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អារម្ភកថា 
ស ៀវសៅ វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ គឺជាវណ្ណ

កមមទី១នន “Mathematical Intelligence Series” ររូវបាន
សរៀបចំស ើងកនុងសោលបំនង ជួយពរងឹង មរថភាព បអូនៗ ដែល
កំពុង ិកា សមករមិរវទិាល័យ។ ជាពិស  បអូនៗ ដែលមាន
បំណ្ងរបលងអាហារបូករណ៍្សៅ ិកាសមបរសទ ។ 

ស ៀវសៅសនេះររូវបានដចកជាពីរដផនកដែល ដផនកទី១ សរៀបចំ
ស ើងជាភាសាដ្មរ និងដផនកទី២ ជាភាសាអង់សគល ។ សោយសារ 
ការរបលងអាហារបូករណ៍្សៅ ិកាសមបរសទ  ជាពិស  
របសទ សជឿនសលឿន ែូចជា ជប ុន  ឹងហបូរ ីររូវបានជរមរេះ ជាសរចើន
ែំណាក់កាល គឺ ជរមរេះជាភាសាដ្មរ រចួសទើបជរមរេះជាភាសាអង់  
សគល  សទើបស ៀវសៅសនេះររូវបានបញ្ចូ លលំហារ់ ជាភាសា
អង់សគល  កនុងសោលបំណ្ង រមួលែល់បអូនៗ សមតាមបណាា ស្រា
ដែលពិបាករកឯកសារជាភាសាអង់សគល  ។ លំហារ់មួយចំនួនធំ
សមកនុងស ៀវសៅសនេះ  ុទធ ឹងដរជាលំហារ់ដែលែកស្ ង់ពី
វញិ្ញា សាធ្លល ប់របលងសមបរសទ ។ 

 ស េះបីជាស ៀវសៅសនេះររូវបានពិនិរយជាសរចើនសារក៏សោយ 
ក៏មិនអាចសជៀ វាងនូវកំហុ ឆគងសោយអសចរនាបានស ើយ។ 
សយើង្្ុំនឹងរងចំទទួលនូវមរិរេិះគន់ សាថ បនាសោយកាីរកីរាយ សែើមបី
សអាយស ៀវសៅសនេះកាន់ដរមានភាព ុរកិរ។ 
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វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 1 

 

វិញ្ញា សាទ្យី១ 

១. គេគោយ ,x y ជាចំនួនពិតដែលគ្ទៀងផ្ទទ ត់លក្ខខណ្ឌ ៖ 
   

2 2 25 12 14x y     ។ ចូរគណនាតំលលអបបបរមាលន 
2 2x y ។ 

២. រគរោយអនុគមន៍  f x  ំនត់រលើ រ ើយរផទៀងផ្ទទ ត់
 1 1f  ។ចំរ ោះរគប់តំលល ;x    5 5f x f x   និង
   1 1f x f x    ។ របើ     1g x f x x   ។ គណនា 
 2011g ។ 

៣. តាង    4 4log 2 log 2 1x y x y    ។ គណនាតំលលអបប
បរមាលន x y ។ 

៤. គណនាោំងរតរាល៖  

 . 
2 2 3

dx
I

x x


                 ខ. 
2 6 10

dx
J

x x


   

គ. 
22 8 2

dx
K

x x


   ។ 

 

៥.  ំនត់តំលល 0a  រដើមបីរោយវសិមភាព  រផទៀងផ្ទទ ត់ចំ រ ោះ
រគប់តំលល x  

2 2sin cos 1 cosx a x a x                     
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វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 2 

 

៦. រគមានរតីរាណ ABC  ។     បង្ហា ញថា    
 22A B a b b c     

សម្រាយបញ្ញា ក់ 
១. តាង 5 14 cosx     និង 12 14 siny    ចំរ ោះ

 0,2   

គេបាន    
2 22 2 14 cos 5 14 sin 12x y          

2 2196 cos 140 cos 25 196 sin 336 sin 144              

   2 2196 cos sin 28 12 sin 5 cos 169          

 365 28 12 sin 5 cos       

12 5
365 28 13 sin cos

13 13
 

 
       

 

រោយ 
2 2

12 5
1

13 13

   
       

តាង 12
cos ;

13
 

5
sin

13
   

 2 2 365 364 sin cos sin cosx y          

                        365 364 sin       

រោយ  1 sin 1        
នំារោយ 2 2 365 364 1 1x y      

រយើងបាន 2 2x y  មានតំលលអបបបរមារសមើ 1រពលដដល 

 
3 3 5

sin 1 arctan
2 2 12

 
              

ដូចរនោះ    2 2x y  មានតំលលអបបបរមារសមើ  1  
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ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 3 

 

២. គយើងមាន      5 5 4 1f x f x f x        

       3 2 2 3 1 4 5f x f x f x f x           

នំគោយ វសិមភាព    5 5f x f x     និង 
   1 1f x f x   ាល យជាសមភាពចំរ ោះរគប់តំលល x  

រយើងបាន    1 1f x f x    

រោយ  1 1,f      2 1 1 1 1 2,f f      

   3 2 1 2 1 3,...,f f      

   2011 2010 1 2010 1 2011f f      

នំារោយ 
   2011 2011 1 2011 2011 1 2011 1g f        

ដូចរនោះ            2011 1g   

 

៣. រយើងមាន    4 4log 2 log 2 1x y x y     
  4log 2 2 1x y x y        

                         2 0x y                           
   នំារោយ         2 0x y                   
                          2 2 4x y x y               
   រយើងបាន 

                  2 0x y   

                  2 24 4x y   
តាមរយៈភាពសីុរមរទីលនតំលល y រធៀបនឹងសូនយ (មានន័យថា y  
ោចជាចំនួនវជិជមាន ឬ អវជិជមានដដលមាន0ជាចំនុចឆលុោះ) រនាោះ 
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ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 4 

 

រយើងសិ ាដត នុង រណី 0y  គឺរគប់រាន់រ ើយ។  
មយ៉ាងរទៀត 0x   
នំារោយ x y x y    ជាចំនួនពិតវជិជមាន 

យ  u x y  x u y    ជំនួស នុង 2 24 4x y   

    
2 24 4u y y   

 

   2 2 22 4 4u uy y y       
   2 23 2 4 0y uy u          y   ជាអរថរពិត    

2 2 212 3 4 12 0u u u               
នំារោយ 3u   ឬ 3u       ដត u  វជិជមាន 

នំារោយ   3u   

សញ្ញា រសមើរ ើតមានរពលដដល 4 3 3
;

3 3
x y   

ដូចរនោះ   តំលលតូចបំផុតលន x y  គឺ 3  

 

៤. គណនាោំងរតរាលខាងររាម៖ 

 .  
  2 2 3 1 3

dx dx

x x x x


      

យ  
     

1 3

1 3 1 3 1 3

A B Ax A Bx B

x x x x x x

  
  

     
 

                                
  

3

1 3

A B x A B

x x

  


 
 

រដើមបីរោយសមភាពរផទៀងផ្ទទ ត់ចំរ ោះរគប់តំលល x  
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ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 5 

 

លុោះរតាដត    0A B   និង 3 1A B   

នំារោយ 1

4
A    និង 1

4
B    

2

1 1
1 14 4

2 3 1 3 4 1 4 3

dx dx dx
dx

x x x x x x

 
     

       
   

                    

1 1
ln 1 ln 3

4 4
x x C           Cជាចំនួនពិតរថរ   

ដូចរនោះ   
2

1 1
ln 1 ln 3 ,

2 3 4 4

dx
x x C

x x
    

   C   
 

ខ.  
   

22 26 10 6 9 1 3 1

dx dx dx

x x x x x
 

      
    

តាង  3u x du dx     

2 2 2
arctan

6 10 1

dx du
u C

x x u
   

       
                            arctan 3x C       Cជាចំនួនពិតរថរ   
ដូចរនោះ  2

arctan 3
6 10

dx
x C

x x
  

    
 

គ. 
   

2 22 2

1

2 8 2 22 4 1 2 3

dx dx dx

x x x x x
 

     
    

តាង 2u x du dx     

22 2

1 1 3
ln

2 8 2 2 4 3 33

dx du u
C

x x uu


   

  
   

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 6 

 

           1 2 3
ln

4 3 2 3

x
C

x

 
 

 
    Cជាចំនួនពិតរថរ 

ដូចរនោះ 2

1 2 3
ln

2 8 2 4 3 2 3

dx x
C

x x x

 
 

   
 ដដលC  

 

៥.  ំនត់តំលលអវជិជមាន a  

រយើងមាន 2 2sin cos 1 cosx a x a x     

 រណី  0x    2 2a a    

                       2 2 0a a     

                  1 2 0a a     

                          , 2 1,a       

រោយ 0a      , 2a     

ចំរ ោះ   , 2a          រយើងបាន 
2 2 2 2cos 2 cos cos 1 cos sina a x a a x x x x          

2 2sin cos 1 cosx a x a x       ចំរ ោះរគប់តំលល x  

ដូចរនោះ       , 2a    

 

៦. បង្ហា ញថា  22A B a b b c     

   រណីទី១. បង្ហា ញថា  22A B a b b c     

រយើងមាន 2A B  និង A B C     

3C B      sin sin 3 sin3C B B     

តាមរទឹសតីបទសីុនុស រយើងបាន 
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sin sin sin sin sin

a b c b c

A B C B C


  


 

  
sin sin sin sin3

a b b c

A B B B


  


 

   
 

2

2sin sin sin sin3

b b ca

A B B B


 


           

រោយ    sin sin sin3 sin 2sin2 cosB B B B B B   

                                           2sin cos sin2B B B  

                                              2sin2 sin2 sin 2B B B   

តាម    រយើងបាន  2

2 2sin 2 sin 2

b b ca

B B


  

នំារោយ  2a b b c            ពិត 

   រណីទី២. បង្ហា ញថា  2 2a b b c A B     

តាមរទឹសតីបទសីុនុស   
sin sin sin

a b c

A B C
   

2 2 2

2 2 2sin sin sin sin sin sin sin

a b bc b bc

A B B C B B C


   


 

 2

2 2sin sin sin sin

b b ca

A B B C


 


 

រោយ  2a b b c    
រយើងបាន  2 2sin sin sin sinA B B C   

 2 2sin sin sin sinA B B A B     

    sin sin sin sin sin sinA B A B B A B      
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4sin cos sin cos
2 2 2 2

A B A B A B A B   
  

                               2sin sin cos
2 2

A B A B
B

 
  

2cos sin sin
2 2

A B A B
B

 
   

 sin sinA B B            រោយ A B    

រយើងបាន  A B B   ឬ A B B    

នំារោយ      2A B      យ  

                   A        មិនយ    ររ ោះ A   

នំារោយ  2A B   

ដូចរនោះ    22A B a b b c     
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វិញ្ញា សាទ្យី២ 
១. គណនាោំងរតរាលខាងររាម៖ 

 .  
2

2 3

3 4

x dx

x x



              ខ. 
2 4 3

dx

x x 
  

២. រគរោយព ុធាដឺររ ទី2    2f x ax bx c    ដដល 

 , , ; 0a b c a  រផទៀងផ្ទទ ត់ល ខខណឌ ខាងររាម៖ 

     .i  ចំរ ោះ ,x     4 2f x f x    និង  f x x   

     .ii ចំរ ោះ  0,2 ;x    
2

1

2

x
f x

 
   

 

   .iii  តំលលតូចបំផុតលន f  រលើ  រសមើ 0  

 ំនត់តំលលធំបំផុតលន m ដដល  1m   រដើមបីរោយ ;t   

 f x t x   ចំរ ោះ  1,x m  

៣.  ំនត់ចំនួនគត់ធមមជាតិ n  រដើមបីរោយ 20 2n  ដច ោច់ 

2003 2002n  

៤. រ រគប់ចំនួនពិត k  ដដលនំារោយវសិមភាព 

 3 3 3 3 1a b c d k a b c d          ពិតចំរ ោះរគប់តំលល 

 , , , 1,a b c d     

៥. រគរោយ  na  ជាសវុីតចំនួនពិត ដដល 1 2a   និង 
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2

1 1n n na a a     ចំរ ោះ n   ។  
បង្ហា ញថា    

1 2 3 2011

1 1 1 1
1

a a a a
       

៦. រ បណ្តត ចំនួនគត់ធមមជាតិ n  រដើមបីរោយ 

4 3 24 22 36 18n n n n     ជាារររបា ដ ។ 

សម្រាយបញ្ញា ក់ 
១. គណនាោំងរតរាល៖ 

 .    2

2

2 2

3 42 3
ln 3 4

3 4 3 4

x xx dx
dx x x C

x x x x


 

    
      

ដដល C  ជាចំនួនពិតរថរ 

ដូចរនោះ   2

2

2 3
ln 3 4

3 4

x
dx x x C

x x


   

   

 ខ. 
 

2 24 3 2 1

dx dx

x x x


   
 

 

តាង  2u x 

         
du dx   

នំារោយ 2

2 2
ln 1

4 3 1

dx du
u u C

x x u
    

  
   

         2ln 2 4 3x x x C      ដដល C  ជាចំនួនពិតរថរ 

ដូចរនោះ   
2 4 3

dx

x x 


2ln 2 4 3x x x C       
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២.  ំនត់តំលលអតិបរមាលន m  

រោយ    4 2f x f x    ចំរ ោះរគប់តំលល x  

រយើងបាន បនាទ ត់ 1x    ជាអ័ សឆលុោះលនអនុគមន៍ f  

តាម  iii  រនាោះ f ដបរភាពផតរ ើងរលើ  0a   

នំារោយ    
2

1f x a x   ដដល 0a              

តាម   i       1 1f   

         ii      
2

1 1
1 1

2
f

 
    

 

រយើងបាន   1 1f   

តាម     
2 1

1 1 1
4

a a      

នំារោយ        
21

1
4

f x x   

រោយរាបលនអនុគមន៍    
21

1
4

f x x  ដបរភាពផតរ ើងរលើ

និង រាបលន  y f x t   បានម រោយារបំដលងរាបលន 

 f x  ចំនួន t ឯ តា។ របសិនរបើរយើងចង់បានរាបលនអនុគមន៍ 

 f x t សថិតរៅខាងររាមបនាទ ត់ពុោះទីមួយ y x  ចំរ ោះតំលល 

 1,x m រ ើយ m  អតិបរមា  លុោះរតាដត 1 និង m  ជាឬសពីរ
លនសមីារអញ្ាតិ x  

           
21

1
4

x t x             

ជំនួស 1x   ចូល នុងសមីារ  រយើងបាន 0t  ឬ 4t    
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   រណី 0t   រនាោះ   មានឬស 1 2 1x x   មិនយ 1m   

   រណី 4t    រនាោះ    មានឬស 1 1x   ឬ 2 9x   

នំារោយ  9m   

មយ៉ាងរទៀត រពល 4t    ចំរ ោះ  1,9x  

       1 9 0x x     

     2 10 9 0x x     

     2 9 9x x x     

    
21

1 4
4

x x     

      4f x x              ពិត 

ដូចរនោះ         តំលលអតិបរមាលនm  គឺ 9m    
 

៣.  ំនត់ចំនួនគត់ធមមជាតិ n  

ឧបមាថា     20 2n    ដច ោច់ 2003 2002n  

រយើងបាន n  រតូវដតជាចំនួនគូ ររ ោះ 20 2n  ជាចំនួនគូចំរ ោះ
រគប់តំលល n ។ ប៉ាុដនត2003 2002n  គូដត នុង រណី n  ជា
ចំនួនគត់គូដតប៉ាុរណ្តណ ោះ។ 

តាង 2n m  ចំរ ោះ m   

រគបាន  20 2 2m    ដច ោច់ 2003 2 2002m   

        40 2m    ដច ោច់ 4006 2002m  

        20 1m     ដច ោច់ 2003 1001m  

រោយ  2003 1001 100 20 1 3 901m m m      
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នំារោយ 20 1m   ដច ោច់ 3 901m  

រយើងបាន  3 901

20 1

m
k

m


 


 

 រណី 1k    3 901 20 1m m       900

17
m    

 រណី 2k   3 901 40 2m m       899

37
m    

 រណី 3k   3 901 60 3m m        898

57
m    

 រណី 4k   3 901 80 4m m        897

77
m    

នំារោយ 5k    3 901
5

20 1

m

m


 


 

                                 3 901 100 5m m     
                          97 896m   

                 896
10

97
m    

រយើងបាន  1,2,3,4,5,6,7,8,9m 
 

 រណី 1m   2n   42 ដច ោច់6008 មិនពិត 

 រណី 2m   4n   82  ដច ោច់10014 មិនពិត 

 រណី 3m   6n   122  ដច ោច់ 14020 មិនពិត 

 រណី 4m   8n   162  ដច ោច់ 18026 មិនពិត 

 រណី 5m   10n   202  ដច ោច់ 22032 មិនពិត 

 រណី 6m   12n   242  ដច ោច់ 26038មិនពិត 

 រណី 7m   14n    282 ដច ោច់   30044  មិនពិត 
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 រណី 8m   16n   322 ដច ោច់ 34050 មិនពិត 

 រណី 9m   18n   362 ដច ោច់ 38056 មិនពិត 

ដូចរនោះ  ាម នចំនួនគត់ធមមជាតិ n  រទ 

 

៤. រ រគប់ចំនួនពិត k  

រយើងមាន   3 3 3 3 1a b c d k a b c d       
 

 រណី 1a b c d       3 4k    3

4
k   

 រណី 1

2
a b c d   

1
4 1 2

8
k   

3

4
k   

រយើងបាន  3

4
k   

រយើងនឹងបង្ហា ញថា  3 3 3 3 3
1

4
a b c d a b c d       

រផទៀងផ្ទទ ត់ចំរ ោះរគប់តំលល  , , , 1,a b c d     
រយើងរតូវបង្ហា ញថា 34 1 3x x   ចំរ ោះរគប់តំលល  1,x    

ឧបមាថា 34 1 3x x   34 3 1 0x x     

3 2 24 4 4 4 1 0x x x x x        

  21 4 4 1 0x x x      

  
2

1 2 1 0x x     ពិត ចំរ ោះរគប់តំលល  1,x    

នំារោយ   ចំរ ោះរគប់តំលល  , , , 1,a b c d   
 

រយើងបាន 34 1 3 ,a a   34 1 3 ,b b   34 1 3c c   និង 

34 1 3d d   
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រោយរធវើរបមាណវធីិបូ អងគនឹងអងគលនវសិមភាពទំងបួន 

រយើងបាន    3 3 3 34 1 3a b c d a b c d         

 3 3 3 3 3
1

4
a b c d a b c d           ពិត 

ដូចរនោះ     3

4
k   

 

៥. បង្ហា ញថា 
1 2 3 2011

1 1 1 1
1

a a a a
       

រយើងមាន  2

1 1n n na a a      1 1 1n n na a a     

 1

1 1 1 1

1 1 1n n n n na a a a a

   
  

 

របើ 1n     
2 1 1

1 1 1

1 1a a a
  

 
         1  

របើ 2n    
3 2 2

1 1 1

1 1a a a
  

 
         2  

……………………………………………………………………………………. 
……………………………………………………………………………………. 

របើ 2011n   
2012 2011 2011

1 1 1

1 1a a a
  

 
   2011  

យ        1 2 2011     រយើងបាន 

1 2 3 2011 1 2012 2012

1 1 1 1 1 1 1
1

1 1 1a a a a a a a
        

  
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រោយ  
22

1 2 1 1 0n n n n na a a a a         រនាោះ  na ជា
សវុីតម៉ាូណូតូនរ ើន រ ើយ 1 2a     នំារោយ 2012 1a 

 
ដូចរនោះ      

1 2 3 2011

1 1 1 1
1

a a a a
       

 

៦.  ំនត់ចំនួនគត់ធមមជាតិn  

រយើងមាន   4 3 24 22 36 18A n n n n      

   
2

4 3 2 2 2 24 4 18 36 18 2 18 2 18n n n n n n n n n          

 
2

2 2 9 63n n     
 

តាង 2 2 ;x n n    2A y  ដដល yជាចំនួនគត់មិនអវជិជមាន 

រយើងបាន  
2 29 63x y    

  9 9 63 1 63 3 21 7 9x y x y             

           9 , 9 1,63 , 3,21 , 7,9x y x y       

   រណីទី១.        9 1x y    

                            9 63x y    
រយើងបាន 23x   និង 31y   

របើ 23x   នំារោយ 2 2 23n n  2 2 23 0n n     

1 23 24      1 24n    មិនយ  ររ ោះnជាចំនួន
គត់ធមមជាតិ 

   រណីទី២.        9 3x y    

                           9 21x y     
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នំារោយ 3x  និង 9y   

របើ  3x     2 2 3 0n n     

រយើងបាន           1n     មិនយ  

                         3n      យ  

   រណីទី៣.        9 7x y    

                            9 9x y    

នំារោយ 1x     និង 1y   

របើ  1x     2 2 1 0n n      1n   

ដូចរនោះ    1n   ឬ  3n   
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វិញ្ញា សាទ្យី៣ 
១.  ំនត់ចំនួនគត់ធមមជាតិ n  ដដលបណ្តត លរោយ Aជាាររ
របា ដ។ 4 3 26 11 3 31A n n n n      

 

២. រគរោយ ,x y  ជាចំនួនពិតវជិជមានរផទៀងផ្ទទ ត់ 3 3x y x y  

។ បង្ហា ញថា 2 24 1x y   

 

៣. ចំរ ោះ , ,u v w ជាចំនួនពិតវជិជមានរផទៀងផ្ទទ ត់ល ខខណឌ ៖ 

1u vw v wu w uv    ។  ំនត់តំលលអបបបរមាលនចំនួន
ពិតរថរ   រដើមបីរោយ    u v w    ។ 

៤. គណនាោំងរតរាលខាងររាម៖ 

      .  
2

2

4 8 7

6 10

x x
I dx

x x

 


   

   ខ.  
3 2

2

2 5 6 2

1

x x x
J dx

x x

  


   

៥. រគរោយ , ,a b cជាចំនួនពិតវជិជមាន។  ំនត់តំលលអបបបរមាលន 

3 4 8

2 2 3

a c b c
A

a b c a b c a b c


  

     
។ 

៦. រគរោយ :f  ជាអនុគមន៍ដដល  0 1f  ។ ចំរ ោះ
រគប់តំលល , ;x y        1 2f xy f x f y f y x       
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 ំនត់អនុគមន៍  f x  

សម្រាយបញ្ញា ក់ 
១.  ំនត់ចំនួនគត់ធមមជាតិ n  

ឧបមាថា 4 3 26 11 3 31A n n n n      ជាារររបា ដ 

   
2

2 3 1 3 10A n n n       ជាារររបា ដ 

 របើ 10n   
2

2 3 1A n n     
2

2 3A n n    

     
2 2

2 23 1 3 10 3n n n n n        

   
2 2

2 23 1 3 3 30n n n n n        

  2 2 2 23 1 3 3 1 3 3 30n n n n n n n n n            

22 6 1 3 30n n n      
22 3 31 0n n         មិនពិតររ ោះ nជាចំនួនគត់ធមមជាតិ 

  របើ 10n    
2

2 210 3 10 1 131A       ជាារររបា ដ 

  របើ 10n    
2

2 3 1A n n     និង 2 3 0n n   

 
2

2 3 2A n n     

     
2 2

2 23 1 3 10 3 2n n n n n         

22 9 27 0n n     

   3 33 3 3 33 3
3

4 4
n

  
     

 0,1,2n   រ ើយចំរ ោះ n  ទំងអស់រនោះ រយើងបានតំលល 
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 31,52,145A  ដដលមិនដមនជាារររបា ដរទ 

ដូចរនោះ    10n   

 

២. បង្ហា ញថា 2 24 1x y   

តាមសមមតិ មម ,x y     រយើងបាន 3 3 0x y   

រោយ 3 3x y x y    រនាោះរដើមបីបង្ហា ញថា 2 24 1x y   
រយើងរាន់ដតបង្ហា ញថា      3 3 2 24x y x y x y     

3 3 3 2 2 34 4x y x xy x y y       

3 2 25 4y x y xy    ពិត ររ ោះតាមវសិមភាព  ូសីុ រយើងបាន 

3 2 3 2 2 25 2 5 2 5 4y x y y x y xy xy     

ដូចរនោះ    2 24 1x y   

 

៣.  ំនត់តំលលអបបបរមាលនចំនួនរថរ   

ររបៀបទី១.   តាមវសិមភាព  ូសីុ ចំរ ោះ , ,u v w   

រយើងបាន ;
2

u v
uv


  ;

2

v w
vw


   

2

u w
uw


  

1
2 2 2

v w u w u v
u v w u vw v wu w uv

  
           

1
2 2 2 2 2 2

uv uw uv vw uw vw
        

1uv vw uw     

មយ៉ាងរទៀត      
2 2 2

0u v v w u w       

   2 2 22 2 0u v w uv vw uw        

2 2 2 1u v w uv vw uw        
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រោយ      
2 2 2 2 2u v w u v w uv vw uw         

 
2

1 2 1 3u v w        

3u v w     

ដូចរនោះ       3   

 

ររបៀបទី២. 

រយើងមាន  
 

4 3

3
9 3

u v w u v w
u v w

    
     

 

តាមវសិមភាព  ូសីុ រយើងបាន 

3

3

u v w
uvw

 
    

3

3

u v w
uvw

  
   

 

 
 

4

3
9

u v w
uvw u v w

 
     

 
  

4

9

u v w
uvw uvw uvw u v w

 
       

តាមវសិមភាព  ូសីុ ស្វវ ត រយើងបាន 

    
2

uvw uvw uvw u v w uvwu uvwv uvww        

                               
2

u vw v uw w uv      

                                             1  

នំារោយ   
4

1
9

u v w 
    

4
9u v w     
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3u v w     

ដូចរនោះ      3   

 

ររបៀបទី៣. 
តាង  ;x uv    ;y vw    z uw  

រយើងបាន  xy yz zx uvvw vwwu wuuv      

                                     v uw w uv u vw    

                                     1u vw v uw w uv      
នំារោយ 1xy yz zx    

និង  ;
xz

u
y

     ;
xy

v
z

    yz
w

x
  

 2
xz xy xy yz yz xz

u v w
y z z x x y

    
                

 

                2 2 2
xz xy xy yz yz xz

y z z x x y
       

   2 2u v w x y z       

u v w x y z                                                    

មយ៉ាងរទៀត      
2 2 2

0x y y z z x       

   2 2 22 2 0x y z xy yz zx        

2 2 2 1x y z xy yz zx        

រោយ      
2 2 2 2 2x y z x y z xy yz zx         

 
2

1 2 1 3x y z        
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3x y z     

តាម     រយើងបាន 3u v w    

ដូចរនោះ     3   

 

៤. គណនាោំងរតរាល៖ 

 . 
2 2

2 2

4 8 7 4 24 40 16 33

6 10 6 10

x x x x x
I dx dx

x x x x

     
 

      

 2

2 2

4 6 10 16 33 16 33
4

6 10 6 10

x x x x
dx dx dx

x x x x

    
  

       

2

16 33
4

6 10

x
x dx

x x


 

   

រោយ   
2 2

8 2 6 1516 33

6 10 6 10

xx
dx dx

x x x x

 


    

 2

2 2

6 10 1
8 15

6 10 6 10

x x
dx dx

x x x x


 

 
      

 
2

2

1
8ln 6 10 15

3 1
x x dx

x
   

 
  

 28ln 6 10 15arctan 3x x x C         ដដល C  

ដូរចនោះ       24 8ln 6 10 15arctan 3I x x x x C        

 

ខ. 
3 2

2

2 5 6 2

1

x x x
J dx

x x

  


   
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3 2 2

2

2 2 2 3 3 3 5 1

1

x x x x x x
dx

x x

      


   

   2 2

2

2 1 3 1 5 1

1

x x x x x x
dx

x x

      


   

  2

2 2

5 1 5 1
2 3 3

1 1

x x
xdx dx dx x x dx

x x x x

 
      

      

រោយ    
 

2 2

5 5
2 1 1

5 1 2 2
1 1

x
x

dx dx
x x x x

  



    

 

 2

2 2

15 3 1

2 1 2 1

x x
dx dx

x x x x


 

 
      

2

2

5 3
ln 1

2 2 1 5

2 4

dx
x x

x

   
 

   


 

2

1 5
5 3 1 2 2ln 1 ln
2 2 5 1 5

2
4 2 2

x
x x C

x

 
     

 

ដដល C
 

ដូរចនោះ   

2 25 3 2 1 5
3 ln 1 ln

2 2 5 2 1 5

x
J x x x x C

x

 
      

 
 

 

៥.  ំនត់តំលលអបបបរមាលន A  

តាង 2 ;x a b c    2y a b c    និង 3z a b c    
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រយើងបាន     z y c    និង    x y b c    
 x y b z y        
2b x z y     និង  3 2a c y x    

នំារោយ 3 4 8

2 2 3

a c b c
A

a b c a b c a b c


  

     
 

               4 2 82 x z y z yy x

x y z

  
  

  

                    
2 1 4 4 8 8 8

y x z y

x y y z
            

            17 2 4 4 8
y x z y

x y y z
           

តាមវសិមភាព  ូសីុ 

2 4 2 2 4 2 8 4 2
y x y x

x y x y
           

4 8 2 4 8 2 32 8 2
z y z y

y z y z
           

នំារោយ  17 4 2 8 2 17 12 2A        

សញ្ញា រសមើរ ើតមានរៅរពលដដល 2 4y x

x y
 និង 4 8z y

y z
  

ឬ 2 2 24 2x y z   

រយើងបាន របព័នធសមីារ 
             2 2 2a b c a b c        
             3 2 2a b c a b c      
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រោយរោោះស្រស្វយសមីារអញ្ាតតិ b និង c  រ ើយយ a  ជាបា៉ារ៉ា
ដម៉ារត       
នំារោយ  1 2b a   និង  4 3 2c a   

ដូរចនោះ    តំលលអបបបរមាលន A  គឺ  min 17 12 2A     

 

៦.  ំនត់អនុគមន៍  f x  

រយើងមាន        1 2f xy f x f y f y x       ចំរ ោះ
រគប់តំលល ,x y  

រយើងបាន         1 2f yx f y f x f x y       

រោយ    1 1f xy f yx    

           2 2f x f y f y x f y f x f x y         

   f x y f y x     

ជំនួស 0x      0 0f y f y       រោយ  0 1f   

រយើងបាន   1f y y   

ដូរចនោះ        1f x x   ចំរ ោះរគប់តំលល x  
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វិញ្ញា សាទ្យី៤ 

១. ចំរ ោះតំលលn   បង្ហា ញថា 2 4 2 21 nx x x       
ដច ោច់នឹង 2 11 nx x x       ។ 

២. គណនា x   រដើមបីរោយ    
2

1 1
x

xxx x x


    ។ 

៣. រគរោយ 1 2 3 4 5, , , ,x x x x x  ជាចំនួនពិតមិនអវជិជមាន រ ើយ

រផទៀងផ្ទទ ត់ 
1 2 3 4 5

1 1 1 1 1
1

1 1 1 1 1x x x x x
    

    
 ។ 

បង្ហា ញថា 1 2 3 4 5

2 2 2 2 2

1 2 3 4 5

1
4 4 4 4 4

x x x x x

x x x x x
    

    
 

៤. បង្ហា ញថា tan 2tan2 4tan4 8cot8 cotx x x x x     

ចំរ ោះរគប់តំលល x  ។ 

៥.  ំនត់រគប់អនុគមន៍ :f   ដដលរផទៀងផ្ទទ ត់ល ខខណឌ ៖ 

       3 2 3f x y f y z f z x f x y z         ចំរ ោះ 

រគប់តំលល , ,x y z  ។ 

៦. ឧបមាថា a b  និង a b  ជាចំនួនបឋមរវងាន ។  
រ តួដច រមួធំបំផុតលន      2 22 1 2a a a b     និង 

  2 2 2 22 2a a a b a b   ។ 
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សម្រាយបញ្ញា ក់ 
១. រយើងមាន    2 2 4 2 2 21 1 1n nx x x x x         

      2 4 2 21 1 1 1 1n n nx x x x x x x            

រោយ   1 21 1 1n n nx x x x x          

                2 11 21 1 1 1
n nn n nx x x x x
             

នំារោយ  2 4 2 2 2 11 1n nx x x K x x x             

ដដល    
2 11 2 1 1

n nn nK x x x
            

ដូរចនោះ        2 4 2 21 nx x x       ដច ោច់នឹង
2 11 nx x x       

 

២. គណនា x   

រយើងមាន      
2

1 1
x

xxx x x


  
 

រោយ  1000 1 10000xxx x    រ ើយ x   

នំារោយ  1 9x    

 
2

1000 1 10000
x

x


     

រោយ 45 625 1000   និង 67 343243 10000   

រយើងបាន  
24 65 1 7

x
x


    

 
2 51 6

x
x


           7x   

ដូរចនោះ     7x   
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៣.បង្ហា ញថា 
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ឧបមាថា
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 25

2
1
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5

5 2 1
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1

3 1
1 5

5 2 1

i
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y
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3 1
10

1 1 4
5 2

5 25 5
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i
i i

y

y y


 

 
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មយ៉ាងរទៀត   
5 5 5

2

1 1 1
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3 1

4 41 4
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55 5

i i
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y
  

 
  

 
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 
5 5 5
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1 1 1
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3 1 3 1 5 10

4 41 4
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i

y
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y
  

 
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   
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រយើងបាន    ពិត នំារោយ ារឧបមាខាងរលើពិត 

ដូរចនោះ      
5

2
1

1
4

i

i i

x

x




  

 

៤. បង្ហា ញថា tan 2tan2 4tan4 8cot8 cotx x x x x     

តាង    tan cot 2tan2 4tan4 8cot8f x x x x x x      

  2 2 2 2 2

1 1 4 16 64

cos sin cos 2 cos 4 sin 8
f x

x x x x x
       

          
2 2

2 2 2 2 2

sin cos 4 16 64

sin cos cos 2 cos 4 sin 8

x x

x x x x x


     

          
2 2 2 2

4 4 16 64

sin 2 cos 2 cos 4 sin 8x x x x
     
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2 2 2

16 16 64

sin 4 cos 4 sin 8x x x
    

           
2 2

64 64
0

sin 8 sin 8x x
    

នំារោយ f ជាអនុគមន៍រថរ ចំរ ោះរគប់តំលល x  

រោយ 2 4
tan cot 2tan 4tan 8cot

6 6 6 3 3 3
f

      
      

 

              3 3
3 2 3 4 3 8 0

3 3

 
       

 
 

នំារោយ    0f x    ចំរ ោះ រគប់តំលល x  

tan cot 2tan2 4tan4 8cot8 0x x x x x       
tan 2tan2 4tan4 8cot8 cotx x x x x      

ដូរចនោះ   tan 2tan2 4tan4 8cot8 cotx x x x x     

 

៥.  ំនត់អនុគមន៍ f  

យ  x a    និង  0y z   

រយើងបាន         0 3f a f f a f a    

   0f a f                                                   

យ   ;
2

a
x     

2

a
y    និង  

2

a
z    

រយើងបាន        0 0 3 0f a f f f    

   0f a f                                                   

តាម     និង     

នំារោយ     0f a f   f  ជាអនុគមន៍រថរ 
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រោយ រគប់អនុគមន៍រថរ សុទធដតរផទៀងផ្ទទ ត់ល ខខណឌ ខាងរលើ 
រយើងបាន   f x c    ចំរ ោះរគប់តំលល c  

ដូរចនោះ     f x c    ចំរ ោះរគប់តំលល c  

 

៦. តាង  ,r s ជាតួដច រមួធំបំផុតលន r  និង s  

របសិនរបើ  , 1r s   នំារោយមាន ចំនួនបឋម p ដច ោច់ rs  

នំារោយ p ដច ោច់ rឬ p ដច ោច់ s  ដត p មិនោចដច ោច់ 
r  និង s រពមាន បានរទ 

p  ដច មិនោច់ r s  

 , 1rs r s    

តាង ,x a b     y a b   

រយើងបាន     2 22 1 2 1a a a b x y x y xy         

                                                     x y xy x y xy      

និង      2 2 2 22 2a a a b a b x y xy x y xy        

របើ  , 1x y      , 1x y xy    

 , 1x y xy      , 1x y xy x y xy      

រ ើយ   , 1x y xy x y xy     

នំារោយ 
     , 1x y xy x y xy x y xy x y xy         

ដូរចនោះ    តួរដច រមួធំបំផុតលន    2 22 1 2a a a b     និង 

             2 2 2 22 2a a a b a b    គឺ 1  
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វិញ្ញា សាទ្យី៥ 
១. បង្ហា ញថា    

1 1

3 2 3 2n n   ជាចំនួនអសនិទន 
ចំរ ោះរគប់ចំនួនគត់វជិជមាន n   ។ 

២. រោោះស្រស្វយរបព័នធសមីារ៖ 

              2 4 4log log log 2x y z                1  

              3 9 9log log log 2y z x               2  

              4 16 16log log log 2z x y             3  

 

៣. រគរោយ tana   ។ បង្ហា ញថា 
3 5

2 4

5 10
tan5

1 10 5

a a a

a a


 


 
 

 

៤. រគរោយ   
1 0

1 2
A

 
   

 ។  បង្ហា ញថា 
1 0

1 2 2

n

n n
A

 
   

 

ចំរ ោះរគប់ចំនួនគត់វជិជមាន n  ។  
 

៥. គណនាតំលលអតិបរមានិងអបបបរមាលន
2 cos

sin cos 2

x
y

x x




 
 

 

៦. រគរោយ  1 33 1

x
f x

x



និង    1n nf x f f x     ។ 
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គណនា  nf x  

សម្រាយបញ្ញា ក់ 
១. តាង  

1

3 2 nx       
1

1 3 2 nx    

ឧបមាថា  1x x  ជាចំនួនសនិទន 

រយើងបាន   
2

2 2 1 2x x x x       ជាចំនួនសនិទន 

ឧបមាថា ពិតដល់ n  គឺ n nx x  ជាចំនួនសនិទន 

រយើងនឹងបង្ហា ញថា ពិតដល់ 1n   

រោយ        1 11 1 1n nn n n nx x x x x x x x
             

រយើងបាន   11 nnx x
    ជាចំនួនសនិទន 

នំារោយ n nx x  ជាចំនួនសនិទន 

ប៉ាុដនត 3 2 3 2 2 3n nx x      ជាចំនួន 

អសនិទន            (សំរនើរ ផទុយ) 
នំារោយ   1x x  ជាចំនួនអសនិទន  

ដូរចនោះ      
1 1

3 2 3 2n n   ជាចំនួនអសនិទន 

 

២. រោោះស្រស្វយរបព័នធសមីារ៖ 

ល ខខណឌ       , , 0x y z   

តាម   1  2 2 2

1 1
log log log 2

2 2
x y z     

               
2 2 2log log log 2x y z     
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              2log 2x yz   22x yz   

                   2 42x yz                    4      

តាម     2   
3 3 3

1 1
log log log 2

2 2
y z x     

                   
3 3 3log log log 2y z x                         

                   
3log 2y xz      23y zx   

                   2 43y zx                    5  

តាម     3   
4 4 4

1 1
log log log 2

2 2
z x y     

                   
4 4 4log log log 2z x y     

                   
4log 2z xy       24z xy   

                   2 44z xy                     6  

យ   4 គុណ  5 គុណ 6  

រយើងបាន         
4 424xyz        24xyz   

តាម  4   
4 42 2 2

24 3
x

xyz
     

តាម  5    
4 43 3 27

24 8
y

xyz
     

តាម  6    
4 44 4 32

24 3
z

xyz
      

ដូរចនោះ      
2 27 32

, , , ,
3 8 3

x y z
 

  
 
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៣. តាមរទឹសតីបទ ដឺម័រ  
រយើងបាន   

5
cos sin cos5 sin5i i                       

មយ៉ាងរទៀត    
5 5 4cos sin cos 5cos sini i            

       
2 3 4 53 210cos sin 10cos sin 5cos sin sini i i i          

5 4 3 2 2 3cos 5 cos sin 10cos sin 10 cos sini i            

                                                        4 55cos sin sini    

 5 3 2 4cos 10cos sin 5cos sin        

 4 2 3 55cos sin 10cos sin sini                            

តាម    និង    រយើងបាន 

          5 3 2 4cos5 cos 10cos sin 5cos sin          
          4 2 3 5sin5 5cos sin 10cos sin sin           

4 2 3 5

5 3 2 4

sin5 5cos sin 10cos sin sin
tan5

cos5 cos 10cos sin 5cos sin

     


     

 
  

 
 

4 2 3 5

5

5 3 2 4

5

5cos sin 10cos sin sin

costan5
cos 10cos sin 5cos sin

cos

    


    



 

 
 

 

3 5

2 4

5tan 10tan tan
tan5

1 10tan 5tan

  


 

 
 

 
     យ tana   

រយើងបាន 
3 5

2 4

5 10
tan5

1 10 5

a a a

a a


 


 
 

ដូរចនោះ    
3 5

2 4

5 10
tan5

1 10 5

a a a

a a


 


 
  ដដល  tana    
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៤. រយើងមាន 
1 1

1 0 1 0

1 2 1 2 2
A

   
        

 

 
     

2
1 0 1 0 1 1 0 1 1 0 0 2

1 2 1 2 1 1 2 1 1 0 2 2
A A A

          
                      

                                     2 2

1 0 1 0

3 4 1 2 2

   
        

 

ឧបមាថា ពិតដល់ n  គឺ  1 0

1 2 2

n

n n
A

 
   

 

រយើងនឹង បង្ហា ញថាពិតដល់ 1n   

រយើងបាន    1
1 0 1 0

1 2 1 2 2

n n

n n
A A A    

          
 

 
     

1 1

1 1 0 1 2 1 0 0 2 1 0

1 2 21 1 2 1 2 1 0 2 2

n n

n nn n  

        
              

 

ពិត 

ដូរចនោះ        
1 0

1 2 2

n

n n
A

 
   

 
 

៥. រយើងមាន  2 cos

sin cos 2

x
y

x x




 
 

 sin cos 2 2 cosy x x x      

   sin 1 cos 2 1y x y x y      

   
2 2

sin 1 cos 2 1y x y x y                                   
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តាមវសិមភាព  ូសីុ ស្វវ ត 

     
2 22 2 2sin 1 cos 1 sin cosy x y x y y x x           

 

                                      2 2 2 1y y y     

តាម     
2 22 1 2 2 1y y y            

              2 24 8 4 2 2 1y y y y       

              22 10 3 0y y     

         5 19 5 19

2 2
y

   
    

ដូរចនោះ    
5 19

min
2

y
 

 និង  
5 19

max
2

y
 

  

 

៦. គណនា  nf x  

រយើងមាន  1 33 1

x
f x

x


  

   
 

 

33
1

2 1 3 33
1

3
33

1

1
1

1

x

f x x
f x f f x

f x x

x


      

  
   

 

                  
33

3 3 33 3
333

3 33

1

1 2 1 2
1 1

1 1

x

x xx

x x x
x

x x


  

 
  

 
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ឧបមាថា វពិតដល់ n  គឺ៖   
33 1

n

x
f x

nx



   

រយើងនឹងបង្ហា ញថាពិតដល់  1n   

    
 

 

33

1 3 33

3
33

1

1
1

1

n

n n

n

x

f x nx
f x f f x

f x x

nx




     

  
   

 

   

33

3 3 33 3
333

3
33

1

1 1 1 1
1 1

1 1

x

x xnx

x n x n x
nx

nx nx


  

   
  

 

 

ពិត 

ដូរចនោះ     
33 1

n

x
f x

nx



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វិញ្ញា សាទ្យី៦ 
១. រគរោយរតីរាណ ABC  ។   
បង្ហា ញថា   cot cot cot cot cot cot 1A B B C A C   ។ 

រចួទញបញ្ញជ  ់ថា tan tan tan tan tan tanA B C A B C    

២. គណនាបណ្តត ចំនួនគត់ធមមជាតិ , ,x y z  ដដលរផទៀងផ្ទទ ត់ 

z zx y x y   ។ 

៣. ចំរ ោះរគប់ , ,x y z  ជាចំនួនពិត ដដល 2 2 2 9x y z   ។ 

បង្ហា ញថា  2 10x y z xyz     ។ រតើសញ្ញា រសមើរ ើតមាន
រៅរពលណ្ត? 

៤. រគរោយ , ,u v w ជាចំនួន ំុផលិច ដដលមាន ម៉ាូឌុលរសមើ 1។ 

បង្ហា ញថា  uv vw uw u v w      

៥. គណនាតួទូរៅលនសវុីត  n n
a


និង  n n

b

ដដលរផទៀងផ្ទទ ត់៖ 

 .      1,3,10,22,39,...na   

ខ.      1,4,13,40,121,...nb   

៦. រគរោយ 
1

0

cosn

nI x xdx  ចំរ ោះ n ។ 

បង្ហា ញថា  2

21 0n nI n n I n       ចំរ ោះ 2n  ។ 
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រចួទញបង្ហា ញថា  
 21

4

4

0

4 6
cosx xdx







  

សម្រាយបញ្ញា ក់ 
១. រយើងមាន A B C     A B C     

រយើងបាន     cot cot cotA B C C                      

រោយ  
tan tan

tan
1 tan tan

A B
A B

A B


 


 

 

1
1

1 tan tan cot cot 1cot cotcot
1 1tan tan cot cot

cot cot

A B A BA BA B
A B A B

A B


 

    
 



 

តាម    cot cot 1
cot

cot cot

A B
C

A B


  


 

cot cot 1 cot cot cot cotA B A C B C      
cot cot cot cot cot cot 1A B B C A C     

ដូរចនោះ   cot cot cot cot cot cot 1A B B C A C    

ទញបង្ហា ញថា tan tan tan tan tan tanA B C A B C    

រយើងមាន cot cot cot cot cot cot 1A B B C A C    

1 1 1
1

tan tan tan tan tan tanA B B C A C
     

tan tan tan
1

tan tan tan

A B C

A B C

 
   

ដូរចនោះ    tan tan tan tan tan tanA B C A B C    

 

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 42 

 

២. រយើងមាន z zx y x y                                1  

z zx x y y                                                2  

តាម  1   x  ដច ោច់នឹង y    ររ ោះ , ,x y z   

          zx ដច ោច់នឹង  zy  

តាម  2  x  ដច ោច់នឹង zy   zx ty   ដដល t   

តាម  2  2z z z zt y t y y y       

               2 1 1z z zt t y       

               2 11 z z zt t y                               3  

តាម  3   1  ដច ោច់នឹង t  1t   

               2 1 2z zy     

រោយ  ,y z   រយើងបាន 2y   និង 2 1 1z z    

នំារោយ 2,y   1z   

តាម  1  2x   

ដូរចនោះ      , , 2,2,1x y z   

 

៣. ឧបមា 2 2 2x y z   រនាោះ 2 3x   និង 2 26 2y z yz    

តាម វសិមភាព  ូសីុ ស្វវ ត 

រយើងបាន      
2 2

2 2 2x y z xyz y z x yz               

       2 22 2 24 2 2 9 4 8y z x yz yz y z yz           
  

តាង a yz  រនាោះរយើងរាន់ដតបង្ហា ញថា  
  22 9 4 8 100a a a     
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  2100 2 9 4 8 0a a a     

3 2 2100 2 8 16 9 36 72 0a a a a a         
3 22 20 28 0a a a      
3 2 22 7 8 28 8 28 0a a a a a        

     2 7 2 4 7 2 4 7 2 0a a a a a      

  27 2 4 4 0a a a      

   
2

2 7 2 0a a         ពិត ររ ោះ 2 2 6a yz   

សមភាពរ ើតមានរពល 2a     
2yz    និង  

22 24 20 4x y z x     

2 4x   និង 1y z    នំារោយ 2x y  និង 1z    

ដូរចនោះ    2 10x y z xyz     

           សញ្ញា រសមើរ ើតមានរពល  2x y  និង 1z     
 

៤. រោយ , ,u v w ជាចំនួន ំុផលិច ដដលមាន ម៉ាូឌុលរសមើ 1  

តាង ;iu e   iv e   និង iw e   

នំារោយ      i i i
uv vw uw e e e

       
      

                                      i i i ie e e e
             

                                      i
e w u v

   
    

                                      i
e u v w

   
  

 
     i i

uv vw uw e u v w e u v w
        

        
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រោយ   1
i

e
   

   និង   u v w u v w    
 

ដូរចនោះ  uv vw uw u v w    
 

 

៥. គណនា តួទូរៅលនសវុីត 

 .      1,3,10,22,39,...na   

តាង 1n n nc a a    ដដល n   

រយើងបាន 0

1

n

i n

i

c a a


    0

1

n

n i

i

a c a


    

មយ៉ាងរទៀត រយើងបាន    2,7,12,17,...nc  ជាសវុីតនពវនតដដល
មានតួទីមួយ 1 2c   និង ផលសងរមួ 5d   

      2
1

1

2 1 4 1 5 5

2 2 2

n

i

i

n c n d n n n n
c



    
     

នំារោយ  
2 25 5 2

1
2 2

n

n n n n
a

  
    

ដូរចនោះ    
25 2

2
n

n n
a

 
  

ខ.      1,4,13,40,121,...nb 
 

តាង  1n n nd b b         ដដល n   

រយើងបាន 0

1

n

i n

i

d b b


     0

1

n

n i

i

b b b


  
 

មយ៉ាងរទៀត    3,9,27,81,...nd  ជាសវុីតធរណីមារត ដដល 

មាន តួទីមួយ 1 3d   និង ររសុង 3r   
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1

1

1

1 1 3 3 3
3

1 1 3 2

n n nn

i

i

r
d d

r





  
     

 
  

នំារោយ 
1 13 3 3 1

1
2 2

n n

nb
  

    

ដូរចនោះ    
13 1

2

n

nb
 

  

៦. រយើងមាន 
1

0

cosn

nI x xdx    
តាង  nu x    1ndu nx dx   

        cosdv xdx  1
cos sinv xdx x 


    

រយើងបាន  
1

1

1

00

sin sin
n

n

n

x n
I x x xdx 

 

 
      

1

1

0

sinn

n

n
I x xdx



                      

ចំរ ោះ  
1

1

0

sinnx xdx

   
តាង  1na x        21 nda n x dx    

        sindb xdx  1
sin cosb xdx x 


   

 

 
1

1 11
1 2

0 00

1
sin cos cos 1

n
n nx

x xdx x x n x dx  
 


    

           
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 
1 1

1 2

2

0 0

1 1 1 1
sin cosn n

n

n n
x xdx x x dx I 

   

 



 
     

 
ជំនួសចូល នុង    នំារោយ  

 
2 22 2

11 1
n n n

n nn n n
I I I

    
 

 
       
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4
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0
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
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2
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12 4I
I



 
   
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0
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2 2I
I



 
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0
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cos sin 0I xdx x  


  
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2
I


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4

4 2 4 4

0

2
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

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      
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វិញ្ញា សាទ្យី៧ 

 
១. រគរោយសវុីត 1 2 20110 1a a a      ។  
ចូរររបៀបរធៀប        1 1 2 2010

2010

log a a a      និង
 1 1 2 2011

2011

log a a a     

២. គណនាតំលលអតិបរមា និង អបបបរមាលនអនុគមន៍ 

 
 

2 4

2
2

3 8 12

1 2

x x
f x

x

 



 

៣. រោោះស្រស្វយសមីារ៖ 

      .  2 272 6 2x x x xP A A P    

     ខ. 4 3 2

1 1 2

5
0

4
n n nC C A      

៤. បង្ហា ញថា  1 1 1

3 5
cos cos cos

7 7 7

n n n

A
  

    ជាចំនួន

សនិទន ចំរ ោះរគប់ n  ។ 

៥. រគរោយ , ,a b c ជារបដវងរជុងទំងបីលនរតីរាណ និង p ជា 

 នលោះបរមិារត។ 

  បង្ហា ញថា  3p p a p b p c p        
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៦. គណនាតួទី n  លនសវុីតដដលរារពល ខខណឌ ៖ 
0 2;U   

1 3U   និង 2 15 6 0n n nU U U    ។ 

សម្រាយបញ្ញា ក់ 
១. រយើងមាន  1 2 20110 1a a a     

 

1 2 2010 2010 20112010 2010a a a a a       

បូ អងគទំងពីរលនវសិមភាពនឹង  1 2 20102010 a a a     

   1 2 2010 1 2 20112011 2010a a a a a a          

1 2 2010 1 2 20110 1
2010 2011

a a a a a a       
     

1 2 2010 1 2 2011
1 1

2010 2010

log log
2010 2011

a a a a a a          
       

 

                                                           1  

មយ៉ាងរទៀត 1 1
0 1

2011 2010
    

1 2 2011 1 2 2011
1 1

2011 2010

log log
2011 2011

a a a a a a          
       

 

 2  

តាម  1  និង  2  

1 2 2010 1 2 2011
1 1

2010 2011

log log
2010 2011

a a a a a a          
       

   1 1 2 2010 1 1 2 2011
2010 2011

log 1 log 1a a a a a a          

   1 1 2 2010 1 1 2 2011
2010 2011

log loga a a a a a        
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ដូរចនោះ
   1 1 2 2010 1 1 2 2011

2010 2011

log loga a a a a a          

 

២. តាង tan 2u x  ដដល 
2 2

u
 

    

   
 

2 4

2
2

3 4tan 3tan

1 tan

u u
f x g u

u

 
  


 

                 
 

4 2 2 4

2
2 2

3cos 4sin cos 3sin

sin cos

u u u u

u u

 



 

                            
2 22 23 sin cos 2 sin cosu u u u     

                 
2sin 2

3
2

u
                                                 

រោយ 20 sin 2 1u        
5

3
2

g u    

   3Max f x   រពល 0x   

  
5

min
2

f x   រពល 1

2
x   

ដូរចនោះ    3Max f x   និង   
5

min
2

f x   

 

៣. រោោះស្រស្វយសមីារ៖ 

      .  2 272 6 2x x x xP A A P  
 

ល ខខណឌ      , 2x x   
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រយើងបានសមីារោចសររសរ 

   
   

 
! !

! 72 6 2 !
2 ! 2 !

x x
x x

x x

 
     

 

  
 

   
 

 
1 2 ! 1 2 !6

! 72 12 !
2 ! 2 !

x x x x x x
x x

x x

    
   

 
 

     1 ! 72 6 1 12 !x x x x x x       

   2 212 ! 6 12 0x x x x x        

  2 12 ! 6 0x x x      

រយើងបាន 2 12 0x x    ឬ ! 6 0x    

នំារោយ 3x    ឬ 4x   ឬ 3x      ប៉ាុដនត  2x   

ដូរចមោះ   4x   ឬ 3x   

 

        ខ. 4 3 2

1 1 2

5
0

4
n n nC C A      

ល ខខណឌ   5n  និង n  

រយើងបាន សមីារ ោចសររសរ 

   
 

 
 

 
 

1 ! 1 ! 2 !5
0

4! 5 ! 3! 4 ! 4 4 !

n n n

n n n

  
   

  
 

        1 2 3 4 1 2 3

24 6

n n n n n n n      
   

                                         5 2 3
0

4

n n 
   
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  1 4 1 5
0

24 6 4

n n n  
     

2 5 4 4 4 30 0n n n        
2 9 22 0n n     នំារោយ  281 88 169 13      

រយើងបាន  9 13
2

2
n


    ឬ 9 13

11
2

n


  ប៉ាុដនត 5n   

ដូរចនោះ   11n   

 

៤. រយើងមាន 3 5
; ;

7 7 7

   ជាឬសលនសមីារ 
cos3 cos4 0x x   

រោយ  cos3 cos 2 cos2 cos sin2 sinx x x x x x x     

                     22cos 1 cos 2sin cos sinx x x x x  
 

                          
 3 22cos cos 2 1 cos cosx x x x                             

                    34cos 3cosx x   

រ ើយ    
2

2 2cos4 2cos 2 1 2 2cos 1 1x x x     
 

 

                                              4 28cos 8cos 1x x    

រយើងបាន  cos3 cos4 0x x   
3 4 24cos 3cos 8cos 8cos 1 0x x x x       

  3 2cos 1 8cos 4cos 4cos 1 0x x x x     

3 28cos 4cos 4cos 1 0x x x      ររ ោះ cos 1 0x    

នំារោយ 3 5
cos ;cos ;cos

7 7 7

    ជាឬសលនសមីារ 
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3 28 4 4 1 0t t t                                                   

តាង 1 2 3

n n n

nS x x x   ដដល 
1 2

3
cos ; cos

7 7
x x

 
   

និង 
3

5
cos

7
x


  

នំារោយ    3 2 18 4 4 0n n n nS S S S              

ដដល 0 3,S   
1 1 2 3

1

2
S x x x     

   
22 2 2

2 1 2 3 1 2 3 1 2 2 3 1 32S x x x x x x x x x x x x          

   1 1 5
2

4 2 4

 
     

 

រោយ 0 1 2; ;S S S   តាម    nS   ដដល n   

មយ៉ាងរទៀត  

     

 
1 2 2 3 1 3

1 2 3 1 2 3

1 1 1
nn n n nn

n

x x x x x x
A

x x x x x x

      
             

 

  
2

21

2 1

8

n n

n

S S
  

 
  

 

ដូរចនោះ   A  ជាចំនួនសនិទន 

 

៥.   បង្ហា ញថា p a p b p c p       

រយើងមាន   
2 2 2 2 2 2 2x y z x y z xy yz xz         

រោយ , , 0x y z     
2 2 2 2x y z x y z       
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រោយ ; ; 0p a p b p b       នំារោយ

       
2 2 2 2

p a p b p c p a p b p c          

 
2

p a p b p c p a p b p c             

 
2

p a p b p c p        

p a p b p c p                                      

     បង្ហា ញថា 3p a p b p c p       

តាម វសិមភាព  ូសីុ ស្វវ ត 

    
2

1 1 1p a p b p c p a p b p c            

 
2

3p a p b p c p        

3p a p b p c p                                  

តាម    និង    វសិមភាពរតូវបានស្រស្វយបញ្ញជ  ់ 

ដូរចនោះ     3p p a p b p c p        

 

៦. រ តួទី n  លនសវុីត 

រយើងមាន  2 15 6 0n n nU U U     

សមីារសំាល់  2 5 6 0r r    មានឬស  1 2r   ឬ 2 3r   

រយើងបាន 2 3n n

nU       ចំរ ោះ ;    

រោយ    
0 2U   និង 1 3U   

នំារោយ     2    

                  2 3 3    
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រយើងបាន  3 2 3    និង 3 2 2     
ដូរចនោះ       3 2 3 2 3 2 2 3n n

nU      
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វិញ្ញា សាទ្យី៨ 

១. បង្ហា ញថា 1 2 3

33 3k k k k k

n n n n nC C C C C  

     ចំរ ោះ 

3 k n   ។ 

២. រោោះស្រស្វយសមីារ៖ 

     2010 2010
2 log 1 1 log 2011 22010 2011

x
x x

 
    

៣. គណនា   
1

0

lim cos
2 2

n

n
i

i

n n









 
  

  

៤. រគរោយ , ,a b c ជារបដវងរជុងទំងបីលនរតីរាណដដលមាន
រ លលផទ រសមើ 1។ បង្ហា ញថា  4 4 4 16a b c    

 

៥. គណនា 1 1 1
arctan arctan arctan

2 5 8
   

 

៦. គណនាតួទីn  លនសវុីតដដលរផទៀងផ្ទទ ត់ល ខខណឌ   
0 2;U   

1

10 3 5

2
U


    និង 

2 15 5 0n n nU U U    ។ 

សម្រាយបញ្ញា ក់ 
១. បង្ហា ញថា 1 2 3

33 3k k k k k

n n n n nC C C C C  

   
 

រយើងមាន    1

1

k k k

n n nC C C
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www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 56 

 

រយើងបាន   1 2 33 3k k k k

n n n nC C C C      

     1 1 2 2 32k k k k k k
n n n n n nC C C C C C           

   1 2 1 1 2

1 1 1 1 1 1 12k k k k k k k

n n n n n n nC C C C C C C    

              

1

2 2 3

k k k

n n nC C C

      

ដូរចនោះ    1 2 3

33 3k k k k k

n n n n nC C C C C  

     
 

២. រោោះស្រស្វយសមីារ៖ 

តាង   2010a    និង  2011b   

រនាោះសមីារោចសររសរ 
 2 log 1 1 log 2a a

x b
a b x x

 
                                      1  

  ចំរ ោះ 1x   រយើងបាន សមីារមិនរផទៀងផ្ទទ ត់ 

  ចំរ ោះ 1x   សមីារ  1  សមមូលនឹង 

           22 log 1 log log loga a x a
x x ab x

a b x a


    

     
loglog log

log2 2

2

aa a
x

xx x
aba

b x a
b

     

     
log loglog2 2

2

a aa
x xxa

b ab a
b

     

ដច អងគទំងពីរលនសមីារនឹង  
log

2 a x

a រយើងបាន 
 

      
log log2

2 2
1

a a
x x

a b b

b a a

   
       

 

2
log log

2
1 0

a ax x
a b b

b a a

    
             
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a
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រយើងបាន  2

2
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a
t t

b
    

2 2 2 0at b t b     
2 2 2 2 2 0at abt abt ab b t ab b         

      2 1 0at t b ab t b b t a         

រោយ 1a b   

   2 0t b at ab b      

រយើងបាន  0t b   ឬ   0at b a b    រោយ 1a b    

នំារោយ  t b  ឬ b
t

a
  

   រណី t b    
loga x

b
b

a

 
   

   
1

log log
1 log

a b

ba

x b
a

  


 

2011

1 1

1 log 1 log 2010
2010b a

x a
 

    

   រណី b
t

a
    

loga x
b b

a a

 
   

 

log 1a x          2010x a    

ដូរចនោះ    2010x   ឬ  2011

1

1 log 2010
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
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 
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៤. បង្ហា ញថា  4 4 4 16a b c    
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2
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រយើងបាន 

 4 4 4 2 2 2 2 4 2 2 2 22 2 2 2a b c a b b c b b a c b         
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22 2b b a c    

   24 4 4 2 2 2 22a b c b a c a c ac b          
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2 2 2 2

b c a a b c a c b a c b                
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    1p p a p b p c      

រយើងបាន  4 4 4 16a b c    

ដូរចនោះ    4 4 4 16a b c     

៥. គណនា  1 1 1
arctan arctan arctan

2 5 8
   

រយើងមាន   
arctan

y
i

xZ x iy Z e    

ចំរ ោះសវុីត 1 2 ,Z i   2 5Z i   និង 3 8Z i 
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រោយ 
 

 1 2 3

1 1 1
arctan arctan arctan arg
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រោយ       4
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i
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
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4
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
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ប៉ាុដនត 0 arctan x x   ចំរ ោះរគប់តំលល 0x   

1 1 1 1 1 1
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
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៦.  ំនត់តួទី n  លនសវុីត  nU  

រយើងមាន 
2 15 5 0n n nU U U     

សមីារសំាល់   2 5 5 0r r    

មានឬស   5 15 1 3
5
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 
      

 
 

                                            2 2
5 cos sin

3 3
i

  
   

 

នំារោយ  2 2
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n

n
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U

 
 
 
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5
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វិញ្ញា សាទ្យី៩ 

១. បង្ហា ញថា រគប់ចំនួនគត់ធមមជាតិ n ៖ 

    
       
1 1 1 1 1

2,2 3,2 4,2 ,2

n

A A A A n n


       

 

២. រគរោយរតីរាណ ABC  ។ បង្ហា ញថា រគប់តំលល x  

រគបាន    21
1 cos cos cos

2
x A B C x      

 

៣. រោោះស្រស្វយសមីារ 

    
2cos 2 cos4 4 3x x     ចំរ ោះ 3 5

,
4 2

x
 

  
 

 

 

៤. រគរោយរតីរាណ ABC  ដដលរផទៀងផ្ទទ ត់ ៖ 

           sin sin 2sinB C A   

           cos cos 2cosB C A   

   រ របរភទលនរតីរាណ ABC  

 

៥. រគរោយ   
1

0
2A

a a

 

 
 
 

  ។ 

     . គណនា 3A  ជាអនុគមន៍លន a  
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គត់ធមមជាតិខុសពីសូនយ។ 

 

៦. រគរោយ   3 2f x x ax bx c    រផទៀងផ្ទទ ត់  2 10f     

និងមានតំលលបរមារសមើ 50

27
រតង់ 2

3
x  ។  ំនត់តំលល , ,a b c  

សម្រាយបញ្ញា ក់ 
១. រយើងមាន  

       
1 1 1 1

2,2 3,2 4,2 ,2A A A A n
      

        
       

1 1 1 1

2! 3! 4! !

2 2 ! 3 2 ! 4 2 ! 2 !

n

n

     

   

 

          2 !1 1 2!

2! 3! 4! !

n

n


       

        
 

1 1 1 1

1 2 2 3 3 4 1n n
     

   
 

        1 1 1 1 1 1 1
1

2 2 3 3 4 1n n

       
                       

 

        1 1
1

n

n n


    

ដូរចនោះ   
       
1 1 1 1 1

2,2 3,2 4,2 ,2

n

A A A A n n


       
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២. បង្ហា ញថា  21
1 cos cos cos

2
x A B C x     

ឧបមាថា  21
1 cos cos cos

2
x A B C x     

           2 2 cos cos 2 cos 1 0x B C x A       

តាង      2 2 cos cos 2 cos 1f x x B C x A      

រដើមបីបង្ហា ញថា   0f x   រយើងរាន់ដតបង្ហា ញថា 0   

ររ ោះ 1 0a    

របើ      20 2 cos cos 2 cos 1 0f x x B C x A        

រយើងបាន     
2

cos cos 2 cos 1B C A      

      
2

22cos cos 2 2sin
2 2 2

B C B C A    
       

 

      
2

24 cos cos 4sin
2 2 2 2

A B C A   
      

 

      2 2 24sin cos 4sin
2 2 2

A B C A
   

      2 24sin cos 1
2 2

A B C 
   

 

      2 24sin sin
2 2

A B C
  0  

នំារោយ   0f x   

ដូរចនោះ   21
1 cos cos cos

2
x A B C x    ចំរ ោះរគប់ x  
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៣. រោោះស្រស្វយសមីារ  
     2cos 2 cos4 4 3x x   

2 22cos 1 cos4 4 3x x    

 
2 22

cos cos1
4 4 3 0

4

x x      

តាង 2cos4 xa   ដដល 1 4a   ររ ោះ 20 cos 1x   

រយើងបានសមីារោចសររសរ 21
3 0

4
a a  

2 4 12 0a a     
មានឬស  2a   ឬ  6a        ( 6a   មិនយ ) 

របើ 2a   2cos4 2x   2 1
cos

2
x    1 cos2 1

2 2

x
   

cos2 0x     
2

2
x k


       ដដល k   

4 2

k
x

 
    

រោយ 3 5

4 2
x     

3 5

4 4 2 2

k 
       3 10

2 2
k

 

 

  
     

1 2k      រោយ k   0k  ឬ 1k   

 រណី 0k    
4

x


   
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 រណី 1k    3

4
x


   

ដូរចនោះ   
4

x


  ឬ 3

4
x


  

 

៤. រ របរភទលនរតីរាណ ABC  

រយើងមាន    sin sin 2sinB C A          

                  cos cos 2cosB C A           

រលើ អងគសងខាងលនសមភាពទំងពីរជាាររ 
រយើងបាន    2 2 2sin 2sin sin sin 4sinB B C C A       1       
                  2 2 2cos 2cos cos cos 4cosB B C C A      2  

យ   1  បូ   2  

នំារោយ   2 2 sin sin cos cos 4B C B C    

 cos 1 cos0B C      
B C      ជំនួសចូល    

រយើងបាន cos cos 2cosB B A   cos cosA B   

A B   

នំារោយ   A B C   

ដូរចនោះ   រតីរាណ ABC  ជារតីរាណសម័ងស 
 

៥.  . គណនា 3A  ជាអនុគមន៍លន a  
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រយើងមាន  
1

0
2A

a a

 

 
 
 

 

2

2 2

1
1 1 0 0 0

0 0 4
2 2

1
0

2

A A A

a a a a a a a

 
    

 
         
          

   

                                  2

2 2

1
0

2

1

2
a a a

 

 
  
 
 

 

32
3 2

2 3 32 2
2

11
010

0 22
2

1 11

22 2

A A A

a a a a a aa a a

  
 

  
        
        

   

 

ដូរចនោះ    
3

3

2 3 3

2

1
0

2

1 1

22

A

a a a a

 

 
  
  
 

 

ខ. គណនា nA  ជាអនុគមន៍លនa  និង n  

តាមរយោះសំនួរ  .  
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រយើងឧបមាថា 
2

1 2

1
0

2

1 1

2 2

n
n

n n

n n

A

a a a a
 

 

 
  
    
 

 

រយើងនឹងបង្ហា ញថា ពិតដល់ 1n   

1

2

1 2

1
0 1

02
2

1 1

2 2

n
n n

n n

n n

A A A

a aa a a a



 

 
 

 
     
       

 

 

     1

2 1 1

1

1
0

2

1 1

2 2

n

n n

n n
a a a a



 



 

 
  
    
 

      ពិត 

ដូរចនោះ   
2

1 2

1
0

2

1 1

2 2

n
n

n n

n n

A

a a a a
 

 

 
  
    
 

 

 

៦.  ំនត់ ,a  b និង c  

រយើងមាន   3 2f x x ax bx c   
 

រោយ  2 10f          
3 2

2 2 2 10a b c          

4 2 2a b c                        1  

មយ៉ាងរទៀត f  មានតំលលបរមារសមើ 50

27
 រតង់ 2

3
x   

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 69 

 

រយើងបាន 2 50

3 27
f
 

  
  និង  2

0
3

f
 

  
 

រោយ   23 2f x x ax b    

រយើងបាន  

                     
3 2

2 2 2 50

3 3 3 27
a b c

     
             

 

              
2

2 2
3 2 0

3 3
a b

   
        

 

នំារោយ        12 18 27 42a b c           2  

                     4 3 2a b                           3  

តាម  1 ,   2  និង  3 រយើងបាន របព័នធសមីារ 
                     4 2 2a b c     

                     12 18 27 42a b c           
                     4 3 2a b    

រោយរោោះស្រស្វយរបព័នធសមីាររនោះ រយើងទទួលបានតំលល
3

;
4

a    
1

3
b    និង   

5

3
c   

ដូរចនោះ     3
;

4
a    

1

3
b    និង   

5

3
c   

 
 

 
             
 

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 70 

 

វិញ្ញា សាទ្យី១០ 

១. បង្ហា ញថា របើ ab cd  ដច ោច់នឹង a c រនាោះ ad bc  

ដច ោច់នឹង a c ។ 

 

២.  . រគរោយសមីារ 4 3 2 1 0x bx cx bx     មានឬស។ 

បង្ហា ញថា  
22 2 3b c    

   ខ. រោោះស្រស្វយសមីារ 3 3 3 0x x    

 

៣. គណនាលីមីតខាងររាម៖ 

    . lim 2 2 2 2 2n

n
        n  រ៉ា ឌីាល់ 

   ខ. 
1

lim
1 1m n

x

m n

x x

 
   

 

 

៤. តាង   4 22 60f x x ax bx    ។ របើ f  ដច នឹង 
 1x   រនាោះសល់សំនល់ 94  និង  3x   ជា តាត មួយ 

លន  f x ។  ំនត់តំលលចំនួនរថរ a  និង b ។ 

 

៥. បង្ហា ញថា  1 1 1
1 2

1 2 3 1n n n
     

  
 

 

៦.  ំនត់តំលល k   រដើមបីរោយ 2 1
14 14 142k k kC C C   ។ 
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សម្រាយបញ្ញា ក់ 
១. រដើមបីបង្ហា ញនូវសំរនើរខាងរលើ រយើងរាន់ដតបង្ហា ញថា 
   ab cd ad bc    ដច ោច់នឹង  a c  

រោយ     ab cd ad bc ab bc cd ad        

                                                b a c d a c     

                                               a c b d    

រយើងបាន    ab cd ad bc    ដច ោច់នឹង  a c  

ដូរចនោះ          របើ       ab cd a c ad bc a c      

 

២.  . បង្ហា ញថា  
22 2 3b c  

 

រយើងមានសមីារ  4 3 2 1 0x bx cx bx      

2

2

1
0

b
x bx c

x x
       

2

2

1 1
0x b x c

xx

   
           

           

តាង 1
t x

x
    2 2

2

1
2x t

x
     

  2 2 0t bt c       2 2 0t bt c      

 2 2t c bt     

តាមវសិមភាព   ូសីុ ស្វវ ត 

រយើងបាន       2 24 2 22 1 2 1t c bt c b t             
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នំារោយ  4 2 4 23 1 3 3 16 12 3 0t t t t        
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 
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22 2 3b c     

ដូរចនោះ      
22 2 3b c    

  
 ខ. រោោះស្រស្វយសមីារ 3 3 3 0x x    

តាង 1
x y
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1 1
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y y
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3
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រយើងបាន  1
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t
      2 3 1 0t t     
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នំារោយ  3
3 13

2
y


  3 3

3 13 2

2 3 13
x


  


 

ដូរចនោះ  3 3
3 13 2

2 3 13
x


 


 

 

៣. គណនាលីមីត៖ 

      . lim 2 2 2 2 2n

n
       

រយើងមាន 
2

2
2 2 2cos 2cos

2 4 2

 
    

2

2 2 3
2 2 2 2cos 2 1 cos 4cos

2 2 2

   
       

     

                                                                    
3

2cos
2


  

តាមវចិាររោយ ំរនើន រយើងបាន 

( 1)

2 2 2 2cos
2n

n radikal





      

នំារោយ 2 2 2 2 2 2cos
2n


        

       2

1 1
2 1 cos 2 2sin 2sin

2 2 2n n n

  
 

 
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
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   
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 
  
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1

1 1
lim

1 21 n
x

n n
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 
   
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lim
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x
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 
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៤.  ំនត់តំលល a និង b  

រយើងមាន ព ុធា   4 22 60f x x ax bx   
 

រោយ សំនល់លន  f x រពលដច នឹង  1x  រសមើនឹង 94  

 1 94f          2 60 94a b       

36a b                                         1  

មយ៉ាងរទៀត  3x  ជា តាត មួយលន  f x មានន័យថា  3 0f   
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4 22 3 3 3 60 0a b        

9 3 6a b                                   2  

តាម  1 និង  2 រយើងបានរបព័នធសមីារ 
                   36a b    

               9 3 6a b   

នំារោយ 19a   និង 55b    

ដូរចនោះ     19a   និង 55b    
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 រណី 1n    
1 1 1 13
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2 3 4 12

f            ពិត 

ឧបមាថា ពិតដល់ n k គឺ   1f k   

រយើងនឹងបង្ហា ញថា ពិតដល់ 1n k   គឺ  1 1f k    

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 77 

 

 
1 1 1 1 1

1
2 3 1 3 2 3 3 3 4

f k
k k k k k

       
    

 

   
1 1 1 1

1
1 3 2 3 3 3 4

f k f k
k k k k

      
   

 

   
1 1 1 1

1
1 3 2 3 3 3 4

f k f k
k k k k

       
   

 

រោយ 
  

1 1 6 6

3 2 3 4 3 2 3 4

k

k k k k


 

   
 

មយ៉ាងរទៀត

    
2

23 2 3 4
3 2 3 4 3 3

2

k k
k k k

   
      

 

 
2

1 1 6 6 2

3 2 3 4 3 33 3

k

k k kk


   

  
 

រយើងបាន    
1 1 2

1 0
1 3 3 3 3

f k f k
k k k

      
  

 

នំារោយ    1 1f k f k          ពិត 

រយើងបាន  1 1 1
1

1 2 3 1n n n
    

  
         ii  

តាម  i និង ii  នំារោយ វសិមភាពរតវូបានស្រស្វយបញ្ញជ  ់ 

ដូរចនោះ    1 1 1
1 2

1 2 3 1n n n
     

  
 

 
 

៦.  ំនត់តំលល k   

រយើងមាន  2 1
14 14 142k k kC C C                        
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        1 2 13 14 2 2 14 0k k k k k k           

2 2 23 2 182 27 2 24 56 0k k k k k k           
24 48 128 0k k     

2 12 32 0k k         មានឬស 4k   ឬ 8k   

ដូរចនោះ   4k   ឬ 8k   
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វិញ្ញា សាទ្យី១១ 

១. រគរោយ , ,a b cជាចំនួនពិតវជិជមាន ដដល 0 , , 1a b c  ។ 

បង្ហា ញថា    2
1 1 1

a b c

bc ac ab
  

  
 

 

២. រោោះស្រស្វយសមីារ នុង 
3

 

     10 15 6 133x y z    

 

៣. រោយដឹងថា ឬសលនសមីារ 3 226 156 0x x x p     ជា
សវុីតធរណីមារតរ ើន ។  ំនត់តំលល p  

 

៤. រគរោយរតីរាណ ABC  រផទៀងផ្ទទ ត់ 1
tan tan

2 2 2

A B
 ។ 

បង្ហា ញថា រតីរាណ ABC  ជារតីរាណដ ងរតង់ Aសមមូល

នឹង 1
sin sin sin

2 2 2 10

A B C
 ។ 

 

៥. រ តួដច រមួធំបំផុតលន 20072 1  និង  
200722 1  ។ 

 

៦.បង្ហា ញថា 
3
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k
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 
  
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សម្រាយបញ្ញា ក់ 
១. បង្ហា ញថា    2

1 1 1

a b c

bc ac ab
  

    
ឧបមាថា   0 1a b c     

រយើងបាន    1 1 0a b    

             1 0ab a b      

             1a b ab     

             1 2a b ab     

មយ៉ាងរទៀត 1 1bc ab    និង    1 1ac ab    

នំារោយ  1 1

1 1bc ab


 
   និង  1 1

1 1ac ab


 
 

           
1 1

a a

bc ab
 

 
  និង  

1 1

b b

ac ab


 
 

រយើងបាន
1 1 1 1 1 1

a b c a b c

bc ac ab ab ab ab
    

     
 

          
1 1 1 1

a b c a b c

bc ac ab ab

 
   

   
 

រោយ  1 2 2 2 1a b c a b ab ab          

នំារោយ  2 1
2

1 1 1 1

aba b c

bc ac ab ab


   

   
 

ដូរចនោះ    2
1 1 1

a b c

bc ac ab
  

  
 

 

២. រោោះស្រស្វយសមីារ នុង 
3
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រយើងមាន 10 15 6 133x y z                      1  

យ   , ,x y z  ជាឬសលនសមីារ  1  y ជាចំនួនរសស 

តាង 2 1y Y     ដដល Y   

រនាោះសមីារ ោចសររសរ  
     10 30 15 6 133x Y z     

5 15 3 59x Y z                                      2  

យ   , ,x Y z  ជាឬសលនសមីារ  2  

2 2 3x      និង   1 3x   

តាង 3 1x X       ដដល X   

រនាោះសមីារ  2  ោចសររសរ 
     15 5 15 3 59X Y z     

5 5 18X Y z                                                3  

យ   , ,X Y z  ជាឬសលនសមីារ  3   
3 5z   

តាង 5 3z Z      ដដល Z   

រនាោះសមីារ  3  ោចសររសរ 
     5 5 5 3 18X Y Z     

3X Y Z                                                    4  

រោយ , ,X Y Z   រយើងបានឬសលនសមីារ 4 គឺ៖ 

             , , 1,1,1 ; 1,2,0 ; 1,0,2 ; 2,1,0 ; 2,0,1 ; 0,2,1 ;X Y Z   

                          0,1,2 ; 0,0,3 ; 0,3,0 ; 3,0,0  

រោយគណនាតំលលលន , ,x y z  តាម រណីនីមួយៗខាងរលើ 
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រយើងបាន          , , 4,3,8 ; 4,5,3 ; 4,1,13 ; 7,3,3 ;x y z   

                           7,1,8 ; 1,5,8 ; 1,3,13 ; 1,1,18 ; 1,7,3 ; 10,1,3  

ដូរចនោះ             , , 4,3,8 ; 4,5,3 ; 4,1,13 ; 7,3,3 ;x y z   

                           7,1,8 ; 1,5,8 ; 1,3,13 ; 1,1,18 ; 1,7,3 ; 10,1,3  

 

៣.  ំនត់តំលល p  

រយើងមាន សមីារ 3 226 156 0x x x p     

តាង , ,a b c ជាឬសលនសមីាររនោះ 

តាម រទឹសតីបទដវយតរគបាន 

                  26a b c                          1  

                  156ab bc ca                 2  

                  abc p                                3  

មយ៉ាងរទៀត , ,a b cជាសវុីតធរណីមារតរ ើន 

រយើងបាន  2ac b ជំនួសចូល នុង 3  

រយើងបាន   3p b   

យ  2ac b ជំនួសចូល នុង 2  

រយើងបាន  2 156ab bc b     

              156b a c b      

            26 156 6b b        

នំារោយ  
33 6 216p b       

ដូរចនោះ    216p   
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៤. បង្ហា ញថា   រតីរាណ ABC ដ ងរតង់ Aសមមូលនឹង 

   1
sin sin sin

2 2 2 10

A B C
  

  បង្ហា ញថា របើ 1
sin sin sin

2 2 2 10

A B C
   រតីរាណ ABC  

ដ ងរតង់ A  

តាមរបូមនត រ លលផទលនរតីរាណ 

   tan tan
2 2

A B
S p p a p p b     

   S p p a p b p c     

      2 tan tan
2 2

A B
p p a p b p p a p b p c        

tan tan
2 2

A B p c a b c

p a b c

  
  

 
 

រោយ 1
tan tan

2 2 2

A B
  

1

2

a b c

a b c

 
 

 
       3a b c    

នំារោយ 4
2

2 2

a b c c
p c

 
             1  

មយ៉ាងរទៀត 
4

abc
S pr

R
   

   
4

r
pabc p p a p b p c

R
      

      2
4

r
abc p a p b c c c p a p b

R
         
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    2

4

r
ab p a p b p a b p ab

R
         

   
22 21 3 2 2 2

4

r
ab a b p p c c c c

R

 
          

  2  

តាមសមមតិ មម 1
sin sin sin

2 2 2 10

A B C
  

រោយ   sin sin sin
2 2 2 4

A B C r

R
  

រយើងបាន  1

4 10

r

R
   ជំនួសចូល នុង  2  

នំារោយ 21
1 2

10
ab c
 
   

   220

9
ab c              3  

តាម  1  និង  3  រយើងបានa  និង bជាឬសពីរលនសមីារ 
2 220

3 0
9

t ct c    មានឬស 4

3
t c ឬ 5

3
t c  

យ  a b     5

3
a c     និង  4

3
b c  

2 2
2 2 2 24 5

3 3
b c c c c a

   
           

 

រផទៀងផ្ទទ ត់រទឹសតីបទ ពីតា រ 
រយើងបាន  រតីរាណ ABCជារតីរាណដ ងរតង់ A  

 បង្ហា ញថា   របើរតីរាណ ABCជារតីរាណដ ងរតង់ A  

1
sin sin sin

2 2 2 10

A B C
   

របើរតីរាណ ABCជារតីរាណដ ងរតង់ A  
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រយើងបាន         2a R  

                       2 2 2a b c   

                       1

2
S bc pr   

តាម  1  3a b c      3a c b    

នំារោយ    2a R  

                  
2 2 23c b b c    

                 1 1

2 2
b p pr   

នំារោយ     2a R  

                  6
3

8

b
c r   

                  4b r  

   
2 2

3 4 5a r r r     

5
1

2

r a

R a
                1

4 10

r

R
   

រយើងបាន 1
sin sin sin

2 2 2 10

A B C
  

ដូរចនោះ  រតីរាណ ABC ដ ងរតង់ A
1

sin sin sin
2 2 2 10

A B C
    

 

៥. រ តួដច រមួធំបំផុតលន 20072 1  និង  
200722 1  

តាង d  ជាតួដច រមួធំបំផុតលន 20072 1  និង  
200722 1  
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ដដលd ជាចំនួនគត់វជិជមានរសស 

រយើងបាន 20072 1 md              ដដល m   

               200722 1 nd              ដដល n   

                , 1m n   

20072 1md       និង   200722 1nd   

   
2007 20072 220072 1 1md kd       ដដលk       1  

និង    
2007 2007

200722 1 1nd pd     ដដល p        2  

តាម  1 និង  2 1 1kd pd     

                          2d p k         ដដល  p k    

នំារោយ d ដច ោច់ 2  

រោយ d  ជាចំនួនគត់វជិជមានរសស 1d   

ដូរចនោះ        20072007 2gcd 2 1 , 2 1 1d      

 

៦. បង្ហា ញថា 
3

1

1 2
lim

3

n

n
k

k
n



 
 

 
  

រយើងមាន 
1 2

0 0 1 1

n n

n

xdx xdx xdx xdx



         

1 2

10 0 1 1

1 2

n n n

kn

xdx dx dx ndx k


           
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មយ៉ាងរទៀត 
1 2 3 1

1 1 2

n n

n

xdx xdx xdx xdx

 

         

1 2 3 1

11 1 2

1 2

n n n

kn

xdx dx dx ndx k

 



           

រយើងបាន 
1

10 1

n nn

k

xdx k xdx





                     

រោយ 3 3

00

2 2

3 3

n n

xdx x n   

           
1 1

33

11

2 2 2
1

3 3 3

n n

xdx x n

 

     

តាម    
33

1

2 2 2
1

3 3 3

n

k

n k n


      

            
3

3 3
1

2 1 2 1 2

3 3 3

n

k

n
k

nn n

 
       

3

3 3
1

2 1 2 1 2
lim lim lim

3 3 3

n

n n n
k

n
k

nn n  


 
 

        


3
1

2 1 2
lim

3 3

n

n
k

k
n



  
3

1

1 2
lim

3

n

n
k

k
n



   

ដូរចនោះ   
3

1

1 2
lim

3

n

n
k

k
n



  
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វិញ្ញា សាទ្យី១២ 
១. រគរោយ ,x yជាចំនួនពិត ។     បង្ហា ញថា   

     

  2 2

11 1

2 21 1

x y xy

x y

 
  

 
 

 

២. រគរោយ  
1

2 2

0

1
n

nI x x dx  ។ គណនា 1lim n

n
n

I

I




 

 

៣. រោយដឹងថាsin sin sin 0x y z    ។ ចូរគណនាតំលល  
អតិបរមានិង អបបបរមាលន  2 4 6sin sin sinP x y z    ។ 

 

៤.  ំនត់ អនុគមន៍ f  និង g  ដដលរផទៀងផ្ទទ ត់ល ខខណឌ ៖ 

           3 1 6 1 3f x g x x     

            21 2 3 2f x xg x x x        ចំរ ោះរគប់ 1x    

 

៥. បង្ហា ញថា 
7 5 23

7 5 35

n n n
  ជាចំនួនគត់ ចំរ ោះរគប់ n ។ 

 

៦. គណនា          
2

2 2

0

cos cos sin sinA x x dx



    ។ 
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សម្រាយបញ្ញា ក់ 
១. បង្ហា ញថា   

  2 2

11 1

2 21 1

x y xy

x y

 
  

 
 

តាង 
2

2 2

2 1
,

1 1

x x
a

x x

 
  

  
  និង  

2

2 2

1 2
,

1 1

y y
b

y y

 
  

  
 

 
 
 

 
 

2 2
2 22

2 2 2
2 2 2

1 14
1

1 1 1

x xx
a a

x x x

 
     

  

 

និង  
   

 
 

2 2
2 22

2 2 2
2 2 2

1 14
1

1 1 1

y yy
b b

y y y

 
     

  

 

នំារោយ    1a b a b     

មយ៉ាងរទៀត 

      
  

  

  

2 2

2 2 2 2

1 1 1
2 2

1 1 1 1

x y y x x y xy
a b

x y x y

    
   

   
 

ប៉ាុដនត  a b a b          

  2 2

1
2 1

1 1

x y xy

x y

 
 

 
 

  

  2 2

1 1

21 1

x y xy

x y

 
 

 
    

  2 2

11 1

2 21 1

x y xy

x y

 
   

 
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ដូរចនោះ     

  2 2

11 1

2 21 1

x y xy

x y

 
  

 
 

 

២. គណនា 1lim n

n
n

I

I




 

រយើងមាន   
1

2 2

0

1
n

nI x x dx   

     
1 1

1
2 2 2 2 2

1

0 0

1 1 1
n n

nI x x dx x x x dx


        

               
1 1

2 2 4 2

0 0

1 1
n n

x x dx x x dx      

             
1

4 2

0

1
n

nI x x dx                        1  

ចំរ ោះ  
1

1
2 2

1

0

1
n

nI x x dx


    

តាង  
1

21
n

u x


        22 1 1
n

du n x x dx      

      2dv x dx            31

3
v x   

     
1 1

1
3 2 3 2

1
0 0

1 1
1 2 1 1

3 3

n n

nI x x x n x x dx




  
         

  
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   
1

4 2
1

0

2 1
1

3

n

n

n
I x x dx


    

 
1

4 2
1

0

3
1

2 2

n

nx x dx I
n

  
                          2  

តាម   1  និង  2 រយើងបាន   1 1

3

2 2
n n nI I I

n
  


 

1 1

3

2 2
n n nI I I

n
   


   1 2 2

2 5

n

n

I n

I n

 
 


 

រយើងបាន  1 2 2
lim lim 1

2 5

n

n n
n

I n

I n



 


 


 

ដូរចនោះ     1lim 1n

n
n

I

I




  

 

៣.  ំនត់  min P  និង  max P  

រយើងមាន  2 4 6sin sin sinP x y z    

រោយ  1 sin ,sin ,sin 1x y z    

2 4 60 sin ,sin ,sin 1x y z    

រយើងបាន  0P   

នំារោយ  min 0P   រពល sin sin sin 0x y z    

                                  x y z k    ដដលk   

មយ៉ាងរទៀត 2 4 6sin sin ;sin sin ;sin sinx x y y z z    

sin sin sinP x y z     
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ឧបមាថា sin sin sinx y z   

រោយ sin sin sin 0x y z    sin 0x   និង sin 0z   

 រណី sin 0y    sin sin sinP x y z      

                           2sin sin sin sinP x x y z                                    
                          2sin 2P x    

 រណី sin 0y    sin sin sinP x y z      

                           sin sin sin 2sinP x y z z       

                          2sin 2P z    

រយើងបាន  max 2P     រពល sin 1;sin 0;sin 1x y z     

ដូរចនោះ      min 0P   និង   max 2P   

 

៤.  ំនត់អនុគមន៍  f x  និង  g x  

រយើងមាន             3 1 6 1 3f x g x x                       1  

                            21 2 3 2f x xg x x x               2  

តាង 3 1u x    1

3

u
x


  ជំនួសចូល នុង  1  

រយើងបាន   
1 1

6 1 3
3 3

u u
f u g

  
    

 

               2 1 1f u g u u                                     

តាង 1u x    1x u   ជំនួសចូល នុង  2  

រយើងបាន           
2

1 2 2 3 2 1 1f u u g u u u         

                 21 2 1 2 3 1f u u g u u u                   
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យ   ដ     

នំារោយ       21 2 1 2 1 2 3 1 1u g u g u u u u          

 
22 4

2 1 2
2

u u
g u u

u


   


  តាង 1

2 1
2

y
y u u


     

 
1

2 1
2

y
g y y

 
     

 

រយើងបាន   1g x x   

យ    គុណនឹង  1u  រចួដ     

នំារោយ          2 21 1 2 3 1u f u f u u u u        

         22 3 2 1 2u f u u u u u           

      1f u u     

រយើងបាន     1f x x    

ដូរចនោះ       1f x x     និង    1g x x   

 

៥. បង្ហា ញថា 
7 5 23

7 5 35

n n n
  ជាចំនួនគត់ 

រយើងមាន    
7 5 7 523 5 7 23

7 5 35 35

n n n n n n 
    

រដើមបីបង្ហា ញថា
7 5 23

7 5 35

n n n
   ជាចំនួនគត់ រយើងរាន់ដត

បង្ហា ញថា 7 55 7 23n n n   ដច ោច់នឹង 35  គឺ បង្ហា ញថា វ
ដច ោច់នឹង 5 រចួដច ោច់នឹង 7  ររ ោះ 5 និង7 ជាចំនួនបឋម 

រវងាន  ។ 
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  បង្ហា ញថា 7 55 7 23n n n   ដច ោច់នឹង5  

តាមរទឹសតីបទ Fermat  

រយើងបាន 5n n          mod5   
        57 7n n         mod5  

        57 23 7 23 0n n n n           mod5  

        7 55 7 23 0n n n          mod5   
នំារោយ    7 55 7 23n n n   ដច ោច់នឹង5  

  បង្ហា ញថា 7 55 7 23n n n   ដច ោច់នឹង7  

តាមរទឹសតីបទ Fermat  

រយើងបាន  7n n       mod7  

         75 5n n       mod7  

         75 23 5 23 0n n n n         mod7  

         7 55 7 23 0n n n         mod7  

នំារោយ   7 55 7 23n n n   ដច ោច់នឹង7  

ដូរចនោះ   
7 5 23

7 5 35

n n n
  ជាចំនួនគត់ 

 

៦. គណនា     
2

2 2

0

cos cos sin sinA x x dx



             
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តាង 
2

y x


      
2

x y


        dx dy    

របើ 0
2

x y


      និង 0
2

x y


    

 
0

2 2

2

cos cos sin sin
2 2

A y y dy


        
                   

  

    
2

2 2

0

cos sin sin cosA y y dy



    

    
2

2 2

0

cos sin sin cosA x x dx



                 

យ    បូ     

រយើងបាន     
2

2 2

0

2 cos cos sin sinA x x dx



   

                                        
2

2 2

0

cos sin sin cosx x dx



   

        
2

2 2 2 2

0

2 cos cos sin cos cos sin sin sinA x x x x dx



     
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2

0

2 2A dx



       2
0

2 2 2 0
2

A x





 

      
 

2
A


   

ដូរចនោះ        
2

2 2

0

cos cos sin sin
2

A x x dx




    
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Mathematics Preparation Test 

1 Multiple Choice Questions  

1. Sam-the-Super-Snail is climbing a vertical stone 1 meter high. 

He climbs at a steady speed of 30cm per hour, but each time the 

church clock strikes the shock causes him to slip down 1cm. The 

clock strikes the hour, so at 1 o’clock he would slip back 1cm, at 2 

o’clock he would slip back 2cm and so on. If he starts to climb just 

after the clock strikes 3:00 pm, when will he reach the top? 

 .a  3:50 pm        .b  6:20 pm        .c  6:50 pm         .d  7:20 pm 

 .e  None of the above 

 

2. The floor of a room is a 10m by 10m square and the room is 4m 

high. A spider is in one of the corners of the floor and sees a fly 

across the room at the diagonally opposite corner on the ceiling. If 

the fly does not move, what is the shortest distance (in meters) 

the spider must travel to catch the fly? 

 .a  216           .b  4 200            .c 24           .d  296        

 .e  None of the above  

 

3. A cathedral is located at the top of a hill. When the top of the 

spire is viewed from the base of the hill, the angle of the elevation 

is 60 . When the spire is viewed from a distance of 200 feet from 

the base of the hill, the angle of the elevation is 45 . If the hill 
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rises at an angle of 30 , then the height, in feet, of the cathedral 

is 

 .a  
100 3

200
6

                                    .b  
200 3

100
6

      

 .c  
100 3

100
6

                                    .d  
200 3

200
3

  

 .e  None of the above 

 

4. Two points are randomly and simultaneously selected from the 

4 5  grid of 20 lattice points {  , :m n 1 5,1 4m n    , with 

m  and n  are integers}. What is the probability that the distance 

between them is a rational number? 

 .a  7/19              .b  36/95              .c  1/2             .d  10/19 

 .e  None of the above 

 

5. The sum of the roots of the equation 
3 24 7 10 0x x x     

is 4 . What is the sum of the roots of the equation

     
3 2

3 4 3 7 3 10 0x x x       ? 

 .a  -13                 .b  -7                      .c  -1                     .d  5 

 .e  None of the above 

 

6. At noon, a car and a van are 120 miles apart on a straight road 

and driving toward each other at a speed of 40 mi/hr. A fly starts 

from the front bumper of the van at noon and files to the bumper 
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of the car, then immediately back to the bumper of the van, back 

to the car, and so on, until the car and the van meet. If the fly files 

at a speed of 100mi/hr, what is the total distance it travels? 

 .a  150 miles                    .b  120 miles                 .c  100 miles   

 .d  200 miles                    .e  None of the above 

 

7. An amoeba propagates by simple division; each split into two 

takes 3 minutes to complete. When such an amoeba is put into a 

glass container with a nutrient fluid, the container will be full of 

amoebas in one hour. How long would it take for the container to 

be filled if we start with not one amoeba, but two? 

 .a  30 min                         .b  45 min                     .c  51 min 

  .d  57 min                        .e  None of the above 

 

8. A square of perimeter 20 is inscribed in a square of perimeter 

28 (inscribed means the vertices of the smaller square are on the 

sides of the larger square). What is the greatest distance between 

a vertex of the inner square and a vertex of the outer square? 

 .a  5 3                           .b  58                         .c
7 5

2
 

 .d  65                           .e  None of the above 

 

9. The Beatles (Paul, John, George, and Ringo) took a math exam. 

Paul got correct half of the questions plus 7 questions, John got 

correct one third of the questions plus 17 questions, George got 

correct one fourth of the questions plus 22 questions, and Ringo 
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got correct one fifth of the questions plus 25 questions. There 

were between one and 100 questions on the exam and each 

Beatle got an integer number of questions correct. Which Beatle 

got the most questions correct? 

 .a  Only Paul                 .b  Only John                 .c  Only George 

 .d  Only Ringo               .e  At least two Beatles got the most 

questions correct 

 

10. If L  is the line whose equation is ax by c  . Let M  be the 

reflection of L  through the y-axis, and let N  be the reflection of 

L  through the x-axis. Which of the following must be true about 

M  and N for all choices of a, b, and c? 

 .a  The x-intercepts of M  and N  are equal 

 .b  The y-intercepts of M  and N  are equal 

 .c  The slopes of M  and N  are equal 

 .d  The slopes of M  and N  are negative reciprocals of each 

another 

 .e  None of the preceding 

 

11. Let  f x  be a cubic polynomial in one variable x  such that 

 0 0f   and with no repeated roots. Suppose that  f x  and 

 f x  share a common root. Which of the following 

polynomials could be the least common multiple  LCM  of  

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 101 

 

 f x  and  f x  ? (The numbers ,a ,b  and c  below are 

 all distinct) 

 .a      
2

2 2x a x b x c    

 .b    
2

2 2x a x b   

 .c     2 2x a x b x c    

 .d    2 2 2 2x a x b   

 .e  None of the preceding could be the LCM  

 

12. 10% of a high school senior class participate in Math Olympics. 

95% of the seniors that participate in Math Olympics get into the 

college of their choice. Only 50% of the seniors who don’t 

participate in Math Olympics get into the college of their choice. If 

a senior from that high school got into the college of his or her 

choice, what is the probability that this senior participated in Math 

Olympics? 

 .a  0.095            .b  0.545           .c  19/109           .d  0.95 

  .e  None of the above 

 

13. A middle school has 100 lockers numbered 1 to 100, and 100 

students. The first student goes down the row of lockers and 

opens every locker. Then the second student goes down the row 

of lockers and closes every locker that is numbered with a multiple 

of 2. Then the third student goes down the row of lockers, and for 
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every locker that is numbered with a multiple of 3, if it is open, she 

closes it, but if it is already closed, she opens it again. The fourth 

student then does the same thing for the lockers numbered with 

multiple of 4, and so on, down to the hundredth student. In the 

end, how many lockers are still open? 

 .a  1          

 .b  All of the lockers that are not numbered with prime numbers 

 .c  10                .d 15               .e  None of the above 

 

14. The line 3x y b   and the equation 
2 22 1x y   are 

graphed on an  ,x y  rectangular coordinate system. For what 

values of b  will the graph of the line 3x y b   be tangent to the 

graph of the equation 
2 22 1x y  ? 

 .a  The graph of the line 3x y b   is not tangent to the graph 

of 
2 22 1x y   for any b . 

 .b  The graph of the line 3x y b   is tangent to the graph of 

2 22 1x y   for allb . 

 .c  1b               .d
22

2
b              .e  None of the above 

 

15. Suppose that the digits 1, 0, and 8 are written so that they look 

the same when they are upside down as they do when they are 

right-side up. Also, the digits 6 and 9 are written so that by turning 
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(rotating) a 6 upside down, we get a 9. Two 5-digit numbers are 

“flips” of each other if one is obtained by rotating the other upside 

down. For example, 61891 and 16819 are “flips” of each other. If 

all 5-digit numbers (including those starting with 0 like 00027) are 

being printed on slips of paper such that two numbers are printed 

on the same slip if and only if they are flips of one another, how 

many slips of paper are needed? 

 .a  100,000                           .b  98475                          .c  96875  

 .d  

5
5 5

10
2

                       .e  None of the above 

 

16. In a local election, 3000 votes were cast to elect one of the 

three candidates A, B, and C. Of the first 2000 votes, A received  

45 %, B received 35%, and the rest went to C. Of the remaining 

1000 votes, 60% went to C, 25% went to B, and the rest went to A. 

Which of the following is true? 

 .a  A places first with 60% of the votes 

 .b  C wins the election 

 .c  A and C tie for first place 

 .d  C received 50 votes more than B 

 .e  None of the above 

 

17. Mary’s top book shelf holds five books with the following 

widths, in centimeters: 6, 1/2, 1, 2.5, and 10. What is the average 

book width, in centimeters? 
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 .a  1            .b  2            .c  3             .d  4              .e  5 

 

18. Tyrone had 97 marbles and Eric had 11 marbles. Tyrone then 

gave some of his marbles to Eric so that Tyrone ended with twice 

as many marbles as Eric. How many marbles did Tyrone give to 

Eric? 

 .a  3           .b  13               .c  18               .d  25             .e  29 

 

19. A book that is to be recorded onto compact discs takes 412 

minutes to read aloud. Each disc can hold up to 56 minutes of 

reading. Assume that the smallest possible number of discs is used 

and that each disc contains the same length of reading. How many 

minutes of reading will each disc contain? 

 .a  50.2       .b  51.5        .c  52.4        .d  53.8          .e  55.2 

 

20. For positive numbers x  and y  the operation  ,x y  is 

defined as  
1

,x y x
y

   . What is   2, 2,2  ? 

 .a  2/3          .b  1         .c  4/3            .d  5/3             .e  2 

 

21. The length of the interval of solutions of the inequality 

2 3a x b    is 10. What is b a ? 

 .a  6            .b  10            .c  15            .d  20             .e  30   
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22. A new sequence is obtained from the sequence of the positive 

integers {1, 2, 3, …} by deleting all the perfect squares. Then the  

2003rd term of the new sequence is (………). 

 .a  2046       .b  2047        .c  2048        .d  2049       .e 2050   

 

23. Let O be an interior point of ABC  such that 

2 3 0OA OB OC   . Then the ratio of the area of ABC  to 

the area of AOC  is (……….). 

 .a  2             .b  3/2            .c 3                .d  5/3             .e 5/4 

 

24. Let  0,1,2,3,4,5,6T   and 31 2 4
2 3 4

, , , ;
7 7 7 7

aa a a
M


 


, 1,2,3,4ia T i  . Arrange the numbers in M  in the 

descending order. Then the 2005th number is (………) 

 .a  
2 3 4

5 5 6 3

7 7 7 7
                 .b    

2 3 4

5 5 6 2

7 7 7 7
    

 .c  2 3 4

1 1 0 4

7 7 7 7
                 .d   2 3 4

1 1 0 3

7 7 7 7
    

 

25. Assume that   2 2, / 2 3M x y x y    and 

  , /N x y y mx b   . If M N   for all m , then 

b  takes values from (…………) 
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 .a
6 6

,
2 2

 
 
 

                                           .b  
6 6

,
2 2

 
 
 

   

 .c  
6 6

,
2 2

 
 
 

                                          .d  
2 3 2 3

,
3 3

 
 
 
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2. Mathematical Question: 

 

1. Daniel likes two things—kittens and prime numbers. One day, 

he decides to fill up his whiteboard with kittens and prime 

numbers. He begins by drawing five cute kittens side by side on 

the board, and then writes the following numbers under the 

kittens: 110437, 124297, 138157, 152017. Before he writes a 

number under the last kitten, however, he suddenly realizes that 

he forgot to check whether the numbers he wrote down are 

prime. Feeling adventurous, he decides to test their primality by 

writing down all the numbers up to 152017 on the back of his 

whiteboard and crossing out every second number after 2, then 

every third number after 3, and so on until only the primes are 

left. Satisfied that the four numbers he wrote down are prime, and 

also pleased at the size of his whiteboard and the amount time he 

just wasted, Daniel returns to the front of his whiteboard and 

writes down a number under the last kitten. What number does 

he write down? 

 

2. Justin is reading a tourist guide listing some of the straight-line 

distances between five towns: Aberystwyth, Botcherby, 

Caarnduncan, Damnaglaur, and Evercreech. They are: 

Aberystwyth to Botcherby: 102km 

Botcherby to Caarnduncan: 79km 

Caarnduncan to Damnaglaur: 231km 

Damnaglaur to Evercreech: 16km 

Evercreech to Aberystwyth: 34km 

If Justin is currently in Botcherby, how far is he from Evercreech? 
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3. The letters , , , , , ,a b c d e f and g  each represent a distinct digit 

(number from 0 to 9 inclusive). The three products ,a b c 

,c d e   and e f g   are equal. What 3 digits are not used? 

 

4. A large building has 64 rooms arranged in a 4 4 4   lattice. 

Each room has doors to each of the adjacent rooms on the same 

floor, and stairs to the corresponding rooms in adjacent floors. If 

Thara has just entered the building and is in one corner of the 

building on the bottom floor, and wants to get to his bedroom in 

the opposite corner of the building on the top floor, in how many 

ways can he get there in the minimum number of moves? 

 

5. Tom, Dick, and Harry attend the same gym. One attends every 2 

days, one every 3 days, and one every 7 days. In a particular 

month of gym attendance, Tom’s first visit was on a Monday, 

Dick’s on a Wednesday, and Harry’s on a Friday. Also, on one day 

of this month, all three attended the gym together. Which day of 

the month was it? 

 

6. John is a judge with a keen interest in numerology. He uses the 

code A=1, B=2, and C=3, etc to encode his wife’s name. He notices 

that the product of the letters of her name is the same as for his 

profession, JUDGE. Given that it has no letter in common with 

JUDGE, and that its letters are in alphabetical order if you swap 

two of them. What is her name? 

 

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 109 

 

7. If S  is a set of points in the plane, a point x  is said to belong to 

the environment of S  if there exist points y  and z  in S  with the 

property that the distance between x  and y  is less than the 

distance between y  and z . If S  is an isosceles right-angled 

triangle of area 1; what is the area of its environment? 

 

8. Given that 1,x y z    2,xy yz xz    and 

5 5 5 5x y z   . What is xyz ? 

 

9. Three sets of twin girls are married to three sets of twin boys 

such that each girl’s sister is married to her husband’s brother. 

One day, the six couples decide to play mixed doubles tennis. 

However, no girl wants to be paired with her husband, or her 

husband’s brother. How many possible pairings are there? 

 

10. A car travels from A to B at the rate of 20km/h and then 

returns from B to A at the rate of 80km/h, without stopping. What 

is the average speed for the round trip, in Kilometers per hour? 

 

11. Let  1,2M  and  1,4N be two points in a plane rectangular 

coordinate system xOy . P  is a moving point on the x axis . 

When MPN  takes its maximum value, the x coordinate  of 

point P  is ………………….. . 
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12. In a planar rectangular coordinate system xOy , the area 

enclosed by the graph of function   sin cosf x a ax ax  (for 

all 0a  ) defined on an interval with the least positive period and 

by the graph of function   2 1g x a   is …………… . 

 

13. It is given that complex numbers 1z  and 2z  satisfy 1 2z   

and 2 3z  . If the included angle of their corresponding vectors 

is 60 , then 1 2

1 2

z z

z z





……………… . 

 

14. The roots of the equation  
3 2 30 0x px qx     are in the 

ratios 2:3:5 . Find the values of p and q . 

 

15. In MUMSland coins are shaped like regular polygons. All coins 

have the same side length but they vary in the number of sides 

they have. There are some coins that are shaped like squares, and 

others that are shaped like hexagons. There is another type of 

coin, so that the square, hexagon and the third type of coin fit 

together snugly at a vertex, with no hole between coins. How 

many sides does the third type of coin have? 
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ររៀនរ ោះម្រសាយ លហំាត់គណិតវិទ្យា ាភាសាអងរ់គេស 
Exercise 01. Prove by induction that 9 1n   is a multiple of 8  for 

all positive integer values of n . 

Solution 

Let nP  be the statement 

‘For all positive integer values of n , 9 1n   is a multiple of 8 ’. 

If the formula is valid when n k  

i.e. if 9 1 8k a  , say, 

then    19 1 9 9 1k k     

                            9 9 9 8k    

                           9 9 1 8k    

                             9 8 8 8 9 1a a     which is the multiple of8  

i.e. If 9 1k   is a multiple of 8  then so is 
19 1k  . 

But if 1,n      
19 1 8,    so 1P  is true . 

So 2P  is true, 3P  is true, … and so on for all positive integer values 

of n . 

Therefore by induction, nP  is correct for n  

 

Exercise 02. Prove that if n  is a natural number such that 
2n  is 

even then n  is even. 
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Solution 

The contrapositive of the statement 

‘ n  is a natural number such that 
2n  is even n  is even’ 

Is          ‘ n  is an odd integer 
2n  is an odd integer’ 

Now     n  is an odd integer 2 1n k    where k  is an integer 

                                                   
22 2 1n k    

                                                  
2 24 4 1n k k     

                                                   2 22 2 2 1n k k     

                                                  
2n   is an odd integer 

Hence if n  is an odd integer then 
2n  is an odd integer. 

Hence if n  is a natural number such that 
2n  is an even integer 

then n  is an even integer. 

 

Note: (Indirect Proof) If we want to prove that the proposition

p q  is true, thus we need to prove that q p   is true. 

In short,  p q  true (or Valid)  q p    true (or Valid) 

 

Exercise 03. In MUMSland money comes in the currency of 

proofs. Proofs are divided up into smaller denominations called 

propositions and lemmas. 1 proof is worth 10 propositions. 1 

proposition is worth 10 lemmas. There are coins in circulation  

worth 1 lemma, 2 lemmas, 5 lemmas, 1 proposition, 2 

propositions, 5 propositions, 1 proof, and 2 proofs. 
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Lori is about to travel on a hot air balloon to her economics 

tutorial but she needs to pay the fare, and must pay exactly. She 

knows the fare is more than 1 proof and less than 3 proofs. At 

least how many coins must she carry to be sure of carrying the 

exact correct fare? 

Solution 

For this question, it is much easier to obtain the answer 

than to prove it rigorously! 

Note that the currency is identical to a dollars-cents 

currency , with 1c, 2c, 5c, 10c, 20c, 50c, $1, $2 coins. We will use 

the language of dollars and cents for this solution as it is simpler. 

Consider how many coins we need to obtain the amounts 

of $1.88 and $2.99. 

 Note that, if we have a collection of coins worth $1.88, 

then there must be a sub-collection of coins worth exactly 8c. (This 

is not entirely obvious—the same argument would not apply for 

$1.11= $1+5c+2c+2c+2c). Of the remaining $1.80 in coins, similarly 

there must be a sub-collection of coins worth exactly $1. Thus we 

can divide the collection into three parts worth $1, 80c and 8c 

respectively. 

We can do the same for a $2.99 collection into parts worth 

$2, 90c, and 9c.  

For the 8c and 9c sub-collections, taken together, at least 4 

coins are required, since at least 3 coins are required for 8c, at 

least 3 coins are required for 9c, and the sets of three coins are 

not identical, using at least 4 distinct coins in total. These 4 or 

more coins must all be 5c or less. 
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Similarly for the 80c and 90c sub-collections, at least four 

coins are required. If these sub-collections include 5c or smaller 

denominations, then at least 5 coins are required. In either case all 

the coins are 50c or smaller. 

And obviously, for the $1 and $2 sub-collections, at least 2 

coins are required. If these sub-collections include 50c or smaller 

denominations, then at least 3 coins are required.  

So, these sub-collections in total required 4+4+2 coins. It is 

easy to verify that there cannot be an overlap between sub-

collections (eg. 90c and 8c sub-collections) allowing a smaller 

number of coins, since then there must be 50c or 5c coins 

requiring larger sub-collections. So at least 10 coins are required. 

The following 10 coin collection can easily be verified to 

allow every possible fare to be achieved. 

 

Exercise 04.    If cosn
nI xdx  . Show that 

1
2

1 1
sin cosn

n n

n
I x x I

n n





  . Hence find 5cos xdx  

Solution 

To use integration by parts, cosn x  is written in the product form 

1cos cosnx x
 

So that     1cos cosn
nI x xdx   

If     
1cosnv x    and   cos

du
x

dx
  
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Then    21 cos sinndv
n x x

dx

     and   sinu x  

So     1 2 2sin cos 1 cos sinn n
nI x x n x xdx     

           1 2 2sin cos 1 cos 1 cosn nx x n x x dx      

           1 2sin cos 1 cos 1 cosn n nx x n xdx n xdx        

Hence      1
2sin cos 1 1n

n n nI x x n I n I
      

Or           1
2sin cos 1n

n nnI x x n I
    

So         1
2

1 1
sin cosn

n n

n
I x x I

n n





   

Now we can apply this reduction formula to find 5cos xdx  

First using 5n   

i.e.           4
5 3

1 4
sin cos

5 5
I x x I                   1   

Further using 3n  , we have,  2
3 1

1 2
sin cos

3 3
I x x I     2  

Now      1 cos sinI xdx x K        3  

Combining   1 ,  2 , and  3  gives, 

        
4 2

5

1 4 1 2
sin cos sin cos sin

5 5 3 3
I x x x x x K

 
     

 

Where K  is constant 
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Exercise 05.  How many pairs of natural numbers  ,u v  are 

there such that 1 u v  , with the property that the least 

common multiple of u  and v  is 2000? 

Solution 

We will first drop the consideration that u v , and just 

find pairs of natural numbers  ,u v  with least common multiple 

2000. 

Let 2 5a bu  , 2 5c dv  . So the least common multiple is 

   max , max , 4 32 5 2000 2 5
a c b d

  . We can restate the problem 

now as: find all sets of four non-negative integers  , , ,a b c d with 

 max , 4a c   and  max , 3b d  . 

Consider a  and c . If a c then there is only one 

possibility: 4a c  . If a c  then one of them must be 4 --

there are 2 choices as to which one. The other one can then be 0, 

1, 2,or 3—there are 4 choices. It is clear that we have then 

counted all possible  ,a c  exactly once, so there are 

1 2 4 9    possibilities. 

Now considerb  and d  with a similar argument. If b d  

then 3b d  . If b d  then one of them is 3 and the other is 

one of 0, 1, 2. This gives 1 2 3 7    possibilities.  

Thus there are 9 7 63   sets of four non-negative 

integers  , , ,a b c d with  max , 4a c   and  max , 3b d  . So 

there are 63 pairs of natural numbers  ,u v with least common 

multiple 2000. 
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If now u v , then we have counted every pair twice, 

except the one where u v , in which case 2000u v  . So 

there are 31 pairs we have counted twice and 1 pair we have 

counted once –a total of 32 pairs. 

 

Exercise 06.  Find all positive integers n  such that 

200 4 1032 2 2 2n    is a perfect square. 

Solution 

To find an answer, we might note that  
2

200 1002 2 ,  

 
2

4 22 2 ,  and that  

      
2

100 2 200 4 102 200 4 1032 2 2 2 2 2 2 2 2             

Is a perfect square, which is quite close to the expression given. In 

fact, if we note that 
104 103 1032 2 2  , then letting 104n   

gives us exactly this perfect square! 

 While this would have been sufficient for the purposes of 

the competition, we’ll show that this is the only answer. First we 

note that we can factorize   
2

200 4 103 100 22 2 2 2 2    . 

This gives     
2

100 2 22 2 2n x    for some positive integer x . 

 Now we can rewrite and factorize as follows: 

              
2

2 100 22 2 2n x    
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                     100 2 100 22 2 2 2x x       

Since both the expressions in brackets are integers, they must be 

powers of 2. Then we have 

 1                       
100 22 2 2ax     

 2                      
100 22 2 2bx     

Where      a b n   

Subtracting  1  from  2  now gives 

                  
100 22 2 2 2 2 2b a      

                    101 32 2 1 2 2a b a     

                    3 982 2 1 2 2 1a b a     

Since 2a
 and 

32 are powers of 2 , while 2 1b a   and 
982 1 are 

odd, we must have 3a   and 98b a  , so 101b  .  

This gives 104n a b    

So 104n   

 

Exercise 07.  If the equation 
3 2 0x px qx r     has roots 

that are in arithmetic progression; 

Show that 
32 9 27 0p pq r    

Solution 

If the roots from an arithmetic progression with common 

difference  , and  is the middle root, then the three roots are: 

, ,      . 
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From the given equation we see that 

1, , ,a b p c q d r     

So                  p                         

              3 p                                   1  

But   satisfies the given equation so we have 

                
3 2 0p q r       

 1      

3 2

0
3 3 3

p p p
p q r

     
                

 

            
3 33 9 27 0p p pq r      

            
32 9 27 0p pq r     

 

Exercise 08.  ,P x y  is the point on an Argand diagram 

representing z x yi  .  

If 2 3 2 4z z i     show that the Cartesian equation 

of the locus of P  is 
2 2 5 9 22 0x y x y      

Solution 

To use the geometric approach in this problem we would first 

write 2z   in the form 1z z  so that it corresponds to a line 

joining two points, i.e.        2 0 3 2 4z i z i       

Then, using   2,0 ;A    2,4B  and  ,P x y  we find that 

3AP BP . It is not obvious from this property however, where 
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P  can lie, so the method based on the algebraic definition of a 

modulus is used instead. 

Writing x yi  for z  we have 

              2 2 2z x yi x yi        

       
2 22 2z x y      

And         2 4 2 4 2 4z i x yi i x y i           

         
2 2

2 4 2 4z i x y        

Thus the given condition can be given 

               
2 2 222 3 2 4x y x y       

i.e.      2 2 2 24 4 9 4 4 8 16x x y x x y y          

     
2 28 8 40 72 176 0x y x y       

     
2 2 5 9 22 0x y x y       

Because this is the condition which the coordinates of P  must 

satisfy, it is the equation to the locus of P , which is seen to be a 

circle. 

 

Exercise 09.  If z x yi   and w u vi   represent points 

 ,P x y  and  ,Q u v  and 
1

1

z
w

z





. Find the locus of Q  when 

P  describes 

a. The circle 
2 2 4x y   

b. The parabola 
2 4y x  
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Solution 

Find the locus of Q  when P  describes: 

a. The circle 2 2 4x y   

Although 2 2 4x y   can be expressed as 2,z   this form 

cannot be used directly from the relationship 
1

1

z
w

z





 

Rearranging this, however, gives    
1

1

w
z

w





 

Then         2z         
1

2
1

w

w





 

i.e.            1 2 1w w    

              
2 22 21 2 1u v u v     

 
 

           
2 23 3 10 3 0u v u     

Therefore the image of the circle 
2 2 4x y   is another circle 

with  equation 
2 23 3 10 3 0u v u     

b. The parabola 
2 4y x  

To find the image of 
2 4y x  we need x and y  separately in 

terms of u  and v . 

   
1

1

w
z

w





     

 
 

2 2

2 2

1 21

1 1

u v viu vi
x yi

u vi u v

   
   

   
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 

2 2

2 2

1

1

u v
x

u v

 
 

 
    and    

 
2 2

2

1

v
y

u v
 

 
 

So 2 4y x   maps to  

 

 
 

2 2 12

2 2 22 2

44

11

u vv

u vu v




   
 

 

                     22 2 2 21 1v u v u v     
 

         provided 

that 
2 2 1 0u v    

Therefore the image of 
2 4y x  is the curve  

  2 2 2 2 22 1 1u u v u v v       

 

Exercise 10. (IMO 1999).  Determine all functions :f   

such that             1f x f y f f y xf y f x       

for all ,x y . 

Solution 

let  0c f  and A  be the image of  f . If a  is in A , then it 

is straightforward to find  f a : putting  a f y  and x a , 

we get         2 1f a a f a a f a      

          
21

2 2

c a
f a


                        

The next step is to show that A A  . Note first that c  

cannot be zero, for if it were, then putting 0y  ,  
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we get:         1f x c f c xc f x                 

and hence    0 1f f c  , Contradiction. But    also shows  

that       1f x c f x xc f c     . Here x  is free to vary 

over , so   1xc f c   can take any value in . 

Thus given any x  in , we may find ,a b A  such that 

x a b  . Hence         1f x f a b f b ab f a      . 

So, using   :  
2 2 2

2 2 2

b a x
f x c ab c      . 

In particular, this is true for x A . Comparing with    we 

deduce that 1c  . So for all x we must have  
2

1
2

x
f x    

Finally, it is easy to check that this satisfies the original relation 

and hence is the unique solution. 

 

Exercise 11. (Balkan 2000). Find all real-valued functions on 

the reals which satisfy       
2

f xf x f y f x y    for all 

,x y . 

Solution 

Put 0x  , then     
2

0f f y f y  . Put  
2

0y f   and 

 k f y , then   0f k  . Now put x y k  , then 

 0 0f k  , so  0k f . Put , 0y k x  , then  
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   
2

0 0f f k  , so 0k  . Hence  0 0f  . 

Put 0x  ,   f f y y        

Put 0y  ,     
2

f xf x f x            

Put  x f z  in   , then using  f z x ,  

we have    2f zf z z . Hence   
22z f z  for all z      

In particular,  1 1f   or 1 .  

Suppose  1 1f  , then putting 1x   in the original relation we 

get   1 1f f y y   , hence     
2 2

1 1f y y   . Hence 

 f y y  for all y . 

Similarly if  1 1f   , then putting 1x   in the original relation 

we get   1 1f f y y    . Hence     
2 2

1 1f y y     

So  f y y   for all y . 

Finally, it is easy to check that  f x x  does indeed satisfy the 

original relation, as does  f x x  . 

 

Exercise 12.  Let , ,a b  and c  denote the angles of elevation of a 

tower measured at horizontal distances of 100, 200, and 300 

meters from the tower, respectively . If a b c    is a right angle, 

find the height of the tower in meters.  

Solution 
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Let the height of the tower in meters be h . So tan ,
100

h
a   

tan ,
200

h
b   and  tan

300

h
c  . Since 90a b c   , then  

 tan tan 1c a b  . Expanding using the addition formula for  

tan gives, we have 

          
 tan tan tan

1
1 tan tan

c a b

a b





 

     tan tan tan 1 tan tanc a b a b     

    1
300 100 200 100 200

h h h h h 
      

 

    
2 10000h         

    100h   
So the tower is 100 meters high. 
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Supplementary Exercises 
 

Problem 01.  Calculate  
2

0

98 1 cos3 cos5 cos7
lim

83 sin 7x

x x x

x

 
  

 

 

Problem 02.  Let   
2 2

3 31 1
2 4 2 4

x x x x
f x        

and   4 24 2g x x x   . Prove that      f g x g f x  for 

any 2x  . 

 

Problem 03.  Given that  
1

0

1n
nI x x dx  . Prove that 

 

1

1 1
nI

n n


 
. 

 

Problem 04.  Calculate the following limit: 

     
 

3
lim 1

3 6 3 1n

n n n

n n n n n

  
            

 

 

Problem 05.   Let  f x  and  g x  are the continuous function 

on  ,a b .  0 a f x A    and   0 b g x B    for all 

 ,x a b . Prove that 
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 

   

    
 

2 2
2

2 2

4

4

b b

a a

b

a

f x dx g x dx
ab AB aAbB

aAbB ab AB
f x g x dx


 

 

 
 

 



 

 

Problem 06. (IMO 1995)  , ,a b c  are positive real number with  

1abc  . Prove that  
     3 3 3

1 1 1 3

2a b c b c a c a b
  

  
. 

 

Problem 07. (Russia 2000)  Find all functions :f   

which satisfy 

       3 2 3f x y f y z f z x f x y z         for all 

, ,x y z . 

 

Problem 08. (MOP 1997) Let f  be a real-valued function 

which satisfies: 

a) For all real numbers , ;x y     f x y f x y   

   2 f x f y  

b) There exists a real number 0x  such that  0 1f x    

Prove that f  is periodic 
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Problem 09. (IMO 1994) Let S be the set of all real numbers 

greater than  1 . Find all functions :f S S  such that 

        f x f y xf y y f x yf x      for all x  and y , 

and 
 f x

x
 is strictly increasing on each of the intervals 

1 0x    and 0 x . 

 

Problem 10. ( Hungarian Olympiad 1981) Show that there is 

only one natural number n  such that 
8 112 2 2n   is a perfect 

square. 

 

Problem 11. (IMO 2004) Find all polynomials  P x  with real 

coefficients, which satisfy the equation: 

       2P a b P b c P c a P a b c        for all real 

numbers , ,a b c  such that 0ab bc ca   . 

 

Problem 12.  Show that for all n : 

a) 
7 42n n  

b) 
13 2730n n  

 

Problem 13. (BMO 1996)  Let , ,a b cbe positive real numbers. 

Prove that:    a)      
33 34 a b a b    

                        b)      
33 3 39 a b c a b c      
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Problem 14.  Given the triangle ABC . Prove that: 

a)      sin sin sin 0a B C b C A c A B       

b)  cos cos cosb B c C a B C    

c) 
2 2sin2 sin2 2 sina B b A ab C   

 

Problem 15. Prove that for all n such that 
1

2cosz
z

   

then  
1

2cosn

n
z n

z
  . 

 

Problem 16. Solve the following system of equation: 

                    5 3log log 4x y   

                   5 3log log 4y z   

                   5 3log log 4z x   
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ANSWER 
1. Multiple Choice Questions 

1.  .c  6:50min 

2.  .d  296  

3.  .d  
200 3

200
3

  

4.  .b  
36

95
 

5.  .d  5 

6.  .a  150miles 

7.  .d  57min 

8.  .d  65  

9.  .e  At least two Beatles got the most questions correct 

10.  .c  the slops of M  and N  are equal 

11.  .d    2 2x a x b   

12.  .c  
19

109
 

13.  .c  10 

14.  .d  
2

2
b    

15.  .b  98475 
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16.  .d  C received 50 votes more than B 

17.  .d  4cm 

18.  .d  25 

19.  .b  51.5 

20.  .c  
4

3
  

21.  .d  20 

22.  .c  2048 

23.  .c  3 

24.  .c  
2 3 4

1 1 0 4

7 7 7 7
    

25.  .a  
6 6

,
2 2

 
 
 

 

 

2. Mathematical Question 

 

1.  165877 

2.  136km 

3.  0, 5, 7 

4.  1680 

5.  27 

6.  FANNY 

7.  
31

3 3
6
   
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8.  
6

5
 

9.  80 

10.  32 

11.  1 

12.  22
1a

a


  

13.  
133

7
 

14.  10p   and 31q    

15.  12 sides 

 

Supplementary Exercises 

 

1.  1 

5.  2 

7.  f x k  for all k   

9.   
1

x
f x

x
 


 

11.   4 2P x x x     for all ,    

16.  5x y z    

 

   

 

 

 

www.facebook.com/7khmer
fb : Entertainment  And Knowledge



វិញ្ញា សា គណិតវិទ្យាសម្រាប់ម្រសាវម្រាវ 
 

ររៀបររៀងរោយ៖ ថុល រ ើន ទំ្យព័រទី្យ 133 

 

Glossary 
1. Multiple Choice Question: 

1. Steady Speed: រលបឿនរថរ 
    Slip Down=Slip Back: រអិលចុោះររាម 

    Strike: ដស្រស រ ៉ា ូ
    Vertical: ឈររតង់ 

 

2. Diagonally: តាមអងកត់រទូង 

 

3. Angle: មំុ 

    Cathedral: វហិារលនរគិសតស្វសនា 

    Elevation:  ំពស់ 

    Foot: ខាន តលនរង្ហវ ស់របដវង(រសមើ 30.48cm) [ព ុវចនៈ Feet] 

    Hill:  ំពូលភនំតូចៗ 

    Spire: the spire of a building such as a church is a tall point  

               structure on the top.  

 

4. Grid: រ ល 

    Integer: ចំនួនគត់ 

    Lattice: is a partern or structure made of stripes of wood or  

                  another material which cross over each other diagonally  

                  leaving holes in between.  

    Probability: របូបាបប ីលីរត 

    Randomly: ដដលរ វ ឬ រោយលចដនយ 
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    Rational Number: ចំនួនសនិទន 

    Simultaneously: ដំណ្តលាន  
   

5. Root: ឬស (លនសមីារ) 
    Sum: ផលបូ  

 

6. Apart: ឃ្លល តពីាន  
    Bumper: បំាងដដលរៅខាងមុខរថយនត (នាម) 
    Straight Road: ផលូវរតង់ 

    Van: ឡាន 

 

7. Amoeba: ោមីប (សតវដដលមានរាសិាដតមួយ) 
    Container: អន ផទុ ឬ វតថុសរមាប់ផទុ  

    Nutrient Fluid: វតថុរវដដលរធវើរោយធំធាត់ 

    Propagate: ដុោះោល ឬ បរងកើនចំនួន 

    Simple Division: ារបំដប យ៉ាងសមញ្ា 
    Split: បំដប  

 

8. Inner Square: ាររដដលរៅខាង នុង 

    Outer Square: ាររដដលរៅខាងររៅ 
    Perimeter: បរមិារត 

    Square: ាររ 
    Vertex:  ំពូល (ព ុវចនៈvertices ឬ vertexes) 
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9. At Least: តិចបំផុត 

    Beat: If you beat someone in a competition or election, you  

                    defeat them. 

    One third: មួយភាគបី 

    Plus: បូ  

    Take an Exam: របលង 

 

10. Equal: រសមើ 
       Equation: សមីារ 
       Reciprocal: បញ្ច្ញ្ញា ស់ ឬ ផទុយ 

      Reflection: ភាពឆលុោះ ឬ រូបភាពឆលុោះ 

      Slope: រមគុណរបាប់ទិស 

      X-axis: អ័ ស X (អ័ ស ោប់សីុស) 
      Y-axis: អ័ សY ( អ័ ស អររោរន)  
      X-intercept: អងកត់ពីចំនុចមួយរៅអ័ ស X  

      Y-intercept: អងកត់ពីចំនុចមួយរៅអ័ សY 

     

11. Cubic Polynomial: ព ុធាដឺររ ទី ៣ 

Distinct: រផសងាន  
LCM (Least Common Multiple): ព ុគុណរមួតូចបំផុត 

Share: ដតមួយ ឬ ដូចាន  
Variable: អរថរ 

 

12. Participate: ចូលរួមរប ួត 
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       Senior Class: ថាន  ់ទី១១ ឬ ១២ 

 

13. And So On: ដដលរៅមានតរទៀត (តាមលំនំាដដលបានររៀបរប់) 
       Multiple of: ព ុគុណលន 

 

14. Graph: រាប 

Tangent: បនាទ ត់ប៉ាោះ     ( ិរ)ិ. ប៉ាោះ 

 

15. Digit: រលខ តួរលខ ឬ ខទង់ 

       If and only if: លុោះរតាដត 

Rotate: វលិ 

Slip of paper: ដផន តូចលនរ ោស់ ( Small piece of paper)  
 

16. Candidate: រប ខជន 

      Cast: របាោះរនន ត 

Local Election: ាររបាោះរនន តតាមតំបន់ 

     Remaining: ដដលរៅសល់ 

 

17. Average: មធយម 

      Centimeter: សង់ទីដម៉ារត 

      Hold: ោ ់ 

      Top book shelf: រធនើរសៀវរៅជាន់រលើបំផុត 

      Width:  ំរស់ ឬ ទទឹង 
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18. As many as: មានររចើនរសមើនឹង 

      Marble: រថលើមថម 
      Twice: ពីរដង 

 

19. Aloud: ដដលលឺសំរលង 

      Compact disc: ឌីសមួយរបរភទដដលមានគុណភាពខពស់ 

      Contain: មាន ឬ ផទុ  

      Record: ថតសំរលង 

 

20. Defined as:  ំនត់រោយ 

      Operation: របមាណវធីិ 

      Positive number: ចំនួនពិតវជិជមាន 

 

21. Inequality: វសិមភាព 

       Interval: ចរនាល ោះ 

 

22. Obtained: ដដលផទុ  

       Perfect square: ារររបា ដ 

       Sequence: សវុីត 

       Term: តួលនសវុីត 

 

23. Area: លផទរ ល 

       Interior point: ចំនុច នុង 

       Ratio: ផលរធៀប 
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24. Arrange: តំររៀប 

       Descending: ដដលចុោះ 

 

25. Assume that: ឧបមាថា 

      Value: តលមល 
 

2. Mathematical Questions 

1. Adventurous: ដដលផសងររពង 

    Crossing out: គូសរចាល 

    Cute: ដដលទ ់ទញោរមមណ៍ 

    Fill up: បំរពញ 

    Kitten:  ូននម  
    Prime number: ចំនួនបឋម 

    Realise: ដឹង 

    Satisfy: រផទៀងផ្ទទ ត់ 

    Side by side: If two people or things are side by side, they are  

                            next to each other. 

 

2. Currently: រៅរពលរនោះ 

    Listing: ដដលបាន ត់ជាតារង 

    Tourist guide: ារដណនំាសំរប់អន រទសចរណ៍ 

3. Digit: តួរលខ, ខទង់ 

    Distinct: រផសងាន  
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    Inclusive: ដដលរមួទំងខាងរដើម និង ខាងចុង 

    Represent: តំណ្តង 

    Product: គុណ 

 

4. Adjacent: ដដលជាប់ាន  
    Corresponding room: បនទប់ដដលរៅ ពីរលើឬពីររាម 

    Minimum: អបបបរមា 

 

5. Attend: ចូលរួម នុង មមវធីិអវីមួយ 

 

6. Alphabetical order: ដដលររៀបតាមអ ខររ ម 
    Encode: ោ ់ ូដ (អ សរសមាា ត់) 
    Keen interest: ដដលចាប់ោរមមណ៍ខាល ំង 

    Numerology: រលខវទិយ 

    Profession: ោជីព 

    Swap: បតូរទីតំាង ឬ បតូរយ អវីថមី 
 

7. Environment of S: បររិវណលនសំនំុ S 

     Isosceles: សមបាត 
     Property: ល ខណោះ 

     Set of points: សំនំុចំនុច 

 

9. Mixed double tennis: រតនីសដដលរលងាន ររចើន 

    Paired: លដគូរ 
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     Possible: ដដលោចរ ើតរ ើង 

     Twin boy: បងបអូនរភាល ោះរបសុ 

     Twin girl: បងបអូនរភាល ោះស្រសី 

 

10. Rate: អរតា ឬ អរតា រមិត 
 

11. Maximum: អតិបរមា 

       Rectangular coordinate system:  ូអររោរនលនរបព័នធចតុរាណដ ង 

      X-coordinate: តលមលរៅរលើអ័ សោប់សីុស(អ័ សX) លនចំនុច 

      

12. Enclosed: ដដលព័ទធអវីមួយជិត 

       Function: អនុគមន៍ 

       Graph: រាប 

       Least positive period: ខួបចំនួនពិតវជិជមានតូចបំផុត 

       Planar rectangular coordinate system:  ូអររោរនលនរបព័នធ 
                                                                       ចតុរាណដ ង 

   

13. Complex number: ចំនួន ំុផលិច 

       Corresponding vector: វចិទ័រដដលទ ់ទងាន  (បរងកើតបានមំុ) 
       Included angle: មំុដដលរ ើតរ ើងពីវចិទ័រពីរាត់ាន  
 

14. Arithmetic progression:  ំរនើននពវនត ឬ សវុីតនពវនត 
      Coefficient: រមគុណ 

      Decreasing: ដដលថយចុោះ 
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     Expansion: ពរងី  ឬ ពនាល ត 

      Integer: ចំនួនគត់ 

      Power: សវ័យគុណ ឬ ោនុភាព 
 

15. Coin: ា ់ 

      Hexagon: ឆរាណ 

      Regular polygon: ព ុរាណនិយ័ត 

      Shaped: ដដលមានទរមង់ 
      Snugly: យ៉ាងលអ 
      Vary: ខុសាន  
      Vertex:  ំពូល 

 

Exercises 

1. Induction: វធីិ ំរនើន ឬ វចិារ ំរនើន 
    Statement: សំរនើរ ឬ រសច តីអោះោង 

    Valid: ពិត ឬ សមស្រសប 

 

2. Contrapositive: ផទុយពីសមមតិ មម 
     Even=Even number: ចំនួនគូ 

     Natural number: ចំនួនគត់ធមមជាតិ 

     Odd integer: ចំនួនគត់រសស 

     Proposition: សំរនើរ 
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3. Circulation: ារវង់ ឬ ារវង់រលើដខសរាង 

    Currency: រូបីវតថុ 
    Denomination: ារដបងដច  

    Entirely obvious: ចាស់លស់ទំងស្រសុង 

    Verify=Satisfy: រផទៀងផ្ទទ ត់ 

    Worth: តលមល 
 

4. Constant: ចំនួនរថរ 
    Integration by part: ារគណនាោំងរតរាលរោយដផន  

    Reduction: ារបរងមួ ឬ ារបនថយ 

 

5. Argument: អំណោះអំណ្តង 

    Consideration: ារពិចារណ្ត 

    Counted: ដដលបានរប់ 

    Non-negative integer: ចំនួនគត់មិនអវជិជមាន 

    Pairs of natural number: គូលនចំនួនពិតធមមជាតិ 

    Restate: បញ្ញជ  ់មតងរទៀត 

 

6. Factorize: ោ ់ជាផលគុណ តាត  
    Subtract: ដ  

 

8. Argand Diagram: ដយរាម Argand  
    Cartesian coordinate:  ូអររោរនារតសង់ 
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    Locus: សំនំុចំនុច 

 

9. Image: របូភាព    (លនអនុគមន៍) 
    Rearrange: ររៀបរ ើងវញិ 

 

10. Contradiction: ភាពផទុយ ឬ សំរនើរផទុយ 
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