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kRmglMhat; 
     

!> cMeBaHRKb; IRx  cUrRsayBa¢ak;fa ³ 
    22|sincos| baxbxa   
@> cMeBaHRKb;cMnYnBit xcUrRsaybBa¢ak;fa  

    
bab

x
a

x



1cossin 44

    )0,0(;  ba  
#> eK[GnuKmn_  
  9)cot(tan12)cot(tan4)( 22  xxxxxf   
   Edl )

2
,0(


x  . 
    cUrrktémøtUcbMputénGnuKmn_ )(xf   . 
$> eK[GnuKmn_ 

x

x
y

sin45

cos3


   

    cUrrktémøtUcbMput nig témøFMbMputénGnuKmn_ y  . 
%> eK[GnuKmn_  
   89)2(1243),( 2222  yxxyyxyxyxf   
   cUrkMNt; x  nig y  edIm,I[GnuKmn_ ),( yxf  mantémøtUcbMput 
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rYckMNt;témøtUcbMputenaH . 
^> eKmansmIkar 032  xx  manb¤stageday 1x nig 2x   
    cUrKNnatémø 5

2
3

1 419 xxA    
&> eK[GnuKmn_ cbxaxxf  2)(    
    Edl IRcbaa  ,,,0  . 
    cUrRsayfaebIsmIkar xxf )(  Kμanb¤skñúgsMNMucMnYnBitenaH 
    smIkar xxff )]([  k¾Kμanb¤skñúgsMNMucMnYnBitEdr . 
*> edaHRsaysmIkar ³ 
    xxxxx 126324 232    
(> edaHRsaysmIkar ³ 

    3
3

3 23 2

19
52

)13(4)13(10



 x

xx

 
!0> eK[smIkar 099999  xx   
cUrbgðajfasmIkarenHmanb¤s 0x  CacMnYnBitEtmYyKt; rYcRsayfa 

0x  CacMnYnGsniTan . 
 !!> eKdwgfa b

tan x
a

   . 

    cUrRsayfa 
4 4cos x sin x 1

a b a b
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!@>  eKdwgfa m n p
cosa , cosb , cosc

n p p m m n
  

  
 

      cUrKNnakenSam ³ 
2 2 2

2 2 2

sin a sin b sin c
M

2 2cosa sin a 2 2cosb sin b 2 2cosc sin c
  

     
 

!#> eKmanRtIekaN ABC  mYyEdl BC a , AC b , AB c     . 
     tag R  nig S  erogKñaCakaM nig épÞRkLaénRtIekaN ABC  enH . 
     cUrRsayfa   ³ 
     

2 2 2cos A cosB cosC R(sin A sin B sin C)

a b c 4S

 
    

!$> kñúgRKb;RtIekaN ABCcUrRsayfa ³ 
     

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2

 
      

!%> eK[RtIekaN ABC  mYy . 
     k> cUrRsaybBa¢ak;fa  

2a
1 cos A

2bc
    

      Edl a , b , c  CaRCugRtIekaN  ABC   . 
     x> TajbBa¢ak;fa 1

(1 cos A)(1 cosB)(1 cosC)
8

       

!^> eK[RtIekaN ABC  mYy . 
    k> cUrRsaybBa¢ak;fa  2 2 2sin A sin B sin C 2sinBsinCcos A     
    x> TajbBa¢ak;fa 

2 2 2sin A sin B sin C
cot A cot B cot C

2sin AsinBsinC
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!&> eK[RtIekaN ABC  mYymanmMu A ,B,C  CamMuRsYcEdlepÞógpÞat; 
     smPaB  
      1 1 1 1

cot A cot B cot C
2 sin A sinB sinC
      
 

  . 

      cUrRsayfa ABC  CaRtIekaNsmgS½ ? 
!*> tag R  CakaMrgVg;carwkkñúg nig S  CaépÞRkLaénRtIekaN ABC  mYy . 
k> cUrRsayfa 

22R
(cot A cot B)(cot B cotC)(cotC cot A)

S
      

x> ebI ABC  CamMuRsYcenaHcUrTaj[)anfa ³ 1
cos AcosBcosC

8
   . 

!(> eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c      
carwkkñúgrgVg;mYymanp©it O  nig kaM R   .  
tag S  nig OBCS  CaépÞRkLaén OBC nig ABC  erogKña .  
snμtfa A ,B,C  CamMuRsYc . 
k> cUrRsayfa 2

OBC

1
S a cot A

4
  . 

x> cUrTajbgðajfa 2 2 2a cot A b cot B c cot C 4S    . 
K> cUrTajbgðajfa 

2

abc
acos A bcosB ccosC

2R
       . 
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@0> eK[RtIekaN ABC  mYy . D  CacMNucmYYénRCug [BC]  Edl  
     BAD    nig DAC    . 
      cUrRsaybBa¢ak;fa BC sin sin

AD sinB sinC

 
    ? 

@!> bgðajfaebI c,b,a  tagerogKñaCatYTI r,q,p   
      énsIVútnBVnþmYyenaHeK)ansmPaB  
      0c)qp(b)pr(a)rq(    . 
@@> eK[ctuekaNe)a:g ABCD mYymanépÞRkLaesμI 1 . 
       cUrRsaybBa¢ak;fa ³ 
       AB BC CD DA AC BD 4 8         ? 
                                                  ¬Austria-Poland, 1985¦ 
@#> eK[RtIekaNBIrmanRCug a ,b ,c  knøHbrimaRt a b c

p
2

 
       

       nigkaMrgVg;carwkeRkA R  . 
        cUrRsaybBa¢ak;fa 2 pR 1

5 2aR bc 2
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@$> eKyk I  nig O  Cap©itrgVg;carwkkñúg nig carwkeRkAén ABC . 
rgVg; A carwkkñúgmMu A  vab:HeTAnwg AB , AC nig BC erogKña 
Rtg;cMnuc K ,M  nig N  erogKña . 
ebIsinCacMnuckNþal P  énGgát; KM  sßitenAelIrgVg;carwkeRkA 
énRtIekaN ABC  enaHcUrbgðajfabIcMnuc O , I , N  rt;Rtg;Kña ? 
@%> cUrRsayfakaerénRKb;cMnYnKt;RtUvmanTRmg; k4  b¤ 14 k  
     RKb; *INk  . 
@^> cUrRsayfaebI 22 ba   Eckdac;nwg 3 enaH a Eckdac;nwg 3 
      nig b  Eckdac;nwg 3 . 
@&> cUrbgðajfa 44 n  CacMnYnbzmEtkñugkrNI 1n  . 
@*> eKdwgfa 0160321002004008  manktþabzm  
      250000p   .   cUrkMNt;ktþabzmenaH . 

@(> cUrkMNt;EpñkKt;én 










610

1

1

k k
  ? 

#0> cUrkMNt;KUmYyéncMnYnKt;viC¢man ba ,  edaydwgfa ³ 
)(:)( baabi   Eckmindac;nwg 7   

777)(:)( babaii   Eckdac;nwg 77      (IMO 1984 ) 
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#!> eKGnuKmn_ xxf 2121

1
)( 
  

     cUrKNna )
1

(...)
2

()
1

(
n

n
f

n
f

n
fS


   

#@> cUrRsaybBa¢ak;facMnYn ³ n n n nA 113 168 141 427     
      Eckdac;nwg 7  Canic©RKb;cMnYnKt;FmμCati n. 
##> eK[ m  nig n  CaBIrcMnYnKt;viC¢manEdl 1 m n   . 
     cUrkMNt;témøtUcbMputén m n  edIm,I[cMnYn m22  nig  n22   
     manelxBIrxÞg;cugeRkaydUcKña . 
#$> eK[ 2f (n) 4n 7n 34     Edl n IN *  
     cUrbgðajfaKμan n EdleFIV[cMnYn f (n) Eckdac;nwg 121 eT. 
#%>eK[ 2f (a) 16a 50a 13     Edl a  
     kMNt;RKb;témø  a EdleFIV[cMnYn f (a) Eckdac;nwg 49   
#^> kMNt;RKb;cMnYnKt;viC¢man x  edIm,I[ 3 2x 10x 115x 237    
      Eckdac;nwg 343  . 
#&> cUrRsayfaRKb;cMnYnKt;viC¢man n eK)an 

237

134
)(





n

n
nf  

      CaRbPaKsRmYlmin)an ? 
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#*> eKdwgfa 
a
b

tan3    .  cUrRsaybBa¢ak;fa ³ 

      
3 23 23 2

4

3 2

4

ba

1

b

sin

a

cos







  

#(> eKmansIVútcMnYnBit )a( n  kMNt;eday ³ 
     )

2

1
1....()

4

1
1)(

2

1
1(a n2n   

     cUrKNnalImIt nn
alim


  . 

$0> eK[plbUk  
     










 222222n )1n(

1

n

1
1....

4

1

3

1
1

3

1

2

1
1

n

1
S   

     cUrKNna nn
Slim


 . 

$!> eKmanes‘rIGnnþmYy ....
2

n
.....

2

3

2

2

2

1
)

2

n
( n

2

3

2

2

22

1n
n

2






  
cUrRsayfaes‘rIxagelIenHCaes‘rIbRgYm . 
$@> cMeBaHRKb; *INn  eKmanplbUk ³ 
     1n432n 2).1n2)(1n2(

3n2
....

2.7.5

9

2.5.3

7

2.3.1

5
S 


  

     k> kMNt;cMnYnBit a  nig b edIm,I[eK)ansmPaB  
    1nn1n 2).1n2(

b

2).1n2(

a

2).1n2)(1n2(

3n2
 







  

     x> KNna nS  nig nn
Slim


  . 
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$#> cMeBaHRKb; *INn  eKmansIVútcMnYnBit )a( n  kMNt;eday ³ 
     3a0    nig n2nn21n

3

1
a

3

1
1a 








  

      k> KNna na  CaGnuKmn_én n  . 
      x> KNnalImIt nn

alim


  . 
$$> eK[ a  nig b  CaBIrcMnYnBitEdl 

2
ba0


    

      cUrRsayfa 
bcos

ab
atanbtan

acos

ab
22




   

$%> KNnaplbUk ³ 
      n

n
23

n
2
n

1
nn Cn.....C9C4CS    Edl 

)!pn(!p

!n
Cp

n 
  

$^> eK[GnuKmn_  2x)x(f   
    k> sikSaGefrPaB nig sg;Rkab )c(  énGnuKmn_ f  . 
    x> eKBinitü n  cMnuc n321 A...,,A,A,A   sßitenAelIRkab )c(  Edl 
       )22,2(A1    nig )a,a(A 1nnn    RKb; *INn   .  
      cUrkMNt;kUGredaenéncMnuc nA  . 
    K> cUrKNna nOA   CaGnuKmn_én n  rYcKNna n

n
OAlim


 . 
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$&> eK[RtIekaN ABC  mYy . emdüanénRtIekaNEdlKUsecj 
      BIkMBUl C,B,A  kat;rgVg;carwkeRkARtIekaNerogKñaRtg;  
      P,N,M  .  tag cba ,,  CaRCug nig cba mmm ,,   
      Caemdüanén ABC  . 
      cUrRsayfa  

     
9

16

222 224

4

224

4

224

4








 bac

m

cab

m

cba

m cba    
$*> eK[ M   CaTIRbCMuTm¶n;énRtIekaN ABC  . 
    ebIbnÞat; AB  b:HeTAnwgrgVg;carwkeRkAénRtIekaN AMC 
      enaHbgðajfa 32

sin

1

sin

1





 CBMCMA
   

$(> eK[ 0,, cba   .   
     cUrRsaybBa¢ak;fa ³ 
  

2

9)(4)(4)(4 3 333 333 33














ba

bac

ac

acb

cb

cba  
%0> eK[ 1,1  ba  nig 1x   . 
       cUrRsayfa xxx baba

2

log2loglog   
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lMhat;TI1 
cMeBaHRKb; IRx  cUrRsayBa¢ak;fa ³ 

22|sincos| baxbxa   
dMeNaHRsay 
RsayBa¢ak;fa ³ 

22|sincos| baxbxa   

tagviucTr½ ),( bau 


 nig )sin,(cos xxv 


 

yk   CamMurvagviucTr½ 

u  nig 


v  . 

tamniymn½yplKuNsáaEl ³ 

cos||.||.


 vuvu   

eKTaj 
||.||

.
cos







vu

vu  

eKman xbxavu sincos. 


  

            1||;|| 22 

vbau   
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eK)an 
22

sincos
cos

ba

xbxa




  

cMeBaHRKb;mMu 1cos1:   IR   
b¤  1|cos|   

eK)an 1
sincos
22






ba

xbxa  

dUcenH 22|sincos| baxbxa    . 
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lMhat;TI2 
cMeBaHRKb;cMnYnBit xcUrRsaybBa¢ak;fa  

bab

x

a

x




1cossin 44

    )0,0(;  ba  
dMeNaHRsay 
RsaybBa¢ak;fa  

bab

x

a

x




1cossin 44

  
tamvismPaB SchwarzCauchy   eK)an ³ 

ba
xx

b
x

a
x

b
x

a
x

b
x

a
x








22244

222244

)cos(sincossin

)(cos)(sincossin

 

eday 1cossin 22  xx  

dUcenH 
bab

x
a

x



1cossin 44

  . 
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lMhat;TI3 
eK[GnuKmn_  

9)cot(tan12)cot(tan4)( 22  xxxxxf   
Edl )

2
,0(


x  . 
cUrrktémøtUcbMputénGnuKmn_ )(xf   . 
dMeNaHRsay 
rktémøtUcbMputénGnuKmn_ )(xf   
eKman  

9)cot(tan12)cot(tan4)( 22  xxxxxf   
tag 2cottan2cottan  xxxxt  
eK)an 2cottan)cot(tan 2222  xxxxt  
b¤ 2cottan 222  txx  
eK)an 8)32(912)2(4)( 22  tttxf  
eday 2t  enaH 13432 t  
eK)an 781)( xf  
dUcenHtémøtUcbMputén )(xf  esμInwg 7   . 
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lMhat;TI4 
eK[GnuKmn_ 

x
x

y
sin45

cos3


   
cUrrktémøtUcbMput nig témøFMbMputénGnuKmn_ y  . 
dMeNaHRsay 
rktémøtUcbMput nig témøFMbMput 
eKman 

x
x

y
sin45

cos3


  
eK)an xxyy cos3sin45   
b¤       )1(5sin4cos3 yxyx   
tamvismPaB SchwarzCauchy   eK)an ³ 

)2(169|sin4cos3| 2yxyx   
tam )1(  nig )2(  eK)an  2169|5| yy   
b¤ 22 16925 yy   

        
1

99
2

2





y

y  

eKTaj)an 11  y  . 
dUcenH 1;1 maxmin  yy   . 
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lMhat;TI5 
eK[GnuKmn_  

89)2(1243),( 2222  yxxyyxyxyxf   
cUrkMNt; x  nig y  edIm,I[GnuKmn_ ),( yxf  mantémøtUcbMput 
rYckMNt;témøtUcbMputenaH . 
dMeNaHRsay 
kMNt; x  nig y   

89)2(1243),( 2222  yxxyyxyxyxf  
GnuKmn_enHGacsresr ³ 

5)3(4)2(3)6(),( 222  yxxyyxf   
edIm,I[GnuKmn_ ),( yxf  mantémøtUcbMputluHRtaEt ³ 












03

02

06

y

x

xy

   naM[ 3,2  yx   

dUcenH 3,2  yx  ehIytémøtUcbMputén ),( yxf KW 5  . 
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lMhat;TI6 
eKmansmIkar 032  xx  manb¤stageday 1x nig 2x   
cUrKNnatémø 5

2
3

1 419 xxA    
dMeNaHRsay 
KNnatémø 5

2
3

1 419 xxA    
eKman 1x nig 2x Cab¤sénsmIkar 032  xx  
eK)an )1(031

2
1  xx  nig )2(032

2
2  xx  

tam )1(  eK)an 31
2

1  xx  

                       
343)3(

3

111
3

1

1
2

1
3

1





xxxx

xxx  

tam )2(  eK)an 32
2

2  xx  

                       

2119

12)3(7127

)127(

)963(

)96(

)3(

2
5

2

222
2

2
5

2

22
5

2

222
5

2

2
2

22
5

2

2
2

4
2













xx

xxxxx

xxx

xxxx

xxxx

xx
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yk 34 1
3

1  xx  nig 2119 2
5

2  xx  
CMnYskñúgkenSam 5

2
3

1 419 xxA   eK)an ³ 
)2119(4)34(19 21  xxA  

    
141)(76

84765776

21

21




xx

xx  

eday 121  xx  
eK)an 21714176 A  
dUcenH 217419 5

2
3

1  xxA   . 
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lMhat;TI7 
eK[GnuKmn_ cbxaxxf  2)(    
Edl IRcbaa  ,,,0  . 
cUrRsayfaebIsmIkar xxf )(  Kμanb¤skñúgsMNMucMnYnBitenaH 
smIkar xxff )]([  k¾Kμanb¤skñúgsMNMucMnYnBitEdr . 
dMeNaHRsay 
karbgðaj 
eKman xxf )(  smmUl xcbxax 2  
b¤ )(0)1( 1

2 Ecxbax   
smIkar )( 1E  Kμanb¤skñúgsMNMucMnYnBitluHRtaEt ³ 

)1(04)1( 2
1  acb  

mü:ageToteKman ³ 
xcxbfxafxxff  )()()]([ 2  

                       
]1)(][)([

)(])([])([ 22




baxxafxxf

xxfxxfbxxfa  

smIkar xxff )]([   smmUl ³ 
0]1)(][)([  baxxafxxf  
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eday 0)(  xxf  CasmIkarKμanb¤s ¬ smμtikmμ ¦ 
eK)an 01)(  baxxaf  

         
)(01)1(

01)(

2
22

2

Ebacxbaxa

baxcbxaxa



  

DIsRKImINg;énsmIkar )( 2E  KW ³ 
)1(4)1( 222

2  bacaba  

    
)2(]44)1[(

]444)1[(
22

22





acba

bacba  

tam )1(  nig )2(  eKTaj)an 02   
dUcenHebIsmIkar xxf )(  Kμanb¤skñúgsMNMucMnYnBitenaH 
smIkar xxff )]([  k¾Kμanb¤skñúgsMNMucMnYnBitEdr . 
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lMhat;TI8 
edaHRsaysmIkar ³ 
 xxxxx 126324 232    
dMeNaHRsay 
edaHRsaysmIkar xxxxx 126324 232   
smIkarmann½yluHRtaEt 01263 23  xxx  
smmUl  0)42(3 2  xxx  
smmUl 0]3)1([3 2 xx    naM[ 0x  . 
tag 42,3 2  xxbxa    
eK)an 42  xxba  . 
smIkarGacsresr abba 2  
elIkCakaer abba 4)( 2   

                 
ba

ba

abbaba






0)(

42
2

22

 

eKTaj 423 2  xxx  b¤ 0452  xx  
eday 0 cba  dUcenH 4;1 21  xx   . 
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lMhat;TI9 
edaHRsaysmIkar ³ 

3
3

3 23 2

19
52

)13(4)13(10



 x

xx

 
dMeNaHRsay 
edaHRsaysmIkar ³ 

3
3

3 23 2

19
52

)13(4)13(10



 x

xx

 
smIkarGacsresr ³ 

0)13(419)52()13(10 3 2333 2  xxx  
EckGgÁTaMgBIrénsmIkarnwg 3 2)13( x  eK)an ³ 

04
13

13
)52(

13

13
.10 3333

2

3 














x

x

x

x

 

tag 3

13

13




 x

x

t   eK)an  04)52(10 3323  tt  

2333

333

3323

)52(25544

5825544

4.104)52(
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eKTajb¤s 3
33

33

1 5
4

10
2

102
5252




t   

                3
3

3

3

33

2 2
1

10
5

102
5252




t  

-cMeBaH 3

5
4

t    eK)an   33

5
4

13

13





x

x

  

b¤ )13(4)13(5  xx  
              93 x   b¤ 2x   . 

-cMeBaH 3

2
1

t     eK)an   33

2
1

13

13





x

x

 

b¤  13)13(2  xx  
               33 x   b¤ 1x  . 
dUcenH 2;1  xx   . 
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lMhat;TI10 
eK[smIkar 099999  xx   
cUrbgðajfasmIkarenHmanb¤s 0x  CacMnYnBitEtmYyKt; rYcRsayfa 

0x  CacMnYnGsniTan . 
dMeNaHRsay 
bgðajfasmIkarmanb¤sEtmYyKt; 
tagGnuKmn_ 9999)( 9  xxxf   Edl IRx  
eK)an IRxxxxf  0)1(999)(' 88  
naM[ )(xf  CaGnuKmn_ekInCanic© . 
dUcenHRkab )(c  tag f  kat;GkS½ oxx'  EtmYycMnucKt; . 
dUcenHsmIkar 099999  xx  manb¤s 0x EtmYyKt;. 
bgðajfa 0x  CacMnYnGsniTan  
]bmafa 0x  CacMnYnsniTanenaH 

q

p
xo   Edl 1),( qpGCD  

eK)an 0999)(9)( 9 
q
p

q
p  b¤ )111(9 89 pqqp   

edayGgÁTIBIrEckdac;nwg q  enaH p Eckdac;nwg q  ¬pÞúyBIkarBit¦ 
dUcenH 0x  CacMnYnGsniTan . 
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lMhat;TI11 
 eKdwgfa b

tan x
a

   . 

cUrRsayfa 
4 4cos x sin x 1

a b a b
 


 

dMeNaHRsay 
Rsayfa 

4 4cos x sin x 1

a b a b
 


   

eKman b
tan x

a
   naM[ 2 b

tan x
a

   eday cos x
tan x

sin x
  

eK)an 
2

2

sin x b

cos x a
   b¤  

2 2 2 2cos x sin x cos x sin x 1

a b a b a b


  

 
 

eKTaj 
2cos x 1

a a b



  naM[ 

4

2

cos a
(1)

a (a b)



   

ehIy   
2sin x 1

b a b



  naM[ 

4

2

sin b
(2)

b (a b)



   

bUksmPaB (1)   nig (2)   GgÁ nig GgÁeK)an ³ 
4 4

2 2 2

cos x sin x a b a b 1

a b (a b) (a b) (a b) a b


    

   
   

dUcenH 
4 4cos x sin x 1

a b a b
 


  . 
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lMhat;TI12 
eKdwgfa m n p

cosa , cosb , cosc
n p p m m n

  
  

 

cUrKNnakenSam ³ 
2 2 2

2 2 2

sin a sin b sin c
M

2 2cosa sin a 2 2cosb sin b 2 2cosc sin c
  

     
 

dMeNaHRsay 
KNnakenSam ³   
eKman 2 2sin a 1 cos a (1 cosa)(1 cosa)      
nig 2 2 22 2cosa sin a 1 2cosa cos a (1 cosa)        
eK)an 

2

2 2

sin a (1 cosa)(1 cosa) 1 cosa

2 2cosa sin a (1 cosa) 1 cosa

  
 

   
 

ehIy 
2

2

sin b 1 cosb

2 2cosb sin b 1 cosb




  
  

nig  
2

2

sin c 1 cosc

2 2cosc sin c 1 cosc




  
   

eK)an  1 cosa 1 cosb 1 cosc
E

1 cosa 1 cosb 1 cosc

  
  

  
 

              
m n p1 1 1n p p m m n
m n p

1 1 1
n p p m m n

      
  

  

 

              n p m p m n m n p
1

m n p
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lMhat;TI13 
eKmanRtIekaN ABC  mYyEdl BC a , AC b , AB c     . 
tag R  nig S  erogKñaCakaM nig épÞRkLaénRtIekaN ABC  enH . 
cUrRsayfa   ³ 

2 2 2cos A cosB cosC R(sin A sin B sin C)

a b c 4S

 
    

dMeNaHRsay 
tamRTwsþIbTkUsIunUs nig sIunUsGnuvtþn_kñúgRtIekaN ABC  eK)an ³ 

2 2 2a b c 2bccos A     b¤ 
2 2 2cos A b c a

a 2abc

 
  

a b c
2R

sin A sinB sinC
    b¤ 

a 2R sin A

b 2R sinB

c 2R sinC


 
 

   nig abc
S

4R
  

eK)an 
2 2 2 2cos A 4R (sin B sin C sin A)

a 8RS

 
  

b¤        
2 2 2cos A R(sin B sin C sin A)

(1)
a 4S

 
    

dUcKñaEdr 
2 2 2cosB R(sin A sin C sin B)

(2)
b 4S

 
    

nig         
2 2 2cosC R(sin A sin B sin C)

(3)
c 4S

 
    

bUksmPaB (1) ,(2) &(3)   eK)an ³ 
2 2 2cos A cosB cosC R(sin A sin B sin C)

a b c 4S

 
    Bit . 
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lMhat;TI14 
kñúgRKb;RtIekaN ABCcUrRsayfa ³ 

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2

 
      

dMeNaHRsay 
RsaybBa¢ak;fa   

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2

 
       

tagRCug BC a , AC b , AB c     nig a b c
p

2

 
  CaknøHbrimaRt 

yk RCakaMrgVg;carwkeRkA nig S  CaépÞRkLarbs; ABC  . 
tamRTwsþIbTkUsuInUseKman 2 2 2a b c 2bccos A    
eK)an 2 2 2a (b 2bc c ) 2bc(1 cos A)      
eKTaj 

2 2(b c) a (b c a)(b c a)
1 cos A

2bc 2bc

     
    

eday a b c
p

2

 
  enaH  a b c 2p    nig b c a 2(p a)     

eK)an 4p(p a) 2p(p a)
1 cos A

2bc bc

 
    

dUcKñaEdr 2p(p b) 2p(p c)
1 cosB , 1 cosC

ac ab

 
     

eK)an 2

2

8p .p(p a)(p b)(p c)
(1 cos A)(1 cosB)(1 cosC) (1)

(abc)

  
     

tamrUbmnþehr:ug abc
S p(p a)(p b)(p c)

4R
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eKTaj 
2 2

p(p a)(p b)(p c) 1
(2)

(abc) 16R

  
  

ykTMnak;TMng (2)  CMnYskñúg (1)  eK)an ³ 
22

2

8p 1 p
(1 cos A)(1 cosB)(1 cosC) . (3)

16R 2 R
       
 

 

tamRTwsþIbTsIunUs a b c
2R

sin A sinB sinC
    

eKTaj a b c 2p p
sin A sinB sinC (4)

2R 2R R

 
      

tam (3)  nig (4) eK)anTMnak;TMng ³ 
2(sin A sinB sinC)

(1 cos A)(1 cosB)(1 cosC)
2

 
      Bit . 

smÁal; ³ eKGacsYrbEnßmeToteday[RsaybBa¢ak;fa ³ 
23

cos A cosB cosC sin A sinB sinC
1

3 2

            
  

edayeRbIvismPaBmFümnBVnþ mFümFrNImaRteK)an ³ 
3

1 cos A 1 cosB 1 cosC
(1 cos A)(1 cosB)(1 cosC)

3

          
 

 

b¤ 
3

cos A cosB cosC
(1 cos A)(1 cosB)(1 cosC) 1

3

       
 

 

eday 
2(sin A sinB sinC)

(1 cos A)(1 cosB)(1 cosC)
2

 
       

dUcenH 
23

cos A cosB cosC sin A sinB sinC
1

3 2
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lMhat;TI15 
eK[RtIekaN ABC  mYy . 
k> cUrRsaybBa¢ak;fa  

2a
1 cos A

2bc
    

Edl a , b , c  CaRCugRtIekaN  ABC   . 
x> TajbBa¢ak;fa 1

(1 cos A)(1 cosB)(1 cosC)
8

       

dMeNaHRsay 
k>RsaybBa¢ak;fa  

2a
1 cos A

2bc
     

tamRTwsþIbTsIunUseKman 2 2 2a b c 2bccos A    
tamvismPaBmFümnBVnþ mFümFrNImaRteKman  2 2b c 2bc   
eKTaj  2a 2bc 2bccos A 2bc(1 cos A)     
dUcenH 

2a
1 cos A

2bc
    . 

x> TajbBa¢ak;fa 1
(1 cos A)(1 cosB)(1 cosC)

8
     

tamsRmayxagelIeKman  
2a

1 cos A (1)
2bc

     

RsaydUcKñaEdr 
2b

1 cosB (2)
2ac

    nig 
2c

1 cosC (3)
2ab

   
KuNvismPaB (1) , (2) , (3)  GgÁ nig GgÁeKTTYl)an ³ 

1
(1 cos A)(1 cosB)(1 cosC)

8
        Bit . 
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lMhat;TI16 
eK[RtIekaN ABC  mYy . 
k> cUrRsaybBa¢ak;fa  2 2 2sin A sin B sin C 2sinBsinCcos A     
x> TajbBa¢ak;fa ³ 

2 2 2sin A sin B sin C
cot A cot B cot C

2sin AsinBsinC

 
      

dMeNaHRsay 
k>RsaybBa¢ak;fa  2 2 2sin A sin B sin C 2sinBsinCcos A    
tag a , b , c  CaRCugRtIekaN  ABC    
nig R  CakaMrgVg;carwkeRkARtIekaN. 
tamRTwsþIbTsIunUs a b c

2R
sin A sinB sinC

    

eKTaj  
a 2R sin A

b 2r sinB (1)

c 2R sinC


 
 

 

tamRTwsþIbTkUsIunUs 2 2 2a b c 2bccos A (2)    
yk (1)  CMnYskñúg (2)  eK)an ³ 

2 2 2 2 24R sin A 4R (sin B sin C 2sinBsinCcos A)    
sRmYl 24R  kñúgGgÁTaMgBIrénsmPaBeK)an ³ 

2 2 2sin A sin B sin C 2sinBsinCcos A     Bit 
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dUcenH 2 2 2sin A sin B sin C 2sinBsinCcos A    . 
x> TajbBa¢ak;fa ³ 

2 2 2sin A sin B sin C
cot A cot B cot C

2sin AsinBsinC

 
     

tamsRmayxagelIeKman   
2 2 2sin A sin B sin C 2sinBsinCcos A    

eKTaj 
2 2 2sin B sin C sin A

cos A
2sinBsinC

 
   eday cos A

cot A
sin A

  

eK)an 
2 2 2sin B sin C sin A

cot A (i)
2sin AsinBsinC

 
   

RsaydUcKñaEdreKTTYl)an 
2 2 2sin A sin C sin B

cot B (ii)
2sin AsinBsinC

 
  

nig 
2 2 2sin A sin B sin C

cot C (iii)
2sin AsinBsinC

 
  

eFIVplbUksmPaB (i) , (ii) & (iii)  eK)an ³ 
2 2 2sin A sin B sin C

cot A cot B cot C
2sin AsinBsinC

 
      Bit 

dUcenH 
2 2 2sin A sin B sin C

cot A cot B cot C
2sin AsinBsinC

 
     . 
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lMhat;TI17 
eK[RtIekaN ABC  mYymanmMu A ,B,C  CamMuRsYcEdlepÞógpÞat;smPaB  

1 1 1 1
cot A cot B cot C

2 sin A sinB sinC
      
 

  . 

cUrRsayfa ABC  CaRtIekaNsmgS½ ? 
dMeNaHRsay 
Rsayfa ABC  CaRtIekaNsmgS½ 
tag a , b , c  CaRCug nig S  CaépÞRkLaénRtIekaN ABC    
eKman 1 1 1

S bcsin A acsinB absinC
2 2 2

    

eKTaj)an 2S 2S 2S
sin A , sinB , sibC

bc ac ab
    

eK)an 
2 2 2

2 2 2
b c a

cos A b c a2bccot A
2Ssin A 4S
bc

 
 

    

ehIy 
2 2 2 2 2 2a c b a b c

cot B , cot C
4S 4S

   
   

eK)an 
2 2 2a b c

cot A cot B cot C (1)
4S

 
    

mü:ageTot 1 1 1 bc ca ab
(2)

sin A sinB sinC 2S

 
    

tamsm μtikmμ 1 1 1 1
cot A cot B cot C (3)

2 sin A sinB sinC
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yksmIkar (1) & (2)   CMnYskñúg (3)   eK)an ³ 
   

2 2 2a b c ab bc ca

4S 4S

   
  

b¤ 2 2 2a b c ab bc ca      
TMnak;TMngenHsmmUl 2 2 2(a b) (b c) (c a) 0       

eKTaj 
a b 0

b c 0

c a 0

 
  
  

  naM[ a b c    . 

edayRtIekaN ABC  manRCugbIes μIKñavaCaRtIekaNsmgS½ . 
smÁal; ³ 
eKGacRsayfa 

2 2 2sin A sin B sin C
cot A cot B cot C

2sin AsinBsinC

 
      

ehIysm μtikm μ 1 1 1 1
cot A cot B cot C

2 sin A sinB sinC
      
 

  

eKTaj)ansmIkar ³ 
2 2 2sin A sin B sin C 1 1 1 1

2sin AsinBsinC 2 sin A sinB sinC

      
 

 
2 2 2

2 2 2

sin A sin B sin C sin AsinB sinBsinC sinCsin A

(sin A sinB) (sinB sinC) (sinC sin A) 0

    

     
 

eKTaj 
sin A sinB 0

sinB sinC 0

sinC sin A 0

 
  
  

  naM[ sin A sinB sinC   

b¤  A B C    enaH ABC  CaRtIekaNsmgS½ .  
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lMhat;TI18 
tag R  CakaMrgVg;carwkkñúg nig S  CaépÞRkLaénRtIekaN ABC  mYy . 
k> cUrRsayfa 

22R
(cot A cot B)(cot B cotC)(cotC cot A)

S
      

x> ebI ABC  CamMuRsYcenaHcUrTaj[)anfa ³ 1
cos AcosBcosC

8
   . 

dMeNaHRsay 
Rsayfa 

22R
(cot A cot B)(cot B cot C)(cot C cot A)

S
      

 
 
 
 
 
KUskMBs; aAA' h  én ABC  . tag BC a , AC b , AB c    . 
kñúgRtIekaNEkg ABA' & AA'C eKman  

BA' A'C
cot B ; cot C

AA' AA'
   

eK)an 2

a

BA' A'C a a
cot B cot C

AA' h 2S


      . S CaépÞRkLa ABC  

dUcKñaEdr 
2 2b c

cot C cot A , cot A cot B
2S 2S

     

A  

B  C  A'  
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eK)an 
2 2 2

3

a b c
(cot A cot B)(cot B cot C)(cot C cot A)

8S
     

eday abc
S

4R
  enaH abc 4RS  

eK)an 
2 2

3

16R S
(cot A cot B)(cot B cot C)(cot C cot A)

8S
     

dUcenH 
22R

(cot A cot B)(cot B cot C)(cot C cot A)
S

      . 

x> Taj [)anfa ³ 1
cos AcosBcosC

8
   

man 
22R

(cot A cot B)(cot B cot C)(cotC cot A) (i)
S

       
ebI ABC  CamMuRsYcenaH cot A 0 , cot B 0 , cot C 0    
tamvismPaB mFümnBVnþ mFümFrNImaRteKman ³ 
cot A cot B 2 cot Acot B , cot B cotC 2 cot Bcot C

cot C cot A 2 cotCcot A

   

 
 

KuNvismPaBxagelIenH GgÁ nig GgÁ eK)an  
(cot A cot B)(cot B cotC)(cotC cot A) 8cot Acot BcotC (ii)     
tam (i)&(ii) eKTaj)an 

22R
8cot Acot Bcot C

S
  

Et 
3

2abc 8R sin AsinBsinC
S 2R sin AsinBsinC

4R 4R
    

eK)an 
2

2

2R
8cot Acot Bcot C

2R sin AsinBsinC
  

dUcenH  1
cos AcosBcosC

8
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lMhat;TI19 
eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c      
carwkkñúgrgVg;mYymanp©it O  nig kaM R   .  
tag S  nig OBCS  CaépÞRkLaén OBC nig ABC  erogKña .  
snμtfa A ,B,C  CamMuRsYc . 
k> cUrRsayfa 2

OBC

1
S a cot A

4
  . 

x> cUrTajbgðajfa 2 2 2a cot A b cot B c cot C 4S    . 
K> cUrTajbgðajfa 

2

abc
acos A bcosB ccosC

2R
       . 

dMeNaHRsay 
k> Rsayfa 2

OBC

1
S a cot A

4
   

 
 
 
 

 
tag K  CacMNuckNþalénRCug [BC] enaH [OK] [BC]   . 
eKman BOC

BOK BAC A
2


        . 

A

B C  

O  

K
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kñúgRtIekaNEkg OBK  eKman ³ 
OK 2OK 2OK

cot BOK cot A
BK BC a

      

eKTaj 1
OK acot A

2
  . 

RkLaépÞénRtIekaN OBC  KW 2
OBC

1 1
S BC.OK a cot A

2 4
    Bit 

dUcenH  2
OBC

1
S a cot A

4
  . 

x> Tajbgðajfa 2 2 2a cot A b cot B c cot C 4S    
tamsRmayxagelIeKman 2

OBC

1
S a cot A

4
  

dUcKñaEdr 2
OCA

1
S b cot B

4
   nig 2

OAB

1
S c cot C

4
  

eday OBC OCA OABS S S S    
eK)an 2 2 21

S (a cot A b cot B c cot C)
4

    
dUcenH 2 2 2a cot A b cot B c cot C 4S     . 
K> Tajbgðajfa 

2

abc
acos A bcosB ccosC

2R
      

eKman 2 2 2 abc
a cot A b cot B c cotC 4S

R
      eRBaH abc

S
4R

  

eday 2 2a
a cot A .acos A 2Racos A , b cot B 2RbcosB

sin A
    

enaHeK)an 
2

abc
acos A bcosB ccosC

2R
     . 
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lMhat;TI20 
eK[RtIekaN ABC  mYy . D  CacMNucmYYénRCug [BC]  Edl  

BAD    nig DAC    . 
cUrRsaybBa¢ak;fa BC sin sin

AD sinB sinC

 
    ? 

dMeNaHRsay 
RsaybBa¢ak;fa BC sin sin

AD sinB sinC

 
     

tamRTwsþIbTsIunUsGnuvtþn_ 
kñúg ABD& ADC   
eKman  BD AD

sin sinB



 

b¤ sin
BD .AD (1)

sinB


  

ehIy DC AD

sin sinC



 

b¤  sin
DC .AD (2)

sinC


  

bUkTMnak;TMng (1) & (2)   eK)an sin sin
BD DC .AD

sinB sinC

     
 

   

eday BD DC BC   enaH sin sin
BC .AD

sinB sinC

    
 

   

dUcenH BC sin sin

AD sinB sinC

 
     . 

   

A

DB C  
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lMhat;TI21 
bgðajfaebI c,b,a  tagerogKñaCatYTI r,q,p   
énsIVútnBVnþmYyenaHeK)ansmPaB  

0c)qp(b)pr(a)rq(    . 
dMeNaHRsay 
karbgðaj 
ebI c,b,a  tagerogKñaCatYTI r,q,p  énsIVútnBVnþ )u( n enaHeK)an 

d)1r(uuc,d)1q(uub,d)1p(uua 1r1q1p 

 
eKman  0c)qp(b)pr(a)rq(     
b¤  0cqcpbpbraraq   

b¤  0)ab(r)ca(q)bc(p   eday 











d)pq(ab

d)rp(ca

d)qr(bc

 

enaH 0)pq(rd)rp(qd)qr(pd   
b¤        0)prqrqrpqpqpr(d   
                                                  00     Bit 
dUcenH 0c)qp(b)pr(a)rq(    . 
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lMhat;TI22 
eK[ctuekaNe)a:g ABCD mYymanépÞRkLaesμI 1 . 
cUrRsaybBa¢ak;fa ³ 
AB BC CD DA AC BD 4 8         ? 
                                                  ¬Austria-Poland, 1985¦ 
dMeNaHRsay 
RsaybBa¢ak;fa ³ 
AB BC CD DA AC BD 4 8          
 
 
 
 
 
 
tag AB a , BC b , CD c , DA d     
nigGgát;RTUg AC m , BD n    .  
tagmMu AIB CID       . 

A  

B  

C  

D

I  
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RkLaépÞénctuekaN ABCD kMNt;eday ³ 
    ABCD ABC ACD

1 1
S S S absinB cdsin D (1)

2 2
     

b¤ ABCD ABD BCD

1 1
S S S adsin A bcsinC (2)

2 2
     

bUkTMnak;TMng (1) nig (2)  eK)an ³ 
ABCD

1
2S (adsin A absinB bcsinC cdsin D)

2
     

edayeKman sin x 1   RKb;cMnYnBit x  enaHeKTaj)an  
ABCD

1
2S (ad ab bc cd)

2
     

b¤ ABCD

1
S (a c)(b d)

4
    eday ABCDS 1  

eKTaj)an (a c)(b d) 4    
tavismPaB AM GM  eKman ³ 
a b c d 2 (a c)(b d)       
b¤ a b c d 4 (i)     
müa:geTot ³ 
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ABCD IAB IBC ICD IADS S S S S

1
(IA.IB IB.IC IC.ID ID.IA)sin

2
1

(AC.IB AC.ID)sin
2
1 1

AC.BDsin AC.BD
2 2

   

    

  

  

 

eK)an ABCD

1
S mn

2
   eday ABCDS 1  

eK)an mn 2  EttavismPaB AM GM  eKman ³ 
m n 2 mn 2 2 8 (ii)     
bUkvismPaB (i) nig (ii) eK)an ³ 
a b c d m n 4 8         Bit 
dUcenH  AB BC CD DA AC BD 4 8         . 
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lMhat;TI23 
eK[RtIekaNBIrmanRCug a ,b ,c  knøHbrimaRt a b c

p
2

 
  

nigkaMrgVg;carwkeRkA R  . 
cUrRsaybBa¢ak;fa 2 pR 1

5 2aR bc 2
 


   

dMeNaHRsay 
RsaybBa¢ak;fa 2 pR 1

5 2aR bc 2
 


 

 
 
 
 
 
 
 
tamvismPaBRtIekaNeKman ³ 
AB AC (AH BH) (AH HC) 2AH BC        
eKTaj)an AB AC BC b c a

AH p a
2 2

   
     

H  B  C  

A  

a  

b  c  
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tag S  CaépÞRkLaénRtIekaN ABC  enaHeK)an ³ 
1 1

S BC.AH a.AH
2 2

    b¤ 2S
AH

a
  

eKTaj)an 2S
p a

a
    b¤ 2S a(p a)   Et abc

S
4R

  
ehtuenH abc

2. a(p a)
4R

   
b¤ bc 2pR 2aR   
b¤ bc 2aR 2pR    naM[ pR 1

(i)
bc 2aR 2




 
mü:ageTot]bmafa pR 2

2aR bc 5



  Bit 

eK)an 4aR 2bc 5pR (1)    
eday abc 1

S a.AH
4R 2

   b¤ bc 2R.AH  
tam (1) eK)an 4aR 4R.AH 5pR   
b¤ 5p

a AH (2)
4

   
kñúgRtIekaNEkg ABH  nig AHC  eKman ³ 
     2 2 2AB AH BH   nig 2 2 2AC AH HC    
b¤   2 2 2c AH BH   nig 2 2 2b AH HC   
enaH 2 2 2 2b c AH HC AH BH      
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tamvismPaB Minkowsky  eKman ³ 
2 2 2 2 2 2

1 1 2 2 1 2 1 2x y x y (x x ) (y y )        
ehtuenH 2 2 2 2b c 4.AH (BH HC) 4.AH a       
b¤ 2 2a b c a 4AH a      
b¤ 

2 2a 4AH a
p (3)

2

 
  

tam (2)  nig (3)  eyIgnwgRsay[)anfa ³ 
2 25 a 4AH a

a AH ( )
4 2

 
   Bit 

b¤ 2 23a 8.AH 5 4.AH a    
b¤ 2 2 2 29a 48a.AH 64.AH 100.AH 25a     
b¤ 2 216a 48a.AH 36.AH 0    
b¤ 2(4a 6AH) 0   Bit 
ehtuenH pR 2

2aR bc 5



  (ii) 

tamTMnak;TMng (i) nig (ii) eK)an ³ 
                     2 pR 1

5 2aR bc 2
 


  Bit 
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lMhat;TI24 
eKyk I  nig O  Cap©itrgVg;carwkkñúg nig carwkeRkAén ABC . 
rgVg; A carwkkñúgmMu A  vab:HeTAnwg AB , AC nig BC erogKña 
Rtg;cMnuc K ,M  nig N  erogKña . 
ebIsinCacMnuckNþal P  énGgát; KM  sßitenAelIrgVg;carwkeRkA 
énRtIekaN ABC  enaHcUrbgðajfabIcMnuc O , I , N  rt;Rtg;Kña ? 
dMeNaHRsay 
RsaybBa¢ak;fabIcMnuc O , I , N  rt;Rtg;Kña 
 
 
 
 
 
 
 
 
 

A  

B  

C  

P
Q  

K  

MN  

I  

O  

8 
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yk Q  CacMnucRbsBVTIBIrrvagbnÞat; PM  CamYyrgVg; (ABC)  
tag KP PM x    nig PQ y  . 
eyIgman KB p c   nig MC p b   . 
tamRTwsþIbTsV½yKuNéncMnuc K  nig M  eFobnwgrgVg; (ABC)  
eKman KP.KQ KA.KB  nig MP.MQ MC.MA  
b¤ x(x y) p(p c)     nig x(x y) p(p b)    
bUksmIkarBIrenHeK)an 22x p(2p b a) pa     
b¤ 2 1

x pa
2

   ehtuenH 2 2MK 4x 2pa   . 
tamRTwsþIbTkUsIunUsGnuvtþn_kñúgRtIekaN AKM  eKman ³ 

2 2 2MK MA KA 2MA.KAcos A    
eday MA KA p   nig 2MK 2pa  enaHeK)an ³ 

2 2 2 2 A
2pa 2p 2p cos A 4p sin

2
     b¤ 2 A

a 2psin
2

  

Et A (p b)(p c)
sin

2 bc

 
  

eK)an 2p(p b)(p c)
a

bc

 
   

b¤  abc 2p(p b)(p c) (1)    
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yk D  CacMeNalEkgén I  elI BCehIysnμtfa N' CaRbsBV 
rvag (OI)  CamYy [BC] nig tag E  CacMnuckNþalén BC .  
]bmafa N' N  enaHeK)an N'C NC p b    
eday BD p b   enaHeK)an ED EN'  b¤ E  CacMnuckNþal 
énGgát; [DN'] . 
RtIekaNEkg N'DI  nigRtIekaNEkg N'EO  manmMu DN'I  
rYmvaCaRtIekaNdUcKña .  
ehtuenHeK)an  DI DN' 2DE

2
EO EN' EN'

    b¤ DI 2.EO   
eKman BOC

BAC EOC
2


      . 

kñúgRtIekaNEkg EOC eKman OE
cos EOC cos A

OC
    

eKTaj OE OC.cos A   naM[ DI 2.OC cos A  
yk DI r  nig OC R  ¬kaMrgVg;carwkkñúg nig eRkA ABC  ¦ 
eK)an r 2R cos A  b¤  r

cos A
2R

  
tamrUbmnþépÞRkLaén ABC  eKman  abc

S pr
4R

   

nigRTwsþIbTkUsIunUs 
2 2 2b c a

cos A
2bc
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eK)an  
2 2 2 2

S
b c a 2Sp

abc2bc abcp
2S

 
   

b¤ 2 2 2 24S ap(b c a )    Et S p(p a)(p b)(p c)     
eK)an 2 2 24p(p a)(p b)(p c) ap(b c a )       
b¤ 2 2 24(p a)(p b)(p c) a(b c a )       
eday 2 2 2 2 2b c a (b c) a 2bc       
                          2bc (b c a)(b c a)

2bc 4(p b)(p c)

     
   

 
enaH 4(p a)(p b)(p c) 2abc 4a(p b)(p c)        
b¤ abc 2(p a)(p b)(p c) 2a(p b)(p c)        
b¤ abc 2p(p b)(p c) (2)    
tamTMnak;TMng (1) nig (2)  bBa¢ak;fakar]bma N' N  Bit 
dUcenHbIcMnuc O , I , N  rt;Rtg;Kña . 
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lMhat;TI25 
cUrRsayfakaerénRKb;cMnYnKt;RtUvmanTRmg; k4  b¤ 14 k  
RKb; *INk  . 
dMeNaHRsay 
karbgðaj 
eyIgdwgfaRKb;cMnYnKt;viC¢man manrag n2  b¤ 1,12  nn  
eK)an 22 4)2( nn   manrag k4  Edl 2nk   
ehIy 1)1(4144)12( 22  nnnnn  
manrag 14 k  Edl )1(  nnk  . 
dUcenHkaerénRKb;cMnYnKt;RtUvmanTRmg; k4  b¤ 14 k  
RKb; *INk  . 
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lMhat;TI26 
cUrRsayfaebI 22 ba   Eckdac;nwg 3 enaH a Eckdac;nwg 3 
nig b  Eckdac;nwg 3 . 
dMeNaHRsay 
karbgðaj 
snμtfa a  nig b  CacMnYnEckmindac;nwg 3 enaHcMnYnBIrenHRtUvman 
rag 23,13,23,13  qbqbpapa  
Edl ...,2,1,0...;,2,1,0  qp . 
eK)an 1)23(3)13( 22  pppa  
ehIy   1]1)23([3)23( 22  pppa  
eKTaj)anfa 0,132  xxa  nig 0,132  yyb  
eK)an 2)(322  yxba  Eckmindac;nwg 3 EdlpÞúyBI 
smμtikmμ . 
dUcenHeKGacsnñidæanfaebI 22 ba   Eckdac;nwg 3 enaH a Eckdac; 
nwg 3 nig b  Eckdac;nwg 3 . 
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lMhat;TI27 
cUrbgðajfa 44 n  CacMnYnbzmEtkñugkrNI 1n  . 
dMeNaHRsay 
karbgðaj 
eKman 2224 4)2(4 nnn   

                      
]1)1[(]1)1[(

)22)(22(
22

22





nn

nnnn  

cMeBaHRKb; 1n  eKman 11)1( 2 n  
nig 11)1( 2 n   enaH 44 n  minEmnCacMnYnbzm . 
ebI 1n  enaH 544 n  CacMnYnbzm . 
dUcenH 44 n  CacMnYnbzmEtkñugkrNI 1n  . 
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lMhat;TI28 
eKdwgfa 0160321002004008  manktþabzm 250000p  
cUrkMNt;ktþabzmenaH . 
dMeNaHRsay 
kMNt;ktþabzm 
edayeRCIserIs 2,1000  ba  eK)an ³ 

543223450160321002004008 babbababaa   

                                

k

bababababa

ba

ba

.250501.1002.4

)998004)(1002004)(1002(

))()((

2

2222

66











 

Edl 250000k  enaH 250501p   . 
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lMhat;TI29 

cUrkMNt;EpñkKt;én 










610

1

1

k k
  ? 

dMeNaHRsay 
kMNt;EpñkKt; 

tag 0,
1

)( 2

1




xx
x

xf  

eK)an 0,0
2
1

)(' 2

3




xxxf  
enaH )(xf  CaGnuKmn_cuH .  
cMeBaH 0k  eK)an 

kx
dx

k

k

k

1
1

1 1


 


 

eKTaj   








610

1

1610

1

11610

1

1
x

dx
x

dx
k k

k

kk
 

ehIy  
 





610

1

610

2

1610

1

1
1

1
x

dx
kk kk

  

eKTaj 





1610

1

610

1

610

2

11

kk kx
dx

k
 

eday 



610

1

610

2

1
1

1

kk kk
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ehIy 







610

1

1610

1

1

1000

11

kk kk
 

nig   1998)110(22 3
610

1

610

1

 x
x

dx  

eK)an 



610

1

610

1

1

1000

1
1998

1
1

kk kk
 

b¤ 1999
1

1000

1
1998

610

1
 

k k
 

dUcenHEpñkKt;én 










610

1

1

k k
  KW 1998  . 

 
 
 
 
 
 
 
 
 



KNitviTüaCMuvijBiPBelak 

 

  

- 58 - 

lMhat;TI30 
cUrkMNt;KUmYyéncMnYnKt;viC¢man ba ,  edaydwgfa ³ 

)(:)( baabi   Eckmindac;nwg 7   
777)(:)( babaii   Eckdac;nwg 77   . 

                                                                (IMO 1984 ) 
dMeNaHRsay 
kMNt;KUmYyéncMnYnKt;viC¢man ba ,  ³ 
tamrUbmnþeTVFajÚtuneK)an ³ 

222777 ))((7)( bababaabbaba   
tambRmab;eKman )(:)( baabi   Eckmindac;nwg 7   
dUcenHedIm,I[ 777)(:)( babaii   Eckdac;nwg 77    
luHRtaEt 22 baba   Eckdac;nwg 37  . 
eKman 3222 7)(  bababa  enaH 19 ba  
edayeFIVkarsakl,gCMnYs 18,1  ba  enaHeK)an ³ 

32222 7343181811  baba  
dUcenHKU 18,1  ba  CacemøIy. 
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mü:ageTottamRTwsþIbTGWEl ³ 
ebI 1),( naGCD  enaH )mod(1)( na n   . 
eKman ))(( 2233 babababa   
ehtuenHedIm,I[ 22 baba   Eckdac;nwg 37  luHRtaEt 

)7(mod 333 ba    nig ba   Eckmindac;nwg 7  . 
eKman 9837677)7( 2233   . 
ebI c  CacMnYnKt;viC¢manEckmindac;nwg 7  enaHeK)an  
 )7(mod1)( 3398 c  . 
dUcenHedIm,I[ )7(mod1 33 a  luHRtaEt 98ca   
]TahrN_ ³ 
-ebIeKyk 2c  enaH )7(mod182 398   
  ehtuenH   )7(mod1182 33398   
  dUcenH 1,18  ba  CacemøIymYy . 
-ebIeKyk 3c  enaH )7(mod3243 398   
  ehtuenH    )7(mod13243 33398   
  dUcenH 1,324  ba  CacemøIyepSgmYyeTot . 
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lMhat;TI31 
eKGnuKmn_ xxf 2121

1
)( 
  

cUrKNna )
1

(...)
2

()
1

(
n

n
f

n
f

n
fS


   

dMeNaHRsay 
KNna S  
CadMbUgeyIgRtUvRsayfa ebI 1 qp  enaH 1)()(  qfpf  
eKman qp qfpf 2121 21

1
)(;

21

1
)(  




  

qpqfpf 2121 21

1

21

1
)()(  




  

                       
qpqp

qp

qp

qp

2222121

2121

2121

2121

2221

222

)21)(21(

222


















 

ebI 1 qp  enaH 0)(22222  qpqp  

1
222

222
)()( 2121

2121





 



qp

qp

qfpf  
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eKman  )1()
1

(...)
2

()
1

(
n

n
f

n
f

n
fS


  

b¤         )2()
1

(...)
2

()
1

(
n

f
n

n
f

n

n
fS 





  

bUksmIkar )1(  nig )2(  eK)an ³ 

11.....1112

)]
1

()
1

([.....)]
1

()
1

([2

)1(













nS
n

f
n

n
f

n

n
f

n
fS

n
  

 

dUcenH 
2

1


n
S   . 
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lMhat;TI32 
cUrRsaybBa¢ak;facMnYn ³ n n n nA 113 168 141 427     
Eckdac;nwg 7  Canic©RKb;cMnYnKt;FmμCati n. 
dMeNaHRsay 
Rsayfa  A  Eckdac;nwg 7  
tamrUbmnþ n n n 1 n 2 n 1a b (a b)(a a b ... b )         
eK)an n n n nA (427 168 ) (141 113 )     
             1 2

1 2 1 2

(427 168)m (141 113)m

259m 28m 7(37m 4m )

   

   
 

dUcenH A  Eckdac;nwg 7   RKb; 1 2m , m IN *  . 
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lMhat;TI33 
eK[ m  nig n  CaBIrcMnYnKt;viC¢manEdl 1 m n   . 
cUrkMNt;témøtUcbMputén m n  edIm,I[cMnYn m22  nig  n22  manelx 
BIrxÞg;cugeRkaydUcKña . 
dMeNaHRsay 
kMNt;témøtUcbMputén m n  ³ 
edIm,I[cMnYn m22  nig  n22  manelxBIrxÞg;cugeRkaydUcKñaluHRtaEt 

n m22 22   Eckdac;nwg 100  . 
eKman n m m n m22 22 22 (22 1)    
eday m22  CacMnYnKU  nig n m22 1   CacMnYness . 
ehtuenH m n m22 (22 1)   Eckdac;nwg 100 4 25   luHRtaEt 

m22  Eckdac;nwg 4 nig n m22 1    Eckdac;nwg 25 . 
cMnYn m22  Eckdac;nwg 4 luHRtaEt m 2  . 
müa:geToteKman 222 96 5 4    
elIkCakaereK)an 4 222 (96 5 4)    

                        
4 2 2

2

2

22 (96 5) 2(96 5).4 4

(96 154) 25 6

25a 6 , a 96 154
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eK)an 4p p p22 (25a 6) 25q 6 , q IN      
eday 6 5 1   enaHeK)an ³ 

p
p p k

k 0

p
k

k 2

6 (5 1) C(p,k)5

1 5p C(p,k)5





  

  




 

eKTaj 
p

4p k

k 2
22 1 5p 25q C(p,k)5


       

b¤ 
p

4p k

k 2
22 1 5p 25q C(p,k)5


      

eday 
p

k

k 2
25q C(p,k)5


   Eckdac;nwg 25 ehtuenH 4p22 1   

Eckdac;nwg 25 luHRtaEt 5p  Eckdac;nwg 25 eBalKWeKRtUv[ 
p 5k , k IN *   . 
dUcenH n m22 1    Eckdac;nwg 25 luHRtaEt n m 4p 20k    
eday m 2  enaH m n (n m) 2m 20k 4 24        
dUcenHtémøGb,brmaén m n  KW 24 . 
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lMhat;TI34 
eK[ 2f (n) 4n 7n 34     Edl n IN *  
cUrbgðajfaKμan n EdleFIV[cMnYn f (n) Eckdac;nwg 121 eT. 
dMeNaHRsay 
karbgðaj 
eKman 2f (n) 4n 7n 34    
          

2

2

(4n 4n 1) (11n 33)

(2n 1) 11(n 3)

    

   
 

eyIgeXIjfaedIm,I[ f (n) Eckdac;nwg 121 luHRtaEt n 3  nig  
2n 1  Eckdac;nwg 11  naM[eKman 1 2q ,q IN *  Edl 

1n 3 11q   nig 22n 1 11q   . 
eK)an 1 22(n 3) (2n 1) 22q 11q      
b¤   1 211(2q q ) 7     CasmIkarKμancemøIykñúgsMNMu IN * BIeRBaH 
GgÁTImYyénsmIkarEckdac;nwg 11  EtGgÁTIBIrminEckdac;nwg 11  . 
dUcenH Kμan n EdleFIV[cMnYn f (n) Eckdac;nwg 121 eT. 
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lMhat;TI35 
eK[ 2f (a) 16a 50a 13     Edl a  
kMNt;RKb;témø  a EdleFIV[cMnYn f (a) Eckdac;nwg 49   
dMeNaHRsay 
kMNt;RKb;témø  a  
eKman 2f (a) 16a 50a 13      
                 

2

2

(16a 8a 1) (42a 14)

(4a 1) 7(6a 2)

    

   
 

edIm,I[ f (a) Eckdac;nwg 49  luHRtaEteKman p , q  Edl 
4a 1 7p   nig 6a 2 7q   . 
eK)an 3(4a 1) 2(6a 2) 21p 14q      
                                     7 7(3p 2q)   
b¤ 3p 2q 1   
eKGacsresr 3(p 1) 2(q 1)    
eKTaj p 1 2k  nig q 1 3k   RKb; k  
b¤ p 2k 1 , q 3k 1     
eKTaj)an 4a 1 7(2k 1)     naM[ 7k 3

a
2
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eday a  enaH 7k 3

2


  . 

edIm,I[ 7k 3

2


  luHRtaEt k  CacMnYnKt;essKW ³ 

k 2 1 ,      enaHeK)an 7(2 1) 3
a 7 2

2

  
     

dUcenH a 7 2 ,      . 
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lMhat;TI36 
kMNt;RKb;cMnYnKt;viC¢man x  edIm,I[ 3 2x 10x 115x 237    
Eckdac;nwg 343  . 
dMeNaHRsay 
kMNt;RKb;cMnYnKt;viC¢man x  
tag 3 2f (x) x 10x 115x 237     
              

3 2

2

(x 1) 7(x 1) 49(2x 5)

(x 1) (x 8) 49(2x 5)

     

    
 

edIm,I[ f (x)  Eckdac;nwg 343   luHRtaEt ³  x 1  nig 2x 5  
Eckdac;nwg 7   b¤ x 8 Eckdac;nwg 343  nig 2x 5 Eckdac;nwg 7  . 
-krNI x 1  nig 2x 5  Eckdac;nwg 7  enaHeKman 1 2q , q IN *  
Edl 1

2

x 1 7q

2x 5 7q

 
  

 

eK)an 1 22(x 1) (2x 5) 14q 7q      

                                   
1 2

1 2

1 2

7 7(2q q )

1 2q q

2(q 1) (q 1)

 

 

  

 

eKTaj 1

2

q 1 k

q 1 2k

 
  

  b¤  1

2

q k 1

q 2k 1 , k IN
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eKTaj)an x 1 7(k 1)     b¤ x 7k 6 , k IN    
dUcenH x 7k 6 , k IN     CacemøIy . 
-krNI x 8 Eckdac;nwg 343  nig 2x 5 Eckdac;nwg 7  
eK)an 1

2 1 2

x 8 343m

2x 5 7m , m ,m IN *

 
   

 

eKman 1 22(x 8) (2x 5) 686m 7m      
                                  1 2

1 2

21 686m 7m

3 98m m

 

 
 

eKGacsresr 1 298(m 1) m 95    
naM[ 1

2

m 1 k

m 95 98k

 
  

  b¤ 1

2

m k 1

m 98k 95 , k IN

 
   

 

dUcenH x 343(k 1) 8 343k 335       RKb; k IN  . 
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lMhat;TI37 
cUrRsayfaRKb;cMnYnKt;viC¢man n eK)an 

237

134
)(





n

n
nf  

CaRbPaKsRmYlmin)an ? 
dMeNaHRsay 
bgðajfa )(nf  CaRbPaKsRmYlmin)an 
tag )237,134(  nnGCDd  
eK)an dyndxn .237,.134   
Edl 1),( yxGCD   . 
eK)an xdydnn 74)134(7)237(4   
         

dxy

dxynn

).74(1

).74(91289228


  

eKTaj)an 1d  enaH 1)237,134(  nnGCD  
)ann½yfa 134 n  nig 237 n  CacMnYnbzmrvagKñaRKb; 1n  
dUcenH 

237

134
)(





n

n
nf  CaRbPaKsRmYlmin)an  . 
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lMhat;TI38 
eKdwgfa 

a
b

tan3    .  cUrRsaybBa¢ak;fa ³ 

3 23 23 2

4

3 2

4

ba
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