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!> eK[ z,y,x  CabIcMnYnBitviC¢manEdlepÞógpÞat; 1xyz    . 
 cUrbgðajvismPaB ³ 
 zyx

y

)1xz(

x

)1zy(

z

)1yx( 222








  

@> eK[RtIekaN ABC  mYy . emdüanénRtIekaNEdlKUsecjBIkMBUl 
C,B,A  kat;rgVg;carwkeRkARtIekaNerogKñaRtg; P,N,M  . 

cUrbgðajfa )CABCAB(
3

4
CPBNAM 222222   . 

#>eK[GnuKmn_  f  EdlcMeBaHRKb;cMnYnBit 0x   eKmanTMnak;TMng . 
3

x

2
x)

x

1
(fx2)x(f 2   .  cMeBaHRKb;cMnYnBitviC¢man c,b,a   

cUrbgðajfa 12
a

)c(f

c

)b(f

b

)a(f
   ? 

$>eK[GnuKmn_  f  EdlcMeBaHRKb;cMnYnBit IRt  eKmanTMnak;TMng . 
1

t1

t2
f.t

t1

t1
f

22

2




















  . cUrkMnt;rkGnuKmn_ )x(fy    ? 

%>eK[GnuKmn_    3tln3tln2

t)t(f     Edl 0t   nig 1t    . 
eKBinitüsIVúténcMnYnBit )u( n  kMNt;eday )e(fu1   nigcMeBaHRKb; 
cMnYnKt;viC¢man n  eKman )u(fu n1n    . 
cMeBaHRKb;cMnYnKt;viC¢man n  cUrRsayfa 3

n1n )uln1(uln1     
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rYcTajrktY nu  CaGnuKmn_én n  . 
^>kMNt;RKb;cMnYnKt;viC¢man c,b,a  edIm,I[bNþasmIkarxageRkam 















0acx2x

0cbx2x

0bax2x

2

2

2

     manb¤sCacMnYnKt;viC¢man . 

&>eK[ M   CaTIRbCMuTm¶n;énRtIekaN ABC  . 
ebIbnÞat; AB  b:HeTAnwgrgVg;carwkeRkAénRtIekaN AMCenaHbgðajfa 

3

2
CBMsinsinCMAsin    . 

*>eK[RtIekaN ABC   manRCug c,b,a   nigmanmMukñúg  ,,    
ebI  3  cUrbgðajfa 222 bc)ba)(ba(    ? 
(>eK[RtIekaN ABC   mYymanRCug c,b,a  .  

F,E,D CaeCIgkm<s;KUsecjBIkMBUl C,B,A  erogKña . 
tag cba hCF,hBE,hAD   CargVas;km<s;énRtIekaN 
nig cBA qHC,qHB,qHA   Edl H CaGrtUsg;RtIekaN. 
cUrRsayfa 

2

cba
qhqhqh

222

ccbbaa


   . 
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!0>cUrkMNt;RKb;cMnYnKt;viC¢man z,y,x   ebIeKdwgfa  
      

1997
z

y

1996

x

13
22     . 

!!>eK[ c,b,a  CacMnYnBitviC¢man .  
    cUrbgðajfa  ³  
             0

ac
)ba(ac

cb
)ac(cb

ba
)cb(ba 222













   
 

                                                                                                                                                    ( BMO 2010 ) 

!@>eK[  0c,b,a    Edl 1abc   .   
    cUrbgðajfa   

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222










   ? 
!#>eK[RtIekaNsmgS½ ABC  mYyman G  CaTIRbCMuTm¶n; . 
    D  CacMnucmYyén ]AB[  Edl AGAD   . 
    bnÞat; DG  kat; AC  nig BC Rtg; E  nig F  erogKña . 
    cUrbgðajfa EFED   . 
!$> eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 
     2

3333

5555

)cba(
9

10

)cba(cba

)cba(cba



    

 
 

http://www.artofproblemsolving.com/Forum/viewtopic.php?f=52&t=347922&start=0&�
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!%>eK[sIVútcMnYnBit )a( n  kMNt;eday ³ 
9a,4a 10   nig 3a8a6a n1n2n    Edl ...,2,1,0n   

cUrRsayfa na  CakaerR)akdcMeBaHRKb; 0n    . 
!^>eK[RtIekaN ABC   mYy . cUrkMNt;témøGb,brmaén ³ 

2
B

cos

2
A

cos
2
C

cos

2
A

cos

2
C

cos
2
B

cos

2
C

cos

2
B

cos
2
A

cos
T

2

22

2

22

2

22

    

 
                                                    ( Vietnam Team Selection Tests 2007 ) 

!&>KNnaplbUk  n

3

3

3

2

33

n 2

n
....

2

3

2

2
2
1

S   
    rYcTajrklImItén nS  kalNa n   . 
!*>eK[GnuKmn_ f  kMNt;eday 

)!1n(

2.n
)n(f2)1n(f

1n






 RKb; INn  

     nig 1)o(f    .  KNnalImIt  ]
2

)n(f
[lim

nn 
  ? 

!(>cMeBaHRKb;cMnYnBit )
4

,0(x


   
     cUrbgðajfa  xsinxcos )x(sin)x(cos   
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@0>eK[ D  nig E  CacMNucenAelIRCug AB  nig CA  énRtIekaN ABC  
edaydwgfa DE  RsbeTAnwg BC ehIy DE  b:HeTAnwgrgVg;carwkkñúgRtIekaN 
ABC   .  cUrbgðajfa 

8

CABCAB
DE


   

                                                                                 ¬Italy 1999 ¦ 
@!> eK[ d,c,b,a  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ 

22222 )1bdac()1dc)(1ba(    
cUrbgðajfa 1ba 22   nig 1dc 22    . 
@@>eK[ c,b,a  CabIcMnYnBitviC¢manEdl 1cabcab    . 

cUrkMnt;témøGb,brmaénkenSam 
ac

c

cb

b

ba

a
E

222








   . 

@#> cUrKNnaplbUk ³ 

13

2
.....

13

2

13

2
S n2

1n

2

2

n











   

@$> eK[ 
1998.1997

1
....

5.4

1

4.3

1

2.1

1
A    

nig   
1000.1998

1
....

1996.1002
1

1997.1001
1

1998.1000
1

B   
cUrbgðajfa 

B

A   CacMnYnKt; ? 
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@%> eK[ x  nig y CacMnYnKt;edaydwgfa  
      2000xy30)yx(yx 333    
      cUrbgðajfa 10yx   . 
@^>eK[  n21 x...,,x,x ¬ Edl 2n  ¦CacMnYnBitviC¢manEdlepÞógpÞat; ³ 
    

1998
1

1998x
1

....
1998x
1

1998x
1

n21










  

    cUrbgðajfa 1998
1n

x...x.xn
n21 


  . 

@&>eK[ z,y,x  CabIcMnYnBitviC¢manEdl zyxxyz   . 
     cUrRsayfa 

xyz2
27

y1

xz

x1

zy

z1

yx
222 










  . 

@*> RtIekaNmYymanrgVas;RCugCacMnYnKt;viC¢manehIycarwkeRkArgVg;mYyman 
rgVas;kaMes μI 1 . cUrkMNt;RCugénRtIekaNenH rYcbgðajfavamanmMumYyesμ I o90  . 
@(> cUrbgðajfaebI 8abc    nig 0c,b,a   enaHeK)an ³ 

 
3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2










 

#0>eK[RtIekaN ABC  mYymanRCug cAB,bAC,aBC   ehIy 
      manmMukñúgCamMuRsYc . 
      cUrRsayfa )cba(4

Bcos
ac

Acos
cb

Ccos
ba








   
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#!>eK[ 0z,y,x   Edl 1zyx    . 

     cUrRsayfa 
4
1

)z1(

z

)y1(

y

)x1(

x
2

3

2

3

2

3










   

#@> eK[ d,c,b,a  CacMnYnBitviC¢manEdl 1abcd   . 
ebIeKdwgfa 

a
d

d
c

c
b

b
a

dcba    enaHcUrbgðajfa  

d
a

c
d

b
c

a
b

dcba    . 

##>eKyk c,b,a  CacMnYnviC¢manEdlepÞógpÞat; 1abc   . 
     cUrbgðajfa 

4

3

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a









 

                                                       ¬Czech and Slovak Republics 2005 ¦ 
#$>eKyk c,b,a  CacMnYnviC¢man. 
      cUrbgðajfa )

abc

cba
1(2)

a

c
1)(

c

b
1)(

b

a
1(

3


   

                                                                                 ¬APMO 1998 ¦ 
#%>eKyk c,b,a  CacMnYnBiténcenøaH )1,0(  .  
     cUrbgðajfa 1)c1)(b1)(a1(abc    
                                                                                ¬Romania 2002 ¦ 
#^>cUrKNnaplbUk ³ 

     
13

2
.....

13

2

13

2
S n2

1n

2

2

n










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#&>eKyk c,b,a  CacMnYnBitviC¢manEdl abccabcab   
cUrbgðajfa 1

)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44











   

                                                                                 ¬Poland 2006 ¦ 
#*>eKyk z,y,x  CacMnYnBitviC¢manEdl 1xyz   
cUrbgðajfa 

2

3

yxy

1

xzx

1

zyz

1









  

                                                                            ¬Kazakhstan 2008 ¦ 
#(>cMnYnBit  z,y,x,c,b,,a  epÞógpÞat; 0cba   nig 0zyx    
cUrbgðajfa  

4

3

)bxay)(byax(

zc

)azcx)(axcz(

yb

)cybz)(czby(

xa 222222










    

                                                                                     ¬Korea 2000 ¦ 
$0>cUrbgðajfa  

3

3

xyz1

xyz3

z1

z

y1

y

x1

x











    

cMeBaHRKb; 1z,y,x0    . 
                                                                                 ¬Ireland 2002 ¦ 
$!> cUrbgðajfacMeBaHRKb; c,b,a  CacMnYnBitviC¢maneK)an ³ 

1
ab8c

c

ca8b

b

bc8a

a
222










   

                                                                                    ¬IMO 2001 ¦ 
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$@> cUrbgðajfacMeBaHRKb; c,b,a  CacMnYnBitviC¢maneK)an ³ 
3cba

1cb3

)1a)(1c(

1ba3

)1c)(1b(

1ac3

)1b)(1a(
3 22

2

3 22

2

3 22

2














    

                                                                                 ¬Bulgaria 2007 ¦ 
$#>eK[ z,y,x CacMnYnBitviC¢manEdl 1zyx    . 
     cUrRsayfa ³ 
     1

)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx
2

2

2

2

2

2














    

                                                                                    ¬APMO 2007 ¦ 
$$> ebIcMnYnBitviC¢man c,b,a  epÞógpÞat; 3cba 222   enaHcUrbgðajfa ³ 

12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 









       

                                                                                     ¬Baltic 2008 ¦ 
$%>eKmancMnYnBitviC¢man c,b,a  epÞógpÞat; 1cba   .  
cUrbgðajfa    

2

3

abc

abc

cab

cab

bca

bca











      .  

                                                                              ¬Canada 2008 ¦ 
$^> ebI c,b,a Ca cMnYnBitviC¢manepÞógpÞat; 3cabcab   .  
cUrbgðajfa    

abc

1

)ba(c1

1

)ac(b1

1

)cb(a1

1
222










     .  

                                                                             ¬Romania 2008 ¦ 
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$&>eK[ c,b,a Ca cMnYnBitviC¢man.  
cUrbgðajfa    )

ca

1

bc

1

ab

1
(

2

1

abc

1

cab

1

bca

1
222










     .  
                                                                               ¬Lithuania 2006 ¦ 
$*>cMeBaHRKb;cMnYnBit a  viC¢man b¤sUnücUrbgðajfa ³ 
    a22a e)1a(      Edl 7182.2e    . 
$(>eK[plbUk  






 


n

1k
22n )

n

k
cos(k

n

1
S   

    k> bgðajfa 
2

x
1xcos

2

  cMeBaHRKb; 0x    . 
    x> KNnalImIt n

n
Slim


  .                                                                         

%0>eK[GnuKmn_  1)1nn()n(f 22    
     tag *INn;

)n2(f)....6(f)4(f)2(f
)1n2(f)....5(f)3(f)1(f

un 


  

     cUrKNnalImIt )un(lim n
n 

  
%!> eK[sIVút )x( n mYykMNt;eday ³ 

4x3xx;3x n
2

n1n1      cMeBaHRKb; 1n    . 
k> cUrbgðajfa  2nxn   cMeBaHRKb; 1n    . 
x> tag 













n

1k k
n 1x

1
y   cMeBaHRKb; 1n    .  KNnalImIt n

n
ylim


  . 
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%@> eK[sIVút )x( n mYykMNt;eday ³ 

     0b,0a,x
b

x
x;ax n

2
n

1n1      cMeBaHRKb; 1n    . 

     cUrKNnalImIt 
  







n

1k 1k

k

n x
x

lim   . 

%#> eK[sIVút )x( n mYykMNt;eday ³ 
      a....aaaxn    ¬  man n ra:DIkal; nig 0a   ¦ 
      cUrRsaybBa¢ak;fa 

2
a411

xn


  
%$> eK[sIVút )x( n mYykMNt;eday ³ 
      












n

1k
33n )

n

k
1ln(.k

n

1
x    

     k>cUrRsaybBa¢ak;fa x)x1ln(
2

x
x

2

  cMeBaHRKb; 0x   . 
     x>KNnalImIt  n

n
xlim


  ? 

%%> eK[RtIekaN ABC  mYymanRCug cAB,bAC,aBC   .  
'CC,'BB,'AA   CakMBs; ehIy H  CaGrtUsg; énRtIekaN ABC. 

cUrRsayfa )'HC'HB'HA(32cba   
%^> eK[ d,c,b,a   CacMnYnBitviC¢man .  

)ad)(ad(

d

)dc)(dc(

c

)cb)(cb(

b

)ba)(ba(

a
S

22

4

22

4

22

4

22

4











  
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cUrbgðajfa 
4

dcba
S


   . 

%&>bgðajfa 333 )2n()1n(n   CaBhuKuNén 9  cMeBaHRKb; *INn  
%*> eK[GnuKmn_ )cbxax(2)x(f 2x    
      rk c,b,a   Edl 2x x2)x(f)1x(f    rYcTajrkplbUk ³ 
       2n23222

n n.2....3.22.21.2S   
%(>eK[BhuFa cbxaxx2)x(P 24   
   kMNt; c,b,a  CacMnYnBitedaydwgfa )x(P  Eckdac;nwg 2x   ehIy )x(P  
   Ecknwg 1x2   sl; x  .                                                               
^0> eK[es‘rIGnnþ 

2222
1n

2 n

1
....

3

1

2

1

1

1

n

1













  

       cUrRsayfaes‘rIxagelIenHCaes‘rIbRgYm . 
^!> cUrkMNt;RKb;cMnYnKt;viC¢man mnig n EdlepÞógpÞat;smIkar  2m n12.3   
^@> eK[PCacMNucmYyenAkñúgRtIekaN ABC  . bnÞat; BP,AP  nig CP   
     kat;rgVg; )(  EdlcarwkeRkARtIekaN ABC  mþgeTotRtg; L,K   nig M   
     erogKña .bnÞat;b:HrgVg; )( Rtg; C kat;bnÞat; AB  Rtg; S   . 
   ]bmafa SPSC    .  cUrbgðajfa MLMK   
                                                                                            (IMO 2010 ) 
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^#> eK[cMnYnBitviC¢man n21 x....,,x,x  ehIyeKtag  
      n21n x...xxS    . cUrRsayfa ³ 
    

!n

S
...

!2

S
S1)x1)....(x1)(x1(

n2

n21     
                                                                          
                                                                      (APMO 1989 ) 
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lMhat;TI1 
eK[ z,y,x  CabIcMnYnBitviC¢manEdlepÞógpÞat; 1xyz    . 
cUrbgðajvismPaB ³ 

zyx
y

)1xz(

x

)1zy(

z

)1yx( 222








  

dMeNaHRsay 
bgðajvismPaB ³ 

zyx
y

)1xz(

x

)1zy(

z

)1yx( 222








   

rebobTI1   
tamvismPaB GMAM   eK)an ³ 

)3()1xz(2|1xz|2y
y

)1xz(

)2()1zy(2|1zy|2x
x

)1zy(

)1()1yx(2|1yx|2z
z

)1yx(

2

2

2










 

bUkvismPaB )3(,)2(,)1(  GgÁnwgGgÁeK)an ³ 
6)zyx(3

y

)1xz(

x

)1zy(

z

)1yx( 222








  
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eday 3xyz3zyx 3       eRBaH 1xyz   
eK)an 6)zyx(2   
b¤       06)zyx(2   
b¤        zyx6)zyx(3   
dUcenH zyx

y

)1xz(

x

)1zy(

z

)1yx( 222








  

rebobTI2 
eKtag  

)zyx(
y

)1xz(

x

)1zy(

z

)1yx(
T

222










  

edayeRbIvismPaB 
cba

)zyx(

c

z

b

y

a

x 2222




   eK)an 
 

zyx

)1zyx)(3zyx(3
T

zyx

)zyx()3z2y2x2(
T

zyx

)zyx()1xz1zy1yx(
T

)zyx(
zyx

|1xz||1zy||1yx|
T

22

22

2





















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tamvismPaB GMAM   eKman ³ 
3xyz3zyx 3     ¬eRBaH 1xyz   ¦ 

eKTaj)an 03zyx    nig 21zyx   
ehtuenH 0

zyx

)1zyx)(3zyx(3
T 




  Bit 

dUcenH zyx
y

)1xz(

x

)1zy(

z

)1yx( 222








   .  
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lMhat;TI2 
eK[RtIekaN ABC  mYy . emdüanénRtIekaNEdlKUsecjBIkMBUl 

C,B,A  kat;rgVg;carwkeRkARtIekaNerogKñaRtg; P,N,M  . 
cUrbgðajfa )CABCAB(

3

4
CPBNAM 222222   . 

dMeNaHRsay 
bgðajfa )CABCAB(

3

4
CPBNAM 222222   

tag c,b,a  CaRCugRtIekaNABC  
ehIy cba m,m,m  CargVas;emdüan 
KUsBIkMBUl C,B,A   . 
eyIgman AMCABC   
¬mMusáat;edayFñÚrrYm AC ¦ 
ehIy C'MAB'AA    ¬mMuTl;kMBUl ¦ 
eKTaj)an B'AA  nig C'MA  CaRtIekaNdUcKña . 
eK)an 

a

2

m4

a

'AA

'CA.B'A
M'A

M'A

B'A

'CA

'AA
  

ehIy 
a

2

a m4

a
mM'A'AAAM   

A

B C  

M  

'A  
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RsaydUcKñaEdr 
b

2

b m4

b
mBN   nig 

c

2

c m4

c
mCP    . 

tag 222 CPBNAMT   


















2
c

4

2
b

4

2
a

4222
2

c
2

b
2

a

2

c

2

c
2

b

2

b
2

a

2

a

m

c

m

b

m

a

16

1

2

cba
mmm

)
m4

c
m()

m4

b
m()

m4

a
m(T

 

eday )cba(
4

3
mmm 2222

c
2

b
2

a   

eK)an 











2
c

4

2
b

4

2
a

4
222

m

c

m

b

m

a

16

1
)cba(

4

5
T  

tamvismPaB SchwartCauchy   eK)an 
)cba(

3

4

mmm

)cba(

m

c

m

b

m

a 222
2

c
2

b
2

a

2222

2
c

4

2
b

4

2
a

4





  

eKTaj)an ³ 
)cba(

3

4
)cba(

12

1
)cba(

4

5
T 222222222   
dUcenH )CABCAB(

3

4
CPBNAM 222222    . 
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lMhat;TI3 
eK[GnuKmn_  f  EdlcMeBaHRKb;cMnYnBit 0x   eKmanTMnak;TMng . 

3
x

2
x)

x

1
(fx2)x(f 2   .  cMeBaHRKb;cMnYnBitviC¢man c,b,a   

cUrbgðajfa 12
a

)c(f

c

)b(f

b

)a(f
   ? 

dMeNaHRsay 
bgðajfa 12

a

)c(f

c

)b(f

b

)a(f
    

eKman  3
x

2
x)

x

1
(fx2)x(f 2   Edl 0x   

CMnYs x  eday 
x

1  eK)an 3x2
x

1
)x(f

x

2
)

x

1
(f

2
  

eK)anRbB½næsmIkar 













3x2
x

1
)x(f

x

2
)

x

1
(f

3
x

2
x)

x

1
(fx2)x(f

2

2

 

b¤  













x6x4
x

2
)x(f4)

x

1
(fx2

3
x

2
x)

x

1
(fx2)x(f

2

2

 

bUksmIkarBIrenHeK)an 3x6x3)x(f3 2   
eKTaj)an 22 )1x(1x2x)x(f   



KNitviTüaCMuvijBiPBelak 
 

  

- 22 - 

eKman 
b

a4

b

)1a(

b

)a(f 2




   eRBaH a21a    . 

ehIy 
c

b4

c

)1b(

c

)b(f 2




   nig   
a

c4

a

)1c(

a

)c(f 2




  
eK)an )

a

c

c

b

b

a
(4

a

)c(f

c

)b(f

b

)a(f
  

tamvismPaB GMAM   eKman 3
a

c
.

c

b
.

b

a
3

a

c

c

b

b

a 3   
dUcenH 12

a

)c(f

c

)b(f

b

)a(f
   . 

lMhat;TI4 
eK[GnuKmn_  f  EdlcMeBaHRKb;cMnYnBit IRt  eKmanTMnak;TMng . 

1
t1

t2
f.t

t1

t1
f

22

2




















  . cUrkMnt;rkGnuKmn_ )x(fy    ? 

dMeNaHRsay 
kMnt;rkGnuKmn_ )x(fy     
eKman )1(1

t1

t2
f.t

t1

t1
f

22

2




















  

tag 
2

x
tant   Edl Zk,)1k2(x   

eK)an 
22

2

t1

t2
xsin,

t1

t1
xcos







  

TMnak;TMng )1(  Gacsresr )i(1)x(sinf.
2

x
tan)x(cosf   
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CMnYs x  eday x
2


  kñúg )i(  eK)an ³ 

)ii(

2

x
tan1

2

x
tan1

)x(cosf)x(sinf

2

x
tan1

2

x
tan1

1)x(cosf

2

x
tan1

2

x
tan1

)x(sinf

1)x(cosf)
2

x

4
tan()x(sinf





















 
eFIVpldksmIkar )i(  nig )ii(  eK)an ³ 

2

x
tan1

2

x
tan2

)x(sinf

x

x
tan1

2

x
tan1

2

x
tan1

2

x
tan1

1)x(sinf)

2

x
tan1

2

x
tan1

2

x
tan(

2



















 

eKTaj xsin
t1

t2

2

x
tan1

2

x
tan2

)x(sinf
2

2






  

dUcenH  x)x(f   . 
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lMhat;TI5 
eK[GnuKmn_    3tln3tln2

t)t(f     Edl 0t   nig 1t    . 
eKBinitüsIVúténcMnYnBit )u( n  kMNt;eday )e(fu1   nigcMeBaHRKb; 
cMnYnKt;viC¢man n  eKman )u(fu n1n    . 
cMeBaHRKb;cMnYnKt;viC¢man n  cUrRsayfa 3

n1n )uln1(uln1     
rYcTajrktY nu  CaGnuKmn_én n  . 
dMeNaHRsay 
Rsayfa 3

n1n )uln1(uln1    
eKman   3tln3tln2

t)t(f     
eK)an   3uln3uln

nn1n
nn

2

u)u(fu 
   

naM[   3uln3uln
n1n

nn
2

ulnuln 
   

       
1)uln1(uln

uln3uln3ulnuln

uln)3uln3u(lnuln

3
n1n

nn
2

n
3

1n

nnn
2

1n













 

dUcenH 3
n1n )uln1(uln1     . 

TajrktY nu  CaGnuKmn_én n ³ 
eKman 3

n1n )uln1(uln1    
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eK)an 3
n1n )uln1ln()uln1ln(    

b¤       )uln1ln(3)uln1ln( n1n    
tagsIVútCMnYy )uln1ln(v nn    
eK)an )uln1ln(v 1n1n    
         

n1n

n1n

v3v

)uln1ln(3v







  

TMnak;TMngenHbBa¢ak;fa )v( n  CasIVútFrNImaRtmanersug 3q   
nigtY )uln1ln(v 11   Et 73eln3eln

1 ee)e(fu
2

   
enaH 2ln38ln)eln1ln(v 7

1   . 
tamrUbmnþeK)an 2ln332ln3qvv n1n1n

1n    
eday )uln1ln(v nn   enaHeKTaj)an ³ 

2ln3)uln1ln( n
n   b¤ n3

n 2uln1    

eKTaj 12
n

n3

eu    Edl ...7182.2e   . 

dUcenHtYTI n  énsIVútKW  12
n

n3

eu    . 
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lMhat;TI6 
kMNt;RKb;cMnYnKt;viC¢man c,b,a  edIm,I[bNþasmIkarxageRkam 















0acx2x

0cbx2x

0bax2x

2

2

2

     manb¤sCacMnYnKt;viC¢man . 

dMeNaHRsay 
kMNt;RKb;cMnYnKt;viC¢man c,b,a   
edIm,I[smIkarTaMgGs;manb¤sCacMnYnKt;viC¢manluHRtaEtDIsRKImINg; 
TaMgGs; ac,cb,ba 222   suTæEtCakaerR)akd . 
RKb;cMnYnKt;viC¢man c,b,a  eKman 22 )1a(ba   
eKTaj 1a2b   . dUcKñaEdreKTaj 1b2c   nig 1c2a   

eK)an 























)3(1c2a

)2(2b4c2

)1(4a8b4

1c2a

1b2c

1a2b

 

bUkvismPaB )3(),2(),1(  eK)an 7a8a   naM[ 1a   
eday a  CacMnYnKt;viC¢manenaH 1a    ehIydUcKñaEdr 1c,1b   . 
dUcenH )1,1,1()c,b,a(   CacemøIyEtmYYyKt; . 
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lMhat;TI7 
eK[ M   CaTIRbCMuTm¶n;énRtIekaN ABC  . 
ebIbnÞat; AB  b:HeTAnwgrgVg;carwkeRkAénRtIekaN AMCenaHbgðajfa 

3

2
CBMsinsinCMAsin    . 

dMeNaHRsay 
Rsayfa  
 
 
 
 
 
 
 
yk G  CacMNuckNþalénRCug ]AB[  .  
tag c,b,a  CaRbEvgRCug AB,CA,BC  ehIy cba m,m,m  
CargVas;emdüanKUsBIkMBUl C,B,A  erogKña . 

G  

A  

M  

B  

C  

'M
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eday A  CacMnucb:HrvagbnÞat; )AB(  CamYyrgVg;p©it 'M  enaHeKman 
22 GC

3

1
GC.GMGA    ¬ eRBaH GC

3

1
GM   ¦ 

eday cmGC,
2

c

2

AB
GA   eK)an 2

c

2

m
3

1

4

c
  

tamRTwsþIbTemdüaneKman  
4

c

2

ba
m

222
2

c 


  

eKTaj  )
4

c

2

ba
(

3

1

4

c 2222




  b¤ 222 c2ba   . 

ehtuenH 
4

c3

4

c

2

c2
m

222
2

c     b¤ c
2

3
mc   

ehIy 
4

b3

4

ac2b2

4

a

2

cb
m

2222222
2

a 





  

naM[  b
2

3
ma   ehIy a

2

3
mb    . 

tag S  CaRkLaépÞénRtIekaN ABC  ehIy 'BB,'AA  Caemdüan 
eK)an CAMsinAC'.AA

4

1
CAMsinAC.AM

2

1
SCAM   

b¤ S
4

1
S

2

1
CAMsinbm

4

1
S C'AAaCAM   

eKTajJ)an  
bm

S
CAMsin

a

  ehIy 
am

S
CBMsin

b

  

eK)an 
am

S

bm

S
CBMsinCAMsin

ba

   
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Et Csinab
2

1
S   ehIy b

2

3
ma    nig a

2

3
mb    

eK)an )1(Csin
ab3

ba
CBMsinCAMsin

22 
   

tamRTwsþIbTkUsIunUs Ccosab2bac 222   
eKTaj Ccosab2ba

2

ba 22
22


  eRBaH 222 c2ba   

ehtuenH )2(Ccosbc4ba 22   
ykTMnak;TMng )2(  CMnYskñúg )1(  eK)an ³ 

3

2
C2sin

3

2

3

CcosCsin4
CBMsinCAMsin   

dUcenH 
3

2
CBMsinCAMsin    . 
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lMhat;TI8 
eK[RtIekaN ABC   manRCug c,b,a   nigmanmMukñúg  ,,   . 
ebI  3  cUrbgðajfa 222 bc)ba)(ba(    ? 
dMeNaHRsay 
Rsayfa 222 bc)ba)(ba(     
tamRTwsþIbTsIunUs  sinR2c,sinR2b,sinR2a  
eK)an  )ba()ba()ba)(ba( 222   
eday )sin(sinR2ba   
                 




2cossinR4

)sin3(sinR2    
ehIy )sin(sinR2ba   

                 





2cossinR8

cos2sinR4

)sin3(sinR2

   

eK)an  222222 cossinR8.2cossinR16)ba)(ba(  

                                 






sinsinR8

sin)4(sinR8

sin4sinR8

23

23

23

 

dUcenH 222 bc)ba)(ba(    . 
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lMhat;TI9 
eK[RtIekaN ABC   mYymanRCug c,b,a  .  

F,E,D CaeCIgkm<s;KUsecjBIkMBUl C,B,A  erogKña . 
tag cba hCF,hBE,hAD   CargVas;km<s;énRtIekaN 
nig cBA qHC,qHB,qHA   Edl H CaGrtUsg;RtIekaN. 
cUrRsayfa 

2

cba
qhqhqh

222

ccbbaa


   . 

dMeNaHRsay 
Rsayfa 

2

cba
qhqhqh

222

ccbbaa


   

 
 
 
 

 
eyIgman ACD  dUcRtIekaN AHE  
eK)an AE.ACAH.AD   b¤ )1(AE.bqh aa   
dUcKñaEdr ABD  dUcRtIekaN AHF  

A

B  C  

H  

D  

E  

F  
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eK)an AF.ABAH.AD   b¤ )2(AF.cqh aa   
bUksmPaB )1(  nig )2(  GgÁ nig GgÁeK)an ³ 

AF.cAE.bqh2 aa   b¤ 
2

AF.cAE.b
qh aa


  

dUcKñaEdr 
2

BD.aBF.c
qh bb


  nig 

2
CE.bCD.a

qh cc


  

eK)an 
2

)BFAF(c)CEAE(b)BDCD(a
qhqhqh ccbbaa


  

eday cBFAF,bCEAE,aBDCD   
dUcenH 

2

cba
qhqhqh

222

ccbbaa


   . 
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lMhat;TI10 
cUrkMNt;RKb;cMnYnKt;viC¢man z,y,x   ebIeKdwgfa  

1997
z

y

1996

x

13
22     . 

dMeNaHRsay 
kMNt;RKb;cMnYnKt;viC¢man z,y,x  ³ 
eKman   (*)

1997
z

y

1996

x

13
22      

tag d  CatYEckrYmFMbMputén x  nig y  enaH mdx   nig ndy   
Edl m  nig n  CacMnYnKt;viC¢manbfmrvagKña . 
tamsmIkar (*)  eKGacsresr 

1997
z

dn

1996

dm

13
2222   

b¤ zdnmm19971996n199713 22222   
eday m  nig n  CacMnYnKt;viC¢manbfmrvagKñaenaHeyIgRtUvman ³ 

199713  Eckdac;nwg 2m  nig 19971996 Eckdac;nwg 2n   . 
edayeKman 44921966 2   ehIy 1997,449,13  CacMnYnbfm 
dUcenHtémø m  nig n  bMeBjlkçxNÐxagelIenHKW 1n,1m   
b¤ 2n,1m    . 
 



KNitviTüaCMuvijBiPBelak 
 

  

- 34 - 

-krNI 1n,1m     
eK)an 1997.41.71997).199613(zd 22   
eday 1997 bfmCamYy 41 nig 7  enaHeKTaj)an 1d   b¤ 7d   
dUcenHeK)ancemøIy 4011973z,1y,1x   
b¤ 81877z,7y,7x    . 
-krNI 2n,1m   
eK)an 1997.21997).44913(zd 92   
eKTaj)an 16,8,4,2,1d    .  dUcenHeKTaj)ancemøIy ³ 

)3994,32,16(;)16976,16,8(

)63904,8,4(;)255616,4,2(;)1022464,2,1()z,y,x(   
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lMhat;TI11 
eK[ c,b,a  CacMnYnBitviC¢man .  
cUrbgðajfa  ³  
             0

ac
)ba(ac

cb
)ac(cb

ba
)cb(ba 222













   
 

                                                                                                                                                    ( BMO 2010 ) 

dMeNaHRsay 
bgðajfa  ³  
 0

ac
)ba(ac

cb
)ac(cb

ba
)cb(ba 222













   
eKman  

abc
ba
ca

.ab
ba

)ba(abc)ca(ab

ba
)cabbca()cabba(

ba
bcaba

ba
)cb(ba

2
2

222222222






















 

eK)an )1(abc
ba
ca

.ab
ba

)cb(ba 2
2







  

RsaybMPøWdUcKñaEdreK)an )2(abc
cb
ab

bc
cb

)ac(cb 2
2







  

nig )3(
ac
bc

ca
ac

)ba(ac 2
2






  

bUksmPaB )2(,)1(  nig )3(  GgÁnigGgÁeK)an ³ 

http://www.artofproblemsolving.com/Forum/viewtopic.php?f=52&t=347922&start=0&�
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abc3
ac
bc

ca
cb
ab

bc
ba
bc

abT 222 











    

Edl 
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba
T

222












    
tamvismPaB GMAM   eKman ³ 
    abc3

ac
bc

ca
cb
ab

bc
ba
bc

ab 222 









    

b¤   0abc3
ac
bc

ca
cb
ab

bc
ba
bc

ab 222 









    

dUcenH  0
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba 222













   . 
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lMhat;TI12 
eK[  0c,b,a    Edl 1abc   .   
cUrbgðajfa   

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222










   ? 
dMeNaHRsay 
Rsayfa 

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222










   
eKman a21a2    RKb; 0a   
eK)an 222 )1a(33a6a34a4a4   
eKTaj 

4
)1a(3

1aa
2

2 
   

b¤        
4

)1a(3
1a

1aa2 



  

b¤        
2

a3
a1

a
1

2




   eRBaH a21a   

dUcKñaEdr 
2

b3
b1

b
1

2




   nig 
2

c3
c1

c
1

2




  

eK)an
8
abc27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222










  

edaysm μtikm μ 1abc   enaH 
8
27

8
abc27

  

dUcenH 
8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222










   . 
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lMhat;TI13 
eK[RtIekaNsmgS½ ABC  mYyman G  CaTIRbCMuTm¶n; . 
D CacMnucmYyén ]AB[  Edl AGAD   . 
bnÞat; DG  kat; AC nig BC Rtg; E  nig F  erogKña . 
cUrbgðajfa EFED    
dMeNaHRsay 
Rsayfa EFED   
 
 
 
 
 
eday AGAD   enaH o

oo

75
2

30180
AGDADG 


  

ehIy ooo 10575180AGE   nig ooo 15105120CGE   . 
müa:geTot o150GCF   enaH o15CFG   . 
eKTaj)an ADAGCGCF    . 

A  

B  C  

G  

D  

E

F
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tamRTwsþIbTsIunUsGnuvtþn_kñúgRtIekaN ADE  eK)an ³ 
)1(

AEDsin
AD

60sin

DE
o 
  

tamRTwsþIbTsIunUsGnuvtþn_kñúgRtIekaN CEF  eK)an ³ 
o120sin

EF
CEFsin

CF



 

eday ADCF  nig CEFAED    ¬ mMuTl;kMBUl ¦ 
eK)an )2(

120sin

EF
AEDsin

AD
o


 

tam )1(  nig )2(  eKTaj)an oo 120sin

EF

60sin

DE
    

eday oooo 60sin)60180sin(120sin   
dUcenH EFDE    . 
 
 
 
 
 
 
 



KNitviTüaCMuvijBiPBelak 
 

  

- 40 - 

lMhat;TI14 
eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

2
3333

5555

)cba(
9

10

)cba(cba

)cba(cba



    

dMeNaHRsay 
eKmansmPaB ³ 

)cabcabcba)(ac)(cb)(ba(5)cba(cba

)ac)(cb)(ba(3)cba(cba
2225555

3333



  

eK)an ³ 
)cabcabcba(

3
5

)cba(cba

)cba(cba 222
3333

5555



  

eyIgnwgRsayfa 2222 )cba(
9

10
)cabcabcba(

3
5

  
b¤ 2222 )cba(2)cabcabcba(3   
b¤                          cabcabcba 222   
tamvismPaB GMAM   eKman ³ 

222
222222

cba
2

ac
2

cb
2

ba
cabcab 








   Bit 

dUcenH  2
3333

5555

)cba(
9

10

)cba(cba

)cba(cba



   . 
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lMhat;TI15 
eK[sIVútcMnYnBit )a( n  kMNt;eday ³ 

9a,4a 10   nig 3a8a6a n1n2n    Edl ...,2,1,0n   
cUrRsayfa na  CakaerR)akdcMeBaHRKb; 0n    . 
dMeNaHRsay 
Rsayfa na  CakaerR)akd 
eKman )1(3a8a6a n1n2n    
tagsIVútcMnYnBit kab nn    Edl k  CacMnYnBitefr . 
eKTaj kba,kba,kba 2n2n1n1nnn    
TMnak;TMng )1(  Gacsresr ³ 

)2(3k3b8b6b

3)kb(8)kb(6kb

n1n2n

n1n2n







  

ebI 1k03k3   enaHTMnak;TMng )2(  køayeTACa ³ 
n1n2n b8b6b    mansmIkarsmÁal; 08x6x2   

manb¤s 4x,2x 21    . 
tagsIVútCMnYy 












n1nn

n1nn

b4by

b2bx  
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eK)an 











1n2n1n

1n2n1n

b4by

b2bx   eday n1n2n b8b6b    

enaH     












)b4b(2y

)b2b(4x

n1n1n

n1n1n   b¤  












n1n

n1n

y2y

x4x  

eKTaj)an )x( n  nig )y( n  CasIVútFrNImaRtmanersug erogKña  
2q,4q 21   . 

tamrUbmnþ n
10n q.xx   nig n

20n q.yy   
eday 2)ka(2)ka(b2bx 01010   
nig     4)ka(4)ka(b4by 01010   
eK)an n

n 4.2x   nig n
n 2.4y    . 

eday 











n1nn

n1nn

b4by

b2bx   enaH 














n
n1n

n
n1n

2.4b4b

4.2b2b  

eFIVplsgeK)an nn
n

nn
n 2.24b2.44.2b2   

eday 12.24kba nn
nn     ¬ eRBaH )1k   

dUcenH 2n
n )12(a   CakaerR)akdRKb; INn  . 
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 lMhat;TI16 
eK[RtIekaN ABC   mYy . cUrkMNt;témøGb,brmaén ³ 

2
B

cos

2
A

cos
2
C

cos

2
A

cos

2
C

cos
2
B

cos

2
C

cos

2
B

cos
2
A
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2

2
2

1

2
1

b...bbb
)a...aaa(

b
a

....
b
a

b
a

b
a




  

eK)an ³ 
 

)xz)(zy)(yx(
)zyx(4

T

xyzyzxyxyzxzxyz2

)zyx(4
T

)xz(y)zy(x)yx(z)zyx(2

)xz()zy()yx(
T

2

222222

2

222

2















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tamvismPaB GMAM   eKman ³ 

)xz)(zy)(yx(27)zyx(8

)xz)(zy)(yx(3)zyx(2

)xz)(zy)(yx(3)xz()zy()yx(

3

3

3







 

eKTaj 
xyz2
27

)zyx(2
27

)xz)(zy)(yx(
)zyx(4 2







  

naM[ 
xyz2
27

T   

dUcenH  
xyz2
27

y1

xz

x1

zy

z1

yx
222 










  . 
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lMhat;TI28 
RtIekaNmYymanrgVas;RCugCacMnYnKt;viC¢manehIycarwkeRkArgVg;mYymanrgVas;kaM 
es μI 1 . cUrkMNt;RCugénRtIekaNenH rYcbgðajfavamanmMumYyesμ I o90  . 
dMeNaHRsay 
kMNt;RCugénRtIekaN 
tag c,b,a  CargVas;RCugénRtIekaN ehIy 

2
cba

p


  CaknøHbrimaRt 
r CakaMrgVg;carwkkñúgRtIekaN nig S  CaépÞRkLarbs;RtIekaN . 
tamrUbmnþehr:ug pr)cp)(bp)(ap(pS   eday 1r   
eKTaj)an )1(p)cp)(bp)(ap(   
tag cpz,bpy,apx   . 
eday *INc,b,a   enaH *INz,y,x   
eK)an pp2p3)cba(p3zyx   
smIkar )1(  Gacsresr xyzzyx     
snμtfa zyx   enaH xyzzyxx3   b¤ 3z.y   
eKTaj 1z,2y   nig 3x   . 
cMeBaH 1z,2y,3x   enaH 6zyxp   
dUcenH 5c,4b,3a    . 
ehIyeday 222 cba   enaHRtIekaNenHCaRtIekaNEkg . 
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lMhat;TI29 
cUrbgðajfaebI 8abc    nig 0c,b,a   enaHeK)an ³ 
 

3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2










   

dMeNaHRsay 
bgðajfa  

3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2










 

tag 
)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
T

33

2

33

2

33

2








    

tamvismPaB GMAM  eKman  
2222

23

2
a2

2
aa1a1

)aa1)(a1(a1 






 








 
  

eKTaj 
2

2a
a1

2
3 
   . 

ehtuenH )1(
)2b)(2a(

a4

)b1)(a1(

a
22

2

33

2





   

RsaydUcKñaEdreK)an ³ 

             
)3(

)2a)(2c(

c4

)a1)(c1(

c

)2(
)2c)(2b(

b4

)c1)(b1(

b

22

2

33

2

22

2

33

2









    
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bUkvismPaB )3(,)2(,)1(  GgÁnwgGgÁeK)an ³ 

8)c2b2a2accbba(2cba

)c2b2a2accbba(4

)2c)(2b)(2a(

)]2b(c)2a(b)2c(a[4

)2a)(2c(

c4

)2c)(2b(

b4

)2b)(2a(

a4
T

222222222222

222222222

222

222222

22

2

22

2

22

2




















 

eday 8abc   enaHeK)an ³ 

36t
t2

36)c2b2a2accbba(

)c2b2a2accbba(2
T 222222222

222222222







  

Edl  222222222 c2b2a2accbbat   
tamvismPaB GMAM   eK)an ³ 

72cba6cba3t 3 2223 444     ¬ eRBaH )8abc   
eK)an 

2
3

2
1

1
t

36
1    b¤ 

2
3

t
36t


  naM[ 

3
2

36t
t




 

ehtuenH  
3
4

36t
t2

T 


   Bit 
dUcenH  

3
4

)a1)(c1(

c

)c1)(b1(

b

)b1)(a1(

a
33

2

33

2

33

2









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lMhat;TI30 
eK[RtIekaN ABC  mYymanRCug cAB,bAC,aBC   ehIy 
manmMukñúgCamMuRsYc . 
cUrRsayfa )cba(4

Bcos
ac

Acos
cb

Ccos
ba








   

dMeNaHRsay 
bgðajfa )cba(4

Bcos
ac

Acos
cb

Ccos
ba








  

tag 
Bcos
ac

Acos
cb

Ccos
ba 







  

           
Bcos)ac(

)ac(
Acos)cb(

)cb(
Ccos)ba(

)ba( 222












  

tamvismPaB 
n21

2
n21

n

2
n

2

2
2

1

2
1

y...yy
)x...xx(

y
x

....
y
x

y
x




  

eK)an 
Bcos)ac(Acos)cb(Ccos)ba(

)]ac()cb()ba[( 2




  

          
)AcosbBcosa()CcosaAcosc()BcoscCcosb(

)cba(4 2




  

           )cba(4
cba

)cba(4 2





  

dUcenH )cba(4
Bcos
ac

Acos
cb

Ccos
ba








   . 
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lMhat;TI31 
eK[ 0z,y,x   Edl 1zyx    . 
cUrRsayfa 

4
1

)z1(

z

)y1(

y

)x1(

x
2

3

2

3

2

3










   

dMeNaHRsay 
Rsayfa 

4
1

)z1(

z

)y1(

y

)x1(

x
2

3

2

3

2

3










   

eKBinitü 2

232

2

3

)x1(

)xx2()xx2x(

)x1(

x







 

                           

2

2

2

22

2

22

2

2

)x1(4

)1x3(
4
1

x
)x1(4

)x1()1x3(
x

)x1(4

)xx21()1x6x9(
x

)x1(

xx2
x




















 

eday 0
)x1(4

)1x3(
2

2



   enaH )1(

4
1

x
)x1(

x
2

3




 

dUcKñaEdr )2(
4
1

y
)y1(

y
2

3




nig )3(
4
1

z
)z1(

z
2

3




 

bUkvismPaB )3(,)2(,)1(  GgÁ nig GgÁeK)an ³ 

4
1

4
3

1
4
3

zyx
)z1(

z

)y1(

y

)x1(

x
2

3

2

3

2

3










  Bit . 
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lMhat;TI32 
eK[ d,c,b,a  CacMnYnBitviC¢manEdl 1abcd   . 
ebIeKdwgfa 

a
d

d
c

c
b

b
a

dcba    enaHcUrbgðajfa  

d
a

c
d

b
c

a
b

dcba    . 

dMeNaHRsay 
bgðajfa 

d
a

c
d

b
c

a
b

dcba     

eKman 
ad
d

cd
c

bc
b

ab
a

a
d

d
c

c
b

b
a

dcba
2222

    

          
dacdbcab
)dcba(

dcba
2




  
naM[ )1(cbadacdbcab   
müa:geTot 

dab

)ab(

cda

)ad(

bcd

)cd(

abc

)bc(
d
a

c
d

b
c

a
b

2

2

2

2

2

2

2

2

  

                                       
(*)

c
b

b
a

a
d

d
c

)abdacdbc(

c
b

)ab(

b
a

)ad(

a
d

)cd(

d
c

)bc(

2

2222








 

tam )1(  eK)an )2()dcba()abdacdbc( 22   
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tamsm μtikm μ     
a
d

d
c

c
b

b
a

dcba     

eKTaj              )3(
dcba

1

a
d

d
c

c
b

b
a

1





 

KuNvismPaB )2(  nig )3(  GgÁnigGgÁeK)an  
(**)dcba

a
d

d
c

c
b

b
a

)abdacdbc( 2




  

tam (*)  nig (**) eK)an  dcba
d
a

c
d

b
c

a
b

  

dUcenH 
d
a

c
d

b
c

a
b

dcba    . 
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lMhat;TI33 
eKyk c,b,a  CacMnYnviC¢manEdlepÞógpÞat; 1abc   . 
cUrbgðajfa 

4

3

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a









 

                                                         ¬Czech and Slovak Republics 2005 ¦ 
dMeNaHRsay 

bgðajfa 
4

3

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a









  

tag 
)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a
T








  

          

cabcabcba2

2
1

cabcabcba2

cabcabcba
abccabcabcba1

cabcabcba

)1c)(1b)(1a(

)1b(c)1a(b)1c(a



















 

tamvismPaB GMAM   eK)an ³ 
8cba8cabcabcba11 8 333   

eKTaj 
8
1

cabcabcba2
1




  naM[  
4
3

8
2

1T   

dUcenH 
4

3

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a









  . 
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lMhat;TI34 
eKyk c,b,a  CacMnYnviC¢man. 
cUrbgðajfa )

abc

cba
1(2)

a

c
1)(

c

b
1)(

b

a
1(

3


   

                                                                                 ¬APMO 1998 ¦ 
dMeNaHRsay 
bgðajfa )

abc

cba
1(2)

a

c
1)(

c

b
1)(

b

a
1(

3


  

vismPaBenHsmmUl ³ 

3

3

abc

)cba(2

a

b

b

c

c

a

a

c

c

b

b

a

)
abc

cba
1(2

abc

abc
)

a

b

b

c

c

a
()

a

c

c

b

b

a
(1







 

tag 333 zc,yb,xa    eK)an ³ 

xyz

)zyx(2

x

y

y

z

z

x

x

z

z

y

y

x 333

3

3

3

3

3

3

3

3

3

3

3

3 
    

tamvismPaB GMAM   eK)an ³ 

)3(
xy

z
31

y

z

x

z

)2(
zx

y
31

x

y

z

y

)1(
yz

x
31

z

x

y

x

2

3

3

3

3

2

3

3

3

3

2

3

3

3

3






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6
x

y
.

y

z
.

z

x
.

x

z
.

z

y
.

y

x
6

x

y

y

z

z

x

x

z

z

y

y

x
6

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

    

b¤ )4(3)
x

y

y

z

z

x

x

z

z

y

y

x
(

2

1
3

3

3

3

3

3

3

3

3

3

3

3

    

bUkvismPaB )3(,)2(,)1(  nig )4(  eK)an ³ 

xyz

)zyx(3
)

xy

z

zx

y

yz

x
(3)

x

y

y

z

z

x

x

z

z

y

y

x
(

2

3 333222

3

3

3

3

3

3

3

3

3

3

3

3 
  

eKTaj 
xyz

)zyx(2

x

y

y

z

z

x

x

z

z

y

y

x 333

3

3

3

3

3

3

3

3

3

3

3

3 
   Bit  

dUcenH )
abc

cba
1(2)

a

c
1)(

c

b
1)(

b

a
1(

3


   . 
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lMhat;TI35 
eKyk c,b,a  CacMnYnBiténcenøaH )1,0(  .  
cUrbgðajfa 1)c1)(b1)(a1(abc    
                                                                                ¬Romania 2002 ¦ 
dMeNaHRsay 
bgðajfa 1)c1)(b1)(a1(abc    
cMeBaHRKb;cMnYnBit z,y,x  éncenøaH )

2
,0(
   

eKyk zcosc,ycosb,xcosa 222   
vismPaBsmmUl 1zsinysinxsinzcosycosxcos     
eday )

2
,0(z


  eKman 1zcos   nig 1zsin   
eKTaj ycosxcoszcosycosxcos   nig ysinxsinzsinysinxsin   
¬ eRBaH 0ysinxsin;0ycosxcos    ¦ 
naM[ ysinxsinycosxcoszsinysinxsinzcosycosxcos   
       )yxcos(zsinysinxsinzcosycosxcos   
eday 1)yxcos(   enaH 1zsinysinxsinzcosycosxcos    Bit 
dUcenH 1)c1)(b1)(a1(abc    . 

 
 



KNitviTüaCMuvijBiPBelak 
 

  

- 68 - 

lMhat;TI36 
cUrKNnaplbUk ³ 

13

2
.....

13

2

13

2
S n2

1n

2

2

n











   

dMeNaHRsay 
KNnaplbUk ³ 
eKman 


























n

0k
k2

1k

n2

1n

2

2

n
13

2

13

2
.....

13

2

13

2
S    

cMeBaHRKb; 1x   eyIgman ³ 

1x

1
)

1x

1

1x

1
(

2

1

1x

1x

1x

1
22 














 

eKTaj 
1x

2

1x

1

1x

1
2 







 

yk k23x   eK)an 
13

2

13

1

13

1
1k2k2k2 







   

KuNnwg 1k2   eK)an 
13

2

13

2

13

2
1k2

2k

k2

1k

k2

1k












 

eK)an ³ 
)

13

2

13

2
(...)

13

2

13

2
()

13

2

13

2
(S 1n2

2n

n2

1n

22

3

2

2

2

2

n

















 

  

dUcenH 
13

2
1S 1n2

2n

n


 



  . 

 



KNitviTüaCMuvijBiPBelak 
 

  

- 69 - 

lMhat;TI37 
eKyk c,b,a  CacMnYnBitviC¢manEdl abccabcab   
cUrbgðajfa 1

)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44











   

                                                                                 ¬Poland 2006 ¦ 
dMeNaHRsay 
bgðajfa 1

)ac(ca

ac

)cb(bc

cb

)ba(ab

ba
33

44

33

44

33

44











  

eKman 1
c

1

b

1

a

1
abccabcab   

tag 
c

1
z,

b

1
y,

a

1
x    enaH 1zyx    ehIyvismPaBsmmUl 

1
xz

xz

zy

zy

yx

yx
33

44

33

44

33

44











   . 

tamvismPaB Tchebyshev  eKman 
2

yx
.

2

yx

2

yx 3344 


  

eKTaj )1(
2

yx

yx

yx
33

44 



  

RsaydUcKñaEdreK)an )2(
2

zy

zy

zy
33

44 



  nig )3(

2

xz

xz

xz
33

44 



  

bUkvismPaB )2(,)1( nig )3(   eK)an ³ 
1zyx

xz

xz

zy

zy

yx

yx
33

44

33

44

33

44











   Bit  . 

 



KNitviTüaCMuvijBiPBelak 
 

  

- 70 - 

lMhat;TI38 
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lMhat;TI40 
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lMhat;TI41 
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eKTaj 0
)yx(z2

)yz)(xz(

)xz(y2

)xy)(zy(
22









  naM[ 1zyxS   

dUcenH 1
)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx
2

2

2

2

2

2














   . 
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lMhat;TI44 
ebIcMnYnBitviC¢man c,b,a  epÞógpÞat; 3cba 222   enaHcUrbgðajfa ³ 

12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 









       

                                                                                     ¬Baltic 2008 ¦ 
dMeNaHRsay 
bgðajfa  

12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 









    

tamvismPaB SchwarzCauchy     eK)an ³ 

222

2

2

2

2

2

2

2

cbacba6

)cba(

ba2

c

ac2

b

cb2

a













       

cba9

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2













    
 eRBaH 3cba 222   . 
eKman 3cba9)cba(3)cba( 2222   
b¤  

12

)cba(

cba9

)cba(
12cba9

22 





  

dUcenH 
12

)cba(

ba2

c

ac2

b

cb2

a 2

2

2

2

2

2

2 









   . 
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lMhat;TI45 
eKmancMnYnBitviC¢man c,b,a  epÞógpÞat; 1cba   .  
cUrbgðajfa    

2

3

abc

abc

cab

cab

bca

bca











      .  

                                                                              ¬Canada 2008 ¦ 
dMeNaHRsay 

bgðajfa 
2

3

abc

abc

cab

cab

bca

bca











      

eKman )1(
)ca)(ba(

bc2

)b1)(c1(

bc2

bccb1

bc2

bca

bca
1













  

dUcKñaEdr )2(
)ab)(cb(

ca2

cab

cab
1







    

nig )3(
)bc)(ac(

ab2
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1







  

bUkvismPaB )3(,)2(,)1(  eK)an ³ 

)bc)(ac(

ab2

)cb)(ba(

ca2

)ca)(ba(

bc2
)

abc

abc

cab

cab

bca

bca
(3























      



























)bc)(ac(

ab2

)cb)(ba(

ca2

)ca)(ba(

bc2
3

abc

abc

cab

cab

bca

bca   

]bmafa 
2

3

abc

abc

cab

cab

bca

bca











     Bit 

eKTaj 
2

3

)bc)(ac(

ab2

)cb)(ba(

ca2
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bc2
3 
















    

b¤ 
2

3

)bc)(ac(

ab2

)cb)(ba(

ca2
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















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smmUl )ac)(cb)(ba(3)]ba(ab)ac(ca)cb(bc[4   
smmUl abc9cabcab    . 
tamvismPaB GMAM   eKman ³ 

3 abc3cba    nig 
3 abc

3

c

1

b

1

a

1
  

eKTaj 9)
c

1

b

1

a

1
)(cba(   

b¤ abc9)cabcab)(cba(   
eday 1cba   enaH abc9cabcab    Bit 
dUcenH 

2

3

abc

abc

cab

cab

bca

bca











     . 

 
 
 
 
 
  
 
 
 
 



KNitviTüaCMuvijBiPBelak 
 

  

- 82 - 

lMhat;TI46 
ebI c,b,a Ca cMnYnBitviC¢manepÞógpÞat; 3cabcab   .  
cUrbgðajfa    
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1

)ba(c1

1

)ac(b1

1

)cb(a1

1
222










     .  

                                                                             ¬Romania 2008 ¦ 
dMeNaHRsay 
bgðajfa 
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1
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1
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1
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1
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








   

man )acab(a1)cb(a1 2    
eday bc3acab3cabcab   
eK)an abca31)bc3(a1)cb(a1 2   
tamvismPaB GMAM   eK)an ³ 

1abccba3cabcab3 3 222   b¤ 0abc1   
eKTaj a3abca31)cb(a1 2   naM[ )1(

a3

1

)cb(a1

1
2




 

RsaydUcKñaEdr  )3(
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1

)ba(c1

1
;)2(
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1

)ac(b1

1
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




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c3

1

b3

1

a3

1

)ba(c1

1

)ac(b1

1

)cb(a1

1
222











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1
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1
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
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



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lMhat;TI47 
eK[ c,b,a Ca cMnYnBitviC¢man.  
cUrbgðajfa    )

ca

1

bc

1

ab

1
(

2

1
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1

cab

1

bca

1
222










     .  
                                                                               ¬Lithuania 2006 ¦ 
dMeNaHRsay 
bgðajfa  )

ca

1

bc

1

ab

1
(

2

1
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1

cab

1

bca

1
222










  
tamvismPaB GMAM   eK)an ³ 

)1(
bc

1
.

ab

1
.

2

1

bca

1
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2
22 


  

RsaydUcKñaEdreK)an ³ 
)3(
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1
.

ca

1
.

2

1
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1
;)2(

ca

1
.

.bc

1
.

2

1

cab

1
22







 
bUkvismPaB )3(,)2(,)1(   eK)an ³ 

)
ab

1
.

ca

1

ca

1
.

bc

1

bc

1
.

ab

1
(

2

1
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1

cab

1

bca

1
222










   
tamvismPaB SchwarzCauchy   eK)an  

)
ab

1

ca

1

bc

1
)(

ca

1

bc

1

ab

1
()

ab

1
.

ca

1

ca

1
.

bc

1

bc

1
.

ab

1
( 2   

b¤ 
ca

1

bc

1

ab

1

ab

1
.

ca

1

ca

1
.

bc

1

bc

1
.

ab

1
    

dUcenH )
ca

1

bc

1

ab

1
(

2

1
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1

cab

1

bca

1
222










 . 
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lMhat;TI48 
cMeBaHRKb;cMnYnBit a  viC¢man b¤sUnücUrbgðajfa ³ 
 a22a e)1a(      Edl 7182.2e    . 
dMeNaHRsay 
bgðajfa  a22a e)1a(      
eK)an a22a eln)1aln(    
         a2)1aln()2a(    b¤  

2a

a2
)1aln(


    

tagGnuKmn_ 
2x

x2
)1xln()x(f


   RKb; 0x   

eK)an 
2)2x(

4

1x

1
)x('f





  

                  
0x,0

)2x)(1x(

x

)2x)(1x(

)1x(4)2x(

2

2

2

2











 

dUcenH 
2x

x2
)1xln()x(f


  CaGnuKmn_ekInRKb; 0x   

eK)an 0)0(f)a(f0a   b¤ 
2a

a2
)1aln(


   Bit 

dUcenH a22a e)1a(     . 
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lMhat;TI49 
eK[plbUk  






 


n

1k
22n )

n

k
cos(k

n

1
S   

k> bgðajfa 
2

x
1xcos

2

  cMeBaHRKb; 0x    . 
x> KNnalImIt n

n
Slim


  .                                                                            

dMeNaHRsay 
k> bgðajfa 

2

x
1xcos

2

  cMeBaHRKb; 0x    

tagGnuKmn_ 
2

x
1xcos)x(f

2

  cMeBaH 0x   
eKman xsinxxxsin)x('f   
nig 0x,0

2

x
sin2xcos1)x(''f 2   

eK)an )x('f  CaGnuKmn_ekInelIcenøaH ),0[   
eKTaj 0)0('f)x('f    naM[ )x(f CaGnuKmn_ekInelIcenøaH ),0[   
ehtuenH 011)0(f)x(f   
dUcenH 

2

x
1xcos

2

  cMeBaHRKb; 0x    . 
x> KNnalImIt n

n
Slim


  

edayRKb; 1xcos:IRx    
dUcenH 1xcos

2

x
1

2

   RKb; 0x   
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KuNGgÁTaMgBIrnwg 0x    eK)an xxcosx
2

x
x

3

  
cMeBaH *INk,*INn   yk 

2n

k
x


  eK)an ³ 

    
2226

33

2 n

k
)

n

k
cos(

n

k

n

k

n

k 








    

b¤ 
2226

23

2 n

k
)

n

k
cos(

n

k

n

k

n

k






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n2

1n
S

4

)1n(
.

nn2

1n

n

k
)

n

k
cos(k

n

1
)k(

nn

k

n

2

4

2

n

1k
2

n

1k
2

n

1k
2

n

1k

3
6

2

2



















 










  

     

eday 
2

1
)

n2

1n
(lim;

2

1
]

4

)1n(
.

nn2

1n
[lim

n

2

4

2

n











   

dUcenH 
2

1
Slim n

n



   . 
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lMhat;TI50 
eK[GnuKmn_  1)1nn()n(f 22    
tag *INn;

)n2(f)....6(f)4(f)2(f
)1n2(f)....5(f)3(f)1(f

un 


  

cUrKNnalImIt )un(lim n
n 

  

dMeNaHRsay 
KNnalImIt )un(lim n

n 
  

eKman 1)1nn()n(f 22   

                 

]1)1n()[1n(

)1n21n)(1n(

1n)1n(n2)1n(

1]n)1n[(

22

22

2222

22









 

eKman  





















 


n

1k
22

22n

1k
n

]1)1k2)[(1k4(

1k4]1)1k2[(
)k2(f

)1k2(f
u  

               
1n2n2
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)1n2n2(2

2

1)1n2(

2

1)1k2(

1)1k2(

22

2

n

1k
2

2






















  

eK)an 
2
2

2

1

1n2n2

n
lim)un(lim

2n
n

n






 

dUcenH 
2
2

)un(lim n
n




   . 
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lMhat;TI51 
eK[sIVút )x( n mYykMNt;eday ³ 

4x3xx;3x n
2

n1n1      cMeBaHRKb; 1n    . 
k> cUrbgðajfa  2nxn   cMeBaHRKb; 1n    . 
x> tag 













n

1k k
n 1x

1
y   cMeBaHRKb; 1n    .  KNnalImIt n

n
ylim


  . 

dMeNaHRsay 
k> bgðajfa  2nxn   cMeBaHRKb; 1n     
eKman 213x1    Bit 
          2244x3xx 1

2
12    Bit 

]bmafavaBitdl;tYTI k  KW 2kxk    
eyIgnwgRsay[eXIjfavaBitdl;tYTI 1k   KW 3kx 1k   
eKman 4)3x(x4x3xx kkk

2
k1k   

eday 2kxk    nig 1k3xk   
eK)an 3k2kk4)1k)(2k(x 2

1k    Bit 
dUcenH 2nxn    . 
x> KNnalImIt n

n
ylim


   

eKman  













n

1k k
n 1x

1
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tamTMnak;TMng 2)2x)(1x(4x3xx kkk
2

k1k   
b¤  )2x)(1x(2x kk1k   
eK)an 

1x
1

2x
1

)2x)(1x(
1

2x
1

kkkk1k 







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1
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1
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1
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




 
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1
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1
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n
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n 











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








 
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1
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n

n




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eRBaH 
n

nn xlim2nx   enaH 0
2x

1
lim

1nn

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n


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3

1n
1n


   b¤  

32
32

n
k

k




   Edl INk  
edIm,I[ *INn  luHRtaEt *IN

32
32

k

k





  enaHeKTaj)an  
1k,0k   ehIy 5n,2n    . 
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> cMeBaH 2n   tam (*)  eK)an 0m12m   minykeRBaH *INm . 
> cMeBaH 5n   tam (*)  eK)an 3m22 3m   . 
dUcenH  5n,3m     b¤  7n,4m    . 
lMhat;TI62 
eK[PCacMNucmYyenAkñúgRtIekaN ABC  . bnÞat; BP,AP  nig CP   
kat;rgVg; )(  EdlcarwkeRkARtIekaN ABC  mþgeTotRtg; L,K   nig M   
erogKña .bnÞat;b:HrgVg; )( Rtg; C kat;bnÞat; AB  Rtg; S   . 
]bmafa SPSC    .  cUrbgðajfa MLMK   
dMeNaHRsay 
bgðajfa MLMK   
eKman PMKPAC   
          PKMPCA   
naM[ APC  nig MPK  
eK)an 

AP
MP

AC
MK

  

b¤        )1(
AP
AC

MP
MK

  
mü:ageTot BCPMLP   
b¤            CBPPML   
naM[ MLP  nig BCP  

A

B C

P 

M

L

K 

S
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eK)an 
BP
MP

BC
ML

  b¤ )2(
BP
BC

MP
ML

  

eyIgnwgRsayfa 
BP
BC

AP
AC

  
eday SC  CabnÞat;b:HnwgrgVg; )(  enaHtamRTwsþIbTsV½yKuNcMNuc S   
eFob )(  eK)an SB.SASC2    naM[ 

SC
SB

SA
SC

   Et SPSC     

eK)an 
SP
SB

SA
SP

   ehIyeday BSPASP    ¬mMurYm ¦ 
eKTaj)an SPA  nig SBP  CaRtIekaNdUcKña . 
eK)an )3(

SC
SA

SP
SA

BP
AP

  
müa:eToteKman BSCASC   nig BACBCS   
enaH SCA  nig SBC  CaRtIekaNdUcKña . 
eKTaj)an )4(

BC
AC

SC
SA

  

tamTMnak;TMng )3(  nig )4(  eKTaj)an 
BC
AC

BP
AP

   b¤ )5(
BP
BC

AP
AC

  

tamTMnak;TMng )2(,)1(  nig )5(  eKTaj)an 
MP
ML

MP
MK

  b¤ MLMK   
dUcenH  MLMK    . 
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lMhat;TI63 
eK[cMnYnBitviC¢man n21 x....,,x,x  ehIyeKtag  

n21n x...xxS    . cUrRsayfa ³ 

!n

S
...

!2

S
S1)x1)....(x1)(x1(

n2

n21     
dMeNaHRsay 
tamvismPaB GMAM   eKman ³ 

nn

n21 n

S
1

n

Sn
)x1)...(x1)(x1( 






 






 

  

tameTVFajÚtuneKman ³ 










 

n

0k
k

k
k
nn

n
n
n3

3
3
n2

2
2
n

n

n

S
C

n

S
C....

n

S
.C

n

S
.CS1

n

S
1  

eday ³ 

!k

1
.

n

n)1n)....(2kn)(1kn(

n)!kn(!k

!n

n

C
kkk

k
n 




  

      
!k

1

!k

1
.1).

n

1
1).....(

n

2k
1)(

n

1k
1( 





  

eK)an 

















 

n

0k

kn

!k

S

n

S
1   Bit 

dUcenH   
!n

S
...

!2

S
S1)x1)....(x1)(x1(

n2

n21     
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lMhat;Gnuvtþn_ 
!-eK[ c,b,a   CacMnYnBitviC¢manEdl 1abc   .  
 cUrbgðajfa 222 cbacba   
@-cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man d,c,b,a  eKmanvismPaB 
 

dcba
64

d
16

c
4

b
1

a
1


  

#-cMeBaHRKb;cMnYnBitminGviC¢man 1c,b,a  cUrbgðajfa ³ 
 1)c1)(b1)(a1(

1ba
c

1ac
b

1cb
a










 
                                                                                                                                                                   (USAMO 1980 ) 

$-eK[ c,b,a  CacMnYnBitviC¢manEdl 1cba   . cUrbgðajfa ³ 
 

4
1

abc6cba 333   
%-eK[ c,b,a  CacMnYnBitviC¢manEdl 1abc   .  cUrbgðajfa ³ 
 1

1a)1c(

2

1c)1b(

2

1b)1a(

2
222222 








 

^-eK[ n210 a...,,a,a,a  CacMnYnBitkñúgcenøaH )
2

,0(
   edaydwgfa ³ 

 1n)
4

atan(...)
4

atan()
4

atan( n10 








  
 cUrbgðajfa 1n

n10 n)atan().....atan()atan(   
                                                                                                                                                                   (USAMO 1998 ) 



KNitviTüaCMuvijBiPBelak 
 

  

- 106 - 

&-eK[ z,y,x,b,a  CacMnYnBitviC¢man . 
 cUrbgðajfa 

ba
3

byax
z

bxaz
y

bzay
x











 

*-eK[ 2n   CacMnYnKt; ehIy n21 x....,,x,x  CacMnYnBitviC¢manedaydwgfa 
 1x....xx 2

n
2

2
2

1   . cUrkMNt;témøtUcbMputén ³ 

 
1n21

5
n

1n3

5
2

n32

5
1

x...xx
x

...
xx...x

x
x...xx

x








 

(-eK[ n  CacMnYnKt;viC¢man . cUrkMNt;témøGb,brmaénplbUk ³ 

 
n

x
.....

3
x

2
x

xS
n

n
3

3
2

2
1    . 

                                                                                                                                                                   (Poland 1995 ) 

!0-cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man d,c,b,a  eKman ³ 
 )dcba(abcdaddccbba 4444   
!!-eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðajfa ³ 

 3
ba

c2
ac

b2
cb

a2 3

2

3

2

3

2






























 

                                                                                                                                                                    (MOP 2002 ) 

!@-cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man c,b,a  eKman ³ 
 

4
9

)ac(

1

)cb(

1

)ba(

1
)cabcab( 222 
















  

                                                                   

                                                                                                                                        (Iran 1996 ) 
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!#-cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man c,b,a  eKman ³ 
 

4
3

)bc)(ac(
c

)ab)(cb(
b

)ca)(ba(
a 222










 

!$- cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man c,b,a  eKman ³ 

 3
b2c
a2c

a2b
c2b

c2a
b2a

333
































  

!%-eK[ z,y,x,c,b,a  CacMnYnBitviC¢manEdl 1zyx   . 
 cUrbgðajfa ³ 
 cba)zxyzxy)(cabcab(2czbyax   
!^-eK[ c,b,a  CacMnYnBitviC©manEdl 1abc   . 
 cUrbgðajfa )c1)(b1)(a1(

a
c

c
b

b
a

5   
!&-eK[ c,b,a  CacMnYnBitviC©man . cUrbgðajfa ³ 
 

cba
1

)bc2)(ac2(

c

)ab2)(cb2(

b

)ca2)(ba2(

a
2222

3

2222

3

2222

3











 

!*-eK[ c,b,a  CacMnYnBitviC©man . cUrbgðajfa ³ 
 3252525 )cba()3cc)(3bb)(3aa(   
!(-RKb; 0c,b,a   cUrRsaybBa¢ak;fa 

a
c

c
b

b
a

a

c

c

b

b

a
2

2

2

2

2

2

  
@0-cUrRsayfaRKb; 0c,b,a   eKman ³ 
 

2
3

)ba(c
cba

)ac(b
bac

)cb(a
acb 222222222











  
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@!-eK[ 0c,b,a   Edl 1cba    .  cUrRsayfa ³ 
 cabcab1bcaabccab   
@@-eK[ 0c,b,a    Edl 8abc   .  cUrRsayfa ³ 
 

3
4

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a
33

2

33

2

33

2










 

@#-cUrRsayfaRKb; 0c,b,a   eKman ³ 
 cba

baba

c

acac

b

cbcb

a
22

3

22

3

22

3










 

@$-cUrRsayfaRKb;cMnYnBit 
2
1

x.....,,x,x0 n21   eKmanvismPaB ³ 

 























n

1i i

n

n21

1
x
1

1
x...xx

n  

@%-bgðajfaRKb; 0c,b,a    eK)an ³ 
 

3
1

)bc2)(ac2(
c

)ab2)(cb2(
b

)ca2)(ba2(
a 222










 

@^-bgðajfaRKb; 0c,b,a    eK)an ³ 
 

ac
c4

cb
b4

ba
a4

a4c4c4b4b4a4
222

3 333 333 33








  

@&-eKman IRz,y,x,c,b,a   EdlepÞógpÞat;smPaB ³ 
 3)zyx)(cba(   nig 4)zyx)(cba( 222222   
 cUrbgðajfa 0czbyax   . 
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@*-eK[ 1c,b,a   Edl 1
1c

1

1b

1

1a

1
222 








  . 

 cUrRsayfa 1
1c

1
1b

1
1a

1









  . 

@(- bgðajfaRKb; 0c,b,a    eKman ³ 
 

2
23

ac

c

cb

b

ba

a
1

222222









  

#0-eK[ 2n   CacMnYnKt;viC¢man . cMeBaHRKb;cMnYnBitviC¢man n21 a,...,a,a  
 Edl 1a....a.a n21   cUrRsaybBa¢ak;fa ³ 

 n21

2
n

2
2

2
1 a...aa

2
1a

...
2

1a
2

1a








  
#!-eK[  IRz,y,x,c,b,a  Edl 3zxyzxy   . 
 cUrbgðajfa 3

ba
)yx(c

ac
)xz(b

cb
)zy(a











  . 

#@-eK[ 0c,b,a   Edl 3cba   . 
 cUrbgðajfa 

2
3

1ca
c

1bc
b

1ab
a










   . 
##-eK[ 0a....,,a,a n21   . cUrRsaybBa¢ak;fa ³ 
 n n2121

1

n
n21

3
321211

n
a...aa

...
2

aa
.a

n

a...aa...aaaaaa 


  
#$-cUrRsayfaRKb; 0c,b,a   eKman ³ 
 

2
3

ba

bcabca

ac

abcabc

cb

cabcab
222222 










  
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#%-eK[ c,b,a  CacMnYnBitviC¢man . cUrbgðajfa ³ 
 

c
a

b
c

a
b

bca

abc

abc

cab

cab

bca
2

2

2

2

2

2











  

#^-bgðajfaRKb;cMnYnBitviC¢man z,y,x   Edl 1zyx   eKman ³ 
 3)yx(z)xz(y)zy(x 222   
#&-eK[ c,b,a  CacMnYnBitminGviC¢man nig K μanBIrcMnYnNaesμ IsUnüRBmKña. 
 cUrRsayfa 

2
3

cb

bcabca

ba

abcabc

ac

cabcab
222222 










  

#*-cMeBaHRKb;cMnYnBitviC¢man a  nig b  cUrRsayfa ³ 
 22

ba

ab2
1

a
b

b
a

22 


  
#(-eK[ c,b,a  CargVas;RCugénRtIekaNmYy .  
 cUrRsayfa 1

bac3
b

acb3
a

cba3
c










 
$0-eK[ c,b,a  CabIcMnYnBitviC¢man .  
 cUrRsaybBa¢ak;fa ³ 
 222222 cba

a3
b2c

.c
c3

a2b
.b

b3
c2a

.a 






  

 
$!-cMeBaHRKb;cMnYnBitviC¢man z,y,x  cUrRsayfa ³ 
 )yzx)(zxy(xy

8
27

)yzx( 2222   
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$@-eK[ c,b,a  CacMnYnBitviC¢manEdl 1abc    . 
 cUrRsayfa 

ba
c

ac
b

cb
a

4
3cba 333










  
$#-eK[ c,b,a  CacMnYnBitviC¢manEdl 2cba   . 
 cUrRsayfa 2

)ca(a
c

)cb(c
b

)ba(b
a










 

$$-RKb;cMnYnBitviC¢man c,b,a  cUrRsayfa ³ 
 

2
cba

cba2
cbc

bac2
bab

cab2
aca 222 













  
$%-eK[  IRc,b,a   .  cUrRsayfa ³ 
 

4
9

)ac(

acac

)cb(

cbcb

)ba(

baba
2

22

2

22

2

22













  

$^-eK[cMnYnBitviC¢man c,b,a   Edl 1cba    .   
 cUrRsayfa  ³ 
 

3
1

b4ab3a4
c

a4ca3c4
b

c4bc3b4
a










 
$&-RKb;cMnYnBitviC¢man c,b,a   Edl 3cba    . 
 cUrRsayfa 3

1ba
c

1ac
b

1cb
a










 
$*-RKb;cMnYnBitviC¢man c,b,a   Edl 3cba    . 
 cUrRsayfa ³ 
 

4
3

1b3a2
c

1a3c2
b

1c3b2
a









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$(-eK[ 0c,b,a    .  cUrRsaybBa¢ak;fa ³ 
 

)ac)(cb)(ba()cba(
)cabcab(6

ac

ac

cb

cb

ba

ba
22

33

22

33

22

33














  

%0-ebI c,b,a  CacMnYnBitviC¢manenaHcUrRsayfa ³ 
 cba

ba

)ba(c

ac

)ac(b

cb

)cb(a
22

2

22

2

22

2











  

%!- ebI c,b,a  CacMnYnBitviC¢manenaHcUrRsayfa 
 2

222

)cba(

)cba(9
a
c

c
b

b
a




  

%@- ebI c,b,a  CacMnYnBitviC¢manEdl 4abccabcab   
 cUrRsayfa  ³ 
 

8
3

)ba()1c(

1

)ac()1b(

1

)cb()1a(

1
222 








 

%#- ebI c,b,a  CacMnYnBitviC¢manEdl 1abc   . cUrRsayfa 
  

8
3

)ba()1c(

1

)ac()1b(

1

)cb()1a(

1
222 








 

%$-eKman d,c,b,a  CacMnYnBitminGviC¢man .  cUrRsayfa ³ 
  22223 )cb(d)ba(c)ad(b)dc(a4)dcba(   
%%-ebI c,b,a  CacMnYnBitviC¢manEdl 1abc   enaHcUrRsayfa ³ 

 
2

3
ba

c
ac

b
cb

a 3 23 23 2









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%^-eK[ c,b,a  CacMnYnBitviC¢man . cUrRsayfa  
  1

acac

c

cbcb

b

baba

a
22

2

22

2

22

2










 
  %&-eK[ c,b,a  CacMnYnBitviC¢man . cUrRsayfa  
 )

ba

ac

ac

cb

cb

ba
(

2
1

c
1

b
1

a
1

ab
c

ca
b

bc
a

222222 










  
%*-ebI c,b,a  CacMnYnBitminGviC¢man enaHcUrRsayfa ³ 
 )1abc)(1c)(1b)(1a()1c)(1b)(1a(2 222   
%(-eK[ 0z,y,x   nig INn   .  cUrRsayfa ³ 
 3n3nn3nn3n )zyx()3zz)(3yy)(3xx(    
^0-ebI 1c,b,a    cUrRsayfa ³ 
 2

ba1

c1

ac1

b1

cb1

a1
2

2

2

2

2

2














 

 ^!-ebI IRc,b,a   bgðajfa ³ 5 5554 444 1cba1cba   
 ^@-ebI z,y,x  CabIcMnYnBitviC¢manenaHcUrRsayfa ³ 
 

yz2
z

xy2
y

zx2
x

xzzx

zx

zyyz

yz

yxxy

xy
222222 
















 

^#-eK[ c,b,a  CabIcMnYnBitminGviC¢man . cUrbgðajfa ³ 
 3222222 )cabcab()acac)(cbcb)(baba(   
^$-eK[ 0c,b,a   Edl 1cba   .  
 bgðajfa   2

ba
ac

ac
cb

cb
ba 222











    . 
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^%- *INnn )u(   CasIVútcMnYnBitkMNt;eday 2n )1n(

)2n(n
u:*INn




  

 k>bgðajfa 1u0:*INn n   rYcsikSaGefrPaBénsIVútenH . 
 x> sn μtfa n321n u...u.u.uX   .  
     tamkMeNIncUrRsayfa 

)1n(2

2n
Xn 


  rYcTajrk nn

Xlim


  . 

^^-eK[GnuKmn_ n2 )1xx()x(f     
 cUrRsayfa 0yn'xy''y)x1( 22    . 
^&-eK[GnuKmn_ f  kMNt;cMeBaHRKb; 

2

1
x   eday 

1x2

x
)x(f

2


  

 k> RKb; 1x    bgðajfa 1)x(f   .  
 eKBinitüsIVút )u( n  mYykMNt;eday 2u0   nig )u(fu n1n   ehIy )v( n  
 nig )w( n  CasIVútBIrepSgeTotkMNt;eday 

n

n
n u

1u
v


 nig nn vlnw   . 

 x> Rsayfa )w( n  CasIVútFrNImaRt rYcKNna )v(,)w( nn  CaGnuKmn_én 
 n   ehIyepÞógpÞat;fa n2n

2

1
1

1
u









   rYcKNna nn
ulim


  . 

^*-eK[ )a( n  CasIVútnBVnþEdlmantYTaMgGs;suTæEtviC¢man . 
 cUrRsayfa 

1nn1n3221 aa

1n

aa

1
....

aa

1

aa

1 




 

^(-KNnaplKuN 














 


5

1k 30

)5k6(
sinP   . 
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&0-eK[sIVút )w( n  mYykMNt;eday 








 1n,waw

1w
2

1nn

0  

 Edl 1a   nig )bnV(
n aw   . 

 k> bgðajfaeKGackMNt;cMnYnBit b   )anEdleFVI[ )V( n CasIVútFrNImaRt. 
 x> KNna nw  CaGnuKmn_én n  nig a   . 
&!-eK[sIVúténcMnYnBit )a( n  kMNt;eday ³ 

 2a0    nig  n2
nn2

n2

1n 2a.
2

12
a 

 


  

 k> tag 1ab nn    . rkTMnak;TMngrvag 1nb   nig nb  . 
 x> KNna na  CaGnuKmn_én n  rYcTajfavaCasIVútrYm  . 
&@-eKmansIVúténcMnYnBit )a( n  kMNt;eday ³ 
 1a0   nig ]2)1n2(a[2a n

n1n    Edl INn  
 k>bgðajfaeKGackMnt;bIcMnYnBit c,b,a  edIm,I[sIVúténcMnYnBit )b( n  
 kMNt;eday 1n2

nn 2)cbnan(ab   CasIVútFrNImaRt . 
 x> KNna nb  nig na  CaGnuKmn_én n   . 
&#-eKmansiVIút )z( n  kMNt;eday ³ 
 

2

1
z1   nig 











 n)1n2(

1n2)1n(
ln

2

z
z n

1n   Edl ...,3,2,1n   

 k>RsayfasIVút 










1n2

n
lnznn  CasIVútFrNImaRt . 

 x> KNna nz  CaGnuKmn_én n  . 
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&$-eK[sIVúténcMnYnBit 













 3

27n81n81n26a
a

0a

3 233

n
1n

1

 

 Edl ...,3,2,1n    . 
 k>tag )nnaa)(na(b 2

n

2

nnn   . rkRbePTénsIVút )b( n   ? 
 x>KNna na  CaGnuKmn_én n   . 
&%-eK[ )a( n  CasIVútFrNImaRtmantY 4a0   nig ersug 

2

1
q   ehIy )b( n  

 CasIVútnBVnþmantYTImYy 
4

b0


  nigersug 

2
r


  . 

 eKtag )bsinib(cosaz nnnn   RKb; INn   . 
 k> bgðajfa )z( n  CasIVútFrNImaRt . 
 x> RKb; INn  eKtag n210n z...z.z.zW   . KNnaGaKum:g;én nW  . 
&^-KNnacMnYnBit d,c,b  edIm,I[sIVút }a{ n  kMNt;eday 

dcn

bn
an 


  

 Edl ...,3,2,1n    epÞógpÞat;lkçxNÐxageRkam ³ 

 













 2

1
alim

8

3
a;

3

1
a

nn

21

 

&&-eKman ...)3,2,1n(
2

1
a4S 2nnn    CaplbUk n  tYdMbUgén 

 sIVút )a( n .kMNt;TMnak;TMngkMeNInrvag 1nn a&a   rYcKNna na   . 
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&*-RsayfaRKb;cMnYnKt;Fm μCati  n  cMnYn 155A
n51n5

n 
  minEmnCa 

 cMnYnbfm . 
&(-cUrRsayfacMeBaHRKb;cMnYnKt;viC¢man n  cMnYn ³ 
 

24

)21217()21217(
E

nn

n


  CacMnYnKt; nig minEmnCakaerBit. 

*0-cUrbgðajfa 5
7

3
cot

7

2
cot

7
cot 222 







   . 
*!-cUrRsayfaRtIekaN ABC  CaRtIekaNsmgS½luHRtaEt ³ 
 

S4

cba

2

C
tan

2

B
tan

2

A
tan

222 
  

*@-KNna 
17

8
cos

17

4
cos

17

2
cos

17
cosP


  

*#-edaHRsaysmIkar   xlog
2

1
xxlog 9

4
12   

*$-eK[ f  CaGnuvtþn_BI IR  eTA IR  Edl ³ 
 )y(f)x(f)yx(f:IRy,IRx   nig f  manedrIevRtg; 0    
 k> KNna )0(f  
 x> bgðajfa f  manedrIevRtg;RKb; IRx0    ehIyrk )x('f 0  
 K> tamsMNYr x cUrkMnt;rkGnuKmn_ )x(f   . 
*%-rktémøtUcbMputénGnuKmn_ )

xycos

1
xy(coslog)y;x(f 2

2
2     

 rYcTajbgðajfasmIkar 
2

1
)

xycos

1
xy(coslog 2

2
2    K μanb¤s . 
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*^-eK[smIkar x9x4y2'xy:)E( 2   
 k> kMnt;GnuKmn_BhuFa )x(fy 1  EdlCacemøIyBiessmYyrbs; )E( . 
 x> kMnt;GnuKmn_ )x(fy   EdlCacemøIyTUeTArbs; )E(  . 
*&-eK[Exßekag 

x1

1x3x
y:)c(

2




  nigbnÞat´ mxy   . 
   kMnt́ m edIm,I[bnÞat´ )d( kat´Exßekag )c( ánBIrcMnucqøú¼KñaeFob 
   nwgbnÞat´Bu¼TImYyénGkß&kUGredaen . 
**-eK[ IRb,a,0a,

1x

bax2x
)x(

2

2





  . 

 cUrbgHajfamanBIrcMnYnBit 1  nig )( 212   EdlepÞógpÞat´ ½ 
 2,1r,

)1x)(1(

]ax)1([
)x(

2
r

2
r

r 



  . 
 TajbgHajfa 2

21 a)1)(1(    
rYcbBa¢ak´facMeBa¼RKb´cMnYnBit x eKán 21 )x(   . 
*(-eK[GnuKmn_elx Zn,6nn)n(f 2   .  
  cUrkMnt´ n edIm,I[ )n(f CakaerRákd? 
(0-eK[RtIekaN ABCmYymanmMukñúgCamMuRsYc . 
 k-RsaybBa¢aḱTMnak´TMng CtanBtanAtanCtanBtanAtan    
   rYcTajfa 

2

n3
3CtanBtanAtan nnn   RKb´ *INn   
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x-cUrRsaybBa¢aḱTMnak´TMng  
 1

2

A
tan

2

C
tan

2

C
tan

2

B
tan

2

B
tan

2

A
tan    

   rYcTajfa 1
2

C
tan

2

B
tan

2

A
tan 222    . 

(!-eK[GnuKmn_elx Nn,4n2n)n(g 2   .  
  cUrkMnt´ n edIm,I[ )n(g Eckdac´nwg 7? 
(@-cUrkMnt́rkGnuKmn_ )x(f EdlmanedrIevelI IR ehIyepÞógpÞat´ 
 TMnak´TMng IRy,x,)y(f)x(f

2

yx
f 






    . 

(#-cUrbgHajfa 1n1n21n4 2).1n3(5).1n(3.nE:INn    
   Eckdaćnwg 7 Canic© . 
($-cUrkMnt´témøtUcbMputén *INn  Edl[ 44 )1n(n   
   minEmnCacMnYnbfm . 
(%-k¿ cUrKNna PGCD éncMnYnKt´ 6753;4410;1455  . 
   x¿ eda¼Rsaykñúg Z énsmIkar 4410y5145x3675   . 
      ( eKdwgfa 2y,4x   CacemøIymYyénsmIkar ) 
(^-cMeBa¼RKb´ INn  eKdak´ 12F

n2
n    

( eKehAcMnYnen¼CacMnYn Fermat ) 
cUrbgHajfa  nF  CacMnYnbfmrvagKñaBI@ . 
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(&-cUrkMnt́ x nig y edIm,I[cMnYn y3x4a   Eckdaćnwg 2 nig 9  
(*-cUrkMnt́elxlMdab´ x nig y éncMnYn y75x28a   
 edIm,I[vaEckdaćnwg 3 nig 11 . 
((-RsaybBa¢aḱfaRKb´ INn  cMnYn 2n1n2 23    Eckdac´nwg 7 . 
!00-RsaybBa¢ak´faRKb´ INn  cMnYn 1n61n 29    Eckdac´nwg 11 .  
!0!-bgHajfa 1)1n( n   Eckdac´nwg 2n  cMeBa¼RKb´ *INn  .  
!0@-eK[ 10   . 
k¿bgHajfa x1)x1(    

x¿ Tajfa 1n
n

1n
....

3

4

2

3
2 1n33 


    . 

!0#-eK[ 
2

x0


  . cUrRsaybBa¢ak´fa ½ 

    *INn,21
xcos

1
1

xsin

1
1

2

2

n

nn
















 






    . 

!0$-rktémøTaMgGs´én m edIm,I[smIkar ½ 
 22)x2()x2( mm   CaviákénsmIkar  
    3

)x3(log

)x9(log

2

3
2 


    . 
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!0%-eK[ 
x

0

dy.)yln(cos)x(   

 k¿ bgHajfa 2lnx)
2

x

4
(2)

2

x

4
(2)x( 





  . 

 x¿ eRbITMnak´TMngxagelIcUrKNna 







2

0

dy.)yln(cos)
2

(  . 
!0^-eKmansIVúténcMnYnBit  nu  kMnt´elI IN eday ½ 
  

2

2
u

3

0   nig INn,
2

u
u 4 n

1n   
 k¿ KNna 321 u;u;u   . 
 x¿ eKBinitüsIVút  nv  epÞógpÞat´nwgTMnak´TMng 

nv1

3n 2

1
u









  

    cUrrkRbePTénsIVút )v( n rYcKNna nv  CaGnuKmn_én n . 
 K¿ KNna nu  CaGnuKmn_én n .  
!0&-eK[bIcMnYnBitviC¢man c;b;a  EdlepÞógpÞat´ 
    bac,cab,cba   . 
 cUrRsayfa 2abc2cba 222   . 
!0*-k¿ cUrbgHajfa *INk,

1k

1

k

1
2

k)1k(

1













 

  x¿ TajbBaØk´vismPaB ½ 
  2

n)1n(

1
....

34

1

23

1

12

1



     . 
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!0(-RtIekaN ABC mYycarikeRkArgVg´mYymankaM 2r   ehIy  
    Btan3Acot   . 
 rgVg´Gg;t´p©it  AB  kat́RCug  BC  Rtg´ H . 
 k¿ cUrKNna AH . 
 x¿ ebI 4HC   cUrKNnakaMrgVg´carikkñúgRtIekaN AHC . 
!!0-eK[RtIekaN ABCmYymanbrimaRt 30ehIyRCugTaMgbIerogKña 
  BC,AC,AB  beg;ItánCasIVútnBVnþmYymanplsgrUmesμI 2 .  
  eKsg´rgVg´bImanp©iterogKña C,B,A  ehIyb¨¼xageRkABIr@ . 
 cUrKNnakaMrbs´rgVg´TaMgbIen¼ . 
!!!-eK[RtIekaN ABCmYycarikeRkArgVg´mankaM 2r   nigcarikkñúg 
 rgVg´mankaM 5R   . 
 cUrKNnaRkTLaépÞtUcbMputrbs´RtIekaNen¼ . 
!!@-RtIekaN ABC mYymanmMu 0120A   . RCug BC,AC,AB  
 beg;ItánCasIVútnBVnþmYyEdlmanplsgrYmes μI 2 . 
 cUrKNnakaMrgVg´carikkñúg nigkaMrgVg´carikeRkAénRtIekaN . 
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!!#-eK[GnuKmn_  xx)x(f   Edl 0,0    
       nig 1   . 
 k> RKb; ]1,0[x  bgðajfa 0)x(f   . 
 x> RKb; 0v,u   Edl vu   bgðajfa vuv.u    . 
!!$-eK[GnuKmn_ qxp2x)x(f 224   
 kMNt;témø p  nig q  edIm,I[cMnucbrmaTaMgbIénGnuKmn_ f  begáIt)anCakMBUl 
    RtIekaNsmgS½ . 
!!%-kMnt;GnuKmn_ f  mYyEdlepÞógpÞat; ³ 
 1)1('f,

3
2

)1(f   nig 2)x(''fx2)x('f
x

1
   RKb; 0x   

!!^-eK[ f  minEmnCaGnuKmn_sUnüEdlepÞógpÞat; ³ 
)y(f)x(f2)yx(f)yx(f:IRy,x   

k> rktémø )0(f  rYcbgðajfa f  CaGnuKmn_KU . 
x-]bmafa IRa  Edl 0)a(f   . Rsayfa 1)a2(f    
 nig )xa(f)xa(f   rYcKNna )a4(f  

          !!&-eK[GnuKmn_ k2 )1xx()x(f   
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   . 

      cUrbgðajfa ³ 
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2
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2yx
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
  . 
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!@!> eK[RtIekaN ABC mYymanemdüan AM  bnÞat;BuHmMu AL  nig kMBs;  
     AH  EckmMu  BAC  CabYnEpñkes μIKña . cUrkMnt;rgVas;énmMu A   . 
!@@> kMNt;RKb;cMnYnKt;viC¢manedIm,I[ 391n115n18n)n(f 23    
       CaKUbéncMnYnKt;viC¢man   . 
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Rtg;BIrcMNucepSgKña S  nig T  .  )( CabnÞat;b:HrYmeTAnwg )C( 1  nig )C( 2  
eday M  nig N  CacMNucb:HerogKñarvag )( CamYy )C( 1  nig )C( 2  . 
ebI MS  b:H )C( 2 ehIy   CamMurvag MS  nigbnÞat;b:H )C( 1 Rtg; S   

enaHcUrRsayfa  
2

2
sin2

R

r






 

    . 

 



KNitviTüaCMuvijBiPBelak 
 

  

- 125 - 
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sUmkMuePøcGanesovePA 
103 GnuKmn_RtIekaNmaRt 

rbśGñkeroberogeday lwm pl:ún 
Edlnwgecjpßayqab́@xagmuxen¼ ! 

xageRkamen¼CakRmglMhat´EdlRtUveFVIdMeNa¼Rsay 
 

!> cUrRsaybBa¢ak;smPaBxageRkam ³ 
 k>  2266 cossin31cossin  
 x> 


 6

22
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tan
cotcos

tansin  
 K> 2222 ba)sinbcosa()cosbsina(   
@> eKdwgfa acossin    Edl 2a2    . 
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 k> asin8a4cosa2cos43 4  
 x> 

8

3
a2cos

2

1
a4cos

8

1
acos4   
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2
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 K> 



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(sin8  
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 k> 
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8sin4cot8cos
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1
4cos
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 K>  3cos6sin83sin5sin37sin39sin  
!$> cUrRsaybBa¢ak;fa ³ 
 )xztan()zytan()yxtan()xztan()zytan()yxtan(   
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
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




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   )x6cosx4(cos
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 )x

3
cos(xcos)x

3
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
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
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 CaGnuKmn_efrCanic©RKb;témø IRx  . 
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!(> cUrbgðajfa ³ 
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2

ba
cos4)bsina(sin)bcosa(cos 222 

  
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2

ba
sin4)bsina(sin)bcosa(cos 222 

  
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 cUrsRmYl )csin1)(bsin1)(asin1(P   
 
@!> cUrsRmYlplKuN ³ 
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@@> cUrbgðajfa ³ 
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7
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15

6
cos
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5
cos
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4
cos
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3
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2
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cos 







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5
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2

3
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 )acos(cosacos2)a(coscosE 22   
 mantémøminGaRsy½nwg    . 
@^> cUrbgðajfa ³ 
     

2

ac
sin

2

cb
sin

2
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
  

@&> cUrbgðajfa ³ 
     ctan.tnab.atan
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ctanbtanatan 


  

@*> bgðajfaebI  CBA  enaHeKmanTMnak;TMngxageRkam ³ 
 k> 

2

C
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2

B
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2

A
cos4CsinBsinAsin   

 x> 
2

C
sin

2

B
sin

2

A
sin41CcosBcosAcos   

 K> CtanBtanAtanCtanBtanAtan   
 X> 1

2

A
tan

2

C
tan

2

C
tan

2

B
tan

2

B
tan

2

A
tan   

 g> CsinBsinAsin4C2sinB2sinA2sin   
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3
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3
tan(tan3tan 





  

#0> cUrRsayfa ³ 
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coscos

)sin(

coscos
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coscos
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







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
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#!> cUrbgðajfaebI 
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1

b

cos

a
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





  enaHeK)an ³ 
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8

3

8
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1

b
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a

sin







  

#@> cUrRsaybBa¢ak;fa ³ 
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1
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1
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1



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


 

 es μInwg   
2
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2
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
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
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



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
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a
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a
tan31

3

a
tan3

S    

%&>k-cUrRsayfa xtanx2tan
2

1

xtan1

xtan
2

3




 

  x-cUrKNnaplbUk 
 



















n

0k
n

2

n
3k

n

2

a
tan1

2

a
tan2

S  

%*>k-cUrRsayfa  
   x)1n2sin(x)1n2sin(

xsin2

1
)nx2cos(   

  x-KNnaplbUk  
  )nx2cos(.....x6cosx4cosx2cosSn   
  K-TajrkplbUk  
  )nx(cos.....x3cosx2cosxcosT 2222

n   
  X-KNnaplbUk  
  )nx(sin.....x3sinx2sinxsinU 2222

n   
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%(>k-cUrbgHajfa  
 

]x)1n2sin(2[]x)1n2sin(2[

)nx2cos(xsin2

x)1n2sin(2

1

x)1n2sin(2

1








 

  x-KNna 
  













n

1k
n x)1k2sin(2x)1k2sin(2

)kx2cos(
S  . 

^0>k-cUrbgHajfa 
)nxcos(xcos

x)1ncos(
)nxtan(xtan1


  

   x-KNna  



n

1k
n )kxtan(xtan1P   . 

^!> eK[sIVúténcMnYnBit )a( n  kMNt;eday ³ 
   cosa0   nig 1a2a 2

n1n    Edl IR  nig INn  
  cUrRsayfa  n

n 2cosa   . 
^@> eK[sIVúténcMnYnBit )a( n  kMNt;eday ³ 
  

7

2
tana1


   nig 

2
n

n
1n

a1

a2
a


   Edl *INn  

  cUrRsayfa 
7

2
tana

n

n


   . 

^#> eK[sIVútcMnYnBit )a( n  kMNt;eday ³ 
     cos2a0   nig n1n a2a    Edl )

2
,0(,INn


  

  cUrRsayfa  nn 2
cos2a


  
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^$> eK[sIVút )a( n  kMNt;eday   cottana0  nig TMnak;TMng 
  2aa 2

n1n   Edl INn  nig 
4

,
2

0





   . 

  cUrRsayfa   nn
22

n )(cottana   
 
^%> eKmansIVút )a( n  kMNt;eday ³ 
   cottana0   nig n

3
n1n a3aa    Edl INn  

 ehIy 
4

,
2

0





   . 

 cUrRsaybBa¢ak;fa   nn
33

n )(cottana   
^^> eKmansIVút )a( n  kMNt;eday ³ 

     tana0   nigTMnak;TMng INn,
a

1a1
a

n

2
n

1n 


  

       Edl 
2

0


   . cUrRsayfa 
nn 2

tana


   ? 
^&> eK[ n321 a....,,a,a,a  CasIVútnBVnþmanplsgrYm d  . 
  cUrRsaybBa¢ak;fa ³ 

  
2
d

sin

2

aa
cos.

2
nd

sin
acos...acosacos

n1

n21



  
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2

d
sin

2

aa
sin.

2
nd

sin
asin...asinasin

n1

n21



  

^*> eK[sIVút 0a0    nig ,...2,1,0n,a1
2

2
a n1n   

  cUrRsayfa 1nn 2
cosa 


   . 

^(> eK[ C,B,A  CamMuRsYcrbs;RtIekaN ABC  mYy . 

 cUrRsayfa 
2

3

2

BA
cos

2

C
sin

2

AC
cos

2

B
sin

2

CB
cos

2

A
sin










 

&0>eK[RtIekaN ABC mYymanRCug 
  cAB,bAC,aBC   tag S CaRkLaépÞ  
  nig R CakaMrgVg´carikeRkAénRtIekaNen¼ . 

 k-cUrRsayfa 
R

S2
CcoscBcosbAcosa    

 x-Tajfa S4CcotcBcotbAcota 222    
&!>eK[RtIekaN ABC Edl 

bc2

a

2

A
sin   . 

  rkRbePTénRtIekaN ABC 
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&@> eK[ C,B,A  CamMuRsYcrbs;RtIekaN ABC  mYy . 
 cUrRsaybBa¢ak;vismPaBxageRkamfaBit ³ 

 
2

23

2
BA

cos

2

C
sin

2
AC

cos

2

B
sin

2
CB

cos

2

A
sin










 

&#>eK[RtIekaN ABC manRCugepÞógpÞat´TMnak´TMng 
  222 c2ba   Edl cAB,bAC,aBC    . 
 k-cUrbgHajfa 

ab4

ba
Ccos

22 
    

 x-TajbBa¢ak´fa 
2

1
Ccos     

&$> k-cUrKNnatémø®ákdén 
10

sin
  nig 

10
cos

  

 x-cUrRsayfa 
10

sin)yx(4)yx(x 22222 
   

     RKb´cMnYnBit IRy,x   . 
&%>eK[sIVúténcMnYnBit )U( n kMnt´elI IN eday ½ 

  
2

2
U0   nig INn,

2

U11
U

2
n

1n 


  
  KNna nU  CaGnuKmn_én n . 
&^>eK[RtIekaN ABC mYymanmMukñúgCamMuRsYc . 
   cUrRsayfa 2CsinBsinAsin 222   . 
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&&>eK[RtIekaN ABC mYymanmMukñúgCamMuRsYc . 
    cUrRsayfa 1CcosBcosAcos 222   
 
&*>eK[RtIekaN ABC mYymanmMukñúgCamMuRsYc . 
  k-cUrRsayfa  
   Ctan.Btan.AtanCtanBtanAtan    
  x-TajbBa¢ak´fa 33CtanBtanAtan    
&(>eK[RtIekaN ABCmYyman c,b,a  CargVas´RCugQm 
 erogKñaénmMu C,B,A  .  
 tag 

2

cba
p


  Caknø¼brimaRténRtIekaN . 

 k-cUrRsayfa 
bc

)ap(p

2

A
cos


  rYcTajrkTMnak´TMng 

 BIreTotEdlRsedogKñaen¼ . 
 x-TajbBa¢ak´fa  
    2222 p

2

C
cos.ab

2

B
cos.ac

2

A
cos.bc    

*0> cMeBa¼RKb´ 
2

x0,0b,0a


  cUrbgHajfa  

    2
ab21

xcos

b
1

xsin

a
1 






 






    
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*!> eK[RtIekaN ABC mYyman c,b,a  CargVas´RCugQm 
   erogKñaénmMu C,B,A  .  
   tag 

2

cba
p


  Caknø¼brimaRténRtIekaN . 

    k-cUrRsayfa 
bc

)cp)(bp(

2

A
sin


   

   rYcTajrkTMnak´TMngBIreTotEdlRsedogKñaen¼ . 
   x-cUrbgHajfa 

8

1

2

C
sin

2

B
sin

2

A
sin    

   nig 
2

3
CcosBcosAcos    . 

*@> cUrkMnt́RKb´témø x kñúgcenøa¼ [
2

;0]
  edaydwgfa ½ 

    24
xcos

13

xsin

13





   
*#> eK[RtIekaN ABC mYymanRCugRbEvg c,b,a  . 
   knø¼bnÞat́Bu¼énmMu C kat́ ]AB[  Rtg´cMnuc D . 
   cUrRsayfa 

2

C
cos

ba

ab2
CD


  . 

*$>eK[ 
2

a0


  nig 
2

b0


  . 

   cUrbgHajfa 1
bcos

acos

bsin

asin
2222

















  lu¼RtaEt ba     
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*%> kñúgRtIekaN ABC mYycUrRsaybBa¢aḱfa ½ 
    

r

R
4

2

C
sin

1

2

B
sin

1

2

A
sin

1
    

    Edl r  nig R CakaMrgVg´carwkkñúg nig carwkeRkARtIekaN . 
*^> eK[RtIekaN ABC mYy .  
    bnÞat´Bu¼mMu C,B,A  kat´RCug  ]AB[,]AC[,]BC[       
    erogKñaRtg´ 'C,'B,'A  . 
    cUrRsaybBa¢aḱfa ½ 

    0
'CC

)
2

BA
sin(

'BB

)
2

AC
sin(

'AA

)
2

CB
sin(













 
*&> eKtag r  nig R erogKñaCakaMrgVg´carikkñúg nigcarikeRkA 
   énRtIekaN  ABC   mYy . 
   k¿cUrRsayfa 

R

r
1CcosBcosAcos   

   x¿cUrRsayfa r2R   . 
**> eK[ ABC CaRtIekaNmYyEdlepÞógpÞat´lkç&x&NÐ 
   AcosCsinBsin1CsinBsin 22   . 
   bgHajfa ABC CaRtIekaNEkg . 
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*(> eK[RtIekaN ABC mYy . 

   k-cUrRsaybBa¢aḱfa 
2

33
CsinBsinAsin   . 

   x-bgHajfa 
8

33

2

C
cos

2

B
cos

2

A
cos   . 

(0> eK[smIkar ca,0a,0cbxax2    . 
   tag tan  nig tan  Ca¦srbśsmIkarxagelI . 
   cUrKNnatémøénkenßam ½ 
   )(cosc)cos()sin(b)(sinaA 22   
(!> eK[ C,B,A  CargVas´mMukñúgrbśRtIekaN ABC mYy . 
  k-cUrbgHajfa 

2

3
CcosBcosAcos   

  x-cUrbgHajfa 
4

9

2

C
cos

2

B
cos

2

A
cos 222   

  K-cUrbgHajfa 
4

3

2

C
sin

2

B
sin

2

A
sin 222   

  X-cUrbgHajfa 
8

33

2

C
cos

2

B
cos

2

A
cos    

(@> KNnatémøénplKuN  
   )44cot1).....(3cot1)(2cot1)(1cot1(P oooo   
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(#> cUrbgðajsmPaB ³ 
         

16

1
)

20

27
cos

2

1
)(

20

9
cos

2

1
)(

20

3
cos

2

1
)(

20
cos

2

1
( 











  

($>eK[RtIekaN ABC  mYymanmMukñúgCamMuRsYc . cUrRsayfa ³ 
     

2

23
CcosBcosAcos   

(%>cUrKNnatémøplKuN ³ 
      )29tan3).....(2tan3)(1tan3(P ooo   
(^>KNnaplKuNxageRkam ³ 
    n

242
n

0k
k

2
n

2

x
tan.....

4

x
tan.

2

x
tan.xtan

2

x
tanP

nk









  

(&>KNnaplKuNxageRkam ³ 
     






 

n

0k

2
k

2
n

k
)

2

x
tan1(P  

(*>eK[RtIekaN ABC  mYymanmMukñúgCamMuRsYc .  
      cUrbgðajfa ³ 
      CsinBsinAsin32CsinBsinAsin 222   
((>KNnaplKuN ³ 

                       
 

 
















n

1k
2k2

k2

n
2tan1

x2tan1
P   Edl 2n2

|x| 


  



KNitviTüaCMuvijBiPBelak 
 

  

- 147 - 

!00> eK[RtIekaN ABC  mYy . tag r  nig R  erogKañCakaMrgVg; 
       carwkkñúg nig carwkeRkARtIekaN .   
       k> cUrbgðajfa  ³ 
     

R

r
1CcosBcosAcos    

        x> ebI ABC  CaRtIekaNEkgenaHcUrRsayfa r)12(R   
!0!> eK[ d;c;b;a  nig x  CacMnYnBitepÞógpÞat; ³ 
       

d

x4sin

c

x3sin

b

x2sin

a

xsin
    Edl Zk;kx   

       cUrbgðajfa  )ca3(b)db4(a 4223    
!0@> eK[ ABC  CaRtIekaNmYy . cUrbgðajfa ³ 
   

2

C
tan.

2

BA
tan

ba

ba 



  

!0#> cUrbgðajfa ³  
        xxxx 3cos

64
63

)
3

4
(cos)

3
2

(coscos 777 
    

        cMeBaHRKb;cMnYnBit x  . 
 

 
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