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ជំពូកទី១ 
 

រទឹសត ីនិង និយមន័យសខំន់ៗកនងុពហុធ 
 

 
១-និយមន័យ 
 អនុគមនម៍យួែដលមនទរមង ់

2 n
0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  

េហថពហុធដឺេរកទី n  ៃនមយួអេថរ x  ។  
ែដលចំនួន 0 1 2 na ,a ,a , ....,aជេមគុណៃនពហុធ នងិ na 0≠≠≠≠   ។ 

ka  ជេមគុណមុខតួ kx  ៃនពហុធ (0 k n≤ ≤≤ ≤≤ ≤≤ ≤   ) ។ 
ឧទហរណ៍ 4 3 2P(x) x 4x 3x 2x 1= + + + += + + + += + + + += + + + +  ជពហុធដឺេរកទី
បនួ ។ 
២-ពហុធពីរេសមគន  
នយិមនយ័នយិមនយ័នយិមនយ័នយិមនយ័ ៖  
ពហុធពរីេសមគន លុះរតែតេលខេមគុណរតូវគន េសមគន   
ឧបមថ 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +   ែដល na 0≠≠≠≠  
និង  2 n

0 1 2 nQ(x) b b x b x .... b x= + + + += + + + += + + + += + + + +   ែដល nb 0≠≠≠≠   ។ 
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េគបន k kP(x) Q(x) a b= ⇔ == ⇔ == ⇔ == ⇔ =   ែដល k 0,1,2 , ....,n====  ។ 
ឧទហរណ៍១ េគមនពហុធពរី 

4 3 2P(x) x (2a 1)x bx (3c 1)x d 1= + − + + + + −= + − + + + + −= + − + + + + −= + − + + + + −  
4 3 2Q(x) x bx (a 5)x (c d)x c 7= + + − + − + += + + − + − + += + + − + − + += + + − + − + +  

ចូរកំណតច់ំនួនពតិ a ,b,c និង d  េដមបឲីយ P(x) Q(x)====  រគប ់x   

េគបន P(x) Q(x)====  សមមូល 

2a 1 b

b a 5

3c 1 c d

d 1 c 7

− =− =− =− =
 = −= −= −= −
 + = −+ = −+ = −+ = −
 − = +− = +− = +− = +

 

សមមូល 

2a b 1

a b 5

2c d 1

c d 8

− =− =− =− =
− + = −− + = −− + = −− + = −
− − =− − =− − =− − =
− + =− + =− + =− + =

   នឲំយ 

a 4 , b 9 , c 3 , d 5= − = − = − == − = − = − == − = − = − == − = − = − =   
ដូចេនះ a 4 , b 9 , c 3 , d 5= − = − = − == − = − = − == − = − = − == − = − = − =  ។ 
ឧទហរណ៍២ េគឲយពហុធ 2P(x) x px q= + += + += + += + +  
កំណតច់ំនួនពតិ p  និង q  េដមបឲីយ 

2 4 3 2P (x) x 6x 11x 6x 1= + + + += + + + += + + + += + + + +  
េគមន 2 2 2P (x) (x px q)= + += + += + += + +  
                   4 3 2 2 2x 2px (p 2q)x 2pqx q= + + + + += + + + + += + + + + += + + + + +  
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េគទញបន    
2

2

2p 6 (1)

p 2q 11 (2)

2pq 6 (3)

q 1 (4)

====
 + =+ =+ =+ =
 ====
 ====

 

តម (1) និង (2) េគទញបន p 3 ; q 1= == == == =    
យកp 3 ; q 1= == == == =   ជួសកនុង (3) នងិ (4) េនះសមកីរេផទៀងផទ ត ់ 
ដូចេនះ p 3====   និង q 1====   ។ 
៣-វិធីបូក និង វិធីដកពហុធ 
េគមនពហុធ 

2 k n
0 1 2 k nP(x) a a x a x .... a x ... a x= + + + + + += + + + + + += + + + + + += + + + + + +  

និង 2 k m
0 1 2 k mQ(x) b b x b x .... b x ... b x= + + + + + += + + + + + += + + + + + += + + + + + +   

េគបន 
k

0 0 1 1 k kP(x) Q(x) (a b ) (a b )x ... (a b )x ....+ = + + + + + + ++ = + + + + + + ++ = + + + + + + ++ = + + + + + + +   
និង 

k
0 0 1 1 k kP(x) Q(x) (a b ) (a b )x ... (a b )x ....− = − + − + + − +− = − + − + + − +− = − + − + + − +− = − + − + + − +    

ឧទហរណ៍ េគឲយ 2P(x) 2x x 7= + −= + −= + −= + −  និង 
3 2Q(x) x 4x 5x 3= − + += − + += − + += − + +  

េគបន 3 2P(x) Q(x) x 2x 6x 4+ = − + −+ = − + −+ = − + −+ = − + −  
និង 3 2P(x) Q(x) x 6x 4x 10− = − + − −− = − + − −− = − + − −− = − + − −   ។ 
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៤-វិធីគុណៃនពហុធ 
េគមនពហុធ 

2 k n
0 1 2 k nP(x) a a x a x .... a x ... a x= + + + + + += + + + + + += + + + + + += + + + + + +  

និង 2 k m
0 1 2 k mQ(x) b b x b x .... b x ... b x= + + + + + += + + + + + += + + + + + += + + + + + +  ។ 

េគបន m n
0 0 0 1 1 0 n mP(x).Q(x) a b (a b a b )x .... a b x ++++= + + + += + + + += + + + += + + + +    

ឧទហរណ៍ េគឲយពហុធ 2P(x) x 2x 2= − += − += − += − +  និង 
2Q(x) 2x 4x 4= + += + += + += + +  

2 2P(x).Q(x) (x 2x 2)(2x 4x 4)= − + + += − + + += − + + += − + + +  
                

4 3 2 3 2 2

4

2x 4x 4x 4x 8x 8x 4x 8x 8

2x 8

= + + − − − + + += + + − − − + + += + + − − − + + += + + − − − + + +

= += += += +
 

៥-អលក់រូតីវធិីែចក 
ឧបមថេគមនពហុធពរី A(x)  និង B(x) ែដល B(x) 0≠≠≠≠  ។ 
វធីីែចករវងពហុធA(x)  និង B(x) គឺរកគូពហុធQ(x) និង 
R(x)ែតមយួគតែ់ដល A(x) B(x).Q(x) R(x)= += += += +  និង 
deg(R) deg(B)<<<<  ។ 
ពហុធQ(x) េហថផលែចក នងិ R(x) េហថសំណល់  ។ 
តង deg(A)និង deg(B)ជដឺេរកៃនពហុធ A(x)  និង B(x)  
េរៀងគន  ។ 
-េប deg(A) deg(B)<<<<  េនះ Q(x) 0====  និង R(x) B(x)==== ។ 
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-េប R(x) 0≡≡≡≡   េនះ A(x) B(x)Q(x)==== កនុងករណីេនះេគថ 
B(x)ជកតត ៃន B(x) ឬ A(x)  ជពហុគុណៃន B(x) ឬ B(x)

ែចកដច ់A(x)  
េគកំណតស់រេសរ B(x) | A(x)   ។ 
ឧទហរណ៍១  
វធិីែចករវងពហុធ 3 2A(x) x x 1= + −= + −= + −= + −  នឹង 2B(x) x x 3= − −= − −= − −= − −  
ឲយផលែចក Q(x) x 2= += += += +  និង សំណល់R(x) 5x 5= += += += +  េរពះ 

3 2

2 2

x x 1 5x 5
x 2

x x 3 x x 3

+ − ++ − ++ − ++ − += + += + += + += + +
− − − −− − − −− − − −− − − −

  ។ 

ឧទហរណ៍២  
េគឲយពហុធ 4A(x) x 4= += += += +  និង 2B(x) x 2x 2= + += + += + += + +  
េដយ 

4 2 2 2 2 2A(x) x 4 (x 2) 4x (x 2x 2)(x 2x 2)= + = + − = + + − += + = + − = + + − += + = + − = + + − += + = + − = + + − +  
េនះេគបន B(x) | A(x)  ។ 
៦-រទឹសតបីទសណំល ់(Remainder Theorem) 
 សំណល់ៃនវធិីែចកៃនរគបព់ហុធ P(x)នឹង x − α− α− α− α គឺ P( )αααα  ។ 

សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក ់៖ 
តមអល់កូរតីៃនវធិីែចកេយងបន P(x) (x )Q(x) r= − α += − α += − α += − α +  
យក x = α= α= α= α  េគបន P( ) 0 Q(a) r rα = × + =α = × + =α = × + =α = × + =  េនះ r P( )= α= α= α= α  ។ 
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ឧទហរណ៍១  
ចូររកសំណល់ៃនវធិីែចករវងពហុធ 

3 2 4P(x) (x 3x 11x 4)= + − += + − += + − += + − +  
នឹង x 2−−−−   ។ 
តង r  ជសំណល់ៃនវធិីែចករវង P(x) នឹង x 2−−−−  ។ 
តមរទឹសតីបទសំណល់េគបន 

4r P(2) (8 12 22 4) 16= = + − + == = + − + == = + − + == = + − + =  
ដូចេនះសំណល់ៃនវធិីែចកគឺ r 4====  ។ 
ឧទហរណ៍២ កណំតច់ំនួនពតិ λλλλ  េដមបឲីយ 

5 3 2P(x) x x 2x 9= + λ + += + λ + += + λ + += + λ + +  
ែចកនងឹ x 2−−−−  ឲយសំណល់ 1 ។ 
េគបន P(2) 32 8 8 9 1= + λ + + == + λ + + == + λ + + == + λ + + =   នឲំយ 6λ = −λ = −λ = −λ = −   ។ 
៧-រទឹសតបីទ BEZOUT 
 ពហុធ P(x) ែចកដចន់ឹងេទវធ x − α− α− α− α លុះរតែត P( ) 0α =α =α =α =    
សរមយបញជ ក៖់  
មនពហុធ Q(x) និងចំនួនេថរ r  ែដល 
P(x) (x )Q(x) r= − α += − α += − α += − α +  
េប x = α= α= α= α  េនះ P( ) rα =α =α =α =  ។  
េដយ (x a) | P(x)−−−−  េនះ r 0====  ។ េហតុេនះ P( ) 0α =α =α =α =   ។  
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ឧទហរណ៍១ កណំតច់ំនួនពតិ λλλλ  េដមបឲីយ 3P(x) x x 16= + λ += + λ += + λ += + λ +  
ែចកដចន់ឹង x 4++++  ។   េគបន x 4 | P(x) P( 4) 0+ ⇔ − =+ ⇔ − =+ ⇔ − =+ ⇔ − =  
                     64 4 16 0− − λ + =− − λ + =− − λ + =− − λ + =  នឲំយ 12λ = −λ = −λ = −λ = −  ។ 
ឧទហរណ៍២ កណំតច់ំនួនគតវ់ជិជមន n  េដមបឲីយ 

nP(x) x 12x 16= − −= − −= − −= − −  
ែចកដចន់ឹង x 4−−−−  ។ 
េគបន x 4 | P(x) P(4) 0− ⇔ =− ⇔ =− ⇔ =− ⇔ =  
                     n4 48 16 0− − =− − =− − =− − =  នឲំយ n 3====  ។ 
៨-រទឹសតបីទ  
 េបហុធ P(x) ែចកដចន់ឹងពហុធ Q(x) េនះរគបឬ់សៃន  
Q(x)ជឬសរបស់ P(x)  ។ 
ឧទហរណ៍ កំណតច់ំនួនគតវ់ជិជមន n  និងចំនួនពតិ λλλλ  េដមបឲីយ 
ពហុធ n 3P(x) x x 48x 64= + λ + −= + λ + −= + λ + −= + λ + −   ែចកដចន់ឹងពហុធ 

2Q(x) x 6x 8= − += − += − += − +  ។ 
េគមន 2Q(x) x 6x 8 (x 2)(x 4) 0= − + = − − == − + = − − == − + = − − == − + = − − =  
េនះ 1x 2====   ឬ   2x 4====   ។ 

េគបន P(2) 0
Q(x) | P(x)

P(4) 0

====⇔⇔⇔⇔  ====
  ឬ   

n

n

2 8 32 0 (1)

4 64 128 0 (2)

 + λ + =+ λ + =+ λ + =+ λ + =


+ λ + =+ λ + =+ λ + =+ λ + =
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គុណសមកីរ (1) នឹង 8 េគបន n8 2 64 256 0 (3)× + λ + =× + λ + =× + λ + =× + λ + =  
ដកសមកីរ (2) និង (3) េគបន n n4 8 2 128 0− × − =− × − =− × − =− × − =  
ឬ n 2(2 4) 144 0− − =− − =− − =− − =   នឲំយ n2 4 12− =− =− =− =  េគទញ n 4====  
តម (1) េគបន 42 8 32 0+ λ + =+ λ + =+ λ + =+ λ + =   នឲំយ 6λ = −λ = −λ = −λ = −  ។ 
ដូចេនះ n 4====   និង 6λ = −λ = −λ = −λ = −  ។ 
៩-រទឹសតបីទ  
 េបពហុធ P(x) ែចកដចន់ងឹពហុធពរី R(x) និង Q(x) 
ែដលR(x) និង Q(x) ជពហុធបឋមរវងគន េនះ  P(x)ែចក
ដចន់ងឹP(x).Q(x)  ។ 
ឧទហរណ៍  រកពហុធ P(x) មនដឺរកទបីនួេបេគដឹងថ 

2(x 4x 8) | P(x)− +− +− +− +  និង 2(x 4x 8) | P(x)+ ++ ++ ++ +   េហយ P(x) 
ែចកនងឹ x 1−−−−  ឲយសំណល់ 65 ។ 
េដយ P(x) ជពហុធមនដឺរកទីបនួ េហយ P(x) ែចកដចន់ងឹ
ពហុធ 2x 4x 8− +− +− +− +  និង 2x 4x 8+ ++ ++ ++ +  ែដល 

2 2GCD(x 4x 8, x 4x 8) 1− + + + =− + + + =− + + + =− + + + =  
េនះ 2 2P(x) a (x 4x 8)(x 4x 8)= − + + += − + + += − + + += − + + +   ែដល a 0≠≠≠≠  
េដយP(x) ែចកនងឹ x 1−−−−  ឲយសំណល់ 65 េនះ P(1) 65====  
េគបន a(1 4 8)(1 4 8) 65− + + + =− + + + =− + + + =− + + + =   នឲំយ a 1====   ។ 
ដូចេនះ 2 2 4P(x) (x 4x 8)(x 4x 8) x 64= − + + + = += − + + + = += − + + + = += − + + + = +   ។ 
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១០-រទឹសតបីទ  
 េប P(x) និង Q(x) ជពហុធពរីមនដឺេរកតូចជង ឬ េសម 
n  េហយេដយដឹងថ k kP(x ) Q(x ) , k 1, 2 , 3 ,4 , ...,m= == == == =   
ែដល 1 2 mx , x , ..., x  ជចនួំនខុសគន  និង m n>>>>  េនះ 
P(x) Q(x)==== ចំេពះរគប ់x   ។ 
ឧទហរណ៍ ចូររកពហុធដឺេរកទីបនួ P(x) មយួេដយដឹងថ ៖ 
P(0) 1 , P( 1) P(1) 2 , P(2) 17= − = = == − = = == − = = == − = = =   និង P(3) 82====  
េយងពនិិតយពហុធ 4Q(x) x 1= += += += +  ។ 
េគមន k kP(x ) Q(x )====  រគប ់k 1,2,3,4,5====  
ែដល 1 2 3 4 5x 0 , x 1 , x 1 , x 2 , x 3= = − = = == = − = = == = − = = == = − = = =   ។ 
តមរទឹសតីបទខងេលេគទញបន 4P(x) Q(x) x 1= = += = += = += = +  
ពេីរពះ P(x) ជពហុធដឺេរកទីបនួ គឺ n 4 m 5= < == < == < == < =   ។ 
១១-រទឹសតបីទ 
 េប 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  ែដល na 0≠≠≠≠   
ជពហុធដឺរកទី n 0>>>>  មន n  ឬស 1 2 3 n, , , ....,α α α αα α α αα α α αα α α α  េនះេគ
អចដកវ់ជផលគុណកតត បនែតមយួែបបគតគឺ់ ៖ 

n 1 2 nP(x) a (x )(x )....(x )= − α − α − α= − α − α − α= − α − α − α= − α − α − α    ។ 
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ឧទហរណ៍១  
េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +  ។ 
ចូររកេលខេមគុណ a ,b,c,d េដយដឹងថ ( ) 2 1f k k= += += += +  ចំេពះ 
k 1,2,3==== និង f (4) 33====   ។ 
តងពហុធ P(x) f (x) (2x 1)= − += − += − += − +  
ចំេពះ k 1,2,3==== េគបន P(k) f (k) (2k 1) 0= − + == − + == − + == − + =  
( េរពះតមសមមតកិមម f (k) 2k 1= += += += +  ចំេពះតៃមល k 1,2,3====  ) 
េគទញបន x 1 , 2 , 3====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x) ជពហុធដឺរកទបីនួមនេលខេមគុណមុខតួ 4x េសម 1 
េនះេគទញP(x)ជពហុធដឺរកទបីនួមនេលខេមគុណមុខតួ 4x

េសម 1ែដរេហតុេនះពហុធ P(x) អចសរេសរ ៖ 
P(x) (x 1)(x 2)(x 3)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ែដលααααជឬសមយួេទៀត
ៃន P(x)េគបន 
f (x) P(x) 2x 1 (x 1)(x 2)(x 3)(x ) 2x 1= + + = − − − − α + += + + = − − − − α + += + + = − − − − α + += + + = − − − − α + +  
ចំេពះ x 4====  េគបន f (4) 6(4 ) 9 33= − α + == − α + == − α + == − α + =  េនះ 0α =α =α =α =  
េគបន f (x) x(x 1)(x 2)(x 3) 2x 1= − − − + += − − − + += − − − + += − − − + +  
ឬ        4 3 2f (x) x 6x 11x 4x 1= − + − += − + − += − + − += − + − +  
ដូចេនះ a 6 , b 11 , c 4 , d 1= − = = − == − = = − == − = = − == − = = − =   ។ 
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ឧទហរណ៍២ េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +   
េគដឹងថ 2f (k) k====  រគប ់k 1,3,5====  ។ 
ចូរគណនតៃមលៃន f ( 4) f (10)− +− +− +− +   និង f ( 9) f (15)− +− +− +− +  ? 
តងពហុធ 2P(x) f (x) x= −= −= −= −  
ចំេពះ k 1,3,5==== េគបន 2P(k) f (k) k 0= − == − == − == − =  
( េរពះតមសមមតកិមម 2f (k) k====  ចំេពះតៃមល k 1,3,5====  ) 
េគទញបន x 1 , 3 , 5====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x) ជពហុធដឺរកទបីនួមនេលខេមគុណមុខតួ 4x េសម 1 
េនះេគទញP(x)ជពហុធដឺរកទបីនួមនេលខេមគុណមុខតួ 4x

េសម 1ែដរេហតុេនះពហុធ P(x) អចសរេសរ ៖ 
P(x) (x 1)(x 3)(x 5)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ែដលααααជឬសមយួេទៀត
ៃន P(x) េគបន ៖

2 2f (x) P(x) x (x 1)(x 3)(x 5)(x ) x= + = − − − − α += + = − − − − α += + = − − − − α += + = − − − − α +  
ចំេពះ x 4= −= −= −= −  េគបន f ( 4) 315(4 ) 16− = + α +− = + α +− = + α +− = + α +   
ចំេពះ x 10====  េគបន f (10) 315(10 ) 100= − α += − α += − α += − α +   េនះ
f( 4) f(10) 315(4 ) 16 315(10 ) 100 4526− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =  
ចំេពះ x 9= −= −= −= −  េគបន f ( 9) 1680(9 ) 81− = + α +− = + α +− = + α +− = + α +   
ចំេពះ x 15====  េគបន f (15) 1680(15 ) 225= − α += − α += − α += − α +   
f( 6) f(15) 1680(9 ) 81 1680(15 ) 225 40626− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =  
ដូចេនះ f ( 4) f (10) 4526− + =− + =− + =− + =   និង  f ( 6) f (15) 40626− + =− + =− + =− + =  ។ 
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១២-រទឹសតបីទែវយត  
 េប 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  ែដល na 0≠≠≠≠  ជព
ហុធ 
ដឺរកទី n 0>>>>  មន n  ឬស 1 2 3 n, , , ....,α α α αα α α αα α α αα α α α  េនះេគបន ៖ 
n

n 0n 1 n 2
i i j 1 2 3 n

i 1 1 i j nn n n

aa a
, ,...., ..... ( 1)

a a a
− −− −− −− −

= ≤ < ≤= ≤ < ≤= ≤ < ≤= ≤ < ≤
α = − α α = α α α α = −α = − α α = α α α α = −α = − α α = α α α α = −α = − α α = α α α α = −∑ ∑∑ ∑∑ ∑∑ ∑

ឧទហរណ៍១ េប αααα និង ββββ  ជឬសៃន 
2P(x) ax bx c , a 0= + + ≠= + + ≠= + + ≠= + + ≠  

េនះេគបន 
b
a

c
a

 α + β = −α + β = −α + β = −α + β = −

 αβ =αβ =αβ =αβ =


   

ឧទហរណ៍២  េប ,α βα βα βα β  និង γγγγ  ជឬសៃនពហុធ 
 3 2P(x) ax bx cx d , a 0= + + + ≠= + + + ≠= + + + ≠= + + + ≠   េនះេគបន ៖ 

  

b
a

c
a

d
a

 α + β + γ = −α + β + γ = −α + β + γ = −α + β + γ = −

 αβ + βγ + αγ =αβ + βγ + αγ =αβ + βγ + αγ =αβ + βγ + αγ =

 αβγ = −αβγ = −αβγ = −αβγ = −
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១៣-អងំែទប៉ឡូសយងុឡរកង់  
 េគឲយ n  ចំណុច 1 1 2 2 3 3 n n(x , y ) , (x , y ), (x , y ), ....., (x , y ) 
េនះមន 
ពហុធ P(x) ែតមយួគតែ់ដលេផទៀងផទ ត ់

i iP(x ) y , i 1, 2 , 3 , ...,n= == == == =  េហយរបូមនតអុចីពលសីុីតរបស់វគឺ 
n

j
i

i 1 1 j n , j i i j

x x
P(x) y

x x= ≤ ≤ ≠= ≤ ≤ ≠= ≤ ≤ ≠= ≤ ≤ ≠

    −−−−
====     −−−−        
∑∑∑∑ ∏∏∏∏   ។ 

ឧទហរណ៍ រកពហុធ P(x) ែតមយួគតែ់ដលកតត់មបចីំណុច 
1 2M (1, 3) , M (2 , 4)  និង 3M (4,12)  ។ 

តមរបូមនតេគបន ៖ 

 
3

j
i

i 1 1 j 3 i j
j i

x x
P(x) y

x x= ≤ ≤= ≤ ≤= ≤ ≤= ≤ ≤
≠≠≠≠

    
−−−−    ====     −−−−

        

∑∑∑∑ ∏∏∏∏              

      3 32 1 1 2
1 2 3

1 2 1 3 2 1 2 3 3 1 3 2

x x x xx x x x x x x x
y . . y . . y . .

x x x x x x x x x x x x
− −− −− −− −− − − −− − − −− − − −− − − −= + += + += + += + +

− − − − − −− − − − − −− − − − − −− − − − − −
 

      2 2 2

2

(x 2)(x 4) (x 1)(x 4) (x 1)(x 2)
3. 4. 12.

(1 2)(1 4) (2 1)(2 4) (4 1)(4 2)

(x 6x 8) 2(x 5x 4) 2(x 3x 2)

x 2x 4

− − − − − −− − − − − −− − − − − −− − − − − −= + += + += + += + +
− − − − − −− − − − − −− − − − − −− − − − − −

= − + − − + + − += − + − − + + − += − + − − + + − += − + − − + + − +

= − += − += − += − +
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១៤-ករអនុវតតន៍ៃនករគណន  
 ឧបមថេគមនពហុធដឺេរកទី n  ៖ 
 n n 1 2

n n 1 2 1 0P(x) a x a x ... a x a x a−−−−
−−−−= + + + + += + + + + += + + + + += + + + + +  ែដល na 0≠≠≠≠   

ក/េដរេីវៃនពហុធ ៖ 
 េដរេីវៃនពហុធេនះកំណតេ់ដយ ៖ 
 n 1 n 2

n n 1 2 1P'(x) na x (n 1)a x ... 2a x a− −− −− −− −
−−−−= + − + + += + − + + += + − + + += + − + + +  

ខ/អងំេតរកលមនិកំណត ់៖ 
 អងំេតរកលមនិកំណតៃ់នពហុធេនះគឺ ៖ 
 n 1 n 2n n 1 1

0
a a a

P(x).dx x x ... x a x C
n 1 n 2

++++ −−−−= + + + + += + + + + += + + + + += + + + + +
++++∫∫∫∫  

គ/ករណីែដលពហុធ n 1 2 nP(x) a (x )(x )...(x )= − α − α − α= − α − α − α= − α − α − α= − α − α − α

េនះេគបន 
1 2 n

1 1 1
P'(x) P(x) ...

x x x

    
= × + + += × + + += × + + += × + + +    − α − α − α− α − α − α− α − α − α− α − α − α    

   

ឃ/ករណីែដលពហុធ
m m m

n 1 2 k
1 2 kP(x) a (x ) (x ) ...(x )= − α − α − α= − α − α − α= − α − α − α= − α − α − α   

ែដល 
k

i
i 1

n
====

α =α =α =α =∑∑∑∑  េនះេគបន ៖ 

1 2 k

1 2 k

m m m
P'(x) P(x) ...

x x x

    
= × + + += × + + += × + + += × + + +    − α − α − α− α − α − α− α − α − α− α − α − α    

  ។ 

ឃ/ឬសរតួត ៖ 
េបមន m IN∈∈∈∈  ែដល mP(x) (x ) Q(x)= − α= − α= − α= − α  នងិ Q( ) 0α ≠α ≠α ≠α ≠  
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េនះ αααα ជឬសរតួត m  ដងៃន P(x) ។  
ចំនួន ααααជឬសរតួត m  ដងៃន P(x)លុះរតែត ៖ 

(m 1)P( ) 0 , P '( ) 0 , P ''( ) 0 , ...., P ( ) 0−−−−α = α = α = α =α = α = α = α =α = α = α = α =α = α = α = α =   
និង (m)P ( ) 0α ≠α ≠α ≠α ≠   ។ 
១៥-រទឹសតបីទ  
 ឧបមថេគមនពហុធ P(x) មយួ ។ 
េប k(x ) | P(x)− α− α− α− α   េនះ  k 1(x ) | P '(x)−−−−− α− α− α− α   ែដល k IN∈∈∈∈   
សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក ់៖ 
េដយ k(x ) | P(x)− α− α− α− α   នឲំយមនពហុធ Q(x) ែដល ៖ 

kP(x) (x ) Q(x)= − α= − α= − α= − α   
េគបន k 1 kP '(x) k(x ) Q(x) (x ) Q'(x)−−−−= − α + − α= − α + − α= − α + − α= − α + − α  
ទំនកទ់ំនងេនះេគទញបន k 1(x ) | P '(x)−−−−− α− α− α− α   ។ 
ឧទហរណ៍១ េគឲយពហុធ 4 3 2P(x) x 2x 3x 5x 1= + + + −= + + + −= + + + −= + + + −  
តង a ,b ,c ,d ជឬសរបស់ P(x) ។ 
ចូរគណនតៃមលៃន 1 1 1 1

S
a 2 b 2 c 2 d 2

= + + += + + += + + += + + +
+ + + ++ + + ++ + + ++ + + +

  ។ 
ដេំណះរសយដេំណះរសយដេំណះរសយដេំណះរសយ      
េដយ a ,b ,c ,d ជឬសរបស់ P(x)េនះេគអចសរេសរ ៖ 
          P(x) (x a)(x b)(x c)(x d)= − − − −= − − − −= − − − −= − − − −  
េគបន P'(x) 1 1 1 1

P(x) x a x b x c x d
= + + += + + += + + += + + +

− − − −− − − −− − − −− − − −
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យក x 2= −= −= −= −  េនះ 
P'( 2) 1 1 1 1

( ) S
P( 2) a 2 b 2 c 2 d 2

−−−− = − + + + = −= − + + + = −= − + + + = −= − + + + = −
− + + + +− + + + +− + + + +− + + + +

 

េគទញ P'( 2)
S

P( 2)
−−−−= −= −= −= −
−−−−

  ែត P( 2) 16 16 12 10 1 1− = − + − − =− = − + − − =− = − + − − =− = − + − − =         
3 2P '(x) 4x 6x 6x 5= + + += + + += + + += + + +  េនះ P'( 2) 15− = −− = −− = −− = −   ។ 

 ដូចេនះ S 15====   ។ 
ឧទហរណ៍២ ចូររកពហុធ P(x) មយួមនដឺេរកទីរបេំដយដឹង
ថP(x)ែចកនងឹ 3(x 1)−−−−  ឲយសំណល់ 1−−−−  េហយ P(x)ែចកនឹង 

3(x 1)++++  ឲយសំណល់ 1 ។ 
តមបរមបេ់គបន 3(x 1) | P(x) 1− +− +− +− +   េនះ 

2(x 1) | P '(x) (1)−−−−   
េហយ 3(x 1) | P(x) 1+ −+ −+ −+ −   េនះ 2(x 1) | P '(x) (2)++++  
តម(1) និង (2) េគទញ 2 2(x 1) (x 1) | P '(x)+ −+ −+ −+ −  
េដយP(x)ជពហុធដឺេរកទីរបេំនះ P'(x)ជពហុធដឺេរកទបីនួ  
េហតុេនះ 2 2 4 2P '(x) a(x 1) (x 1) a(x 2x 1)= + − = − += + − = − += + − = − += + − = − +  

េគទញ 
5 3

4 2 x 2x
P(x) a (x 2x 1).dx a( x) C

5 3
= − + = − + += − + = − + += − + = − + += − + = − + +∫∫∫∫  

េគមន P(1) 1= −= −= −= −   និង P(1) 1====  េនះ 
8

a C 1
15

8
a C 1

15

 + = −+ = −+ = −+ = −

− + =− + =− + =− + =

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េគទញបន 15
a ; C 0

8
= − == − == − == − =  

ដូចេនះ 
5 3

5 315 x 2x 3 5 15
P(x) ( x) x x x

8 5 3 8 4 8
= − − + = − + −= − − + = − + −= − − + = − + −= − − + = − + −   ។ 

១៦-រទឹសតបីទតៃមលមធយម 
 ឧបមថ 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  ែដល 
na 0≠≠≠≠  

និង ka IR ,k 0,1, 2, ...,n∈ =∈ =∈ =∈ =  ។ 
េបមនពរីចំនួនពតិ αααα និង ββββ  ែដល P( )αααα  និង P( )ββββ  មនសញញ
ផទុយគន េនះយ៉ងេហចណស់មនចំនួនពតិ c ៃនចេនល ះចំនួនពតិ 
αααα និង ββββែដល P(c) 0====   ។ 
ឧទហរណ៍ េគឲយពហុធ 4 3 2P(x) x ax bx cx d= + + + += + + + += + + + += + + + +  
ែដល a,b,c,dជចំនួនពតិេផទៀងផទ ត ់| a c | |1 b d |+ > + ++ > + ++ > + ++ > + +   ។ 
ចូររសយថសមកីរ P(x)មនឬសមយួយ៉ងតចិជចំនួនពតិេន
កនុងចេនល ះ 1−−−−  និង 1 ។ 
េគមន P( 1) 1 a b c d (1 b d) (a c)− = − + − + = + + − +− = − + − + = + + − +− = − + − + = + + − +− = − + − + = + + − +  
និង  P(1) 1 a b c d (1 b d) (a c)= + + + + = + + + += + + + + = + + + += + + + + = + + + += + + + + = + + + +  
េគបន 2 2P( 1).P(1) (1 b d) (a c) 0− = + + − + <− = + + − + <− = + + − + <− = + + − + <  
ដូចេនះសមកីរមនឬសយ៉ងតចិមយួេនចេនល ះ 1−−−−  និង 1 ។ 
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១៧-រទឹសតបីទរ ៉លូ 
 ឧបមថេគមនពហុធ P(x) មយួ ។ចេំពះរគបច់នួំន α ≠ βα ≠ βα ≠ βα ≠ β  
ែដល P( ) P( ) 0α = β =α = β =α = β =α = β =  េនះមនចំនួន c េនចេនល ះ αααα និង ββββ  
ែដល P'(c) 0====   ។ 
ឧទហរណ៍ េគតង r  និង R  ជកៃំនរងវងច់រកឹកនុង និងចរកឹ
េរករតេីកណមយួ េហយ p  ជកនលះបរមិរតៃនរតេីកណ ។ 
ចូររសយថ 2 29r (4R r) 3p (4R r)+ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ +   ។ 
តង a , b ,c ជរងវ ស់រជុងៃនរតេីកណេនះេគមនទំនកទ់ំនង

ឆលុះ 2 2

a b c 2p

ab bc ca p r 4rR

abc 4pRr

+ + =+ + =+ + =+ + =
 + + = + ++ + = + ++ + = + ++ + = + +
 ====

   

េនះ a , b , c ជឬសពហុធ ៖ 
3 2 2 2x 2px (p r 4rR)x 4pRr 0 (1)− + + + − =− + + + − =− + + + − =− + + + − =   

តង a b cr , r , r  ជករំងវងច់រកឹកនុងមុ ំA,B,C ៃនរតីេកណ 
ABC  
េគមន a b c

a b c

p(r r) p(r r) p(r r)
a , b , c

r r r
− − −− − −− − −− − −= = == = == = == = =  

យក p(y r)
x

y
−−−−====  ជួសកនុងសមកីរ (1) េគបន ៖ 

3 2 2 2y (4R r)y p y p r 0 (2)− + + − =− + + − =− + + − =− + + − =  
មននយ័ថ a b cr , r , r   ជឬសមកីរ (2) ។ 
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តងពហុធ 3 2 2 2P(x) x 2px (p r 4rR)x 4pRr= − + + + −= − + + + −= − + + + −= − + + + −   
និង  3 2 2 2Q(y) y (4R r)y p y p r= − + + −= − + + −= − + + −= − + + −   ។ 
េគបន 2 2 2P '(x) 3x 4px p r 4rR= − + + += − + + += − + + += − + + +  
និង 2 2Q'(y) 3y 2(4R r)y p= − + += − + += − + += − + +  
តមរទឹសតីបទរ ៉លូេគទញបនសមកីរ P'(x) 0====  និង Q'(y) 0====  
សុទឋែតជសមកីរមនឬស ។ 
េដយឌីសរគីមណីងស់មកីរគឺ ៖ 

2
1' p 3r(4R r)∆ = − +∆ = − +∆ = − +∆ = − +   និង  2 2

2' 2(4R r) 3p∆ = + −∆ = + −∆ = + −∆ = + −  
េដយ 1' 0∆ ≥∆ ≥∆ ≥∆ ≥   និង 2' 0∆ ≥∆ ≥∆ ≥∆ ≥   េនះេគទញបនវសិមភព ៖ 

2 29r (4R r) 3p (4R r)+ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ +   ពតិ ។ 
១៨-រទឹសតបីទ 
 េប P(x) ជពហុធមនេមគុណជចំនួនពតិ និង មនដឺេរក
ជចំនួន 
េសសេនះយ៉ងតចិវមនឬសមយួជចំនួនពតិ ។ 
១៩-រទឹសតបីទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនពតិ ។  
េបចំនួនកុំផលចិ x i , , IR= α + β α β ∈= α + β α β ∈= α + β α β ∈= α + β α β ∈  ជឬសៃន P(x) េនះចំនួន
កុំផលិចឆល ស់ x i= α − β= α − β= α − β= α − β  កជ៏ឬសៃន P(x) ែដរ ។ 
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២០-រទឹសតបីទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនសនិទន ។  
េបចំនួនកុំផលចិ a b c++++  ជឬសៃន P(x) េនះចំនួនa b c−−−−  
កជ៏ឬសៃន P(x) ែដរ ។ 
a និង b  ជចំនួនសនទិន នងិ c ជចំនួនអសនិទន ។ 
២១-រទឹសតបីទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនគតរ់ឡឺទីហវ នងិ 

Zα ∈α ∈α ∈α ∈  
P( ) 0α =α =α =α =  េនះ | P(0)αααα   ។  
២២-ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនគតរ់ឡឺទីហវ 
និង , Zα β ∈α β ∈α β ∈α β ∈  ែដល α ≠ βα ≠ βα ≠ βα ≠ β   េនះេគបន  | P( ) P( )α − β α − βα − β α − βα − β α − βα − β α − β   
សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក៖់ 

តង 
n

2 n k
0 1 2 n k

k 0
P(x) a a x a x ... a x a x

====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑  

េគបន 
n

k k
k

k 0
P( ) P( ) a ( )

====
α − β = α − βα − β = α − βα − β = α − βα − β = α − β∑∑∑∑  

េដយ k k k 1 k 2 k 1( )( .... )− − −− − −− − −− − −α − β = α − β α + α β + + βα − β = α − β α + α β + + βα − β = α − β α + α β + + βα − β = α − β α + α β + + β  

េនះេគទញបន 
n

k k
k

k 0
( ) | a ( )

====
α − β α − βα − β α − βα − β α − βα − β α − β∑∑∑∑   ។ 
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ឧទហរណ៍  
េតមនពហុធP(x) មនេមគុណជចំនួនគតែ់ដល P(2) 7====  
និង P(5) 15====   ឬេទ ?   េដយ P(5) P(2) 8− =− =− =− =  ែចកមនិដច់
នឹង 5 2 3− =− =− =− =  េនះគម នពហុធបំេពញលកខខណឌ េនះេទ ។ 
២៣-សមភពញូតុន  
  យក 1 2 n, , ....,α α αα α αα α αα α α  ជអេថរ ។ ចំេពះ k 1≥≥≥≥ េយងតង  

k 1 2 kp ( , , ...., )α α αα α αα α αα α α  ជផលបកូសវ័យគុណ k  កំណតេ់ដយ ៖ 
n

k k k k
k 1 2 n i 1 2 n

i 1
p ( , , ...., ) ...

====
α α α = α = α + α + + αα α α = α = α + α + + αα α α = α = α + α + + αα α α = α = α + α + + α∑∑∑∑    

េហយចំេពះរគប ់k 0≥≥≥≥  តង k 1 2 ne ( , , ..., )α α αα α αα α αα α α  ជធតុឆលុះពហុ
ធែដលជផលបកូៃនរគបផ់លគុណខុសៗគន ៃនអេថរខុសគន ៗ 
ែដលកំណតេ់ដយ ៖ 

0 1 2 ne ( , , ..., ) 1α α α =α α α =α α α =α α α =  
1 1 2 n 1 2 ne ( , , ..., ) ...α α α = α + α + + αα α α = α + α + + αα α α = α + α + + αα α α = α + α + + α  

2 1 2 n i j
1 i j n

e ( , , ..., )
≤ < ≤≤ < ≤≤ < ≤≤ < ≤

α α α = α αα α α = α αα α α = α αα α α = α α∑∑∑∑  

n 1 2 n 1 2 ne ( , , ..., ) . ...α α α = α α αα α α = α α αα α α = α α αα α α = α α α
− − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − −

 

k 1 2 ne ( , , ..., ) 0α α α =α α α =α α α =α α α =  ចំេពះ k n>>>>  េនះសមភពញូតុនគឺ៖ 
k

i 1
k 1 2 n k i 1 2 n i 1 2 n

i 1
ke ( , , ..., ) ( 1) e ( , , ..., ).p ( , , ..., )−−−−

−−−−
====

α α α = − α α α α α αα α α = − α α α α α αα α α = − α α α α α αα α α = − α α α α α α∑∑∑∑
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២៤-េសរ៊ម៉ីកឡ់រូងំចំេពះអនុគមន៍ពហុធ  
  ឧបមថេគមនពហុធ 

2 n
0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +   

អនុគមនព៍ហុធេនះអចសរេសរជេស៊រម៉ីកឡូ់រងំដូចខងេរកម  
2 n kn

(n) (k)

k 0

x x x x
P(x) P(0) P'(0) P''(0) .... P (0) .P (0)

1! 2! n! k !====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑

សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក៖់  

តង 
n

2 n k
0 1 2 n k

k 0
P(x) a a x a x ... a x a x

====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑  

េគមន 
(3) (k )

1 2 3 kP'(0) a , P ''(0) 2a ,P (0) 6a , ...,P (0) k !a= = = == = = == = = == = = =  

េគទញ 
(k )

1 2 k
P'(0) P ''(0) P (0)

a , a , ..., a
1! 2! k !

= = == = == = == = =  
ដូចេនះ  2 n

0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +   អចសរេសរជ ៖ 
2 n kn

(n) (k)

k 0

x x x x
P(x) P(0) P'(0) P''(0) .... P (0) .P (0)

1! 2! n! k!====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑

២៥-េសរ៊ៃីតលរ័ចំេពះអនុគមន៍ពហុធ  
  ឧបមថេគមនពហុធ 

2 n
0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +  

អនុគមនព៍ហុធេនះអចសរេសរជេស៊រៃីតល័រដូចខងេរកម ៖ 
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2 n
(n)x (x ) (x )

P(x) P( ) P'( ) P''( ) ... P ( )
1! 2! n!
−α −α −α−α −α −α−α −α −α−α −α −α= α + α + α + + α= α + α + α + + α= α + α + α + + α= α + α + α + + α

ឬ 
kn

(k)

k 0

(x )
P(x) P ( )

k !====

− α− α− α− α= α= α= α= α∑∑∑∑   ។ 

តងពហុធ Q(x) P(x )= + α= + α= + α= + α   េគបន 
(n) (n)Q(0) P( ) , Q'(0) P'( ),Q''(0) P''( ), ....,Q (0) P ( )= α = α = α = α= α = α = α = α= α = α = α = α= α = α = α = α

តមេស៊រម៉ីកឡូ់រងំេគបន ៖ 
2 n

(n)x x x
Q(x) Q(0) Q'(0) Q''(0) ... Q (0) (*)

1! 2! n!
= + + + += + + + += + + + += + + + +  

ជំនួស x  េដយ x − α− α− α− α នងិ Q(x ) P(x)− α =− α =− α =− α =  កនុង (*)  េគបន ៖ 
2 n

(n)x (x ) (x )
P(x) P( ) P'( ) P''( ) ... P ( )

1! 2! n!
−α −α −α−α −α −α−α −α −α−α −α −α= α + α + α + + α= α + α + α + + α= α + α + α + + α= α + α + α + + α

ឬ 
kn

(k)

k 0

(x )
P(x) P ( )

k !====

− α− α− α− α= α= α= α= α∑∑∑∑   ។ 

ឧទហរណ៍ េគឲយពហុធ 7 6P(x) x 3x 5x 2= − + += − + += − + += − + +  ។ 
ចូររកសំណល់ៃនវធិីែចករវង P(x) នឹង 3(x 1)−−−−   ។ 
េគមន 7 6P(x) x 3x 5x 2= − + += − + += − + += − + +  េនះ P(1) 5====  
           6 5P '(x) 7x 18x 5= − += − += − += − +  េនះ P'(1) 6= −= −= −= −  
           5 4P ''(x) 42x 90x= −= −= −= −  េនះ P''(1) 48= −= −= −= −  
           (3) 4 3P (x) 210x 360x= −= −= −= −  េនះ 

(3)P (1) 210 360 150= − = −= − = −= − = −= − = −  
      ------------------------------------------------------------------- 
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តមេស៊រៃីតល័រេគអចសរេសរ ៖ 
2 3 7

(3) (7)x 1 (x 1) (x 1) (x 1)
P(x) P(1) P'(1) P''(1) P (1) ... P (1)

1! 2! 3! 7!
− − − −− − − −− − − −− − − −= + + + + += + + + + += + + + + += + + + + +

សមភពេនះបញជ កថ់ P(x) ែចកនឹង 3(x 1)−−−−  ឲយអនុគមន៍

សំណល់  
2x 1 (x 1)

R(x) P(1) P '(1) P ''(1)
1! 2!
− −− −− −− −= + += + += + += + +  

                      
2

2

5 6(x 1) 24(x 1)

24x 42x 13

= − − − −= − − − −= − − − −= − − − −

= − + −= − + −= − + −= − + −
 

ដូចេនះអនុគមនសំ៍ណល់ែដលរតូវរកគឺ 
2R(x) 24x 42x 13= − + −= − + −= − + −= − + −  ។ 

 
������� 
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ជំពូកទី២ 
លហំត់មនដេំណះរសយ 
(Problems with Solutions) 

 
លហំត់ទី១ 
កំណតច់ំនួនគតវ់ជិជមន n  និងចំនួនពតិ λλλλ  េដមបឲីយពហុធ 

n 3P(x) x 12x x (2 81)= − + λ − λ += − + λ − λ += − + λ − λ += − + λ − λ +   ែចកដចន់ឹងពហុធ 
2Q(x) x 12x 27= − += − += − += − +  ។ 

ដំេណះរសយ 
កំណតច់ំនួនគតវ់ជិជមន n  និងចំនួនពតិ λλλλ  
េគមន 2Q(x) x 12x 27 (x 3)(x 9) 0= − + = − − == − + = − − == − + = − − == − + = − − =  
េនះ 1x 3====   ឬ   2x 9====   ។ 

េគបន P(3) 0
Q(x) | P(x)

P(9) 0

====⇔⇔⇔⇔  ====
  ឬ   

n

n

3 405 0 (1)

9 7 8829 0 (2)

 + λ − =+ λ − =+ λ − =+ λ − =


+ λ − =+ λ − =+ λ − =+ λ − =
 

េដះរសយរបពនឋស័មកីរេនះេគបន n 4 , 324= λ == λ == λ == λ =   ។ 
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លហំត់ទី២ 
កំណតច់ំនួនពតិ a  និងចនួំនពតិ b  េដមបឲីយពហុធ 

6 4 3 2P(x) x 3x ax bx ax 1= − + + − += − + + − += − + + − += − + + − +   ែចកដចន់ឹងពហុធ 
2(x 1)−−−−  ។ 

ដំេណះរសយ 
កំណតច់ំនួនពតិ a  និងចនួំនពតិ b  
េប 2(x 1) | P(x)−−−−   េនះ (x 1) | P '(x)−−−−   េគទញបន 

P(1) 0

P '(1) 0

====
 ====

 

េដយ P(1) 1 3 a b a 1 b 1 0= − + + − + = − == − + + − + = − == − + + − + = − == − + + − + = − =  េនះ b 1====  
េហយ 5 3 2P '(x) 6x 12x 3ax 2bx a= − + + −= − + + −= − + + −= − + + −  
េនះ  P'(1) 6 12 3a 2b a 2a 2b 6 0= − + + − = + − == − + + − = + − == − + + − = + − == − + + − = + − =   
េគទញ a 3 b 3 1 2= − = − == − = − == − = − == − = − =   ។ 
ដូចេនះ a 2====   និង  b 1====   ។ 
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លហំត់ទ៣ី 
កំណតច់ំនួនពតិ a  និងចនួំនពតិ b  េដមបឲីយពហុធ 

5P(x) ax bx 1= + += + += + += + +   ែចកដចន់ឹងពហុធ 2Q(x) x 2x 1= − −= − −= − −= − −   
ដំេណះរសយ 
កំណតច់ំនួនពតិ a  និងចនួំនពតិ b  
តង αααα និង ββββ  ជឬសៃនពហុធ 2Q(x) x 2x 1= − −= − −= − −= − −   
េនះតមរទឹសតីបទែវយតេគមន 2α + β =α + β =α + β =α + β =   នងិ 1αβ = −αβ = −αβ = −αβ = −   ។ 

េដមបឲីយ Q(x) | P(x) លុះរតែត 
P( ) 0

P( ) 0

α =α =α =α =
 β =β =β =β =

 

ឬ  
5

5

a b 1 0 (1)

a b 1 0 (2)

 α + α + =α + α + =α + α + =α + α + =


β + β + =β + β + =β + β + =β + β + =
 

គុណសមកីរ (1) នឹង ββββ  េហយសមកីរ (2) នឹង −α−α−α−α  រចួបូកគន េគ

បន  5 5a( ) ( ) 0α β − αβ − α − β =α β − αβ − α − β =α β − αβ − α − β =α β − αβ − α − β =   នឲំយ 4 4a
( )

α − βα − βα − βα − β====
αβ α − βαβ α − βαβ α − βαβ α − β

 

ឬ  2 2 2

1 1
a

( )( ) ( )[( ) 2 ]
= == == == =

αβ α + β α + β αβ α + β α + β − αβαβ α + β α + β αβ α + β α + β − αβαβ α + β α + β αβ α + β α + β − αβαβ α + β α + β αβ α + β α + β − αβ
 

េដយ 2α + β =α + β =α + β =α + β =   និង 1αβ = −αβ = −αβ = −αβ = −   េនះ 

2

1 1
a

12( 1)(2)(2 2)
= = −= = −= = −= = −

− +− +− +− +
 

មយ៉ងេទៀតដកសមកីរ (1) និង (2) អងគ និង អងគេគបន ៖ 
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5 5a( ) b( ) 0α − β + α − β =α − β + α − β =α − β + α − β =α − β + α − β =   េនះ 
5 5

b a
α − βα − βα − βα − β= − ×= − ×= − ×= − ×
α − βα − βα − βα − β  

ឬ 4 3 2 2 3 4b ( )a= − α + α β + α β + αβ + β= − α + α β + α β + αβ + β= − α + α β + α β + αβ + β= − α + α β + α β + αβ + β  

ឬ  
4 4 2 2 2 2[( ) ( ) ]

b
12

α + β + αβ α + β + α βα + β + αβ α + β + α βα + β + αβ α + β + α βα + β + αβ α + β + α β====     េរពះ  1
a

12
= −= −= −= −  

េដយ 2 2 2( ) 2 4 2 6α + β = α + β − αβ = + =α + β = α + β − αβ = + =α + β = α + β − αβ = + =α + β = α + β − αβ = + =  
េហយ  4 4 2 2 2 2 2( ) 2 36 2 34α + β = α + β − α β = − =α + β = α + β − α β = − =α + β = α + β − α β = − =α + β = α + β − α β = − =  

េគបន 34 6 1 29
b

12 12
− +− +− +− += == == == =   ។ 

ដូចេនះ  1 29
a , b

12 12
= − == − == − == − =     ។ 
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លហំត់ទី៤ 
េគឲយពហុធដឺេរកទីបី P(x) មយួ ។ េគដឹងថ P(x) ែចកនងឹ 
x 2−−−−  
ឲយសំណល់ 2 និងP(x) ែចកនងឹ x 2++++ ឲយសំណល់ 2−−−−  ។ 
ក/រកសំណល់ៃនវធិីែចករវង P(x) នឹង 2x 4−−−−   ។ 
ខ/េគដឹងថ P(0) P(1) 8= = −= = −= = −= = −  ។ រក P(x) ? 
ដំេណះរសយ 
ក/រកសំណល់ៃនវធិីែចករវង P(x) នឹង 2x 4−−−−    

តមបរំបេ់គបន 
1

2

P(x) 2
Q (x) (1)

x 2 x 2
P(x) 2

Q (x) (2)
x 2 x 2

 = += += += + − −− −− −− −
 −−−− = += += += +
 + ++ ++ ++ +

 

េធវផលសងរវសងសមកីរ (1) នងិ (2) អងគនិងអងគេគបន ៖ 
   1 2

1 1 2 2
( )P(x) Q (x) Q (x)
x 2 x 2 x 2 x 2

− = − + +− = − + +− = − + +− = − + +
− + − +− + − +− + − +− + − +

   

ឬ 1 22 2

4 4x
P(x) Q (x) Q (x)

x 4 x 4
= − += − += − += − +

− −− −− −− −
   

ឬ  2 2

P(x) x
Q(x) (3)

x 4 x 4
= += += += +

− −− −− −− −
 ែដល 1 2Q (x) Q (x)

Q(x)
4
−−−−====   

តមទំនកទ់នំង (3) េគទញបនថសំណល់ៃនវធិីែចករវង 
P(x)នឹង 2x 4−−−−  គឺ R(x) x====   ។ 
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ខ-រកពហុធ P(x) ៖ 
តម (3) េគសរេសរ 2P(x) (x 4)Q(x) x= − += − += − += − +  
េដយ P(x) ជពហុធដឺេរកទីបីេនះ Q(x) រតូវែតជពហុធដឺ
េរកទី១េហតុេនះេគអចតង R(x) ax b= += += += +   
េគសរេសរ 2P(x) (x 4)(ax b) x= − + += − + += − + += − + +  
ចំេពះ x 0====  េគបន P(0) 4b 8= − = −= − = −= − = −= − = −  េនះ b 2====  ។ 
ចំេពះ x 1====  េគបន P(1) 3(a b) 1 8= − + + = −= − + + = −= − + + = −= − + + = −  
េគទញ a 3 b 3 2 1= − = − == − = − == − = − == − = − =  ។ 
ដូចេនះ 2 3 2P(x) (x 4)(x 2) x x 2x 3x 8= − + + = + − −= − + + = + − −= − + + = + − −= − + + = + − −   ។ 
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លហំត់ទី៥ 
េគឲយពហុធដឺេរកទីបី P(x) មយួ ។  
េគដឹងថ 2P(x 1) P(x) x+ − =+ − =+ − =+ − =   និង P(0) 0====  ។ 
ក/ចូររកពហុធ P(x) ។ 
ខ/េរបលទឋផលខងេលចូររសយថ ៖ 
   2 2 2 2 n(n 1)(2n 1)

1 2 3 ... n
6

+ ++ ++ ++ ++ + + + =+ + + + =+ + + + =+ + + + =    
ដំេណះរសយ 
ក/ រកពហុធ P(x) ៖ 
តង 3 2P(x) ax bx cx d= + + += + + += + + += + + +  
េគបន 3 2P(x 1) a(x 1) b(x 1) c(x 1) d+ = + + + + + ++ = + + + + + ++ = + + + + + ++ = + + + + + +  
           2P(x 1) P(x) 3ax (3a 2b)x a b c+ = + + + + + ++ = + + + + + ++ = + + + + + ++ = + + + + + +  
ឬ 2P(x 1) P(x) 3ax (3a 2b)x a b c (1)+ − = + + + + ++ − = + + + + ++ − = + + + + ++ − = + + + + +  
តមសមមតកិមម  2P(x 1) P(x) x (2)+ − =+ − =+ − =+ − =   
េដយេរបៀបេធៀបសមភព (1) និង (2) េគទញបន ៖ 

3a 1

3a 2b 0

a b c 0

====
 + =+ =+ =+ =
 + + =+ + =+ + =+ + =

  នឲំយ 1 1 1
a , b , c

3 2 6
= = − == = − == = − == = − =  

េគបន  3 21 1 1
P(x) x x x d

3 2 6
= − + += − + += − + += − + +  េដយ P(0) 0====  

 េនះ d 0====  
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ដូចេនះ  3 21 1 1 x(x 1)(2x 1)
P(x) x x x

3 2 6 6
− −− −− −− −= − + == − + == − + == − + =   ។ 

ខ/ រសយថ 2 2 2 2 n(n 1)(2n 1)
1 2 3 ... n

6
+ ++ ++ ++ ++ + + + =+ + + + =+ + + + =+ + + + =    

េគមន 2P(x 1) P(x) x+ − =+ − =+ − =+ − =  េនះ 

[[[[ ]]]]
n n

2

k 1 k 1
P(k 1) P(k) k

= == == == =
+ − =+ − =+ − =+ − =∑ ∑∑ ∑∑ ∑∑ ∑  

េគទញ 
n

2

k 1
k P(n 1) P(1)

====
= + −= + −= + −= + −∑∑∑∑  េដយ 

x(x 1)(2x 1)
P(x)

6
− −− −− −− −====  

េនះ P(1) 0====  និង n(n 1)(2n 1)
P(n 1)

6
+ ++ ++ ++ ++ =+ =+ =+ =  

ដូចេនះ 
n

2 2 2 2 2

k 1

n(n 1)(2n 1)
k 1 2 3 ... n

6====

+ ++ ++ ++ += + + + + == + + + + == + + + + == + + + + =∑∑∑∑   ។ 
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លហំត់ទី៦ 
េគឲយពហុធដឺេរកទីបី P(x) មយួ ។ េគដឹងថ 

32P(x) P(x 1) x− + =− + =− + =− + =    
ក/ចូររកពហុធ P(x) ។ 
ខ/េរបលទឋផលខងេលចូរគណនផលបកូ ៖ 

   
3 3 3 3

n 2 3 n

1 2 3 n
S ....

2 2 2 2
= + + + += + + + += + + + += + + + +    

ដំេណះរសយ 
ក/រកពហុធ P(x) ៖ 
តង 3 2P(x) ax bx cx d= + + += + + += + + += + + +  
េនះ 3 2P(x 1) a(x 1) b(x 1) c(x 1) d+ = + + + + + ++ = + + + + + ++ = + + + + + ++ = + + + + + +  
េគបន ៖ 

3 22P(x) P(x 1) ax (b 3a)x (c 2b 3a)x d a b c− + = + − + − − + − − −− + = + − + − − + − − −− + = + − + − − + − − −− + = + − + − − + − − −

េដយ 32P(x) P(x 1) x− + =− + =− + =− + =   េនះ 

a 1

b 3a 0

c 2b 3a 0

d a b c 0

====
 − =− =− =− =
 − − =− − =− − =− − =
 − − − =− − − =− − − =− − − =

 

េគទញបន a 1 , b 3 , c 9 , d 13= = = == = = == = = == = = =  
ដូចេនះ 3 2P(x) x 3x 9x 13= + + += + + += + + += + + +   ។ 
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ខ/េរបលទឋផលខងេលចូរគណនផលបកូ ៖ 

   
3 3 3 3

n 2 3 n

1 2 3 n
S ....

2 2 2 2
= + + + += + + + += + + + += + + + +    

េគមន 32P(x) P(x 1) x− + =− + =− + =− + =  
យក x k====  េនះ 32P(k) P(k 1) k− + =− + =− + =− + =   ែដល k 1, 2,3, ...====  

ែចកសមភពនងឹ k 12 ++++    េនះ    
3

k k 1 k 1

P(k) P(k 1) k

2 2 2+ ++ ++ ++ +
++++− =− =− =− =  

េគបន 
3n n

nk k 1 k
k 1 k 1

P(k) P(k 1) 1 k 1
S

2 22 2 2++++
= == == == =

++++    − = =− = =− = =− = =        
∑ ∑∑ ∑∑ ∑∑ ∑  

េហតុេនះ n n 1 n

P(1) P(n 1) P(n 1)
S 2 P(1)

2 2 2++++
+ ++ ++ ++ +    = − = −= − = −= − = −= − = −        

 
3 2P(1) 26 , P(n 1) (n 1) 3(n 1) 9(n 1) 13= + = + + + + + += + = + + + + + += + = + + + + + += + = + + + + + +  

                                  3 2n 6n 18n 26= + + += + + += + + += + + +  
ដូចេនះ 

3 2

n n

n 6n 18n 26
S 26

2

+ + ++ + ++ + ++ + += −= −= −= −   ។ 
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លហំត់ទ៧ី 
េគឲយពហុធដឺេរកទីបី P(x) មយួ ។  
េគដឹងថ P(x) 3−−−−  ែចកដចន់ឹង 2(x 3)−−−−  និង P(x) 3++++  ែចក
ដចន់ងឹ 

2(x 3)++++  ។ ចូរកំណតរ់កពហុធ P(x) ? 
ដំេណះរសយ 
កំណតរ់កពហុធ P(x) ៖ 
េគមន 2(x 3) | P(x) 3− −− −− −− −  េនះ (x 3) | P '(x)−−−−  
េហយ 2(x 3) | P(x) 3+ ++ ++ ++ +  េនះ (x 3) | P '(x)++++  
េដយ GCD(x 3,x 3) 1− + =− + =− + =− + =  េនះ (x 3)(x 3) | P '(x)− +− +− +− +  
នឲំយមន a IR∈∈∈∈  ែដល 2P '(x) a(x 3)(x 3) a(x 9)= − + = −= − + = −= − + = −= − + = −  

េគបន 
3

2 x
P(x) a (x 9).dx a( 9x) C

3
= − = − += − = − += − = − += − = − +∫∫∫∫  

មយ៉ងេទៀតមន P(3) 3====   និង P( 3)− = −− = −− = −− = − េនះ 
18a C 3

18a C 3

− + =− + =− + =− + =
 + = −+ = −+ = −+ = −

 

េគទញបន 1
a , C 0

6
= − == − == − == − =   ។ ដូចេនះ 31 3x

P(x) x
18 2

= − += − += − += − +    
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លហំត់ទី៨ 
កំណតរ់កពហុធ P(x) មយួែដលេផទៀងផទ តល់កខខណឌ័  ៖ 

2 2 2P(x ) x (x 1)P(x)= += += += +    និង P(2) 2====   
ដំេណះរសយ 
កំណតរ់កពហុធ P(x) 
តង n  ជដឺេរកៃនពហុធ P(x) េហយេដយេគមនសមភព

2 2 2P(x ) x (x 1)P(x) (1)= += += += +    
 េនះ 2n 2 2 n n 4= + + = += + + = += + + = += + + = +  ឬ n 4====  ។ 
ជំនួស x  េដយ x−−−−  កនុង (1) េនះ 

2 2 2P(x ) x (x 1)P( x) (2)= + −= + −= + −= + −  
តម (1) នងិ (2) េគបនP(x) P( x)= −= −= −= −   
េនះ P(x)ជអនុគមនគូ៍។ 
យក x 0====  េគបន P(0) 0====  
យក x i====  េគបន P( 1) 0− =− =− =− =  
យក x 1= −= −= −= −  េគបន P(1) 2P( 1) 0= − == − == − == − =  
េគបន P(0) P( 1) P(1) 0= − = == − = == − = == − = =  េនះ 0, 1,1−−−−  ជឬសៃន
P(x) 
េគបន P(x) x(x 1)(x 1)(ax b)= − + += − + += − + += − + +  ែដល a 0≠≠≠≠  
េដយ P(x) ជអនុគមនគូ៍េនះេគទញបន b 0====  ។ 
េហតុេនះ 2 2P(x) ax (x 1)= −= −= −= −   
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េដយ P(2) 2====  េនះេគបន 12a 2====  នឲំយ 1
a

6
====  

ដូចេនះ 
4 2

2 21 x x
P(x) x (x 1)

6 6 6
= − = −= − = −= − = −= − = −   ។ 

លហំត់ទី៩ 
េគឲយ a និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   ។  
ចូរបងហ ញថ ab ជឬសៃន 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −  
ដំេណះរសយ 
បងហ ញថ ab ជឬសៃន Q(x) 
តង S a b= += += += +   និង P ab====   េនះ a និង bជឬសៃន 

2x Sx P 0− + =− + =− + =− + =  
េដយ a និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   េនះេគអចដក ់

2x Sx P− +− +− +− +  ជកតត រមួកនុង P(x) ។ េគអចសរេសរ ៖ 
4 3 2 2x x 1 (x Sx P)(x cx d)+ − = − + + ++ − = − + + ++ − = − + + ++ − = − + + +  

                

2 2

2 2

2 2

1 S
P( x x 1)(x cx d)

P P
1 S

( x x 1)(Px Pcx Pd)
p P

1
( x ux 1)(px vx w)
p

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

 

ែដល S
u , v Pc , w Pd

P
= = == = == = == = =   ។ 

តមសមភពខងេលេនះេគទញបន w 1= −= −= −= −  ។ 
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េគទញបន 4 3 2 21
x x 1 ( x ux 1)(px vx 1)

p
+ − = − + + −+ − = − + + −+ − = − + + −+ − = − + + −  

ឬ 
4 3 4 3 2v 1

x x 1 x ( up)x (p uv)x (u v)x 1
p p

+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −

 

េគទញ 

v
uP 1 (1)

P
1

P uv 0 (2)
P

u v 0 (3)

 − =− =− =− =

 − − =− − =− − =− − =


+ =+ =+ =+ =


 

តម (1) នងិ (3) េគទញបន 2

P
v u , u

1 P
= − = −= − = −= − = −= − = −

++++
 

ទំនកទ់ំនង (2) េទជ 
2

2 2

1 P
P 0

P (1 P )
− + =− + =− + =− + =

++++
 

នឲំយ 6 4 3 2P P P P 1 0+ + + − =+ + + − =+ + + − =+ + + − =   មននយ័ថ P ab====  ជឬ
សរបស់ 
ពហុធ 6 4 3 2Q(x) x x x x 1= + + + −= + + + −= + + + −= + + + −   ។ 
ដូចេនះេប a និង bជឬសៃន P(x) េនះ abជឬសៃនQ(x) ។ 
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លហំត់ទី១០ 
េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +  ។ 
េគដឹងថ P(1) 1 , P(2) 8= == == == = និង P(3) 27====   ។ 
ចូររសយថ 4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 
ដំេណះរសយ 
រសយថ 4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  
តងពហុធ 3P(x) f (x) x= −= −= −= −  
ចំេពះ k 1,2,3==== េគបន 3P(k) f (k) k 0= − == − == − == − =  
េគទញបន x 1 , 2 , 3====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x) ជពហុធដឺរកទបីនួមនេលខេមគុណមុខតួ 4x េសម 1 
េនះេគទញP(x)ជពហុធដឺរកទបីនួមនេលខេមគុណមុខតួ 4x

េសម 1ែដរេហតុេនះពហុធ P(x) អចសរេសរ ៖ 
P(x) (x 1)(x 2)(x 3)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ែដលααααជឬសមយួេទៀត
ៃន P(x) 
េគបន 3 3f (x) P(x) x (x 1)(x 2)(x 3)(x ) x= + = − − − − α += + = − − − − α += + = − − − − α += + = − − − − α +  
-ចំេពះ x 2= + λ= + λ= + λ= + λ  េគបន ៖ 

2 3f (2 ) ( 1)(2 ) (2 ) (1)+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ   
-ចំេពះ x 2= − λ= − λ= − λ= − λ  េគបន ៖ 

2 3f (2 ) ( 1)(2 ) (2 ) (2)− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ   
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បូកទនំកទ់នំង (1) និង (2) េគបន ៖  
4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 

 
លហំត់ទី១១ 
េប P(x) ,Q(x) ,R(x) និង S(x) ជពហុធេដយដឹងថ ៖ 

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   
េនះចូររសយថ x 1−−−−  ជកតត ៃន P(x) ។ 
ដំេណះរសយ 
រសយថx 1−−−−  ជកតត ៃន P(x)៖ 
េគមន 

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x) (*)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   

យក 
2 i
5e
ππππ

α =α =α =α =   េនះ 5 1α =α =α =α =    

េហយ 
5

4 3 2 1
1 0

1
α −α −α −α −α + α + α + α + = =α + α + α + α + = =α + α + α + α + = =α + α + α + α + = =
α −α −α −α −

 
ជំនួស x  េដយ 2 3 4, , ,α α α αα α α αα α α αα α α α  កនុង (*)  េនះេគបន ៖ 

2

2 4

3

4 3

P(1) Q(1) R(1) 0 (1)

P(1) Q(1) R(1) 0 (2)

P(1) Q(1) R(1) 0 (3)

P(1) Q(1) R(1) 0 (4)

 + α + α =+ α + α =+ α + α =+ α + α =


+ α + α =+ α + α =+ α + α =+ α + α =


+ α + α =+ α + α =+ α + α =+ α + α =
 + α + α =+ α + α =+ α + α =+ α + α =
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គុណសមកីរ (1),(2),(3) និង (4) នឹងចនួំនេរៀងគន  
2 3 4, , ,−α − α − α −α−α − α − α −α−α − α − α −α−α − α − α −α  

េគបន 

2 3

2 4

3 4

4 3 2

P(1) Q(1) R(1) 0 (5)

P(1) Q(1) R(1) 0 (6)

P(1) Q(1) R(1) 0 (7)

P(1) Q(1) R(1) 0 (8)

 − α − α − α =− α − α − α =− α − α − α =− α − α − α =


− α − α − α =− α − α − α =− α − α − α =− α − α − α =


− α − α − α =− α − α − α =− α − α − α =− α − α − α =
 − α − α − α =− α − α − α =− α − α − α =− α − α − α =

   

បូកសមកីរទងំ(8)ខងេលេគបន 5P(1) 0====  េនះ P(1) 0====  
ដូចេនះ x 1−−−−  ជកតត ៃន P(x) ។ 
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លហំត់ទី១២ 
េគឲយ P(x) ជពហុធដឺេរកទី n  ។  
េគដឹងថ k

P(k)
k 1

====
++++

 ចំេពះ k 0,1,2 , ....,n====   ។ 
ចូរកំណត ់P(n 1)++++   ។ 
ដំេណះរសយ 
តងQ(x) (x 1)P(x) x= + −= + −= + −= + −  េនះ Q(k) 0====  រគប់
k 0,1,2 , ....,n====  ។ 
េនះេគអចសរេសរ Q(x) ax(x 1)(x 2)(x 3)...(x n)= − − − −= − − − −= − − − −= − − − −  
េគទញបន 
(x 1)P(x) x ax(x 1)(x 2)(x 3)....(x n)+ − = − − − −+ − = − − − −+ − = − − − −+ − = − − − −  
យក x 1= −= −= −= −  េគបន n 11 a( 1) .(n 1)!++++= − += − += − += − +  េនះ 

n 1( 1)
a

(n 1)!

++++−−−−====
++++

 

េគបន 

n 1( 1)
x(x 1)(x 2)(x 3)...(x n) x

(n 1)!
P(x)

x 1

++++−−−− − − − − +− − − − +− − − − +− − − − +
++++====

++++
 

ដូចេនះ  
1 n

P(n 1) n
n

n 2


+ =+ =+ =+ = 

 ++++

ebI KUUebI KUUebI KUUebI KUU

ebI essebI essebI essebI ess
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លហំត់ទី១៣ 
េគឲយ a ,b ,c ជបីចំនួនគតខុ់សគន  ។ យក P(x) ជពហុធមន
េមគុណ 
ជចំនួនគត ់។ ចូរបងហ ញថលកខខណឌ  
P(a) b ,P(b) c ,P(c) a= = == = == = == = =   
មនិអចេផទៀងផទ តរ់ពមគន បនេទ ។ 
ដំេណះរសយ 
េដយ P(a) b ,P(b) c ,P(c) a= = == = == = == = =  េនះេគបន ៖ 

1

2

3

P(x) b (x a) Q (x) (1)

P(x) c (x b) Q (x) (2)

P(x) a (x c) Q (x) (3)

− = −− = −− = −− = −
 − = −− = −− = −− = −
 − = −− = −− = −− = −

 

កនុងចំេណមបីចនួំនគតខុ់សគន  a ,b ,c េយងអចេរជសេរ សយក
តៃមលដចៃ់នផលដកធជំងេគមយួ ។ សនមតថ | a c |−−−−  ជចនួំនធំ
ជងេគកនុងចំេណមចំនួន | a b |,| b c | , | a c |− − −− − −− − −− − −   េគបន 
| a c | | a b |− > −− > −− > −− > −   ។េដយយក x c====  ជួសកនុង (1) េនះ 

1P(c) b a b (c a).Q (c)− = − = −− = − = −− = − = −− = − = −  
េគបន 1| a b | | a c |.| Q (c) |− = −− = −− = −− = −   េដយ 1Q (c) ជចំនួនគត់
េនះ| a b | | a c |− ≥ −− ≥ −− ≥ −− ≥ −  ែដលផទុយពកីរឧបមខងេល។ 
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ជំពូកទី៣ 
លហំត់អនុវតតន ៍

១-េគឲយពហុធ 5 3P(x) x ax 7x 6= + − += + − += + − += + − +  ែដល a ជចនួំនពតិ  
 កំណតត់ៃមល a េដមបឲីយ P(x) ែចកដចន់ងឹ x 2−−−−   ។ 
២-េគមនពហុធ n n 1 3P(x) x 6x 7x 5x 2−−−−= − + + −= − + + −= − + + −= − + + −   
 ែដល n N∈∈∈∈ ។ 
 កំណតត់ៃមល n  េដមបឲីយ P(x) ែចកដចន់ងឹ x 2−−−−   ។ 
៣-េគមនពហុធ 4 3 2P(x) x ax bx cx d= + + + += + + + += + + + += + + + +  
 េគដឹងថ P(2) 4 , P(4) 16 ,= == == == = P(8) 64====  និង P(10) 4====  
 ចូរកំណតត់ៃមលៃន a ,b ,c ,d  ។  
៤-េគមនពហុធ 4 3 2P(x) x ax bx cx d= + + + += + + + += + + + += + + + +  
 េគដឹងថ P(1) 20 , P(2) 40= == == == = និង P(3) 60==== ។ 
 ចូរកំណតត់ៃមលៃន P( 6) P(10)− +− +− +− +   ។  
៥-េគមនពហុធ P(x) មនដឺេរកទីរប ំ។  
 េគដឹងថ 2(x 1) | P(x)++++  និង 3(x 1) | P(x)++++  ។  
 រក P(x) េប P(1) 8====   ។ 
៦-េគឲយ 2P(x) ax bx c= + += + += + += + +   ែដល a 0≠≠≠≠  និង a,b,c IR∈∈∈∈  ។ 
 កំណត ់a ,b ,c េដយដឹងថ a b c 4+ + =+ + =+ + =+ + =  េហយពហុធ 
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  2P (x) 2P(x)++++  ែចកដចន់ឹង x(x 1)(x 2)(x 3)+ + ++ + ++ + ++ + +   ។ 
៧-កំណតព់ហុធ P(x) មយួមនដឺេរកទរីបេំដយដឹងថ ៖ 
 P(x) 2++++  ែចកដចន់ឹង 3(x 2)++++  នងិ P(x) 2−−−−  ែចកដចន់ងឹ  
 3(x 2)−−−−   ។ 
៨-េគមនពហុធ 2 5P(x) (2x 7x 4)= − += − += − += − +  
 ក/រកសំណល់ៃនវធិីែចករវង P(x) នឹង  x 2−−−−  
 ខ/ឧបមថ 2 10

0 1 2 10P(x) a a x a x ... a x= + + + += + + + += + + + += + + + +  ។ 
 ចូរគណនតៃមល 0 1 2 10S a a a ... a= + + + += + + + += + + + += + + + +   ។ 
៩-រកសំណល់ៃនវជិីែចករវងពហុធ nP(x) (x 1) , n 2= + ≥= + ≥= + ≥= + ≥  
 នឹងពហុធ 2Q(x) x 1= += += += +   ។ 
១០-េគឲយពហុធ 4 2P(x) x ax b= + += + += + += + +  ែដល a ,b IR∈∈∈∈  ។ 
 កំណត ់a និង b  េដមបឲីយ P(x) ែចកដចន់ងឹ 2x 2x 4− +− +− +− +  ។ 
១១-េគឲយពហុធ 5 3P(x) ax bx 1= + += + += + += + +  ែដល a ,b IR∈∈∈∈  ។ 
 កំណត ់a និង b  េដមបឲីយ P(x) ែចកដចន់ងឹ 2x x 1− −− −− −− −  ។ 
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ជំពូកទី៤ 
េផសងៗគយួលដ់ឹង 

 
 

Eigenvalues and Eigenvectors 
 
 

1) Eigenvalues  

 �និយមន័យ 

យក A  ជម៉រទីសកេរ  ។ ចនួំន λλλλ  េហថ Eigenvalues 

ៃនម៉រទីស A  លុះរតែត .A Iλλλλ−−−−  ជម៉រទីសេទល ។ 

.A Iλλλλ−−−−  ជម៉រទីសេទលលុះរតែត det ( . ) 0A Iλλλλ− =− =− =− =  ។ 

I  ជម៉រទីសឯកត ។ 

2) Eigenvectors 

 �និយមន័យ 

យក A  ជម៉រទីសកេរមនិសូនយ ។ ម៉រទីស M  មិនសូនយេហថ 

Eigenvector ៃនម៉រទីស A  លុះរតែតមនចនួំនពិត ឬ ចំនួនកុំផលចិ 

λλλλ  ែដល .A M Mλλλλ====   ឬ  ( ). 0A I Mλλλλ− =− =− =− =   ។ 

(λλλλ  ជ Eigenvalues ៃនម៉រទីស A)។ 
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ឧទហរណ៍១ 

េគឲយម៉រទឹស 3 1

2 4
A

    
====     
    

 

ចូរកំណត់ Eigenvalues និង Eigenvectors ៃនម៉រទីស A   ? 

តង λλλλ  ជ Eigenvalues ៃន A  េនះ det( ) 0A Iλλλλ− =− =− =− =   

េដយ 3 1 1 0 3 1

2 4 0 1 2 4
A I

λλλλ
λ λλ λλ λλ λ

λλλλ
−−−−                    

− = − =− = − =− = − =− = − =                    −−−−                    
 

េគបន 23 1
det( ) 7 10

2 4
A I

λλλλ
λ λ λλ λ λλ λ λλ λ λ

λλλλ
−−−−

− = = − +− = = − +− = = − +− = = − +
−−−−

 

េដយ det( ) 0A Iλλλλ− =− =− =− =  េនះ 2 7 10 0λ λλ λλ λλ λ− + =− + =− + =− + =  

249 40 3∆ = − =∆ = − =∆ = − =∆ = − =  មនឬ 1 2
7 3 7 3

2 , 5
2 2

λ λλ λλ λλ λ− +− +− +− +
= = = == = = == = = == = = =  ។ 

ដូចេនះ 1 22 , 5λ λλ λλ λλ λ= == == == =  ជ Eigenvalues  ៃនម៉រទីស A   ។ 

តងម៉រទីស M
αααα
ββββ
    

====     
    

 មិនសូនយេហថEigenvector  

ៃនម៉រទីស A  ។ 

-ចំេពះ 1 2λλλλ ====   

េគបន ( 2 ). 0A I M− =− =− =− =  ឬ   1 1 0
.

2 2 0

αααα
ββββ

                    
====                    

                    
   

ឬ 0

2 2 0

α βα βα βα β
α βα βα βα β
++++            

====            ++++            
  សមមូល β αβ αβ αβ α= −= −= −= −  ។ 

យក 1αααα ====   េនះ 1ββββ = −= −= −= −  
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ដូចេនះ 1
1

1
M

    
====     −−−−    

 Eigenvector មួយៃនម៉រទសី Aចំេពះ 2λλλλ ====   

-ចំេពះ 2 5λλλλ ====   

េគបន ( 5 ). 0A I M− =− =− =− =  ឬ   2 1 0
.

2 1 0

αααα
ββββ

−−−−                    
====                    −−−−                    

   

ឬ 2 0

2 0

α βα βα βα β
α βα βα βα β

− +− +− +− +            
====            −−−−            

  សមមូល 2β αβ αβ αβ α====  ។យក 1αααα ====   េនះ 

2ββββ ====  

ដូចេនះ 2
1

2
M

    
====     
    

 Eigenvector មួយៃនម៉រទសី Aចំេពះ 5λλλλ ====   

ឧទហរណ៍២  

េគឲយម៉រទឹស 5 1

2 6
A

    
====     
    

   ។   គណន nA   ? 

តង λλλλ  ជ Eigenvalues ៃន A  េនះ det( ) 0A Iλλλλ− =− =− =− =   

េដយ 5 1 1 0 5 1

2 6 0 1 2 6
A I

λλλλ
λ λλ λλ λλ λ

λλλλ
−−−−                    

− = − =− = − =− = − =− = − =                    −−−−                    
 

េគបន 25 1
det( ) 11 28

2 6
A I

λλλλ
λ λ λλ λ λλ λ λλ λ λ

λλλλ
−−−−

− = = − +− = = − +− = = − +− = = − +
−−−−

 

េដយ det( ) 0A Iλλλλ− =− =− =− =  េនះ 2 11 28 0λ λλ λλ λλ λ− + =− + =− + =− + =  

2121 112 3∆ = − =∆ = − =∆ = − =∆ = − =  មនឬ 1 2
11 3 11 3

4, 7
2 2

λ λλ λλ λλ λ− +− +− +− +
= = = == = = == = = == = = =  ។ 

តងម៉រទីស M
αααα
ββββ
    

====     
    

 មិនសូនយជEigenvector ៃនម៉រទីស A  

-ចំេពះ 1 4λλλλ ====   
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េគបន ( 4 ). 0A I M− =− =− =− =  ឬ   1 1 0
.

2 2 0

αααα
ββββ

                    
====                    

                    
   

ឬ 0

2 2 0

α βα βα βα β
α βα βα βα β
++++            

====            ++++            
  សមមូល β αβ αβ αβ α= −= −= −= −  ។យក 1αααα ====   េនះ 

1ββββ = −= −= −= −  

ដូចេនះ 1
1

1
M

    
====     −−−−    

 Eigenvector មួយៃនម៉រទសី Aចំេពះ 2λλλλ ====   

-ចំេពះ 2 7λλλλ ====   

េគបន ( 5 ). 0A I M− =− =− =− =  ឬ   2 1 0
.

2 1 0

αααα
ββββ

−−−−                    
====                    −−−−                    

   

ឬ 2 0

2 0

α βα βα βα β
α βα βα βα β

− +− +− +− +            
====            −−−−            

  សមមូល 2β αβ αβ αβ α====  ។យក 1αααα ====   េនះ 

2ββββ ====  

ដូចេនះ 2
1

2
M

    
====     
    

 Eigenvector មួយៃនម៉រទសី Aចំេពះ 7λλλλ ====   

យក P  ជម៉រទីសមនកូេឡន 1 2,M M  េនះ 1 1

1 2
P

−−−−    
====     
    

 

det( ) ( 1)(2) (1)(1) 3P = − − = −= − − = −= − − = −= − − = −  

ម៉រទីសរចស់ៃន P  គឺ 1 2 11
1 13

P −−−− −−−−    
= −= −= −= −     − −− −− −− −    

 

េគមន 1 2 1 5 1 1 1 4 01
. . . .

1 1 2 6 1 2 0 73
P A P−−−− − −− −− −− −                            

= − == − == − == − =                            − −− −− −− −                            
 

េនះ 1. .A P E P −−−−====   ែដល 1

2

04 0

00 7
E

λλλλ
λλλλ

        
= == == == =         
         
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េគបន 1. .n nA P E P −−−−====  ែដល 4 0 4 0

0 7 0 7

n n

n
E

        
= == == == =         
             

 

េគមន 1 1 4 0 4 7
. .

1 2 0 7 4 2.7

n n n
n

n n n
P E

            − −− −− −− −    
= == == == =                
                             

 

េនះ 1 4 7 2 11
. . .

1 13 4 2.7

n n
n

n n
P E P −−−−     − −− −− −− −    

= −= −= −= −          − −− −− −− −            
 

                      (2.4 7 ) 4 71
3 2(4 7 ) (4 2.7 )

n n n n

n n n n

    − + −− + −− + −− + −
= −= −= −= −     

− − +− − +− − +− − +        
   

                      2.4 7 7 41
3 2(7 4 ) 4 2.7

n n n n

n n n n

    + −+ −+ −+ −
====     

− +− +− +− +        
  

ដូចេនះ 

2.4 7 7 4
3 3

2(7 4 ) 4 2.7
3 3

n n n n

n
n n n n

A

    + −+ −+ −+ −
    
    ====
    − +− +− +− +
    
    

  . 

 

ឧទហរណ៍៣ 

េគឲយសវុ ីតៃនចំនួនពិត { }nx  និង { }ny   កំណត់េដយ ៖ 

0

0

3

2

x

y

====
 ====

  និង 1

1

3

2 4
n n n

n n n

x x y

y x y
++++

++++

= += += += +
 = += += += +

  ចំេពះ 0,1,2,3,...n ==== ។ 

ចូរគណនតួទូេទៃនសវុ ីត { }nx  និង { }ny   ។ 

េដយ 1

1

3

2 4
n n n

n n n

x x y

y x y
++++

++++

= += += += +
 = += += += +

  េនះ 1

1

3 1
.

2 4
n n

n n

x x

y y
++++

++++

                
====                
                
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េគទញ (((( ))))0

0

3 1 3 1 3
. . 1

2 4 2 4 2

n n
n

n

x x

y y

                                
= == == == =                                
                                

 

យក 3 1

2 4
A

    
====     
    

 និង  1 0

0 1
I

    
====     
    

 ជម៉រទីសឯកត។ 

ឧបមថ λλλλ  ជ Eigenvalue  ៃន A  េនះ (((( ))))det . 0A Iλλλλ− =− =− =− =  

េដយ 3 1
.

2 4
A I

λλλλ
λλλλ

λλλλ
−−−−    

− =− =− =− =     −−−−    
 

េនះ 3 1
det( ) (3 )(4 ) 2

2 4
A I

λλλλ
λ λ λλ λ λλ λ λλ λ λ

λλλλ
−−−−

− = = − − −− = = − − −− = = − − −− = = − − −
−−−−

 

េគបន 2 7 10 0λ λλ λλ λλ λ− + =− + =− + =− + =   េនះ 1 22 , 5λ λλ λλ λλ λ= == == == =  ។ 

ចំេពះ 1 22 , 5λ λλ λλ λλ λ= == == == =  េគបន Eigenvectors  េរៀងគន  

1

1

−−−−    
    
    

  និង 1

2
    
    
    

  ។ 

 ម៉រទីស A  អចសរេសរជ ៖ 

11 1 2 0 1 1
. .

1 2 0 5 1 2
A

−−−−− −− −− −− −                    
====                     
                    

 

េនះ 
11 1 2 0 1 1

. .
1 2 0 5 1 2

n
nA

−−−−− −− −− −− −                    
====                     
                    

 

            

1

1

1 1

1 1 2 0 1 1
. .

1 2 1 20 5

5 2 5 21
3 2 5 2 2 5 2

n

n

n n n n

n n n n

−−−−

++++

+ ++ ++ ++ +

    − −− −− −− −            
====                                     

    + −+ −+ −+ −
====         × − × +× − × +× − × +× − × +    
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េហតុេនះេគបន ៖ 
1

1 1

3 1 5 2 5 23 1 3
. .

2 4 2 3 22 5 2 2 5 2

n n n n n

n n n n

++++

+ ++ ++ ++ +

    + −+ −+ −+ −                 ====                                      × − × +× − × +× − × +× − × +         
 

                    (((( ))))
1 2

1 2

5 21
2

3 2.5 2

n n

n n

+ ++ ++ ++ +

+ ++ ++ ++ +

    ++++
====         −−−−    

 

តម (1) នងិ (2) េគទញបន ៖ 

1 2 1 25 2 2.5 2
,

3 3

n n n n

n nx y
+ + + ++ + + ++ + + ++ + + ++ −+ −+ −+ −

= == == == =    ។ 
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ជំពូកទី៥ 
វិញញ សគណិតវទិយរបឡងថន ក់េខតត-រកុង -រជ

ធនី និង ទទូងំរបេទស 
 

 រ�ឡងេរជ សេរ សសិសសពូែករ�ច ំរជធនីភនំេពញ 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិ ថន កទ់ី១២ 

សមយ័របឡង ១៤-១៥ កុមភះ ២០១៣ 
វញិញ ស គណិតវទិយ ថន កទ់១ី២ េលកទ១ី (១៤-២-២០១៣) 

រយះេពល ១៨០ នទី ពនិទុ ១០០ 
 

���Ω��� 
I- (ពនិទុ១០) គណនផលបូក 3 15 35 .... 483S = + + + += + + + += + + + += + + + +  
II- (ពនិទុ១០) គណនផលបូក 

100! 100 100! 101 101! ... 2012 2012!S = + × + × + + ×= + × + × + + ×= + × + × + + ×= + × + × + + ×  
III- (ពនិទុ២០) រសយបញជ កថ់ ៖ 
(((( )))) (((( ))))2 22 4 2012 1 3 5 2013 2013

2013 2013 2013 2013 2013 2013 20131 ... ... 2C C C C C C C− + − + + − + − + =− + − + + − + − + =− + − + + − + − + =− + − + + − + − + =

IV- (ពនិទុ២០) េគឲយផលបូក 
1 1 1 1

....
1 2 2 3 3 4 2012 2013

S = + + + += + + + += + + + += + + + +
× × × ×× × × ×× × × ×× × × ×

 ។ 
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រករគបស់វុីតចំនួនពតិទងំអស់ែដលមនតួដូចតួៃន S  េហយមន
ផលបកូេសម 1

6
  ។ 

V- (ពនិទុ២០) េគឲយសវុីតពរី ( )na  និង ( )nb  កំណតេ់លសំណំុ
ចំនួនគតម់និអវជិជមនេដយ ៖ 

0 01 , 0a b= == == == =   និង 1 1,n n n n n na a b b b a+ ++ ++ ++ += + = −= + = −= + = −= + = −   ។ 
េគតង .n n nZ a i b= += += += +   ែដល 2 1i = −= −= −= −   ។ 
ក)បងហ ញថ (((( ))))nZ  ជសវុីតធរណីមរត ។ គណន 2013Z ជ
ទរមងរ់តេីកណមរតរចួទញរក 2013a   និង 2013b   ។ 

ខ)គណន 
2013 2013 2013

2013 2013 2013
0 0 0

; ,i i i
i i i

A Z B a C b
= = == = == = == = =

= = == = == = == = =∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   ។ 

VI- (ពនិទុ២០) កនុងរបូខងសត ំ េគឲយកនលះរងវង ់៥ ែដលមនផចិត
ទងំអស់េនេលបនទ តែ់តមយួ  
េហយផលបកូអងកតផ់ចិតៃនកនលះរងវងតូ់ចៗ ៤ េសម 4cm  ែដលជ
អងកតផ់ចិតៃនកនលះរងវងធ់ំ ។  
រកៃផទរកឡៃនកេរមយួែដលបរមិរតរបស់វ េសមនឹងបរមិរតៃន
តបំនែ់ដលឆូត ។ 
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អរតកំែណគំរ ូ
I- (ពនិទុ១០) គណនផលបូក 3 15 35 .... 483S = + + + += + + + += + + + += + + + +    
 េគអចសរេសរ ៖ 
 2 2 2 2(2 1) (4 1) (6 1) ... (22 1)S = − + − + − + + −= − + − + − + + −= − + − + − + + −= − + − + − + + −                      

        

2 2 2 2

2 2 2 2 2

(2 4 6 ... 22 ) (1 1 1 ... 1)

11(11 1)(22 1)
2 (1 2 3 ... 11 ) 11 4 1

6
2024 11 2013

= + + + + − + + + += + + + + − + + + += + + + + − + + + += + + + + − + + + +
+ ++ ++ ++ += + + + + − = × −= + + + + − = × −= + + + + − = × −= + + + + − = × −

= − == − == − == − =

 

 ដូចេនះ 3 15 35 .... 483 2013S = + + + + == + + + + == + + + + == + + + + =   ។ 
II- (ពនិទុ១០) គណនផលបូក  
 100! 100 100! 101 101! ... 2012 2012!S = + × + × + + ×= + × + × + + ×= + × + × + + ×= + × + × + + ×   

 េគអចសរេសរ (((( ))))
2012

100

100! !
k

S k k
====

= + ×= + ×= + ×= + ×∑∑∑∑   េដយ 
! [( 1) 1]. ! ( 1)! !k k k k k k× = + − = + −× = + − = + −× = + − = + −× = + − = + −  

 េគបន [[[[ ]]]]
2012

100

100! ( 1)! !
k

S k k
====

= + + −= + + −= + + −= + + −∑∑∑∑  
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 [[[[ ]]]]100! (101! 100!) (102! 101!) ... (2013! 2012!)

100! (2013! 100!) 2013!

= + − + − + + −= + − + − + + −= + − + − + + −= + − + − + + −
= + − == + − == + − == + − =

 

ដូចេនះ 100! 100 100! 101 101! ... 2012 2012! 2013!S = + × + × + + × == + × + × + + × == + × + × + + × == + × + × + + × =  
III- (ពនិទុ២០) រសយបញជ កថ់ ៖ 
(((( )))) (((( ))))2 22 4 2012 1 3 5 2013 2013

2013 2013 2013 2013 2013 2013 20131 ... ... 2C C C C C C C− + − + + − + − + =− + − + + − + − + =− + − + + − + − + =− + − + + − + − + =   

តមេទវធញូតុន 
0

( )
n

n k n k k
n

k

a b C a b−−−−

====
+ =+ =+ =+ = ∑∑∑∑    

ែដល !
!( )!

k
n

n
C

k n k
====

−−−−
 

យក 1 ,a b i= == == == =   និង 2013n ====   ែដល 2 1i = −= −= −= −   េគបន ៖ 
2013

2013 1 2 2 3 3 2013 2013
2013 2013 2013 2013 2013

0

(1 ) 1 ...k k

k

i C i iC i C i C i C
====

+ = = + + + + ++ = = + + + + ++ = = + + + + ++ = = + + + + +∑∑∑∑

(((( )))) (((( ))))2013 2 4 2012 1 3 5 2013
2013 2013 2013 2013 2013 2013 2013(1 ) 1 ... ... (1)i C C C i C C C C+ = − + − + + − + − ++ = − + − + + − + − ++ = − + − + + − + − ++ = − + − + + − + − +

េដយ 2 2
1 2 2 cos sin

2 2 4 4
i i i

π ππ ππ ππ π         + = + = ++ = + = ++ = + = ++ = + = +                      
  

េនះតមរបូមនតដមឺរេ័គបន 
  (((( ))))20132013 2013 2013

(1 ) 2 cos sin
4 4

i i
π ππ ππ ππ π    + = ++ = ++ = ++ = +    

    
   

េដយ 2013 5
502

4 4
π ππ ππ ππ πππππ= += += += +  

 េគបន (((( ))))20132013 5 5
(1 ) 2 cos sin (2)

4 4
i i

π ππ ππ ππ π    + = ++ = ++ = ++ = +    
    
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តម (1) នងិ (2) េគទញបន  

(((( )))) (((( ))))
(((( )))) (((( ))))

20132 4 2012
2013 2013 2013

20131 3 5 2013
2013 2013 2013 2013

5
1 ... 2 cos

4
5

... 2 sin
4

C C C

C C C C

ππππ

ππππ

 − + − + =− + − + =− + − + =− + − + =

 − + − + =− + − + =− + − + =− + − + =


 

េដយ (((( )))) (((( ))))
2 22013 2013 20135 5

2 cos 2 sin 2
4 4
π ππ ππ ππ π            + =+ =+ =+ =                        

 

ដូចេនះ 
(((( )))) (((( ))))2 22 4 2012 1 3 5 2013 2013

2013 2013 2013 2013 2013 2013 20131 ... ... 2C C C C C C C− + − + + − + − + =− + − + + − + − + =− + − + + − + − + =− + − + + − + − + =   
V- (ពនិទុ២០) េគឲយសវុីតពរី ( )na  និង ( )nb  កំណតេ់លសំណំុ
ចំនួនគតម់និអវជិជមនេដយ ៖ 

0 01 , 0a b= == == == =   និង 1 1,n n n n n na a b b b a+ ++ ++ ++ += + = −= + = −= + = −= + = −   ។ 
េគតង .n n nZ a i b= += += += +   ែដល 2 1i = −= −= −= −   ។ 
ក)បងហ ញថ (((( ))))nZ  ជសវុីតធរណីមរត  
េគមន .n n nZ a i b= += += += +   េនះ 1 1 1n n nZ a ib+ + ++ + ++ + ++ + += += += += +   
 េដយ 1 1,n n n n n na a b b b a+ ++ ++ ++ += + = −= + = −= + = −= + = −    
េគបន 1 ( ) ( ) (1 ) (1 )n n n n n n nZ a b i b a i a i b++++ = + + − = − + += + + − = − + += + + − = − + += + + − = − + +  

                   
1

(1 ) (1 )( )
1

(1 )

n n n n

n

i
i a b i a ib

i

i Z

++++    = − + = − += − + = − += − + = − += − + = − +    −−−−    

= −= −= −= −
 



ពហុធ និង សមីករអនុគមន ៍
 

 

 

Prepared by LIM PHALKUN     Tel: 017 768 246 Page 58 

 

ដូចេនះ (((( ))))nZ  ជសវុីតធរណីមរតមនេរសុង 1q i= −= −= −= −  និងតួ 
0 0 0 1Z a ib= + == + == + == + =  ។ 

គណន 2013Z ជទរមងរ់តេីកណមរតរចួ រក 2013a   និង 2013b    
េគបន 2013 2013

2013 0 (1 )Z Z q i= × = −= × = −= × = −= × = −  

េដយ 2 2
1 2 . 2 cos sin

2 2 4 4
i i i

π ππ ππ ππ π                     − = − = − + −− = − = − + −− = − = − + −− = − = − + −                                              
 

តមរបូមនតដមឺរ ័

(((( ))))2013

2013
2013 2013

2 cos .sin
4 4

Z i
π ππ ππ ππ π                = − + −= − + −= − + −= − + −                

                
 

េដយ 2013 5
502

4 4
π ππ ππ ππ πππππ= += += += +  េនះ 

(((( ))))2013

2013
5 5

2 cos sin
4 4

Z i
π ππ ππ ππ π                = − + −= − + −= − + −= − + −                

                
  

ដូចេនះ (((( ))))2013

2013
5 5

2 cos sin
4 4

Z i
π ππ ππ ππ π                = − + −= − + −= − + −= − + −                

                
  ។ 

មយ៉ងេទៀតេដយ 2013 2013 2013.Z a i b= += += += +   

េនះ 
(((( ))))

(((( ))))

2013

2013

2013

2013

5
2 cos

4

5
2 sin

4

a

b

ππππ

ππππ

     = −= −= −= −    
        


     = −= −= −= −         

 

េដយ 5 1
cos( ) cos( ) cos

4 4 4 2

π π ππ π ππ π ππ π πππππ− = + = − = −− = + = − = −− = + = − = −− = + = − = −  
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និង 5 1
sin ( ) sin( ) sin

4 4 4 2

π π ππ π ππ π ππ π πππππ− = − + = − = −− = − + = − = −− = − + = − = −− = − + = − = −  

ដូចេនះ  

(((( )))) (((( ))))2012 20121006 1006
2013 20132 2 , 2 2a b= − = − = − = −= − = − = − = −= − = − = − = −= − = − = − = −  ។ 

ខ)គណន 
2013 2013 2013

2013 2013 2013
0 0 0

; ,i i i
i i i

A Z B a C b
= = == = == = == = =

= = == = == = == = =∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   ៖ 

េគមន ( )nZ  ជសវុីតធរណីមរតៃនចំនួនកុំផលចិេនះេគបន ៖ 

 

2013

2013 0 1 2013
0

2014

0

2 1007

0

...

1
1

1 ( )
1

i
i

A Z Z Z Z

q
Z

q

q
Z

q

====
= = + + += = + + += = + + += = + + +

−−−−= ×= ×= ×= ×
−−−−

−−−−= ×= ×= ×= ×
−−−−

∑∑∑∑

 

េដយ 1q i= −= −= −= −  េនះ 2 2(1 ) 1 2 1 2q i i i= − = − − = −= − = − − = −= − = − − = −= − = − − = −   
និង 1 1 (1 )q i i− = − − =− = − − =− = − − =− = − − = េហយ 0 1Z ====  េនះ 

1007 10071007

2013 2

1 2 .1 ( 2 ) i ii
A

i i

    ++++− −− −− −− −     = == == == =  

េដយ 2 1007 4 251 3 31 ,i i i i i× +× +× +× += − = = = −= − = = = −= − = = = −= − = = = −   

េនះ 
1007

1007
2013

(1 2 )
2

1
i i

A i
−−−−= = − −= = − −= = − −= = − −

−−−−
 

ដូចេនះ 1007
2013 2A i= − −= − −= − −= − −   ។ 
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2013

2013
0

2013
1007

2013 2013
0

( ) 2

i
i

i i
i

A Z

a ib B iC i

====

====

====

= + = + = − −= + = + = − −= + = + = − −= + = + = − −

∑∑∑∑

∑∑∑∑
 

ដូចេនះ 1007
2013 2B = −= −= −= −   និង 2013 1C = −= −= −= −   ។ 

VI- (ពនិទុ២០) រកៃផទរកឡៃនកេរមយួែដលបរមិរតរបស់វ េសម
នឹងបរមិរតៃនតបំនែ់ដលឆូត ៖ 
 
 
 
 
 
 
 
 
តង 1 2 3 4, , ,r r r r  ជរងវ ស់កៃំនកនលះរងវងតូ់ចៗបនួ និង R  ជ
រងវ ស់កៃំនកនលះរងវងធ់ំ ។ 
បរមិរតៃនតបំនែ់ដលឆូតេសមនឹងផលបូកៃនបរមិរតកនលះរងវងតូ់ច
ទងំបនួ និង បរមិរតកនលះរងវងធ់ ំ
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េគបន បរមិរតៃនតបំនែ់ដលឆូត 
1 2 3 4 1 2 3( )p r r r r R r r r Rπ π π π π ππ π π π π ππ π π π π ππ π π π π π= + + + + = + + += + + + + = + + += + + + + = + + += + + + + = + + +  

េដយ ផលបកូអងកតផ់ចិតៃនកនលះរងវងតូ់ចៗ ៤ េសម 4cm  េនះ 
1 2 3 42( ) 4r r r r+ + + =+ + + =+ + + =+ + + =   

េគទញបន 1 2 3 4 2 ( )r r r r cm+ + + =+ + + =+ + + =+ + + =  េហយ 
1 2 3 42( ) 4 2r r r r R+ + + = =+ + + = =+ + + = =+ + + = =  េនះ 2 ( )R cm====  

េគបន 4 ( )p cmππππ====  ។  
តង c  ជរជុងៃនកេរែដលមនបរមិរតរបស់វ េសមនឹងបរមិរត
ៃនតបំនែ់ដលឆូតេនះេគបន 4 4c ππππ====  េនះ ( )c cmππππ====  ។ 
ដូចេនះៃផទរកឡៃនកេរែដលរតូវរកគឺ 2 2 2( )S c cmππππ= == == == =   ។ 
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រ�ឡងេរជ សេរ សសសិសពូែករ�ច ំរជធនីភនំេពញ 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិ ថន កទ់ី១២ 

សមយ័របឡង ១៤-១៥ កុមភះ ២០១៣ 
វញិញ ស គណិតវទិយ ថន កទ់១ី២ េលកទី២ (១៥-២-២០១៣) 

រយះេពល ១៨០ នទី ពនិទុ ១០០ 
���Ω��� 

 
I- (ពនិទុ១៥) េគឲយផលបូក 

22 2 7 14 2
...

! 2! 3! 4! !n
n n

S
n n

+ −+ −+ −+ −
= + + + + += + + + + += + + + + += + + + + +  

 គណន 1S  និង 2013S  ? 
II- (ពនិទុ១៥) គណនផលបូក 

2 3 1006
cos cos cos .... cos

2013 2013 2013 2013
S

π π π ππ π π ππ π π ππ π π π
= − + − −= − + − −= − + − −= − + − −   ។ 

III- (ពនិទុ១៥) តង ( )O n  ជផលបូកេលខេសសៃនចំនួនគត់
វជិជមន n  ។  

 ឧទហរណ៍ (2013) 1 3 4O = + == + == + == + =  ។  
 គណន (1) (2) (3) ... (100)O O O O+ + + ++ + + ++ + + ++ + + +  ។ 
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IV- (ពនិទុ១៥) េគឲយអនុគមន ៍ :f →→→→ℕ ℕℕ ℕℕ ℕℕ ℕ  កណំតេ់ដយ 
3

( )

2

x x
f x x

x

 ++++
==== 



ebI essebI essebI essebI ess

ebI KUebI KUebI KUebI KU
 

ឧបមថ k  ជចំនួនគតវ់ជិជមនេសស និង [[[[ ]]]]( ) 1011f f k ====  ។  
រកតៃមលៃន k   ? 
V- (ពនិទុ២០) បុបផ េរបរបពនឋទូ័រសពទម័យួែដលមន ៧េលខ ។  
 សំ រសពចិរសពិលេលខទូរសពទរ័បស់នង ។សំចបំនថ៤ 
 ខទងដ់ំបូងមនេលខ9មយួេលខ8មយួ និងេលខ7 ពរី ។  
 សំចមំនិសូវចបស់េលខខទងទ់ី៥អចេលខ 1 ឬ េលខ 2 ។  
 ចំែណកេលខខទងទ់ី6 សំមនិចេំសះ ប៉ុែនតសំចេំលខខទងទ់ី៧ 
 េសមនឹងេលខ5ដកេលខេនខទងទី់៦ ។  
 េតសំរតូវេហេលខទូរសពទច័ំនួនប៉នុម នដងេទបបុបផ េលក 
 ទូរសពទទ័ទួល ? 
VI- (ពនិទុ២០) អងទកឹចិញជ ឹមរតមីយួរងរបេលពែីបត៉ែកងមន 
 មឌ 38m  ។ េបរទនុងនីមយួៗរតូវេគបេងកន1m  េនះមឌៃន 
 អងទកឹេសមនឹង 327m  ។ 
  រកមឌអងទឹកកនុងករណីរទនុងនមីយួៗឥឡូវេនះរតូវេគ 
 បេងកន 2m  េទៀត ។ 
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អរតកំែណគំរ ូ
 

I- (ពនិទុ១៥) េគឲយផលបូក  

 
22 2 7 14 2

...
! 2! 3! 4! !n

n n
S

n n

+ −+ −+ −+ −
= + + + + += + + + + += + + + + += + + + + +  

 គណន 1S  និង 2013S  ៖ 

 េគមន 
2

2

2 2
! !

n

n
k

n k
S

n k====

+ −+ −+ −+ −= += += += + ∑∑∑∑  េនះ 1
1 2

3
1!

S
++++= == == == =   ។ 

 មយ៉ងេទៀត 
2

2

2 2
! !

n

n
k

n k
S

n k====

+ −+ −+ −+ −= += += += + ∑∑∑∑   

 េគមន  

                 

2 2 2
! ( 1)! !

( 1) 1 2
( 1)! !

1 1 2
( 2)! ( 1)! !

k k
k k k

k
k k

k k k

−−−− = −= −= −= −
−−−−
− +− +− +− += −= −= −= −

−−−−

= + −= + −= + −= + −
− −− −− −− −

 

                          1 1 1 1
2

( 2)! ( 1)! ( 1)! !k k k k

            
= − + −= − + −= − + −= − + −            − − −− − −− − −− − −            

 

 េគបន  

     2 2

2 1 1 1 1
2

! ( 2)! ( 1)! ( 1)! !

n n

n
k k

n
S

n k k k k= == == == =

            ++++= + − + −= + − + −= + − + −= + − + −            − − −− − −− − −− − −            
∑ ∑∑ ∑∑ ∑∑ ∑  
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2 1 1 1 1

2
! 0! ( 1)! 1! !

2 2
1 2 3

! ! !

n

n n n

n n

n n n

    ++++     = + − + −= + − + −= + − + −= + − + −         −−−−         

++++= + − + − == + − + − == + − + − == + − + − =
 

 យក 2013n ==== េនះ 2013 3S ====  ។ 
 ដូចេនះ 1 20133 , 3S S= == == == =   ។ 
II- (ពនិទុ១៥) គណនផលបូក  

 2 3 1006
cos cos cos .... cos

2013 2013 2013 2013
S

π π π ππ π π ππ π π ππ π π π
= − + − −= − + − −= − + − −= − + − −    

 េគអចសរេសរ (((( ))))
1006

1

1

1 cos
2013

k

k

k
S

ππππ++++

====

    = −= −= −= −     
    

∑∑∑∑    

 េយងេរជសេរ ស (((( ))))
1006

1

1

1 sin
2013

k

k

k
T

ππππ++++

====

    = −= −= −= −     
    

∑∑∑∑    

 និង .Z S i T= += += += +   ែដល 2 1i = −= −= −= −  
 េគបន ៖ 

 

1006
1

1

1006

1

( 1) cos sin
2013 2013

( 1). cos sin
2013 2013

k

k

k

k

k k
Z i

i

π ππ ππ ππ π

π ππ ππ ππ π

++++

====

====

        = − += − += − += − +        
        

        = − − += − − += − − += − − +        
        

∑∑∑∑

∑∑∑∑
 

 យក 2014 2014
( 1) cos sin cos sin

2013 2013 2013 2013
iu i i e θθθθπ π π ππ π π ππ π π ππ π π π    = − + = + == − + = + == − + = + == − + = + =    

    
  

 ែដល 2014
2013

ππππθθθθ ====  ។ 
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 េនះេគបន ៖ 

 
10061006

2 3 1006

1

1
( ... )

1
k

k

u
Z u u u u u u

u====

−−−−= − = − + + + + = − ×= − = − + + + + = − ×= − = − + + + + = − ×= − = − + + + + = − ×
−−−−∑∑∑∑  

 េដយ 2 2 2 21 1 2 sin
2

i i i i
iu e e e e ie

θ θ θ θθ θ θ θθ θ θ θθ θ θ θ
θθθθ θθθθ−−−−    

    − = − = − = −− = − = − = −− = − = − = −− = − = − = −
    
    

  

 េហយ 

  (((( ))))
1006 1006

503 .503 .503

503

1 1

2 sin503

i

i i i

i

u e

e e e

ie

θθθθ

θ θ θθ θ θθ θ θθ θ θ

θθθθ θθθθ

−−−−

− = −− = −− = −− = −

= −= −= −= −

= −= −= −= −

 

 េគបន 
.107.503

2

2

2 sin503 sin503
.

sin2 sin 22

ii
i

i

ie
Z e e

ie

θθθθθθθθ
θθθθ

θθθθ
θ θθ θθ θθ θ

θθθθθθθθ
−−−−= − = − ×= − = − ×= − = − ×= − = − ×

−−−−
 

 េគទញ (((( )))) sin503 107
Re cos

2sin
2

S Z
θ θθ θθ θθ θ

θθθθ= = − ×= = − ×= = − ×= = − ×    

 ែដល 2014
2013

ππππθθθθ ====   
 េគមន   
 107 107 107

sin503 cos sin 503 sin 503
2 2 2 2

θ θ θθ θ θθ θ θθ θ θθ θ θθ θ θθ θ θθ θ θ    1111             = + + −= + + −= + + −= + + −                
                

 

                          1 2013
sin sin

2 2 2
θ θθ θθ θθ θ        = + −= + −= + −= + −        

        
 

 េដយ 2013 2013 2014
sin sin sin(1007 ) 0

2 2 2013
θ πθ πθ πθ π ππππ= × = == × = == × = == × = =    



ពហុធ និង សមីករអនុគមន ៍
 

 

 

Prepared by LIM PHALKUN     Tel: 017 768 246 Page 67 

 

 េរពះ 2014
2013

ππππθθθθ ====  ។ 

 េនះ 107 1
sin503 cos sin

2 2 2
θ θθ θθ θθ θθθθθ = −= −= −= −   

 េហតុេនះ 
1

sin 12 2Re( )
2sin

2

S Z

θθθθ

θθθθ

−−−−
= = − == = − == = − == = − =   ។ 

 ដូចេនះ 1
2

S ====   ។ 
 
III- (ពនិទុ១៥)  
 តង ( )O n  ជផលបូកេលខេសសៃនចំនួនគតវ់ជិជមន n  ។  
 ឧទហរណ៍ (2013) 1 3 4O = + == + == + == + =  ។  
 គណន (1) (2) (3) ... (100)O O O O+ + + ++ + + ++ + + ++ + + +  ៖ 

 តង 
100

1

(1) (2) (3) ... (100) ( )
k

S O O O O O k
====

= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑  

                         
9 99

1 10

( ) ( ) (100)
k k

O k O k O
= == == == =

= + += + += + += + +∑ ∑∑ ∑∑ ∑∑ ∑  

 េដយ 
9

1

(100) 1 , ( ) 1 3 5 7 9 25
k

O O k
====

= = + + + + == = + + + + == = + + + + == = + + + + =∑∑∑∑   

 េរពះ (2) (4) (6) (8) 0O O O O= = = == = = == = = == = = =  

 េហយ 
99 19 29 99

10 10 20 90

( ) ( ) ( ) ... ( )
k k k K

O k O k O k O k
= = = == = = == = = == = = =

= + + += + + += + + += + + +∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑  
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 មន 
19

10

( ) 1 10 (1 3 5 7 9) 10 25 35
k

O k
====

= × + + + + + = + == × + + + + + = + == × + + + + + = + == × + + + + + = + =∑∑∑∑  

          

29 49 69

20 40 60

89

80

( ) ( ) ( )

( ) 1 3 5 7 9 25

k k k

k

O k O k O k

Q k

= = == = == = == = =

====

= == == == =

= = + + + + == = + + + + == = + + + + == = + + + + =

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

∑∑∑∑
 

     
39

30

( ) 3 10 (1 3 5 7 9) 30 25 55
k

Q k
====

= × + + + + + = + == × + + + + + = + == × + + + + + = + == × + + + + + = + =∑∑∑∑  

      

59

50

79

70

99

90

( ) 5 10 (1 3 5 7 9) 50 25 75

( ) 7 10 (1 3 5 7 9) 70 25 95

( ) 9 10 (1 3 5 7 9) 90 25 115

k

k

k

O k

O k

O k

====

====

====

= × + + + + + = + == × + + + + + = + == × + + + + + = + == × + + + + + = + =

= × + + + + + = + == × + + + + + = + == × + + + + + = + == × + + + + + = + =

= × + + + + + = + == × + + + + + = + == × + + + + + = + == × + + + + + = + =

∑∑∑∑

∑∑∑∑

∑∑∑∑

 

   
េគបន 25 25 4 (55 75 95 115) 1 501S = + × + + + + + == + × + + + + + == + × + + + + + == + × + + + + + =  
ដូចេនះ (1) (2) (3) ... (100) 501O O O O+ + + + =+ + + + =+ + + + =+ + + + =   ។ 
IV-(ពនិទុ១៥) េគឲយអនុគមន ៍ :f →→→→ℕ ℕℕ ℕℕ ℕℕ ℕ  កណំតេ់ដយ 

3
( )

2

x x
f x x

x

 ++++
==== 



ebI essebI essebI essebI ess

ebI KUebI KUebI KUebI KU
 

 ឧបមថ k  ជចំនួនគតវ់ជិជមនេសស និង [[[[ ]]]]( ) 1011f f k ====   
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រកតៃមលៃន k   ៖ 
េដយ k  ជចំនួនគតវ់ជិជមនេសសេនះ ( ) 3f k k= += += += +  ជចំនួនគូ 
េនះ [[[[ ]]]] ( ) 3

( ) 1011
2 2

f k k
f f k

++++= = == = == = == = =  
សមមូល 2022 3 2019k = − == − == − == − =  
ដូចេនះ 2019k ====   ។ 
V-េលខទូរសពទរ័បស់បុបផ មនរង 9877 (5 )X ab b= −= −= −= −   
 ែដល ,a b  ជេលខ េហយ 1a ====  
 ឬ 2a ==== និង  5 0b− ≥− ≥− ≥− ≥  សមមលូ 5b ≤≤≤≤    
េនះ {0,1,2,3,4,5}b ∈∈∈∈  ។ 
េយងេឃញថតៃមល a  អចមនជំេរ ស2ដង េហយ តៃមលេលខ b 
អចមនជេរមស6ដង ។ 
ដូចេនះចំនួនដងៃនករេហេលខទូរសពទរ័បស់សំេដមបឲីយរតូវេលខ
ពតិរបកដរបស់បុបផ គឺ 2 6 12n = × == × == × == × =   ដង ។ 
VI- (ពនិទុ២០) អងទកឹចិញជ ឹមរតមីយួរងរបេលពែីបត៉ែកងមន
មឌ 38m  ។ េបរទនុងនីមយួៗរតូវេគបេងកន1m  េនះមឌៃនអង
ទឹកេសមនងឹ 327m  ។ 
 រកមឌអងទឹកកនុងករណីរទនុងនមីយួៗឥឡូវេនះរតូវេគបេងកន 
2m  េទៀត ។ 
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តង , ,a b c  (គិតជែមរ៉ត) ជមឌរបស់អងទកឹ រងរបេលពែីប៉
តែកង និង 0V  ជមឌរបស់វេនះេគបន 3

0 8V abc m= == == == = ។ 

េបរទនុងនីមយួៗរតូវេគបេងកន 1m  េនះមឌៃនអងទកឹគឺ ៖ 
3

1 (1 )(1 )(1 ) 27V a b b m= + + + == + + + == + + + == + + + =  
េគមន 
(1 )(1 )(1 ) 1 ( ) ( )a b c a b c ab bc ca abc+ + + = + + + + + + ++ + + = + + + + + + ++ + + = + + + + + + ++ + + = + + + + + + +  

តមវសិមភព AM GM−−−−  េគមន 
3

23

3

3 ( )

a b c abc

ab bc ca abc

 + + ≥+ + ≥+ + ≥+ + ≥


+ + ≥+ + ≥+ + ≥+ + ≥

 

េគបន 
2 3 33 33 3(1 )(1 )(1 ) 1 3 3 ( ) ( ) (1 )a b c abc abc abc abc+ + + ≥ + + + = ++ + + ≥ + + + = ++ + + ≥ + + + = ++ + + ≥ + + + = +

េនះ 3 333
1 0(1 )(1 )(1 ) (1 ) (1 8) 27V a b c V= + + + ≥ + = + == + + + ≥ + = + == + + + ≥ + = + == + + + ≥ + = + =   

សមភពេកតមនកលណ 2a b c cm= = == = == = == = =  ។ 
េបកនុងករណីរទនុងនីមយួៗឥឡូវេនះរតូវេគបេងកន 2m  េទៀតេនះ
រកមឌអងទឹកកណំតេ់ដយ

3
2 ( 2)( 2)( 2) (2 2)(2 2)(2 2) 64V a b c m= + + + = + + + == + + + = + + + == + + + = + + + == + + + = + + + =   ។ 

 
  

���Ω��� 
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រ�ឡងេរជ សេរ សសសិសពូែករ�ច ំវិទយល័យរពះមុននីវងស 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិ ថន កទ់ី១២ 

សមយ័របឡង ២០១៣ 
វញិញ ស គណិតវទិយ ថន កទ់១ី២  

រយះេពល ១២០ នទី ពនិទុ ១០០ 
 

���Ω��� 
 

I)១) ចូរគណនលីមតី  
2sin( !) cos( )

lim
1 2n

n n
n n→+∞→+∞→+∞→+∞

    
++++    + ++ ++ ++ +    

 

 ២) េគឲយអនុគមន ៍ f  កំណតេ់ដយ 
22 3

( )
1

x x m
f x

x
− +− +− +− +====

−−−−
 

ែដល m ជប៉រ៉ែមរ៉ត ។ 
  កំណតត់ៃមល m  េដមបឲីយ (((( ))))'( ) 0 3,f x x≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞   ។ 
II)១)កំណតច់ំនួនគតធ់មមជតិ , , ,x y z t  ែដល  
 31( 1) 40( )xyzt xy xt zt yzt y t+ + + + = + ++ + + + = + ++ + + + = + ++ + + + = + +   ។ 

 ២)េគឲយ 
24 4 1

( )
2 1 2 1

n n
f n

n n

+ −+ −+ −+ −====
+ + −+ + −+ + −+ + −

   

 ចំេពះរគបច់ំនួនគតធ់មមជតិ n  ។ 
  កំណតត់ៃមល (1) (2) (3) .... (40)f f f f+ + + ++ + + ++ + + ++ + + +   ។ 
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III) េគឲយសវុីតៃនចំនួនពតិ { }na  កំណតេ់លសំណំុ {0}IN ∪∪∪∪  ែដល
កំណតេ់ដយ 0 3a ====  និងទំនក ់ទំនងកំេណ ន 

1(3 )(6 ) 18n na a++++− + =− + =− + =− + =   ។  
ចូរគណន 

2012

0

1

k ka====
∑∑∑∑   ? 

IV)ចូររសយថ 2 1 3 13 5 2n n+ ++ ++ ++ +× +× +× +× +   ែចកដចន់ឹង 17 ជនិចចរគប់
ចំនួនគតម់និអវជិជមន n  ។ 
V)អនុគមន ៍ f  មយួេផទៀងផទ តស់មកីរអនុគមន ៍ 
 1 2

( ) 503
2 3 2

x
f f x x

x
     + =+ =+ =+ =    −−−−    

 ។ ចូររកអនុគមន ៍ f ? 

VI)ចូររសយបញជ កថ់វសិមភព 6 4 108
cos sin

3125
x x ≤≤≤≤  ពិត 

 ចំេពះរគបច់ំនួនពិត x  ។ 
VII)P  ជចំណុចេនកនុងរតេីកណ ABC  ។ , ,I J K  ជ 
ចំេណលែកងៃនចំណុច P  េលរជុងេរៀងគន  [[[[ ]]]] [[[[ ]]]] [[[[ ]]]], ,BC CA AB    
ចូរកំណតច់ំណុច P  ែដលេធវឲយ BC AC AB

PI PJ PK
+ ++ ++ ++ +  មនតៃមល 

អបបបរម ។ 
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អរតកំែណគំរ ូ
 

I)១) គណនលីមតី   
2sin( !) cos( )

lim
1 2n

n n
L

n n→+∞→+∞→+∞→+∞

    
= += += += +    + ++ ++ ++ +    

  

ចំេពះរគប ់ 0n >>>>  េគមន 1 0n + >+ >+ >+ >  និង 2 0n + >+ >+ >+ >   
េហយេដយ 1 sin( !) 1n− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤   
និង 21 cos( ) 1n− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤  េនះេគបន 1 sin( !) 1

(1)
1 1 1

n
n n n
−−−− ≤ ≤≤ ≤≤ ≤≤ ≤
+ + ++ + ++ + ++ + +

 

និង 
21 cos( ) 1

(2)
2 2 2

n
n n n
−−−− ≤ ≤≤ ≤≤ ≤≤ ≤
+ + ++ + ++ + ++ + +

 
បូក (1) នងិ (2) អងគ និង អងគេគបន   

21 1 sin( !) cos( ) 1 1
1 2 1 2 1 2

n n
n n n n n n

    − + ≤ + ≤ +− + ≤ + ≤ +− + ≤ + ≤ +− + ≤ + ≤ +    + + + + + ++ + + + + ++ + + + + ++ + + + + +    
  

េនះ 
21 1 sin( !) cos( ) 1 1

lim lim lim
1 2 1 2 1 2n n n

n n
n n n n n n→+∞ →+∞ →+∞→+∞ →+∞ →+∞→+∞ →+∞ →+∞→+∞ →+∞ →+∞

                − + ≤ + ≤ +− + ≤ + ≤ +− + ≤ + ≤ +− + ≤ + ≤ +                + + + + + ++ + + + + ++ + + + + ++ + + + + +                
 

             
2sin( !) cos( )

0 lim 0
1 2n

n n
n n→+∞→+∞→+∞→+∞

    
≤ + ≤≤ + ≤≤ + ≤≤ + ≤    + ++ ++ ++ +    

 

ដូចេនះ
2sin( !) cos( )

lim 0
1 2n

n n
L

n n→+∞→+∞→+∞→+∞

    
= + == + == + == + =    + ++ ++ ++ +    

  ។ 

២) កំណតត់ៃមល m  េដមបឲីយ (((( ))))'( ) 0 3,f x x≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞   ៖ 

េគមន 
22 3

( )
1

x x m
f x

x
− +− +− +− +====

−−−−
  ែដល m ជប៉រ៉ែមរ៉ត ។ 
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ចំេពះរគប ់ 1x ≠≠≠≠  អនុគមន ៍ f  អចសរេសរជរងកណូនិចដូច
ខងេរកម ៖ 

2 ( 1) ( 1) ( 1) 1
( ) 2 1

1 1
x x x m m

f x x
x x

− − − + − −− − − + − −− − − + − −− − − + − −= = − += = − += = − += = − +
− −− −− −− −

 
េគបន៖ 

 

'

2

2 2

2 2

1 1
'( ) (2 1)' 2

1 ( 1)

2( 1) 1 2 4 3
( 1) ( 1)

m m
f x x

x x

x m x x m
x x

− −− −− −− −    = − + = −= − + = −= − + = −= − + = −    − −− −− −− −    

− − + − − +− − + − − +− − + − − +− − + − − += == == == =
− −− −− −− −

 

តងរតធី 2( ) 2 4 3g x x x m= − − += − − += − − += − − +  ។ េដមបឲីយ 
(((( ))))'( ) 0 3,f x x≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞≥ ∀ ∈ + ∞   លុះរតែត និង រគនែ់ត 

េយងឲយ 2( ) 2 4 3 0g x x x m= − − + ≥= − − + ≥= − − + ≥= − − + ≥  ចំេពះរគប ់ 2x >>>>  ។  
េដយ 2 0ga = >= >= >= >  េនះេយងរតូវសិកសពរីករណីខងេរកម ៖ 
-ករណីទី១ ' 0∆ ≤∆ ≤∆ ≤∆ ≤  
 ' 4 2( 3) 2 2 0m m∆ = − − + = − ≤∆ = − − + = − ≤∆ = − − + = − ≤∆ = − − + = − ≤    
សមមូល 1m ≤≤≤≤  ឬ ( ,1]m ∈ −∞∈ −∞∈ −∞∈ −∞ ។ 

-ករណីទី២  
0

( ) 0

0
2

a g

S

αααα

αααα


∆ >∆ >∆ >∆ >
 ≥≥≥≥

 − <− <− <− <


   សមមូល 
2 2 0

2(8 8 3) 0

1 2 0

m

m

− >− >− >− >
 − − + ≥− − + ≥− − + ≥− − + ≥
 − <− <− <− <

   

សមមូល 1 0

3 0

m

m

− >− >− >− >
− + ≥− + ≥− + ≥− + ≥
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សមមូល 1

3

m

m

>>>>
 ≤≤≤≤

  សមមលូ 1 3m< ≤< ≤< ≤< ≤  ឬ (1 , 3]m ∈∈∈∈   ។  

ដូចេនះ ( , 1] (1,3]m ∈ −∞ ∪∈ −∞ ∪∈ −∞ ∪∈ −∞ ∪  ។ 
II)១)កំណតច់ំនួនគតធ់មមជតិ , , ,x y z t   
 ែដល 31( 1) 40( )xyzt xy xt zt yzt y t+ + + + = + ++ + + + = + ++ + + + = + ++ + + + = + +   
 ចំេពះរគប់ , , ,x y z t IN∈∈∈∈  សមកីរអចសរេសរ  
 1 40

31
xyzt xy xt zt

yzt y t
+ + + ++ + + ++ + + ++ + + + ====

+ ++ ++ ++ +
 

 ( ) 1 1 9
1

31
x yzt y t zt zt

x
yzt y t yzt y t
+ + + + ++ + + + ++ + + + ++ + + + += + = += + = += + = += + = +

+ + + ++ + + ++ + + ++ + + +
 នឲំយ 

1

1 9
(*)

31

x

zt
yzt y t

====
 ++++ ==== + ++ ++ ++ +

 

 តម (*)  េគអចសរេសរ 31
1 9

yzt y t
zt
+ ++ ++ ++ + ====
++++

   

 ឬ 4
3

1 9
t

y
zt

+ = ++ = ++ = ++ = +
++++

 នឲំយ 
3

4
(**)

1 9

y

t
zt

====

 ==== ++++

 

 តម (**)  េគអចសរេសរ 1 9
4

zt
t
++++ ====  ឬ  1 1

2
4

z
t

+ = ++ = ++ = ++ = +    
 េនះ 2z ====  និង 4t ====   ។ 
 ដូចេនះ 1 , 3 , 2 , 4x y z t= = = == = = == = = == = = =   ។ 
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២) កំណតត់ៃមល S ==== (1) (2) (3) .... (40)f f f f+ + + ++ + + ++ + + ++ + + +    

 េគមន  
24 4 1

( )
2 1 2 1

n n
f n

n n

+ −+ −+ −+ −====
+ + −+ + −+ + −+ + −

   

 ចំេពះរគបច់ំនួនគតធ់មមជតិ n   
 យក 2 1a n= += += += +  និង 2 1b n= −= −= −= −   
 េនះ 2 2 2 1 2 1 4a b n n n+ = + + − =+ = + + − =+ = + + − =+ = + + − =  និង 24 1ab n= −= −= −= −  
 េគអចសរេសរ  

 
3 32 2 3 3

2 2

(2 1) (2 1)
( )

2 1 2 1

n na ab b a b
f n

a b a b n n

+ − −+ − −+ − −+ − −+ + −+ + −+ + −+ + −= = == = == = == = =
+ − + − ++ − + − ++ − + − ++ − + − +

 

                                  
3 3(2 1) (2 1)

2

n n+ − −+ − −+ − −+ − −
====  

 េគបន៖ 

  

40

1

40
3 3

1

(1) (2) (3) ... (40) ( )

1
(2 1) (2 1)

2

k

k

S f f f f f k

k k

====

====

= + + + + == + + + + == + + + + == + + + + =

    = + − −= + − −= + − −= + − −
    

∑∑∑∑

∑∑∑∑
  

         

3 3 3 3 3 3

3 3

3 3

1
( 3 1 ) ( 5 3 ) ... ( 81 79 )

2

81 1
2

9 1 729 1 728
364

2 2 2

    = − + − + + −= − + − + + −= − + − + + −= − + − + + −
    

−−−−====

− −− −− −− −= = = == = = == = = == = = =

 

ដូចេនះ  S ==== (1) (2) (3) .... (40) 364f f f f+ + + + =+ + + + =+ + + + =+ + + + =   ។ 
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III) គណន 
2012

0

1

k ka====
∑∑∑∑   

េគមន 1(3 )(6 ) 18n na a++++− + =− + =− + =− + =    
សមមូល 118 3 (6 ) 18n n na a a +++++ − + =+ − + =+ − + =+ − + =  សមមលូ 1

3
6

n
n

n

a
a

a++++ ====
++++

 

សមមូល  
1

61 1 6
(1 )

3 3
n

n n n

a

a a a++++

++++= = += = += = += = +   ។ 

 តង 1
n

n

b
a

====   េនះ 1
1

1
n

n

b
a++++

++++

====  

េគបន 1

1
(1 6 )

3n nb b++++ = += += += +  មនសមកីរសមគ ល់ 1
(1 6 )

3
t t= += += += +   

ឬ 3 1 6t t= += += += +  នឲំយ 1
3

t = −= −= −= −  ។ 

តងសវុីតជំនួយ 1
3n nc b= += += += +   

េនះ 1 1

1 1 1 1
(1 6 ) 2( )

3 3 3 3n n n n nc b b b c+ ++ ++ ++ += + = + + = + == + = + + = + == + = + + = + == + = + + = + =  
េគទញ ( )nc  ជសវុីតធរណីមរតមនេរសុង 2q ====  និងតួ 

0 0
0

1 1 1 2
3 3 3

c b
a

= + = + == + = + == + = + == + = + =  

េគបន 
1

0

2 2
2

3 3

n
n n

nc c q
++++

= × = × == × = × == × = × == × = × =   េហយេដយ 1
3n nc b= += += += +  

េនះ 
12 1
3

n

nb
++++ −−−−====  ។ 
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េយងបន៖ 

 

12012 2012 2012

0 0 0

20132012 2012

0 0

1 2 1
3

2 1 2 2 1 2013
2

3 3 3 2 1 3

k

k
k k kk

k

k k

b
a

++++

= = == = == = == = =

= == == == =

    −−−−= == == == =     
    

−−−−= − = × −= − = × −= − = × −= − = × −
−−−−

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

∑ ∑∑ ∑∑ ∑∑ ∑
 

                             
2013 20142(2 1) 2013 2 2015

3 3
− − −− − −− − −− − −= == == == =  

ដូចេនះ 
20142012

0

1 2 2015
3k ka====

−−−−====∑∑∑∑  ។ 

IV) រសយថ 2 1 3 13 5 2n n+ ++ ++ ++ +× +× +× +× +   ែចកដចន់ងឹ 17 ជនិចចរគបច់នួំន 
 គតម់និអវជិជមន n  ៖ 
តង 2 1 3 13 5 2 15 25 2 8n n nn

nA ++++ ++++= × + = × + ×= × + = × + ×= × + = × + ×= × + = × + ×   
េដយ 

1

0 0

25 (17 8) .17 .8 ( 17 .8 ) 8
n n

n n k n k k k n k k n
n n

k k

C C
−−−−

− −− −− −− −

= == == == =

= + = = += + = = += + = = += + = = +∑ ∑∑ ∑∑ ∑∑ ∑   

េហយ 
1

0

17 .8 17 ,
n

k n k k
n n n

k

C INλ λλ λλ λλ λ
−−−−

−−−−

====

= ∈= ∈= ∈= ∈∑∑∑∑   េនះ 25 17 8n n
nλλλλ= += += += +    

(តមេទវធញូតុន 
0

!
( ) ,

!( )!

n
n k n k k k

n n
k

n
a b C a b C

k n k
−−−−

====

+ = =+ = =+ = =+ = =
−−−−∑∑∑∑  ) 

េគបន (((( ))))15 17 8 2 8 17(15 8 )n n n
n n nA λ λλ λλ λλ λ= + + × = += + + × = += + + × = += + + × = +  

ដូចេនះ 2 1 3 13 5 2n n
nA + ++ ++ ++ += × += × += × += × +   ែចកដចន់ឹង 17 ជនចិច ។ 

 
V) រកអនុគមន ៍ f  
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 េគមន  1 2
( ) 503 (1)

2 3 2
x

f f x x
x

     + =+ =+ =+ =    −−−−    
   

លកខខណឌ  3 2 0x − ≠− ≠− ≠− ≠   ឬ 2
3

x ≠≠≠≠   ។   

ជំនួស x   េដយ 2
3 2

x
x −−−−

  កនុង (1) េគបន ៖ 
4

1 2 10063 2
62 3 2 3 22

3 2

x
x xxf f

x x x
x

    
         −−−− + =+ =+ =+ =         − −− −− −− −        −−−−

−−−−    

  ឬ  

1 2 1006
( )

2 3 2 3 2
x x

f x f
x x

    + =+ =+ =+ =    − −− −− −− −    
 

ឬ  1 1 2 503
( ) (2)

4 2 3 2 3 2
x x

f x f
x x

    + =+ =+ =+ =    − −− −− −− −    
 

ដកសមកីរ (1) និង (2) េគបន 
3 503 503 (3 3) 3(503 )( 1)

( ) 503
4 3 2 3 2 3 2

x x x x x
f x x

x x x
− −− −− −− −= − = == − = == − = == − = =

− − −− − −− − −− − −
 

េគទញ 4 3(503 ) ( 1) ( 1)
( ) 2012

3 3 2 3 2
x x x x x

f x
x x

− −− −− −− −= × = ×= × = ×= × = ×= × = ×
− −− −− −− −

  ។ 

ដូចេនះ ( 1)
( ) 2012

3 2
x x

f x
x

−−−−= ×= ×= ×= ×
−−−−

 ែដល 2
{ }
3

x IR∈ −∈ −∈ −∈ −   ។ 
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VI) រសយបញជ កថ់វសិមភព 6 4 108
cos sin

3125
x x ≤≤≤≤  ពតិចំេពះ

រគបច់នួំនពតិ x  យក 2cosa x====   និង 2sinb x====   េនះ 
2 2cos sin 1a b x x+ = + =+ = + =+ = + =+ = + =  ។ 

េគបន 6 4 3 2cos sinx x a b==== ។ តមវសិមភពមធយមនពវនត និង 
មធយមធរណីមរតេគមន ៖ 

3 2

55
3 3 3 2 2 27 4
a a a b b a b

a b+ = + + + + ≥ ×+ = + + + + ≥ ×+ = + + + + ≥ ×+ = + + + + ≥ ×   េនះ 
5

3 2 108
27 4

5 3125
a b

a b
++++    ≤ × × =≤ × × =≤ × × =≤ × × =    

    
 េរពះ 1a b+ =+ =+ =+ =  

ដូចេនះ 6 4 3 2 108
cos sin

3125
x x a b= ≤= ≤= ≤= ≤   ។ 

VII) កំណតច់ំណុច P  ែដលេធវឲយ BC AC AB
PI PJ PK

+ ++ ++ ++ +   
 មនតៃមលអបបបរម ៖ 
  
 
 
 
 
 
 

P 

A 

B C I 

J 

K 
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តង , ,BC a AC b AB c= = == = == = == = =   
និង , ,PI x PJ y PK z= = == = == = == = =   េហយ S  ជៃផទរកឡៃន ABC∆∆∆∆   
េយងបន 1 1 1

2 2 2PBC PCA PABS S S S ax by cz= + + = + += + + = + += + + = + += + + = + +    
េនះ 2 (1)ax by cz S+ + =+ + =+ + =+ + =  
តមវសិមភព Cauchy Schwarz−−−−  ចំេពះរគបច់នួំនពិត 

1 2 3 1 2 3, , , , ,a a a b b b  េគមន ៖ 
2 2 2 2 2 2 2

1 1 2 2 3 3 1 2 3 1 2 3( ) ( )( )a b a b a b a a a b b b+ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + +    

េដយយក 1 2 3

1 2 3

, ,

, ,

a b c
a a a

x y y

b ax b by b cz


= = == = == = == = =


 = = == = == = == = =

 

េគបន (((( ))))2( ) (2)
a b c

a b c ax by cz
x y z

    
+ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + +    

    
 

តម (1) នងិ (2) េគទញ 2( ) 2
a b c

a b c S
x y z

    
+ + ≤ + + ×+ + ≤ + + ×+ + ≤ + + ×+ + ≤ + + ×    

    
 សម

មូល 
2( )

2
a b c a b c
x y z S

+ ++ ++ ++ ++ + ≥+ + ≥+ + ≥+ + ≥  

េហតុេនះរគបច់ណុំច P  េនកនុងរតេីកណ ABC  េគបន ៖
2( )

(3)
2

BC AC AB a b c a b c
PI PJ PK x y z S

+ ++ ++ ++ ++ + = + + ≥+ + = + + ≥+ + = + + ≥+ + = + + ≥  

េដមបឲីយ BC AC AB
PI PJ PK

+ ++ ++ ++ +  មនតៃមលអបបបរមលុះរតែត 
វសិមភព (3) កល យជសមភពេពលគឺេគរតូវឲយ ៖ 
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 31 2

1 2 3

aa a
b b b

= == == == =  សមមូល 
b ca
y zx

ax by cz
= == == == =    

សមមូល 1 1 1
x y z

= == == == =  

េនះ x y z= == == == =   ឬ PI PJ PK= == == == = នឲំយ P  ជផចិតរងវងច់រកឹកនុង
ៃនរតេីកណ ABC  ។ 
ដូចេនះេដមបឲីយ BC AC AB

PI PJ PK
+ ++ ++ ++ +  មនតៃមលអបបបរមលុះរតែត

P  ជផចិតរងវងច់រកឹកនុងៃនរតេីកណ ABC  ។ 
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រ�ឡងេរជ សេរ សសសិសពូែករ�ច ំវិទយល័យេរទៀល 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិ ថន កទ់ី១២ 

សមយ័របឡង ២០១៣ 
វញិញ ស គណិតវទិយ ថន កទ់១ី២  

រយះេពល ១៨០ នទី ពនិទុ ១០០ 
 

���Ω��� 
 

I) េគឲយអនុគមន ៍ :f → ℜ→ ℜ→ ℜ→ ℜℕℕℕℕ   ែដល (1) 5f ====   
  និង ( 1) 2 ( ) 3f n f n+ = −+ = −+ = −+ = −  ។ គណន (2013) ?f  
 េគមន ( 1) 2 ( ) 3 (1)f n f n+ = −+ = −+ = −+ = −   
 ែចកអងគទងំពរីនងឹ 12n++++  េគបន 1 1

( 1) ( ) 3

2 2 2n n n

f n f n
+ ++ ++ ++ +
++++ = −= −= −= −    

 ឬ 1

( 1) ( ) 3 1
2 22 2

n

n n

f n f n
++++
++++     − = − ×− = − ×− = − ×− = − ×     

    
 

 េគបន   
2012 2012

1
1 1

( 1) ( ) 3 1
2 22 2

n

n n
n n

f n f n
++++

= == == == =

++++            − = −− = −− = −− = −         
            

∑ ∑∑ ∑∑ ∑∑ ∑  
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2012

2 3 2 2013 2012

2013 2013

1
1

(2) (1) (3) (2) (2013) (2012) 3 1 2
...

12 2 22 2 2 2 2 1
2

(2013) (1) 3 3
2 22 2

f f f f f f

f f

        −−−−                                     − + − + + − = − ×− + − + + − = − ×− + − + + − = − ×− + − + + − = − ×                                              −−−−    
    

− = +− = +− = +− = +

 

េដយ (1) 5f ====  េនះេគទញ 2013 2013

(2013) 3
4

2 2

f
= += += += +    

ឬ 2015(2013) 3 2f = += += += +   ។ 
II) f  ជអនុគមនក៍ណំតេ់ដយ 2( ) 9 3 2 ,f n n n n= − − ∈= − − ∈= − − ∈= − − ∈ ℕℕℕℕ  
គណន 1 1 1 1

...
(1) (2) (3) (671)

A
f f f f

= + + + += + + + += + + + += + + + +   ។ 

េគមន៖ 
2 2( ) 9 3 2 9 6 3 2 (3 2)(3 1)f n n n n n n n n= − − = − + − = − += − − = − + − = − += − − = − + − = − += − − = − + − = − +  

េគបន 
1 1 1 (3 1) (3 2) 1 1 1

.
( ) (3 2)(3 1) 3 (3 2)(3 1) 3 3 2 3 1

n n

f n n n n n n n

+ − −+ − −+ − −+ − −     = = = −= = = −= = = −= = = −    − + − + − +− + − + − +− + − + − +− + − + − +    
671 671

1 1

1 1 1 1 1 1 1 1
...

(1) (2) (3) (671) ( ) 3 3 2 3 1

1 1 1 1 1 1 1 1 1 1 2013 671
(1 ) ( ) ( ) ... ( ) 1

3 4 4 7 7 10 2011 2014 3 2014 3 2014 2014

n n

A
f f f f f n n n= == == == =

    = + + + + = = −= + + + + = = −= + + + + = = −= + + + + = = −    − +− +− +− +    

            = − + − + − + + − = − = == − + − + − + + − = − = == − + − + − + + − = − = == − + − + − + + − = − = =         ××××            

∑ ∑∑ ∑∑ ∑∑ ∑

ដូចេនះ 671
2014

A ====   ។ 
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III) េគឲយពហុធ ( ) 37nP x x x= + −= + −= + −= + −   ែដល n∈∈∈∈ℕℕℕℕ  ។ 
 កំណតត់ៃមល n  េដមបឲីយ ( )P x  ែចកនងឹ 2x −−−−  ឲយសំណល់េសម 
 នឹង 2013 ? 
 តមរទឹសតីបទសំណល់ េប ( )P x  ែចកនងឹ 2x −−−−  ឲយសំណល់ 
 េសមនឹង 2013 េនះ (2) 2013P ====  
 េគបន 2 2 37 2013n + − =+ − =+ − =+ − =  សមមូល 202 2048 2n = == == == =    
 េនះ 20n ====  ។ 
 ដូចេនះ 20n ====   ។ 
IV) រករគបអ់នុគមន ៍ f  ែដលរគប ់ {0,1}x ≠≠≠≠  េផទៀងផទ តស់មកីរ  
 1 1

( ) ( ) 1
1

f x f x
x x

+ = + −+ = + −+ = + −+ = + −
−−−−

   

 េគមន 1 1
( ) ( ) 1 (1)

1
f x f x

x x
+ = + −+ = + −+ = + −+ = + −

−−−−
   

 ជំនួស x  េដយ 1
1 x−−−−

 កនុង (1) េគបន  

 1 1 1
( ) 1 (1 )

11 11
1

f f x
x x

x

    
    

+ = + − −+ = + − −+ = + − −+ = + − −    − −− −− −− −    −−−−
−−−−    

 

 ឬ 1 1 1
( ) (2)
1 1

x
f f x

x x x

−−−−    + = ++ = ++ = ++ = +    − − −− − −− − −− − −    
 

 ជំនួស x  េដយ 1 x

x

−−−−
−−−−

 កនុង (2) េគបន  
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1 1 1
1

1 11

x x x
f f

xx x x
x

    
    − −− −− −− −     + = − + ++ = − + ++ = − + ++ = − + +         −−−−− −− −− −− −         ++++
    

 

ឬ 1 1
( ) ( ) 2 (3)

1
x x

f f x
x x x

−−−− + = − + ++ = − + ++ = − + ++ = − + +
− −− −− −− −

 
យកសមកីរ (3) ដក សមកីរ(2) រចួបូកសមកីរ (1) េគបន  

1 1 1 2
2 ( ) 2 1 2

1 1
x

f x x x
x x x x x

= − + + − − + + − = − += − + + − − + + − = − += − + + − − + + − = − += − + + − − + + − = − +
− −− −− −− −

  

 នឲំយ 1 1
( ) 1

x
f x

x x

−−−−= − == − == − == − =  

ដូចេនះ 1
( )

x
f x

x

−−−−====   ។ 
V) បងហ ញថផលបកូ ៖ 

12tan2 4tan4 8tan8 .... 2 tan2 2(cot2 2 cot2 )n n n nS x x x x x x++++= + + + + = −= + + + + = −= + + + + = −= + + + + = −

េគមន 2

2tan
tan2

1 tan

a
a

a
====

−−−−
 េនះ 

21 1 tan 1 1
cot 2 cot tan

tan 2 2tan 2 2
a

a a a
a a

−−−−= = = −= = = −= = = −= = = −  
នឲំយ  tan cot 2cot2a a a= −= −= −= −  រចួយក 2ka x====  េនះ 

1tan2 cot2 2cot2k k kx x x++++= −= −= −= −  េគបន 

1

2tan2 4tan4 8tan8 .... 2 tan2 2 tan2
n

n n k k

k

S x x x x x
====

= + + + + == + + + + == + + + + == + + + + =∑∑∑∑  
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(((( ))))1 1

1

1 1

1 1 1

2 cot2 2 cot2

(2cot2 4cot4 ) (4cot4 8cot8 ) ... (2 cot2 2 cot2 )

2cot2 2 cot2 2(cot2 2 cot2 )

n
k k k k

k

n n n n

n n n n

x x

x x x x x x

x x x x

+ ++ ++ ++ +

====
+ ++ ++ ++ +

+ + ++ + ++ + ++ + +

= −= −= −= −

= − + − + + −= − + − + + −= − + − + + −= − + − + + −

= − = −= − = −= − = −= − = −

∑∑∑∑

ដូចេនះ 12(cot 2 2 cot 2 )n nS x x++++= −= −= −= −   ។ 
VI) រសយបញជ កថ់ 

3 3 3 3 3

1 1 1 1
xyzx y xyz y z xyz z x xyz3333+ + ≤+ + ≤+ + ≤+ + ≤

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
  

 រគប ់ , , 0x y z >>>>  ។ 
តមវសិមភពមធយមនពវនត និង មធយមធរណីមរតេគមន ៖ 

2 2 2 2 22 ( )( ) ( )x y xy x xy y xy x y x xy y xy x y2222+ ≥ ⇔ − + ≥ ⇔ + − + ≥ ++ ≥ ⇔ − + ≥ ⇔ + − + ≥ ++ ≥ ⇔ − + ≥ ⇔ + − + ≥ ++ ≥ ⇔ − + ≥ ⇔ + − + ≥ +  
3 3 3 3( ) ( ) ( )x y xy x y x y xyz xy x y xyz xy x y z+ ≥ + ⇔ + + ≥ + + = + ++ ≥ + ⇔ + + ≥ + + = + ++ ≥ + ⇔ + + ≥ + + = + ++ ≥ + ⇔ + + ≥ + + = + +

េគទញបន 

3 3

1 1
(1)

( ) ( )
z

xy x y z xyz x y zx y xyz
≤ =≤ =≤ =≤ =

+ + + ++ + + ++ + + ++ + + ++ ++ ++ ++ +
 

រសយបញជ កដូ់ចគន ែដរេគបន ៖ 

3 3 3 3

1 1
(2) ; (3)

( ) ( )
x y

xyz x y z xyz x y zy z xyz z x xyz
≤ ≤≤ ≤≤ ≤≤ ≤

+ + + ++ + + ++ + + ++ + + ++ + + ++ + + ++ + + ++ + + +

បូកវសិមភព (1),(2),(3) អងគ និង អងគេគបន ៖

3 3 3 3 3

1 1 1 1
( )
x y z

xyz x y z xyzx y xyz y z xyz z x xyz3333
+ ++ ++ ++ +

+ + ≤ =+ + ≤ =+ + ≤ =+ + ≤ =
+ ++ ++ ++ ++ + + + + ++ + + + + ++ + + + + ++ + + + + +

   

ដូចេនះ 
3 3 3 3 3

1 1 1 1
xyzx y xyz y z xyz z x xyz3333+ + ≤+ + ≤+ + ≤+ + ≤

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
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វសិមភពេនះកល យជសមភពេនេពលែដល x y z= == == == =   ។ 
VII) េគឲយចតុេកណេប៉ង ABCD  មយួមនរងវ ស់រជុង  
 , , ,AB a BC b CD c DA d= = = == = = == = = == = = =  ។ 
ចូររសយបញជ កផ់លគុណសក ែល ៖

2 2 2 21
. ( )

2
AC DB a b c d
→ →→ →→ →→ →

= − + −= − + −= − + −= − + −  ។ 
 
 
 
 
  
 
 
 
 
 
តមទំនកទ់នំងសេគមន AB AC CB= += += += +

���� ���� �������� ���� �������� ���� �������� ���� ����
  

និង AD AC CD= += += += +
���� ���� �������� ���� �������� ���� �������� ���� ����

 េនះេគបន ៖ 

A 

B 

C 

D 

I 

a 

d 

b 

c 
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2 2 22 2 2 2( ) 2 . 2 . (1)AB AC CB AC CB ACCB AB AC CB ACCB= + = + + ⇔ − − == + = + + ⇔ − − == + = + + ⇔ − − == + = + + ⇔ − − =

���� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� ����

2 2 22 2 2 2( ) 2 . 2 . (2)AD AC CD AC CD AC CD AD AC CD AC CD= + = + + ⇔ − − == + = + + ⇔ − − == + = + + ⇔ − − == + = + + ⇔ − − =
���� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� ����

ដកសមកីរ (1) និង (2) អងគ និង អងគេគបន 
2 2 2 2 2 ( . . ) 2 ( ) 2 .AB CB CD AD AC CB AC CD AC CB CD AC DB− + − = − = − =− + − = − = − =− + − = − = − =− + − = − = − =

���� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� �������� ���� ���� ���� ���� ���� ���� ���� ����

 េគទញ  
2 2 2 2 2 2 2 2

.
2 2

AB CB CD AD a b c d
AC DB

− + − − + −− + − − + −− + − − + −− + − − + −
= == == == =

���� �������� �������� �������� ����  ពតិ 

ដូចេនះ 2 2 2 21
. ( )

2
AC DB a b c d
→ →→ →→ →→ →

= − + −= − + −= − + −= − + −   ។ 
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រ�ឡងេរជ សេរ សសសិសពូែករ�ច ំរជធនីភនំេពញ 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិ ថន កទ់ី១២ 

សមយ័របឡង ២០១២ 
វញិញ ស គណិតវទិយ ថន កទ់១ី២ េលកទ១ី  

រយះេពល ១៨០ នទី ពនិទុ ១០០ 
 

���Ω��� 
 
I. រកចំនួនគតធ់បំំផុតមនរង 2013! 2010!

2012! 2011!
A

++++====
++++

 
II. រករគបត់ៃមលៃនb  ែដល 111....111 ....B bbb bbb= −= −= −= − ជចំនួនក
េរ េដយដឹងថ េលខ 1 មន 4024 ខទង ់និង b  មន 2012ខទង។់ 
III. េដះរសយសមកីរ 

2012 2 4 2010 2011( 1)(1 ... ) 2012x x x x x+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
IV. ចំេពះចំនួនគតវ់ជិជមន រកបៃនអនុគមនប៉៍រ៉បលូ 

2 2( ) (2 1) 1y n n x n x= + − + += + − + += + − + += + − + + កតអ់ក័ស 

 អបសីុ់សរតងព់រីចំណុច nA  និង nB ។ គណន 
2012

1
n n

n

A B
====
∑∑∑∑  

V. េគឲយ , ,x y z  ជចំនួនពតិវជិជមន។ រសយបញជ កថ់ 

    2 2 2

1 1 1 1 1 1 1
2 xy yz zxx yz y zx z xy

    
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +    + + ++ + ++ + ++ + +     
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VI. េគឲយសវុីត ( )nx  ជសវុីតរមួ កំណតេ់ដយ 
23

1 2 2 11 , 2012 , n n nx x x x x+ ++ ++ ++ += = == = == = == = =  
 គណន lim n

n
x

→+∞→+∞→+∞→+∞
  . 

VII. ABC  ជរតេីកណែដលមនរជុង 
13 , 15 , 14AB BC AC= = == = == = == = = ។ 

  ចំណុច , ,D E F េនេលរជុង  , ,AB BC CAេរៀងគន  ែដល 
, ,

AD BE CF
x y z

AB BC CA
= = == = == = == = =

 

 
និង 2 2 22 2

,
3 5

x y z x y z+ + = + + =+ + = + + =+ + = + + =+ + = + + =  ។ គណនរកឡៃផទរតី
េកណ DEF ។ 

����� 
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អរតកំែណគំរ ូ
 

I. រកចំនួនគតធ់បំំផុតមនរង 2013! 2010!
2012! 2011!

A
++++====
++++

 ។ 
 េគមន 2013! 2010! 2010!(2011 2012 2013 1)+ = × × ++ = × × ++ = × × ++ = × × +  
 និង 2012! 2011! 2011!(2012 1) 2010!2011 2013+ = + = ×+ = + = ×+ = + = ×+ = + = ×  
 េនះ 2011 2012 2013 1 1

2012
2011 2013 2011 2013

A
× × +× × +× × +× × +

= = += = += = += = +
× ×× ×× ×× ×

 
 ដូចេនះែផនកគតៃ់ន A  គឺ 2012A ====           ។ 
II. រករគបត់ៃមលៃនb  ែដល 111....111 ....B bbb bbb= −= −= −= −  
ជចំនួនកេរ េដយដឹងថ េលខ 1 មន 4024 ខទង ់និង b  មន 
2012ខទង។់  េគអចសរេសរ 

4024 2012
4024 20121 10 .10 1

(10 1) (10 1)
9 9 9

b b b
B

− + −− + −− + −− + −
= − − − == − − − == − − − == − − − =  

យក 201210x ====   
និង 4024 2012 210 .10 1 1N b b x bx b= − + − = − + −= − + − = − + −= − + − = − + −= − + − = − + −  ។ 
ចំនួន B  ជកេររបកដបនលុះរតែត N  អចសរេសរជកេរៃន
េទវធេពលេគរតូវឲយ 0∆ =∆ =∆ =∆ =  
េដយ 2 24( 1) ( 2) 0b b b∆ = − − = − =∆ = − − = − =∆ = − − = − =∆ = − − = − =  េនះ 2b ====  ។ 
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ដូចេនះ 2b ====  េហយ 
224024 2012 2012

2012

10 2.10 1 10 1
333...333

9 3
B

        − + −− + −− + −− + −
    = = == = == = == = =                      
��������������������

  ។ 

III. េដះរសយសមកីរ  
 2012 2 4 2010 2011( 1)(1 ... ) 2012x x x x x+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
ចំេពះរគប ់ x IR∈∈∈∈  េគមន 2012 1 0x + >+ >+ >+ >   និង  

2 4 20101 ... 0x x x+ + + + >+ + + + >+ + + + >+ + + + >   
េនះអងគទីមយួៃនសមកីរជចនួំនវជិជមន េនះេគបន 

20112012 0x >>>>  ឬ 0x >>>>  ។ 
តមវសិមភពមធយមនពវនត និង មធយមធរណីមរតេគមន 

2012 10061 2x x+ ≥+ ≥+ ≥+ ≥    និង 
10062 4 2010 2 4 ... 2010 10051 ... 1006 1006x x x x x+ + ++ + ++ + ++ + ++ + + + ≥ =+ + + + ≥ =+ + + + ≥ =+ + + + ≥ =  

េនះ 2012 2 4 2010 2011( 1)(1 ... ) 2012x x x x x+ + + + + ≥+ + + + + ≥+ + + + + ≥+ + + + + ≥ ជករណី
ែដលវសិមភពកល យជសមភពេនះេគបន 2012 1x ====   នឲំយ 

1x ====  ជឬសែតមយួគតៃ់នសមកីរ ។ 
I V. ចំេពះចំនួនគតវ់ជិជមន រកបៃនអនុគមនប៉៍រ៉បលូ  
 2 2( ) (2 1) 1y n n x n x= + − + += + − + += + − + += + − + + កតអ់ក័ស 
អបសីុ់សរតងព់រីចំណុច nA  និង nB ។ គណន 

2012

1
n n

n

A B
====
∑∑∑∑  

េប 2 20 ( ) (2 1) 1 0 ( )y n n x n x E= ⇔ + − + + == ⇔ + − + + == ⇔ + − + + == ⇔ + − + + =   
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តង nαααα  និង nββββ  ជអបសីុ់សៃនចំណុច nA  និង nB េនះ nαααα  និង 
nββββ  ជឬសៃនសមកីរ ( )E តមរទឹសតីបទែវយតេគបន 

2

2 1
(1)n n

n

n n
α βα βα βα β +++++ =+ =+ =+ =

++++
  និង 2

1
(2)n n

n n
α βα βα βα β ====

++++
 

េគមន 
2 2| | ( ) ( ) 4 (3)n n n n n n n n n nA B β α β α α β α ββ α β α α β α ββ α β α α β α ββ α β α α β α β= − = − = + −= − = − = + −= − = − = + −= − = − = + −  

យក (1) នងិ (2) ជំនួសកនុង (3) េគបន ៖ 
2 2 2

2 2

(2 1) 4 4 4 1 4 4 1 1 1
( 1) ( 1) ( 1) 1( 1)

n n
n n n n n

A B
n n n n n n n nn n

+ + + − −+ + + − −+ + + − −+ + + − −
= − = = = −= − = = = −= − = = = −= − = = = −

+ + + ++ + + ++ + + ++ + + +++++

េគបន  
2012 2012

1 1

1 1 1 1 1 1 1
1 ...

1 2 2 3 2012 2013n n
n n

A B
n n= == == == =

                            = − = − + − + + −= − = − + − + + −= − = − + − + + −= − = − + − + + −                            ++++                            
∑ ∑∑ ∑∑ ∑∑ ∑

            
 1 2012

1
2013 2013

= − == − == − == − =  

ដូចេនះ 
2012

1

2012
2013n n

n

A B
====

====∑∑∑∑   ។ 

V. េគឲយ , ,x y z  ជចំនួនពតិវជិជមន។ រសយបញជ កថ់ ៖ 

 2 2 2

1 1 1 1 1 1 1
2 xy yz zxx yz y zx z xy

    
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +    + + ++ + ++ + ++ + +        

 
តមវសិភព 2: 2AM GM x yz x yz− + ≥− + ≥− + ≥− + ≥    

 េនះេគទញ 
2

1 1

2x yz x yz
≤≤≤≤

++++
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ដូចគន ែដរ 
2

1 1

2y zx y zx
≤≤≤≤

++++
  និង 

2

1 1

2z xy z xy
≤≤≤≤

++++
 ។ 

េគបន 

2 2 2

1 1 1 1 1 1 1
(1)

2x yz y zx z xy x yz y xz z xy

    
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +        + + ++ + ++ + ++ + +     

 

តមវសិមភព Cauchy Schwarz−−−−  េគមន ៖ 

 

2

2 2

1 1 1 1 1 1 1 1 1 1 1 1
. . .

1 1 1 1 1 1

1 1 1 1 1 1
(2)

xy yz xz xy yz xzxy xz yz yx xz yz

xy yz xzx yz y zx z xy

xy yz xzx yz y zx z xy

             
+ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + +                              

         
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +                      

⇔ + + ≤ + +⇔ + + ≤ + +⇔ + + ≤ + +⇔ + + ≤ + +

 

តម (1) នងិ (2) េគទញ

2 2 2

1 1 1 1 1 1 1
2 xy yz zxx yz y zx z xy

    
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +    + + ++ + ++ + ++ + +     

ពតិ 

ដូចេនះ 2 2 2

1 1 1 1 1 1 1
2 xy yz zxx yz y zx z xy

    
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +    + + ++ + ++ + ++ + +     

 ។ 

VI. េគឲយសវុីត ( )nx  ជសវុីតរមួ កំណតេ់ដយ 
23

1 2 2 11 , 2012 , n n nx x x x x+ ++ ++ ++ += = == = == = == = =  
គណន lim n

n
x

→+∞→+∞→+∞→+∞
  . 
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េគមន 3 2
2 1n n nx x x+ ++ ++ ++ +====   េនះ  1

2
2ln ln

ln
3

n n
n

x x
x ++++

++++
++++

====   
1

2 1
ln ln

ln ln
3

n n
n n

x x
x x ++++

+ ++ ++ ++ +
−−−−

− =− =− =− =   ឬ  

2 1

1

1
ln ln

3
n n

n n

x x

x x
+ ++ ++ ++ +

++++

            
= −= −= −= −            

            
 តង 1ln n

n
n

x
y

x
++++    

====     
    

  

េគបន 1
1
3n ny y++++ = −= −= −= −   េនះ ( )ny  ជសវុីតធរណីមរតមនេរសុង 

1
3

q = −= −= −= −  និងតួ 1 ln2012y ====  

េគបន 
111

1 3
1

1
ln2012 ln2012

3

n
n

n
ny y q

−−−−
    −−−− −−−−    −−−−         = × = − == × = − == × = − == × = − =    

    
  

េដយ 1ln n
n

n

x
y

x
++++    

====     
    

 

េគទញបន (((( ))))
11

3
1 2012

n

n

n

x

x

−−−−
    −−−−    
    ++++ ====  ឬ  (((( ))))

11
3

1 2012

k

k

k

x

x

−−−−
    −−−−    
    ++++ ====  

េគបន (((( ))))
11

31 1
1

1 1

2012

k

n n
k

kk k

x

x

−−−−
    −−−−    
    − −− −− −− −

++++

= == == == =

    
====    

    
∏ ∏∏ ∏∏ ∏∏ ∏

 

ឬ   (((( ))))

11 1
31

1

2012

kn

knx

x

−−−−−−−−     −−−−∑∑∑∑     
    ====

====  
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េដយ  

1

1 11

1

1
1

1 3 13
1

13 4 3
1

3

n

k nn

k

−−−−

− −− −− −− −−−−−

====

    − −− −− −− −                         − = = − −− = = − −− = = − −− = = − −                                        − −− −− −− −    
    

∑∑∑∑    

និង 1 1x ====    េគបន (((( ))))

13 1
1

4 3

2012

n

nx

−−−−            − −− −− −− −    
            

====   

 េដយ 
11

lim 0
3

n

n

−−−−

→+∞→+∞→+∞→+∞

    − =− =− =− =    
    

 

ដូចេនះ 
3

4 34lim 2012 2012n
n

x
→+∞→+∞→+∞→+∞

= == == == =   ។ 
VII. ABC  ជរតេីកណែដលមនរជុង 

13 , 15 , 14AB BC AC= = == = == = == = = ។ ចំណុច , ,D E F េនេលរជុង  
, ,AB BC CAេរៀងគន  ែដល , ,

AD BE CF
x y z

AB BC CA
= = == = == = == = = និង 

2 2 22 2
,

3 5
x y z x y z+ + = + + =+ + = + + =+ + = + + =+ + = + + =   
 គណនរកឡៃផទរតេីកណ DEF ។ 
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េគមន (((( )))) (1)DEF ABC ADF BED CFES S S S S= − + += − + += − + += − + +  
េគមន .

.
ADE

ABC

S AD AF

S AB AC
====   ែត AD

x
AB

====    េហយ CF
z

CA
====   

េនះ 1 1
AF CF

z
AC CA

= − = −= − = −= − = −= − = −  

េគបន (1 )ADF

ABC

S
x z

S
= −= −= −= −   ឬ (1 ) (2)ADF ABCS x z S= −= −= −= −  

រសយដូចគន ែដរ 
(1 ) (3) , (1 ) (4)BED ABC CFE ABCS y x S S z y S= − = −= − = −= − = −= − = −  

យក (2),(3) & (4) ជំនួសកនុង (1) េគបន ៖ 

A 

B C 

D 

E 

F 
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(((( )))) [[[[ ]]]]1 (1 ) (1 (1 ) 1 ( ) ( )DEF ABC ABCS S x z y x z y x y z xy yz zx S    = − − + − + − = − + + + + += − − + − + − = − + + + + += − − + − + − = − + + + + += − − + − + − = − + + + + +    

េគមន 2 2 22 2
,

3 5
x y z x y z+ + = + + =+ + = + + =+ + = + + =+ + = + + =  េនះ 

2 2 2 2( ) ( )
2

x y z x y z
xy yz zx

+ + − + ++ + − + ++ + − + ++ + − + +
+ + =+ + =+ + =+ + =  

ឬ 
4 2

19 5
2 45

xy yz zx
−−−−

+ + = =+ + = =+ + = =+ + = =    
េហយ ( )( )( )ABCS p p a p b p c= − − −= − − −= − − −= − − −   
េដយ 13 14 15

21
2

p
+ ++ ++ ++ +

= == == == =   េនះ 
21(21 13)(21 14)(21 15) 84ABCS = − − − == − − − == − − − == − − − =  

ដូចេនះ 2 1 16 28 3 448
1 84

3 45 15 3 15DEFS
× ×× ×× ×× ×    = − + × = == − + × = == − + × = == − + × = =     ××××    

   ឯកត

ៃផទរកឡ ។ 
 
 

����� 
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រ�ឡងេរជ សេរ សសសិសពូែកទូទងំរ�េទស 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិថន កទ់ី១២ 

សមយ័របឡង ០២ េមស ២០១២ 
វញិញ សទី០១ គណិតវទិយ ថន កទ់១ី២ សរមបៃ់ថងទ០ី២ េមស 

២០១២ 
រយះេពល ១៨០នទី ពនិទុ ១០០ 

������� 
 

I-(ពនិទុ 10) គណនផលបកូ  
 2012 cos cos2 cos3 ... cos2012S a a a a= + + + += + + + += + + + += + + + +  ។ 
II-(ពនិទុ 10) បងហ ញថ 2012 2012 2012 20126 13 2 17A = + − −= + − −= + − −= + − −  ែចក 
 ដចន់ងឹ 44 ។ 
III-(ពនិទុ 10) េដះរសយសមកីរ  
 2 2 2 2 2 2 2 2sin sin 2 sin 3 sin 4x x x x+ = ++ = ++ = ++ = +  ។ 
IV-(ពនិទុ 15) របអបម់យួមនបតជចតុេកណែកងែដលមនអងកត ់

 រទូងរបែវង
2 4 4 2

( )
a a

D a
a

− + +− + +− + +− + +
====   ែដល 0a >>>>  

 រករបែវងអតបិរមៃនអងកតរ់ទូងរបស់បតរបអប ់។ 
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V-(ពនិទុ 15) ពហុធ 5 3 2( ) 5 3 2 1r x x x x x= − − + += − − + += − − + += − − + +  មនឬស
របេំផសងគន  1 2 3 4 5, , , ,a a a a a េហយ 2( ) 5s x x= − += − += − += − +  ជពហុធ
មយួេទៀត ។ 
គណនផលគុណ 1 2 3 4 5( ). ( ). ( ). ( ). ( )P s a s a s a s a s a====  ។ 

VI-(ពនិទុ 20) អនុគមន ៍ f  កំណតេ់ដយ ( )
x

x

a
f x

a a
====

++++
  

ែដល a ជចនួំនពតិវជិជមនខុសព1ី ។ 
គណនផលបូក 1 2 2011

...
2012 2012 2012

S f f f
                    = + + += + + += + + += + + +                    
                    

   

VII-(ពនិទុ 20) រងវងផ់ចិត O  ក ំ R  មយួចរកឹេរករតេីកណ ABC  
មយួែដលមនមុកំនុងទងំបីជមុរំសួចេហយ ,ACB ABC∠ ∠∠ ∠∠ ∠∠ ∠  
េផទៀងផទ តស់មភព 

6
ACB ABC

ππππ∠ − ∠ ≥∠ − ∠ ≥∠ − ∠ ≥∠ − ∠ ≥  ។ H  ជចំេណល
ែកងកំពូល A  េទេលរជុង BC  របស់រតេីកណ ។ បងហ ញថ 

2
BAC COH

ππππ∠ + ∠ <∠ + ∠ <∠ + ∠ <∠ + ∠ <   ? 
 

 
������� 
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អរតកំែណគំរ ូ
 
I-(ពនិទុ 10) គណនផលបកូ 

2012 cos cos2 cos3 ... cos2012S a a a a= + + + += + + + += + + + += + + + +    
�ករណី 2 ,a k kππππ= ∈= ∈= ∈= ∈ℤℤℤℤ  េនះ 
cos cos2 ... cos2012 1a a a= = = == = = == = = == = = =  
េគបន 2012 1 1 1 .... 1 2012S = + + + + == + + + + == + + + + == + + + + =  ។ 
�ករណី 2 ,a k kππππ≠ ∈≠ ∈≠ ∈≠ ∈ℤℤℤℤ  េនះ sin 0

2
a

≠≠≠≠   

តមរបូមនត sin( ) sin( )
cos sin

2
α β α βα β α βα β α βα β α βα βα βα βα β + − −+ − −+ − −+ − −

====   េបេគយក 

,
2
a

kaα βα βα βα β= == == == =  

េគបន 1 (2 1) (2 1)
cos( )sin sin sin

2 2 2 2
a k a k a

ka
+ −+ −+ −+ −    = −= −= −= −    

    
  

េគទញបន 
1 (2 1) (2 1)

cos( ) sin sin
2 22sin

2

k a k a
ka

a
+ −+ −+ −+ −    = × −= × −= × −= × −    

    
 

េហតុេនះ 

(((( ))))
2012

2012
1

cos cos2 cos3 ... cos2012 cos
k

S a a a a ka
====
    = + + + + == + + + + == + + + + == + + + + =     ∑∑∑∑
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2012

1

1 (2 1) (2 1)
sin sin

2 22sin
2

1 3 5 3 4015 4013
. (sin sin ) (sin sin ) ... (sin sin )

2 2 2 2 2 22sin
2

1 4015 1 2013
. sin sin 2sin1006 .cos

2 2 22sin 2sin
2 2

k

k a k a
a

a a a a a a
a

a a a
a

a a

====

+ −+ −+ −+ −    = −= −= −= −    
    

    = − + − + + −= − + − + + −= − + − + + −= − + − + + −    
    

    = − = ×= − = ×= − = ×= − = ×    
    

∑∑∑∑

 

ដូចេនះ  2012

2013
sin(1006 ) cos( )

2

sin
2

a
a

S
a

××××
====     

 ែដល 2 ,a k kππππ≠ ∈≠ ∈≠ ∈≠ ∈ℤℤℤℤ   ។ 
II-(ពនិទុ 10) បងហ ញថ 2012 2012 2012 20126 13 2 17A = + − −= + − −= + − −= + − −  ែចក
ដចន់ងឹ 44 េគមន 244 2 11= ×= ×= ×= ×   េដយ 2gcd(2 ,11) 1====  េនះ
េដមបបីងហ ញថ 44 |A  េយងរគនែ់តរសយឲយេឃញថ 4 | A   
និង 11 |A ។ 
តមរបូមនត 1 2 1( )( ... )n n n n na b a b a a b b− − −− − −− − −− − −− = − + + +− = − + + +− = − + + +− = − + + +  េគបន  

2012 2012
1 16 2 (6 2). 4q q− = − =− = − =− = − =− = − =   និង 

2012 2012
2 217 13 (17 13) 4q q− = − =− = − =− = − =− = − =  ែដល 1 2,q q ∈∈∈∈ℕℕℕℕ   

េគទញ 1 2 1 24 4 4( )A q q q q= − = −= − = −= − = −= − = −   េនះ 4 | A   ។ 
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មយ៉ងេទៀត 2012 2012
3 36 17 (6 17) 11q q− = − = −− = − = −− = − = −− = − = −  និង 

2012 2012
4 413 2 (13 2) 11q q− = − =− = − =− = − =− = − =  

ែដល 3 4,q q ∈∈∈∈ℕℕℕℕ   ។េគទញ 4 3 4 311 11 11( )A q q q q= − = −= − = −= − = −= − = −   
េនះ 11 |A ។ 
ដូចេនះ 2012 2012 2012 20126 13 2 17A = + − −= + − −= + − −= + − −  ែចកដចន់ឹង 44  ។ 
III-(ពនិទុ 10) េដះរសយសមកីរ 

2 2 2 2 2 2 2 2sin sin 2 sin 3 sin 4x x x x+ = ++ = ++ = ++ = +   
តមរបូមនត 2 1 cos2

sin
2

a
a

−−−−====  េនះសមកីរអចបែមលងជ ៖ 
2 2 2 21 cos2 1 cos4 1 cos6 1 cos8

2 2 2 2
x x x x− − − −− − − −− − − −− − − −

+ = ++ = ++ = ++ = +  
សមមូល 2 2 2 2cos2 cos4 cos6 cos8x x x x+ = ++ = ++ = ++ = +  
សមមូល 2 2 2 22cos 3 .cos 2cos7 .cosx x x x====  
សមមូល 2 2 2cos (cos 3 cos7 ) 0x x x− =− =− =− =  
សមមូល 2 2 22cos sin5 sin2 0x x x ====  
េដមបឲីយផលគុណៃនកតត េសមសូនយលុះរតែតកតត នីមយួៗេសមសូនយ  
-េប  2cos 0x ====   សមមូល 2 (2 1) , 0,1,2,...

2
x k k

ππππ= + == + == + == + =   

េគទញ (2 1) , 0,1,2,3...
2

x k k
ππππ= ± + == ± + == ± + == ± + =  ។ 

-េប  2sin5 0x ====   សមមូល 25 , 0 ,1,2 , ...x k kππππ= == == == =   
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 េគទញ , 0,1,2,3...
5

k
x k

ππππ= ± == ± == ± == ± =  ។ 

 -េប  2sin2 0x ====   សមមូល 22 , 0 ,1,2 , ...x k kππππ= == == == =   

 េគទញ , 0,1,2,3...
2

k
x k

ππππ= ± == ± == ± == ± =  ។ 

IV-(ពនិទុ 15) រករបែវងអតិបរមៃនអងកតរ់ទូងរបស់បតរបអប ់ 
តមសមមតកិមម របអបេ់នះមនបតជចតុេកណែកងែដលមន

អងកតរ់ទូងរបែវង
2 4 4 2

( )
a a

D a
a

− + +− + +− + +− + +
====   ែដល 0a >>>>  

គុណភគយក នងិ ភគែបងៃន ( )D a  នងិកេនសមឆល ស់ 
2 42 4a a+ + ++ + ++ + ++ + +   

េគបន ៖ 
2 2 4

2 4 2 2
2

2

( 2) ( 4) 4 4
( )

2 4( 2 4) 2 4

a a a
D a

a a a a a a a
a a

+ − ++ − ++ − ++ − +
= = == = == = == = =

+ + + + + ++ + + + + ++ + + + + ++ + + + + + + + ++ + ++ + ++ + +

តមវសិមភពមធយមនពវនត និង មធយមធរណីមរត (AM-GM) 

ចំេពះរគប ់ 0a >>>> េគមន 2
2 2a

a
+ ≥+ ≥+ ≥+ ≥   និង 2

2

4
4a

a
+ ≥+ ≥+ ≥+ ≥   េនះ 

2
2

2 4
2 2 2a a

a a
+ + + ≥ ++ + + ≥ ++ + + ≥ ++ + + ≥ +  

េគទញ 4
( ) 2 ( 2 1)

2 2 2
D a ≤ = −≤ = −≤ = −≤ = −

++++
 ។ វសិមភពេកតមន

កលណ 2a ====  ។ 
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ដូចេនះរបែវងអតិបរមៃនអងកតរ់ទូងរបស់បតរបអបេ់សមនឹង 
2( 2 1)−−−−  ឯកតរបែវង ។ 
V-(ពនិទុ 15) គណនផលគុណ 1 2 3 4 5( ). ( ). ( ). ( ). ( )P s a s a s a s a s a====    
េដយ 1 2 3, 4 5, , ,a a a a a  ជឬសហុធ 

5 3 2( ) 5 3 2 1r x x x x x= − − + += − − + += − − + += − − + +  េនះតមរទឹសតីបទកតត  
េគអចសរេសរ 

5

1 2 3 4 5
1

( ) ( )( )( )( )( ) ( )k
k

r x x a x a x a x a x a x a
====

= − − − − − = −= − − − − − = −= − − − − − = −= − − − − − = −∏∏∏∏  

េហយេគមន  2( ) 5 ( 5 )( 5 )s x x x x= − + = − += − + = − += − + = − += − + = − +   
េគបន 

5

1 2 3 4 5
1

( ). ( ). ( ). ( ). ( ) ( 5 )( 5 )k k
k

P s a s a s a s a s a a a
====

= = − += = − += = − += = − +∏∏∏∏   

    
5 5 5 5

1 1 1 1

( 5 ) ( 5 ) ( 5 ) ( 5 )k k k k
k k k k

a a a a
= = = == = = == = = == = = =

= − × + = − − × − −= − × + = − − × − −= − × + = − − × − −= − × + = − − × − −∏ ∏ ∏ ∏∏ ∏ ∏ ∏∏ ∏ ∏ ∏∏ ∏ ∏ ∏  

េរពះ 
5 5

1 1

( 5 ) ( 5 )k k
k k

a a
= == == == =

+ = − − −+ = − − −+ = − − −+ = − − −∏ ∏∏ ∏∏ ∏∏ ∏   ។ 

េដយ 
5

1

( 5 ) ( 5)k
k

a r
====

− =− =− =− =∏∏∏∏   និង 
5

1

( 5 ) ( 5)k
k

a r
====

− − = −− − = −− − = −− − = −∏∏∏∏  

េគបន ( 5 ) ( 5 )P r r= − × −= − × −= − × −= − × −  ។ 
5 3 2( 5 ) ( 5 ) 5( 5 ) 3( 5 ) 2 5 1 14 2 5r = − − + + = − += − − + + = − += − − + + = − += − − + + = − +  
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5 3 2( 5 ) ( 5 ) 5( 5 ) 3( 5 ) 2 5 1 14 2 5r − = − − − − − − + = − −− = − − − − − − + = − −− = − − − − − − + = − −− = − − − − − − + = − −

េហតុេនះ ( 5 ) ( 5 ) ( 14 2 5)( 14 2 5)P r r= − × − = − − + − −= − × − = − − + − −= − × − = − − + − −= − × − = − − + − −  
                     2 2( 14) (2 5 ) (196 20) 176    = − − − = − − = −= − − − = − − = −= − − − = − − = −= − − − = − − = −      
ដូចេនះ 1 2 3 4 5( ). ( ). ( ). ( ). ( ) 176P s a s a s a s a s a= = −= = −= = −= = −   ។ 
VI-(ពនិទុ 20) គណនផលបកូ  
    1 2 2011

...
2012 2012 2012

S f f f
                    = + + += + + += + + += + + +                    
                    

   

ជដំបងូេយងរតូវរសយថរគប ់ ,m n IR∈∈∈∈  េប 1m n+ =+ =+ =+ =  េនះ 
( ) ( ) 1f m f n+ =+ =+ =+ =  

េគមន ( ) ( )
m n

m n

a a
f m f n

a a a a
+ = ++ = ++ = ++ = +

+ ++ ++ ++ +
                         

1 1
2 2

1 1
2 2

1 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

( ) ( )

( )( )

2
1

2

m nm n n m m n m n

m n
m nm m

m n m n

m n m n

a a a a a a a a a a

a a a a
a a a a

a a a a a a a

a a a a a a a

+ ++ ++ ++ ++ ++ ++ ++ +

+ ++ ++ ++ +++++

+ + + ++ + + ++ + + ++ + + +

+ + + ++ + + ++ + + ++ + + +

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
= == == == =

+ ++ ++ ++ +
+ + ++ + ++ + ++ + +

+ + + + ++ + + + ++ + + + ++ + + + +
= = == = == = == = =

+ + + + ++ + + + ++ + + + ++ + + + +

េគមន 1 2 2011
... (1)

2012 2012 2012
S f f f

                    = + + += + + += + + += + + +                    
                    

   

 ឬ       2011 2010 1
... (2)

2012 2012 2012
S f f f

                    = + + += + + += + + += + + +                    
                    
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បូកសមកីរ (1) និង (2) េគបន 
(2011)

2 1 1 .... 1 2011S = + + + == + + + == + + + == + + + =����������������������������   ។   

ដូចេនះ 2011
2

S ====   ។ 

VII-(ពនិទុ 20)បងហ ញថ 
2

BAC COH
ππππ∠ + ∠ <∠ + ∠ <∠ + ∠ <∠ + ∠ <   ៖ 

  
 
  
 
 
 
 
 
 
 
 
 
យក D  ជចំណុចកណត លៃន [[[[ ]]]]BC  េនះ OD BC⊥⊥⊥⊥  ។ 
េគមន 1

2
BAC COB COD∠ = ∠ = ∠∠ = ∠ = ∠∠ = ∠ = ∠∠ = ∠ = ∠  (មុផំចិត នងិ មុចំរកឹកនុងរងវង ់ 

A 

C B 

O 

H 

 

D 
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េដយ 
2

COD OCH
ππππ∠ = − ∠∠ = − ∠∠ = − ∠∠ = − ∠  េនះ 

2
BAC OCH

ππππ∠ = − ∠∠ = − ∠∠ = − ∠∠ = − ∠   

សមមូល 
2

BAC OCH
ππππ∠ + ∠ =∠ + ∠ =∠ + ∠ =∠ + ∠ =  េនះេដមបរីសយថ

2
BAC COH

ππππ∠ + ∠ <∠ + ∠ <∠ + ∠ <∠ + ∠ <  ពតិ 
េយងរតូវរសយឲយបនថ COH OCH∠ < ∠∠ < ∠∠ < ∠∠ < ∠   សមមូល 
HO HC>>>>  ពតិ ។ 
តង 

, , , , ,BC a AC b AB c ACB C ABC B BAC A= = = ∠ = ∠ = ∠ == = = ∠ = ∠ = ∠ == = = ∠ = ∠ = ∠ == = = ∠ = ∠ = ∠ =
 និង R  ជករំងវងច់រកឹេរក ABC∆∆∆∆   ។ 
េគមន 

6
ACB ABC

ππππ∠ − ∠ ≥∠ − ∠ ≥∠ − ∠ ≥∠ − ∠ ≥  ឬ 
6

C B
ππππ− ≥− ≥− ≥− ≥ សមមលូ

1
sin( ) sin

6 2
C B

ππππ− ≥ =− ≥ =− ≥ =− ≥ =   

សមមូល 1
sin cos sin cos (1)

2
C B B C− ≥− ≥− ≥− ≥    

េគមន sin , sin
2 2
b c

B C
R R

= == == == =   (រទឹសតីបទសីុនូស ) 

          
2 2 2 2 2 2

cos , cos
2 2

a c b a b c
B C

ac ab

+ − + −+ − + −+ − + −+ − + −
= == == == =     

(រទឹសតីបទកូសីុនូស ) 
ទំនកទ់ំនង (1) អចសរេសរជ  

2 2 2 2 2 2 1
. .

2 2 2 2 2
c a c b b a b c

R ac R ab

+ − + −+ − + −+ − + −+ − + −
− ≥− ≥− ≥− ≥  
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សមមូល 2 2 (2)c b a R− ≥− ≥− ≥− ≥  
តមរទឹសតីបទពតីគរអ័នុវតតនក៍នុងរតេីកណែកង OHD េគបន 

2 2 2HO OD DH= += += += +  
េគទញ 

2 2 2 2 2 2 2( ) 2 .HO HC OD DC HC HC OD DC DC HC− = + − − = + −− = + − − = + −− = + − − = + −− = + − − = + −  
                 

2 2 2 2 2
2 22. . cos .

4 2 4 2
a a a a b c

OD b C OD ab
ab

+ −+ −+ −+ −
= + − = + −= + − = + −= + − = + −= + − = + −  

                                
2 2 2

2 (3)
2 4

c b a
OD

−−−−= + −= + −= + −= + −  
តម (2) នងិ (3) េគបន 

2
2 2 2 2 (2 ) (4)

2 4 4
aR a a

HO HC OD OD R a− ≥ + − = + −− ≥ + − = + −− ≥ + − = + −− ≥ + − = + −    
េដយមុ ំ , ,A B C  ជមុរំសួចេនះ 2a R<<<<   និង 0OD >>>>   េនះ
តម (4) េគទញបន 2 2 0HO HC− >− >− >− >  ឬ  HO HC>>>>  ពតិ 
ដូចេនះ 

2
BAC COH

ππππ∠ + ∠ <∠ + ∠ <∠ + ∠ <∠ + ∠ <   ។ 
 
 

������� 
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រ�ឡងេរជ សេរ សសសិសពូែកទូទងំរ�េទស 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិថន កទ់ី១២ 

សមយ័របឡង ០២ េមស ២០១២ 
វញិញ សទី០២ គណិតវទិយ ថន កទ់១ី២ សរមបៃ់ថងទ០ី២ េមស 

២០១២ 
រយះេពល ១៨០នទី ពនិទុ ១០០ 

������� 
 
I-(ពនិទុ 10) េគតង x          ជែផនកគតៃ់ន x  េហយែដលកំណត់
េដយ 1x x x≤ < +≤ < +≤ < +≤ < +                           ។ 
បងហ ញថេប b ជចំនួនគតរ់ុឡឺទីហវវជិជមនេនះេគបន 

xx

b b

                 ====         
         

  ។ 

II-(ពនិទុ 10) អនុគមន ៍ f  កំណតច់ំេពះរគបច់នួំនពិត x  េដយ 
( ) cos cos( )f x x px= += += += +  

ែដល p  ជចនួំនបឋម ។ បងហ ញថ f  មនិែមនជអនុគមនខួ៍ប
េលសំណំុចំនួនពតិេទ ។ 
III-(ពនិទុ 20) េគឲយផលបូក 

( , ) ( 1) ( 2) ( 3) ( 4) ( 5)b b b b bS a b a a a a a= + + + + + + + + += + + + + + + + + += + + + + + + + + += + + + + + + + + +  
ែដល a  និង b ជពរីចំនួនគតរ់ុឡឺទីហវមនិអវជិជមន ។  
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បងហ ញថ ( , )S a b  ែចកដចន់ងឹ 5 េប b មនិែមនពហុគុណៃន 4  
IV-(ពនិទុ 20) សមកីរ 3 23 4 5t t t= + −= + −= + −= + −  មនឬសបីេផសងគន  , ,a b c   

    គណនតៃមលេលខ 
7 7 7 7 7 7

7 ( , , )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + += + += + += + +

− − −− − −− − −− − −
   

V-(ពនិទុ 20) រតីេកណ ABC  មយួមន 2ABC αααα∠ =∠ =∠ =∠ =   
និងៃផទរកល S  ។ D  ជចំណុចមយួសថិតេន េលរជុង [[[[ ]]]]AC  
េហយែដលរងវងច់រកឹកនុងរតេីកណ ABD  ប៉ុនគន នឹងរងវងច់រកឹកនុង

រតេីកណ BCD។ បងហ ញថ 
tan

S
BD

αααα
====   ។ 

VI-(ពនិទុ 20) សវុីត ( )nx  មយួកំណតេ់ដយ 
1 2

1 1

1

2n n n

x x

x x x n+ −+ −+ −+ −

= == == == =
 = + ∀ ≥= + ∀ ≥= + ∀ ≥= + ∀ ≥

 

1)បងហ ញថ 1 2 3. . ( 1)kk k k kx x x x+ + ++ + ++ + ++ + +− = −− = −− = −− = −  ចំេពះរគប ់k IN∈∈∈∈   
2)េគតង cotarc x  ជអនុគមនរ៍ចស់ៃនអនុគមន ៍cot x  ។ ចូរ
បងហ ញថ ៖     

1 3 5 2011 2012cot cot cot .... cot cotarc x arc x arc x arc x arc x− − − − =− − − − =− − − − =− − − − =

     
 

 
������� 
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អរតកំែណគំរ ូ

I-(ពនិទុ 10)  បងហ ញថ xx

b b

                 ====         
         

   

 ឧបមថ x a====           ។  
តមវធិីែចកអគឺលីតរវងចនួំនគតវ់ជិជមន a  និង b េគបន ៖ 
 a bq r= += += += +   ែដល 0 r b≤ <≤ <≤ <≤ <   និង ,r q IN∈∈∈∈  ។ 
 តម 0 r b≤ <≤ <≤ <≤ <   េគបន bq bq r bq q≤ + < +≤ + < +≤ + < +≤ + < +    
ឬ  ( 1)bq a q b≤ < +≤ < +≤ < +≤ < +  នឲំយ 1

a
q q

b
≤ < +≤ < +≤ < +≤ < +   េនះេគទញបន

ែផនកគតៃ់ន a

b
 គឺ (1)

xa
q

b b

                 = == == == =        
         

  

មយ៉ងេទៀតេគមន 1x x x≤ < +≤ < +≤ < +≤ < +                            
េនះ , 0 1x x λ λλ λλ λλ λ= + ≤ <= + ≤ <= + ≤ <= + ≤ <          ែត x a bq r= = += = += = += = +          
េគបន  x bq r λλλλ= + += + += + += + +    នឲំយ x r

q
b b

λλλλ++++= += += += +  
េដយ 0 1r b≤ ≤ −≤ ≤ −≤ ≤ −≤ ≤ −   និង 0 1λλλλ≤ <≤ <≤ <≤ <   េនះ 0 r bλλλλ≤ + <≤ + <≤ + <≤ + <  
 ឬ 0 1

r

b

λλλλ++++≤ <≤ <≤ <≤ <  ែថម q  េលអងគទងំពរីេគបន 

1
r

q q q
b

λλλλ++++≤ + < +≤ + < +≤ + < +≤ + < +   ឬ  1
x

q q
b

≤ < +≤ < +≤ < +≤ < +  

 េនះេគទញបនែផនកគតៃ់ន x

b
 គឺ (2)

x
q

b
     ====    
    
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   តម (1) នងិ (2) េគបន xx

b b

                 ====         
         

  ។ 

II-(ពនិទុ 10) បងហ ញថ f  មនិែមនជអនុគមនខួ៍បេលសំណំុចំនួន
ពតិេទ  
េគមន ( ) cos cos( )f x x px= += += += +   ែដល p  ជចំនួនបឋម 
េយងឧបមថ f  ជអនុគមនខួ៍ប ែដលមនខួបេសម 0T >>>>  ។ 
តមនិយមនយ័អនុគមនខួ៍បេគបន 

: ( ) ( )x IR f x T f x∀ ∈ + =∀ ∈ + =∀ ∈ + =∀ ∈ + =  ។  
េរជេរ ស 0x ====  េគបន ( ) (0)f T f====   ែត

(0) 2 , ( ) cos cosf f p T pT= = += = += = += = +  

េគបន cos 1
cos cos 2

cos 1

T
T pT

pT

====+ = ⇔+ = ⇔+ = ⇔+ = ⇔ 
====

  (េរពះ 

cos 1 , cos 1T pT≤ ≤≤ ≤≤ ≤≤ ≤  ) 

េគទញ 1

2 1 2

2

2 , ( , )

T k

pT k k k IN

ππππ

ππππ

====


= ∈= ∈= ∈= ∈
 

តម 22pT k ππππ====  េគទញ 2 2 2

1 1

2 2
2

k k k
p

T k k

π ππ ππ ππ π
ππππ

= = == = == = == = =   មនិអច

មនេរពះ 2

1

k

k
ជចំនួនសនិទន 

េហយ p  ជចំនួនអសនិទនរគបច់នួំនបឋម p  ។ 
ដូចេនះ f  មនិែមនជអនុគមនខួ៍បេលសំណំុចំនួនពតិេទ ។ 
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III-(ពនិទុ 20)  
បងហ ញថ ( , )S a b  ែចកដចន់ងឹ 5 េប b មនិែមនពហុគុណៃន 4   
េគមន ៖

( , ) ( 1) ( 2) ( 3) ( 4) ( 5)b b b b bS a b a a a a a= + + + + + + + + += + + + + + + + + += + + + + + + + + += + + + + + + + + +  
ចំេពះរគបច់ំនួនគតម់និអវជិជមន a  េគមន 

1, 2, 3, 4, 5a a a a a+ + + + ++ + + + ++ + + + ++ + + + +  ែចកនងឹ 5 ឲយសំណល់ 
0,1,2,3,4 ។ េនះេគបន 

( , ) 0 1 2 3 4 (mod 5)b b b b bS a b ≡ + + + +≡ + + + +≡ + + + +≡ + + + +   
ឬ ( , ) 1 2 3 4 (mod 5)b b b bS a b ≡ + + +≡ + + +≡ + + +≡ + + +  ។ 
េដយ b មនិែមនជពហុគុណៃន 4 េនះ 

{4 1 ,4 2,4 3 }b k k k∈ + + +∈ + + +∈ + + +∈ + + +  ែដល 0,1,2,....k ====   
េដយ 1 2 1( )( ... )n n n n nx y x y x x y y− − −− − −− − −− − −+ = + − + ++ = + − + ++ = + − + ++ = + − + +   រគប ់n  
ជចំនួនេសស េនះ | n nx y x y+ ++ ++ ++ +  រគប ់ ,x y IN∈∈∈∈  ។ 
 -ករណី 4 1b k= += += += +  ឬ  4 3b k= += += += +   (ជចំនួនេសស)  
េនះេគបន 5 | 1 4b b++++  និង 5 | 2 3b b++++  
េគទញបន 5 | 1 2 3 4b b b b+ + ++ + ++ + ++ + +   នឲំយ 5 | ( , ) (1)S a b  
  -ករណី 4 2b k= += += += +  េនះ 

4 2 4 2 4 2 4 2( , ) 1 2 3 4 (mod 5)k k k kS a b + + + ++ + + ++ + + ++ + + +≡ + + +≡ + + +≡ + + +≡ + + +   ឬ  
2 1 2 1 2 1 2 1( , ) 1 4 9 16 (mod 5)k k k kS a b + + + ++ + + ++ + + ++ + + +≡ + + +≡ + + +≡ + + +≡ + + +    

េដយ 2 1 2 15 | 1 9k k+ ++ ++ ++ +++++  
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និង 2 1 2 15 | 4 16k k+ ++ ++ ++ +++++   េគទញ 
2 1 2 1 2 1 2 15 | (1 4 9 16 )k k k k+ + + ++ + + ++ + + ++ + + ++ + ++ + ++ + ++ + +   នឲំយ 5 | ( , ) (2)S a b  

 តម (1) នងិ (2) េគទញបន 5 | ( , )S a b  រគប ់b មនិែមនជពហុ
គុណៃន 4 ។ 
ដូចេនះ  ( , )S a b  ែចកដចន់ឹង 5 េប b មនិែមនពហុគុណៃន 4 ។ 
IV-(ពនិទុ 20) គណនតៃមលេលខ  

    
7 7 7 7 7 7

7 ( , , )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + += + += + += + +

− − −− − −− − −− − −
   

តង 

( , , )
n n n n n n n n

n n
cyc

a b b c c a a b
F F a b c

a b b c c a a b

− − − −− − − −− − − −− − − −
= = + + == = + + == = + + == = + + =

− − − −− − − −− − − −− − − −∑∑∑∑    

េគមន a  និង b ជឬសៃន 3 23 4 5t t t= + −= + −= + −= + −   

េនះ 
3 2

3 2

3 4 5

3 4 5

a a a

b b b

 = + −= + −= + −= + −


= + −= + −= + −= + −
  

េដយ 0t ====  មនិែមនជឬសៃនសមកីរ 3 23 4 5t t t= + −= + −= + −= + −  េនះ 
0a ≠≠≠≠  និង 0b ≠≠≠≠  

េគបន 
3 2

3 2

3 4 5

3 4 5

a a a

b b b

 = + −= + −= + −= + −


= + −= + −= + −= + −
   

សមមូល
3 2 1

3 2 1

3 4 5

3 4 5

n n n n

n n n n

a a a a

b b b b

+ + ++ + ++ + ++ + +

+ + ++ + ++ + ++ + +

 = + −= + −= + −= + −


= + −= + −= + −= + −
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េគទញ 
3 3 2 2 1 13( ) 4( ) 5( )n n n n n n n na b a b a b a b+ + + + + ++ + + + + ++ + + + + ++ + + + + +− = − + − − −− = − + − − −− = − + − − −− = − + − − −   

ែចកអងគទងំពរីនងឹ 0a b− ≠− ≠− ≠− ≠  េគបន ៖ 
3 3 2 2 1 1

3 4 5
n n n n n n n na b a b a b a b

a b a b a b a b

+ + + + + ++ + + + + ++ + + + + ++ + + + + +− − − −− − − −− − − −− − − −
= + −= + −= + −= + −

− − − −− − − −− − − −− − − −
  

នឲំយ
3 3 2 2 1 1

3 4 5
n n n n n n n n

cyc cyc cyc cyc

a b a b a b a b

a b a b a b a b

+ + + + + ++ + + + + ++ + + + + ++ + + + + +− − − −− − − −− − − −− − − −
= + −= + −= + −= + −

− − − −− − − −− − − −− − − −∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑  

េគទញ 
3 2 1( , , ) 3 ( , , ) 4 ( , , ) 5 ( , , )n n n nF a b c F a b c F a b c F a b c+ + ++ + ++ + ++ + += + −= + −= + −= + −  

 -េប 0n ====  តម (*) េគបន 3 2 1 03 4 5F F F F= + −= + −= + −= + −  

ែតតម ( , , )
n n n n n n n n

n
cyc

a b b c c a a b
F a b c

a b b c c a a b

− − − −− − − −− − − −− − − −
= + + == + + == + + == + + =

− − − −− − − −− − − −− − − −∑∑∑∑   

េគបន 0 0F ====  , 1 3
a b b c c a

F
a b b c c a

− − −− − −− − −− − −
= + + == + + == + + == + + =

− − −− − −− − −− − −
 និង 

2 2 2 2 2 2

2 2( )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + + = + += + + = + += + + = + += + + = + +

− − −− − −− − −− − −
 

េដយ , ,a b c  ជឬសៃន 3 23 4 5t t t= + −= + −= + −= + −   េនះ 3a b c+ + =+ + =+ + =+ + =   
េហតុេនះ 2 6F ====   េគបន 3 18 12 0 30F = + − == + − == + − == + − =  ។ 
-េប 1n ====  តម (*) េគបន  

4 3 2 13 4 5 90 24 15 99F F F F= + − = + − == + − = + − == + − = + − == + − = + − =   
-េប 2n ====  តម (*) េគបន 

5 4 3 23 4 5 297 120 30 387F F F F= + − = + − == + − = + − == + − = + − == + − = + − =   
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 -េប 3n ====  តម (*) េគបន  
   6 5 4 33 4 5 1161 396 150 1407F F F F= + − = + − == + − = + − == + − = + − == + − = + − =   
 -េប 4n ====  តម (*) េគបន  
   7 6 5 43 4 5 4221 1548 495 5274F F F F= + − = + − == + − = + − == + − = + − == + − = + − =   
    ដូចេនះ 

7 7 7 7 7 7

7 ( , , ) 5274
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + + == + + == + + == + + =

− − −− − −− − −− − −
  

V-(ពនិទុ 20) បងហ ញថ 
tan

S
BD

αααα
====   ។ 

 
 
 
 
 
 
 
 
 
 
 
 
 

K 

A C 

B 

D 

I 

J 

P Q M 

F 

E 
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តង 'r  ជករំងវងច់រកឹកនុង ៃនរតេីកណ ABD  និង BCD  េហយ 
r  ជករំងវងច់រកឹកនុងៃនរតេីកណ ABC  ។ តង 1 2, ,p p p  
េរៀងគន ជកនលះបរមិរតៃន ABD  , BCD  និង ABC  ។ 
តង , ,BC a AC b AB c= = == = == = == = =  ជរជុងៃនរតេីកណ ABC  ។ 

េគមន ABC ABD BCDS S S= += += += +   ែត 1

2

'

'

ABC

ABD

BCD

S pr

S p r

S p r

====
 ====
 ====

 

េគបន 1 2( ) 'pr p p r= += += += +   េនះ 1 2 (1)
'

p pr
r p

++++====  

មយ៉ងេទៀត 1 22 2 2p p p BD+ = ++ = ++ = ++ = +   ឬ 1 2p p p BD+ = ++ = ++ = ++ = +   
េនះទំនកទ់ំនង (1) អចសរេសរ 

'
r p BD
r p

++++====   

 ឬ  '
(2)

r r BD
r p
−−−− ====  

េគមន IMA JPA∆ ⊥ ≈ ∆ ⊥∆ ⊥ ≈ ∆ ⊥∆ ⊥ ≈ ∆ ⊥∆ ⊥ ≈ ∆ ⊥   និង IMA KQC∆ ⊥ ≈ ∆ ⊥∆ ⊥ ≈ ∆ ⊥∆ ⊥ ≈ ∆ ⊥∆ ⊥ ≈ ∆ ⊥    
េគបន IM MA

JP PA
====   និង IM MC

KQ QC
====    

េដយ , 'IM r JP KQ r= = == = == = == = =  
េគទញ 

'
r MA MC
r PA QC

= == == == =  ឬ '
'

r r MA PA MC QC
r PA QC
− − −− − −− − −− − −= == == == =  

ឬ   '
(2)

r r PM MQ PM MQ PQ
r PA QC PA QC b PQ
− +− +− +− += = = == = = == = = == = = =

+ −+ −+ −+ −
 

តម (1) នងិ (2) េគទញបន (3)
BD PQ

p AC PQ
====

−−−−
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េដយ PQ PD DQ= += += += +   េហយ 1 2,PD p c DQ p a= − = −= − = −= − = −= − = −  
េនះ 

1 2 ( ) (2 ) (4)PQ p p c a p BD p b BD p b= + − + = + − − = − += + − + = + − − = − += + − + = + − − = − += + − + = + − − = − +  
យក (4) ជួសកនុង (3) េគបន 

( )
BD BD p b BD p b

p b BD p b BD p
− + − +− + − +− + − +− + − += == == == =

− − + − +− − + − +− − + − +− − + − +
 

នឲំយ 2 . . ( )BD p BD p BD p p b− + = − −− + = − −− + = − −− + = − −   
ឬ ( ) (5)BD p p b= −= −= −= −  
តមរបូមនតេហរ ៉ងុ ( )( )( )S p p a p b p c= − − −= − − −= − − −= − − −  និង តមរបូមនត 

( )( )
tan

2 ( )
B p a p c

p p b
− −− −− −− −====

−−−−
 

េគបន ( )
tan

2

S
p p b

B
= −= −= −= −  ឬ ( ) (6)

tan
S

p p b
αααα

− =− =− =− =    

(េរពះ 2ABC αααα∠ =∠ =∠ =∠ = ) 

យក (6) ជនួំសកនុង (5) េគបន 
tan

S
BD

αααα
====   ពតិ ។ 

VI-(ពនិទុ 20) 1)បងហ ញថ 1 2 3. . ( 1)kk k k kx x x x+ + ++ + ++ + ++ + +− = −− = −− = −− = −  ចំេពះ
រគប ់k IN∈∈∈∈   
តងសវុីត 1 1 2 2k k k k ky x x x x k+ − ++ − ++ − ++ − += − ∀ ≥= − ∀ ≥= − ∀ ≥= − ∀ ≥  
េគបន 1 1 2 3k k k k ky x x x x+ + + ++ + + ++ + + ++ + + += −= −= −= −   
េគមន  1 1 2n n nx x x n+ −+ −+ −+ −= + ∀ ≥= + ∀ ≥= + ∀ ≥= + ∀ ≥   
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េគបន 
1 1 2 1 3 2 1, ,k k k k k k k k kx x x x x x x x x+ − + + + + ++ − + + + + ++ − + + + + ++ − + + + + += + = + = += + = + = += + = + = += + = + = +   

េហតុេនះ 1 1 2 2 1( ) ( )k k k k k k ky x x x x x x+ − + + ++ − + + ++ − + + ++ − + + += + − += + − += + − += + − +  

                    2 1 2 2 1

1 2 1

k k k k k k k k

k k k k k

x x x x x x x x

x x x x y
+ − + + ++ − + + ++ − + + ++ − + + +

− + +− + +− + +− + +

= + − −= + − −= + − −= + − −
= − = −= − = −= − = −= − = −

 

េដយ 1 2k ky y k++++ = − ∀ ≥= − ∀ ≥= − ∀ ≥= − ∀ ≥  េនះ ( )ky  ជសវុីតធរណីមរតមនេរ
សុង 2q = −= −= −= −  និងតួ 2 2 3 1 4y x x x x= −= −= −= −  េដយ 1 2 1x x= == == == =  េនះ 

3 1 2 4 3 22 , 3x x x x x x= + = = + == + = = + == + = = + == + = = + =  
េគបន 2 2 3 1y = − = −= − = −= − = −= − = −   ។ តមរបូមនត 

2 2 1
2 1 ( 1) ( 1)k k k

ky y q − − −− − −− − −− − −= × = − × − = −= × = − × − = −= × = − × − = −= × = − × − = −  
េនះ 1 ( 1)k

ky ++++ = −= −= −= −   េដយ 1 1 2 3k k k k ky x x x x+ + + ++ + + ++ + + ++ + + += −= −= −= −  
ដូចេនះ 1 2 3. . ( 1)kk k k kx x x x+ + ++ + ++ + ++ + +− = −− = −− = −− = −   ។ 
2) បងហ ញថ 

1 3 5 2011 2012cot cot cot .... cot cotarc x arc x arc x arc x arc x− − − − =− − − − =− − − − =− − − − =

  េគមន cot cot 1
cot( )

cot cot
a b

a b
b a

++++− =− =− =− =
−−−−

 នឲំយ 
cot cot 1

cot
cot cot

a b
a b arc

b a
++++    − =− =− =− =     −−−−    

 

យក 2cot pa x====   និង 2 1cot pb x ++++====  េនះ 2cot pa arc x====   និង 
2 1cot pb arc x ++++====  រគប់ p IN∈∈∈∈  
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េគបន 
2 2 1

2 2 1
2 1 2

1
cot cot cot (1)p p

p p
p p

x x
arc x arc x arc

x x
++++

++++
++++

    ++++
− =− =− =− =         −−−−    

  

តមសរមយខងេលេគមន 1 2 3. . ( 1)kk k k kx x x x+ + ++ + ++ + ++ + +− = −− = −− = −− = −    
យក 2 1k p= −= −= −= −  បន 2 2 1 2 1 2 2 1p p p px x x x+ − ++ − ++ − ++ − +− = −− = −− = −− = −  េនះ 

2 2 1 2 1 2 21 (2)p p p px x x x+ − ++ − ++ − ++ − ++ =+ =+ =+ =  
េដយ 1 1 2n n nx x x n+ −+ −+ −+ −= + ∀ ≥= + ∀ ≥= + ∀ ≥= + ∀ ≥  េនះ 2 1 2 2 1p p px x x+ −+ −+ −+ −= += += += +  ឬ 

2 1 2 2 1 (3)p p px x x+ −+ −+ −+ −− =− =− =− =  
យក (2) នងិ (3) ជួសកនុង (1) េគបន   

(((( ))))2 2 1 2 2cot cot cotp p parc x arc x arc x+ ++ ++ ++ +− =− =− =− =  
ឬ 2 2 2 2 1cot cot cotp p parc x arc x arc x+ ++ ++ ++ +− =− =− =− =  

េគបន (((( ))))
1005 1005

2 2 2 2 1
1 1

cot cot cotp p p
p p

arc x arc x arc x+ ++ ++ ++ +
= == == == =

− =− =− =− =∑ ∑∑ ∑∑ ∑∑ ∑  

          
1005

2 2012 2 1
1

cot cot cot p
p

arc x arc x arc x ++++
====

− =− =− =− = ∑∑∑∑    

េដយ 2 1x x====  
ដូចេនះ 

1 3 5 2011 2012cot cot cot .... cot cotarc x arc x arc x arc x arc x− − − − =− − − − =− − − − =− − − − =  
������� 

 
រ�ឡងេរជ សេរ សសសិសពូែកទូទងំរ�េទស 



ពហុធ និង សមីករអនុគមន ៍
 

 

 

Prepared by LIM PHALKUN     Tel: 017 768 246 Page 123 

 

ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិថន កទ់ី១២ 
សមយ័របឡង ០១ េមស ២០១១ 

វញិញ សទី០១ គណិតវទិយ ថន កទ់១ី២ សរមបៃ់ថងទ០ី១ េមស 
២០១១ 

រយះេពល ១៨០នទី ពនិទុ ១០០ 
������� 

 
I-(ពនិទុ 10) េនេដមឆន  ំ២០១១ េនះចំនួនអនកេទសចរែដលបន
មកទសសនរបសទអងគរវតតេសមនឹង  

2 2( )pq p q−−−−  ែដល p  និង q  ជចនួំនគតធ់មមជត ិេហយ p q>>>>   
េគរសងេ់ឈម ះេទសចរទងំេនះដកក់នុងបញជ ីមយួេដយមនចុះ
េលខេរៀងរតមឹរតូវ ។ បងហ ញថេលខេរៀងរបស់េទសចរចុងេរកយ
បងអស់ជពហុគុណៃន 3 ។ 
II-(ពនិទុ 10) ចំណុច ( , , )M x y z  មនកូអរេដេនជចនួំនគតរ់ុឡឺទី
ហវែដលេផទៀងផទ តស់មកីរ 2 2 2 3 3 3x y z x y z+ + = + ++ + = + ++ + = + ++ + = + +   ។ 
បងហ ញថមនចណុំច M  េរចនរបម់និអស់េនកនុងលំហ ។ 
III-(ពនិទុ 20) សវុីត ( )nu  កំណតេ់ដយ 1 21 , 1u u= == == == =  និង 

1 1n n nu u u+ −+ −+ −+ −= += += += +  ចំេពះ 2n ≥≥≥≥   ។ 
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បងហ ញថ 2011 2012 2010 2013 1u u u u− =− =− =− =  េហយ 
1042012 1042013 1042011 1042014 1u u u u− = −− = −− = −− = −   ។ 

IV-(ពនិទុ 20) សវុីត ( )kI  កំណតេ់ដយ 
2

0

sin .k
kI x dx

ππππ

==== ∫∫∫∫  ចំេពះ

រគបច់នួំនគតធ់មមជតិ k  ។ 
អនុគមន ៍ f  កំណតេ់ដយ 1( ) ( 1) k kf k k I I ++++= += += += +  ។ 
ក)កំណតទ់ំនកទ់ំនងរវង kI  និង 2kI ++++  ។ 
ខ)េរបៀបេធៀប ( )f k  នងិ ( 1)f k ++++  ចំេពះរគបច់នួំនគតធ់មមជតិ 
k  ។ គណនតៃមលៃន (2011)f  
V-(ពនិទុ 20) ចតុេកណេប៉ង ABCD  មយួមនរជុង 

, ,AB a BC b CD c= = == = == = == = = និង DA d====   
និងបរមិរត 2p  េហយចរកឹកនុងរងវងម់យួ ។ បងហ ញថចតុេកណ 
ABCD  មនៃផទរកឡ ( )( )( )( )S p a p b p c p d= − − − −= − − − −= − − − −= − − − −   ។ 
VI-(ពនិទុ 20) ( )nP x  ជពហុធដឺេរកទី n ែដលេផទៀងផទ ត ់

1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +  ។ 
ក)បងហ ញថេដរេីវទី n ៃនអនុគមន ៍ 2xy e−−−−====  កំណតេ់ដយ 

2( ) ( )n x
ny e P x−−−−====  ។ 

ខ)ទញបញជ កថ់ 1 1( ) 2 ( ) 2 ( ) 0n n nP x x P x n P x+ −+ −+ −+ −+ + =+ + =+ + =+ + =   
    េហយ ''( ) 2 '( ) 2 ( ) 0n n nP x xP x n P x− + =− + =− + =− + =   ។ 
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អរតកំែណគំរ ូ
 
I-(ពនិទុ 10) បងហ ញថេលខេរៀងរបស់េទសចរចុងេរកយបងអស់ជព
ហុគុណៃន 3  
តង 2 2( )N pq p q= −= −= −= −   ែដល ,p q IN∈∈∈∈   នងិ p q>>>>   
េយងនឹងរសយថ N  ែចកដចន់ឹង 3 ចំេពះរគប ់ ,p q IN∈∈∈∈   
និង p q>>>>  ។ 
-េប 3 | p  ឬ 3 |q  េនះ 3 | N  ។ 
-េប p  និង q  ែចកមនិដចន់ឹង 3 េនះេគបន 2 1 (mod 3)p ≡≡≡≡  
និង 2 1 (mod 3)q ≡≡≡≡  
 េគទញបន 2 2 0 (mod 3 )p q− ≡− ≡− ≡− ≡  េនះេគបន 3 | N  ។ 
ដូចេនះេលខេរៀងរបស់េទសចរចុងេរកយបងអស់ជពហុគុណៃន 3   
II-(ពនិទុ 10)  
បងហ ញថមនចណុំច M  េរចនរបម់និអស់េនកនុងលំហ ៖ 
េគមន 2 2 2 3 3 3 (1)x y z x y z+ + = + ++ + = + ++ + = + ++ + = + +   
យក z x= −= −= −= −   ជួសកនុង (1) េគបន 

2 2 2 3 3 3( ) ( )x y x x y z+ + − = + + −+ + − = + + −+ + − = + + −+ + − = + + −  
ឬ 2 2 32x y y+ =+ =+ =+ =  េនះេគទញ 2 21

.
2

y
x y

−−−−====  
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េដយ ,x y ∈∈∈∈ℤℤℤℤ   េនះេគរតូវឲយ 21
,

2
y

q q
−−−− = ∈= ∈= ∈= ∈ℤℤℤℤ    

េនះ 22 1y q= += += += +  
េហយ 2 2 2 2 21

. (2 1)
2

y
x y q q

−−−−= = += = += = += = +  េនះ 2(2 1)x q q= ± += ± += ± += ± +  
េហតុេនះេគបន 

2 2 2(2 1) , 2 1 , (2 1) ,x q q y q z q q q= ± + = + = + ∈= ± + = + = + ∈= ± + = + = + ∈= ± + = + = + ∈∓ ℤ∓ ℤ∓ ℤ∓ ℤ  
សរមយបញជ កេ់នះមននយ័ថមនរតធីតុ ( , , )x y z  ៃនសំណំុ
ចំនួនគតរ់ុឡឺទីហវេរចនរបម់និអស់ 
ែដលេផទៀងផទ តស់មកីរ 2 2 2 3 3 3x y z x y z+ + = + ++ + = + ++ + = + ++ + = + + ។  
 ដូចេនះមនចណុំច ( , , )M x y z  េរចនរបម់និអស់េនកនុងលំហ។ 
III-(ពនិទុ 20) បងហ ញថ 2011 2012 2010 2013 1u u u u− =− =− =− =  េហយ 

1042012 1042013 1042011 1042014 1u u u u− = −− = −− = −− = −    
សវុីត ( )nu  កំណតេ់ដយ 1 21 , 1u u= == == == =  និង 1 1n n nu u u+ −+ −+ −+ −= += += += +  
ចំេពះ 2n ≥≥≥≥    
តងសវុីត 1 1 2n n n n ny u u u u+ − ++ − ++ − ++ − += −= −= −= −   ែដល 2n ≥≥≥≥  ។ 
េគបន 1 1 2 3n n n n ny u u u u+ + + ++ + + ++ + + ++ + + += −= −= −= −   េដយេគមន 

1 1n n nu u u+ −+ −+ −+ −= += += += +  ចំេពះ 2n ≥≥≥≥    
េនះ 2 1n n nu u u+ ++ ++ ++ += += += += +   និង 3 2 1n n nu u u+ + ++ + ++ + ++ + += += += += +  
េគបន 1 1 2 2 1( ) ( )n n n n n n ny u u u u u u+ − + + ++ − + + ++ − + + ++ − + + += + − += + − += + − += + − +  
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                 2 1 2 2 1

1 1 2( )
n n n n n n n n

n n n n n

u u u u u u u u

u u u u y
+ − + + ++ − + + ++ − + + ++ − + + +

+ − ++ − ++ − ++ − +

= + − −= + − −= + − −= + − −
= − − = −= − − = −= − − = −= − − = −

 

េដយ 1n ny y++++ = −= −= −= −  េនះ ( )ny  ជសវុីតធរណីមរតមនេរសុង 
1q = −= −= −= −  និងតួ 2 2 3 1 4y u u u u= −= −= −= −  

េគមន 1 21 , 1u u= == == == =  និង 1 1n n nu u u+ −+ −+ −+ −= += += += +  ចំេពះ 2n ≥≥≥≥   េនះ 
3 2 1 2u u u= + == + == + == + =  

េហយ 4 3 2 2 1 3u u u= + = + == + = + == + = + == + = + =  េនះ 2 2 3 1y = − = −= − = −= − = −= − = −  
េគបន 2 2 1

2 ( 1) ( 1)n n n
ny y q − − −− − −− − −− − −= × = − − = −= × = − − = −= × = − − = −= × = − − = −   េដយ 

1 1 2n n n n ny u u u u+ − ++ − ++ − ++ − += −= −= −= −  រគប ់ 2n ≥≥≥≥  
េគទញបន 1

1 1 2 ( 1) (*)n
n n n nu u u u −−−−

+ − ++ − ++ − ++ − +− = −− = −− = −− = −  រគប ់ 2n ≥≥≥≥  
-យក 2011n ====  ជួសកនុង (*)  េគបន 

2010
2011 2012 2010 2013 ( 1) 1u u u u− = − =− = − =− = − =− = − =  ។ 

-យក 1042012n ====  ជួសកនុង (*)  េគបន
1042011

1042012 1042013 1042011 1042014( 1) 1u u u u− = − = −− = − = −− = − = −− = − = −    
ដូចេនះ 2011 2012 2010 2013 1u u u u− =− =− =− =  េហយ 

1042012 1042013 1042011 1042014 1u u u u− = −− = −− = −− = −   ។ 
IV-(ពនិទុ 20) ក)កណំតទ់ំនកទ់ំនងរវង kI  និង 2kI ++++   

េគមន  
2

0

sin .k
kI x dx

ππππ

==== ∫∫∫∫  ចំេពះរគបច់នួំនគតធ់មមជតិ k   
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េគបន 
2 2

2 1
2

0 0

sin . sin .sink k
kI x dx x xdx

π ππ ππ ππ π

+ ++ ++ ++ +
++++ = == == == =∫ ∫∫ ∫∫ ∫∫ ∫  

តង 
1sin

sin .

ku x

dv x dx

++++ ====


====
  នឲំយ ( 1)cos sin .

cos

kdu k x x dx

v x

 = += += += +


= −= −= −= −
 

េគបន 
2

1 22
2 0

0

sin cos ( 1) cos sin .k k
kI x x k x x dx

ππππ
ππππ

++++
++++     = − + += − + += − + += − + +     ∫∫∫∫  

          
2

2
2

0

( 1) (1 sin )sin .k
kI k x x dx

ππππ

++++ = + −= + −= + −= + −∫∫∫∫  

          
2 2

2
2

0 0

( 1) sin . ( 1) sin .k k
kI k x dx k x dx

π ππ ππ ππ π

++++
++++ = + − += + − += + − += + − +∫ ∫∫ ∫∫ ∫∫ ∫  

         2 2( 1) ( 1)k k kI k I k I+ ++ ++ ++ += + − += + − += + − += + − +   នឲំយ 2
1
2k k

k
I I

k++++
++++====
++++

  

ដូចេនះ 2
1

.
2k k

k
I I

k++++
++++====
++++

  ។ 
 ខ)េរបៀបេធៀប ( )f k  នងិ ( 1)f k ++++  ចំេពះរគបច់នួំនគតធ់មម
ជត ិk  
េគមន  f  កំណតេ់ដយ 1( ) ( 1) k kf k k I I ++++= += += += +   

េគបន 1 2( 1) ( 2) k kf k k I I+ ++ ++ ++ ++ = ++ = ++ = ++ = +   េដយ 2
1

.
2k k

k
I I

k++++
++++====
++++

  
(សរមយខងេល) 
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េនះ 1 1
1

( 1) ( 2) . ( 1) ( )
2k k k k

k
f k k I I k I I f k

k+ ++ ++ ++ +
+++++ = + × = + =+ = + × = + =+ = + × = + =+ = + × = + =
++++

 
ដូចេនះ ( 1) ( )f k f k+ =+ =+ =+ =  រគបច់ំនួនគតធ់មមជតិ k ។ 
គណនតៃមលៃន (2011)f  ៖ 
េដយ ( 1) ( )f k f k+ =+ =+ =+ =  េនះ f  ជអនុគមនេ៍ថររគបច់ំនួនគត់
ធមមជត ិk ។ 

េគបន 0 1( ) (0)f k f I I= == == == =   េដយ [[[[ ]]]]
2

2
0 0

0
2

I dx x

ππππ
ππππ ππππ= = == = == = == = =∫∫∫∫  

េហយ [[[[ ]]]]
2

2
1 0

0

sin . cos 0 1 1I x dx x

ππππ
ππππ

= = − = + == = − = + == = − = + == = − = + =∫∫∫∫   េនះ 

1( ) ( 1)
2k kf k k I I
ππππ

++++= + == + == + == + =  

ដូចេនះ (2011)
2

f
ππππ====   ។ 
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V-(ពនិទុ 20) បងហ ញថចតុេកណ ABCD  មនៃផទរកឡ 
( )( )( )( )S p a p b p c p d= − − − −= − − − −= − − − −= − − − −    

  
 
 
 
 
 
 
 
 
េគមន 1 1

sin sin
2 2ABC ACDS S S ab B cd D= + = += + = += + = += + = +  

េដយ ABCD  ជចតុេកណចរកឹកនុងរងវងេ់នះ B D ππππ+ =+ =+ =+ =  នឲំយ 
sin sin( ) sinD B Bππππ= − == − == − == − =  
េគបន 1

( )sin (1)
2

S ab cd B= += += += +  
តមរទឹសតីបទកូសីុនូសអនុវតតនក៍នុងរតេីកណ ABC   នងិ ACD 
េគបន 2 2 2 2 cos (2)AC a b ab B= + −= + −= + −= + −    
និង 2 2 2 2 22 cos( ) 2c cos (3)AC c d cd B c d d Bππππ= + − − = + += + − − = + += + − − = + += + − − = + +  

A 

B C 

D 
a 

b 

c 

d 
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ផទឹម (2) នងិ (3) េគបន 
2 2 2 22 cos 2 cosa b ab B c d cd B+ − = + ++ − = + ++ − = + ++ − = + +  

េគទញបន 
2 2 2 21

cos .
2

a b c d
B

ab cd
+ − −+ − −+ − −+ − −====

++++
  េដយ 

2 2sin 1 cosB B= −= −= −= −  
េគបន 

2 2 2 2 2 2 2 2 2 2 2
2

2 2

( ) (2 2 ) ( )
sin 1

4( ) 4( )

a b c d ab cd a b c d
B

ab cd ab cd

+ − − + − + − −+ − − + − + − −+ − − + − + − −+ − − + − + − −= − == − == − == − =
+ ++ ++ ++ +

 

             
2 2 2 2 2 2 2 2

2

(2 2 )(2 2 )

4( )

ab cd a b c d ab cd a b c d

ab cd

+ + + − − + − − + ++ + + − − + − − + ++ + + − − + − − + ++ + + − − + − − + +====
++++

 

                   
2 2 2 2

2

( ) ( ) ( ) ( )

4( )

a b c d c d a b

ab cd

            + − − + − −+ − − + − −+ − − + − −+ − − + − −            ====
++++

 

                  

2

( )( )( )( )

4( )

a b c d a b c d c d a b c d a b

ab cd

+ − + + + − + − + + + −+ − + + + − + − + + + −+ − + + + − + − + + + −+ − + + + − + − + + + −====
++++

 

េដយ 
2

a b c d
p

+ + ++ + ++ + ++ + +====  េនះ 
2( ) , ( ) 2( )a b c d p c a b c d p d+ − + = − + + − = −+ − + = − + + − = −+ − + = − + + − = −+ − + = − + + − = −  

េហយ  2( ) , 2( )c d a b p a c d a b p b+ − + = − + + − = −+ − + = − + + − = −+ − + = − + + − = −+ − + = − + + − = −  
េគបន 2

2

16( )( )( )( )
sin

4( )

p a p b p c p d
B

ab cd

− − − −− − − −− − − −− − − −====
++++

 

នឲំយ 2
sin ( )( )( )( ) (4)B p a p b p c p d

ab cd
= − − − −= − − − −= − − − −= − − − −

++++
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យក (4) ជួសកនុង (1) េគបន 
1 2

( ) ( )( )( )( )
2

S ab cd p a p b p c p d
ab cd

= + × × − − − −= + × × − − − −= + × × − − − −= + × × − − − −
++++

 
ដូចេនះ ( )( )( )( )S p a p b p c p d= − − − −= − − − −= − − − −= − − − −   ។ 
VI-(ពនិទុ 20) ក)បងហ ញថេដរេីវទី n ៃនអនុគមន ៍ 2xy e−−−−====  កំណត់
េដយ 2( ) ( )n x

ny e P x−−−−====   
តមរបូមនតេដរេីវ (((( )))) ' '.u ue u e====  េនះេគបន 

2 2 22
1' ( )' 2 . ( )x x xy x e x e e P x− − −− − −− − −− − −= − = − == − = − == − = − == − = − =  

េនះ 2

1' ( )xy e P x−−−−====  ពតិចំេពះ 1n ====   ។ 
េយងឧបមថវពតិចំេពះ n k====  គឺ 

2( ) ( )k x
ky e P x−−−−====  ពតិ 

េយងនឹងរសយថវពតិចំេពះ 1n k= += += += +  គឺ 
2( 1)

1( )k x
ky e P x+ −+ −+ −+ −

++++====   
េគមន 2( 1) ( ) ' ( ) 'k k x

ky y e P x+ −+ −+ −+ −        = == == == =             
 

                  
2 2

2

2 ( ) ' ( )

2 ( ) ' ( )

x x
k k

x
k k

xe P x e P x

e xP x P x

− −− −− −− −

−−−−

= − += − += − += − +

= − += − += − += − +        

 

( )nP x  ជពហុធដឺេរកទ ីn ែដលេផទៀងផទ ត ់
1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +  ។ 

យក 1n k= += += += +  េគបន 1( ) 2 ( ) ' ( )k k kP x xP x P x++++ = − += − += − += − +  
េគទញ 2( 1)

1( )k x
ky e P x+ −+ −+ −+ −

++++====  ពតិ 
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ដូចេនះ េដរេីវទី n ៃនអនុគមន ៍ 2xy e−−−−====  កំណតេ់ដយ 
2( ) ( )n x

ny e P x−−−−====   ។ 
ខ)ទញ ថ 1 1( ) 2 ( ) 2 ( ) 0n n nP x x P x n P x+ −+ −+ −+ −+ + =+ + =+ + =+ + =  និង 

''( ) 2 '( ) 2 ( ) 0n n nP x xP x n P x− + =− + =− + =− + =    
មន 2xy e−−−−====  េនះ 2

' 2 2xy xe xy−−−−= − = −= − = −= − = −= − = −   ឬ 2 ' 0xy y+ =+ =+ =+ =  
តងអនុគមន ៍z  កំណតេ់ដយ 2 'z xy y= += += += +  ។  

តមរបូមនតឡិបនចិេគមន  (((( ))))( ) ( ) ( )

0

n
n k n k k

n
k

uv C u v−−−−

====
==== ∑∑∑∑   ែដល 

!
!( )!

k
n

n
C

k n k
====

−−−−
េគបន 

( ) ( ) ( ) ( 1) 0 ( ) 1 ( 1) ( 1)

0

2 2 2 0
n

n k n k k n n n n
n n n

k

z C y x y C y x C y y− + − +− + − +− + − +− + − +

====
= + = + + == + = + + == + = + + == + = + + =∑∑∑∑

េគទញ ( 1) ( ) ( 1)2 2 0n n ny xy ny+ −+ −+ −+ −+ + =+ + =+ + =+ + =   េដយ 
2( ) ( )n x

ny e P x−−−−====    
េគបន 

2 2 2

1 1( ) 2 ( ) 2 ( ) 0x x x
n n ne P x xe P x ne P x− − −− − −− − −− − −

+ −+ −+ −+ −+ + =+ + =+ + =+ + =  

សមមូល 
2

1 1( ) 2 ( ) 2 ( ) 0x
n n ne P x xP x nP x−−−−

+ −+ −+ −+ −+ + =+ + =+ + =+ + =          
ដូចេនះ 1 1( ) 2 ( ) 2 ( ) 0n n nP x xP x nP x+ −+ −+ −+ −+ + =+ + =+ + =+ + =  ពតិ ។ 
មយ៉ងេទៀតេគមន 1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +  េនះ 

1( ) 2 ( ) ' ( )n n nP x x P x P x++++ = − += − += − += − +  
េដយ 1 1( ) 2 ( ) 2 ( ) 0n n nP x xP x nP x+ −+ −+ −+ −+ + =+ + =+ + =+ + =  េនះេគបន ៖ 
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12 ( ) ' ( ) 2 ( ) 2 ( ) 0n n n nxP x P x x P x nP x−−−−− + + + =− + + + =− + + + =− + + + =   ឬ 
1' ( ) 2 ( ) 0n nP x nP x−−−−+ =+ =+ =+ =  

េគបន 1' ( ) 2( 1) ( ) 0 (*)n nP x n P x++++ + + =+ + =+ + =+ + =  
េធវេដរេីវេលអងគទងំពរីៃន 1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +  េនះ 
េគបន 1 1 1' ( ) 2 ( ) 2 ' ( ) '' ( )n n n nP x P x xP x P x− − −− − −− − −− − −= − − += − − += − − += − − +   
េនះ 1' ( ) 2 ( ) 2 ' ( ) '' ( ) (**)n n n nP x P x xP x P x++++ = − − += − − += − − += − − +  
យក (**)  ជំនួសកនុង (*)  េគបន 

2 ( ) 2 ' ( ) '' ( ) 2( 1) ( ) 0n n nP x xP x P x n P x− − + + + =− − + + + =− − + + + =− − + + + =  
ដូចេនះ '' ( ) 2 ' ( ) 2 ( ) 0n n nP x xP x nP x− + =− + =− + =− + =  ពតិ ។ 
 
  

������� 
 
 

 
 
 
 
 

វិញញ សគណិតវិទយ 



ពហុធ និង សមីករអនុគមន ៍
 

 

 

Prepared by LIM PHALKUN     Tel: 017 768 246 Page 135 

 

រយះេពល៣េម៉ង 
របឡងេរជសេរ សសិសសពូែកគណិតវទិយថន កទ់១ី២  
របចវំទិយល័យបកទូ់កឆន សិំកស ២០១២- ២០១៣ 

��������� 
I-រកែដនកំណតៃ់នអនុគមនខ៍ងេរកម ៖ 
 ក) 3

1log ( 1) log 2x xy x x+= + −   

 ខ) 
2 1

21 1 4
log

x

x
y

x+

− −=  
II-តង R  ជករំងវងច់រកឹកនុង នងិ r  ជករំងវងច់រកឹេរកៃនរត ី
 េកណ ABC  ។ចូររសយថ  1 cos cos cos

r
A B C

R
+ = + +    

III- រសយបញជ កថ់ អងកតរ់ទូងៃនចតុេកណមយួែកងគន  
 លុះរតែតរជុងឈមៃនចតុេកណេនះមនផលបូកកេរេសមគន   
IV- េគឲយសវុីតចំនួនពតិ ( )nu  ែដលេផទៀងផទ តច់ំេពះរគបច់នួំនគត ់
n  េដយ 0 12 , 2u u= − = និង 2 12 2n n nu u u+ += −   ។   
 គណនតួ nu  ជអនុគមនៃ៍ន n  ។ 
V- រកតួទី n  ៃនសវុីត ( )nu  ែដលកំណតេ់ដយ 1 1u =   
 និង 1 ( 2)n n nu u u n+ = + ∀ ∈ℕ  ។ 
 
VI- េដះរសយសមកីរ ៖ 
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 ក) 12 15 20
3 4 5

5 4 3

x x x
x x x     + + = + +     

     
 

 ខ) ( )2 1

2 2 1

1 2cos 3cos ... cos (1 2 3 ... )cos 1

42 1 3 2cos 4 3cos ... ( 1)cos ( 1) cos

n n

n n

x x n x n x

x x n n x n n x

−

− −

+ + + + − + + + +
=

× + × + × + + − + +
 

VII- រកបណត អនុគមន ៍ f  ែដលកំណតេ់ល IR  េហយេផទៀងផទ ត ់ 
 ( ) ( ) 2 ( )cos ,f x y f x y f x y x y IR+ + − = ∀ ∈    
 និង (0) 2012 , 2013

2
f f

π = = 
 

 

VIII- កនុងសំណំុចនួំនកុផំលិច ℂ  មនសមកីរ 
  3 2(6 4 ) (8 14 ) 12 0z i z i z i− + + + − =   ។ 
ក)េដះរសយសមកីរ ( )E  យក 1z  ជឬសពតិ និង 2 3,z z  ជឬ
សពរីេផសងេទៀតែដល 2 3| | | |z z<  
ខ)កនុងបលងកុ់ំផលចិរបដបេ់ដយតរមយុអរតូណរម៉ល់ ( , , )o i j

→ →
 េគ

ឲយបីចំណុច 1 1 2 2( ), ( )M z M z និង 3 3( )M z  ។  
រសយថ 1 2 3M M M  ជរតេីកណែកង ។ 
IX- សរេសរចំនួនកុំផលិច ( )1 1 3 2z i= − +    
និង 2 2 2 2 2z i= + + −  ជទរមងរ់តេីកណមរត។ 
 
 
X- គណនលីមតី ៖ 
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2 2 2

1 1 1
lim 1 1 .... 1

2 3n
A

n→+∞

    = − − −    
    

   

  និង 
4 4 4

lim ...
1 2n

n n n
B

n n n n→+∞

 
= + + +  + + + 

  

 
អរតកំែណគំរ ូ

I- រកែដនកំណតៃ់នអនុគមនខ៍ងេរកម ៖ 
 ក) 3

1log ( 1) log 2x xy x x+= + −   

 អនុគមនម៍ននយ័លុះរតែត 
3

1

0 , 1

1 0 , 1 1

log ( 1) log 2 0x x

x x

x x

x x+

 > ≠


+ > + ≠
 + − ≥

 

 សមមូល 
3

1

0 , 1

log ( 1) log 2 (*)x x

x x

x x+

> ≠


+ ≥
 

 វសិមកីរ (*)  សមមលូ 
2

1

1
log ( 1) log ( 1) . 2

logx x
x

x x x
x+

 + + − + ≥   

 សមមូល 
2log ( 1)

1 2
log ( 1)

x

x

x x

x

− ++ ≥
+

  សមមលូ 
2log ( 1) log ( 1)

0
log ( 1)

x x

x

x x x

x

− + − + ≥
+
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 សមមូល 
2

2

log ( 1) 0
( )

log ( 1) log ( 1) 0

log ( 1) 0
( )

log ( 1) log ( 1) 0

x

x x

x

x x

x
I

x x x

x
II

x x x

 + >


− + − + ≥
 + <
 − + − + ≤

  

 � ចំេពះរបពនឋ ័វសិមកីរ ( )I  

2

log ( 1) 0

log ( 1) log ( 1) 0

x

x x

x

x x x

+ >


− + − + ≥
 

 សមមូល 
2

2

0 1

1 1

1 1

1

1 1

1 1

x

x

x x x

x

x

x x x

 < <
 + <
 − + ≤ +
 >
 + >
 − + ≥ +

   សមមូល 2

2

0 1

0

2 0

1

2 0

x

x

x x

x

x x

 < <
 <
 − ≤
 >


− ≥

   សម

មូល 2x ≥ ឬ [2, )x ∈ +∞    
 � ចំេពះរបពនឋ ័វសិមកីរ ( )II  

2

log ( 1) 0

log ( 1) log ( 1) 0

x

x x

x

x x x

+ <


− + − + ≤
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 សមមូល 
2

2

0 1

1 1

1 1

1

1 1

1 1

x

x

x x x

x

x

x x x

 < <
 + >
 − + ≥ +
 >
 + <
 − + ≤ +

   សមមូល 
2

2

0 1

2 0

1

0

2 0

x

x x

x

x

x x

 < <


− ≥

 >
 <
 − ≤

   

(គម នចេមលយ ) 
ដូចេនះ [2, )fD = + ∞   ។ 

ខ) 
2 1

21 1 4
log

x

x
y

x+

− −=  

អនុគមនម៍ននយ័លុះរតែត 
2

2

1 1

1 1 4
0

x

x

x

 + ≠

 − − >


   

សមមូល 2

0

1 1 4
0 (1)

x

x

x

≠

 − − >


 

វសិមកីរ(1)សមមូល 
2

2

1 1 4
0

(1 1 4 )

x

x x

− + >
+ −

  

សមមូល 
2

4
0

1 1 4

x

x
>

+ −
  សមមលូ 

2

0

1 4 0

x

x

>


− ≥
   

សមមូល 1
0

2
x< ≤ ។ដូចេនះ 1

(0, ]
2fD =   ។ 
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II- រសយថ  1 cos cos cos
r

A B C
R

+ = + +    
 េគមន 
cos cos 2cos cos 2sin cos

2 2 2 2

A B A B C A B
A B

+ − −+ = =   

េរពះ cos sin
2 2

A B C+ =  

េហយ 2cos 1 2sin 1 2sin cos
2 2 2

C C A B
A

+= − = −  
េគបន 
cos cos cos 1 2sin cos cos 1 4sin sin sin

2 2 2 2 2 2

C A B A B A B C
A B C

+ − + + = − − = + 
 

តង , ,BC a AC b AB c= = =  ជរជុង នងិ 
2

a b c
p

+ +=   
ជកនលះបរមិរតៃន ABC∆  ។ 
តមរទឹសតីបទកូសីុនូស 

2 2 2 2 2 22 cos 2 (1 2sin )
2

A
a b c bc A b c bc= + − = + − −  

ឬ 2 2 2( ) 4 sin
2

A
a b c bc= − +    

នឲំយ 
2 2( ) ( )( )

sin
2 4 4

A a b c a b c a b c

bc bc

− − − + + −= =  

េដយ 2( )a b c p b− + = −   និង 2( )a b c p c+ − = −  
 េរពះ 

2

a b c
p

+ +=  
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េហតុេនះ ( )( )
sin

2

A p b p c

bc

− −=  េហយរសយដូចគន េនះែដរ

េគបនទំនកទ់នំងពរីេទៀត 
( )( )

sin
2

B p a p c

ac

− −=   និង ( )( )
sin

2

C p a p b

ab

− −=  

េគទញ ( )( )( )
cos cos cos 1 4 (*)

p a p b p c
A B C

abc

− − −+ + = +  

តមរបូមនតៃផទរកឡ ( )( )( )
4

abc
S p p a p b p c pr

R
= − − − = =  

េគទញ 2( )( )( )p a p b p c pr− − − =   និង 4abc prR=  េនះ 

(*)  អចសរេសរ 
2

cos cos cos 1 4. 1
4

pr r
A B C

prR R
+ + = + = +    

ដូចេនះ 1 cos cos cos
r

A B C
R

+ = + +   ។ 
III-រសយបញជ កថ់ អងកតរ់ទូងៃនចតុេកណមយួែកងគន លុះរតែត
រជុងឈមៃនចតុេកណេនះមនផលបូកកេរេសមគន  ៖ 
យក ABCD ជចតុេកណមយួែដលមន AC  និង BD  ជអងកត់
រទូង ។ 
េយងនឹងរសយថ 2 2 2 2AC BD AB CD AD BC⊥ ⇔ + = +   ជ
សំេណ ពតិ ។ 
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ឧបមថ AC BD⊥   េនះរតេីកណ , , ,IAB ICD IAD IBC   សុ
ទឋែតជរតេីកណែកងរតង់ I ។ 
តមរទឹសតីបទពតីគរេ័គបន 

2 2 2 2 2 2 (1)AB CD IA IB IC ID+ = + + +  
និង 2 2 2 2 2 2 (2)AD BC IA ID IB IC+ = + + +  
តម (1) នងិ (2)េគបន 2 2 2 2AB CD AD BC+ = +  
ដូចេនះ 2 2 2 2 (*)AC BD AB CD AD BC⊥ ⇒ + = +   ។ 
ឧបមថ 2 2 2 2AB CD AD BC+ = +   

េនះ 
2 2 2 2

AB CD AD BC
→ → → →

+ = +   

A 

B 

C 

D 

I 
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2 2 2 2

( ).( ) ( ).( )

( ). .( )

. . . .

. . .

AB AD BC CD

AB AD AB AD BC CD BC CD

AB AD DB BD BC CD

AB DB AD DB BD BC BD CD

AB DB AD DB BD BC

→ → → →

→ → → → → → → →

→ → → → → →

→ → → → → → → →

→ → → → →

− = −

+ − = + −

+ = −

+ = −

+ − . 0

( . . ) ( . . ) 0

( ). ( ). 0

. . 0

2 . 0

BD CD

AB DB DB BC AD DB DB DC

AB BC DB AD DC DB

AC DB AC DB

AC DB AC DB

→ → →

→ → → → → → → →

→ → → → → →

→ → → →

→ → → →

+ =

+ + + =

+ + + =

+ =

= ⇔ ⊥

 

 ដូចេនះ 2 2 2 2 (**)AB CD AD BC AC BD+ = + ⇒ ⊥   ។ 
 តម (*) & (**)   េគបន 

2 2 2 2AC BD AB CD AD BC⊥ ⇔ + = +   ជសំេណ ពតិ ។ 
IV- គណនតួ nu  ជអនុគមនៃ៍ន n  ៖ 
 េគមន 0 12 , 2u u= − =   និង 2 12 2n n nu u u+ += −    
 សមកីរសមគ ល់ៃនសវុីតគឺ 2 2 2z z= −    
 ឬ  2 22 2 0 , ' 1 2 1z z i− + = ∆ = − = − =  
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មនឬសពរី 1 21 , 1z i z i= + = −   ។ 
កនុងករណីេនះតួទូេទៃនសវុីតមនរង 

[ ]cos( ) sin( )n
nu r A n B nθ θ= +  

ែដល 1| | |1 | 1 1 2r z i= = + = + =  និង 1arg( )zθ =  ែត 

1 1 2(cos sin )
4 4

z i i
π π= + = +  

េនះ 
4

πθ =  ។ េគបន 2 cos( ) sin( )
4 4

n

n
n n

u A B
π π = +  

 

េដយ 0 12 , 2u u= − =   នឲំយ 
0

1

2

2 cos sin 2
4 4

u A

u A B
π π

= = −

  = + = 

 

  

េនះ 2

4

A

B

= −
 =

 

ដូចេនះ 

( ) 2
2 ( 2cos 4sin ) 2 2sin cos

4 4 4 4

nn

n
n n n n

u
π π π π+  = − + = − 

 
   

V- រកតួទី n  ៃនសវុីត ( )nu  ែដលកំណតេ់ដយ 1 1u =   
 និង 1 ( 2)n n nu u u n+ = + ∀ ∈ℕ   
 េគមន 02

1 1 2 1u = = −     ។    
 យក 1n =  េគបន 12

2 1 1( 2) 3 2 1u u u= + = = −  
 ឧបមថវពតិចំេពះ n k=  គឺ  

122 1
k

ku
−

= −   
 េយងនឹងរសយថវពតិចំេពះ 1n k= +  គឺ  2

1 2 1
k

ku + = −  
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 េគមន 1 ( 2)k k ku u u+ = +  េដយ 122 1
k

ku
−

= −  
 េគបន 1 12 2 2

1 (2 1)(2 1) 2 1
k k k

ku
− −

+ = − + = −   ពតិ 
 ដូចេនះ 122 1

n

nu
−

= −   ។ 
VI- េដះរសយសមកីរ ៖ 

 ក) 12 15 20
3 4 5

5 4 3

x x x
x x x     + + = + +     

     
 

 សមមូល 
2 2 212 15 20

3 4 5
60

x x x
x x x

x

+ + = + +   តង 
3

4

5

x

x

x

a

b

c

 =
 =
 =

  

េនះ  
12

15

20

x

x

x

ab

ac

bc

 =
 =
 =

 

 សមកីរកល យជ  
2 2 2( ) ( ) ( )ab ac bc

a b c
abc

+ + = + +  

 តមវសិមភព AM-GM  េគមន 
2 2

2 2

2 2

( ) ( ) 2 ( )

( ) ( ) 2 ( )

( ) ( ) 2 ( )

ab bc b abc

bc ac c abc

ab ac a abc

 + ≥
 + ≥
 + ≥

 

 េគបន 2 2 22 ( ) ( ) ( ) 2( )( )ab bc ca abc a b c + + ≥ + +   

 សមមូល 
2 2 2( ) ( ) ( )ab bc ac

a b c
abc

+ + ≥ + +   រគប ់ , , 0a b c >  
 សមមភពេកតមនលុះរតែត a b c= =  េនះ 3 4 5x x x= =  
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  នឲំយ 0x =  ជឬសែតមយួគត។់ 
VII- រកបណត អនុគមន ៍ f  ែដលកំណតេ់ល IR  េហយេផទៀងផទ ត ់ 
 ( ) ( ) 2 ( )cos ,f x y f x y f x y x y IR+ + − = ∀ ∈    
 និង (0) 2012 , 2013

2
f f

π = = 
 

 

 េគមន ( ) ( ) 2 ( )cos (1)f x y f x y f x y+ + − =    
 យក 

2
y

π=  ជួសកនុង (1) េគបន 

( ) ( ) 0 (2)
2 2

f x f x
π π+ + − =  

 យក 
2

x
π=  ជួសកនុង (1)េគបន 

( ) ( ) 2 ( )cos
2 2 2

f y f y f y
π π π+ + − =  

 ឬ  ( ) ( ) 4026cos (3)
2 2

f x f x x
π π+ + − =  

 យក 0x =  ជំនួសកនុង (1) េគបន ( ) ( ) 2 (0)cosf y f y f y+ − =  
 ឬ ( ) ( ) 4024cos (4)f x f x x+ − =  
 ជំនួស x  េដយ 

2
x

π −  កនុង (4) េគបន 

( ) ( ) 4024sin (5)
2 2

f x f x x
π π− + − =  

 បូកសមកីរ (3) និង (5)េគបន ៖ 
( ) ( ) 2 ( ) 4026cos 4024sin (6)
2 2 2

f x f x f x x x
π π π+ + − + − = +  
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 យក (2)ជំនួសកនុង (6)េគបន 
2 ( ) 4026cos 4024sin

2
f x x x

π − = +  

 ឬ  ( ) 2013cos 2012sin (7)
2

f x x x
π − = +  

 ជំនួស x  េដយ 
2

x
π −  កនុង (7) េគបន 

( ) 2013sin 2012cosf x x x= +   
 ដូចេនះ ( ) 2013sin 2012cosf x x x= +   ។ 
VIII- កនុងសំណំុចនួំនកុផំលិច ℂ  មនសមកីរ 

3 2(6 4 ) (8 14 ) 12 0z i z i z i− + + + − =   ។ 
ក)េដះរសយសមកីរ ( )E  យក 1z  ជឬសពតិ និង 2 3,z z  ជឬ
សពរីេផសងេទៀតែដល 2 3| | | |z z<  

 សមកីរអចសរេសរដូចតេទ ៖ 
 3 2(6 4 ) (8 14 ) 12 0z i z i z i− + + + − =    

 

3 2 2

3 2 2

2

6 4 8 14 12 0

( 6 8 ) 2 (2 7 6) 0

( 2)( 4) 2 ( 2)(2 3) 0

( 2)( 4 4 6 ) 0

z z iz z iz i

z z z i z z

z z z i z z

z z z iz i

− − + + − =

− + − − + =
− − − − − =

− − − + =

 

 សមមូល 1

2

2

4(1 ) 6 0 (*)

z

z i z i

=


− + + =
 

 ឌីសរគីមណីងប់រងួមៃនសមកីរ (*)  គឺ  
 2 2' 4(1 ) 6 2 (1 )i i i i∆ = + − = = +  
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េគទញឬស 2 32 2 1 1 , 2 2 1 3 3z i i i z i i i= + − − = + = + + + = +   
ែដល 2 3| | | |z z<  ។ 
ដូចេនះ 1 2 32 , 1 , 3 3z z i z i= = + = +   ។ 
 ខ) រសយថ 1 2 3M M M  ជរតេីកណែកង  ៖ 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
  

2 3 4 5 6 7 8-1-2

2

3

4

5

6

-1

-2

0 1

1

x

y
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តង θ  ជមុរំវងវុចិទរ ័ 2 1 2 3&M M M M
→ →

  

េនះ 3 2

1 2

arg
z z

z z
θ

 −=  − 
 

េដយ 
2

3 2

1 2

3 3 1 2 2 2(1 )
2 2(cos sin )

2 1 1 1 1 2 2

z z i i i i
i i

z z i i

π π− + − − + += = = = = +
− − − − +

 

េគបន 
2

πθ =   ដូចេនះ 1 2 3M M M  ជរតេីកណែកងរតង ់ 2M   ។  
IX-សរេសរចំនួនកុំផលិច ( )1 1 3 2z i= − +   និង 

2 2 2 2 2z i= + + −  ជទរមងរ់តេីកណមរត៖ 
េគមន 

( )1
3 1

1 3 2 ( 3 2)( 3 2 ) 2( 3 2)( 1 )
2 2

z i i i= − + = + − − = − − + −    
22( 3 2)( 1 cos sin ) 2( 3 2)( 2sin 2 sin cos )

6 6 12 12 12
13 13

4( 3 2)sin ( sin cos ) 4( 3 2)sin sin cos
12 12 12 12 12 12

7 7
4( 3 2)sin cos( ) sin( )

12 12 12

i i

i i

i

π π π π π

π π π π π π

π π π

= + − + − = + − −

 = + − − = + + 
 

 = + − + − 
 

េដយ 
6 2

sin sin( ) sin cos sin cos
12 3 4 3 4 4 3 4

π π π π π π π −= − = − =  

ដូចេនះ 1
7 7

( 3 2)( 6 2) cos( ) sin( )
12 12

z i
π π = + − − + −  

  ។ 
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2 2 2 2 2 2(1 cos ) 2(1 cos ) 2cos 2sin
4 4 8 8

z i i i
π π π π= + + − = + + − = +  

ដូចេនះ 2 2 cos sin
8 8

z i
π π = + 

 
  ។ 

X- គណនលីមតី ៖ 

 2 2 2 2
2

1 1 1 1
lim 1 1 .... 1 lim 1

2 3

n

n n k

A
n k→+∞ →+∞ =

      = − − − = −      
      

∏    

 េដយ 

2 2
2 2 2 2

1 ( 1)( 1) 1 1 1 1 1 1
1 (1 )

2 2

n n n n

k k k k

k k k k n

k k n nk k= = = =

− + − + + − = = × = × = + 
 

∏ ∏ ∏ ∏

េគទញ 1 1 1
lim 1

2 2n
A

n→+∞

 = + = 
 

  េរពះ 1
lim 0

n n→+∞
=   ។ 

ដូចេនះ 

2 2 2 2
2

1 1 1 1 1
lim 1 1 .... 1 lim 1

22 3

n

n n k

A
n k→+∞ →+∞ =

      = − − − = − =      
      

∏    

4 4 4 4
1

lim ... lim
1 2

n

n n k

n n n n
B

n n n n n k→+∞ →+∞ =

 
= + + + =  + + + + 

∑

េគមន 4 4 41n n k n n+ ≤ + ≤ +   រគប ់ 1,2,3,...,k n=  
េគទញ 

4 4 4 1

n n n

n n n k n
≤ ≤

+ + +
   

េនះ 
4 4 4

1 1 1 1

n n n

k k k

n n n

n n n k n= = =
≤ ≤

+ + +
∑ ∑ ∑    
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េដយ 
2 2

4 4 4 4
1 1

&
1 1

n n

k k

n n n n

n n n n n n= =
= =

+ + + +
∑ ∑    

េគបន 
2 2

4 4 4
1 1

n

k

n n n

n n n k n=
≤ ≤

+ + +
∑    

េនះ 
2 2

4 4 4
1

lim lim lim
1

n

n n nk

n n n

n n n k n→+∞ →+∞ →+∞=
≤ ≤

+ + +
∑   

 ឬ 
4

1

1 lim 1
n

n k

n

n k→+∞ =
≤ ≤

+
∑   នឲំយ 

4
1

lim 1
n

n k

n

n k→+∞ =
=

+
∑   ។ 

ដូចេនះ 

4 4 4 4
1

lim ... lim 1
1 2

n

n n k

n n n n
B

n n n n n k→+∞ →+∞ =

 
= + + + = =  + + + + 

∑

  
 

 
������� 
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វិញញ សគណិតវិទយ 
រយះេពល៣េម៉ង 

របឡងេរជសេរ សសិសសពូែកគណិតវទិយថន កទ់១ី២  
របចវំទិយល័យបកទូ់កឆន សិំកស ២០១២ ២០១៣ 

��������� 
I-ក)រសយថ 2a b ab+ ≥  ចេំពះរគបច់នួំនពិតវជិជមន a   
      និង b ។  

  គណន ( )
1

0
lim x x
x

A e x
→

= +   រចួទញថ 2a b abA A+ ≥   ។ 

   ខ)រសយថ 2
2

. 4
2

0

2
. 2x xe dx e

e
−≤ ≤∫   ។ 

II-ក)េដយមនិបចេ់ធវរបមណវធិគុីណចូររសយថ 
22011 2013 2012× <  រចួទញបញជ កថ់ 

 2011 2012log 2012 log 2013>  ។ 
ខ)េគឲយ sin sin sin 0x y z+ + =  ។ កំណតត់ៃមលអតបិរមៃន
កេនសម 2 4 6sin sin sinM x y z= + +  
III-ចូរកំណតច់ំនួនគតវ់ជិជមន k  តូចជងេគេដយដងឹថមនចនួំន
គត់ 1 2 3, , ..., kx x x x  ែដល 3 3 3 3 2002

1 2 3 .... 2002kx x x x+ + + + =   ។ 
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IV-េគឲយសវុីតចំនួនពតិ ( )nu  េដយ     
1 2

.... ,
2! 3! ( 1)!n

k
u k IN

k
= + + + ∈

+
 ។ 

គណន 1 2 3 2013lim ...n n n nn

n
u u u u

→+∞
+ + + +   ។ 

V-រកេដរេីវទី n  ៃនអនុគមន ៍ cos siny x x= +  ជអនុគមនៃ៍ន n  ។ 
រកតៃមល x  ជអនុគមនៃ៍នn  េដមបឲីយ ( ) 0ny =  នងិអនុវតតនច៍ំេពះ 

2013n =  ។ 
VI-ក)រសយថចេំពះរគបច់នួំនពិតវជិជមន , , , , ,a b c x y z េគបន 

33 3( )( )( )x a y b z c xyz abc+ + + ≥ +    
ខ)រសយថ 

2 2 2

2 2 2 2 2 2

(2 ) (2 ) (2 )
8

2 ( ) 2 ( ) 2 ( )

a b c b c a c a b

a b c b c a c a b

+ + + + + ++ + ≤
+ + + + + +

 រគប ់

, , 0a b c >   ។ 
VII-ក)រក អនុគមន ៍ :f IR IR→  ែដលេផទៀងផទ ត ់

[ ]22 2, : ( ) 2 ( ) ( )x y IR f x y x yf x f y ∀ ∈ − = − +   ។ 
ខ) អនុគមន ៍ :g IN IN→  េផទៀងផទ ត ់ ( 1) ( )g x g x x+ = +  ែដល 

, (1) 1x IN g∈ =  ។រក (2013)g   ? 
VIII-េដះរសយសមកីរឌីេផរង៉ែ់សយល 

2'' 4 ' 8 cos 2xy y y e x− + = +   ។ 



ពហុធ និង សមីករអនុគមន ៍
 

 

 

Prepared by LIM PHALKUN     Tel: 017 768 246 Page 154 

 

IX-កនុងចតុមុខ OABC  យក E  ជចំណុចកណត លៃនរទនុង AB  
េហយ F  និង P  ែចកកនុង OC  និងOA 
តមផលេធៀប 2

1

FO

FC
=  និង 1

2

PO

PA
=   ។ យក Q  េនេលរទនុង 

BC  ែដល BQ t BC
→ →

=  ។ 
េប PQ  របសពវ EF  រតងច់ំណុច M េនះបងហ ញថ 

(1 ) , (0 1)OM k OE k OF k
→ → →

= + − < <   

និង (1 ) , (0 1)OM m OP m OQ m
→ → →

= + − < <  ។ រចួកំណតត់ៃមល t   
X-គូប ABCDEFGH  មយួមនរងវ ស់រជុង a  ។ I  ជចំណុចក
ណត ល [ ]AB េហយ J  ជចំណុចកណត ល [ ]EH ។ តមមុខខង
ៃនគូប រករងវស់ខលបីំផុតព ី I  េទ J   ? 

អរតកំែណគំរ ូ
ក)រសយថ 2a b ab+ ≥  ចំេពះរគបច់ំនួនពិតវជិជមន a  និង b  
េគមន 2( ) 0a b− ≥ ចំេពះរគបច់ំនួនពិតវជិជមន a  និង b  
សមមូល 2 0a ab b− + ≥   ឬ 2a b ab+ ≥   ពិត 
ដូចេនះ 2a b ab+ ≥  ចំេពះរគបច់នួំនពិតវជិជមន a  និង b ។ 

គណន ( )
1

0
lim x x
x

A e x
→

= +   រង 1∞ 
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េគអចសរេសរ 

( )
1 1 1

1
0 0

lim lim 1 ( 1)

x

x
e x

x xx xe x
x x

A e x e x
+ −×

+ −
→ →

 = + = + + −    

     0

1
lim ( 1)

2

x

x

e

xe e→

− +
= = េរពះ 0

1
lim 1

x

x

e

x→

− =
 ។ 

ដូចេនះ ( )
1

2

0
lim x x
x

A e x e
→

= + =   ។ 
ទញថ 2a b abA A+ ≥   ៖ 
េគមន 2 1A e= >   និង 2a b ab+ ≥  ចំេពះរគបច់ំនួនពិត
វជិជមន a  និង bដូចេនះ 2a b abA A+ ≥  ។ 

ខ)រសយថ 2
2

. 4
2

0

2
. 2x xe dx e

e
−≤ ≤∫    

េគមន 
2

2 1 1 1

4 2 4
x x x

 − = − − ≤ 
 

  េនះចំេពះរគប ់ [ ]0,2x ∈  

េគបន 2 1
2

4
x x− ≤ − ≤  

េដយ   

េនះេគទញ  

2.71828 1e = >

2
1

2 44
2

1 x xe e e e
e

− −= ≤ ≤ =
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េគបន  េដយ

  

ដូចេនះ   ។ 

ក) រសយថ  ៖ 
េគមន   
ដូចេនះ  ។ 
ទញបញជ កថ់  ៖ 
េគមន  េនះ 

 
ឬ  
តមវសិមភព AM-GM េគមន  

 
តម(1) និង (2) េគទញ 

 
ដូចេនះ  ។ 
 
 

2
2 2 2

4
2

0 0 0

1
. . .x xdx e dx e dx

e
−≤ ≤∫ ∫ ∫

2 2
4 4

2 2
0 0

1 2
. & . 2dx e dx e

e e
= =∫ ∫

2
2

. 4
2

0

2
. 2x xe dx e

e
−≤ ≤∫

22011 2013 2012× <
2 22011 2013 (2012 1)(2012 1) 2012 1 2012× = − + = − <

22011 2013 2012× <

2011 2012log 2012 log 2013>
22011 2013 2012× <

( ) 2
2012 2012log 2011 2013 log 2012× <

2012 2012log 2011 log 2013 2 (1)+ <

2012 2011 2012 2011log 2011 log 2012 2 log 2011 log 2012 2 (2)+ ≥ × =

2012 2011 2012 2012log 2011 log 2012 log 2011 log 2013+ > +

2011 2012log 2012 log 2013>
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III-កំណតច់ំនួនគតវ់ជិជមន  តូចជងេគ ៖ 
សមមតកិមម   ែដល 

 ជចំនួនគត ់ 
េគមន  េនះ  
េគទញ  
ចំេពះរគបច់ំនួនគតវ់ជិជមន  េគមន  
-េប  េគបន   េដយ 

 
និង   េនះសមកីរ គម ន
ឬសជចនួំនគត ់។ 
-េប  េគបន   េដយ  

 
និង   េនះសមកីរ

គម នឬសជចំនួនគត ់។ 
-េប  េគបន   
 េដយ 

 
 និង   

k

3 3 3 3 2002
1 2 3 .... 2002kx x x x+ + + + =

1 2 3, , ,...., kx x x x

2002 4 (mod9)≡ 3 32002 4 1 (mod9)≡ ≡

( )6672002 32002 2002 .2002 4 (mod 9)= ≡

x 3 { 1,0,1} (mod 9)x ≡ −

2k =
20023 3

1 2 2002x x+ =
3 3
1 2 {0 , 2 ,2,1, 1} (mod 9)x x+ ≡ − −

20022002 4 (mod 9)≡
20023 3

1 2 2002x x+ =

3k =
20023 3 3

1 2 3 2002x x x+ + =
3 3 3
1 2 3 {0 , 2 ,2, 3,3, 1, 1} (mod 9)x x x+ + ≡ − − −

20022002 4 (mod 9)≡
20023 3 3

1 2 3 2002x x x+ + =

4k =
20023 3 3 3

1 2 3 4 2002x x x x+ + + =

3 3 3 3
1 2 3 4 {0 , 1,1, 2 ,2, 3,3, 4, 4} (mod 9)x x x x+ + + ≡ − − − −

20022002 4 (mod 9)≡
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 េនះសមកីរ អចមនឬសជចនួំន
គត ់។េដយសមគ ល់េឃញថ 

េនះ 
 

                            
 

េគទញបនថ  ជ
ចេមលយមយួៃនសមកីរចំេពះ ។ 
ដូចេនះចំនួនគតវ់ជិជមន  តូចជងេគេដយដឹងថមនចំនួនគត់

 ែដល   គឺ    
IV-េគឲយសវុីតចំនួនពតិ  េដយ 

 ។ 

គណន    
េគមន 

 

េគបន 

  

20023 3 3 3
1 2 3 4 2002x x x x+ + + =

3 3 3 32002 1000 1000 1 1 10 10 1 1= + + + = + + +
2002 667 3 3 3 3 3 667 32002 2002 (2002 ) (10 10 1 1 ) (2002 )= × = + + + ×

667 3 667 3 667 3 667 3(10 2002 ) (10 2002 ) (2002 ) (2002 )= × + × + +
667 667

1 2 3 410 2002 , 2002x x x x= = × = =

4k =

k

1 2 3, , ..., kx x x x 3 3 3 3 2002
1 2 3 .... 2002kx x x x+ + + + = 4k =

( )nu

1 2
.... ,

2! 3! ( 1)!k
k

u k IN
k

= + + + ∈
+

1 2 3 2013lim ...n n n nn

n
u u u u

→+∞
+ + + +

( 1) 1 1 1 1 1

( 1)! ( 1)! ( 1)! ( 1)! ! ( 1)!

p p p

p p p p p p

+ − += = − = −
+ + + + +

1 2 1 1 1 1 1 1 1
.... ( ) ( ) ... ( ) 1

2! 3! ( 1)! 1! 2! 2! 3! ! ( 1)! ( 1)!k
k

u
k k k k

= + + + = − + − + + − = −
+ + +
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េដយ  េនះ  ជសវុីតេកន ។ 

េគបន   

នឲំយ   

 េដយ  

េនះ   ។ 
V-រកេដរេីវទី  ៃនអនុគមន ៍  ជអនុគមនៃ៍ន  ៖ 
េគមន 

 

េគបន  

ឧបមថ   ពតិ 

េយងនឹងរសយថ  ។ 

េគមន     

   ពតិ

ដូចេនះ   ។ 

1
1

0
( 2)!k k

k
u u

k+
+− = >
+

( )ku

2013 1 2 2013 2013.... 2013n n n n nu u u u u< + + + <

( )
1

2013 1 2 2013 2013.... 2013n n nn nu u u u u< + + + <

( )
1

lim 2013 0
n

n→+∞
=

1 2 3 2013 2013
1

lim ... 1
2014

n n n nn

n
u u u u u

→+∞
+ + + + = = −

n cos siny x x= + n

cos sin 2 sin cos sin cos 2 sin( )
4 4 4

y x x x x x
π π π = + = + = + 

 

(1)' 2 cos( ) 2 sin( )
4 2 4

y y x x
π π π= = + = + +

( ) 2 sin( )
2 4

k k
y x

π π= + +

( 1) ( 1)
2 sin( )

2 4
k k

y x
π π+ += + +

( )
'

'( 1) ( ) 2sin( )
2 4

k k k
y y x

π π+  = = + + 
 

( 1) ( 1)
2 cos( ) 2 sin( )

2 4 2 4
k k k

y x x
π π π π+ += + + = + +

( ) (2 1)
2 sin( ) 2 sin

2 4 4
n n n

y x x
π π π+ = + + = + 

 
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 រកតៃមល  ជអនុគមនៃ៍ន  េដមបឲីយ  ៖ 
េគបន  សមមូល 

 

ដូចេនះ   ។ 

អនុវតតនច៍ំេពះ  េគបន   ។ 
VI-ក)រសយថចេំពះរគបច់នួំនពិតវជិជមន េគបន  

  ។ 
េគមន 

 
តមវសិមភព AM-GM េគមន ៖ 
        
និង  
េគបន 

 ឬ   
ដូចេនះ   ។ 

x n ( ) 0ny =
(2 1)

2 sin 0
4

n
x

π+ + = 
 

(2 1)
,

4

n
x k k

π π+ + = ∈ℤ

(2 1)
,

4

n
x k k

ππ += − ∈ℤ

2013n = 4027
,

4
x k k

ππ= − ∈ℤ

, , , , ,a b c x y z

33 3( )( )( )x a y b z c xyz abc+ + + ≥ +

( )( )( ) ( ) ( )x a y b z c xyz abc ayz bxz cxy abz bcx acy+ + + = + + + + + + +

233 ( ) ( )ayz bxz cxy xyz abc+ + ≥
233 ( )( )abz bcx acy xyz abc+ + ≥

2 23 3( )( )( ) 3 ( ) ( ) 3 ( )( )x a y b z c xyz abc xyz abc xyz abc+ + + ≥ + + +

( )333( )( )( )x a y b z c xyz abc+ + + ≥ +
33 3( )( )( )x a y b z c xyz abc+ + + ≥ +
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ខ)រសយថ 

 

 រគប ់   

តង   

យក  េនះេគបន 

 

េគមន 

 

ឬ     ។  

រសយដូចគន េនះែដរេគបន 

 

បូកវសិមភព (1) , (2) និង (3)េគបន ៖ 
  េរពះ  ។ 

ដូចេនះ   ។ 

2 2 2

2 2 2 2 2 2

(2 ) (2 ) (2 )
8

2 ( ) 2 ( ) 2 ( )

a b c b c a c a b

a b c b c a c a b

+ + + + + ++ + ≤
+ + + + + +

, , 0a b c >
2 2 2

2 2 2 2 2 2

(2 ) (2 ) (2 )

2 ( ) 2 ( ) 2 ( )

a b c b c a c a b
T

a b c b c a c a b

+ + + + + += + +
+ + + + + +

s a b c= + +
2 2 2

2 2 2 2 2 2

( ) ( ) ( )

2 ( ) 2 ( ) 2 ( )

s a s b s c
T

a s a b s b c s c

+ + += + +
+ − + − + −

2 2 2 2 2

2 2 2 2 2 2 2

( ) 2 1 8 2 1 8 2

3 32 ( ) 3 2 (3 ) 2 2

s a s as a as s as s

a s a a as s a s s s

+ + + + += = + ≤ +
+ − − + − +

2

2 2

( ) 4 4
(1)

32 ( )

s a a

sa s a

+ ≤ +
+ −

2 2

2 2 2 2

( ) 4 4 ( ) 4 4
(2) , (3)

3 32 ( ) 2 ( )

s b b s c c

s sb s b c s c

+ +≤ + ≤ +
+ − + −

12 4( )
8

3

a b c
T

s

+ +≤ + = a b c s+ + =
2 2 2

2 2 2 2 2 2

(2 ) (2 ) (2 )
8

2 ( ) 2 ( ) 2 ( )

a b c b c a c a b

a b c b c a c a b

+ + + + + ++ + ≤
+ + + + + +
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VII-ក)រក អនុគមន ៍   
េគមន  (1) 
យក  ជំនួសកនុង (1) េគបន 

 
េគទញ  ឬ   

យក   ជួសកនុង (1) េគបន   េនះ 
  ឬ  

េគបន   ។ 
-ករណី  តម (1)េគបន   ពតិ 
-ករណី  តម (1) េគបន 

 មនិពតិ 
-ករណី  តម (1) េគបន 

 មនិពតិ 
ដូចេនះអនុគមនែ៍ដលរតូវរកមនែតមយួគតគឺ់   ។ 
ខ) រក   ៖ 
មនអនុគមន ៍  េផទៀងផទ ត ់  ែដល 

  
េគបន  

:f IR IR→

[ ]22 2, : ( ) 2 ( ) ( )x y IR f x y x yf x f y ∀ ∈ − = − + 

y x=
2 2 2 2(0) 2 ( ) ( ) ( ( ))f x xf x f x x f x= − + = −

(0) ( )

(0) ( )

f x f x

f x f x

= −
− = −

( ) (0)

( ) (0)

f x x f

f x x f

= −
 = +

0 , 0x y= = 2(0) (0)f f=

(0) 0f = (0) 1f =

( ) , ( ) 1 , ( ) 1f x x f x x f x x= = − = +

( )f x x= 2 2 2( ) 2x y x yx y− = − +

( ) 1f x x= −
2 2 2( ) 1 2 ( 1) ( 1)x y x y x y− − = − − + −

( ) 1f x x= +
2 2 2( ) 1 2 ( 1) ( 1)x y x y x y− + = − + + +

( )f x x=

(2013)g

:g IN IN→ ( 1) ( )g x g x x+ = +
, (1) 1x IN g∈ =

[ ]
2012 2012

1 1

( 1) ( )
x x

g x g x x
= =

+ − =∑ ∑
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   េដយ 
 

ដូចេនះ  ។ 
VIII-េដះរសយសមកីរឌីេផរង៉ែ់សយល 

   
េយងតង  េនះ  និង 

 
សមកីរ (1)អចសរេសរ ៖ 

 
 

តង  េនះ  
សមកីរ (2) កល យជ   
តង  េនះ  និង 

 
សមកីរ (3) កល យជ  
សមមូល   
-រកចេមលយអមូ៉ូែសន  មនសមកីរសមគ ល់ 

 
  មនឬស  េនះ 

 

2012(2012 1)
(2013) (1) 1006 2013

2
g g

+− = = ×

(1) 1g =
(2013) 2025079g =

2'' 4 ' 8 cos2 (1)xy y y e x− + = +
2 .xy e z= 2' (2 ') xy z z e= +

2'' ( '' 4 ' 4 ) xy z z z e= + +

2 2[( '' 4 ' 4 ) 4(2 ') 8 ] cos 2x xz z z z z z e e x+ + − + + = +
2 21

'' 4 1 cos2 '' 4( ) cos2 (2)
4

x xz z e x z z e x− −+ = + ⇔ + − =

1

4
u z= − ' ' & '' ''u z u z= =

2'' 4 cos2 (3)xu u e x−+ =
2xu ve−= 2' ( ' 2 ) xu v v e−= −

2'' ( '' 4 ' 4 ) xu v v v e−= − +
2 2 2( '' 4 ' 4 ) 4 cos 2x x xv v v e ve e x− − −− + + =

'' 4 ' 4 cos2 (4)v v v x− + =

'' 4 ' 8 0v v v− + =
2 4 8 0r r− + =

2' 4 8 4i∆ = − = 1 22 2 , 2 2r i r i= − = +
2 , 2α β= =
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េគបនចេមលយអមូ៉ូែសន  
-រកចេមលយពេិសស  ៖ 
តង  ជចេមលយពេិសសេនះ

 
េដយ   និង 

 
េគបន

   

េគទញ  នឲំយ  

េនះ  
េគបនចេមលយទូេទៃន (4) គឺ 

 

េគទញ  

េដយ  

2( cos2 sin 2 ) , ,x
hv A x B x e A B IR= + ∈

pv

cos 2 sin 2pv C x D x= +
'' 4 ' 4 cos 2 (5)p p pv v v x− + =

' 2 sin 2 2 cos 2pv C x D x= − +
'' 4 cos 2 4 sin 2pv C x D x= − −

 '' 4 cos2 4 sin 2

4 ' 8 sin 2 8 cos2

8 8 cos2 8 sin 2

'' 4 ' 8 (4 8 )cos2 (8 4 )sin 2 cos2

p

p

p

p p p

v C x D x

v C x D x

v C x D x

v v v C D x C D x x

 = − −


− = −
 = +

− + = − + + =
4 8 1

8 4 0

C D

C D

− =
 + =

1 1
,

20 10
C D= = −

1 1 cos2 2sin 2
cos2 sin 2

20 10 20p
x x

v x x
−= − =

2 cos2 2sin 2
( cos2 sin 2 )

20
x

h p
x x

v v v A x B x e
−= + = + +

2 2cos2 2sin 2
cos2 sin 2

20
x xx x

u ve A x B x e− −−= = + +

1

4
u z= −
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េគទញ
 

េដយ  

ដូចេនះ   
ជចេមលយទូេទៃន (1)ែដល  ជចំនួនេថរណមយួកប៏ន ។ 
 
��� សមគ ល់ ៖ 
េគអចេដះរសយសមកីរេនះ   
តមរេបៀបមយួេទៀតគឺ ៖ 
�រកចេមលយអមូ៉ូែសន  ៃន   
�រកចេមលយពេិសស  ៃន  
�រកចេមលយពេិសស  ៃន  
ដូចេនះ  ជចេមលយទូេទៃនសមកីរ (1) 
-េគរតូវតង   ែដល  រតូវរក។ 
-េគរតូវតង  ែដល  រតូវរក  

 
������ 

 
 

21 cos2 2sin 2 1
cos2 sin 2

4 20 4
xx x

z u A x B x e−−= + = + + +

2 .xy e z=
2

2 cos 2 2sin 2
( cos2 sin 2 )

20 4

x
x x x e

y A x B x e
−= + + +

,A B

2'' 4 ' 8 cos2 (1)xy y y e x− + = +

hy '' 4 ' 8 0y y y− + =

1y '' 4 ' 8 cos2y y y x− + =

2y 2'' 4 ' 8 xy y y e− + =

1 2hy y y y= + +

1 cos2 sin2y a x b x= + ,a b

2
2 ( ) xy cx d e= + ,c d
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វិញញ សគណិតវិទយ 
េរតៀមរបឡងសិសសពូែកគណិតវទិយ 

����� 
I-ចូរបងហ ញថ 3 3 3512 675 720+ +  មនិែមនជចំនួនបឋម ។ 
II-េគឲយសវុីតៃនចំនួនពតិ ( )nu  កំណតេ់ដយ 1 21 , 5u u= =   និង 

2
1

2
4n

n
n

u
u

u
+

+
+=   ែដល n IN∈   ។ 

ចូររសយថរគបតួ់ៃនសវុីត( )nu សុទឋែតជចំនួនគត ់រចួគណនតួ
ទូេទ nu  ៃនសវុីតជអនុគមនៃ៍ន n  ។ 
III-េគឲយ , ,a b c  ជបីចនួំនពតិេផទៀងផទ តទ់ំនកទ់ំនង 

3 3 3 4 4 4a b c a b c+ + = + +   ។ 
ចូររសយថ 

2 3 3 3 2 3 3 3 2
1

a b c

a b c a b c a b c
+ + ≥

+ + + + + +
  ។ 

IV-េគឲយអនុគមន ៍ :f + +→ℚ ℚ  េដយដឹងថ 
( 1) ( ) 1f x f x+ = +   និង [ ]33( ) ( )f x f x=  រគប ់ x +∈ℚ  ។ 

ចូរកំណតរ់កអនុគមន ៍ f  ។ 
V-រងវងច់រកឹកនុងៃនរតេីកណ ABC  មយួបះ៉រជុង ,BC CA  និង 
AB  េរៀងគន រតង ់ ,K L  និង M   ។ 

ចូររសយបញជ កថ់ 3

2

AL BM CK

AB BC CA
+ + ≤   ។ 
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អរតកំែណគំរូ  
 

I- បងហ ញថ 3 3 3512 675 720+ +  មនិែមនជចនួំនបឋម ៖ 
 តង 3 3 3 3 3 3512 675 720S a b c= + + = + +    
 ែដល 512 , 675 , 720a b c= = =  ។ 
 េគមន  
 9 3 2 4 2512 2 , 675 3 5 , 720 2 3 5a b c= = = = × = = × ×  
 េយងពនិិតយេឃញថ 22 3c ab=  េនះ S  អចសរេសរជ ៖ 

3 3 3 3 3 3 2 2 2( 3 ) 3 ( ) ( )( )S a b c a b c ab c a b c a b c ab bc ca= + + = + + − − − = + − + + − + +
េដយ 512 675 720 467 1a b c+ − = + − = ≠  េនះ 467 |S  ។ 
ដូចេនះ 3 3 3512 675 720+ +  មនិែមនជចំនួនបឋម ។ 
II-រសយថរគបតួ់ៃនសវុីត( )nu សុទឋែតជចំនួនគត ់៖ 

េគមន 
2

1
2

4n
n

n

u
u

u
+

+
+=   េនះ 2

2 1 4 (1)n n nu u u+ += +    

េហយ  2
3 1 2 4 (2)n n nu u u+ + += +   

ដកសមកីរ (1) និង (2) េគបន 2 2
2 3 1 1 2n n n n n nu u u u u u+ + + + +− = −   

សមមូល  2 2
2 2 3 1 1n n n n n nu u u u u u+ + + + ++ = +   

ឬ 2 2 1 3 1( ) ( )n n n n n nu u u u u u+ + + + ++ = +   
សមមូល 3 1 2

2 1

(3)n n n n

n n

u u u u

u u
+ + +

+ +

+ +=  
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តង 2

1

n n
n

n

u u
V

u
+

+

+=  េនះ 3 1
1

2

n n
n n

n

u u
V V

u
+ +

+
+

+= =    

(តមទំនកទ់នំង(3)) េនះ ( )nV  ជសវុីតេថរ  
េគបន 3 1

1
2

n
u u

V V
u

+= =   ែត 1 21 , 5u u= =    

និង 
2
2

3
1

4 25 4
29

1

u
u

u

+ += = =  

េនះ 29 1
6

5nV
+= =  ឬ 2

1

6n n

n

u u

u
+

+

+ =  នឲំយ 2 16n n nu u u+ += −    

េដយ 1 21 , 5u u= =   ជចំនួនគតេ់នះតម 2 16n n nu u u+ += −   
េគទញបន nu  ជចំនួនគតរ់គប់n IN∈  ។  
ដូចេនះរគបតួ់ៃនសវុីត( )nu សុទឋែតជចំនួនគត ់។ 
គណនតួទូេទ nu  ៃនសវុីតជអនុគមនៃ៍ន n  ៖ 
េគមន 2 16n n nu u u+ += −   (តមសរមយខងេល ) 
សមកីរសមគ ល់ 2 6 1r r= −   ឬ  2 6 1 0 , ' 9 1 8r r− + = ∆ = − =  
េគទញឬស 1 23 2 2 , 3 2 2r r= − = +  
តួទូេទៃនសវុីតមនរង 

( ) ( )1 2 3 2 2 3 2 2
n nn n

nu r rα β α β= + = − + +  

េដយ 1 21 , 5u u= =   េនះ 
2 2

(3 2 2) (3 2 2) 1

(3 2 2) (3 2 2) 5

α β
α β

 − + + =


− + + =
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បនទ បព់េីដះរសយរបពនខេ័នះេគបន 2 2 2 2
,

4 4
α β+ −= =  

ដូចេនះ  ( ) ( )2 2 2 2
3 2 2 3 2 2

4 4

n n

nu
+ −= − + +   ។ 

III-រសយបញជ កថ់ 

2 3 3 3 2 3 3 3 2
1

a b c

a b c a b c a b c
+ + ≥

+ + + + + +
   

េយងតង 
                  

2 3 3 3 2 3 3 3 2

2 2 2

3 3 3 3 3 3 3 3 3( ) ( ) ( )

a b c
T

a b c a b c a b c

a b c

a a b c b b a c c c a b

= + +
+ + + + + +

= + +
+ + + + + +

   

តមវសិមភព 
( )2 2 2 2 2 2 2

1 1 2 2 3 3 1 2 3 1 2 3: ( )( ) (*)Cauchy Schwarz a b a b a b a a a b b b− + + ≤ + + + +

យក 

1 2 33 3 3 3 3 3 3 3 3
, ,

( ) ( ) ( )

a b c
a a a

a a b c b b a c c c a b
= = =

+ + + + + +

និង 
3 3 3 3 3 3 3 3 3

1 2 3( ) , ( ) , ( )b a a b c b b b a c b c c a b= + + = + + = + +

ែដល 2 2 2
1 1 2 2 3 3 1 2 3,a b a b a b a b c a a a T+ + = + + + + = និង 

2 2 2 3 3 3 3 3 3 3 3 3
1 2 3 ( ) ( ) ( )b b b a b c a b c b c a c a b+ + = + + + + + + + +  

 
 ជំនួសកនុង (*)  េគទញបន ៖ 
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2

3 3 3 3 3 3 3 3 3

( )

( ) ( ) ( )

a b c
T

a b c a b c b c a c a b

+ +≥
+ + + + + + + +

 

                           
2

3 3 3 3 3 3 4 4 4

( )

( ) ( )( ) ( )

a b c

a b c a b c a b c a b c

+ +=
+ + + + + + + − + +

 

 េដយេគមន 3 3 3 4 4 4a b c a b c+ + = + +   (សមមតកិមម ) 

 េគទញ 
2

3 3 3 3 3 3

( )
(**)

( )( )

a b c a b c
T

a b c a b c a b c

+ + + +≥ =
+ + + + + +

 

 តមវសិមភព Holder េគមន ៖ 
3 3 3 2

4 4 4 2 3 3 3 3
3 3 3 4 4 4 2

( )
( )( ) ( ) 1 (***)

( )

a b c a b c
a b c a b c a b c

a b c a b c

+ + + ++ + + + ≥ + + ⇔ ≥ =
+ + + +

តម (**)  និង (***)   េគទញបន 1T ≥  ពតិ ។ 
ដូចេនះ   

2 3 3 3 2 3 3 3 2
1

a b c

a b c a b c a b c
+ + ≥

+ + + + + +
   ។ 

IV- កំណតរ់កអនុគមន ៍ f  ៖ 
 េគមន ( 1) ( ) 1f x f x+ = +   េនះចំេពះរគប ់k IN∈  េគបន 

( ) ( ) (1)f x k f x k+ = +  
យក 2p

x q
q

= +   ែដល ( , ) 1GCD p q =   នងិ ,p q IN∈  ជំនួស

កនុង [ ]33( ) ( )f x f x=   េគបន ៖ 

 
3

2 3 2( ) ( ) (2)
p p

f q f q
q q

   
+ = +   

   
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 េដយេរប (1) េគបន 2 2p p
f q f q

q q

   
+ = +   

   
 

 េហយ  
3

2 3 2 3 6 3 2 3 6
3

( ) 3 3 ( ) 3 3
p p p

f q f p pq q f p pq q
q qq

    
+ = + + + = + + +    

    

 

                 
3

2 3 6( ) 3 3
p

f p pq q
q

 
= + + + 
 

 

េនះទំនកទ់ំនង (2) អចសរេសរជ ៖ 
 

3 3
2 3 6 2

3 3 2
2 3 6 2 4 6

3 3

3 3 3 3

p p
f p pq q f q

q q

p p p p
f p pq q f f q f q q

q q q q

      
+ + + = +      

      

            
+ + + = + + +            

            

 

 

2
2 2 2 4

2

2 2 4

3 3 0

3 3 0

p p p p
p q f q f

q q qq

p p p p
f p q f q

q q q q

      
− + − =      

     

       
− + + =      

        

 

េដយ :f + +→ℚ ℚ េនះ 2 2 43 3 0
p p

p q f q
q q

  
+ + >  

  
 

េគទញបន 0
p p

f
q q

 
− = 

 
  ឬ p p

f
q q

 
= 

 
  រគប ់ ,p q IN∈   

និង ( , ) 1GCD p q =  ។ 
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ដូចេនះ ( )f x x=  រគប ់ x +∈ℚ  ។ 

V-រសយបញជ កថ់ 3

2

AL BM CK

AB BC CA
+ + ≤    

  
 
 
 
 
 
 
 
 
 
តង , ,AM AL x BM BK y CK CL z= = = = = =   េនះ 

, ,BC y z CA z x AB x y= + = + = +  
េគបន 

(*)
AL BM CK x y z

AB BC CA x y y z z x
+ + = + +

+ + +
 

តង 
( )( ) ( )( ) ( )( )

( )( )( )

x y z z x y x y z x z x y y zx y z
T

x y y z z x x y y z x z

+ + + + + + + +
= + + =

+ + + + + +
 

A 

B C K 

L 
M 

I 
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  ( )( ) ( )( ) ( )( )

( )( )( )

x z xy xz x y yz xy y z xz yz

x y y z x z

+ + + + + + + +
=

+ + +
 

តមវសិមភព  Cauchy-Schwarz  េគមន ៖ 
( )( ) ( )( ) ( )( ) 2( ) 2( )x z xy xz x y yz xy y z xz yz x y z xy yz xz+ + + + + + + + ≤ + + + +  

េគទញ 
( )( )

2 2 1
( )( )( ) ( )( )( )

x y z xy yz xz xyz
T

x y y z x z x y y z x z

+ + + +≤ = +
+ + + + + +

 

តមវសិមភព AM-GM េគមន 
( )( )( ) 2 .2 .2 8x y y z x z xy yz xz xyz+ + + ≥ =  
េនះេគទញ 1

( )( )( ) 8

xyz

x y y z x z
≤

+ + +
  េហតុេនះ 

1 3
2 1

8 2
T ≤ + =   ពតិ 

ដូចេនះ  3

2

AL BM CK

AB BC CA
+ + ≤  ។ 

 
រ�ឡងេរជ សេរ សសសិសពូែកទូទងំរ�េទស 
សមយ័របឡង ២៣ ឧសភ ២០០២ 

(រយះេពល ៣ េម៉ង) 
 

១-(ពនិទុ10) រសយថ 2nf (n) 3 7= += += += +  ែចកដចន់ងឹ 8 ែដល n∈∈∈∈ℕℕℕℕ   
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២-(ពនិទុ10) ចំនួនមយួមនេលខរបខំទងែ់ដលេលខខទងវ់េរៀបតម 
 លំដប ់x ,x 1 ,x 2 , 3x , x 3+ + ++ + ++ + ++ + +  េហយេគដឹងថចំនួនេនះជ 
 កេររបកដ ។ ចូររកចំនួនេនះ ? 
៣-(ពនិទុ10) ABC  ជរតេីកណមយួែកងរតង ់Bែដលមន CI   
ជកនលះបនទ តពុ់ះៃនមុ ំC ។  េប IB 1cm;BC 3cm= == == == =  េហយតង 
AI x ; AC y= == == == =  ចូរគណន x  និង y  ។ 
៤-(ពនិទុ10) n IN*∀ ∈∀ ∈∀ ∈∀ ∈  ចូរបញជ កថ់ n n n nE 2903 803 464 261= − − += − − += − − += − − +  
 ជចំនួនែដលែចកដចន់ឹង 1897 ជនិចច ។ 
៥-(ពនិទុ10) a;b;c  ជរងវ ស់រជុងៃនរតេីកណមយួ ។ ចូររសយថ  
 2 2 2a (b c a) b (c a b) c (a b c) 3abc+ − + + − + + − ≤+ − + + − + + − ≤+ − + + − + + − ≤+ − + + − + + − ≤   ។ 
៦-(ពនិទុ10) U ជសវុីតមយួកំណតេ់ដយ ៖ 

n 2 n 1 nn IN : U 5U 6U+ ++ ++ ++ +∀ ∈ = −∀ ∈ = −∀ ∈ = −∀ ∈ = −  
ចូរកំនតត់ៃមល x  ែដលនឲំយ n n 1 nV U xU++++= −= −= −= −  ជសវុីតធរណីមរត  
៧-(ពនិទុ20) េដះរសយវសិមកីរ x 1

1
2 1 x

− <− <− <− <
++++

   ។ 

៨-(ពនិទុ20) ABC  ជរតេីកណែកងរតង ់A   ែដល BC a====  េហយ
មនរងវងម់យួែដលមនក ំr  ចរកឹកនុងរតេីកណេនះ ។ 
ចូររករងវ ស់រជុងពរីេទៀតៃនរតេីកណេនះ ? 
 

ដំេណះរសយ   
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១-រសយថ 2nf (n) 3 7= += += += +  ែចកដចន់ឹង 8 ៖ 
 េគអចសរេសរ n nf (n) 9 7 (9 1) 8= + = − += + = − += + = − += + = − +  
 តមសមភព n n n 1 n 2 n 1a b (a b)(a a b .... b )− − −− − −− − −− − −− = − + + +− = − + + +− = − + + +− = − + + +   
 េគបន  
 n n 1 n 29 1 (9 1)(9 9 ... 9 1)− −− −− −− −− = − + + + +− = − + + + +− = − + + + +− = − + + + +  
           n 1 n 28 (9 9 ..... 9 1)− −− −− −− −= × + + + += × + + + += × + + + += × + + + +  
 េគទញ n8 |9 1−−−−   ។ 
 ដូចេនះ 2nf (n) 3 7= += += += +  ែចកដចន់ឹង 8 ជនិចចរគបច់នួំន n IN∈∈∈∈   
២-រកចំនួនែដលជកេររបកដ ៖ 
 តង N ជចំនួនមនេលខរបខំទងែ់ដលេលខខទងវ់េរៀបតម 
 លំដប ់x ,x 1 ,x 2 , 3x , x 3+ + ++ + ++ + ++ + + ។ 
 េគអចសរេសរ N x(x 1)(x 2)(3x)(x 3)= + + += + + += + + += + + +   
 កនុងរបពនឋេ័គល10។ 
 េដយ x ,x 1 ,x 2 , 3x , x 3+ + ++ + ++ + ++ + + ជេលខេនះវរតូវែតជចំនួន 
 គតស់ថិតេនកនុងចេនល ះ 0 និង 9 ។ េហតុេនះេគទញ 3x 9≤≤≤≤   
 េនះ x 3≤≤≤≤ េហយេដយ x 0≠≠≠≠  េនះេគបន x 1 , 2 , 3====   ។ 
 -ចំេពះ x 1====  េគបន N 12334====   (មនិែមនជកេររបកដ) 
 -ចំេពះ x 2====  េគបន N 23465====   (មនិែមនជកេររបកដ) 
 -ចំេពះ x 3====  េគបន 2N 34596 186= == == == = ជកេររបកដ 
 ដូចេនះចំនួនជកេររបកដែដលរតូវរកេនះគឺ N 34596====   ។ 
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៣-គណន x  និង y  ៖ 
 េដយ CI  ជកនលះបនទ តពុ់ះៃនមុ ំC 
 េគបន CB BI

CA AI
====   ឬ 3 1

y x
====  

 េគទញ y 3x (1)====  
 តមរទឹសតីបទពតីគរេ័គបន៖ 
  2 2 2AC AB BC= += += += +   ឬ  2 2y (x 1) 9 (2)= + += + += + += + +  
 យកសមកីរ (1) ជំនួសកនុង (3) េគបន ៖ 

 

2 2

2 2

2

2

9x (x 1) 9

9x x 2x 1 9

8x 2x 10 0

4x x 5 0 , 1 80 81

= + += + += + += + +

= + + += + + += + + += + + +

− − =− − =− − =− − =

− − = ∆ = + =− − = ∆ = + =− − = ∆ = + =− − = ∆ = + =

 

 េគទញឬស 1 2

1 9 5 1 9
x ; x 1

8 4 8
+ −+ −+ −+ −= = = = −= = = = −= = = = −= = = = − (មនិយក) 

 ចំេពះ 5
x

4
====   តម (1) េគទញបន 15

y
4

====   ។ 
 ដូចេនះ 5 15

x cm ; y cm
4 4

= == == == =   ។ 
៤-បញជ កថ់ ែចកដចន់ឹង 1897 ជនិចច ៖ 
 មន n n n nE 2903 803 464 261= − − += − − += − − += − − +  
េគមន 72711897 ××××====  េហយ 1)7,271(GCD ====  
តមរបូមនត )b....baa)(ba(ba 1p2p1ppp −−−−−−−−−−−− ++++++++++++−−−−====−−−−  
េគបន 11

nn N3007N)8032903(8032903 ××××====−−−−====−−−−  

C B 

I y 
x 

1cm 

3cm 

A 
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              22
nn N297N)261464(261464 ××××====−−−−====−−−−  

ែដល 21 N,N  ជចនួំនគតវ់ជិជមន ។ 
េនះ  )N29N300(72614648032903 21

nnnn −−−−====++++−−−−−−−−  
នឱំយ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ងឹ 7 ។ 
ដូចគន ែដរ 33

nn N9271N)4642903(4642903 ××××====−−−−====−−−−  
             44

nn N2271N)261803(261803 ××××====−−−−====−−−−  
េនះ  )N2N9(2712614648032903 43

nnnn −−−−====++++−−−−−−−−  
នឱំយ  nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ឹង 271 ។ 
ដូចេនះ nnnn 2614648032903 ++++−−−−−−−−  ែចកដចន់ឹង 1897  ។ 
៥-រសយបញជ កថ់  
 2 2 2a (b c a) b (c a b) c (a b c) 3abc+ − + + − + + − ≤+ − + + − + + − ≤+ − + + − + + − ≤+ − + + − + + − ≤   
 តង 2 2 2T 3abc a (b c a) b (c a b) c (a b c)= − + − − + − − + −= − + − − + − − + −= − + − − + − − + −= − + − − + − − + −  
 េគមន 2 2abc a (b c a) a(bc ab ac a )− + − = − − +− + − = − − +− + − = − − +− + − = − − +  

                                   
2a[(a ab) (ac bc)]

a[a(a b) c(a b)]

a(a b)(a c) (1)

= − − −= − − −= − − −= − − −
= − − −= − − −= − − −= − − −
= − −= − −= − −= − −

, 

រសយដូចគន ែដរ 2abc b (c a b) b(b a)(b c) (2)− + − = − −− + − = − −− + − = − −− + − = − −  
និង  2abc c (a b c) c(c a)(c b) (3)− + − = − −− + − = − −− + − = − −− + − = − −  
បូកសមភព (1) , (2) និង (3) េគបន ៖ 
T a(a b)(a c) b(b a)(b c) c(c a)(c b)

(a b)[a(a c) b(b c)] c(c a)(c b)

= − − + − − + − −= − − + − − + − −= − − + − − + − −= − − + − − + − −
= − − − − + − −= − − − − + − −= − − − − + − −= − − − − + − −
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េដយកេនសម T  មនលកខណះឆលុះេនះេយងអចឧបមថ 
a b c≥ ≥≥ ≥≥ ≥≥ ≥  
េគបន a b 0

a c b c 0

≥ >≥ >≥ >≥ >
 − ≥ − ≥− ≥ − ≥− ≥ − ≥− ≥ − ≥

  េនះ a(a c) b(b c)− ≥ −− ≥ −− ≥ −− ≥ −   

នឲំយ a(a c) b(b c) 0− − − ≥− − − ≥− − − ≥− − − ≥   េហយ a b 0− ≥− ≥− ≥− ≥   
និង (c a)(c b) (a c)(b c) 0− − = − − ≥− − = − − ≥− − = − − ≥− − = − − ≥  
េគទញ T (a b)[a(a c) b(b c)] c(c a)(c b) 0= − − − − + − − ≥= − − − − + − − ≥= − − − − + − − ≥= − − − − + − − ≥  
ដូចេនះ 2 2 2a (b c a) b (c a b) c (a b c) 3abc+ − + + − + + − ≤+ − + + − + + − ≤+ − + + − + + − ≤+ − + + − + + − ≤   ។ 
សមគ ល់ ៖ តមវសិមភព Schur :   r

cyc

a (a b)(a c) 0− − ≥− − ≥− − ≥− − ≥∑∑∑∑  

យក r 1====  េគបន 
cyc

T a(a b)(a c) 0= − − ≥= − − ≥= − − ≥= − − ≥∑∑∑∑    ។ 

៦-(ពនិទុ10) U ជសវុីតមយួកំណតេ់ដយ 
n 2 n 1 nn IN : U 5U 6U+ ++ ++ ++ +∀ ∈ = −∀ ∈ = −∀ ∈ = −∀ ∈ = −  

 កំនតត់ៃមល x  ែដលនឲំយ n(V )  ជសវុីតធរណីមរត៖ 
 េគមន n n 1 nV U xU (1)++++= −= −= −= −   
 នឲំយ n 1 n 2 n 1V U xU+ + ++ + ++ + ++ + += −= −= −= −  
 េដយ n 2 n 1 nU 5U 6U+ ++ ++ ++ += −= −= −= −  
 េគបន n 1 n 1 n n 1V 5U 6U xU+ + ++ + ++ + ++ + += − −= − −= − −= − −  

               
n 1 n 1 n

n 1 n 1 n

V (5 x)U 6U

6
V (5 x) (U U ) (2) ( x 5)

5 x

+ ++ ++ ++ +

+ ++ ++ ++ +

= − −= − −= − −= − −

= − − ∀ ≠= − − ∀ ≠= − − ∀ ≠= − − ∀ ≠
−−−−
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តមទំនកទ់នំង (1) និង (2) េដមបឲីយ n(V )  ជសវុីតធរណីមរត 

លុះរតែត  6
x

5 x
====

−−−−
  នឲំយ 2x 5x 6 0− + =− + =− + =− + =  

 25 4 6 25 24 1∆ = − × = − =∆ = − × = − =∆ = − × = − =∆ = − × = − =  
េគទញឬស 1 2

5 1 5 1
x 2 ; x 3

2 2
− +− +− +− += = = == = = == = = == = = =   ។ 

ដូចេនះ 1x 2====    ឬ   2x 3====   , 
៧-(ពនិទុ20) េដះរសយវសិមកីរ x 1

1
2 1 x

− <− <− <− <
++++

    

 វសិមកីរេនះមននយ័លុះរតែត 1 x 0+ >+ >+ >+ >   ឬ x 1 (1)> −> −> −> −  

 -ករណី x
1 0

2
− ≤− ≤− ≤− ≤  នឲំយ x 2≥≥≥≥  េនះវសិមកីរពតិជនិចច។ 

   ដូចេនះ  x [2; )∈ + ∞∈ + ∞∈ + ∞∈ + ∞   ។ 

 -ករណី x
1 0

2
− >− >− >− >   ឬ x 2<<<<    

   េហយតម (1) េគបន 1 x 2− < <− < <− < <− < <    (2) 

  កនុងករណីេនះវសិមកីរសមមូល 2x 1
(1 )

2 1 x
− <− <− <− <

++++
 

  សមមូល 
2x

(1 x )(1 x) 1
4

− + + <− + + <− + + <− + + <  
  សមមូល 2x (x 3) 0− <− <− <− <   
 េដយ 2x 0≥≥≥≥  េនះេគទញ x 0≠≠≠≠   និង x 3 (3)<<<<  
  តម (2) នងិ (3) េគទញ x ( 1;0) (0;2)∈ − ∪∈ − ∪∈ − ∪∈ − ∪   ។ 
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 សរបុមកសំណំុចេមលយវសិមកីរគឺ x ( 1;0) (0; )∈ − ∪ + ∞∈ − ∪ + ∞∈ − ∪ + ∞∈ − ∪ + ∞   ។ 
៨-(ពនិទុ20) រករងវ ស់រជុងពរីេទៀតៃនរតេីកណ 
 
 
 

 
 

  
 
 តង AB x ; AC y= == == == =   ជរងវ ស់រជុងែដលរតូវរក ។ 
 តមរទឹសតីបទពតីគរអ័នុវតតកនុងរតេីកណែកង ABC  េគបន 
 2 2 2BC AB AC= += += += +   ឬ   2 2 2a x y (1)= += += += +   
  េរពះ BC a====  ។ 
 ៃផទរកឡៃនរតេីកណែកង ABC  គឺ ៖ 
 ABC IAB IAC IBCS S S S= + += + += + += + +   
 ឬ 1 1 1 1

xy xr y r ar
2 2 2 2

= + += + += + += + +  
 ឬ xy r (x y) ar (2)= + += + += + += + +  

 (1)និង(2) េគបន 
2 2 2x y a (1)

xy r (x y) ar (2)

 + =+ =+ =+ =


= + += + += + += + +
 

A C 

B 

I 

M 

N 

P 

r 
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 តង S x y ; P xy= + == + == + == + =    

 របពនឋស័មកីរខងេលអចសរេសរ  
2 2S 2P a

P rS ar

 − =− =− =− =


= += += += +
 

 េដយបំបត ់P េគបន 2 2S 2(r S ar) a− + =− + =− + =− + =  
 ឬ 2 2S 2r S 2ar a 0− − − =− − − =− − − =− − − =  
 ឬ  2 2(S r) (r a) 0− − + =− − + =− − + =− − + =  នឲំយ S 2r a= += += += +  
 េហយ P r(2r a) ar 2r(r a)= + + = += + + = += + + = += + + = +   ។ 
 េគបន x ; y   ជឬសមកីរ 2X S X P 0− + =− + =− + =− + =   
  (រទឹសតីបទែវយត) 

 
2

2 2 2

X (2r a)X 2r(r a) 0

(2r a) 8r(r a) a 4ra 4r

− + + + =− + + + =− + + + =− + + + =

∆ = + − + = − −∆ = + − + = − −∆ = + − + = − −∆ = + − + = − −
 

 សមកីរមនឬសលុះរតែត  
 2 2 2 2a 4ra 4r (a 2r) 8r 0∆ = − − = − − ≥∆ = − − = − − ≥∆ = − − = − − ≥∆ = − − = − − ≥   
 ឬ a 2(1 2)r≥ +≥ +≥ +≥ +   ។  
 េគទញឬស  
 2 2 2 2

1 2
1 1

X (2r a a 4ar 4r ); X (2r a a 4ar 4r )
2 2

= + + − − = + − − −= + + − − = + − − −= + + − − = + − − −= + + − − = + − − −  
 ដូចេនះ 1 2x X ;y X= == == == =   ឬ  2 1x X ; y X= == == == =   ។ 
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របឡងេរជសេរ សសសិសពូែករបច ំេខតតបត់ដំបង 
ែផនកអកសរសិលបែ៍ខមរ គណិតវទិយ រូបវទិយ ថន កទ់៩ី នងិ ថន កទ់ី១២ 

សមយ័របឡង ១៩ កុមភះ ២០១៣ 
វញិញ ស គណិតវទិយ ថន កទ់១ី២  

រយះេពល ១២០ នទី ពនិទុ ១០០ 
���Ω��� 

I-(ពនិទុ៥)រសយបញជ កថ់ 1 3 5 2011 1
...

2 4 6 2012 2013
× × × × <× × × × <× × × × <× × × × <  ។ 

II-(ពនិទុ៥)កំណត ់a  និង b េដមបឲីយ 1 cos cos
cos 1 sin 1 sin

a x b x

x x x
= += += += +

+ −+ −+ −+ −
  

 រគប ់ 0,
4

x
ππππ    ∈∈∈∈     

    
 

III-(ពនិទុ១០)េគសងសីុ់ឡងំបរវិតតនម៍យួមនមឌ 354 mππππ  ។ 
កំណតវ់មិរតសីុឡងំេដមបឲីយអស់ចំណយតចិបផុំត ។ 
IV-(ពនិទុ១០)េគមន 2 2 1x y+ =+ =+ =+ =   ។ កំណតត់ៃមលតូចបំផុត និង ធំ
បំផុតៃន S x y= += += += +  ។ 
V-(ពនិទុ១០)ចតុេកណេប៉ង ABCD  មយួមនរជុង , , ,a b c d  និង
មនៃផទរកឡ S  ។កំណតត់ៃមលធំបំផុតៃន S  ? 
VI-(ពនិទុ១០)កណំតគូ់ចំនួនគត ់( , )x y  ែដល 

2 2 2( )x y x y xy+ = + ++ = + ++ = + ++ = + +   ។ 
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VII-(ពនិទុ១០)រគប ់ x IR∈∈∈∈  េគមន 
2011

2( ) 2 4028
1

x
f x f x

x

    ++++    
+ = −+ = −+ = −+ = −    −−−−    

    

  ។  គណន (2014)f  ? 

VIII-(ពនិទុ១០)ចតុេកណ ABCD  មយួចរកឹកនុងរងវងែ់ដលមន 
1 , 3 , 2 , 2AB BC CD DA= = = == = = == = = == = = =   

E  ជរបសពវរវងអងកតរ់ទូង BD  និង AC  ។  
រកតៃមលផលេធៀប BE

ED
  ? 

IX-(ពនិទុ១០)េគឲយ (((( ))))nZ  ជសវុីតកំណតេ់ដយ 0 1Z ====  និង 
1n nZ Z i++++ = += += += +  

ក)បងហ ញថ | | 1 , 0nZ n IN n< ∀ ∈ ≥< ∀ ∈ ≥< ∀ ∈ ≥< ∀ ∈ ≥  ។ 
ខ)តង .n n nZ x i y= += += += +   ែដល ,n nx y IR∈∈∈∈   និង n nU Z i= −= −= −= −     
កំណតទ់ំនកទ់នំងរវង nU និង 1nU ++++   ។ 
X-(ពនិទុ២០)េគឲយរតេីកណ ABC  ចរកឹកនុងរងវងក់ ំR  ផចិត O
។តង 1 2 3, ,R R R  ជករំងវងច់រកឹេរកៃនរតេីកណ 

, ,OBC OCA OAB   េរៀងគន  ។ តង , ,BC a AC b AB c= = == = == = == = =  
និង 2a b c p+ + =+ + =+ + =+ + =  ។  

រសយថ 
32

3
p

abc
     ≥≥≥≥    
    

  រចួទញថ 
7

1 2 3 2 4

3

4

R
R R R

p

6666
≥ ×≥ ×≥ ×≥ ×   ? 
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អរតកំែណគំរេូដយ លមឹ ផលគនុ 

I-(ពនិទុ៥)រសយបញជ កថ់ 1 3 5 2011 1
...

2 4 6 2012 2013
× × × × <× × × × <× × × × <× × × × <   

តង 
1006

1

1 3 5 2011 2 1
...

2 4 6 2012 2k

k
P

k====

−−−−= × × × × == × × × × == × × × × == × × × × = ∏∏∏∏  

ចំេពះរគប ់k ∈∈∈∈ℕℕℕℕ  េគមន 2 2(2 1)(2 1) 4 1 4k k k k− + = − <− + = − <− + = − <− + = − <  
េនះ 2 1 2

2 2 1
k k

k k
−−−− <<<<

++++
គុណអងគទងំពរីនឹង 2 1

0
2
k

k
−−−− >>>>  េគបន 

 េនះ  

េគបន 

 

ដូចេនះ   1 3 5 2011 1
...

2 4 6 2012 2013
× × × × <× × × × <× × × × <× × × × <  ។ 

II-(ពនិទុ៥)កំណត ់a  និង b េដមបឲីយ 1 cos cos
cos 1 sin 1 sin

a x b x

x x x
= += += += +

+ −+ −+ −+ −
  

រគប ់ 0,
4

x
ππππ    ∈∈∈∈     

    
 

មន  1 cos cos
cos 1 sin 1 sin

a x b x

x x x
= += += += +

+ −+ −+ −+ −
  (1) 

រគប ់  េគមន 

 

2
2 1 2 1

2 2 1
k k

k k
− −− −− −− −     <<<<     ++++    

2 1 2 1
2 2 1
k k

k k
− −− −− −− −<<<<

++++

1006 1006

1 1

2 1 2 1 1 3 2011 1
...

2 2 1 3 5 2013 2013k k

k k
P

k k= == == == =

− −− −− −− −= < = × × × == < = × × × == < = × × × == < = × × × =
++++∏ ∏∏ ∏∏ ∏∏ ∏

0,
4

x
ππππ    ∈∈∈∈         

2

1 cos cos (1 sin ) (1 sin )
.

cos 2 (1 sin )(1 sin )cos
x x x xx

x x xx

+ + −+ + −+ + −+ + −= == == == =
− +− +− +− +
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ឬ    

តម (1) នងិ (2) េគទញបន   ។ 

ដូចេនះ   ។ 
III-(ពនិទុ១០)កំណតវ់មិរតសីុឡងំេដមបឲីយអស់ចំណយតចិបំផុត  
 
 
 
 
 
 
 
 
តង  ជកថំសបត និង  ជកមពស់របស់សីុឡងំ 
(គិតជ  ) 
មឌរបស់សីុឡងំគឺ 2 54V r hπ ππ ππ ππ π= == == == =   េនះ 2

54
(1)h

r
====  

ៃផទរកឡខងទងំអស់ៃនសីុឡងំគឺ 22 2 (2)tS r rhπ ππ ππ ππ π= += += += +  
យក(1) ជំនួសកនុង (2) េគបន ៖ 

1 1 cos 1 cos
. . (2)

cos 2 1 sin 2 1 sin
x x

x x x
= += += += +

+ −+ −+ −+ −
1
2

a b= == == == =

1 1
,

2 2
a b= == == == =

r h

dm
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2 2
2

54 54
2 2 2 ( )tS r r r

rr
π π ππ π ππ π ππ π π= + × = += + × = += + × = += + × = +  

តមវសិមភពមធយមនពវនត-មធយមធរណីមរតេគមន ៖ 
2 2 2354 27 27 27 27

3 27r r r
r r r r r

+ = + + ≥ × × =+ = + + ≥ × × =+ = + + ≥ × × =+ = + + ≥ × × =  េគទញ 

54tS ππππ≥≥≥≥   ( 2m  ) ។  
េដមបឲីយរបកច់ណំយេលករសងសីុ់ឡងំេនះអស់តចិបំផុត លុះ
រតែត tS  អបបបរម េនះវសិមភពខងេលកល យជសមភព ។ 
េគបន 2 27

r
r

====    នឲំយ 3r ====   េហយ 2

54
6

3
h = == == == =  

ដូចេនះ 3r m====   និង 6h m====   ។ 
  
IV-(ពនិទុ១០)កណំតត់ៃមលតូចបំផុត និង ធំបផុំតៃន S x y= += += += +   
រេបៀបទី១ 
តមវសិមភព Cauchy Schwarz−−−−  េគមន 

2 2 2 2 2 2( ) (1 1 )( )S x y x y= + ≤ + += + ≤ + += + ≤ + += + ≤ + +  
េដយេគមន 2 2 1x y+ =+ =+ =+ =   េនះ 2 2S ≤≤≤≤   
 សមមូល 2 2S− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤  
ដូចេនះតៃមលតូចបផុំតៃនៃន S  គឺ min 2S = −= −= −= −  និងតៃមលធំបំផុតគឺ 

max 2S ====   ។ 
រេបៀបទី២ 
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េដយ 2 2 1x y+ =+ =+ =+ =   េនះេគអចេរជសេរ ស cosx ϕϕϕϕ====   និង  
siny ϕϕϕϕ====   រគប ់ IRϕϕϕϕ ∈∈∈∈  

េគបន 2 2
cos sin 2 cos sin

2 2
S x y ϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕ

    
= + = + = += + = + = += + = + = += + = + = +        

    
 

             2 cos cos sin sin 2 cos
4 4 4
π π ππ π ππ π ππ π πϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕ            = + = −= + = −= + = −= + = −            

            
 

េដយរគប ់ : 1 cos 1
4

IR
ππππϕ ϕϕ ϕϕ ϕϕ ϕ    ∈ − ≤ − ≤∈ − ≤ − ≤∈ − ≤ − ≤∈ − ≤ − ≤    
    

   

េនះ  2 2S− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤  
ដូចេនះតៃមលតូចបផុំតៃនៃន S  គឺ min 2S = −= −= −= −  និងតៃមលធំបំផុតគឺ 

max 2S ====   ។ 
រេបៀបទី៣ 
េរជសេរ សវុចិទរ ័ (1 , 1)u

→→→→
====   និង ( , )v x y

→→→→
====   យក IRϕϕϕϕ ∈∈∈∈  ជមុំ

រវងវុចិទរ ័ u
→→→→

 និង v
→→→→

 ។ 
តមនិយមនយ័ផលគុណសក ែលេគបន ៖ 
  

2 2 2 2. | | . | | .cos 1 1 . .cos 2 cos (1)u v u v x yϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕ
→ → → →→ → → →→ → → →→ → → →

= = + + == = + + == = + + == = + + =

 តមកេនសមវភិគផលគុណសក ែលេគបន ៖ 
. (1)( ) (1)( ) (2)u v x y x y S

→ →→ →→ →→ →
= + = + == + = + == + = + == + = + =  
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តម (1) នងិ (2) េគទញ 2 cosS ϕϕϕϕ====   េដយ 
: 1 cos 1IRϕ ϕϕ ϕϕ ϕϕ ϕ∀ ∈ − ≤ ≤∀ ∈ − ≤ ≤∀ ∈ − ≤ ≤∀ ∈ − ≤ ≤  

េនះេគទញបន  2 2S− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤    
ដូចេនះតៃមលតូចបផុំតៃនៃន S  គឺ min 2S = −= −= −= −  និងតៃមលធំបំផុតគឺ 

max 2S ====   ។ 
V-(ពនិទុ១០)កំណតត់ៃមលធំបំផុតៃន S   
  
 
 
 
 
 
 
 
 
េគមន 1 1

sin sin
2 2ABD BCDS S S ad A bc C= + = += + = += + = += + = +  េនះ 

sin sin 2 (1)ad A bc C S+ =+ =+ =+ =  
តមរទឹសតីបទកូសីុនូសកនុងរតេីកណ ABD និង BCD  េគមន ៖ 

2 2 2 2 22 cos 2AC a d ad A b c bccosC= + − = + −= + − = + −= + − = + −= + − = + −  

A 

B 

C 

D 

a 

b 

c 

d 
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េនះ 
2 2 2 2( ) ( )

cos cos (2)
2

a d b c
ad A bc C

+ − ++ − ++ − ++ − +
− =− =− =− =  

េគមន 
2 2 2 2 2 2( sin sin ) ( cos cos ) 2 cos( )ad A bc C ad A bc C a d b c abcd A C+ + − = + − ++ + − = + − ++ + − = + − ++ + − = + − +

 េដយ 2cos( ) 2cos 1
2

A C
A C

+++++ = −+ = −+ = −+ = −  
េគបន 

2 2 2 2( sin sin ) ( cos cos ) ( ) 4 cos (3)
2

A C
ad A bc C ad A bc C ad bc abcd

+++++ + − = + −+ + − = + −+ + − = + −+ + − = + −

តម (1) , (2) និង (3) េគបន 
2 2 2 2 2

2 2 2( )
4 ( ) 4 cos

4 2
a d b c A C

S ad bc abcd
+ − − ++ − − ++ − − ++ − − +

+ = + −+ = + −+ = + −+ = + −  
េគទញ 

2 2 2 2 2 2
2( ) ( )

cos (*)
4 16 2

ad bc a d b c A C
S abcd

+ + − − ++ + − − ++ + − − ++ + − − +
= − −= − −= − −= − −

តម (*)  េដមបឲីយ S  អតបិរមលុះរតែត 2cos 0
2

A C++++ ====  េនះ 

2 2
A C ππππ++++ ====  ឬ A C ππππ+ =+ =+ =+ =  
ដូចេនះៃផទរកឡធំបំផុតៃនចតុេកណជអនុគមនៃ៍នរជុង , , ,a b c d  

គឺ 
2 2 2 2 2 2

max

( ) ( )
4 16

ad bc a d b c
S

+ + − −+ + − −+ + − −+ + − −
= −= −= −= −   ។ 

VI-(ពនិទុ១០)កណំតគូ់ចំនួនគត ់( , )x y   
សមកីរ 2 2 2( )x y x y xy+ = + ++ = + ++ = + ++ = + +   អចសរេសរ 

2( ) 2 2( )x y xy x y xy+ − = + ++ − = + ++ − = + ++ − = + +  
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សមមូល 2( ) 2( ) 1 3 1x y x y xy+ − + + = ++ − + + = ++ − + + = ++ − + + = +  
សមមូល 2( 1) 3 1 (1)x y xy+ − = ++ − = ++ − = ++ − = +  
-េប 0x ====  េនះសមកីរ (1) កល យជ 2( 1) 1y − =− =− =− =  សមមូល 

( 2) 0y y − =− =− =− =  
េគទញ 0 , 2y y= == == == =   ។ េដយ (1) ជសមកីសីុេមរទី(ឆលុះ)េនះ
េគទញបនគូចេមលយ ៖( , ) {(0,0),(0,2),(2,0)}x y ∈∈∈∈   ។ 
-េប 0x ≠≠≠≠  ឬ 0y ≠≠≠≠  េនះេដមបឲីយ (1) មនចេមលយកនុងសំណំុចនួំន
គតលុ់ះរតែត 3 1xy ++++  
ជកេររបកដៃនចំនួនគតវ់ជិជមន េរពះអងគទីមយួៃនសមកីរជក
េររបកដ ។តង m IN∈∈∈∈   ែដល 23 1xy m+ =+ =+ =+ =  េនះ 

2 1 ( 1)( 1)
3 3

m m m
xy

− − +− − +− − +− − +
= == == == =   េដយ xy IN∈∈∈∈  

េនះេគរតូវឲយ 3 | ( 1)m −−−−   ឬ  3 | 1m ++++  ។ 
-ករណី 3 | 1m −−−−  េនះ 3 1m k k IN= + ∀ ∈= + ∀ ∈= + ∀ ∈= + ∀ ∈  

េគបន 
2 2( 1) (3 1)

(3 2)

x y k

xy k k

 + − = ++ − = ++ − = ++ − = +


= += += += +
  សមមលូ 3 2

(3 2)

x y k

xy k k

+ = ++ = ++ = ++ = +
 = += += += +

 

េនះ x  និង y  ជឬសសមកីរ 
2 2

1(3 2) (3 2) 0 ( ) , (3 2) 4 (3 2)t k t k k E k k k− + + + = ∆ = + − +− + + + = ∆ = + − +− + + + = ∆ = + − +− + + + = ∆ = + − +

(3 2)(2 )k k∆ = + −∆ = + −∆ = + −∆ = + −   សមកីរមនឬសលុះរតែត 
(3 2)(2 ) 0k k∆ = + − ≥∆ = + − ≥∆ = + − ≥∆ = + − ≥   េដយ k IN∈∈∈∈  
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េនះេគទញបន 1k ====   ឬ  2k ====   ។ 
ចំេពះ 1k ====  េនះ 5∆ =∆ =∆ =∆ = មនិែមនជកេររបកដេនះសមកីរគម ន
ឬសគត។់ 
ចំេពះ 2k ====   េនះ 0∆ =∆ =∆ =∆ =  សមកីរមនឬសឌុប 

1 2

3 2 3(2) 2
4

2 2
k

t t
+ ++ ++ ++ +

= = = == = = == = = == = = =  
ដូចេនះ 4 , 4x y= == == == =   ។ 
-ករណី 3 | 1m ++++  េនះ 3 1m k k= − ∀ ∈= − ∀ ∈= − ∀ ∈= − ∀ ∈ℕℕℕℕ  

េគបន 
2 2( 1) (3 1)

(3 2)

x y k

xy k k

 + − = −+ − = −+ − = −+ − = −


= −= −= −= −
សមមូល 3

3 (3 2)

x y k

xy k k

+ =+ =+ =+ =
 = −= −= −= −

េនះ x  និង y  ជឬសសមកីរ 
2 2

13 (3 2) 0 ( ) , 9 4 (3 2)t k t k k E k k k− + − = ∆ = − −− + − = ∆ = − −− + − = ∆ = − −− + − = ∆ = − −  
(8 3 )k k∆ = −∆ = −∆ = −∆ = −   សមកីរមនឬសលុះរតែត (8 3 ) 0k k∆ = − ≥∆ = − ≥∆ = − ≥∆ = − ≥   

េដយ k ∈∈∈∈ℕℕℕℕ េនះេគទញបន 1k ====  ឬ 2k ====  ។ 
ចំេពះ 1k ====  េនះ 5∆ =∆ =∆ =∆ =  មនិែមនជកេររបកដេនះសមកីរ
គម នឬសគត។់ 
ចំេពះ 2k ====  េនះ 4∆ =∆ =∆ =∆ =   េគទញឬស 1 22 , 4t t= == == == =  ។ 
ដូចេនះ 2 , 4x y= == == == =   ឬ  4 , 2x y= == == == =   ។ 
សរបុមកសមកីរមនគូចេមលយ៦គូគឺ  ៖ 
( , ) {(0,0),(0,2),(2,0),(4,2), (2,4) , (4,4)}x y ∈∈∈∈   ។ 
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VII-(ពនិទុ១០)គណន (2014)f   

េគមន 
2011

2( ) 2 4028 (1)
1

x
f x f x

x

    ++++    
+ = −+ = −+ = −+ = −    −−−−    

    

   

យក 2014x ====  ជួសកនុង (1) េគបន 
2011

2014
2(2014) 2 4028 2014

2013
f f

    ++++    
+ = −+ = −+ = −+ = −    

    
    

 

សមមូល 3
(2014) 2 ( ) 2014 (2)

2
f f+ =+ =+ =+ =  

យក 3
2

x ====  ជួសកនុង (1) េគបន 
3 2011

3 32 2( ) 2 4028
32 21
2

f f

    ++++    
+ = −+ = −+ = −+ = −    

    −−−−
    

 

សមមូល 3 8053
( ) 2 (2014)
2 2

f f+ =+ =+ =+ =   េនះ  
3 8053

( ) 2 (2014) (3)
2 2

f f= −= −= −= −  
យក (3) ជួសកនុង (2) េគបន 

(2014) 8053 4 (2014) 2014f f+ − =+ − =+ − =+ − =  
                                                                      

3 (2014) 6039f− = −− = −− = −− = −  
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ដូចេនះ 6039
(2014) 2013

3
f

−−−−= == == == =
−−−−

  ។ 

VIII-(ពនិទុ១០) រកតៃមលផលេធៀប BE

ED
   

  
 
 
 
 
 
 
 
 
 
� េរបៀបេធៀបរតីេកណ EAD   និងរតេីកណ :EBC  
មន AED BEC∠ = ∠∠ = ∠∠ = ∠∠ = ∠ (មុទំល់កំពូល ) និង EAD EBC∠ = ∠∠ = ∠∠ = ∠∠ = ∠   
(មុចំរកឹនុងរងវងស់ក តេ់ដយធនូរមួ ����DC   ) 
េនះ EAD   និង EBC  ជរតេីកណដូចគន  ។  
េគបនផលេធៀបដំណូច 2

3
ED EA AD

EC EB BC
= = == = == = == = =   េនះ 

3
(1)

2
EC

ED
====   និង 2

(2)
3

EA

EB
====  

A 

B C 

D 

1 

3 

2 

2 

E 
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� េរបៀបេធៀបរតីេកណ EAB   និងរតេីកណ :EDC  
មន AEB DEC∠ = ∠∠ = ∠∠ = ∠∠ = ∠ (មុទំល់កំពូល ) និង ABE ECD∠ = ∠∠ = ∠∠ = ∠∠ = ∠  (មុំ
ចរកឹនុងរងវងស់ក តេ់ដយធនូរមួ 



AD   ) 
េនះ EAB   និង EDC  ជរតេីកណដូចគន  ។  
េគបនផលេធៀបដំណូច 1

2
EA EB AB

ED EC DC
= = == = == = == = =   េនះ 

1
(3)

2
EA

ED
====   និង 2 (4)

EC

EB
====  

បូកសមកីរ (1) និង (3) េគបន 3 1
2

2 2
EA EC

ED

++++ = + == + == + == + =   ឬ  

2 (5)
AC

ED
====   

បូកសមកីរ (2) និង (4) 2 8
2

3 3
EA EC

EB

++++ = + == + == + == + =   ឬ  
8

(6)
3

AC

EB
====  

ែចកសមកីរ (5) និង (6) េគបន 6 3
8 4

BE

ED
= == == == =  ។   

ដូចេនះេគបនតៃមលផលេធៀប  3
4

BE

ED
====   ។ 

IX-(ពនិទុ១០)ក)បងហ ញថ | | 1 , 0nZ n IN n< ∀ ∈ ≥< ∀ ∈ ≥< ∀ ∈ ≥< ∀ ∈ ≥   
េគមន  0 1Z ====  និង 1n nZ Z i++++ = += += += +  
េគទញ ( )nZ  ជសវុីតនពវនតៃនចំនួនកុផំលចិមនផលសងរមួ d i====  



ពហុធ និង សមីករអនុគមន ៍
 

 

 

Prepared by LIM PHALKUN     Tel: 017 768 246 Page 195 

 

េគបន 0 1nZ Z nd ni= + = += + = += + = += + = +   េនះ 2| | 1 1nZ n= + ≥= + ≥= + ≥= + ≥   រគប ់
n IN∈∈∈∈   និង 0n ≥≥≥≥  
ដូចេនះ | | 1nZ ≥≥≥≥    
ខ) កំណតទ់ំនកទ់ំនងរវង nU និង 1nU ++++    
េគមន n nU Z i= −= −= −= −   េនះ 

1 1 ( )n n n n nU Z i Z i i Z i i U i+ ++ ++ ++ += − = + − = − + = += − = + − = − + = += − = + − = − + = += − = + − = − + = +  
ដូចេនះ 1n nU U i++++ = += += += +   ជទំនកទ់ំនងរតូវរក ។ 
 
 
 
 
 
 
 

X-(ពនិទុ២០)រសយថ 
32

3
p

abc
     ≥≥≥≥    
    

 ទញ
7

1 2 3 2 4

3

4

R
R R R

p

6666
≥ ×≥ ×≥ ×≥ ×     

 
 
 
 

A 

O 

b 
c 

R 

R 
R 
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រគប ់ 0 , 0a b> >> >> >> >  េគមន 2( ) 0a b− ≥− ≥− ≥− ≥   សមមូល 

2 (1)a b ab+ ≥+ ≥+ ≥+ ≥  
រសយដូចគន ែដរ 2 2

2 (2)
3 3
p cp

c + ≥+ ≥+ ≥+ ≥   ែដល 2p a b c= + += + += + += + +  

បូកវសិមភព (1) និង (2) េគបន 
2 2

2( )
3 3
p cp

a b c ab+ + + ≥ ++ + + ≥ ++ + + ≥ ++ + + ≥ +  

េដយ 2 2 8
2

3 3 3
p p p

a b c p+ + + = + =+ + + = + =+ + + = + =+ + + = + =   និង 

42 2
2

3 3
cp abcp

ab + ≥+ ≥+ ≥+ ≥  

េគបន 4
8 2

4
3 3
p abcp

≥≥≥≥   សមមលូ 
4

2 2
3 3
p p

abc
     ≥ ×≥ ×≥ ×≥ ×    
    

  េនះ 
32

3
p

abc
     ≥≥≥≥    
    

  ពតិ 

ដូចេនះ 
32

3
p

abc
     ≥≥≥≥    
    

  ។ 
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េគមន ABC OBC OCA OABS S S S= + += + += + += + +   េដយ   
2

1

2 2

2 3

,
4 4

,
4 4

ABC OBC

OAC OAB

abc aR
S S

R R

bR cR
S S

R R


= == == == =



 = == == == =


 

េនះ    
2 2 2

1 2 34 4 4 4
abc aR bR cR

R R R R
= + += + += + += + +  ឬ  

2

1 2 3

abc a b c
R

R R R R

    
= + += + += + += + +    

    
 

តមវសិមភព AM GM−−−−  េគមន 
3

1 2 3 1 2 3

3
a b c abc

R R R R R R
+ + ≥+ + ≥+ + ≥+ + ≥  

េគទញ 2 3

1 2 3

3
abc abc

R
R R R R

≥≥≥≥  សមមលូ 
3

3 6
3

1 2 3

( )
3 .

abc abc
R

R R RR
≥≥≥≥  

សមមូល 
3 9

1 2 3

3 R
abc

R R R
≥≥≥≥   េដយ 

32
3
p

abc
     ≥≥≥≥    
    

  (សរមយ

ខងេល) 

េគទញ 
3 3 9

1 2 3

2 3
3
p R

R R R
     ≥≥≥≥    
    

  សមមលូ 
6 6 3 9

6
1 2 3

2 3

3

p R

R R R
≥≥≥≥  េនះ 

9 9

1 2 3 6 6

3

2

R
R R R

p
≥≥≥≥  
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េដមបរីសយថ  
7

1 2 3 2 4

3

4

R
R R R

p

6666
≥ ×≥ ×≥ ×≥ ×    េយងរតូវបងហ ញថ 

9 9 6 7

6 6 2 4

3 3

2 4

R R

p p
≥ ×≥ ×≥ ×≥ ×  ពតិ 

សមមូល 
2 2

2 3

2

3

R

p
≥≥≥≥   េនះ 3 3

2
p

R
≤≤≤≤  ។  

តមរទឹសតីបទកូសីុនូសេគមន 2
sin sin sin

a b c
R

A B C
= = == = == = == = =  

េគទញបន 2
sin sin sin

2 2
a b c p p

A B C
R R R

+ ++ ++ ++ +
+ + = = =+ + = = =+ + = = =+ + = = =   

តងអនុគមន ៍ f  កំណតេ់ដយ ( ) sin , (0, )f x x x ππππ= ∈= ∈= ∈= ∈  
េគមន '( ) cosf x x====   និង ''( ) sin 0 (0, )f x x x ππππ= − < ∀ ∈= − < ∀ ∈= − < ∀ ∈= − < ∀ ∈  
េនះ f  ជអនុគមនេ៍ប៉ងេល 
ចេនល ះ (0, )ππππ  ។ តមរទឹសតីបទ Jensen  ចំេពះរគប ់

, , (0, )A B C ππππ∈∈∈∈  េគបន ៖ 
3 3

( ) ( ) ( ) 3 ( ) 3
3 3 2

A B C
f A f B f C f f

ππππ+ ++ ++ ++ +     + + ≥ = =+ + ≥ = =+ + ≥ = =+ + ≥ = =    
    

 

េនះេគទញ   3 3
sin sin sin

2
A B C+ + ≤+ + ≤+ + ≤+ + ≤   សមមូល 

3 3
2

p

R
≤≤≤≤   ពតិ ។ 

ដូចេនះ 
7

1 2 3 2 4

3

4

R
R R R

p

6666
≥ ×≥ ×≥ ×≥ ×    ។ 
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រេបៀបទី២ 
តង  1 2 3, , ,S S S S  ជៃផទរកលៃនរតេីកណ 

, , ,ABC OBC OAC OAB  េរៀងគន  ។ 
េគមន 1 2 3S S S S= + += + += + += + +   តមវសិមភពមធយមនពវនតនិងមធយម
ធរណីមរតេគបន  

3
1 2 3 1 2 33S S S S S S+ + ≥+ + ≥+ + ≥+ + ≥   េនះ 

3 3
1 2 3

1 2 3. . (1)
3 27

S S S S
S S S

+ ++ ++ ++ +    ≤ =≤ =≤ =≤ =    
    

 

េដយ 
2 2 2

1 2 3
1 2 3

, , ,
4 4 4 4
abc aR bR cR

S S S S
R R R R

= = = == = = == = = == = = =  េនះ (1) 

អចសរេសរជ ៖ 
2 2 2 3

3 3
1 2 3

1 ( )
4 4 4 27 4

aR bR cR abc

R R R R
× × ≤ ×× × ≤ ×× × ≤ ×× × ≤ ×   នឲំយ 

29 7
7

1 2 3 2 2

27 27 4 27
(2)

16 16( )

R R R
R R R R

abcabc S

    ≥ = × = ×≥ = × = ×≥ = × = ×≥ = × = ×    
    

 

  
តមរបូមនតេហរ ៉ងុ ( )( )( )S p p a p b p c= − − −= − − −= − − −= − − −  េនះ 

2

( )( )( )
S

p a p b p c
p

− − − =− − − =− − − =− − − =  

តមវសិមភពមធយមនពវនត និង មធយមធរណីមរតេគបន ៖ 
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2
33( ) ( ) ( ) 3 ( )( )( ) 3

S
p a p b p c p a p b p c

p
− + − + − ≥ − − − =− + − + − ≥ − − − =− + − + − ≥ − − − =− + − + − ≥ − − − =  

ឬ 
2

33 ( ) 3 2 3
S

p a b c p p p
p

− + + = − = ≥− + + = − = ≥− + + = − = ≥− + + = − = ≥    

េនះ 
4

2 (3)
27
p

S ≤≤≤≤  

តម (2) នងិ (3) េគទញ 
6 7

7
1 2 3 4 2 4

27 27 3
.

16 4

R
R R R R

p p
≥ × × =≥ × × =≥ × × =≥ × × =    

ដូចេនះ 
7

1 2 3 2 4

3

4

R
R R R

p

6666
≥ ×≥ ×≥ ×≥ ×    ។ 

សមគ ល់ ៖ 

េគមន 3 3
sin sin sin

2
p

A B C
R

+ + = ≤+ + = ≤+ + = ≤+ + = ≤   េនះ  2

3 3

R

p
≥≥≥≥  ឬ 

4 4

4 6

2

3

R

p
≥≥≥≥   េដយ 

7 6 4 6 4
3 3 3

1 2 3 2 4 2 4 2 6

3 3 3 2

4 4 4 3

R R
R R R R R R

p p

6666
≥ × = × × ≥ × × =≥ × = × × ≥ × × =≥ × = × × ≥ × × =≥ × = × × ≥ × × =    

ដូចេនះ 3
1 2 3 (*)R R R R× × ≥× × ≥× × ≥× × ≥  

តមវសិមភពមធយមនពវនត និង មធយមធរណីមរតេគមន 
1 2 3 3

1 2 33

R R R
R R R R

+ ++ ++ ++ +
≥ ≥≥ ≥≥ ≥≥ ≥  

ដូចេនះ 1 2 3 3 (**)R R R R+ + ≥+ + ≥+ + ≥+ + ≥  
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