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វទិយល័យ ហុ៊នែសន ខន រ រសុកតបូងឃមុ  ំ   វទិយល័យ ហុ៊នែសន សិរដីីដុះ 

             ល ីវសន             សនួ សមផសស 
      រគូគណិតវទិយករមិតឧតតម                   រគូគណិតវទិយករមិតឧតតម 

ផសយេចញពីរកុមគណិតវិទយអននត 
រកសសទិធរគប់យ៉ង 

ឆន  ំ២០១៣ 
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បុពវកថ 
 គណិតវទិយអននត ជសន ៃដរមួគន ដំបូងែដលេរៀបេរៀងជ 
ជំនួយសរមប់ កររបឡងរបែជងននជពិេសសរបឡងសិសស 
ពូែកថន ក់ទី១២េដមបទុីកជកំណប់រទពយសរមប់កូនែខមរជំនន់
េរកយ។ េសៀវេភ េនះរបសូរតេចញពីឯកសរេដមបរេទស 
ទំងរសុងជភសបរងំ និងអង់េគលសែដលេយងខញុំែរបសរមួល 
និងេរៀបេរៀងជេខមរភសេដយសរមំងលំហត់េរជសេរ ស 
យ៉ងផចិតផចង់បំផុត។ 
 េយងខញុំបទរង់ចំទទួលកររះិគន់សថ បនេដយកតីរកីរយពី 
សំណក់កលយណមិតតអនកអនទំងឡយែដលេរបេពលេវល 
ដ៏មនតៃមលខិតខំអនេសៀវេភ និងេធវលំហត់យ៉ងយកចិតតទុក 
ដក់  េរពះករេធវលំហត់ខលួនឯងមតងគឺរបេសរជងេមលរគូែក 
លំហត់រប់ពន់មឺុនដង។  
 សូមជូនពរសិរមីងគលបវររបេសរដល់ របិយមិតតទំងអស់ 
ឲយជួបរបទះែតពុទធពរទំងបួនរបករកំុបីេឃលៀងឃល តេឡយ។ 
          តបូងឃមុំ, ៃថងទី ១៤ ែខកុមភៈ ឆន ំ ២០១៣ 
          រប. បេចចកេទស វិ. ហស. ខន រ  
  វិ. ហស. សរិដីីដុះ      របធនរកុមគណិតវទិយអននត 
     សនួ សមផសស       ល ីវសន 
ទូរស័ពទ៖ 092 74 83 68    ទូរស័ពទ៖ 097 98 93 365 
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បដិករគុណ 
 
 
 
 

េលកយយ មិតត មុជ 
អនកមត យ អ៊ុក សុថីន  
បងរបុស សយ ធរ៉ 

សរសត ចរយ ហ៊ុយ សផុត ៃនស. េបៀលរបយ 
សរសត ចរយ សុមឹ ប៊ុនសងុ ៃនស. យូ. អឹម. អីុ 

 
 
 

ែដលមនឧបករគុណរគប់ែបបយ៉ងចំេពះខញុំ 
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លហំត់ទី១ ៖  គណនផលបូក         

A=
1 1 1 1

+ + +....+
2 1 +1 2 2 +1 2 3 +1 2 100 +1                            
                            

 

ដំេណះរសយ 
ចំេពះរគប់ចំនួនគត់ , , ...,a ==== 1 2 9 

            
             

22

1 1
= =

2a +12 a + 2a + 1

1

2 a +1
  

 េយងែបងែចកផលបូកជ 9 ែផនក េនះេគបន ៖ 
1 1 1

1 :
2 1 1 2 2 1 2 3 1

a = + += + += + += + +
                    + + ++ + ++ + ++ + +                    

 (មន 3 ដងៃន1

3
) 

1 1
2 : ...

2 4 1 2 8 1
a = + += + += + += + +

            + ++ ++ ++ +            
     (មន 5 ដងៃន1

5
) 

1 1
3 : ...

2 9 1 2 15 1
a = + += + += + += + +

            + ++ ++ ++ +            

    (មន 7 ដងៃន 1

7
) 

1 1
9 : ...

2 81 1 2 99 1
a = + += + += + += + +

            + ++ ++ ++ +            

⋮ ⋮⋮ ⋮⋮ ⋮⋮ ⋮

  (មន 19 ដងៃន 1

19
) 

1
10 :

2 100 1
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    ++++    
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 បូកអងគនឹងអងគ េគបន ៖ 

 
1 1 1 1 1

3 5 7 ... 19
3 5 7 19 21

A = × + × + × + + × +
�������������

  

           មន 9 តួ 

ដូេចនះ  190

21
A =  

លហំត់ទី ២ ៖ តង x  ជចំនួនពិតែដល 3 4 8x x+ = ។  
ចូរគណនតៃមលៃន 7 264A x x= + ។ 

ដំេណះរសយ ៖ 

 េគមន 3 4 8x x+ =   េនះ 3 4 8x x= − +  
 ចំេពះរគប់ចំនួនគត់ 0n ≥  េគបន 3 14 8n n nx x x+ += − +  
   7 5 44 8x x x= − +       (េគឲយតៃមល 4n = ) 

        3 2 24( 4 8 ) 8( 4 8 )x x x x= − − + + − +   
(េគឲយតៃមល 2n =   និង 1n = ) 

       3 2 216 32 32 64x x x x= − − +  
             3 216 64 64x x x= − +  

( ) 216 4 8 64 64x x x= − + − +   (េពល 0n = )       

7x 264 128 64 64x x x= − + − +      
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 េនះ  7 264 128x x+ =  

  ដូេចនះ     128A =  

លហំត់ទី ៣ ៖ 
េដះរសយរបព័នធសមីករកនុងសំណំុចំនួនគត់វជិជមន 

                

1[mod ]

1[mod ]

1 [mod ]

x y z

y z x

z x y

+ ≡
 + ≡
 + ≡

 

ដំេណះរសយ៖ 
ឧបមថ 1 x y z≤ ≤ ≤  ែដល , ,x y z   ជចំនួនគត់វជិជមន 

របព័នធសមីករែដលឲយេទជ 
1 0 [mod ]

1 0 [mod ]

1 0 [mod ]

x y z

y z x

z x y

+ − ≡
 + − ≡
 + − ≡

 

េដយ 1 x y z≤ ≤ ≤  េនះេគបន៖ 

  
1 1 2 1

1
1

x y z
z x y

z x y

≤ + − ≤ −
⇒ = + − + −

 

ម៉យងេទៀត 

  1 1 2 2 3 2
2 2 { , 2 }

2 2

z x x y y
x y y y

y x y

≤ + − = + − ≤ −
⇒ + − ∈ + −
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 ករណីទី១៖ េប 2 2x y y+ − =  េនះ 1x =  និង z y=  
   េនះសណំុចេមលយរបព័នធសមីករគឺ៖      

                   {(1, , ) :y y y ចំនួនគត់}}}} 

 ករណីទី២៖ េប 2 2 2x y y+ − =  េនះ 
 2 2y x= −  និង 3 3z x= −  

   ជំនួសចូលកនុងរបព័នធ េគបន៖    

3 3 0[mod (3 3)]

5 6 0[mod ]

4 4 0[mod(2 2)]

x x

x x

x x

− ≡ −
 − ≡
 − ≡ −

 

 5 6 [mod ] 6 {1, 2, 3, 6}x x x x⇔ ≡ ⇔ ⇔ ∈  
  + េប 1x =  េនះ 0y =   និង 0z =  
  + េប 2x =  េនះ 2y =   និង 3z =  
  +េប 3x =  េនះ 4y =   និង 6z =  
  +េប 6x =  េនះ 10y =   និង 15z =  
សរបុមក សំណំុឬសរបស់របព័នធ គឺ ៖ 

 {(1, , ) :y y y ចំនួនគត់}}}} ( ) ( ) ( ){ 2, 2, 3 , 3, 4, 6 , 6, 10,15 }∪  

លហំត់ទី ៤ ៖ គណនែផនកគត់ៃន  
3 32014 2012

2012.2013 2013.2014
A = +  
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ដំេណះរសយ៖ 
េគពិនិតយទំនក់ទំនង ខងេរកម៖ 

(((( ))))
(((( ))))

(((( ))))
(((( ))))

(((( )))) (((( ))))
(((( )))) (((( ))))

33 3 4 4

3 3

1 1 1 1 8 8 16
8

1 1 1 1

x x x x x x x

x x x x x x x x x x x

+ − + − −+ − + − −+ − + − −+ − + − − ++++− = = = +− = = = +− = = = +− = = = +
− + − +− + − +− + − +− + − + − −− −− −− −

 ែដលកនុងេនះ 3

16
0 1

x

x x
< <

−   

(សំណល់រតូវតូចជងតួែចក 3x x− ) 

េគទញបនថ៖   
3

1 6
8

x
A

x x

 = +    − 
 

ចំេពះរគប់ចំនួនពិតវជិជមន 

+  េយងយក 2013x =  េនះ 3

16.2013
8 8

2013 2013
A

 = + =    − 
 

 ដូេចនះ  8A =      ។ 

លហំត់ទី ៥ ៖ កនុងថង់មួយមនបល់សចំនួន w ( )3w ≥        
       និងបល់រកហមចំនួន r ។ បល់បីរតូវបនេគចប់េដយ 
       ៃចដនយេដយ មិនដក់ចូលវញិ។ របូបបែដលេគចប់បន 
       បល់សតងេដយ p។ េបេគដក់បល់សមួយថមីចូលកនុង 
       ថង់េនះរបបូបរបស់វនឹងេកនបនមួយភគបីៃនរបូបប 
       េដម។ រកចំនួនបល់រកហមេរចនបំផុតែដលអចមន។ 
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ដំេណះរសយ ៖ 
របូបបៃនករេរជសេរ សបល់ស 3 កនុងចំេណមបល់សរបុ 
w r+  គឺ៖ 

( )
( ) ( ); 3

1
; 3

C w
p

C w r
=

+  

ដូចគន ែដរ 
     របូបបៃនបល់សមួយែដលរតូវបែនថមចូលេទកនុងថង់គឺ ៖ 

( )4 ( 1 ; 3)
2

3 ( 1 ; 3)

C w
p

C w r

+=
+ +  

យក ( )1  ជួសចូលកនុងសមីករ (2) េគបន ៖ 

( )
( )

( )

( )
( )

( )
( )

1 !!

3! 3 ! 3! 2 !4
.

! 1 !3

3! 3 ! 3! 2 !

ww

w w

w r w r

w r w r

+
− −

=
+ + +

+ − + −
 

សមមូលនឹង       
( )( )
( )( )

1
1 24 2

13 2 1

2

w
w w rw

w r w w r

w r

+
+ + −−= =

+ + − + +
+ −

 

សមមូលនឹង ( )( ) ( )( )4 2 1 3 1 2w r w w r w− + + = + + −  

សមមូលនឹង   ( ) 211 2r w w w− = − + +  
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2

2

2

11

11 10 110 108

11

108
10

11

w w
r

w

w w w

w

w
w

− + +=
−

− + − + −=
−

= − − +
−

 

េយងបនដឹងមកេហយថ  w  ជចំនួនគត់វជិជមន 3≥ ។ 
េដមបរីកស r  ឲយកំណត់បន និងវជិជមនេនះ 11w <  
េគបន ៖    {3, 4, 5, 6, 7, 8, 9, 10}w ∈  
េពល 3, 4, 6w =  េនះ 11 w−  មិនែមនជតួែចកៃន108េទ 

{5, 7, 8, 9, 10}w⇒ ∈  
េដមបឲីយ r  ធំបំផុតលុះរតែត 10w =  

10 10 108 88r⇒ = − − + =  បល់រកហម 
 ដូេចនះ 88r =  

លហំត់ទី ៦ ៖ រកចំនួនគត់  n ធំបំផុតែដល !n  បញច ប់េដយ 
        េលខ 0ចំនួន 290  ដង។ 
ដំេណះរសយ៖ 

េគដឹងថ េលខ 0 ជកតត ៃន 10 2 . 5=  ែដល 2 និង 5 
ជចំនួនបឋមរវងគន  



គណិតវទិយអននត  ថន ក់ទី១២  

11 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

េនះេគរគន់ែតរកកតត ែដលតូចបំផុតែដលមនេលខ 2 ចំនួន 
290 ដង និង េលខ   5  ចំនួន 290 ដងជករេរសច។ 

តង  
2 3

...
2 2 2

n n n
p

     = + + +     
     

       

និង   
2 3

...
5 5 5

n n n
q

     = + + +     
     

 

េដមបឲីយ q តូចបំផុតជិត 290េនះតមផលបូកអននតតួៃនសវុីត  

េគបន  5290 1160
1

1
5

n

n≈ ⇒ ≈
−

 និង 288q ≈  

េដមបីបន 290q =   េគរតូវបែនថមកតត  2  និង 5 បែនថម 

  10 1160 10 1170n⇒ + = + =  

ដូេចនះ    ! 1170!n =  បញច ប់េដយេលខសូនយចំនួន 290 

លហំត់ទី ៧ ៖ តង 
1

1a =  និង 
3

1

n

n

n
a

a −

 
=  
 

ចំេពះ 1n > ។ 

  គណនតៃមលៃន 2013
a ។ 
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ដំេណះរសយ៖  

 +  េប  1n =  េនះ 
3

2

2
8

1
a

 
= = 
 

 

 +  េប  2n =  េនះ 
3

3

3
3

8
a

 
= = 
 

 

េគនឹងរសយថចំេពះរគប់ចំនួនគត់េសស 3n ≥  េនះ 

 ( )3

2

1

1
3 3

n

n
a n n

n
+

 +
 = = + +
  

 

( )
( )

( )
( )

3 3 2

2 2 2

6 12 82

3 3 3 2
n

n n nn
a

n n n n
+

   + + ++
   ⇒ = =
   + + + +   

       

       
2

2 2

3 2
2 2

3 3
n

n n
a n n

n n
+

 + += + + = + + + 
 

 ចំេពះ n  េសស 
2013

2013
n

a n a= ⇒ =  
 ដូេចនះ      

លហំត់ទី ៨ ៖   េប , ,a b c   ជឬសៃនពហុធ 
( ) 3 2 333 1001P x x x x= + − −  

  ចូរគណនតៃមលៃន 3 3 3A a b c= + +  ។ 
 

2013
2013a =
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ដំេណះរសយ៖   
េដយ ; ;a b c  ជឬសៃន ( ) 3 2 333 1001P x x x x= + − −  

⇒⇒⇒⇒ ( ) ( )( )( )3 2 333 1001P x x x x x a x b x c= + − − = − − −  

( ) ( ) ( )
( )

3 2

3 2 333 1001

P x x a b c x ab bc ca x abc

P x x x x

 = − + + + + + −
⇒

= + − −

          
1

333333

1001

a b c

ab bc ca

abc

+ + = −
 + + = −
 =

  

   មយ៉ងេទៀត  

( ) ( )( )33 3 3 3 3a b c a b c a b c ab bc ca abc+ + = + + − + + + + +

            ( ) ( )( )3
1 3 1 333 3.1001 2003= − − − − + =  

ដូេចនះ 2003A =  ។ 
លហំត់ទី ៩ ៖ េគឲយចំនួនពិត 0 a b c< < <   និងអនុគមន៍ 

( )f x ជប់និងមនេដរេីវេលចេនល ះ ;a c    ែដល ( )' 0f x >  

េលចេនល ះ ;a c  ។ ចូរបងហ ញថ៖  

( ) ( ) ( ) ( ) ( ) ( )c b f a b a f c c a f b− + − > − ។ 

ដំេណះរសយ៖ 
តមរទឹសតីបទតៃមលកណត ល េប ( )' 0f x >  េលចេនល ះ ;a c    
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ែដល ( )' 0f x >  េលចេនល ះ ; ;a b b c∪        ែដល a b c< <  

េនះមន  ;u a b∈      ែដល   ( ) ( ) ( )'
f b f a

f u
b a

−
=

−
 

និងមន  ;v b c∈      ែដល   ( ) ( ) ( )'
f c f b

f v
c b

−
=

−
 

ែត ( )' 0f x >  េលចេនល ះ ;a c   េនះ ( ) ( )' 'f u f v<  

រគប់ a u v c< < <  

         

( ) ( ) ( ) ( )

( ) ( )( )( ) ( ) ( )( )( )
( ) ( ) ( ) ( ) ( ) ( )

f b f a f c f b

b a c b

f b f a c b f c f b b a

c a f b c b f a b a f c

− −
⇒ <

− −
⇔ − − < − −

⇔ − < − + −

 

ដូេចនះ     ( ) ( ) ( ) ( ) ( ) ( )c b f a b a f c c a f b− + − > −  

លហំត់ទី ១០ ៖ រករគប់អនុគមន៍ 4:H →R R  ែដល 
េផទៀងផទ ត់ 

( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

1; 0; 0; 1 1

; ; ; . ; ; ;

; ; ; ; ; ;

; ; ; ; ; ; ; ; ;

i H

ii H a b c d H a b c d

iii H a b c d H b a d c

iv H a e b c f d H a b c d H e b f d

λ λ λ

 =


=


= −
 + + = +
ែដល ; ; ; ; ; ;a b c d e f λ   ជបណត ចំនួនពិត។ 
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ដំេណះរសយ ៖ 
តម( )iii    ( ) ( )1;1;0;0 1;1;0;0H H⇒ = −  និង  

( ) ( )0;0;1;1 0;0;1;1H H= −     

  ( ) ( )1;1;0;0 0;0;1;1 0H H⇔ = =  

តម( )i  និង ( )iii   ( ) ( )0;1;1;0 1;0;0;1 1H H⇒ = − = −  

ដូេចនះេគបន 

( ) ( ) ( ); ; ; ; ;0; 0; ; ;H a b c d H a b d H b c d= +      (តម ( )iv ) 

  ( ) ( )1; ;0; 0; ;1;aH b d cH b d= +    (តម ( )ii ) 

  ( ) ( );1; ;0 ;0; ;1aH b d cH b d= − −  (តម ( )iii ) 

  ( ) ( );1;0;0 0;1; ;0a H b H d = − +   

       ( ) ( );0;0;1 0;0; ;1c H b H d − +  (តម( )iv ) 

  ( ) ( )1;1;0;0 0;1;1;0abH adH= − −  

     ( ) ( )1;0;0;1 0;0;1;1bcH cdH− − (តម( )ii ) 

  ( ) ( ) ( ) ( )0 1 1 0ab ad bc cd= − − − − −  

a b
ad bc

c d
= − =  

ដូេចនះ      ( ); ; ;
a b

H a b c d
c d

=  
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លហំត់ទី ១១ ៖ កំណត់ចំនួនពិត , ,a b c  ែដលេផទៀងផទ ត់ 
1

3 3 2 3 2

0

1
n

k

n ak bk ck ak bk ck
−

=

= + + + − + +∑   

      រគប់ចំនួនគត់ 1,2,...n =  
ដំេណះរសយ ៖ 
ចំេពះរគប់ចំនួនគត់ 0,1,2,...k =  េគមន ៖ 

( ) ( ) ( )
3

1 1 1 3 1 3 1k k k k k k k k k k+ − = + + − + + + −

     ( ) ( )4 1 1 4 3k k k k= + + − +  

    ( ) ( ) ( )2 2
4 1 1 4 3k k k k= + + − +  

          3 2 3 216 24 9 1 16 24 9k k k k k k= + + + − + +  

ឬ 3 3 2 3 216 24 9 1 16 24 9 1k k k k k k k k+ + + − + + = + −  

េនះ 
1

3 3 2 3 2

0

16 24 9 1 16 24 9
n

k

k k k k k k
−

=

+ + + − + +∑  

     ( )1

0

1
n

k

k k n
−

=

= + − =∑  

ផទឹមេមគុណនឹងេមគុណេគបន ៖   16; 24; 9a b c= = =  
ដូេចនះ 16; 24; 9a b c= = = ។ 
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លហំត់ទី ១២ ៖ រកម៉រទីសរចសៃន  
0 1 1 1

1 0 1 1

1 1 0 1

1 1 1 0

S

 
 
 
 =
 
 
 
 

⋯

⋯

⋯

⋮ ⋮ ⋮ ⋱ ⋮

⋯

 

ដំេណះរសយ៖ 

 េយងតង   

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

I

 
 
 
 =
 
 
 
 

⋯

⋯

⋯

⋮ ⋮ ⋮ ⋱ ⋮

⋯

   

និង     

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

U

 
 
 
 =
 
 
 
 

⋯

⋯

⋯

⋮ ⋮ ⋮ ⋱ ⋮

⋯

 

 ែដល S U I= − និង 2U nU=  ។ 
ចំេពះរគប់ចំនួនពិត c  េគបន៖   

( )( ) ( )2 1U I cU I cU c U I− − = − + +  
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       ( )( )1cn c U I= − + +  

េគេរជសេរ ស    ( )1 0cn c− + =  ឬ ( )
1

1
c

n
=

−
  

េនះ   ( )( )1U cU I I− − =  

 ឬ     ( ) 11 1

1
S U I U I

n

−− = − = −
−

 

 ដូេចនះ 1

2 1 1

1 1 1

1 2 1

1 1 1

1 1 2

1 1 1

n

n n n

n

n n n
S

n

n n n

−

− 
 − − −
 

− 
 − − −=  
 
 
 −  − − − 

⋯

⋯

⋮ ⋮ ⋮
⋱

⋯

 

លហំត់ទី ១៣ ៖ មន n ចំនួនគត់ 
1 2
; ; ... ;

n
x x x េផទៀងផទ ត់ 

ទំនក់ទំនង 

     1

1

0

, 2
i i

x

x x c i n−

=
 = + ≤ ≤

 

ចូរកំណត់តៃមលតូចបំផុត ៃន 1 2
...

n
x x x

n

+ + +  ។ 
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ដំេណះរសយ៖ េគមន រគប់ចំនួនពិត  
1n

x +  េផទៀងផទ ត់  

1n n
x x c+ = +  

េនះ 
1 1 1

2 22

1

1 2 2

n n n

i i i

i i i

x x x c
+ + +

−
= = =

= = +∑ ∑ ∑ (េរពះ
1

0x = ) 

             
( )

( ) ( )

1
2

1

2

1 1
2 2

1 1

2 2

2

n

i

i

n n

i i

i i

x c

x c x c n

+

−
=

+ +

− −
= =

= +

= + +

∑

∑ ∑
 

  = ( ) ( )2 2

1 1

2
n n

i i

i i

x c x c n
= =

+ +∑ ∑  

េគបន     2 2

1

1

0 2
n

n i

i

x c x c n+
=

≤ = +∑  ែដល 0c >  

េនះ        
1

1

2

n

i

i

c
x

n =

≥ −∑  

ដូេចនះ  1 2
...

2

n
x x x c

Min
n

+ + +  = − 
 

 

លហំត់ទី ១៤ ៖ េដះរសយរបព័នធសមីករ  
{ }

{ }
{ }

2 0 0 .0

1 9 0 .1

1 7 8 .8

x y z

x y z

x y z

 + + =  
 + + =   
 + + =   

 

ែដល x  ជែផនកគត់ៃន x  និង { }x  ជែផនកទសភគៃន x  ។ 
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ដំេណះរសយ៖  

េគមន  
{ } ( )

{ } ( )
{ } ( )

200.0 1

190.1 2

178.8 3

x y z

x y z

x y z

 + + =  
 + + =   
 + + =  

 

ែដល { }x x x= +    ចំេពះរគប់ x  

េគយក ( ) ( ) ( )1 2 3+ +  េនះ   2 2 2 568.9x y z+ + =  

 ឬ               ( )284.45 4x y z+ + =  

យក ( ) ( ) { } ( )4 1 84.45 5y z− ⇒ + =    

  ( ) ( ) { } ( )4 2 94.35 6x z− ⇒ + =    

  ( ) ( ) { } ( )4 3 105.65 7x y− ⇒ + =    

ពី ( )5  េនះ { }84 84.45 z y z = = + =             និង { } 0.45y =  

ពី ( )6  េនះ { }94 94.35 x z x = = + =             និង { } 0.35z =  

ពី ( )7  េនះ { }105 105.65 y x y = = + =             និង { } 0.65x =  

េគទញបន 94.65; 105.45; 84.35x y z= = =  
ដូេចនះ  ( ) ( ); ; 94.65; 105.45; 84.35x y z =  
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លហំត់ទី ១៥ ៖ េដះរសយរបព័នធសមីករ  

{ }
{ }

{ }

1.1

2.2

3.3

x y z

x y z

x y z

 + + =  
 + + =  
 + + =   

 

ែដល x  ជែផនកគត់ៃន x  និង { }x  ែផនកទសភគៃន x  ។ 

ដំេណះរសយ ៖ 
កត់សមគ ល់ថ { }x x x= +    ចំេពះរគប់ x  

មន   
{ } ( )

{ } ( )
{ } ( )

1.1 1

2.2 2

3.3 3

x y z

x y z

x y z

 + + =  
 + + =  
 + + =   

 

យក ( ) ( ) ( )1 2 3+ +  េនះ   ( )3.3 4x y z+ + =  

យក ( ) ( ) ( ) ( ) ( ) ( )4 1 ; 4 2 ; 4 3− − −   

េគបន៖  

{ }
{ }
{ }

{ }
{ }
{ }

2.2 2 ; 0.2 0.1

1.1 1; 0.1 1.2

20 0; 0

y z z y x

x y y x y

zz x x z

 + = = =    =   
   + = ⇔ = = ⇒ =        
   =+ = = =         

  

ដូេចនះ ( ) ( ); ; 0.1; 1.2; 2x y z =  
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លហំត់ទី ១៦ ៖ េដះរសយសមីករកនុងសំណំុចំនួនពិត 

( )2 2 2

1 2 1 2

1
1 2 2 ... ...

2
n n

x x n x n x x x− − − + + − = + + +  

ដំេណះរសយ៖ 
េគមន       

( )2 2 2

1 2 1 2

1
1 2 2 ... ...

2
n n

x x n x n x x x− − − + + − = + + +

( ) ( )2 2 2

1 2 1 2
2 1 2 2 ... ...

n n
x x n x n x x x− − − + + − = + + +

( ) 2 2 2

1 2 1 2
... 2 1 4 2 ... 2 0

n n
x x x x x n x n+ + + − − − − − − − =

( ) ( )2 2 2

1 1 2 2
1 2 1 1 2 4 2 2 ...x x x x− − − + + − − − + +  

               ( )2 2 22 0
n n

x n n x n n+ − − − + =  

( ) ( ) ( )2 22
2 2

1 2
1 1 2 2 ... 0

n
x x x n n⇔ − − + − − + + − − =  

( ) ( ) ( )2 2

1 2
1 1 0 2 2 0 ... 0

n
x x x n n⇔ − − = ∧ − − = ∧ ∧ − − =  

2 2

1 2
1 1 2 2 ...

n
x x x n n⇔ − = ∧ − = ∧ ∧ − =  

2

1 2
2 8 ..... 2

n
x x x n⇒ = ∧ = ∧ ∧ =  

ដូេចនះ ( ) ( )2

1 2
; ;....; 2; 8 ;....; 2

n
x x x n=  
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លហំត់ទី ១៧ ៖ រកចំនួនធតុៃនសំណំុ   
3 3 2

2 1

x x
A x

x

 − += ∈ ∈ + 
Z Z  

ដំេណះរសយ៖ 
េដយ x ជចំនួនគត់ េនះ 2 1x + និង 3 3 2x x− +  ក៏ជ 

ចំនួនគត់ែដរ 

 ម៉យងេទៀត 
3 3 2

2 1

x x

x

− + ∈
+

Z   

3
28 24 16 27

4 2 11
2 1 2 1

x x
x x

x x

− +⇔ = − − + ∈
+ +

Z  

    េនះ { }2 1 1; 3; 9; 27x + ∈ ± ± ± ±  

 { }14; 5; 2; 1; 0; 1; 4;13x⇔ ∈ − − − −  

  ដូេចនះ  { }14; 5; 2; 1; 0; 1; 4;13A = − − − −  

លហំត់ទី ១៨ ៖ េគឲយគូប ABCD EFGH−  ។ ; ;P Q R  ជ 
ចំណុចសថិតេនេលរជុង ; ;AB CG EH  េរៀងគន ។ កំណត់ 
បរមិរតខលីបំផុតៃនរតីេកណ PQR។ 

ដំេណះរសយ៖ 

   កំណត់យក ( ); ; ;F FG FE FB
��	 ��	 ��	

 ជេគលអរតូណរម៉ល់ 

    មនទិសេដវជិជមន  
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េនះ ( ) ( ) ( )0; ; 1 , 1; 0; , ; 1; 0P c Q a R b    

ែដល ; ;a b cជចំនួនពិតែដលរតូវរក 

តង L RQ PR QP= + +
��	 ��	 ��	

 ជបរមិរតរតីេកណ PQR  

  

   ( )0; 0; 1A  
          ( )1;0; 1C  
   
 
 
    
 

( ) ( ) ( )2 2 22 2 21 1 1 1 1 1L a b b c c a= + − + + + − + + + − +

( ) ( ) ( )2 2 22 2 21 1 1 1 1 1L a b b c c a⇔ = + + − + + + − + + + −   ( )1  

តមវសិមភព មីងកូវសគី ( )Minkowski  េគមន ៖ 
2 2 2 2 2 2 2 2 2

1 2 3 1 2 3 1 2 3
x x x y y y z z z+ + + + + + + +  

          ( ) ( ) ( )2 2 2

1 1 1 2 2 2 3 3 3
x y z x y z x y z≥ + + + + + + + +  

( )0; 0; 1B  

 

          Q 

( )1; 1; 1D  

( )1; 0; 0G  ( )1; 1; 0H  

( )0; 1; 0E  
F  

P  

R 
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េគយក  
( ) ( )
( ) ( )
( ) ( )

1 1 1

2 2 2

3 3 3

; ; 1; 1; 1

; ; ; ;

; ; 1 ; 1 ; 1

x y z

x y z a b c

x y z b c a

 =
 =
 = − − −

 

េនះ ( )1  េទជ៖ 

( )
2

22 2 2 3 27
3 3 2

2 2
L s s s

 ≥ + + − = − + 
 

 ែដល s a b c= + +  

េដយ   
2

3
0

2
s
 − ≥ 
 

 េនះ 2L  តូចបំផុតេពល 3

2
s =   

េហយ 1

2
a b c= = =  

 េគទញ 27 3
3

2 2
L ≥ =  

ដូេចនះ បរមិរតខលីបំផុតៃនរតីេកណ PQR  គឺ 3
3

2
   

េពល 1

2
a b c= = =  

លហំត់ទី ១៩ ៖ បងហ ញថ ចំេពះរគប់ចំនួនពិត  ; ;a b c  

( ) ( ) ( )2 2 22 2 2 3 2
1 1 1

2
a b b c c c+ − + + − + + − ≥  
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ដំេណះរសយ៖ 

រេបៀបទី១ ៖  េគមន ( )2
; 0x y x y∀ ∈ + ≥R  

( ) ( )22 2 2 22 0
2

x y
x y x y x y

+
⇔ + ≥ + ⇔ + ≥ ≥  

យក ( ); 1x a y b= = −  េនះ ( ) ( )22
1

1 1
2

a b
a b

+ −
+ − ≥  

      ( ); 1x b y c= = −  េនះ ( ) ( )22
1

1 2
2

b c
b c

+ −
+ − ≥  

      ( ); 1x c y a= = −  េនះ ( ) ( )22
1

1 3
2

c a
c a

+ −
+ − ≥  

បូកអងគ និងអងគៃន ( ) ( ) ( )1 2 3+ +  េគបន៖ 

( ) ( ) ( )2 2 22 2 21 1 1a b b c c c+ − + + − + + −  

                
1 1 1

2 2 2

a b b c c a+ − + − + −
≥ + +  

( ) ( ) ( )2 2 22 2 21 1 1a b b c c c+ − + + − + + −  

          
1 1 1 3

2 2

a a b b c c+ − + + − + + −
≥ ≥  

   (េរពះ រគប់ ; 1 1α α α∈ + − ≥R ) 
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ដូេចនះ ( ) ( ) ( )2 2 22 2 2 3 2
1 1 1

2
a b b c c c+ − + + − + + − ≥  ពិត 

េបៀបទី២៖ តមវសិមភព មីងកូវសគី ( )Minkowski  េគមន ៖ 

2 2 2 2 2 2

1 2 1 2 1 2
x x y y z z+ + + + +  

                          ( ) ( )2 2

1 1 1 2 2 2
x y z x y z≥ + + + + +  

េគយក ( ) ( )1 1 1
; ; ; ;x y z a b c=  

      និង ( ) ( )2 2 2
; ; 1 ; 1 ; 1x y z b c a= − − −  

េនះ ( ) ( ) ( )2 2 22 2 21 1 1a b b c c c+ − + + − + + −  

               ( ) ( )( )22
3a b c a b c≥ + + + − + +  

តង s a b c= + +  េគបន៖ 

 ( ) ( ) ( )2 2 22 2 21 1 1a b b c c c+ − + + − + + −  

( ) ( )( )
2

22 3 9 9 3 2
3 2

2 2 2 2
s s s

 ≥ + − = − + ≥ = 
 

 

ដូេចនះ ( ) ( ) ( )2 2 22 2 2 3 2
1 1 1

2
a b b c c c+ − + + − + + − ≥  ពិត 
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លហំត់ទី ២០ ៖ េប ; ; 0a b c >  រកតៃមលតូចបំផុតៃន  

    a b b c c a
A

c a b

+ + +     = + +     
     

 

  ែដល x    ែផនកគត់ធំបំផុត x≤ ។ 

ដំេណះរសយ៖  
េគដឹងថ 1x x> −    រគប់ចំនួនពិត x  េនះ 

3

3

a b b c c a a b b c c a
A

c a b c a b

a b b c c a

b a c b a c

+ + + + + +     = + + > + + −     
     

     = + + + + + −     
     

តមវសិមភព AM GM−  ៖ 

    2 . 2
a b a b

b a b a
+ ≥ =        2

b c

c b
+ ≥   និង 2

c a

a c
+ ≥  

េគបន ៖   2 2 2 3 3A > + + − =  
េដយ A ជចំនួនគត់េនះ 4MinA =  េពល ( ) ( ); ; 6;8;9a b c =  

ដូេចនះ តៃមលតូចបំផុតៃន A  គឺ 4។ 

លហំត់ទី ២១ ៖ x  ជចំនួនគត់វជិជមន ។ រកតៃមលធំបំផុតៃន  

    
2 42 4x x

A
x

+ − +=  
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ដំេណះរសយ៖ មន 

       

2 4

2 4 2 4

2 4

2 4

2 4 2 4
.

2 4

x x
A

x

x x x x

x x x

+ − +=

   + − + + + +=    
   + + +   

 

      

( ) ( )
( )

( )

2
2 4

2 4

2

2 4

2 4

2 4

4

2 4

x x

x x x

x

x x x

+ − +
=

+ + +

=
+ + +

 

      
( )2 4

2

2

4

1
2 4

4

2 4

x x
x

x x
x x

=
+ + +

=
+ + +

 

តមវសិមភព  :AM GM− 2
2 2x

x
+ ≥  និង 2

2

4
4x

x
+ ≥  

េនះ 4
2 2 2

2 2 2
A ≤ = −

+
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សមភពេកតេឡងេពល 2x =  

 ដូេចនះ        2 2 2Max A = −  
លហំត់ទី ២២ ៖ េដះរសយសមីករ  

4 3 24 4 16 8 0x x x x− − + − = ។ 
ដំេណះរសយ៖ 
េគមន ៖  

       ( ) ( )
4 3 2

4 3 2 2

0 4 4 16 8

4 4 8 16 8

x x x x

x x x x x

= − − + −

= − + − − +
 

      

( ) ( )
( ) ( )

( )( )
( )( )

2 22

22
2

2

2

2 8 1

2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

x x x

x x x

x x

x x

= − − −

= − − −

= − + + ×

− − −

 

េគបន ៖  
( )
( )

2

2

2 2 2 2 2 0

2 2 2 2 2 0

x x

x x

 − + + =

 − − − =

 

      
( )
( )

2

2

2 2 2 3 2 2 3 0

2 2 2 3 2 2 3 0

x x

x x

 − + + + − =
⇔
 − − + − − =
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េដយ ( )2

1 2 3 2 2+ = +  និង ( )2

1 2 3 2 2− = −  

េគបន៖       
( )( ) ( )
( )( ) ( )

2 2

2 2

1 2 3 0

1 2 3 0

x

x

 − + − =

 − − − =


 

                
( )( )
( )( )

1 2 3 1 2 3 0

1 2 3 1 2 3 0

x x

x x

 − − + − − − =
⇔
 − + + − + − =

 

        ដូេចនះ     

1 2 3

1 2 3

1 2 3

1 2 3

x

x

x

x

 = + −


= + +


= − −
 = − +

     ជឬសៃនសមីករ។ 

លហំត់ទី ២៣ ៖ េប 0x y z+ + =  រកតៃមលធំបំផុតៃន  

2 2 2

xy yz zx
A

x y z

+ +=
+ +

។ 

ដំេណះរសយ៖ 

  ( )2 2 2 20 2 2 2x y z x y z xy yz zx= + + = + + + + +  

 េនះ ( )2 2 21

2
xy yz zx x y z+ + = − + +    
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32 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

1

2
A⇒ = −  =  េថរ    

ដូេចនះ  1

2
Max A = −  

លហំត់ទី ២៣ ៖ មនុសសមន ក់ៗកនុងចំេណម ៩ នក់ A I→  
បនទិញេឆន តកនុងេនះមនែតមន ក់គត់ែដលរតវូេឆន ត។េរកយ 
មកេយងសួរពួកេគថអនកណរតវូេឆន ត។ ពួកេគេឆលយថ ៖ 
  A េឆលយថ ៖   “  E  រតូវេឆន ត ” 
  B េឆលយថ ៖   “  ខញុំរតូវេឆន ត ” 
  C េឆលយថ ៖   “  B  រតូវេឆន ត ” 
  D េឆលយថ ៖   “  E  មិនរតូវេឆន តេទ ” 
  E េឆលយថ ៖   “  B ឬ H រតូវេឆន ត ” 
  F េឆលយថ ៖   “  E រតូវេឆន ត ” 
  G េឆលយថ ៖   “  B មិនរតូវេឆន តេទ ” 
  H េឆលយថ ៖   “  ខញុំ និង B មិនរតវូេឆន តេទ ” 
  I  េឆលយថ ៖   “  សំដីរបស់ H ពិត ” 
េទះបីជយ៉ងណក៏េដយ េយងរកេឃញថមនែតមនុសស 
បីនក់គត់ែដលនិយយរតង់ េហយេផសងេទៀតនិយយកុហក។ 
េតអនកណរតវូេឆន ត? 
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33 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ដំេណះរសយ៖ 
េយងពិនិតយសំេណ ផទុយៃនសំេណ ែដលឲយតមតរង 

ដូចខងេរកម ។ 
សមគ ល់សមគ ល់សមគ ល់សមគ ល់ ៖    

“�”  តងមនុសសែដលទទួលបនលុយ 

“× ”  តងមនុសសែដលមិនទទួលបនលុយ 

  មនុសសែដលទទួលបនលុយ 

  A B C D E F G H I 

សំ
េណ

ផ
ទ ុយ

ៃន
សំ

េណ
..

.. 

A � � � � ×  � � � � 
B � ×  � � � � � � � 
C � ×  � � � � � � � 
D ×  ×  ×  ×  � ×  ×  ×  ×  
E � ×  � � � � � ×  � 
F � � � � ×  � � � � 
G ×  � ×  ×  ×  ×  ×  ×  ×  
H ×  � ×  ×  ×  ×  ×  � ×  
I ×  � ×  ×  ×  ×  ×  � ×  
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34 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ឧទហរណ៍ ឧទហរណ៍ ឧទហរណ៍ ឧទហរណ៍ េប A និយយកុហកេនះEមិនទទួលបនលុយេទ។  
េហតុេនះេគគូស “× ” កនុងរបេឡះ E  និង “�” កនុងរបេឡះ 
េផសងៗេទៀតៃនជួរេដករបស់ A ។ 
េគេឃញថជួរឈរ H មន × ចំនួនបី រតង់ជួរេដក D, E និង G ។ 
ដូេចនះ D, E និង G និយយេសម ះរតង់ និង H ជអនកឈនះេឆន ត។ 

លហំត់ទី ២៤ ៖ េដះរសយរបព័នធសមីករ 

( )( )
( )( )2 2

3 3 14

14 36

x y x y xy

x y x xy y

 + + =


+ + + =

 

ដំេណះរសយ ៖ 

របព័នធសមមូលនឹង ( )2 2

3 2 2 3

3 10 3 14

15 15 36

xy x xy y

x x y xy y

 + + =


+ + + =

 

តង x u=  និង y v=  ែដល 0u >  និង 0v >  េនះ 

( )

( )
( )

4 2 2 4

6 4 2 2 4 6

5 3 3 5

6 4 2 2 4 6

3 10 3 16

15 15 36

3 10 3 16 1

15 15 36 2

uv u u v

u u v u v v

u v u v uv

u u v u v v

 + + =


+ + + =

 + + =⇔ 
+ + + =

 

     + យក ( ) ( )2 2. 1+  េគបន ៖ 
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35 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

6 5 4 2 3 3 2 4 5 66 15 20 15 6 36 2 . 14u u v u v u v u v uv v+ + + + + + = +  
            ( )6

64u v⇔ + =               ( )3  

+ យក ( ) ( )2 2. 1−  េគបន ៖ 
6 5 4 2 3 3 2 4 5 66 15 20 15 6 36 2 . 14u u v u v u v u v uv v− + − + − + = −

    ( )6
8u v⇔ − =               ( )4  

ពី ( )3  និង ( )4  េគបន ៖ 

      

2

2 2

22

2

2
1

2

2
1

2

2
1

2

2
1

2

u v

u v u v

u vu v

u v

u x

v y

u x

v y

 + =


+ = − =⇔  + =− = ±   − = −


= + =


 = − =⇔

 = − =


 = + =
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36 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

េគបន ៖ ( ) 3 3
; 2; 2

2 2
x y

 = + − 
 

    

            ឬ ( ) 3 3
; 2; 2

2 2
x y

 = − + 
 

 

លហំត់ទី ២៥ ៖ េដះរសយសមីករកនុង R  ៖  
3 3 31 1 0x x x− + + + = ។ 

ដំេណះរសយ ៖ 
េគមន ៖  

( ) ( ) ( ) ( )( )2 2 23 3 3 1
3

2
a b c abc a b c a b b c c a+ + − = + + − + − + −

យក 3 3 31 ; ; 1a x b x c x= − = = +   
េនះ 0a b c+ + =  (បរមប់) 

េគបន ៖ ( ) ( ) ( ) ( )31 1 3 1 1 0x x x x x x− + + + − − + =  
3 3 3 3 0x x x x x x x⇔ = − ⇔ = − ⇒ =  

ដូេចនះ 0x =  ជចេមលយៃនសមីករ។ 

 
លហំត់ទី ២៦ ៖ រករគប់ចំនួនគត់ ; ;x y z  េផទៀងផទ ត់ 

 3 3 3 3x y z xyz p+ + − =  ែដល p ជចំនួនបឋម 3>  ។ 
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37 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ដំេណះរសយ ៖ 
ឧបមថ ៖ x y z≥ ≥  

េគមន ៖ 3 3 3 3x y z xyz p+ + − =  

( )( )2 2 2x y z x y z xy yz zx p⇔ + + + + − − − =   

េដយ 1x y z+ + >  និង p បឋម 3>  េនះតរមូវឲយ ៖ 

  
( )

( ) ( ) ( ) ( )2 2 2

1

2 2

x y z p

x y y z z x

 + + =


− + − + − =

 

 +  េប x y z> >   េនះ 
1

2

1

x y

x z

y z

− ≥
 − ≥
 − ≥

 

 ( ) ( ) ( )2 2 2
6 2x y y z z x⇒ − + − + − ≥ >   

ផទុយពីលកខខណឌ  ( )2  
 + េនះតរមូវឲយ 1x y z= = +   ឬ  1x y z− = =  
  េដយ p បឋមេនះ pមនរង 3 1k +  (k គូ)  

ឬ 3 2k +  (k េសស) 

ដូេចនះ ឬសសមីករគឺ ៖ 1 1 2
; ;

3 3 3

p p p− − + 
 
 

  

ឬ 2 1 1
; ;

3 3 3

p p p− + + 
 
 
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38 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

លហំត់ទី ២៧ ៖ រករគប់រតីធតុចំនួនគត់ ( ); ;m n p  

ែដលេផទៀងផទ ត់ 2002m n p+ + =  ែដលេធវឲយរបព័នធសមីករ  
x y

m
y x

y z
n

z y

z x
p

x z

 + =

 + =



+ =


 

មនឬសមួយ យ៉ងតិចកនុងសំណំុចំនួនពិត 0> ។ 

ដំេណះរសយ ៖ 

េគមន x y y z z x
mnp

y x z y x z

   = + + +   
   

 

  
2 2 2 2 2 2

2 2 2 2 2 2
1 1

x z x y y z
mnp

z y y x z x
= + + + + + + +  

  

 
 


2 2 2

4

pm n

x y y z z x
mnp

y x z y x z

     
     = + + + + + −     

    
    

 

  ( )2 2 2 4 1m n p mnp+ + = +  

បូកអងគសងខងៃន ( )1  ជមួយនឹង ( )2 mn np pm+ +   
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39 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

េនះេគបន ៖  

 ( ) ( ) ( )2
2 4 2m n p mnp mn np pm+ + = + + + +  

បូកអងគសងខងៃន ( )2  នឹង ( )4 4m n p+ + +  េនះេគបន៖ 

  ( )( )( )
2

2002

2 2 2 2m n p m n p
 

+ + + = + + + 
 
 
�����

  

  ( )( )( ) 22 2 2 2004m n p⇔ + + + =  

េដយ

( ) ( ) ( )
22004 2 3 167

2 2 2 2008
2002

m n p
m n p

 = × ×
⇒ + + + + + =

+ + =
 

ដូចេនះេគរតូវរករតីធតុ ( )2; 2; 2m n p+ + +  ែដល  

  
( ) ( ) ( )
( )( )( ) 2

2 2 2 2008

2 2 2 2004

m n p

m n p

 + + + + + =


+ + + =
 

េគបន ៖ 

( )
( )
( )
( )

4 ; 1002; 1002

2, 2; 2 1002; 4; 1002

1002; 1002; 4

m n p




+ + + = 


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40 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ឬ ( )
( )
( )
( )

2; 1000; 1000

; ; 1000; 2; 1000

1000; 1000; 2

m n p




= 



 

លហំត់ទី ២៨ ៖ 
ចូររកតួអកសរខុសៗគន តងឲយេលខខុសគន ៃនសំណំុ  

{ }0; 1; 2; 3;......;9   ែដលេផទៀងផទ ត់ ៖ 

     
F   O     F   O     F   O     F   O     R    T     YR    T     YR    T     YR    T     Y    

            +                +                +                +                    T    E     NT    E     NT    E     NT    E     N    
                                        T    E     NT    E     NT    E     NT    E     N    
                S    I      X    T     YS    I      X    T     YS    I      X    T     YS    I      X    T     Y    

ដំេណះរសយ ៖ 
េគទញ  { }; 0; 5E N ∈  

+េប 5N =  េនះ 0 1E T T= ⇒ + =  មិនអច 
េនះតរមូវឲយ 0N =  និង 5E = ។ 

េគពិនិតយេមលខទង់ពន់ែដលរតូវរតទុកពីខទង់រយែដលរត 
ទុកេនះរតវូ 2≤  

 -ករណីរតទុក 1 េនះ 9O =  និង 0I E= = មិនអច 
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41 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

េនះរតូវរតទុក 2 េទខទង់ពន់ 9O⇒ =  និង 1I =   

េហយ 5T ≥  
េដយ 5E =  រចួេហយេនះ { }6; 7; 8T ∈  

+េប  6T =  េនះ 7R =  ឬ 8 
 -   ចំេពះ 7 0R X N= ⇒ = =  មិនអច 
 -   ចំេពះ 8 1R X I= ⇒ = =  មិនអច 

+េប 7T =  េនះ }{6; 7R∈   

 -   ចំេពះ 6 1R X I= ⇒ = =  មិនអច 
 -   ចំេពះ 8 3R X= ⇒ =  ⇒ { }0; 1; 2; ......; 9F ∉  

+េនះ 8; 7; 4; 2; 3; 6T R X F S Y= = = = = =  

ជចេមលយែតមួយគត់ 
ដូេចនះ       2  2  2  2          9999                7    8     67    8     67    8     67    8     6    
            +                +                +                +                    8888                5555                    0000    
                                            8888                5555                    0000    
                3333                1     41     41     41     4                8888                    6666    

 
រតូវជួយអនកដ៏ៃទឲយបនេរចនជងពឹងអនកដ៏ៃទ 
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42 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

លហំត់ទី ២៩ ៖   មនមនុសស ៥ នក់ ; ; ; ;A B C D E  
ែដលមន ក់ៗមនពក់មួកពណ៌សពណ៌សពណ៌សពណ៌ស ឬរកហមរកហមរកហមរកហម ែតពួកេគមិនបន 
ដឹងថខលួនឯងពក់មួកព៌ណអវីេទ។េគដឹងថអនកពក់មួកេខម ែតង
និយយេសម ះរតង់ រឯីអនកពក់មួកសែតង និយយកុហក។ 
េតមន ក់ៗពក់មួកព៌ណអវី េបពួកេគអះអងថ ៖ 

  A និយយថ ៖ “ខញុំេឃញមួកេខម  3 និងស 1” 
  B និយយថ ៖ “ខញុំេឃញមួកស 4” 
  C និយយថ ៖ “ខញុំេឃញមួកេខម  1 និងស 3” 
  D និយយថ ៖ “ខញុំេឃញមួកេខម  4”? 

ដំេណះរសយ៖  
េគរតវូពិភកសពីរករណីចំេពះE  គឺ E ពក់មួកពណ៌ស ឬេខម ។ 
+  ករណីទីករណីទីករណីទីករណីទី១១១១ ៖ E ពក់មួកសេនះ E  ជមនុសសកុហក  
    េគទញបនថ D  និយយកុហក េហយពក់មួកស។  

(េរពះ D រតូវេឃញមួកស 1) 
    េដយ D  និង E  ពក់មួកសដូចគន េនះ A កុហក       
      និងពក់មួកព៌ណស។ 
    (េរពះ A រតូវេមលេឃញមួកស 2) 
 ក) េប C និយយរតង់ េនះ C ពក់មួកេខម   
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43 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 េគទញថ B  ពក់មួកេខម  និង B េសម ះរតង់  
(េមលេដយ C) ( )*  

 ែត B រតូវេមលេឃញ C ពក់មួកេខម  ⇒B កុហក ផទុយពី ( )*  
ខ) េប C កុហក េនះ C ពក់មួកស 
⇒ ; ; ; ;A B D E ក៏ពក់មួកស 

 េនះសមតីរបស់ B ពិត (B ពក់មួកេខម )⇒សមតី C 
ក៏ពិតែដរ  

⇒ផទុយពីករឧបមែដលថ C កុហក  
 សននិដឋ នបនថ ករណី១ មិនអចេកតមនបនេទ។ 
 +ករណីទី ២ ៖ E ពក់មួកេខម  េនះ E េសម ះរតង់  
 េគបន៖   - សមតីរបស់ B កុហក ⇔  B ពក់មួកស 

(េរពះ B រតូវេមលេឃញមួកេខម មួយ) 
   - សមតីរបស់ D កុហក ⇔  D ពក់មួកស 
   (េរពះ D រតូវេមលេឃញមួកសមួយរបស់ B) 
    - សមតីរបស់ A កុហក ⇔  A ពក់មួកស  
   (េរពះ A រតូវេមលេឃញមួក ស ពីរ) 
    - សមតីរបស់ C ពិត ⇔  ពក់មួកេខម  
   (េរពះ C េមលេឃញមួកស បី) 
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44 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

សននិដឋ នថ៖ A ពក់មួកស; Bពក់មួកស; C ពក់មួកេខម ;  
D ពក់មួកស និង E ពក់មួកេខម ។ 

លហំត់ទី ៣០៖ រកចំនួនបឋម p ែដលរគប់ចំនួនគត់វជិជមន  
     ;x y  េផទៀងផទ ត់ ៖ 

( )
( )

2

2 2

1 2 1

1 2 2

p x

p y

 + =


+ =

 

ដំេណះរសយ៖  
អងគទីពីរៃនរបព័នធសមីករសុទធែតជចំនួនគូ េនះp េសស។ 

យក ( ) ( )2 1−  េគបន៖     ( )2 2 22p p y x− = −  

សមមូល   ( ) ( )( )1 2p p y x y x− = − +  

 េដយ p េសស េនះ p មិនែចកដច់នឹង 2 េទ។ 
  ករណីទី១ ៖ p y x p y x− ⇔ ≤ −   

និង 1 2 2p y x− ≥ +  
  េគបន ៖  1 4 2 1 4 0p x p p x− ≥ + ⇔ + ≤ − <   

មិនអចេរពះ ( 0x > ) 
  ករណីទី២៖ p y x p y x+ ⇒ ≤ +   

និង ( )1 2p y x− ≥ −  

  េគបន ៖  1 2 4 1 4p p x p x− ≥ − ⇔ + ≤  
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45 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

   2

2

1 4
2 4

1 2

p x
x x

p x

 + ≤
⇒ ≤

+ =
 េនះ 2x ≤  

   +េប 1 1x p= ⇒ =  មិនែមនចំនួនបឋម 
   +េប 2 7x p= ⇒ =  
 ដូេចនះ   7p =    ។ 

លហំត់ទី ៣១ ៖ រករគប់រតីធតុៃនគត់វជិជមន ( ); ;a b c  

ែដលេផទៀងផទ ត់៖ 

( ) 1 1 1
* 1 1 1 3

a b c

   + + + =   
   

 

ដំេណះរសយ ៖        

ឧបមថ a b c≥ ≥  េនះ 1 1 1

a b c
≤ ≤  ។  

 េគបន  ( ) ( )
3

1
* 3 1 * *

c

 ⇔ ≤ + 
 

 

 +េប 3c ≥  េនះ 
3 3

1 1 64
1 1 3

3 27c

   + ≤ + = <   
   

  

ែដលមិនេផទៀងផទ ត់ ( )* *  

 +េប 3c <  េនះ 1c =  ឬ 2c =  
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46 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

−  េប 1c =  េនះ 1 1 3
1 1

2a b

  + + =  
  

  

2 2 2 0ab a b⇔ − − − =  
   ( )( )2 2 6 6 1 3 2a b⇔ − − = = × = ×   

េរពះ a b c≥ ≥  
   ( ) ( )2; 2 6; 1a b⇔ − − =  ឬ ( )3; 2  

   ( ) ( ); 8; 3a b⇔ =  ឬ ( )5; 1  

  − េប 2c =  េនះ ( )( )1 1 2 2 1a b− − = = ×  

( ) ( ); 3; 2a b⇔ =  

សរបុ ( ) ( ); ; 8; 3; 1a b c = ឬ ( )5; 4; 1  ឬ ( )3; 2; 1  

លហំត់ទី ៣២៖ 
រករគប់រតីធតុកនុងសំណំុចំនួនគត់រឡឺទីបែដលេផទៀងផទ ត់  

3 3 2

1

1

x y z

x y z

+ = −


+ = −
 

ដំេណះរសយ៖  

របព័នធែដលឲយ 
( )

( )3 3 2

1 1

1 2

z x y

x y z

 = − −⇔ 
+ + =

 

 យក( )1  ជំនួសកនុង ( )2  េគបន៖  
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47 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

                     ( )23 3 1 1x y x y+ + − − =  

 ( )( )2 2 2 0x y x xy y x y⇔ − − + + + − =  

 ករណីទី ១ ៖ េប 0 1x y z+ = ⇒ =  
 តង x m=  ជចំនួនគត់េនះ ( ) ( ); ; ; ; 1x y z m m= −  

 ករណីទី ២៖ េប 2 20 2 0x y x xy y x y+ ≠ ⇒ − + + + − =  

   ( ) ( )2 2
2 1 3 1 12x y y⇔ − + + + =  

   
2 1 0

1 2

x y

y

− + =
⇔  + = ±

   ឬ   
2 1 3

1 1

x y

y

− + = ±
 + = ±

 

 

   

2 1 0

1 2

2 1 0

1 2

x y

y

x y

y

 − + =
 + = +⇔
 − + =
 + = −

    

     ឬ 

2 1 3

1 1

2 1 3

1 1

x y

y

x y

y

 − + =
 + = +
 − + =
 + = −
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48 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 ឬ    

2 1 3

1 1

2 1 3

1 1

x y

y

x y

y

 − + = −
 + = +
 − + = −
 + = −

 

 េដះរសយរបព័នធសមីករ េគបន៖        
  ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }; ; 0;1;0 , 2; 3;6 , 1;0;0 , 0; 2;3 , 2;0;3 , 3; 2;6x y z ∈ − − − − − −  

លហំត់ទី ៣៣៖ េគមន 
1 2
; ;.......;

n
a a a  ជ n 

ចំនួនគត់េសសមិនែចកដច់ចំនួនបឋមធំជង 5។ បងហ ញថ៖ 

1 2 3

1 1 1 1
... 2

n
a a a a

+ + + + < ។ 

ដំេណះរសយ៖ 
 ចំេពះ 1a >  និង m∀  ចំនួនគត់ េគមន៖ 

1

2

1
1

1 1 1
1 .....

1 1
1

m

m

aa

a aa a

a

+−
+ + + + = <

−−
 

 េដយ 
1 2
; ;.....;

n
a a a  ជ  n ចំនួនគត់េសសមិនែមន 

ជពហុគុណៃនចំនួន បឋម  5>  េគបន ៖ 
1

i
i a∀ =  (មិនបឋម) ឬ 3

i
a =  ឬ 5

i
a = ។ 

ចំេពះចំនួនគត់ m កន់ែតធំ េគបន៖ 
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49 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

2 2

1 2

1 1 1 1 1 1 1 1 1
.... 1 ... 1 ....

3 53 3 5 5m m

n
a a a

  + + + < + + + + + + + +  
  

 

  3 5 15
. 2

2 4 8
< = <  ពិត 

  ដូេចនះ 
1 2 3

1 1 1 1
... 2

n
a a a a

+ + + + <  

លហំត់ទី ៣៤៖ េគមនចំនួនពិត ; ; ; 0a b c d >  ែដល 

1a b c d+ + + ≤ ។ បងហ ញថ 1

64

a b c d

b a d c abcd
+ + + < ។ 

ដំេណះរសយ៖ 

េគរតវូរសយថ   1

64

a b c d

b a d c abcd
+ + + <  

  ( )2 2 2 2 1
1

64
a cd b cd c ab d ab⇔ + + + ≤  

 ែត ( )( )2 2 2 2a cd b cd c ab d ab ac bd ad bc+ + + = + +  

 ម៉យងេទៀត េគមន រគប់ ( )2

; :
4

x y
x y xy

+
≤ េនះ 

( )

( )( )

2

2 2 2 2

4

ac bd ad bc
a cd b cd c ab d ab

ac bd ad bc a b c d

 + + +
 + + + ≤

⇒
 + + + = + +
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50 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

( )( )( )
2

2

2 2 2 2 4

4 4

a b c d
a b c d

a cd b cd c ab d ab

+ + + 
 + +  + + + ≤ ≤

 េដយ 1a b c d+ + + =  េនះេគបន ៖ 

  2 2 2 2 1

64
a cd b cd c ab d ab+ + + ≤  ពិត 

 ដូេចនះ 2 2 2 2 1

64
a cd b cd c ab d ab+ + + ≤  

លហំត់ទី ៣៥៖ បងហ ញថ 1 5+  មិនអចសរេសរជផលបូក 

កេរៃន 5a b+  បនេទ។ (េគឲយ ;a b ជចំនួនសនិទន)។ 

ដំេណះរសយ៖  
ចំេពះរគប់ចំនួនគត់ 

1 2 1 2
; ; ;x x y y  

+ េប 
1 1 2 2

5 5x y x y+ = +  េនះ 
1 2

x x=  និង 
1 2

y y=  

+ េប 
1 2

x x≠  និង 
1 2

y y≠   េនះ 1 2

2 1

5
x x

y y

−=
−

  

ែដល 5 ចំនួនអសនិទន និង 1 2

2 1

x x

y y

−
−

ជចំនួនសនិទន 

 េយងឧបម 

( ) ( ) ( )2 2 2

1 1 2 2
1 5 5 5 ...... 5

n n
a b a b a b+ = + + + + + +  
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េនះេគក៏អចសរេសរផងែដរ 

( ) ( ) ( )2 2 2

1 1 2 2
1 5 5 5 ...... 5

n n
a b a b a b− = − + − + + −  

េគដឹងថ   1 5 0− <   

រឯី ( ) ( ) ( )2 2 2

1 1 2 2
5 5 ...... 5 0

n n
a b a b a b− + − + + − <  

ផទុយពីករពិតែដលកេរៃនចំនួនពិតរតូវ 0> ។ 

ដូេចនះ  1 5+  មិនអចសរេសរជផលបូកកេរៃន 5a b+  
     បនេទ។ 

លហំត់ទី ៣៦៖ ចំេពះរគប់ ; ; 0; 1a b c ∈   ចូរបងហ ញថ ៖ 

( )( )( )1 1 1 1abc a b c+ − − − <  ។ 

ដំេណះរសយ ៖ 

រេបៀបទី១ ៖ ចំេពះរគប់ 0; 1x ∈   េគបន 
11

32x x<  

េនះ    
( )( )( ) ( )( )( )

( )
3

3

*
1 1 1 1 1 1

abc abc

a b c a b c

 <


− − − < − − −

 

េដយ  
( )( )( ) ( ) ( ) ( )

3

3

3

1 1 1
1 1 1

3

a b c
abc

a b c
a b c

+ + <
 − + − + − − − − ≤

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េនះ 

( )* ⇔
( )( )( ) ( ) ( ) ( )

3

1 1 1
1 1 1

3

a b c
abc

a b c
a b c

+ + <
 − + − + − − − − <


 

បូកអងគនឹងអងគ េគបន ៖ 

( )( )( ) 1 1 1
1 1 1 1

3

a b c a b c
abc a b c

+ + + − + − + −+ − − − < =  

ដូេចនះ ( )( )( )1 1 1 1abc a b c+ − − − <  

រេបៀបទី២ ៖ 

តង   2 2 2sin ; sin ; sina x b y c z= = =   

ែដល ; ; 0;
2

x y z
π ∈ 

 
 

វសិមភពរតូវរសយ  

sin .sin .sin cos .cos .cos 1x y z x y z⇔ + <  
ឬ sin .sin .sin cos .cos .cosx y z x y z+  

      sin .sin cos .cos 1x y x y< + <  
 ( )sin .sin .sin cos .cos .cos cos 1x y z x y z x y+ < − ≤   ពិត 

ដូេចនះ   ( )( )( )1 1 1 1abc a b c+ − − − <  
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លហំត់ទី ៣៧៖ បងហ ញថ 
A a B b B b C c

A a B b c r B b C c a r

+ + + + + ++
+ + + + + + + + + +

C c A a

C c A a b r

+ + +>
+ + + + +

 

ែដលអកសរនីមួយៗសុទធែតជចំនួនវជិជមន។ 
ដំេណះរសយ៖ 
េយងរតូវេរបបទគនលឹះមួយជជំនួយកនុងកររសយវសិមភព 

បទគនលឹះ (Lemma)៖ 

ចំេពះ ; ; ; 0p q x y >  េប 
1 1

p q

x y

 >

 >

  េនះ x y

x p y q
>

+ +
 

សរមយបទគនលឹះ  

េគមន 
1 1

0
0

0

x y p q
p q

p q x y
x y


> >

⇒ > > ⇔ <
 > >

 

ឬ     0 1 1
p q

x y
< + < +    

   ឬ     0 x p y q

x y

+ +< <    

        េនះ x y

x p y q
>

+ +
 ពិត 
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54 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

សរមយលហំត់ ៖ 
តមបទគនលឹះខងេល េយងេរជសេរ ស  

  
1 1

c r C c b r

A a B b A a


>

⇒+ + + +
 + + + > +

 

េនះ ( )1
A a B b A a

A a B b c r C c A a b r

+ + + +>
+ + + + + + + + + +

 

ម៉យងេទៀត េគេរជសេរ ស 
1 1

a r A a b r

B b C c C c

 >
⇒+ + + +

 + + + > +

 

េនះ ( )2
B b C c C c

B b C c a r C c A a b r

+ + + +>
+ + + + + + + + + +

 

បូកអងគនឹងអងគៃន ( )1  និង ( )2  េនះ  
A a B b B b C c

A a B b c r B b C c a r

+ + + + + ++
+ + + + + + + + + +

C c A a

C c A a b r

+ + +>
+ + + + +

 ពិត 

 
លហំត់ទី ៣៨៖ េប x  និង y  ជចំនួនពិត 0>   

ែដល 1x y+ =  រសយថ 1 1
1 1 9

x y

  + + ≥  
  

។  
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55 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ដំេណះរសយ ៖    

េដយ        
0; 0

1

x y

x y

> >
 + =

      េនះ      0 1x< <  

វសិមភពែដលឲយសមមូលនឹង 1 1
1 1 9

1x x

  + + ≥  −  
 

 ឬ     ( )( ) ( )1 1 1 9 1x x x x+ − + ≥ −  

 ឬ      2 22 9 9x x x x+ − ≥ −      

សមមូលនឹង   ( )2
2 1 0x − ≥  ពិត 

 ដូេចនះ      1 1
1 1 9

x y

  + + ≥  
  

 

លហំត់ទ ី៣៩ ៖ រកឬសគត់វជិជមនៃនសមីករ 2 32 3a b= ។ 

ដំេណះរសយ ៖  

តង ( );x y  ជគូចេមលយៃនសមីករ  េគបន៖    2 32 3x y=  

េនះមនចំនួនគត់  'x  ែដល 3 'x x=  េធវឲយ ( )22 32 . 3 . ' 3x y=  

   ឬ   ( )2 32 . 3 'x y=      ( )1  

េដមបឲីយ( )1 េផទៀងផទ ត់េនះមនចំនួនគត់ 'y ែដល 2.3. 'y y=  

េហតុេនះ  ( )1  េទជ   ( ) ( )2 33 32 . 3 ' 2 . 3 . 'x y=   

                ឬ     ( ) ( )2 32 2' 2 .3 . 'x y=      ( )2  
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56 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

េដមបឲីយ ( )2  េផទៀងផទ ត់េនះមន "x ែដល ' 2 . 3 "x x=  

េហតុេនះ ( )2   េទជ ( ) ( )2 32 2 2 22 3 " 2 3 'x y=   

⇔    ( ) ( )2 3
" 'x y c= =  

េគសេងកតេឃញថ c  ជចំនួនសវ័យគុណៃន 3 ផង និង 2 

េនះមនចំនួនគត់ d  ែដល 6c d=   េនះ  
3 3

2 2

" ' 6 " 6

' 6 ' 6

x d x x d

y d y y d

 = = =
⇔ 

= = = 
 

េដយ  23 ' 18x x d= =  េគទញបន   
2

2

18

6

x d

y d

 =


=
 

ដូេចនះ គូចេមលយសមីករគឺ  ( ) ( )3 2; 18 ; 6x y d d=   

ែដល d  ចំនួនគត់។ 
លហំត់ទី ៤០៖ េប ; ;x y z ∈R   កំណត់តៃមលធំបំផុតៃន z  
ែដលេផទៀងផទ ត់៖ 

( )
( )

5 1

3 2

x y z

xy yz xz

 + + =


+ + =
 

ដំេណះរសយ ៖  
 ពីសមីករ ( )1  េគបន  ៖     5x y z= − −  

េនះ ( )2  េទជ    ( ) ( )5 5 3y z y yz y z z− − + + − − =  
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57 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

  ឬ         ( ) ( )2 25 3 5 0y z y z z+ − + + − =  

េដយ yជចំនួនពិតេនះ 0∆ ≥  ( ) ( )2 25 4 3 5 0z z z⇔ − − + − ≥  

 ឬ    23 10 13 0z z− + + ≥    23 10 13 0z z⇔ − − ≤  

 ឬ     ( )( )3 13 1 0z z− + ≤      13
1

3
z⇔ − ≤ ≤  

ដូេចនះ    តៃមលធំបំផុតៃន z  គឺ 13

3
  ។ 

លហំត់ទី ៤១៖  ចំេពះរគប់ចំនួនគត់វជិជមន ; ; ; ;a b c d e  
ែដលេផទៀងផទ ត់1 a b c d e≤ < < < <  ចូរបងហ ញថ ៖ 

( ) ( ) ( ) ( )
1 1 1 1 15

; ; ; ; 16LCM a b LCM b c LCM c d LCM d e
+ + + ≤  

ដំេណះរសយ ៖  
ចំេពះរគប់  ; ; ; ;a b c d e  ចំនួនគត់វជិជមន  

តង ( ) ( ) ( ) ( )
1 1 1 1

; ; ; ;
S

LCM a b LCM b c LCM c d LCM d e
= + + +  

េដយ 1 a b c d e≤ < < < <  េនះ  ( ); 2LCM a b a≥ ;  

( ); 2LCM a b b≥ ;  ( ); 2LCM a b c≥   និង ( ); 2LCM a b d≥  

ែដល 2b ≥  និង 3c ≥  
+  ករណីទី១៖ 3c =  
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58 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 •េប 4d =  េនះ  ( ) ( ); 2; ; 6LCM a b LCM b c= =  

     ( ); 12LCM c d =   និង ( ); 8LCM d e ≥ េគបន ៖ 

   1 1 1 1 7 15

2 6 12 8 8 16
S ≤ + + + = <  ពិត 

 •េប 5d ≥  េនះ ( ); 6LCM c d ≥ និង ( ); 10LCM d e ≥  

   1 1 1 1 28 15

2 6 6 10 30 16
S ≤ + + + = < ពិត 

+ ករណីទី២៖  4c ≥  
 •េប 5 7d≤ ≤  េនះ ( ); 20; 28;30;35;LCM c d = ឬ42 

    (េលកែលងេពល 4c =  និង 6d = ) េគបន ៖ 

  1 1 1 1 18 15

2 4 20 10 20 16
S = + + + = <  ពិត 

 ម៉យងេទៀត េប 4c =  និង 6d =  េនះ  

   1 1 1 1 11 15

2 4 12 12 12 16
S = + + + = <  ពិត 

 •េប 8d ≥  េនះ 1 1 1 1 15

2 4 8 16 16
S = + + + =  ពិត 

ដូេចនះ
( ) ( ) ( ) ( )
1 1 1 1 15

; ; ; ; 16LCM a b LCM b c LCM c d LCM d e
+ + + ≤  
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លហំត់ទី ៤២៖ រកតៃមលៃន b េដមបីឲយសមីករ   
21988 8891 0x bx+ + =   និង 28891 1988 0x bx+ + =  

មនឬសរមួ។ 
ដំេណះរសយ ៖  

 េគមន 
( )
( )

2

2

1988 8891 0 1

8891 1988 0 2

x bx

x bx

 + + =


+ + =

 

  ពី ( )1  េគបន ( )
28891 1988

3
x

b
x

− −=  

  ពី ( )2  េគបន ( )
21988 8891

4
x

b
x

− −=  

 ( ) ( )3 4=  េនះ 1x = ±  ។ 

  + េប 1x =  េនះ 10879b = −  
  + េប 1x = −  េនះ 10879b =  
 ដូេចនះ 10879b = −  ឬ 10879b =  

លហំត់ទី ៤៣៖ េដះរសយសមីករ 
( )

( )
2

2

2
3 1

1

x
x

x
+ =

+
 ។ 

ដំេណះរសយ ៖  
រេបៀបទី ១ ៖  ( ) 4 3 21 0 2 6 3x x x x⇔ = + − − −   

ឬ   ( ) ( ) ( )( )2 22 2 20 1 4 1 3 3 1x x x x x x x= + + − + = + + − −   
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េគទញបន៖   2 3 3 0x x+ + =   ឬ  2 1 0x x− − =  

ដូេចនះ ឬសសមីករ ( )1  គឺ៖   ( )1
3 3

2
x i= − ±  

 ឬ   ( )1
1 5

2
x = ±  

រេបៀបទី២ ៖ មន  
( )

( )
2

2

2
3 1

1

x
x

x
+ =

+
 

 សមមូល  
( )

2 2 2
2

2

2 2
3

1 11

x x x
x

x xx
+ − = −

+ ++
 

  ឬ   
2 2

3 2
1 1

x x
x

x x

 − = − + + 
 

  ឬ  
2

2 2

3 2
1 1

x x

x x

 
= − + + 

 

  ឬ             
2

2 2

2 3 0
1 1

x x

x x

   
+ − =   + +   

 

  េនះ   
2

1
1

x

x
=

+
     ឬ   

2

3
1

x

x
= −

+
 

 េគទញ  ( )1
1 5

2
x = ±       ឬ     ( )1

3 3
2

x i= − ±  
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61 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

រេបៀបទី៣៖  តង 1 1w x x w= + ⇔ = −  េនះ ( )1  េទជ  

    2

2

2 1
2 1 1 3w w

w w
− + + − + =  

 សមមូល   
2

1 1
2 3 0w w

w w

   + − + − =   
   

 

 េគបន  1
1w

w
+ = −     ឬ     1

3w
w

+ =  

  ឬ   2 1 0w w+ + =      ឬ    2 3 1 0w w− + =  

ដូេចនះ 
( )
( ) ( )

1 3 3
1 1 3 1

2 2

1 1
1 3 5 1 1 5

2 2

i
x w i

x w

 − ±= − = − ± − =

 = − = ± − = ±

 

រេបៀបទី៤ ៖ តង ( )2 2 3 1

1

x yx
y

x xy x y

 + == ⇔ + = −
  

 េនះ  ( )22 2 3 2x y x y xy= − = −  

 ឬ   ( ) ( )2
2 3 0xy xy+ − =  ⇒ 

1

3

xy

xy

=
 = −

 

សមមូល  
( )
( )

2

2

1
1 1 5

1 2

1
3 33

21

x
x

x

x
x i

x

 = = ± + ⇔ 
  = − ±= −  +
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62 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

លហំត់ទី ៤៤៖ (វ.ិកូសីុ− បូ៊េនៀកូសគី (Cauchy Buniakowski− )) 
ចំេពះរគប់ចំនួនពិត 

1 2
; ; ... ;

n
a a a  និង 

1 2
; ; ... ;

n
b b b   

បងហ ញថ ៖ 

( ) ( )( )2 2 2 2 2 2 2

1 1 2 2 1 2 1 2
... ... ...

n n n n
a b a b a b a a a b b b+ + + ≤ + + + + + +  

ដំេណះរសយ ៖ 
រេបៀបទី១ ៖  េគមន 

 ( ) ( ) ( )2 2 2

1 1 2 2
...

n n
xa b xa b xa b+ + + + + +  

                 ( )2 2 2

1 1 1 1
2x a xa b b= + + ( )2 2 2

2 2 2 2
2x a xa b b+ + +  

     ( )2 2 2... 2
n n n n

x a xa b b+ + + +  

( ) ( ) ( )2 2 2

1 1 2 2
...

n n
xa b xa b xa b+ + + + + + 2 2Ax Bx C= + +  

ែដលកនុងេនះ  

2 2 2

1 2

1 1 2 2

2 2 2

1 2

...

...

...

n

n n

n

A a a a

B a b a b a b

C b b b

 = + + +


= + + +
 = + + +

 

េដយអងគខងេឆវងៃនសមភពជចំនួនវជិជមនេនះអងគខងសត  ំ

ក៏វជិជមនែដរ គឺ 2 2 0Ax Bx C+ + > ។ 

2 2 0Ax Bx C+ + >  លុះរតែត 
2

2' 0

0

B AC
B AC

A

∆ = − <
⇒ <

>
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63 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

សមមូល 

 ( ) ( )( )2 2 2 2 2 2 2

1 1 2 2 1 2 1 2
... ... ...

n n n n
a b a b a b a a a b b b+ + + ≤ + + + + + +  

ែដលសមភពេកតេឡងេពល  

1 1 2 2
... 0

n n
xa b xa b xa b+ = + = = + =  

  ឬ  ( )1 2

1 2

... n

n

b b b
x

a a a
= = = = −  

រេបៀបទី២ ៖ ចំេពះចំនួនពិត a និង b េគមន ៖ ( )2
0a b− ≥  

ឬ  2 2 2a b ab+ ≥   

ឬ ( )2 21 1
*

2 2
ab a b≤ +  

យក 
2 2

1

2 2

1

...

...

n

n

A a a

B b b

 = + +


= + +

  និង 1,2,...,

i
i

i
i

a
a

A
i n

b
b

B

 = ∀ =
 =


 

េនះ  

2 2
2 2

1
1

2

2 2
2 2

1
1

2

...
... 1

...
... 1

n
n

n
n

a a
a a

A

b b
b b

B

 + ++ + = =


+ + + + = =

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64 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

តម ( )*  េគបន៖           

 

 ( ) ( )

2 2

1 2 1 2

2 2

2 2 2 2

1 2 1 2 1 1

1 2 1 2

1 1

2 2

1 1

2 2

1 1
... ... ...

2 2

1 1
... 1

2 2

n n n n

n n

a b a b

a b a b

a b a b a a b b

a b a b

 ≤ +


+ 


≤ +


+ + ≤ + + + + +

+ + ≤ + =

⋮ ⋮ ⋮

 

េគទញ  1 1 ... 1n n
a b a b

AB AB
+ + ≤     ឬ   

1 1
...

n n
a b a b AB+ + ≤  

សមមូល  

( ) ( )( )2 2 2 2 2 2 2

1 1 2 2 1 2 1 2
... ... ...

n n n n
a b a b a b a a a b b b+ + + ≤ + + + + + +  

រេបៀបទី៣៖ រសយតមវចិរកំេណ ន   

 + េប 1n =  េនះ ( )2 2 2

1 1 1 1
a b a b≤  ពិត 

 + ឧបមថវពិតដល់ n គឺ ៖ 2C AB≤   
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65 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

  ែដល  

2 2 2

1 2

2 2 2

1 2

1 1 2 2

...

...

...

n

n

n n

A a a a

B b b b

C a b a b a b

 = + + +


= + + +
 = + + +


 

 + េយងរតូវរសយថ   

( ) ( )( )2 2 2

1 1 1 1n n n n
C a b A a B b+ + + ++ ≤ + + ពិត 

េគសរេសរ  ( )( ) ( )22 2

1 1 1 1
0

n n n n
A a B b C a b+ + + ++ + − + ≥  

( )( ) ( )22 2

1 1 1 1n n n n
A a B b C a b+ + + ++ + − +   

 ( )22 2 2 2 2

1 1 1 1 1 1 1 1
2

n n n n n n n n
AB Ab Ba a b C Ca b a b+ + + + + + + += + + + − − −

 ( ) ( )2 2

1 1 1 1
2

n n n n
AB C Ab Ba Ca b+ + + += − + + −

 ( ) ( )2

1 1n n
AB C Ab Ba+ += − + −  

   ( )2

1 1
2 0

n n
AB C a b+ ++ − ≥  ពិត 

   (េរពះរគប់តួនីមួយៗសុទធែត 0≥ ) 

ដូេចនះ( ) ( )( )2 2 2 2 2 2 2

1 1 2 2 1 2 1 2
... ... ...

n n n n
a b a b a b a a a b b b+ + + ≤ + + + + + +  

លហំត់ទី ៤៥៖ បងហ ញថរគប់ចំនួនពិតវជិជមន ; ;a b c  

េប 1abc = េនះ 3
b c c a a b

a b c
a b c

+ + ++ + ≥ + + + ។ 
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66 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ដំេណះរសយ ៖  
តមវសិមភព AM GM− េគបន ៖ 

 ( )2 1
b c c a a b bc ca ab

a b ca b c

 + + ++ + ≥ + +  
 

 

ែត   2 bc ca ab

a b c

 
+ +  

 
   

   bc ca ca ab ab bc

a b b c c a

     
= + + + + +          
     

 

       ( ) 62 3a b c a b c abc≥ + + ≥ + + +  

         3a b c= + + +  

ដូេចនះ ( )1  ⇔  3
b c c a a b

a b c
a b c

+ + ++ + ≥ + + +  ពិត។ 

 
 
 

សមតីលវងីរបសម់ិតត របេសរជងសមតីែផអមរបសស់រតូវ 
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67 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

លហំត់ទី ៤៦៖ េគមនអនុគមន៍ :f →R R  ែដល 

រគប់ ;x y∈R  េគមន ( ) ( ) ( )2
f x f y x y− ≤ −  

 ចូរបងហ ញថ f  ជអនុគមន៍េថរ។ 

ដំេណះរសយ៖ 
េគរតវូរសយថ ( )' 0f x =  ចំេពះរគប់ x ∈R។ 

 
( ) ( ) ( ) ( ) ( )

( ) ( )

' lim lim

lim

y x y x

y x

f y f x f y f x
f x a

y x y x

f y f x

y x

→ →

→

− −
= =

− −

−
=

−

 

        
( )2

lim lim 0
y x y x

y x
y x

y x→ →

−
≤ = − =

−
 

េនះេគទញ ( )' 0f x =  ចំេពះរគប់ x ∈R។ 

 

លហំត់ទី ៤៧៖ រកចំនួនបឋម ; ;a b c  ែដលេផទៀងផទ ត់  

( )1ab bc ac abc+ + >  

ដំេណះរសយ ៖ 
ឧបមថ a b c≤ ≤  
េប 3a ≥  េនះ 3ab bc ac ab abc+ + ≤ ≤  ផទុយពី ( )1  
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68 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

ដូេចនះ 3a <  គឺថ 2a =  

េនះ ( ) 1 1 1
1 2 2 2

2
b c bc bc

a b
⇔ + + ≥ ⇔ + >  

 +  េប 5b ≥  េនះ 5c ≥   េគបន៖  

   1 1 1 1 1 2

2 5 5 5b c
< + < + =  មិនអច 

 +  េប 5b <  េនះ 2b =  ឬ 3b =  
  •េប 2b =  េនះ c  ជចំនួនបឋមណមួយក៏បន  
  •េប 3b =  េនះ 3c =  ឬ 4 ។ 
ដូេចនះ ចេមលយសមីករគឺ ៖ 

( ) ( ) ( ) ( ){ }; ; 2; 2; , 2; 3; 3 , 2; 3; 5a b c c∈  

លហំត់ទី ៤៨៖ េដះរសយរបព័នធសមីករ 

( )
( )
( )

3

3

3

x y z

y z x

z x y

 + =

 + =


+ =

 

ដំេណះរសយ ៖   
ឧបមថ x y z≥ ≥  េគបន ៖ 

+  ( ) ( )3 3
y z x y z x+ = ≥ = +  

េនះ y z z x+ ≥ +  ឬ   y x≥   
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69 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 េដយ  ( )1
y x

y x
y x

≤
⇒ = ≥

  

 +    ( ) ( )3 3
y z x z x y+ = ≥ = +  

េនះ y z x y+ ≥ +   ឬ z x≥  

 េដយ  ( )2
z x

z x
z x

≤
⇒ = ≥

 

 តម ( )1  និង ( )2 េគបន  38x x=  ឬ  ( )28 1 0x x − =  

 េនះ  1
0;

2 2
x x= = ±  

ដូេចនះចេមលយរបព័នធគឺ៖  

( ) ( ) 1 1 1 1 1 1
; ; 0;0;0 , ; ; , ; ;

2 2 2 2 2 2 2 2 2 2 2 2
x y z

    ∈ − − −    
    

លហំត់ ៤៩ ៖ រកចំនួនគត់វជិជមន k ែដលេធវឲយ 
2

1.001k

k
A =  

ធំបំផុត។ 
ដំេណះរសយ ៖  
េដមបឲីយ A ធំបំផុតលុះរតែត k  តូចបំផុត 

េគមន  
( )

( ) ( )

2
2

1

1
0

1. 001 1.001
k k

k k
+

+
− <  
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70 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 ឬ   
( )

( ) ( )

2
2

1 1

1 1.001
0

1. 001 1.001
k k

k k
+ +

+
− <  

 ឬ      2 22 1 1.001 0k k k+ + − <  

 ឬ   ( )2 200 100 0 2000 1000k k k k− − > ⇔ − >  

 េនះ   2000k ≥   (េប 2000k =  មិនពិត)  
 ដូេចនះ  2001k =  

លហំត់ទី ៥០ ៖ បងហ ញថរគប់ចំនួនពិត a េនះេគបន ៖ 

  ( ) ( )2
2 4 23 1 1a a a a+ + ≥ + + ។ 

ដំេណះរសយ ៖  
វសិមភពែដលឲយសមមូលនឹង   

( ) ( )2
2 4 23 1 1 0a a a a+ + − + + ≥  

 ( )2
4 2

2 4 2 3 4

3 3 3 1

3 3 3 1 2 3 2

a a a a

a a a a a a

+ + − − +

= + + − − − − −
 

    4 32 2 2 2a a a= − − +  

       

( )
( )( )

( )( )

3 4

3

3

2 1

2 1 1

2 1 1 0

a a a

a a a

a a

= − − +

= − − −

= − − ≥
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71 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 +ចំេពះ 1a >   េគបន ( )1 0a− <  និង ( )31 0a− <  

សមមូល ( )( )32 1 1 0a a− − >  េនះ វសិមភពពិត 

 +ចំេពះ 1a =   េគបន ( )1 0a− =  និង ( )31 0a− =  

  សមមូល ( )( )32 1 1 0a a− − =  េនះវសិមភពពិត 

 +ចំេពះ 1a <   េគបន ( )1 0a− >  និង ( )31 0a− >  

សមមូល ( )( )32 1 1 0a a− − >  េនះ វសិមភពពិត 

សននិដឋ នសននិដឋ នសននិដឋ នសននិដឋ ន ៖ វសិមភពែដលរតូវរសយគឺពិត។ 
 
លហំត់ទី ៥១៖   ចំណុច

0 1 2 3
; ; ;A A A A  និង 

4
A ែចករងវង់ 

កំ ១ ឯកតជរបំចំែណកេសមៗគន ។  បងហ ញថ 

 ( )2

0 1 0 2
5A A A A× = ។ 

ដំេណះរសយ ៖  តមរបូ 

0 1 1 2 2 3 3 4 4 0

360
72

5
A OA A OA A OA A OA A OA∠ = ∠ = ∠ = ∠ = ∠ = =

�
� 

េគបន 
0 1 0 0

2 2sin36 4sin18 cos18A A A I= = =� � � 
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72 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

 
 
 
   
    
   

3
A  

  
  

និង     ( )0 2
2sin72 2sin 90 18 2cos18A A = = − =� � � �  

េដយ  5 1
sin18

4

−=�  េនះ េគបន ៖ 

 

2

0 1 0 2

2

8sin18 cos 18

5 1 5 1
8 1

4 4

5 1 5 1
8 5 5

4 4

A A A A× =

    − − = −           

 − − = =       

� �

 

 េនះ ( )2

0 1 0 2
5A A A A× =  ពិត។ 

2
A  

0
A  

4
A   

•  
36�  

1  

0
I  

O  

1
A  
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73 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

លហំត់ទី ៥២៖ រសយថ ( ) ( )2 2 0 1f x ax bx c= + + ≥  

លុះរតែត 0; 0a c≥ ≥  និង 2 0ac b− ≥ ។ 
ដំេណះរសយ ៖  
លកខខណឌ ចំបច់លកខខណឌ ចំបច់លកខខណឌ ចំបច់លកខខណឌ ចំបច់៖  ( )?⇒  

េប ( ) 2 2 0f x ax bx c= + + ≥ េនះ 0; 0a c≥ ≥ និង 2 0ac b− ≥  

េគមន ( ) ( ) ( ) ( ) ( )2 22 2 2af x ax b ac b ax b b ac= + + − = + − −  

ករណីទី១៖ 0a ≥  ពិត េរពះេប 0a <  
េនះ( ) ( )1 0;af x x⇒ ≤ ∀  

និងតម ( ) ( ) ( ) ( )2 22 0af x ax b b ac⇔ = + − − ≤  

េនះេគបន  ( )2 2 ;ax b b ac x+ ≤ − ∀          ( )3  

ែតរគប់  
2

1M

M b ac

>


> −
និង ax b M+ =  

េនះមន M b
x

a

−= ែដល  

 ( )2 2 2ax b M M b ac+ = > > −  ផទុយពីលកខខណឌ  ( )3  

 ែដលថ ( )2 2 ;ax b b ac x+ ≤ − ∀ ។ 

 ដូេចនះ 0a ≥  ពិតរគប់ x ។  
ករណីទី២៖ 0c ≥  ពិត េរពះ( ) ( )1 0 0f c⇒ = ≥  ពិត x∀  
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 ករណីទី៣៖ 2 0ac b− ≥  ពិត 

  +េប 0a >  និង  b
x

a
= −    ឬ 0ax b+ =  

     េនះ ( ) ( ) 22 0af x ac b⇒ = − ≥  

  +េប 0a = េនះ ( ) ( )1 2 0f x bx c⇒ = + ≥  
     េដមបីឲយ ( ) 2 0f x bx c= + ≥ េនះេគរតវូយក 0b =   

   េរពះេប 0b ≠  េនះមន
2

c
x

b

−<  េធវឲយ ( ) 0f x < ។ 

លកខខណឌ រគប់រគន់លកខខណឌ រគប់រគន់លកខខណឌ រគប់រគន់លកខខណឌ រគប់រគន់៖ ( )?⇐   
  េប 0; 0;a c≥ ≥ និង 2 0ac b− ≥  រសយថ 

( ) 2 2 0;f x ax bx c x= + + ≥ ∀  
 េគមន ( ) ( )2 2af x ax b ac b= + + −  
 េដយ ( )2

0ax b+ ≥  េនះ ( ) 2 0;af x ac b x≥ − ≥ ∀  
 +  េប 0a >  េនះ ( ) 0f x ≥  ពិត 

 +  េប 
2

0
0

0

a
b

ac b

=
⇒ =

− ≥
  

    េពល 0b =  េនះ ( ) ( );
0

0

f x c x
f x

c

 = ∀
⇒ ≥

≥
ពិត 

ដូេចនះ ( ) 2 2 0f x ax bx c= + + ≥ ⇔ 0; 0a c≥ ≥  និង 2 0ac b− ≥ ។ 
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លហំត់ទី ៥៣៖ េបចំនួនពិត ; ; ; ; ;a b c p q r េផទៀងផទ ត់ 

ចំេពះរគប់ចំនួនពិត x  ែដល
2

2

2 0

2 0

ax bx c

px qx r

 + + ≥


+ + ≥
  េនះ   

2 2 0;apx bqx cr x+ + ≥ ∀ ∈R។ 
ដំេណះរសយ ៖  

េគមន ៖  
2

2

2 0

2 0

ax bx c

px qx r

 + + ≥


+ + ≥
 េផទៀងផទ ត់រគប់ចំនួនពិត x  

តមលកខខណឌ ចំបច់ៃនលំហត់ទី ៥២ េនះ េគបន  

0; 0; 0; 0;a c p r≥ ≥ ≥ ≥  2 0ac b− ≥  និង  2 0pr q− ≥   

ឬ   2ac b≥  និង   2pr q≥  

េគបន៖     2 20; 0; .ap cr ac pr b q≥ ≥ ≥ ( )2
. 0apcr bq⇔ − ≥  

េនះតមលកខខណឌ រគប់រគន់ៃនលំហត់ទី ៥២  
2 2 0;apx bqx cr x⇒ + + ≥ ∀ ∈R  

ដូេចនះេប 
2

2

2 0

2 0

ax bx c

px qx r

 + + ≥


+ + ≥
 

េនះ 2 2 0;apx bqx cr x+ + ≥ ∀ ∈R  ពិត។ 

 
រង់ចយំរូ របេសរជងអត់មនអវីរង់ច ំ
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លហំត់ទី ៥៤៖ េដះរសយកនុង ℤនូវសមីករ  

( )2 26 5 74 1x y+ = ។ 

ដំេណះរសយ ៖ 
េដយ y∈ℤេនះ 25 0y ≥ ែដល ( ) 2 2 21 74 6 5 6x y x⇔ = + ≥  

េគបន 2 37

3
x <  ឬ    3 3x− ≤ ≤    ឬ { }2 0; 1; 4; 9x ∈  

 +េប 2 0x = េនះ 2 2 74
5 74

5
y y= ⇒ = ∉ℤ  

 +េប 2 1x = េនះ 2 2 68
6.1 5 74

5
y y+ = ⇒ = ∉ℤ  

 +េប 2 4x = េនះ 2 26.4 5 74 10y y y+ = ⇔ = ⇒ ∉ℤ

 +េប 2 9x = េនះ 2 26.9 5 74 4 2y y y+ = ⇔ = ⇒ = ±  
ដូេចនះ ចេមលយសមីករគឺ 

 ( ) ( ) ( ) ( ) ( ){ }; 3; 2 , 3; 2 , 3; 2 , 3; 2x y ∈ − − − −  

លហំត់ទី ៥៥៖ អកសរខុសគន ជំនួសេដយេលខខុសៗគន ។ 
ចូររកេលខែដលរតូវ នឹងអកសៃនរបមណវធីិ៖  
       B    E    S     TB    E    S     TB    E    S     TB    E    S     T            

                    ++++    M    A    D     EM    A    D     EM    A    D     EM    A    D     E    
                    M    M    M    M        A    A    A    A        S    E     RS    E     RS    E     RS    E     R    
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ដំេណះរសយ ៖   
េគបន 1M =  (ផលបូកេលខពីរខទង់ 20< )  

េនះ 1 10M B B+ = + =  
(េរពះេប 1M B B+ = + +រតទុក 11=  េនះ 1A M= = មិនអច) 
េហតុេនះ 0A =  និង 8B =  ឬ 9B = ។ 

•េប 8B =  េនះ E A+ រតូវមនរតទុក 1េទ M B+  
  ែត 0E A E S+ = + =  េនះ 9E =  និង 0S A= =  មិនអច 
េគទញបន 9B = ។ 
•  េពល 9B =  េនះ 0S ≠  ផលបូកេទជ  

    9     E     9     E     9     E     9     E         S    S    S    S        TTTT    
            ++++    1     0      D    1     0      D    1     0      D    1     0      D        EEEE    
            1  1  1  1      0000                    S   S   S   S               EEEE                    RRRR    
•ពីផលបូកេនះ 1S E= +  និង 8E ≠   
   (េរពះេប 8E = េនះ 9S B= = មិនអច) 

េហតុេនះ 
10

1 10
1

S D E
D

S E

+ = +
⇒ + = = +

 

សមមូល { }8; 9
8

9

D
D

B

 ∈
⇒ =

=
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ផលបូកេទជ       9999    EEEE    SSSS    TTTT    
        ++++    1111    0000    8888    EEEE    
        1111    0000    SSSS    EEEE    RRRR    

េយងេនសល់េលខ  { }2; 3; 4; 5; 6; 7  
ដូេចនះេប { }2; 3; 4; 5; 6E∈  េនះ { }3; 4; 5; 6; 7S∈ េរៀងគន  

(េរពះ 1S E= + ) 
 +  េប 2E =  ; 3S =  េនះ 8 12S + =   

   តរមវូឲយ 2 9T E T+ = + >  (មនរតទុក 1)  មិនអច     
        (េរពះខទង់េលខធំៗ ដូចជ 8; 9 បនេរបេហយ) 

ដូចគន ែដរ 
 +  េប 3; 4E S= =  េនះ { }7; 8; 9T ∈  

  •េពល 7T = េនះ 0R A= =   មិនអច 
  •ម៉យងេទៀតេលខ 8; 9 បនេរបេហយ 
 +េប 4; 5E S= =  េនះ { }6; 7; 8; 9T ∈  

  •េពល 6T =  េនះ 0R A= =  មិនអច 
  •េពល 7T =  េនះ 1R M= =  មិនអច 
  •ម៉យងេទៀតេលខ 8; 9 បនេរបេហយ 
 +េប 5; 6E S= = េនះរបមណវធីិេទជ 
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9999    5555    6666    TTTT    
                ++++    1111    0000    8888    5555    
                1111    0000    6666    5555    RRRR  
  េលខែដលេនសល់គឺ 2; 3; 4; 7 
  េគទញបនថ 7T =  និង 2R =  
 +េប 6; 7E S= = េនះ { }4; 5T ∈ ⇔  { }0; 1R∈  

ែដលជេលខេរបេហយ 
ដូេចនះ 1; 0; 9; 5; 6; 8; 7M A B E S D T= = = = = = =  

និង 2R = ។ 
  េនះ   9999    5555    6666    7777    
                ++++    1111    0000    8888    5555    
                1111    0000    6666    5555    2222    
លហំត់ទី ៥៦៖ រកសំណំុចំណុច P  ែដលបនទ ត់ប៉ះេអលីប 

2 2

2
1

x y

ba
+ =  ែកងគន  រតង់ចំណុចP ។ 

ដំេណះរសយ ៖  
តង ( )0 0

;P x y  ជចំណុចែដលបនទ ត់ប៉ះកត់ែកងគន  
តង y mx n= +  ជបនទ ត់ប៉ះនឹងេអលីប 
យកបនទត់ y mx n= +  ជំនួសចូលកនុងសមីករេអលីប  
េគបន៖  
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( )2
2

2 2
1

mx nx

a b

+
+ =  ែដលរតូវមនឬសឌុប 

 

   P  
 

 
  

 
2

2 2 2 2

2
2 0

b
m x mnx n b

a

 
+ + + − = 

 
 

   ( )
2

2 2 2 2 2

2
4 4 0

b
m n m n b

a

 
∆ = − + − = 

 
 

    ( )2 2 2 2 0 1a m n b⇔ − + =  
 ពីសមីករបនទ ត់ប៉ះកត់តម ( )0 0

;x y   
េគទញ 

0 0
n y mx= −  

 ជំនួស 
0 0

n y mx= − កនុង ( )1  េនះ ( )1  េទជ  

  ( ) ( )2 2 2 2 2

0 0 0 0
2 0 2a x m x y m b y− + + − =  

   បនទ ត់ប៉ះកត់ែកងគន កលណឬស 
1

m  និង 
2

m ៃន( )2  

េផទៀងផទ ត់ 
1 2
. 1m m = −  
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តមរទឹសតីបទែវយត េគបន     
2 2

0

1 2 2 2

0

. 1
b y

m m
a y

−
= = −

−
  

សមមូល    2 2 2 2

0 0
x y a b+ = +  

សំណំុចំណុច P  ជរងវង់ផចិតរតង់ ( )0; 0  កំ 2 2r a b= + ។ 

លហំត់ទី ៥៧៖ េប 
2

2

1

1

x yx

y y

 = −


= −
  

រសយថ 5 1x =  ែត  1x ≠ ។ 

ដំេណះរសយ៖  
មន 2 21 1x yx yx x= − ⇔ = +  េគបន ៖ 

( ) ( )2 3 2 2 2 2 2 2 21 1x x x x x x x yx y x x y− − = − + = − = − =  

       
2

2
2 1x

x
x

 +=  
 

 

2 3 4 2 4 3 22 1 1 0x x x x x x x x x− − = + + ⇔ + + + + =  
េនះ ( )( ) ( )4 3 2 51 1 1 0x x x x x x− + + + + = − =  

េហតុេនះ 5 1x =  ែត 1x ≠   

 (េរពះេប 1x =  េនះ 4 3 2 1 0x x x x+ + + + ≠ ) 
“សលឲយសប អងគុយឲយទប របជញឲយៃវ សមតីឲយខពស”់ 

 



គណិតវទិយអននត  ថន ក់ទី១២  

82 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

លហំត់ ៥៨៖ រករបូបបែដលេធវឲយសមីករ 2 2 0x bx c+ + =+ + =+ + =+ + =   
មនឬសកនុងសំណំុចំនួនពិត។ 

ដំេណះរសយ៖ 
សមីករ 2 2 0x bx c+ + =+ + =+ + =+ + =  មនឬសពិតេពល 2' 0b c∆ = − ≥∆ = − ≥∆ = − ≥∆ = − ≥ ។ 

 
កនុងរបូខងេលេនះ ជឧទហរណ៍ករណី 4B ==== ។ 

រកឡៃផទែផនកមិនឆូតគឺ៖ 
3 3

2 2
1 0

2 4
2 . 2

3 3

B

S c dc B B= = × == = × == = × == = × =∫∫∫∫  

រកឡៃផទសរបុគឺ ៖ 2

2
4S B====  

••••តង Aជរពឹតតិករណ៍សមីករមនឬសពិត 

    A ជរពឹតតិករណ៍សមីករមនឬសកំុផលិច 

 េគបន (((( ))))
3

2

2

4
13

4 3

B

P A
B B

= == == == =  

ឬសកុផំលចិឬសកុផំលចិឬសកុផំលចិឬសកុផំលចិ    ឬសកុផំលចិឬសកុផំលចិឬសកុផំលចិឬសកុផំលចិ    
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 −−−− េពល  4B ====  េនះ (((( )))) 1

6
P A ====  

 −−−− េពល B→ + ∞→ + ∞→ + ∞→ + ∞  េនះ 1
0

B
→→→→  

 េគបន (((( )))) 1!P A →→→→  
លហំត់ទី ៥៩៖ េតេគរតូវេបះរគប់ឡុកឡក់មួយបុ៉នម នដង  
              រហូតទល់ែតេគទទួលបនលទធផលមុខ 6? 
ដំេណះរសយ ៖ 
តង p  ជរបូបបសេរមចបំណងែដលបនមុខេលខ 6     

  គឺតមរទឹសតី 1

6
p ====  

q  ជរបូបបមិនសេរមចបំណង ែដល 1q p= −= −= −= −  
m ជមធយមៃនចំនួនដងករេបះរគប់ឡុកឡក់បនមុខ6  
ពិនិតយលទធផលកនុងតរង 
  េបះេលកទី របូបបែដលបនសេរមចបន 

    1     p  
    2    pq  

   3    2pq  
   

.

.

.

4     3

.

.

.

pq  
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េពលេបះកន់ែតេរចនដងេទ េគបន៖ 

(((( ))))2 3 2 3 1
... 1 ... 1

1
p pq pq pq p q q q p

q

    
+ + + + = + + + + = =+ + + + = + + + + = =+ + + + = + + + + = =+ + + + = + + + + = =    −−−−    

េប m ជមធយមៃនចំនួនដងកនុងពិេសធន៍េនះ េគបន៖ 
(((( ))))2 32 3 4 ... 1m p pq pq pq= + + + += + + + += + + + += + + + +  

េនះ      (((( ))))2 32 3 ... 2qm pq pq pq= + + += + + += + + += + + +  
យក (((( )))) (((( ))))1 2−−−−  េនះ 2 3 ...m qm p pq pq pq− = + + + +− = + + + +− = + + + +− = + + + +  

ឬ   (((( ))))1 1m q− =− =− =− =   េនះ 1 1 1
6

11

6

m
q p

= = = == = = == = = == = = =
−−−−

 

ដូេចនះ 6m ==== ។ 
 

លហំត់ទី ៦០៖ រកផលេធៀបៃនរកឡៃផទែផនកឆូតជមួយនឹងៃផទ 
របេលឡូរកម ដូចរបូែដលឲយខងេរកម ៖ 
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ដំេណះរសយ ៖ 
តង X  ជៃផទរកឡែផនកឆូតខណឌ េដយបនទ ត់ ; ;AG AF  

; ;BH BG   ; ;CE CH DF  និង DE  (េមលរបូ (ក)) 

េយងែចករបេលឡូរកម ABCD  ជបួនរបេលឡូរកមមនៃផទ 

េសមៗគន គឺ ៖ 

; ;AEPH EBFP HPGD  និង PFCG។ 

••••របូ (ក)៖ ចតុេកណPQRSជបំែណកមួយៃនរបេលឡូរកម 

 AEPH និង រតីេកណ ABDមន R  ជទីរបជំុទមងន់  

(របសពវៃនេមដយនDE  និង BH ) 

េនះ ;A R  និងP រត់រតង់គន  េហយ 3

1

AP

RP
====  ។  

••••របូ (ខ)  ចំេពះរតីេកណ APS  និង RPSមន ៖ 

(((( ))))3 sin
3. 1

1 sin
APS

APS RPS

RPS

SAP PS
S S

RP PS S

αααα
αααα

× ×× ×× ×× ×= == == == = ⇒⇒⇒⇒ ====
× ×× ×× ×× ×

 

••••របូ (ខ)  ចំេពះរតីេកណ AQP  និង RQPមន ៖ 

(((( ))))3 sin
3. 2

1 sin

AQP

AQP RQP

RQP

SAP AP QP
S S

RP RP QP S

ββββ
ββββ

× ×× ×× ×× ×= = == = == = == = = ⇒⇒⇒⇒ ====
× ×× ×× ×× ×
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  របូ (ក) 

  
      
 
 របូ (ខ) 
  
 

ម៉យងេទៀត sin 1

sin 2
APS

APE

S AP SP SP

S AP EP EP

αααα
αααα

× ×× ×× ×× ×= = == = == = == = =
× ×× ×× ×× ×

 

េនះ 2.
APE APS
S S====  

ពី  (((( ))))1 េគទញ (((( )))) (((( ))))2 3. 6. 3
APE RPS RPS
S S S= × == × == × == × =  

ដូចគន  sin 1

sin 2

AQP

AHP

S AP QP QP

S AP HP HP

αααα
αααα

× ×× ×× ×× ×= = == = == = == = =
× ×× ×× ×× ×

 

 េនះ 2.
AHP AQP
S S====  

ពី (((( ))))2 េគទញ (((( )))) (((( ))))2 3. 6. 4
AHP RQP RQP
S S S= × == × == × == × =  

S 

B 

F 

C G 

A E 

H 

D 

R 

Q P 

αααα
 

S 

P 
Q 

H 

A E 

R 

ββββ  
αααα  
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បូកអងគនឹងអងគៃន (((( ))))3  និង (((( ))))4  េគបន ៖ 

  (((( ))))6
AEPH RPS RQP
S S S= += += += +  ឬ (((( ))))6

AEPH PQRS
S S====  

រសយដូចគន ែដរចំេពះរបេលឡូរកម ;EBFP HPGD  
និង PFCG  

េគបន  (((( ))))4 6 4.
AEPH PQRS
S S× = ×× = ×× = ×× = ×     

ឬ 6.
ABCD
S X====    ឬ 1

6 ABCD
X S= ×= ×= ×= ×  

ដូេចនះ ៃផទរកឡែផនកឆូតេសមនឹង 1

6
ដងៃនៃផទ 

របេលឡូរកម ABCD។ 

លហំត់ទី ៦១៖ រកចំនួនែដលជកេររបកដតូចបំផុតេហយ 
មនេលខបួនខទង់ចុងេរកយគឺ 9009។ 
ដំេណះរសយ៖  
តង x  ជចំនួនែដលរតវូរក 

េនះ (((( ))))2 10000 9009 1x y= += += += +  ែដល y  ជចំនួនគត់ 

កនុងករណីេនះx រតូវមនរង 10 3a ±±±±  េនះ  

ពី (((( ))))1 :⇒⇒⇒⇒ (((( ))))22 210 3 100 60 9 1000 9009x a a a y= ± = ± + = += ± = ± + = += ± = ± + = += ± = ± + = +  
ឬ  2100 60 9 1000 9000a a y± + = +± + = +± + = +± + = +  

ឬ 210 6 100 900a a y± = +± = +± = +± = +        េនះ 
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(((( )))) (((( )))) (((( )))) (((( ))))2 5 3 100 10 9 0 mod 25 2a a y± = + =± = + =± = + =± = + =  
េដយ 5 3a ±±±±  មិនែមនពហុគុណៃន 25េនះ2a រតូវែតជ 
ពហុគុណៃន25។ 
េហតុេនះរតូវមនចំនួនគត់bែដលេផទៀងផទ ត់ 25a b==== ។ 
ពី (((( ))))2 ⇔⇔⇔⇔  (((( )))) (((( ))))(((( )))) (((( ))))2 25 5 25 3 100 10 9b b y± = +± = +± = +± = +  
ឬ  (((( ))))125 3 20 18b b y± = +± = +± = +± = +  
••••ករណីទី១៖ (((( ))))125 3 20 18b b y+ = ++ = ++ = ++ = +  
អងគខងសត ំមនេលខចុង8េនះអងគខងេឆវងក៏មន 
េលខចុង8ែដរ េនះ 6b ==== េធវឲយ 225y ==== ជចំនួនគត់ 
ែដល 6. 753 20. 225 18= += += += +  ពិត  
ដូចេនះ 150a ====  និង (((( ))))10 150 3 1503x = + == + == + == + =  

ឬ 2 2259009x ====  
••••ករណីទី២ ៖ (((( ))))125 3 20 18b b y− = +− = +− = +− = +  
 េនះ b រតូវមនេលខចុង 4  ឬ 9 

  ++++  េប 4b ====  េនះ 197

2
y = ∉= ∉= ∉= ∉ℕℕℕℕ    

  ++++  េប 9b ====  េនះ 504y ====  និង 225a ====  
ឬ 210 225 3 2247 5049009x x= × − = ⇔ == × − = ⇔ == × − = ⇔ == × − = ⇔ =  
ដូេចនះ 1503x ====  
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លហំត់ទី ៦២៖ រកឬសគត់ 0>>>>  ៃនសមីករ 

(((( )))) (((( ))))2 21 1 1x y y x− + − =− + − =− + − =− + − = ។ 

ដំេណះរសយ ៖ 

តង 
1

1

u x

v y

= −= −= −= −
 = −= −= −= −

  េនះ  
1

1

x u

y v

= += += += +
 = += += += +

 

សមីករែដលឲយសមមូលនឹង (((( )))) (((( ))))2 2
1 . 1 . 1u v v u+ + + =+ + + =+ + + =+ + + =  

ឬ  2 22 2 1u v uv v uv uv u+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
  (((( )))) (((( ))))4 1uv u v uv u v+ + + + =+ + + + =+ + + + =+ + + + =  

  (((( )))) (((( ))))4 4 5uv u v u v+ + + + + =+ + + + + =+ + + + + =+ + + + + =  

  (((( )))) (((( ))))4 1 5 5 1 1 5u v uv+ + + = = × = ×+ + + = = × = ×+ + + = = × = ×+ + + = = × = ×  

 េនះ 

4 5

1 1

4 1

1 5

u v

uv

u v

uv

 + + =+ + =+ + =+ + =
 + =+ =+ =+ =
 + + =+ + =+ + =+ + =
 + =+ =+ =+ =

1

0

3

4

u v

uv

u v

uv

 + =+ =+ =+ =
 ====⇔⇔⇔⇔
 + = −+ = −+ = −+ = −
 ====

 

   
2

2

0

3 4 0

t t

t t

 − =− =− =− =
⇔⇔⇔⇔ 

+ + =+ + =+ + =+ + =
 

សមីករ  2 3 4 0t t+ + =+ + =+ + =+ + =  គម នឬសគត់  

េគបន សមីករ 2 0t t− =− =− =− =  
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 មនឬស (((( )))) (((( )))) (((( )))); 0; 1 , 1; 0u v ====  

រតូវគន នឹង (((( )))) (((( )))) (((( )))); 1;2 , 2; 1x y ====  

លហំត់ទី ៦៣៖ គណនៃផទរកឡៃនេអលីប 
2 2

2 2
1

x y

a b
+ =+ =+ =+ = ។ 

ដំេណះរសយ ៖  
តង Aជៃផទរកឡៃនេអលីប និង S  ជៃផទៃនែផនកឆូត 

0

.
a

S y dx==== ∫∫∫∫  

តង 
.cos

.sin

x a t

y b t

====
 ====

 (សមីករប៉រ៉ែម៉តេអលីប 
2 2

2 2
1

x y

a b
+ =+ =+ =+ = ) 

េពល 0x ====  េនះ 
2

t
ππππ====  និង x a====  េនះ 0t ====  

េគបន ៖  (((( )))) (((( ))))
0

2

.sin . .cos .S b t d a t dt
ππππ

==== ∫∫∫∫  

0 02 2
2 2 2

0 0

2 2

1 cos2
sin . sin . sin . .

2

t
S ab t dt ab t dt t dt ab dt

π ππ ππ ππ π

π ππ ππ ππ π

−−−−= − = = == − = = == − = = == − = = =∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫  

2

0

1 1
sin2

2 4 4
S ab t t ab

ππππ

ππππ    = − == − == − == − =    
    
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 ដូេចនះ 4 4
4

A S ab ab
ππππ ππππ    = = == = == = == = =    

    
 

លហំត់ទី ៦៥៖ រកឬសគត់ 0>>>> ៃនសមីករ  (((( ))))1y x yx y −−−−==== ។ 

ដំេណះរសយ ៖ 
 ••••េពល 1x ====  េនះ 1y ====  
 ••••េពល 1y ====  េនះ 1x ====  

 ••••េពល x y====  េនះ 1yx ====   

ែដល (((( ))))1 1yx⇔ =⇔ =⇔ =⇔ =  ឬ 1x y= == == == =  

 ••••េពល 2x y> ≥> ≥> ≥> ≥   េនះ (((( ))))1 2
x

y
>>>>  

 ពី (((( )))) (((( ))))1 3

y

x yx
y

y

−−−−    
⇔ =⇔ =⇔ =⇔ =    

    
  

t=0 

y 

x 
a 

b 

O 

2
t

ππππ====  
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(((( ))))2  និង (((( ))))3  : 
2 01

2

2

y

x y x
y y

x yy

y

−−−−
     

= > == > == > == > =      ⇒⇒⇒⇒ >>>>     
 >>>>

 និង y x  

ឧបមថមនចំនួនគត់ 3k ≥≥≥≥  ែដលេផទៀងផទ ត់ (((( )))). *x k y====  

 (េរពះេប 1k ==== េនះ x y====  និង 2k ==== េនះ 2x y==== ) 

   (((( )))) 22

y

ky yky
y

y

−−−−    
⇔ =⇔ =⇔ =⇔ =    

    
  

ឬ     (((( )))) (((( ))))2y k y
k y

−−−−====   ឬ (((( ))))2 * *kk y −−−−====  

 េដយ 2y ≥≥≥≥  េនះ 2 22k kk y − −− −− −− −= ≥= ≥= ≥= ≥  

 ឬ  (((( ))))4 2 ; 3 3kk k≥ ∀ ≥≥ ∀ ≥≥ ∀ ≥≥ ∀ ≥  

 មយ៉ងេទៀត (((( ))))5; 2 4 4kk k∀ ≥ >∀ ≥ >∀ ≥ >∀ ≥ >   

(តមកំេណ ន េរពះ (((( ))))12 2.2 2.4 4 1k k k k++++ = > > += > > += > > += > > + ) 

 ពីសមីករ (((( ))))3  និង (((( ))))4  េគបន {{{{ }}}}3; 4k∈∈∈∈  

  ++++  េប 3k ====  េនះ (((( ))))* * ⇒⇒⇒⇒ 3y ====  និង (((( ))))* 9x⇒⇒⇒⇒ ====  

  ++++  េប 4k ====  េនះ (((( ))))* * ⇒⇒⇒⇒ 2y ====  និង (((( ))))* 8x⇒⇒⇒⇒ ====  

ដូេចនះ ឬសគត់ៃន (((( ))))1  គឺ (((( )))) (((( )))) (((( )))) (((( )))){{{{ }}}}; 1; 1 , 8; 2 , 9; 3x y ∈∈∈∈ ។ 
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លហំត់ទី ៦៦៖ PQRSជកេរមនរជុង 1ឯកត។  
គណនរកឡៃផទែផនកនីមួយៗៃន ;A B និង C ។ 

  
   
  របូ (ក) 
 
  

ដំេណះរសយ ៖ 
តមរបូ (ក) ៃផទសរបុគឺ ៖ (((( ))))4 4 1 1A B C+ + =+ + =+ + =+ + =  

ៃផទមួយករដង់រងវង់គឺ ៖ (((( ))))21
3 2 1 2

4 4
A B C

ππππππππ+ + = × × =+ + = × × =+ + = × × =+ + = × × =  

  
 
  របូ (ខ) 
 
 
 

តមរបូ (ខ)  TQR  ជរតីេកណសម័ងសេនះ 60QRS∠ =∠ =∠ =∠ = ����  
 (សំណង់ៃនរងវង់ផចិតរតង់Q  និង Rកំរបែវង 1  ឯកត) 

P 

Q R 

S 

C 

C 

C 

C 

B 

B 

B 

B 

A 

Q R 

T 

S 

D 
E E 
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ែដល (((( ))))1 3 3
1 *

2 2 4
RQT

D S∆∆∆∆= = × × == = × × == = × × == = × × =  

ម៉យងេទៀត ៖  

 គមល តមំុ 90����   រតូវនឹងៃផទចេរមៀកថស 
4

RQTS
S

ππππ====   

គមល តមំុ  1����    រតូវនឹងៃផទចេរមៀកថស    
4 90

ππππ
××××

  

 គមល តមំុ 60����  រតូវនឹងៃផទ 60
4 90 6

D E
π ππ ππ ππ π+ = × =+ = × =+ = × =+ = × =
××××

 

 ដូេចនះ (((( ))))*
6

D E
ππππ+ =+ =+ =+ =   

ម៉យងេទៀត តមរបូ (ក) និង (ខ)  
2

2

RQTR

RQTR

S A B C

S D E

= + += + += + += + +
⇒⇒⇒⇒ = += += += +

 

(((( )))) (((( )))) (((( ))))* & ** 3
2 2 2 2

6 4
A B C D E D E D

ππππ    + + = + = + − −+ + = + = + − −+ + = + = + − −+ + = + = + − −    
    

�����⇀�����⇀�����⇀�����⇀↽�����↽�����↽�����↽�����  

 េនះ         (((( ))))3
2 3

3 4
A B C

ππππ+ + = −+ + = −+ + = −+ + = −  

ពី (((( )))) (((( ))))1 ; 2 និង (((( ))))3  េគបនរបព័នធសមីករ ៖ 

(((( ))))

(((( ))))

(((( ))))

4 4 1 1

3 2 2
4

3
2 3

3 4

A B C

A B C

A B C

ππππ

ππππ


 + + =+ + =+ + =+ + =

 + + =+ + =+ + =+ + =



+ + = −+ + = −+ + = −+ + = −

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 ដូេចនះ 

1 3
3

3
1

2 12

3
1

4 6

A

B

C

ππππ

ππππ

ππππ

 = − += − += − += − +

 = − + += − + += − + += − + +



= − −= − −= − −= − −


 

 
លហំត់ទី ៦៧៖ កនុងតរមុយអរតូណរេមេគឲយ (((( ))))1 2

;A a a   
និង (((( ))))1 1 2

;B b b−−−−  (របូ(ក) )ែដល 
1 2 3 4

; ; ; 0a a a a >>>>  ។ 
គណនៃផទរបេលឡូរកម OACB។ 
 

 
             របូ (ក)       របូ(ខ) 
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ដំេណះរសយ៖ 
េយងសង់របូបែនថមដូចរបូ (ខ) េនះបញច េកណ OAFDB  រតូវ 
បនែចកជ 7ចំែណក ែដល 

i
S  តងៃផទែផនក i។  តមរបូ (ខ) 

េគបន ៖  

1 2
;EF GA a DB GO a= = = == = = == = = == = = =  និង 

2
AF OH b= == == == =  

េនះ 4 2 5

1 7

S S S

S S

= += += += +
 ====

 និង 
3 4 6 7OACB

S S S S S= + + += + + += + + += + + +  

 
(((( ))))

(((( )))) (((( ))))
3 2 5 6 1

1 2 3 5 6

1 2 1 2

OACB

HEDB AFEG

S S S S S S

S S S S S

S S b a a b

⇒⇒⇒⇒ = + + + += + + + += + + + += + + + +

= + + + += + + + += + + + += + + + +

= + = += + = += + = += + = +

 

 ដូេចនះ ៃផទរបេលឡូរកម OACB  គឺ 
1 2 1 2
b a a b++++ ។ 

 
លហំត់ទី ៦៨៖ រកបណត អនុគមន៍កំណត់ពី →→→→ℝ ℝℝ ℝℝ ℝℝ ℝ  ែដល ៖ 
រគប់ x∈∈∈∈ℝℝℝℝ   េគមន  (((( )))) (((( ))))2 21 2x f x f x x x+ − = −+ − = −+ − = −+ − = − ។ 
ដំេណះរសយ៖  
េគមន៖      (((( )))) (((( )))) (((( ))))2 21 2 1x f x f x x x+ − = −+ − = −+ − = −+ − = −  
••••យក  1 x−−−−  ជំនួសកនុង x េនះ សមីករ (((( ))))1  េទជ ៖ 

      (((( )))) (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))2 41 1 2 1 1 2x f x f x x x− − + = − − −− − + = − − −− − + = − − −− − + = − − −  

••••គុណសមីករ (((( ))))1  នឹង (((( ))))21 x−−−−  េគបន៖ 
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(((( )))) (((( )))) (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))2 2 22 41 1 1 1 2 3x x f x x f x x x x− + − − = − −− + − − = − −− + − − = − −− + − − = − −  
••••យក (((( )))) (((( ))))2 3−−−−  េគបន ៖ 

       

(((( ))))
(((( ))))

(((( ))))

(((( )))) (((( )))) (((( )))) (((( ))))
(((( ))))

22

3 4

1 1

1 2 1 1 2

K x

M x

x x f x

x x x x x

    
    − −− −− −− −
    
        

    
    = − − − − − −= − − − − − −= − − − − − −= − − − − − −    
        

����������������������������

����������������������������������������������������

 

 ឬ      (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))1 4K x f x x M x= −= −= −= −  

ែដល  (((( )))) (((( )))) (((( )))) (((( ))))22 2 21 1 1 1K x x x x x x x= − − = − + + −= − − = − + + −= − − = − + + −= − − = − + + −  

និង    (((( )))) (((( )))) (((( ))))(((( ))))2 42 1 1 2M x x x x x= − − − + −= − − − + −= − − − + −= − − − + −  

       

(((( )))) (((( ))))

(((( )))) (((( ))))
(((( )))) (((( )))) (((( ))))

(((( ))))

2 4

2 3 4 5

3 2

2 2

2 1 1

1

1 1

1 1 1

K x

x x x

x x x x x

x x x

x x x x x

= − − − −= − − − −= − − − −= − − − −

= + − + + −= + − + + −= + − + + −= + − + + −

= + + −= + + −= + + −= + + −

= + − + + −= + − + + −= + − + + −= + − + + −
��������������������������������������������

 

 េនះ   (((( )))) (((( )))) (((( ))))1 .M x x K x= += += += +  
••••  សមីករ (((( ))))4  េទជ៖ (((( )))) (((( )))) (((( )))) (((( ))))2. 1 .K x f x x K x= −= −= −= −  
 ++++  េប (((( )))) 0K x ≠≠≠≠  េនះ (((( )))) 21f x x= −= −= −= −  

 ++++  េប (((( )))) 0K x ====  េនះ (((( ))))221 1 0x x− − =− − =− − =− − =   
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ឬ (((( ))))22 1 1x x− =− =− =− =  

 ឬ  
(((( ))))
(((( )))) (((( ))))

2

2

1 1 1 0
5

1 1 1 0

x x x x

x x x x

 − =− =− =− = − + − =− + − =− + − =− + − =
⇔⇔⇔⇔ 

− = −− = −− = −− = − − + + =− + + =− + + =− + + = 
 

េដយ x∈∈∈∈ℝℝℝℝ  េនះ 2 1 0x x− + − =− + − =− + − =− + − = គម នឬសកនុង ℝℝℝℝ។ 

ែត 2 1 0x x− + + =− + + =− + + =− + + =  មនឬស 
(((( ))))
(((( ))))

(((( ))))
1

1 5
2

6
1

1 5
2

αααα

ββββ

 = += += += +

 = −= −= −= −


 

 ែដល 
1

1

α βα βα βα β
αβαβαβαβ

+ =+ =+ =+ =
 = −= −= −= −

 េនះ (((( ))))
2

2

1
7

1

α αα αα αα α
β ββ ββ ββ β
 = += += += +


= += += += +
 

ដូេចនះ  ⊕⊕⊕⊕ េប ,x α βα βα βα β∀ ≠∀ ≠∀ ≠∀ ≠  េនះ (((( )))) 21f x x= −= −= −= −  
  ⊕⊕⊕⊕ េប ∀∀∀∀ ,x α βα βα βα β====   េនះសមីករ (((( ))))1  សរេសរជ៖ 

  
(((( )))) (((( ))))
(((( )))) (((( )))) (((( ))))

2 4

2 2

2
8

2

f f

f f

α α β α αα α β α αα α β α αα α β α α

β β α β ββ β α β ββ β α β ββ β α β β

 + = −+ = −+ = −+ = −


+ = −+ = −+ = −+ = −
 

ែតតម (((( ))))7   

េគមន 
(((( )))) (((( ))))
(((( )))) (((( ))))

2 24 2 2

2 24 2 2

1 2 1

1 2 1

α α α α αα α α α αα α α α αα α α α α

β β β β ββ β β β ββ β β β ββ β β β β

 = = + = + += = + = + += = + = + += = + = + +

 = = + = + += = + = + += = + = + += = + = + +

 

េនះ (((( )))) (((( )))) (((( )))) (((( ))))
(((( )))) (((( )))) (((( )))) (((( ))))

2 2

2 2

1 *
8 9

1 **

f f

f f

α α β αα α β αα α β αα α β α

β β α ββ β α ββ β α ββ β α β

 + = − −+ = − −+ = − −+ = − −⇔⇔⇔⇔
+ = − −+ = − −+ = − −+ = − −
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គុណ (((( ))))* *  នឹង 2αααα  េនះ  
(((( )))) (((( ))))2 2 2 2 2 2f fα β β α α α β αα β β α α α β αα β β α α α β αα β β α α α β α+ = − −+ = − −+ = − −+ = − −  

តម (((( ))))7  េគបន (((( )))) (((( ))))2 21f fβ α α αβ α α αβ α α αβ α α α+ =− −+ =− −+ =− −+ =− − គឺដូចគន នឹង (((( ))))*  
(((( ))))9⇒⇒⇒⇒ របព័នធមនចេមលយរប់មិនអស់ 

េបតង (((( ))))f cαααα ==== េនះ (((( )))) (((( ))))2 21f cβ α αβ α αβ α αβ α α= − + −= − + −= − + −= − + −  
េគបន៖ (((( )))) (((( )))) (((( ))))2 1f cβ α αβ α αβ α αβ α α= − + − += − + − += − + − += − + − +  

សរបុរមួ (((( )))) (((( )))) (((( ))))
(((( )))) (((( )))) (((( ))))

2 1
1 , 5

2

1
, 1 5

2

1 1 1
5 5 3 5 , 1 5

2 2 2

x x

f x c c x

c x

 − ≠ ±− ≠ ±− ≠ ±− ≠ ±

= ∈ = += ∈ = += ∈ = += ∈ = +

− + − + = −− + − + = −− + − + = −− + − + = −


ℝℝℝℝ  

លហំត់ទី ៦៩៖ រគប់ 0, 1;2;3;4
i
a i> => => => =  ចូរបងហ ញថ ៖ 

 1 3 3 12 4 4 2

1 2 2 3 3 4 4 1

4
a a a aa a a a

A
a a a a a a a a

+ ++ ++ ++ ++ ++ ++ ++ +
= + + + ≥= + + + ≥= + + + ≥= + + + ≥

+ + + ++ + + ++ + + ++ + + +
។ 

ដំេណះរសយ៖  
ចំេពះរគប់ , 0a b >>>>  េគមន ៖  

(((( ))))2
0a b− ≥− ≥− ≥− ≥  ឬ (((( ))))2

4a b ab+ ≥+ ≥+ ≥+ ≥  

ពីវសិមភពេនះ េគបន ៖ 
(((( ))))2

1 4

ab a b
≥≥≥≥

++++
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ដូេចនះ (((( )))) (((( )))) (((( ))))2

1 2 3 4 1 2 3 4

1 4

a a a a a a a a
≥≥≥≥

+ ++ ++ ++ + + + ++ + ++ + ++ + +
 

 និង   (((( )))) (((( )))) (((( ))))2

1 4 2 4 1 2 3 4

1 4

a a a a a a a a
≥≥≥≥

+ ++ ++ ++ + + + ++ + ++ + ++ + +
 

េនះ A  អចសរេសរជ ៖ 

  1 3 3 1 2 4 4 2

1 2 3 4 2 3 4 1

a a a a a a a a
A
a a a a a a a a

+ ++ ++ ++ + + ++ ++ ++ +
= + + += + + += + + += + + +

+ + + ++ + + ++ + + ++ + + +
 

 ឬ 
(((( )))) (((( )))) (((( )))) (((( ))))

(((( )))) (((( ))))
1 3 3 4 3 1 1 2

1 2 3 4

a a a a a a a a
A

a a a a

+ + + + ++ + + + ++ + + + ++ + + + +
====

+ ++ ++ ++ +
 

         
(((( )))) (((( )))) (((( )))) (((( ))))

(((( )))) (((( ))))
2 4 4 1 2 3 4 2

2 3 4 1

a a a a a a a a

a a a a

+ + + + ++ + + + ++ + + + ++ + + + +
++++

+ ++ ++ ++ +
 

 
(((( )))) (((( ))))

(((( )))) (((( ))))
(((( )))) (((( ))))

(((( )))) (((( ))))
1 3 1 2 3 4 2 4 1 2 3 4

1 2 3 4 1 4 2 3

a a a a a a a a a a a a
A

a a a a a a a a

+ + + + + + + ++ + + + + + + ++ + + + + + + ++ + + + + + + +
≥ +≥ +≥ +≥ +

+ + + ++ + + ++ + + ++ + + +
    

ឬ  
(((( ))))

(((( ))))
(((( ))))

(((( ))))
1 3 2 4

1 2 3 4 1 2 3 4

4 a a a a
A

a a a a a a a a

++++ ++++
≥ +≥ +≥ +≥ +

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
 

                                                                        

                             
(((( ))))

(((( ))))
1 2 3 4

1 2 3 4

4
4

a a a a

a a a a

+ + ++ + ++ + ++ + +
= == == == =

+ + ++ + ++ + ++ + +
 

ដូេចនះ 4A≥≥≥≥  ពិត។ 
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លហំត់ទី ៧០ ៖ កនុងរតីេកណ ABC  េគយក ,K BC∈∈∈∈           
L AC∈∈∈∈         , ,M AB N LM R MK∈ ∈ ∈∈ ∈ ∈∈ ∈ ∈∈ ∈ ∈                                         និងF KL∈∈∈∈        ។ 
េគតង 

1 2 3 4 5 6
; ; ; ; ;E E E E E E  និង E  ជៃផទរកឡេរៀងគន ៃន 

រតីេកណ ; ; ; ; ;AMR CKR BKF ALF BNM CLNនិង ABC ។ 
ចូរបងហ ញថ៖  6

1 2 3 4 5 6
8E E E E E E E≥≥≥≥ ។ 

ដំេណះរសយ៖  
េគពិនិតយផលេធៀបរតីេកណ AMR  និង ABC ដូចខងេរកម៖ 

1 AMR AMR AMK ABK

ABC AMK ABK ABC

E S S S S MR AM BK

E S S S S MK AB BC
= = × × = × ×= = × × = × ×= = × × = × ×= = × × = × ×  

តមវសិមភព កូសីុ េគបន៖  

(((( ))))
1 1

3 3
1 1

1
3

E MR AM BK MR AM BK

E MK AB BC MK AB BC

                 = × × ≤ + += × × ≤ + += × × ≤ + += × × ≤ + +                 
                

 

រសយដូចគន ែដរ ចំេពះរតីេកណ CKRនិង ABC  េនះ  

  (((( ))))
1

3
2 1

2
3

E KR BM CK

E MK AB BC

         ≤ + +≤ + +≤ + +≤ + +         
        

  

បូកអងគនឹងអងគៃនវសិមភព (((( ))))1  និង (((( ))))2  េគបន៖ 
1 1

3 3
1 2 1

3

E E MR KR AM BM CK BK

E E MK AB BC

             + + ++ + ++ + ++ + +    + ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +                 
                

 

ឬ      
1 1

3 3
1 2 1
E E MK AB BC

E E MK AB BC

                 + ≤ + + =+ ≤ + + =+ ≤ + + =+ ≤ + + =                 
                
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 សមមូល          33 3
1 2
E E E+ ≤+ ≤+ ≤+ ≤  

 ដូចគន ែដរ         333
3 4
E E E+ ≤+ ≤+ ≤+ ≤  

 និង         33 3
5 6
E E E+ ≤+ ≤+ ≤+ ≤  

 ពីវសិមភពខងេលេនះ េគទញបន ៖ 

 (((( )))) (((( )))) (((( ))))
1 1 1

2 2 23 3 36 3 3 3
1 2 3 4 5 6 1 2 3 4 5 6

8 2 . .2 . .2 .E E E E E E E E E E E E====  
       (((( )))) (((( )))) (((( ))))3 3 33 3 3

1 2 3 4 5 6
E E E E E E≤ + + +≤ + + +≤ + + +≤ + + +  

                                 3 3 3. .E E E E≤ =≤ =≤ =≤ =  ពិត។ 
 ដូេចនះ   6

1 2 3 4 5 6
8E E E E E E E≥≥≥≥ ។ 

លហំត់ទី ៧១៖ បងហ ញថ 79 100 100 804 2 3 4< + << + << + << + < ។ 
ដំេណះរសយ៖ 
••••បងហ ញថ 100 100 802 3 4+ <+ <+ <+ <  
 េគមន  100 100 1002.3 2 3> +> +> +> +  
 េហតុេនះេគរគន់ែតរសយថ ៖  80 1004 2.3>>>>  

 សមមូល   
20 204

5

4 256
2

2433

         = >= >= >= >         
        

 

 តមវសិមភព ែប៊នុយលី (Bernoulli’s inequality)  

(((( ))))1 1
n

x nx+ ≥ ++ ≥ ++ ≥ ++ ≥ +      ែដល 1; 1x n≥ − ≥ −≥ − ≥ −≥ − ≥ −≥ − ≥ −  

  
20 20

256 1
1 2

243 20

            > + >> + >> + >> + >            
            

 ពិត 
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••••  បងហ ញថ 100 100 792 3 4+ >+ >+ >+ >  
េគរគន់ែតរសយថ  100 793 4>>>>   

      ឬ    
80

100

4
4

3
<<<< ជករេរសច 

 
20 20 1080

100

4 256 19 361

243 18 3243

                    = < == < == < == < =                    
                    

 

    
10 5 5

9 81 9 59049
4

8 64 7 16807

                    < = < = << = < = << = < = << = < = <                    
                    

ពិត 

ដូេចនះ  79 100 100 804 2 3 4< + << + << + << + < ។ 
លហំត់ទី ៧២៖ ឧបមថរងវង់បីមនកំ ១ ឯកតរបសពវគន  
រតង់ចំណុចរមួ P  និងតង A ៃផទសរបុៃនរបសពវរវងរងវង់ពីរៗ។  
រកៃផទតូចបំផុតៃន A ។  
ដំេណះរសយ៖  
កនុងរបូ (ក) តង 

1 2 3
; ;C C C  ជរងវង់ផចិត 

1 2 3
; ;O O O េរៀងគន  

   P  ជចំណុចរបសពវរមួៃន 
1 2 3

; ;C C C  
   

1 2 3
; ;A A A  ជៃផទេរៀងគន ៃន  

                                    
2 3 1 3 1 2

; ;C C C C C C∩ ∩ ∩∩ ∩ ∩∩ ∩ ∩∩ ∩ ∩   
 ែដលកនុងេនះ 

1 2 3
A A A A= ∪ ∪= ∪ ∪= ∪ ∪= ∪ ∪ ជៃផទែដលេគរតវូរក 

តៃមលតូចបំផុតរបស់វ 
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របូ (ក)  
តមសមមតិកមម  

1 2 3
1PO PO PO= = == = == = == = =  េហតុេនះ  

1 2 3
; ;O O O ជចំណុចែដលេនេលរងវង់ផចិត Pកំ 1ឯកត។ 

េបេគបងវិលរងវង់ផចិតPកំ 1រសបេទនឹងរទនិចនឡិកេនះ  

1
O រត់តមេរកយ 

2
O ។  

តង 
2 3 3 1

;O PO O POα βα βα βα β= ∠ = ∠= ∠ = ∠= ∠ = ∠= ∠ = ∠ និង 
1 2
O POγγγγ∠∠∠∠  

ែដលមនទិសេដវជិជមន(ផទុយរទនិចនឡិក) េហយេផទៀងផទ ត់ 
2α β γ πα β γ πα β γ πα β γ π+ + =+ + =+ + =+ + =  ។ 

ឧបមថ ;α β β γα β β γα β β γα β β γ≥ ≥≥ ≥≥ ≥≥ ≥ េនះមនករណីពីរេកតេឡង  
 ••••ករណីទីករណីទីករណីទីករណីទី១១១១៖  របូ (ក) 

េប α πα πα πα π≤≤≤≤ េនះ 
1 1 3
A A A∩ ∩ = ∅∩ ∩ = ∅∩ ∩ = ∅∩ ∩ = ∅ ឬ 

1 2 3
A A A A= + += + += + += + +  

 ••••ករណីទីករណីទីករណីទីករណីទី២២២២៖ របូ (ខ) 
 េប α πα πα πα π≥≥≥≥ េនះ (((( ))))2 3 1 2 3 1

A A A A A A A∩ =∩ =∩ =∩ = ⇒⇒⇒⇒ = + −= + −= + −= + −  
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របូ(ខ) 
វភិគវភិគវភិគវភិគ៖ ៃផទ 

1
A កនុងករណីទី១ (តម αααα ) គឺដូចគន េទនឹង 

1
A កនុង 

 ករណីទី 2 (តម 2π απ απ απ α−−−− )។  
ដូេចនះ េដមបីរក , 1;2;3

i
A i ==== េគរគន់ែតរក 

2
A អរស័យមំុ ββββ ,   

1
A អរស័យមំុ αααα  និង 

3
A អរស័យមំុ γγγγ ។    

 
2

2A ==== ដងៃនៃផទចេរមៀកថសែផនក PXQ  (របូ(គ)) 
      (((( ))))

1 1
2

O PXQ O PQ
S S∆∆∆∆= −= −= −= −  

      (((( ))))1
2 sin

2 2

π βπ βπ βπ β π βπ βπ βπ β
    −−−−    = − −= − −= − −= − −        
        

 

      sin
2

2

π β βπ β βπ β βπ β β− −− −− −− −    ====     
    

 

 
2

sinA π β βπ β βπ β βπ β β= − −= − −= − −= − −  
ដូចគន ែដរ េគបន៖  

1
sinA π α απ α απ α απ α α= − −= − −= − −= − −  និង  

3
sinA π γ γπ γ γπ γ γπ γ γ= − −= − −= − −= − −  

ែដលេផទៀងផទ ត់ 2α β γ πα β γ πα β γ πα β γ π+ + =+ + =+ + =+ + = ។ 
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ពីលទធផលេនះ េគទញ៖ 

sin sin sinA π α β γπ α β γπ α β γπ α β γ= − − −= − − −= − − −= − − −  
េដមបរីកតៃមលតូចបំផុតៃនA គឺដូចគន នឹងកររកតៃមលធំបំផុតៃន  

sin sin sinα β γα β γα β γα β γ+ ++ ++ ++ +  

••••  ឧបមថ α β γα β γα β γα β γ≠ ≠≠ ≠≠ ≠≠ ≠  និង 2

3

ππππαααα >>>> េនះββββ ឬ γγγγ រតូវ 2

3

ππππ<<<< ។ 

   េប 2

3

ππππββββ <<<<  និងយក γγγγ  េថរេនះេគបន ៖ 

 sin sin 2sin cos
2 2

α β α βα β α βα β α βα β α βα βα βα βα β + −+ −+ −+ −            + =+ =+ =+ =             
            

 

 ឬ  sin sin 2sin cos
2 2

γ α βγ α βγ α βγ α βα β πα β πα β πα β π −−−−            + = −+ = −+ = −+ = −            
            

 

េពល α βα βα βα β−−−− ថយ ⇒⇒⇒⇒ sin sinα βα βα βα β++++ េកន  A រតូវថយចុះ។  
េពលេនះេយងបនថយតៃមល αααα  ែតបែនថមតៃមល ββββ  រហូតដល់មួយ 

X 

X 

X 
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កនុងចំេណមេនះេសមនឹង 2

3

ππππ  និងេផទៀងផទ ត់ 2α β γ πα β γ πα β γ πα β γ π+ + =+ + =+ + =+ + = ។ 

++++  េប 2

3

ππππββββ ====  េនះ  

sin sin 2sin cos 3cos
2 2 2

β α γ α γβ α γ α γβ α γ α γβ α γ α γα γ πα γ πα γ πα γ π − −− −− −− −                    + = − =+ = − =+ = − =+ = − =                    
                    

 

ផលបូកេនះធំបំផុតេពល 2
cos 1

2 3

α γ πα γ πα γ πα γ πα β γα β γα β γα β γ−−−−    = ⇔ = = == ⇔ = = == ⇔ = = == ⇔ = = =    
    

 

សននិដឋ ន 2 3
3sin 3

3 2
Min A

πππππ ππ ππ ππ π    = − = −= − = −= − = −= − = −    
    

 

លហំត់ទី ៧៣៖ រកឬសគត់ 0>>>> ៃនសមីករ  
(((( ))))2 22 0 1x y− =− =− =− = ។ 

ដំេណះរសយ ៖ 
ឧបមថ (((( ))))1 1

;a b  ជឬសៃន (((( ))))1  េនះ 2 2

1 1
2 0a b− =− =− =− =  

សមមូល 2 2

1 1
2a b====  ឬ 2

1
a គូ ⇒⇒⇒⇒  

1
a គូ 

  (េរពះេប 
1
a េសសេនះ 2

1
a  េសស) 

ដូចេនះ 
2 2

0;a a∃ > ∈∃ > ∈∃ > ∈∃ > ∈ℕℕℕℕ  ែដល 
1 2

2a a====   
សមីករ (((( ))))1  េទជ៖ 

 (((( ))))2 2

2 1
2 2 0a b− =− =− =− =  ឬ 2 2

2 1
2 0a b− =− =− =− =   

ឬ 2 2

1 2
2b a====  េនះ 

1
b គូ។ 

 ដូចេនះ 
2 2

0;b b∃ > ∈∃ > ∈∃ > ∈∃ > ∈ℝℝℝℝ ែដល 
1 2

2b b====  
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សមីករ (((( ))))1  េទជ៖ 

 (((( ))))22

2 2
2 2 0a b− =− =− =− =        ឬ (((( ))))2 2

2 2
2 0 2a b− =− =− =− =  

េហតុេនះ (((( ))))2 2
;a b  ជគូចេមលយមួយេទៀតៃន (((( ))))1 ។ 

សរមយខងេល  

1 2

1 22 2

1 1

2

2

a a
a a

a b

 ====
⇒⇒⇒⇒ >>>>

====
 និង 

1 1 2 2
a b a b> > >> > >> > >> > > ។ 

េយងបនតវធីិេនះរហូតបនសវុីតដូចខងេរកម ៖ 

 (((( )))) 1 1 2 2 3 3
: ...

n
u a b a b a b> > > > > >> > > > > >> > > > > >> > > > > >  

េដយរគប់សំណំុចំនួនគត់ធមមជតិរតូវមនធតុតូចបំផុតេនះ 

សវុីត (((( ))))nu  ពំុអចេកតមនបនេឡយែដលផទុយពីករឧបម 

ខងេលែដលថ (((( ))))1  មនឬស។ 

ដូេចនះ សមីករ (((( ))))1 គម នឬសកនុង 2ℕℕℕℕ េទ។ 

 
 
 

ពកយរគូែរងរងឹ រសែរងរសវឹង ពុំែដលពសិរ 
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លហំត់ទី ៧៤៖ ឲយចំណុច (((( ))))0; 10A −−−− (((( )))); 2;0B និងប៉រ៉បូល 
(((( )))) 2:P y x==== ។ រកចំណុច (((( ))))C P∈∈∈∈ ែដលេធវឲយរតីេកណABC  
មនៃផទតូចបំផុត។ 
ដំេណះរសយ៖ 

រេបៀបទី រេបៀបទី រេបៀបទី រេបៀបទី ១១១១៖៖៖៖    សមីករបនទ ត់ (((( ))))AB : A A

b A B A

y y x x

y y x x

− −− −− −− −
====

− −− −− −− −
 

 
y

-4 -2 0 2 4

-10

0

10

 
          របូ (ក) 
   

(((( ))))
(((( ))))

10 0

2 00 10

y x−−−− −−−−====
−−−−− −− −− −− −

 ឬ    (((( )))) : 5 10 5
AB

AB y x m= −= −= −= − ⇒⇒⇒⇒ ====  

េដយ (((( ))))C P∈∈∈∈  េនះ C  មនកូអរេដេន (((( ))))2;C x x    (របូ(ក)) 
េដមបឲីយរតីេកណ ABC  មនៃផទអបបបរមលុះរតែត 

បនទ ត់ប៉ះរតង់ C  រសបនឹងបនទ ត់ (((( ))))AB គឺ 

(((( )))) 2:P y x====  

(((( ))))0; 10A −−−−  

(((( ))))2; 0B  

(((( ))))2;C x x  

(((( )))) : 5 10AB y x= −= −= −= −  
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(((( ))))' 2 5

25
AB

P x x
x

m

 ====
⇒⇒⇒⇒ ====

====
 េនះ 25

4
y ====  

 ដូចេនះ 5 25
;

2 4
C
    
    
    

។ 

រេបៀបទី រេបៀបទី រេបៀបទី រេបៀបទី ២២២២៖ (((( ))))2; 10AB ====
���	���	���	���	

 និង (((( ))))2; 10AC x x= += += += +
��	��	��	��	

 

  

 
2

1 1
det 2 10 0

2 2
10 0

ABC

i j k

S AB AC

x x

∆∆∆∆

    
    

= × == × == × == × =     
    ++++    

	 	 �		 	 �		 	 �		 	 �	

���	 ��	���	 ��	���	 ��	���	 ��	
 

    (((( ))))2 21
2 5 10 5 10

2
x x k x x= × − + = − += × − + = − += × − + = − += × − + = − +

�	�	�	�	
 

សមមូល 
2

5 15

2 4
ABC

S x∆∆∆∆
    = − += − += − += − +    
    

តូចបំផុតេពល 

 5

2
x ====  និង 15

4
y ====  

 ដូចេនះ 5 25
;

2 4
C
    
    
    

។ 
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លហំត់ទី ៧៥៖ រករគប់អនុគមន៍ (((( ))))f x  មនេដរេីវេល ℝℝℝℝ  

ែដលេផទៀងផទ ត់៖ 

 (((( )))) (((( ))))2f x i<<<<  និង (((( )))) (((( )))) (((( )))). ' sinf x f x x ii≥≥≥≥ ។ 

ដំេណះរសយ ៖ 

េគសេងកតេឃញថ ៖ (((( ))))(((( )))) (((( )))) (((( ))))2

' 2 ' .f x f x f x     ====      

តម (((( ))))i េគបន ៖ 

(((( ))))(((( )))) (((( ))))(((( )))) (((( )))) (((( ))))
2

2 2

0 0

0 2 . ' . 2sin . 2 2cos
x

f x f f t f t dt t dt t− = > = −− = > = −− = > = −− = > = −∫ ∫∫ ∫∫ ∫∫ ∫
សមមូល  

(((( ))))(((( )))) (((( ))))(((( ))))2 2

2 2cos 0 2 2cos ;f x x f x x≥ − + ≥ − ∀ ∈≥ − + ≥ − ∀ ∈≥ − + ≥ − ∀ ∈≥ − + ≥ − ∀ ∈ℝℝℝℝ  

ែត x ππππ∃ =∃ =∃ =∃ =  ែដល (((( ))))(((( ))))2

2 2cos 4f π ππ ππ ππ π≥ − =≥ − =≥ − =≥ − =   

ឬ   (((( )))) 2f x ≥≥≥≥  ផទុយនឹងលកខខណឌ  (((( ))))1 ែដលថ (((( )))) 2f x <<<< ។ 

ដូេចនះគម នអនុគមន៍ (((( ))))f x  ែដលេផទៀងផទ ត់ (((( ))))i  និង(((( ))))ii  េទ។ 

 
 
លេលងកនូេកមងគង់អប់យស      លេលងនឹងពសគ់ង់ចឹកផស 
លេលងអវីៗគង់េគថ  េលងរសេីលងរសគង់ឆគួតចិតត។ 
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លហំត់ទី ៧៦ ៖ េដះរសយរបព័នធសមីករ ៖ 

(((( ))))
4 2 2 4

3 3

6 1
1 :

4 4 1

x x y y

x y xy

 − + =− + =− + =− + =


− =− =− =− =
 

ដំេណះរសយ៖  
តង z x iy= += += += +  និង (((( ))))cos sinz r iϕ ϕϕ ϕϕ ϕϕ ϕ= += += += + ជចំនួនកំុផលិច 
       រងពីជគណិតនិងរងរតីេកណមរតេរៀងគន   
េនះតមរទឹសតបីទេទវធរទឹសតបីទេទវធរទឹសតបីទេទវធរទឹសតបីទេទវធ និងរទឹសតបីទដឺម័រ រទឹសតបីទដឺម័រ រទឹសតបីទដឺម័រ រទឹសតបីទដឺម័រ េគបន៖ 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( ))))

4 24 4 3 2 3 4

4
4 4

4 6 4

cos sin cos4 sin4

z x y x x iy x iy xy y

z r i r iϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕ

 = + = + + + += + = + + + += + = + + + += + = + + + +


    = + = += + = += + = += + = +     

 

ឬ       

(((( ))))

4 4 2 2 4 3 3

1 1

4 4

6 4 4 1

cos4 sin4

z x x y y i x xy i

z r iϕ ϕϕ ϕϕ ϕϕ ϕ

             
             = − + + − = += − + + − = += − + + − = += − + + − = +                          


= += += += +

������� ������������ ������������ ������������ �����  

ឬ       
(((( ))))

4

4 4

2 cos sin
4 4

cos4 sin4

z i

z r i

π ππ ππ ππ π

ϕ ϕϕ ϕϕ ϕϕ ϕ

     = += += += +     
    

 = += += += +

 

4 8 22

4
164

rr

ππππππππ ϕϕϕϕϕϕϕϕ

 ========
    

⇒⇒⇒⇒ ⇔⇔⇔⇔    
========    

 

 

េនះ    8 2 cos sin
16 16

z i
π ππ ππ ππ π    = += += += +    

    
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ែត 

1 cos
411 cos

2 2 228cos
16 2 2 2

1 cos
411 cos

2 2 228sin
16 2 2 2

ππππ
ππππ

ππππ

ππππ
ππππ

ππππ


 ++++
 ++++++++ + ++ ++ ++ + = = == = == = == = =



++++
−−−−−−−− − +− +− +− + = = == = == = == = =



 

េគបន៖  
8 82 2 2 2 2 2

2. 2.
2 2

z x iy

z i

= += += += +

 + + − ++ + − ++ + − ++ + − +
 = += += += +


 

ដូេចនះ  
7

8

7

8

2 2 2

2

2 2 2

2

x

y

 + ++ ++ ++ + ====



 − +− +− +− +

====


  

 
លហំត់ទី ៧៧៖ A និង Bទទួលបនរបក់េសមនឹងអយុរបស់ 
ពួកេគ។ េគដឹងថ Aមនអយុេរចនជង B។ (ក)េបេគបែនថម 
របក់ឲយAពីរដង េនះរបក់សរបុរបស់ពួកេគទំងពីរតិចជង 
32$  ែត (ខ) េបេគបែនថមរបក់ឲយB ពីរដងវញិេនះរបក់សរបុ 
របស់ពួកេគេរចនជង 28$។ េតកុមរណអយុបុ៉នម ន? 
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ដំេណះរសយ៖ 
តង aជអយុរបស់ A និង bជអយុរបស់ B។ 
•••• Aអយុេរចនជង B  េនះ a b k= += += += +  ែដល 1;k k≥ ∈≥ ∈≥ ∈≥ ∈ℕℕℕℕ  
តម (ក) េគបន ៖ (((( )))) (((( ))))2 3 31 1b k b b k+ + = + ≤+ + = + ≤+ + = + ≤+ + = + ≤  
តម (ខ) េគបន ៖ (((( )))) (((( ))))2 3 29 2b b k b k+ + = + ≥+ + = + ≥+ + = + ≥+ + = + ≥  
••••យក (((( )))) (((( ))))2 2 1× −× −× −× − េគបន ៖ (((( )))) (((( ))))2 3 3 2 27b k b k+ − − ≥+ − − ≥+ − − ≥+ − − ≥  
 ឬ 3 27b ≥≥≥≥  គឺ (((( ))))9 *b ≥≥≥≥  
••••េដយ 1k ≥≥≥≥  េនះ (((( ))))1 3 31 2 31 2b k⇔ ≤ − = −⇔ ≤ − = −⇔ ≤ − = −⇔ ≤ − = −  
  េនះ (((( ))))9 * *b ≤≤≤≤  
តម (((( ))))*  និង (((( ))))* * េគបន 9b ==== ។  

ម៉យងេទៀត តម (((( ))))1  និង (((( ))))2  
3 9 2 31

3 9 29

k

k

× + ≤× + ≤× + ≤× + ≤
⇔⇔⇔⇔  × + ≥× + ≥× + ≥× + ≥

 

  
2

2
2

k
k

k

≤≤≤≤
⇒⇒⇒⇒ ==== ≥≥≥≥

េនះ 9 2 11a = + == + == + == + =  

ដូេចនះ A អយុ 11ឆន ំ និង Bអយុ 9ឆន ំ។ 
លហំត់ទី ៧៨៖ កររបឡងមួយមនមនុសសចូលរមួសរបុ 
100នក់។ កនុងេនះអនកេឆលយថ “រពម” និង “រពម-មិនរពម” 
(រពមខលះមិនរពមខលះលយគន )ចំនួន78; 70; 63ចំេពះ 
សំណួរ ; ;A B C េរៀងគន ។ េគដឹងថមនែតមនុសស 3 នក់គត់ 
ែដលេឆលយមិនរពមទំងបីសំណួរ។ រកចំនួនសំណួរតិចបំផុត 
 និងេរចនបំផុត ែដលអនកេឆលយថយល់រពម។ 
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ដំេណះរសយ៖  
តង ; ;a b cជចំនួនអនកេឆលយថ “យល់រពម ”ចំេពះសំណួរ  
 ; ;A B C  េរៀងគន  
តង ; ;x y z  ជចំនួនអនកេឆលយថ “យល់រពម ”ចំេពះ   
 ;A B B C∩ ∩∩ ∩∩ ∩∩ ∩  និង C A∩∩∩∩  េរៀងគន  
តង w ចំនួនអនកេឆលយថ “យល់រពម ”ៃនសំណួរ A B C∩ ∩∩ ∩∩ ∩∩ ∩  
អនកេឆលយថ “មិនយល់រពម ” ចំេពះទំងបីសំណួរមន 3 នក់ 
        ពីេនះេគបនដយរកមវុនិ ដូចខងេរកម៖ 

 
តមដយរកមវុនិខងេលេគបន ៖ 

   
(((( ))))
(((( ))))
(((( ))))

78 1

70 2

63 3

a x z w

b x y w

c y z w

 + + + =+ + + =+ + + =+ + + =
 + + + =+ + + =+ + + =+ + + =
 + + + =+ + + =+ + + =+ + + =

 

 យកសមីករ (((( )))) (((( )))) (((( ))))1 2 3+ ++ ++ ++ + េនះ 
 (((( )))) (((( )))) (((( ))))2 3 211 4a b c x y z w+ + + + + + =+ + + + + + =+ + + + + + =+ + + + + + =  
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តមសមមតិកមម  
(((( )))) (((( )))) (((( ))))100 3 97 5a b c x y z w+ + + + + + = − =+ + + + + + = − =+ + + + + + = − =+ + + + + + = − =  

យក (((( )))) (((( ))))4 5−−−− េនះ (((( )))) (((( ))))2 114 6x y z w+ + + =+ + + =+ + + =+ + + =  
យក (((( )))) (((( ))))4 2 5− ×− ×− ×− × េនះ (((( )))) (((( ))))17 7a b c w− + + + =− + + + =− + + + =− + + + =  

ពី (((( ))))6  េគបន 114
57

2
w ≤ =≤ =≤ =≤ =  និង ពី(((( ))))7  េគបន 17w ≥≥≥≥  

សននិដឋ ន ៖ អនកេឆលយថ  ”យល់រពម” គឺ 17 57w≤ ≤≤ ≤≤ ≤≤ ≤  ។ 
 
លហំត់ ៧៩៖ សុខបនបេងកតកមមវធីិកំុពយូទ័រមួយែដលអចេធវ 
របមវធីិែតម៉យងគត់គឺ *a b។ េបេគបញចូ ល a  រចួេហយ b 
( 0b ≠≠≠≠ និង ,a bអចអវជិជមន)េទកនុងម៉សីុនេនះេលេអរកង់ 

បងហ ញ 1 a

b

    −−−−     
    

។ សុខេធវករអះអងថកំុពយូទ័រគត់អចេធវ 

របមណវធីិបួនរបេភទគឺ គុណ ែចក បូក និងដក។ ឧទហរណ៍ 

េដមបែីចក a
b

 េនះកំុពយូទ័ររតូវេធវរបមណវធីិ (((( ))))* *1a b គឺថ 

េគបញចូ លa េហយបញចូ ល bចូលេទកនុងកំុពយូទ័រេនះលទធផលគឺ 

1
a

b
−−−− ។ បនទ ប់មកេទៀតយកលទធផលេនះេទេធវរបមណវធីិ 

ជមួយេលខ 1  េទៀត គឺ (((( ))))* *1 1 1
a a

a b
b b

        = − − == − − == − − == − − =        
        

  

ដូចករអះអងែមន។ េតករអះអងរបស់ សុខរតឹមរតូវឬេទ? 
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ដំេណះរសយ៖ 

••••  េប 0a ≠≠≠≠  េនះ * 1 0
a

a a
a

= − == − == − == − =  និង 0
0 * 1 1a

a
= − == − == − == − =  

••••  េប 0a ====  ឬ 0b ==== េនះ 1 *1a b× =× =× =× =  
••••  េប 0a ====  និង bណមួយក៏បន េគបន៖ 

 (((( )))) (((( ))))(((( ))))1 1 * 1 *1
1

b
a b b b

        
− = − = − − = −− = − = − − = −− = − = − − = −− = − = − − = −                −−−−        

 

   និង (((( )))) (((( ))))1 1 *1 *1a b b b b+ = = − − =+ = = − − =+ = = − − =+ = = − − =  
••••  េប 0a ≠≠≠≠  និង 0b ≠≠≠≠  េគបន៖ 

   1
1 * 1b

b
= −= −= −= −  និង *1 1a a= −= −= −= −   

 េនះ (((( )))) (((( ))))1 1
1* *1 1 1b i

b b

    = − − == − − == − − == − − =    
    

  

េដយ 
1

a
b a

b

× =× =× =× = េនះ (((( ))))
1

1 1
* * 1 1

a

b
a b a

a a b

    −−−−    
    = − = − += − = − += − = − += − = − +  

 ឬ  (((( ))))(((( )))) (((( ))))1 1
* * *1a b a ii

a b
= −= −= −= −  

ដូេចនះ របមណវធីិមនដូចតេទ៖ 

 ក.  (((( ))))* *1
a

a b
b

====  (សមមតិកមម) 
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 ខ. 1
* *1

1

a
a b a

b

b

        × = =× = =× = =× = =         
        

       (តម ក.) 

    (((( ))))(((( ))))(((( ))))* 1 * *1 *1a b a b× =× =× =× =  
 គ. រេបៀបទី១៖ 

      (((( ))))(((( ))))
1

1 1 1 1
1

b

a
a b a b

a

            −−−−            
            − = − − − = − −− = − − − = − −− = − − − = − −− = − − − = − −

        
        

        

 

         

1
1 1

1 1 * 1 1 *
1

b a

a a a

b

        
                = − − = − −= − − = − −= − − = − −= − − = − −                

                 
            

 

         1 1 1
1 * *

a b a

        = −= −= −= −         
        

 

   1 1 1
* * *1

a b a

                            ====                             
                            

 

       (((( ))))(((( )))) (((( ))))(((( )))) (((( ))))(((( ))))(((( ))))1* *1 * 1* *1 * 1* *1 *1a b a b a    − =− =− =− =       

     រេបៀបទី២៖  តម (((( ))))ii  េគបន៖ 

  1 1 1 1 1
* * *1

1 1
a b

a b a

a b

                    − = − =− = − =− = − =− = − =                     
                    
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 ឬ  (((( ))))(((( )))) (((( ))))(((( )))) (((( ))))(((( ))))(((( ))))1* *1 * 1* *1 * 1* *1 *1a b a b a    − =− =− =− =       

  (េរពះតម (((( ))))i    េគមន  (((( )))) 1
1 * *1b

b
==== ) 

 ឃ. (((( ))))(((( ))))1 1a b a b+ = − − −+ = − − −+ = − − −+ = − − −  

    (((( ))))(((( ))))1 *1a b= − −= − −= − −= − −  

    (((( ))))(((( ))))*1 *1a b= −= −= −= −  

េនះ (((( ))))(((( )))) (((( ))))(((( ))))(((( ))))(((( )))) (((( ))))(((( ))))1 * *1 * 1 * *1 *1 *1 * 1 * *1 *1a b a b a        − =− =− =− =                 
 

សននិដឋ នសននិដឋ នសននិដឋ នសននិដឋ ន ៖ អំណះអំណងរបស់សុខពិតជរតឹមរតូវ។ 
 
លហំត់ទី ៨០៖ កររបកួតែលបងអុកមួយអនុញញ តឲយៃដគូ 
របកួតជួបគន ែតមតងគត់។ សនមតថអនកឈនះបនពិនទុ 1  េបេសមគន  

បនពិនទុ
1

2
 និងចញ់បនពិនទុ 0។លទធផលចុងេរកយេកតេចញ 

ពីករបូកសរបុពិនទុទំងអស់កនុងកររបកួតេហយេគដក់តមរកុម 
កនុងតេរមៀបៃចដនយ។ េគដឹងថអនកបនពិនទុខពស់សរបុចុងេរកយ 

បួនរបូគឺ 1 1
4 ; 3 ; 3

2 2
 និង 1

1
2

។រកពិនទុទបជងេគបំផុតកនុងរកមុ? 

ដំេណះរសយ៖ 
តង k  ជចំនួនអនកចូលរមួកនុងរបកួតេនះគូរបកួតសរបុមន 

 (((( )))) (((( ))))1
; 2

2

k k
C k

−−−−
====  េនះក៏មនគូពិនទុ 

(((( ))))1

2

k k −−−−
ែដរ 
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ពិនទុសរបុអនកទំងបួនែដលបនពិនទុខពស់ជងេគគឺ ៖   
1 1 1 1

4 3 3 1 12
2 2 2 2

+ + + =+ + + =+ + + =+ + + =  

េគបន  
(((( )))) (((( ))))1 1

12 6 1
2 2

k k
k

−−−−
≥≥≥≥ ⇒⇒⇒⇒ ≥≥≥≥     

េនសល់ 4k−−−−  នក់េទៀតែដលបនពិនទុតិចជងមនុសសពិនទុខពស់ 

ទំងបួនេនះមនុសស 4k−−−− នក់េនះបនពិនទុយ៉ងេរចន 1
1

2
  ។ 

េគបន ៖    
(((( )))) (((( ))))1 1 3

12 4
2 2 2

k k
k

−−−−
≤ + −≤ + −≤ + −≤ + −  

សមមូល  2 25 3 12k k k− ≤ + −− ≤ + −− ≤ + −− ≤ + −  ឬ 2 4 4 17k k− + ≤− + ≤− + ≤− + ≤  

សមមូល      (((( ))))2
2 17k − ≤− ≤− ≤− ≤   ឬ  2 17k − ≤− ≤− ≤− ≤  

េគទញបន   (((( ))))6k ii≤≤≤≤  

តម (((( ))))i  និង (((( ))))ii  េនះ 6k ==== ។ 

 េពល 6k ====  េនះពិនទុសរបុសរមប់កររបកួតគឺ15ពិនទុ 
េហយពិនទុសរបុសរមប់អនករបកួតពីររបូេទៀតែដលេនសល់កនុង

រកុមគឺ 1
2

2
។ ដូចេនះអនករបកួតទី៥រតូវបនពិនទុ 

1
1

2
 និងអនកទី៦ 

ែដលបនពិនទុតិចជងេគគឺបនពិនទុ 1។ 
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 េយងអចឲយឧទហរណ៍បនដូចតរងខងេរកម៖ 
 1 2 3 4 5 6 ពិនទុ 
1 — 1

2
 1 1 1 1 1

4
2
 

2 1

2
 — 1

2
 1

2
 1 1 1

3
2
 

3 0000    1

2
 —    1

2
 1 1 3333    

4 0000 1

2
 1

2
 — 1

2
 0000 1

1
2
 

5 0000 0000 0000 1

2
 — 1 1

1
2
 

6 0000 0000 0000 1 0000 — 1 
 
លហំត់ទី ៨១៖ រកចំនួនគត់ 0>>>> ែដល x y z< << << << < ជឬសៃន 
 សមីករ x y z2 2 2 2336+ + =+ + =+ + =+ + = ។ 
ដំេណះរសយ៖  
 េគមន  x y z2 2 2 2336+ + =+ + =+ + =+ + =  
 សមមូល (((( )))) (((( ))))x y x z x 52 . 1 2 2 2 .73 *− −− −− −− −+ + =+ + =+ + =+ + =  
 េបតង y x z xM 1 2 2− −− −− −− −= + += + += + += + + េនះ Mជចំនួនគត់េសស 
 ពី (((( ))))*  េគបន ៖ 

   
x 5

y x z x
2 2
1 2 2 73− −− −− −− −
 ====
 + + =+ + =+ + =+ + =

 

  ឬ     
x 5

y x z x
2 2
2 2 72− −− −− −− −
 ====
 + =+ =+ =+ =
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  ឬ     (((( ))))y x z y 3

x 5
2 . 1 2 2 .9− −− −− −− −

====
 + =+ =+ =+ =

 

  ឬ      y x 3

z y 3

x 5
2 2
2 2

−−−−

−−−−

==== ====
====

 

 ដូេចនះ 
x 5
y 8
z 11

==== ====
====

 

លហំតទី ៨២៖ េដះរសយរបព័នធសមីករកនុង ℤℤℤℤ  ែដល 
(((( ))))
(((( ))))

3 2

2 2

x 3xy 49 1

x 8xy y 8y 17x 2

 + = −+ = −+ = −+ = −
 − + = −− + = −− + = −− + = −

 

ដំេណះរសយ៖  
យក (((( )))) (((( ))))1 3 2+ ×+ ×+ ×+ ×  េគបន៖ 
 3 2 2 2x 3x 3xy 24xy 3y 24y 51x 49+ + − + = − −+ + − + = − −+ + − + = − −+ + − + = − −  

(((( )))) (((( )))) (((( )))) (((( ))))3 2 2x 3x 3x 1 3y x 1 24y x 1 48 x 1 0⇔ + + + + + − + + + =⇔ + + + + + − + + + =⇔ + + + + + − + + + =⇔ + + + + + − + + + =

(((( )))) (((( ))))2 2x 1 x 1 3y 24y 48 0    ⇔ + + + − + =⇔ + + + − + =⇔ + + + − + =⇔ + + + − + =
    

 

(((( )))) (((( )))) (((( )))) (((( ))))2 2
x 1 x 1 3 y 4 0 *    ⇔ + + + − =⇔ + + + − =⇔ + + + − =⇔ + + + − =

    
 

x 1 0⇔ + =⇔ + =⇔ + =⇔ + =  ឬ  (((( )))) (((( ))))2 2
x 1 3 y 4 0+ + − =+ + − =+ + − =+ + − =  

 ••••  េប x 1 0+ =+ =+ =+ = េនះ x 1= −= −= −= −  េហយ y 4= ±= ±= ±= ±  

 ••••  េប (((( )))) (((( ))))2 2
x 1 3 y 4 0+ + − =+ + − =+ + − =+ + − =  េនះ (((( ))))

(((( ))))
2

2

x 1 0

y 4 0

 + =+ =+ =+ =


− =− =− =− =
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 េនះ x 1= −= −= −= −  និង y 4====  
 ដូេចនះ ចេមលយរបព័នធសមីករគឺ (((( )))) (((( ))))x; y 1; 4= − ±= − ±= − ±= − ±  
លហំត់ទី ៨៣៖ េដះរសយរបព័នធសមីករ 

(((( ))))
(((( ))))
(((( ))))

23

23

23

x x y z 2

y y z x 30

z z x y 16

 + − =+ − =+ − =+ − =


+ − =+ − =+ − =+ − =
 + − =+ − =+ − =+ − =


 

ដំេណះរសយ ៖  
េដយ x; y; z 0≠≠≠≠  េនះរបព័នធសមីករេទជ 

(((( )))) (((( ))))
(((( )))) (((( ))))
(((( )))) (((( ))))

2 2 2

2 2 2

2 2 2

x x y z 2xyz 2 1

y x y z 2xyz 30 2

z x y z 2xyz 16 3

 + + − =+ + − =+ + − =+ + − =


+ + − =+ + − =+ + − =+ + − =
 + + − =+ + − =+ + − =+ + − =

 

យក (((( )))) (((( ))))2 3−−−−  និង(((( )))) (((( ))))3 1−−−−  េគបន ៖ 

(((( ))))
(((( ))))(((( )))) (((( ))))
(((( ))))(((( )))) (((( ))))

2 2 2

2 2 2

2 2 2

x x y z 2xyz 2

y z x y z 14 4

z x x y z 14 5

 + + − =+ + − =+ + − =+ + − =


− + + =− + + =− + + =− + + =
 − + + =− + + =− + + =− + + =

 

យក (((( )))) (((( ))))4 5−−−−  របព័នធេទជ៖  

(((( )))) (((( ))))
(((( ))))(((( )))) (((( ))))

(((( ))))

2 2 2

2 2 2

x x y z 2xyz 2 *

y z x y z 14 * *

y 2z x * * *

 + + − =+ + − =+ + − =+ + − =


− + + =− + + =− + + =− + + =
 = −= −= −= −

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យក (((( ))))* * * ជំនួសកនុង (((( ))))*  និង (((( ))))* *  េគបន ៖ 
3 2 2

3 2 2 3
2x 2x z xz 2

2x 6x z 9xz 5z 14
y 2z x

 − + =− + =− + =− + =− + − + =− + − + =− + − + =− + − + =
= −= −= −= −

 

សមមូល     
(((( ))))
(((( ))))

3 2 2

3 2 2 3

2x 2x z xz 2 I

5z 16xz 20x z 16x 0 II
y 2z x

 − + =− + =− + =− + =
 − + + =− + + =− + + =− + + =
 = −= −= −= −

 

េដយ x; z 0≠≠≠≠  េគតង z
t

x
====  េនះ (((( ))))II  េទជ 

3 25t 16t 20t 16 0− + − =− + − =− + − =− + − =  
សមមូល (((( ))))(((( ))))2t 2 5t 6t 8 0 t 2− − + =− − + =− − + =− − + = ⇒⇒⇒⇒ ====  
 ••••េប t 2====  េនះ z 2x====  េហយរបព័នធេទជ៖ 

3 2 22x 2x z xz 2
z 2x
y 2z x

 − + =− + =− + =− + = ====
= −= −= −= −

 

េដះរសយរបព័នធេនះេគបន (((( ))))x 1; y 3; z 2= = == = == = == = = ។ 
 
លហំត់ទី ៨៤៖ េគឲយ (((( )))) n n 1

0 1 n 1 n
f x a x a x ... a x a−−−−

−−−−= + + + += + + + += + + + += + + + +  
ជពហុធមនេមគុណជចំនួនពិតែដល 

0
a 0≠≠≠≠  េផទៀងផទ ត់ 

លកខខ័ណឌ    (((( )))) (((( )))) (((( ))))2 3f x .f 2x f 2x x ; x= + ∀ ∈= + ∀ ∈= + ∀ ∈= + ∀ ∈ℝℝℝℝ។  
បងហ ញថ f  គម នឬសកនុង ℝℝℝℝ។ 
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ដំេណះរសយ៖ 
••••  េប x 0====  េនះ (((( ))))n

a f 0 0= ≠= ≠= ≠= ≠ ពិត 
••••  តង k  ជសនទសសធំបំផុតែដល 

k
a 0≠≠≠≠  េគបន៖ 

     (((( )))) (((( )))) (((( ))))2 n n k

0 k
f x .f 2x a x ... a x −−−−= + + ×= + + ×= + + ×= + + × 

              (((( ))))(((( ))))2 n kn 2n n k

0 k
a 2 x ... a 2 x

−−−−−−−−+ ++ ++ ++ +  

ឬ    (((( )))) (((( )))) (((( )))) (((( ))))3 n k2 2 n 3n 2 n k

0 k
f x .f 2x a 2 x ... a 2 x i

−−−−−−−−= + += + += + += + +  
ម៉យងេទៀត  

(((( )))) (((( )))) (((( ))))n n k
3 3 3

0 k
f 2x x a 2x x ... a 2x x

−−−−
+ = + + + ++ = + + + ++ = + + + ++ = + + + +  

ឬ   (((( )))) (((( ))))3 n 3n n k

0 k
f 2x x a 2 x ... a x ii−−−−+ = + ++ = + ++ = + ++ = + +  

េដយ (((( ))))i ====  (((( ))))ii  េគបន៖ 
(((( ))))3 n kn k n k

k k
a 2 x a x ; x

−−−−− −− −− −− −= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈ℝℝℝℝ  
សមមូល  

k n
n k a a 0==== ⇒⇒⇒⇒ = ≠= ≠= ≠= ≠  

••••  ឧបមថ 
0

x 0≠≠≠≠  ជឬសៃន (((( ))))f x  េនះ (((( ))))0
f x 0====  

    ពិនិតយសវុីតចំនួនពិត (((( ))))n
x  ែដល  3

n 1 n n
x 2x x ; n 0++++ = + ≥= + ≥= + ≥= + ≥  

 ++++ េពល 
0

x 0>>>>  េនះ (((( ))))n
x  េកន f⇒⇒⇒⇒ គម នឬសកនុងR   

 ++++ េពល 
0

x 0<<<<  េនះ (((( ))))n
x  ចុះ f⇒⇒⇒⇒ គម នឬសកនុងR  

    េគដឹងថ (((( )))) (((( )))) (((( ))))2 3f x .f 2x f 2x x ; x= + ∀ ∈= + ∀ ∈= + ∀ ∈= + ∀ ∈R  
    ចំេពះ

0
x 0∀ ≠∀ ≠∀ ≠∀ ≠ េប (((( ))))0

f x 0==== េនះ (((( ))))k
f x 0; k= ∀= ∀= ∀= ∀  
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  ដូេចនះ (((( ))))f x មិនែមនជអនុគមន៍េថរេទ គឺ f ជអនុគមន៍មន  
  nដឺេរកេហយមនឬសេរចនរប់មិនអស់ ែដលផទុយពីករពិត    
  ែដលថពហុធមនnដឺេរកមនឬសយ៉ងេរចន nឬស។ 
 េហតុេនះ f គម នឬសកនុង R េទ។ 
លហំត់ទី ៨៥៖ េគមនសវុីតចំនួនពិត (((( ))))n

x  កំណត់េដយ ៖ 

 
1

2
x

3
====  និង (((( ))))

n
n 1

n

x
x ; n 1

2 2n 1 x 1++++ = ∀ ≥= ∀ ≥= ∀ ≥= ∀ ≥
+ ++ ++ ++ +

 

 គណន 
1 2 2013

A x x ... x= + + += + + += + + += + + + ។ 
ដំេណះរសយ៖ 

ចំេពះរគប់ចំនួនគត់ n  េគបន 
n

x 0>>>>  

េបយក 
n

n

2
y

x
====  េនះ 

1
y 3====  េហយសវុីតេទជ 

(((( ))))
n

n 1

n

2

y2

2y
2 2n 1 1

y
++++

====
+ ++ ++ ++ +

 

 ឬ    (((( )))) (((( ))))n 1 n
y 4 2n 1 y ; n 1 1++++ = + + ∀ >= + + ∀ >= + + ∀ >= + + ∀ >  

 ឬ    
k 1 k

y y 8k 4++++ − = +− = +− = +− = +  

 េគបន ៖ (((( )))) (((( ))))
n 1 n 1

k 1 k
k 1 k 1

y y 8k 4
− −− −− −− −

++++
= == == == =

− = +− = +− = +− = +∑ ∑∑ ∑∑ ∑∑ ∑  

 សមមូល (((( )))) (((( ))))n 1

n 1 n
y y 8 4 n 1

2

−−−−
− = + −− = + −− = + −− = + −  
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េនះ (((( ))))(((( ))))n
y 2n 1 2n 1 ; n 1= − + ∀ ≥= − + ∀ ≥= − + ∀ ≥= − + ∀ ≥  

េហតុេនះ (((( ))))(((( ))))n

n

2 2 1 1
x

y 2n 1 2n 1 2n 1 2n 1
= = = −= = = −= = = −= = = −

− + − +− + − +− + − +− + − +
 

េគបន 
2013 2013

k
k 1 k 1

1 1 1
A x 1

2k 1 2k 1 4027= == == == =

    = = − = −= = − = −= = − = −= = − = −    − +− +− +− +    
∑ ∑∑ ∑∑ ∑∑ ∑  

 ដូេចនះ 4026
A

4027
====  

លហំត់ទី ៨៦៖ រកតៃមលតូចបំផុត និងធំបំផុតៃនអនុគមន៍ 

(((( )))) (((( ))))2f x x 1993 1995 x= + −= + −= + −= + − ។ 

ដំេណះរសយ៖ 
ែដនកំណត់ៃនអនុគមន៍ f  គឺ D 1995; 1995    = −= −= −= −      

(((( ))))f x  ជអនុគមន៍េសស និង (((( ))))f x 0; x 0; 1995    ≥ ∀ ∈≥ ∀ ∈≥ ∀ ∈≥ ∀ ∈      

េហតុេនះ ៖ 
(((( )))) (((( ))))
(((( )))) (((( ))))

x D x 0; 1995

x D x 0; 1995

max f x max f x

min f x max f x

∈∈∈∈     ∈∈∈∈    

∈∈∈∈     ∈∈∈∈    

 ====

 = −= −= −= −


 

ចំេពះ x 0; 1995    ∀ ∈∀ ∈∀ ∈∀ ∈      េគបន៖ 

(((( )))) (((( ))))2f x x 1993 1995 x= + −= + −= + −= + −  

ឬ    (((( )))) (((( ))))2f x x 1993. 1993 1. 1995 x= + −= + −= + −= + −  
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តមវសិមភពកូសីុ-សវ ត (((( ))))Cauchy Schwarz−−−− េនះ 

(((( )))) (((( ))))(((( ))))2f x x 1993 1. 1993 1995 x≤ + + −≤ + + −≤ + + −≤ + + −  

ឬ    (((( )))) 2f x x 1994. 1993 1995 x≤ + −≤ + −≤ + −≤ + −  

ម៉យងេទៀតតមវសិមភព AM GM−−−−  

    (((( )))) (((( ))))2 2x 1993 1995 x
f x 1994. 1994.1994

2

+ + −+ + −+ + −+ + −
≤ =≤ =≤ =≤ =  

ែដលសមភពេកតេឡងេពល ៖ 
2

2

1 1995 x x 1994 0; 1995
x 1993 1995 x

 = −= −= −= −     ⇔ = ∈⇔ = ∈⇔ = ∈⇔ = ∈     = + −= + −= + −= + −
 

ដូេចនះ (((( )))) (((( ))))
x D x 0; 1995

max f x max f x 1994 1994
∈∈∈∈     ∈∈∈∈    

= == == == =  

   (េកតេឡងេពល x 1994==== ) 

  (((( )))) (((( ))))
x D x 0; 1995

min f x max f x 1994 1994
∈∈∈∈     ∈∈∈∈    

= − = −= − = −= − = −= − = −  

   (េកតេឡងេពល x 1994==== ) 
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លហំត់ទី ៨៧៖ រកេលខបីខទង់ n abc====  ែដល 2n 3a!b!c!==== ។ 
ដំេណះរសយ៖  
ពី 2n 3a!b!c!====  េនះ n  រតូវែចកដច់នឹង (((( ))))3 i  
េហតុេនះ 102 n 999≤ ≤≤ ≤≤ ≤≤ ≤ ។ 

េដយ 102 n 999≤ ≤≤ ≤≤ ≤≤ ≤ េនះ 2
68 abc 666

3
≤ ≤≤ ≤≤ ≤≤ ≤  

សមមូលនឹង  68 a!b!c! 666≤ ≤≤ ≤≤ ≤≤ ≤  
 ••••េពល a!b!c! 666≤≤≤≤  េនះខទង់នីមួយៗរតូវតូចជង 6  
  (េរពះ 6! 720 666= >= >= >= > ) 
 ••••េពល 68 a!b!c!≤≤≤≤ េនះ 
  ខទង់នីមួយៗរតូវ 2≥≥≥≥  
  ឬ ពីរខទង់េលខេសម 1; 2 ឬមួយខទង់រតូវ 4≥≥≥≥    ⇒⇒⇒⇒  
  ឬ ពីរខទង់េលខ 3≥≥≥≥ (េនះខទង់រយរតូវេសម2) 
 a!b!c!ែចកដច់នឹង 8  ⇒⇒⇒⇒nែចកដច់នឹង 4     (((( ))))ii  
តម (((( ))))i និង (((( ))))ii  េគបន n abc==== ែចកដច់នឹង 3 ឬ 4  
 េហយ 0 a; b; c 5< ≤< ≤< ≤< ≤  
េដយ n abc====  ជចំនួនគូ េនះcក៏ជចំនួនគូែដរ ឬ {{{{ }}}}c 2; 4∈∈∈∈  
 ++++ េប c 2====  េនះ bc  ែចកដច់នឹង 4  
  (េរពះ abc  ែចកដច់នឹង 4 ) 
    េហតុេនះ {{{{ }}}}b 1; 3; 5∈∈∈∈  និង {{{{ }}}}bc 12; 32; 52∈∈∈∈  
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  េគបន (((( ))))n abc 312; 432; 252 *= == == == =  
 ++++ ដូចគន ែដរ េប c 4====  េនះ {{{{ }}}}b 2; 4∈∈∈∈  និង  
  {{{{ }}}}bc 24; 44∈∈∈∈  
    ែត nែចកដច់នឹង 3 េនះ a b c+ ++ ++ ++ + រតូវែចកដច់នឹង3 
    េគបន (((( ))))n abc 324; 144 *= == == == =  
ម៉យងេទៀត a!b!c! ែចកដច់នឹង 8  េនះតម (((( ))))*  និង (((( ))))* *  
 តរមូវឲយ n abc 432= == == == =  
លហំត់ទី ៨៨៖ រកេលខបីខទង់ abc  ែដលេផទៀងផទ ត់៖ 

2abc bca cab= += += += +  
ដំេណះរសយ៖  
ពី 2abc bca cab= += += += +  េគបន៖ 

(((( )))) (((( ))))2 100a 10b c 100b 10c a+ + = + ++ + = + ++ + = + ++ + = + +  
       (((( ))))100c 10a b+ + ++ + ++ + ++ + +  

ឬ    (((( ))))7a 3b 4c 1= += += += +  
••••  េប a b==== េនះតម (((( ))))1 េគបន a b c= == == == =   

ែដល {{{{ }}}}a; b; c 1; 2;....; 9∈∈∈∈  
េហតុេនះចេមលយៃន (((( ))))1 គឺ abc 111; 222;....; 999====  

••••  េប a b c≠ ≠≠ ≠≠ ≠≠ ≠  េនះ (((( )))) a b 4
1

c a 3

−−−−⇔ =⇔ =⇔ =⇔ =
−−−−

 

 ែដល {{{{a b 4k ; k
c a 3k

− =− =− =− = ∈∈∈∈− =− =− =− = ℤℤℤℤ  េនះ c b 7k− =− =− =− =   
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  េដយ c b 10− <− <− <− < េនះតរមូវឲយ k 1= ±= ±= ±= ±  

 ++++ េប k 1==== េនះ {{{{ {{{{a b 4 b a 4 0 4 a 6
c a 3 a c 3 6

− = = − ≥− = = − ≥− = = − ≥− = = − ≥⇒ ⇒⇒ ⇒⇒ ⇒⇒ ⇒ ≤ ≤≤ ≤≤ ≤≤ ≤− = = − ≤− = = − ≤− = = − ≤− = = − ≤  

     ឬ  a 4;5;6==== និង b 0;1;2====  និង c 7;8;9====  េរៀងគន  
     ដូេចនះabc 407; 518; 629====  
 ++++  ដូចគន  េប k 1= −= −= −= −  េនះ abc 307; 481; 592====  
សរបុមក មន(((( ))))1  មនចេមលយ 15េផសងគន ដូចបនបងហ ញ។ 
 
 

រកុមគណិតវទិយអននតេយងខញុំ 
មនទទួលបេរងៀនសសិសដលេ់គហដឋ ន 

េនភនំេពញទំនក់ទំនង 
ទូរសព័ទ៖ ០៩៧ ៩៨ ៩៣ ៣៦៥ 

         ០៩២ ៧៤ ៨៣ ៦៨ 
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លហំត់ទី ៨៩៖ េគមនពហុធមនេមគុណ 
i

a ; 0 i n≤ ≤≤ ≤≤ ≤≤ ≤  
(((( )))) n n 1

0 1 n 1 n
P x a x a x ... a x a ; n 3−−−−

−−−−= + + + + ≥= + + + + ≥= + + + + ≥= + + + + ≥ ។ ឧបម 

ថ (((( ))))P x  មន n  ឬស និង 
2

0 1 2

n n
a 1; a n; a

2

−−−−= = − == = − == = − == = − = ។ 

ចូរកំណត់េមគុណ 
i

a  ចំេពះរគប់ i 3≥≥≥≥ ។ 
ដំេណះរសយ ៖ 
តង 

1 2 n
x ;x ;....;x ជ n  ឬសៃនពហុធ (((( ))))P x  

តមរទឹសតីបទែវយត ចំេពះ (((( ))))P x  េគបន៖ 
n

i
i 1

x n
====

====∑∑∑∑   និង  
i j

2n

i j
i; j 1

n n
x x

2
<<<<
====

−−−−====∑∑∑∑   

េនះ   
i j

2
n n n

2 2 2

i i i j
i 1 i 1 i; j 1

x x 2 x x n n n n

<<<<
= = == = == = == = =

    
= − = − + == − = − + == − = − + == − = − + =    
    

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  

 

និង (((( ))))
n n n

2 2

i i i
i 1 i 1 i 1

x 1 x 2 x n n 2n n 0
= = == = == = == = =

− = − + = − + =− = − + = − + =− = − + = − + =− = − + = − + =∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  

េនះរគប់ i 1;2;...;n====  (((( ))))2

i i
x 1 0 x 0− = ⇔ =− = ⇔ =− = ⇔ =− = ⇔ =  

េគបន៖   (((( )))) (((( ))))2
P x x 1= −= −= −= −  

េហយ  (((( )))) (((( ))))k

k
a 1 .C n; k ; k 0;1;...;n= − == − == − == − =  

ដូេចនះ (((( )))) (((( ))))k

k
a 1 .C n; k ; k 0;1;...;n= − == − == − == − = ។ 
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លហំត់ទី ៩០៖ ចំេពះរគប់ចំនួនគត់ n 1>>>> និងp 1; p> ∈> ∈> ∈> ∈R 

េប 
n

i
i 1

x p
====

====∑∑∑∑  ែដល 
i

x 0>>>>  រកតៃមលធំបំផុតៃន 
n 1

i i 1
i 1

A x x
−−−−

++++
====

====∑∑∑∑ ។ 

ដំេណះរសយ៖ 
តង {{{{ }}}}k 1 2 n

x max x ; x ;...;x====  

េនះ  
n 1 k 1 n 1

i i 1 i i 1 i i 1
i 1 i 1 i k

x x x x x x
− − −− − −− − −− − −

+ + ++ + ++ + ++ + +
= = == = == = == = =

= += += += +∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  

      
k 1 n 1

k i k i
i 1 i k

x x x x
− −− −− −− −

= == == == =

≤ +≤ +≤ +≤ +∑ ∑∑ ∑∑ ∑∑ ∑  

       (((( ))))
2

k k

p
x p x

4
= − ≤= − ≤= − ≤= − ≤  

សមភពេកតេឡងេពល 
1 2 3 n

p
x x ; x ... x 0

2
= = = = == = = = == = = = == = = = = ។ 

ដូេចនះ  
2p

max A
4

==== ។  

 
លហំត់ទី ៩១៖ រករគប់ចំនួនគត់ n 1>>>>  ែដល

i
x ; i 1;...;n∀ =∀ =∀ =∀ =  

(((( ))))
n n 1

2

i n i
i 1 i 1

x x . x 1
−−−−

= == == == =

≥≥≥≥∑ ∑∑ ∑∑ ∑∑ ∑  

ដំេណះរសយ៖  
••••  ករណីពិេសសករណីពិេសសករណីពិេសសករណីពិេសស    ៖  ៖  ៖  ៖  េប 

1 n 1
x ... x 1−−−−= = == = == = == = =  និង 

n
x 2====  

(((( ))))1  េទជ៖   
n 1 n 1

2 2

i n n i
i 1 i 1

x x x x
− −− −− −− −

= == == == =

+ ≥+ ≥+ ≥+ ≥∑ ∑∑ ∑∑ ∑∑ ∑  
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សមមូលនឹង  (((( )))) (((( ))))n 1 4 2 n 1− + ≥ −− + ≥ −− + ≥ −− + ≥ −  
 េហតុេនះ n 5≤≤≤≤  
••••  ករណីករណីករណីករណីទូេទទូេទទូេទទូេទ    ៖ ៖ ៖ ៖     
(((( )))) (((( )))) (((( ))))2 2 2

n 1 n 1 n 1 n 1 n
1 x x ... x x x ... x 0; x− −− −− −− −⇔ − + + + + + ≥ ∀⇔ − + + + + + ≥ ∀⇔ − + + + + + ≥ ∀⇔ − + + + + + ≥ ∀     

មន (((( )))) (((( )))) (((( ))))2 2 2

1 n 1 1 n 1
x ... x 4 x ... x 0 2− −− −− −− −∆ = + + − + + ≤∆ = + + − + + ≤∆ = + + − + + ≤∆ = + + − + + ≤  

ម៉យងេទៀត តមវសិមភពកូសីុ-សវ ត (((( ))))Cauchy Schwarz−−−−  
យកេមគុណ 

1 n 1
x ;...;x −−−−  និង 





n times

1;...;1 េនះ 

(((( )))) (((( )))) (((( ))))22 2 2 2

1 n 1 1 n
1 ... 1 x ... x 1.x ... 1.x−−−−+ + + + ≥ + ++ + + + ≥ + ++ + + + ≥ + ++ + + + ≥ + +  

ឬ  (((( ))))(((( )))) (((( ))))22 2

1 n 1 1 n 1
n 1 x ... x x ... x− −− −− −− −− + + ≥ + +− + + ≥ + +− + + ≥ + +− + + ≥ + +  

ឬ  (((( )))) (((( ))))(((( )))) (((( ))))2 2 2

1 n 1 1 n
x ... x n 1 x ... x 0 3−−−−+ + − − + + ≤+ + − − + + ≤+ + − − + + ≤+ + − − + + ≤  

តម (((( ))))2  និង (((( ))))3  េគបន៖ 
 n 1 4− ≤− ≤− ≤− ≤   ឬ  n 5≤≤≤≤  
ដូេចនះ n 1; 2; 3; 4==== ។ 
 
លហំត់ទី ៩២៖ រករគប់ពហុធ (((( ))))P x  មនេមគុណជចំនួនពិត 
ែដលេផទៀងផទ ត់ ៖ 

(((( )))) (((( )))) (((( )))) (((( )))) (((( )))) 2
2 21 : P x x 3P x P x P x 2x ; x            + + − = + ∀+ + − = + ∀+ + − = + ∀+ + − = + ∀              
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ដំេណះរសយ ៖ 
តម (((( ))))1  េយងបន degP 0>>>>  
••••  ករណីទីករណីទីករណីទីករណីទី១១១១៖ degP 1====  េនះ (((( ))))P x ax b; a 0= + ≠= + ≠= + ≠= + ≠  

(((( )))) (((( )))) (((( ))))2 2 21 a 3a 2 x 2b a 2 x b b 0; x⇔ − + + − + − = ∀⇔ − + + − + − = ∀⇔ − + + − + − = ∀⇔ − + + − + − = ∀  
េហតុេនះ (((( )))) (((( )))) (((( ))))a; b 0; 0 ; 2; 0==== និង (((( ))))2; 1  
េហយ (((( )))) (((( )))) (((( ))))P x x; P x 2x; P x 2x 1= = = += = = += = = += = = + េរៀងគន  
••••  ករណីទីករណីទីករណីទីករណីទី១១១១៖ degP n 2= ≥= ≥= ≥= ≥   
េនះ (((( )))) (((( ))))nP x ax Q x= += += += +  ែដល a 0≠≠≠≠ និង (((( ))))deg Q x k n= <= <= <= <  
(((( )))) (((( )))) (((( )))) (((( )))) (((( ))))2

2 2n 2 n1 a a x Q x Q x 2ax .Q x    ⇔ − + − +⇔ − + − +⇔ − + − +⇔ − + − +      
       (((( )))) (((( )))) (((( )))) (((( ))))n n 1 23 1 ax 3Q x Q x x 2x ; x *++++         = + − + + − − ∀= + − + + − − ∀= + − + + − − ∀= + − + + − − ∀        

 
េដយដឺេរកពហុធអងគខងសត ំ n 1; n 1 2n= + + <= + + <= + + <= + + <  
េនះ (((( ))))2a a 0 a 1 a 0− =− =− =− = ⇒⇒⇒⇒ = ≠= ≠= ≠= ≠  
ដូេចនះ (((( )))) (((( )))) (((( )))) (((( ))))2

n 2* 2x Q x Q x Q x    ⇔ + − =⇔ + − =⇔ + − =⇔ + − =      
    (((( )))) (((( )))) (((( ))))n n 1 23 1 x 3Q x Q x x 2x ; x++++         = + − + + − − ∀= + − + + − − ∀= + − + + − − ∀= + − + + − − ∀        

 
េដយដឺរកពហុធអងគខងេឆវង n k= += += += +  និងដឺេរកពហុធអងគ 
ខងសត ំ n 1= += += += +  េគទញបន k 1====  ឬ (((( ))))deg Q x 1====  
ម៉យងេទៀត េពល x 0====  េនះ (((( ))))(((( )))) (((( ))))2

Q 0 Q 0 0− =− =− =− =  
សមមូល (((( ))))Q 0 0====  ឬ (((( ))))Q 0 1====  
េនះ (((( ))))Q x មនរង ax  ឬ ax 1++++  
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∴∴∴∴េប (((( ))))Q x ax====  េគបន៖ 
(((( )))) (((( ))))n n 1 2 23 1 2a x a 3a 2 x 0; x++++    + − − − − + = ∀+ − − − − + = ∀+ − − − − + = ∀+ − − − − + = ∀

    
 

  (((( ))))n

2

3 1 2a 0

a 3a 2 0

 + − − =+ − − =+ − − =+ − − =⇔⇔⇔⇔  − + =− + =− + =− + =
 

 េគបន៖ a 1====  េប n  េសស និង a 2====  េប n  គូ 
ដូេចនះ (((( )))) (((( ))))2n 1 2nP x x x; P x x 2x++++= + = += + = += + = += + = +  
∴∴∴∴េប (((( ))))Q x ax 1= += += += +  េគបន៖ 

(((( )))) (((( )))) (((( ))))n n n 2 23 1 2a x 1 2x a 3a 2 x 2 a 2 x 0    + − − + − − − + − − =+ − − + − − − + − − =+ − − + − − − + − − =+ − − + − − − + − − =
    

 
 មិនអចេកតមនបន 

សរបុមក (((( )))) (((( )))) (((( ))))2n 2n 1P x x; P x x 2x; P x x x; n 0++++= = + = + ≥= = + = + ≥= = + = + ≥= = + = + ≥  
 
លហំត់ទី ៩៣៖ ចំេពះចំនួនពិត 

1 n
; ... ; 0;α α ∈ πα α ∈ πα α ∈ πα α ∈ π        េផទៀងផទ ត់ 

(((( ))))
n

i
i 1

1 cos
====

+ α+ α+ α+ α∑∑∑∑ ជចំនួនគត់េសស។  

ចូររសយបញជ ក់ថ៖ 
n

i
i 1

S sin 1
====

= α ≥= α ≥= α ≥= α ≥∑∑∑∑ ។ 

ដំេណះរសយ៖  
តមសមមតិកមម ៖  (((( ))))i

1 cos 0 i 1; ...; n+ α ≥ =+ α ≥ =+ α ≥ =+ α ≥ =  

េនះ (((( ))))
n n

2 i
i

i 1 i 1

1 cos 2 cos 2M 1
2= == == == =

αααα
+ α = = ++ α = = ++ α = = ++ α = = +∑ ∑∑ ∑∑ ∑∑ ∑   

 ែដល M ជចំនួនគត់វជិជមន 
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ម៉យងេទៀត 

ចំេពះ 
2

2

sin x; x 0;
4

x 0; sinx.cosx
2

cos x; x ;
4 2

 ππππ    ≥ ∈≥ ∈≥ ∈≥ ∈     ππππ          ∈∈∈∈ ⇒⇒⇒⇒      π ππ ππ ππ π         ≥ ∈≥ ∈≥ ∈≥ ∈          

 

ឧបមថ 
1 n

...α ≤ ≤ αα ≤ ≤ αα ≤ ≤ αα ≤ ≤ α  េនះ
0

k∃∃∃∃ េផទៀងផទ ត់ 
n n

i i
i

i 1 i 1

S sin 2 sin .cos
2 2= == == == =

α αα αα αα α
= α == α == α == α =∑ ∑∑ ∑∑ ∑∑ ∑  

   
0

0

k n
2 2i i

i 1 i k 1

2 sin 2 cos A B
2 2= = += = += = += = +

α αα αα αα α
≥ + = +≥ + = +≥ + = +≥ + = +∑ ∑∑ ∑∑ ∑∑ ∑  

ែដល A; B 0≥≥≥≥  
••••ករណីទីករណីទីករណីទីករណីទី១១១១ B 1 S 1≥≥≥≥ ⇒⇒⇒⇒ ≥≥≥≥  ពិត 
••••ករណទីករណទីករណទីករណទី២២២២ B 1<<<<  េគបន៖ 

0 0k k
2 2i i

i 1 i 1

A 2 sin 2 1 cos
2 2= == == == =

α αα αα αα α    = = −= = −= = −= = −    
    

∑ ∑∑ ∑∑ ∑∑ ∑  

 ឬ     (((( ))))
0k

2 i
0 0

i 1

A 2k 2 cos 2k 2M 1 B
2====

αααα
= − = − + −= − = − + −= − = − + −= − = − + −∑∑∑∑  

 ែត A 0≥≥≥≥  េនះ 
0

2k 2 1 B≥ < + −≥ < + −≥ < + −≥ < + −    
និង B 1<<<< េនះ 2M 1 B 2M+ − >+ − >+ − >+ − >  
ឬ  

0 0
k M k M 1> ⇔ ≥ +> ⇔ ≥ +> ⇔ ≥ +> ⇔ ≥ +  ឬ 

0
2k 2M 2≥ +≥ +≥ +≥ +  

េដយ B 0≥≥≥≥  េនះ (((( ))))0
S A B 2k 2M 1 B B≥ + = − + − +≥ + = − + − +≥ + = − + − +≥ + = − + − +  

 ឬ (((( ))))0
S 2k 2M 1 2B 1 2B 1≥ − + + ≥ + ≥≥ − + + ≥ + ≥≥ − + + ≥ + ≥≥ − + + ≥ + ≥  ពិត 

⇒⇒⇒⇒ 0
2k 2M>>>>   
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លហំតទ់ី ៩៤៖ គណនេដយមិនេរបម៉សីុនគិតេលខនូវតៃមល 

2 2 2 2

1 1 1 1
A

cos 10 sin 20 sin 40 cos 45
= + + −= + + −= + + −= + + −

� � � �� � � �� � � �� � � �
 

ដំេណះរសយ៖  

េដយ 
2 2

1 1

cos 10 sin 80
====

� �� �� �� �
 

 
(((( ))))2

2 2 2

2 1 cos401 4cos 20

sin 20 sin 40 sin 40

++++
= == == == =

��������

� � �� � �� � �� � �
 

   
(((( )))) 2

2

2 1 cos40 .4.cos 40

sin 80

++++
====

� �� �� �� �

����
 

 និង 
2

2 2

1 4cos 40

sin 40 sin 80
====

����

� �� �� �� �
 

េនះ 
(((( )))) 2 2

2

1 2 1 cos40 .4.cos 40 4.cos 40
A

sin 80

+ + ++ + ++ + ++ + +
====

� � �� � �� � �� � �

����
 

 
(((( )))) 2

2

1 3 2cos40 .4.cos 40
A

cos 10

+ ++ ++ ++ +
====

� �� �� �� �

����
 

ម៉យងេទៀត  
(((( ))))

(((( )))) (((( ))))
21 3cos40 .4.cos 40

1 3 2cos40 .2 1 cos80

++++
= + + += + + += + + += + + +

� �� �� �� �

� �� �� �� �
 

     (((( ))))1 6 4cos40 6cos80 4cos40 cos80= + + + += + + + += + + + += + + + +� � � �� � � �� � � �� � � �  
     (((( ))))1 6 4cos40 6cos80 2 cos120 cos40    = + + + + += + + + + += + + + + += + + + + +    

� � � �� � � �� � � �� � � �  

     6 6cos40 6cos80= + += + += + += + +� �� �� �� �  



គណិតវទិយអននត  ថន ក់ទី១២  

139 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

(((( )))) 21 3cos40 .4.cos 40 6 6.2.cos60 .cos20+ = ++ = ++ = ++ = +� � � �� � � �� � � �� � � �  
         (((( )))) 26 1 cos20 12cos 10= + == + == + == + =� �� �� �� �  
ដូេចនះ A 12 2 10= − == − == − == − =  
 
លហំត់ទី ៩៥៖ ចំេពះចំនួនគត់ n 2≥≥≥≥  និង 

i i
a ;b ∈∈∈∈R  ែដល 

i i n≤ ≤≤ ≤≤ ≤≤ ≤  េផទៀងផទ ត់ 
n n

2 2

i i
i 1 i 1

a 1; b ;
= == == == =

====∑ ∑∑ ∑∑ ∑∑ ∑   និង 
n

i i
i 1

a b 0
====

====∑∑∑∑ ។ 

បងហ ញថ 
2 2

n n

i i
i 1 i 1

a b n
= == == == =

            
+ ≤+ ≤+ ≤+ ≤            

            
∑ ∑∑ ∑∑ ∑∑ ∑ ។ 

ដំេណះរសយ៖  

តង 
n

i
i 1

A a
====

====∑∑∑∑  និង 
n

i
i 1

B b
====

====∑∑∑∑  េគបន៖ 

(((( ))))
n

2

i i
i 1

0 1 Aa Bb
====

≤ − −≤ − −≤ − −≤ − −∑∑∑∑  

ឬ  (((( ))))
n

2 2 2 2

i i i i i i
i 1

0 1 A a B b 2Aa 2Bb 2ABa b
====

≤ + + − − +≤ + + − − +≤ + + − − +≤ + + − − +∑∑∑∑  

ឬ
n n n n n n

2 2 2 2

i i i i i i
i 1 i 1 i 1 i 1 i 1 i 1

0 1 A a B b 2A a 2B b 2AB a b
= = = = = == = = = = == = = = = == = = = = =

≤ + + − − +≤ + + − − +≤ + + − − +≤ + + − − +∑ ∑ ∑ ∑ ∑ ∑∑ ∑ ∑ ∑ ∑ ∑∑ ∑ ∑ ∑ ∑ ∑∑ ∑ ∑ ∑ ∑ ∑  

ឬ (((( ))))2 2 2 2 2 20 1 A B 2A 2B 0 n A B≤ + + − − + = − +≤ + + − − + = − +≤ + + − − + = − +≤ + + − − + = − +  
េហតុេនះ 2 2A B n+ ≤+ ≤+ ≤+ ≤  ពិត 

ដូេចនះ 
2 2

n n

i i
i 1 i 1

a b n
= == == == =

            
+ ≤+ ≤+ ≤+ ≤            

            
∑ ∑∑ ∑∑ ∑∑ ∑ ។ 
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លហំត់ទី ៩៦៖ េគឲយចំនួនពិត  
1 2 n

a ;a ;....;a ; n 1>>>>  

ែដលេផទៀងផទ ត់ 
2

n n
2

i i
i 1 i 1

1
A a a

n 1= == == == =

    
+ <+ <+ <+ <     −−−−     
∑ ∑∑ ∑∑ ∑∑ ∑ ។ បងហ ញថ ៖ 

រគប់1 i j n≤ < ≤≤ < ≤≤ < ≤≤ < ≤  េនះ 
i j

A 2a a<<<< ។ 
ដំេណះរសយ៖ 
តមវសិមភពកូសីុ-សវ ត េគយកេមគុណ 

(((( ))))(((( ))))1 i 1 i 1 j 1 j 1 n i j
a ;...;a ;a ;...;a ;a ;...;a ; a a− + − +− + − +− + − +− + − + ++++ និង (((( ))))1;...;1  

និង ចំេពះរគប់ 1 i j k≤ < ≤≤ < ≤≤ < ≤≤ < ≤  េគបន៖ 

(((( ))))2

1 i 1 i i 1 j 1 j j 1 n
a ... a a a ... a a a ... a− + − +− + − +− + − +− + − ++ + + + + + + + + ++ + + + + + + + + ++ + + + + + + + + ++ + + + + + + + + +  

(((( ))))(((( ))))2

1 i 1 i 1 j 1 j 1 n i j
a ... a a ... a a ... a a a− + − +− + − +− + − +− + − += + + + + + + + + + += + + + + + + + + + += + + + + + + + + + += + + + + + + + + + +      

(((( )))) (((( ))))(((( ))))2
2 2 2 2 2 2 2 2

1 i 1 i 1 j 1 j 1 n i j
1 ... 1 a ... a a ... a a ... a a a− + − +− + − +− + − +− + − +≤ + + + + + + + + + + + +≤ + + + + + + + + + + + +≤ + + + + + + + + + + + +≤ + + + + + + + + + + + +

ឬ  (((( ))))
2

n n
2

i i i j
i 1 i 1

a n 1 a 2a a
= == == == =

            
≤ − +≤ − +≤ − +≤ − +            

            
∑ ∑∑ ∑∑ ∑∑ ∑  ែដល 1 i j k≤ < ≤≤ < ≤≤ < ≤≤ < ≤  

ឬ  
2

n

i
i 1

1
a

n 1 ====

    
≤≤≤≤    −−−−     

∑∑∑∑
n

2

i i j
i 1

a 2a a ; 1 i j n
====

+ ∀ ≤ < ≤+ ∀ ≤ < ≤+ ∀ ≤ < ≤+ ∀ ≤ < ≤∑∑∑∑  

ែតតមសមមតិកមម 
2

n n
2

i i
i 1 i 1

1
A a a

n 1= == == == =

    
+ <+ <+ <+ <     −−−−     
∑ ∑∑ ∑∑ ∑∑ ∑  

េគបន៖ 
n

2

i
i 1

A a
====

+ <+ <+ <+ <∑∑∑∑
n

2

i i j
i 1

a 2a a
====

++++∑∑∑∑  

ដូេចនះ A <<<< i j
2a a ចំេពះ 1 i j n∀ ≤ < ≤∀ ≤ < ≤∀ ≤ < ≤∀ ≤ < ≤ ។ 
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លហំត់ទី ៩៧៖ រគប់ឬសៃនពហុធ (((( )))) n n 1

n 1 0
P x X a X ... a−−−−

−−−−= + + += + + += + + += + + +  

សុទធែតេនចេនល ះ]0; 1[។ េប n 3≥≥≥≥  រសយថ 
n 2

k
k 0

S k.a 0
−−−−

====

= >= >= >= >∑∑∑∑ ។ 

ដំេណះរសយ៖ 
េប 

1 2 n
x ;x ;...;x ]0; 1[∈∈∈∈  ជឬសៃន (((( ))))P x  េគបន៖ 

(((( )))) (((( ))))(((( )))) (((( ))))n n 1

n 1 0 1 2 n
P x X X a ... a X x X x ... X x−−−−

−−−−= + + + = − − −= + + + = − − −= + + + = − − −= + + + = − − −  
េហតុេនះ 

(((( )))) (((( )))) (((( ))))
n 2

n 1 n 2 i 1

n 1 i
i 1

P' x nX n 1 a X i.a .X 1
−−−−

− − −− − −− − −− − −
−−−−

====

= + − += + − += + − += + − +∑∑∑∑  

និង (((( )))) (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))1 n 1 1 n 2 n
P' x X x ... X x X x ... X x X x− −− −− −− −= − − + − − −= − − + − − −= − − + − − −= − − + − − −  

    (((( )))) (((( )))) (((( ))))2 n
... X x ... X x 2+ + − −+ + − −+ + − −+ + − −  

តម (((( ))))1  និង(((( ))))2  េហយ ជំនួស X 1==== េគបន៖ 
(((( )))) (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))n 1 1 n 1 1 n 2 n

n n 1 a S 1 x ... 1 x 1 x ... 1 x 1 x− − −− − −− − −− − −+ − + = − − + − − −+ − + = − − + − − −+ − + = − − + − − −+ − + = − − + − − −  
     (((( )))) (((( )))) (((( ))))2 n

... 1 x ... 1 x 3+ + − −+ + − −+ + − −+ + − −  

 ែដលកនុងេនះ 
n 2

i
i 0

S i.a
−−−−

====

====∑∑∑∑  

ម៉យងេទៀត 
1 2 n 1

y ;y ;...;y ]0; 1[−−−−∀ ∈∀ ∈∀ ∈∀ ∈ េយងនឹងរសយថ៖ 
តមកំេណ ន     (((( )))) (((( )))) (((( ))))1 n 1 1 n 1

1 y ... 1 y 1 y ... y 4− −− −− −− −− − > − − −− − > − − −− − > − − −− − > − − −   
   ••••  េប n 3====  េនះ (((( )))) (((( )))) (((( ))))1 2 3 1 2 3

1 y 1 y 1 y 1 y y y− − − > − − −− − − > − − −− − − > − − −− − − > − − − ពិត 
   ••••  ឧបមថ (((( ))))4 ពិតរហូតដល់ n k====  គឺ 

(((( )))) (((( ))))1 k 1 k
1 y ... 1 y 1 y ... y− − > − − −− − > − − −− − > − − −− − > − − −  

   ••••  េយងនឹងរសយថ (((( ))))4  ពិតដល់n k 1= += += += +  
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 (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))1 k k 1 1 k k 1
1 y ... 1 y 1 y 1 y ... y 1 y+ ++ ++ ++ +− − − > − − − −− − − > − − − −− − − > − − − −− − − > − − − −  

         
1 k k 1

1 y ... y y ++++> − − − −> − − − −> − − − −> − − − −  ពិត 
ដូេចនះតម (((( ))))3  និង (((( ))))4  េគបន ៖ 

(((( ))))(((( )))) (((( ))))(((( ))))1 n 1 n
n n 1 x ... x S n n 1 x ... x S 0− − + + + > − − + +− − + + + > − − + +− − + + + > − − + +− − + + + > − − + + ⇒⇒⇒⇒ >>>>  

ដូេចនះ 
n 2

k
k 0

S k.a 0
−−−−

====

= >= >= >= >∑∑∑∑ ។ 

 
លហំត់ទី ៩៨៖ រករគប់អនុគមន៍ f : →→→→R R  ែដលេផទៀងផទ ត់៖ 

(((( ))))(((( )))) (((( )))) (((( )))) (((( ))))(((( ))))x;y , f x f y f x xf y f f y 1∀ ∈ − = + + −∀ ∈ − = + + −∀ ∈ − = + + −∀ ∈ − = + + −R ។ 
ដំេណះរសយ៖ 
តមសមមតិកមម x;y ,∀ ∈∀ ∈∀ ∈∀ ∈R  

(((( ))))(((( )))) (((( )))) (((( )))) (((( ))))(((( )))) (((( ))))f x f y f x xf y f f y 1 i− = + + −− = + + −− = + + −− = + + −  
••••  យក (((( ))))x f y==== េនះ (((( ))))i  េទជ៖ 

(((( )))) (((( ))))(((( )))) (((( ))))(((( )))) (((( ))))(((( ))))2

f 0 f f y f y f f y 1= + + −= + + −= + + −= + + −  

េនះ (((( ))))(((( )))) (((( ))))(((( )))) (((( ))))
2

a 1 f x
f f x ; x ii

2

+ −+ −+ −+ −
= ∀= ∀= ∀= ∀   

ែដល (((( ))))a f 0====  
••••យក (((( ))))x f x====  ជំនួសកនុង (((( ))))ii  េនះ x; y∀ ∈∀ ∈∀ ∈∀ ∈R  េគបន៖ 
       (((( )))) (((( ))))(((( )))) (((( ))))(((( )))) (((( )))) (((( )))) (((( ))))(((( ))))f f x f y f f x f x .f y f f y 1− = + + −− = + + −− = + + −− = + + −  

ឬ  (((( )))) (((( ))))(((( )))) (((( )))) (((( ))))(((( )))) (((( ))))21
f f x f y a f x f y iii

2
− = − −− = − −− = − −− = − −  
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េយងនិងបងហ ញថ (((( )))) (((( ))))f x f y m− =− =− =− =  រគប់ m∈∈∈∈R  
••••  យក 

0
y y====  និង (((( ))))0

f y b 0= ≠= ≠= ≠= ≠  ជំនួសកនុង (((( ))))i   
( េរពះេបគម ន 

0
y y====  េនះ f ជអនុគមន៍េថរ ែដលមិន 

          េផទៀងផទ ត់លកខខណឌ (((( ))))i ) 
េនះ  (((( ))))(((( )))) (((( )))) (((( )))) (((( ))))(((( ))))0 0 0 0 0 0

f x f y f x x f y f f y 1− = + + −− = + + −− = + + −− = + + −  

ឬ   (((( )))) (((( )))) (((( ))))
2

0 0 0

a 1 b
f x b f x bx iv

2

− −− −− −− −− − = +− − = +− − = +− − = +  

េដយ 
0

x ∈∈∈∈R  េនះ 
2

0

a 1 b
m bx

2

− −− −− −− −= + ∈= + ∈= + ∈= + ∈R  

••••  យក 
0

x x b= −= −= −= −  និង 
0

y x====  េនះ (((( ))))iii  និង(((( ))))iv  េគបន ៖ 

  (((( ))))
2m

f m a ; x
2

= − ∀ ∈= − ∀ ∈= − ∀ ∈= − ∀ ∈R  

••••  ជំនួស (((( ))))f x  េដយ 
2x

a
2

−−−−  កនុង (((( ))))ii  េគបន (((( ))))a f 0 1= == == == =  

    ដូេចនះ   (((( ))))
2x

f x 1 ; x
2

= − ∀ ∈= − ∀ ∈= − ∀ ∈= − ∀ ∈R  

 
លហំតទ់ី ៩៩៖ េគមនចំនួនគត់វជិជមន 

1 2 n
a a ... a< < << < << < << < <  

ែដលេផទៀងផទ ត់ 
n

i 1 i

1
1

a====

≤≤≤≤∑∑∑∑  ។ បងហ ញថរគប់ចំនួនពិត x 0>>>>  

េគបន (((( ))))
2

n

2
i 1 1 1i

1 1 1

2 a a 1 xa x====

    
≤≤≤≤     − +− +− +− +++++    

∑∑∑∑ ។ 
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ដំេណះរសយ៖  
តមវសិមភព កូសីុ-សវ ត េគមន៖ 

(((( )))) (((( ))))
2

n n n n
i i

2 2 2
2 2

i 1 i 1 i 1 i 1ii
i i

a a1 1

aa x a x a x= = = == = = == = = == = = =

                 ≤ ≤≤ ≤≤ ≤≤ ≤             ++++          + ++ ++ ++ +    

∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑  

ដូេចនះេគរគន់ែតរសយថ 
(((( )))) (((( ))))

n
i

2
2

i 1 1 1
i

a 1 1

2a a 1 xa x====

≤≤≤≤
− +− +− +− +++++

∑∑∑∑  

++++ េដយ (((( )))) (((( )))) (((( )))) (((( ))))2 2
2 2 2 2 2

i i i i i i i
a a x a a x a x a a x− + + + ≤ + − ≤ +− + + + ≤ + − ≤ +− + + + ≤ + − ≤ +− + + + ≤ + − ≤ +  

េនះ 
(((( )))) (((( )))) (((( ))))

i i
2 2 22

i i i ii

2a 2a

a a x a a xa x
≤≤≤≤

− + + +− + + +− + + +− + + +++++
 

    
2 2

i i i i

1 1

a a x a a x
= −= −= −= −

− + + +− + + +− + + +− + + +
 

        
2 2

i i i 1 i 1

1 1

a a x a a x+ ++ ++ ++ +

≤ −≤ −≤ −≤ −
− + − +− + − +− + − +− + − +

 

     េរពះ (((( ))))i
a  ជសវុីតេកន េនះ (((( )))) (((( ))))i i i 1 i 1

a a 1 a a 1+ ++ ++ ++ ++ ≤ −+ ≤ −+ ≤ −+ ≤ −  

ដូេចនះ 
(((( )))) (((( )))) (((( ))))

1
2

2
i i i 1 i 1

i

a 1 1 1 1

2 a a 1 x 2 a a 1 xa x + ++ ++ ++ +

≤ −≤ −≤ −≤ −
− + − +− + − +− + − +− + − +++++

 

េគបន 
(((( )))) (((( )))) (((( ))))

n n
1

2
2

i 1 i 1 i i i 1 i 1
i

a 1 1 1 1

2 a a 1 x 2 a a 1 xa x= == == == = + ++ ++ ++ +

    
≤ −≤ −≤ −≤ −    − + − +− + − +− + − +− + − +    ++++     

∑ ∑∑ ∑∑ ∑∑ ∑  

េនះ 
(((( )))) (((( )))) (((( ))))

n
1

2
2

i 1 1 1 n 1 n 1
i

a 1 1 1 1

2 a a 1 x 2 a a 1 xa x==== + ++ ++ ++ +

≤ −≤ −≤ −≤ −
− + − +− + − +− + − +− + − +++++

∑∑∑∑  
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ដូេចនះ (((( ))))
2

n

2
i 1 1 1i

1 1 1

2 a a 1 xa x====

    
≤≤≤≤     − +− +− +− +++++    

∑∑∑∑ ពិត។ 

 
លហំត់ទី ១០០៖ េគលករណ៍រទុងរពប  
េបេគ kn 1++++  រពប េទដក់កនុង n  រទងុ េនះមនរទុងមួយ 
យ៉ងតិចផទុករពប k 1++++  កនុងេនះ k; n  ជចំនួនគត់ 0>>>>   ។ 
សរមយបញជ ក៖់ 
េគរសយបញជ ក់តមសំេណ រផទុយសមមតិកមម  
ឧបមថគម នរទងុណមួយែដលមនរពបយ៉ងតិច k 1++++  
េគពិនិតយ ៖ 
   រទុងទី១ ផទុករពប k≤≤≤≤  
   រទុងទី២ ផទុករពប k≤≤≤≤  
    ••••

••••
••••
      ••••

••••
••••
 

   រទុងទីn  ផទុករពប k≤≤≤≤  

    
   សរបុរពបរគប់រទុង    kn≤≤≤≤ រពប 

ផទុយពីសមមតិកមមែដលថមន kn 1++++  រពប 
ដូេចនះ មនរទងុមួយយ៉ងតិចែដលផទុករពបយ៉ងតិច k 1++++ ។ 
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លហំត់ទី ១០១៖ ចំេពះ
3 n

a ; ...;a ∈∈∈∈Rេមគុណៃនពហុធ (((( ))))P x ។ 
បងហ ញថ (((( )))) n n 1 3 2

n n 1 3
P x a x a x ... a x x x 1 0−−−−

−−−−= + + + + + + == + + + + + + == + + + + + + == + + + + + + =  
គម នឬសកនុង R េទ។ 

ដំេណះរសយ៖ 
តង 

1 2 n
r ;r ;...;r 0>>>>  ជ n  ឬសៃន (((( ))))P x 0====  

ែចកអងគសងខងៃន (((( ))))P x 0====  នឹង nx  និងតង 1
y

x
====  េនះ 

   (((( )))) n n 1 n 2 n 3

3 n 1 n
Q x y y y a y ... a y a 0− − −− − −− − −− − −

−−−−= + + + + + + == + + + + + + == + + + + + + == + + + + + + =  

•••• េប r  ជឬសៃន (((( )))) 1
P x 0

r
= ⇔= ⇔= ⇔= ⇔ ជឬសៃន (((( ))))Q y 0====  

តង 
1 2 n

s ;s ;...;s ជឬសៃន (((( ))))Q y 0==== ែដល 
i

i

1
s ; i 1;...;n

r
= == == == =  

េនះតមរទឹសតីបទែវយត េគបន៖ 
n

i
i 1

s 1
====

= −= −= −= −∑∑∑∑  និង  
i j

i j

s s 1
<<<<

====∑∑∑∑  

េហតុេនះ 
2

n n
2

i i i j
i 1 i 1 i j

s s 2 s s 1 2 1
= = <= = <= = <= = <

    
= − = − = −= − = − = −= − = − = −= − = − = −    
    

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑ មិនអច 

(េរពះ ផលបូកកេរៃនចំនួនពិត 
i

s  រតូវ 0≥≥≥≥  ជនិចច) 
ដូេចនះ (((( ))))P x  គម នឬសកនុង R  េទ។ 
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លហំត់ទី ១០២៖ រករគប់គូចំនួនគត់ 0>>>>  (((( ))))m; n  ែដល 

េផទៀងផទ ត់សមីករ m n3 2 1− =− =− =− = ។ 

ដំេណះរសយ៖ 
•••• េប m 1====  ឬ m 2====  េនះ (((( )))) (((( )))) (((( )))) (((( ))))m; n 1; 1 , 1; 2 , 2; 3====  
•••• េប m 2>>>>  និង n 3>>>>  េយងនឹងរសយថសមីករគម នឬស 

 m n m n3 2 1 3 2 1− = ⇔ − = ±− = ⇔ − = ±− = ⇔ − = ±− = ⇔ − = ±  

 ++++  ករណីទីករណីទីករណីទីករណីទី១១១១៖   m n3 2 1− = −− = −− = −− = −   
  េនះ  (((( ))))m3 1 mod 8 *≡ −≡ −≡ −≡ −            
   (េរពះរគប់ n 3;>>>>  n2 0 mod 8≡≡≡≡          ) 
  ែត m3 1 mod 8≡≡≡≡           េប m គូ  
  និង m3 3 mod 8≡≡≡≡           េប m េសស 
   េហតុេនះ (((( ))))* មិនេផទៀងផទ ត់ ⇒⇒⇒⇒សមីករគម នឬសគត់ 
 ++++  ករណីទីករណីទីករណីទីករណីទី២២២២៖   m n3 2 1; n 3− = >− = >− = >− = >  
      េនះ  m3 1 mod 8 m≡≡≡≡ ⇒⇒⇒⇒          គូ      (((( ))))* *  

(សរមយខងេល) 

      តង m 2k; k 1= >= >= >= > េនះ (((( )))) (((( ))))n 2k k k2 3 1 3 1 3 1= − = − += − = − += − = − += − = − +  

     េគបន k3 1 1− =− =− =− =  និង k r3 1 2+ =+ =+ =+ =  ែដល r 3>>>>  
           េនះ k r3 2 1− = −− = −− = −− = − ដូចគន នឹង (((( ))))*  ⇒⇒⇒⇒សមីករគម នឬស 
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លហំត់ទី ១០៣៖ រករគប់គូចំនួនគត់ 1>>>>  ែដលេផទៀងផទ ត់  

(((( )))) m mi p q 1− =− =− =− =  ែដល p និង q ជចំនួនបឋម។ 

ដំេណះរសយ៖ 
េគេឃញថpនិងqមិនេសសរពមគន េទ េរពះេប p និងq 
េសសរពមគន េនះ m mp q−−−−  ជចំនួនគត់គូ (((( ))))i⇒⇒⇒⇒  គម នឬស 
េយងនឹងរសយថ (((( ))))*  មនឬសែតកនុងករណីលំហត់ទី១០២ 

គឺថ 2 33 2 1− =− =− =− = ។ 

•••• ឧបមថ m; n 1>>>>  ែដល m np 2 1− =− =− =− =  

 (េរពះចំនួនបឋមគូមនែត 2 មួយគត់) 
    ++++  ករណីទីករណីទីករណីទីករណីទី១១១១៖ m  និង n  គូរពមគន  

   យក m 2r====  និង n 2s====   េគបន៖ 

   m n 2r 2s r s r s1 p 2 p 2 p 2 . p 2= − = − = − += − = − = − += − = − = − += − = − = − + មិនអច 

 េរពះ r sp 2 1+ >+ >+ >+ >  
++++  ករណីទីករណីទីករណីទីករណីទី២២២២៖ m  េសស និង n  គូ 

 (((( ))))(((( ))))n m m 1 m 22 p 1 p 1 p p ... p 1− −− −− −− −= ± = ± + − += ± = ± + − += ± = ± + − += ± = ± + − +∓∓∓∓  មិនអច 

  (េរពះ m 1 m 2p p ... p 1− −− −− −− − + − ++ − ++ − ++ − +∓∓∓∓ ជចំនួនេសស 1>>>> ) 
++++ ករណីទីករណីទីករណីទីករណីទី៣៣៣៣៖ m  គូ និង n  េសស 
ឧបមថ rm 2 k====  ែដល k េសស និង k 1>>>>  
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(((( )))) (((( )))) (((( )))) (((( ))))r r r rk k 1
n m 2 2 2 22 p 1 p 1 p 1 p ... p 1

−−−−    = ± = ± = ± ± − += ± = ± = ± ± − += ± = ± = ± ± − += ± = ± = ± ± − +    
    

 

មិនអចេរពះ (((( )))) (((( ))))r rk 1
2 2p ... p 1

−−−−
± − +± − +± − +± − + េសស 

•••• េហតុេនះ rm 2====  និង n   េសស េហយ (((( ))))i  េទជ 
r r2 n 2 np 2 1 p 2 1− = ⇔ − =− = ⇔ − =− = ⇔ − =− = ⇔ − =  ឬ   r2 np 2 1− = −− = −− = −− = −  

∴∴∴∴ ករណី r2 np 2 1− = −− = −− = −− = −  េគបន 
   (((( )))) (((( )))) (((( ))))r2 n n 1 n 2p 2 1 2 1 2 2 ... 2 1 3 mod 4− −− −− −− −= − = − + + + + ≡= − = − + + + + ≡= − = − + + + + ≡= − = − + + + + ≡  

មិនអច េរពះរគប់ចំនួនគត់េសស x ⇒⇒⇒⇒ 2x 1 mod 4≡≡≡≡           

 ∴∴∴∴ករណី 
r2 np 2 1− =− =− =− =  េគបន៖ 

  (((( ))))(((( ))))r r 1 r 1n 2 2 22 p 1 p 1 p 1
− −− −− −− −

= − = − += − = − += − = − += − = − +  

 
(((( ))))
(((( ))))

r 1

r 1

2

2

p 1 2 1

p 1 4 2

−−−−

−−−−

 − =− =− =− =
⇒⇒⇒⇒  + =+ =+ =+ =

    

  យក (((( )))) (((( ))))1 2++++  ⇒⇒⇒⇒  r 12p 3
−−−−

==== េនះេគទញបន៖ 
 p 3; r 1; m 2= = == = == = == = =  និង n 3==== ។ 
 

លហំត់ទី ១០៤៖ 
រកឬសគត់ៃនសមីករ៖ (((( ))))xy yz zx xyz 2 1+ + = ++ + = ++ + = ++ + = + ។ 
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ដំេណះរសយ៖ 
ឧបមថ 0 x y z< ≤ ≤< ≤ ≤< ≤ ≤< ≤ ≤   ជឬសគត់ៃន (((( ))))1  

ែចកអងគសងខងៃន(((( ))))1  នឹងxyz  េគបន៖ 

   1 1 1 2
1

x y z xyz
+ + = ++ + = ++ + = ++ + = +  

 ឬ  2 1 1 1 3
1 1

xyz z y x x
< + = + + ≤< + = + + ≤< + = + + ≤< + = + + ≤  

 េគបន 3
1 x 3

x
<<<< ⇒⇒⇒⇒ <<<<  េនះ x 1====  ឬ x 2====  

 •••• េប x 1====  េនះ 1 1 2
y z 1

y z yz
+ =+ =+ =+ = ⇒⇒⇒⇒ = == == == =  

 ដូេចនះ (((( )))) (((( ))))x; y; z 1; 1; 1====  

 •••• េប x 2====   េនះ 1 1 1 1

z y 2 yz
+ = ++ = ++ = ++ = +  

 ឬ 1 1 1 1 1 2
y 4

2 2 yz z y y
< + = + ≤< + = + ≤< + = + ≤< + = + ≤ ⇒⇒⇒⇒ <<<<   {{{{ }}}}y 1; 2; 3⇔ ∈⇔ ∈⇔ ∈⇔ ∈  

  ++++  y 1====  េនះ 1 1 1
1

z 2 z
+ = ++ = ++ = ++ = +  មិនអច 

  ++++  y 2====  េនះ 1 1 1 1

z 2 2 2z
+ = ++ = ++ = ++ = +  មិនអច 

  ++++  y 3====  េនះ z 4====  េដយេធវចមល ស់ៃនរតីធតុ 
េគសរបុបន៖   (((( )))) (((( )))) (((( )))) (((( ))))x; y; z 2; 3; 4 , 2; 4; 3 , 3; 2; 4 ,====  

(((( ))))3; 4; 2 (((( )))) (((( )))), 4; 2; 3 , 4; 3; 2  និង (((( ))))1; 1; 1 ។ 
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លហំត់ទី ១០៥៖ បងហ ញថសវុីត (((( ))))n
x  ែដលេផទៀងផទ ត់  

ទំនក់ទំនងកំេណ ន 
n 1 n 1 n

x x 2x+ −+ −+ −+ −+ =+ =+ =+ =  ជសវុីតខួប។ 
ដំេណះរសយ៖ 
សមីករសមគ ល់ៃន 

n 1 n 1 n
x x 2x+ −+ −+ −+ −+ =+ =+ =+ = គឺ 2r 2r 1 0− + =− + =− + =− + =  

ឬ (((( ))))(((( )))) (((( )))) (((( ))))22
2 2 2 4r 2r 1 r 2r 1 r 1 2r r 1 0− + + + = + − = + =− + + + = + − = + =− + + + = + − = + =− + + + = + − = + =  

េគបន 4r 1= −= −= −= −  ឬ 8r 1==== ⇒⇒⇒⇒  r  មនខួប (((( ))))8 * ។ 
∴∴∴∴េប αααα  និង ββββ  ជឬសៃនសមីករសមគ ល់ 2r 2r 1 0− + =− + =− + =− + =  េនះ 
តួេទៃនសវុីត (((( ))))n

x  មនរង n n

n
x a b= α + β= α + β= α + β= α + β ែដល a; b∈∈∈∈R  

មនខួប 8តម (((( ))))* ។ 
ដូេចនះ (((( ))))n

x  ជសវុីតមនខួប 8។ 
 

លហំត់ទី ១០៦៖ តង 
0

x 0====  និង 
1 2 n

x ;x ;....;x 0>>>>  ែដល 

n

k
k 1

x 1
====

====∑∑∑∑ ។ បងហ ញថ ៖ 

(((( ))))
n

k

k 1 0 k 1 k n

x
*

21 x ... x x ... x==== −−−−

ππππ<<<<
+ + + + ++ + + + ++ + + + ++ + + + +

∑∑∑∑ ។ 

ដំេណះរសយ៖ 

េគមន 
1 2 n

x ;x ;....;x 0>>>>  និង 
n

k
k 1

x 1
====

====∑∑∑∑   

តង 
0 1 k k

x x ... x sina+ + + =+ + + =+ + + =+ + + =  រគប់ k 0; 1;.....; n====  

ែដលេផទៀងផទ ត់  
0 1 n

a 0 a ... a
2

ππππ= < < < == < < < == < < < == < < < =   
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(((( ))))*  េទជ៖   (((( ))))
n

k k 1

k 1 k 1 k 1

sina sina
**

21 sina 1 sina

−−−−

==== − −− −− −− −

−−−− ππππ<<<<
+ −+ −+ −+ −

∑∑∑∑  

 
n sina sina

k k 1

1 sina 1 sinak 1 k 1 k 1

−−−− −−−− ====∑∑∑∑
+ −+ −+ −+ −==== − −− −− −− −

k k 1 k k 1
n

k 1 k 1

a a a a
2sin .cos

2 2
cosa

− −− −− −− −

==== −−−−

− +− +− +− +

∑∑∑∑  

       
k k 1

n k 1

k 1 k 1

a a
2 .cosa

2
cosa

−−−−
−−−−

==== −−−−

−−−−

<<<<∑∑∑∑  

          (((( ))))
n

k k 1
k 1

a a
2−−−−

====

ππππ= − == − == − == − =∑∑∑∑  

េហតុេនះ (((( ))))* *  ពិត។ 

(េរពះរគប់ 0 x
2

ππππ< ≤< ≤< ≤< ≤  អនុគមន៍cosx ចុះ និង sinx x<<<< ) 
 

លហំត់ទី  ១០៧៖  តង 
(((( )))) (((( ))))

k 44 4

33 3

k
a

k 1 k k 1

====
− + + +− + + +− + + +− + + +

 

បងហ ញថ  
999

k
k 1

a 50
====

<<<<∑∑∑∑ ។ 

ដំេណះរសយ ៖  

េគមន  (((( )))) (((( )))) (((( )))) (((( ))))
2 2 42 2

2 23 3 33 3k 1 k 1 k 1 k k− + = − < =− + = − < =− + = − < =− + = − < =  

េនះ 
(((( )))) (((( )))) (((( )))) (((( ))))

k 4 2 2 4

3 3 3 3

k
a

k 1 k 1 k 1 k 1

<<<<
− + − + + +− + − + + +− + − + + +− + − + + +
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ឬ 
(((( )))) (((( ))))

(((( )))) (((( ))))
(((( )))) (((( ))))

2 2

3 3
2 2

3 3
k 2 2

k k 1 k 1
1

a k 1 k 1
4k 1 k 1

    
+ − −+ − −+ − −+ − −             < = + − −< = + − −< = + − −< = + − −    

    + − −+ − −+ − −+ − −
 

ដូេចនះ (((( )))) (((( ))))
99 999 2 2

3 3
k

k 1 k 1

1
a k 1 k 1

4= == == == =

    < + − −< + − −< + − −< + − −    
    

∑ ∑∑ ∑∑ ∑∑ ∑  

         
2 2 2 2

3 3 3 3
1

1000 999 1 0
4

    
= + − −= + − −= + − −= + − −    

    
 

                    (((( ))))1
100 100 1 50

4
< + − =< + − =< + − =< + − =  

ដូេចនះ  
999

k
k 1

a 50
====

<<<<∑∑∑∑ ។ 
 

លហំតទ់ី ១០៨៖ ចំេពះ 
i

a ; i 0; 1;....;7∈ =∈ =∈ =∈ =R  ពហុធ 

(((( )))) 10 9 8 7

7 1 0
P x x 10x 39x a x ... a x a= − + + + + += − + + + + += − + + + + += − + + + + +  មនឬស 
10  កនុងសំណំុចំនួនពិត។ បងហ ញថ ឬសទំង 10  របស់ (((( ))))P x  
េនចេនល ះ 2.5−−−−  និង 4.5 ។ 
ដំេណះរសយ៖  
តង 

1 10
x ;...;x  ជឬសទំង10  ៃនពហុធ (((( ))))P x  

តមរទឹសតីបទែវយត េគបន៖ 
10

i
i 1

x 10
====

====∑∑∑∑   និង 
10

i j
i; j 1

i j

x x 39
====

<<<<

====∑∑∑∑  
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េដយ  
2

10 10 10
2

i i i j
i 1 i 1 i; j 1

i j

x x 2 x x
= = == = == = == = =

<<<<

    
= += += += +    

    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  

េនះ    
10

2

i
i 1

x 100 2.39 22
====

= − == − == − == − =∑∑∑∑  

ម៉យងេទៀត (((( ))))
10 10 10 10

2 2

i i i
i 1 i 1 i 1 i 1

x 1 x 2 x 1
= = = == = = == = = == = = =

− = − +− = − +− = − +− = − +∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑  

ឬ     (((( ))))
10

2

i
i 1

x 1 22 2.10 10 12
====

− = − + =− = − + =− = − + =− = − + =∑∑∑∑  

េគបន (((( )))) (((( ))))2 2

i
x 1 12 3.5 ; 1 i 10− ≤ < ∀ ≤ ≤− ≤ < ∀ ≤ ≤− ≤ < ∀ ≤ ≤− ≤ < ∀ ≤ ≤  

េហតុេនះ 
i

2.5 x 4.5− < <− < <− < <− < <  ែដល 1 i 10≤ ≤≤ ≤≤ ≤≤ ≤ ។ 
 

លហំត់ទី ១០៩៖ េប {{{{ }}}}x x x= −= −= −= −           ជែផនកទសភគៃន x  

បងហ ញថរគប់ចំនួនគត់ n  េនះ {{{{ }}}}
2 2n

k 1

n 1
k

2====

−−−−≤≤≤≤∑∑∑∑ ។ 

ដំេណះរសយ៖ 
េយងរសយវសិមភពេនះតមកំេណ ន 
••••  េប n 1====  េនះ 0 0≤≤≤≤  ពិត េរពះ {{{{ }}}}1 0====  

••••  េយងឧបមថវពិតដល់ n  គឺ {{{{ }}}}
2 2n

k 1

n 1
k

2====

−−−−≤≤≤≤∑∑∑∑ ពិត 

••••  េយងនឹងរសយថវពិតដល់ n 1++++  
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េដយ 2 2 2n n 1; n 2;....; n 2n n 1< + + + < +< + + + < +< + + + < +< + + + < +  

េគបន  {{{{ }}}}2 2n i n i n+ = + −+ = + −+ = + −+ = + −  

     
2

2

2

i i
n i n

2n4n
< + + − =< + + − =< + + − =< + + − =  

េហតុេនះ {{{{ }}}} {{{{ }}}} {{{{ }}}}
(((( ))))(((( ))))2 2

2

2

n 1 n 1n

k 1 k 1 k n 1

k k k
+ ++ ++ ++ +

= == == == = = += += += +

= += += += +∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  

     (((( )))){{{{ }}}}2 n
2

i 1

n 1 1
i n 1

2 2n ====

−−−−< + + +< + + +< + + +< + + +∑∑∑∑  

     
2n 1 2n 1

0
2 2

− +− +− +− += + += + += + += + +  

     (((( ))))2
n 1 1

2

+ −+ −+ −+ −
==== ពិត 

ដូេចនះ {{{{ }}}}
2 2n

k 1

n 1
k

2====

−−−−≤≤≤≤∑∑∑∑ ។ 
 

លហំត់ទ ី១១០៖ រករគប់អនុគមន៍f : →→→→R R  ែដលេផទៀងផទ ត់ 
(((( )))) (((( ))))(((( ))))* : f x f y 1 x y− = − −− = − −− = − −− = − −  

ដំេណះរសយ៖ 
••••យក x 0; y 1= == == == =  េនះ (((( )))) (((( ))))(((( ))))* f f 1 0⇔ − =⇔ − =⇔ − =⇔ − =  

••••យក (((( ))))y f 1= − −= − −= − −= − −  េនះ(((( )))) (((( ))))(((( ))))(((( )))) (((( ))))* f x f f 1 1 x f 1⇒⇒⇒⇒ − − = − +− − = − +− − = − +− − = − +  
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ឬ  (((( )))) (((( ))))f x 1 f 1 x= + −= + −= + −= + −  

••••  យក (((( ))))a 1 f 1= += += += +  េនះ (((( ))))f x a x= −= −= −= −  

េនះ  (((( ))))(((( )))) (((( )))) (((( ))))f x f y a x f y * *− = − +− = − +− = − +− = − +  

តម (((( ))))*  និង (((( ))))* *  េគបន៖ 

(((( ))))(((( )))) (((( ))))1 x y f x f y a x f y 2a x y− − = − = − + = − −− − = − = − + = − −− − = − = − + = − −− − = − = − + = − −  

⇒⇒⇒⇒
1

a
2

====  សមមូល (((( )))) 1
f x x

2
= −= −= −= − ។ 

ដូេចនះ (((( )))) 1
f x x

2
= −= −= −= −  ។ 

 

លហំត់ទី ១១១៖ រករគប់អនុគមន៍ f : →→→→R R ែដលេផទៀងផទ ត់ 
(((( ))))(((( )))) (((( ))))f x 1 f x f x x 1− − = − −− − = − −− − = − −− − = − −    រគប់ x∈∈∈∈R  និង 

(((( ))))f x
S a , x 0

x

        = ∈ ≠= ∈ ≠= ∈ ≠= ∈ ≠    
        

R រប់អស់ ។ 

ដំេណះរសយ៖ 
••••ជដំបូងេយងរសយថ (((( )))){{{{ }}}}A x f x x= − ∈= − ∈= − ∈= − ∈R  រប់អស់ 

ឧបមថ A  រប់មិនអស់ េនះ 
  k 1; k∀ ≠ ∈∀ ≠ ∈∀ ≠ ∈∀ ≠ ∈R  េគបន  (((( ))))k k

x f x k− =− =− =− =  

 ែត (((( )))) (((( ))))(((( ))))k k
f x 1 f xf k 1

k 1 k 1

− −− −− −− −−−−−
====

− −− −− −− −
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 ឬ     (((( )))) (((( ))))k k
f x x 1f k 1 2

1
k 1 k 1 k 1

− −− −− −− −−−−−
= = − −= = − −= = − −= = − −

− − −− − −− − −− − −
 

 េដយ k  មនេរចនរប់មិនអស់េនះ (((( ))))f k 1

k

−−−−
 

ក៏មនេរចនរប់មិនអស់ែដរ ែដលផទុយសមមតិកមម 
េហតុេនះ  (((( )))){{{{ }}}}A x f x x= − ∈= − ∈= − ∈= − ∈R  រប់អស់។ 

••••  េគេរជសេរ ស 
0

x x====  ែដល (((( ))))x f x−−−−  ធំបំផុត 
េនះចំេពះ (((( ))))0 0

y x 1 f x= − −= − −= − −= − −  េគបន៖ 

(((( )))) (((( ))))(((( )))) (((( ))))(((( ))))0 0 0
y f y y f x x 1 2 x f x− = − − − = −− = − − − = −− = − − − = −− = − − − = −  

⇒⇒⇒⇒  (((( )))) (((( ))))0 0
y f y x f x 0− = − =− = − =− = − =− = − =  

ដូេចនះ (((( ))))f x x; x= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈R។ 
 

 

លហំត់ទី ១១២៖ រសយថ៖ (((( ))))2 3 4... n 1 n 3− <− <− <− <  

ដំេណះរសយ៖ 
េយងពិនិតយសមភពខងេរកមេនះ 

(((( ))))(((( ))))2 2n n 1 n 1 1 n 1 n 1= = + − = + − += = + − = + − += = + − = + − += = + − = + − +  

យក n 2; 3; 4;....====  

(((( ))))
(((( ))))

3 1 2 4

1 2 1 3 5

= += += += +

= + += + += + += + +
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(((( ))))

(((( )))) (((( ))))

(((( ))))

2

3 1 2 1 3 1 4 6

.................................................

3 1 2 1 3 1 ... n 1 n 1

2 3.... n 1 n

= + + += + + += + + += + + +

= + + + + − += + + + + − += + + + + − += + + + + − +

> −> −> −> −

 

ដូេចនះ (((( ))))2 3 4... n 1 n 3− <− <− <− < ។ 
 

លហំត់ទី ១១៣៖  រករគប់ចំនួនគត់ 0>>>>  ែដលេផទៀងផទ ត់ 
x! y!

3
n!

++++ ====  

ដំេណះរសយ៖ 

សមីករអចសរេសរជ  (((( ))))x! y!
3 1

n! n!
+ =+ =+ =+ =  

តង (((( ))))x; y; n  ជរតីធតុចេមលយៃន (((( ))))1    ែដល  x y≤≤≤≤  

••••ករណីទីករណីទីករណីទីករណីទី១១១១ ៖ េប x n<<<<  និង y n<<<<  េនះ x!
1

n!
<<<< និង y!

1
n!

<<<<  

 េហតុេនះ  x! y!
2

n! n!
+ <+ <+ <+ <  

••••ករណីទីករណីទីករណីទីករណីទី២២២២ ៖ េប x n<<<<  និង y n>>>>  េនះ x! y!
1

n! n!
< << << << <  

 េហតុេនះ  x! y!

n! n!
+ ∉+ ∉+ ∉+ ∉ℕℕℕℕ  
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••••ករណីទីករណីទីករណីទីករណីទី៣៣៣៣ ៖ េប x n>>>>  និង y x≥≥≥≥  េនះ x! y!
4

n! n!
+ ≥+ ≥+ ≥+ ≥  

 េរពះx n>>>>  េនះ x n 1≥ +≥ +≥ +≥ +  និង y n 1≥ +≥ +≥ +≥ +  

 េហតុេនះ 
x!

n 1 2 x! y!n! 4
y! n! n!n 1 2
n!

 ≥ + ≥≥ + ≥≥ + ≥≥ + ≥
⇒⇒⇒⇒ + ≥+ ≥+ ≥+ ≥

 ≥ + ≥≥ + ≥≥ + ≥≥ + ≥


ពិត 

តមករណីទី១ ដល់ទី៣ េគបន៖ x n====  

េនះ (((( )))) (((( ))))y!
1 2 2

n!
⇔ =⇔ =⇔ =⇔ =  

េដយ (((( ))))
y n 1
y! 2

n 1 2
n!

≥ +≥ +≥ +≥ +
⇒⇒⇒⇒ ≥ + ≥≥ + ≥≥ + ≥≥ + ≥



 េទជ 
y!

n 1
n!
n 1 2

 = += += += +


+ =+ =+ =+ =

 

េគទញបន y 2; n 1= == == == = និង x n 1= == == == =  

ដូេចនះ រតីធតុចេមលយគឺ (((( )))) (((( ))))x; y; n 1; 2; 1====  ឬ (((( ))))2; 1; 1 ។ 
 

លហំត់ទ ី១១៤៖ រករគប់អនុគមន៍ f  ជប់េល 0; 1         ែដល  

(((( ))))
(((( )))) (((( ))))

(((( )))) (((( ))))
f 0 f 1 0

2x y* ; x; y 0; 1
2.f x f y 3.f

3

 = == == == =
 ++++ ∀ ∈∀ ∈∀ ∈∀ ∈              + =+ =+ =+ =          

 

ដំេណះរសយ៖ 
••••  យក x 0====  និង y 1==== ជំនួសកនុង (((( ))))*  េគបន៖ 
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  (((( )))) (((( ))))2x
2f x 3f ; x 0; 1 1

3

    = ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈             
    

 

និង  (((( )))) (((( ))))2x 1
2f x 3f ; x 0; 1 2

3

++++    = ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈             
    

 

េដយ  (((( ))))f x កំណត់ និងជប់េល 0; 1         េនះមន M∈∈∈∈R  
ែដល (((( )))) (((( ))))0

x 0; 1
M max f x f x

∈∈∈∈        

= == == == =  ែដល 
0

x 0; 1∈∈∈∈           

ែត (((( )))) (((( ))))f 0 f 1 0= == == == =  េនះ M 0≥≥≥≥  

••••  ករណីទីករណីទីករណីទីករណីទី១១១១៖ ចំេពះ 0
3x2

x 0; ; 0 1
3 2

    ∈ ≤ ≤∈ ≤ ≤∈ ≤ ≤∈ ≤ ≤    
    

 

ពី (((( )))) (((( ))))0 0
0

2x 3x2
1 2f 3f . 3f x

3 3 2

            ⇔ = =⇔ = =⇔ = =⇔ = =            
            

 

ឬ  (((( )))) 0
0

3x2 2
M f x f M M 0

3 2 3

    = = ≤= = ≤= = ≤= = ≤ ⇒⇒⇒⇒ ====    
    

 

••••  ករណីទីករណីទីករណីទីករណីទី២២២២៖ ចំេពះ 0
3x 12

x ; 1 ; 0 1
3 2

−−−−    ∈ < ≤∈ < ≤∈ < ≤∈ < ≤    
    

  

 ពី (((( )))) (((( ))))
0

0
0

3x 1
2 13x 1 22 2f 3f 3f x

2 3

−−−−    ++++    −−−−    
⇒⇒⇒⇒ = == == == =        

         
    

 

 ឬ (((( )))) 0
0

3x 12 2
M f x f M M 0

3 2 3

−−−−    = = ≤= = ≤= = ≤= = ≤ ⇒⇒⇒⇒ ====    
    

 

សរបុករណីទី១ និងទី២ េនះM 0; x 0; 1= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈           
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េហយ (((( )))) (((( ))))f x 0; x 0; 1 I≤ ∀≤ ∀≤ ∀≤ ∀           

∴∴∴∴ ពិនិតយអនុគមន៍ (((( )))) (((( ))))g x f x= −= −= −= −  េល 0; 1          

    េប (((( ))))f x  េផទៀងផទ ត់ (((( ))))* េនះ (((( ))))g x  ក៏េផទៀងផទ ត់ (((( ))))*  ែដរ 
    េដយ (((( ))))f x 0≤≤≤≤  តម (((( ))))I េនះក៏ (((( ))))g x 0; x 0; 1≤ ∀ ∈≤ ∀ ∈≤ ∀ ∈≤ ∀ ∈          

វបិកវបិកវបិកវបិក៖ (((( ))))f x 0≥≥≥≥ (((( )))); x 0; 1 II∀ ∈∀ ∈∀ ∈∀ ∈           

 

(េរពះ (((( )))) (((( ))))g 0 f 0 0= − == − == − == − =  និង (((( )))) (((( ))))g 1 f 1 0= − == − == − == − =  និង 
  

(((( )))) (((( )))) 2x y
2f x f y 3f

3

++++    − − = −− − = −− − = −− − = −     
    

 

ឬ (((( )))) (((( )))) 2x y
2g x g y 3f

3

++++    + =+ =+ =+ =     
    

ពិត) 

តម (((( ))))I  និង(((( ))))II េនះ (((( ))))f x 0; x 0; 1= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈          ពិត។ 
 

 

 

 

សមូរង់ចអំនភគ២ជបនត 
ែដលមនវិធសីរសតែណនពំី 

ដំេណះរសយសមីករដឺរកទី៣ និងទី៤ 
 

 

 
 

 



គណិតវទិយអននត  ថន ក់ទី១២  

162 ល ីវសន (វ.ិ ហស. ខន រ)                              សនួ សមផសស ( វ.ិ ហស. សិរដីីដុះ) 

 

គនថនិេទទស 
1          រ៉សវ ន េហសលក និងទីទូ អន់េរដសសគូ; Putnam and  

        Beyond; Springer; ញូយ៉ក ឆន ំ២០០៧ 
2          វ.ី អយ េសមៀនូវ; A Course of Higher Mathematics ភគ១; 

 រសុសី ឆន ំ១៩៦៤ 
3          អឡិចសន់ដឺ សូែហវយ; Mathematics as Problem Solving; 

 អេមរកិ ឆន ំ២០០៩ 

4          អន់រដី េណហគ ត់; Problems for the Mathematical  

Olympiads from the first team selection test to the IMO; 

 រម៉ូនី ឆន ំ២០០៥ 

5          សីុ. អ. រប៉េនសក-បី៊. េច. េវនកតចឡ-សីុ. េអស.  
យូ៉ហក ណដ; Problem Primer for the Olympiad; 

វទិយសថ នវទិយសរសតឥណឌ ; ឆន ំ ២០០១ 

6          រគីសតូហវឺ េច. េរបដលី; Challenges in Geometry for 

         Mathematical Olympians Past and Present; អក់ ហវឺត 

ចរកភពអង់េគលស ឆន ំ២០០៥ 

7        លី ហយចវ និង លី ហយខូយ; Selected Problems Of  
         The Vietnamese Mathematical Olympiad 1962-2009;  

សិងហបុរ ីឆន ំ២០០១០ 

8          េរហដឺរកិ មូ៉េសតឡឺ;;; Fifty Challenging Problems In  

Probability;  ញូយ៉ក ឆន ំ១៩៦៥ 
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9         អិល. េអ. រហក ហំ;Ingenious Mathematical Problems and  

         Methods; ញូយ៉ក ឆន ំ១៩៥៩ 

10          ហសុង បី៊ន និង លី េប៉ងយី  ;Mathematical Olympiad in  

          China Problems and Solutions; ចិន ឆន ំ២០០៧ 

11          រ ៉សូ ហុនសបឺចឺ ; More Mathematical Morsels  

 សមគមន៍គណិតវទិយអេមរកិ ឆន ំ១៩៩១ 

12         តឺរនិ េត; Solving Mathematical Problems A Personal  

Perspective; សកលវទិយល័យកលីហវញ៉ ឆន ំ ២០០៦ 

13         ចឺរ៉ដ េអល. េអឡិចសន់ដឺសន់; េឡអូណត េអហវ.  
កលូសីុនសគី ;ឡូរនិ សីុ. ឡសុន; The Putnam Mathematical  

Competition 1965-1984; សមគមន៍គណិតវទិយអេមរកិ 
ឆន ំ១៩៨៥ 

14          ទីទូ អន់េរដសសគូ ; Old And New Inequalities 

15         េអដវ៉ត េច. បបី៊យូ; Canadian Mathematical Olympiad –  

1969-1993; សមគមន៍គណិតវទិយ កណដ ឆន ំ ១៩៩៣ 

16          េដមីរទី ហវមីន-សឺេហគយ ចិនគីន-អីុេលៀ វ.ី អីុេថនបឺហគ  
Mathematical Circles; Russian Experience; សមគមន៍ 
គណិតវទិយអេមរកិ ឆន ំ១៩៩៦ 

17         េអច. ឡូឆ និងភី. េជ. តយឡឺ; Australian Mathematical  

Olympiads 1979-1995; អូរសត លី ឆន ំ១៩៩៧ 
 


