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១. ល�ំត់
១. ចំេĵះចំនួនគត់វǤជąŌន n និង p ែដល p ≤ n ។

ក. បİƟ ញ▫ Cp
n � Cn−p

n ។

ខ. បİƟ ញ▫ Cp
n � Cp

n−1 + Cp−1
n−1  ។

គ. បİƟ ញ▫ Cp+1
n �

n − p
p + 1

Cp
n ។

២. បİƟ ញ▫ 1 · 1! + 2 · 2! + 3 · 3! + · · · + n · n! < (n + 1)! ។

៣. បİƟ ញ▫
1
0!

+
1
1!

+
1
2!

+ · · · + 1
n!
< 3 ។

៤. បİƟ ញ▫ C0
n + C1

n + C2
n + · · · + Cn

n � 2n ។

៥. បİƟ ញ▫ C1
2n + C3

2n + C5
2n + · · · + C2n−1

2n � C0
2n + C2

2n + C4
2n + · · · + C2n

2n

៦. គណĜផលបូក :

A � 2nC0
n + 2n−2C2

n + 2n−4C4
n + · · ·

B � 2n−1C1
n + 2n−3C3

n + 2n−5C5
n + · · ·

៧. បİƟ ញ▫ 1 × C1
n + 2 × C2

n + 3 × C3
n + · · · + n × Cn

n � n × 2n−1 ។

៨. បİƟ ញ▫ 2 × 1 C2
n + 3 × 2 C3

n + · · · + n(n − 1)Cn
n � n(n − 1)2n−2 ។

៩. គណĜផលបូក S � C0
n +

1
2

C1
n +

1
3

C2
n + · · · + 1

n + 1
Cn

n ។

១០. បİƟ ញ▫
(
C0

n
)2

+
(
C1

n
)2

+
(
C2

n
)2

+ · · · + (Cn
n)2 � Cn

2n ។

១១. េគឱŏ n ∈ N ែដល n ≥ 4 ។ បİƟ ញ▫ C2
C2

n
� 3C4

n+1 ។

១២. េគ″ង Pn �

n∏
k�0

Ck
n ។ បİƟ ញ▫ចំេĵះŪគប់ n ∈ N េគģន

Pn

Pn−1
�

nn

n!
។

១៣. រក log30 8 ďអនុគមន៍ៃន c និង d េបǿេគដឹង▫ log30 3 � c និង log30 5 � d ។

១៤. រក log9 40 ďអនុគមន៍ៃន c និង d េបǿេគដឹង▫ log 15 � c និង log20 50 � d  ។

១៥. េŢះŪƘយសមីŁរ xlog x
� 100x ។

១៦. េŢះŪƘយសមីŁរ
1√

2x − 1
� (2x − 1)log 1

4
(1+7x−2x2)

។

១
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១៧. េŢះŪƘយសមីŁរ 4log x+1 − 6log x − 2 × 32 log x+2
� 0 ។

១៨. េគេƫយ a > 1 និង x > 1 ែដល loga(loga(loga 2) + loga 24 − 128) � 128 និង loga(loga x) � 256 ។

រកចំនួនគត់ x ។

១៩. េគŌនចំនួនកុំផžិច z ែដល z , 0 ។ ចូរេŢះŪƘយសមីŁរ 2 − 1
z
� z̄  ។

២០. បİƟ ញ▫ េបǿផលគុណៃន z1z2 ďចំនួនពិតខុសពីសូនŏ េĜះŌនចំនួនពិត α មួយែដល z1 � αz̄2

២១. ចំេĵះចំនួនកុំផžិច z និង w ចូរបİƟ ញ▫ |z + w | ≤ |z | + |w | ។

២២. បİƟ ញ▫ 2 + i ďឫសរបស់សមីŁរ z4 − 5z3
+ 3z2

+ 19z − 30 � 0 រួចរកឫសេផƖងេទȄតរបស់សមីŁរេនះ។

២៣. បİƟ ញ▫ x4
+ 4 � (x − 1 − i)(x − 1 + i)(x + 1 + i)(x + 1 − i) ។

២៤. េŢះŪƘយសមីŁរ (2 + i)x2 − (5 − i)x + (2 − 2i) � 0 ។

២៥. រកŪគប់ចំនួនកុំផžិច z , 0 ែដល z +
1
z
∈ R ។

២៦. បİƟ ញ▫ z �

(
19 + 7i
9 − i

)2019

+

(
20 + 5i
7 + 6i

)2019

+ 19012019 ďចំនួនពិត។

២៧. េគឲŏ tan A និង tan B ďឫសៃនសមីŁរ x2
+ px + q � 0 ។ ចូររកតៃមžៃន:

sin2(A + B) + p sin(A + B) cos(A + B) + q cos2(A + B) ។

២៨. េគŌន x , y និង z ďចំនួនពិតែដល x �
√

11 − 2yz , y �
√

12 − 2xz, និង

z �
√

13 − 2x y គណĜតៃមžៃន x + y + z ។

២៩. េគឲŏ a និង b ďចំនួនគត់ធមŊďតិែដលេផĀȅងĬĀ ត់ a + b �
a
b
+

b
a

។

ចូរគណĜតៃមžៃន (a2
+ b2)11 − 30ab ។

៣០. ចំេĵះŪគបច់ំនួនពិត x , y ែដលេផĀȅងĬĀ តស់មីŁរ log2(2x + y) � log4(x2
+ x y + 7y2) Ōនចំនួនពិត K ែដល

log3(3x + y) � log9(3x2
+ 4x y + K y2) ។

ចូររកផលគុណៃនតៃមžែដលƫចេកǿតŌនៃន K ។

៣១. េគឱŏ x , y និង z ďចំនួនកុំផžិចែដលេផĀȅងĬĀ ត់ x y � −80 − 320i , yz � 60 និង

zx � −96 + 24i ។ ចូរគណĜ |x + y + z | ។

៣២. កĖǶងតŪមǶយអរតូណរŌ៉ល់ (O , ®i , ®j , ®k) ŌនទិសេţវǤជąŌន េគŌនែស៊ƃ (S) មួយŌនផĆិត C(a , b , c)។ បİƟ ញ▫េបǿ

ែស៊ƃ (S) ប៉ះនឹងបžង់ (yz) េĜះ Łៃំនែស៊ƃ េĜះគឺ r � |a | ។
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៣៣. េបǿ x > 0, y > 0, logy x + logx y �
10
3

និង x y � 144 គណĜតៃមžៃន
x + y

2
។

៣៤. េបǿ Rn �
1
2
(an

+ bn) ែដល a � 3 + 2
√

2, b � 3 − 2
√

2 និង

n � 0, 1, 2, 3, 4, . . . េគģន R12345 ďចំនួនគត់។ ចូររកេលខខĀង់Ŭយៃន R12345 ។

៣៥. បİƟ ញ▫ z(1 − z)(1 + z + z2)(1 + z + z3)(z + z5) � z2 − 1 ែដល z � cos 2π
5

+ i sin 2π
5

៣៦. េគឲŏ S � 111 . . . 1︸   ︷︷   ︸
2nដងៃនលេលខ1

+ 444 . . . 4︸   ︷︷   ︸
nដងៃនេលខ4

+1 ។ បİƟ ញ▫ S ďŁេរៃនចំនួនគត់។

៣៧. បİƟ ញ▫ ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n េគģន

z � (2018 − i2019)2020n
+ (2018 + i2019)2020n

ďចំនួនពិត។

៣៨. េគឲŏវុǤចទ័រ ®a , ®b និង ®c េផĀȅងĬĀ ត់ ®a × ®b � ®b × ®c � ®c × ®a , ®0 ។ បİƟ ញ▫ ®a + ®b + ®c � ®0 ។

៣៩. រកម៉ូឌុល និងƫគុយម៉ង់ៃនចំនួនកុំផžិច z ែដល z �
(2
√

3 + 2i)8
(1 − i)6 +

(1 + i)6

(2
√

3 − 2i)8
។

៤០. គណĜផលសងរួម d ៃនសƃ ៊ǫតនពƃនŉមួយ េŢយដឹង▫េបǿេគែថម 3 េលǿផលសងរួម េĜះផលបូក n តដួំបូងេកǿនេឡǿងពីរ

ដង េហǿយេបǿតួទីមួយេកǿនេឡǿងបួនដង េĜះផលបូក n តួដំបូងេកǿនេឡǿងពីរដងែដរ។

៤១. េគŌនŪតីេŁណ ABC និង A, B, C ďមុំកĖǶងŪតីេŁណេនះ។

ក. េបǿេគដឹង▫ sin A + sin B + sin C � 1 គណĜ cos A
2

cos B
2

cos C
2

។

ខ. បİƟ ញ▫ cos2 A + cos2 B + cos2 C � 1 − cos A cos B cos C ។

៤២. េគឲŏ a , b , c ďបីចំនួនពិតខុសýĖ និងខុសពីសូនŏ ែដលេផĀȅងĬĀ ត់

a +
1
b
� b +

1
c
� c +

1
a

។ បİƟ ញ▫ |abc | � 1 ។

៤៣. រកŪគប់ចំនួនពិត x ែដល
8x + 27x

12x + 18x �
7
6

។

៤៤. គណĜ S �
3

1! + 2! + 3!
+

4
2! + 3! + 4!

+ · · · + 2019
2017! + 2018! + 2019!

៤៥. គណĜលីមីត

ក. lim
x→ π

2

(
x tan x − π

2 cos x

)
ខ. lim

x→ π
3

( x
2
− π

3
cos x

)
· 1

x − π3
។

៤៦. រកŪគប់តៃមž x ែដលេផĀȅងĬĀ ត់សមីŁរ 2x
+ 3x − 4x

+ 6x − 9x
� 1 ។

៤៧. េគឲŏ x , y និង z ďចំនួនកុំផžិចែដលេផĀȅងĬĀ ត់ x + y + z � 2, x2
+ y2

+ z2
� 3 និង x yz � 4 ។ គណĜ

1
x y + z − 1

+
1

yz + x − 1
+

1
zx + y − 1

។
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៤៨. េគŌនចំនួនកុំផžិច z � cos θ + i sin θ ែដល 0 ≤ θ ≤ 2π ។ 

បİƟ ញ▫
2

1 + z
� 1 − i tan θ

2
។

៤៩. ក. ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n បİƟ ញ▫

(
√

3 − i)n
� 2n

(
cos nπ

6
− i sin nπ

6

)
។

ខ. េŢយដឹង▫
√

3 − i ďឬសៃនសមីŁរ x9
+ 16(1 + i)x3

+ a + ib � 0 ។ 

ចូររកចំនួនពិត a និង b ។

៥០. េបǿ a > 1, b > 1 បİƟ ញ▫ 2(ab + 1) > (a + 1)(b + 1) ។

៥១. រកŪគប់ចំនួនពិត x , y , z ែដលេផĀȅងĬĀ ត់សមីŁរ

4x2

1 + 4x2 � y ,
4y2

1 + 4y2 � z ,
4z2

1 + 4z2 � x

៥២. េŪបȅបេធȄបចំនួន log3 108 , log4 192 , log5 500 , log6 1080 ។

៥៣. បİƟ ញ▫
2

x2 − 1
+

4
x2 − 4

+
6

x2 − 9
+ · + 20

x2 − 100
� 11

[
1

(x − 1)(x + 10) +
1

(x − 2)(x + 9) + · · · + 1
(x − 10)(x + 1)

]
៥៤. េគŌន a , b , c , d ďឫសៃនសមីŁរ x4 − πx −

√
2019 � 0 ។

ចូររកសមីŁរែដលŌនឫស
a + b + c

d2 ,
b + c + d

a2 ,
c + d + a

b2 ,
d + a + b

c2 ។

៥៥. រកសមីŁរែដលŌនដឺេŪកតូចបំផុត េហǿយŌនេមគុណďចំនួនគត់ និងŌន
√

19 +
√

99 ďឫសមួយƅ។

៥៦. េបǿ a , b , c , x ďចំនួនពិត ែដល a + b + c , 0 និង
xb + (1 − x)c

a
�

xc + (1 − x)a
b

�
xa + (1 − x)b

c
បİƟ ញ▫ a � b � c ។

៥៧. ″ង a , b , c ďចំនួនពិតវǤជąŌនែដល a + b + c � 1 ។

″ង λ � min{a3
+ a2bc , b2

+ ab2c , c3
+ abc2} ។ បİƟ ញ▫សមីŁរ x2

+ x + 4λ � 0 Ōនឫសពីរď

ចំនួនពិត។

៥៨. ចំេĵះចំនួនពិតខុសពីសូនŏ x , y , z ែដល
1
x
+

1
y
+

1
z
� 0 ។

បİƟ ញ▫
yz
x2 +

zx
y2 +

x y
z2 � 3 ។
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៥៩. រកចំនួនគត់ a និង b ែដលĜំឱŏ x2 − x − 1 ែចកŢច់ ax17
+ bx16

+ 1 ។

េបǿ p , q , r ďឫសៃនសមីŁរ x3 − 3px2
+ 3q2x − r3

� 0 ។ បİƟ ញ▫ p � q � r

៦០. េគឱŏ (un) ďសƃǶ ីតកំណត់េលǿ N េŢយ un �

⌊
(2 +

√
3)n

⌋
។

បİƟ ញ▫ (2 +
√

3)n
+ (2 −

√
3)n ďចំនួនគត់គូ រួចĈញ▫ un ďចំនួនគត់េសស។

៦១. េគឱŏ an � 3n +

√
n2 − 1 និង bn � 2

(√
n2 − n +

√
n2 + n

)
ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n ។ បİƟ ញ▫√

a1 − b1 +
√

a2 − b2 + · · · +
√

a49 − b49 � A + B
√

2 ចំេĵះចំនួនគត់ A និង B ។

៦២. េគឱŏ (un) ďសƃǶ ីតកំណត់េលǿ N េŢយ un �

⌊
(2 +

√
3)n

⌋
។

បİƟ ញ▫ (2 +
√

3)n
+ (2 −

√
3)n ďចំនួនគត់គូ រួចĈញ▫ un ďចំនួនគត់េសស។

៦៣. េគឱŏ an � 3n +

√
n2 − 1 និង bn � 2

(√
n2 − n +

√
n2 + n

)
ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n ។ បİƟ ញ▫√

a1 − b1 +
√

a2 − b2 + · · · +
√

a49 − b49 � A + B
√

2 ចំេĵះចំនួនគត់ A និង B ។

៦៤. េគឱŏ an �

√
1 +

(
1 +

1
n

)2
+

√
1 +

(
1 − 1

n

)2
ែដល n ďចំនួនគត់វǤជąŌន។ បİƟ ញ▫

1
a1

+
1
a2

+ · · ·+ 1
a20

ďចំនួនគត់វǤជąŌន។

៦៥. ″ង f (n) � (n2
+ n + 1)2 + 1 ។ េគកំណត់សƃǶ ីត

Un �
f (1) × f (3) × f (5) × · · · × f (2n − 1)

f (2) × f (4) × f (6) × · · · × f (2n) ែដល n ∈ N។

គណĜ lim
n→∞

(
n
√

Un

)
។

៦៦. េគឱŏសƃǶ ីតពីរ (an) និង (bn) ďសƃǶ ីតៃនចំនួនពិតធមŊďតិែដលេផĀȅងĬĀ ត់

an +
√

2bn � (2 +
√

2)n ។ គណĜ lim
n→∞

an

bn
។

៦៧. េគឱŏសƃǶ ីត (un) កំណត់េŢយ un+2 � 5un+1 − 6un ចំេĵះ n ∈ N និង (vn) ďសƃǶ ីតមួយេទȄតែដល

vn � un+1 − aun ។ កំណត់តៃមžៃនចំនួនពិត a េដǿមġីឱŏ (vn) ďសƃǶ ីតធរណីŌŪត។

៦៨. ŪតីេŁណ ABC មួយŌនរİƃ ស់ŪជǶង x , x + 1 និង x + 2 ďŪតីេŁណសមŃňែដលŌនមុំĈលមួយ។ ចូររករȔង់ៃន

តៃមž x ។

៦៩. ចំេĵះចំនួនគត់វǤជąŌន n និង an � 19n
+ (−1)n−1 · 24n−3 ។ រកចំនួនបឋមតូចបំផុតែដលែចកŢច់ an ។

៧០. ចំេĵះចំនួនពិត a េគŌនចំណុច A(a , 0) និង B(−a , 0) ។ ចូររកសំណំុចំណុច P េĝកĖǶងបžងម់ួយែដលបំេពញលកšខណŹ

∠APB � 90◦ ។
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៧១. ឧបŌ▫ចំណុច P ស□ ិតេĝេលǿģ៉ŬȔ បូល y2
� ax េហǿយមិនស□ ិតេĝេលǿគល់ O(0, 0) ។ េគគូសបĜĀ តម់ួយែកងនឹងģ៉

ŬȔ បូលŪតង់ P ។ ″ង Q ďចំណុចŪបសពƃរƅងបĜĀ តែ់កងនឹងអ័កƖƫប់សុីស េហǿយ R ďចំណុចŪបសពƃរƅងចំេ₧ល

ែកងŪតង់ P េលǿអ័កƖƫប់សុីស។ ŪƘយបŔą ក់▫ Ūបែវងអង̨ត់ QR Ōនតៃមžេថរ មិនĈក់ទងនឹងទី″ងំរបស់ P េទ។

៧២. បĜĀ ត់ែដលŌនសមីŁរ x + y + 1 � 0 Łត់រងƃង់ែដលŌនសមីŁរ x2
+ y2

� 4 Ūតង់ពីរចំណុចេផƖងýĖ ។ េគ

គូសបĜĀ ត់ប៉ះេĉនឹងរងƃង់Ūតង់ចំណុចŪបសពƃĈំងពីរេĜះ។ ″ង θ ďមុំែដលបេង̨ǿតេឡǿងេŢយបĜĀ ត់ប៉ះĈំងពីរេĜះ

េហǿយេគដឹង▫ 0 ≤ θ ≤ 90◦ ។ រកតៃមžៃន tan θ ។

៧៣. ″ង a , b និង c ďŪជǶងៃនŪតីេŁណមួយ េហǿយ S ďៃផĀŪកƦៃនŪតីេŁណេĜះ និង a + b + c � 2p។ ចូរបİƟ ញ▫

p2 ≥ 3
√

3S ។

៧៤. ចូរŪƘយបŔą ក់▫ Ūបសិនេបǿចំនួនពិត x , y , z និង a បំេពញលកšខណŹ

x + y + z � a និង x3
+ y3

+ z3
� a3 Ĝំឱŏŗ៉ងេơច₧ស់ŌនមួយកĖǶងចំេ₧ម

x , y និង z េសŊ ǿនឹង a ។

៧៥. ចូរŪƘយបŔą ក់▫ Ūបសិនេបǿចំនួនពិត x , y , z និង a បំេពញលកšខណŹ

x + y + z � 3a និង x y + yz + zx � 3a2 Ĝំឱŏ x � y � z � a ។

៧៦. ចំេĵះចំនួនគត់វǤជąŌន n េបǿ an > 0 េហǿយេផĀȅតĬĀ ត់
n∑

j�1
a3

j �
©­«

n∑
j�1

a j
ª®¬

2

។

ចូរŪƘយបŔą ក់▫ an � n ។

៧៧. គណĜលីមីតžងេŪŁម

ក. lim
n→+∞

n∑
k�1

√
k

n
√

n

ខ. lim
x→1

( 1
1 − x

− n
1 − xn

)
, n ∈ N

៧៨. េŢះŪƘយសមីŁរžងេŪŁម

ក. 5x × 2
2x−1
x+1 � 50

ខ. log3

(√
1 + x2 + x

)
� log2

(√
1 + x2 − x

)

៧៩. េŢះŪƘយវǤសមីŁរ x2
+ (x + 1)2 ≤ 15

x + (x + 1) ។

៨០. បİƟ ញ▫េដរǪេវ f ′(x) ៃនអនុគមន៍ f (x) � (x + 2)e−x ďអនុគមន៍េកǿនŢច់žតចំេĵះ x > 0

៨១. រកសមីŁរបĜĀ ត់ប៉ះៃនេអលីប 9x2
+ 16y2

� 52 េហǿយŪសបនឹងបĜĀ ត់ 9x − 8y � 1 ។
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៨២. េគŌនសƃǶ ីតចំនួនពិត (un) និង (vn) ែដលកំណត់េŢយ u0 � 0, v0 � 1 និង


un+1 �

un + vn

2

vn+1 �
un + 2vn

3

ចំេĵះ

∀n ∈ N ។ Xn និង A ďពីរŌ៉Ūទីសែដល Xn �
©­«

un

vn

ª®¬ និង A �

©­­­«
1
2

1
2

1
3

2
3

ª®®®¬ ។

ក. បİƟ ញ▫ចំេĵះŪគប់ n ∈ N េគģន Xn � AnX0 ។

ខ. P, P′ និង B ďŌ៉Ūទីសែដល P �

©­­­«
4
5

6
5

−6
5

6
5

ª®®®¬ , P′
�

©­­­«
1
2

−1
2

1
2

1
3

ª®®®¬ និង B �

©­­­«
1 0

0 1
6

ª®®®¬
១. គណĜ PP′ និងបİƟ ញ▫ P′BP � A រួចគណĜ An ។

២. កំណត់តួទូេĉៃនសƃǶ ីត (un) និង (vn) ។

៨៣. េŢះŪƘយសមីŁរ logsin x cos x + logcos x sin x � 2 ។

៨៤. េគឱŏ A ďŌ៉ŪទីŁេរែដល A2
� I េហǿយ I ďŌ៉Ūទីសឯក″។

សŪមǼលកេនƙម (A − I)3 + (A + I)3 − 7A ។

៨៥. រកតៃមžអតិបរŌៃន

���������
1 1 1

1 1 + sin θ 1

1 1 1 + cos θ

��������� ។

៨៦. គណĜ L �

10∑
s�1

s−1∑
r�0

(2s − 2r) ។

៨៧. េគŌនសំណុំ S � {a ∈ N, 1 ≤ a ≤ 100} និងសមីŁរ⌊
tan2 x

⌋
− tan x − a � 0 Ōនឫសďចំនួនពិត។ កំណត់ចំនួនēតុៃន S ។

(⌊x⌋ ″ងឱŏែផĖកគត់ធំបំផុត ≤ x)

៨៨. េគŌន x � sin 2π
7

+ sin 4π
7

+ sin 8π
7

និង

y � cos 2π
7

+ cos 4π
7

+ cos 8π
7

។ គណĜតៃមžៃន x2
+ y2 ។

៨៩. េគឱŏ f (x) �
∫ g(x)

0

dt√
1 + t3

និង g(x) �
∫ cos x

0
(1 + sin t2)dt ។

គណĜ f ′
(π

2

)
។

៩០. េគឱŏ
dy
dx

�
(x + 1)2 + y − 3

x + 1
និង y(1) � 1 ។ រកតៃមžអបġរŌៃន y(x) ។
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៩១. រករȔង់ៃនអនុគមន៍ f (x) � 2 sin2 x + 2 sin x + 3
sin2 x + sin x + 1

។

៩២. គណĜ
∫ sin2 x

1/8

(
sin−1 √t

)
dt +

∫ cos2 x

1/8

(
cos−1 √t

)
dt ែដល 0 ≤ x ≤ π

2
។

៩៣. េគឱŏ z និង z0 ďចំនួនកុំផžិចែដល |z − i | ≤ 2 និង z0 � 5 + 3i ។

គណĜតៃមžអតិបរŌៃន |iz + z0 | ។

៩៤. េគឱŏអនុគមន៍ g(x) ďប់េលǿចេĜž ះ (0,+∞) េផĀȅងĬĀ ត់ g(1) � 1 និង∫ x

0
2x g2(t)dt �

(∫ x

0
2g(x − t)dt

)2

។ កំណត់អនុគមន៍ g ។

៩៥. េគŌន a , b , c ďឫសៃនសមីŁរ px3
+ qx2

+ r � 0 ។

ចូរគណĜេដែទមីណង់ ∆ �

�������������

1
a

1
b

1
c

1
b

1
c

1
a

1
c

1
a

1
b

�������������
។

៩៦. េគឱŏ tan A �
x2 − x

x2 − x + 1
និង tan B �

1
2x2 − 2x + 1

ែដល 0 < A, B <
π
2

។

គណĜ A + B ។

៩៧. េគឱŏបĜĀ ត់ L1 : x + 1
3

�
y + 2

1
�

z + 1
2

និងបĜĀ ត់ L2 : x − 2
1

�
y + 2

2
�

z − 3
3

។ រកវុǤចទ័រឯក″ ®p

ែដលអរតូកូ₧ល់នឹងបĜĀ ត់Ĉំងពីរេនះ។

៩៨. េគឱŏ α និង β ďឫសៃនសមីŁរ x2 − 6x − 2 � 0 ែដល α > β ។ ″ង tn � αn − βn ។ គណĜតៃមžៃន
t22 − 2t20

2t21
។

៩៩. េគឱŏ f ďអនុគមន៍ŌនេដរǪេវេលǿ (0,+∞) េហǿយេផĀȅងĬĀ ត់ f (1) � 1 និង

lim
t→x

t2 f (x) − x2 f (t)
t − x

� 1 ចំេĵះ x > 0 ។ កំណត់អនុគមន៍ f (x) ។

១០០. គណĜƫំងេតŪŁល I �
∫ √

ln 3

√
ln 2

x sin x2

sin x2 + sin(ln 6 − x2)dx ។

១០១. េគឱŏ A ďŌ៉ŪទីសŁេរ និងេផĀȅងĬĀ ត់ A2
� I ។ រកŌ៉ŪទីសŪČសៃន A ។

១០២. េគŌនŌ៉Ūទីស A �


1 sin θ 1

− sin θ 1 sin θ

− 1 − sin θ 1


។ រករȔង់ៃន |A| ។
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១០៣. េគឱŏ ®a និង ®b ďពីរ វុǤចទ័រឯក″ និងមិនកូលីេនែអ៊រýĖ ។ េបǿ ®u � ®a − (®a · ®b)®b និង ®v � ®a × ®b បİƟ ញ▫

| ®v | � | ®u | + | ®u · ®b | ។

១០៤. គណĜផលបូក
1

1!(n − 1)! +
1

3!(n − 3)! +
1

5!(n − 5)! + · · · + 1
(n − 1)!1!

។

១០៥. េគŌន sin3 x sin 3x �

n∑
m�0

Cm cos(mx) ែដល C0, C1, · · · , Cn ďចំនួនពិត 

និង Cn , 0 ។ រកតៃមžៃន n ។

១០៦. គណĜតៃមžៃនកេនƙម sin π
14

sin 3π
14

sin 5π
14

sin 7π
14

sin 9π
14

sin 13π
14

។

១០៧. គណĜតៃមžៃនកេនƙម L � sin π
18

sin 5π
18

sin 7π
18

។

១០៨. េគឱŏ A > 0, B > 0 និង A + B �
π
3

។ រកតៃមžអតិបរŌៃនកេនƙម y � tan A tan B ។

១០៩. េŢះŪƘយសមីŁរ cos7 x + sin4 x � 1 េលǿចេĜž ះ (−π, π) ។

១១០. េគឱŏ A � sin2 x + cos4 x ។ ចំេĵះŪគប់តៃមžៃនចំនួនពិត x រករȔង់ៃន A ។

១១១. េŢះŪƘយសមីŁរ sin x − 3 sin 2x + sin 3x � cos x − 3 cos 2x + cos 3x

១១២. រកតៃមžអតិបរŌៃន cos x1 cos x2 cos x3 · · · cos xn  េបǿេគដឹង▫

0 ≤ x1, x2, x3, . . . , xn ≤ π
2

និង cot x1 cot x2 cot x3 · · · cot xn � 1 ។

១១៣. េŪបȅបេធȄប t1 � (tan θ)tan θ , t2 � (tan θ)cot θ , t3 � (cot θ)tan θ និង t4 � (cot θ)cot θ ចំេĵះ θ ∈(
0, π

4

)
។

១១៤. គណĜ S �

13∑
k�1

1

sin
(
π
4
+
(k − 1)π

6

)
sin

(
π
4
+

kπ
6

) ។

១១៥. គណĜ
(
1 + cos π

8

) (
1 + cos 3π

8

) (
1 + cos 5π

8

) (
1 + cos 7π

8

)
។

១១៦. សŪមǼលកេនƙម 3
[
sin4

(3π
2

− α
)
+ sin4(3π + α)

]
− 2

[
sin6

(π
2
+ α

)
+ sin6(5π − α)

]
។

១១៧. រកតៃមžៃន θ ែដល 0 ≤ θ ≤ π
2

េហǿយេផĀȅងĬĀ ត់���������
1 + sin2 θ cos2 θ 4 sin 4θ

sin2 θ 1 + cos2 θ 4 sin 4θ

sin2 θ cos2 θ 1 + 4 sin 4θ

��������� � 0 ។

១១៨. បİƟ ញ▫
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ក. (sin 12◦)(sin 48◦)(sin 54◦) � 1
8

ខ. 16 cos 2π
15

cos 4π
15

cos 8π
15

cos 16π
15

� 1

១១៩. រកŪគប់តៃមžៃន x ∈ (−π, π) ែដលេផĀȅងĬĀ ត់ 81+| cos x |+| cos2 x |+| cos3 x |+···
� 43 ។

១២០. បİƟ ញ▫ tan x + 2 tan 2x + 4 tan 4x + 8 cot 8x � cot x ។

១២១. រកតៃមžៃនចំនួនពិតវǤជąŌនតូចបំផុត x (គិតďដឺេŪក) ែដលេផĀȅងĬĀ ត់

tan(x + 100◦) � tan(x + 50◦) tan x tan(x − 50◦) ។

១២២. សƃǶ ីត (an) បំេពញលកšខណŹ žងេŪŁមចំេĵះŪគប់ n � 1, 2, 3, ... ។
n∑

k�1

1
k

(
ak +

1
k + 1

)
� 2n

+ 1 − 1
n + 1

។

ក. រកតួទី n ៃនសƃ ីុត (an) ďអនុគមន៍ៃន n ។

ខ. គណĜ
n∑

k�1
ak ។

១២៣. គណĜលីមីតžងេŪŁម

ក. lim
x→1

3√x2 − 2 3√x + 1
(x − 1)2

ខ. lim
x→3

[
loga

(
x − 3√

x + 6 − 3

)]
, a > 0, a , 1

គ. lim
x→0

1 − cos3 x
x sin x cos x

១២៤. គណĜលីមីតžងេŪŁម

ក. lim
x→1

n∑
r�1

xr − 1
x − 1

ខ. lim
n→+∞

1
n4

[(
n∑

k�1
k

)
+ 2

(
n−1∑
k�1

k

)
+ 3

(
n−2∑
k�1

k

)
+ · · · + n

]
គ. lim

n→+∞

n∏
r�3

(
r3 − 1
r3 + 1

)
១២៥. គណĜលីមីត lim

n→+∞
1

n3

(
n∑

k�1

⌊
k2x

⌋)
ែដល ⌊x⌋ ″ងឱŏែផĖកគត់ ធំបំផុត ≤ x ។

១២៦. គណĜលីមីត lim
n→+∞

(
cos x

2
cos x

22 cos x
23 · · · cos x

2n

)
។

១២៧. គណĜលីមីត lim
n→+∞

(
7
10

+
29
102 +

133
103 + · · · + 5n + 2n

10n

)
។

េរȄបេរȄងេŢយ : សន េĶ ១០ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

១២៨. គណĜលីមីត lim
n→+∞

(
tan θ + 1

2
tan θ

2
+

1
2

tan θ
22 + · · · + 1

2n tan θ
2n

)
។

១២៩. គណĜលីមីត lim
x→0

tan(⌊−π2⌋x2) − x2 tan(⌊−π2⌋)
sin2 x

។

១៣០. គណĜលីមីត lim
h→0

2
[√

3 sin
(π

6
+ h

)
− cos

(π
6
+ h

)]
√

3h(
√

3 cos h − sin h)
។

១៣១. េគឱŏ f (x) � x − ⌊x⌋ ។ គណĜលីមីត lim
n→+∞

[ f (x)]2n − 1
[ f (x)]2n + 1

។

១៣២. គណĜលីមីត lim
x→0

729x − 243x − 81x + 9x + 3x − 1
x3 ។

១៣៣. េគឱŏ α និង β ďឫសៃនសមីŁរដឺេŪកទី២ ax2
+ bx + c � 0 ។

គណĜលីមីត lim
x→α

(1 + ax2
+ bx + c) 1

x−α ។

១៣៤. គណĜលីមីតžងេŪŁម

ក. lim
x→a

( sin x
sin a

) 1
x−a
, a , kπ, k ∈ Z

ខ. lim
x→0

(1 + tan x
1 − tan x

) 1
sin x

គ. lim
x→a

(
2 − x

a

)tan πx
2a
, a , 0

ឃ. lim
x→0

(cos x + a sin bx) a
x

ង. lim
x→0

( sin x
x

) sin x
x−sin x

ច. lim
x→−1

(
x4 + x2 + x + 1

x2 − x + 1

) 1−cos(x+1)
(x+1)2

ឆ. lim
n→+∞

(
cos x

n

)n

១៣៥. គណĜលីមីត lim
x→5

x2 − 9x + 20
x − ⌊x⌋ ែដល ⌊x⌋ ″ងឱŏែផĖកគត់ធំបំផុត ≤ x ។

១៣៦. គណĜលីមីត lim
n→+∞

{x} + {2x} + {3x} + · · · + {nx}
n2

ែដល {k} � k − ⌊k⌋ ែផĖកទសļគៃន k ។

១៣៧. េបǿ 51+x
+ 51−x ,

a
2

និង 25x
+ 25−x ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ បİƟ ញ▫ a ≥ 12 ។

១៣៨. ចំេĵះចំនួនពិតវǤជąŌន ខុសពីមួយ x , y , z េបǿ 1, logy x , logz y ,−15 logx z ďតួតýĖ ៃនសƃǶ ីតនពƃនŉ ។ បİƟ ញ▫

x � z3 ។

១៣៩. េគŌនបីចំនួនពិតវǤជąŌន a , b , c ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ និង abc � 4 ។ រកតៃមžអបġរŌៃន b ។

១៤០. គណĜផលបូក
14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · · + n4

(2n − 1)(2n + 1) ។

១៤១. រកតៃមžអតិបរŌៃនផលបូកេស៊រǪ 20 + 191
3
+ 182

3
+ 18 + · · · ។ (សŌð ល់ 191

3
ďចំនួនចŪមǶះ)
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១៤២. ចំេĵះចំនួនពិតវǤជąŌន a និង r ចូរគណĜផលបូក n តួដំបូងៃនសƃǶ ីត log a , log(ar), log(ar2), . . . ។

១៤៣. ″ង Sn ďផលបូក n តួនីមួយៗៃនសƃǶ ីតនពƃនŉេនះďចំនួនវǤជąŌន និងផលសងរួម d ែដល

d � Sn − kSn−1 + Sn−2 ។ ចូររកតៃមžៃនចំនួនពិត k ។

១៤៤. េគឱŏ a , b , c ďចំនួនពិតវǤជąŌន និងďតៃមžៃនតួទី x , y , z េរȄងýĖ ៃនសƃǶ ីតធរណីŌŪតមួយ។

ចូរគណĜ (y − z) log a + (z − x) log b + (x − y) log c ។

១៤៥. េគឱŏតួទី p + q ៃនសƃǶ ីតធរណីŌŪតមួយគឺ a ែដល និងតួទី p − q គឺ b ែដល a > 0, b > 0, p , q ďចំនួនគត់ និង

p > q ។ គណĜតៃមžៃនតួទី p ៃនសƃǶ ីតេនះ។

១៤៦. េគឱŏសƃǶ ីតធរណីŌŪតមួយែដលŌនតួទី n ″ងេŢយ an និង an > 0, ∀n ∈ N។

េបǿ
100∑
k�1

a2k � α និង
100∑
k�1

a2k−1 � β រកផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះ។

១៤៧. គណĜផលបូក n តួដំបូងៃនសƃǶ ីត
1
2
,
3
4
,
7
8
,
15
16
, ... ។

១៤៨. គណĜផលបូកៃនេស៊រǪ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · · ែដល |x | < 1។

១៤៩. គណĜផលបូក 
3

1 · 2
· 1

2
+

4
2 · 3

·
(1
2

)2
+

5
3 · 4

·
(1
2

)3
+ · · · + n + 2

n(n + 1) ·
(1
2

)n
។

១៥០. េគឱŏ a , b , c ďចំនួនពិតវǤជąŌន។ រកតៃមžតូចបំផុតៃនកេនƙម

alog b−log c
+ blog c−log a

+ clog a−log b។

១៥១. គណĜផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5 ។

១៥២. គណĜ
n∑

i�1

i∑
j�1

j∑
k�1

1 ។

១៥៣. គណĜផលបូកៃនេស៊រǪ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · ។

១៥៤. ចំេĵះចំនួនគត់េសស n ≥ 1 គណĜផលបូក

n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · · + (−1)n−113 ។

១៥៥. េគឱŏ p , q , r ďចំនួនពិតវǤជąŌនែដល 27pqr ≥ (p + q + r)3 និង 3p + 4q + 5r � 12 ។ គណĜតៃមžៃន

p3
+ q4

+ r5 ។

១៥៦. គណĜផលបូក

Sn �
1

1 + 12 + 14 +
2

1 + 22 + 24 +
3

1 + 32 + 34 + · · · + n
1 + n2 + n4 ។
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១៥៧. េបǿ
+∞∑
n�1

xn−1
� a និង

+∞∑
n�1

yn−1
� b ែដល |x | < 1, |y | < 1 ។

គណĜ
+∞∑
n�1

(x y)n−1 ďអនុគមន៍ៃន a , b ។

១៥៨. េបǿ λ �

+∞∑
i�1

1
i4 ។ គណĜ

+∞∑
i�1

1
(2i − 1)4 ďអនុគមន៍ៃន λ ។

១៥៩. រកតៃមžអបġរŌៃនកេនƙម 8sin x
8 + 8cos x

8 ។

១៦០. រកេមគុណៃន x49 ៃនផលគុណ (x − 1)(x − 3) · · · (x − 99) ។

១៦១. គណĜផលបូក
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · · + 13 + 23 + 33 + · · · + 93

1 + 3 + 5 + · · · + 17
។

១៦២. គណĜផលបូកៃនេស៊រǪ
+∞∑
n�1

2n − 1
(
√

2)n
។

១៦៣. េគŌន Sn �

n∑
r�0

1
C(n , r) និង Pn �

n∑
r�0

r
C(n , r) ែដល C(n , r) � n!

r!(n − r)! ។ គណĜ
Pn

Sn
។

១៦៤. រកតួទូេĉៃនសƃǶ ីតែដលេផĀȅងĬĀ ត់ x0 � 3, x1 � 4 និង xn+1 � x2
n−1 − nxn ចំេĵះŪគប់ n ∈ N។

១៦៥. េគឱŏ x1, x2, ..., xn ďសƃǶ ីតៃនចំនួនគត់ែដលេផĀȅងĬĀ ត់

(i) − 1 ≤ xi ≤ 2, ចំេĵះ i � 1, 2, ..., n

(ii) x1 + x2 + · · · + xn � 19

(iii) x2
1 + x2

2 + · · · + x2
n � 99

រកតៃមžតូចបំផុត និងធំបំផុតៃន x3
1 + x3

2 + · · · + x3
n ។

១៦៦. ចំេĵះសƃǶ ីតៃនចំនួនពិត A � {a1, a2, a3, ...} ″ង ∆A ďសƃǶ ីតៃន {a2 − a1, a3 − a2, a4 − a3, ...} ។ េបǿŪគប់តួ

ៃនសƃǶ ីត ∆(∆A) េសŊ ǿនឹង 1 និង a19 � a92 � 0 ចូររក a1 ។

១៦៧. េគŌន (an)n≥1 ďសƃǶ ីតៃនចំនួនពិត ែដល a1 � 2 និង

an+1 �
an

2
+

1
an
, ∀n ∈ N ។ កំណត់តួទូេĉៃនសƃǶ ីតេនះ។

១៦៨. ABC ďŪតីេŁណមួយែដលŌន sin(2A + B) � sin(C − A) � − sin(B + 2C) � 1
2

េបǿ A, B និង C ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ ចូររកតៃមžៃនមុំ A, B និង C ។

១៦៩. បİƟ ញ▫
n−1∑
k�1

(n − k) cos 2kπ
n

� −n
2

ចំេĵះŪគប់ចំនួនគត់ n ≥ 3 ។
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២. ដំេ�ះ��យ
លំơត់ទី ១. ចំេĵះចំនួនគត់វǤជąŌន n និង p ែដល p ≤ n ។

ក. បİƟ ញ▫ Cp
n � Cn−p

n ។

ខ. បİƟ ញ▫ Cp
n � Cp

n−1 + Cp−1
n−1  ។

គ. បİƟ ញ▫ Cp+1
n �

n − p
p + 1

Cp
n ។

ដំេ₧ះŪƘយ

ក. បİƟ ញ▫ Cp
n � Cn−p

n

េគŌន Cp
n �

n!
p!(n − p)! �

n!
(n − p)![n − (n − p)]! � Cn−p

n

ដូចេនះ Cp
n � Cn−p

n

ខ. បİƟ ញ▫ Cp
n � Cp

n−1 + Cp−1
n−1

េគŌន Cp
n−1 + Cp−1

n−1 �
(n − 1)!

p!(n − p − 1)! +
(n − 1)!

(p − 1)! (n − p)!

�
(n − 1)!

(p − 1)! (n − p − 1)

(
1
p
+

1
n − p

)
�

(n − 1)!
(p − 1)! (n − p − 1)! ×

n − p + p
p(n − p)

�
n(n − 1)!

p(p − 1)! (n − p)(n − p − 1)!

�
n!

p! (n − p)! � Cp
n

ដូចេនះ Cp
n � Cp

n−1 + Cp−1
n−1

គ. បİƟ ញ▫ Cp+1
n �

n − p
p + 1

Cp
n

េគŌន Cp+1
n �

n!
(p + 1)!(n − p − 1)! �

n − p
p + 1

× n!
p!(n − p)! �

n − p
p + 1

Cp
n

ដូចេនះ Cp+1
n �

n − p
p + 1

Cp
n

លំơត់ទី ២. បİƟ ញ▫ 1 · 1! + 2 · 2! + 3 · 3! + · · · + n · n! < (n + 1)! ។

១៥
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ដំេ₧ះŪƘយ

ចំេĵះ ∀k ∈ N េគģន k · k! � [(k + 1) − 1]k! � (k + 1)k! − k! � (k + 1)! − k!

េបǿ k � 1 : 1 · 1 ���2! − 1!

េបǿ k � 2 : 2 · 2 ���3! −��2!

េបǿ k � 3 : 3 · 3! ���4! −��3!

................. ...................................

េបǿ k � n : n · n! � (n + 1)! −��n!


+

េគģន 1 · 1! + 2 · 2! + 3 · 3! + · · · + n · n! � (n + 1)! − 1! < (n + 1)!

ដូចេនះ 1 · 1! + 2 · 2! + 3 · 3! + · · · + n · n! < (n + 1)!

លំơត់ទី ៣. បİƟ ញ▫
1
0!

+
1
1!

+
1
2!

+ · · · + 1
n!
< 3 ។

ដំេ₧ះŪƘយ

ចំេĵះ ∀k ∈ N, k ≥ 2

េគģន
1
k!

�
1

1 × 2 × · · · × (k − 1) × k
<

1
(k − 1)k

Ĝំឱŏ
1
k!
<

1
k − 1

− 1
k

េបǿ k � 2 : 1
2!
<

1
1
−

�
�
�1

2

េបǿ k � 3 : 1
3!
<

�
�
�1

2
−

�
�
�1

3

េបǿ k � 4 : 1
4!
<

�
�
�1

3
−

�
�
�1

4

................. ...................................

េបǿ k � n : 1
n!
<

�
�

��1
n − 1

− 1
n


+

េគģន
1
2!

+
1
3!

+
1
4!

+ · · · + 1
n!
< 1 − 1

n
< 1

Ĝំឱŏ
1
0!

+
1
1!

+
1
2!

+
1
3!

+ · · · + 1
n!
< 1 +

1
0!

+
1
1!

� 3
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ដូចេនះ
1
0!

+
1
1!

+
1
2!

+
1
3!

+ · · · + 1
n!
< 3

លំơត់ទី ៤. បİƟ ញ▫ C0
n + C1

n + C2
n + · · · + Cn

n � 2n ។

ដំេ₧ះŪƘយ

″មេទƃē Newton េគģន (x + y)n
�

n∑
k�0

Ck
nxk yn−k

យក x � y � 1

េគģន (1 + 1)n
�

n∑
k�0

Ck
n1k1n−k

�

n∑
k�0

Ck
n � C0

n + C1
n + C2

n + · · · + Cn
n

ដូចេនះ C0
n + C1

n + C2
n + · · · + Cn

n � 2n

លំơត់ទី ៥. បİƟ ញ▫ C1
2n + C3

2n + C5
2n + · · · + C2n−1

2n � C0
2n + C2

2n + C4
2n + · · · + C2n

2n

ដំេ₧ះŪƘយ

″មេទƃē Newton េគģន (x − y)2n
�

2n∑
k�0

(−1)kCk
2n xk y2n−k

យក x � y � 1 េគģន

(1 − 1)2n
�

2n∑
k�0

(−1)k2nk
� C0

2n − C1
2n + C2

2n − C3
2n + C4

2n − C5
2n − · · · − C2n−1

2n + C2n
2n

0 � C0
2n − C1

2n + C2
2n − C3

2n + C4
2n − C5

2n − · · · − C2n−1
2n + C2n

2n

⇐⇒ C1
2n + C3

2n + C5
2n + · · · + C2n−1

2n � C0
2n + C2

2n + C4
2n + · · · + C2n

2n

ដូចេនះ C1
2n + C3

2n + C5
2n + · · · + C2n−1

2n � C0
2n + C2

2n + C4
2n + · · · + C2n

2n

លំơត់ទី ៦. គណĜផលបូក :

A � 2nC0
n + 2n−2C2

n + 2n−4C4
n + · · ·

B � 2n−1C1
n + 2n−3C3

n + 2n−5C5
n + · · ·

ដំេ₧ះŪƘយ

″មទƃē Newton េគģន (x + y)n
�

n∑
k�0

Ck
n xn−k yk និង (x − y)n

�

n∑
k�0

(−1)kCk
n xn−k yk េគģន

A + B �
(
2nC0

n + 2n−2C2
n + 2n−4C4

n + · · ·
)
+

(
2n−1C1

n + 2n−3C3
n + 2n−5C5

n + · · ·
)

� 2nC0
n + 2n−1C1

n + 2n−2C2
n + 2n−3C3

n + 2n−4C4
n + 2n−5C5

n + · · ·
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� (2 + 1)n

� 3n (1)

A − B �
(
2nC0

n + 2n−2C2
n + 2n−4C4

n + · · ·
)
−

(
2n−1C1

n + 2n−3C3
n + 2n−5C5

n + · · ·
)

� 2nC0
n − 2n−1C1

n + 2n−2C2
n − 2n−3C3

n + 2n−4C4
n − 2n−5C5

n + · · ·

� (2 − 1)n

� 1 (2)

″ម (1) និង (2) េគģន


A + B � 3n

A − B � 1
⇐⇒ A �

1
2 (3n

+ 1) និង B �
1
2 (3n − 1)

ដូចេនះ A �
1
2 (3n

+ 1) និង B �
1
2 (3n − 1)

លំơត់ទី ៧. បİƟ ញ▫ 1 × C1
n + 2 × C2

n + 3 × C3
n + · · · + n × Cn

n � n × 2n−1 ។

ដំេ₧ះŪƘយ

េគŌន (x + 1)n
�

n∑
k�0

Ck
n xk េធƃǿេដរǪេវេធȄបអងðĈំងពីរ

េគģន n(x + 1)n−1
�

n∑
k�0

Ck
n

(
kxk−1

)
�

n∑
k�0

kCk
n xk−1

យក x � 1 Ĝំឱŏ n2n−1
�

n∑
k�0

kCk
n � 1 × C1

n + 2 × C2
n + 3 × C3

n + · · · + n × Cn
n

ដូចេនះ C1
n + 2 × C2

n + 3 × C3
n + · · · + n × Cn

n � n × 2n−1

លំơត់ទី ៨. បİƟ ញ▫ 2 × 1 C2
n + 3 × 2 C3

n + · · · + n(n − 1)Cn
n � n(n − 1)2n−2 ។

ដំេ₧ះŪƘយ

េគŌន (x + 1)n
�

n∑
k�0

Ck
n xk េធƃǿេដរǪេវេធȄបអងðĈំងពីរ

េគģន n(x + 1)n−1
�

n∑
k�0

Ck
n

(
kxk−1

)
�

n∑
k�0

kCk
n xk−1

េធƃǿេដរǪេវមŚងេទȄតេធȄបអងðĈំងពីរ េគģន

n(n − 1)(x + 1)n−2
�

n∑
k�0

k(k − 1)Ck
n xk−2

�

n∑
k�2

k(k − 1)Ck
n xk−2

យក x � 1 េគģន n(n − 1)2n−2
�

n∑
k�2

k(k − 1)Ck
n � 2 × 1 C2

n + 3 × 2 C3
n + · · · + n(n − 1)Cn

n

េរȄបេរȄងេŢយ : សន េĶ ១៨ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

ដូចេនះ 2 × 1 C2
n + 3 × 2 C3

n + · · · + n(n − 1)Cn
n � n(n − 1)2n−2

លំơត់ទី ៩. គណĜផលបូក S � C0
n +

1
2

C1
n +

1
3

C2
n + · · · + 1

n + 1
Cn

n ។

ដំេ₧ះŪƘយ

េគŌន (x + 1)n
�

n∑
k�0

Ck
n xk េធƃǿƫំងេតŪŁលេធȄបអងðĈំងពីរ

េគģន
∫ 1

0
(x + 1)n dx �

∫ 1

0

n∑
k�0

Ck
n xk dx �

n∑
k�0

Ck
n

∫ 1

0
xk dx

�⇒ (x + 1)n+1

n + 1

�����1
0

�

n∑
k�0

Ck
n

xk+1

k + 1

�����1
0

ឬ
2n+1

n + 1
− 1

n + 1
�

n∑
k�0

Ck
n

( 1
k + 1

− 0
)
�

n∑
k�0

1
k + 1

Ck
n

េគģន S �

n∑
k�0

1
k + 1

Ck
n � C0

n +
1
2

C1
n +

1
3

C2
n + · · · + 1

n + 1
Cn

n �
2n+1 − 1

n + 1

ដូចេនះ S �
2n+1 − 1

n + 1

លំơត់ទី ១០. បİƟ ញ▫
(
C0

n
)2

+
(
C1

n
)2

+
(
C2

n
)2

+ · · · + (Cn
n)2 � Cn

2n ។

ដំេ₧ះŪƘយ

េគŌន  (1 + x)2n
� (1 + x)n(1 + x)n

� (1 + x)n(x + 1)n (1)

េŢយ

(1 + x)2n
� C0

2n + C1
2n x + C2

2nx2
+ · · · + Cn

2n xn
+ · · · + C2n

2n x2n (2)

(1 + x)n
� C0

n + C1
n x + C2

n x2
+ · · · + Cn−1

n xn−1
+ Cn

n xn (3)

(x + 1)n
� C0

n xn
+ C1

n xn−1
+ C2

n xn−2
+ · · · + Cn−1

n x + Cn
n (4)

េគģន េមគុណៃន xn របស់សមļព (2) គឺ Cn
2n

និង េមគុណៃន xn របស់សមļព (3) × (4) គឺ
(
C0

n
)2

+
(
C1

n
)2

+
(
C2

n
)2

+ · · · + (Cn
n)2

″ម (1) េគģន Cn
2n �

(
C0

n
)2

+
(
C1

n
)2

+
(
C2

n
)2

+ · · · + (Cn
n)2

ដូចេនះ Cn
2n �

(
C0

n
)2

+
(
C1

n
)2

+
(
C2

n
)2

+ · · · + (Cn
n)2

លំơត់ទី ១១. េគឱŏ n ∈ N ែដល n ≥ 4 ។ បİƟ ញ▫ C2
C2

n
� 3C4

n+1 ។
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ដំេ₧ះŪƘយ

េគŌន C2
C2

n
�

(
C2

n
)
!

2!
(
C2

n − 2
)
!
�

C2
n
(
C2

n − 1
) (

C2
n − 2

)
!

2!
(
C2

n − 2
)
!

�

n!
2!(n − 2)!

(
n!

2!(n − 2)! − 1
)

2!

�

n(n − 1)
2

(
n(n − 1)

2
− 1

)
2

�
n(n − 1)(n2 − n − 2)

2 × 4
�

n(n − 1)(n + 1)(n − 2)
2 × 4

� 3 × (n − 2)(n − 1)n(n + 1)
2 × 3 × 4

� 3 × (n − 3)!(n − 2)(n − 1)n(n + 1)
4!(n − 3)!

� 3 × (n + 1)!
4![(n + 1) − 4]! � 3C4

n+1

ដូចេនះ C2
C2

n
� 3C4

n+1

លំơត់ទី ១២. េគ″ង Pn �

n∏
k�0

Ck
n ។ បİƟ ញ▫ចំេĵះŪគប់ n ∈ N េគģន

Pn

Pn−1
�

nn

n!
។

ដំេ₧ះŪƘយ

េគŌន
Pn

Pn−1
�

n∏
k�0

Ck
n

n−1∏
k�0

Ck
n−1

�

(
n−1∏
k�0

Ck
n

)
Cn

n

n−1∏
k�0

Ck
n−1

�

n−1∏
k�0

Ck
n

Ck
n−1

�

n−1∏
k�0

©­­­«
n!

k!(n − k)!
(n − 1)!

k!(n − k − 1)!

ª®®®¬ �

n−1∏
k�0

n
n − k

Ĝំឱŏ
Pn

Pn−1
�

n
n
× n

n − 1
× n

n − 2
× n

n − 3
× · · · × n

2
× n

1
�

nn

n!

លំơត់ទី ១៣. រក log30 8 ďអនុគមន៍ៃន c និង d េបǿេគដឹង▫ log30 3 � c និង log30 5 � d

ដំេ₧ះŪƘយ

េគŌន log30 8 � 3 log30 2 � 3 log30

(30
15

)
� 3 (log30 30 − log30 15)

� 3 (1 − log30 3 − log30 5) � 3(1 − c − d)
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ដូចេនះ log30 8 � 3(1 − c − d)

លំơត់ទី ១៤. រក log9 40 ďអនុគមន៍ៃន c និង d េបǿេគដឹង▫ log 15 � c និង log20 50 � d

ដំេ₧ះŪƘយ

េគŌន

log9 40 �
log 40
log 9

�
log 4 + log 10

2 log 3
�

2 log 2 + 1
2 log 3

c � log 15 � log 3 + log 5

d � log20 50 �
log 50
log 20

�
log 5 + log 10
log 2 + log 10

�
log 5 + 1
log 2 + 1

សŌð ល់

loga b �
logc b
logc a

(រូបមនŉបŉǹរេýល)

ចំេĵះ a > 0, b > 0, c > 0, a , 1, c , 1

″ង x � log 2, y � log 3 និង z � log 5 េគģន



log9 40 �
2x + 1

2y

c � y + z

d �
z + 1
x + 1

ែត x + z � log 2 + log 5 � log 10 � 1

េគģន


x + z � 1

y + z � c

z + 1
x + 1

� d

⇐⇒


y + (1 − x) � c

1 − x + 1
x + 1

� d
⇐⇒


y − x � c − 1

x �
2 − d
1 + d

⇐⇒


y �
c − 2d + cd + 1

1 + d

x �
2 − d
1 + d

េគģន log9 40 �
2x + 1

2y
�

2
(
2 − d
1 + d

)
+ 1

2
(

c − 2d + cd + 1
1 + d

) �
4 − 2d + 1 + d

2(c − 2d + cd + 1)

log9 40 �
5 − d

2(c − 2d + cd + 1)

ដូចេនះ log9 40 �
5 − d

2(c − 2d + cd + 1)
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លំơត់ទី ១៥. េŢះŪƘយសមីŁរ xlog x
� 100x ។

ដំេ₧ះŪƘយ

សមីŁរŌនន័យŁល₧ x > 0

េគģន xlog x
� 100x �⇒ log xlog x

� log 100x

�⇒ log2 x � log 100 + log x � 2 + log x ⇐⇒ log2 x − log x − 2 � 0

⇐⇒ log x � −1 ∨ log x � 2 ⇐⇒ x �
1
10

∨ x � 100

ដូចេនះ សមីŁរŌនចេមžǿយ x �
1
10

∨ x � 100

លំơត់ទី ១៦. េŢះŪƘយសមីŁរ
1√

2x − 1
� (2x − 1)log 1

4
(1+7x−2x2)

។

ដំេ₧ះŪƘយ

សមីŁរŌនន័យŁល₧


2x − 1 > 0

1 + 7x − 2x2 > 0
⇐⇒


x >

1
2

7 −
√

57
4

< x <
7 +

√
57

4

⇐⇒ 1
2
< x <

7 +
√

57
4

(1)

េគģន
1√

2x − 1
� (2x − 1)log 1

4
(1+7x−2x2) (2)

⇐⇒ (2x − 1)− 1
2 � (2x − 1)log 1

4
(1+7x−2x2)

− េបǿ 2x − 1 � 1 ⇐⇒ x � 1 េគģន (2) ពិត

− េបǿ 2x − 1 , 1 ⇐⇒ x , 1 ″ម (2) េគģន

log 1
4
(1 + 7x − 2x2) � −1

2
⇐⇒ −1

2
log2(1 + 7x − 2x2) � −1

2
⇐⇒ 1 + 7x − 2x2

� 2 ⇐⇒ 2x2 − 7x + 1 � 0

េគģន x �
7 −

√
41

4
∨ x �

7 +
√

41
4

″ម (1) �⇒ x �
7 +

√
41

4

ដូចេនះ សមីŁរŌនចេមžǿយ x � 1 ∨ x �
7 +

√
41

4

េរȄបេរȄងេŢយ : សន េĶ ២២ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

លំơត់ទី ១៧. េŢះŪƘយសមីŁរ 4log x+1 − 6log x − 2 × 32 log x+2
� 0 ។

ដំេ₧ះŪƘយ

សមីŁរŌនន័យŁល₧ x > 0

េគŌន 4log x+1 − 6log x − 2 × 32 log x+2
� 0 ⇐⇒ 4 × 4log x − 6log x − 18 × 9log x

� 0 (1)

ែចកអងðĈំងពីរៃន (1) នឹង 4x េគģន 4 −
(3
2

) log x
− 18

(9
4

) log x
� 0

″ង t �
(3
2

) log x
, t > 0 េគģន 18t2

+ t − 4 � 0 ⇐⇒ t �
16
36

�

(3
2

)−2

Ĝំឱŏ
(3
2

) log x
�

(3
2

)−2
⇐⇒ log x � −2 ⇐⇒ x �

1
100

ដូចេនះ សមីŁរŌនចេមžǿយ x �
1

100

លំơត់ទី ១៨. េគេƫយ a > 1 និង x > 1 ែដល loga(loga(loga 2) + loga 24 − 128) � 128 និង

loga(loga x) � 256 ។ រកចំនួនគត់ x ។

ដំេ₧ះŪƘយ

េគŌន

128 � loga(loga(loga 2) + loga 24 − 128)

a128
� loga(loga 2) + loga 24 − 128

128 + a128
� loga(loga 2) + loga 24

� loga(24 loga 2)

� loga loga 224

a128+a128
� loga 224

(a128)(aa128) � loga 224

a(a
128)(aa128 )

� 224

(aa128)(aa128 )
� 88

េគģន a(a
128)

� 8 �⇒ (a128)(a128)
� 8128

� 6464 ( េលǿកអងðĈំងពីរďសƃ ័យគុណ 128)

Ĝំេƫយ a128
� 64 � 26 ⇐⇒ a � 2

6
128 � 2

3
64

ែត loga(y) �
log2(y)
log2 a

�
64
3

log2(y) ( េŪĵះa � 23/64)

េរȄបេរȄងេŢយ : សន េĶ ២៣ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

េគģន

256 � loga(loga(x)) �
64
3

log2(
64
3

log2(x))

212
�

64
3

log2(x) ⇐⇒ 192 � log2(x) ⇐⇒ x � 2192

ដូចេនះ x � 2192

លំơត់ទី ១៩. េគŌនចំនួនកុំផžិច z ែដល z , 0 ។ ចូរេŢះŪƘយសមីŁរ 2 − 1
z
� z̄  ។

ដំេ₧ះŪƘយ

េŢះŪƘយសមីŁរ 2 − 1
z
� z̄

េគŌន 2 − 1
z
� z̄ �⇒ 2z − 1 � zz̄ � |z |2 (េŪĵះ zz̄ � |z |2)

Ĝំឱŏ 2z � |z |2 + 1 (1) េŢយ |z |2 + 1 ∈ R+ �⇒ z ∈ R+
េŢយ z ∈ R+ �⇒ |z | � z

″ម (1) េគģន 2z � z2
+ 1 ⇐⇒ z2 − 2z + 1 � 0 ⇐⇒ (z − 1)2 � 0 ⇐⇒ z � 1

ដូចេនះ សមីŁរŌនចេមžǿយ z � 1

លំơត់ទី ២០. បİƟ ញ▫ េបǿផលគុណៃន z1z2 ďចំនួនពិតខុសពីសូនŏ េĜះŌនចំនួនពិត α មួយែដល z1 � αz̄2

។

ដំេ₧ះŪƘយ

េបǿផលគុណៃន z1z2 , 0 េĜះ z1 , 0 ∧ z2 , 0

េគŌន z1z2 ďចំនួនពិត េĜះ z1z2 � a ែដល a ∈ R, a , 0

េគģន z1 �
a
z2

�
az̄2
z2 z̄2

�
a

|z2 |2
× z̄2

េŢយ
a
|z |2 ∈ R ″ង α �

a
|z |2 ∈ R, α , 0

េគģន z1 � αz̄2

ដូចេនះ z1 � αz̄2

លំơត់ទី ២១. ចំេĵះចំនួនកុំផžិច z និង w ចូរបİƟ ញ▫ |z + w | ≤ |z | + |w | ។

ដំេ₧ះŪƘយ
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េគŌន |z + w |2 � (z + w)(z + w) � (z + w)(z + w)

� zz + zw + wz + ww � |z |2 + |w |2 + zw + wz

� |z |2 + |w |2 + zw + zw (េŪĵះ zw � z w � zw)

� |z |2 + |w |2 + 2Re(zw) (Re(z) ″ងឱŏែផĖកពិតៃនចំនួនកុំផžិច zនិង Re(z) � z + z̄
2

)

≤ |z |2 + |w |2 + 2|zw | (េŪĵះ Re(zw) ≤ |zw |)

≤ |z |2 + |w |2 + 2|z | |w |

≤ |z |2 + |w |2 + 2|z | |w | (េŪĵះ|w | � |w |)

≤ |z |2 + 2|z | |w | + |w |2

≤ (|z | + |w |)2 េŢយ |z | ≥ 0, |w | ≥ 0 និង |z + w | ≥ 0 េគģន |z + w |2 ≤ (|z | + |w |)2

�⇒ |z + w | ≤ |z | + |w |

ដូចេនះ |z + w | ≤ |z | + |w |

លំơត់ទី ២២. បİƟ ញ▫ 2 + i ďឫសរបស់សមីŁរ z4 − 5z3
+ 3z2

+ 19z − 30 � 0 រួចរកឫសេផƖងេទȄត

របស់សមីŁរេនះ។

ដំេ₧ះŪƘយ

• េបǿ 2 + i ďឫសរបស់សមីŁរ z4 − 5z3
+ 3z2

+ 19z − 30 � 0 េគģន

(2 + i)4 − 5(2 + i)3 + 3(2 + i)2 + 19(2 + i) − 30

� (24
+ 4 · 23i + 6 · 22i2

+ 4 · 2i3
+ i4) − 5(8 + 12i + 6i2

+ i3) + 3(4 + 4i + i2) + (38 + 19i) − 30

� (16 + 32i − 24 − 8i + 1) − 5(8 + 12i − 6 − i) + 3(4 + 4i − 1) + 8 + 19i

� −7 + 24i − 10 − 55i + 9 + 12i + 8 + 19i � 0

ដូចេនះ 2 + i ďឫសរបស់សមីŁរ z4 − 5z3
+ 3z2

+ 19z − 30 � 0

• រកឫសេផƖងេទȄត

េគŌន 2 + i ďឫសរបស់សមីŁរ z4 − 5z3
+ 3z2

+ 19z − 30 � 0 (1)

Ĝំឱŏ 2 − i ក៏ďឫសរបស់សមីŁរ (1) ែដរ

េŢយ (2+ i)+ (2− i) � 4 និង (2+ i)(2− i) � 5 េĜះ 2− i និង 2− i ďឫសរបសស់មីŁរ z2 −4z +5 � 0

េគŌន

z4 − 5z3
+ 3z2

+ 19z − 30

� (z4 − 4z3
+ 5z2) + (4z3 − 5z2) − 5z3

+ 3z2
+ 19z − 30

� z2(z2 − 4z + 5) − z3 − 2z2
+ 19z − 30

� z2(z2 − 4z + 5) − (z3 − 4z2
+ 5z) + (−4z2

+ 5z) − 2z2
+ 19z − 30
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� z2(z2 − 4z + 5) − z(z2 − 4z + 5) − 6z2
+ 24z − 30

� z2(z2 − 4z + 5) − z(z2 − 4z + 5) − 6(z2 − 4z + 5)

� (z2 − 4z + 5)(z2 − z − 6)

េĜះេគģន z4 − 5z3
+ 3z2

+ 19z − 30 � 0 ⇐⇒ (z2 − 4z + 5)(z2 − z − 6) � 0

Ĝំឱŏ z2 − 4z + 5 � 0 ឬ z2 − z − 6 � 0

− េបǿ z2 − 4z + 5 � 0 ⇐⇒ z � 2 + i ∨ z � 2 − i

− េបǿ z2 − z − 6 � 0 ⇐⇒ z � −2 ∨ z � 3

ដូចេនះ ឫសេផƖងេទȄតគឺ − 2, 3, 2 − i

លំơត់ទី ២៣. បİƟ ញ▫ x4
+ 4 � (x − 1 − i)(x − 1 + i)(x + 1 + i)(x + 1 − i) ។

ដំេ₧ះŪƘយ

េគŌន (x − 1 − i)(x − 1 + i)(x + 1 + i)(x + 1 − i)

� [x − (1 + i)] [x − (1 − i)] [x + (1 + i)] [x + (1 − i)]

�
[
x2 − (1 + i)2

] [
x2 − (1 − i)2

]
�

[
x2 − (1 + 2i + i2)

] [
x2 − (1 − 2i + i2)

]
� (x2 − 2i)(x2

+ 2i)

� x4 − 4i2

� x4
+ 4

ដូចេនះ x4
+ 4 � (x − 1 − i)(x − 1 + i)(x + 1 + i)(x + 1 − i)

លំơត់ទី ២៤. េŢះŪƘយសមីŁរ (2 + i)x2 − (5 − i)x + (2 − 2i) � 0 ។

ដំេ₧ះŪƘយ

េŢះŪƘយសមីŁរ (2 + i)x2 − (5 − i)x + (2 − 2i) � 0

″ម ∆ � (5 − i)2 − 4(2 + i)(2 − 2i) � −2i � (1 − i)2

េគģន x �
5 − i + 1 − i

2(2 + i) � 1 − i ឬ x �
5 − i − 1 + i

2(2 + i) �
4
5
− 2

5
i

ដូចេនះ សមីŁរŌនឫស x � 1 − i ∨ x �
4
5
− 2

5
i
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លំơត់ទី ២៥. រកŪគប់ចំនួនកុំផžិច z , 0 ែដល z +
1
z
∈ R ។

ដំេ₧ះŪƘយ

″ង z � x + i y េគģន

z +
1
z
� x + i y +

1
x + i y

� x + i y +
x − i y

(x + i y)(x − i y)
� x + i y +

x − i y
x2 + y2

�

(
x +

x
x2 + y2

)
+ i

(
y − y

x2 + y2

)
(1)

េគģន z +
1
z
∈ RលុះŪ″ែត y − y

x2 + y2 � 0 �⇒ y � 0 ∨ x2
+ y2

� 1

− េបǿ y � 0 េគģន z � x , x , 0 Ĝំឱŏ z +
1
z
� x +

1
x
∈ R

េĜះ z +
1
z
∈ RលុះŪ″ែត z ∈ R

− េបǿ x2
+ y2

� 1 ″ម (1) េគģន z +
1
z
� x + x � 2x ∈ R

េĜះ z +
1
z
∈ RលុះŪ″ែត z � x + i y េហǿយេផĀȅងĬĀ ត់ x2

+ y2
� 1

ដូចេនះ z ∈ R ∨ z � x + i y ែដល x2
+ y2

� 1

លំơត់ទី ២៦. បİƟ ញ▫ z �

(
19 + 7i
9 − i

)2019

+

(
20 + 5i
7 + 6i

)2019

+ 19012019 ďចំនួនពិត។

ដំេ₧ះŪƘយ

បİƟ ញ▫ z ďចំនួនពិត

z ďចំនួនពិតលុះŪ″ែត z � z̄

េគŌន
19 + 7i
9 − i

�
(19 + 7i)(9 + i)
(9 − i)(9 + i) �

171 + 19i + 63i − 7
91 + 1

�
164 + 82i

82
� 2 + i

20 + 5i
7 + 6i

�
(20 + 5i)(7 − 6i)
(7 + 6i)(7 − 6i) �

140 − 120i + 35i + 30
72 + 62 �

170 − 85i
85

� 2 − i

េគģន z �

(
19 + 7i
9 − i

)2019

+

(
20 + 5i
7 + 6i

)2019

+ 19012019

� (2 + i)2019
+ (2 − i)2019

+ 19012019

Ĝំឱŏ z̄ � (2 + i)2019 + (2 − i)2019 + 19012019

� (2 + i)2019 + (2 − i)2019 + 19012019

�

(
2 + i

)2019
+

(
2 − i

)2019
+ 19012019
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� (2 − i)2019
+ (2 + i)2019

+ 19012019

� (2 + i)2019
+ (2 − i)2019

+ 19012019 � z

ដូចេនះ z ďចំនួនពិត

លំơត់ទី ២៧. េគឲŏ tan A និង tan B ďឫសៃនសមីŁរ x2
+ px + q � 0 ។ ចូររកតៃមžៃន:

sin2(A + B) + p sin(A + B) cos(A + B) + q cos2(A + B) ។

ដំេ₧ះŪƘយ

េគŌន tan A និង tan B ďឫសៃនសមីŁរ x2
+ px + q � 0

Ĝំឲŏ tan A + tan B � −p និង tan A tan B � q

″មរូបមនŉ tan(A + B) � tan A + tan B
1 − tan A tan B

�
−p

1 − q
�

p
q − 1

េគŌន sin2(A + B) + p sin(A + B) cos(A + B) + q cos2(A + B)

� cos2(A + B)
[
tan2(A + B) + p tan(A + B) + q

]
�

1
tan2(A + B) + 1

×
[
tan2(A + B) + p tan(A + B) + q

]
�

1(
p

q−1

)2
+ 1

×
[(

p
q − 1

)2

+ p
(

p
q − 1

)
+ q

]
�

(q − 1)2
p2 + (q − 1)2 × p2 + p2(q − 1) + q(q − 1)2

(q − 1)2

�
(q − 1)2

p2 + (q − 1)2 × p2 + p2q − p2 + q(q − 1)2
(q − 1)2

�
(q − 1)2

p2 + (q − 1)2 × p2q + q(q − 1)2
(q − 1)2

�
(q − 1)2

p2 + (q − 1)2 ×
q
[
p2 + (q − 1)2

]
(q − 1)2

� q

ដូេចĖះ sin2(A + B) + p sin(A + B) cos(A + B) + q cos2(A + B) � q

លំơត់ទី ២៨. េគŌន x , y និង z ďចំនួនពិតែដល x �
√

11 − 2yz , y �
√

12 − 2xz, និង z �
√

13 − 2x y

គណĜតៃមžៃន x + y + z ។

ដំេ₧ះŪƘយ

េគŌន x �
√

11 − 2yz , y �
√

12 − 2xz, និង z �
√

13 − 2x y ⇒ x , y , z ≥ 0

មŜ៉ងេទȄត x2
+ y2

+ z2
� (11 − 2yz) + (12 − 2xz) + (13 − 2x y) � 36 − 2(x y + yz + zx)

េគģន x2
+ y2

+ z2
+ 2(x y + yz + zx) � 36

⇔ (x + y + z)2 � 36 ⇔ x + y + z � ±6
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ែតេŢយ x , y , z ≥ 0 ⇒ x + y + z ≥ 0

េហតុេនះេគģន x + y + z � 6

ដូេចĖះ x + y + z � 6

លំơត់ទី ២៩. េគឲŏ a និង b ďចំនួនគត់ធមŊďតិែដលេផĀȅងĬĀ ត់ a + b �
a
b
+

b
a

។ ចូរគណĜតៃមžៃន (a2
+

b2)11 − 30ab ។

ដំេ₧ះŪƘយ

េគŌន a + b �
a
b
+

b
a
⇐⇒ ab(a + b) � a2

+ b2
� (a + b)2 − 2ab

″ង x � a + b , y � ab

េŢយ a , b ∈ N,⇒ x , y ∈ N

េគģន x y � y2 − 2x ⇐⇒ y2 − x y − 2x � 0 (1)

⇒ ∆ � x2
+ 8x

េŢយ x , y ∈ N  េĜះ ∆ ŪតǹវែតďŁេរŪģកដ

េគដឹង▫ x2 < x2
+ 8x < (x + 4)2

Ĝំឲŏ x2
+ 8x ∈ {(x + 1)2, (x + 2)2, (x + 3)2}

� េបǿ x2
+ 8x � (x + 1)2 ⇐⇒ x �

1
6
< N

� េបǿ x2
+ 8x � (x + 2)2 ⇐⇒ x � 1

� េបǿ x2
+ 8x � (x + 3)2 ⇐⇒ x �

9
2
< N

េហតុេនះេគģន x � 1

″ម (1) y2 − y − 2 � 0 ⇐⇒ y � 2 ឬ y � −1( មិនយក )

Ĝំឲŏ េគģន x � 1, y � 2 ⇐⇒ ab � 1, a + b � 2

េគŌន a + b � 2 ⇐⇒ (a + b)2 � 4 ⇐⇒ a2
+ b2

� 4 − 2ab ⇐⇒ a2
+ b2

� 2

េគģន (a2
+ b2)11 − 30ab � 211 − 30 × 1 � 2048 − 30 � 2018

ដូេចĖះ (a2
+ b2)11 − 30ab � 2018

លំơត់ទី ៣០. ចំេĵះŪគប់ចំនួនពិត x , y ែដលេផĀȅងĬĀ ត់សមីŁរ

log2(2x + y) � log4(x2
+ x y + 7y2) Ōនចំនួនពិត K ែដល

log3(3x + y) � log9(3x2
+ 4x y + Ky2) ។

ចូររកផលគុណៃនតៃមžែដលƫចេកǿតŌនៃន K ។
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ដំេ₧ះŪƘយ

េគŌន log2(2x + y) � log4(x2
+ x y + 7y2) � 1

2
log2(x2

+ x y + 7y2)

�⇒ 2 log2(2x + y) � log2(x2
+ x y + 7y2) ⇐⇒ log2(2x + y)2 � log2(x2

+ x y + y2)

េគģន (2x + y)2 � x2
+ x y + y2

4x2
+ 4x y + y2

� x2
+ x y + 7y2

3x2
+ 3x y − 6y2

� 0

x2
+ x y − 2y2

� 0 ⇐⇒ (x − y)(x + 2y) � 0

Ĝំឱŏ x � y ∨ x � −2y

. ចំេĵះ x � y េគģន log3(3x+y) � log9(3x2
+4x y+K y2) ⇐⇒ log3(3x+x) � log9(3x2

+4x2
+Kx2)

⇐⇒ log3 4x �
1
2

log3(7 + K)x2 ⇐⇒ (4x)2 � (7 + K)x2 ⇐⇒ K � 9

. ចំេĵះ x � −2y េគģន log3(3x+ y) � log9(3x2
+4x y+K y2) ⇐⇒ log3(−6y+ y) � 1

2
log3(12y2−

8y2
+ K y2)

⇐⇒ 2 log3(−5y) � log3(4 + K)y2 ⇐⇒ 25y2
� (4 + K)y2 ⇐⇒ K � 21

ដូចេនះ ផលគុណៃនតៃមžែដលƫចេកǿតŌនៃន K គឺ 9 × 21 � 189

លំơត់ទី ៣១. េគឱŏ x , y និង z ďចំនួនកុំផžិចែដលេផĀȅងĬĀ ត់ x y � −80−320i , yz � 60 និង zx � −96+24i

។ ចូរគណĜ |x + y + z | ។

ដំេ₧ះŪƘយ

េគŌន x y � −80 − 320i �⇒ y �
−80 − 320i

x
zx � −96 + 24i �⇒ z �

−96 + 24i
x

yz � 60 �⇒ −80 − 320i
x

× −96 + 24i
x

� 60

�⇒ x2
�

(−80 − 320i)(−96 + 24i)
60

� 256 + 480i

″ង x � a + bi �⇒ x2
� a2 − b2

+ 2abi

េគģន a2 − b2
+ 2abi � 256 + 480i �⇒


a2 − b2

� 256 (1)

2ab � 480 (2)

″ម (2) េគģន 2ab � 480 ⇐� ab � 240 �⇒ b �
240

a
ជំនួសកĖǶង (1)

េគģន a2 −
(240

a

)2
� 256 �⇒ (a2)2 − 256a2 − 2402

� 0

″ម ∆′ � 1282
+ 2402

� 2722

េគģន a2
� 128 + 272 � 400 ឬ a2

� 128 − 272 < 0 (មិនƫច េŪĵះ a2 ≥ 0)

េបǿ a2
� 400 �⇒ a � ±20
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- េបǿ a � 20 �⇒ b �
240

a
�

240
20

� 12 �⇒ x � 20 + 12i

- េបǿ a � −20 �⇒ b �
240

a
�

240
−20

� −12 �⇒ x � −20 − 12i

• ករណី x � 20 + 12i េគģន

y �
−80 − 320i

x
�

−80 − 320i
20 + 12i

�
−80(1 + 4i)

4(5 + 3i) � −10 − 10i

z �
−96 + 24i

x
�

−96 + 24i
20 + 12i

�
24(−4 + i)
4(5 + 3i) � −3 + 3i

េគģន x+ y+ z � (20+12i)+ (−10−10i)+ (−3+3i) � 7+5i �⇒ |x+ y+ z | �
√

72 + 52 �
√

74

• ករណី x � −20 − 12i េគģន

y �
−80 − 320i

x
�

−80 − 320i
−20 − 12i

� 10 + 10i

z �
−96 + 24i

x
�

−96 + 24i
−20 − 12i

� 3 − 3i

េគģន x+y+z � (−20−12i)+(10+10i)+(3−3i) � −7−5i �⇒ |x+y+z | �
√
(−7)2 + (−5)2 �

√
74

ដូចេនះ |x + y + z | �
√

74

លំơត់ទី ៣២. កĖǶងតŪមǶយអរតណូរŌ៉ល់ (O , ®i , ®j , ®k) ŌនទិសេţវǤជąŌន េគŌនែស៊ƃ (S) មួយŌនផĆិត C(a , b , c)

។ បİƟ ញ▫េបǿែស៊ƃ (S) ប៉ះនឹងបžង់ (yz) េĜះ Łៃំនែស៊ƃ េĜះគឺ r � |a | ។

ដំេ₧ះŪƘយ

″ង D(xD , yD , zD) ďចំណុចប៉ះ េĜះ xD � 0

េគģន
−−→
CD ďវុǤចទ័រអរតូកូ₧ល់េĉនឹងបžង់ (yz) េĜះ

−−→
CD កូលីេនែអ៊រនឹងវុǤចទ័រឯក″ ®i Ĝំឱŏ

−−→
CD � m®i , m ∈ R

េគŌនƫប់សុីសៃនវុǤចទ័រ
−−→
CD គឺ xD − a � −a េហǿយ ƫប់សុីសៃនវុǤចទ័រឯក″ ®i គឺ 1

េŢយ
−−→
CD � m®i ⇐⇒ −a � m

េគģន
−−→
CD � −a®i េĜះ r � |−−→CD | �

√
(−a)2 �

√
a2 � |a | ។

ដូចេនះ r � |a |

លំơត់ទី ៣៣. េបǿ x > 0, y > 0, logy x + logx y �
10
3

និង x y � 144

គណĜតៃមžៃន
x + y

2
។

ដំេ₧ះŪƘយ

េគŌន logy x + logx y �
10
3

⇐⇒ logy x +
1

logy x
�

10
3

″ង t � logy x េគģន t +
1
t
�

10
3

េŢះŪƘយសមីŁរេនះ េគģន t � 3 ∨ t �
1
3
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p ករណី t � 3 ⇐⇒ logy x � 3 ⇐⇒ x � y3

េគŌន x y � 144 ⇐⇒ (y3)y � 144 ⇐⇒ y4
� 144 ⇐⇒ y �

√
12 � 2

√
3

េគģន x � y3
� (2

√
3)3 � 24

√
3

Ĝំឱŏ
x + y

2
�

24
√

3 + 2
√

3
2

�
26
√

3
2

� 13
√

3

p ករណី t �
1
3
⇐⇒ logy x �

1
3
⇐⇒ y � x3

េគŌន  x y � 144 ⇐⇒ x(x3) � 144 ⇐⇒ x4
� 144 ⇐⇒ x �

√
12 � 2

√
3

េគģន y � x3
� (2

√
3)3 � 24

√
3

Ĝំឱŏ
x + y

2
�

2
√

3 + 24
√

3
2

�
26
√

3
2

� 13
√

3

ដូចេនះ
x + y

2
� 13

√
3

លំơត់ទី ៣៤. េបǿ Rn �
1
2
(an

+ bn) ែដល a � 3 + 2
√

2, b � 3 − 2
√

2 និង

n � 0, 1, 2, 3, 4, . . . េគģន R12345 ďចំនួនគត់។ ចូររកេលខខĀង់Ŭយៃន R12345 ។

ដំេ₧ះŪƘយ

េគŌន Rn �
1
2
(an

+ bn)

Ĝំឱŏ (a + b)Rn �
1
2
(a + b)(an

+ bn) � 1
2
(an+1

+ bn+1) + 1
2

ab(an−1
+ bn−1)

� Rn+1 + abRn−1

េŢយ a + b � 6 និង ab � 1 េគģន 6Rn � Rn+1 + Rn−1 ⇐⇒ Rn+1 � 6Rn − Rn−1

េគŌន R0 � 1 និង R1 � 3 េĜះេលខខĀង់Ŭយៃន R2, R3, R4, R5, R6, R7, R8, . . . គឺ 7, 9, 7, 7, 1, 3, 7, 9, . . .

េរȄងýĖ ។

េគសេង̨តេឃǿញ▫ Rn និង Rn+6 ŌនេលខខĀង់ŬយដូចýĖ ចំេĵះចំនួនគត់មិនអវǤជąŌន n ។

េគģន R3, R9, . . . , R12345 ŌនេលខខĀង់Ŭយ 9 ដូចýĖ េŪĵះ 12345 � 3 + 6 · 2057

ដូចេនះ េលខខĀង់Ŭយៃន R12345 គឺ 9

លំơត់ទី ៣៥. បİƟ ញ▫ z(1−z)(1+z+z2)(1+z+z3)(z+z5) � z2−1 ែដល z � cos 2π
5

+ i sin 2π
5

។

ដំេ₧ះŪƘយ
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េគŌន z � cos 2π
5

+ i sin 2π
5

⇒ z5
� (cos 2π

5
+ i sin 2π

5
)5 � cos 2π + i sin 2π � 1 Ĝំឲŏ z6

� z ។

េគģន z(1 − z)(1 + z + z2)(1 + z + z3)(z + z5)

�z(1 − z3)(1 + z + z3)(z + 1)

�z(1 + z + z3 − z3 − z4 − z6)(z + 1)

�z(1 + z − z4 − z)(z + 1)

�(z − z5)(z + 1)

�(z − 1)(z + 1)

�z2 − 1

ដូចេនះ z(1 − z)(1 + z + z2)(1 + z + z3)(z + z5) � z2 − 1 ។

លំơត់ទី ៣៦. េគឲŏ S � 111 . . . 1︸   ︷︷   ︸
2nដងៃនលេលខ1

+ 444 . . . 4︸   ︷︷   ︸
nដងៃនេលខ4

+1 ។ បİƟ ញ▫ S ďŁេរៃនចំនួនគត់។

ដំេ₧ះŪƘយ

េគŌន S � 111 . . . 1︸   ︷︷   ︸
2nដងៃនលេលខ1

+ 444 . . . 4︸   ︷︷   ︸
nដងៃនេលខ4

+1

�
1
9
(999 . . . 9) + 4

9
(999 . . . 9) + 1

�
1
9

(
102n − 1

)
+

4
9 (10n − 1) + 1

�
1
9

(
102n − 1 + 4 × 10n − 4 + 9

)
�

1
9

(
102n

+ 4 × 10n
+ 4

)
�

1
9 (10n

+ 2)2

�

(
10n + 2

3

)2

�

(
10n − 1 + 3

3

)2

�

(999 . . . 9 + 3
3

)2

� (333 . . . 3 + 1)2

� 333 . . . 342 (n − 1 ដងៃនេលខ 3)

ដូចេនះ S ďŁេរៃនចំនួនគត់
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លំơត់ទី ៣៧. បİƟ ញ▫ ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n េគģន

z � (2018 − i2019)2020n
+ (2018 + i2019)2020n

ďចំនួនពិត។

ដំេ₧ះŪƘយ

z ďចំនួនពិតលុះŪ″ែត z � z̄ ។ េគŌន z � (2018 − i2019)2020n
+ (2018 + i2019)2020n

Ĝំឲŏ z̄ �(2018 − i2019)2020n
+ (2018 + i2019)2020n

�(2018 − i2019)2020n
+ (2018 + i2019)2020n

�(2018 − i2019)2020n
+ (2018 + i2019)2020n

�(2018 + i2019)2020n
+ (2018 − i2019)2020n

�z

ដូចេនះ z � (2018 − i2019)2020n
+ (2018 + i2019)2020n

ďចំនួនពិត

លំơត់ទី ៣៨. េគឲŏវុǤចទ័រ ®a , ®b និង ®c េផĀȅងĬĀ ត់ ®a × ®b � ®b × ®c � ®c × ®a , ®0 ។

បİƟ ញ▫ ®a + ®b + ®c � ®0 ។

ដំេ₧ះŪƘយ

បİƟ ញ▫ ®a + ®b + ®c � ®0

េគŌន ®a × ®b � ®b × ®c � ®c × ®a , ®0។

េŢយ ®a × ®b � ®b × ®c ⇒ ®a × ®b − ®b × ®c � ®0

ឬ ®b × ®a + ®b × ®c � ®0 Ĝំឲŏ ®b × (®a + ®c) � ®0

េĜះេគģន វុǤចទ័រ ®b និង វុǤចទ័រ ®a + ®c ďវុǤចទ័រកូលីេនែអ៊រýĖ ĜំឲŏŌនចំនួនƘ̨ែល λ ∈ R ែដល ®b � λ(®a + ®c) (1) ។

មŜ៉ងេទȄតេគŌន ®b × ®c � ®c × ®a ŪƘយដូចýĖ េគģន ®c × (®a + ®b) � ®0 (2) ។

យក (1) ជំនួសកĖǶង (2) េគģន ®c × (®a + ®b) � ®0 ឬ ®c × (®a + λ(®a + ®c)) � ®0

®c × ((1 + λ)®a + λ®c) � ®0 Ĝំឲŏ (1 + λ)®c × ®a + λ®c × ®c � ®0 ឬ (1 + λ)®c × ®a � ®0 េŪĵះ ®c × ®c � ®0

េŢយ ®c × ®a , ®0 ⇒ 1 + λ � 0 ⇔ λ � −1 ។

″ម (1) េគģន ®b � −®a − ®c Ĝំឲŏ ®a + ®b + ®c � ®0 ។

ដូចេនះ ®a + ®b + ®c � ®0
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លំơត់ទី ៣៩. រកម៉ូឌុល និងƫគុយម៉ង់ៃនចំនួនកុំផžិច z ែដល 

z �
(2
√

3 + 2i)8
(1 − i)6 +

(1 + i)6

(2
√

3 − 2i)8
។

ដំេ₧ះŪƘយ

េគŌន z �
(2
√

3 + 2i)8
(1 − i)6 +

(1 + i)6

(2
√

3 − 2i)8

�

48
(√

3
2 + i 1

2

)8

√
2

6 (√
2

2 − i
√

2
2

)6 +

√
2

6 (√
2

2 + i
√

2
2

)6

48
(√

3
2 − i 1

2

)8

�
216 (

cos π6 + i sin π6
)8

23
(
cos π4 − i sin π4

)6 +
23 (

cos π4 + i sin π4
)6

216
(
cos π6 − i sin π6

)8

�
213 (

cos 8π
6 + i sin 8π

6
)

cos
(
−6π

4
)
+ i sin

(
−6π

4
) + cos 6π

4 + i sin 6π
4

213
(
cos

(
−8π

6
)
+ i sin

(
−8π

6
) )

�
213 [

cos 4π
3 + i sin 4π

3
]

cos
(
−3π

2
)
+ i sin

(
−3π

2
) + cos 3π

2 + i sin 3π
2

213
[
cos

(
−4π

3
)
+ i sin

(
−4π

3
) ]

�213
[
cos

(4π
3

+
3π
2

)
+ i sin

(4π
3

+
3π
2

)]
+

1
213

[
cos

(3π
2

+
4π
3

)
+ i sin

(3π
2

+
4π
3

)]
�213

(
cos 17π

6
+ i sin 17π

6

)
+

1
213

(
cos 17π

6
+ i sin 17π

6

)
�

(
213

+
1

213

) (
cos 17π

6
+ i sin 17π

6

)
�

(
213

+
1

213

) (
cos 5π

6
+ i sin 5π

6

)
ដូចេនះ |z | � 213

+
1

213 និង arg(z) � 5π
6

+ 2kπ, k ∈ Z

លំơត់ទី ៤០. គណĜផលសងរួម d ៃនសƃ ៊ǫតនពƃនŉមួយ េŢយដឹង▫េបǿេគែថម 3 េលǿផលសងរួម េĜះផលបូក n តួ

ដំបូងេកǿនេឡǿងពីរដង េហǿយេបǿតួទីមួយេកǿនេឡǿងបួនដង េĜះផលបូក n តួដំបូងេកǿនេឡǿងពីរដងែដរ។

ដំេ₧ះŪƘយ

″ង Sn ďផលបូក n តួដំបូងៃនសƃ ៊ǫតនពƃនŉ (un)

េĜះេគģន Sn �
n
2
(u1 + un) �

n
2 [2u1 + (n − 1)d] (1)

េបǿេគែថម 3 េលǿផលសងរួម េĜះផលបូក n តួដំបូងេកǿនេឡǿងពីរដង េĜះ″ម (1) េគģន
n
2 [2u1 + (n − 1)(d + 3)] � 2 × n

2 [2u1 + (n − 1)d]
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Ĝំឲŏ 2u1 + (n − 1)(d + 3) � 4u1 + 2(n − 1)d

េគģន 2u1 � (n − 1)(3 − d) (2) ។

មŜ៉ងេទȄត េបǿតួទីមួយេកǿនេឡǿងបួនដង េĜះផលបូក n តួដំបូងេកǿនេឡǿងពីរដង  េĜះ″ម (1) េគģន
n
2 [2(4u1) + (n − 1)d] � 2 × n

2 [2u1 + (n − 1)d] េគģន 4u1 � (n − 1)d (3) ។

យក (2) ជំនួសកĖǶង (3) េគģន 2(n − 1)(3 − d) � (n − 1)d ⇒ d � 2 , n > 1 ។

ដូចេនះ d � 2

លំơត់ទី ៤១. េគŌនŪតីេŁណ ABC និង A, B, C ďមុំកĖǶងŪតីេŁណេនះ។

ក. េបǿេគដឹង▫ sin A + sin B + sin C � 1 គណĜ cos A
2

cos B
2

cos C
2

។

ខ. បİƟ ញ▫ cos2 A + cos2 B + cos2 C � 1 − cos A cos B cos C ។

ដំេ₧ះŪƘយ

ក. គណĜ cos A
2

cos B
2

cos C
2

េគŌន 1 � sin A + sin B + sin C

� sin A + 2 sin B + C
2

cos B − C
2

� sin A + 2 sin π − A
2

cos B − C
2

(េŪĵះA + B + C � π⇒ B + C � π − A)

� sin A + 2 sin
(
π
2
− A

2

)
cos B − C

2

� 2 sin A
2

cos A
2
+ 2 cos A

2
cos B − C

2
� 2 cos A

2

(
sin A

2
+ cos B − C

2

)
� 2 cos A

2

(
cos B + C

2
+ cos B − C

2

)
� 2 cos A

2

(
2 cos

B+C+B−C
2
2

cos
B+C−B+C

2
2

)
� 4 cos A

2
cos B

2
cos C

2
េគģន cos A

2
cos B

2
cos C

2
�

1
4

។

ដូចេនះ cos A
2

cos B
2

cos C
2
�

1
4

ខ. បİƟ ញ▫ cos2 A + cos2 B + cos2 C � 1 − cos A cos B cos C

េគŌន cos2 A + cos2 B + cos2 C �
1 + cos2A

2
+

1 + cos 2B
2

+
1 + cos 2C

2
�

3
2
+

1
2
(cos 2A + cos 2B + cos 2C)

�
3
2
+

1
2

(
cos 2A + 2 cos 2B + 2C

2
cos 2B − 2C

2

)
�

3
2
+

1
2 [cos 2A + cos(B + C) cos(B − C)]

�
3
2
+

1
2

[
2 cos2 A − 1 + 2 cos(π − A) cos(B − C)

]
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�
3
2
− 1

2
+

1
2

[
2 cos2 A − 2 cos A cos(B − C)

]
� 1 + cos A [cos A − cos(B + C)]

� 1 + cos A [− cos(π − A) − cos(B − C)]

� 1 − cos A [cos(B + C) + cos(B − C)]

� 1 − cos A
(
2 cos B + C + B − C

2
cos B + C − B + C

2

)
� 1 − 2 cos A cos B cos C

ដូចេនះ cos2 A + cos2 B + cos2 C � 1 − cos A cos B cos C

លំơត់ទី ៤២. េគឲŏ a , b , c ďបីចំនួនពិតខុសýĖ និងខុសពីសូនŏ ែដលេផĀȅងĬĀ ត់

a +
1
b
� b +

1
c
� c +

1
a

។ បİƟ ញ▫ |abc | � 1 ។

ដំេ₧ះŪƘយ

េគŌន a +
1
b
� b +

1
c
� c +

1
a

ចំេĵះ a +
1
b
� b +

1
c

េគģន a − b �
1
c
− 1

b
�

b − c
ab

a − b �
b − c

bc
(1) ŪƘយដូចýĖ េគģន

b − c �
c − a

ac
(2)

c − a �
a − b

ab
(3)

យក (1) × (2) × (3) េគģន

(a − b)(b − c)(c − a) � b − c
bc

× c − a
ac

× a − b
ab

�
(a − b)(b − c)(c − a)

(abc)2
េŢយ a , b , c ďបីចំនួនពិតខុសýĖ និងខុសពីសូនŏ

េគģន 1 �
1

(abc)2 �⇒ (abc)2 � 1 ⇒ |abc | � 1 ។

ដូចេនះ |abc | � 1

លំơត់ទី ៤៣. រកŪគប់ចំនួនពិត x ែដល
8x + 27x

12x + 18x �
7
6

។

ដំេ₧ះŪƘយ

េŢះŪƘយសមីŁរ

េគŌន
8x + 27x

12x + 18x �
7
6

″ង a � 2x និង b � 3x ។ េគģន

a3 + b3

a2b + ab2 �
7
6

សមមូល
(a + b)(a2 − ab + b2)

ab(a + b) �
7
6
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a2 − ab + b2

ab
�

7
6

Ĝំឲŏ 6(a2 − ab + b2) � 7ab ⇔ 6a2 − 13ab + 6b2
� 0

(2a − 3b)(3a − 2b) � 0 Ĝំឲŏ 2a � 3b ឬ 3a � 2b ។

ករណី 2a � 3b ⇔ 2 × 2x
� 3 × 3x ⇔ 2x+1

� 3x+1 ⇔
(2
3

)x+1
� 1 �

(2
3

)0

េគģន x + 1 � 0 ⇔ x � −1 ។

ករណី 3a � 2b ⇔ 3 × 2x
� 2 × 3x ⇔ 2x−1

� 3x−1 ⇔
(2
3

)x−1
� 1 �

(2
3

)0

េគģន x − 1 � 0 ⇔ x � 1 ។

ដូចេនះ សមីŁរŌនចេមžǿយ x � −1, x � 1

លំơត់ទី ៤៤. គណĜ S �
3

1! + 2! + 3!
+

4
2! + 3! + 4!

+ · · · + 2019
2017! + 2018! + 2019!

ដំេ₧ះŪƘយ

គណĜ S �
3

1! + 2! + 3!
+

4
2! + 3! + 4!

+ · · · + 2019
2017! + 2018! + 2019!

ចំេĵះ ∀k ∈ N, k + 2
k! + (k + 1)! + (k + 2)! �

k + 2
k! [1 + (k + 1) + (k + 1)(k + 2)]

�
k + 2

k!(k + 2)2 �
1

k!(k + 2)
េគģន

k + 2
k! + (k + 1)! + (k + 2)! �

1
(k + 1)! −

1
(k + 2)!

Ĝំឲŏ S �

( 1
2!

− 1
3!

)
+

( 1
3!

− 1
4!

)
+ · · · +

( 1
2018!

− 1
2019!

)
�

1
2
− 1

2019!

ដូចេនះ S �
3

1! + 2! + 3!
+

4
2! + 3! + 4!

+ · · · + 2019
2017! + 2018! + 2019!

�
1
2
− 1

2019!

លំơត់ទី ៤៥. គណĜលីមីត

ក. lim
x→ π

2

(
x tan x − π

2 cos x

)
ខ. lim

x→ π
3

( x
2
− π

3
cos x

)
· 1

x − π3
។

ដំេ₧ះŪƘយ

គណĜលីមីត

ក. lim
x→ π

2

(
x tan x − π

2 cos x

)
″ង t �

π
2
− x ⇒ x �

π
2
− t

េបǿ x → π
2
⇒ t → 0

េគģន lim
x→ π

2

(
x tan x − π

2 cos x

)
� lim

t→0

[(π
2
− t

)
tan

(π
2
− t

)
− π

2 cos
(
π
2 − t

) ]
� lim

t→0

[(π
2
− t

)
cot t − π

2 sin t

]
� lim

t→0

[(π
2
− t

) cos t
sin t

− π
2 sin t

]
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� lim
t→0

[ 1
sin t

((π
2
− t

)
cos t − π

2

)]
� lim

t→0

[ 1
sin t

(π
2 (cos t − 1) − t cos t

)]
� lim

t→0

[ t
sin t

(
−π

2
1 − cos t

t
− t cos t

)]
� 1 ×

(
−π

2
× 0 − 1

)
� −1

ដូចេនះ lim
x→ π

2

(
x tan x − π

2 cos x

)
� −1

ខ. lim
x→ π

3

( x
2
− π

3
cos x

)
· 1

x − π3
″ង t � x − π

3
⇒ x � t +

π
3

េបǿ x → π
3
⇒ t → 0 ។

េគģន lim
x→ π

3

( x
2
− π

3
cos x

)
· 1

x − π3
� lim

t→0

[
t + π3

2
− π

3
cos

(
t +
π
3

)]
× 1

t

� lim
t→0

[3t + π
6

− π
3

(
cos t cos π

3
− sin t sin π

3

)]
× 1

t

� lim
t→0

[
3t + π

6
− π

3

(
cos t

2
−
√

3 sin t
2

)]
× 1

t

� lim
t→0

(
t
2
+
π
6
− π

6
cos t +

√
3π
6

sin t
)
× 1

t

� lim
t→0

[
t
2
+
π
6
(1 − cos t) +

√
3π
6

sin t
]
× 1

t

� lim
t→0

[
1
2
+
π
6

(1 − cos t
t

)
+

√
3π
6

× sin t
t

]
�

1
2
+
π
6
× 0 +

√
3π
6

× 1

�
1
2
+

√
3π
6

ដូចេនះ lim
x→ π

3

( x
2
− π

3
cos x

)
· 1

x − π3
�

1
2
+

√
3π
6

លំơត់ទី ៤៦. រកŪគប់តៃមž x ែដលេផĀȅងĬĀ ត់សមីŁរ 2x
+ 3x − 4x

+ 6x − 9x
� 1 ។

ដំេ₧ះŪƘយ

រកŪគប់តៃមž x

េគŌន 2x
+ 3x − 4x

+ 6x − 9x
� 1 ″ង a � 2x និង b � 3x ។ េគģន

2x
+ 3x − 4x

+ 6x − 9x
� 1 ⇔ a + b − a2

+ ab − b2
� 1 ⇔ a2

+ b2 − ab − a − b + 1 � 0
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2a2
+ 2b2 − 2ab − 2a − 2b + 2 � 0 ⇔ (a2 − 2ab + b2) + (a2 − 2a + 1) + (b2 − 2b + 1) � 0

(a − b)2 + (a − 1)2 + (b − 1)2 � 0 ⇔ a � b � 1

េគģន 2x
� 3x

� 1 ⇔ x � 0 ។

ដូចេនះ សមីŁរŌនចេមžǿយ x � 0

លំơត់ទី ៤៧. េគឲŏ x , y និង z ďចំនួនកុំផžិចែដលេផĀȅងĬĀ ត់ x + y + z � 2, x2
+ y2

+ z2
� 3 និង x yz � 4

គណĜ
1

x y + z − 1
+

1
yz + x − 1

+
1

zx + y − 1
។

ដំេ₧ះŪƘយ

គណĜ
1

x y + z − 1
+

1
yz + x − 1

+
1

zx + y − 1
េគŌន x + y + z � 2, x2

+ y2
+ z2

� 3, x yz � 4

េŢយ x y + z − 1 � x y + (2 − x − y) − 1 � x y − x − y + 1

� x(y − 1) − (y − 1) � (x − 1)(y − 1)

េគģន x y + z − 1 � (x − 1)(y − 1) Ĝំឲŏ
1

x y + z − 1
�

1
(x − 1)(y − 1) ។

ŪƘយដូចýĖ េគģន
1

yz + x − 1
�

1
(y − 1)(z − 1) ,

1
zx + y − 1

�
1

(z − 1)(x − 1)
េគģន

1
x y + z − 1

+
1

yz + x − 1
+

1
zx + y − 1

�
1

(x − 1)(y − 1) +
1

(y − 1)(z − 1) +
1

(z − 1)(x − 1)
�

z − 1 + x − 1 + y − 1
(x − 1)(y − 1)(z − 1)

�
x + y + z − 3

(x y − x − y + 1)(z − 1)
�

2 − 3
x yz − x y − xz + x − yz + y + z − 1

�
−1

x yz − (x y + yz + zx) + (x + y + z) − 1
�

−1
4 − (x y + yz + zx) + 2 − 1

�
−1

5 − (x y + yz + zx)
�

−1
5 − 1

2
[
(x + y + z)2 − (x2 + y2 + z2)

]
�

−1
5 − 1

2(4 − 3)
�

−1
5 − 1

2

� −2
9

ដូចេនះ
1

x y + z − 1
+

1
yz + x − 1

+
1

zx + y − 1
� −2

9
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លំơត់ទី ៤៨. េគŌនចំនួនកុំផžិច z � cos θ + i sin θ ែដល 0 ≤ θ ≤ 2π ។ 

បİƟ ញ▫
2

1 + z
� 1 − i tan θ

2
។

ដំេ₧ះŪƘយ

បİƟ ញ▫
2

1 + z
� 1 − i tan θ

2
េគŌន z � cos θ + i sin θ ែដល 0 ≤ θ ≤ 2π

Ĝំឲŏ 1 + z � 1 + cos θ + i sin θ � 2 cos2 θ
2
+ i2 sin θ

2
cos θ

2
� 2 cos θ

2

(
cos θ

2
+ i sin θ

2

)
េគģន

2
1 + z

�
2

2 cos θ2
(
cos θ2 + i sin θ2

) �
cos θ2 − i sin θ2

cos θ2
(
cos2 θ

2 + sin2 θ
2
)

�
cos θ2 − i sin θ2

cos θ2
� 1 − i tan θ

2

ដូចេនះ
2

1 + z
� 1 − i tan θ

2

លំơត់ទី ៤៩. ក. ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n បİƟ ញ▫

(
√

3 − i)n
� 2n

(
cos nπ

6
− i sin nπ

6

)
។

ខ. េŢយដឹង▫
√

3 − i ďឬសៃនសមីŁរ x9
+ 16(1 + i)x3

+ a + ib � 0 ។ 

ចូររកចំនួនពិត a និង b ។

ដំេ₧ះŪƘយ

ក. បİƟ ញ▫ (
√

3 − i)n
� 2n

(
cos nπ

6
− i sin nπ

6

)
េគŌន (

√
3 − i)n

�

[
2
(√

3
2

− 1
2

i
)]n

� 2n
(
cos π

6
− i sin π

6

)n

� 2n
[
cos

(
−π

6

)
+ i sin

(
−π

6

)]n

� 2n
[
cos

(
−nπ

6

)
+ i sin

(
−nπ

6

)]
� 2n

(
cos nπ

6
− i sin nπ

6

)
ដូចេនះ (

√
3 − i)n

� 2n
(
cos nπ

6
− i sin nπ

6

)
ខ. រកចំនួនពិត a និង b

េកŌន
√

3 − i ďឬសៃនសមីŁរ x9
+ 16(1 + i)x3

+ a + ib � 0 Ĝំឱŏ

(
√

3 − i)9 + 16(1 + i)(
√

3 − i)3 + a + ib � 0

�⇒ a + ib � −(
√

3 − i)9 − 16(1 + i)(
√

3 − i)3 (1)

″មសំណួរ ក េគģន
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(
√

3 − i)3 � 23
(
cos 3π

6
− i sin 3π

6

)
� 8

(
cos π

2
− i sin π

2

)
� 8(0 − i) � −8i

(
√

3 − i)9 �

[
(
√

3 − i)3
]3

� (−8i)3 � −512i3
� 512i

″ម (1) េគģន a + ib � −512i − 16(1 + i)(−8i) � −512i + 128i − 128 � −128 − 384i

⇐⇒ a � −128 និង b � −384

ដូចេនះ a � −128 , b � −384

លំơត់ទី ៥០. េបǿ a > 1, b > 1 បİƟ ញ▫ 2(ab + 1) > (a + 1)(b + 1) ។

ដំេ₧ះŪƘយ

″ង S � 2(ab + 1) − (a + 1)(b + 1)

� 2ab + 2 − ab − a − b − 1

� ab − a − b + 1

� a(b − 1) − (b − 1)

� (a − 1)(b − 1)

េŢយ a > 1, b > 1 េĜះ a − 1 > 0, b − 1 > 0

េគģន S > 0 �⇒ 2(ab + 1) − (a + 1)(b + 1) > 0 ឬ 2(ab + 1) > (a + 1)(b + 1)

ដូចេនះ 2(ab + 1) > (a + 1)(b + 1)

លំơត់ទី ៥១. រកŪគប់ចំនួនពិត x , y , z ែដលេផĀȅងĬĀ ត់សមីŁរ

4x2

1 + 4x2 � y ,
4y2

1 + 4y2 � z ,
4z2

1 + 4z2 � x

ដំេ₧ះŪƘយ

• េបǿ x � 0 �⇒ y � 0 �⇒ z � 0

• េបǿ x , 0 �⇒ y > 0 �⇒ z > 0 �⇒ x > 0

េហតុេនះ េគģន x > 0, y > 0, z > 0

គុណសមីŁរĈំងបីចូលýĖ េគģន
64x2 y2z2

(1 + 4x2)(1 + 4y2)(1 + 4z2) � x yz

ឬ (1 + 4x2)(1 + 4y2)(1 + 4z2) � 64x yz (1)

″មវǤសមļព AM − GM េគģន

1 + 4x2 ≥ 4x , 1 + 4y2 ≥ 4y , 1 + 4z2 ≥ 4z

េរȄបេរȄងេŢយ : សន េĶ ៤២ រកƙសិទċិ
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Ĝំឱŏ (1 + 4x2)(1 + 4y2)(1 + 4z2) ≥ 64x yz

″ម (1) សមļពេកǿតŌនេĝេពលែដល

1 + 4x2
� 4x , 1 + 4y2

� 4y , 1 + 4z2
� 4z

ចំេĵះ 1 + 4x2
� 4x �⇒ (2x − 1)2 � 0 �⇒ x �

1
2

ដូនýĖ ែដរ េគģន y �
1
2
, z �

1
2

ដូចេនះ (x , y , z) � (0, 0, 0) ឬ
(1
2
,
1
2
,
1
2

)
លំơត់ទី ៥២. េŪបȅបេធȄបចំនួន log3 108 , log4 192 , log5 500 , log6 1080 ។

ដំេ₧ះŪƘយ

េគŌន 108 � 33 × 4 �⇒ log3 108 � 3 + log3 4

192 � 43 × 3 �⇒ log4 192 � 3 + log4 3

500 � 53 × 4 �⇒ log5 500 � 3 + log5 4

1080 � 63 × 5 �⇒ log6 1080 � 3 + log6 5

េហតុេនះ េគេŪបȅបេធȄបែត log3 4 , log4 3 , log5 4 , log6 5

ចំេĵះចំនួនគត់ n ≥ 2 េគŌន n2 > (n − 1)(n + 1)

Ĝំឱŏ 2 > logn(n − 1) + logn(n + 1) > 2
√

logn(n − 1) · logn(n + 1)

1 > logn(n − 1) · logn(n + 1) � logn(n − 1)
logn+1 n

logn(n − 1) < logn+1 n

េគģន log4 3 < log5 4 < log6 5 < 1 < log3 4

Ĝំឱŏ log4 192 < log5 500 < log6 1080 < log3 108

ដូចេនះ log4 192 < log5 500 < log6 1080 < log3 108

លំơត់ទី ៥៣. បİƟ ញ▫
2

x2 − 1
+

4
x2 − 4

+
6

x2 − 9
+ · + 20

x2 − 100
� 11

[
1

(x − 1)(x + 10) +
1

(x − 2)(x + 9) + · · · + 1
(x − 10)(x + 1)

]
ដំេ₧ះŪƘយ

េគŌន
2

x2 − 1
�

1
x − 1

− 1
x + 1

4
x2 − 4

�
1

x − 2
− 1

x + 2
..................................

េរȄបេរȄងេŢយ : សន េĶ ៤៣ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

..................................
20

x2 − 100
�

1
x − 10

− 1
x + 10

េគģន
2

x2 − 1
+

4
x2 − 4

+
6

x2 − 9
+ · · · + 20

x2 − 100
�

1
x − 1

− 1
x + 1

+
1

x − 2
− 1

x + 2
+ · · · + 1

x − 10
− 1

x + 10
�

( 1
x − 1

− 1
x − 10

)
+

( 1
x − 2

− 1
x + 9

)
+ · · · +

( 1
x − 10

− 1
x + 1

)
�

11
(x − 1)(x + 10) +

11
(x − 2)(x + 9) + · · · + 11

(x − 10)(x + 1)
� 11

[
1

(x − 1)(x + 10) +
1

(x − 2)(x + 9) + · · · + 1
(x − 10)(x + 1)

]
លំơត់ទី ៥៤. េគŌន a , b , c , d ďឫសៃនសមីŁរ x4 − πx −

√
2019 � 0 ។ ចូររកសមីŁរែដលŌនឫស

a + b + c
d2 ,

b + c + d
a2 ,

c + d + a
b2 ,

d + a + b
c2 ។

ដំេ₧ះŪƘយ

េគŌន a , b , c , d ďឫសៃនសមីŁរ x4 − πx −
√

2019 � 0

េគģន



a + b + c + d � 0 (1)

ab + ac + ad + bc + bd + cd � 0 (2)

abc + abd + acd + bcd � π (3)

abcd � −
√

2019 (4)

″ង u �
a + b + c

d2 , v �
b + c + d

a2 , w �
c + d + a

b2 , t �
d + a + b

c2

″ម (1) េគģន

u �
−d
d2 � −1

d
, v �

−a
a2 � −1

a
, w �

−b
b2 � −1

b
, t �

−c
c2 � −1

c

Ĝំឱŏ u + v + w + t � −
(1

a
+

1
b
+

1
c
+

1
d

)
� −bcd + acd + abd + abc

abcd
�

π√
2019

uv + uw + ut + vw + vt + wt �
1

ad
+

1
bd

+
1

cd
+

1
ab

+
1
ac

+
1
bc

�
bc + ac + ab + cd + bd + ad

abcd
� 0

uvw + uvt + uwt + vwt � −
( 1

abc
+

1
acd

+
1

bcd
+

1
abc

)
�

a + b + c + d
abcd

� 0
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uvwt �
1

abcd
� − 1√

2019
ដូវេនះសមីŁរែដលŌនឫស u , v , w , t ŌនŬង

x4 − π√
2019

x3
+ 0x2 − 0x − 1√

2019
� 0 ឬ

√
2019x4 − πx3 − 1 � 0

លំơត់ទី ៥៥. រកសមីŁរែដលŌនដឺេŪកតូចបំផុត េហǿយŌនេមគុណďចំនួនគត់ និងŌន
√

19 +
√

99 ďឫសមួយƅ។

ដំេ₧ះŪƘយ

″ង p , q ďចំនួនសនិĈនែដល
√

p ,
√

q និង
√

pq ďចំនួនអសនិĈន។

យក t � ±√p ± √
q �⇒ t ∓ √

p � ±√q

េគģន (t ∓ √
p)2 � (±√q)2 �⇒ t2 ∓ 2

√
pt + p � q

t2
+ (p − q) � ±2

√
pt

[t2
+ (p − q)]2 � (±2

√
p)2

t4
+ 2(p − q)t + (p − q)2 � 4pt2

t4 − 2(p + q)t2
+ (p − q)2 � 0

″ង f (x) � x4 − 2(p + q)x2
+ (p − q)2 Ōនឫស x � ±√p ± √

q

″ង g(x) ďពហុēŌនដឺេŪកតូចបំផុតែដលŌនេមគុណďចំនួនពិត េហǿយŌនឫស t1 �
√

p +
√

q

េធƃǿŪបŌណវǤធីែចករƅង f (x) និង g(x) េគģន f (x) � q(x) · g(x) + r(x) ែដល q(x) ďផលែចក និង r(x) ď

សំណល់។

េគģន r(t1) � f (t1) − q(t1) · g(t1) � 0 េĜះ r(x) Ōនឫស t1 Ōនន័យ▫ r(x) ďពហុēŌនដឺេŪកតូចďង

g(x) Ĝំឱŏ r(x) � 0

េគģន f (x) � q(x) · g(x)

• េបǿ g(x) ďពហុēដឺេŪកទី១ េគģន g(x) � a(x − t1), a , 0 ďករណីមិនពិតេŪĵះ t1 ďចំនួនអសនិĈន។

• េបǿ q(x) ďពហុēដឺេŪកទី១ េគģន q(x) � a(x − t), a , 0 ď t ឫសៃន f (x)

េគģនករណីេនះក៏មិនពិតែដរ េŪĵះ t ďចំនួនអសនិĈន េĜះ g(x) មិនƫចďពហុēដឺេŪកទី៣េទ។

• េបǿ g(x) ďពហុēដឺេŪកទី២ េគģន g(x) � a(x − t1)(x − t2), a , 0 ែដល t2 ďឫសៃន f (x)។

េគģន t1 + t2 និង t1t2 ďចំនួនសនិĈន។

ែតេបǿ t2 �
√

p +
√

q ឬ t2 � −√p +
√

q ឬ t2 �
√

p − √
q េគģន t1 + t2 ďចំនួនអសនិĈន។

េបǿ t2 � −√p − √
q េគģន t1t2 ďចំនួនអសនិĈន។ Ĝំឱŏ g(x) មិនƫចďពហុďដឺេŪកទី២េទ។
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ដូចេនះ េគģន g(x) � a f (x) ចំេĵះចំនួនគត់ a , 0

កĖǶងករណីេនះ េគយក p � 19, q � 99

Ĝំឱŏ g(x) � a f (x) � a[x2 − 2(19 + 99)x2
+ (19 − 99)2] � a(x4 − 236x2

+ 6400)

ដូចេនះ សមីŁរែដលŌនដឺេŪកតូចបំផុត េហǿយŌនេមគុណďចំនួនគត់ និងŌនឫស
√

19+
√

99 គឺ x4 − 236x2
+ 6400 � 0

លំơត់ទី ៥៦. េបǿ a , b , c , x ďចំនួនពិត ែដល a + b + c , 0 និង
xb + (1 − x)c

a
�

xc + (1 − x)a
b

�
xa + (1 − x)b

c
បİƟ ញ▫ a � b � c ។

ដំេ₧ះŪƘយ

 ″ង
xb + (1 − x)c

a
�

xc + (1 − x)a
b

�
xa + (1 − x)b

c
� k

េគģន


xb + (1 − x)c � ka (1)

xc + (1 − x)a � kb (2)

xa + (1 − x)b � kc (3)
យក (1) + (2) + (3) េគģន a + b + c � k(a + b + c)

េŢយ a + b + c ,��⇒ k � 1

េគģន
xb + (1 − x)c

a
�

xc + (1 − x)a
b

�
xa + (1 − x)b

c
� 1

Ĝំឱŏ
a[xb + (1 − x)c]

a2 �
b[xc + (1 − x)a]

b2 �
c[xa + (1 − x)b]

c2 � 1

េគģន


xab + (1 − x)ca � a2 (4)

xbc + (1 − x)ab � b2 (5)

xca + (1 − x)bc � c2 (6)
យក (4) + (5) + (6) េគģន ab + bc + ca � a2

+ b2
+ c2

ឬ (a − b)2 + (b − c)2 + (c − a)2 � 0 ⇐⇒ a � b � c

ដូចេនះ a � b � c

លំơត់ទី ៥៧. ចំេĵះŪគប់ចំនួនពិត x , y , z ែដល x , y , y , z បİƟ ញ▫
x(y + z)

(x − y)(x − z) +
y(z + x)

(y − z)(y − x) +
z(x + y)

(z − x)(z − y) � −1 ។

ដំេ₧ះŪƘយ

″ង S �
x(y + z)

(x − y)(x − z) +
y(z + x)

(y − z)(y − x) +
z(x + y)

(z − x)(z − y)
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េគģន S � − x(y + z)
(x − y)(z − x) −

y(z + x)
(y − z)(x − y) −

z(x + y)
(z − x)(y − z)

� −
[

x(y + z)
(x − y)(z − x) +

y(z + x)
(y − z)(x − y) +

z(x + y)
(z − x)(y − z)

]
� −x(y2 − z2) + y(z2 − x2) + z(x2 − y2)

(x − y)(y − z)(z − x)

� −x y2 − xz2 + yz2 − x2 y + x2z − y2z
(x − y)(y − z)(z − x)

� −x y(y − x) + z2(y − x) + z(x2 − y2)
(x − y)(y − z)(z − x)

� −(y − x)(x y + z2 − zx − z y)
(x − y)(y − z)(z − x)

�
x y + z2 − zx − z y
(y − z)(z − x) �

x(y − z) − z(y − z)
(y − z)(z − x)

�
(y − z)(x − z)
(y − z)(z − x) � −1

ដូចេនះ
x(y + z)

(x − y)(x − z) +
y(z + x)

(y − z)(y − x) +
z(x + y)

(z − x)(z − y) � −1

លំơត់ទី ៥៨. ″ង a , b , c ďចំនួនពិតវǤជąŌនែដល a + b + c � 1 ។

″ង λ � min{a3
+ a2bc , b2

+ ab2c , c3
+ abc2} ។ បİƟ ញ▫សមីŁរ x2

+ x + 4λ � 0 Ōនឫសពីរď

ចំនួនពិត។

ដំេ₧ះŪƘយ

េយǿងនឹងŪƘយ″មសំេណǿផĀǶយពីŁរពិត

ឧបŌ▫សមីŁរ x2
+ x + 4λ � 0 មិនŌនឫសďចំនួនពិត។

េគģន ∆ � 1 − 16λ < 0 �⇒ λ >
1
16

Ĝំឱŏ


a3

+ a2bc >
1
16

b3
+ ab2c >

1
16

c3
+ abc2 >

1
16

⇐⇒


a2(a + bc) > 1

16
(1)

b2(b + ac) > 1
16

(2)

c2(c + ab) > 1
16

(3)

យក (1) × (2) × (3) េគģន a2b2c2(a + bc)(b + ac)(c + ab) > 1
163 (4)

េŢយ a + b + c � 1 �⇒ a + bc � 1 − b − c + bc � (1 − b)(1 − c)
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ដូចýĖ ែដរ េគģន b + ac � (1 − a)(1 − c) , c + ab � (1 − a)(1 − b)

េĜះ (4) Łž យď a2b2c2(1 − a)2(1 − b)2(1 − c)2 > 1
163 (5)

មŜ៉ងេទȄត a , b , c ďចំនួនពិតវǤជąŌន េហǿយ a + b + c � 1 �⇒ 0 < a , b , c < 1

េគŌន a(1 − a) � a − a2
�

1
4
−

(
a2 − a +

1
4

)
�

1
4
−

(
a − 1

2

)2
≤ 1

4
សមļពេកǿតŌនេĝេពលែដល a �

1
2

។

េគģន a(1 − a) ≤ 1
4
�⇒ a2(1 − a)2 ≤ 1

16
b(1 − b) ≤ 1

4
�⇒ b2(1 − b)2 ≤ 1

16
c(1 − c) ≤ 1

4
�⇒ c2(1 − c)2 ≤ 1

16
�⇒ a2b2c2(1 − a)2(1 − b)2(1 − c)2 ≤ 1

163 (6)

″ម (5) និង (6)

េគģន


a2b2c2(1 − a)2(1 − b)2(1 − c)2 > 1

163

a2b2c2(1 − a)2(1 − b)2(1 − c)2 ≤ 1
163

ផĀǶយពីŁរពិត។

ដូចេនះ សមីŁរ x2
+ x + 4λ � 0 ឫសďចំនួនពិត

លំơត់ទី ៥៩. ចំេĵះចំនួនពិតខុសពីសូនŏ x , y , z ែដល
1
x
+

1
y
+

1
z
� 0 ។

បİƟ ញ▫
yz
x2 +

zx
y2 +

x y
z2 � 3 ។

ដំេ₧ះŪƘយ

េគŌន
1
x
+

1
y
+

1
z
� 0 �⇒ x y + yz + zx � 0

Ĝំឱŏ
yz
x2 �

−zx − x y
x2 � − y

x
− z

x
ŪƘយដូចýĖ

zx
y2 � − x

y
− z

y
,

x y
z2 � −x

z
− y

z

េគģន
yz
x2 +

zx
y2 +

x y
z2 � −

(
x
y
+

x
z
+

y
x
+

y
z
+

z
x
+

z
y

)
� −

[
x
(

1
y
+

1
z

)
+ y

( 1
x
+

1
z

)
+ z

(
1
x
+

1
y

)]
� −

[
x
(
−1

x

)
+ y

(
− 1

y

)
+ z

(
−1

z

)]
� 3

ដូចេនះ
yz
x2 +

zx
y2 +

x y
z2 � 3
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លំơត់ទី ៦០. រកចំនួនគត់ a និង b ែដលĜំឱŏ x2 − x − 1 ែចកŢច់ ax17
+ bx16

+ 1 ។

ដំេ₧ះŪƘយ

សមីŁរ x2 − x − 1 � 0 Ōនឫស x �
1 ±

√
5

2

″ង p �
1 +

√
5

2
និង q �

1 −
√

5
2

Ĝំឱŏ p + q � 1 និង pq � −1

េŢយ x2 − x − 1 ែចកŢច់ ax17
+ bx16

+ 1 Ĝំឱŏ p និង q ក៏ďឫសៃនសមីŁរ ax17
+ bx16

+ 1 � 0

េគģន


ap17

+ bp16
+ 1 � 0

aq17
+ bq16

+ 1 � 0
�⇒


ap17

+ bp16
� −1 (1)

aq17
+ bq16

� −1 (2)
យក (1) × q16 និង (2) × p16 េគģន

ap17q16
+ bp16q16

� −q16

aq17p16
+ bq16p16

� −p16
⇐⇒


ap + b � −q16 (3)

aq + b � −p16 (4)
េŪĵះ pq � −1

យក (3) − (4) េគģន

a(p − q) � p16 − q16
� (p8

+ q8)(p4
+ q4)(p2

+ q2)(p + q)(p − q)

Ĝំឱŏ a � (p8
+ q8)(p4

+ q4)(p2
+ q2)(p + q)

េŢយ p + q � 1 និង pq � 1 េគģន

p2
+ q2

� (p + q)2 − 2pq � 1 + 2 � 3

p4
+ q4

� (p2
+ q2)2 − 2p2q2

� 9 − 2 � 7

p8
+ q8

� (p4
+ q4)2 − 2p4q4

� 49 − 2 � 47

Ĝំឱŏ a � 47 × 7 × 3 × 1 � 987

យក (3) + (4) េគģន

2b � −(p16
+ q16) − a(p + q) � −

[
(p8

+ q8)2 − 2p8q8] − a(p + q) � −3194

Ĝំឱŏ b � −1597

ដូចេនះ a � 987 , b � −1597

លំơត់ទី ៦១. េបǿ p , q , r ďឫសៃនសមីŁរ x3 − 3px2
+ 3q2x − r3

� 0 ។

បİƟ ញ▫ p � q � r

ដំេ₧ះŪƘយ

េគŌន p , q , r ďឫសៃនសមីŁរ x3 − 3px2
+ 3q2x − r3

� 0

Ĝំឱŏ


p + q + r � 3p (1)

pq + qr + rp � 3q2 (2)

pqr � r3 (3)
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• ″ម (3) េបǿ p � 0 �⇒ r � 0 �⇒ q � 0 ″ម (1)

េគģន េបǿ p � 0 េĜះ p � q � r � 0

• ″ម (3) េបǿ q � 0 �⇒ r � 0 �⇒ p � 0 ″ម (1)

េគģន េបǿ q � 0 េĜះ p � q � r � 0

• ″ម (2) េបǿ r � 0 �⇒ q(p − 3q) � 0 �⇒ q � 0 ∨ p � 3q

◦ ករណី q � 0 ″ម (1) េគģន p � 0 Ĝំឱŏ p � q � r � 0

◦ ករណី p � 3q ″ម (1) េគģន q � 0 Ĝំឱŏ p � q � r � 0

េគģន េបǿ r � 0 េĜះ p � q � r � 0

េគសេង̨តេឃǿញ▫ េបǿŌនមួយកĖǶងចំេ₧មចំនួន p , q , r េសŊ ǿសូនŏ ĜំឱŏចំនួនĈំងបីេនះេសŊ ǿសូនŏ។

• េបǿ p , q , r ខុសពីសូនŏ ″ម (3) េគģន pq � r2 (4)

″ម (2) និង (4) េគģន r2
+ r(p + q) � 3q2

�⇒ r(p + q + r) � 3q2 (5)

″ម (1) និង (5) េគģន 3pr � 3q2 ⇐⇒ pr � q2 (6)

យក (4) ÷ (6) េគģន
pq
pr

�
r2

q2 �⇒ q3
� r3

�⇒ q � r (7)

″ម (4) និង (7) េគģន p � r

កĖǶងករណីេនះ េគģន p � q � r

ដូចេនះ p � q � r

លំơត់ទី ៦២. េគឱŏ (un) ďសƃǶ ីតកំណត់េលǿ N េŢយ un �

⌊
(2 +

√
3)n

⌋
។

បİƟ ញ▫ (2 +
√

3)n
+ (2 −

√
3)n ďចំនួនគត់គូ រួចĈញ▫ un ďចំនួនគត់េសស។

ដំេ₧ះŪƘយ

• បİƟ ញ▫ (2 +
√

3)n
+ (2 −

√
3)n ďចំនួនគត់គូ

″ង α � 2 +
√

3 និង β � 2 −
√

3 Ĝំឱŏ α + β � 4 និង αβ � 1

េយǿងេŢះŪƘយ″មវǤČរអនុŌនរួមគណិតវǤទŜ

◦ េបǿ n � 1 : α + β � (2 +
√

3) + (2 −
√

3) � 4 ďចំនួនគត់គូ

◦ ឧបŌ▫ពិតដល់ n � k គឺ αk
+ βk ďចំនួនគត់គូ

◦ េយǿងនឹងŪƘយ▫ពិតដល់ n � k + 1

េគŌន αk+1
+ βk+1

� (αk
+ βk)(α + β) − αkβ − αβk
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� (αk
+ βk)(α + β) − αβ(αk−1

+ βk−1)

េŢយ αk
+ βk និង αk−1

+ βk−1 ďចំនួនគត់គូ

″ង αk
+ βk

� 2p និង αk−1
+ βk−1

� 2q ែដល p , q ∈ N និង p > q

េគģន αk+1
+βk+1

� (2p)(4)−(1)(2q) � 8p−2q � 2(4p−q) � 2r ďចំនួនគត់គូ ែដល r � 4p−q ∈ N

េĜះ αk+1
+ βk+1 ďចំនួនគត់គូ

ដូចេនះ (2 +
√

3)n
+ (2 −

√
3)n ďចំនួនគត់គូ

• Ĉញ▫ un ďចំនួនគត់េសស

េគŌន (2 +
√

3)n
+ (2 −

√
3)n ďចំនួនគត់គូ

″ង (2 +
√

3)n
+ (2 −

√
3)n

� 2s ែដល s ∈ N

េគģន (2 +
√

3)n
� 2s − (2 −

√
3)n

Ĝំឱŏ
⌊
(2 +

√
3)n

⌋
�

⌊
2s − (2 −

√
3)n

⌋
� ⌊2s⌋ +

⌊
− (2 −

√
3)n

⌋
េŢយ 0 < 2 −

√
3 < 1 �⇒ 0 < (2 −

√
3)n < 1 �⇒ −1 < −(2 −

√
3)n < 0

�⇒
⌊
− (2 −

√
3)n

⌋
� −1

េគģន
⌊
(2 +

√
3)n

⌋
� ⌊2s⌋ +

⌊
− (2 −

√
3)n

⌋
� 2s + (−1) � 2s − 1 ďចំនួនគត់េសស

ដូចេនះ un ďចំនួនគត់េេសស

លំơត់ទី ៦៣. េគឱŏ an � 3n +

√
n2 − 1 និង bn � 2

(√
n2 − n +

√
n2 + n

)
ចំេĵះŪគប់ចំនួនគត់វǤជąŌន n ។ បİƟ ញ▫√

a1 − b1 +
√

a2 − b2 + · · · +
√

a49 − b49 � A + B
√

2 ចំេĵះចំនួនគត់ A និង B ។

ដំេ₧ះŪƘយ

េគŌន an � 3n +

√
n2 − 1 �⇒ a2

n �

(
3n +

√
n2 − 1

)2
� 9n2

+ 6n
√

n2 − 1 + n2 − 1

� 10n2 − 1 + 6n
√

n2 − 1

និង bn � 2
(√

n2 − n +

√
n2 + n

)
�⇒ b2

n � 4
(
n2 − n + 2

√
n4 − n2 + n2

+ n
)
� 8(n2

+ n
√

n2 − 1)

េគģន a2
n − b2

n � 10n2 − 1 + 6n
√

n2 − 1 − 8
(
n2

+ n
√

n2 − 1
)

� 10n2 − 1 + 6n
√

n2 − 1 − 8n2 − 8n
√

n2 − 1

� 2n2 − 1 − 2n
√

n2 − 1

�

(
n −

√
n2 − 1

)2
> 0

Ĝំឱŏ a2
n − b2

n > 0 �⇒ (an + bn)(an − bn) > 0 �⇒ an − bn > 0 េŪĵះ an + bn > 0

េគŌន an − bn � 3n +

√
n2 − 1 − 2

(√
n2 − n +

√
n2 + n

)
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� 3n +

√
n2 − 1 − 2

√
n

(√
n − 1 +

√
n + 1

)
ពិនិតŏ

[
2
√

n −
(√

n − 1 +
√

n + 1
)]2

� 4n − 4
√

n
(√

n − 1 +
√

n + 1
)
+ n − 1 + 2

√
n2 − 1 + n + 1

� 6n + 2
√

n2 − 1 − 4
√

n
(√

n − 1 +
√

n + 1
)

� 2
[
3n +

√
n2 − 1 − 2

√
n

(√
n − 1 +

√
n + 1

)]
េគģន an − bn � 3n +

√
n2 − 1 − 2

√
n

(√
n − 1 +

√
n + 1

)
�

1
2

[
2
(
3n +

√
n2 − 1 − 2

√
n

(√
n − 1 +

√
n + 1

))]
�

1
2

[
2
√

n −
(√

n − 1 +
√

n + 1
)]2

Ĝំឱŏ
√

an − bn �
1√
2

[
2
√

n −
(√

n − 1 +
√

n + 1
)]

�
1√
2

[(√
n −

√
n − 1

)
−

(√
n + 1 −

√
n
)]

េគģន
49∑

k�1

√
ak − bk �

1√
2

49∑
k�1

(√
k −

√
k − 1

)
− 1√

2

49∑
k�1

(√
k + 1 −

√
k
)

�
1√
2

(√
49 − 0

)
− 1√

2

(√
50 −

√
1
)

�
7√
2
+

1√
2
− 5

√
2√
2

� 4
√

2 − 5 � −5 + 4
√

2 � A + B
√

2 ែដល A � −5 , B � 4

ដូចេនះ
√

a1 − b1 +
√

a2 − b2 + · · · +
√

a49 − b49 � A + B
√

2 ែដល A � −5 , B � 4

លំơត់ទី ៦៤. េគឱŏ an �

√
1 +

(
1 +

1
n

)2
+

√
1 +

(
1 − 1

n

)2
ែដល n ďចំនួនគត់ វǤជąŌន។ បİƟ ញ▫

1
a1

+
1
a2

+ · · · + 1
a20

ďចំនួនគត់វǤជąŌន។

ដំេ₧ះŪƘយ

េគŌន an �

√
1 +

(
1 +

1
n

)2
+

√
1 +

(
1 − 1

n

)2

�

√
n2 + (n + 1)2

n2 +

√
n2 + (n − 1)2

n2

�

√
n2 + (n + 1)2 +

√
n2 + (n − 1)2

n
Ĝំឱŏ

1
an

�
n√

n2 + (n + 1)2 +
√

n2 + (n − 1)2

�

n
[√

n2 + (n + 1)2 −
√

n2 + (n − 1)2
]

n2 + (n + 1)2 − n2 − (n − 1)2

�

n
[√

n2 + (n + 1)2 −
√

n2 + (n − 1)2
]

4n
�

1
4

[√
n2 + (n + 1)2 −

√
(n − 1)2 + n2

]
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េគģន
20∑

k�1

1
ak

�
1
4

20∑
k�1

[√
k2 + (k + 1)2 −

√
(k − 1)2 + k2

]
�

1
4

(√
202 + 212 −

√
02 + 12

)
�

1
4 (29 − 1) � 7

ដូចេនះ
1
a1

+
1
a2

+ · · · + 1
a20

� 7 ďចំនួនគត់វǤជąŌន

លំơត់ទី ៦៥. ″ង f (n) � (n2
+ n + 1)2 + 1 ។ េគកំណត់សƃǶ ីត

Un �
f (1) × f (3) × f (5) × · · · × f (2n − 1)

f (2) × f (4) × f (6) × · · · × f (2n) ែដល n ∈ N។

គណĜ lim
n→∞

(
n
√

Un

)
។

ដំេ₧ះŪƘយ

េគŌន f (n) � (n2
+ n + 1)2 + 1 �

[
(n2

+ 1) + n
]2

+ 1

� (n2
+ 1)2 + 2n(n2

+ 1) + n2
+ 1 � (n2

+ 1)(n2
+ 2n + 2) � (n2

+ 1)
[
(n + 1)2 + 1

]
Ĝំឱŏ f (2k − 1) �

[
(2k − 1)2 + 1

] [
(2k − 1 + 1)2 + 1

]
� (4k2

+ 1)
[
(2k − 1)2 + 1

]
f (2k) � (4k2

+ 1)
[
(2k + 1)2 + 1

]
េគģន Un �

n∏
k�1

f (2k − 1)
f (2k) �

n∏
k�1

(4k2 + 1)
[
(2k − 1)2 + 1

]
(4k2 + 1) [(2k + 1)2 + 1]

�

n∏
k�1

(2k − 1)2 + 1
(2k + 1)2 + 1

�
2

(2n + 1)2 + 1
�

1
2n2 + 2n + 1

Ĝំឱŏ lim
n→∞

(
n
√

Un

)
� lim

n→∞
n√

2n2 + 2n + 1
�

√
2

2

ដូចេនះ lim
n→∞

(
n
√

Un

)
�

√
2

2

លំơត់ទី ៦៦. េគឱŏសƃǶ ីតពីរ (an) និង (bn) ďសƃǶ ីតៃនចំនួនពិតធមŊďតិែដលេផĀȅងĬĀ ត់

an +
√

2bn � (2 +
√

2)n ។ គណĜ lim
n→∞

an

bn
។

ដំេ₧ះŪƘយ

េគŌន (an) និង (bn) ďសƃǶ ីតៃនចំនួនពិតធមŊďតិែដលេផĀȅងĬĀ ត់ an +
√

2bn � (2 +
√

2)n (1)

Ĝំឱŏ an −
√

2bn � (2 −
√

2)n (2)

យក (1) + (2) េគģន 2an � (2 +
√

2)n
+ (2 −

√
2)n

�⇒ an �
1
2

[
(2 +

√
2)n

+ (2 −
√

2)n
]

យក (1) − (2) េគģន 2
√

2bn � (2 +
√

2)n − (2 −
√

2)n
�⇒ bn �

1
2
√

2

[
(2 +

√
2)n − (2 −

√
2)n

]
េគģន lim

n→∞
an

bn
� lim

n→∞

1
2

[
(2 +

√
2)n + (2 −

√
2)n

]
1

2
√

2

[
(2 +

√
2)n − (2 −

√
2)n

]
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�
√

2 lim
n→∞

(2 +
√

2)n + (2 −
√

2)n

(2 +
√

2)2 − (2 −
√

2)n

�
√

2 lim
n→∞

(2 +
√

2)n

[
1 +

(
2 −

√
2

2 +
√

2

)n]
(2 +

√
2)n

[
1 −

(
2 −

√
2

2 +
√

2

)n]
�
√

2

េŪĵះ 0 < 2 −
√

2
2 +

√
2
< 1 �⇒ 0 <

(
2 −

√
2

2 +
√

2

)n

< 1 �⇒ lim
n→∞

(
2 −

√
2

2 +
√

2

)n

� 0

ដូចេនះ lim
n→∞

an

bn
�
√

2

លំơត់ទី ៦៧. េគឱŏសƃǶ ីត (un) កំណត់េŢយ un+2 � 5un+1 − 6un ចំេĵះ n ∈ N និង (vn) ďសƃǶ ីតមួយេទȄត

ែដល vn � un+1 − aun ។

កំណត់តៃមžៃនចំនួនពិត a េដǿមġីឱŏ (vn) ďសƃǶ ីតធរណីŌŪត។

ដំេ₧ះŪƘយ

េគŌន vn � un+1 − aun

Ĝំឱŏ vn+1 � un+2 − aun+1 � 5un+1 − 6un − aun+1 � (5 − a)un − 6un

� (5 − a)un+1 − a(5 − a)un + a(5 − a)un − 6un

� (5 − a)(un+1 − aun) + (5a − a2 − 6)un

� (5 − a)vn + (−a2
+ 5a − 6)un

េគģន (vn) ďសƃǶ ីតធរណីŌŪតŁល₧


5 − a , 0 (1)

−a2
+ 5a − 6 � 0 (2)

″ម (1) : 5 − a , 0 �⇒ a , 5

″ម (2) : − a2
+ 5a − 6 � 0 �⇒ a � 2 ∨ a � 3

ដូចេនះ a � 2 ឬ a � 3

លំơត់ទី ៦៨. ŪតីេŁណ ABC មួយŌនរİƃ ស់ŪជǶង x , x + 1 និង x + 2 ďŪតីេŁណសមŃňែដលŌនមុំĈល

មួយ។ ចូររករȔង់ៃនតៃមž x ។

ដំេ₧ះŪƘយ

េគដឹង▫ŪតីេŁណ ABC ďŪតីេŁណសមŃňែដលŌនមុំĈលមួយ ″មŪទឹសŚ ីបទសុីនុស

េគģន x2
+ (x + 1)2 < (x + 2)2 ⇐⇒ x2 − 2x − 3 < 0 ⇐⇒ −1 < x < 3

ែត x ďរİƃ ស់ŪជǶងៃនŪតីេŁណ ABC េគģន x > 0 Ĝំឱŏ 0 < x < 3
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មŜ៉ងេទȄត x , x + 1 និង x + 2 ďរİƃ ស់ŪជǶងៃនŪតីេŁណ

Ĝំឱŏ x + x + 1 > x + 2 ⇐⇒ x > 1

ដូចេនះ 1 < x < 3

លំơត់ទី ៦៩. ចំេĵះចំនួនគត់វǤជąŌន n និង an � 19n
+ (−1)n−1 · 24n−3 ។ រកចំនួនបឋមតូចបំផុតែដលែចក

Ţច់ an ។

ដំេ₧ះŪƘយ

េŢះŪƘយ″មវǤČរអនុŌនរួមគណិតវǤទŜ

• េបǿ n � 1 : a1 � 191
+ (−1)1−1 · 24−3

� 19 + 2 � 21 � 3 × 7

• េបǿ n � 2 : a2 � 192
+ (−1)2−1 · 28−3

� 361 − 32 � 329 � 7 × 47

• ឧបŌ▫ពិតដល់ n � k គឺ 7 ďចំនួនបឋមតូចបំផុត ែដលែចកŢច់ ak

″ង ak � 19k
+ (−1)k−1 · 24k−3

� 7m , m ∈ Z

• ពិនិតŏចំេĵះ n � k + 1

េគŌន ak+1 � 19k+1
+ (−1)k+1−1 · 24(k+1)−3

� 19 × 19k − (−1)k−1 × 24k+1

� 19 × 19k − 16(−1)k−1 × 24k−3

� 19 × 19k − 16(7m − 19k) េŪĵះ (−1)k−1 × 24k−3
� 7m − 19k

� 19 × 19k − 16 × 7m + 16 × 19k

� 35 × 19k − 16 × 7m

� 7(5 × 19k − 16m)

េគģន 7 ែចកŢច់ ak+1

ដូចេនះ n � 7

លំơត់ទី ៧០. ចំេĵះចំនួនពិត a េគŌនចំណុច A(a , 0) និង B(−a , 0) ។ ចូររកសំណុំចំណុច P េĝកĖǶងបžង់មួយ

ែដលបំេពញលកšខណŹ ∠APB � 90◦ ។

ដំេ₧ះŪƘយ

″ង P(x , y)

េគŌន ∠APB � 90◦ ⇐⇒ −−→
PA · −→PB � 0 ែដល

−−→
PA , ®0 និង

−→
PB , ®0

េគģន
−−→
PA � (x − a , y) េហǿយ

−−→
PA , ®0 �⇒ x , a ∧ y , 0
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−→
PB � (x + a , y) េហǿយ

−→
PB , ®0 �⇒ x , −a ∧ y , 0

េគŌន
−−→
PA · −→PB � 0 ⇐⇒ (x − a)(x + a) + y2

� 0 ⇐⇒ x2
+ y2

� a2

ďសមីŁររងƃង់ែដលŌនផĆិត (0, 0) និងŁំ r � |a | ឯក″។

ដូចេនះ P ďសំណុំចំណុចេĝេលǿរងƃង់ែដលŌនផĆិត (0, 0) Ł ំ|a | និង មិនស□ ិតេĝេលǿអ័កƖƫប់សុីស

លំơត់ទី ៧១. ឧបŌ▫ចំណុច P ស□ ិតេĝេលǿģ៉ŬȔ បូល y2
� ax េហǿយមិនស□ ិតេĝេលǿគល់ O(0, 0) ។ េគគូសបĜĀ ត់

មួយែកងនឹងģ៉ŬȔ បូលŪតង់ P ។ ″ង Q ďចំណុចŪបសពƃរƅងបĜĀ តែ់កងនឹងអ័កƖƫប់សុីស េហǿយ R ďចំណុចŪបសពƃ

រƅងចំេ₧លែកងŪតង់ P េលǿអ័កƖƫប់សុីស។ ŪƘយបŔą ក▫់ Ūបែវងអង̨ត់ QR Ōនតៃមžេថរ មិនĈក់ទងនឹងទី″ងំ

របស់ P េទ។

ដំេ₧ះŪƘយ

x

y

P

R Q

(ℓ)

″ង P(x0, y0) , Q(x1, 0) េគģន R(x0, 0)

• រកេមគុណŪģប់ទិសៃនបĜĀ ត់ប៉ះ (ℓ)

េគŌន y2
� ax �⇒ 2y y′

� a �⇒ y′
� − a

2y
េគģន y′

0 � − a
2y0
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• រកសមីŁរបĜĀ ត់ែដលŁត់″មចំណុច P និង Q ″ងេŢយ (ℓ′)

េŢយបĜĀ ត់ (ℓ′) ែកងនឹងបĜĀ ត់ (ℓ)

េគģន េមគុណŪģប់ទិសៃនបĜĀ ត់ (ℓ′) គឺ m �
2y0

a
េŪĵះ m × y′

0 � −1

ĜំឱŏសមីŁរបĜĀ ត់ែដលŁត់″ម P(x0, y0) េហǿយŌនេមគុណŪģប់ទិស m �
2y0

a
កំណត់េŢយ y �

2y0

a
(x − x0) + y0

• រកកូអរេŢេនៃនចំណុច Q

េŢយ Q(x1, 0) ďចំណុចស□ ិតេĝេលǿបĜĀ ត់ (ℓ′)

េគģន 0 �
2y0

a
(x1 − x0) + y0 �⇒ 2

a
(x1 − x0) + 1 � 0 �⇒ x1 � x0 −

a
2

Ĝំឱŏ Q
(
x0 −

a
2
, 0

)
• គណĜŪបែវង QR

េŢយ Q , R ďចំណុចស□ ិតេĝេលǿអ័កƖƫប់សុីស

េគģន QR � |xQ − xR | �
���x0 −

a
2
− x0

��� � |a |
2

ďចំនួនេថរមិនƫŪស័យនឹងចំណុច P

ដូចេនះ Ūបែវងអង̨ត់ QR Ōនតៃមžេថរ មិនĈក់ទងនឹងទី″ងំរបស់ P

លំơត់ទី ៧២. បĜĀ តែ់ដលŌនសមីŁរ x + y + 1 � 0 Łតរ់ងƃងែ់ដលŌនសមីŁរ x2
+ y2

� 4 Ūតងព់ីរចំណុច

េផƖងýĖ ។ េគគូសបĜĀ ត់ប៉ះេĉនឹងរងƃង់Ūតង់ចំណុចŪបសពƃĈំងពីរេĜះ។ ″ង θ ďមុំែដលបេង̨ǿតេឡǿងេŢយបĜĀ ត់ប៉ះ

ĈំងពីរេĜះ េហǿយេគដឹង▫

0 ≤ θ ≤ 90◦ ។ រកតៃមžៃន tan θ ។

ដំេ₧ះŪƘយ

េគŌន x2
+ y2

� 4 ďសមីŁរៃនរងƃង់ែដលŌនផĆិត O(0, 0) និងŁំ r � 2 ឯក″

″ង A និង B ďចំណុចŪបសពƃរƅងរងƃង់ x2
+ y2

� 4 និងបĜĀ ត់ x + y + 1 � 0

េគģន កូអរេŢេនៃនចំណុច A និង B ďឫសៃនŪបព័នċសមីŁរ


x + y + 1 � 0 (1)

x2
+ y2

� 4 (2)
″ម (1) : x + y + 1 � 0 ⇐⇒ y � −x − 1 ជំនួសកĖǶង (2)

េគģន x2
+ (−x − 1)2 � 4 ⇐⇒ 2x2

+ 2x + 1 � 4 ⇐⇒ 2x2
+ 2x − 3 � 0

Ĝំឱŏ x �
−1 ±

√
7

2
�⇒ y �

−1 ∓
√

7
2
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C

A

B

O

θ

α
x

y

េគģន A
(
−1 −

√
7

2
,
−1 +

√
7

2

)
និង B

(
−1 +

√
7

2
,
−1 −

√
7

2

)
″ង α ďមុំផðǶំេឡǿងេŢយ

−−→
OA និង

−−→
OB

េគģន cos α �

−−→
OA · −−→OB���−−→OA

��� ���−−→OB
���

ែត
−−→
OA �

(
−1 −

√
7

2
,
−1 +

√
7

2

)
និង

−−→
OB �

(
−1 +

√
7

2
,
−1 −

√
7

2

)
Ĝំឱŏ

−−→
OA · −−→OB �

−1 −
√

7
2

× −1 +
√

7
2

+
−1 +

√
7

2
× −1 −

√
7

2
� −3

េហǿយ
���−−→OA

��� � ���−−→OB
��� � r � 2

េគģន cos α �
−3

2 × 2
� −3

4
េគដឹង▫ OACB ďចតុេŁណែដលŌន ∠OAC � ∠OBC � 90◦

េគģន θ + α � 180◦ ⇐⇒ α � 180◦ − θ

េហតុេនះ cos α � −3
4
⇐⇒ cos(180◦ − θ) � −3

4
⇐⇒ − cos θ � −3

4
⇐⇒ cos θ �

3
4

″មទំĜក់ទំនង tan2 θ + 1 �
1

cos2 θ
�⇒ tan θ � ±

√
1

cos2 θ
− 1

ែត 0 ≤ θ ≤ 90◦ Ĝំឱŏ tan θ ≥ 0

េគģន tan θ �

√
1

cos2 θ
− 1 �

√
16
9

− 1 �

√
7
9
�

√
7

3

ដូចេនះ tan θ �

√
7

3
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លំơត់ទី ៧៣. ″ង a , b និង c ďŪជǶងៃនŪតីេŁណមួយ េហǿយ S ďៃផĀŪកƦៃនŪតីេŁណេĜះ និង a+b+ c � 2p

។ ចូរបİƟ ញ▫ p2 ≥ 3
√

3S ។

ដំេ₧ះŪƘយ

″មរូបមនŉេហរុង េគģន S �

√
p(p − a)(p − b)(p − c) �⇒ S2

� p(p − a)(p − b)(p − c)

េŢយ p − a �
a + b + c

2
− a �

1
2
(b + c − a) > 0

ŪƘយដូចýĖ េគģន p − b > 0, p − c > 0

″មវǤសមļពកូសុី េគģន

(p − a)(p − b)(p − c) ≤
(

p − a + p − b + p − c
3

)3

≤ 1
27

(3p − a − b − c)3

≤ 1
27

(3p − 2p)3

≤ p3

27
Ĝំឱŏ p(p − a)(p − b)(p − c) ≤ p4

27
ឬ S2 ≤ p4

27
�⇒ p4 ≥ 27S2

�⇒ p2 ≥ 3
√

3S (ពិត)

ដូចេនះ p2 ≥ 3
√

3S

លំơត់ទី ៧៤. ចូរŪƘយបŔą ក់▫ Ūបសិនេបǿចំនួនពិត x , y , z និង a បំេពញលកšខណŹ

x + y + z � a និង x3
+ y3

+ z3
� a3 Ĝំឱŏŗ៉ងេơច₧ស់ŌនមួយកĖǶងចំេ₧ម

x , y និង z េសŊ ǿនឹង a ។

ដំេ₧ះŪƘយ

ŗ៉ងេơច₧ស់ŌនមួយកĖǶងចំេ₧ម x , y និង z េសŊ ǿនឹង a ⇐⇒ (x − a)(y − a)(z − a) � 0

េគŌន (x − a)(y − a)(z − a) � (x y − ax − a y + a2)(z − a)

� x yz − ax y − axz + a2x − a yx + a2 y + a2z − a3

� x yz − a(x y + yz + zx) + a2(x + y + z) − a3

� x yz − a(x y + yz + zx) + a2 × a − a3

� x yz − a(x y + yz + zx)

េŢយ x3
+ y3

+ z3 − 3x yz � (x + y + z)(x2
+ y2

+ z2 − x y − yz − zx)

� (x + y + z)[(x + y + z)2 − 3(x y + yz + zx)]

� a[a2 − 3(x y + yz + zx)]

� a3 − 3a(x y + yz + zx)

េរȄបេរȄងេŢយ : សន េĶ ៥៩ រកƙសិទċិ
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ែត x3
+ y3

+ z3
� a3

េគģន a3 − 3x yz � a3 − 3a(x y + yz + zx)

⇐⇒ x yz � a(x y + yz + zx) ⇐⇒ x yz − a(x y + yz + zx) � 0

Ĝំឱŏ (x − a)(y − a)(z − a) � x yz − a(x y + yz + zx) � 0

េគģន x � a ∨ y � a ∨ z � a

ដូចេនះ ŗ៉ងេơច₧ស់ŌនមួយកĖǶងចំេ₧ម x , y និង z េសŊ ǿនឹង a

លំơត់ទី ៧៥. ចូរŪƘយបŔą ក់▫ Ūបសិនេបǿចំនួនពិត x , y , z និង a បំេពញលកšខណŹ

x + y + z � 3a និង x y + yz + zx � 3a2 Ĝំឱŏ x � y � z � a ។

ដំេ₧ះŪƘយ

េគដឹង▫ x � y � z � a ⇐⇒ (x − a)2 + (y − a)2 + (z − a)2 � 0

េគŌន (x − a)2 + (y − a)2 + (z − a)2 � x2 − 2ax + a2
+ y2 − 2a y + a2

+ z2 − 2az + a2

� (x2
+ y2

+ z2) − 2a(x + y + z) + 3a2

� [(x + y + z)2 − 2(x y + yz + zx)] − 2a × 3a + 3a2

� [(3a)2 − 2(3a2)] − 6a2
+ 3a2

� 9a2 − 6a2 − 3a2
� 0

Ĝំឱŏ (x − a)2 + (y − a)2 + (z − a)2 � 0 ⇐⇒ x � y � z � a

ដូចេនះ x � y � z � a

លំơត់ទី ៧៦. ចំេĵះចំនួនគត់វǤជąŌន n េបǿ an > 0 េហǿយេផĀȅតĬĀ ត់
n∑

j�1
a3

j �
©­«

n∑
j�1

a j
ª®¬

2

ចូរŪƘយបŔą ក់▫

an � n ។

ដំេ₧ះŪƘយ

ŪƘយ″មវǤČរអនុŌណរួមគណិតវǤទŜ

• េបǿ n � 1 េគģន a3
1 � a2

1 �⇒ a2
1(a1 − 1) � 0 �⇒ a1 � 1 េŪĵះ a1 > 0

• ឧបŌ▫ពិតដល់ n � k គឺ ak � k

• ពិនិតŏចំេĵះ n � k + 1

េគŌន
k+1∑
j�1

a3
j �

©­«
k+1∑
j�1

a j
ª®¬

2

េរȄបេរȄងេŢយ : សន េĶ ៦០ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

©­«
k∑

j�1
a3

j
ª®¬ + a3

k+1 �

©­«
k∑

j�1
a j

ª®¬ + ak+1


2

©­«
k∑

j�1
a3

j
ª®¬ + a3

k+1 �
©­«

k∑
j�1

a j
ª®¬

2

+ 2 ©­«
k∑

j�1
a j

ª®¬ ak+1 + a2
k+1

a3
k+1 � 2ak+1

©­«
k∑

j�1
a j

ª®¬ + a2
k+1

a3
k+1 � 2ak+1 ×

k(k + 1)
2

+ a2
k+1

a2
k+1 � k(k + 1) + ak+1

a2
k+1 − ak+1 − k(k + 1) � 0

(ak+1 + k)(ak+1 − k − 1) � 0

េគģន ak+1 � −k ( មិនយក) ឬ ak+1 � k + 1

Ĝំ       ឱŏ ak+1 � k + 1 (ពិត)

ដូចេនះ an � n

លំơត់ទី ៧៧. គណĜលីមីតžងេŪŁម

ក. lim
n→+∞

n∑
k�1

√
k

n
√

n
ខ. lim

x→1

( 1
1 − x

− n
1 − xn

)
, n ∈ N

ដំេ₧ះŪƘយ

គណĜលីមីត

ក. lim
n→+∞

n∑
k�1

√
k

n
√

n
� lim

n→+∞
1
n

n∑
k�1

√
k
n
�

∫ 1

0

√
xdx �

[2
3

x
3
2

]1

0
�

2
3

ដូចេនះ lim
n→+∞

n∑
k�1

√
k

n
√

n
�

2
3

ខ. lim
x→1

( 1
1 − x

− n
1 − xn

)
� lim

x→1

(1 + x + x2 + x3 + · · · + xn−1) − n
1 − xn

� lim
x→1

(1 − 1) + (x − 1) + (x2 − 1) + (x3 − 1) + · · · + (xn−1 − 1)
1 − xn

� lim
x→1

(x − 1) + (x − 1)(x + 1) + (x − 1)(x2 + x + 1) + · · · + (x − 1)(xn−2 + · · · + 1)
1 − xn

� lim
x→1

(x − 1)[1 + (x + 1) + (x2 + x + 1) + · · · + (xn−2 + · · · + 1)]
−(x − 1)(xn−1 + · · · + 1)

េរȄបេរȄងេŢយ : សន េĶ ៦១ រកƙសិទċិ
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�
1 + 2 + 3 + · · · + (n − 1)

−n
� − 1

n
× (n − 1)(n − 1 + 1)

2
� −n − 1

2
ដូចេនះ lim

x→1

( 1
1 − x

− n
1 − xn

)
� −n − 1

2

លំơត់ទី ៧៨. េŢះŪƘយសមីŁរžងេŪŁម

ក. 5x × 2
2x−1
x+1 � 50

ខ. log3

(√
1 + x2 + x

)
� log2

(√
1 + x2 − x

)

ដំេ₧ះŪƘយ

េŢះŪƘយសមីŁរ

ក. 5x × 2
2x−1
x+1 � 50 �⇒ x , −1

េគģន 5x × 2
2x−1
x+1 � 50 � 52 × 2 �⇒ 5x−2

� 21− 2x−1
x+1 � 2

−x+2
x+1

�⇒ ln 5x−2
� ln 2

−x+2
x+1 �⇒ (x − 2) ln 5 �

−x + 2
x + 1

ln 2

�⇒ (x − 2) ln 5 +
x − 2
x + 1

ln 2 � 0 �⇒ (x − 2)
(
ln 5 +

ln 2
x + 1

)
� 0

េគģន x − 2 � 0 ឬ ln 5 +
ln 2

x + 1
� 0

• េបǿ x − 2 � 0 ⇐⇒ x � 2

• េបǿ ln 5 +
ln 2

x + 1
� 0 �⇒ (x + 1) ln 5 + ln 2 � 0

�⇒ x + 1 � − ln 2
ln 5

�⇒ x � − ln 2 + ln 5
ln 5

� − ln 10
ln 5

� − log5 10

ដូចេនះ សមីŁរŌនឫស x � 2 ∨ x � − log5 10

ខ. log3

(√
1 + x2 + x

)
� log2

(√
1 + x2 − x

)
(1)

ចំេĵះŪគប់ x ∈ R,
√

1 + x2 > x �⇒
√

1 + x2 − x > 0

េគŌន
(√

1 + x2 + x
) (√

1 + x2 − x
)
� 1 + x2 − x2

� 1

�⇒
√

1 + x2 − x �
1√

1 + x2 + x
″ង t �

√
1 + x2 + x �⇒

√
1 + x2 − x �

1
t
, t > 0

″ម (1) េគģន log3 t � log2
1
t
� − log2 t ⇐⇒ log3 t + log2 t � 0

⇐⇒ ln t
ln 3

+
ln t
ln 2

� 0 ⇐⇒ ln t
( 1
ln 3

+
1

ln 2

)
� 0

⇐⇒ ln t � 0 ⇐⇒ t � 1

ចំេĵះ t � 1 េគģន
√

1 + x2 + x � 1 ⇐⇒
√

1 + x2 � 1 − x
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េŢយ
√

1 + x2 ≥ 1 �⇒ 1 − x ≥ 1 �⇒ x ≤ 0

ចំេĵះ x ≤ 0 េគģន
√

1 + x2 � 1 − x �⇒ 1 + x2
� (1 − x)2 � 1 − 2x + x2

�⇒ x � 0 េផĀȅងĬĀ ត់

ដូចេនះ សមីŁរŌនឫស x � 0

លំơត់ទី ៧៩. េŢះŪƘយវǤសមីŁរ x2
+ (x + 1)2 ≤ 15

x + (x + 1) ។

ដំេ₧ះŪƘយ

េគŌន x2
+ (x + 1)2 ≤ 15

x + (x + 1) (⋆)

េŢយ x2
+ (x + 1)2 > 0 ″ម (⋆) េគģន x + (x + 1) > 0 �⇒ x > −1

2
(1)

េគģន x2
+ (x + 1)2 ≤ 15

x + (x + 1) ⇐⇒ 2x2
+ 2x + 1 ≤ 15

2x + 1
េŢយ 2x + 1 > 0 េគģន (2x + 1)(2x2

+ 2x + 1) ≤ 15 �⇒ 2x2(2x + 1) + (2x + 1)2 ≤ 15

�⇒ 4x3
+ 2x2

+ 4x2
+ 4x + 1 − 15 ≤ 0

�⇒ 4x3
+ 6x2

+ 4x − 14 ≤ 0

�⇒ (x − 1)(4x2
+ 10x + 14) ≤ 0 (2)

″ង f (x) � 4x2
+ 10x + 14 េបǿ f (x) � 0 ⇐⇒ 4x2

+ 10x + 14 � 0

″ម ∆′ � 25 − 56 < 0 �⇒ f (x) > 0 ∀x ∈ R

″ម (2) េគģន x − 1 ≤ 0 ⇐⇒ x ≤ 1 (3)

″ម (1) និង (3) េគģន −1
2
< x ≤ 1

ដូចេនះ វǤសមីŁរŌនចេមžǿយ −1
2
< x ≤ 1

លំơត់ទី ៨០. បİƟ ញ▫េដរǪេវ f ′(x) ៃនអនុគមន៍ f (x) � (x + 2)e−x ďអនុគមនេ៍កǿនŢច់žតចំេĵះ x > 0 ។

ដំេ₧ះŪƘយ

េគŌន f (x) � (x + 2)e−x
�⇒ f ′(x) � e−x(1 − x − 2) � −(x + 1)e−x

Ĝំឱŏ f ′′(x) � −e−x(1 − x − 1) � xe−x > 0 Ūគប់ x > 0

េគģន f ′(x) ďអនុគមន៍េកǿនŢច់žតចំេĵះ x > 0

ដូចេនះ េដរǪេវ f ′(x) ៃនអនុគមន៍ f (x) � (x + 2)e−x ďអនុគមន៍េកǿនŢច់žតចំេĵះ x > 0

លំơត់ទី ៨១. រកសមីŁរបĜĀ ត់ប៉ះៃនេអលីប 9x2
+ 16y2

� 52 េហǿយŪសបនឹងបĜĀ ត់

9x − 8y � 1 ។

េរȄបេរȄងេŢយ : សន េĶ ៦៣ រកƙសិទċិ
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ដំេ₧ះŪƘយ

″ង (x0, y0) ďកូអរេŢេនៃនចំណុចប៉ះ

េគŌនេអលីប 9x2
+ 16y2

� 52 េធƃǿេដរǪេវេធȄប x េលǿអងðĈំងពីរ

េគģន 18x + 32y y′
� 0 (1)

មŜ៉ងេទȄត បĜĀ ត់ប៉ះៃនេអលីបŪសបនឹងបĜĀ ត់ 9x − 8y � 1 ⇐⇒ y �
9
8

x − 1
8

េĜះេគģនេមគុណŪģប់ទិសៃនបĜĀ ត់ប៉ះគឺ y′
0 �

9
8

(2)

″ម (1) និង (2) េគģន

18x0 + 32y0 y′
0 � 0 ⇐⇒ 18x0 + 32y0 ×

9
8
� 0

⇐⇒ 18x0 + 36y0 � 0 ⇐⇒ x0 � −2y0 (3)

េŢយ (x0, y0) ďចំណុចេĝេលǿេអលីប េគģន 9x2
0 + 16y2

0 � 52

ែត x0 � −2y0 Ĝំឱŏ 9(−2y0)2 + 16y2
0 � 52 ⇐⇒ 52y2

0 � 52 ⇐⇒ y0 � ±1

• េបǿ y0 � 1 េគģន x0 � −2 េĜះសមីŁរបĜĀ ត់ប៉ះគឺ y �
9
8
(x + 2) + 1 �

9
8

x +
13
4

ដូចេនះ សមីŁរបĜĀ ត់ប៉ះគឺ y �
9
8

x +
13
4

• េបǿ y0 � −1 េគģន x0 � 2 េĜះសមីŁរបĜĀ ត់ប៉ះគឺ y �
9
8
(x − 2) − 1 �

9
8

x − 13
4

ដូចេនះ សមីŁរបĜĀ ត់ប៉ះគឺ y �
9
8

x − 13
4

លំơត់ទី ៨២. េគ Ōន សƃǶ ី ត ចំនួនពិត (un) និង (vn) ែដល កំណត់ េŢយ u0 � 0, v0 � 1 និង
un+1 �

un + vn

2

vn+1 �
un + 2vn

3

ចំេĵះ ∀n ∈ N។ Xn និង A ďពីរŌ៉Ūទីសែដល Xn �
©­«

un

vn

ª®¬ និង A �

©­­­«
1
2

1
2

1
3

2
3

ª®®®¬ ។

ក. បİƟ ញ▫ចំេĵះŪគប់ n ∈ N េគģន Xn � AnX0 ។

ខ. P, P′ និង B ďŌ៉Ūទីសែដល P �

©­­­«
4
5

6
5

−6
5

6
5

ª®®®¬ , P′
�

©­­­«
1
2

−1
2

1
2

1
3

ª®®®¬ និង B �

©­­­«
1 0

0 1
6

ª®®®¬ ។

១. គណĜ PP′ និងបİƟ ញ▫ P′BP � A រួចគណĜ An ។

២. កំណត់តួទូេĉៃនសƃǶ ីត (un) និង (vn) ។

ដំេ₧ះŪƘយ

ក. បİƟ ញ▫ចំេĵះŪគប់ n ∈ N េគģន Xn � AnX0

េរȄបេរȄងេŢយ : សន េĶ ៦៤ រកƙសិទċិ
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េគŌន u0 � 0, v0 � 1 �⇒ X0 �
©­«
0

1

ª®¬ និង u1 �
1
2
, v1 �

2
3

េយǿងនឹងŪƘយ″មវǤČរអនុŌណរួមគណិតវǤទŜ

• េបǿ n � 1 េគģន X1 �
©­«

u1

v1

ª®¬ �

©­­­«
1
2

2
3

ª®®®¬ េហǿយ AX0 �

©­­­«
1
2

1
2

1
3

2
3

ª®®®¬
©­­­«
0

1

ª®®®¬ �

©­­­«
1
2

2
3

ª®®®¬
េគģន X1 � AX0 ពិត

• ឧបŌ▫ពិតដល់ n � k គឺ Xk � AkX0

• ចំេĵះ n � k + 1 េគŌន Xk+1 �

©­­­«
uk+1

vk+1

ª®®®¬ �

©­­­«
uk + vk

2

uk + 2vk

3

ª®®®¬
េហǿយ Ak+1X0 � AAkX0 � AXk �

©­­­«
1
2

1
2

1
3

2
3

ª®®®¬
©­«

uk

vk

ª®¬ �

©­­­«
uk + vk

2

uk + 2vk

3

ª®®®¬
េគģន Xk+1 � Ak+1X0 ពិតដល់ n � k + 1

ដូចេនះ ចំេĵះŪគប់ n ∈ N េគģន Xn � AnX0

ខ. េគŌន P �

©­­­«
4
5

6
5

−6
5

6
5

ª®®®¬ , P′
�

©­­­«
1
2

−1
2

1
2

1
3

ª®®®¬ និង B �

©­­­«
1 0

0 1
6

ª®®®¬ ។

១. • គណĜ PP′

េគģន PP′
�

©­­­«
4
5

6
5

−6
5

6
5

ª®®®¬
©­­­«

1
2

−1
2

1
2

1
3

ª®®®¬ �

©­­­«
2
5
+

3
5

−2
5
+

2
5

−3
5
+

3
5

3
5
+

2
5

ª®®®¬ �
©­«
1 0

0 1

ª®¬ � I

• បİƟ ញ▫ P′BP � A

េគģន P′BP �

©­­­«
1
2

−1
2

1
2

1
3

ª®®®¬
©­­­«
1 0

0 1
6

ª®®®¬
©­­­«

4
5

6
5

−6
5

6
5

ª®®®¬
�

©­­­«
1
2

− 1
12

1
2

1
18

ª®®®¬
©­­­«

4
5

6
5

−6
5

6
5

ª®®®¬ �

©­­­«
4
10

+
1
10

6
10

− 1
10

2
5
− 1

15
3
5
+

1
15

ª®®®¬
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�

©­­­«
1
2

1
2

1
3

2
3

ª®®®¬ � A ពិត

• គណĜ An

េគŌន A � P′BP ែដល PP′
� I Ĝំឱŏ An

� P′BnP

េគģន An
�

©­­­«
1
2

−1
2

1
2

1
3

ª®®®¬
©­­­«
1 0

0 1
6n

ª®®®¬
©­­­«

4
5

6
5

−6
5

6
5

ª®®®¬
�

©­­­«
1
2

− 1
2 × 6n

1
2

1
3 × 6n

ª®®®¬
©­­­«

4
5

6
5

−6
5

6
5

ª®®®¬
�

©­­­«
2
5
+

3
5 × 6n

3
5
− 3

5 × 6n

2
5
− 2

5 × 6n
3
5
+

2
5 × 6n

ª®®®¬
២. កំណត់តួទូេĉៃនសƃǶ ីត (un) និង (vn)

េគŌន Xn �
©­«

un

vn

ª®¬ � AnX0

េគģន ©­«
un

vn

ª®¬ �

©­­­«
2
5
+

3
5 × 6n

3
5
− 3

5 × 6n

2
5
− 2

5 × 6n
3
5
+

2
5 × 6n

ª®®®¬
©­«
0

1

ª®¬ �

©­­­«
3
5
− 3

5 × 6n

3
5
+

2
5 × 6n

ª®®®¬
ដូចេនះ un �

3
5
− 3

5 × 6n និង vn �
3
5
+

2
5 × 6n

លំơត់ទី ៨៣. េŢះŪƘយសមីŁរ logsin x cos x + logcos x sin x � 2 ។

ដំេ₧ះŪƘយ

េគŌន logsin x cos x + logcos x sin x � 2 (1)

សមីŁរ (1) Ōនន័យŁល₧
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

sin x > 0

cos x > 0

sin x , 1

cos x , 1

⇐⇒



2kπ < x < (2k + 1)π

−π
2
+ 2kπ < x <

π
2
+ 2kπ

x ,
π
2
+ 2kπ

x , 2kπ

k ∈ Z

″ម (1) េគģន logsin x cos x + logcos x sin x � 2 ⇐⇒ ln cos x
ln sin x

+
ln sin x
ln cos x

� 2

″ង t �
ln sin x
ln cos x

េគģន t +
1
t
� 2 ⇐⇒ t2 − 2t + 1 � 0 ⇐⇒ (t − 1)2 � 0 ⇐⇒ t � 1

េគģន
ln sin x
ln cos x

� 1 ⇐⇒ ln sin x � ln cos x ⇐⇒ ln sin x − ln cos x � 0

⇐⇒ ln sin x
cos x

� 0 ⇐⇒ tan x � 1 ⇐⇒ x �
π
4
+ kπ , k ∈ Z

ដូចេនះ សមីŁរŌនឫស x �
π
4
+ kπ , k ∈ Z

លំơត់ទី ៨៤. េគឱŏ A ďŌ៉ŪទីŁេរែដល A2
� I េហǿយ I ďŌ៉Ūទីសឯក″។

សŪមǼលកេនƙម (A − I)3 + (A + I)3 − 7A ។

ដំេ₧ះŪƘយ

េគŌន (A − I)3 + (A + I)3 − 7A � (A3 − 3A2I + 3AI2 − I3) + (A3
+ 3A2I + 3AI2

+ I3) − 7A

� (AA2 − 3A2
+ 3A − I) + (AA2

+ 3A2
+ 3A + I) − 7A

� (AI − 3I + 3A − I) + (AI + 3I + 3A + I) − 7A

� (A + 3A − 4I) + (A + 3A + 4I) − 7A

� 4A − 4I + 4A + 4I − 7A

� A

ដូចេនះ (A − I)3 + (A + I)3 − 7A � A

លំơត់ទី ៨៥. រកតៃមžអតិបរŌៃន

���������
1 1 1

1 1 + sin θ 1

1 1 1 + cos θ

��������� ។

ដំេ₧ះŪƘយ

″ង ∆ �

���������
1 1 1

1 1 + sin θ 1

1 1 1 + cos θ

���������
េរȄបេរȄងេŢយ : សន េĶ ៦៧ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

េŢយយក R2 → R2 − R1  និង R3 → R3 − R1

�

���������
1 1 1

0 sin θ 0

0 0 cos θ

��������� � sin θ cos θ

កេនƙម sin θ cos θ ŌនតៃមžអតិបរŌŁល₧ sin θ > 0 និង cos θ > 0

ឬ sin θ < 0 និង cos θ < 0

• េបǿ sin θ > 0 និង cos θ > 0

″មវǤសមļពកូសុី េគģន sin θ cos θ ≤ sin2 θ + cos2 θ
2

⇐⇒ sin θ cos θ ≤ 1
2

• េបǿ sin θ < 0 និង cos θ < 0 �⇒ − sin θ > 0 និង − cos θ > 0

េគģន sin θ cos θ � (− sin θ)(− cos θ) ≤ sin2 θ + cos2 θ
2

⇐⇒ sin θ cos θ ≤ 1
2

ដូចេនះ តៃមžអតិបរŌៃន ∆ គឺ
1
2

លំơត់ទី ៨៦. គណĜ L �

10∑
s�1

s−1∑
r�0

(2s − 2r) ។

ដំេ₧ះŪƘយ

គណĜ L �

10∑
s�1

s−1∑
r�0

(2s − 2r)

�

10∑
s�1

[
(2s − 1) + (2s − 2) + (2s − 22) + · · · + (2s − 2s−1)

]
�

10∑
s�1

[
(2s

+ s2
+ · · · + 2s) − (1 + 2 + 22

+ · · · + 2s−1)
]

�

10∑
s�1

[
s · 2s − 2s − 1

2 − 1

]
�

10∑
s�1

[s · 2s − 2s
+ 1]

�

10∑
s�1

[(s − 1)2s
+ 1]

� (22
+ 2 × 23

+ · · · + 9 × 210) + 10

″ង H � 22
+ 2 × 23

+ · · · + 9 × 210 (1)

េគģន 2H � 23
+ 2 × 24

+ · · · + 9 × 211 (2)

យក (1) − (2) េគģន
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H − 2H � 22
+ 23

+ 24
+ · · · + 210 − 9 × 211

− H � (1 + 2 + 22
+ 23

+ 24
+ · · · + 210 − 1 − 2 − 9 × 211)

� (211 − 1) − 3 − 9 × 211

� −8 × 211 − 4

� −16388 ⇐⇒ H � 16388

េគģន L � H + 10 � 16388 + 10 � 16398

ដូចេនះ L �

10∑
s�1

s−1∑
r�0

(2s − 2r) � 16398

លំơត់ទី ៨៧. េគŌនសំណុំ S � {a ∈ N, 1 ≤ a ≤ 100} និងសមីŁរ⌊
tan2 x

⌋
− tan x − a � 0 Ōនឫសďចំនួនពិត។ កំណត់ចំនួនēតុៃន S ។

(⌊x⌋ ″ងឱŏែផĖកគត់ធំបំផុត ≤ x)

ដំេ₧ះŪƘយ

េគŌនសមីŁរ
⌊

tan2 x
⌋
− tan x − a � 0 (1)

េŢយ a និង
⌊

tan2 x
⌋

ďចំនួនគត់ េĜះសមីŁរ (1) េផĀȅងĬĀ ត់លុះŪ″ែត tan x ďចំនួនគត់។

េĜះសមីŁរ (1) Łž យď tan2 x − tan x − a � 0 (2)

″ម (2) េគģនឌីសŪគីមីណង់ ∆ � (−1)2 − 4 × 1 × (−a) � 4a + 1

េĜះឫសៃនសមីŁរ (2) គឺ tan x �
1 ±

√
4a + 1
2

ែតសមីŁរ (2) Ōនឫសďចំនួនគត់ Ĝំឱŏ
√

4a + 1 Ūតǹវែតďចំនួនគត់េសស

Ĝំឱŏ 4a + 1 � (2k − 1)2 � 4k2 − 4k + 1 ⇐⇒ a � k(k − 1) (3)

េŢយ a ∈ N និង 1 ≤ a ≤ 100 េĜះ″ម (3) េគģន a ∈ {2, 6, 12, 20, 30, 42, 56, 72, 90}

Ĝំឱŏ S � {a ∈ N, 1 ≤ a ≤ 100} � {2, 6, 12, 20, 30, 42, 56, 72, 90} �⇒ |S | � 9

ដូចេនះ ចំនួនēតុៃន S គឺ |S | � 9

លំơត់ទី ៨៨. េគŌន x � sin 2π
7

+ sin 4π
7

+ sin 8π
7

និង

y � cos 2π
7

+ cos 4π
7

+ cos 8π
7

។ គណĜតៃមžៃន x2
+ y2 ។

ដំេ₧ះŪƘយ

េកŌន x � sin 2π
7

+ sin 4π
7

+ sin 8π
7

Ĝំឱŏ x2
�

(
sin 2π

7
+ sin 4π

7
+ sin 8π

7

)2

� sin2 2π
7

+ sin2 4π
7

+ sin2 8π
7

+ 2 sin 2π
7

sin 4π
7

+ sin 2π
7

sin 8π
7
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+ 2 sin 4π
7

sin 8π
7

និង y � cos 2π
7

+ cos 4π
7

+ cos 8π
7

Ĝំឱŏ y2
�

(
cos 2π

7
+ cos 4π

7
+ cos 8π

7

)2

� cos2 2π
7

+ cos2 4π
7

+ cos2 8π
7

+ 2 cos 2π
7

cos 4π
7

+ cos 2π
7

cos 8π
7

+ 2 cos 4π
7

cos 8π
7

េគģន x2
+ y2

�

(
sin2 2π

7
+ cos2 2π

7

)
+

(
sin2 4π

7
+ cos2 4π

7

)
+

(
sin2 8π

7
+ cos2 8π

7

)
+ 2

(
cos 2π

7
cos 4π

7
sin 2π

7
sin 4π

7

)
+ 2

(
cos 2π

7
cos 8π

7
sin 2π

7
sin 8π

7

)
+ 2

(
cos 4π

7
cos 8π

7
sin 4π

7
sin 8π

7

)
� 3 + 2 cos

(4π
7

− 2π
7

)
+ 2 cos

(8π
7

− 2π
7

)
+ 2 cos

(8π
7

− 4π
7

)
� 3 + 2

(
cos 2π

7
+ cos 4π

7
+ cos 6π

7

)
(1)

សŌð ល់

sin2 A + cos2 A � 1

cos(A − B) � cos A cos B + sin A sin B

គណĜ L � cos 2π
7

+ cos 4π
7

+ cos 6π
7

(2)

គុណអងðĈំងពីរៃន (1) នឹង sin π
7

េគģន L × sin π
7
� sin π

7
cos 2π

7
+ sin π

7
cos 4π

7
+ sin π

7
cos 6π

7
�

1
2

[
sin

(π
7
+

2π
7

)
+ sin

(π
7
− 2π

7

)]
+

1
2

[
sin

(π
7
+

4π
7

)
+ sin

(π
7
− 4π

7

)]
+

1
2

[
sin

(π
7
+

6π
7

)
+ sin

(π
7
− 6π

7

)]
�

1
2

[
sin 3π

7
− sin π

7
+ sin 5π

7
− sin 3π

7
+ sin 7π

7
− sin 5π

7

]
សŌð ល់

sin A cos B �
1
2 [sin(A + B) + sin(A − B)]

sin(−A) � − sin A
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�
1
2

(
sin π − sin π

7

)
� −1

2
sin π

7
េគģន L � −1

2
េហតុេនះ″ម (1) េគģន x2

+ y2
� 3 + 2L � 3 + 2

(
−1

2

)
� 2

ដូចេនះ x2
+ y2

� 2

លំơត់ទី ៨៩. េគឱŏ f (x) �
∫ g(x)

0

dt√
1 + t3

និង g(x) �
∫ cos x

0
(1 + sin t2)dt ។

គណĜ f ′
(π

2

)
។

ដំេ₧ះŪƘយ

េគŌន f (x) �
∫ g(x)

0

dt√
1 + t3

�⇒ f ′(x) � 1√
1 + [g(x)]3

× g′(x)

ែត g(x) �
∫ cos x

0
(1 + sin t2)dt

�⇒ g′(x) �
[
1 + sin(cos2 x)

]
× (cos x)′ � −

[
1 + sin(cos2 x)

]
× sin x

េគģន f ′(x) � − 1√
1 + [g(x)]3

×
[
1 + sin(cos2 x)

]
× sin x

Ĝំឱŏ f ′
(π

2

)
� − 1√

1 +
[
g(π/2)

]3
×

[
1 + sin

(
cos2 π

2

)]
× sin π

2

� − 1√
1 +

[
g(π/2)

]3
× (1 + sin 0) × 1

� − 1√
1 +

[
g(π/2)

]3

េŢយ g
(π

2

)
�

∫ cos π2

0
(1 + sin t2)dt �

∫ 0

0
(1 + sin t2)dt � 0

េគģន f ′
(π

2

)
� − 1√

1 +
[
g(π/2)

]3
� − 1√

1 + 0
� −1

ដូចេនះ f ′
(π

2

)
� −1

លំơត់ទី ៩០. េគឱŏ
dy
dx

�
(x + 1)2 + y − 3

x + 1
និង y(1) � 1 ។

រកតៃមžអបġរŌៃន y(x) ។

ដំេ₧ះŪƘយ

េគŌន
dy
dx

�
(x + 1)2 + y − 3

x + 1
″ង X � x + 1, Y � y − 3 �⇒ dY

dX
�

dy
dx

េគģន
dY
dX

�
X2 + Y

X
� X +

Y
X
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ឬ Y′
� X +

Y
X

⇐⇒ Y′ − Y
X

� X (1)

េគģនក″ŉ ƫំងេតŪŁល e
∫ −1

X dX
� e− ln X

�
1
X

គុណអងðĈំងពីរៃន (1) នឹង
1
X

េគģន

1
X

Y′ − 1
X2 Y � 1 �⇒ XY′ − Y

X2 � 1 ឬ
(

Y
X

)′
� 1

�⇒ Y
X

�

∫
1dX � X + c �⇒ Y � X(X + c), c ∈ R

េŢយ X � x + 1 និង Y � y − 3 េគģន

Y � X(X + c) ⇐⇒ y − 3 � (x + 1)(x + 1 + c) ⇐⇒ y � (x + 1)(x + 1 + c) + 3

េŢយ y(1) � 1 េគģន 1 � (2)(2 + c) + 3 ⇐⇒ c � −3

េគģន y(x) � (x + 1)(x − 2) + 3 � x2 − x − 2 + 3 �

(
x − 1

2

)2
+

3
4
≥ 3

4
ដូចេនះ តៃមžអតិបរŌៃន y(x) គឺ

3
4

លំơត់ទី ៩១. រករȔង់ៃនអនុគមន៍ f (x) � 2 sin2 x + 2 sin x + 3
sin2 x + sin x + 1

។

ដំេ₧ះŪƘយ

េគŌន f (x) � 2 sin2 x + 2 sin x + 3
sin2 x + sin x + 1

�
2(sin2 x + sin x + 1) + 1

sin2 x + sin x + 1

� 2 +
1

sin2 x + sin x + 1

� 2 +
1(

sin x +
1
2

)2
+

3
4

េŢយ −1 ≤ sin x ≤ 1 �⇒ −1
2
≤ sin x +

1
2
≤ 3

2
�⇒ 0 ≤

(
sin x +

1
2

)2
≤ 9

4
�⇒ 3

4
≤

(
sin x +

1
2

)2
+

3
4
≤ 3 �⇒ 1

3
≤ 1(

sin x +
1
2

)2
+

3
4

≤ 4
3

�⇒ 1
3
+ 2 ≤ 2 +

1(
sin x +

1
2

)2
+

3
4

≤ 4
3
+ 2 �⇒ 7

3
≤ f (x) ≤ 10

3

ដូនេចះ
7
3
≤ f (x) ≤ 10

3

លំơត់ទី ៩២. គណĜ
∫ sin2 x

1/8

(
sin−1 √t

)
dt +

∫ cos2 x

1/8

(
cos−1 √t

)
dt

ែដល 0 ≤ x ≤ π
2

។
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ដំេ₧ះŪƘយ

″ង f (x) �
∫ sin2 x

1/8

(
sin−1 √t

)
dt +

∫ cos2 x

1/8

(
cos−1 √t

)
dt (1)

Ĝំឱŏ f ′(x) � (sin2 x)′ × sin−1
√

sin2 x + (cos2 x)′ cos−1
√

cos2 x

� 2 sin x cos x × sin−1 | sin x | − 2 sin x cos x × cos−1 | cos x |

� sin 2x × sin−1(sin x) − sin 2x × cos−1(cos x)

� sin 2x
[
sin−1(sin x) + cos−1(cos x)

]
� sin 2x × (x − x) � (sin 2x) × 0 � 0

សŌð ល់[∫ g(x)

a
f (x)dx

]′
� [g(x)]′ × f [g(x)]

sin−1(sin x) � x

cos−1(cos x) � x

sin−1 x + cos−1 x �
π
2

េŢយ f ′(x) � 0 Ĝំឱŏ f ďអនុគមន៍េថរ។

យក x �
π
4

េគģន sin x � cos x �
1√
2

″ម (1) េគģន f (x) � f
(π

4

)
�

∫ 1/2

1/8

(
sin−1 √t

)
dt +

∫ 1/2

1/8

(
cos−1 √t

)
dt

�

∫ 1/2

1/8

(
sin−1 √t + cos−1 √t

)
dt

�

∫ 1/2

1/8

π
2

dt �
π
2

[
t
]1/2

1/8

�
π
2

(1
2
− 1

8

)
�

3π
16

ដូចេនះ
∫ sin2 x

1/8

(
sin−1 √t

)
dt +

∫ cos2 x

1/8

(
cos−1 √t

)
dt �

3π
16

លំơត់ទី ៩៣. េគឱŏ z និង z0 ďចំនួនកុំផžិចែដល |z − i | ≤ 2 និង z0 � 5 + 3i ។

គណĜតៃមžអតិបរŌៃន |iz + z0 | ។

ដំេ₧ះŪƘយ

េគŌន |iz + z0 | � |iz − i2
+ z0 − 1| � |i(z − i) + (4 + 3i)| ≤ |i(z − i)| + |4 + 3i |

ែត |i(z − i)| � |i | |z − i | � |z − i | ≤ 2 និង |4 + 3i | �
√

42 + 32 � 5

េគģន |iz + z0 | ≤ 2 + 5 ⇐⇒ |iz + z0 | ≤ 7

ដូចេនះ តៃមžអតិបរŌៃន |iz + z0 | គឺ 7
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លំơត់ទី ៩៤. េគឱŏអនុគមន៍ g(x) ďប់េលǿចេĜž ះ (0,+∞) េផĀȅងĬĀ ត់ g(1) � 1 និង
∫ x

0
2x g2(t)dt �(∫ x

0
2g(x − t)dt

)2

។ កំណត់អនុគមន៍ g ។

ដំេ₧ះŪƘយ

េគŌន
∫ x

0
2x g2(t)dt �

(∫ x

0
2g(x − t)dt

)2

�

(∫ x

0
2g(t)dt

)2

2x
∫ x

0
g2(t)dt � 4

(∫ x

0
g(t)dt

)2

x
∫ x

0
g2(t)dt � 2

(∫ x

0
g(t)dt

)2

(1)

សŌð ល់∫ a

0
f (x)dx �

∫ a

0
f (a − x)dx

េដរǪេវេធȄប x េលǿអងðĈំងពីរៃន (1) េគģន∫ x

0
g2(t)dt + x g2(x) � 4g(x)

∫ x

0
g(t)dt∫ x

0
g2(t)dt � 4g(x)

∫ x

0
g(t)dt − x g2(x)

x
∫ x

0
g2(t)dt � 4x g(x)

∫ x

0
g(t)dt − x2 g2(x) (2)

″ម (1) និង (2) េគģន 2
(∫ x

0
g(t)dt

)2

� 4x g(x)
∫ x

0
g(t)dt − x2 g2(x) (3)

″ង u �

∫ x

0
g(t)dt និង v � x g(x) ″ម (3)

េគģន 2u2
� 4vu − v2 ⇐⇒ 2u2 − 4vu + v2

� 0

″ម ∆′ � (2v)2 − 2v2
� 2v2

�⇒ u �
2v ±

√
2v

2
�

2 ±
√

2
2

v

េគģន
∫ x

0
g(t)dt �

2 ±
√

2
2

x g(x) េដរǪេវេធȄប x េលǿអងðĈំងពីរ

េគģន g(x) � 2 ±
√

2
2

[g(x) + x g′(x)] � 2 ±
√

2
2

g(x) + 2 ±
√

2
2

x g′(x)

�⇒ 2 ±
√

2
2

x g′(x) �
(
1 − 2 ±

√
2

2

)
g(x) � ∓

√
2

2
g(x)

�⇒ (2 ±
√

2)x g′(x) � ∓
√

2g(x)

�⇒ g′(x)
g(x) �

∓
√

2
(2 ±

√
2)x

�

√
2

(−
√

2 ∓ 2)x
�

1
(−1 ∓

√
2)x

�
−1 ±

√
2

(1 − 2)x �
1 ∓

√
2

x
ƫំងេតŪŁលេធȄប x េលǿអងðĈំងពីរ

េគģន
∫

g′(x)
g(x) dx �

∫
1 ∓

√
2

x
dx �⇒ ln |g(x)| � (1 ∓

√
2) ln |x | + c

�⇒ ln |g(x)| � ln
���e c · x1∓

√
2
��� �⇒ g(x) � ±e c · x1∓

√
2
� k · x1∓

√
2 ែដល k � ±e c
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Ĝំឱŏ g(x) � k · x1∓
√

2 ែត g(1) � 1 �⇒ 1 � k · 11∓
√

2
�⇒ k � 1

ដូចេនះ g(x) � x1∓
√

2 ែដល x ∈ (0,+∞)

លំơត់ទី ៩៥. េគŌន a , b , c ďឫសៃនសមីŁរ px3
+ qx2

+ r � 0 ។

ចូរគណĜេដែទមីណង់ ∆ �

�������������

1
a

1
b

1
c

1
b

1
c

1
a

1
c

1
a

1
b

�������������
។

ដំេ₧ះŪƘយ

េគŌន a , b , c ďឫសៃនសមីŁរ px3
+ qx2

+ r � 0

″មŪទឹសŚ ីែវŏត េគģន



a + b + c � − q
p

ab + bc + ca � 0

abc � − r
p

េគģន ∆ �

�������������

1
a

1
b

1
c

1
b

1
c

1
a

1
c

1
a

1
b

�������������
�

�������������

bc
abc

ca
abc

ab
abc

ca
abc

ab
abc

bc
abc

ab
abc

bc
abc

ac
abc

�������������
�

1
(abc)3

�������������

bc ca ab

ca ab bc

ab bc ca

�������������
″មƘរុស េគģន

�
1

(abc)3
[
(abc)2 + (abc)2 + (abc)2 − (ab)3 − (bc)3 − (ca)3

]
�

1
(abc)3

[
3(abc)2 − (ab)3 − (bc)3 − (ca)3

]
�

3
abc

− 1
(abc)3 [(ab)3 + (bc)3 + (ca)3]

�
3

abc
− 1
(abc)3 [(ab + bc + ca)((ab)2 + (bc)2 + (ca)2 − ab − bc − ca)

+ 3(ab)(bc)(ca)]

�
3

abc
− 1
(abc)3 [0 + 3(abc)2] េŪĵះ ab + bc + ca � 0

�
3

abc
− 3

abc
� 0
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ដូចេនះ ∆ � 0

លំơត់ទី ៩៦. េគឱŏ tan A �
x2 − x

x2 − x + 1
និង tan B �

1
2x2 − 2x + 1

ែដល 0 < A, B <
π
2

។ គណĜ A + B ។

ដំេ₧ះŪƘយ

េគŌន tan A �
x2 − x

x2 − x + 1
និង tan B �

1
2x2 − 2x + 1

″ង a � x2 − x �⇒ tan A �
a

a + 1
, tan B �

1
2a + 1

េហǿយ 0 < A, B <
π
2
�⇒ 0 < A + B < π

″ម tan(A + B) � tan A + tan B
1 − tan A tan B

េគģន tan(A + B) �
a

a + 1
+

1
2a + 1

1 − a
a + 1

× 1
2a + 1

�
a(2a + 1) + (a + 1)
(a + 1)(2a + 1) − a

�
2a2 + 2a + 1
2a2 + 2a + 1

� 1

Ĝំឱŏ A + B �
π
4

េŪĵះ 0 < A + B < π

ដូចេនះ A + B �
π
4

លំơត់ទី ៩៧. េគឱŏបĜĀ ត់ L1 : x + 1
3

�
y + 2

1
�

z + 1
2

និងបĜĀ ត់

L2 : x − 2
1

�
y + 2

2
�

z − 3
3

។ រកវុǤចទ័រឯក″ ®p ែដលអរតូកូ₧ល់នឹងបĜĀ ត់Ĉំងពីរេនះ។

ដំេ₧ះŪƘយ

េគŌន បĜĀ ត់ L1 : x + 1
3

�
y + 2

1
�

z + 1
2

ŌនវុǤចទ័រŪģប់ទិស −→u1 � (3, 1, 2)

និងបĜĀ ត់ L2 : x − 2
1

�
y + 2

2
�

z − 3
3

ŌនវុǤចទ័រŪģប់ទិស −→u2 � (1, 2, 3)

េគដឹង▫ វុǤចទ័រែដលអរតូូកូ₧ល់នឹង L1 ផងនិង L2 ផងďវុǤចទ័រែដលអរតូូកូ₧ល់នឹង −→u1 ផងនិង −→u2 ផង ។ ″ម

និយមន័យ េគģន វុǤចទ័រែដលអរតូូកូ₧ល់នឹង −→u1 ផងនិង −→u2 គឺវុǤចទ័រ −→u1 × −→u2

េគŌន −→u1 × −→u2 �

���������
®i ®j ®k

3 1 2

1 2 3

��������� �
������ 1 2

2 3

������ ®i −
������ 3 2

1 3

������ ®j +

������ 3 1

1 2

������ ®k
� (3 − 4)®i − (9 − 2)®j + (6 − 1)®k

� −®i − 7®j + 5®k

េគģន |−→u1 × −→u2 | �
√
(−1)2 + (−7)2 + 52 �

√
1 + 49 + 25 � 5

√
3 , 1

Ĝំឱŏ −→u1 × −→u2 មិនែមនďវុǤចទ័រឯក″។

េគģន វុǤចទ័រឯក″ ®p �

−→u1 × −→u2

|−→u1 × −→u2 |
�

−®i − 7®j + 5®k
5
√

3
� − 1

5
√

3
®i − 7

5
√

3
®j + 1√

3
®k
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� −
√

3
15

®i − 7
√

3
15

®j +
√

3
3

®k

ដូចេនះ ®p � −
√

3
15

®i − 7
√

3
15

®j +
√

3
3

®k

លំơត់ទី ៩៨. េគឱŏ α និង β ďឫសៃនសមីŁរ x2 − 6x − 2 � 0 ែដល α > β ។

″ង tn � αn − βn ។ គណĜតៃមžៃន
t22 − 2t20

2t21
។

ដំេ₧ះŪƘយ

េគŌន α ďឫសៃនសមីŁរ x2 − 6x − 2 � 0

Ĝំឱŏ α2 − 6α − 2 � 0 គុណអងðĈំងពីរនឹង α20

េគģន α22 − 6α21 − 2α20
� 0 (1)

ដូចýĖ ែដរ β22 − 6β21 − 2β20
� 0 (2)

យក (1) − (2) េគģន (α22 − β22) − 6(α21 − β21) − 2(α20 − β20) � 0

⇐⇒ t22 − 6t21 − 2t20 � 0 ⇐⇒ t22 − 2t20 � 6t21 ⇐⇒ t22 − 2t20
2t21

� 3

ដូចេនះ
t22 − 2t20

2t21
� 3

លំơត់ទី ៩៩. េគ ឱŏ f ď អនុគមន៍ Ōន េដរǪេវ េលǿ (0,+∞) េហǿយ េផĀȅងĬĀ ត់ f (1) � 1 និង

lim
t→x

t2 f (x) − x2 f (t)
t − x

� 1 ចំេĵះ x > 0 ។ កំណត់អនុគមន៍ f (x) ។

ដំេ₧ះŪƘយ

េគŌន lim
t→x

t2 f (x) − x2 f (t)
t − x

ŌនŬងមិនកំណត់
0
0

″មŪទឺសŚ ីបទឡǹពី″ល់

េគģន lim
t→x

t2 f (x) − x2 f (t)
t − x

� lim
t→x

2t f (x) − x2 f ′(t)
1

� 2x f (x) − x2 f ′(x)

ែត lim
t→x

t2 f (x) − x2 f (t)
t − x

� 1 �⇒ 2x f (x) − x2 f ′(x) � 1

�⇒ x2 f ′(x) − 2x f (x) � −1 �⇒ x2 f ′(x) − 2x f (x)
x4 � − 1

x4

�⇒ d
dx

(
f (x)
x2

)
� − 1

x4 �⇒ f (x)
x2 �

∫ (
− 1

x4

)
dx �

1
3x3 + c

េគģន f (x) � x2
( 1
3x3 + c

)
�

1
3x

+ cx2

ែត f (1) � 1 ⇐⇒ 1 �
1
3
+ c ⇐⇒ c �

2
3

ដូចេនះ f (x) � 1
3x

+
2
3

x2
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លំơត់ទី ១០០. គណĜƫំងេតŪŁល I �
∫ √

ln 3

√
ln 2

x sin x2

sin x2 + sin(ln 6 − x2)dx ។

ដំេ₧ះŪƘយ

គណĜ I �
∫ √

ln 3

√
ln 2

x sin x2

sin x2 + sin(ln 6 − x2)dx

″ង t � x2
�⇒ dt � 2xdx

េបǿ x �
√

ln 2 �⇒ t � ln 2 និង x �
√

ln 3 �⇒ t � ln 3

េគģន I �
1
2

∫ ln 3

ln 2

sin t
sin t + sin(ln 6 − t)dt

⇐⇒ 2I � f rac12
∫ ln 3

ln 2

sin t
sin t + sin(ln 6 − t)dt (1)

″មលកšណៈ
∫ b

a
f (x)dx �

∫ b

a
f (a + b − x)dx

″ង f (t) � sin t
sin t + sin(ln 6 − t)

�⇒ f (ln 3 + ln 2 − t) � f (ln 6 − t) � sin(ln 6 − t)
sin(ln 6 − t) + sin t

េគģន 2I �
∫ ln 3

ln 2
f (t)dt �

∫ ln 3

ln 2
f (ln 6 − t)dt �

∫ ln 3

ln 2

sin(ln 6 − t)
sin(ln 6 − t) + sin t

dt (2)

យក (1) + (2) េគģន 4I �
∫ ln 3

ln 2

sin t
sin t + sin(ln 6 − t)dt +

∫ ln 3

ln 2

sin(ln 6 − t)
sin(ln 6 − t) + sin t

dt

�

∫ ln 3

ln 2

sin t + sin(ln 6 − t)
sin t + sin(ln 6 − t)dt

�

∫ ln 3

ln 2
1dt �

[
t
] ln 3

ln 2
� ln 3 − ln 2 � ln 3

2

េគģន 4I � ln 3
2
⇐⇒ I �

1
4

ln 3
2

ដូចេនះ I �
∫ √

ln 3

√
ln 2

x sin x2

sin x2 + sin(ln 6 − x2)dx �
1
4

ln 3
2

លំơត់ទី ១០១. េគឱŏ A ďŌ៉ŪទីសŁេរ និងេផĀȅងĬĀ ត់ A2
� I ។ រកŌ៉ŪទីសŪČសៃន A ។

ដំេ₧ះŪƘយ

េគŌន A2
� I ⇐⇒ A−1A2

� A−1I ⇐⇒ A−1I � A−1 ⇐⇒ A−1
� A

ដូចេនះ A−1
� A
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លំơត់ទី ១០២. េគŌនŌ៉Ūទីស A �


1 sin θ 1

− sin θ 1 sin θ

− 1 − sin θ 1


។

រករȔង់ៃន |A| ។

ដំេ₧ះŪƘយ

េគŌន A �

���������
1 sin θ 1

− sin θ 1 sin θ

− 1 − sin θ 1

���������
� 1 − sin2 θ + sin2 θ + 1 + sin2 θ + sin2 θ

� 2 + 2 sin2 θ � 2(1 + sin2 θ)

េŢយ 0 ≤ sin2 θ ≤ 1 �⇒ 1 ≤ 1 + sin2 θ ≤ 2 �⇒ 2 ≤ 2(1 + sin2 θ) ≤ 4

⇐⇒ 2 ≤ |A| ≤ 4

ដូចេនះ 2 ≤ |A| ≤ 4

លំơត់ទី ១០៣. េគឱŏ ®a និង ®b ďពីរវុǤចទ័រឯក″ និងមិនកូលីេនែអ៊រýĖ ។ េបǿ ®u � ®a − (®a · ®b)®b និង ®v � ®a × ®b

បİƟ ញ▫ | ®v | � | ®u | + | ®u · ®b | ។

ដំេ₧ះŪƘយ

េគŌន ®v � ®a × ®b �⇒ |®v | � | ®a × ®b | � | ®a | |®b | sin θ (1)

ែដល θ ďមុំផðǶំេឡǿងេŢយ ®a និង ®b និង 0 < θ < π ។

េŢយ®a និង ®b ďវុǤចទ័រឯក″ េគģន | ®a | � |®b | � 1

″ម (1) េគģន | ®v | � sin θ (2)

េគŌន ®u � ®a − (®a · ®b)®b � ®a −
(
| ®a | |®b | cos θ

)
®b � ®a − (1 · 1 · cos θ)®b � ®a − ®b cos θ

�⇒ |®u |2 � | ®a − ®b cos θ |2 � (®a − ®b cos θ)(®a − ®b cos θ)

� ®a · ®a − 2®a · ®b cos θ + ®b · ®b � | ®a |2 − 2(®a · ®b) cos θ + |®b |2 cos2 θ

� 1 − 2(cos θ) cos θ + cos2 θ � 1 − cos2 θ � sin2 θ

Ĝំឱŏ | ®u | � sin θ (3)

 ″ម (2) និង (3) េគģន | ®v | � | ®u | (4)

មŜ៉ងេទȄត ®u · ®b � ®a · ®b − (®a · ®b)®b · ®b � ®a · ®b − (®a · ®b)|®b |2 � ®a · ®b − ®a · ®b � 0 �⇒ |®u · ®b | � 0 (5)

″ម (4) និង (5) េគģន | ®v | � | ®u | + | ®u · ®b |

ដូចេនះ | ®v | � | ®u | + | ®u · ®b |
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លំơត់ទី ១០៤. គណĜផលបូក
1

1!(n − 1)! +
1

3!(n − 3)! +
1

5!(n − 5)! + · · · + 1
(n − 1)!1!

ដំេ₧ះŪƘយ

″ង S �
1

1!(n − 1)! +
1

3!(n − 3)! +
1

5!(n − 5)! + · · · + 1
(n − 1)!1!

េគģន n! × S �
n!

1!(n − 1)! +
n!

3!(n − 3)! +
n!

5!(n − 5)! + · · · + n!
(n − 1)!1!

� C(n , 1) + C(n , 3) + C(n , 5) + · · · + C(n , n)

″ង P � C(n , 0) + C(n , 2) + C(n , 4) + · · ·

និង L � C(n , 1) + C(n , 3) + C(n , 5) + · · ·

េគģន P + L � C(n , 0) + C(n , 1) + C(n , 2) + C(n , 3) + · · · � (1 + 1)n
� 2n (1)

េហǿយ P − L � C(n , 0) − C(n , 1) + C(n , 2) − C(n , 3) + · · · � (1 − 1)n
� 0 (2)

″ម (1) និង (2) េគģន P � L � 2n−1

Ĝំឱŏ េគģន n! × S � 2n−1 ⇐⇒ S �
2n−1

n!

ដូចេនះ
1

1!(n − 1)! +
1

3!(n − 3)! +
1

5!(n − 5)! + · · · + 1
(n − 1)!1!

�
2n−1

n!

លំơត់ទី ១០៥. េគŌន sin3 x sin 3x �

n∑
m�0

Cm cos(mx) ែដល C0, C1, · · · , Cn ďចំនួនពិត និង Cn , 0

។ រកតៃមžៃន n ។

ដំេ₧ះŪƘយ

េគŌន sin 3x � 3 sin x − 4 sin3 x �⇒ sin3 x �
1
4
(3 sin x − sin 3x)

េគģន sin3 x sin 3x �
1
4 (3 sin x − sin 3x) sin 3x �

1
4

(
3 sin x sin 3x − sin2 3x

)
�

1
4

[3
2
(cos 2x − cos 4x) − 1 − cos 6x

2

]
�

1
8 (3 cos 2x − 3 cos 4x − 1 + cos 6x)

� −1
8
+

3
8

cos 2x − 3
8

cos 4x +
1
8

cos 6x

� −1
8

cos 0 + 0 · cos x +
3
8

cos 2x + 0 · cos 3x − 3
8

cos 4x + 0 · cos 5x +
1
8

cos 6x

�

6∑
m�0

Cm cos(mx)

ែដល C0 � −1
8
, C1 � 0, C2 �

3
8
, C3 � 0, C4 � −3

8
, C5 � 0, C6 �

1
8

ដូចេនះ n � 6
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លំơត់ទី ១០៦. គណĜតៃមžៃនកេនƙម sin π
14

sin 3π
14

sin 5π
14

sin 7π
14

sin 9π
14

sin 13π
14

។

ដំេ₧ះŪƘយ

″ង P � sin π
14

sin 3π
14

sin 5π
14

sin 7π
14

sin 9π
14

sin 13π
14

� sin π
14

sin 3π
14

sin 5π
14

sin π
2

sin
(
π − 5π

14

)
sin

(
π − 3π

14

)
sin

(
π − π

14

)
� sin π

14
sin 3π

14
sin 5π

14
× 1 × sin 5π

14
sin 3π

14
sin π

14

�

(
sin π

14
sin 3π

14
sin 5π

14

)2

សŌð ល់

sin(π − θ) � sin θ

cos
(π

2
− α

)
� sin α

�

[
cos

(π
2
− π

14

)
cos

(π
2
− 3π

14

)
cos

(π
2
− 5π

14

)]2

�

(
cos 3π

7
cos 2π

7
cos π

7

)2
�

(
cos π

7
cos 2π

7
cos 3π

7

)2

�
©­­«

sin 2π
7

2 sin π
7

×
sin 4π

7

2 sin 2π
7

×
sin 6π

7

2 sin 3π
7

ª®®¬
2

�
©­­«

sin 4π
7

sin 6π
7

8 sin π
7

sin 3π
7

ª®®¬
2

សŌð ល់

េគŌន sin 2a � 2 sin a cos a

⇐⇒ cos a �
sin 2a
2 sin a

�
1
64


sin 4π

7
sin

(
π − π

7

)
sin π

7
sin

(
π − 4π

7

) 
2

�
1
64

©­­«
sin 4π

7
sin π

7

sin π
7

sin 4π
7

ª®®¬
2

�
1
64

ដូចេនះ sin π
14

sin 3π
14

sin 5π
14

sin 7π
14

sin 9π
14

sin 13π
14

�
1
64

លំơត់ទី ១០៧. គណĜតៃមžៃនកេនƙម L � sin π
18

sin 5π
18

sin 7π
18

។
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ដំេ₧ះŪƘយ

េគŌន L � sin π
18

sin 5π
18

sin 7π
18

� cos
(π

2
− π

18

)
cos

(π
2
− 5π

18

)
cos

(π
2
− 7π

18

)
� cos 4π

9
cos 2π

9
cos π

9
� cos π

9
cos 2π

9
cos 4π

9

�

sin 2π
9

2 sin π
9

×
sin 4π

9

2 sin 2π
9

×
sin 8π

9

2 sin 4π
9

�

sin 8π
9

8 sin π
9

�

sin
(
π − π

9

)
8 sin π

9

�

sin π
9

8 sin π
9

�
1
8

ដូចេនះ L � sin π
18

sin 5π
18

sin 7π
18

�
1
8

លំơត់ទី ១០៨. េគឱŏ A > 0, B > 0 និង A + B �
π
3

។

រកតៃមžអតិបរŌៃនកេនƙម y � tan A tan B ។

ដំេ₧ះŪƘយ

េគŌន A + B �
π
3
�⇒ tan(A + B) � tan π

3
�
√

3

មŜ៉ងេទȄត tan(A + B) � tan A + tan B
1 − tan A tan B

�

tan A +
y

tan A
1 − y

⇐⇒
√

3 �

tan A +
y

tan A
1 − y

�
tan2 A + y
(1 − y) tan A

េគģន tan2 A + y �
√

3(1 − y) tan A

�⇒ tan2 A −
√

3(1 − y) tan A + y � 0 (1)

″ម ∆ � 3(1 − y)2 − 4y � 3 − 6y + 3y2 − 4y � 3y2 − 10y + 3

ចំេĵះŪគប់តៃមžៃន tan A សមីŁរ (1) Ōនឫសďចំនួនពិត Ĝំឱŏ ∆ ≥ 0 ។

េគģន 3y2 − 10y + 3 ≥ 0 ⇐⇒ (y − 3)
(
3y − 1

)
≥ 0 ⇐⇒ y ≤ 1

3
∨ y ≥ 3

ែត A > 0, B > 0 និង A + B �
π
3
�⇒ 0 < A, B <

π
3
�⇒ 0 < y � tan A tan B < 3

េគģន y � tan A tan B ≤ 1
3

ដូចេនះ តៃមžអតិបរŌៃនកេនƙម y � tan A tan B គឺ
1
3
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លំơត់ទី ១០៩. េŢះŪƘយសមីŁរ cos7 x + sin4 x � 1 េលǿចេĜž ះ (−π, π) ។

ដំេ₧ះŪƘយ

េគŌន cos7 x + sin4 x � 1 ⇐⇒ cos7 x � 1 − sin4 x

Ĝំឱŏ cos7 x � (1 − sin2 x)(1 + sin2 x) � cos2 x(1 + sin2 x)

េគģន cos7 x − cos2 x(1 + sin2 x) � 0 ⇐⇒ cos2 x(cos5 x − 1 − sin2 x) � 0

• េបǿ cos2 x � 0 ⇐⇒ cos x � 0 ⇐⇒ x � −π
2

∨ x �
π
2

• េបǿ cos5 x − 1 − sin2 x � 0 ⇐⇒ cos5 x − sin2 x � 1 (1)

េគដឹង▫តៃមžអតិបរŌៃន sin x និង cos x គេឺសŊ ǿនឹង 1 េĜះសមីŁរ (1) Ōនឫស Łល₧ cos x � 1 និង sin x � 0

េគģន x � 0

ដូចេនះ សមីŁរŌនឫស x � −π
2

∨ x � 0 ∨ x �
π
2

លំơត់ទី ១១០. េគឱŏ A � sin2 x + cos4 x ។ ចំេĵះŪគប់តៃមžៃនចំនួនពិត x រករȔង់ៃន A ។

ដំេ₧ះŪƘយ

េគŌន A � sin2 x + cos4 x � sin2 x + (1 − sin2 x)2 � sin2 x + 1 − 2 sin2 x + sin4 x

� sin4 x − sin2 x + 1 �

(
sin2 x − 1

2

)2
+

3
4

ចំេĵះ ∀x ∈ R, − 1 ≤ sin x ≤ 1 ⇐⇒ 0 ≤ sin2 x ≤ 1

− 1
2
≤ sin2 x − 1

2
≤ 1

2
⇐⇒ 0 ≤

(
sin2 x − 1

2

)2
≤ 1

4
3
4
≤

(
sin2 x − 1

2

)2
+

3
4
≤ 1 ⇐⇒ 3

4
≤ A ≤ 1

ដូចេនះ
3
4
≤ A ≤ 1

លំơត់ទី ១១១. េŢះŪƘយសមីŁរ sin x − 3 sin 2x + sin 3x � cos x − 3 cos 2x + cos 3x

ដំេ₧ះŪƘយ

េគŌន sin x − 3 sin 2x + sin 3x � cos x − 3 cos 2x + cos 3x

( sin x + sin 3x ) − 3 sin 2x � ( cos x + cos 3x ) − 3 cos 2x

សŌð ល់

sin p + sin q � 2 sin
p + q

2
cos

p − q
2
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cos p + cos q � 2 cos
p + q

2
cos

p − q
2

2 sin 2x cos x − 3 sin 2x � 2 cos 2x cos x − 3 cos 2x

sin 2x(2 cos x − 3) � cos 2x(2 cos x − 3)

�⇒ sin 2x � cos 2x េŪĵះ 2 cos x − 3 � 2
(
cos x − 3

2

)
, 0

េគģន sin 2x � cos 2x �⇒ tan 2x � 1 �⇒ 2x �
π
4
+ kπ �⇒ x �

π
8
+

kπ
2
, k ∈ Z

ដូចេនះ សមីŁរŌនឫស x �
π
8
+

kπ
2
, k ∈ Z

លំơត់ទី ១១២. រកតៃមžអតិបរŌៃន cos x1 cos x2 cos x3 · · · cos xn  េបǿេគដឹង▫

0 ≤ x1, x2, x3, . . . , xn ≤ π
2

និង cot x1 cot x2 cot x3 · · · cot xn � 1 ។

ដំេ₧ះŪƘយ

េគŌន cot x1 cot x2 cot x3 · · · cot xn � 1

�⇒ cos x1
sin x1

× cos x2
sin x2

× cos x3
sin x3

× · · · × cos xn

sin xn
� 1

�⇒ cos x1 cos x2 cos x3 � sin x1 sin x2 sin x3 · · · sin xn

″ង y � cos x1 cos x2 cos x3 · · · cos xn

េគģន y2
� cos2 x1 cos2 x2 cos2 x3 · · · cos2 xn

� (cos x1 cos x2 cos x3 · · · cos xn)(cos x1 cos x2 cos x3 · · · cos xn)

� (cos x1 cos x2 cos x3 · · · cos xn)(sin x1 sin x2 sin x3 · · · sin xn)

� (sin x1 cos x1)(sin x2 cos x2)(sin x3 cos x3) · · · (sin xn cos xn)

�
sin 2x1

2
× sin 2x2

2
× sin 2x3

2
× · · · × sin 2xn

2
�

1
2n sin 2x1 sin 2x2 sin 2x3 · · · sin 2xn

ែត 0 ≤ x1, x2, x3, . . . , xn ≤ π
2
�⇒ 0 ≤ 2x1, 2x2, 2x3, . . . , 2xn ≤ π

�⇒ 0 ≤ sin 2x1, sin 2x2, sin 2x3, . . . , sin 2xn ≤ 1

េគģន y2 ≤ 1
2n �⇒ y ≤ 1

2
n
2

ដូចេនះ តៃមžអតិបរŌៃន cos x1 cos x2 cos x3 · · · cos xn គឺ
1

2
n
2

លំơត់ទី ១១៣. េŪបȅបេធȄប t1 � (tan θ)tan θ , t2 � (tan θ)cot θ , t3 � (cot θ)tan θ និង t4 �

(cot θ)cot θ ចំេĵះ θ ∈
(
0, π

4

)
។

ដំេ₧ះŪƘយ
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ចំេĵះ θ ∈
(
0, π

4

)
Ĝំឱŏ 0 < tan θ < 1 < cot θ េគģន t1 < t2 និង t3 < t4

មŜ៉ងេទȄត 0 < tan θ < 1, cot θ > 1 �⇒ 0 < (tan θ)cot θ < 1 និង (cot θ)tan θ > 1

េគģន t2 < t3

ដូចេនះ t1 < t2 < t3 < t4

លំơត់ទី ១១៤. គណĜ S �

13∑
k�1

1

sin
(
π
4
+
(k − 1)π

6

)
sin

(
π
4
+

kπ
6

) ។

ដំេ₧ះŪƘយ

គណĜ S �

13∑
k�1

1

sin
(
π
4
+
(k − 1)π

6

)
sin

(
π
4
+

kπ
6

)

�
1

sin π
6

13∑
k�1

sin
[(
π
4
+

kπ
6

)
−

(
π
4
+
(k − 1)π

6

)]
sin

(
π
4
+
(k − 1)π

6

)
sin

(
π
4
+

kπ
6

)
សŌð ល់

sin(α − β) � sin α cos β − sin β cos α

�
1

sin π
6

13∑
k�1

[
cot

(
π
4
+
(k − 1)π

6

)
− cot

(
π
4
+

kπ
6

)]
� 2

[
cot π

4
− cot

(π
4
+

13π
6

)]
� 2

(
cot π

4
− cot 29π

12

)
� 2

[
1 − cot

(
2π +

5π
12

)]
� 2 − 2 cot 5π

12

� 2 − 2 cot
(π

6
+
π
4

)
� 2 − 2 ×

cot π
6
− cot π

4
cot π

6
+ cot π

4

� 2 − 2 ×
√

3 − 1√
3 + 1

� 2 ×
√

3 + 1 −
√

3 + 1√
3 + 1

�
4√

3 + 1

�
4(
√

3 − 1)
2

� 2(
√

3 − 1)

ដូចេនះ S � 2(
√

3 − 1)

លំơត់ទី ១១៥. គណĜ
(
1 + cos π

8

) (
1 + cos 3π

8

) (
1 + cos 5π

8

) (
1 + cos 7π

8

)
។

ដំេ₧ះŪƘយ
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គណĜ
(
1 + cos π

8

) (
1 + cos 3π

8

) (
1 + cos 5π

8

) (
1 + cos 7π

8

)
�

(
1 + cos π

8

) (
1 + cos 3π

8

) [
1 + cos

(
π − 3π

8

)] [
1 + cos

(
π
π
8

)]
�

(
1 + cos π

8

) (
1 + cos 3π

8

) (
1 − cos 3π

8

) (
1 − cos π

8

)
�

(
1 − cos2 π

8

) (
1 − cos2 3π

8

)
� sin2 π

8
sin2 3π

8
�

[
sin π

8
cos

(π
2
− 3π

8

)]2

�

(
sin π

8
cos π

8

)2
�

(1
2

sin 2π
8

)2
�

(1
2

sin π
4

)2

�

(
1
2
×
√

2
2

)2

�
1
8

ដូចេនះ
(
1 + cos π

8

) (
1 + cos 3π

8

) (
1 + cos 5π

8

) (
1 + cos 7π

8

) 1
8

លំơត់ទី ១១៦. សŪមǼលកេនƙម

3
[
sin4

(3π
2

− α
)
+ sin4(3π + α)

]
− 2

[
sin6

(π
2
+ α

)
+ sin6(5π − α)

]
។

ដំេ₧ះŪƘយ

សŪមǼលកេនƙម

3
[
sin4

(3π
2

− α
)
+ sin4(3π + α)

]
− 2

[
sin6

(π
2
+ α

)
+ sin6(5π − α)

]
� 3

{[
sin

(
π +
π
2
− α

)]4
+ [sin(2π + π + α)]4

}
− 2

{[
sin

(π
2
+ α

)]6
+ [sin(4π + π + α)]6

}
� 3

{[
− sin

(π
2
− α

)]4
+ [sin(π + α)]4

}
− 2

{
[cos (α)]6 + [sin(π + α)]6

}
� 3

[
(− cos α)4 + (− sin α)4

]
− 2

[
cos6 α + (− sin α)6

]
� 3(cos4 α + sin4 α) − 2(cos6 α + sin6 α)

� 3(cos4 α + sin4 α) − 2[(cos2 α)3 + (sin2 α)3]

� 3(cos4 α + sin4 α) − 2(cos2 α + sin2 α)(cos4 α − cos2 α sin2 α + sin4 α)

� 3(cos4 α + sin4 α) − 2(cos4 α + sin4 α − cos2 α sin2 α)

� 3(cos4 α + sin4 α) − 2(cos4 α + sin4 α) + 2 cos2 α sin2 α
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� cos4 α + sin4 α + 2 cos2 α sin2 α

� (cos2 α + sin2 α)2 � 1

ដូចេនះ 3
[
sin4

(3π
2

− α
)
+ sin4(3π + α)

]
− 2

[
sin6

(π
2
+ α

)
+ sin6(5π − α)

]
� 1

លំơត់ទី ១១៧. រកតៃមžៃន θ ែដល 0 ≤ θ ≤ π
2

េហǿយេផĀȅងĬĀ ត់���������
1 + sin2 θ cos2 θ 4 sin 4θ

sin2 θ 1 + cos2 θ 4 sin 4θ

sin2 θ cos2 θ 1 + 4 sin 4θ

��������� � 0 ។

ដំេ₧ះŪƘយ

″ង ∆ �

���������
1 + sin2 θ cos2 θ 4 sin 4θ

sin2 θ 1 + cos2 θ 4 sin 4θ

sin2 θ cos2 θ 1 + 4 sin 4θ

���������
�

���������
1 0 −1

0 1 −1

sin2 θ cos2 θ 1 + 4 sin 4θ

���������
� 1 + 4 sin 4θ + 0 + 0 + sin2 θ + cos2 θ − 0

� 2 + 4 sin 4θ

េគģន ∆ � 0 ⇐⇒ 2 + 4 sin 4θ � 0

⇐⇒ sin 4θ � −1
2
� sin

(
π +
π
6

)
� sin

(
2π − π

6

)
Ĝំឱŏ 4θ � π +

π
6
�

7π
6

⇐⇒ θ �
7π
24

ឬ 4θ � 2π − π
6
�

11π
6

⇐⇒ θ �
11π
24

ដូចេនះ θ �
7π
24

ឬ θ �
11π
24

លំơត់ទី ១១៨. បİƟ ញ▫

ក. (sin 12◦)(sin 48◦)(sin 54◦) � 1
8

ខ. 16 cos 2π
15

cos 4π
15

cos 8π
15

cos 16π
15

� 1

ដំេ₧ះŪƘយ
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ក. បİƟ ញ▫ (sin 12◦)(sin 48◦)(sin 54◦) � 1
8

េគŌន (sin 12◦)(sin 48◦)(sin 54◦) � (sin 12◦ sin 48◦) sin 54◦

�
1
2
[cos(48◦ − 12◦) − cos(48◦ + 12◦)] cos(90◦ − 54◦)

�
1
2
[cos 36◦ − cos 60◦] cos 36◦

�
1
2

[
cos 36◦ − 1

2

]
cos 36◦

�
1
2

cos2 36◦ − 1
4

cos 36◦ (1)

េគŌន 2 × 36◦ � 72◦ � 180◦ − 108◦ � 180 − 3 × 36◦

″ង α � 36◦ េគģន cos 2α � cos(180◦ − 3α) � − cos 3α

េគģន 2 cos2 α − 1 � −(4 cos3 α − 3 cos α)

4 cos3 α + 2 cos2 α − 3 cos α − 1 � 0

4 cos3 α + 4 cos2 α − 2 cos2 α − 2 cos α − cos α − 1 � 0

4 cos2 α(cos α + 1) − 2 cos α(cos α + 1) − (cos α + 1) � 0

(cos α + 1)(4 cos2 α − 2 cos α − 1) � 0

ែត cos α � cos 36◦ , −1 �⇒ cos α + 1 , 0

េគģន 4 cos2 α − 2 cos α − 1 � 0

″ម ∆′ � 1 + 4 � 5 �⇒ cos α �
1 ±

√
5

4

ែត cos α � cos 36◦ > 0 �⇒ cos α �

√
5 + 1
4

េហតុេនះ cos 36◦ �
√

5 + 1
4

″ម (1) េគģន

(sin 12◦)(sin 48◦)(sin 54◦) � 1
2

cos2 36◦ − 1
4

cos 36◦

�
1
2

(√
5 + 1
4

)2

− 1
4

(√
5 + 1
4

)
�

1
2

(
6 + 2

√
5

16

)
− 1

4

(√
5 + 1
4

)
�

3 +
√

5
16

−
√

5 + 1
16

�
2
16

�
1
8

ពិត

ដូចេនះ (sin 12◦)(sin 48◦)(sin 54◦) � 1
8

ខ. បİƟ ញ▫ 16 cos 2π
15

cos 4π
15

cos 8π
15

cos 16π
15

� 1

″ង L � 16 cos 2π
15

cos 4π
15

cos 8π
15

cos 16π
15

″ម sin 2a � 2 sin a cos a �⇒ cos a �
sin 2a

a
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េគģន L � 16 ×
sin 4π

15

2 sin 2π
15

×
sin 8π

15

2 sin 4π
15

×
sin 16π

15

2 sin 8π
15

×
sin 32π

15

2 sin 16π
15

� 16 ×
sin 32π

15

16 sin 2π
15

�

sin
(
2π +

2π
15

)
sin 2π

15

�

sin 2π
15

sin 2π
15

� 1 ពិត

ដូចេនះ 16 cos 2π
15

cos 4π
15

cos 8π
15

cos 16π
15

� 1

លំơត់ទី ១១៩. រកŪគប់តៃមžៃន x ∈ (−π, π) ែដលេផĀȅងĬĀ ត់

81+| cos x |+| cos2 x |+| cos3 x |+···
� 43 ។

ដំេ₧ះŪƘយ

េគŌន 81+| cos x |+| cos2 x |+| cos3 x |+···
� 43

23(1+| cos x |+| cos2 x |+| cos3 x |+··· )
� 26

3(1 + | cos x | + | cos2 x | + | cos3 x | + · · · ) � 6

1 + | cos x | + | cos2 x | + | cos3 x | + · · · � 2
1

1 − | cos x | � 2 ( ផលបូកតួៃនសƃ ីុតធរណីŌŪតអននŉតួ )

1 − | cos x | � 1
2
⇐⇒ | cos x | � 1

2
⇐⇒ cos x � ±1

2
ចំេĵះ x ∈ (−π, π) េគģន x �

π
3
, x � −π

3
, x �

2π
3
, x � −2π

3
ដូចេនះ x �

π
3
, x � −π

3
, x �

2π
3
, x � −2π

3

លំơត់ទី ១២០. បİƟ ញ▫ tan x + 2 tan 2x + 4 tan 4x + 8 cot 8x � cot x ។

ដំេ₧ះŪƘយ

េគដឹង▫ tan 2x �
2 tan x

1 − tan2 x
�⇒ 1 − tan2 x

2 tan x
� cot 2x �⇒ cot x − tan x � 2 cot 2x

េគģន tan x + 2 tan x + 4 tan 4x + 8 cot 8x

� tan x + 2 tan 2x + 4 tan 4x + 4 × 2 cot(2 · 4x)

� tan x + 2 tan 2x + 4 tan 4x + 4(cot 4x − tan 4x)

� tan x + 2 tan 2x + 4 tan 4x + 4 cot 4x − 4 tan 4x

� tan x + 2 tan 2x + 4 cot 4x

� tan x + 2 tan 2x + 2 × 2 cot(2 · 2x)

� tan x + 2 tan 2x + 2(cot 2x − tan 2x)
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� tan x + 2 tan 2x + 2 cot 2x − 2 tan 2x

� tan x + 2 cot 2x

� tan x + (cot x − tan x) � cot x ពិត

ដូចេនះ tan x + 2 tan 2x + 4 tan 4x + 8 cot 8x � cot x

លំơត់ទី ១២១. រកតៃមžៃនចំនួនពិតវǤជąŌនតូចបំផុត x (គិតďដឺេŪក) ែដលេផĀȅងĬĀ ត់

tan(x + 100◦) � tan(x + 50◦) tan x tan(x − 50◦) ។

ដំេ₧ះŪƘយ

េគŌន tan(x + 100◦) � tan(x + 50◦) tan x tan(x − 50◦)

tan(x + 100◦)
tan x

� tan(x + 50◦) tan(x − 50◦)

sin(x + 100◦) cos x
cos(x + 100◦) sin x

�
sin(x + 50◦) sin(x − 50◦)
cos(x + 50◦) cos(x − 50◦)

sin(2x + 100◦) + sin 100◦

sin(2x + 100◦) − sin 100◦
�

cos 100◦ − cos 2x
cos 100◦ + cos 2x

sin(2x + 100◦) − sin 100◦ + 2 sin 100◦

sin(2x + 100◦) − sin 100◦
�

cos 100◦ + cos 2x − 2 cos 2x
cos 100◦ + cos 2x

1 +
2 sin 100◦

sin(2x + 100◦) − sin 100◦
� 1 +

−2 cos 2x
cos 100◦ + cos 2x

2 sin 100◦

sin(2x + 100◦) − sin 100◦
�

−2 cos 2x
cos 100◦ + cos 2x

sin(2x + 100◦) − sin 100◦

2 sin 100◦
�

cos 100◦ + cos 2x
−2 cos 2x

sin(2x + 100◦)
sin 100◦

− 1 �
− cos 100◦

cos 2x
− 1

sin(2x + 100◦)
sin 100◦

�
− cos 100◦

cos 2x

sin(2x + 100◦) cos 2x � −2 sin 100◦ cos 100◦

1
2
[sin(2x + 100◦ + 2x) + sin(2x + 100◦ − 2x)] � − sin 100◦ cos 100◦

sin(4x + 100◦) + sin 100◦ � −2 sin 100◦ cos 100◦ � − sin 200◦

sin(4x + 10◦ + 90◦) + sin(90◦ + 10◦) � − sin(180◦ + 20◦)

cos(4x + 10◦) + cos 10◦ � −(− sin 20◦) � sin 20◦

cos(4x + 10◦) � sin 20◦ − cos 10◦ � sin 20◦ − sin 80◦
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cos(4x + 10◦) � 2 sin 20◦ − 80◦

2
cos 20◦ + 80◦

2
� 2 sin(−30◦) cos 50◦

cos(4x + 10◦) � −2 sin 30◦ cos 50◦ � −2 · 1
2

cos 50◦ � − cos 50◦

� cos(180◦ − 50◦) � cos 130◦

េគģន cos(4x + 10◦) � cos 130◦ �⇒ 4x + 10◦ � 130◦ �⇒ x � 30◦

ដូចេនះ x � 30◦

លំơត់ទី ១២២. សƃǶ ីត (an) បំេពញលកšខណŹ žងេŪŁមចំេĵះŪគប់ n � 1, 2, 3, ... ។
n∑

k�1

1
k

(
ak +

1
k + 1

)
� 2n

+ 1 − 1
n + 1

។

ក. រកតួទី n ៃនសƃ ីុត (an) ďអនុគមន៍ៃន n ។

ខ. គណĜ
n∑

k�1
ak ។

ដំេ₧ះŪƘយ

ក. រកតួទី n ៃនសƃ ីុត (an) ďអនុគមន៍ៃន n

េគŌន
n∑

k�1

1
k

(
ak +

1
k + 1

)
� 2n

+ 1 − 1
n + 1

(1) 

″ង Sn �

n∑
k�1

1
k

(
ak +

1
k + 1

)
�⇒ Sn+1 �

n+1∑
k�1

1
k

(
ak +

1
k + 1

)
�

[
n∑

k�1

1
k

(
ak +

1
k + 1

)]
+

1
n + 1

(
an+1 +

1
n + 1

)
� Sn +

1
n + 1

(
an+1 +

1
n + 2

)
Ĝំឱŏ an+1 � (n + 1) (Sn+1 − Sn) −

1
n + 2

″ម (1) េគģន Sn � 2n
+ 1 − 1

n + 1
�⇒ Sn+1 � 2n+1

+ 1 − 1
n + 2

Ĝំឱŏ Sn+1 − Sn � 2n+1
+ 1 − 1

n + 2
− 2n − 1 +

1
n + 1

� 2n
+

1
n + 1

− 1
n + 2

េគģន an+1 � (n + 1)
(
2n

+
1

n + 1
− 1

n + 2

)
− 1

n + 2

� (n + 1)2n
+ n − n + 1

n + 2
− 1

n + 2
� (n + 1)2n

Ĝំឱŏ an+1 � (n + 1)2n ែដល n � 1, 2, 3...

េគģន an � n2n−1 ែដល n � 2, 3, 4, ... ។
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ចំេĵះ n � 1 ″ម (1) េគģន a1 +
1
2
� 2 + 1 − 1

2
⇐⇒ a1 � 2

ដូចេនះ a1 � 2 និង an � n2n−1 , n ≥ 2

ខ. គណĜ
n∑

k�1
ak

″ង Ln �

n∑
k�1

� a1 + a2 + a3 + · · · + an

� 2 + 2 × 2 + 3 × 22
+ 4 × 23

+ · · · + n × 2n−1 (2)

�⇒ 2Ln � 2 × 2 + 2 × 22
+ 3 × 23

+ · · · + (n − 1)2n−1
+ n × 2n (3)

យក (2) − (3) េគģន

Ln − 2Ln � 2 + 22
+ 23

+ · · · + 2n−1 − n × 2n

− Ln �
2(2n−1 − 1)

2 − 1
− n × 2n

� 2(2n−1 − 1) − n × 2n
� 2n − 2 − n × 2n

សŌð ល់

ផលបូក n តួដំបូងៃនសƃ ីុតធរណីŌŪត

Sn �
u1(qn − 1)

q − 1
, q , 1

េគģន Ln � −2n
+ 2 + n × 2n

� (n − 1)2n
+ 2

ដូចេនះ
n∑

k�1
ak � (n − 1)2n

+ 2

លំơត់ទី ១២៣. គណĜលីមីតžងេŪŁម

ក. lim
x→1

3√x2 − 2 3√x + 1
(x − 1)2

ខ. lim
x→3

[
loga

(
x − 3√

x + 6 − 3

)]
, a > 0, a , 1

គ. lim
x→0

1 − cos3 x
x sin x cos x

ដំេ₧ះŪƘយ

ក. lim
x→1

3√x2 − 2 3√x + 1
(x − 1)2 � lim

x→1

( 3√x − 1)2
(x − 1)2

� lim
x→1

(
3√x − 1
x − 1

)2

� lim
x→1

[
( 3√x − 1)( 3√x2 + 3√x + 1)
(x − 1)( 3√x2 + 3√x + 1)

]2

� lim
x→1

(
x − 1

(x − 1)( 3√x2 + 3√x + 1)

)2

� lim
x→1

(
1

3√x2 + 3√x + 1

)2

�
1
9
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ដូចេនះ lim
x→1

3√x2 − 2 3√x + 1
(x − 1)2 �

1
9

ខ. lim
x→3

[
loga

(
x − 3√

x + 6 − 3

)]
� lim

x→3

[
loga

(
(x − 3)(

√
x + 6 + 3)

(
√

x + 6 − 3)(
√

x + 6 + 3)

)]
� lim

x→3

[
loga

(
(x − 3)(

√
x + 6 + 3)

(x + 6) − 9

)]
� lim

x→3

[
loga

(
(x − 3)(

√
x + 6 + 3)

x − 3

)]
� lim

x→3

[
loga

(√
x + 6 + 3

)]
� loga 6

ដូចេនះ lim
x→3

[
loga

(
x − 3√

x + 6 − 3

)]
� loga 6

គ. lim
x→0

1 − cos3 x
x sin x cos x

� lim
x→0

(1 − cos x)(1 + cos x + cos2 x)
x sin x cos x

� lim
x→0

2 sin2 x
2 (1 + cos x + cos2 x)

2x sin x
2 cos x

2 cos x

� lim
x→0

sin x
2 (1 + cos x + cos2 x)

x cos x
2 cos x

� lim
x→0

( sin x
2

x
2

× 1 + cos x + cos2 x
2 cos x

2 cos x

)
� 1 × 1 + 1 + 1

2
�

3
2

ដូចេនះ lim
x→0

1 − cos3 x
x sin x cos x

�
3
2

លំơត់ទី ១២៤. គណĜលីមីតžងេŪŁម

ក. lim
x→1

n∑
r�1

xr − 1
x − 1

ខ. lim
n→+∞

1
n4

[(
n∑

k�1
k

)
+ 2

(
n−1∑
k�1

k

)
+ 3

(
n−2∑
k�1

k

)
+ · · · + n

]

គ. lim
n→+∞

n∏
r�3

(
r3 − 1
r3 + 1

)
ដំេ₧ះŪƘយ

េរȄបេរȄងេŢយ : សន េĶ ៩៣ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

ក. lim
x→1

n∑
r�1

xr − 1
x − 1

� lim
x→1

n∑
r�1

(x − 1)(xr−1 + xr−1 + · · · + 1)
x − 1

� lim
x→1

n∑
r�1

(
xr−1

+ xr−2
+ · · · + x + 1

)
�

n∑
r�1

r � 1 + 2 + 3 + · · · + n �
n(n + 1)

2

ដូចេនះ lim
x→1

n∑
r�1

xr − 1
x − 1

�
n(n + 1)

2

ខ. ″ង Sn �

(
n∑

k�1
k

)
+ 2

(
n−1∑
k�1

k

)
+ 3

(
n−2∑
k�1

k

)
+ · · · + n

និង ar+1 � (r + 1)
n−r∑
k�1

k � (r + 1)[1 + 2 + 3 + · · · + (n − r)]

� (r + 1) × (n − r)[(n − r) + 1]
2

�
1
2
(r + 1)(n − r)(n − r + 1)

�
1
2
(r + 1)[(n − r)2 + (n − r)] � 1

2
(r + 1)(n2 − 2nr + r2

+ n − r)

�
1
2
(r + 1)[r2 − (2n + 1)r + n2

+ n]

�
1
2
[r3 − (2n + 1)r2

+ (n2
+ n)r + r2 − (2n + 1)r + n2

+ n]

�
1
2
[r3 − 2nr2

+ (n2 − n − 1)r + n2
+ n]

េគģន Sn �

n−1∑
r�0

ar+1 �
1
2

n−1∑
r�0

[r3 − 2nr2
+ (n2 − n − 1)r + n2

+ n]

�
1
2

[
n−1∑
r�0

r3 − 2n
n−1∑
r�0

r2
+ (n2 − n − 1)

n−1∑
r�0

r +
n−1∑
r�0

(n2
+ n)

]

�
1
2

{ [
n(n − 1)

2

]2

− 2n × (n − 1)n(2n − 1)
6

+ (n2 − n − 1) × n(n − 1)
2

+ (n2
+ n) × (n − 1)

}
�

n − 1
24

[
3n2(n − 1) − 4n2(2n − 1) + 6n(n2 − n − 1) + 12(n2

+ n)
]

�
n − 1

24
(
3n3 − 3n2 − 8n3

+ 4n2
+ 6n3 − 6n2 − 6n + 12n2

+ 12n
)

េរȄបេរȄងេŢយ : សន េĶ ៩៤ រកƙសិទċិ
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�
n − 1

24
× (n3

+ 7n2
+ 6n)

�
1
24

n(n − 1)(n2
+ 7n + 6)

Ĝំឱŏ lim
n→+∞

1
n4 Sn � lim

n→+∞
n(n − 1)(n2 + 7n + 6)

24n4 �
1
24

ដូចេនះ lim
n→+∞

1
n4

[(
n∑

k�1
k

)
+ 2

(
n−1∑
k�1

k

)
+ 3

(
n−2∑
k�1

k

)
+ · · · + n

]
�

1
24

គ. េគŌន
r3 − 1
r3 + 1

�
(r − 1)(r2 + r + 1)
(r + 1)(r2 − r + 1) �

r − 1
r + 1

× r2 + r + 1
r2 − r + 1

�
r − 1
r + 1

× r2 + r + 1
(r − 1)2 + (r − 1) + 1

េគģន
n∏

r�3

(
r3 − 1
r3 + 1

)
�

n∏
r�3

[
r − 1
r + 1

× r2 + r + 1
(r − 1)2 + (r − 1) + 1

]
�

n∏
r�3

( r − 1
r + 1

)
×

n∏
r�3

r2 + r + 1
(r − 1)2 + (r − 1) + 1

េŢយ
n∏

r�3

( r − 1
r + 1

)
�

2
4
× 3

5
× 4

6
× 5

7
× · · · × n − 3

n − 1
× n − 2

n
× n − 1

n + 1

�
2 × 3

n(n + 1) �
6

n(n + 1) �
6

n2 + n

និង
n∏

r�3

r2 + r + 1
(r − 1)2 + (r − 1) + 1

�
32 + 3 + 1
22 + 2 + 1

× 42 + 4 + 1
32 + 3 + 1

× · · · × n2 + n + 1
(n − 1)2 + (n − 1) + 1

�
n2 + n + 1
22 + 2 + 1

�
n2 + n + 1

7

េគģន lim
n→+∞

n∏
r�3

(
r3 − 1
r3 + 1

)
� lim

n→+∞

(
6

n2 + n
× n2 + n + 1

7

)
�

6
7

ដូចេនះ lim
n→+∞

n∏
r�3

(
r3 − 1
r3 + 1

)
�

6
7

លំơត់ទី ១២៥. គណĜលីមីត lim
n→+∞

1
n3

(
n∑

k�1

⌊
k2x

⌋)
ែដល ⌊x⌋ ″ងឱŏែផĖកគត់

ធំបំផុត ≤ x ។
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ដំេ₧ះŪƘយ

េគŌន k2x − 1 <
⌊
k2x

⌋
≤ k2x �⇒

n∑
k�1

(
k2x − 1

)
<

n∑
k�1

⌊
k2x

⌋
≤

n∑
k�1

(k2x) (1)

េŢយ
n∑

k�1

(
k2x − 1

)
� x

n∑
k�1

k2 −
n∑

k�1
1 � x × n(n + 1)(2n + 1)

6
− n

និង
n∑

k�1
(k2x) � x

n∑
k�1

k2
� x × n(n + 1)(2n + 1)

6

″ម (1) េគģន x × n(n + 1)(2n + 1)
6

− n <
n∑

k�1

⌊
k2x

⌋
≤ x × n(n + 1)(2n + 1)

6

�⇒ 1
n3

[
x × n(n + 1)(2n + 1)

6
− n

]
<

1
n3

n∑
k�1

⌊
k2x

⌋
≤ 1

n3

[
x × n(n + 1)(2n + 1)

6

]

�⇒ x × (n + 1)(2n + 1)
6n2 − 1

n2 <
1

n3

n∑
k�1

⌊
k2x

⌋
≤ x × (n + 1)(2n + 1)

6n2

lim
n→+∞

[
x(n + 1)(2n + 1)

6n2 − 1
n2

]
< lim

n→+∞

(
1

n3

n∑
k�1

⌊
k2x

⌋)
≤ lim

n→+∞

[
x(n + 1)(2n + 1)

6n2

]

�⇒ x
3
< lim

n→+∞

(
1

n3

n∑
k�1

⌊
k2x

⌋)
≤ x

3
�⇒ lim

n→+∞

(
1

n3

n∑
k�1

⌊
k2x

⌋)
�

x
3

ដូចេនះ lim
n→+∞

(
1

n3

n∑
k�1

⌊
k2x

⌋)
�

x
3

លំơត់ទី ១២៦. គណĜលីមីត lim
n→+∞

(
cos x

2
cos x

22 cos x
23 · · · cos x

2n

)
។

ដំេ₧ះŪƘយ

″មទំĜក់ទំនង sin 2a � 2 sin a cos a �⇒ cos a �
sin 2a
sin a

យក a �
x
2
,

x
22 ,

x
23 , . . . ,

x
2n

េគģន cos x
2

cos x
22 cos x

23 · · · cos x
2n

�
sin x

2 sin x
2
×

sin x
2

2 sin x
22

×
sin x

22

2 sin x
23

×
sin x

2n−2

2 sin x
2n−1

×
sin x

2n−1

2 sin x
2n

េរȄបេរȄងេŢយ : សន េĶ ៩៦ រកƙសិទċិ
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�
1
2n × sin x

sin x
2n

�
sin x

2n sin x
2n

Ĝំឱŏ lim
n→+∞

(
cos x

2
cos x

22 cos x
23 · · · cos x

2n

)
� lim

n→+∞

(
sin x

2n sin x
nn

)
�

sin x
x

lim
n→+∞

[ x
2n

sin x
2n

]
�

sin x
x

ដូចេនះ lim
n→+∞

(
cos x

2
cos x

22 cos x
23 · · · cos x

2n

)
�

sin x
x

លំơត់ទី ១២៧. គណĜលីមីត lim
n→+∞

(
7
10

+
29
102 +

133
103 + · · · + 5n + 2n

10n

)
។

ដំេ₧ះŪƘយ

េគŌន lim
n→+∞

(
7
10

+
29
102 +

133
103 + · · · + 5n + 2n

10n

)
� lim

n→+∞

n∑
k�1

(
5k + 2k

10k

)

� lim
n→+∞

n∑
k�1

[(1
2

) k
+

(1
5

)n
]

� lim
n→+∞

[
n∑

k�1

(1
2

) k
+

n∑
k�1

(1
5

) k
]

� lim
n→+∞


1
2

(
1 − 1

2n

)
1 − 1

2

+

1
5

(
1 − 1

5n

)
1 − 1

5


� lim

n→+∞

[
1 − 1

2n +
1
4

(
1 − 1

5n

)]
� 1 +

1
4
�

5
4

ដូចេនះ lim
n→+∞

(
7
10

+
29
102 +

133
103 + · · · + 5n + 2n

10n

)
�

5
4

លំơត់ទី ១២៨. គណĜលីមីត lim
n→+∞

(
tan θ + 1

2
tan θ

2
+

1
2

tan θ
22 + · · · + 1

2n tan θ
2n

)
ដំេ₧ះŪƘយ

េគŌន cot 2x �
cos 2x
sin 2x

�
cos2 x − sin2 x

2 sin x cos x

�
cos2 x

2 sin x cos x
− sin2 x

2 sin x cos x
�

1
2

cot x − 1
2

tan x

េរȄបេរȄងេŢយ : សន េĶ ៩៧ រកƙសិទċិ
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�⇒ tan x � cot x − 2 cot 2x យក x � θ,
θ
2
,
θ

22 , ...,
θ
2n

េគģន lim
n→+∞

(
tan θ + 1

2
tan θ

2
+

1
2

tan θ
22 + · · · + 1

2n tan θ
2n

)
� lim

n→+∞

[
(cot θ − 2 cot 2θ) +

(
1
2

cot θ
2
− cot θ

)
+

(
1
22 cot θ

22 − 1
2

cot θ
2

)
+ · · ·

· · · +
(

1
2n cot θ

2n − 1
2n−1 cot θ

2n−1

) ]

� lim
n→+∞

[
1
2n cot θ

2n − 2 cot 2θ
]

� −2 cot θ + 1
θ

lim
n→+∞

©­­«
θ
2n

tan θ
2n

ª®®¬ � −2 cot θ + 1
θ

ដូចេនះ lim
n→+∞

(
tan θ + 1

2
tan θ

2
+

1
2

tan θ
22 + · · · + 1

2n tan θ
2n

)
�

1
θ
− 2 cot θ

លំơត់ទី ១២៩. គណĜលីមីត lim
x→0

tan(⌊−π2⌋x2) − x2 tan(⌊−π2⌋)
sin2 x

។

ដំេ₧ះŪƘយ

េគŌន ⌊−π2⌋ � ⌊−9.8696...⌋ � −10

េគģន lim
x→0

tan(⌊−π2⌋x2) − x2 tan(⌊−π2⌋)
sin2 x

� lim
x→0

tan(−10x2) − x2 tan(−10)
sin2 x

� lim
x→0

− tan(10x2) + x2 tan 10
sin2 x

� lim
x→0

[
− tan(10x2)

x2 +
x2 tan(10)

x2

]
× lim

x→0

sin2 x
x2

� lim
x→0

[
−10 × tan(10x2)

10x2 + tan(10)
]
× 1

� −10 + tan(10)

ដូចេនះ lim
x→0

tan(⌊−π2⌋x2) − x2 tan(⌊−π2⌋)
sin2 x

� tan(10) − 10

េរȄបេរȄងេŢយ : សន េĶ ៩៨ រកƙសិទċិ
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លំơត់ទី ១៣០. គណĜលីមីត lim
h→0

2
[√

3 sin
(π

6
+ h

)
− cos

(π
6
+ h

)]
√

3h(
√

3 cos h − sin h)
។

ដំេ₧ះŪƘយ

េគŌន lim
h→0

2
[√

3 sin
(π

6
+ h

)
− cos

(π
6
+ h

)]
√

3h(
√

3 cos h − sin h)

� lim
h→0

2
[√

3
(
sin π

6
cos h + sin h cos π

6

)
−

(
cos π

6
cos h − sin π

6
sin h

)]
√

3h(
√

3 cos h − sin h)

� lim
h→0

2
[√

3
(
1
2

cos h +

√
3

2
sin h

)
−

(√
3

2
cos h − 1

2
sin h

)]
√

3h(
√

3 cos h − sin h)

� lim
h→0

2
(√

3
2

cos h +
3
2

sin h −
√

3
2

cos h +
1
2

sin h
)

√
3h(

√
3 cos h − sin h)

� lim
h→0

4 sin h√
3h(

√
3 cos h − sin h)

� lim
h→0

(
sin h

h
× 4√

3(
√

3 cos h − sin h)

)
�

4
3

ដូចេនះ lim
h→0

2
[√

3 sin
(π

6
+ h

)
− cos

(π
6
+ h

)]
√

3h(
√

3 cos h − sin h)
�

4
3

លំơត់ទី ១៣១. េគឱŏ f (x) � x − ⌊x⌋ ។ គណĜលីមីត lim
n→+∞

[ f (x)]2n − 1
[ f (x)]2n + 1

។

ដំេ₧ះŪƘយ

េគŌន 0 ≤ x − ⌊x⌋ < 1 ⇐⇒ ∀x ∈ R, 0 ≤ f (x) < 1 Ĝំឱŏ lim
n→+∞

[ f (x)]2n
� 0

េគģន lim
n→+∞

[ f (x)]2n − 1
[ f (x)]2n + 1

�
0 − 1
0 + 1

� −1

ដូចេនះ lim
n→+∞

[ f (x)]2n − 1
[ f (x)]2n + 1

� −1

លំơត់ទី ១៣២. គណĜលីមីត lim
x→0

729x − 243x − 81x + 9x + 3x − 1
x3 ។

ដំេ₧ះŪƘយ
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េគŌន lim
x→0

729x − 243x − 81x + 9x + 3x − 1
x3

� lim
x→0

36x − 35x − 34x + 32x + 3x − 1
x3

� lim
x→0

35x(3x − 1) − 32x(32x − 1) + (3x − 1)
x3

� lim
x→0

35x(3x − 1) − 32x(3x − 1)(3x + 1) + (3x − 1)
x3

� lim
x→0

(3x − 1)(35x − 33x − 32x + 1)
x3

� lim
x→0

(3x − 1)[33x(32x − 1) − (32x − 1)]
x3

� lim
x→0

(3x − 1)(32x − 1)(33x − 1)
x3

� lim
x→0

[
3x − 1

x
× 32x − 1

2x
× 33x − 1

3x
× 2 × 3

]
� 6 ln 3 × ln 3 × ln 3 � 6 ln3 3

ដូចេនះ lim
x→0

729x − 243x − 81x + 9x + 3x − 1
x3 � 6 ln3 3

លំơត់ទី ១៣៣. េគឱŏ α និង β ďឫសៃនសមីŁរដឺេŪកទី២ ax2
+ bx + c � 0 ។

គណĜលីមីត lim
x→α

(1 + ax2
+ bx + c) 1

x−α ។

ដំេ₧ះŪƘយ

េគŌន α និង β ďឫសៃនសមីŁរដឺេŪកទី២ ax2
+ bx + c � 0

�⇒ ax2
+ bx + c � a(x − α)(x − β)

េគģន lim
x→α

(1 + ax2
+ bx + c) 1

x−α � lim
x→α

[
1 + (ax2

+ bx + c)
] 1

x−α

� lim
x→α

{[
1 + (ax2

+ bx + c)
] 1

ax2+bx+c

} ax2+bx+c
x−α

� e
lim
x→α

ax2 + bx + c
x − α � e

lim
x→α

a(x − α)(x − β)
x − α

� e
lim
x→α

a(x − β)
� e a(α − β)

ដូចេនះ lim
x→α

(1 + ax2
+ bx + c) 1

x−α � ea(α−β)
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លំơត់ទី ១៣៤. គណĜលីមីតžងេŪŁម

ក. lim
x→a

( sin x
sin a

) 1
x−a
, a , kπ, k ∈ Z

ខ. lim
x→0

(1 + tan x
1 − tan x

) 1
sin x

គ. lim
x→a

(
2 − x

a

)tan πx
2a
, a , 0

ឃ. lim
x→0

(cos x + a sin bx) a
x

ង. lim
x→0

( sin x
x

) sin x
x−sin x

ច. lim
x→−1

(
x4 + x2 + x + 1

x2 − x + 1

) 1−cos(x+1)
(x+1)2

ឆ. lim
n→+∞

(
cos x

n

)n

ដំេ₧ះŪƘយ

ក. lim
x→a

( sin x
sin a

) 1
x−a

� lim
x→a

[
1 +

( sin x
sin a

− 1
)] 1

x−a
� lim

x→a

(
1 +

sin x − sin a
sin a

) 1
x−a

� lim
x→a


1 +

1
sin a

sin x − sin a


sin a

sin x − sin a


sin x − sin a
sin a

×
1

x − a

� e
lim
x→a

( sin x − sin a
sin a

× 1
x − a

)

� e
lim
x→a

2 sin x−a
2 cos x+a

2
(x − a) sin a

� e
lim
x→a

( sin x−a
2

x−a
2

×
cos x+a

2
sin a

)
� e

cos a
sin a � ecot a

ដូចេនះ lim
x→a

( sin x
sin a

) 1
x−a

� ecot a

ខ. lim
x→0

(1 + tan x
1 − tan x

) 1
sin x � lim

x→0

(1 − tan x + 2 tan x
1 − tan x

) 1
sin x � lim

x→0

(
1 +

2 tan x
1 − tan x

) 1
sin x

� lim
x→0


©­­«1 +

1
1 − tan x
2 tan x

ª®®¬
1 − tan x
2 tan x



2 tan x
1 − tan x

×
1

sin x

� e
lim
x→0

( 2 tan x
1 − tan x

× 1
sin x

)
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� e
lim
x→0

( 2 sin x
cos x − sin x

× 1
sin x

)
� e

lim
x→0

( 2
cos x − sin x

)
� e2

ដូចេនះ lim
x→0

(1 + tan x
1 − tan x

) 1
sin x � e2

គ. lim
x→a

(
2 − x

a

)tan πx
2a

� lim
x→a

(
1 + 1 − x

a

)tan πx
2a

� lim
x→a

(
1 +

a − x
a

)tan πx
2a

� lim
x→a


©­­«1 +

1
a

a − x

ª®®¬
a

a − x


a − x
a

×tan
πx
2a

� e
lim
x→a

( a − x
a

× tan πx
2a

)
(1)

• គណĜ lim
x→a

( a − x
a

× tan πx
2a

)
″ង t � a − x េĜះេបǿ x → a �⇒ t → 0

េគģន lim
x→a

( a − x
a

× tan πx
2a

)
� lim

t→0

[ t
a
× tan

( π
2a

(a − t)
)]

� lim
t→0

[ t
a
× tan

(π
2
− πt

2a

)]
� lim

t→0

( t
a
× cot πt

2a

)
� lim

t→0

©­­«
t
a
×

cos πt
2a

sin πt
2a

ª®®¬
� lim

t→0

©­­«
πt
2a

sin πt
2a

×
cos πt

2a
π
2

ª®®¬
�

2
π

(2)

″ម (1) និង (2) េគģន lim
x→a

(
2 − x

a

)tan πx
2a

� e
2
π

ដូចេនះ lim
x→a

(
2 − x

a

)tan πx
2a

� e
2
π
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ឃ. lim
x→0

(cos x + a sin bx) a
x � lim

x→0
[1 + (cos x + a sin bx − 1)] a

x

� lim
x→0

[
(1 + (cos x + b sin bx − 1))

1
cos x+a sin bx−1

] a
x ×(cos x+a sin bx−1)

� e
lim
x→0

a2 sin bx − a(1 − cos x)
x

� e
lim
x→0

(
a2b × sin bx

bx
− a × 1 − cos x

x

)
� ea2b

ដូចេនះ lim
x→0

(cos x + a sin bx) a
x � ea2b

ង. lim
x→0

( sin x
x

) sin x
x − sin x � lim

x→0

(
1 +

sin x
x

− 1
) sin x

x − sin x

� lim
x→0

(
1 +

sin x − x
x

) sin x
x − sin x

� lim
x→0


©­­«1 +

1
x

sin x − x

ª®®¬
x

sin x − x


sin x
x − sin x

×
sin x − x

x

� e
lim
x→0

( sin x
x − sin x

× sin x − x
x

)
� e

lim
x→0

( sin x
−x

)
� e−1

�
1
e

ដូចេនះ lim
x→0

( sin x
x

) sin x
x − sin x �

1
e

ច. lim
x→−1

(
x4 + x2 + x + 1

x2 − x + 1

) 1−cos(x+1)
(x+1)2

� lim
x→−1

(
x4 + x2 + x + 1

x2 − x + 1

) 2 sin2
( x + 1

2

)
(x + 1)2

� lim
x→−1

(
x4 + x2 + x + 1

x2 − x + 1

)©­­­­­«
sin x + 1

2
x + 1

2

ª®®®®®¬

2

×
2
4
�

(2
3

) 1
2
�

√
2
3

ដូចេនះ lim
x→−1

(
x4 + x2 + x + 1

x2 − x + 1

) 1−cos(x+1)
(x+1)2

�

√
2
3

ឆ. lim
n→+∞

(
cos x

n

)n
� lim

n→+∞

(
1 + cos x

n
− 1

)n
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� lim
n→+∞


(
1 + cos x

n
− 1

) 1
cos x

n − 1


cos x
n − 1
n

� e
lim

n→+∞
n

(
cos x

n
− 1

)
� e

− lim
n→+∞

1 − cos x
n

x
n

× x
� e0

� 1

ដូចេនះ lim
n→+∞

(
cos x

n

)n
� 1

លំơត់ទី ១៣៥. គណĜលីមីត lim
x→5

x2 − 9x + 20
x − ⌊x⌋ ែដល ⌊x⌋ ″ងឱŏែផĖកគត់ធំបំផុត ≤ x

ដំេ₧ះŪƘយ

េគŌន lim
x→5

x2 − 9x + 20
x − ⌊x⌋ � lim

x→5

(x − 4)(x − 5)
x − ⌊x⌋

លីមីតžងេឆƃង lim
x→5−

(x − 4)(x − 5)
x − ⌊x⌋ � lim

h→0

(5 − h − 4)(5 − h − 5)
(5 − h) − ⌊5 − h⌋ (h > 0)

� lim
h→0

(1 − h)(−h)
5 − h − 4

� lim
h→0

h(h − 1)
1 − h

� 0

លីមីតžងƘŚ ំ lim
x→5+

(x − 4)(x − 5)
x − ⌊x⌋ � lim

h→0

(5 + h − 4)(5 + h − 5)
(5 + h) − ⌊5 + h⌋ (h > 0)

� lim
h→0

(1 − h)(h)
5 + h − 5

� lim
h→0

h(1 − h)
h

� lim
h→0

(1 − h) � 1

េŢយ លីមីតžងេឆƃង , លីមីតžងƘŚ ំ

េគģន អនុគមន៍
x2 − 9x + 20

x − ⌊x⌋ ýŊ នលីមីតŪតង់ 5 េទ។

លំơត់ទី ១៣៦. គណĜលីមីត lim
n→+∞

{x} + {2x} + {3x} + · · · + {nx}
n2

ែដល {k} � k − ⌊k⌋ ែផĖកទសļគៃន k ។

ដំេ₧ះŪƘយ

េគដឹង▫ 0 ≤ {rx} < 1 ចំេĵះ r � 1, 2, 3, ..., n

េគģន 0 ≤
n∑

r�1
{rx} <

n∑
r�1

1 �⇒ 0 ≤
n∑

r�1
{rx} < n �⇒ 0 ≤

n∑
r�1

{rx}

n2 <
1
n

�⇒ 0 ≤ lim
n→+∞

n∑
r�1

{rx}

n2 < lim
n→+∞

1
n

�⇒ 0 ≤ lim
n→+∞

n∑
r�1

{rx}

n2 < 0 �⇒ lim
n→+∞

n∑
r�1

{rx}

n2 � 0

េរȄបេរȄងេŢយ : សន េĶ ១០៤ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

ដូចេនះ lim
n→+∞

{x} + {2x} + {3x} + · · · + {nx}
n2 � 0

លំơត់ទី ១៣៧. េបǿ 51+x
+ 51−x ,

a
2

និង 25x
+ 25−x ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ បİƟ ញ▫ a ≥ 12 ។

ដំេ₧ះŪƘយ

េគŌន 51+x
+ 51−x ,

a
2
, 25x

+ 25−x ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ

េគģន 2 × a
2
�

(
51+x

+ 51−x )
+ (25x

+ 25−x)

a � 5 · 5x
+ 5 · 5−x

+ 52x
+ 5−2x

″ង t � 5x
�⇒ t > 0

េគģន a � 5t +
5
t
+ t2

+
1
t2 �

(
t2

+
1
t2

)
+ 5

(
t +

1
t

)
�

[(
t − 1

t

)2
+ 2

]
+ 5

[(√
t − 1√

t

)2

+ 2

]
�

(
t − 1

t

)2
+ 5

(√
t − 1√

t

)2

+ 12 ≥ 12

ដូចេនះ a ≥ 12

លំơត់ទី ១៣៨. ចំេĵះចំនួនពិតវǤជąŌន ខុសពីមួយ x , y , z េបǿ

1, logy x , logz y ,−15 logx z

ďតួតýĖ ៃនសƃǶ ីតនពƃនŉ ។ បİƟ ញ▫ x � z3 ។

ដំេ₧ះŪƘយ

េគŌន 1, logy x , logz y ,−15 logx z ďតួតýĖ ៃនសƃǶ ីតនពƃនŉ

″ង d ďផលសងរួមៃនសƃǶ ីតនពƃនŉេនះ

េគģន logy x � 1 + d �⇒ x � y1+d

logz y � 1 + 2d �⇒ y � z1+2d

− 15 logx z � 1 + 3d �⇒ z � x−(1+3d)/15

េគģន x � y1+d
� (z1+2d)1+d

� z(1+d)(1+2d)
�

(
x−(1+3d)/15

) (1+d)(1+2d)

� x−(1+d)(1+2d)(1+3d)/15

Ĝំឱŏ 1 �
(1 + d)(1 + 2d)(1 + 3d)

15
(1 + d)(1 + 2d)(1 + 3d) � −15

6d3
+ 11d2

+ 6d + 16 � 0

(d + 2)(6d2 − d + 8) � 0 េŢយ 6d2 − d + 8 > 0 ∀d ∈ R

េរȄបេរȄងេŢយ : សន េĶ ១០៥ រកƙសិទċិ



១៦៩ លំơត់គណិតɻទŜ ɻទŜល័យអងðរŁ

េគģន d + 2 � 0 ⇐⇒ d � −2 Ĝំឱŏ z � x5/15
� x1/3 ⇐⇒ x � z3

ដូចេនះ x � z3

លំơត់ទី ១៣៩. េគŌនបីចំនួនពិតវǤជąŌន a , b , c ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ និង abc � 4 ។ រកតៃមžអបġរŌៃន

b ។

ដំេ₧ះŪƘយ

េគŌន ចំនួនពិតវǤជąŌន a , b , c ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ

″ង d ďផលសងរួមៃនសƃǶ ីតនពƃនŉេនះ េគģន a � b − d និង c � b + d

េគŌន 4 � abc � (b − d)b(b + d) � b(b2 − d2) � b3 − bd2

�⇒ b3
� 4 + bd2 ≥ 4 េŪĵះ b > 0, d2 ≥ 0

េគģន b3 ≥ 4 �⇒ b ≥ 3√4

ដូចេនះ តៃមžអបġរŌៃន b គឺ 3√4

លំơត់ទី ១៤០. គណĜផលបូក
14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · · + n4

(2n − 1)(2n + 1) ។

ដំេ₧ះŪƘយ

″ង ak �
k4

(2k − 1)(2k + 1) �
1
4
× 4k4

4k2 − 1
�

1
4
× 4k4 − k2 + k2

4k2 − 1

�
1
4
× k2(4k2 − 1) + k2

4k2 − 1
�

1
4

k2
+

1
4
× k2

4k2 − 1

�
1
4

k2
+

1
16

× 4k2 − 1 + 1
4k2 − 1

�
1
4

k2
+

1
16

+
1
16

× 1
4k2 − 1

�
1
4

k2
+

1
16

+
1
16

× 1
(2k − 1)(2k + 1)

�
1
4

k2
+

1
16

+
1
32

( 1
2k − 1

− 1
2k + 1

)
េគģន

14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · · + n4

(2n − 1)(2n + 1) �
n∑

k�1
ak

�

n∑
k�1

[1
4

k2
+

1
16

+
1
32

( 1
2k − 1

− 1
2k + 1

)]
�

1
4

n∑
k�1

k2
+

1
16

n∑
k�1

1 +
1
32

n∑
k�1

( 1
2k − 1

− 1
2k + 1

)
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�
1
4

(
n(n + 1)

2

)2

+
1
16

n +
1
32

(1
1
− 1

2n + 1

)
�

n2(n + 1)2
16

+
n
16

+
n

16(2n + 1)

ដូចេនះ
14

1 · 3
+

24

3 · 5
+

34

5 · 7
+ · · · + n4

(2n − 1)(2n + 1) �
n2(n + 1)2

16
+

n
16

+
n

16(2n + 1)

លំơត់ទី ១៤១. រកតៃមžអតិបរŌៃនផលបូកេស៊រǪ 20 + 191
3
+ 182

3
+ 18 + · · · ។

(សŌð ល់ 191
3

ďចំនួនចŪមǶះ)

ដំេ₧ះŪƘយ

ផលបូកេស៊រǪ 20 + 191
3
+ 182

3
+ 18 + · · · ŌនតៃមžអតិបរŌនŁល₧តួនីមួយៃនេស៊រǪេនះďចំនួនវǤជąŌន

″ង ak+1 ďតួទី k + 1 ៃនេស៊រǪ េគģន ak+1 � 20 − k +
k
3
� 20 − 2

3
k

រក k េដǿមġីឱŏ ak+1 > 0

េគģន 20 − 2k
3
> 0 ⇐⇒ k < 30 ែត k ďចំនួនគត់មិនអវǤជąŌន Ĝំឱŏ k � 29

េគģនតៃមžអតិបរŌនៃនផលបូកៃនេស៊រǪគឺ

a0 + a1 + a2 + · · · + a30 �

29∑
k�0

ak+1 �

29∑
k�0

(
20 − 2

3
k
)

�

29∑
k�0

20 − 2
3

29∑
k�0

k � 20 × 30 − 2
3
× 29 × 30

2
� 310

លំơត់ទី ១៤២. ចំេĵះចំនួនពិតវǤជąŌន a និង r ចូរគណĜផលបូក n តដួំបូងៃនសƃǶ តី log a , log(ar), log(ar2), . . .

។

ដំេ₧ះŪƘយ

″ង Sn � log a + log(ar) + log(ar2) + · · · + log(arn−1)

� log a + (log a + log r) + (log a + log r2) + · · · + (log a + log rn−1)

� n log a + log r + 2 log r + 3 log r + · · · + (n − 1) log r

� n log a + [1 + 2 + 3 + · · · + (n − 1)] log r

� n log a +
n(n − 1)

2
log r �

1
2

n log a2
+

1
2

n log rn−1
�

1
2

n log arn−1

ដូចេនះ Sn �
1
2

n log arn−1
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លំơត់ទី ១៤៣. ″ង Sn ďផលបូក n តួនីមួយៗៃនសƃǶ ីតនពƃនŉេនះďចំនួនវǤជąŌន និងផលសងរួម d ែដល d �

Sn − kSn−1 + Sn−2 ។ ចូររកតៃមžៃនចំនួនពិត k ។

ដំេ₧ះŪƘយ

″ង an ďតួទូេĉៃនសƃǶ ីតនពƃនŉេនះ

េគŌន an � Sn − Sn−1 េហǿយ an−1 � Sn−1 − Sn−2

Ĝំឱŏ an − an−1 � (Sn − Sn−1) − (Sn−1 − Sn−2) � Sn − 2Sn−1 + Sn−2

ែត ផលសងរួមៃនសƃǶ ីតនពƃនŉ d � an − an−1 េគģន d � Sn − 2Sn−1 + Sn−2

េគឱŏ d � Sn − kSn−1 + Sn−2 Ĝំឱŏ Sn − kSn−1 + Sn−2 � Sn − 2Sn−1 + Sn−2

ដូចេនះ k � 2

លំơត់ទី ១៤៤. េគឱŏ a , b , c ďចំនួនពិតវǤជąŌន និងďតៃមžៃនតួទី x , y , z េរȄងýĖ ៃនសƃǶ ីតធរណីŌŪតមួយ។ ចូរ

គណĜ (y − z) log a + (z − x) log b + (x − y) log c ។

ដំេ₧ះŪƘយ

″ង p ďតៃមžៃនតួទី 1 និងផលេធȄបរួម q

េគģន a � pqx−1, b � pq y−1, c � pqz−1

Ĝំឱŏ (y − z) log a + (z − x) log b + (x − y) log c

� log a y−z
+ log bz−x

+ log cx−y

� log (a y−z · bz−x · cx−y)

� log
[ (

pqx−1) y−z ·
(
pq y−1) z−x ·

(
pqz−1)x−y]

� log
[
p y−z q(x−1)(y−z)pz−x q(y−1)(z−x)px−y q(z−1)(x−y)]

� log
[
p y−z+z−x+x−y · q(x−1)(y−z)+(y−1)(z−x)+(z−1)(x−y)]

� log
(
p0 · qx y−zx−y+z+yz−x y−z+x+zx−yz−x+y )

� log
(
q0)

� log 1 � 0

ដូចេនះ (y − z) log a + (z − x) log b + (x − y) log c � 0

លំơត់ទី ១៤៥. េគឱŏតទួី p + q ៃនសƃǶ តីធរណីŌŪតមួយគឺ a ែដល និងតទួី p − q គឺ b ែដល a > 0, b > 0, p , q

ďចំនួនគត់ និង p > q ។ គណĜតៃមžៃនតួទី p ៃនសƃǶ ីតេនះ។

ដំេ₧ះŪƘយ
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″ង x ďតួទីមួយ និង y ďផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះ

េគģន a � tp+q � x yp+q−1 (1) និង b � tp−q � x yp−q−1 (2)

យក (1) ែចក (2) េគģន 
a
b
�

x yp+q−1

x yp−q−1 � y2q
�⇒ y �

( a
b

) 1
2q ជំនួសកĖǶង (1)

េគģន a � x
( a

b

) p + q − 1
2q

�⇒ x � a
(

b
a

) p + q − 1
2q

េĜះតួទី p ៃនសƃǶ ីតធរណីŌŪតេនះគឺ

tp � x yp−1
� a

(
b
a

) p + q − 1
2q ·

( a
b

) p − 1
2q

� a1− p+q−1
2q +

p−1
2q × b

p+q−1
2q − p−1

2q

� a
2q−p−q+1+p−1

2q × b
p+q−1−p+1

2q � a
1
2 b

1
2 �

√
ab

ដូចេនះ តួទី p គឺ tp �

√
ab

លំơត់ទី ១៤៦. េគឱŏសƃǶ ីតធរណីŌŪតមួយែដលŌនតួទី n ″ងេŢយ an និង an > 0,

∀n ∈ N។ េបǿ
100∑
k�1

a2k � α និង
100∑
k�1

a2k−1 � β រកផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះ។

ដំេ₧ះŪƘយ

េគŌន α �

100∑
k�1

a2k � a2 + a4 + a6 + · · · + a200 � a1r + a1r3
+ a1r5

+ · · · + a1r199

� a1r(1 + r2
+ r4

+ · · · + r198) (1)

េហǿយ β �
100∑
k�1

a2k−1 � a1 + a3 + a5 + · · · + a199 � a1 + a1r2
+ a1r4

+ · · · + a1r198

� a1(1 + r2
+ r4

+ · · · + r198) (2)

យក (1) ែចក (2) េគģន
α
β
� r

ដូចេនះ ផលេធȄបរួមៃនសƃǶ ីតធរណីŌŪតេនះគឺ r �
α
β

លំơត់ទី ១៤៧. គណĜផលបូក n តួដំបូងៃនសƃǶ ីត
1
2
,
3
4
,
7
8
,
15
16
, ... ។

ដំេ₧ះŪƘយ

េគŌន a1 �
1
2
� 1 − 1

2

a2 �
3
4
� 1 − 1

22

a3 �
7
8
� 1 − 1

23
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a4 �
15
16

� 1 − 1
24

.....................................

an � 1 − 1
2n

េគģន Sn �

n∑
k�1

ak �

n∑
k�1

(
1 − 1

2k

)
�

n∑
k�1

1 −
n∑

k�1

1
2k

� n −
1
2

(
1 − 1

2n

)
1 − 1

2

� n −
(
1 − 1

2n

)
� n − 1 +

1
2n

ដូចេនះ Sn � n − 1 +
1
2n

លំơត់ទី ១៤៨. គណĜផលបូកៃនេស៊រǪ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · · ែដល |x | < 1។

ដំេ₧ះŪƘយ

េគŌន ak �
x2k−1

1 − x2k �
1 + x2k−1 − 1(

1 − x2k−1 ) (
1 + x2k−1 ) �

1
1 − x2k−1 − 1

1 − x2k

េគģន Sn �

n∑
k�1

ak �

n∑
k�1

(
1

1 − x2k−1 − 1
1 − x2k

)
�

( 1
1 − x

− 1
1 − x2

)
+

(
1

1 − x2 − 1
1 − x22

)
+ · · · +

(
1

1 − x2n−1 − 1
1 − x2n

)
�

1
1 − x

− 1
1 − x2n

Ĝំឱŏ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · ·

� lim
n→+∞

Sn � lim
n→+∞

( 1
1 − x

− 1
1 − x2n

)
�

1
1 − x

− 1 �
x

1 − x

េŪĵះ |x | < 1 ⇐⇒ −1 < x < 1 ⇐⇒ lim
n→+∞

x2n
� 0

ដូចេនះ
x

1 − x2 +
x2

1 − x4 +
x4

1 − x8 + · · · � x
1 − x

លំơត់ទី ១៤៩. គណĜផលបូក 
3

1 · 2
· 1

2
+

4
2 · 3

·
(1
2

)2
+

5
3 · 4

·
(1
2

)3
+ · · · + n + 2

n(n + 1) ·
(1
2

)n
។
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ដំេ₧ះŪƘយ

េគŌន
k + 2

k(k + 1) ·
(1
2

) k
�

2(k + 1) − k
k(k + 1) ·

(1
2

) k
�

(2
k
− 1

k + 1

) (1
2

) k

�
1
k
·
(1
2

) k−1
− 1

k + 1
·
(1
2

) k

េគģន
3

1 · 2
· 1

2
+

4
2 · 3

·
(1
2

)2
+

5
3 · 4

·
(1
2

)3
+ · · · + n + 2

n(n + 1) ·
(1
2

)n

�

n∑
k�1

[
k + 2

k(k + 1) ·
(1
2

) k
]

�

n∑
k�1

[
1
k
·
(1
2

) k−1
− 1

k + 1
·
(1
2

) k
]

�

[
1 − 1

2
·
(1
2

)]
+

[
1
2
·
(1
2

)
− 1

3
·
(1
2

)2]
+ · · · +

[
1
n
·
(1
2

)n−1
− 1

n + 1
·
(1
2

)n
]

� 1 − 1
n + 1

·
(1
2

)n

ដូចេនះ
3

1 · 2
· 1

2
+

4
2 · 3

·
(1
2

)2
+

5
3 · 4

·
(1
2

)3
+ · · · + n + 2

n(n + 1) ·
(1
2

)n
� 1 − 1

n + 1
·
(1
2

)n

លំơត់ទី ១៥០. េគឱŏ a , b , c ďចំនួនពិតវǤជąŌន។ រកតៃមžតូចបំផុតៃនកេនƙម

alog b−log c
+ blog c−log a

+ clog a−log b។

ដំេ₧ះŪƘយ

″មវǤសមļពកូសុី េគģន

alog b−log c
+ blog c−log a

+ clog a−log b ≥ 3 3
√

alog b−log c · blog c−log a · clog a−log b (1)

″ង x � alog b−log c · blog c−log a · clog a−log b

�⇒ log x � log
(
alog b−log c · blog c−log a · clog a−log b

)
� log alog b−log c

+ log blog c−log a
+ log clog a−log b

� (log b − log c) log a + (log c − log a) log b + (log a − log b) log c

� log a log b − log a log c + log b log c − log a log b + log a log c − log b log c � 0

Ĝំឱŏ log x � 1 ⇐⇒ x � 1

″ម (1) េគģន alog b−log c
+ blog c−log a

+ clog a−log b ≥ 3

ដូចេនះ តៃមžតូចបំផុតៃន alog b−log c
+ blog c−log a

+ clog a−log b គឺ 3
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លំơត់ទី ១៥១. គណĜផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5 ។

ដំេ₧ះŪƘយ

″ង S199 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិពី 1 ដល់ 199

S3 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកŢច់នឹង 3

S5 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកŢច់នឹង 5

S15 ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកŢច់នឹង 15

S ďផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5

េគģន S � S199 − S3 − S5 + S15

េŢយ S199 � 1 + 2 + 3 + · · · + 199 �
199 × 200

2
� 19900

S3 � 3 + 6 + 9 + · · · + 198 �
66
2

× (3 + 198) � 6633

S5 � 5 + 10 + 15 + · · · + 195 �
39
2

× (5 + 195) � 3900

S15 � 15 + 30 + 45 + · · · + 195 �
13
2

× (15 + 195) � 1365

Ĝំឱŏ S � S199 − S3 − S5 − S15 � 19900 − 6633 − 3900 + 1365 � 10732

ដូចេនះ ផលបូកៃនŪគប់ចំនួនគត់ធមŊďតិតូចďង 200 ែដលែចកមិនŢច់នឹង 3 ឬ 5 េសŊ ǿនឹង 10732

លំơត់ទី ១៥២. គណĜ
n∑

i�1

i∑
j�1

j∑
k�1

1 ។

ដំេ₧ះŪƘយ

េគŌន
n∑

i�1

i∑
j�1

j∑
k�1

1 �

n∑
i�1

i∑
j�1

j �
n∑

i�1

[
i(i + 1)

2

]
�

1
2

n∑
i�1

(
i2
+ i

)
�

1
2

[
n(n + 1)(2n + 1)

6
+

n(n + 1)
2

]
�

n(n + 1)
12

(2n + 1 + 3) � n(n + 1)(n + 2)
6

ដូចេនះ
n∑

i�1

i∑
j�1

j∑
k�1

1 �
n(n + 1)(n + 2)

6
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លំơត់ទី ១៥៣. គណĜផលបូកៃនេស៊រǪ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · ។

ដំេ₧ះŪƘយ

″ង ak �
4k + 1

5k · k(k − 1)
, k ≥ 2

�
5k − (k − 1)
5k · k(k − 1)

�
1

5k−1 · (k − 1)
− 1

5k · k

េគģន Sn �
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · + 4n + 1

5n · n(n − 1) �
n∑

k�2
ak

�

n∑
k�2

[
1

5k−1 · (k − 1)
− 1

5k · k

]
�

(1
5
− 1

52 · 2

)
+

( 1
52 · 2

− 1
53 · 3

)
+ · · · +

(
1

5n−1 · (n − 1) −
1

5n · n

)
�

1
5
− 1

5n · n

Ĝំឱŏ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · � lim

n→+∞
Sn � lim

n→+∞

(1
5
− 1

5n · n

)
�

1
5

ដូចេនះ ផលបូកៃនេស៊រǪ
9

52 · 2 · 1
+

13
53 · 3 · 2

+
17

54 · 4 · 3
+ · · · � 1

5

លំơត់ទី ១៥៤. ចំេĵះចំនួនគត់េសស n ≥ 1 គណĜផលបូក n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · ·+

(−1)n−113 ។

ដំេ₧ះŪƘយ

េគŌន n ďចំនួនគត់េសស Ĝំឱŏ n − 1 ďចំនួនគត់គូ េគģន (−1)n−1
� 1

េគģន n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · · + (−1)n−113

� n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · · + 13

� n3
+ (n − 1)3 + (n − 2)3 + · · · + 13 − 3

[
(n − 1)3 + (n − 3)3 + (n − 5)3 + · · · + 43

+ 23]
�

[
n(n + 1)

2

]2

− 2 × 23
[(n − 1

2

)3
+

(n − 3
2

)3
+ · · · + 33

+ 23
+ 13

]
�

n2(n + 1)2
4

− 16
[1
2

(n − 1
2

) (n − 1
2

+ 1
)]2
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�
n2(n + 1)2

4
− 4

[
(n − 1)(n + 1)

4

]2

�
n2(n + 1)2

4
− (n − 1)2(n + 1)2

4

�
(n + 1)2

4
[
n2 − (n − 1)2

]
�

(2n − 1)(n + 1)2
4

ដូចេនះ n3 − (n − 1)3 + (n − 2)3 − (n − 3)3 + · · · + (−1)n−113
�

(2n − 1)(n + 1)2
4

លំơត់ទី ១៥៥. េគឱŏ p , q , r ďចំនួនពិតវǤជąŌនែដល 27pqr ≥ (p + q + r)3 និង

3p + 4q + 5r � 12 ។ គណĜតៃមžៃន p3
+ q4

+ r5 ។

ដំេ₧ះŪƘយ

េគŌន 27pqr ≥ (p + q + r)3 (1)

ែត″មវǤសមļពកូសុី p + q + r ≥ 3 3
√

pqr ⇐⇒ 27pqr ≤ (p + q + r)3 (2)

″ម (1) និង (2) េគģន 27pqr � (p + q + r)3

េĜះ″មវǤសមļពកូសុី សមļពេកǿតŌនŁល₧ p � q � r

ែតេŢយ 3p + 4q + 5r � 12 ⇐⇒ p � q � r � 1

េគģន p3
+ q4

+ r5
� 1 + 1 + 1 � 3

ដូចេនះ p3
+ q4

+ r5
� 3

លំơត់ទី ១៥៦. គណĜផលបូក

Sn �
1

1 + 12 + 14 +
2

1 + 22 + 24 +
3

1 + 32 + 34 + · · · + n
1 + n2 + n4 ។

ដំេ₧ះŪƘយ

េគŌន ak �
k

1 + k2 + k4 �
k

(1 + k2)2 − k2 �
k

(1 − k + k2)(1 + k + k2)

�
1
2

( 1
1 − k + k2 − 1

1 + k + k2

)
�

1
2

[
1

1 + (k − 1) + (k − 1)2 − 1
1 + k + k2

]
, k ≥ 2

េគģន Sn �
1

1 + 12 + 14 +
2

1 + 22 + 24 +
3

1 + 32 + 34 + · · · + n
1 + n2 + n4

�
1

1 + 12 + 14 +

n∑
k�2

ak
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�
1
3
+

1
2

n∑
k�2

[
1

1 + (k − 1) + (k − 1)2 − 1
1 + k + k2

]

�
1
3
+

1
2

[ ( 1
1 + 1 + 12 − 1

1 + 2 + 22

)
+

( 1
1 + 2 + 22 − 1

1 + 3 + 32

)
+ · · ·

· · · +
(

1
1 + (n − 1) + (n − 1)2 − 1

1 + n + n2

) ]
�

1
3
+

1
2

(1
3
− 1

1 + n + n2

)
�

1
2
− 1

2(1 + n + n2) �
1 + n + n2 − 1
2(1 + n + n2) �

n(n + 1)
2(n2 + n + 1)

ដូចេនះ Sn �
n(n + 1)

2(n2 + n + 1)

លំơត់ទី ១៥៧. េបǿ
+∞∑
n�1

xn−1
� a និង

+∞∑
n�1

yn−1
� b ែដល |x | < 1, |y | < 1 ។

គណĜ
+∞∑
n�1

(x y)n−1 ďអនុគមន៍ៃន a , b ។

ដំេ₧ះŪƘយ

េគŌន a �

+∞∑
n�1

xn−1
� 1 + x + x2

+ x3
+ · · · � 1

1 − x

�⇒ 1 − x �
1
a
�⇒ x � 1 − 1

a
�

a − 1
a

េហǿយ b �

+∞∑
n�1

yn−1
� 1 + y + y2

+ y3
+ · · · � 1

1 − y

�⇒ 1 − y �
1
b
�⇒ y � 1 − 1

b
�

b − 1
b

េគģន
+∞∑
n�1

(x y)n−1
� 1 + (x y) + (x y)2 + (x y)3 + · · · � 1

1 − x y

�
1

1 − a − 1
a

× b − 1
b

�
ab

ab − (a − 1)(b − 1)

�
ab

ab − ab + a + b − 1
�

ab
a + b − 1

ដូចេនះ
+∞∑
n�1

(x y)n−1
�

ab
a + b − 1
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លំơត់ទី ១៥៨. េបǿ λ �

+∞∑
i�1

1
i4 ។ គណĜ

+∞∑
i�1

1
(2i − 1)4 ďអនុគមន៍ៃន λ ។

ដំេ₧ះŪƘយ

េគŌន λ �

+∞∑
i�1

1
i4 � 1 +

1
24 +

1
34 +

1
44 + · · ·

េគģន
+∞∑
i�1

1
(2i − 1)4 � 1 +

1
34 +

1
54 +

1
74 + · · ·

�

(
1 +

1
24 +

1
34 +

1
44 + · · ·

)
−

( 1
24 +

1
44 +

1
64 + · · ·

)
� λ − 1

24

(
1 +

1
24 +

1
34 + · · ·

)
� λ − 1

16
λ �

15
16
λ

ដូចេនះ
+∞∑
i�1

1
(2i − 1)4 �

15
16
λ

លំơត់ទី ១៥៩. រកតៃមžអបġរŌៃនកេនƙម 8sin x
8 + 8cos x

8 ។

ដំេ₧ះŪƘយ

″មវǤសមļពកូសុី េគģន

8sin x
8 + 8cos x

8 ≥ 2
√

8sin x
8 × 8cos x

8

ែត 8sin x
8 × 8cos x

8 � 8sin x
8+cos x

8 � 8
√

2 cos( x
8− π4 ) � 23

√
2 cos( x

8− π2 )

តៃមžធំបំផុតៃន 23
√

2 cos( x
8− π2 ) គឺ 23

√
2

េគģន 8sin x
8 + 8cos x

8 ≥ 2 × 2
3
√

2
2 ឬ 8sin x

8 + 8cos x
8 ≥ 2

3
√

2+2
2

ដូចេនះ តៃមžអបġរŌគឺ 2
3
√

2+2
2

លំơត់ទី ១៦០. រកេមគុណៃន x49 ៃនផលគុណ (x − 1)(x − 3) · · · (x − 99) ។

ដំេ₧ះŪƘយ

េមគុណៃន x ៃនផលគុណ (x − 1)(x − 3) � x2−4x + 3 គឺ −1 − 3 � −4

េមគុណៃន x2 ៃនផលគុណ (x − 1)(x − 3)(x − 5) � x3−9x2
+ 23x − 15 គឺ −1 − 3 − 5 � −9

េមគុណៃន x3 ៃនផលគុណ (x − 1)(x − 3)(x − 5)(x − 7) � x4−16x3
+ 86x2 − 176x + 105

គឺ −1 − 3 − 5 − 7 � −16

េមគុណៃន x49 គឺ −(1 + 3 + 5 + · · · + 99) � −502
� −2500
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លំơត់ទី ១៦១. គណĜផលបូក
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · · + 13 + 23 + 33 + · · · + 93

1 + 3 + 5 + · · · + 17
។

ដំេ₧ះŪƘយ

″ង ak �
13 + 23 + 33 + · · · + k3

1 + 3 + 5 + · · · + (2k − 1) �

[
k(k + 1)

2

]2

k2 �
(k + 1)2

4

េគģន
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · · + 13 + 23 + 33 + · · · + 93

1 + 3 + 5 + · · · + 17

�

9∑
k�1

ak �

9∑
k�1

[
(k + 1)2

4

]
�

1
4

9∑
k�1

(k + 1)2

�
1
4
(22

+ 32
+ 42

+ · · · + 102)

�
1
4

[
(12

+ 22
+ 32

+ · · · 102) − 1
]

�
1
4

[10 × 11 × 21
6

− 1
]
�

1
4 (385 − 1) � 96

ដូនេចះ
13

1
+

13 + 23

1 + 3
+

13 + 23 + 33

1 + 3 + 5
+ · · · + 13 + 23 + 33 + · · · + 93

1 + 3 + 5 + · · · + 17
� 96

លំơត់ទី ១៦២. គណĜផលបូកៃនេស៊រǪ
+∞∑
n�1

2n − 1
(
√

2)n
។

ដំេ₧ះŪƘយ

″ង Sn �

n∑
k�1

2k − 1
(
√

2)k
�

1√
2
+

3
(
√

2)2
+

5
(
√

2)3
+ · · · + 2n − 1

(
√

2)n

√
2Sn �

√
2
[

1√
2
+

3
(
√

2)2
+

5
(
√

2)3
+ · · · + 2n − 1

(
√

2)n

]
� 1 +

3√
2
+

5
(
√

2)2
+

7
(
√

2)3
+ · · · + 2n − 3

(
√

2)n−2
+

2n − 1
(
√

2)n−1

� 1 +
2 + 1√

2
+

2 + 3
(
√

2)2
+

2 + 5
(
√

2)3
+ · · · + 2 + 2n − 5

(
√

2)n−2
+

2 + 2n − 3
(
√

2)n−1

� 1 +

[
2√
2
+

2
(
√

2)2
+

2
(
√

2)3
+ · · · + 2

(
√

2)n−1

]
+

[
1√
2
+

3
(
√

2)2
+

5
(
√

2)3
+ · · · + 2n − 1

(
√

2)n

]
− 2n − 1

(
√

2)n
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� 1 + 2 ×

1√
2

(
1 − 1√

2n−1

)
1 − 1√

2

+ Sn − 2n − 1
(
√

2)n

(
√

2 − 1)Sn � 1 +
2√

2 − 1

(
1 − 1√

2n−1

)
− 2n − 1√

2n

Sn �
1√

2 − 1
+

2
(
√

2 − 1)2

(
1 − 1√

2n−1

)
− 2n − 1
(
√

2 − 1)
√

2n

�
√

2 + 1 + 2(
√

2 + 1)2
(
1 − 1√

2n−1

)
− 2n − 1
(
√

2 − 1)
√

2n

េគģន
+∞∑
n�1

2n − 1
(
√

2)n
� lim

n→+∞
Sn

� lim
n→+∞

[√
2 + 1 + 2(

√
2 + 1)2

(
1 − 1√

2n−1

)
− 2n − 1
(
√

2 − 1)
√

2n

]
�
√

2 + 1 + 2(
√

2 + 1)2 � 7 + 5
√

2

ដូចេនះ
+∞∑
n�1

2n − 1
(
√

2)n
� 7 + 5

√
2

លំơត់ទី ១៦៣. េគŌន Sn �

n∑
r�0

1
C(n , r) និង Pn �

n∑
r�0

r
C(n , r) ែដល

C(n , r) � n!
r!(n − r)! ។ គណĜ

Pn

Sn
។

ដំេ₧ះŪƘយ

េគŌន Sn �

n∑
r�0

1
C(n , r) �

1
C(n , 0) +

1
C(n , 1) +

1
C(n , 2) + · · · + 1

C(n , n)

Pn �

n∑
r�0

r
C(n , r)

�
0

C(n , 0) +
1

C(n , 1) +
2

C(n , 2) + · · · + n − 1
C(n , n − 1) +

n
C(n , n) .....(1)

Pn �
n

C(n , n) +
n − 1

C(n , n − 1) + · · · + 2
C(n , 2) +

1
C(n , 1) +

0
C(n , 0)

�
n

C(n , 0) +
n − 1

C(n , 1) +
n − 2

C(n , 2) + · · · + 1
C(n , n − 1) +

0
C(n , n) ......(2)

យក (1) + (2) េគģន
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�⇒ 2Pn � n
[

1
C(n , 0) +

1
C(n , 1) +

1
C(n , 2) + · · · + 1

C(n , n)

]
� nSn �⇒ Pn

Sn
�

n
2

ដូចេនះ
Pn

Sn
�

n
2

លំơត់ទី ១៦៤. រកតទួូេĉៃនសƃǶ តីែដលេផĀȅងĬĀ ត់ x0 � 3, x1 � 4 និង xn+1 � x2
n−1 − nxn ចំេĵះŪគប់ n ∈ N

ដំេ₧ះŪƘយ

េយǿងនឹងŪƘយ▫ xn � n + 3 ចំេĵះŪគប់ចំនួនគត់ n � 0, 1, 2, 3, ..., n

• េបǿ n � 0, 1 េគģន x0 � 3, x1 � 4 ពិត

• ឧបŌ▫ពិតដល់ n � k គឺ xk � k + 3

• ចំេĵះ n � k + 1

េគŌន xk+1 � x2
k−1 − kxk � (k + 2)2 − k(k + 3) � k2

+ 4k + 4 − k2 − 3k � (k + 1) + 3 ពិត

ដូចេនះ xn � n + 3 ចំេĵះŪគប់ចំនួនគត់ n ≥ 0

លំơត់ទី ១៦៥. េគឱŏ x1, x2, ..., xn ďសƃǶ ីតៃនចំនួនគត់ែដលេផĀȅងĬĀ ត់

(i) − 1 ≤ xi ≤ 2, ចំេĵះ i � 1, 2, ..., n

(ii) x1 + x2 + · · · + xn � 19

(iii) x2
1 + x2

2 + · · · + x2
n � 99

រកតៃមžតូចបំផុត និងធំបំផុតៃន x3
1 + x3

2 + · · · + x3
n ។

ដំេ₧ះŪƘយ

េគŌន x1, x2, ..., xn ďសƃǶ ីតៃនចំនួនគត់ េĜះ″ម (i) េគģន xi � −1 ឬ xi � 0 ឬ xi � 1 ឬ xi � 2 ចំេĵះ

i � 1, 2, ..., n

″ង a , b , c ďចំនួនតួៃនសƃǶ ីតែដលŌនតៃមžេសŊ ǿ −1, 1, 2 េរȄងýĖ េĜះ a , b , c ďចំនួនគត់មិនអវǤជąŌន

″ម (ii) និង (iii) េគģន


−a + b + 2c � 19

a + b + 4c � 99
⇐⇒


a � 40 − c

b � 59 − 3c

ែតេŢយ b ≥ 0 ⇐⇒ 59 − 3c ≥ 0 ⇐⇒ 0 ≤ c ≤ 19

េគģន x3
1 + x3

2 + · · · + x3
n � −a + b + 8c � −(40 − c) + (59 − 3c) + 8c � 19 + 6c

េŢយ 0 ≤ c ≤ 19 ⇐⇒ 19 ≤ 19 + 6c ≤ 133 ⇐⇒ 19 ≤ x3
1 + x3

2 + · · · + x3
n ≤ 133

ដូចេនះ តៃមžតូចបំផុតគឺ 19 និងធំបំផុតគឺ 133
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លំơត់ទី ១៦៦. ចំេĵះសƃǶ ីតៃនចំនួនពិត A � {a1, a2, a3, ...} ″ង ∆A ďសƃǶ ីតៃន

{a2 − a1, a3 − a2, a4 − a3, ...} ។ េបǿŪគប់តួៃនសƃǶ ីត ∆(∆A) េសŊ ǿនឹង 1 និង a19 � a92 � 0 ចូររក a1 ។

ដំេ₧ះŪƘយ

″ង d ďតៃមžៃនតួទីមួយៃនសƃǶ ីត ∆A

េគģន ∆A � {d , d + 1, d + 2, d + 3, ...} េŪĵះ ∆(∆A) � {1, 1, 1, ..., 1}

Ĝំឱŏ ∆A ďសƃǶ ីតនពƃនŉ ែដលŌនតួទី n គឺ d + n − 1

េគģន A � {a1, a1 + d , a1 + d + (d + 1), a1 + d + (d + 1) + (d + 2), ...}

េគģនទំĜក់ទំនង n ៃន A គឺ an � a1 +

n−1∑
k�1

(d + k − 1) � a1 + (d − 1)(n − 1) + 1
2

n(n − 1)

េŢយ


a19 � 0

a92 � 0
⇐⇒


a1 + 18(d − 1) + 171 � 0

a1 + 91(d − 1) + 4186 � 0
⇐⇒ a1 � 819

ដូចេនះ a1 � 819

លំơត់ទី ១៦៧. េគŌន (an)n≥1 ďសƃǶ ីតៃនចំនួនពិត ែដល a1 � 2 និង

an+1 �
an

2
+

1
an
, ∀n ∈ N ។ កំណត់តួទូេĉៃនសƃǶ ីតេនះ។

ដំេ₧ះŪƘយ

សមីŁរសŌð ល់ x �
x
2
+

1
x
�⇒ 2x2

� x2
+ 2 �⇒ x � ±

√
2

េគģន an+1 −
√

2 �
an

2
+

1
an

−
√

2 �
a2

n − 2
√

2an + 2
2an

�
(an −

√
2)2

2an
...(1)

េហǿយ an+1 +
√

2 �
an

2
+

1
an

+
√

2 �
a2

n + 2
√

2an + 2
2an

�
(an +

√
2)2

2an
...(2)

យក (1) ែចក (2) េគģន
an+1 −

√
2

an+1 +
√

2
�

(an −
√

2)2

(an +
√

2)2
�

(
an −

√
2

an +
√

2

)2

″ង bn �
an −

√
2

an +
√

2
េគģន bn+1 � b2

n

�⇒ bn � (bn−1)2 � (bn−2)2
2
� (bn−3)2

3
� · · · � (b1)2

n−1

េគģន
an −

√
2

an +
√

2
�

(
a1 −

√
2

a1 +
√

2

)2n−1

�

(
2 −

√
2

2 +
√

2

)2n−1

�

(
(2 −

√
2)2

2

)2n−1

� (
√

2 − 1)2n

�⇒ an −
√

2 � (
√

2 − 1)2n (an +
√

2) � (
√

2 − 1)2n
an +

√
2(
√

2 − 1)2n

�⇒ an

[
(
√

2 − 1)2n − 1
]
� −

√
2 −

√
2(
√

2 − 1)2n
� −

√
2
[
1 + (

√
2 − 1)2n

]
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�⇒ an �
−
√

2
[
1 + (

√
2 − 1)2n ]

(
√

2 − 1)2n − 1
�

√
2
[
1 + (

√
2 − 1)2n ]

1 − (
√

2 − 1)2n

ដូចេនះ an �

√
2
[
1 + (

√
2 − 1)2n ]

1 − (
√

2 − 1)2n

លំơត់ទី ១៦៨. ABC ďŪតីេŁណមួយែដលŌន

sin(2A + B) � sin(C − A) � − sin(B + 2C) � 1
2

េបǿ A, B និង C ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ ចូររកតៃមžៃនមុំ A, B និង C ។

ដំេ₧ះŪƘយ

េគŌន A, B, C ďមុំកĖǶងŪតីេŁណ ABC ⇐⇒ A + B + C � 180◦

ែតេŢយ A, B និង C ďបីចំនួនតýĖ ៃនសƃǶ ីតនពƃនŉ ⇐⇒ A + C � 2B

េគģន A + B + C � 180◦ ⇐⇒ 2B + B � 180◦ ⇐⇒ B � 60◦

េគŌន sin(2A + B) � sin(C − A) � − sin(B + 2C) � 1
2

ចំេĵះ B � 60◦ េគģន sin(2A + 60◦) � sin(C − A) � − sin(60◦ + 2C) � 1
2 ....(1)

″ម (1) េគģន sin(2A + 60◦) � 1
2
�⇒ 2A + 60◦ � 30◦ or 150◦

ែតេŢយ 0 < A < 180◦ េគģន A � 45◦

″ម (1) េគģន − sin(60◦ + 2C) � 1
2
�⇒ sin(60◦ + 2C) � −1

2
�⇒ 60◦ + 2C � 210◦ or 330◦ �⇒ C � 75◦ or 135◦

″ម (1) េគŌន sin(C − A) � 1
2

• ចំេĵះ A � 45◦ និង C � 75◦ េគģន sin(C − A) � 1
2
⇐⇒ sin 30◦ � 1

2
ពិត

• ចំេĵះ A � 45◦ និង C � 135◦ េគģន sin(C − A) � 1
2
⇐⇒ sin 90◦ � 1

2
មិនពិត

ដូចេនះ A � 45◦, B � 60◦, C � 75◦

លំơត់ទី ១៦៩. បİƟ ញ▫
n−1∑
k�1

(n − k) cos 2kπ
n

� −n
2

ចំេĵះŪគប់ចំនួនគត់ n ≥ 3 ។

ដំេ₧ះŪƘយ

″ង S �

n−1∑
k�1

(n − k) cos 2kπ
n

� (n − 1) cos 2π
n

+ (n − 2) cos 4π
n

+ (n − 3) cos 6π
n

+ · · · + cos
2(n − 1)π

n ...(1)
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េគដឹង▫ cos θ � cos(2π − θ េĜះ″ម (1) េគģន

S � (n − 1) cos
(
2π − 2π

n

)
+ (n − 2) cos

(
2π − 4π

n

)
+ · · · + cos

(
2π − 2(n − 1)π

n

)
� (n − 1) cos

2(n − 1)π
n

+ · · · + 3 cos 6π
n

+ 2 cos 4π
n

+ cos 2π
n

� cos 2π
n

+ 2 cos 4π
n

+ 3 cos 6π
n

+ · · · + (n − 1) cos
2(n − 1)π

n ...(2)

យក (1) + (2) េគģន

2S � n cos 2π
n

+ n cos 4π
n

+ n cos 6π
n

+ · · · + n cos
2(n − 1)π

n

� n
[
cos 2π

n
+ cos 4π

n
+ cos 6π

n
+ · · · + cos

2(n − 1)π
n

]
...(3)

គណĜ P � cos 2π
n

+ cos 4π
n

+ cos 6π
n

+ · · · + cos
2(n − 1)π

n ...(4)

គុណអងðĈំងពីរៃន (4) នឹង sin π
n

េគģន

sin π
n
× P � sin π

n
cos 2π

n
+ sin π

n
cos 4π

n
+ sin π

n
cos 6π

n
+ · · · + sin π

n
cos

2(n − 1)π
n

″មរូបមនŉ sin α cos β � 1
2

[
sin(α + β) + sin(α − β)

]
េគģន sin π

n
cos 2π

n
�

1
2

[
sin 3π

n
+ sin

(
−π

n

)]
�

1
2

(
sin 3π

n
− sin π

n

)
sin π

n
cos 4π

n
�

1
2

[
sin 5π

n
+ sin

(
−3π

n

)]
�

1
2

(
sin 5π

n
− sin 3π

n

)
sin π

n
cos 6π

n
�

1
2

[
sin 7π

n
+ sin

(
−5π

n

)]
�

1
2

(
sin 7π

n
− sin 5π

n

)
.............................................................................................

.............................................................................................

sin π
n

cos
2(n − 1)π

n
�

1
2

(
sin

(2n − 1)π
n

− sin
(2n − 3)π

n

)
Ĝំឱŏ sin π

n
× P �

1
2

(
sin

(2n − 1)π
n

− sin π
n

)
�

1
2

[
sin

(
2π − π

n

)
− sin π

n

]
�

1
2

[
sin

(
−π

n

)
− sin π

n

]
� − sin π

n
េគģន P � −1

2
េĜះ ″ម (3) េគģន 2S � n × P � −n ⇐⇒ S � −n

2

ដូចេនះ
n−1∑
k�1

(n − k) cos 2kπ
n

� −n
2
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