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CMBUkTI1 

kRmglMhat;eRCIserIs 
 
!> eK[cMnYnBit  epÞógpÞat;  212121 z,z,y,y,x,x 0x,0x 21 

  nig   . 0zyx 2
111  0zyx 2

222 

 cUrRsayfa ³ 
 

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8








 

 
 

                                                                         ( IMO 1969 ) 

@> eKtag I  nig O  erogKñaCap©itrgVg;carwkkñúgnigp©itrgVg;carwkeRkA 
    énRtIekaN eK[RtIekaN mYy . ABC

    cUrRsayfa  luHRtaEt   CasIVútnBVnþ . o90OIA  CA,BC,AB

#> eK[ n  CacMnYnKt;viC¢manedaydwgfa 1n2822 2   CacMnYnKt;. 
    cUrRsayfa 1n2822 2   CakaerR)akdéncMnYnKt;mYYy . 
$> eKyk x  CacMnYnBit edaydwgfa 

2
x0


 .   

    cUrbgðajfa   1)xtan()x(sin)xcot()x(cos 22 

                                                   
                                                      ( Baltic Way 2010 ) 
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%> eK[RtIekaN  mYymanRCug   . tag  nig ABC c,b,a r R  erogKñaCa 
    kaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAén ABC  . 
    k> cURsayfa  

R

pr2
CcoscbosBAcosa   

                    
abc2

cba

c

Ccos

b

Bcos

a

Acos 222 
  

                    
R

r
1CcosBcosAcos    

     Edl 
2

cba
p


  CaknøHbrimaRténRtIekaN . 

  x> cUrTajbBa¢ak;fa   ¬ CamMuRsYc¦. 2222 )rR(4cba  C,B,A

^> eK[ f  CaGnuKmn_kMNt;BIsMNMu IR  eTAsMNMu *IR  EdlepÞógpÞat; 
   lkçxNÐ½ )y(f).x(f)yx(f   cMeBaHRKb; IRy,x   nig )0('f   
   cUrkMNt;rkGnuKmn_ )x(fy   . 
&> sIVút  kMNt;eday }a{ n 16

21
a1   nigcMeBaH 

1n1nn
2

3
a3a2:2n    

eKyk m  CacMnYnKt;mYyEdl  . cUrbgðajfacMeBaH  2m  mn 

eyIg)an 
1nm

1m

3

2
m

2

3
a

2
m

)1m(n

m

1

3nn 































 




  ? 

 
                                                      (China National Olympiad 2005) 
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*> eK[  CacMnYnBitviC¢manEdl c,b,a 3cba   .  

    cUrRsaybBa¢ak;vismPaB 
2

3

ac

c

cb

b

ba

a
2

2

2

2

2

2










   
 

                                            (Croatia Team Selection Tests 2011) 

(>eK[  CaRCugrbs;RtIekaNmYy .  cUrRsayfa ³ c,b,a

   cabcab
)bac(c

)acb(

)acb(b

)cba(

)cba(a

)bac( 444












    
 

                                                         (Greece National Olympiad 2007) 

!0> eK[ f  CaGnuKmn_kMNt;BI ),0(   eTA IR  ehIyepÞógpÞat;lkçxNÞ½ 
     )xy(f)y(f)x(f   RKb;  nig 0y,0x  )1('f  . 
     cUrkMMNt;rkGnuKmn_ )x(fy    . 
!!> eKkMNt;cMnYn  dUcxageRkam ³ n210 a....,,a,a,a

     )1n....,,2,1,0k,1n(
n

a
aa;

2

1
a

2
k

k1k0    

    cUrbgðajfa  1a
n

1
1 n    . 

                                                                       (IMO Longlists 1980) 

!@> eK[ f  CaGnuKmn_Cab; nig manedrIevelI IR  EdlcMeBaHRKb; IRy,x   
    eKmanTMnak;TMng 

)y(f)x(f1

)y(f)x(f
)yx(f




   nig 1)x(f   RKb; x . 

    cUrkMNt;GnuKmn_ )x(fy   . 
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!#> cUrbgðajfa ³ 
  )blogalogc(log4ablogcalogbclog cabcabcba    
  cMeBaHRKb;  FMCagmYy . c,b,a

 
                                                          ( Malaysia National Olympiad 2010 ) 

!$> eK[rgVg;p©it OkaM r  nigRtIekaN  ERbRbYlcarwkeRkArgVg; . ABC

    bnÞat;kat;tam O  kat;RCug  nig  erogKñaRtg; M  nig  . AB AC N

    kMNt;TItaMgcMNuc  nigGgát;  edIm,I[épÞRkLaRtIekaN  A ]MN[ AMN

    mantémøtUcbMput ?  
                       (RbLgsisßBUEkRbcaMraCFanIPñMeBj 2009) 

!%> eKtag  CargVas;mMukñúgRtIekaN  mYyEdlmanbrimaRt   ,, ABC

      nigkaMrgVg;carwkeRkA p2 R  . 
/a  cUrRsaybBa¢ak;fa ³ 

      







 1

p

R
.93cotcotcot

2

2
222  

/b  etIeBlNaeTIbeK)ansmPaB ? 
 

                                             ( Morocco National Olympiad 2011 ) 
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!^> eK[m:aRTIs  nig  

















311

131

113

A


















100

010

001

I

     bgðajfamansIVútcMnYnBitBIr  nig  EdlepÞógpÞat; ³ )u( n )v( n

     EdleKnwgbBa¢ak;tYTUeTA    A.vI.uA:INn nn
n  nu

     nig  CaGnuKmn_én n  . nv

!&> eK[ f  CaGnuKmn_Cab; nig manedrIevelI IR  EdlcMeBaHRKb; IRy,x   
      eKmanTMnak;TMng )y(f)x(f)

2

yx
(f 

   nig 0)x(f  . 
      cUrkMNt;GnuKmn_ )x(fy   . 
!*> eK[ctuekaNe)a:g  mYymanRCugABCD ,bBC,aAB   
       nig  .  cCD  dDA 

      CacMnucmYyenAkñúgctuekaNehIy   CacMeNalEkg P N,M,L,K

     éncMnuc  elIRCug  erogKña . P ]DA[,]CD[,]BC[,]AB[

      eKdwgfa h
DA

PN

CD

PM

BC

PL

AB

PK
   . 

     k> cUrRsayfa 
2222 dcba

S2
h


  Edl S  CaépÞRkLaén 

        ctuekaN   . ABCD

     x>cUrbgðajfa 
2

1
h   
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!(> eK[ctuekaNe)a:g  mYymanRCug ABCD bBC,aAB   
    nig  . O  CacMnucmYyenAkñúgctuekaNenHEdl cCD  dDA 

    ODAOCDOBCOAB   ¬  )900 o

   k> cUrRsayfa 
2222 dcba

S4
tan


  

     Edl S  CaépÞRkLaénctuekaN   . ABCD

   x> kMnt;   edaydwgfa tan  mantémøFMbMput . 

@0> cMeBaHRKb; 0y;x   cUrRsaybBa¢ak;vismPaB ³ 

 )yx(21yy1xx1yy1xx 2222   
                                                                      (Kazakhstan NMO 2010) 

@!> eK[  CacMnYnBitviC¢man . cUrRsaybBa¢ak;fa ³ c,b,a

    8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











   

 
                                                                            (USAMO 2003) 

@@> cUrbgðajfa  
db

1

ca

1
1

d

1

c

1
1

b

1

a

1
1












 

cMeBaHRKb;cMnYnBitviC¢man   .                 ¬evotNam  1962 ¦                d,c,b,a
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@#> cUrbgðajfa  
zxyzxy

4

)xz(

1

)zy(

1

)yx(

1
222 









 

cMeBaHRKb;cMnYnBitminGviC¢manxusKña z,y,x   . 
                                                                      ¬evotNam  2008 ¦ 
@$> cUrkMNt;tYTUeTAénsIVútEdlkMNt;eday ³ 
       nig 0 1x 3,x  4 x2

n 1 n 1 nx x n    cMeBaHRKb;  . n

@%> cUrkMNt;RKb;cMnYnBit  ebIeKdwgfa x
x x

x x

8 27

12 18 6

7



  . 

@^> cUrKNnaplbUk ³ 
  n

3 4 n 2
S ...

1! 2! 3! 2! 3! 4! n! (n 1)! (n 2)!


   

       
 

@&> ( China 1983 ) 

    eK[ f  CaGnuKmn_kMNt;elIcenøaH [0  edaydwgfa ³ ,1]

    f (   nig 0) f (1) 1  | f (a) f (b) | | a b |      
    cMeBaHRKb;  a  kñúgcenøaH [0  . b ,1]

    cUrbgðajfa 1
| f (a) f (b) |

2
    . 

@*> ( AIME 1988 ) 

     cUrkMNt;KUéncMnYnKt; (a  edaydwgfa ,b) 17 16ax bx 1   
     Eckdac;nwg   . 2x x  1
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@(> edaHRsaykñúgsMNMucMnYnBiténsmIkar ³ 
      3x 3x x   2    . 
#0> ( Korean Mathematics Competition 2000 ) 

     cUrkMNt;RKb;cMnYnBit x  EdlepÞógpÞat;smIkar ³ 
         x x x x x2 3 4 6 9 1    
#!> ( China 1992 ) 

      cUrbgðajfa   80

k 1

1
16 17

k
     

#@> eK[ z ,  CacMnYnkMupøicEdl  1 2 3z , z 3
1 2 2

2 2 2
1 2 3

1 2 3

z z z 2

z z z

z z z 4

  
   
 

 

    cUrKNnatémø 
1 2 3 2 3 1 3 1 2

1 1 1
S

z z z 1 z z z 1 z z z 1
  

     
 

##> eK[ x,y ,z  CabIcMnYnBitviC¢manEdl 4 4 4x y z 1     . 
      cUrkMNt;témøtUcbMputén 

3 3

8 8

x y z

1 x 1 y 1 z
 

3

8  
  . 

#$> ( Iran 1996 ) 

        eK[bIcMnYnBitminGviC¢man  nigminsUnüRBmKñaBIr . c,b,a

         cUrRsaybBa¢ak;fa ³ 
         

2 2 2

1 1 1
(ab bc ca)

(a b) (b c) (c a) 4

 
        

9    
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   #%> eK[  CabIcMnYnBitminGviC¢man . c,b,a

       cUrRsayfa 3333 )a
2

cb
(2abc3cba 


   . 

#^> eK[RtIekaN  mYymanRCug ABC cAB,bCA,aBC   
      ehIymMukñúg  CamMuRsYcb¤mMuEkg . C,B,A

      tag S  CaépÞRkLaén   ABC

      cUrRsaybBa¢ak;fa   2444 S16

9

c

1

b

1

a

1
   . 

#&> ¬Turkey 2007¦ 
    eK[bIcMnYnBitviC¢man   Edl c,b,a 1cba    .  
    cUrRsaybBa¢ak;fa ³ 
    

cabcab

1

b2b2ca

1

a2a2bc

1

c2c2ab

1
222 










 

#*> eK[  CabIcMnYnBitviC¢man .   c,b,a

      cUrRsaybBa¢ak;fa ³ 
     

2

cba

acac2

c

cbcb2

b

baba2

a
22

2

22

2

22

2 









 

#(> eK[  CabIcMnYnBitxusKña .  c,b,a

      cUrRsayfa 2
)ba(

c

)ac(

b

)cb(

a
2

2

2

2

2

2










  . 
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$0>  cUrRsaybBa¢ak;vismPaB ³ 
      

2

23
)a1(c)c1(b)b1(a 222222    

    cMeBaHRKb;cMnYnBit   . c,b,a

$!> eK[RtIekaN  mYyEkgRtg; C.  nig E  CacMNucBIreRCIserIs ABC D

     enAelIGIub:UetnUs Edl BDBC   nig AEAC   . 
    nig G  CacMeNalEkgén D  nig E  elIRCug  nig BC erogKña . F AC

    cUrRsaybBa¢ak;fa EGDFDE    . 
$@> eKyk  CacMnucmYyénRCug BC rbs;RtIekaN ABC  ehIy E   D

     nig   CacMeNalEkgén B  nig  elI  . F C AD

     ebI R  CacMnuckNþalén BC enaHRsayfa RFRE   
$#> eK[kaer ABCD mYy . E  CaRbsBVrvagGgát;RTUgTaMgBIr  
      ehIy CacMnucmYysßitelI AE  . N

     cUrRsayfa NC.ANBNAB 22   nig   222 BN2NCAN 

$$> eK[ ABC  CaRtIekaNmYyehIy  CaeCIgénkm<s;KUsBIkMBUl A  . D

   yk E  nig  sßitenAelIbnÞat;kat;tam  edaydwgfa  Ekgnwg BE  F D AE

   ehIy  Ekgnwg CF  Edl E  nig F  xusBI  .  AF D

    yk M  nig CacMNuckNþalénGgát;  nig EF  erogKña . N BC

    cUrRsayfa  Ekgnwg  ? AN NM
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$%> rkGnuKmn_  EdlepÞógpÞat; ³ IRIRf :

       22 2x,y IR : f ((x y) ) x 2yf (x) f (y)        
$^> cMeBaHRKb;cMnYnBitviC¢man a ,  cUrRsaybBa¢ak;fa ³ b ,c

36
222222

3 abc
8

accbba
accbba 




))()((
))()((  

$&>¬ Greece National Olympiad 2011¦ 
     eK[ cba ,,  CacMnYnBitviC¢manEdlmanplbUkesμI 6  .  
     cUrkMNt;témøGtibrmaén  ³ 
     3 3 32 2 2S a 2bc b 2ca c 2ab        
$*>¬USAMO 1989 ¦ 
     cMeBaHRKb;cMnYnKt;viC¢man n  eK[ ³ 

    

1n

T
....

4

T

3

T

2

T
U

S....SSST
n

1
....

3

1

2

1
1S

n321
n

n321n

n








 

    cUrkMNt;edayeFIVdMeNaHRsay nUvcMnYnKt; 0001000d,c,b,a0   
    edaydwgfa baST 19891988    nig dcSU 19891988    . 
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$(>(Japan Mathematical Olympiad Finals 2010) 
     eK[ x,y ,z  CacMnYnBitviC¢man . cUrbgðajfa ³ 
    

2 2

1 yz zx 1 zx xy 1 xy yz
1

(1 x y) (1 y z) (1 z x)

     
 

      2


, a 5 

  . 

%0> ¬ China Team Selection Test 2002 ¦ 
    eK[sIVút  a 1   nig  1 2

n n 1
n 1 2 2

n n 1

a a
a n

a a 1






2  
 

  

    cUrkMNt;tYTUeTAénsIVút  CaGnuKmn_én  . n{a } n

%!> ¬ China Team Selection Test 2006¦ 
      eK[   CacMnYnBitviC¢manEdl 1 2x ,x , ...., xn 1

n

i
i 1

x

   .  

     cUrRsayfa ³ 

      
2

n n

i
i 1 i 1

i

1 n
x

1 x n 1 
 

 
    

  . 

%@>¬ China Team Selection Test 2005¦ 
     eK[  a ,  CabIcMnYnBitminGviC¢man Edl b ,c

1
ab bc ca

3
    . 

     cUrbgðajfa 
2 2 2

1 1 1
3

a bc 1 b ca 1 c ab 1
  

     
  . 
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CMBUkTI2  

EpñkdMeNaHRsay 
lMhat;TI1 
eK[cMnYnBit  epÞógpÞat;  212121 z,z,y,y,x,x 0x,0x 21 

0zyx 2
111   nig   . 0zyx 2

222 

cUrRsayfa ³ 

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8








 

 
 

                                                              ( IMO 1969 ) 

 
dMeNaHRsay 
Rsayfa ³ 

(*)
zyx

1

zyx

1

)zz()yy)(xx(

8
2

222
2

111
2

212121 






  

tag   0zyxb;0zyxa 2
222

2
111 

nig  2
212121 )zz()yy)(xx(c 

eday x  nig  enaH 0 0x 1 2 0
x

za
y

1

2
1

1 


  nig  0y 2
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eKman ³ 
211221

2
222

2
111 zz2yxyx)zyx()zyx(c   

211221 zz2yxyxbac   
eday   enaH 2

111 zyxa 
1

2
1

1 y

za
x


  

 nig   enaH 2
222 zyxb 

2

2
2

2 y

zb
x


  

eK)an 21
2

2
2

1
1

2
1

2 zz2)
y

zb
(y)

y

za
(ybac 





  

            2
2

2

1
21

2
1

1

2

2

1

1

2 z
y

y
zz2z

y

y
b

y

y
a

y

y
ba   

             
2

2
2

1
1

1

2

2

1

1

2 z
y

y
z

y

y
b

y

y
a

y

y
ba 








  

eday 0z
y

y
z

y

y
2

2
2

1
1

1

2 







  enaHeKTaj)an ³ 

b
y

y
a

y

y
bac

2

1

1

2   eday ab2b
y

y
a

y

y

2

1

1

2   

enaH )1()ba(ab2bac 2   
eyIg]bmafavismPaB  BiteBalKW  (*)

b

1

a

1

c

8
  Bit 

eK)an 
ba

ab8
c


  eday 2)ba(c    ¬tamvismPaB  ¦ )1(
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eyIgnwgRsayfa 
ba

ab8
)ba( 2


  

smmUl ab8)ba)(ba( 2   
 
tamvismPaB  eKman ³ GMAM 

ab2ba    ehIy ab4)ba( 2   
enaH ab8)ba)(ba(    Bit 
dUcenH  

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8








  

vismPaBenHkøaysmPaBluHRtaEt ³ 

2

1
2

1

2
1 y

y
z

y

y
z    b¤ 1221 yzyz   nig b

y

y
a

y

y

2

1

1

2    . 
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lMhat;TI2 
eKtag  nig O  erogKñaCap©itrgVg;carwkkñúgnigp©itrgVg;carwkeRkA I

énRtIekaN eK[RtIekaN mYy . ABC

cUrRsayfa  luHRtaEt   CasIVútnBVnþ . o90OIA  CA,BC,AB

dMeNaHRsay 
Rsayfa  luHRtaEt   CasIVútnBVnþ  o90OIA  CA,BC,AB

C  
 
 I 
 

O  
A  

 
 

tag cAB,bAC,aBC    nig 
2

cba
p


  

ehIy r  nig R  CakaMrgVg;carwkkñúg nig carwkeRkAénRtIekaN  . ABC
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  cMnYnKt;viC¢man p  cMnYn  Ecknwg 7  [sMNl;  . 2p 4,2,1
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  b¤eKGacyk  eK)an ³ 1p14m 2 

4p28)1p14(221n2822 222   
                           CakaerR)akd 22 q4)1p7(4 

   eRBaH   b¤   . 1p7q 22  22 q1p7 

 

   eroberogeday lwm plÁún                           - TMBr½ 23 - 



KNitviTüaCMuvijBiPBelak 

 

rebobTI3    Rsayfa 1n2822 2   CakaerR)akdéncMnYnKt; 
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RKb;cMnYnKt;viC¢man k  nig t  ehIy 1)t,k(GCD    . 
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                                                      ( Baltic Way 2010 ) 
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kaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAén ABC  . 
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eday  ehIy p2cba  pr
R4

abc
S   enaH  Rpr4abc 

eK)an  233 prRpr4p)cabcab(p2p 
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eday  )cabcab(2cba)cba( 2222 
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tamvismPaB   eKman ³ SchwarzCauchy 
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cba
.

R

pr2
)

R

r
1(

abc2

cba
.

R

pr2
)CcosBcosA(cos












 

dUcenH   . 2222 )rR(4cba 
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lMhat;TI6 
eK[ f  CaGnuKmn_kMNt;BIsMNMu IR  eTAsMNMu *IR  EdlepÞógpÞat; 
lkçxNÐ½ )y(f).x(f)yx(f   cMeBaHRKb; IRy,x   nig )0('f   
cUrkMNt;rkGnuKmn_ )x(fy   . 
dMeNaHRsay 
kMNt;rkGnuKmn_ )x(fy    
eKman )y(f).x(f)yx(f   cMeBaHRKb; IRy,x   
yk  eK)an  0yx  )0(f)0(f 2

naM[ 0)]0(f1)[0(f   eKTaj 0)0(f   b¤ 1)0(f   
eday f  CaGnuKmn_kMNt;BIsMNMu IR  eTAsMNMu *IR  enaH 0)0(f   
eK)an 1)0(f   . 
eFIVedrIeveFobnwg x  kñúgsmPaB )y(f).x(f)yx(f   edaycat;Tuk  y

CaGefrminGaRs½ynwg  eK)an x )y(f)x('f)yx('f   
yk  eK)an 0x  )y(f)0('f)y('f   eday )0('f  
eKTaj)an 0)y(f)y('f   CasmIkarDIepr:g;EsüllIenEG‘lMdab;TI1 
eK)ancemøIyTUeTAénsmIkarrag yek)y(f    
cMeBaH  eK)an 0y  1k)0(f    ¬eRBaH 1)0(f   ¦ 
dUcenH  CaGnuKmn_RtUvrk . xe)x(f 
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dMeNaHRsay 

bgðajfa  
1nm

1m

3

2
m

2

3
a

2
m

)1m(n

m

1

3nn 































 



      

eKman 
1n1nn

2

3
a3a2    

naM[ 
4

3
a2.3a2 1n

1n
n

n  
  

b¤     n1n

1n

n

n

3

1

4

3
a

3

2
a

3

2




















 

eK)an 






































 n

2k
k

n

2k
1k

1k

k

k

3

1

4

3
a

3

2
a

3

2  

 

   eroberogeday lwm plÁún                           - TMBr½ 32 - 



KNitviTüaCMuvijBiPBelak 

 

        
3

1
1

3

1
1

.
3

1

4

3
a

3

2
a

3

2

1n

21n

n





















 

         





 








1nn

n

3

1
1

8

1

16

21
.

3

2
a

3

2  

eKTaj)an 3n

n

n
2

3

2

3
a 






   b¤   

n

3nn 2

3

2

3
a 






   

tag 




























 




m

)1m(n

m

1

3nn 3

2
m

2

3
aP      

eK)an   































m

)1m(n

m

n

3

2
m

2

3
P   

eKman 
1m

n
1

1m

n)1m(

)1m)(1m(

1nm

1m2












  

edIm,IRsay[eXIjfa  
1nm

1m
P

2




   

eyIgRtUvRsay[eXIjfa 1mP)
1m

n
1( 


  

tamvismPaB Bernoully  eKman   

 

   eroberogeday lwm plÁún                           - TMBr½ 33 - 



KNitviTüaCMuvijBiPBelak 

 

n

n
n

m

1
1

1

1m

m
)

1m

1
1(

1m

n
1


































  

naM[   

n

m

mn

m

)
m

1
1(

1

m

1
1

1

1m

n
1















































  

cMeBaHRKb;  tameTVFajÚtun eKman ³ 2m 

m
mm

2
m2

1
m

m

C
m

1
....C

m

1
C

m

1
1

m

1
1 






    

enaH 
2

2
m2

1
m

m

2

3

4

9

m2

1

2

5
C

m

1
C

m

1
1

m

1
1 













    

eKTaj)an 
n2m

3

2

1m

n
1 
















   b¤  m

n2

3

2

1m

n
1 









  

eKTaj P
3

2
P

1m

n
1

m

n2

















   

Et    































m

)1m(n

m

n

3

2
m

2

3
P  

eK)an 

































 )1m(
m

n

m

n

3

2
m

3

2
P)

1m

n
1(   

 

   eroberogeday lwm plÁún                           - TMBr½ 34 - 



KNitviTüaCMuvijBiPBelak 

 

 

   eroberogeday lwm plÁún                           - TMBr½ 35 - 

]bmafa 1m
3

2
m

3

2 )1m(
m

n

m

n


































  Bit 

edaytag m

n

3

2
u 






  enaH 1m)um(u  1m  

smmUl 01mumu m   

             
0)]1u....u(m)[1u(

0)1u()1u(m
1m

m






eday  enaH 2m&nm  1
3

2
u0

m

n







  

naM[   Bit 0)]1u....u(m)[1u( 1m  

dUcenH   
1nm

1m

3

2
m

2

3
a

2
m

)1m(n

m

1

3nn 































 




   

 
 
 
 
 
 



KNitviTüaCMuvijBiPBelak 

 

 

   eroberogeday lwm plÁún                           - TMBr½ 36 - 

lMhat;TI8 
eK[  CacMnYnBitviC¢manEdl c,b,a 3cba   .  

cUrRsaybBa¢ak;vismPaB 
2

3

ac

c

cb

b

ba

a
2

2

2

2

2

2










   
 

                                            (Croatia Team Selection Tests 2011) 
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lMhat;TI9 
eK[  CaRCugrbs;RtIekaNmYy .  cUrRsayfa ³ c,b,a

cabcab
)bac(c

)acb(

)acb(b

)cba(

)cba(a

)bac( 444












    
 

                                                         (Greece National Olympiad 2007) 

dMeNaHRsay 
Rsayfa ³ 

cabcab
)bac(c

)acb(

)acb(b

)cba(

)cba(a

)bac( 444












  

tamvismPaB  eKman ³ GMAM 

2
4

)bac(2)cba(a
)cba(a

)bac(



   

eKTaj )cba(a)bac(2
)cba(a

)bac( 2
4




    

b¤        )1(bc4ab5ac5c2b2a
)cba(a

)bac( 222
4




    

RsaydUcKñaEdreK)an ³ 

)3(ab4ac5bc5cb2a2
)bac(c

)acb(

)2(ac4bc5ab5c2ba2
)acb(b

)cba(

222
4

222
4
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bUkvismPaB  eK)an ³ )3(&)2(,)1(

acbcab)cabcab(4)cba(5S 222    Bit 
dUcenH cabcab

)bac(c

)acb(

)acb(b

)cba(

)cba(a

)bac(
S

444
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lMhat;TI10 
eK[ f  CaGnuKmn_kMNt;BI ),0(   eTA IR  ehIyepÞógpÞat;lkçxNÞ½ 

)xy(f)y(f)x(f   RKb;  nig 0y,0x  )1('f  . 
cUrkMMNt;rkGnuKmn_ )x(fy    . 
dMeNaHRsay 
kMMNt;rkGnuKmn_ )x(fy   
eKman )xy(f)y(f)x(f   RKb;   0y,0x 

yk   eK)an 0y  )x(f)1(f)x(f   naM[ 0)1(f    
eFIVedrIeveFobnwg x  kñúgsmPaB )xy(f)y(f)x(f    edaycat;Tuk  y

CaGefrminGaRs½ynwg  eK)an x )xy('fy)x('f   
yk  eK)an 1x  )y('yf)1('f   eday )1('f  enaH 

y
)y('f


    

eKTaj)an  


 k|y|lndy
y

)y(f  

yk  enaH 1y  0k)1(f    eRBaH 0)1(f   . 
ehtuenH yln|y|ln)y(f   RKb;  0y 

dUcenH xln.)x(f   CaGnuKmn_RtUvrk . 
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lMhat;TI11 
eKkMNt;cMnYn  dUcxageRkam ³ n210 a....,,a,a,a

)1n....,,2,1,0k,1n(
n

a
aa;

2

1
a

2
k

k1k0    

cUrbgðajfa  1a
n

1
1 n    . 

 
                                                                       (IMO Longlists 1980) 

 
dMeNaHRsay 
bgðajfa  1a

n

1
1 n     

eKman  
n

)an(a

n

a
aa kk

2
k

k1k


  

eK)an 
na

1

a

1

)na(a

n

a

1

kkkk1k 






 

b¤      
1kkk a

1

a

1

na

1





 

ehtuenH (*)
a

1
2

a

1

a

1
)

a

1

a

1
(

na

1 1n

0k nn01kk

1n

0k k



 







 

eKman 0
2

1
a0    Bit  .  ]bmafa 0ak   Bit 

tam 
n

a
aa

2
k

k1k   eKTaj)an 0a 1k   Bit  
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dUcenH a 0k  nn enaH ak    b¤ 1n,
n

1

na

1

k



 

eK)an 1
n

n

n

1
...

n

1

n

1

n

1

na

1 1n

0k
)n(

1n

0k k


 






 
 

tam (*)  eKTaj)an 1
a

1
2

n
   naM[ a )i(1n   

müa:geToteday   enaH 1an  1ak   b¤  1nnak   
b¤ 

1n

1

na

1

k 



  RKb; 1n....,,2,1,0k   . 

eK)an 
1n

n

1n

1

na

11n

0k

1n

0kk 





 







  

edayBinitüeXIjfaRKb; n  eKman 1 0
1n

2

1n

2n

1n

n
2











 

enaHeKTaj)an 
1n

2n

1n

n

na

11n

0k k 











 

tam (*)  eKTaj)an 
1n

2n

a

1
2

n 


    

b¤ 
1n

n

1n

2n
2

a

1

n 





   enaH )ii(
n

1
1

n

1n
an 


  

tam  eKTaj)an  )ii(&)i( 1a
n

1
1 n      . 

dUcenH 1a
n

1
1 n     . 
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lMhat;TI12 
eK[ f  CaGnuKmn_Cab; nig manedrIevelI IR  EdlcMeBaHRKb; IRy,x   
eKmanTMnak;TMng 

)y(f)x(f1

)y(f)x(f
)yx(f




   nig 1)x(f  x RKb; . 

cUrkMNt;GnuKmn_ )x(fy   . 
dMeNaHRsay 
kMNt;GnuKmn_ )x(fy    
eKman 

)y(f)x(f1

)y(f)x(f
)yx(f




    

yk  eK)an 0y 
)0(f)x(f1

)0(f)x(f
)x(f




  

b¤  )0(f)x(f)0(f)x(f)x(f 2 

b¤   eKTaj)an 0]1)x(f)[0(f 2  0)0(f  b¤ 1)x(f   
edaytamsm μtikmμ 1)x(f   enaH 0)0(f   . 
eFIVedrIeveFobnwg x  kñúgsmPaB 

)y(f)x(f1

)y(f)x(f
)yx(f




    

edaycat;Tuk  CaGefrminGaRs½ynwg  eK)an  ³ y x

2)]y(f)x(f1[

)]y(f)x(f)[y(f)x('f)]y(f)x(f1)[x('f
)yx('f




  

2

2

)]y(f)x(f1[

)]y(f1)[x('f
)yx('f
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yk  eK)an 0x  2

2

)]y(f)0(f1[

)]y(f1)[0('f
)y('f




  eday 0)0(f   

eK)an   tag )]y(f1)[0('f)y('f 2 )0('f   
eK)an 

 )y(f1

)y('f
2   ¬eRBaH 1)y(f   ¦ 

eFIVGaMgetRkaleFobnwg  elIGgÁTaMgBIrénsmIkarxagelIeK)an ³ y

 


kydy
)y(f1

dy)y('f
2  

tag )y(fz   enaH dy)y('fdz   
eK)an  










dz)
z1

1

z1

1
(

2

1

z1

dz

)y(f1

dy)y('f
22  

                           

)y(f1

)y(f1
ln

2

1

z1

z1
ln

2

1

|z1|ln
2

1
|z1|ln

2

1
z1

dz

2

1

z1

dz

2

1
















 

 

eKTaj ky
)y(f1

)y(f1
ln

2

1



  

cMeBaH y  eK)an 0 k
)0(f1

)0(f1
ln

2

1



  naM[ 0k   eRBaH 0)0(f   

ehtuenH y
)y(f1

)y(f1
ln

2

1
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eKTaj)an )1(e
)y(f1

)y(f1 y2

   b¤   )2(e

)y(f1

)y(f1 y2

    

tam   eK)an )1( y2y2 e)y(fe)y(f1    
naM[ y2

y2

e1

e1
)y(f 






  . 
tam  eK)an )2( y2y2 e)y(fe)y(f1    
naM[ y2

y2

e1

e1
)y(f 






   . 

dUcenH x2

x2

e1

e1
)x(f 






    b¤  x2

x2

e1

e1
)x(f 






    Edl )0('f  . 
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lMhat;TI13 
cUrbgðajfa ³ 

)blogalogc(log4ablogcalogbclog cabcabcba    
cMeBaHRKb;  FMCagmYy . c,b,a

 
                                                          ( Malaysia National Olympiad 2010 ) 

 
dMeNaHRsay 
karbgðaj ³ 
tag ablogcalogbclogA cba    
nig  )blogalogc(log4B cabcab    
ehIyyk clnz,blny,alnx   
cMeBaH  enaH 1c,b,a  0z,y,x   
tamrUbmnþbþÚreKal 

qln

pln
plogq   eK)an ³ 

yx

z4

xz

y4

zy

x4
)

xz

y

zy

x

yx

z
(4B

)
y

1

x

1
(z)

x

1

z

1
(y)

z

1

y

1
(x

z

yx

y

xz

x

zy
A
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tamvismPaB  RKb; GMAB  uv2vu:0v,u   
b¤    b¤ uv4)vu( 2 

vu

4

uv

vu




  b¤ 
vu

4

v

1

u

1


  

eKTaj 
yx

z4
)

y

1

x

1
(z;

xz

y4
)

x

1

z

1
(y;

zy

x4
)

z

1

y

1
(x








  

bUkvismPaBenHeK)an    Bit . BA 

dUcenH  
)blogalogc(log4ablogcalogbclog cabcabcba   
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lMhat;TI14 
eK[rgVg;p©it OkaM r  nigRtIekaN  ERbRbYlcarwkeRkArgVg; . ABC

bnÞat;kat;tam O  kat;RCug  nig  erogKñaRtg; M  nig  . AB AC N

kMNt;TItaMgcMNuc  nigGgát;  edIm,I[épÞRkLaRtIekaN  A ]MN[ AMN

mantémøtUcbMput ?  
                       (RbLgsisßBUEkRbcaMraCFanIPñMeBj 2009) 

 
dMeNaHRsay 
kMNt;TItaMgcMNuc  nigGgát;  A ]MN[

tag  CaRkLaépÞénRtIekaN AMNS

AMN ehIy  'C,'B,'A

CacMeNalEkgén O  elI 
RCug  AB,CA,BC

erogKña . 
eyIg)an ³ 

)ANAM(r
2

1
Asin.AN.AM

2

1
SAMN   
eKTaj)an )ANAM(rAsin.AN.AM   
tamvismPaB  eKman GMAM  AN.AM2ANAM    
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eK)an AN.AMr2Asin.AN.AM   
b¤  AN.AM.r4Asin.AN.AM 2222 

eKTaj)an 
Asin

r4
Asin.AN.AM

2
  

ehtuenH 
Asin

r4
S

2

AMN   
edIm,I[épÞRkLaRtIekaN mantémøtUcbMputluHRtaEt AMN 1Asin   
eKTaj)an  . o90A 

kñúgkrNIenHeFIV[vismPaB AN.AM2ANAM  køayCasmPaB 
KW  ehtuenH  KWCaRtIekaNsm)atkMBUl . ANAM  AMN

eday OA  CaknøHbnÞat;BuHkñúgénmMu BAC   enaH  MNOA 

ehtuenH ONOM    naM[ OM.2MN   
kñúgRtIekaNEkg OMC  eKman '

OM

r

OM

'OC
'OMCsin   

eday   enaH o45'OMC  r2OM   
eKTaj)an r22MN    . 
snñidæan ³ 
edaymMu  enaHcMnuc M  KWCaknøHrgVg;manp©it O  nigman o90MAN 

viCÄmaRt r22MN   . 
 



KNitviTüaCMuvijBiPBelak 

 

 

   eroberogeday lwm plÁún                           - TMBr½ 50 - 

lMhat;TI15 
eKtag  CargVas;mMukñúgRtIekaN  mYyEdlmanbrimaRt   ,, ABC p2

nigkaMrgVg;carwkeRkA R  . 

/a  cUrRsaybBa¢ak;fa 







 1

p

R
.93cotcotcot

2

2
222  

/b  etIeBlNaeTIbeK)ansmPaB ? 
 

                                             ( Morocco National Olympiad 2011 ) 

 
dMeNaHRsay 

/a  RsaybBa¢ak;fa 







 1

p

R
.93cotcotcot

2

2
222   

eKman 








222
222

cotcotcot3
sin

1

sin

1

sin

1   

eyIgnwgRsayfa 
2

2

222 p

R27

sin

1

sin

1

sin

1









  

tamvismPaB SchwarzCauchy   eKman ³ 
)1()

sin

1

sin

1

sin

1
(

3

1

sin

1

sin

1

sin

1 2
222 
















  

edayeRbI  
321

2
321

3

2
3

2

2
2

1

2
1

bbb

)aaa(

b

a

b

a

b

a
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eK)an 









 sinsinsin

9

sin

1

sin

1

sin

1   

tamRTwsþIbTsIunUsGnuvtþn_kñúg ABC  eK)an ³ 
R2

sinsinsin

cba

sin

c

sin

b

sin

a














 

eKTaj 
R

p

R2

cba
sinsinsin 


  

ehtuenH )2(
p

R9

sinsinsin

9

sin

1

sin

1

sin

1












 

tam  eKTaj)an ³ )2(&)1(

2

2

2

2

222 p

R27

p

R81

3

1

sin

1

sin

1

sin

1









   Bit 

dUcenH  







 1

p

R
.93cotcotcot

2

2
222   . 

/b  vismPaBenHkøayCasmPaBluHRtaEt 






 sin

1

sin

1

sin

1  

eKTaj)an   naM[  ABC  CaRtIekaNsmgS½ . 
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lMhat;TI16 

eK[m:aRTIs  nig  

















311

131

113

A


















100

010

001

I

bgðajfamansIVútcMnYnBitBIr  nig  EdlepÞógpÞat; ³ )u( n )v( n

A.vI.uA:INn nn
n   EdleKnwgbBa¢ak;tYTUeTA  nig  nu nv

CaGnuKmn_én n  . 
dMeNaHRsay 
bgðajfa    A.vI.uA:INn nn

n 

eKman   



















































311

131

113

.1

100

010

001

.0

311

131

113

A

eK)an  BitcMeBaH A.vI.uA 11
1  1n   Edl 1v,0u 11   . 



















































1177

7117

7711

311

131

113

.

311

131

113

A.AA2  

A.7I.10

2177

7217

7721

1000

0100

0010

A2 





































  

eK)an  BitcMeBaH A.vI.uA 22
2  2n   . 
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]bmafavaBitcMeBaHRKb; INn  KW  A.vI.uA nn
n 

eyIgnwgRsayfa A.vI.uA 1n1n
1n


   Bit . 

eKman  2
nnnn

n1n A.vI.A.u)A.vI.u.(AA.AA 

eday  nig  AI.A  A.vI.uA 22
2 

eK)an  )A.vI.u(vA.uA 22nn
1n 

          A).vvu(I.vuA n2nn2
1n 

         A.vI.uA 1n1n
1n


   Bit  

Edl   nig nn21n v.10vuu  nnn2n1n v7uvvuv   
dUcenH   A.vI.uA:INn nn

n 

Edl  nig CasIVútcMnYnBitBIrkMNt;eday )( nu )( nv 1v0u 11  ,  
nig nn1nn1n v7uvv10u   ,.    RKb; INn  . 
bBa¢ak;tYTUeTA   nig  CaGnuKmn_én   ³ nu nv n

eKman nn1nn1n v7uv,v.10u      RKb;  INn

tam  eK)an nn1n v7uv  1n1n2n v7uv    
Et  enaH n1n v10u  n1n2n v10v7v     
smIkarsmÁal;én n1n2n v10v7v    KW 10r7r2   
b¤  manb¤s 010r7r2  5r,2r 21   . 

tagsIVútCMnYy 












n1nn

n1nn

v5vb

v2va  
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eK)an 











n1nn1n1n2n1n

n1nn1n1n2n1n

b2v5v10v7v5vb

a5v2v10v7v2va  

naM[  nig  CasIVútFrNImaRtmanersug 5 nig 2  erogKña . )a( n )b( n

eK)an   nig 1n
1n 5.aa  1n

1n 2.bb   . 
eday 527v2va 121   nig 227v5vb 121   
eKTaj   nig n1n

n 55.5a   n1n
n 22.2b    . 

eK)anRbBnæ½   













n

n1n

n
n1n

2v5v

5v2v

dksmIkarBIrenHeK)an  naM[ nn
n 25v3 

3

25
v

nn

n


   

ehIy )25(
3

10
v10u nn

n1n    

naM[ )25(
3

10
u 1n1n

n
    . 

dUcenH )25(
3

10
u 1n1n

n
    nig  

3

25
v

nn

n


   . 
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lMhat;TI17 
eK[ f  CaGnuKmn_Cab; nig manedrIevelI IR  EdlcMeBaHRKb; IRy,x   
eKmanTMnak;TMng )y(f)x(f)

2

yx
(f 

   nig 0)x(f  . 
cUrkMNt;GnuKmn_ )x(fy   . 
dMeNaHRsay 
kMNt;GnuKmn_ )x(fy    
eKmanTMnak;TMng )y(f)x(f)

2

yx
(f 

     

eday  0)x(f   enaH 0)y(f   nig 0)
2

yx
(f 

  
tagGnuKmn_ )x(fln)x(g   cMeBaHRKb; IRx  
eK)an 



 




)
2

yx
(fln)

2

yx
(g  eday )y(f)x(f)

2

yx
(f 

   

ehtuenH    )y(fln)x(fln
2

1
)y(f)x(fln)

2

yx
(g 

    

b¤   )y(g)x(g
2

1
)

2

yx
(g 

   

eFIVedrIeveFobnwg x  kñúgsmPaB  )y(g)x(g
2

1
)

2

yx
(g 

     
edaycat;Tuk  CaGefrminGaRs½ynwg  eK)an  ³ y x

)x('g
2

1
)

2

yx
('g

2

1


  b¤ )x('g)
2

yx
('g 
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yk  eK)an 0x  )0('g)
2

y
('g    

eFIVGaMgetRkal    ky)0('gdy)o('gdy)
2

y
('g  

tag 
2

y
z    enaH  dz2dy 

eK)an    ky)0('gdz)z('g2

          ky)0('g)z(g2   b¤ 
2

k
z)0('g

2

k
y)0('g

2

1
)z(g   

yk nig )0('ga 
2

k
b   eK)an baz)z(g   

b¤   eday bax)x(g  )x(fln)x(g   
eK)an bax)x(fln   naM[ baxe)x(f   
dUcenH  Edl baxe)x(f  IRb,a   . 
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lMhat;TI18 
eK[ctuekaNe)a:g  mYymanRCugABCD ,bBC,aAB   

cCD   nig  .  dDA 

P  CacMnucmYyenAkñúgctuekaNehIy   CacMeNalEkg N,M,L,K

éncMnuc  elIRCug  erogKña . P ]DA[,]CD[,]BC[,]AB[

eKdwgfa h
DA

PN

CD

PM

BC

PL

AB

PK
   . 

k> cUrRsayfa 
2222 dcba

S2
h


  Edl S  CaépÞRkLaén 

    ctuekaN   . ABCD

x>cUrbgðajfa 
2

1
h   

dMeNaHRsay 
k>Rsayfa 

2222 dcba

S2
h


   

 B 
M C

 P LN 
 
 
 A D

K
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eKman  PDAPCDPBCPAB SSSSS   
              PN.d

2

1
PM.c

2

1
PL.b

2

1
PK.a

2

1
  

eday h
DA

PN

CD

PM

BC

PL

AB

PK
    

eKTaj dhPN,chPM,bhPL,ahPK   
eK)an hd

2

1
hc

2

1
hb

2

1
ha

2

1
S 2222   

dUcenH 
2222 dcba

S2
h


   . 

x>bgðajfa 
2

1
h   

eKman )DsincdBsinab(
2

1
SSS CDAABC   

eday  nig 1Bsin  1Dsin   enaHeK)an ³ 

)cdab(
2

1
S    eday 

2

dc
cd;

2

ba
ab

2222 



  

eK)an 
4

dcba
S

2222 
  

tamsRmayxagelI  
2222 dcba

S2
h


    

dUcenH 
2

1

dcba

)
4

dcba
(2

h
2222

2222






    . 
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lMhat;TI19 
eK[ctuekaNe)a:g ABCD mYymanRCug bBC,aAB   

cCD   nig  .  CacMnucmYyenAkñúgctuekaNenHEdl dDA  O

 ODAOCDBC OOAB   ¬ )900 o  
k> cUrRsayfa 

2222 cba
tan

d

S4


  

     Edl  CaépÞRkLaénctuekaN ABCD  . S

x> kMnt;   edaydwgfa tan  mantémøFMbMput . 
 

 Rsayfa
dMeNaHRsay
k>  

2222 dcba

S4
tan


   

  
  
 
 
 
 
 

O

A B

C

D 
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 tag  tOD,zOC,yOB,xOA    . 
tamRTwsþIbTkUsIunUskñúg ODA,OCD,OBC,OAB   ³ 

bUksmIkar  eKTaj)an ³ 
)4(dtx 22  costd2

)3(coszc2czt

)2(cosby2byz

)1(cosax2xay

2

222

222

222









 

)4(&)3(,)2(,)1(

)5(
)dtczbyax(2

a
cos 

dcb 2222


  

ageTotmü:  ODAOCDOBCOAB SSSSS   
b¤ 

2

1
S sin)dtczbyax(  

eKTaj  )6(
dtczbx

sin


  
ya

S2



EckTMnak;TMng  nig  GgÁ nig GgÁeK)an ³ )6( )5(

2222 cb

S4
tan


  . 

da 

;  edaydwgfa x> kMnt  tan  mantémøFMbMput ³ 
eKman )DsincdBsinab(SC 

2

1
SS CDAAB   

eday  nig 1Bsin  1Dsin   enaHeK)an ³ 
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)cdab(
2

1
S    eday 

2

dc
cd;

2

ba
ab

2222 



  

eK)an 
4

dcba
S

2222 
  

eday  
2222 dcba

S4
tan


  

eKTaj 1
dcba

4

dcba
4

tan
2222

2222













 

  
dUcenHedIm,I[  mantémøFMbMputluHRtaEt tan o45   . 
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lMhat;TI20 

cMeBaHRKb; 0y;x   cUrRsaybBa¢ak;vismPaB ³ 

)yx(21yy1xx1yy1xx 2222   
                                                                      (Kazakhstan NMO 2010) 

 

dMeNaHRsay 

RsaybBa¢ak;vismPaB ³ 

)yx(21yy1xx1yy1xx 2222   

 

 

 

 
 

eRCIserIsctuekaNe)a:g  mYymanGgát;RTUg  nig  RbsBV ABCD AC BD
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http://www.artofproblemsolving.com/Forum/viewtopic.php?f=52&t=365264&
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KñaRtg;cMnuc  Edl I 1IDIB,yIC,xIA   

nig  . tamRTwsþIbTkUsIunUseK)an ³ o60CIDAIB 

1yyBC,1xxAD

1yyCD,1xxAB

22

22



  

tamRTwsþIbTGWEl BC.ADCD.ABBD.AC   

eday 2ICBIBC,yxIBAIAC   

dUcenH  
)yx(21yy1xx1yy1xx 2222   
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lMhat;TI21 
eK[  CacMnYnBitviC¢man . cUrRsaybBa¢ak;fa ³ c,b,a

8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











   

 
                                                                            (USAMO 2003) 

dMeNaHRsay 
RsaybBa¢ak;    8

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











  

rebobTI1 
tag 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T












  

yk  enaHkenSam  Gacsresr ³ cbas  T

22

2

22

2

22

2

)sc(c2

)sc(

)sb(b2

)sb(

)sa(a2

)sa(
T













   

eKman 22

22

22

2

sas2a3

sas2a

)sa(a2

)sa(







  

                                  
)

sas2a3

s2as8
1(

3

1

sas2a3

s3as6a3
.

3

1

22

2

22

22
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22

2

22

2

22

2

s2)sa3(

s2as8

3

1

s3as6a9

s2as8

3

1

)sa(a2

)sa(











  

eday    enaH  0)sa3( 2  222 s2s2)sa3( 

b¤  
cba

a4
1

s

a4
1

s2

s2as8

s2)sa3(

s2as8
2

2

22

2








   

eKTaj )1(
cba

a4

3

4

)sa(a2

)sa(
22

2





  

RsaybMPøWdUcKñaxagelIEdreK)an ³ 

)3(
cba

c4

3

4

)sc(c2

)sc(

)2(
cba

b4

3

4

)sb(b2

)sb(

22

2

22

2













  

bUkvismPaB nig  eK)an ³ )2(,)1( )3(

844
cba

c4b4a4

3

4

3

4

3

4
T 




  

dUcenH   8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











   . 

rebobTI2 
tag 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T












  

yk acz,cby,bax   
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eK)an 











bac2yz

acb2yx

cba2zx

 nig 











xyzc2

zyxb2

yzxa2

 

kenSam  GacsresrCa ³ T

22

2

22

2

22

2

z2)zxy(

)xy(2

x2)xyz(

)yz(2

y2)yzx(

)zx(2
T













   

tamvismPaB SchwarzCauchy   ³  222 )vu()vu(2 

eK)an  2222 )zx()yyzx(y2)yzx(2 

         
2222

2222

y)zx(
2

1
y2)yzx(

y2)zx(y4)yzx(2




 

eKTaj  
2

222

2

22

2

)zx(

y2
1

4

y)zx(
2

1
)zx(2

y2)yzx(

)zx(2











  

eday  naM;[ )zx(2)zx(  222
22

2

2

2

zx

y

)zx(

y2





 

b¤   22

222

2

2

zx

zyx

)zx(

y2
1







  

eKTaj)an )1(
zyx

)zx(4

y2)yzx(

)zx(2
222

22

22

2
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RsaybMPøWdUcxagelIEdreK)an ³ 

)3(
zyx

)xy(4

z2)zxy(

)xy(2

)2(
zyx

)yz(4

x2)xyz(

)yz(2

222

22

22

2

222

22

22

2

















  

bUkvismPaB  eK)an ³ )3(,)2(,)1(

8
zyx

)xy(4)yz(4)zx(4
T 222

222222





  

dUcenH 8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











   . 

rebobTI3 
tag 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T












  

eKmansmPaB  )vu2(3)vu(2)vu2( 2222 

edayyk   nig  au  cbv   enaHeK)an ³ 
 2222 )cb(a23)cba(2)cba2(   

b¤   2222 )cba(2)cb(a23)cba2(   
EckGgÁTaMgBIrnwg  eK)an ³ 22 )cb(a2 

eyIg)an  22

2

22

2

)cb(a2

)cba(2
3

)cb(a2

)cba2(
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kenSam  GacbMElgCa ³ T






















22

2

22

2

22

2

)ba(c2

)bac(

)ac(b2

)cab(

)cb(a2

)cba(
29T  

edIm,IRsayfa   eyIgRtUvRsay[eXIjfa ³ 8T 

2

1

)ba(c2

)bac(

)ac(b2

)cab(

)cb(a2

)cba(
S 22

2

22

2

22

2













  

eKman  bc2cba2)cb(a2 22222 

eday   enaH  22 cbbc2  )cba(2)cb(a2 22222 

RsaydUcKñaEdr  )cba(2)ac(b2 22222 

ehIy  )cba(2)ba(c2 22222 

eKTaj 
)cba(2

)bac()cab()cba(
S 222

222




  

edaykenSam  222 )bac()cab()cba( 

esμInwg  )cabcab(2)cba(3 222 

enaH 
222 cba

cabcab

2

3
S




  

eKman cabcab
2

ac

2

cb

2

ba 222222








  

b¤ cabcabcba 222   naM[ 
2

1
1

2

3
S    Bit . 
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rebobTI4 
Rsayfa 8

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











   

tag 
c

ba
z,

b

ac
y,

a

cb
x








  

Edl   1
cba

c

cba

b

cba

a

1z

1

1y

1

1x

1


















 

vismPaBsmmUl 8
z2

)z2(

y2

)y2(

x2

)x2(
2

2

2

2

2

2











   

eyIgnwgRsayfa 
3

1

u1

1

3

8

u2

)u2(
2

2






   RKb; u  0

eKman 0
)u1)(u2(3

)2u)(5u(

3

1

u1

1

3

8

u2

)u2(
2

2

2

2











 Bit 

ehtuenH  (*)
3

8

3

1

u1

1

u2

)u2(
2

2






  

tam (*)  eK)an ³ 

81
z1

1

y1

1

x1

1

z2

)z2(

y2

)y2(

x2

)x2(
2

2

2

2

2

2




















  

dUcenH   8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2
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lMhat;TI22 
cUrbgðajfa  

db

1

ca

1
1

d

1

c

1
1

b

1

a

1
1












 

cMeBaHRKb;cMnYnBitviC¢man   . d,c,b,a

                                                                         ¬evotNam  1962 ¦ 
dMeNaHRsay 
eKman ³ 

)dc)(ba(

bcdacdabdabc

dc

cd

ba

ab

d

1

c

1
1

b

1

a

1
1

X















  

nig  
dcba

)db)(ca(

db

1

ca

1
1

Y










  

eK)an 
)dc)(ba(

bcdacdabdabc

dcba

)db)(ca(
XY








  

bnÞab;BItRmUvPaKrYm rYcsRmYleK)an ³ 

0
)dcba)(dc)(ba(

)bcad(
XY

2





  naM[  XY 

dUcenH  
db

1

ca

1
1

d

1

c

1
1

b

1

a

1
1












   . 
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lMhat;TI23 
cUrbgðajfa  

zxyzxy

4

)xz(

1

)zy(

1

)yx(

1
222 









 

cMeBaHRKb;cMnYnBitminGviC¢manxusKña z,y,x   . 
                                                                         ¬evotNam  2008 ¦ 

 
dMeNaHRsay 
bgðajfa  

zxyzxy

4

)xz(

1

)zy(

1

)yx(

1
222 









  

eday z,y,x   CacMnYnBitxusKña nig minGviC¢manenaHeKGacsn μtyk 
0xyz    . 

tag 222 )xz(

1

)zy(

1

)yx(

1
A








  

nig  .  zxyzxyB 

yk qpxz,pxy   Edl  0q,0p 

eK)an  222 )qp(

1

q

1

p

1
A


  

nig )qpx(x)qpx)(px()px(xB   
          pqpx)qp2(2x3 22 

edaysarEt   enaH  0x  )qp(ppqpB 2 
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eK)an )qp(p
)qp(

1

q

1

p

1
BA

222











  

                   

2

2

2

2

2

q

)qp(p

)qp(p

q
2

q

)qp(p
)

qp

q

p

q
(2

qp

q
1

q

)qp(p

p

q
1

qp

p

q

)qp(p

p

qp




























 

eday 2
q

)qp(p
.

)qp(p

q
2

q

)qp(p

)qp(p

q
2

2

2

2











 

eKTaj)an 422BA    naM[ 
B

4
A   

dUcenH 
zxyzxy

4

)xz(

1

)zy(

1

)yx(

1
222 









  . 

vismPaBenHkøayCasmPaBluHRtaEt  









2

2

q)qp(p

0x)qp2(2x3

eKTaj)an  nig  ehIy 0x  2q)qp(p  qpz,py   
enaH qyz   tam  eKTaj)an  2q)qp(p  2)yz(yz 

naM[  eday  enaH 0yyz3z  22 yz 
2

2

51

2

53

y

z







 



 . 
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lMhat;TI24 
cUrkMNt;tYTUeTAénsIVútEdlkMNt;eday ³ 

0 1x 3,x  4 x nig 2
n 1 n 1 nx x n    cMeBaHRKb; n  . 

dMeNaHRsay 
KNnatYtUeTA  ³ nx

eKman  

          
0

1

2
2 0 1

x 3 0 3

x 4 1 3

x x x 9 4 5 2

  

  

       3

3

4

x

n

3

]bmafa   Bit n 1 nx n 2 , x n    

eyIgnwgRsayfa  n 1x n  

eKman  2
n 1 n 1 nx x n  

                  
2

2 2

(n 2) n(n 3)

n 4n 4 n 3

n 4

   

    
 

dUcenH   . nx n 
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lMhat;TI25 
cUrkMNt;RKb;cMnYnBit  ebIeKdwgfa x

x x

x x

8 27

12 18 6

7



  . 

dMeNaHRsay 
kMNt;cMnYnBit x  ³ 
eKman  

x x

x x

8 27

12 18 6





7 x    tag a 2   nig b x3   Edl a 0  ,b  0

smIkarkøayCa ³ 

                   

3 3

2 2

2 2

2 2

2 2

2 2

a b 7

a b ab 6
(a b)(a ab b ) 7

ab(a b) 6

a ab b 7

ab 6
6a 6ab 6b 7ab

6a 13ab 6b 0

(2a 3b)(3a 2b) 0





  




 


  

  
  

 

eKTaj)an a 2

b 3
    b¤  

1
a 3 2

b 2 3


    
 

  eday 
x

a 2

b 3
   
 

 

dUcenH     . x 1 , x   1
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lMhat;TI26 
cUrKNnaplbUk ³ 

n

3 4 n 2
S ...

1! 2! 3! 2! 3! 4! n! (n 1)! (n 2)!


   

       
 

dMeNaHRsay 
KNnaplbUk  ³ nS

eKman n

n
k 1

k 2
S

k! (k 1)! (k )!





   
 

tag  k

k 2
a

k! (k 1)! (k 2)!




   
 

            

2

2

k 2

k![1 (k 1) (k 1)(k 2)]

k 2

k!(1 k 1 k 3k 2)

k 2 1

k!(k 2) k!(k 2)

k 1 (k 2) 1

(k 2)! (k 2)!

1 1

(k 1)! (k 2)!




    



    


 
 

  
 

 

 
   

dUcenH n

n k
k 1

1 1
S a

2 (n 2)
  

 !
  . 
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lMhat;TI27 ( China 1983 ) 

eK[ f  CaGnuKmn_kMNt;elIcenøaH [0  edaydwgfa ³ ,1]

f (0) f (1) 1    nig | f (a) f (b) | | a b |      
cMeBaHRKb;  a  kñúgcenøaH [0  . b ,1]

cUrbgðajfa 1
| f (a) f (b) |

2
    . 

dMeNaHRsay 
bgðajfa 1

| f (a) f (b) |
2

     
-krNITI1 ³ 
  cMeBaH 1

| a b |
2

    enaHeK)an 1
| f (a) f (b) | | a b |

2
     Bit 

-krNITI2 ³  
  cMeBaH 1

| a b |
2

  enaHtamlkçN³qøúHeKGacsn μtfa a b  

  eKman | f (a) f (b) | | f (a) f (1) f (0) f (b) |      
  tamvismPaBRtIekaNeK)an ³ 

  
| f (a) f (b) | | f (a) f (1) | | f (0) f (b) |

1
| f (a) f (b) | | a 1 | | 0 b | 1 a b 1 (a b)

2

    

           
 

  dUcenH 1
| f (a) f (b) |

2
    . 
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lMhat;TI28 ( AIME 1988 ) 

cUrkMNt;KUéncMnYnKt; (a  edaydwgfa ,b) 17 16ax bx 1   
Eckdac;nwg 2x x 1    . 
dMeNaHRsay  
kMNt;KUéncMnYnKt; (a  ³ ,b)

tag p  nig q  Cab¤srbs;smIkar 2x x 1 0    enaHtamRTwsþIbTEvüt 
eK)an p q   nig pq1  1   . 
edIm,I[  Eckdac;nwg 17 16ax bx 1  2x x 1   luHRtaEt p  nig q   
Cab¤srbs;smIkar  Edr . 17 16ax bx 1 0  

eK)an   nig 17 16ap bp 1   17 16aq bq 1     
eKTaj)an   16 17 16 16q (ap bp ) q  

b¤  ¬eRBaH 16ap b q   pq 1  ¦ 
ehIy    b¤ 16 17 16 16p (aq bq ) p   16aq b p    
ehtuenH  16 16(ap b) (aq b) p q    

eKTaj)an 
16 16

2 2 4 4 8 8p q
a (p q)(p q )(p q )(p q )

p q


     


 

eday  p q  enaH 1 3  2 2 2p q (p q) 2pq 1 2        
           4 4 2 2 2 2 2p q (p q ) 2p q 9 2       7

7          8 8 4 4 2 4 4p q (p q ) 2p q 49 2 4      
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dUcenH a  . 1.3.7.47 987 

müa:geTottam   nig 17 16ap bp 1   17 16aq bq 1    
eK)an   17 16 17 16ap bp aq bq  

eKTaj)an 
17 17

16 16

p q
b .a

p q


 


  Et 

16 16p q
a

p q





 

enaH  
17 17

16 15 14 2 16p q
b (p p q p q ... q )

p q


       


 

            16 16 14 14 2 2 12 12[(p q ) pq(p q ) p q (p q ) ..        ..

7

                      7 7 2 2 8 8... p q (p q ) p q ]  

            16 16 14 14 2 2[(p q ) (p q ) ... (p q ) 1]        

tag  RKb; n  enaH 2n 2n
2nS p q  1 2 4 8S 3,S 7 ,S 4    

eKman  2n 4 2n 4
2n 4S p q 

  

                   
2 2 2n 2 2n 2 2 2 2n 2n

2n 2 n

(p q )(p q ) p q (p q )

3S S

 



    
 

 

yktémø n  CMnYskñúg 3,4,5,6,7 ,8 2n 4 2n 2 2nS 3S  S   
eK)an  6 8 10 12 14S 18 ,S 47 ,S 123,S 322 , S 843    

nig  . 16S 2207

eK)an b  (2207 843 322 123 47 18 7 3 1)         

b¤      b 1   . 59  7

dUcenH (  . a,b) (987 , 1597) 
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lMhat;TI29 
edaHRsaykñúgsMNMucMnYnBiténsmIkar ³ 

3x 3x x   2    . 
 

dMeNaHRsay 
edaHRsaysmIkar 3x 3x x   2  
smIkarmann½yluHRtaEt x 2 0    b¤  . x 2 

-cMeBaH  eKman x  2 )3 2x 4x x(x 2) 0 (i     
  ehIy   b¤ 2x x 2 (x 1)(x 2)      0 x x 2 (i  i) 
  bUkvismPaB  (i  eK)an ) & (ii) 3x 3x x 2    
  dUcenHsmIkar 3x 3x x   2

2

  K μanb¤scMeBaH x  . 2

-cMeBaH   eyIgGactag x 22 x   cosa   Edl   0 a  

  smIkarGacsresrCa 38cos a 6cosa 2cosa 2    

                              
3 2 a

2(4cos 3cosa) 4cos
2

a
cos 3a | cos |

2

 



 

eday 0 a  enaH   
a

cos 0
2
  

smIkarsmmUl a
cos 3a cos

2
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eKTajb¤s  1 2

a a
3a 2k , 3a 2k

2 2
        

b¤  1 2
1 2

4k 4k
a , a (k ,k

5 7

 
  )

  

 

eday 0 a  enaHeKTaj)an 4 4
a { 0 , , }

5 7

 
  

dUcenH 4 4
x 2cos0 2 , x 2cos ,x 2cos

5 7

 
      . 
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lMhat;TI30 ( Korean Mathematics Competition 2000 ) 

cUrkMNt;RKb;cMnYnBit  EdlepÞógpÞat;smIkar ³ x

x

0 0

x x x x x2 3 4 6 9 1         
dMeNaHRsay 
kMNt;RKb;cMnYnBit   ³ 

x x x x x2 3 4 6 9 1         
tag    nig xa 2  xb 3   smIkarkøaCa ³ 

2 2a b a ab b 1      
2 2

2 2

2 2 2

2 2 2

1 a b a b ab 0

2 2a 2b 2a 2b 2ab 0

(1 2a a ) (1 2b b ) (a 2ab b ) 0

(1 a) (1 b) (a b) 0

     

     

        

     

2

1

1

 

eKTaj)an a b   

ehtuenH   naM[ x x2 3  x 0   . 
dUcenHsmIkarmanb¤sEtmYyKt;KW x 0   . 
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lMhat;TI31 ( China 1992 ) 

cUrbgðajfa   80

k 1

1
16 17

k
     

dMeNaHRsay 
bgðajfa   80

k 1

1
16 17

k
       

eKman 2 2
2( k 1 k )

k 1 k 2 k k
    

1

 
 

eK)an 80 80

k 1 k 1

1
2 ( k 1 k ) 1

k 
    6  

ehIy 2 2
2( k k 1)

k k 1 2 k
    

1

k 
 

eK)an 80 80

k 1 k 2

1
1 2 ( k k 1) 2 80 1 17

k 
         

dUcenH  80

k 1

1
16 17

k
      . 
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lMhat;TI32 

eK[  CacMnYnkMupøicEdl  1 2 3z , z , z 3
1 2 2

2 2 2
1 2 3

1 2 3

z z z 2

z z z

z z z 4

  
   
 

 

cUrKNnatémø 
1 2 3 2 3 1 3 1 2

1 1 1
S

z z z 1 z z z 1 z z z 1
  

     
 

 
dMeNaHRsay 
KNnatémø S  ³ 
eKman  1 2 3 1 2 3 1 2 3z z z 1 z z z 1 (z z z )       

                                1 2 1 2 1 2z z 1 z z (z 1)(z 1)      

RsaybMPøWdUcKñaenHEdreK)an ³ 
2 3 1 2 3 3 1 2 1 3z z z 1 (z 1)(z 1), z z z 1 (z 1)(z 1          ) 

1 2 3

cyc
1 2 1 2 3

1 2 3 1 2 2 3 3 1 1 2 3

1 2 2 3 3 1

z z z 31
S

(z 1)(z 1) (z 1)(z 1)(z 1)

2 3

z z z (z z z z z z ) z z z 1

2 2

10 2(z z z z z z ) 10 (4 3) 9



2

  
 

    




      

 
 

    
 

2

 

eRBaH  2 2 2
1 2 2 3 3 1 1 2 3 1 2 32(z z z z z z ) (z z z ) (z z z )       
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lMhat;TI33 
eK[ x,y ,z  CabIcMnYnBitviC¢manEdl 4 4 4x y z 1     . 
cUrkMNt;témøtUcbMputén 

3 3

8 8

x y z

1 x 1 y 1 z
 

3

8  
  . 

dMeNaHRsay  
kMNt;témøtUcbMputén 

3 3

8 8

x y z
S

1 x 1 y 1 z
  

3

8  
    

eday x,y ,z 0   nig 4 4 4x y z 1     enaHeKTaj 0 x,y,z 1   
cMeBaH 0 t  tag 1  8f (t) t(1 t )    
eK)an 8 8 8[f (t)] t (1 t )8   b¤  8 8 88 f (t) 8t (1 t )  8   
tamvismPaB  eK)an  AM GM

98 8
8 8 8 8 8 8 8t 8 8t

8t (1 t ) 8t .(1 t )(1 t )...(1 t )
9

  
       

 
 

                                                                       
9

8

9
   
 

 

eKTaj  
9

8 8
8 f (t)

9
   
 

  b¤  
94

8
f (t)

3
  Et f ( 8t) t(1 t )   

enaHeKTaj)anfa 
94

8

1 1 3
(*)

t(1 t ) f (t) 8
 


 

eKman 
3 3

8 8

x y z
S

1 x 1 y 1 z
  

  

3

8
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eKGacsresr 
4 4

8 8

x y z
S

x(1 x ) y(1 y ) z(1 z )
  

 

4

8
 

tamvismPaB (*  eKTaj)an ³ )
9 94 4

4 4 43 3
S (x y z )

8 8
      eRBaH 4 4 4x y z 1    

dUcenHtémøtUcbMputén 
3 3

8 8

x y z
S

1 x 1 y 1 z
  

3

8  
    

KW    
94 4

min

3 9
S

8 8
 

3     . 
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lMhat;TI34 ( Iran 1996 ) 

eK[bIcMnYnBitminGviC¢man  nigminsUnüRBmKñaBIr . c,b,a

cUrRsaybBa¢ak;fa ³ 

2 2 2

1 1 1
(ab bc ca)

(a b) (b c) (c a) 4

 
        

9    

dMeNaHRsay 
RsaybBa¢ak;fa ³ 

(*)
4

9

)ac(

1

)cb(

1

)ba(

1
)cabcab(

222

















    

tag abcz,cabcaby,cbax   
eKmansmPaB ³ 

abc)cabcab)(cba()ac)(cb)(ba(   
                                  zxy   
nig  )zxy(x4)yx()ca()ba( 22

cyc

22 

vismPaB (*)  xagelIsmmUl  
4

9

)zxy(

)zxy(x4)yx(
y

2

22











  

smmUl  0z9xyz34y4yx17yx4 23224 

(**)0)z9xy(z)xz6y4yx5x(y)z9xy4x(xy 2243   



KNitviTüaCMuvijBiPBelak 

 

tamvismPaB Schur  cMeBaHRKb;cMnYnBitminGviC¢man z,y,x  eKman ³ 
)1(0z9xy4x0)zx)(yx(x 3

cyc
  

)2(0xz6y4yx5x0)zx)(yx(x 224

cyc

2   

tamvismPaB  eKman ³ GMAM 

)3(0z9xyabc9)cabcab)(cba(   
tam  eKTaj)an (**) Bit . )3(&)2(),1(

dUcenH 
4

9

)ac(

1

)cb(

1

)ba(

1
)cabcab(

222

















  .  
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lMhat;TI35 
eK[  CabIcMnYnBitminGviC¢man . c,b,a

cUrRsayfa 3333 )a
2

cb
(2abc3cba 


   . 

dMeNaHRsay 
tamvismPaB  eKman GMAM  abc3cba 333   
enaH   . 0abc3cba 333 

ebI 0a
2

cb


   enaHvismPaBxagelIBitCanic© . 

eyIg]bmafa 0a
2

cb


  . 

tag 3333 )a
2

cb
(2abc3cbaT 


  

yk   nig x2ab  y2ac   enaH y2x2a2cb   
Edl 0y,0x    .  eK)an ³ 

3333 )yx(2)y2a)(x2a(a3)y2a()x2a(aT   
bnÞab;BIbRgYmrYceK)an ³ 

2222 )yx)(yx(6)yx)(yx(6)yxyx(a12T   
0)

2

cb
)(a

2

cb
(6T 2 





   Bit 

dUcenH   3333 )a
2

cb
(2abc3cba 


   . 
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lMhat;TI36 
eK[RtIekaN  mYymanRCug ABC cAB,bCA,aBC   
ehIymMukñúg  CamMuRsYcb¤mMuEkg . C,B,A

tag S  CaépÞRkLaén   ABC

cUrRsaybBa¢ak;fa   2444 S16

9

c

1

b

1

a

1
   . 

dMeNaHRsay 
RsaybBa¢ak;fa   2444 S16

9

c

1

b

1

a

1
   . 

eKman  Edl )cp)(bp)(ap(pS2 
2

cba
p


  

tag  222222222 cbaz,bacy,acbx 

Edl 0z,y,x   nig minGacmanBIrsUnüRBmKña . 
eK)an  222 b2xz,a2zy,c2yx 

ehIy  )cba)(bac)(acb)(cba(S16 2 

                   
zxyzxyx)xz)(yx(

)acb(cb4
2

222222





vismPaB 2444 S16

9

c

1

b

1

a

1
   GacbEmøgeTACa ³ 

zxyzxy

9

)xz(

4

)zy(

4

)yx(

4
222 
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KNitviTüaCMuvijBiPBelak 

 

4

9
]

)xz(

1

)zy(

1

)yx(

1
[)zxyzxy( 222 








   

tamlkçNHGUm:UEsneKGaceRCIserIsyk 1zxyzxy   enaHivsmPaB 
xagelIsmmUl ³  222

cyc

22 )zx()zy()yx(9)zx()yx(4 

eday  1xyzxzxyx)zx)(yx( 22 

ehIy  )zy)(1x()zx)(zy)(yx( 2 

                                            

xyzzyx

zy)yz1(x

zy)xzxy(x

zy)zy(x2






eK)an  2

cyc

22 )xyzzyx(9)1x(4 

2222222 )xyzzyx(9])1z()1y()1x[(4   
(*))xyzzyx(9]3)zyx(2)zyx[(4 2222444   

tag zyxS    nig xyzP   
Edl   nig  eRBaH 0cbaS 222  0P  0z,y,x   . 
eK)an  2zyx)zyx(S 22222 

ehIy  )zyzyyx(2zyx)2S( 22222244422 

eday 1xzyzxy    enaH  1)xzyzxy( 2 
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b¤   1)zyx(xyz2zxzyyx 222222 

b¤  PS21zxzyyx 222222 

enaH  )PS21(2zyx)2S( 44422 

naM[   2SP4S4Szyx 24444 

vismPaB (*)xagelIsmmUl ³ 
2224 )PS(9)34S22SP4S4S(4   

(**))PS(9SP16)4S)(1S4(S9

)PS(94SP16S8S4

)PS(9)1SP4S2S(4

2222

224

224







 

-cMeBaH    eKman   2S  0SP16)4S)(1S4( 22 

naM[vismPaB (**) Bit  
eRBaH  . 22222 )PS(9S9SP16)4S)(1S4(S9 

-cMeBaH   vismPaB (**) Gacsresr ³ 2S0 

  22222 P9SP18S9SP16)4S)(1S4(S9 

0P9SP34)4S)(1S4( 222   
tag  222 P9SP34)4S)(1S4(T 

eyIgnwgRsayfa   . 0T 

eKman xyz9)xzyzxy)(zyx(   ¬tam ¦ GMAM 

eday 1zxyzxy   enaH P9S   
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ehIy )4  SP33)P9S(PS)(1S4(T 22   
eK)an SP33)4S)(1S4(T 22   

tamvismPaB Schur  eKman 

                   

 
cyc

2 0)zx)(yx(x  

eday x)zx(x2  )zy(xyzxx)(y 324   

eK)an  
cyc

3

cyccyc

4 )zy(x)x(xyz)x(  

eday  SPxxyz,2SP4S4S)x(
cyc

24

cyx

4   

nig   
cyc

2

cyc cyc

23 )yz1(x)xzxy(x)zy(x  

       SP2Sxxyzx 2

cyccyc

2    

eK)an S4S 24 2SPS2SP5 2   

                                  4S5SSP6 24   
                                  )1S)(S4(SP6 22   
ehtuenH SP6

2

11
)4S)(1S4(T 2  2   

            
)3S)(S4(

2

3
T

)1S)(S4(
2

11
)4S)(1S4(T

22

2222
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eday  enaH 
 enaH 

eKTaj)an 

2S0  0S4 2   
ehIy S2 23)zxyzxy(3)zyx( 2  03S   

0)3S)(S4(
2

3
T 22   Bit . 

eK)ansrubmk  
4

9
]

)xz(

1

)2 
zy(

1

)yx(

1
[)zxyzxy( 22 




   

dUcenH 
2444a

1


S16

9

c

1

b

1
   . 
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lMhat;TI37 ¬Turkey 2007¦ 
[bIcMnYnBitviC¢man   Edl eK  c,b,a 1cba    . cUrRsaybBa¢ak;fa ³ 

cabcab

1

b2b2ca

1

a2c2c2ab a2bc

11
222 







   

CadMbUgeyIgnwgRsayfa 


dMeNaHRsay 

22 )cabcab(

ab1   
c2c2ab 




s
s

aH

mmUl bcab(

mmUl ccb 222 

)c2c2ab(ab)ca 22   
abc2abc2)cba(abc2a 22   

eday 1cba   en 2 abcabc2abc2accb 22222   
smmUl 0)ba(cabc2accb 2222222    Bit 
ehtuenH )1(

)cabcab(

ab

c2c2ab

1
22 




 

            
)3(

)cabcab(

ca

b2b2ca

1

)2(
)cabcab(

bc

a2a2bc

1

22

22









  

bUkvismPaB  eK)an ³ )3(&)2(,)1(

cabcab

1

b2b2ca

1

a2a2bc

1

c2c2ab

1
222 
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lMhat;TI38 
eK[  CabIcMnYnBitviC¢man .  cUrRsaybBa¢ak;fa ³ c,b,a

2

cba

acac2

c

cbcb2

b

baba2

a
22

2

22

2

22

2 









 

ey itüGnuK

dMeNaHRsay 

IgBin mn_ 
1xx2

x
)x(f

2

2 
   RKb; 0x   

vismPaBxagelIsmmUl 
2

cba
)

a

c
(af)

c

b
(cf)

b

a
(bf


  . 

edIm,IRsaybBa¢ak;vismPaBenHeyIgRtUvkMNt;GnuKmn_lIenEG‘mYyEdl 
(*x)x( )f   ehIy   nig   CaBIrcMnYnBitEdlbMeBjlkç½xNÐ½ (*)  

BitcMeBaHRKb; 0x   . 
edaysaEtvismPaBBitcMeBaH cba   enaHeyIgnwgkMNt;rk   nig   
EdleFIV[ExSekag  )x(fy:)c(  b:Hnwg  xy:)d(  Rtg; x 1   
eBalKWRtUv[  )1(f  nig )1('f  . 
eday 

2
)1(f    enaH 1

2

1
  

eKman 
12
x2)x('f

x2x

.
1x22

1x4
x2x2

2

2
2 x1x2 2
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eK)an 
16

11

4
4

5
4

)1('f 


   enaH 
16

11
   ehIy 

16

3

2

1
  

ehtuenH  
16

3x11
)x(f


   b¤  (**)

16

3x11

12 xx

x
2

2 



 

-ebI  
11

3
x0   enaHvismPaB  BitCanic©eRBaHGgÁTI1CakenSamviC¢man 
;  ehIyGgÁTIBIrGviC¢man . 

(**)

  Canic©RKb 0x 

-ebI 
11

3
x ismPaB (**) sresr ³   enaHv Gac

  0
)1xx2(256

)9x39x14()1x()3x11(x 222 
25x2

2

22

2





61x2








 

 

vaBitcMeBaHRKb; 
11

3
x   eRBaH 2 09x39x14   . 

tam  eKCMnYs x  eday (**)
a

c
,

c

b
,

b

a  eK)an ³ 

16acb

a3cc3b11b3a
(af)

1111
)

cb
(cf)

a
(bf


   

                                        
2

cba

16

c8b8a8 



  Bit 

dUcenH  

2

cbaba2 


acac2

c

cbcb2bab 22

2

22

2

22








  

a2 
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lMhat;TI39 
 CabIcMnYnBitxusKña .  eK[ c,b,a

cUrRsayfa 2
)ba(

c

)ac(

b

)cb( 
a

2

2

2

2

2

2







   . 

eday  RKb;cMnYnBit 

dMeNaHRsay 
eKman zx2  )zxyxy(2)zyx(zy 222   

0)zyx( 2  z,y,x  enaHeK)an ³ 
(*))zxyzxy(2   zyx 222 

yk 
ba

z,
a

x
c

c

b
y,

cb

a








  en aHeK)an ³ 

)cb)(ba(

ac

)ac)(ba(

bc

)ac)(cb(

ab
zxyzxy








  

                      

1
)ac)(cb)(ba(

)ab)(cb)(ac(

)ac)(cb)(ba(

)ac(ac)acb)(ac(b

)ac)(cb)(ba(

)ac(ac)cb(bc)ba(ab

















 

 eKTaj)an  

dUcenH 

tamTMnak;TMng (* ) 2)1(2zyx 222   

2
)ba(

c

)ac(

b

)cb(

a
2

2

2

2

2

2










  . 
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lMhat;TI40 
 cUrRsaybBa¢ak;vismPaB ³ 

2

23
)a1(c)c1(b)b1(a  222222    

dMeNaHRsay 
tamvismPaB 

 cMeBaHRKb;cMnYnBit c,b,a   . 

Minkowsky  eKman ³ 
 2

321
2

321
2

3
2222 x3

2
2 )yyy()xxx(yy   211 xyx 

 yk x,ax cx,b 321   

 nig  y,c1y 3 a11y,b 21    nig cbas   
 eK)an 

2

9
)s3(s)yyy()xxx( 222

321
2

321    

 eRBaH  
2

9
]9)3s2   [(

2

1
9s6s2)s3(s 2222 

    dUcenH 
 

2

23
)a1(c)c1(b)b1(a2    . 22222 
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lMhat;TI41 
[RtIekaN  mYyEkgRtg; .  nig  CacMNucBIreRCIserIs 

enAelIGIub:UetnUs Edl
eK  ABC C D E

BDBC   nig AEAC   . 
alEkgén  nig  elIRCug  nig  erogKña . 

;fa
F  nig G  CacMeN  D E AC BC

cUrRsaybBa¢ak EGDF DE    . 

R b
dMeNaHRsay 

say Ba¢ak;fa EGDFDE     

 
 
 
 
 
 
 

eyIgsg;km<s;  rYcP¢ab;  nig  . 
eKman  enaH 

 
 
 
 
 

 
 
 
 
 
 
 

CN CD CE

BDBC  BCD  CaRtIekaNsm)atkMBUl 
eK)an  Et 

B  
BDCBCD  NCDBCNBCD   

nig ADCABDC    
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ehtuenH DNCDBC )1(ACAN    
eday C  enaH )2(AABN  BCN   ¬mMubMeBjén Mu m ¦ 

 nig eKTaj)an
NCA

tam 1(  ) )2(  DCANCD    
ehIy o 90CFDCND   enaHeKTajRtIekaN  nig   

Ekgb:unKña .  eKTaj)an
CND CFD

CaRtIekaN  DFDN   . 
MPøWtamrebob eK)anRsayb dUcKña  EGEN   . 

H dUcen NENE EGDFDD   . 
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lMhat;TI42 
eKyk  CacMnucmYyénRCug  rbs;RtIekaN  ehIy  nig 
CacMeNalEkgén  nig  elI  . 

I

D BC ABC E F  
B C AD

eb R  CacMnuckNþalén  enaHRsayfa BC RFRE   
dMeNaHRsay 

nøay   nig 

Rsayfa RE  RF  
 
 
 
 
 
 
 
 
 
b  FGCF  EHBE   rYcP¢ab;  nig  . 

man   nig 
AH,BG,AG CH

eK  AEBE  EHBE   ¬sMNg;¦enaH  AHEABE   
eK)an   nig  AHAB  HAEBAE   . 
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RsaydUcKñaEdreK)an AGFACF   
eK)an  nig  AGAC  GAFCAF   . 

keFIVpld AFBAF AHEGCAF    
an enaeKTaj)  H AGB CAHBAG  ACH  

Cavi)ak CHeKTaj  . 
man

 BG

kñúgRtIekaN CBG  eK  R  nig  CacMnuckNþalén  nig F CB CG  
eK)an BG

2

1
RF   ¬)atmFüm¦ 

RtIekaN CBH  eK)dUcKñaEdrkñúg an CH
2

1
RE   . 

 dUcenH eday CBG  H RFRE    . 
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lMhat;TI43 
[kaer  mYy .  CaRbsBVrvagGgát;RTUgTaMgBIr ehIy CacMnuc 

sßitelI  . 
Rsayfa

eK  ABCD E N

mYy  AE

cUr  NC.ANBNAB 22   nig 222 BN2NCAN    

man  ¬Ggát;RTUgénkaer¦ enaH 

dMeNaHRsay 
Rsayfa NC.NBNAB 2     A2 

 
 
 
 
 
 
 
 
eK  BDAC  BEAE    

amRTwsþIbTBItaKr½cMeBaHt  AEB  nig NEB  

)2(EBNEN

)1(EB)NEAN(EBAEB
222

22222



  
B

A
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dksmIkarBIrenHGgÁnigGgÁeK)an ³ 
)NE2AN.(NNE.AN2   AANBNAB 222 

Et NCECNENEAENE2AN   
dUcenH    . NC.ANBNAB 22 

Rsayfa  222 BN2NCAN   
eKman 

 eRBaH 

 nig  eK)an ³ 

)3(NE.AE2NEAE)NEAE(AN 2222   
ehIy 222 )AENE()ECNE(NC  AEEC   
         .AENC )4(NE2AENE 222   
bUksmIkar )3( )4(

222 AE2NE2NC2AN   Et BEAE   
dUcenH 2N  .2222 B2)BENE(2NCAN   
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lMhat;TI44 
eK[  CaRtIekaNmYyehIy  CaeCIgénkm<s;KUsBIkMBUl  . 
yk  nig  sßitenAelIbnÞat;kat;tam  edaydwgfa  Ekgnwg 
ehIy  Ekgnwg  Edl  nig  xusBI  .  

 nig  erogKña . 
yfa

a wg

ABC D A

E F D AE BE  
AF CF E F D

yk M  nig N CacMNuckNþalénGgát; BC EF

cUrRsa N  Ekgnwg NM  ?  A
dMeNaHRsay 
Rsayf N  Ekgn M  A  N
 
 
 
 
 
 
 
 
 
 

A 

B CD M

N

Q 

P 

F 

E 
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tag  nig  CargVg;manGgát;p©iterogKña  nig  . 
)an  eRBaH  

 )w( 1 )w( 2 AB AC

eK  )w(E 1 BEAE   ehIy )w(F 2  eRBaH CFAF   
tag  nig  CacMnucRbsBVrvagbnÞat;  CamYy  nig 

gKña . 
 enAeRkArgVg; 

 P Q )AN( )w( 1 )w( 2  
ero
cMnuc )w1  enaHeK)an )1(N.QND.NEN ( AN  
eRBaH N  CacMNuckNþalén  . EF

cMeBaHrgVg; )( 2  eKman )2(NND.NFw NA.P  
tam &)1( )2(  eKTaj)an NA.NPNA.NQ   b¤ NPNQ   
eday MCB   enaHeK)an /M PC/MN  ehIyeday PCAP   
dUcenH NMN    .  A
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lMhat;TI45 
GnuKmn_  EdlepÞógpÞat; ³ rk  IRIRf :

   22 2x,y IR : f ((x y) ) x 2yf (x) f (y)       
NaHRsay dMe

rkGnuKmn_ f  
yk xy   eK)an   22 xfxxf0f ))(()()(   2 xxf2x )( 

ebI  enaH  naM[  0x  )()( 0f0f 2 00f )(  b¤ 
 enaH    

 

  

10f )(  
-krNI 00f )(  eK)an 0xfx 2  ))(( xxf )(

  epÞógpÞat; ³

  
2f ())(( 

  2222

2

yxyyxyfy2

yxyx

)()(

)




2 2xxfx )( 

eK)an   222 yyx ))())  2 xfxyf2yxf ()(((   Bit 
   RKb; dUcenH xf )( x IRx  

-krNI 110f )(  eK)an  enaH 1xfx 2  ))(( xxf )(    
¤   . 

t; ³ 
 b 1xxf )(

epÞógpÞa
-cMeBaH 1  f (x) x
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  2x 2yf  

2 2

2 2

2

(x y) ) y) 1

(x) f (y) x 2y(x 1) (y 1)

(x y) 1

  

     

  

2   

eK)an 

f ( (x 

  1yxyfxyf2xyxf 2222  )()()())((  Bit 
enH    RKb; dUc  1xxf )( IRx  

-cMeBaH 

2   

eK)an 

1xxf )(  

  22x (y)   

2 2

2

2

y) ) (x y) 1

2yf (x) f x 2y(x 1) (y 1)

(x y) 1

   

   

  

f ((x

 222 yfxyf2xyxf )()())((    
enH  minEmnCacemøIy . 

srubmkeK)an   b¤  
dUc  1xxf )(

xxf )( 1xxf )(   RKb; IRx  . 
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lMhat;TI46 
BaHRKb;cMnYnBitviC¢man  cUrRsaybBa¢ak;fa ³ cMe  a ,b ,c

36
222222

3 abc
8

accbba
accbba 




))()((
))()((    

dMeNaHRsay 
bgðajfa ³ 

36
222222

3 abc
8

accbba
accbba 




))()((
))()((    

CadMbUgeyIgRtUvRsayfaRKb; 0yx ,  eK)an xy
2

yx
yx

22




   
eKman xy2yx   enaH  b¤ 
elIkCakaer 

xy4yx 2  )( 0xy4yx 2  )(  
0xy4yx 22  ])[(  

                 )( 24 x16xy8yx 

)()[()(

)(
2224

22

yxxy8xy2yxyx

0yyx



  
]xy8 

eKTaj 
2

yx
xy4yx (   b¤ 

22
2 
)

2

yx
xy2

2

yx 222 


 )(  

eday 
2

yx
xy

2

yx

2

yx
xy2

2
2

2222 )(
)(.







   

eK)an 
2

yx
xy)

(

2

yx

2

yx 2
2

222 )(
(

) 





  



KNitviTüaCMuvijBiPBelak 

 

 

   eroberogeday lwm plÁún                           - TMBr½ 110 - 

naM[ xy
2

yx
yx

22




  .  

mPaBxagelI eKTaj tamvis  








c





acra

bcqcb

abpba

   

Edl ,
2

ba
p

22 
  

2

cb
q

22 
   nig 

2

ca
r

22 
    

eK)an ))()(())()(( accbba  acrbcqabp    
b¤      abcnmpqraccbba  ))()((  
Edl 3 222pbqr  222 rqcba3abcpracpqm    
nig   3 444222 pqrcba3crabbcqapabcn   
eday 336 abcpqrabcnmpqr )(   
eKTaj 336 abcpqraccbba )())()((   
b¤ 363 ( abcpqraccbba  ))()(  

dUcenH  36
222222

3 abc
8

accbba
accbba 




))()((
))()((  
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lMhat;TI47 ¬ Greece National Olympiad 2011¦ 
[eK  cba ,,  CacMnYnBitviC¢manEdlmanplbUkesμ  .  

UrkMNt;témøGtibrmaén 
I 6

c  3 3 32 2 2S a 2bc b 2ca c 2ab        
dMeNaHRsay 
kMNt;témøGtibrmaén  33 23 2 ca2bbc2aS  2 ab2c    
tag 3 23 2 vbc2au  , ca2b   nig 3 2 ab2cw   
eKman 33 vu  22223 cbaab2cca2bbc2aw )(   
Ettamsm μtikmμ 6cba    enaH 

b;  eyIgeRCIserIs 
 nig 

)(136wvu 333   
ehIy )(2wvuS   
cMeBaHRK  0x  3xxf )(  
eKman 3xf )(' x62x 0xf ) J(''  enaHtamvismPaB eK)an ensen

0wvu
3

wvu
uf f3wfvf 


 ,,,)()()(  )(

eK)an )()(
vu

3wu 33 
 

 3wvu
9

1

3

w
v 3

3
3 





  

tamTMnak;TMng   eK)an  )(&)(),( 321
9

S
36

3
   naM[ 3 123S   

dUcenHtémøGtibrmaén  3 23 23 2 ab2cca2bbc2aS    
esμInwg 3 123S max   EdlRtUvnwg 2cba     . 
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lMhat;TI48 ¬USAMO 1989 ¦ 
cMeBaHRKb;cMnYnKt;viC¢man n  eK[ ³ 

1n

T
.

TTT
U 321

n3

...
432

n

1
....

11
1

n
n

S....SSST
32

21n

Sn








 

cUrkMNt;edayeFIVdMeNaHRsay nUvcMnYnKt; 0001000d,c,b,a0   
edaydwgfa baST 19891988    nig dcSU 19891988    . 
dMeNaHRsay 

tamkMeNInfaRKb;
kMNt;cMnYnKt; d,c,b,a  
eyIgnwgRsay :2 nnSTn n1n     
-cMeBaH 121 S12)

2

1
1(22S2T:2n    Bit 

 Bit -]bmafa T nnS  n1n

eyIgnwgRsayfa S)1n(Tn )1n(1n    Bit 
eKman T n1nn1n21n STSS...SS    
           T nn nS)1n(SnnS nn   
eday 

1n

1
SS n1n  

  enaH 
1n

1
SS 1nn 
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eK)an )1n(S)1n(n)
1n

1
S)(1n(T  1n1nn 


  Bit 

dUcenH nnnST:2n 1n    
yk n 1989  eK)an 1989S1989T 19891988   
eday T baS19891988    enaHeKTaj 1989b,1989a   . 
ehIy )

1k

T
(

1n

T
...

4

T

3

T

2

T
U

n

1k

k2 n31
n 

 
 


  

        

)1n(2S)1n(

n1)1n(S)1n(

nST

nS....SS

)1S(

1k

)1k(
U 1 S)1k(

1n

1n

11n

1n32

n

1k
1k

n

1k

k
n

































 

yk   eK)an 1988n  3978S1989U 19891988   
eday   enaH dcSU 19891988  3978d,1989c   
dUcen b,9H 3978d,1989c,1989198a   . 
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lMhat;TI49  (Japan Mathematical Olympiad Finals 2010) 
[eK  x ,y ,z  CacMnYnBitviC¢man . cUrbgðajfa ³ 

2 2 2

yz zx 1 zx xy 1 xy yz
1

(1 y z) (1 z x)

     
  

   
  . 

tamvismPaB 

1

(1 x y) 
 

dMeNaHRsay 
Cauchy Schwarz  ³ 

2 2 2 2 2 2 2
1 1 2 2 3 3 1 2 3 1 2 3(a b a b a b ) (a a a )(b b b )        

yk 1 1a b 1  2 2 3 3

x y
,a xz ,b ,a yz ,b     

z z

eK)an 2 x y
(1 x y) (1 xz yz)(1 )

z z
        

eKTaj)an    
2

1 xz yz z
(1)

(1 x y) x y z

 


   
 

RsaydUcKñaEdr  
2

1 zx xy x
(2)

(1 y z) x y z

 


   
 

nig   
2

1 xy yz y
(3)

(1 z

 
  x) x y z


 

 

B  eK)an ³ eFIVplbUkvismPa  (1), (2) & (3)

2 2 2

1 yz zx  1 zx xy 1 xy yz x y z
1

x y) (1 y z) (1 x) x y z

     
   

      
   

(1 z

dUcenH  
2 2

1 yz zx 1 zx xy 1 xy yz
1

2) (1 y z z x)

     
  

  
  . 

(1 x y ) (1  
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lMhat;TI50 ¬ China Team Selection Test 2002 ¦ 
  a 1, a 5    nig  eK[sIVút 1 2

n n 1
n 1 2 2

n n 1

a a
a n

a a 1






2  
 

  

ay 
 CaGnuKmn_én  ³ 

cUrkMNt;tYTUeTAénsIVút n{a } CaGnuKmn_én n  . 
dMeNaHRs
kMNt;tYTUeTAénsIVút n{a } n

eKman  n n 1
n 1

a
a n 2     

2 2
n n 1

a

a a 1


 

          

eK)an 
2 21 a 1n n 1

2 2 2
n 1 n n 1

2 2 2 2 2
n 1 n n 1 n n 1

2 2 2 2
n 1 n n 1 n

2 2 2
n 1 n n 1

a

a

1 1 1 1

a a a a a

1 1 1 1
1 (1 ) (1 )

a a a a

1 1 1
1 )(1 )

a a a



 

  

 

 




  

    

   

 

b¤   

a a

1 (

2 2 2
n 2 n n 1

1 1 1
1 (1 )(1 )

a a a 

     (*)

tag n 2
n

1
b ln(1

a
  ) enaH n 1 2

n 1

1
b ln(1

a


   )
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ehIy    n 2 2
n 2

1
b ln(1 ) (*

a


   *)

 CMnYskñúg l)an byk (*  eKTTY) (**)  n 2 n 1 nb b    

smIkarsmÁal; 0   manb¤s  2q q 1   1 2

1 5 1
q , q

2 2

 
   5

eK)an n
n

1 5 1
) (    n5

b ( )
2 2

  Edl ,   kMNt;dUcxageRkam ³ 

cMeBaH n 1  1

1 5 1
b . 

5
.

2 2

 
   

cMeBaH 2

3 5 3 5
n 2  : b

2 2

 
    

eday 1 2
1

1
b ln(1 ) ln 2

a
    nig 2 2

2

1 2
b ln

6
1 ) ln

a 25
    

eK)an 

(

1 5 1 5
ln 2

2 2

3 5 3 5 26

2 2 25

  
   


    

 
ln

eKTaj 1 2 13 1 100
ln ln

2 5 35

 
   

 
 

nig      1 2 13 1 100
ln ln

2 5 35

 
   

 
 

ehIy  n 2
n

1
b ln(1 )

a
   eKTaj n

nb

1
a

e 1



  . 
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lMhat;TI51 ¬ China Team Selection Test 2006¦ 
eK[  n CacMnYnBitviC¢manEdl 1 2x ,x , ...., x  

n

i
i 1

x 1

   . cUrRsayfa ³ 

 
2

n

i

1 n
x 

 
 

 
  . 

HRsay 
tag   eKTaj 1

n


i 1 i 1

i1 x n 1  
 

dMeNa
i i1 x y  i ix y   nig n

i
i 1

y n 1

     Edl 

vismPaB 

iy 1  

 
2

n n

i
i 1 i 1

i

1 n
x

1 x n 1
 

 
    

   smmUl ³ 

 
2

i

i

n
y 1

n n

i 1 i 1

1

y n 1


    

 


 

aB

  

tamvismP  Cauchy Schwarz  ³  2

i i
i 1

(a
n n n2 2

i i
i 1 i 1

a b ). (b )
  
    

eKyk 1 i i

1
a ,a y 1 i

n
     2

ehIy  1 1 i

1
b y 1 , b , i 2

n
       eK)an ³ 

2
n n

i i 1

n

i 2 i 2

1 1 1
. y 1 (y 1) y 1

n nn  
 

             
   

   
i 1



eday 1

i

n

i 1
2
(y 1) n 1 y (n 1) 2 y


         

ehIy   n

i 2

1 n

n n





1  enaHeK)an ³ 
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 n n

i 1 i i
i 2 i 2

1 1 1 2n
(y 1) y 1 ( y )(y )

n n n 
 

1

n

            
   

   

                                                       2
1 1 2

2(n 1) 2n 1
y y

n n

 
     

eKTaj  
2

n 2
i 1 1 2i 1

1 2(n 1) 2n 1
. y 1 y y

n nn


     
 

  

¤ 

 

b  n 2
i 1 1 2i 1

2(n 1) 2n 1
y 1 n y y

n n


 
      

b¤  n1 2n
y 1 n y    i 1 2i 1

1

2 2n 1 1
.

n n yy 

 
   

KTaj)an ³ 
1

dUcKñaEdre
n

i 2 2i 1
22

n

i
i 1

n

n 2
n

2n 2 2n 1 11
y 1 n y .

n n yy

1 2n 2 2n 1 1
y 1 n y .

n n yy 
  




 
    

                      

 
  

 

edayeFIvviFIbUkGgÁ nig GgÁénbNþavismPaBxagelIeK)an ³ 

 

n n n

i i 2i 1 i 1 i 1
ii

1 2n 2 2n
y 1 . n y

1 1
(*)

n n yy  
  

 
      

tamvismPaB 

.

Cauchy Schwarz  eKman ³ 
n n

i i2i 1 i 1
i

y . n ( y
2 n y n 

      
2

i

2n 2 2n 1 1 2n 2 2n 1 1
. )

n y
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eday n

i
i 1

2n 2
( y ) (n 1) 2n 2 n 1

n



          

eK)an n

i 1
i

y n n

  

n

i 2 2 i 1
i

2n 2 2n 1 1 2n 1 1
. 1 .

2 n y n y


  
       

ehIy  
2 2

n

n
i 1

i i
i 1

1 (1 1 ... 1) n

y n 1y






  
 


 

eKTaj 
2

n

i 2 2i 1
i

2n 2 2n 1 1 2n 1 n
y . n n 1

2 n y n n
.




  
     

1
    

b¤   n

i 2i 1
i

2n 2 2n 1 1 n
y . n . (**)

2 n y n 1


 
   


    

tam (*)  nig (**) eKTaj   
2

n n

i
i 1 i 1

i

1 n
y 1

y n 1 
 

 
     

 Bit 

dUcenH  
2

n n

i
i 1 i 1

i

1 n
x

1 x n 1 
 

 
    

  . 
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lMhat;TI52 ¬ China Team Selection Test 2005¦ 
[ CabIcMnYnBitminGviC¢man Edl eK  a ,b ,c  

1
ab bc ca

3
    . 

Urbgðajfac  
2 2 2

1 1 1
3

a bc 1 b ca 1 c ab 1
  

     
  . 

dMeNaHRsay 
tag 

2 2 2
S

bc 1 b ca 1 c
 

  
a b c

a ab 1


  
  

nig  
2 2 2

1 1 1
T

a


bc 1 b ca 1 c ab 1
 

     
  

eKman 
2 2 2

3 3

a b c

abc a b cab b c abc c
 

    
 

smPaB
3

S
a




tamvi  Cauchy Schwarz  eK)an ³ 
2

3 3 3

(a b c)
S 

a b c 3abc a b c

 
     

 
)Et 3a b 3 3 2 2 2b c 3abc (a b c)(a b c ab c ca           

eK)an 
2

S
a ca 12 2

a b c

b c ab bc

 


   
eday

 
1

ab bc ca
3

    

enaH 
2 2 2

a b c 1
S

a b c 2ab 2bc 2cc a b c

 
 

      
 . 

geTotmüa:  
2 2 2

T ab bc ca ab bc ca ab bc ca

3 a bc 1 b ca 1 c ab

     
  

     
 

1

ehIy 
2 2 2

ab 1

bc 1

bc ca a(a b c)
1

a bc 1 a bc 1 a
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 eK)an

2cyc

2 2cyc

T ab bc ca

3


a bc 1
a(a b c) 1

[ 1]
a bc 1 a bc 1

1
(a b c)S T 3 (a b c). T 3

a b c





 
 
 

  
   

         

        



 


1

S
a b c


 

eRBaH  ¬sRmayxagelI ¦ 

eKTaj T
T 2

3
    b¤ T 3 . 

2 2 2

1 1 1
3

a bc 1 b ca 1 c ab 1
 

     
dUcenH    . 
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CMBUkTI3 

lMhat;Gnuvtþn_ 
 
 

!> eK[sIVúténcMnYnBit (x  kMNt;eday ³ n )
1

1

2
n 1 n n

x 2

x x x




  
 

 cMeBaHRKb; n  cUrRsaybBa¢ak;fa ³ 1

 
2 2

1 2 n
n 1 n

1 1 1 1
1 .... 1

x x x2 2
      

1    . 

@> eK[ a ,  CacMnYnBitviC¢manEdl abb ,c c 1  . cUrbgðajfa ³ 
 1 1 1

1
a b 1 b c 1 c a 1

 
     

   . 
#> cUrkMNt;témøGb,brmaénplbUk ³ 
 n x 2 x 3 x 11 2 n

1 1
S log (x ) log (x ) ... log (x )

4 4
     

1

4


n

 

 Edl  CacMnYnBiténcenøaH 1 2x ,x , ...., x
1

( ,1)
4

 . 
$> cUrkMNt;GnuKmn_ f   ebIeKdwgfa ³ : IR IR

 2f (xf (x) f (y)) (f (x)) y     cMeBaHRKb;  . x,y IR
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%> edaHRsayRbB½næsmIkar 
2 2

2 2

3x y
x 3

x y

x 3y
y 0

x y

   
   
 

 

^> KNnaplbUk  n

k 0

1

(n k)!(n k)!


 
 

&> edaHRsaysmIkar x 2 x x 12
2(2 1)x (2 2)x 2 2      

*> cUrbgðajfa   1 3 2n 1 1
. ....

2 4 2n 3n


  

 cMeBaHRKb;cMnYnKt;viC¢man n  . 

(> eK[sIVút 
0 1

n 1 n 1

n

x a , x b

1
x (x

2 x 

 

  

1
)

Periodic

2

      CasIVútxYb ¬ ¦. 

 cUrbgðajfa a.   . b 1

!0> cUrkMNt;RKb;cemøIyBitrbs;smIkar x x x2 3 6 x     . 
!!> eK[ {a  CasIVútmYyEdl n n 1} n

1 n 1

n

a 1
a 2 , a ( n IN

2 a    )

n

 

 cUrkMNt;rUbmnþGiucBøIsIutmYyén  . n(a )

!@> eK[  CasIVúténcMnYnBitEdl 1 2a ,a , ....,a 2
n 1 n na a a 1    

 Edl n   .  cUrbgðajfa 1 1a ( 2 , 1)    . 
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!#> cUrRsayfaRtIekaN ABC  CaRtIekaNEkgluHRtaEt ³ 
  

2 2 2

2 2 2

sin A sin B sin C
2

cos A cos B cos C

 


 
  . 

!$> cUrkMNt;RKb;KUéncMnYnKt;viC¢man (  ebIeKdwgfa ³ a,b,c)

   CacMnYnbzm nig 2 2a 1 , b 1 2 2 2(a 1)(b 1) c 1     . 
!%> eK[ n  CacMnYnKt;viC¢man nigyk  CacMnYnBitEdl 4 n 1 2a ,a , ....,a

   .  cUrbgðajfa ³ 2 2 2
1 2 na a ... a 1   

 21 2 n
1 1 n n2 2 2

2 3 1

a a a 4
... (a a ... a a )

a 1 a 1 a 1 5
     

  
 

!^> eK[ a ,  CacMnYnBitviC¢manmanplbUkesμI # .  b ,c

  cUrRsayfa a b c ab bc c     a  . 
!&> cUrRsaybBa¢ak;fa ³ 
   n n m m2|sin x cos x | 3 | sin x cos x |    RKb; x (0,

2
)


  

   Edl n  CacMnYnKt;viC¢man . m

!*> cUrkMNt;RKb;cMnYnKt;viC¢man a  nig  edaydwgfa b
2

2

a

b




b

a
 nig 

2

2

b a

a b




 
  CacMnYnKt;RBmKña . 
!(> eK[ x ,y ,z  CacMnYnBitviC¢manEdl 1 1 1

1
x y z
    . cUrRsayfa ³ 

  x yz y zx z xy xyz x y z          . 
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@0> eK[  CabIcMnYnBitviC¢manEdl c,b,a 1abc   . 

        cUrbgðajfa  5
222

3

cba

3

cba 


   . 
@!> eK[  CabIcMnYnBitxusKña .  c,b,a

    cUrRsayfa 2
)ba(

c

)ac(

b

)cb(

a
2

2

2

2

2

2










  . 

@@> eK[  CabIcMnYnBitminGviC¢manEdl c,b,a cbacba 222    
     cUrRsayfa  cabcabaccbba 222222    . 
@#> eK[  CabIcMnYnBitminGviC¢man .  cUrRsayfa  ³ c,b,a

3222222 )cabcab()acac)(cbcb)(baba(   
@$> eK[  CabIcMnYnBitminGviC¢manEdl c,b,a 1abc  .  cUrRsayfa  ³ 

    
2

3

ac

acb

cb

cba

ba

bac
22

33

22

33

22

33











   . 

@%> eK[  CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;vismPaB ³ c,b,a

   1
)ba(c

c

)ac(b

b

)cb(a

a
33

3

33

3

33

3










  . 

@^> cMeBaHRKb;cMnYnBitviC¢man  cUrRsayfa ³ c,b,a

     
2

3

ac

c

cb

b

ba

a
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@&> cMeBaHRKb;cMnYnBitminGviC¢man z,y,x  cUrRsayfa ³ 
     )xyz1)(z1)(y1)(x1()z1)(y1)(x1(2 222 

@*> cMeBaHRKb;cMnYnBitminGviC¢man  cUrRsayfa ³ d,c,b,a

22222 )abcd1()dd1)(cc1)(bb1)(aa1(4    
@(> ebIsmIkar 01bxx2axx 234  manb¤sy:agticmYy 
     CacMnYnBitenaHbgðajfa 8ba 44   . 
#0> cUrRsaybBa¢ak;fa ³ 
      

)cba(4

9

)ba(

c

)ac(

b

)cb(

a
222 









  

       cMeBaHRKb;  CacMnYnBitviC¢man . c,b,a

#!> cUrRsaybBa¢ak;fa   
a

c

c

b

b

a

a

c

c

b

b

a 222

2

3

2

3

2

3

    

     cMeBaHRKb; CacMnYnBitviC¢man . c,b,a

#@> RKb;cMnYnBitviC¢man  cUrRsaybBa¢ak;fa ³ c,b,a

       























ba

c

ac

b

cb

a
4

c

ba

b

ac

a

cb   

##> eK[  CabIcMnYnBitviC¢manEdl c,b,a 1abc    . 
      cUrRsayfa )1cba(4)ac)(cb)(ba(     
#$> cUrbgðajfa    )cabcab(9)2c)(2b)(2a( 222 

       cMeBaHRKb;cMnYnBitviC¢man   . c,b,a
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#%> eKyk  CabIcMnYnBitviC¢man . cUrbgðajfa ³ c,b,a

    
5

3

c)ba(

)cba(

b)ac(

)bac(

a)cb(

)acb(
22

2

22

2

22

2













    

#^> eK[ t,z,y,x  CabYncMnYnBitviC¢man . cUrRsayfa ³ 

    1
xt

t

tz

z

zy

y

yx

x 2222









































   . 

#&> eK[  nig c,b,a z,y,x  CacMnYnBit . cUrRsaybBa¢ak;fa ³ 
        2222222 )abzcaybcx(3)zc)(yb)(xa(4 

#*> eK[bIcMnYnBit 1c,1b,1a   . cUrRsaybBa¢ak;fa ³ 

      2
ba1

c1

ac1

b1

cb1

a1
2

2

2

2

2

2













   . 

#(> eK[bIcMnYnBitviC¢man  Edl c,b,a 1abc   . cUrRsaybBa¢ak;fa ³ 
      

8

3

)c1(

1

)b1(

1

)a1(

1
333 








  . 

$0> eK[bIcMnYnBitviC¢man  Edl  c,b,a

         . 4)cba(cba 2222 

      cUrRsaybBa¢ak;fa   3
)ac(

1ca

)cb(

1bc

)ba(

1ab
222 










   . 

$!> eK[bIcMnYnBitviC¢man  nig c  .   cUrRsayfa  b,a

       3252525 )cba()3cc)(3bb)(3aa( 
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$@> cUrRsayfacMeBaHRKb;cMnYnBitviC¢man  eKmanvismPaB ³ c,b,a

     
abc

1

abcac

1

abccb

1

abcba

1
333333










 . 

$#> eKyk 
nm

1n1m

nm

nm
a







 Edl m  nig  CacMnYnKt;viC¢man . n

      cUrRsayfa  nmnm nmaa    . 
$$> eK[ z;y;x  CabIcMnYnBitviC¢manEdl 1xyz    .  
       cUrRsaybBa¢ak;fa ³ 

       2
xxzz

xz

zzyy

zy

yyxx

yx
6336

99

6336

99

6336

99













    

$%> eK[  CacMnYnviC¢manEdl c,b,a 3cabcab   . 
      cUrbgðajfa  

abc
1

)ba(c1
1

)ac(b1
1

)cb(a1
1

222 








   

$^> eK[ a  nig b  CaBIrcMnYnBitminGviC¢manEdl  . 4ba 22 

     cUrRsayfa   12
2ba

ab



  . 

$&> cUrRsayfa |)xz)(zy)(yx(|
4
3

xyz
3

zyx 333


    

       cMeBaHRKb;  . 0z;y;x 

$*> eK[  CaRbEvgRCugénRtIekaNmYy . c,b,a

    cUrRsayfa   3
cba

c
cba

b
cab

a









 . 
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$(> eK[  CabIcMnYnBitEdlepÞógpÞat; c,b,a 3cba 222   . 
     cUrbgðajfa 4abc|c||b||a|    . 
%0> eK[  CabIcMnYnBitviC¢manEdl c,b,a 1abc    . 
      cUrbgðajfa 

cabcab
6

cba
3

1





   . 
%!> eK[  nig  . 1a  1b 

      cUrbgðajfa  )
2

ba
(log2blogalog 222


   . 

%@> eK[ z,y,x  CabIcMnYnBitviC¢manEdlepÞógpÞat; 1xyz    . 
     cUrbgðajvismPaB ³ 

      zyx
y

)1xz(

x

)1zy(

z

)1yx( 222








   . 

%#>eK[  CacMnYnBitviC¢man .  c,b,a

     cUrbgðajfa    0
ac

)ba(ac
cb

)ac(cb
ba

)cb(ba 222











   . 

%$> eK[   CabIcMnYnBitviC¢man . cUrbgðajfa ³ c,b,a

     2
3333

5555

)cba(
9

10

)cba(cba

)cba(cba



  

%%> cMeBaHRKb;cMnYnBit )
4

,0(x


   
    cUrbgðajfa  . xsinxcos )x(sin)x(cos 
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%^> eK[  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ d,c,b,a

    222 )1bdac()1da( 22 c)(1b    
    cUrbgðajfa  nig  1ba 22  1dc 22    . 

 CabIcMnYnBitviC¢manEdl %&> eK[ b,a c, 1cabcab    . 
     cUrkMnt;témøGb,brmaénkenSam 

ac

c

cb

b

ba

a
E

222








   . 

¦CacMnYnBitviC¢manEdlepÞógpÞat; ³ %*> eK[  n21 x...,,x,x ¬ Edl n 2

     
1998

1
1998
1

....
981998x

1






  

x19x
1

n21






      cUrbgðajfa  1998
1n

x...x.xn
n21 


  . 

%(> eK[ z,y,x   CabIcMnYnBitviC¢manEdl zyxxyz   . 
yfa      cUrRsa  

xyz2
27

y1

xzzyy
22 x1z1

x
2 











 . 

 CacMnYnBitviC¢manEdl ^0> eKyk b,a a c, abccbcab   
      cUrbgðajfa 1

)ac(ca

ac

)cb(bc

cbb
33

44

33

44 


  . 
)ba(ab

a
33

44








 CacMnYnBitviC¢manEdl ^!> eKyk y,x z, 1xyz   
      cUrbgðajfa 

2

3

yxy

1

xzx

1

z 





yz

1



 . 
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^@> cMnYnBit  z,y,x,c,b,,a  epÞógpÞat;   0cba 

     nig 0zyx  fa    .  cUrbgðaj

4

3

)bxay)(byax(

zc

)azcx)(axcz(

yb 22

)cybz)(czby(

xa 2222










   . 

^#> cUrbgðajfa  
3

3

xyz1

xyz3

z1

z

y1

y

x1

x











    

     cMeBaHRKb; 1z,y,x0    . 
cMeBaHRKb; acMnYnBitviC¢maneK)an ³ ^$> cUrbgðajfa c,  C b,a

       1
cba

222
   . 

ab8cca8bbc8a 




gðajfa       b  1
ab8c

c

ca8b

b

bc8a

a
222










   

cMeBaHRKb; CacMnYnBitviC¢maneK)an ^%> cUrbgðajfa ³  c,b,a  
     3cba

)1a)(1c()b()1b)(1a(
3 22

2

3

2

3 22

2










1cb31ba3

1c)(1

1ac3 22







  . 

eK[^^>  z,y,x CacMnYnBitviC¢manEdl 1zyx    . 
yfa ³       cUrRsa

     1
)yx(z2

xyz

)xz(y2

zxy

)zy(x2

yzx2 
2

2

2

2

2













  . 
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^&> ebIcMnYnBitviC¢man  epÞógpÞat;  c,b,a 3cba 222    
     enaHcUrbgðajfa ³ 
      

12

)cba(

ba2

c

ac2

b

cb2

a
2

2 2

2

2

2

2 






  . 

KmancMnYnBitviC¢man  epÞógpÞat; 


^*> e  c,b,a 1cba   .  
      cUrbgðajfa    

2

3

abc

abc

bca

bca

cab

cab









      .  
Ca cMnYnBitviC¢man.  

ðajfa   




^(> eK[ c,b,a

      cUrbg  )
ca

1

bc

1

ab

1
(

2

1

abc

1

cab

1

bca

1
22 2










     .  
  CacMnYnBitviC¢man .  &0> eK[ c,b,a d,

)ad)(ad(

d

)dc)(dc(

c

)cb)(cb(

b

ba(
S

22

4







)ba)(

a
22

4

22

4

22

4








 

     cUrbgðajfa 
4

dcba
S


   . 

viC¢man  ehIyeKtag  
 . cUrRsa

&!> eK[cMnYnBit x., n21 ...,x,x

    21n ...xxS  yfa ³ nx  
    

!n

S
...

!2

S
S1)x( n 1)....(x1)(x1

n2

21     
 cMeBaHRKb;cMnYnKt;viC¢man nig cMeBaHRKb;cMnYnBitviC¢man 

;
&@>   n  
     n21 a....,,a,a   epÞógpÞat 1a....aa n321 a   . 
      cUrbgðajfa ³  






n

1i i

n

1i 4
i

ia

a

1

2

1

3a
     . 
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&#> eK[ c,b,a  CacMnYnBitviC¢man edaydwgfa  
     cba

c

1

ba

11
 .  cUrbgÐajfa ³ 

    
16

3

)c2ba()cb( 2 




1

2a()cba2

1
22






  . 

 smIkar 

1

&$> 0cbxaxx 23   manb¤bICacMnYnBitviC¢man     
    ¬mincaM)ac;xusKña ¦. 
     cUrkMNt;témøGb,brmaEdlGacén 

b

ccba1


ba23 
   . 

&%> cUrRsayfa ³ 
    )

ac

1

cb

12)baba)(ba( 2222 
ba

1
)(cba(

32
222








   

   cMeBaHRKb;cMnYnBitviC¢man   . 
&^> ebI  CargVas;RCugénRtIekaNmYy ehIy  CakaMrgVg; 

Cyc

4

      c,b,a

c,b,a r

     carwkkñúgénRtIekaNenaHcUrRsayfa 
2222 r4cba


111  .  

epÞógpÞat;lkçxNÐ½  
     

1

&&> eK[ c,b,a  CacMnYnBitviC¢manehIy

cba
)a(16   . cUrRsaybBa¢ak;fa ³ 111

cb 

    
9

8

)c2b2ac()b2a2(
3 




11

cb()c2a2ba

1
33
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&*> eK[  CacMnYnBitviC¢manEdl c,b,a 1cba   . 
jfa     cUrbgða  

8

3

b1a1c 22
cabc

1

ab
2









. 

CabIcMnYnBitminGviC¢man nig &(> eK[ b,a c, z,y,x   
YnBitviC¢m     CabIcMn anedaydwgfa  cba zyx   . 

     cUrRsaybBa¢ak;fa ³ cba
z

cba 333

yx 22


2
  . 

  .  cUrRsaybBa¢ak;fa ³ *0> eK[ 0,, cba

     
2

9)(4)(4)(4 3 333 333 33














ba

bacacb

cb

cba   
KeGaybIcMnYnBitviC¢man   . cUrRsayfa ³ 

ac
*!> e  c,b,a

    
8)ac()cb( 333 





  . 3

)ba(

cba 333



 cMeBaHRKb;cMnYnBitviC¢man  eKkMNt;tag*@>  c,b,a
3

cba
A


  

     3 abcG    nig 
c

11
H   .  

b

1

a

3



     cUrRsayfa 
H

A
.

4

3

4

1

G

A 3







    ? 
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*#> eK[cMnYnBit  epÞógpÞat; 
 nig 

 212121 z,z,y,y,x,x 0x,0x 21   
     zyx 2

111    . 0 0zyx 2
222 

    cUrRsaybBa¢ak;fa ³ 
   (*)

zyx

1

zyx

1

)zz()yy)(xx(

8
2

222
2

111
2

212121 






 

> eK[RtIekaN  mYymanmMukñúgCamMuRsYc . cUrRsayfa ³ *$  ABC

    
2

23
CcoscosAcos   . B 

 eK[ CacMnYnBitviC¢manEdl*%>  x z;y;x  1yz   . cUrRsayfa ³ 
     

2

1

1x)1z(

1

z)1y(

1

11x( 2222 



 1y)

1
22 




. 

eK[  CacMnYnBitviC¢manEdl *^>  c;b;a 1abc   .  
yfa ³       cUrRsa

       0)aa(c)cc(b)bb(a 2  22  . 
[  nig .*&> eK    0a...,,a,a n21  0x...,,x,x n21   

      cUrRsaytamkMeNInfa  ³ 
     

n21

2
n21

n

2
n

2
2

2
1 a

...
aa


21 x....xx

)a...aa(

xxx 
  . 

*> eK[  CabIcMnYnBitviC¢manEdl 

 
 
*  c;b;a 1abc   .  
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     cUrbgðajfa 
     

2

3

)ba(c

1

)ac(b

1

)cb(a

1
3 

 33 





  ? 

eK[  . cUrRsaybBa¢ak;fa *(> ³  0z;y;x   
      

2

1

y3x2z

z

x32

y

2x 


 zyz3y

x






   

K[sIVút  epÞógpÞat;lkçxNÐ  ³ (0> e  n21 a....;;a;a

       ...;;0a1 |1a||a| 12   nig a||a| 1nn |1   .  
Urbgðajfa        c  

2

1

n

an 
...aa 21 
   . 

ðajfa ³ 
(!>eK[ c;b;a  CabIcMnYnBitviC¢man .  
     cUrbg
    )

abc

cba
1(2

a

c
1

c

b
1

a
1

b 3









 





 




 


  . 

eK[  CaRbEvgRCugrbs;RtIekaNmYy . 
ajfa ³ 

(@>  c;b;a

     cUrbgð
   cbabacacbcba     . 

>eK[RtIekaN  mYymanmMukñúgCamMuRsYc . cUrbgðajfa ³ (#  ABC

     CsinBsinAsin32CsinsinAsin 22    . B2 

$>eK[  CamMukñúgrbs;RtIekaN  mYy . 
 
(  C;B;A ABC



KNitviTüaCMuvijBiPBelak 

 

 

   eroberogeday lwm plÁún                           - TMBr½ 138 - 

     cUrbgðajfa   3
C

cot
B

cot
A

   3
222

cot 

 CamMuRsYckñúgrbs;RtIekaN  mYy . 
ajfa  

(%>eK[ ;B;A C ABC

     cUrbgð  3)31()tan1)(Btan1)(Atan  C1(   . 
 CabIcMnYnBitviC¢man . cUrRsayfa ³ 

 
bsinebI

(^>eK[ ;b;a c

     )cabcab(9)2c)(2a( 22   .b)(2 2 

(&>R  )z1)(y1)(x1(xyx   Edl 1z;y;0 x  
a      cUrbgðajf  

4

3
)y1(z)x1(y)z1(x    . 

 CaRbEvgRCugrbs;RtIekaNmYyEdlman 
esμ  .

(*>eK[ ;b;a c

    brimaRt    I 2 
     cUrRsayfa   2abc2cba

2

3
 222   . 

 CabIcMnYnBitviC¢manEdl ((>eK[ z;y;x z 1yx   . 
     cUrRsaybBa¢ak;fa   81

z

1
1

1
1

1



yx


















  . 


   

IcMnYnBitviC¢manEdl!00> eK[ c;b;a  Cab c2  1ba 22   
        bgðajfa 

abc

)cba(2
3

11 3

22




cba

1 33

2


  

0!> eK[  CabIcMnYnBitviC¢man .  cUrRsaybBa¢ak;fa ³ 
 
!  c,b,a
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2

cba

acac2

cb 22


cbcb2baba2

a
222222

2 


 

 . cUrRsaybBa¢ak;fa ³ !0@> eK[bIcMnYnBitviC¢man c,b,a

        )cba(4
ac29b29ba29 33333


c6cab6bc

c

a6ab 22

3

2










 

K[ CabIcMnYnBitviC¢man . cUrRsaybBa¢ak;vismPaB ³




!0#> e   c,b,a  

        
3

cbacb
22

3

22

3

22




acaccbcbbaba

a3








   

eK[bIcMnYnBitviC¢man   Edl !0$>  c,b,a 1cba    .  
      cUrRsaybBa¢ak;fa ³ 
   

cabcab

1

b2b2ca

1

a2a2bc

1

c2c2ab

1
2 22 







 

%> eK[RtIekaN  mYymanRCug 



!0  ABC cAB,bCA,aBC   
       ehIymMukñúg A  CamMuRsYcb¤mMuEkC,B, g . 
       tag S  CaépÞRkLaén ABC   
        cUrRsaybBa¢ak;fa   

2444 S16

9

c

1

b

1

a

1
   . 

!0^> cUrbgðajfa  
zxyzxy

4

)xz(

1

)zy(

1

)yx(

1
222 







 

YnBitminGviC¢manxusKña        cMeBaHRKb;cMn  z,y,x   . 



KNitviTüaCMuvijBiPBelak 

 

!0&> cUrbgðajfa  
db

1

ca

1
1

d

1

c

1
1

b

1

a

1
1












 

       cMeBaHRKb;cMnYnBitviC¢man   . d,c,b,a

!0*> eK[  CacMnYnBitviC¢man . cUrRsaybBa¢ak;fa ³ c,b,a

        8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2











  

!0(> eK[  CacMnYnBitviC¢man . z,y,x,b,a

 cUrbgðajfa 
ba

3
byax

z
bxaz

y
bzay

x











 

!!0> eK[  CacMnYnKt; ehIy  CacMnYnBitviC¢man 2n  n21 x....,,x,x

      edaydwgfa  . cUrkMNt;témøtUcbMputén ³ 1x....xx 2
n

2
2

2
1 

 
1n21

5
n

1n3

5
2

n32

5
1

x...xx
x

...
xx...x

x
x...xx

x








 

!!!> eK[ n  CacMnYnKt;viC¢man . cUrkMNt;témøGb,brmaénplbUk ³ 

  
n

x
.....

3
x

2
x

xS
n

n
3

3
2

2
1    . 

                                                                                                                                                                   (Poland 1995 ) 

!!@> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man  eKman ³ d,c,b,a

  )dcba(abcdaddccbba 4444 
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!!#> eK[  CacMnYnBitviC¢man . cUrbgðajfa ³ c,b,a

 3
ba

c2
ac

b2
cb

a2 3

2

3

2

3

2






























 

                                                                                                                                                                    (MOP 2002 ) 

!!$> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man  eKman ³ c,b,a

 
4
3

)bc)(ac(
c

)ab)(cb(
b

)ca)(ba(
a 222










 

!!%> cUrbgðajfacMeBaHRKb;cMnYnBitviC¢man  eKman ³ c,b,a

 3
b2c
a2c

a2b
c2b

c2a
b2a

333
































  

!!^> eK[  CacMnYnBitviC¢manEdl z,y,x,c,b,a 1zyx   . 
 cUrbgðajfa ³ 
 cba)zxyzxy)(cabcab(2czbyax   
!!&> eK[  CacMnYnBitviC©manEdl c,b,a 1abc   . 
 cUrbgðajfa )c1)(b1)(a1(

a
c

c
b

b
a

5   
!!*> eK[  CacMnYnBitviC©man . cUrbgðajfa ³ c,b,a

 
cba

1

)bc2)(ac2(

c

)ab2)(cb2(

b

)ca2)(ba2(

a
2222

3

2222

3

2222

3











 

!!(> eK[  CacMnYnBitviC©man . cUrbgðajfa ³ c,b,a

  3252525 )cba()3cc)(3bb)(3aa( 
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!@0> RKb;  cUrRsaybBa¢ak;fa 0c,b,a 
a
c

c
b

b
a

a

c

c

b

b

a
2

2

2

2

2

2

  
!@!> cUrRsayfaRKb;  eKman ³ 0c,b,a 

 
2
3

)ba(c
cba

)ac(b
bac

)cb(a
acb 222222222











  

!@@> eK[  Edl 0c,b,a  1cba    .  cUrRsayfa ³ 
 cabcab1bcaabccab   
!@#> eK[   Edl 0c,b,a  8abc   .  cUrRsayfa ³ 
 

3
4

)1a)(1c(

c

)1c)(1b(

b

)1b)(1a(

a
33

2

33

2

33

2










 

!@$>cUrRsayfaRKb;cMnYnBit 
2
1

x.....,,x,x0 n21   eKmanvismPaB ³ 

 























n

1i i

n

n21

1
x
1

1
x...xx

n  

!@%> bgðajfaRKb;   eK)an ³ 0c,b,a 

 
3
1

)bc2)(ac2(
c

)ab2)(cb2(
b

)ca2)(ba2(
a 222










 

!@^> bgðajfaRKb;   eK)an ³ 0c,b,a 

 
ac

c4
cb

b4
ba

a4
a4c4c4b4b4a4

222
3 333 333 33
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!@&> eKman IRz,y,x,c,b,a   EdlepÞógpÞat;smPaB ³ 
 3)zyx)(cba(    
 nig  4)zyx)(cba( 222222 

 cUrbgðajfa 0czbyax   . 
!@*> eK[  Edl 1c,b,a  1

1c

1

1b

1

1a

1
222 








  . 

 cUrRsayfa 1
1c

1
1b

1
1a

1









  . 

!@(> bgðajfaRKb;   eKman ³ 0c,b,a 

 
2

23

ac

c

cb

b

ba

a
1

222222









  

!#0> eK[  CacMnYnKt;viC¢man .  2n 

 cMeBaHRKb;cMnYnBitviC¢man  Edl   n21 a,...,a,a 1a....a.a n21 

 cUrRsaybBa¢ak;fa ³ 

 n21

2
n

2
2

2
1 a...aa

2
1a

...
2

1a
2

1a








  
!#!> eK[  IRz,y,x,c,b,a  Edl 3zxyzxy   . 
 cUrbgðajfa 3

ba
)yx(c

ac
)xz(b

cb
)zy(a











  . 

!#@> eK[  Edl 0c,b,a  3cba   . 
 cUrbgðajfa 

2
3

1ca
c

1bc
b

1ab
a










   . 
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!##> eK[  . cUrRsaybBa¢ak;fa ³ 0a....,,a,a n21 

   n n2121
1

n
n21

3
321211

n
a...aa

...
2

aa
.a

n

a...aa...aaaaaa 


  
!#$> cUrRsayfaRKb;  eKman ³ 0c,b,a 

 
2
3

ba

bcabca

ac

abcabc

cb

cabcab
222222 










  

!#%> eK[  CacMnYnBitviC¢man . cUrbgðajfa ³ c,b,a

 
c
a

b
c

a
b

bca

abc

abc

cab

cab

bca
2

2

2

2

2

2











  

!#^> bgðajfaRKb;cMnYnBitviC¢man z,y,x   Edl 1zyx   eKman ³ 
 3)yx(z)xz(y)zy(x 222   
!#&> eK[  CacMnYnBitminGviC¢man nig K μanBIrcMnYnNaes μIsUnü. c,b,a

 cUrRsayfa 
2
3

cb

bcabca

ba

abcabc

ac

cabcab
222222 










  

!#*> cMeBaHRKb;cMnYnBitviC¢man a  nig b  cUrRsayfa ³ 
 22

ba

ab2
1

a
b

b
a

22 


  
!#(> eK[  CargVas;RCugénRtIekaNmYy .  c,b,a

 cUrRsayfa 1
bac3

b
acb3

a
cba3

c
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!$0> eK[  CabIcMnYnBitviC¢man .  c,b,a

 cUrRsaybBa¢ak;fa ³ 
 222222 cba

a3
b2c

.c
c3

a2b
.b

b3
c2a

.a 






  

!$!> cMeBaHRKb;cMnYnBitviC¢man z,y,x  cUrRsayfa ³ 
 )yzx)(zxy(xy

8
27

)yzx( 2222   
!$@> eK[  CacMnYnBitviC¢manEdl c,b,a 1abc    . 
 cUrRsayfa 

ba
c

ac
b

cb
a

4
3cba 333










  
!$#> eK[  CacMnYnBitviC¢manEdl c,b,a 2cba   . 
 cUrRsayfa 2

)ca(a
c

)cb(c
b

)ba(b
a










 

!$$> RKb;cMnYnBitviC¢man  cUrRsayfa ³ c,b,a

 
2

cba
cba2

cbc
bac2

bab
cab2

aca 222 












  

!$%> eK[  IRc,b,a   .  cUrRsayfa ³ 
 

4
9

)ac(

acac

)cb(

cbcb

)ba(

baba
2

22

2

22

2

22
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!$^> eK[cMnYnBitviC¢man   Edl c,b,a 1cba    .   
 cUrRsayfa  ³ 
 

3
1

b4ab3a4
c

a4ca3c4
b

c4bc3b4
a










 
!$&> RKb;cMnYnBitviC¢man   Edl c,b,a 3cba    . 
 cUrRsayfa 3

1ba
c

1ac
b

1cb
a










 
!$*> RKb;cMnYnBitviC¢man   Edl c,b,a 3cba    . 
 cUrRsayfa ³ 
 

4
3

1b3a2
c

1a3c2
b

1c3b2
a










 
!$(> eK[   .  cUrRsaybBa¢ak;fa ³ 0c,b,a 

     
)ac)(cb)(ba()cba(

)cabcab(6

ac

ac

cb

cb

ba

ba
22

33

22

33

22

33














  

!%0> ebI  CacMnYnBitviC¢manenaHcUrRsayfa ³ c,b,a

 cba
ba

)ba(c

ac

)ac(b

cb

)cb(a
22

2

22

2

22

2











  

!%!> ebI  CacMnYnBitviC¢manenaHcUrRsayfa c,b,a

 2

222

)cba(

)cba(9
a
c

c
b

b
a
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!%@> ebI  CacMnYnBitviC¢manEdl c,b,a 4abccabcab   
 cUrRsayfa  ³ 
 

8
3

)ba()1c(

1

)ac()1b(

1

)cb()1a(

1
222 








 

!%#> ebI  CacMnYnBitviC¢manEdl c,b,a 1abc   . cUrRsayfa 
  

8
3

)ba()1c(

1

)ac()1b(

1

)cb()1a(

1
222 








 

!%$> eKman  CacMnYnBitminGviC¢man .  cUrRsayfa ³ d,c,b,a

  22223 )cb(d)ba(c)ad(b)dc(a4)dcba(   
!%%> ebI  CacMnYnBitviC¢manEdl c,b,a 1abc   enaHcUrRsayfa ³ 

 
2

3
ba

c
ac

b
cb

a 3 23 23 2










 
!%^> eK[  CacMnYnBitviC¢man . cUrRsayfa  c,b,a

  1
acac

c

cbcb

b

baba

a
22

2

22

2

22

2










 
  !%&> eK[  CacMnYnBitviC¢man . cUrRsayfa  c,b,a

 )
ba

ac

ac

cb

cb

ba
(

2
1

c
1

b
1

a
1

ab
c

ca
b

bc
a

222222 










  
!%*> ebI  CacMnYnBitminGviC¢man enaHcUrRsayfa ³ c,b,a

  )1abc)(1c)(1b)(1a()1c)(1b)(1a(2 222 
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!%(> eK[ 0z,y,x   nig INn   .  cUrRsayfa ³ 
 3n3nn3nn3n )zyx()3zz)(3yy)(3xx(    
!^0> ebI   cUrRsayfa ³ 1c,b,a 

 2
ba1

c1

ac1

b1

cb1

a1
2

2

2

2

2

2














 

 !^!> ebI  bgðajfa ³IRc,b,a  5 5554 444 1cba1cba   
!^@> ebI z,y,x  CabIcMnYnBitviC¢manenaHcUrRsayfa ³ 
 

yz2
z

xy2
y

zx2
x

xzzx

zx

zyyz

yz

yxxy

xy
222222 
















 

!^#> eK[  CabIcMnYnBitminGviC¢man . cUrbgðajfa ³ c,b,a

  3222222 )cabcab()acac)(cbcb)(baba( 

!^$> eK[  Edl 0c,b,a  1cba   .  
 bgðajfa   2

ba
ac

ac
cb

cb
ba 222











    . 

!^%> eK[GnuKmn_  xx)x(f  Edl 0,0     
         . 1

 k> RKb;  bgðajfa ]1,0[x 0)x(f   . 
 x> RKb;  Edl 0v,u  vu   bgðajfa vuv.u    . 
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!^^> eK[  CacMnYnBitviC¢manEdl  
5321

x...,,x,x,x,c,b,a

      nig 1cba  1x.x.x.x.x
54321
   . cUrbgðajfa ³ 

       . 1)cbxax)...(cbxax)(cbxax( 5
2

52
2

21
2

1 

!^&> rgVg;carwkkñúgénRtIekaN  b:HRCug  erogKñaRtg;  ABC AB,CA,BC

        .Rsayfa 111 C,B,A
2

3

CA

CA

BC

BC

AB

AB 111   

!^*> eK[ 
2

x0


  . cUrRsayfa 

    *INn,21
xcos

1
1

xsin

1
1

2

2

n

nn
















 






   . 

!^(> eK[  CaRCugénRtIekaNmYy . cUrRsaybBa¢ak;fa ³ c,b,a

  k>  )abcabc(4)cba()abcabc3 2 

   x> )
p

abc
p(

35

36
cba 2222   Edl 

2

cba
p


  

   K> 3
ba

c

ac

b

cb

a

2

3









  

   X> 
8

abc
)cp)(bp)(ap(   

!&0> RtIekaN ABC  manRCug  ehIytag r  CakaMrgVg;carwkkñúg  c,b,a

      nig pCaknøHbrimaRténRtIekaN . 
      cUrRsayfa 

2222 r

1

)cp(

1

)bp(

1

)ap(

1









  . 
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!&!> cUrRsaybBa¢ak;fa ³ 
   k> abc

2

3
)cp(c)bp(b)ap(aabc 222   

  x> )cp)(bp)(ap(48)ba(ab)ac(ca)cb(bc   
  K>  abcp)cp(c)bp(b)ap(a 333 

 Edl  CaRCugénRtIekaNmYy nig p  CaknøHbrimaRt . c,b,a

!&@> ebI  CaRCugénRtIekaNmYyenaHcUrRsayfa ³ c,b,a

   0)ac(ac)cb(cb)ba(ba 222 

  etIeBlNaeTIbeK)ansmPaB . 
!&#> eKtag  CaRCugénRtIekaNmYy ehIy c,b,a

2

cba
p


  . 

  cUrbgðajfa  ³ 
  k>  2223 cba27)cp)(bp)(ap(p64 

  x> 
222 c

1

b

1

a

1

abc

p2
  

  K> 
p

9

cp

1

bp

1

ap

1









 

  X> 
2

9

ba

cp

ac

bp

cb

ap

4

15













  
  g> p3cpbpapp   
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!&$> eK[RtIekaN  mYymanRCug  . tag ABC c,b,a R  CakaMrgVg;carwkkñúg 
  énRtIekaNenH . 
 k> Rsayfa  )CcosBcosAcos1(R8cba 2222 

 x> edayeRbIRTwsþIbTLibniccUrTajfa 
8

1
CcosBcosAcos   . 

 K> ebI CamMuRsYcenaH C,B,A
2

33
CsinBsinAsin2    . 

!&%> kñúgRtIekaN  mYycUrRsayfa ³ ABC

  k> 
R

S2
CcoscBcosbAcosa   

  x> C2sinB2sinA2sinCsinBsinAsin   
 
!&^> eK[RtIekaN  mYymanRCug  . ABC c,b,a

  k> Rsayfa 
bc2

a

2

A
sin   rYcTajfa 

8

1

2

C
sin

2

B
sin

2

A
sin   . 

  x> tag r  nig R  CakaMrgVg;carwkkñúg nig carwkeRkAénRtIekaN  . ABC

      bgðajfa 
R4

r

2

C
sin

2

B
sin

2

A
sin    rYcTajfa r2R    . 

!&&> eK[RtIekaN  mYy .  ABC

   cUrbgðajfa 2)CcosB(cos2Acos   ? 
  etIeBlNaeTIbsmPaBenHkøayCasmPaB ? 
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!&*> kñúgRKb;RtIekaN  cUrRsayfa ³ ABC

  
2

1)CcosB(cosAcos
2

   RKb;cMnYnBit    . 0

!&(> eK[ z,y,x  CacMnYnBitEdl 0xyz   . 
  cUrRsayfa )

y

zx

x

yz

z

xy
(

2

1
CcoszBcosyAcosx   

  Edl  CamMukñúgénRtIekaNmYy . C,B,A

!*0> kñúgRKb;RtIekaN ABC  cUrRsaybBa¢ak;fa ³ 
  k>  CcosBcosAcos24)AC(cos)CB(cos)BA(cos 222 

  x> 3
2

C
tan

2

B
tan

2

A
tan    

  K> 1
2

C
tan

2

B
tan

2

A
tan 222   

!*!> kñúgRKb;RtIekaN  cUrRsayfa ³ ABC

  k> 345
2

A
tan

2

C
tan5

2

C
tan

2

B
tan5

2

B
tan

2

A
tan   

  x> 
9

1

2

C
tan

2

B
tan

2

A
tan 666   

  K> 3CcotBcotAcot   
!*@> kñúgRKb;RtIekaN  cUrRsayfa ³ ABC

  k> 33
2

C
cot

2

B
cot

2

A
cot   
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  x> 9
2

C
cot

2

B
cot

2

A
cot 222   

!*#> kñúgRKb;RtIekaN  cUrRsayfa ³ ABC

   3
CsinBsinAsin

CcosBcosAcos1


  
  etIeK)ansmPaBenAeBlNa ? 
!*$> eK[RtIekaN  mYymanRCug   . ABC c,b,a

  RsayfaebI 
2

cb
a


   enaH 

2

CB
A


   . 

!*%> eK[RtIekaN  mYymanRCug  . ABC c,b,a

   tag R  CakaMrgVg;carwkkñúg nig S  CaépÞRklarbs;RtIekaNenH . 
  cUrRsaybBa¢ak;fa 

R

S32
CsincBsinbAsina   

!*^> RtIekaN  mYymanmMu  . ABC CBA 

 tag R  CakaMrgVg;carwkkñúg ehIy  Cacm¶ayrvagp©itrgVg;carwkkñúg nig p©it r

 rgVg;carwkeRkAénRtIekaN . cUrRsaybBa¢ak;fa ³ 
   CcosR2dRBcosR2dRAcosR2   
!*&> eK[RtIekaN  mYymanRCug  . ABC c,b,a

   tag R  CakaMrgVg;carwkkñúgehIy r  CakaMrgVg;carwkeRkAénRtIekaN .  
  cUrRsaybBa¢ak;fa   

2

R9
CsincBsinbAsinar9   . 
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!**> eK[RtIekaN  mYymanRCug  .  ABC c,b,a

  tag S  CaépÞRklaénRtIekaNenH . cUrRsaybBa¢ak;fa ³ 
 k>  S34cba 222   
 x>  2444 S16cba 

 K>  2222222 S16baaccb 

 X> 
cba

abc9
S34


  

 g> 32 )
3

S4
()abc(   

!*(> eK[RtIekaN  mYymanRCug  .  ABC c,b,a

  tag S  CaépÞRklaénRtIekaNenH . cUrRsaybBa¢ak;fa ³ 
   6222222222222 )S4()cba()bac()acb(27 

!(0> eK[RtIekaN  mYymanRCug  .  ABC c,b,a

  tag S  CaépÞRklaénRtIekaNenH ehIyyk 
2

cba
u

222 
  

  nig   . abcabcv 

  Rsayfa 
12

)vu(
S

12

)v5u3)(vu( 2
2 


   . 
!(!> tag S  CaépÞRkLa nig  CaRCugénRtIekaNmYy .  c,b,a

   RKb;  n  bgðajfa 0 3
nnn

3

cba

4

3
S


   . 
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!(@> eK[RtIekaN  mYymanRCug  . eKtag r  nig ABC c,b,a R   
      erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN . 
   yk O  Cap©itrgVg;carwkeRkA   Cap©itrgVg;carwkkñúg nig H  CaGrtUsg; I

    énRtIekaN  . Rsayfa  ABC )cba(R9OH 22222 

    nig   . CcosBcosAcosR4r2HI 222 

!(#> eKtag r  nig R  erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN 
      mYyEdlman p  CaknøHbrimaRt . cUrRsayfa  ³ 
  k>  22 )rR4(p3)R4r(r9 

  x>  222 )R2r(2Rp2)R4r(r6 

  K>  22 )rR4(R)rR2(p2 

  X>  222 r3Rr4R4p)r5R16(r 

!($> RtIekaN mYymanRCug  eKtag p  CaknøHbrimaRt r  nig ABC c,b,a R  
    erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN. cUrRsayfa  ³ 
   k>  22 r27p 

   x>  rR27p2 2 

   K> 22222 R9cbar36   

   X> 22
222

2 R2r
4

cba
)rrR2(3 


  

   g> 22 R9abcabcr36   
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   c> 22 )Rr(
4

abcabc
rrR5 


  

   q> Rr9)cp(c)bp(b)ap(a   
  C> 22 Rr)16312(rR8abc   
  Q> 

r2

3

c

1

b

1

a

1

R

3
  

  j> 
)rR(2

33

c

1

b

1

a

1


  

  d> 
22 r4

1

ab

1

ca

1

bc

1

R

1
  

  z> 
cba

abc
r4 2


  

  D> 3)3R(abc   
!(%> eK[RtIekaNsmBaØ  mYymanRCúg ABC cAB,bAC,aBC   
 eKtag p  CaknøHbrimaRt r  CakaMrgVg;cawikkñúg R CakaMrgVg;cawikeRkA nig S  
 CaépÞRkLarbs;RtIekaN ehIy tagerogKñaCakaMrgVg; CBA r,r,r

 carwkeRkARtIekaNkñúgmMuerogKña  . C,B,A

 cUrRsaybBa¢ak;fa ³ 

 k> 4
rr

c

rr

b

rr

a

BA

2

AC

2

CB

2
  

 x> 
3

rR4
ap A
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 K> 
ap

rR4

S2

)cb(a
3 A

22







  

  X>  2
C

2
B

2
A

2 rrrp 

  g> 
8

33

c

r

b

r

a

r CBA   

  c> 
4

3

abcabc

rrrrrr BAACCB 

  

  q> R
2

9
rrrr9 CBA   

  C> 22
C

2
B

2
A R

4

27
rrr   

  Q>  22
C

2
B

2
A

2 R7rrrr 

 j> 2)rR(3S   
!(^> eK[RtIekaNsmBaØ  mYymanRCúg ABC cAB,bAC,aBC   
 eKtag p  CaknøHbrimaRt r  CakaMrgVg;cawikkñúg R CakaMrgVg;cawikeRkA nig S  
 CaépÞRkLarbs;RtIekaN ehIy tagerogKñaCaemdüan cba m,m,m

 nig  Cakm<s;KUsecjBIkMBUlerogKña  . cba h,h,h C,B,A

 cUrRsaybBa¢ak;fa ³ 
 k> R

2

9
mmmr9 cba   

 x> 
2

R9
hhhr9 cba   
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 K> 2
cba )mmm(

27

3
S   

 X> S33mmm 2
c

2
b

2
a   

 g> rR4mmm cba   
!(&> eK[RtIekaNsmBaØ  mYymanRCúg ABC cAB,bAC,aBC   
  tag  erogKñaCaknøHbnÞat;BuHkñúgénmMu nig S  Ca CBA ,,  C,B,A

 épÞRkLaénRtIekaN . cUrRsayfa ³ 
 k> S332

C
2

B
2

A     
 x>  )cba(9)(16 4444

C
4

B
4

A  

 K>   Edl S.p.. CBA 
2

cba
p


   . 

!(*> eKyk  CacMnucenAkñúgRtIekaN  ehIy  CaRbsBVrvag P ABC F,E,D

   CamYyRCug   erogKña . CP,BP,AP AB,CA,BC

  cUrRsayfa 
2

9

CP

CF

BP

BE

AP

AD
   . 

!((> rgVg;carwkkñúgénRtIekaN  b:HnwgRCug  erogKñaRtg; ABC AB,CA,BC

  cMNuc  .  F,E,D

  Rsayfa 12
DE

AB

FD

CA

EF

BC 222
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@00> eK[RtIekaN ABC  mYymankm<s;   . CF,BE,AD

  Rsayfa 
4

3

AB

DE

CA

FD

BC

EF 222





















  

@0!> eKmanRtIekaN  mYymanRCug  nigépÞRkla S  . ABC c,b,a

  tag T  CaépÞRkLaénRtIekaNsmgS½carwkkñúgRtIekaN xagelI . ABC

  cUrRsayfa 
S34cba

S32
T

222

2


   . 

@0@> eKmanRtIekaNBIr  nig  carwkkñúgrgVg;EtmYy . ABC XYZ

  eKdwgfa  . AB//CZ,CA//BY,BC//AX

  tag  CaRCugén c,b,a ABC  nig z,y,x CaRCugén  . XYZ

  Rsayfa 1
cba

zyx



  nig 3

c

z

b

y

a

x
   . 

@0#> eK[RtIekaN  mYyEkgRtg;  nigmankm<s;  . ABC A hAH 

  tag r  CakaMrgVg;carwkkñúgénRtIekaN .  
  cUrRsayfa 

2

1

h

r
12    ? 

@0$> eK[RtIekaN  mYyEkgRtg;  . ABC A

  eKtag r  CakaMrgVg;carwkkñúgénRtIekaN . cUrRsaybBa¢ak;vismPaB ³ 
  

2

BC
AC.AB

2

2
r   . etIeBlNaeTIbeK)ansmPaB ? 
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@0%> eKtag  CacMnucmYyenAkñúgRtIekaN  ehIyyk  CacMnuc P ABC F,E,D

  RbsBVrvagbnÞat;  CamYyRCug erogKña . CP,BP,AP AB,CA,BC

  cUrRsayfa 6
PF

CP

PE

BP

PD

AP
   nig 8

PF

CP
.

PE

BP
.

PD

AP
  

@0^> eKtag CabIcMnucsßitenAelIRCug én 111 C,B,A AB,CA,BC ABC  
  cUrbgðajfa 

2

3

CABCAB

CCBBAA

2

1 111 



   . 
@0&> kñúgRtIekaN  mYycUrRsayfa ³ ABC

  
R

r
1

AcosCcos

AcosCcos

CcosBcos

CcosBcos

BcosAcos

BcosAcos2 22222











  

@0*> eKmanRtIekaN  mYyEkgRtg;  . tag  CacMnucb:H ABC A M  P,N,

 rvagrgVg;carwkkñúgCamYyRCug ABCA,BC  . cUrRsayfa ³ ,

 BC
34

MPMN    
9

. 
0(> RtIekaN mYycarwkkñúgrgVg;p©it  kaM @  ABC O R  .  

Aé Iek
ña . sayfa

  tag 31 R,R CakaMrgVg;carwkeRk nRt aN 2R, OCA,OBC,OAB  
  erogK  R  

R

323111 


RRR 321
  ? 

LÚRkamenaHbgðajfa   @!0> ebI ABCD CaRbel C BD.AC|BAB| 22 
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@!!> ebI  CaRbEvgRCugénRtIekaNmYy ehIy  Caemdüan  c,b,a cba m,m,m

  nig R  CakaMrgVg;carwkkñúgenaHbgðajfa ³ 

  k> R12
m

accbba 22222









mm bac

2
 

, 1 96) tag  CaRbEvgRCugénRtIekaNmYy . cUrbgðajfa ³ 
  x> m 0)cab(m)bca(m)abc( 2

c
2

b
2

a   
@!@> (APMO 9 c,b,a

   cbabacacba cb 
 964) tag  CaRbEvgRCugénRtIekaNmYy . cUrbgðajfa ³ 

O, 1983) tag  CaRbEvgRCugénRtIekaNmYy . cUrbgðajfa ³ 

[RtIekaN  mYyEkgRtg;   .  cMeBaHRKb;cMnYnKt; 

 CaRbEvgkm<s;énRtIekaN  mYyEdlcarwkeRkA 
;p©it nigk

  
@!#> (IMO, 1 c,b,a

  abc3)cba(c)bac)acb(a 22   (b2

@!$> (IM c,b,a

  0)ac(ac)cb)ba(ba 2   . b(c22

@!%> eK  ABC A 2n   
  cUrRsayfa n BCACAB    . nn 

@!^> tag ba ,h,h ch ABC

  rgVg aM r  .  cUrRsayfa  ³ I  
 k> 

cba h

1111
                   

hr
        

h

         x>  r9hhh cba 
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@!&> (Korea, 1995)eK[RtIekaN  mYyehIytag   
nig

ABC N,M,L

 CacMnucsßitelIRCug  CA,BC  erogKña . tag  AB,  Q,P  R  
  CacMNucRbsBVrvagb t  nig CN  CamY ;carwk knÞa yrgVg eR Aén  

ayfa
; BM,AL

 ABC  erogKña . cUrRs  9
CNB

   . 
NRMQ

M

LP

AL


!*> (Shortlis énqekaN  epÞógpÞat;  @ t IMO, 1997)RbEvgRCug  ABCDEF

 DECD,BCAB   nig FAEF   .  
cUrRsayfa  

2

3

FC

FA

DA

DE

BE

BC
  . 

 Cakm<s;énRtIekaN  ehIy 
¶ayBIcMnuc eT erogK

@!(> eKyk ,BE,AD CF ABC PS,PR,PQ  
  Cacm ARCug AB,CA,BC ña .  P   
  cUrbgðajfa 9

PS

CF

PR

BEAD


PQ
   . 

rwkk énRtIekaN TAnwgRCug

a

@@0> snμtfargVg;ca ñúg  b:He ABC  AD,CA,BC  

  erogKñaRtg; F,E,D  . bgðajf  
3

p
DFD22  EEF

2
2   

 Edl p  CaknøHbrimaRtén ABC  . 
ug igtag CaépÞRklaén @@!> RtIekaN ABC  mYymanRC c,  n b,a  S ABC   

  cUrRsaybBa¢ak;fa ³ 
 k> S34)ac()cb()ba(cba 222  222   
 x> S34cabcab   
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 K> S34
cabcab

abc)cba(3



  
 CaRCug nig @@@> tag a c,b, R  CakaMrgVg;carwkeRkAénRtIekaNmYy . 

  cUrRsayfa R33
cba 222


cbabacacb 







 
 mYymanRCug  . tag  CaépÞRkLa 

 .
@@#> ctuekaNe)a:g ABCD d,c,b,a S

  rbs;ctuekaNenH . cUrRsayfa ³ 
 k> 

2

cdab
S


  

 x>  
2

bdac
S


  

 K> 















2

db

2

ca  

MnucenAkñúgRtIekaN  Edl 

S

@@$> ebI P  Cac A BC PCn,PBm,PA   
  enaHcUrbgðajfa  m)(mnm(    ncmba)nn 222  

 Edl c,b,a  CaRCugén ABC  . 

@%> eKtag  Cap©itrgVg;carwkkñúg nig  CaTIRbCMuTm¶n;én  mYy . 
 
@  O G ABC

 eKtag  nig r R  erogKñaCakaMrgVg;carwkkñúg nig carwkeRkAénRtIekaN . 
 cUrRsayfa )r2R(ROG          .               (Balkan, 1996) 
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@@^> (Taiwan, 1997) eK[RtIekaN  mYycarwkkñúgrgVg;p©it  nigkaM ABC O R   
 

Iy t;r eRk n  
 RsayfaebI AO  kat;rgVg;carwkeRkAén OBC  Rtg; D  ehIy BO   
         kat;rgVg;carwkeRkAén OCA  Rtg; E  eh O  ka gVg;carwk Aé C
         OAB  Rtg; F  enaH 3R8PF.E O.OD   . 

K  CaRtIekaNmYy . bnÞat;BuHkñúgénmMu   
nigC

@@&> (APMO, 1997)e [ ABC A

         CYbGgát; BCRtg; YbrgVg;carwkeRkAén ABCX   Rtg; Y    .
         tag 

AY

AX
La  .eKkMNt; bL  nig cL  tamrebobdUcKñaEdr . 

  cUrRsayfa 3
Lba   ? 

Csin

L

BsinA

L
2
c

22

)eK[  CaRtIekaNmYymanmMukñúgCamMuRsYc ehIytag 
sin

@@*> (Balkan, 1999 ABC

  N,M,L  CaeCIgéncMeNalEkgBITIRbCMuTm¶n; GénRtIekaN ABC  
          eTAelIRCug AB,CA,BC  erogKña . 
  cUrbgðajfa 

4

1
   ? 

S

S4

ABC

LMN

 CacMnucenAelIRCug  nig  énRtIekaN 
Iy  b:HnwgrgVg;carwkkñúgén  

27

@@(> tag D  nig E AB CA ABC  
 edaydwgfa E  Rsbnwg BC eh DED  
        ABC .cUrbgðajfa  

8

CAAB
DE

BC 


ly, 1999) 
  .      

                                                                                 (Ita
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@#0> (Mediterranean, 2000) tag S,R,Q,P  CacMnuckNþal erogKña 
aNe)a:g

       cUrRsayfa ³ 

#!> eKtag

 AB,DA,CD,BC  énctuek BCD mYy .   A
  
 BQAP(4 2  )DACDBCAB(5)DSCR 2222222   
@  R  nig  CakaMrgVg;carwkeRkA nig kaMrgVg;carwkkñúgén  . 

CacMN  CaRbsBVrvagbnÞat;b:H 
rg ;

r ABC

       snμtfa A  CamMuFMCageKénRtIekaN ABC  .   
       yk M  uckNþalén BCehIy X
       eTAnwg Vg;carwkeRkARtIekaN CRtg  nig C  .    AB  B
        cUrRsayfa  

AX

AM

R

r
                                            (Korea, 2004) 

mYy  

 CakaMrgVg;carwkeRkAénRtIekaN
ñaeh

@#^> eK[RtIekaN ehIyyk O  CacMNucmYyenAkñúgRtIekaNenH . ABC  
        bnÞat; O,OA  CYbRCugénRtIekaNRtg; 111 C,B,A  erogKña . OC,B

 tag R OAB,A321 R,R, OC,OBC  
 erogK Iy R  CakaMénrgVg;carwkeRkAén ABC  . 
 cUrRsayfa RR.

CC

OC
R.

OB
R.

OA
32

1
1

1 
BBAA 1

1

11
  

 mYyCamMuRsYc ehIy #@&>mMukñúgénRtIekaN  ABC ABC2ACB   . 
Þat;  D  CacMnucmYysßitelIRCug  BC ehIyepÞógp ABCBAD2    

 cUrRsayfa 
AC

1

AB

11
   ?  

BD
                                                    ( Mathematical Olympiad in Poland 1999 ) 
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@#*> cMNuc D  nig E  s C nßitenAelIRCug ig  énRtIekaN erogKña  B  AC ABC

 bnÞat; AD  nig BC kat;KñaRtg; P  .  
        K  nig  CacMNucenAelIRCug B ig A ogKñaEdl C L Cn erC  LPK   
        CaRbelLÚRkam .   cUrRsayfa 

DK

BD

EL

AE
         

ath tica  Poland 2000 ) 
lIrgVg;

Rtg; Rtg  . 
k;fa  

m  in Poland 2002 ) 
 kat;RCug 

                                               (M ema l Olympiad in

@#(> bIcMNucxusKña C,B,A  sßitenAe .   )O(  
 bnÞat;b:HrgVg; )O(  Rtg;A  nig B  kat;KñaRtg; P.  
         bnÞat;b:HrgVg; kat;bnÞat; AB ; Q)O( C  
 cUrRsaybBa¢a  2QCPBPQ    ?22 

                                             ¬Mathematical Oly piad

@$0>bnÞat;b:HeTAnwgrgVg;carwkkñúgénRtIekaNsmgS½ ABC AB  
  nig AC  Rtg; D  nig E  .   
 cUrRsaybBa¢ak;fa 1

AEAD
   ? 

ECDB
 
                                                                 ( tica

@$!> bnÞat;BuHkñúgénmMu C,A  A
           Mathema l Olympiad in Poland 1995 ) 

énRtIekaN  mYykat;RCugQmRtg; ,B  BC

   F,E,D  erogKña ehIykat;rgVg;carwkeRkAénRtIekaN ABC  Rtg;  
       M,L,K  erogKña . bgðajfa 9

CFBEAD
   ? 

FMELDK
 



                                                     ( Mathematical Olympiad in Poland  1996 ) 
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@$@> kñúgRtIekaN ABC  mYyman A ACB   .  CacMNuckNþalén 

 . 
l Et

D BC 
 ehIy E  sßitenAelI AC  . P  nig Q  CaeCIgéncMeNalEkgBIcMNuc 
 B  nig E  erogKñaeTelIbnÞat; AD

 bgðajfa CAEBE  uHRta  PQADA     ? 
  

                                               ( hemMat atical Olympiad in Poland 1997 ) 

nig  CaGrtUsg;énRtIekaN  mYy 

μInwgpl

 nig  sßitelIRCug nig erogKña  

 
@$#>eKtag O  Cap©itrgVg;carwkeRkA 
   EdlmanmMukñúgCamMuRsYc .   

 H ABC

  
     cUrRsayfaépÞRkLamYyénRtIekaN COH,BOH,A H  es bUk O

      énépÞRkLaBIrepSgeTot ? 
                                            
                                              (Asian–Pacific Mathematical Olympiad 2004 ) 
@$$> kñúgRtIekaN ABC  cMNuc M N AB AC

 edaydwgfa BCMB CN  .  
        tag r  nig R  erog gVg kñúg AénR aN 

Sam leFob
KñaCakaMr ;carwk nig carwkeRk tIek . 

 cUrsresrken p  
BC

MN  CaGnuKmn_én R  nig r  . 

05) 
 
 

                                             (Asian–Pacific Mathematical Olympiad 20
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@$%> eK[ ABC  CaRtIekaNmYymanmMukñúgCamMuRsYc ehIy o60BAC   
  nig ACAB . yk I  Cap©itrgVg;carwkkñúg nig H  

.  c f C

 CaGrtUsg; 
          én ABC UrRsay a  AB3AHI2    ? 
 
                                  (Asia al Ol

$^> eKta Cac
            n–Pacific Mathematic ympiad 2007) 
g  CaTIRbCMuTm¶n;énRtIekaN  ehIy MNuckNþalén 

a  

Asian– cal Olympiad 1991 ) 
Nuc  erogKña 

@  G ABC M

  RCug BC . bnÞat;KUsecjBI G  Rs BC ka  Rtg; X  ehIy
 X B Rtg

bnwg t; AB  
 Ktat; AC  Rtg; Y  . snμtfa C  nig G  kat;Kñ ; Q  ehIy YB

 nig GC kat;KñaRtg; P  . 
 dUcKñanwgRtIekaN ABC  ?  cUrRsayfaRtIekaN MPQ

 
                                         ( Pacific Mathemati

$&> elIRCug AB  nig BC énkaer ABCD eKedAcM  nig@  E  F
  Edl BFB ag BN ;énRtIekaN BCE .

o0D

E   . t  Cakm<s  
  cUrRsayfa 9NF    

(Austrian lish Mathematical Competition 1979) 
aN RCug  nig  Rtg; nig 

? 
  

                                    –Po

$*> rgVg;carwkkñúgénRtIek  b:H@  ABC  BC AC D E  
  erogKña . bgðajfaebI BEAD   ena BC  CaRtIekaNsm)at ? 
 

H A
                                             atical Olympiad 2006)         (Austrian Mathem  
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@$(> kñúgRtIekaN  mYyeKyk  CacMNuckNþalénRCug  nig 
eT  

 ABC E AC F  
  CacMNuckNþalénRCug BC . tag G  CacMeNalEkgBI C A AB  . 
  bgðajfa EFG  CaRtIekaNsm)atluHRtaEt ABC  sm)at . 

             tical Ol 8) 

%0> eKyk  nig  erogKñaCacMNuckNþalénRCug nig 
aN éncMeNal BI 

ARCugQ ña .yk

 
                                          (Austrian Mathema ympiad 200

 
@  E,D F CA,BC AB  
  énRtIek ABC  . yk cba H,H,H  CaeCIg Ekg 
  C,B,A  eT merogK  R,  CacMNuckNþalén  Q,P

           acHH  nig baHH  erogKcbHH  ña .  
RbsBVKñaRtg;cMnucmYy ?                                       

ig Caé Kña  

          bgðajfa nigQE,PD  RF
                                                 (Austrian Mathematical Olympiad 2009) 
@%!>kñúgctuekaNe)a:g ABCD mYyeKyk E  CacMnucRbsBVrvagGgát;RTUg 
  ehIy 21 S,S  n pÞRkLaén CDE,ABE  nig ABCDerog S  
 cUrRsayfa SSS 21    ? 
                                                (Austrian Mathematical Olympiad 1990) 

 es μIerogK
  . 

 Math tical Olympiad 1990) 

@%@> bBa¢ekaNe)a:g ABCDE mYycarwkkñúgrgVg; . cm¶ayBI A  eTAbnÞat; 
  DE,CD,BC ña c,b,a  . 
  cUrKNnacm¶ayBIkMBUl A  eTAbnÞat; ( )BE
   

                             (Austrian ema                  
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@%#> eK[RtIekaNsm)at  mYyEdl ABC o90A   .  
AB eKyk M  CacMNuckNþalén   . bnÞat;mYyKUsecjBI ehIyEkg 



A

 nwg CM  kat;RCug BC Rtg; P  . bgðajfa BMPAMC  ?       

                                                                                                                                                                                                                                                                      (Baltic Way 2000) 
ABC o120A@%$>eK[RtIekaN  mYymanmMu   . cMNuc K  nig  

AC

L

 sßitenAelIRCug AB  nig  erogKña .  
CLQ eKsg;RtIekaNsmgS½ BKP  nig  enAeRkARCugénRtIekaN   ABC

 cUrRsayfa )ACAB(
2

3
PQ    ? 

                                                      (Baltic Way 2000) 
ABC BCACAB2@%%> kñúgRtIekaN  mYyeK[  . cUrRsayfap©itrgVg; 

  carwkkñúg AB  p©itrgVg;carwkeRkA C ABC  ehIycMNuckNþalén  
AC BC          nig  sßitenAelIrgVg;EtmYy . 

                                   
roblems for the Team Competition Baltic Way 1999)                                (P  

ABC DAC@%^>eK[  nig  CaRtIekaNsm)atBIrEdlmanmuMkMBUl  
o100ADC  BA  nig o20C     . 

 cUrRsayfa AB CDBC   ? 
                                                        (Flanders Mathematical Olympiad 1996) 
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@%&>eKtag R  CakaMrgVg;carwkeRkA nig  CakaMrgVg;carwkkñúgén  mYy. 
kat;RC

 . 

r ABC

 S  CacMnucmYyenAkñúg ABC  ehIybnÞat; C,BS,AS ugQm S  
 Rtg; Z,Y,X  erogKña
 cUrRsayfa 

r

rR

CZ

BZ.AZ

BY

AY.CYCX.X
2


AX

B
22


  

a and Hercegovina Mathematical Olympiad 2000 )                           ( Bosni

@%*> eK[RtIekaNEkgmYy ABC  Edl 90ACB o  ehIyyk  
       CH  Edl ABH  C ;cMeBaHR ag P  nig QakMBs Cug ehIyt

eFob

 AB   
       CacMNucb:HrvagrgVg;carwkkñúgénRtIekaN ABCCamYyRCug C  nig BC A  
        erogKña . ebI HPAQ   cUrkMNt;pl  

BH

AH   ? 
 
                                                    (Bulgarian Mathematical Olympiad 2006) 

%(> eK[ctuekaNcarwkkñúgrgVg;  mYy. bnÞat;  nig  CYbKña 
Ug  

én b fa ³ 

 
@  ABCD AD BC

  Rtg;cMNuc E  ehIyGgát;RT nig BD CYbKñaRtg; F  . AC  
  ebI M  nig  CacMNuckNþal AB  nig CD enaHcUr gðajN  
  

AB

CDB1MN
    . 

CD

A

2EF
                                 

 (Bulgarian Mathematical Olympiad 1997) 
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@^0> bBa©ekaNe)a:g  mYycarwkkñúgrgVg;kaM  ABCDE R  . eKsMKal; Ca XYZr

 rgVas;kaMénrVg;carwkkñúgén XYZ  . cUrRsaybBa¢ak;fa ³ 
 k> 

R

r
1BCAcosAcosCABcos  BC ABC  

 nig  x> ebI A AEDBC rr  AECABD rr   enaH AEDABC   
                  

                                               (Bulgarian Mathematical Olympiad 1998) 

nig
f t kat;tamp©itrgVg;carwkkñúgénRtIekaN 

 

^!> eK[bnÞat; )(  kat;RCug AC  nig BC énRtIekaN ABC  erogKñaRtg; @
   cMNuc E  F  .   
  cUrRsay abnÞa ; )( ABC  
  luHRtaEt AB

BF
.AC

A
.BC    . 

CFCE

E

                                       (Bulgarian Mathematical Olympiad 1973) 

eKtag CaTIRbCMuTm¶n;énRt

       

                                                                              

@^@>  M  IekaN ABCmYy . 
  cUrRsayfavismPaB 

3

2
CBMCAMsin  sin   . 

        
ulgarian Mathematical Olympiad 1997)                                              

                                                 (B

@^#> ebI c,b,a  CaRCug nig R  CakaMrgVg;carwkeRkAénRtIekaN ABC  

        enaHbgðajfa 
222

22 ba
R

cb2a22 


   .  

       etIsmPaBmane            ( Baltic Way 1998 ) nAeBlNa?                       
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#> TOPICS IN INEQUALITI

$> Mathematical   Olympiad   in China 

         (Xiong Bin & Lee Peng Yee  ) 

%> Lecture Notes onMathematica

         ( Xu Jiagu ) 

^> INFINITY

     (Hojoo Lee, Tom Lo

&> Secrets in Inequalities 
        (PHAM KIM HUNG) 


	01.Book
	02.Introduction
	03.Update math part 10.01
	@0> cMeBaHRKb;  cUrRsaybBa¢ak;vismPaB ³
	                                                                      (Kazakhstan NMO 2010)
	cMeBaHRKb;  cUrRsaybBa¢ak;vismPaB ³
	                                                                      (Kazakhstan NMO 2010)
	RsaybBa¢ak;vismPaB ³
	eRCIserIsctuekaNe)a:g  mYymanGgát;RTUg  nig  RbsBV
	KñaRtg;cMnuc  Edl 
	nig  . tamRTwsþIbTkUsIunUseK)an ³
	tamRTwsþIbTGWEl 
	eday 

	04.Update math part 10.02

