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3-Gnuvtþn_edrIevénGnuKmn_ ³ 
k> k> k> k> GnuKmn_cMNayma:CINl GnuKmn_cMNayma:CINl GnuKmn_cMNayma:CINl GnuKmn_cMNayma:CINl ( Marginal Cost Function ) 

  ]bmafaeKmanGnuKmn_cMNaysrub ( Total Cost Function )mYykMnt;eday ³ 
  )x(TCTC =  Edl x  tag[brimaNplitplEdlRtUvplit . 
EdlehAfa FunctionCostinalargM  KWCaGnuKmn_edrIevén  FunctionCostTotal  
eKkMnt;tageday  )x('TC

dx

)x(dTC
)x(MCMC ===   . 

]TahrN]TahrN]TahrN]TahrN_ ³ ]bmafaeKmanGnuKmn_cMNaysrubmYykMnt;eday ³ 
100x15x12x4)x(TC 23 ++−=  Edl x  CabrimaNplitplEdlRtUvplit. 

 k> cUrkMnt;rk Marginal cost function 

 x> cUrkMnt;rk Marginal cost Rtg;cMnuc units20x =  . 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay ³ 
k> rk Marginal cost function 
eKman 100x15x12x4)x(TC 23 ++−=  
eK)an 15x24x12')100x15x12x4()x('TC)x(MC 223 +−=++−==  
dUcenH  )5x8x4(3)x(MC 2 +−=  . 
x> kMnt;rk Marginal cost Rtg;cMnuc units20x =  
eK)an 33541520.2420.12)20(MC 2 =+−= . 
mann½yfa ebIeKplitbEnßm ! ÉktaTI @! enaHeKRtUvcMNaybEnßm$##% ÉktþarUbiyvtß. 
x> GnuKmn_cMNUlma:CINl x> GnuKmn_cMNUlma:CINl x> GnuKmn_cMNUlma:CINl x> GnuKmn_cMNUlma:CINl ( Marginal Revenue Function ) 

  ]bmafaeKmanGnuKmn_cMNUlsrub ( Total Revenue Function )mYykMnt;eday ³ 
  )x(TRTR =  Edl x  tag[brimaNplitplEdlRtUvlk; . 
EdlehAfa    FunctionvenueReinalargM     KWCaGnuKmn_edrIevén   



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 6 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

FunctionvenueReTotal  eKkMnt;tageday  )x('TR
dx

)x(dTR
)x(MRMR === . 

]TahrN_ ³ ]bmafaeKmanGnuKmn_R)ak;cMnUlsrubmYykMnt;eday ³ 
2x02.0x40)x(TR −=  Edl x  CabrimaNplitplEdlRtUvlk; . 

 k> cUrKNna )1000(TR  rYcBnül;BIlTæplenH ? 
 x> cUrkMnt;rk Marginal Revenue Function 

 K> cUrkMnt;rk Marginal Revenue Function  Rtg; units100x = . 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
k> KNna )1000(TR  rYcBnül;BIlTæplenH 
eKman 2x02.0x40)x(TR −=  
eK)an  000200002000040100002,01000.40)1000(TR 2 =−=×−=  
dUcenH 00020)1000(TR = ¬ÉktarUbiyvtßú¦. lTæplenHmann½yfakalNaeKlk; 
plitplcMnYn units1000  enaHeKnwgTTYl)anR)ak;cMnUlsrub 00020 ¬ÉktarUbiyvtßú¦. 

x> kMnt;rk Marginal Revenue Function 

eKman 2x02.0x40)x(TR −=  
eK)an x04.040')x02.0x40()x('TR)x(MR 2 −=−==  
dUcenH  x04.040)x(MR −=  
K> kMnt;rk Marginal Revenue Function  Rtg; units100x =  
eK)an 36440)100(04.040)100(MR =−=−=  . 
mann½yfaebIeKlk;bEnßm !ÉktaeTot ¬ÉktaTI!0!¦enaHR)ak;cMnUlnwgekIneLIg 
cMnYn #^ ÉktarUbiyvtßú . 
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K> GnuKmn_R)ak;cMeNjma:CINl K> GnuKmn_R)ak;cMeNjma:CINl K> GnuKmn_R)ak;cMeNjma:CINl K> GnuKmn_R)ak;cMeNjma:CINl ( Marginal Profit Function ) 

 ]bmafaeKmanGnuKmn_R)ak;cMeNjsrub ( Total Profit Function )mYykMnt;eday³  
  )x(TPTP =  Edl x  tag[brimaNplitplEdlRtUvlk; . 
EdlehAfa    FunctionofitPrinalargM     KWCaGnuKmn_edrIevén   

FunctionofitPrTotal  eKkMnt;tageday  )x('TP
dx

)x(dTP
)x(MPMP ===   . 

]TahrN]TahrN]TahrN]TahrN_³ ]bmafaeKmanGnuKmn_R)ak;cMenjsrubmYykMnt;eday ³ 
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225x50)x(TP 2 −−+=    Edl x  CabrimaNplitplRtUvlk; . 

k> cUrrk )8(TP rYcBnül;BIlTæplenH .                 x> cUrrk Marginal Profit Function. 
K> cUrrk Marginal Profit Function Rtg;cMnuc units20x = . 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
k> rk )8(TP rYcBnül;BIlTæplenH 
eK)an 96750

2

8
225850)8(TP 2 =−−+=   

dUcenH 96)8(TP = ¬ÉktarUbiyvtßú¦. lTæplenHmann½yfakalNaeKlk;plitpl 
cMnYn * ÉktaeKnwgTTYl)anR)ak;cMenj (^ ¬ÉktarUbiyvtßú¦. 
x> rk Marginal Profit Function. 
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4-brmakmµénGnuKmn_ ( Optimization ) 

  enAkñúgRbtibtþikarGaCIvkmµ eKeRcInCYbnUvbBaðaenAcMeBaHmuxEdlRtUvedaHRsay  
ehIyral;dMeNaHRsayTaMgenaHeKEtgcg;)anCanic©nUvdMeNaHRsayEdlRbesIrbMput 
( )solutionOptimal  dUcCa ³ 
- karkMnt;brimaNplitplEdlRtUvlk;edIm,I[R)ak;cMnUlsrub (Total Revenue )b¤  
R)ak;cMeNjsrub ( Total Profit ) Gtibrma . 
-kMnt;brimaNplitplEdlRtUvplitedIm,I[R)ak;cMnaymFümkñúg1ÉktaGb,brma 
bBaðaTaMgGs;enHeKGacbkRsay)antamKNitviTüaedayeRbIbrmakmµénGnuKmn_. 
� viFIkMnt;rkbrmaénGnuKmn_manmYyGefr ³ 
]bmafaeKmanGnuKmn_ )x(fy =  . 
 edIm,IkMnt;rkbrmaénGnuKmn_enHeKRtUv ³ 
 !-KNnaedrIevTImYy  )x('f'y =  
 @-rkb¤srbs;smIkar  0)x('f =  ]bmafavamanb¤s 0xx =  
 #-KNnaedrIevTIBIr )x(''f''y = rYcrktémøelxén )x(''f''y 00 =  
      snñidæan ³ 
  -ebI 0)x(''f 0 <  enaHGnuKmn_ )x(fy = mantémøGtibrmaRtg; 0xx = . 
  -ebI  0)x(''f 0 =   ¬ minGacsnñidæan)an ¦ . 
  -ebI  0)x(''f 0 >  enaHGnuKmn_ )x(fy = mantémøGb,brmaRtg; 0xx =  . 
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����rMlwksmIkardWeRkTIBIrrMlwksmIkardWeRkTIBIrrMlwksmIkardWeRkTIBIrrMlwksmIkardWeRkTIBIr  ³ IRc,b,a,0a,0cbxax2 ∈≠=++  
   edIm,IrkcemøIysmIkarenHeKRtUv ³ 
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
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b
x
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b
x

2

1  

 -ebI 0=∆  smIkarmanb¤sDúbKW  
a2

b
xx 21 −==    . 

 -ebI 0<∆  smIkarKµanb¤skñúgsMNMucMnYnBit . 
]TahrN]TahrN]TahrN]TahrN_ ³ ]bmafaeKmanGnuKmn_R)ak;cMnUlsrub ( ) 32 xx60x13500xTR −−=  
Edl x  CabrimaNplitplEdleKRtUvlk; . 
etIeKRtUvlk;plitplenHb:unµanÉktaedIm,I[)ancMnUlsrubGtibrma ? 
cUrkMnt;R)ak;cMnUlGtibrmaenaH ? 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
-KNnaedrIevTImYy 2x3x12013500)x('TR −−=  
-edaHRsaysmIkar  0)x('TR = naM[ 013500x120x3 2 =+−−  

( ) 222 21044100)13500)(3(60ac4b ==−−−=−=∆  
eKTajb¤s 090

3
21060

x,50
3
21060

x 21 <−=
−
+==

−
−=  ¬minyk ¦ 

-KNnaedrIevTIBIr x6120)x(''TR −−=   
eday ( ) 0420506120)50(''TR <−=−−=  naM[GnuKmn_mantémøGtibrmaRtg; 

50x =  mann½yfaedIm,I[R)ak;cMnUlsrubGtibrmaeKRtUvlk;plitplcMnYn units50  
ehIyR)ak;cMnUlsrubGtibrmaenaHKW 000,400)50(TR =  ¬ÉktarUbiyvtßú¦. 
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]Tah]Tah]Tah]TahrN_³ ]bmafaeKmanGnuKmn_R)ak;cMnUlsrub x12600)x(TR =  nigGnuKmn_ 
R)ak;cMnaysrub 32 xx156000)x(TC ++=  Edl xCabrimaNplitpl . 
cUrkMnt;brimaNplitplEdlRtUvlk;edIm,I[)anR)ak;cMeNjGtibrma ? 
cUrkMnt;rkR)ak;cMenjGtibrmaenaH ? 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
eKman CostTotalvenueReTotalofitPrTotal −=  
eK)an ( ) 6000x12600x15xxx156000x12600)x(TP 2332 −+−−=++−=  
-KNnaedrIevTImYy  12600x30x3)x('TP 2 +−−=  
-edaHRsaysmIkar ( ) 0x'TP =  naM[  012600x30x3 2 =+−−  
KNna ( ) ( )( ) 22 195380253780022512600315' ==+=−−−=∆  
eKTajb¤s 070

3

19515
x,60

3

19515
x 21 <−=

−
+==

−
−=  ¬minyk¦ 

-KNnaedrIevTIBIr 30x6)x(''TP −−=  . 
eday  ( ) ( ) 03060660''TP <−−= naM[GnuKmn_mantémøGtibrmaRtg; 60x = . 
dUcenHedIm,I[R)ak;cMenjGtibrmaluHRtaEteKlk;plitplcMnYn units60  . 
R)ak;cMenjGtibrmaenaHKW  ( ) 000,48060TP =  ¬ÉktarUbiyvtßú¦. 
]TahrN_ ³ ]bmafaeKmanGnuKmn_cMNaysrubkñúgkarplitmYykMnt;eday ³ 

( ) 2500x2
9

x
xTC

2

++=  Edl x  CabrimaNplitplEdl)anplit . 
etIeKRtUvplitplitplenHb:unµanÉktaedIm,I[cMnaymFümGb,brma ?  
cUrrkR)ak;cMnayGb,brmaenaH ? 

:SOLUTION  -eKRtUvplitcMnYn units150  
                    -cMnaymFümGb,brmakñúg!ÉktaKW 33.35  ¬ÉktarUbiyvtßú¦. 
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5-GaMgetRkalminkMnt; ( Indefinite integrals ) 
  kkkk----niymn½yniymn½yniymn½yniymn½y ³ GaMgetRkalminkMnt;énGnuKmn_ )x(f  KWCasMNMuénRBImITIvTaMgGs; 
énGnuKmn_ )x(f  EdleKkMnt;sresr ³  ∫ += c)x(Fdx).x(f   . 
Edl c  CacMnYnefr ehIy  )x(f)x('F =  . 
xxxx----rUbmnþGaMgetRkalminkMnt;sMxan;rUbmnþGaMgetRkalminkMnt;sMxan;rUbmnþGaMgetRkalminkMnt;sMxan;rUbmnþGaMgetRkalminkMnt;sMxan;²²²² ³ 
 !> cx

1n

1
dx.x 1nn +

+
= +

∫      Edl  IRc,1n ∈−≠  
 @> ∫ += cxln

x

dx  
 #> ∫ +−= c

x

1

x

dx
2

 
 $> cx2

x

dx +=∫  
 %> ∫ += cedx.e xx  
 ^> ∫ += ce

a

1
dx.e axax    Edl  0a ≠  . 

 &> ∫ += c
aln

a
dx.a

x
x    Edl 1a,0a ≠>     . 

KKKK----lkçNHénGaMgetRkalminkMntlkçNHénGaMgetRkalminkMntlkçNHénGaMgetRkalminkMntlkçNHénGaMgetRkalminkMnt; ³ 
 !> ∫ ∫= dx)x(fkdx)x(fk  
 @> [ ] ∫ ∫ ∫∫ −+=−+ dx).x(hdx).x(gdx).x(fdx.)x(h)x(g)x(f  

XXXX----rUbmnþGaMgetRrUbmnþGaMgetRrUbmnþGaMgetRrUbmnþGaMgetRkalbþÚrGefrkalbþÚrGefrkalbþÚrGefrkalbþÚrGefr ³ 
 !> ]bmafa  ∫= dx).x(fI  ebIeKtag dt).t('dx)t(x ϕ=⇒ϕ=  

        eK)anrUbmnþ  [ ] dt).t('.)t(fdx).x(fI ϕϕ== ∫ ∫    . 
 @> ]bmafa  [ ] dx).x('.)x(fI φφ= ∫  ebIeKtag dx).x('du)x(u φ=⇒φ=  
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         eK)anrUbmnþ  [ ] ( )du.ufdx).x('.)x(fI ∫∫ =φφ=   . 
gggg----rUbmrUbmrUbmrUbmnþGaMgetRkaledayEpñknþGaMgetRkaledayEpñknþGaMgetRkaledayEpñknþGaMgetRkaledayEpñk ³ 
     eKman dvuduv)vu(d +=  
 eKTaj duv)vu(ddvu −=  
               ∫ ∫ ∫∫ −=−= vduuvvdu)vu(dudv  
 dUcenH  ∫ ∫−= duvuvdvu     . 
]TahrN]TahrN]TahrN]TahrN_ ³ KNnaGaMgetRkal dx.

x
1xx3x2x4

I
2

245

∫
−++−=  

eK)an ∫ 






 −++−= dx.
x

1

x

1
3x2x4I

2

23  

            
c

x

1
|x|ln

3

x
2

4

x
4

x

dx

x

dx
dxx2dxx4

34

2

23

+++






−






=

−+−= ∫ ∫ ∫ ∫
 

dUcenH  c
x

1
|x|lnx

3

2
xI 34 +++−=   . 

]TahrN_³ KNnaGaMgetRkal ∫ +
=

1x

dx.x4
I

4

7  
tag dx.x4dt1xt 34 =⇒+=  nig 1tx 4 −=  
eK)an ∫ ∫ ∫ ∫ ∫ +−=−=







 −=−=
+

= c|t|lnt
t

dt
dtdt.

t

1
1

t

dt)1t(

1x

)dxx4.(x
I

4

34  
dUcenH  ( ) c1xln1xI 44 ++−+=  . 
]TahrN]TahrN]TahrN]TahrN_ ³ KNnaGaMgetRkal ∫=

xlnx

dx
I  

eKman ∫∫ ==
xln

x

dx

xlnx

dx
I  tag 

x

dx
duxlnu =⇒=  

eK)an ∫ +=+== c|xln|lnc|u|ln
u

du
I  

dUcenH  c|xln|lnI +=  . 
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]TahrN]TahrN]TahrN]TahrN_³ KNnaGaMgetRkal dx.e)1x4(I x2

∫ +=  

tag 







=

=
⇒





=
+=

x2x2 e
2

1
v

dx4du

dx.edv

1x4u  

eK)an ( ) ∫∫ −+=−+= dx.e2e)1x4(
2

1
dx4.e

2

1
e1x4

2

1
I x2x2x2x2  

            ( ) ( ) ce1x4
2

1
cee1x4

2

1 x2x2x2 +−=+−+=  
dUcenH  ( ) ce1x4

2

1
I x2 +−=   . 

]TahrN]TahrN]TahrN]TahrN_ ³ ∫= dx.exI x2  
tag 





=
=

dx.edv

xu
x

2

 naMeGay  




=
=

xev

dx.x2du  
 ∫−= dx.xe2ex xx2  
tag 





=
=

dx.edv

x2u
x
 naMeGay  





=
=

xev

dx.2du  

 
[ ]

( ) ce2x2x

ce2xe2ex

dx.e2xe2ex

x2

xxx2

xxx2

+−−=
+−−=

−−= ∫
 

]TahrN_ ³ KNnaGaMgetRkal  ∫= dx.xlnxI 3  

tag 




=
=

dx.xdv

xlnu
3
 naMeGay  










=

=

4x
4

1
v

dx.
x

1
du

 

 
cx

16

1
xlnx

4

1

dx.x
4

1
xlnx

4

1

dx.
x

1
.x

4

1
xlnx

4

1

44

34

44

+−=

−=

−=

∫

∫
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6-Gnuvtþn_GaMgetRkalminkMnt; ³ 
k> kMnt;rkGnuKmn_ k> kMnt;rkGnuKmn_ k> kMnt;rkGnuKmn_ k> kMnt;rkGnuKmn_ CostTotal     edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ CostinalargM  ³ 
]bmafaeKmanGnuKmn_ CostinalargM  kMnt;eday ( )xMCMC =  . 
GnuKmn_ CostTotal  kMnt;eday  ( ) ( )∫= dx.xMCxTC  . 
]TahrN]TahrN]TahrN]TahrN_ ³ eKmanGnuKmn_ CostinalargM kMnt;eday ( ) 4

2

x
xMC +=  Kitkñúg1Ex 

sRmab;karplit ehIycMNayefresµInwg  !00 ÉktarUbiyvtßú . 
cUrrkGnuKmn_ CostTotal   sRmab;ExnImYy²  ? 
-tag ( )xTC Ca GnuKmn_ CostTotal    
eK)an ( ) ( )∫ ∫ ++=+== kx4

4

x
dx).4

2

x
(dx.xMCxTC

2  
-edaycMNayefresµI !00 mann½yfa ( ) 1000TC =   naM[  100K = . 
dUcenH  ( ) 100x4

4

x
xTC

2

++=  . 
x> kMnt;GnuKmn_ x> kMnt;GnuKmn_ x> kMnt;GnuKmn_ x> kMnt;GnuKmn_ ofitPrTotal     edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ ofitPrinalargM  ³ 
]bmafaeKmanGnuKmn_ ofitPrinalargM  kMnt;eday ( )xMPMP =  . 
GnuKmn_ ofitPrTotal  kMnt;eday  ( ) ( )∫= dx.xMPxTP  . 
]TahrN]TahrN]TahrN]TahrN_ ³ eKmanGnuKmn_ ofitPrinalargM  kMnt;eday ( ) x230xMP −=  . 
Edl x  CabrimaNplitplEdl)anlk; . eKdwgfaebIeKlk;TMnij !% ÉktaenaH 
eKnwg)anR)ak;cMenj @% ÉktarUbiyvtßú . 
cUrkMnt;rkGnuKmn_ ofitPrTotal  ? 
eK)an ( ) ( ) ( )∫ ∫ +−=−== kxx30dx.x230dx.xMPxTP 2  
eday ( ) 2515TP =  naM[ 200K =  . dUcenH  ( ) 200x30xxTP 2 ++−=  . 
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K>kMnt;rkGnuKmn_ K>kMnt;rkGnuKmn_ K>kMnt;rkGnuKmn_ K>kMnt;rkGnuKmn_ venueReTotal         edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ edaysÁal;GnuKmn_ venueReinalargM ³³³³    
]bmafaeKmanGnuKmn_ venueReinalargM  kMnt;eday ( )xMRMR =  . 
GnuKmn_ venueReTotal  kMnt;eday  ( ) ( )∫= dx.xMRxTR  
]TahrN_³ eKmanGnuKmn_ venueReinalargM  mYykMnt;eday ³ 

( ) 2x3x808000xMR −−=     Edl xCabrimaNplitplEdl)anlk; . 
cUrkMnt;rkGnuKmn_ venueReTotal  ebIeKdwgfa kalNaeKlk;plitpl $0 Ékta 
eKTTYl)anR)ak;cMnUlsrub !(@ 000 erol . 

:SOLUTION    ( ) 32 xx40x8000xTR −−=   . 
KKKK>kMnt;rkGnuKmn_ plitplsrubEdl)anplitkñúgryHeBl kMnt;rkGnuKmn_ plitplsrubEdl)anplitkñúgryHeBl kMnt;rkGnuKmn_ plitplsrubEdl)anplitkñúgryHeBl kMnt;rkGnuKmn_ plitplsrubEdl)anplitkñúgryHeBl t edaysÁal;GnuKmn_edaysÁal;GnuKmn_edaysÁal;GnuKmn_edaysÁal;GnuKmn_    
            TinñplBlkmµenAxNTinñplBlkmµenAxNTinñplBlkmµenAxNTinñplBlkmµenAxN³ ³ ³ ³ t         ³³³³ 
ebIeKsÁal;TinñplBlkmµmanGnuKmn_ ( )tWW =  enAxN³ t  enaHGnuKmn_ 
plitplsrubEdl)anplit)ankñúgryHeBl tkMnt;eday ³ 

( ) ( )∫= dt.tWtTP   . 
7-GaMgetRkalkMnt; ( Definite integrals ) 
  kkkk----niymn½yniymn½yniymn½yniymn½y ³ GaMgetRkalkMnt;énGnuKmn_ )x(f kñúgcenøaH [ ]b,a kMnt;eday ³ 
       ]x.)(f[limdx).x(f k

n

0k
k

b

a
n

∆ξ= ∑∫
=+∞→

 
Edl k

n

ab
ax k

−+=   [ ]1kkk1kkk x,x,
n

ab
xxx, −− ∈ξ−=−=∆   . 

xxxx----RTwsþIbTRTwsþIbTRTwsþIbTRTwsþIbT  LeibnizNewton−  
ebI )x(f  Cab;kñúgcenøaH [ ]b,a  nigmanRBImITIv )x(F  kñúgcenøaH [ ]b,a enaH 
GaMgetRkalkMnt;énGnuKmn_ )x(f kñúgcenøaH [ ]b,a  kMnt;eday ³ 

[ ]∫ −==
b

a

b

a )a(F)b(F)x(Fdx).x(f   ¬ Edl  )x(f)x('F =  ) . 
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KKKK----lkçNHénGaMgetRkalkMntlkçNHénGaMgetRkalkMntlkçNHénGaMgetRkalkMntlkçNHénGaMgetRkalkMnt; ³ 
 !> ∫ =

a

a

0)x(f  
 @> ∫ ∫=

b

a

b

a

dx.)x(fkdx.)x(fk  
 #> [ ] ∫ ∫ ∫∫ −+=−+

b

a

b

a

b

a

b

a

dx).x(hdx).x(gdx)x(fdx.)x(h)x(g)x(f  
 $> ∫ ∫ ∫=+

c

a

b

c

b

a

dx).x(fdx).x(fdx).x(f  
 %> ∫ ∫−=

b

a

a

b

dx).x(fdx).x(f  
    
XXXX----rUbmnþGaMgetRkalkMnrUbmnþGaMgetRkalkMnrUbmnþGaMgetRkalkMnrUbmnþGaMgetRkalkMnt;bþÚrGefrt;bþÚrGefrt;bþÚrGefrt;bþÚrGefr ³ 
 !> ebIeKman ∫=

b

a

dx).x(fI  ebIeKtag dt).t('dx)t(x ϕ=⇒ϕ=  
        cMeBaH  [ ]b,ax ∈  RtUvnwg  [ ]21 t,tt ∈  eK)anrUbmnþ ³ 
        [ ] dt).t('.)t(fdx).x(fI

b

a

t

t

2

1

ϕϕ== ∫ ∫  

 @> ebIeKman  [ ] dx).x('.)x(fI
b

a

φφ= ∫  ebIeKtag dx).x('du)x(u φ=⇒φ=  
         cMeBaH  [ ]b,ax ∈  RtUvnwg [ ]βα∈ ,u  eK)anrUbmnþ ³ 
     [ ] ∫∫

β

α

=φφ= du).u(fdx).x('.)x(fI
b

a

 
gggg----rUbmnþKNnaGaMgetRkaledayEpñkrUbmnþKNnaGaMgetRkaledayEpñkrUbmnþKNnaGaMgetRkaledayEpñkrUbmnþKNnaGaMgetRkaledayEpñk ³ 
         [ ]∫ ∫−=

b

a

b

a

b
a duvvudvu  

7-Gnuvtþn_GaMgetRkalkMnt;  
  kkkk----témømFüm témømFüm témømFüm témømFüm ³ ³ ³ ³ ( Average  Value ) 

      témømFüménGnuKmn_ )x(f kñúgcenøaH [ ]b,a kMnt;eday ³ 
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       ( )∫−
=µ

b

a

dx.xf
ab

1   . 
        xxxx----Gtßn½yFrNImaRtGtßn½yFrNImaRtGtßn½yFrNImaRtGtßn½yFrNImaRt ³  

 
RkLaépÞxN½ÐedayExSekag ( )C  tagGnuKmn_ )x(fy = nigGkS½Gab;sIus )ox'x(  
kñúgcenøaH [ ]b,a  kMnt;eday ³  ∫=

b

a

dx).x(fS    . 
KKKK----RkLaépÞxN½ÐedayExSekagBIrkñúgcenøaHmYyRkLaépÞxN½ÐedayExSekagBIrkñúgcenøaHmYyRkLaépÞxN½ÐedayExSekagBIrkñúgcenøaHmYyRkLaépÞxN½ÐedayExSekagBIrkñúgcenøaHmYy ³ 

 
           
  rUbmnþsRmab;KNna   [ ]dx.)x(g)x(fS

b

a
∫ −=   . 

    

y  

x  0 

)x(fy:)c( =  

)x(gy:)'c( =  

y  

x  0 

)x(fy:)c( =  
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XXXX----cMNaykñúgkarEfTaMeRKOgynþ cMNaykñúgkarEfTaMeRKOgynþ cMNaykñúgkarEfTaMeRKOgynþ cMNaykñúgkarEfTaMeRKOgynþ ³³³³    
ebIeKeRbIrfynþkan;EtyUreTAenaHcMNaykñúgkarEfTaMkan;EtFMEdr . 
]bmafa  ( )tr  CaGnuKmn_cMnayeRKOgynþmYy enAqñaMTI t  edayKiteFobBIeBlEdl 
eKeTIbeRbIR)as; ¬ t  KitCaqñaM ¦ . 
cMNaykñúgkarEfrTaMkñúgcenøaHryHeBlBI  1t  eTA 2t  kMnt;eday ³ 

[ ] ( ) ( )∫ −===
2

1

2

1

t

t
12

t

t tRtR)t(Rdt).t(rE   Edl )t(r)t('R =  . 

    
gggg----PaBelIsrbs;GñkeRbIR)as;PaBelIsrbs;GñkeRbIR)as;PaBelIsrbs;GñkeRbIR)as;PaBelIsrbs;GñkeRbIR)as; ³ 

 
snµtfa ( )qfD =  CGnuKmn_rMrUvkar ehIy ( )00 p,qE  CacMnucsmta . 
cMnUlsrubRtg;cMnucsmta 000 qpTR ×=  Edl 0p  Caéføsmta . 
PaBelIsrbs;GñkeRbIR)as;kMnt;eday ³ 

00

q

0

pqdq).q(fSURPLUSS'CONSUMER
0

×−= ∫   . 
]TahrN]TahrN]TahrN]TahrN_ ³ ]bmafaGnuKmn_tRmUvkar 

2)2q(

400
)q(f

+
=  nigéføsmta 25$  . 

cUrrkPaBelIsénGñkeRbIR)as; ? 

)q(fD =  

)q,p(E 00  

Q  

P  

C-S 

0TR  
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cccc----PaBelIsrbs;GñkplitPaBelIsrbs;GñkplitPaBelIsrbs;GñkplitPaBelIsrbs;Gñkplit ³ 

 
snµtfa ( )qgS=  CaGnuKmn_pÁt;pÁg; ehIy ( )00 p,qE  CacMnucsmta . 
cMnUlsrubRtg;cMnucsmta 000 qpTR ×=  Edl 0p  Caéføsmta . 
PaBelIsrbs;GñkplitkMnt;eday ³  

∫−×=
0q

0
00 dq.)q(fpqSURPLUSS'PRODUCER    . 

]TahrN_!]TahrN_!]TahrN_!]TahrN_! ³ GnuKmn_tRmUvkarrbs;plitkmµmYyKW 
2q

200
)q(f

+
=  nigGnuKmn_ 

pÁt;pÁg; 12q)q(g +=  . cUrrkPaBelIsénGñkplit ? 
]TahrN_@]TahrN_@]TahrN_@]TahrN_@³ GnuKmn_pÁt;pÁg;plitplmYyKW  )4qln(400100)q(g ++= . 
cUrrkPaBelIsénGñkplitRtg; units6q =  ? 

 
 

 

E  

)q(gS=  

)q(fD =  

Q  0 

P 
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lMhat;mandMeNaHRsay 
lMhat;TI1lMhat;TI1lMhat;TI1lMhat;TI1    
]bmafaeKmanGnuKmn_cMNaysrubmYykMnt;eday ³ 2700x4

3

x
)x(TC

2

+−=  
etIeKRtUvplitb:unµanÉktaedIm,I[cMnaymFümkñúg !Ékta Gb,brma ? 
dMeNaHRsay dMeNaHRsay dMeNaHRsay dMeNaHRsay     
tag ( )xTC  CaGnuKmn_cMNaymFüm . 
eK)an ( ) ( )

x

2700
4

3

x

x

xTC
xTC +−==  

-KNnaedrIevTImYy 
2x

2700

3

1
)x('TC −=  

-ebI 0'TC =  naMeGay 0
x

2700
3
1

2
=−  naMeGay 9027003x =×=  

-KNnaedrIevTIBIr 
3x

5400
)x(''TC =  

edayeKman 0
90

5400
)90(''TC

3
>= naM[GnuKmn_ )x(TC mantémøGb,rmaRtg; 90x =  

dUcenHedIm,I[cMNaymFümkñúgmYyÉktaGb,brmaeKRtUvplitcMnYn Units90 . 
lMhat;TI2lMhat;TI2lMhat;TI2lMhat;TI2    
eK[ FunctionvenueReTotal kMnt;eday 

2x

xx880
)x(TR

2

+
−=  

Edl x  CabrimaNplitplEdleKRtUvlk; . 
etIeKRtUvlk;plitplenHb:unµanÉktaedIm,I[cMnUlsrubGtibrma ? 
cUrkMnt;rkcMnUlGtibrmaenaH ? 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
KNnaedrIev³  

( )
2

2

2

2

)2x(

xx41760

)2x(

)xx880()2x)(x2880(
x'TR

+
−−=

+
−−+−=  
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ebI 0)x('TR = naM[ 0xx41760 2 =−−  
242176417604' ==+=∆  

eKTajb¤s 044
1

422
x,40

1

422
x 21 <−=

−
+==

−
−=  ¬minyk ¦ 

kenSam )x('TR  mansBaØadUc 2xx41760 −−  eRBaH 0x,0)2x( 2 >∀>+ . 
        x             44−               40 
 

)x('TR  

 

   

edayRtg;cMnuc 40x =  GnuKmn_  )x('TR  bþÚrsBaØaBI ( )+  eTA ( )−  naM[GnuKmn_ 
)x(TR  mantémøGtibrmaRtg;cMnuc 40x =  . 

dUcenHeKRtUvlk;plitpl units40 eTIbTTYl)anR)ak;cMnUlGtibrma . 
R)ak;cMnUlGtibrmaenaHKW  800

240

)40()40(880
)40(TR

2

=
+
−=  ¬ÉktarUbiyvtßú¦. 

lMhat;TI3lMhat;TI3lMhat;TI3lMhat;TI3    
eK[GnuKmn_ venueReinalargM  ³  2x3x402000)x(MR −−=  
Edl x  CabrimaNplitpl . 
cUrkMnt;rkGnuKmn_ venueReTotal  ebIeKdwgfaebIeKlk;plitpl units100  
eKTTYl)anR)ak;cMnUlsrub !& 000 ¬ÉktarUbiyvtßú¦. 
dMeNaHRsay dMeNaHRsay dMeNaHRsay dMeNaHRsay     
tag )x(TR CaGnuKmn_ venueReTotal  . 
eK)an ∫ ∫ −−== dx).x3x402000(dx).x(MR)x(TR 2  
                   kxx20x2000 32 +−−=  
eday 00017k)10()10(20)10(2000)10(TR 32 =+−−=  naM[ 0k =  
dUcenH  32 xx20x200)x(TR −−=   . 
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lMhat;TI4lMhat;TI4lMhat;TI4lMhat;TI4    
eK[GnuKmn_cMNaykñúgkarEfTaMeRKOgynþmYykMnt;eday ³ 

2t3t10400)t(r +−= Edl tCaryHeBlKitCaqñaM nig $00CacMNayefr . 
cUrrkcMNaykñúgkarEfTaMBIqñaMTI $ eTAqñaMTÎ . 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
tag ECacMNaykñúgkarEfTaMBIqñaMTI $ eTAqñaMTÎ  
eK)an [ ] 852tt5t400dt).t3t10400(E 6

4

32
6

4

2 =+−=+−= ∫  ¬ÉktarUbiyvtßú¦. 
lMhat;TI5lMhat;TI5lMhat;TI5lMhat;TI5    
GnuKmn_tRmUvkarrbs;karplitmYyKW 

5q

1000
)q(f

+
=  nigéføsmtaesµInwg 100$ . 

cUrrkPaBelIsrbs;GñkeRbIR)as; ? 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
eday 100$p =  eK)an units5q100

5q

1000 =⇒=
+

 
dUcenH ( )units5q,100$p ==  CacMnucsmta ehIycMnUlRtg;cMnucsmtaKW ³ 

500$5100TR0 =×=  .  
eK)an [ ] 5002ln1000500|5q|ln1000500dq.

5q

1000
S.C 5

0

5

0

−=−+=−
+

= ∫  
dUcenHPaBelIsénGñkeRbIR)as;KW 193$S.C =  . 
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lMhat;TI6lMhat;TI6lMhat;TI6lMhat;TI6    
GnuKmn_tRmUvkarrbs;plitkmµmYyKW 2q100)q(f −=  nigGnuKmn_pÁt;pÁg; 

2q)q(g +=  . 
 cUrrkPaBelIsénGñkplit ? 
 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
-rkcMnucsmta ³ 

22

2

22

2

749481',048q2q

096q4q2

4q4qq100

2qq100

==+=∆=−+
=−+

++=−
+=−

 

eKTajb¤s 0871q,671q 21 <−=−−==+−= ¬minyk¦ 
eK)an units6q =   naM[ 8$26p =+=  
PaBelIsénGñkplitKW  ∫ +−×=

6

0

dq).2q(86S.P  

                                     ( ) 18$0121848q2
2
q

48
6

0

2

=−+−=






 +−=  . 

lMhat;TI7lMhat;TI7lMhat;TI7lMhat;TI7    
eK[ FunctionofitPrinalargM mYykMnt;eday 2

1x

10
)x(MP −

+
=  

cUrrk FunctionofitPrTotal  ebIeKdwgfa ebIeKlk; !% ÉktaeK)anR)ak;cMenj 50$ ? 
dMeNaHRsaydMeNaHRsaydMeNaHRsaydMeNaHRsay    
eK)an ∫ +−+=







 −
+

= kx21x20dx.2
1x

10
)x(TP  

eday 0k50k)15(211520)15(TP =⇒=+−+=  
dUcenH FunctionofitPrTotal  KW x21x20)x(TP −+=   . 
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lMhat;TI8 lMhat;TI8 lMhat;TI8 lMhat;TI8     
KNnatémømFümrbs;GnuKmn_ 1x2)x(f +=  kñúgcenøaH [ ]4,0  . 
eK)an ∫ ==







 +=+
−

=µ
4

0

4

0

2

3

166.2
6

13
)1x2(

3

1

4

1
dx.1x2.

04

1   . 
����� 
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lMhat;Gnuvtþn_ 
!- ]bmafaeKmanGnuKmn_cMNaysrubmYykMnt;eday ³ 

250x27x12x2)x(TC 23 ++−=  Edl x  CabrimaNplitplEdlRtUvplit. 
 k> cUrkMnt;rk Marginal cost function 

 x> cUrkMnt;rk Marginal cost Rtg;cMnuc units10x =  . 
@- ]bmafaeKmanGnuKmn_R)ak;cMnUlsrubmYykMnt;eday ³ 

2x05.0x60)x(TR −=  Edl x  CabrimaNplitplEdlRtUvlk; . 
 k> cUrKNna )600(TR  rYcBnül;BIlTæplenH ? 
 x> cUrkMnt;rk Marginal Revenue Function 

 K> cUrkMnt;rk Marginal Revenue Function  Rtg; units100x = . 
#-]bmafaeKmanGnuKmn_R)ak;cMenjsrubmYykMnt;eday ³ 

350
2

x
49x50)x(TP 2 −−+=    Edl x  CabrimaNplitplRtUvlk; . 

k> cUrrk )24(TP rYcBnül;BIlTæplenH . 
x> cUrrk Marginal Profit Function. 

K> cUrrk Marginal Profit Function Rtg;cMnuc units24x = . 
$-]bmafaeKmanGnuKmn_R)ak;cMnUlsrub ( ) 32 x

3

1
x5x9000xTR −+=  

Edl x  CabrimaNplitplEdleKRtUvlk; . 
etIeKRtUvlk;plitplenHb:unµanÉktaedIm,I[)ancMnUlsrubGtibrma ? 
cUrkMnt;R)ak;cMnUlGtibrmaenaH ? 
%-]bmafaeKmanGnuKmn_R)ak;cMnUlsrub x12000)x(TR =  nigGnuKmn_ 
R)ak;cMnaysrub 32 xx15x6006000)x(TC ++−=  Edl xCabrimaNplitpl . 
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cUrkMnt;brimaNplitplEdlRtUvlk;edIm,I[)anR)ak;cMeNjGtibrma ? 
cUrkMnt;rkR)ak;cMenjGtibrmaenaH ? 
^-GnuKmn_cMNaysrubkñúgkarplitmYyKW ³ 400x2

4

x
)x(TC

2

+−=  . 
etIeKRtUvplitb:unµanÉktaedIm,I[cMNaymFümkñúg!ÉktaGb,brma ? 
cUrcMNayGb,brmaenaH ? 
&-eKman FunctionvenueReTotal  kMnt;eday 

x2.0

1764x884x
)x(TR

2 −+−=  
k> cUrrk FunctionvenueReinalargM  
x> etIeKRtUvlk;plitplb:unµanÉktaedIm,I[eKTTYl)anR)ak;cMnUlGtibrma ? 
cUrrkR)ak;cMnUlGtibrmaenaH ? 
*-eK[GnuKmn_ :venueReinalargM   2x3x402000)x(MR −−=  . 
cUrrk FunctionvenueReTotal  ? 
(-eK[GnuKmn_ CostinalargM  sRmab;plitkmµmYykMnt;eday ³ 

)4xln(x32)x(MC ++=  nigcMnayefresµInwg * 000 000 erol . 
cUrkMnt;rk functiontcosTotal   ? 
!0-eK[GnuKmn_ :venueReinalargM 2x3x808000)x(MR −−=  
nigGnuKmn_ CostinalargM ³ )1xln()1x(2)x(MC +++= ehIycMnayefresµI 
nwg %00 000 erol . 
cUrrk  functionprofitTotal  ? 
!!-GnuKmn_ CostinalargM sRmab;plitkmµmYyKW xln)1x(410)x(MC −+=  
ehIycMNayefrKW 1500$  . 
cUrrk functiontcosTotal   ? 
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!@-eKmanGnuKmn_tRmUvkar 
5q

150q10
)q(f

+
+=  nigéføsmtaesµInwg 15$  . 

cUrrkPaBelIsénGñkeRbIR)as; ? 
!#-GnuKmn_tRmUvkar 

3)3q(

750
)q(f

+
=  nigéføsmtaesµInwg 6$  . 

cUrrkPaBelIsénGñkeRbIR)as; ? 
!$-]bmafaGnuKmn_pÁt;pÁg;plitpl  )1qln(.2540)q(g ++=  . 
cUrkPaBelIsénGkplitRtg; units99q =  . 
!%-eKmanGnuKmn_tRmUvkarplitkmµ q456)q(f −= nigGnuKmn_pÁt;pÁg; 

q1)q(g +=  . cUrrkPaBelIsénGñkplit ? 
!^-]bmafaGnuKmn_cMnaykñúgkarEfTaMeRKOgynþmYykMnt;eday ³ 
      2t6t2100)t(r ++=  Edl !00 CacMNayefr nig t  CaryHeBlKitCaqñaM. 
 cUrrkcMNaykñúgkarEfTaMBIqñaMTI@ dl;qñaMTI$ ? 
!&- eKmanGnuKmn_cMnaykñúgkarEfTaMeRKOgynþmYykMnt;eday ³ 
      32 t4.0t3.0t2150)t(r +++=  . 
Edl !%0 CacMNayefr nig t  CaryHeBlKitCaqñaM. 
cUrrkcMNaykñúgkarEfTaMBIqñaMTI# dl;qñaMTI% ? 
!*-eKmanGnuKmn_cMnaysrubelIkarplit q  ÉktaénplitplmYyRbePT Edl 
kMnt;eday 800q3

2

q
)q(TC

2

++=  . 
k-rkcMnaymFümkñúgmYyÉkta ebIplitpl units100 . 
x-rkcMNaymFümén )q(TC  kñúgcenøaHBI 0 dl; !00 . 
K-kMnt;brimaNplitplEdlRtUvplitedIm,I[cMnaymFümkñúgmYyÉktaGb,brma 

 
������ 
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អនគុមនម៍នេរចនអេថរ 

 
 
 

!-sBaØaNénGnuKmn_eRcInGefr ³  
k> GnuKmn_manBIrGefrk> GnuKmn_manBIrGefrk> GnuKmn_manBIrGefrk> GnuKmn_manBIrGefr ³ 
RbsinebIcMeBaHRKb; ( ) Dy,x ∈  manrUbPaBmYytam f  enaH Z  ehAfaGnuKmn_es‘‘rI 

y,x  EdleKkMnt;sresr  )y,x(fZ =  . 
]TahrN_ ³ eK[ 22 y3xy7x2)y,x(fZ +−==  CaGnuKmn_manBIrGefr . 
]TahrN]TahrN]TahrN]TahrN_ ³ ekanbrivtþn_mYyEdlmankBs; hnigkaMfas)at R  manmaD  

hR
3

)R,h(fV 2π==  CaGnuKmn_manBIrGefr . 
]TahrN_]TahrN_]TahrN_]TahrN_ ³ GnuKmn_manBIrGefr ,0a,

yxa

2006
)y,x(fZ

4 222
≠

−−
== aefr  

GnuKmn_enHGackMnt;)ankalNa 222222 ayxor0yxa <+>−−  
tamFrNImaRt EdnkMnt; D énGnuKmn_KWCaépÞRkLargVg;pÞit 0 kaM a . 
]TahrN_]TahrN_]TahrN_]TahrN_ ³ ]bmafaGnuKmn_cMNayéføedImkñúgkarplitrbs;Rkumh‘unmYYyKW ³ 

4y3x2)y,x(TC ++=    . 
Edl x  CaéføvtßúFatuedIm  kg1  nig  y  CaéføQñÜlBlkmµkñúg !em:ag KitCaduløa. 
rkcMNayéføedImkñúgkarplit unit1 ebIvtßúFatuedIméfø kg/$25.0 nigéføQñÜlBlkmµ 
man h/5.2$  . 
eyIg)an  12$4)50.2(3)25.0(2)50.2;25.0(TC =++=  . 
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k> GnuKmn_manBIrGefrk> GnuKmn_manBIrGefrk> GnuKmn_manBIrGefrk> GnuKmn_manBIrGefr ³ 
RbsinebIcMeBaHRKb; ( ) Dz,y,x ∈  manrUbPaBmYytam f  enaH ZehAfaGnuKmn_es‘‘rI 

z,y,x  EdleKkMnt;sresr  )z,y,x(fZ =  . 
]TahrN_ ³ 

222 zyx1

1
)z,y,x(fZ

−−−
==  CaGnuKmn_manbIGefr . 

GnuKmn_enHmann½yebI 1zyxor0zyx1 222222 <++>−−−  
tamn½yFrNImaRt EdnkMnt; DKWCamaDEs‘VEdlmanp©it 0 kaM 1R =  . 
]TahrN_ ³ Ggát;RTUgrbs;RbeLBIEb:tEkgmYyEdlmanvimaRt z,y,x  CaGnuKmn_ 
manbIGefrEdlkMnt;eday 222 zyx)z,y,x(fd ++==  
RbsinebIvimaRt cm30z,cm15y,cm10x ===  eK)an ³ 

( ) cm3530151030,15,10fd 222 =++==   . 
@-edrIevedayEpñkénGnuKmn_eRcInGefr ³  
]bmafaeKmanGnuKmn_manBIrGefrmYykMnt;Cab;kñúgEdn D  eday )z,y,x(fZ =  
-ebI y  minERbRbYlenaH Z  køayCaGnuKmn_manmYyGefr x  . 
-ebI x  minERbRbYlenaH Z  køayCaGnuKmn_manmYyGefr y  . 
k> niymn½yk> niymn½yk> niymn½yk> niymn½y ³ 
cMeBaH y  minERbRbYlenaH Z  køayCaGnuKmn_manmYyGefr x  ehIyebI Zman 
edrIeveFobnwg x  enaHedrIevenHeKehAfaedrIevedayEpñkrbs;GnuKmn_ )y,x(fZ =  
eFobnwg x  EdleKkMnt;sresr ³ 
                          ( )

x

)y,x(f)y,xx(f
lim

x

Z
y,x'f'Z

0xxx ∆
−∆+=

∂
∂==

→∆
 

dUcKñaEdreKman ³   ( )
y

)y,x(f)yy,x(f
lim

y

Z
y,x'f'Z

0yyy ∆
−∆+=

∂
∂==

→∆
   . 
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]TahrN]TahrN]TahrN]TahrN_ ³ eK[GnuKmn_ 22 y3xy7x2)y,x(fZ +−==  . 
cUrKNnaedrIevedayEpñkénGnuKmn_enH ? 
eK)an y7x4'Z x −=  nig y6x7'Z y +−=  . 
]TahrN]TahrN]TahrN]TahrN_ ³ eKmanGnuKmn_ 0y,0x,yx)y,x(fz xy >>+==    
eK)an ylnyxy'Z x1y

x += −   nig 1xy

y xyxlnx'Z −+=  . 
]TahrN_³KNnaedrIevedayEpñkénGnuKmn_ ³ xyz3zyx)z,y,x(fZ 333 −++==  
eK)an ³ xyz3z3'Z,xz3y3'Z,yz3x3'Z 2

z

2

y

2

x −=−=−=  . 
]TahrN]TahrN]TahrN]TahrN_ ³ eKmanGnuKmn_ )yxln()y,x(fZ 22 +==  
cUrKNnaedrIevedayEpñkénGnuKmn_enH ? 
eK)an 

2222

22

y2222

22

x yx

y2

yx

)'yx(
'Z,

yx

x2

yx

)'yx(
'Z

+
=

+
+=

+
=

+
+=   . 

]TahrN_ ³ KNnaedrIevedayEpñkénGnuKmn_ 33 yxe)y,x(fZ +==  
eK)an 33333333 yx2yx33

y
yx2yx33

x ey3e)'yx('Z,ex3e)'yx('Z ++++ =+==+=  . 
]TahrN]TahrN]TahrN]TahrN_ ³ KNnaedrIevtamEpñkénGnuKmn_ ³ 

0z,0y,0x,zyxzyx)z,y,x(fZ zyxxzy >>>+++==  . 
eK)an  )xln1(zyxzlnzxy'Z zyxx1y

x +++= −  
          

)zln1(zyxxzylny'Z

)yln1(zyxzyxlnx'Z
zyx1xz

z

zyx1zy
y

+++=

+++=
−

−

 

]TahrN]TahrN]TahrN]TahrN_ ³ KNnaedrIevedayEpñkénGnuKmn_ ³ 
)zyx4z5yx2ln()z,y,x(fZ 222333 +−+==  

eK)an 
222233

222

x zyx4z5yx2

zxy8x6
'Z

+−+
+=  

         
222333

222

z

222333

222

y

zyx4z5yx2

zyx8z15
'Z

zyx4z5yx2

yzx8y3
'Z

+−+
+−=

+−+
+=  
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3-PaByWt ( )ELASTICITY  ³  
k> cMeBaHGnuKmn_manmYyGefrk> cMeBaHGnuKmn_manmYyGefrk> cMeBaHGnuKmn_manmYyGefrk> cMeBaHGnuKmn_manmYyGefr ³ 
-kMeNIn  0xxx −=∆  ehAfakMeNIndac;xat . 
-pleFob 

0x

x∆  ehAfakMeNIneFob  eFobnwg x  . 

-edIm,IeRbobeFobkMeNIneFob  eFobnwg y  KW 
0y

y∆  CamYynwgkMeNIneFob eFobnwg x  

KW 
0x

x∆   eyIgbegáItpleFob 
x

y

y

x

x

x
y

y

E
0

0

0

0

∆
∆×=∆

∆

=   . 

pleFobenHmann½yfa ebI x ekIn %1  enaH y  ekInb¤fy %
x
y

.
y

x

0

0










∆
∆   . 

-emKuNPaByWténGnuKmn_enARtg; cMnuc 0x  KW 
0xx0

0
0

0

0

dx

)x(df
.

y

x
)x('f.

y

x
E

=

==  . 

]TahrN]TahrN]TahrN]TahrN_ ³ ebIeKbegáInkmµkr BI !00nak; eTA !!0nak; enaHplitplnwgekIneLIg 
BI @000Ékta eTA @@00 Ékta . 
eK)an %1

100110

20002200
.

2000

100
E =

−
−=  mann½yfa ebIeKbegáIncMnYnkmµkr %1 enaH 

plitplnwgekIneLIg %1 Edr . 
]TahrN]TahrN]TahrN]TahrN_ ³ eK[GnuKmn_tRmUvkar 2q100)q(f −=  . 
cUrrkPaByWtenARtg;cMnuc units8q =   . 
eKman 2q100)q(f −=  naM[  

2q100

q

dq

)q(df

−
−=  

ebI 664100)8(fp8q =−==⇒=  
dUcenH PaByWtenARtg;cMnuc units8q =  KW %1

8100

8
.

8

6
E

2
−=









−
−=   . 
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x> PaByWtedayEpñkx> PaByWtedayEpñkx> PaByWtedayEpñkx> PaByWtedayEpñk ³ 
]bmafaeKmanGnuKmn_BIrGefr  )y,x(fZ =  . PaByWténGnuKmn_enH dUcKñaeTAnwg 
PaByWténGnuKmn_manmYyGefrEdr . 
-PaByWt eFobnwg x  KW  

x

Z

)y,x(f

x
EZx ∂

∂×=  . 
 

-PaByWt eFobnwg y  KW  
y

Z

)y,x(f

y
EZy ∂

∂×=  . 
4-cMNaysrub nig cMNaym:aCINl ³ 
]bmafaRkumh‘unmYyplitTMnij BIr RbePTedayeRbIvtßúFatuedImDUcKña Etman 
smamaRtxusKña . 
dUcenHGnuKmn_cMNaysrubKW ³ )y,x(Q)y,x(TC =  
Edl x  nig y  CabrimaNplitplnImYy² . 
- CostinalargM   eFobnwg x  KW  ³  )y,x('Q

x

TC
x=

∂
∂   .   

- CostinalargM   eFobnwg y  KW  ³  )y,x('Q
y

TC
y=

∂
∂   .   

]TahrN]TahrN]TahrN]TahrN_ ³ GnuKmn_cMNayplitplBIrRbePTKW ³ 
)1yxyxln(100)y,x(TC 22 ++++=  . 

cUrrk CostinalargM   eFobnwg xnig CostinalargM   eFobnwg y   . 
- CostinalargM   eFobnwg x  KW  

1yxyx

yx2

x

TC
22 +++

+=
∂

∂  
- CostinalargM   eFobnwg y   KW  

1yxyx

y2x

x

TC
22 +++

+=
∂

∂  . 
]TahrN]TahrN]TahrN]TahrN_ ³ eK[GnuKmn_R)ak;cMnUlBIrkalk;pliplBIrRbePT ³ 

)1y5x2ln(100)x(TR 22 ++=  .  
cUrrk venueReinalargM  eFobnwg x  rYc eFobnwg y  . 



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 33 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

5-DIepr:g;Esülsrub ³ 
kkkk> ]bmafaeKmanGnuKmn_ Dy,x,)y,x(fZ ∈∀=  manedrIevTImYy . 
DIepr:g;EsülsrubRtg;cMnuc )y,x(  kMnt;eday ³  dy.

y

Z
dx.

x

Z
dZ

∂
∂+

∂
∂=  . 

]TahrN]TahrN]TahrN]TahrN_ ³ rkDIepr:g;EsülsrubénGnuKmn_ 22 y3xy4xz ++=  
eK)an dy).y6x4(dx).y4x2(dZ +++=   . 
xxxx> ]bmafaeKmanGnuKmn_ Dz,y,x,)z,y,x(fZ ∈∀=  manedrIevTImYy . 
DIepr:g;EsülsrubRtg;cMnuc )z,y,x(  kMnt;eday ³ dz.

z

Z
dy.

y

Z
dx.

x

Z
dZ

∂
∂+

∂
∂+

∂
∂=  

]TahrN]TahrN]TahrN]TahrN_ ³ rkDIepr:g;EsülsrubénGnuKmn_ )z4y5x2ln()z,y,x(fZ 222 ++==  
eK)an 

222222222 z4y5x2

z8
dy.

z4y5x2

y10
dx.

z4y5x2

x4
dZ

++
+

++
+

++
=  . 

6-edrIevedayEpñklMdab;x<s; ³ 
edrIevedayEpñklMdab;BIrrbs;GnuKmn_ ( )y,xfZ =   KWCaedrIevedayEpñkrbs;edrIev 
edayEpñklMdab;mYy. eKtagedrIevlMdab;TIBIreday ³ 
!> ( )

2

2

xx x

Z

x

Z

x
y,x''f

∂
∂=









∂
∂

∂
∂=  

@> ( )
2

2

yy y
Z

y
Z

y
y,x''f

∂
∂=









∂
∂

∂
∂=  

#> ( )
x.y

Z

x

Z

y
y,x''f

2

xy ∂∂
∂=









∂
∂

∂
∂=  

$> ( )
y.x

Z

y

Z

x
y,x''f

2

yx ∂∂
∂=









∂
∂

∂
∂=  

]TahrN]TahrN]TahrN]TahrN_ ³ eK[GnuKmn_ 3xy5yx2yx)y,x(fZ 2233 ++−+==  
cUrKNna  xyyyxx ''f,''f,''f  nig yx''f   ? 
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7-brmaénGnuKmn_eRcInGefr ³ 
k> niymn½yk> niymn½yk> niymn½yk> niymn½y ³ 
]bmafaeKmanGnuKmn_ )y,x(fZ =   
-eKfaGnKmn_manGtibrimaRtg;cMnuc )y,x(M 00 luHRtaEtRKb;cMnuc ( )y,xM  
kñúgv½NsIuNaéncMnuc 0M eK)an ³ ( ) ( )y,xfyxf 0,0 > . 
- eKfaGnKmn_manGtibrimaRtg;cMnuc )y,x(M 00  luHRtaEtRKb;cMnuc ( )y,xM  
kñúgv½NsIuNaéncMnuc 0M eK)an ³ ( ) ( )y,xfyxf 0,0 < . 
x>rebobkMnt;brmaénGnuKmn¾manBIrefrx>rebobkMnt;brmaénGnuKmn¾manBIrefrx>rebobkMnt;brmaénGnuKmn¾manBIrefrx>rebobkMnt;brmaénGnuKmn¾manBIrefr ³ 
 ]bmafaeKmanGnuKmn¾ ( )y,xfZ = EdlmanedrIev. 
edIm,IkMNt;rkbrimaénGnuKmn¾eKRtUv³ 
1-KNnaedrIevedayEpñkKW³ ( ) ( )y,x'f,y,x'f yx  
2-edaHRsayRbB½n§smIkar³ ( )

( )



=
=

0y,x'f

0y,x'f

y

x  

     ]bmafaRbB½næmanKUcemøIy ( )00 y,x   
3-KNnabrimaN  ( ) ( ) ( )y,x''fc,y,x''fb,y,x''fa yyxyxx === Rtg; ( )00 y,x  
4-KNnabrimaN 2bac−=∆  
 �ebI 0a,0 >>∆  enaHGnuKmn_ )y,x(fZ 00= manGb,brma . 
 �ebI 0a,0 <>∆  enaHGnuKmn_ )y,x(fZ 00= manGtibrma . 
 �ebI 0<∆  enaHGnuKmn_ )y,x(fZ 00= Kµanbrma . 
 �ebI 0=∆  minGacsnñidæan)an . 
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]TahrN]TahrN]TahrN]TahrN¾³ eKeGayGnuKmn¾ ( ) 34y6x6xy2y5x2y,xfZ 22 +−−−+==  
rkbrimaénGnuKmn¾enH. 
-KNnaedrIev 6x2y10'Zand6y2x4'Z yx −−=−−=  
-edaHRsayRbBnæ½ 





=−−
=−−

06x2y10

06y2x4  

bnÞab;BIedaHRsayRbBn½æmanKUcemøIy  1y,2x ==  
-KNnabrimaN 2bac−=∆  
edayeKman  10''ZC,2''Zb,4''Za yyxyxx ==−====  
eK)an 036440 >=−=∆  naM[GnuKmn_manGb,rmaRtg; ( )1,2M 0  
témøGb,brmaenaHKW  25)1,2(fZmin ==   . 
]TahrN_ ³ eK[GnuKmn_R)ak;cMenjsrubBIkarlk;plitplBIrRbePTkMnt;eday ³ 

y10x10xy26y10x171980)y,x(TP 22 +−+−−=  
Edl x  CabrimaNplitplRbePTTImYy nig y  CabrimaNplitplRbePTTIBIr. 
etIeKRtUvlk;plitplnImYy²b:unµanÉktaedIm,I[)anR)ak;cMenjGtibrma ? 
-KNnaedrIev  10x26y20'TPand10y26x34'TP yx ++−=−+−=  
-edaHRsayRbB½næsmIkar  





=++−
=−+−

010x26y20

010y26x34  

bnÞab;BIedaHRsayeK)ancemøIy  20y,15x ==   
-KNna  2bac−=∆   eday  20''TPc,26''TPb,34''TPa yyxyxx −====−==  
eK)an 04)26()20)(34( 2 >=−−−=∆   . 
eday 034a <−= naM[ )y,x(TP mantémøGtibrmaRtg; 20y,15x ==  
dUcenHedIm,I[eKcMenjGtibrmaeKRtUvlk;plitplTImYycMnYn units15 nigRtUvlk; 
plitplTIBIrcMnYn units20  ehIyR)ak;cMenjGtibrmaenaHKW 2005$)20,15(TP = . 
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KKKK----rebobkMnt;rkbrmaénGnuKmn_manbIGefrrebobkMnt;rkbrmaénGnuKmn_manbIGefrrebobkMnt;rkbrmaénGnuKmn_manbIGefrrebobkMnt;rkbrmaénGnuKmn_manbIGefr ³ 
]bmafaeKmanGnuKmn_  )z,y,x(fZ =  EdlmanedrIev . 
edIm,IkMnt;rkbrmaénGnuKmn_enHeKRtUvGnuvtþn_dUcxageRkam ³ 
1>KNnaedrIev ³ ( ) ( ) ( )z,y,x'f,z,y,x'f,z,y,x'f zyx  

2>edaHRsayRbB½næsmIkar  








=
=
=

0)z,y,x('f

0)z,y,x('f

0)z,y,x('f

z

y

x

  

3> KNnaedETmINg; HESSE Rtg;cMnucEdlCacemøIyénRbBnæ½xagelIKW ³ 
     ( )

yyyx

xyxx

2xxxx1 ''f''f

''f''f
D,''fz,y,x''fD ===  

nig 
zzzyzx

yzyyyx

yyxyxx

3

''f''f''f

''f''f''f

''f''f''f

D =    . 

snñidæan snñidæan snñidæan snñidæan   -ebI 0D,0D,0D 321 >>>  naM[GnuKmn_ ( )z,y,xfZ = mantémøGb,brma. 
       - ebI 0D,0D,0D 321 <><  naM[GnuKmn_ ( )z,y,xfZ = mantémøGtibrma. 
]TahrN_]TahrN_]TahrN_]TahrN_ ³ rktémøbrmaénGnuKmn_ 490z12y6x4zyxZ 222 +−−−++=  
-KNnaedrIev 12z2'Z,6y2'Z,4x2'Z zyx −=−=−=  

-edaHRsayRbBnæ½ 








=
=
=

⇒








=−
=−
=−

6z

3y

2x

012z2

06y2

04x2

 

-KNna 4
20

02

''Z''Z

''Z''Z
D,2''ZD

yyyx

xyxx

2xx1 =====  

  nig  8

200

020

002

''Z''Z''Z

''Z''Z''Z

''Z''Z''Z

D

zzzyzx

yzyyyx

xzxyxx

3 ===  

eday 08D,04D,02D 321 >=>=>=  naM[GnuKmn_mantémøGb,brmaRtg; 
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cMnuc 6z,3y,2x ===  ehIytémøGb,brmaenaHKW 441)6,3,2(Z =  . 
Gnuvtþn_Gnuvtþn_Gnuvtþn_Gnuvtþn_ ³ cUrrktémøbrmaénGnuKmn_xageRkam ³ 
 !> 25y8xz12xy4z4y2x13)z,y,x(fZ 222 +−−−++==  
 @> ( ) 2005z6y4xy4zy2x4z,y,xfZ 222 +−−−++==  
 #> 2004y2x2yz2xz2zy2x3)z,y,x(fZ 222 +−−−−++==  
]TahrN]TahrN]TahrN]TahrN_³ eK[GnuKmn_cMNaysrubkñúgkarplitTMnijbIRbePTkMnt;eday ³ 

50000yz6y360x320zy18x4)z,y,x(fTC 222 +−−−++==  
Edl z,y,x  CabrimaNplitplRbePTnImYy² . 
etIeKRtUvplitTMnijRbePTnImYy²b:unµanedIm,I[cMnayGs;ticbMput ? 
cUrrkcMNayGb,brmaenaH ? 
-KNnaedrIev y6z2'Z,z6360y36'Z,320x8'Z zyx −=−−=−=  

-edaHRsayRbBnæ½ 








=
=
=

⇒








=−
=−−

=−

60z

20y

40x

0y6z2

0360z6y36

0320x8

 

-KNna 288
360

08

''Z''Z

''Z''Z
D,8''ZD

yyyx

xyxx

2xx1 =====  

  nig  576

260

6360

008

''Z''Z''Z

''Z''Z''Z

''Z''Z''Z

D

zzzyzx

yzyyyx

xzxyxx

3 =
−

−==  

eday 0576D,0288D,08D 321 >=>=>=  naM[GnuKmn_mantémøGb,brma 
Rtg; 60z,20y,40x ===  ehIyR)ak;cMNayGb,brmakñúgkarplitenaHKW ³ 

00040$500007200720012800360072006400

50000)60)(20(6)20(360)40(320)60()20(18)40(4TC 222

min

=+−−−++=
+−−−++=  
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XXXX----rebobkMnt;rkbrmaénGnuKmn_manlkç½xNÐ½rebobkMnt;rkbrmaénGnuKmn_manlkç½xNÐ½rebobkMnt;rkbrmaénGnuKmn_manlkç½xNÐ½rebobkMnt;rkbrmaénGnuKmn_manlkç½xNÐ½ ³ 
]bmafaeKmanGnuKmn_ Edl yandx  epÞógpÞat;lkç½xN½Ð  c)y,x(g =  . 
edIm,IrkbrmaénGnuKmn_enHeKGacedaHRsay)antamBIrrebob ³ 
 !> rebobTImYy ³ 
eKRtUvTaj y  BIsmIkar c)y,x(g =  ]bmafa )c,x(y ϕ= rYcykeTACYskñúgGnuKmn_ 
eK)an [ ])c,x(,xfZ ϕ=  CaGnuKmn_manmYyGefrEdleKGacrk)antamrebobEdl 
eyIg)ansikSarYcmkehIy . 
 @> rebobTIBIr ³ 
edayeRbIemKuNrbs; LaRkg; ( )sMultiplierLagrange EdGnuvtþn_dUcteTA ³ 
-begáItGnuKmn_ ( ) ( ) ( )[ ]y,xgcy,xf,y,xF −λ+=λ  
-KNnaedrIev  ( ) ( ) ( )λλλ λ ,y,x'F,,y,x'F,,y,x'F yx  

-edaHRsayRbBn½æsmIkar 
( )
( )
( )








=λ
=λ
=λ

λ 0,y,x'F

0,y,x'F

0,y,x'F

y

x

 

-KNnaEdETrmINg; :HESSE   
yyyxy

xyxxx

yx

''F''F'g

''F''F'g

'g'g0

D =  

snñidæansnñidæansnñidæansnñidæan ³  -ebI  0D >  enaHGnuKmn_manGtibrma. 
              -ebI  0D <  enaHGnuKmn_manGb,brma. 
]TahrN]TahrN]TahrN]TahrN_ ³ eK[GnuKmn_cMnUlsrubBIkarlk;plitplBIrRbePTkMnt;eday ³ 

yxx8000)y,x(TR 2−=  Edl y&x  CabrimaNplplRbePTnImYy² 
ehIyeKdwgfa 040yx =+−  etIeKlk;plitplRbePTnImYyb:unµanedIm,I[eK)an 
R)ak;cMnUlGtibrma ?rkR)ak;cMnUlenaH ? 
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eKman yxx8000)y,x(TR 2−=  eday 040yx =+−  enaH x40y +=   
eK)an )x40(xx8000)x(TR 2 +−= 32 xx40x8000 −−=  
-rkedrIevTImYy 2x3x808000)x('TR −−=  
-edaHRsaysmIkar 0x3x808000)x('TR 2 =−−=   216024001600' =+=∆  
eKTajb¤s  0

3

200

3

16040
x,40

3

16040
x 21 <−=

−
+==

−
−=    ¬minyk¦ 

-KNnaedrIevTIBIr x680)x(''TR −−=  naM[ 0320)40(680)40(''TR <−=−−=  
mann½yfaGnuKmn_enHmantémøGb,rmaRtg; 40x =  . 
dUcenHedIm,I[eKTTYl)anR)ak;cMnUlGtibrmaeKRtUvlk;plitplRbePTTImYy 
cMnYn units40  nig plitplRbePTTIBIrcMnYn units80  . 
]TahrN]TahrN]TahrN]TahrN_ ³ eK[GnuKmn_R)ak;cMenjsrubBIkalk;plitplBIrRbePTkMnt;eday ³ 

xy200)y,x(fTP +−==  Edl  y&x  CabrimaNplplRbePTnImYy² 
ehIyeKdwgfa 30yx =+  etIeKlk;plitplRbePTnImYyb:unµanedIm,I[eK)an 
R)ak;cMenjGtibrma ?rkR)ak;cMenjenaH ? 
-begáItGnuKmn_ ( ) ( )yx30xy200),y,x(F −−λ++−=λ  
-KNnaedrIev yx30'F,x'F,y'F yx −−=λ−=λ−= λ  

-edaHRsayRbBn½æ  15yx

0yx30

0x

0y

=λ==⇒








=−−
=λ−
=λ−

 

-KNnaedETmINg; :HESSE   02

011

101

110

''F''F'g

''F''F'g

'g'g0

D

yyyxy

xyxxx

yx

>===  

mann½yfaedIm,I[eK)anR)ak;cMenjGtibrma eKRtUvlk;plitplTImYycMnYn units15   
nigplitplTIBIrcMnYn units15 ehIyR)ak;cMenjenaHKW 25$TPmax = . 
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lMhat;mandMeNaHRsay 
lMhat;TI1 
eKmanGnuKmn_cMNaysrubénkarplit plitplBIrRbePT A nig BkMnt;eday ³ 

65y10x10xy26y10x17)y,x(fTC 22 +−+−+==  
Edl  y&x  CabrimaNplplRbePTnImYy² . 
k-KNnacMNaym:aCINleFobnwg x  . 
x-KNnacMNaym:aCINleFobnwg y  . 
K-etIeKRtUvplitnUvplitplnImYy²b:unµanedIm,I[cMNayGs;ticbMput ? 
dMeNaHRsay 
k-KNnacMNaym:aCINleFobnwg x   
eK)an 10y26x34

x

TC
'TC x +−=

∂
∂=  

x-KNnacMNaym:aCINleFobnwg y  
eK)an 10x26y20

y

TC
'TC y −−=

∂
∂=  

K-rkbrimaNplitplEdlEtUvplitedIm,I[cMNayGs;ticbMput ³ 
eKman 10x26y20'TC,10y26x34'TC yx −−=+−=  
-edaHRsayRbBn½æ 20y,15x

010x26y20

010y26x34
==⇒





=−−
=+−  

-KNna 2bac−=∆  eday 20''TC,26''TCb,34''TCa yyxyxx =−====  
eK)an 034a,04676680 >=>=−=∆  naM[GnuKmn_mantémøGb,brma . 
dUcenHedIm,I[cMNayGs;ticbMputeKRtUvplit plitplRbePTTImYycMnYn !% 
nigplitplTIBIrcMnYn @0 .   
 



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 41 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

lMhat;TI2 
]bmafa )y,x(TC CaGnuKmn_cMNaysrubénkarplitnUvplitplBIrRbePT . 
eKdwgfa tcosinalargM  eFobnwg x  KW  y8x2

x

TC +=
∂

∂  nig tcosinalargM  eFobnwg 
y  KW y2x8

y

TC +=
∂

∂  ehIycMNayefresµInwg 50$  . 
cUrkMnt;rkGnuKmn_cMNaysrub )y,x(TCTC =  ? 
dMeNaHRsay 
rkGnuKmn_cMNaysrub )y,x(TCTC =  
eKman    y8x2

x

TC +=
∂

∂   
eK)an       ∫ ++=+= )y(Kxy8xdx).y8x2(TC 2 naM[ )y('kx8'TC y +=  
eday y2x8'TC

y

TC
y +==

∂
∂  eKTaj)an y2x8)y('kx8 +=+  

naM[ y2)y('k =  naM[ ∫ +== cydy.y2)y(k 2  
eK)an cyxy8x)y,x(TCTC 22 +++== cMNayefresµInwg 50$ enaH 50$c =  
dUcenH  50yxy8x)y,x(TC 22 +++=   . 
lMhat;TI3 
]bmafa )y,x(TCTC = CaGnuKmn_cMNaysrubénkarplitnUvplitplBIrRbePT Edl  

y&x  CabrimaNplplRbePTnImYy² . 
eKdwgfaDIepr:g;EsülénGnuKmn_cMNaysrubenHkMnt;eday ³ 

)6y8x4(dx).6y4x4(dTC −+−+−−=  ehIycMNayefresµInwg 100$ . 
k-cUrrk tcosinalargM  eFobnwg xnig tcosinalargM  eFobnwg y  . 
x-cUrkMnt; rkGnuKmn_cMNaysrub )y,x(TCTC = . 
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dMeNaHRsay 
k-rk tcosinalargM  eFobnwg xnig tcosinalargM  eFobnwg y  
tamTMnak;TMng )6y8x4(dx).6y4x4(dTC −+−+−−=  
eKTaj)an 6y4x4

x

TC
'TC x −−=

∂
∂= Ca tcosinalargM  eFobnwg x  

nig            6y8x4
y

TC
'TC y −+−=

∂
∂= Ca tcosinalargM  eFobnwg y. 

x-kMnt; rkGnuKmn_cMNaysrub )y,x(TCTC =  
eday ∫ +−−=−−=⇒−−=

∂
∂

)y(kx6xy4x2dx).6y4x4(TC6y4x4
x

TC 2  
eK)an )y('kx4'TC y +−=  eday  6y8x4

y

TC
'TC y −+−=

∂
∂=  

eKTaj ( ) 6y8x4y'kx4 −+−=+−  
                     ∫ +−=−=⇒−= cy6y4dy).6y8()y(k6y8)y('k 2  
eKTaj cy6y4x6xy4x2)y,x(TCTC 22 +−+−−==  
eday cMNayefresµInwg 100$  naM[  100$c = . 
dUcenH  100y6x6y4xy4x2)y,x(TC 22 +−−+−=  . 
lMhat;TI4 
eK[GnuKmn_R)ak;cMenjBIkarlk;plitplBIrRbePTkMnt;eday ³ 

y100x280xy4yx5)y,x(fTP 22 +++−−==  
Edl  y&x  CabrimaNplplRbePTnImYy² . 
k-Find Maginal Profit eFobnwg x  Rtg;cMnuc ( )25,20 . 
x- Find Maginal Profit eFobnwg y  Rtg;cMnuc ( )25,20 . 
K-kMnt;brimaNplitplRbePTnImYy²edIm,I[eKTTYl)anR)ak;cMenjGtibrma? 
cUrrkR)ak;cMenjGtibrmaenaH ? 
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dMeNaHRsay 
k- Maginal Profit eFobnwg x  Rtg;cMnuc ( )30,25  
eK)an 280y4x10)y,x('f

x

)y,x(f
'TC xx ++−==

∂
∂=   

Rtg;cMnuc ( )30,25 eK)an ( ) 150280)30(4)25(1030,25'f'TC xx =++−==  
x- Maginal Profit eFobnwg y  Rtg;cMnuc ( )30,25   
eK)an 100x4y2)y,x('f

y

)y,x(f
'TC yy ++−==

∂
∂=  

Rtg;cMnuc ( )30,25 eK)an  ( ) 60100)25(4)30(230,25'f'TC yy −=−+−==  
K-kMnt;brimaNplitplRbePTnImYy²³ 
eKman 100x4y2'TC,280y4x10'TC yx −+−=++−=  
-edaHRsayRbBn½æ 30y,40x

0100x4y2

0280y4x10
==⇒





=−+−
=++−  

-KNna 2bac−=∆  eday 2''TCc,4''TCb,10''TCa yyxyxx −====−==    
eK)an 010a,041620 <−=>=−=∆ naM[GnuKmn_manGtibrma. 
dUcenHedIm,I[eKTTYl)anR)ak;cMenjGtibrmaluHRtaEteKlk;plitplRbePTTI1 
cMnYn units40  nig RbePTTI2cMnYn units30  . 
lMhat;TI5 
GnuKmn_tRmUvkarénplitplBIrRbePT YandX  kMnt;erogKñaeday ³ 

y280pandx60p 21 −=−=  ehIyGnuKmn_cMNaysrubplitplTaMgBIrKW ³ 
xy220)y,x(TC +=  Edl  y&x  CabrimaNplplRbePTnImYy² . 

kMnt;brimaNplitplRbePTnImYy²edIm,I[eKTTYl)anR)ak;cMenjGtibrma? 
cUrrkR)ak;cMenjGtibrmaenaH ? 
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dMeNaHRsay 
tag )y,x(TP Ca FunctionofitPrTotal  
eK)an )y,x(TC)y,x(TR)y,x(TPTP −==  

              
20y80x60xy2y2x

xy220y2y80xx60

)xy220(y)y280(x)x60(

)y,x(TCypxp

22

22

21

−++−−−=
−−−+−=

+−−+−=
−+=

 

-KNnaedrIev  80x2y4'TC,60y2x2'TP yx +−−=+−−=  
-edaHRsayRbB½næsmIkar 10y,20x

080y4x2

060y2x2
==⇒





=+−−
=+−−  

-KNna 2bac−=∆  eday 4''TCc,2''TCb,2''TPa yyxyxx −==−==−==     
eK)an 02a,0448 <−=>=−=∆  naM[GnuKmn_manGb,brma . 
dUcenHedIm,I[eKTTYl)anR)ak;cMenjGtibrmaluHRtaEteKlk;plitplRbePTTI1 
cMnYn units20  nig RbePTTI2cMnYn units10  . 
 

����� 
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lMhat;Gnuvtþn_ 
!> GnuKmn_cMNayénkarplitnUvplitplBIrRbePT A  and  B kMnt;eday ³ 
   00015000y6000x4000yx)y,x(fTC 22 +−−+==   . 
Edl y&x  CabrimaNplplRbePTnImYy² . 
cUrkMnt;brimaNplitplEdlRtUvplitedIm,I[R)ak;cMNayGb,brma ? 
kMnt;rkR)ak;cMNaysrubGb,brmaenaH ? 
@> GnuKmn_cMNayénkarplitnUvplitplbIRbePT A  , B and  C kMnt;eday ³ 
    00060yz6y360x320zy18x4)z,y,x(fTC 222 +−−−++==  
Edl zandy,x  CabrimaNénplitplRbePTnImYy² . 
cUrkMnt;brimaNplitplEdlRtUvplitedIm,I[R)ak;cMNayGb,brma ? 
kMnt;rkR)ak;cMNaysrubGb,brmaenaH ? 
#> GnuKmn_R)ak;cMenjBIkalk;nUvplitplbIRbePT A  , B and  C kMnt;eday ³ 
    y160x80xz4zy4x5)z,y,x(fTP 222 +++−−−==  
Edl zandy,x  CabrimaNénplitplRbePTnImYy² . 
kMnt;brimaNplitplRbePTnImYy²edIm,I[eKTTYl)anR)ak;cMenjGtibrma? 
cUrrkR)ak;cMenjGtibrmaenaH ? 
$> GnuKmn_tRmUvkarénplitplbIRbePT A , B , C kMnt;erogKñaeday ³ 

z80pandy40p,x50p 321 −=−=−=  
ehIyGnuKmn_cMNaysrubplitplTaMgBIrKW z6y4x220)y,x(TC +++=   
Edl  z&y,x  CabrimaNplplRbePTnImYy² . 
kMnt;brimaNplitplRbePTnImYy²edIm,I[eKTTYl)anR)ak;cMenjGtibrma? 
cUrrkR)ak;cMenjGtibrmaenaH ? 
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%> ]bmafa )y,x(fTC = CaGnuKmn_cMNaysrubrbs;plitplBIrRbePT . 
Edl y&x  CabrimaNplplRbePTnImYy² ehIycMNayefresµI 60$ . 
eKdwgfa Maginal Cost eFobnwg xKW  40y6x10

x

TC +−=
∂

∂  
           Maginal Cost eFobnwg yKW  40y4x6

y

TC −+−=
∂

∂  
cUrkMnt;rkGnuKmn_cMNaysrubenH ? rYcrkR)ak;cMNayGb,brmaénkarplit . 
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kkaarrRR))aakk;;eeTTaall  nniigg  kkaarrRR))aakk;;ppÁÁ ÜÜbb  
 
1-sBaØaN nig RbePTkarR)ak ; 
 k>karR)ak; ( Interest )  
  karR)ak;KWCaR)ak;EdlGñkeRbITun RtUvbg;eTA[m©as;Tun edIm,IeRbIR)as;TunenH 
kñúgryHeBlmYykMnt; eBalKWCaR)ak;cMeNjEdl)anmkBItwkR)ak;Edldak;[x©Ikñúg 
ryHeBlmYykMnt;. 
 x>GRtakarR)ak; ( Interest rate ) 

pleFobrvagkarR)ak;Edl)anbg;kñúgmYyqñaM CamYynwgTunEdl)anx©IehAfa 
GRtakarR)ak;GRtakarR)ak;GRtakarR)ak;GRtakarR)ak; . 
GRtakarR)ak;KitCaPaKry b¤ TsPaK . 
 ]TahrN_ ³ GRtakarR)ak;  09,0%9i ==   . 
 K>RbePTénkarR)ak; 
karR)ak;manBIrRbePTKW ³ 
 karR)ak;eTal (Simple interest)  nig  karR)ak;smas ( Compound Interest ) . 
2-karR)ak;eTal ( Simple Interest ) 

 k>niymn½y ³ 
  karR)ak;eTalKWCakarR)ak;EdlKitelIR)ak;edImEdl)anx©I kñúgRKb;ryHeBl . 
karR)ak;rbs;ryHeBlnImYy² min)anbUkbBa©ÚlCamYyR)ak;edIm edIm,IykkarR)ak; 
enARKaeRkay²eToteLIy . 
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x>rUbmnþKNnakarR)ak;eTal³ 
ebIeKyksac;R)ak;cMnYn PV¬R)ak;edIm ¦ eTAeFIVvinieyaKkñúgryHeBl nxYb b¤ RKa 
edayTTYl)anGRtakarR)ak; i  enaHkarR)ak;EdlTTYl)anGacKNnatamrUbmnþRKwH ³ 
 inPVI n ××=  . 
]TahrN_ 1 ³ elaksarI )anykR)ak;edImcMnYn 000,75$  eTAeFIVvinieyaKkñúgryHeBl#qñaM 
edayTTYl)ankarR)ak; %20  kñúgmYyqñaM . KNnakarR)ak;EdlelaksarITTYl)an ? 

 tamrUbmnþ i.n.PVI n =  eday 








==
=

=

2.0%20i

3n

000,75$PV

 

 eK)an  000,45$2.03000,75I 3 =××=   . 
]TahrN_ 2 ³ elak sava:t)anykR)ak;edImcMnYn  000,000,450 erol  
eTAeFIVvinieyaKedayTTYl)anGRtakarR)ak; %25i =  kñúgmYyqñaM . 
cUrKNnakarR)ak;Edlelaksava:tTTYl)ankñúgryHeBl ³ 
k> &% éf¶ . 
x> % Ex . 
K> @ qñaM & Ex .  ¬ sisSedaHRsayxøÜnÉg ¦ . 
 K>rUbmnþKNnaéføGnaKt; ( Future Value ) 

ebIeKykR)ak;edImcMnYn PV  eTAeFIVvinieyaKedayTTYl)anGRtakarR)ak;RbcaMqñaM i   
kñúgryHeBl nqñaM enaHenAcugqñaMTI n  R)ak;EdleKTTYl)an b¤éføGnaKtGac 
KNnatamrUbmnþ ³  )i.n1(PVIPVFV n +=+=  . 
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]TahrN_ 1 ³ elak suKnæ )anykR)ak;eTAvinieyaKcMnYn 000,000,240  erol  
kñúgryHeBl @ qñaM % Ex CamYynwgGRtakarR)ak; RbcaMqñaM %12i =   . 
cUrKNnaéføGnaKttamkarR)ak;eTal ? 
 tamrUbmnþ )i.n1(PVFV +=  
 eday 2n = qñaM % Ex )

12

5
2( += qñaM  ¬ eRBaH %Ex=

12

5 qñaM ¦. 
 eK)an ....%12)

12

5
2(1000,000,240PV =




 ×++=  
]TahrN_2 ³ elak supl )anx©IR)ak;eKcMnYn $00 000 000 erol kñúgryHeBl 
 @ qñaMCamYyGRtakarR)ak;RbcaMEx %2i =   . cUrKNnaéføGnaKttamkarR)ak;eTal  

¬ sisSedaHRsayxøÜnÉg ¦ . 
3-karR)ak;pÁÜb ( Compound Interest ) 

 k>niymn½y ³ 
  karR)ak;pÁÜb KWCaRbePTkarR)ak;EdleRbIkñúgParkic©hirBaØvtßúryHeBlEvg . 
karR)ak;pÁÜbmann½yfakarR)ak;rbs;RKamunRtUvbEnßmCamYyR)ak;edImEdl)anyk 
eFIVvinieyaKedIm,IykkarR)ak;enARKabnÞab; . kñúgkarR)ak;pÁÜb  karR)ak;begáItkarR)ak;  
 x>rUbmnþKNnaéføGnaKttamkarR)ak;pÁÜb 
  ebIeKykR)ak;edIm PV  eTAeFIVvinieyaKedayTTYl)anGRtakarR)ak;RbcaMqñaM i  
tamkarR)ak;pÁÜbkñúgryHeBl nqñaM enaHenAcugqñaMTI n  R)ak;EdleKTTYl)an  
b¤éføGnaKtGacKNna)antamrUbmnþ  ³ n)i1.(PVFV +=  . 
]TahrN_ 1 ³ elaksarI)anykR)ak;edImcMnYn 000,000,75 erol eTAeFIVvinieyaK 
kñúgryHeBl$ qñaM tamkarR)ak;pÁÜbCamYyGRtakarR)ak; %8  kñúgmYyqñaM .  
KNnaéføGnaKt ? 
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 tamrUbmnþ n)i1(PVFV +=  eday 








==
=

=

08.0%8i

4n

000,000,75PV

 

 eK)an  ...)08.01(000,000,750FV 4 =+=  
]TahrN_ 2 ³ elak sava:t)anykR)ak;cMnYn 000,250$  eTAepJIkñúgFnaKarmYykñúg 
ryHeBl$qñaM (Ex CamYyGRtakarR)ak; %5i = kñúgmYy .  
KNnaéføGnaKt;tamkarR)ak;pÁÜb ? 

¬ sisSedaHRsayxøÜnÉg ¦ . 
]TahrN_ 3 ³ eKykR)ak;edImcMnYn 000,450$ eTAeFIVvinieyaKkñúgryHeBl 
 $ qñaM # Ex . 
eKdwgfaGRtakarRbcaMqñaMKW %12i =  . 
k-cUKNnaéføGnaKttamkarR)ak;eTal . 
x-cUrKNnaéføGnaKttamkarR)ak;pÁÜb . 

¬ sisSedaHRsayxøÜnÉg ¦ . 
K-rUbmnþKNnaéføbc©úb,nñ  
 tamrUbmnþ n)i1(PVFV +=  eKTaj)an n

n
)i1.(FV

)i1(

FV
PV −+=

+
=  

 dUcenH  n)i1(FVPV −+=   . 
]TahrN_ 1 ³ eK)anykR)ak;edIm PV  eTAepJIkñúgFnaKarmYykñúgryHeBl #  
qñaMtamkarR)ak;pÁÜb CamYyGRtakarR)ak; %9  . 
 eKdwgfaéføGnaKtman !@ (%0 @(0 erol . 
cUrKNnaélbc©úb,nñ PV  ? 
    cemøIycemøIycemøIycemøIy 000,000,10PV =  erol . 
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X-rUbmnþKNnaryHeBlvinieyaKtamkarR)ak;pÁÜb 
 tamrUbmnþ      n)i1.(PVFV +=    eKTaj)an ³ 
                   

PV

FV
)i1( n =+  

                 
PVlnFVln)i1ln(.n

PV

FV
ln)i1ln( n

−=+








=+  

 dUcenH  
)i1ln(

PVlnFVln
n

+
−=   . 

]TahrN_ ³eKykR)ak;edIm 000,000,15$PV = eTAeFIVvinieyaKtamGRtakarR)ak; 
pÁÜbRbcaMqñaM %12i =   .  
KNnaryHeBlvinieyaKedIm,I[éføGnaKtesµI 790,602,23$FV =  

tamrUbmnþ  
)i1ln(

PVlnFVln
n

+
−=  eday 









==
=
=

12.0%12i

000,000,15$PV

790,602,23$FV

 

dUcenH        4
)12.01ln(

15000000ln23602790ln
n ≈

+
−= qñaM  . 

g-rUbmnþKNnaGRtakarR)ak;tamkarR)ak;pÁÜb 
 tamrUbmnþ n)i1(PVFV +=  eKTaj)an ³ 

                    
( )

n

n

PV

FV
i1

PV

FV
i1

=+

=+
 

 dUcenH    1
PV

FV
i n −=    . 

4-karR)ak;pÁÜbbnþbnÞab; 
RbsinebIeKGnuvtþn_ GRtakarR)ak;pÁÜbCaeRcIndgkñúgmYyqñaM ¬snµtfa mdgkñúg1qñaM ¦ 
kñúgkrNIenH GRtakarR)ak;kñúgmYyelIk²KW 

m

i  . 
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 dUcenHtémøGnaKtkMnt;eday 
mn

m

i
1.PVFV 







 +=  . 

 kalNa  +∞→m  eK)an    














 +=
+∞→

mn

m m

i
1PVlimFV  

 ebIeyIgtag 
x

1

m

i =  b¤ 
i

m
x =     kalNa +∞→m  enaH  +∞→x  

 eK)an  n.i

n.ix

x

n.x.i

x
e.PV

x

1
1lim.PV

x

1
1lim.PVFV =















 +=






 +=
+∞→+∞→

 . 

 ¬BIeRBaHtamrUbmnþlImIt  ....718281828.2e)
x

1
1(lim x

x
==+

+∞→
 ¦. 

 dUcenHeK)anrUbmnþéføGnaKttamGRtakarR)ak;pÁÜbbnþbnÞab;eRcIndgkñúgmYyqñaM  
¬minkMnt;¦ n.iePVFV ×=   Edl ....71828.2e = CaeKalelakarItenEBr . 
]TahrN_ ³ eKykR)ak; 000,50$  eTAepJIkñúgFnaKarmYyedayTTYl)anGRtakarR)ak; 
 pÁÜbbnþbnÞab;eRcIndg ¬minkMnt; ¦kñúgmYyqñaM  06.0%6i == . 
 etIkñúgryHeBl #0 qñaMeRkaymk eK)anéføGnaKtb:unµan ? 
 eRkayBIepJIryHeBl #0 qñaMeRkaymk eKnwgTTYl)anéføGnaKt ³ 
 ( )( ) $.....71828.250000$FV 3006.0 =×= ×                           . 
 

������� 
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lMhat;Gnuvtþn_  
1-elaksarI ykR)ak;cMnYn 000,000,10$  eTAepJIkñúgFnaKarmYyCamYy 
GRtakarR)ak;RbcaMqñaMKW  %25i =  .  
 k> cUrKNnaéføGnaKt;tamkarR)ak;eTal . 
 x> cUrKNnaéføGnaKt;tamkarR)ak;pÁÜb . 
2-elaksarI ykR)ak; 000,000,40$  eTAepJIkñúgFnaKarmYyryHeBl ^ qñaM ( Ex  
CamYyGRtakarR)ak;pÁÜbRbcaMqñaM 05.0%5i ==  . cUrKNnaéføGnaKt ? 
3-eKykR)ak;edIm ¬éføbc©úb,nñ ¦cMnYn 0C  eTAeFVIvinieyaKkñúgryHeBl # qñaM  
CamYyGRtakarR)ak;pÁÜbRbcaMqñaM %9i =  . eKdwgfaéføGnaKtKW 290,950,12$  . 
 cUrKNnaéføbc©úb,nñ ¬R)ak;edIm ¦ ? 
4-elaksarI )an[elaksava:tx©IR)ak;cMnYn 000,60$  tamGRtakarR)ak;eTal 
RbcaMqñaM %8 .# qñaMeRkaymkelaksarI)anRbmUlTaMgedIm TaMgkarBIelaksava:t  
ehIyKat;)anykeTAepJIkñúgFnaKarmYyCamYyGRtakarR)ak;pÁÜbRbcaMqñaM %6  . 
 cUrKNnatémøGnaKtbnÞab;BIelaksarIepJIkñúgFnaKar $ qñaM ? 
5-elaksava:t)anykR)ak;cMnYn 000,200$  eTAcgkar tamGRtakarR)ak;pÁÜb 
     dUcteTA ³ 
 + %6i1 = ¬kñúg 1qñaM ¦ kñúgryHeBl # qñaMdMbUg 
 + %8i 2 = ¬kñúg 1qñaM ¦ kñúgryHeBl $ qñaMbnÞab; 
 + %10i 3 =  ¬kñúg 1qñaM ¦ kñúgryHeBl @ qñaMcugeRkay . 
 KNnaéføGnaKtenAcugqñaMTI ( ? 
 



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 54 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

6-elak sarI )anykR)ak;cMnYn 000,40$  eTAepJIkñúgFnaKamYyCamYy 
GRtakarR)ak;pÁÜbRbcaMqñaM %12i =  . 
etIelaksarI RtUvepJIFnaKar ryHeBlb:unµanedIm,I[)anéføGnaKtesµInwg $dg 
énR)ak;edIm . 
7-elaksarI ykR)ak; 000,100$  eTAepJIkñúgFnaKarmYytamGRtakarR)ak;pÁÜb .  
    eKdwgfa ebIKat;epIJkñúgryHeBl *qñaMKat;nwgTTYl)anéføGnaKtesµInwg$dgén 
    éføbc©úb,nñ. cUrKNnaéføGnaKtkñúgryHeBl % qñaMeRkaymk ? 
8-elaksarI )an[elak A x©IR)ak;cMnYn 000,20$  tamGRtakarR)ak;eTal 
RbcaMqñaM %t  .# qñaMeRkaymk elaksarI)anRbmUlTaMgedIm TaMgkarBIelak A   
ehIyykeTA[elak Bx©IbnþCamYyGRtakarR)ak;eTalRbcaMqñaM )%4t( +  . 
@ qñaMbnÞab;BIdak;[elak Bx©I elaksarIRbmUlR)ak;TaMgGs; ¬TaMgedIm TaMgkar ¦ 
)ancMnYn 540,85$  . cUrkMnt;rkGRtakarR)ak; t  ? 
9-eKykR)ak;cMnYn 000,000,800$ eTAepJIkñúgFnaKarmYyCamYyGRtakarR)ak; %6  
 kñúgryHeBl 12 qñaM tamGRtakarR)ak;pÁÜbbnþbnÞab; . 
 cUrKNnaéføGnaKt ? 
10-eKepJIR)ak;kñúgFnaKarmYy CamYyGRtakarR)ak; %8  kñúgryHeBl 25 qñaM  
 tameKalneya)aypÁÜbkarR)ak;bnþbnÞab; . eKdwgfaéføGnaKtesµI 000,389,7$   
 cUrKNnaéføbc©úb,nñ ? 
11-eKykR)ak;cMnYn 000,600$ eTAeFIVvinieyaKryHeBl ^qñaM CamYYyGRtakarR)ak; 
 RbcaMqñaM %8i =  . cUrKNnaéfGnaKt;tamkarR)ak;eTal ? tamkarR)ak;pÁÜb ? 
 tamkarR)ak;pÁÜbbnþbnÞab; ? 
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12-elak A  )an[R)ak;elak B x©IcMnYn 000,20$  tamGRtakarR)ak;eTal 
RbcaMqñaM %t .! qñaMeRkaymk elak A  )anRbmUlR)ak;TaMgedIm TaMgkarBIelak B  
ehIy)andak;[elak Cx©IbnþeTottamGRtakarR)ak;pÁÜbRbcaMqñaM %t  . 
# qñaMbnÞab;BIdak;[elak C x©I elak A RbmUlR)ak;TaMgedIm TaMgkarsrubTaMgGs;)an 
cMnYn 282,29$  . cUrKNnaGRtakarR)ak; t  ? 
13-eKykR)ak;cMnYn ! 000 000 erol eTAepJIkñúgFnaKarmYy CamYYyGRtakarR)ak;  

%8 kñúgmYyqñaM .eKdwgfa FnaKar)anelIkTwkcitþdl;GñkepJIrbs;xøÜn edayGnuvtþn_ 
 eKalneya)ay karR)ak;pÁÜbCaeRcIndgkñúgmYyqñaM ¬minkMnt; ¦ . 
 cUrkMnt;ryHeBlvinieyaKedIm,I [)anéføGnaKtesµI & #*( 000 erol . 
14- elaksarI)anykR)ak; 000,80$  eTAdak;epJIkñúgFnaKar A   
edayTTYl)anGRtakarR)ak;pÁÜbRbcaMqñaM %6  . @qñaMeRkaymkelak plÁún  
)anRbmUlR)ak;TaMgedImTaMgkarBIkñúgFnaKar A  ehIyykeTAdak;epJIkñúgFnaKar B 
tamGRtakarR)ak;pÁÜbRbcaMqñaM %8  . 
eKdwgfa FnaKar)anelIkTwkcitþdl;GñkepJIrbs;xøÜn edayGnuvtþn_ eKalneya)ay 
karR)ak;pÁÜbCaeRcIndgkñúgmYyqñaM ¬minkMnt; ¦ . 
cUrKNnaéføGnaKtbnÞab;BIdak;epJIkñúgFnaKar BryHeBl#qñaMmk . 
15-elakeBRC )anykR)ak;cMnYn 000,40$ eTAvinieyaKtamGRtakarR)ak; %12  
kñúgmYyqñaMpÁÜbbnþbnÞab; . 
 k> cUrKNnaéføGnaKt EdlelakeBRC TTYl)anebIKat;vinieyaKryHeBl # qñaM . 
 x> etIelakeBRCRtUvvinieyaKkñúgryHeBlb:unµaneTIbTTYl)anéføGnaKtesµInwg @  
dgénR)ak;edIm ¬éføbc©úb,nñ ¦ . 
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FnlaP b¤ sMNgRbcaMRKa 
 
1-niymn½y ³ 
 k> Annuities :  KWCa es‘rI énkarcMNay ¬ sg b¤ bg;R)ak;snSMCaRbcaM ¦  
  elIcenøaHeBlmYyeTogTat;esµI²Kañ . 
  cenøaHryHeBlesµIKañnImYy² ehAfa RKa b¤kal b¤ehAfaxYb EdlCaTUeTAKW  
  mYyqñaM. 
  � FnlaPmYyGackMnt;)anluHRtaEteKsÁal;GMBI FnlaPmYyGackMnt;)anluHRtaEteKsÁal;GMBI FnlaPmYyGackMnt;)anluHRtaEteKsÁal;GMBI FnlaPmYyGackMnt;)anluHRtaEteKsÁal;GMBI ³³³³    
  -éf¶  Ex  qñaM   bg;elIkdMbUg  
  -cMnYnTwkR)ak;Edl)anbg;kñúgmYyelIk²  
  -cMnYndgEdl)anbg; 
  -cenøaHryHeBlbg;mþg² CaTUeTA KitCaqñaM qmas b¤ RtImas b¤ Ex . 
  -GRtakarR)ak;pÁÜbRbcaMRKa b¤ kal . 
  � eKalbMNgénFnlaP eKalbMNgénFnlaP eKalbMNgénFnlaP eKalbMNgénFnlaP ³³³³    
  -edIm,IsnSMR)ak;mYycMnYnkñúgxÞg;R)ak; b¤ begáInTunmYycMnYn 
  -edIm,IsgrMelaHCabeNþIr²nUvTwkR)ak;mYycMnYnEdl)anx©I . 
  � RbePTRbePTRbePTRbePTénFnlaPmanBIrRbePT énFnlaPmanBIrRbePT énFnlaPmanBIrRbePT énFnlaPmanBIrRbePT ³³³³    
  -FnlaPFmµta b¤FnlaPbg;edImRKa ³KWCakarbUksrubTwkR)ak; Edl)anbg; 
  TaMgGs;enAeBl)anbg;rYcPaøm . 
  -FnlaPbg;edImRKa ³ KWCakarbUksrubTwkR)ak;Edl)anbg;TaMgGs; enA 
           eRkaymYyRKabnÞab;BIkarbg;cugeRkay . 
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2-éføGnaKt ( Future Value ) 
 1> FnlaPbg;cugRKa 1> FnlaPbg;cugRKa 1> FnlaPbg;cugRKa 1> FnlaPbg;cugRKa ( Ordinary Annuity )    
  éføGnaKtrbs;sIVútFnlaPmYy KWCaplbUksrubénéføGnaKtrbs; 
         FnlaPTaMgLayKitRtwmeBlbg;bBa©b;cugeRkaybg¥s; . 
 ]bmafa  kA  CaR)ak;EdlRtUvbg;enAelIkTI k  Edl n,....,3,2,1k =  
                   i   CaGRtakarR)ak; 
                   n   CaryHeBl 
                   AFV  CaéføGnaKt  
 eK)an  ( )∑

=
=++++=

n

1k
kn321A FVFV......FVFVFVFV  

 edayeKman ³  ( ) 1n

11 i1.AFV −+=   ¬éføGnaKtRKaTI1 manryHeBl )1n( −  ¦ 
                 ( ) 2n

22 i1.AFV −+=   ¬éføGnaKtRKaTI2manryHeBl )2n( −  ¦ 
                          ( ) 3n

33 i1.AFV −+=   ¬éføGnaKtRKaTI3manryHeBl )3n( −  ¦ 
  --------------------------------------------------------- 
                          ( ) )1n(n

1n1n i1.AFV −−
−− += ¬éføGnaKtRKaTI 1n −  manryHeBl ! ¦ 

                          ( ) n

nn

nn Ai1.AFV =+= −   ¬éføGnaKtRKaTI nmanryHeBl 0 ¦ 
 dUcenH  ( ) ( ) ( ) ( ) n

1

1n

3n

3

2n

2

1n

1A Ai1A.....i1Ai1Ai1AFV +++++++++= −
−−−  

               ( )[ ]∑
=

−+=
n

1k

kn

kA i1.AFV    ¬!¦ 
-ebIeKman AA......AAA n321 =====   enaHrUbmnþ ¬!¦ Gacsresr Ca ³ 
               ( )[ ]

i

1)i1(
Ai1AFV

nn

1k

kn

A

−+=+=∑
=

−  
 ¬ ehAfaéføGnaKténFnlaPefrbg;cugRKa Constant annuities ) . 
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]TahrN_ ³eK)andak;R)ak;snSMkñúgKNnImYyerogral;cugqñaMnUvsac;R)ak;efrcMnYn  
400$ .cUrkMnt;rkcMnYnsac;R)ak;srubkñúgKNnIenHenAeBlKat;)andak;R)ak;elIkTI %  
ebIeKdwgfaGRtakarR)ak;pÁÜbRbcaMqñaMKW %12i =  . 

 tamrUbmnþ ( )
i

1i1
.AFV

n

A

−+=   eday  








=
==

=

5n

12.0%12i

400$A

 

 dUcenH      ( )
$.......

12.0

12.01
400FV

5

A =+×=                    . 
2> FnlaPbg;edImRKa 2> FnlaPbg;edImRKa 2> FnlaPbg;edImRKa 2> FnlaPbg;edImRKa ( Annuity Due ) 

 ]bmafa  kA  CaR)ak;EdlRtUvbg;enAelIkTI k  Edl n,....,3,2,1k =  
                   i   CaGRtakarR)ak; 
                   n   CaryHeBl 
                   nV  CaéføGnaKt  
 eK)an  ( )∑

=
=++++=

n

1k
kn321A FVFV......FVFVFVFV  

 edayeKman ³  ( )n

11 i1.AFV +=   ¬éføGnaKtRKaTI1 manryHeBl n  ¦ 
                 ( ) 1n

22 i1.AFV −+=   ¬éføGnaKtRKaTI2manryHeBl )1n( −  ¦ 
                          ( ) 2n

33 i1.AFV −+=   ¬éføGnaKtRKaTI3manryHeBl )2n( −  ¦ 
  --------------------------------------------------------- 
                      ( )2

1n1n i1.AFV += −−     ¬éføGnaKtRKaTI 1n −  manryHeBl @ ¦ 
                      ( ) ( )i1Ai1.AFV n

1

nn +=+=   ¬éføGnaKtRKaTI nmanryHeBl ! ¦ 
    ( ) ( ) ( ) ( ) )i1(Ai1A.....i1Ai1Ai1AFV n

2

1n

2n

3

1n

2

n

1A ++++++++++= −
−−

 
 

     ( )[ ]∑
=

+−+=
n

1k

1kn

kA i1.AFV    ¬@¦ 
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-ebIeKman AA......AAA n321 =====   enaHrUbmnþ ¬@¦ Gacsresr Ca ³ 
               ( )[ ]

i

1)i1(
)i1(Ai1AFV

nn

1k

1kn

A

−+×+=+=∑
=

+−  
 ¬ ehAfaéføGnaKténFnlaPefrbg;edImRKa Constant annuities ) . 
]TahrN_ ³ elaksarI)andak;R)ak; 300$ eTAkñúgKNnIsnSMenAéf¶ ! Ex ! erogral;qñaM  
cab;BIqñaM @000 . cUrkR)ak;srubEdlelaksarITTYl)anenAéf¶ #! Ex !@ qñaM @00% ? 
eKdwgfaGRtakarR)ak;pÁÜbRbcaMqñaMesµInwg %12i =  . 

tamrUbmnþeK)an 
i

1)i1(
).i1(AFV

n

A

−++=   eday 








=
==

=

6n

12.0%12i

300$A

 

dUcenH         $......
12.0

1)12.01(
).12.01.(300FV

6

A =−++=                          . 
3> éføGnaKtrbs;FnlaPefrbg;cugRKa KitRtwm 3> éføGnaKtrbs;FnlaPefrbg;cugRKa KitRtwm 3> éføGnaKtrbs;FnlaPefrbg;cugRKa KitRtwm 3> éføGnaKtrbs;FnlaPefrbg;cugRKa KitRtwm d    kalkalkalkal    
    eRkayeBlbg;elIkeRkaybg¥s; eRkayeBlbg;elIkeRkaybg¥s; eRkayeBlbg;elIkeRkaybg¥s; eRkayeBlbg;elIkeRkaybg¥s; ³³³³ 
 ]bmafa  

nV  CaéføGnaKténFnlaPbg;cugRKacMnYn n elIkEdlsac;R)ak; 
bg;mYyelIk²mancMnYnefr A  CamYyGRtakarR)ak;pÁÜb i enaHeK)an ³ 

( )
i

1i1
.AFV

n

A

−+=  . 
eRkayBIkarbg;elIkTI n  ebIGñkBMu)anbg;R)ak;bEnßm b¤ dkR)ak;enaHeT KWTuk 
sRmab;ykkarR)ak;kñúgryHeBl d kaleTot CamYyGRtakarR)ak; i  dEdl . 
ebI d

AFV  CaéføGnaKtrbs;FnlaPEdlRtUvrkenaHeK)an ³ 
  

( ) d
n

d

A

d

A )i1.(
i

1)i1(
.Ai1.FVFV +−+=+=   . 
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]TahrN_ ³ elaksarI)andak;R)ak;snSMkñúgKNnIrbs;Kat;cMnYn$00 000 000 erol 
erogral;cugqñaM CamYyGRtakarR)ak;pÁÜb %12i =  . 
bnÞab;BIKat;)anbg;R)ak;elIkTÎ rYc Kat;BMu)anbg;R)ak;bEnßm b¤k¾dkR)ak;enaHeT  
KWelaksarI)anTukR)ak;enaHsRmab;ykkarR)ak;kñúgryHeBl $qñaMeTot CamYy 
GRtakarR)ak;d¾Edl. 
cUrKNnaéføGnaKtEdlelaksarITTYl)anbnÞab;BITukykkarR)ak; $ qñaMeRkaymk ? 

 tamrUbmnþ d
n

d
A )i1.(

i

1)i1(
.AFV +−+=   eday  













=
=

==
=

4d

6n

12.0%12i

000,000,400A

 

 dUcen H      ....)12.01.(
12.0

1)12.01(
.000,000,400FV 4

6
4
A =+−+=                              

3-éføbc©úb,nñ    ( Present Value ) 

  1> éføbc©úb,nñénFnlaPbg;cugRKa ³ 
 -KWCacMnYnTwkR)ak;EdlRtUvdak;vinieyaKenAeBlenH CamYyGRtakarR)ak;mYykMnt; 
 edIm,I sRmab;dkcMNay CabeNþIr²enAéf¶eRkay . 
 -KWCacMnYnTwkR)ak;EdlkMNt;sgCaRbcaM elI ryHeBlesµIKñacMnYn ndg  
edIm,IrMelaHbMNulEdl)anx©IkñúgeBlbc©úb,nñcMnYn 0V  ¬ehAfasMNgRbcaMRKa ¦. 
 -ebIeyIgtag 0V  Caéføbc©úb,nñenaHeK)an ³ 
 ∑

=









+
=

+
++

+
+

+
+

+
=

n

1k
k

k

n

n

3

3

2

21

)i1(

A

)i1(

A
.....

)i1(

A

)i1(

A

i1

A
PV   ¬!¦ 

 -ebI  AA....AAA n321 =====  enaHtamrUbmnþ ¬!¦ eKTaj)an ³ 
   

i

)i1(1
.A

)k1(

A
PV

nn

1k
k

−

=

+−=








+
=∑   . 
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]TahrN_ 1³ etIeyIgRtUvdak;R)ak;epJIkñúgFnaKarcMnYnb:unµanenAéf¶ 2004/01/01   
edIm,I[eyIg 
Gacdkvij)ancab;taMgBIéf¶ 2005/01/01  mYyqñaM²cMnYn 1000$  cMnYn $ dg ? 
eKdwgfaGRtakarR)ak;pÁÜbRbcaMqµaMKW %18i =  . 

tamrUbmnþ  
i

)i1(1
.APV

n−+−=   eday  








=
==

=

4n

18.0%18i

1000$A

 

dUcenH   $....
18.0

)18.01(1
.1000PV

4

=+−=
−  

]TahrN_2 ³ elak A  )an[elak B x©IR)ak;cMnYn 000,20$  kñúgryHeBl 5qñaM  
edayeFIVkic©snüamYytRmUv[elak B sgbMNulenHerogral;cugqñaM nUvsac;R)ak;efr  
CamYyGRtakarR)ak; %20i =  kñúgmYyqñaM . 
etIelak B RtUvsgbMNulenHkñúgmYyqñaM²b:unµan ?  
tamrUbmnþ   

i

)i1(1
.APV

n−+−=  

eKTaj)an  
i

)i1(1
PV

n−+−
= eday 









=
==

=

5n

20.0%20i

000,20$PV

 

dUcenH         $.....

20.0

)20.01(1
000,20

A 5 =
+−

= −  

]TahrN_3³ elak A  )anx©IR)ak;BIelak B cMnYn 000,800$  CamYy 
GRtakarR)ak;pÁÜbRbcaMqñaM %6i =   edaysnüa sgbMNulenH eTAelak B  
vijerogral;cugqñaMnUvcMnYnsac;R)ak; 873,230$ efr . 
etIryHeBlb:unµanqñaMeTIbelak A  sgbMNuleTAelak B rYcral; ? 
¬ sisSedaHRsayxøÜnÉg ¦. 
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4-mUlniFiTUTat;bMNul ( SINKING FUND ) 

 KWCamUlniFisnSMTukedayELk edayrdæaPi)al-Rkumh‘un>>>>>>. l >. 
EdlRtUv)aneKeRbI sRmab;TUTat; bMNul tamkMritmYykMnt; . 
]TahrN_ ³ enAcugqñaM @00% elak A  RtUvkarR)ak;cMnYn 000,200$  edIm,I 
ebIkhagTMnijmYy.etIelak A RtUvsnSMR)ak;tam AnnuitiesefrkñúgmYyqñaM² 
cMnYnb:unµan ? GRtakarR)ak; %20 éf¶Edlbg;R)ak;snSMelIkdMbUgenAedImqñaM @00@ . 
tamrUbmnþFnlaPbg;edImRKa ³ 

i

1)i1(
).i1(AFV

n

A

−++=  

eKTaj)an 
1)i1(

i
.

)i1(

FV
A

n

A

−++
=   eday  









=
==

=

4n

20.0%20i

000,200$FVA

 

dUcenH  $.....
1)20.01(

20.0
.

20.01

000,200
A

4
=

−++
=  

 
 

������� 
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lMhat;Gnuvtþn_ 
!-edIm,IbegáInTun GaCIvkrmñak;)andak;R)ak;snSMkñúgKNnIrbs;Kat;erogral;cugqñaM  
nUvcMnYnsac;R)ak;efr 5000$  CamYyGRtakarR)ak;pÁÜbRbcaMqñaM %20 . 
cUrKNnacMnYnsac;R)ak;kñúgKNnIrbs;GaCIvkrenAeBlEdlKat;dak;R)ak;elIkTI % . 
@-elak A  )andak;R)ak;snSMerogral;qñaMcMnYn 2500$  cab;BIéf¶ 2000/01/01  . 
eKdwgfaGRtakarR)ak;pÁÜbRbcaMqñaM %20i =  . cUrkMnt;R)ak;Edlelak A  TTYl)an 
enA éf¶ 2005/01/01  . 
#-elaksarI)ansnSMR)ak;kñúgFnaKaredaybg;CaRbcaMkñúgmYyqñaM² 1500$  

            cab;BIéf¶ 2000/01/01  .  
 éf¶bg;cugeRkay  2005/12/31 ehIyGRtakarR)ak; %18 . 

 cUrKNnaéføGnaKténFnlaPrbs;elaksarI ³ 
 k> Kitdl;éf¶ 2005/12/31  . 
 x> Kitdl;éf¶ 2007/01/01  . 
$-GaCIvkrmñak;RtUvkarR)ak;cMnYn 000,50$  edIm,IBRgIkGaCIvkmµrbs;Kat;enAcug 
 qñaM @00^ . 
 etIGaCIvkrenaHRtUvsnSMR)ak;tam AnnuitiesefrkñúgmYyqñaMb:unµan ? 
 eKdwgfaGRtakarR)ak;RbcaMqñaM %24  ehIyKat;cab;epþImsnSMBIedImqñaM @00# . 
%-ela A  )anx©IR)ak;FnaKarcMnYn 000,20$  CamYyGRtakarR)ak; %22   
 ehIyRtUvsgvijmYyqñaMmþg²cMnYn %qñaMtam Annuitiesefr .  
 etIR)ak;EdlRtUvsgenAcugqñaMnImYy²b:unµan ? 
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^-If you invest $8,000 per period for the following number of 

period ,how much would you have ? 
 a /  7 years at 9 percent 
 b / 40 years at 11 percent 
7-You invest a single amount of $12,000 for 5years at 10 percent. 
At the end of 5years you take the proceeds and invest them for 12 
years at 15 percent. How much will you have after 17 years ? 
8-Mrs.Crawford will receive $6,500 a year for the nex 14 years 
from her trust. If an 8 percent interest rate is applied, what is the 
current value of the future payments ? 
9-At a growth (interest) rate of 8 percent annually, how long will 
it take a sum to double ? To triple ? Select the year that is closest 
to the correct answer . 
10-How much would you have to invest to day to receive: 
 a / $12,000 in 6 years at 12 percent ? 
 b / $15,000 in 15 years at 8 percent ? 
 c / $5,000 each year for 10 years at 8 percent ? 
 d / $40,000 each year for 40 years at 5 percent ? 
11-Your grandfather has offered you choice of one of the three  
following alternatives:$5,000 now , $1,000 a year for eight , or  
$12,000 at the end of eight years. Assuming you could earn 11 percent 
annually, which alternative should you choose ? If you could earn 12 
percent annually, would you still choose the same alternative ? 

12-elak A RtUv)anelak BbþwgehIytulakar)antRmUv[elak AsgéføCMgWcitþ 
eTA[elak B  tamlkç½x½NÐdUcxageRkam ³ 
-ebIbg;kñúgéf¶enHKWRtUsgcMnYn 000,10$  . 
-ebIbg;sgCaerogral;qñaMsRmab; %qñaM KWkñúgmYyqñaM²RtUvbg; 500,2$ . 
-ebIbg;sgkñúgéf¶enH 000,6$  rg;caM @qñaMeTotKWRtUvbg;sg 600,5$  . 
]bmafaGRtakarR)ak; %8 RtUv)aneKGnuvtþn_ . etIelak A KYeRCIserIsyklkç½x½NÐ 
mYyNa sRmab;bg;sgeTA[elak B  ? 

������� 
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vv iiPPaaKKeellIIbbnnSS MM  
  

1>hVak;tUErül ( )Factorial ³ 
 EdlehAfahVak;tUErüléncMnYn n  CaplKuNén n  cMnYnKt;viC¢mandMbUg b¤  
CaplKuNcMnYnKt;viC¢mantKña BI 1 rhUtdl; n  EdleKkMnt;sresr ³ 
  n.......321!n ××××=  . 
 ]TahrN_ ³  1!1 =  

                   

362880010.9.8.7.6.5.4.3.2.1!10

3628809.8.7.6.5.4.3.2.1!9

403208.7.6.5.4.3.2.1!8

50407.6.5.4.3.2.1!7

7206.5.4.3.2.1!6

1205.4.3.2.1!5

244.3.2.1!4

63.2.1!3

22.1!2

==
==

==
==

==
==

==
==

==

 

 eKBinitüeXIjfa ³ 
 ...10.9.8.7.6!.510.9.8.7!.610.9.8!.710.9!.810!.9!10 ======  
 CaTUeTAeKTaj)an ³ 
 .....n)1n)(2n()!3n(n)1n()!2n(n)!1n(!n =−−−=−−=−=  
  
 sMKal; ³   1!1!0 ==   . 
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]TahrN_ ³  eKeGay 
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++++=  . 

 bgðajfa 
)!1n(

1
1Sn +
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 eK)an ³ ∑
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
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)!1n(
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!4

3

!3

2

!2

1
S  

             ( ) ( )!1n

1

!1

1

!1k

1

!k

1
S

n

1k
n +

−=














+
−=∑

=
 

 dUcenH   ( )!1n
1

1Sn +
−=  nig  ( ) 1

!1n
1

1limSlim
nnn

=














+
−=

+∞→+∞→
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2>tMerobminsareLIgvij ( )tArrangemen  ³ 
tMerob p  FatukñúgcMeNam n  FatuénsMnMu E  KWCasMnuMrgén E  Edlman p  Fatuxus²Kña 
erobtamlMdab;mYykMnt; . eKkMnt;tagcMnYntMerob p  FatukñúgcMenam nFatueday ³ 

( ) ( )( ) ( )1pn.....2n1nn
!pn

!n
A p

n
+−−−=

−
=   . 

]TahrN_ ³ etIeKGaccMlas;GkSr C,B,A  ykmþgBIrtY)anb:unµanrebobxus²Kña ? 

eK)an ( )








⇒

CB,BC

CA,AC

BA,AB

C,B,A    man ^ rebobxus²Kña . 

eKsegáteXIjfa  6
1

3.2.1

)!23(

!3
A 2

3 ==
−

=  rebob . 

dUcenHcMnYncMlas;éntYGkSrbItY C,B,A xus²Kña ykmþgBIrtY CatMerobminsareLIgvij  
CaTUeTAcMnYncMlas; n  Fatu cab;ykmþg pFatu CatMerobminsareLIgvijEdlkMnt;eday  
 ( )pn,

)!pn(

!n
A p

n ≥
−

=    .  

sMKal;³ tMerobminsareLIgvijKitBIrlMdab; BIeRBaH  ABnig BA CacMlas;xusKña . 
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]TahrN_ ³  
etIeKGactMerobtYGkSrEdlmanBIrBaküxus²KñaecjBItYGkSrEdlmanbYnBakü LOVE  
xus²Kña)anb:unµanrebob ? 
rebobénkarerobtYGkSrenHCatMerobminsareLIgvijEdlkMnt;eday ³ 

12
2.1

4.3.2.1

)!24(

!4
A 2

4 ==
−

=  rebob . 

eKGacepÞógpÞat;cMelIytamkarKUsbMRBYj ³  

( )













⇒

EV,VE

EO,OE

VO,OV

EL,LE

VL,LV

OL,LO

LOVE   man !@ rebob . 

3>cMlas;minsaeLIgvij ( )onPermultati  ³ 
 cMlas; n Fatuxus²Kña KWCatMerob nFatu kñúgcMeNam nFatu . 
 eKkMnt;cMnYncMlas; nFatueday ³ 
 n.....321!nAP n

nn
××××===  . 

]TahrN_ ³etIeKGaccMlas;tYGkSrEdlmanbIBakü ABC  )anb:unµanrebobxus²Kña   
eK)an 63.2.1!3P

3
===  rebob . 

eKGacKUsbMRBYj ³ ( )








⇒

CBA,CAB

BCA,BAC

ACB,ABC

ABC   man ^ rebob . 

]TahrN_ ³ etIeKGacbegáItBaküEdlmanbYntYGkSredayeRbItYGkSrénBakü  
MATH )anb:unµanBakü ?  
BaküEdlGacbegáIt)anmancMnYn 244.3.2.1!4P4 ===  Bakü . 
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4>bnSMminsareLIgvij ( )nCombinatio  ³ 
bnSM pFatukñúgcMeNam nFatu CatMerobminKitlMdab;EdlkMnt;eday ³  
 

 
)!pn!.(p

!n

!p

A
C

p

np

n −
==    ( )pn ≥   .   

]TahrN_ ³  
kñúgfg;mYymanXøIbYnRKab;cuHelxxus²Kña D,C,B,A  .  
eKcab;ykXøI bIRKab;BIkñúgfg; . etImanb:unµanrebobxus²Kñaénkarcab;ykRKab;XøI ? 
karcab;ykXøIbIkñúgcMeNamXøIbYnKICabnSM # kñúgcMeNam $ . 
eK)an ( ) 4

1.3.2.1
4.3.2.1

!34!.3
!4

C3

4
==

−
=  rebob . 

eKGacKUsbMRBYj ( )









⇒

BCD

ACD

ABD

ABC

ABCD   man $ rebob . 

]TahrN_ ³ 
eKhUtykebor # bIsnøwkBIkñúghUEdlmanebor %@ snøwk . 
etImanb:unµanrebobxus²KñaénkarhUtcab;ykeborCabnSM # kñúgcMeNam %@. 
eK)an 22100

!49.3.2.1

52.51.50!.49

)!352!.(3

!52
C3

52 ==
−

=  rebob . 

5>tMerobsareLIgvij 




 petitionRewithtArrangemen  ³ 

tMerobsareLIgvij pFatu kñgcMeNam nFatuKWCatMerobEdlFatunImYy² 
Gacmanvtþman n,...,3,2,1 dg .  
eKkMnt;sresr ³  pp

n nA =  . 
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]TahrN_ ³ etImanb:unµancMnYnEdlmanelxBIrxÞg;  EdlbegáIteLIg BIelx { }4,3,2,1   
cMnYntMerobénelxKWCatMerobsareLIgvijkMnt;eday ³ 164A 22

4
==  rebob . 

elxTaMgenaHKW ³  












44,43,42,41

34,33,32,31

24,23,21,22

14,13,12,11

   man !^ cMnYn . 

6>cMlas;sareLIgvij ( )petitionRewithonPermultati  ³ 
     eKeGaysMnMu E  man nFatu EdlkñúgenaH 

1
n  CaFatuRbePTTI1 

2
n,  CaFatuRbePTTI2 

     
3

n, CaFatuRbePTTI3 
p

n,,......... CaFatuRbePTTI peday nn....nnn
p321

=++++   
cMnYncMlas;sareLIgvijén n  Fatu KWCacMlas;GacEbgEck)anEdlkMnt;tageday ³ 
  

!n!.....n!.n!.n
!n

P
p321

n
=   . 

]TahrN_ ³ etIeKGacbegáItBaküEdlman # GkSr)anb:unµanedayeRbIGkSrénBakü  
BBU  ? 
kñúgBakü BBU  manGkSr B  cMnYn @ GkSr nig U cMnYn !  
dUcenHcMnYnBaküEdlman#GkSrKW ³ 3

2

6

!1!.2

!3
P3 ===   Bakü . 

7>bnSMsareLIgvij ( )petitionRewithCombiation  ³ 
bnSMsareLIgvijén  p  Fatu kñúgcMenam n  FatuKWCabnSM EdlFatunImYy²Gacman 
vtþmaneRcIndg. 
eKtagbnSMsareLIgvijén p  Fatu kñúgcMenam n  Fatueday ³ 
 

 
( )

( )!1n!.p

!1pn
Cp

n −

−+
=   . 
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]TahrN_]TahrN_]TahrN_]TahrN_ ³  
    cUrrkbnSMénBItYrGkSrecjBItYrGkSrbYn D,C,B,A EdlGkSrnImYy²GacmaneRcIndg 

tambMrab;bnSMéntYGkSrCabnSMsareLIgvij .  
eK)an ³ 10

12

120

!3!.2

!5

)!14!.(2

)!124(
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4 ===
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−+=  . 

8>eTVFajÚtun 


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 NewtondeBinom  
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lMhat;Gnuvtþn_ 
 

!> KNnaplbUk ³  !n.n......!3.3!2.2!1.1S
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++++=  . 
@> etIcMnYn !2005 manelxsUnüb:unµan ? 
#> KNnatMél 2
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!^> eK[ !1998..........!4!3!2!1N +++++=  . cUrrkbIelxcugeRkayéncMnYn N  . 
!&> eK[cMnYn !2006.....!2002!2001!2000N ++++=  .  
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      etImanrebobénkarhUtxus²Kñab:unµanrebob ? 
@%> kñúgBaküBANANA etIeKGacsresr)anb:unµanrebobGacEbgEck)anxus²Kña  
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##> k>KNnaGaMgetRkal ∫ +=
1

0

n2

n dx.)x1(xI  
 x>Taj[)anfa 

2n2

12
C

2n2

1
......C

6

1
C

4

1
C

2

1 1n
n

n

2

n

1

n

0

n +
−=

+
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+  
#$> k>KNnaGaMgetRkal ∫ −=

1

0

n2

n dx.)x1(I  
       x>Taj[)anfa       
         

n2.......642

)1n2(.....531
C

1n2

1
)1(.....C

7

1
C

5

1
C

3

1
C n

n

n3

n

2

n

1

n

0

n ××××
−××××=

+
−++−+−  
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1

0

n22
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n2
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1
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0

n2n C
1n4
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RRbbUU))aabb‘‘ ÍÍllIIeett   
 RbU)ab‘‘ÍlIet mansarHsMxan;kñúgCIvPaBRbcaMéf¶rbs;eyIg EdleyIgeRbIR)as;vasMrab; 
vas;kMriténPaBmineTogTat; . kalNaeyIgeRKageFVIGIVmYykalNaGñk]tuniym 
TsSn_TayGakasFatub¤ Rkumh‘unFanara:b;rgeFIVeKalneya)ayrbs;Rkumh‘un caM)ac; 
RtUveRbI RbU)ab‘ÍlIet edIm,IeFVIesckþIsMerccitþ b¤eFVI kareRCIserIs  . 
1-RBwtþikarN_-lMhsMNak ³ 
k>viBaØas a ³  
     viBaØasa KWCakarBiesaFn_mYyEdl ³ 
-GaceGayeKdwg nUvsMNMulT§plEdl)anekIteLIg 
-BMuGacdwgR)akdfa lT§plNaEdlnwgekItmaneLIg 
-karBiesaFn_ GacsareLIgvij CaeRcIndg kñúglkç½xNÐdUcKña . 
x>s kl  b¤ lMhs MNak ³ 
   sMnMuénlT§plTaMgGs;EdlGacman rbs;viBaØsamYy ehAfa skl  

EdleKtageday UororS Ω  . 
K>RBwtþika rN_ ³ CasMNMurg rbs;skl b¤lMhsMNak . 
]TahrN_ ³  
ebIeyIge)aHkak;Edlmanmux H  nigxñg  T  cMnYnmYydgenaHeKGac)anlT§pl  
Hb¤T  . 
-sMnMu { }T,H  ehAfa lMhsMNak tageday { }T,HS=  . 
-ebIeKR)afñae)aH)anmux H  enaHsMNMu { }H  ehAfaRBwtþikarN_ tageday { }HA =  . 
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-cMnYnFatuénlMhsMNak ehAfacMnYnkrNIGac eKtageday ( ) 2Sn =  . 
-cMnYnFatuénRBwtþikarN_ ehAfacMnYnkrNIRsb eKtageday   ( ) 1An =   . 
2 >rUbmnþe Kal énRb U) a b ³ 
     enAkñúgBiesaFn_mYy EdlmanlMhsMNak S RbU)ab‘ÍlIeténRBwtþikarN_ A   
ekIteLIgkMnt;eday ³ 

     ( ) ( )
( )Sn

An
AP ==

accMnYnkrNIG
sbcMnYnkrNIR   . 

sMKal; ³ eday SA ⊆  naMeGay  ( ) 1AP0 ≤≤   . 
]TahrN_ ³  
kñúgfg;mYymanXøI !0 RKab; XøIRkhm $ nig XøIexµA ^ . 
 eKcab;ykXøI # RKab;edayécdnü . 
rkRbU)ab‘ÍlIetedIm,IeGay)an XøIEdlmanBN’RkhmTaMgbI ? 
dMeNaHRsay ³ 
rkRbU)ab‘ÍlIetedIm,IeGay)an XøIEdlmanBN’RkhmTaMgbI ³ 
tag A  CaRBwtþikarN_ cab;ykXøI # )anBN’RkhmTaMg # RKab; 

tamrUbmnþ ³ ( ) ( )
( )Sn

An
AP ==

accMnYnkrNIG
sbcMnYnkrNIR  

-cMnYnkrNIGac ³ 
  cab;ykXøI # kñúgcMeNamXøI !0 vaCabnSM # kñúg !0  
eK)an ³ ( ) ( ) 120

!7.3.2.1

10.9.8!.7

!310!.3

!10
CSn 3

10 ==
−

==  

-cMnYnkrNIRsb ³ 
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   cab;XøI # )anBN’RkhmkñúgcMeNamXøIRkhm $ vaCabnSM # kñúg $ 
eK)an  ³ ( )

( )
4

!34!.3

!4
CAn 3

4
=

−
==   

dUcenH  ( ) %5.2025.0
40

1

120

3
AP ====  . 

3>rUbmnþKNnaRbU)ab‘ÍlIet ³ 
k-rUb mn þ R bU) ab‘Íl Iet énRb CMuRB wtþika rN_BI r  
   �  ebI A  nig B  CaRBwtþikarN_BIrmincuHsMrugKñaenaHeK)an ³ 
      ( ) ( ) ( )BPAPBAP +=∪  
    � ebI A  nig B  CaRBwtþikarN_BIrsamBaØenaHeK)an ³ 
      ( ) ( ) ( ) ( )BAPBPAPBAP ∩−+=∪  
x-rUb mn þ R bU) ab‘Íl Iet énRb CMuRB wtþika rN_bI ³ 
    
� ebI B,A  nig C CaRBwtþikarN_bImincuHsMrugKñaBI²enaHeK)an ³ 
      ( ) ( ) ( ) ( )CPBPAPCBAP ++=∪∪  
    
� ebI A  nig B  CaRBwtþikarN_bIsamBaØenaHeK)an ³ 

    ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )CBAPCBPCAPBAPCPBPAPCBAP ∩∩+∩−∩−∩−++=∪∪                   
K-C aTUeT A ³ 
   � ebI 

n321
A,......,A,A,A  CaRBwtþikarN_mincuHsMrugKñaBI²enaHeK)an ³ 

     ( ) ( ) ( ) ( )n21n21 AP...APAPA...AAP +++=∪∪∪   . 
 



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 78 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

X- rUb m nþRbU) ab énRB wtþi karN_BI rp ÞúyKña ³ 
      ebI A  nig A  CaRBwtþikarN_BIrpÞúyKñaenaHeK)an ³ 
      ( ) ( ) ( ) ( )AP1AP1APAP −=⇔=+  . 
]TahrN_ ³RbU)ab‘ÍlIetEdléf¶Es¥knwgePøógenApSarbwgQUkman 525.0  . 
rkRbU)ab‘ÍlIetEdléf¶Es¥kminePøógenApSarbwgQUk ? 

( ) 475.0525.01AP:solution =−=  . 
g-rU bmn þR bU) ab‘ÍlIe tm a nl k½çx½N Ð ³ 
�  RbU)ab‘ÍlIeténRBwtþikarN_ A  edaydwgfa manRBwtþikarN_ B  )anekIt 
eLIgrYcehIy ehAfa RbU)abmanlkç½x½NÐ EdleKtageday ( )B/AP   
GanfaRbU)abén A  eday)andwg B  . 
dUcenH cMeBaHRBwtþikarN_ A  nig B  eday ( ) 0BP ≠  eKmanrUbmnþ ³ 
 ( ) ( )

( )BP
BAP

B/AP
∩=   b¤eKGacTaj  ( ) ( ) ( )BPB/APBAP ×=∩  . 

]TahrN_ ³eKhUtebor @ snøwkBIkñúgh‘UEdlmanebor %@ snøwk . 
rkRbU)ab‘ÍlIetedIm,IeGayeborsnøwkTImYyCaGat; nig snøwkTIBIrCaRkmMu ? 

( ) 006.0
51

4

52

4
BAP:solution =×=∩   . 

c-rU bmn þR bU) abénRBwt þi karN _BI rminTak ;TgK ña ³ 
�RBwtþikarN_ A  nig BEdlGaRsy½nwgKñakñúgviFIEdlkarekIteLIgénRBwtþikarN_mYy 
minmanCab;Bak;Bn§½nwgkarekIteLIgénRBwtþikarN_mYyeTot eyIgehAfa 
RBwtþikarN_minTak;TgKñaminTak;TgKñaminTak;TgKñaminTak;TgKña . 
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� ebI  A  nig B  minTak;TgKñasmmUl ³ ( ) ( )
( ) ( )





=
=

BPA/BP

APB/AP  

 � ebI  A  nig BCaRBwtþikarN_ minTak;TgKñaenaHeK)an ³ 
        ( ) ( ) ( )BPAPBAP ×=∩   . 
]TahrN_ ³ eKhUtebormYysnøwkBIrdg ¬hUtrYcdak;vij ¦. 
rkRbU)ab‘ÍlIetedIm,IeGayeborTaMgBIrsuT§EtCasnøwkGat; ? 

( ) 307.0
C
C

C
C

BAP:solution
1

52

1

4

1

52

1

4 =×=∩  . 

]TahrN_ ³ eK[ A nig BCaRBwtþikarN_BIrsamBaØ nigminTak;TgKñaEdl ³ 
( ) 725.0BAP =∪   nig  ( ) 225.0BAP =∩  .  cUrKNna )A(P  nig )B(P  ? 
tamrUbmnþ ( ) ( ) ( ) ( )BAPBPAPBAP ∩−+=∪  
eK)an ( ) ( ) ( ) ( ) 950.0225.0725.0BAPBAPBPAP =+=∩+∪=+  
eday A nig BCaRBwtþikarN_BIrminTak;TgKñaenaH ( ) ( ) ( ) 225.0BP.APBAP ==∩  
eK)anRbBnæ½  ( ) ( )

( ) ( )



=
=+

225.0BP.AP

950.0BPAP  

( )AP nig ( )BP  Cab¤ssmIkar 0225.0X95.0X 2 =+−  manb¤s 




=
=

50.0X

45.0X

2

1  

dUcenH  ( ) ( ) 50.0BP,45.0AP ==   b¤  ( ) ( ) 45.0BP,50.0AP ==  . 
 � CaTUeTAebI 

n21
A,...,A,A CaRBwtþikarN_ minTak;TgKñaeK)an ³ 

   ( ) ( ) ( ) ( )n21n21 AP...APAPA...AAP ×××=∩∩∩  . 
]TahrN_ ³ eK[ C,B,A  CaRBwtþikarN_bIsamBaØ nigminTak;TgKñaBIr²Edl ³ 

( ) ( ) ( ) 25.0CP,30.0BP,40.0AP ===  .   
cUrrk ( )CBAP ∪∪  ? 
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tamrUbmnþeK)an ³ 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )CBAPCBPCAPBAPCPBPAPCBAP ∩∩+∩−∩−∩−++=∪∪  

eday C,B,A  CaRBwtþikarN_bIminTak;TgKñaBIr² enaHeK)an ³ 
25.04.03.025.03.025.04.03.04.025.03.04.0)CBA(P ××+×−×−×−++=∪∪                            

685.003.0075.01.012.095.0 =+−−−=     . 
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lMhat;mandMeNaHRsay 
lMhat;TI1 
enAkñúgfñak;eronmYymansisSRbus !* nak; nigsisSRsI @@ nak; . 
eKehAeQµaHsisS $ nak;edayécdnü. 
k-KNnaRbU)ab‘ÍlIetedIm,I[eKehA)ansisSRsITaMg $ nak; . 
x-KNnaRbU)ab‘ÍlIetedIm,I[eKehA)ansisSRsIEtmñak;Kt;. 
dMeNaHRsay 
k-KNnaRbU)ab‘ÍlIetedIm,I[eKehA)ansisSRsITaMg $ nak; 
tag A  CaRBwtþikarN_ehAsisS $nak;)ansisSRsITaMgbYnnak; 

eK)an  ( ) ( )
( )Sn

An
AP == accMnYnkrNIG

sbcMnYnkrNIR  

-cMnYnkrNIGac ³  
ehAsisS $ nak;kñúgcMenamsisS $0 nak; CabnSM $ kñúgcMeNam $0  

naMeGay ( ) ( ) 91390
!36.24

40.39.38.37.!36

!440.!4

!40
CSn 4

40
==

−
==   

-cMnYnkrNIRsb ³ 
ehA)ansisSRsITaMg $nak;kñúgcMeNamsisSRsITaMgGs; @@ nak; CabnSM $ kñúg @@ 

naMeGay  ( ) ( ) 7315
!18.24

22.21.20.19.!18

!422.!4

!22
CAn 4

22
==

−
==  

eK)an ( ) 08004,0
91390

7315
AP ==  . 

x-KNnaRbU)ab‘ÍlIetedIm,I[eKehA)ansisSRsIEtmñak;Kt; 
tag A  CaRBwtþikarN_ehAsisS $nak;)ansisSRsIEtmñak;Kt; 
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eK)an  ( ) ( )
( )Sn

An
AP == accMnYnkrNIG

sbcMnYnkrNIR  

-cMnYnkrNIGac ³ ( ) 91390CSn 4

40 ==  
-cMnYkrNIRsb ³ 
ehA)ansisSRsIEtmñak;Kt;kñúgcMeNamsisSRsI @@nak; KICabnSM ! kñúg @@ KW   

22Cn 1

221
==  

enAsl; #nak;eTotCasisSRbus CabnSM # kñúgcMeNam !* KW  
816

6

18.17.16

!15!.3

!18
Cn 3

182
====  

naMeGaycMnYnkrNIRsbKW ( ) 1795281622nnAn
21

=×=×=  
dUcenH  ( ) 1964,0

91390

17952
AP ==   . 

lMhat;TI2 
eKhUtebo # snøwkedayécdnüBIkñúgh‘UEdlmanebo %@ snøwk . 
k-KNnaRbU)ab‘ÍlIetedIm,I[eK)anGat;TaMgbIsnøwk . 
x-KNnaRbU)ab‘ÍlIetedIm,I[eK)anGat;BIrsnøwk nwgRkmMumYysnøwk . 
dMeNaHRsay 
k-KNnaRbU)ab‘ÍlIetedIm,I[eK)anGat; 
tag A  CaRBwtþikarN_hUtebo #snøwk)anGat;TaM # snøwk  

eK)an  ( ) ( )
( )Sn

An
AP == accMnYnkrNIG

sbcMnYnkrNIR  

-cMnYnkrNIGac ³  
hUtebo # snøwkkñúgcMeNamebo %@ snøwk CabnSM # kñúgcMeNam %@ 

naMeGay ( ) ( ) 22100
!49.6

52.51.50.!49

!352.!3

!52
CSn 3

52
==

−
==  
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-cMnYnkrNIRsb ³ 
hUtebo #snøwk)anGat; # kñúgcMeNamGat; $snøwk KWCabnSM # kñúg $ KW ( ) 4CAn 3

4
==  

dUcenH ( ) 000180995,0
22100

4
AP ==  

x-KNnaRbU)ab‘ÍlIetedIm,I[eK)anGat;BIrsnøwk nwgRkmMumYysnøwk 
tag A CaRBwtþikarN_hUtebobIsnøwk)anGat;BIrsnøwk nwgRkmMumYysnøwk 

eK)an  ( ) ( )
( )Sn

An
AP == accMnYnkrNIG

sbcMnYnkrNIR  

-cMnYnkrNIGac ( ) 22100Sn =  
-cMnYnkrNIRsb ³ 
  )anGat; @ snøwkkñúgcMeNamGat; $ snøwk KW 6

!2!.2
!4

Cn 2

41
===  

  )anRkmMu ! snøwkkñúgcMeNamRkmMu $snøwk KW  4Cn 1

42
==  

naMeGaycMnYnkrNIRsb ( ) 244.6An ==  
dUcenH ( ) 001085972,0

22100
24

AP ==   . 
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lMhat;TI3 
kñúgfg;mYymanXøIBN’Rkhm * RKab; nig XøIBN’exµA !@ RKab; . 
eKcab;ykXøIBIkñúgfg; $ RKab;edayécdnü. 
k-KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøIBN’Rkhm @RKab;. 
x-KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøIBN’exµAsuTæ . 
dMeNaHRsay 
k-KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøIBN’Rkhm @RKab; 
tag A CaRBwtþikarN_cab;ykXøI $ RKab; )anXøIBN’Rkhm @ RKab; 

eK)an  ( ) ( )
( )Sn

An
AP == accMnYnkrNIG

sbcMnYnkrNIR  

-cMnYnkrNIGac ³ 
cab;ykXøI $ RKab;kñúgcMeNamXøI @0 RKab; CabnSM $ kñúg @0  . 
eK)an ( ) 4845

!16!.4

!20
CSn 4

20
===  

-cMnYnkrNIRsb ³ 
cab;XøI $ RKab; )anXøImanBN’Rkhm @ RKab;kñúgcMeNamXøIBN’Rkhm * KW  

28
!6!.2

!8
C2

8
==  

enAsl;XøI @ RKab; CaXøIBN’exµAkñúgcMeNamXøIexµA !@ KW 66
!10!.2

!12
C2

12
==  

naMeGaycMnYnkrNIRsb ( ) 184866.28An ==  
dUcenH ( ) 381424,0

4845
1848

AP ==  . 
x-KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøIBN’exµAsuTæ ³ 
tag A CaRBwtþikarN_cab;ykXøI $ RKab; )anXøIBN’exµAsuTæ 
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eK)an  ( ) ( )
( )Sn

An
AP == accMnYnkrNIG

sbcMnYnkrNIR  

-cMnYnkrNIGac ( ) 4845CSn 4

20
==  

-cMnYnkrNIRsb 
  cab;ykXøI $ RKab; )anXøIexµAsuTækñúgcMeNamXøIexµA !@ RKab;KW  

( ) 495
!8!.4

!12
CAn 4

12
===  

dUcenH  ( ) 10216,0
4845

495
AP ==  . 

 
����� 
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lMhat;RbU)ab‘ÍlIet 
!> enAkñúgfñak;eronmYymansisS @% nak; sisSRbusman !$ nak; nigsisSRsIman  
   !! nak;.eKehAeQµaHsisSBIrnak;edayécdnü . 
 k-KNnaRbU)ab‘ÍlIetedIm,I[eKehA)ansisSCasisSRsITaMgBIrnak;. 
 x- KNnaRbU)ab‘ÍlIetedIm,I[eKehA)ansisSRsImñak; nig sisSRbusmñak;. 
@> eKhUtykebo @ snøwk BIkñúgh‘UEdlmanebo %@ snøwkedayécdnü . 
 KNnaRbU)ab‘ÍlIetedIm,I[eK)aneboCasnøwkGat;TaMgBIr . 
#> kñúgfg;mYymanXøIBN’exov #RKab; XøIBN’Rkhm %RKab; nig XøIBN’exµA $ RKab;. 
 eKlUkcab;ykXøI @ RKab;BIkñúgfg;edayécdnü . 
 k- KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøImanBN’exovsuTæ. 
 x- KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøImanBN’RkhmsuTæ . 
 K- KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøImanBN’exµAsuTæ. 

$> kñúgfg;mYymanb‘Ul !0RKab; KWb‘UlBN’exov ^ RKab; nigb‘UlBN’Rkhm $ RKab;. 
 eKcab;ykb‘Ul #RKab;BIkñúgfg;edayécdnü . 
 k- KNnaRbU)ab‘ÍlIetedIm,I[eK)anb‘UlmanBN’exov @RKab;. 
 x- KNnaRbU)ab‘ÍlIetedIm,I[eK)anb‘UlmanBN’exovy:agtic @RKab;. 
 K- KNnaRbU)ab‘ÍlIetedIm,I[eK)anb‘UlmanBN’exovy:ageRcIn @RKab;. 

%> enAkñúgfñak;eronmYymansisSBUEkKNitviTüa !$nak; sisSBUEkrUbviTüa * nak;  
nigsisSBUEkExµr !*nak; . eKehAsisS $nak;edayécdnü. 
k- KNnaRbU)ab‘ÍlIetedIm,I[eK)ansisSBUEkKNitviTüa @ nak; . 
x-KNnaRbU)ab‘ÍlIetedIm,I[eK)ansisSBUEkKNitviTüa @nak;y:agtic . 
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K-KNnaRbU)ab‘ÍlIetedIm,I[eK)ansisSBUEkrUbviTüa #nak; nigsisSBUEkExµr!nak;. 
^> kñúgfg;mYymanXøIBN’s ^ RKab; nig XøIBN’exµA * RKab; . 
eKcab;ykXøI @ RKab;edayécdnü . 
KNnaRbU)ab‘ÍlIetedIm,I[eK)anXøImanBN’xusKña . 

&> eKhUtykebo # snøwk BIkñúgh‘UEdlmanebo %@ snøwkedayécdnü . 
k-KNnaRbU)ab‘ÍlIetedIm,I[eK)aneboCasnøwkGat; @ snøwk. 
x- KNnaRbU)ab‘ÍlIetedIm,I[eK)aneboCasnøwkGat; ! snøwk nigsnøwkRkmMu  
@snøwk. 

*> eKhUtykebo %  snøwk BIkñúgh‘UEdlmanebo %@ snøwkedayécdnü . 
 k- KNnaRbU)ab‘ÍlIetedIm,I[eK)aneboCasnøwkGat; @ snøwk b¤ # snøwk. 
 x- KNnaRbU)ab‘ÍlIetedIm,I[eK)aneboCasnøwkGat; @snøwk y:ageRcIn. 

(> kñúgTUmYymanGav * KWGavBN’s $ GavBN’exov # GavBN’Rkhm ! . 
 eKykGavmYyecjBIkñúgTUmkBak;edayécdnü. 
 KNnaRbU)ab‘ÍlIetedIm,I[eKyk)anGavBN’ exov b¤ BN’ s . 

!0> kak;mYyRtUv)aneKe)aHbIdgedayécdnü . 
 k- KNnaRbU)ab‘ÍlIetedIm,I[kak;ecjmuxp¶a @ dg. 
 x- KNnaRbU)ab‘ÍlIetedIm,I[kak;minecjmuxp¶a . 

!!> eK[ A nig BCaRBwtþikarN_BIrsamBaØ nigminTak;TgKñaEdl ³ 
( ) 65.0AP =   nig  ( ) 25.0BP =  .  cUrKNna )BA(P ∪  ? 
!@> eK[ A nig BCaRBwtþikarN_BIrsamBaØ nigminTak;TgKñaEdl ³ 
     ( ) 68.0BAP =∪   nig  ( ) 12.0BAP =∩  .  cUrKNna )A(P  nig )B(P  ? 
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mm::aaRRTTIIss  
((  MMAATTRRIICCEESS  ))  

!!>>  vvii uuccTTrr ½½  ³³  
          nnnnnnnn iiiiii iiyyyyyyyymmmmmmmmnnnnnnnn ½½½½½½ ½½yyyyyyyy        ³ sMNMumYyman ncMnYnBiterobtamlMdab;mYykMnt; n21 a.....,,a,a  
ehAfaviucTr½ nDIm:g;süúgEdleKkMnt;sresr ³ 

( )n321 a....,,a,a,aA =  b¤  






















=

n

3

2

1

T

a

...

a

a

a

A   Edl ia  ehAfakMub:UhSg;TI i  . 

]TahrN_ eK[ ( )225,125,75,45,35,25A =  CaviucTr½man ^ DIm:g;süúg . 
@@>>  nniiyymmnn½½yymm::aaRRTTIIss  
taragmYyEdlman mviucTr½ nig nDIm:g;süúgkMnt;sresrkñúgvg;RkckCarag ³ 























−−−−−−−−−−
==

mn3m2m1m

n3333231

n2232221

n1131211

mnij

a.....aaa

a.....aaa

a.....aaa

a.....aaa

)a(A   ehAfam:RTIslMdab; n.m  . 

:m ehAfacMnYnlIj :n, ehAfacMnYnkUeLan nig ija CaFatuenAelIlIjTI ikUeLanTI j. 

]TahrN_ eK[ 






















=

783

914

127

461

352

A  Cam:aRTIslMdab; 35×  . 
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##>>  RRbbeePPTTéénnmm::aaRRTTIIss  
  aa  //  ZZeerroo  mmaattrriixx  ::  

ma:RTIsTaMgGs;EdlmanFatuTaMgGs;esµIsUnü ehAfam:aRTIssUnü tageday mnO . 

]TahrN]TahrN]TahrN]TahrN_ 






















=

0000

0000

0000

0000

0000

A  ehAfam:aRTIssUnülMdab; 45×  . 

 bb  //  SSqquuaarree  mmaattrriixx  ::  

m:aRTIsmYyEdlmancMnYnlIjsµInwgcMnYnkUeLanehAfa m:aRTIskaerm:aRTIskaerm:aRTIskaerm:aRTIskaer EdleKkMnt;sresr ³ 























−−−−−−−−−−
==

nn3n2n1n

n3333231

n2232221

n1131211

nnij

a.....aaa

a.....aaa

a.....aaa

a.....aaa

)a(A   

]TahrN]TahrN]TahrN]TahrN_ 


















=

3184

4521

2403

0372

A  ehAfam:aRTIskaer . 

 cc  //  TTrriiaanngguullaarr  mmaattrriixx  ::  

m:aRTIskarmYyEdlmanFatu jiorji,0aij <>∀=   ehAfa m:aRTIsRtIekaNm:aRTIsRtIekaNm:aRTIsRtIekaNm:aRTIsRtIekaN 

EdleKkMnt;sresr ³ 






















−−−−−−−−−−
==

nn

n333

n22322

n1131211

nnij

a.....000

a.....a00

a.....aa0

a.....aaa

)a(A  

]TahrN_]TahrN_]TahrN_]TahrN_  


















=

5000

8400

6170

9352

A  ehAfama:RTIsRtIekaN . 
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 dd  //  DDiiaaggoonnaall   mmaattrriixx  ::  

m:aRTIskaermYyEdlmanFatu ji,0aij ≠∀= ehAfa m:aRTIsGgát;RTUg m:aRTIsGgát;RTUg m:aRTIsGgát;RTUg m:aRTIsGgát;RTUg  

EdleKkMnt;sresr ³ 






















−−−−−−−−−−
==

nn

33

22

11

nnij

a.....00

0.....a00

0.....0a0

0.....00a

)a(A  . 

]TahrN_]TahrN_]TahrN_]TahrN_  






















=

30000

07000

00500

00010

00004

A  ehAfam:aRTIsGgát;RTUg . 

 
  ee  //  IInnddeennttii ttyy  mmaattrriixx  ::  

m:aRTIsGgát;RTUgEdlmanFatu  0aii = ehAfa m:aRTIsÉkta m:aRTIsÉkta m:aRTIsÉkta m:aRTIsÉkta  EdleKkMnt;sresr ³ 























−−−−−−−−−−
==

1.....000

0.....100

0.....010

0.....001

)a(I nnijn   . 

]TahrN]TahrN]TahrN]TahrN_  


















=

1000

0100

0010

0001

I   ehAfam:aRTIsÉkta . 

 
  ff   //  TTrraannssppoossee  ooff   mmaattrriixx : 

m:aRTIsRtg;s,:Úénm:aRTIs mnij )a(A =  KWCam:aRTIsEdltageday  nmji
T )a(A =  . 

]TahrN]TahrN]TahrN]TahrN_ ebI 
















=
74

52

31

A    naM[  






=
753

421
A T     . 

 



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 91 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

 gg  //  EEqquuaall ii ttyy  ooff   mmaattrriixx  ::  

m:aRTIs mnij )a(A =    nig mnij )b(B =  Cam:RTIsBIresµIKñakalNaFatu  ijij ba =  . 
eK[m:aRTIsBIr 









−+−
+++

=
2z32y3x2

3c25b41a3
A   nig 







=
1085

997
B  

kMnt;cMnYnBit y,x,c,b,a  nig z edIm,I[  BA =  

eK)an BA =  kalNa 















=−
=+
=−

=+
=+
=+

102z3

82y

53x2

93c2

95b4

71a3

   naM[  4z,6y,4x,3c,1b,2a ======  

 

$$>>  RRbbmmaaNNvviiFFIIéénnmm::aaRRTTIIss  
  aa  //  AAddddii ttiioonn  ooff  mmaattrriicceess  ::  

-ma:RTIsBIrGacbUk b¤ dkKña)an kalNavaCam:aRTIsmanlMdab;dUcKña . 
-snµtfaeKmanma:RTIsBIr  mnij )a(A =  nig mnij )b(B =  
eK)anrUbmnþplbUk  ( ) mnijij baBA +=+  nigpldk ( ) mnijij baBA −=−  

]TahrN_]TahrN_]TahrN_]TahrN_ eK[m:aRTIs 
















=
















=
465015

351421

831023

B,

757168

572534

951117

A  

eK)an 
















=
















+++
+++
+++

=+
12112183

923655

1882140

467550711568

355714252134

839510112317

BA   

nig     














−
=

















−−−
−−−
−−−

=−
292153

221113

1216

467550711568

355714252134

839510112317

BA  
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bb  //  SSccaallaaii rr  mmuull ttiippll iiccaattiioonn;;  

plKuN ma:RTIs ( )
mnijaA =  nwgcMnYnefr λ  KWCam:aRTIskMnt;eday ( )ija.A. λ=λ  

]TahrN_ ³ ebI 
















=
647

794

435

A   eK)an  
















=
422849

496328

282135

A7  .  

  cc  //  MMuull ttiippll iiccaattiioonn  ooff   mmaattrriicceess::  

ma:RTIsBIrGacKuNKña)anluHRtaEtm:aRTITImYymancMnYnkUeLanesµInwgcMnYnlIjén 
m:aRTIsTIBIr .  ]bmafaeKmanma:RTIsBIr ³ ( )

mnijaA = nig ( ) npijbB =  
plKuNma:RTIs A nig BKWCam:aRTIs C kMnt;eday  ( )

mpijcB.AC ==  
Edl ( ) njinj33ij22ij11i

n

1k
kjikij ba.....bababab.ac ++++==∑

=
 . 

]TahrN_]TahrN_]TahrN_]TahrN_ ³ eK[m:aRTIs  
















=
















=
53

42

31

B,

372

451

924

A  

eK)an 
















++++
++++
+++++

=
































==
5.34.73.23.32.71.2

5.44.53.13.42.51.1

5.94.23.43.92.21.4

53

42

31

.

372

451

924

B.AC  

dUcenH   
















=
4925

4323

6535

C  . 

  
  dd  //  PPoowweerrss  ooff   mmaattrriicceess::  

ebI  ( )
nnijaA =  Cama:RTIskaerenaHeKkMnt;sV½yKuNénm:aRTIseday ³ 

!> 2P,*INp,A.AA.....,,A.AA,A.AA,A.AA 1pp34232 ≥∈==== −  
@> pnpn AA.A +=  
#> ( ) nppn AA =  
$> n

0 IA =   Edl nI  Cam:aRTIsÉkta . 
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]TahrN_ ³ eK[m:aRTIs 







=
54

32
A  cUrKNna  2A  nig 3A  

eK)an 






=








++
++

=














==
3728

2116

5.53.44.52.4

5.33.24.32.2

54

32
.

54

32
A.AA 2  

nig  






=








++
++

=














==
269204

153116

5.373.284.372.28

5.213.164.212.16

54

32
.

3728

2116
A.AA 23  

dUcenH  






=






=
269204

153116
A,

3728

2116
A 32    .  

    
ee  //  PPrrooppeerrttiieess  ooff  mmaattrriixx  ooppeerraattiioonnss  

ebI C,B,A ma:RTIs nig µβα ,,  CabIcMnYnBitb¤sáaElenaHeKman  ³ 
!> ABBA +=+  ^> C).B.A()C.B.(A =  
@> C)BA()CB(A ++=++  &> C.AB.A)CB.(A +=+  
#> CBA)CBA( α+α+α=++α  *> C.BC.AC).BA( +=+  
$> AAAA)( µ+β+α=µ+β+α  (> A.BB.A ≠  
%> AOAAO =+=+   !0> AA.II.A nn ==   

%%>>  eeddEETTmmIINNgg;;éénnmm::aaRRTTIIsskkaaeerr  
  aa  //  DDeetteerrmmiinnaanntt  ooff   oorrddeerr  22×   

eK[ma:RTIslMdab; 22× kMnt;eday 







=

2221

1211

aa

aa
A  . 

edETmINg;énm:aRTIs A kMnt;eday  ³ 21122211

2221

1211 a.aa.a
aa

aa
)Adet(|A| −===  . 

]TahrN]TahrN]TahrN]TahrN_ ³ KNnaedETmINg;énm:aRTIs 







=

83

57
A    ? 

eK)an 4115565.38.7
83

57
)Adet(|A| =−=−===  

dUcenH  41)Adet(|A| ==  . 
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bb  //  MMiinnoorrss    aanndd  CCooffaaccttoorrss  ::  

eK[ma:RTIskaer nnij )a(A =  . 
� Minor énFatu  ija  CaedETmINg;énm:aRTIsEdlbnÞab;BIlublIjTI i  
nigkUeLanTI j ecj EdleKkMnt;tag Minor énFatu  ija  eday ijM  . 
� Cofactor énFatu  ija kMnt;tageday ij

ji

ij M.)1(C +−=  . 

]TahrN]TahrN]TahrN]TahrN_³ eK[ma:RTIs 
















=
869

735

412

A  cUrKNnamINr½nigkUhVak;Tr½énFatu 21a ? 

eK)an  16248
86

41
M 21 −=−==  nig 1616.)1(C 12

21 =−= + . 
cc  //  DDeetteerrmmiinnaanntt  ooff   oorrddeerr  33×   

eK[ma:RTIslMdab; 33× kMnt;eday 
















=

333231

232221

131211

aaa

aaa

aaa

A  

edETmINg;énm:aRTIs A kMnt;eday³ 

 131312121111

333231

232221

131211

CaCaCa

aaa

aaa

aaa

)Adet(|A| ++===  . 

dd  //  DDeetteerrmmiinnaanntt  ooff  oorrddeerr  nn ×   

eK[ma:RTIskaer ( )
nnijaA =  . edETmINg;énm:aRTIsenHkMnt;tageday ³ 

( )∑
=

=++++==
n

1k
ikikinin3i3i2i2i1i1i C.aCa........CaCaCa)Adet(|A|   

( )∑
=

=++++==
n

1k
ikikinin3i3i2i2i1i1i C.aCa........CaCaCa)Adet(|A|  

^̂>>  ssmmIIkkaarréénnmm::aaRRTTIIss  
aa  //  MMaattiixx  CCooffaaccttoorrss  ::  

ma:RTIskUhVak;Tr½énm:aRTIskaer ( )
nnijaA = KWCam:aRTIskMnt;eday ( )

nnijCC =  
Edl ij

ji

ij M.)1(C +−=   .  
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bb  //  AAddjjooiinntt  MMaattiixx    ::  

ma:RTIs intAdjo  énm:aRTIskaer ( )
nnijaA = KWCam:aRTIsRtg;s,:Úénm:aRTIskUhVak;Tr½ 

énm:aRTIskaer ( )
nnijaA =  EdleKkMnt;sresr  ( )TC)A(Adj =  . 

cc  //  mm:: aaRRTT IIsseeTTaall  ³³  
EdlehAfam:aRTIseTalKWCam:aRTIskaerEdlmanedETmINg;esµIsUnü . 

]TahrN_ ³ cUrbgðajfa  
















=
987

654

321

A  Cam:aRTIseTal . 

dd  //  IInnvveerrss  ooff    MMaattiixx    ::  

ebI A minEmnCama:RTIseTalenaH cMras;énma:RTIskaer  ( )
nnijaA = Cam:aRTIsEdl 

tageday 1A −  nigepÞógpÞat; n

11 IA.AA.A == −−  . 

]TahrN_]TahrN_]TahrN_]TahrN_ ³ eK[ma:RTIs  
















−−
−
−

=
531

532

211

A  . 

cUrepÞógpÞat;fama:RTIsRcas; )inversesMatrix( énm:aRTIs A kMnt;eday ³ 

















−−
−

−−
=−

123

135

110

A 1     ..  

ee  //  rr UUbbmmnnþþkk MMnntt;;rrkkmm:: aaRRTT IIssRRccaass;;  ³³  
  )A(Adj

|A|

1
A 1 ×=−   

ff   //  rr UUbbmmnnþþ rrkkmmaa :: RRTT IIssRRccaass;;éénnmm:: aaRRTT IIsskkaaeerrllMMddaabb;;  22×   ³³  
ebIeKman   









−
−

−
=⇒







= −

ac

bd
.

bcad

1
A

dc

ba
A 1   . 

]TahrN]TahrN]TahrN]TahrN_ ³ cUrrkm:aRTIsRcas;énm:aRTIs  








65

87
A     ? 
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gg  //  ssmmIIkkaarrmm:: aaRRTTIIss  ³³  
]bmafaeKmanm:aRTIsbI X,B,A   Edl 0)Adet( ≠  . 
TMnak;TMng  BX.A =   ¬ehAfasmIkarm:aRTIs ¦ 
ebIeyIgKuNGgÁTaMgBIrénsmIkarnwg 1A −  eK)an ³ 

B.AX.A.A 11 −− =   eday  IA.A 1 =−   nig  IX.I =  Edl ICam:aRTIsÉkta . 
dUcenH  B.AX 1−=   . 
&&>>  RRbbBBnn½½ ææssmmIIkkaarrllIIeennEEGG‘‘  ³³  
kk--nniiyymmnn½½yy  ³³  
 RbBn½æman n  smIkarlIenEG‘man nGBaØatEdlmanTRmg;Ca ³ 














=++++
−−−−−−−−−−−−−−−−−−−−−−−−−

=++++
=++++

=++++

nnnn33n22n11n

3nx3333232131

2nn2323222121

1nn1313212111

bxa...........xaxaxa

bxa..........xaxaxa

bxa..........xaxaxa

bxa..........xaxaxa

:)S(  

ehAfaRbBn½æsmIkarlIenEG‘man n  GBaØat nig nsmIkar . 
xx--cceemmøø IIyyRRbbBB½½nn ææssmmIIkkaarrllIIeennEEGG‘‘  ³³  

ebIsinCaeKtag 






















=























=























−−−−−−−−−−
=

n

3

2

1

4

3

2

1

nn3n2n1n

n3333231

n2232221

n1131211

b

.....

b

b

b

Band

x

....

x

x

x

X,

a.....aaa

a.....aaa

a.....aaa

a.....aaa

A  

RbB½næsmIkar )S( GacsresreRkamTRmg;smIkarm:aRTIs BX.A =  . 
ebI  0)Adet( ≠   eKTaj)an  B.AX 1−=    . 
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lMhat;mandMeNaHRsay 
 
lMhat;TI1 

eK[m:aRTIs  






















==

47215

13410

21324

20131

14312

)a(A ij  

k-cUrbBa¢ak;RbePT nig lMdab;énm:aRTIs A  . 
x-cUrkMnt;témøénFatu 43523425 a,a,a,a  . 
K-cUrsresrFatuTaMgGs;EdlenAelIGgát;RTUgBiess . 
dMeNaHRsay 
k-ma:RTIs A  Cam:aRTIskaerlMdab; 55×  . 
x-kMnt;témøénFatu ³ 
eK)an 4a,1a,1a,2a 43523425 ====  . 
K-FatuenAelIGgát;RTUgBiessman ³ 

4a,3a,3a,3a,2a 5544332211 =====  . 
lMhat;TI2 
cUrkMnt;témø t,z,y,x  edIm,I[ 







=








28

32

tlog2

ylne

3
z

x

 

eK)an  9t,3z,ey,2lnx

2tlog

82

3yln

2e

3

3

z

x

====⇒













=
=

=
=

  . 
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lMhat;TI3 
kMnt;rkm:aRTIs YandX   EdlepÞógpÞat; ³ 








=−






=+
76

54
Y2X3and

97

53
YX  

dMeNaHRsay  
eKman )1(

1814

106
Y2X2

97

53
YX 







=+⇒






=+  

nig  ( )2
76

54
Y2X3 








=−   . bUksmIkar ¬!¦ nig ¬@¦ eK)an ³ 









=⇒








=








+








=

54

32
X

2520

1510

76

54

1814

106
X5  

ehIy 







=







−








=−








=

43

21

54

32

97

53
X

97

53
Y  

dUcenH  







=








=

43

21
Yand

54

32
X   . 

lMhat;TI4 
edaHRsayRbBn½ætamm:aRTIs 





=+
=+

148y4x3

107y3x2  

dMeNaHRsay 
tag 








=








=








=

148

107
B,

y

x
X,

43

32
A  

RbBn½æsmIkarGacsresr  B.AXBX.A 1−=⇒=  
tamrUbmnþ 









−
−

−
=⇒








= −

ac

bd
.

bcad

1
A

dc

ba
A 1   

eK)an 








−
−

=








−
−

−=








−
−

−
=−

23

34

23

34

23

34
.

3.34.2
1

A 1  

eK)an 







=








−
+−

=
















−
−

=
25

16

)148(2)107(3

)148(3)107(4

148

107
.

23

34
X  naM[ 25y,16x ==  . 
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lMhat;TI5 

edaHRsayRbB½nætamm:aRTIs 








=++−
−=−−

−=−−

9x5x3x

7x5x3x2

3x2xx

321

321

321

 

dMeNaHRsay 

tag 
















−
−

=
















=
















−
−−
−−

=
9

7

3

B,

x

x

x

X,

531

532

211

A

3

2

1

 

eK)an  B.AXBX.A 1−=⇒=  

bnÞab;BIKNnaeK)an 
















−
−−=−

123

135

110

A 1  

eKTaj 
















−=
















−
−

















−
−−=

















4

3

2

9

7

3

.

123

135

110

x

x

x

3

2

1

 

dUcenH  4x,3x,2x 421 =−==  . 
����� 
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lMhat;Gnuvtþn_ 
!>eK[m:aRTIs 



















=



















=

6524

1721

4815

9372

Band

4675

1542

8214

7931

A   

k-cUrKNna BANandBAM −=+=  . 
x-cUrKNna  B2A3QandB3A2P −=+=  . 

@> eK[m:aRTIsBIr 
















=







=

453

432

341

Band
143

752
A  

cUrKNnaplKuNm:aRTIs B.A  . 

#> eK[m:aRTIs 
















−
−
−

=
















=
423

152

381

Band

432

531

324

A  

cUrKNna  B.A  nig  A.B  . 
$> eK[m:aRTIs  







=
52

73
A  . 

cUrKNna  432 AandA,A   .  

%> eK[m:aRTIs 
















−
−−=
531

241

302

A     
















−

−−
=

861

173

12914

B   

cUrKNnaplKuN B.A  .   

^> eK[m:aRTIs 
















−
−−
−−

=
531

532

211

A   
















−
−−=
123

135

210

B   

cUrKNnaplKuN B.A  . etIeKGacsnñidæan)andUcemþc?  
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&> eK[m:aRTIs 
















=
321

123

312

A  

k- kMNt;rkma:RTIsRtg;s,Ú: TA  énma:RTIs A  . 
x-KNnaplKuN TA.A  nig A.A T  . 

*> eK[m:aRTIs 
















=
412

023

341

A   

k-kMNt;ma:RTIskUhVak;Tr½ énma:RTIs A  . 
x-Tajrkma:RTIs ( )AAdj   . 

(>eK[m:aRTIs 
















=
072

430

201

A   

rkma:RTIsRcas;rbs;va . 

!0> eK[m:aRTIs 
















=
432

261

720

A   

k-kMNt;  ( )AAdj  . 
x-kMNt;  1A −  . 

!!> kMnt;rkm:aRTIsRcas;énm:aRTIs 


















=

2431

1220

1302

3102

A  . 

!@> eK[m:aRTIs 






=






=






=
2324

1314
Cand

34

21
B,

dc

ba
A  

kMnt;cMnYnBit d,c,b,a  edIm,I[ CB.A =  . 
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!#> eK[m:aRTIs  
















=
987

654

321

A  

cUrbgðajfa A  Cam:aRTIseTal rYcKNna 2A  nig 2T )A(  . 
!$> eK[m:aRTIs  







=






=
31

52
B,

92

41
A  

k-cUrKNna  B.A,B,A 22  rYcTajrk 22 BB.A2A ++  . 
x-KNna  2)BA(andBA ++  
K-eRbobeFob  2)BA( +  nig  22 BB.A2A ++  
!%> eK[m:aRTIs  







=
10

41
A  

cUreRbobeFob  442332 A.AandA.A,A.A,A.A  . 
!^> eK[m:aRTIs 









θθ
θ−θ

=
cossin

sincos
A  

k-cUrKNna 432 A,A,A  . 
x-Tajrk  *INn,A n ∈∀   . 

!&> eK[ma:RTIs { }1,1,0IRd,c,b,a,

d000

0c00

00b0

000a

A +−−∈



















=  

k-cUrKNna 432 A,A,A  . 
x-Tajrk  *INn,A n ∈∀   . 
K-KNnaplbUk n32 A.....AAAS ++++=   . 

!*> eK[m:aRTIs  


















=

1000

3200

5140

3421

A  
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k-KNna  2TT22T2 )A(A.A2A,)A(,A ++  
x-eRbobeFob  2TT22T )A(A.A2Aand)AA( +++  
!(-eK[ BandA  Cam:aRTIskaermanlMdab;dUcKña . 
ebI A.BB.A =  cUrbgðajfa  ( ) nnn B.AB.A =  . 
@0> kñúg»kasbuNücUlqñaMxagmuxenH shRKasmYykEnøg)anlk;bBa©úHéfø %20  
nUvsemøókbMBak;rbs;xøÜnman ³ GavédxøI-GavédEvg nig exaeCIgEvg kñúgsaxabYn . 
témøTMnijTaMgbIRbePTxagelIkñúgsaxaTaMgbYnmuneBllk;bBa©úHéføtagedayma:RTIs³ 



















=

15000850006500

27000200008000

25000120006000

3000090007500

M  

cUrrkm:aRTIstagtémøTMnijkñúgsaxaTaMgbYnkñúg»kasbuNücUlqñaM . 

@!> eKmanm:aRTIs 
















−−
−
−

=
531

532

211

A  

k-bgðajfa  
















−−
−

−−
=−

123

135

110

A 1  

x-edaHRsaRbBn½ætamm:aRTIs 








−=−−
=++−

=++−

9x5x3x

7x5x3x2

2x2xx

321

321

321

 

@@> edaHRsayRbBn½ætamm:aRTIs 








=−+
=+−

=++

13x2x5x3

11x4x3x2

20x3x2x

321

321

321
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lMhat;sareLIgvij 
lMhat;TI1 
]bmafaeKmanGnuKmn_R)ak;cMnUlsrub ( ) x14700x3x2xTR 23 ++−=  
Edl x  CabrimaNplitplEdleKRtUvlk; . 
etIeKRtUvlk;plitplenHb:unµanÉktaedIm,I[)ancMnUlsrubGtibrma ? 
cUrkMnt;R)ak;cMnUlGtibrmaenaH ? 
dMeNaHRsay 
-KNnaedrIevTImYy 14700x6x6)x('TR 2 ++−=  
-edaHRsaysmIkar  0)x('TR = naM[ 014700x6x6 2 =++−  
b¤  02450xx 2 =++−  

( ) 222 99)2450)(1(41ac4b =−−=−=∆  
eKTajb¤s 049

2

991
x,50

2

991
x 21 <−=

−
+−==

−
−−=  ¬minyk ¦ 

-KNnaedrIevTIBIr 6x12)x(''TR +−=   
eday 06)50(12)50(''TR <+−=  naM[GnuKmn_mantémøGtibrmaRtg; 

50x =  mann½yfaedIm,I[R)ak;cMnUlsrubGtibrmaeKRtUvlk;plitplcMnYn units50  
ehIyR)ak;cMnUlsrubGtibrmaenaHKW 500,492)50(TR =  ¬ÉktarUbiyvtßú¦. 
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lMhat;TI2 
]bmafaeKmanGnuKmn_R)ak;cMnUlsrub 2x80x1800)x(TR +=  nigGnuKmn_ 
R)ak;cMnaysrub 32 xx51000)x(TC ++=  Edl xCabrimaNplitpl . 
cUrkMnt;brimaNplitplEdlRtUvlk;edIm,I[)anR)ak;cMeNjGtibrma ? 
cUrkMnt;rkR)ak;cMenjGtibrmaenaH ? 
ddMMeeNNaaHHRRssaayy  
eKman CostTotalvenueReTotalofitPrTotal −=  
eK)an 1000x1800x75xxx51000x80x1800)x(TP 23322 −++−=−−−+=  
-KNnaedrIevTImYy  1800x150x3)x('TP 2 ++−=  
-edaHRsaysmIkar ( ) 0x'TP =  naM[  01800x150x3 2 =++−  
b¤  0600x50x 2 =++−  
KNna ( ) ( )( ) 22 35600125' =−−=∆  
eKTajb¤s 010

1

3525
x,60

1

3525
x 21 <−=

−
+−==

−
−−=  ¬minyk¦ 

-KNnaedrIevTIBIr 150x6)x(''TP +−=  . 
eday  ( ) ( ) 21015060660''TP −<+−= naM[GnuKmn_mantémøGtibrmaRtg; 60x = . 
dUcenHedIm,I[R)ak;cMenjGtibrmaluHRtaEteKlk;plitplcMnYn units60  . 
R)ak;cMenjGtibrmaenaHKW  ( ) 000,16160TP =  ¬ÉktarUbiyvtßú¦. 
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lMhat;TI3 
eKmanGnuKmn_ ofitPrinalargM  kMnt;eday ( ) 1800x150x3xMP 2 ++−=  . 
Edl x  CabrimaNplitplEdl)anlk; . eKdwgfaebIeKlk;TMnij ^0 ÉktaenaH 
eKnwg)anR)ak;cMenj !^! 000 ÉktarUbiyvtßú . cUrkMnt;rkGnuKmn_ ofitPrTotal  ? 
dMeNaHRsay 
kMnt;rkGnuKmn_ ofitPrTotal  ? 
eK)an ( ) ( )∫ ∫ +++−=++−== kx1800x75xdx.1800x150x3dx.MPxTP 232  
eday ( ) 16100060TP =  naM[ 1000K −=  .  
dUcenH  ( ) 1000x1800x75xxTP 23 −++−=  
 
lMhat;TI4 eKmanGnuKmn_ venueReinalargM  mYykMnt;eday ³ 

( ) 14700x6x6xMR 2 ++−=     Edl xCabrimaNplitplEdl)anlk; . 
cUrkMnt;rkGnuKmn_ venueReTotal  ebIeKdwgfa kalNaeKlk;plitpl %0 Ékta 
eKTTYl)anR)ak;cMnUlsrub $(@ %00 erol . 
dMeNaHRsay 
rkGnuKmn_ venueReTotal  
eK)an ∫∫ ++−== dx).14700x6x6(dx).x(MR)x(TR 2  
                   kx14700x3x2 23 +++−=  
eday 0k500492)50(TR =⇒=   . 
dUcenH  x14700x3x2)x(TR 23 ++−=  
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lMhat;TI5 
]bmafaeKmanGnuKmn_cMNaysrubmYykMnt;eday ³ 22500x3x)x(TC 2 ++=  
etIeKRtUvplitb:unµanÉktaedIm,I[cMnaymFümkñúg !Ékta Gb,brma ? 
dMeNaHRsay  
tag ( )xTC  CaGnuKmn_cMNaymFüm . 
eK)an ( ) ( )

x

22500
3x

x

xTC
xTC ++==  

-KNnaedrIevTImYy 
2x

22500
1)x('TC −=  

-ebI 0'TC =  naMeGay 0
x

22500
1

2
=−  naMeGay 15022500x ==  

-KNnaedrIevTIBIr 
3x

5400
)x(''TC =  

edayeKman 0
150

5400
)90(''TC

3
>= naM[GnuKmn_ )x(TC mantémøGb,rmaRtg; 150x =  

dUcenHedIm,I[cMNaymFümkñúgmYyÉktaGb,brmaeKRtUvplitcMnYn Units150 . 
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lMhat;TI6 
eK[GnuKmn_cMNaykñúgkarEfTaMeRKOgynþmYykMnt;eday ³ 

32 tt10t6500)t(r +−−= Edl tCaryHeBlKitCaqñaM nig $00CacMNayefr . 
cUrrkcMNaykñúgkarEfTaMBIqñaMTI @ eTAqñaMTÎ . 
dMeNaHRsay 
tag ECacMNaykñúgkarEfTaMBIqñaMTI $ eTAqñaMTÎ  
eK)an dt).tt10t6500(E

6

2

32

∫ +−−=   

         
( ) ( ) 600,196825684241210003246481083000

)2(
4

1
)2(3)2(3)2(500)6(

4

1
)6(3)6(3)6(500

t
4

1
t3t3t500

432432

6

2

432

=−=+−−−+−−=






 +−−−




 +−−=






 +−−=

 

lMhat;TI7 
GnuKmn_tRmUvkarrbs;karplitmYyKW 

20q

2500
)q(f

+
=  nigéføsmtaesµInwg 100$ . 

cUrrkPaBelIsrbs;GñkeRbIR)as; ?Edl qCabrimaNplitpl. 
dMeNaHRsay 
eday 100$p =  eK)an 5q100

20q

2500 =⇒=
+

 
dUcenH  )5q,100$p( ==  CacMnucsmta  
ehIycMnUlRtg;cMnucsmtaKW  500$)5(100TR0 ==  . 

[ ] 500)20ln25(ln2500500|20q|ln2500500dq.
20q

2500
S.C 5

0

5

0

−−=−+=−
+

= ∫  
dUcenHPaBelIsénGñkeRbIR)as;KW 86.57$S.C =  . 
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lMhat;TI8 
GnuKmn_tRmUvkarrbs;plitkmµmYyKW 2q50000)q(f −=  nigGnuKmn_pÁt;pÁg; 

q2)q(g =  . 
 cUrrkPaBelIsénGñkplit ? 
dMeNaHRsay 
-rkcMnucsmta ³ 

100
5

50000
qq550000

q4q50000

q2q50000

2

22

2

==⇒=

=−
=−

 

eK)an units100q =   naM[ 200$)100(2p ==  
PaBelIsénGñkplitKW  ∫−×=

100

0

dq).q2(200100S.P  
                                     [ ] 10000$1000020000q20000

100

0
2 =−=−=  

lMhat;TI9 
Rkumh‘únmYyplitTMnijBIrRbePTEdlmanGnuKmn_cMnUlsrub nig cMnaysrub ³ 
-GnuKmn_R)ak;cMnUlsrub ³     y140xy4)y,x(fTR +==  
-GnuKmn_R)ak;cMNaysrub ³   900y5x)y,x(gTC 22 ++==  
Edl yandx  CabrimaNplitplnImYy² . 
cUrkMnt; brimaNpliplRbePTnImYy²EdlRtUplitniglk;edIm,I[cMenjGtibrma. 
dMeNaHRsay 
kMnt; brimaNpliplRbePTnImYy²EdlRtUplitniglk;edIm,I[cMenjGtibrma  
tag )y,x(FTP=  CaGnuKmn_R)ak;cMenjsrub 
eK)an )y,x(TC)y,x(TR)y,x(FTP −==  
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900y5xy140xy4)y,x(FTP 22 −−−+==  
-KNna y10140x4'TP,x2y4'TP yx −+=−=  
-edaHRsayRbB½næsmIkar 70y,140x

0y10140x4

0x2y4
==⇒





=−+
=−  

-KNna 2bac−=∆  eday 








−==
==

−==

10''TPc

4''TPb

2''TPa

yy

xy

xx

 

eK)an 02aand041620 <−=>=−=∆  naM[GnuKmn_manGtibrmaRtg;cMnuc 
70y,140x ==  . 

dUcenHeKRtUvlk;plitplTImYYycMnYn unites140 nigplitplTIBIr unites70 . 
R)ak;cMenjGtibrmaenaHKW 4000$)70,140(FTPmax ==  . 
lMhat;TI10 
eKtag )y,x(fTC = GnuKmn_cMnaysrubénBIrplitpl . 
eKdwgfacMnaym:aCINleFobnwg x  KW y8x2

x

TC +=
∂

∂   
nig cMnaym:aCINleFobnwg y  KW  2y3x8

x

TC +=
∂

∂  ehIycMNayefr 50$  . 
cUrkMnt;rkGnuKmn_cMNaysrub )y,x(fTC =   ? 
dMeNaHRsay 
kMnt;rkGnuKmn_cMNaysrub )y,x(fTC =    
eKman y8x2

x

TC +=
∂

∂  naM[  ∫ ϕ++=+= )y(xy8xdx).y8x2(TC 2  
eK)an 2

y y3x8)y('x8
y

TC
'TC +=ϕ+=

∂
∂=   eKTaj ∫ +==ϕ kydy.y3)y( 32  

naM[  kyxy8xTC 32 +++=  edaycMNayefr 50$ naM[ 50k =  . 
dUcenH  50yxy8x)y,x(fTC 32 +++==  
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lMhat;TI11 
eKtag )y,x(fTP= GnuKmn_R)ak;cMenjsrubénBIrplitpl . 
eKdwgfacMnaym:aCINleFobnwg x  KW x220

x

TP −=
∂

∂    
nig cMnaym:aCINleFobnwg y  KW  y270

x

TP −=
∂

∂  . 
ebIeKlk;plitplTImYYycMnYn !0 Ékta nigplitplTIBIr #% ÉktaenaHeKTTYl)an 
R)ak;cMenjGtibrma 1325$  . 
cUrkMnt;rkGnuKmn_R)ak;cMenjsrub )y,x(fTP=   ? 
dMeNaHRsay 
kMnt;rkGnuKmn_R)ak;cMenjsrub )y,x(fTP=   
eKman ( )∫ ϕ+−=−=⇒−=

∂
∂

yxx20dx).x220(TPx220
x

TP 2     
eK)an ( ) y270y'

y

TP
'TP y −=ϕ=

∂
∂=  naM[ ∫ +−=−=ϕ kyy70dy).y270()y( 2  

eKTaj kyxy70x20kyy70xx20)y,x(fTP 2222 +−−+=+−+−==  
eday  0k1325)35,10(fTP =⇒==   . 
dUcenH  22 yxy70x20)y,x(fTP −−+==   . 
lMhat;TI12 
eK]bmafa )y,x(fZ =  CaGnuKmn_ cMnYnstVl¥itEdlRtUvgab;edayfñaMBIrRbePT 
eday xCacMNuHfñaMRbePTTImYYy nig y  CacMNuHfñaMRbePTTIBIr ¬ y,x KitCalIt ¦. 
eKdwgfaDIepr:g;Esülsrub dy.e70dx.e65dZ y02.0x01.0 −− +=  nig 9998)0,0(fZ ==  
cUrkMnt;rkGnuKmn_ )y,x(fZ =  ? 
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dMeNaHRsay 
kMnt;rkGnuKmn_ )y,x(fZ =  
eKman dy.e70dx.e65dZ y02.0x01.0 −− +=  

tamTMnak;TMngenHeKTaj  









=
∂
∂

=
∂
∂

−

−

y02.0

x01.0

e70
y

Z

e65
x

Z

 

eK)an ∫ ϕ+−== −− )y(e6500dx.e65Z x01.0x01.0  
eK)an  y02.0

y e70)y('
y

Z
'Z −=ϕ=

∂
∂= naM[  ke3500dy.e70)y( y02.0y02.0 +−==ϕ −−

∫  
eKTaj ke3500e6500Z y02.0x01.0 +−−= −− eday 10000k9998)0,0(fZ =⇒==  
dUcenH  y02.0x01.0 e3500e650010000Z −− −−=   . 
lMhat;TI13 
eKman )K,L(fP:Output =   Edl KandL  CabrimaN inputs . 
eKdwgfa  22 K24.0K36.2

K

P
andL09.0L16.2

L

P −=
∂
∂−=

∂
∂ . 

]bmafakalNa 0P0K,0L =⇒==  . cUrrkGnuKmn_ P ? 
dMeNaHRsay 

( ) )K(L03.0L08.1dL.L09.0L16.2PL09.0L16.2
L

P 3222 ϕ+−=−=⇒−=
∂
∂

∫  
eKman ( ) 2

K K24.0K36.2K'
K

P
'P −=ϕ=

∂
∂=  

eK)an  ∫ λ+−=−=ϕ 322 K08.0K68.1dK).K24.0K36.2()K(  
eKTaj λ+−+−== 3232 K08.0K68.1L03.0L08.1)L,K(fP  
edaysmµtikmµ 00)0,0(fP =λ⇒==  . 
dUcenH  3232 K08.0K68.1L03.0L08.1P −+−=   . 



គណិតវទិយពណិជជកមម                                                                    BUSINESS MATHEMATICS 

                                                                                  - 113 -                               Prepared by LIM PHALKUN 
                                                                                                                                 Tel: 017 768 246 

lMhat;TI14 

eK[m:aRTIs  
















=
513

211

412

A  

k-cUrrkm:aRTIskUhVak;Tr½ C énm:aRTIs A  rYcTajrk )A(Adj:MatrixintAdjo . 
x-KNnaedETmINg; |A|)Adet( =  . 
K-Tajrkm:aRTIsRcas; 1A −  énm:aRTIs A   )MatrixofInverse(  

X-cUrTajbeBa©jcemøIyRbB½næ 








=++
=++

=++

29z5yx3

13z2yx

23z4yx2

:)S(  

dMeNaHRsay 
k-rkm:aRTIskUhVak;Tr½ Cnigm:aRTIsGahSg; )A(adj  

eKman 
















=

333231

232221

131211

CCC

CCC

CCC

C  

-rkkUhVak;Tr½énFatu 2a11 =  
 325

51

21
MM.)1(C 1111

11
11 =−===−= +  

-rkkUhVak;Tr½énFatu 1a12 =  
 1)65(

53

21
MM.)1(C 1212

21
12 =−−=−=−=−= +  

-rkkUhVak;Tr½énFatu 4a13 =  
 231

13

11
MM.)1(C 1313

31
13 −=−===−= +  

-rkkUhVak;Tr½énFatu 1a21 =  
 145

51

41
MM.)1(C 2121

12
21 −=+−=−=−=−= +  
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-rkkUhVak;Tr½énFatu 1a22 =  
 21210

53

42
MM.)1(C 2222

22
22 −=−===−= +  

-rkkUhVak;Tr½énFatu 2a23 =  
 1)32(

13

12
MM.)1(C 2323

32
23 =−−=−=−=−= +  

-rkkUhVak;Tr½énFatu 3a31 =  
 242

21

41
MM.)1(C 3131

13
31 −=−===−= +  

-rkkUhVak;Tr½énFatu 1a32 =  
 044

21

42
MM.)1(C 3232

23
32 =−=−=−=−= +  

-rkkUhVak;Tr½énFatu 5a33 =  
 112

11

12
MM.)1(C 3333

33

33 =−===−= +  

dUcenH  
















−
−−

−
=

102

121

213

C   nig 
















−
−

−−
==

112

021

213

C)A(adj T  . 

x-KNnaedETmINg; |A|)Adet( =  
tamrUbmnþ 131312121111 CaCaCa|A|)Adet( ++==  
                        1816)2(4)1(1)3(2 −=−+=−++=  
dUcenH  1|A|)Adet( −==  . 
K-Tajrkm:aRTIsRcas; 1A −  énm:aRTIs A    

tamrUbmnþeK)an    
















−−
−
−

=×=−

112

021

213

)A(adj
)Adet(

1
A 1  . 
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X-TajbeBa©jcemøIyRbB½næ 








=++
=++

=++

29z5yx3

13z2yx

23z4yx2

:)S(  

tag 
















=
















=
















=
29

13

23

Band

z

y

x

X,

513

211

412

A  

RbB½næsmIkarGacsresrCa  B.AXBX.A 1−=⇒=  

eday 
















−−
−
−

=−

112

021

213

A 1    ¬tamsRmayxagelI ¦ 

eK)an 
















=
















−−
++−
++−

=
































−−
−
−

=
















4

3

2

291346

02623

581369

29

13

23

.

112

021

213

z

y

x

 

dUcenH  4z,3y,2x ===   . 
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