definition 4.18. If both dependent and independent
variables of a signal are discrete in nature, then it is

called a digital signal. These signal comprise of

pulses occurring at discrete interval of time.
For example, telegraph and teleprinter signals

are digital signals.

Definition 4.19.A complex signal f (t) is called a time-

harmonic continuous time signal if f(t) ¼ ceivt,

t 2 R, where c is a complex variable.
A time-harmonic continuous time signal is

bounded since

jceivtj ¼ jcj jeivtj ¼ jcj for t 2 R:

If we set c ¼ Aei�0, where A ¼ |c| and �0 is the
argument, then

f ðtÞ ¼ Aei�0 :eivt ¼ Aeiðvtþ�0Þ:

Thus, f(t) can be represented in the complex plane

by a point on the circle with origin as the centre and

A as the radius. At t ¼ 0, the argument is equal to
�0, the initial phase (Figure 4.25).

t

(0, 0) (A, 0)

φ0

ωt

Figure 4.25

In the complex plane, the signal f (t) corresponds to a

circular movement with constant angular velocity

|v|. Further, time-harmonic signal f (t) is periodic
with period 2�

jvj. The real number v is called fre-

quency of the time harmonic signal, A the amplitude

and �0 the initial phase. Further, by Euler’s formula

f ðtÞ ¼ A eiðvtþ�0Þ

¼ A½cosðvt þ �0Þ þ i sinðvt þ �0Þ�:

Thus sinusoidal signal is the real part of a time-
harmonic signal. Also

Acosðvt þ �0Þ ¼ A
eiðvtþ�0Þ þ e�iðvtþ�0Þ

2

 �

¼ ceivt þ�ce�ivt

2
; c ¼ A ei�0 :

Definition 4.20. The power P of a continuous time

signal f(t) is defined by

P ¼ lim
A!1

1

2A

ZA

�A

j f ðtÞj2 dt:

Definition 4.21. The power of a periodic continuous

time signal f(t) with period T is defined by

P ¼ 1

T

ZT=2

�T=2

j f ðtÞj2 dt:

Definition 4.22. A continuous time signal whose

power is finite is called a power signal.

For example, a periodic signal is a power signal.
In particular, sinusoidal waves are power signals.

Definition 4.23. The energy-content (total energy) of
a continuous-time signal is defined by

E ¼
Z1

�1
j f ðtÞj2 dt:

Definition 4.24. A continuous time signal with a finite
energy content is called an energy signal.

For example, rectangular pulse is an energy

signal.

Definition 4.25. The power P of a discrete-time signal

f [n], is defined by

P ¼ lim
M!1

1

2M

XM
n¼�M

j f ½n�j2:

Definition 4.26. If the power of a discrete-time signal

is finite, then the signal is called a discrete time
power-signal.

Definition 4.27. The power of a periodic discrete-time
signal f [n] with period N is defined by

P ¼ 1

N

XN�1

n¼0

j f ½n�j2:
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Definition 4.28. The energy content E of a discrete-
time signal f [n] is defined by

E ¼
X1

n¼�1
j f ½n�j2:

Definition 4.29. If the energy content of a discrete-

time signal is finite, then the signal is called an
energy-signal.

Definition 4.30.A continuous time signal f (t) is called

causal if f (t) ¼ 0 for t < 0.

Definition 4.31. A discrete-time signal f [n] is called

causal if f [n] ¼ 0 for n < 0.
It follows from the above definitions that per-

iodic signals (except the null sequence) are not

causal.

Definition 4.32. Let f (t) be a signal. If there exists t0
such that f (t) ¼ 0 for t < t0, then t0 is called the

switch on time of the signal f (t).

4.19 CLASSIFICATION OF SYSTEMS

Definition 4.33. A system F(t) is called linear if for

two inputs x1 and x2 and arbitrary complex numbers
a and b,

Fðax1 þ bx2Þ ¼ aFðx1Þ þ bFðx2Þ:
Thus for continuous time system, we can write

ax1ðtÞ þ bx2ðtÞ ! aðFx1ÞðtÞ þ bðFx2ÞðtÞ;
whereas for discrete time signal

ax1½n� þ bx2½n� ! aðFx1Þ½n� þ bðFx2Þ½n�:
For example, system F defined by F(t)¼ 3t is linear.

In fact,

Fðt1 þ t2Þ ¼ 3ðt1 þ t2Þ ¼ 3t1 þ t2 ¼ Fðt1Þ þ Fðt2Þ;
FðatÞ ¼ 3ðatÞ ¼ að3tÞ ¼ aFðtÞ:

Definition 4.34. A system for which power of the

output equals the power of the input is called all-

pass system.

Definition 4.35. A continuous time system is called
time-invariant if for each input u(t) and each t0 2 R,

uðtÞ ! yðtÞ implies uðt � t0Þ ! yðt � t0Þ:

Similarly, a discrete time system is called time
invariant if for each input u[n] and each n0 2 Z,

u½n� ! y½n� implies u½n� n0� ! y½n� n0�:
Definition 4.36. A system which is both linear and
time-invariant is called a linear time-invariant

system (or LTI system).

We now show that for linear time-invariant sys-
tem F(t), the response (whenever exists) to a time-

harmonic signal is again a time-independent signal

with the same frequency.

Theorem 4.16. Let F be a linear time invariant system,

u a time-harmonic input with frequency v for
which response exist. Then the output y is also a

time-harmonic signal with the same frequency v.

Proof: Let u(t) be the time-harmonic input with

frequency v and y(t) the corresponding output.

Thus, u(t) ¼ c eivt, where c is a complex number
and v 2 R. Since the system is time invariant, we

have

Fðuðt � t0ÞÞ ¼ yðt � t0Þ:
But

uðt � t0Þ ¼ c eivðt�t0Þ ¼ c e�ivt0 : eivt ¼ e�ivt0uðtÞ:
Since F is linear, we have

F uðt � t0Þð Þ ¼ Fðe�ivt0uðtÞÞ ¼ e�ivt0FðuðtÞÞ
¼ e�ivt0yðtÞ:

Thus

Fðuðt � t0ÞÞ ¼ yðt � t0Þ ¼ e�ivt0yðtÞ:
Putting t ¼ 0, we have

yð�t0Þ ¼ e�ivt0yð0Þ:
Replacing �t0 by t, we have

yðtÞ ¼ yð0Þeivt ¼ c eivt; c a complex constant,

which shows that the response is again a time har-

monic signal with frequency v.

Remark 4.7. The complex constant c is a function of

the frequency v. This function is called frequency
response (system function or transfer function) of

the system. For continuous time systems, the

transfer function is denoted by H(v) and for discrete
time systems by H(eiv). Thus
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eivt ! HðvÞ eivt for continuous time system;

and

eivn ! HðeivÞeivn for a discrete time system:

Since H(v) is complex, we can write it as

HðvÞ ¼ jHðvÞjei�ðvÞ;

where |H(v)| and F(v) are, respectively, the mod-
ulus and argument of H(v). The function |H(v)| is
called the amplitude response and F(v) is called

phase response.

Definition 4.37. A system F is said to be stable if the

response of each bounded signal is again bounded.

For example, let time-harmonic signal be the input
signal, then response ceivt to this input signal

exists and is bounded.

Definition 4.38. A system F is called real if the

response to every real input is again real.

Consider the sinusoidal input u(t)¼ A cos (vt +
�). We can consider it as the real part of the time

harmonic signal ceivt with c ¼ Aei�0. The response

to this harmonic signal is c H(v) ceivt. If the system
is real, the response of sinusoidal input u(t) is equal

the real part of c H(v) ceivt. But H(v) ¼ |H(v)| eiF
(v). Hence

yðtÞ ¼ Re½A ei�0 jHðvÞjei�ðvÞeivt�
¼ A jHðvÞj cosðvt þ �0 þ �ðvÞÞ:

Definition 4.39. A continuous-time system F is called

causal if for each two inputs u(t) and v(t) and for

each t0 2 R,

uðtÞ ¼ vðtÞ ) ðFuÞðtÞ ¼ ðFvÞðtÞ for t < t0:

Similarly, a discrete time system F is called causal if

for each two inputs u[n] and v[n] and for each n0 2 Z,

u½n� ¼ v½n� ) ðFuÞ½n� ¼ ðFvÞ½n� for n < n0:

Regarding causal systems we have the following
theorem:

Theorem 4.17. A linear time-invariant system F is

causal if and only if the response to each causal
input is again causal.

4.20 RESPONSE OF A STABLE LINEAR TIME
INVARIANT CONTINUOUS TIME SYSTEM
(LTC SYSTEM) TO A PIECEWISE SMOOTH AND
PERIODIC INPUT

We know that the response to the time-harmonic
signal eivt of frequency v is equal to H(v) eivt,

where H(v) in the transfer function. Let the Fourier
expansion of the periodic input u(t) be

uðtÞ ¼
X1
n¼�1

un einv0t;

where v0 ¼ 2�
T and un is the line spectrum of u(t).

Since u(t) is piecewise smooth, Convergence

Theorem of Fourier series is applicable.
The following theorem gives the line spectrum

yn of the response y(t).

Theorem 4.18. Let y(t) be the response of a stable
LTC system to a piecewise smooth and periodic

input u(t) with period T, fundamental frequency v0

and line spectrum un. Let H(v) be the transfer
function of the system. Then y(t) is again periodic

with period T and the line spectrum yn of y(t) is

given by

yn ¼ Hðnv0Þ un; n ¼ 0;�1;�2; . . .

and so
yðtÞ ¼

X1
n¼�1

unHðnv0Þ einv0t:

Proof: Since un is the line spectrum of the periodic

input u(t), we have

uðtÞ ¼
X1
n¼�1

une
inv0t; v0 ¼ 2�

T
:

Since response to time-harmonic signal eivt of fre-
quency v is H(v) eivt, the response of einv0t is

H(nv0) einv0t. Therefore, by the linearity of the

system, we have

une
inv0t ! un Hðnv0Þ einv0t:

Therefore, the line spectrum yn of y(t) is

yn ¼ Hðnv0Þ un:
Now, by superposition rule, we have

yðtÞ ¼
X1
n¼�1

Hðnv0Þun einv0t;

where y(t) is clearly periodic with period T.
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4.21 APPLICATION TO DIFFERENTIAL EQUATIONS

Consider the following differential equation of
order m:

am
dmy

dtm
þ am�1

dm�1y

dtm�1
þ . . .þ a1

dy

dt
þ a0y

¼ bn
dnu

dtn
þ bn�1

dn�1u

dtn�1
þ . . .þ b1

du

dt
þ b0u;

ð45Þ
with n � m, where a0, a1, …, am and b0, b1, …, bn
are constants with am 6¼ 0 and bn 6¼ 0. This equation
describes the relation between an input u(t) and the

corresponding output y(t). Let

PðsÞ ¼ ams
m þ am�1s

m�1 þ . . .þ a1sþ a0

and

QðsÞ ¼ bns
n þ bn�1s

n�1 þ . . .þ b1sþ b0:

The polynomial P(s) is called the characteristics
polynomial of the differential equation (45). The

transfer function H(v) can be found by the fol-

lowing theorem:

Theorem 4.19. Let the differential equation (45)

describes an LTC-system and have P(s) as the

characteristic polynomial. If for all v, P(iv) 6¼ 0,
then

HðvÞ ¼ QðivÞ
PðivÞ :

Proof: To get frequency response, we substitute the
input u(t) ¼ eivt in the given differential equation.

Then the response y(t) is of the form H(v) eivt.

Since the derivative of eivt is iv eivt, substitution
into the differential equation yields

PðivÞ HðvÞ eivt ¼ QðivÞ eivt
and so

HðvÞ ¼ QðivÞ
PðivÞ :

EXAMPLE 4.40
Solve the differential equation

dy

dt
þ 3y ¼ cos 3t; yð0Þ ¼ 0:

Solution. The characteristic equation is

sþ 3 ¼ 0 so that s ¼ �3:

Therefore, the homogeneous solution (eigen func-
tion) is c1 e

–3t.

Further, taking P(s) ¼ s + 3, Q(s) ¼ 1, we have

HðvÞ ¼ QðivÞ
PðivÞ ¼ 1

ivþ 3
:

Since

uðtÞ ¼ cos 3t ¼ ei3t þ e�i3t

2

and

ei3t ! Hð3Þ e3it
e�i3t ! Hð�3Þe�3it;

therefore,

cos 3t ! Hð3Þe3it þHð�3Þe�3it

2

¼ e3it

2ð3þ 3iÞ þ
e�3it

2ð3� 3iÞ

¼ 1

6

ðcos 3t þ i sin 3tÞð1� iÞ þ ðcos 3t � i sin 3tÞð1þ iÞ
ð1þ iÞ ð1� iÞ

 �

¼ 1

6
½cos 3t þ sin 3t�:

Hence the complete solution is

yðtÞ ¼ ½cos 3t þ sin 3t� þ c1e
�3t:

Putting t¼ 0 and using the initial condition y(0)¼ 0, we have

0 ¼ 1
6
þ c1 and so c1 ¼ �1

6
. Thus, the complete solution is

yðtÞ ¼ 1

6
½cos 3t þ sin 3t� � 1

6
e�3t:

EXAMPLE 4.41
Solve d2y

dt2
þ 5 dy

dt
þ 6y ¼ 2 sin t; t � 0 subject to the

conditions y 0(0) ¼ 0, y(0) ¼ 0.

Solution. The characteristic equation s2 + 5s + 6 ¼ 0

yields s¼�3,�6. Thus the homogeneous solution is

c1 e�3t þ c2e
�2t:

Now taking

PðsÞ ¼ s2 þ 5sþ 6 and QðsÞ ¼ 2;

we have

HðvÞ ¼ QðivÞ
PðivÞ ¼

2

6þ 5iv� v2
:

Now

uðtÞ ¼ 2ðeit � e�itÞ
2 i

¼ eit � e�it

i
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and

eit ! Hð1Þ eit
e�it ! Hð�1Þ e�it:

Therefore,

eit�e�it

i
!1

i
½Hð1Þ eit�Hð�1Þe�it�

¼1

i

2

5þ5i
eit� 2

5�5i
e�it

 �
¼ 2

5i

eit

1þ i
� e�it

1� i

 �

¼ 2

5i

ðcostþ isintÞ ð1� iÞ�ðcost� isintÞð1þ iÞ
2

 �

¼2

5
½sint�cost�:

Hence the complete solution is

yðtÞ ¼ c1e
�3t þ c2e

�2t þ 2

5
ðsin t � cos tÞ:

Putting t ¼ 0, we get

c1 þ c2 ¼ 2

5
:

Putting t ¼ 0 in y 0(t), we get

3c1 þ 2c2 ¼ 2

5
:

Solving these equations, we get c1 ¼ � 2
5
, c2 ¼ 4

5
.

Hence

yðtÞ ¼ 2

5
½2e�2t � e�3t þ sin t � cos t�:

EXAMPLE 4.42
Find the power of the output for the following elec-
tric network (Fig. 4.26).

1 henry

6 ohms 

1/9 farad 

t

Figure 4.26

Solution. By Kirchoff’s law, the differential equation
for the given circuit is

L
d2Q

dt2
þ R

dQ

dt
þQ

C
¼ EðtÞ:

Here L ¼ 1 henry, R ¼ 6 ohms, C ¼ 1
9
farad, and

E(t) ¼ t. Hence the differential equation for the

system is

d2Q

dt2
þ 6

dQ

dt
þ 9Q ¼ t;�� < t < �:

The input u(t) ¼ t is periodic with period 2�. The
characteristic polynomial is P(s) ¼ s2 + 6s + 9, and

Q(s) ¼ 1.

Therefore, the transfer function is given by

HðvÞ ¼ QðivÞ
PðivÞ ¼ 1

9þ 6iv� v2
:

The line spectrum (see Example 4.29) of the input

function is
ð�1Þn
n

i
n o

. The amplitude spectrum is

jcnj ¼ 1

jnj ; n 6¼ 0; jc0j ¼ 0:

Therefore, by Theorem 4.17, the amplitude spec-
trum |yn| of the output is equal to

jynj ¼ jHðnv0Þcnj ¼ 1

�ðn2v2
0 þ 9Þ cn

����
����

¼ 1

jnj ðn2v2
0 þ 9Þ for n 6¼ 0

and

jynj ¼ 0 for n ¼ 0:

Therefore, power of y(t) is

P ¼ 1

2�

Z2�

0

jyðtÞj2 dt ¼
X1
n¼�1

jynj2

¼
X1
n¼�1

1

n2ðn2v2
0 þ 9Þ2:

EXAMPLE 4.43
Show that the following LTC system representing

an electric network consisting of L, C, R, and with

a ¼ 1
RC

is an all-pass system:

d2y

dt2
� 2a

dy

dt
þ a2y ¼ d2u

dt2
� a2u;

with u(t) a periodic input.
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Solution. Let

PðsÞ ¼ s2 � 2aþ a2 (characteristic polynomial),

QðsÞ ¼ s2 � a2:

Then the transfer function (frequency response) is

HðvÞ ¼ QðivÞ
PðivÞ ¼ ðivÞ2 � a2

ðivÞ2 � 2ivþ a2
¼ ivþ a

iv� a
:

Now u(t) is a periodic input with period T. Let un be
the line spectrum of u(t). Then the line spectrum of

the response is

yn ¼ Hðnv0Þ un ¼ inv0 þ a

inv0 � a
un:

Therefore, the amplitude spectrum |yn| of the

response (output) is

jynj ¼ inv0 þ a

inv0 � a
un

����
���� ¼ inv0 þ a

inv0 � a

����
���� junj ¼ junj:

It follows, therefore, that the amplitude spectrum is

invariant under the given system. Using Parseval’s
identity for periodic function, we have

P ¼ 1

T

ZT

0

jyðtÞj2dt ¼
X1
n¼1

jynj2 ¼
X1

n¼�1
junj2

¼ 1

T

ZT

0

juðtÞj2 dt:

Hence, the power of the output is equal to the power

of the input and so the system is all-pass system.

4.22 APPLICATION TO PARTIAL DIFFERENTIAL
EQUATIONS

In this section, we solve some partial differential
equations of second order with the aid of Fourier

series. For the sake of simplicity, we consider

only one-dimensional partial differential equations.

EXAMPLE 4.44
Solve one-dimensional heat equation

@u

@t
¼ k

@2u

@x2
; x 2 ð0; LÞ;

with initial condition u(x, 0) ¼ f (x) and the
boundary conditions u(0,t) ¼ 0, u(L, t) ¼ 0, t � 0.

Solution. The boundary conditions show that the
temperature at both ends of the rod is kept at zero.We

shall use themethod of separation of variables. So let,

uðx; tÞ ¼ TðtÞXðxÞ; ð46Þ
be a trial solution of the given partial differential

equation. Then the given heat equation reduces to

T0ðtÞXðxÞ ¼ k X00ðxÞTðtÞ:
Separating the variables, we get

T0ðtÞ
TðtÞ ¼ k

X00ðxÞ
XðxÞ ð47Þ

The left-handsideof (47) is a function of t only whereas

the right-hand side is a function of x only. Since t and x
are different variables, equality in (47) can occur only if

the left-hand side and right-hand sides are both equal to

a constant, say C. Thus, we have

T0ðtÞ
TðtÞ ¼ k

X00ðxÞ
XðxÞ ¼ C (constant of separation):

The boundary conditions imply that

uð0; tÞ ¼ TðtÞXð0Þ ¼ 0 ð48Þ
and

uðL; tÞ ¼ TðtÞXðLÞ ¼ 0 ð49Þ
Since we do not want trivial solution T(t) ¼ 0, the

relations (48) and (49) yield X(0) ¼ 0 and X(L) ¼ 0.

If C ¼ 0, then X00(x) ¼ 0 and so X(x) ¼ ax + b.
Therefore, X(0) ¼ 0 implies b ¼ 0 and X(L) ¼ 0

implies aL ¼ 0. Thus a ¼ b ¼ 0 and as such X(x) is

a trivial solution. Hence C ¼ 0 is discarded.
Let C 6¼ 0, then the characteristic equation of

X00(x) � C
k
X(x) ¼ 0 is s2 � C

k
¼ 0 which yields two

roots s1 and s2 such that s2 ¼ �s1. The fundamental
(general) solution is, therefore,

XðxÞ ¼ a es1x þ b e�s1x: ð50Þ
The boundary condition X(0) ¼ 0 implies a + b¼ 0
and so b ¼ �a.

The boundary condition X(L) ¼ 0 implies

aðes1L � e�s1LÞ ¼ 0 (since b ¼ �a). Now a cannot
be zero, because a ¼ 0 gives b ¼ 0 and so (50) has

trivial solution. Hence es1L � e�s1L¼ 0, which

yields e2s1L ¼ 1 and so s1 ¼ in�
L
, where n 6¼ 0 is an

integer. Thus C
k
¼ s21 yields C ¼ �kn2�2

L2 . Hence (50)

reduces to

XnðxÞ ¼ a e
in�x
L � e�

in�x
L

h i
¼ 2a sin

n�x

L

h i
:
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Also the equation T 0(t) � CT(t) ¼ 0 has char-
acteristic equation as s� C¼ 0 and so s¼ C. So the

fundamental solution is

TnðtÞ ¼ a0 e
�Ct ¼ a0 e

�kx2�2

L2
t ¼ a0e

� n�
Lð Þ2k t

Hence, the fundamental solution of the heat equa-

tion is given by

unðx; tÞ ¼ TnðtÞXnðsÞ
¼ Ane

� n�
Lð Þ2kt sin n�x

L
for n ¼ 1; 2; . . .

By principle of superposition (linear combinations),
we have

uðx; tÞ ¼
X1
n¼1

Ane
� n�

Lð Þ2kt sin
n�x

L

	 

:

Using initial condition u(x, 0) ¼ f (x), we have

f ðxÞ ¼
X1
n¼1

An sin
n�x

L

	 

; 0 � x � L: ð51Þ

Thus, the coefficients An are nothing but the

Fourier sine coefficients of the function f (x) with
respect to the system sin n�x

L
; that is,

An ¼ 2

L

Z L

0

f ðxÞ sin n�x

L

	 

dx:

Substituting the value of An in (51) shall yield the
solution of the given heat equation.

For example, if u(x, 0) ¼ x, 0 < x < 2�, then

bn¼2

L

ZL

0

xsin
n�x

L
dx¼1

�

Z2�

0

xsin
nx

2
dx¼�4

n
ð�1Þn:

and so in that case the solution of the heat equation

becomes

uðx; tÞ¼
X

�4

n
ð�1Þne�n2�2kt=L2 sin

n�x

L

	 

; L¼2�

¼
X

�4

n
ð�1Þne�n2kt=4sin

nx

2

	 

:

EXAMPLE 4.45
Solve

@u

@t
¼ k

@2u

@x2
; 0 < x < 2�;

with the condition

uðx; 0Þ ¼ x2; uð0; tÞ ¼ uð2�; tÞ ¼ 0

Solution. From Example 4.43, we have

uðx; tÞ ¼
X1
n¼1

An e�n2�2kt=L2 sin
n�x

L
; L ¼ 2�

¼
X1
n¼1

Ane
�n2kt=L2 sin

nx

2
;

where

An ¼ 1

�

Z2�

0

x2 sin
nx

2
dx ¼ �2

�n
x2

nx

2

h i2�
0

þ 4

�n

Z2�

0

x cos
nx

2
dx

¼ � 8�

n
ð�1Þn þ 8

�n2
x sin

nx

2

h i2�
0

� 8

�n2

Z2�

0

sin
nx

2
dx

¼ 8

n
ð�1Þn 2

�n2
� �

 �
:

Hence

uðx; tÞ ¼
X1
n¼1

8

n
ð�1Þn 2

�n2
� �

 �
e�n2kt=4 sin

nx

2
:

EXAMPLE 4.46
Solve the heat equation

@u

@t
¼ k

@2u

@x2

with the boundary conditions u(0, t) ¼ u(L, t) ¼ 0,
t � 0 and initial condition

uðx; 0Þ ¼ 0 for 0 � x � L=2

L� x for L=2 � x � L:

(

Solution. The solution to this problem is

uðx; tÞ ¼
X1
n¼1

Ane
� n�

Lð Þ2kt sin n�x

L

	 


where

An ¼ 2

L

ZL

0

uðx; 0Þ sin n�x

L

	 

dx:
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But (see Exercise 16) the coefficients An are given
by

An ¼ 4L

n2�2
sin

n�

2
; n ¼ 1; 2; . . .

¼ 4L

�2
1

ð2nþ 1Þ2 sinð2nþ 1Þ �
2

" #
; n ¼ 0; 1; 2; . . .

Hence

uðx;tÞ¼
X1
n¼0

4L

�2
1

2nþ1

� �2

�sinðð2nþ1Þ�
2
Þe�ð2nþ1Þ2�2kt=L2 sinð2nþ1Þ�x

L

¼4L

�2

X1
n¼0

ð�1Þn
ð2nþ1Þ2e

�ð2nþ1Þ2�2kt=L2 sinð2nþ1Þ�x
L
:

EXAMPLE 4.47
Solve the heat conduction equation

@u

@t
¼ k

@2u

@x2
; 0 < x < L; t > 0

with the boundary condition ux(0, t) ¼ 0, ux(L, t) ¼
0, t � 0 and the initial condition u(x, 0) ¼ f (x), 0 �
x � L.

Solution. The boundary conditions show that the
ends of the rod are insulated. As in Example 4.43,

we have

T0ðtÞ
TðtÞ ¼ k

X00ðxÞ
XðxÞ ¼ C ð52Þ

Differentiating u(x, t) ¼ T(t) X(x) with respect to x,

we have

uxðx; tÞ ¼ TðtÞX0ðxÞ:
Therefore, the boundary value conditions yield

uxð0; tÞ ¼ TðtÞX0ð0Þ ¼ 0

and

uxðL; tÞ ¼ TðtÞX0ðLÞ ¼ 0;

and so

X0ð0Þ ¼ X0ðLÞ ¼ 0:

Now if C ¼ 0, then (52) implies that X00(x) ¼ 0

and so X(x) ¼ ax + b. Therefore, X0(x)¼ a and so

X0(0) ¼ a ¼ 0 and so X(x) ¼ b. Therefore, C ¼ 0 is
an eigenvalue with eigen function a constant.

If C 6¼ 0, then the characteristic equation of

X00 ðxÞ � C

k
XðxÞ ¼ 0 is s2 � C

k
¼ 0 which yield,

two roots s1 and s2 with s2 ¼ –s1. Therefore, the
fundamental solution is

XðxÞ ¼ aes1x þ be�s1x: ð53Þ
Differentiating (53), we have

X0ðxÞ ¼ as1e
s1x � b e�s1 :

So the boundary condition X0(0) ¼ 0 and X0(L) ¼ 0

implies

a� b ¼ 0 yielding a ¼ b

and

as1ðes1L � e�s1LÞ ¼ 0:

If a ¼ 0, then b ¼ 0, and so we will have a trivial

solution. Therefore, es1L � e�s1L ¼ 0; which gives

e2s1L ¼ 1 and so s1 ¼ in�
L
: Then C

k
¼ s21 implies C ¼

� kn2�2

L2
: Hence (53) becomes

XnðxÞ ¼ a½ein�x=L þ e�in�x=L� ¼ 2a cos
n�x

L
:

Moreover (see Example 4.43), T0(t) – CT(t)¼ 0 has
fundamental solution as

TnðtÞ ¼ a0 e�n2�2kt=L2 :

Thus, the fundamental solution of the heat equation

becomes

unðx; tÞ ¼ TnðtÞ XnðxÞ ¼ A0

2
þ Ane

�n2�2kt
L2 cos

n�x

L
:

Now superposition of fundamental solutions yields

uðx; tÞ ¼ A0

2
þ
X1
n¼1

Ane
�n2�2kt

L2 cos
n�x

L
ð54Þ

The initial condition u(x, 0) ¼ f (x), 0 � x � L gives

f ðxÞ ¼ A0

2
þ
X1
n¼1

An cos
n�x

L
; 0 � x � L:

Thus, the Fourier coefficients An of f (x) with

respect to the system cos n�x
L

are given by

An ¼ 2

L

ZL

0

f ðxÞ cos n�x
L

dx; n ¼ 0; 1; 2; . . .

Substituting the value of An in (54) will yield the

solution of the given heat conduction equation.

EXAMPLE 4.48
Solve the wave equation

@2u

@t2
¼ a2

@2u

@x2
; 0 < x < L; t > 0;
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where a is a constant related to tension in the
vibrating string of length L having fixed ends. The

boundary conditions and initial conditions are

uð0; tÞ ¼ uðL; tÞ ¼ 0; t � 0;

uðx; 0Þ ¼ f ðxÞ; 0 � x � L;

utðx; 0Þ ¼ 0; 0 � x � L:

Solution. Let

uðx; tÞ ¼ TðtÞXðxÞ ð55Þ
be a trial solution of the given partial differential

equation. Then the wave equation takes the form

T00ðtÞXðxÞ ¼ a2X00ðxÞTðtÞ
or

T00ðtÞ
TðtÞ ¼ a2

X00ðxÞ
XðxÞ ¼ C (constant of separation):

The boundary conditions u(0, t) ¼ u(L, t) ¼ 0, t� 0

imply X(0) ¼ 0 and X(L) ¼ 0. Further, the condi-
tion ut(x, 0) ¼ 0 gives T0(0) X(x) ¼ 0, 0 � x � L.

Therefore, T0(0) ¼ 0.

The auxiliary equation for X(x) is s2 – C
a2
¼ 0

which yields s2 ¼ –s1 as the two roots. Therefore,

the fundamental solution is

XðxÞ ¼ a es1x þ be�s1x ð56Þ
The boundary condition X(0) ¼ 0 and X(L) ¼ 0
gives a+b ¼ 0, that is, b ¼ –a and

0 ¼ a es1L þ be�s1L ¼ aðes1L � e�s1LÞ
Since a ¼ 0 implies b ¼ 0 and the solution than
becomes trivial, so a 6¼ 0 and thus es1L ¼ e�s1L and

so e2s1L ¼ 1. Thus s1 ¼ in�
L
, n 6¼ 0 being an integer.

Therefore, s21 ¼ C
a2

yields c ¼ � a2n2�2

L2
. The funda-

mental solution (56) now takes the form

XnðxÞ ¼ a½ein�x=L � e�in�x=L� ¼ 2a sin
n�x

L
:

Further, characteristic equation for T
00
(t) – CT(t) ¼ 0

is s2 – C ¼ 0, that is, s2 + a2n2�2

L2
¼ 0. Thus the fun-

damental solution is

TnðtÞ ¼ a cos
n�at

L

	 

þ b sin

n�at

L

	 

:

We have

T0ðtÞ ¼ n�a

L
�a sin

n�at

L
þ b cos

n�at

L

	 

:

The condition T
0
(t) yields b ¼ 0 and so

TnðtÞ ¼ a cos
n�at

L

	 

; n ¼ 1; 2; 3; . . .

Hence the fundamental solution for the wave equa-

tion is

unðx; tÞ ¼ TnðtÞXnðxÞ ¼ An cos
n�at

L
sin

n�x

L
;

n ¼ 1; 2; . . .
Superposition of the fundamental solutions implies

uðx; tÞ ¼
X1
n¼1

An cos
n�at

L
sin

n�x

L
: ð57Þ

Using initial condition u(x, 0) ¼ f (x), we have

f ðxÞ ¼
X1
n¼1

An sin
n�x

L
; 0 � x � L:

The Fourier coefficients An of f (x) with respect to

the system sin n�x
L

is given by

An ¼ 2

L

ZL

0

f ðxÞ sin n�x
L

dx:

Putting the values of An in (57), we get the solution

of the wave equation.

4.23 MISCELLANEOUS EXAMPLES

EXAMPLE 4.49
Expand f(x) � x from x ¼ � c to x ¼ c as a Fourier

series.

Solution. The given function is an odd function of

period 2c. Therefore an ¼ 0 and

bn ¼ �

c

Z C

�C

x sin
n�x

c
dx

¼ �

c
x

� cos n�x
c

n�
c

� � �C
�C

þ c

n�

Z c

�c

cos
n�x

c
dx

( )

¼ �

c

xc

n�
� cos

n�x

c

	 
h ic
�c
þ c

n�

sin n�x
c

n�
c

 �c
�c

( )

¼ � 1

n
x cos

n�x

c

h ic
�c
þ c

n2�
sin

n�x

c

h ic
�c

¼ � 1

n
c cos n�þ c cos n �½ � þ 0

¼ � 2c

n
cos n� ¼ � 2c

n
ð�1Þn:
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Hence

f ðxÞ ¼ �2c
X1
n¼1

1

n
ð�1Þn sin

n�x

c
:

EXAMPLE 4.50
Express f ðxÞ ¼ x sin x; 0 < x < � as a Fourier
cosine series. Hence, deduce the sum of the series

1þ 2

1:3
� 2

3:5
þ 2

5:7
� . . .1 ¼ �

2
:

Solution. Similar to Example 4.17 except the limits.

We note that x sin x is an even function and so the

Fourier coefficients bn = 0. Further

a0 ¼ 1

�

Z �

��

x sin x dx ¼ 2

�

Z �

0

x sin x dx

¼ 2

�
�x cos xþ sin x½ ��0¼

2

�
�� cos �½ � ¼ 2:

and

an¼ 1

�

Z �

��

x sin x cos nx dx

¼ 2

�

Z �

0

x sin x cos nx dx

¼ 2

�

Z �

0

1

2
x sin ðnþ 1Þx� sinðn� 1Þx½ � dx

¼ 1

�

xð� cos ðnþ 1ÞxÞ
nþ 1

þ sin ðnþ 1Þx
ðnþ 1Þ2

" #�

0

(

� xð� cos ðn� 1Þx
n� 1

þ sinðn� 1Þx
ðn� 1Þ2

" #�

0

)

¼ 1

�

�� cos ðnþ 1Þ�
nþ 1

þ � cos ðn� 1Þ�
n� 1

 �
; n 6¼1

¼ ð�1Þnþ1

nþ 1
þ ð�1Þn�1

n� 1
¼ 2ð�1Þn�1

n2 � 1
; n 6¼ 1:

Also

a1 ¼ 1

�

Z �

��

x sin x cos x dx ¼ 2

�

Z �

0

x sin x cos x dx

¼ 1

�

Z �

0

x sin 2x dx ¼ 1

�
x

�cos 2x

2

� �
þ sin2x

4

 ��
0

¼ 1

�

��cos 2�

2

 �
¼�1

2
:

Hence

x sin x ¼ 1� 1

2
cos x þ

X1
n ¼2

2ð�1Þn�1

n2 � 1
cos nx

¼ 1� 1

2
cos x

� 2
cos 2x

1:3
� cos 3x

2:4
þ cos 4x

3:5
� :::

 �

Putting x ¼ �
2
; we get

�

2
¼ 1þ 2

1:3
� 2

3:5
þ 2

5:7
� :::

EXAMPLE 4.51
Find the Fourier series for f ðxÞ ¼ ð��xÞ2

4
in the

interval ð0; 2�Þ and hence deduce

1

12
þ 1

22
þ 1

32
þ :::: ¼ �2

6

Solution. We have f ðxÞ ¼ ð��xÞ2
4

and the interval is

ð0; 2�Þ: Therefore the Fourier coefficients are

a0¼ 1

�

Z2�

0

f ðxÞdx¼ 1

�

Z2�

0

ð��xÞ2
4

dx

¼ 1

4�

ð��xÞ3
�3

" #2�

0

¼�2

6
;

an¼ 1

�

Z2�

0

f ðxÞdxcos nx dx¼ 1

�

Z2�

0

ð��xÞ2
4

cos nxdx

¼ 1

4�
ð��xÞ2 sinnx

n

� �2�

0

þ
Z2�

0

2ð��xÞsinnx
n

dx

2
4

3
5

¼ �1

2�n2
ð�2�Þ¼ 1

n2
;

bn¼ 1

�

Z2�

0

f ðxÞsin nx dx¼ 1

�

Z2�

0

ð��xÞ2
4

sin nxdx

¼ 1

4�
ð��xÞ2 cosnx�n

n o2�

0
�
Z2�

0

2ð��xÞcosnx
n

dx

2
4

3
5

¼ 1

2� n2
cosnx

n

h i2�
0
¼0:
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Therefore the Fourier series is

f ðxÞ � a0

2
þ �ðcos nxþ sin nxÞ

¼ �2

12
þ
X1
n¼1

cos nx

n2

¼ �2

12
þ cos x

12
þ cos 2x

22
þ cos 3x

32
þ cos 4x

42
þ :::

Putting n ¼ 0 in the above equation, we get

�2

6
¼ 1

12
þ 1

22
þ 1

32
þ 1

42
þ :::

EXAMPLE 4.52
(i) Examine whether the function f(x) ¼ x sin x is

even or odd and find its Fourier series in the interval
ð��; �Þ:
(ii). Examine whether the function f(x) ¼ x cos x is

even or odd and find its Fourier series in ð��; �Þ:

Solution. (i). Since the functions x and sin x are both
odd functions, their product x sin x is even. Hence
the Fourier coefficients bn are zero. Further,

a0 ¼ 2

�

Z�

0

x sin x dx

¼ 2

�
xð� cos xÞ �

Z
ð� cos xÞdx

 ��
0

¼ 2

�
½�x cos xþ sin x��0 ¼ 2;

an ¼ 2

�

Z�

0

x sin x cos nx dx

¼ 1

�

Z�

0

x½sinðnþ 1Þx� sinðn� 1Þx�dx

¼ cosðn� 1Þ�
n� 1

� cosðnþ 1Þ�
nþ 1

; n 6¼ 1

If n is odd and n 6¼ 1; then

an ¼ 1

n� 1
� 1

nþ 1
¼ 2

n2 � 1
:

If n is even, then

an ¼ �1

n� 1
þ 1

nþ 1
¼ �2

n2 � 1
:

Also

a1 ¼ 2

�

Z�

0

x sin x cos x dx ¼ 1

�

Z�

0

x sin 2x dx

¼ 1

�
� � cos 2�

2

 �
¼ � 1

2
:

Hence the Fourier series for x sin x is

1� 1

2
cos x� 2

cos 2x

22 � 1
� cos 3x

32 � 1
þ cos 4x

42 � 1
� :::

 �
:

(ii) We have f ðxÞ ¼ x cos x as a product of odd and
even functions x and cos x respectively. But the

product of odd and even function is odd. Hence f is

odd. Since f is odd, an ¼ 0: Further,

bn ¼ 2

�

Z�

0

xcosx sinnx dx

¼ 1

�

Z�

0

2x cosx sinnx dx

¼ 1

�

Z�

0

x½sinðnþ1Þxþ sinðn�1Þx�dx

¼ 1

�
x �cosðnþ1Þx

nþ1
� cosðn�1Þx

n�11

� �

� �sinðnþ1Þx
ðnþ1Þ2 � sinðn�1Þx

ðn�1Þ2
( )#�

0

¼ 1

�
� �cosðnþ1Þ�

nþ1
� cosðn�1Þ�

n�1

� � �
;n 6¼ 1

¼� cosðnþ1Þ�
nþ1

þ cosðn�1Þ�
n�1

 �
; n 6¼ 1:

If n 6¼ 1 and n is odd, then both n � 1 and n + 1 are

even. Therefore

bn ¼ � �1

nþ 1
� 1

n� 1

 �
¼ 2n

n2 � 1

If n 6¼ 1and n is even, then both n ¼ 1 and n + 1 are

odd. Therefore

bn ¼ � �1

nþ 1
þ 1

n� 1

 �
¼ � 2n

n2 � 1
:
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When n ¼ 1, we have

b1 ¼ 2

�

Z�

0

x cos x sin x dx ¼ 1

�

Z�

0

x sin 2x dx

¼ � 1

2
:

Hence

f ðxÞ ¼ xcosx¼�1

2
sinx�4

3
sin2xþ3

4
sin3x� :::

EXAMPLE 4.53
Obtain a half-range cosine series for

f ðxÞ ¼ kx; 0 � x � L
2

kðl � xÞ; L
2
� x � L:

(

Deduce the sum of the series

1

12
þ 1

32
þ 1

52
þ ::::

Solution. As in Example 4.24, we have

a0 ¼ kL

2
and an ¼ 8kL

n2�2
cos

n�

2
sin2

n�

4
:

Therefore

f ðxÞ ¼ kL

4

� 2kL

�2
cos

2�x

L
þ 1

32
cos

6�x

L



þ 1

52
cos

10�x

L
þ . . .

�

Putting x = 0, we get

0 ¼ kL

4
� 2kL

�2
1þ 1

32
þ 1

52
þ . . .

 �

or

�kL

4
¼ � 2kL

�2
1þ 1

32
þ 1

52
þ . . . :

 �

or

�2

8
¼ 1

12
þ 1

32
þ 1

52
þ . . . :

EXAMPLE 4.54
Find the Fourier series of periodicity 2 for f ðxÞ ¼

x ; �1 < x � 0

xþ 2 ; 0 < x � 1:

�
Hence, show

that the sum of the series 1� 1
3
þ 1

5
� 1

7
þ ::::: ¼ �

4
:

Solution. The period of the function is 2. Therefore

the Fourier series shall be

a0

2
þ
X1
n¼1

ðan cos nv0tþbn sin nv0tÞ; v0 ¼ 2�

T
¼ �:

or

a0

2
þ
X1
n�1

ðan cos n � t þ bn sin x�tÞ;

where

a0 ¼ 2

T

Z 1

�1

f ðxÞ dx; an ¼ 2

T

Z 1

�1

f ðxÞ cos n�x dx;

bn ¼ 2

T

Z 1

�1

f ðxÞ sin n�x dx;

:

With T ¼ 2. we are given that

f ðxÞ ¼ x; �1 < x < 0

xþ 2; 0 < x � 1:

�

Therefore

a0¼
Z 1

�1

f ðxÞdx¼
Z 0

�1

f ðxÞdxþ
Z 1

0

f ðxÞdx

¼
Z 0

�1

xdxþ
Z 1

0

ðxþ2Þdx¼ x2

2

 �0
�1

þ x2

2
þ2x

 �1
0

¼2;

an¼
Z 1

�1

f ðxÞ cos n�xdx

¼
Z 0

�1

x cos n�xdxþ
Z 1

0

ðxþ2Þcos n�xdx

¼ x
sinn�x

n�
� �cos n�x

n2�2

	 
 �0
�1

þ ðxþ2Þsinn�x
n�

� �cos n�x

n2�2

	 
 �0
1

¼ 1

n2�2
�cos n�

n2�2

 �
þ cos n�

n2�2
� 1

n2�2

 �
¼0;

bn¼
Z 1

�1

f ðxÞ sinn�xdx¼
Z 0

�1

x sinn�xdx

þ
Z 1

0

ðxþ2Þsinn�xdx
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¼ x
�cosn�x

n�

	 

� �sin n�x

n2�2

� � �0
�1

þ ðxþ2Þ �cos n�x

n�

	 

� �sinn�x

n2�2

� � �1
0

¼� cos n�

n�
þ �3 cosn�

n�
þ 2

n�

 �

¼�4
cosn�

n�
þ 2

n�
¼ 2

n�
1�2ð�1Þn½ �:

Hence

f ðxÞ¼1þ2

�

X1
n¼1

1

n
1�2ð�1Þn½ �sin n�x

¼1þ2

�
3sin �xþ3

3
sin 3�xþ3

5
sin 5�xþ ::: :

 �

Putting x ¼ 1
2
; we get

1

2
þ 2 ¼ 1þ 2

�
3� 3

3
þ 3

5
� 3

7
þ ::: :

 �

or

� 3

2
¼ 2

�
3� 3

3
þ 3

5
� 3

7
þ ::: :

 �

or

�

4
¼ 1� 1

3
þ 1

5
� 1

7
þ ::: :

E X E R C I S E S

1. Find the Fourier series to represent x2 in the

interval (–l, l).
Hint: see Example 4.6

2. Find the Fourier series of the function

f ðxÞ ¼ sin x
2

for 0 � x � �

� sin x
2

for � � x � 2�

(

f ðxÞ ¼ f ðxþ 2�Þ
Ans. � 8

�

P1
n¼1

n sinð2nxÞ
ð2nþ1Þð2n�1Þ

3. Derive Fourier series for e–ax, –� < x < � and

deduce series for �
sinh�.

Hint: Similar to Example 4.9

Ans:
2sinha�

�

1

2a
� acosa

12þa2
þacos2a

22þa2
� ...

� �

þ sinx

12þa2
�2sin2x

22þa2
þ ...

� ��

�

sinh�
¼2

1

22þ1
� 1

32þ1
þ 1

42þ1
� ...

� �

4. Show that for –� < x < �,

cosh ax ¼ 2a2

�
sinh a�

1

2a2
þ
X1
n¼1

ð�1Þn
a2 þ n2

cos nx

" #
:

Hint: cosh ax ¼ 1
2
ðeax þ e�axÞ, so add the

series of Example 4.9 and Exercise 3
(given above).

5. An alternating current, after passing through a

rectifier, has the form

i ¼ I0 sin x for 0 � x � �
0 for � � x � 2�;

�

where I0 is maximum current and the period is
2�. Express i as a Fourier series.
Hint: see Example 4.21.

Ans:
I0

�
1þ �

2
sin h� 2

1:3
cos 2h

�

� 2

3:5
cos 4h� 2

5:7
cos 6hþ . . .

�

6. Determine Fourier series expansion of the
function

f ðxÞ ¼
2 for 0 < x < 2�

3

1 for 2�
3
< x < 4�

3

0 for 4�
3
< x < 2�:

8<
:

Ans. 1þ 3
� sin xþ sin 2x

2
þ sin 4x

4
þ sin 5x

5
þ . . .

� �
7. Expand f (t) ¼ t2 in Fourier sine series on the

interval (0, 1).

Ans.
P1
n¼1

2
n�

2ðð�1Þn�1Þ
n2�2

� ð�1Þn
h i

sin n�t

8. Find Fourier series expansion of the function f
defined by

f ðtÞ ¼ �2 for� � < t < 0

ðt � �Þ2 for 0 � t < �;

�

f ðtÞ ¼ f ðt þ 2�Þ:
Determine the value of

P1
n¼1

1
n2
.
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Ans: f ðtÞ¼2�2

3
þ
X1
n¼1

2

n2
cosntþð�1Þn

n
�sinnt

 �

�4

�

X1
n¼1

sinð2n�1Þt
ð2n�1Þ2

Putting t ¼ 0, we get
P1
n¼1

1
n2
¼ �2

6

9. Find half range cosine series for the function

f ðxÞ ¼ x for 0 < x < �
2

�� x for �
2
< x < �:

�

Ans. �
4
� 2

� cos 2xþ cos 6x
32

þ cos 10x
52

þ . . .
� �

10. Find the Fourier sine series for

f ðxÞ ¼
1
4
� x for 0 < x < 1

2

x� 3
4

for 1
2
< x < 1:

�

Hint: Taking odd extension, the extended
function is odd over (–1, 1) and so find bn using

bn ¼ 2
1

R1
0

f ðxÞ sin n�x dx.

Ans:
1

�
� 4

�2

� �
sin�xþ 1

3�
þ 4

32�2

� �
sin3�x

þ 1

5�
� 4

52�2

� �
sin5�xþ . . .

11. Find Fourier cosine series for f (x) ¼ (x – 1)2, 0

< x < 1.

Ans. 1
3
þ 4

�2

P1
n¼1

1
n2

cos n�x

12. Verify Riemann-Lebesgue lemma for the

function f (x) ¼ eax, –�<x < �.
Hint: see Example 4.9, show that an ! 0, bn !
0 as n ! 1).

13. Find half-range sine series for ex, 0 < x < 1.

Ans. 2�
P1
n¼1

n½1�eð�1Þn�
ð1þn2�2Þ sin n�x

14. Given the series

tð�� tÞ ¼ 8

�

X1
n¼1

sinð2n� 1Þt
ð2n� 1Þ3 ; 0 � t � �;

show that
P1
n¼1

1

ð2n�1Þ6 ¼ �6

960

Hint: Use Parseval’s equality.

15. Find Fourier series for e–x in (0, �).

Hint: bn ¼ 2
�

R�
0

e�x sin nx dx ¼ 2n
�

½ð�1Þne���1�
1þn2

and

so the series is 2
�

P1
n¼1

n½e��ð�1Þn�1�
1þn2

sin nx

16. Find Fourier sine series for the function f
defined by

f ðxÞ ¼ x for 0 � x � L=2
L� x for L=2 � x � L:

�

Hint: Extend f as an odd function in (–L, L).

Then

bn ¼ 2

L

ZL

0

f ðxÞ sin n�x
L

dx ¼ 2

L

ZL=2

0

þ
ZL

L=2

2
64

3
75

¼ � L

n�
cos

n�

2
þ 2L

n2�2
sin

n�

2
þ L

n�
cos

n�

2

þ 2L

n2�2
sin

n�

2

¼ 4L

n2�2
sin

n�

2

Hence

f ðxÞ ¼
X1
n¼1

4L

n2�2
sin

n�

2
sin

n�x

L

¼ 4L

�2

X1
n¼1

1

n2
sin

n�

2
sin

n�x

L
:

17. Solve the heat equation @u
@t ¼ @2u

@x2, 0 < x < 2, t > 0

uxð0; tÞ ¼ 0; uð2; tÞ

uðx; 0Þ ¼ 1 for 0 < x < 1

2� x for 1 � x � 2:

�

Hint :uðx;tÞ¼A0

2
þ
X1
n¼1

Ane
�n2�2t=L2 cos

n�x

L
; L¼2

¼A0

2
þ
X1
n¼1

Ane
�n2�2t=4cos

n�x

2
;

A0¼
Z2

0

f ðxÞdx¼
Z1

0

dx

þ
Z2

1

ð2�xÞdx¼3

2
;

An¼
Z1

0

xcos
n�x

2
dxþ

Z2

1

ð2�xÞcosn�x
2

dx

¼ �4

n2�2
cos

n�

2
�cosn�

h i
:
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Thus

uðx;tÞ¼3

4

� 4

�2

X1
n¼1

cos
n�

2
�cosn�

h i
e�n2�2t=4cos

n�x

2
:

18. Solve @u
@t ¼ k @2u

@x2, 0 < x < � subject to

uðx; 0Þ ¼ e�x; 0 < x < �

uð0; tÞ ¼ 0; uð�; tÞ ¼ 0; t � 0:

Ans. uðx; tÞ ¼ 2
�

P1
n¼1

n½ð�1Þne���1�
1þn2

e�n2kt sin nx

252 n Engineering Mathematics



5 Laplace Transform

The study of Laplace transform is essential for

engineers and scientists because these trans-

forms provide easy and powerful means of sol-
ving differential and integral equations. The

Laplace transforms directly provides the solu-

tion of differential equations with given bound-
ary values without finding the general solution

first. A Laplace transform is an extension of

the continuous-time Fourier transform motivated
by the fact that this transform can be used to a

wider class of signals than the Fourier transform

can. In fact, Fourier transform does not con-
verge for many signals whereas the Laplace

transform does. Fourier transform is not applic-

able to initial-value problems whereas Laplace
transform is applicable. Also some functions

like sinusoidal functions and polynomials do

not have Fourier transform in the usual sense
without the introduction of generalized func-

tions. Causal functions (which assume zero

value for t < 0) are best handled by Laplace
transforms.

5.1 DEFINITION AND EXAMPLES OF LAPLACE
TRANSFORM

Definition 5.1. Let f (t) be a function of t defined for

t > 0. Then the one-sided Laplace transform (or

merely Laplace transform) of f(t), denoted by
L{ f (t)} or F(s), is defined by

Lf f ðtÞg ¼ FðsÞ ¼
Z1

0

e�st f ðtÞdt; s 2 ℝ or ℂ;

provided that the integral converges for some value

of s.

The defining integral is called the Laplace
integral.

Definition 5.2. The two-sided Laplace transform of

a function f (t) is defined by

Lf f ðtÞg ¼
Z1

�1
e�st f ðtÞdt

for all values of s, real or complex for which the

integral converges.
The defining integral in this case is called two-

sided Laplace integral.

The symbol L, which transforms f (t) into F(s) is
called Laplace operator. Thus the Laplace transform

of a function exists only if the Laplace integral con-

verges. The following theorem provides sufficient
conditions for the existence of Laplace transform.

Theorem 5.1. Let f (t) be piecewise continuous in

every finite interval 0� t� N and be of exponential

order c for t > N. Then Laplace transform of f (t)
exists for all s > c.

Proof: Since f (t) is piecewise continuous on every

finite interval [0, N] and e�st is also piecewise
continuous on [0, N] for N > 0, it follows that e–st

f (t) is integrable on [0, N]. For any positive number

N, we haveZ1

0

e�st f ðtÞ dt ¼
ZN

0

e�st f ðtÞdt þ
Z1

N

e�st f ðtÞdt:

By the above arguments, the first integral on the
right exists. Further, since f (t) is of exponential

order c for t > N, there exists constant M such that

| f (t)| � M ect for t � 0 and so

j
Z1

N

e�st f ðtÞdtj �
Z1

N

je�st f ðtÞjdt �
Z1

0

je�st f ðtÞjdt

�
Z1

0

e�st M ect dt ¼ M

s� c
:

Thus the Laplace transform L { f (t)} exists for s > c.



Remark 5.1. The conditions of the Theorem 5.1 are
sufficient but not necessary for the existence of

Laplace transform of a function. Thus Laplace

transform may exist even if these conditions are not
satisfied. For example, f (t) ¼ t–1/2 does not satisfy

these conditions but its Laplace transform does

exist (see Example 5.8).

EXAMPLE 5.1
Find Laplace transform of unit step function f

defined by f (t) ¼ 1, t � 0.

Solution. By definition of Laplace transform, we have

Lf f ðtÞg ¼
Z1

0

e�st dt¼ lim
T!1

ZT

0

e�st dt

¼ lim
T!1

e�st

�s
� �T

0

¼ lim
T!1

1� e�st

s
¼ 1

s
if s> 0:

EXAMPLE 5.2
Find the Laplace transform of the unit ramp func-

tion f defined by f (t) ¼ t, t � 0.

Solution. Using integration by parts, we get

Lf f ðtÞg ¼
Z1

0

t e�st dt¼ lim
T!0

ZT

0

t e�st dt

¼ lim
T!1

t
e�st

�s
� �� �T

0

� e�st

s2

� �T
0

( )

¼ lim
T!1

1

s2
� e�sT

s2
�T e�sT

s

� �
¼ 1

s2
if s> 0:

EXAMPLE 5.3
Find L{ f (t)}, where f (t) ¼ [t], t > 0.

Solution. We have

Lf f ðtÞg¼
Z1

0

e�st f ðtÞdt

¼
Z1

0

e�stð0Þdtþ
Z2

1

e�st dtþ
Z3

2

e�st 2dtþ . . .

¼ e�st

�s
����

����
2

1

þ2
e�st

�s
����

����
3

2

þ3
e�st

�s
����

����
4

3

þ . . .

¼ e�s

s
ð1� e�sÞþ2

e�2s

s
ð1� e�sÞ

þ3
e�3s

s
ð1� e�sÞþ . . .

¼ e�s

s
ð1� e�sÞ½1þ2e�sþ3e�2sþ . . .�

¼ e�s

s
ð1� e�sÞ 1

ð1� e�sÞ2

¼ e�s

sð1� e�sÞ ¼
1

sðes�1Þ :

EXAMPLE 5.4
Find Laplace transform of f (t) ¼eat, t � 0.

Solution. By the definition of Laplace transform,
we have
Lf f ðtÞg ¼

Z1

0

e�steat dt ¼ lim
T!1

ZT

0

e�ðs�aÞt dt

¼ lim
T!1

e�ðs�aÞ

�ðs� aÞ
� �T

0

¼ lim
T!1

1� e�ðs�aÞT

s� a

¼ 1

s� a
; if s > a:

The result of this example holds for complex num-
bers also.

EXAMPLE 5.5
Find Laplace transforms of f (t) ¼ sin at and g (t) ¼
cos at.

Solution. SinceZ
eat sin bt dt ¼ eatða sin bt � b cos btÞ

a2 þ b2
;

and Z
eat cos bt dt ¼ eatða cos bt þ b sin btÞ

a2 þ b2
;

we have

Lfsin atg ¼
Z1

0

e�st sin at dt

¼ lim
T!1

ZT

0

e�st sin at dt

¼ lim
T!1

e�stð�s sin at � a cos atÞ
s2 þ a2

� �T
0
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¼ lim
T!1

a

s2 þ a2
� e�stðs sin a T þ a cos aTÞ

s2 þ a2

� �

¼ a

s2 þ a2
if s > 0;

and

Lfcosatg¼
Z1

0

e�st cosat dt

¼ lim
T!1

ZT

0

e�st cosat dt

¼ lim
T!1

e�stð�scosatþasinatÞ
s2þa2

� �T
0

¼ lim
T!1

s

s2þa2
� e�stðscosaT �asinaTÞ

s2þa2

� �

¼ s

s2þa2
if s> 0:

EXAMPLE 5.6
Find the Laplace transforms of f (t) ¼ sinh at and
g (t) ¼ cosh at.

Solution. Since sinh at ¼ eat�e�at
2

, we have

Lfsinhatg¼L
eat� e�at

2

� �
¼
Z1

0

e�st
eat� e�at

2

� �
dt

¼ 1

2

Z1

0

e�steatdt�1

2

Z1

0

e�ste�atdt

¼ 1

2
Lfeatg�1

2
Lfe�atg

¼ 1

2

1

s�a
� 1

sþa

� �
¼ a

s2�a2
; s> jaj:

Again, since cosh at ¼ eatþe�at
2

; proceeding as

above, we have

Lfcosh atg ¼ 1

2
Lfeatg þ 1

2
Lfe�atg

¼ 1

2

1

s� a
þ 1

sþ a

� �

¼ s

s2 � a2
; s > jaj:

EXAMPLE 5.7
Find Laplace transform of f (t) ¼ tn, where n is a
positive integer.

Solution. Putting st ¼ u, we have

Lf f ðtÞg ¼
Z1

0

e�sttn dt ¼
Z1

0

e�u
u

s

	 
n
:
du

s

¼ 1

snþ1

Z
e�uuðnþ1Þ�1 du ¼ �ðnþ 1Þ

snþ1

for s > 0 and nþ 1 � 0;

by the definition of gamma function. Since n is

positive integer, G(n + 1) ¼ n! and so

Lftng ¼ n!

snþ1
:

Remark 5.2. Integrating the defining formula for

Laplace transform of tn by parts, we have

Lftng ¼
Z1

0

tn e�st dt

¼ �tne�st
s

� �1
0

þ n

s

Z1

0

tn�1 e�st dt:

The integral on the right exists and the lower limit

can be used in the first term if n � 1. Since s > 0,
the exponent in the first term goes to zero as t tends

to infinity. Thus, we obtain a general recurrence

formula,

Lftng ¼ n

s
Lftn�1g; n � 1:

Hence, by induction, we get the sequence

Lft0g ¼ Lf1g ¼ 1

s
ðby Example 5:1Þ

Lftg ¼ 1

s
Lft0g ¼ 1

s2

Lftg ¼ 2

s3

. . . . . .

. . . . . .

Lftng ¼ n!

snþ1
:

EXAMPLE 5.8
Find the Laplace transform of f ðtÞ ¼ t�1=2.
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Solution. The condition n + 1 > 0 of Example 5.7 is
satisfied and so

Lft�1=2g ¼ �ð1=2Þ
s1=2

¼
ffiffiffi
�
p
s1=2
¼

ffiffiffi
�

s

r
:

It may be mentioned here that the function f ðtÞ ¼
t�1=2 does not satisfy the conditions of Theorem
5.1, even then the Laplace transform of this func-

tion exists. Thus the conditions of Theorem 5.1 are

sufficient but not necessary for the existence of
Laplace transform of a given function.

EXAMPLE 5.9
Find the Laplace transform of the function f defined by

f ðtÞ ¼ t for 0 � t � 3

0 for t > 3:

�

Solution. The graph of the function f is shown in the

Figure 5.1.

t

f (t )

0 3

3

Figure 5.1

Using integration by parts, we have

Lf f ðtÞg ¼
Z1

0

e�st f ðtÞ dt ¼
Z3

0

e�sttdt

¼ t:
e�st

�s
� �3

0

�
Z3

0

e�st

�s dt

¼ � 3

s
e�3s þ 1

s

e�st

�s
� �3

0

¼ � 3

s
e�3s � 1

s2
½e�3s � 1�

¼ 1

s2
½1� e�3s� � 3

s
e�3s for s > 0:

EXAMPLE 5.10
Find the Laplace transform of the function f defined
by f ðtÞ ¼ ffiffiffiffi

tn
p

; n � 1 and odd integer.

Solution. Integration by parts yields

Lf f ðtÞg ¼
Z1

0

ffiffiffiffi
tn
p

e�stdt

¼ �
ffiffiffiffi
tn
p

e�st

s

� �1
0

þ n

2s

Z1

0

ffiffiffiffiffiffiffiffi
tn�2
p

e�st dt:

If n� 1, the lower limit can be used in the first term
on the right and thus the integral exists. Thus

Lf ffiffiffiffi
tn
p g ¼ n

2s
Lf

ffiffiffiffiffiffiffiffi
tn�2
p

g; n � 1 and odd:

Thus we obtain a sequence of formulas given below:

L
1ffiffi
t
p
� �

¼
ffiffiffi
�
p
ffiffi
s
p ðExample 5:8Þ

Lf ffiffi
t
p g ¼

ffiffiffi
�
p

2
ffiffiffiffi
s3
p

Lf
ffiffiffiffi
t3
p
g ¼ 3

ffiffiffi
�
p

4
ffiffiffiffi
s5
p

. . . . . .

. . . . . .

Lf ffiffiffiffi
tn
p g ¼ ðnþ 1Þ! ffiffiffi

�
p

2ðnþ1Þ nþ1
2

� 
!
ffiffiffiffiffiffiffiffiffiffiffi
sðnþ2Þ
p :

EXAMPLE 5.11
Find the Laplace transform of erf

ffiffi
z
pð Þ and erf(z).

Solution. Recall that the error function is defined by

the integral

erfðzÞ ¼ 2ffiffiffi
�
p
Zz

0

e�t
2

dt;

where the variable z may be real or complex.

The graph of erf(z), where z is real is shown in
the Figure 5.2.

z

− 1

1 2− 1− 2

1
erf(z) 

Figure 5.2 The Error Function
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Let us find Laplace transform of erf ð ffiffizp Þ: Using
series expansion of e–t

2

, we have

Lferfð ffiffizp Þg

¼ L
2ffiffiffi
�
p

Z ffiffitp

0

1� t2 þ t4

2!
� t6

3!
þ . . .

� �
dt

8><
>:

9>=
>;

¼ 2ffiffiffi
�
p L t1=2 � t3=2

3
þ t5=2

5:2!
� t7=2

7:3!
þ . . .

� �

¼ 2ffiffiffi
�
p �ð3=2Þ

s3=2
� �ð5=2Þ

3s5=2

�

þ �ð7=2Þ
5:2! s7=2

� �ð9=2Þ
7:3! s9=2

þ . . .

�

¼ 1

s3=2
� 1

2s5=2
þ 1:3

2:4s7=2
� 1:3:5

2:4:6 s9=2
þ . . .

¼ 1

s3=2
1� 1

2s
þ 1:3

2:4

1

s2
� 1:3:5

2:4:6

1

s3
þ . . .

� �

¼ 1

s3=2
1þ 1

s

� ��1=2

¼ 1

s
ffiffiffiffiffiffiffiffiffiffiffi
sþ 1
p ; s > �1:

We now find the Laplace transform of erf (z).

We have

LferfðzÞg ¼
Z1

0

e�sterfðzÞ dz

¼
Z1

0

e�st
2ffiffiffi
�
p

Zz

0

e�x
2

dx dz

Changing the order of integration (Figure 5.3),

we get

LferfðzÞg¼ 2ffiffiffi
�
p
Z1

0

e�x
2

Z1

x

e�st dtdx¼ 2

s
ffiffiffi
�
p
Z1

0

e�ðx
2þsxÞdx

¼ 2

s
ffiffiffi
�
p es

2=4

Z1

0

e� xþs
2ð Þ2dx;

because x2 þ sx ¼ xþ s
2

� 2� s2

4
.

t

x = t

0

x

Figure 5.3

Taking u ¼ xþ s
2
, we have

LferfðzÞg ¼ 2

s
ffiffiffi
�
p es

2=4

Z1

s=2

e�u
2

du

and so

LferfðzÞg ¼ 2

s
ffiffiffi
�
p es

2=4erf c
s

2

	 

; s > 0:

EXAMPLE 5.12
Find the Laplace transform of f ðtÞ ¼ sin

ffiffi
t
p

.

Solution. The series expansion for sin sin
ffiffi
t
p

is

sin
ffiffi
t
p ¼ t1=2 � t3=2

3!
þ t5=2

5!
� t7=2

7!
þ . . .

¼
X1
n¼0

ð�1Þntnþ1
2

ð2nþ 1Þ!
Therefore

Lfsin ffiffi
t
p g ¼

X1
n¼0

ð�1Þn
ð2nþ 1Þ!Lft

nþ1
2g

¼
X1
n¼0

ð�1Þn
ð2nþ 1Þ!

� nþ 3
2

� 
snþ3

2

¼
X1
n¼0

ð�1Þn
ð2nþ 1Þ! :

ð2nþ 2Þ!
22nþ2ðnþ 1Þ!

ffiffiffi
�
p

:
1

snþ3
2

¼
X1
n¼0

ð�1Þn
ð2nþ 1Þ! :

ð2nþ 1Þ!
22nþ1n!

:

ffiffiffi
�
p

snþ3
2

¼ 1

2s

ffiffiffi
�

s

r X1
n¼0

ð�1Þn
n!

1

4s

� �n

¼ 1

2s

ffiffiffi
�

s

r
e�

1
4s; s > 0:
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EXAMPLE 5.13
Find the Laplace transform of the pulse of unit
height and duration T.

Solution. The pulse of unit height and duration T is
defined by

f ðtÞ ¼ 1 for 0 < t < T
0 for T < t:

�

Therefore,

Lf f ðtÞg ¼
ZT

0

e�st dt ¼ 1� e�sT

s
:

EXAMPLE 5.14
Find theLaplace transformof sinusoidal (sine) pulse.

Solution. Sinusoidal pulse is defined by

f ðtÞ ¼ sin at for 0 < t < �=a
0 for �=a < t:

�

Therefore, by the definition of Laplace transform

we have

Lf f ðtÞg ¼
Z1

0

sin at e�stdt ¼ að1þ e�s�=aÞ
s2 þ a2

:

The denominator of L{ f (t)} here is zero at s¼ ± ia.

But, since e±ia ¼ –1, the numerator also becomes
zero. Thus L{ f (t)} have no poles and is an entire

function.

EXAMPLE 5.15
Find the Laplace transform of triangular pulse of

duration T.

Solution. The triangular pulse of duration T is

defined by

f ðtÞ ¼
2
T
t for 0 < t < T=2

2� 2
T
t for T=2 < t < T

0 for T < t:

8<
:

By the definition of Laplace transform, we have

Lf f ðtÞg ¼ 2

T

ZT=2

0

t e�stdt þ
ZT

T=2

2� 2

T
t

� �
e�st dt

¼ 2

T

1� 2e�sT=2 þ e�sT

s2

� �
:

EXAMPLE 5.16
Find the Laplace transform of a function defined by

f ðtÞ ¼
t
a

for 0 < t < a

1 for t > a:

�

Solution. Integration by parts, we

L f ðtÞf g ¼
Za

0

t

a
e�stdt þ

Z1

a

e�st dt

¼ �e
�sa

s
� e�sa � 1

as2
þ e�sa

s
¼ 1� e�sa

as2
:

EXAMPLE 5.17
Find Laplace transform of f defined by

f ðtÞ ¼ et for 0 < t < 1

0 for t > 1:

�

Solution. By definition of Laplace transform, we have

Lf f ðtÞg ¼
Z1

0

et:s�st dt ¼
Z1

0

eð�sþ1Þt dt ¼ e1�s � 1

1� s
:

EXAMPLE 5.18
Find the Laplace transform of a function f defined by

f ðtÞ ¼ sin t for 0 < t < �
0 for t > �:

�

Solution. The integration by parts yields

Lf f ðtÞg ¼
Z�

0

e�st sin t dt ¼ 0þ 1

s

Z�

0

e�st cos tdt

¼ 1

s

e�st

�s cos t
� ��

0

þ 1

s

Z�

0

e�st

�s sin t dt

¼ 1

s2
½1þ e�s�� � 1

s2

Z�

0

e�st sin t dt:

Thus,

s2 þ 1

s2

� �
Lf f ðtÞg ¼ 1

s2
½1þ e�s��;

which yields

Lf f ðtÞg ¼ 1þ e�s�

s2 þ 1
:
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EXAMPLE 5.19
Find the Laplace transform of the function fe
defined by

feðtÞ ¼
1
e for 0 � t � e
0 for t > e;

�

where e > 0. Deduce the Laplace transform of the
Dirac delta function.

Solution. The graph of the function fe is shown in the
Figure 5.4.

0

( )tfε

t
ε

ε
1

Figure 5.4

We observe that as e! 0, the height of the rectangle

increases indefinitely and the width decreases in
such a way that its area is always equals to 1.

The Laplace transform of fe is given by

L fe tð Þf g ¼
Z1

0

e�stfeðtÞ dt ¼
Ze

0

e�stfeðtÞ dt

þ
Z�

e

e�stfeðtÞ dt

¼ 1

e

Ze

0

e�st dt ¼ 1� e�se

se
:

Further we note that

lim
e!0

L fe tð Þf g ¼ lim
e!0

1� e�se

se

¼ lim
e!0

1� ð1� seþ s2e2

2! � . . .Þ
se

¼ lim
e!0

1� se

2
þ . . .

	 

¼ 1:

Also, we observe from the definition of fe that

lim
e!0

fe tð Þdoes not exist and so L
�
lim
e!0

fe tð Þ
�
is not

defined. Even then it is useful to define a function �
as � tð Þ ¼ � lim

e!0
fe tð Þ

�
such that

L � tð Þf g ¼ lim
e 0
f fe tð Þg ¼ 1:

The function �(t) is called the Dirac delta function

or unit impulse function having the properties

�ðtÞ ¼ 0; t 6¼ 0; and

Z1

0

�ðtÞ dt ¼ 1:

EXAMPLE 5.20
Find the Laplace transform of Heaviside’s unit step

function defined by

Hðt � aÞ ¼ 1 for t > a

0 for t < a:

�

Solution. The Heaviside’s unit step function is also
known as delayed unit step function and occurs in

the electrical systems. It delays the output until t¼ a

and then assumes a constant value of one unit. Its
graph is shown in the Figure 5.5.

0

H(t − a)

t

1

a

Figure 5.5

The Laplace transform of Heaviside’s unit function

is given by

LfHðt� aÞg ¼
Z1

0

e�stHðt� aÞdt¼
Z1

a

e�st dt

¼ lim
T!1

ZT

a

e�st dt¼ lim
T!1

e�st

�s
� �T

a

¼ e�sa

s
:

EXAMPLE 5.21
Find the Laplace transform of rectangle function

defined by

gðtÞ ¼ 1 for a < t < b

0 otherwise:

�
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Solution. The graph of this function is shown in the
Figure 5.6. Clearly, this function can be expressed

in terms of Heaviside’s unit function as

gðtÞ ¼ Hðt � aÞ �Hðt � bÞ:

0

g(t )

t
ba

1

Figure 5.6

Further if a¼ 0, then g becomes pulse of unit height
and duration b (Example 5.13). The Laplace

transform of rectangle function g is given by

LfgðtÞg ¼ LfHðt � ag � LfHðt � bÞg

¼ e�sa

s
� e�sb

s

¼ e�sa � e�sb

s
:

5.2 PROPERTIES OF LAPLACE TRANSFORMS

While studying the following properties of Laplace
transforms, we assume that the Laplace transforms

of the given functions exist.

Theorem 5.2. (Linearity of the Laplace Transform). If

c1 and c2 are arbitrary constants (real or complex)

and f1(t) and f2(t) are functions with Laplace
transforms F1(s) and F2(s), respectively, then

Lfc1 f1ðtÞ þ c2 f2ðtÞg ¼ c1Lf f1ðtÞg þ c2Lf f2ðtÞg
¼ c1 F1ðsÞ þ c2 F2ðsÞ:

Thus L is a linear operator.

Proof: Using the definition of Laplace transform and
the linearity property of integral, we have

Lfc1 f1ðtÞ þ c2 f2ðtÞg

¼
Z1

0

e�st½c1 f1ðtÞ þ c2 f2ðtÞ� dt

¼ c1

Z1

0

e�stf1ðtÞ dt þ c2

Z1

0

e�stf2ðtÞ dt

¼ c1 F1ðsÞ þ c2 F2ðsÞ:

EXAMPLE 5.22
Find the Laplace transform of f (t) ¼ sin2 3t.

Solution. Since

sin2 3t ¼ 1� cos 6t

2
¼ 1

2
� 1

2
cos 6t;

we have

Lfsin2 3tg¼L
1

2
�1

2
cos6t

� �
¼ 1

2
Lf1g�1

2
Lfcos6tg

¼ 1

2

1

s

� �
�1

2

s

s2þ62

� �
; s> 0

¼ 1

2

1

s
� s

s2þ36

� �
¼ 18

sðs2þ36Þ ; s> 0:

EXAMPLE 5.23
Find the Laplace transform of f (t) ¼ e4t + e2t + t3 +

sin2t.

Solution. Since sin2 t ¼ 1�cos 2t
2

; by Theorem 5.2,

we have

Lf f ðtÞg ¼ Lfe4t þ e2t þ t3 þ sin2 tg
¼ Lfe4tg þ Lfe2tg þ Lft3g þ 1

2
Lf1g

� 1

2
Lfcos 2tg

¼ 1

s� 4
þ 1

s� 2
þ 6

s4
þ 1

2s
� s

2ðs2 þ 4Þ
¼ 1

s� 4
þ 1

s� 2
þ 6

s4
þ 2

sðs2 þ 4Þ ; s > 0:

EXAMPLE 5.24
Find Laplace transform of f (t) ¼ sin3 2t.
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Solution. Since sin 3t ¼ 3 sin t – 4 sin3 t, we have

sin3 t ¼ 3

4
sin t þ 1

4
sin 3t

and so

sin3 2t ¼ 3

4
sin 2t � 1

4
sin 6t:

Hence, by linearity of L, we get

Lf f ðtÞg ¼ 3

4
Lfsin 2tg � 1

4
Lfsin 6tg

¼ 3

4

2

s2 þ 4

� �
� 1

4

6

s2 þ 36

� �
; s > 0

¼ 3

2

1

s2 þ 4
� 1

s2 þ 36

� �

¼ 48

ðs2 þ 4Þ ðs2 þ 36Þ :

EXAMPLE 5.25
Find the Laplace transform of f (t) ¼ sin at sin bt.

Solution. We have

f ðtÞ ¼ 1

2
ð2 sin at sin btÞ

¼ 1

2
½cosðat � btÞ � cosðat þ btÞ�

¼ 1

2
cosða� bÞt � 1

2
cosðaþ bÞt:

Therefore, using linearity, we have

Lf f ðtÞg¼ 1

2
Lfcosða�bÞtg�1

2
LfcosðaþbÞtg

¼ 1

2

s

s2þða�bÞ2
" #

�1

2

s

s2þðaþbÞ2
" #

; s> 0

¼ 2abs

ðs2þða�bÞ2Þ ðs2þðaþbÞ2Þ ; s> 0:

EXAMPLE 5.26
Find theLaplace transformof f (t)¼ sin(ot + �), t� 0.

Solution. Since

sinðvt þ �Þ ¼ sinvt cos�þ cosvt sin�;

we have by linearity of the operator L,

Lf f ðtÞg ¼ cos�Lfsinvtgþ sin�Lfcosvtg

¼ cos�
v

s2þv2

� �
þ sin�

s

s2þv2

� �
; s> 0

¼ 1

s2þv2
ðvcos�þ ssin�Þ; s> 0:

EXAMPLE 5.27
Determine Laplace transform of the square wave

function f defined by

f ðtÞ ¼ HðtÞ � 2Hðt � aÞ þ 2Hðt � 2aÞ
� 2Hðt � 3aÞ þ . . .

Solution. We note that

f ðtÞ ¼HðtÞ � 2Hðt� aÞ ¼ 1� 2ð0Þ ¼ 1; 0< t < a

f ðtÞ ¼HðtÞ � 2Hðt� aÞ þ 2Hðt� 2aÞ
¼ 1� 2ð1Þ þ 2ð0Þ ¼ �1; 0< a< t < 2a

and so on. Thus the graph of the function is as shown

in the Figure 5.7.

By linearity of Laplace operator, we have

Lf f ðtÞg ¼ LfHðtÞ � 2LfHðt� aÞg
þ 2LfHðt� 2aÞg� 2LfHðt� 3aÞgþ . . .

¼ 1

s
� 2

e�sa

s
þ 2

e�2sa

s
� 2

e�3sa

s
þ . . .

0

f (t)

t
a 2a 3a

1

4a

− 1

Figure 5.7
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¼ 1

s
½1� 2e�saf1� e�sa þ e�2sa � . . .g�

¼ 1

s
1� 2e�sa

1

1þ e�sa

� �� �

¼ 1

s

1� e�sa

1þ e�sa

� �
¼ 1

s

e
sa
2 � e�

sa
2

e
sa
2 þ e�sa

2

� �

¼ 1

s
tanh

sa

2

	 

:

EXAMPLE 5.28
Find the Laplace transform of f (t) = (sin t – cos t)2,
t � 0.

Solution. Since
ðsin t � cos tÞ2 ¼ sin2 t þ cos2 t � 2 sin t cos t

¼ 1� sin 2t;
we have

Lf f ðtÞg ¼ Lf1g � Lfsin 2tg ¼ 1

s
� 2

s2 þ 4

¼ s2 � 2sþ 4

sðs2 þ 4Þ ; s > 0:

EXAMPLE 5.29
Find Laplace transformof f ðtÞ¼ 2þ ffiffi

t
p þ 1ffiffi

t
p ; t > 0.

Solution. By linearity of L, we have

Lf f ðtÞg ¼ 2Lf1g þ Lf ffiffi
t
p g þ L

1ffiffi
t
p
� �

¼ 2

s
þ � 1

2
þ 1

� 
s
1
2þ1

þ
ffiffiffi
�
p
s

¼ 2

s
þ

ffiffiffi
�
p
2s3=2

þ
ffiffiffi
�

s

r
; s > 0:

EXAMPLE 5.30
Find Laplace transform of eat cos bt and eat sin bt,

where a and b are real.

Solution. Let f (t) =e(a+ib)t. Then (see Example 5.4)

L f f ðtÞg ¼ 1

s� ðaþ ibÞ ¼
1

s� a� ib

¼ 1

ðs� aÞ � ib
:
ðs� aÞ þ ib

ðs� aÞ þ ib

¼ ðs� aÞ þ ib

ðs� aÞ2 þ b2
ð1Þ

Also
eðaþibÞt ¼ eat½cos bt þ i sin bt�

¼ eat cos bt þ i eat sin bt
Hence

Lf f ðtÞg ¼ Lfeat cos bt þ i eat sin btg
¼ Lfeat cos btg þ iL feat sin btg
ðby linearity of LÞ ð2Þ

Thus, by (1) and (2), we have

Lfeat cos btg þ iL feat sin btg ¼ ðs� aÞ þ ib

ðs� aÞ2 þ b2
:

Comparing real and imaginary parts, we have

Lfeat cos btg ¼ s� a

ðs� aÞ2 þ b2

and

Lfeat sin btg ¼ b

ðs� aÞ2 þ b2
:

EXAMPLE 5.31
Find the Laplace transform of f ðtÞ ¼ Rt

0

sin u
u

du:

Solution. Using series expansion of sin u, we have

Z t

0

sin u

u
du ¼

Z t

0

1

u
u� u3

3!
þ u5

5!
� u7

7!
þ . . .

� �
du

¼
Z t

0

1� u2

3!
þ u4

5!
� u6

7!
þ . . .

� �
du

¼ t � t3

3:3!
þ t5

5:5!
� t7

7:7!
þ . . .

Therefore,

Lf f ðtÞg ¼ L t � t3

3:3!
þ t5

5:5!
� t7

7:7!
þ . . .

� �

¼ 1

s2
� 1

3:3!
:
3!

s4
þ 1

5:5!
:
5!

s6
� 1

7:7!
:
7!

s8

þ . . . ðby linearity of LÞ

¼ 1

s2
� 1

3s4
þ 1

5s6
� 1

7s8
þ . . .

¼ 1

s

1

s
� ð1=sÞ

3

3
þ ð1=sÞ

5

5
� ð1=sÞ

7

7
þ . . .

" #

¼ 1

s
tan�1

1

s
:
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EXAMPLE 5.32
Find Laplace transform f (t) = cosh at – cos at.

Solution.By linearity of theLaplace operator,we have

L f f ðtÞg ¼ Lfcosh at � cos atg
¼ Lfcosh atg � Lfcos atg
¼ s

s2 � a2
� s

s2 þ a2
; s > jaj

¼ s3 þ a2s� s3 þ a2s

s4 � a4
¼ 2a2s

s4 � a4
:

EXAMPLE 5.33
Find the Laplace transform of Bessel’s function of

order zero.

Solution. Recall that Bessel’s function of order zero

is defined by

J0ðtÞ ¼ 1� t2

22
þ t4

22:42
� t6

22:42:62
þ . . .

Therefore,

LfJ0ðtÞg¼L 1� t2

22
þ t4

22:42
� t6

22:42:62
þ ...

� �

¼Lf1g� 1

22
Lft2gþ 1

22:42
Lft4g

� 1

22:42:62
Lft6gþ ...

¼1

s
� 1

22
2!

s3
þ 1

2242
4!

s5
� 1

22:42:62
6!

s7
þ ...

¼1

s
1�1

2

1

s2

� �
þ1:3
2:4

1

s4

� ��

�1:3:5
2:4:6

1

s6

� �
þ ...

�

¼1

s
1þ 1

s2

� ��1=2" #
ðusingbinomial theoremÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
s2þ1p :

Theorem 5.3. [First Shifting (Translation) Property].
If f(t) is a function of t for t > 0 and L{f (t)} = F(s),

then

Lfeat f ðtÞg ¼ Fðs� aÞ:

Proof: We are given that

Lf f ðtÞg ¼ FðsÞ ¼
Z1

0

e�stf ðtÞ dt:

By the definition of Laplace transform, we have

L featf ðtÞg ¼
Z1

0

e�stðeatf ðtÞÞ dt ¼
Z1

0

e�ðs�aÞf ðtÞ dt

¼ Fðs� aÞ:

EXAMPLE 5.34
Find the Laplace transform of g(t) = e–t sin2 t.

Solution. We have (see Example 5.23)

Lfsin2 tg ¼ FðsÞ ¼ 2

sðs2 þ 4Þ :
Therefore, using first shifting property, we get

LfgðtÞg ¼ Fðs� aÞ

¼ 2

ðsþ 1Þ ½ðsþ 1Þ2 þ 4� ; since a ¼ �1:

¼ 2

ðsþ 1Þ ðs2 þ 2sþ 5Þ :

EXAMPLE 5.35
Find Laplace transform of g(t) = t3e–3t.

Solution. Since

Lft3g ¼ FðsÞ ¼ 3!

s4
¼ 6

s4
;

we have by shifting property,

LfgðtÞg ¼ Lfe�3t:t3g ¼ Fðs� aÞ ¼ 6

ðsþ 3Þ4 ;

since a ¼ �3:

EXAMPLE 5.36
Using first-shifting property, find Laplace trans-

forms of t sin at and t cos at.

Solution. Since Lftg ¼ 1
s2
; we have

Lft eiatg ¼ Lft cosatgþ iLft sinatg

¼ Fðs� aÞ ¼ 1

ðs� iaÞ2 ¼
ðsþ iaÞ2

½ðs� iaÞ ðsþ iaÞ�2

¼ ðs
2� a2Þþ ið2asÞ
ðs2þ a2Þ2 :
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Equating real and imaginary parts, we have

Lft cos atg ¼ s2 � a2

ðs2 þ a2Þ2

and

Lft sin atg ¼ 2as

ðs2 þ a2Þ2 :

EXAMPLE 5.37
Find the Laplace transform of f (t) = eat cosh bt.

Solution. Since

Lfcosh btg ¼ s

s2 � b2
; s > jbj;

the shifting property yields

Lfeat cosh btg ¼ Fðs� aÞ
¼ s� a

ðs� aÞ2 � b2
; s > jbj þ a:

EXAMPLE 5.38
Find Laplace transform of f (t) = e–3t (2cos 5t +
3 sin 5t).

Solution. Since

Lf2 cos 5t � 3 sin 5tg
¼ 2Lfcos 5tg � 3Lfsin 5tg
¼ 2s

s2 þ 25
� 3� 5

s2 þ 25
¼ 2s� 15

s2 þ 25
¼ FðsÞ;

therefore, shifting property yields

Lf f ðtÞg ¼ Fðs� aÞ with a ¼ �3

¼ 2ðsþ 3Þ � 15

ðsþ 3Þ2 þ 25
¼ 2s� 9

s2 þ 6sþ 34
:

EXAMPLE 5.39
Find Laplace transform of f (t) = sinh 3t cos2 t.

Solution. We know that cos2 t ¼ 1þcos 2t
2

: Therefore,

Lfcos2 tg ¼ 1

2
Lf1g þ 1

2
Lfcos 2tg

¼ 1

2

1

s
þ s

s2 þ 4

� �
¼ s2 þ 2

sðs2 þ 4Þ ; s > 0:

Therefore, by first shifting theorem, we have

Lf f ðtÞg ¼ Lfsinh3t cos2 tg ¼ L
e3t � e�3t

2
cos2 t

� �

¼ 1

2
Lfe3t cos2 tg� 1

2
Lfe�3t cos2 tg

ðby linearity of LÞ

¼ 1

2

ðs� 3Þ2þ 2

ðs� 3Þ½ðs� 3Þ2þ 4�

" #

� 1

2

ðsþ 3Þ2þ 2

ðsþ 3Þ ½ðsþ 3Þ2þ 4�

" #

¼ 1

2

s2� 6sþ 11

ðs� 3Þ ðs2� 6sþ 13Þ
�

� s2þ 6sþ 11

ðsþ 3Þ ðs2þ 6xþ 13Þ
�
:

EXAMPLE 5.40
Find the Laplace transform of cosh at sin bt.

Solution. Let F(s) be Laplace transform of f(t), t > 0

and let
gðtÞ ¼ f ðtÞ cosh at:

Then

LfgðtÞg ¼ L½ f ðtÞ cosh at� ¼ L
eat þ e�at

2
f ðtÞ

� �

¼ 1

2
Lðeatf ðtÞÞ þ 1

2
Lðe�atf ðtÞÞ

¼ 1

2
½Fðs� aÞ þ Fðsþ aÞ�
ðuse of first shifting theoremÞ:

We take f(t) = sin bt. Then FðsÞ ¼ b
s2þb2 and,

therefore, using above result, we have

Lfðcosh atÞ sin btg

¼ 1

2

b

ðs� aÞ2 þ b2
þ b

ðsþ aÞ2 þ b2
:

" #

EXAMPLE 5.41
Find the Laplace transform of f (t) = cosh 4t sin 6t.

Solution. Taking a = 4, b = 6 in Example 5.40, we get

Lfcosh 4t sin 6tg ¼ 6ðs2 þ 52Þ
s4 þ 40s2 þ 2704

:
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Theorem 5.4. (Second Shifting Property). Let F(s) be
the Laplace transform of f(t), t > 0 and let g be a

function defined by

gðtÞ ¼ f ðt � aÞ for t > a

0 for t < a:

�

Then
LfgðtÞg ¼ e�asFðsÞ:

Proof: Using the substitution t – a = u, we have

LfgðtÞg ¼
Z1

0

e�stgðtÞdt

¼
Za

0

e�stgðtÞdtþ
Z1

a

e�stgðtÞdt

¼ 0þ
Z1

a

e�stf ðt� aÞdt

¼
Z1

0

e�sðuþaÞf ðuÞdu

¼ e�as
Z1

0

e�suf ðuÞdu¼ e�asFðsÞ:

EXAMPLE 5.42
Find the Laplace transform of the function f

defined by

f ðtÞ ¼
cos t� 2�

3

� �
for t>

2�

3

0 for t<
2�

3
:

8><
>:

Solution. We know that Lfcos tg ¼ s
s2þ1 ; s > 0.

Therefore, by second shifting property,

Lf f ðtÞg ¼ e�
2�s
3 Lfcos tg ¼ se�

2�s
3

s2 þ 1
; s > 0:

EXAMPLE 5.43
Find the Laplace transform of the sine function

switched on at time t = 3.

Solution. The given function is defined by

f ðtÞ ¼ sin t for t � 3
0 for t < 3 :

�

Using Heaviside’s unit step function H, this func-
tion can be expressed as

f ðtÞ ¼ Hðt � 3Þ sin t:
To use second-shift theorem, we first write sin t as

sin t ¼ sinðt � 3þ 3Þ
¼ sinðt � 3Þ cos 3þ cosðt � 3Þ sin 3:

Then

Lf f ðtÞg ¼ LfHðt � 3Þ sinðt � 3Þ cos 3g
þ LfHðt � 3Þ cosðt � 3Þ sin 3g
¼ cos 3e�3s Lfsin tg þ sin 3e�3s Lfcos tg

¼ cos 3 e�3s
1

s2 þ 1
þ sin 3e�3s

s

s2 þ 1

¼ e�3s

s2 þ 1
ðcos 3þ s sin 3Þ:

EXAMPLE 5.44
Find the Laplace transform of the function f

defined by

f ðtÞ ¼ ðt � 1Þ2 for t � 1

0 for 0 � t < 1:

�

Solution. This function is just the function g (t) = t2

delayed by 1 unit of time and its graph is shown in
Figure 5.8.

t0

f (t )

1

Figure 5.8

Therefore, by second shift property, we have

Lf f ðtÞg ¼ e�sLft2g ¼ 2e�s

s3
; ReðsÞ > 0:

EXAMPLE 5.45
Find Laplace transform of the function f defined by

f ðtÞ ¼ ðt � 4Þ5 for t > 4

0 for t < 4:

�
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Solution. Using second shift property, we have

Lf f ðtÞg ¼ e�4s½Lft5g� ¼ e�4s:
5!

s6
¼ 120

e�4s

s6
:

Theorem 5.5. (Change of Scale Property). If F(s) is

the Laplace transform of f (t) for t > 0, then for any
positive constant a,

Lf f ðatÞg ¼ 1

a
F

s

a

	 

:

Proof: We are given that

FðsÞ ¼ Lf f ðtÞg ¼
Z1

0

e�stf ðtÞ dt:

Taking u = at, we have

Lf f ðatÞg ¼
Z1

0

e�stf ðatÞdt ¼
Z1

0

e�su=af ðuÞ du
a

¼ 1

a

Z1

0

e�su=af ðuÞ du ¼ 1

a
F

s

a

	 

:

EXAMPLE 5.46
Find the Laplace of f (t) = cos 6t.

Solution. Since Lfcos tg ¼ s
s2þ1 ; the change of scale

property implies

L fcos 6tg ¼ 1

6

s=6

ðs=6Þ2 þ 1

 !

¼ 1

6

s

6½ðs2=36Þ þ 1�
� �

¼ s

s2 þ 36
:

EXAMPLE 5.47
Using change of scale property, find the Laplace
transform J0(at).

Solution. Let J0(t) be Bessel’s function of order zero.
By Example 5.33, LfJ0ðtÞg ¼ 1ffiffiffiffiffiffiffiffi

s2þ1p : Therefore, by
change of scale property,

LfJ0ðatÞg ¼ 1

a
F

s

a

	 

¼ 1

a
:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs=aÞ2þ 1

q ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2þ a2
p :

Theorem 5.6. (Laplace Transform of Derivatives).
Let f be a function such that

(a) f is continuous for all t, 0 � t � N

(b) f is of exponential order c for t > N
(c) f 0 is sectionally continuous for 0 � t � N.

Then theLaplace transformof f 0 exists and is given by
Lf f 0ðtÞg ¼ sFðsÞ � f ð0Þ;

where F(s) is the Laplace transform of f.

Proof: The existence of the Laplace transform is

established by Theorem 5.1. Further, integrating by

parts, we have

Lf f 0ðtÞg¼
Z1

0

e�stf 0ðtÞdt¼ lim
T!1

ZT

0

e�stf 0ðtÞdt

¼ lim
T!1

½e�stf ðtÞ�T0 þ s

ZT

0

e�stf ðtÞdt
8<
:

9=
;

¼ lim
T!1

½e�sT f ðTÞ� f ð0Þ�þ s

ZT

0

e�stf ðtÞdt
8<
:

9=
;

¼ s

Z1

0

e�st f ðtÞdt� f ð0Þ

¼ sFðsÞ� f ð0Þ;
the last but one step being the consequence of

the fact that f is of exponential order and so

lim
T!1

e�sT f ðTÞ = 0 for s > c.

EXAMPLE 5.48
Find Laplace transform of g(t) = sin at cos at.

Solution. Let f (t) = sin2 at. Then

f 0ðtÞ ¼ 2a sin at cos at:

Since
Lf f 0ðtÞg ¼ sFðsÞ � f ð0Þ;

we have
Lf2a sin at cos atg
¼ sLfsin2 atg � 0 ¼ sLfsin2 atg

¼ 2a2

sðs2 þ 4a2Þ (see Example 5:22Þ:
Hence

Lfsin at cos atg ¼ a

ðs2 þ 4a2Þ :

EXAMPLE 5.49
Using Laplace transform of cos bt, find the Laplace
transform of sin bt.
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Solution. We want to find L{sin bt} from L{cos bt}.
So, let f(t) = cos bt. Then f 0(t) = �b sin bt and so

Lf f 0ðtÞg ¼ sFðsÞ � f ð0Þ ¼ sLfcos btg � 1

¼ s
s

s2 þ b2

� �
� 1 ¼ s2

s2 þ b2
� 1

¼ �b2
s2 þ b2

:

Thus

Lf�b sin btg ¼ �b2
s2 þ b2

:

Hence
Lfsin btg ¼ b

s2 þ b2
:

EXAMPLE 5.50
Find Laplace transform of Bessel’s function of

order 1.

Solution. Let J1(t) be Bessel’s function of order 1.

We know that
d

dt
ftnJnðtÞg ¼ tn Jn�1ðtÞ:

If n = 0, we have

J 00ðtÞ ¼ J�1ðtÞ ¼ �J 1ðtÞ:
Hence

LfJ1ðtÞg ¼ �LfJ 00ðtÞg ¼ �½sLfJ 0ðtÞ � J0ð0Þ�g

¼ � sffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1
p � 1

� �

¼ 1� sffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1
p (see Example 5.33Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1
p � sffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ 1
p :

Theorem 5.7. If L{ f(t)} = F(s), then

Lf f 00ðtÞ ¼ s2FðsÞ � sf ð0Þ � f 0ð0Þ
if f(t) and f 0(t) are continuous for 0 � t � N and of

exponential order for t > N whereas f´´(t) is sec-
tionally continuous for 0 � t � N.

Proof: By Theorem 5.6, we have

Lfg0ðtÞg ¼ s GðsÞ � gð0Þ:

Taking g(t) = f 0(t), we have

Lf f 00ðtÞ g ¼ sLf f 0ðtÞg � f 0ð0Þ
¼ s½sFðsÞ � f ð0Þ� � f 0ð0Þ
¼ s2FðsÞ � sf ð0Þ � f 0ð0Þ:

EXAMPLE 5.51
Using Theorem 5.7, find L{sin at}, t � 0.

Solution. Let f(t) = sin at. Then

f 0ðtÞ ¼ a cos at; f 00ðtÞ ¼ �a2 sin at:
By Theorem 5.7,

Lf f 00ðtÞg ¼ s2FðsÞ � sf ð0Þ � f 0ð0Þ
and so

Lf�a2 sin atg ¼ s2Lfsin atg � a

which yields

ðs2 þ a2ÞLfsin atg ¼ a

and hence

Lfsin atg ¼ a

s2 þ a2
; s > 0:

EXAMPLE 5.52
Using Laplace transform of derivatives, find L

{t cos at}.

Solution. Let f (t) = t cos at. Then

f 0ðtÞ ¼ cos at � at sin at

f 00ðtÞ ¼ �2a sin at � a2t cos at:

But

Lf f 00ðtÞg ¼ s2Lf f ðtÞg � sf ð0Þ � f 0ð0Þ
¼ s2Lf f ðtÞg � 1

and so

Lf�2a sin at � a2t cos tg ¼ s2Lft cos atg � 1;

that is,

ðs2 þ a2ÞLft cos atg ¼ 2aLfsin atg þ 1

¼ �2a a

s2 þ a2

� �
þ 1

¼ s2 � a2

s2 þ a2
;
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and so

Lft cos atg ¼ s2 � a2

ðs2 þ a2Þ2 :

Theorem 5.7. can be generalized to higher order
derivatives in the form of the following result:

Theorem 5.8. Let L{ f(t)} = F(s). Then

Lf f ðnÞðtÞg ¼ snFðsÞ � sn�1f ð0Þ � sn�2f 0ð0Þ
� . . .� sf ðn�2Þð0Þ � f ðn�1Þð0Þ;

if f(t), f 0(t),…, f (n�1)(t) are continuous for 0 � t� N

and of exponential order for t > N whereas f (n)(t) is

piecewise continuous for 0 � t � N.

Proof: We shall prove our result using mathematical
induction. By Theorems 5.6 and 5.7, we have

Lf f 0ðtÞg ¼ sFðsÞ � f ð0Þ;
Lf f 00ðtÞg ¼ s2FðsÞ � sf ð0Þ � f 0ð0Þ:

Thus the theorem is true for f 0(t) and f´´(t). Suppose
that the result is true for f (n) (t). Then

Lf f ðnÞðtÞ ¼ snFðsÞ � sn�1f ð0Þ � . . .� f ðn�1Þð0Þ
Then application of Theorem 5.6 yields

Lf f ðnþ1ÞðtÞg
¼ s½snFðsÞ � sn�1f ð0Þ � . . .� f ðn�1Þð0Þ� � f ðnÞð0Þ
¼ snþ1FðsÞ � snf ð0Þ � . . .� sf ðn�1Þð0Þ þ f ðnÞð0Þ;

which shows that the result holds for (n + 1)th

derivative also. Hence by mathematical induction,

the result holds.

EXAMPLE 5.53
Using Theorem 5.8, find L{tn}.

Solution. We have f (t) = tn. Therefore,

f 0ðtÞ ¼ ntn�1; f 00ðtÞ ¼ nðn� 1Þtn�2; . . . ; f ðnÞðtÞ ¼ n!

Now use of Theorem 5.8 yields

Lf f ðnÞðtÞg ¼ Lfn!g ¼ snLftng
� sn�1f ð0Þ � . . .� f ðn�1Þð0Þ

But

f ð0Þ ¼ f 0ð0Þ ¼ f 00ð0Þ ¼ . . . ¼ f ðn�1Þð0Þ ¼ 0:

Therefore

Lfn!g ¼ snLftng;
which gives

Lftng ¼ Lfn!g
sn
¼ n!Lf1g

sn
¼ n!

snþ1
:

Theorem 5.9. (Multiplication by tn). If L{ f(t)} = F(s),

then

Lftf ðtÞg ¼ � d

ds
FðsÞ;

and in general

Lftnf ðtÞg ¼ ð�1Þn dn

dsn
FðsÞ:

Proof: By definition of Laplace transform,

FðsÞ ¼
Z1

0

e�stf ðtÞ dt:

Then, by Leibnitz-rule for differentiating under the

integral sign, we have

dF

ds
¼ d

ds

Z1

0

e�stf ðtÞ dt ¼
Z1

0

d

ds
ðe�stf ðtÞ dtÞ

¼
Z1

0

�t e�stf ðtÞ dt ¼ �
Z1

0

e�stðt f ðtÞÞ dt

¼ �Lftf ðtÞg
and so

Lftf ðtÞg ¼ � d

ds
FðsÞ:

Thus the theorem is true for n = 1. To obtain the

general form, we use mathematical induction. So,
assume that the result is true for n = m. Thus

Lftmf ðtÞg ¼ ð�1Þm dm

dsm
FðsÞ ¼ ð�1ÞmFðmÞðsÞ:

Therefore,

d

ds
½Lðtmf ðtÞ� ¼ ð�1ÞmFðmþ1ÞðsÞ;

that is,

d

ds

Z1

0

e�sttm f ðtÞ dt ¼ ð�1ÞmFðmþ1ÞðsÞ;
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which, on using Leibnitz rule, yields

�
Z1

0

e�sttmþ1f ðtÞ dt ¼ ð�1ÞmFðmþ1ÞðsÞ;

and so
Lftmþ1 f ðtÞg ¼ ð�1Þmþ1Fðmþ1ÞðsÞ:

Hence, the result follows bymathematical induction.

EXAMPLE 5.54
Find Laplace transform of f (t) = t sin2 t.

Solution. Let f(t) = t sin2 t. We know that Lfsin2 tg ¼
2

sðs2þ4Þ : Therefore

Lft sin2 tg ¼ � d

ds

2

sðs2 þ 4Þ
� �

¼ 2
3s2 þ 4

s2ðs2 þ 4Þ2
" #

:

EXAMPLE 5.55
Find Laplace transform of f(t) = te–t cosh t.

Solution. We know that

Lfcosh tg ¼ s

s2 � 1
:

Therefore,

Lft cosh tg ¼ � d

ds

s

s2 � 1

	 

¼ s2 þ 1

ðs2 � 1Þ2 :

Then, by Theorem 5.3, we have

Lfe�tt cosh tg ¼ ðsþ 1Þ2 þ 1

ððsþ 1Þ2 � 1Þ2 ¼
s2 þ 2sþ 2

ðs2 þ 2sÞ2 :

EXAMPLE 5.56
Using Theorem 5.9, evaluate

R1
0

t e�2t sin t dt andR1
0

te�2t cos t dt.

Solution. We know that L{sin t} = 1
s2þ1.

Therefore, by Theorem 5.9, we have

Lft sin tg ¼ � d

ds

1

s2 þ 1

� �
¼ 2s

ðs2 þ 1Þ2 :

But
R1
0

e�2tðt sin tÞdt is the Laplace transform of

t sin t with s = 2. HenceZ1

0

e�2tðt sin tÞdt ¼ Lft sin tg ¼ 2s

ðs2þ 1Þ2
" #

s¼2
¼ 4

25
:

In a similar way, we can show thatZ1

0

t e�2t cos t dt ¼ Lft cos tg with s ¼ 2

¼ s2 � 1

ðs2 þ 1Þ2
" #

s¼2
¼ 3

25
:

EXAMPLE 5.57
Evaluate the integral I ¼ R1

0

e�x
2

dx.

Solution. Putting t = x2, we get

I ¼ 1

2

Z1

0

e�tt�1=2 dt ¼ 1

2
Lft�1=2g with s ¼ 1

¼ 1

2
:
� � 1

2
þ 1

� 
s1=2

with s ¼ 1

¼ 1

2
�

1

2

� �
¼

ffiffiffi
�
p
2

:

EXAMPLE 5.58
Find Laplace transform of f (t) ¼e–2t t cos t.

Solution. We know that Lfcos tg ¼ s
s2þ1 : Therefore,

by Theorem 5.9, we have

Lft cos tg ¼ � d

ds

s

s2 þ 1

� �
¼ s2 � 1

ðs2 þ 1Þ2 :

Now using first shifting property, we have

Lfe�2tt cos tg ¼ ðsþ 2Þ2 � 1

ððsþ 2Þ2 þ 1Þ2 ¼
s2 þ 4sþ 3

ðs2 þ 4sþ 5Þ2 :

EXAMPLE 5.59
Find the Laplace transform of f (t) ¼ t2 e–2t cos t.

Solution. As in Example 5.58, Lft cos tg ¼ s2�1
ðs2þ1Þ2 :

Therefore,

Lft2cos tg ¼ � d

ds

s2 � 1

ðs2 þ 1Þ2
 !

:

Then using first-shifting property, we have

Lft2e�2t cos tg ¼ 2
s3 þ 10s2 þ 25sþ 22

ðs2 þ 4sþ 5Þ3
 !

:
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EXAMPLE 5.60
Find Laplace transform of f (t) ¼ tn e�at.

Solution. Since Lfe�atg ¼ 1
sþa ; we have

Lftne�atg ¼ ð�1Þn d
n

dsn
1

sþ a

� �
¼ ð�1Þ2n n!

ðsþ aÞnþ1 :

Theorem 5.10. (Division by t). If L{ f (t)}¼ F(s), then

L
f ðtÞ
t

� �
¼
Z1

s

FðuÞ du;

provided lim
t!0

f ðtÞ
t
exists.

Proof: Put gðtÞ ¼ f ðtÞ
t
: So, f (t) ¼ t g(t) and

Lf f ðtÞg ¼ LftgðtÞg
¼ � d

ds
LfgðtÞg; by Theorem 5:9

¼ � dG

ds
:

Then integration yields

GðsÞ ¼ �
Zs

1
FðuÞ du ¼

Z1

s

FðuÞ du;

that is,

L
f ðtÞ
t

� �
¼
Z1

s

FðuÞ du:

Remark 5.3. By Theorem 5.10, we have

L
f ðtÞ
t

� �
¼
Z1

0

e�st
f ðtÞ
t

dt ¼
Z1

s

FðuÞ du:

Letting s ! 0 + and assuming that the integral

converges, it follows thatZ1

0

f ðtÞ
t

dt ¼
Z1

0

FðuÞ du:

For example, if f (t) ¼ sin t, then FðsÞ ¼ 1
s2þ1 and soZ1

0

sin t

t
dt ¼

Z1

0

du

u2 þ 1
¼ ½tan�1 u�10 ¼

�

2
:

EXAMPLE 5.61
Find the Laplace transform of f ðtÞ ¼ cos 2t�cos 3t

t
:

Solution. By linearity of L, we have

Lfcos 2t � cos 3tg ¼ Lfcos 2tg � Lfcos 3tg
¼ s

s2 þ 4
� s

s2 þ 9
:

Therefore, by Theorem 5.10, we get

L
cos 2t � cos 3t

t

� �

¼
Z1

s

u

u2 þ 4
du�

Z1

s

u

u2 þ 9
du

¼ 1

2
½logðu2 þ 4Þ�1s �

1

2
½logðu2 þ 9Þ�1s

¼ 1

2
log

u2 þ 4

u2 þ 9

� �1
s

¼ 1

2
lim
u!1 log

u2 þ 4

u2 þ 9

� �
� 1

2
log

s2 þ 4

s2 þ 9

¼ 1

2
log lim

u!1
1þ ð4=u2Þ
1þ ð9=u2Þ

� �
� 1

2
log

s2 þ 4

s2 þ 9

¼ 0þ 1

2
log

s2 þ 9

s2 þ 4
¼ 1

2
log

s2 þ 9

s2 þ 4
:

EXAMPLE 5.62
Find the Laplace transform of f ðtÞ ¼ e�at�e�bt

t
:

Solution. We have

Lfe�at � e�btg ¼ Lfe�atg � Lfe�btg
¼ 1

sþ a
� 1

sþ b
:

Therefore, proceeding as in Example 5.61, we have

Lf f ðtÞg ¼
Z1

s

1

uþ a
� 1

uþ b

� �
du ¼ log

uþ a

uþ b

� �1
s

¼ lim
u!1 log

uþ a

uþ b
� log

sþ a

sþ b

¼ 0� log
sþ a

sþ b
¼ log

sþ b

sþ a
:

EXAMPLE 5.63
Find the Laplace transfrom of f ðtÞ ¼ 1�cos 2t

t
:

Solution. We have

Lf1� cos 2tg ¼ Lf1g � Lfcos 2tg ¼ 1

s
� s

s2 þ 4
:
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Therefore, by Theorem 5.10, we get

L
1� cos 2t

t

� �
¼
Z1

s

1

u
� u

u2 þ 4

� �
du

¼ log u� 1

2
logðu2 þ 4Þ

� �� �1
s

¼ 1

2
log u2 � 1

2
logðu2 þ 4Þ

� �1
s

¼ 1

2
log

s2 þ 4

s2

� �
:

EXAMPLE 5.64
Using Remark 5.3, evaluate the integralZ1

0

e�t � e�3t

t
dt:

Solution. By Remark 5.3, we have

Z1

0

e�t � e�3t

t
dt

¼
Z1

0

Lfe�t � e�3tg ds ¼
Z1

0

1

uþ 1
� 1

uþ 3

� �
du

¼ ½logðuþ 1Þ � logðuþ 3Þ�10 ¼ log
uþ 1

uþ 3

� �1
0

¼ log lim
u!1

uþ 1

uþ 3

� �
� log

1

3

¼ log lim
u!1

1þ ð1=uÞ
1þ ð3=uÞ

� �
� log

1

3

¼ log 1� log
1

3
¼ log 3:

EXAMPLE 5.65
Find the Laplace transform of f ðtÞ ¼ 1�e t

t
:

Solution. Since Lf1 � etg ¼ Lf1g � Lfetg ¼
1
s
� 1

s�1 ; we have

Lf f ðtÞg ¼
Z1

s

1

u
� 1

u � 1

� �
du

¼ ½log u � logðu � 1Þ�1s
¼ log

u

u � 1

h i1
s
¼ � log

1

1 � ð1=sÞ
� �

¼ log
s � 1

s

� �
:

EXAMPLE 5.66
Find Laplace transform of f ðtÞ ¼ sin at

t
:

Solution. We know that

Lfsin atg ¼ a

s2 þ a2
:

Therefore, by Theorem 5.10,

L
sin at

t

� �
¼ a

Z1

s

du

u2 þ a2
¼ tan�1

a

s

	 

:

Theorem 5.11. (Laplace Transform of Integrals). If
L{ f (t)} ¼ F(s), then

L

Z t

0

f ðuÞ du
8<
:

9=
; ¼

FðsÞ
s

:

Proof: The function f (t) should be integrable in such
a way that

gðtÞ ¼
Z t

0

f ðuÞ du

is of exponential order. Then g (0)¼ 0 and g 0(t)¼ f

(t). Therefore,

Lfg0ðtÞg ¼ sLfgðtÞg � gð0Þ ¼ sLfgðtÞg
and so

L

Z t

0

f ðuÞdu
8<
:

9=
; ¼ LfgðtÞg ¼ Lfg0ðtÞg

s

¼ Lf f ðtÞg
s

¼ FðsÞ
s

:

EXAMPLE 5.67
Find Laplace transform of

Rt
0

sin u
u

du:

Solution. From Example 5.66, we have

L
sin t

t

� �
¼ tan�1

1

s

� �
:

Therefore, by Theorem 5.11, we have

L

Z t

0

sin u

u
du

8<
:

9=
; ¼

1

s
tan�1

1

s

� �
:

(The function
Rt
0

sin u
u

du is called sine integral

function, denoted by Si(t), which is used in optics).
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EXAMPLE 5.68
Find the Laplace transform of

Rt
0

cos 2u du:

Solution. We know that Lfcos 2tg ¼ s
s2þ4 and so

L

Z t

0

cos 2u du

8<
:

9=
; ¼

1

s
:

s

s2 þ 4
¼ 1

s2 þ 4
:

EXAMPLE 5.69
Find Laplace transform of cosine integral function

CiðtÞ ¼
Z t

1

cos u

u
du; t > 0

Solution. We know that Lfcos tg ¼ s
s2þ1 : Therefore,

by Theorem 5.10

L
cos t

t

n o
¼
Z1

s

u

u2 þ 1
du ¼ 1

2

Z1

s

2u

u2 þ 1
du

¼ 1

2
logð1þ s2Þ:

Now Theorem 5.11 yields the Laplace transform

of cosine integral function Ci(t) as given below:

LfCiðtÞg ¼ L

Z t

1

cosu

u
du

8<
:

9=
;¼ L �

Z1

t

cosu

u
du

8<
:

9=
;

¼�L
Z1

t

cosu

u
du

8<
:

9=
;

¼� 1

s

1

2
logð1þ s2Þ

� �� �

¼� 1

2s
logð1þ s2Þ:

EXAMPLE 5.70
Find the Laplace transform of the exponential
integral defined by

EiðtÞ ¼
Z1

t

e�u

u
du; t > 0:

Solution.We know that Lfe�ug ¼ 1
sþ1 : Therefore, by

Theorem 5.10, we have

L
e�u

u

� �
¼
Z1

s

1

uþ 1
du ¼ logð1þ sÞ:

Now application of Theorem 5.11 yields

LfEiðtÞg ¼ 1

s
logð1þ sÞ:

EXAMPLE 5.71
Find Laplace transform of

Rt
0

et sin t
t
dt:

Solution. We know that Lfsin tg ¼ 1
s2þ1 : Therefore,

L
sin t

t

� �
¼
Z1

s

1

u2 þ 1
du ¼ ½tan�1 u�1s

¼ �

2
� tan�1 s ¼ cot�1 s:

Therefore, by first-shifting property, we have

L et
sin t

t

� �
¼ cot�1ðs� 1Þ:

Hence

L

Z t

0

et
sin t

t
dt

8<
:

9=
; ¼

1

s
cot�1ðs� 1Þ:

Theorem 5.12. (Laplace Transform of a Periodic

Function). Let f be a periodic function with period T

so that f (t) ¼ f (t + T). Then

Lf f ðtÞg ¼ 1

1� e�sT

ZT

0

e�stf ðtÞ dt:

Proof: We begin with the definition of Laplace
transform and evaluate the integral using periodi-

city of f (t). Thus we have

Lf f ðtÞg ¼
Z1

0

e�st f ðtÞ dt

¼
ZT

0

e�st f ðtÞ dt þ
Z2T

T

e�st f ðtÞ dt

þ
Z3T

2T

e�st f ðtÞ dt þ . . .

þ
ZnT

ðn�1ÞT

e�st f ðtÞ dtþ . . .
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provided that the series on the right-hand side con-
verges. This is true since the function f satisfies the

condition for the existence of its Laplace transform.

Consider the integral

ZnT

ðn�1ÞT

e�st f ðtÞ dt

and substitute u¼ t – (n – 1)T. Since f has period T,

we have

ZnT

ðn�1ÞT

e�st f ðtÞdt¼ e�sðn�1ÞT
ZT

0

e�suf ðuÞ du;

n ¼ 1; 2; . . .

Thus, we have

Lf f ðtÞg¼ ð1þe�sT þe�2sT þ . . .Þ
ZT

0

e�st f ðtÞdt

¼ 1

1�e�sT

ZT

0

e�st f ðtÞdt (summing the G:P:Þ;

since 1þ r þ r2 þ r3 þ . . . ¼ 1
1�r ; jrj < 1.

EXAMPLE 5.72
Find Laplace transform of the half-wave rectified

sinusoidal

f ðtÞ ¼
sin t for 2n� < t < ð2nþ 1Þ�
0 for ð2nþ 1Þ� < t < ð2nþ 2Þ�;

(

for n ¼ 0, 1, 2,….

Solution. The graph of the half-wave rectified sinu-

soidal function f is shown in the Figure 5.9

0

f(t )

t
π 2π 3π 4π

Figure 5.9

The function is of period 2�. So, Theorem 5.12
yields

Lf f ðtÞg ¼ 1

1� e�sT

ZT

0

e�sT f ðtÞ dt

¼ 1

1� e�2�s

Z2�

0

e�st f ðtÞ dt

¼ 1

1� e�2�s

Z�

0

e�st sin t dt

¼ 1

1� e�2�s
e�stð�s sin t � cos t

s2 þ 1

� ��
0

¼ 1

1� e�2�s
1þ e��s

s2 þ 1

� �

¼ 1

ð1� e��sÞ ðs2 þ 1Þ :

EXAMPLE 5.73
Find the Laplace transform of full rectified sine

wave defined by the expression

f ðtÞ ¼
sin t for 0 < t < �

� sin t for � < t < 2�

(

f ðtÞ ¼ f ðt þ �Þ:

Solution. The graph of the rectified sine wave is

shown in the Figure 5.10.

0

f (t )

t
π 2π 3π 4π

Figure 5.10
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The function f has period � and, therefore, appli-
cation of Theorem 5.12 yields

Lf f ðtÞg ¼ 1

1� e��s

Z�

0

e�st sin t dt

¼ 1

1� e��s
1þ e��s

s2 þ 1

� �

¼ 1þ e��s

ð1� e��sÞ ðs2 þ 1Þ :

EXAMPLE 5.74
Find Laplace transform of the triangular wave

function defined by

f ðtÞ ¼
t for 0 � t < a

2a� t for 0 � t < 2a;

(

f ð2aþ tÞ ¼ f ðtÞ:

Solution. The graph of triangular wave function is

shown in the Figure 5.11.

0

f (t )

t
a 2a 3a 4a

a

Figure 5.11

Using the formula for the Laplace transform of a

periodic function, we have

Lf f ðtÞg ¼ 1

1� e2as

Z2a

0

e�st f ðtÞdt

¼ 1

1� e2as

Za

0

t e�stdtþ
Z2a

a

ð2a� tÞe�st dt
2
4

3
5:

Now integration by parts gives

Lf f ðsÞg ¼ 1

1� e2as
ðe�as � 1Þ2: 1

s2

¼ 1

s2
1� e�as

1þ eas

� �
¼ 1

s2
tanh

as

2

	 

:

EXAMPLE 5.75
Find the Laplace transform of the saw tooth wave
function, whose graph is shown in the Figure 5.12.

0

f(t )

t
a 2a 3a

a

Figure 5.12

Solution. It is a periodic function with period a.
Therefore,

Lf f ðtÞg¼ 1

1�e�as

Za

0

e�st f ðtÞdt¼ 1

1� e�as

Z1

0

t e�stdt

¼ 1

1�e�as
te�st

�s
� �a

0

�
Za

0

e�st

�s dt

8<
:

9=
;

¼ 1

1�e�as
t
e�st

�s
� �t

0

� e�st

s2

� �a
0

� �

¼ 1

1�e�as
t
est

�s�
e�st

s2

� �a
0

¼ 1

1�e�as
ae�sa

�s �
e�sa

s2
þ 1

s2

� �

¼ 1

1�e�as
�ae

�sa

s
þ1� e�sa

s2

� �

¼ 1

s2
� ae�sa

sð1�e�asÞ :

5.3 LIMITING THEOREMS

Theorem 5.13. (Initial Value). Let f (t) and its deri-

vative f 0(t) be piecewise continuous and of expo-

nential order, then

lim
t!0

f ðtÞ ¼ lim
s!1 s FðsÞ;

provided the limits exist.
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Proof: We know that

Lf f 0ðtÞg ¼ sFðsÞ � f ð0Þ: ð3Þ
Further, since f 0(t) obeys the criteria for the exis-

tence of Laplace transform, we have

Z1

0

e�stf 0ðtÞdt
������

������ �
Z1

0

je�st f 0ðtÞj dt

�
Z1

0

e�steMt dt

¼ � 1

M � s
! 0 as s !1:

Hence (3) implies s F(s) – f (0)! 0 as s!1, and so

lim
s!1 sFðsÞ ¼ f ð0Þ ¼ lim

t!0
f ðtÞ:

Theorem 5.14. (Final Value). If the limits indicated

exist, then

lim
t!1 f ðtÞ ¼ lim

s!0
s FðsÞ:

Proof: Using Laplace transform of the derivative, we
have

Lf f 0ðtÞg ¼
Z1

0

e�stf 0ðtÞ dt ¼ sFðsÞ � f ð0Þ ð4Þ

Then

lim
s!0

Z1

0

e�stf 0ðtÞ dt ¼ lim
s!0

lim
T!1

ZT

0

e�stf 0ðtÞ dt

¼ lim
s!0

lim
T!1
fe�sT f ðTÞ � f ð0Þg

¼ lim
T!1

f ðTÞ � f ð0Þ
¼ lim

t!1 f ðtÞ � f ð0Þ:

Hence relation (4) yields

lim
t!1 f ðtÞ � f ð0Þ ¼ lim

s!0
sFðsÞ � f ð0Þ

and so

lim
t!1 f ðtÞ ¼ lim

s!0
sFðsÞ:

EXAMPLE 5.76
Verify the validity of limiting theorems by consid-
ering f (t) ¼ et.

Solution. We observe that

Lfetg ¼ FðsÞ ¼ 1

sþ 1
:

lim
t!0

f ðtÞ ¼ f ð0Þ ¼ 1;

lim
s!1 sFðsÞ ¼ lim

s!1
s

sþ 1
¼ 1:

Thus, initial value theorem is verified in this case.

On the other hand,

lim
t!1 f ðtÞ ¼ lim

t!1 e�t ¼ 0;

lim
s!0

sFðsÞ ¼ lim
s!0

s

sþ 1
¼ 0;

and so the final value theorem also holds for e–t.

EXAMPLE 5.77
Suppose Laplace transform of a function f is

given by

FðsÞ ¼ 18

sðs2 þ 36Þ :

Find f (0) and f 0(0).

Solution. By initial value theorem, we have

f ð0Þ ¼ lim
s!0

f ðtÞ ¼ lim
s!1 s FðsÞ

¼ lim
s!1

18 s

sðs2 þ 36Þ ¼ 0;

and

f 0ð0Þ ¼ lim
s!1½s

2 FðsÞ � s f ð0Þ�

¼ lim
s!1

18s2

sðs2 þ 36Þ � 0

� �
¼ 0:

EXAMPLE 5.78
Let FðsÞ ¼ 1

s�1 : Can we find f (1) using final value
theorem?

Solution. In this case, the final value theorem does
not apply because

lim
t!1 f ðtÞ ¼ lim

t!1 et !1 as t!1:

5.4 MISCELLANEOUS EXAMPLES

EXAMPLE 5.79
Find the Laplace Transforms of (i) e4t sin 2t cos t;
(ii) sinh t cos2 t and (iii) e�t cos2 t.
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Solution. (i). We have

sin 2t cos t ¼ 1

2
½sin 3t þ sin t�:

Therefore

L sin 2t cos tf g ¼ 1

2
L sin 3tf g þ 1

2
L sin tf g

¼ 1

2

3

s2 þ 9
þ 1

s2 þ 1

� �
:

Now using shifting property, we get

L e4t sin2t cos t
� �¼ 1

2

3

ðs�4Þ2þ9
þ 1

ðs�4Þ2þ1

" #

¼ 1

2

3

s2�8sþ25
þ 1

s2�8sþ17

� �
:

(ii). Since cos2t ¼ 1þcos 2 t
2

Therefore

L cos2t
� � ¼ 1

2
L 1f g þ 1

2
L cos 2tf g

¼ 1

2

1

s
þ s

s2 þ 4

� �
¼ s2 þ 2

sðs2 þ 4Þ ; s > 0

Therefore, by shifting property,

L sinh t cos2t
� � ¼ L

et � e�t

2
cos2t

� �

¼1
2
L etcos2t
� ��1

2
L e�tcos2t
� �

¼1
2

ðs�1Þ2þ2
ðs�1Þ½ðs�1Þ2þ4�

( )
�1
2

ðsþ1Þ2þ2
ðsþ1Þ½ðsþ1Þ2þ4�

( )

¼1
2

s2�2sþ3
ðs�1Þðs2�2sþ5Þ�

s2þ2sþ3
ðsþ1Þðs2þ2sþ5Þ

� �
:

(iii). As in part (ii),

L cos2t
� � ¼ s2 þ 2

sðs2 þ 4Þ ; s > 0

Therefore, by shifting property,

L e�t cos2t
� � ¼ ðsþ 1Þ2 þ 2

ðsþ 1Þ½ðsþ 1Þ2 þ 4�

¼ s2 þ 2sþ 3

ðsþ 1Þðs2 þ 2sþ 5Þ

EXAMPLE 5.80
Find the Laplace transforms of the following:

(i) e�3tð2 cos 5t � 3 sin 5tÞ and (ii) 1
t
ðcos at�

cos btÞ

Solution. (i). Using linearty and shifting properties,
we have

L e�3tð2 cos5t� 3 sin5tÞ� �
¼ 2L e�3t cos5t

� �� 3L e�3t sin5t
� �

¼ 2
sþ 3

ðsþ 3Þ2 þ 25
� 3

5

ðsþ 3Þ2 þ 25

¼ 2s� 9

ðsþ 3Þ2 þ 25
¼ 2s� 9

s2 þ 6sþ 34
:

(ii). As in Example 5.64, we have

Z1

0

cosat� cosbt

t
dt¼

Z1

0

Lfcosat� cosbtgds

¼
Z1

0

s

s2þa2
� s

s2þb2

� �
ds

¼ 1

2
logðs2þa2Þ�1

2
logðs2þb2Þ

� �1
0

¼ 1

2
log

s2þa2

s2þb2

� �1
0

¼ 1

2
log lim

s!1
1þ a2

s2

1þ b2

s2

( )" #
�1

2
log

a2

b2

¼�1

2
log

a2

b2
¼ 1

2
log

b2

a2

EXAMPLE 5.81
Find the Laplace transform of cosh at sin at.

Solution. Let

gðtÞ ¼ cosh at sin at:

Then

LfgðtÞg ¼ L
eat þ e�at

2
sin at

� �

¼ 1

2
Lfeat sin at þ e�at sin atg

¼ 1

2
Lfeat sin atg þ 1

2
Lfe�at sin atg:

Now

Lfsin atg ¼ a

s2 þ a2
:
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Therefore, by shifting property,

L eat sin atf g ¼ a

ðs� aÞ2 þ a2
;

L e�at sin atf g ¼ a

ðsþ aÞ2 þ a2
:

Hence

LfgðtÞg ¼ 1

2

a

ðs� aÞ2 þ a2
þ a

ðsþ aÞ2 þ a2

" #

EXAMPLE 5.82
Find the Laplace transform of f ðtÞ ¼ t2 sin2 at.

Solution. Let f ðtÞ ¼ t2 sin2 at: We know that

L sin2at
� � ¼ 2a2

s s2 þ ð2aÞ2
h i :

Therefore

L t2sin2 at
� � ¼ ð�1Þ2 d2

ds2
2a2

s s2 þ 4a2ð Þ
� �

¼ 2a2
d2

ds2
1

sðs2 þ 4a2Þ
� �

¼ 8a2
3s4 þ 6a2s2 � 8a4

s2ðs2 þ 4a2Þ3
" #

:

EXAMPLE 5.83
Evaluate:

L te�2t sin 4t
� �

Solution. We know that

L sin 4tf g ¼ 1

s2 þ 16
:

Now, by shifting property,

Lfe�2t sin 4tg ¼ 1

ðsþ 2Þ2 þ 16
:

Further,

Lfe�2t sin 4tg ¼ � d

ds

1

ðsþ 2Þ2 þ 16

" #

¼ 2sþ 4

ðs2 þ 4sþ 20Þ2

EXAMPLE 5.84

Express f ðtÞ ¼
1 if 0 < t � 1

t if 1 < t � 2
t2 if t > 2

8<
:

9=
; in terms of

unit step function and hence find L{f(t)}.

Solution. In terms of Heavyside’s unit step function,

we have

f ðtÞ ¼ HðtÞ þ tHðt � 1Þ þ t2Hðt � 2Þ:
Therefore

L f ðtÞf g ¼ L HðtÞf g þ L tHðt � 1Þf g
þ L t2Hðt � 2Þ� �

¼ 1

s
� d

ds

e�s

s

� �
þ ð�1Þ2 d

ds

e�2s

s

� �

¼ 1

s
� e�s

s
� e�s

s2
� e�2s

s2
� 2e�2s

s

¼ 1

s
½1� e�s � 2e�2s� � 1

s2
½e�s þ e�2s�:

EXAMPLE 5.85
Find the Laplace Transform of e3t [t cos 2t] and
1�e�2t

t
.

Solution. We know that

FðsÞ ¼ Lft cos 2tg ¼ s2 � 4

ðs2 þ 4Þ2 :

Therefore, by shifting property,

Lfe3tðtcos2tÞg¼Fðs�3Þ

¼ ðs�3Þ2�4

ððs�3Þ2þ4Þ2
¼ s2�6sþ5

ðs2�6sþ13Þ2 :

Also, As in Example 5.65,

Lf1� e�2tg ¼ Lf1g � Lfe�2tg ¼ 1

s
� 1

sþ 2
:

Therefore

Lff ðtÞg¼
Z1

s

1

u
� 1

uþ2

� �
du¼ logu� logðuþ2Þ½ �1s

¼ log
u

uþ2

� �1
s

¼� log
1

1þ 2
s

" #
¼ log

sþ2

s

� �
:
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EXAMPLE 5.86
Evaluate:

L
1� cos at

t

� �

Solution. See Example 5.63. We have

Lf1� cos atg¼ Lf1g�Lfcos atg¼ 1

s
� s

s2þa2
:

Therefore

L
1� cos at

t

� �
¼
Z1

s

1

u
� u

u2 þ a2

� �
du

¼ log u� 1

2
logðu2 þ a2Þ

� �� �1
s

¼ 1

2
log u2 � 1

2
logðu2 þ a2Þ

� �1
s

¼ 1

2
log

s2 þ a2

s2
:

EXAMPLE 5.87
Using Laplace transform evaluate

R1
0

e�atsin2t
t

dt

Solution. We have

Lfsin2tg ¼ L
1

2
ð1� cos 2tÞ

� �
¼ 1

2

1

s
� s

s2 þ 4

� �

Therefore

Lfe�atsin2tg ¼ 1

2

1

sþ a
� sþ a

ðsþ aÞ2 þ 4

" #
:

Further,Z1

0

e�atsin2t
t

dt ¼
Z1

0

Lfe�atsin2tgds

¼ 1

2

Z1

0

ds

sþ a
�
Z1

0

sþ a

ðsþ aÞ2 þ 4
ds

2
4

3
5

¼ 1

2
log

sþ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ aÞ2 þ 4

q
2
64

3
75
1

0

¼ 1

2
0� 1

2
log

affiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 4
p

� �

¼ 1

2
log

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 4
p

a
:

E X E R C I S E S

1. Find the Laplace transforms of

(a) 4t + 6e4t Ans. 4
s2
þ 6

s�4
� 

(b) e–4t sin 5t Ans. 5
s2þ8sþ41
	 


(c) 1
t
ðsin at�at cos atÞ Ans. tan�1 a

s

� � as
s2þa2

(d) t
2a
sin at Ans. s

ðs2þa2Þ2
	 


(e) tx�1 eat
�ðxÞ Ans. 1

ðs�aÞx ; x > 0

( f ) f ðtÞ ¼ t þ 1 for 0 � t � 2

3 for t > 2

�

Ans. 1
s
þ 1

s2
ðe�2s � 1Þ

(g) f (t) ¼ t H(t – a) Ans. ð1þasÞ e
�as

s2

(h) Null function defined by
Rt
0

nðtÞ dt ¼ 0 for
all t. Ans. 0

2. Show that the Laplace transforms of the fol-

lowing functions do not exist:
(a) et

2

Hint: Not of exponential order
(b) e1/t Hint: Not defined at t ¼ 0

(c) f ðtÞ ¼ 1 for even t
0 for odd t

�

Hint: has infinite number of finite jumps and so

condition of piecewise continuity is not satisfied
(d) t–n, n is positive integer.

3. Find L sinhvt
t

� �
Ans. 1

2
log sþv

s�v ; s > jvj
4. Find the Laplace transform of a function whose

graph is shown in the Figure 5.13.

0

f(t )

t
1 2

1

Figure 5.13

Hint: The function is defined by

f ðtÞ ¼ t for 0 � t < 1
2� t for 1 � t < 2:

�
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Therefore, Lf f ðtÞg¼ R1
0

te�stdt þ R2
1

ð2� tÞ
e�stdt ¼ 1

s2
ð1� e�sÞ2.

5. Find the Laplace transform of step function f

defined by f (t)¼ n, n� t < n + 1, n¼ 0, 1, 2, …

Hint: The graph of step function is shown in the
Figure 5.14.

0

f (t )

t
1 2 3

1

2

3

Figure 5.14

Lf f ðtÞg ¼
Z1

0

e�st f ðtÞ dt

¼
Z2

1

e�st dt þ 2

Z3

2

e�st dt þ 3

Z4

3

e�st dt þ . . .

¼ e�st

�s
� �2

1

þ2 e�st

�s
� �3

2

þ3 e�st

�s
� �4

3

þ . . .

¼ e�s

s
ð1þ e�s þ e�2s þ . . .Þ

¼ e�s

sðes � 1Þ :

6. Find the Laplace transforms of
(a) t e–2t sin 2t Ans. 4ðs�2Þ

ðs2�4sþ8Þ2

(b) t2 cos at Ans. 2s
3�6a2s
ðs2þa2Þ3

(c) t sin 3t cos 2t.

Hint : sin 3t cos 2t ¼ 1

2
ð2 sin 3t cos 2tÞ

¼ 1

2
ðsinð3t þ 2tÞþ sinð3t � 2tÞ¼ 1

2
sin 5t þ 1

2
sin t:

Therefore,

Lfsin 3t cos 2tg ¼ 3s2 þ 15

ðs2 þ 1Þ ðs2 þ 25Þ ; s > 0 and so

Lfs sin 3t cos 2tÞ ¼ � d

ds

ð3s2 þ 15Þ
ðs2 þ 1Þ ðs2 þ 25Þ

¼ 5s

ðs2 þ 25Þ2 þ
s

ðs2 þ 1Þ2 :

7. Find Laplace transforms of

(a) e�t sin t
t

Hint: First find L{e–tsin t} and then

use

L f ðtÞ
t

n o
¼ R1

s

FðsÞ ds. Ans. cot�1ðsþ 1Þ.
(b) eat�cos 6t

t
Ans. log s2�36

s�a

8. Evaluate I ¼ R1
0

e�t sin2 t
t

dt.

Hint: I ¼ R1
0

Lf f ðtÞg du; where
f (t)¼ e–t sin2 t. But Lfe�t sin2 tg¼ 2

ðsþ1Þðs2þ2sþ5Þ:
Therefore,

I ¼ R1
0

2
ðsþ1Þ ðs2þ2sþ5Þ ds Ans. 1

2
log 5

9. Show that Lftf 0ðtÞg ¼ � s d
ds
FðsÞ þ FðsÞ� �

:

10. Show that L 1
t
ðsin at � at cos atÞ� �¼ tan�1 a

s

� �
as

s2þa2 :

11. Show that Lft2f 00ðtÞg ¼ s2 d2

ds2
FðsÞ þ 4s d

ds
FðsÞþ

þ 2FðsÞ:
12. Use initial value theorem to find f (0) and f 0(0)

for the function f for which FðsÞ ¼ s
s2�5sþ12

Ans. f (0) ¼ 1, f 0(0) ¼ 5

13. Find the Laplace transform of the square wave

function with graph shown in the Figure 5.15.

0

f(t )

t
a 2a 3a

1

4a 5a

Figure 5.15
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Hint: The function is of period 2a. Therefore,

Lf f ðtÞg ¼ 1

1� e�2as

Z2a

a

e�st dt ¼ e�as

sð1þ e�asÞ
14. Express the function f (t) in Exercise 13 in terms

of Heaviside’s unit step function and then find
its Laplace transform.

Hint: f (t) ¼ H(t – a) – H(t – 2a) + H(t + 3a) –

H(t – 4a) + …

15. Find the Laplace transform the of square wave
function with graph given in the Figure 5.16.

0

f (t )

t
a 2a 3a

1

4a

−1

Figure 5.16

Hint: Here the function is of period 2a.

Therefore,

Lf f ðtÞg ¼ 1

1� e�2as

Za

0

e�st dt

¼ 1

1� e�2as
e�st

�s
� �a

0

¼ 1

sð1þ e�asÞ:
16. Solve Example 5.27 using periodicity

Hint : Lf f ðtÞg¼ 1
1�e�2as

R2a
0

e�st f ðtÞ dt ¼ 1
1�e�2as

� Ra
0

e�stdt þ R2a
a

�e�stdt
� �

which on using

Examples 5.13 and 5.15 yields the transform as

1

s
tanh

as

2
:

17. Find Laplace transform of the half-wave recti-
fied sine function f defined by

f ðtÞ ¼ sinvt for 2n�
v < t < ð2nþ1Þ�

v

0 for ð2nþ1Þ�v < t < ð2nþ2Þ�
v

(

Hint: The function is periodic with period 2�
v .

Therefore,

Lf f ðtÞg ¼ 1

1� e�2�s=v

Z2�=v

0

e�st sinvt dt

¼ 1

1� e�2�s=v

Z�=v

0

e�st sinvt dt

¼ v

s2 þ v2
ð1þ e��s=vÞ:

18. Establish relation between Laplace transform
and Fourier transform of a function.

Hint: Let � be a function defined by

� tð Þ ¼ e�xtf tð Þ for t > 0
0 for t < 0:

�

Then the Fourier transform of � is

F yð Þ ¼ F � tð Þf g ¼
Z1

0

e�iyt:e�xtf tð Þdt

¼
Z1

0

e�ðxþiyÞtf tð Þdt

¼
Z1

0

e�stf tð Þdt ¼ L f tð Þf g:

Thus Laplace transform of f (t) is equal to the

Fourier transform of e�xtf (t).
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6 Inverse Laplace Transform

Like the operations of addition,multiplication, and dif-

ferentiation, the Laplace transform has also its inverse.

During the process of solving physical problems like
differential equations, it is necessary to invoke the

inverse transform of the Laplace transform. Thus

given a Laplace transform F(s) of a function f, we
would like to know what f is. Hence, we are con-

cerned with the solution of the integral equation,

Z1

0

e�stf ðtÞ dt ¼ FðsÞ:

6.1 DEFINITION AND EXAMPLES OF INVERSE
LAPLACE TRANSFORM

Definition 6.1. Let f have Laplace transform F(s), that

is, L{ f(t)} ¼ F(s), then f(t) is called an inverse
Laplace transform of F(s) and we write

L�1fFðsÞg ¼ f ðtÞ; t � 0:

The transformation L�1 is called inverse Laplace

operator and it maps the Laplace transform of a
function back to the original function.

We know that Laplace transform F(s) of a

function f(t) is uniquely determined due to the
properties of integrals. However, this is not true for

the inverse transform. For example, if f(t) and g(t)

are two functions that are identical except for a
finite number of points, they have the same trans-

form F(s) since their integrals are identified.

Therefore, either f(t) or g(t) is the inverse transform
of F(s). Thus inverse transform of a given function

F(s) is uniquely determined only upto an additive

null function [a function n(t) for which
Rt
0

nðuÞ du ¼
0 for all t]. The following examples show that L�1

{F(s)} can be more than one function.

(a) Let f (t) ¼ sin vt, t � 0. Then

Lff ðtÞg ¼ v
s2þv2. Thus

L�1 v

s2 þ v2

� �
¼ sinvt:

Now let

gðtÞ ¼ sinvt for t > 0
1 for t ¼ 0:

�

Then

LfgðtÞg ¼ v

s2 þ v2
;

and so

L�1 v

s2 þ v2

� �
¼ gðtÞ:

Hence there are two inverse transforms of v
s2þv2.

(b) Let f (t) ¼ e�3t and

gðtÞ ¼ 0 for t ¼ 1

e�3t otherwise:

�

Then both f(t) and g(t) have same Laplace trans-

form 1
sþ3

. Thus 1
sþ3

has two inverse Laplace trans-
forms f(t) and g(t).

But the following theorem shows that the

Laplace transform is one-one mapping.

Theorem 6.1. (Lerch’s Theorem). Distinct continuous
functions on [0, 1) have distinct Laplace

transforms.

Thus, if we restrict ourselves to continuous
functions on [0, 1), then the inverse transform

L�1{F(s)}¼ f(t) is uniquely defined. Since many of

the functions, we generally deal with, are solutions
to the differential equations and hence continuous,

the assumption of the theorem is satisfied.



EXAMPLE 6.1
Find inverse Laplace transform of a

s2þa2
; s
s2þa2

;
1

s�a
; e

�sa

s
; s
s2�a2

and n!
snþ1.

Solution. We know that

Lfsin atg ¼ a

s2 þ a2
; Lfcos atg ¼ s

s2 þ a2
;

Lfeatg ¼ 1

s� a
;Lfhðt � aÞg ¼ e�sa

s
;

Lfcosh atg ¼ s

s2 � a2
; and

Lftng ¼ n!

snþ1
; n being non-negative integer:

Therefore,

L�1 a

s2þa2

� �
¼sin at;

L�1 s

s2þa2

� �
¼cos at;

L�1 1

s�a

� �
¼eat;

L�1 e�sa

s

� �
¼Hðt�aÞ;Heavyside’s unit step function.

L�1 s

s2�a2

n o
¼cosh at;

and

L�1 n!

snþ1

� �
¼ tn; n being non-negative integer,

EXAMPLE 6.2

Find L�1 1ffiffi
s

p
� �

.

Solution. Since L 1
t1=2

n o
¼ �ð1=2Þ

s1=2
¼ ffiffi

�
s

p
, it follows

that

L�1 1ffiffi
s

p
� �

¼ 1ffiffiffiffiffi
�t

p :

6.2 PROPERTIES OF INVERSE LAPLACE TRANSFORM

The operational properties used in finding the

Laplace transform of a function are also used in con-

structing the inverse transform. We, thus, have the
following properties of inverse transform.

Theorem 6.2. (Linearity Property). If F1(s) and F2(s)
are Laplace transforms of f1(t) and f2(t), respec-

tively, and a1 and a2 are arbitrary constants, then

L�1fa1F1ðsÞ þ a2F2ðsÞg
¼ a1 L�1fF1ðsÞg þ a2L

�1fF2ðsÞg
¼ a1f1ðtÞ þ a2f2ðtÞ:

Proof: Since

Lfa1f1ðtÞ þ a2f2ðtÞg ¼ a1Lff1ðtÞg þ a2Lff2ðtÞg
¼ a1F1ðsÞ þ a2F2ðsÞ;

we have

L�1fa1F1ðsÞ þ a2F2ðsÞg
¼ a1f1ðtÞ þ a2f2ðtÞ
¼ a1 L�1fF1ðsÞg þ a2 L�1fF2ðsÞg:

EXAMPLE 6.3
Find the inverse Laplace transform of

1

2s
þ 4

3ðs� aÞ þ
s

s2 þ 16
:

Solution. By linearity of inverse Laplace transform,

we have

L�1 1

2s
þ 4

3ðs� aÞ þ
s

s2 þ 16

� �

¼ 1

2
L�1 1

s

� �
þ 4

3
L�1 1

s� a

� �

þ L�1 s

s2 þ 16

� �
¼ 1

2
þ 4

3
eat þ cos 4t:

EXAMPLE 6.4
Find inverse Laplace transform of

5

s� 3
þ s

s2 þ 4
þ 3

s� 7
:

Solution. By linearity, we have

L�1 5

s� 3
þ s

s2 þ 4
þ 3

s� 7

� �

¼ 5L�1 1

s� 3

� �
þ L�1 s

s2 þ 4

� �

þ 3L�1 1

s� 7

� �
¼ 5e3t þ cos 2t þ 3 e7t:
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EXAMPLE 6.5
Find inverse Laplace transform of

� 3

2s
þ 4

3ðs� 1Þ þ
1

6ðsþ 2Þ :

Solution. By linearity of inverse Laplace transform,

we have

L�1 � 3

2s
þ 4

3ðs� 1Þ þ
1

6ðsþ 2Þ
� �

¼ �3

2
L�1 1

s

� �
þ 4

3
L�1 1

s� 1

� �
þ 1

6
L�1 1

sþ 2

� �

¼ �3

2
þ 4

3
et þ 1

6
e�2t:

EXAMPLE 6.6

Find L�1 1ffiffi
s

p þa

n o
.

Solution. Since

1ffiffi
s

p þ a
¼ 1ffiffi

s
p � affiffi

s
p ð ffiffi

s
p þ aÞ ¼

1ffiffi
s

p � að ffiffi
s

p � aÞffiffi
s

p ðs� a2Þ ;

therefore,

L�1 1ffiffi
s

p þ a

� �
¼ L�1 1ffiffi

s
p
� �

� aL�1

ffiffi
s

p � affiffi
s

p ðs� a2Þ
� �

¼ L�1 1ffiffi
s

p
� �

� aL�1 1

s� a2

� �

þ a2L�1 1ffiffi
s

p ðs� a2Þ
� �

¼ 1ffiffiffiffiffi
�t

p � aea
2t þ aea

2terf ða ffiffi
t

p Þ

¼ 1ffiffiffiffiffi
�t

p � aea
2tð1� erf ða ffiffi

t
p Þ

¼ 1ffiffiffiffiffi
�t

p � aea
2terfc ða ffiffi

t
p Þ

Theorem 6.3. (First Shifting Property). If F(s) is

Laplace transform of f(t), then

L�1 fFðs� aÞg ¼ eatf ðtÞ:
Proof: We know that

Lfeatf ðtÞg ¼ Fðs� aÞ:
Therefore,

L�1fFðs� aÞg ¼ eatf ðtÞ:

EXAMPLE 6.7
Find inverse Laplace transform of s�5

s2þ6sþ13
.

Solution. Since
s� 5

s2 þ 6sþ 13
¼ ðsþ 3Þ � 8

ðsþ 3Þ2 þ 4
;

we have

L�1 s� 5

s2 þ 6sþ 13

� �
¼ L�1 sþ 3

ðsþ 3Þ2 þ 4

( )

� 4 L�1 2

ðsþ 3Þ2 þ 4

( )

¼ e�3t cos 2t � 4e�3t sin 2t

¼ e�3tðcos 2t � 4 sin 2tÞ:

EXAMPLE 6.8
Find inverse Laplace transform of 2s�3

s2þ4sþ13
.

Solution. Since

2s� 3

s2 þ 4sþ 3
¼ 2sþ 4� 7

ðsþ 2Þ2 þ 9
¼ 2ðsþ 2Þ � 7

ðsþ 2Þ2 þ 9
;

we have

L�1 2s� 3

s2 þ 4sþ 13

� �
¼ L�1 2ðsþ 2Þ

ðsþ 2Þ2 þ 9

( )

� 7 L�1 1

ðsþ 2Þ2 þ 9

( )

¼ 2e�2t cos 3t � 7

3
e�2t sin 3t:

EXAMPLE 6.9
Find inverse Laplace transform of s

ðsþ1Þ2.

Solution. We note that

s

ðsþ 1Þ2 ¼
sþ 1� 1

ðsþ 1Þ2 ¼ 1

sþ 1
� 1

ðsþ 1Þ2 :

Therefore,

L�1 s

ðsþ 1Þ2
( )

¼ L�1 1

sþ 1

� �
� L�1 1

ðsþ 1Þ2
( )

¼ e�t:1� e�t:t ¼ e�tð1� tÞ:

Inverse Laplace Transform n 283



EXAMPLE 6.10
Find inverse Laplace transform of

1

s2 þ 4sþ 13
� sþ 4

s2 þ 8sþ 97
þ sþ 2

s2 � 4sþ 29
:

Solution. We have

FðsÞ ¼ 1

s2 þ 4sþ 13
� sþ 4

s2 þ 8sþ 97
þ sþ 2

s2 � 4sþ 29

¼ 1

ðsþ 2Þ2 þ 9

� sþ 4

ðsþ 4Þ2 þ 81
þ s� 2þ 4

ðs� 2Þ2 þ 25
:

Therefore,

L�1fFðsÞg ¼ 1

3
L�1 3

ðsþ 2Þ2 þ 9

( )

� L�1 sþ 4

ðsþ 4Þ2 þ 81

( )

þ L�1 s� 2

ðs� 2Þ2 þ 25

( )

þ 4

5
L�1 5

ðs� 2Þ2 þ 25

( )

¼ 1

3
e�2t sin 3t � e�4t cos 9t

þ e2t cos 5t þ 4

5
e2t sin 5t:

EXAMPLE 6.11
Find the inverse Laplace transform of sþ2

s2�4sþ13
.

Solution. We have

sþ 2

s2 � 4sþ 13
¼ ðs� 2Þ þ 4

ðs� 2Þ2 þ 9

¼ ðs� 2Þ
ðs� 2Þ2 þ 9

þ 4

ðs� 2Þ2 þ 9

¼ s� 2

ðs� 2Þ2 þ 9
þ 4

3
:

3

ðs� 2Þ2 þ 9

Therefore, by linearity of inverse Laplace transform
and shifting property, we get

L�1 sþ 2

s2 � 4sþ 13

� �
¼ L�1 s� 2

ðs� 2Þ2 þ 9

( )

þ 4

3
L�1 3

ðs� 2Þ2 þ 9

( )

¼ e2t cos 3t þ 4

3
e2t sin 3t

¼ e2tðcos 3t þ 4

3
sin 3tÞ:

Theorem 6.4. (Second Shifting Property). If

L�1 {F(s)}¼ f(t), then L�1 {e�sa F(s)}¼ g(t), where

gðtÞ ¼ f ðt � aÞ for t > a

0 for t < a:

�

Proof: Since L{g(t)} ¼ e�sa F(s), it follows that

L�1fe�saFðsÞg ¼ gðtÞ:
Second Proof. By definition of Laplace transform, we
have

FðsÞ ¼
Z1

0

e�stf ðtÞ dt:

Therefore,

e�sa FðsÞ ¼
Z1

0

e�sae�stf ðtÞ dt ¼
Z1

0

e�sðtþaÞf ðtÞ dt

¼
Z1

a

e�suf ðu� aÞ du; t þ a ¼ u:

¼
Za

0

e�suð0Þ duþ
Z1

a

e�suf ðu� aÞ du

¼ LfgðtÞg:
Hence

L�1fe�saFðsÞg ¼ gðtÞ:

EXAMPLE 6.12
Find inverse Laplace transform of � e��s=2

s2þ1
.

Solution. We have

� e��s=2

s2 þ 1
¼ e��s=2 � 1

s2 þ 1

� �

¼ e��s=2FðsÞ;where FðsÞ ¼ � 1

s2 þ 1
:
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But

L�1fFðsÞg ¼ L�1 � 1

s2 þ 1

� �
¼ �L�1 1

s2 þ 1

� �
:

Therefore, by second-shifting property,

L�1 � e��s=2

s2 þ 1

� �
¼ gðtÞ;

where

gðtÞ ¼ � sinðt � �=2Þ for t > �=2

0 for t < �=2

�

¼ � sin t � �

2

� �
H t � �

2

� �h i

¼ cos t H t � �

2

� �h i
;

where H(t) denotes Heavyside’s unit step function.

EXAMPLE 6.13
Find inverse Laplace transform of ve�sa

s2þv2.

Solution. We have

L�1 v

s2 þ v2

� �
¼ sinvt:

Therefore, by second-shifting property,

L�1 e�sa v

s2 þ v2

� �
¼ gðtÞ;

where

gðtÞ ¼ sinvðt � aÞ for t > a

0 for t < a:

�

EXAMPLE 6.14
Find inverse transform of 2e�s

s3
, Re(s) > 0.

Solution. We have

2e�s

s3
¼ 2e�s:

1

s3
:

Since L�1 1
s3

	 
 ¼ t2, therefore, by second-shifting

property,

L�1 2e�s

s3

� �
¼ gðtÞ;

where

gðtÞ ¼ 2ðt � 1Þ2 for t � 1
0 for 0 � t < 1:

�

EXAMPLE 6.15
Find L�1 A

s
� s

s2þ1
e�sa

n o
, where A is a constant.

Solution. We have

L�1 1

s

� �
¼ 1 and L�1 s

s2 þ 1

� �
¼ cos t:

Therefore, using linearity property and second-

shifting property, we have

L�1 A

s
� s

s2 þ 1
e�sa

� �

¼ AL�1 A

s

� �
� L e�sa s

s2 þ 1

� �
¼ A� gðtÞ;

where

gðtÞ ¼
cosðt � aÞ for t > a

0 for t < a:

(

¼ Hðt � aÞ cosðt � aÞ:
Hence

L�1 A

s
� s

s2 þ 1
e�sa

� �

¼ A�H ðt � aÞ cosðt � aÞ:

EXAMPLE 6.16
Find the inverse Laplace transform of e�7s

ðs�3Þ3.

Solution. Since

L�1 1

ðs� 3Þ3
 !

¼ 1

2
t2e3t;

by second-shifting property, we have

L�1 e�7s 1

ðs� 3Þ3
( )

¼ gðtÞ;

where

gðtÞ ¼
1
2
ðt � 7Þ2e3ðt�7Þ for t > 7

0 for 0 � t � 7

(

¼ 1

2
Hðt � 7Þðt � 7Þ2e3ðt�7Þ:

Theorem 6.5. (Change of Scale Property). If

L�1 {F(s)} ¼ f(t), then

L�1fFðasÞg ¼ 1

a
f

t

a

� �
:
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Proof: By the definition of Laplace transform,

FðsÞ ¼
Z1

0

e�stf ðtÞ dt:

Therefore,

FðasÞ ¼
Z1

0

e�astf ðtÞ dt

¼ 1

a

Z1

0

e�suf
u

a

� �
du; u ¼ at

¼ 1

a
L f

t

a

� �n o
:

Hence

L�1fFðasÞg ¼ 1

a
f

t

a

� �
:

Remark 6.1. It follows from Theorem 6.5 that if

L�1{F(s)}¼ f(t), then L�1 F s
a

� �	 
¼ af (at) for a > 0.

EXAMPLE 6.17
Find the inverse transform of s

s=2ð Þ2þ4
.

Solution. Since

L�1 s

s2 þ 4

� �
¼ cos 2t;

we have

L�1 s

ðs=2Þ2 þ 4

( )
¼ 2L�1 s=2

ðs=2Þ2 þ 4

( )

¼ 2:2 cosð2ð2tÞÞ ¼ 4 cos 4t:

Theorem 6.6. (Inverse Laplace Transform of

Derivatives). If L�1{F(s)} ¼ f(t), then

L�1 F nð Þ sð Þ
n o

¼ �1ð Þntnf tð Þ:

Proof: Since

Lftnf ðtÞg ¼ ð�1Þn dn

dsn
FðsÞ;

we have

L�1 F nð Þ sð Þ
n o

¼ �1ð Þntnf tð Þ

EXAMPLE 6.18
Find L�1 1�s2

ðs2þ1Þ2
n o

.

Solution. We know that

L�1 s

s2 þ 1

� �
¼ cos t:

Further
d

ds

s

s2 þ 1

� �
¼ 1� s2

ðs2 þ 1Þ2 :
Therefore, by Theorem 6.6, we have

L�1 1� s2

ðs2 þ 1Þ2
( )

¼ �t cos t:

EXAMPLE 6.19
Find L�1 log sþa

sþb

n o
.

Solution. We note that
d

ds
log

sþ a

sþ b
¼ d

ds
½logðsþ aÞ � logðsþ bÞ�

¼ 1

sþ a
� 1

sþ b
:

Therefore, the use of Theorem 6.6 yields

L�1 1

sþ a
� 1

sþ b

� �
¼ �t f ðtÞ

and so

L�1 1

sþ a

� �
� L�1 1

sþ b

� �
¼ �t f ðtÞ;

that is,

e�at � e�bt ¼ �t f ðtÞ:
Hence

f ðtÞ ¼ 1

t
ðe�bt � e�atÞ:

EXAMPLE 6.20
Find L�1 log s2þa2

s2þb2

n o
.

Solution. Since
d

ds
log

s2 þ a2

s2 þ b2
¼ d

ds
½logðs2 þ a2Þ � logðs2 þ b2Þ�

¼ 2s

s2 þ a2
� 2s

s2 þ b2
;

Theorem 6.6 yields

L�1 2s

s2 þ a2
� 2s

s2 þ b2

� �
¼ �t f ðtÞ;

or
2 cos at � 2 cos bt ¼ �t f ðtÞ;
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or
f ðtÞ ¼ 2

t
ðcos bt � cos atÞ:

EXAMPLE 6.21
Find L�1 log 1þs

s

	 

.

Solution. Since
d

ds
log

1þ s

s
¼ d

ds
½logð1þ sÞ � log s�

¼ 1

sþ 1
� 1

s
;

Therefore,

L�1 1

sþ 1
� 1

s

� �
¼ �tf tð Þ

or
e�1 � 1 ¼ �tf ðtÞ

or

f ðtÞ ¼ 1� e�t

t
:

EXAMPLE 6.22
Find L�1 log 1þ 1

s2

� �	 

.

Solution. Since
d

ds
log

s2 þ 1

s2

� �
¼ d

ds
½logðs2 þ 1Þ � log s2�

¼ 2s

s2 þ 1
� 2s

s2
¼ 2

s

s2 þ 1
� 1

s

 �
;

we have

L�1 2
s

s2 þ 1
� 1

s

� �� �
¼ �tf tð Þ

and so
2 cos t � 2 ¼ �t f ðtÞ

or

f ðtÞ ¼ 2ð1� cos tÞ
t

:

EXAMPLE 6.23
Find L�1 tan�1 1

s

	 

’s > 0,

Solution. Since
d

ds
tan�1 1

s

� �
¼ 1

1þ 1=sð Þ2 � 1

s2

� �

¼ �1

1þ ð1=s2Þ
1

s2

� �
¼ � 1

s2 þ 1
;

it follows that

L�1 � 1

s2 þ 1

� �
¼ �tf tð Þ;

that is,

�1ðsin tÞ ¼ �t f ðtÞ:
Hence

f ðtÞ ¼ sin t

t
:

EXAMPLE 6.24
Find L�1 log s2þ1

ðs�1Þ2
n o

.

Solution. Since

d

ds
log

s2 þ 1

ðs� 1Þ2
 !

¼ d

ds
½logðs2 þ 1Þ � 2 logðs� 1Þ�

¼ 2s

s2 þ 1
� 2

s� 1
;

we have

L�1 2s

s2 þ 1
� 2

s� 1

� �
¼ �tf tð Þ;

which yields

2½cos t � et� ¼ �t f ðtÞ
or

f ðtÞ ¼ 2ðet � cos tÞ
t

:

EXAMPLE 6.25
Find L�1 sþ2

ðs2þ4sþ5Þ2
n o

.

Solution. We have
sþ 2

ðs2 þ 4sþ 5Þ2 ¼
sþ 2

ððsþ 2Þ2 þ 1Þ2

Therefore,

L�1 sþ 2

ðs2 þ 4sþ 5Þ2
( )

¼ L�1 sþ 2

ððsþ 2Þ2 þ 1Þ2
( )

¼ e�2t:L�1 s

ðs2 þ 1Þ2
( )

:

We now find L�1 s
ðs2þ1Þ2
n o

. We note that

d

ds

1

ðs2 þ 1Þ
� �

¼ � 2s

ðs2 þ 1Þ2 :
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Therefore, by Theorem 6.6

L�1 � 2s

ðs2 þ 1Þ2
( )

¼ �t L�1 1

s2 þ 1

� �
¼ �t sin t

and so

L�1 s

ðs2 þ 1Þ2
( )

¼ 1

2
t sin t:

Hence

L�1 sþ 2

ðs2 þ 4sþ 5Þ2
( )

¼ 1

2
t e�2t sin t:

EXAMPLE 6.26
Find L�1 sþ3

ðs2þ6sþ13Þ2
n o

.

Solution. We have
sþ 3

ðs2 þ 6sþ 13Þ2 ¼
sþ 3

ððsþ 3Þ2 þ 4Þ2 :
Therefore,

L�1 sþ 3

ðs2 þ 6sþ 13Þ2
( )

¼ L�1 sþ 3

ððsþ 3Þ2 þ 4Þ2
( )

¼ e�3tL�1 s

ðs2 þ 4Þ2
( )

:

To find L�1 s

ðs2þ4Þ2
n o

, we note that

d

ds

1

s2 þ 4

� �
¼ �2s

ðs2 þ 4Þ2 :
Therefore,

L�1 � 2s

ðs2 þ 4Þ2
( )

¼ �tL�1 1

s2 þ 4

� �

¼ � t

2
sin 2t

and so

L�1 s

ðs2 þ 4Þ2
( )

¼ 1

4
t sin 2t:

Consequently, we get

L�1 sþ 3

ðs2 þ 6sþ 13Þ2
( )

¼ 1

4
t e�3t sin 2t:

Theorem 6.7. (Inverse Laplace Transform of

Integrals). If L�1 F sð Þf g ¼ f tð Þ, then

L�1

Z1

s

FðuÞ du
8<
:

9=
; ¼ f ðtÞ

t
:

Proof: Since,

L
f ðtÞ
t

� �
¼
Z1

s

FðuÞ du;

we have

L�1

Z1

s

FðuÞ du
8<
:

9=
; ¼ f ðtÞ

t
:

EXAMPLE 6.27
Find

L�1

Z1

s

1

u� 1
� 1

uþ 1

� �
du

8<
:

9=
;:

Solution. By Theorem 6.7, we have

L�1

Z1

s

1

u� 1
� 1

uþ 1

� �
du

8<
:

9=
;¼

L�1 1
u�1

� 1
uþ1

n o
t

:

But

L�1 1

u� 1
� 1

uþ 1

� �
¼ et � e�t:

Therefore,

L�1

Z1

s

1

u� 1
� 1

uþ 1

� �
du

8<
:

9=
; ¼ et � e�t

t
:

Theorem 6.8. (Multiplication by sn). If L�1 F sð Þf g ¼
f tð Þ and f(0) ¼ 0, then

L�1 sF sð Þf g ¼ f 0 tð Þ:
Proof: We know that

Lf f 0ðtÞg ¼ s FðsÞ � f ð0Þ
and so

L�1 sF sð Þ � f 0ð Þf g ¼ f 0 tð Þ;
that is,

L�1 sF sð Þf g ¼ f 0 tð Þ:

Remark 6.2. If f (0) 6¼ 0, then

L�1 sF sð Þ � f 0ð Þf g ¼ f 0 tð Þ
and so

L�1 sF sð Þf g ¼ f 0 tð Þ þ f 0ð Þ� tð Þ;
where �(t) is the Dirac delta function.
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EXAMPLE 6.28

Find L�1 s2

s2þ1

n o
.

Solution. We know that

L�1 s

s2 þ 1

� �
¼ cos t ¼ f tð Þ

and f(0) ¼ 1 6¼ 0 for t ¼ 0. Therefore,

L�1 s2

s2 þ 1

� �
¼ L�1 sF sð Þf g

¼ f 0ðtÞ þ f ð0Þ�ðtÞ ¼ �ðtÞ � sin t:

EXAMPLE 6.29

Find L�1 s3

s2þ1

n o
.

Solution. From the Example 6.28,

L�1 s2

s2 þ 1

� �
¼ � tð Þ � sin t ¼ f tð Þ:

Since f (0) ¼ 0, we have

L�1 s3

s2 þ 1

� �
¼ L�1 sF sð Þf g ¼ f 0 tð Þ

¼ d

dt
f�ðtÞ � sin tÞ ¼ �0ðtÞ � cos t:

Theorem 6.9. (Division by s). If L�1 F sð Þf g ¼ f tð Þ,
then

L�1 FðsÞ
s

� �
¼
Z t

0

f ðuÞ du:

Proof: We know that

L

Z t

0

f ðuÞ du
8<
:

9=
; ¼ FðsÞ

s
:

Therefore,

L�1 FðsÞ
s

� �
¼
Z t

0

f ðuÞdu:

Remark 6.3. Consider

gðtÞ ¼
Z t

0

Zv

0

f ðuÞ du dv:

Then

g0ðtÞ ¼
Z t

0

f ðuÞ du and g00ðtÞ ¼ f ðtÞ:

Also g(0) ¼ g´(0) ¼ 0. Thus

Lfg00ðtÞg ¼ s2LfgðtÞg � s gð0Þ � g0ð0Þ
¼ s2LfgðtÞg;

that is,

Lff ðtÞg ¼ s2LfgðtÞg
or

FðsÞ ¼ s2LfgðtÞg
or

LfgðtÞg ¼ FðsÞ
s2

Hence

L�1 FðsÞ
s2

� �
¼ gðtÞ ¼

Z t

0

Zv

0

f ðuÞ du dv

¼
Z t

0

Z t

0

f ðtÞ dt2:

In general, we have

L�1 FðsÞ
sn

� �
¼
Z t

0

Z t

0

. . .

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
n times

Z t

0

f ðtÞdtn:

EXAMPLE 6.30

Find L�1 1
sðsþ1Þ
n o

.

Solution. Since L�1 1
sþ1

n o
¼ e�t, we have

L�1 1

sðsþ 1Þ
� �

¼
Z t

0

e�u du ¼ ½�e�u�t0

¼ �½e�t � 1� ¼ 1� e�t:

EXAMPLE 6.31

Find L�1 1
s2ðsþ1Þ
n o

.

Solution. From Example 6.30, we have

L�1 1

sðsþ 1Þ
� �

¼ 1� e�t

Therefore, by Theorem 6.9, we have

L�1 1

s2ðsþ 1Þ
� �

¼
Z t

0

ð1� e�uÞdu ¼ ½uþ eu�t0

¼ t þ et � 1:
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EXAMPLE 6.32
Find L�1 s

ðs2þa2Þ2
n o

and deduce L�1 1

ðs2þa2Þ2
n o

from it.

Solution. Since
d

ds

a

s2 þ a2

� �
¼ � 2as

ðs2 þ a2Þ2 ;

we have

L�1 � 2as

ðs2 þ a2Þ2
( )

¼ �tf tð Þ;

where f ðtÞ ¼ L�1 a
s2þa2

n o
¼ sin at and so

�2a L�1 s

ðs2 þ a2Þ2
( )

¼ �t sin at

Hence

L�1 s

ðs2 þ a2Þ2
( )

¼ t sin at

2a

Now Theorem 6.9 yields

L�1 1

ðs2 þ a2Þ2
( )

¼ 1

2a

Z t

0

u sin au du

¼ 1

2a
u
� cos au

a

h it
0
�
Z t

0

� cos au

a
du

8<
:

9=
;

¼ 1

2a
� t cos at

a
þ sin at

a2

 �

¼ 1

2a3
ðsin at � at cos atÞ:

6.3 PARTIAL FRACTIONS METHOD TO FIND INVERSE
LAPLACE TRANSFORM

While working with physical problems, we come
across some functions that are not immediately

recognizable as the Laplace transform of some

elementary functions. In such cases, we decompose
the given function into partial fractions and then

write down the inverse of each fraction. This

method is used when inverse transform of a rational
function is required.

We can also use the concept of simple poles of
the rational function F(s) to find inverse Laplace

transform. Let

FðsÞ ¼ PðsÞ
QðsÞ ¼

PðsÞ
ðs� a1Þðs� a2Þ . . . ðs� anÞ ;

ai 6¼ aj;

where P(s) is a polynomial of degree less than n. In
terms of complex analysis, we call a1, a2, …, an the
simple poles of F(s). The partial fraction decom-

position shall be

FðsÞ ¼ A1

s� a1
þ A2

s� a2
þ . . .þ An

s� an
:

Multiplying both sides of this equation by s� ai and
letting s ! ai, we have

Ai ¼ lim
s!ai

ðs� aiÞFðsÞ:

Again, in terms of complex analysis, Ai is called the
residue of F(s) at the poles ai.
Now, let L{f(t)} ¼ F(s). Then

f ðtÞ ¼ L�1fFðsÞg ¼
Xn
i¼1

L�1 Ai

s� ai

� �
¼
Xn
i¼1

Aie
ai t

¼
Xn
i¼1

lim
s!ai

ðs� aiÞFðsÞeai t:

EXAMPLE 6.33

Find L�1 1
s3ðs2þ1Þ
n o

.

Solution. Write
1

s3ðs2 þ 1Þ ¼ A

s
þ B

s2
þ C

s3
þ Dsþ E

s2 þ 1
;

which yields

1 ¼ As2ðs2 þ 1Þ þ Bsðs2 þ 1Þ
þ Cðs2 þ 1Þ þ ðDsþ EÞs3:

Putting s¼ 0, we get C¼ 1. Comparing coefficients

of s on both sides, we get B ¼ 0. Comparing
coefficients of s2 on both sides, we get A + C ¼ 0

which yields A ¼ �C ¼ �1. Comparing coeffi-

cients of s3, we get B + E ¼ 0 and so E ¼ �B ¼ 0.
Comparing coefficients of x4, we have A + D ¼ 0

and so D ¼ �A ¼ 1. Thus

1

s3ðs2 þ 1Þ ¼ � 1

s
þ 1

s3
þ s

s2 þ 1
:
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Hence, by Example 6.1,

L�1 1

s3ðs2 þ 1Þ
� �

¼ L�1 � 1

s
þ 1

s3
þ s

s2 þ 1

� �

¼ �1þ 1

2
t2 þ cos t

¼ 1

2
ðt2 þ 2 cos t � 2Þ:

EXAMPLE 6.34
Find L�1 2

ðsþ1Þ ðs2þ1Þ
n o

.

Solution. Write
2

ðsþ 1Þ ðs2 þ 1Þ ¼
A

sþ 1
þ Bsþ C

s2 þ 1
:

Clearing fractions, we have

2 ¼ Aðs2 þ 1Þ þ ðBsþ CÞðsþ 1Þ:
Putting s ¼ �1, we have A ¼ 1. Comparing the

coefficient of s2 and that of s0, we get

0 ¼ Aþ B; which yields B ¼ �1

and
2 ¼ Aþ C; which yields C ¼ 1:

Hence
2

ðsþ 1Þðs2 þ 1Þ ¼
1

sþ 1
þ�sþ 1

s2 þ 1

¼ 1

sþ 1
� s

s2 þ 1
þ 1

s2 þ 1
:

Therefore,

L�1 2

ðsþ 1Þ ðs2 þ 1Þ
� �

¼ e�t � cos t þ sin t:

EXAMPLE 6.35
Find L�1 s2

ðs�1Þ ðsþ2Þ ðs�3Þ
n o

.

Solution. The simple poles of the rational function

F(s) are s ¼ 1, �2, and 3. Therefore,

f ðtÞ ¼ L�1fFðsÞg ¼ lim
s!1

ðs� 1Þ FðsÞet

þ lim
s!�2

ðsþ 2Þ FðsÞ e�2t þ lim
s!3

ðs� 3Þ FðsÞ e3t

¼�1

6
et þ 4

ð�3Þ ð�5Þe
�2t þ 9

ð2Þ ð5Þe
3t

¼�1

6
et þ 4

15
e�2t þ 9

10
e3t:

EXAMPLE 6.36

Find L�1 4sþ5

ðs�1Þ2 ðsþ2Þ

n o
.

Solution. Write

4sþ 5

ðs� 1Þ2ðsþ 2Þ ¼
A

s� 1
þ B

ðs� 1Þ2 þ
C

sþ 2
;

which gives

4sþ 5 ¼ Aðsþ 2Þðs� 1Þ þ Bðsþ 2Þ þ Cðs� 1Þ2:
Putting s¼ 1, we get 9¼ 3B and so B¼ 3. Equating

the coefficients of s and s2, we get A + B – 2C ¼ 4
and A + C ¼ 0. These equations give C ¼ � 1

3
and

A ¼ 1
3
. Thus

4xþ 5

ðs� 1Þ2ðsþ 2Þ ¼
1

3ðs� 1Þ þ
3

ðs� 1Þ2 �
1

3ðsþ 2Þ :

Hence

L�1 4sþ 5

ðs� 1Þ2 ðsþ 2Þ

( )
¼ 1

3
et þ 3t et � 1

3
e�2t:

EXAMPLE 6.37
Find L�1 s2

s3þ6s2þ11sþ6

n o
.

Solution. We have

FðsÞ ¼ s2

s3 þ 6s2 þ 11sþ 6
:

Clearly s ¼ �1, �2, and �3 are roots of the poly-

nomial s3 + 6s2 + 11s + 10. Hence the simple poles

of F(s) are �1, �2, and �3. Therefore,

f ðtÞ¼L�1fFðsÞg¼ lim
s!�1

ðsþ1Þ FðsÞe�t

þ lim
s!�2

ðsþ2Þ FðsÞe�2tþ lim
s!�3

ðsþ3Þ FðsÞe�3t

¼ 1

2
e�t�4e�2tþ9

2
e�3t:

EXAMPLE 6.38
Find L�1 s3

s4�a4

n o
.

Solution. We have

s3

s4 � a4
¼ s3

ðs� aÞ ðsþ aÞ ðs2 þ a2Þ

¼ A

s� a
þ B

sþ a
þ Csþ D

s2 þ a2
;
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which yields

s3 ¼AðsþaÞðs2þa2ÞþBðs�aÞðs2þa2Þ
þðCsþDÞðs2�a2Þ

¼Aðs3þas2þa2sþa3ÞþBðs3�as2þa2s�a3Þ
þCðs3� sa2ÞþDðs2�a2Þ:

Putting s ¼ a, �a, we get A ¼ B ¼ 1
4
. Comparing

coefficients of s, and s2, we get C ¼ 1
2
, D ¼ 0.

Thus
s3

s4 � a4
¼ 1

4ðs� aÞ þ
1

4ðsþ aÞ þ
s

2ðs2 þ a2Þ :
Hence

L�1 s3

s4 � a4

� �
¼ 1

4
eat þ 1

4
e�at þ 1

2
cos at

¼ 1

2
cos at þ 1

2

eat þ e�at

2

� �

¼ 1

2
½cos at þ cosh at�:

EXAMPLE 6.39
Find L�1 s2

ðs2�a2Þ ðs2�b2Þ ðs2�c2Þ
n o

.

Solution. Let
FðsÞ ¼ s2

ðs2 � a2Þ ðs2 � b2Þ ðs2 � c2Þ
¼ s2

ðs� aÞ ðsþ aÞ ðs� bÞ ðsþ bÞðs� cÞ ðsþ cÞ :

The simple poles of F(s) are a,�a, b,�b, c, and�c.

Therefore,

L�1fFðsÞg¼ lim
s!a

ðs�aÞFðsÞeatþ lim
s!�a

ðsþaÞFðsÞ e�at

þ lim
s!b

ðs�bÞFðsÞebtþ lim
s!�b

ðsþbÞFðsÞe�bt

þ lim
s!c

ðs�cÞFðsÞectþ lim
s!�c

ðsþcÞFðsÞe�ct

¼ a2

2aða2�b2Þða2�c2Þ e
at

� a2

2aða2�b2Þ ða2�c2Þ e
�at

þ b2

2bðb2�a2Þðb2�c2Þ e
bt

� b2

2bðb2�a2Þ ðb2�c2Þ e
�bt

þ c2

2cðc2�a2Þ ðc2�b2Þe
c t

� c2

2cðc2�a2Þðc2�b2Þe
�c t

¼ a ðeat�e�atÞ
2ða2�b2Þ ða2�c2Þþ

b ðebt�e�btÞ
2ðb2�a2Þ ðb2�c2Þ

þ cðec t�e�c tÞ
2ðc2�a2Þ ðc2�b2Þ¼

asinhat

ða2�b2Þ ða2�c2Þ

þ bsinhbt

ðb2�a2Þ ðb2�c2Þþ
csinhct

ðc2�a2Þ ðc2�b2Þ:

EXAMPLE 6.40

Find L�1 2s2�6sþ5
s3�6s2þ11s�6

n o
.

Solution. Let

FðsÞ ¼ 2s2 � 6sþ 5

s3 � 6s2 þ 11s� 6
:

We observe that s¼ 1, s¼ 2, and s¼ 3 are the roots
of the equation s3 � 6s2 + 11s � 6 ¼ 0. Thus

FðsÞ ¼ 2s2 � 6sþ 5

ðs� 1Þ ðs� 2Þ ðs� 3Þ :

Therefore,

L�1fFðsÞg¼ lim
s!1

ðs�1Þ FðsÞ etþ lim
s!2

ðs�2Þ FðsÞe2t

þ lim
s!3

ðs�3Þ FðsÞ e3t ¼ 1

2
et�e2tþ5

2
e3t:

EXAMPLE 6.41

Find L�1 1
s3�a3

	 

.

Solution. We have

FðsÞ ¼ 1

s3 � a3
¼ 1

ðs� aÞ ðs2 þ asþ a2Þ

¼ A

s� a
þ Bsþ C

s2 þ asþ a2
:

Therefore,

1 ¼ Aðs2 þ asþ a2Þ þ ðBsþ CÞðs� aÞ:
Putting s ¼ a, we have A ¼ 1

3a2
. Comparing

the coefficients of constant terms and of s2, we get

respectively, a2A� aC¼ 1 and A + B¼ 0 which in
turn imply B ¼ �A ¼ � 1

3a2
and C ¼ � 2

3a
. Thus

FðsÞ ¼ 1

3a2ðs� aÞ �
1

3a2
sþ 2a

s2 þ asþ a2

� �
:
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Hence

L�1fFðsÞg

¼ 1

3a2
L�1 1

s�a

� �
� 1

3a2
L�1 sþ a

2

� �þ 3a
2

sþ a
2

� �2þ3a2

4

 !

¼ 1

3a2
eat� 1

3a2
L�1 sþ a

2

sþ a
2

� �2þ3a2

4

 !"

þL�1
3a
2

sþ a
2

� �2þ3a2

4

 !#

¼ 1

3a2
eat� 1

3a2
e�

at
2 cos

ffiffiffi
3

p
a

2
tþ

ffiffiffi
3

p
sin

ffiffiffi
3

p
a

2
t

� � �

¼ 1

3a2
eat�e�

at
2 cos

ffiffiffi
3

p
a

2
tþ

ffiffiffi
3

p
sin

ffiffiffi
3

p
a

2
t

� � �
:

EXAMPLE 6.42

Find L�1 4sþ5
ðs�1Þ2ðsþ2Þ

n o
.

Solution. Write

FðsÞ ¼ 4sþ 5

ðs� 1Þ2 ðsþ 2Þ ¼
A

s� 1
þ B

ðs� 1Þ2 þ
C

sþ 2
;

and so

4sþ 5 ¼ Aðs� 1Þðsþ 2Þ þ Bðsþ 2Þ þ Cðs� 1Þ2:
Taking s ¼ 1, we get B ¼ 3. Similarly, taking
s ¼ �2, we get C ¼ � 1

3
. Now equating coefficients

of s2, we have A + C¼ 0 and so A¼�C¼ 1
3
. Hence

FðsÞ ¼ 1

3ðs� 1Þ þ
3

ðs� 1Þ2 �
1

3ðsþ 2Þ :
Hence

L�1fFðsÞg ¼ 1

3
et þ 3t et � 1

3
e�2t:

EXAMPLE 6.43

Find L�1 2sþ1

ðsþ2Þ2ðs�1Þ2
n o

.

Solution. Write

FðsÞ ¼ 2sþ 1

ðsþ 2Þ2 ðs� 1Þ2

¼ A

sþ 2
þ B

ðsþ 2Þ2 þ
C

s� 1
þ D

ðs� 1Þ2
and so

2sþ 1 ¼ Aðsþ 2Þðs� 1Þ2 þ Bðs� 1Þ2

þ Cðs� 1Þðsþ 2Þ2 þDðsþ 2Þ2:

Putting s ¼ 1 yields D ¼ 1
3
. Putting s ¼ �2, we

have B ¼ �1
3
. Comparing coefficients of s3,

we have A + C¼ 0 and comparing coefficient of s2,

we have B + D � 3C ¼ 0. Thus C ¼ A ¼ 0 and so

FðsÞ ¼ 2s� 1

ðsþ 2Þ2ðs� 1Þ2 ¼� 1

3ðsþ 2Þ2 þ
1

3ðs� 1Þ2 :

Hence

L�1fFðsÞg ¼ � 1

3
t e�2t þ 1

3
t et ¼ 1

3
tðet � e�2tÞ:

6.4 HEAVISIDE’S EXPANSION THEOREM

Let F(s) ¼ PðsÞ
QðsÞ, where P(s) and Q(s) have no

common factors and the degree of Q(s) is greater
than the degree of P(s). If Q(s) has distinct zeros,

then the following theorem gives us the inverse

Laplace transform of F(s).

Theorem 6.10. (Heaviside’s Expansion Formula). Let

P(s) and Q(s) be polynomials in s, where degree of

Q(s) is greater than that of P(s). If Q(s) has n dis-
tinct zeros a1, a2, …, an, then

L�1 PðsÞ
QðsÞ
� �

¼
Xn
i¼1

PðaiÞ
Q0ðaiÞ eait:

Proof: Since Q(s) has n distinct zeros, it factorizes

into n linear factors and so by partial fractions, we

have

PðsÞ
QðsÞ ¼

A1

s� a1
þ A2

s� a2
þ . . .þ Ai

s� ai
þ . . .þ An

s� an
:

Multiplying throughout by s� ai and letting s! ai,
we obtain

Ai ¼ lim
s!ai

PðsÞ
QðsÞ ðs� aiÞ ¼ lim

s!ai
PðsÞ s� ai

QðsÞ
� �

¼ lim
s!ai

PðsÞ lim
s!ai

s� ai

QðsÞ
� �

¼ PðaiÞ lim
s!ai

1

Q0ðsÞ ðusing L’Hospital’s ruleÞ

¼ PðaiÞ
Q0ðaiÞ :

Hence
PðsÞ
QðsÞ ¼

Xn
i¼1

PðQiÞ
Q0ðaiÞ

1

ðs� aiÞ
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and so

L�1 PðsÞ
QðsÞ
� �

¼
Xn
i¼1

PðaiÞ
Q0ðaiÞL

�1 1

s� ai

� �

¼
Xn
i¼1

PðaiÞ
Q0ðaiÞ eait:

EXAMPLE 6.44

Find L�1 s
ðs�3Þ ðs2þ4Þ
n o

using Heaviside’s expansion

formula.

Solution. Let

FðsÞ ¼ PðsÞ
QðsÞ ¼

s

ðs� 3Þ ðs2 þ 4Þ :
Thus

PðsÞ ¼ s; QðsÞ ¼ ðs� 3Þðs2 þ 4Þ
¼ s3 � 3s2 þ 4s� 12

and
Q0ðsÞ ¼ 3s2 � 6sþ 4:

Also roots of Q(s)¼ 0 are 3, 2i, and�2i. Therefore,
by Heaviside’s expansion formula

L�1 PðsÞ
QðsÞ
� �

¼
X3
i¼1

PðaiÞ
Q0ðaiÞ e

ait ¼ Pð3Þ
Q0ð3Þe

3t

þ Pð2iÞ
Q0ð2iÞe

2itþ Pð�2iÞ
Q0ð�2iÞe

�2it

¼ 3

13
e3tþ 2i

�8�12i
e2it� 2i

�8þ12i
e�2it

¼ 3

13
e3t�ð3þ2iÞ

26
ðcos2tþ isin2tÞ

þ2i�3

26
ðcos2t� isin2tÞ

¼ 3

13
e3t� 3

13
cos2tþ 2

13
sin2t:

EXAMPLE 6.45

Find L�1 3sþ7
ðs�3Þ ðsþ1Þ
n o

using Heaviside’s expansion
formula.

Solution. We have

FðsÞ ¼ PðsÞ
QðsÞ ¼

3sþ 7

ðs� 3Þ ðsþ 1Þ ¼
3sþ 7

s2 � 2s� 3
:

Here P(s) ¼ 3s + 7, Q(s) ¼ s2 � 2s � 3, Q´(s) ¼
2s � 2, and zeros of Q(s) are 3 and �1. Hence, by

Heaviside’s expansion formula,

L�1fFðsÞg¼
X2
i¼1

PðaiÞ
Q0ðaiÞ e

ait ¼ Pð3Þ
Q0ð3Þe

3tþ Pð�1Þ
Q0ð�1Þe

�t

¼ 16

4
e3tþ 4

�4
e�t ¼ 4e3t�e�t:

6.5 SERIES METHOD TO DETERMINE INVERSE
LAPLACE TRANSFORM

Let L{f(t)}¼ F(s). In certain situation, we observed

that Laplace transform of f(t) can be obtained by

expressing f(t) in terms of power series and then by
taking transform term-by-term. The same technique

proves useful in finding inverse Laplace trans-

forms. Thus, if

FðsÞ ¼ a0

s
þ a1

s2
þ a2

s3
þ . . . ;

then

f ðtÞ ¼ a0 þ a1 þ a2
t2

2!
þ . . . ;

where the series on the right-hand side may be sum-

mable to a known function.

EXAMPLE 6.46

Find L�1 e�1=s

s

� �
.

Solution. Expansion in series yields

1

s
e�1=s ¼ 1

s
1� 1

s
þ 1

2! s2
� 1

3! s3
þ 1

4! s4
� . . .

 �

¼ 1

s
� 1

s2
þ 1

2! s3
� 1

3!s4
þ . . .

¼
X1
n¼0

ð�1Þn
n! snþ1

:

Inversion of the series term-by-term yields

L�1fFðsÞg ¼
X1
n¼0

ð�1Þn
n!

L�1 1

snþ1

� �

¼
X1
n¼0

ð�1Þntn
ðn!Þ2 ¼ J0ð2

ffiffi
t

p Þ;

where J0(t) is the Bessel function of order zero.

EXAMPLE 6.47
Find L�1 1

s
sin 1

s

	 

.

Solution. We have

1

s
sin

1

s
¼ 1

s

1

s
� ð1=sÞ3

3!
� ð1=sÞ5

5!
� ð1=sÞ7

7!
þ . . .

" #

¼ 1

s2
� 1

s4:3!
þ 1

s6:5!
� 1

s87!
þ . . .
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Therefore,

L�1 1

s
sin

1

s

� �
¼ L�1 1

s2

� �
� 1

3!
L�1 1

s4

� �

þ 1

5!
L�1 1

s6

� �
� 1

7!
L�1 1

s8

� �
þ . . .

¼ t� 1

ð3!Þ2 t
3� 1

ð5!Þ2 t
5� 1

ð7!Þ2 t
7þ . . .

EXAMPLE 6.48
Find L�1 tan�1 1

s

	 

.

Solution. We have

tan�1 1

s

� �
¼ 1=s

1
� ð1=sÞ3

3
þ ð1=sÞ5

5
� ð1=sÞ7

7
þ . . .

¼ 1

s
� 1

3s3
þ 1

5s5
� 1

7s7
þ . . .

Therefore, inversion of the series term-by-term

yields

L�1 tan�1 1

s

� �� �
¼1�1

3
:
t2

2!
þ1

5
:
t4

4!
�1

7
:
t6

6!
þ . . .

¼1� t2

3!
þ t4

5!
� t6

7!
þ . . .

¼1

t
t� t3

3!
þ t5

5!
� t7

7!
þ . . .

� �
¼ sin t

t
:

EXAMPLE 6.49
Find L�1 1ffiffiffiffiffiffi

sþa
p
n o

.

Solution. Let

FðsÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
sþ a

p ¼ 1ffiffi
s

p 1þ a

s

� ��1=2

¼ 1ffiffi
s

p 1� 1

2

a

s

� �
þ

1
2
: 3
2

2!

a

s

� �2
�

1
2
: 3
2
: 5
2

3!

a

s

� �3
þ . . .

 �

¼
X1
n¼0

ð�1Þn1:3:5 . . .ð2n� 1Þan
2n n! snþð1=2Þ jsj> jaj:

Hence

L�1fFðsÞg ¼
X1
n¼0

ð�1Þn1:3:5 . . . ð2n� 1Þantn�ð1=2Þ

2n n!�ðnþ 1=2Þ

¼ 1ffiffi
t

p
X1
n¼0

ð�1Þn1:3:5 . . . :ð2n� 1Þantn
2n n! �ðnþ 1=2Þ :

But, using G(v+1) ¼ vG(v), we have

� nþ 1

2

� �
¼ �

1

2

� �
1:3:5 . . . :ð2n� 1Þ

2n

� �

¼ ffiffiffi
�

p 1:3:5 . . . :ð2n� 1Þ
2n

� �
:

Hence

L�1fFðsÞg ¼ 1ffiffi
t

p
X1
n¼0

ð�1Þnantnffiffiffi
�

p
n!

¼ 1ffiffiffiffiffi
�t

p e�at:

6.6 CONVOLUTION THEOREM

The convolution of two functions plays an impor-

tant role in a number of physical applications. It is

generally expedient to resolve a Laplace transform
into the product of two transforms when the inverse

transform of both transforms are known.

Definition 6.2. The convolution (or Faltung) of two

given functions f(t) and g(t), t > 0 is defined by the

integral

ðf � gÞðtÞ ¼
Z t

0

f ðuÞgðt � uÞ du;

which, of course, exists if f and g are piecewise
continuous.

The integral
R t
0 f ðuÞ gðt � uÞ du represents a

superposition of effects of magnitude f (u) occur-

ring at time t ¼ u for which g (t – u) is the influence

function or response of a system to a unit impulse
defined at time t ¼ u.

If we substitute v ¼ t – u, then

ðf � gÞðtÞ ¼
Z t

0

gðvÞ f ðt � vÞdv ¼ ðg � f ÞðtÞ:

Hence, the convolution is commutative. Also, it

follows from the definition that

aðf �gÞ¼af �g¼ f �ag; a constant

f �ðgþhÞ¼ðf �gÞþðf �hÞ ðdistributive propertyÞ:
Further, we note that

½f � ðg � hÞ�ðtÞ

¼
Z t

0

f ðuÞðg � hÞðt� uÞdu

¼
Z t

0

f ðuÞ
Zt�u

0

gðvÞhðt� u� vÞ dv
0
@

1
A du
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¼
Z t

0

f ðuÞ
Z t

u

gðz� uÞ hðt� zÞdzÞdu; v ¼ z� u

¼
Z t

0

Zz

0

f ðuÞgðz� uÞ du
0
@

1
Ahðt� zÞ dz

¼ ½ðf � gÞ � h�ðtÞ:
Hence

f � ðg � hÞ ¼ ðf � gÞ � h;
and so convolution is associative.

EXAMPLE 6.50
Evaluate cos t � sin t.

Solution. By definition,

cos t � sin t¼
Z t

0

cosusinðt�uÞdu

¼
Z t

0

1

2
½sin tþ sinðt�2uÞ� du

¼ 1

2
sin t½u�t0þ

1

4
½cosðt�2uÞ�t0

¼ 1

2
t sin tþ1

4
½cosð�tÞ� cos t� ¼ 1

2
t sin t:

EXAMPLE 6.51
Evaluate et � t.

Solution. By definition of convolution,

et � t ¼
Z t

0

euðt � uÞ du

¼ ½t eu�t0 � ½ðueu � euÞ�t0 ¼ et � t � 1:

Convolution is very significant in the sense that the

Laplace transform of the convolution of two func-

tions is the product of their respective Laplace trans-
forms. We prove this assertion in the form of the

following theorem.

Theorem 6.11. (Convolution Theorem). If f and g are

piecewise continuous on [0, 1) and of exponential

order c, then

Lfð f � gÞðtÞg ¼ Lf f ðtÞg:LfgðtÞg ¼ FðsÞGðsÞ;
or equivalently,

L�1 F sð ÞG sð Þf g ¼ f � gð Þ tð Þ:

Proof: Using the definition of the Laplace transform,
we have

Lfðf � gÞðtÞg ¼
Z1

0

e�st

Z t

0

f ðuÞ gðt � uÞ du dt

¼
Z1

0

Z t

0

e�stf ðuÞ gðt � uÞdu dt:

The domain of this double integral is an infinite

wedge bounded by t ¼ 0, t ¼ 1, u ¼ 0, and
u ¼ t as displayed in Figure 6.1. Due to hypotheses

on f and g, the double integral on the right hand side
converges absolutely and so we can perform change

of order of integration.

t
0

u

u = t

Figure 6.1 Region of Integration

We take a strip parallel to the axis of t. Then t varies

from u to 1 and u varies from 0 to 1. Hence

Lff ðtÞ� ‘gðtÞg¼
Z1

0

Z1

u

e�stf ðuÞgðt�uÞdt du

¼
Z1

0

Z1

u

e�su:e�sðt�uÞf ðuÞgðt�uÞdt du

¼
Z1

0

e�suf ðuÞ
Z1

u

e�sðt�uÞgðt�uÞdt du:

Implementing the change of variable t – u¼ v in the
inner integral, we get

Lf f ðtÞ � gðtÞg ¼
Z1

0

e�suf ðuÞ
Z1

0

e�svgðvÞdv du

¼
Z1

0

e�suf ðuÞGðsÞdu

¼ GðsÞ
Z1

0

e�suf ðuÞ du

¼ GðsÞFðsÞ ¼ FðsÞGðsÞ:
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Consequently,

L�1fFðsÞGðsÞg ¼ f ðtÞ � gðtÞ:

EXAMPLE 6.52
Find L{eat � ebt}.

Solution. By Convolution theorem,

Lfeat � ebtg ¼ Lfeatg:Lfebtg ¼ 1

ðs� aÞ ðs� bÞ :

EXAMPLE 6.53
Find L�1 1

ðs�aÞ ðs�bÞ
n o

.

Solution. By Convolution theorem

L�1 1

ðs� aÞ ðs� bÞ
� �

¼ eat � ebt

Z t

0

eutebðt�uÞdu ¼ eat � ebt

a� b
; a 6¼ b:

EXAMPLE 6.54
Using Convolution theorem, find L�1 1

s3ðs2þ1Þ
n o

.

Solution. Let F(s) ¼ 1
s3
, G(s) ¼ 1

s2þ1
and so f(t) ¼ 1

2
t2

and g(t) ¼ sin t.

By Convolution theorem and integration by
parts, we have

L�1fFðsÞGðsÞg

¼ f � g ¼ g � f ¼ 1

2

Z t

0

sinuðt� uÞ2du

¼ 1

2
½�ðt� uÞ2 cos u�t0 �

Z t

0

2ðt� uÞ cos u du

8<
:

9=
;

¼ 1

2
t2 � 2 ½ðt� uÞ sinu�t0 þ

Z t

0

sinu du

8<
:

9=
;

2
4

3
5

¼ 1

2
½t2 þ 2 cos t� 2�:

EXAMPLE 6.55
Using Convolution theorem, find L�1 1

s2ðs�1Þ
n o

.

Solution. Let F(s) ¼ 1
s2
and G(s) ¼ 1

s�1
. Then, f (t) ¼ t

and g(t) ¼ et. Therefore, by Convolution theorem,

L�1fFðsÞGðsÞg ¼ f � g ¼ t � et

¼
Z t

0

euðt � uÞ du ¼ et � t � 1:

EXAMPLE 6.56
Use Convolution theorem to find L�1 s

ðs2þa2Þ2
n o

.

(see also Example 6.33).

Solution. Let
s

ðs2 þ a2Þ2 ¼
s

s2 þ a2
:

1

s2 þ a2
¼ FðsÞGðsÞ:

Then

f tð Þ ¼ L�1 F sð Þf g ¼ cos at and

g tð Þ ¼ L�1 G sð Þf g ¼ sin at

a
:

By Convolution theorem,

L�1 F sð ÞG sð Þf g ¼ f � g¼
Z t

0

cosau
sinaðt� uÞ

a
du

¼ 1

2a

Z t

0

½sinatþ sinaðt� 2uÞ� du

¼ 1

2a
sinat½u�t0þ

1

4a2
½cosaðt� 2uÞ�t0

¼ 1

2a
t sinatþ 1

4a2
½cosað�tÞ� cosat�

¼ 1

2a
t sinat:

EXAMPLE 6.57
Using Convolution theorem, find L� 1 1

s2ðs2þa2Þ
n o

.

Solution. Let
1

s2ðs2 þ a2Þ ¼
1

s2
:

1

ðs2 þ a2Þ ¼ FðsÞGðsÞ:

Then

f tð Þ ¼ L�1 F sð Þf g ¼ t and

g tð Þ ¼ L�1 G sð Þf g ¼ sin at

a
:
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By Convolution theorem,

L�1 F sð ÞG sð Þf g

¼ 1

a
sin at � t ¼ 1

a

Z t

0

ðt � uÞ sin au du

¼ 1

a
� 1

a
ðt � uÞ cos au

 �t
0

�
Z t

0

cos au

a
du

8<
:

9=
;

¼ 1

a

t

a
� sin au

a2

 �t
0

� �
¼ 1

a

t

a
� sin at

a2

 �

¼ 1

a2
t � 1

a
sin at

 �
:

EXAMPLE 6.58
Using Convolution theorem, find L�1 1

s2ðsþ1Þ2
n o

.

Solution. Let
1

s2ðsþ 1Þ2 ¼
1

s2
:

1

ðsþ 1Þ2 ¼ FðsÞGðsÞ:

Then
f tð Þ ¼ L�1 F sð Þf g ¼ t and

g tð Þ ¼ L�1 G sð Þf g ¼ t e�t

So, by Convolution theorem, we have

L�1fFðsÞGðsÞg¼ g � f

¼
Z t

0

ðue�uÞ ðt�uÞ du¼
Z t

0

ðtu�u2Þ e�u du

¼�½ðtu�u2Þe�u�t0�
Z t

0

�ðt�2uÞe�udu

¼
Z t

0

ðt�2uÞ e�udu¼�½ðt�2uÞe�u�t0�2

Z t

0

e�udu

¼ te�tþ t�2
e�u

�1

 �t
0

¼ te�tþ tþ2e�t�2

¼ðtþ2Þe�tþ t�2:

EXAMPLE 6.59
Using Convolution theorem, find L�1 1

ðs2þa2Þ2
n o

.

Solution. Let
1

ðs2 þ a2Þ2 ¼
1

ðs2 þ a2Þ :
1

ðs2 þ a2Þ ¼ FðsÞGðsÞ:

Then

f ðtÞ ¼ gðtÞ ¼ sin at

a
:

Therefore, by Convolution theorem,

L�1fFðsÞGðsÞg

¼ f � g ¼ 1

a2

Z t

0

sin au sin aðt � uÞdu

¼ 1

a2

Z t

0

1

2
½cos að2u� tÞ � cos at� du

¼ 1

2a2

Z t

0

cos að2u� tÞdu�
Z t

0

cos atdu

2
4

3
5

¼ 1

2a2
sin að2u� tÞ

2a

 �t
0

� cos at½u�t0
� �

¼ 1

2a2
sin at

2a
� sin að�tÞ

2a
� t cos at

 �

¼ 1

2a3
½sin at � at cos at�:

EXAMPLE 6.60
Use Convolution theorem to find L�1 a2

sðsþaÞ2
n o

.

Solution. Let
a2

sðsþ aÞ2 ¼
1

s
:

a2

ðsþ aÞ2 ¼ FðsÞGðsÞ:

Then

f ðtÞ ¼ L�1 1

s

� �
¼ 1:

To find g tð Þ ¼ L�1 a2

sðsþaÞ2
n o

, we note that

d

ds

1

sþ a

� �
¼ �1

ðsþ aÞ2 :

Therefore,

L�1 �1

ðsþ aÞ2
( )

¼ �t L�1 1

sþ a

� �
¼ �t e�at

and so

L�1 a2

ðsþ aÞ2
( )

¼ a2 t e�at:
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Application of Convolution theorem yields

L�1fFðsÞGðsÞg ¼
Z t

0

a2ue�audu ¼ a2
Z t

0

u e�audu

¼ a2
u e�au

�a

 �t
0

�
Z t

0

e�au

�a
du

8<
:

9=
;

¼ a2
te�at

�a
� e�au

a2

 �t
0

� �

¼ �at e�at � e�at þ 1

¼ 1� e�atðat þ 1Þ:

EXAMPLE 6.61
Find L�1 1ffiffi

s
p ðs�1Þ
n o

using Convolution theorem.

Solution. Let
1ffiffi

s
p ðs� 1Þ ¼

1ffiffi
s

p :
1

s� 1
¼ FðsÞGðsÞ:

Then
f ðtÞ ¼ L�1fFðsÞg ¼ 1ffiffiffiffiffi

�t
p and

gðtÞ ¼ L�1fGðsÞg ¼ et:

Hence Convolution theorem yields

L�1 1ffiffi
s

p ðsþ1Þ
� �

¼L�1fFðsÞGðsÞg¼ f �g

¼
Z t

0

1ffiffiffiffiffiffi
�u

p eðt�uÞdu¼ etffiffiffi
�

p
Z t

0

e�uffiffiffi
u

p du

¼ 2etffiffiffi
�

p
Z ffiffitp

0

e�v2dv;u¼ v2

¼ et
2ffiffiffi
�

p
Z ffiffitp

0

e�v2dv¼ eterf
ffiffi
t

p
;

where erf
ffiffi
t

p
is the error function.

EXAMPLE 6.62
Using Convolution theorem, establish Euler’s for-
mula for Beta function:

bða; bÞ ¼ �ðaÞ �ðbÞ
�ðaþ bÞ :

Solution. We know that Beta function is defined by

bða; bÞ ¼
Z1

0

xa�1ð1� xÞb�1
dx:

Let
f ðtÞ ¼ ta�1; gðtÞ ¼ tb�1; a; b > 0:

Then

ðf � gÞðtÞ ¼
Z t

0

ua�1ðt � uÞb�1du:

Putting u ¼ vt, we get

ðf � gÞðtÞ ¼ taþb�1

Z1

0

va�1ð1� vÞb�1 dv

¼ taþb�1bða; bÞ:
But by Convolution theorem,

Lff � gg ¼ Lff ðtÞgLfgðtÞg:
Therefore,

Lftaþb�1bða; bÞg ¼ Lfta�1g Lftb�1g

¼ �ðaÞ
sa

:
�ðbÞ
sb

¼ �ðaÞ �ðbÞ
saþb

and so

taþb�1bða; bÞ ¼ L�1 �ðaÞ �ðbÞ
saþb

� �

¼ �ðaÞ �ðbÞL�1 1

saþb

� �

¼ �ðaÞ �ðbÞ taþb�1

�ðaþ bÞ ;
which implies

bða; bÞ ¼ �ðaÞ �ðbÞ
�ðaþ bÞ ;

the required Euler’s Formula for Beta function.

Remark 6.4. It also follows from Example 6.62 that

L

Z t

0

ua�1ðt � uÞb�1du

8<
:

9=
; ¼ �ðaÞ �ðbÞ

saþb
:

EXAMPLE 6.63
Using Convolution theorem, show that

J0ðtÞ ¼ 2

�

Z1

0

cos txffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx;

where J0 represents Bessel’s function of order zero.
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Solution. We know that

LfJ0ðtÞg ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1

p ¼ 1ffiffiffiffiffiffiffiffiffiffi
sþ i

p :
1ffiffiffiffiffiffiffiffiffiffi
s� i

p

and so

J0ðtÞ ¼ L�1 1ffiffiffiffiffiffiffiffiffiffi
sþ i

p :
1ffiffiffiffiffiffiffiffiffiffi
s� i

p
� �

¼ L�1fFðsÞGðsÞg;

where

FðsÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
sþ i

p ;GðsÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
s� i

p :

Since

L�1 1ffiffiffiffiffiffiffiffiffiffiffi
sþ a

p
� �

¼ 1ffiffiffiffiffi
�t

p e�at;

we have

f ðtÞ ¼ 1ffiffiffiffiffi
�t

p e�it and gðtÞ ¼ 1ffiffiffiffiffi
�t

p eit:

Hence, by Convolution theorem

J0ðtÞ ¼ L�1fFðsÞGðsÞg ¼ f � g

¼
Z t

0

1ffiffiffiffiffiffi
�u

p e�iu 1ffiffiffi
�

p ðt � uÞ1=2
eiðt�uÞ

 !
du

¼ 1

�

Z t

0

eiðt�2uÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðt � uÞp du:

Putting u ¼ tv, we get

J0ðtÞ ¼ 1

�

Z1

0

eitð1� 2vÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vð1� vÞp dv:

Now putting x ¼ 1 � 2v, we have

J0ðtÞ ¼ 1

�

Z1

�1

eitxffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

¼ 1

�

Z1

�1

cos txffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dxþ i

�

Z1

�1

sin txffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

¼ 2

�

Z1

0

cos txffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx;

the second integral vanishes because sin x is odd.

6.7 COMPLEX INVERSION FORMULA

The complex inversion formula is a technique for
computing directly the inverse of a Laplace trans-

form. For this technique, we require the parameter

s to be a complex variable. The contour integra-
tion is the main tool applied in this technique.

Let f be a continuous function possessing a

Laplace transform and defined in (�1, 1) such
that f (t) ¼ 0 for t < 0. Let s ¼ x + iy be a complex

variable. Then

Lff ðtÞg ¼ FðsÞ ¼
Z1

0

e�stf ðtÞ dt

¼
Z1

�1
e�ðxþiyÞtf ðtÞ dt

¼
Z1

�1
e�iytðe�xtf ðtÞÞ dt:

The integral on the right is the Fourier transform of

the function e�xtf ðtÞ. Thus the Laplace transform of
f (t) is the Fourier transform of the function e�xtf ðtÞ.

Suppose that f and its derivative f´ are piece-

wise continuous on (�1, 1), that is, both f and f´
are continuous in any finite interval except possibly

for a finite number of jump discontinuities.

Suppose, further, that f is absolutely integrable, that

is,
R1

�1
jf ðtÞjdt < 1. Then Fourier integral theorem

asserts that

f ðtþÞ þ f ðt�Þ
2

¼ 1

2�

Z1

�1

Z1

�1
f ðuÞ eisðt�uÞdu ds;

where the integration with respect to s is in the

Cauchy principal value sense.

If f were continuous on (�1, 1), then
f ðtþÞþf ðt�Þ

2
converts to f(t) in the above expression.

Further, in terms of Fourier transform of f(t), the
above expression becomes

f ðtþÞ þ f ðt�Þ
2

¼ 1

2�

Z1

�1
FðsÞe�istds;

where F(s) ¼ R1
�1

e�isuf ðuÞdu is Fourier transform
of f(t).
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Theorem 6.12. (Complex Inversion Formula). Let f be
continuous on [0, 1), f (t) ¼ 0 for t < 0, f be of

exponential order c and f´ be piecewise continuous

on [0,1). If L{f (t)}¼ F(s) and the real number c is
so chosen that all the singularities of F(s) lie in the

left of the line Re (s) > c, then

f ðtÞ ¼ L�1fFðsÞg ¼ 1

2�i

Zcþi1

c�i1
estFðsÞ ds; t > 0:

Proof: By definition of Laplace transform,

FðsÞ ¼
Z1

0

e�suf ðuÞ du:

We have then

lim
T!1

1

2�i

ZcþiT

c�iT

estFðsÞds¼ lim
T!1

1

2�i

ZcþiT

c�iT

Z1

0

este�suf ðuÞduds:

Let s ¼ c + iy so that ds ¼ idy. Therefore,

lim
T!1

1

2�i

ZcþiT

c�iT

estFðsÞds¼ lim
T!1

1

2�
ect
ZT

�T

ei ytdy

Z1

0

e�i yue�cuf ðuÞdu

¼ 1

2�
ec t
Z1

�1

Z1

0

ei yðt�uÞðe�cuf ðuÞÞdudy:

The given hypothesis and Theorem 6.1 imply that

L{f (t)} converges absolutely for Re (s) > c, that is,Z1

0

je�stf ðtÞjdt ¼
Z1

�1
e�xtjf ðtÞjdt < 1; x > c:

Thus e�xt f(t) is absolutely integrable and so Fourier

integral theorem asserts that

1

2�

Z1

�1

Z1

�1
ðe�cuf ðuÞÞei yðt�uÞdu dy

¼ e�c tf ðtÞ for t > 0:

Hence

lim
T!1

1

2�i

ZcþiT

c�iT

estFðsÞds ¼ 1

2�
:2�e�c t f ðtÞ ec t

¼ f ðtÞ; t > 0;
and so

f ðtÞ ¼ 1

2�i

Zcþi1

c�i1
estFðsÞ ds; t > 0:

Remark 6.5. The expression

f ðtÞ ¼ 1

2�i

Zcþi1

c�i1
estFðsÞ ds

is called complex inversion formula, Bromwich

integral formula, Fourier-Mellin inversion for-

mula, or fundamental theorem of Laplace trans-
form. In practice, the integral in the above

expression is evaluated by considering the contour

integration along the contour GR, ABCDEA, known
as Bromwich contour shown in the Figure 6.2.

E

A

B

C

D γ− i T

γ + i T

R

0 γ

Figure 6.2 Bromwich Contour

The vertical line at c is known as Bromwich line.
Thus the contour GR consists of arc CR (ABCDE) of

radius R and centre at the origin and the Bromwich

line EA. Thus,

1

2�i

Z
�R

estFðsÞ ds ¼ 1

2�i

Z
CR

estFðsÞ ds

þ 1

2�i

Z
EA

estFðsÞ ds:

Since F(s) is analytic for Re(s) ¼ x > c, all singu-
larities of F(s) must lie to the left of the Bromwich
line. Thus, by Cauchy residue theorem, we have

1

2�i

Z
�R

estFðsÞ ds ¼
Xn
k¼1

Res ðzkÞ;

where Res(zk) is the residue of the function at the

pole s ¼ zk. Since est 6¼ 0, multiplying F(s) by est

does not affect the status of the poles zk of F(s).
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If we can show that

lim
R!1

Z
CR

estFðsÞ ds ¼ 0;

then letting R ! 1, we get

f ðtÞ ¼ lim
T!1

1

2�i

Zcþi T

c�i T

etsFðsÞ ds ¼
Xn
k¼1

ResðzkÞ;

and so inverse function f can be determined.
The following theorem shows that Laplace

transform is one-to-one.

Theorem 6.13. Let f (t) and g(t) be two piecewise

smooth functions of exponential order and let F(s)

and G(s) be the Laplace transforms of f (t) and g(t)
respectively. If F(s) ¼ G(s) in a half-place Re(s) > c,
then f (t) ¼ g(t) at all points where f and g are

continuous.

Proof: Suppose f and g are continuous at t 2 R. By

complex inversion formula, we have

f ðtÞ ¼ 1

2�i

Zcþi 1

c�i 1
estFðsÞ ds;

gðtÞ ¼ 1

2�i

Zcþi 1

c�i 1
estGðsÞ ds:

Since F(s) ¼ G(s), it follows that f (t) ¼ g(t). Thus

L{f (t)} ¼ L{g(t)} implies that f (t) ¼ g(t) and so
Laplace operator is one-to-one.

Generally, we see that most of the Laplace

transforms satisfy the growth restriction

jFðsÞj � M

jsjp
for all sufficiently large values of |s| and some p > 0.
Obviously, F(s) ! 0 as |s| ! 1. Therefore, the

following result (stated without proof) is helpful.

Theorem 6.14. Let for s on CR, F(s) satisfies the

growth restriction

jFðsÞj � M

jsjp for p > 0; all R > R0:

Then

lim
R!1

Z
CR

estFðsÞds ¼ 0; t > 0:

EXAMPLE 6.64
Show that F(s) ¼ s

s2�a2
satisfies growth restriction

condition.

Solution. We have

FðsÞ ¼ s

s2 � a2
;

and so

jFðsÞj � jsj
js2 � a2j �

jsj
jsj2 � jaj2 :

If |s| � 2|a|, then |a|2 � jsj2
4
and so |s|2 � |a|2 � 3

4
jsj2

and we have

jFðsÞj � 4=3

jsj :

EXAMPLE 6.65
Find the Laplace transform of f (t) ¼ cosh at and

verify the inversion formula.

Solution. By Example 6.6, we have F(s) ¼ s
s2�a2

. The

function F(s) is analytic except at poles s ¼ a and

s ¼ �a. The Bromwich contour is shown in the
Figure 6.3.

E

A

B

C

D
γ− i T

γ + i T

R

0 aγ−a

Figure 6.3

By inversion formula, we have

L�1 s

s2 þ a2

� �
¼ 1

2�i

Zcþi1

c�i1
est

s

s2 � a2

� �
ds

¼ 1

2�i

Z
�R

sest

s2 � a2
ds:
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Further, F(s) satisfies growth restriction condition.
Therefore, integral over contour CR (arc ABCDE)

tends to zero as R ! 1. Now

ResðaÞ¼ lim
s!a

ðs�aÞestFðsÞ¼ lim
s!a

sest

sþa
¼aeat

2a
;

Resð�aÞ¼ lim
s!ð�aÞ

ðsþaÞestFðsÞ¼ lim
s!ð�aÞ

sest

s�a
¼ e�at

�2a
ð�aÞ:

Hence
L�1fFðsÞg ¼ eat þ e�at

2
¼ cosh at;

and so inversion formula is verified.

EXAMPLE 6.66
Find L�1 v

s2þv2

n o
, s > 0 using inversion formula.

Solution. We have

FðsÞ ¼ v

s2 þ v2
; s > 0

The function F(s) has two simple poles at s ¼ ± iv.
By inversion formula

L�1fFðsÞg ¼ 1

2�i

Zcþi 1

c�i 1
est

v

s2 þ v2

� �
ds

¼ v

2�i

Z
�R

est

s2 þ v2
ds;

where GR is the Bromwich contour shown in the

Figure 6.4:

E

A

B

C

D
γ− i T

γ + i T

R

0

iω

γ

− iω

Figure 6.4

We have

ResðivÞ¼ lim
s!iv

ðs� ivÞestFðsÞ¼ lim
s!iv

est

sþ iv
¼ eivt

2iv
;

Resð�ivÞ¼ lim
s!�iv

ðsþ ivÞestFðsÞ¼ lim
s!�iv

est

s� iv
¼ e�ivt

�2iv
:

Further, let s ¼ c + R eih, �
2
� h � 3�

2
. Then the

integral over the contour CR yields

Z3�=2

�=2

ectet Rðcos hþi sin hÞR ei h

ðcþ Rei hÞ2 þ v2

�������

�������
� �ec tR

R2 � c2 � v2

! 0 as R ! 1:

Hence

L�1fFðsÞg ¼ v

2�i
2�iðsum of residue at� ivÞ

¼ eivt � e�ivt

2i
¼ sinvt:

EXAMPLE 6.67
Find L�1 1

sðs2þa2Þ
n o

using inversion formula.

Solution. We have

FðsÞ ¼ 1

sðs2 þ a2Þ2 ¼
1

sðs� iaÞ2ðsþ iaÞ2 :
Thus F(s) has a simple pole at s ¼ 0 and a pole of

order 2 at s ¼ ± ia. Further, F(s) satisfies growth

restriction condition. Therefore, integral over the
contour CR goes to zero as R ! 1. Further,

Resð0Þ ¼ lim
s!0

sestFðsÞ ¼ lim
s!0

est

ðs2þ a2Þ2 ¼
1

a4

ResðiaÞ ¼ lim
s!ai

d

ds
ðs� iaÞ2etsFðsÞ

¼ lim
s!ai

d

ds

ets

sðsþ iaÞ2
 !

¼ it

4a3
eiat � eiat

2a4
;

Resð�iaÞ ¼ lim
s!�ia

d

ds
ðsþ iaÞ2etsFðsÞ

¼ lim
s!�ia

d

ds

ets

sðs� iaÞ2
 !

¼�it

4a3
e�iat � e�iat

2a4
:

Hence

f ðtÞ ¼ 1

a4
þ it

4a3
ðeiat � e�iatÞ � 1

2a4
ðeiat þ e�iatÞ

¼ 1

a4
1� a

2
t sin at � cos at

� �
:

EXAMPLE 6.68
Find L�1 s

ðsþ1Þ3 ðs�1Þ2
n o

using inversion formula.

Solution. We have

FðsÞ ¼ s

ðsþ 1Þ3 ðs� 1Þ2 :
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The function F(s) has poles of multiplicity 2 at s¼ 1
and poles of multiplicity 3 at s ¼ �1. Residue at

s ¼ 1 is given by

Resð1Þ ¼ lim
s!1

d

ds

ðs� 1Þ2sest
ðsþ 1Þ3ðs� 1Þ2
" #

¼ lim
s!1

d

ds

sest

ðsþ 1Þ3
 !

¼ 1

16
etð2t � 1Þ;

Resð�1Þ ¼ lim
s!�1

1

2!

d2

ds2
ðsþ 1Þ3sest

ðsþ 1Þ3ðs� 1Þ2
" #

¼ lim
s!�1

1

2

d2

ds2
sest

ðs� 1Þ2
 !

¼ 1

16
e�tð1� 2t2Þ:

The value of the integral over the contour CR tends

to zero as R ! 1. Hence

f ðtÞ ¼ sum of residues at the poles

¼ 1

16
e�tð1� 2t2Þ þ 1

16
etð2t � 1Þ:

EXAMPLE 6.69
Derive Heaviside’s expansion formula using com-
plex inversion formula.

Solution. Let F(s) ¼ PðsÞ
QðsÞ, where P(s) and Q(s) are

polynomials having no common factors (roots) and

degree of Q(s) is greater than the degree of P(s).

Suppose Q(s) has simple zeros at z1, z2, …, zm. If
degree of P(s) and Q(s) are n and m, respectively,

then for a0 6¼ 0, bm 6¼ 0,

PðsÞ
QðsÞ ¼

ans
n þ an�1s

n�1 þ . . .þ a0

bmsm þ bm�1sm�1 þ . . .þ b0

¼ an þ anþ1

s
þ . . .þ a0

sn

sm�n bm þ bm�1

s
þ . . .þ b0

sm

� � :
For sufficiently large |s|, we have

janþan�1

s
þ ...þa0

sn
j�janjþjan�1jþ ...þja0j¼C1 say;

jbmþam�1

s
þ ...þb0

sn
j�jbmj�jbm�1j

jsj � ...�jb0j
jsjm�

jbmj
2

¼C2 say;

and so

jFðsÞj ¼ PðsÞ
QðsÞ
����

���� � C1=C2

jsjm�n :

Thus, F(s) satisfies growth restriction condition.

Further,

ResðznÞ ¼ lim
s!zn

ðs� znÞestFðsÞ

¼ lim
s!zn

estPðsÞ
QðsÞ�QðznÞ

s�zn

; since QðZnÞ ¼ 0

¼ ezntPðznÞ
Q0ðznÞ :

Hence, by inversion formula, we have

f ðzÞ ¼
Xm
n¼1

PðznÞ
Q0ðznÞ etzn ;

which is the required Heaviside’s expansion
formula.

EXAMPLE 6.70
Find L�1 1

sð1þeasÞ
� �

, using complex inversion
formula.

Solution. Let F(s) ¼ 1
sð1þeasÞ. Then F(s) has a simple

pole at s ¼ 0. Further, 1 + eas ¼ 0 yields

eas ¼ �1 ¼ eð2n�1Þ�i; n ¼ 0;�1;�2; . . .

and so sn ¼ 2n�1
a

� �
�i, n ¼ 0, ±1, ±2, … are also

poles of F(s). Also, d
ds
ð1þ easÞs¼sn

¼ �a 6¼ 0.

Therefore, sn are simple poles. Now

Resð0Þ¼ lim
s!0

s estFðsÞ¼1

2
;

Res
2n�1

a

� �
� i

 �
¼ lim

s!sn
ðs�snÞest FðsÞ

¼ lim
s!sn

ðs�snÞest
sð1þeasÞ

0

0
form

� �

¼ lim
s!sn

estþ t estðs�snÞ
a s easþ1þeas

;byL’Hospital rule

¼ etsn

a sneasn
¼�et 2n�1

a

� �
� i

ð2n�1Þ� i :

Also, it can be shown that F(s) satisfies growth
restriction condition. Hence, by inversion formula,
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at the points of continuity of f, we have
f ðtÞ ¼ sum of residues at the poles

¼ 1

2
�
X1
n¼�1

1

ð2n� 1Þ� i
et

2n�1
að Þ �i

¼ 1

2
� 2

�

X1
n¼1

1

ð2n� 1Þ sin
2n� 1

a

� �
� t:

EXAMPLE 6.71
Find L�1fe�a

ffiffi
s

p
g , a > 0.

Solution. We know (Exercise 12) that

L�1 e�a
ffiffi
s

p

s

( )
¼ erfc

a

2
ffiffi
t

p
� �

;

that is,

L erfc
a

2
ffiffi
t

p
� �� �

¼ e�
a
ffi
s

p
s :

Therefore,

L
d

dt
erfc

a

2
ffiffi
t

p
� �� �

¼ s FðsÞ � f ð0Þ

¼ s
e�a

ffiffi
s

p

s

because erfc a
2
ffiffi
t

p
� �

! 0 as t ! 0.
Thus

L
a

2
ffiffiffiffiffiffiffi
�t3

p e�a2=ð4tÞ
� �

¼ e�a
ffiffi
s

p
:

Hence

L�1fe�a
ffiffi
s

p
g ¼ a

2
ffiffiffiffiffiffiffi
�t3

p e�a2=ð4tÞ:

6.8 MISCELLANEOUS EXAMPLES

EXAMPLE 6.72
Find L�1 1

ðs�3Þ2
h i

:

Solution. Since

Lfeattg ¼ 1

ðs� aÞ2

by shifting property, we have

L�1 1

ðs� 3Þ2
" #

¼ te3t

EXAMPLE 6.73
Find the inverse Laplace transforms of:
(i) 3sþ1

s2ðs2þ4Þ e
�3s and (ii) tan�1 2

s2

� �
.

Solution. (i). We first find partial fraction of 3sþ1
s2ðs2þ4Þ

We have

3sþ 1

s2ðs2 þ 4Þ ¼
A

s
þ B

s2
þ csþ D

s2 þ 4

or

3sþ 1 ¼ Asðs2 þ 4Þ þ Bðs2 þ 4Þ þ sðcsþ DÞ:

Putting s = 0, we get

1 ¼ 4 B which yields B ¼ 1

4
:

Taking s ¼ �4; we get

�11 ¼ 16C � 4D ð1Þ

Comparing coefficients of s, we get

3 ¼ 4Aþ D ð2Þ

Comparing coefficients of s2, we get

0 ¼ Bþ C which yields C ¼ �B ¼ � 1

4
:

Then (1) yields D ¼ 16cþ11
4

¼ 7
4
: Now (2) gives

A ¼ 3� D

4
¼ 3� 7

4

4
¼ 5

16
:

Hence

3ðsþ 1Þ
s2ðs2 þ 4Þ ¼

5

16s
þ 1

4s2
� s

4ðs2 þ 4Þ þ
7

4ðs2 þ 4Þ :

Therefore

L�1 3sþ 1

s2ðs2 þ 4Þ
� �

¼ 5

16
þ 1

4
t � 1

4
cos 2t þ 7

8
: sin 2t:

Using second shifting property, we have

L�1 3sþ1

s2ðs2þ4Þe
�3s

� �
¼ 5

16
þ1

4
ðt�3Þ�1

4
cos2ðt�3Þ

þ7

8
sin2ðt�3Þ for t>3
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(ii). We note that

d

ds
tan�1 2

s2

� �
¼ 1

1þ 4
s4

�4

s3

� �
¼ �4s

s4 þ 4

¼ � 4s

ðs2 þ 2Þ2 � ð2sÞ2

¼ � 4s

ðs2 þ 2þ 2sÞðs2 þ 2� 2sÞ

¼ � ðs2 þ 2sþ 2Þ � ðs2 � 2sþ 2Þ
ðs2 þ 2sþ 2Þðs2 � 2sþ 2Þ

¼ � 1

s2 � 2sþ 2
þ 1

s2 þ 2sþ 2

¼ � 1

ðs� 1Þ2 þ 1
þ 1

ðsþ 1Þ2 þ 1
:

Therefore

L�1 � 1

ðs� 1Þ2 þ 1
þ 1

ðsþ 1Þ2 þ 1

( )
¼ �t f ðtÞ;

that is,

�et sin t þ e�t sin t ¼ �t f ðtÞ:
Hence

f ðtÞ ¼ sin tðet � e�tÞ
t

¼ 2 sin t sinh t

t
:

EXAMPLE 6.74
Find the inverse Laplace transform of ð5sþ 3Þ=
ðs� 1Þðs2 þ 2sþ 5Þ:

Solution. Using partial fractions, we have

5sþ3

ðs�1Þðs2þ2sþ5Þ ¼
1

s�1
þ �sþ2

s2þ2sþ5

¼ 1

s�1
� ðsþ1Þ�3

ðsþ1Þ2þ4

¼ 1

s�1
� sþ1

ðsþ1Þ2þ4
þ 3

ðsþ1Þ2þ4

Therefore

L�1 5sþ 3

ðs� 1Þðs2 þ 2sþ 5Þ
� �

¼ et � e�t cos 2t þ 3e�t sin 2t:

EXAMPLE 6.75
Find inverse Laplace transform of ðse�s=2 þ �e�sÞ=
ðs2 þ �2Þ:

Solution. Using linearity and shifting properties, we
have

L�1 se�
s
2 þ�e�s

s2þ�2

� �
¼ L�1 se�

s
2

s2þ�2

� �
þL�1 �e�s

s2þ�2

� �

¼ cos � t�1

2

� �
H t�1

2

� �

þ sin � t�1ð ÞH t�1ð Þ

¼ sin �t H t�1

2

� � �

� sin �t H t�1ð Þ½ �

¼ sin �t H t�1

2

� �
�H t�1ð Þ

 �
;

where H(t) denotes Heavyside’s unit step function.

EXAMPLE 6.76
Fine the Inverse Laplace transform of 1

s2ðs2þa2Þ :

Solution. We know that
Lfsin atg ¼ a

s2 þ a2
:

Therefore

L�1 1

s2 þ a2

� �
¼ 1

a
sin at:

Then

L�1 a

sðs2 þ a2

� �
¼ 1

a

Z t

0

sin at dt ¼ 1

a
� cos at

a

� �t
0

¼ � 1

a2
½cos at � 1�

and

L�1 a

s2ðs2 þ a2Þ
� �

¼ � 1

a2

Z t

0

ðcos at � 1Þdt:

¼ � 1

a2
sin at

a
� t

 �t
0

¼ � 1

a3
sin at þ t

a2

¼ 1

a2
t � 1

a
sin at

 �
:

Note: - This question can also be solved using con-
volution theorem (see Example 6.57)
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EXAMPLE 6.77
Find L�1 cot�1 2

sþ1

� �h i
:

Solution. Since

d

ds
cot�1 2

sþ 1

� � �
¼ �1

1þ 2
sþ1

� �2 � 2

ðsþ 1Þ2
 !

¼ 2

s2 þ 2sþ 5
;

we have

L�1 2

s2 þ 2sþ 5

� �
¼ �t f ðtÞ

or

L�1 2

ðsþ 1Þ2 þ 4

( )
¼ �t f ðtÞ

or

e�t sin 2t ¼ �t f ðtÞ:
Hence

f ðtÞ ¼ � 1

t
e�t sin 2t:

EXAMPLE 6.78
Find:

L�1 log
s2 þ 1

s sþ 1ð Þ
� �

Solution. Similar to Example 6.22. In fact,

d

ds
log

s2 þ 1

sðsþ 1Þ
� �

¼ d

ds
½logðs2 þ 1Þ � log s

� logðsþ 1Þ�

¼ 2s

s2 þ 1
� 1

s
� 1

sþ 1
:

Therefore

L�1 2s

s2 þ 1
� 1

s
� 1

sþ 1

� �
¼ �tf ðtÞ

or

2 cos t � 1� e�t ¼ �tf ðtÞ:

Hence

f ðtÞ ¼ 1

t
½e�t þ 1� 2 cos t�:

EXAMPLE 6.79
Find the inverse Laplace transform of s2

ðs2þ4Þ2 :

Solution. Let FðsÞ ¼ s
s2þ4

¼ GðsÞ: Then
f ðtÞ ¼ L�1 FðsÞf g ¼ cos 2t

and

gðtÞ ¼ L�1 GðsÞf g ¼ cos 2t:

Therefore, by convolution Theorem

L�1 FðsÞGðsÞf g¼ f �g¼
Z t

0

cos 2ucos 2ðt�uÞ du

¼ 1

2

Z t

0

½cos 2tþ cosð4u�2tÞ� du

¼ 1

2
u cos 2tþ sin ð4u�2tÞ

4

 �t
0

¼ 1

2
t cos 2tþ sin 2t

4

 �

¼ 1

4
½2tcos 2t þ sin 2t�:

EXAMPLE 6.80
Using Convolution Theorem find the Laplace
inverse of sþ 2ð Þ= s2 þ 4sþ 13ð Þ2:

Solution. We have

sþ 2

ðs2 þ 4sþ 13Þ2 ¼
sþ 2

ððsþ 2Þ2 þ 32Þ2
:

Therefore

L�1 sþ 2

ðs2 þ 4sþ 13Þ2
( )

¼ e�2tL�1 s

ðs2 þ 32Þ2
( )

Let

s

ðsþ 32Þ2 ¼
s

s2 þ 32
:

1

s2 þ 32
¼ FðsÞ gðsÞ:
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Then f ðtÞ ¼ L�1fFðsÞg ¼ cos 3t and gðtÞ ¼
L�1fGðsÞg ¼ sin 3t

3
:

By convolution Theorem

L�1fFðsÞG ðsÞg ¼ f � g ¼
Z t

0

cos 3u
sin 3ðt � uÞ

3
du

¼ 1

3
� 1
2

Z t

0

½sin 3t þ sin 3ðt � 2uÞ�du

¼ 1

6
sin 3t uj jt0þ

1

12
½cos 3ðt � 2uÞ�t0

¼ 1

6
t sin 3t þ 1

12
½cos 3ð�tÞ � cos 3t�

¼ 1

6
t sin 3t:

Hence

L�1 sþ 2

ðs2 þ 4sþ 13Þ2
( )

¼ e�2t 1

6
t sin 3t

 �

¼ 1

6
t e�2t sin 3t:

EXAMPLE 6.81
Apply convolution theorem to evaluate

L�1 1
s2þa2

� �2
:

Solution. Proceeding as in Example 6.56, we have

FðsÞ ¼ GðsÞ ¼ 1

s2 þ a2
:

Then

f ðtÞ ¼ L�1fFðsÞg ¼ sin at

a

gðtÞ ¼ L�1fGðsÞg ¼ sin at

a
:

Therefore, by convolution theorem,

L�1fFðsÞGðsÞg¼ f �g¼
Z t

0

sinau

a
:
sinaðt�uÞ

a
du

¼ 1

a2

Z t

0

1

2
cosa ð2u� tÞ�cosat½ �du

¼ 1

2a2

Z t

0

cosa ð2u� tÞdu�
Z t

0

cosatdu

2
4

3
5

¼ 1

2a2
sinað2u� tÞ

2a

 �t
0

�t cosat

� �

¼ 1

2a2
sinat

2a
þsinat

2a
� t cosat

 �

¼ 1

2a2
sinat

a
� t cosat

 �

¼ 1

2a3
sinat�at cosat½ �:

EXAMPLE 6.82
Find the inverse Laplace transform of s

s2þ1ð Þ s2þ4ð Þ
using convolution theorem.

Solution. Let
s

ðs2 þ 1Þðs2 þ 4Þ ¼
1

ðs2 þ 1Þ :
s

s2 þ 4
¼ FðsÞGðSÞ:

Then

f ðtÞ ¼ L�1fFðsÞg ¼ sin t
gðtÞ ¼ L�1fGðsÞg ¼ cos 2t:

By convolution Theorem,

L�1 fFðsÞGðsÞg¼sint�cos2t

¼
Z t

0

sinucos2ðt�uÞdu

¼1

2

Z t

0

½sinð2t�uÞ�sinð2t�3uÞ�du

¼1

2

�cosð2t�uÞ
�1

þcosð2t�3uÞ
�3

 �t
0

¼1

2
cost�1

3
cost�cos2tþ1

3
cos2t

 �

¼1

3
cost�1

3
cos2t

¼1

3
ðcost�cos2tÞ:

EXAMPLE 6.83
Using Convolution Theorem, find inverse Laplace
transform of (i) s

ðs2þa2Þ3 and (ii) 1
sðsþ1Þðsþ2Þ

Solution. (i). Let

FðsÞ ¼ s

s2 þ a2
and GðsÞ ¼ 1

ðs2 þ a2Þ2
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Then (see Example 6.59)

f ðtÞ ¼ cos at and gðtÞ ¼ 1

2a3
½sin at � at cos at�

By Convolution Theorem, we have

L�1 FðsÞGðsÞf g¼ f �g¼
Z t

0

1

2a3
cosau½sinaðt�uÞ

�aðt�uÞcosaðt�uÞ�du

¼ 1

2a3

Z t

0

½cosau sinaðt�uÞ

�acosauðt�uÞcosaðt�uÞ�du

¼ 1

2a3

"Z t

0

cosau sinaðt�uÞdu�a

Z2

0

ðt�uÞcosau cosaðt�uÞdu
#

¼ 1

2a3

Z t

0

cosausinaðt�uÞdu

� 1

2a2

Z t

0

ðt�uÞ1
2
fcosatþcosaðt�2uÞg

2
4

3
5du

¼ 1

4a3
tsinat� t2

8a2
cosat� 1

8a3
tsinat

¼ t

8a3
½sinat�atcosat�:

(ii). Let

FðsÞ ¼ 1

sðsþ 1Þ and GðsÞ ¼ 1

sþ 2
:

Then

f ðtÞ ¼ L�1fFðsÞg ¼ L�1 1

s
� 1

sþ 1

� �
¼ 1� e�t

and

gðtÞ ¼ L�1fGðsÞg ¼ L�1 1

sþ 2

� �
¼ e�2t:

Therefore, by Convolution theorem,

L�1fFðsÞGðsÞg ¼ f � g ¼
Z t

0

ð1� e�uÞe�2ðt�uÞdu

¼ e�2t

Z t

0

ðe2u � euÞdu

¼ e�2t 2u

2
� eu

 �t
0

¼ e�2t e2t

2
� et þ 1

2

 �

¼ 1

2
� e�t þ 1

2
e�2t

E X E R C I S E S

1. Find inverse Laplace transform of

(a) 2sþ6

ðs2þ6sþ10Þ2 Ans. te�3t sin t

(b) s

ðs2þ4Þ2 Ans. 1
4
t sin 2t

(c) log sþ1
s�1

Ans. 2 sinh t
t

(d) cot�1 s
� Hint: d

ds
cot�1 s

�

	 
 ¼ � �
s2þ�2

implies L�1 ��
s2þ�2

n o
¼ �tf ðtÞ implies

� 1
� sin�t
� � ¼ tf ðtÞ Ans. f(t) ¼ sin�t

t

(e) 1
s
log 1þ 1

s2

� �
Hint: Use Example 6.22

and Theorem 6.9

Ans. 2
Rt
0

1�cos u
u

du

(f ) 2s�3
s2þ4sþ13

Ans. 2e�2t cos 3t � 7
3
e�2t sin 3t

(g) s
s4þ4a4

Hint: Use partial fraction method

Ans. 1
2a2

sin at sinh at

(h)
aðs2�2a2Þ
s4þ4a4

Ans. cos at sinh at

(i) s2þ6
ðs2þ1Þ ðs2þ4Þ Ans. f (t) ¼ 1

3
ð5 sin t � sin 2tÞ

(j) s
s4þs2þ1

(partial fraction method)

Ans. 2ffiffi
3

p sinh t
2
sin

ffiffi
3

p
2

t

(k) 2s2þ5s�4
s3þs2�2s

Hint: Has simple poles, so use

residue method

Ans. 2þ et � e�2t

(l) 2s2�4
ðsþ1Þ ðs�2Þ ðs�3Þ Ans. �1

6
e�t � 4

3
e2t þ 7

2
e3t

2. Use first shift property to find L�1 1ffiffiffiffiffiffi
sþa

p
n o

.

Hint: L�1 1ffiffiffiffiffiffi
sþa

p
n o

¼ e�atL�1 1ffiffi
s

p
n o

¼ e�at: t
1
2
�1

�ð1=2Þ
Ans. e�atffiffiffi

�t
p

3. Solve Exercise 1(k) using Heaviside’s expan-
sion formula.

4. Use Heaviside’s expansion formula to find

L�1 27�12s
ðsþ4Þ ðs2þ9Þ
n o

Ans. 3e�4t � 3 cos 3t
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5. Use series method to find L�1fe�
ffiffi
s

p
g.

Ans. 1
2
ffiffi
�

p
t3=2

e�
1
4t

6. Show that

L�1 1
s
cos 1

s

	 
 ¼ 1� t2

ð2!Þ2 þ t4

ð4!Þ2 � t6

ð6!Þ2 þ . . .

7. Evaluate sint � t2. Ans. t2 + 2cos t � 2

8. Find L{sin t � t2}. Ans. 2
ðs2þ1Þ s3

9. Use Convolution theorem to find the inverse

Laplace transforms of the following:

(a) 1
sðs�aÞ Ans. e

at�1
a

.

(b) a2

ðs2þa2Þ2 Ans. 1
2a
ðsin at � at cos atÞ

(c) 4
s3þs2þsþ1

Ans. 2ðe�t � cos t þ sin tÞ
(d) sþ2

ðs2þ4sþ5Þ2 Ans. 1
2
te�2t sin t

10. Verify complex inversion formula for F(s) ¼
1

sðs�aÞ.
Hint: Simple poles at 0 and a, satisfies growth

restriction condition, Res(0) ¼ �1/a, Res(a) ¼
eat/a

Ans. f (t) ¼ 1
a
(eat � 1)

11. Using complex inversion formula, find the

inverse Laplace transform of the following:

(a) s
s2þa2

Ans. cos at

(b) 1

ðsþ1Þ ðs�2Þ2 Ans. 1
9
e�t þ 1

3
te2t � 1

9
e2t

(c) 1

ðs2þ1Þ2 Ans. 1
2
ðsin t � t cos tÞ

12. Find L�1 e�a
ffi
s

p

s

n o
, a > 0. Ans. 1 � erf a

2
ffiffi
t

p
� �

or

erfc a
2
ffiffi
t

p
� �

.
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7 Applications of Laplace Transform

Laplace transform is utilized as a tool for solving

linear differential equations, integral equations,

and partial differential equations. It is also used to
evaluate the integrals. The aim of this chapter is to

discuss these applications.

7.1 ORDINARY DIFFERENTIAL EQUATIONS

Recall that a differential equation is an equation

where the unknown is in the form of a derivative.
The order of an ordinary differential equation is the

highest derivative attained by the unknown. Thus

the equation
d2y

dt2
þ a

dy

dy
þ by ¼ f ðtÞ

is of second order, whereas the equation.

dy

dx

� �3

þy ¼ sinx

is a first order differential equation.

Theorem 5.8, opens up the possibility of using
Laplace transform as a tool for solving ordinary

differential equations. Laplace transforms, being

linear, are useful only for solving linear differential
equations. Differential equations containing powers

of the unknown or expression such as tan x, ex

cannot be solved using Laplace transforms.
The results

Lf f 0ðtÞg ¼ sFðsÞ � f ð0Þ
and

Lf f 00ðtÞ ¼ s2FðsÞ � sf ð0Þ � f 0ð0Þ
will be used frequently for solving ordinary differ-

ential equations. To solve linear ordinary differen-
tial equation by the Laplace transform method, we

first convert the equation in the unknown function

f (t) into an equation in F(s) and find F(s). The
inversion of F(s) then yields f (t).

Since f (0), f 0(0), and f 00(0) appear in Laplace

transform of derivatives of f, the Laplace transform

method is best suited to initial value problems
(where auxiliary conditions are all imposed at

t¼0). The solution by Laplace method with initial

conditions automatically built into it. We need not
add particular integral to complementary function

and then apply the auxiliary conditions.

(a) Ordinary Differential Equations with
Constant Solution

In case of an ordinary differential equation with
constant coefficients, the transformed equation for

F(s) turns out to be an algebraic one and, there-

fore, the Laplace transform method is powerful tool
for solving this type of ordinary differential equa-

tions. If

an
dny

dtn
þ an�1

dn�1y

dtn�1
þ . . .þ a0y ¼ f ðtÞ

with y(0)¼ y0, y
0(0)¼ y1, …, y(n–1) (0)¼ yn–1, then

f (t) is called input, excitation, or forcing function
and y(t) is called the output or response. Further, the

following results suggests that if f (t) is continuous

and of exponential order, then y(t) is also con-
tinuous and of exponential order.

Theorem 7.1. If any
(n) + an–1 y

(n–1) + … +a0y ¼ f (t) is
nth order linear non-homogeneous equation with

constant coefficients and f is continuous on [0, 1)

and of exponential order, then y(t) is also con-
tinuous and of exponential order.

EXAMPLE 7.1
Find the general solution of the differential equation

y00ðtÞ þ k2yðtÞ ¼ 0:

Solution. Assume that the value of the unknown
function at t ¼ 0 be denoted by the constant A, and



the value of its first derivative at t ¼ 0 by the
constant B. Thus

yð0Þ ¼ A and y0ð0Þ ¼ B:

Taking Laplace transform of both sides of the given

differential equations, we have

Lfy00ðtÞg þ k2LfyðtÞg ¼ 0

But

Lfy00ðtÞg ¼ s2YðsÞ � syð0Þ � y0ð0Þ
¼ s2YðsÞ � As� B:

Therefore,

s2YðsÞ � As� Bþ k2YðsÞ ¼ 0:

The solution of this algebraic equation in Y(s) is

YðsÞ ¼ A
s

s2 þ k2
þ B

k
:

k

s2 þ k2
:

Taking inverse Laplace transform, we get

yðtÞ ¼ Acos kt þ B

k
sin kt;

where A and B are constants since the initial condi-

tions were not given.

EXAMPLE 7.2
Solve

d2x

dt2
þ x ¼ A sin t; xð0Þ ¼ x0; x0ð0Þ ¼ v0:

Show that the phenomenon of resonance occurs in
this case.

Solution. Taking Laplace transform, we get

s2XðsÞ � sxð0Þ � x0ð0Þ þXðsÞ ¼ A

s2 þ 1

or

ðs2 þ 1ÞXðsÞ ¼ A

s2 þ 1
þ sx0 þ v0

or

XðsÞ ¼ A

ðs2 þ 1Þ2 þ
s

s2 þ 1
x0 þ v0

s2 þ 1
:

Taking inverse Laplace transform, we have

xðtÞ ¼ A

2
ðsin t � t cos tÞ þ x0 cos t þ v0 sin t:

We note that x(t) ! 1 as t ! 1 due to the term
t cos t. This term is called a secular term. The

presence of secular term causes resonance, because

the solution becomes unbounded.

Remark 7.1. If we consider the equation
d2x
dt2

+ k2x¼A sin t, k 6¼ 1, then there will be no

secular term in the solution and so the system will

be purely oscillatory.

EXAMPLE 7.3
Solve the initial value problem

y0ðtÞ þ 3yðtÞ ¼ 0; yð0Þ ¼ 1:

Solution. Taking Laplace transform, we get

Lfy0ðtÞg þ 3LfyðtÞg ¼ 0;

which yields

sYðsÞ � yð0Þ þ 3YðsÞ ¼ 0:

Since y(0) ¼ 1, we have

sYðsÞ � 3YðsÞ ¼ 1;

an algebraic equation whose solution is

YðsÞ ¼ 1

sþ 3
:

Taking inverse Laplace transform leads to

yðtÞ ¼ e�3t:

EXAMPLE 7.4
Solve the initial value problem

d2y

dt2
� 2

dy

dt
� 8y ¼ 0; yð0Þ ¼ 3; y0ð0Þ ¼ 6:

Solution. The given equation is

y00ðtÞ � 2y0ðtÞ � 8y ¼ 0; yð0Þ ¼ 3; y0ð0Þ ¼ 6:

Laplace transform leads to

Lfy00ðtg � 2Lfy0ðtÞg � 8Lfyg ¼ 0;

that is,

s2YðsÞ�syð0Þ�y0ð0Þ�2fsYðsÞ�yð0Þg�8YðsÞ¼0

and so using initial conditions, we have

ðs2 � 2s� 8ÞYðsÞ � 3s ¼ 0:
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Hence

YðsÞ ¼ 3s

s2 � 2s� 8
¼ 3

s� 1þ 1

ðs� 1Þ2 � 9

" #

¼ 3
s� 1

ðs� 1Þ2 � 9
þ 1

ðs� 1Þ2 � 9

" #
:

Taking inverse Laplace transform, we get

yðtÞ ¼ 3L�1 s� 1

ðs� 1Þ2 � 9

( )
þ 3L�1 1

ðs� 1Þ2 � 9

( )

¼ 3et cosh 3tþ et sinh 3t:

EXAMPLE 7.5
Solve the initial value problem

y000 þ y00 ¼ et þ t þ 1; yð0Þ ¼ y0ð0Þ ¼ y00ð0Þ ¼ 0:

Solution. Taking Laplace transform of both sides of

the given equation, we have

Lfy000ðtÞ þ Lfy00ðtÞg ¼ Lfetg þ Lftg þ Lf1g;
that is,

s3YðsÞ � s2yð0Þ � sy0ð0Þ � y00ð0Þ
þ s2YðsÞ � syð0Þ � y0ð0Þ ¼ 1

s� 1
þ 1

s2
þ 1

s

Since y(0) ¼ y 0(0) ¼ y 00(0) ¼ 0, we have

s3YðsÞ þ s2YðsÞ ¼ 1

s� 1
þ 1

s2
þ 1

s
;

and so

YðsÞ ¼ 2s2 � 1

s4ðs� 1Þ ðsþ 1Þ :

Using partial fraction decomposition, we have

YðsÞ ¼ � 1

s2
þ 1

s4
� 1

2ðsþ 1Þ �
1

2ðs� 1Þ :

Taking inverse transform yields

yðtÞ ¼ L�1 � 1

s2
þ 1

s4
� 1

2ðsþ 1Þ þ
1

2ðs� 1Þ
� �

¼ �t þ 1

6
t3 � 1

2
e�t þ 1

2
et:

Verification: We have

y0 ¼ �1þ 1

2
t2 þ 1

2
e�t þ 1

2
et;

y00 ¼ t � 1

2
e�t þ 1

2
et;

y000 ¼ 1þ 1

2
e�t þ 1

2
et:

Adding y 00 and y 000, we get

y00 þ y000 ¼ t þ et þ 1 (the given equationÞ:

EXAMPLE 7.6
Solve

d2y

dt2
þ 2

dy

dt
� 3y ¼ sin t; yð0Þ ¼ y0ð0Þ ¼ 0:

Solution. Taking Laplace transform of both sides of

the given equation, we take

Lfy000ðtÞg þ 2Lfy0ðtÞg � 3LfyðtÞg ¼ Lfsin tg;
which yields

s2YðsÞ � syð0Þ � y0ð0Þ þ 2fsYðsÞ � yð0Þg � 3YðsÞ
¼ 1

s2 þ 1
:

Using the given initial conditions, we have

s2YðsÞ þ 2sYðsÞ � 3YðsÞ ¼ 1

s2 þ 1

and so

YðsÞ¼ 1

ðs2þ1Þðs2þ2s�3Þ¼
s�1

2ðs2þ1Þ�
sþ1

2ðs2þ2s�3Þ

¼ s

2ðs2þ1Þ�
1

2ðs2þ1Þ�
1

2

sþ1

ðsþ1Þ2�4

" #
:

Taking inverse Laplace transform, we have

yðtÞ ¼ 1

2
cos t � 1

2
sin t � 1

2
e�t sinh 2t:

EXAMPLE 7.7
Solve

d2y

dt2
� 6

dy

dt
þ 9y ¼ t2e3t; yð0Þ ¼ 2; y0ð0Þ ¼ 6:
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Solution. Taking Laplace transform, we get

s2YðsÞ � syð0Þ � y0ð0Þ � 6ðsYðsÞ � yð0ÞÞ þ 9YðsÞ
¼ 2

ðs� 3Þ3 :

Using initial conditions, we have

s2YðsÞ � 2s� 6� 6sYðsÞ þ 12þ 9YðsÞ

¼ 2

ðs� 3Þ3
or

ðs2 � 6sþ 9ÞYðsÞ ¼ 2ðs� 3Þ þ 2

ðs� 3Þ3
or

YðsÞ ¼ 2

s� 3
þ 2

ðs� 3Þ5 :

Taking inverse Laplace transform yields

yðtÞ ¼ 2e3t þ 1

12
t4e�3t:

EXAMPLE 7.8
Solve

y00 � 3y0 þ 2y ¼ t; yð0Þ ¼ 0 and y0ð0Þ ¼ 0:

Solution. Taking Laplace transform yields

s2YðsÞ � syð0Þ � y0ð0Þ � 3½sYðsÞ � yð0Þ�
þ 2YðsÞ ¼ 1

s2
:

Making use of initial value conditions, we have

ðs2 � 3sþ 2ÞYðsÞ ¼ 1

s2and so

YðsÞ ¼ 1

s2ðs2 � 3sþ 2Þ
¼ 1

4ðs� 2Þ �
1

ðs� 1Þ þ
3

4s
þ 1

2s2
:

Taking inverse Laplace transform, we get

yðtÞ ¼ 1

4
e2t � et þ 3

4
þ t

2
:

EXAMPLE 7.9
Solve

y0 þ 2y ¼ 1�Hðt � 1Þ; yð0Þ ¼ 2;

where H(t) is Heaviside’s unit step function.

Solution. Taking Laplace transform leads to

sYðsÞ þ 2þ 2YðsÞ ¼ 1

s
� e�s

s
or

ðsþ 2ÞYðsÞ ¼ 1

s
� e�s

s
� 2

or

YðsÞ ¼ 1

sðsþ 2Þ �
e�s

sðsþ 2Þ �
2

sþ 2
:

But, by partial fraction, we have

1

sðsþ 2Þ ¼
1

2s
� 1

2ðsþ 2Þ :

Therefore,

YðsÞ ¼ 1

2s
� 1

2ðsþ 2Þ�
e�s

2s
� e�s

2ðsþ 2Þ
� �

� 2

sþ 2
:

Taking inverse transform, we get

yðtÞ¼1

2
�1

2
e�2t�1

2
Hðt�1Þþ1

2
e�2ðt�1ÞHðt�1Þþ2e�2t

¼
1
2
þ3

2
e�2t for 0�t<1

3
2
e�2tþ1

2
e�2ðt�1Þ for t�1:

(

EXAMPLE 7.10
Solve

d2y

dt2
þ2

dy

dt
þ5y¼e�t sint; yð0Þ¼0; y0ð0Þ¼1:

Solution. Taking Laplace transform yields

s2YðsÞ � syð0Þ � y0ð0Þ þ 2ðsYðsÞ � yð0ÞÞ
þ 5YðsÞ ¼ 1

ðsþ 1Þ2 þ 1
:

Using initial conditions, we get

s2YðsÞ þ 2sYðsÞ þ 5YðsÞ ¼ 1þ 1

ðsþ 1Þ2 þ 1

or

ðs2 þ 2sþ 5ÞYðsÞ ¼ 1þ 1

ðsþ 1Þ2 þ 1

or

Y ðsÞ ¼ 1

s2 þ 2sþ 5
þ 1

ðs2 þ 2sþ 5Þðs2 þ 2sþ 2Þ

¼ s2 þ 2sþ 3

ðs2 þ 2sþ 5Þ ðs2 þ 2sþ 2Þ :
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Using partial fractions, we have

YðsÞ ¼ 2

3ðs2 þ 2sþ 5Þ þ
1

3ðs2 þ 2sþ 2Þ
¼ 2

3ððsþ 1Þ2 þ 1Þ :

Taking inverse transform, we get

yðtÞ ¼ 2

3
:
1

2
e�t sin 2t þ 1

3
e�t sin t

¼ 1

3
e�tðsin t þ sin 2tÞ:

EXAMPLE 7.11
Solve the equation of motion

m
d2x

dt2
þ k

dx

dt
¼ mv0�ðtÞ; xð0Þ ¼ x0ð0Þ ¼ 0;

which represents the motion of a pellet of mass m

fired into a viscous gas from a gun at time t¼ 0 with

a muzzle velocity v0 and where �(t) is Dirac delta
function, x(t) is displacement at time t� 0 and k > 0

is a constant.

Solution. The condition x 0(0) ¼ 0 implies that the

pellet is initially at rest for t < 0. Taking the Laplace

transform of both sides, we have

m½s2XðsÞ�sxð0Þ�x0ð0Þ�þk½sXðsÞ�xð0Þ�¼1:mv0:

Using the given conditions, this expression reduces to

ðms2 þ ksÞ XðsÞ ¼ mv0
or

XðsÞ ¼ mv0

ms2 þ ks
¼ v0

s sþ k
m

� �
Use of partial fractions yields

XðsÞ ¼ v0

s sþ k
m

� � ¼ A

s
þ B

sþ k
m

or

v0 ¼ A sþ k

m

� �
þ Bs:

Comparing coefficients, we get

v0 ¼ A
k

m
; which yields A ¼ mv0

k

and

0 ¼ A + B, which gives B ¼ �mv0

k
:

Hence

XðsÞ ¼ mv0

ks
� mv0

kðsþ k
m
Þ :

Then, application of inverse Laplace transformyields

xðtÞ ¼ mv0

k
ð1� e�

k
mtÞ:

The graph of x(t) is shown in the Figure 7.1

t

mv0 / k

x(t )

0

Figure 7.1

The velocity is given by

dx

dt
¼ x0ðtÞ ¼ v0e

�k
m t:

We observe that lim
t!0þ

x 0(t) ¼ v0 and lim
t!0�

x 0(t) ¼ 0.

This indicates instantaneous jump in velocity at t¼0
from a rest state to the value v0. The graph of x

0(t) is
shown in the Figure 7.2.

t

v0

x ′(t )

0

Figure 7.2
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EXAMPLE 7.12
Solve boundary value problem

d2y

dt2
þ 9y ¼ cos 2t; yð0Þ ¼ 1; y

�

2

� 	
¼ �1:

Solution. Suppose that y 0(0) ¼ A. Then taking
Laplace transform, we have

s2YðsÞ � syð0Þ � y0ð0Þ þ 9 YðsÞ ¼ s

s2 þ 4or

ðs2 þ 9ÞYðsÞ ¼ sþ Aþ s

s2 þ 4
;

and so

YðsÞ ¼ sþ A

s2 þ 9
þ s

ðs2 þ 9Þ ðs2 þ 4Þ
¼ 4s

5ðs2 þ 9Þ þ
A

s2 þ 9
þ s

5ðs2 þ 4Þ
(partial fractionsÞ:

Taking inverse Laplace transform yields

yðtÞ ¼ 4

5
cos 3t þ A

3
sin 3t þ 1

5
cos 2t:

Since y �
2

� �¼ 1, putting t¼ �
2
, we get A¼ 12

5
. Hence

yðtÞ ¼ 4

5
cos 3t þ 4

5
sin 3t þ 1

5
cos 2t:

EXAMPLE 7.13
Solve

d2x

dt2
þ 6

dx

dt
þ 9x ¼ sin t ðt � 0Þ

subject to the conditions x(0) ¼ x 0(0) ¼ 0.

Solution. Taking Laplace transform of both sides of
the given equations yields

s2XðsÞ � sxð0Þ � x0ð0Þ þ 6ðsXðsÞ � xð0ÞÞ
þ 9XðsÞ ¼ 1

s2 þ 1
:

Using the initial conditions, we have

ðs2 þ 6sþ 9ÞXðsÞ ¼ 1

s2 þ 1or

XðsÞ ¼ 1

ðs2 þ 1Þ ðsþ 3Þ2

¼ A

sþ 3
þ B

ðsþ 3Þ2 þ
Csþ D

s2 þ 1
:

Comparing coefficients of the powers of s, we get

A ¼ 3

50
; B ¼ 1

10
; C ¼ � 3

50
;

D ¼ 2

25
:

Hence

XðsÞ ¼ 3

50ðsþ 3Þ þ
1

10ðsþ 3Þ2 �
3s

50ðs2 þ 1Þ

þ 2

25ðs2 þ 1Þ :

Application of inverse Laplace transform gives

xðtÞ ¼ 3

50
e�3t þ e�3tt

10
� 3

50
cos t þ 2

25
sin t

¼ e�3t

50
ð5t þ 3Þ � 3

50
cos t þ 2

25
sin t:

The term e�3t

50
(5t + 3) is the particular solution,

called the transient response since it dies away for

large time, whereas the terms – 3
50

cos t + 2
25

sin t
is called the complementary function (sometimes

called steady state response by engineers since

it persists). However, there is nothing steady
about it.

(b) Problems Related to Electrical Circuits
Consider the RCL circuit, shown in the Figure 7.3,

consisting of resistance, capacitor, and inductor

connected to a battery.

L

R

C

E

Figure 7.3

We know that resistance R is measured in ohms,

capacitance C is measured in farads, and induc-
tance is measured in henrys.
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Let I denote the current flowing through the cir-
cuit and Q denote the charge. Then current I is

related to Q by the relation I ¼ dQ
dt
. Also

(a) By Ohm’s law, V
I
¼ R (resistance).

Therefore, the voltage drop V across a

resistor R is RI.

(b) The voltage drop across the inductor L is

L dI
dt
.

(c) The voltage drop across a capacitor is Q
C
.

Thus, if E is the voltage (potential difference) of the

battery, then by Kirchhoff’s law, we have

L
dI

dt
þ RI þ Q

C
¼ EðtÞ;

where L, C, and R are constants. In terms of current,

this equation becomes

L
dI

dt
þ RI þ 1

C

Z t

0

IðuÞ du ¼ EðtÞ;

because I ¼ dQ
dt

implies Q ¼ Rt
0

IðuÞ du.
In terms of charge, this differential equation

takes the form

L
d2Q

dt2
þ R

dQ

dt
þ Q

C
¼ EðtÞ;

which is a differential equation of second order with

constant coefficients L, R, and 1/C. The forcing
function (input function) E(t) is supplied by the

battery (voltage source). The system described by

the above differential equation is known as har-
monic oscillator.

EXAMPLE 7.14
Given that I¼Q¼ 0 at t¼ 0, find I in the LR circuit
(Figure 7.4) for t > 0.

L

R E 0 sin ωt

Figure 7.4

Solution. By Kirchhoff’s law, the differential equa-
tion governing the given circuit is

L
dI

dt
þ RI ¼ E0 sinvt; Ið0Þ ¼ 0;

where L, R, E0, and v are constants. Taking

Laplace transform of both sides, we have

L½sFðsÞ � Ið0Þ� þ RFðsÞ ¼ E0v

s2 þ v2
;

where F(s) denotes the Laplace transform of I.

Using the given initial condition, we have

ðLsþ RÞFðsÞ ¼ E0v

s2 þ v2

which yields

FðsÞ ¼ E0v

ðLsþ RÞ ðs2 þ v2Þ ¼
E0

v
L

sþ R
L

� �ðs2 þ v2Þ
¼ A

sþ R
L

� �þ Bsþ C

s2 þ v2
:

Comparison of coefficients of different powers of
s yields

A¼ E0Lv

L2v2þR2
; B¼ �E0Lv

L2v2þR2
; C¼ E0Rv

L2v2þR2
:

Hence

FðsÞ¼ E0Lv

sþR
L

� � ðL2v2þR2Þ�
sE0Lv

ðs2þv2Þ ðL2v2þR2Þ

þ E0Rv

ðs2þv2Þ ðL2v2þR2Þ:

Taking inverse Laplace transform yields

IðtÞ ¼ E0Lv

L2v2 þ R2
e�

R
L t � E0Lv

L2v2 þ R2
cosvt

þ E0R

L2v2 þ R2
sinvt:

EXAMPLE 7.15
Given that I ¼ Q ¼ 0 at t ¼ 0, find charge Q and

current I in the following circuit (Figure 7.5) for
t > 0.
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1 henry

6 ohms 

1/9 farad 

1sin t

Figure 7.5

Solution. By Kirchhoff’s law, the differential equa-
tion for the given circuit is

L
d2Q

dt2
þ R

dQ

dt
þ Q

C
¼ EðtÞ:

Here L¼ 1, R¼ 6, C¼ 1
9
, E(t)¼ sin t. Thus we have

d2Q

dt2
þ 6

dQ

dt
þ 9Q ¼ sin tðt > 0Þ;

subject to Q(0) ¼ 0, Q 0(0) ¼ I(0) ¼ 0. By Example

7.13, the solution of this equation is

QðtÞ ¼ e�3t

50
ð5t þ 3Þ � 3

50
cos t þ 2

25
sin t:

Then

IðtÞ¼dQ

dt
¼5e�3t

50
� 3

50
ð5tþ3Þe�3tþ 3

50
sintþ 2

25
cost

¼�e�3t

50
ð15tþ4Þþ 3

50
sintþ 2

25
cost:

EXAMPLE 7.16
Solve

L
d2q

dt2
þ R

dq

dt
þ q

C
¼ �ðtÞ (Dirac delta functionÞ

under conditions q(0) ¼ q 0(0) ¼ 0.

Solution. Applying Laplace transform to both sides

of the given equation, we find

Ls2 þ Rsþ 1

C

� �
QðsÞ ¼ 1

or

QðsÞ ¼ 1

Ls2 þ Rsþ 1
C

¼ 1

L s2 þ R
L
sþ 1

LC

� � :

Suppose the roots of s2 + R
L
sþ 1

LC
are s1 and s2. Then

s1¼�Rþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�ð4L=CÞp
2L

and s2¼�R� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�ð4L=CÞp
2L

:

Let us suppose R > 0. Then three cases arise:

(a) If R2 �4L
C

< 0, then s1 and s2 are complex and

s1 ¼ �s2.

(b) If R2� 4L
C
¼ 0, then s1 and s2 are real and s1¼ s2.

(c) If R2 � 4L
C
> 0, then s1 and s2 are real and s1 6¼ s2.

Case (a). Using partial fractions, we have

QðsÞ¼ 1

Lðs�s1Þðs�s2Þ¼
1

Lðs1�s2Þ
1

s�s1
� 1

s�s2

� �
:

Taking inverse Laplace transform yields

qðtÞ¼ 1

Lðs1�s2Þ½es1t�es2t�:

If we put

v0 ¼ 1

2L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4L

C
� R2

r
and � ¼ �R

L
;

then s1 ¼ �s2 ¼ � + iv0 and so s1 – s2 ¼ 2iv0.

Therefore,

qðtÞ ¼ 1

2Liv0

eð�þiv0Þt � eð��iv0Þt
� 	

¼ 1

Lv0

e�t
eiv0t � e�iv0t

2i

¼ 1

Lv0
e�t sinv0t; � < 0:

Thus, the impulse response q(t) is a damped sinu-

soidal with frequency v0. That is why, this case is
called damped vibration or undercritical damping

(Figure 7.6).

t

0

1
ωL

0

1
ω− L

π /ω0

2π /ω0

Figure 7.6
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Case (b) In this case s1 ¼ s2 ¼ – R
2L

and so

QðsÞ ¼ 1

Lðs� �Þ2 :

Taking inverse transform, we get

qðtÞ ¼ te�t

L
; � < 0:

This case is called critical damping (Figure 7.7)

t
− 1/ σ

− 1/ σ

0

Figure 7.7

Case (c) As in case (a), we have

qðtÞ ¼ 1

Lðs1 � s2Þ ðes1t � es2tÞ:

Since L > 0 and C > 0, we have R >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � 4L

C

q
and

so s2 < s1 < 0. Thus q(t) is the sum of two expo-

nentially damped functions. Put

v0 ¼ 1

2L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � 4L

C

r
and � ¼ � R

2L
:

Then, we have

s1 ¼ �þ v0; s2 ¼ �� v0:

Therefore,

s1 � s2 ¼ 2v0

and

qðtÞ ¼ 1

2Lv0
ðeð�þv0Þt � eð��v0ÞtÞ ¼ 1

Lv0
sinhv0t

¼ 1

2Lvo

eð�þv0Þtð1� e�2v0tÞ; � < 0:

Since � + v0 < 0, the impulse response q(t) is

damped hyperbolic sine. This case is called over-
damped or overcritical damping (Figure 7.8).

t
0

Figure 7.8

(c) Mechanical System (Mass-Spring System)
Let m be the mass suspended on a spring that is

rigidly supported from one end (Figure 7.9). The

rest position is denoted by x ¼ 0, downward dis-
placement by x > 0, and upward displacement is

represented by x < 0. Let

(i) k > 0 be the spring constant (or stiffness)

and a > 0 be the damping constant.

(ii) adx
dt

be the damping force due to medium
(air, etc.). Thus, damping force is propor-

tional to the velocity.

(iii) f (t) represents all external impressed forces

on m. It is also called forcing or excitation.

 x  = 0(rest position) m
0

x  < 0 

x  > 0 

f(t)

Figure 7.9

By Newton’s second law of motion, the sum of
forces acting on m equals m d2x

dt2
and so

m
d2x

dt2
¼ �kx� a

dx

dt
þ f ðtÞ:

Thus the equation of motion is

m
d2x

dt2
þ a

dx

dt
þ kx ¼ f ðtÞ ð1Þ

This is exactly the same differential equation which
occurs in harmonic oscillator.
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If a ¼ 0, the motion is called undamped whereas
if a6¼ 0, the motion is called damped. Moreover, if

f (t)¼ 0, that is, if there is no impressed forces, then

the motion is called forced.
The equation (1) can be written as

d2x

dt2
þ a

m

dx

dt
þ k

m
¼ f ðtÞ=m; ð2Þ

where f(t)/m is now the external impressed force (or

excitation force) per unit mass.

EXAMPLE 7.17
Solve the equation of motion

d2x

dt2
þ 2b

dx

dt
þ l2x ¼ �ðtÞ; xð0Þ ¼ x0ð0Þ ¼ 0

for 0 < b < l.
[Clearly this is equation (2) with a

m
¼ 2b, k

m
¼ l2]

Solution. We want to find the response of the given

mechanical system to a unit impulse. Taking
Laplace transform, we get

fs2XðsÞ�sxð0Þ�x0ð0Þgþ2bfsXðsÞ�xð0Þgþl2XðsÞ¼1:

Taking note of the given conditions, we have

ðs2 þ 2bsþ l2Þ XðsÞ ¼ 1
or

XðsÞ ¼ 1

s2 þ 2bsþ l2
¼ 1

ðsþ bÞ2 þ ðl2 � b2Þ :

Taking inverse Laplace transform yields

xðtÞ ¼ e�bt 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � b2

p sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � b2

p
t

 !
;

which is clearly a case of damped oscillation
(Figure 7.10).

t
0

x(t )

Figure 7.10

Also we note that

XðsÞ ¼ 1

s2 þ 2bsþ l2
Lf�ðtÞg:

Thus we conclude that

Response ¼ Transfer function� Input:

(d) Ordinary Differential Equations with
Polynomial (Variable) Coefficients

We know that

Lftnf ðtÞg ¼ ð�1Þn dn

dsn
FðsÞ;

where F(s) ¼ L { f (t)}. Thus for n ¼ 1, we have

LftfðtÞ ¼ �F0ðsÞ:
Hence, if f 0(t) satisfies the sufficient condition for

the existence of Laplace transform, then

Lftf 0ðtÞ ¼ � d

ds
Lf f 0ðtÞg ¼ � d

ds
ðsFðsÞ � f ð0ÞÞ

¼ �sF0ðsÞ � FðsÞ:
Similarly for f 00(t),

Lft f 00ðtÞg¼� d

ds
Lff 00ðtÞg¼� d

ds
fs2FðsÞ�sf ð0Þ�f 0ð0Þg

¼�s2F 0ðsÞ�2sFðsÞþf ð0Þ:
The above-mentioned derivations are used to solve

linear differential equations whose coefficients are
first degree polynomials.

EXAMPLE 7.18
Solve

ty00 þ y0 þ ty ¼ 0; yð0Þ ¼ 1; y0ð0Þ ¼ 0:

Solution. Taking Laplace transform, we have

Lfty00g þ Lfy0g þ Lftyg ¼ 0
or

� d

ds
Lfy00ðtÞg þ fsYðsÞ � yð0Þg � d

ds
fYðsÞg ¼ 0

or

� d

ds
fs2YðsÞ � syð0Þ � y0ð0Þg þ fsYðsÞ � yð0Þg

� d

ds
YðsÞ ¼ 0

which on using initial conditions yields

� s2
dY ðsÞ
ds

þ 2sY ðsÞ
� �

þ sYðsÞ � dYðsÞ
ds

¼ 0
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or

ðs2 þ 1Þ dYðsÞ
ds

þ sYðsÞ ¼ 0

or
dYðsÞ
YðsÞ þ s ds

s2 þ 1
¼ 0:

Integrating, we have

logYðsÞ þ 1

2
logðs2 þ 1Þ ¼ A ðconstantÞ

and so
YðsÞ ¼ Affiffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ 1
p :

Taking inverse Laplace transform, we get

yðtÞ ¼ A J0ðtÞ;
where J0(t) is Bessel function of order zero.

Putting t¼ 0 and using initial condition y(0)¼ 1,

we have

1 ¼ AJ0ð0Þ ¼ A:

Hence the required solution is

yðtÞ ¼ J0ðtÞ:

EXAMPLE 7.19
Solve

y00 þ ty0 � 2y ¼ 4; yð0Þ ¼ �1; y0ð0Þ ¼ 0:

Solution. Taking Laplace transform yields

Lfy00ðtÞg þ Lfty0ðtÞg � 2LfyðtÞg ¼ 4Lf1g
or

s2YðsÞ � syð0Þ � y0ð0Þ � d

ds
Lfy0ðtÞg � 2YðsÞ ¼ 4

s

or

s2YðsÞ � syð0Þ � y0ð0Þ � d

ds
ðsYðsÞ � yð0ÞÞ

�2YðsÞ ¼ 4

s
:

On using the initial values, we have

s2YðsÞ þ s� s
dYðsÞ
ds

þ YðsÞ
� �

� 2YðsÞ ¼ 4

s

or

sdYðsÞ
ds

� ðs2 � 3ÞYðsÞ ¼ � 4

s
þ s

or

dYðsÞ
ds

þ 3

s
� s

� �
YðsÞ ¼ � 4

s2
þ 1:

The integrating factor is

e

R
3
s�sð Þ ds ¼ s3e�

s2

2 :
Therefore,

d

ds
½YðsÞ:s3e�s2

2 � ¼ � 4

s2
s3e�

s2

2 þ s3e�
s2

2 ;

and so integration yields

YðsÞs3e�s2

2 ¼ �4

Z
se�

s2

2 dsþ
Z

s3e�
s2

2 ds:

Putting u ¼ – s2

2
, we get

YðsÞs3 e�
s2

2 ¼ 4

Z
euduþ 2

Z
u eudu

¼ 4e�
s2

2 þ 2
�s2

2
e�

s2

2 � e�
s2

2

� �
þ A

¼ 2e�
s2

2 � s2 e�
s2

2 þ C:

Thus,

YðsÞ ¼ 2

s3
� 1

s
þ C

s3
e
s2

2 :

Since Y(s)! 0 as s!1, we must have C ¼ 0 and

so

YðsÞ ¼ 2

s3
� 1

s
:

Taking inverse Laplace transform, we get

yðtÞ ¼ t2 � 1:

EXAMPLE 7.20
Solve

ty00 þ 2y0 þ ty ¼ 0; yð0Þ ¼ 1; yð�Þ ¼ 0:

Solution. Let y 0(0) ¼ A (constant). Taking Laplace

transform of both sides, we obtain

� d

ds
fs2YðsÞ � syð0Þ � y0ð0Þg þ 2fsYðsÞ � yð0Þg

� d

ds
fYðsÞg ¼ 0

and so

�s2Y0ðsÞ � 2sYðsÞ þ yð0Þ þ 2sYðsÞ � 2yð0Þ
�Y0ðsÞ ¼ 0:
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Using boundary conditions, we get

�ðs2 þ 1ÞY0ðsÞ � 1 ¼ 0
or

Y0ðsÞ ¼ �1

s2 þ 1
:

Integration yields

YðsÞ ¼ � tan�1 sþ B (constant):

Since Y(s) tends to zero as s ! 1, we must have
B ¼ �/2. Hence,

YðsÞ ¼ �

2
� tan�1 s ¼ tan�1 1

s

� �
:

Taking inverse Laplace transform, we have (see

Example 6.48).

yðtÞ ¼ L�1 tan�1 1

s

� �� �
¼ sin t

t
:

This solution clearly satisfies y(�) ¼ 0.

EXAMPLE 7.21
Solve

ty00 þ y0 þ 2y ¼ 0; yð0Þ ¼ 1:

Solution. Taking Laplace transform gives

� d

ds
ðs2YðsÞ � syð0Þ � y0ð0ÞÞ þ ðsYðsÞ � yð0ÞÞ

þ 2YðsÞ ¼ 0

or

�s2Y0ðsÞ�2sYðsÞþyð0ÞþsYðsÞ�yð0Þþ2YðsÞ¼0

or

�s2Y0ðsÞ � sYðsÞ þ 2YðsÞ ¼ 0

or

Y0ðsÞ þ 1

s
� 2

s2

� �
YðsÞ ¼ 0:

The integrating factor is

e

R
1
s� 2

s2

� �
ds ¼ elog sþ

2
s ¼ se

2
s:

Therefore,
d

ds
fYðsÞse2=sg ¼ 0:

Integrating, we have

YðsÞ se2=s ¼ A ðconstantÞ

or

YðsÞ ¼ A e�
2
s

s
:

Since ex ¼ P1
n¼0

xn

n !; taking x ¼ � 2
s
; we have

YðsÞ ¼ A
X1
n¼0

ð�1Þn2n
n ! snþ1

:

Taking inverse Laplace transform,we get

yðtÞ ¼ A
X1
n¼0

ð�1Þn 2ntn
ðn !Þ2 :

The condition y(0) ¼ 1 now yields A ¼ 1. Hence

yðtÞ ¼
X1
n¼0

ð�1Þn 2ntn
ðn !Þ2 ¼ J0ð2

ffiffiffiffi
2t

p
Þ;

where J
0
is Bessel’s function of order zero.

EXAMPLE 7.22
Solve

ty00 � y0 ¼ �1; yð0Þ ¼ 0:

Solution. Taking Laplace transform of both sides of

the given equation,

� d

ds
fs2Y0ðsÞ�syð0Þ�y0ð0Þg�fsYðsÞ�yð0Þg¼�1

s

or

�s2Y0ðsÞ � 2sYðsÞ þ yð0Þ � sY ðsÞ þ yð0Þ ¼ � 1

s

or

�s2Y0ðsÞ � 3sYðsÞ ¼ � 1

s
or

Y0ðsÞ þ 3

s
YðsÞ ¼ 1

s3
:

The integrating factor is

e

R
3
s ds ¼ e3 log s ¼ s3:

Therefore,

d

ds
ðYðsÞs3Þ ¼ 1

s3
s3 ¼ 1:

Integrating

YðsÞs3 ¼ sþ AðconstantÞ
and so

YðsÞ ¼ 1

s2
þ A

s3
:
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Taking inverse Laplace transform, we get

yðtÞ ¼ t þ Bt2;

where B is constant. Obviously, the solution satis-

fies y(0) ¼ 0.

EXAMPLE 7.23
Solve

ty00 þ ðt þ 1Þy0 þ 2y ¼ e�t; yð0Þ ¼ 0:

Solution. Taking Laplace transform of both sides

gives

� d

ds
fs2YðsÞ � syð0Þ � y0ð0Þg � d

ds
fsYðsÞ � yð0Þg

þ fsYðsÞ � yð0Þg þ 2YðsÞ ¼ 1

sþ 1
or

�s2Y0ðsÞ � 2sYðsÞ � fsY0ðsÞ þ YðsÞg þ sYðsÞ

� yð0Þ þ 2YðsÞ ¼ 1

sþ 1
or

�s2Y0ðsÞ�sY0ðsÞ�2sYðsÞþsYðsÞþYðsÞ¼ 1

sþ1
or

�ðs2 þ sÞY0ðsÞ � ðs� 1ÞYðsÞ ¼ 1

sþ 1
or

Y0ðsÞ þ s� 1

s2 þ s
¼ �1

sðsþ 1Þ2 :

The integration factor is

e

R
s�1
s2þs

ds ¼ e

R �� 1
s
þ 2

sþ1

�
ds ¼ ðsþ 1Þ2

s
:

Therefore,

d

ds
YðsÞðsþ1Þ2

s

 !
¼ �1

sðsþ1Þ2 :
ðsþ1Þ2

s
¼� 1

s2
:

Integrating, we get

YðsÞ ðsþ 1Þ2
s

¼
Z

� 1

s2
ds ¼ 1

s
þ C

and so

YðsÞ ¼ 1

ðsþ 1Þ2 þ
C s

ðsþ 1Þ2 :

By initial value theorem yð0Þ ¼ lim
s!0

sYðsÞ ¼ 0 and
so C ¼ 0. Hence

YðsÞ ¼ 1

ðsþ 1Þ2 :

Taking inverse Laplace transform, we get

yðtÞ ¼ t e�t:

7.2 SIMULTANEOUS DIFFERENTIAL EQUATIONS

The Laplace transforms convert a pair of differen-

tial equations into simultaneous algebraic equations

in parameters. After that we solve these equations
for Laplace transforms of the variables and then

apply inverse Laplace operators to get the required

solution.

EXAMPLE 7.24
Solve the simultaneous differential equations

3x0 þ y0 þ 2x ¼ 1; x0 þ 4y0 þ 3y ¼ 0

subject to the conditions x(0) ¼ 0, y(0) ¼ 0.

Solution. Taking Laplace transform, we get

3fsXðxÞ � xð0Þg þ fsYðsÞ � yð0Þg þ 2XðxÞ ¼ 1

s

and

sXðsÞ � xð0Þ þ 4fsYðsÞ � yð0Þg þ 3YðsÞ ¼ 0:

Using the initial conditions, these equations reduce

to

ð3sþ 2ÞXðsÞ þ sYðsÞ ¼ 1

s
ð3Þ

and

sXðsÞ þ ð4sþ 3ÞYðsÞ ¼ 0: ð4Þ
Multiplying (3) and (4) by s and (3s + 2) respec-
tively and then subtracting, we get

YðsÞ ¼ � 1

11s2 þ 17sþ 6
¼ �1

ð11sþ 6Þ ðsþ 1Þ ;

and then using (4), we have

XðsÞ ¼ 4sþ 3

sð11sþ 6Þ ðsþ 1Þ :

We deal with X(s) first. Using partial fraction, we

have

XðsÞ ¼ 1

2s
� 3

10

1

sþ ð6=11Þ
� �

� 1

5ðsþ 1Þ :
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Taking inverse transform, we have

xðtÞ ¼ 1

2
� 3

10
e�

6
11t � 1

5
e�t

¼ 1

10
ð5� 3e�

6
�t � 2e�tÞ:

Further, poles of Y(s) are – 6
11

and –1. Hence

yðtÞ ¼ lim
s!�6

11

sþ 6

11

� �
YðsÞ e� 6

11t

þ lim
s!� 1

ðsþ 1ÞYðsÞe�t ¼ 1

5
ðe�t � e�

6
11
tÞ:

EXAMPLE 7.25
Solve the simultaneous differential equations

dx

dt
¼ 2x� 3y;

dy

dt
¼ y� 2x

subject to the conditions x(0) ¼ 8, y(0) ¼ 3.

Solution. Taking Laplace transform and using the
given conditions, we have

sXðsÞ ¼ 2XðsÞ � 3YðsÞ þ 8
and

sYðsÞ ¼ YðsÞ � 2XðsÞ þ 3:
Thus

ðs� 2ÞXðsÞ þ 3YðsÞ ¼ 8;
and

2XðsÞ þ ðs� 1ÞYðsÞ ¼ 3:

Solving these algebraic equations, we get

XðsÞ ¼ 8s� 17

s2 � 3s� 4
¼ 8s� 17

ðsþ 1Þ ðs� 4Þ ;

and

YðsÞ ¼ 3s� 22

s2 � 3s� 4
¼ 3s� 22

ðsþ 1Þ ðs� 4Þ :

Using partial fractions, these yields

XðsÞ ¼ 5

sþ 1
þ 3

s� 4
;YðsÞ ¼ 5

sþ 1
� 2

s� 4
:

Hence taking inverse Laplace transform, we get

xðtÞ ¼ 5e�t þ 3e4t; yðtÞ ¼ 5e�t � 2e4t:

EXAMPLE 7.26
Solve

dx

dt
� y ¼ et;

dy

dt
þ x ¼ sin t

subject to the conditions x(0) ¼ 1, y(0) ¼ 0.

Solution. Taking Laplace transform and using the
given conditions, we have

sXðsÞ � YðsÞ ¼ 1

s� 1
þ 1 ¼ s

s� 1
;

sYðsÞ þXðsÞ ¼ 1

s2 þ 1
:

Solving these equations, we get

XðsÞ ¼ s4 þ s2 þ s� 1

ðs� 1Þ ðs2 þ 1Þ2 ;

YðsÞ ¼ �s4 þ s3 � 2s2

sðs� 1Þ ðs2 þ 1Þ2 ¼
�s3 þ s2 � 2s

ðs� 1Þ ðs2 þ 1Þ2 :

Now

XðsÞ ¼ s4 þ s2 þ s� 1

ðs� 1Þ ðs2 þ 1Þ2

¼ A

s� 1
þ Bsþ C

ðs2 þ 1Þ þ
Dsþ E

ðs2 þ 1Þ2 :

Comparison of coefficients yields

A ¼ B ¼ C ¼ 1

2
and E ¼ 1:

Thus

XðsÞ¼ 1

2ðs�1Þþ
s

2ðs2þ1Þþ
1

2ðs2þ1Þþ
1

ðs2þ1Þ2 :

Hence

xðtÞ ¼ 1

2
et þ 1

2
cos t þ 1

2
sin t þ 1

2
ðsin t � t cos tÞ

¼ 1

2
½et þ cos t þ 2 sin t � t cos t�:

Now consider Y(s). We have

YðsÞ ¼ �s3 þ s2 � 2s

ðs� 1Þ ðs2 þ 1Þ2

¼ A

s� 1
þ Bsþ C

ðs2 þ 1Þ þ
Dsþ E

ðs2 þ 1Þ2 :

Comparing coefficients, we get

A ¼ � 1

2
;B ¼ 1

2
;C ¼ � 1

2
;D ¼ 2;E ¼ 0;

and so

YðsÞ¼ �1

2ðs�1Þþ
s

2ðs2þ1Þ�
1

2ðs2þ1Þþ
2s

ðs2þ1Þ2 :

324 n Engineering Mathematics



Hence

yðtÞ ¼ � 1

2
et þ 1

2
cos t � 1

2
sin t þ t sin t:

EXAMPLE 7.27
The co-ordinates (x, y) of a particle moving along a

plane curve at any time t are given by

dy

dt
þ 2x ¼ sin 2t;

dx

dt
� 2y ¼ cos 2t; t > 0:

If at t ¼ 0, x ¼ 1 and y ¼ 0, show by using trans-
forms, that the particle moves along the curve 4x2 +

4xy + 5y2 ¼ 4.

Solution. Using Laplace transform, we get

sYðsÞ � yð0Þ þ 2XðsÞ ¼ 2

s2 þ 4
and

sXðsÞ � xð0Þ � 2YðsÞ ¼ s

s2 þ 4
:

Using the given conditions, we have

sYðsÞ þ 2XðsÞ ¼ 2

s2 þ 4
and

sXðsÞ � 2YðsÞ ¼ 1þ s

s2 þ 4
¼ s2 þ sþ 4

s2 þ 4
:

Solving for X(s) and Y(s), and using partial frac-

tions, we have

XðsÞ ¼ s3 þ s2 þ 4sþ 4

ðs2 þ 4Þ2 ¼ s

s2 þ 4
þ 1

s2 þ 4

¼ s

s2 þ 4
þ 1

2

2

s2 þ 4
;

YðsÞ ¼ �2s2 � 8

ðs2 þ 4Þ2 ¼ � 2

s2 þ 4
:

Hence taking inverse transform, we get

xðtÞ ¼ cos 2tþ 1

2
sin 2t;

yðtÞ ¼ � sin 2t:

We observe that

4x2 þ 4xy þ 5y2 ¼ 4ðcos2 2t þ sin2 2tÞ ¼ 4;

and hence the particle moves along the curve 4x2 +
4xy + 5y2 ¼ 4.

EXAMPLE 7.28
Solve the following system of equations:

xðtÞ � y00ðtÞ þ yðtÞ ¼ e�t � 1;

x0ðtÞ þ y0ðtÞ � yðtÞ ¼ �3e�t þ t;

subject to x(0) ¼ 0, y(0) ¼ 1, y0 (0) ¼ –2.

Solution. Taking Laplace transform yields

XðsÞ�fs2YðsÞ�syð0Þ�y0ð0ÞgþYðsÞ¼ 1

sþ1
�1

s

and

sXðsÞ � xð0Þ þ sYðsÞ � yð0Þ � YðsÞ

¼ �3

sþ 1
þ 1

s2
:

Using the given conditions, we have

XðsÞ � s2YðsÞ þ s� 2þ YðsÞ ¼ �1

sðsþ 1Þ
and

sXðsÞ þ sYðsÞ � 1� YðsÞ ¼ �3s2 þ sþ 1

ðsþ 1Þs2
or

XðsÞ � ðs2 � 1ÞYðsÞ ¼ 2� s� 1

sðsþ 1Þ

¼ �s3 þ s2 þ 2s� 1

sðsþ 1Þ
and

sXðsÞ þ ðs� 1ÞYðsÞ ¼ 1� 3s2 � s� 1

ðsþ 1Þs2

¼ s3 � 2s2 þ sþ 1

ðsþ 1Þs2 :

Solving for X(s) and Y(s), we have

XðsÞ ¼ 1

s2ðsþ 1Þ ¼
1

s2
þ 1

sþ 1
� 1

s
;

YðsÞ ¼ s2 � s� 1

s2ðsþ 1Þ ¼ 1

sþ 1
� 1

s2
:

Hence, taking inverse Laplace transform, we get

xðtÞ ¼ t þ e�t � 1; yðtÞ ¼ e�t � t:

EXAMPLE 7.29
Given that I(0) ¼ 0, find the current I in RL-net-
work shown in the Figure 7.11.
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R

R
E(t ) = 1 volt 

I2I1I

L

Figure 7.11

Solution. We note that I ¼ I
1
+ I

2
and so RI ¼ RI

1
+

RI
2
, or equivalently, RI

2
¼ RI – RI

1
. By Kirchhoff’s

law, we have

(a) In the closed loop containing R and L,

RIþ L
dI1
dt

¼ E ¼ 1 ð5Þ
(b) In the closed loop containing two resistances R,

RIþ RI2 ¼ E ¼ 1

or
RIþ RI� RI1 ¼ 1

or
2RI� RI1 ¼ 1: ð6Þ

We want to solve (5) and (6) under the conditions
I(0) ¼ I

1
(0) ¼ 0. Taking Laplace transform yields

RFðsÞ þ LfsGðsÞI1ð0Þg ¼ 1

s
and

2R FðsÞ � RGðsÞ ¼ 1

s
:

Using I
1
(0) ¼ 0, we have

RFðsÞ þ LsGðsÞ ¼ 1

s
ð7Þ

and

2RFðsÞ � RGðsÞ ¼ 1

s
: ð8Þ

Multiplying (7) by R and (8) by Ls and adding, we
get

ðR2 þ 2RLsÞFðsÞ ¼ R

s
þ L ¼ Rþ Ls

s
or

FðsÞ ¼ Rþ Ls

RsðRþ 2LsÞ ¼
1

R

Rþ Ls

sðRþ 2LsÞ
� �

:

Using partial fractions, we get

FðsÞ ¼ 1

R

1

s
� 1

2ðsþ ðR=2LÞÞ
� �

:

Taking inverse Laplace transform yields

IðtÞ ¼ 1

R
1� 1

2
e�

R
2L t

� �
¼ 1

2R
2� e�

R
2L t

h i
:

7.3 DIFFERENCE EQUATIONS

A relationship between the values of a function y(t)
and the values of the function at different argu-

ments y(t + h), h constant, is called a difference

equation. For example,

yðnþ 2Þ � yðnþ 1Þ þ yðnÞ ¼ 2

and

yðnþ 2Þ � 2yðnÞ þ yðn� 1Þ ¼ 1

are difference equations.
A relation between the terms of a sequence {x

n
}

is also a difference equation. For example,

xnþ1 þ 2xn ¼ 8

is a difference equation.
Difference equations (also called recurrence

relations) are closely related to differential equa-
tions and their theory is basically the same as that of

differential equations.

Order of a difference equation is the difference
between the largest and smallest arguments occur-

ring in the difference equation divided by the unit of

increment.
For example, the order of the difference equation

anþ2 � 3anþ1 þ 2an ¼ 5n is nþ2�n
1

¼ 2:

Solution of a difference equation is an expres-
sion for y

n
which satisfies the given difference

equation.

The aim of this section is to solve difference
equations using Laplace transform.

We first make the following observations:

(A) Let f (t) ¼ a[t], where [t] is the greatest integer
less than or equal to t and a > 0. Then f (t) is of

exponential order and by definition,

Lf f ðtÞg ¼
Z1

0

e�stf ðtÞdt¼
Z1

0

e�sta½t�dt

¼
Z1

0

e�sta0dtþ
Z2

1

e�sta1dtþ
Z3

2

e�sta2dtþ...
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¼1�e�s

s
þaðe�s�e�2sÞ

s
þa2ðe�2s�e�3sÞ

s
þ . . .

¼1�e�s

s
½1þae�sþa2e�sþ . . .�

¼ 1�e�s

sð1�ae�sÞ ðReðsÞ>maxð0;logaÞÞ:

(B) If L�1F{(s)} ¼ f (t), then we know that

L�1fe�sFðsÞg ¼ f ðt � 1Þ for t > 1
0 for t < 1:

�

Also, by observation (1) above, we have

L�1 1� e�s

sð1� ae�sÞ
� �

¼ an for n ¼ 0; 1; 2; . . . ;

n � t < nþ 1:

Therefore,

L�1 ð1� e�sÞe�s

sð1� ae�sÞ
� �

¼ fðt� 1Þ
¼ an for n � t � 1 < nþ 1; n ¼ 0; 1; 2;

¼ an for n � t < nþ 1; n ¼ 1; 2; 3; . . .

(C) If f (t) ¼ nan–1 for n t < n + 1, n ¼ 0, 1, 2, …,
then

Lf f ðtÞg¼
Z1

0

e�stf ðtÞdt

¼
Z2

1

e�stdtþ2a

Z3

2

e�stdtþ4a

Z4

3

e�stdtþ...

¼e�s�e�2s

s
þ2a

e�2s�e�3s

s

� �
þ4a2

e�3s�e4s

s

� �
þ...

¼e�sð1�e�sÞ
s

½1þ2ae�sþ4a2e�2sþ...�

¼e�sð1�e�sÞ
s

:
1

ð1�ae�sÞ2¼
e�sð1�e�sÞ
sð1�ae�sÞ2 :

Hence

L�1 e�sð1þe�sÞ
sð1�ae�sÞ2

( )
¼ f ðtÞ¼nan�1; n¼0;1;2;...

EXAMPLE 7.30
Solve

anþ2 � 4anþ1 þ 3an ¼ 0; a0 ¼ 0; a1 ¼ 1:

Solution. Let us define

yðtÞ ¼ an; n � t < nþ 1; n ¼ 0; 1; 2; . . .

Then the given difference equation reduces to

yðt þ 2Þ � 4yðt þ 1Þ þ 3yðtÞ ¼ 0:
Thus

Lfyðt þ 2Þg � 4Lfyðt þ 1Þg þ 3LfyðtÞg ¼ 0 ð9Þ
Now

Lfzyðtþ2Þg¼
Z1

0

e�styðtþ2Þdt

¼
Z1

2

e�sðu�2ÞyðuÞdu; u¼ tþ2

¼e2s
Z1

0

e�suyðuÞdu�e2s
Z2

0

e�suyðuÞdu:

¼e2sLfyðtÞg�e2s
Z1

0

e�sua0du�e2s
Z2

1

e�sua1du

¼e2sLfyðtÞg�e2s
e�s�e�2s

s

� �
sincea0¼0;

a1¼1

¼e2sLfyðtÞg�es

s
ð1�e�sÞ;

Lfyðtþ1Þg ¼
Z1

0

e�styðtþ1Þdt

¼
Z1

1

e�sðu�1ÞyðuÞdu; u¼ tþ1

¼
Z1

0

e�sðu�1ÞyðuÞdu�
Z1

0

e�sðu�1ÞyðuÞdu

¼es
Z1

0

e�suyðuÞdu�es
Z1

0

e�suyðuÞdu

¼esLfyðtÞg�es
Z1

0

e�sua0du

¼esLfyðtÞg since a0¼0:

Hence (9) becomes

e2s LfyðtÞg � es

s
ð1� e�sÞ � 4esLfyðtÞg

þ 3LfyðtÞg ¼ 0;
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which yields

LfyðtÞg ¼ esð1� e�sÞ
sðe2s� 4esþ 3Þ

¼ esð1� e�sÞ
2s

1

es� 3
� 1

es� 1

� �

¼ 1� e�s

2s

1

1� 3e�s
� 1

1� e�s

� �

¼ 1� e�s

2sð1� 3e�sÞ�
1� e�s

2sð1� e�sÞ
¼ 1

2
Lf3½t�g� 1

2
Lf1g; by observation ð1Þ:

Hence inversion yields

an ¼ 1

2
½3n � 1�; n ¼ 0; 1; 2; . . .

EXAMPLE 7.31
Solve the difference equation

yðt þ 1Þ � yðtÞ ¼ 1; yðtÞ ¼ 0; t < 1:

Solution. Taking Laplace transformation of both

sides, we get

Lfyðt þ 1Þg � LfyðtÞg ¼ Lf1g:
But, as in Example 7.30, we have

Lfyðt þ 1Þg ¼ esLfyðtÞg;and so

esLfyðtÞg � LfyðtÞg ¼ 1

s

or

LfyðtÞg ¼ 1

sðes � 1Þ :

Taking inverse Laplace transform, we have

yðtÞ ¼ L�1 1

sðes � 1Þ
� �

¼ ½t�; t > 0ðsee Example 7:3Þ

EXAMPLE 7.32
Solve

anþ2 � 4anþ1 þ 3an ¼ 5n; a0 ¼ 0; a1 ¼ 1

Solution. We define

yðtÞ ¼ an; n � t < nþ 1; n ¼ 0; 1; 2; . . .

Then the difference equation becomes

yðt þ 2Þ � 4yðt þ 1Þ þ 3yðtÞ ¼ 5n: ð10Þ
By observation (B) and Example 7.30, we have

Lf5ng ¼ 1� e�s

sð1� 5e�sÞ ;

Lfyðt þ 2Þg ¼ e2sLfyðtÞg � es

s
ð1 � e�sÞ;

Lfyðt þ 1Þg ¼ esLfyðtÞg:
Taking Laplace transform of both sides of (10), we
have

Lfyðt þ 2Þg � 4Lfyðt þ 1Þg þ 3LfyðtÞg ¼ Lf5½t�g
or

e2sLfyðtÞg � es

s
ð1� e�sÞ � 4esLfyðtÞg

þ 3LfyðtÞg ¼ Lf5½t�g
or

fe2s � 4es þ 3gLfyðtÞg ¼ esð1� e�sÞ
s

þ Lf5½t�g:
Hence

LfyðtÞg ¼ esð1� e�sÞ
sðe2s � 4es þ 3Þ þ

Lf5½t�g
e2s � 4es þ 3

¼ 1

2
Lf3½t�g � 1

2
Lf1g þ Lf5½t�g

e2s � 4es þ 3
:

But

Lf5½t�g
e2s�4esþ3

¼ 1�e�s

sð1�5e�sÞ :
1

e2s�4esþ3

¼ es�1

sðes�5Þðes�3Þðes�1Þ
¼es�1

s

1=8

es�5
� 1=4

es�3
þ 1=8

es�1

� �

¼1�e�s

s

1=8

1�5e�s
� 1=4

1�3e�s
þ 1=8

1�e�s

� �

¼1

8
Lf1gþ1

8
Lf5½t�g�1

4
Lf3½t�g:

Hence

LfyðtÞg ¼ �3

8
Lf1g þ 1

4
Lf3½t�g þ 1

8
Lf5½t�g

and so

an ¼ �3

8
þ 1

4
3n þ 1

8
5n:

328 n Engineering Mathematics



EXAMPLE 7.33
Solve
anþ2 � 3anþ1 þ 2an ¼ 2n; a0 ¼ 0; a1 ¼ 1:

Solution. We define

yðtÞ ¼ an; n � t < nþ 1:

Then the given equation reduces to

yðt þ 2Þ � 3yðt þ 1Þ þ 2yðtÞ ¼ 2½t�:

Taking Laplace transform of both sides, we get

Lfyðt þ 2Þg � 3Lfyðt þ 1Þg þ 2LfyðtÞg
¼ Lf2½t�g:

But, as in the previous examples,

Lfyðt þ 2Þg ¼ e2sLfyðtÞg � es

s
ð1� e�sÞ;

Lfyðt þ 1Þg ¼ esLfyðtÞg:
Therefore,

ðe2s � 3es þ 2ÞLfyðtÞg ¼ es

s
ð1� e�sÞ þ Lf2½t�g;

which gives

LfyðtÞg¼ es

sðe2s�3esþ2Þð1�e�sÞþ Lf2½t�g
e2s�3esþ2

¼esð1�e�sÞ
s

1

es�2
� 1

es�1

� �
þ Lf2½t�g
e2s�3esþ2

¼1�e�s

s

1

1�2e�s
� 1

1�e�s

� �
þ Lf2½t�g
e2s�3esþ2

¼ 1�e�s

sð1�e�sÞ�
1

s
þ Lf2½t�g
e2s�3esþ2

¼Lf2½t�g�Lf1gþ Lf2½t�g
e2s�3esþ2

:

But

Lf2½t�g
e2s�3esþ2

¼ 1�e�s

sð1�2e�sÞ:
1

e2s�3esþ2

¼ es�1

sðes�2Þðes�2Þðes�1Þ

¼es�1

s

�1

es�2
þ 1

ðes�2Þ2þ
1

es�1

" #

¼1�e�s

s

�1

1�2e�s
þ e�s

ð1�2e�sÞ2þ
1

1�e�s

" #

¼�Lf2½t�gþLfn2n�1gþLf1g:

Therefore,

LfyðtÞg ¼ Lfn2n�1g:
Hence

an ¼ n2n�1; n ¼ 0; 1; 2; . . .

Verification. We note that
anþ1 ¼ ðnþ 1Þ2n; anþ2 ¼ ðnþ 2Þ2nþ2�1

¼ ðnþ 2Þ2nþ1:

Therefore,

anþ2�3anþ1þ2an¼ðnþ2Þ2nþ1�ð3nþ3Þ2nþ2n2n�1

¼2n½2nþ4�3n�3þn�¼2n:

EXAMPLE 7.34
Solve

yðtÞ � yðt � �Þ ¼ sin t; yðtÞ ¼ 0; t � 0:

Solution. Taking Laplace transform, we have

LfyðtÞg � Lfyðt � �Þg ¼ Lfsin tg: ð11Þ
But

Lfyðt��Þg¼
Z1

0

e�styðt��Þdt

¼
Z1

��

e�sðuþ�ÞyðuÞdu; u¼ t��

¼e�s�

Z1

0

e�suyðuÞdu; yðuÞ¼0; u<0

¼e�s�LfyðtÞg:
Hence (11) reduces to

LfyðtÞg � e�s�LfyðtÞg ¼ 1

s2 þ 1
and so

LfyðtÞg ¼ 1

ðs2 þ 1Þ ð1� e�s�Þ :

Taking inverse transform, we get (see Exapmle 5.72)

yðtÞ ¼ sin t for 0 < t < �

0 for � < t < 2�

�

¼ sin t for 2n� < t < ð2nþ 1Þ�
0 for ð2nþ 1Þ� < t < ð2nþ 2Þ�

�

(due to periodicity), for n¼ 0; 1; 2; . . .

This is half-wave rectified sinusoidal function.

Applications of Laplace Transform n 329



EXAMPLE 7.35
Find explicit formula (solution) for Fibonacci
sequence:

anþ2 ¼ anþ1 þ an; a0 ¼ 0; a1 ¼ 1:

Solution. Define

yðtÞ ¼ an; n � t < nþ 1; n ¼ 0; 1; 2; . . .

Then the given difference equation reduces to

yðt þ 2Þ�yðt þ 1Þ�yðtÞ ¼ 0:

Taking Laplace transform, we have

Lfyðt þ 2Þg � Lfyðt þ 1Þg � LfyðtÞg ¼ 0:

But

Lfyðt þ 2Þg ¼ e2sLfyðtÞg � esð1� e�sÞ
s

Lfyðt þ 1Þg ¼ esLfyðtÞg:
Therefore, we get

ðe2s�es�1ÞLfyðtÞg ¼ esð1� e�sÞ
s

or

LfyðtÞg ¼ esð1�e�sÞ
sðe2s�es�1Þ

¼esð1�e�sÞ
s

1 ffiffi
5

p

es�1þ ffiffi
5

p
2

�
1 ffiffi
5

p

es�1� ffiffi
5

p
2

2
4

3
5

¼1�e�s

s

1ffiffiffi
5

p 1

1�1þ ffiffi
5

p
2 e�s

� 1

1�1� ffiffi
5

p
2 e�s

0
@

1
A

2
4

3
5

¼ 1ffiffiffi
5

p L
1þ ffiffiffi

5
p

2

� �½t�( )
�L

1� ffiffiffi
5

p

2

� �½t�( )" #
:

Hence

an ¼ 1ffiffiffi
5

p 1þ ffiffiffi
5

p

2

� �n

� 1� ffiffiffi
5

p

2

� �n
" #

; n � 0:

EXAMPLE 7.36
Solve the difference equation

yðtÞ þ yðt�1Þ ¼ et; yðtÞ ¼ 0; t � 0:

Solution. Taking Laplace transform of both sides of
the given equation, we get

LfyðtÞg þ Lfyðt�1Þg ¼ Lfetg:

But

Lfyðt�1Þg¼
Z1

0

e�styðt�1Þdt

¼
Z1

�1

esðuþ1ÞyðuÞdu; u¼t�1

¼e�s

Z0

�1

e�suyðuÞduþe�s

Z1

0

e�suyðuÞdu

¼e�s

Z1

0

e�suyðuÞdu since yðtÞ¼0 for t�0

¼e�sLfyðtÞg:
Therefore, we have

LfyðtÞgþe�sLfyðtÞg ¼ 1

s� 1

or

LfyðtÞg ¼ 1

ðs� 1Þ ð1þ e�sÞ
¼ 1

ðs� 1Þ ½1� e�s þ e�2s � e�3s þ . . .�

¼
X1
n¼0

ð�1Þne�ns

s� 1
:

Hence

yðtÞ ¼
X½t�
n¼0

ð�1Þn et�n:

EXAMPLE 7.37
Solve the differential-difference equation

y0ðtÞ � yðt � 1Þ ¼ t; yðtÞ ¼ 0; t � 0:

Solution. Taking Laplace transform of both sides,
we have

Lfy0ðtÞg�Lfyðt�1Þg ¼ Lftg:
Now

Lfy0ðtÞg ¼ s LfyðtÞg�yð0Þ ¼ s LfyðtÞg
and

Lfyðt � 1Þg ¼ e�sLfyðtÞg:
Therefore,

fe�s þ sgLfyðsÞg ¼ 1

s2

330 n Engineering Mathematics



or

LfyðtÞg ¼ 1

s2ðe�s þ sÞ ¼
1

s3 1þ e�s

s

� �

¼ 1

s3
1� e�s

s
þ e�2s

s2
� e�3s

s3
þ . . .

� �

¼ 1

s3
� e�s

s4
þ e�2s

s5
� e�3s

s6
þ . . .

¼
X1
n¼0

e�ns

snþ3
:

But

L�1 e�ns

snþ3

� �
¼

ðt�nÞnþ2

ðnþ2Þ ! for t � n

0 otherwise :

(

Therefore, if [t] denotes the greatest integer less

than or equal to t, then

yðtÞ ¼
X½t�
n¼0

ðt � nÞnþ2

ðnþ 2Þ ! :

EXAMPLE 7.38
Solve the differential-difference equation

y00ðtÞ�yðt�1Þ ¼ f ðtÞ; yðtÞ¼0; y0ðtÞ¼0 for t�0;

f ðtÞ¼ 0 for t�0

2t for t>0:

�

Solution. Taking Laplace transform of both sides, we
get

Lfy00ðtÞg � Lfyðt� 1Þg ¼ Lf f ðtÞg
or

s2LfyðtÞg�syð0Þ�yð0Þ � e�sLfyðtÞg ¼ 2

s2

or

ðs2�e�sÞLfyðtÞg ¼ 2

s2

or

LfyðtÞg ¼ 2

s2ðs2 � e�sÞ ¼
2

s4 1� e�s

s2

� �

¼ 2

s4
1þ e�s

s2
þ e�2s

s4
þ e�3s

s6
þ . . .

� �

¼ 2
1

s4
þ e�s

s6
þ e�2s

s8
þ e�3s

s10
þ . . .

� �

¼ 2
X1
n¼0

e�n s

s2nþ4
:

But

L �1 e�n s

snþ4

� �
¼ ðt � nÞ2nþ3

ð2nþ 3Þ ! :
Hence

yðtÞ ¼ 2
X½t�
n¼0

ðt � nÞ2nþ3

ð2nþ 3Þ ! :

7.4 INTEGRAL EQUATIONS

Equations of the form

f ðtÞ ¼ gðtÞ þ
Zb

a

Kðt; uÞ f ðuÞ du

and

gðtÞ ¼
Zb

a

Kðt; uÞ f ðuÞ du;

where the function f (t) to be determined appears

under the integral sign are called integral equations.

In an integral equation, K(t, u) is called the
kernel. If a and b are constants, the equation is

called a Fredholm integral equation. If a is a con-

stant and b = t, then the equation is called a Volterra
integral equation.

If the kernel K(t, u) is of the form K(t – u), then

the integral
Rt
0

Kðt � uÞ f ðuÞ du represents convolu-

tion. Thus, we have

f ðtÞ¼gðtÞþ
Z t

0

Kðt�uÞ f ðuÞdu¼gðtÞþKðtÞ� f ðtÞ:

Such equations are called convolution-type integral

equations. Taking Laplace transform of convolu-
tion-type integral equation, we have

Lf f ðtÞg ¼ LfgðtÞg þ LfKðtÞ � f ðtÞg
¼ LfgðtÞg þ LfKðtÞgLf f ðtÞg;

by using Convolution theorem. Hence

ð1� LfKðtÞg Lf f ðtÞgÞ ¼ LfgðtÞg;
which implies

Lf f ðtÞg ¼ LfgðtÞg
1� LfKðtÞg :

Taking inverse Laplace transform yields the solu-
tion f (t).
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EXAMPLE 7.39
Solve the integral equation

f ðtÞ ¼ e�t þ
Z t

0

sinðt � uÞf ðuÞ du:

Solution. Taking Laplace transform of both sides of

the given equation, we get

Lf f ðtÞg ¼ Lfe�tg þ Lfsin tgLf f ðtÞg;
which yields

Lf f ðtÞg ¼ Lfe�tg
1� Lfsin tg ¼ s2 þ 1

s2ðsþ 1Þ :

Using partial fractions, we obtain

Lf f ðtÞg ¼ 2

sþ 1
þ 1

s2
� 1

s
:

Taking inverse Laplace transform yields

f ðtÞ ¼ 2e�t þ t � 1:

EXAMPLE 7.40
Solve the integral equation

f ðtÞ ¼ 1þ
Z t

0

sinðt � uÞ f ðuÞ du:

Solution. We have

f ðtÞ ¼ 1þ sin t � f ðtÞ:
Taking Laplace transform yields

Lf f ðtÞg ¼ Lf1g þ Lf f ðtÞgLfsin tg
or

Lf f ðtÞg ¼ Lf1g
1� Lfsin tg ¼ 1

s 1� 1
s2þ1

� 	

¼ s2 þ 1

s3
¼ 1

s
þ 1

s3
:

Taking inverse Laplace transform, we get

f ðtÞ ¼ 1þ t2

2
:

EXAMPLE 7.41
Solve Z t

0

f ðuÞ f ðt � uÞ du ¼ 16 sin 4t:

Solution. The given equation in convolution form is

f ðtÞ � f ðtÞ ¼ 16 sin 4 t:

Taking Laplace transform, we get

Lf f ðtÞ � f ðtÞg ¼ 16Lfsin 4tg
or

Lf f ðtÞgLf f ðtÞg ¼ 16Lfsin 4tg
ðusing convolution theoremÞ:

or

½Lf f ðtÞg�2 ¼ 16ð4Þ
s2 þ 16

¼ 64

s2 þ 16
:

or

Lf f ðtÞg ¼ � 8ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 16

p :

Taking inverse Laplace transform yields

f ðtÞ ¼ �8 J0ð4tÞ;
where J

0
is Bessel’s function of order zero.

EXAMPLE 7.42
Solve the integral equation

gðxÞ ¼ f ðxÞ �
Z t

0

et�uf ðuÞ du:

Solution. The given equation, in convolution form, is

gðtÞ ¼ f ðtÞ � et � f ðtÞ:
Taking Laplace transform of both sides, we get

LfgðtÞg ¼ Lf f ðtÞg � LfetgLf f ðtÞg
or

Lf f ðtÞg ¼ LfgðtÞg
1� Lfetg ¼ ðs� 1ÞLfgðtÞg

ðs� 2Þ
¼ LfgðtÞg þ LfgðtÞg

s� 2

¼ LfgðtÞg þ LfgðtÞLfe2tgg:
Taking inverse Laplace transform yields

f ðtÞ ¼ gðtÞ þ gðtÞ � e2t

¼ gðtÞ þ
Z t

0

gðuÞ e2ðt�uÞdu:
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Definition 7.1. The convolution-type integral equa-
tion of the form

Z t

0

f ðuÞ
ðt � uÞn du ¼ gðtÞ; 0 < n < 1

is called Abel’s integral equation.

We consider below examples of this type of inte-

gral equations.

EXAMPLE 7.43
Solve the integral equation

1þ 2t � t2 ¼
Z t

0

f ðuÞ 1ffiffiffiffiffiffiffiffiffiffi
t � u

p du:

Solution. The given equation is a special case of

Abel’s integral equation. The convolution form of
this equation is

1þ 2t � t2 ¼ f ðtÞ � 1ffiffi
t

p :

Taking Laplace transform yields

Lf f ðtÞgL 1ffiffi
t

p
� �

¼ Lf1g þ 2Lftg � Lft2g
or

Lf f ðtÞg
ffiffiffi
�

s

r
¼ 1

s
þ 2

s2
� 2

s3

or

Lf f ðtÞg ¼ 1ffiffiffi
�

p 1

s1=2
þ 2

s3=2
� 2

s5=2

� �
:

Taking inverse transform, we get

f ðtÞ ¼ 1ffiffiffi
�

p t�1=2

�ð1=2Þ þ
2t1=2

�ð3=2Þ �
2t3=2

�ð5=2Þ
� �

¼ 1ffiffiffi
�

p t�1=2ffiffiffi
�

p þ 2t1=2

ð1=2Þ ffiffiffi
�

p � 2t3=2

ð3=2Þð1=2Þ ffiffiffi
�

p
� �

¼ 1

�
½t�1=2 þ 4t1=2 � 8t3=2�:

EXAMPLE 7.44
Solve the integral equation

Z t

0

f ðuÞ 1ffiffiffiffiffiffiffiffiffiffi
t � u

p ¼ 1þ t þ t2:

Solution. Proceeding as in Example 7.43 above, we
have

Lf f ðtÞg ¼ 1ffiffiffi
�

p 1

s1=2
þ 1

s3=2
þ 2

s5=2

� �
;

which on inversion yields

f ðtÞ ¼ 1

�
½t�1=2 þ 2t1=2 þ 8

3
t3=2�:

EXAMPLE 7.45 (Tautochrone Curve)
A particle (bead) of mass m is to slide down a
frictionless curve such that the duration T

0
of des-

cent due to gravity is independent of the starting

point. Find the shape of such curve (known as
Tautochrone curve).

Solution. Velocity of the bead at the starting point is
zero since it starts from rest at that point, say P with

co-ordinates (x, y). Let Q = (x, u) be some inter-

mediate point during the motion. Let the origin O
be the lowest point of the curve (Figure 7.12). Let

the length of the arc OQ be s.

x
0

y

P(x, y )

y

u
Q(x, u )

Figure 7.12

By law of conservation of energy, potential energy
at P + kinetic energy at P = potential energy at

Q + Kinetic energy at Q, that is,

mgyþ 0 ¼ mguþ 1

2
m

ds

dt

� �2

;

where ds
dt
is the instantaneous velocity of the particle

at Q.

Thus
ds

dt

� �2

¼ 2gðy� uÞ

and so
ds

dt
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gðy� uÞ

p
;
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negative sign since s decreases with time. The total
time T

0
taken by the particle to go from P to Q is

T0 ¼
ZT0
0

dt ¼
Z0

y

�dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gðy� uÞp ¼

Zy

0

dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gðy� uÞp :

If ds
du

= f (u), then ds = f (u) du and so

T0 ¼ 1ffiffiffiffiffi
2g

p
Zy

0

f ðuÞffiffiffiffiffiffiffiffiffiffiffi
y� u

p du

The convolution form of this integral equation is

T0 ¼ 1ffiffiffiffiffi
2g

p f ðyÞ � 1ffiffiffi
y

p :

Taking Laplace transform of both sides and using

Convolution theorem, we have

LfT0g ¼ 1ffiffiffiffiffi
2g

p Lf f ðyÞgL 1ffiffiffi
y

p
� �

or

Lf f ðyÞg ¼
ffiffiffiffiffi
2g

p
T0=sffiffiffiffiffiffiffiffi
T=s

p ¼
ffiffiffiffiffiffiffiffiffiffiffi
2g=�

p
s1=2

T0 ¼ C0

s1=2
;

where C
0
is a constant. Inverse Laplace transform

then yields

f ðyÞ ¼ Cffiffiffi
y

p :

Since f(y) = ds
dy
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dx

dy

� 	2r
, we get

1þ dx

dy

� �2

¼ C2

y

or

dx

dy

� �2

¼ C2

y
� 1 ¼ C2 � y

y
or

dx

dy
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 � y

y

s

or

x ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2 � y

y

s
dy:

Putting y = C2 sin2 h
2
, we get

x ¼ C2

2
ðhþ sin hÞ; y ¼ C2

2
ð1� cos hÞ;

which are the parametric equations of a cycloid.

7.5 INTEGRO-DIFFERENTIAL EQUATIONS

An integral equation in which various derivatives of
the unknown function f(t) are also present is called

an integro-differential equation. These types of

equations can also be solved by the method of
Laplace transform.

EXAMPLE 7.46
Solve the following integro-differential equation:

y0ðtÞ ¼
Z t

0

yðuÞ cosðt � uÞ du; yð0Þ ¼ 1:

Solution.We write the given equation in convolution
form as

y0ðtÞ ¼ yðtÞ � cos t:
Taking Laplace transform and using Convolution
theorem yields

Lfy0ðtÞg ¼ LfyðtÞgLfcos tg
or

sLfyðtÞg � yð0Þ ¼ LfyðtÞg s

s2 þ 1
or

s� s

s2 þ 1

� �
LfyðtÞg ¼ 1; since yð0Þ ¼ 1

or

LfyðtÞg ¼ s2 þ 1

s3
¼ 1

s
þ 1

s3
:

Taking inverse Laplace transform, we get

yðtÞ ¼ 1þ 1

2
t2:

EXAMPLE 7.47
Solve

y0ðtÞ þ 5

Z t

0

yðuÞ cos 2ðt � uÞ dy ¼ 10; yð0Þ ¼ 2:

Solution. Convolution form of the equation is

y0ðtÞ þ 5 cos t � yðtÞ ¼ 10:

Taking Laplace transform and using Convolution

theorem, we have

sLfyðtÞg � yð0Þ þ 5sLfyðtÞg
s2 þ 4

¼ 10

s
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or

LfyðtÞg ¼ 2s3 þ 10s2 þ 8sþ 40

s2ðs2 þ 9Þ
¼ 1

9

8

s
þ 40

s2
þ 10s

s2 þ 9
þ 50

s2 þ 9

� �
:

Hence

yðtÞ ¼ 1

9
8þ 40t þ 10 cos t þ 50

3
sin 3t

� �
:

7.6 SOLUTION OF PARTIAL DIFFERENTIAL
EQUATION

Consider the function u = u(x, t), where t � 0 is a

time variable. Suppose that u(x, y), when regarded
as a function of t, satisfies the sufficient conditions

for the existence of its Laplace transform.

Denoting the Laplace transform of u(x, t) with
respect to t by U(x, s), we see that

Uðx; sÞ ¼ Lfuðx; tÞg ¼
Z1

0

e�stuðx; tÞ dt:

The variable x is the untransformed variable. For
example,

Lfeaðx�tÞg ¼ eax L fe�atg ¼ eax
1

sþ a
:

Theorem 7.2. Let u(x, t) be defined for t � 0. Then

(a) L
@u

@x

� �
¼ d

dx
ðUðx; sÞÞ

(b) L
@u

@t

� �
¼ sUðx; sÞ � uðx; 0Þ

(c) L
@2u

@x2

� �
¼ d2

dx2
ðUðx; sÞÞ

(d) L
@2u

@t2

� �
¼ s2 Uðx; sÞ � s uðx; 0Þ � @u

@t
ðx; 0Þ:

Proof: (a) We have, by Leibnitz’s rule for differ-
entiating under the integration,

L
@u

@x

� �
¼
Z1

0

e�st @u

@x
dt ¼ d

dx

Z1

0

e�stuðx; tÞ dt

¼ d

dx
ðUðx; sÞÞ:

(b) Integrating by parts, we get

L
@u

@t

� �
¼
Z1

0

e�st @uðx; tÞ
@t

dt

¼ lim
T!0

ZT

0

e�st @uðx; tÞ
@t

dt

¼ lim
T!0

"
e�stuðx; tÞ

#T
0

þ s

ZT

0

e�stuðx; tÞdt
8<
:

9=
;

¼ s

ZT

0

e�stuðx; tÞdt � uðx; 0Þ

¼ sUðx; sÞ � uðx; 0Þ:
ðcÞ Taking V ¼ @u

@x
;we have byðaÞ;

L
@2u

@x2

� �
¼ L

@V

@x

� �
¼ d

dx
ðVðx; sÞÞ

¼ d

dx

d

dx
ðUðx; sÞÞ

� �
¼ d2

dx2
ðUðx; sÞÞ:

(d) Let v = @u
@t . Then

L
@2u

@t2

� �
¼ L

@v

@t

� �
¼ sVðx; sÞ � vðx; 0Þ

¼ s½sUðx; sÞ � uðx; 0Þ� � @u

@t
ðx; 0Þ

¼ s2Uðx; sÞ � uðx; 0Þ � @u

@t
ðx; 0Þ:

Theorem 7.2 suggest that if we apply Laplace trans-
form to both sides of the given partial differential

equation, we shall get an ordinary differential equa-

tion in U as a function of single variable x. This
ordinary differential equation is then solved by the

usual methods.

EXAMPLE 7.48
Solve

@u

@x
¼ @u

@t
; uðx; 0Þ ¼ x; uð0; tÞ ¼ t;

Solution. Taking Laplace transform, we get

L
@u

@x

� �
¼ L

@u

@t

� �
:
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Using Theorem 7.2, we get

d

dx
½Uðx; sÞ� ¼ s Uðx; sÞ � uðx; 0Þ ¼ s Uðx; sÞ � x:

Thus, we have first order differential equation

d

dx
½Uðx; sÞ� � sUðx; sÞ ¼ �x

The integrating factor is

e

R
�s dx ¼ e�sx:

Therefore,

Uðx; sÞ e�sx ¼
Z

�xe�sxdx

¼ � x
e�sx

�s
�
Z

e�sx

�s
dx

� �
þ C

¼ x e�sx

s
þ e�sx

s2
þ C

(constant of integration):

This yields

Uðx; sÞ ¼ x

s
þ 1

s2
þ C esx: ð12Þ

Now the boundary condition u(0, t) is a function of t.
Taking Laplace transform of this function, we have

Uð0; sÞ ¼ Lfuð0; tÞg ¼ Lftg ¼ 1

s2
:

Then taking x = 0 in (12), we have

1

s2
¼ 1

s2
þ C

and so C = 0. Thus, we have

Uðx; sÞ ¼ x

s
þ 1

s2
:

Taking inverse Laplace transform, we have

uðx; tÞ ¼ xþ t:

EXAMPLE 7.49
Solve the partial differential equation

@u

@t
þ x

@u

@x
¼ x; x > 0; t > 0

with the initial and boundary conditions u(x, 0) = 0,
x > 0 and u(0, t) = 0 for t > 0.

Solution. Taking Laplace transform with respect to t,
we get

L
@u

@t

� �
þ L x

@u

@x

� �
¼ Lfxg

which yields

sUðx; sÞ � uðx; 0Þ þ x
d

dx
Uðx; sÞ ¼ x

s
:

Since u(x, 0) = 0, this reduces to

d

dx
Uðx; sÞ þ s

x
Uðx; sÞ ¼ 1

s
: ð13Þ

The integrating factor is

e

R s
x
dx ¼ es log x ¼ xs:

Therefore solution of (13) is

Uðx; sÞxs¼1

s

Z
xsdxþC¼1

s

xsþ1

sþ1
þC¼ xsþ1

sðsþ1ÞþC

and so

U(x, s) = x
sðsþ1Þ + C (constant of integration). (14)

Now since U(0, t) = 0, its Laplace transform is

0, that is, U(0, s) = 0. Therefore, (14) implies C = 0.

Hence

Uðx; sÞ ¼ x

sðsþ 1Þ ¼ x
1

s
� 1

sþ 1

� �
:

Taking inverse Laplace transform, we get the solu-

tion as
uðx; tÞ ¼ xð1� e�tÞ:

EXAMPLE 7.50
Solve

@u

@t
¼ @2u

@x2
; x > 0; t > 0

under the conditions

uðx; 0Þ ¼ 1; uð0; tÞ ¼ 0 and lim
x!1 uðx; tÞ ¼ 1:

Solution. The given equation is heat conduction

equation in a solid, where u(x, t) is the temperature at
position x at any time t and diffusivity is 1. The

boundary condition u(0, t) = 0 indicates that tem-

perature at x = 0 is 0 and lim
x!1 uðx; tÞ ¼ 1 indicates

that the temperature for large values of x is 1 whereas
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u(x, 0) = 1 represents the initial temperature 1 in the
semi-infinite medium (x > 0) (Figure 7.13).

x
x0

Figure 7.13

Taking Laplace transform, yields

sUðx; sÞ � uðx; 0Þ ¼ d2

dx2
Uðx; sÞ:

Since u(x, 0) = 1, we have
d2

dx2
Uðx; sÞ � sUðx; sÞ ¼ �1:

The general solution of this equation is

Uðx; sÞ ¼ C:F:þ P:I:

¼ ½c1e
ffiffi
s

p
x þ c2e

� ffiffi
s

p
x� þ 1

s
: ð15Þ

The conditions u(0, t) = 0 yields

Uð0; sÞ ¼ Lfuð0; tÞg ¼ 0; ð16Þ
whereas lim

x!1 u(x, t) = 1 yields

lim
x!1 Uðx; sÞ ¼ lim

x!1Lfuðx; tÞg ¼ Lf lim
x!1 uðx; tÞg

¼ Lf1g ¼ 1

s
: ð17Þ

Now (15) and (17) imply c
1
= 0. Then (16) implies

c
2
= – 1

s
. Hence

Uðx; sÞ ¼ 1

s
� e�

ffiffi
s

p
x

s
:

Taking inverse Laplace transform, we get

uðx; tÞ ¼ 1� L�1 e�
ffiffi
s

p
x

s

( )

¼ 1� 1� erf
x

2
ffiffi
t

p
� �� �

¼ erf
x

2
ffiffi
t

p
� �

:

EXAMPLE 7.51
Solve

@u

@t
¼ @2u

@x2
; x > 0; t > 0

subject to the conditions

uðx; 0Þ ¼ 0; x > 0;

uð0; tÞ ¼ t; t > 0 and lim
x!1 uðx; tÞ ¼ 0:

Solution. Taking Laplace transform, we have

d2

dx2
Uðx; sÞ � sUðx; sÞ ¼ 0:

The solution of this equation is

Uðx; sÞ ¼ c1 e
ffiffi
s

p
x þ c2 e

� ffiffi
s

p
x ð18Þ

Since lim
x!1 u(x, t) = 0, we have

lim
x!1Uðx; sÞ ¼ lim

x!1Lfuðx; tÞg
¼ Lf lim

x!1 uðx; tÞg ¼ Lf0g ¼ 0ðfiniteÞ:

Therefore, c
1
= 0 and (18) reduces to

Uðx; sÞ ¼ c2e
� ffiffi

s
p

x: ð19Þ
Also, since u(0, t) = t, we have

Uð0; sÞ ¼ 1

s2
:

Hence, (19) yields c
2
= 1

s2
. Thus

Uðx; sÞ ¼ 1

s2
e�

ffiffi
s

p
x:

Since L�1{e�
ffiffi
s

p
x} = x

2
ffiffiffiffiffi
�t3

p e�
x2

4t , by Convolution

theorem, we have

uðx; tÞ ¼
Z t

0

ðt � uÞ x

2
ffiffiffiffiffiffiffiffi
�u3

p e�
x2

4u du:

Putting l = x2

4u
, we get

uðx; tÞ ¼ 2ffiffiffi
�

p
Z1

x=2
ffiffi
t

p
e�l2 t � x2

4l2

� �
dl:

EXAMPLE 7.52
Solve

@u

@t
¼ 2

@2u

@x2

subject to the conditions u(0, t) = 0, u(5, t) = 0,
u(x, 0) = sin �x.
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Solution. Taking Laplace transform and using
u(x, 0) = sin �x, we get

d2

dx2
Uðx; sÞ � s

2
Uðx; sÞ ¼ � 1

2
sin �x:

Complementary function for this equation is

c1e
ffiffiffiffi
s
2
x

p
þ c2e

�
ffiffi
s
2

p
x and particular integral is

1
2ð�2þðs=2ÞÞ sin�x. Thus the complete solution is

Uðx;sÞ ¼ c1e
ffiffi
s
2

p
xþc2e

�
ffiffi
s
2

p
xþ 1

2ð�2þðs=2ÞÞsin�x:

ð20Þ
Since u(0, t) = 0, we have U(0, t) = 0 and since
u(5, t) = 0, U(5, t) = 0. Therefore, (20) gives

c1 þ c2 ¼ 0 and c1e
5
ffiffiffiffiffi
s=2

p
þ c2e

5ð� ffiffi
s

p
=2Þ ¼ 0:

These relations imply c
1
= c

2
= 0. Hence

Uðx; sÞ ¼ 1

2ð�2 þ s=2Þ sin �x ¼
1

sþ 2�2
sin �x:

Taking inverse Laplace transform, we get
Uðx; tÞ ¼ e�2�2t sin�s:

EXAMPLE 7.53
Solve one-dimensional wave equation

@2u

@t2
¼ a2

@2y

@x2
; x > 0; t > 0

subject to the condition y(x, 0) = 0, x > 0; y
t
(x, 0) = 0,

x > 0, y(0, t) = sin vt and lim
x!1 y(x, t) = 0.

Solution. The displacement is only in the vertical
direction and is given by y(x, t) at position x and

time t. For a vibrating string, the constant a equalsffiffiffi
T
�

q
, where T is tension in the string and � is mass

per unit length of the vibrating string (Figure 7.14).

x

y

y(x , t)

0

Figure 7.14

Taking Laplace transform, we get
s2Yðx; sÞ � syðx; 0Þ � ytðx; 0Þ � a2 d2

dx2
Yðx; sÞ ¼ 0

or

d2

ds2
Yðx; sÞ � s2

a2
¼ 0 ð21Þ

The general solution of (21) is

Yðx; sÞ ¼ c1 e
s
a x þ c2e

� s
a x ð22Þ

The condition lim
x!1 y(x, t) implies c

1
= 0.

Since y(0, t) = sin vt, we have

Yð0; sÞ ¼ fyð0;tÞg ¼ v

s2 þ v2
:

Therefore, (22) implies c2 ¼ v
s2þv2 and so

Yðx; sÞ ¼ v

s2 þ v2
e�

s
a x:

Taking inverse Laplace transform, we have

yðx; tÞ ¼ sinv t � x
a

� �
for t > x

a

0 for t < x
a
:

(

¼ sinv t � x

a

� 	
H t � x

a

� 	
:

EXAMPLE 7.54
Solve

@2y

@t2
¼ @2y

@x2
; for 0 <x< 1; t> 0

subject to y(x, 0) = 0, 0 < x < 1 ; y(0, t) = 0, t > 0,

y(1, t) = 0, t > 0 and y
t
(x, 0) = x, 0 < x < 1.

Solution. Taking Laplace transform and using y(x, 0)

= 0 and y
t
(x, 0) = x, we get

d2Yðx; sÞ
dt2

� s2Yðx; sÞ ¼ x;

whose solution is given by

Yðx; sÞ ¼ c1 cosh sxþ c2 sinh sx� x

s2
:

Now y(0, t) = 0 implies that Y(0, s) = 0 and so c
1
= 0.

Similarly, y(1, t) = 0 implies Y(1, s) = 0 and so

c
2
sinh s� 1

s2
¼ 0: Thus c2 ¼ 1

s2 sinh x : Hence

Yðx; sÞ ¼ 1

s2 sinh x
: sinh sx� x

s2
:
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This function has simple poles at n�i, n = ±1, ±2, …,
and a pole of order 2 at s = 0. Now

Resðn�iÞ ¼ lim
s!n� i

ðs� n�iÞets: sinh sx
s2 sinh s

¼ lim
s!n� i

ðs� n� iÞ
sinh s

lim
s!n� i

ets
sinh sx

s2

¼ 1

cosh n� i
:
en� i t sinh n�ix

�n2�2

¼ ð�1Þnþ1

n2�2
en� i t sin n�x;

Resð0Þ ¼ xt:

Hence, by Complex inversion formula,

yðx; tÞ ¼ xt þ
X1

n¼�1

ð�1Þnþ1

n2�2
en� i t sin n�x� xt

¼ 2

�2

X1
n¼1

ð�1Þnþ1

n2
sin n�x sin n�t:

7.7 EVALUATION OF INTEGRALS

Laplace transforms can be used to evaluate certain
integrals. In some cases the given integral is a special

case of a Laplace transform for a particular value of

the transform variable s. To evaluate an integral
containing a free parameter, we first take Laplace

transform of the integrand with respect to the free

parameter. The resulting integral is then easily
evaluated. Then we apply inverse Laplace trans-

form to get the value of the given integral. In some

cases, Theorem 5.9, regarding Laplace transform is
used to evaluate the given integral.

EXAMPLE 7.55
Evaluate the integral

I ¼
Z1

0

e�t sin t

t
dt;

and show that
R1
0

sin t
t

dt ¼ �
2
:

Solution. We know that

L
sin t

t

� �
¼
Z1

0

e�st sin

t
dt ¼ tan�1 1

s
: ð23Þ

Setting s = 1, we getZ1

0

e�t sin t

t
dt ¼ tan�1 1 ¼ �

4
:

Further, letting s ! 0 in (23), we getZ1

0

sin t

t
dt ¼ tan�1 1 ¼ �

2
:

EXAMPLE 7.56
Evaluate the integralZ1

0

sin tx

xð1þ x2Þ dx:

Solution. Let

f ðtÞ ¼ R1
0

sin tx
xð1þx2Þ dx:

Taking Laplace transform with respect to t, we have

FðsÞ ¼
Z1

0

1

xð1þ x2Þ dx
Z1

0

e�st sin tx dx

¼
Z1

0

dx

xð1þ x2Þ ðs2 þ x2Þ

¼ 1

s2 � 1

Z1

0

1

1þ x2
� 1

s2 þ x2

� �
dx

¼ 1

s2 � 1

�

2
� �

2s

� 	
¼ �

2

1

s2 � 1

s� 1

s

� �

¼ �

2

1

sðsþ 1Þ
� �

¼ �

2

1

s
� 1

sþ 1

� �
:

Taking inverse Laplace transforms, we get

f ðtÞ ¼ �
2
ð1� e�tÞ:

EXAMPLE 7.57
Evaluate Z1

0

sin2 tx

x2
dx:

Solution. We have

f ðtÞ ¼
Z1

0

sin2 tx

x2
dx ¼

Z1

0

1� cosð2txÞ
2x2

dx:
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Taking Laplace transform with respect to t, we have

FðsÞ ¼ 1

2

Z1

0

1

x2
1

s
� s

4x2 þ s2

� �
dx¼ 2

s

Z1

0

dx

4x2 þ s2

¼ 1

s

Z1

0

dy

y2 þ s2
¼ 1

s2
tan�1 y

s

h i1
0
¼� �

2s2
:

Thus, taking inverse Laplace transformation, we get

f ðtÞ ¼ ��t

2
¼ �t

2
sgn t:

EXAMPLE 7.58
Evaluate Z1

�1
sin x2 dx:

Solution. Let

f ðtÞ ¼ R1
0

sin t x2 dx

Taking Laplace transform, we get

Lf f ðtÞg ¼
Z1

0

e�st dt

Z1

0

sin t x2 dx

¼
Z1

0

dx

Z1

0

e�st sin tx2dt

¼
Z1

0

Lfsin tx2g dx ¼
Z1

0

x2

s2 þ x4
dx:

Put x2 = s tanh, that is, x =
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffi
tan h:

p
Then

dx ¼ ffiffi
s

p
:
1

2
ðtan hÞ�1=2 sec2 h dh:

Therefore,

Lff ðtÞg¼1

2

Z�=2

0

s3=2 tanhðtanhÞ�1=2sec2hdh

s2ð1þtan2hÞ

¼ 1

2
ffiffi
s

p
Z�=2

0

ffiffiffiffiffiffiffiffiffiffi
tanh

p
dh¼ 1

2
ffiffi
s

p
Z�=2

0

sin1=2hcos�1=2dh:

But we know that

Z�=2

0

sin2m�1hcos2n�1hdh¼1

2
bðm;nÞ¼�ðmÞ�ðnÞ

2�ðmþnÞ:

Taking 2m – 1 = 1
2
and 2n – 1 = – 1

2
, we get m = 3

4
and

n = 1
4
. Hence using the relation G( p) G(1 – p) = �

sin p�,
0 < p < 1, we have

Lf f ðtÞg¼ 1

4
ffiffi
s

p �ð3=4Þ�ð1=4Þ
�ð1Þ ¼ 1

4
ffiffi
s

p �
ffiffiffi
2

p
¼ �

ffiffiffi
2

p

4
ffiffi
s

p :

Taking inverse Laplace transform yields

f ðtÞ ¼ �
ffiffiffi
2

p

4

t�1=2ffiffiffi
�

p
� �

¼
ffiffiffiffiffiffi
2�

p

4
t�1=2:

Putting t = 1, we getZ1

0

sin x2 dx ¼ 1

2

ffiffiffi
�

2

r

and so Z1

�1
sin x2 dx ¼

ffiffiffi
�

2

r
:

EXAMPLE 7.59
Evaluate the integral

Z1

0

cos tx

x2 þ 1
dx; t> 0:

Solution. Let

f ðtÞ ¼
Z1

0

cos tx

x2 þ 1
dx:

Taking Laplace transform with respect to t, we get

Lf f ðtÞg ¼ L

Z1

0

cos tx

x2 þ 1
dx

8<
:

9=
; ¼

Z1

0

L
cos tx

x2 þ 1

� �
dx

¼
Z1

0

s

ðx2 þ 1Þ ðs2 þ x2Þ dx

¼ s

Z1

0

dx

ðx2 þ 1Þ ðs2 þ x2Þ

¼ s

s2 � 1

Z1

0

1

x2 þ 1
� 1

s2 þ x2

� �
dx

¼ s

s2 � 1
tan�1 x� tan�1 x

s

h i1
0

¼ s

s2 � 1

�

2
� �

2s

� 	
¼ �=2

sþ 1
:

340 n Engineering Mathematics



Now, taking inverse Laplace transform, we have

f ðtÞ ¼ �

2
e�t; t> 0:

EXAMPLE 7.60
Evaluate Z1

0

t J0ðtÞ dt;

where J
0
is Bessel’s function of order zero.

Solution. We know that

LfJ0ðtÞg ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1

p :

Therefore,

LftJ0ðtÞg ¼ � d

ds
fLfJ0ðtÞgg ¼ � d

ds

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 1

p
� �

¼ � 2s

ðs2 þ 1Þ3=2
:

But, by definition

LftJ0ðtÞg ¼
Z1

0

e�stt J0ðtÞ dt:
Hence Z1

0

e�st t J0ðtÞ dt ¼ � 2s

ðs2 þ 1Þ3=2
:

Taking s = 0, we get

Z1

0

t J0ðtÞ dt ¼ 0:

EXAMPLE 7.61
Evaluate Z1

0

e�2terf
ffiffi
t

p
dt:

Solution. We have

Lferf ffiffi
t

p g ¼
Z1

0

e�sterf
ffiffi
t

p
dt ¼ 1

s
ffiffiffiffiffiffiffiffiffiffiffi
sþ 1

p :

Taking s = 2, we getZ1

0

e�2terf
ffiffi
t

p
dt ¼ 1

2
ffiffiffi
3

p :

EXAMPLE 7.62
Evaluate Z t

0

erf
ffiffiffi
u

p
erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt � uÞ

p
du:

Solution. Let

f ðtÞ ¼
Z t

0

erf
ffiffiffi
u

p
erf

ffiffiffiffiffiffiffiffiffiffi
t � u

p
du:

Then, by Convolution theorem, we have

FðtÞ ¼ Lferf ffiffi
t

p gLferf ffiffi
t

p g
¼ 1

s
ffiffiffiffiffiffiffiffiffiffiffi
sþ 1

p :
1

s
ffiffiffiffiffiffiffiffiffiffiffi
sþ 1

p ¼ 1

s2ðsþ 1Þ
¼ �1

s
þ 1

s2
þ 1

sþ 1
:

Taking inverse transform, we get
f ðtÞ ¼ �1þtþe�t:

7.8 MISCELLANEOUS EXAMPLES

EXAMPLE 7.63
Solve the differential equation, using Laplace trans-

form y00 þ 4y0 þ 4y ¼ e�t given that y (0) ¼ 0 and
y? (0) ¼ 0.

Solution. Taking Laplace transform, we have

Lfy00ðtÞg þ 4Lfy0ðtÞg þ 4LfyðtÞg ¼ Lfe�tg
or

s2Y ðsÞ � syð0Þ � y0ð0Þ þ 4fsY ðsÞ � yð0Þg þ 4Y ðsÞ

¼ 1

sþ 1
:

Using the initial conditions, we have

s2Y ðsÞ þ 4sY ðsÞ þ 4Y ðsÞ ¼ 1

sþ 1
or

Y ðsÞ ¼ 1

ðsþ 1Þðs2 þ 4sþ 4Þ ¼
1

ðsþ 1Þðsþ 2Þ2

¼ 1

sþ 1
� 1

sþ 2
� 1

ðsþ 2Þ2 :

Taking inverse Laplace transform, we get

yðtÞ ¼ e�t � e�2t � te�2t:
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EXAMPLE 7.64
Using Laplace transform, solve

ðD2 þ 5D� 6Þy ¼ x2e�x; yð0Þ ¼ a; y0ð0Þ ¼ b:

Solution. Applying Laplace transform to the given

equation, we get

s2Lfyg � syð0Þ � yð0Þ þ 5½sLfyg � yð0Þ� � 6Lfyg

¼ ð�1Þ42 !

ðsþ 1Þ3 ¼ 2

ðsþ 1Þ3

or

s2Lfyg � as� bþ 5½sLfyg � a� � 6Lfyg

¼ 2

ðsþ 1Þ3

or

Lfyg½s2 þ 5s� 6� ¼ 2

ðsþ 1Þ3 þ asþ bþ 5a

or

Lfyg¼ asþ5aþb

s2þ5s�6
þ 2

ðSþ1Þ3ðs2þ5s�6Þ
¼�1

5

1

ðsþ1Þ3�
3

50

1

ðsþ1Þ2�
19

500

1

ðsþ1Þ
þ 1

28

1

ðs�1Þþ
2

875

1

ðsþ6Þ (by partial fractions).

Taking inverse Laplace transform, we have

yðxÞ ¼ a� b

7
e�6x þ 6aþ b

7
ex � 1

50
x2e�x

� 19

500
e�x þ 1

28
ex þ 2

875
e�6x

� �
:

EXAMPLE 7.65
Solve the differential equation d2x

d t2
þ x ¼ t cos 2t

under the conditions:xð0Þ ¼ x0ð0Þ ¼ 0:

Solution. The given differential equation is

d2x

dt2
þ x ¼ t cos 2t; xð0Þ ¼ x0ð0Þ ¼ 0:

Taking Laplace transform of both sides of the given
equation, we have

Lfx00ðtÞg þ LfxðtÞg ¼ Lft cos 2tg

or

s2X ðsÞ � sxð0Þ � x0ð0Þ þ X ðsÞ ¼ s2 � 4

ðs2 þ 4Þ2 :

Using initial conditions xð0Þ ¼ x0ð0Þ ¼ 0, we get

X ðsÞðs2 þ 1Þ ¼ s2 � 4

ðs2 þ 4Þ2

or

X ðsÞ ¼ s2 � 4

ðs2 � 1Þðs2 þ 4Þ2 :

¼ 5

9ðs2 þ 4Þ þ
3

3ðs2 þ 4Þ2 �
5

9ðs2 þ 1Þ :

Taking inverse Laplace transform, we have

xðtÞ ¼ 5

9

sin 2t

2
þ 8

3
½sin 2t � 2t cos 2t� � 5

9
sin t:

EXAMPLE 7.66
Solve the differential equation

d2y

dx2
� 2

dy

dx
þ y ¼ e2x; yð0Þ ¼ 2; y0ð0Þ ¼ �1

by using Laplace transforms.

Solution. Taking Laplace transform, we have

s2Y ðsÞ � syð0Þ � y0ð0Þ � 2fsY ðsÞ � yð0Þg þ Y ðsÞ

¼ 1

s� 2
:

Since yð0Þ ¼ 2 ; y0ð0Þ ¼ �1, we have

s2Y ðsÞ � 2sþ 1� 2sY ðsÞ þ 4þ Y ðsÞ ¼ 1

s� 2

or

s2Y ðsÞ � 2sY ðsÞ þ Y ðsÞ ¼ 2s� 5þ 1

s� 2

or

ðs2 � 2sþ 1ÞY ðsÞ ¼ 2s2 � 7sþ 11

s� 2or

Y ðsÞ ¼ 2s2 � 9sþ 11

ðs� 2Þðs� 1Þ2

¼ 1

s� 2
þ 1

s� 1
� 4

ðs� 1Þ2 :
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Taking inverse Laplace transform, we get

yðxÞ ¼ e2x þ ex � 4 L�1 1

ðs� 1Þ2
( )

¼ e2x þ ex � 4exðxÞ ¼ exð1� 4xÞ þ e2x:

EXAMPLE 7.67
Solve the following differential equation using

Laplace transforms:

d3y

dt3
� 3

d2y

dt2
þ 3

dy

dt
� y ¼ t2et where

yð0Þ ¼ 1;
dy

dt

� �
t¼0

¼ 0;
d2y

dt2

� �
t¼0

¼ �2:

Solution. The given differential equation is

y000 � 3y00 þ 3y0 � y ¼ t2et

with conditions

yð0Þ ¼ 1 ; y0ð0Þ ¼ 0 ; y00ð0Þ ¼ 2:

Taking Laplace transform, we get

s3Y ðsÞ � s2yð0Þ � sy0ð0Þ � y00ð0Þ � 3½s2yðsÞ
� syð0Þ � y0ð0Þ� þ 3½sY ðsÞ � yð0Þ� � Y ðsÞ
¼ 2

ðs� 1Þ3 :

Using the given initial conditions, we have

s3Y ðsÞ � s2 þ 2� 3½s2Y ðsÞ � s�
þ3½sY ðSÞ � 1� � Y ðsÞ ¼ 2

ðs� 1Þ3

or

½s3 � 3s2 þ 3s� 1�Y ðsÞ � s2 þ 3s� 1 ¼ 2

ðs� 1Þ3

or

ðs� 1Þ3Y ðsÞ ¼ 2

ðs� 1Þ3 þ s2 � 3sþ 1

¼ 2

ðs� 1Þ3 þ ðs� 1Þ2 � s

Thus

Y ðsÞ ¼ 2

ðs� 1Þ6 þ
ðs� 1Þ2
ðs� 1Þ3 �

s

ðs� 1Þ3

¼ 2

ðs� 1Þ6 þ
1

s� 1
� ðs� 1Þ þ 1

ðs� 1Þ3
" #

¼ 2

ðs� 1Þ6 þ
1

s� 1
� 1

ðs� 1Þ3 �
1

ðs� 1Þ3

Taking inverse Laplace transform, we get

y ¼ t5et

60
þ et � tet � t2

2
et:

EXAMPLE 7.68
Solve the following simultaneous differential

equations:

(i) 3 dx
dt
� y ¼ 2t ; dx

dt
þ dy

dt
� y ¼ 0 with the condi-

tion xð0Þ ¼ yð0Þ ¼ 0:
(ii) dx

dt
þ 4 dy

dt
� y ¼ 0 ; dx

dt
þ 2y ¼ e�t with the

condition xð0Þ ¼ yð0Þ ¼ 0:

Solution. (i). The given simultaneous differential

equations are

3x0 � y ¼ 2t

x0 þ y0 � y ¼ 0

with xð0Þ ¼ yð0Þ ¼ 0: Taking Laplace transforms,

we get

3fsX ðsÞ � xð0Þg � Y ðsÞ ¼ 2

s2

and

sX ðsÞ � xð0Þ þ sY ðsÞ � yð0Þ � Y ðsÞ ¼ 0:

Using the initial conditions, the above equations

reduce to

3sX ðsÞ � Y ðsÞ ¼ 2

s2

and

sX ðsÞ þ sY ðsÞ � yðsÞ ¼ 0

or

3sX ðsÞ � Y ðsÞ ¼ 2

s2
ð24Þ
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and

sX ðsÞ þ ðs� 1ÞY ðsÞ ¼ 0 ð25Þ
Multiplying the equation (25) by 3 and then sub-
tracting (24) from it, we get

ð3s� 2ÞY ðsÞ ¼ � 2

s2

and so

Y ðsÞ ¼ � 2

s2ð3s� 2Þ ¼
1

s2
þ 3

2s
� 3

2 s� 2
3

� � ð26Þ

(by partial fractions)
Taking inverse Laplace transform, we have

y ¼ t þ 3

2
� 3

2
e
2t
3 : ð27Þ

Substituting the value of Y ðsÞ from (26) in (24), we

get

3sX ðsÞ ¼ 2

s2
þ 1

s2
þ 3

2s
� 3

2 s� 2
3

� �
so that

X ðsÞ ¼ 1

s3
þ 1

2s2
� 1

2s s� 2
3

� �

¼ 1

s3
þ 1

2s2
� 3

4

1

s� 2
3

� 1

s

" #

Taking inverse Laplace transform, we have

x ¼ t2

2
þ t

2
þ 3

4
� 3

4
e
2t
3 ð28Þ

Thus (27) and (28) provides the solution to the given

system.

(ii). Taking Laplace transform, we have

sX ðsÞ � xð0Þ þ 4ðsY ðsÞ � yð0Þ � Y ðsÞ ¼ 0

and

sX ðsÞ � xð0Þ þ 2Y ðsÞ ¼ 1

sþ 1
:

Using the given initial conditions, we get

sX ðsÞ þ ð4s� 1ÞY ðsÞ ¼ 0 ð29Þ
and

SX ðsÞ þ 2Y ðsÞ ¼ 0 ð30Þ

Subtracting (30) from (29), we get

ð4s� 3ÞY ðsÞ ¼ � 1

sþ 1

or

Y ðsÞ ¼ 1

ðsþ1Þð4s�3Þ ¼
1

7

1

sþ1
� 1

s� 3
4

" #
: ð31Þ

Taking inverse Laplace transform, we get

y ¼ 1

7
½e�t � e

3t
4 �:

Putting the value of Y ðsÞ from (31) in (30), we get

sX ðsÞ ¼ 5

7ðsþ 1Þ þ
2

7 s� 3
4

� �
or

X ðsÞ ¼ 5

7sðsþ 1Þ þ
2

7s s� 3
4

� �

¼ 5

7

1

s
� 1

sþ 1

� �
þ 8

21

1

s� 3
4

� 1

s

" #
:

Taking inverse transform, we get

x ¼ 1

3
� 5

7
e�t þ 8

21
e
3t
4 :

EXAMPLE 7.69
Solve the simultaneous differential equations using

Laplace transforms:

x0ðtÞ þ y0ðtÞ þ xðtÞ ¼ � e�t;

x0ðtÞ þ 2y0ðtÞ þ 2xðtÞ þ 2yðtÞ ¼ 0

where xð0Þ ¼ �1; yð0Þ ¼ 1:

Solution. We want to solve

x0ðtÞ þ y0ðtÞ þ xðtÞ ¼ �et;

x0ðtÞ þ 2y0ðtÞ þ 2xðtÞ þ 2yðtÞ ¼ 0;

subject to the conditions xð0Þ ¼ �1 ; yð0Þ ¼ 1:
Taking Laplace transform of the given equations,
we have

sX ðsÞ � xð0Þ þ sY ðsÞ � yð0Þ þ X ðsÞ ¼ � 1

sþ 1

and

sX ðsÞ�xð0Þþ2 sY ðsÞ�yð0Þ½ �þ2X ðsÞþ2Y ðsÞ¼0:
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Using the given initial conditions, we get

sX ðsÞ þ X ðsÞ þ sY ðsÞ ¼ � 1

sþ 1

and

sX ðsÞ þ 1þ 2sY ðsÞ � 2þ 2X ðsÞ þ 2Y ðsÞ ¼ 0

that is,

ðsþ 1ÞX ðsÞ þ sY ðsÞ ¼ � 1

sþ 1
ð32Þ

and

ðsþ 2ÞX ðsÞ þ 2ðsþ 1ÞY ðsÞ ¼ 1 ð33Þ
Multiplying (32) by 2ðsþ 1Þ and (33) by s and then
subtracting, we get

½2ðsþ 1Þ2 � sðsþ 2Þ�X ðsÞ ¼ �2� s

or

ðs2 þ 2sþ 2ÞX ðsÞ ¼ �ðsþ 2Þ
or

X ðsÞ ¼ � sþ 2

s2 þ 2sþ 2
¼ � sþ 2

ðsþ 1Þ2 þ 1

¼ � sþ 1

ðsþ 1Þ2 þ 1
þ 1

ðsþ 1Þ2 þ 1

" #
: ð34Þ

Taking inverse Laplace transform, we get

xðtÞ ¼ �e�t cos t � e�t sin t:

Further, putting the value of X(s) in (33), we get

2ðsþ 1ÞY ðsÞ ¼ 1þ ðsþ 2Þðsþ 2Þ
s2 þ 2sþ 2

¼ s2 þ 2sþ 2þ s2 þ 4sþ 4

s2 þ 2sþ 2

¼ 2s2 þ 6sþ 6

s2 þ 2sþ 2

or

Y ðsÞ ¼ s2 þ 3sþ 3

ðsþ 1Þðs2 þ 2sþ 2Þ
¼ 1

sþ 1
þ 1

s2 þ 2sþ 2

¼ 1

sþ 1
þ 1

ðsþ 1Þ2 þ 1
:

Taking inverse Laplace transform, we have

yðtÞ ¼ e�t � e�t sin t:

EXAMPLE 7.70
Use Laplace transform method to solve the simulta-

neous equations: D2x� Dy ¼ cos t; Dxþ D2y ¼
� sin t; given that x = 0, Dx = 0, y = 0 Dy = 1, when
t = 0.

Solution. Taking Laplace transforms of the given
equations, we have

s2X ðsÞ � sxð0Þ � x0 ð0Þ � sy ðsÞ � yð0Þ ¼ s

s2 þ 1

and

s X ðsÞ � xð0Þ þ s2yðsÞ � syð0Þ � y0ð0Þ

¼ � 1

s2 þ 1
:

Using the given condition, the above equations
transform to

s2X ðsÞ � sY ðsÞ ¼ s

s2 þ 1
ð35Þ

and

sX ðsÞ þ s2Y ðsÞ ¼ 1� 1

s2 þ 1
¼ s2

s2 þ 1
: ð36Þ

Multiplying (35) by s and adding to (36), we get

s3X ðsÞ þ sX ðsÞ ¼ s2

s2 þ 1
þ s2

s2 þ 1
¼ 2s2

s2 þ 1
:

Thus

X ðsÞ ¼ 2s2

ðs2 þ 1Þðs3 þ sÞ ¼
2s

ðs2 þ 1Þ2 :

Taking inverse Laplace transform, we have

xðtÞ ¼ t sin t:

Putting the value of X (s) in (35), we get

2s3

s2 þ 1ð Þ2 � sY ðsÞ ¼ s

s2 þ 1

or

Y ðsÞ ¼ s2 � 1

s2 þ 1ð Þ2 ¼
1

s2 þ 1
� 2

s2 þ 1ð Þ2 :
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Taking inverse Laplace transform, we get

yðtÞ ¼ sin t � ðsin t � t cos tÞ ¼ t cos t:

Hence the required solution is

xðtÞ ¼ t sin t and yðtÞ ¼ t cos t:

EXAMPLE 7.71
Using Laplace transform, solve the integral equa-

tion

yðtÞ ¼ 1� e�t þ
Z t

0

yðt � uÞ sin u du:

Solution. Taking Laplace transform of both sides of
the given integral equation, we have

Lfyg ¼ Lf1g � Lfe�tg þ Lfyg: Lfsin ug

¼ 1

s
� 1

sþ 1
þ Lfyg: 1

s2 þ 1
:

This relation yields

Lfyg 1� 1

s2 þ 1

� �
¼ 1

s
� 1

sþ 1

or

Lfyg ¼ s2 þ 1

s2
1

s
� 1

sþ 1

� �
¼ s2 þ 1

s3ðsþ 1Þ
¼ 2

s
� 2

sþ 1
� 1

s2
þ 1

s3

(by partial fractions).

Taking inverse Laplace transform, we get

yðtÞ ¼ 2� 2 e�t � t þ 1

2
t2

E X E R C I S E S

1. Solve the following initial value problems:

(a) y0 (t) + 3y(t) = 0, x (1) = 1.
Ans. y(t) = e3ð1�tÞ

(b) d2y
dt2

+y = 1, y(0) = y (0) = 0.

Ans. 1 – cos t

(c) y00 + y =e�t, y(0) = A, y0 (0) = B.

Ans. y(t) = 1
2
e�t + A� 1

2

� �
cos t + Bþ 1

2

� �
sin t

(d) d2y
dt2

+ y = 0, y(0) = 1, y0(0) = 0.

Ans. y(t) = cos t.

(e) d2y
dt2

+ a2y = f (t), y(0) = 1, y0(0) = –2.

Hint: Y(s) = s�2
s2þa2

þ FðsÞ
s2þa2

. But by Convolution
theorem

L�1 FðsÞ
s2þa2

� �
¼ f ðtÞ � sinat

a
and so

yðtÞ¼L�1 s

s2þa2

� �
�L�1 2

s2þa2

� �
þ f ðtÞ�sinat

a

Ans. cos at – 2 sin at
a

þ 1
a

Rt
0

f ðuÞ sin aðt � uÞ du
(f) d2y

dt2
+ y = 3 sin 2t, y(0) = 3, y0(0) = 1.

Ans. –sin 2t + 3 cos t + 3 sin t

(g) d2x
dt2

þ 5 dx
dt
þ 6x ¼ 2e�t (t � 0), x(0) = 1 and

x0(0) = 0

Ans. e�t þ e�2t � e�3t, t � 0

(h) d2x
dt2

þ 6 dx
dt
+ 9x = 0, x(0) = x (0) = 0.

Ans. x(t) = 0

(i) d2x
dt2

þ 2b dx
dt2
+ l2x = 0, x(0) = x0(0) = 0.

Ans. x(t) = e�btðc1 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � b2t

p
þ

c2 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � b2t

p
2. Solve y 0 – 2ty = 0, y(0) = 1 and show that its

solution does not have Laplace transform.

Ans. y(t) = et
2

(not of exponential order)

3. Solve ty 00 + y = 0, y(0) = 0.

Hint: Proceed as in Example 7.20

Ans. C
X1
n¼0

ð�1Þntnþ1

ðnþ 1Þ ! n !:

4. Given that I = Q = 0 at t = 0, find current I in the
LC circuit given for t > 0 in Figure 7.15.

L

C

E

Figure 7.15

Hint: The differential equation governing the

circuit is LdI
dt
þ 1

C

Rt
0

IðuÞ du = E. Application of

Laplace transform yields
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Ls F(s) +
FðsÞ
Cs

¼E
s
, that is, F(s) = EC

LCs2þ1
¼ E

L s2þ 1
LCð Þ

Ans. I(t) = E
ffiffiffi
C
L

q
sin 1ffiffiffiffiffi

LC
p t:

5. Given that I = Q = 0 at t = 0, find charge and
current in the circuit shown in Figure 7.16.

2 henry

16 ohms 

.02 farad 

300V

Figure 7.16
Hint: The governing equation is

d2Q
dt2

þ 8 dQ
dt
þ 25Q ¼ 150, F(s) = 150

sðs2þ8sþ25Þ and
so inversion gives Q(t) = 6 – 6e�4t cos 3t �
8e�4t sin 3t. Then I(t) = 50 e�4t sin 3t.

6. Solve the following systems of differential

equations:

(a) dx
dy
+ x – y = 1 + sin t , dy

dt
– dx

dt
+ y = t – sin t,

with x(0) = 0, y(0) = 1

Ans. x(t) = t + sin t, y(t) = t + cos t

(b) dy
dt
= –z , dz

dt
= y with y(0) = 1, z(0) = 0.

Ans. y(t) = cos t , z(t) = sin t

7. Solve y 00 + 4y = 4 cos 2t, y(0) = y0(0) = 0. Does
resonance occur in this case? Hint: Y(s) =

4s

ðs2þ4Þ2 and so y(t) = 4 t
4
sin 2t

 �
= t sin 2t.

Note that y(t) ! 1 as t ! 1. Hence, there
shall be resonance.

8. Solve the following difference equations:

(a) 3y(t) – 4y(t – 1) + y(t – 2) = t, y(t) = 0 for t < 0.

Ans. y(t) = t
3
þ 1

2

P½t�
n¼1

1� 1
3n

� � ðt � nÞ
(b) a

n+2
– 2a

n+1
+ a

n
= 0, a

0
= 0, a

1
= 1.

Ans. an = n

(c) a
n
= a

n–1
+ 2a

n–2
, a

0
= 1, a

1
= 8.

Ans. a
n
= 3(2n) – 2ð�1Þn, n � 0

(d) a
n
= 2a

n–1
– a

n–2
, a

1
= 1.5, a

2
= 3

Ans. 1.5 n

(e) y (t) – y(t – 1) = t2

Ans. y(t) = 2
P½t�
n¼0

ðt�nÞnþ3

ðnþ3Þ !
(f) y 00 (t) – y(t – 1) = �(t), y(t) = y (t) = 0, t 0.

Hint: s2L{y(t)} –e�sL{y(t)} = L{ (t)} and so

L{y(t)} = 1

s2 1�e�s

s2

� �. But
L�1 e�ns

s2nþ2

� �
=

ðt�nÞ2nþ1

ð2nþ1Þ ! for t � n

0 otherwise:

(

Hence y(t) =
P½t�
n¼0

ðt�nÞ2nþ1

ð2nþ1Þ!

9. Solve the integral equations:

(a) f (t) = 1 +
Rt
0

cosðt � uÞf (u) du

Ans. f (t) = 1+ 2ffiffi
3

p sin
ffiffi
3

p
2
t

� 	
et=2

(b) y(t) = sin t + 2
Rt
0

yðuÞ cos (t – u) du

Ans. y(t) = tet

(c) y(t) = t + 1
6

Rt
0

yðuÞ ðt � uÞ3 du
Ans. y(t) = 1

2
(sinh t + sin t)

(d) f (t) =
Rt
0

sin uðt � uÞ du
Ans. 0

(e) y0(t) + 3y(t) + 2
Rt
0

yðuÞdu = t, y(0) = 1.

Hint: L{y(t)} = s2þ1
sðs2þ3sþ2Þ. Use partial fractions

and then use inversion to give y(t) =
1
2
� 2e�t þ 5

2
e�2t

10. Solve the partial differential equation x @u
@t þ @u

@x
= x, x > 0, t > 0 subject to the conditions u(x,

0) = 0 for x > 0 and u(0, t) = 0 for t > 0.

Hint: Using Laplace transform, d
dx
U(x, s) + x sU

(x, s) = x
s
, integrating factor is e

1
2x

2

and so U(x, s)

= 1
s2

1� e�
1
2sx

2
h i

. Inversion yields u(x, t) ¼
t for t < x2=2
x2=2 for 2t > x2

�
.

Applications of Laplace Transform n 347



11. Find the bounded solution of @u
@t ¼ @2u

@x2, x > 0,
t > 0 for u(0, t) = 1, u(x, 0) = 0.

Hint: Application of Laplace transform yields

U(x, s) = c1e
ffiffi
s

p
x þ c2e

� ffiffi
s

p
xfor bounded u(x, t),

U(x, s) must be bounded and so c
1
= 0. Further

U(0, s) = L{u(0, t)} = L{1} = 1/s. Therefore,

1/s = c
2
and so U(x, s) = erfc (x/2

ffiffi
t

p
).

12. Solve @2u
@t2 = a2 @2y

@x2, x > 0, t > 0 for u(x, 0) = 0,

y
t
(x, 0) = 0, x > 0, y(0, t) = f (t) with f (0) = 0

and lim
x!1 y(x, t) = 0.

Hint: see Example 7.54

Ans. y(x, t) = f t � x
a

� �
H t � x

a

� �

13. Solve @2u
@t2 ¼ @2u

@x2, x>0, t>0 for u(0, t) = 10 sin 2t,
u(x, 0) = 0, u

t
(x, 0) = 0 and lim

x!1u(x, t) = 0

Ans. uðx; tÞ ¼ 10 sin 2ðt � xÞ for t > x

0 for t < x:

�

14. Evaluate the integrals:

(a)
R1
0

J0ðtÞ dt
Ans. 1

ðbÞ
Z1

0

e�t � e�2t

t
dt

Hint: L{e�t � e�2tg = 1
sþ1

� 1
sþ2

and so

L e�t�e�2t

t

n o
¼ R1

s

1
tþ1

� 1
tþ2

� 	
dt ¼ log sþ2

sþ1

� 	
;

that is,R1
0

e�st e�t�e�2t

t

� 	
dt ¼ log sþ2

sþ1

� 	
. Taking s = 0,

weget thevalueof thegiven integral equal to log2

(c)
R1
0

cos x2dx (Proceed as in Example 7.59)

Ans. 1
2

ffiffi
�
2

p
(d)
R1
0

x sin at
x2þa2

dx; a, t > 0.

Ans. f (t) = �
2
e�t
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Appendix: Model Question Papers
Model Paper I

1. Attempt any four parts of the following:

5 � 4 = 20

(a) Show that the particular solution of

x2 þ 1
� � dy

dx
þ y2 þ 1
� � ¼ 0; yð0Þ ¼ 1 is

y ¼ ð1� xÞ=ð1þ xÞ:
(b) Show that the following differential equation

is exact and solve:

eydxþ ðxey þ 2yÞdy ¼ 0

(c) Solve the following differential equation

ðD2 þ 4Þy ¼ sin 3xþ cos 2x where D ¼ d

dx
:

(d) Solve the following simultaneous differ-

ential equation

dx

dt
¼ 3xþ 2y

dy

dt
¼ 5xþ 3y

(e) Solve by method of variation of parameters

d2y

dx2
þ a2y ¼ sec ax

(f) A resistance (R) of 5 O and an inductance (L)

of 0.1 H are connected in series with a bat-

teryof 12 V. Find the current in the circuit as
a function of time using the following dif-

ferential equation.

Riþ L
di

dt
¼ E

2. Attempt any four parts of the following:

5 � 4 = 20
(a) Using Laplace transform, evaluateZ 1

0

e�at � e�bt

t
dt

(b) If L{F(t)} ¼ f(s) then prove that

L FðatÞf g ¼ 1

a
f

s

a

� �

(c) Using convolution theorem, find the inverse

Laplace transform of the following

1

sðsþ 1Þðsþ 2Þ
(d) Solve the following simultaneous differ-

ential equations by Laplace transform

3
dx

dt
� y ¼ 2t

dx

dt
þ dy

dt
� y ¼ 0

With the condition x(0) ¼ y(0) ¼ 0

(e) Solve the following differential equation
using Laplace transform

d3y

dt3
� 3

d2y

dt2
þ 3

dy

dt
� y ¼ t2et

where yð0Þ ¼ 1;
dy

dt

� �
t¼0

¼ 0;

d2y

dt2

� �
t¼0

¼ �2r

(f) Find the Laplace transform of the triangular

wave function of period 2e given by

f ðtÞ ¼ t; 0 < t < e
2e� t; e < t < 2e

�

3. Attempt any two parts of the following:
10 � 2 = 20

(a) Solve the following differential equation in

series

x2
d2y

dx2
þ xðx� 1Þ dy

dx
þ ð1� xÞy ¼ 0



(b) Show that

(i)

Z þ1

�1

f ðxÞ PnðxÞ dx

¼ ð�1Þn
2nn!

Z þ1

�1

ðx2 � 1Þnf ðnÞðxÞ dx

where Pn (x) is the Legendre polynomial of
degree n and f (n) (x) is the nth derivative of

f(x).

(ii) P0nþ1(x)� P0n�1(x)¼ (2n + 1) Pn(x) where
(´) denotes the differentiation.

(c) Show that

(i) J3ðxÞ þ 3J00ðxÞ þ 4J0000 ðxÞ ¼ 0

(ii) J1=2ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð�xÞp

: sin x

where Jn(x) is the Bessel’s polynomial of
degree n and dashes denote the differen-

tiations.

4. Attempt any two parts of the following:
10 � 2 ¼ 20

(a) Find the Fourier series for f xð Þ ¼ ��xð Þ2
4

in
the interval (0, 2�) and hence deduce

1

12
þ 1

22
þ 1

32
þ ::: ¼ �2

6

(b) Examine whether the function f (x) ¼ x cos x
is even or odd. Hence expand it in the terms

of Fourier series in the region � � < x < �.
(c) Solve the following partial differential

equations:

(i) xðy2 � z2Þpþ yðz2 � x2Þq ¼ zðx2 � y2Þ
(ii)

@2z

@x2
þ @2z

@y2
¼ cosmx: cos ny where p ¼

@z

@x
and q ¼ @z

@y
:

5. Attempt any two parts of the following:

10 � 2 ¼ 20

(a) Solve the following equation by the method

of separation of variables

@2u

@x@t
¼ e�t cos x

given that u ¼ 0, when t ¼ 0 and
@u

@t
¼ 0

when x ¼ 0:
(b) Solve the following Laplace equation

@2u

@x2
þ @2u

@y2
¼ 0

in a rectangle in the xy-plane with u(x, 0)¼ 0,

u(x, b) ¼ 0, u(0, y) ¼ 0 and u(a, y) ¼ f(y)

parallel to y-axis.
(c) In a telephone wire of length l, a steady

voltage distribution of 20 volts at the source

end and 12 volts at the terminal end is
maintained. At time t¼ 0, the terminal end is

grounded. Determine the voltage and cur-

rent, assuming inductance (L) and con-
ductance to ground (G) are negligible.

SOLUTIONS
1. (a) The given equation is

ðx2 þ 1Þ dy
dx

þ ðy2 þ 1Þ ¼ 0 ; ðyð0Þ ¼ 1:

Therefore

dy

dx
¼ � y2 þ 1

x2 þ 1

or

dy

y2 þ 1
¼ � dx

x2 þ 1
(separation of variables)

Integrating, we get

tan�1u ¼ �tan�1xþ tan�1c

or

tan�1yþ tan�1x ¼ tan�1c
or

tan�1 yþ x

1� xy
¼ tan�1c

or

yþ x

1� xy
¼ c

or

yþ x ¼ cð1� xyÞ
or

yð1þ cxÞ ¼ c� x
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or

y ¼ c� x

1þ cx
:

Taking yð0Þ ¼ 1, we get

1 ¼ c

1
or c ¼ 1:

Therefore

y ¼ 1� x

1þ x
:

(b) We have

e ydxþ ðxe y þ 2yÞdy ¼ 0

Comparing with Mdxþ Ndy ¼ 0, we get

M ¼ e y and N ¼ xe y þ 2y:

Therefore

@M

@y
¼ e y and

@N

@x
¼ e y:

Hence @M
@y ¼ @N

@x and so the equation is exact. It’s

solution is Z
y constant

e ydxþ
Z

2ydy ¼ c

or

x e y þ y2 ¼ c:

(c) The given differential equation is

ðD2 þ 4Þy ¼ sin 3xþ cos 2x:

Its auxiliary equation is

m2 þ 4 ¼ 0;

which yields m ¼ �2i. Therefore

C.F. ¼ c1 : cos 2xþ c2 sin 2x:

Further,

P.I. ¼ 1

D2 þ 4
ðsin 3xÞ þ 1

D2 þ 4
ðcos 2xÞ

¼ 1

�ð32 þ 4Þ ðsin 3xÞ þ
x

2D
ðcos 2xÞ

¼ � 1

5
sin 3xþ x

2

sin 2x

2

� �

¼ � 1

5
sin 3xþ x

4
sin 2x:

Hence the complete solution of the given differen-
tial equation is

y ¼ C.F.þ P.I.

¼ c1 cos 2xþ c2 sin 2xþ x

4
sin 2x� 1

5
sin 3x:

(d) The given equations are

dx

dt
¼ 3xþ 2y and

dy

dt
¼ 5xþ 3y:

In symbolic form, we have

ðD� 3Þx� 2y ¼ 0 and ð1Þ

�5xþ ðD� 3Þy ¼ 0

or

ðD� 3Þ2x� 2ðD� 3Þy ¼ 0 and ð2Þ
�10xþ 2ðD� 3Þy ¼ 0 ð3Þ

Adding (2) and (3), we get

½ðD� 3Þ2x� 10�x ¼ 0

or

ðD2 � 6D� 1Þx ¼ 0: ð4Þ
The auxiliary equation of (4) is

m2 � 6m� 1 ¼ 0;

which gives m ¼ 3� ffiffiffiffiffi
10

p
: Therefore

x ¼ e3t½c1 cosh
ffiffiffiffiffi
10

p
t þ c2 sinh

ffiffiffiffiffi
10

p
t�: ð5Þ

Form equation (1), we have (using (5))

2y ¼ dx

dt
� 3x

¼ e3t
ffiffiffiffiffi
10

p
½c1 sinh

ffiffiffiffiffi
10

p
t þ c2 cosh

ffiffiffiffiffi
10

p
t�

þ 3 e3t
ffiffiffiffiffi
10

p
½c1 cosh

ffiffiffiffiffi
10

p
t þ c2 sinh

ffiffiffiffiffi
10

p
t�

� 3 e3t
ffiffiffiffiffi
10

p
½c1 cosh

ffiffiffiffiffi
10

p
t þ c2 sinh

ffiffiffiffiffi
10

p
t�

¼ e3t½c1 sinh
ffiffiffiffiffi
10

p
t þ c2 cosh

ffiffiffiffiffi
10

p
t�:

Hence

y ¼ 1

2
½e3t

ffiffiffiffiffi
10

p
½c1 sinh

ffiffiffiffiffi
10

p
t þ c2 cosh

ffiffiffiffiffi
10

p
t�:

(e) Please see Example 15.106
(Here roots of A. E are �a i)
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(f) The equation of the given L R circuit is

di

dt
þ R

L
i ¼ E

L
: ð1Þ

We are given that E ¼ 12V , L ¼ 0:1H and

R ¼ 5 Ohms. Therefore (1) reduces to

di

dt
þ 50 i ¼ 120 ð2Þ

Thus is Leibnitz’s linear equation with integrating

factor e

R
50 t dt

. Therefore the solution of (2) is

i e50t ¼ 120

Z
e50tdt ¼ 120ð50e50tÞ þ c

¼ 6000 e50t þ c:

Hence

i ¼ 6000þ c e�50 t:

2. (a) Proceeding as in Example 5.64, we have

Z1

0

e�at � e�bt

t
¼

Z1

0

Lfe�at � e�btgdu

¼
Z1

0

1

uþ a
� 1

uþ b


 �
du

¼ ½logðuþ aÞ � logðuþ bÞ�10
¼ log

uþ a

uþ b


 �1
0

¼ log lim
u!1

1þ a
u

1þ b
u

" #
� log

a

b

¼ log 1 � log
a

b
¼ � log

a

b

¼ log b� log a:

(b) Please see Theorem 5.5.

(c) Let

FðsÞ ¼ 1

sðsþ 1Þ and GðsÞ ¼ 1

sþ 2
:

Then

f ðtÞ ¼ L�1fFðsÞg ¼ L�1 1

s
� 1

sþ 1

� �
¼ 1� e�t

and

gðtÞ ¼ L�1fGðsÞg ¼ L�1 1

sþ 2

� �
¼ e�2t:

Therefore, by Convolution theorem,

L�1fFðsÞGðsÞg ¼ f � g ¼
Z t

0

ð1� e�uÞe�2ðt�uÞdu

¼ e�2t

Z t

0

ðe2u � euÞdu

¼ e�2t

2
� eu


 �t
0

¼ e�2t e2t

2
� et þ 1

2


 �

¼ 1

2
� e�t þ 1

2
e�2t:

(d) The given simultaneous differential equations
are

3x0 � y ¼ 2t

x0 þ y0 � y ¼ 0

with xð0Þ ¼ yð0Þ ¼ 0. Taking Laplace transforms,

we get

3fsX ðsÞ � xð0Þg � Y ðsÞ ¼ 2

s2

and

sX ðsÞ � xð0Þ þ sY ðsÞ � yð0Þ � Y ðsÞ ¼ 0:

Using the initial conditions, the above equations
reduce to

3sX ðsÞ � Y ðsÞ ¼ 2

s2

and

sX ðsÞ þ sY ðsÞ � yðsÞ ¼ 0

or

3sX ðsÞ � Y ðsÞ ¼ 2

s2
ð1Þ

and

sX ðsÞ þ ðs� 1ÞY ðsÞ ¼ 0 ð2Þ

352 n Engineering Mathematics

e2u



Multiplying the equation (2) by 3 and then subtract-
ing (1) from it, we get

ð3s� 2ÞY ðsÞ ¼ � 2

s2

and so

Y ðsÞ ¼ � 2

s2ð3s� 2Þ ¼
1

s2
þ 3

2s
� 3

2 s� 2
3

� � ð3Þ

(by partial fractions)

Taking inverse Laplace transform, we have

y ¼ t þ 3

2
� 3

2
e
2t
3 : ð4Þ

Substituting the value of Y ðsÞfrom (3) in (1), we get

3sX ðsÞ ¼ 2

s2
þ 1

s2
þ 3

2s
� 3

2 s� 2
3

� �
so that

X ðsÞ ¼ 1

s3
þ 1

2s2
� 1

2s s� 2
3

� �

¼ 1

s3
þ 1

2s2
� 3

4

1

s� 2
3

� 1

s

" #

Taking inverse Laplace transform, we have

x ¼ t2

2
þ t

2
þ 3

4
� 3

4
e
2t
3 ð5Þ

Thus (4) and (5) provides the solution to the given

system.

(e) The given differential equation is

y000 � 3y00 þ 3y0 � y ¼ t2et ð1Þ
with conditions

yð0Þ ¼ 1 ; y0ð0Þ ¼ 0 ; y00ð0Þ ¼ 2:

Taking Laplace transform, we get

s3Y ðsÞ � s2yð0Þ � sy0ð0Þ � y00ð0Þ � 3½s2yðsÞ
� syð0Þ � y0ð0Þ� þ 3½sY ðsÞ � yð0Þ� � Y ðsÞ

¼ 2

ðs� 1Þ3 :

Using the given initial conditions, we have

s3Y ðsÞ�s2þ2�3½s2Y ðsÞ�s�þ3½sY ðSÞ�1��Y ðsÞ
¼ 2

ðs�1Þ3

or

½s3 � 3s2 þ 3s� 1�Y ðsÞ � s2 þ 3s� 1 ¼ 2

ðs� 1Þ3
or

ðs� 1Þ3Y ðsÞ ¼ 2

ðs� 1Þ3 þ s2 � 3sþ 1

¼ 2

ðs� 1Þ3 þ ðs� 1Þ2 � s

Thus

Y ðsÞ ¼ 2

ðs� 1Þ6 þ
ðs� 1Þ2
ðs� 1Þ3 �

s

ðs� 1Þ3

¼ 2

ðs� 1Þ6 þ
1

s� 1
� ðs� 1Þ þ 1

ðs� 1Þ3
" #

¼ 2

ðs� 1Þ6 þ
1

s� 1
� 1

ðs� 1Þ3 �
1

ðs� 1Þ3

Taking inverse Laplace transform, we get

y ¼ t5et

60
þ et � tet � t2

2
et:

(f) Example 5.74

3. (a) The given differential equation is

x2
d2y

dx2
þ xðx� 1Þ dy

dx
þ ð1� xÞy ¼ 0

or

d2y

dx2
þ x� 1

x

dy

dx
þ 1� x

x2
y ¼ 0:

Comparing this equation with

d2y

dx2
þ PðxÞ dy

dx
þ QðxÞy ¼ 0;

we observe that

PðxÞ ¼ x� 1

x
and QðxÞ ¼ 1� x

x2

Clearly, both PðxÞ and QðxÞ are not analytic x ¼ 0
and hence x ¼ 0 is a singular point. Further,

xPðxÞ ¼ x� 1 and x2QðxÞ ¼ 1� x are analytic at

x ¼ 0. Hence x ¼ 0 is a regular singular point. So,
let

y ¼
X1
n¼0

anx
nþm; a0 6¼ 0
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Differentiating twice in succession, we have

dy

dx
¼

X1
n¼0

ðnþ mÞanxnþm�1;

d2y

dx2
¼

X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm�2:

Substituting the values of y; dy
dx
and d2y

dx2
in the given

equation, we get

X1
n¼0

ðnþ mÞðnþ m� 1Þanxnþm

þ
X1
n¼0

ðnþ mÞanxnþmþ1 �
X1
n¼0

ðnþ mÞanxnþm

þ
X1
n¼0

anx
nþm þ

X1
n¼0

ðnþ m� 1Þanxnþmþ1 ¼ 0

or

X1
n¼0

½ðnþ mÞðnþ m� 1Þ � ðnþ mÞ þ 1�anxmþn

þ
X1
n¼1

ðnþ m� 2Þan�1x
nþm ¼ 0

or

X1
n¼0

ðnþ m� 1Þ2anxnþm

þ
X1
n¼1

ðnþ m� 2Þan�1x
nþm ¼ 0

or

a0ðm� 1Þ2xm þ
X1
n�1

½ðnþ m� 1Þ2an

þ ðnþ m� 2Þan�1�xnþm ¼ 0:

Therefore the indicial equation is

ðm� 1Þ2 ¼ 0; which yields m ¼ 1; 1:

We note that the roots are equal. Equating to zero
the other coefficients, we get

ðnþ m� 1Þ2an ¼ �ðnþ m� 2Þan�1 for n � 1:

ð1Þ
For m = 1, we have from (1)

a1 ¼ 0 a2 ¼ 0 and so on.

Thus

y1 ¼ ða0xmÞm¼1 ¼ a0x:

Since the roots are equal,

y2 ¼ @y

@m

� �
m¼1

ða0xm log xÞm¼1 ¼ a0x log x:

Hence the complete solution is

y ¼ y1 þ y2 ¼ a0xþ a0x log x ¼ Axþ Bx log x:

(b) (i) By Rodrigue’s formula, we have

PnðxÞ ¼ 1

2nn !

dn

dxn
ðx2 � 1Þn:

Therefore integrating by parts, we have

Z1

�1

f ðxÞPnðxÞdx¼ 1

2nn !

Z1

�1

f ðxÞ d
n

dxn
ðx2 � 1Þndx

¼ 1

2nn !
f ðxÞ d

n�1

dxn�1
ðx2 � 1Þn

� �1

�1

"

�
Z1

�1

f 0ðxÞ dn�1

dxn�1
ðx2 � 1Þndx

3
5

¼ ð�1Þ
2nn !

Z1

�1

f 0ðxÞ dn�1

dxn�1
ðx2 � 1Þdx

¼ ð�1Þ2
2nn !

Z1

�1

f ðxÞ dn�1

dxn�1
ðx2 � 1Þ2dx

(using integration by parts second time)

::::::::::::::::::::::::::::::::::
::::::::::::::::::::::::::::::::::
::::::::::::::::::::::::::::::::::

¼ ð�1Þn
2nn !

Z1

�1

f ðnÞðxÞðx2 � 1Þndx

(using integration by parts nth time)
(ii) Example 2.170 (iii)

(c) (i) We know that

d

dx
½x�nJnðxÞ� ¼ �x�nJnþ1ðxÞ

(Please see Example 2.151 (ii))

Putting n ¼ 0, we have

J 00ðxÞ ¼ J1ðxÞ:
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Therefore

J 000 ðxÞ¼�J 01ðxÞ ¼�1

2
½J0� J2�

(Please see Example 2.151 (iv))

and

J 0000 ðxÞ ¼ � 1

2
½J 00ðxÞ � J 02ðxÞ�

¼ � 1

2
J 00ðxÞ þ

1

2

1

2
fJ1ðxÞ � J0ðxÞg


 �

¼ � 1

2
J 00ðxÞ þ

1

4
J1ðxÞ � 1

4
J3ðxÞ

¼ � 1

2
J 00ðxÞ þ

1

4
½�J 00ðxÞ� �

1

4
J3ðxÞ

¼ � 3

4
J 00ðxÞ �

1

4
J3ðxÞ:

Hence

4J 0000 ðxÞ þ 3J 00ðxÞ þ J3ðxÞ ¼ 0:

(ii) Example 2.153 (i)
4. (a) We have f ðxÞ ¼ ð��xÞ2

4
and the interval is

ð0; 2�Þ. Therefore the Fourier coefficients are

a0 ¼ 1

�

Z2�

0

f ðxÞdx¼ 1

�

Z2�

0

ð�� xÞ2
4

dx

¼ 1

4�

ð�� xÞ3
�3

" #2�

0

¼ �2

6
;

an ¼ 1

�

Z2�

0

f ðxÞdxcos nx dx¼ 1

�

Z2�

0

ð�� xÞ2
4

cos nxdx

¼ 1

4�
ð�� xÞ2 sinnx

n

� �2�

0

þ
Z2�

0

2ð�� xÞsinnx
n

dx

2
4

3
5

¼ �1

2� n2
ð�2�Þ ¼ 1

n2
;

bn ¼ 1

�

Z2�

0

f ðxÞsin nx dx¼ 1

�

Z2�

0

ð�� xÞ2
4

sin nxdx

¼ 1

4�
ð�� xÞ2 cosnx�n

n o2�

0
�
Z2�

0

2ð�� xÞcosnx
n

dx

2
4

3
5

¼ 1

2� n2
cosnx

n

h i2�
0
¼ 0:

Therefore the Fourier series is

f ðxÞ � a0

2
þ �ðcos nxþ sin nxÞ ¼ �2

12
þ
X1
n¼1

cos nx

n2

¼ �2

12
þ cos x

12
þ cos 2x

22
þ cos 3x

32
þ cos 4x

42
þ :::

Putting n ¼ 0 in the above equation, we get

�2

6
¼ 1

12
þ 1

22
þ 1

32
þ 1

42
þ :::

(b) We have f ðxÞ ¼ x cos x as a product of odd and

even functions x and cos x respectively. But the

product of odd and even function is odd. Hence f is
odd. Since f is odd, an ¼ 0. Further,

bn ¼ 2

�

Z�

0

x cos x sin nx dx

¼ 1

�

Z�

0

2x cos x sin nx dx

¼ 1

�

Z�

0

x½sinðnþ 1Þxþ sinðn� 1Þx�dx

¼ 1

�
x � cosðnþ 1Þx

nþ 1
� cosðn� 1Þx

n� 1

� �


� � sinðnþ 1Þx
ðnþ 1Þ2 � sinðn� 1Þx

ðn� 1Þ2
( )#�

0

¼ 1

�
� � cosðnþ 1Þ�

nþ 1
� cosðn� 1Þ�

n� 1

� �
 �
; n 6¼ 1

¼ � cosðnþ 1Þ�
nþ 1

þ cosðn� 1Þ�
n� 1


 �
; n 6¼ 1:

If n 6¼ 1 and n is odd, then both n � 1 and n + 1 are

even. Therefore

bn ¼ � �1

nþ 1
� 1

n� 1


 �
¼ 2n

n2 � 1

If n 6¼ 1 and n is even, than both n� 1 and n + 1 are
odd. Therefore

bn ¼ � �1

nþ 1
þ 1

n� 1


 �
¼ � 2n

n2 � 1
:
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When n ¼ 1, we have

b1 ¼ 2

�

Z�

0

x cos x sin x dx

¼ 1

�

Z�

0

x sin 2x dx ¼ � 1

2
:

Hence

f ðxÞ ¼ x cos x ¼ � 1

2
sin x� 4

3
sin 2xþ 3

4
sin 3x� :::

(c) (i) Example 3.25

(ii) The symbolic form of the equation is

ðD2 þ D02Þz ¼ cosmx cos ny:

The auxiliary equation is

m2 þ 1 ¼ 0; which yields m ¼ �i:

Therefore
C.F. ¼ f1ðyþ i xÞ þ f2ðy� i xÞ:

Further,

P.I. ¼ 1

D2 þ D02 cosmx cos ny

¼ 1

D2 þ D02
1

2
fcosðmxþ nyÞ þ cosðmx� nyÞg


 �

¼ 1

2

1

D2 þ D02 cosðmxþ nyÞ



þ 1

D2 þ D02 cosðmx� nyÞ
�

¼ 1

2

1

m2 þ n2

ZZ
cos udu du




þ 1

m2 þ n2

ZZ
cos v dv dv

�
;

wheremxþny¼u andmx�ny¼v

¼1

2

1

m2þn2
ð�cosuÞ




þ 1

m2þn2
ð�cosvÞ

�

¼� 1

2ðm2þn2Þ½cosuþcos v�

¼ �1

2ðm2þn2Þ½cosðmxþnyÞ

þcosðmx�nyÞ�
¼ �1

m2þn2
cosmx cosny:

Hence the solution is

z ¼ C.F.þ P.I.

¼ f1ðyþ i xÞ þ f2ðy� i xÞ

� 1

m2 þ n2
cosmx cos ny:

5. (a) Let

u ¼ X ðxÞTðtÞ
be a trial solution of the given differential equation.

Then

@u

@t
¼ X ðxÞT 0ðtÞ;

@2u

@x @t
¼ T 0ðtÞX 0ðxÞ

Therefore the given equation transforms to

T 0ðtÞX 0ðxÞ ¼ e�t cos x:

The separation of variable yields

etT 0ðtÞ ¼ cos x

X 0ðxÞ ¼ a (constant)

Then

etT 0ðtÞ ¼ a

or

dT ¼ ae�tdt ð1Þ
Integration of (1) yields

T ¼ �ae�t þ c1 ð2Þ
Further,

X 0ðxÞ ¼ 1

a
cos x dx ð3Þ

Integrating (3), we get

X ¼ 1

a
sin xþ c2 ð4Þ

From (2) and (4), we get

uðx; tÞ ¼ 1

a
sin xþ c2

� �
ð�ae�t þ c1Þ ð5Þ

Since u is zero when t ¼ 0, we have

0 ¼ 1

a
sin xþ c2

� �
ð�aþ c1Þ

This is possible if ð�aþ c1Þ ¼ 0 or if c1 ¼ a.
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Further, the solution (5) implies

@u

@t
¼ 1

a
sin xþ c2

� �
ðae�tÞ: ð6Þ

Using the condition that @u@t ¼ 0 when, x ¼ 0, we get

from (6) that

0 ¼ c2a e�t; which implies c2 ¼ 0:

Substituting the values c1 and c2 in the solution (5),
we have

uðx; tÞ ¼ 1

a
sin x½�ae�t þ a� ¼ sin xð1� e�tÞ

.

(b) By Article 3.9(c), three possible solutions are

(i) uðx; yÞ ¼ ðC1e
px þ c2e

�pxÞ ðc3 cos py
þc4 sin pyÞ

(ii) uðx; yÞ ¼ ðc5xþ c6Þ ðc7yþ c8Þ
(iii) uðx; yÞ ¼ ðc9 cos pxþ c10 sin pxÞ�

ðc11epy þ c12e
�pyÞ

We check first the validity of (ii). We have

uðx; 0Þ ¼ 0 ) ðc5xþ c6Þc8 ¼ 0 ) c8 ¼ 0 ð1Þ
and using (i),

uðx; bÞ ¼ 0 ) ðC5xþ c6Þc7b ¼ 0 ) c7 ¼ 0:

Thus uðx; yÞ ¼ 0 in this case, which is impossible.

Hence (ii) is discarded.
Now we check (iii)

uðx; 0Þ ¼ 0 ) ðc9 cos pxþ c10 sin pxÞ ðc11 þ c12Þ
¼ 0 ) c11 þ c12 ¼ 0 ) c12 ¼ �c11;

and

uðx;bÞ¼ðc9 cospxþc10sinpxÞðc11epbþc12e
�pbÞ¼0

)c11e
pbþc12e

�pb¼0

)c11ðepb�e�pbÞ¼0

)c11¼0

Thus c11 ¼ c12 ¼ 0 and so uðx; yÞ ¼ 0, which is

impossible. Hence (iii) is discarded.Thus solution
(i) is suitable. Since uðx; yÞ ¼ 0, we have

ðc1epx þ c2e
�pxÞc3 ¼ 0 and so c3 ¼ 0:

Therefore

uðx; yÞ ¼ ðc1epx þ c2e
�pxÞc4 sin py ð2Þ

Now uðx; bÞ ¼ 0 implies

0 ¼ ðc1epx þ c2e
�pxÞc4 sin pb

Therefore sin bp ¼ 0 or p ¼ n�
b
. Hence (2) reduces

to

uðx; yÞ ¼ c4 sin
n�y

b
c1e

n� x
b þ c2e

�n�x
b

 �
:

Since uð0; yÞ ¼ 0, we have

0 ¼ c4 sin
n�y

b
½c1 þ c2�

and so c1 þ c2 ¼ 0, which gives c2 ¼ �c1
Therefore (3) reduces to

uðx; yÞ ¼ c1c4 sin
n�y

b
e
n�x
b � e�

n�x
b

 �

¼ 2c1c4 sin
n�y

b
sin b

n�x

b

¼ bn sin
n�y

b
sinh

n�x

b
:

Hence the general solution is

uðx; yÞ ¼ �bn sin
n�y

b
sinh

n�x

b
ð3Þ

Further,

uða; yÞ ¼ f ðyÞ ¼ �bn sin
n�y

b
sinh

n�a

b
:

Therefore

bn ¼ 2

b sinh n�a
b

Zb

0

f ðyÞ sin n�y
b

dy ð4Þ

Hence (3) is the solution, where bn is given by (4).

(c) See Example 3.94
(There is change in data)

Ans.

vðx; tÞ ¼ 20ðl � xÞ
l

þ 24

�

X1
n¼1

ð�1Þnþ1

n
sin

n�x

l
e�

n2�2 t
RCl2 ;

iðx; tÞ ¼ 20

lR
þ 24

lR
�ð�1Þn cos n�x

l
e�

n2�2 t
RCl2 :
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Model Paper II
1. Attempt any four parts of the following:

5 � 4 ¼ 20

(a) Solve

yþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p� �
dx� xdy ¼ 0; yð1Þ ¼ 0.

(b) Solve the following differential equation:

ðcos x� x cos yÞdy� ðsin yþ y sin xÞdx ¼ 0

(c) Find the solution of following differential

equation:

D2 � 4D� 5
� �

y

¼ e2x þ 3 cos 4xþ 3ð Þ where D ¼ d

dx
:

(d) Solve the following simultaneous differ-

ential equations:

dx

dt
þ 5x� 2y ¼ t

dy

dt
þ 2xþ y ¼ 0

Also show that x ¼ y ¼ 0 when t ¼ 0.

(e) Solve by method of variation of parameters

d2y

dx2
þ 2

dy

dx
þ y ¼ e�x log x:

(f) An inductance (L) of 2.0 H and a resistance

(R) of 20 O are connected in series with an

e.m.f. E volt. If the current (i) is zero, when
t ¼ 0, find the current (i) at the end of 0.01

second if E ¼ 100 V, using the following

differential equation:

L
di

dt
þ iR ¼ E:

2. Attempt any four parts of the following:

5 � 4 = 20
(a) Using Laplace transform, evaluateZ 1

0

e�t sin
2t

t
dt:

(b) State second shifting theorem for Laplace
transform and hence find the Laplace

transform of the following function:

FðtÞ ¼ et�a; t > a
0; t > a

�

(c) Using convolution theorem, find the inverse

Laplace transform of the following
s

s2 þ a2ð Þ3 :

(d) Solve the following simultaneous differ-
ential equations by Laplace transform

dx

dt
þ 4

dy

dt
� y ¼ 0

dx

dt
þ 2y ¼ e�t

With conditions x(0) ¼ y(0) ¼ 0.

(e) Solve the following differential equation
using Laplace transform

d2y

dx2
þ 2

dy

dx
þ 5y ¼ e�x sin x where yð0Þ;

dy

dx

� �
x¼0

¼ 1:

(f) Using unit step function, find the Laplace

transform of:

(i) (t � 1)2 . u (t � 1)
(ii) sin t . u (t � �).

3. Attempt any two parts of the following:

10 � 2 ¼ 20
(a) Solve the following differential equation in

series:

2x2
d2y

dx2
� x

dy

dx
þ ðx� 5Þy ¼ 0

(b) Show that
(i)

Rþ1

�1
PnðxÞ½ �2dx ¼ 2

2nþ 1

(ii) P2nð0Þ ¼ ð�1Þnð2nÞ!
22nðn!Þ2

where Pn(x) is the Legendre polynomial of

degree n.

(c) Show that
(i) J02ðxÞ ¼ 1� 4

x2

� �
J1ðxÞ þ 2

x
J0ðxÞ
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(ii) J20 þ 2 J21 þ J22 þ J23 þ :::
� � ¼ 1

where Jn (x) is the Bessel’s polynomial of degree

n and dash denote the differentiation.

4. Attempt any two parts of the following:
10 � 2 ¼ 20

(a) Obtain a Fourier series to represent f (x) ¼ x2

in the interval (0, 2�) and hence deduce that
1
12
� 1

22
þ 1

32
� 1

42
þ ::: ¼ �2

12
:

(b) Examine whether the function f(x) ¼ x sin x

is even or odd. Hence expand it in the form

of Fourier series in the interval (��, �).
(c) Solve the following partial differential

equations:

(1) x ðy2 þ zÞpþ y ðx2 þ zÞ q ¼ z ðx2 � y2Þ
(2)

@2z

@x2
� 2

@2z

@x@y
¼ sin x: cos 2y where p ¼

@z

@x
¼ and q ¼ @z

@y

5. Attempt any two parts of the following:
10 � 2 ¼ 20

(a) Solve the following equation by the method

of separation of variables:

@u

@x
¼ 4

@u

@y
where uð0; yÞ ¼ 8 e�3y:

(b) Solve the following Laplace equation:

@2u

@x2
þ @2u

@y2
¼ 0

in a rectangle with u(0, y) ¼ 0, u(a, y) ¼ 0,
u(x, b) ¼ 0 and u(x, 0) ¼ f (x) along x-axis.

(c) Assuming the resistance of wire (R) and con-

ductance to ground (Cr) are negligible, find the
voltage v(x, t) and current i(x, t) in a trans-

mission line of length l, t seconds after the ends

are suddenly grounded. The initial conditions
are vðx; 0Þ ¼ v0 sin

�x
l

� �
and iðx; 0Þ ¼ i0:

SOLUTIONS
1. (a) Example 2.17.

(b) We have

½cos x� x cos y�dy� ½sin yþ y sin x�dx ¼ 0

Comparing with Mdxþ Ndy ¼ 0, we have

M ¼ �sin y� y sin x and N ¼ cos x� x cos y:

Therefore

@M

@y
¼�cosy� sinx and

@N

@x
¼�sinx� cosy:

Hence @M
@y ¼ @N

@x and so the given differential equa-
tion is exact. Its solution isZ

y constant

ð� sin y� y sin xÞdxþ
Z

0dy ¼ c

or

�½x sin y� y cos x� ¼ 0

or

y cos x� x sin y ¼ c

(c) The A.E. is

m2 � 4m� 5 ¼ 0;

which yields m ¼ 4� ffiffiffiffiffiffiffiffiffiffi
16þ20

p
2

¼ 5;�1

Therefore

C.F. ¼ c1e
�x þ c2e

5x

Further,

P.I.¼ 1

D2�4D�5
½e2xþ3cosð4xþ3Þ�

¼ 1

D2�4D�5
e2xþ 3

D2�4D�5
½cosð4xþ3Þ�

¼ 1

4�8�5
e2xþ 3

D2�4D�5
½cosð4xþ3Þ�

¼�1

9
e2xþ 3

�16�4D�5
cosð4xþ3Þ

¼�1

9
e2xþ 3

�21�4D
cosð4xþ3Þ

¼�1

9
e2xþ 3ð21�4DÞ

�ð21þ4DÞð21�4DÞcosð4xþ3Þ

¼�1

9
e2x�3

21�4D

444�16D2
cosð4xþ3Þ


 �

¼�1

9
e2x�3

21�4D

441�16ð�16Þcosð4xþ3Þ

 �

¼�1

9
e2x�3

21�4D

697
cosð4xþ3Þ


 �
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¼�1

9
e2x� 3

697
½21cosð4xþ3Þ�4D½cosð4xþ3Þ��

¼�1

9
e2x� 3

697
½21cosð4xþ3Þþ16sinð4xþ3Þ�

(d) The symbolic forms of the equations are

ðDþ 5Þx� 2y ¼ t ð1Þ
2xþ ðDþ 1Þy ¼ 0 ð2Þ

Operating (1) by ðDþ 1Þ and multiplying (2) by 2

and then adding, we get

ðD2 þ 6Dþ 9Þx ¼ 1þ t:

The auxiliary equation is

m2 þ 6Dþ 9 ¼ 0

and so m ¼ �3;�3 and hence

C.F. ¼ ðc1 þ c2tÞe�3t

Further,

P.I. ¼ 1

ðDþ 3Þ2 ð1þ tÞ ¼ 1

9
1þ D

3

� ��2

ð1þ tÞ

¼ 1

9
1� 2D

3
þ :::


 �
ð1þ tÞ ¼ 1

9
t þ 1

3

� �
:

Hence

x ¼ C.F.þ P.I.

¼ ðc1 þ c2tÞe�3t þ 1

9
t þ 1

3

� �
: ð3Þ

Therefore

dx

dt
¼ �3ðc1 þ c2tÞe�3t þ c2e

�3t þ 1

9
:

Putting in the first (given) equation, we get

y ¼ ðc1 þ c2tÞe�3t þ 1

2
c2e

�3t � 2

9
t þ 4

27
: ð4Þ

Hence the solution is given by (3) and (4).

(e) The auxiliary equation for the given differential

equation is

m2 þ 2mþ 1 ¼ 0;

Which yields m ¼ �1; �1. Thus

C.F. ¼ ðc1 þ c2xÞe�x:

To find P.I., let

y1 ¼ e�x and y2 ¼ x e�x:

Then

W ¼ e�x x e�x

�e�x �x e�x þ e�x

����
���� ¼ e�2x:

Therefore

P.I. ¼ �y1

Z
y2FðxÞ
W

dxþ y2

Z
y1FðxÞ
W

dx

¼ �e�x

Z
xe�x:e�x log x

e�2x
dx

þ xe�x

Z
e�x:e�x log x

e�2x
dx

¼ �e�x

Z
x log x dxþ x e�x

Z
log x dx

¼ �e�x x2

2
log x� x2

4


 �
þ x e�x½x log x� x�:

(f) The equation governing the circuit is

L
di

dt
þ R

L
¼ E

or

di

dt
þ R

L
i ¼ E

L
:

Here R ¼ 20 Ohms, L ¼ 2H and c.m.c ¼ E.
Therefore

di

dt
þ 10 i ¼ E

2

This is Leibnitz’s linear equation with integrating

factor e

R
R
L
dt ¼ e

R
10dt ¼ e10t. Therefore the solu-

tion is

i e10t ¼
Z

E

2
e10tdt

¼ E

20
e10t þ c ð1Þ

But i ¼ 0 when t ¼ 0. Therefore

0 ¼ E

20
þ c or c ¼ � E

20
:

Hence (1) gives

i ¼ E

20
� E

20
e�10t ¼ E

20
½1� e�10t�:

2. (a) Example 5.87
(b) Theorem 5.4 (for statement)
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We have

FðtÞ ¼ et�a; t > a
0 ; t < a

�

By second shifting property, we have

LfFðtÞg ¼ e�sa:Lfetg ¼ 1

s� 1
e�sa

(c) Let

FðsÞ ¼ s

s2 þ a2
and GðsÞ ¼ 1

ðs2 þ a2Þ2

Then (see Example 6.59)

f ðtÞ ¼ cos at and gðtÞ ¼ 1

2a3
½sin at � at cos at�

By Convolution Theorem, we have

L�1 FðsÞGðsÞf g¼ f �g

¼
Z t

0

1

2a3
cosau½sinaðt�uÞ

�aðt�uÞcosaðt�uÞ�du

¼ 1

2a3

Z t

0

½cosau sinaðt�uÞ

�acos auðt�uÞcosaðt�uÞ�du

¼ 1

2a3

Z t

0

cosau sinaðt�uÞdu
2
4

�a

Z2

0

ðt�uÞcosau cosaðt�uÞdu
3
5

¼ 1

2a3

Z t

0

cosausinaðt�uÞdu

� 1

2a2

Z t

0

ðt�uÞ1
2
fcosat

2
4

þcosaðt�2uÞg
#
du

¼ 1

4a3
tsinat� t2

8a2
cosat

� 1

8a3
tsinat

¼ t

8a3
½sinat�atcosat�:

(d) Taking Laplace transform, we have

sX ðsÞ � xð0Þ þ 4ðsY ðsÞ � yð0Þ � Y ðsÞ ¼ 0

and

sX ðsÞ � xð0Þ þ 2Y ðsÞ ¼ 1

sþ 1
:

Using the given initial conditions, we get

sX ðsÞ þ ð4s� 1ÞY ðsÞ ¼ 0 ð1Þ
and

SX ðsÞ þ 2Y ðsÞ ¼ 0 ð2Þ
Subtracting (2) from 1, we get

ð4s� 3ÞY ðsÞ ¼ � 1

sþ 1

or

Y ðsÞ ¼ 1

ðsþ 1Þð4s� 3Þ

¼ 1

7

1

sþ 1
� 1

s� 3
4

" #
: ð3Þ

Taking inverse Laplace transform, we get

y ¼ 1

7
½e�t � e

3t
4 �:

Putting the value of Y ðsÞ from (3) in (2), we get

sX ðsÞ ¼ 5

7ðsþ 1Þ þ
2

7 s� 3
4

� �
or

X ðsÞ ¼ 5

7sðsþ 1Þ þ
2

7s s� 3
4

� �

¼ 5

7

1

s
� 1

sþ 1

� �
þ 8

21

1

s� 3
4

� 1

s

" #
:

Taking inverse transform, we get

x ¼ 1

3
� 5

7
e�t þ 8

21
e
3t
4 :

(e) Example 7.10.

(f) (i) We have

Lfðt � 1Þ2uðt � 1Þg ¼ e�sLft2g ¼ e�s 2

s3

� �

¼ 2e�s

s3
:
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(ii) We not that

sin t uðt � �Þ ¼ sinfðt � �Þ þ �guðt þ �Þ
¼ �sinðt � �Þuðt � �Þ:

Therefore

Lfsin t: uðt � �Þg ¼ Lf� sin tge��s ¼ � e��s

s2 þ 1
:

3. (a) Comparing the given equation with

d2y

dx2
þ PðxÞ dy

dx
þ QðxÞy ¼ 0;

we get

PðxÞ ¼ � 1

2x
; QðxÞ ¼ x� 5

2x2
;

At x ¼ 0, both P(x) and Q(x) are not analytic. Thus

x ¼ 0 is a singular point. Further

xPðxÞ ¼ � 1

2
and x2QðxÞ ¼ x� 5

2
;

which are analytic at x ¼ 0. Hence x ¼ 0 is a reg-

ular singular point. So, let

y ¼
X1
n¼0

anx
nþm; an 6¼ 0:

Differentiating twice, we get

dy

dx
¼

X1
n¼0

ðnþ mÞxnþm�1

d2y

dx2
¼

X1
n¼0

ðnþ mÞðnþ m� 1Þxnþm�2:

Substituting the values of y, dy
dx
and d2y

dx2
in the given

equation, we have

X1
n¼0

2ðnþ mÞðnþ m� 1Þanxnþm

�
X1
n¼0

ðnþ mÞanxnþm

þ
X1
n¼0

anx
nþmþ1 �

X1
n¼0

5anx
nþm ¼ 0

or

X1
n¼0

½2ðnþ mÞðnþ m� 1Þ � ðnþ mÞ � 5�anxnþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

½2n2 þ 2m2 þ 4mn� 3n� 3m� 5�anxnþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

½2n2 þ 2m2 þ 4mn� 3n� 3m� 5�anxnþm

þ
X1
n¼0

anx
nþmþ1 ¼ 0

or

X1
n¼0

½2n2 þ 2m2 þ 4mn� 3n� 3m� 5�anxnþm

þ
X1
n¼1

an�1x
nþm ¼ 0

or

ð2m2 � 3m� 5Þa0xm þ
X1
n¼1

½ð2n2 þ 2m2

þ 4mn� 3n� 3m� 5Þan þ an�1�xmþn ¼ 0:

Therefore the indicial equation is

2m2 � 3m� 5 ¼ 0;which yields m ¼ 5

2
; �1:

Equating to zero the other coefficients, we have

ð2n2 þ 2m2 þ 4mn� 3n� 3m� 5Þan
¼ �an�1 for n � 1: ð1Þ

For m ¼ 5
2
, we have from (1),

ð2n2 þ 7nÞan ¼ �an�1; a � 1

or

an ¼ � an�1

2n2 þ 7n
; n � 1:

362 n Engineering Mathematics



Thus, putting n ¼ 1; 2; 3; ::: we get

a1 ¼ � a0

9

a2 ¼ a0

198

a3 ¼ � a0

7722

and so on. Therefore

y1 ¼ a0x
5
2 1� x

9
þ x2

198
� x3

7722
þ :::


 �
:

For m ¼ �1, the relation (1) yields

ð2n2 � 7nÞan ¼ �an�1; n � 1

or

an ¼ �an�1

2n2 � 7n
; n � 1:

Therefore

a1 ¼ � a0

�5
¼ a0

5

a2 ¼ � a1

�6
¼ a0

30

a3 ¼ � a2

�3
¼ a0

90
;

and so on. Hence

y2 ¼ a0x
�1 1þ x

5
þ x2

30
þ x3

90
þ :::


 �

Therefore the general solution is

y ¼ c1y1 þ c2y2

¼ Ax
5
2 1þ x

9
þ x2

198
� x3

7722
þ :::


 �

þ Bx�1 1þ x

5
þ x2

30
þ x3

90
þ :::


 �
:

(b) (i) Example 2.168

(ii) Since ð1� 2xt þ t2Þ�1
2 is generating function of

the Legendre’s polynomial, we have

ð1� 2xþ t2Þ�1
2 ¼ �tnPnðxÞ

orX
tnPnð0Þ ¼ 1� 1

2
t2 þ 1:3

2:4
t4

� :::ð�1Þr 1:3:5:::ð2r � 1Þ
2:4:6:::ð2rÞ t2r þ :::

Equating coefficients of t2n on both sides, we get

P2nð0Þ ¼ ð�1Þn 1:3:5:::ð2n� 1Þ
2:4:6:::ð2nÞ

¼ ð�1Þn 1:2:3:4:::ð2n� 1Þ2n
½2:4:6:::ð2nÞ�2

¼ ð�1Þn ð2nÞ !
½2nð1:2:::nÞ�2 ¼ ð�1Þn ð2nÞ !

22nðn !Þ2 :

(c) (i) We know that

J 0nðxÞ ¼
1

2
½Jn�1ðxÞ � Jnþ1ðxÞ�:

Therefore

J 02ðxÞ ¼
1

2
½J1ðxÞ � J3ðxÞ�: ð1Þ

Also

Jnþ1ðxÞ ¼ 2n

x
JnðxÞ � Jn�1ðxÞ:

Therefore

J3ðxÞ ¼ 4

x
J2ðxÞ � J1ðxÞ

¼ 4

x

2

x
J1ðxÞ � J0ðxÞ


 �
� J1ðxÞ

¼ 8

x2
� 1

� �
J1ðxÞ � 4

x
J0ðxÞ:

Putting this value in (1), we get

J 02ðxÞ ¼ 1� 4

x2

� �
J1ðxÞ þ 2

x
J0ðxÞ:

(ii) From Example 2.160, the Jacobi’s series are

J0 þ 2J2 cos 2�þ 2J4 cos 4�þ ::: ¼ cosðx sin�Þ
and

2J1 sin�þ 2J3 sin 3�þ 2J5 sin 5�þ :::

¼ sinðx sin�Þ:
Squaring these equations and integrating with

respect to � in the interval ð0; �Þ, we get
�J20 þ 2� J22 þ 2�J 2

4 þ :::

¼
Z�

0

cos2ðx sin�Þd� ð1Þ
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and

2�J21 þ 2� J23 þ 2� J25 þ :::

¼
Z�

0

sin2ðx sin�Þd� ð2Þ

Adding (1) and (2) we get

�J 20 þ 2� J 21 þ 2� J22 þ ::: ¼
Z�

0

d� ¼ �:

Hence

J20 þ 2 J 21 þ 2 J 22 þ 2J23 þ ::: ¼ 1:

4. (a) Please see Example 4.6 and Example 4.16

(b) Since the functions x and sin x are both odd
functions, their product x sin x is even. Hence the

Fourier coefficients bn are zero. Further,

a0 ¼ 2

�

Z�

0

x sin x dx

¼ 2

�
xð� cos xÞ �

Z
ð� cos xÞdx

� ��
0

¼ 2

�
½�x cos xþ sin x��0 ¼ 2;

an ¼ 2

�

Z�

0

x sin x cos nx dx

¼ 1

�

Z�

0

x½sinðnþ 1Þx� sinðn� 1Þx�dx

¼ cosðn� 1Þ�
n� 1

� cosðnþ 1Þ�
nþ 1

; n 6¼ 1

If n is odd and n 6¼ 1, then

an ¼ 1

n� 1
� 1

nþ 1
¼ 2

n2 � 1
:

If n is even, then

ax ¼ �1

n� 1
þ 1

nþ 1
¼ �2

n2 � 1

� �

Also

a1 ¼ 2

�

Z�

0

x sin x cos x dx

¼ 1

�

Z�

0

x sin 2x dx

¼ 1

�
� � cos 2�

2

� �
¼ � 1

2
:

Hence the Fourier series for x sin x is

1� 1

2
cos x� 2

cos 2x

22 � 1
� cos 3x

32 � 1
þ cos 4x

42 � 1
� :::

� �
:

(c) (i) Example 3.25.

(ii) The symbolic form of the given equation is

ðD2 � 2DD0Þz ¼ sin x cos 2y:

The auxiliary equation is

m2 � 2m ¼ 0; which yields m ¼ 0; 2:

Therefore

C.F. ¼ f1ðyÞ þ f2ðyþ 2xÞ;
where f1 and f2 are arbitrary functions. Further,

P.I. ¼ 1

D2 � 2DD0 : sin x cos 2y

¼ 1

D2 � 2DD0 :
1

2
½sinðxþ 2yÞ þ sinðx� 2yÞ�

¼ 1

2

1

D2 � 2DD0 sinðxþ 2yÞ
�

þ 1

D2 � 2DD0 sinðx� 2yÞ
�

¼ 1

2

1

12 � 2ð1Þð2Þ
ZZ

sin u du du

�

þ 1

12 � 2ð1Þð2Þ
ZZ

sin v dv dv

�
;

where xþ 2y ¼ u; x� 2y ¼ v

¼ 1

2

1

3
sin u� 1

5
sin v

� �

¼ 1

6
sinðxþ 2yÞ � 1

10
sinðx� 2yÞ:
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Hence the complete solution of the given partial dif-
ferential equation is

z ¼ C.F.þ P.I.

¼ f1ðyÞ þ f2ðyþ xÞ þ 1

6
sinðxþ 2yÞ

� 1

10
sinðx� 2yÞ:

5. (a) The given partial differential equation is

@u

@x
¼ 4

@u

@y
; uð0; yÞ ¼ 8 e�3y ð1Þ

Let

u ¼ X ðxÞY ðyÞ
be a trial solution of the given partial differential

equation Then (1) implies

X 0ðxÞY ðyÞ ¼ 4X ðxÞY 0ðyÞ
Separating the variables, we get

X 0ðxÞ
X ðxÞ ¼ 4

Y 0ðyÞ
Y ðyÞ ¼ a (constant)

Thus we get two ordinary differential equations

X 0ðxÞ
X ðxÞ ¼ a ð2Þ

and

4
Y 0ðxÞ
X ðxÞ ¼ a ð3Þ

Integrating (2), we get

logX ¼ axþ log c1

or

X ¼ c1e
ax ð4Þ

Integrating (3), we have

log Y ¼ a

4
yþ log c2

or

Y ¼ c2e
ay
4 ð5Þ

Therefore

u ¼ X ðxÞY ðyÞ ¼ c1c2 eax e
ay
4

¼ c1c2e
axþay

4 ¼ c1c2 e
4axþay

4

But uð0; yÞ ¼ 8 e�3y. Therefore

8e�3y ¼ c1c2e
ay
4 ;

which implies c1c2 ¼ 8 and a
4
¼ �3. Thus a ¼ �12.

Hence the solution is

uðx; yÞ ¼ 8e
�48x�12y

4 ¼ 8 e�12x�3y:

(b) Please see Example 3.90. The only difference is
that uðx; 0Þ ¼ f ðxÞ in the present question. Thus

f ðxÞ ¼ �An sin
n�x

a

so that

An ¼ 2

a

Za

0

f ðxÞ sin n�x
a

dx: ð1Þ

Hence the solution is

uðx; yÞ ¼ �An sin
n�x

a
:
sinh n�

a
ðb� yÞ

sinh n�b
a

;

where An is given by (1).

(c) Example 3.96
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Lipschitzcondition 18

M

Mass-spring system 16, 83

Method of separation of variables 170

to find particular integral 65

Modeling 15

N

Neumann function 91

Newton law of cooling 42

O

One-dimensional wave equation 177

One-dimensional heat equation 172

Orthogonal trajectories 48

P

Parseval’s equality 217

Parseval’s identity 217

Partial differential equation 15

Elliptic 170

Formation of 15

Hyperbolic 170

Non-linear 146

Parabolic 170

Solution of 17

Particular integral 53, 139

Peano’s existence theorem 19

Periodic block function 226

Periodic extension of function 208

Periodic triangle function 225

Phase spectrum of a function 210

Picard’s existence and uniqueness theorem 18

Properties of Fourier coefficients 210

R

Radio Equation 191

Rate problems 45
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