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ជំពូកទី០១ 

សេងខបរបូមនតសខំន់ៗ 
 
 

រទឹសតបីទវិសមភព 
 
 
1-វិសមភព Schur : 
 េគយក x,y និង z ជបីចំនួនពតិមនិអវជិជមន ។  
 ចំេពះរគប់ចំនួនពិតr 0>>>>  េគបន r

cyc

x (x y)(x z) 0− − ≥− − ≥− − ≥− − ≥∑∑∑∑   ។ 

 
2-វិសមភព  Cauchy-Schwarz: 
 េគឲយ 1 2 n 1 2 na ,a ,...,a ,b ,b ,...,b ជចំនួនពតិវជិជមនេនះេគបន ៖ 
 2 2 2 2 2 2 2

1 2 n 1 2 n 1 1 2 2 n n(a a ... a )(b b ... b ) (a b a b ... a b )+ + + + + + ≥ + + ++ + + + + + ≥ + + ++ + + + + + ≥ + + ++ + + + + + ≥ + + +   
 
3-វិសមភព  AM-GM: 
 េគឲយ 1 2 3 na ,a ,a ,...,a  ជ n  ចំនួនពិតមនិអវជិជមន ។ 
 េគបន 1 2 3 n n

1 2 3 n

a a a ... a
a a a ...a

n

+ + + ++ + + ++ + + ++ + + +
≥≥≥≥   ។ 

 វសិមភពេនះពតិលុះរតែត 1 2 ...= = == = == = == = = na a a   ។ 
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4-វិសមភព  Holder : 
 េគឲយ 1 2 n 1 2 nx ,x ,...,x ,y ,y , ...,y  ជចំនួនពតិវជិជមន ។   

សនមតថ p 1>>>> និង q 1>>>>  ែដល 1 1
1

p q
+ =+ =+ =+ =  េនះេគបន 

1 1
n n np q

p q
k k k k

k 1 k 1 k 1

x y x y
= = == = == = == = =

            
≤≤≤≤             
            

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   ។ 

 
5-វិសមភព  Bernoulli : 
 ចំេពះរគប់ r 1≥≥≥≥  និង x 1≥ −≥ −≥ −≥ −  េគបន r(1 x) 1 rx+ ≥ ++ ≥ ++ ≥ ++ ≥ +   ។ 
6-វិសមភព  Chebyshev: 
 េគឲយចនួំនពតិ 1 2 nx x ... x≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥   និង 1 2 ny y ... y≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥  ។ 
 េគបន  

1 1 2 2 n n 1 2 n 1 2 nx y x y ... x y x x ... x y y ... y
.

n n n
+ + + + + + + + ++ + + + + + + + ++ + + + + + + + ++ + + + + + + + +

≥≥≥≥    
7-វិសមភព  Minkowski: 
 េគឲយចនួំនពតិវជិជមន 1 2 n 1 2 nx ,x , ...,x ,y ,y ,...,y  និង p 1>>>>  ។ 

 េគបន 
1 1 1

n n np p p
p p p
k k k k

k 1 k 1 k 1

x y (x y )
= = == = == = == = =

                    
+ ≥ ++ ≥ ++ ≥ ++ ≥ +                    

                    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  ។ 
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រទឹសតបីទកនងុរតីេកណ 

 
 
1-រទឹសតបីទសុនីូស 
 េគឲយរតីេកណABC  មួយមនរជុង 
  BC a,AC b ,AB c= = == = == = == = =   
 ចរកឹនុងរងវង់ផចិតO  ក ំR  ។  

 េគបន  a b c
2R

sin A sinB sinC
= = == = == = == = =    

 
 
2-រទឹសតបីទកសូុនីូស 
 េគឲយរតីេកណABC  មួយមនរជុង  
 BC a,AC b ,AB c= = == = == = == = =  េគបន៖ 

 

2 2 2

2 2 2

2 2 2

a b c 2bccos A

b a c 2accosB

c a b 2abcosC

= + −= + −= + −= + −

= + −= + −= + −= + −

= + −= + −= + −= + −
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3-រទឹសតបីទេមដយន 

 

2 2 2
2
a

2 2 2
2
b

2 2 2
2
c

b c a
m

2 4
a c b

m
2 4

a b c
m

2 4

++++= −= −= −= −

++++= −= −= −= −

++++= −= −= −= −

 

 
4-រទឹសតបីទចំេណល 
  

 
a bcosC ccosB

b acosC ccosA

c acosB bcosA

= += += += +
= += += += +
= += += += +

 

 
 
 
5-របូមនតកនលះបនទ ត់ពុះមុំកនងុរតីេកណ 

 

A

B

c

2bc A
.cos

b c 2
2ac B

.cos
a c 2
2ab C

.cos
a b 2

====
++++

====
++++

====
++++

ℓℓℓℓ

ℓℓℓℓ

ℓℓℓℓ
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6-របូមនតកនលះមុំកនងុរតីេកណ 
 េគឲយរតីេកណABC  មួយមនរជុង BC a,AC b ,AB c= = == = == = == = =   
 តង a b c

p
2

+ ++ ++ ++ +====  ជកនលះបរមិរតៃនរតេីកណ ។ 
 

A (p b)(p c) B (p a)(p c) C (p a)(p b)
sin , sin , sin

2 bc 2 ac 2 ab

A p(p a) B p(p b) C p(p c)
cos ,cos , cos

2 bc 2 ac 2 ab

A (p b)(p c) B (p a)(p c) C (p a)(p b)
tan ,tan , tan

2 p(p a) 2 p(p b) 2 p(p c)

− − − − − −− − − − − −− − − − − −− − − − − −
= = == = == = == = =

− − −− − −− − −− − −
= = == = == = == = =

− − − − − −− − − − − −− − − − − −− − − − − −
= = == = == = == = =

− − −− − −− − −− − −

 

 
7-របូមនតករំងវង់ចរកឹកនងុរតីេកណ 
 
 
 
 
  
 
 

A B C (p a)(p b)(p c)
r (p a)tan (p b)tan (p c)tan

2 2 2 p
− − −− − −− − −− − −

= − = − = − == − = − = − == − = − = − == − = − = − =  
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8-របូមនតករំងវង់ចរកឹនងុមុំមយួៃនរតីេកណ 
 
 
 
 
  
 

 

a

b

c

A p b p c p(p b)(p c)
r ptan

C B2 p atan tan
2 2

B p a p c p(p a)(p c)
r ptan

C A2 p btan tan
2 2

C p b p a p(p a)(p b)
r ptan

A B2 p ctan tan
2 2

− − − −− − − −− − − −− − − −= = = == = = == = = == = = =
−−−−

− − − −− − − −− − − −− − − −= = = == = = == = = == = = =
−−−−

− − − −− − − −− − − −− − − −= = = == = = == = = == = = =
−−−−

 

 
9-រមូនតរកឡៃផទរតីេកណ 

 
a b c

a b c

2
a b c

1 1 1 1 1 1
S ah bh ch bcsinA acsinB absinC

2 2 2 2 2 2
abc

pr p(p a)(p b)(p c) rr r r
4R

(p a)r (p b)r (p c)r 2R sinAsinBsinC

= = = = = == = = = = == = = = = == = = = = =

= = − − − = == = − − − = == = − − − = == = − − − = =

= − = − = − == − = − = − == − = − = − == − = − = − =
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10-រទឹសតបីទកនលះបនទ ត់ពុះមុកំនងុរតីេកណ    
    េបី AD  ជកនលះបនទ ត់ពុះមុកំនុង 

     េគបន 
AB AC
BD DC

====   ។ 
 
 
 
 
11-រទឹសតបីទLeibnitz 
 កនុងរគប់រតីេកណ ABC  ែដលមនរជុង a ,b ,c  េហយី O ជផចិត 
 រងវង់ចរកឹកនុងនងិ G  ជទីរបជុំទមងន់ៃនរតីេកណេនះេគមន  

 
2 2 2

2 2 a b c
OG R

9
+ ++ ++ ++ +

= −= −= −= −  ។ 
12-រទឹសតបីទ Stewart 
 េគឱយរតីេកណ ABC  មួយមនរជងុ a ,b ,c  ។ 
 P  ជចំណុចមួយៃន AB  ែដល PA m , PB n= == == == =   
 និង m n c+ =+ =+ =+ =  ។ 
 េគបន  2 2 2 2 2ma nb (m n).PC mn nm+ = + + ++ = + + ++ = + + ++ = + + +   ។ 
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13-រទឹសតបីទអែឺល 
 េគឱយរតីេកណ ABC  មួយមនរជងុ a ,b ,c  ។ តង I ជផចិតៃន 
 រងវង់ចរកឹកនុងៃនរតីេកណេនះ ។  
 ចំេពះរគប់ចំនុច X  ៃនបលង់េគមនទំនក់ទំនង  ៖  
 abcXI.)cba(XC.cXB.bXA.a 2222 ++++++++++++====++++++++   ។ 
14-ចមង យរវងផចិតរងវង់ចរកឹកនងុ និង ផចិតរងវង់ចរកឹេរក 
 េគឱយរតីេកណ ABC  មួយែដល O  ជផចិតរងវង់ចរកឹេរក 
  និង I  ជផចិតរងវង់ចរកឹកនុង ។ េបី R  និង r  ជរងវ ស់ករំងវង់ 
 ចរកឹកនុង នងិ ករំងវង់ចរកឹេរកៃនរតីេកណេនះេគបន  
 2 2OI R 2Rr= −= −= −= −   ឬ  d OI R(R 2r)= = −= = −= = −= = −   ។ 
15-រទឹសតបីទCeva 
 កនុងរតីេកណ ABC  មួយ បនទ ត់បី AD , BE  និង CF  របសពវ 

 គន រតង់ចំនុច K  មួយលុះរតែត 1
EA
CE

.
DC
BD

.
FB
AF ====   ។ 

 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 9 

 

16-រទឹសតបីទ Menelaus 
 យកបីចនុំច F ,D  និង E  សថិតេរៀងគន េលីរជុង AB , BC  
  និង AC  ៃនរតីេកណ ABC  េនះចំណុចបីេនះរត់រតង់គន េបី  
 AF BD CE

. . 1
BF CD AE

====  
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អនុគមន៍រតីេកណមរត 

 
 
1-ទំនក់ទំនងរគឹះ 

 ក/ 2 2sin cos 1θ + θ =θ + θ =θ + θ =θ + θ =  ខ/ sin
tan

cos
θθθθθ =θ =θ =θ =
θθθθ

 
 គ/ cos

cot
sin

θθθθθ =θ =θ =θ =
θθθθ

 ឃ/ 1
tan

cot
θ =θ =θ =θ =

θθθθ
 

 ង/ 2
2

1
1 tan

cos
+ θ =+ θ =+ θ =+ θ =

θθθθ
 ច/ 2

2

1
1 cot

sin
+ θ =+ θ =+ θ =+ θ =

θθθθ
 

2-របូមនតផលបូក និង ផលដកៃនមុំពីរ 
 ក/sin( ) sin cos sin cosα + β = α β + β αα + β = α β + β αα + β = α β + β αα + β = α β + β α   
 ខ/sin( ) sin cos sin cosα − β = α β − β αα − β = α β − β αα − β = α β − β αα − β = α β − β α  
 គ/cos( ) cos cos sin sinα + β = α β − α βα + β = α β − α βα + β = α β − α βα + β = α β − α β   
 ឃ/cos( ) cos cos sin sinα − β = α β + α βα − β = α β + α βα − β = α β + α βα − β = α β + α β  
 ង/ tan tan

tan( )
1 tan tan

α + βα + βα + βα + βα + β =α + β =α + β =α + β =
− α β− α β− α β− α β

  

 ច/ tan tan
tan( )

1 tan tan
α − βα − βα − βα − βα − β =α − β =α − β =α − β =

+ α β+ α β+ α β+ α β
 

3-របូមនតមុំឌុប និង មុំរទីប 

 ក/ 2

2tana
sin2a 2sinacosa

1 tan a
= == == == =

++++
 

 ខ/
2

2 2 2 2
2

1 tan a
cos2a cos a sin a 2cos a 1 1 2sin a

1 tan a

−−−−= − = − = − == − = − = − == − = − = − == − = − = − =
++++

 

 គ/ 2

2tana
tan2a

1 tan a
====

−−−−
 ឃ/ 

2cot a 1
cot 2a

2cota
−−−−====   



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 11 

 

 ង/ 3sin3a 3sina 4sin a= −= −= −= −  ច/ 3cos3a 4cos a 3cosa= −= −= −= −   
 ឆ/

3

2

3tana tan a
tan3a

1 3tan a

−−−−====
−−−−

 ជ/
3

2

cot a 3cota
cot 3a

3cot a 1

−−−−====
−−−−

 
 
4-របូមនតបំែលងពីផលគុណេទផលបូក 

 ក/ [[[[ ]]]]1
sin sin cos( ) cos( )

2
α β α β α βα β α β α βα β α β α βα β α β α β= − − += − − += − − += − − +  

 ខ/ [[[[ ]]]]1
cos cos cos( ) cos( )

2
α β α β α βα β α β α βα β α β α βα β α β α β= − + += − + += − + += − + +  

 គ/ [[[[ ]]]]1
sin cos sin( ) sin( )

2
α β α β α βα β α β α βα β α β α βα β α β α β= + + −= + + −= + + −= + + −   

 ឃ/ [[[[ ]]]]1
sin cos sin( ) sin( )

2
β α α β α ββ α α β α ββ α α β α ββ α α β α β= + − −= + − −= + − −= + − −  

 
5-របូមនតបំែលងពីផលបូកេទផលគុណ 

 ក/sin sin 2sin cos
2 2

α β α βα β α βα β α βα β α βα βα βα βα β + −+ −+ −+ −+ =+ =+ =+ =  

 ខ/sin sin 2sin cos
2 2

α β α βα β α βα β α βα β α βα βα βα βα β − +− +− +− +− =− =− =− =  

 គ/cos cos 2cos cos
2 2

α β α βα β α βα β α βα β α βα βα βα βα β + −+ −+ −+ −+ =+ =+ =+ =  

 ឃ/cos cos sin sin
2 2

α β α βα β α βα β α βα β α βα βα βα βα β + −+ −+ −+ −− = −− = −− = −− = −  

 ង/ sin( )
tan tan

cos cos
α βα βα βα βα βα βα βα β
α βα βα βα β

+++++ =+ =+ =+ =   

 ច/ sin( )
tan tan

cos cos
α βα βα βα βα βα βα βα β
α βα βα βα β

−−−−− =− =− =− =  
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ជំពូកទី០២ 

 
ករមងលហំត់ 

 
1)ចូររសយបញជ ក់ថ  

 
3

3 3 3 3
2 4 8 5 3 7

cos cos cos
7 7 7 2
π π ππ π ππ π ππ π π −−−−+ + =+ + =+ + =+ + =    

2)េគដឹងថ sin( )
sin( )

a
b

θ αθ αθ αθ α
θ βθ βθ βθ β

−−−− ====
−−−−

  និង cos( )
cos( )

c
d

θ αθ αθ αθ α
θ βθ βθ βθ β

−−−− ====
−−−−

  

 ចូររសយបញជ ក់ថ  cos( )
ac bd
ad bc

α βα βα βα β ++++− =− =− =− =
++++

  ។ 
3)េគដឹងថ cos cos cos cos cosα β ϕ γ θα β ϕ γ θα β ϕ γ θα β ϕ γ θ= == == == =   
 និង sin 2sin sin

2 2
ϕ θϕ θϕ θϕ θαααα ====  

 ចូររសយថ 2 2 2tan tan tan
2 2 2
α β γα β γα β γα β γ====   ។ 

4)េគដងឹថ cos cos cosθ α βθ α βθ α βθ α β====   ។ 
 រសយថ tan , tan , tan

2 2 2
θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +    

 ជសវុ ីតធរណីមរត។ 
5)ចូររសយថេបេីគមនសមភព 

 
cos cos( ) cos( 2 ) cos( 3 )x x x x

a b c d
θ θ θθ θ θθ θ θθ θ θ+ + ++ + ++ + ++ + += = == = == = == = =   

 េនះេគបន  a c b d
b c
+ ++ ++ ++ +====   ។ 
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6)ចូររសយថេប ីcos( ) aθ αθ αθ αθ α− =− =− =− =  និង sin( ) bθ βθ βθ βθ β− =− =− =− =  
 េនះេគបន  2 2 22 sin( ) cos ( )a ab bα β α βα β α βα β α βα β α β− − + = −− − + = −− − + = −− − + = −   ។ 
7)េដយដឹងថ 

tan( ) tan( ) tan( )
x y z
θ α θ β θ γθ α θ β θ γθ α θ β θ γθ α θ β θ γ

= == == == =
+ + ++ + ++ + ++ + +

  

  ចូររសយបញជ ក់ថ  

 
2 2 2sin ( ) sin ( ) sin ( ) 0

x y y z z x
x y y z z x

α β β γ γ αα β β γ γ αα β β γ γ αα β β γ γ α+ + ++ + ++ + ++ + +− + − + − =− + − + − =− + − + − =− + − + − =
− − −− − −− − −− − −

   

8)ក) ចូររសយថ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =  
ខ) គណន  
 (1 tan1 )(1 tan2 )(1 tan3 )...(1 tan45 )o o o oP = + + + += + + + += + + + += + + + +  
9)ក) ចូររសយថ 2 sin(135 )

1 cot
sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =  
ខ) គណន  
 (1 cot1 )(1 cot 2 )(1 cot 3 )...(1 cot134 )o o o oP = + + + += + + + += + + + += + + + +  
10)ក) ចូររសយថ sin3a sina 2sinacos2a− =− =− =− =  
 ខ)គណនផលបូក ៖ 

 n n

x 2x x 2x
S sinxcos2x sin cos ... sin cos

3 3 3 3
= + + += + + += + + += + + +  

11)ក) ចូររសយថ 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −  

 ខ)គណនផលបូក ៖ 

 
2 2 n 2

n n 1

a a a a a
S sinasin 2sin sin .... 2 sin sin

2 2 4 2 2 ++++= + + += + + += + + += + + +  
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12)ក) ចូររសយថcosa cos3a 2sinasin2a− =− =− =− =  
 ខ)គណនផលបូក ៖ 

 n n

a 2a a 2a
S sinasin2a sin sin .... sin sin

3 3 3 3
= + + += + + += + + += + + +  

13)ក) ចូររសយថ 2 2cos a cos 2a sinasin 3a− =− =− =− =  
 ខ)គណនផលបូក ៖ 

 n n

a 3a a 3a
S sinasin3a sin sin .... sin sin

2 2 2 2
= + + += + + += + + += + + +  

14)ក) ចូររសយថ   
2 a

sin 1 2 12
sin2a 4 sin2a sina

    = −= −= −= −    
    

  

 ខ)គណនផលបូក ៖ 

 

2
2 2 2 n 2 n 1

2 3 n 1

a
sin 2sin a 2 sin 2a 2 sin 2 a2S ....
sin2a sin2 a sin2 a sin2 a

−−−−

++++= + + + += + + + += + + + += + + + +  

15)ក) ចូររសយថ   cos2a 1 1 1
sin3a 2 sina sin3a

    = −= −= −= −    
    

  

 ខ)គណនផលបូក ៖ 

 

2 n

n

n 1

2a 2a 2a
cos cos coscos2a 3 3 3S ...

a asin3a sina sin sin
3 3 −−−−

= + + + += + + + += + + + += + + + +  

16)ក) ចូររសយថ   
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

  

 ខ)គណនផលបូក ៖ 

 
2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + + ។ 
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17)ក) ចូររសយថ   sina 1 3 1
1 2cos2a 4 sin3a sina

    = −= −= −= −    ++++     
  

 ខ)គណនផលបូក ៖ 

 

n n

n

n

1 a 1 a
sin sinsina 3 3 3 3S ......

2a 2a1 2cos2a 1 2cos 1 2cos
3 3

= + += + += + += + +
++++ + ++ ++ ++ +

។ 

18)គណនផលបូកខងេរកម ៖  
3 3 3 3

0

1 1 1
sin 3 sin sin 3 ... sin 3

3 3 3

n
k n

n k n
k

S a a a a
====

    = = + + += = + + += = + + += = + + +    
    

∑∑∑∑  

19)គណនផលបូកខងេរកម ៖  
3 3 3 3

0

( 3) cos cos 3cos ... ( 3) cos
3 3 3

n
k k

n k k
k

a a a
S a

====

    = − = − + + −= − = − + + −= − = − + + −= − = − + + −    
    

∑∑∑∑  

20)គណនផលគុណខងេរកម ៖  
 2cos cos2 cos2 ... cos2n

nP a a a a= × × × ×= × × × ×= × × × ×= × × × ×  
21)គណនផលគុណខងេរកម ៖  
 2 2 2 2 2(1 tan )(1 tan 2 )(1 tan 2 )....(1 tan 2 )n

nP a a a a= − − − −= − − − −= − − − −= − − − −  
22)គណនផលគុណខងេរកម ៖  

2

2 2 2
(1 2cos2 )(1 2cos )(1 2cos )...(1 2cos )

3 3 3n n

a a a
P a= + + + += + + + += + + + += + + + +  
23)គណនផលគុណខងេរកម ៖  

2

2 2 2
(2cos2 1)(2cos 1)(2cos 1)...(2cos 1)

3 3 3n n

a a a
P a= − − − −= − − − −= − − − −= − − − −  

24)គណន  
 2(2cos 1)(2cos 1)(2cos 1)...(2cos 1)

2 2 2n n

a a a
P a= − − − −= − − − −= − − − −= − − − −  
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25)គណនផលគុណខងេរកម ៖   

 
2

2 2

8 8 8
(1 )(1 )...(1 )

1 3tan 1 3tan 1 3tan
3 3

n

n

P
a aa

= + + += + + += + + += + + +
−−−− − −− −− −− −

 

26)ក) ចូរគណនតៃមលរបកដៃន sin
10
ππππ  និង cos

10
ππππ     

 ខ) ចូររសយថ 2 2 2 2 2x (x y) 4(x y )sin
10
ππππ+ − ≤ ++ − ≤ ++ − ≤ ++ − ≤ +   

     រគប់ចំនួន x,y IR∈∈∈∈   ។    
27)ចូររសយបញជ ក់ថ     
1 1 3 1 9 1 27 1

( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20 16

π π π ππ π π ππ π π ππ π π π+ + + + =+ + + + =+ + + + =+ + + + =  

28)ចូររសយថ  2 2 22 4 7
sin sin sin

7 7 7 4
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =   

29)ចំេពះរគប់ចនួំនពតិ x  ចូររសយបញជ ក់ថ ៖  

 
7 7 72 4 63

cos cos ( ) cos ( ) cos3
3 3 64

x x x x
π ππ ππ ππ π+ + + + =+ + + + =+ + + + =+ + + + =    

30)គណនផលបូកខងេរកម 

 1n

2n

n

2
cos

2
tan

.....

16
cos

32
tan

8
cos

16
tan

4
cos

8
tan

S

++++

++++

ππππ

ππππ

++++++++ππππ

ππππ

++++ππππ

ππππ

++++ππππ

ππππ

====    

 រចួទញរកលីមតីៃន nS  កលណ +∞+∞+∞+∞→→→→n   ។ 
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31)ក)ចូររសយថ 
3

2
tan x 1

tan 2x tan x
21 tan x

= −= −= −= −
−−−−

 

ខ)ចូរគណនផលបូក 
k 3

n n
n

2
k 0 n

a
2 tan

2S
a

1 tan
2

====

    
    

====     
    −−−−    
    

∑∑∑∑  

32)គណនផលគុណខងេរកម ៖   

ក)ចូររសយថ 1
cot x cot 2x

sin2x
= −= −= −= −     

ខ)ចូរគណន 

n

2 n

1 1 1 1
S ....

a a asina sin sin sin
2 2 2

= + + + += + + + += + + + += + + + +  

33)ក)ចូររសយបញជ ក់ថ 2tan2x.tan x tan2x 2tanx= −= −= −= −  

 ខ)ចូរគណនផលបូក 
n

k 2
n k k 1

k 0

a a
S 2 tan tan

2 2 ++++
====

    ====     
    

∑∑∑∑
 

34)ក)ចូររសយថ 2 2 2
1 4 1

cos x sin 2x sin x
= −= −= −= −  

 ខ)ចូរគណន  
 

 
 

n
2 2 n 2

2 n

1 1 1
S ....

a a a
4cos 4 cos 4 cos

2 2 2

= + + += + + += + + += + + +
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35)ក)ចូររសយថ  

 ខ)ចូរគណនផលបូក    

36)ចំេពះរគប់  េគឱយ      

 ក)គណនតៃមល  និង  
 ខ)បងហ ញថ    
37)ក)ចូររសយថ  

  

 ខ)ចូរគណន  

  

38)ក)ចូររសយថ 
x

cot1 21
cosx cot x

+ =+ =+ =+ =     
 ខ)គណន 
 n

2 n

1 1 1 1
P (1 )(1 )(1 ).....(1 )

a a acosa cos cos cos
2 2 2

= + + + += + + + += + + + += + + + +

 

3

2
tan x 1

( tan 3x 3tan x)
81 3tan x

= −= −= −= −
−−−−

k 3
n k

n
2

k 0 k

a
3 tan

3S
a

1 3tan
3

====

    
    

====     
    −−−−
        

∑∑∑∑

INn ∈∈∈∈
12

sin
12

cos
ππππππππ nn

nS ++++====

12
cos

ππππ
12

sin
ππππ

0624 12 ====++++−−−− ++++++++ nnn SSS

n n 1 n
sin(nx) cos(n 1)x cos(nx)

.cot x
cos x cos x cos x++++

++++    = −= −= −= −    
    

n 2 3 n
sinx sin2x sin3x sin(nx)

S ....
cosx cos x cos x cos x

= + + + += + + + += + + + += + + + +
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39)គណនផលគុណ  
(((( ))))

n 2 k

n 22 kk 1

1 tan 2 x
P

1 tan 2====

    
    ++++====     
    −−−−
    

∏∏∏∏             

40)គណនផលគុណខងេរកម  ៖    

 

kn
2 2

n k
k 0

x
P (1 tan )

2====

    = −= −= −= −    
    

∏∏∏∏  

41)គណនផលគុណខងេរកម  ៖    
2 2 4 2

0

tan tan .tan .tan .....tan
2 42 2

k nn

n k n
k

x x x x
P x

====

    = == == == =    
    

∏∏∏∏  

42)ចូរគណនតៃមលផលគុណ  ៖    

 o o oP ( 3 tan1 )( 3 tan2 ).....( 3 tan29 )= + + += + + += + + += + + +  
43)គណនតៃមលៃនផលគុណ     

 o o o oP (1 cot1 )(1 cot 2 )(1 cot 3 ).....(1 cot 44 )= − − − −= − − − −= − − − −= − − − −  
44)គណន 

3 5 7 9
A cos cos cos cos cos

11 11 11 11 11
π π π π ππ π π π ππ π π π ππ π π π π= + + + += + + + += + + + += + + + +  

45)គណន o o oP cos20 cos40 cos80====  
46)េគឱយ a ; b ; c ; d  និង x  ជចំនួនពិតេផទៀងផទ ត់  ៖    

 
sinx sin2x sin3x sin4x

a b c d
= = == = == = == = =                 

 ែដល x k ; k Z≠ π ∈≠ π ∈≠ π ∈≠ π ∈  
 ចូរបងហ ញថ  3 2 2 4a (4b d ) b (3a c)− = −− = −− = −− = −     



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 20 

 

47)េគឱយ , , ,a b c d  ជចំនួនេនកនុងចេនល ះ ];0[ ππππ   

 េដយដឹងថ 




++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
  

 ចូរបងហ ញថ 2cos( ) 7cos( )a d b c− = −− = −− = −− = −    ។ 
48)គណនផលគុណខងេរកម ៖   

 
6 8 10 12

tan tan tan tan tan
27 27 27 27 27

P
π π π π ππ π π π ππ π π π ππ π π π π====    

49)ចូររសយបញជ ក់ថ ៖ 

 
7 11 2

tan tan tan 1
30 30 30 5

π π ππ π ππ π ππ π π = −= −= −= −       

50)ចូររសយថ  3 3 34 7 3
cos cos cos

9 9 9 8
π π ππ π ππ π ππ π π− + =− + =− + =− + =  

51)ចូររសយថ  2 4 8 7
sin sin sin

7 7 7 2
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =    

52)ចូរកំនត់រគប់តៃមល x  កនុងចេនល ះ (0; )
2
ππππ  េដយដឹងថ ៖    

 
3 1 3 1

4 2
sin x cos x

− +− +− +− ++ =+ =+ =+ =  

53)េគឲយ 0a 2 3 6= + += + += + += + +  និង 
2

n
n 1

n

a 5
a

2(a 2)++++
−−−−====
++++

     

 រគប់ n 0≥≥≥≥  ។    

 ចូររសយថ 
n 3

n
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    
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54)េគឲយសវុ ីតៃនចំនួនពិត ( )nt  កំណត់េដយ ៖ 

 1 5 2 5t = −= −= −= −   និង 
3

1 2

3
1 3

n n
n

n

t t
t

t++++
−−−−====

−−−−
  ែដល n IN∈∈∈∈   

 ក) ចូររសយថ 1 tan
5

t
ππππ====   ។ 

 ខ) េគតង tann nt u====   ែដល 0
2nu
ππππ< << << << <   រគប់ n IN∈∈∈∈  ។ 

 ចូររសយថ ( )nu  ជសវុ ីតធរណីមរតមួយ ។ 
 គ)គណន nu  និង nt  ជអនុគមន៍ៃន n  ។ 
55)េគឲយ  
 nP (cota cota)(cota cot2a)...(cota cot(na))= + + += + + += + + += + + +   
 ចូរបងហ ញថ n n 1

sin(n 1)a
P

sin a++++

++++====   ។ 

56)ចូរគណនផលគុណ  [[[[ ]]]]
1

1 tan tan( )
====

= −= −= −= −∏∏∏∏
n

n
k

P a ka   ។ 

57)រតេីកណ ABC  មួយមនរជុង , ,a b c   ។ 
 ចូររសយថ 

2 2 2
2 2 24 sin sin sin

2 2 2
    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +    
    

a b c A B C
bc ca ab

  

58)រតីេកណ ABC  មួយមនរជុង , ,a b c  ។ 
 ចូររសយថ 3 3 3

cos cos cos 3
2

+ + ≥+ + ≥+ + ≥+ + ≥A B C
a b c abc

  ។   
59)រតីេកណ ABC  មួយមនរជុង , ,a b c  ។ 
 ចូររសយថ sin sin sin

2 2 2
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +

+ + ++ + ++ + ++ + +
A B C a b c

b c c a a b
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60)រតីេកណ ABC  មួយមនរជុង , ,a b c  ។ 
 ចូររសយថ tan tan

2 2
− −− −− −− −====
++++

a b A B C
a b

  រចួសរេសររូបមនតពរី 
 េទៀតែដលរសេដៀងគន េនះ ។ 
61)រតីេកណ ABC  មួយមនរជុង , ,a b c  ។ 
 ចូររសយថ sin

2 2
≤≤≤≤

A a

bc
 រចួទញថ  

 1
sin sin sin

2 2 2 8
≤≤≤≤

A B C  ។ 

62)េគឲយ , ,α β γα β γα β γα β γ  ជបីចនួំនពតិែដល 3
sin sin sin

2
+ + ≥+ + ≥+ + ≥+ + ≥α β γα β γα β γα β γ   

 ចូររសយថ sin( ) sin( ) sin( ) 0
6 6 6

− + − + − ≥− + − + − ≥− + − + − ≥− + − + − ≥π π ππ π ππ π ππ π πα β γα β γα β γα β γ   ។ 

63)េគឲយ αααα  និង ββββ  ជពីរចនួំនពតិៃនចេនល ះ 0,
2

    
        

ππππ   ។ 

 ចូរបងហ ញថ 6 2 2 6sin 3sin cos cos 1+ + =+ + =+ + =+ + =α α β βα α β βα α β βα α β β   
 លុះរតែត  ====α βα βα βα β   ។ 
64)ចូររសយបញជ ក់ថ ៖ 

 1 1

3
tan 1 cot 1

3 3 1 3 3 1= == == == =

                        3333+ = −+ = −+ = −+ = −                        − −− −− −− −                        
∏ ∏∏ ∏∏ ∏∏ ∏

k kn n

n n
k k

π ππ ππ ππ π   

65)េគដងឹថ  

 cosx cosy cosz sinx siny sinz
a

cos(x y z) sin(x y z)
+ + + ++ + + ++ + + ++ + + += == == == =

+ + + ++ + + ++ + + ++ + + +
  

 ចូររសយថ cos(x y) cos(y z) cos(z x) a+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
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66)េគឲយរតីេកណ ABC  មួយមនមុំកនុង , ,A B C  ។ 
  ចូរបងហ ញថ ៖ 
 2 2 2cos cos cos 1 2cos cos cosA B C A B C+ + = −+ + = −+ + = −+ + = −   
  រចួទញថេបី , ,A B C  ជមុំរសួចេនះ េគបន  
 2 2 2sin sin sin 2A B C+ + >+ + >+ + >+ + >  ។ 
67)េគឲយរតីេកណ ABC  មួយមនមុំកនុង , ,A B C  ។  
 ចូរបងហ ញថ  cos 2(cos cos ) 2A B C+ + ≤+ + ≤+ + ≤+ + ≤   ។ 
68)េគឲយរតេីកណ ABC  មួយមនមុំកនុង , ,A B C  ។  
 ចូរបងហ ញថ  cot cot cot 3A B C+ + ≥+ + ≥+ + ≥+ + ≥   ។ 
69)េគឲយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច និងមនរជងុ 
  , ,BC a AC b AB c= = == = == = == = =  ។ 
 េបី 

2
b c

a
++++<<<<  េនះបងហ ញថមុំ  

2
B C

A
++++<<<<   ។  

70)េគឲយរតេីកណ ABC មួយមនមនរជុង 
 , ,BC a AC b AB c= = == = == = == = =  តង S  ជៃផទរកលៃនរតីេកណ ។  

 ក) ចូររសយថ 
2 2 2 4 3

cos( )
3 4

b c a S
A

bc
ππππ + − ++ − ++ − ++ − +− =− =− =− =  

 ខ)ទញឲយបនថ 2 2 2 4 3a b c S+ + ≥+ + ≥+ + ≥+ + ≥ ។ 
71)េគឲយរតីេកណ ABC  មួយែកងរតង់ A  ។  
 តងរជងុ ,BC a AC b= == == == =   និង AB c====   ។  
 ចូររសយថ 2

2

2
cos

2
B C bc

a
−−−− ≥≥≥≥   ?  
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72)េគឲយរតីេកណ ABC  មួយមនមុំ 
2

A
ππππ>>>>  ។  

 តងរជងុ ,BC a AC b= == == == =   និង AB c====   ។ 

  រសយថ  
6

3 3cos
54

a
A

b c
≤≤≤≤   ? 

73)េគឲយរតីេកណ ABC  មួយ ។ P  ជចំណុចេនកនុង ABC∆∆∆∆   
 ែដល PAB PBC PCA ωωωω∠ = ∠ = ∠ =∠ = ∠ = ∠ =∠ = ∠ = ∠ =∠ = ∠ = ∠ =  ។ 
 ក)ចូររសយថ cot cot cot cotA B Cωωωω = + += + += + += + +   ។ 
 ខ)ទញឲយបនថ 

6
ππππωωωω ≤≤≤≤   ។ 

74) រតេីកណ ABC មួយមនរជុង , ,BC a AC b AB c= = == = == = == = = ។ 
 ចូរបងហ ញថេបី (((( ))))tan tan tan

2
C

a b a A b B+ = ++ = ++ = ++ = +   
 េនះ ABC ជរតីេកណសមបត ។ 
75)េគឲយរតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ 

 ក) ចូររសយថ 
2 2 2

21 cos cos cos
8

a b c
A B C

R
+ ++ ++ ++ +

+ =+ =+ =+ =  
 ែដល R  ជករំងវង់ចរកឹេរកៃនរតីេកណ ។ 
 ខ) ទញឲយបនថ 2 2 2 29a b c R+ + ≤+ + ≤+ + ≤+ + ≤   ។ 
76)េគឲយអនុគមន៍ f  កំណត់េដយ ៖ 
 ( ) 1 cos sin cos2 sin2f x a x b x A x B x= − − − −= − − − −= − − − −= − − − −   
 ែដល , , ,a b A B  ជចំនួនពតិ ។ 
 ចូររសយថេបីរគប់ : ( ) 0x IR f x∈ ≥∈ ≥∈ ≥∈ ≥  េនះ 2 2 2a b+ ≤+ ≤+ ≤+ ≤  
 និង 2 2 1A B+ ≤+ ≤+ ≤+ ≤   ។ 
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77)េគឲយរតីេកណ  ABC  មួយ ។  
 ចូររសយថ 

3
A

ππππ≤≤≤≤  លុះរតែត ( )( )
4
bc

p b p c− − ≤− − ≤− − ≤− − ≤    

 ែដល , ,a b c  ជរជងុ នងិ 
2

a b c
p

+ ++ ++ ++ +====  ។ 
78)េគឲយរតីេកណ ABC  មួយមនរជងុ , ,a b c   ។ 
 ចូររករបេភទៃនរតេីកណេនះេដយដឹងថ sin

2 2

A a

bc
====   ។ 

79)កនុងរគប់រតីេកណ ABC  ចូររសយថ ៖ 

 
2 2

4cossin sin 2

sin sin 1 sin
2 2 2

A
B C
C B A

+ ≥+ ≥+ ≥+ ≥
−−−−

 

80)ក.ចូរគណនតៃមលរបកដៃន tan
8
ππππ

   
 ខ.ចូរេដះរសយសមីករ  
   2 2sin x 2 sin x.cosx ( 2 1) cos x 0− + − =− + − =− + − =− + − =   

 គ.ចូរេដះរសយសមីករ tanx 2 1 1

1 ( 2 1) tanx 3

+ −+ −+ −+ − ====
− −− −− −− −

    

81)េគឲយសមីករ 3 3(E) : cos xcos3x sin xsin3x m+ =+ =+ =+ =  

 ក.ចូរេដះរសយសមីករេនះកលណ 3 3
m

8
====   

 ខ.រកលកខ័ខ័ណឌ សរមប់ m  េដីមបឲីយសមីករេនះមនឬស ។ 
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82)េគមនអនុគមន៍េលខ f  កំនត់ពសំីណំុ IN  េទសំណំុ IR  

 េដយ f (0) 0====  និង n 2
f (n 1) 2f (n) tan

2 ++++
ππππ+ = ++ = ++ = ++ = +    

 ចូរកនំត់រក f (n)  ? 

83)េគមនសវុ ីត )( nx  និង )( ny  កំណត់េដយ 




====
====

0

1

0

0

y

x
    

និងទំនក់ទនំងកេំណីន ៖ 










++++++++−−−−====

−−−−++++++++====

++++

++++

nnn

nnn

yaaxaay

yaaxaax

)cos(sin
2
1

)1(cotcos
2
1

)tan1(sin
2
1

)cos(sin
2
1

1

1

 

 ែដល 
2

0
ππππ<<<<<<<< a   និង ....,2,1,0====n  ។ 

 ក. ចំេពះរគប់ 0≥≥≥≥n  តង ayaxu nnn sincos ++++====   
 និង  ayaxv nnn sincos −−−−====  ។ 
      ចូររសយថ )( nu  និង )( nv  សុទឋែតជសវុ ីត ធរណីមរត ។ 
 ខ.គណន nu  និង nv  ជអនុគមន៍ៃន n នងិ a  ។ 
 គ. ទញរក nx  និង ny  ជអនុគមន៍ៃន n នងិ a  ។ 
84)េគយក , ,a b c  ជចនួំនពតិៃនចេនល ះ (((( ))))0 ,1  ។  
 ចូរបងហ ញថ (1 )(1 )(1 ) 1abc a b c+ − − − <+ − − − <+ − − − <+ − − − <   

  85)េគឱយ C;B;A  ជមុំកនុងរបស់រតីេកណ ABC  មួយ ។    

 ចូរបងហ ញថ   33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++  
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86)េគឱយ C;B;A  ជមុំរសួចកនុងរបស់រតីេកណ ABC  មួយ     
 ចូរបងហ ញថ   3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++      
87)េគឱយរតីេកណ ABC  មួយមនមុំ C,B,A  ជមុំរសួច ។ 

 ចូររសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++   ។ 

88)េគឲយ ABC  ជរតីេកណមួយែដលេផទៀងផទ ត់លកខ័ខ័ណឌ     
 AcosCsinBsin1CsinBsin 22 ++++====++++     ។    
 បងហ ញថ ABC  ជរតីេកណែកង ។ 
89)េគឱយរតេីកណ ABC  មួយមនមុំកនុងជមុំរសួច ។    
  ចូរបងហ ញថ ៖    
 CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++      
90)េគឱយរតីេកណ ABC  មួយ ។ តង r  និង R  េរៀងគន ជក ំ   
 រងវង់ចរកឹកនុង នងិ ចរកឹេរករតេីកណ ។      

 ក. . . . ចូរបងហ ញថ 
R
r

1CcosBcosAcos ++++====++++++++      
 ខ. . . . េបី ABC  ជរតីេកណែកងេនះចូររសយថ    
  r)12(R ++++≥≥≥≥  ។ 
91)េគឱយរតីេកណ  មួយមនរជងុ   ។   
 តង  និង  េរៀងគន ជករំងវង់ចរកឹកនុង នងិ ករំងវង់ចរកឹ 
 េរកៃន  ។ 

 ក. ចូរសយថ   

ABC c,b,a

r R

ABC∆∆∆∆

R
pr2

CcoscbosBAcosa ====++++++++
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 ែដល  ជកនលះបរមិរតៃនរតេីកណ ។ 
 ខ. ទញបញជ ក់ថ   ។ 
    ( ជមុំរសួច) 
92)េគឲយរតីេកណ  មួយ ។ 
 ចូររសយថ  ។ 
93)េគឲយរតីេកណ  មួយ ។ 
 ចូររសយថ    ។ 

94)េគឲយ  ជបីចំនួនពតិៃនចេនល ះ   ។  

 ចូររសយថ   ។ 

95)រតីេកណ  មួយមនរជុង  ។  
 ចូររសយបញជ ក់ថ    ? 
 ( ជៃផទរកលៃនរតីេកណ )។ 
96)រតីេកណ  មួយមនរជុង  ។  
 ចូររសយបញជ ក់ថ  
    ? 
 ( ជៃផទរកលៃនរតីេកណ )។ 

abc2
cba

c
Ccos

b
Bcos

a
Acos 222 ++++++++====++++++++

R
r

1CcosBcosAcos ++++====++++++++

2
cba

p
++++++++====

2222 )rR(4cba ++++≥≥≥≥++++++++

, ,A B C

ABC

1
cos cos cos

8
A B C ≤≤≤≤

ABC

3
cos cos cos

2
A B C+ + ≤+ + ≤+ + ≤+ + ≤

, ,x y z 0,
2
ππππ    

    
    

tan tan tan 3tan
3

x y z
x y z

+ ++ ++ ++ +    + + ≥+ + ≥+ + ≥+ + ≥     
    

ABC , ,a b c

4 3bc ca ab S+ + ≥+ + ≥+ + ≥+ + ≥

S

ABC , ,a b c

2 2 2 2 2 2( ) ( ) ( ) 4 3a b c b c c a a b S+ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − +

S
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97)េគឲយរតីេកណ  មួយមនៃផទរកល  ។ 
  ជកនលះបនទ ត់ពុះកនុងៃនមុំ  េរៀងគន  ។  

 ចូររសយថ   ។ 
98)េគឱយ  ជបីចំនួនពតិវជិជមន ។     
 ចូររសយថ ៖    
         
99)េគឱយ c;b;a  ជបីចនួំនពតិវជិជមន ។ ចូររសយថ  ៖  

 )cabcab(9)2c)(2b)(2a( 222 ++++++++≥≥≥≥++++++++++++         
100)េគឲយរតីេកណ  មួយមនមុំកនុងជមុំរសួច ។ 
  ចូរបងហ ញថ ៖ 

 

101)េគឲយរតីេកណ  មួយមនមុំកនុងជមុំរសួច ។  
 ចូរបងហ ញថ៖ 
  
102)ចំេពះរគប់រតីេកណ  ចូររសយថ ៖ 

   
 ែដល ជករំងវង់ចរកឹកនុង នងិ ជករំងវង់ចរកឹេរក  
103)ចំេពះរគប់រតីេកណ  ចូររសយថ ៖ 

 

ABC S

, ,AK BL CM , ,A B C
2 2 2

3 3
AK BL CM

S
+ ++ ++ ++ + ≥≥≥≥

c;b;a

)cabcab(9)2c)(2b)(2a( 222 ++++++++≥≥≥≥++++++++++++

ABC

2 2 2
cos cos cos

8cos cos cos 4
cos cos cos
                    + + + ≥+ + + ≥+ + + ≥+ + + ≥                    
                    

A B C
A B C

B C A

ABC

ABC

2
cos

2
B C r

R
−−−− ≥≥≥≥

r R ABC∆∆∆∆

ABC

2 2 24(sin sin sin ) cos cos cos 4
2 2 2 2 2 2
A B C A B B C C A− − −− − −− − −− − −+ + + ≥+ + + ≥+ + + ≥+ + + ≥

3 3 3cot cot cot 6cot cot cot cot cot cotA B C A B C A B C+ + + ≥ + ++ + + ≥ + ++ + + ≥ + ++ + + ≥ + +
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104)គណនតៃមល  

 sin39 sin69 sin183 sin213o o o oS = + + += + + += + + += + + +   

105)ចូរបងហ ញថ 3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =   ។ 

106)េគឲយសវុ ីតចនួំនពតិ  កំណត់េដយ ៖ 

   និងទំនក់ទនំងកំេណីន   

  រគប់  ។ 
 ចូររសយថ   រចួទញរក   ។ 

107) េគឲយ  ជបីចំនួនពិតែដលេផទៀងផទ ត់ ៖ 

  ។ 

 ចូររសយថ   ។ 

108)េគឲយ  ។  

 គណន  ? 

109)ចូរបងហ ញថ   ។ 

 

( )nx

1 1x ====
2

1

1 1n
n

n

x
x

x++++

+ −+ −+ −+ −
====

n∈∈∈∈ℕℕℕℕ

1tan
2n nx
ππππ

++++==== (((( ))))lim 2n
nn

x
→+∞→+∞→+∞→+∞

, ,α β γα β γα β γα β γ

sin sin sin 2α β γα β γα β γα β γ+ + ≥+ + ≥+ + ≥+ + ≥

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤

4

3

1 tan
2

n

n k
k

P
ππππ

====

        = −= −= −= −         
        

∏∏∏∏

lim nn
P

→+∞→+∞→+∞→+∞

1
tan10 3

sin40
o

o+ =+ =+ =+ =
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110)េគយក  ជមុំបីៃនរតីេកណ  ។ 

តងអនុគមន៍    

រកតៃមលអបបរមៃនអនុគមន៍េនះ ? 

111)ចំេពះរគប់  េគឱយ   

ក. . . . គណនតៃមល  និង  
ខ. . . . បងហ ញថ       

112)កនុងរគប់រតីេកណ ចូររសយថ ៖ 

ក/   

ខ/   
113)រកតៃមលអបបបរមៃនអនុគមន៍ ៖ 

     
 ែដល   ។ 
 

 

A, B,C ABC

2sin A
y cot A

cos A cos(B C)
= += += += +

+ −+ −+ −+ −

INn ∈∈∈∈
12

sin
12

cos
ππππππππ nn

nS ++++====

12
cos

ππππ
12

sin
ππππ

0624 12 ====++++−−−− ++++++++ nnn SSS

ABC

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =

23
cos A cosB cosC sin A sinB sinC

1
3 2

+ + + ++ + + ++ + + ++ + + +        + ≥+ ≥+ ≥+ ≥         
         

2 2

2 2

P(x) tan x cot x 2(tan x cot x) 27

Q(x) tan x cot x 8(tan x cot x) 87

= + − + += + − + += + − + += + − + +

= + − + += + − + += + − + += + − + +

0 x
2
ππππ< << << << <
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114)េគឲយ 0 a
2
ππππ< << << << <  និង 0 b

2
ππππ< << << << <  ។ 

ចូរបងហ ញថ 
2 22 2sin a cos a

1
sinb cosb

            
+ =+ =+ =+ =                        

            

     
លុះរតែត a b====   ។    

115)ចំេពះរគប់ចំនួនពិត x (0, )
4
ππππ∈∈∈∈   

ចូរបងហ ញថ  cosx sinx(cosx) (sinx)>>>>  

116)េគឲយ θθθθ  ជចំនួនពតិែដល 0
2
ππππ< θ << θ << θ << θ <   ។ 

 ចូរបងហ ញថ(((( )))) (((( ))))cos sinsin cos 1θ θθ θθ θθ θθ + θ >θ + θ >θ + θ >θ + θ >   

117)រកបណត អនុគមន៍ f  ែដលកំណត់េលី IR េហយីេផទៀងផទ ត់  
( ) ( ) 2 ( )cos ,f x y f x y f x y x y IR+ + − = ∀ ∈    

និង (0) 2012 , 2013
2

f f
π = = 
 

 

118)រកេដរេីវទី n  ៃនអនុគមន៍ cos siny x x= +   ។ 

119) េគឲយសវុ ីត ( )nu    
0

2
1

2

2

2
1 1 , 0

2n n

u

u u n+


=



 = − − ≥

 

កំណត់កេនសម nu  ជអនុគមន៍ៃន n   ៖ 
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120)េគឲយអនុគមន៍ :f IR IR→→→→  ែដលេផទៀងផទ ត់ ៖ 

 ( ) 1
2

f
ππππ ====   និង ( ) ( ) 2 ( )cosf x y f x y f y x+ − − =+ − − =+ − − =+ − − =  

 ចំេពះរគប់ ,x y IR∈∈∈∈   ។ ចូរកំណត់រកអនុគមន៍ ( )y f x====   

121)េគតង r  និង R  េរៀងគន ជរងវ ស់កៃំនរងវង់ចរកឹកនុង និង 

 ករំងវង់ចរកឹេរកៃន ABC∆∆∆∆  មួយ ។  

 ចូររសយបញជ ក់ថ   
2

2 2 2 2

1 1 1

sin sin sin

R

A B C r
+ + ≤+ + ≤+ + ≤+ + ≤   ។ 

122)ចូររសយថ 4cos9 3 5 5 5o = + + −= + + −= + + −= + + −   ។ 

123)ចូររសយថ 2 3
tan tan tan 7

7 7 7
π π ππ π ππ π ππ π π

====   ។ 

 

����� 
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ជំពូកទី០៣                   

ែផនកដំេណះរសយ 
 

 
លហំត់ទី០១ 
ចូររសយបញជ ក់ថ  

3
3 3 3 3

2 4 8 5 3 7
cos cos cos

7 7 7 2
π π ππ π ππ π ππ π π −−−−+ + =+ + =+ + =+ + =    

 
 
ដំេណះរសយ 
រសយបញជ ក់ថ 

3
3 3 3 3

2 4 8 5 3 7
cos cos cos

7 7 7 2
π π ππ π ππ π ππ π π −−−−+ + =+ + =+ + =+ + =    

តង 1 2 3

2 4 8
cos , cos , cos

7 7 7
x x x

π π ππ π ππ π ππ π π= = == = == = == = =  
     1 2 3 1 2 2 3 1 3 1 2 3, ,A x x x B x x x x x x C x x x= + + = + + == + + = + + == + + = + + == + + = + + =  
     3 3 33 3 3

1 2 3 1 2 2 3 1 3,S x x x T x x x x x x= + + = + += + + = + += + + = + += + + = + +  
ជដំបូងេយងីរតូវគណនតៃមលរបកដៃន , ,A B C  ។ 
គណន 2 4 8

cos cos cos
7 7 7

A
π π ππ π ππ π ππ π π= + += + += + += + +  

តមរូបមនតបែមលងមុំ cos( ) cosπ θ θπ θ θπ θ θπ θ θ− = −− = −− = −− = −  
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េគមន 

2 5 5
cos cos( ) cos

7 7 7
4 3 3

cos cos( ) cos
7 7 7

8
cos cos( ) cos

7 7 7

π π ππ π ππ π ππ π πππππ

π π ππ π ππ π ππ π πππππ

π π ππ π ππ π ππ π πππππ

 = − = −= − = −= − = −= − = −

 = − = −= − = −= − = −= − = −

 = + = −= + = −= + = −= + = −

 

េគបន 3 5
cos cos cos

7 7 7
A

π π ππ π ππ π ππ π π= − − −= − − −= − − −= − − −  

គុណអងគទងំពីរនងឹ 2sin
7
ππππ  េគបន ៖ 

3 5
2 sin 2cos sin 2cos sin 2cos sin

7 7 7 7 7 7 7
A

π π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π= − − −= − − −= − − −= − − −  
តមរូបមនត 2cos sin sin( ) sin( )a b a b a b= + − −= + − −= + − −= + − −  េគបន ៖ 

2 4 2 6 4
2 sin sin sin sin sin sin

7 7 7 7 7 7
6

2 sin sin sin( ) sin
7 7 7 7

A

A

π π π π π ππ π π π π ππ π π π π ππ π π π π π

π π π ππ π π ππ π π ππ π π πππππ

= − − + − += − − + − += − − + − += − − + − +

= − = − − = −= − = − − = −= − = − − = −= − = − − = −
 

េគទញបន 1
2

A = −= −= −= −  

គណន 2 4 4 8 2 8
cos cos cos cos cos cos

7 7 7 7 7 7
B

π π π π π ππ π π π π ππ π π π π ππ π π π π π= + += + += + += + +  

តមរូបមនត [[[[ ]]]]1
cos cos cos( ) cos( )

2
a b a b a b= + + += + + += + + += + + +  

1 6 2 1 12 4 1 10 6
cos cos cos cos cos cos

2 7 7 2 7 7 2 7 7
B

π π π π π ππ π π π π ππ π π π π ππ π π π π π                    = + + + + += + + + + += + + + + += + + + + +                    
                    
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េដយ 

6 8 8
cos cos(2 ) cos

7 7 7
12 2 2

cos cos(2 ) cos
7 7 7

10 4 4
cos cos(2 ) cos

7 7 7

π π ππ π ππ π ππ π πππππ

π π ππ π ππ π ππ π πππππ

π π ππ π ππ π ππ π πππππ

 = − == − == − == − =

 = − == − == − == − =

 = − == − == − == − =

 

1 8 2 1 2 4 1 4 8
(cos cos ) (cos cos ) (cos cos )

2 7 7 2 7 7 2 7 7
2 4 8 1

cos cos cos
7 7 7 2

B

B A

π π π π π ππ π π π π ππ π π π π ππ π π π π π

π π ππ π ππ π ππ π π

= + + + + += + + + + += + + + + += + + + + +

= + + = = −= + + = = −= + + = = −= + + = = −
 

គណន 2 4 8
cos cos cos

7 7 7
C

π π ππ π ππ π ππ π π====  

តមរូបមនត sin2 2sin cosa a a====  េនះ sin2
cos

2sin
a

a
a

====  

េគបន 
4 8 16 16

sin sin sin sin17 7 7 7.
2 4 8 282sin 2sin 2sin sin
7 7 7 7

C

π π π ππ π π ππ π π ππ π π π

π π π ππ π π ππ π π ππ π π π= × × == × × == × × == × × =  

េដយ 16 2 2
sin sin(2 ) sin

7 7 7
π π ππ π ππ π ππ π πππππ= + == + == + == + =  េនះ 1

8
C ====  

េហតុេនះេគបន 1 1 1
, ,

2 2 8
A B C= − = − == − = − == − = − == − = − =   ។ 

េដយេរបឯីកលកខណះភព ៖ 
3 3 3 3( ) ( ) 3( )( ) 3a b c a b c a b c ab bc ca abc+ + = + + + + + + + −+ + = + + + + + + + −+ + = + + + + + + + −+ + = + + + + + + + −  

តម  3 3 33 3 3
1 2 3 1 2 2 3 1 3,S x x x T x x x x x x= + + = + += + + = + += + + = + += + + = + +  

េគបន  3 3 1 3
3 . 3 3 3 2

2 2
S A S T C ST ST= + − = − + − = −= + − = − + − = −= + − = − + − = −= + − = − + − = −  
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33 2 2 2 23 3 3
1 2 3 1 2 3 1 2 3

3 3 33 3
1 2 3 1 2 3

3 ( ) 3

1 3 3 5
3 ( )

2 4 2 4

T B T x x x x x x x x x C

T T x x x x x x ST

= + + + −= + + + −= + + + −= + + + −

= − + + + − = −= − + + + − = −= − + + + − = −= − + + + − = −
 

េគបន 3 3 3 3 (3 2)(6 5)
(3 2)( )

2 4 4
ST ST

S T ST ST
− −− −− −− −= − − == − − == − − == − − =  

ឬ  3 3 2 24 18 27 10 0S T S T ST− + − =− + − =− + − =− + − =  តង .u S T====  
េគបន 3 24 18 27 10 0u u u− + − =− + − =− + − =− + − =   ឬ  

3 28 36 54 20 0u u u− + − =− + − =− + − =− + − =  
ឬ  3(2 3) 7 0u − + =− + =− + =− + =  នឲំយេគទញ  

33 7
.

2
u S T

−−−−= == == == =  

េហយី 
3 3

3 3 7 5 3 7
3 . 2 3 2

2 2
S S T

− −− −− −− −= − = × − == − = × − == − = × − == − = × − =  

ដូចេនះ 
3

33 3 3
2 4 8 5 3 7

cos cos cos
7 7 7 2

S
π π ππ π ππ π ππ π π −−−−= + + == + + == + + == + + =   ។ 

 
����� 
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លហំត់ទី០២ 

េគដងឹថ sin( )
sin( )

a
b

θ αθ αθ αθ α
θ βθ βθ βθ β

−−−− ====
−−−−

  និង cos( )
cos( )

c
d

θ αθ αθ αθ α
θ βθ βθ βθ β

−−−− ====
−−−−

  

ចូររសយបញជ ក់ថ  cos( )
ac bd
ad bc

α βα βα βα β ++++− =− =− =− =
++++

  ។ 
 
ដំេណះរសយ 

រសយបញជ ក់ថcos( )
ac bd
ad bc

α βα βα βα β ++++− =− =− =− =
++++

   

េគមន sin( )
(1)

sin( )
a
b

θ αθ αθ αθ α
θ βθ βθ βθ β

−−−− ====
−−−−

   

និង cos( )
(2)

cos( )
c
d

θ αθ αθ αθ α
θ βθ βθ βθ β

−−−− ====
−−−−

 

បូកសមីករ (1) និង (2) អងគនិងអងគេគបន ៖ 
sin( ) cos( )
sin( ) cos( )

sin( )cos( ) sin( )cos( )
sin( )cos( )

sin(2 )
(3)

sin( )cos( )

a c
b d

ad bc
bd

ad bc
bd

θ α θ αθ α θ αθ α θ αθ α θ α
θ β θ βθ β θ βθ β θ βθ β θ β
θ α θ β θ β θ αθ α θ β θ β θ αθ α θ β θ β θ αθ α θ β θ β θ α

θ β θ βθ β θ βθ β θ βθ β θ β
θ α βθ α βθ α βθ α β

θ β θ βθ β θ βθ β θ βθ β θ β

− −− −− −− −+ = ++ = ++ = ++ = +
− −− −− −− −
− − + − − +− − + − − +− − + − − +− − + − − +====

− −− −− −− −
− − +− − +− − +− − +====

− −− −− −− −

 

តម (2) េគទញ cos( )
(4)

cos( )
d
c

θ βθ βθ βθ β
θ αθ αθ αθ α

−−−− ====
−−−−

 

បូកសមីករ (1) និង (4) អងគ និង អងគេគបន ៖ 
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sin( ) cos( )
sin( ) cos( )

sin( )cos( ) sin( )cos( )
sin( )cos( )

1 1
sin(2 2 ) sin(2 2 )

2 2
sin( )cos( )

sin(2 )cos( )
(5)

sin( )cos( )

a d
b c

ac bd
bc

ac bd
bc

ac bd
bc

θ α θ βθ α θ βθ α θ βθ α θ β
θ β θ αθ β θ αθ β θ αθ β θ α
θ α θ α θ β θ βθ α θ α θ β θ βθ α θ α θ β θ βθ α θ α θ β θ β

θ β θ αθ β θ αθ β θ αθ β θ α

θ α θ βθ α θ βθ α θ βθ α θ β

θ β θ αθ β θ αθ β θ αθ β θ α
θ α β α βθ α β α βθ α β α βθ α β α β

θ β θ αθ β θ αθ β θ αθ β θ α

− −− −− −− −+ = ++ = ++ = ++ = +
− −− −− −− −
− − + − − +− − + − − +− − + − − +− − + − − +====

− −− −− −− −

− + −− + −− + −− + − ++++====
− −− −− −− −

− − − + +− − − + +− − − + +− − − + +====
− −− −− −− −

 

េធវីផលេធៀបរវង (5) និង (3) េគបន ៖ 
cos( )cos( )

cos( )
d ac bd
c ad bc

α β θ βα β θ βα β θ βα β θ β
θ αθ αθ αθ α

− + − +− + − +− + − +− + − += ×= ×= ×= ×
− +− +− +− +

    

ឬ cos( )cos( )
.

cos( )
c ac bd
d ad bc

α β θ βα β θ βα β θ βα β θ β
θ αθ αθ αθ α

− + − +− + − +− + − +− + − +====
− +− +− +− +

    

យក (2) ជួសកនុង (6) េគបន ៖ 
cos( )cos( ) cos( )

.
cos( ) cos( )

cos( )

ac bd
ad bc

ac bd
ad bc

α β θ β θ αα β θ β θ αα β θ β θ αα β θ β θ α
θ α θ βθ α θ βθ α θ βθ α θ β

α βα βα βα β

− + − − +− + − − +− + − − +− + − − +====
− − +− − +− − +− − +

++++− + =− + =− + =− + =
++++

      

ដូចេនះ   cos( )
ac bd
ad bc

α βα βα βα β ++++− =− =− =− =
++++

  ។ 
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លហំត់ទី០៣ 
េគដងឹថ cos cos cos cos cosα β ϕ γ θα β ϕ γ θα β ϕ γ θα β ϕ γ θ= == == == =   
និង sin 2sin sin

2 2
ϕ θϕ θϕ θϕ θαααα ====  

ចូររសយថ 2 2 2tan tan tan
2 2 2
α β γα β γα β γα β γ====   ។ 

  
ដំេណះរសយ 

រសយថ 2 2 2tan tan tan
2 2 2
α β γα β γα β γα β γ====    

តមបរមប់េគមន sin 2sin sin
2 2
ϕ θϕ θϕ θϕ θαααα ====   

នឲំយ 2 2 2sin 4sin sin (1 cos )(1 cos )
2 2
ϕ θϕ θϕ θϕ θα ϕ θα ϕ θα ϕ θα ϕ θ= = − −= = − −= = − −= = − −  

េដយcos cos cos cos cosα β ϕ γ θα β ϕ γ θα β ϕ γ θα β ϕ γ θ= == == == =   េនះ 
cos

cos
cos

cos
cos

cos

ααααϕϕϕϕ
ββββ
ααααθθθθ
γγγγ

 ====

 ====


 

េគបន 2 cos cos
sin (1 )(1 )

cos cos
α αα αα αα ααααα
β γβ γβ γβ γ

= − −= − −= − −= − −  
2 2cos cos 1

1 cos 1 cos cos
cos cos cos cos

β γβ γβ γβ γα α αα α αα α αα α α
β γ β γβ γ β γβ γ β γβ γ β γ
++++− = − +− = − +− = − +− = − +  

21 cos cos
1 cos cos

cos cos cos cos
γ βγ βγ βγ βα αα αα αα α

γ β γ βγ β γ βγ β γ βγ β γ β
     +++++ =+ =+ =+ =    
    
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េដយសនមតថ cos 0αααα ≠≠≠≠  េនះេគទញបន  ៖ 
cos cos

cos (1)
1 cos cos

γ βγ βγ βγ βαααα
γ βγ βγ βγ β

++++====
++++

 

េគមន 
2

2

2

sin 1 cos2tan (2)
2 1 coscos

2

αααα
α αα αα αα α

αααα αααα
−−−−= == == == =
++++

 

យកទំនក់ទនំង (1) ជួសកនុង (2) េគបន ៖ 

2

2

cos cos
1

1 cos cos cos cos1 cos cos
tan

cos cos2 1 cos cos cos cos1
1 cos cos

(1 cos ) cos (1 cos ) (1 cos )(1 cos )
(1 cos ) cos (1 cos ) (1 cos )(1 cos )

1 cos 1 cos
tan t

1 cos 1 cos 2

γ βγ βγ βγ β
α γ β γ βα γ β γ βα γ β γ βα γ β γ βγ βγ βγ βγ β

γ βγ βγ βγ β γ β γ βγ β γ βγ β γ βγ β γ β
γ βγ βγ βγ β

γ β γ γ βγ β γ γ βγ β γ γ βγ β γ γ β
γ β γ γ βγ β γ γ βγ β γ γ βγ β γ γ β

γ β γγ β γγ β γγ β γ
γ βγ βγ βγ β

++++−−−−
+ − −+ − −+ − −+ − −++++= == == == =++++ + + ++ + ++ + ++ + +++++

++++
− − − − −− − − − −− − − − −− − − − −= == == == =
+ + + + ++ + + + ++ + + + ++ + + + +

− −− −− −− −= × == × == × == × =
+ ++ ++ ++ +

2an
2
ββββ

 
ដូចេនះ 2 2 2tan tan tan

2 2 2
α β γα β γα β γα β γ====   ។ 

 
����� 

 
 
 
 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 42 

 

 
លហំត់ទី០៤ 
េគដងឹថ cos cos cosθ α βθ α βθ α βθ α β====   ។ 
ចូររសយថ tan , tan , tan

2 2 2
θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +    

ជសវុ ីតធរណីមរត។ 
  
 
ដំេណះរសយ 

រសយថtan , tan , tan
2 2 2

θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +   ជសវុ ីតធរណីមរត 

េគរតូវរសយឲយេឃញីថ 2tan tan .tan
2 2 2
β θ α θ αβ θ α θ αβ θ α θ αβ θ α θ α+ −+ −+ −+ −====  ។ 

េគមន 
tan tan

2 2tan
2 1 tan tan

2 2

θ αθ αθ αθ α
θ αθ αθ αθ α

θ αθ αθ αθ α

++++++++ ====
−−−−

  

និង 
tan tan

2 2tan
2 1 tan tan

2 2

θ αθ αθ αθ α
θ αθ αθ αθ α

θ αθ αθ αθ α

−−−−−−−− ====
++++

 

េគបន 
2 2

2 2

tan tan
2 2tan tan

2 2 1 tan tan
2 2

θ αθ αθ αθ α
θ α θ αθ α θ αθ α θ αθ α θ α

α αα αα αα α

−−−−+ −+ −+ −+ − ====
−−−−
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េដយ 
2

2

2

2sin 1 cos2tan
2 1 cos2cos

2

αααα
α αα αα αα α

αααα αααα
−−−−= == == == =
++++

 

2 1 cos 1 cos cos
tan

2 1 cos 1 cos cos
θ θ α βθ θ α βθ θ α βθ θ α β

θ α βθ α βθ α βθ α β
− −− −− −− −= == == == =
+ ++ ++ ++ +

   

 (េរពះ cos cos cosθ α βθ α βθ α βθ α β====  ) 

េគបន 
1 cos cos 1 cos
1 cos cos 1 cos

tan tan
1 cos cos 1 cos2 2 1
1 cos cos 1 cos

α β αα β αα β αα β α
θ α θ αθ α θ αθ α θ αθ α θ α α β αα β αα β αα β α

α β αα β αα β αα β α
α β αα β αα β αα β α

− −− −− −− −−−−−
+ −+ −+ −+ − + ++ ++ ++ +==== − −− −− −− −− ×− ×− ×− ×

+ ++ ++ ++ +

   

តង cosa αααα====   និង cosb ββββ====   េគបន ៖ 
1 1
1 1tan tan

1 12 2 1
1 1

ab a
ab a

ab a
ab a

θ α θ αθ α θ αθ α θ αθ α θ α
− −− −− −− −−−−−+ −+ −+ −+ − + ++ ++ ++ +==== − −− −− −− −− ×− ×− ×− ×

+ ++ ++ ++ +

 

                           
2 2

2 2

2

(1 )(1 ) (1 )(1 )
(1 )(1 ) (1 )(1 )

1 1
1 1
2 2 1 1 cos

tan
2 2 1 1 cos 2

ab a ab a
ab a ab a

a ab a b a ab a b
a ab a b a ab a b

a ab b
a ab b

β ββ ββ ββ β
ββββ

− + − + −− + − + −− + − + −− + − + −====
+ + − − −+ + − − −+ + − − −+ + − − −

+ − − − + − ++ − − − + − ++ − − − + − ++ − − − + − +====
+ + + − + + −+ + + − + + −+ + + − + + −+ + + − + + −

− − −− − −− − −− − −= = = == = = == = = == = = =
+ + ++ + ++ + ++ + +

 

ដូចេនះ tan , tan , tan
2 2 2

θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +   ជសវុ ីតធរណីមរត ។ 
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លហំត់ទី០៥ 
ចូររសយថេបីេគមនសមភព 
 cos cos( ) cos( 2 ) cos( 3 )x x x x

a b c d
θ θ θθ θ θθ θ θθ θ θ+ + ++ + ++ + ++ + += = == = == = == = =   

េនះេគបន  a c b d
b c
+ ++ ++ ++ +====   ។ 

  
ដំេណះរសយ 

តង  cos cos( ) cos( 2 ) cos( 3 ) 1x x x x
a b c d t

θ θ θθ θ θθ θ θθ θ θ+ + ++ + ++ + ++ + += = = == = = == = = == = = =  

េគទញ  
cos

cos( )

cos( 2 )

cos( 3 )

a t x

b t x

c t x

d t x

θθθθ
θθθθ
θθθθ

====
 = += += += +
 = += += += +
 = += += += +

 

[[[[ ]]]]cos cos( 2 ) 2 cos cos( ) 2 cosa c t x x t x bθ θ θ θθ θ θ θθ θ θ θθ θ θ θ+ = + + = + =+ = + + = + =+ = + + = + =+ = + + = + =  
[[[[ ]]]]cos( ) cos( 3 ) 2 cos cos( 2 ) 2 cosb d t x x t x cθ θ θ θ θθ θ θ θ θθ θ θ θ θθ θ θ θ θ+ = + + + = + =+ = + + + = + =+ = + + + = + =+ = + + + = + =

 
េគបន 2 cos

2 cos
a c b b
b d c c

θθθθ
θθθθ

++++ = == == == =
++++

  សមមូល a c b d
b c
+ ++ ++ ++ +====   ។ 

ដូចេនះ  a c b d
b c
+ ++ ++ ++ +====   ។ 
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លហំត់ទី០៦ 
ចូររសយថេបី cos( ) aθ αθ αθ αθ α− =− =− =− =  និង sin( ) bθ βθ βθ βθ β− =− =− =− =  
េនះេគបន  2 2 22 sin( ) cos ( )a ab bα β α βα β α βα β α βα β α β− − + = −− − + = −− − + = −− − + = −   ។ 
  
 
ដំេណះរសយ 

េគមន cos( )

sin( )

a

b

θ αθ αθ αθ α
θ βθ βθ βθ β

− =− =− =− =
 − =− =− =− =

   

សមមូល cos cos sin sin (1)

sin cos sin cos (2)

a

b

θ α θ αθ α θ αθ α θ αθ α θ α
θ β β θθ β β θθ β β θθ β β θ

+ =+ =+ =+ =
 − =− =− =− =

 

គុណសមីករ (1)នឹង sinββββ  េហយីសមីករ (2)នឹង cosαααα  រចួេធវ ី
ផលបូកេគបន sin cos( ) sin cosa bθ α β β αθ α β β αθ α β β αθ α β β α− = +− = +− = +− = +  
នឲំយ 2 2 2sin cos ( ) ( sin cos ) (3)a bθ α β β αθ α β β αθ α β β αθ α β β α− = +− = +− = +− = +  
គុណសមីករ (1)នឹង cosββββ  េហយីសមីករ (2)នឹង sinαααα−−−−  
 រចួេធវីផលបូកេគបន cos cos( ) cos sina bθ α β β αθ α β β αθ α β β αθ α β β α− = −− = −− = −− = −   
នឲំយ 2 2 2cos cos ( ) ( cos sin ) (4)a bθ α β β αθ α β β αθ α β β αθ α β β α− = −− = −− = −− = −  
បូកសមីករ (3) និង (4) អងគនិងអងគេគបន ៖ 

2 2 2 2 2(sin cos )cos ( ) ( sin cos ) ( cos sin )a b a bθ θ α β β α β αθ θ α β β α β αθ θ α β β α β αθ θ α β β α β α+ − = + + −+ − = + + −+ − = + + −+ − = + + −  
2 2 2

2 2 2

cos ( ) 2 (sin cos sin cos )

cos ( ) 2 sin( )

a b ab

a b ab

α β α β β αα β α β β αα β α β β αα β α β β α
α β α βα β α βα β α βα β α β

− = + − −− = + − −− = + − −− = + − −
− = + − −− = + − −− = + − −− = + − −

 

ដូចេនះ 2 2 22 sin( ) cos ( )a ab bα β α βα β α βα β α βα β α β− − + = −− − + = −− − + = −− − + = −   ។ 
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លហំត់ទី០៧ 

េដយដឹងថ 
tan( ) tan( ) tan( )

x y z
θ α θ β θ γθ α θ β θ γθ α θ β θ γθ α θ β θ γ

= == == == =
+ + ++ + ++ + ++ + +

  

 ចូររសយបញជ ក់ថ  
 2 2 2sin ( ) sin ( ) sin ( ) 0

x y y z z x
x y y z z x

α β β γ γ αα β β γ γ αα β β γ γ αα β β γ γ α+ + ++ + ++ + ++ + +− + − + − =− + − + − =− + − + − =− + − + − =
− − −− − −− − −− − −

   

  
ដំេណះរសយ 
រសយថ៖ 

2 2 2sin ( ) sin ( ) sin ( ) 0
x y y z z x
x y y z z x

α β β γ γ αα β β γ γ αα β β γ γ αα β β γ γ α+ + ++ + ++ + ++ + +− + − + − =− + − + − =− + − + − =− + − + − =
− − −− − −− − −− − −

   

េគមន 
tan( ) tan( ) tan( )

x y z
θ α θ β θ γθ α θ β θ γθ α θ β θ γθ α θ β θ γ

= == == == =
+ + ++ + ++ + ++ + +

 

េគបន tan( ) tan( )
tan( ) tan( )

x y
x y

θ α θ βθ α θ βθ α θ βθ α θ β
θ α θ βθ α θ βθ α θ βθ α θ β

+ + + ++ + + ++ + + ++ + + +====
− + − +− + − +− + − +− + − +

 

តមរូបមនត  sin( )
tan tan

cos cos
p q

p q
p q

+++++ =+ =+ =+ =  

និង sin( )
tan tan

cos cos
p q

p q
p q

−−−−− =− =− =− =   េនះេគបន ៖ 

2

2

sin(2 )
sin( )

sin ( ) sin(2 )sin( )

cos(2 2 ) cos(2 2 )
sin ( ) (1)

2

x y
x y

x y
x y

x y
x y

θ α βθ α βθ α βθ α β
α βα βα βα β

α β θ α β α βα β θ α β α βα β θ α β α βα β θ α β α β

θ β θ αθ β θ αθ β θ αθ β θ αα βα βα βα β

+ + ++ + ++ + ++ + +====
− −− −− −− −
++++ − = + + −− = + + −− = + + −− = + + −
−−−−
+ + − ++ + − ++ + − ++ + − +− =− =− =− =
−−−−
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រសយដូចគន ែដរេគបន ៖ 
2

2

cos(2 2 ) cos(2 2 )
sin ( ) (2)

2

cos(2 2 ) cos(2 2 )
sin ( ) (3)

2

y z
y z

z x
z x

θ γ θ βθ γ θ βθ γ θ βθ γ θ ββ γβ γβ γβ γ

θ α θ γθ α θ γθ α θ γθ α θ γγ αγ αγ αγ α

+ + − ++ + − ++ + − ++ + − +− =− =− =− =
−−−−
+ + − ++ + − ++ + − ++ + − +− =− =− =− =
−−−−

   

េធវីផលបូក (1) , (2) និង (3) អងគនិងអងគេគបន ៖ 
2 2 2sin ( ) sin ( ) sin ( ) 0

x y y z z x
x y y z z x

α β β γ γ αα β β γ γ αα β β γ γ αα β β γ γ α+ + ++ + ++ + ++ + +− + − + − =− + − + − =− + − + − =− + − + − =
− − −− − −− − −− − −
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លហំត់ទី០៨ 

ក) ចូររសយថ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =  
ខ) គណន  

(1 tan1 )(1 tan2 )(1 tan3 )...(1 tan45 )o o o oP = + + + += + + + += + + + += + + + +  
  
ដំេណះរសយ 

ក) រសយថ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =   
េគមន ៖ 
cos(45 ) cos45 cos sin45 sin

2 2 1
cos sin (cos sin )

2 2 2
1 sin 1

cos (1 ) cos (1 tan )
cos2 2

o o oα α αα α αα α αα α α

α α α αα α α αα α α αα α α α

ααααα α αα α αα α αα α α
αααα

− = +− = +− = +− = +

= + = += + = += + = += + = +

= + = += + = += + = += + = +

 

នឲំយ 2 cos(45 )
1 tan

cos

o αααα αααα
αααα

−−−− = += += += +  ។ 

ដូចេនះ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =   ។ 
ខ) គណន  

(1 tan1 )(1 tan2 )(1 tan3 )...(1 tan45 )o o o oP = + + + += + + + += + + + += + + + +  
តមសមភព  2 cos(45 )

1 tan
cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =   េនះេគបន ៖ 
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02 cos44
1 tan1

cos1

2 cos43
1 tan2

cos2

2 cos42
1 tan3

cos3

2 cos0
1 tan45

cos45

o
o

o
o

o

o
o

o

o
o

o


+ =+ =+ =+ =




+ =+ =+ =+ =

 + =+ =+ =+ =


− − − − − − − − − − − − −− − − − − − − − − − − − −− − − − − − − − − − − − −− − − − − − − − − − − − −

 + =+ =+ =+ =


  
គុណសមភពេនះអងគ និង អងគេគបន ៖ 

(((( )))) (((( ))))
45

46
23

2 cos0
2 2

cos45

o

oP = = == = == = == = =   (េរពះ 1
cos45

2
o ====  ) 

ដូចេនះ 232 8388608P = == == == =   ។ 
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លហំត់ទី០៩ 

ក) ចូររសយថ 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =  
ខ) គណន  

(1 cot1 )(1 cot 2 )(1 cot 3 )...(1 cot134 )o o o oP = + + + += + + + += + + + += + + + +  
  
 
ដំេណះរសយ 

ក) រសយថ 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =  

េគមន cos sin cos
1 cot 1

sin sin
α α + αα α + αα α + αα α + α+ α = + =+ α = + =+ α = + =+ α = + =
α αα αα αα α

 
េដយ o osin cos 2 sin(45 ) 2 sin(135 )α + α = + α = − αα + α = + α = − αα + α = + α = − αα + α = + α = − α  

ដូចេនះ 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =
 
។ 

ខ) គណន  
(1 cot1 )(1 cot 2 )(1 cot 3 )...(1 cot134 )o o o oP = + + + += + + + += + + + += + + + +    

េដយេរបីសមភព 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =
 
េគបន ៖ 

(((( ))))134
67P 2 2 147573952589676412928= = == = == = == = =   ។ 
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លហំត់ទី១០ 
ក) ចូររសយថ sin3a sina 2sinacos2a− =− =− =− =  
ខ)គណនផលបូក ៖ 

n n

x 2x x 2x
S sinxcos2x sin cos ... sin cos

3 3 3 3
= + + += + + += + + += + + +  

 
 
ដំេណះរសយ 
ក) រសយថ sin3a sina 2sinacos2a− =− =− =− =   
តមរូបមនត p q p q

sinp sinq 2sin cos
2 2
− +− +− +− +− =− =− =− =  

េគបន 3a a 3a a
sin3a sina 2sin cos 2sinacos2a

2 2
− +− +− +− +− = =− = =− = =− = =  

ដូចេនះ sin3a sina 2sinacos2a− =− =− =− =   ។ 
ខ)គណនផលបូក ៖ 

n n

x 2x x 2x
S sinxcos2x sin cos ... sin cos

3 3 3 3
= + + += + + += + + += + + +  

តមសរមយខងេលីេគមន sin3a sina 2sinacos2a− =− =− =− =    
យក k

x
a

2
====   េគបន   k 1 k k k

x x x 2x
sin sin 2sin cos

3 3 3 3−−−− − =− =− =− =  

ឬ k k k 1 k

x 2x 1 x x
sin cos sin sin

3 3 2 3 3−−−−
    = −= −= −= −    
    

 

ចំេពះ  k 0 ,1,2,3,....,n====   េគបន ៖ 
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n n n 1 n

1
sinxcos2x (sin3x sinx)

2
x 2x 1 x

sin cos (sinx sin )
3 3 2 3

x 2x 1 x x
sin cos (sin sin )

3 3 2 3 3−−−−

 = −= −= −= −

 = −= −= −= −

− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −

 = −= −= −= −


 

េធវីផលបូកអងគ នងិ អងគេគបន ៖ 

n

1 x
S (sin3x sin )

2 3
= −= −= −= −   ។ 
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លហំត់ទី១០ 

ក) ចូររសយថ 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −  

ខ)គណនផលបូក ៖ 
2 2 n 2

n n 1

a a a a a
S sinasin 2sin sin .... 2 sin sin

2 2 4 2 2 ++++= + + += + + += + + += + + +  
 

ដំេណះរសយ 

ក) រសយថ 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −   

តមរូបមនត sin2a 2sinacosa====  
េគបន 2sina sin2a 2sina 2sinacosa− = −− = −− = −− = −  

                               2

2

2sina(1 cosa)

a
2sina(2sin )

2
a

4sinasin
2

= −= −= −= −

====

====

 

ដូចេនះ 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −   ។ 

ខ)គណនផលបូក ៖ 
2 2 n 2

n n 1

a a a a a
S sinacos 2sin cos .... 2 sin cos

2 2 4 2 2 ++++= + + += + + += + + += + + +  

   
n

k 2
k k 1

k 0

a a
2 sin sin

2 2 ++++
====

    ====     
    

∑∑∑∑  
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េគមន 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −    

ជំនួស a េដយ k

a
2

 េគបន ៖ 
2

k k 1 k k 1

a a 1 a a
sin sin 2sin sin

2 2 4 2 2+ −+ −+ −+ −
    = −= −= −= −    
    

 

គុណអងគទងំពីរនងឹ k2   ៖ 
k 2 k 1 k

k k 1 k k 1

a a 1 a a
2 sin sin (2 sin 2 sin )

2 2 4 2 2
++++

+ −+ −+ −+ −= −= −= −= −   
េគបន 

n
k 1 k n 1

k k 1 n
k 0

1 a a 1 a
S (2 sin 2 sin ) (2 sin sin2a)

4 2 2 4 2
+ ++ ++ ++ +

−−−−
====

= − = −= − = −= − = −= − = −∑∑∑∑   

ដូចេនះ n 1

1 a
S sin sin2a

4 2 ++++
    = −= −= −= −    
    

  ។ 
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លហំត់ទី១១ 
ក) ចូររសយថcosa cos3a 2sinasin2a− =− =− =− =    
ខ)គណនផលបូក ៖ 

n n

a 2a a 2a
S sinasin2a sin sin .... sin sin

3 3 3 3
= + + += + + += + + += + + +  

 
ដំេណះរសយ 
ក) ចូររសយថcosa cos3a 2sinasin2a− =− =− =− =   
តមរូបមនត p q p q

cosp cosq 2sin sin
2 2
− +− +− +− +− = −− = −− = −− = −  

េគបន a 3a a 3a
cosa cos3a 2sin sin

2 2
− +− +− +− +− = −− = −− = −− = −  

                             2sin( a)sin2a

2sinasin2a

= − −= − −= − −= − −
====

 
ដូចេនះ cosa cos3a 2sinasin2a− =− =− =− =    
ខ)គណនផលបូក ៖ 

n n

a 2a a 2a
S sinasin2a sin sin .... sin sin

3 3 3 3
= + + += + + += + + += + + +  

តមសរមយខងេលីេគមន cosa cos3a 2sinasin2a− =− =− =− =   
ជំនួស a េដយ k

a
3

 េគបន k k 1 k k

a a a 2a
cos cos 2sin sin

3 3 3 3−−−−− =− =− =− =   

េគទញ k k k k 1

a 2a 1 a a
sin sin (cos cos )

3 3 2 3 3 −−−−= −= −= −= −  
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េបី 1
k 0 : sinasin2a (cosa cos3a)

2
= = −= = −= = −= = −  

េបី a 2a 1 a
k 1 : sin sin (cos cosa)

3 3 2 3
= = −= = −= = −= = −  

េបី 2 2 2

a 2a 1 a a
k 2 : sin sin (cos cos )

3 3 2 3 3
= = −= = −= = −= = −

− − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − −
 

េបី n n n n 1

a 2a 1 a a
k n : sin sin (cos cos )

3 3 2 3 3 −−−−= = −= = −= = −= = −  

េធវីផលបូកអងគ នងិ អងគេគបន n

1 a
S (cos cos3a)

2 3
= −= −= −= −  ។ 
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លហំត់ទី១២ 
ក) ចូររសយថ 2 2cos a cos 2a sinasin 3a− =− =− =− =  
ខ)គណនផលបូក ៖ 

n n

a 3a a 3a
S sinasin3a sin sin .... sin sin

2 2 2 2
= + + += + + += + + += + + +  

 
ដំេណះរសយ 
ក) រសយថ 2 2cos a cos 2a sinasin 3a− =− =− =− =   
េគមន 2 1 cos2a

cos a
2

++++====   និង 2 1 cos4a
cos 2a

2
++++====  

2 2 1 cos2a 1 cos4a
cos a cos 2a

2 2
+ ++ ++ ++ +− = −− = −− = −− = −  

                     
cos2a cos4a

2
2a 4a 2a 4a

sin sin sinasin3a
2 2

−−−−====

− +− +− +− += − == − == − == − =
 

ដូចេនះ 2 2cos a cos 2a sinasin 3a− =− =− =− =   ។ 
ខ)គណនផលបូក ៖ 

n n

a 3a a 3a
S sinasin3a sin sin .... sin sin

2 2 2 2
= + + += + + += + + += + + +  

តមសរមយខងេលីេគមន  2 2cos a cos 2a sinasin 3a− =− =− =− =    
ជំនួស a េដយ k

a
2

 េគបន  
2 2

k k 1 k k

a a a 3a
cos cos sin sin

2 2 2 2−−−−− =− =− =− =  
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ចំេពះ 2 2k 0 : sinasin3a cos a cos 2a= = −= = −= = −= = −  
ចំេពះ 2 2a 3a a

k 1 : sin sin cos cos a
2 2 2

= = −= = −= = −= = −  

ចំេពះ 2 2
2 2 2

a 3a a a
k 3 : sin sin cos cos

2 2 2 2
= = −= = −= = −= = −  

− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −  
ចំេពះ 2 2

n n n n 1

a 3a a a
k n : sin sin cos cos

2 2 2 2 −−−−= = −= = −= = −= = −  

េធវីផលបូកអងគ នងិ អងគ េគបន n

a
S cos cos2a

2
= −= −= −= −   ។ 

ដូចេនះ n

a
S cos cos2a

2
= −= −= −= −   ។ 
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លហំត់ទី១៣ 

ក) ចូររសយថ   
2 a

sin 1 2 12
sin2a 4 sin2a sina

    = −= −= −= −    
    

  

ខ)គណនផលបូក ៖ 
2

2 2 2 n 2 n 1

2 3 n 1

a
sin 2sin a 2 sin 2a 2 sin 2 a2S ....
sin2a sin2 a sin2 a sin2 a

−−−−

++++= + + + += + + + += + + + += + + + +  
 

 
ដំេណះរសយ 

ក) រសយថ   
2 a

sin 1 2 12
sin2a 4 sin2a sina

    = −= −= −= −    
    

   

េគមន 2 1 2 2cosa
sin2a sina sin2a

−−−−− =− =− =− =  

                             
2 a

4sin2(1 cosa) 2
sin2a sin2a
−−−−= == == == =  

ដូចេនះ 
2 a

sin 1 2 12
sin2a 4 sin2a sina

    = −= −= −= −    
    

 ។ 

ខ)គណន   
2

2 2 2 n 2 n 1

2 3 n 1

a
sin 2sin a 2 sin 2a 2 sin 2 a2S ....
sin2a sin2 a sin2 a sin2 a

−−−−

++++= + + + += + + + += + + + += + + + +  
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តមសរមយខងេលីេគមន  
2 a

sin 1 2 12
sin2a 4 sin2a sina

    = −= −= −= −    
    

    

ជំនួស a េដយ k2 a េគបន 
2 k 1

k 1 k 1 k

sin 2 a 1 2 1
sin2 a 4 sin2 a sin2 a

−−−−

+ ++ ++ ++ +
    = −= −= −= −    
    

  

េហតុេនះ
k 2 k 1 k 1 k

k 1 k 1 k

2 sin 2 a 1 2 2
sin2 a 4 sin2 a sin2 a

− +− +− +− +

+ ++ ++ ++ +

    
= −= −= −= −    

    
 

ចំេពះ 
2 a

sin 1 2 12k 0 :
sin2a 4 sin2a sina

    = = −= = −= = −= = −    
    

 

ចំេពះ 
2 2

2 2

sin a 1 2 2
k 1 :

sin2 a 4 sin2 a sin2a

    
= = −= = −= = −= = −    

    
 

− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −  
ចំេពះ 

2 n 1 n 1 n

n 1 n 1 n

sin 2 a 1 2 2
k n :

sin2 a 4 sin2 a sin2 a

− +− +− +− +

+ ++ ++ ++ +

    
= = −= = −= = −= = −    

    
 

េធវីផលបូកអងគ នងិ អងគ េគបន 
n 1

n 1

1 2 1
S

4 sin2 a sina

++++

++++

    
= −= −= −= −    

    
  ។ 

 
 
 
 
 
 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 61 

 

 
លហំត់ទី១៤ 

ក) ចូររសយថ   cos2a 1 1 1
sin3a 2 sina sin3a

    = −= −= −= −    
    

  

ខ)គណនផលបូក ៖ 

2 n

n

n 1

2a 2a 2a
cos cos coscos2a 3 3 3S ...

a asin3a sina sin sin
3 3 −−−−

= + + + += + + + += + + + += + + + +  

 
ដំេណះរសយ 

ក) រសយថ   cos2a 1 1 1
sin3a 2 sina sin3a

    = −= −= −= −    
    

  

េគមន 3 2sin3 3sin 4sin sin (3 4sin )a a a a a= − = −= − = −= − = −= − = −  

េគបន 
2 21 1 (3 4sin ) 1 2(1 2sin )

sin sin3 sin3 sin3
a a

a a a a
− − −− − −− − −− − −− = =− = =− = =− = =  

េដយ 2cos2 1 2sina a= −= −= −= −  

ដូចេនះ cos2a 1 1 1
sin3a 2 sina sin3a

    = −= −= −= −    
        

។ 

ខ)គណនផលបូក ៖ 

2 n

n

n 1

2a 2a 2a
cos cos coscos2a 3 3 3S ...

a asin3a sina sin sin
3 3 −−−−

= + + + += + + + += + + + += + + + +  

តមសរមខងេលីេគមន   cos2a 1 1 1
sin3a 2 sina sin3a

    = −= −= −= −    
    
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ជំនួស a   េដយ 
3k

a  េគបន 
1 1

2
cos 1 1 13

2sin sin sin
3 3 3

k

k k k

a

a a a
− −− −− −− −

    
    

= −= −= −= −    
    
    

 

េគបន 
0 0

1 1

2
cos 1 1 13

2sin sin sin
3 3 3

n nk

n
k k

k k k

a

S
a a a= == == == =

− −− −− −− −

    
    

= = −= = −= = −= = −    
    
    

∑ ∑∑ ∑∑ ∑∑ ∑  

ដូចេនះ 1 1 1
2 sin3sin

3

n

n

S
a a

    
    

= −= −= −= −    
    
    

  ។ 

 
 
 
 
 
 
 
 
 
 
 

 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 63 

 

 
លហំត់ទី១៥ 

ក) ចូររសយថ   
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

  

ខ)គណនផលបូក ៖ 
2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + + ។ 
 
 
ដំេណះរសយ 

ក) រសយថ   
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

  

េគមន 3 2cos3 4cos 3cos cos (4cos 3)a a a a a= − = −= − = −= − = −= − = −  

េគបន 
2 21 1 1 (4cos 3) 4(1 cos )

cos3 cos cos3 cos3
a a

a a a a
− − −− − −− − −− − −− = =− = =− = =− = =   

េដយ 2 21 cos sina a− =− =− =− =  េនះ 
21 1 4sin

cos3 cos cos3
a

a a a
− =− =− =− =  

ដូចេនះ
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

 ។ 

ខ)គណនផលបូក  

   
2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + +  

េគមន  
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

 ជំនួស a  េដយ 3k a  



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 64 

 

េគបន 
2

1 1

sin 3 1 1 1
cos3 4 cos3 cos3

k

k k k

a
a a a+ ++ ++ ++ +

    = −= −= −= −    
    

 
2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + +  

    1 1
0

1 1 1 1 1 1
4 cos3 cos3 4 cos3 cos

n

k k n
k a a a a+ ++ ++ ++ +

====

            = − = −= − = −= − = −= − = −            
            

∑∑∑∑  

ដូចេនះ 1

1 1 1
4 cos3 cosn nS

a a++++
    = −= −= −= −    
    

  ។ 
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លហំត់ទី១៦ 

ក) ចូររសយថ   sina 1 3 1
1 2cos2a 4 sin3a sina

    = −= −= −= −    ++++     
  

ខ)គណនផលបូក ៖ 

n n

n

n

1 a 1 a
sin sinsina 3 3 3 3S ......

2a 2a1 2cos2a 1 2cos 1 2cos
3 3

= + += + += + += + +
++++ + ++ ++ ++ +

។ 

 
ដំេណះរសយ 

ក) រសយថ   sina 1 3 1
1 2cos2a 4 sin3a sina

    = −= −= −= −    ++++     
   

េគបន 
2 23 1 3 (3 4sin ) 4sin

sin3 sin sin3 sin3
a a

a a a a
− −− −− −− −− = =− = =− = =− = =  

េដយ 3 2sin3 3sin 4sin sin (3 4sin )a a a a a= − = −= − = −= − = −= − = −  
                  2sin 1 2(1 2sin ) sin (1 2cos )a a a a    = + − = += + − = += + − = += + − = +      

ដូចេនះ sina 1 3 1
1 2cos2a 4 sin3a sina

    = −= −= −= −    ++++     
  ។ 

ខ)គណនផលបូក ៖ 

n n

n

n

1 a 1 a
sin sinsina 3 3 3 3S ......

2a 2a1 2cos2a 1 2cos 1 2cos
3 3

= + += + += + += + +
++++ + ++ ++ ++ +

 

េគមន  sina 1 3 1
1 2cos2a 4 sin3a sina

    = −= −= −= −    ++++     
  ជំនួស a  េដយ 

3k

a  
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រចួគុណអងគទងំពរីនឹង 1
3k   េគបន ៖ 

k k

k 1 k

k k 1 k

1 a
sin 1 1 1 1 13 3 . .

2a a a4 3 31 2cos sin sin
3 3 3

−−−−

−−−−

    
    

= −= −= −= −    
    ++++
    

   

n nk k

n k 1 k
k 0 k 0

k k 1 k

1 a
sin 1 1 1 1 13 3S . .

2a a a4 3 31 2cos sin sin
3 3 3

−−−−
= == == == =

−−−−

    
    

= = −= = −= = −= = −    
    ++++
    

∑ ∑∑ ∑∑ ∑∑ ∑    

ដូចេនះ 1 3 1
4 sin3 3 sin

3

n
n

n

S
aa

    
    

= −= −= −= −    
    
    

  ។ 
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លហំត់ទី១៧ 
គណនផលបូកខងេរកម ៖  

3 3 3 3

0

1 1 1
sin 3 sin sin 3 ... sin 3

3 3 3

n
k n

n k n
k

S a a a a
====

    = = + + += = + + += = + + += = + + +    
    

∑∑∑∑  
 
 
ដំេណះរសយ 
គណនផលបូក ៖  

3 3 3 3

0

1 1 1
sin 3 sin sin 3 ... sin 3

3 3 3

n
k n

n k n
k

S a a a a
====

    = = + + += = + + += = + + += = + + +    
    

∑∑∑∑   

តមរូបមនត 3sin 3 3sin 4sinx x x= −= −= −= −   
េនះេគទញ  (((( ))))3 1

sin 3sin sin3 )
4

x x x= −= −= −= −    
េគបន 

3 1
1

0 0

1 1 1 1
sin 3 sin3 sin3

3 4 3 3

n n
k k k

n k k k
k k

S a a a++++
−−−−

= == == == =

            = = −= = −= = −= = −            
            

∑ ∑∑ ∑∑ ∑∑ ∑   

ដូចេនះ 11 1
3sin sin3

4 3
n

n nS a a++++    = −= −= −= −    
    

  ។ 
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លហំត់ទី១៨ 
គណនផលបូកខងេរកម ៖  

3 3 3 3

0

( 3) cos cos 3cos ... ( 3) cos
3 3 3

n
k k

n k k
k

a a a
S a

====

    = − = − + + −= − = − + + −= − = − + + −= − = − + + −    
    

∑∑∑∑

 
 
ដំេណះរសយ 
គណនផលបូកខងេរកម ៖  

3 3 3 3

0

( 3) cos cos 3cos ... ( 3) cos
3 3 3

n
k k

n k k
k

a a a
S a

====

    = − = − + + −= − = − + + −= − = − + + −= − = − + + −    
    

∑∑∑∑

  
តមរូបមនត 3cos3 4cos 3cosx x x= −= −= −= −  
េនះេគទញ (((( ))))3 1

cos 3cos cos3
4

x x x= += += += +  
3 1

1
0 0

1
( 3) cos ( 3) cos ( 3) cos

3 4 3 3

n n
k k k

n k k k
k k

a a a
S ++++

−−−−
= == == == =

            = − = − − −= − = − − −= − = − − −= − = − − −                     
∑ ∑∑ ∑∑ ∑∑ ∑

  
ដូចេនះ 11

cos3 ( 3) cos
4 3

n
n n

a
S a ++++    = − −= − −= − −= − −        

  ។ 
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លហំត់ទី១៩ 
គណនផលគុណខងេរកម ៖  

2cos cos2 cos2 ... cos2n
nP a a a a= × × × ×= × × × ×= × × × ×= × × × ×  

 
 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

2cos cos2 cos2 ... cos2n
nP a a a a= × × × ×= × × × ×= × × × ×= × × × ×  

តមរូបមនត  sin2 2sin cosϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕ====    
េគទញ  1 sin2

cos .
2 sin

ϕϕϕϕϕϕϕϕ
ϕϕϕϕ

====  

េគបន 
11 sin2 1 sin4 1 sin8 1 sin2

. . . ... .
2 sin 2 sin2 2 sin4 2 sin2

n

n n

a a a a
P

a a a a

++++

= × × × ×= × × × ×= × × × ×= × × × ×  

ដូចេនះ 
11 sin2

2 sin

n

n n

a
P

a

++++

= ×= ×= ×= ×   ។ 
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លហំត់ទី២០ 
គណនផលគុណខងេរកម ៖  

2 2 2 2 2(1 tan )(1 tan 2 )(1 tan 2 )....(1 tan 2 )n
nP a a a a= − − − −= − − − −= − − − −= − − − −   

 
 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

2 2 2 2 2(1 tan )(1 tan 2 )(1 tan 2 )....(1 tan 2 )n
nP a a a a= − − − −= − − − −= − − − −= − − − −   

តមរូបមនត  2

2tan
tan2

1 tan
ϕϕϕϕϕϕϕϕ

ϕϕϕϕ
====

−−−−
   

េគទញ  2 tan
1 tan 2

tan2
ϕϕϕϕϕϕϕϕ
ϕϕϕϕ

− = ×− = ×− = ×− = ×  

េគបន 1

tan tan2 tan4 tan2
2. 2. 2. ... 2.

tan2 tan4 tan8 tan2

n

n n

a a a a
P

a a a a++++= × × × ×= × × × ×= × × × ×= × × × ×  

ដូចេនះ 1

tan
2

tan2
n

n n

a
P

a++++= ×= ×= ×= ×   ។ 
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លហំត់ទី២១ 
គណនផលគុណខងេរកម ៖  

2

2 2 2
(1 2cos2 )(1 2cos )(1 2cos )...(1 2cos )

3 3 3n n

a a a
P a= + + + += + + + += + + + += + + + +   
 
 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

2

2 2 2
(1 2cos2 )(1 2cos )(1 2cos )...(1 2cos )

3 3 3n n

a a a
P a= + + + += + + + += + + + += + + + +    
តមរូបមនត  3 2sin3 3sin 4sin sin (3 4sin )ϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕ= − = −= − = −= − = −= − = −  
េដយ 2 23 4sin 1 2(1 2sin ) 1 2cos2ϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕ− = + − = +− = + − = +− = + − = +− = + − = +    
េគទញ  sin3

1 2cos2
sin

ϕϕϕϕϕϕϕϕ
ϕϕϕϕ

+ =+ =+ =+ =  

េគបន 1

2

sin sinsin3 sin sin33 3....
sin sin sin sin sin

3 3 3 3

n

n

n n

a a
a a a

P
a a a aa

−−−−
= × × × × == × × × × == × × × × == × × × × =  ។ 
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លហំត់ទី២២ 
គណនផលគុណខងេរកម ៖  

2

2 2 2
(2cos2 1)(2cos 1)(2cos 1)...(2cos 1)

3 3 3n n

a a a
P a= − − − −= − − − −= − − − −= − − − −    
 
 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

2

2 2 2
(2cos2 1)(2cos 1)(2cos 1)...(2cos 1)

3 3 3n n

a a a
P a= − − − −= − − − −= − − − −= − − − −     
តមរូបមនត  3 2cos3 4cos 3cos cos (4cos 3)ϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕ= − = −= − = −= − = −= − = −  
េដយ 2 24cos 3 2(2cos 1) 1 2cos2 1ϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕ− = − − = −− = − − = −− = − − = −− = − − = −    
េគទញ  cos3

2cos2 1
cos

ϕϕϕϕϕϕϕϕ
ϕϕϕϕ

− =− =− =− =  

េគបន 1

2

cos coscos3 cos cos33 3....
cos cos cos cos cos

3 3 3 3

n

n

n n

a a
a a a

P
a a a aa

−−−−
= × × × × == × × × × == × × × × == × × × × =    

ដូចេនះ cos3

cos
3

n

n

a
P

a
====   ។ 
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លហំត់ទី២៣ 
គណន   

2(2cos 1)(2cos 1)(2cos 1)...(2cos 1)
2 2 2n n

a a a
P a= − − − −= − − − −= − − − −= − − − −    
 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

2(2cos 1)(2cos 1)(2cos 1)...(2cos 1)
2 2 2n n

a a a
P a= − − − −= − − − −= − − − −= − − − −       
តមរូបមនត  2cos2 2cos 1ϕ ϕϕ ϕϕ ϕϕ ϕ= −= −= −= −  េនះ 22cos2 4cos 2ϕ ϕϕ ϕϕ ϕϕ ϕ= −= −= −= −  
េគទញ  22cos2 1 4cos 1 (2cos 1)(2cos 1)ϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕ+ = − = + −+ = − = + −+ = − = + −+ = − = + −  
នឲំយ 2cos2 1

2cos 1
2cos 1

ϕϕϕϕϕϕϕϕ
ϕϕϕϕ

++++− =− =− =− =
++++

 ។ កេនសម nP  អចសរេសរ ៖ 

1

2

2cos 1 2cos 12cos2 1 2cos 1 2 2...
2cos 1 2cos 1 2cos 1 2cos 1

2 2 2

n

n

n

a a
a a

P
a a aa

−−−−+ ++ ++ ++ ++ ++ ++ ++ += × × × ×= × × × ×= × × × ×= × × × ×
++++ + + ++ + ++ + ++ + +

   

ដូចេនះ  2cos2 1

2cos 1
2

n

n

a
P

a
++++====
++++

  ។ 
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លហំត់ទី២៤ 
គណនផលគុណខងេរកម ៖   

2
2 2

8 8 8
(1 )(1 )...(1 )

1 3tan 1 3tan 1 3tan
3 3

n

n

P
a aa

= + + += + + += + + += + + +
−−−− − −− −− −− −

   

 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

2
2 2

8 8 8
(1 )(1 )...(1 )

1 3tan 1 3tan 1 3tan
3 3

n

n

P
a aa

= + + += + + += + + += + + +
−−−− − −− −− −− −

        

តមរូបមនត  
3 2

2 2

3tan tan tan (3 tan )
tan3

1 3tan 1 3tan
a a a a

a
a a

− −− −− −− −= == == == =
− −− −− −− −

 

េគទញ 
2 2

2 2

tan3 3 tan 1 3 tan 1
tan 1 3tan 3 1 3tan 3

a a a
a a a

    − −− −− −− −= = + −= = + −= = + −= = + −    − −− −− −− −    
 

                     2 2

1 8 1 8
1

3 3(1 3tan ) 3 1 3tana a
    = + = += + = += + = += + = +    − −− −− −− −    

 

នឲំយ 2

8 3tan3
1

1 3tan tan
a

a a
+ =+ =+ =+ =

−−−−
 

ជំនួស a   េដយ 
3k

a  េគបន 1

2

3tan8 31
1 3tan tan

3 3

k

k k

a

a a

−−−−
+ =+ =+ =+ =

−−−−
 

ចំេពះ 2

8 3tan3
0 : 1

1 3tan tan
a

k
a a

= + == + == + == + =
−−−−
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ចំេពះ 
2

8 3tan
1 : 1

1 3tan tan
3 3

a
k

a a
= + == + == + == + =

−−−−
 

ចំេពះ 
2

2 2

3tan8 32 : 1
1 3tan tan

3 3

a

k
a a

= + == + == + == + =
−−−−

 

− − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − −  

ចំេពះ 1

2

3tan8 3: 1
1 3tan tan

3 3

n

n n

a

k n
a a

−−−−
= + == + == + == + =

−−−−
 

គុណទំនក់ទនំងខងេលីអងគ និង អងគេគបន ៖ 
3 tan3

3 tan3 cot
3tan

3

n
n

n n

n

a a
P a

a
= == == == =   ។ 
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លហំត់ទី២៥ 

ក) ចូរគណនតៃមលរបកដៃន sin
10
ππππ  និង cos

10
ππππ  

ខ) ចូររសយថ 2 2 2 2 2x (x y) 4(x y )sin
10
ππππ+ − ≤ ++ − ≤ ++ − ≤ ++ − ≤ +   

     រគប់ចំនួន x,y IR∈∈∈∈   ។    
   
ដំេណះរសយ 

ក)គណនតៃមលរបកដៃន sin
10
ππππ  និង cos

10
ππππ     

េគមន   2 3
10 2 10

π π ππ π ππ π ππ π π= −= −= −= −     

េគបន  2 3 3
sin sin( ) cos

10 2 10 10
π π π ππ π π ππ π π ππ π π π= − == − == − == − =     

តមរូបមនតរតីេកណមរត ៖ 
sin2a 2sinacosa====     និង 3cos3a 4cos a 3cosa= −= −= −= −     

                                        
3

2

2

3
2sin cos cos

10 10 10

2sin cos 3cos 4cos
10 10 10 10

2sin 3 4cos
10 10

2sin 3 4(1 sin )
10 10

π π ππ π ππ π ππ π π====

π π π ππ π π ππ π π ππ π π π= −= −= −= −

π ππ ππ ππ π= −= −= −= −

π ππ ππ ππ π= − −= − −= − −= − −
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ឬ     24sin 2sin 1 0
10 10
π ππ ππ ππ π− − =− − =− − =− − =

 
 តង t sin 0

10
ππππ= >= >= >= >     

េគបន  24t 2t 1 0 , ' 1 4 5 0− − = ∆ = + = >− − = ∆ = + = >− − = ∆ = + = >− − = ∆ = + = >     

េគទញឬស 1
1 5

t 0
4

−−−−= <= <= <= <  2
1 5

, t
4

++++====     

ដូចេនះ 1 5
sin

10 4
π +π +π +π +====  ។     

េដយ 2 2sin cos 1
10 10
π ππ ππ ππ π+ =+ =+ =+ =   

    នឲំយ 21 5 10 2 5
cos 1 ( )

10 4 4
π + −π + −π + −π + −= − == − == − == − =     

ដូចេនះ  10 2 5
cos

10 4
π −π −π −π −====   ។    

ខ) រសយថ 2 2 2 2 2x (x y) 4(x y )sin
10
ππππ+ − ≤ ++ − ≤ ++ − ≤ ++ − ≤ +     

តងអនុគមន៍ 2 2 2 2 2f (x;y) x (x y) 4(x y )sin
10
ππππ= + − − += + − − += + − − += + − − +     

េគបន    
2 2 2 2 2 21 5

f (x;y) x x 2xy y 4(x y )( )
4

++++= + − + − += + − + − += + − + − += + − + − +     
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2 2 2 2

2 2 2 2

2 2

2 2

2

6 2 5
2x 2xy y 4(x y )

16

3 5
2x 2xy y (x y )

2

1 5 1 5
x 2xy y

2 2

5 1 5 1
x 2xy y

2 2

5 1 5 1
x y 0

2 2

++++= − + − += − + − += − + − += − + − +

++++= − + − += − + − += − + − += − + − +

− +− +− +− += − −= − −= − −= − −

    − +− +− +− += − + += − + += − + += − + +    
    

    − +− +− +− +
    = − + ≤= − + ≤= − + ≤= − + ≤
    
    

    

    ដូចេនះ 2 2 2 2 2x (x y) 4(x y )sin
10
ππππ+ − ≤ ++ − ≤ ++ − ≤ ++ − ≤ +  ។    
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លហំត់ទី២៦ 
ចូររសយបញជ ក់ថ  
1 1 3 1 9 1 27 1

( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20 16

π π π ππ π π ππ π π ππ π π π+ + + + =+ + + + =+ + + + =+ + + + =

             
 
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  
តង     

1 1 3 1 9 1 27
P ( cos )( cos )( cos )( cos )

2 20 2 20 2 20 2 20
π π π ππ π π ππ π π ππ π π π= + + + += + + + += + + + += + + + +    

            
3 n

n 0

1 3
cos

2 20
====

        ππππ= += += += +                        
∏∏∏∏  

េគមន 2 21 1 a 1 a
cosa 1 2sin (3 4sin )

2 2 2 2 2
+ = + − = −+ = + − = −+ = + − = −+ = + − = −  

េហយី 2 23a a a a a
sin 3sin 4sin sin (3 4sin )

2 2 2 2 2
= − = −= − = −= − = −= − = −  

នឱំយ 2

3a
sina 23 4sin

a2 sin
2

− =− =− =− =  
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េហតុេនះ  
3a

sin1 1 2cosa
a2 2 sin
2

+ =+ =+ =+ =  

យក 
n3

a
20

ππππ====  េគបន 

n 1
n

n

3
sin1 3 1 40cos .

2 20 2 3
sin

40

++++ ππππ
    ππππ+ =+ =+ =+ =         ππππ    

 

េគបន 

n 1
3

n
n 0

3 81
sin sin1 1 140 40P . .

2 16 163 sinsin 4040

++++

====

    π ππ ππ ππ π
    
    = = == = == = == = =ππππ    ππππ
    
    

∏∏∏∏  

េរពះ  81
sin sin(2 ) sin

40 40 40
π π ππ π ππ π ππ π π= π + == π + == π + == π + =   ។ 

ដូចេនះ        
1 1 3 1 9 1 27 1

( cos )( cos )( cos )( cos )
2 20 2 20 2 20 2 20 16

π π π ππ π π ππ π π ππ π π π+ + + + =+ + + + =+ + + + =+ + + + =   
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លហំត់ទី២៧ 

ចូររសយថ  2 2 22 4 7
sin sin sin

7 7 7 4
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =   

 
 
ដំេណះរសយ 

រសយថ  2 2 22 4 7
sin sin sin

7 7 7 4
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =   

តង  2 2 22 4
S sin sin sin

7 7 7
π π ππ π ππ π ππ π π= + += + += + += + +  

េយងីបន 
2 4 8

1 cos 1 cos 1 cos
7 7 7S

2 2 2

π π ππ π ππ π ππ π π− − −− − −− − −− − −
= + += + += + += + +  

                 3 1 2 4 8
( cos cos cos )

2 2 7 7 7
π π ππ π ππ π ππ π π= − + += − + += − + += − + +  

តង 2 4 8
T cos cos cos

7 7 7
π π ππ π ππ π ππ π π= + += + += + += + +  

         

5 3
cos( ) cos ( ) cos ( )

7 7 7
5 3

cos cos cos
7 7 7

π π ππ π ππ π ππ π π= π − + π − + π += π − + π − + π += π − + π − + π += π − + π − + π +

π π ππ π ππ π ππ π π= − − −= − − −= − − −= − − −
 

គុណអងគទងំពីរនងឹ 2sin
7
ππππ

 េគបន ៖ 
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5 3
2T sin 2cos sin 2cos sin 2cos sin

7 7 7 7 7 7 7
π π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π= − − −= − − −= − − −= − − −

 
តមរូបមនត 2cosasinb sin(a b) sin(a b)= + − −= + − −= + − −= + − −  

5 3
2T sin 2cos sin 2cos sin 2cos sin

7 7 7 7 7 7 7
6 4 4 2 2

2Tsin ( sin sin ) (sin sin ) sin
7 7 7 7 7 7

6
2Tsin sin sin( ) sin

7 7 7 7

π π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π= − − −= − − −= − − −= − − −

π π π π π ππ π π π π ππ π π π π ππ π π π π π=− − − − −=− − − − −=− − − − −=− − − − −

π π π ππ π π ππ π π ππ π π π= − = − π − = −= − = − π − = −= − = − π − = −= − = − π − = −
 

េគទញ 
1

T
2

= −= −= −= −  នឲំយ  
3 1 1 7

S ( )
2 2 2 4

= − − == − − == − − == − − =  

ដូចេនះ 2 2 22 4 7
sin sin sin

7 7 7 4
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =  ។ 
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លហំត់ទី២៨ 
ចំេពះរគប់ចំនួនពិត x  ចូររសយបញជ ក់ថ  ៖  

7 7 72 4 63
cos cos ( ) cos ( ) cos3

3 3 64
x x x x

π ππ ππ ππ π+ + + + =+ + + + =+ + + + =+ + + + =    
 
   
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

7 7 72 4 63
cos x cos (x ) cos (x ) cos3x

3 3 64
π ππ ππ ππ π+ + + + =+ + + + =+ + + + =+ + + + =   

តង n n n
n

2 4
E (x) cos x cos (x ) cos (x ) (i)

3 3
π ππ ππ ππ π= + + + += + + + += + + + += + + + +  

តមរូបមនត 3cos3x 4cos x 3cosx= −= −= −= −   

េគទញ  3 3 1
cos x cosx cos3x

4 4
= += += += +  

េដយគុណអងគទងំពីរនឹង  n 3cos x−−−−     េគបន   ៖  

  n n 2 n 33 1
cos x cos x cos3xcos x (1)

4 4
− −− −− −− −= += += += +  

ដូចគន ែដរេគទញបន  ៖  
n n 2 n 32 3 2 1 2

cos (x ) cos (x ) cos3xcos (x ) (2)
3 4 3 4 3

− −− −− −− −π π ππ π ππ π ππ π π+ = + + ++ = + + ++ = + + ++ = + + +   
n n 2 n 34 3 4 1 4

cos (x ) cos (x ) cos3xcos (x ) (3)
3 4 3 4 3

− −− −− −− −π π ππ π ππ π ππ π π+ = + + ++ = + + ++ = + + ++ = + + +  
 េដយបូកសមីករ (1); (2)  និង (3)  េគបន 0E (x) 3====  
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 n n 2 n 3
3 1

E (x) E (x) cos3xE (x) (ii)
4 4− −− −− −− −= += += += +  

តម (i)  ចំេពះ n 0 ; n 1 , n 2= = == = == = == = =  េគ

1

1

2 2 2
2

2 2
2

2 4
E (x) cosx cos(x ) cos(x )

3 3

1 3 1 3
E (x) cosx cosx sinx cosx sinx 0

2 2 2 2

1 3 1 3
E (x) cos x ( cosx sinx) ( cosx sinx)

2 2 2 2
3 3 3

E (x) cos x sin x
2 2 2

π ππ ππ ππ π
= + + + += + + + += + + + += + + + +

= − − − + == − − − + == − − − + == − − − + =

= + − − + − += + − − + − += + − − + − += + − − + − +

= + == + == + == + =

 

តម (ii)  ចំេពះ n 3 ; n 4 , n 5 ; n 7= = = == = = == = = == = = =  េគបន

 

3 1 0

4 2 1

5 3 2

7 5 4

3 1 3
E (x) E (x) cos3xE (x) cos3x

4 4 4
3 1 9

E (x) E (x) cos3xE (x)
4 4 8

1 9 3 15
E (x) E (x) cos3xE (x) cos3x cos3x cos3x

4 4 16 8 16
3 1 45 9 63

E (x) E (x) cos3xE (x) cos3x cos3x cos3x
4 4 64 32 64

= + == + == + == + =

= + == + == + == + =

3333= + = + == + = + == + = + == + = + =

= + = + == + = + == + = + == + = + =

ដូចេនះ  7 7 72 4 63
cos x cos (x ) cos (x ) cos3x

3 3 64
π ππ ππ ππ π+ + + + =+ + + + =+ + + + =+ + + + =    
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លហំត់ទី២៩ 
គណនផលបូកខងេរកម 

1n

2n

n

2
cos

2
tan

.....

16
cos

32
tan

8
cos

16
tan

4
cos

8
tan

S

++++

++++

ππππ

ππππ

++++++++ππππ

ππππ

++++ππππ

ππππ

++++ππππ

ππππ

====    

រចួទញរកលីមតីៃន nS  កលណ +∞+∞+∞+∞→→→→n   ។ 
   
ដំេណះរសយ 
គណនផលគុណខងេរកម ៖  

តមរូបមនត 2
2tanx

tan2x
1 tan x

====
−−−−

 

េគបន 
2

2 2
2tan x tanx tan x

tan2x tan x tan x
1 tan x 1 tan x

++++− = − =− = − =− = − =− = − =
− −− −− −− −

 

    
2

2
1 tan x

tan 2x tan x tan x.
1 tan x

++++− =− =− =− =
−−−−

 

េដយ 
xtan1
xtan1

x2cos 2

2

++++
−−−−====    

េនះ tanx
tan2x tanx (*)

cos2x
− =− =− =− =  

េដយេរជីសេរសី k 2
x

2 ++++
ππππ====  ជួសកនុង (*)   
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េគបន   k 2

k 1 k 2

k 1

tan
2tan tan

2 2 cos
2

++++
+ ++ ++ ++ +

++++

ππππ
π ππ ππ ππ π− =− =− =− = ππππ  

∑∑∑∑
====

++++++++ 






 ππππ−−−−ππππ====
n

1k
2k1kn 2

tan
2

tanS  

        

2n2n

2n1n

2
tan1

2
tan

4
tan

)
2

tan
2

(tan...)
16

tan
8

(tan)
8

tan
4

(tan

++++++++

++++++++

ππππ−−−−====ππππ−−−−ππππ====

ππππ−−−−ππππ++++++++ππππ−−−−ππππ++++ππππ−−−−ππππ====

 

ដូចេនះ  2nn 2
tan1S ++++

ππππ−−−−====   ។ 

មយង៉េទៀតេគមន 0
2

tanlim 2nn
====ππππ

+++++∞+∞+∞+∞→→→→
 

ដូចេនះ  1Slim n
n

====
+∞+∞+∞+∞→→→→    ។ 
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លហំត់ទ៣ី០ 

ក)ចូររសយថ 
3

2
tan x 1

tan 2x tan x
21 tan x

= −= −= −= −
−−−−

 

ខ)ចូរគណនផលបូក 

k 3
n n

n
2

k 0 n

a
2 tan

2S
a

1 tan
2

====

    
    

====     
    −−−−    
    

∑∑∑∑  

 
ដំេណះរសយ 

ក) រសយថ 
3

2
tan x 1

tan2x tan x
21 tan x

= −= −= −= −
−−−−

  

េយងីបន  
3

2 2
1 tan x tan x

tan 2x tan x tan x
2 1 tan x 1 tan x

− = − =− = − =− = − =− = − =
− −− −− −− −

 

ដូចេនះ 
3

2
tan x 1

tan 2x tan x
21 tan x

= −= −= −= −
−−−−

  ។ 

ខ)គណនផលបូក 
k 3

n k
n

2
k 0 k

a
2 tan

2S
a

1 tan
2

====

    
    

====     
    −−−−    
    

∑∑∑∑  

េគមន 
3

2
tan x 1

tan 2x tan x
21 tan x

= −= −= −= −
−−−−

  យក k
a

x
2

====  
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េគបន  
3

k

k 1 k2
k

a
tan

1 a a2 tan tan
a 2 2 21 tan
2

−−−−= −= −= −= −
−−−−

 

េយងីបន៖ 

  

ដូចេនះ  n
n n

1 a
S tan2a 2 tan

2 2
= −= −= −= −     ។ 

 
 
 
 
 
 
 
 
 
 
 
 

n
k 1 k

n k 1 k
k 0

n
n

a a
S 2 tan 2 tan

2 2

1 a
tan 2a 2 tan

2 2

−−−−
−−−−

====

    = −= −= −= −    
    

= −= −= −= −

∑∑∑∑
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លហំត់ទ៣ី១ 
គណនផលគុណខងេរកម ៖   

ក)ចូររសយថ 1
cot x cot 2x

sin2x
= −= −= −= −  

ខ)ចូរគណន     

n

2 n

1 1 1 1
S ....

a a asina sin sin sin
2 2 2

= + + + += + + + += + + + += + + + +     

 
ដំេណះរសយ 

ក)រសយថ 1
cot x cot 2x

sin2x
= −= −= −= −   

តង f (x) cot x cot 2x= −= −= −= −     

                           
2

2 2

cosx cos2x
sinx sin2x

cosx 2cos x 1
sinx 2sinxcosx

2cos x 2cos x 1 1
2sinxcosx sin2x

= −= −= −= −

−−−−= −= −= −= −

− +− +− +− += == == == =

    

    ដូចេនះ  1
cot x cot 2x

sin2x
= −= −= −= −   ។ 

ខ)គណន     
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n

2 n

1 1 1 1
S ....

a a asina sin sin sin
2 2 2

= + + + += + + + += + + + += + + + +     

េយងីបន 
n

n
k 0 k

1
S ( )

a
sin

2
====

====∑∑∑∑       

េដយ 1
cot x cot 2x

sin2x
= −= −= −= −      

                    

n

n k 1 k
k 0

n 1

a a
S cot cot

2 2

a
cot cota

2

++++
====

++++

    = −= −= −= −    
    

= −= −= −= −

∑∑∑∑
    

ដូចេនះ  n n 1
a

S cot cota
2 ++++= −= −= −= −   ។    
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លហំត់ទ៣ី២ 
ក)ចូររសយបញជ ក់ថ 2tan2x.tan x tan2x 2tanx= −= −= −= −  

ខ)ចូរគណនផលបូក 
n

k 2
n k k 1

k 0

a a
S 2 tan tan

2 2 ++++
====

    ====     
    

∑∑∑∑
 

 
 
ដំេណះរសយ 
ក)រសយបញជ ក់ថ 2tan2x.tan x tan2x 2tanx= −= −= −= −   

តង   f (x) tan2x 2tanx= −= −= −= −   េដយ 2
2tanx

tan2x
1 tan x

====
−−−−

 

េគបន 2
2tanx

f (x) 2tanx
1 tan x

= −= −= −= −
−−−−

 

         

2

2

3

2

3
2 2

2 2

2tanx 2tanx(1 tan x)

1 tan x

2tanx 2tanx 2tan x

1 tan x

2tan x 2tanx
.tan x tan2x.tan x

1 tan x 1 tan x

− −− −− −− −====
−−−−

− +− +− +− +====
−−−−

= = == = == = == = =
− −− −− −− −

 

 ដូចេនះ  2tan2x.tan x tan2x 2tanx= −= −= −= −   ។ 
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ខ)គណនផលបូក 
n

k 2
n k k 1

k 0

a a
S 2 tan tan

2 2 ++++
====

    ====     
    

∑∑∑∑    

េយងីមន 2tan2x.tan x tan2x 2tanx= −= −= −= −   

េដយយក k 1
a

x
2 ++++====  

េគបន 2
k k 1 k k 1
a a a a

tan tan tan 2tan
2 2 2 2+ ++ ++ ++ += −= −= −= −  

n
k k 1 n 1

n k k 1 n 1
k 0

a a a
S 2 tan 2 tan tana 2 tan

2 2 2
+ ++ ++ ++ +

+ ++ ++ ++ +
====

    = − = −= − = −= − = −= − = −    
    

∑∑∑∑
 

ដូចេនះ  
n

k 2 n 1
n k k 1 n 1

k 0

a a a
S 2 tan tan tana 2 tan

2 2 2
++++

+ ++ ++ ++ +
====

    = = −= = −= = −= = −    
    

∑∑∑∑  
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លហំត់ទ៣ី៣ 

ក)ចូររសយថ 2 2 2
1 4 1

cos x sin 2x sin x
= −= −= −= −  

ខ)ចូរគណន 
  

 
ដំេណះរសយ 

ក)រសយថ   

េយងីមន  

 

ដូចេនះ      ។ 

 
ខ) គណនផលបូក៖ 
  

n
2 2 n 2

2 n

1 1 1
S ....

a a a
4cos 4 cos 4 cos

2 2 2

= + + += + + += + + += + + +

2 2 2
1 4 1

cos x sin 2x sin x
= −= −= −= −

2 2

2 2 2 2 2 2 2
1 1 sin x cos x 1 4

cos x sin x sin xcos x sin xcos x sin 2x

+++++ = = =+ = = =+ = = =+ = = =

2 2 2
1 4 1

cos x sin 2x sin x
= −= −= −= −

n
2 2 n 2

2 n

1 1 1
S ....

a a a
4cos 4 cos 4 cos

2 2 2

= + + += + + += + + += + + +
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េយងីបន  

េដយ     

េគបន ៖ 

 

ដូចេនះ      ។ 

 
 
 
 
 
 
 

n

n k 2
k 1 k

1 1
S .

a4 cos
2

====

    
    

====     
        
    

∑∑∑∑

2 2 2
1 4 1

cos x sin 2x sin x
= −= −= −= −

n

n k
k 1 2 2

k 1 k

n

k 1 k 2
k 1 2 2 n 2

k 1 k n

1 4 1
S ( )

a a4 sin sin
2 2

1 1 1 1 1 1
. .

a a a4 4 sin asin sin 4 sin
2 2 2

====

−−−−

−−−−
====

−−−−

    
    

= −= −= −= −    
    
    

    
    

= − = −= − = −= − = −= − = −    
    
    

∑∑∑∑

∑∑∑∑

n 2 n 2
n

1 1
S

asin a 4 sin
2

= −= −= −= −
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លហំត់ទ៣ី៤ 

ក)ចូររសយថ  

ខ)ចូរគណនផលបូក    

 
ដំេណះរសយ 

ក)រសយថ   

តមរូបមនត  

េយងីបន 

 

ដូចេនះ   ។ 

ខ)គណនផលបូក    

3

2
tan x 1

( tan 3x 3tan x)
81 3tan x

= −= −= −= −
−−−−

k 3
n k

n
2

k 0 k

a
3 tan

3S
a

1 3tan
3

====

    
    

====     
    −−−−
        

∑∑∑∑

3

2
tan x 1

( tan 3x 3tan x)
81 3tan x

= −= −= −= −
−−−−

3

2
3tan x tan x

tan 3x
1 3tan x

−−−−====
−−−−

3 3

2 2
3tanx tan x 8tan x

tan3x 3tanx 3tanx
1 3tan x 1 3tan x

−−−−− = − =− = − =− = − =− = − =
− −− −− −− −

3

2
tan x 1

( tan3x 3tan x)
81 3tan x

= −= −= −= −
−−−−

k 3
n k

n
2

k 0 k

a
3 tan

3S
a

1 3tan
3

====

    
    

====     
    −−−−
        

∑∑∑∑
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េយងីមន   

េដយយក  

 
េគបន   
េយងីបន  

 

ដូចេនះ    ។ 

 
 
 
 
 
 
 
 
 
 
 

3

2
tan x 1

( tan 3x 3tan x)
81 3tan x

= −= −= −= −
−−−−

k
a

x
3

====

n
k k 1 n 1

n k 1 k n
k 0

1 a a 1 a
S (3 tan 3 tan ) tan 3a 3 tan

8 83 3 3
+ ++ ++ ++ +

−−−−
====

    = − = −= − = −= − = −= − = −    
    

∑∑∑∑
n 1

n n
tan 3a 3 a

S tan
8 8 3

++++
= −= −= −= −

)
3

a
tan3

3

a
(tan

8

1

3

a
tan31

3

a
tan

k1k

k

2

k

3

−−−−====
−−−−

−−−−
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លហំត់ទ៣ី៥ 

ចំេពះរគប់  េគឱយ   

ក)គណនតៃមល  និង  
ខ)បងហ ញថ       
    
 
ដំេណះរសយ 

ក. . . . គណនតៃមល  និង     

េដយេគមន  េនះេគបន ៖    

        

        

INn∈∈∈∈
12

sin
12

cos
ππππππππ nn

nS ++++====

12
cos

ππππ
12

sin
ππππ

0624 12 ====++++−−−− ++++++++ nnn SSS
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ππππ
12

sin
ππππ

12 3 4
π π ππ π ππ π ππ π π= −= −= −= −

4
26

2
2
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2
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2
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.
2
1

4
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3
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4
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3
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)
43
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12
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++++====
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ππππππππππππππππ

ππππππππππππ

4
26

2
1

.
2
2

2
2

.
2
3

3
cos

4
sin

4
cos

3
sin

)
43

sin(
12

sin

−−−−====−−−−====
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−−−−====

ππππππππππππππππ

ππππππππππππ
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ដូចេនះ     ។    
ខ)បងហ ញថ   

េគមន  

តង  េនះ  

េគមន   

េហយី   
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បូកសមីករ  និង  អងគនងឹអងគេគបន ៖ 
                        

ដូចេនះ   ។    
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លហំត់ទ៣ី៦ 

ក)ចូររសយថ  

ខ)ចូរគណន  

 

 
ដំេណះរសយ 

ក.រសយថ   

េយងីមន  
 ឬ     
ែចកអងគទងំពីរនងឹ  េគបន ៖ 

 

នឲំយ     

ដូចេនះ      ។ 

ខ.គណន  

េយងីបន   

n n 1 n
sin(nx) cos(n 1)x cos(nx)

.cot x
cos x cos x cos x++++

++++    = −= −= −= −    
    

n 2 3 n
sinx sin2x sin3x sin(nx)

S ....
cosx cos x cos x cos x

= + + + += + + + += + + + += + + + +

n n 1 n
sin(nx) cos(n 1)x cos(nx)

.cot x
cos x cos x cos x++++

++++    = −= −= −= −    
    

cos(n 1)x cos(nx x)+ = ++ = ++ = ++ = +

cos(n 1)x cos(nx)cosx sin(nx)sinx+ = −+ = −+ = −+ = −
n 1cos x++++

n 1 n 1 n 1 n n
cos(n 1)x cos(nx)cosx sin(nx)sinx cos(nx) sin(nx)

.tanx
cos x cos x cos x cos x cos x+ + ++ + ++ + ++ + +

++++ = − = −= − = −= − = −= − = −

n n 1 n
sin(nx) cos(n 1)x cos(nx) 1

.
tanxcos x cos x cos x++++

++++    = −= −= −= −    
    

n n 1 n
sin(nx) cos(n 1)x cos(nx)

.cot x
cos x cos x cos x++++

++++    = −= −= −= −    
    

n 2 3 n
sinx sin2x sin3x sin(nx)

S ....
cosx cos x cos x cos x

= + + + += + + + += + + + += + + + +

n

n k
k 1

sin(kx)
S

cos x====

    ====     
    

∑∑∑∑
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េដយ    

 
ដូចេនះ   ។ 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

k k 1 k
sin(kx) cos(k 1)x cos(kx)

.cot x
cos x cos x cos x++++

++++    = −= −= −= −    
    

n

n k 1 k n 1
k 1

cos(k 1)x cos(kx) cos(n 1)x
S cot x cot x 1

cos x cos x cos x+ ++ ++ ++ +
====

+ ++ ++ ++ +            = − = −= − = −= − = −= − = −            
            

∑∑∑∑
n 1

n n 1
cot x[cos(n 1)x cos x]

S
cos x

++++

++++
+ −+ −+ −+ −====
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លហំត់ទ៣ី៧ 

ក)ចូររសយថ 
x

cot1 21
cosx cot x

+ =+ =+ =+ =  
ខ)គណន    

n

2 n

1 1 1 1
P (1 )(1 )(1 ).....(1 )

a a acosa cos cos cos
2 2 2

= + + + += + + + += + + + += + + + +      

 
ដំេណះរសយ 

ក)រសយថ 
x

cot1 21
cosx cot x

+ =+ =+ =+ =   

េយងីតង 1
A(x) 1

cosx
= += += += +                 

                    

2 2x x x x
2cos 2cos sin cos sinxcosx 1 2 2 2 2

x xcosx cosx cosxsin cosxsin
2 2

x x
cos cotsin x x2 2. tan tanx

x cosx 2 cot xsin
2

++++= = = == = = == = = == = = =

= = == = == = == = =

    

ដូចេនះ  
x

cot1 21
cosx cot x

+ =+ =+ =+ =   ។ 
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ខ)គណនផលគុណ 

    n

2 n

1 1 1 1
P (1 )(1 )(1 ).....(1 )

a a acosa cos cos cos
2 2 2

= + + + += + + + += + + + += + + + +         

     
n n k 1

k 0 k 0k k

a
cot

1 21 [ ]
a a

cos cot
2 2

++++

= == == == =

    
    

= + == + == + == + =    
        
    

∏ ∏∏ ∏∏ ∏∏ ∏     

    ដូចេនះ n n 1
a

P tan .cota
2 ++++====         ។    
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លហំត់ទ៣ី៨ 
គណនផលគុណខងេរកមេនះ     

(((( ))))
n 2 k

n 22 kk 1

1 tan 2 x
P

1 tan 2====

    
    ++++====     
    −−−−
    

∏∏∏∏         ែដល n 2
| x |

2 ++++
ππππ<<<<

 

    
 
ដំេណះរសយ 

តមរូបមនត 
2

2
1 tan a

cos2a
1 tan a

−−−−====
++++

 

េគបន  
2 k

k 1
2 k

1 tan 2 x
cos2 x

1 tan 2 x
++++ −−−−====

++++
 

េហយី 
2 k 2 k k 1

2 k
2 k 2 k

cos 2 sin 2 cos2 x
1 tan 2

cos 2 x cos 2 x

++++−−−−− = =− = =− = =− = =  

េគបន 
2 k 2 k

2 k 2 2 k 1
1 tan 2 x cos 2 x

(1 tan 2 x) cos 2 x++++
++++ ====
−−−−

 

ដូចេនះ 
n 2 k 2

n 2 k 1 2 n 1
k 1

cos 2 x cos 2x
P

cos 2 x cos 2 x+ ++ ++ ++ +
====

    
= == == == =        

    
∏∏∏∏    ។    
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លហំត់ទ៣ី៩ 
គណនផលគុណខងេរកម  ៖  

kn
2 2

n k
k 0

x
P (1 tan )

2====

    = −= −= −= −    
    

∏∏∏∏          

 
 
ដំេណះរសយ 

គណនផលគុណ kn
2 2

n k
k 0

x
P (1 tan )

2====

    = −= −= −= −    
    

∏∏∏∏         

េយងីមន 
2 2

k k k2
k 2 2

k k

x x 2x
cos sin cos

x 2 2 21 tan
x x2 cos cos

2 2

−−−−
− = =− = =− = =− = =   

េគបន 
k

k 1 n 1

2
n k 1

n
2 2

k 0 k n

x
cos

cos2x2P
x x

cos cos
2 2

+ ++ ++ ++ +

−−−−

====

    
    

= == == == =    
    
        

∏∏∏∏   

ដូចេនះ  
n 1n

2
n

cos2x
P

x
cos

2

++++====      ។    
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លហំត់ទី៤០ 
គណនផលគុណខងេរកម  ៖  

2 2 4 2

0

tan tan .tan .tan .....tan
2 42 2

k nn

n k n
k

x x x x
P x

====

    = == == == =    
    

∏∏∏∏
 

 
 
ដំេណះរសយ 

េគមន 
2 2sina 2sin a 2sin a

tana
cosa 2sinacosa sin 2a

= = == = == = == = =  

យក 
2k
x

a ====  េគបន 
22sin

2tan
22 sin
2

k

k

k

x
x

x
====  

េគទញ 
1 1

1
2 2

2 2 1

2
0

sin sin
2 22 . 2 .

2 sin 2sin
2

k n

k n

k

n k n
n

k k

x x

P
x x

+ ++ ++ ++ +

++++ −−−−

====

    
    

= == == == =    
        
    

∏∏∏∏   

ដូចេនះ 
1

1
2

(2 1)
sin

22 .
sin2

n

n n
n

x

P
x

++++

++++ −−−−====    ។    
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លហំត់ទី៤១ 
ចូរគណនតៃមលផលគុណ  ៖  

o o oP ( 3 tan1 )( 3 tan2 ).....( 3 tan29 )= + + += + + += + + += + + +  
 

 
ដំេណះរសយ 

គណនតៃមលផលគុណ (((( ))))
29

o

k 1

P 3 tank

====

= += += += +∏∏∏∏  

េគមន 
o o o

o
o o

sink 3 cosk sink
3 tank 3

cosk cosk

+++++ = + =+ = + =+ = + =+ = + =     

                                                                                
o o

o
2cos(30 k )

cosk

−−−−====  

េគបន 
29 o o

o
k 1

2cos(30 k )
P

cosk====

    −−−−====     
        

∏∏∏∏     

                                                
29 o o o o

29
o o o o

2 cos29 cos28 .....cos2 cos1
2

cos1 cos2 .....cos28 cos29
= == == == =  

ដូចេនះ     
 o o o 29( 3 tan1 )( 3 tan2 ).....( 3 tan29 ) 2+ + + =+ + + =+ + + =+ + + = ។ 
 

 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 107 

 

 
លហំត់ទី៤២ 
គណនតៃមលៃនផលគុណ  

o o o oP (1 cot1 )(1 cot 2 )(1 cot 3 ).....(1 cot 44 )= − − − −= − − − −= − − − −= − − − −  
 
 
ដំេណះរសយ 

េយងីពនិិតយ cosa sina cosa
1 cota 1

sina sina
−−−−− = − =− = − =− = − =− = − =  

េដយ osina cosa 2 sin(45 a)− = −− = −− = −− = −  

េហតុេនះ 
osin(45 a)

1 cota 2
sina

−−−−− =− =− =− =  

េយងីបន (((( ))))
o o

o o

44 44 o

a 1 a 1

sin(45 a)
P 1 cota 2

sina
= == == == =

    −−−−= − == − == − == − =     
        

∏ ∏∏ ∏∏ ∏∏ ∏     

                                                (((( ))))
o o o44 22

o o o
sin44 .sin43 .....sin1

P 2 . 2
sin1 .sin 2 ......sin44

= == == == =  

ដូចេនះ o o o 22P (1 cot1 )(1 cot 2 ).....(1 cot 44 ) 2= − − − == − − − == − − − == − − − =       
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លហំត់ទី៤៣ 
គណន  

3 5 7 9
A cos cos cos cos cos

11 11 11 11 11
π π π π ππ π π π ππ π π π ππ π π π π= + + + += + + + += + + + += + + + +  

 
ដំេណះរសយ 

យក z cos i.sin
11 11
π ππ ππ ππ π= += += += +   េហយី   

  
11

3 5 7 9
2 2

z z 1 z 1
W z z z z z

1 zz 1 z 1

− − −− − −− − −− − −= + + + + = = == + + + + = = == + + + + = = == + + + + = = =
−−−−− −− −− −− −

 

េដយ  
1 z 1 cos isin 2sin (sin icos )

11 11 22 22 22
π π π π ππ π π π ππ π π π ππ π π π π− = − − = −− = − − = −− = − − = −− = − − = −  

1
W

2sin (sin icos )
22 22 22

==== π π ππ π ππ π ππ π π−−−−
  1 1

i cot
2 2 22

ππππ= += += += +  

ែផនកពិតៃន W  គឺ   
3 5 7 9

cos cos cos cos cos
11 11 11 11 11
π π π π ππ π π π ππ π π π ππ π π π π+ + + ++ + + ++ + + ++ + + +   

ដូចេនះ    
3 5 7 9 1

A cos cos cos cos cos
11 11 11 11 11 2
π π π π ππ π π π ππ π π π ππ π π π π= + + + + == + + + + == + + + + == + + + + =

 
 

1z11 −−−−====



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 109 

 

    
លហំត់ទី៤៤ 
គណន o o oP cos20 cos40 cos80====  
 
 
ដំេណះរសយ 
គណន  o o oP cos20 cos40 cos80====    
តង o oz cos20 isin 20= += += += + េហយី   

9 o oz cos180 isin180 1= + = −= + = −= + = −= + = −  
2

o

1
zz z z 1zcos20

2 2 2z

+++++ ++ ++ ++ += = == = == = == = =     (  េរពះ 1
z

z
====   ) 

 
2 2 4 4 4 8

o o
2 4

z z z 1 z z z 1
cos40 ; cos80

2 22z 2z

+ + + ++ + + ++ + + ++ + + += = = == = = == = = == = = =  
2 4 8 2 2 4 8

7 7 2
(z 1)(z 1)(z 1) (z 1)(z 1)(z 1)(z 1)

P
8z 8z (z 1)

+ + + − + + ++ + + − + + ++ + + − + + ++ + + − + + += == == == =
−−−−

 

             
16 7

9 7 7
z 1 z 1 1

88(z z ) 8( 1 z )

− − −− − −− − −− − −= = == = == = == = =
− − −− − −− − −− − −

 

ដូចេនះ  o o o 1
P cos20 cos40 cos80

8
= == == == =   ។ 

 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 110 

 

 
លហំត់ទី៤៥ 
េគឱយ a ; b ; c ; d  និង x  ជចំនួនពតិេផទៀងផទ ត់  ៖  
sinx sin2x sin3x sin4x

a b c d
= = == = == = == = =             ែដល x k ; k Z≠ π ∈≠ π ∈≠ π ∈≠ π ∈  

ចូរបងហ ញថ  3 2 2 4a (4b d ) b (3a c)− = −− = −− = −− = −        
 

 
ដំេណះរសយ 

តង sinx sin2x sin3x sin4x
t

a b c d
= = = == = = == = = == = = =    

េគទញ 

sin x at

sin 2x bt

sin 3x ct

sin4x dt

====
 ====
 ====
 ====

 

េគមន sin4x 2sin2xcos2x====     

                    

2 2 2

2 2 2

2 2 2 2 2 2

sin 4x 4sin 2xcos 2x

sin 4x 4sin 2x(1 sin 2x)

d t 4b t (1 b t )

====

= −= −= −= −

= −= −= −= −
 

េគទញ 
2

2
2 2

1 d
t 1 (1)

b 4b

    
= −= −= −= −        

    
 

ម៉យងេទៀត 3sin3x 3sinx 4sin x= −= −= −= −     
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2

2 2

sin 3x sin x(3 4sin x)

ct at(3 4a t )

= −= −= −= −

= −= −= −= −
 

េគទញ (((( ))))2
2

1 c
t (3 ) 2

a4a
= −= −= −= −  

ផទឹម (((( ))))1  និង (((( ))))2  េគបន  ៖  

                                                

2

2 2 2

2 2

4 3

1 d 1 c
1 3

ab 4b 4a

4b d 3a c

4b 4a

         − = −− = −− = −− = −                      

− −− −− −− −====

 

គុណអងគទងំពីរនងឹ 3 4a b  េគបន      
3 2 2 4a (4b d ) b (3a c)− = −− = −− = −− = −   

ដូចេនះ  3 2 2 4a (4b d ) b (3a c)− = −− = −− = −− = −  ។    
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លហំត់ទី៤៦ 
េគឱយ , , ,a b c d  ជចំនួនេនកនុងចេនល ះ ];0[ ππππ   

េដយដឹងថ 




++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
  

ចូរបងហ ញថ 2cos( ) 7cos( )a d b c− = −− = −− = −− = −    ។ 
 
ដំេណះរសយ 
បងហ ញថ 2cos( ) 7cos( )a d b c− = −− = −− = −− = −     

េគមន  




++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
  

ឬ        




−−−−====−−−−
−−−−====−−−−

bcda

bcda

cos7cos4cos8cos

sin7sin4sin8sin
  

ឬ         






−−−−====−−−−

−−−−====−−−−

)()cos7cos4()cos8cos(

)()sin7sin4()sin8sin(
22

22

iibcda

ibcda
 

បូកសមីករ )(i  និង )(ii  អងគនងឹអងគេគបន ៖ 

           )cos(56)cos(16

)cos(5665)cos(1665

cbda

cbda

−−−−−−−−====−−−−−−−−
−−−−−−−−====−−−−−−−−

 
ដូចេនះ  2cos( ) 7cos( )a d b c− = −− = −− = −− = −   ។   
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លហំត់ទី៤៧ 
គណនផលគុណខងេរកម ៖   

6 8 10 12
tan tan tan tan tan

27 27 27 27 27
P

π π π π ππ π π π ππ π π π ππ π π π π====    
 
 
ដំេណះរសយ 

គណនផលគុណ 6 8 10 12
tan tan tan tan tan

27 27 27 27 27
P

π π π π ππ π π π ππ π π π ππ π π π π====   

េគមន 
3 tan8 27tan tan( )

27 3 27 1 3 tan
27

ππππ
π π ππ π ππ π ππ π π

ππππ

−−−−
= − == − == − == − =

++++
         

           
3 tan10 27tan tan( )

27 3 27 1 3 tan
27

ππππ
π π ππ π ππ π ππ π π

ππππ

++++
= + == + == + == + =

−−−−
   

េគទញ 
3

2

3tan tan8 10 27 27tan tan tan tan
27 27 27 91 3tan

27

π ππ ππ ππ π
π π π ππ π π ππ π π ππ π π π

ππππ

−−−−
= == == == =

−−−−
 

េគបន 2 4
tan tan tan

9 9 9
P

π π ππ π ππ π ππ π π====  

េគមន 
3 tan2 9tan tan( )

9 3 9 1 3 tan
9

ππππ
π π ππ π ππ π ππ π π

ππππ

−−−−
= − == − == − == − =

++++
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3 tan4 9tan tan( )

9 3 9 1 3 tan
9

ππππ
π π ππ π ππ π ππ π π

ππππ

++++
= + == + == + == + =

−−−−
 

េគទញ 
2

2

3 tan2 4 9tan tan
9 9 1 3tan

9

ππππ
π ππ ππ ππ π

ππππ

−−−−
====

−−−−
 

េគបន 
3

2

3tan tan
9 9 tan 3

31 3tan
9

P

π ππ ππ ππ π
ππππ

ππππ

−−−−
= = == = == = == = =

−−−−
 

ដូចេនះ 6 8 10 12
tan tan tan tan tan 3

27 27 27 27 27
P

π π π π ππ π π π ππ π π π ππ π π π π= == == == =   ។ 
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លហំត់ទី៤៨ 
ចូររសយបញជ ក់ថ ៖ 

7 11 2
tan tan tan 1

30 30 30 5

π π ππ π ππ π ππ π π = −= −= −= −      

  
 
ដំេណះរសយ 

រសយបញជ ក់ថ   7 11 2
tan tan tan 1

30 30 30 5

π π ππ π ππ π ππ π π = −= −= −= −   

េគមន 
3 tan7 30tan tan( )

30 3 30 1 3 tan
30

ππππ
π π ππ π ππ π ππ π π

ππππ

−−−−
= − == − == − == − =

++++
   

េហយី 
3 tan11 30tan tan( )

30 3 30 1 3 tan
30

ππππ
π π ππ π ππ π ππ π π

ππππ

++++
= + == + == + == + =

−−−−
   

េគបន 
3

2

3tan tan7 11 30 30tan tan tan tan
30 30 30 101 3tan

30

π ππ ππ ππ π
π π π ππ π π ππ π π ππ π π π

ππππ

−−−−
= == == == =

−−−−
 

េគមន 2 3
5 5
π ππ ππ ππ πππππ= −= −= −= −  េនះ 2 3 3

tan tan( ) tan
5 5 5
π π ππ π ππ π ππ π πππππ= − = −= − = −= − = −= − = −  
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េដយ 
2

2tan2 5tan
5 1 tan

5

ππππ
ππππ

ππππ====
−−−−

 និង 
3

2

3tan tan3 5 5tan
5 1 3tan

5

π ππ ππ ππ π
ππππ

ππππ

−−−−
====

−−−−
   

េគបន 
3

2 2

2tan 3tan tan
5 5 5

1 tan 1 3tan
5 5

π π ππ π ππ π ππ π π

π ππ ππ ππ π

−−−−
= −= −= −= −

− −− −− −− −
   

ឬ  
2

2 2

3 tan2 5

1 tan 1 3tan
5 5

ππππ

π ππ ππ ππ π

−−−−
= −= −= −= −

− −− −− −− −
   តង 2tan

5
t

ππππ====  

េដយ 
6 5 4
π π ππ π ππ π ππ π π< << << << <   េនះ 1

1
3

t< << << << <    

េគបន 2 3
1 1 3

t
t t

−−−−= −= −= −= −
− −− −− −− −

 នឲំយ 2 10 5 0t t− + =− + =− + =− + =  
' 25 5 20∆ = − =∆ = − =∆ = − =∆ = − =   េគទញឬស 1 25 2 5 , 5 2 5t t= − = += − = += − = += − = +  

េដយ 1
1

3
t< << << << <   េនះ 5 2 5t = −= −= −= −  

េគបន 2tan 5 2 5
5
ππππ = −= −= −= −   េនះ tan 5 2 5

5
ππππ = −= −= −= −  

តមរូបមនត 2

2tan
tan2

1 tan
a

a
a

====
−−−−

  

េគបន 
2

2tan
10tan 5 2 5

5 1 tan
10

ππππ
ππππ

ππππ= = −= = −= = −= = −
−−−−

   តង tan 0
10

u
ππππ= >= >= >= >  

េគបន 2

2
5 2 5

1
u
u

= −= −= −= −
−−−−

  ឬ  2 2
1 0

5 2 5
u u+ − =+ − =+ − =+ − =

−−−−
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21 6 2 5 ( 5 1)
' 1

5 2 5 5 2 5 5 2 5

− −− −− −− −∆ = + = =∆ = + = =∆ = + = =∆ = + = =
− − −− − −− − −− − −

 

េគទញ 

1

2

1 5 1 5

5 2 5 5 2 5 5 2 5

1 5 1 5 2 2
1

55 2 5 5 2 5 5 2 5

t

t

 −−−−= − − = −= − − = −= − − = −= − − = −
− − −− − −− − −− − −

 − −− −− −− − = − + = = −= − + = = −= − + = = −= − + = = −
 − − −− − −− − −− − −

 

េដយ 0t >>>>   េនះ 2
tan 1

10 5

ππππ = −= −= −= −  

ដូេចនះ  7 11 2
tan tan tan 1

30 30 30 5

π π ππ π ππ π ππ π π = −= −= −= −   ។ 
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លហំត់ទី៤៩ 

ចូររសយថ  3 3 34 7 3
cos cos cos

9 9 9 8
π π ππ π ππ π ππ π π− + =− + =− + =− + =

 
 
 
ដំេណះរសយ 

តង 3 3 34 7
S cos cos cos

9 9 9
π π ππ π ππ π ππ π π= − += − += − += − +   

តមរូបមនត  3cos3a 4cos a 3cosa= −= −= −= −  

ឬ 3 3 1
cos a cosa cos3a

4 4
= += += += +  

កេនសមែដលឲយអចសរេសរជ ៖ 
3 4 7 1 4 7

S (cos cos cos ) (cos cos cos )
4 9 9 9 4 3 3 3

π π π π π ππ π π π π ππ π π π π ππ π π π π π= − + + − += − + + − += − + + − += − + + − +

 

តង 4 7 1 1 1 3
A cos cos cos

3 3 3 2 2 2 2
π π ππ π ππ π ππ π π= − + = + + == − + = + + == − + = + + == − + = + + =  

េហយី   4 7
B cos cos cos

9 9 9
π π ππ π ππ π ππ π π= − += − += − += − +   

េដយ 4 13
cos cos

9 9
π ππ ππ ππ π− =− =− =− =  

7 13
B cos cos cos

9 9 9
π π ππ π ππ π ππ π π= + += + += + += + +         
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គុណនឹង 2sin
3
ππππ

 េគបន 
7 13

2B. sin 2cos sin 2cos sin 2cos sin
3 9 3 9 3 9 3

3 4 2 10 4 16 10
2 B. sin sin( ) sin sin sin sin

2 9 9 9 9 9 9
2 16 7

B 3 sin sin 2 sin cos( ) 0
9 9 9

π π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π= + += + += + += + +

π π π π π ππ π π π π ππ π π π π ππ π π π π π= − − + − + −= − − + − + −= − − + − + −= − − + − + −

π π ππ π ππ π ππ π π= + = π − == + = π − == + = π − == + = π − =

 
េគទញបន B 0====  

េគបន 3 1 3 3
S B A 0

4 4 8 8
= + = + == + = + == + = + == + = + =  ។ 

ដូចេនះ 3 3 34 7 3
cos cos cos

9 9 9 8
π π ππ π ππ π ππ π π− + =− + =− + =− + =  ។    
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លហំត់ទី៥០ 

ចូររសយថ  2 4 8 7
sin sin sin

7 7 7 2
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =    

 
ដំេណះរសយ 

តង 2 4 8
S sin sin sin

7 7 7
π π ππ π ππ π ππ π π= + += + += + += + +  

2 5 4 3 8
sin sin , sin sin , sin sin

7 7 7 7 7 7
π π π π π ππ π π π π ππ π π π π ππ π π π π π= = = −= = = −= = = −= = = −  

េហយី 2 8
sin sin sin

7 7 7
π π ππ π ππ π ππ π π> = −> = −> = −> = −  និង 4

sin 0
7
ππππ >>>>  

េគបន 5 3
S sin sin sin 0

7 7 7
π π ππ π ππ π ππ π π= + − >= + − >= + − >= + − >  

េលីកអងគទពំីរជកេរេគបន ៖ 
2 2 2 25 3 5 3 5 3

S sin sin sin 2sin sin 2sin sin 2sin sin
7 7 7 7 7 7 7 7 7
π π π π π π π π ππ π π π π π π π ππ π π π π π π π ππ π π π π π π π π= + + + − −= + + + − −= + + + − −= + + + − −

  
តង 2 2 25 3

A sin sin sin
7 7 7
π π ππ π ππ π ππ π π= + += + += + += + +

 

 

10 6 2
cos cos cos3 7 7 7

2 2
3 1 3 5

cos( ) cos( ) cos( )
2 2 7 7 7

3 1 3 5
( cos cos cos )

2 2 7 7 7

π π ππ π ππ π ππ π π+ ++ ++ ++ +
= −= −= −= −

π π ππ π ππ π ππ π π    = − π + + π − + π −= − π + + π − + π −= − π + + π − + π −= − π + + π − + π −        

π π ππ π ππ π ππ π π= − − − −= − − − −= − − − −= − − − −

 

យក 5 3
B cos cos cos

7 7 7
π π ππ π ππ π ππ π π= − − −= − − −= − − −= − − −  
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គុណអងគទងំពីរនងឹ 2sin
7
ππππ  េគបន ៖ 

5 3
2B sin 2cos sin 2cos sin 2cos sin

7 7 7 7 7 7 7
π π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π= − − −= − − −= − − −= − − −  

តមរូបមនត 2cosasinb sin(a b) sin(a b)= + − −= + − −= + − −= + − −  
5 3

2B sin 2cos sin 2cos sin 2cos sin
7 7 7 7 7 7 7

6 4 4 2 2
2Bsin ( sin sin ) (sin sin ) sin

7 7 7 7 7 7
6

2Bsin sin sin( ) sin
7 7 7 7

π π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π= − − −= − − −= − − −= − − −

π π π π π ππ π π π π ππ π π π π ππ π π π π π= − − − − −= − − − − −= − − − − −= − − − − −

π π π ππ π π ππ π π ππ π π π= − = − π − = −= − = − π − = −= − = − π − = −= − = − π − = −

 

េគទញ 1
B

2
= −= −= −= −  នឲំយ 3 1 7

A
2 4 4

= + == + == + == + =  

តង 5 3 5 3
C 2sin sin 2sin sin 2sin sin

7 7 7 7 7 7
π π π π π ππ π π π π ππ π π π π ππ π π π π π= − −= − −= − −= − −   

   
2 8 4 6 2 4

cos cos cos cos cos cos
7 7 7 7 7 7

6 8
cos cos 2sin .sin( ) 0

7 7 7

π π π π π ππ π π π π ππ π π π π ππ π π π π π= − − + − += − − + − += − − + − += − − + − +

π π ππ π ππ π ππ π π= − = − π − == − = − π − == − = − π − == − = − π − =
 

េគបន 2 7 7
S A C 0

4 4
= + = + == + = + == + = + == + = + =  េដយ S 0>>>>   

េនះ 7
S

2
====  ។ 

ដូចេនះ 2 4 8 7
sin sin sin

7 7 7 2
π π ππ π ππ π ππ π π+ + =+ + =+ + =+ + =   ។ 
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លហំត់ទី៥១ 

ចូរកនំត់រគប់តៃមល x  កនុងចេនល ះ (0; )
2
ππππ  េដយដឹងថ ៖ 

3 1 3 1
4 2

sin x cos x
− +− +− +− ++ =+ =+ =+ =  

 
ដំេណះរសយ 

កំនត់រគប់តៃមល x  កនុងចេនល ះ (0; )
2
ππππ  

3 1 3 1
4 2 (1)

sin x cos x
− +− +− +− ++ =+ =+ =+ =         

េគពនិិតយ sin sin
12 3 4
π π ππ π ππ π ππ π π    = −= −= −= −    

    
    

                                                    
sin cos sin cos

3 4 4 3

3 2 2 1 6 2
. .

2 2 2 2 4

π π π ππ π π ππ π π ππ π π π= −= −= −= −

−−−−= − == − == − == − =
 

េហយី   cos cos
12 3 4
π π ππ π ππ π ππ π π    = −= −= −= −    

    
    

                                                    
cos cos sin sin

3 4 3 2

1 2 3 2 6 2
. .

2 2 2 2 4

π π π ππ π π ππ π π ππ π π π= += += += +

++++= + == + == + == + =
 

សមីករ (1)  អចសរេសរេទជ ៖ 
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3 1 3 1

2 2 2 2 2
sin x cosx

6 2 6 2
4 4 2

sin x cosx

sin cos
12 12 2

sin x cosx

sin cosx sin xcos 2sin xcosx
12 12

sin x sin 2x
12

− +− +− +− +

+ =+ =+ =+ =

− +− +− +− +

+ =+ =+ =+ =

π ππ ππ ππ π

+ =+ =+ =+ =

π ππ ππ ππ π+ =+ =+ =+ =

ππππ    + =+ =+ =+ =    
    

 

េដយ 0 x
2
ππππ< << << << <  េនះេគទញ x

12
ππππ====  ឬ 11

x
36

ππππ====      

ដូចេនះ 11
x { ; }

12 36
π ππ ππ ππ π∈∈∈∈   ។    
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លហំត់ទី៥២ 

េគឲយ 0a 2 3 6= + += + += + += + +  និង 
2

n
n 1

n

a 5
a

2(a 2)++++
−−−−====
++++

     

រគប់ n 0≥≥≥≥      

ចូររសយថ 
n 3

n
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    

  ចំេពះរគប់ n IN∈∈∈∈  

 
ដំេណះរសយ 

រសយថ 
n 3

n
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    

   

ចំេពះ n 0====  េគបន 0a cot 2
24
ππππ= −= −= −= −  

2cos 2cos 1 cos
24 24 12cot

24 sin 2sin cos sin
24 24 24 12

6 2
1 cos( ) 1

3 4 4
6 2sin( )

3 4 4

4 6 2

6 2

π π ππ π ππ π ππ π π++++ππππ = = == = == = == = =π π π ππ π π ππ π π ππ π π π

π ππ ππ ππ π +++++ −+ −+ −+ − ++++
= == == == =π ππ ππ ππ π −−−−−−−−

+ ++ ++ ++ +====
−−−−
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24( 6 2) ( 6 2)
cot

24 4

4( 6 2) 8 4 3
4

2 2 3 6

π + + +π + + +π + + +π + + +====

+ + ++ + ++ + ++ + +====

= + + += + + += + + += + + +

 

េគទញ 0a 2 3 6= + += + += + += + +  

េហតុេនះ 
n 3

n
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    

  ពិតចេំពះ n 0====  ។ 

សនមតថវពិតដល់តួទី k  គឺ 
k 3

k
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    

  ពិត 

េយងីនងឹរសយថវពិតដល់តួទី k 1++++  គឺ ៖ 
k 2

k 1
2

a cot 2
3

−−−−

++++
    ππππ= −= −= −= −        
    

    ពិត ។ 

េយងីមន 
2

k
k 1

k

a 5
a

2(a 2)++++
−−−−====
++++

     

េដយ
k 3

k
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    

   

េនះ 

2
k 3

k 1 k 3

2
cot 2 5

3
a

2
2cot

3

−−−−

++++ −−−−

        ππππ − −− −− −− −                        ====
    ππππ
        
    

    



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 126 

 

                

k 3 k 3
2

k 1 k 3

k 3
2

k 3

2 2
cot 4cot 1

3 3
a

2
2cot

3

2
cot 1

3
2

2
2cot

2

− −− −− −− −

++++ −−−−

−−−−

−−−−

            π ππ ππ ππ π− −− −− −− −                        
            ====

    ππππ
        
    

    ππππ −−−−        
    = −= −= −= −
    ππππ
        
    

 

េដយេរបរីូបមនត 
2cot a 1

cot 2a
2cota

−−−−====  

េគបន 
k 2

k 1
2

a cot 2
3

−−−−

++++
    ππππ= −= −= −= −        
    

  ពិត ។ 

ដូចេនះ 
n 3

n
2

a cot 2
3

−−−−    ππππ= −= −= −= −        
    

   ។    
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លហំត់ទី៥៣ 
េគឲយសវុ ីតៃនចំនួនពិត ( )nt  កំណត់េដយ ៖ 

1 5 2 5t = −= −= −= −   និង 
3

1 2

3
1 3

n n
n

n

t t
t

t++++
−−−−====

−−−−
  ែដល n IN∈∈∈∈   

ក) ចូររសយថ 1 tan
5

t
ππππ====   ។ 

ខ) េគតង tann nt u====   ែដល 0
2nu
ππππ< << << << <   រគប់ n IN∈∈∈∈  ។ 

ចូររសយថ ( )nu  ជសវុ ីតធរណីមរតមួយ ។ 
គ)គណន nu  និង nt  ជអនុគមន៍ៃន n  ។ 
 
 
ដំេណះរសយ 

ក) រសយថ 1 tan
5

t
ππππ====    

េគមន 2 3
5 5
π ππ ππ ππ πππππ= −= −= −= −   

េនះ 2 3 3
tan tan( ) tan

5 5 5
π π ππ π ππ π ππ π πππππ= − = −= − = −= − = −= − = −  

េដយ 
2

2tan2 5tan
5 1 tan

5

ππππ
ππππ

ππππ====
−−−−

 និង 
3

2

3tan tan3 5 5tan
5 1 3tan

5

π ππ ππ ππ π
ππππ

ππππ

−−−−
====

−−−−
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េគបន 
3

2 2

2tan 3tan tan
5 5 5

1 tan 1 3tan
5 5

π π ππ π ππ π ππ π π

π ππ ππ ππ π

−−−−
= −= −= −= −

− −− −− −− −
   

ឬ  
2

2 2

3 tan2 5

1 tan 1 3tan
5 5

ππππ

π ππ ππ ππ π

−−−−
= −= −= −= −

− −− −− −− −
   តង 2tan

5
t

ππππ====  

េដយ 
6 5 4
π π ππ π ππ π ππ π π< << << << <   េនះ 1

1
3

t< << << << <    

េគបន 2 3
1 1 3

t
t t

−−−−= −= −= −= −
− −− −− −− −

 នឲំយ 2 10 5 0t t− + =− + =− + =− + =  
' 25 5 20∆ = − =∆ = − =∆ = − =∆ = − =   េគទញឬស 1 25 2 5 , 5 2 5t t= − = += − = += − = += − = +  

េដយ 1
1

3
t< << << << <   េនះ 5 2 5t = −= −= −= −  

េគបន 2tan 5 2 5
5
ππππ = −= −= −= −   េនះ tan 5 2 5

5
ππππ = −= −= −= −  

ដូចេនះ 1 5 2 5 tan
5

t
ππππ= − == − == − == − =   ។ 

ខ) រសយថ ( )nu  ជសវុ ីតធរណីមរតមួយ  
េគមន  tann nt u====   ែដល 0

2nu
ππππ< << << << <   រគប់ n IN∈∈∈∈   

េគបន 1 1tann nt u+ ++ ++ ++ +====   េដយ 
3

1 2

3
1 3

n n
n

n

t t
t

t++++
−−−−====

−−−−
 

េនះ  
3

1 2

3tan tan
tan tan3

1 3tan
n n

n n
n

u u
u u

u++++
−−−−= == == == =

−−−−
 

េគទញ 1 3n nu u++++ ====  រគប់ n IN∈∈∈∈  ។ 
ដូចេនះ ( )nu  ជសវុ ីតធរណីមរតមនេរសុង 3q ====   ។ 
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គ)គណន nu  និង nt  ជអនុគមន៍ៃន n  ៖ 
េដយ ( )nu  ជសវុ ីតធរណីមរតមនេរសុង 3q ====   េនះេគបន 

1
1

n
nu u q −−−−= ×= ×= ×= ×   េដយ 1 1tan tan

5
t u

ππππ= == == == =   េនះ 1 5
u

ππππ====  

ដូចេនះ 13
5

n
nu

ππππ −−−−= ×= ×= ×= ×   និង 1tan 3
5

n
nt

ππππ −−−−    = ×= ×= ×= ×    
    

  ។ 
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លហំត់ទី៥៤ 
េគឲយ nP (cota cota)(cota cot2a)...(cota cot(na))= + + += + + += + + += + + +   
ចូរបងហ ញថ n n 1

sin(n 1)a
P

sin a++++

++++====   ។ 
 
ដំេណះរសយ 

បងហ ញថ n n 1

sin(n 1)a
P

sin a++++

++++====    

េគមន  [[[[ ]]]]
n

n
k 1

P cota cot(ka)
====

= += += += +∏∏∏∏   

េដយ sin(k 1)a
cota cot(ka)

sinasin(ka)
+++++ =+ =+ =+ =  

េគបន 
n n

n n
k 1 k 1

sin(k 1)a 1 sin(k 1)a
P

sinasin(ka) sin a sin(ka)= == == == =

    + ++ ++ ++ += = ×= = ×= = ×= = ×    
    

∏ ∏∏ ∏∏ ∏∏ ∏  

េដយ 
n

k 1

sin(k 1)a sin 2a sin 3a sin(n 1)a sin(n 1)a
. ...

sin(ka) sina sin2a sin(na) sina====

+ + ++ + ++ + ++ + += == == == =∏∏∏∏  

ដូចេនះ n n 1

sin(n 1)a
P

sin a++++

++++====   ។ 
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លហំត់ទី៥៥ 

ចូរគណនផលគុណ  [[[[ ]]]]
1

1 tan tan( )
====

= −= −= −= −∏∏∏∏
n

n
k

P a ka   ។ 

 
ដំេណះរសយ 

គណនផលគុណ  [[[[ ]]]]
1

1 tan tan( )
====

= −= −= −= −∏∏∏∏
n

n
k

P a ka    

េគមន cosacos(ka) sinasin(ka)
1 tanatan(ka)

cosacos(ka)
−−−−− =− =− =− =  

                                 cos(k 1)a
cosacos(ka)

++++====  

េគបន [[[[ ]]]]
1

1 tan tan( )
====

= −= −= −= −∏∏∏∏
n

n
k

P a ka    

              
n n

n
k 1 k 1

cos(k 1)a 1 cos(k 1)a
cosacos(ka) cos a cos(ka)= == == == =

    + ++ ++ ++ += = ×= = ×= = ×= = ×    
    

∏ ∏∏ ∏∏ ∏∏ ∏  

េដយ 
n

k 1

cos(k 1)a cos2a cos3a cos(n 1)a cos(n 1)a
. ...

cos(ka) cosa cos2a cos(na) cosa====

+ + ++ + ++ + ++ + += == == == =∏∏∏∏  

ដូចេនះ n n 1

cos(n 1)a
P

cos a++++

++++====   ។ 
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លហំត់ទី៥៦ 
េគឲយ , , , ,a b c d x  ជចំនួនពតិេដយដឹងថ ,≠ ∈≠ ∈≠ ∈≠ ∈Zx k kππππ  
និង sin sin2 sin3 sin4= = == = == = == = =x x x x

a b c d
 ។ 

ចូររសយថ 3 2 2 4(4 ) (3 )− = −− = −− = −− = −a b d b a c      ។ 
 
ដំេណះរសយ 
រសយថ 3 2 2 4(4 ) (3 )− = −− = −− = −− = −a b d b a c           
តង sin sin2 sin3 sin4= = = == = = == = = == = = =x x x a

t
a b c d

 

េគទញ  
sin

sin2

sin3

sin4

====
 ====
 ====
 ====

x at

x bt

x ct

x dt

 

េគមន 2 2 2 2 2sin 4 4sin 2 cos 2 4sin 2 (1 sin 2 )= = −= = −= = −= = −x x x x x  
េគបន 2 2 2 2 2 24 (1 )= −= −= −= −d t b t b t   ឬ 2 2 2 24 (1 )= −= −= −= −d b b t  
េគទញ  2 2 4 24 4 (1)− =− =− =− =b d b t  
មយង៉េទៀត 3 2sin3 3sin 4sin sin (3 4sin )= − = −= − = −= − = −= − = −x x x x x  
េគបន 2 2(3 4 )= −= −= −= −ct at a t   ឬ 2 2(3 4 )= −= −= −= −c a a t  
េគទញបន 3 23 4 (2)− =− =− =− =a c a t  
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ែចកសមីករ (1) និង (2) អងគ នងិ អងគេគបន ៖ 
2 2 4

3

4
3

−−−− ====
−−−−

b d b
a c a

  នឲំយ 3 2 2 4(4 ) (3 )− = −− = −− = −− = −a b d b a c      ។ 
ដូចេនះ 3 2 2 4(4 ) (3 )− = −− = −− = −− = −a b d b a c      ។ 
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លហំត់ទី៥៧ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c   ។ 
ចូររសយថ 

2 2 2
2 2 24 sin sin sin

2 2 2
    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +    
    

a b c A B C
bc ca ab

  

 
 
ដំេណះរសយ 

រសយថ 
2 2 2

2 2 24 sin sin sin
2 2 2

    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +    
    

a b c A B C
bc ca ab

  

តមរទឹសតីបទសីុនូស 2 2 2 2 cos= + −= + −= + −= + −a b c bc A 
េដយ 2 2 2+ ≥+ ≥+ ≥+ ≥b c bc  េនះ 2 22 2 cos 4 sin

2
≥ − =≥ − =≥ − =≥ − = A

a bc bc A bc  

េគទញ 
2

24sin (1)
2

≥≥≥≥
a A
bc

  

រសយដូចគន  
2

24sin (2)
2

≥≥≥≥
b B
ac

  និង 
2

24sin (3)
2

≥≥≥≥
c C
ab

 
បូកវសិមភព (1) , (2) និង (3) អងគ នងិអងគេគបន ៖ 

2 2 2
2 2 24 sin sin sin

2 2 2
    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +    
    

a b c A B C
bc ca ab

 ។ 
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លហំត់ទី៥៨ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ 
ចូររសយថ 3 3 3

cos cos cos 3
2

+ + ≥+ + ≥+ + ≥+ + ≥A B C
a b c abc

  ។  ។ 
 
ដំេណះរសយ 

រសយថ 3 3 3

cos cos cos 3
2

+ + ≥+ + ≥+ + ≥+ + ≥A B C
a b c abc

  ។  ។  
តមរទឹសតីបទសីុនូស 2 2 2 2 cos= + −= + −= + −= + −a b c bc A 

េគទញបន 
2 2

2 2 2 2

2 cos 2
1 (1)+ = + ≥+ = + ≥+ = + ≥+ = + ≥bc A b c bc

a a a a
   

រសយដូចគន ែដរ   

2 2

2 cos 2
1 (2)+ ≥+ ≥+ ≥+ ≥ac B ac

b b
  និង 2 2

2 cos 2
1 (3)+ ≥+ ≥+ ≥+ ≥ab C ab

c c
 

បូក (1),(2)និង(3)េគបន ៖ 

2 2 2 2 2 2

2 cos 2 cos 2 cos
3 2 6

    + + + ≥ + + ≥+ + + ≥ + + ≥+ + + ≥ + + ≥+ + + ≥ + + ≥    
    

bc A ca B ab C bc ac ab
a b c a b c

 
េគទញ 3 3 3

cos cos cos 3
2

+ + ≥+ + ≥+ + ≥+ + ≥A B C
a b c abc

  ។ 
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លហំត់ទី៥៩ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ 
ចូររសយថ sin sin sin

2 2 2
+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +

+ + ++ + ++ + ++ + +
A B C a b c

b c c a a b
  

 
 
ដំេណះរសយ 

តមរទឹសតីបទសីុនូស 
sin sin sin

= == == == =a b c
A B C

 

េគបន 
2sin cossin 2 2

sin sin 2sin cos
2 2

= == == == = + −+ −+ −+ −+ ++ ++ ++ +

A A
a A

B C B Cb c B C
 

េដយ sin sin cos
2 2 2 2
++++     = − == − == − == − =    

    

B C A Aππππ   និង cos 1
2
−−−− ≤≤≤≤

B C  

េគទញបន sin
2

≥≥≥≥
++++
a A

b c
  ។   

រសយដូចគន ែដរ sin
2

≥≥≥≥
++++
b B

c a
  និង sin

2
≥≥≥≥

++++
c C

a b
 ។  

ដូចេនះ   sin sin sin
2 2 2

+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +
+ + ++ + ++ + ++ + +

A B C a b c
b c c a a b

  ពិត  
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លហំត់ទី៦០ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ 
ចូររសយថ tan tan

2 2
− −− −− −− −====
++++

a b A B C
a b

  រចួសរេសររូបមនតពរី 
េទៀតែដលរសេដៀងគន េនះ ។ 
 
ដំេណះរសយ 

តមរទឹសតីបទសីុនូស 
sin sin sin

= == == == =a b c
A B C

 

េគបន 
2sin cossin sin 2 2

sin sin 2sin cos
2 2

− +− +− +− +
− −− −− −− −= == == == = + −+ −+ −+ −+ ++ ++ ++ +

A B A B
a b A B

A B A Ba b A B
 

េដយ sin cos
2 2
++++ ====

A B C   និង cos sin
2 2
++++ ====

A B C  

ដូចេនះ   tan tan
2 2

− −− −− −− −====
++++

a b A B C
a b

  ។ 

ដូចគន ែដរ  tan tan
2 2

− −− −− −− −====
++++

b c B C A
b c

  

 និង tan tan
2 2

− −− −− −− −====
++++

c a C A B
c a

  ។ 
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លហំត់ទី៦១ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ 
ចូររសយថ sin

2 2
≤≤≤≤

A a

bc
 រចួទញថ 1

sin sin sin
2 2 2 8

≤≤≤≤
A B C   

 
ដំេណះរសយ 
តមរទឹសតីបទសីុនូស 2 2 2 2 cos= + −= + −= + −= + −a b c bc A 
េដយ 2 2 2+ ≥+ ≥+ ≥+ ≥b c bc   

េនះ 2 22 2 cos 4 sin
2

≥ − =≥ − =≥ − =≥ − = A
a bc bc A bc  ឬ 

2
2sin

2 4
≤≤≤≤

A a
bc

    

ដូចេនះ sin
2 2

≤≤≤≤
A a

bc
  ។ 

រសយដូចគន ែដរ sin
2 2

≤≤≤≤
B b

ac
  និង sin

2 2
≤≤≤≤

C c

ab
 

េគបន 1
sin sin sin . .

2 2 2 82 2 2
≤ =≤ =≤ =≤ =

A B C a b c

bc ac ab
 

ដូចេនះ 1
sin sin sin

2 2 2 8
≤≤≤≤

A B C  ។ 
 
 
 
 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 139 

 

 
លហំត់ទី៦២ 

េគឲយ , ,α β γα β γα β γα β γ  ជបីចំនួនពិតែដល 3
sin sin sin

2
+ + ≥+ + ≥+ + ≥+ + ≥α β γα β γα β γα β γ   

ចូររសយថ sin( ) sin( ) sin( ) 0
6 6 6

− + − + − ≥− + − + − ≥− + − + − ≥− + − + − ≥π π ππ π ππ π ππ π πα β γα β γα β γα β γ   ។ 
 
 
ដំេណះរសយ 

រសយថ sin( ) sin( ) sin( ) 0
6 6 6

− + − + − ≥− + − + − ≥− + − + − ≥− + − + − ≥π π ππ π ππ π ππ π πα β γα β γα β γα β γ    

េយងីឧបមថ sin( ) sin( ) sin( ) 0
6 6 6

− + − + − <− + − + − <− + − + − <− + − + − <π π ππ π ππ π ππ π πα β γα β γα β γα β γ   ពិត 

សមមូល cos cos cos 3
(sin sin sin )

2 2
+ ++ ++ ++ + > + +> + +> + +> + +α β γα β γα β γα β γ α β γα β γα β γα β γ   

េដយ 3
sin sin sin

2
+ + ≥+ + ≥+ + ≥+ + ≥α β γα β γα β γα β γ   

េនះ cos cos cos 3 3
2 4

+ ++ ++ ++ + >>>>
α β γα β γα β γα β γ  

េគទញ  3 3
cos cos cos

2
+ + >+ + >+ + >+ + >α β γα β γα β γα β γ  ។ 

ពិនិតយ  sin( ) sin( ) sin( )
3 3 3

= + + + + += + + + + += + + + + += + + + + +T
π π ππ π ππ π ππ π πα β γα β γα β γα β γ   

             sin sin sin 3(cos cos cos ) 
2 2

+ + + ++ + + ++ + + ++ + + += += += += +α β γ α β γα β γ α β γα β γ α β γα β γ α β γ   
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េដយ  3
sin sin sin

2
+ + ≥+ + ≥+ + ≥+ + ≥α β γα β γα β γα β γ និង

3 3
cos cos cos

2
+ + >+ + >+ + >+ + >α β γα β γα β γα β γ  

េគទញ 3 9
3

4 4
> + => + => + => + =T  មិនពិត េរពះរគប់ចំនួនពតិ , ,α β γα β γα β γα β γ  

េគមន 
sin( ) sin( ) sin( ) 1 1 1 3

3 3 3
= + + + + + ≤ + + == + + + + + ≤ + + == + + + + + ≤ + + == + + + + + ≤ + + =T

π π ππ π ππ π ππ π πα β γα β γα β γα β γ  
នឲំយករឧបមខងេលីខុស ។ 
ដូចេនះ sin( ) sin( ) sin( ) 0

6 6 6
− + − + − ≥− + − + − ≥− + − + − ≥− + − + − ≥π π ππ π ππ π ππ π πα β γα β γα β γα β γ   ។ 
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លហំត់ទី៦៣ 

េគឲយ αααα  និង ββββ  ជពីរចំនួនពិតៃនចេនល ះ 0,
2

    
        

ππππ   ។ 

ចូរបងហ ញថ 6 2 2 6sin 3sin cos cos 1+ + =+ + =+ + =+ + =α α β βα α β βα α β βα α β β   
លុះរតែត  ====α βα βα βα β   ។ 
 
 
ដំេណះរសយ 
តងសំេណី 6 2 2 6: sin 3sin cos cos 1+ + =+ + =+ + =+ + =p α α β βα α β βα α β βα α β β  
                 : ====q α βα βα βα β   ។  េដីមបរីសយថ ⇔⇔⇔⇔p q  ពិត 
េយងីរតូវរសយថ ⇒⇒⇒⇒p q  ពិត នងិ ⇒⇒⇒⇒q p  ពិត ។ 
េយងីរសយថ ⇒⇒⇒⇒p q  ពិត ៖ 
តម 6 2 2 6sin 3sin cos cos 1+ + =+ + =+ + =+ + =α α β βα α β βα α β βα α β β  េគអចសរេសរ ៖ 
(((( )))) (((( )))) (((( )))) (((( )))) (((( ))))3 32 2 3 2 2sin cos ( 1) 3 sin cos 1 0+ + − − − =+ + − − − =+ + − − − =+ + − − − =α β α βα β α βα β α βα β α β  
េដយេរបីសមភព ៖ 

3 3 3 2 2 21
3 ( ) ( ) ( ) ( )

2
    + + − = + + − + − + −+ + − = + + − + − + −+ + − = + + − + − + −+ + − = + + − + − + −    a b c abc a b c a b b c c a  

េបីេគយក 2 2sin , cos , 1= = = −= = = −= = = −= = = −a b cα βα βα βα β  េនះេគបន ៖ 

2 2 2

0 (1)

( ) ( ) ( ) 0 (2)

+ + =+ + =+ + =+ + =
 − + − + − =− + − + − =− + − + − =− + − + − =

a b c

a b b c c a
 

តម (2) េគទញ = == == == =a b c  
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 ឬ 2 2sin cos 1= = −= = −= = −= = −α βα βα βα β  (មិនអច) 
តម(1)េគបន 2 2sin cos 1 0+ − =+ − =+ − =+ − =α βα βα βα β   
ឬ 2 2 2sin 1 cos sin= − == − == − == − =α β βα β βα β βα β β    
េដយ , 0,

2
    ∈∈∈∈         

ππππα βα βα βα β   េនះ ====α βα βα βα β   ។ 

េយងីរសយថ ⇒⇒⇒⇒q p  ពិត ៖ 
េបី ====α βα βα βα β   េនះេយងីរតវូរសយថ ៖ 
 6 2 2 6sin 3sin cos cos 1+ + =+ + =+ + =+ + =α α α αα α α αα α α αα α α α   ពិតរគប់ 0,

2
    ∈∈∈∈         

ππππαααα  

តម 3 3 33 ( ) ( )+ + + = ++ + + = ++ + + = ++ + + = +a ab a b b a b   
យក 2 2sin , cos= == == == =a bα αα αα αα α  
េគបន 6 2 2 6sin 3sin cos cos 1+ + =+ + =+ + =+ + =α α α αα α α αα α α αα α α α   ពិត 
ដូចេនះ 6 2 2 6sin 3sin cos cos 1+ + =+ + =+ + =+ + =α α β βα α β βα α β βα α β β  លុះរតែត  ====α βα βα βα β  
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លហំត់ទី៦៤ (APMC 1982) 
ចូររសយបញជ ក់ថ ៖ 

1 1

3
tan 1 cot 1

3 3 1 3 3 1= == == == =

                        3333+ = −+ = −+ = −+ = −                        − −− −− −− −                        
∏ ∏∏ ∏∏ ∏∏ ∏

k kn n

n n
k k

π ππ ππ ππ π   

   
ដំេណះរសយ 

តង 3
tan 1

3 3 1

        
= += += += +        −−−−        

k

k na
ππππ   

និង tan 1
3 3 1

        3333= −= −= −= −        −−−−        

k

k nb
ππππ   

េដីមបរីសយថ (((( ))))
1 1

1

= == == == =

    
====     

    
∏ ∏∏ ∏∏ ∏∏ ∏

n n

k
k k k

a
b

  ពិត 

េយងីរគន់ែតរសយថ (((( ))))
1

1
====

====∏∏∏∏
n

k k
k

a b   ពិត 

យក 
13

tan
3 1

−−−−

====
−−−−

k

k nt
ππππ   េនះេគបន ៖ 

1 33 3
tan 1 tan

3 3 1 3 3 1 1 3

−−−−                 ++++= + = + == + = + == + = + == + = + =                − −− −− −− − −−−−                

k k
k

k n n
k

t
a

t

π π ππ π ππ π ππ π π   

និង 
1 33

tan 1 tan
3 3 1 3 3 1 1 3

−−−−                 −−−−3333= − = − == − = − == − = − == − = − =                − −− −− −− − ++++                

k k
k

k n n
k

t
b

t

π π ππ π ππ π ππ π π  

េគបន 
2 3

1
2 2

3 31
1 3 1 3

++++− −− −− −− −
= = × == = × == = × == = × =

− −− −− −− −
k k k k

k k
k k k k

t t t t
a b

t t t t
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េរពះតមរូបមនត 
3

2

3tan tan
tan3

1 3tan
−−−−====

−−−−
ϕ ϕϕ ϕϕ ϕϕ ϕϕϕϕϕ

ϕϕϕϕ
  

េគបន  
3

12

3
1 3 ++++

−−−− ====
−−−−
k k

k
k

t t
t

t
  ។ 

េហតុេនះ (((( )))) 1 3 1 12

1 1 1 2 1

. ...+ + ++ + ++ + ++ + +

= == == == =
= = == = == = == = =∏ ∏∏ ∏∏ ∏∏ ∏

n n
k n n

k k
k k k n

t t t tt
a b

t t t t t
   

េដយ 
13

tan
3 1

−−−−

====
−−−−

k

k nt
ππππ   េនះ 1 tan

3 1
====

−−−−nt
ππππ  

េហយី 1

3
tan tan tan

3 1 3 1 3 1++++
    = = + == = + == = + == = + =    − − −− − −− − −− − −    

n

n n n nt
π π ππ π ππ π ππ π πππππ  

េគបន (((( ))))
1

tan
3 1 1

tan
3 1

====

−−−−= == == == =

−−−−

∏∏∏∏
n n

k k
k

n

a b

ππππ

ππππ   ពិត 

ដូចេនះ 
1 1

3
tan 1 cot 1

3 3 1 3 3 1= == == == =

                        3333+ = −+ = −+ = −+ = −                        − −− −− −− −                        
∏ ∏∏ ∏∏ ∏∏ ∏

k kn n

n n
k k

π ππ ππ ππ π  ។ 
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លហំត់ទី៦៥ 
េគដងឹថ  
cosx cosy cosz sinx siny sinz

a
cos(x y z) sin(x y z)

+ + + ++ + + ++ + + ++ + + += == == == =
+ + + ++ + + ++ + + ++ + + +

  

ចូររសយថ cos(x y) cos(y z) cos(z x) a+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
 
ដំេណះរសយ 
រសយថ cos(x y) cos(y z) cos(z x) a+ + + + + =+ + + + + =+ + + + + =+ + + + + =   
តង ix iy izu e , v e , w e= = == = == = == = =   េគបន៖ 

(((( )))) (((( ))))u v w cosx cosy cosz i sinx siny sinz+ + = + + + + ++ + = + + + + ++ + = + + + + ++ + = + + + + +  
េហយី  

i(x y z)uvw e cos(x y z) isin(x y z)+ ++ ++ ++ += = + + + + += = + + + + += = + + + + += = + + + + +  
េគមន  cosx cosy cosz sinx siny sinz

a
cos(x y z) sin(x y z)

+ + + ++ + + ++ + + ++ + + += == == == =
+ + + ++ + + ++ + + ++ + + +

 

នឲំយ 

  (cosx cosy cosz) i(sinx siny sinz)
a

cos(x y z) icos(x y z)
+ + + + ++ + + + ++ + + + ++ + + + + ====

+ + + + ++ + + + ++ + + + ++ + + + +
 

         
i(y z) i(x z) i(x y)

u v w
a

uvw
1 1 1

a
vw uw uv

e e e a− + − + − +− + − + − +− + − + − +− + − + − +

+ ++ ++ ++ + ====

+ + =+ + =+ + =+ + =

+ + =+ + =+ + =+ + =
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តមសមភពេនះេគទញបន ៖ 
 cos(x y) cos(y z) cos(z x) a+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
និង sin(x y) sin(y z) sin(z x) 0+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
ដូចេនះ  cos(x y) cos(y z) cos(z x) a+ + + + + =+ + + + + =+ + + + + =+ + + + + =   ។ 
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លហំត់ទី៦៦(MOSP 2000) 
េគឲយរតីេកណ ABC  មួយមនមុំកនុង , ,A B C  ។ ចូរបងហ ញថ ៖ 

2 2 2cos cos cos 1 2cos cos cosA B C A B C+ + = −+ + = −+ + = −+ + = −   
 រចួទញថេបី , ,A B C  ជមុំរសួចេនះ េគបន  
 2 2 2sin sin sin 2A B C+ + >+ + >+ + >+ + >  ។ 
 
ដំេណះរសយ 
បងហ ញថ ៖ 

2 2 2cos cos cos 1 2cos cos cosA B C A B C+ + = −+ + = −+ + = −+ + = −    
េគមន 2 1 cos2

cos
2

A
A

++++====  និង 2 1 cos2
cos

2
B

B
++++====  

េគបន 2 2 cos2 cos2
cos cos 1

2
A B

A B
+++++ = ++ = ++ = ++ = +  

េដយ cos2 cos2 2cos( )cos( )A B A B A B+ = + −+ = + −+ = + −+ = + −  
                               2cos( )cos( )

2cos cos( )

C A B

C A B

ππππ= − −= − −= − −= − −
= − −= − −= − −= − −

 

េនះ 2 2cos cos 1 cos cos( )A B C A B+ = − −+ = − −+ = − −+ = − −  
     2 2 2 2cos cos cos 1 cos cos( ) cosA B C C A B C+ + = − − ++ + = − − ++ + = − − ++ + = − − +   
    

[[[[ ]]]]
[[[[ ]]]]

2 2 2cos cos cos 1 cos cos( ) cos

1 cos cos( ) cos( )

1 2cos cos cos

A B C C A B C

C A B A B

A B C

+ + = − − −+ + = − − −+ + = − − −+ + = − − −

= − − + += − − + += − − + += − − + +
= −= −= −= −

 

ដូចេនះ 2 2 2cos cos cos 1 2cos cos cosA B C A B C+ + = −+ + = −+ + = −+ + = −    
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ទញថេបី , ,A B C  ជមុំរសួចេនះ   

2 2 2sin sin sin 2A B C+ + >+ + >+ + >+ + >  
េគមន 2 2 2cos cos cos 1 2cos cos cosA B C A B C+ + = −+ + = −+ + = −+ + = −    
តមរូបមនត 2 2cos 1 sinϕ ϕϕ ϕϕ ϕϕ ϕ= −= −= −= −  េនះេគបន ៖ 

2 2 23 (sin sin sin ) 1 2cos cos cosA B C A B C− + + = −− + + = −− + + = −− + + = −  
េគទញ 2 2 2sin sin sin 2 2cos cos cosA B C A B C+ + = ++ + = ++ + = ++ + = +  

េបី , ,A B C  ជមុំរសួចេនះ  
cos 0

cos 0

cos 0

A

B

C

>>>>
 >>>>
 >>>>

 

នឲំយ 2 2cos cos cos 2A B C+ >+ >+ >+ >  ។ 
ដូចេនះេបី , ,A B C  ជមុំរសួចេនះ 
  2 2 2sin sin sin 2A B C+ + >+ + >+ + >+ + >   ។ 
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លហំត់ទី៦៧ 
េគឲយរតីេកណ ABC  មួយមនមុំកនុង , ,A B C  ។  
ចូរបងហ ញថ  cos 2(cos cos ) 2A B C+ + ≤+ + ≤+ + ≤+ + ≤   ។ 
 
 
ដំេណះរសយ 
បងហ ញថ  cos 2(cos cos ) 2A B C+ + ≤+ + ≤+ + ≤+ + ≤   

2cos 2(cos cos ) 1 2sin 2 2cos cos
2 2 2
A B C B C

A B C
+ −+ −+ −+ −+ + = − ++ + = − ++ + = − ++ + = − +   

េដយ cos cos sin
2 2 2 2

B C A Aππππ++++     = − == − == − == − =    
    

 និង cos 1
2

B C−−−− ≤≤≤≤  

េគបន 2cos 2(cos cos ) 1 2sin 2 2 sin
2 2
A A

A B C+ + ≤ − ++ + ≤ − ++ + ≤ − ++ + ≤ − +   

េដយ  
2

2 2
1 2sin 2 2 sin 2 2 sin 2

2 2 2 2
A A A    

− + = − − ≤− + = − − ≤− + = − − ≤− + = − − ≤    
    

 

ដូេចនះ cos 2(cos cos ) 2A B C+ + ≤+ + ≤+ + ≤+ + ≤   ។ 
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លហំត់ទី៦៨ 
េគឲយរតីេកណ ABC  មួយមនមុំកនុង , ,A B C  ។  
ចូរបងហ ញថ  cot cot cot 3A B C+ + ≥+ + ≥+ + ≥+ + ≥   ។ 
 
 
ដំេណះរសយ 

េគមន sin( ) 2sin
cot cot

sin sin cos( ) cos
A B C

A B
A B A B C

+++++ = =+ = =+ = =+ = =
− +− +− +− +

 

េដយ cos( ) 1A B− ≤− ≤− ≤− ≤  េនះ  
2sin

cot cot 2tan
1 cos 2

C C
A B

C
+ ≥ =+ ≥ =+ ≥ =+ ≥ =

++++
 

2cot 1
2cot cot cot 2tan cot 2tan

2 2 2cot
2

C
C C

A B C C
C

−−−−
+ + ≥ + = ++ + ≥ + = ++ + ≥ + = ++ + ≥ + = +   

  
2cot 3 12cot cot cot cot 3tan

2 2 22cot
2

C
C C

A B C
C

++++
    + + ≥ = ++ + ≥ = ++ + ≥ = ++ + ≥ = +    
    

 

េដយ cot 3tan 3
2 2
C C+ ≥+ ≥+ ≥+ ≥  ( តម AM GM−−−−  ) ។ 

ដូចេនះ cot cot cot 3A B C+ + ≥+ + ≥+ + ≥+ + ≥   ។   
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លហំត់ទី៦៩ 
េគឲយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច នងិមនរជុង 
 , ,BC a AC b AB c= = == = == = == = =  ។ 
េបី 

2
b c

a
++++<<<<  េនះបងហ ញថមុំ  

2
B C

A
++++<<<<   ។  

 
ដំេណះរសយ 
តមរទសតីបទសីុនូស 

2
sin sin sin

a b c
R

A B C
= = == = == = == = =  េនះ 

2 sin

2 sin

2 sin

a R A

b R B

c R C

====
 ====
 ====

 

វសិមមភព  
2

b c
a

++++<<<<  សមមូល 2 sin sin sinR A R B R C< +< +< +< +  

ឬ sin sin
sin sin cos sin

2 2 2 2
B C B C B C B C

A
+ + − ++ + − ++ + − ++ + − +< = ≤< = ≤< = ≤< = ≤  

េដយ A និង 
2

B C++++  ជមុំរសួចេនះ 
2

B C
A

++++<<<<   ។ 

ដូចេនះ េបី 
2

b c
a

++++<<<<  េនះ 
2

B C
A

++++<<<<   ។  
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លហំត់ទ៧ី០ 
រតីេកណ ABC មួយមនមនរជុង , ,BC a AC b AB c= = == = == = == = =  ។ 
តង S  ជៃផទរកលៃនរតីេកណ ។  

ក) ចូររសយថ 
2 2 2 4 3

cos( )
3 4

b c a S
A

bc
ππππ + − ++ − ++ − ++ − +− =− =− =− =  

ខ)ទញឲយបនថ 2 2 2 4 3a b c S+ + ≥+ + ≥+ + ≥+ + ≥ ។ 
 
ដំេណះរសយ 

ក) រសយថ 
2 2 2 4 3

cos( )
3 4

b c a S
A

bc
ππππ + − ++ − ++ − ++ − +− =− =− =− =   

តមរទឹសតីបទកូសីុនូស 2 2 2 2 cosa b c bc A= + −= + −= + −= + −  
េគទញបន 2 2 2 2 cosb c a bc A+ − =+ − =+ − =+ − =  េហយី 1

sin
2

S bc A====  
េគបន 2 2 2 4 3 2 cos 2 3 sinb c a S bc A bc A+ − + = ++ − + = ++ − + = ++ − + = +  

                                      
1 3

4 ( cos sin )
2 2

4 cos
3

bc A A

bc A
ππππ

= += += += +

    = −= −= −= −    
    

 

ដូចេនះ  
2 2 2 4 3

cos( )
3 4

b c a S
A

bc
ππππ + − ++ − ++ − ++ − +− =− =− =− =   ។ 

ខ)ទញឲយបនថ 2 2 2 4 3a b c S+ + ≥+ + ≥+ + ≥+ + ≥   

េគមន 
2 2 2 4 3

cos( )
3 4

b c a S
A

bc
ππππ + − ++ − ++ − ++ − +− =− =− =− =    
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េដយ cos 1
3

A
ππππ    − ≤− ≤− ≤− ≤    
    

  េនះ 
2 2 2 4 3

1
4

b c a S
bc

+ − ++ − ++ − ++ − + ≤≤≤≤    

េគទញ 2 2 24 4 3bc b c a S≥ + − +≥ + − +≥ + − +≥ + − +  
សមមូល 2 2 2 22( ) 4 3a b c b c S+ + ≥ − ++ + ≥ − ++ + ≥ − ++ + ≥ − +   េដយ 2( ) 0b c− ≥− ≥− ≥− ≥  
ដូចេនះ 2 2 2 4 3a b c S+ + ≥+ + ≥+ + ≥+ + ≥   ។ 
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លហំត់ទ៧ី១ 
េគឲយរតីេកណ ABC  មួយែកងរតង់ A  ។  
តងរជងុ ,BC a AC b= == == == =   និង AB c====   ។  
ចូររសយថ 2

2

2
cos

2
B C bc

a
−−−− ≥≥≥≥   ?  

 
ដំេណះរសយ 

រសយថ 2
2

2
cos

2
B C bc

a
−−−− ≥≥≥≥    

សនមតថ B C≠≠≠≠  េនះតមវសិមភព AM GM−−−−  េគមន ៖ 
     sin sin

sin sin
2

B C
B C

++++ ≥≥≥≥   

ឬ   sin cos sin sin
2 2

B C B C
B C

+ −+ −+ −+ − ≥≥≥≥   

េដយ 2
sin sin

2 4 2
B C ππππ++++ = == == == =  និង sin , sin

b c
B C

a a
= == == == =  

េគបន 2

2
cos

2 2
B C bc

a
−−−− ≥≥≥≥    

សមមូល 2
2

2
cos

2
B C bc

a
−−−− ≥≥≥≥   ពិត។ 
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លហំត់ទ៧ី២ 

េគឲយរតីេកណ ABC  មួយមនមុំ 
2

A
ππππ>>>>  ។  

តងរជងុ ,BC a AC b= == == == =   និង AB c====   ។  

ចូររសយថ  
6

3 3cos
54

a
A

b c
≤≤≤≤   ? 

 
ដំេណះរសយ 

រសយថ  
6

3 3cos
54

a
A

b c
≤≤≤≤    

េបី 
2

A
ππππ>>>>   េនះ cos cosA A= −= −= −= −  ។  

តមរទឹសតីបទសីុនូសេគបន ៖ 
2 2 2 2 22 cos 2 cosa b c bc A b c bc A= + − = + += + − = + += + − = + += + − = + +   

តមវសិមភព AM GM−−−−  េគបន ៖ 
2 2 2 3 332 cos 3 2 . cosa b c bc A b c A= + + ≥= + + ≥= + + ≥= + + ≥   

េគទញ 
6

3 3cos
54

a
A

b c
≤≤≤≤   ពិត ។ 
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លហំត់ទ៧ី៣ 
េគឲយរតីេកណ ABC  មួយ ។ P  ជចំណុចេនកនុង ABC∆∆∆∆   
ែដល PAB PBC PCA ωωωω∠ = ∠ = ∠ =∠ = ∠ = ∠ =∠ = ∠ = ∠ =∠ = ∠ = ∠ =  ។ 
ក)ចូររសយថ cot cot cot cotA B Cωωωω = + += + += + += + +   ។ 
ខ)ទញឲយបនថ 

6
ππππωωωω ≤≤≤≤   ។ 

 
ដំេណះរសយ 
ក) រសយថ cot cot cot cotA B Cωωωω = + += + += + += + +    
 
 
 
 
  
 
 
 
តង , , , , ,BC a AC b AB c PA x PB y PC z= = = = = == = = = = == = = = = == = = = = =  
តមរទឹសតីបទកូសីុនូសអនុវតតន៍កនុង , ,PAB PBC PCA∆ ∆ ∆∆ ∆ ∆∆ ∆ ∆∆ ∆ ∆  
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េគបន   
2 2 2

2 2 2

2 2 2

2 cos

2 cos

2 cos

x z b bz

y x c cx

z y a ay

ωωωω
ωωωω
ωωωω

 = + −= + −= + −= + −


= + −= + −= + −= + −
 = + −= + −= + −= + −

 

បូកសមីករបីេនះអងគ នងិ អងគេគបន ៖ 
2 2 2 2 2 2 2 2 2 2( )cosx y z x y z a b c ay bz cx ωωωω+ + = + + + + + − + ++ + = + + + + + − + ++ + = + + + + + − + ++ + = + + + + + − + +

 

េគទញ 
2 2 2

cos (1)
2( )

a b c
ay bz cx

ωωωω + ++ ++ ++ +====
+ ++ ++ ++ +

 

េគមន ABC PAB PBC PCAS S S S= + += + += + += + +  េដយ 

1
sin

2
1

sin
2
1

sin
2

PAB

PBC

PCA

S cx

S ay

S bz

ωωωω

ωωωω

ωωωω

 ====

 ====

 ====

 

េគបន 1
( )sin

2ABCS cx ay bz ωωωω= + += + += + += + +   

េគទញ 2
sin (2)ABCS

cx ay bz
ωωωω ====

+ ++ ++ ++ +
 

េធវីផលែចករវង (1) និង (2) េគបន 
2 2 2

cot (3)
4 ABC

a b c
S

ωωωω + ++ ++ ++ +====  

មយង៉េទៀតតមរទសឹតីបទកូសីុនូសេគមន 
2 2 2 2 cosa b c bc A= + −= + −= + −= + −  
េគទញ 

2 2 2

cos
2

b c a
A

bc
+ −+ −+ −+ −====   េហយី 1

sin
2ABCS bc A====  
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េគទញ 2
sin ABCS

A
bc

====   ។ េហតុេនះ 
2 2 2

cot
4

b c a
A

S
+ −+ −+ −+ −====  

ដូចគន ែដរ 
2 2 2 2 2 2

cot , cot
2 2

c a b a b c
B C

ca ab
+ − + −+ − + −+ − + −+ − + −= == == == =  

េគបន 
2 2 2

cot cot cot (4)
4 ABC

a b c
A B C

S
+ ++ ++ ++ ++ + =+ + =+ + =+ + =  

តម (3) នងិ (4) េគបន cot cot cot cotA B Cωωωω = + += + += + += + +   ពិត  
ខ)ទញឲយបនថ 

6
ππππωωωω ≤≤≤≤    

េគមន cot cot cot cotA B Cωωωω = + += + += + += + +    
េដយ cot cot cot 3A B C+ + ≥+ + ≥+ + ≥+ + ≥   (េមីលលំហត់ទ៦ី៨) 
េគបន cot 3 cot

6
ππππωωωω ≥ =≥ =≥ =≥ =   នឲំយ  

6
ππππωωωω ≤≤≤≤   ។ 
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លហំត់ទ៧ី៤(IMO1966) 
េគឲយរតីេកណ ABC មួយមនរជុង , ,BC a AC b AB c= = == = == = == = = ។ 
ចូរបងហ ញថេបី (((( ))))tan tan tan

2
C

a b a A b B+ = ++ = ++ = ++ = +  េនះ ABC  
ជរតីេកណសមបត ។ 
 
ដំេណះរសយ 

តង tan
2
A

u ====   និង tan
2
C

v ====  

េគបន 1
tan tan cot

2 2 2 2
C A B A B uv

u v
ππππ + + −+ + −+ + −+ + −    = − = == − = == − = == − = =     ++++    

 

េហយី 2 2

2 2
tan , tan

1 1
u v

A B
u v

= == == == =
− −− −− −− −

  ។ 

តមរទឹសតីបទសីុនូស 2 2

2 2
2 sin 2 , 2

1 1
u v

a R A R b R
u v

= = == = == = == = =
+ ++ ++ ++ +

 
ែដល R  ជករំងវង់ចរកឹេរកៃនរតីេកណ ។ 
សមភព (((( ))))tan tan tan

2
C

a b a A b B+ = ++ = ++ = ++ = +  សមមូល ៖ 
2 2

2 2 2 2 2 2

1
4 4

1 1 (1 )(1 ) (1 )(1 )
u v uv u v

R R
u v u v u u v v

    −−−−    + = ++ = ++ = ++ = +        + + + + − + −+ + + + − + −+ + + + − + −+ + + + − + −         
 

បនទ ប់ពបីរងមួេគបន ៖ 
2 2 2 2 2 2( ) (1 )(1 ) 2(1 ) ( )u v u v uv u v+ − − = − ++ − − = − ++ − − = − ++ − − = − +   

េគមន 2 2 2( ) 2( ) (1)u v u v+ ≤ ++ ≤ ++ ≤ ++ ≤ +    
(វសិមភពCauchy Schwarz−−−− ) 
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2 2 2 2 2(1 )(1 ) (1 ) ( ) (1 ) (2)u v uv u v uv− − = − − − ≤ −− − = − − − ≤ −− − = − − − ≤ −− − = − − − ≤ −  
គុណវសិមភព(1)និង(2) អងគ នងិ អងគេគបន  

2 2 2 2 2 2( ) (1 )(1 ) 2(1 ) ( )u v u v uv u v+ − − ≤ − ++ − − ≤ − ++ − − ≤ − ++ − − ≤ − +   
េដីមបឲីយវសិមភពេនះកល យជសមភពលុះរតែត (1) នងិ (2) 
កល ជសមភពេពលគឺេគរតូវឲយ u v====  េនះ tan tan

2 2
A B====  

សមមូល A B====  សមមូល a b====  ។ 
ដូចេនះេបី (((( ))))tan tan tan

2
C

a b a A b B+ = ++ = ++ = ++ = +  េនះ ABC  
ជរតីេកណសមបត ។ 
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លហំត់ទ៧ី៥ 
េគឲយរតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ 

ក) ចូររសយថ 
2 2 2

21 cos cos cos
8

a b c
A B C

R
+ ++ ++ ++ ++ =+ =+ =+ =  

ែដល R  ជករំងវង់ចរកឹេរកៃនរតីេកណ ។ 
ខ) ទញឲយបនថ 2 2 2 29a b c R+ + ≤+ + ≤+ + ≤+ + ≤   ។ 
 
 
ដំេណះរសយ 

ក) រសយថ 
2 2 2

21 cos cos cos
8

a b c
A B C

R
+ ++ ++ ++ ++ =+ =+ =+ =    

តមរទឹសតីបទសីុនូស 2
sin sin sin

a b c
R

A B C
= = == = == = == = =  

ែដល R  ជករំងវង់ចរកឹេរកៃនរតីេកណ ។ 
េគបន 2 2 2 2 2 2 24 (sin sin sin )a b c R A B c+ + = + ++ + = + ++ + = + ++ + = + +  

េគទញ 
2 2 2

2 2 2
2sin sin sin (1)

4
a b c

A B C
R

+ ++ ++ ++ ++ + =+ + =+ + =+ + =  
េយងីនងឹរសយថ ៖ 

2 2 2sin sin sin 2 2cos cos cosA B C A B C+ + = ++ + = ++ + = ++ + = +    
េគមន 2 1 cos2

sin
2

A
A

−−−−====   និង 2 1 cos2
sin

2
B

B
−−−−====  

េគបន 2 2 cos2 cos2
sin sin 1

2
A B

A B
+++++ = −+ = −+ = −+ = −  
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1 cos( )cos( )

1 cos( )cos( )

1 cos cos( )

A B A B

C A B

C A B

ππππ
= − + −= − + −= − + −= − + −
= − − −= − − −= − − −= − − −
= + −= + −= + −= + −

 

េហយី 2 2sin 1 cosC C= −= −= −= −  េនះេគបន 
2 2 2 2sin sin sin 2 cos cos( ) cosA B C C A B C+ + = + − −+ + = + − −+ + = + − −+ + = + − −   

                              
[[[[ ]]]]
[[[[ ]]]]

2 cos cos( ) cos

2 cos cos( ) cos( )

2 2cos cos cos

C A B C

C A B A B

A B C

= + − −= + − −= + − −= + − −

= + − + += + − + += + − + += + − + +
= += += += +

  

ដូចេនះ   
2 2 2

21 cos cos cos
8

a b c
A B C

R
+ ++ ++ ++ ++ =+ =+ =+ =   ។ 

ខ) ទញឲយបនថ 2 2 2 29a b c R+ + ≤+ + ≤+ + ≤+ + ≤    
តមរទឹសតីបទកូសីុនូស   

2 2 2 2 2 2

cos , cos
2 2

b c a c a b
A B

bc ca
+ − + −+ − + −+ − + −+ − + −= == == == =  

និង  
2 2 2

cos
2

a b c
C

ab
+ −+ −+ −+ −====  ។ 

េគបន 
2 2 2 2 2 2 2 2 2

2 2 2

( )( )( )
cos cos cos

8
b c a c a b a b c

A B C
a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −====  

តង 
2 2 2

2 2 2

2 2 2

x b c a

y c a b

z a b c

 = + −= + −= + −= + −


= + −= + −= + −= + −
 = + −= + −= + −= + −

  េនះ 
2

2

2

2

2

2

x y c

y z a

z x b

 + =+ =+ =+ =


+ =+ =+ =+ =
 + =+ =+ =+ =

 

េគបន cos cos cos
( )( )( )

xyz
A B C

x y y z z x
====

+ + ++ + ++ + ++ + +
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តមវសិមភព AM GM−−−−  េគមន   
2

2

2

x y xy

y z yz

z x zx

 + ≥+ ≥+ ≥+ ≥
 + ≥+ ≥+ ≥+ ≥


+ ≥+ ≥+ ≥+ ≥

   

នឲំយ   ( )( )( ) 2 .2 .2 8x y y z z x xy yz zx xyz+ + + ≥ =+ + + ≥ =+ + + ≥ =+ + + ≥ =  
េគទញ 1

cos cos cos
( )( )( ) 8

xyz
A B C

x y y z z x
= ≤= ≤= ≤= ≤

+ + ++ + ++ + ++ + +
   

េគទញ 
2 2 2

2

1 9
1 cos cos cos 1

8 8 8
a b c

A B C
R

+ ++ ++ ++ + = + ≤ + == + ≤ + == + ≤ + == + ≤ + =    
ដូចេនះ 2 2 2 29a b c R+ + ≤+ + ≤+ + ≤+ + ≤   ។ 
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លហំត់ទ៧ី៦ (IMO 1977)

 េគឲយអនុគមន៍ f  កណំត់េដយ ៖ 
( ) 1 cos sin cos2 sin2f x a x b x A x B x= − − − −= − − − −= − − − −= − − − −   

ែដល , , ,a b A B  ជចំនួនពតិ ។ 
ចូររសយថេបីរគប់ : ( ) 0x IR f x∈ ≥∈ ≥∈ ≥∈ ≥  េនះ 2 2 2a b+ ≤+ ≤+ ≤+ ≤  
និង 2 2 1A B+ ≤+ ≤+ ≤+ ≤   ។ 

 
ដំេណះរសយ 
តង 2 2r a b= += += += +   និង 2 2R A B= += += += +   
េហយីយក αααα  និង ββββ  ែដល cos , sin

a b
r r

α αα αα αα α= == == == =   

និង cos2 ,sin2
A B
R R

β ββ ββ ββ β= == == == =  
េគបន ( ) 1 cos sin cos2 sin2f x a x b x A x B x= − − − −= − − − −= − − − −= − − − −   
                   1 cos( ) cos(2 2 )r x R xα βα βα βα β= − − − −= − − − −= − − − −= − − − −  
េគមន ( ) 1 cos( )f r Rβ β αβ β αβ β αβ β α= − − −= − − −= − − −= − − −  
និង  

( ) 1 cos( ) 1 cos( )f r R r Rπ β π β α β απ β π β α β απ β π β α β απ β π β α β α+ = − + − − = + − −+ = − + − − = + − −+ = − + − − = + − −+ = − + − − = + − −  
េគបន ( ) ( ) 2 2 0f f Rβ π ββ π ββ π ββ π β+ + = − ≥+ + = − ≥+ + = − ≥+ + = − ≥   េនះ 1R ≤≤≤≤  
សមមូល 2 2 1A B+ ≤+ ≤+ ≤+ ≤   ឬ 2 2 1A B+ ≤+ ≤+ ≤+ ≤   ។ 

េគមន 2
( ) 1 sin(2 2 )

4 2
f r R

ππππα α βα α βα α βα α β+ = − + −+ = − + −+ = − + −+ = − + −  
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និង 2
( ) 1 sin(2 2 )

4 2
f r R

ππππα α βα α βα α βα α β− = − −− = − −− = − −− = − −  

េគបន ( ) ( ) 2 2 0
4 4

f f r
π ππ ππ ππ πα αα αα αα α+ + − = − ≥+ + − = − ≥+ + − = − ≥+ + − = − ≥  េនះ 2r ≤≤≤≤  

សមមូល 2 2 2a b+ ≤+ ≤+ ≤+ ≤   ឬ 2 2 2a b+ ≤+ ≤+ ≤+ ≤   ។ 
ដូចេនះេបីរគប់ : ( ) 0x IR f x∈ ≥∈ ≥∈ ≥∈ ≥  េនះ 2 2 2a b+ ≤+ ≤+ ≤+ ≤  
និង 2 2 1A B+ ≤+ ≤+ ≤+ ≤   ។ 
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លហំត់ទ៧ី៧ 

េគឲយរតីេកណ  ABC  មួយ ។ ចូររសយថ 
3

A
ππππ≤≤≤≤  លុះរតែត  

( )( )
4
bc

p b p c− − ≤− − ≤− − ≤− − ≤   ែដ , ,a b c  ជរជុង និង 
2

a b c
p

+ ++ ++ ++ +====  ។ 
 
ដំេណះរសយ 

េយងីមន 
3

A
ππππ≤≤≤≤  សមមូល 1

sin sin
2 6 2
A ππππ≤ =≤ =≤ =≤ =  

សមមូល 2 1
sin

2 4
A ≤≤≤≤   េដយ 2 1 cos

sin
2 2
A A−−−−====  

សមមូល  1 cos 1
2 4

A−−−− ≤≤≤≤  សមមូល 1
cos

2
A ≥≥≥≥  

េដយ 
2 2 2

cos
2

b c a
A

bc
+ −+ −+ −+ −====   (រទឹសតីបទកូសីុនូស) 

េគបន 
2 2 2 1

2 2
b c a

bc
+ −+ −+ −+ − ≥≥≥≥   សមមូល 2 2 2b c a bc+ − ≥+ − ≥+ − ≥+ − ≥  

សមមូល 2 2( ) ( )( )a b c a b c a b c bc− − = − + + − ≤− − = − + + − ≤− − = − + + − ≤− − = − + + − ≤   
សមមូល 4( )( )p b p c bc− − ≤− − ≤− − ≤− − ≤   ឬ  ( )( )

4
bc

p b p c− − ≤− − ≤− − ≤− − ≤  ពិត ។ 
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លហំត់ទ៧ី៨ 
េគឲយរតីេកណ ABC  មួយមនរជងុ , ,a b c   ។ 
ចូររករបេភទៃនរតេីកណេនះេដយដឹងថ sin

2 2

A a

bc
====   ។ 

 
ដំេណះរសយ 
រករបេភទៃនរតីេកណេនះ 

េគមន  sin
2 2

A a

bc
====  េនះ 

2
2sin

2 4
A a

bc
====  

េដយ 2 1 cos
sin

2 2
A A−−−−====   និង 

2 2 2

cos
2

b c a
A

bc
+ −+ −+ −+ −

====  

េគបន 
2 2 2

21
2
2 4

b c a
abc
bc

+ −+ −+ −+ −−−−−
====   

       
2 2 2 22
2 2

bc b c a a
bc bc

− − +− − +− − +− − +
====  

                   2( ) 0b c− − =− − =− − =− − =   នឲំយ b c====  
ដូចេនះ ABC  ជរតីេកណសមបតកំពូល A   ។ 
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លហំត់ទ៧ី៩ 
កនុងរគប់រតីេកណ ABC  ចូររសយថ ៖ 

2 2

4cossin sin 2

sin sin 1 sin
2 2 2

A
B C
C B A

+ ≥+ ≥+ ≥+ ≥
−−−−

 

 
ដំេណះរសយ 

រសយថ  
2 2

4cossin sin 2

sin sin 1 sin
2 2 2

A
B C
C B A

+ ≥+ ≥+ ≥+ ≥
−−−−

 

តង , ,a b c  ជរជងុៃន ABC∆∆∆∆   និង 
2

a b c
p

+ ++ ++ ++ +====  ជកនលះបរ ិ
មរត 

េគមន 1 1
sin sin

2 2
S ac B ab C= == == == =   

( S  ជៃផទរកលរតេីកណ ) 
េគបន 2

sin
S

B
ac

====   និង 2
sin

S
C

ab
====  ។ 

េហយី ( )( ) ( )( )
sin , sin

2 2
A p b p c B p a p c

bc ac
− − − −− − − −− − − −− − − −= == == == =  

( )( )
sin

2
A p a p b

ab
− −− −− −− −====   និង ( )

cos
2
A p p a

bc
−−−−====  ។ 

វសិមភពសមមូល ៖ 
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( )2 2

4
( )( ) ( )( ) ( )( )

1

p p aS S
bcac ab

p b p a p c p a p b p c
ab ac bc

−−−−

+ ≥+ ≥+ ≥+ ≥− − − −− − − −− − − −− − − − − −− −− −− −−−−−
 

( )2
( ) ( ) ( )( )

p p aS b c
p a c p b b p c bc p b p c

−−−−    
+ ≥+ ≥+ ≥+ ≥    − − −− − −− − −− − − − − −− − −− − −− − −    

 

េដយ ( )( )( )S p p a p b p c= − − −= − − −= − − −= − − −  េនះេគបន ៖ 
( )( ) ( )( )

2
( ) ( ) ( )

p b p c bc p b p cb c
p a c p b b p c p p a

− − + − −− − + − −− − + − −− − + − −    
+ ≥+ ≥+ ≥+ ≥    − − − −− − − −− − − −− − − −    

 

(((( ))))( )( ) 2 ( )( )
( ) ( )

b c
p p b p c bc p b p c

c p b b p c

    
− − + ≥ + − −− − + ≥ + − −− − + ≥ + − −− − + ≥ + − −    − −− −− −− −    

  

តមវសិមភព AM GM−−−−  េគមន 

( )( ) 2
( ) ( )

b c
p b p c

c p b b p c

    
− − + ≥− − + ≥− − + ≥− − + ≥    − −− −− −− −      

 និង ( )( )p bc p b p c≥ + − −≥ + − −≥ + − −≥ + − −  
េនះេគបនវសិមភពខងេលីពិត ។ 
 
 
 
 
 
 

 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 170 

 

 
លហំត់ទី៨០ 

ក.ចូរគណនតៃមលរបកដៃន tan
8
ππππ    

ខ.ចូរេដះរសយសមីករ  
   2 2sin x 2 sin x.cosx ( 2 1) cos x 0− + − =− + − =− + − =− + − =   

គ.ចូរេដះរសយសមីករ tanx 2 1 1

1 ( 2 1) tanx 3

+ −+ −+ −+ − ====
− −− −− −− −

    

 
ដំេណះរសយ 

ក.គណនតៃមលរបកដៃន tan
8
ππππ    

តមរូបមនត 2
2tana

tan2a
1 tan a

====
−−−−

   េដយយកតៃមល a
8
ππππ====  

េគបន 
2

2tan
8tan

4 1 tan
8

ππππ
ππππ ==== ππππ−−−−

 

      
2

2tan
81

1 tan
8

ππππ

==== ππππ−−−−
  

 នឲំយ  2tan 2tan 1 0
8 8
π ππ ππ ππ π+ − =+ − =+ − =+ − =  

តង t tan
8
ππππ====   ែដល t 0>>>>  
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េគបន 2t 2t 1 0 ; ' 1 1 2+ − = ∆ = + =+ − = ∆ = + =+ − = ∆ = + =+ − = ∆ = + =   
េគទញឬស 1 2t 1 2 , t 1 2 0= − + = − − <= − + = − − <= − + = − − <= − + = − − < (មិនយក) 

ដូចេនះ  tan 2 1
8
ππππ = −= −= −= −   ។ 

ខ. េដះរសយសមីករ ៖ 
     2 2sin x 2 sin x.cosx ( 2 1) cos x 0− + − =− + − =− + − =− + − =   
ែចកអងគទងំពីរនងឹ 2cos x 0≠≠≠≠  េគបនសមីករ ៖ 

2tan x 2 tanx ( 2 1) 0− + − =− + − =− + − =− + − =  . 
តង t tan x====  េគបន ៖ 

2t 2 t ( 2 1) 0− + − =− + − =− + − =− + − =   េដយ a b c 0+ + =+ + =+ + =+ + =  
េគទញឬស 1 2t 1 ; t 2 1= = −= = −= = −= = −  ។ 

-ចំេពះ t 1====  េគបន tanx 1====  នឲំយ x k , k Z
4
ππππ= + π ∈= + π ∈= + π ∈= + π ∈  

-ចំេពះ t 2 1= −= −= −= −  េគបន tan x 2 1= −= −= −= −   

នឲំយ x k , k Z
8
ππππ= + π ∈= + π ∈= + π ∈= + π ∈  

ដូចេនះ  x k , x k , k Z
4 8
π ππ ππ ππ π= + π = + π ∈= + π = + π ∈= + π = + π ∈= + π = + π ∈   ។ 

គ. េដះរសយសមីករ ៖ 

   tanx 2 1 1

1 ( 2 1) tanx 3

+ −+ −+ −+ − ====
− −− −− −− −

   

 េដយ tan 2 1
8
ππππ = −= −= −= −   
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េគបន  

  

tanx tan 38
31 tan x.tan

8

tan(x ) tan
8 6

ππππ++++
====ππππ−−−−

π ππ ππ ππ π+ =+ =+ =+ =

 

 េគទញ x k
8 6
π ππ ππ ππ π+ = + π+ = + π+ = + π+ = + π  ឬ x k , k Z

24
ππππ= + π ∈= + π ∈= + π ∈= + π ∈ ។ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 173 

 

 
លហំត់ទី៨១ 
េគឲយសមីករ 3 3(E) : cos xcos3x sin xsin3x m+ =+ =+ =+ =  

ក.ចូរេដះរសយសមីករេនះកលណ 3 3
m

8
====   

ខ.រកលកខ័ខ័ណឌ សរមប់ m  េដីមបឲីយសមីករេនះមនឬស ។ 
 
ដំេណះរសយ 

ក.េដះរសយសមីករេនះកលណ 3 3
m

8
====   

េយងីមន 3 1
sin x (3sinx sin3x)

4
= −= −= −= −  

េហយី   3cos 3x 4cos x 3cos x= −= −= −= −   

នឲំយ 3 1
cos x (3cosx cos3x)

4
= += += += + សមីករ (E)  អចសរសរ  

2 2

2 2

3

3

1 1
(3cosx cos3x)cos3x (3sin x sin 3x)sin 3x m

4 4

3cosxcos3x cos 3x 3sin xsin 3x sin 3x 4m

3(cos3xcosx sin 3xsin x) (cos 3x sin 3x) 4m

3cos2x cos6x 4m

4cos 2x 4m

cos2x m

+ + − =+ + − =+ + − =+ + − =

+ + − =+ + − =+ + − =+ + − =

+ + − =+ + − =+ + − =+ + − =
+ =+ =+ =+ =

====

====
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េដយ 3 3
m

8
====  េគបន 3

cos2x
2

====   

នឲំយ x k ,k Z
12
ππππ= ± + π ∈= ± + π ∈= ± + π ∈= ± + π ∈  

ខ. រកលកខ័ខ័ណឌ សរមប់ m  ៖ 
េដីមបឲីយសមីករេនះមនឬសេគរគន់ែតឲយ 31 m 1− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤   
ឬ [[[[ ]]]]m 1 , 1∈ −∈ −∈ −∈ −  ។ 
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លហំត់ទី៨២ 
េគមនអនុគមន៍េលខ f  កំនត់ពីសំណំុ IN  េទសំណំុ IR  

េដយ f (0) 0====  និង n 2
f (n 1) 2f (n) tan

2 ++++
ππππ+ = ++ = ++ = ++ = +    

ចូរកនំត់រក f (n)  ? 
 
ដំេណះរសយ 
កំនត់រក )n(f  

េគមន 2n2
tan)n(f2)1n(f ++++

ππππ++++====++++    
ែចកអងគទងំពីរនងឹ n2  េគបន 

(((( ))))1
2

tan
2

1
)n(f

2

1
)n(f

2

1
2nn1nn ++++−−−−

ππππ++++====  

េគមន  

atanacot
2

atanacotatan

atan2

atan1

atan2
a2tan 22 −−−−

====
−−−−

====
−−−−

====  

េគទញ a2cot2acotatan −−−−====    េដយយក 2n2
a ++++

ππππ====  

េគបន (((( ))))2
2

cot2
2

cot
2

tan 1n2n2n ++++++++++++
ππππ−−−−ππππ====ππππ  

យក (២) ជួសកនុង (១) េគបន  

1n1n2nn1nn 2
cot

2

1

2
cot

2

1
)n(f

2

1
)1n(f

2

1
++++−−−−++++−−−−

ππππ−−−−ππππ====−−−−++++    
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]
2

cot
2

1

2
cot

2

1
[)]k(f

2

1
)1k(f

2

1
[ 1k1k2kk

1n

0k
1kk

1n

0k
++++−−−−++++

−−−−

====
−−−−

−−−−

====

ππππ−−−−ππππ====−−−−++++ ∑∑∑∑∑∑∑∑

  

1n1n1n1n 2
cot)n(f

2
cot

2

1
)0(f2)n(f

2

1
++++++++−−−−−−−−

ππππ====⇒⇒⇒⇒
ππππ====−−−−  

ដូចេនះ n 1
f (n) cot

2 ++++
ππππ====   ។ 
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លហំត់ទី៨៣ 

េគមនសវុ ីត )( nx  និង )( ny  កំណត់េដយ 




====
====

0

1

0

0

y

x
   និង  










++++++++−−−−====

−−−−++++++++====

++++

++++

nnn

nnn

yaaxaay

yaaxaax

)cos(sin
2
1

)1(cotcos
2
1

)tan1(sin
2
1

)cos(sin
2
1

1

1

 

ែដល 
2

0
ππππ<<<<<<<< a   និង ....,2,1,0====n  ។ 

ក. ចំេពះរគប់ 0≥≥≥≥n  តង ayaxu nnn sincos ++++====  និង  
     ayaxv nnn sincos −−−−====  ។ 
      ចូររសយថ )( nu  និង )( nv  សុទឋែតជសវុ ីត ធរណីមរត ។ 
ខ.គណន nu  និង nv  ជអនុគមន៍ៃន n នងិ a  ។ 
គ. ទញរក nx  និង ny  ជអនុគមន៍ៃន n នងិ a  ។ 

 
 
ដំេណះរសយ 
ក. រសយថ )( nu  និង )( nv  សុទឋែតជសវុ ីតធរណីមរត  
េគមន ៖ 

nnn yaaxaax )tan1(sin
2
1

)cos(sin
2
1

1 −−−−++++++++====++++  
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គុណអងគទងំពីរនងឹ acos  េគបន ៖ 

)1(
2

)sin(cossin
2

)cos(sincos
cos1 nnn y

aaa
x

aaa
ax

−−−−++++
++++====++++  

េគមន ៖ 

nnn yaaxaay )cos(sin
2
1

)1(cotcos
2
1

1 ++++++++−−−−====++++  

គុណអងគទងំពីរនងឹ asin  េគបន ៖ 

)2(
2

)cos(sinsin
2

)sin(coscos
sin1 nnn y

aaa
x

aaa
ay

++++++++−−−−====++++  
បូកសមីករ )1(  និង )2(  អងគ នងិ អងគេគបន ៖ 

)sincos(cossincos 11 ayaxaayax nnnn ++++====++++ ++++++++  
េដយ ayaxu nnn sincos ++++====  
េគទញបន nn uau .cos1 ====++++  នឱំយ )( nu  ជសវុ ីតធរណី 
មរតមនេរសុង aqu cos====   ។ 
ដកសមីករ )1(  និង )2(  អងគ នងិ អងគេគបន ៖ 

)sincos(sinsincos 11 ayaxaayax nnnn −−−−====−−−− ++++++++  
េដយ ayaxv nnn sincos −−−−====   េគទញ  

nn vav .sin1 ====++++   
នឱំយ )( nv  ជសវុ ីតធរណីមរតមនេរសុង aqv sin====   ។ 
ខ.គណន nu  និង nv  ជអនុគមន៍ៃន n នងិ a   
េគមន aayaxu cossincos 000 ====++++====  
េគបន aaaquu nnn

un
1

0 coscos.cos ++++========××××====  
េហយី aayaxv cossincos 000 ====−−−−====  
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េគបន aaqvv nn
vn sin.cos0 ====××××====  

ដូចេនះ aavau n
n

n
n sincos,cos 1 ======== ++++   ។ 

គ. ទញរក nx  និង ny  ជអនុគមន៍ៃន n នងិ a   
េដយ ayaxu nnn sincos ++++====  
និង  ayaxv nnn sincos −−−−====  
េគបន axvu nnn cos2====++++  

េគទញ 
a

aaa
x

nn

n cos2
sincoscos 1 ++++====

++++
 

           
2

sincos aa
x

nn

n
++++====   ។ 

េហយី ayvu nnn sin2====−−−−  

េគទញ 
a

aaa
y

nn

n sin2
sincoscos 1 −−−−====

++++
  ។ 
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លហំត់ទី៨៤ 
េគយក , ,a b c  ជចំនួនពិតៃនចេនល ះ (((( ))))0 ,1  ។     
ចូរបងហ ញថ (1 )(1 )(1 ) 1abc a b c+ − − − <+ − − − <+ − − − <+ − − − <   
 
 
ដំេណះរសយ 

ចំេពះរគប់ចំនួនពិត z,y,x  ៃនចេនល ះ )
2

,0(
ππππ      

េគយក zcosc,ycosb,xcosa 222 ============  
វសិមភពសមមូល 1zsinysinxsinzcosycosxcos <<<<++++    
េដយ )

2
,0(z
ππππ∈∈∈∈∀∀∀∀  េគមន 1zcos <<<<  និង 1zsin <<<<  

េគទញ ycosxcoszcosycosxcos <<<<      
និង ysinxsinzsinysinxsin <<<<  
នឱំយ ysinxsinycosxcoszsinysinxsinzcosycosxcos ++++<<<<++++     
                            )yxcos(zsinysinxsinzcosycosxcos −−−−<<<<++++     
េដយ 1)yxcos( ≤≤≤≤−−−−  េនះ 1zsinysinxsinzcosycosxcos <<<<++++    
ដូចេនះ 1)c1)(b1)(a1(abc <<<<−−−−−−−−−−−−++++   ។    
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លហំត់ទី៨៥ 
េគឱយ C;B;A  ជមុំកនុងរបស់រតីេកណ ABC  មួយ ។ 
ចូរបងហ ញថ   33

2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++  
 
ដំេណះរសយ 

បងហ ញថ   33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++     

េគមន ππππ====++++++++ CBA  នឱំយ 
2
C

22
B

2
A −−−−

ππππ====++++  

េគបន 






 −−−−ππππ====






 ++++
2
C

2
tan

2
B

2
A

tan   ឬ             

2
C

cot

2
B

tan
2
A

tan1

2
B

tan
2
A

tan
====

−−−−

++++
 

1
2
A

tan
2
C

tan
2
C

tan
2
B

tan
2
B

tan
2
A

tan

2
B

tan
2
A

tan1)
2
B

tan
2
A

(tan
2
C

tan

2
C

tan

1

2
B

tan
2
A

tan1

2
B

tan
2
A

tan

====++++++++

−−−−====++++

====
−−−−

++++

    

គុណអងគទងំពីរនងឹ 
2
C

cot
2
B

cot
2
A

cot   េគបន ៖ 

2
C

cot
2
B

cot
2
A

cot
2
C

cot
2
B

cot
2
A

cot ====++++++++  
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េដយ ππππ<<<<<<<< C;B;A0  េនះ 
22

C
;

2
B

;
2
A

0
ππππ<<<<<<<<  

េគបន 0
2
C

cot;0
2
B

cot;0
2
A

cot >>>>>>>>>>>>  
តមវសិមភព GMAM −−−−  េគបន ៖ 








 ++++++++≥≥≥≥






 ++++++++

++++++++≥≥≥≥++++++++

≥≥≥≥++++++++

2
C

cot
2
B

cot
2
A

cot27
2
C

cot
2
B

cot
2
A

cot

2
C

cot
2
B

cot
2
A

cot3
2
C

cot
2
B

cot
2
A

cot

2
C

cot
2
B

cot
2
A

cot3
2
C

cot
2
B

cot
2
A

cot

3

3

3

 

ដូចេនះ 33
2
C

cot
2
B

cot
2
A

cot ≥≥≥≥++++++++   ។    
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លហំត់ទី៨៦ 
េគឱយ C;B;A  ជមុំរសួចកនុងរបស់រតីេកណ ABC  មួយ ។    
ចូរបងហ ញថ   3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++   
 
 
ដំេណះរសយ 
បងហ ញថ   3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++       
េដយ C;B;A  ជមុំរសួចេនះ     

0Ctan;0Btan;0Atan >>>>>>>>>>>>  
តមវសិមភព GMAM −−−−  រគប់ 0z;0y;0x >>>>>>>>>>>> េគមនៈ 

33

3 2223

)xyz1()z1)(y1)(x1(

xyzzyx3xyz31)z1)(y1)(x1(

xyz)zxyzxy()zyx(1)z1)(y1)(x1(

++++≥≥≥≥++++++++++++

++++++++++++≥≥≥≥++++++++++++

++++++++++++++++++++++++++++====++++++++++++

 

យក Ctanz;Btany;Atanx ============  េគបន ៖ 
3)CtanBtanAtan1()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++          

េគមន )Ctan()BAtan( −−−−ππππ====++++     

                                        Ctan
BtanAtan1
BtanAtan −−−−====

−−−−
++++     

េគទញ CtanBtanAtanBtanBtanAtan ====++++++++  
                                                                                                                    xyzzyx ====++++++++     
តមវសិមភព GMAM −−−−   េគបន ៖ 
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3

3

xyz3xyz

xyz3zyx

≥≥≥≥

≥≥≥≥++++++++
     

េគទញ 33xyz ≥≥≥≥   ឬ  33CtanBtanAtan ≥≥≥≥     
េគបន 33 )331()Btan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++  
ដូចេនះ 3)31()Ctan1)(Btan1)(Atan1( ++++≥≥≥≥++++++++++++   ។    

��������������������    
����������������    
������������    
��������    
����    
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លហំត់ទី៨៧ 
េគឱយរតីេកណ ABC  មួយមនមុំ C,B,A  ជមុំរសួច ។ 

ចូររសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++    

 
ដំេណះរសយ 

រសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++  

តង 
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
++++++++====∑∑∑∑  

           
Ccos
Ctan

Bcos
Btan

Acos
Atan 222

++++++++====  
តមវសិមភព SchwarzCauchy−−−−  េគបន ៖ 

)1(
CcosBcosAcos

)CtanBtanA(tan 2

++++++++
++++++++≥≥≥≥∑∑∑∑  

តងអនុគមន៍ xtan)x(f ====   ែដល )
2

,0(x
ππππ∈∈∈∈   

េគបន xtan1
xcos

1
)x('f 2

2
++++========  

          0)xtan1(xtan2)x(''f 2 >>>>++++====  
តមវសិមភព Jensen េគបន ៖ 

 )
3

CBA
(f3)C(f)B(f)A(f

++++++++≥≥≥≥++++++++



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 186 

 

ឬ 33
3

tan3)
3

CBA
tan(3CtanBtanAtan ====

ππππ====
++++++++≥≥≥≥++++++++  

េគទញ )2(27)CtanBtanA(tan 2 ≥≥≥≥++++++++  

តងអនុគមន៍ xcos)x(g ====  ែដល )
2

,0(x
ππππ∈∈∈∈  

េគបន xsin)x('g −−−−====  
          )

2
,0(x,0xcos)x(''g
ππππ∈∈∈∈∀∀∀∀<<<<−−−−====  

នឱំយ )x(g  ជអនុគមន៍េប៉ង ។ 
តមវសិមភព Jensen េគបន ៖ 

)
3

CBA
(g3)C(g)B(g)A(g

++++++++≤≤≤≤++++++++  

2
3

3
cos3)

3
CBA

cos(3CcosBcosAcos ====
ππππ====

++++++++≤≤≤≤++++++++  

េគទញ )3(
3
2

CcosBcosAcos
1 ≥≥≥≥

++++++++
 

គុណវសិមភព )3(&)2(  អងគ នងិ អងគេគបន  ៖ 

)4(18
3

227
CcosBcosAcos

tanC)tanB(tanA 2
====××××≥≥≥≥

++++++++
++++++++  

តម  )4(&)1(  េគទញបន 18≥≥≥≥∑∑∑∑   ។ 

ដូចេនះ 18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++   ។ 

 
 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 187 

 

 
លហំត់ទី៨៨ 
េគឲយ ABC  ជរតីេកណមួយែដលេផទៀងផទ ត់លកខ័ខ័ណឌ     

AcosCsinBsin1CsinBsin 22 ++++====++++     ។ 
បងហ ញថ ABC  ជរតីេកណែកង ។    
 
ដំេណះរសយ 

តមរទឹសតីបទសីុនូសេគមន R2
Csin

c
Bsin

b
Asin

a ============  
េគទញ CsinR2c,BsinR2b,AsinR2a ============  
េដយ Acosbc2cba 222 −−−−++++====  ( ( ( ( រទឹសតីបទកូសីុនូស )))) 

)AcosCsinBsin2CsinB(sinR4AsinR4 22222 −−−−++++====  
                )1(AcosCsinBsin2CsinBsinAsin 222 −−−−++++====     
ែត )2(AcosCsinBsin1CsinBsin 22 ++++====++++  
យកសមីករ )2(  ជួសេនកនុង )1(  េគទញ 1Asin2 ====  
នឲំយ 090A ====  ។ ដូចេនះ ABC  ជរតីេកណែកង ។    
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លហំត់ទី៨៩ 
េគឱយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច ។     
ចូរបងហ ញថ ៖    

CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++      
 
ដំេណះរសយ 
បងហ ញថ CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++     
តមរទឹសតីបទសីុនូស 

R2
Csin

c
Bsin

b
Asin

a ============             
    ( ( ( ( :R ករំងវង់ចរកឹេរករតីេកណ )))) 

េគទញ )I(

CsinR2c

BsinR2b

AsinR2a









====
====
====

    

តមរទឹសតីបទកូសីុនូស 
)II(Acosbc2cba 222 −−−−++++====  

យក  )I(  ជួសកនុង )II(  េគបន ៖ 

AcosCsinBsin2CsinBsinAsin

AcosCsinBsinR8CsinR4BsinR4AsinR4
222

2222222

−−−−++++====

−−−−++++====  

េគទញ 
CsinBsin2

AsinCsinBsin
Acos

222 −−−−++++====  

េហតុេនះ )1(
AsinCsinBsin2

AsinCsinBsin
Acot

222 −−−−++++====  
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ដូចគន ែដរ )2(
BsinAsinCsin2

BsinAsinCsin
Bcot

222 −−−−++++====  

េហយីនឹង )3(
CsinBsinAsin2

CsinBsinAsin
Ccot

222 −−−−++++====  
បូកទំនក់ទនំង )2(;)1(  និង )3(  េគទទួលបន  ៖ 

)4(
CsinBsinAsin2

CsinBsinAsin
CcotBcotAcot

222 ++++++++====++++++++      
ម៉យងេទៀតេគមន ππππ====++++++++ CBA  ឬ CBA −−−−ππππ====++++     
េគបន )Ctan()BAtan( −−−−ππππ====++++  

                                        Ctan
BtanAtan1
BtanAtan −−−−====

−−−−
++++     

េគទញ CtanBtanAtanCtanBtanAtan ====++++++++  
គុណអងគទងំពីរនងឹ CcotBcotAcot         

       េគបន  1AcotCcotCcotBcotBcotAcot ====++++++++  

េគមន 









≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++

zx2xz

yz2zy

xy2yx

22

22

22

 

េនះេគបន )zxyzxy(2)zyx(2 222 ++++++++≥≥≥≥++++++++  
ឬ          zxyzxyzyx 222 ++++++++≥≥≥≥++++++++  
ែថមអងគទងំពីរនងឹ zx2yz2xy2 ++++++++  េគបន ៖ 

)zxyzxy(3)zyx( 2 ++++++++≥≥≥≥++++++++     
យក Ccotz;Bcoty;Acotx ============   
េគបន 3)CcotBcotA(cot 2 ≥≥≥≥++++++++  
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នឱំយ  )5(3CcotBcotAcot ≥≥≥≥++++++++  

តម )4(  និង )5(  េគបន     3
CsinBsinAsin2

CsinBsinAsin 222

≥≥≥≥++++++++         
ដូចេនះ CsinBsinAsin32CsinBsinAsin 222 ≥≥≥≥++++++++  ។ 
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លហំត់ទី៩០ 
េគឱយរតីេកណ ABC  មួយ ។ តង r  និង R  េរៀងគន ជករំងវង់    
ចរកឹកនុង នងិ ចរកឹេរករតីេកណ ។   
ក. . . . ចូរបងហ ញថ 

R
r

1CcosBcosAcos ++++====++++++++      
ខ. . . . េបី ABC  ជរតីេកណែកងេនះចូររសយថ r)12(R ++++≥≥≥≥     
 
ដំេណះរសយ 

ក. . . . បងហ ញថ 
R
r

1CcosBcosAcos ++++====++++++++      

េគមន 
2

BA
cos

2
BA

cos2BcosAcos
−−−−++++====++++  

េដយ 
2
C

sin
2
C

2
cos

2
BA

cos ====






 −−−−
ππππ====

++++  

និង   
2
C

sin21Ccos 2−−−−====   េគបន ៖ 

2
C

sin2
2

BA
cos

2
C

sin21CcosBcosAcos 2−−−−
−−−−++++====++++++++  

                                                                                                                        

2
C

sin
2
B

sin
2
A

sin41

2
BA

cos
2

BA
cos

2
C

sin21

2
C

sin
2

BA
cos

2
C

sin21

++++====








 ++++−−−−
−−−−++++====








 −−−−
−−−−++++====

    

េគបន 
2
C

sin
2
B

sin
2
A

sin41CcosBcosAcos ++++====++++++++  
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តមរទឹសតីបទសីុនូស ៖ 

Acosbc2cba 222 −−−−++++====     េដយ 
2
A

sin21Acos 2−−−−====  

)
2
A

sin21(bc2cba 2222 −−−−−−−−++++====     

េគទញ 
bc4

)cba)(cba(
bc4

)cb(a
2
A

sin
22

2 ++++−−−−−−−−++++====−−−−−−−−====  

                                                                                    
bc

)cp)(bp(
bc4

)b2p2)(c2p2( −−−−−−−−====−−−−−−−−====     

នឱំយ 
bc

)cp)(bp(
2
A

sin
−−−−−−−−====  

រសយដូចគន ែដរ ៖ 

ab
)bp)(ap(

2
C

sin;
ac

)cp)(ap(
2
B

sin
−−−−−−−−====−−−−−−−−====  

េគបន ៖ 

abc
)cp)(bp)(ap(4

1CcosBcosAcos
−−−−−−−−−−−−++++====++++++++  

េដយ )cp)(bp)(ap(p
R4

abc
prS −−−−−−−−−−−−============  

េគទញ 








====

============−−−−−−−−−−−−

SR4abc

Sr
p

prS
p
S

)cp)(bp)(ap(
2

 

នឱំយ 
R4
r

abc
)cp)(bp)(ap( ====−−−−−−−−−−−−  

ដូចេនះ 
R
r

1CcosBcosAcos ++++====++++++++  
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ខ. . . . េបី ABC  ជរតីេកណែកងេនះចូររសយថ r)12(R ++++≥≥≥≥   
ឧបមថ ABC  ជរតីេកណែកងរតង់ A  េនះ 

C
2

B;
2

A −−−−
ππππ====

ππππ====  

េដយ 
R
r

1CcosBcosAcos ++++====++++++++  

េគបន 
R
r

1CcosC
2

cos0 ++++====++++






 −−−−
ππππ++++  

                                                                                            
R
r

1C
4

sin2

R
r

1CcosCsin

++++====






 ++++ππππ

++++====++++
    

េដយ 1C
4

sin ≤≤≤≤






 ++++
ππππ  េនះ  2

R
r

1 ≤≤≤≤++++   

នឱំយ r)12(
12

r
R ++++====

−−−−
≥≥≥≥  

ដូចេនះ  r)12(R ++++≥≥≥≥    ។    
    
    
    
    
    
    
    
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 194 

 

 
លហំត់ទី៩១ 
េគឱយរតីេកណ ABC  មួយមនរជងុ c,b,a   ។  តង r  និង R   
េរៀងគន ជករំងវង់ចរកឹកនុង នងិ ករំងវង់ចរកឹេរកៃន ABC∆∆∆∆  ។ 

ក. ចូរសយថ  
R
pr2

CcoscbosBAcosa ====++++++++  

                    
abc2

cba
c

Ccos
b

Bcos
a

Acos 222 ++++++++====++++++++  

                    
R
r

1CcosBcosAcos ++++====++++++++   

ែដល 
2

cba
p

++++++++====  ជកនលះបរមិរតៃនរតេីកណ ។ 
ខ. ទញបញជ ក់ថ 2222 )rR(4cba ++++≥≥≥≥++++++++    
( , ,A B C ជមុំរសួច) 
  
ដំេណះរសយ 

ក. រសយថ  
R
pr2

CcoscbosBAcosa ====++++++++  
 
 
 
 
 

 

A 

B C 
K 

L M 
O 
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េគមន BOKBOC
2
1

BAC ∠∠∠∠====∠∠∠∠====∠∠∠∠  
 (មុំផចិត និង មុំចរកឹកនុងរងវង់ ) 

កនុងរតីេកណែកង OKB  េគមន 
R

OK
OB
OK

BOKcos ========∠∠∠∠  
េគទញ AcosRBOKcosROK ====∠∠∠∠====  ។ 
រសយដូចគន ែដរ CcosROM,BcosROL ========  
តង S ជៃផទរកឡៃនរតីេកណ ABC  េនះេគបន ៖ 

OABOCAOBC SSSS ++++++++====    

)CcoscBcosbAcosa(R
2
1

pr

CcoscR
2
1

BcosbR
2
1

AcosRa
2
1

pr

OM.AB
2
1

OL.CA
2
1

OK.BC
2
1

pr

++++++++====

++++++++====

++++++++====

 

ដូចេនះ  
R
pr2

CcoscBcosbAcosa ====++++++++  ។ 
តមរទឹសតីបទកូសីុនូសេគមន Acosbc2cba 222 −−−−++++====  

េគទញ 
abc2

acb
a

Acos 222 −−−−++++====   ។   
រសយដូចគន ែដរេគបន ៖ 

abc2
bca

b
Bcos 222 −−−−++++====  និង 

abc2
cba

c
Ccos 222 −−−−++++====  

ដូចេនះ 
abc2

cba
c

Ccos
b

Bcos
a

Acos 222 ++++++++====++++++++  ។ 
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ម៉យងេទៀតេគមន ៖ 

(*)
abc2

)cba(2)cba)(cba(

abc2
)cba()ba(c)ac(b)cb(a

ab2
cba

ac2
bac

bc2
acb

CcosBcosAcos

333222

333222222

222222222

++++++++−−−−++++++++++++++++====

++++++++−−−−++++++++++++++++++++====

−−−−++++++++
−−−−++++++++

−−−−++++====++++++++

 

តមរូបមនតេហរ ៉ុងេគមន pr)cp)(bp)(ap(p ====−−−−−−−−−−−−  
េលីកអងគទងំពីរជកេរេគបន ៖ 

223

2

22

prabcp)cabcab(p)cba(p

pr)cp)(bp)(ap(

rp)cp)(bp)(ap(p

====−−−−++++++++++++++++++++−−−−

====−−−−−−−−−−−−

====−−−−−−−−−−−−

 

េដយ p2cba ====++++++++  េហយី pr
R4

abc
S ========  េនះ Rpr4abc====  

េគបន 233 prRpr4p)cabcab(p2p ====−−−−++++++++++++−−−−  
េគទញ rR4rpcabcab 22 ++++++++====++++++++  
េដយ )cabcab(2cba)cba( 2222 ++++++++++++++++++++====++++++++  
េគបន  )rR4rp(2p4cba 222222 ++++++++−−−−====++++++++  
ឬ        )rR4rp(2cba 22222 −−−−−−−−====++++++++  
េហយី  

)cabcabcba)(cba(abc3cba 222333 −−−−−−−−−−−−++++++++++++++++====−−−−++++++++  
េគទញបន )Rpr6pr3p(2cba 23323 −−−−−−−−====++++++++  
 
ទំនក់ទនំង (*)  អចសរេសរ  ៖ 
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1
R
r

Rr2
Rr2r2

Rr2
Rr6r3pRr4rp

Rpr8
)Rpr6pr3p()Rr4rp(p4

CcosBcosAcos

2

2222

2322

++++====
++++====

++++++++−−−−−−−−−−−−====

−−−−−−−−−−−−−−−−−−−−====++++++++

 

ដូចេនះ 
R
r

1CcosBcosAcos ++++====++++++++   ។ 
ខ. ទញបញជ ក់ថ 2222 )rR(4cba ++++≥≥≥≥++++++++   
តម 

)yyy)(xxx()yxyxyx( 2
3

2
2

2
1

2
3

2
2

2
1

2
332211 ++++++++++++++++≤≤≤≤++++++++  

យក Ccoscx,Bcosbx,Acosax 321 ============  

និង  
c

Ccos
z,

b
Bcos

y,
a

Acos
y 221 ============   េគបន ៖ 

2

222

2

2

222
2

222
2

R4

cba

R

)Rr(

Rpr8
cba

.
R
pr2

)
R
r

1(

abc2
cba

.
R
pr2

)CcosBcosA(cos

++++++++≤≤≤≤++++

++++++++≤≤≤≤++++

++++++++≤≤≤≤++++++++

 

ដូចេនះ 2222 )rR(4cba ++++≥≥≥≥++++++++   ។ 
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លហំត់ទី៩២ 
េគឲយរតីេកណ ABC  មួយ ។ 
ចូររសយថ 1

cos cos cos
8

A B C ≤≤≤≤  ។ 
 
ដំេណះរសយ 

រសយថ 1
cos cos cos

8
A B C ≤≤≤≤    

តង , ,BC a AC b AB c= = == = == = == = =  ។  
តមរទឹសតីបទកូសីុនូស   

2 2 2 2 2 2

cos , cos
2 2

b c a c a b
A B

bc ca
+ − + −+ − + −+ − + −+ − + −= == == == =  

និង  
2 2 2

cos
2

a b c
C

ab
+ −+ −+ −+ −====  ។ 

េគបន 
2 2 2 2 2 2 2 2 2

2 2 2

( )( )( )
cos cos cos

8
b c a c a b a b c

A B C
a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −====  

តង 
2 2 2

2 2 2

2 2 2

x b c a

y c a b

z a b c

 = + −= + −= + −= + −


= + −= + −= + −= + −
 = + −= + −= + −= + −

  េនះ 
2

2

2

2

2

2

x y c

y z a

z x b

 + =+ =+ =+ =


+ =+ =+ =+ =
 + =+ =+ =+ =

 

េគបន cos cos cos
( )( )( )

xyz
A B C

x y y z z x
====

+ + ++ + ++ + ++ + +
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តមវសិមភព AM GM−−−−  េគមន   
2

2

2

x y xy

y z yz

z x zx

 + ≥+ ≥+ ≥+ ≥
 + ≥+ ≥+ ≥+ ≥


+ ≥+ ≥+ ≥+ ≥

   

នឲំយ   ( )( )( ) 2 .2 .2 8x y y z z x xy yz zx xyz+ + + ≥ =+ + + ≥ =+ + + ≥ =+ + + ≥ =  
េគទញ 1

cos cos cos
( )( )( ) 8

xyz
A B C

x y y z z x
= ≤= ≤= ≤= ≤

+ + ++ + ++ + ++ + +
   

ដូចេនះ  1
cos cos cos

8
A B C ≤≤≤≤   ។ 
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លហំត់ទី៩៣ 
េគឲយរតីេកណ ABC  មួយ ។ 
ចូររសយថ 3

cos cos cos
2

A B C+ + ≤+ + ≤+ + ≤+ + ≤    ។ 
 
ដំេណះរសយ 

រសយថ 3
cos cos cos

2
A B C+ + ≤+ + ≤+ + ≤+ + ≤  

តង cos cos cosy A B C= + += + += + += + +  

          

2

2

2

2
2

2
2

1 2sin 2cos cos
2 2 2

1 2sin 2cos cos
2 2 2 2

1 2sin 2cos sin
2 2 2

1 1
1 2 sin cos cos

2 2 2 2 2

3 1 1
2 sin cos sin

2 2 2 2 4 2

A B C B C

A A B C

A B C A

A B C B C

A B C B C

ππππ

+ −+ −+ −+ −= − += − += − += − +

−−−−    = − + −= − + −= − + −= − + −    
    

−−−−= − += − += − += − +

− −− −− −− −    = − − += − − += − − += − − +    
    

    − −− −− −− −    = − − += − − += − − += − − +        
              

េដយ 
2

21 1
sin cos sin 0

2 2 2 4 2
A B C B C− −− −− −− −    − + ≥− + ≥− + ≥− + ≥    

    
 

េគទញ  
2

23 1 1 3
2 sin cos sin

2 2 2 2 4 2 2
A B C B C

y
    − −− −− −− −    = − − + ≤= − − + ≤= − − + ≤= − − + ≤        
            
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ដូចេនះ   3
cos cos cos

2
A B C+ + ≤+ + ≤+ + ≤+ + ≤    ។ 

សមគ ល់ ៖ 
េគអចរសយថ cos cos cos 1

r
A B C

R
+ + = ++ + = ++ + = ++ + = +     

ែដល r  ជករំងវង់ចរកឹកនុង នងិ R  ជករំងវង់ចរកឹេរកៃនរត ី
េកណ។តមវសិមភព Euler  េគមន 2R r≥≥≥≥   
 ឬ 1

2
r
R

≤≤≤≤  

េគបន 1 3
cos cos cos 1 1

2 2
r

A B C
R

+ + = + ≤ + =+ + = + ≤ + =+ + = + ≤ + =+ + = + ≤ + =    ។ 
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លហំត់ទី៩៤ 

េគឲយ , ,x y z  ជបីចំនួនពិតៃនចេនល ះ 0,
2
ππππ    

    
    

  ។  

ចូររសយថ  tan tan tan 3tan
3

x y z
x y z

+ ++ ++ ++ +    + + ≥+ + ≥+ + ≥+ + ≥     
    

 ។ 

 
ដំេណះរសយ 

រសយថ  tan tan tan 3tan
3

x y z
x y z

+ ++ ++ ++ +    + + ≥+ + ≥+ + ≥+ + ≥     
    

  
sin sin

tan tan
cos cos

x y
x y

x y
+ = ++ = ++ = ++ = +   

2

sin cos sin cos sin( )
cos cos cos cos

2sin( )cos( ) cos ( )
2 2 22tan .

cos cos 2 cos cos

x y y x x y
x y x y

x y x y x y
x y

x y x y

+ ++ ++ ++ += == == == =

+ + ++ + ++ + ++ + +
++++    = == == == =     

    

 

េដយ  
2 1 cos( ) 1 cos cos sin sin

cos
2 2 2

x y x y x y x y+ + + + −+ + + + −+ + + + −+ + + + −= == == == =   

ឧបមថ  
2cos

2 1
cos cos

x y

x y

++++

≥≥≥≥   សមមូល 2cos cos cos
2

x y
x y

++++ ≥≥≥≥  

សមមូល  1 cos cos sin sin
cos cos

2
x y x y

x y
+ −+ −+ −+ − ≥≥≥≥   

សមមូល 1 cos cos sin sin 2cos cosx y x y x y+ − ≥+ − ≥+ − ≥+ − ≥  
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សមមូល cos cos sin sin cos( ) 1x y x y x y+ = − ≤+ = − ≤+ = − ≤+ = − ≤   ពិត 
េគទញបន tan tan 2 tan (1)

2
x y

x y
++++    + ≥+ ≥+ ≥+ ≥     

    
 

43tan tan 2tan 2tan (2)
3 2 6

x y z
zx y z x y z

z

+ ++ ++ ++ +    ++++    + + + ++ + + ++ + + ++ + + +            + ≥ =+ ≥ =+ ≥ =+ ≥ =                
                

    

   បូកវសិមភព (1) និង (2) េគបន ៖ 
3

tan tan tan tan 2 tan tan
3 2 6

x y z x y x y z
x y z

    + + + + ++ + + + ++ + + + ++ + + + +                    + + + ≥ ++ + + ≥ ++ + + ≥ ++ + + ≥ +                        
                        

  
េដយ 3

tan tan 2tan
2 6 3

x y x y z x y z+ + + + ++ + + + ++ + + + ++ + + + +                    + ≥+ ≥+ ≥+ ≥                    
                    

 

េគបន tan tan tan tan 4tan
3 3

x y z x y z
x y z

+ + + ++ + + ++ + + ++ + + +            + + + ≥+ + + ≥+ + + ≥+ + + ≥            
            

  

ដូចេនះ  tan tan tan 3tan
3

x y z
x y z

+ ++ ++ ++ +    + + ≥+ + ≥+ + ≥+ + ≥     
    

 ។ 
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លហំត់ទី៩៥ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c  ។  
ចូររសយបញជ ក់ថ  4 3bc ca ab S+ + ≥+ + ≥+ + ≥+ + ≥   ? 
( S ជៃផទរកលៃនរតីេកណ )។ 
 
 

ដំេណះរសយ 
រសយបញជ ក់ថ  4 3bc ca ab S+ + ≥+ + ≥+ + ≥+ + ≥   
េគមន 1 1 1

sin sin sin
2 2 2

S bc A ac B ab C= = == = == = == = =  

េគទញ 2 2
,

sin sin
S S

bc ca
A B

= == == == =   និង 2
sin

S
ab

C
====  

េគបន (((( ))))1 1 1
2 1

sin sin sin
bc ca ab S

A B C
    + + = + ++ + = + ++ + = + ++ + = + +    
    

 

តងអនុគមន៍ 1
( )

sin
f x

x
====   ែដល (((( ))))0 ,x ππππ∈∈∈∈  

េគមន 2 2

(sin )' cos
'( )

sin sin
x x

f x
x x

= − = −= − = −= − = −= − = −  
េហយី  

2 2 2

4 3

(cos )'sin (sin )'cos 1 cos
''( ) 0

sin sin
x x x x x

f x
x x

− +− +− +− += − = >= − = >= − = >= − = >  
តមវសិមភព Jensen  េគបន  ៖ 

( ) ( ) ( ) 3 3
3 3

A B C
f A f B f C f f

ππππ+ ++ ++ ++ +            + + ≥ =+ + ≥ =+ + ≥ =+ + ≥ =            
            
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េដយ 1 1 1
( ) ( ) ( )

sin sin sin
f A f B f C

A B C
+ + = + ++ + = + ++ + = + ++ + = + +   

េហយី 1 1 2 3
3 33sin

3 2

f
ππππ

ππππ
     = = == = == = == = =    
    

 

េគបន 1 1 1
2 3 (2)

sin sin sinA B C
+ + ≥+ + ≥+ + ≥+ + ≥  

តម (1) នងិ (2) េគបន 4 3bc ca ab S+ + ≥+ + ≥+ + ≥+ + ≥   ។ 
ដូចេនះ 4 3bc ca ab S+ + ≥+ + ≥+ + ≥+ + ≥   ។ 
 
 
 
 
 
 
 
 
 
 
 
 

 
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 206 

 

 
លហំត់ទី៩៦ 
រតីេកណ ABC  មួយមនរជងុ , ,a b c  ។ ចូររសយបញជ ក់ថ  
 2 2 2 2 2 2( ) ( ) ( ) 4 3a b c b c c a a b S+ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − +   ? 
( S ជៃផទរកលៃនរតីេកណ )។ 
 
ដំេណះរសយ 
តមរទឹសតីបទកូសីុនូសេគមន ៖ 

2 2 2 22 cos ( ) 2 (1 cos )a b c bc A b c bc A= + − = − + −= + − = − + −= + − = − + −= + − = − + −  
2 2 2( ) 4 sin

2
A

a b c bc= − += − += − += − + (1)  

េគមន 1
sin sin cos

2 2 2
A A

S bc A bc= == == == =  

េគទញ (2)
sin cos

2 2

S
bc

A A
====  

យក (2) ជួសកនុង (1) េគបន ៖ 
2 2 2 2( ) 4 sin ( ) 4 tan (1)

2 2sin cos
2 2

S A A
a b c b c S

A A
= − + × × = − += − + × × = − += − + × × = − += − + × × = − +  

រសយដូចគន  2 2( ) 4 tan (2)
2
B

b c a S= − += − += − += − +  

និង 2 2( ) 4 tan (3)
2
C

c a b S= − += − += − += − +   ។ 
បូកសមភព (1) , (2) និង (3) េគបន ៖ 

2 2 2 2 2 2( ) ( ) ( ) 4 . (4)a b c b c c a a b S T+ + = − + − + − ++ + = − + − + − ++ + = − + − + − ++ + = − + − + − +  
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ែដល tan tan tan
2 2 2
A B C

T = + += + += + += + +   ។ 

តងអនុគមន៍ ( ) tanf x x====   ែដល  0
2

x
ππππ< << << << <  

េគបន (((( )))) 2
2

1
'( ) tan ' 1 tan

cos
f x x x

x
= = = += = = += = = += = = +  

េហយី 2''( ) 2(tan )'tan 2tan (1 tan ) 0f x x x x x= = + >= = + >= = + >= = + >  
តមវសិមភព Jensen  េគបន  ៖ 

( ) ( ) ( ) 3 3
2 2 2 6 6
A B C A B C

f f f f f
ππππ+ ++ ++ ++ +            + + ≥ =+ + ≥ =+ + ≥ =+ + ≥ =            

            
 

េដយ ( ) ( ) ( ) tan tan tan
2 2 2 2 2 2
A B C A B C

f f f+ + = + ++ + = + ++ + = + ++ + = + +  

និង 3
tan

6 6 3
f

π ππ ππ ππ π     = == == == =    
    

 

េគបន 3
tan tan tan 3 3 (5)

2 2 2 3
A B C

T
    

= + + ≥ == + + ≥ == + + ≥ == + + ≥ =    
    

   

តម (4) នងិ (5) េគបន ៖ 
2 2 2 2 2 2( ) ( ) ( ) 4 3a b c b c c a a b S+ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − +   ពិត។ 
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លហំត់ទី៩៨ 
េគឲយរតីេកណ ABC  មួយមនៃផទរកល S  ។  

, ,AK BL CM ជកនលះបនទ ត់ពុះកនុងៃនមុំ , ,A B C  េរៀងគន  ។  

ចូររសយថ 
2 2 2

3 3
AK BL CM

S
+ ++ ++ ++ + ≥≥≥≥   ។ 

 
ដំេណះរសយ 

រសយបញជ ក់ថ  
2 2 2

3 3
AK BL CM

S
+ ++ ++ ++ + ≥≥≥≥     

 
 
 
 
 
 
 
 
 
តង , ,BC a AC b AB c= = == = == = == = =  ជរជងុៃនរតីេកណ ។ 
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េគមន ABC ABK AKCS S S= += += += +   េដយ 

1
sin

2
1

. sin
2 2
1

. sin
2 2

ABC

AKC

AKC

S bc A

A
S c AK

A
S AK b

 ====

 ====

 ====

 

េគបន   1 1 1
sin . sin . sin

2 2 2 2 2
A A

bc A c AK b AK= += += += +  

            sin ( ) .sin
2
A

bc A b c AK= += += += +  

េគទញ sin 2
. .cos

2sin
2

bc A bc A
AK

Ab c b c
= == == == =

+ ++ ++ ++ +
  

េដយ ( )
cos

2
A p p a

bc
−−−−====   ែដល 

2
a b c

p
+ ++ ++ ++ +====  

េគបន 2 ( )
.

bc p p a
AK

b c bc
−−−−====

++++
 

េលីកជកេរ 2
2 2

4 ( ) ( )( )
( ) ( )

bcp p a bc b c a b c a
AK

b c b c
− + + + −− + + + −− + + + −− + + + −= == == == =

+ ++ ++ ++ +
 

                         
2 2 2

2 2

( )

( ) ( )

bc b c a a bc
bc

b c b c

    + −+ −+ −+ −    = = −= = −= = −= = −
+ ++ ++ ++ +

 

េដយ 2b c bc+ ≥+ ≥+ ≥+ ≥   េនះ 2

1
( ) 4

bc
b c

≤≤≤≤
++++

 

េគទញបន 
2

2 (1)
4
a

AK bc≥ −≥ −≥ −≥ −  

រសយដូចគន ែដរ 
2

2 (2)
4
b

BL ca≥ −≥ −≥ −≥ −  និង 
2

2 (3)
4
c

CM ab≥ −≥ −≥ −≥ −  
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បូកវសិមភព (1),(2) និង (3) េគបន ៖ 
2 2 2

2 2 2 (4)
4

a b c
AK BL CM bc ca ab

+ ++ ++ ++ ++ + ≥ + + −+ + ≥ + + −+ + ≥ + + −+ + ≥ + + −  
េគមន 4 3 (5)bc ca ab S+ + ≥+ + ≥+ + ≥+ + ≥  (េមីលលំហត់ទ៩ី៥) 
េហយី 2 2 2 2 2 2( ) ( ) ( ) 4 3a b c b c c a a b S+ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − ++ + ≥ − + − + − +  
ឬ   2 2 2 2( ) 4 3 (6)a b c ab bc ca S+ + ≤ + + −+ + ≤ + + −+ + ≤ + + −+ + ≤ + + −  
(េមីលលំហត់ ៩៦) 
តម (4) នងិ (6) េគទញបន ៖ 

2 2 2 3 (7)
2

bc ca ab
AK BL CM S

+ ++ ++ ++ ++ + ≥ ++ + ≥ ++ + ≥ ++ + ≥ +   
តម(5) និង (7) ៖  

2 2 2 4 3
3 3 3

2
S

AK BL CM S S+ + ≥ + =+ + ≥ + =+ + ≥ + =+ + ≥ + =   

ដូចេនះ   
2 2 2

3 3
AK BL CM

S
+ ++ ++ ++ + ≥≥≥≥    ។ 
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លហំត់ទី៩៩ 
េគឱយ c;b;a  ជបីចំនួនពិតវជិជមន ។ ចូររសយថ  ៖  

)cabcab(9)2c)(2b)(2a( 222 ++++++++≥≥≥≥++++++++++++         
 
ដំេណះរសយ 
រសយថ  ៖  

)1()cabcab(9)2c)(2b)(2a( 222 ++++++++≥≥≥≥++++++++++++  

េរជីសេរសី [
2

;0]C,B,A
ππππ∈∈∈∈   ែដល 









====

====

====

Ctan2c

Btan2b

Atan2a

 

េគបន 















====++++====++++

====++++====++++

====++++====++++

Ccos

2
)Ctan1(22c

Bcos

2
)Btan1(22b

Acos

2
)Atan1(22a

2
22

2
22

2
22

 

នឱំយ 
CcosBcosAcos

8
)2c)(2b)(2a( 222

222 ====++++++++++++  
តង  cabcabT ++++++++====   
                            )AtanCtanCtanBtanBtanA(tan2T ++++++++====  

CcosBcosAcos
])CBAcos(CcosBcosAcos[2

CcosBcosAcos
)BcosAsinCsinAcosCsinBsinCcosBsinA(sin2

T

++++++++−−−−====

++++++++====
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វសិមភព )1(  សមមូលនឹង  ៖  

CcosBcosAcos
)]CBAcos(CcosBcosA[cos18

CcosBcosAcos

8
222

++++++++−−−−≥≥≥≥  
េគទញបន  ៖  

[[[[ ]]]]
9
4

)CBAcos(CcosBcosAcosCcosBcosAcos ≤≤≤≤++++++++−−−−  

តង 
3

CBA ++++++++====θθθθ  ។  
តមវសិមភព GMAM −−−−  និង Jensen  េយងីបន  ៖  

θθθθ≤≤≤≤






 ++++++++≤≤≤≤ 3
3

cos
3

CcosBcosAcos
CcosBcosAcos  

េគទញ 
9
4

)3cos(coscos 33 ≤≤≤≤θθθθ−−−−θθθθθθθθ  
េដយ θθθθ−−−−θθθθ====θθθθ cos3cos43cos 3  

េគបន 
9
4

)cos3cos3(cos 33 ≤≤≤≤θθθθ−−−−θθθθθθθθ     

                                                                            
27
4

)cos1(cos 24 ≤≤≤≤θθθθ−−−−θθθθ         
តមវសិមភព GMAM −−−−  េគបន  ៖  

3
2

22

2
22

3

cos1
2

cos
2

cos

)cos1.(
2

cos
.

2
cos


















θθθθ−−−−++++θθθθ++++θθθθ

≤≤≤≤θθθθ−−−−θθθθθθθθ  

នឱំយ 
27
4

)cos1(cos 24 ≤≤≤≤θθθθ−−−−θθθθ  ពិត ។ 
ដូចេនះ  )cabcab(9)2c)(2b)(2a( 222 ++++++++≥≥≥≥++++++++++++   ពិត។    
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លហំត់ទី១០០ (MOSP 2000) 
េគឲយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច ។  
ចូរបងហ ញថ ៖ 

2 2 2
cos cos cos

8cos cos cos 4
cos cos cos

                    + + + ≥+ + + ≥+ + + ≥+ + + ≥                    
                    

A B C
A B C

B C A

   
 
ដំេណះរសយ 
បងហ ញថ ៖ 

2 2 2
cos cos cos

8cos cos cos 4
cos cos cos

                    + + + ≥+ + + ≥+ + + ≥+ + + ≥                    
                    

A B C
A B C

B C A

    
ជដំបូងេយងីរតូវរសយឲយេឃញីថ ៖ 

2 2 24 8cos cos cos 4(cos cos cos )− = + +− = + +− = + +− = + +A B C A B C  
េគមន 2 1 cos2

cos
2

A
A

++++====  និង 2 1 cos2
cos

2
B

B
++++====  

េគបន 2 2 cos2 cos2
cos cos 1

2
A B

A B
+++++ = ++ = ++ = ++ = +  

េដយ cos2 cos2 2cos( )cos( )A B A B A B+ = + −+ = + −+ = + −+ = + −  
                               2cos( )cos( )

2cos cos( )

C A B

C A B

ππππ= − −= − −= − −= − −
= − −= − −= − −= − −

 

េនះ 2 2cos cos 1 cos cos( )A B C A B+ = − −+ = − −+ = − −+ = − −  
     2 2 2 2cos cos cos 1 cos cos( ) cosA B C C A B C+ + = − − ++ + = − − ++ + = − − ++ + = − − +   
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[[[[ ]]]]
[[[[ ]]]]

2 2 2cos cos cos 1 cos cos( ) cos

1 cos cos( ) cos( )

1 2cos cos cos

A B C C A B C

C A B A B

A B C

+ + = − − −+ + = − − −+ + = − − −+ + = − − −

= − − + += − − + += − − + += − − + +
= −= −= −= −

 

ដូចេនះ  
2 2 24(cos cos cos ) 4 8cos cos cosA B C A B C+ + = −+ + = −+ + = −+ + = −    

េនះវសិមភពសមមូល 
2 2 2

2 2 2cos cos cos
4(cos cos cos )

cos cos cos
                    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +                    
                    

A B C
A B C

B C A
  

តង cos , cos , cosu A v B w C= = == = == = == = =  េនះវសិមភពេទជ ៖ 

(((( ))))
2 2 2

2 2 24 (*)
u v w

u v v
v w u

                    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +                    
                    

   

តមវសិមភព AM GM−−−−  េគមន ៖ 
2 2 2 4 2

3
2 2 3 2 2 2

3
3

u u v u u
v v w v w u v w

                    + + ≥ =+ + ≥ =+ + ≥ =+ + ≥ =                    
                    

 

េគទញ (((( ))))
2 2 2

3 2 2 2

3
2 1

u v u
v w u v w

            + ≥+ ≥+ ≥+ ≥            
            

  

រសយដូចគន ែដរ (((( ))))
2 2 2

3 2 2 2

3
2 2

v w v
w u u v w

            + ≥+ ≥+ ≥+ ≥            
            

  

និង  (((( ))))
2 2 2

3 2 2 2

3
2 3

w u w
u v u v w

            + ≥+ ≥+ ≥+ ≥            
            

 ។  

េធវីផលបូកវសិមភព (1),(2) និង (3) េគបន  

(((( ))))
2 2 2

2 2 2

3 2 2

3
3

u v w
u v v

v w u u v w2222

                        + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +                        
                            
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(((( ))))
2 2 2

2 2 2

3 2 2 2

1u v w
u v v

v w u u v w

                    + + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +                    
                    

  ។ 

េដីមបរីសយថ (*)  ពិតេគរតូវរសយថ 
3 2 2 2

1
4

u v w
≥≥≥≥  

ឬ 1
8

uvw ≤≤≤≤   ឬ  1
cos cos cos

8
A B C ≤≤≤≤  ។ 

តង , ,BC a AC b AB c= = == = == = == = =  ។  
តមរទឹសតីបទកូសីុនូស  

  
2 2 2 2 2 2

cos , cos
2 2

b c a c a b
A B

bc ca
+ − + −+ − + −+ − + −+ − + −= == == == =  

និង  
2 2 2

cos
2

a b c
C

ab
+ −+ −+ −+ −====  ។ 

េគបន  
2 2 2 2 2 2 2 2 2

2 2 2

( )( )( )
cos cos cos

8
b c a c a b a b c

A B C
a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −====  

តង 
2 2 2

2 2 2

2 2 2

x b c a

y c a b

z a b c

 = + −= + −= + −= + −


= + −= + −= + −= + −
 = + −= + −= + −= + −

  េនះ 
2

2

2

2

2

2

x y c

y z a

z x b

 + =+ =+ =+ =


+ =+ =+ =+ =
 + =+ =+ =+ =

 

េគបន cos cos cos
( )( )( )

xyz
A B C

x y y z z x
====

+ + ++ + ++ + ++ + +
   

តមវសិមភព AM GM−−−−  េគមន   
2

2

2

x y xy

y z yz

z x zx

 + ≥+ ≥+ ≥+ ≥
 + ≥+ ≥+ ≥+ ≥


+ ≥+ ≥+ ≥+ ≥

   

នឲំយ   ( )( )( ) 2 .2 .2 8x y y z z x xy yz zx xyz+ + + ≥ =+ + + ≥ =+ + + ≥ =+ + + ≥ =  
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េគទញ 1
cos cos cos

( )( )( ) 8
xyz

A B C
x y y z z x

= ≤= ≤= ≤= ≤
+ + ++ + ++ + ++ + +

  ពិត 

ដូចេនះ  
2 2 2

cos cos cos
8cos cos cos 4

cos cos cos
                    + + + ≥+ + + ≥+ + + ≥+ + + ≥                    
                    

A B C
A B C

B C A
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លហំត់ទី១០១ 
េគឲយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច ។ ចូរបងហ ញថ៖ 

3 3 3cot cot cot 6cot cot cot cot cot cotA B C A B C A B C+ + + ≥ + ++ + + ≥ + ++ + + ≥ + ++ + + ≥ + +  
 
ដំេណះរសយ 
បងហ ញថ៖ 

3 3 3cot cot cot 6cot cot cot cot cot cotA B C A B C A B C+ + + ≥ + ++ + + ≥ + ++ + + ≥ + ++ + + ≥ + +
  

តង 
cot cot cot

cot cot cot cot cot cot

cot cot cot

p A B C

q A B B C C A

r A B C

= + += + += + += + +
 = + += + += + += + +
 ====

 

េដយ A B C ππππ+ + =+ + =+ + =+ + =  េនះ cot( ) cot( )A B cππππ+ = −+ = −+ = −+ = −  
ឬ   cot cot 1

cot
cot cot

A B
C

A B
−−−− = −= −= −= −

++++
  

ឬ  cot cot cot cot cot cot 1A B B C C A+ + =+ + =+ + =+ + =  េនះ 1q ====  ។ 
3 3 3 3( ) 3( )( ) 3x y z x y z x y z xy yz zx xyz+ + = + + + + + + + −+ + = + + + + + + + −+ + = + + + + + + + −+ + = + + + + + + + −   

3 3 3 36 ( ) 3( )( ) 9x y z xyz x y z x y z xy yz zx xyz+ + + = + + − + + + + ++ + + = + + − + + + + ++ + + = + + − + + + + ++ + + = + + − + + + + +  
េនះវសិមភពែដលរតូវរសយសមមូល 3 3 9p pq r p− + ≥− + ≥− + ≥− + ≥  
ឬ 3 4 9 0p pq r− + ≥− + ≥− + ≥− + ≥  េរពះ 1q ====   ។ 
តមវសិមភព Schur  រគប់ , , 0x y z ≥≥≥≥  និង 0r >>>> េគមន ៖ 

( )( ) 0r

cyc

x x y x z− − ≥− − ≥− − ≥− − ≥∑∑∑∑  ។  យក 1r ====  និង 
cot

cot

cot

x A

y B

z C

====
 ====
 ====
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េគបន 3( )( ) 4 9 0
cyc

x x y x z p pq r− − = − + ≥− − = − + ≥− − = − + ≥− − = − + ≥∑∑∑∑  ពិត 

ដូចេនះ 
 

3 3 3cot cot cot 6cot cot cot cot cot cotA B C A B C A B C+ + + ≥ + ++ + + ≥ + ++ + + ≥ + ++ + + ≥ + +  
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លហំត់ទី១០២ 

ចំេពះរគប់រតេីកណ ABC  ចូររសយថ 2
cos

2
B C r

R
−−−− ≥≥≥≥   

ែដល r ជករំងវង់ចរកឹកនុង នងិ Rជករំងវង់ចរកឹេរក ABC∆∆∆∆ ។ 
 
 
ដំេណះរសយ 

រសយថ 2
cos

2
B C r

R
−−−− ≥≥≥≥  

េគមន cos cos cos sin sin
2 2 2 2 2

B C B C B C−−−− = += += += +  

េដយ ( ) ( )
cos , cos

2 2
B p p b C p p c

ac ab
− −− −− −− −= == == == =  

 និង    ( )( ) ( )( )
sin ,sin

2 2
B p a p c C p a p b

ac ab
− − − −− − − −− − − −− − − −= == == == =  

ែដល , ,a b c  ជរជងុរតេីកណ និង 
2

a b c
p

+ ++ ++ ++ +====  េគបន 
( )( ) ( )( )

cos
2

B C p p b p c p a p b p c
a bc a bc

− − − − − −− − − − − −− − − − − −− − − − − −= += += += +  
2 ( )( )

cos sin
2 2

B C p a p b p c b c A
a bc a

− − − − +− − − − +− − − − +− − − − += == == == =  

រកឡៃផទៃនរតីេកណ ABC  គឺ 1
sin

2 4
abc

S bc A pr
R

= = == = == = == = =  
sin

2
bc A

r
p

====   និង 
2sin

a
R

A
====  េនះ 

22 2 sinr bc A
R ap

====  
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េយងីរតូវរសយថ 
22 sin

sin
2

b c A bc A
a ap
++++ ≥≥≥≥  

ឬ  
2 2

2 2
2

2

8 sin cos( ) 2 sin 2 2sin
2

A A
bcb c A bc A

a ap ap
++++ ≥ =≥ =≥ =≥ =  
2 28 8 ( )

( ) cos . 8 ( )
2

abc A abc p p a
b c a p a

p p bc
−−−−+ ≥ = = −+ ≥ = = −+ ≥ = = −+ ≥ = = −  

សមមូល 2 2( ) 4 ( ) 4 ( ) 4b c a b c a a b c a+ ≥ + − = + −+ ≥ + − = + −+ ≥ + − = + −+ ≥ + − = + −  
សមមូល 2 2 2( ) 4 ( ) 4 ( 2 ) 0b c a b c a b c a+ − + + = + − ≥+ − + + = + − ≥+ − + + = + − ≥+ − + + = + − ≥  ពិត 

ដូចេនះ 2
cos

2
B C r

R
−−−− ≥≥≥≥   ។ 
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 លហំត់ទី១០៣ 
ចំេពះរគប់រតេីកណ ABC  ចូររសយថ ៖ 

2 2 24(sin sin sin ) cos cos cos 4
2 2 2 2 2 2
A B C A B B C C A− − −− − −− − −− − −+ + + ≥+ + + ≥+ + + ≥+ + + ≥

  
   

ដំេណះរសយ 
រសយបញជ ក់ថ ៖ 

2 2 24(sin sin sin ) cos cos cos 4 (*)
2 2 2 2 2 2
A B C A B B C C A− − −− − −− − −− − −+ + + ≥+ + + ≥+ + + ≥+ + + ≥  

តមរូបមនត 2 1 cos
sin

2 2
ϕ ϕϕ ϕϕ ϕϕ ϕ−−−−====  េគបន ៖ 

2 2 2 3 cos cos cos
sin sin sin (1)

2 2 2 2 2
A B C A B C+ ++ ++ ++ ++ + = −+ + = −+ + = −+ + = −  

េគមន 
2

BA
cos

2
BA

cos2BcosAcos
−−−−++++====++++  

េដយ 
2
C

sin
2
C

2
cos

2
BA

cos ====






 −−−−
ππππ====

++++  

និង   
2
C

sin21Ccos 2−−−−====   េគបន ៖ 

2
C

sin2
2

BA
cos

2
C

sin21CcosBcosAcos 2−−−−
−−−−++++====++++++++  
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2
C

sin
2
B

sin
2
A

sin41

2
BA

cos
2

BA
cos

2
C

sin21

2
C

sin
2

BA
cos

2
C

sin21

++++====








 ++++−−−−
−−−−++++====








 −−−−
−−−−++++====

     
cos cos cos 1 4sin sin sin (2)

2 2 2
A B C

A B C+ + = ++ + = ++ + = ++ + = +

 
យក (2) ជួសកនុង (1) េគបន ៖ 

2 2 2sin sin sin 1 2sin sin sin
2 2 2 2 2 2
A B C A B C+ + = −+ + = −+ + = −+ + = −  

វសិមភព (*)  សមមូល ៖ 
cos cos cos 8sin sin sin

2 2 2 2 2 2
A B B C C A A B C− − −− − −− − −− − − ≥≥≥≥    

េគមន cos cos cos sin sin
2 2 2 2 2

B C B C B C−−−− = += += += +  

េដយ ( ) ( )
cos , cos

2 2
B p p b C p p c

ac ab
− −− −− −− −= == == == =  

 និង    ( )( ) ( )( )
sin ,sin

2 2
B p a p c C p a p b

ac ab
− − − −− − − −− − − −− − − −= == == == =  

ែដល , ,a b c  ជរជងុរតេីកណ និង 
2

a b c
p

+ ++ ++ ++ +====  េគបន  
( )( ) ( )( )

cos
2

B C p p b p c p a p b p c
a bc a bc

− − − − − −− − − − − −− − − − − −− − − − − −= += += += +  
2 ( )( )

cos sin
2 2

B C p a p b p c b c A
a bc a

− − − − +− − − − +− − − − +− − − − += == == == =  

ដូចគន ែដរ cos sin
2 2 2

C A c a B− +− +− +− +====   
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និង cos sin
2 2 2

A B a b C− +− +− +− +====  
េគបន ៖ 

( )( )( )
cos cos cos sin sin sin

2 2 2 2 2 2
A B B C C A a b b c c a A B C

abc
− − − + + +− − − + + +− − − + + +− − − + + +≥≥≥≥  

េដយ ( )( )( ) 2 .2 .2 8a b b c c a ab bc ca abc+ + + ≥ =+ + + ≥ =+ + + ≥ =+ + + ≥ =  
េគទញcos cos cos 8sin sin sin

2 2 2 2 2 2
A B B C C A A B C− − −− − −− − −− − − ≥≥≥≥   

ដូចេនះ  
2 2 24(sin sin sin ) cos cos cos 4 (*)

2 2 2 2 2 2
A B C A B B C C A− − −− − −− − −− − −+ + + ≥+ + + ≥+ + + ≥+ + + ≥

  
�☺�☺� 
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លហំត់ទី១០៤ 
គណនតៃមល sin39 sin69 sin183 sin213o o o oS = + + += + + += + + += + + +   
 
ដំេណះរសយ 

តមរូបមនត sin sin 2sin cos
2 2

p q p q
p q

+ −+ −+ −+ −+ =+ =+ =+ =  

េគបន sin39 sin69 2sin54 cos15o o o o+ =+ =+ =+ =  
និង sin183 sin213 2sin198 cos15o o o o+ =+ =+ =+ =  
េគបន 2cos15 (sin54 sin198 )o o oS = += += += +   
ែត sin198 sin(180 18 ) sin18o o o o= + = −= + = −= + = −= + = −  

2cos15 (sin54 sin18 ) 4cos15 cos36 sin18o o o o o oS = − == − == − == − =  

េដយ cos36 sin36 sin72 1
cos36 sin18

42cos18 4cos18

o o o
o o

o o= = == = == = == = =  

េរពះ sin72 sin(90 18 ) cos18o o o o= − == − == − == − =   ។ 
េគបន  

3
11 cos30 2 32cos15

2 2 2

o
oS

+++++ ++ ++ ++ += = = == = = == = = == = = =  

ដូចេនះ 2 3 6 2
2 4

S
+ ++ ++ ++ += == == == =   ។ 
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លហំត់ទី១០៥ 

ចូរបងហ ញថ 3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =   ។ 

 
ដំេណះរសយ 

បងហ ញថ 3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =     

យក 
22

x
ππππ====   និង cos sinz x i x= += += += +   េនះ 11

2
x

ππππ====  
េហយី 2 1 0z + ≠+ ≠+ ≠+ ≠  ។ 
េយងីមន   
សមមូល  
សមមួល   
េដយ   េនះ  
សមមូល  

 
  

និង  

េនះ  ។ េហតុេនះេគបន ៖ 
 

មយង៉េទៀតឧបមថ     ពិត 

22 cos22 sin22 cos sin 1z x i x iπ ππ ππ ππ π= + = + = −= + = + = −= + = + = −= + = + = −
22 1 0z + =+ =+ =+ =

2 20 18 16 2( 1)( ... 1) 0z z z z z+ − + − − + =+ − + − − + =+ − + − − + =+ − + − − + =
2 1 0z + ≠+ ≠+ ≠+ ≠ 20 18 16 2... 1 0z z z z− + − − + =− + − − + =− + − − + =− + − − + =

10 8 6 4 2
10 8 6 4 2

1 1 1 1 1
( ) ( ) ( ) ( ) ( ) 1 0z z z z z

z z z z z
+ − + + + − + + + − =+ − + + + − + + + − =+ − + + + − + + + − =+ − + + + − + + + − =

: cos( ) sin( )nn z nx i nx∀ ∈ = +∀ ∈ = +∀ ∈ = +∀ ∈ = +ℤℤℤℤ

1
cos( ) sin( )n nx i nx

z
= −= −= −= −

1
2cos( )n

nz nx
z

+ =+ =+ =+ =

2cos10 2cos8 2cos6 2cos4 2cos2 1 0 (*)x x x x x− + − + − =− + − + − =− + − + − =− + − + − =
3

cot 4cos 11
22 22
π ππ ππ ππ π− =− =− =− =
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ឬ    ែដល  
េលីកអងគទងំពីរជកេរេគបន ៖ 

 េដយ  

 

សមមូល  
សមមូល ៖ 

 

ពិតតមសមភព  ។ 
ដូចេនះ    ។ 
 
 
 
 
 
 
 

cot 4cos3 11x x− =− =− =− =
22

x
ππππ====

2(cot 4cos3 ) 11x x− =− =− =− = cos
cot

sin
x

x
x

====
2

cos
cos3 11

sin
x

x
x

    − =− =− =− =    
    

(((( ))))2 2cos 4sin cos3 11sinx x x x− =− =− =− =

2 2 2 2cos 8cos sin cos3 16sin cos 3 11sin

1 cos2 8sin2 cos3 8(1 cos2 )(1 cos6 ) 11(1 cos2 )

2 4cos2 4(sin5 sin ) 8cos6 8cos8 cos6 0

2 4cos4 4(cos6 cos10 ) 8cos6 4(cos4 cos8 ) 0

2cos10 2cos8

x x x x x x x

x x x x x x

x x x x x x

x x x x x x

x x

− + =− + =− + =− + =
+ − + − + = −+ − + − + = −+ − + − + = −+ − + − + = −

− + − − + − =− + − − + − =− + − − + − =− + − − + − =
− + − − + − + =− + − − + − + =− + − − + − + =− + − − + − + =

−−−− 2cos6 2cos4 2cos2 1 0x x x+ − + − =+ − + − =+ − + − =+ − + − =
(*)

3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =
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លហំត់ទី១០៦ 
េគឲយសវុ ីតចនួំនពតិ  កំណត់េដយ ៖ 

1 1x ====   និងទំនក់ទនំងកំេណីន   

 រគប់  ។ 
ចូររសយថ   រចួទញរក   ។ 
    
ដំេណះរសយ 

រសយថ    

ចំេពះ  េគបន  ពិត 

ឧបមថវពិតចំេពះ  គឺ  

េយងីនងឹរសយថវពិតចំេពះ  គឺ  
េគមន  

 

 

( )nx

2

1

1 1n
n

n

x
x

x++++

+ −+ −+ −+ −
====

n∈∈∈∈ℕℕℕℕ

1tan
2n nx
ππππ

++++==== (((( ))))lim 2n
nn

x
→+∞→+∞→+∞→+∞

1tan
2n nx
ππππ

++++====

1n ==== 1 tan 1
4

x
ππππ= == == == =

n k==== 1tan
2k kx
ππππ

++++====

1n k= += += += + 1 2tan
2k kx
ππππ

++++ ++++====

2
2 1 1

1

1 1

1

1
1

1 tan 1 cos1 1 2 2

tan sin
2 2

cos
2

k k
k

k
k

k k

k

x
x

xx

ππππ ππππ

ππππ

ππππ

++++ ++++

++++

+ ++ ++ ++ +

++++

−−−−
+ −+ −+ −+ −+ −+ −+ −+ −

= = == = == = == = =
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  ពិត 

ដូចេនះ    ។ 
រកលីមីត    ៖ 

េយងីបន   

តង   េនះ   

 កលណ  េនះ  

េគបន  

                             

ដូចេនះ    ។ 
 
 
 

 
 
 
 

2
1 2

1 2

1 2 2

1 cos 2sin
2 2 tan

2sin 2sin cos
2 2 2

k k

k k

k k k

x

π ππ ππ ππ π
ππππ

π π ππ π ππ π ππ π π
+ ++ ++ ++ +

++++ ++++

+ + ++ + ++ + ++ + +

−−−−
= = == = == = == = =

1tan
2n nx
ππππ

++++====

(((( ))))lim 2n
nn

x
→+∞→+∞→+∞→+∞

(((( )))) 1lim 2 lim 2 tan
2

n n
n nn n

x
ππππ

++++→+∞ →+∞→+∞ →+∞→+∞ →+∞→+∞ →+∞
====

12ny
ππππ

++++==== 2
2

n

y
ππππ====

n → +∞→ +∞→ +∞→ +∞ 0y →→→→

(((( )))) 1 0
lim 2 lim 2 tan lim tan

2 2
n n

n nn n y
x y

y
π ππ ππ ππ π

++++→+∞ →+∞ →→+∞ →+∞ →→+∞ →+∞ →→+∞ →+∞ →
= == == == =

0

tan
lim

2 2y

y
y

π ππ ππ ππ π
→→→→

= == == == =

(((( ))))lim 2
2

n
nn

x
ππππ

→+∞→+∞→+∞→+∞
====
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លហំត់ទី១០៧ 
 

េគឲយ  ជបីចំនួនពិតែដល  ។ 
ចូររសយថ   ។ 
 
ដំេណះរសយ 
រសយថ   ៖ 
តមវសិមភព  េគមន ៖ 

  
  

បូកវសិមភព (1) និង (2) អងគ នងិ អងគេគបន ៖ 
  

េគទញបន 
  

េដយ  (តមសមមតិកមម) 
េនះ  
ដូចេនះ   ។ 

 
 
 
 

, ,α β γα β γα β γα β γ sin sin sin 2α β γα β γα β γα β γ+ + ≥+ + ≥+ + ≥+ + ≥

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤

Cauchy Schwarz−−−−
2 2 2 2(sin sin sin ) 3(sin sin sin ) (1)α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +
2 2 2 2(cos cos cos ) 3(cos cos cos ) (2)α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +

2 2(sin sin sin ) (cos cos cos ) 9α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + + + + ≤+ + + + + ≤+ + + + + ≤+ + + + + ≤

2 2(cos cos cos ) 9 (sin sin sin )α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + ≤ − + ++ + ≤ − + ++ + ≤ − + ++ + ≤ − + +

sin sin sin 2α β γα β γα β γα β γ+ + ≥+ + ≥+ + ≥+ + ≥
2(cos cos cos ) 9 4 5α β γα β γα β γα β γ+ + ≤ − =+ + ≤ − =+ + ≤ − =+ + ≤ − =

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤
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លហំត់ទី១០៨ 

េគឲយ  ។ គណន  ? 

 
ដំេណះរសយ 
គណន   

េគមន  

េដយ  និង  

ឬ  

េគបន   

េគទញ  

 

4

3

1 tan
2

n

n k
k

P
ππππ

====

        = −= −= −= −         
        

∏∏∏∏ lim nn
P

→+∞→+∞→+∞→+∞

lim nn
P

→+∞→+∞→+∞→+∞

4 2 21 tan (1 tan )(1 tan )
2 2 2k k k kx
π π ππ π ππ π ππ π π= − = + −= − = + −= − = + −= − = + −

2

2

1
1 tan

2 cos
2

k

k

ππππ
ππππ+ =+ =+ =+ =

1
2

2tan
2tan

2 1 tan
2

k

k

k

ππππ
ππππ

ππππ−−−− ====
−−−−

1
2

1 1

2tan 2sin cos
2 2 21 tan

2 tan sin cos
2 2 2

k k k

k

k k k

π π ππ π ππ π ππ π π
ππππ

π π ππ π ππ π ππ π π
−−−−

− −− −− −− −

− = =− = =− = =− = =

3

1

1

cos sin
2 22

cos sin
2 2

k k

k

k k

x

π ππ ππ ππ π

π ππ ππ ππ π
−−−−

−−−−

    
    

= × ×= × ×= × ×= × ×    
    
    

(((( ))))

3

1

3 3 3
1

cos sin
2 22

cos sin
2 2

n n nk k

n k
k k k

k k

P x

π ππ ππ ππ π

π ππ ππ ππ π
−−−−

= = == = == = == = =
−−−−

    
    

= = × ×= = × ×= = × ×= = × ×    
    
    

∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏
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េគមន  

និង   ែដល   ។ 

េគបន   ។ 
 
 
 
 
 
 
 
 
 
 
 
 

3 3
2

3( 3)
8

3
2

cos sin 1 12 22 . 2 sin
2 2cos sin cos

2 2 2

n
n n

n n

n n

P

π ππ ππ ππ π
ππππ

π π ππ π ππ π ππ π π
−−−−     = × = × ×= × = × ×= × = × ×= × = × ×     

    

1 1
lim 1

cos0cos
2

n

n

ππππ→+∞→+∞→+∞→+∞
= == == == =

0

sin
lim 2 sin lim( . )

2
n

nn x

x
x

ππππ π ππ ππ ππ π
→+∞ →→+∞ →→+∞ →→+∞ →

= == == == =
2nx
ππππ====

3
8 8

1
lim

2 2nn
P

ππππππππ
→+∞→+∞→+∞→+∞

= × == × == × == × =
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លហំត់ទី១០៩ 

ចូរបងហ ញថ   ។ 
 
ដំេណះរសយ 

បងហ ញថ    

ឧបមថ   ពិត 

សមមូល  
សមមូល  

 

 

 

 
  

 ពិត 
ដូចេនះ   ។ 

 
 

1
tan10 3

sin40
o

o+ =+ =+ =+ =

1
tan10 3

sin40
o

o+ =+ =+ =+ =

1
tan10 3

sin40
o

o+ =+ =+ =+ =

sin10 1
3

cos10 sin40

o

o o+ =+ =+ =+ =

sin40 sin10 cos10 3 sin40 cos10o o o o o+ =+ =+ =+ =

(((( )))) (((( ))))1 3
cos30 cos50 cos10 sin50 sin30

2 2
o o o o o− + = +− + = +− + = +− + = +

1 3 3 1
cos50 cos10 sin50

2 2 2 2
o o o

         − + = +− + = +− + = +− + = +         
        

3 1 3 3
cos50 cos10 sin50

4 2 2 4
o o o− + = +− + = +− + = +− + = +

1 3
cos10 cos50 sin50

2 2
o o o= += += += +

cos10 cos60 cos50 sin60 sin50o o o o o= += += += +
cos10 cos(60 50 )o o o= −= −= −= −

1
tan10 3

sin40
o

o+ =+ =+ =+ =



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 233 

 

លហំត់ទី១១០ 
េគយក  ជមុំបីៃនរតីេកណ  ។ 

តងអនុគមន៍    

រកតៃមលអបបរមៃនអនុគមន៍េនះ ? 
 
ដំេណះរសយ 
តៃមលអបបរមៃនអនុគមន៍ 

 

េគមន   
េនះ  
េគបន 

  

យក  ជរជងុរបស់រតីេកណេនះ 
តមរទឹសតីបទសីុនូសេគមន 

A, B,C ABC

2sin A
y cot A

cos A cos(B C)
= += += += +

+ −+ −+ −+ −

2sin A
y cot A

cos A cos(B C)
= += += += +

+ −+ −+ −+ −
A B C+ + = π+ + = π+ + = π+ + = π

cos A cos( B C) cos(B C)= π − − = − += π − − = − += π − − = − += π − − = − +

2

2sin A
y cot A

cos(B C) cos(B C)

sin A
cot A

sinBsinC

cos AsinBsinC sin A
sin AsinBsinC

= += += += +
− − +− − +− − +− − +

= += += += +

++++====

a , b , c
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 នឲំយ  

តមរទឹសតីបទកូសីុនូសេគមន 
 

យកទំនក់ទនំង  ជួសកនុង  េគបន 
 

េគទញ  
េហតុេនះអនុគមន៍  អចសរេសរ  

 
តមវសិមភព  េគមន 

 

 

តងអនុគមន៍   ែដល  
េគមន  
នឲំយ  ជអនុគមន៍េប៉ង ។  
តមរទឹសតីបទ  េគបន  

a b c
2R

sin A sinB sinC
= = == = == = == = = (((( ))))

a 2Rsin A

b 2RsinB 1

c 2RsinC

====
 ====
 ====

(((( ))))2 2 2a b c 2bccos A 2= + −= + −= + −= + −

(1) (2)

2 2 2 2 24R sin A 4R (sin B sin C 2sinBsinCcos A)= + −= + −= + −= + −
2 2 2sin B sin C sin A

sinBsinCcos A
2

+ −+ −+ −+ −====

y
2 2 2sin A sin B sin C

y
2sin AsinBsinB

+ ++ ++ ++ +====

AM GM−−−−
32 2 2 2sin A sin B sin C 3 (sin AsinBsinC)+ + ≥+ + ≥+ + ≥+ + ≥

23

3

3 (sin AsinBsinC)
y

2sin AsinBsinC

3 1
y

2 sin AsinBsinC

⇒⇒⇒⇒ ≥≥≥≥

⇒⇒⇒⇒ ≥≥≥≥

f (x) sinx==== 0 x< < π< < π< < π< < π

f ''(x) sinx 0 , x (0; )= − < ∀ ∈ π= − < ∀ ∈ π= − < ∀ ∈ π= − < ∀ ∈ π

f (x)

Jensen
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ឬ  
តម វសិមភព  េគមន 

 

េគទញ  

ឬ  

េហតុេនះ  

េដយ    

ដូចេនះតៃមលអបបរមៃនអនុគមន៍គឺ   ។ 
 
 
 
 
 
 
 
 

f (A) f (B) f (C) A B C
f ( )

3 3
+ + + ++ + + ++ + + ++ + + +≤≤≤≤

sin A sinB sinC A B C 3
sin( )

3 3 2
+ + + ++ + + ++ + + ++ + + +≤ =≤ =≤ =≤ =

AM GM−−−−
3sin A sinB sinC

sin AsinBsinC
3

+ ++ ++ ++ + ≥≥≥≥

3 3
sin AsinBsinC

2
≤≤≤≤

3 3
sin AsinBsinC

8
≤≤≤≤

33 1 3 2
y . 3

2 sin AsinBsinC 2 3
≥ ≥ =≥ ≥ =≥ ≥ =≥ ≥ =

2sin A
y cot A 3

cos A cos(B C)
= + ≥= + ≥= + ≥= + ≥

+ −+ −+ −+ −
3
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លហំត់ទី១១១ 

ចំេពះរគប់  េគឱយ   

ក. . . . គណនតៃមល  និង  
ខ. . . . បងហ ញថ       
    
ដំេណះរសយ 

ក. . . . គណនតៃមល  និង     

េដយេគមន  េនះេគបន ៖    

        

        

ដូចេនះ     ។    

INn ∈∈∈∈
12

sin
12

cos
ππππππππ nn

nS ++++====

12
cos

ππππ
12

sin
ππππ

0624 12 ====++++−−−− ++++++++ nnn SSS

12
cos

ππππ
12

sin
ππππ

12 3 4
π π ππ π ππ π ππ π π= −= −= −= −

4
26

2
2

.
2
3

2
2

.
2
1

4
sin

3
sin

4
cos

3
cos

)
43

cos(
12

cos

++++====++++====

++++====

−−−−====

ππππππππππππππππ

ππππππππππππ

4
26

2
1

.
2
2

2
2

.
2
3

3
cos

4
sin

4
cos

3
sin

)
43

sin(
12

sin

−−−−====−−−−====

−−−−====

−−−−====

ππππππππππππππππ

ππππππππππππ

12
26

12
sin;

12
26

12
cos

−−−−====++++==== ππππππππ
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ខ. . . . បងហ ញថ   

េគមន  

តង  េនះ  

េគមន   

េហយី   

េគបន  និង  ជឬសសមីករ     
ឬ   

េគទញ  

ឬ          

បូកសមីករ  និង  អងគនងឹអងគេគបន ៖ 
    

ដូចេនះ   ។    
    
    
    
    

0624 12 ====++++−−−− ++++++++ nnn SSS

12
sin

12
cos

ππππππππ nn
nS ++++====

12
sin;

12
cos 21

ππππππππ ======== xx nn
n xxS 21 ++++====

2
6

4
26

4
26

21 ====−−−−++++++++====++++ xx

4
1

16
26

4
26

.
4

26
. 21 ====−−−−====−−−−++++====xx

1x 2x 0
4
1

2
62 ====++++−−−− xx

01624 2 ====++++−−−− xx







====++++−−−−

====++++−−−−

01624

01624

2
2

2

1
2

1

xx

xx







====++++−−−−

====++++−−−−
++++++++

++++++++

)(0624

)(0624

2
1

2
2

2

1
1

1
2

1

iixxx

ixxx
nnn

nnn

)(i )(ii

0)()(62)(4 21
1

2
1

1
2

2
2

1 ====++++++++++++−−−−++++ ++++++++++++++++ nnnnnn xxxxxx
0624 12 ====++++−−−− ++++++++ nnn SSS
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លហំត់ទី១១២ 
កនុងរគប់រតីេកណ ចូររសយថ ៖ 

ក/   

ខ/   
 
ដំេណះរសយ 
ក/ រសយបញជ ក់ថ   

   

តងរជងុ   និង   
ជកនលះបរមិរត។ 
យក ជករំងវង់ចរកឹេរក និង  ជៃផទរកឡរបស់  ។ 
តមរទឹសតីបទកូសីុនូសេគមន  
េគបន  

េគទញ  

េដយ  េនះ    
និង  

េគបន  

ដូចគន ែដរ  

ABC

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =

23
cos A cosB cosC sin A sinB sinC

1
3 2

+ + + ++ + + ++ + + ++ + + +        + ≥+ ≥+ ≥+ ≥         
         

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =

BC a , AC b , AB c= = == = == = == = = a b c
p

2
+ ++ ++ ++ +

====

R S ABC∆∆∆∆
2 2 2a b c 2bccos A= + −= + −= + −= + −

2 2 2a (b 2bc c ) 2bc(1 cos A)= + + − += + + − += + + − += + + − +
2 2(b c) a (b c a)(b c a)

1 cos A
2bc 2bc

+ − + + + −+ − + + + −+ − + + + −+ − + + + −+ = =+ = =+ = =+ = =

a b c
p

2
+ ++ ++ ++ +==== a b c 2p+ + =+ + =+ + =+ + =

b c a 2(p a)+ − = −+ − = −+ − = −+ − = −

4p(p a) 2p(p a)
1 cos A

2bc bc
− −− −− −− −+ = =+ = =+ = =+ = =

2p(p b) 2p(p c)
1 cosB , 1 cosC

ac ab
− −− −− −− −

+ = + =+ = + =+ = + =+ = + =
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េគបន  

 

តមរូបមនតេហរ ៉ុង  

េគទញ  
យកទំនក់ទនំង  ជំនួសកនុង  េគបន ៖ 

 

តមរទឹសតីបទសីុនូស  

េគទញ  
តម  និង  េគបនទំនក់ទំនង ៖ 

   
ខ/ រសយបញជ ក់ថ ៖ 

  
េដយេរបវីសិមភពមធយមនពវនត មធយមធរណីមរតេគបន ៖ 

 

 
 

2

2

8p .p(p a)(p b)(p c)
(1 cos A)(1 cosB)(1 cosC) (1)

(abc)
− − −− − −− − −− − −+ + + =+ + + =+ + + =+ + + =

abc
S p(p a)(p b)(p c)

4R
= − − − == − − − == − − − == − − − =

2 2

p(p a)(p b)(p c) 1
(2)

(abc) 16R
− − −− − −− − −− − − ====

(2) (1)

22

2

8p 1 p
(1 cos A)(1 cosB)(1 cosC) . (3)

16R 2 R
    + + + = =+ + + = =+ + + = =+ + + = =     
    

a b c
2R

sin A sinB sinC
= = == = == = == = =

a b c 2p p
sin A sinB sinC (4)

2R 2R R
+ ++ ++ ++ +

+ + = = =+ + = = =+ + = = =+ + = = =

(3) (4)

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ +

+ + + =+ + + =+ + + =+ + + =

23
cos A cosB cosC sin A sinB sinC

1
3 2

+ + + ++ + + ++ + + ++ + + +        + ≥+ ≥+ ≥+ ≥         
         

3
1 cos A 1 cosB 1 cosC

(1 cos A)(1 cosB)(1 cosC)
3

+ + + + ++ + + + ++ + + + ++ + + + +    + + + ≤+ + + ≤+ + + ≤+ + + ≤     
    

3
cos A cosB cosC

(1 cos A)(1 cosB)(1 cosC) 1
3

+ ++ ++ ++ +    + + + ≤ ++ + + ≤ ++ + + ≤ ++ + + ≤ +    
    
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េដយ  

   
ដូចេនះ  

  ពិត។ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =

23
cos A cosB cosC sin A sinB sinC

1
3 2

+ + + ++ + + ++ + + ++ + + +        + ≥+ ≥+ ≥+ ≥         
         
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លហំត់ទី១១៣ 
រកតៃមលអបបបរមៃនអនុគមន៍ ៖ 

    
ែដល   ។ 
 

ដំេណះរសយ 
រកតៃមលអបបបរមៃនអនុគមន៍ ៖ 

   
ែដល     
តង   ែដល  
េគបន  
េគទញ  
េយងីបន  
េដយ  េហតុេនះេគបន  
ដូចេនះតៃមលអបបបរមៃន គឺ  ។ 

 
េគបន  
េដយ  េដីមបឲីយ  អបបបរមលុះរតែត ។ 
ដូចេនះតៃមលអបបបរមៃន គឺ ។ 

2 2

2 2

P(x) tan x cot x 2(tan x cot x) 27

Q(x) tan x cot x 8(tan x cot x) 87

= + − + += + − + += + − + += + − + +

= + − + += + − + += + − + += + − + +

0 x
2
ππππ< << << << <

2 2P(x) tan x cot x 2(tan x cot x) 27= + − + += + − + += + − + += + − + +

0 x
2
ππππ< << << << <

z tan x cot x= += += += + z 2≥≥≥≥
2 2 2 2z (tan x cot x) tan x cot x 2= + = + += + = + += + = + += + = + +

2 2 2tan x cot x z 2+ = −+ = −+ = −+ = −
2 2P(z) z 2 2z 27 (z 1) 24= − − + = − += − − + = − += − − + = − += − − + = − +

z 2≥≥≥≥ P(z) 1 24 25≥ + =≥ + =≥ + =≥ + =

P(x) m 25====
2 2Q(x) tan x cot x 8(tan x cot x) 87= + − + += + − + += + − + += + − + +

2 2Q(z) z 2 8z 87 (z 4) 69= − − + = − += − − + = − += − − + = − += − − + = − +

z 2≥≥≥≥ Q z 4====

Q(x) m 69====
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លហំត់ទី១១៤ 

េគឲយ 0 a
2
ππππ< << << << <  និង 0 b

2
ππππ< << << << <  ។ 

ចូរបងហ ញថ 
2 22 2sin a cos a

1
sinb cosb

            
+ =+ =+ =+ =                        

            
     

លុះរតែត a b====   ។    
    

ដំេណះរសយ 

េគមន  
2 22 2sin a cos a

1
sinb cosb

            
+ =+ =+ =+ =                        

            
 

សមមូល 
4 4

2 2
2 2

sin a cos a
(sin b cos b) 1

sin b cos b

    
+ + =+ + =+ + =+ + =        

    
 

2 2
4 4 4 4

2 2

2 2
2 2 4 4

2 2

2
2 2

cos b sin b
sin a cos a sin a cos a 1

sin b cos b

cos b sin b
1 2sin acos a sin a cos a 1

sin b cos b

cosb sinb
sin a cos a) 0

sinb cosb

+ + + =+ + + =+ + + =+ + + =

− + + =− + + =− + + =− + + =

    − =− =− =− =    
    

 

េគទញ 2 2cosb sinb
sin a cos a

sinb cosb
====  

សមមូល    
2 2

2 2
sin a sin b

cos a cos b
==== សមមូល  2 2tan a tan b====  

េដយ 0 a
2
ππππ< << << << <  និង 0 b

2
ππππ< << << << <  េនះេគទញ a b====  ។    
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លហំត់ទី១១៥ 

ចំេពះរគប់ចំនួនពិត x (0, )
4
ππππ∈∈∈∈   

ចូរបងហ ញថ  cosx sinx(cosx) (sinx)>>>>  

 
ដំេណះរសយ 
បងហ ញថ  cosx sinx(cosx) (sinx)>>>>  
តមវសិមភព Bernoulli  ចំេពះរគប់ចនួំន x  នងិ a      
ែដល x 1> −> −> −> −  និង a 1>>>>  
េយងីមន a(1 x) 1 ax+ ≥ ++ ≥ ++ ≥ ++ ≥ +   ។ 

េហតុេនះចេំពះ 0 x
4
ππππ< << << << <  េគបន  ៖  

cosx cosx cosx
2 sinx sinx sinx(cos x) (1 sinx) .(1 sinx)= − += − += − += − +  

េដយ 
cosx
sinx(1 sinx) 1 cosx− > −− > −− > −− > −      

និង 
cosx
sinx(1 sinx) 1 cosx+ > ++ > ++ > ++ > +  

េគបន 
cosx

2 2sinx(cos x) (1 cosx)(1 cosx) sin x> − + => − + => − + => − + =  

េគទញ  
cosx
sinx(cosx) sinx>>>>     
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cosx
sinx

cosx sinx

ln(cosx) ln(sinx)

cosx
ln(cosx) ln(sinx)

sinx
cosx ln(cosx) sinx ln(sinx)

ln(cosx) ln(sinx)

>>>>

>>>>

>>>>

>>>>

 

ដូចេនះ cosx sinx(cosx) (sinx)>>>>   ។    
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លហំត់ទី១១៦ 

េគឲយ θθθθ  ជចំនួនពតិែដល 0
2
ππππ< θ << θ << θ << θ <   ។ 

ចូរបងហ ញថ  (((( )))) (((( ))))cos sinsin cos 1θ θθ θθ θθ θθ + θ >θ + θ >θ + θ >θ + θ >
 

  

ដំេណះរសយ 

បងហ ញថ  (((( )))) (((( ))))cos sinsin cos 1θ θθ θθ θθ θθ + θ >θ + θ >θ + θ >θ + θ >  
តមវសិមភព Bernoulli   
េគមន (1 x) 1 x , x 1 , 0αααα+ ≤ + α ∀ > − α >+ ≤ + α ∀ > − α >+ ≤ + α ∀ > − α >+ ≤ + α ∀ > − α >  
េយងីមន ៖ 

cos cos

cos

cos

1 1 sin
1

sin sin

1 cos (1 sin )
1

sin sin

1 sin cos sin cos
sin sin

θ θθ θθ θθ θ

θθθθ

θθθθ

− θ− θ− θ− θ            = += += += +            θ θθ θθ θθ θ            

θ − θθ − θθ − θθ − θ     < +< +< +< +    θ θθ θθ θθ θ    

θ + θ − θ θθ + θ − θ θθ + θ − θ θθ + θ − θ θ     <<<<    θ θθ θθ θθ θ    

    

ឬ (((( ))))cos sin
sin (1)

sin cos sin cos
θθθθ θθθθθ >θ >θ >θ >

θ + θ − θ θθ + θ − θ θθ + θ − θ θθ + θ − θ θ
 

រសយដូចខងេលីេនះែដរេយងីបន៖ 

        (((( ))))sin cos
cos (2)

sin cos sin cos
θθθθ θθθθθ >θ >θ >θ >

θ + θ − θ θθ + θ − θ θθ + θ − θ θθ + θ − θ θ
 



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 246 

 

    
បូកវសិមភព (1)  និង (2) ខងេលីេនះេយងីបន ៖ 

(((( )))) (((( ))))cos sin sin cos
sin cos

sin cos sin cos
θ θθ θθ θθ θ θ + θθ + θθ + θθ + θθ + θ >θ + θ >θ + θ >θ + θ >

θ + θ − θ θθ + θ − θ θθ + θ − θ θθ + θ − θ θ
 

េដយេគមន son cos
1

sin cos sin cos
θ + θθ + θθ + θθ + θ >>>>

θ + θ − θ θθ + θ − θ θθ + θ − θ θθ + θ − θ θ
 

ដូចេនះ (((( )))) (((( ))))cos sinsin cos 1θ θθ θθ θθ θθ + θ >θ + θ >θ + θ >θ + θ >   ។    
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លហំត់ទី១១៧ 

រកបណត អនុគមន៍ f  ែដលកំណត់េលី IR េហយីេផទៀងផទ ត់ ៖ 

( ) ( ) 2 ( )cos ,f x y f x y f x y x y IR+ + − = ∀ ∈    
និង (0) 2012 , 2013

2
f f

π = = 
 

 

  

ដំេណះរសយ 

េគមន ( ) ( ) 2 ( )cos (1)f x y f x y f x y+ + − =    
យក 

2
y

π=  ជួសកនុង (1) េគបន  

( ) ( ) 0 (2)
2 2

f x f x
π π+ + − =  

យក 
2

x
π=  ជួសកនុង (1)េគបន  

( ) ( ) 2 ( )cos
2 2 2

f y f y f y
π π π+ + − =  

ឬ  ( ) ( ) 4026cos (3)
2 2

f x f x x
π π+ + − =  

យក 0x =  ជំនួសកនុង (1) េគបន 

 ( ) ( ) 2 (0)cosf y f y f y+ − =  

ឬ ( ) ( ) 4024cos (4)f x f x x+ − =  

ជំនួស x  េដយ 
2

x
π −  កនុង (4) េគបន  

( ) ( ) 4024sin (5)
2 2

f x f x x
π π− + − =  
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បូកសមីករ (3) និង (5)េគបន ៖ 

( ) ( ) 2 ( ) 4026cos 4024sin (6)
2 2 2

f x f x f x x x
π π π+ + − + − = +

 

យក (2)ជនួំសកនុង (6)េគបន  
2 ( ) 4026cos 4024sin

2
f x x x

π − = +  

ឬ  ( ) 2013cos 2012sin (7)
2

f x x x
π − = +  

ជំនួស x  េដយ 
2

x
π −  កនុង (7) េគបន  

( ) 2013sin 2012cosf x x x= +   
ដូចេនះ ( ) 2013sin 2012cosf x x x= +   ។ 
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លហំត់ទី១១៨ 

រកេដរេីវទី n  ៃនអនុគមន៍ cos siny x x= +  ជអនុគមន៍ៃន n   
   

ដំេណះរសយ 

រកេដរេីវទី n  ៃនអនុគមន៍ cos siny x x= +   
េគមន  

cos sin 2 sin cos sin cos 2 sin( )
4 4 4

y x x x x x
π π π = + = + = + 

 
 

េគបន (1)' 2 cos( ) 2 sin( )
4 2 4

y y x x
π π π= = + = + +  

ឧបមថ ( ) 2 sin( )
2 4

k k
y x

π π= + +   ពិត 

េយងីនងឹរសយថ ( 1) ( 1)
2 sin( )

2 4
k k

y x
π π+ += + +  ។ 

េគមន ( )
'

'( 1) ( ) 2 sin( )
2 4

k k k
y y x

π π+  = = + + 
 

    
( 1) ( 1)

2 cos( ) 2 sin( )
2 4 2 4

k k k
y x x

π π π π+ += + + = + +    

ដូចេនះ ( ) (2 1)
2 sin( ) 2 sin

2 4 4
n n n

y x x
π π π+ = + + = + 

 
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លហំត់ទី១១៩ 

េគឲយសវុ ីត ( )nu  េផទៀងផទ ត់ 
0

2
1

2

2

2
1 1 , 0

2n n

u

u u n+


=



 = − − ≥

 

កំណត់កេនសម nu  ជអនុគមន៍ៃន n   ៖ 

    
ដំេណះរសយ 

កំណត់កេនសម nu  ជអនុគមន៍ៃន n   ៖ 

េគមន 0 2

2
sin sin

2 4 2
u

π π= = =
 

ចំេពះ 0n =  េគបន  

2 2
1 0

2 2 2
1 1 1 1 sin 1 cos

2 2 4 2 4
u u

π π= − − = − − = −

 

                             2
3

2
2sin sin

2 8 2

π π= × =  

ឧបមថ 
2

sin
2

n n
u

π
+=   ពិត 
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េយងីនងឹរសយថវពិតដល់តួទី 1n +  គឺ   

1 3
sin

2
n n

u
π

+ +=   ។ 

េគមន 22
. 1 1

2n nu u= − −   េដយ  
2

sin
2

n n
u

π
+=    

េគបន 

2
1 2

2
2 3 3

2
1 1 sin

2 2

2 2
1 cos . 2sin sin

2 22 2 2

n n

n n n

u
π

π π π

+ +

+ + +

= − −

= − = =  

ដូចេនះ 
2

sin
2

n n
u

π
+=   ។ 
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លហំត់ទី១២០ 

េគឲយអនុគមន៍ :f IR IR→→→→  ែដលេផទៀងផទ ត់ ៖ 

 ( ) 1
2

f
ππππ ====   និង ( ) ( ) 2 ( )cosf x y f x y f y x+ − − =+ − − =+ − − =+ − − =   

 ចំេពះរគប់ ,x y IR∈∈∈∈   ។ ចូរកំណត់រកអនុគមន៍ ( )y f x====   

 

ដំេណះរសយ 

កំណត់រកអនុគមន៍ ( )y f x====  

 េគមន ( ) ( ) 2 ( )cosf x y f x y f y x+ − − =+ − − =+ − − =+ − − =   (*)   

យក 0x ==== ជួសកនុង (*)  េគបន ៖ 

( ) ( ) 2 ( )f y f y f y− − =− − =− − =− − =  េនះ ( ) ( )f y f y− = −− = −− = −− = −    

េគទញបន f  ជអនុគមន៍េសស ។ 

យក 
2

y
ππππ==== ជួសកនុង (*)  េគបន ៖ 

( ) ( ) 2cos (1)
2 2

f x f x x
π ππ ππ ππ π

+ − − =+ − − =+ − − =+ − − =  
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យក 
2

x
ππππ==== ជួសកនុង (*)  េគបន ៖ 

( ) ( ) 0
2 2

f y f y
π ππ ππ ππ π

+ − − =+ − − =+ − − =+ − − =   

ឬ  ( ) ( ) 0 (2)
2 2

f x f x
π ππ ππ ππ π

+ − − =+ − − =+ − − =+ − − =  

បូកសមីករ (1) និង (2) េគបន  

2 ( ) ( ) ( ) 2cos (3)
2 2 2

f x f x f x x
π π ππ π ππ π ππ π π

+ − − − − =+ − − − − =+ − − − − =+ − − − − =   

េដយ f  ជអនុគមន៍េសសេនះ េគបន 

( ) ( ) (4)
2 2

f x f x
π ππ ππ ππ π

− = − −− = − −− = − −− = − −  

តម (3) នងិ (4) េគទញ 2 ( ) 2cos
2

f x x
ππππ + =+ =+ =+ =   

ឬ ( ) cos sin( )
2 2

f x x x
π ππ ππ ππ π

+ = = ++ = = ++ = = ++ = = +  

ដូចេនះ ( ) sinf x x====   ។ 
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លហំត់ទី១២១ 

េគតង r  និង R  េរៀងគន ជរងវ ស់កៃំនរងវង់ចរកឹកនុង នងិ 

 ករំងវង់ចរកឹេរកៃន ABC∆∆∆∆  មួយ ។  

 ចូររសយបញជ ក់ថ   
2

2 2 2 2

1 1 1

sin sin sin

R

A B C r
+ + ≤+ + ≤+ + ≤+ + ≤    

 

ដំេណះរសយ 

រសយបញជ ក់ថ   
2

2 2 2 2

1 1 1

sin sin sin

R

A B C r
+ + ≤+ + ≤+ + ≤+ + ≤    

តង , ,BC a AC b AB c= = == = == = == = =  ជរជងុៃនរតីេកណ 

និង 
2

a b c
p

+ ++ ++ ++ +
====  ជកនលះបរមិរតៃនរតីេកណ ។ 

តមរទឹសតីបទសីុនូស 2
sin sin sin

a b c
R

A B C
= = == = == = == = =  

េគទញ 1 2 1 2 1 2
, ,

sin sin sin
R R R

A a B b C c
= = == = == = == = =  

វសិមភពសមមូល 
2

2
2 2 2 2

1 1 1
4

R
R

a b c r

    + + ≤+ + ≤+ + ≤+ + ≤    
    

 

សមមូល 
2 2 2 2

1 1 1 1

4a b c r
+ + ≤+ + ≤+ + ≤+ + ≤  
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តមរូបមនតេហរ ៉ុង ( )( )( )S pr p p a p b p c= = − − −= = − − −= = − − −= = − − −  

េគទញ ( )( )( )p a p b p c
r

p

− − −− − −− − −− − −
====  

េគបន 
2 2 2

1 1 1
(*)

4( )( )( )
p

p a p b p ca b c
+ + ≤+ + ≤+ + ≤+ + ≤

− − −− − −− − −− − −
 

តង , ,a y z b x z c x y= + = + = += + = + = += + = + = += + = + = +  

េគបន 2( ) 2a b c x y z p+ + = + + =+ + = + + =+ + = + + =+ + = + + =  

េនះ x y z p+ + =+ + =+ + =+ + =  េហយី 
p a x

p b y

p c z

− =− =− =− =
 − =− =− =− =
 − =− =− =− =

 

វសិមភព (*)  សមមូល ៖ 

2 2 2

1 1 1
(**)

4( ) ( ) ( )

x y z

xyzy z x z x y

+ ++ ++ ++ +
+ + ≤+ + ≤+ + ≤+ + ≤

+ + ++ + ++ + ++ + +
 

តមវសិមភព AM-GM េគមន ៖ 

2( ) 4y z yz+ ≥+ ≥+ ≥+ ≥   េនះ 
2

1 1
(1)

4 4( )

x

yz xyzy z
≤ =≤ =≤ =≤ =

++++
 

ដូចគន ែដរ 
2 2

1 1
(2) ; (3)

4 4( ) ( )

y z

xyz xyzz x x y
≤ ≤≤ ≤≤ ≤≤ ≤

+ ++ ++ ++ +
 

បូកវសិមភព(1),(2) និង (3) េនះ (**)  ពិត  
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លហំត់ទី១២២ 

ចូររសយថ 4cos9 3 5 5 5o = + + −= + + −= + + −= + + −   ។ 
 

 

ដំេណះរសយ 

រសយបញជ ក់ថ 4cos9 3 5 5 5o = + + −= + + −= + + −= + + −  

 

 

 

 

 

យក ABCDE  ជបញជ ចតុេកណនិយត័មនរជុង  

AB BC CD DE EA a= = = = == = = = == = = = == = = = =  និងអងកត់រទងូ AC d====  ។ 

េដយចតុេកណ ABCE  ចរកឹកនុងរងវង់េនះតមរទឹសតីបទ 

Ptolemy េគបន . . .AC BE AB CE BC EA= += += += +  

A 

B 

C 

D E 

H 
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េនះ 2 2d ad a= += += += +   ឬ 
2

1 0
d d

a a
            − − =− − =− − =− − =            
            

 

តង 0
d

g
a

= >= >= >= >  េនះ 2 1 0 , 1 4 5g g− − = ∆ = + =− − = ∆ = + =− − = ∆ = + =− − = ∆ = + =  

េគទញ 1 2
1 5 1 5

,
2 2

g g
+ −+ −+ −+ −

= == == == =   េដយ 0g >>>>  

េគបន 5 1
2

d
g

a

++++= == == == =   ។ 

េគមន BA BC====  េនះ ABC  ជរតីេកណសមបតកំពូលB  

និងមុំបត 36oA C∠ = ∠ =∠ = ∠ =∠ = ∠ =∠ = ∠ =  េនះកនុង ABH∆ ⊥∆ ⊥∆ ⊥∆ ⊥ េគបន 

0 5 1
cos36

2 2 4
AH d g

AB a

++++= = = == = = == = = == = = =   ។ 

េគមន 4cos9 4cos(45 36 )o o o= −= −= −= −  

                     2
4 (cos36 sin36 )

2
o o= × += × += × += × +  

                     (((( ))))22 2 cos36 1 cos 36o o= + −= + −= + −= + −  

េដយ cos36
2

o g
====   និង 2 1 0g g− − =− − =− − =− − =  



123 លហំត់អនុគមន៍រតីេកណមរតេរជសេរ ស 
 

 

 

 Page 258 

 

េគបន 
2

4cos9 2 2 1
2 4

o g g    
    = + −= + −= + −= + −
    
    

 

(((( ))))22( 4 ) 2 1 3

2 2 6 2

g g g g

g g

= + − = + + −= + − = + + −= + − = + + −= + − = + + −

= + + −= + + −= + + −= + + −
 

េដយេគមន 5 1
2

g
++++====   

េនះ 2 2 3 5g+ = ++ = ++ = ++ = +   និង 6 2 5 5g− = −− = −− = −− = −  

ដូចេនះ 4cos9 3 5 5 5o = + + −= + + −= + + −= + + −   ។ 
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លហំត់ទី១២៣ 

ចូររសយថ 2 3
tan tan tan 7

7 7 7
π π ππ π ππ π ππ π π

====    

 

ដំេណះរសយ 

រសយថ 2 3
tan tan tan 7

7 7 7
π π ππ π ππ π ππ π π

====  

កនុងសំណំុ ℂℂℂℂ  សមីករ 7 1 0z − =− =− =− =  មនឬស 
2

.
7
k

i

kz e
ππππ

====  

ែដល 1,2,3,...,7k ====  េគបន 
6

7

1

1 ( 1) ( )k
k

z z z z
====

− = − −− = − −− = − −− = − −∏∏∏∏   

េនះ (((( ))))
76

1

1
1k

k

z
z z

z====

−−−−− =− =− =− =
−−−−∏∏∏∏  

េហតុេនះ (((( ))))
76

1 11

1
lim lim 7

1k
z zk

z
z z

z→ →→ →→ →→ →====

−−−−− = =− = =− = =− = =
−−−−∏∏∏∏   

េដយ (((( )))) (((( ))))
6 6

1 1 1

lim 1k k
z k k

z z z
→→→→ = == == == =

− = −− = −− = −− = −∏ ∏∏ ∏∏ ∏∏ ∏  

                              
6

1

2 2
1 cos sin

7 7k

k k
i

π ππ ππ ππ π

====

    = − −= − −= − −= − −    
    

∏∏∏∏  
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េគបន
6

1

2 2
1 cos sin 7

7 7k

k k
i

π ππ ππ ππ π

====

    − − =− − =− − =− − =    
    

∏∏∏∏   

ជមូ៉ឌុល 
6

1

2 2
1 cos sin | 7 | 7

7 7k

k k
i

π ππ ππ ππ π
====

    − − = =− − = =− − = =− − = =    
    

∏∏∏∏   

សមមូល 
6

1

2 2
1 cos sin 7

7 7k

k k
i

π ππ ππ ππ π

====

    
− − =− − =− − =− − =    

    
∏∏∏∏  

2 2
2 2 2 2

1 cos sin 1 cos sin
7 7 7 7
k k k k

i
π π π ππ π π ππ π π ππ π π π            − − = − +− − = − +− − = − +− − = − +            

            
 

                               2sin
7

kππππ====  

េគទញ 
6

1

2sin 7
7k

kππππ

====
====∏∏∏∏  ឬ 

6

6
1

7
sin (*)

7 2k

kππππ

====
====∏∏∏∏  

មយង៉េទៀត (((( ))))
76

1 11

1
lim lim 1

1k
z zk

z
z z

z→− →−→− →−→− →−→− →−====

−−−−− = =− = =− = =− = =
−−−−∏∏∏∏   

េដយ (((( )))) (((( )))) (((( ))))
6 6 6

1 1 1 1

lim 1 1k k k
z k k k

z z z z
→−→−→−→− = = == = == = == = =

− = − − = +− = − − = +− = − − = +− = − − = +∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏  

                              
6

1

2 2
1 cos sin

7 7k

k k
i

π ππ ππ ππ π

====

    = + += + += + += + +    
    

∏∏∏∏  

េគបន
6

1

2 2
1 cos sin 1

7 7k

k k
i

π ππ ππ ππ π

====

    + + =+ + =+ + =+ + =    
    

∏∏∏∏   
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ជមូ៉ឌុល 
6

1

2 2
1 cos sin |1 | 1

7 7k

k k
i

π ππ ππ ππ π
====

    + + = =+ + = =+ + = =+ + = =    
    

∏∏∏∏   

សមមូល 
6

1

2 2
1 cos sin 1

7 7k

k k
i

π ππ ππ ππ π

====

    
+ + =+ + =+ + =+ + =    

    
∏∏∏∏  

2 22 2 2 2
1 cos sin 1 cos sin

7 7 7 7
k k k k

i
π π π ππ π π ππ π π ππ π π π            + + = + ++ + = + ++ + = + ++ + = + +            

            
 

                               2cos
7

kππππ====  

េគទញ 
6

1

2cos 1
7k

kππππ

====
====∏∏∏∏  ឬ 

6

6
1

1
cos (**)

7 2k

kππππ

====
====∏∏∏∏  

ែចកសមភព (*)  និង (**)  េគបន ៖ 

6

6
1

6
1

1

sin
7

tan 7 (***)
7

cos
7

k

k

k

k

k

k

ππππ
ππππ

ππππ
====

====

====

= == == == =
∏∏∏∏

∏∏∏∏
∏∏∏∏

 

េដយ 6

1

2 3 4 5 6
tan tan tan tan tan tan tan

7 7 7 7 7 7 7k

kπ π π π π π ππ π π π π π ππ π π π π π ππ π π π π π π

====
====∏∏∏∏  

                      
2

2 3
tan tan tan (***)

7 7 7
π π ππ π ππ π ππ π π    ====     

    
 

តម(**)  និង (***)  េនះ 
2

2 3
tan tan tan 7

7 7 7
π π ππ π ππ π ππ π π     ====    

    
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ដូចេនះ   2 3
tan tan tan 7

7 7 7
π π ππ π ππ π ππ π π

====     ។ 

����� 
 

ដំណឹងពេិសស!!! 

សូមកុំេភលចែសវងរកជវេសៀវេភរបស់េយងីខញុ ំមនេឈម ះថ 

១១១ លហំត់េរជសេរ សពិេសស 

សរមប់េរតៀមរបឡងសិសសពូែក នងិ អហរូបករណ៍ 

                                               សូមអរគុណ! 

 

 

 

 

 

 
ឯកសេយង  
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1) Geometric  Inequalities Marathon 

         (  Samer Seraj   September 4, 2011 ) 

 

2) Inequalities a Mathematical Olympiad Approach 

    (  Radmila Bulajich Manfrino  ,  Jose Antonio Gomez Ortega 

        Rogelio Valdez Delgado ) 

 

3) 103 Trigonometry Problems 

        ( Titu Andreescu , Zuming Feng ) 

 

4) 360  Problems  for  Mathematical Contests 

 

    ( Titut Andreescu , Dorin Andrica ) 

 

5) A problem book in algebra . 

    ( Translated from the Russian by Victor Shiffer ) 
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