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CMBUkTI01         tk;viTüa 
1-sMeNI 
 niymn&y 
- sMeNI KWCaGMN¼GMNagTaMgLayNaEdleKGacseRmcfaBit  
¦k¾ minBit . 
- eKtageQµa¼énsMeNIedayGkßr ....,s,r,q,p  . 
- ebI pCasMeNIBitena¼pmantémøPaBBitesµInwg 1 KW t¿ 1)p( ====  
- ebI pCasMeNIminBitena¼pmantémøPaBBitesµInwg0KW t¿ 0)p( ====  
2-Qñab́tk;viTüa 
 k¿Qñab́nig )( ∧∧∧∧  
- eKkMnt́sresr qp ∧∧∧∧  Ganfa p nig q 
- sMeNI qp ∧∧∧∧  BitEtkñúgkrNIsMeNI p nig q Bit 
x¿Qñab́¦ )( ∨∨∨∨  
- eKkMnt́sresr qp ∨∨∨∨  Ganfa p ¦ q 
- sMeNI qp∀∀∀∀  minBitEtkñúgkrNIsMeNI p nig q minBitTaMgBIr 
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K¿Qñab́mig )(  
- eKkMnt́sresr p Ganfa minp  
- sMeNI p nig sMeNI p mantémøPaBBitxusKña . 
X¿Qñab́naM[ )(⇒⇒⇒⇒  
- eKkMnt́sresr qp ⇒⇒⇒⇒  Ganfa p naM[ q 
- sMeNI qp ⇒⇒⇒⇒  minBitEtkñúgkrNIsMeNI p Bit nig q minBit 
 eRkABIen¼vaCasMeNIBit . 
 � p CalkçxNÐRKb´RKańedIm,I[ q .  
 � q CalkçxNÐcaMác´edIm,I[ p . 
g¿Qñab́smmUl )( ⇔⇔⇔⇔  
- eKkMnt́sresr qp ⇔⇔⇔⇔  Ganfa p smmUl q 
- sMeNI qp ⇔⇔⇔⇔  BitEtkñúgkrNIEdlsMeNI p  nigsMeNI q  
 mantémøPaBbitdUcKña . 
 � p CalkçxNÐcaMác´ nigRKb́RKańedIm,I[ q . 
- CaTUeTA )pq()qp(qp ⇒⇒⇒⇒∧∧∧∧⇒⇒⇒⇒====⇔⇔⇔⇔   
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3-RbePTénsRmaybBa¢aḱ 
 k¿ sRmaybBa¢aḱedaypÞaĺ 
RbePTénsRmaybBa¢aḱen¼KWCakarRsaybBa¢aḱRtǵ@eTAtamGIVEdl 
eKcǵán . 
 x¿ sRmaybBa¢aḱtamsMeNIpÞúyBIsmµtikmµ 
 rebobeda¼Rsay 
 «bmafa eKcǵbgHajsMeNI qp ⇒⇒⇒⇒  Bit 
- CMh‘anTI1 RtUvkMnt´sMeNI p nig sMeNI q [ánRtwmRtUv. 
- CMh‘anTI2 RtUvkMnt´sMeNI p nigsMeNI q . 
- CMh‘anTI3 eKepþImBI q bBa©aḱrhUteKánsMeNI p EdlCa 
sMeNIpÞúyBIsmµtikmµ KWmann&yfaeKánbgHajfa pq ⇒⇒⇒⇒ Bit 
dUcen¼eKánsMeNI qp ⇒⇒⇒⇒  Bit . 

 K¿ sRmaybBa¢aḱpÞúyBIkarBit 
 rebobeda¼Rsay 
 - CMh‘anTI1  tag p CasMeNIEdlRtUvbgHaj . 
- CMh‘anTI2  RtUvkMnt´sMeNI p . 
- CMh‘anTI3 «bmafasMeNI p Bit rYcbkRsaybnþbnÞab´rhUt 



RbCMurUbmnþKNitviTüa 
 
 

  

- 4 - 

dl´ánlTæplpÞúyBIRTwsþIKNitviTüa .  
eKánsMeNI p minBit .  
dUcen¼sMeNI p Bit (eRBa¼témøPaBBitrvagsMeNI p nig p 
mantémøpÞúyKña ) . 

 X¿ sRmaybBa¢aḱtameTVlkçxNÐ 
  rebobeda¼Rsay 
- CMh‘anTI1  bgHajlkçxNÐcaMác´ qp ⇒⇒⇒⇒  
- CMh‘anTI2  bgHajlkçxNÐRKb´RKań pq ⇒⇒⇒⇒   
g¿ sRmaybBa¢aḱtam«TahrN_pÞúj 

  viFIen¼tRmUv[eKrk«TahrN_mYymkbBa¢aḱfasMeNIEdlRtUvbgHaj 
    CasMeNIminBit . 
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CMBUkTI02          

sMNMu 
� sMNMu KWCabNþúMénvtSú EdlkMnt´edaylkçxNÐCak´laḱ . 
� cMnYnFatuénsMNMu A  tageday )A(n  . 
� sMNMuTeT KWCasMNMuEdlKµanFatuesa¼ ehIytageday φφφφ . 
� karkMnt́sMNMumanBIrrebob ½ kMnt́tamkarerobrab´eQµa¼Fatu 
  nig kMnt́tamlkçN¼rYménFatu . 
� sMNMurab´Gs´CasMNMuEdlmancMnYnFatuCacMnYnkMnt´ . sMNMu 
  GnnþCasMNMuEdlmancMnYnFatueRcInrab́minGs´ . 
� sMNMuesµIKñakalNasMNMuTaMgBIrmanbBa¢IeQµa¼FatudUcKña . 
�  A  CasMNMurgén B lu¼RtaEtRKb́ Ax∈∈∈∈  ena¼ Bx ∈∈∈∈  
� ebI A  CasMNMurgén B ena¼ )B(n)A(n ≤≤≤≤  . 
� ebI A  CasMNMurgpÞal´én B ena¼ )B(n)A(n <<<<  . 
� sMNMusklKWCasMNMuEdlmanRKb´FatuEdleKáneRCIserIs 
   ykmksikßa . 
� sMNMurgbMeBj }Ux,Ax/x{A ∈∈∈∈∈∈∈∈====  
� sMNMuRbsBV Ax{BA ∈∈∈∈====∩∩∩∩  nig }Bx∈∈∈∈  
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� sMNMuRbCMu Ax{BA ∈∈∈∈====∪∪∪∪   ¦  }Bx ∈∈∈∈  
� sMNMu A  nig B CasMNMudaćKñalu¼RtaEt φφφφ====∩∩∩∩ BA  . 
� cMeBa¼RKb́sMNMu A  nigsMNMuskl U  eKán ½ 
   UAA,AA ====∪∪∪∪φφφφ====∩∩∩∩   . 
� ebI A  nig B CasMNMurab´Gs´ena¼eKánrUbmnþ ½ 
   )BA(n)B(n)A(n)BA(n ∩∩∩∩−−−−++++====∪∪∪∪  
� lkçN¼ DeMogan  ½ 
   BABA;BABA ∪∪∪∪====∩∩∩∩∩∩∩∩====∪∪∪∪  
� lkçN¼pþMú 
 

  
C)BA()CB(A/2

C)BA()CB(A/1

∪∪∪∪∪∪∪∪====∪∪∪∪∪∪∪∪
∩∩∩∩∩∩∩∩====∩∩∩∩∩∩∩∩   

� lkçN¼bMEbk 
 

  
)CA()BA()CB(A/2

)CA()BA()CB(A/1

∪∪∪∪∩∩∩∩∪∪∪∪====∩∩∩∩∪∪∪∪
∩∩∩∩∪∪∪∪∩∩∩∩====∪∪∪∪∩∩∩∩  
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CMBUkTI03          

cMnYn BhuFa RbBn&æráb́ 
 
1¿ cMnYn 
� bnÞat́cMnYn 
            Kl´ 
EpñkGviC¢man           EpñkviC¢man 
 

 
 

� lkçN¼éntémødaćxat 
  a|a|. ====    ebI 0a ≥≥≥≥   
   a|a|. −−−−====   ebI 0a <<<<  
� sMNMucMnYnKt́FmµCati }.....,3,2,1{IN ====  
� sMNMucMnYnKt́rWLaTIhV }...,2,1,0,1,2,...{Z −−−−−−−−====  
� cMnYnsniTanmanTRmǵ 

n
m  Edl m nig n CacMnYnKt́rILaTIb 

� sMNMucMnYnsniTantageday Q 

O E   cMnucÉkta 
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� RKb́cMnYnBitviC¢man a nig b eKán baba <<<<⇔⇔⇔⇔<<<<  
� cMeBa¼ ba >>>>  nig 0b >>>>  eKán ½ 

  
b
a

b
a

)a(a,b.aab 22

====

========
 

� TRmǵBnøaténRbB&næráb´eKal 10 manrag 
  d10c10b10aabcd 23

10 ++++××××++++××××++++××××====   
� TRmǵBnøaténRbB&næráb´eKal 2 manrag 
 d2c2b2aabcd 23

2 ++++××××++++××××++++××××====  
2¿ ÉkFa nig BhuFa 
� ÉkFaKWCakenßamEdlRbmaNviFIelIGefrmanEtviFIKuN nig 
 sV&yKuNEdlmanniTsßnþKt́viC¢man ¦ sUnü . 
� ÉkFadUcKña KWCaÉkFaEdlmanEpñkGefrdUcKña . 
� dWeRkénÉkFa CaplbUkniTsßnþrbs´GefrnImYy@énÉkFa . 
� BhuFa CaplbUkéneRcInÉkFaxus@Kña . 
� dWeRkénBhuFa KWCadWeRkrbs´tYEdlmandWeRkx<s´CageK . 
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3¿ RbmaNviFIelI BhuFa 
� edIm,IbUk ¦ dkBIrBhuFa eKRtUvbUk ¦ dkÉkFaEdldUcKña . 
� edIm,IKuNBhuFa nig BhuFaeKyktYnImYy@énBhuFaTImYyKuN 
 RKb´tYénBhuFaTIBIr rYceFIVRbmaNviFI . 
4¿ rUbmnþ 
 1¿ 222 bab2a)ba( ++++++++====++++  
 2¿ 222 bab2a)ba( ++++−−−−====−−−−  
 3¿ 22 ba)ba)(ba( −−−−====++++−−−−  
 4¿ ca2bc2ab2cba)cba( 2222 ++++++++++++++++++++====++++++++  
 5¿ 32233 bab3ba3a)ba( ++++++++++++====++++  
 6¿ 32233 bab3ba3a)ba( −−−−++++−−−−====−−−−  
 7¿ 3322 ba)baba)(ba( −−−−====++++−−−−++++  
 8¿ 3322 ba)baba)(ba( ++++====++++++++−−−−  
 9¿ )dcx)(bax(bdx)bcad(acx2 ++++++++====++++++++++++  
5¿ RbmaNviFIEckBhuFa 
� «bmafaeKmankenßamBIr A  nig B EdlmanGefrdUcKña 
ehIymandWeRkerogKña m nig n . ebI nm ≥≥≥≥  eKGacrkkenßam 
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BICKNitBIr Q nig R  Edl RQBA ++++××××====  . 
dWeRkén R  tUcCagdWeRkén B . Q CaplEck ehIy R  Ca 
sMNl´énkñúgviFIEck . plEck Q mandWeRk nm −−−−  . 
� ebI 0R ====  eKán QBA ××××====  ena¼eKfa A  Eckdac´nwg B 
6¿ tYEckrYmFMbMput nig BhuKuNrYmtUcbMput 
� tYEckrYmFMbMputénkenßam A  nig B KWCaplKuNktþarYmEdl 
 manniTsßnþtUcCageK . 
� BhuKuNrYmtUcbMput KWCaplKuNRKb´ktþarYmEdlmanniTsßnþ 
 FMCageK . 
7¿ viFan 
� edIm,IKNnatYEckrYmFMbMput ½ 
 1-daḱCplKuNktþa RKb́tYTaMgGs´ 
 2-eRCIserIsykEtktþarYmEdlmanniTsßnþtUcCageK. 
 3-tYEckrYmFMbMput CaplKuNénktþarYmTaMgena¼ . 
� edIm,IKNnatYEckrYmtUcbMput ½ 
 1-daḱCplKuNktþa RKb́tYTaMgGs´ 
 2-eRCIserIsykEtktþaminrYm nig kþarYmEdlmanniTsßn 
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   FMCageK. 
 3-BhuKuNrYmtUcbMput CaplKuNénktþaTaMgena¼ . 
8¿ RbmaNviFIbUk ¦ dkkenßamRbPaK 
  

C
B

C
B

C
A ++++ΑΑΑΑ====++++   nig 

C
BA

C
B

C
A −−−−====−−−−  

 Edl 0C ≠≠≠≠   . 
9¿ viFan 
� edIm,IeFIV viFIbUk ¦ dkkenßamRbPaKeKRtUv ½ 
 1-tRmUvRbPaKnImYy@[manPaKEbgrYmdUcKña 
 2-eFIVRbmaNviFIbUk ¦ dkEtPaKyk rkßaTukPaKEbgrYm  
 3-sRmYllTæpl 
10¿ RbmaNviFIKuN nig RbmaNviFIEck 
 

DB
CA

D
C

B
A

××××
××××====××××   nig 

CB
DA

D
C

B
A

××××
××××====÷÷÷÷  

 Edl D,C,B  xusBIsUnü . 
11¿ viFan 
� daḱPaKyk nig PaKEbgénkenßamTaMgGs´CaplKuNktþa 
� sRmYlkenßamRbPaKnImYy@ 
� eFIVRbmaNviFIKuN ¦ viFIEcktamrUbmnþxagelI . 
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CMBUkTI04          

smIkar nig vismIkar 
1-smIkardWeRkTIBIrmanmYyGBaØat 
 k-niymn&y 
smIkarEdlmanragTUeTA 0cbxax2 ====++++++++  ehAfasmIkardWeRkTIBIr 
manmYyGBaØatEdl x  CaGBaØat ehIyelxemKuN  c,b,a  CacMnYnefr 
 nig 0a ≠≠≠≠  . 
x-dMeNa¼RsaysmIkardWeRkTIBIr 
snµtfaeKmansmIkar 0a,0cbxax2 ≠≠≠≠====++++++++  
DIsRKImINg;smIkar ac4b2 −−−−====∆∆∆∆  
-ebI 0>>>>∆∆∆∆  smIkarmanb¤sBIrCacMnYnBitepSgKñaKW ³ 
 

a2
b

x;
a2

b
x 21

∆∆∆∆−−−−−−−−====∆∆∆∆++++−−−−====  

-ebI 0====∆∆∆∆  smIkarmanb¤sDúb 
a2

b
xx 21 −−−−========  

-ebI 0<<<<∆∆∆∆  smIkarmanb¤sBIrepSgKñaCacMnYnkMupøicqøas;Kña ³ 
 

a2
ib

x;
a2
ib

x 21
∆∆∆∆−−−−−−−−−−−−====∆∆∆∆−−−−++++−−−−====  
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K-TMnaḱTMng…s nig elxemKuN 
ebI αααα  nig ββββ  Cab¤srbs;smIkar 0a,0cbxax2 ≠≠≠≠====++++++++  enaHeKman ³ 
-plbUkb¤s 

a
b

S −−−−====ββββ++++αααα====  

-plKuNb¤s 
a
c

.P ====ββββαααα====  
X-muFaKNna…sénsmIkardWeRkTIBIrgay 
]bmafaeKmansmIkardWeRkTIBIr 0a,0cbxax2 ≠≠≠≠====++++++++  
-ebI 0cba ====++++++++  smIkarmanb¤s 

a
c

x;1x 21 ========  

-ebI cab ++++====  smIkarmanb¤s 
a
c

x,1x 21 −−−−====−−−−====  
g-rUbmnþdaḱCaplKuNktþa 
ebI αααα  nig ββββ  Cab¤srbs;smIkar 0a,0cbxax2 ≠≠≠≠====++++++++  enaHeK)an  ³ 

)x)(x(acbxax2 ββββ−−−−αααα−−−−====++++++++   . 
c-beg›ItsmIkardWeRkTIBIr 
ebIeKdwgplbUk S====ββββ++++αααα  nig plKuN P====αβαβαβαβ  enaH αααα  nig ββββ   
Cab¤ssmIkardWeRkTIBIr 0PSxx2 ====++++−−−−   . 
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2-vismPaB 
k-lkçN£vismPaB 
!> cMeBaHRKb;cMnYnBit c,b,a  ebI ba >>>>  enaHeK)an cbca ++++>>>>++++  
   b¤ cbca −−−−>>>>−−−−   . 
@> cMeBaHRKb;cMnYnBit c,b,a  eKman ³ 
-ebI ba >>>>  nig 0c >>>>  enaH bcac>>>>  
-ebI ba >>>>  nig 0c <<<<  enaH bcac<<<<  
x-vismPaBmFümnBVnþ nig mFümFrNImaRt 
 cMeBaHRKb;cMnYnBit 0a ≥≥≥≥  nig  0b ≥≥≥≥   eKman ³ 
 ab

2
ba ≥≥≥≥++++  .  

 vismPaBenHkøayCasmPaBluHRtaEt ba ====  . 
3-vismIkartémødaćxat 
 ebI 0>>>>αααα  enaHeK)an ³ 
 !> ⇔⇔⇔⇔αααα<<<<++++ |bax|  αααα<<<<++++ bax  nig αααα−−−−>>>>++++ bax  
 @> ⇔⇔⇔⇔αααα>>>>++++ |bax|  αααα>>>>++++ bax  b¤ αααα−−−−<<<<++++ bax  
 #> αααα±±±±====++++⇔⇔⇔⇔αααα====++++ bax|bax|  
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4-sBaØarbśeTVFadWeRkTImYy 
 cMeBaHeTVFa bax)x(f ++++====   man 

a
b

x −−−−====  Cab¤s eKkMNt;sBaØaeTVFaenH 
eTAtamsBaØarbs; a  dUctaragxageRkam ³ 

x  ∞∞∞∞−−−−              
a
b−−−−                   ∞∞∞∞++++  

bax)x(f ++++====    sBaØapÞúyBI a  sBaØadUc a  

5-sBaØarbśRtIFadWeRkTIBIr 
 cMeBaHRtIFa cbxax)x(f 2 ++++++++====  manb¤sBIr αααα  nig ββββ  Edl ββββ<<<<αααα   . 
 

x  ∞∞∞∞−−−−                 αααα                    ββββ            ∞∞∞∞++++  
cbxax)x(f 2 ++++++++====  sBaØadUc a  sBaØapÞúyBI a  sBaØadUc a  

 
6-cemøIyvismIkardWeRkTIBIr 
  -krNI 0>>>>∆∆∆∆  nig 0a >>>>  man…s )(, ββββ<<<<ααααββββαααα  
      k> 0cbxax2 >>>>++++++++  mancemøIy ββββ>>>>αααα<<<< x,x   . 
      x> 0cbxax2 <<<<++++++++  mancemøIy ββββ<<<<<<<<αααα x    . 
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIy   ββββ≥≥≥≥αααα≤≤≤≤ x,x    . 
      X> 0cbxax2 ≤≤≤≤++++++++  mancemøIy ββββ≤≤≤≤≤≤≤≤αααα x   . 
  -krNI 0====∆∆∆∆  nig 0a >>>>  man…sDúb  



RbCMurUbmnþKNitviTüa 
 
 

  

- 16 - 

      k> 0cbxax2 >>>>++++++++  mancemøIyRKb;cMnYnBitelIkElgEt 
a2

b
x −−−−====  

      x> 0cbxax2 <<<<++++++++  KµancemøIy .  
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      X> 0cbxax2 ≤≤≤≤++++++++  mancemøIy 

a2
b

x −−−−====  . 
-krNI 0<<<<∆∆∆∆  nig 0a >>>>  man…sCacMnYnkMupøic 
      k> 0cbxax2 >>>>++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      x> 0cbxax2 <<<<++++++++  KµancemøIy . 
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      X> 0cbxax2 ≤≤≤≤++++++++  KµancemøIy . 
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CMBUkTI05          

sIVúténcMnYnBit 
I - sIVútnBVnþ nig sIVútFrNImaRt 
 1-sIVútcMnYnBit 

 sIVúténcMnYnBitKWCaGnuKmn_elxEdlkMnt;BIsMNMu IN  eTAsMNMu IR  .  
 eKkMnt;sresrsIVútmYyeday )U( n  b¤ INnn )U( ∈∈∈∈  Edl )n(fUn ====   
 2> Gef rP aBénsIVút 
 k-sIVútekIn 
 eKfasIVút )U( n CasIVútekInelI IN  kalNaRKb; INn∈∈∈∈   
 eKman n1n UU >>>>++++   
 x-sIVútcuH 
 eKfasIVút )U( n CasIVútcuHelI IN  kalNaRKb; INn∈∈∈∈   
 eKman n1n UU <<<<++++   
 K-sIVútm:UNUtUn 
 eKfasIVút )U( n CasIVútm:UNUtUnkalNavaCasIVútekInCanic© b¤ CasIVút 
 cuHCanic© . 
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3 > sIVútTal; 
k-sIVútTal;elI 
eKfasIVút )U( n CasIVútTal;elIkalNamancMnYnBit  M  EdlbMeBj 
lkç½xN½Ð  MU:INn n ≤≤≤≤∈∈∈∈∀∀∀∀    . 
x-sIVútTal;eRkam 
eKfasIVút )U( n  CasIVútTal;eRkamkalNamancMnYnBit m  Edl  
cMeBaH  mU:INn n ≥≥≥≥∈∈∈∈∀∀∀∀  . 
K-sIVútTal; 
eKfasIVút )U( n  CasIVútTal;kalNavaCasIVút Tal;elIpg nigTal; 
eRkampg   . 
4> sIVútxYb 
eKfasIVút )U( n  CasIVútxYbEdlmanxYbesµI p  kalNa  
cMeBaH  *INp,UU:INn npn ∈∈∈∈====∈∈∈∈∀∀∀∀ ++++ . 
2-sIVútnBVnþ 
-sIVútnBVnþ KWCasIVúténcMnYnBitEdlmantYnImYy² ¬ eRkABItYTImYy ¦  
esµInwgtYmunbnÞab;bUkcMnYnefr d  mYyehAfaplsgrYm b¤ ersugénsIVút 
rUbmnþplsgrYm  nn uud −−−−==== ++++1   . 
-tYTI n  énsIVútnBVnþ dnuun )1(1 −−−−++++====  
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-plbUk n  tYdMbUgénsIVútnBVnþ  

   (((( ))))∑∑∑∑
====

++++====++++++++++++++++========
n

k
nkn

uun
uuuuuS

1

21
321 2

)(
...  

3-sIVútFrNImaRt 
-sIVútFrNImaRt KWCasIVúténcMnYnBitEdlmantYnImYy² ¬eRkABItYTImYy¦  
  esµInwgtYmunbnÞab;KuNnwgcMnYnefr q  mYyEdlxusBIsUnü .  
  cMnYnefr q ehAfapleFobrYm b¤ ersugénsIVút . 
  rUbmnþpleFobrYm  

n

n
u

u
q 1++++====   . 

-tYTI n  énsIVútFrNImaRt  1
1

−−−−××××==== n
n quu  

-plbUk n  tYdMbUgénsIVútFrNImaRt  

  (((( ))))∑∑∑∑
==== −−−−

−−−−====++++++++++++++++========
n

k

n

nkn q
q

uuuuuuS
1

1321 1
1

...  

4-rUbmnþplbUksIVútnBVnþmanlMdab́x<s´ 

     

(((( ))))

(((( ))))

(((( ))))
4

)1(
...321/3

6
)12)(1(

...321/2

2
)1(

...321/1

22

1

33333

1

22222

1

++++====++++++++++++++++====

++++++++====++++++++++++++++====

++++====++++++++++++++++====

∑∑∑∑

∑∑∑∑

∑∑∑∑

====

====

====

nn
nk

nnn
nk

nn
nk

n

k

n

k

n

k
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II-rebobKNnaplbUktYénsIVútepßg@ 
1-nimµitsBaØa ∑∑∑∑ sRmab́plbUkénsIVút 
plbUk n  tYdMbUgénsIVút nuuuu ,....,,, 321  kMnt;tageday ³ 

(((( )))) n

n

k
kn uuuuuS ++++++++++++++++======== ∑∑∑∑

====
.....321

1

 

2-lkçN£plbUktYénsIVút 
1> (((( )))) λλλλλλλλλλλλλλλλλλλλλλλλ n

n

k

====++++++++++++++++====∑∑∑∑
====

.....
1

 

2> (((( )))) (((( ))))∑∑∑∑∑∑∑∑
========

====
n

k
k

n

k
k uu

11

λλλλλλλλ       ¬ λλλλ  CacMnYnefr ¦ 

3> (((( )))) (((( )))) (((( )))) (((( ))))∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑
================

−−−−++++====−−−−++++
n

k
k

n

k
k

n

k
k

n

k
kkk wvuwvu

1111

 

4> (((( )))) (((( )))) (((( )))) (((( ))))∑∑∑∑∑∑∑∑ ∑∑∑∑ ∑∑∑∑
======== ==== ====

++++++++====++++
n

k
k

n

k

n

k

n

k
kkkkk vvuuvu

1

2

1 1 1

22 2  

3-rebobKNnaplbUksIVútEdlmanTRmǵ ½ 
pppp

n nS ++++++++++++++++==== .....321   Edl ...;3;2;1====p  
edIm,IKNnaplbUkenHeKRtUvGnuvtþn_tamCMhanxageRkam ³ 
-KNna pp nn −−−−++++ ++++1)1(  
-[témø nn ;....;3;2;1====   
-eFIVviFIbUk . 
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4-rebobKNnaplbUksIVútEdlmanTRmǵ ½ 

1433221

1
.....

111

++++

++++++++++++++++====
nn

n aaaaaaaa
S    
Edl daa nn ====−−−−++++1  efr ehIy 0≠≠≠≠d  . 
edIm,IKNnaplbUkenHeKRtUv ³ 
-bEmøgtY 








−−−−====−−−−====

++++++++

++++

++++ 11

1

1

111
.

11

nnnn

nn

nn aadaa
aa

daa
 

-[témø nn ;....;3;2;1====   
-eFIVviFIbUk 
5-rebobKNnaplbUksIVútEdlmanTRmǵ ½ 

21543432321

1
.....

111

++++++++

++++++++++++++++====
nnn

n aaaaaaaaaaaa
S    
Edl daa nn ====−−−−++++2  efr ehIy 0≠≠≠≠d  . 
 edIm,IKNnaplbUkenHeKRtUv ³ 
-bEmøgtY 








−−−−====−−−−====

++++++++++++++++++++

++++

++++++++ 21121

2

21

111
.

11

nnnnnnn

nn

nnn aaaadaaa
aa

daaa
 

-[témø nn ;....;3;2;1====   
-eFIVviFIbUk 
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6-rebobKNnaplbUksIVútEdlmanTRmǵ ½ 

nnn babababaS ++++++++++++++++==== ......332211    
Edl )( na  CasIVútnBVnþmanplsgrYm d  nig )( nb  CasIVútFrNImaRmanersug q  . 
 edIm,IKNnaplbUkenHeKRtUvKNna nn SqS −−−−  rYcTajrk nS  . 
7-sMKaĺ 
eK[ (((( )))) n

n

k
kn uuuuuS ++++++++++++++++======== ∑∑∑∑

====
....321

1

   
edIm,IKNnaplbUkxagelIenHeKRtUv ³ 
-sresrtY  ku  Carag kkk ttu −−−−==== ++++1   b¤ 1++++−−−−==== kkk ttu  ¬ ebIGac ¦ 
-krNIeKGacsresr kkk ttu −−−−==== ++++1   enaHeK)an ³ 
  (((( )))) (((( )))) 11

1
1

1

ttttuS n

n

k
kk

n

k
kn −−−−====−−−−======== ++++

====
++++

====
∑∑∑∑∑∑∑∑  

-krNIeKGacsresr 1++++−−−−==== kkk ttu   enaHeK)an ³ 
  (((( )))) (((( )))) 11

1
1

1
++++

====
++++

====
−−−−====−−−−======== ∑∑∑∑∑∑∑∑ n

n

k
kk

n

k
kn ttttuS  
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III-rebobkMnt́tYTI ntamplsgtYénsIVút 
1-plsgtYlMdab́TImYy ½ 
-eKmansIVút (((( )))) nn aaaaa ;.....;;;: 321   
ehIy .....;;; 343232121 aabaabaab −−−−====−−−−====−−−−==== ena¼eKfasIVút 
(((( )))) nn bbbbb ;....;;;: 321 CaplsgtYlMdab´TImYyénsIVút(((( ))))na . 
-rUbmnþKNnatY na  
eKman nnn aab −−−−==== ++++1  
eKán (((( )))) )(

1

1
1

1

1
∑∑∑∑∑∑∑∑

−−−−

====
++++

−−−−

====
−−−−====

n

k
kk

n

k
k aab  

eday )(...)()()( 12312

1

1
1 −−−−

−−−−

====
++++ −−−−++++++++−−−−++++−−−−====−−−−∑∑∑∑ nn

n

k
kk aaaaaaaa  

              1aan −−−−====  
eKán (((( )))) 1

1

1

aab n

n

k
k −−−−====∑∑∑∑

−−−−

====
 

dUcen¼ ∑∑∑∑
−−−−

====
++++====

1

1
1 )(

n

k
kn baa   . 

2-plsgtYlMdab́TIBIr ½ 
-eKmansIVút (((( )))) nn aaaaa ;.....;;;: 321  ehIy  

nnn aabaabaabaab −−−−====−−−−====−−−−====−−−−==== ++++1343232121 .....;;;;  
(((( )))) nn bbbbb ;....;;;: 321  CaplsgtYlMdab´TImYyénsIVút (((( ))))na  
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-rUbmnþKNnatY na KW  ∑∑∑∑
−−−−

====
++++====

1

1
1 )(

n

k
kn baa   . 

-sIVút ( )nc  CaplsglMdab´TIBIrénsIVút )( na  KWCaplsg 
lMdab´TImYyénsIVút )( nb Edl ...,3,2,1;1 ====−−−−==== ++++ nbbc nnn  
rUbmnþKNnatYTI n KW (((( )))) 2;

1

1
1 ≥≥≥≥++++==== ∑∑∑∑

−−−−

====
nccb

n

i
in  . 

IV-vicarGnumanrYmKNitviTüa 
 niymn&y ½ 
 )(nP  CasMeNIEdlTak;TgnwgcMnYnKt; n  
edIm,IRsaybBa¢ak;fa )(nP BitcMeBaHRKb; *INn ∈∈∈∈ eKRtUv ³ 
!> epÞógpÞat;fa )(nP  BitcMeBaH 1====n  
@> ]bmafa )(nP BitcMeBaHtémø n  
#> RsaybBa¢ak;fa )(nP  BitnaM[)an )1( ++++nP Bit 
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IV-rebobKNnatYTUeTAénsIVúttamTMnaḱTMngkMeNIn 
1-krNIs:aĺTMnaḱTMngkMeNIn buau nn ++++====++++1   
ebIeKs:al´fa )( nu  CasIVúténcMnYnBitehIyepÞógpÞat´ 
TMnak´TMngkMeNIn buau nn ++++====++++1 cMeBa¼RKb´ *INn ∈∈∈∈   
nigmantY αααα====1u  ( 0,1|| ≠≠≠≠≠≠≠≠ aa  ) . 
edIm,IkMnt´rktY nu  eKRtUvBicarNadUcxageRkam ½ 
� rk¦ssmIkar brar ++++====  (ehAfasmIkarsMKal´énsVúIt) 
� tagsIVútCMnYy ruV nn −−−−====  rYcRtUvbgHajfa )( nV   
    CasIVútFrNImaRt . 
� rk[eXIjnUvtY nV  bnÞab´mkeKTaj rVu nn ++++====  . 
2-krNIs:aĺTMnaḱTMngkMeNIn nnn buuau ++++==== ++++++++ 12  
ebIeKs:al´fa )( nu CasIVúténcMnYnBitehIyepÞógpÞat´ 
TMnak´TMngkMeNIn nnn ubuau ++++==== ++++++++ 12 cMeBa¼RKb´ *INn ∈∈∈∈   
nigmantY ββββαααα ======== 21 , uu   
edIm,IkMnt´rktY nu  eKRtUvBicarNasmIkar brar ++++====2   
¦ 0.:)( 2 ====−−−−−−−− brarE  ( ehAfasmIkarsMKal´énsVúIten¼ )  
eKRtUvsikßakrNIepßg@dUcxageRkam ½ 
� ebI 042 >>>>++++====∆∆∆∆ ba   



RbCMurUbmnþKNitviTüa 
 
 

  

- 26 - 

smIkarsMKal´ )(E man¦sBIrepßgKñaCacMnYnBit 1r  nig 2r  .  
 kñúgkrNIen¼edIm,IKNna nu  eyIgRtUvGnuvtþn_dUcxageRkam ½ 
 -tagsIVútCMnYyBIrKW  
   nnn urux 11 −−−−==== ++++  nig nnn uruy 21 −−−−==== ++++  
 -rkRbePTénsIVút )( nx  nig )( ny   
   rYcKNna nx  nig ny  CaGnuKmn_én n . 
  «bmafaeKán )(nfxn ====  nig )(ngyn ====  
 -eyIgánRbB&næsmIkar 





====−−−−
====−−−−

++++

++++
)(

)(

21

11

nguru

nfuru

nn

nn  

 -eda¼Rsayrk nu  eKTTYlán 
12

)()(
rr

ngnf
un −−−−

−−−−====  . 

� ebI 042 ====++++====∆∆∆∆ ba   
 smIkarsMKal´ )(E man¦sDub 021 rrr ========  
 kñúgkrNIen¼edIm,IKNna nu  eyIgRtUvGnuvtþn_dUcxageRkam ½ 
 -tagsIVútCMnYy nnn uruV 01 −−−−==== ++++  rYcrkRbePTénsIVút )( nV  
 nigKNna nV  CaGnuKmn_én n . «bmafa )(nfVn ====  . 
 -eKTajánsmIkar )(01 nfuru nn ====−−−−++++   
  rYcRtUvbMElgCaTRmg´ ½ 
  

1
00

1
0

1 )(
++++++++

++++ ====−−−−
nn

n
n
n

r

nf

r

u

r

u  ( EcksmIkarnwg 1
0

++++nr  ) 
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 -Taj[án 











++++==== ∑∑∑∑

−−−−

====
++++

1

1
1

00

1
0 ]

)(
[

n

k
k

n
n

r

kf
r
u

ru   . 

� ebI 042 <<<<++++====∆∆∆∆ ba   
 smIkarsMKal´ )E( man¦sBIrCacMnYnkMupøicqñas´Kña 
 KW IRqpqiprqipr ∈∈∈∈−−−−====++++==== ,,.,. 21  . 
 kñúgkrNIen¼edIm,IKNna nu  eyIgRtUvGnuvtþn_dUcxageRkam ½ 
 -tagsIVútCMnYy nnn uqipuZ ).(1 ++++−−−−==== ++++  rYcRtUvRsayfa  
 )( nZ CasIVútFrNImaRténcMnYnkMupøic .  
 rUcKNna nZ CaGnuKmn_én n . 
 -«bmafa *,,;. INnIRBABiAZ nnnnn ∈∈∈∈∈∈∈∈++++====  . 
 -eKánsmIkar nnnn BiAuiqpu .)(1 ++++====++++−−−−++++  
 -Taj[ánfa 

q
B

u n
n −−−−====   . 

3-krNIs:aĺTMnaḱTMngkMeNIn cbuuau nnn ++++++++==== ++++++++ 12   
ebIeKs:al´fa )( nu  CasIVúténcMnYnBitehIyepÞógpÞat´ 
TMnak´TMngkMeNIn nnn ubuau ++++==== ++++++++ 12 cMeBa¼RKb´ *INn ∈∈∈∈   
nigmantY ββββαααα ======== 21 , uu   . 
edIm,IkMnt´rktY nu  eKRtUvGnuvtþn_dUcxageRkam ½ 
� tagsIVútCMnYy λλλλ++++==== nn uw  
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� eKán λλλλλλλλλλλλ −−−−====−−−−====−−−−==== ++++++++++++++++ 2211 ,, nnnnnn wuwuwu  
� yk 21 ,, ++++++++ nnn uuu CMnYskñúg cbuuau nnn ++++++++==== ++++++++ 12  
   eKánsmIkar ½ 
  

cbawbwaw

cwbwaw

nnn

nnn

++++−−−−−−−−++++++++====
++++−−−−++++−−−−====−−−−

++++++++

++++++++
λλλλ

λλλλλλλλλλλλ
)1(

)()(

12

12  

�RtUv[ 0)1( ====++++−−−−−−−− cba λλλλ  eKTaján 
1−−−−++++

====
ba
cλλλλ   

    ( Edl 1≠≠≠≠++++ ba )  . 
� kñúgkrNIen¼eKánTMnak´TMngkMeNIn  
    nnn wbwaw ++++==== ++++++++ 12   
� eda¼RsayrktY nw tamviFIsaRsþEdlánsikßarYcehIy 
    xagelI bnÞab´mkTajrktY 

1−−−−++++
−−−−====−−−−====

ba
c

wwu nnn λλλλ    
 
 
 
 

CMBUkTI06         GnuKmn_RtIekaNmaRt 
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1¿ TMnaḱTMngRKw¼ 
 !> 1cossin 22 ====θθθθ++++θθθθ  $> 1cot.tan ====θθθθθθθθ   
 @> 

θθθθ
θθθθ====θθθθ

cos
sin

tan   %> 
θθθθ

====θθθθ++++ 2
2

cos
1

tan1  

 #> 
θθθθ
θθθθ====θθθθ

sin
cos

cot  ^> 
θθθθ

====θθθθ++++ 2
2

sin
1

cot1  

 

2¿ rUbmnþplbUk nig pldk 
 !> acosbsinbcosasin)basin( −−−−====++++  
 @> bsinasinbcosacos)bacos( −−−−====++++  
 #> 

btanatan1
btanatan

)batan(
−−−−

++++====++++  
 $> acosbsinbcosasin)basin( −−−−====−−−−  
 %> bsinasinbcosacos)bacos( ++++====−−−−  
 ^> 

btanatan1
btanatan

)batan(
++++

−−−−====−−−−  
3¿ rUmnþmMuDub 
 !> acosasin2a2sin ====  
 @> asin11acos2asinacosa2cos 2222 −−−−====−−−−====−−−−====  

 #> 
atan1

atan2
a2tan 2−−−−

====               $> 
acot2

1acot
a2cot

2 −−−−====  
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4¿ rUbmnþknø¼mMu 
 !> 

2
acos1

2
a

sin2 −−−−====  

 @> 
2

acos1
2
a

cos2 ++++====  

 #> 
acos1
acos1

2
a

tan2

++++
−−−−====  

5¿ kenßam xtan,xcos,xsin  CaGnuKmn_én 
2
x

tant ====  

 !> 2t1
t2

xsin
++++

====  

 @>  2

2

t1
t1

xcos
++++
−−−−====  

 #> 2

2

t1
t1

xtan
++++
−−−−====  

6¿ kenßam a3tan,a3cos,a3sin  
 !> asin4asin3a3sin 3−−−−====  

 @> acos3acos4a3cos 3 −−−−====        #> 
atan31

atanatan3
a3tan 2

3

−−−−
−−−−====  

7¿ rUbmnþbMElgBIplKuNeTAplbUk 
 !> ])bacos()bacos([

2
1

bcosacos −−−−++++++++====  

 @> ])bacos()bacos([
2
1

bsinasin ++++−−−−−−−−====  
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 #> ])basin()basin([
2
1

bcosasin −−−−++++++++====  

 $> ])basin()basin([
2
1

acosbsin −−−−−−−−++++====  

6¿ rUbmnþbMElgBIplbUkeTAplKuN 
 !> 

2
qp

cos
2

qp
cos2qcospcos

−−−−++++====++++  

 @> 
2

qp
sin

2
qp

sin2qcospcos
−−−−++++−−−−====−−−−  

 #> 
2

qp
cos

2
qp

sin2qsinpsin
−−−−++++====++++  

 $> 
2

qp
cos

2
qp

sin2qsinpsin
++++−−−−====−−−−  

 %> 
qcospcos
)qpsin(

qtanptan
++++====++++  

 ^> 
qcospcos
)qpsin(

qtanptan
−−−−====−−−−  

 &> 
qsinpsin
)qpsin(

qcotpcot
++++====++++  

 *> 
qsinpsin
)pqsin(

qcotpcot
−−−−====−−−−  

7¿ smIkarRtIekaNmaRt 
 !> smIkar vsinusin ====  mancemøIy  

         




∈∈∈∈ππππ++++−−−−ππππ====
ππππ++++====

Zk,k2vu

k2vu  
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 @> smIkar vcosucos ====  mancemøIy  

         




∈∈∈∈ππππ++++−−−−====
ππππ++++====

Zk,k2vu

k2vu  

 #> smIkar vtanutan ====  mancemøIy ππππ++++==== kvu  
8¿ rUbmnþbEmøgFñÚEdlKYkt́sMKaĺ 

 !> 















θθθθ====θθθθ−−−−ππππ

θθθθ====θθθθ−−−−ππππ

θθθθ====θθθθ−−−−ππππ

cot)
2

(tan

sin)
2

(cos

cos)
2

(sin

      @> 








θθθθ−−−−====θθθθ−−−−ππππ
θθθθ−−−−====θθθθ−−−−ππππ

θθθθ====θθθθ−−−−ππππ

tan)(tan

cos)(cos

sin)(sin

 

 #> 















θθθθ−−−−====θθθθ++++ππππ

θθθθ−−−−====θθθθ++++ππππ

θθθθ====θθθθ++++ππππ

cot)
2

(tan

sin)
2

(cos

cos)
2

(sin

 

  $> 








θθθθ====θθθθ++++ππππ
θθθθ−−−−====θθθθ++++ππππ
θθθθ−−−−====θθθθ++++ππππ

tan)(tan

cos)(cos

sin)(sin

 

  %> 








∈∈∈∈∀∀∀∀θθθθ====ππππ++++θθθθ
θθθθ====ππππ++++θθθθ
θθθθ====ππππ++++θθθθ

Zk,tan)k(tan

cos)k2(cos

sin)k2(sin
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9¿ RkahVikGnuKmn_RtIekaNmaRt 
!> ExßekagGnuKmn_ xsiny ====  
 
 

    

  

 

 

 

 
@>  ExßekagGnuKmn_ xcosy ====  
 
    

 

 

 

 

2 3 4 5 6 7 8 9 10-1-2-3-4

2

3

4

-1

-2

0 1

1

x

y

2 3 4 5 6 7 8 9 10-1-2-3-4

2

3

4

-1

-2

0 1

1

x

y
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2 3 4 5 6 7-1-2-3-4

2

3

4

-1

-2

0 1

1

x

y

2 3 4 5 6 7 8 9-1-2-3

2

3

4

-1

-2

-3

-4

0 1

1

x

y

#> ExßekagGnuKmn_ xtany ====  

 

    

 

 

 

 

 
 

 
 $> ExßekagGnuKmn_ xcoty ====  
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CMBUkTI07          

GnuKmn_Gics,¨ÚNg´Esül nig GnuKmn_elakarIt 
1-អនុគមន៍អចសបណ៉ងែ់សយលិ ូ  

 ����អនុគមន៍អិចសប៉ណង់ែសយលូ  ជអនុគមន៍កំនត់ 

េដយ xa)x(fy ========   ែដល IRx ∈∈∈∈  និង a ជចំនួនពិត 

វជជមន និងខុសពី ិ 1 ។ 

 ����រកបៃនអនុគមន៍អិចសបូ៉ណង់ែសយល 

     
 
 
 
 
 
 
 
 
 
 

 

2 3-1-2

2

3

0 1

1

x

y

)1a(,ay:)C( x >>>>====  



RbCMurUbmnþKNitviTüa 
 
 

  

- 36 - 

 
 
 
 
 
 
 
 
 
 
 
 
����ចំេពះរគប់ចំនួនពិត 0a >>>>  និង 1a ≠≠≠≠  េគបន 

 1/  kxaa kx ====⇔⇔⇔⇔====  

 2/  )x(g)x(faa )x(g)x(f ====⇔⇔⇔⇔====  

 
 
 
 

2 3 4-1-2

2

3

0 1

1

x

y

)1a0(,ay:)C( x <<<<<<<<====  
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2-អនុគមន៍េលករតី 

 ����េបេគមន xay ====  េនះ ylogx a====   
ែដល 0a,0y >>>>>>>> និង 1a ≠≠≠≠  ។  
េគថ xa)x(f ====  មនអនុគមន៍រចស់ xlog)x(f a

1 ====−−−−  ។ 

ដូចេនះ xlogy a====  េហថអនុគមន៍េលករតីៃន x  

មនេគល a  ។ 

����លកខណះៃនេលករតី 

រគប់ចំនួនពិតវជជមន ិ x  និង y  , 1a,0a ≠≠≠≠>>>> េគមន 

 1/ ylogxlog)xy(log aaa ++++====     

 2/ ylogxlog
y
x

log aaa −−−−====







 

 3/ xlognxlog a
n

a ====         

 4/ 
alog

1
xlog

x
a ====  

 5/ 1aloga ====                     

 6/ 01loga ====  

 7/ ba bloga ====  
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����រកបៃនអនុគមន៍េលករតី 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

2 3 4-1

2

-1

0 1

1

x

y

2 3 4-1

2

3

-1

0 1

1

x

y

1a,xlogy a >>>>====  

1a0,xlogy a <<<<<<<<====  
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CMBUkTI08       

lImIt nig PaBCab́énGnuKmn_ 
1-lImIténGnuKmn_RtǵcMnYnkMNt́ 
 ���� niymn½yniymn½yniymn½yniymn½y  ³  
  GnuKmn_  f  manlImItesµI L  kalNa x  xitCit aebIRKb; 
 cMnYn 0>>>>εεεε  mancMnYn 0>>>>δδδδ  Edl δδδδ<<<<−−−−<<<< |ax|0  naM[ 
 εεεε<<<<−−−− |L)x(f|  . eKsresr ³   L)x(flim

ax
====

→→→→
  . 

    ����niymn½yniymn½yniymn½yniymn½y  ³  
  eKfaGnuKmn_  f  xiteTA ∞∞∞∞++++  b¤ ∞∞∞∞−−−−  kalNa xxiteTACit  
 a ebIcMeBaHRKb;cMnYn 0M >>>>  man 0>>>>δδδδ   Edl 
 δδδδ<<<<−−−−<<<< |ax|0   naM[ M)x(f >>>>   b¤ M)x(f −−−−<<<<   . 
 eKsresr +∞+∞+∞+∞====

→→→→
)x(flim

ax
  b¤ −∞−∞−∞−∞====

→→→→
)x(flim

ax
  . 

2-lImIténGnuKmn_RtǵGnnþ 
���� eKfaGnuKmn_ f  manlImItesµI L  kalNa x  eTACit ∞∞∞∞++++  
 b¤ ∞∞∞∞−−−−  ebIcMeBaHRKb;cMnYn 0>>>>εεεε  eKGacrk 0N >>>>  Edl Nx >>>>  
 b¤ Nx −−−−<<<<  naM[ εεεε<<<<−−−− |L)x(f|  . 
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 eKsresr L)x(flim
x

====
+∞+∞+∞+∞→→→→

  b¤  L)x(flim
x

====
−∞−∞−∞−∞→→→→

  . 
���� eKfaGnuKmn_ f  manlImIt ∞∞∞∞++++  kalNa x  eTACit ∞∞∞∞++++  
 ebIcMeBaHRKb;cMnYn 0M >>>>  eKman 0N >>>>  Edl Nx >>>>   naM[  
 M)x(f >>>>  .eKsresr +∞+∞+∞+∞====

+∞+∞+∞+∞→→→→
)x(flim

x
  . 

���� eKfaGnuKmn_ f  manlImIt ∞∞∞∞++++  kalNa x  eTACit ∞∞∞∞−−−−  
 ebIcMeBaHRKb;cMnYn 0M >>>>  eKman 0N >>>>  Edl Nx −−−−<<<<   naM[  
 M)x(f >>>>  .eKsresr +∞+∞+∞+∞====

−∞−∞−∞−∞→→→→
)x(flim

x
  . 

3-RbmaNviFIelIlImIt 
 ebI M)x(glim;L)x(flim

axax
========

→→→→→→→→
  nig N)x(hlim

ax
====

→→→→
 

 Edl N;M;L   CacMnYnBitenaHeK)an ³ 
 [[[[ ]]]] ML)x(g)x(flim/1

ax
±±±±====±±±±

→→→→
 ¬  a  CacMnYnkMNt; b¤Gnnþ  ¦   

 

[[[[ ]]]]
[[[[ ]]]] [[[[ ]]]]

[[[[ ]]]]

0M;
M
L

)x(g
)x(f

lim/5

N.M.L)x(h).x(g).x(flim/4

)x(flimk)x(fklim/3

NML)x(h)x(g)x(flim/2

ax

ax

axax

ax

≠≠≠≠====








====

====

−−−−++++====−−−−++++

→→→→

→→→→

→→→→→→→→

→→→→

 

 [[[[ ]]]] nn

ax
L)x(flim/6 ====

→→→→
  Edl n  CacMnYnKt;FmµCatiminsUnü . 
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4-lImIténGnuKmn_GsniTan 
 (((( )))) nn

ax
axlim/1 ====

→→→→
  cMeBaH 0a ≥≥≥≥   nig INn ∈∈∈∈  

 (((( )))) nn

ax
axlim/2 ====

→→→→
  cMeBaH 0a <<<<   nig nCacMnYnKt;ess 

 [[[[ ]]]] [[[[ ]]]] n
n

ax

n

ax
L)x(flim)x(flim/3 ========

→→→→→→→→
 

 ebI 0L ≥≥≥≥   nig nCacMnYnKt;KU b¤  0L <<<<  nig nCacMnYnKt;ess. 
5-lImIténGnuKmn_bNþaḱ 
 ebI f  nig g CaGnuKmn_Edlman L)]x(g[lim

ax
====

→→→→
 

 nig  )L(f)x(flim
Lx

====
→→→→

  enaH  [[[[ ]]]] )L(f)x(gflim
ax

====
→→→→

  . 
6-lImIttamkareRbobeFob 
���� ebIeKmanGnuKmn_ g;f  nigcMnYnBit A  Edl +∞+∞+∞+∞====

+∞+∞+∞+∞→→→→
)x(glim

x
 

 nig  )x(g)x(f ≥≥≥≥  cMeBaHRKb; Ax ≥≥≥≥  enaH −∞−∞−∞−∞====
+∞+∞+∞+∞→→→→

)x(flim
x

 . 
���� ebIeKmanGnuKmn_ g;f  nigcMnYnBit A  Edl +∞+∞+∞+∞====

+∞+∞+∞+∞→→→→
)x(glim

x
 

 nig  )x(g)x(f ≤≤≤≤  cMeBaHRKb; Ax ≥≥≥≥  enaH −∞−∞−∞−∞====
+∞+∞+∞+∞→→→→

)x(flim
x

 . 
���� ebIeKmanGnuKmn_ h;g;f  nigcMnYnBit A  Edl  
   λλλλ========

+∞+∞+∞+∞→→→→+∞+∞+∞+∞→→→→
)x(hlim)x(glim

xx
 nig  )x(h)x(f)x(g ≤≤≤≤≤≤≤≤   

cMeBaHRKb; Ax ≥≥≥≥  enaH λλλλ====
+∞+∞+∞+∞→→→→

)x(flim
x

 . 
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���� ebIeKmanGnuKmn_ g;f  nigcMnYnBit A  Edl λλλλ====
+∞+∞+∞+∞→→→→

)x(flim
x

 
    ')x(glim

x
λλλλ====

+∞+∞+∞+∞→→→→
 nig  )x(g)x(f ≤≤≤≤  cMeBaHRKb; Ax ≥≥≥≥  

  enaH 'λλλλ≤≤≤≤λλλλ  . 
7-lImItragminkMnt́ 
���� lImItEdlmanragminkMntlImItEdlmanragminkMntlImItEdlmanragminkMntlImItEdlmanragminkMnt; 

0
0 

   viFan  viFan  viFan  viFan  edIm,IKNnalImItEdlmanragminkMnt; 
0
0 eKRtUvbMEbk 

PaKyk nig PaKEbgCaplKuNktþa ehIysRmYlktþarYm rYcKNna 
lImIténkenSamfµI . 
���� lImItEdlmanragminkMntlImItEdlmanragminkMntlImItEdlmanragminkMntlImItEdlmanragminkMnt; 

∞∞∞∞
∞∞∞∞  

   viFan  viFan  viFan  viFan  edIm,IKNnalImItEdlmanragminkMnt; 
∞∞∞∞
∞∞∞∞  eKRtUvdak;tY 

 EdlmandWeRkFMCageKenAPaKyk nig PaKEbgCaplKuNktþa  
 ehIysRmYlktþarYm rYcKNnalImIténkenSamfµI . 
���� lImItEdlmanragminkMntlImItEdlmanragminkMntlImItEdlmanragminkMntlImItEdlmanragminkMnt; ∞∞∞∞−−−−∞∞∞∞++++   
   viFan  viFan  viFan  viFan  edIm,IKNnalImItEdlmanragminkMnt; ∞∞∞∞−−−−∞∞∞∞++++   eKRtUv 
 dak;tYEdlmandWeRkFMCageKenAPaKyk nig PaKEbgCaplKuN 
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 énktþa ehIysRmYlktþarYm rYcKNnalImIténkenSamfµI . 
8-lImIténGnuKmn_RtIekaNmaRt 
 -ebI a CacMnYnBitsßienAkñúgEdnkMnt;énGnuKmn_RtIekaNmaRtEdl 
   [enaHeK)an  acosxcoslim;asinxsinlim

axax
========

→→→→→→→→
 

   nig  atanxtanlim
ax

====
→→→→

  . 
 -viFan  ebI x  Cargjvas;mMu b¤FñÚKitCar:adüg;enaHeK)an 
   1

x
xsin

lim
0x

====
→→→→

   nig  0
x

xcos1
lim

0x
====−−−−

→→→→
  . 

9-lImIténGnuKmn_Giucs,: ÚNǵEsül 

 

)0n(0
e
x

lim/5

)0n(
x
e

lim/4

x
e

lim/3

0elim/2

elim/1

x

n

x

n

x

x

x

x

x

x

x

x

>>>>====

>>>>+∞+∞+∞+∞====

+∞+∞+∞+∞====

====

+∞+∞+∞+∞====

+∞+∞+∞+∞→→→→

+∞+∞+∞+∞→→→→

+∞+∞+∞+∞→→→→

−∞−∞−∞−∞→→→→

+∞+∞+∞+∞→→→→
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10-lImIténGnuKmn_elakarItenEB 

 

0xlnxlim/6

)0n(0
x

xln
lim/5

0xlnxlim/4

0
x
xln

lim/3

xlnlim/2

xlnlim/1

n

0x

nx

0x

x

0x

x

====

>>>>====

====

====

−∞−∞−∞−∞====

+∞+∞+∞+∞====

++++

++++

→→→→

+∞+∞+∞+∞→→→→

→→→→

+∞+∞+∞+∞→→→→

→→→→

+∞+∞+∞+∞→→→→

 

11-lImItsIVút nig es‘rI 
� RbmaNviFIelIlImIt 
 eKmansVIút )a( n  nig )b( n  Edlman Malim n

n
====

+∞+∞+∞+∞→→→→
 

 nig Nblim n
n

====
+∞+∞+∞+∞→→→→

  eK)an 
 k> M.kkalim n

n
====

+∞+∞+∞+∞→→→→
 

 x> NM)ba(lim,NM)ba(lim nn
n

nn
n

−−−−====−−−−++++====++++
+∞+∞+∞+∞→→→→+∞+∞+∞+∞→→→→

 
 K> N.M)ba(lim nn

n
====

+∞+∞+∞+∞→→→→
 

 ebI 0N ≠≠≠≠  enaH 
N
M

b
a

lim
n

n

n
====

+∞+∞+∞+∞→→→→
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� lImItsVIútFrNImaRtGnnþ 
 k>ebI 1r >>>>  enaH +∞+∞+∞+∞====

+∞+∞+∞+∞→→→→

n

n
rlim  ehIy nr CasVIúútrIkeTArk ∞∞∞∞++++  

 x>ebI 1r ====  enaH )r( n  CasIVútefrehIy 1rlim n

n
====

+∞+∞+∞+∞→→→→
  . 

 K>ebI 0r ====  enaH )r( n  CasIVútefrehIy 0rlim n

n
====

+∞+∞+∞+∞→→→→
  . 

 X>ebI 1r −−−−≤≤≤≤  enaHsIVú )r( n  CasIVútqøas;ehIykalNa +∞+∞+∞+∞→→→→n  
   eKminGackMNt;lImItén )r( n  )aneT . 
� sVIútFrNImaRtGnnþEdlrYm ³ sVIút )r( n  smmUl 1r1 ≤≤≤≤≤≤≤≤−−−−  
� es‘rIrYm nig es‘rIrIk ³ 
 k-ebIes‘rI ∑∑∑∑

∞∞∞∞

====1n
n )a(  Caes‘rIrYmenaH 0alim n

n
====

+∞+∞+∞+∞→→→→
 

 x-ebIsIVút )a( n  minrYmrk 0 eTenaH ∑∑∑∑
∞∞∞∞

====1n
n )a(  Caes‘rIrIk . 

� PaBrYmnigrIkénes‘rIFrNImaRtGnnþ ³ 
 RKb;es‘rIFrNImaRtGnnþ ...ar....ararara 1n32 ++++++++++++++++++++++++ −−−−  
 Edl 0a ≠≠≠≠  Caes‘rIrYm b¤ rIkeTAtamkrNIdUcxageRkam ³ 
 k-ebI 1|r| <<<<  enaHes‘rIrYmeTArk 

r1
a
−−−−

 . 
 x-ebI 1|r| ≥≥≥≥  enaHes‘rIrIk . 
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12-PaBCab́énGnuKmn_RtǵmYycMnuc 
 ���� niymn½yniymn½yniymn½yniymn½y  ³  
  GnuKmn_  )x(fy ====  Cab;Rtg;cMnuc cx ====  kalNa f  bMeBj 
 lkçxNÐTaMgbIdUcxageRkam 
 !- f  kMNt;cMeBaH cx ====  
 @- f  manlImItkalNa cx →→→→  
 #- )c(f)x(flim

cx
====

→→→→
 

13-lkçN³énGnuKmn_Cab́ 
    ebI f  nig g CaGnuKmn_Cab;Rtg; cx ====  enaHeK)an 
 1> )x(g)x(f ±±±±  CaGnuKmn_Cab;Rtg; cx ====  
 2> )x(g).x(f   CaGnuKmn_Cab;Rtg; cx ====  
 3> 

)x(g
)x(f   CaGnuKmn_Cab;Rtg; cx ====   Edl 0)c(g ≠≠≠≠   . 

14-PaBCab́elIcenøa¼ 
 ���� niymn½yniymn½yniymn½yniymn½y  ³  
 -GnuKmn_ f  Cab;elIcenøaHebIk )b,a(  luHRtaEt f  Cab;cMeBaH 
 RKb;témø x  éncenøaHebIenaH . 
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 -GnuKmn_ f  Cab;elIcenøaHbiT ]b,a[  luHRtaEt f  Cab; elIcenøaH 
 ebIk )b,a( nigmanlImIt )b(f)x(flim;)a(f)x(flim

bxax

========
−−−−++++ →→→→→→→→

 
 ¬GnuKmn_ f  Cab;Rtg; a xagsþaM Cab;Rtg; bxageqVg ¦ 
15-PaBCab́énGnuKmn_bNþaḱ 
 ebIGnuKmn_ g Cab;Rtg; cx ====  nigGnuKmn_ f  Cab;Rtg; )c(g  
 enaHGnuKmn_bNþak; [[[[ ]]]])x(gf)x)(gf( ====�   Cab;Rtg; c  . 
16-Gnuvtþn_ GnuKmn_bnøaytamPaBCab́ 
 ebI f  CaGnuKmn_minkMnt;Rtg; ax ====  nigmanlImIt L)x(flim

ax
====

→→→→
 

 enaHGnuKmn_bnøayén f  tamPaBCab;Rtg; ax ====  kMnt;eday 

 




====

≠≠≠≠
====

axL

ax)x(f
)x(g ebI

ebI  
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17-RTwsþIbTtémøkNþal 
    RTwsþIbT RTwsþIbT RTwsþIbT RTwsþIbT  ³  ebIGnuKmn_ f  Cab;elIcenøaHbiT ]b,a[  nig k   
CacMnYnmYyenAcenøaH )a(f  nig )b(f   enaHmancMnYnBit c  
mYyya:gtickñúgcenøaHbiT ]b,a[   Edl k)c(f ====   . 
 
 
 
 
 

 
 
 
 
 
 

 

a c  b  

k  

)a(f  

)b(f  

)x(fy:)c( ====  

x  

y  

O  



RbCMurUbmnþKNitviTüa 
 
 

  

- 49 - 

CMBUkTI09         

edrIevénGnuKmn_ 
1-edrIevénGnuKmn_Rtǵ 0x  
 ���� niymn½yniymn½yniymn½yniymn½y  ³  
  edrIevénGnuKmn_ )x(fy ====  CalImIt ¬ebIman ¦ énpleFob 
 kMenIn 

x
y

∆∆∆∆
∆∆∆∆   kalNa x∆∆∆∆   xiteTACit 0  . 

 eKkMnt;sresr  
 

h
)x(f)hx(f

lim
xx

)x(f)x(f
lim

x
y

lim'y 00

0h
0

0

xx0x0
0

−−−−++++====
−−−−
−−−−====

∆∆∆∆
∆∆∆∆====

→→→→→→→→→→→→∆∆∆∆
 

2-PaBmanedrIev nig PaBCab́ 
snµtfaGnuKmn_ )x(f kMnt;elIcenøaH I  ehIy 0x  CacMnYnBitenAkñúg 
cenøaH I  nig h  CacMnYnBitminsUnüEdl hx0 ++++  Carbs; I  . 
-cMnYnedrIeveqVgRtg;cMnYn 0x  énGnuKmn_ )x(f kMnt;tageday  
 

h
)x(f)hx(f

lim)x('f 00

0h
0

−−−−++++====
−−−−→→→→

−−−−  . 

-cMnYnedrIevsþaMRtg;cMnYn 0x  énGnuKmn_ )x(f kMnt;tageday  
 

h
)x(f)hx(f

lim)x('f 00

0h
0

−−−−++++====
++++→→→→

++++  . 

-edrIevénGnuKmn_ )x(f  Rtg; 0x   ebIman kMnt;tageday 
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h

)x(f)hx(f
lim)x('f 00

0h
0

−−−−++++====
→→→→

 

ehIy 
h

)x(f)hx(f
lim 00

0h

−−−−++++
→→→→

  mankalNa 

h
)x(f)hx(f

lim
h

)x(f)hx(f
lim 00

0h

00

0h

−−−−++++====
−−−−++++

++++−−−− →→→→→→→→
 . 

3-GnuKmn_edrIev 
    k¿k¿k¿k¿niymnniymnniymnniymn&&&&yyyy    
 -ebIf CaGnuKmn_mYykMnt́elIcenøa¼ I nigmanedrIevRtǵRKb́cMnuc 
 enAkñúgcenøa¼ I  ena¼eKfaGnuKmn_ f manedrIevelIcenøa¼ I  . 
 -GnuKmn_EdlRKb́ Ix ∈∈∈∈  pßMáncMnYnedrIevén f  Rtǵ x ehAfa 
 GnuKmn_edrIevén f  EdleKkMnt́sresr )x('fx:f ֏  . 
 
 
 
  
 
 
 
cMnYnedrIevénGnuKmn_ )x(f  RtǵcMnuc 0x  KWCaemKuNRáb́Tisén 

0 1

1

x

y

( C ) : y = f (x) ( T )

M
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bnÞat́b̈¼nwgExßekag )x(fy:)c( ====  RtǵcMnucmanGab́sIus 0xx ====  
ehIysmIkarbnÞat́b̈¼ena¼kMnt́eday ½ 
 )xx()x('fyy:)T( 000 −−−−====−−−−  . 

 
4-edrIevénGnuKmn_bNþaḱ 
    ebI )u(fy ====   nig )x(gu ====  enaHeK)an 
  'u'y

dx
du

du
dy

dx
dy ××××====××××====   b¤  )x('u)u('f)]x(u[f

dx
d ××××====  

5-rUbmnþedrIevénGnuKmn_ 
   GnuKmn_  edrIev 

!> ky ====  0'y ====  
@> nxy ====  1nxn'y −−−−====  

#> 
x
1

y ====  2x

1
'y −−−−====  

$> xy ====  
x2

1
'y ====  

%> xey ====  xe'y ====  
^> xay ====  alna'y x====  

&> xlny ====  
x
1

'y ====  

*> xsiny ====  xcosy ====  
(> xcosy ====  xsin'y −−−−====  
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!0> xtany ====  xtan1
xcos

1
'y 2

2
++++========  

!!> xcoty ====  )xcot1(
xsin

1
'y 2

2
++++−−−−====−−−−====  

!@> xarcsiny ====  
2x1

1
'y

−−−−
====  

!#> xarccosy ====  
2x1

1
'y

−−−−
−−−−====  

!$> xarctany ====  2x1

1
'y

++++
====  

����    CaTUeTACaTUeTACaTUeTACaTUeTA 
    GnuKmn_   edrIev 
 !> nuy ====   1nu'.u.n'y −−−−====  

 @> uy ====  
u2
'u

'y ====  

 #> v.uy ====  u'vv'u'y ++++====  

 $> 
v
u

y ====  2v

u'vv'u
'y

−−−−====  

 %> ulny ====  
u
'u

'y ====  

 ^> usiny ====  ucos'.u'y ====  
 &> ucosy ====  usin'u'y −−−−====  
 *> uey ====   ue'.u'y ====  
 (> utany ====  )utan1('u'y 2++++====  

 !0> uarcsiny ====  
2u1

'u
'y

−−−−
====  
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 !!> uarccosy ====  
2u1

'u
'y

−−−−
−−−−====  

 !@> uarctany ====  2u1

'u
'y

++++
====  

 !#> Vuy ====  






 ++++====
u
'u

vuln'vu'y V  

6-edrIevlMdab́x<ś 
 ebIGnuKmn_ )x(fy ====  manedrIevbnþbnÞab;dl;lMdab; n   
 enaH )x(fy )n()n( ====   ehAfaedrIevTI n  énGnuKmn_ )x(fy ====  
 ehIy )x(f

dx
d

)x(f )1n()n( −−−−====   . 
7-el,Ónénclna 
 ���� niymn½yniymn½yniymn½yniymn½y  ³  
  el,ÓnénclnamYyenAxN³ t  KW  

dt
dS

)t('S)t(V ========  
 Edl )t(S  Cacm¶ayenAxN³ t   . 
8-sMTu¼énclna 
    sMTuHénclnamYyenAxNH t  KW )t('V

dt
)t(dV

)t(a ========  
 Edl )t(V  Cael,ÓnénclnaenAxN³ t   . 
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9-GnuKmn_GsniTan 
>GnuKmn_ baxy ++++====  Edl 0a ≠≠≠≠  
 EdnkMNt;  ³   GnuKmn_mann½ykalNa 0bax ≥≥≥≥++++  
   -ebI 0a >>>>   enaH 

a
b

x −−−−≥≥≥≥   ehIy ),
a
b

[D ∞∞∞∞++++−−−−====  
   -ebI 0a <<<<   enaH 

a
b

x −−−−≤≤≤≤   ehIy ]
a
b

,(D −−−−−∞−∞−∞−∞====  
    edrIev 

bax2
a

'y
++++

====  
   -ebI 0a <<<<  enaH 0'y <<<<  naM[GnuKmn_cuHCanic©elIEdnkMNt;. 
   -ebI 0a >>>>  enaH 0'y >>>>  naM[GnuKmn_ekInCanic©elIEdnkMNt; . 
>GnuKmn_ cbxaxy 2 ++++++++====  man ac4b2 −−−−====∆∆∆∆  
 �EdnkMNt;  ³   GnuKmn_mann½ykalNa 0cbxax2 ≥≥≥≥++++++++  
-krNI 0a >>>>   
     Rkabén cbxaxy 2 ++++++++====    manGasIumtUteRTtBIrKW 
     k-ebI +∞+∞+∞+∞→→→→x  enaH )

a2
b

x(ay ++++====  CaGasIumtUteRTt  . 
  k-ebI −∞−∞−∞−∞→→→→x  enaH )

a2
b

x(ay ++++−−−−====  CaGasIumtUteRTt 
-krNI 0a <<<<    
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     RkabénGnuKmn_ cbxaxy 2 ++++++++====   KµanGasIumtUteT . 
 �edrIev 

cbxax2

bax2
'y

2 ++++++++
++++====   mansBaØadUc bax2 ++++  

   -ebI 0a <<<<    GnuKmn_manGtibrmamYyRtg; 
a2

b
x −−−−==== . 

   -ebI 0a >>>>    GnuKmn_manGb,brmamYyRtg; 
a2

b
x −−−−==== . 

10-GnuKmn_RtIekaNmaRtcRmu¼ 
>cMNucsMxan;²sRmab;sikSaGnuKmn_RtIekaNmaRt 
 -EdnkMNt; 
 -xYbénHnuKmn_ 
 -PaBKUessénGnuKmn_ 
 -TisedAGefrPaBénGnuKmn_ 
>xYbénGnuKmn_ 
 -xYbénGnuKmn_ )axsin(y ====  KW 

|a|
2ππππ  

 -xYbénGnuKmn_ )axcos(y ====  KW 
|a|

2ππππ  

>PaBKUessénGnuKmn_ 
 -GnuKmn_ )x(f CaGnuKmn_esselI I  kalNa Ix,Ix ∈∈∈∈−−−−∈∈∈∈∀∀∀∀  
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 ehIy )x(f)x(f −−−−====−−−−   . 
 -GnuKmn_ )x(f CaGnuKmn_KUelI I  kalNa Ix,Ix ∈∈∈∈−−−−∈∈∈∈∀∀∀∀  
 ehIy )x(f)x(f ====−−−−   . 
11-RTwsþIbT 
ebImanBIrcMnYnBit m  nig M  EdlcMeBaHRKb;  

M)x('fm:Ix ≤≤≤≤≤≤≤≤∈∈∈∈  enaHRKb;cMnYnBit Ib,a ∈∈∈∈  Edl ba <<<<  
eK)an )ab(M)a(f)b(f)ab(m −−−−≤≤≤≤−−−−≤≤≤≤−−−−   . 
� eK[GnuKmn_ f manedrIevelIcenøaH ]b,a[  . ebImancMnYn M  
 EdlRKb; M|)x('f|:]b,a[x ≤≤≤≤∈∈∈∈  enaHeK)an ³ 

|ab|M|)a(f)b(f| −−−−≤≤≤≤−−−−   . 
� ebIf  CaGnuKmn_Cab;elIcenøaH ]b,a[ manedrIevelI 
cenøaH )b,a(  nig )b(f)a(f ====  enaHmancMnYn )b,a(c∈∈∈∈ mYy 
y:agticEdl 0)c('f ====   . 
� ebIf  CaGnuKmn_Cab;elIcenøaH ]b,a[ manedrIevelI 
cenøaH )b,a(  enaHmancMnYn )b,a(c∈∈∈∈ mYyy:agtic 
Edl

ab
)a(f)b(f

)c('f
−−−−
−−−−====   . 
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CMBUkTI10         GaMgetRkal 
1-GaMgetRkalminkMNt́ 
 � RBImITIv 
 k> niymn&y 
  snµtfa )x(f  CaGnuKmn_kMnt́elIcenøa¼ I  .  
 eKfa )x(F  CaRBImITIvén )x(f  elIcenøa¼ I  kalNa  
 )x(f)x('F ====  RKb́ Ix∈∈∈∈ . 
 «TahrN_1  GnuKmn_ 3x)x(F ====  CaRBImITIvmYyénGnuKmn_  
 2x3)x(f ====  elIcenøa¼ ]]]] [[[[∞∞∞∞++++∞∞∞∞−−−− ,  
 BIeRBa¼  )x(fx3)x('F 2 ========  cMeBa¼RKb́ ]]]] [[[[∞∞∞∞++++∞∞∞∞−−−−∈∈∈∈ ,x   
 «TahrN_2  GnuKmn_ xsin)x(F ====  CaRBImITIvmYyénGnuKmn_  
 xcos)x(f ====  elIcenøa¼ ]]]] [[[[∞∞∞∞++++∞∞∞∞−−−− ,     
 BIeRBa¼  )x(fxcos)x('F ========  cMeBa¼RKb́ ]]]] [[[[∞∞∞∞++++∞∞∞∞−−−−∈∈∈∈ ,x  . 
 «TahrN_3  GnuKmn_ xln)x(F ====  CaRBImITIvmYyénGnuKmn_  
 

x
1

)x(f ====  elIcenøa¼ ]]]] [[[[∞∞∞∞++++,0  
 BIeRBa¼  )x(f

x
1

)x('F ========  cMeBa¼RKb́ ]]]] [[[[∞∞∞∞++++∈∈∈∈ ,0x  . 
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x> RTwsþIbT 
  ebIGnuKmn_ )x(F  nig )x(G  CaRBImITIvénGnuKmn_ )x(f   
elIcenøa¼ I  ena¼eKman  c)x(G)x(F ++++====  cMeBa¼RKb́ Ix∈∈∈∈ . 
Edl c CacMnYnefr . 
� GaMgetRkalminkMnt́ 
 k> niymn&y  ebIGnuKmn_ )x(F  CaRBImITIvénGnuKmn_ )x(f   
ena¼GaMgetRkalminkMnt́énGnuKmn_ )x(f  kMnt́eday  

c)x(Fdx).x(f ++++====∫∫∫∫  Edl c CacMnYnefr . 
 x> RTwsþIbT 
  snµtfa  )x(f  nig )x(g  CaGnuKmn_BIrmanRBImITIvelIcenøa¼rYm  
   I  eKman ½ 

  [[[[ ]]]]
[[[[ ]]]] ∫∫∫∫∫∫∫∫

∫∫∫∫ ∫∫∫∫∫∫∫∫
====

++++====++++

dx.)x(fkdx)x(f.k/b

dx).x(gdx).x(fdx)x(g)x(f/a  

� rUbmnþGaMgetRkalsMxań@ 
 1> ckxdx.k ++++====∫∫∫∫  

 2> 1n,cx.
1n

1
dx.x 1nn −−−−≠≠≠≠++++

++++
==== ++++

∫∫∫∫  

 3> ∫∫∫∫ ++++==== c|x|ln
x

dx
 

 4> c
x
1

x

dx
2

++++−−−−====∫∫∫∫  
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 5> cx2
x

dx ++++====∫∫∫∫  

 6> c|bax|ln
a
1

bax
dx ++++++++====
++++∫∫∫∫  

 7> cbax
a
2

bax
dx ++++++++====

++++∫∫∫∫  

 8> ∫∫∫∫ ++++==== cedxe xx  

 9> ce
a
1

dx.e axax ++++====∫∫∫∫  

 10> ca.
aln

1
dx.a xx ++++====∫∫∫∫  

 11> cxtan
xcos

dx
2

++++====∫∫∫∫  

 12> cxcot
xsin

dx
2

++++−−−−====∫∫∫∫  

 13> ∫∫∫∫ ++++−−−−==== cxcosdx.xsin  

 14> ∫∫∫∫ ++++==== cxsindx.xcos  

 15> ∫∫∫∫ ++++−−−−==== c|xcos|lndx.xtan  

 16> ∫∫∫∫ ++++==== c|xsin|lndx.xcot  

 17> c
ax
ax

ln.
a2
1

ax

dx
22 ++++

++++
−−−−====

−−−−∫∫∫∫  

 18> c
a
x

arctan
a
1

ax

dx
22

++++






====
++++∫∫∫∫  

 19> c|axx|ln
ax

dx 22
22

++++++++++++====
++++

∫∫∫∫  
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 20> c|axx|ln
ax

dx 22
22

++++−−−−++++====
−−−−

∫∫∫∫  

 21> c
a
x

arcsin
xa

dx
22

++++






====
−−−−

∫∫∫∫  

 22> c|axx|ln
2
a

ax
2
x

dx.ax 22
2

2222 ++++++++++++++++++++====++++∫∫∫∫  

 23> c|axx|ln
2
a

ax
2
x

dx.ax 22
2

2222 ++++−−−−++++−−−−−−−−====−−−−∫∫∫∫  

 24> c
a
x

arcsin
2

a
xa

2
x

dx.xa
2

2222 ++++






++++−−−−====−−−−∫∫∫∫  

� viFIbþÚrGefrkñúgGaMgetRkalminkMnt́ 
 1-«bmafaeKmanGaMgetRkal [[[[ ]]]] dx).x('g.)x(gfI ∫∫∫∫====   
 ebIeKtag )x(fu ====  ena¼ dx).x('fdu ====  
 eKán [[[[ ]]]] c)u(Fdu).u(fdx).x('g.)x(gfI ++++============ ∫∫∫∫∫∫∫∫   . 
 2-«bmafaeKmanGaMgetRkal ∫∫∫∫==== dx).x(fI  
 tag )t(x ϕϕϕϕ====  ena¼ dt).t('dx ϕϕϕϕ====  
 eKán [[[[ ]]]] dt).t('.)t(fdx).x(fI ϕϕϕϕϕϕϕϕ======== ∫∫∫∫∫∫∫∫   . 
  
 
 3-rUbmnþRKw¼ 
  k- c)x(P.kdx).x('Pk ++++====∫∫∫∫  
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  x- [[[[ ]]]] 1n,c)x(P.
1n

1
dx).x('P.)x(P 1nn −−−−≠≠≠≠++++

++++
==== ++++

∫∫∫∫  
  K- ∫∫∫∫ ++++==== c|)x(P|lndx.

)x(P
)x('P  

  X- c)x(P2dx.
)x(P
)x('P ++++====∫∫∫∫  

  g- cedx).x('P.e )x(P)x(P ++++====∫∫∫∫  
  c- c

)x(P
1

dx.
)x(P

)x('P
2

++++−−−−====∫∫∫∫  

� GaMgetRkaledayEpñk 
 ebIeKman )x(fu ====   nig  )x(gv ====  eKán ½ 
 ∫∫∫∫∫∫∫∫ −−−−==== du.vv.udv.u   . 
2-GaMgetRkalkMNt́ 
 >niymn½y 
 f CaGnuKmn_Cab;elIcenøaH ]b,a[  . 
GaMgetRkalkMNt;BI a eTA b  én )x(fy ====  kMNt;eday 
 )a(F)b(Fdx).x(f

b

a

−−−−====∫∫∫∫   Edl )x(f)x('F ====   . 

 >épÞRkLaénEpñkbøg; 
-ebIGnuKmn_ )x(fy ====  Cab;elIcenøaH ]b,a[  enaHépÞRkLa 
énEpñkbøg;EdlxNÐedayExSekag  GkS½Gab;sIus bnÞat;Qr  
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bx,ax ========  kMNt;eday ∫∫∫∫====
b

a

dx).x(fS  ebI 0)x(f ≥≥≥≥  

 
 

 
 

 
-ebIGnuKmn_ )x(fy ====  Cab;elIcenøaH ]b,a[  enaHépÞRkLa 
énEpñkbøg;EdlxNÐedayExSekag  GkS½Gab;sIus bnÞat;Qr  

bx,ax ======== kMNt;eday ∫∫∫∫−−−−====
b

a

dx).x(fS  ebI 0)x(f ≤≤≤≤   . 

 
 
 
 

 

 
-ebI f  nig g CaGnuKmn_Cab;elI ]b,a[ enaHeK)anépÞRkLa 
enAcenøaHExSekagtagGnuKmn_TaMgBIrkMNt;eday ³ 

S 

A  

B  

a  b  

y  

x  

)x(fy:C ====

a  b  

A  

B  

S 

x  

y  

)x(fy:)C( ====  
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[[[[ ]]]] dx.)x(g)x(fS
b

a
∫∫∫∫ −−−−====  

Edl )x(g)x(f ≥≥≥≥  RKb; ]b,a[x ∈∈∈∈  . 
 
 
 
 

 
 
3-maDsUlId nig RbEvgFñÚ 
�ebIGnuKmn_ f  viC¢manehIyCab;elIcenøaH ]b,a[  enaHmaDénsUlId 
  brivtþn_)anBIrgVilCMuvijGkS½Gab;sIusénépÞEdlxNÐedayRkabtag 
  GnuKmn_ )x(fy ====  GkS½Gab;sIus  bnÞat;Qr ax ====  nig bx ====  
 kMNt;eday [[[[ ]]]]∑∑∑∑ ∫∫∫∫

====+∞+∞+∞+∞→→→→
ππππ====∆∆∆∆ππππ====

n

1k

2
b

a
k

2

n
dx).x(fx).x(flimV   . 

 �maDénsUlIdbrivtþkMNt;)anBIrgVilCMuvijGkS½ )ox(  énépÞ 
xNÐeday Rkab )x(fy ====  nig )x(gy ====  elIcenøaH ]b,a[  

A
B  

CD  

a b x  

y
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Edl )x(g)x(f ≥≥≥≥  kMNt;eday [[[[ ]]]]∫∫∫∫ −−−−ππππ====
b

a

22 dx.)x(g)x(fV    . 

�GnuKmn_ F  EdlkMNt;elIcenøaH ]b,a[  eday ∫∫∫∫====
x

a

dt).t(f)x(F  

  ehAfaGnuKmn_kMNt;tamGaMgetRkalkMNt; . 
�témømFümén f kMNt;Cab;elI ]b,a[  KW ∫∫∫∫−−−−

====
b

a
m dx).x(f

ab
1

y  

�RbEvgFñÚénRkabtagf elI ]b,a[  KW dx.)x('f1L
b

a

2
∫∫∫∫ ++++====  
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CMBUkTI11          

smIkarDIepr̈g´Esül 
1-smIkarDIepr¨g´EsüllMdab́TI1 
smIkarDIepr:g;EsüllMdab;TI ! manragTUeTA 
> )x(f

dx
dy ====  mancemøIyTUeTA cdx).x(fy ++++==== ∫∫∫∫  

>  )x(f
dx
dy

).y(g ====  mancemøIyTUeTA C)x(F)y(G ++++====  
    Edl ∫∫∫∫==== dy).y(g)y(G   . 
> 0ay'y ====++++  b¤ 0ay

dx
dy ====++++  mancemøIyTUeTA axe.Ay −−−−====  

     Edl A  CacMnYnefr . 
>  )x(pay'y ====++++  mancemøIyTUeTA pe yyy ++++====  Edl ey   
     CacemøIyénsmIkar 0ay'y ====++++  nig py  CacemøIyBiessmYy 
    énsmIkar )x(pay'y ====++++   . 
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2-smIkarDIepr¨g´EsüllMdab́TI2 
k-smIkarDIepr¨g´EsüllIenEG‘lMdab́2 
  niymn½y ³ 
      smIkarDIepr:g;EsüllIenEG‘lMdab;TI2 GUm:UEsn nigman 
emKuNCacMnYnefrCasmIkarEdlGacsresrCaragTUeTA ³] 

0cy'by''ay ====++++++++  Edl IRc,b,a,0a ∈∈∈∈≠≠≠≠  . 
x-dMeNa¼RsaysmIkarDIepr¨g´EsüllMdab́TI2 
 -smIkarsmÁal; 
      smIkarsmÁal;énsmIkarDIepr:g;EsüllIenEG‘lMdab;TI2  
GUm:UEsn  nigmanemKuNCacMnYnefr 0cy'by''ay ====++++++++  
CasmIkardWeRkTIBIr 0cba 2 ====++++λλλλ++++λλλλ Edl IRc,b,a,0a ∈∈∈∈≠≠≠≠   
  -viFIedaHRsaysmIkarDIepr:g;EsüllIenEG‘lMdab;2 
  ]bmafaeKmansmIkarDIepr:g;EsüllIenEG‘lMdab;@dUcxageRkam³ 
      0cy'by''y:)E( ====++++++++   Edl IRc,b ∈∈∈∈   . 
      �smIkar )E(  mansmIkarsmÁal; )1(0cb2 ====++++λλλλ++++λλλλ  
      �KNna c4b2 −−−−====∆∆∆∆  
      -krNI 0>>>>∆∆∆∆  smIkar )1(  manb¤sBIrCacMnYnBitepSgKñaKW  
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αααα====λλλλ1  nig  ββββ====λλλλ 2   enaHsmIkar )E( mancemøIyTUeTA 
CaGnuKmn_rag  xx e.Be.Ay ββββαααα ++++====   
 Edl B,A  CacMnYnefrmYyNak¾)an .  
      -krNI 0====∆∆∆∆  smIkar )1(  manb¤sDúbKW αααα====λλλλ====λλλλ 21  
enaHsmIkar )E( mancemøIyTUeTACaGnuKmn_rag 
         xx e.Be.Axy αααααααα ++++====    
Edl B,A  CacMnYnefrmYyNak¾)an . 
      -krNI 0<<<<∆∆∆∆  smIkar )1(  manb¤sBIrepSgKña 
CacMnYnkMupøicqøas;KñaKW  ββββ++++αααα====λλλλ .i1   nig ββββ−−−−αααα====λλλλ .i2   
 ¬ IR, ∈∈∈∈ββββαααα   ¦enaHsmIkar )E( mancemøIyTUeTACaGnuKmn_rag 
         xe)xsinBxcosA(y ααααββββ++++ββββ====    
        Edl B,A  CacMnYnefrmYyNak¾)an . 
K-dMeNa¼RsaysmIkarDIepr¨g´EsüllMdab́TI2minGUmUEsn 
 ]bmafaeKmansmIkarDIepr:g;EsüllIenEG‘lMdab;TI@minGUm:UEsn 
 )x(Pcy'by''y ====++++++++   Edl 0)x(P ≠≠≠≠   . 
 edIm,IedaHRsaysmIkarenHeKRtUv ³ 
  �EsVgrkcemøIyBiessminGUm:UEsn tageday Py   
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rbs;smIkar )x(Pcy'by''y ====++++++++  Edl Py manTRmg;dUc )x(P  . 
   �rkcemøIyTUeTAtageday cy  énsmIkarlIenEG‘ 
lMdab;TI@GUm:UEsn  0cy'by''y ====++++++++ . 
   �eK)ancemøIyTUeTAénsmIkarDIepr:g;EsüllIenEG‘lMdab;TI@ 
  minGUm:UEsnCaplbUkrvag Py  nig cy  KW CP yyy ++++====   . 
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CMBUkTI12         viucTr&kñúglMh 
១-វុិចទ័រកនងលហំុ  

 ក/ នយមន័យិ  

  អងកត់មនទសិេដ AB  េនកនងលំហេហថវចទ័រុ ុ ិ  

កនងលំហែដលមន ុ A  ជគលន់ិង B ជចង។ុ  

  េគកំនត់សរេសរេដយ 
→→→→
AB   ។ 

 ខ/ កូអរេដេនៃនវុិចទ័រកនងលហំុ  

  កនងលំុ ហរបកបេដយតរមុយ )k,j,i,O(
→→→→→→→→→→→→

 ចំេពះ 

រគប់ចំនច ុ P មនរតីធត ុ )c,b,a(  ែតមួយគត់ែដល 

→→→→→→→→→→→→→→→→→→→→
++++++++======== k.cj.bi.aOPU  ។  រតីធត ុ )c,b,a(  េហថ 

កូអរេដេនៃនចំនច ុ P ែដលេគសរេសរ )c,b,a(P  ។ 

២-ផលគុណសក ែលៃនវុិចទ័រកនងលហំុ  

 ក/ នយមន័យិ  

 
 
 

 
θθθθ  

→→→→
u  

O  

→→→→
v  
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-  ផលគណសក ែលៃនពីរវចទ័រ ុ ុ ិ
→→→→
u  និង 

→→→→
v  គឺជចំននួពិត 

 កំនត់េដយ  θθθθ====
→→→→→→→→→→→→→→→→

cos|v|.|u|v.u   ។ 

 ( θθθθ   ជមំរវងវចទរ័ ុ ុ ិ
→→→→
u  និង 

→→→→
v   ) 

-  េប  0u ====
→→→→

 ឬ 0v ====
→→→→

  េនះ 0v.u ====
→→→→→→→→

  ។ 

 ខ/េគល នង តរមយុអរតណូរម៉ល់ិ  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 េគេហេគលអរតូណរមល៉់ៃនវចទ័រ គឺរគប់រតធីតុ ុិ  

 )k,j,i(
→→→→→→→→→→→→

 ែដល  1|k||j||i| ============
→→→→→→→→→→→→

 

   និង 0i.kk.jj.i ============
→→→→→→→→→→→→→→→→→→→→→→→→

  ។ 

o 

→→→→
k  

→→→→
j  

→→→→
i  

x  

y  

z  
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គ/ រទសតបទឹ ី  
កនងេគលអរតណូរមល៉់ៃនលហំុ ផលគណសក ែលរវងុ  

ពីរវចទ័រ ុ ិ )z,y,x(u 111====
→→→→

  និង  )z,y,x(v 222====
→→→→

 គឺជចំនួន 

ពិតកំនត់េដយ  212121 zzyyxxv.u ++++++++====
→→→→→→→→

   ។ 

 ឃ/ កូរូែល 

 -ពីរវចទ័រ ុ ិ )z,y,x(u 111====
→→→→

  និង  )z,y,x(v 222====
→→→→

 

អរតូកូណលគ់ន លះរតតែត ុ 0v.u ====
→→→→→→→→

 បនន័យថ 

212121 zzyyxxvu ++++++++⇔⇔⇔⇔⊥⊥⊥⊥
→→→→→→→→    ។ 

 -សក ែល និង ណមៃនវចទ័រ ុ ិ )c,b,a(u ====
→→→→

 កំនត់េដយ 

2222 cba)u( ++++++++====
→→→→

  និង  222 cba|u| ++++++++====
→→→→

    ។ 

 -មំរវងពីុ រវចទ័រុ ិ )z,y,x(u 111====
→→→→

  និង  )z,y,x(v 222====
→→→→

 

កំនត់េដយ 
|v|.|u|

v.u
coscos|v|.|u|v.u →→→→→→→→

→→→→→→→→
→→→→→→→→→→→→→→→→

====θθθθ⇒⇒⇒⇒θθθθ====    

ឬ  
2

2
2

2
2

2
2

1
2

1
2

1

212121

zyx.zyx

zzyyxx
cos

++++++++++++++++

++++++++====θθθθ    ។ 
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៣-សមករែសវ៊កនងលំហី ុ  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 នយមន័យ ិ  

  សំណំៃនចំនច ុ ុ )z,y,x(P   ែដលមនចមង យេថរ 
េសម R   ពីចំនចនឹង ុ )c;b;a(I  េហថែសវ៊ផចត ិ I  ក ំR។ 

សមីកររបសែ់សវេ៊នះគឺ   
2222 R)cz()by()ax(:)S( ====−−−−++++−−−−++++−−−−    ។ 

 

 

→→→→
k  

→→→→
j  

→→→→
i  

x  

y  

z  

a 

b  

c  

I  

P  

)S(  
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៤-សមករបនទ តក់នងលហំី ុ  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 សមីករបនទ ត់ )L(   កត់តមចំនចុ )z,y,x(A AAA  

េហយមនវចទ័ររបប់ទិស ុ ិ )c,b,a(u
→→→→

  កំនតេ់ដយ 









∈∈∈∈++++====
++++====
++++====

IRt;ctzz

btyy

atxx

:)L(

A

A

A

   ( េហថសមកីរបរ៉ែ៉ម៉ត) 

c
zz

b
yy

a
xx

:)L( AAA −−−−====
−−−−====

−−−−  ( េហថសមីករឆលះ ុ ) 

 

→→→→
k  

→→→→
j  

→→→→
i  

x  

y  

z  

A  

)L(  

→→→→
u  
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៥-សមករ=លងក់នងតរមុយអរតណូរម៉ល់ី ុ  

 ក/សមករ=លងក់តត់មចនំុចមយួនងវុិចទ័រណរី ិ ម៉ល់មយួ 

 សមីករបលងក់តត់មចំនចុ )z,y,x(A AAA េហយមន 

 វចទ័រណរមល៉់ ុ ិ )c;b;a(n
→→→→

  កំនត់េដយ 

 0)zz(c)yy(b)xx(a:)P( AAA ====−−−−++++−−−−++++−−−−     ។ 

 ខ/ចមង យពចំនចុមយួេទ=លងម់យួកនងលំហី ុ  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 ចមង យពីចណំច ុ )z;y;x(A AAA  េទបលង់ )P(   ែដល 

→→→→
k  

→→→→
j  

→→→→
i  

x  

y  

z  

))P(;A(d  

A  

H  
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 មនសមីករ 0dczbyax ====++++++++++++    កំនត់េដយ 

 
222

AAA

cba

|dczbyax|
))P(;A(d

++++++++
++++++++++++====    ។ 

៦-ផលគណុៃនពរវុិចទ័រកនងលហំី ុ  

!>niymn½yplKuNénBIrviucTr½ 
 ebI →→→→→→→→→→→→→→→→

++++++++==== k.uj.ui.uu 321  nig →→→→→→→→→→→→→→→→
++++++++==== k.vj.vi.vv 321  

 CaviucTr½kñúglMh .  
 plKuNénviucTr½ →→→→

u  nig →→→→
v  KWCaviuTr½kMNt;eday³ 

  →→→→→→→→→→→→→→→→→→→→
−−−−++++−−−−−−−−−−−−====×××× k)vuvu(j)vuvu(i)vuvu(vu 122113312332    

 edIm,IgayRsYlkñúgkarKNnaplKuNénBIrviucTr½→→→→u  nig →→→→
v eKsnµt 

 eRbIedETmINg;lMdab;bIdUcxageRkam ³ 

 
321

321

vvv

uuu

kji

vu

→→→→→→→→→→→→

→→→→→→→→
====××××  

 →→→→→→→→→→→→→→→→→→→→
++++−−−−====×××× k

vv

uu
j

vv

uu
i

vv

uu
vu

21

21

31

31

32

32    

 
 



RbCMurUbmnþKNitviTüa 
 
 

  

- 76 - 

@>lkçN³énplKuNénBIrviucTr½ 
 ebI →→→→→→→→

v,u  nig →→→→
w  CaviucT½rkñúglMh nig c CacMnYnBitenaHeK)an ³ 

 k> )uv(vu
→→→→→→→→→→→→→→→→

××××−−−−====××××   
 x> →→→→→→→→→→→→→→→→→→→→→→→→→→→→

××××++++××××====++++×××× wuvu)wv(u   
 K> )vc(uv)uc()vu(c

→→→→→→→→→→→→→→→→→→→→→→→→
××××====××××====××××  

 X> →→→→→→→→→→→→→→→→→→→→
====××××====×××× ouoou  

 g> →→→→→→→→→→→→
====×××× ouu                    c> →→→→→→→→→→→→→→→→→→→→→→→→

××××====×××× w).vu()wv.(u  
#>bMNkRsayénplKuNénBIrviucTr½tamEbbFrNImaRt 
  
 
 
 
 
 ebI →→→→

u  nig →→→→
v  CaviucTr½minsUnüenAkñúglMh nigtag θθθθ  CamMurvagviucTr½ 

 →→→→
u  nig →→→→

v  enaHeK)an ³ 
  

→→→→
u  

→→→→
v  

→→→→→→→→
×××× vu  

θθθθ  

O  
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k> →→→→→→→→
×××× vu  GrtUkUNal;eTAnwg →→→→

u  pg nig →→→→
vpg . 

 x> θθθθ====××××
→→→→→→→→→→→→→→→→

sin.|v|.|u||vu|    
 K> ebI →→→→→→→→→→→→

====×××× ovu  enaH→→→→
u  nig →→→→

v  CaviucTr½kUlIenEG‘nwgKña .  
 X> |vu|

→→→→→→→→
××××   ³ CaépÞRkLaénRbelLÚRkamEdlsg;elI →→→→

u  nig →→→→
v  . 

 g> |vu|
2

1 →→→→→→→→
××××   ³ CaépÞRkLaénRtIekaNEdlsg;elI →→→→

u  nig →→→→
v  . 

$>m:Um:g; 
→→→→
M   énkmøaMg 

→→→→
F cMeBaHcMNuc P 

 
 
 

 
 
  
 
ebI Q  CacMNuccab;énkmøaMg →→→→

F  enaHm:m:g;énkmøaMg →→→→
F  cMeBaHcMNuc 

 P KW |FPQ||M|
→→→→→→→→→→→→

××××====   . 
 

P 

Q  

→→→→
F  

→→→→
M  
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%>plKuNcRmuHénbIviucTr½kñuglMh 
 k>niymn½y 
 eKmanviucTr½bI →→→→→→→→

v,u  nig →→→→
w  enAkñúglMh . plKuNcRmuHén →→→→→→→→

v,u   
 nig →→→→

w  tamlMdab;KWCacMnYnBitkMNt;eday r)wv.(u ====××××
→→→→→→→→→→→→   . 

 x>RTwsþIbTTI1 
 ebIeKmanviucTr½  →→→→→→→→→→→→→→→→

++++++++==== k.uj.ui.uu 321    
 →→→→→→→→→→→→→→→→

++++++++==== k.vj.vi.vv 321  nig →→→→→→→→→→→→→→→→
++++++++==== k.wj.wi.ww 321    

 
321

321

321

www

vvv

uuu

)wv.(u ====××××
→→→→→→→→→→→→

 

 K>RTwsþIbTTI2 
 maDrbs;RbelBIEb:tEkgEdlsg;elIviucTr½ →→→→→→→→

v,u  nig →→→→
w  KW ³ 

 |)wv.(u|V
→→→→→→→→→→→→

××××==== nigmaDW  rbs;etRtaEG‘tKW ³
6

|)wv.(u|
W

→→→→→→→→→→→→
××××====  

 )ann½yfaykmaDrbs;etRtaEG‘tEcknwg 6 . 
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^>bnÞat; nig bøg;kñúglMh 
 k-bnÞat́kñúglMh 
 RTwsþIbT ³ 
 �eKmanbnÞat; L  mYyRsbnwgviucTr½ )c,b,a(v ====

→→→→  ehIykat;tam 
 cMnuc )z,y,x(P 0000  enaHsmIkar)a:ra:Em:RténbnÞat; L  KW ³ 
 )IRt(ctzz,btyy,atxx 000 ∈∈∈∈++++====++++====++++====    

 b¤  IRt;

ctzz

btyy

atxx

0

0

0

∈∈∈∈








++++====
++++====
++++====

   . 

 �ebI c,b,a  xusBIsUnüenaHsmIkarqøúHénbnÞat; L  KW ³ 
    

c
zz

b
yy

a
xx

:L 000 −−−−====
−−−−====

−−−−   . 
 x-bøg´kñúglMh 
 RTwsþIbT ³ ebIbøg;mYykat;tamcMNuc )z,y,x(P 000   
 nigmanviucTr½Nrm:al; )c,b,a(n ====

→→→→  enaHbøg;mansmIkarsþg;da ³ 
 0)zz(c)yy(b)xx(a 000 ====−−−−++++−−−−++++−−−−  
 edayBnøatsmIkarenHehIytag )czbyax(d 000 ++++++++−−−−====   
 enaHeK)ansmIkarTUeTA 0dczbyax ====++++++++++++   . 
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 K-mMurvagbøǵBIr 
  eKmanbøg;BIr 1αααα  nig 2αααα  manviucTr½Nrm:al;erogKña 1n

→→→→  nig 2n
→→→→  

 enaHmMu θθθθ  rvagBIrviucTr½enH CamMurvagbøg;TaMgBIrEdlGackMNt;)an 

 tamTMnak;TMng 
|n|.|n|

|n.n|
cos

21

21

→→→→→→→→

→→→→→→→→

====θθθθ   . 

 X-smIkarEs‘V 
  smIkarsþg;daénEsV‘Edlmanp©it )z,y,x(C 000  nigkaM r  KW 
  22

0
2

0
2

0 r)zz()yy()xx( ====−−−−++++−−−−++++−−−−   .  
 BnøatsmIkarsþg;daeK)ansmIkarTUeTAénEsV‘Edlmanrag 
 0kzz2yy2xx2zyx 000

222 ====++++−−−−−−−−−−−−++++++++  
 Edl 22

0
2

0
2

0 rzyxk −−−−++++++++====   . 
 g-cm¶ayBIcMNucmYyeTAbøg´kñúglMh 
 RTwsþIbT cm¶ayBIcMnuc Q  eTAbøg; αααα  EdlcMNuc QminenAkñúgbøg;  

 αααα  kMNt;eday 
|n|

|n.PQ|
D →→→→

→→→→→→→→

====  Edl P CacMNucenAkñúgbøg;ehIy →→→→
n   

 CaviucTr½Nrm:al;énbøg; . 
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 ebI )z,y,x(Q 000  nig 0dczbyax: ====++++++++++++αααα  
 ehIy )c,b,a(n ====

→→→→ enaH 
222

000

cba

|dczbyax|
D

++++++++
++++++++++++====   . 

 c-cm¶ayBIcMNucmYyeTAbnÞat́kñúglMh 
 RTwsþIbT  cm¶ayBIcMnuc Q  eTAbnÞat; L  kñúglMhkMNt;eday ³ 

 
|u|

|uPQ|
D →→→→

→→→→→→→→
××××====  Edl P CacMNucenAelIbnÞat;ehIy →→→→

u  CaviucTr½ 

 R)ab;TisénbnÞat; L . 
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CMBUkTI13         cMnYnkMupøic 
1 - ni y m n½ y  ³  
 > cMnYnkMupøicCacMnYnEdlmanTRmg;  b.iaz ++++====  Edl anig bCaBIrcMnYnBit  
      ehIy i ehAfaÉktanimµitEdl 1i 2 −−−−====  b¤ 1i −−−−==== . 
 > eKtagsMNMucMnYnkMupøiceday ¢ . 
 > aehAfaEpñkBitEdleKkMnt;tageday a)zRe( ====  . 
 > b ehAfaEpñknimµitEdleKkMnt;tageday b)zIm( ====  . 
2- Rb m a N vi FI e lIc M nYnkM u pøi c 
 kkkk> > > > RbmaNviFIbUk nig RbmaNviFIdkRbmaNviFIbUk nig RbmaNviFIdkRbmaNviFIbUk nig RbmaNviFIdkRbmaNviFIbUk nig RbmaNviFIdk    
         snµtfaeKman 111 b.iaz ++++====  nig 222 b.iaz ++++====  
          Edl IRb,b,a,a 2121 ∈∈∈∈ . 
 eK)anrUbmnþ  )bb.(i)aa(zz 212121 ++++++++++++====++++   

 
               nig   )bb.(i)aa(zz 212121 ++++−−−−++++====−−−−  
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xxxx> > > > RbmaNviFIKuN nig RbmaNviFIEckRbmaNviFIKuN nig RbmaNviFIEckRbmaNviFIKuN nig RbmaNviFIEckRbmaNviFIKuN nig RbmaNviFIEck    
         snµtfaeKman 111 b.iaz ++++====  nig 222 b.iaz ++++====   
Edl IRb,b,a,a 2121 ∈∈∈∈ . 
eK)anrUbmnþ )baba.(i)bbaa(zz 1221212121 ++++++++−−−−====××××    

 
            nig 2

2
2
2

2112
2
2

2
2

2121

2

1

ba

baba
.i

ba

bbaa
z
z

++++
−−−−++++

++++
++++====  . 

3 - c M nYnkM u p øi cqøa s;ni g m :U Dúlé nc M nYnkM u pøi c  
 > cMnYnkMupøicqøas;éncMnYnkMupøic b.iaz ++++==== KWCacMnYnkMupøicEdltageday  
      b.iaz −−−−==== . 
 > kñúgtRmuyGrtUnrm:al; eKGactagcMnYnkMupøic b.iaz ++++====  edaycMnuc  
       )b,a(P  . 

 
 

'x  x  

y  

'y  

0  

P 

a  

b  

r|z| ====  
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 > rgVas; |z|rOP ========  ehAfam:UDúléncMnYnkMupøic  b.iaz ++++====   
      eKkMnt;sresr ³ 22 bar|z| ++++======== . 

5 - sV½ y K u Né n  i  
 cMeBaHRKb;cMnYnKt; INk ∈∈∈∈  eKmansV½yKuNén i  dUcxageRkam ³ 
  1i,ii,1i 2k41k4k4 −−−−============ ++++++++  nig ii 3k4 −−−−====++++   . 

 ]]]]TahrNTahrNTahrNTahrN_ ³ KNna 200632 i.....iii1S ++++++++++++++++++++====   . 
 tamrUbmnþplbUksIVútFrNImaRt 

q1
q1

q.....qqq1
1n

n32

−−−−
−−−−====++++++++++++++++++++

++++
 

 eK)an 
i1

i1
S

2007

−−−−
−−−−====  eday iii 350142007 −−−−======== ++++××××  

 dUcenH i
2
i2

11
1i21

)i1)(i1(
)i1(

i1
i1

S
2

========
++++

−−−−++++====
++++−−−−

++++====
−−−−
++++====  . 

6- Gnu v tþn_kñ úg d M e N aH Rsa y smI ka rd We RkT I BI r 
 eKmansmIkardWeRkTIBIr 0cbzaz2 ====++++++++   
 Edl 0a ≠≠≠≠  nig IRc,b,a ∈∈∈∈  . 
 DIsRKImINg;énsmIkarKW  ac4b2 −−−−====∆∆∆∆  . 
 -ebI 0>>>>∆∆∆∆  smIkarmanb¤sBIrCacMnYnBitKW ³  
    

a2
b

z,
a2

b
z 21

∆∆∆∆−−−−−−−−====
∆∆∆∆++++−−−−====    . 

 -ebI 0====∆∆∆∆  smIkarmanb¤sDúbCacMnYnBitKW³  
a2

b
zz 21 −−−−========  . 
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 -ebI 0<<<<∆∆∆∆  smIkarmanb¤sBIrCacMnYnkMupøicqøas;KñaKW ³ 
        

a2
||ib

z,
a2

||ib
z 21

∆∆∆∆−−−−−−−−
====

∆∆∆∆++++−−−−
====    . 

7 - re b ob KN na b¤ska e ré nc M nYnkM u p øi c ³  
 edIm,IKNnab¤skaeréncMnYnkMupøic b.iaz ++++====  eKRtUvGnuvtþn_dUcteTA ³ 
 -tag IRy,x;y.ixW ∈∈∈∈++++====  Cab¤skaerén b.iaz ++++====  . 
 -eK)an zW 2 ====  eday (((( )))) (((( )))) ixy2yxy.ixW 2222 ++++−−−−====++++====  
 -eK)an (((( )))) b.iaixy2yx 22 ++++====++++−−−−  
 -eKTaj)anRbBnæ½  





====
====−−−−

bxy2

ayx 22

  

      ¬RtUvedaHRsayRbBn½æenHrkKUcemøIy y;x ¦ 
8 - T Rm g;RtI e ka N m aRté nc M nYnkM u pøi c  

 
 enAkñúgbøg;kMupøic (((( ))))xoy  eK[cMnuc (((( ))))b;aP  tag[cMnYnkMupøic b.iaz ++++====  . 

'x  

y  

0
 

P 

a
 

b  

r|z| ====  

Q  

R  θθθθ  

'y  
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 tag θCamMutUcbMputén 












 →→→→→→→→
P0;x0  . 

 EdlehAfaGaKuym:g;éncMnYnkMupøic  b.iaz ++++====  . 
 kñúgRtIekaNEkg OPR eKman 222 RPOROP ++++====   

 eday 








========
====

========

bOQRP

aOR

|z|rOP

 

 eK)an 222 bar ++++====  b¤ 22 bar ++++====  ¬ehAfam:UDúlén b.iaz ++++====  ¦. 

 müa:geTot 









========θθθθ

========θθθθ

r
b

OP
RP

sin

r
a

OP
OR

cos
  naM[  





θθθθ====
θθθθ====

sin.rb

cos.ra  

 eK)an (((( ))))θθθθ++++θθθθ====θθθθ++++θθθθ====++++==== sin.icosrsin.r.icos.rb.iaz  

 dUcenH (((( ))))θθθθ++++θθθθ==== sin.icos.rz  Edl 








>>>>++++====

====θθθθ====θθθθ

0bar

r
b

sin;
r
a

cos

22

 

9- Rb m a N vi FI e lIc M nYnkM u pøi c RtI e kaN m a Rt 
 kkkk> > > > rUbmnþviFIKuNrUbmnþviFIKuNrUbmnþviFIKuNrUbmnþviFIKuN ³ 
 snµtfa (((( ))))1111 sin.icosrZ θθθθ++++θθθθ====  nig (((( ))))2222 sin.icosrZ θθθθ++++θθθθ====  
 eK)an (((( )))) (((( ))))[[[[ ]]]]21212121 sin.icosr.rZZ θθθθ++++θθθθ++++θθθθ++++θθθθ====××××   . 

 xxxx> > > > rUbmnþviFIEckrUbmnþviFIEckrUbmnþviFIEckrUbmnþviFIEck ³ 
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 snµtfa (((( ))))1111 sin.icosrZ θθθθ++++θθθθ====  nig (((( ))))2222 sin.icosrZ θθθθ++++θθθθ====  
 eK)an (((( )))) (((( ))))[[[[ ]]]]2121

2

1

2

1 sin.icos
r
r

Z
Z

θθθθ−−−−θθθθ++++θθθθ−−−−θθθθ====   . 

 KKKK> > > > sV½yKuNTI sV½yKuNTI sV½yKuNTI sV½yKuNTI n éncMnYnkMupøicRtIekaNmaRténcMnYnkMupøicRtIekaNmaRténcMnYnkMupøicRtIekaNmaRténcMnYnkMupøicRtIekaNmaRt ³ 
 snµtfaeKman (((( ))))θθθθ++++θθθθ==== sin.icosrZ  nigRKb;cMnYnKt; Zn ∈∈∈∈  
 eK)an (((( ))))[[[[ ]]]] [[[[ ]]]])nsin(.i)ncos(rsin.icos.rZ nnn θθθθ++++θθθθ====θθθθ++++θθθθ====    

 XXXX> > > > rUbmnþdWmr½ rUbmnþdWmr½ rUbmnþdWmr½ rUbmnþdWmr½ ³³³³    
 cMeBaHRKb; Zn ∈∈∈∈  eKman  (((( )))) )nsin(.i)ncos(sin.icos n θθθθ++++θθθθ====θθθθ++++θθθθ    

1 0 - b ¤ sTIn é nc M nYnkM up øi c³ 
RTwsþIbTRTwsþIbTRTwsþIbTRTwsþIbT ³ snµtfa (((( ))))θθθθ++++θθθθ==== sin.icosrZ CacMnYnkMupøicminsUnü  
ehIy *INn ∈∈∈∈  . 
ebI kW  Cab¤sTI n éncMnYnkMupøicxagelIenaHeK)an ³ 
















 ππππ++++θθθθ++++






 ππππ++++θθθθ====
n

k2
sin.i

n
k2

cosrW n
k   

Edl 1n......,,3,2,1,0k −−−−====  . 
1 1 - T Rm g;Gi u c s,:Ú Ng ;Esü lé nc M nYnkM u pøi c ³ 
cMnYnkMupøic Z  Edlmanm:UDúl r|Z| ====  nig GaKuym:g; θθθθ====)Zarg(   
manTRmg;Giucs,:ÚNg;EsülkMnt;eday  θθθθ==== .ie.rZ     . 
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CMBUkTI14         

RTwsþIbTkñúgRtIekaN 
១១១១----ទំនក់ទំនងមរតកនងរតេកណែកងទំនក់ទំនងមរតកនងរតេកណែកងទំនក់ទំនងមរតកនងរតេកណែកងទំនក់ទំនងមរតកនងរតេកណែកងុុុុ ីី ីី  

    ឧបមថេគមនរតីេកណ ឧបមថេគមនរតីេកណ ឧបមថេគមនរតីេកណ ឧបមថេគមនរតីេកណ ABC  មួយែកងរតង់ មួយែកងរតង់ មួយែកងរតង់ មួយែកងរតង់ 

    កំពូល កំពូល កំពូល កំពូល A  និងមនកំពស់  និងមនកំពស់  និងមនកំពស់  និងមនកំពស់ AH  ។  ។  ។  ។  
    េគមនទំនក់ទំនងសំខន់ៗដូចខងេរកមេគមនទំនក់ទំនងសំខន់ៗដូចខងេរកមេគមនទំនក់ទំនងសំខន់ៗដូចខងេរកមេគមនទំនក់ទំនងសំខន់ៗដូចខងេរកម 

 1/ BC.BHAB 2 ====  
 2/ BC.HCAC 2 ====  
 3/ HC.BHAH 2 ====  
 4/ 222 ACABBC ++++====   ( រទឹសតបីទពីតហគរ ័រទឹសតបីទពីតហគរ ័រទឹសតបីទពីតហគរ ័រទឹសតបីទពីតហគរ ័))))    
 5/ AC.ABBC.AH ====  

 6/ 
222 AC

1
AB

1
AH

1 ++++====  

 7/ 
BC
AB

sin ====αααα  

 8/ 
BC
AC

cos ====αααα  

 9/ 
AC
AB

tan ====αααα     

    

A  

H  B  C  
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២២២២----រទសតបទសនូុសរទសតបទសនូុសរទសតបទសនូុសរទសតបទសនូុសឹ ី ីឹ ី ីឹ ី ីឹ ី ី  

     
 
 
 
 
 
 

    ឧបមថេគមឧបមថេគមឧបមថេគមឧបមថេគមនរតីេកណ នរតីេកណ នរតីេកណ នរតីេកណ ABC  មួយចរកឹកនង មួយចរកឹកនង មួយចរកឹកនង មួយចរកឹកនងុុុុ  

    រងវង់កំ រងវង់កំ រងវង់កំ រងវង់កំ R  េហយមនរជុង  េហយមនរជុង  េហយមនរជុង  េហយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====   ។    ។    ។    ។   
    េគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនង  R2

Csin
c

Bsin
b

Asin
a ============     

៣៣៣៣----រទសតបទកូសនូុសរទសតបទកូសនូុសរទសតបទកូសនូុសរទសតបទកូសនូុសឹ ី ីឹ ី ីឹ ី ីឹ ី ី  

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុ មួយមនរជុ មួយមនរជុ មួយមនរជុង ង ង ង bAC;aBC ========  

    និង និង និង និង cAB ====   ។ េគមនទំនក់ទំនង  ។ េគមនទំនក់ទំនង  ។ េគមនទំនក់ទំនង  ។ េគមនទំនក់ទំនង 

    1111/ / / / bccsoA2cba 222 −−−−++++====  

    2222/ / / / Bcosca2acb 222 −−−−++++====  

    3333/ / / / Ccosab2bac 222 −−−−++++====  

 

A  

B  C a 

b  
c  
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៤៤៤៤----រូបមនតចំេណលែកងរូបមនតចំេណលែកងរូបមនតចំេណលែកងរូបមនតចំេណលែកង 

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====   ។ េគមនទំនក់ទំនង  ។ េគមនទំនក់ទំនង  ។ េគមនទំនក់ទំនង  ។ េគមនទំនក់ទំនង 

    1111/ / / / BcoscCcosba ++++====  

    2222/ / / / CcosaAcoscb ++++====  

    3333/ / / / AcosbBcosac ++++====  

៥៥៥៥----រទសតបទតងហ់សង ់រទសតបទតងហ់សង ់រទសតបទតងហ់សង ់រទសតបទតងហ់សង ់ឹ ីឹ ីឹ ីឹ ី  

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====   ។ េគមនទំន  ។ េគមនទំន  ។ េគមនទំន  ។ េគមនទំនក់ទំនងក់ទំនងក់ទំនងក់ទំនង 

    1111/ / / / 

2
BA

tan

2
BA

tan

ba
ba

++++

−−−−

====
++++
−−−−

 

    2222/ / / / 

2
CB

tan

2
CB

tan

cb
cb

++++

−−−−

====
++++
−−−−

 

    3333/ / / / 

2
AC

tan

2
AC

tan

ac
ac

++++

−−−−

====
++++
−−−−

 

A  

'A  B  C  
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៦៦៦៦----ករំងវងច់រកកនងមំុៃនរតេកណមួយករំងវងច់រកកនងមំុៃនរតេកណមួយករំងវងច់រកកនងមំុៃនរតេកណមួយករំងវងច់រកកនងមំុៃនរតេកណមួយឹ ីឹ ីឹ ីឹ ីុុ ុុ  

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====  េហយ  េហយ  េហយ  េហយ 
2

cba
p

++++++++====  ។  ។  ។  ។  
    តង តង តង តង CBA r,r,r  ជកំរងវង់ចរកឹកនងមំុ  ជកំរងវង់ចរកឹកនងមំុ  ជកំរងវង់ចរកឹកនងមំុ  ជកំរងវង់ចរកឹកនងមំុ ុុុុ C,B,A      
    ៃនរតីេកណ ៃនរតីេកណ ៃនរតីេកណ ៃនរតីេកណ ABC  ។ ។ ។ ។េគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនង 

 
 
 
 
 
 
 
 

 1/    
2
C

tan

bp

2
B

tan

cp
2
A

tan.prA

−−−−====−−−−========     

 2/    
2
A

tan

cp

2
C

tan

ap
2
B

tan.prB

−−−−====−−−−========  

 3/    
2
B

tan

ap

2
A

tan

bp
2
C

tan.prC

−−−−====−−−−========     

)r( A  

A  B  

C  

J  

K  

L  

H  Ar  

Ar  

Ar  



RbCMurUbmnþKNitviTüa 
 
 

  

- 92 - 

៧៧៧៧----កេនសមករំងវងច់រកកនងៃនរតកេនសមករំងវងច់រកកនងៃនរតកេនសមករំងវងច់រកកនងៃនរតកេនសមករំងវងច់រកកនងៃនរតឹ ីឹ ីឹ ីឹ ីុុ ុុ េកណមួយ េកណមួយ េកណមួយ េកណមួយ  
    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====  េហយ  េហយ  េហយ  េហយ 
2

cba
p

++++++++====  ។  ។  ។  ។  
    តង តង តង តង r  ជកំរងវង់ចរកឹកនងៃនរតីេកណេនះ ។ ជកំរងវង់ចរកឹកនងៃនរតីេកណេនះ ។ ជកំរងវង់ចរកឹកនងៃនរតីេកណេនះ ។ ជកំរងវង់ចរកឹកនងៃនរតីេកណេនះ ។ុុុុ  

    េគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនង 

    
2
C

tan)cp(
2
B

tan)bp(
2
A

tan)ap(r −−−−====−−−−====−−−−====  

 
 
 
 
 
 

    
    
    
    

A  

B  C  

I  

H  

K  

L  

r  
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    ៨៨៨៨----រូបមនតគណនៃផទរកឡរតេកណ រូបមនតគណនៃផទរកឡរតេកណ រូបមនតគណនៃផទរកឡរតេកណ រូបមនតគណនៃផទរកឡរតេកណ ីីីី  

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====  េហយ  េហយ  េហយ  េហយ 
2

cba
p

++++++++====  ជកនលះបរមិរត។  ជកនលះបរមិរត។  ជកនលះបរមិរត។  ជកនលះបរមិរត។  
    តងតងតងតងr និងនិងនិងនិងR េរៀងគន ជកំរងវង់ចរកឹកនេរៀងគន ជកំរងវង់ចរកឹកនេរៀងគន ជកំរងវង់ចរកឹកនេរៀងគន ជកំរងវង់ចរកឹកនុុុុងនិងេរកងនិងេរកងនិងេរកងនិងេរក 

    ៃនរតីេកណេនះ ៃនរតីេកណេនះ ៃនរតីេកណេនះ ៃនរតីេកណេនះ , , , , តង តង តង តង CBA r,r,r  ជកំរងវង់ ជកំរងវង់ ជកំរងវង់ ជកំរងវង់ 

    ចរកឹកនងមំុ និង ចរកឹកនងមំុ និង ចរកឹកនងមំុ និង ចរកឹកនងមំុ និង ុុុុ cba h,h,h  ជកពស់គូស ជកពស់គូស ជកពស់គូស ជកពស់គូស 

    ពីកំពូលពីកំពូលពីកំពូលពីកំពូល C,B,A  ៃនរតីេកណ ។ ៃនរតីេកណ ។ ៃនរតីេកណ ។ ៃនរតីេកណ ។ 

    1111/ / / / cba h.c
2
1

h.b
2
1

h.a
2
1

S ============  

    2222/ / / / pr
R4

abc
S ========  

    3333/ / / / )cp)(bp)(ap(pS −−−−−−−−−−−−====  

    4444/ / / / Csinb.a
2
1

Bsina.c
2
1

Asinc.b
2
1

S ============  

    5555/ / / / 
2
C

tan)cp(p
2
B

tan)bp(p
2
A

tan)ap(pS −−−−====−−−−====−−−−====  

    6666/ / / / CsinBsinAsinR2S 2====  

    7777/ / / / CBA r)cp(r)bp(r)ap(S −−−−====−−−−====−−−−====  

    8888/ / / / CBA r.r.r.rS ====  
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៩៩៩៩----រទសតបទេមដយនកនងរតេកណ រទសតបទេមដយនកនងរតេកណ រទសតបទេមដយនកនងរតេកណ រទសតបទេមដយនកនងរតេកណ ឹ ី ីឹ ី ីឹ ី ីឹ ី ីុុ ុុ  

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====  ។  ។  ។  ។ cba mAN;mAM;mAL ============  

    ជេមដយនៃនរតីេកណ ជេមដយនៃនរតីេកណ ជេមដយនៃនរតីេកណ ជេមដយនៃនរតីេកណ ABC  ។  ។  ។  ។  
 
 
 
 
 
 
 
 
 
 

    េគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនង 

    1111/ / / / 
4
a

2
cb

m
222

2

a −−−−++++====  

    2222/ / / / 
4
b

2
ac

m
222

2

b −−−−++++====  

    3333/ / / / 
4
c

2
ba

m
222

2

c −−−−++++====  

A  

B  C  L  

M  P  G  
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១០១០១០១០----រទសតបទបនទ ត់ពុះមំុកនងរទសតបទបនទ ត់ពុះមំុកនងរទសតបទបនទ ត់ពុះមំុកនងរទសតបទបនទ ត់ពុះមំុកនងឹ ីឹ ីឹ ីឹ ី ុុ ុុ  

    រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង  មួយមនរជុង bAC;aBC ========  

    និង និង និង និង cAB ====  ។  ។  ។  ។ cba L'CC;L'BB;L'AA ============  

    ជរបែវងៃនបនទ ត់ពុះកនងៃនមំុ ជរបែវងៃនបនទ ត់ពុះកនងៃនមំុ ជរបែវងៃនបនទ ត់ពុះកនងៃនមំុ ជរបែវងៃនបនទ ត់ពុះកនងៃនមំុ ុុុុ C,B,A  ។  ។  ។  ។  
 
 
 
 
 
 
 
 
     

េគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនងេគមនទំនក់ទំនង 

        1111/ / / / 
2
A

cos
cb

bc2
L a ++++

====  

    2222/ / / / 
2
B

cos
ca

ac2
L b ++++

====  

    3333/ / / / 
2
C

cos
ba

ab2
L c ++++

====  

 
 

A  

'A  B  C  

'B  'C  

I  
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១១១១១១១១----កេនសម កេនសម កេនសម កេនសម 
2
C

cos;
2
B

cos;
2
A

cos      

            
ab

)cp(p
2
C

cos

ac
)bp(p

2
B

cos;
bc

)ap(p
2
A

cos

−−−−====

−−−−====−−−−====
 

១២១២១២១២----កេនសម កេនសម កេនសម កេនសម 
2
C

sin;
2
B

sin;
2
A

sin      

    
ab

)bp)(ap(
2
C

sin

ac
)cp)(ap(

2
B

sin;
bc

)cp)(bp(
2
A

sin

−−−−−−−−====

−−−−−−−−====−−−−−−−−====
 

១៣១៣១៣១៣----កេនសម កេនសម កេនសម កេនសម 
2
C

tan;
2
B

tan;
2
A

tan      

    
)cp(p

)bp)(ap(
2
C

tan

)bp(p
)cp)(ap(

2
B

tan;
)ap(p

)cp)(bp(
2
A

tan

−−−−
−−−−−−−−====

−−−−
−−−−−−−−====

−−−−
−−−−−−−−====
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១៤១៤១៤១៤----ទំនកទំនងេផសងៗេទៀតគួកត់សគំល់ទំនកទំនងេផសងៗេទៀតគួកត់សគំល់ទំនកទំនងេផសងៗេទៀតគួកត់សគំល់ទំនកទំនងេផសងៗេទៀតគួកត់សគំល ់

    កនងរតីេកណ កនងរតីេកណ កនងរតីេកណ កនងរតីេកណ ុុុុ ABC  មួយេគមនទំនក់ទំនង មួយេគមនទំនក់ទំនង មួយេគមនទំនក់ទំនង មួយេគមនទំនក់ទំនង 

    ខងេរកម ខងេរកម ខងេរកម ខងេរកម  
    1111/ / / / 

2
C

cos
2
B

cos
2
A

cos4CsinBsinAsin ====++++++++  

    2222////    
2
C

sin
2
B

sin
2
A

sin41CcosBcosAcos ++++====++++++++  

    3333/ / / / CtanBtanAtanCtanBtanAtan ====++++++++  

    4444/ / / / 1AcotCcotCcotBcotBcotAcot ====++++++++  

    5555/ / / / 
2
C

cot
2
B

cot
2
A

cot
2
C

cot
2
B

cot
2
A

cot ====++++++++  

    6666/ / / / 1
2
A

tan
2
C

tan
2
C

tan
2
B

tan
2
B

tan
2
A

tan ====++++++++  

    7777//// CcosBcosAcos21CsinBsinAsin 222 −−−−====++++++++  

    8888/ / / / CcosBcosAcos22CcosBcosAcos 222 ++++====++++++++  

    9999/ / / / 
2
C

sin
2
B

sin
2
A

sin22
2
C

cos
2
B

cos
2
A

cos 222 ++++====++++++++  

    10101010/ / / / 
2
C

sin
2
B

sin
2
A

sin21
2
C

sin
2
B

sin
2
A

sin 222 −−−−====++++++++          
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១៥១៥១៥១៥----រទសតបទរទសតបទរទសតបទរទសតបទឹ ីឹ ីឹ ីឹ ី  Ceva  

 

 

 
     

 

    កនងរតីេកណ កនងរតីេកណ កនងរតីេកណ កនងរតីេកណ ុុុុ ABC  មួយ មួយ មួយ មួយ,,,,បនទ ត់បី បនទ ត់បី បនទ ត់បី បនទ ត់បី CF;BE;AD  

    របសពវគន រតង់ចំនុច របសពវគន រតង់ចំនុច របសពវគន រតង់ចំនុច របសពវគន រតង់ចំនុច K  ែតមួយលុះរតែត ែតមួយលុះរតែត ែតមួយលុះរតែត ែតមួយលុះរតែត 

    1
EA
CE

.
DC
BD

.
FB
AF ====             ។។។។     

A  

B  C  D  

E  

F  

K  
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១៦១៦១៦១៦----រទសតបទរទសតបទរទសតបទរទសតបទឹ ីឹ ីឹ ីឹ ី  Menelaus  

 

 

 

 

 

    

េគមនបីចំនុច េគមនបីចំនុច េគមនបីចំនុច េគមនបីចំនុច E,D,F     សថតិេនេល សថតិេនេល សថតិេនេល សថតិេនេល AC,BC,AB  

ៃនរតីេកណ ៃនរតីេកណ ៃនរតីេកណ ៃនរតីេកណ ABC   ។ បីចំនុច  ។ បីចំនុច  ។ បីចំនុច  ។ បីចំនុច E,D,F   រត់រតង់គន  រត់រតង់គន  រត់រតង់គន  រត់រតង់គន  

លុះរតែត   លុះរតែត   លុះរតែត   លុះរតែត   1
AE
CE

.
CD
BD

.
BF
AF ====    ។   ។   ។   ។ 

១៧១៧១៧១៧----រទសតបទឡបនចរទសតបទឡបនចរទសតបទឡបនចរទសតបទឡបនចឹ ី ិ ិឹ ី ិ ិឹ ី ិ ិឹ ី ិ ិ     

កនកនកនកនុុ ុុងរតីេកណ ងរតីេកណ ងរតីេកណ ងរតីេកណ ABC  ែដលមនរជុង  ែដលមនរជុង  ែដលមនរជុង  ែដលមនរជុង c;b;a  ចរកឹ ចរកឹ ចរកឹ ចរកឹ 

កនងរងវង់ផចិត កនងរងវង់ផចិត កនងរងវង់ផចិត កនងរងវង់ផចិត ុុុុ Oកំ កំ កំ កំ R  េហយ  េហយ  េហយ  េហយ Gជទីរបជំុទមងន់ៃនជទីរបជំុទមងន់ៃនជទីរបជំុទមងន់ៃនជទីរបជំុទមងន់ៃន 

A  

B  C  

F  

D  

F  



RbCMurUbmnþKNitviTüa 
 
 

  

- 100 - 

រតីេកណ រតីេកណ រតីេកណ រតីេកណ ABC  េគមន  េគមន  េគមន  េគមន 
9

cba
ROG

222
22 ++++++++−−−−====      ។។។។         

១៧១៧១៧១៧----រទសតបទរទសតបទរទសតបទរទសតបទឹ ីឹ ីឹ ីឹ ី  Stewart 

េប េប េប េប L ជចំនុចេនេលរជុង ជចំនុចេនេលរជុង ជចំនុចេនេលរជុង ជចំនុចេនេលរជុង BCៃនរតីេកណៃនរតីេកណៃនរតីេកណៃនរតីេកណABC  

ែដល ែដល ែដល ែដល nLCmBLlAL ============ ;;  ,  ,  ,  , cba ,, ជរជុងជរជុងជរជុងជរជុង 

េនះេគមន េនះេគមន េនះេគមន េនះេគមន ncmbmnla 222 )( ++++====++++   ។  ។  ។  ។    

 
 
 
 
 
 
 
 



RbCMurUbmnþKNitviTüa 
 
 

  

- 101 - 

CMBUkTI15         vismPaBcMnYnBit 
១១១១/ / / / វិសមភព មធយមនពវនត មធយមធរណមរតវិសមភព មធយមនពវនត មធយមធរណមរតវិសមភព មធយមនពវនត មធយមធរណមរតវិសមភព មធយមនពវនត មធយមធរណមរតីីីី  

                                    (The AM-GM Inequality )))) 
ចំេពះរគប់ចំនួនពិតមិនអវជជមន ចំេពះរគប់ចំនួនពិតមិនអវជជមន ចំេពះរគប់ចំនួនពិតមិនអវជជមន ចំេពះរគប់ចំនួនពិតមិនអវជជមន ិិិិ 1 2 3 na ,a ,a ,...,a 

េគបន  េគបន  េគបន  េគបន  n1 2 3 n
1 2 3 n

a a a ... a
a .a .a ...a

n
+ + + ++ + + ++ + + ++ + + + ≥≥≥≥   ។  ។  ។  ។ 

វសមភពេនះកល យជសមភពលុះរតែត និង វសមភពេនះកល យជសមភពលុះរតែត និង វសមភពេនះកល យជសមភពលុះរតែត និង វសមភពេនះកល យជសមភពលុះរតែត និង ិិិិ  

រគន់ែតរគន់ែតរគន់ែតរគន់ែត 1 2 3 na a a .... a= = = == = = == = = == = = =  ។ ។ ។ ។ 

សរមសរមសរមសរមយបញជ ក់យបញជ ក់យបញជ ក់យបញជ ក ់   

----eKman eKman eKman eKman 1 2
1 2

a a
a a

2
++++ ≥≥≥≥  smmUl  smmUl  smmUl  smmUl 2

1 2( a a ) 0− ≥− ≥− ≥− ≥     
dUcen¼vismPaBdUcen¼vismPaBdUcen¼vismPaBdUcen¼vismPaBBitcMeBaBitcMeBaBitcMeBaBitcMeBa¼ ¼ ¼ ¼ n 2====  . . . .    
----«bmafasmPaBen«bmafasmPaBen«bmafasmPaBen«bmafasmPaBen¼¼¼¼Bitdl´tYTI Bitdl´tYTI Bitdl´tYTI Bitdl´tYTI n k====  KW  KW  KW  KW     

1 2 3 k k
1 2 3 k

a a a ...... a
a .a .a ......a

k
+ + + ++ + + ++ + + ++ + + + ≥≥≥≥  Bit  Bit  Bit  Bit     

eyIgnwgRsayfavaBitdl´tYTI eyIgnwgRsayfavaBitdl´tYTI eyIgnwgRsayfavaBitdl´tYTI eyIgnwgRsayfavaBitdl´tYTI k 1++++  KW ½ KW ½ KW ½ KW ½    
1 2 3 k k 1 k 1

1 2 3 k k 1
a a a .... a a

a .a .a ...a .a
k 1

++++ ++++
++++

+ + + + ++ + + + ++ + + + ++ + + + + ≥≥≥≥
++++

    



RbCMurUbmnþKNitviTüa 
 
 

  

- 102 - 

tagGnuKmntagGnuKmntagGnuKmntagGnuKmn_ _ _ _     
k 1

1 2 3 k(x a a a ...... a )
f (x)

x

+++++ + + + ++ + + + ++ + + + ++ + + + +====     
Edl Edl Edl Edl kx 0 , a 0 , k 1 , 2 , 3 , ...> > => > => > => > = . . . .     
eyIgán eyIgán eyIgán eyIgán     

k k 1
1 k 1 k

2

(k 1)(x a .... a ) x (x a ... a )
f '(x)

x

+++++ + + + − + + ++ + + + − + + ++ + + + − + + ++ + + + − + + +====                     

                
[[[[ ]]]]

(((( ))))

k
1 k 1 k

2

k
1 2 k 1 2 k

2

(x a .... a ) (k 1)x (x a .... a )

x

(x a a .... a ) kx a a .... a

x

+ + + + − + + ++ + + + − + + ++ + + + − + + ++ + + + − + + +
====

+ + + + − − − −+ + + + − − − −+ + + + − − − −+ + + + − − − −
====

    

ebI ebI ebI ebI f '(x) 0====  naM naM naM naM[ [ [ [ 1 2 ka a ..... a
x

k
+ + ++ + ++ + ++ + +====         

cMeBa¼ cMeBa¼ cMeBa¼ cMeBa¼ 1 2 ka a ..... a
x

k
+ + ++ + ++ + ++ + +====  eKá eKá eKá eKán ½n ½n ½n ½    

    
k 11 2 k

1 k
1 2 k

1 2 k

k
k 11 2 k 1 2 k

a a ... a
( a ... a )a a .... a kf ( )

a a ... ak
k

a a ...... a a a ... a
f ( ) (k 1)

k k

++++

++++

+ + ++ + ++ + ++ + + + + ++ + ++ + ++ + ++ + ++ + ++ + ++ + + ==== + + ++ + ++ + ++ + +

+ + + + + ++ + + + + ++ + + + + ++ + + + + +    = += += += +     
    

    

cMeBacMeBacMeBacMeBa¼ ¼ ¼ ¼ x 0∀ ≥∀ ≥∀ ≥∀ ≥  eyIgTaján ½ eyIgTaján ½ eyIgTaján ½ eyIgTaján ½    
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1 2 ka a .... a
f (x) f ( )

k
+ + ++ + ++ + ++ + +≥≥≥≥     

k
k 1 1 2 3 ka a a ..... a

f (x) (k 1)
k

++++ + + + ++ + + ++ + + ++ + + +    ≥ +≥ +≥ +≥ +     
    

    

tamkar«bma tamkar«bma tamkar«bma tamkar«bma 1 2 3 k k
1 2 3 k

a a a ..... a
a .a .a ......a

k
+ + + ++ + + ++ + + ++ + + + ≥≥≥≥         

smmUl smmUl smmUl smmUl 
k

1 2 k
1 2 k

a a .... a
a .a ...a

k
+ + ++ + ++ + ++ + +     ≥≥≥≥    

    
    

k 1
k 11 2 k

1 2 k
(x a a .... a )

(k 1) a a ...a
x

++++
+++++ + + ++ + + ++ + + ++ + + + ≥ +≥ +≥ +≥ +     

k 11 2 k
1 2 k

x a a ..... a
a .a .......a x (*)

k 1
+++++ + + ++ + + ++ + + ++ + + + ≥≥≥≥

++++
    

yk yk yk yk k 1x a 0++++= >= >= >= >  CYskñúg  CYskñúg  CYskñúg  CYskñúg (((( ))))*  eKán eKán eKán eKán    
1 2 3 k k 1 k 1

1 2 3 k k 1

a a a ... a a
a .a .a ......a .a

k 1
++++ ++++

++++
+ + + + ++ + + + ++ + + + ++ + + + + ≥≥≥≥

++++
        

dUcen¼ dUcen¼ dUcen¼ dUcen¼ n1 2 3 n
1 2 3 n

a a a ... a
a .a .a ...a

n
+ + + ++ + + ++ + + ++ + + + ≥≥≥≥   ។  ។  ។  ។             

២២២២/ / / / វិសមភព កសូុវិសមភព កសូុវិសមភព កសូុវិសមភព កសូុីី ី-ី---សវស័ សវស័ សវស័ សវស័ ((((Cauchy-Schwarz’s Inequality))))    
កកកក----រទសតបទរទសតបទរទសតបទរទសតបទឹ ីឹ ីឹ ីឹ ី  

ចំេពះរគប់ចំនួនពិត ចំេពះរគប់ចំនួនពិត ចំេពះរគប់ចំនួនពិត ចំេពះរគប់ចំនួនពិត 1 2 n 1 2 na ; a ;...; a ; b ; b ; ...; b         

េគបនេគបនេគបនេគបន 
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2 2 2 2 2 2 2
1 1 2 2 n n 1 2 n 1 2 n(a b a b ... a b ) (a a ... a )(b b ... b )+ + + ≤ + + + + + ++ + + ≤ + + + + + ++ + + ≤ + + + + + ++ + + ≤ + + + + + +         ឬឬឬឬ    

(((( )))) (((( )))) (((( ))))
2n n n

2 2
k k k k

k 1 k 1 k 1
a b a b

= = == = == = == = =

     ≤ ×≤ ×≤ ×≤ ×    
    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑         ។។។។    

 

វសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតវសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតវសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតវសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតិិិិ     

31 2 n

1 2 3 n

aa a a
...

b b b b
= = = == = = == = = == = = =   ។  ។  ។  ។        

សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក ់   

eyIgeRCIserIsGnuKmneyIgeRCIserIsGnuKmneyIgeRCIserIsGnuKmneyIgeRCIserIsGnuKmn____mYykMnt´ mYykMnt´ mYykMnt´ mYykMnt´ x IR∀ ∈∀ ∈∀ ∈∀ ∈ eday ½eday ½eday ½eday ½    

(((( )))) (((( )))) (((( ))))

2 2 2
1 1 2 2 n n

n n n
2 2 2
k k k k

k 1 k 1 k 1

f (x) (a x b ) (a x b ) ..... (a x b )

f (x) a x 2 a b x b
= = == = == = == = =

= + + + + + += + + + + + += + + + + + += + + + + + +

= + += + += + += + +∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑
    

eday eday eday eday x IR∀ ∈∀ ∈∀ ∈∀ ∈ RtIFa RtIFa RtIFa RtIFa f (x) 0≥≥≥≥  Canic©ena¼  Canic©ena¼  Canic©ena¼  Canic©ena¼ fa 0

' 0

>>>>
∆ ≤∆ ≤∆ ≤∆ ≤

    

eday eday eday eday 2 2 2
f 1 2 na a a ..... a 0= + + + >= + + + >= + + + >= + + + >         

ehtuen¼eKánCanic© ehtuen¼eKánCanic© ehtuen¼eKánCanic© ehtuen¼eKánCanic© ' 0∆ ≤∆ ≤∆ ≤∆ ≤     

(((( )))) (((( )))) (((( ))))
2n n n

2 2
k k k k

k 1 k 1 k 1
' a b a b 0

= = == = == = == = =

    ∆ = − × ≤∆ = − × ≤∆ = − × ≤∆ = − × ≤    
    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑         

ឬឬឬឬ    (((( )))) (((( )))) (((( ))))
2n n n

2 2
k k k k

k 1 k 1 k 1
a b a b

= = == = == = == = =

     ≤ ×≤ ×≤ ×≤ ×    
    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑             
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2222/ / / / Cauchy-Schwarz in Engle form 

ចំេពះរគប់ចំនួនពិត ចំេពះរគប់ចំនួនពិត ចំេពះរគប់ចំនួនពិត ចំេពះរគប់ចំនួនពិត 1 2 n 1 2 nx ,x ,...,x ,y ,y , ...,y 0>>>>     

េគបនេគបនេគបនេគបន    
2 2 2 2

1 2 n 1 2 n

1 2 n 1 2 n

x x x (x x ... x )
...

y y y y y ... y
+ + ++ + ++ + ++ + ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + ++ + ++ + ++ + +

            

វសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតវសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតវសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតវសមភពេនះកល យជសមភពលុះរតែតនិងរគន់ែតិិិិ     

31 2 n

1 2 3 n

xx x x
...

y y y y
= = = == = = == = = == = = =   ។  ។  ។  ។    

សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក ់   

តមវសមភព តមវសមភព តមវសមភព តមវសមភព ិិិិ (((( )))) (((( )))) (((( ))))
2n n n

2 2
k k k k

k 1 k 1 k 1
a b a b

= = == = == = == = =

     ≤ ×≤ ×≤ ×≤ ×    
    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑             

េបេគយក េបេគយក េបេគយក េបេគយក k
k k k

k

x
a , b y

y
= == == == =         

េគបនេគបនេគបនេគបន    (((( ))))
2

2n n n
k k

k k
k 1 k 1 k 1kk

x x
. y y

yy= = == = == = == = =

             
≤ ×≤ ×≤ ×≤ ×                              

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑     

េគទញ េគទញ េគទញ េគទញ 
(((( ))))

(((( ))))

2n

2 kn
k 1k

n
k 1 k

k
k 1

x
x
y y

====

====

====

    
             ≥≥≥≥    

    

∑∑∑∑
∑∑∑∑

∑∑∑∑
  ,  ,  ,  ,    
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ដូចេនះដូចេនះដូចេនះដូចេនះ        
2 2 2 2

1 2 n 1 2 n

1 2 n 1 2 n

x x x (x x ... x )
...

y y y y y ... y
+ + ++ + ++ + ++ + ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + ++ + ++ + ++ + +

        

៣៣៣៣/ / / / វិសមភពហលូឌរ័ វិសមភពហលូឌរ័ វិសមភពហលូឌរ័ វិសមភពហលូឌរ័ ((((HÖlder’s Inequality ))))    
រទសតបទ រទសតបទ រទសតបទ រទសតបទ ឹ ីឹ ីឹ ីឹ ី រគប់ចំនួនពិតវជជមន រគប់ចំនួនពិតវជជមន រគប់ចំនួនពិតវជជមន រគប់ចំនួនពិតវជជមន ិិិិ i ,ja  , , , ,1 i m , 1 j 1≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤  

េគបន េគបន េគបន េគបន 
m

m n n m
m

ij ij
i 1 j 1 j 1 i 1

a a
= = = == = = == = = == = = =

        
≥≥≥≥         

         
∏∏∏∏ ∑ ∑∑ ∑∑ ∑∑ ∑ ∏∏∏∏   ។  ។  ។  ។ 

របូមនតេផសងេទៀតៃនរបូមនតេផសងេទៀតៃនរបូមនតេផសងេទៀតៃនរបូមនតេផសងេទៀតៃន HÖlder’s Inequality 

រគបចំ់ននួវជជមនរគបចំ់ននួវជជមនរគបចំ់ននួវជជមនរគបចំ់ននួវជជមនិិិិ     1 2 nx ,x ,....,x     នងនងនងនងិិិិ    1 2 ny ,y ,...,y     

ចំេពះចំេពះចំេពះចំេពះ    p 0,q 0> >> >> >> >     និង និង និង និង 1 1
1

p q
+ =+ =+ =+ =     

េនះេគបន េនះេគបន េនះេគបន េនះេគបន (((( ))))
1 1

n n np qp q
k k k k

k 1 k 1 k 1
x y x y

= = == = == = == = =

            ≤ ×≤ ×≤ ×≤ ×            
            

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   ។។។។    

៤៤៤៤/ / / / វិសមភពមនកសូគ វិសមភពមនកសូគ វិសមភពមនកសូគ វិសមភពមនកសូគ ិ ីិ ីិ ីិ ី ((((Minkowski’s Inequality ))))    

រទសតបទទរទសតបទទរទសតបទទរទសតបទទឹ ី ីឹ ី ីឹ ី ីឹ ី ី១ ១ ១ ១ ចំេពះចំននួវជជមនចំេពះចំននួវជជមនចំេពះចំននួវជជមនចំេពះចំននួវជជមនិិិិ     1 2 na ,a ,...,a         នងនងនងនងិិិិ        

1 2 nb ,b ,....,b ; n∀ ∈∀ ∈∀ ∈∀ ∈ℕ     នងចំេពះនងចំេពះនងចំេពះនងចំេពះិិិិ     p 1≥≥≥≥ េគបនេគបនេគបនេគបន    ::::    
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1 1 1
n n np p pp p p

k k k k
k 1 k 1 k 1

(a b ) a b
= = == = == = == = =

                    + ≤ ++ ≤ ++ ≤ ++ ≤ +                    
                    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   ។  ។  ។  ។ 

រទសតបទទរទសតបទទរទសតបទទរទសតបទទឹ ី ីឹ ី ីឹ ី ីឹ ី ី២ ២ ២ ២ ចំេពះចំននួវជជមនចំេពះចំននួវជជមនចំេពះចំននួវជជមនចំេពះចំននួវជជមនិិិិ     1 2 na ,a ,...,a         នងនងនងនងិិិិ        

1 2 nb ,b ,....,b ; n∀ ∈∀ ∈∀ ∈∀ ∈ℕ  ែដល  ែដល  ែដល  ែដល n 2≥≥≥≥  េគបន  េគបន  េគបន  េគបន     

(((( )))) (((( )))) (((( ))))
n n n

n n n
k k k k

k 1 k 1 k 1
a b a b

= = == = == = == = =
+ ≤ ++ ≤ ++ ≤ ++ ≤ +∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏   ។  ។  ។  ។ 

៥៥៥៥/ / / / វិសមភពែបនលូវិសមភពែបនលូវិសមភពែបនលូវិសមភពែបនលូីីី(ី(((Bernoulli’s Inequality ))))    

• ចំេពះចំេពះចំេពះចំេពះ        x 1 , a (0,1)> − ∈> − ∈> − ∈> − ∈     េគបនេគបនេគបនេគបន:::: a(1 x) 1 ax+ < ++ < ++ < ++ < +         

•  ចំេពះ x 1,n 1> − <> − <> − <> − <   េគបន: a(1 x) 1 ax+ > ++ > ++ > ++ > +     

៦៦៦៦/ / / / វសមភពវសមភពវសមភពវសមភពិិិិ     CHEBYSHEVCHEBYSHEVCHEBYSHEVCHEBYSHEV((((ChebyshevChebyshevChebyshevChebyshev’s Inequality’s Inequality’s Inequality’s Inequality))))    

េគេអយពរស៊វតៃនចំននួពតវជជមនេគេអយពរស៊វតៃនចំននួពតវជជមនេគេអយពរស៊វតៃនចំននួពតវជជមនេគេអយពរស៊វតៃនចំននួពតវជជមនី ី ិី ី ិី ី ិី ី ិ ិិ ិិ     

1 2 na ,a ,...,a  នង  នង  នង  នង ិិិិ 1 2 nb ,b ,....,b  នង  នង  នង  នង ិិិិ n *∈∈∈∈ℕ         

----ចំេពះចំេពះចំេពះចំេពះ 1 2 na a ... a≤ ≤ ≤≤ ≤ ≤≤ ≤ ≤≤ ≤ ≤ នងនងនងនងិិិិ    1 2 nb b ... b≤ ≤ ≤≤ ≤ ≤≤ ≤ ≤≤ ≤ ≤     
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េគបនេគបនេគបនេគបន    :::: (((( )))) (((( )))) (((( ))))
n n n

k k k k
k 1 k 1 k 1

1
a b a b

n= = == = == = == = =
≥ ×≥ ×≥ ×≥ ×∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑             

        ----ចំេពះចំេពះចំេពះចំេពះ        1 2 na a ... a≤ ≤ ≤≤ ≤ ≤≤ ≤ ≤≤ ≤ ≤ នងនងនងនងិិិិ    1 2 nb b ... b≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥     

                េគបនេគបនេគបនេគបន        (((( )))) (((( )))) (((( ))))
n n n

k k k k
k 1 k 1 k 1

1
a b a b

n= = == = == = == = =
≤ ×≤ ×≤ ×≤ ×∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑             

៧៧៧៧/ / / / វិសមភពវិសមភពវិសមភពវិសមភព JENSEN    ((((Jensen’s Inequality)))) 
វិសមភពវិសមភពវិសមភពវិសមភព JENSEN    ទរមងទ់ទរមងទ់ទរមងទ់ទរមងទ់ីីីី១១១១    

      េគឲយ       េគឲយ       េគឲយ       េគឲយ n  ចំននួពត  ចំននួពត  ចំននួពត  ចំននួពត ិិិិ     1 2 nx ,x ,...,x I∈∈∈∈     

• េបេបេបេប    f ''(x) 0<<<<  នង  នង  នង  នង ិិិិ kx I∀ ∈∀ ∈∀ ∈∀ ∈ េគបនេគបនេគបនេគបន::::    

            [[[[ ]]]]
n n

k k
k 1 k 1

1 1
f (x ) f (x )

n n= == == == =

    ≤≤≤≤         
∑ ∑∑ ∑∑ ∑∑ ∑   ។  ។  ។  ។    

• េបេបេបេប    f ''(x) 0>>>>  នង  នង  នង  នង ិិិិ kx I∀ ∈∀ ∈∀ ∈∀ ∈ េគបនេគបនេគបនេគបន::::    

            [[[[ ]]]]
n n

k k
k 1 k 1

1 1
f (x ) f (x )

n n= == == == =

    ≥≥≥≥         
∑ ∑∑ ∑∑ ∑∑ ∑   ។  ។  ។  ។ 
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វិសមភពវិសមភពវិសមភពវិសមភព JENSEN    ទរមងទ់ទរមងទ់ទរមងទ់ទរមងទ់ីីីី២២២២    

      េគឲយ       េគឲយ       េគឲយ       េគឲយ n  ចំននួពត  ចំននួពត  ចំននួពត  ចំននួពត ិិិិ     1 2 nx ,x ,...,x I∈∈∈∈   នងចំេពះរគប់  នងចំេពះរគប់  នងចំេពះរគប់  នងចំេពះរគប់ិិ ិិ     

      ចំននួវជជមន      ចំននួវជជមន      ចំននួវជជមន      ចំននួវជជមនិិិិ     1 2 na ,a ,...,a ែដលផលបកូែដលផលបកូែដលផលបកូែដលផលបកូ    (((( ))))
n

k
k 1

a 1
====

====∑∑∑∑     

• េបេបេបេប    f ''(x) 0<<<<  នង  នង  នង  នង ិិិិ kx I∀ ∈∀ ∈∀ ∈∀ ∈ េគបនេគបនេគបនេគបន::::    

            [[[[ ]]]]
n n

k k k k
k 1 k 1

a f (x ) f (a x )
= == == == =

    ≤≤≤≤         
∑ ∑∑ ∑∑ ∑∑ ∑   ។  ។  ។  ។    

• េបេបេបេប    f ''(x) 0>>>>  នង  នង  នង  នង ិិិិ kx I∀ ∈∀ ∈∀ ∈∀ ∈ េគបនេគបនេគបនេគបន::::    

            [[[[ ]]]]
n n

k k k k
k 1 k 1

f (a x ) f (a x )
= == == == =

    ≥≥≥≥         
∑ ∑∑ ∑∑ ∑∑ ∑   ។  ។  ។  ។    

វិសមភពវិសមភពវិសមភពវិសមភព JENSEN    ទរមងទ់ទរមងទ់ទរមងទ់ទរមងទ់ីីីី៣៣៣៣    

                        េគឲយ េគឲយ េគឲយ េគឲយ n  ចំននួពត  ចំននួពត  ចំននួពត  ចំននួពត ិិិិ     1 2 nx ,x ,...,x I∈∈∈∈   នងចំេពះរគប់  នងចំេពះរគប់  នងចំេពះរគប់  នងចំេពះរគប់ិិ ិិ     

      ចំននួវជជមន      ចំននួវជជមន      ចំននួវជជមន      ចំននួវជជមនិិិិ     1 2 na ,a ,...,a  ។ ។ ។ ។        

• េបេបេបេប    f ''(x) 0<<<<  នង  នង  នង  នង ិិិិ kx I∀ ∈∀ ∈∀ ∈∀ ∈ េគបនេគបនេគបនេគបន::::    
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[[[[ ]]]]

(((( )))) (((( ))))

n n

k k k k
k 1 k 1

n n

k k
k 1 k 1

a f (x ) (a x )
f

a a

= == == == =

= == == == =

    
    

≤≤≤≤     
    
    

∑ ∑∑ ∑∑ ∑∑ ∑

∑ ∑∑ ∑∑ ∑∑ ∑
  ។  ។  ។  ។    

• េបេបេបេប    f ''(x) 0>>>>  នង  នង  នង  នង ិិិិ kx I∀ ∈∀ ∈∀ ∈∀ ∈                 េគបនេគបនេគបនេគបន::::            

[[[[ ]]]]

(((( )))) (((( ))))

n n

k k k k
k 1 k 1

n n

k k
k 1 k 1

a f (x ) (a x )
f

a a

= == == == =

= == == == =

    
    

≥≥≥≥     
    
    

∑ ∑∑ ∑∑ ∑∑ ∑

∑ ∑∑ ∑∑ ∑∑ ∑

            

៨៨៨៨/ / / / វិសមភព វិសមភព វិសមភព វិសមភព Schur ((((Schur’s Inequality)))) 
រគប់ចំនួនពិតវជជមន រគប់ចំនួនពិតវជជមន រគប់ចំនួនពិតវជជមន រគប់ចំនួនពិតវជជមន ិិិិ a,b,c និង  និង  និង  និង n 0>>>>  េគបន េគបន េគបន េគបន    

n n na (a b)(a c) b (b c)(b a) c (c a)(c b) 0− − + − − + − − ≥− − + − − + − − ≥− − + − − + − − ≥− − + − − + − − ≥                                                                 
វសមភពេនះពិតចំេពះ វសមភពេនះពិតចំេពះ វសមភពេនះពិតចំេពះ វសមភពេនះពិតចំេពះ ិិិិ a b c= == == == =  ។ ។ ។ ។ 

៩៩៩៩/ / / / វិសមភពវិសមភពវិសមភពវិសមភព ((((Rearrangement’s Inequality)))) 

េគឲយ េគឲយ េគឲយ េគឲយ (((( ))))n n 1
a ≥≥≥≥  និង  និង  និង  និង (((( ))))n n 1

b ≥≥≥≥  ជសវតីៃនចំនួនពិតវជជមន ជសវតីៃនចំនួនពិតវជជមន ជសវតីៃនចំនួនពិតវជជមន ជសវតីៃនចំនួនពិតវជជមនុុុុ ិិ ិិ  

េកន ឬេកន ឬេកន ឬេកន ឬចុះរពមគន  ។ ចំេពះរគប់ចមល ស់ ចុះរពមគន  ។ ចំេពះរគប់ចមល ស់ ចុះរពមគន  ។ ចំេពះរគប់ចមល ស់ ចុះរពមគន  ។ ចំេពះរគប់ចមល ស់ n(c ) ៃន ៃន ៃន ៃនចំនួនចំនួនចំនួនចំនួន 

    (((( ))))nb  េគបន  េគបន  េគបន  េគបន (((( )))) (((( )))) (((( ))))
n n n

k k k k k n k 1
k 1 k 1 k 1

a b a c a b − +− +− +− +
= = == = == = == = =

≥ ≥≥ ≥≥ ≥≥ ≥∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  
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CMBUkTI16      

     PaBEckdać nig viFIEckGWKøIt 
!>PaBEckdac;kñúg Z 
 k-niymn½y 
 -cMnYnKt;rWuLaTIb a CaBhuKuNéncMnYnKt;rWLaTIb b  luHRtaEtman 
 cMnYnrWuLaTIb qmYyEdl q.ba ====  . 
 kñúgkrNIenH b  ehAfatYEckén a . 
-ebI 0b ≠≠≠≠  enaHeKfa b  CatYEckmYyén a b¤ b Eckdac;a ehIy 
eKkMnt;sresr a|b   Ganfa b Eckdac; a . 
 x-lkçNHEckdac;énplbUknigpldk 
 man c,b,a  nig x  CacMnYnKt;rWLaTIbEdl x  xusBIsUnü . 
 ebI b|x,a|x  nig c|x  enaH )cba(|x −−−−++++  . 
K-lkçNHEckdac;nwgmYycMnYn 
 -mYycMnYnKt;Eckdac;nwg 2 luHRtaEtelxxÞg;rayEckdac;nwg 2 
   )ann½yfacMnYnenaHRtUvmanelxxagcugCaelxKU ³ 
    )8,6,4,2,0(    . 
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 -mYycMnYnEckdac;nwg 5 luHRtaEtvamanelxcug 0 b¤ %  . 
 -mYycMnYnEckdac;nwg $ luHRtaEtcMnYnBIrxÞg;xagcugEckdac;nwg $  
 -mYycMnYnEckdac;nwg @% luHRtaEtcMnYnBIrxÞg;xagcugEckdac;nwg @% 
   KW 75,50,25,00   . 
 -mYycMnYnEckdac;nwg # ¬ nwg ( ¦ luHRtaEtplbUkelxRKb;xÞg;én 
   cMnYnenaHEckdac;nwg # ¬ nwg ( ¦  . 
 -mYycMnYnEckdac;nwg !! luHRtaEtpldkrvagplbUkelxxÞg;ess 
 nigplbUkelxxÞg;KUéncMnYnenaH ¬rab;BIsþaMeTAeqVg ¦ Eckdac;nwg !! . 
@>viFIEckEbbGWKøIt 
 k-niymn½y  
 eFIVviFIEckEbbGWKøIténcMnYnKt;rWLaTIb a nigcMnYnKt;FmµCati bKW 
 kMNt;cMnYnKt;rWuLaTIb q  nigcMnYnKt;FmµCati r  Edl rbqa ++++====  
 eday br0 <<<<≤≤≤≤   . 
 a ehAfatMNaMgEck b, ehAfatYEck q,  ehAfaplEck nig r  
 ehAfasMNl; . 
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x-RTwsþIbT ebI a CacMnYnKt;rWLaTIb nig b  CacMnYnKt;FmµCati 
       enaHmancMnYnKt; rWuLaTIb q  EtmYyKt; nig cMnYnKt;FmµCati r   
EtmYyKt;Edl rq.ba ++++====  eday br0 <<<<≤≤≤≤  . 

cMnYnbzm tYEckrYm nig BhuKuNrYm 
  

� cMnYnbfm 
-eKfacMnYnKt;FmµCati n  CacMnYnbfmkalNa n  mantYEck 
EtBIKt;KW 1 nig n  xøÜnÉg . 
-RKb;cMnYnKt;FmµCati n 1>>>>  mantYEckCacMnYnbfmmYyEdlCa 
tYEcktUcbMputeRkABI 1 . 
-ebI n IN∈∈∈∈  ehIy n  minEmnCacMnYnbfm enaHmancMnYnbfm b  
Edl n  Eckdac;nwg b  nig 2b n≤≤≤≤  . 
-edIm,IsÁal;facMnYnKt;FmµCati a NamYyCacMnYnbfm eKRtUvEck 
a nigcMnYnbfmt²KñaEdltUcCagva  . ebIKµanviFIEckNamYypþl; 
sMNl;sUnüeTenaH nig plEcktUcCagtYEckEdl)anykmkeRbI 
enaH a CacMnYnbfm . 
-ebI n ∈∈∈∈ℕ  ehIy n  Eckmindac;nwgcMnYnbfmEdlmankaertUc 
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Cagb¤esµI n  enaH n  CacMnYnbfm . 
-sV‘IúténcMnYnbfm CasIVútGnnþtY . 
-RKb;cMnYnKt;FmµCatiminbfm ehIyFMCag 1 GacbMEbkCaplKuN 
énktþabfm)an ehIy)anEtmYyEbKt; . 
� tYEckrYm nig BhuKuNrYm 
-eK[ a nig b  CacMnYnKt;FmµCati . cMnYnKt;FmµCati d  CatYEck 
rYmén a nig bkalNa dCatYEckén a pg nigCatYEckénbpg. 
-tYEckrYmFMbMputéncMnYnKt;FmµCati a nig b  CacMnYnKt;FMCageK 
énbNþatYEckrYmén a nig b  . nimµitsBaØa PGCD(a,b)δ =δ =δ =δ =  
b¤ GCD(a,b)δ =δ =δ =δ = CatMNag[tYEckrYmFMbMputéncMnYnKt;FmµCati 
 a nig b  . 

       -cMnYnKt;FmµCati a nigbCacMnYnbfmrvagKñakalNa 
                   tYEckrYmFMbMput GCD(a,b) 1====  nigRcas;mkvij . 
       -ebI a , b∈∈∈∈ℕ   Edl a bq r , 0 r b= + < <= + < <= + < <= + < <  enaHeK)an 
                   GCD(a,b) GCD(b,r)====  . 

-RKb; a , b∈∈∈∈ℕ  nigRKb;tYEckrYm d  én a nig b  eK)an ³ 
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k> GCD(na,nb) nG(a,b)====   Edl n ∈∈∈∈ℕ  
x> a b GCD(a,b)

GCD ,
d d d
     ====    
    

 

-RTwsþIbT BezoutcMnYnKt;FmµCati a nig b   
  bfmrvagKñaluHRtaEtmancMnYnKt;rWuLaTIb u  nig v   
   Edl  au bv 1+ =+ =+ =+ =  . 
-RTwsþIbT Gauss : 
  ebI c | ab nig GCD(a,b) 1====  naM[ c | b  . 
-ebI a | n ; b | n nig GCD(a,b) 1====  naM[ ab | n . 
-BhuKuNrYmtUcbMputénBIrcMnYnKt; a nig b  KWCacMnYnKt;FmµCati  
EdltUcCageKkñúgbNaþBhuKuNrYmviC¢manxusBIsUnüén a nig b  
EdlkMNt;eday PPCM(a,b)µ =µ =µ =µ =  b¤ LCM(a,b)µ =µ =µ =µ =  
-RKb;cMnYnKt;FmµCati a ,b nig n  nigRKb;tYEckrYm a nig b  
eK)an   k> LCM(na,nb) nLCM(a,b)====  
           x> a b LCM(a,b)

LCM( , )
d d d

====    
-RTwsþIbT ³ ebI a nig b  CacMnYnKt;FmµCatienaHeK)an  
  GCD(a,b) LCM(a,b) a b× = ×× = ×× = ×× = ×    . 
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CMBUkTI17          

GnuKmnGIuEBbUlik 
(Hyperbolic Functions) 

!>kenSamBICKNitsþg;da 
  GnuKmn_GIuEBbUlikman ³ 
 �sIunUsGIuEBbUlik kMNt;edaysmIkar  

2
ee

xsinh
xx −−−−−−−−====  

 �kUsIunUsGIuEBbUlik kMNt;edaysmIkar 
2
ee

xcosh
xx −−−−++++====  

 �tg;sg;GIuEBbUlik kMNt;edaysmIkar  xx

xx

ee
ee

xtanh −−−−

−−−−

++++
−−−−====  

 �kUtg;sg;GIuEBbUlik kMNt;edaysmIkar xx

xx

ee
ee

xcoth −−−−

−−−−

++++
−−−−====  

@>TMnak;TMngsMxan;² 
 k> 1xsinhxcosh 22 ====−−−−  g> 

xcosh
1

xtanh1 2
2 ====−−−−  

 x> 
xcosh
xsinh

xtanh ====  c> 
xsinh

1
1xcoth 2

2 ====−−−−  
 K> 

xsinh
xcosh

xcoth ====  
 X> 

xcoth
1

xtanh ====  
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sRmaybBa¢ak; 

eday 
2
ee

xsinh
xx −−−−−−−−====   nig 

2
ee

xcosh
xx −−−−++++====  

eK)an 
2xx2xx

22

2
ee

2
ee

xsinhxcosh 






 −−−−−−−−






 ++++====−−−−
−−−−−−−−

 

                                    
1

4
e2ee2e

4
e2e

4
e2e

x2x2x2x2

x2x2x2x2

====

−−−−++++−−−−++++++++====

++++−−−−−−−−++++++++====

−−−−−−−−

−−−−−−−−

 

dUcenH 1xsinhxcosh 22 ====−−−−   . 
tam 1xsinhxcosh 22 ====−−−−  
eK)an 

xcosh

1

xcosh

xsinhxcosh
22

22

====−−−−  

          
xcosh

1

xcosh

xsinh
1 22

2

====−−−−   eday 
xcosh
xsinh

xtanh ====  
dUcenH 

xcosh

1
xtanh1 2

2 ====−−−−    .  

müa:geTot  
xsinh

1

xsinh

xsinhxcosh
22

22

====−−−−  

          
xsinh

1
1

xsinh

xcosh
22

2

====−−−−   eday 
xsinh
xcosh

xcoth ====  
dUcenH 

xcosh

1
1xcoth 2

2 ====−−−−    . 
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#>rUbmnþplbUk 
 !> xcoshysinhycoshxsinh)yxsinh( ++++====++++  
 @> ysinhxsinhycoshxcosh)yxcosh( ++++====++++  
 #> 

ytanhxtanh1
ytanhxtanh

)yxtanh(
++++

++++====++++  

 $> 
ycothxcoth
1ycothxcoth

)yxcoth(
++++

++++====++++  

sMraybBa¢ak; 

eKman 
2
ee

xcosh,
2
ee

xsinh
xxxx −−−−−−−− ++++====

−−−−====  

          
2
ee

ycosh,
2
ee

ysinh
yyyy −−−−−−−− ++++====

−−−−====  

eK)an 
4

)ee)(ee(
ycoshxsinh

yyxx −−−−−−−− ++++−−−−====  

         )a(
4

eeee
ycoshxsinh

)yx(yx)yx(yx ++++−−−−−−−−++++−−−−++++ −−−−++++−−−−====  

ehIy  
4

)ee)(ee(
xcoshysinh

xxyy −−−−−−−− ++++−−−−====  

          )b(
4

eeee
xcoshysinh

)yx(yx)yx(yx ++++−−−−−−−−++++−−−−++++ −−−−−−−−++++====  
bUksmIkar )a(  nig )b(  eK)an ³ 

)yxsinh(
2

ee
xcoshysinhycoshxsinh

)yx(yx

++++====
−−−−

====++++
−−−−−−−−++++  
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mü:ageTot 
4

)ee)(ee(
ycoshxcosh

yyxx −−−−−−−− ++++++++====  

               )c(
4

eeee
ycoshxcosh

)yx(yxyxyx ++++−−−−++++−−−−−−−−++++ ++++++++++++====  

ehIy 
4

)ee)(ee(
ysinhxsinh

yyxx −−−−−−−− −−−−−−−−====  

        )d(
4

eeee
ysinhxsinh

)yx(yxyxyx ++++−−−−++++−−−−−−−−++++ ++++−−−−−−−−====  
bUksmIkar )c(  nig )d(  eK)an ³ 

)yxcosh(
2
ee

ysinhxsinhycoshxcosh
)yx(yx

++++====
++++====++++

++++−−−−++++

 
dUcenH ysinhxsinhycoshxcosh)yxcosh( ++++====++++  . 
eKman 

)yxcosh(
)yxsinh(

)yxtanh(
++++
++++====++++  

                            

ytanhxtanh1
ytanhxtanh

)
ycoshxcosh
ysinhxsinh

1(ycoshxcosh

)
ycosh
ysinh

xcosh
xsinh

(ycoshxcosh

ysinhxsinhycoshxcosh
ycsohxsinhycoshxsinh

++++
++++====

++++

++++
====

++++
++++====

 

dUcenH 
ytanhxtanh1

ytanhxtanh
)yxtanh(

++++
++++====++++    . 
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#>GnuKmn_énGaKuym:g;GviC¢man 
 !> xsinh)xsinh( −−−−====−−−−  
 @> xcosh)xcosh( ====−−−−  
 #> xtanh)xtanh( −−−−====−−−−  
 $> xcoth)xcoth( −−−−====−−−−  
sRmaybBa¢ak; 
eKman 

2
ee

xsinh
xx −−−−−−−−====  

eK)an xsinh
2
ee

2
ee

)xsinh(
xxxx

−−−−====
−−−−−−−−====

−−−−====−−−−
−−−−−−−−

 

ehIy 
2
ee

xcosh
xx −−−−++++====  

eK)an xcosh
2

ee
)xcosh(

xx

====
++++====−−−−

−−−−

  . 
xtanh

xcosh
xsinh

)xcosh(
)xsinh(

)xtanh( −−−−====−−−−====
−−−−
−−−−====−−−−  

xcoth
xsinh
xcosh

)xsinh(
)xcosh(

)xcoth( −−−−====−−−−====
−−−−
−−−−====−−−−  

%>rUbmnþpldk 
 !> xcoshysinhycoshxsinh)yxsinh( −−−−====−−−−  
 @> ysinhxsinhycoshxcosh)yxcosh( −−−−====−−−−  
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 #> 
ytanhxtanh1

ytanhxtanh
)yxtanh(

−−−−
−−−−====−−−−  

 $> 
ycothxcoth
ycothxcoth1

)yxcoth(
−−−−

−−−−====−−−−  

sRmaybBa¢ak; 
eKman )i(xcoshysinhycoshxsinh)yxsinh( ++++====++++  
        )ii(ysinhxsinhycoshxcosh)yxcosh( ++++====++++  
        )iii(

ytanhxtanh1
ytanhxtanh

)yxtanh(
++++

++++====++++  

        )iv(
ycothxcoth
1ycothxcoth

)yxcoth(
++++

++++====++++  

edayCMnYs y  eday y−−−−   kñúg )iii(),ii(),i( nig )iv(  
eK)an  xcosh)ysinh()ycosh(xsinh)yxsinh( −−−−++++−−−−====−−−−  
                            xcoshysinhycoshxsinh −−−−====  
        )ysinh(xsinh)ycosh(xcosh)yxcosh( −−−−++++−−−−====−−−−  
                            ysinhxsinhycoshxcosh −−−−====  
       

ytanhxtanh1
ytanhxtanh

)ytanh(xtanh1
)ytanh(xtanh

)yxtanh(
−−−−

−−−−====
−−−−++++

−−−−++++====−−−−  

     
ycothxcoth
ycothxcoth1

)ycoth(xcoth
1)ycoth(xcoth

)yxcoth(
−−−−

−−−−====
−−−−++++

++++−−−−====−−−−  
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^>rUbmnþmMuDub ^>rUbmnþmMuDub ^>rUbmnþmMuDub ^>rUbmnþmMuDub ( DOUBLE ANGLE FORMU( DOUBLE ANGLE FORMU( DOUBLE ANGLE FORMU( DOUBLE ANGLE FORMULAS )LAS )LAS )LAS )  

 !> xcoshxsinh2x2sinh ====  
 @> xsinhxcoshx2cosh 22 ++++====  
                    xsinh211xcosh2 22 ++++====−−−−====  
 #> 

xtanh1

xtanh2
x2tanh 2++++

====  

 $> 
xcoth2

xcoth1
x2coth

2++++====  
sRmaybBa¢ak; 
eKman )i(xcoshysinhycoshxsinh)yxsinh( ++++====++++  
        )ii(ysinhxsinhycoshxcosh)yxcosh( ++++====++++  
        )iii(

ytanhxtanh1
ytanhxtanh

)yxtanh(
++++

++++====++++  

        )iv(
ycothxcoth
1ycothxcoth

)yxcoth(
++++

++++====++++  

edayCMnYs y  eday x   kñúg )iii(),ii(),i( nig )iv(  eK)an ³ 
  xcoshxsinh2x2sinh ====  
  xsinhxcoshx2cosh 22 ++++====  
  

xtanh1

xtanh2
x2tanh 2++++

====   nig  
xcoth2

xcoth1
x2coth

2++++====  
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&>rUbmnþknøHmMu    ( HALE ANGLE FORMULAS )( HALE ANGLE FORMULAS )( HALE ANGLE FORMULAS )( HALE ANGLE FORMULAS )  

 !> 
2

1xcosh
2
x

sinh2 −−−−====  
 @> 

2
1xcosh

2
x

cosh2 ++++====  
 #> 

1xcosh
1xcosh

2
x

tanh2

++++
−−−−====  

 $> 
1xcosh
1xcosh

2
x

coth2

−−−−
++++====  

*>rUbmnþBhumMu    ( MULTIPLE ANGLE FORMULAS )( MULTIPLE ANGLE FORMULAS )( MULTIPLE ANGLE FORMULAS )( MULTIPLE ANGLE FORMULAS )  

 !> xsinh4xsinh3x3sinh 3++++====  
 @> xcosh3xcosh4x3cosh 3 −−−−====  
 #>

xtanh31
xtanhxtanh3

x3tanh 2

3

++++
++++====  

 $> xcoshxsinh4xcoshxsinh8x4sinh 3 ++++====  
 %> 1xcosh8xcosh8x4cosh 24 ++++−−−−====  
 ^>

xtanhxtanh61
x4tanh4xtanh4

x4tanh 42

3

++++++++
++++====  
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(>rUbmnþplbUk-pldk nig plKuN 
    ( Sum( Sum( Sum( Sum----Difference and Product of Hyperbolic Functions )Difference and Product of Hyperbolic Functions )Difference and Product of Hyperbolic Functions )Difference and Product of Hyperbolic Functions )  

!> 
2

yx
cosh

2
yx

sinh2ysinhxsinh
−−−−++++====++++  

@> 
2

yx
cosh

2
yx

cosh2ycoshxcosh
−−−−++++====++++  

#> 
2

yx
cosh

2
yx

sin2ysinhxsinh
++++−−−−====−−−−  

$> 
2

yx
sinh

2
yx

sinh2ycoshxcosh
−−−−++++====−−−−  

%> 
ycoshxcosh
)yxsinh(

ytanhxtanh
++++====++++  

^> 
ycoshxcosh
)yxsinh(

ytanhxtanh
−−−−====−−−−  

&> 
ysinhxsinh
)yxsinh(

ycothxcoth
++++====++++  

*> 
ysinhxsinh
)xysinh(

ycothxcoth
−−−−====−−−−  

(> )]yxcosh()yx[cosh(
2
1

ysinhxsinh −−−−−−−−++++====  



RbCMurUbmnþKNitviTüa 
 
 

  

- 125 - 

!0> )]yxcosh()yx[cosh(
2
1

ycoshxcosh −−−−++++++++====  

!!> )]yxsinh()yx[sinh(
2
1

ycoshxsinh −−−−++++++++====  

!@> )]yxsinh()yx[sinh(
2
1

xcoshysinh −−−−−−−−++++====  

!0>RkabénGnuKmn_GIuEBbUlik 
    ( Graphs of Hyperbolic Functions )( Graphs of Hyperbolic Functions )( Graphs of Hyperbolic Functions )( Graphs of Hyperbolic Functions )  

     !> xsinhy ====  

 

 

     

 

 

 

2 3 4-1-2-3-4

2

3

4

5

-1

-2

-3

0 1

1

x

y

xsinhy ====  
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 @> xcoshy ====  

 
 

 
 
 
 
#> xtanhy ====  
 
 
 
 

 
 
 
 

2 3 4-1-2-3-4

2

3

4

5

-1

0 1

1

x

y

xcoshy ====  

2 3 4 5-1-2-3-4

2

3

-1

-2

0 1

1

x

y

xtanhy ====  
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$> xcothy ====  
 
 

 
 
 
 
 

!!>TMnak;TMngrvagGnuKmn_GIuEBbUliknigGnuKmn_RtIekaNmaRt 
    ( Relationships between Hyperbolic and Trigonometry Functions )( Relationships between Hyperbolic and Trigonometry Functions )( Relationships between Hyperbolic and Trigonometry Functions )( Relationships between Hyperbolic and Trigonometry Functions )    

!> xsinhi)ixsin( ====  $> xsini)ixsinh( ====   

@> xcosh)ixcos( ====  %> xcos)ixcosh( ====  

#> xtanhi)ixtan( ====  ^> xtani)ixtanh( ====  

 

 

2 3 4 5-1-2-3-4

2

3

-1

-2

-3

0 1

1

x

y

xcothy ====  
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sRmaybBa¢ak; 

tamrUbmnþGWEl 
2

ee
xcos

ixix −−−−++++
====   nig 

i2

ee
xsin

ixix −−−−−−−−
====  

CMnYs x  eday ix  eK)an ³ 

xcosh
2

ee
2
ee

)ixcos(
xx)ix(i)ix(i

====
++++====

++++====
−−−−−−−−

 

xsinhi
2
ee

i
i2

ee
i2
ee

)ixsin(
xxxx)ix(i)ix(i

====
−−−−====

−−−−====
−−−−====

−−−−−−−−−−−−

 

ehIy xtanhi
xcosh
xsinhi

)ixcos(
)ixsin(

)ixtan( ============  . 

!@>Gnuvtþn_ 

eKman ycoshxsinhycoshxsinh)yxsinh( ++++====++++  

CMnYs iax ====  nig iby ====  eK)an ³ 

)iacos()ibsinh()ibcosh()iasinh()ba(isinh ++++====++++  

eday asini)iasinh(,)basin(i)ba(isinh ====++++====++++  



RbCMurUbmnþKNitviTüa 
 
 

  

- 129 - 

)ibcosh(,acos)iacosh(,bsini)ibsinh( ========   

eK)an acosbsinibcosasini)basin(i ++++====++++  

dUcenH   acosbsinbcosasin)basin( ++++====++++   . 

eKman ysinhxsinhycoshxcosh)yxcosh( ++++====++++  

CMnYs iax ====  nig iby ====  eK)an ³ 

)ibsinh()iasinh()ibcosh()iacosh()ba(icosh ++++====++++  

eday asini)iasinh(,)bacos()ba(icosh ====++++====++++  

)ibcosh(,acos)iacosh(,bsini)ibsinh( ========   

eK)an bsinasinibcosacos)bacos( 2++++====++++  eday 1i 2 −−−−====  

dUcenH   bsinasinbcosacos)bacos( −−−−====++++   . 

!#>lImIténGnuKmn_GIuEBbUlik 

!> 1
x

xsinh
lim

0x
====

→→→→
 @> 1

x
xtanh

lim
0x

====
→→→→
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sRmaybBa¢ak; 

eKman x

x2xx

e2

1e
2
ee

xsinh
−−−−====−−−−====

−−−−

 

eK)an 1
e

1
.

x2
1e

lim
xe2

1e
lim

x
xsinh

lim x

x2

0xx

x2

0x0x
====−−−−====−−−−====

→→→→→→→→→→→→
  . 

!$>edrIevénGnuKmn_GIuEBbUlik 

!> xcosh'yxsinhy ====⇒⇒⇒⇒====  

@> xsinh'yxcoshy ====⇒⇒⇒⇒====  

#> 
xcosh

1
'yxtanhy 2====⇒⇒⇒⇒====  

$> 
xsinh

1
'yxcothy 2−−−−====⇒⇒⇒⇒====  

!%>GaMgetRkalénGnuKmn_GIuEBbUlik 

!> ∫∫∫∫ ++++==== cxcoshdx.xsinh      #> ∫∫∫∫ ++++==== c)xln(coshdx.xtanh  

2. ∫∫∫∫ ++++==== cxsinhdx.xcosh     4. ∫∫∫∫ ++++==== c)xln(sinhdx.xcoth     
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CMBUkTI18          

viPaKbnßM nig RbUáb‘ÍlIet 
I- viPaKbnßM  

1 > hVa k;tU Erü l ( )Factorial  ³ 
 EdlehAfahVak;tUErüléncMnYn n  CaplKuNén n  cMnYnKt;viC¢mandMbUg b¤  
CaplKuNcMnYnKt;viC¢mantKña BI 1 rhUtdl; n  EdleKkMnt;sresr ³ 
  n.......321!n ××××××××××××××××====  . 

2> tM e rob mi nsa re LIg v i j ( )tArrangemen  ³ 
tMerob p  FatukñúgcMeNam n  FatuénsMnMu E  KWCasMnuMrgén E  Edlman p   
Fatuxus²Kña 
erobtamlMdab;mYykMnt; . eKkMnt;tagcMnYntMerob p  FatukñúgcMenam nFatueday ³ 

(((( )))) (((( ))))(((( )))) (((( ))))1pn.....2n1nn
!pn

!n
)p,n(A ++++−−−−−−−−−−−−====

−−−−
====   . 

3 > c M la s;mi nsa e LIg v i j ( )onPermultati  ³ 
 cMlas; n  Fatuxus²Kña KWCatMerob nFatu kñúgcMeNam nFatu . 
 eKkMnt;cMnYncMlas; nFatueday  n.....321!nP ××××××××××××××××========  . 
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4 > b nS M mi nsa re LI g vij  ( )nCombinatio  ³ 
bnSM pFatukñúgcMeNam nFatu CatMerobminKitlMdab;EdlkMnt;eday ³  
 

)!pn!.(p
!n

!p
)p,n(A

)p,n(C
−−−−

========    (((( ))))pn ≥≥≥≥   .   

5 > tM e rob sa re LI g vij 




 petitionRewithtArrangemen  ³ 

tMerobsareLIgvij pFatu kñgcMeNam nFatuKWCatMerobEdlFatunImYy² 
Gacmanvtþman n,...,3,2,1 dg .  
eKkMnt;sresr ³  pn)p,n(A ====  . 

6> c M la s;sa re L I g vij ( )petitionRewithonPermultati  ³ 
     eKeGaysMnMu E  man nFatu EdlkñúgenaH 1n  CaFatuRbePTTI1 2n,   
CaFatuRbePTTI2  3n, CaFatuRbePTTI3 pn,,......... CaFatuRbePTTI p  
Edl  nn....nnn p321 ====++++++++++++++++   
cMnYncMlas;sareLIgvijén n  Fatu KWCacMlas;GacEbgEck)anEdlkMnt;tageday ³ 
  

!n!.....n!.n!.n
!n

P
p321

====   . 

7 > b nS M sa re LI g vi j ( )petitionRewithCombiation  ³ 
bnSMsareLIgvijén  p  Fatu kñúgcMenam n  FatuKWCabnSM EdlFatunImYy²Gacman 
vtþmaneRcIndg. 
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eKtagbnSMsareLIgvijén p  Fatu kñúgcMenam n  Fatueday ³ 

 
(((( ))))

(((( ))))!1n!.p

!1pn
)p,n(C

−−−−

−−−−++++
====   . 

8 > e TVF a jÚ tu n 




 NewtondeBinom  

 (((( )))) nn
n

22n2
n

1n2
n

n0
n

n bC.......b.aCb.aCaCba ++++++++++++++++====++++ −−−−−−−−  . 

   Edl 
)!pn(!p

!n
)p,n(CCp

n −−−−
========   . 

 sM K a l; ³ eTVFasMxan;²KYrkt;sMKal;  
 !> nn

n
33

n
22

n
1
n

0
n

n xC...........xCxCxCC)x1( ++++++++++++++++++++====++++  
 @> 0

n
2n2

n
1n1

n
n0

n
n C..........xCxCxC)1x( ++++++++++++++++====++++ −−−−−−−−  

 

II-RbUáb‘ÍlIet  
RbU)ab‘‘ÍlIet mansarHsMxan;kñúgCIvPaBRbcaMéf¶rbs;eyIg EdleyIgeRbIR)as;vasMrab; 
vas;kMriténPaBmineTogTat; . kalNaeyIgeRKageFVIGIVmYykalNaGñk]tuniym 
TsSn_TayGakasFatub¤ Rkumh‘unFanara:b;rgeFIVeKalneya)ayrbs;Rkumh‘un caM)ac; 
RtUveRbI RbU)ab‘ÍlIet edIm,IeFVIesckþIsMerccitþ b¤eFVI kareRCIserIs  . 
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1 - RBw tþi ka rN_- lM hsM N a k ³ 
k > viB aØas a ³  
     viBaØasa KWCakarBiesaFn_mYyEdl ³ 
-GaceGayeKdwg nUvsMNMulT§plEdl)anekIteLIg 
-BMuGacdwgR)akdfa lT§plNaEdlnwgekItmaneLIg 
-karBiesaFn_ GacsareLIgvij CaeRcIndg kñúglkç½xNÐdUcKña . 
x > s k l  b¤l Mh sMN ak  ³ 
   sMnMuénlT§plTaMgGs;EdlGacman rbs;viBaØsamYy ehAfa skl  
EdleKtageday S . 
K > RBwt þik arN_ ³ CasMNMurg rbs;skl b¤lMhsMNak . 
]TahrN_ ³  
ebIeyIge)aHkak;Edlmanmux H  nigxñg  T  cMnYnmYydgenaHeKGac)anlT§pl  
Hb¤T  . 
-sMnMu {{{{ }}}}T,H  ehAfa lMhsMNak tageday {{{{ }}}}T,HS ====  . 
-ebIeKR)afñae)aH)anmux H  enaHsMNMu {{{{ }}}}H  ehAfaRBwtþikarN_ tageday {{{{ }}}}HA ====   
-cMnYnFatuénlMhsMNak ehAfacMnYnkrNIGac eKtageday (((( )))) 2Sn ====  . 
-cMnYnFatuénRBwtþikarN_ ehAfacMnYnkrNIRsb eKtageday   (((( )))) 1An ====   . 
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2 > rUb m n þeK al é n RbU)ab ³ 
     enAkñúgBiesaFn_mYy EdlmanlMhsMNak S RbU)ab‘ÍlIeténRBwtþikarN_ A   
ekIteLIgkMnt;eday ³ 

 (((( )))) (((( ))))
(((( ))))Sn
An

AP ========
accMnYnkrNIG

sbcMnYnkrNIR   eday SA ⊆⊆⊆⊆  enaH  (((( )))) 1AP0 ≤≤≤≤≤≤≤≤   . 

3 > rU b m nþK N na Rb U) ab ‘Í lI e t ³ 
k - rUb m n þ RbU)ab‘Íl I et é n Rb CMuRB wt þik arN _B Ir 
   �  ebI A  nig B  CaRBwtþikarN_BIrmincuHsMrugKñaenaHeK)an ³ 
      (((( )))) (((( )))) (((( ))))BPAPBAP ++++====∪∪∪∪  

    � ebI A  nig B  CaRBwtþikarN_BIrsamBaØenaHeK)an ³ 
      (((( )))) (((( )))) (((( )))) (((( ))))BAPBPAPBAP ∩∩∩∩−−−−++++====∪∪∪∪  

x - rUb m n þ RbU)ab‘Íl I et é n Rb CMuRB wt þik arN _bI ³ 
� ebI B,A  nig C CaRBwtþikarN_bImincuHsMrugKñaBI²enaHeK)an ³ 
      (((( )))) (((( )))) (((( )))) (((( ))))CPBPAPCBAP ++++++++====∪∪∪∪∪∪∪∪  

� ebI A  nig B  CaRBwtþikarN_bIsamBaØenaHeK)an ³ 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )CBAPCBPCAPBAPCPBPAPCBAP ∩∩+∩−∩−∩−++=∪∪  
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K - C aT UeT A ³ 
   � ebI n321 A,......,A,A,A  CaRBwtþikarN_mincuHsMrugKñaBI²enaHeK)an ³ 
     (((( )))) (((( )))) (((( )))) (((( ))))n21n21 AP...APAPA...AAP ++++++++++++====∪∪∪∪∪∪∪∪∪∪∪∪   . 

X- rUb m n þRbU)ab é n RB w t þik arN _B IrpÞú yK ña ³ 
      ebI A  nig A  CaRBwtþikarN_BIrpÞúyKñaenaHeK)an ³ 

      (((( )))) (((( )))) (((( )))) (((( ))))AP1AP1APAP −−−−====⇔⇔⇔⇔====++++  . 

g - rUb m n þRbU)ab‘Íl Iet m an l k ½çx ½NÐ ³ 
�  RbU)ab‘ÍlIeténRBwtþikarN_ A  edaydwgfa manRBwtþikarN_ B  )anekIt 
eLIgrYcehIy ehAfa RbU)abmanlkç½x½NÐ EdleKtageday ( )B/AP   
GanfaRbU)abén A  eday)andwg B  . 
dUcenH cMeBaHRBwtþikarN_ A  nig B  eday ( ) 0BP ≠  eKmanrUbmnþ ³ 
 (((( )))) (((( ))))

(((( ))))BP
BAP

B/AP
∩∩∩∩====  b¤eKGacTaj  (((( )))) (((( )))) (((( ))))BPB/APBAP ××××====∩∩∩∩   

c - rUb m n þRbU)ab é n RB wt þik arN _B Irmin T ak ;T g K ña ³ 
�RBwtþikarN_ A  nig B EdlGaRsy½nwgKñakñúgviFIEdlkarekIteLIgénRBwtþikarN_mYy 
minmanCab;Bak;Bn§½nwgkarekIteLIgénRBwtþikarN_mYyeTot eyIgehAfa 
RBwtþikarN_minTak;TgKña . 
� ebI  A  nig B  minTak;TgKñasmmUl ³ ( ) ( )

( ) ( )




=
=

BPA/BP

APB/AP  
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 � ebI  A  nig BCaRBwtþikarN_ minTak;TgKñaenaHeK)an ³ 
        ( ) ( ) ( )BPAPBAP ×=∩  . 
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