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34343434----eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ xxxf 2log2)( ++++====   Edl   Edl   Edl   Edl 0>>>>x     
eKtag eKtag eKtag eKtag (((( )))) (((( ))))(((( )))))(;)(;)( 321 xfffuxffuxfu ============     
nig nig nig nig (((( ))))(((( ))))(((( ))))....)(.... xffffu nn ====   .   .   .   .     
k>eKyk  k>eKyk  k>eKyk  k>eKyk  nn uV 2log1++++====  . cUrbgðajfa  . cUrbgðajfa  . cUrbgðajfa  . cUrbgðajfa 2

1 nn VV ====++++     
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x>eRbIGnumanrYmKNitviTüacUrRsayfa x>eRbIGnumanrYmKNitviTüacUrRsayfa x>eRbIGnumanrYmKNitviTüacUrRsayfa x>eRbIGnumanrYmKNitviTüacUrRsayfa n

VVn
2

1====  . . . .    
K>KNna K>KNna K>KNna K>KNna nV  nig  nig  nig  nig nu  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én n  nig  nig  nig  nig x   .  .  .  .    
35353535----eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit )( nu  kMnt;eday   kMnt;eday   kMnt;eday   kMnt;eday  ³³³³    

(((( ))))2log )1( ++++==== ++++ nu nn    Edl    Edl    Edl    Edl ....;3;2;1====n    .   .   .   .    
k>cUrk>cUrk>cUrk>cUrbgðajfa  bgðajfa  bgðajfa  bgðajfa  (((( ))))nu  CasIVútcuHCanic©cMeBaHRKb;  CasIVútcuHCanic©cMeBaHRKb;  CasIVútcuHCanic©cMeBaHRKb;  CasIVútcuHCanic©cMeBaHRKb; 1≥≥≥≥n         
x>KNnaplbUk x>KNnaplbUk x>KNnaplbUk x>KNnaplbUk nn uuuuS ln....lnlnln 321 ++++++++++++++++====         
   CaGnuKmn_én    CaGnuKmn_én    CaGnuKmn_én    CaGnuKmn_én n         
36363636----eK[ eK[ eK[ eK[ xxxxf 2424 sin4coscos4sin)( ++++−−−−++++====         
k> sRmYl k> sRmYl k> sRmYl k> sRmYl )(xf     
x>kMnt; x>kMnt; x>kMnt; x>kMnt; x  edIm,I[  edIm,I[  edIm,I[  edIm,I[ 

2
1

)( ====xf     

37373737----cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; INn∈∈∈∈  eK[  eK[  eK[  eK[ 
12

sin
12

cos
ππππππππ nn

nS ++++====         
k> KNnatémø k> KNnatémø k> KNnatémø k> KNnatémø 

12
cos

ππππ  nig  nig  nig  nig 
12

sin
ππππ     

x> bgðajfa x> bgðajfa x> bgðajfa x> bgðajfa 0624 12 ====++++−−−− ++++++++ nnn SSS     
38383838----cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  

2
1

7
3

cos
7

2
cos

7
cos ====++++−−−− ππππππππππππ             

                                                    (IMO 1963)        

    



                                                            eroberogeday lwm pl:ún nig Esn Bisidæ 

  
 
 
 

- 11 - 

39393939----KNna KNna KNna KNna )
5

3
sin41()

5
sin41( 22 ππππππππ −−−−−−−−====A     

40404040----eK[ eK[ eK[ eK[ 
144

)( 2

3

−−−−++++
====

xx

x
xf  . KNnatémø  . KNnatémø  . KNnatémø  . KNnatémø )

7
(cos

ππππ
f   .  .  .  .    

41414141----eK[ eK[ eK[ eK[ )cos(sin
1

)( xx
k

xf kk
k ++++====         

      Edl       Edl       Edl       Edl ...;3;2;1====k     
      cUrbgðajfa       cUrbgðajfa       cUrbgðajfa       cUrbgðajfa 

12
1

)()( 64 ====−−−− xfxf   .  .  .  .    
42424242----cUrbgðajfacMeBaHRKb;cMnYnKt;FmcUrbgðajfacMeBaHRKb;cMnYnKt;FmcUrbgðajfacMeBaHRKb;cMnYnKt;FmcUrbgðajfacMeBaHRKb;cMnYnKt;FmµCati µCati µCati µCati n  nig cMeBaHRKb; nig cMeBaHRKb; nig cMeBaHRKb; nig cMeBaHRKb;    
cMnYnBit   cMnYnBit   cMnYnBit   cMnYnBit   t

k
x

2

ππππ≠≠≠≠   Edl   Edl   Edl   Edl nt ....,,2,1,0====         
nig nig nig nig k  CacMnYnKt;eKmansmPaB  CacMnYnKt;eKmansmPaB  CacMnYnKt;eKmansmPaB  CacMnYnKt;eKmansmPaB ³³³³    

xx
xxx

n
n 2cotcot

2sin

1
.....

4sin
1

2sin
1 −−−−====++++++++++++             

                            (IMO 1966)        

43434343----eK[ eK[ eK[ eK[ dcba ,,,  CacMnYnenAkñúgcenøa CacMnYnenAkñúgcenøa CacMnYnenAkñúgcenøa CacMnYnenAkñúgcenøaH H H H ];0[ ππππ         
edaydwgfaedaydwgfaedaydwgfaedaydwgfa    





++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
        

cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa )cos(7)cos(2 cbda −−−−====−−−−    .   .   .   .    
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44444444----cUrsresrCaplKuNktþaénkenSam cUrsresrCaplKuNktþaénkenSam cUrsresrCaplKuNktþaénkenSam cUrsresrCaplKuNktþaénkenSam ³³³³    
                        )sin()sin()sin( xzzyyx −−−−++++−−−−++++−−−−             
45454545----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag 

2
cba

p
++++++++====  CaknøHbrimaRténRtIekaN . CaknøHbrimaRténRtIekaN . CaknøHbrimaRténRtIekaN . CaknøHbrimaRténRtIekaN .    

kkkk----cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa 
bc

cpbpA ))((
2

sin
−−−−−−−−====  rYcsresrTMnak;TMng rYcsresrTMnak;TMng rYcsresrTMnak;TMng rYcsresrTMnak;TMng    

BIreTotEdlRsedogKñaenH .BIreTotEdlRsedogKñaenH .BIreTotEdlRsedogKñaenH .BIreTotEdlRsedogKñaenH .    
xxxx----cUrRsayfa cUrRsayfa cUrRsayfa cUrRsayfa 

8
1

2
sin

2
sin

2
sin ≤≤≤≤CBA     

46464646---- eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaNABC  ehIyeKtag  ehIyeKtag  ehIyeKtag  ehIyeKtag r  nig  nig  nig  nig R erogKñaCakaMrgVg;erogKñaCakaMrgVg;erogKñaCakaMrgVg;erogKñaCakaMrgVg;    
carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .    
cUrRsayfa cUrRsayfa cUrRsayfa cUrRsayfa 

R
r

CBA ++++====++++++++ 1coscoscos     
47474747----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag 

2
cba

p
++++++++====  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy r  nig  nig  nig  nig R     

erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .    
kkkk----cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa Rrprcabcab 422 ++++++++====++++++++             
xxxx----cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa Rrrpcba 822 22222 −−−−−−−−====++++++++     
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48484848----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag 

2
cba

p
++++++++====  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy r     

CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa ³³³³    
k> k> k> k> r

C
cp

B
bp

A
ap ====−−−−====−−−−====−−−−

2
tan)(

2
tan)(

2
tan)(         

x> x> x> x> 
p

rRCBA ++++====++++++++ 4
2

tan
2

tan
2

tan         

K> K> K> K> 
r
pCBA ====

2
tan

2
tan

2
tan     

X> X> X> X> 
r
pCBA ====++++++++

2
cot

2
cot

2
cot         

49494949----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYyman mYyman mYyman mYymanRCug RCug RCug RCug cba ;;   .  .  .  .    
tag tag tag tag S  CaépÞRkla nig  CaépÞRkla nig  CaépÞRkla nig  CaépÞRkla nig R  CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN .    
k>cUrbgðajfa k>cUrbgðajfa k>cUrbgðajfa k>cUrbgðajfa 22

coscoscos
R

abc
CcBbAa ====++++++++     

x> cUrbgðajfa x> cUrbgðajfa x> cUrbgðajfa x> cUrbgðajfa SCcBbAa 4cotcotcot 222 ====++++++++     
50505050----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag r  CakaMrgVg;carwkkñúg nig  CakaMrgVg;carwkkñúg nig  CakaMrgVg;carwkkñúg nig  CakaMrgVg;carwkkñúg nig R  CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN .    
cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa )(2cotcotcot RrCcBbAa ++++====++++++++     
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51515151----bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyeKman mYyeKman mYyeKman mYyeKman    
                                

2
tan

2
tan

CBA
ba
ba −−−−====

++++
−−−−     

52525252----bgðbgðbgðbgðajfakñúgRtIekaN ajfakñúgRtIekaN ajfakñúgRtIekaN ajfakñúgRtIekaN ABC  mYyeKman mYyeKman mYyeKman mYyeKman    
                        )

2
sin

2
sin

2
(sin4 222

222 CBA
ab
c

ca
b

bc
a ++++++++≥≥≥≥++++++++     

53535353----bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyeKman mYyeKman mYyeKman mYyeKman    
                            3333 16

81coscoscos

pc

C

b

B

a

A ≥≥≥≥++++++++     

54545454----bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyEdl  mYyEdl  mYyEdl  mYyEdl CBA ≠≠≠≠≠≠≠≠ eKmaneKmaneKmaneKman    
k> k> k> k> 0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa         
x> x> x> x> abc

BAACCB
BAcACbCBa

3
)sin()sin()sin(

)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−             

55555555----eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit )( nU kMnt;eday kMnt;eday kMnt;eday kMnt;eday ³³³³    

4
sin.2

ππππn
U

n
n ====  Edl  Edl  Edl  Edl *INn ∈∈∈∈     

k>cUrbgðajfa  k>cUrbgðajfa  k>cUrbgðajfa  k>cUrbgðajfa  
4

sin
4

cos
4

)1(
cos.2

ππππππππππππ nnn
−−−−====

++++             
x> Taj[)anfa x> Taj[)anfa x> Taj[)anfa x> Taj[)anfa 

4
)1(

cos)2(
4

cos)2( 1 ππππππππ ++++−−−−==== ++++ nn
U nn

n             
K> KNnaplbUk K> KNnaplbUk K> KNnaplbUk K> KNnaplbUk nn UUUUS ++++++++++++++++==== .........321     
   CaGnuKmn_én    CaGnuKmn_én    CaGnuKmn_én    CaGnuKmn_én n  . . . .    



                                                            eroberogeday lwm pl:ún nig Esn Bisidæ 

  
 
 
 

- 15 - 

56565656----eK[ eK[ eK[ eK[ x  CacMnYnBitEdl  CacMnYnBitEdl  CacMnYnBitEdl  CacMnYnBitEdl 0217160 2 <<<<++++−−−− xx  . . . .    
     cUrbgðajfa       cUrbgðajfa       cUrbgðajfa       cUrbgðajfa  0

13
sin <<<<









−−−−x
ππππ    .   .   .   .    

57575757----eK[ eK[ eK[ eK[ 
2

0
ππππ<<<<<<<< x  . cUrRsaybBa¢ak;fa  . cUrRsaybBa¢ak;fa  . cUrRsaybBa¢ak;fa  . cUrRsaybBa¢ak;fa ³³³³    

                    21
cos

1
1

sin
1

1 ++++≥≥≥≥






 ++++






 ++++
xx

    

55558888----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  . . . .    
    1    1    1    1----cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; [,0], ππππ∈∈∈∈yx  cUrRsayfa  cUrRsayfa  cUrRsayfa  cUrRsayfa ³³³³    
                    )

2
(sin2sinsin

yx
yx

++++≤≤≤≤++++  . . . .    

     2     2     2     2----cUrRsayfa cUrRsayfa cUrRsayfa cUrRsayfa 
2

33
sinsinsin ≤≤≤≤++++++++ CBA  . . . .    

     3     3     3     3----Tajbgðajfa Tajbgðajfa Tajbgðajfa Tajbgðajfa ³³³³    
        k/     k/     k/     k/ 

8
33

sin.sin.sin ≤≤≤≤CBA                 

      x/   x/   x/   x/ 
8

33
2

cos
2

cos
2

cos ≤≤≤≤CBA     
59595959----eKeKeKeK[sIVúténcMnYnkMupøic [sIVúténcMnYnkMupøic [sIVúténcMnYnkMupøic [sIVúténcMnYnkMupøic )( nZ kMnt´eday kMnt´eday kMnt´eday kMnt´eday ³³³³    

            
(((( ))))









∈∈∈∈++++====

++++====

++++ INnZZZ

i
Z

nnn ;||
2
1
2

31

1

0     
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( ( ( ( || nZ  Cam̈UDulén  Cam̈UDulén  Cam̈UDulén  Cam̈UDulén nZ  ) . ) . ) . ) .    
snµtfa snµtfa snµtfa snµtfa INniZ nnnn ∈∈∈∈∀∀∀∀++++==== ,)sin.(cos θθθθθθθθρρρρ         
Edl Edl Edl Edl IRnnn ∈∈∈∈>>>> θθθθρρρρρρρρ ;,0   .  .  .  .    
kkkk----rkTMnak´TMngrvag rkTMnak´TMngrvag rkTMnak´TMngrvag rkTMnak´TMngrvag nθθθθ nignignignig 1++++nθθθθ  ehIy ehIy ehIy ehIy nρρρρ nignignignig 1++++nρρρρ  . . . .    
xxxx----rkRbePTénsIVútrkRbePTénsIVútrkRbePTénsIVútrkRbePTénsIVút )( nθθθθ rYcKNnarYcKNnarYcKNnarYcKNna nθθθθ CaGnuKmn_én CaGnuKmn_én CaGnuKmn_én CaGnuKmn_én n . . . .    
KKKK----cUrbgHajfacUrbgHajfacUrbgHajfacUrbgHajfa

2
cos....

2
cos

2
coscos 121

00
−−−−==== n

n
θθθθθθθθθθθθθθθθρρρρρρρρ     

 rYbBa¢aḱ rYbBa¢aḱ rYbBa¢aḱ rYbBa¢aḱ nρρρρ  GnuKmn_én  GnuKmn_én  GnuKmn_én  GnuKmn_én n  . . . .    
60606060----eK[sVúIténcMnYnBit eK[sVúIténcMnYnBit eK[sVúIténcMnYnBit eK[sVúIténcMnYnBit )( nU kMnt́elI kMnt́elI kMnt́elI kMnt́elI n    eday½eday½eday½eday½    

10 ====U  nig  nig  nig  nig aaUUINn nn sincos: 1 ++++====∈∈∈∈∀∀∀∀ ++++         
Edl Edl Edl Edl 

2
0

ππππ<<<<<<<< a  . . . .    
k¿ tag k¿ tag k¿ tag k¿ tag 

2
cot

a
UV nn −−−−====  .  .  .  .     

cUrbgHajfa cUrbgHajfa cUrbgHajfa cUrbgHajfa )( nV CasIVútFrNImaRtmYYy .CasIVútFrNImaRtmYYy .CasIVútFrNImaRtmYYy .CasIVútFrNImaRtmYYy .    
x¿KNnalImIt x¿KNnalImIt x¿KNnalImIt x¿KNnalImIt )....(lim 10 n

n
VVV ++++++++++++

+∞+∞+∞+∞→→→→
 nig nig nig nig n

n
U

+∞+∞+∞+∞→→→→
lim     
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61616161----eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit )( nU kMnt´eday ½kMnt´eday ½kMnt´eday ½kMnt´eday ½    
1;0 10 ======== UU  nig  nig  nig  nig nnn UaUUINn −−−−====∈∈∈∈∀∀∀∀ ++++++++ cos2: 12         

Edl Edl Edl Edl IRa ∈∈∈∈ ....    
k¿ tag k¿ tag k¿ tag k¿ tag INnUaiaUZ nnn ∈∈∈∈∀∀∀∀−−−−−−−−==== ++++ ,)sin(cos1  . . . .    
cUrbgHajfa cUrbgHajfa cUrbgHajfa cUrbgHajfa nn ZaiaZ )sin(cos1 ++++====++++  rYcTajrk  rYcTajrk  rYcTajrk  rYcTajrk     

nZ CaGnuKmn_ CaGnuKmn_ CaGnuKmn_ CaGnuKmn_ n nig  nig  nig  nig a . . . .    
x¿ Tajrk x¿ Tajrk x¿ Tajrk x¿ Tajrk nU  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én n rYcTajrk  rYcTajrk  rYcTajrk  rYcTajrk n

a
U

0
lim

→→→→
 . . . .    

66662222----eda¼RsaysmIkar ½eda¼RsaysmIkar ½eda¼RsaysmIkar ½eda¼RsaysmIkar ½    
                223)

12
cos()

4
sin(4 ++++====++++++++ ππππππππ

xx     
63636363----eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit )( nU kMnt;elI kMnt;elI kMnt;elI kMnt;elI IN  eday   eday   eday   eday  ³³³³    
                            

2
2

0 ====U  nig  nig  nig  nig INn
U

U n
n ∈∈∈∈∀∀∀∀

−−−−−−−−
====++++ ,

2

11 2

1
    

        KNna         KNna         KNna         KNna nU  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én n  . . . .    
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64646464---- eK[ eK[ eK[ eK[    

    

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

====++++++++

====++++

====

4

3

2

2
cos2222

2
cos222

2
cos22

ππππ

ππππ

ππππ

        

BI]TahrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg BI]TahrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg BI]TahrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg BI]TahrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg     
65656565----ykykykyk a; b ;c CaRbEvgRCug nigCaRbEvgRCug nigCaRbEvgRCug nigCaRbEvgRCug nig A,B,C CargVas;mMuTaMgbICargVas;mMuTaMgbICargVas;mMuTaMgbICargVas;mMuTaMgbI    
énRtIekaN énRtIekaN énRtIekaN énRtIekaN ABCmYyEdl mYyEdl mYyEdl mYyEdl S CaRklaépÞRtIekaNenaH. CaRklaépÞRtIekaNenaH. CaRklaépÞRtIekaNenaH. CaRklaépÞRtIekaNenaH.    

Rsayfa Rsayfa Rsayfa Rsayfa 
S

cba
CotCCotBCotA

4

222 ++++++++====++++++++             
66666666---- eK[RtIekaN  eK[RtIekaN  eK[RtIekaN  eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug     
                                cABbACaBC ============ ,,    . cUrRsaybBa¢k;fa    . cUrRsaybBa¢k;fa    . cUrRsaybBa¢k;fa    . cUrRsaybBa¢k;fa ³³³³    

abc
cba

c
C

b
B

a
A

2
coscoscos 222 ++++++++====++++++++     

67676767----edaHRsaysmIkaredaHRsaysmIkaredaHRsaysmIkaredaHRsaysmIkar    
k> k> k> k> (((( )))) 0)sin2(logsinlog2 3

2
2

2 ====++++ xx     

x> x> x> x> 02coslog3coslog 2

2

2
2 ====++++++++














xx     
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68686868----edaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkar    

                        
(((( )))) (((( ))))
(((( ))))





====

====
yx

yx

sinlnsinln

2ln2ln

22

sin2sin2
    

       Edl        Edl        Edl        Edl 
2

0
ππππ<<<<<<<< x   nig   nig   nig   nig 

2
0

ππππ<<<<<<<< y   .  .  .  .    
69696969----edaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkar    

                








++++====++++

====++++

2222

2
3

sinsin

sinsin yx

yx
    

70707070----eK[ eK[ eK[ eK[ 
2

a0
ππππ<<<<<<<<  nig  nig  nig  nig 

2
b0

ππππ<<<<<<<<  . . . .    

    cUrbgHajfa     cUrbgHajfa     cUrbgHajfa     cUrbgHajfa 1
bcos
acos

bsin
asin

2222

====







++++







         

    lu¼RtaEt     lu¼RtaEt     lu¼RtaEt     lu¼RtaEt ba ====   .  .  .  .    
71717171----eK[ eK[ eK[ eK[ ABC  CaRtIekaNmYyEdlepÞógpÞat́lkç&x&NÐ CaRtIekaNmYyEdlepÞógpÞat́lkç&x&NÐ CaRtIekaNmYyEdlepÞógpÞat́lkç&x&NÐ CaRtIekaNmYyEdlepÞógpÞat́lkç&x&NÐ    
                AcosCsinBsin1CsinBsin 22 ++++====++++  . . . .    
     bgHajfa      bgHajfa      bgHajfa      bgHajfa ABC  CaRtIekaNEkg . CaRtIekaNEkg . CaRtIekaNEkg . CaRtIekaNEkg .    
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72727272----eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCúg  mYymanRCúg  mYymanRCúg  mYymanRCúg c,b,a  .  .  .  .     
    kMnt́RbePTénRtIekaN     kMnt́RbePTénRtIekaN     kMnt́RbePTénRtIekaN     kMnt́RbePTénRtIekaN ABC  ebIeKdwgfa ½ ebIeKdwgfa ½ ebIeKdwgfa ½ ebIeKdwgfa ½    
                    )

c
1

b
1

a
1

(
2
1

c
Ccos

b
Bcos

a
Acos ++++++++====++++++++     

73737373----kñúgRtIekaN kñúgRtIekaN kñúgRtIekaN kñúgRtIekaN ABC  mYycUrRsaybBa¢ak´fa ½ mYycUrRsaybBa¢ak´fa ½ mYycUrRsaybBa¢ak´fa ½ mYycUrRsaybBa¢ak´fa ½    
                    

r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++             

 Edl  Edl  Edl  Edl r  nig  nig  nig  nig R CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN .    
74747474----k> cUrRsayfa k> cUrRsayfa k> cUrRsayfa k> cUrRsayfa 

aaa

a

2sin

1

sin2

1

2sin

2cos
222 −−−−====     

x>KNnaplbUk  x>KNnaplbUk  x>KNnaplbUk  x>KNnaplbUk  ∑∑∑∑
==== 


















====
n

k
k

k

kn x

x

S
0 2

2
sin

2
cos

.
2

1   .  .  .  .    

    
��������������������    
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lMhat´TI1lMhat´TI1lMhat´TI1lMhat´TI1    
eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ 22 3243 22)( xxxxxf −−−−++++++++−−−− ++++====     
k> cUrbgðajfaRKb;cMnYnBit k> cUrbgðajfaRKb;cMnYnBit k> cUrbgðajfaRKb;cMnYnBit k> cUrbgðajfaRKb;cMnYnBit x  eK)an  eK)an  eK)an  eK)an 16)( ≥≥≥≥xf  . . . .    
x> rktémø x> rktémø x> rktémø x> rktémø x  edIm, edIm, edIm, edIm,I[ I[ I[ I[ 20)( ====xf  . . . .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k> bgðajfaRKb;cMnYnBit k> bgðajfaRKb;cMnYnBit k> bgðajfaRKb;cMnYnBit k> bgðajfaRKb;cMnYnBit x  eK)an  eK)an  eK)an  eK)an 16)( ≥≥≥≥xf             
cMeBaHRKb;cMnYnBitviC¢man cMeBaHRKb;cMnYnBitviC¢man cMeBaHRKb;cMnYnBitviC¢man cMeBaHRKb;cMnYnBitviC¢man a  nig  nig  nig  nig b  eKman  eKman  eKman  eKman (((( )))) 0

2 ≥≥≥≥−−−− ba     
eK)an eK)an eK)an eK)an 02 ≥≥≥≥++++−−−− baba  b¤  b¤  b¤  b¤ abba 2≥≥≥≥++++     
edayyk edayyk edayyk edayyk 432

2 ++++−−−−==== xxa  nig  nig  nig  nig 2322 xxb −−−−++++====     
eK)an eK)an eK)an eK)an 22 3243 2.22)( xxxxxf −−−−++++++++−−−−≥≥≥≥     
                                        1622)( 6 ====≥≥≥≥xf     
dUcenHRKb;cMnYnBit dUcenHRKb;cMnYnBit dUcenHRKb;cMnYnBit dUcenHRKb;cMnYnBit x  eK)an  eK)an  eK)an  eK)an 16)( ≥≥≥≥xf    .   .   .   .    
x> rktémø x> rktémø x> rktémø x> rktémø x  edIm,I[  edIm,I[  edIm,I[  edIm,I[ 20)( ====xf         
eK)an eK)an eK)an eK)an 2022

22 3243 ====++++ −−−−++++++++−−−− xxxx     

                                    
(((( ))))i

xx

xx

xxxx

020
2

64
2

02022

43

43

)43(643

2

2

22

====−−−−++++

====−−−−++++

++++−−−−
++++−−−−

++++−−−−−−−−++++−−−−
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tag tag tag tag 02 432
>>>>==== ++++−−−− xxt  smIkar  smIkar  smIkar  smIkar (((( ))))i  Gacsresr  Gacsresr  Gacsresr  Gacsresr ³³³³    

020
64 ====−−−−++++
t

t  b¤   b¤   b¤   b¤  064202 ====++++−−−− tt     

03664100' >>>>====−−−−====∆∆∆∆     
eKTajb¤seKTajb¤seKTajb¤seKTajb¤s    16610;4610 21 ====++++========−−−−==== tt     
----cMeBaH cMeBaH cMeBaH cMeBaH 4====t  eK)an  eK)an  eK)an  eK)an 42 432

====++++−−−− xx     
naM[ naM[ naM[ naM[ 2432 ====++++−−−− xx  b¤  b¤  b¤  b¤ 0232 ====++++−−−− xx     
eday eday eday eday 0====++++++++ cba  enaH  enaH  enaH  enaH 11 ====x  b¤   b¤   b¤   b¤  22 ====x  . . . .    
----cMeBaH cMeBaH cMeBaH cMeBaH 16====t  eK)an  eK)an  eK)an  eK)an 162 432

====++++−−−− xx     
naM[ naM[ naM[ naM[ 4432 ====++++−−−− xx  b¤   b¤   b¤   b¤  0)3( ====−−−−xx     
eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s 01 ====x  b¤   b¤   b¤   b¤  32 ====x   .  .  .  .    
dUcenHeK)an dUcenHeK)an dUcenHeK)an dUcenHeK)an }3,2,1,0{∈∈∈∈x   .  .  .  .    
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lMhat´TI2lMhat´TI2lMhat´TI2lMhat´TI2    

eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ 
22

22
)(

1

++++
++++====

++++

x

x

xf     

k> cMeBak> cMeBak> cMeBak> cMeBaHRKb;cMnYnBit HRKb;cMnYnBit HRKb;cMnYnBit HRKb;cMnYnBit m  nig  nig  nig  nig n  ebI  ebI  ebI  ebI 1====++++ nm  enaHcUrRsayfa  enaHcUrRsayfa  enaHcUrRsayfa  enaHcUrRsayfa ³³³³    
                    3)()( ====++++ nfmf   .  .  .  .    
x> KNnaplbUk x> KNnaplbUk x> KNnaplbUk x> KNnaplbUk ∑∑∑∑

====

















++++
====

p

k
p p

k
fS

1 1
  .  .  .  .    

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k> k> k> k> Rsayfa Rsayfa Rsayfa Rsayfa 3)()( ====++++ nfmf   ebI   ebI   ebI   ebI 1====++++ nm     
eKman eKman eKman eKman (((( ))))

22

22 1

++++
++++====

++++

m

m

mf  nig  nig  nig  nig (((( ))))
22

22 1

++++
++++====

++++

n

n

nf     

22

22

22

22
)()(

11

++++
++++++++

++++
++++====++++

++++++++

n

n

m

m

nfmf                         

3

224

)224(3

224

2.32.312

2222

22222222

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
3

2
1

12
1

2
3

1

====

++++++++

++++++++====

++++++++

++++++++====

++++++++++++

++++++++++++++++++++++++++++====

++++++++

++++++++

++++++++

++++++++

++++++++++++

++++++++++++++++++++++++++++++++

nm

nm

nm

nm

nmnm

nmnmnmnm

    

dUcenH ebI dUcenH ebI dUcenH ebI dUcenH ebI 1====++++ nm  enaH  enaH  enaH  enaH 3)()( ====++++ nfmf   .  .  .  .    



                                                            eroberogeday lwm pl:ún nig Esn Bisidæ 

  
 
 
 

- 25 - 

x> KNnaplbUk x> KNnaplbUk x> KNnaplbUk x> KNnaplbUk ∑∑∑∑
====


















++++
====

p

k
p p

k
fS

1 1
                

eKman eKman eKman eKman (((( ))))i
p

p
f

p
f

p
fSn 









++++
++++++++









++++
++++








++++
====

1
......

1
2

1
1     

b¤      b¤      b¤      b¤          (((( ))))ii
p

f
p
p

f
p

p
fSn 









++++
++++++++









++++
−−−−++++









++++
====

1
1

....
1
1

1
    

bUksmIkar bUksmIkar bUksmIkar bUksmIkar (((( ))))i  nig  nig  nig  nig (((( ))))ii  eK)an  eK)an  eK)an  eK)an ³³³³    
pSn 33....332 ====++++++++++++====  naM[  naM[  naM[  naM[ 

2
3p

Sn ====     

BIeRBaH BIeRBaH BIeRBaH BIeRBaH 3
11

1 ====








++++
++++








++++ p
p

f
p

f     

                                        

3
1

1
1

3
1
2

1
3

3
1
1

1
2

====








++++
++++








++++

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

====








++++
−−−−++++









++++

====








++++
−−−−++++









++++

p
f

p
p

f

p
p

f
p

f

p
p

f
p

f

    

dUcenH   dUcenH   dUcenH   dUcenH   
2

3
11

p
p

k
fS

p

k
p ====

















++++
==== ∑∑∑∑

====
    .    .    .    .    
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lMlMlMlMhat´TI3hat´TI3hat´TI3hat´TI3    

eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ xx

xx

ee

ee
xf −−−−

−−−−

++++
−−−−====)(         

k>cUrRsayfa k>cUrRsayfa k>cUrRsayfa k>cUrRsayfa )(xf  CaGnuKmn_ess . CaGnuKmn_ess . CaGnuKmn_ess . CaGnuKmn_ess .    
x>cMeBaHRKb;cMnYnBit x>cMeBaHRKb;cMnYnBit x>cMeBaHRKb;cMnYnBit x>cMeBaHRKb;cMnYnBit a  nig  nig  nig  nig b  cUrRsayfa  cUrRsayfa  cUrRsayfa  cUrRsayfa ³³³³    
            (((( ))))

)()(1
)()(

bfaf
bfaf

baf
++++

++++====++++         

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k> Rsayfak> Rsayfak> Rsayfak> Rsayfa    )(xf  CaG CaG CaG CaGnuKmn_essnuKmn_essnuKmn_essnuKmn_ess    
eKman eKman eKman eKman xx

xx

ee

ee
xf −−−−

−−−−

++++
−−−−====)(     

cMeBaHRKb;cMnYnBit cMeBaHRKb;cMnYnBit cMeBaHRKb;cMnYnBit cMeBaHRKb;cMnYnBit x  eKman  eKman  eKman  eKman 0>>>>++++ −−−− xx ee     
dUcenHGnuKmn_ dUcenHGnuKmn_ dUcenHGnuKmn_ dUcenHGnuKmn_ f  manEdnkMnt;  manEdnkMnt;  manEdnkMnt;  manEdnkMnt; IRD f ====     
cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; fDx ∈∈∈∈  eK)an  eK)an  eK)an  eK)an fDx ∈∈∈∈−−−−     
eK)aeK)aeK)aeK)an n n n (((( )))) 0)( ====

++++
−−−−++++

++++
−−−−====++++−−−− −−−−

−−−−

−−−−

−−−−

xx

xx

xx

xx

ee

ee

ee

ee
xfxf     

eKTaj eKTaj eKTaj eKTaj )()( xfxf −−−−====−−−−     
dUcenH dUcenH dUcenH dUcenH )(xf  CaGnuKmn_ess . CaGnuKmn_ess . CaGnuKmn_ess . CaGnuKmn_ess .    
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x> Rsayfa  x> Rsayfa  x> Rsayfa  x> Rsayfa  (((( ))))
)()(1
)()(

bfaf
bfaf

baf
++++

++++====++++     

eKman eKman eKman eKman 
1

1
)( 2

2

++++
−−−−====

++++
−−−−==== −−−−

−−−−

x

x

xx

xx

e

e

ee

ee
xf     

eK)an eK)an eK)an eK)an (((( ))))
1

1

1

1
22

22

)(2

)(2

++++
−−−−====

++++
−−−−====++++ ++++

++++

++++

++++

ba

ba

ba

ba

e

e

e

e
baf     

    (((( ))))
1

1
2

2

++++
−−−−==== a

a

e

e
af   nig    nig    nig    nig  

1

1
)( 2

2

++++
−−−−==== b

b

e

e
bf     

eKmeKmeKmeKman an an an 
1

1

1

1
)()( 2

2

2

2

++++
−−−−++++

++++
−−−−====++++ b

b

a

a

e

e

e

e
bfaf     

                                        (((( ))))i
ee

e
bfaf ba

ba

)1)(1(

)1(2
)()( 22

22

++++++++
−−−−====++++

++++
    

ehIy ehIy ehIy ehIy 
)1)(1(

)1)(1(
1)()(1 22

22

++++++++
−−−−−−−−++++====++++ ba

ba

ee

ee
bfaf     

                                    (((( ))))ii
ee

e
bfaf ba

ba

)1)(1(

)1(2
)()(1 22

22

++++++++
++++====++++

++++
    

EcksmPaB EcksmPaB EcksmPaB EcksmPaB (((( ))))i  nig  nig  nig  nig (((( ))))ii  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an ³³³³    
)(

1

1
)()(1
)()(

22

22

baf
e

e
bfaf
bfaf

ba

ba

++++====
++++
−−−−====

++++
++++

++++

++++
    

dUcenH dUcenH dUcenH dUcenH (((( ))))
)()(1
)()(

bfaf
bfaf

baf
++++

++++====++++      . . . .    
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lMhat´TI4lMhat´TI4lMhat´TI4lMhat´TI4    
eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ eK[GnuKmn_ (((( )))) (((( ))))xx

xf 3232)( −−−−++++++++====             
k>cUrRsayfa k>cUrRsayfa k>cUrRsayfa k>cUrRsayfa )(xf  CaGnuKmn_KU . CaGnuKmn_KU . CaGnuKmn_KU . CaGnuKmn_KU .    
x>cMeBaHRKb;cMnYn x>cMeBaHRKb;cMnYn x>cMeBaHRKb;cMnYn x>cMeBaHRKb;cMnYn x  cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  cUrbgðajfa 2)( ≥≥≥≥xf  . . . .    
 K>edaHRsaysmIkar  K>edaHRsaysmIkar  K>edaHRsaysmIkar  K>edaHRsaysmIkar 14)( ====xf  . . . .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k>Rsayfa k>Rsayfa k>Rsayfa k>Rsayfa )(xf  CaGnuKmn_KU  CaGnuKmn_KU  CaGnuKmn_KU  CaGnuKmn_KU     

(((( )))) (((( ))))xx
xf 3232)( −−−−++++++++====             

EdnkMnt; EdnkMnt; EdnkMnt; EdnkMnt; IRD f ====     
cMeBaH cMeBaH cMeBaH cMeBaH fDx ∈∈∈∈  enaH  enaH  enaH  enaH fDx ∈∈∈∈−−−−     
eK)an eK)an eK)an eK)an (((( )))) (((( )))) (((( )))) xx

xf
−−−−−−−− −−−−++++++++====−−−− 3232     

eday eday eday eday 1)32)(32( ====−−−−++++     

enaH enaH enaH enaH 
xx

xf
−−−−−−−−










++++
++++









−−−−
====−−−−

32
1

32
1

)(     

                            (((( )))) (((( )))) (((( ))))xfxf
xx ====−−−−++++++++====−−−− 3232)(     

dUcenH dUcenH dUcenH dUcenH )(xf  CaGnuKmn_KU . CaGnuKmn_KU . CaGnuKmn_KU . CaGnuKmn_KU .    
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x>cMeBaHRKb;cMnYn x>cMeBaHRKb;cMnYn x>cMeBaHRKb;cMnYn x>cMeBaHRKb;cMnYn x  bgðajfa  bgðajfa  bgðajfa  bgðajfa 2)( ≥≥≥≥xf      ³    ³    ³    ³       
tamvismPaB tamvismPaB tamvismPaB tamvismPaB GMAM −−−−  eK)an  eK)an  eK)an  eK)an ³³³³    
(((( )))) (((( )))) xxxx

)32()32(23232 −−−−++++≥≥≥≥−−−−++++++++         
(((( )))) (((( )))) 23232 ≥≥≥≥−−−−++++++++ xx                 
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4ln
5ln

.
3ln
4ln

.
2ln
3ln
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++++
++++====

n
n

n
n
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lMhat´TI36lMhat´TI36lMhat´TI36lMhat´TI36    
eK[ eK[ eK[ eK[ xxxxf 2424 sin4coscos4sin)( ++++−−−−++++====         
k> sRmYl k> sRmYl k> sRmYl k> sRmYl )(xf     
x>kMnt; x>kMnt; x>kMnt; x>kMnt; x  edIm,I[ edIm,I[ edIm,I[ edIm,I[    

2
1

)( ====xf     
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k> sRmYl k> sRmYl k> sRmYl k> sRmYl )(xf     
eKman eKman eKman eKman xxxxf 2424 sin4coscos4sin)( ++++−−−−++++====     
eday eday eday eday xx 22 sin1cos −−−−====  nig  nig  nig  nig xx 22 cos1sin −−−−====     

)cos1(4cos)sin1(4sin)( 2424 xxxxxf −−−−++++−−−−−−−−++++====     

                                    
xxxx

xx

xxxx

2222

2222

4242

sincos)cos2()sin2(

)cos2()sin2(

coscos44sinsin44

−−−−====−−−−−−−−−−−−====

−−−−−−−−−−−−====

++++−−−−−−−−++++−−−−====

    

dUcenH dUcenH dUcenH dUcenH xxf 2cos)( ====   .  .  .  .    
x>kMnt; x>kMnt; x>kMnt; x>kMnt; x  edIm,I[  edIm,I[  edIm,I[  edIm,I[ 

2
1

)( ====xf     

eK)an eK)an eK)an eK)an 
2
1

2cos ====x   naM[   naM[   naM[   naM[ ππππππππ
kx 2

3
++++±±±±====  Edl  Edl  Edl  Edl Zk ∈∈∈∈   .  .  .  .    
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lMhat´TI37lMhat´TI37lMhat´TI37lMhat´TI37    
cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; INn∈∈∈∈  eK[  eK[  eK[  eK[ 

12
sin

12
cos

ππππππππ nn
nS ++++====         

k> KNnatémø k> KNnatémø k> KNnatémø k> KNnatémø 
12

cos
ππππ  nig  nig  nig  nig 

12
sin

ππππ     
x> bgðajfa x> bgðajfa x> bgðajfa x> bgðajfa 0624 12 ====++++−−−− ++++++++ nnn SSS     
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k> KNnatémø k> KNnatémø k> KNnatémø k> KNnatémø 

12
cos

ππππ  nig  nig  nig  nig 
12

sin
ππππ     

4
26

2
2

.
2
3

2
2

.
2
1

4
sin

3
sin

4
cos

3
cos

)
43

cos(
12

cos

++++====++++====

++++====

−−−−====

ππππππππππππππππ

ππππππππππππ

        

4
26

2
1

.
2
2

2
2

.
2
3

3
cos

4
sin

4
cos

3
sin

)
43

sin(
12

sin

−−−−====−−−−====

−−−−====

−−−−====

ππππππππππππππππ

ππππππππππππ

        

dUcenH   dUcenH   dUcenH   dUcenH   
12

26
12

sin;
12

26
12

cos
−−−−====++++==== ππππππππ   .  .  .  .    
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x> bgðajfa x> bgðajfa x> bgðajfa x> bgðajfa 0624 12 ====++++−−−− ++++++++ nnn SSS         
eKman eKman eKman eKman 

12
sin

12
cos

ππππππππ nn
nS ++++====     

tag tag tag tag 
12

sin;
12

cos 21
ππππππππ ======== xx  enaH  enaH  enaH  enaH nn

n xxS 21 ++++====     

eKman eKman eKman eKman 
2
6

4
26

4
26

21 ====−−−−++++++++====++++ xx         

ehIy  ehIy  ehIy  ehIy  
4
1

16
26

4
26

.
4

26
. 21 ====−−−−====−−−−++++====xx     

eK)an eK)an eK)an eK)an 1x  nig  nig  nig  nig 2x  Cab¤ssmIkar  Cab¤ssmIkar  Cab¤ssmIkar  Cab¤ssmIkar 0
4
1

2
62 ====++++−−−− xx     

b¤  b¤  b¤  b¤  01624 2 ====++++−−−− xx     

eKTaj eKTaj eKTaj eKTaj 






====++++−−−−

====++++−−−−

01624

01624

2
2

2

1
2

1

xx

xx     
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)(0624
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2
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2
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1
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1
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iixxx
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nnn

nnn

    

bUksmIkar bUksmIkar bUksmIkar bUksmIkar )(i  nig  nig  nig  nig )(ii  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an ³³³³    
0)()(62)(4 21

1
2

1
1

2
2

2
1 ====++++++++++++−−−−++++ ++++++++++++++++ nnnnnn xxxxxx                             

dUcenH dUcenH dUcenH dUcenH 0624 12 ====++++−−−− ++++++++ nnn SSS   .  .  .  .    
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lMhat´TI38lMhat´TI38lMhat´TI38lMhat´TI38    
cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  

2
1

7
3

cos
7

2
cos

7
cos ====++++−−−−

ππππππππππππ             
        (IMO 1963)        

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa  bgðajfa  bgðajfa  bgðajfa  

2
1

7
3

cos
7

2
cos

7
cos ====++++−−−− ππππππππππππ     

tag tag tag tag 
7

3
cos

7
2

cos
7

cos
ππππππππππππ ++++−−−−====S         

KuNGgÁTaMgBIrénvismPaBnwg KuNGgÁTaMgBIrénvismPaBnwg KuNGgÁTaMgBIrénvismPaBnwg KuNGgÁTaMgBIrénvismPaBnwg 
7

sin2
ππππ  eK)an  eK)an  eK)an  eK)an ³³³³    

7
sin

7
3

cos2
7

sin
7

2
cos2

7
2

sin
7

sin2
ππππππππππππππππππππππππ ++++−−−−====S     

                                                        

7
sin

)
7

2
sin

7
3

(sin)
7

sin
7

3
(sin

7
2

sin

)
7

2
sin

7
4

(sin)
7

sin
7

3
(sin

7
2

sin

ππππ

ππππππππππππππππππππ

ππππππππππππππππππππ

====

−−−−++++−−−−−−−−====

−−−−++++−−−−−−−−====

    

eKTaj eKTaj eKTaj eKTaj 
2
1====S     

dUcenH  dUcenH  dUcenH  dUcenH  
2
1

7
3

cos
7

2
cos

7
cos ====++++−−−− ππππππππππππ   .  .  .  .    
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lMhat´TI39lMhat´TI39lMhat´TI39lMhat´TI39    
KNna KNna KNna KNna )

5
3

sin41()
5

sin41( 22 ππππππππ −−−−−−−−====A                 
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
KNna KNna KNna KNna )

5
3

sin41()
5

sin41( 22 ππππππππ −−−−−−−−====A     
eKman eKman eKman eKman xxx cos3cos43cos 3 −−−−====     
eKTaj eKTaj eKTaj eKTaj 

x
x

x
cos

3cos
3cos4 2 ====−−−−     

            
x
x

x

x
x

x

cos
3cos

sin41

cos
3cos

3)sin1(4

2

2

====−−−−

====−−−−−−−−
    

eK)an eK)an eK)an eK)an 
5

cos

5
9

cos

5
3

cos

5
9

cos

5
cos

5
3

cos

ππππ

ππππ
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ππππ

ππππ

====××××====A     

eday eday eday eday 
5

cos)
5

2cos(
5

9
cos

ππππππππππππππππ ====−−−−====     
eKTaj)an eKTaj)an eKTaj)an eKTaj)an 1====A   .  .  .  .    
dUcenH  dUcenH  dUcenH  dUcenH  1)

5
3

sin41()
5

sin41( 22 ====−−−−−−−− ππππππππ    .   .   .   .    
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lMhat´TI40lMhat´TI40lMhat´TI40lMhat´TI40    

eK[ eK[ eK[ eK[ 
144

)( 2

3

−−−−++++
====

xx

x
xf  . KNnatémø  . KNnatémø  . KNnatémø  . KNnatémø )

7
(cos

ππππ
f   .  .  .  .    

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
KNnatémø KNnatémø KNnatémø KNnatémø )

7
(cos

ππππ
f             

eK)an eK)an eK)an eK)an )(
1

7
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7
cos4

7
cos

)
7

(cos
2

3
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−−−−++++

==== ππππππππ
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ππππ     

eKman eKman eKman eKman )
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sin(

7
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sin
ππππππππππππ −−−−====     
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cos4(
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)
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cos1(43
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lMhat´TI41lMhat´TI41lMhat´TI41lMhat´TI41    
eK[ eK[ eK[ eK[ )cos(sin

1
)( xx

k
xf kk

k ++++====  Edl  Edl  Edl  Edl ...;3;2;1====k     
cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa 

12
1

)()( 64 ====−−−− xfxf   .  .  .  .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bbbbgðajfa gðajfa gðajfa gðajfa 

12
1

)()( 64 ====−−−− xfxf             

eKman eKman eKman eKman )cos(sin
4
1

)( 44
4 xxxf ++++====     

                                                                                
(((( ))))xx

xxxx

22

22222

cossin21
4
1

]cossin2)cos(sin[
4
1

−−−−====

−−−−++++====
    

ehIy ehIy ehIy ehIy )cos(sin
6
1

)( 66
6 xxxf ++++====         

[[[[ ]]]])cos(sincossin3)cos(sin
6
1

)( 2222322
6 xxxxxxxf ++++−−−−++++====     

                                    (((( ))))xx 22 cossin31
6
1 −−−−====     

eK)an eK)an eK)an eK)an 
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6
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4
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)()( 64 ====−−−−====−−−− xfxf     
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lMhat´TI42lMhat´TI42lMhat´TI42lMhat´TI42    
cUrbgðajfacMeBaHRKb;cMnYnKt;FmµCati cUrbgðajfacMeBaHRKb;cMnYnKt;FmµCati cUrbgðajfacMeBaHRKb;cMnYnKt;FmµCati cUrbgðajfacMeBaHRKb;cMnYnKt;FmµCati n  nig cMeBaHRKb;cMnYnBit nig cMeBaHRKb;cMnYnBit nig cMeBaHRKb;cMnYnBit nig cMeBaHRKb;cMnYnBit    

t
k

x
2

ππππ≠≠≠≠   Edl   Edl   Edl   Edl nt ....,,2,1,0====  nig  nig  nig  nig k  CacMnYnKt;eKman CacMnYnKt;eKman CacMnYnKt;eKman CacMnYnKt;eKman    

xx
xxx

n
n 2cotcot

2sin

1
.....

4sin
1

2sin
1 −−−−====++++++++++++             

        (IMO 1966)        

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfabgðajfabgðajfabgðajfa    

xx
xxx

n
n 2cotcot

2sin
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.....

4sin
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2sin
1 −−−−====++++++++++++             

tag tag tag tag ∑∑∑∑
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xxxx
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a
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1 222 −−−−====++++====         
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a
a

a
a

a
2cotcot

2sin
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2sin
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1 2

−−−−====−−−−====     
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n xxxxS
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lMhat´TI43lMhat´TI43lMhat´TI43lMhat´TI43    
eK[ eK[ eK[ eK[ dcba ,,,  CacMnYnenAkñúgcenøaH  CacMnYnenAkñúgcenøaH  CacMnYnenAkñúgcenøaH  CacMnYnenAkñúgcenøaH ];0[ ππππ  edaydwgfa edaydwgfa edaydwgfa edaydwgfa    





++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
        

cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa )cos(7)cos(2 cbda −−−−====−−−−    .   .   .   .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa bgðajfa bgðajfa bgðajfa )cos(7)cos(2 cbda −−−−====−−−−     
eKman  eKman  eKman  eKman  





++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
        

b¤        b¤        b¤        b¤        




−−−−====−−−−
−−−−====−−−−

bcda

bcda

cos7cos4cos8cos
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−−−−====−−−−

−−−−====−−−−

)()cos7cos4()cos8cos(

)()sin7sin4()sin8sin(
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ibcda     

bUksmIkar bUksmIkar bUksmIkar bUksmIkar )(i  nig  nig  nig  nig )(ii  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an  GgÁnwgGgÁeK)an ³³³³    
                                            

)cos(56)cos(16

)cos(5665)cos(1665

cbda

cbda

−−−−−−−−====−−−−−−−−
−−−−−−−−====−−−−−−−−     

dUcenH  dUcenH  dUcenH  dUcenH  )cos(7)cos(2 cbda −−−−====−−−−   .    .    .    .      
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lMhat´TI44lMhat´TI44lMhat´TI44lMhat´TI44    
cUrsresrCaplKuNktþaénkenSam cUrsresrCaplKuNktþaénkenSam cUrsresrCaplKuNktþaénkenSam cUrsresrCaplKuNktþaénkenSam ³³³³    

)sin()sin()sin( xzzyyx −−−−++++−−−−++++−−−−             
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
sresrCaplKuNk+tþa sresrCaplKuNk+tþa sresrCaplKuNk+tþa sresrCaplKuNk+tþa     
tag tag tag tag )sin()sin()sin( xzzyyxT −−−−++++−−−−++++−−−−====             
man man man man 

2
2

cos
2

sin2)sin()sin(
zyxzx

zyyx
++++−−−−−−−−====−−−−++++−−−−     

ehIy ehIy ehIy ehIy 
2

cos
2

sin2)sin(
xzxz

xz
−−−−−−−−====−−−−     








 −−−−−−−−++++−−−−−−−−====
2

cos
2
2

cos
2

sin2
xzzyxzx

T     

            
2

sin
2

sin
2

sin4

2
sin

2
sin

2
sin4

xzzyyx

yxyzzx

−−−−−−−−−−−−−−−−====

−−−−−−−−−−−−−−−−====
    

dUcenH dUcenH dUcenH dUcenH     

2
sin

2
sin

2
sin4)sin()sin()sin(

xzzyyx
xzzyyx

−−−−−−−−−−−−−−−−====−−−−++++−−−−++++−−−−             
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lMhat´TI45lMhat´TI45lMhat´TI45lMhat´TI45    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag 

2
cba

p
++++++++====  CaknøHbrimaRténRtIekaN . CaknøHbrimaRténRtIekaN . CaknøHbrimaRténRtIekaN . CaknøHbrimaRténRtIekaN .    

kkkk----cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa 
bc

cpbpA ))((
2

sin
−−−−−−−−====  rYcsresrTMnak;TMng rYcsresrTMnak;TMng rYcsresrTMnak;TMng rYcsresrTMnak;TMng    

BIreTotEdlRsedogKñaenH .BIreTotEdlRsedogKñaenH .BIreTotEdlRsedogKñaenH .BIreTotEdlRsedogKñaenH .    
xxxx----cUrRsayfa cUrRsayfa cUrRsayfa cUrRsayfa 

8
1

2
sin

2
sin

2
sin ≤≤≤≤CBA     

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
kkkk----bgðajfa bgðajfa bgðajfa bgðajfa 
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cpbpA ))((

2
sin

−−−−−−−−====         
tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs Abccba cos2222 −−−−++++====     
eKTaj eKTaj eKTaj eKTaj 
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A
2
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222 −−−−++++====     

eday eday eday eday 
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2
sin2 AA −−−−====     
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−−−−++++++++−−−−====
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eday eday eday eday 
2
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−−−−====−−−−++++
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eK)an eK)an eK)an eK)an 
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cpbp
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cpbpA ))((
4

))((4
2

sin2 −−−−−−−−====
−−−−−−−−====     

dUcenH dUcenH dUcenH dUcenH 
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cpbpA ))((
2

sin
−−−−−−−−====    .   .   .   .    

TMnak;TMngBIreTOtEdlRsedogKñaenHKW TMnak;TMngBIreTOtEdlRsedogKñaenHKW TMnak;TMngBIreTOtEdlRsedogKñaenHKW TMnak;TMngBIreTOtEdlRsedogKñaenHKW ³³³³    
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cpapB ))((

2
sin

−−−−−−−−====   nig    nig    nig    nig  
ab

bpapC ))((
2

sin
−−−−−−−−====         

xxxx----Rsayfa Rsayfa Rsayfa Rsayfa 
8
1

2
sin

2
sin

2
sin ≤≤≤≤CBA         

eKman   eKman   eKman   eKman   
bc

cpbpA ))((
2

sin
−−−−−−−−====             

ac
cpapB ))((

2
sin

−−−−−−−−====   nig    nig    nig    nig  
ab

bpapC ))((
2

sin
−−−−−−−−====         

eK)an eK)an eK)an eK)an )(
))()((

2
sin

2
sin

2
sin i

abc
cpbpapCBA −−−−−−−−−−−−====     

tamvismPaB tamvismPaB tamvismPaB tamvismPaB GMAM −−−−  eKman  eKman  eKman  eKman     

))((2

))((2

))((22

))((2)()(

bpapc

bpapbacba

bpapbap

bpapbpap

−−−−−−−−≥≥≥≥

−−−−−−−−≥≥≥≥−−−−−−−−++++++++

−−−−−−−−≥≥≥≥−−−−−−−−

−−−−−−−−≥≥≥≥−−−−++++−−−−

    

eKTaj)an eKTaj)an eKTaj)an eKTaj)an )1(
4

))((
2c

bpap ≤≤≤≤−−−−−−−−     

dUcKñaEdr   dUcKñaEdr   dUcKñaEdr   dUcKñaEdr   )2(
4

))((
2a

cpbp ≤≤≤≤−−−−−−−−         
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nig          nig          nig          nig          )3(
4

))((
2b

apcp ≤≤≤≤−−−−−−−−     
eFIvplKuNTMnak;TMng eFIvplKuNTMnak;TMng eFIvplKuNTMnak;TMng eFIvplKuNTMnak;TMng )2(;)1(  nig  nig  nig  nig )3(  eK)an  eK)an  eK)an  eK)an ³³³³    

64
)()()(

222
222 cba

cpbpap ≤≤≤≤−−−−−−−−−−−−     

eKTaj eKTaj eKTaj eKTaj )(
8
1))()((

ii
abc

cpbpap ≤≤≤≤
−−−−−−−−−−−−     

tamTMnak;TMtamTMnak;TMtamTMnak;TMtamTMnak;TMng  ng  ng  ng  )(i  nig  nig  nig  nig )(ii  eKTaj)an  eKTaj)an  eKTaj)an  eKTaj)an ³³³³    

8
1

2
sin

2
sin

2
sin ≤≤≤≤CBA    .   .   .   .    
    
lMhat´TI46lMhat´TI46lMhat´TI46lMhat´TI46    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  ehIyeKtag  ehIyeKtag  ehIyeKtag  ehIyeKtag r   nig   nig   nig   nig R erogKñaCakaMrgVg;erogKñaCakaMrgVg;erogKñaCakaMrgVg;erogKñaCakaMrgVg;    
carwkkñúg nig kaMrgVg;carwkeRkAénRcarwkkñúg nig kaMrgVg;carwkeRkAénRcarwkkñúg nig kaMrgVg;carwkeRkAénRcarwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .tIekaN .tIekaN .tIekaN .    
cUrRsayfa cUrRsayfa cUrRsayfa cUrRsayfa 

R
r

CBA ++++====++++++++ 1coscoscos         
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
Rsayfa Rsayfa Rsayfa Rsayfa 

R
r

CBA ++++====++++++++ 1coscoscos             

eKman eKman eKman eKman 
2

cos
2

cos2coscos
BABA

BA
−−−−++++====++++     
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2

cos
2

sin2

2
cos)

22
cos(2

BAC

BAC

−−−−====

−−−−−−−−==== ππππ

    

ehIy ehIy ehIy ehIy 
2

sin21cos 2 C
C −−−−====     

)
2

cos
2

(sin
2

sin21coscoscos
BACC

CBA
−−−−−−−−−−−−====++++++++     

eday eday eday eday 
2

cos
2

cos
2

cos
2

sin
BABABAC −−−−−−−−++++====−−−−−−−−     

                                                                                                                                                
2

sin
2

sin2
BA−−−−====     

    
eK)an eK)an eK)an eK)an )(

2
sin

2
sin

2
sin41coscoscos i

CBA
CBA ++++====++++++++     

eKdwgfa eKdwgfa eKdwgfa eKdwgfa ³³³³    
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cpbpA ))((

2
sin

−−−−−−−−====     ;     
ac

cpapB ))((
2

sin
−−−−−−−−====         

 nig   nig   nig   nig  
ab

bpapC ))((
2

sin
−−−−−−−−====         

abc
cpbpap

CBA
))()((

41coscoscos
−−−−−−−−−−−−++++====++++++++     

tamrUbmnþehrug tamrUbmnþehrug tamrUbmnþehrug tamrUbmnþehrug ³³³³    

R
abc

prcpbpappS
4

))()(( ========−−−−−−−−−−−−====     
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eKTaj  eKTaj  eKTaj  eKTaj  Srpr
p

S
cpbpap ============−−−−−−−−−−−− 2

2

))()((     

ehIy  ehIy  ehIy  ehIy  prRabc 4====     
eK)an eK)an eK)an eK)an 

R
r

prR
Sr

CBA ++++====++++====++++++++ 1
4

.41coscoscos     

dUcenH dUcenH dUcenH dUcenH 
R
r

CBA ++++====++++++++ 1coscoscos    .   .   .   .    
lMhat´TI47lMhat´TI47lMhat´TI47lMhat´TI47    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag 

2
cba

p
++++++++====  Caknø Caknø Caknø CaknøHbrimaRténRtIekaNehIy HbrimaRténRtIekaNehIy HbrimaRténRtIekaNehIy HbrimaRténRtIekaNehIy r  nig  nig  nig  nig R     

erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN .    
kkkk----cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa Rrprcabcab 422 ++++++++====++++++++             
xxxx----cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa Rrrpcba 822 22222 −−−−−−−−====++++++++     
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
kkkk----bgðajfa bgðajfa bgðajfa bgðajfa Rrprcabcab 422 ++++++++====++++++++     
ttttamrUbmnþehrug amrUbmnþehrug amrUbmnþehrug amrUbmnþehrug ³³³³    

prcpbpappS ====−−−−−−−−−−−−==== ))()((     
eKTaj eKTaj eKTaj eKTaj 

p
cpbpap

r
))()(( −−−−−−−−−−−−====     
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−−−−++++++++++++−−−−====
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eday eday eday eday 
R
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prS

4
========   eKTaj   eKTaj   eKTaj   eKTaj rR

p
abc

4====     

dUcenH dUcenH dUcenH dUcenH Rrprcabcab 422 ++++++++====++++++++   .  .  .  .    
xxxx----bgðajfa bgðajfa bgðajfa bgðajfa Rrrpcba 822 22222 −−−−−−−−====++++++++         
tamsmPaB tamsmPaB tamsmPaB tamsmPaB )(2)( 2222 cabcabcbacba ++++++++++++++++++++====++++++++     
eKTaj eKTaj eKTaj eKTaj )(2)( 2222 cabcabcbacba ++++++++−−−−++++++++====++++++++     
eday eday eday eday pcba 2====++++++++     
nig nig nig nig Rrprcabcab 422 ++++++++====++++++++     
eK)an eK)an eK)an eK)an )4(24 222222 Rrprpcba ++++++++−−−−====++++++++     
dUcenH dUcenH dUcenH dUcenH Rrrpcba 822 22222 −−−−−−−−====++++++++  . . . .    
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lMhat´TI48lMhat´TI48lMhat´TI48lMhat´TI48    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag 

2
cba

p
++++++++====  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy  CaknøHbrimaRténRtIekaNehIy r     

CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa CakaMrgVg;carwkkñúgénRtIekaN . cUrRsayfa ³³³³    
k> k> k> k> r

C
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B
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ap ====−−−−====−−−−====−−−−

2
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2
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cp
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eKman  eKman  eKman  eKman  pCABCAB 2====++++++++     
eday eday eday eday '''' BAACBCACAB ++++====++++====  ¬ eRBaH  ¬ eRBaH  ¬ eRBaH  ¬ eRBaH '' BABC ====  ¦ ¦ ¦ ¦    
ehIy  ehIy  ehIy  ehIy  '''' ACCAABCBCA ++++====++++====         
¬ eRBaH ¬ eRBaH ¬ eRBaH ¬ eRBaH CACB '' ====  nig   nig   nig   nig  '' ACAB ====  ¦ ¦ ¦ ¦    
eK)an eK)an eK)an eK)an pACCABCBAAC 2'''' ====++++++++++++++++     

                                    
paAC

pBCAC

pBCBCAC

PBCCABAAC
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22'2

2'2

2)''('2

====++++
====++++

====++++++++
====++++++++++++

    

eKTaj eKTaj eKTaj eKTaj apABAC −−−−======== ''     
kñúgRtIekaNEkg kñúgRtIekaNEkg kñúgRtIekaNEkg kñúgRtIekaNEkg AIC '  eKman  eKman  eKman  eKman 
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r
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eKTaj eKTaj eKTaj eKTaj r
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x> x> x> x> 
p

rRCBA ++++====++++++++ 4
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tan
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tan
2

tan             

tag tag tag tag 
2

tan
2
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2

tan
CBA

T ++++++++====     

eday eday eday eday 
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bp

rB
ap
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eK)an eK)an eK)an eK)an ³³³³    
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bp
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ap
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−−−−
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−−−−
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cpbpap
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++++++++++++−−−−====

++++++++++++++++++++−−−−====

−−−−−−−−−−−−
++++++++++++++++−−−−++++−−−−++++−−−−====
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−−−−−−−−++++−−−−−−−−++++−−−−−−−−====
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tamrUbmnþtamrUbmnþtamrUbmnþtamrUbmnþehrug ehrug ehrug ehrug ³³³³    

prcpbpappS ====−−−−−−−−−−−−==== ))()((     
eKTaj eKTaj eKTaj eKTaj 

p
cpbpap

r
))()(( −−−−−−−−−−−−====     
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abcpcabcabpp

r
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abcpcabcabpcbap
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−−−−++++++++++++−−−−====

−−−−++++++++++++−−−−====
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eday eday eday eday 
R
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prS

4
========   eKTaj   eKTaj   eKTaj   eKTaj rR

p
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4====     

eKTaj eKTaj eKTaj eKTaj Rrprcabcab 422 ++++++++====++++++++             
ehtuenH ehtuenH ehtuenH ehtuenH 

p
Rr

pr
rRprp

T
44222 ++++====++++++++++++−−−−====     

dUcenH  dUcenH  dUcenH  dUcenH  
p

rRCBA ++++====++++++++
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2
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2
tan

2
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2
tan         
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eK)an eK)an eK)an eK)an 
))()((2

tan
2

tan
2

tan
3

cpbpap
rCBA

−−−−−−−−−−−−
====     

                                                                                                                                                        
p
r

pr
r

S
r

S

rS

cpbpapp
pr

================

−−−−−−−−−−−−
====
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2
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))()((     

dUcenH   dUcenH   dUcenH   dUcenH   
p
rCBA ====

2
tan

2
tan

2
tan    .   .   .   .    

X> X> X> X> 
r
pCBA ====++++++++

2
cot

2
cot

2
cot             

eK)an eK)an eK)an eK)an 
r

cp
r

bp
r

apCBA −−−−++++−−−−++++−−−−====++++++++
2

cot
2

cot
2

cot         

                                                                                                                                                                            
r
p

r
pp
r

cbap

====−−−−====

++++++++−−−−====

23
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dUcenH  dUcenH  dUcenH  dUcenH  
r
pCBA ====++++++++

2
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2
cot

2
cot    .   .   .   .    
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lMhat´TI49lMhat´TI49lMhat´TI49lMhat´TI49    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag S  CaépÞRkla nig  CaépÞRkla nig  CaépÞRkla nig  CaépÞRkla nig R  CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN .    
k>cUrbgðajfa k>cUrbgðajfa k>cUrbgðajfa k>cUrbgðajfa 22

coscoscos
R

abc
CcBbAa ====++++++++     

x> cUrbgðajfa x> cUrbgðajfa x> cUrbgðajfa x> cUrbgðajfa SCcBbAa 4cotcotcot 222 ====++++++++         
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k>bgðajfa k>bgðajfa k>bgðajfa k>bgðajfa 22

coscoscos
R

abc
CcBbAa ====++++++++     

tag tag tag tag CcBbAaT coscoscos ++++++++====         
tamRTwsþIbTsIunUs tamRTwsþIbTsIunUs tamRTwsþIbTsIunUs tamRTwsþIbTsIunUs R

C
c

B
b

A
a

2
sinsinsin

============     

eKTaj eKTaj eKTaj eKTaj 








====
====
====

CRc

BRb

ARa

sin2

sin2

sin2

    

eK)an eK)an eK)an eK)an )2sin2sin2(sin CBART ++++++++====     

                                                    
[[[[ ]]]]
[[[[ ]]]]

[[[[ ]]]]
CBAR

BABACR

BACBACR

CCBABAR

sinsinsin4

)cos()cos(sin2

)cos(sin2)cos(sin2

cossin2)cos()sin(2

====
++++−−−−−−−−====

++++−−−−−−−−====
++++−−−−++++====
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eday eday eday eday 
R
c

C
R
b

B
R
a

A
2

sin;
2

sin;
2

sin ============     

eK)an eK)an eK)an eK)an 23 28
.4

R

abc

R

abc
RT ========     

dUcenH  dUcenH  dUcenH  dUcenH  22
coscoscos

R

abc
CcBbAa ====++++++++    .   .   .   .    

x> bgðajfa x> bgðajfa x> bgðajfa x> bgðajfa SCcBbAa 4cotcotcot 222 ====++++++++             

tag tag tag tag CcBbAa cotcotcot 222 ++++++++====∑∑∑∑     

                                        

S
R

abc
R
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R
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R

CcBbAaR

CRcBRbARa
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C

c
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B
b
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A

a

4
4
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2
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)coscoscos(2

cos2cos2cos2

cos
sin

cos
sin

cos
sin

2 ================

++++++++====
++++++++====

++++++++====

    

dUcenH dUcenH dUcenH dUcenH SCcBbAa 4cotcotcot 222 ====++++++++         ....    
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lMhat´TI50lMhat´TI50lMhat´TI50lMhat´TI50    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cba ;;   .  .  .  .    
tag tag tag tag r  CakaMrgVg;carwkkñúg nig  CakaMrgVg;carwkkñúg nig  CakaMrgVg;carwkkñúg nig  CakaMrgVg;carwkkñúg nig R  CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN . CakaMrgVg;carwkeRkARtIekaN .    
cUrbgðajfa cUrbgðajfa cUrbgðajfa cUrbgðajfa )(2cotcotcot RrCcBbAa ++++====++++++++             
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa bgðajfa bgðajfa bgðajfa )(2cotcotcot RrCcBbAa ++++====++++++++     
tag tag tag tag CcBbAaT cotcotcot ++++++++====     
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cos
sin

cos
sin
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C
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++++++++====
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2
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2
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2
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2
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2
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cos(2
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−−−−====

−−−−−−−−==== ππππ

    

ehIy ehIy ehIy ehIy 
2

sin21cos 2 C
C −−−−====     

)
2
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2

(sin
2
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eday eday eday eday 
2
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2

cos
2

cos
2
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BABABAC −−−−−−−−

++++====
−−−−−−−−     

                                                                                                                                                
2

sin
2

sin2
BA−−−−====     

eK)an eK)an eK)an eK)an )(
2

sin
2

sin
2

sin41coscoscos i
CBA

CBA ++++====++++++++     
eKdwgfa eKdwgfa eKdwgfa eKdwgfa ³³³³    

bc
cpbpA ))((

2
sin

−−−−−−−−====     ;     
ac

cpapB ))((
2

sin
−−−−−−−−====         

 nig   nig   nig   nig  
ab

bpapC ))((
2

sin
−−−−−−−−====         

abc
cpbpap

CBA
))()((

41coscoscos
−−−−−−−−−−−−++++====++++++++     

tamrUbmnþehrug tamrUbmnþehrug tamrUbmnþehrug tamrUbmnþehrug ³³³³    

R
abc

prcpbpappS
4

))()(( ========−−−−−−−−−−−−====  eKTaj)an  eKTaj)an  eKTaj)an  eKTaj)an ³³³³    

Srpr
p

S
cpbpap ============−−−−−−−−−−−− 2

2

))()((  nig  nig  nig  nig prRabc 4====     

eK)an eK)an eK)an eK)an )(1
4

.41coscoscos ii
R
r

prR
Sr

CBA ++++====++++====++++++++     

tam tam tam tam )(i  nig  nig  nig  nig )(ii  eK)an  eK)an  eK)an  eK)an )(2)1(2 Rr
R
r

RT ++++====++++====     
dUcenH dUcenH dUcenH dUcenH )(2cotcotcot RrCcBbAa ++++====++++++++   .  .  .  .    
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    lMhat´TI51lMhat´TI51lMhat´TI51lMhat´TI51    
bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyeKman mYyeKman mYyeKman mYyeKman    
                                

2
tan

2
tan

CBA
ba
ba −−−−====

++++
−−−−             

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa  bgðajfa  bgðajfa  bgðajfa  

2
tan

2
tan

CBA
ba
ba −−−−====

++++
−−−−         

eKman  eKman  eKman  eKman  ARa sin2====  nig  nig  nig  nig BRb sin2====     
eK)an eK)an eK)an eK)an )sin(sin2 BARba −−−−====−−−−     

                                    
)(

2
sin

2
sin4

2
cos

2
sin4

i
CBA

Rba

BABA
Rba

−−−−====−−−−

++++−−−−====−−−−
    

ehIy ehIy ehIy ehIy )sin(sin2 BARba ++++====++++     

                                    
)(

2
cos

2
cos4

2
cos

2
sin4

ii
BAC

Rba

BABA
Rba

−−−−====++++

−−−−++++====++++
    

eFIviFIEck eFIviFIEck eFIviFIEck eFIviFIEck )(i  nig  nig  nig  nig )(ii  GgÁ nig GgÁeK)an  GgÁ nig GgÁeK)an  GgÁ nig GgÁeK)an  GgÁ nig GgÁeK)an ³³³³    

2
tan

2
tan

CBA
ba
ba −−−−====

++++
−−−−   .  .  .  .    
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lMhat´TI52lMhat´TI52lMhat´TI52lMhat´TI52    
bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyeKman mYyeKman mYyeKman mYyeKman    

)
2

sin
2

sin
2

(sin4 222
222 CBA

ab
c

ca
b

bc
a ++++++++≥≥≥≥++++++++         
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    

bgðajfa  bgðajfa  bgðajfa  bgðajfa  )
2

sin
2

sin
2

(sin4 222
222 CBA

ab
c

ca
b

bc
a ++++++++≥≥≥≥++++++++             

tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs Abccba cos2222 −−−−++++====     
eKTaj eKTaj eKTaj eKTaj A

b
c

c
b

bc
a

cos2
2

−−−−++++====  eday  eday  eday  eday 2≥≥≥≥++++
b
c

c
b     

eK)an eK)an eK)an eK)an 
2

sin4cos22 2
2 A

A
bc
a ====−−−−≥≥≥≥     

dUcKñaEdr dUcKñaEdr dUcKñaEdr dUcKñaEdr 
2

sin4 2
2 B

ca
b ≥≥≥≥   nig   nig   nig   nig 

2
sin4 2

2 C
ab
c ≥≥≥≥     

eK)an eK)an eK)an eK)an 
2

sin4
2

sin4
2

sin4 222
222 CBA

ab
c

ca
b

bc
a ++++++++≥≥≥≥++++++++             

dUcenH dUcenH dUcenH dUcenH )
2

sin
2

sin
2

(sin4 222
222 CBA

ab
c

ca
b

bc
a ++++++++≥≥≥≥++++++++             
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lMhat´TI53lMhat´TI53lMhat´TI53lMhat´TI53    
bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyeKman mYyeKman mYyeKman mYyeKman    

3333 16

81coscoscos

pc

C

b

B

a

A ≥≥≥≥++++++++         

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa  bgðajfa  bgðajfa  bgðajfa  3333 16

81coscoscos

pc

C

b

B

a

A ≥≥≥≥++++++++             

tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs tamRTwsþIbTkUsIunUs Abccba cos2222 −−−−++++====     
eKTaj   eKTaj   eKTaj   eKTaj   )1(1

cos2
2

2

2

2

2 −−−−++++====
a

c

a

b

a

Abc         

dUcKñaEdr dUcKñaEdr dUcKñaEdr dUcKñaEdr )2(1
cos2

2

2

2

2

2 −−−−++++====
b

a

b

c

b

Bca     

     nig         nig         nig         nig    )3(1
cos2

2

2

2

2

2 −−−−++++====
c

b

c

a

c

Aab     
bUksmIkar bUksmIkar bUksmIkar bUksmIkar )2(;)1(  nig  nig  nig  nig )3(  eK)an  eK)an  eK)an  eK)an ³³³³    

33222

3

cos2cos2cos2

2

2

2

2

2

2

2

2

2

2

2

2

222

====−−−−++++++++≥≥≥≥

−−−−++++++++++++++++++++====

++++++++====

b

c

c

b

c

a

a

c

b

a

a

b

c

Cab

b

Bca

a

Abc
T

    

eKTaj eKTaj eKTaj eKTaj 
2
3coscoscos

222 ≥≥≥≥++++++++
c

Cab

b

Bca

a

Abc     
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b¤  b¤  b¤  b¤  )(
2

3coscoscos
333 i

abcc

C

b

B

a

A ≥≥≥≥++++++++     
eKman eKman eKman eKman 332 abccbap ≥≥≥≥++++++++====     
eKTaj eKTaj eKTaj eKTaj 

27
8 3p

abc ≤≤≤≤  naM[  naM[  naM[  naM[ )(
16

81
2

3
3 ii

pabc
≥≥≥≥     

tam tam tam tam )(i  nig  nig  nig  nig )(ii  eKTaj)an  eKTaj)an  eKTaj)an  eKTaj)an ³³³³    

3333 16

81coscoscos

pc

C

b

B

a

A ≥≥≥≥++++++++   .  .  .  .    

lMhat´TI54lMhat´TI54lMhat´TI54lMhat´TI54    
bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN bgðajfakñúgRtIekaN ABC  mYyEdl  mYyEdl  mYyEdl  mYyEdl CBA ≠≠≠≠≠≠≠≠ eKmaneKmaneKmaneKman    
k> k> k> k> 0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa         
x> x> x> x> abc

BAACCB
BAcACbCBa

3
)sin()sin()sin(

)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−             

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa  bgðajfa  bgðajfa  bgðajfa  0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa     
        
    
    

    

A  

H  B  C  
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kñúgRtIekaNEkg kñúgRtIekaNEkg kñúgRtIekaNEkg kñúgRtIekaNEkg ABH  eKman  eKman  eKman  eKman 
c

BH
AB
BH

B ========cos     
eKTaj eKTaj eKTaj eKTaj BcBH cos====     
kñúgRtIekaNEkg kñúgRtIekaNEkg kñúgRtIekaNEkg kñúgRtIekaNEkg ACH  eKman  eKman  eKman  eKman 

b
HC

AC
HC

C ========cos     
eKTaj eKTaj eKTaj eKTaj CbHC cos====     
eday eday eday eday HCBHBCa ++++========  naM[  naM[  naM[  naM[ BcCba coscos ++++====     
dUcKñaEdr dUcKñaEdr dUcKñaEdr dUcKñaEdr AcCab coscos ++++====  nig  nig  nig  nig AbBac coscos ++++====     
tamRTwsþIbTsIunUs  tamRTwsþIbTsIunUs  tamRTwsþIbTsIunUs  tamRTwsþIbTsIunUs  

B
b

A
a

sinsin
====     

eK)an eK)an eK)an eK)an 
B

AcCa
A

BcCb
sin

coscos
sin

coscos ++++====++++     

b¤ b¤ b¤ b¤ 

CBAcCAaBb

BABAccAaBb

BA
c

CAaBb

AAcACaBBcBCb

cos)sin(cos)sinsin(

)cos()sin(cos)sinsin(

)2sin2(sin
2

cos)sinsin(

sincossincoscossinsincos

−−−−−−−−====−−−−
++++−−−−====−−−−

−−−−====−−−−

++++====++++

    

eKTaj   eKTaj   eKTaj   eKTaj   )(sinsin)sin( iBbAaBAc −−−−====−−−−         
dUcKñaEdr dUcKñaEdr dUcKñaEdr dUcKñaEdr )(sinsin)sin( iiCcBbCBa −−−−====−−−−     
                                                    )(sinsin)sin( iiiAaCcACb −−−−====−−−−     
bUkTMnak;TMng bUkTMnak;TMng bUkTMnak;TMng bUkTMnak;TMng )(&)(;)( iiiiii  eK)an  eK)an  eK)an  eK)an ³³³³    

0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa    .   .   .   .    
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x> x> x> x> abc
BAACCB

BAcACbCBa
3

)sin()sin()sin(
)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−         

tag   tag   tag   tag   )sin(;)sin(;)sin( BAczACbyCBax −−−−====−−−−====−−−−====             
eK)an eK)an eK)an eK)an 0====++++++++ zyx     b¤      b¤      b¤      b¤  zyx −−−−====++++     
eK)an eK)an eK)an eK)an 33)( zyx −−−−====++++     

                                        

xyzzyx

zyxyzx

zyyxxyx

zyxyyxx

3

3

)(3

33

333

333

333

33223

====++++++++

−−−−====++++−−−−

−−−−====++++++++++++

−−−−====++++++++++++

    

CMnYs CMnYs CMnYs CMnYs )sin(;)sin(;)sin( BAczACbyCBax −−−−====−−−−====−−−−====     
rYcEckGgÁTaMgBIrnwg rYcEckGgÁTaMgBIrnwg rYcEckGgÁTaMgBIrnwg rYcEckGgÁTaMgBIrnwg )sin()sin()sin( BAACCB −−−−−−−−−−−−             

abc
BAACCB

BAcACbCBa
3

)sin()sin()sin(
)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−     
    

������������������������    
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lMhlMhlMhlMhat´TI55at´TI55at´TI55at´TI55    
eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit )( nU kMnt;eday kMnt;eday kMnt;eday kMnt;eday ³³³³    

4
sin.2

ππππn
U

n
n ====  Edl  Edl  Edl  Edl *INn ∈∈∈∈     

k>cUrbgðajfa  k>cUrbgðajfa  k>cUrbgðajfa  k>cUrbgðajfa  
4

sin
4

cos
4

)1(
cos.2

ππππππππππππ nnn
−−−−====

++++             
x> Taj[)anfa x> Taj[)anfa x> Taj[)anfa x> Taj[)anfa 

4
)1(

cos)2(
4

cos)2( 1 ππππππππ ++++−−−−==== ++++ nn
U nn

n             
K> KNnaplbUk K> KNnaplbUk K> KNnaplbUk K> KNnaplbUk nn UUUUS ++++++++++++++++==== .........321     
   CaGnuKmn_én    CaGnuKmn_én    CaGnuKmn_én    CaGnuKmn_én n  . . . .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k>k>k>k>bgðajfa  bgðajfa  bgðajfa  bgðajfa  

4
sin

4
cos

4
)1(

cos.2
ππππππππππππ nnn

−−−−====
++++             

tamrUbmnþ  tamrUbmnþ  tamrUbmnþ  tamrUbmnþ  bababa sinsincoscos)cos( −−−−====++++             
eyIg)an eyIg)an eyIg)an eyIg)an ³³³³    

)
4

sin
4

sin
4

cos
4

(cos2

)
44

cos(2
4

)1(
cos2

ππππππππππππππππ

ππππππππππππ

n
i

n

nn

−−−−====

++++====++++

    

                                                                                                    
4

sin
4

cos

)
4

sin
2
2

4
cos

2
2

(2

ππππππππ

ππππππππ

nn

nn

−−−−====

−−−−====
    



                                                            eroberogeday lwm pl:ún nig Esn Bisidæ 

  
 
 
 

- 123 - 

dUcenH dUcenH dUcenH dUcenH 
4

sin
4

cos
4

)1(
cos.2

ππππππππππππ nnn
−−−−====

++++   .  .  .  .    

x> Taj[)anfa x> Taj[)anfa x> Taj[)anfa x> Taj[)anfa 
4

)1(
cos)2(

4
cos)2( 1 ππππππππ ++++−−−−==== ++++ nn

U nn
n         

eeeeyIgman yIgman yIgman yIgman 
4

sin
4

cos
4

)1(
cos.2

ππππππππππππ nnn
−−−−====

++++         

 naM[  naM[  naM[  naM[ 
4

)1(
cos2

4
cos

4
sin

ππππππππππππ ++++−−−−====
nnn     

KuNGgÁTaMgBIrnwg KuNGgÁTaMgBIrnwg KuNGgÁTaMgBIrnwg KuNGgÁTaMgBIrnwg n)2(     
eK)an eK)an eK)an eK)an 

4
)1(

cos)2(
4

cos)2(
4

sin)2( 1 ππππππππππππ ++++−−−−==== ++++ nnn nnn     

dUcenH dUcenH dUcenH dUcenH 
4

)1(
cos)2(

4
cos)2( 1 ππππππππ ++++−−−−==== ++++ nn

U nn
n   .  .  .  .    

K> KNnaplbUk K> KNnaplbUk K> KNnaplbUk K> KNnaplbUk nn UUUUS ++++++++++++++++==== .........321         
eyIg)an eyIg)an eyIg)an eyIg)an ∑∑∑∑

====
====++++++++++++++++====

n

k
knn UUUUUS

1
321 )(...........     

                                                                        
4

)1(
cos)2(

4
cos2

4
)1(

cos)2(
4

cos)2(

1

1

1

ππππππππ

ππππππππ

++++−−−−====






 ++++−−−−====

++++

====

++++∑∑∑∑

n

kk

n

n

k

kk

    

dUcenH   dUcenH   dUcenH   dUcenH   
4

)1(
cos)2(1 1 ππππ++++

−−−−==== ++++ n
S n

n    .   .   .   .    
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lMhat´TI56lMhat´TI56lMhat´TI56lMhat´TI56    
eK[ eK[ eK[ eK[ x  CacMnYnBitEdl  CacMnYnBitEdl  CacMnYnBitEdl  CacMnYnBitEdl 0217160 2 <<<<++++−−−− xx  . . . .    
cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  cUrbgðajfa  0

13
sin <<<<









−−−−x
ππππ    .   .   .   .    

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgðajfa  bgðajfa  bgðajfa  bgðajfa  0

13
sin <<<<









−−−−x
ππππ             

tag tag tag tag 217160)( 2 ++++−−−−==== xxxf     
eeeebI bI bI bI 02171600)( 2 ====++++−−−−⇔⇔⇔⇔==== xxxf     

150405041)21)(60(4)71( 2 ====−−−−====−−−−−−−−====∆∆∆∆     
eKTaj¦s  eKTaj¦s  eKTaj¦s  eKTaj¦s  

5
3

120
3971

,
12
7

120
171

21 ====
++++========

−−−−==== xx     
eyIg)an eyIg)an eyIg)an eyIg)an 0217160)( 2 <<<<++++−−−−==== xxxf         
naM[  naM[  naM[  naM[  

5
3

12
7 <<<<<<<< x      b¤        b¤        b¤        b¤   

5
9

3
4
7 <<<<<<<< x     

        
5
4

13
4
3 <<<<−−−−<<<< x  naM[  naM[  naM[  naM[ 

3
4

13
1

5
4 <<<<

−−−−
<<<<

x
    

eKTaj eKTaj eKTaj eKTaj 
3

4
135

4 ππππππππππππ <<<<
−−−−

<<<<
x

 naM[  naM[  naM[  naM[ 0
13

sin <<<<








−−−−x
ππππ  . . . .    

dUcenH ebI dUcenH ebI dUcenH ebI dUcenH ebI x  CacMnYnBitEdl  CacMnYnBitEdl  CacMnYnBitEdl  CacMnYnBitEdl 0217160 2 <<<<++++−−−− xx         
eK)an eK)an eK)an eK)an 0

13
sin <<<<









−−−−x
ππππ   .  .  .  .    
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lMhat´TI57lMhat´TI57lMhat´TI57lMhat´TI57    
eK[ eK[ eK[ eK[ 

2
0

ππππ<<<<<<<< x  . cUrRsaybBa¢ak;fa  . cUrRsaybBa¢ak;fa  . cUrRsaybBa¢ak;fa  . cUrRsaybBa¢ak;fa ³³³³    

21
cos

1
1

sin
1

1 ++++≥≥≥≥






 ++++






 ++++
xx

    

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
RsaybBa¢ak;RsaybBa¢ak;RsaybBa¢ak;RsaybBa¢ak;    

21
cos

1
1

sin
1

1 ++++≥≥≥≥






 ++++






 ++++
xx

        

eyIgman eyIgman eyIgman eyIgman ³³³³    

xxxxxx cossin
1

cos
1

sin
1

1
cos

1
1

sin
1

1 ++++++++++++====






 ++++






 ++++     

eKman  eKman  eKman  eKman  
xxxx cossin

1
2

cos
1

sin
1 ≥≥≥≥++++     

eKTaj  eKTaj  eKTaj  eKTaj  
xxxxxx cossin

1
cossin
1

21
cos

1
1

sin
1

1 ++++++++≥≥≥≥






 ++++






 ++++     

eday eday eday eday 
2
1

2sin
2
1

cossin ≤≤≤≤==== xxx  enaH  enaH  enaH  enaH 2
cossin
1 ≥≥≥≥

xx
    

eK)an eK)an eK)an eK)an 2)21(2221
cos

1
1

sin
1

1 ++++====++++++++≥≥≥≥






 ++++






 ++++
xx

    

dUcenH dUcenH dUcenH dUcenH 21
cos

1
1

sin
1

1 ++++≥≥≥≥






 ++++






 ++++
xx

  .  .  .  .    
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lMhat´TI58lMhat´TI58lMhat´TI58lMhat´TI58    
eK[eK[eK[eK[RtIekaN RtIekaN RtIekaN RtIekaN ABC  . . . .    
1111----cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; cMeBaHRKb; [,0], ππππ∈∈∈∈yx  cUrRsayfa  cUrRsayfa  cUrRsayfa  cUrRsayfa ³³³³    

)
2

(sin2sinsin
yx

yx
++++≤≤≤≤++++  . . . .    

2222----cUrRsayfa cUrRsayfa cUrRsayfa cUrRsayfa 
2

33
sinsinsin ≤≤≤≤++++++++ CBA  . . . .    
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naM[ naM[ naM[ naM[ )( nZ CasIVútFrNImaRténcMnYnkMupøicEdlmanersugCasIVútFrNImaRténcMnYnkMupøicEdlmanersugCasIVútFrNImaRténcMnYnkMupøicEdlmanersugCasIVútFrNImaRténcMnYnkMupøicEdlmanersug    
    aiaq sincos ++++====  nigtY  nigtY  nigtY  nigtY 1)sin(cos 010 ====−−−−−−−−==== UaiaUZ         
tamrUbmnþ tamrUbmnþ tamrUbmnþ tamrUbmnþ )sin()cos()sin(cos0 nainaaiaqZZ nn

n ++++====++++====××××====     
dUcen¼  dUcen¼  dUcen¼  dUcen¼  )sin(.)cos( nainaZn ++++====   .  .  .  .    
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x¿Tajrk x¿Tajrk x¿Tajrk x¿Tajrk nU  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én n ½ ½ ½ ½    
eyIgman eyIgman eyIgman eyIgman )1()sin(cos1 nnn UaiaUZ −−−−−−−−==== ++++         
nig      nig      nig      nig      )2()sin(cos1 nnn UaiaUZ ++++−−−−==== ++++     
dksmIkar dksmIkar dksmIkar dksmIkar )1(  nig  nig  nig  nig )2( Gg:nwgGg:eKán ½Gg:nwgGg:eKán ½Gg:nwgGg:eKán ½Gg:nwgGg:eKán ½    

nnn UaiZZ sin2====−−−−  naM[  naM[  naM[  naM[ 
ai

ZZ
U nn

n sin2
−−−−

====         
Edl Edl Edl Edl 0sin ≠≠≠≠a  . . . .    
eday eday eday eday )sin()cos( nainaZn ++++====         
nig nig nig nig )sin()cos( nainaZn −−−−====     
eKán eKán eKán eKán 

a
na

ai
nainanaina

Un sin
)sin(

sin2
)sin()cos()sin()cos( ====

++++−−−−++++====     

dUcen¼ dUcen¼ dUcen¼ dUcen¼ 
a

na
Un sin

)sin(====  . . . .    

ehIy ehIy ehIy ehIy n
a

a
na

na
n

a
na

U
aa

n
a

====××××========
→→→→→→→→→→→→ sin)(

)sin(
lim

sin
)sin(

limlim
000

    
dUcen¼ dUcen¼ dUcen¼ dUcen¼ nUn

a
====

→→→→0
lim   .  .  .  .    
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lMhat´TI62lMhat´TI62lMhat´TI62lMhat´TI62    
eda¼RsaysmIkar ½eda¼RsaysmIkar ½eda¼RsaysmIkar ½eda¼RsaysmIkar ½    

223)
12

cos()
4

sin(4 ++++====++++++++ ππππππππ
xx         

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
eda¼RsaysmIkar ½eda¼RsaysmIkar ½eda¼RsaysmIkar ½eda¼RsaysmIkar ½    

223)
12

cos()
4

sin(4 ++++====++++++++ ππππππππ
xx         

tamrUbmnþ tamrUbmnþ tamrUbmnþ tamrUbmnþ )sin()sin(cossin2 bababa −−−−++++++++====     
smIkarxagelIGacsresrCabnþbnÞab́xageRkam ½smIkarxagelIGacsresrCabnþbnÞab́xageRkam ½smIkarxagelIGacsresrCabnþbnÞab́xageRkam ½smIkarxagelIGacsresrCabnþbnÞab́xageRkam ½    

2
2

)
3

2sin(

211)
3

2sin(2

)21(
6

sin)
3

2sin(2

223)
124

sin()
124

sin(2

2

====++++

++++====++++++++

++++====




 ++++++++

++++====




 −−−−−−−−++++++++++++++++++++

ππππ

ππππ

ππππππππ

ππππππππππππππππ

x

x

x

xxxx

    

eKTaj eKTaj eKTaj eKTaj ππππππππππππ
kx 2

43
2 ++++====++++         b¤b¤b¤b¤        ππππππππππππππππ

kx 2
43

2 ++++−−−−====++++         

dUcen¼ dUcen¼ dUcen¼ dUcen¼ Zkkxkx ∈∈∈∈++++====++++−−−−==== ;
24
5

;
24

ππππππππππππππππ             
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lMhat´TI63lMhat´TI63lMhat´TI63lMhat´TI63    
eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit eK[sIVúténcMnYnBit )( nU kMnt;elI kMnt;elI kMnt;elI kMnt;elI IN  eday   eday   eday   eday  ³³³³    

2
2

0 ====U  nig  nig  nig  nig INn
U

U n
n ∈∈∈∈∀∀∀∀

−−−−−−−−
====++++ ,

2

11 2

1     
KNna KNna KNna KNna nU  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én n  . . . .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
KNna KNna KNna KNna nU  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én  CaGnuKmn_én n         
eyIgman eyIgman eyIgman eyIgman 

4
sin

2
2

0
ππππ========U   Bit  Bit  Bit  Bit    

]bmafavaBitdl;tYTI ]bmafavaBitdl;tYTI ]bmafavaBitdl;tYTI ]bmafavaBitdl;tYTI p  KW  KW  KW  KW 
22

sin ++++====
ppU
ππππ             

eyIgnwgRsayfavaBitdl;tYTI eyIgnwgRsayfavaBitdl;tYTI eyIgnwgRsayfavaBitdl;tYTI eyIgnwgRsayfavaBitdl;tYTI )1( ++++p  KW  KW  KW  KW 
31

2
sin ++++++++ ====

ppU
ππππ  Bit Bit Bit Bit    

eyIgman eyIgman eyIgman eyIgman 
2

11 2

1
p

p

U
U

−−−−−−−−
====++++

 tamkar]bma  tamkar]bma  tamkar]bma  tamkar]bma 
22

sin ++++====
ppU
ππππ             

eyIg)an  eyIg)an  eyIg)an  eyIg)an  
2

2
sin11

2
2

1

++++
++++

−−−−−−−−
====

p

pU

ππππ

        

                                                                                
3

3
2

2

2
sin

2
2

sin2

2
2

cos1

++++

++++++++
========

−−−−
====

p

pp ππππ
ππππππππ

 Bit Bit Bit Bit    

dUcenH  dUcenH  dUcenH  dUcenH  
22

sin ++++====
nnU
ππππ   .  .  .  .    
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lMhat´TI64lMhat´TI64lMhat´TI64lMhat´TI64    
eK[eK[eK[eK[    

    

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

====++++++++

====++++

====

4

3

2

2
cos2222

2
cos222

2
cos22

ππππ

ππππ

ππππ

        

BI]TaBI]TaBI]TaBI]TahrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg hrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg hrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg hrN_xagelIcUrrkrUbmnþTUeTA nig RsaybBa¢k;rUbmnþenaHpg     
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
rkrUbmnþTUeTA  ½rkrUbmnþTUeTA  ½rkrUbmnþTUeTA  ½rkrUbmnþTUeTA  ½    
eKman eKman eKman eKman     

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

====++++++++

====++++

====

4

3

2

2
cos2222

2
cos222

2
cos22

ππππ

ππππ

ππππ

    

tamlMnaM«TahrN_eyIgGacTajrkrUbmnþTUeTAdUcxageRkam ½tamlMnaM«TahrN_eyIgGacTajrkrUbmnþTUeTAdUcxageRkam ½tamlMnaM«TahrN_eyIgGacTajrkrUbmnþTUeTAdUcxageRkam ½tamlMnaM«TahrN_eyIgGacTajrkrUbmnþTUeTAdUcxageRkam ½    

1
)(

2
cos22.........222 ++++====++++++++++++++++

n
n

ππππ
44444 344444 21

  .  .  .  .    
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RsaybBaØak´rUbmnþen¼ ½RsaybBaØak´rUbmnþen¼ ½RsaybBaØak´rUbmnþen¼ ½RsaybBaØak´rUbmnþen¼ ½    
eyIgtag eyIgtag eyIgtag eyIgtag 

4444 34444 21
)(

2......222
n

nA ++++++++++++++++====         

cMeBa¼RcMeBa¼RcMeBa¼RcMeBa¼RKb́ Kb́ Kb́ Kb́ *INn ∈∈∈∈   .  .  .  .    
eyIgman eyIgman eyIgman eyIgman 

21
2

cos22
ππππ========A  Bit Bit Bit Bit    

eyIg«bmafavaBitdĺtYTI eyIg«bmafavaBitdĺtYTI eyIg«bmafavaBitdĺtYTI eyIg«bmafavaBitdĺtYTI p KW  KW  KW  KW ³³³³    

1
)(

2
cos22......222 ++++====++++++++++++++++====

p
p

pA
ππππ

4444 34444 21
 Bit Bit Bit Bit    

eyIgnwgRsayfavaBitdĺtYTI eyIgnwgRsayfavaBitdĺtYTI eyIgnwgRsayfavaBitdĺtYTI eyIgnwgRsayfavaBitdĺtYTI 1++++p  KW  KW  KW  KW 
21

2
cos2 ++++++++ ====

ppA
ππππ  Bit Bit Bit Bit    

eyIgman eyIgman eyIgman eyIgman pp AA ++++====++++ 21         
edaytamkar«bma edaytamkar«bma edaytamkar«bma edaytamkar«bma 

12
cos2 ++++====

ppA
ππππ     

eyIgáneyIgáneyIgáneyIgán
22

2
11

2
cos2

2
cos4

2
cos22 ++++++++++++++++ ========++++====

ppppA
ππππππππππππ  Bit Bit Bit Bit    

dUcen¼ dUcen¼ dUcen¼ dUcen¼ 
1

)(
2

cos22.........222 ++++====++++++++++++++++
n

n

ππππ
44444 344444 21

  .  .  .  .    
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lMhat´TI65lMhat´TI65lMhat´TI65lMhat´TI65    
ykykykyk a; b ;c CaRbEvgRCug nigCaRbEvgRCug nigCaRbEvgRCug nigCaRbEvgRCug nig A,B,C CargVas;mMuTaMgbIénRtIekaN CargVas;mMuTaMgbIénRtIekaN CargVas;mMuTaMgbIénRtIekaN CargVas;mMuTaMgbIénRtIekaN     
ABCmYyEdl mYyEdl mYyEdl mYyEdl S CaRklaépÞRtIekaNenaH. CaRklaépÞRtIekaNenaH. CaRklaépÞRtIekaNenaH. CaRklaépÞRtIekaNenaH.    

Rsayfa Rsayfa Rsayfa Rsayfa 
S

cba
CotCCotBCotA

4

222 ++++++++====++++++++             
dMdMdMdMeNa¼eNa¼eNa¼eNa¼RsRsRsRsayayayay    
tamRTWsþIbTsIunus tamRTWsþIbTsIunus tamRTWsþIbTsIunus tamRTWsþIbTsIunus     

(((( ))))
(((( ))))
(((( ))))3cot4

2cot4

1cot4

sin
cos

)sin
2
1

(4

cos2

222

222

222

22

222

gCSabc

gBScab

gAScba

A
A

Abccb

Abcba

−−−−++++====

−−−−++++====

−−−−++++====

−−−−++++====

−−−−++++====

 

bUk bUk bUk bUk (1),(2),(3) eyIg)an     eyIg)an     eyIg)an     eyIg)an         

S
cba

gCgBgA

gCgBgAScbacba

4
cotcotcot

)cotcot(cot4)(2
222

222222

++++++++====++++++++

++++++++−−−−++++++++====++++++++  

dUcenH dUcenH dUcenH dUcenH  
S

cba
gCggA

4
cotBcotcot

222 ++++++++====++++++++  
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lMhat´TI66lMhat´TI66lMhat´TI66lMhat´TI66    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCug  mYymanRCug  mYymanRCug  mYymanRCug cABbACaBC ============ ,,             
cUrRsaybBa¢k;facUrRsaybBa¢k;facUrRsaybBa¢k;facUrRsaybBa¢k;fa    

abc
cba

c
C

b
B

a
A

2
coscoscos 222 ++++++++====++++++++     

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN ABC eKman  eKman  eKman  eKman ³³³³    

Abccba cos2222 −−−−++++====  smmUl  smmUl  smmUl  smmUl 
bc

acb
A

2
cos

222 −−−−++++====     

Baccab cos2222 −−−−++++====  smmUl  smmUl  smmUl  smmUl 
ac

bca
B

2
cos

222 −−−−++++====     

Cabbac cos2222 −−−−++++====  smmUl  smmUl  smmUl  smmUl 
ab

cba
C

2
cos

222 −−−−++++====     
tag tag tag tag 

c
C

b
B

a
A

M
coscoscos ++++++++====     

                        

abc
cba

abc
cbabcaacb

abc
cba

abc
bca

abc
acb

2

2

222

222

222222222

222222222

++++++++====

−−−−++++++++−−−−++++++++−−−−++++====

−−−−++++++++
−−−−++++++++

−−−−++++====

    

dUcenH  dUcenH  dUcenH  dUcenH  
abc

cba
c

C
b

B
a

A
2

coscoscos 222 ++++++++====++++++++  . . . .    
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lMhat´TI67lMhat´TI67lMhat´TI67lMhat´TI67    
eeeedaHRsaysmIkardaHRsaysmIkardaHRsaysmIkardaHRsaysmIkar    
k> k> k> k> (((( )))) 0)sin2(logsinlog2 3

2
2

2 ====++++ xx     

x> x> x> x> 02coslog3coslog 2

2

2
2 ====++++++++














xx     

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
edaHRsaysmIkaredaHRsaysmIkaredaHRsaysmIkaredaHRsaysmIkar    
k> k> k> k> (((( )))) 0)sin2(logsinlog2 3

2
2

2 ====++++ xx     
lkç½xNÐ½  lkç½xNÐ½  lkç½xNÐ½  lkç½xNÐ½  0sin >>>>x     
smIkarGacsresmIkarGacsresmIkarGacsresmIkarGacsresr sr sr sr ³³³³    

(((( ))))
(((( )))) 01sinlog3sinlog2

02log)(sinlogsinlog2

2
2

2

2
3

2
2

2

====++++++++

====++++++++

xx

xx     

tag tag tag tag xX sinlog2====     
0132 2 ====++++++++ XX   manb¤s   manb¤s   manb¤s   manb¤s 

2
1

;1 21 −−−−====−−−−==== XX     

----cMeBaH cMeBaH cMeBaH cMeBaH 1−−−−====X   eK)an   eK)an   eK)an   eK)an 1sinlog2 −−−−====x  b¤  b¤  b¤  b¤ 
2
1

sin ====x     

eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s ππππππππ
kx 2

6
++++====  b¤  b¤  b¤  b¤ )(2

6
5

Zkkx ∈∈∈∈++++==== ππππππππ         
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----cMeBaH cMeBaH cMeBaH cMeBaH 
2
1−−−−====X   eK)an   eK)an   eK)an   eK)an 

2
1

sinlog2 −−−−====x  b¤  b¤  b¤  b¤ 
2
2

sin ====x     

eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s ππππππππ
kx 2

4
++++====  b¤  b¤  b¤  b¤ )(2

4
3

Zkkx ∈∈∈∈++++==== ππππππππ     

x> x> x> x> 02coslog3coslog 2

2

2
2 ====++++++++














xx     

lkç½xN½Ð  lkç½xN½Ð  lkç½xN½Ð  lkç½xN½Ð  0cos >>>>x     
tag tag tag tag xt coslog

2
2====    enaH    enaH    enaH    enaH tx −−−−====coslog 2     

eK)an eK)an eK)an eK)an 0232 ====++++−−−− tt   manb¤s   manb¤s   manb¤s   manb¤s 2;1 21 ======== tt     
----cMeBaH cMeBaH cMeBaH cMeBaH 11 ====t  eK)an  eK)an  eK)an  eK)an 1coslog

2
2 ====x   b¤    b¤    b¤    b¤  

2
2

cos ====x     

eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s )(2
4

Zkkx ∈∈∈∈++++±±±±==== ππππππππ     

----cMeBaH cMeBaH cMeBaH cMeBaH 22 ====t  eK)an  eK)an  eK)an  eK)an 2coslog
2
2 ====x   b¤    b¤    b¤    b¤  

2
1

cos ====x     

eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s )(2
3

Zkkx ∈∈∈∈++++±±±±==== ππππππππ     
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lMhat´TI68lMhat´TI68lMhat´TI68lMhat´TI68    
edaHRsayedaHRsayedaHRsayedaHRsayRbB½næRbB½næRbB½næRbB½næsmIkarsmIkarsmIkarsmIkar    

(((( )))) (((( ))))
(((( ))))





====

====
yx

yx

sinlnsinln

2ln2ln

22

sin2sin2
    

Edl Edl Edl Edl 
2

0
ππππ<<<<<<<< x   nig   nig   nig   nig 

2
0

ππππ<<<<<<<< y   .  .  .  .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
edaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkar    

(((( )))) (((( ))))
(((( ))))





====

====

)(22

)(sin2sin2

sinlnsinln

2ln2ln

ii

iyx

yx     

smIkasmIkasmIkasmIkar r r r )(i  Gacsresr  Gacsresr  Gacsresr  Gacsresr ³³³³    
(((( )))) (((( ))))

)(2ln
4
3

sinln
2
1

sinln

sinln
2
1

2ln
4
1

sinln2ln

)sinln2ln
2
1

(2ln
2
1

)sinln2(ln2ln

sin2lnsin2ln
2ln2ln

ayx

yx

yx

yx

−−−−====−−−−

++++====++++

++++====++++

====

    

    



                                                            eroberogeday lwm pl:ún nig Esn Bisidæ 

  
 
 
 

- 147 - 

smIkar smIkar smIkar smIkar )(ii  Gacsresr  Gacsresr  Gacsresr  Gacsresr ³³³³    
(((( )))) (((( ))))

)(sinln2sinln

2lnsinln2lnsinln
2
1

2lnsinln2lnsinln

2ln2ln sinlnsinln

byx

yx

yx

yx

====

====

====

====

    

yksmIkar yksmIkar yksmIkar yksmIkar )(b  CYkñúg  CYkñúg  CYkñúg  CYkñúg )(a  eK)an  eK)an  eK)an  eK)an ³³³³    









====

−−−−====

−−−−====

−−−−====−−−−

2
2

lnsinln

2ln
2
1

sinln

2ln
4
3

sinln
2
3

2ln
4
3

sinln
2
1

sinln2

y

y

y

yy

    

eKTaj eKTaj eKTaj eKTaj 
2
2

sin ====y  na na na naM[ M[ M[ M[ 
4
ππππ====y   eRBaH   eRBaH   eRBaH   eRBaH 

2
0

ππππ<<<<<<<< y     

tam tam tam tam )(b  eKTaj  eKTaj  eKTaj  eKTaj 







====

2
2

ln2sinln x     

eKTaj eKTaj eKTaj eKTaj 
2
1

sin ====x   naM[   naM[   naM[   naM[ 
6
ππππ====x    eRBaH     eRBaH     eRBaH     eRBaH  

2
0

ππππ<<<<<<<< x     

dUcenH  dUcenH  dUcenH  dUcenH  
6
ππππ====x  nig  nig  nig  nig 

4
ππππ====y   .  .  .  .    
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lMhat´TI69lMhat´TI69lMhat´TI69lMhat´TI69    
edaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkar    









++++====++++

====++++

2222

2
3

sinsin

sinsin yx

yx
        

    

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
edaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkaredaHRsayRbB½næsmIkar    









++++====++++

====++++

)(2222

)(
2
3

sinsin

sinsin ii

iyx

yx
        

tam  tam  tam  tam  )(i   eKTaj   eKTaj   eKTaj   eKTaj )(sin
2
3

sin iiixy −−−−====     
yk yk yk yk )(iii  CYskñúg  CYskñúg  CYskñúg  CYskñúg )(ii  eK)an  eK)an  eK)an  eK)an ³³³³    

222.222

2222
sinsin

sin
2
3

sin

++++====++++

++++====++++
−−−−

−−−−

xx

xx
    

tag tag tag tag 02sin >>>>==== xt     
eK)an  eK)an  eK)an  eK)an  22

1
22 ++++====++++

t
t     

b¤  b¤  b¤  b¤  022)22(2 ====++++++++−−−− tt  manb¤s  manb¤s  manb¤s  manb¤s 2;2 21 ======== tt     
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----cMeBaH cMeBaH cMeBaH cMeBaH 2====t   eK)an   eK)an   eK)an   eK)an 22sin ====x  naM[  naM[  naM[  naM[ 
2
1

sin ====x     
eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s ππππππππ

kx 2
6

++++====  b¤  b¤  b¤  b¤ )(2
6

5
Zkkx ∈∈∈∈++++==== ππππππππ     

ehIytam ehIytam ehIytam ehIytam )(iii  eK)an  eK)an  eK)an  eK)an 1
2
1

2
3

sin ====−−−−====y     

eKTaj eKTaj eKTaj eKTaj Zkky ∈∈∈∈++++==== ;2
2

ππππππππ     
----cMeBaH cMeBaH cMeBaH cMeBaH 2====t   eK)an   eK)an   eK)an   eK)an 22sin ====x  naM[  naM[  naM[  naM[ 1sin ====x     
eKTajb¤s eKTajb¤s eKTajb¤s eKTajb¤s )(2

2
Zkkx ∈∈∈∈++++==== ππππππππ     

ehIytam ehIytam ehIytam ehIytam )(iii  eK)an  eK)an  eK)an  eK)an 
2
1

2
3

sin ====−−−−====y     

eKTaj eKTaj eKTaj eKTaj Zkkyky ∈∈∈∈++++====++++==== ;2
6

5
;2

6
ππππππππππππππππ   .  .  .  .    
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lMhat´TI70lMhat´TI70lMhat´TI70lMhat´TI70    
eK[ eK[ eK[ eK[ 

2
a0

ππππ<<<<<<<<  nig  nig  nig  nig 
2

b0
ππππ<<<<<<<<  . . . .    

cUrbgHajfa cUrbgHajfa cUrbgHajfa cUrbgHajfa 1
bcos
acos

bsin
asin

2222

====







++++







         

lu¼RtaEt lu¼RtaEt lu¼RtaEt lu¼RtaEt ba ====   .  .  .  .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
kkkkarbgHajarbgHajarbgHajarbgHaj    

eKman  eKman  eKman  eKman  1
bcos
acos

bsin
asin

2222

====







++++







     

smmUl smmUl smmUl smmUl 1
bcos
acos

bsin
asin

)bcosb(sin 2

4

2

4
22 ====








++++++++     

0)acos
bcos
bsin

asin
bsin
bcos

1acos
bcos
bsin

asin
bsin
bcos

acosasin21

1acos
bcos
bsin

asin
bsin
bcos

acosasin

2
22

4
2

2
4

2

2
22

4
2

2
4

2

2
44

====






 −−−−

====++++++++−−−−

====++++++++++++

    

eKTaj eKTaj eKTaj eKTaj acos
bcos
bsin

asin
bsin
bcos 22 ====     
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smmUl     smmUl     smmUl     smmUl     
bcos
bsin

acos
asin

2

2

2

2

====     
smmUl     smmUl     smmUl     smmUl     btanatan 22 ====     
eday eday eday eday 

2
a0

ππππ<<<<<<<<  nig  nig  nig  nig 
2

b0
ππππ<<<<<<<<         

ena¼eKTena¼eKTena¼eKTena¼eKTaj aj aj aj ba ====  . . . .    
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lMhat´TI71lMhat´TI71lMhat´TI71lMhat´TI71    
eK[ eK[ eK[ eK[ ABC  CaRtIekaNmYyEdlepÞógpÞat´lkç&x&NÐ CaRtIekaNmYyEdlepÞógpÞat´lkç&x&NÐ CaRtIekaNmYyEdlepÞógpÞat´lkç&x&NÐ CaRtIekaNmYyEdlepÞógpÞat´lkç&x&NÐ    

AcosCsinBsin1CsinBsin 22 ++++====++++  . . . .    
bgHajfa bgHajfa bgHajfa bgHajfa ABC  CaRtIekaNEkg . CaRtIekaNEkg . CaRtIekaNEkg . CaRtIekaNEkg .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
bgHajfa bgHajfa bgHajfa bgHajfa ABC  CaRtIekaNEkg CaRtIekaNEkg CaRtIekaNEkg CaRtIekaNEkg    
tamRTwsþIbTsIutamRTwsþIbTsIutamRTwsþIbTsIutamRTwsþIbTsIunUseKman nUseKman nUseKman nUseKman R2

Csin
c

Bsin
b

Asin
a ============     

eKTaj eKTaj eKTaj eKTaj CsinR2c,BsinR2b,AsinR2a ============     
eday eday eday eday Acosbc2cba 222 −−−−++++====  ( RTwsþIbTkUsIunUs ) ( RTwsþIbTkUsIunUs ) ( RTwsþIbTkUsIunUs ) ( RTwsþIbTkUsIunUs )    
eKTaján ½eKTaján ½eKTaján ½eKTaján ½    

)AcosCsinBsin2CsinB(sinR4AsinR4 22222 −−−−++++====     
                )1(AcosCsinBsin2CsinBsinAsin 222 −−−−++++====     
Et Et Et Et )2(AcosCsinBsin1CsinBsin 22 ++++====++++     
yksmIkar yksmIkar yksmIkar yksmIkar )2(  CYsenAkñúg  CYsenAkñúg  CYsenAkñúg  CYsenAkñúg )1(  eKTaj  eKTaj  eKTaj  eKTaj 1Asin2 ====     
naM[ naM[ naM[ naM[ 090A ====  . dUcen¼  . dUcen¼  . dUcen¼  . dUcen¼ ABC  CaRtIekaNEkg . CaRtIekaNEkg . CaRtIekaNEkg . CaRtIekaNEkg .    
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lMhat´TI72lMhat´TI72lMhat´TI72lMhat´TI72    
eK[RtIekaN eK[RtIekaN eK[RtIekaN eK[RtIekaN ABC  mYymanRCúg  mYymanRCúg  mYymanRCúg  mYymanRCúg c,b,a  .  .  .  .     
kMnt´RbePTénRtIekaN kMnt´RbePTénRtIekaN kMnt´RbePTénRtIekaN kMnt´RbePTénRtIekaN ABC  ebIeK ebIeK ebIeK ebIeKdwgfa ½dwgfa ½dwgfa ½dwgfa ½    
    )

c
1

b
1

a
1

(
2
1

c
Ccos

b
Bcos

a
Acos ++++++++====++++++++         

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
RbePTénRtIekaN RbePTénRtIekaN RbePTénRtIekaN RbePTénRtIekaN ABC     
tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN ABC eKman ½ eKman ½ eKman ½ eKman ½    

bc2
acb

Acos
222 −−−−++++====  naM[  naM[  naM[  naM[ )1(

abc2
acb

a
Acos 222 −−−−++++====     

dUcKñaEdreKTaj dUcKñaEdreKTaj dUcKñaEdreKTaj dUcKñaEdreKTaj )2(
abc2

bca
b

Bcos 222 −−−−++++====         

nig nig nig nig )3(
abc2

cba
c

Ccos 222 −−−−++++====     
bUkTMnak´TMng bUkTMnak´TMng bUkTMnak´TMng bUkTMnak´TMng )3(,)2(,)1(  Gg:nwgGg:eKán ½ Gg:nwgGg:eKán ½ Gg:nwgGg:eKán ½ Gg:nwgGg:eKán ½    
                        

abc2
cba

c
Ccos

b
Bcos

a
Acos 222 ++++++++====++++++++     

eday  eday  eday  eday  )
c
1

b
1

a
1

(
2
1

c
Ccos

b
Bcos

a
Acos ++++++++====++++++++         

eKTaján ½eKTaján ½eKTaján ½eKTaján ½        
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0)ac()cb()ba(

0)aac2c()cbc2b()bab2a(

ac2bc2ab2c2b2a2

acbcabcba

abc2
abcabc

abc2
cba

)
c
1

b
1

a
1

(
2
1

abc2
cba

222

222222

222

222

222

222

====−−−−++++−−−−++++−−−−

====++++−−−−++++++++−−−−++++++++−−−−

++++++++====++++++++

++++++++====++++++++

++++++++====
++++++++

++++++++====
++++++++

    

eKTajánsmPaB  eKTajánsmPaB  eKTajánsmPaB  eKTajánsmPaB  cba ========  . . . .    
dUcen¼ dUcen¼ dUcen¼ dUcen¼ ABC  CaRtIekaNsmg&ß . CaRtIekaNsmg&ß . CaRtIekaNsmg&ß . CaRtIekaNsmg&ß .    
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lMhat´TI73lMhat´TI73lMhat´TI73lMhat´TI73    
kñúgRtIekaN kñúgRtIekaN kñúgRtIekaN kñúgRtIekaN ABC  mYycUrRsaybBa¢ak´fa ½ mYycUrRsaybBa¢ak´fa ½ mYycUrRsaybBa¢ak´fa ½ mYycUrRsaybBa¢ak´fa ½    

r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++             

Edl Edl Edl Edl r  nig  nig  nig  nig R CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN .    
dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
Rsayfa Rsayfa Rsayfa Rsayfa (((( ))))1

r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++         

tag tag tag tag cAB,bAC,aBC ============     
tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN tamRTwsþIbTkUsIunUskñúgRtIekaN ABC  eKman ½ eKman ½ eKman ½ eKman ½    

Acos.bc2cba 222 −−−−++++====  eday  eday  eday  eday 
2
A

sin21Acos 2−−−−====     
ena¼ ena¼ ena¼ ena¼ )

2
A

sin21(bc2cba 2222 −−−−−−−−++++====     

eKTaj eKTaj eKTaj eKTaj 
bc4

)cba)(cba(
bc4

)cb(a
2
A

sin
22

2 ++++−−−−−−−−++++====
−−−−−−−−====     

tag tag tag tag 
2

cba
p

++++++++====  ( knø¼brimaRténRtIekaN ) ( knø¼brimaRténRtIekaN ) ( knø¼brimaRténRtIekaN ) ( knø¼brimaRténRtIekaN )    
eKán eKán eKán eKán )cp(2cba −−−−====−−−−++++  nig  nig  nig  nig )bp(2cba −−−−====++++−−−−     
eKán eKán eKán eKán 

bc
)cp)(bp(

2
A

sin2 −−−−−−−−====         
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naM[ naM[ naM[ naM[ 
bc

)cp)(bp(
2
A

sin
−−−−−−−−====  . dUcKñaEdreKTaj ½ . dUcKñaEdreKTaj ½ . dUcKñaEdreKTaj ½ . dUcKñaEdreKTaj ½    

ab
)bp)(ap(

2
C

sin;
ac

)cp)(ap(
2
B

sin
−−−−−−−−====−−−−−−−−====     

eKán eKán eKán eKán 
abc

)cp)(bp)(ap(
2
C

sin
2
B

sin
2
A

sin
−−−−−−−−−−−−====         

eKman eKman eKman eKman 
R4

abc
pr)cp)(bp)(ap(pS ========−−−−−−−−−−−−====     

eKTaj eKTaj eKTaj eKTaj S.R4abc ==== nig nig nig nig S.r
p
S

)cp)(bp)(ap(
2

========−−−−−−−−−−−−     

eKán eKán eKán eKán 
R4
r

S.R4
S.r

2
C

sin
2
B

sin
2
A

sin ========  . . . .    
vismPaB vismPaB vismPaB vismPaB (((( ))))1  smmUleTAnwg ½ smmUleTAnwg ½ smmUleTAnwg ½ smmUleTAnwg ½    

(((( ))))22

2
C

sin

2
B

sin
2
A

sin

2
B

sin

2
A

sin
2
C

sin

2
A

sin

2
C

sin
2
B

sin

2
C

sin
2
B

sin
2
A

sin4

1
4

2
C

sin

1

2
B

sin

1

2
A

sin

1

≥≥≥≥++++++++

≥≥≥≥++++++++

            

eday eday eday eday 
2
A

sin
a

ap
bca

)cp)(bp()ap(
2
C

sin
2
B

sin 2

2 −−−−====−−−−−−−−−−−−====     
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eKTaj eKTaj eKTaj eKTaj 
a

ap

2
A

sin

2
C

sin
2
B

sin −−−−====  . dUcKñaEdreKTaján ½ . dUcKñaEdreKTaján ½ . dUcKñaEdreKTaján ½ . dUcKñaEdreKTaján ½    

b
bp

2
B

sin

2
A

sin
2
C

sin −−−−====  nig  nig  nig  nig 
c

cp

2
C

sin

2
B

sin
2
A

sin −−−−====     

vismPaB vismPaB vismPaB vismPaB (((( ))))2  smmUleTAnwg ½ smmUleTAnwg ½ smmUleTAnwg ½ smmUleTAnwg ½    
2

c
cp

b
bp

a
ap ≥≥≥≥−−−−++++−−−−++++−−−−         

tamvismPaB tamvismPaB tamvismPaB tamvismPaB GMAM −−−−  eKán ½ eKán ½ eKán ½ eKán ½    
a)ap(2a)ap(p −−−−≥≥≥≥++++−−−−====  naM[  naM[  naM[  naM[ 

p
)ap(2

a
ap −−−−≥≥≥≥−−−−     

dUcKñaEdr dUcKñaEdr dUcKñaEdr dUcKñaEdr 
p

)bp(2
b

bp −−−−≥≥≥≥
−−−−  nig  nig  nig  nig 

p
)cp(2

c
cp −−−−≥≥≥≥

−−−−     
eKán eKán eKán eKán     

Bit2
c

cp
b

bp
a

ap

p
)cp()bp()ap(

2
c

cp
b

bp
a

ap

≥≥≥≥−−−−++++−−−−++++−−−−

−−−−++++−−−−++++−−−−≥≥≥≥−−−−++++−−−−++++−−−−

        

dUcen¼dUcen¼dUcen¼dUcen¼    
r
R

4

2
C

sin

1

2
B

sin

1

2
A

sin

1 ≥≥≥≥++++++++    .   .   .   .    
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lMhat´TI74lMhat´TI74lMhat´TI74lMhat´TI74    
k> cUrRsayfa k> cUrRsayfa k> cUrRsayfa k> cUrRsayfa 

aaa

a

2sin

1

sin2

1

2sin

2cos
222 −−−−====     

x>KNnaplbUk  x>KNnaplbUk  x>KNnaplbUk  x>KNnaplbUk  ∑∑∑∑
==== 


















====
n

k
k

k

kn x

x

S
0 2

2
sin

2
cos

.
2

1     

dMeNa¼dMeNa¼dMeNa¼dMeNa¼RsRsRsRsayayayay    
k> Rsayfa k> Rsayfa k> Rsayfa k> Rsayfa 

aaa

a

2sin

1

sin2

1

2sin

2cos
222 −−−−====     

eKman eKman eKman eKman 1cos22cos 2 −−−−==== aa  nig  nig  nig  nig aaa cossin22sin ====     
eK)an eK)an eK)an eK)an 

aa

a

a

a
22

2

2 cossin4

1cos2

2sin

2cos −−−−====     

                                                                                    
aa

aaaa

a

2sin

1

sin2

1
cossin4

1

cossin4

cos2

22

2222

2

−−−−====

−−−−====
    

dUcenH  dUcenH  dUcenH  dUcenH  
aaa

a

2sin

1

sin2

1

2sin

2cos
222 −−−−====         

x>KNnaplbUk  x>KNnaplbUk  x>KNnaplbUk  x>KNnaplbUk  ∑∑∑∑
==== 


















====
n

k
k

k

kn x

x

S
0 2

2
sin

2
cos

.
2

1     
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eKman  eKman  eKman  eKman  
aaa

a

2sin

1

sin2

1

2sin

2cos
222 −−−−====     

yk yk yk yk 12 ++++==== k
x

a   eK)an   eK)an   eK)an   eK)an ³³³³    

kkk

k

xxx

x

2
sin

1

2
sin2

1

2
sin

2
cos

2
1

22
−−−−====

++++

        

KuNGgÁTaMgBIr nwg KuNGgÁTaMgBIr nwg KuNGgÁTaMgBIr nwg KuNGgÁTaMgBIr nwg k2

1   eK)an   eK)an   eK)an   eK)an ³³³³    

k
k

k
k

k

k

k xxx

x

2
sin2

1

2
sin2

1

2
sin

2
cos

.
2

1
2

1
212

−−−−====

++++
++++

        

xx

xx
S

n
n

n

k
k

k
k

k
n

sin
1

2
sin2

1
2

sin2

1

2
sin2

1

1
1

0 2
1

21

−−−−====



















−−−−====

++++
++++

====
++++

++++
∑∑∑∑

    

dUcenH  dUcenH  dUcenH  dUcenH  
xx

S

n
n

n sin
1

2
sin2

1

1
1

−−−−====

++++
++++

    .    .    .    .    
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