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       េមេរៀនសេងខប 

អនគុមន៍ 
១-នយមន័យិ  

 E  និង F  ជសំណំុមិនទេទ ។ 

េបើទំនក់ទំនង f  ពីសំណំុ E  េទសំណំុ F  ភជ ប់ធតុ 

នីមួយៗៃនសំណំុE  េទនឹងធតុែតមួយគត់ៃនសំណំុF  

េនះទំនក់ទំនង f  េȄថអនុគមន៍ពីសំណំុE  េទ F  

េគកំនត់សរេសរ FE:f →  

                             )x(fyx =a  

២-ែដនកំនត់ នងិ  សំណំុរូបភព 

 ែដនកំនត់ៃនអនុគមន៍ f  គឺជសំណំុអេថរ x  ែដល 

បǁ្ត លឲយអនុគមន៍ )x(fy =  មនតៃម្ល ។ 

 សំណំុរបូភពៃនអនុគមន៍ f  ែដលǂងេƽយ I  

គឺសំណំុតៃម្ល )x(fy =  ចំេពះ្រគប់ x  េនេលើែដនកំនត់ 

របស់Ǐ ។ 
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៣-អនុគមន៍្រចស់ 

 សនមតថេគមនអនុគមន៍ FE:f →   ។ 

ចំេពះអនុគមន៍ f  េបើេគǕចបេងកើតអនុគមន៍ 1f −  េƽយ 

ភជ ប់ធតុៃនសំណំុ F  េទសំណំុ E  វញិ េនះេគថ 1f −  

ជអនុគមន៍្រចស់ៃនអនុគមន៍ f   ។ 

 េដើមបីរកអនុគមន៍ ្រចស់ៃនអនុគមន៍ f  េគ្រតូវ 
- ជំនួស )x(f  េƽយ y  

- ប្តរ ូ x ជ y  រចួ y  ជ x េគបនសមីករមួយរចួ 

   ទញរកតៃម្លរបស់ y  ។ 

- េបើសមីករថមីេនះមិនǂងy  ជអនុគមន៍ៃន x  េទេនះ 

 អនុគមន៍ f  គម នអនុគមន៍្រចស់េទ ។ 

- ជំនួស y  េƽយ )x(f 1−  េគបនអនុគមន៍្រចស់ ។ 

េបើ f  និង g  ជអនុគមន៍្រចស់គន េនះ្រកបរបស់Ǐ 

ឆ្លះុ គន េធៀបនឹងបនទ ត់ពុះទីមួយៃនអកƞ័កូអរេƽេន ។ 
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៤-អនុគមន៍អចសបណ៉ងែ់សយលិ ូ  

 អនុគមន៍អិចសប៉ណង់ែសយលូ  ជអនុគមន៍កំនត់ 

េƽយ xa)x(fy ==   ែដល IRx∈  និង a  ជចំនួនពិត 

វជជមន និងខុសពី ិ 1 ។ 

 ្រកបៃនអនុគមន៍អិចសប៉ូណង់ែសយល 
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ចំេពះ្រគប់ចំនួនពិត 0a >  និង 1a ≠  េគបន 

 1/  kxaa kx =⇔=  

 2/  )x(g)x(faa )x(g)x(f =⇔=  
 
 
 

2 3 4-1-2

2

3

0 1

1

x

y

)1a0(,ay:)C( x <<=  
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៥-អនុគមន៍េǎករតី 

 េបើេគមន xay =  េនះ ylogx a=   
ែដល 0a,0y >> និង 1a ≠  ។  
េគថ xa)x(f =  មនអនុគមន៍្រចស់ xlog)x(f a

1 =−  ។ 

ដូចេនះ xlogy a=  េȄថអនុគមន៍េǎករតីៃន x  

មនេគល a   ។ 

 លកខណះៃនេǎករតី 

្រគប់ចំនួនពិតវជជមន ិ x និង y  , 1a,0a ≠> េគមន 

 1/ ylogxlog)xy(log aaa +=  

 2/ ylogxlog
y
xlog aaa −=⎟
⎠

⎞
⎜
⎝

⎛  

 3/ xlognxlog a
n

a =  

 4/ 
alog

1xlog
x

a =  

 5/ 1aloga =  

 6/ 01loga =  

 7/ ba bloga =  
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 ្រកបៃនអនុគមន៍េǎករតី 
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1a0,xlogy a <<=  



សមករអនុគមន៍ី  
 

  

- 7 - 

៦-អនុគមន៍ គូ-េសស 

 េបើេគមនអនុគមន៍ )x(fy =  មនែដនកំនត់ D 

- េគថ f  ជអនុគមន៍គូលុះ្រǂែត 
⎩
⎨
⎧

=−
∈−∈
)x(f)x(f

Dx,Dx
 

- េគថ f  ជអនុគមន៍គូលុះ្រǂែត 
⎩
⎨
⎧

−=−
∈−∈

)x(f)x(f
Dx,Dx

 

៧-េដរេវី  

 េដរេីវៃនអនុគមន៍ )x(f  គឺជអនុគមន៍កំនត់េƽយ 

     
h

)x(f)hx(flim)x('f
0h

−+
=

→
  ។ 

 របូមន្ត្រគឹះ 

 1/ 1nn u'nu'yuy −=⇒=  

 2/ u'vv'u'yuvy +=⇒=  

 3/ 2v
u'vv'u'y

v
uy −

=⇒=  

 4/ 
u2
'u'yuy =⇒=  

 5/ 2v
'v'y

v
1y −=⇒=  
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 6/ uu e'u'yey =⇒=  

 7/ 
u
'u'yulny =⇒=  

 8/ ucos'u'yusiny =⇒=  

 9/ usin'u'yucosy −=⇒=  

 10/ 
ucos

'u'yutany 2=⇒=  

 11/ 
usin

'u'yucoty 2−=⇒=  

៨-អនុគមន៍េកនើ -អនុគមន៍ចុះ 

 -េគថ f  ជអនុគមន៍េកើនេលើចេន្ល ះ )b,a( លុះ្រǂែត 

  ្រគប់ )b,a(x∈  េគមន 0)x('f >   ។ 

 -េគថ f  ជអនុគមន៍ចុះេលើចេន្ល ះ )b,a( លុះ្រǂែត 

  ្រគប់ )b,a(x∈  េគមន 0)x('f <   ។ 

 -េគថ f  ជអនុគមន៍េថរេលើចេន្ល ះ )b,a( លុះ្រǂែត 

  ្រគប់ )b,a(x∈  េគមន 0)x('f =   ។ 
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៩-អនុគមន៍ខួប 

 ឧបមថ f  ជអនុគមន៍មនែដនកំនត់D។ 

េគថ f ជអនុគមន៍មនខួប p  លុះ្រǂែត p  ជចំនួន 

វជជមនតូចបំផុតែដល ិ )x(f)px(f:Dx =+∈∀   ។ 

១០-ខួបៃនអនុគមន៍្រតេកណម្រតី  

 -អនុគមន៍ )axsin(y =  មនខួប 
|a|

2p π
=  

 -អនុគមន៍ )axcos(y =  មនខួប 
|a|

2p π
=  

 -អនុគមន៍ )axtan(y =  មនខួប 
|a|

p π
=  

 -អនុគមន៍ )axcot(y =  មនខួប 
|a|

p π
=  

១១-អនុគមន៍ទល់ 

 ឧបមថ f  ជអនុគមន៍មនែដនកំនត់D។ 
 -េគថអនុគមន៍ f  ជអនុគមន៍ទល់េលើចំនួន M  

 េលើែដន D លុះ្រǂែត M)x(f:Dx ≤∈∀   ។ 

 -េគថអនុគមន៍ f  ជអនុគមន៍ទល់េ្រកមចំនួន m  



សមករអនុគមន៍ី  
 

  

- 10 - 

 េលើែដន D លុះ្រǂែត m)x(f:Dx ≤∈∀   ។ 

 -េគថអនុគមន៍ f  ជអនុគមន៍ទល់  េលើែដន D  
 លុះ្រǂែត M)x(fm:Dx ≤≤∈∀   ។ 

១២-អតបរមិ េធៀប នង អបបបរមេធៀបៃនិ អនុគមន៍ 

- អនុគមន៍ f  មនអតិបរមេធៀប្រតង់ 0x  កលǁ 

  
⎩
⎨
⎧

<

=

0)x(''f
0)x('f

0

0  

- អនុគមន៍ f  មនអបបបរមេធៀប្រតង់ 0x  កលǁ 

  
⎩
⎨
⎧

>

=

0)x(''f
0)x('f

0

0  

១៣-អនុគមន៍បǁ្ត ក់ 

 ឧបមថេគមនអនុគមន៍ពីរ f  និង g   ។ 

- េគកំនត់ǂងអនុគមន៍ f  បǁ្ត ក់ g  េƽយ 

 )]x(g[f)x(gf =o  ។ 

- េគកំនត់ǂងអនុគមន៍ g  បǁ្ត ក់ f  េƽយ 

 )]x(f[g)x(fg =o   ។ 
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រេបៀបេƽះ្រǒយសមករអនុគមន៍ី  
 
 

១-រកអនុគមន៍ )x(f  េƽយǒគ ល់ទំនក់ទំនង )x(v)]x(u[f =  

 រេបៀបេƽះ្រǒយ 

 េគមន )x(v)]x(u[f =   (1) 
 -ǂង )t(uxt)x(u 1−=⇒=  

 -ទំនក់ទំនង )1(  Ǖចសរេសរ  

  )]t(u[v)t(f 1−=  
 -ប្តរ ូ t  េƽយ x  េគបន )]x(u[v)x(f 1−=   ។ 

 dUcenH  )]x(u[V)x(f 1−=   . 
 

ឧទហរណ៍១ 

ចូរកំនត់អនុគមន៍ )x(f  េបើេគដឹងថ 

1x6x8)1x2(f 3 +−=+   ចំេពះ្រគប់ IRx∈  
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ដេǁះ្រǒយំ  

កំនត់អនុគមន៍ )x(f  

េគមន )1(1x6x8)1x2(f 3 +−=+  

ǂង 
2

1txt1x2 −
=⇒=+  

ǂម (1) េគបន 1)
2

1t(6)
2

1t(8)t(f 3 +
−

−
−

=  

                              
3t3t

13t31t3t3t
23

23

+−=

++−−+−=  

ដូចេនះ 3x3x)x(f 23 +−=   ។ 

ឧទហរណ៍២ 

ចូរកំនត់អនុគមន៍ )x(f  េបើេគដឹងថ 

2x
1x2)

1x
1x(f

−
+

=
+
−   ? 

ដេǁះ្រǒយំ  

កំនត់អនុគមន៍ )x(f  

េគមន  )1(
2x
1x2)

1x
1x(f

−
+

=
+
−    

ǂង 1xt)1x(
1x
1xt −=+⇒

+
−

=  
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1t
1tx

1tx)1t(
1xtxt

−
+

−=

−−=−
−=+

 

ǂម (1) េគបន 
2

1t
1t

1
1t
1t2

)t(f
−

−
+

−

+⎟
⎠
⎞

⎜
⎝
⎛

−
+

−
=  

                              
1t3
3t

2t21t
1t2t2

−
+

=
+−−−
−+−−

=  

ដូចេនះ 
1x3
3x)x(f
−
+

=    ។ 

ឧទហរណ៍៣ 

ចូរកំនត់អនុគមន៍ )x(f  េបើេគដឹងថ 

2x2)2x2xx(f 2 +=+−+   ចំេពះ្រគប់ IRx∈  

ដេǁះ្រǒយំ  

កំនត់អនុគមន៍ )x(f  

េគមន )1(2x2)2x2xx(f 2 +=+−+    
ǂង t2x2xx 2 =+−+  
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)1t(2
2tx

2tx)1t(2

xxt2t2x2x

)xt(2x2x

2

2

222

22

−
−

=

−=−

+−=+−

−=+−

 

ǂម )1(  េគបន 
1t

4t2t2]
)1t(2

2t[2)t(f
22

−
−+

=+
−
−

=  

ដូចេនះ 
1x

4x2x)x(f
2

−
−+

=   ។ 

ឧទហរណ៍៤ 

ចូរកំនត់អនុគមន៍ )x(f  េបើេគដឹងថ 

1xx
1x)

x
1x(f 24

4

+−
+

=+   ? 

ដេǁះ្រǒយំ  

កំនត់អនុគមន៍ )x(f  

េគមន 
1xx

1x)
x
1x(f 24

4

+−
+

=+  
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1

x
1x

x
1x

2
2

2
2

−+

+
=    

ǂង 
x
1xt +=   ែដល 2

|x|
|1x||

x
1x||t|

2

≥
+

=+=  

េគបន 2
222

x
12x)

x
1x(t ++=+=   ឬ  2t

x
1x 2

2
2 −=+  

េគបន 
3t
2t

12t
2t)t(f 2

2

2

2

−
−

=
−−

−
=  

ដូចេនះ 
3x
2x)x(f 2

2

−
−

=   ។ 
 

ឧទហរណ៍៥ 

ចូរកំនត់អនុគមន៍ )x(f  េបើេគដឹងថ 

( )2xcosxsin)
4

xcos(f −=⎥⎦
⎤

⎢⎣
⎡ π

−   ? 

ដេǁះ្រǒយំ  

កំនត់អនុគមន៍ )x(f  

េគមន ( )2xcosxsin)
4

xcos(f −=⎥⎦
⎤

⎢⎣
⎡ π

−  
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x2sin1

xcosxcosxsin2xsin 22

−=
+−=  

ǂង )
4

xcos(t π
−=   ែដល 1t1 ≤≤−  

េគបន )xcosx(sin
2
2

4
sinxsin

4
cosxcost +=

π
+

π
=  

ឬ  1t2x2sin)x2sin1(
2
1)xcosx(sin

2
1t 222 −=⇒+=+=  

េគបន 22 t22)1t2(1)t(f −=−−=  

ដូចេនះ 2x22)x(f −=   ។ 

ឧទហរណ៍6 

cUrkMnt;rkGnuKmn_ )x(fy =  ebIeKdwgfa ³ 

1x
1x)2x2xx(f 2

2
2

+
−

=+−+   cMeBaHRKb;cMnYnBit x  . 
ដេǁះ្រǒយំ  

kMnt;rkGnuKmn_ )x(fy = ³ 
eKman )1(

1x
1x)2x2xx(f 2

2
2

+
−

=+−+    
ebIeyIgtag t2x2xx 2 =+−+  
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eyIg)an xt2x2x2 −=+−  

              

1t,
)1t(2

2tx

2t)1t(x2

2tx2tx2

xtx2t2x2x

)xt(2x2x

2

2

2

222

22

≠
−
−

=

−=−

−=−

+−=+−

−=+−

 

yktémø 
)1t(2

2tx
2

−
−

=  CMnYskñúg )1(  eyIg)an ³ 

8t8t
)8t8t(t)t(f

8t8t
t8t8t)t(f

4t8t44t4t
4t8t44t4t

1]
)1t(2

2t[

1]
)1t(2

2t[
)t(f

4

3

4

24

224

224

2
2

2
2

+−
+−

=

+−
+−

=

+−++−
−+−+−

=
+

−
−

−
−
−

=

 

dUcenH  
8x8x

)8x8x(x)x(f 4

3

+−
+−

=   . 
 

 



សមករអនុគមន៍ី  
 

  

- 18 - 

២-រកអនុគមន៍ )x(f  េƽយǒគ ល់ទំនក់ទំនង 

    )1()x(C)]x(v[f)x(B)]x(u[f)x(A =+  
 េដើមបីរកអនុគមន៍េនះេគ្រតូវអនុវត្តន៍ដូចខងេ្រកម 

-យក )t(v)x(u =  រចួទញរក )t(x ϕ=  យកជំនួសកនងុ (1) 
េគបនសមីករ 

))t((C))]t((v[f))t((B)]t(v[f))t((A ϕ=ϕϕ+ϕ   
-េបើ )t(u))t((v =ϕ  េនះេគបន 

))t((C)]t(u[f))t((B)]t(v[f))t((A ϕ=ϕ+ϕ   
-ប្តរ ូ t  ជ x  េគបនសមីករ 

)2())x((C)]x(u[f))x((B)]x(v[f))x((A ϕ=ϕ+ϕ   
-ǂមសមីករ (1) និង (2) េគបន្របពន្ឋ័សមីករ 
 ែដលǕចេƽះ្រǒយរក ))x(u(f  ឬ ))x(v(f  ។ 

-ឧបមថ )x(W))x(u(f =  , េƽយយក z)x(u =  

 េគទញ )z(ux 1−=   េហើយ ))z(u(W)z(f 1−=  

-ប្តរ ូ z  ជ x  េគបន ))x(u(W)x(f 1−=  ជអនុគមន៍ 

 ែដល្រតូវរក  ។ 
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ឧទហរណ៍ 

ចូរកំនត់អនុគមន៍ )x(f  េបើេគដឹងថ 

2x9x4)x21(fx)x21(f2 2 −−=++−   ? 

ដេǁះ្រǒយំ  

កំនត់អនុគមន៍ )x(f  

េគមន )1(2x9x4)x21(fx)x21(f2 2 −−=++−    
យក txt21x21 −=⇒+=−  ជំនួសកនង ុ (1) េគបន 

2t9t4)t21(ft)t21(f2 2 −+=−−+  
ប្តរ ូ t  ជ x  េគបន 

)2(2x9x4)x21(xf)x21(f2 2 −+=−−+  
ǂម (1) និង (2) េគបន្របពន្ឋ័សមីករ 

⎩
⎨
⎧

−+=++−−

−−=++−

)2(2x9x4)x21(f2)x21(xf

)1(2x9x4)x21(xf)x21(f2
2

2

 

គុណសមីករ (1) នឹង 0x ≠  រចួសមីករ (2) នឹង 2 

បនទ ប់មកេធ្វើផលបូកអងគនឹងអងគេគបន 
4x16xx4)x21(f)4x( 232 −+−=++  
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េគទញ 
4x

4x16xx4)x21(f 2

23

+
−+−

=+  

បនទ ប់ពីេធ្វើវធីែចកពហុធេគទទួបិ ន 

1x4)x21(f −=+   ,  ǂង 
2

1txtx21 −
=⇒=+  

េគបន 3t21)
2

1t(4)t(f −=−
−

=  

ដូចេនះ  3x2)x(f −=   ។ 

ឧទហរណ៍ 

eK[GnuKmn_ f  kMnt´RKb´ }0;1{IRx −−∈  eday ½ 
1x)

x
1(f)x(f)1x2(x +=++   . rkGnuKmn_ )x(f  rYc 

cUrKNna )2009(f....)3(f)2(f)1(fS ++++=  .  
ដេǁះ្រǒយំ  

rkGnuKmn_ )x(f   
eKman )1(1x)

x
1(f)x(f)1x2(x +=++  

CMnYs x eday 
x
1  kñúgsmIkar )1(  eKán ½ 
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)2(
2x
xx)x(f

2x
x)

x
1(f

1
x
1)x(f)

x
1(f)1

x
2(

x
1

22

+
+

=
+

+

+=++
 

dksmIkar )1(  nig )2(  Gg:nwgGg:eKán ½ 

2x
2x2)x(f

2x
)1x(x2

2x
xx1x)x(f

2x
x)1x2(x

2

22

+
+

=
+
+

+
+

−+=⎥
⎦

⎤
⎢
⎣

⎡
+

−+
 

eKTaján 
1x

1
x
1

)1x(x
1)x(f

+
−=

+
=  

eKán [ ] ∑∑
==

=−=⎟
⎠
⎞

⎜
⎝
⎛

+
−==

2009

1k

2009

1k 2009
2008

2009
11

1k
1

k
1)k(fS  

dUcen¼ 
2009
2008)2009(f....)3(f)2(f)1(fS =++++=  . 

៣-រកអនុគមន៍ )x(f  នង ិ )x(g េƽយǒគ ល់ទំនក់ទំនង 

⎩
⎨
⎧

=+
=+

)x(C)]x(v[g)x(B)]x(u[f)x(A
)x(C)]x(v[g)x(B)]x(u[f)x(A

22222

11111
 

ឧទហរណ៍    cUrkMnt;rkGnuKmn_ )x(f nig )x(g  ebIeKdwgfa  ³ 
2x)1x3(g2)1x2(f =++−    

nig 1x2x2)2x6(g)3x4(f 2 ++−=−−−    cMeBaHRKb; IRx∈  . 
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ដេǁះ្រǒយំ  

kMnt;rkGnuKmn_ )x(f nig )x(g ³ 
eKman )1(x)1x3(g2)1x2(f 2=++−    
nig     )2(1x2x2)2x6(g)3x4(f 2 ++−=−−−  
eyIgtag 3t41x2 −=−  naM[  1t2x −=   
yk 1t2x −=  CYskñúg ¬!¦ eK)an ³ 
[ ] [ ]

)3(1t4t4)2t6(g2)3t4(f

)1t2(1)1t2(3g21)1t2(2f
2

2

+−=−+−

−=+−+−−  

ebIeKyk tx =  CYskñúg¬@¦ eK)an  
)4(1t2t2)2t6(g)3t4(f 2 ++−=−−−  

tam ¬#¦ nig ¬$¦ eK)anRbB½næ   

⎪⎩

⎪
⎨
⎧

++−=−−−

+−=−+−

)4(1t2t2)2t6(g)3t4(f

)3(1t4t4)2t6(g2)3t4(f
2

2

 

dksmIkar¬#¦nig¬$¦eK)an  
t6t6)2t6(g3 2 −=−  naM[ 2t2)2t6(g 2 −=−  

yk 2t6x −=  naM[ 
6

2xt +
=  
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ehIy  
18

)8x)(4x(2)
6

2x(2)x(g 2 +−
=−

+
=  

tam ¬$¦naM[ 1t2t2)2t2()3t4(f 22 ++−=−−−  
naM[ 1t2)3t4(f −=− yk 3t4x −=  naM[ 

4
3xt +

=  
eKTaj 

2
1x1)

4
3x(2)x(f +

=−
+

=  

dUcenH 
18

)8x)(4x()x(g,
2

1x)x(f +−
=

+
=  

៤-សមករឌេផរង៉ែ់សយលលំƽប់ទមួយី ី ី  

k> niymn½y ³  
smIkarDIeprg;EsüllIenEG‘rGUm:UEsnlMdab;TImYymanemKuN 
efrKWCasmIkarEdlmanTMrg;TUeTACa ( ) IRa,0ay'y:E ∈=−    
x> cMelIysmIkar³ 
smIkarDIeprg;EsüllMdab;TImYy ( ) IRa,0ay'y:E ∈=−   
mancMelIyTUeTACaGnuKmn_TMrg; ( ) axe.kxfy ==   
Edl k CacMnYnBit . 
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]TahrN_ 1³  
cUredaHRsaysmIkarDIepr:g;EsülxageRkam ³ 
!> 0y2'y =−  
eday 2a =  enaHsmIkarmancMelIyTUeTACaGnuKmn_  

IRk,e.ky x2 ∈= . 
@> 0y3'y =+  
eday 3a −=  enaHsmIkarmancMelIyTUeTACaGnuKmn_  

IRk,e.ky x3 ∈= − . 
#> 0y4'y =−  edaydwgfa ( ) 30y =  
eday 4a =  enaHsmIkarmancMelIyTUeTACaGnuKmn_  

IRk,e.ky x4 ∈=  
eday ( ) 3e.k0y 0 == naM[ 3k =  . 
dUcenHeK)an x4e.3y =  CacMelIyrbs;smIkar . 
$> 6y3'y =−  
smIkarGacsresr ³ 
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( ) 02y3'y
06y3'y
=+−

=−−  
tag 2yz +=  naM[ 'y'z =   
eK)an 0z3'z =−  naM[ IRk,e.kz x3 ∈=  
eday 2yz +=  eK)an x3e.k2y =+   
naM[ x3e.k2y +−=  CacMelIysmIkar. 
%> 0'y''y =−   
tag 'yz =  naM[ ''y'z =  
smIkarGacsresr ³ 

0z'z =−  naM[ IRk,e.kz x ∈=  
eday 'yz =  eKTaj xe.k'y =   
naM[ )IRc,k(ce.kdx.e.ky xx ∈+== ∫ . 
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៥-សមករឌេផរង៉ែ់សយលលំƽប់ទពរី ី ី ី  

k> niymn½y³ 
 smIkarDIepr:g;EsüllIenEG‘Gum:UEsnlMdab;TIBIrEdlman 
emKuNefrKWCasmIkarEdlmanTMrg;TUeTACa  
( ) IRc,b,a,0a,0cy'by''ay:E ∈≠=++  . 
x> smIkarsMKal; ³ 
smIkarsMKal;rbs;smIkarDIepr:g;Esül  

IRc,b,a,0a,0cy'by''ay ∈≠=++  
CasmIkardWeRkTIBIrEdlmanrag 0cbrar 2 =++  . 
K> cMelIysmIkarDIepr:g;Esül ³ 
edIm,IrkcMelIysmIkarDIepr:g;Esül  

IRc,b,a,0a,0cy'by''ay ∈≠=++  
eKRtUvedaHRsaysmIkarsMKal; 0cbrar 2 =++  . 
-ebI 0ac4b2 >−=Δ  enaHsmIkarsMKal;manb¤sBIr 1r  nig  
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2r  kñúgkrNIenHsmIkarDIepr:g;EsülmancMelIyTUeTACaGnuKmn_  

 ( ) xrxr 21 e.Be.Axfy +==  Edl IRB,A ∈ . 
-ebI 0ac4b2 =−=Δ enaHsmIkarsMKal;manb¤sDub  

021 r
a2

brr =−==  kñúgkrNIenHsmIkarDIepr:g;Esülman 
cMelIyTUeTACaGnuKmn_ ³ 

 ( ) ( ) xr0e.BAxxfy +==  Edl IRB,A ∈ . 
-ebI 0ac4b2 <−=Δ  enaHsmIkarsMKal;manrwsBIrCa 
cMnYnkMpøicqøas;KñaKW β+α= ir1  nig β−α= ir2   
kñúgkrNIenHsmIkarDIepr:g;EsülmancMelIyTUeTACaGnuKmn_ 

  ( ) ( ) xe.xsinBxcosAxfy αβ+β==   
Edl IRB,A ∈ . 
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]TahrN_ 1 
cUredaHRsaysmIkarDIepr:g;EsüsxageRkam ³ 
!> 0y6'y5''y =+−  
mansmIkarsMKal; 06r5r 2 =+−  

( ) ( ) ( ) 16.145 2 =−−=Δ   
manb¤s 3

2
15r,2

2
15r 21 =

+
==

−
=   

cMelIysmIkar x3x2 e.Be.Ay +=  Edl IRB,A ∈  . 

@> 0y4'y4''y =+−  
mansmIkarsMKal; 04r4r 2 =+−  

( ) ( ) ( ) 04.144 2 =−−=Δ   
smIkamanb¤sDúb  2

a2
brrr 021 =−===   

cMelIysmIkarCaGnuKmn_ ( ) x2e.BAxy +=  Edl IRB,A ∈   
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#> 0y13'y4''y =+−  
mansmIkarsMKal; 013r4r 2 =+−  

( ) ( ) ( ) 22 i9913.12' =−=−−=Δ   

smIkamanb¤sCacMnYnkMupøicqøas;KñaKW ⎢
⎣

⎡
−=
+=

i32r
i32r

2

1  

eKTaj)an 3,2 =β=α    dUcenH cMelIysmIkarCaGnuKmn_  

( ) x2e.x3sinBx3cosAy +=  Edl IRB,A ∈ . 
៦-េƽះ្រǒយសមករឌេផរង៉ែ់សយលែដលមនǍងី ី  

 )x(Eay'y:)E( =−  , 

smIkarDIepr:g;EsülenHmancemøIyTUeTA pe yyy +=  Edl ey   
  CacemøIyénsmIkar 0ay'y =−  nig py  CacemøIyBiessmYy 
  énsmIkar )x(Eay'y =−   . 
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lMhat;KMrU 
  eK[smIkarDIepr:g;Esül ( ) 6x10x4y4'y:E 2 −+−=−   
k-kMnt;cMnYnBit b,a nig c edIm,I[GnuKmn_ ( ) cbxaxxy 2

P ++=  
CacMelIyedayELkmYyrbs;smIkar ( )E  . 
x-bgðajfaGnuKmn_ ( ) ( )xyxyy hP +=  CacMelIyTUeTArbs; ( )E  
enaHGnuKmn_ ( )xyh CacMelIyrbs;smIkarGUmU:Esn  
( ) 0y4'y:'E =−  . 
K-edaHRsaysmIkar ( )'E rYcTajrkcMelIyTUeTArbs;smIkar ( )E  

dMeNaHRsay 

kMnt;cMnYnBit b,a nig c 

( ) 6x10x4y4'y:E 2 −+−=−    
edIm,I[GnuKmn_ ( ) cbxaxxy 2

P ++= CacMelIyedayELk 

mYyrbs;smIkar ( )E luHRtEtGnuKmn_ ( ) ( )x'y,xy pp  nig  
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( )x''y p  epÞógpÞat;nwgsmIkar ( )E  . 

eK)an ( ) ( ) ( ) 6x10x4xy4x'y:E 2
pP −+−=−   

eday ( )
( )⎪⎩

⎪
⎨
⎧

+=

++=

bax2x'y
cbxaxxy

p

2
P  

eK)an ( ) ( ) 6x10x4cbxax4bax2 22 −+−=++−+  

naM[ ( ) ( ) 6x10x4c4bxa2b4ax4 22 −+−=−+−−−  

eKTaj)an 
⎪⎩

⎪
⎨

⎧

−=−
−=−

−=−

6c4b
10a2b4

4a4
 naM[ 

⎪⎩

⎪
⎨

⎧

=
−=

=

1c
2b

1a
 

dUcenH 1c,2b,1a =−==   
nig ( ) ( )22

P 1x1x2xxy −=+−=  . 

x-karbgðaj 

 GnuKmn_ ( ) ( )xyxyy hP +=  CacMelIyrbs; ( )E   

luHRtaGnuKmn_ 'y,y epÞógpÞat;smIkar 
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edayeKman ( ) ( )x'yx'y'y hp +=   enaHeK)an ³ 
( ) ( )[ ] ( ) ( )[ ]
( ) ( )[ ] ( ) ( )[ ] ( )16x10x4xy4x'yxy4x'y

6x10x4xyxy4x'yx'y

2
hhpp

2
hphp

−+−=−+−

−+−=+−+  

tamsRmayxagelIeKman  

( ) ( ) ( )26x10x4xy4x'y 2
pP −+−=−  

¬ eRBaH ( )xyp  CacMelIyrbs;smIkar ( )E  ¦ . 

tamTMnak;TMng ¬! ¦ nig ¬@¦ eKTaj)an ³ 

( ) ( )[ ] 6x10x4xy4x'y6x10x4 2
hh

2 −+−=−+−+−   
naM[eKTaj)an ³ 

( ) ( ) 0xy4x'y hh =−  TMnak;TMngenHbBa¢ak;faGnuKmn_ ( )xyh   

CacMelIyrbs;smIkar ( ) 0y4'y:'E =−  . 
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K-edaHRsaysmIkar ( )'E ³ 0y4'y =−  

eday 4a = dUcenHcMelIysmIkar ( )'E  CaGnuKmn_  

( ) IRk,e.kxy x4
h ∈=  . 

TajrkcMelIyTUeTArbs;smIkar ( )E ³ 

tamsMrayxagelIcMelIysmIkar ( )E  KWCaGnuKmn_TMrg;  

( ) ( )xyxyy hp +=  edayeKman ( ) ( )2
p 1xxy −=  

 nig ( ) x4
h e.kxy =   

dUcenH ( ) IRk,e.k1xy x42 ∈+−=  CacMelIyrbs;smIkar  
៧-រេបៀបេƽះ្រǒយសមករឌេផរង៉ែ់សយលែដលមនǍងី ី  

 )x(Ecy'by''ay:)E( =++  Edl  0a ≠  

 edIm,IedaHRsaysmIkarenHeKRtUvGnuvtþn_dUcxageRkam ³ 
 -EsVgrkcemøIyBiessminGUm:UEsntageday py  énsmIkar 
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   )x(Ecy'by''ay =++  Edl py manTRmg;dUc )x(E  . 
 -rkcemøIyTUeTAtageday hy énsmIkarlIenEG‘GUm:UEsn 
   0cy'by''ay =++   . 
 -eK)ancemøIyTUeTAénsmIkar )E(  KWCaGnuKmn_kMNt;eday 
   hP yyy +=   . 
 lMhat;KMrU 
eK[smIkarDIepr:g;Esül ( ) 34x24x4y4'y4''y:E 2 +−=+−   
k-kMnt;cMnYnBit b,a nig c edIm,I[GnuKmn_ ( ) cbxaxxy 2

P ++=  
CacMelIyedayELkmYyrbs;smIkar ( )E  . 
x-bgðajfaGnuKmn_ ( ) ( )xyxyy hP +=  CacMelIyTUeTArbs; ( )E  
enaHGnuKmn_ ( )xyh CacMelIyrbs;smIkarGUmU:Esn  
( ) 0y4'y4''y:'E =+−  . 
K-edaHRsaysmIkar ( )'E rYcTajcMelIyTUeTArbs;smIkar ( )E . 
 dMeNaHRsay 
kMnt;cMnYnBit b,a nig c 
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( ) 34x24x4y4'y4''y:E 2 +−=+−    
edIm,I[GnuKmn_ ( ) cbxaxxy 2

P ++= CacMelIyedayELkmYy 
rbs;smIkar ( )E luHRtEtGnuKmn_ ( ) ( )x'y,xy pp  nig ( )x''y p  
epÞógpÞat;nwgsmIkar ( )E  . 

eK)an ( ) ( ) ( ) ( ) 34x24x4xy4x'y4x''y:E 2
pPp +−=+−  

 eday 
( )
( )
( )⎪

⎩

⎪
⎨

⎧

=

+=

++=

a2x''y

bax2x'y
cbxaxxy

p

p

2
P

 

eK)an  

( ) ( ) ( ) 34x24x4cbxax4bax24a2 22 +−=++++−  

( ) ( ) 34x24x4c4b4a2xa8b4ax4 22 +−=+−+−+  

eKTaj)an 
⎪⎩

⎪
⎨

⎧

=+−
−=−

=

34c4b4a2
24a8b4

4a4
 naM[ 

⎪⎩

⎪
⎨

⎧

=
−=

=

4c
4b

1a
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dUcenH 4c,4b,1a −=−==  
nig ( ) ( )22

P 2x4x4xxy −=+−=  . 

x-karbgðaj 

 GnuKmn_ ( ) ( )xyxyy hP +=  CacMelIyrbs; ( )E   

luHRtaGnuKmn_ ''y,'y,y epÞógpÞat;smIkar 

edayeKman ( ) ( )x'yx'y'y hp +=  nig ( ) ( )x''yx''y''y hp +=   

enaHeK)an ³ 
[ ] [ ] [ ]
[ ] [ ] ( )134x24x4y4'y4''yy4'y4''y

34x24x4yy4'y'y4''y''y

2
hhhppp

2
hphphp

+−=+−++−

+−=+++−+  

tamsRmayxagelIeKman  

( ) ( ) ( ) ( )234x24x4xy4x'y4x''y 2
pPp +−=+−  

¬ eRBaH ( )xyp  CacMelIyrbs;smIkar ( )E  ¦ . 
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 tamTMnak;TMng ¬! ¦ nig ¬@¦ eKTaj)an ³ 

 [ ] 34x24x4y4'y4''y34x24x4 2
hhh

2 +−=+−++−   
naM[eKTaj)an ( ) ( ) ( ) 0xy4x'y4x''y hhh =+−   

TMnak;TMngenHbBa¢ak;faGnuKmn_ ( )xyh  CacMelIyrbs; 

smIkar ( ) 0y4'y4''y:'E =+−  . 

K-edaHRsaysmIkar ( )'E ³ 0y4'y4''y =+−  

smIkarsMKal; 04r4r 2 =+−  044', =−=Δ   

naM[smIkarmanb¤sDúb 2rrr 021 ===  

dUcenHcMelIysmIkar ( )'E  CaGnuKmn_  

( ) ( ) IRB,A,e.BAxxy x2
h ∈+=  . 

TajrkcMelIyTUeTArbs;smIkar ( )E ³ 
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tamsMrayxagelIcMelIysmIkar ( )E  KWCaGnuKmn_TMrg;  

( ) ( )xyxyy hp +=   . 

edayeKman ( ) ( )2
p 2xxy −=  nig ( ) ( ) x2

h e.BAxxy +=   

dUcenH ( ) ( ) IRB,A,e.BAx2xy x22 ∈++−=   

CacMelIyrbs;smIkar ( )E . 
៨-រេបៀបេƽះ្រǒយសមករឌេផរង៉ែ់សយលែដលមនǍងី ី  

    )x(Qy)x(P'y:)E( =+  ែដល 0a ≠    

 edIm,IedaHRsaysmIkarenHeKRtUvGnuvtþn_dUcxageRkam ³ 
 -KuNGgÁTaMgBIrénsmIkarnwg ∫ dx).x(P

e  eK)an ³ 
 )1(e)x(Qye)x(Pe'y

dx).x(Pdx).x(Pdx).x(P ∫∫∫ =+  
 -tagGnuKmn_ ∫=

dx).x(P
eyz  eK)an ³ 

 )2(ye)x(Pe'y'z
dx).x(Pdx).x(P ∫∫ +=  

 -tam )1(  nig )2(  eKTaj)an ³ 
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 cdx.e)x(Qze)x(Q'z
dx).x(Pdx).x(P

+=⇒= ∫
∫∫  

 -Tajrk ∫−=
dx).x(P

e.zy    . 
lMhat;KMrU 
!> edaHRsaysmIkarDIepr:g;Esül 
 2x3ex4xy2'y −=+  
 KuNGgÁTaMgBIrénsmIkarnwg 2xxdx2

ee =∫  eK)an 
 )1(x4yxe2e'y 3xx 22

=+  
 tagGnuKmn_ 2xyez =  eK)an ³ 
 )2(yxe2e'y'z

22 xx +=  
 tam )1(  nig )2(  eK)an ³ 
 Cxdxx4zx4'z 433 +==⇒= ∫  
 eKTaj)an 22 x4x e)Cx(e.zy −− +==  
 Edl C CacMnYnefrmYyNak¾)an . 
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@> edaHRsaysmIkarDIepr:g;Esül 
 xsinx2

ex2xcosy'y −=+  
 KuNGgÁTaMgBIrénsmIkarnwg xsinxdxcos

ee =∫  eK)an 
 )1(xe2excosye'y

2xxsinxsin =+  
 tagGnuKmn_ xsinyez =  eK)an ³ 
 )2(xecosye'y'z xsinxsin +=  
 tam )1(  nig )2(  eK)an ³ 
 Cedxxe2zxe2'z

222 xxx +==⇒= ∫  
 eKTaj)an xsinxxsin e)Ce(e.zy

2 −− +==  
 Edl C CacMnYnefrmYyNak¾)an . 
#> edaHRsaysmIkarDIepr:g;Esül 
 xcosx 2

ex2siny'y −=−  
 smIkarGacsresr  
 xcosx 2

e.excosxsiny2'y −=−  
 KuNGgÁTaMgBIrénsmIkarnwg xcosxdxsinxcos2 2

ee =∫−  eK)an 
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 )1(exesinxcosy2e'y xxcosxcos 22
=−  

 tagGnuKmn_ xcos2
yez =  eK)an ³ 

 )2(xesinxcosy2e'y'z xcosxcos 22
−=  

  
 tam )1(  nig )2(  eK)an ³ 
 Cedxeze'z xxx +==⇒= ∫  
 eKTaj)an xcosxxcos 22

e)Ce(e.zy +==  
 Edl C CacMnYnefrmYyNak¾)an . 
$> edaHRsaysmIkarDIepr:g;Esül 
 xx32 2

e)1xx)(1x2(y)1x2('y −−+++=++  
 KuNGgÁTaMgBIrénsmIkarnwg xxdx)1x2( 2

ee ++
=∫  eK)an 

 )1()1xx)(1x2(ey)1x2(e'y 32xxxx 22
+++=++ ++  

 tagGnuKmn_ xx2
yez +=  eK)an ³ 

 )2(ye)1x2(e'y'z xxxx 22 ++ ++=  
 tam )1(  nig )2(  eK)an ³ 
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C)1xx(

4
1dx)1xx)(1x2(z

)1xx)(1x2('z

4232

32

+++=+++=⇒

+++=

∫
 

 eKTaj)an xx42xx 22
e]C)1xx(

4
1[e.zy −−−− +++==  
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kRmg 
viBaØasaKNitviTüaeRCIserIs 

nigdMeNaHRsay 
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viBaØasaKNitviTüaTI1 
I-eK[  INn,i

3
1i

3
1A

nn

∈⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ +=    . 

 cUrbgðajfa  
3

n
sin.

)3(
2

.iA n

1n π
=

+

  cMeBaHRKb; INn∈  . 

II-cUrKNnalImIt   

2x
2x2....222limL

2xn −
−+++++

=
→

  
¬ man nb¤skaer ¦ 
III-eK[GaMgetRkal  
 ∫ ++

=
1

0
20 tt1

dtI   nig  ∫ ∈
++

=
1

0
2

n

n )INn(,dt.
tt1

tI  

 k> cUrKNnatémøén 0I  rYc Rsayfa )I( n CasIVútcuH. 
 x> RsaybBa¢ak;fa  

1n
1III 2n1nn +

=++ ++   . 
 K> Taj[)anfa  2n,

)1n(3
1

I
)1n(3

1
n ≥∀

−
≤≤

+
 .  

 TajrklImIt )In(lim nn +∞→
. 
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dMeNa¼Rsay 
I-bgðajfa  

3
nsin.

)3(
2.iA n

1n π
=

+

  cMeBaHRKb; INn∈   

eyIgman INn,i
3

1i
3

1A
nn

∈⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ +=    

tag 

 
⎟
⎠
⎞

⎜
⎝
⎛ π

+
π

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

+
=+=

3
sin.i

3
cos

3
2

2
3i

2
1

3
2

3
3.i1i

3
1Z

 

tamrUbmnþdWmr½eK)an  
⎟
⎠
⎞

⎜
⎝
⎛ π

+
π

=⎟
⎠
⎞

⎜
⎝
⎛ +=

3
nsin.i

3
ncos

)3(
2i

3
1Z n

nn
n  

ehIy  ⎟
⎠
⎞

⎜
⎝
⎛ π

−
π

=
3

nsin.i
3

ncos
)3(

2Z n

n
n  

eKTaj  
⎟
⎠
⎞

⎜
⎝
⎛ π

−
π

−⎟
⎠
⎞

⎜
⎝
⎛ π

+
π

=
3

nsin.i
3

ncos
)3(

2
3

nsin.i
3

ncos
)3(

2A n

n

n

n
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3

nsin.
)3(

2.i

3
nsin.i

3
ncos

3
nsin.i

3
ncos

)3(
2

n

1n

n

n

π
=

⎟
⎠
⎞

⎜
⎝
⎛ π

+
π

−
π

+
π

=

+
 

dUcenH  
3

nsin.
)3(

2.iA n

1n π
=

+

  . 

II-KNnalImIt ³ 

      
2x

2x2....222
limL

2xn −
−+++++

=
→

   

     

1n1nn

2x2xn

2xn

2xn

L
4
1

4
1

LL

2x2....222

1
lim

2x
2x2....22

limL

2x2....222

1
2x

4x2.....222limL

2x2...222

2x2...222
2x

2x2....222limL

−−

→→

→

→

=×=

++++++
×

−
−++++

=

++++++
×

−
−+++++

=

++++++

++++++
×

−
−+++++

=

 

     tamTMnak;TMngenHbBa¢ak;fa *INn),L( n ∈ CasIVútFrNImaRt 
      manersug 

4
1q =   . 
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nigtYTImYy  

4
1

)2x2)(2x(
2xlim

)2x2)(2x(
4x2lim

2x
2x2limL

2x

2x2x1

=
++−

−
=

++−
−+

=
−
−+

=

→

→→  

tamrUbmnþ  n

1n
1n

1n 4
1

4
1.

4
1qLL =⎟

⎠
⎞

⎜
⎝
⎛=×=

−
−  . 

dUcenH n2xn 4
1

2x
2x2....222limL =

−
−+++++

=
→

   . 
III-k> KNnatémøén 0I  rYc Rsayfa )I( n CasIVútcuH 
 eyIg)an ∫∫

++
=

++
=

1

0 2

1

0
20

)t
2
1(

4
3

dt
tt1

dtI  

 tag  t
2
1U +=  naM[  dtdU =   

 ehIycMeBaH [ ]1,0t ∈∀  enaH ⎥⎦
⎤

⎢⎣
⎡∈

2
3,

2
1U  

 eK)an 2
3

2
1

2
3

2
1 22

0 3
U2

arctan
3

2

U)
2
3

(

dU
I ⎥⎦

⎤
⎢⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛=

+
= ∫  
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33633

2
3

1arctan
3

23arctan
3

2

π
=⎟

⎠
⎞

⎜
⎝
⎛ π

−
π

=

−=
   

dUcenH  
33tt1

dtI
1

0
20

π
=

++
= ∫   . 

mü:ageToteKman ∫ ++
=

1

0
2

n

n dt.
tt1

tI  

nig dt.
tt1

tI
1

0
2

1n

1n ∫ ++
=

+

+  

cMeBaHRKb;  [ ]1,0t ∈   
eKman  n1n tt ≤+  naM[ 2

n

2

1n

tt1
t

tt1
t

++
≤

++

+

 

eKTaj  dt.
tt1

tdt.
tt1

t1

0

1

0
2

n

2

1n

∫ ∫ ++
≤

++

+

   

b¤   INn,II n1n ∈∀≤+  . 
dUcenH )I( n CasIVútcuH .   
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x> RsaybBa¢ak;fa  
1n

1III 2n1nn +
=++ ++     

eyIg)an  

∫∫∫ ++
+

++
+

++
=++

++

++

1

0
2

2n1

0
2

1n1

0
2

n

2n1nn tt1
dtt

tt1
dtt

tt1
dttIII  

                      
∫

∫∫

+
=⎥⎦

⎤
⎢⎣
⎡

+
==

++
++

=
++
++

=

+

++

1

0

1

0

1nn

1

0
2

2n1

0
2

2n1nn

1n
1t

1n
1dtt

tt1
dt).tt1(t

tt1
dt)ttt(

 

dUcenH 
1n

1III 2n1nn +
=++ ++    . 

K> Taj[)anfa  2n,
)1n(3

1
I

)1n(3
1

n ≥∀
−

≤≤
+

  
eyIgman )I( n CasIVútcuH . tamlkçN³énsIVútcuHeyIgman ³ 

n1n2nn2n1nn IIII3III ++≤≤++ −−++  
eday 

1n
1III 2n1nn +

=++ ++     
naM[ 

1n
1

III n1n2n −
=++ −−  

eKTaj 
1n

1I3
1n

1
n −
≤≤

+
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naM[   2n,
)1n(3

1
I

)1n(3
1

n ≥∀
−

≤≤
+

 . 
TajrklImIt )In(lim nn +∞→

 
man 2n,

)1n(3
1

I
)1n(3

1
n ≥∀

−
≤≤

+
  

naM[ 
)1n(3

n
nI

)1n(3
n

n −
≤≤

+
 

dUcenH  ( )
3
1

nIlim nn
=

+∞→
   . 
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viBaØasaKNitviTüaTI2 
I-eK[sIVúténcMnYnBit )U( n kMnt;eday  ³ 
  3lnU0 =   nig   INn,)e1(lnU nU

1n ∈+=+    . 
 cUrKNna nU  CaGnuKmn_én n  . 
II-edaHRsaysmIkarxageRkamkñúgsMNMukMupøic ³ 
    0)i32(2z)i71(z)i1(:)E( 2 =−−+−+  

III-eK[GaMgetRkal  ∫

π

=
2

0

3n
n dx.xcosxsinI  Edl INn∈   

 k> cUrKNna nI  CaGnuKmn_én n  . 
 x> cUrKNnaplbUk  
 ( ) n210

n

0k
kn I.........IIIIS ++++== ∑

=

 CaGnuKmn_én n. 
 rYcTajrktémøénlImIt nn

Slim
+∞→

 . 
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IV-eK[cMnYnKt;viC¢man n  .  
 eKdwgfa n  Ecknwg 7  [sMNl; % ehIy n Ecknwg 8  
 [sMNl; # . 
 k> etIcMnYn n enaHEcknwg 56 [sMNl;b:unμan ? 
 x> rkcMnYn n  enaHedaydwgfa  5626n5616 <<   . 

dMeNa¼Rsay 
I-KNna nU  CaGnuKmn_én n   
eKman INn,)e1(lnU nU

1n ∈+=+     
eKTaj n1n UU e1e +=+   b¤  1ee n1n UU =−+  efr  
naM[ ( )nUe  CasIVútnBVnþmanplsgrYm 1d =   
nigtYTImYy 3ee 3lnU0 ==   . 
eK)an n3e nU +=  naM[  )3nln(Un +=  . 
II-edaHRsaysmIkarkñúgsMNMukMupøic ³ 
    0)i32(2z)i71(z)i1(:)E( 2 =−−+−+  
eyIgman )i32)(i1(8)i71( 2 −+++=Δ  
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             2)i31(i68

24i16i241649i141

+=+−=Δ

++−+−+=Δ  

eKTajb¤s  
⎢
⎢
⎢
⎢

⎣

⎡

+=
+
+

=
+
+++

=

+=
+

=
+
−−+

=

i23
i1
i51

)i1(2
i31i71

z

i1
i1

i2
)i1(2

i31i71
z

2

1

 

dUcenH  i23z,i1z 21 +=+=   . 
III-k> KNna nI  CaGnuKmn_én n  
eyIgman  

              

∫

∫
π

π

=

=

2

0

2n

2

0

3n
n

dx.xcos.xcosxsin

dx.xcosxsinI
 

tag xsinU =    naM[  dx.xcosdU =   
cMeBaH ]

2
,0[x π

∈   naM[  ]1,0[U∈  
eyIg)an ³ 
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)3n)(1n(
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2

−
+

=Γ  nigcMnuc )3,1(I  
tag R CakaMénrgVg; )C( EdlRtUvrk 
tamrUbmnþ 22

I
2

I R)yy()xx(:)C( =−+−  
b¤             222 R)3y()1x(:)C( =−+−  
smIkarGab;sIuscMnucRbsBVrvagrgVg;CamYyExSekagsresr ³ 
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[ ] 2
2

22
2

2
2

22
2

22
2

2

R
)1x(16

9)1x(3
)1x(

R
)1x(16

)12x12x6x3()1x(

R)3
4x4
x6x3()1x(

=
−
+−

+−

=
−

+−+
+−

=−
−
+

+−

 

eyIgtag  1x,)1x(X 2 ≠∀−=  eK)an ³ 

)1(081X)27R8(2X25

XR16)9X3(X16

R
X16

)9X3(X

22

222

2
2

=+−−

=++

=
+

+

 

edIm,I[rgVg; )C( b:HnwgExSekag )(Γ luHRtaEtsmIkar ¬!¦ 
manb¤¤¤¤¤¤¤¤¤¤¤¤¤sDúbeBalKWeKRtUv[  02025)27R8(' 22 =−−=Δ   
naM[ 4527R8 2 =−  naM[ 3R =  . 
dUcenHsmIkarrgVg;sresr  9)3y()1x(:)C( 22 =−+−   
b¤eKGacsresrCaragTUeTA 01y6x2yx:)C( 22 =+−−+ . 
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II-KNnargVas;RCugénRtIekaNEkg  
tamRTwsþIbTBItahÁr½kñúgRtIekaNEkg ABC  eKman ³ 

)1(ACABBC 222 +=  
eday BC,AC,AB  CasIVútnBVnþenaHeKman ³ 

d2ABBC,dABAC +=+=    
Edl 0d > CaplsgrYménsIVút. 
tamTMnak;TMng ¬!¦ Gacsresr  

222 )dAB(AB)d2AB( ++=+  
b¤ 22222 dd.AB2ABABd4d.AB4AB +++=++  
   

0)d3AB)(dAB(
0d3AB.d2AB 22

=−+
=−−  

eKTaj)an dAB −=  ¬minyk¦ nig d3AB =  ¬yk ¦ 
eK)an d5BC,d4AC,d3AB ===  
tag S  CaépÞRkLarbs;RtIekaNeK)an  

6d6AC.AB
2
1S 2 === naM[ 1d = . 
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dUcenH  cm5BC,cm4AC,cm3AB === . 
III-k>cUrKNnatY 1I  
eKman ∫ ∫ −=−=

1

0

1

0

xx
1 dx.e).x1(dx.e)x1(

!1
1I   

tag  
⎩
⎨
⎧

=

−=

dxedv

x1u
x     naM[  

⎩
⎨
⎧

=

−=
xev

dxdu  

eK)an [ ] [ ] 2ee1)dx(ee)x1(I
1
0

x
1

0

x1
0

x −=+−=−−−= ∫  

dUcenH  2eI −=    . 
x-bBa¢ak; 1nI +  CaGnuKmn_én nI   
eKman ∫ −=

1

0

xn
n dx.e.)x1(.

!n
1I   

naM[ ∫ +
+ −

+
=

1

0

x1n
1n dxe.)x1(.

)!1n(
1I  

tag 
⎩
⎨
⎧

=

−= +

dxedv

)x1(u
x

1n

  naM[  
⎩
⎨
⎧

=

−+−=
x

n

ev

)x1)(1n(du  

eK)an [ ] ∫ −
+
+

+−
+

= +
+

1

0

xn1
0

x1n
1n dx.e)x1(

)!1n(
1ne)x1(

)!1n(
1I  

         ∫ +
+

−=−+
+

−=+

1

0
n

xn
1n I

)!1n(
1

dx.e)x1(
!n

1
)!1n(

1
I  
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dUcenH  
)!1n(

1II n1n +
−=+   . 

Taj[)anfa ∑
=

⎟
⎠
⎞

⎜
⎝
⎛−=

n

0p
n !P

1eI  

eKman  
)!1n(

1
II n1n +
−=+  

cMeBaH 
!2

1II:1n 12 −==  
cMeBaH 

!3
1II:2n 23 −==  

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> 
cMeBaH 

!n
1

II:1nn 1nn −=−= −  
edayeFIVplbUkTMnak;TMngenHGgÁ nig GgÁ eK)an ³ 

!n
1

....
!3

1
!2

1
II 1n −−−−=   eday 

!1
1

!0
1

e2eI1 −−=−=  

dUcenH  ∑
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=−−−−−=

n

0p
n !p

1e
!n

1....
!2

1
!1

1
!0

1eI   . 

K-cUrrklImIt nn
Ilim

+∞→
 

cMeBaH [ ]1,0x∈  eKman ee1 x ≤≤   nig  0)x1( n ≥−  
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eK)an nnxn )x1(e)x1(e)x1( −≤−≤−  
naM[ ∫∫∫ −≤−≤−

1

0

n
1

0

xn
1

0

n dx.)x1(
!n

edx.e)x1(
!n

1dx.)x1(
!n

1  

eday 
1n

1)x1(
1n

1dx.)x1(
1

0

1

0

1nn

+
=⎥⎦

⎤
⎢⎣
⎡ −

+
−=−∫ +  

eKTaj)an  
)1n(!n

eI
)1n(!n

1
n +
≤≤

+
 . 

kalNa +∞→n  naM[  0
)1n(!n

1
→

+
 

dUcenH 0Ilim nn
=

+∞→
  .  

Tajfa 71828.2e
!n

1....
!3

1
!2

1
!1

11lim
n

==⎟
⎠
⎞

⎜
⎝
⎛ +++++

+∞→
 

eKman ∑
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

n

0p
n !p

1eI  naM[  n

n

0p
Ie

!p
1

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑
=

 

eK)an ( ) eIelim
!p

1lim nn

n

0pn
=−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+∞→=+∞→

∑   

eRBaH  0Ilim nn
=

+∞→
 

dUcenH   71828.2e
!n

1....
!3

1
!2

1
!1

11lim
n

==⎟
⎠
⎞

⎜
⎝
⎛ +++++

+∞→
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IV-k>smIkarbnÞat;EkgrYm ( )Δ  rvagbnÞat; ( )1L  nig ( )2L  
tag ( ) ( )1AAA Lz,y,xA ∈  naM[kUGredaen A epÞógpÞat; 
smIkarbnÞat; ( )1L . 
eK)an p

3
2z

4
6y

3
2x AAA =

+
=

−
=

−
+  

naM[ ( )1
2p3z
6p4y

2p3x

A

A

A

⎪
⎩

⎪
⎨

⎧

−=

+=

−−=

 

tag ( ) ( )2BBB Lz,y,xB ∈  naM[kUGredaen B epÞógpÞat; 
smIkarbnÞat; ( )2L . 
eK)an q

1
2z

4
5y

9
6x BBB =

−
−

=
+

=
+  

naM[ ( )2
2qz
5q4y
6q9x

B

B

B

⎪
⎩

⎪
⎨

⎧

+−=

−=

−=

 

ebI ( )AB  CabnÞat;EkgrYmrvagbnÞat; ( )1L  nig ( )2L   

enaHeK)an 
⎪
⎩

⎪
⎨

⎧

⊥

⊥
⎯→⎯

⎯→⎯

2

1

UAB

UAB

r

r

  naM[   
⎪
⎩

⎪
⎨

⎧

=

=
⎯→⎯

⎯→⎯

0U.AB

0U.AB

2

1

r

r
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 Edl 1U
r  nig 2U

r CaviucTr½R)ab;TisbnÞat;( )1L  nig ( )2L  
edayeKman 
 )4p3q,11p4q4,4p3q9(AB +−−−−−+=
⎯→⎯   

nig )1,4,9(U,)3,4,3(U, 21 −−
rr . 

eK)an  
0)4p3q()11p4q4(4)4p3q9(3U.AB 1 =+−−−−−+−+−=

⎯→⎯ r  
naM[   )3(020p34q14 =−−−  

              0)4p3q()11p4q4(4)4p3q9(9U.AB 2 =+−−−−−+−+=
⎯→⎯ r  

naM[ )4(084p14q98 =−+  . 
tam ¬#¦ nig ¬$¦ eK)anRbBn½æsmIkar ³ 

⎩
⎨
⎧

=−+
=−−−
084p14q98

020p34q14  naM[ 
⎩
⎨
⎧

=
−=
1q

1p  

yktémø 1p −=  nig 1q =  CYskñúgsmIkar ¬!¦ nig ¬@¦  
eK)an )5,2,1(A −  nig )1,1,3(B −  .  
smIkarbnÞat; )AB(  Gacsresr ³ 
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( )
AB

A

AB

A

AB

A

zz
zz

yy
yy

xx
xx:AB

−
−

=
−
−

=
−
−  

b¤ ( )
6

5z
3
2y

2
1x:AB +

=
−
−

=
−    

dUcenH   ( )
6

5z
3
2y

2
1x: +

=
−
−

=
−

Δ    
CabnÞat;EkgrYmEdlRtUvrk . 
x-KNnacMgayrvagbnÞat; ( )1L  nig ( )2L  
eday A  nig B  CacMnucRbsBVénbnÞat;EkgrYmrvag ( )1L  
 nig ( )2L  enaHeK)an ³ 
( ) ( )

( ) ( ) ( )2
AB

2
AB

2
AB

21

zzyyxx

ABd)L(),L(d

−+−+−=

=  

           ( ) 7)51()21()13()L(),L(d 222
21 =++−−+−=  

 dUcenH  ( ) 7)L(),L(d 21 =   ¬ ÉktaRbEvg ¦ . 
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viBaØasaKNitviTüaTI13 
I- eK[sVúItnBVnþ   n321 U........,,U,U,U EdlmanplsgrYm d  
   ehIy 0d ≠  . 
   eKBinitüsIVút )V( n mYykMnt;cMeBaHRKb; *INn∈  eday 
  1a,0a,aV nU

n ≠>=  . 
         k>bgðajfa )V( n CasIVútFrNImaRtrYcKNna nV CaGnuKmn_én  
            d,U,a 1  nig n. 
          x> cUrRsayfa d

nd
U

n321n a1
a1

.aV....VVVS 1

−
−

=++++=    
          K> cUrKNnaplKuN n321n V.....VVVP ××××=   
           CaGnuKmn_én 1U,a  nig n  . 
           II-eK[cMnYn INn,2007200722007A n20092008

n ∈+×+=  . 
          kMnt; n  edIm,I[ nA  CakaerR)akdéncMnYnKt; . 
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III-eK[RtIekaN ABC  mYyEkgRtg; A  Edl 5BC = . 
          M CacMnucmYyénRCug ]BC[  EdlmMu ∧∧

= MACMAB  ehIy  
          

7
212

AM =   .  cUrKNnaRCug AB  nig AC ? 
    IV-eK[GnuKmn_ f  kMnt;elI IR ehIyepÞogpÞat;TMnak;TMng³ 

      ( )
( )

( )543
2

32 x1x4
x1
x1

f
x1

1
xfx +=⎟

⎠
⎞

⎜
⎝
⎛

+
−

+
+   

cUrKNnaGaMgetRkal³ ( )∫=
1

0
dx.xfI  . 

     V- enAkñúgtMruyGrtUNrma:l;manTisedAviC¢man ⎟
⎠
⎞

⎜
⎝
⎛ →→→

k,j,i,0   
           manÉktþa cm1  enAelIGkS½ eK[BIrcMnuc )0,2,0(A −   
           nig )1,2,1(B − .  ( )P Cabøg;mansmIkar 04zy2x2 =+++  . 
           cUrsresrsmIkarbøg; ( )Q  kat;tamcMnuc A  nig B ehIypÁúM 
           CamYybøg)anmMuRsYcmYymantémø 

4
π

=θ  . 
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dMeNa¼Rsay 
I- k> bgðajfa )V( n  CasIVútFrNImaRt 
eyIgman  nU

n aV =   naM[  1nU
1n aV +=+  

eyIg)an  dUU
U

U

n

1n aa
a

a
V

V
n1n

n

1n

=== −+ +
+  efr    

¬ eRBaH dUU n1n =−+   ¦ . 
dUcenH )V( n  CasIVútFrNImaRtmanersug daq =  . 
KNna nV  CaGnuKmn_én d,U,a 1  nig n  
tamrUbmnþ  1n

1n qVV −×=    eday 1U
1 aV =   nig daq =  

eK)an d)1n(Ud)1n(U
n

11 aa.aV −+− ==  . 

x>Rsayfa d

nd
U

n321n a1
a1

.aV....VVVS 1

−
−

=++++=    

tamrUbmnþ 
q1
q1

.VV..........VVVS
n

1n321n −
−

=++++=   
eday 1U

1 aV =   nig daq =  
dUcenH  d

nd
U

n321n a1
a1

.aV....VVVS 1

−
−

=++++=   . 
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K>KNnaplKuN n321n V.....VVVP ××××=   
eyIg)an n321n V.....VVVP ××××=   

                
2

)UU(n
U....UUU

UUUU

n1
n321

n321

aa

a.......a.a.a
+

++++ ==

=  

dUcenH  2
)UU(n

n

n1

aP
+

=   . 
II-kMnt; n  edIm,I[ nA  CakaerR)akd 
eyIgman INn,2007200722007A n20092008

n ∈+×+=  
                  )2007200721(2007 2008n2008 −+×+=  
edIm,I[ nA  CakaerR)akdluHRtaEt 22008n 20072007 =−  
naM[ 2010n =  . 
III- KNnaRCug AB  nig AC 
tag yAC,xAB ==  

eKman 045
2

BACMACMAB ===

∧
∧∧  

tamRTwsþIbTsIunUskñúgRtIekaN ABM nig ACM  eKman ³ 
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)1(
45sin

BM
Bsin

AM
0=   nig )2(

45sin
MC

Csin
AM

0=  
bUkTMnak;TMng ¬!¦ nig ¬@¦ eK)an ³ 

)3(
12
35

2
1

.
7

212
5

Csin
1

Bsin
1

45sin.AM
BC

Csin
1

Bsin
1

45sin
BC

45sin
MCBM

Csin
AM

Bsin
AM

0

00

==+

=+

=
+

=+

 

kñúgRtIekaNEkg ABC  eKman 
5
y

BC
ACBsin ==    

nig 
5
x

BC
ABCsin ==  

TMnak;TMng ¬#¦ GacsresreTACa ³ 

12
35

x
5

y
5

=+    naM[ )4(xy
12
7yx =+  

tamRTwsþIbTBItaKr½ kñúgRtIekaNEkg ABC  eKman ³ 
222 ACABBC +=  naM[  )5(yx25 22 +=  
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eday xy2)yx(yx 222 −+=+ enaHtam¬%¦eK)an ³ 
)6(25xy2)yx( 2 =−+  

tag  0yxS >+=   nig 0y.xP >=  

tam ¬%¦ nig ¬^¦ eK)anRbBn½æ  
⎪⎩

⎪
⎨
⎧

=−

=

25p2S

P
12
7S

2
   

naM[ 12P,7S ==  
eK)an 

⎩
⎨
⎧

×===
+==+=
4312xyP

437yxS    

naM[ 4y,3x ==  b¤  3y,4x ==  
dUcenH  4AC,3AB ==   b¤   3AC,4AB ==   . 
IV-KNnaGaMgetRkal³ ( )∫=

1

0

dx.xfI  
tag 3tx =  naM[ dt.t3dx 2=   
nigcMeBaH [ ]1,0x∈ naM[ [ ]1,0t ∈  
eK)an ∫ ∫==

1

0

1

0

23 dtt3).t(fdx).x(fI  

naM[ ( )∫=
1

0

32 1dt).t(ftI
3
1  
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müa:geTotebIeKtag 
t1
t1x

+
−

=  naM[ 2)t1(
dt2dx
+

−=  

cMeBaH [ ]1,0x∈  naM[ [ ]0,1t ∈  
eK)an  

∫ ∫ ∫ +
−

+
=

+
−⎟

⎠
⎞

⎜
⎝
⎛

+
−

==
1

0

0

1

1

0
22 dt).

t1
t1(f

)t1(
12)

)t1(
dt2.(

t1
t1fdx).x(fI  

eKTaj)an ( )∫ +
−

+
=

1

0
2 2dt).

t1
t1

(f
)t1(

1
I

2
1  

bUkTMnak;TMng ¬!¦ nig ¬@¦ eK)an ³ 
dt.)

t1
t1(f

)t1(
1)t(ftI

2
1I

3
1 1

0
2

32∫ ⎥
⎦

⎤
⎢
⎣

⎡
+
−

+
+=+  

tamsmμtikmμeKman ³ 
( )

( )
( )543

2
32 x1x4

x1
x1

f
x1

1
xfx +=⎟

⎠
⎞

⎜
⎝
⎛

+
−

+
+  

eK)an 
6
63

6
164

)t1(
6
1

dt.)t1(t4I
6
5 1

0

64
1

0

543 =
−

=⎥⎦
⎤

⎢⎣
⎡ +=+= ∫  

dUcenH  
5
63dx).x(fI

1

0
== ∫   . 

 
 



សមករអនុគមន៍ី  
 

  

- 141 - 

V-sresrsmIkarbøg; ( )Q  
tag ( ) 0dczbyax:Q =+++  CasmIkarEdlRtUvrk. 
edaybøg; ( )Q  kat;tamcMnuc A  nig B  enaHkUGredaencMnuc A  
 nig B  epÞógpÞat;nwgsmIkarbøg; ( )Q  .  
eK)an 

⎩
⎨
⎧

=++−+
=++−+

0d)1(c)2(b)1(a
0d)0(c)2(b)0(a   

b¤ 
⎩
⎨
⎧

=++−
=+−

0dcb2a
0db2  

naM[eKTaj)an 
⎪
⎩

⎪
⎨

⎧

−=

=

)2(ca

)1(
2
db  

müa:geTotebIeyIgtag θ  CamMupÁúMedaybøg; ( )P  nig ( )Q   
enaHeK)an 

QP

QP

n.n
n.n

cos rr

rr

=θ   

eday ( )1,2,2nP
r  nig )c,b,a(nQ

r CaviucTr½Nrm:al;énbøg; ( )P   
nig ( )Q . 
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eK)an  

22222222 cba3
cb2a2

cba.122
cb2a2cos

++

++
=

++++

++
=θ   

eday 
4
π

=θ  ¬bMrab;¦enaHeKTaj 
2
2

cba3
cb2a2

222
=

++

++   

naM[ )3()cba(9)cb2a2(2 2222 ++=++  
yksmIkar ¬!¦ nig ¬@¦ CYskñúg ¬#¦ eK)an ³ 
       )c

4
dc(9)cdc2(2 2

2
22 ++=++−  

                                  )
4

dc2(9)dc(2
2

22 +=+−  
                           2222 d

4
9c18)dcd2c(2 +=+−  

         

0
4

dcd4c16

0
4

dcd4c16

0d
4
9c18d2cd4c2

2
2

2
2

2222

=++

=−−−

=−−+−

 

              0
2
dc4

2

=⎟
⎠
⎞

⎜
⎝
⎛ +   naM[  

8
dc −=  . 
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tamTMnak;TMng ¬!¦ nig ¬@¦ eKTaj 
2
db =  nig 

8
da =  . 

yktémø 
2
db,

8
da ==  nig 

8
dc −=  CYskñúgsmIkarbøg; ( )Q  

 eK)an ³ 
( ) 0dz

8
dy

2
dx

8
d:Q =+−+  

 smmUl ( ) 08zy4x:Q =+−+  . 
dUcenHsmIkarbøg; ( )Q EdlRtUvrkKW ³  
( ) 08zy4x:Q =+−+  . 
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viBaØasaKNitviTüaTI14 
I- eK[ )U( n CasIVútkMnt;eday baUU n1n +=+  cMeBaHRKb;         
    *INn∈ nig IRb,a,0a ∈≠   . 
k> cMeBaH 1a =  cUrrkRbePTénsIVút )U( n  . 
x>cMeBaH 1a ≠ ]bmafa kVU nn +=  cMeBaHRKb; *INn∈ . 
    cUrkMnt;témø k edIm,I[ )V( n  CasIVútFrNImaRt . 
K> ]bmafa 1a ≠  .   
cUrKNna nU CaGnuKmn_én b,a nig nnigtY 1U  . 
II-eK[ f CaGnuKmn_Cab;elI [ ]1,0  . 
cUrbgðajfa ∫∫

ππ π
=

00
dx).x(sinf

2
dx).x(sinf.x  ? 

Gnuvtþn_³ cUrKNna  ∫
π

+
=

0
2 xcos1
dx.xsinxI  .  

III-edaHRsaysmIkar  n
3
4n

3
5CC 23

1n
2

1n −=+ ++   . 
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IV- eK[GnuKmn_ 
1x

baxx)x(fy 2

2

+
++

==  manRkabtMnag  
( )c kñúgtRmuyGrtUnremmYy. 
k-ExSekag ( )c  kat;GkS½Gab;sIus ( )x0'x  Rtg;cMnucman 
Gab;sIus α=x  .bgðajfabnÞat;b:H ( )c  Rtg; α=x man 
emKuNR)ab;Tis 

1
a2k 2 +α

+α
=  . 

x-cUrkMnt;témø a nig b  edIm,I[ExSekag ( )c  kat;GkS½ 
Gab;sIus)anBIrcMnuc M nig N EdlbnÞat;b:H ( )c  Rtg; M nig 
 N EkgnwgKña . 

dMeNa¼Rsay 
I-k> cMeBaH 1a =  rkRbePTénsIVút )U( n   
cMeBaH 1a =  eKmanTMnak;TMng bUU n1n +=+   
-ebI  0b =  enaH  *INn,UU n1n ∈∀=+    
naM[ )U( n  CasIVútefr . 
-ebI  0b ≠  enaH  bUU n1n +=+  naM[ )U( n  CasIVútnBVnþ 
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manplsgrYm b  . 
x> kMnt;témø k edIm,I[ )V( n  CasIVútFrNImaRt   
cMeBaH 1a ≠  eKman baUU n1n +=+   
eKman  kVU nn +=  naM[ kVU 1n1n += ++  eday  

baUU n1n +=+  
eK)an b)kV(akV n1n ++=++   
b¤  bk)1a(aVV n1n +−+=+  
tamTMnak;TMngenH edIm,I[ )V( n  CasIVútFrNImaRtluHRtaEt  

0bk)1a( =+−   . 
eKTaj)an 

a1
b

1a
b

k
−

=
−

−=  . 
K> KNna nU CaGnuKmn_én b,a nig nnigtY 1U  
tamdMeNaHRsayxagelIeyIgeXIjfacMeBaH 1a ≠  
eBlEdl  

a1
b

k
−

= enaHsIVút )V( n CasIVútFrNImaRt  
manersug aq =  nigtY 

a1
b

UkUV 111 −
−=−=   
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tamrUbmnþ  1n
1

1n
1n a).

a1
b

U(qVV −−

−
−=×=    

eday kVU nn +=  
dUcenH  

a1
b

a).
a1

b
U(U 1n

1n −
+

−
−= −     . 

II-bgðajfa ∫∫
ππ π

=
00

dx).x(sinf
2

dx).x(sinf.x   
tag tx −π=  naM[ dtdx −=   
nig cMeBaH [ ]π∈ ,0x  naM[ [ ]0,t π∈  
eK)an [ ]dt.)tsin(f).t(dx).x(sinf.x

0

0
∫∫
π

π

−π−π−=  

∫ ∫∫∫
π πππ

−π=−π=
0 000

dt).t(sinf.tdt).t(sinfdt).t(sinf).t(dx).x(sinf.x  

         ∫ ∫∫
π ππ

−π=
0 00

dx).x(sinf.xdx).x(sinfdx).x(sinf.x  

naM[eKTaj)an ∫∫
ππ π

=
00

dx).x(sinf
2

dx).x(sinf.x   . 

Gnuvtþn_³ KNna  ∫
π

+
=

0
2 xcos1
dx.xsinxI  

eKman ∫ ∫ ∫
π π π

−
π

=
−

=
+

=
0 0 0

222 xsin2
dx.xsin

2xsin2
dx.xsin.x

xcos1
dx.xsin.xI  



សមករអនុគមន៍ី  
 

  

- 148 - 

tag xcosz =  naM[ dx.xsindz −=   
ehIycMeBaH [ ]π∈ ,0x enaH [ ]1,1z −∈  
eK)an [ ]∫

−

−
π

=⎟
⎠
⎞

⎜
⎝
⎛ π

+
ππ

=
π

=
+
−π

=
1

1

2
1

12 4442
zarctan

2z1
dz

2
I   

dUcenH 
4xcos1

dx.xsinxI
2

0
2

π
=

+
= ∫

π  . 

III-edaHRsaysmIkar  n
3
4n

3
5CC 23

1n
2

1n −=+ ++    

 lkç½xNÐ½  
⎩
⎨
⎧

≥+
∈

31n
INn   naM[ 2n ≥  . 

 eKman  

   ( )
( )

( ) ( )
( )

( )
2

1nn
!1n.2

1nn.!1n
!1n!.2

!1n
C2

1n
+

=
−

+−
=

−
+

=+  

   
( )
( )

( ) ( ) ( )
( )

( )( )
6

1n1nn

!2n.6
1n.n.1n.!2n

!2n!.3
!1nC3

1n

+−
=

−
+−−

=
−
+

=+
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smIkarGacsresr ³ 
( ) ( )( )

n
3
4

n
3
5

6
1n1nn

2
1nn 2 −=

+−
+

+                   
( ) ( )

( )( ) 5n,2n,0n05n2nn

0n10n7n

0n8n10nnn3n3

n8n101nn1nn3

23

232

22

====−−

=+−

=+−−++

−=−++

naM[

 

eday 2n ≥    dUcenH 2n =  b¤ 5n =  . 
IV- bgðajfabnÞat;b:H ( )c  Rtg; α=x manemKuNR)ab;Tis  
      

1
a2k 2 +α

+α
=  

      eKman ( )
1x

baxxxf 2

2

+
++

=  
      eK)an  ( ) ( ) ( )

22

2222

)1x(
baxx)'1x(1x)'baxx(x'f

+
+++−+++

=  

             22

22

)1x(
)baxx(x2)1x)(ax2(

+
++−++

=  

            ebI k CaemKuNR)ab;Tisén bnÞat;b:H ( )c  Rtg; α=x   
            eK)an  ( )α= 'fk    . 
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eK)an ( ) ( )1
)1(

)ba.(2)1x(a2k 22

22

+α
+α+αα−++α

=  

müa:geTotExSekag ( )c  kat;GkS½Gab;sIus ( )x0'x  Rtg;cMnucman 
Gab;sIus α=x   . 
eK)an ( ) 0

1
baf 2

2

=
+α
+α+α

=α  naM[ ( )20ba2 =+α+α   
yksmIkar ( )2  CYskñúg ( )1   
eK)an 

1
a2

)1(
)1)(a2(k 222

2

+α
+α

=
+α

+α+α
=  

dUcenH  
1
a2k 2 +α

+α
=   . 

x-kMnt;témø a nig b  
smIkarGab;sIuscMnucRbsBV M nig N rvagExSekag ( )c   
CamYyGkS½ ( )x0'x  ³ 
( ) 0

1x
baxxxf 2

2

=
+
++

=   b¤  ( )E0baxx2 =++  
tag 1k  nig 2k  CaemKuNR)ab;TisénbnÞat;b:H ( )c Rtg; M nig  
N  eK)an ³ 
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( )
1x
ax2x'fk 2

M

M
M1 +

+
==  nig ( )

1x
ax2x'fk 2

N

N
N2 +

+
==  

edIm,I[bnÞat;b:HenHEkgKñaluHRtaEt  
1

1x
ax2.

1x
ax2k.k 2

N

N
2
M

M
21 −=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
+

=  

naM[ )1x)(1x()ax2)(ax2( 2
N

2
MNM ++−=++  

( ) ( )
( )
[ ]

( )301axx2)xx(a2xx)xx(

01xx2)xx(xxa)xx(a2xx4

01xxxxa)xx(a2xx4

0)1x)(1x(ax2.ax2

2
NMNM

2
N

2
M

2
NM

NM
2

NM
2
N

2
M

2
NMNM

2
N

2
M

2
N

2
M

2
NMNM

2
N

2
MNM

=+++++++

=+−++++++

=+++++++

=+++++

 
eday Mx  nig Nx  Cab¤ssmIkar ( )E enaHeKman  

⎩
⎨
⎧

=

−=+

bxx
axx

NM

NM  

TMnak;TMng ( )3 Gacsresr ³ 

( ) 1b01b1b2b

01ab2a2ba

22

2222

−==+=++

=+++−+

naM[
 

müa:geTotedIm,I[ ( )c  kat;GkS½ ( )x0'x  )anBIrcMnuc M nig N  
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     luHRtaEtsmIkar ( )E   manb¤sBIrepSgKña eBalKWeKRtUv[  
     0b4a2 >−=Δ   eday 1b −=  eKTaj)an 04a2 >+=Δ   
      BitCanic©RKb;cMnYnBit a . 
 dUcenH  1b,IRa −=∈    . 
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lMhat́Gnuvtþn_ 
1-cUrkMnt´rkGnuKmn_ )x(fy =  ebIeKdwgfa ½ 
 1)0(f)0('f ==  nig  
   x4x6)x('f

)1x2(
2)x(''f

1x2
1 2

2 −=
−

−
−

 
2-cUrkMnt´rkGnuKmn_ )x(fy =  ebIeKdwgfa ½ 
 2)0(f =  nig 1x4x)x(f)x('f 22 +−=    
3-cUrkMnt´rkGnuKmn_ )x(fy =  ebIeKdwgfa ½ 
 4)1(f = nig 1x2x3x4)x('f)1x()x(fx2 232 +++=++    
4-cUrkMnt´rkGnuKmn_ )x(fy =  ebIeKdwgfa ½ 
 2)1(f =  nig x9x4)x(f2)x('fx 2 +=+   
5-eK[GnuKmn_ f  kMnt´BIsMNMu IR eTA +*IR  
 EdlcMeBa¼RKb´ 
 IRy,x ∈  eKman  )y(f)x(f)yx(f =+  nig 4)0('f =   
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 cUrkMnt´rkGnuKmn_ )x(f  . 
6-cUrkMnt´rkGnuKmn_ f  manedrIevelI IR ebIeKdwgfa  

IRy,IRx ∈∈∀ eKman )y(f)x(f
2

yxf =⎟
⎠
⎞

⎜
⎝
⎛ +  . 

7-eK[GnuKmn_ x12x6x)x(f 23 +−=  kMnt´elI IR 
 k/ cUrkMnt´rkGnuKmn_ )x(f 1−  CaGnuKmn_Rcas´ 
 énGnuKmn_ )x(f  . 
 x/ cUrKNnaedrIevénGnuKmn_ )x(f  nig  )x(f 1−  . 
8-eKmanGnuKmn_ )x(f  kMnt´elI IR EdlcMeBa¼Kb´ 
 IRx∈  eKmanTMnak´TMng )x(fx2)x('f = ehIy 1)0(f =   
 cUrkMnt´rkGnuKmn_ )x(f  . 
9-eK[GnuKmn_ f  nig g manedrIevelI IR EdlcMeBa¼ 
RKb´ IRx∈  eKmanTMnak´TMng )x(g)x('g)x(f)x('f 22 =      
  cUrrkTMnak´TMngrvag f  nig g . 
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10-eK[GnuKmn_ f  kMnt´elI IR eday 
  2x1x)x(f ++=  
 k/ bgHajfa f  manedrIevelI IR nig  
     )x(f)x('f.x12 2 =+    . 
 x/ TajbBa¢ak´faedrIev ''f epÞogpÞat´  
    )x(f)x('xf4)x(''f)x1(4 2 =++  . 
11-eK[GnuKmn_ 
       xsinx)x(f −=  nig xsin

6
xx)x(g

3

−−=  cMeBaH 0x >   
 k/ cUrsikSaGefrPaBénGnuKmn_ )x(f  nig )x(g  . 
 x/ RsaybBa¢ak;fa  xxsin

6
xx

3

≤≤−   cMeBaH 0x >  . 
 K/ eKtag 3222n n

nsin.....
n
3sin

n
2sin

n
1sinS ++++=  . 

     cUrrkkenSamGmén nS  rYcTajrk nn
Slim

+∞→
  . 
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