SRS

Numerical Analysis

fE9
Part |
656 S 650 BRRBIP

0O a

RISHP 0096- 0098



Contents

L= 11 U i
2T 5] e IO 1
T T Lo 2 A=Y 30 1 [N OO OO 1
1o EUTE (LIMIES) «eveeeeeeeeeeeeeeeeeeeeeeeeeseeeeeeeeeee e eeeee s e ee s eesese e e s eseee e eseeneseeseeeeseeseeseeneseeeeneeees 1
2. FVEITIET (CONTNUILY) ..ottt ee e ee s ee e ee e eee s ee e en s eeeeenens 1
8. B I I ettt 1
B LTI (DEIVALVES) ... eeeeee et et e e ee e s ee et e s eee et s eeees e e s eeeee s eeeeeeseeeeene. 3
5. HIUATTNOU (INE@GFALION) c...cvecveeeeeceee et en e 3
Il {FPTU G (RONE'S THEOMEM) .vvvveiversieeesaeeesseresseesssseessasess sttt 3
Il Lﬂ ﬁjijg ‘ﬁfgﬁ&j‘&i (Mean Value Theorem) ..., 5
vV Lﬂ ﬁjqij G ‘ﬁfgl‘qﬁ (Extreme Value ThEOrem) .......cceeiiiiiiiee e e e e nneee s 6
V. HIRIA{MUTEIS (The Riemann integral) .........oooveevereeeceeeeeeeeeseeeeeeeeeseeeeseeeeess s 6
VI (B0 GBI IUTIIU oottt 7
VII. L§ ﬁ:q UG Taylor (Taylor's TREOrEM) .......ouiii i 9
21 5] T OO OO 12
FEUB IR SR SIS 12
. mMImaG S8 (Representation of NUMDErs) ..., 12
[ QU S TTI U ettt 12
1. mg]h MGaE 8i mg]h [[ﬂij (Absolute Error and Relative Error) .......cccoooviiiiiien. 15
V. mg]h ‘Q}ij MIAAN S (Errors in Computation) ..o 16
1. mmgﬁﬁgs (ROUNAING NUMDET) ... e 16


file:///D:/CUS/book%20to%20teach/numerical%20analysis/មេរៀនទី១.docx%23_Toc531934317

2. SRRTEIR ( SIGNIICANT QIGILS) .-vv.-vvrrersreseeesreseesseeeseeesseeseess sttt sessees 16
V. SO8 i‘j nJ 1 (Computer AritMELIC) ....eeeiieee e 17
1. (Ul AN (@] 0= 2= U110 ] o ) TR 17
2. (U A S G S8 (Radix Number Systems)..........c.coviuieiiiiiiicce e 18
3. miﬁfgh G S8 (Conversion from One Radix to Another) ... 18

151 S m euSmi f(x) =0 (The Equation f(x)=0).............ccooooioiiiie 2127
IS G E SIiiTaI{rutns (Numerical DIfferentiation)..............wrveeureeeesereesrreessnseeesnee 174

AR PUNIIMNN (REfOIENCE). ...



ENHBERNREES ) 8B HSIESNS sssSiSsarnasan

e RB0
sssiiSsarnadan
Mathematic Premitery
| BRMIERNN
1. fUSH (Limits)
AUINNS
- X' —4 = -
9. 16w18 f(x)= 10 x—>2anns f(x)
X—2
[3)
2 v 2 —
baansSa: A limX Xt o imix 4 . Iim‘/; 3
x—3 X—-3 Xx—4 (X—4) x>9 X—=9

2. mAthy (Continuity)

gAMINN9: ImnsHSAYS f(X)(§65U)71 guAamathuisHsauSEil x=-3, x=-1,x=-2 §i

5x+3 , x<1
gAMIANbe WApMAMUIsSHSAES: f(X)={x"+7 , 1<x<2
3x=1 , x22

3. fER{MU

y=x"3

BRI 0 NG Page 1



ENHBERNREES ) 8B HSIESNS sssSiSsarnasan
R y=1/(x"2)
/ f(x) = In(x)
=sin X
=K !
. /\ o /\ I :
4\:‘7’60 270 1W % 13\2%0/60 450 - o1
X 14 N ¢ 2

¥
4

| o
NN
N

Graph for -cos(x)

X -7.95868752  y-0.104514668

-2 -10 -8 -6

/\ 1
05
-4 -2
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4. I (Derivatives)

& s 65 8x° — 8(5x*) = 40x*
! —5 7% 9x* - 9(4x°) =36x°
x> 1x" =1 32x* - 32(2x) = 64x
50 6x - 6(1)=6

RN AANSUHTHISHSAYS y=4x°+6x*—5x+8

RS y'= f'(x)=g—i=;—x[4x3+6x2—5x+8:|=12x2+12x—5

5. ?ﬁht‘ﬁ[ﬁ’lm (Integration)

- d
2AONINNE G S d—|:x3:|=3x2 1SR I3x2dx=x3+c

X

aninng annsEtamuisagasss 1=[x'dx  J=[8x°dx K=[5xdx L=[7dx

Basic introduction

s f(x)=x*1s1: f'(x)=2x

f(x)

£(x) =lim )=

h—0 h

X%+ 2xh+h? = x?

h—0 h

=2X

Il §REEBRINS (Rolle’s Theorem)
gutHgAES f thindoigieieClab]  wwwmsmhinwsipada (ab)  8i

f(a)=f(b) is:tnsGgsia cywunndcisighoigbn(ab) fin f'(c)=01

F

by

Rolle's Theorem

¥x
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gamninng: 159] f (x)=x*-2x+11 vinmowssgs cishindoig: [-1,3] i f'(c)=0

GBIt
f(-1)=4 (-14)
f(3)=4  (34) \
f'(c)=2c-2=0 \[
= c=1 \\’//

2aINNYS 1a8] f(X)=x"-5x+39 vinmunssgs crisldoig: [0,5] finy F1(c)=0
GIft: c=2
“’ 2

gauinnms 8] f(x)=sinx 1 siNmHNsGEgs cislindoig: [0,27] fan £1(c)=01

siSw: c= % c=F
i 2 2

2AIANGE: 18] f ugasSAnnannw f(x)=x"-3x+21

A IRNU RIS EANGIU I MBI x,, X, IS{MUMbHSAES Shdnjmbaia
2. uinmth msGgsia cywisioig: (x,x,)iin £'(c)=0 joannsaigersn:
GIg e

A IRHNURNISEANGIUA NN X, %IS{MumiHsass Shinjmieia
8j f(x)=0 ndnms x*-3x+2=0

BISIHANNNG a+b+c=0 IMN: xl=1,x2=§=2

HGIS: X, =1,%x,=2

2. uinmth sGgsia egwisioig: (x, x,) i £'(c)=0

it f(x)=f(1)=0=F(2)=f(x,)

mu{Faueju ms cywisioig: (x,x,)idn f'(c)=0

- AANSIATY C
iy f(x)=x*=3x+2
Zinks f'(x)=2x-3
i f'(x)=0:>x=ge(l,2)

gaMInne:
A mEg) f(x)=x"=2x 1 ugnanimn 81 iAEv ce[0,2]fin f'(c)=01

BRI 0 NG Page 4
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2. 18] f(x)=(x-3)(x+1)" 1 ugmanimn §n inat ce[-1,3] fdn f*(c)=01

GIgte
A. ugnAHAmMA 811 iAEY ce[0,2]finu f'(c)=0
inms f(x)=x*-2x= f(0)=0 §u f(2)=2"-2(2)=0
mufaiugjru s ce[0,2]finu f'(c)=0
W f'(x)=2x-2
f'(x)=0=>x=1€[0,2]

HGIS: c=2

8.c=-1,c=

wlnN

. RE55REEBBHBIS (Mean Value Theorem)

15 f thugauStinmGoig:Ge [a b] Sawmstaiminioigiidn(a,b) in:mnsGgsina
ce(ab)ywunndciin f'(c):M"l
! b-a
gauminNgs 1] f(X)=x"—4x+117 uinmMnsESs cywuhndsisiisig: [1,5]1
GIg e
f(x)=x*—4x+1=(x-2)"-3

f(5)—f(1)=6+1=

f (x)=2x—4= 51 1

2> X=2

HGISS c=2
Ld g ' al
gaminnbs 1a8) f(x)=x®1uinmomnssgs cywuhnasislisig: [0,1] 1

GIg e
2
f(x)=x3
l —
f'(x)zgx_3:M=1
3 1-0
=3 x=g:> X =2 ~0.296
3 27
HGIS: c=2 ~0296
’ 27

gaminnms 58] f(x)=vx-410NMHONSESS cytw IsTiGGIg: [4,8] 1
GBIt c=5

BRI 0 NG Page 5
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V. (ReSsasEwse (Extreme Value Theorem)

1 f thugauShundoig:Ge [ab] wis ¢ .c,e[ab] 11 f(c)<f(x)<f(c,) (AU
oegfitss 10 f wisidin rosipeda (ab) eGgsia ¢ 8§ o rAargjisl angn Is
xe[a,b] ursifas f'(x)=01
gAMINNg: iAvinisHgayS f(x)=3x"-12x+5 ,[1,4] 1
GIg e
imws f(x)=3x*-12x+5 ,[1,4]

I fr(x)=6x-12
i 6x-12=0 =x=3

MO8
f(1)=-4
f(4)=5
f(3)=-7

IS

f(1)=-4

f(4)=5 = max

f(3)=-7 =min

gaminnb: AnnfuinisHsays f(x)=3x*-4x* [-1,2]1
gaminnm: AnNFUINISHSAYS f(X)=2x"-3x’-12x+1 ;[-2,3]1

L4 o J ] < - ﬂ-
gAMIANG: AANHuinISHZAE S, £(x)=sinx+cosx; {0,5}‘1

GBIt f'(x)=0:>cosx—sinx=0:>cosx=sinx:>x=%

V. SQSEIFNGII® (The Riemann integral )
g ays f tntishinicig:[ab] misidagsmy: j: f(x)dx:lmzn:f(xl)Ax T
i=1
U U s autiss
i, mang 4022

2. 111 X, =a+IiAX

w

ngeuin f(x)

in rI1imzn: f(x)Ax
=]

2NN ENWWITHINIR{MUTES AN EBIa{m s

B
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A, [ xdx 2. [*(x2—4x+2)dx
0 1
GIg U
. Iozxdx

1. Ax=2L=E
n n

2. xi=0+iE
n

3. f(x)=x= f(xi)zi(%)
:>J‘02 xdx=ll1i_r)[1°§f(xi)Ax

2. J‘14(x2—4x+2)dx
GISt -3
VI (ReSsasaisnamas
iingaus f thidoigede [ab] 8§ k thégsyunsicigp: f(a)8a f(b) 1m:ws
Gesiia cgmuﬁhﬁﬁghmc@:ﬁs [a,b] Ty f(c)=k

f(b) | B
k ©
f(a)
| c b
gAUINNIS m“JSI y8 f(x)=x"-x-12 hwidifajventganmuindgsia ¢
isianeig: [3,5]fu f(c)=01
GIStIs

BRI 0 NG Page 7
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f(3)=-6
f(5)=8
f(c)=00=x*-x-12
= X=4,Xx=-3
In x=-3 USWwn

HGIS: c=4

ganinnbs EgHsAES  f( k=2 > x3 - rnhwidfajveaiganmuuinsgsia
isianaig: [1,4]80 f(c)=191
GISW c=2

putes: (FjugntyAanmumGIimSGim: k=0 thiltasruttugaus f thuicig:de [a,b]
8n f(a)8n f(b)wmseumugwm 11 f(a) f(b)<0 v18Ggs cYWUNNAG FRGIR:TE
[a,b]Hiiru f (c) =01 | |
2AINNg:  nhwiBFueaiganm  Givinmosimeusasinmm  x*-3x+1=0

1y
i f(c)=01

wnsGgsia cisignoig: [0,1]
GIg e |

ihw f(0)=1, f(1)=-1= f(0)- f(1)=(1)(-1)==1<0

mufjuentganmetihw f(0)- f(1)<0 esGgsin cisigusig: [0,1]tHr f(c)=0
gauinnbs  Ehwifif aueaiganm giﬁ@mmé;m:ﬁlgﬁﬁémmm f(x)=x>+4x-2
msGgsia cislgnoig: [0,2] i f(c)=01
ammmfnm%;thmﬁﬁ@ﬁﬁﬁsﬁigﬁn‘mmgssﬁﬁgsﬁﬁcﬁtm:ﬁgﬁﬁémmm f(x)=x*+x-1
istanaig: [0,5]fu f(c)=111

G[’E,iltij%

-1<k<29
-1<11<?29
I 11=x%+x-1

X+ x-12=0=>x=-4,x=3
I x=—48sWn
jGIs: c=3, f(3)=11
gauInneEs iwidifajueniganmu gt gsiac GimiHsavinumm
f(x)=2x"-3x+7 rsigacig: [0.3]far f(c)=91

BRI 0 NG Page 8
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GISS c=2
VII. Léa}'ssa Taylor ( Taylor's Theorem)

1Ay f mundoig:ds[ab]in f™ msmmindoig: [ab]ifiwms x, e[a,b] 9
(Aunty xefab] mstgs &(x) ywunnfcing x, 8 x b f(x)—P (x)+R,(x)

9

il U P.(x) = f(x)+ f'(%)(x=x,)+ r (X )(x Xo) + ot (X )(x Xo )"

Z (X )(x X,)" 1T num Taylor

k=0
X)) rurit nd)ad
(called the remainder term or truncation error)

I3 N> w1z f(x)= Z (X)(x X,)", Igns [imR, =01

n—o0
n=0

2AMINNI: AnUIM  Taylorfindc  iswsAY
winis In(1.1) 1

/ALY

f(X)=INX{FEAG8GE  c=1j6RUNIARTY

GIg e
f(x)=Inx = f(1)=0
) L (1) —
f (x)_X = f'(1)=1
Fr(x)=—= = £ (1)=-1
()= S ()22
fO(x)=-— '3 19(1)=-5
SRV

P, (x)=0+1(x-1)- 1(x 1) 2(x—1)3 _6(x-1)’

31 41

P (%) =(x~ 1)——(>< 1) ( -1) ——( -1)’

P,(1.1)=0.1- 5(0'1) + §(0.1) - Z(O'l) =0.095308333 ~ 0.09531
In(1.1) =0.09553101798

2AMINNYE IR NUIM Maclaurin S5 § 6 ISHSABS f(X)=¢" juniminsnty [pim
GISt

BRI 0 NG Page 9
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P,(x)=1+ X+ oy g X

2 3 4
P(o.2)=1+o.2+(0'2) +(0'2) +(O'2) ~1.2214
4 21 3! 41

e’ ~1.221402758
aQINNMs iR LT Taytor Issgaus f(x)=(x)Fn c=11

GIg e
f(x)=Inx = f(1)=0
f'(x)=§ = f'(1)=1
fr(x)=—= = f"(1)=-1
()= fr(1)=2
f<4>(x)=_% = £9(1)=—6

F(x)= (c)+ f(c)(x=c) +- "(0)3(!X‘C)3 )

Inx=0+1(x-1) =(—1)(X;!1)2 + 2(X3_!1)3 +(—6)%+
(-1 (x-1) (%=D" (x-1)'
1

Inx =
2 3 4

. i(_l)n (X—l)n+1

n+1

gAUINNGES iALAST Taylor ISHEAYS f(X)=e*{Ad c=31

® @3
GIgts e (X 3)
0

n=

pJand ]

gAUIANES 17 MaclaurmeﬁﬁﬁHé f (x)=sin(x) 1

© 2n+1 (_1)

GIgws sin(x)= Z (zns1)!

gAMINNYS iALAST Maclaurin ISHSAEYBS f(X)=cos(x) rintw{{1e57 Maclaurin ISH8AY S sinx
GIStIs

BRI 0 NG Page 10
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cosx =1 +
3.21 5.41 7.6!
x> x* Xt
B TRTEN]
2, x*"(-1)"
oS X =nz=; (2n)1

d ) d © X2n+l -1 n
L Xl:&[; (2nJ(r1))! }
2n+1)x*" (-1)"

COs X (

Z (2n+1)x(2n)!
e X (1)
=2, (2n)!

n=0

anInnalz 1ALesT Maclaurin B8 #8AY S cos(x*) 7

© 2n(_1\"
GIgHse Tt cos X =ZX (-1)

e cos(xz)zi X(2n)_! :Z;

2AVNANGS 17137 Maclaurin ISH§HBES/ X cos(X)

o)) G ()

GIGHIE xCcosx = XZ L = (0

ZAUNIANES 171637 Maclaurin I8#H§AH S cos?(X) 7

© 2n _
GIg e cosz(x)=%[1+c032x]=1{ Z (=)’

(20)

N I

BRI 0 NG

sssSiSsarnasan
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sesegRBW

sseiRie f2 258

(Numbers Errors and Arthmetic)

. FIEISBES (Representation of Numbers )
A apduiuaeiilssss A Ggsan SuGgsiian
SwuSuwss G§8an NS +U - MU muhwigjisgh¢uma
N =#d,d,d,..d, , N=zxddd,.d, Gn{plinmaj (Word Lengh) ISN IuitsiegEnsgs
fseirsianigjsc
mémimgﬁ gt fyw N =xd,d,d,..d, gasfiegsjT goh ndndseuiteyi N =xd,d,d,..d,,
g S SWwm sy ruyste dndnesite N =2d,d,d,..d, 1 5§618: N==+d,d,d,..d_,
gitinuisisuns N =1d,d,d,..d, NGnsatyieg N =+d,d,d,..d, SN =xd,d,d,..d, 7
21NN 93 1205:-100 §11 +34 tnGgsanmsSwiisan 009 §11-12,1 SsiuStGgSARAIG
I gseiecns
1. WASINUIMUEY

M §I§1 n=abecd,, =ax10® +bx10? +cx10+d

2 11NN : 1254 =1000+200+50+4 =10° +2x10> +5x10+4 (N ¢ {BANATSG S S 1254)]
[UHRUR: FSHIRIG RN ANN{MYIS INGSSAN{UASINUIAMI10: 3x10° +5x10* +7x10
2. [UAgIMUIm2

mMgrsl n=abcd, =ax2’+bx2’ +cx2+d
gininn:  Gitly 688100110, N MM {BAINTIM 10
IS 100110, =1x2° +0x2* +0x2° +1x2° +1x2+0=32+0+0+4+2=38
wvh: gidlghdgsnmmurismigsanuigimitmu1o
7-100001101, 2-11000101, ‘ﬁ-1|010101012
gaininns GivtghGgs niumuimmugorgmul
fi. 48 2. 129 fi. 432

G s

fi. 48

48=2%x24+0

24=2x%x12+0

12=2%x6+0 HGIS: 48=100000,
6=2x3+0

3=2x1+0

BRI 0 NG Page 12
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i.  ulghdgseumagnpigime
9. utghGgsseumaMu AN SIM Ul 1S AN 903

7. 101.1101, 9. 1101.0111,
A. 111,111, 115, 101.01011,
B P S [ S
9. ylghGgsseumasMu AN SIMm Ul IS AN 903
7. 101.1101,
101.1101,  =(1x2")+(0x2")+(1x2°)+(1x27)+(1x27) +(0x27) +(1x27)
=4+O+1+—+—;+O+J§
2 2
=5+0.5+0.25+0.0625
=5.8125,,

2. 1101.0111,
1101.0111,  =(1x2)+(1x2°)+(0x2)+(1x2°)+(0x 2 )+ (1x27) +(1x27) +(1x27)

=8+4+4+0+14+0+—+-+—
4 8 16

=13+0.25+0.125+0.0625 =13.4375,4
f. 111.111, 84 Ww. 101.01011, (HSi5gSah)

b. utgh G g MuA{UASIN 10 IF1{BASIM U 23

fi. 13.6875,, 9. 123:15,,
f. 3245, {15, 58.3125,,
f. 7.0202,, B. 28.555,,
S IAM S{ A s

b. signGssnmufjBAgIM 10 IF{UASIAM 28

A. 13.6875,,
13=2x6+1 0.6875x 2=1.375
6=2x3+0 0.375x2=0.75
3=2x1+1 0.75%2=1.50
13 =101, 0.50x2 = 1.00

0.6875,, =0.1011,

Huls: 13.6875, =1101.1011,

BRI 0 NG Page 13
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2. 123.15,,

123=2x61+1
61=2x30+1
30=2x15+0
15=2x7+1
7=2x3+1
3=2x1+1

123, =1111011,

HGis: 123.15,,=1111011.00100110011...,

B. 32.45,

32=2%x16+0
16=2x8+0
8=2x4+0
4=2%x2+0
2=2x1+0

32, =100000,

HGiS: 32.45,, =100000.0111001100110011...;

1. 58.3125,,

58=2%x29+0
29=2x14+1
14=2x7+0
7T=2%x3+1
3=2x1+1

5ulS: 583125, =111010.0101,

. 7.0202,, ©. 28,555, (H]ifgsan)

0.15x2=10.30
0.30x2=0.6

0.6x2=
0.2x2=
04x2=
0.8x2=
0.6x2=
0.2x2=
04x2=

oMo N

0.15,, =0.00100110011...,

o
()
X
()
Il
NOORN D0

0.45,,=0.0111001100110011...,

0.3125x2=0.625

0.625x2=1.25
0.25x2=0.5
0.5x2=1.00

BRI 0 NG
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gauinNs e nMinNGNGgsin Sso8hmssSwi
688 ¢l 688 ¢ul

31,02 gy 0,93 giywioaihns

-2,6147 DA 429, gty

0,97 gHywicAfnGy 0,003 git1 A 8111000
gnuinnAfiGssia Geofnfdumsswh

588 T T U Gl sSw

031,02 rysjsiveinnan 31,02

429 MSGRGEumMa 429,
putas iaas yigawmadassHuh) moudimums (ot 0,93 811 429,)1 fara i
AMAN 429,880 MGYHG 492,0 ITWIRA{UMARNGYIS ] Siue(§5th 0,003)

> Swulws: GgSAaGSGHIANG (Floating-point real ‘number) x BISESEN +U - ,

G8GFumMaA SuGSSAanmSUINANNINWAIIHAMNISINN x=+d,d,d,..d, x10"
,]

G§8AA n MsSuNAt8eayjs o d, €{0,1,2,3,4,5,6,7,8,9},i=1,...m tihtw d, =0
Rejiisinmalyis 89 g Eﬁm;ﬁﬁjém’isﬁ sBslipw  iwewiis:  osigimuii
BidEnwAnidgimasgsin x=+hbb,..b, x2" 1 |
aq1nian: 2QIN finGgsiin GsuHinnAMSSWwh

G§s ¢ Gss ¢

3102x10? gy 93x10° gt 1f5AS4 100

—26147x10" ghanm 429x10° gt

93x10° gt 1 foAfn 10 3% 107 g 1 foAfi 1000
gauinnAfiGgsAntsoHinnamMSSw A

5§s I N Y FlERmSSuw

0.03102x10° ERIRILE 3102x10°

42.9x10! Ggungrumadsaiasiandmndyw | 4o9.103

ea@emémﬁ 8 sa@ess@ss ( Absolute Error and Relative Error )

mj]h mﬁmﬁisﬁg y=y+Ay i y*4y
;m]hmjﬁ— % 5x100%

2@tninN9: GIM: 0.94+0.2s IAMS 025 MiRjjainGan

BRI 0 NG Page 15
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a@ninhbs AnSI)RnGanls 0.0055kg+2%

GIgte

[ty 0.0055kg x 0.02 = +0.00011Kg

I S IRY)31 NG 81 = 0.0055:+0.00011kg
21NIANME ARNSINJ NI UTS 0.94£0.25

0.2s

BIgtws nj)aiuh D ous = 0:21x100%=21%

a@ninng: annsnjjaiguls 100.0%0.6cm 7

0.6cm
00.0cm
V. ss{;]eggemsﬁmm (Errors in Computation)

1. MIUPAGSS (Rounding Number)

=0.006x100% = 0.6%

GIGs Iyjiu= N

2ANINNE GIURHGSS NNI{MY3
9.53,711  1githi1gimsiuw
b1. 4,642,069 I§It1gHNS§w
m.5.47651 Igith1gimssuw
G.0.0045902 I¢1th3gin sy
.30895 Igith2giimssw
2. gisden8 ( Signiticant digits)

gAUINNI: GESFruMANNIMYIA SR i nSiRs?

123 — Gghnios 800.
0.00545— MgH 800.0
404 —> 3 50060.
5006 — 4 50060.00
70,080> 4 0.0153
M - 1 0.001008
800 - 1 0.00010700
2.53x10"
3.06x107°
1.000x10°
4.20x107
MIURAGSS

\J

R 2

w h~h W W o, N W
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V.

4257.16
4300
4260
4257
4257.2
0.035047
0.035
0.0350
0.03505

100 —  1.00x10?

2 1.0x10°
3650000 4000000
3700000
3650000
3.650% 10°
3.6500x 10°
SHFHEYSS (Computer Arithmetic)

B N I o1 D o IN

o s I ik

1. {UHIANTEE (Operation)

f. ALN/HEIYRA

2.314 —3
+ 5.23 —>2
7.544 = 7.54

a) 3.45+5.3~8.8
b)3.65+14.1+8.136 ~ 25.9
€)530.+4.63 ~535
d)8.2354+9.35~17.59

e) 36500 +143.56 ~ 36600

f) 350000+ 57000.1+ 42.68 ~ 410000
g) 72000+ 4300+ 160000 ~ 240000

. AANHUNR[

a) 4.671-2.1~2.6

b) 7.463-3.58 ~ 3.88

c) 200—-28.14 ~ 200

d) 5000-62.413 ~ 5000 = 5x10°

A. AANSIG RN

4000 158.1054

0.04 50,000

B N I o D I I

200

160

158

158.1
158.11
5x10*
5.0x10*
5.00x10*
5.000x 10*

BRI 0 NG
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a) 9.6x7=67.2~70=7x10"

b) 325x 75 = 24,375 ~ 24000 = 2.4x 10*
c) 4.38x2.3=10.074~10.=1.0x10"
d) 8.315x17.368 =144.41492 = 144.4

e) 4000x8.17 = 32680 ~ 30,00 =

W. AANSIGIG)U
a) 34.7/3.1=11.193548 = 11.

b) 536.3172/13.2 = 40.63009091 ~ 40.6
¢) 250,000/ 3.176 = 78715.365 ~ 79000 = 7.9x 10*

0. UEIANTEG{ES

a) 4.3x5.231+6.814 = 22.4933 + 6.814 = 29.3073

3x10*

b) 7.35x4.265+ 7.34=31.34775+7.34 = 38.68775 =~ 38.7

2. {5AgBSS (Radix Number Systems)

c) (8.431+9.25+126)/4.7~6.4
d) (5.312%2.86)/(19.3-17.2) » 7.2

2nNiNN9: uigiGgs 2001 tESSARUASINM2 NS IMRI10 81 INNI16

3. mm‘fgnégs (Conversion from One Radix to Another)

Decimal Binary Octal Hex
0 0 0 0
1 1 1 1
2 10 2 2
3 11 3 3
4 100 4 4
5 101 5 5
6 110 6 6
7 111 7 7
8 1000 10 8
9 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E

2 F1UNIAN
Decimal Binary Octal Hex

BRI 0 NG
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15 1111 17 F
16 10000 20 10
20 10100 24 14
30 11110 36 1E
40 101000 50 28
50 110010 62 32
60 111100 74 3C
70 1000110 106 46
80 1010000 120 50
Decimal Binary Octal Hex
90 1011010 132 5A
100 11001000 144 64
1000 1111101000 1750 3E8
2989 101110101101 5655 BAD

gininn2: vignsgsanuigmudigiimubSimuob:

. Binary
Hexadecimal 7BA3.BC4
Octal 75643.704

2. Binary
Hexadecimal 1948.B6
Octal 14510.554

0111101110100011.101111000100

0001100101001000.101101100

gaivninnms uigh§5s1492, 1l {BASIM Y

SAOIANGEE AN

a) (10111010), +(110111),

b) (101100), x(1011),
c) (1010), —(1),

d) (110010), - (101),

e) (1101),-(100101),
f) (100101), /(101)

BRI 0 NG
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ssegRRm

How to Use the Bisection Algorithm

How to Use the Bisection Algorithm

Quick Overview

e The bisection algorithm approximates the location of an z-intercept (a
root) of a continuous function.

o The bisection algorithm depends on the Intermediate Value Theorem.

o The algorithm is dterative. This means that the result from using it once
will help us get a better result when we use the algorithm a second time.

Basic Idea

Suppose f{z) is continuous over [a,b], and f(a) and f(b) have opposite signs
(see the image below). Then, the Intermediate Value Theorem tells us that the
function will achieve every value between f(a) and f(b) at least once somewhere
in [a,b].

Since f(a) and f(b) have opposite signs, then we know 0 is somewhere in-

between. So the IVT guarantees that somewhere in [a, 8] the function will equal
0 (again, see the image below).
We approximate the location of the root by finding the midpeint of the

interval at z = 2 (see image below).

www.mathwarehouze. com

The function crosses the =-
axis between a and b

The Algorithm

Suppose f(z) is continuous over [a,d] and the function values at the end-
points have different signs.

© http://www.mathwarehouse.com
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1. Find the midpoint of [a,8]. Call it z;.
(a) If f(z1) = 0, we’re done.

(b) If not, then z is our first approximation to the root of the function.
Tt has a maximum error of % the length of the interval.

2. Find a smaller interval where f(z) has opposite signs at the endpoints.
This new interval will either be [a,z4], or [z1,8].

3. Using this smaller interval, repeat Steps 1 and 2 until the error is small
enough.
Example 1

Using the Bisection Algorithm, find three approximations of the root of
flx) = %12 — 3. Determine the maximum error possible in using each approxi-
mation.

Solution
Step 1) Verify the Bisection Algorithm can be used.
We first note that the function is continuous everywhere on it’s domain.

Next, we pick an interval to work with. If we pick z = 2, we see that
f(0) = =2 < 0 and if we pick =4 we see f(4) =1 > 0. So we can start with
the interval [2,4].

Y
www.mathwareheouse.com

1st interval for Example 1

Step 2) Find the first approximation to the root and its associated error.

The first. approximation to the root is the midpoint of our starting interval.
In this case, the midpoint of [2,4] is at z = 3.

(© http://www mathwarehouse.com
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8
www.mathwarehouse.com

1st approximation of the root

Maximum Error: Since the root has to be between z = 2 and z = 4, using
z = 3 as an approximation for the root means the farthest away the root could
possibly be is a distance of 1 unit (the plus/minus is because our approximation
could be too big or too small).

In general, the maximum error in using a particular approximation is half

the interval length.

Step 3) Use the midpoint to find a smaller interval so we can improve our
approximation.

Notice that f(3) = %(3)2 —-3= 72 < 0. Updating our graph, we now have
three points on it.

=
www.mathwarehouse.com

Finding a smaller interval
Examining this graph, we see that the root must lie between z = 3 and
z = 4. Consequently, this is our new interval.

Step 4) Find the second approximation and its associated error.

The midpoint of the interval [3,4] is at z = % This is the second approxi-
mation.

(© http://www mathwarehouse.com
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Max Error: Our interval has a length of 1 unit, so the maximum possible
error in using T = % as an approximation will be £1/2 of a unit.

Our graph now looks like this:

www. mathwarehouse com

The second approximation

Step 5) Find the next interval.

We note that f (%) = % > 0. Plotting this on our graph we see the following.

www mathwarehouse com

Finding a smaller interval

Examining this graph, we see that the root must lie between z = 3 and
T = % This becomes our next interval.

Step 6) Find the third approximation and its associated error.

The midpoint of the interval [3, %} is at £ = 12 as shown on the graph

4
below. This is the next approximation.

Max Error: The interval has a length of 1/2, so the maximum possible error
is +1/4 of a unit.

(© http://www mathwarehouse.com
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4 w

e
o

.
Lt
#
=
www.mathwarehouse.com

The third approximation

Answer The table below summarizes the approximations we found and their
associated errors.

Approximation z-value Possible Error

1%t r=3 +1
grd =1 41
3 r=1 41

Example 2

Use the bisection algorithm to approximate the solution to the equation
below to within less than 0.1 of its real value. Assume z is in radians.

sing =6—x
Solution
Step 1) Rewrite the equation so it is equal to 0.

xr—6+snx =0

The function we'll work with is f(z) = z—6+sinz. Notice that the function
Is continuous everywhere.

Step 2) Find an initial interval to work with.

Setting up a table of values, we see the following.

(© http://www mathwarehouse.com
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f(=)
70y = ¢
F1) ~ —42
f(2) ~ —3.1
£(3) ~ —2.9
F(d) ~ —2.8
f(5) = =2
£(6) ~ —0.3
Ny~ 1.7

Sy U W — OR

-3

The first time we see a positive function value is at £ = 7. So, we can use
[6,7] as the initial interval.

Step 3) Find the first approximation and its associated error.

Interval Midpoint Max Error
6,7 6.5 105

1st Approximation: x = 6.5

Assoclated error: £0.5 units.

Step 4) Find the 2nd interval. Use this new interval to determine the 2nd
approximation. The first line of the table is included for completeness. The
new work is on the second line.

Finding the New Interval Next Approximation

f(left) f(mid) f(right)  New Interval | Midpoint Max Error
Starting Interval: [6,7] 6.5 +0.5
FE) ~ 028 fE5) ~072 f(T)~166  [6,6.5] 6.25 +£0.25

2nd Interval: [6,6.5]
2nd Approximation: z = 6.25

Assoclated Error: £0.25 units.

Step 5) Repeat Step 4 until the associated error is less than 0.1 units.

(© http://www mathwarehouse.com
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Finding the 3rd Approximation

Finding the New Interval Next Approximation
f(left) f(mid) f(right) New Interval | Midpoint  Max Error
Starting Interval: [6,7] 8.5 +0.5
F(6) =~ —028 f(6.5) =072 f(7)~ 1.66 [6,6.5] 6.25 £0.25
f(6) =~ —028 f(6.25) ~ 022 f(6.5) ~0.72 [6,6.25] 6.125 +0.125

3rd Interval: [6,6.25]
3rd Approximation: [6,6.125]

Associated Error: £0.125 units.

Finding the 4th Approximation

Finding the New Interval Next Approximation
Fileft) F(mid) firight) New Interval | Midpoint Max Errer
Starting Interval: [6,7] 6.5 +0.5
F(6)~ 028  FE5)~ 012 F(T)~ 166 [6,6.5] 6.25 +0.25
F(6)~ 028  f(6.25)~022  f(6.5)~072  [6,6.25 6125  £0.125

£(6) % —028 f(6.125) ~ —0.08 f(6.25) ~ 022 [6.125,6.25 | 6.1875  +0.0625
4th Interval: [6,6.25]
4th Approximation: [6,6.125]

Associated Error: £0.125 units.

Answer The solution to the equation is approximately 6.1875. This approxi-
mation is accurate to within £0.0625 units.

Example 3

Find the third approximation from the bisection algorithm to approximate

the value of /2.

Solution

Step 1) Find (make) a non-linear function with a root at /2.

(© http://www mathwarehouse.com
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We ars interested in knowing the approximate valus of z = /2. We use this
equation to build a non-linear function with a root at the appropriate value.

z =2
3 =2
2® —2=0

We'll use the function f(z) = #® — 2. Notice that the function is continuous
everywhere.

Step 2) Find a starting interval.

We notice that at * = 0, the function is negative, and at = = 2 the function
is positive. We'll use [0,2] as our starting interval.

Step 3) Setup and work through the table as in the previous example. The
approximations are in blue. The new intervals are in red.

Finding the New Interval Next Approximation
Fleft) f(mid) Jf(right) New Interval | Midpoint Max Error
Starting Interval: [0,2] 1 +1
FO) =—2 f)=-1 f@) =6  [L2] 15 +0.5
F)=—1 f15)~14 f2)=6  [L15 125 £0.25

Answer /2 a2 1.25 with a possible error of £0.25. (Even with only 3 approxi-
mations, we're pretty close! The calculator tells us /2 & 1.25992)

Accuracy and Iterations

We know the first approximation is within 0.5(b — @) of the actual value of
the root. Similarly,

the second approximation is within 0.52(b — a) of the actual value, and
the third approximation is within 0.53(h — @) of the actual value.

the fourth approximation is within 0.5%(b — a) of the actual value.

In general, the n** approximation will be within 0.5%(b — a) of the actual
value. This allows us to determine ahead of time how many iterations are needed
to achieve a desired degree of accuracy, as in the following example.

(© http://www mathwarehouse.com
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Example 4

The function f(z) = »* — 5 has a positive root that is less than 3. If we
started the bisection algorithm with the interval [0, 3], how many iterations
would it take before our approximation is within 1074 of the actual value?

Solution

Step 1) Solve 0.5 (b — a) =0.01 for n when a =0 and b= 3.

058 -0 =104
0.57(3) = 1074
10—

057" = —

3

N

/
ln|{ ——
™| 30000 )

nln(0.5) —

nln2 = In(30000)

B In 30000
T In2

= 14.87

We would need af, least 15 iterations to ensure the accuracy desired.

© littp:/ /www.mathwarshouse.com
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Questions

Question 1 Tind the 4th approximation of the positive root of the function
Ffl&) = &* — 7 uging the bisection algorithm.

Question 2 Find the third approximation of the rool of the function f(x) =

%l‘ — = + 1 using the bisection algorithm.

Question 3 Approximate the negative rcot of the function f(2) = 22 -7 to
within 0.1 of its actual value.

Question 4 Approximate the value of the root of f(z) = —32°% 4 522+ 14z — 16
near ¥ =3 to within 0.05 of its actual value.

Question 5 Find the 4th appraximation to the solution of the equation below
uging the bisection algorithm.

P —2=ur

Question 6 Find the 5th approximation to the solution to the equation below,
using the bisection algorithm.

2 o2=z11

(Question 7 The equation below should have a solution that is larger than 5.
Use the bisection algorithm to approximate this solution to within 0.1 of its
actual value.

2% 418z —6 — 927 —2x 47

Question 8 The only real solution to the equation below is negative. Approx-
imate the value of this solution to within 0.05 units of its actual value.

3

a

- -
+ Tt —2=3r" — Ty —

i
Question 9 Use the bisection algoritlun Lo appreximate Lhe value of V71, Find
the 4th approximation.

Question 10 Use the bisection algorithm to approximate the value of ?% Find
S

the 3rd approximation.

Question 11 Use the bisection algorithm to approximate the value of V125 to
within 0.125 units of the actual value.

412500

Question 12 Uss the bisection algorithm to approximate the value of 212

to within 0.1 units of the actual value.

© littp:/ /www.mathwarshouse.com
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Question 13 Suppose we used the bisection method on f{z), with an initial
interval of [2,5]. How many iterations would it take before the maximwn error
would be less than 0.07 units?

Question 14 Suppose we used the bisection method on f(2), with an initial
interval of [—1,1]. How many iterations would it take before the maxinum error
would be less than 0.02 units?

© littp:/ /www.mathwarshouse.com
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Answers

Question 1 Solution

Step 1) Since the function is continuous everywhere, find an appropriate starting
Interval.

Then, notice that f(1) = —6 < 0, but f(2) = 9 > 0. Let’s use [1,2] as the
starting interval.

Step 2) Set up and use the table of values as in the examples above. The
approximations are in blue, the new intervals are in red.

Finding the New Interval Next Approximation
f(left) £ (mid) f(right) New Interval | Midpoint  Max Error
Starting Interval: [1,2] 1.5 +0.5
fly=-6 F(1.5) = =2 f(2)=9 [1.5,2] 1.75 +0.25
F(l5)y ~—2  f(L75)~ 24 F(2)=9 [1.5,1.75] 1.625 +0.125

FOL5) ~ =2 f(1.625) &~ —0.08 f(1.75) ~ 2.4 [1.625,1.75] | 1.6875  +0.0625

Answer The positive root of f(z) = #? — 7 is at approximately @ = 1.6875.
This approximation is off by at most £0.0625 units.

Question 2 Solution

Step 1) Since the function is continuous everywhere, determine an appropriate
starting interval.

Set up a table of values to help us find an appropriate interval.

flz)
FO)=-1
f(1) ~ —0.8
f(2) ~ —0.4
f(3)~ 0.1
f(4) ~ 0.3

e W= O 8

This table indicates the root is between x = 3 and = 4, so a good starting
interval is [3,4]

Step 2) Set up and use a table to track the appropriate values.

(© http://www mathwarehouse.com
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Finding the New Interval Next Approximation
f(left) f(mid) f(right)  New Interval | Midpoint Max Error
Starting Interval: [3,4] 3.5 +0.5
FB) 01 f35) ~01  f(4)~03 3,3.5] 3.25 +0.95
()~ -01 £(325)~001 F(35) ~01 [3325 3125 40125

Answer The function has a root at approximately z = 3.125 with a maximum
possible error of £0.125 units.

Question 3 Solution

Step 1) Since the function is continuous everywhere, determine an appropriate
starting interval.

At z = —2 the function value is f(—2) = —3, and at z = —3 the function
value is f(—3) = 2. We'll use [—3,—2] as the starting interval.

Step 2) Determine the first approximation and the maximum possible error in
using it.

1st Approximation: The midpoint of the first interval is x = —2.5.

Associated Error: £0.5 units.

Step 3) Determine the second interval, second approximation and the associated
maximum error.

Finding the 2nd Interval
Current. left-endpoint  —3 | f(—3) =2
Midpoint  —2.5 | f(—2.5) ~ —0.8
Current right-endpoint  —2 | f(—2) = -3

Second Interval: [—3, —2.5]
Second Approximation: The midpoint of the second interval is z = —2.75.

Assoclated Error: £0.25 units

Step 4) Repeat Step 3 with the new interval. Confinue to repeat until the
maximum error is less than 0.1.

(© http://www mathwarehouse.com
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Finding the 3rd Interval
Current left-endpoint —3 [ f(—3)=2
Midpoint —2.75 | f(—2.75) ~ 0.6
Current right-endpoint  —2.5 | f(—2.5) ~ —0.8

Third interval: [—2.75, —2.5].
Third approximation: The midpoint is z = —2.625

Associated error: +0.125 units.

Finding the 4th Interval
| f)
Current lefi-endpoint  —2.75 | f(—2.75) ~ 0.6
Midpoint, —2.625 | f(—2.625) =~ —0.1
Current right-endpoint  —2.5 | f(—2.5) = —0.8

4th interval: [-2.75, —2.625].
4th approximation: Midpoeint is at x = —2.6875
Assoclated error: £0.0625 units.

Answer The negative root of the function is at approximately z = —2.6875
with a maximum error of only £0.0625 units.

Question 4 Solution

Step 1) Determine an appropriate starting interval, the first approximation and
its associated maximum error value.

First, notice that the function is continuous everywhere. Then, since we're
told that the root is near z = 3 we can check that f(3) = —10.

Checking = = 4 we find that f(4) = —72, but at z = 2 the function value is
F2) = 5.

First Interval: [2,3]
First Approximation: The midpoint is at x = 2.5

Associated error: 0.5 units

(© http://www mathwarehouse.com
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Step 2) Determine the second interval, the second approximation and the asso-
ciated maximum error.

Finding the 2nd Interval

Current left-endpoint 2 (
Midpeint 2.5 | f(2. 5) s 3
Current right-endpoint 3 | f(3) = —10
Second Interval: 2.5, 3]
Second Approximation: The midpoint is at x = 2.75

Assoclated Error: £0.25 units.

Step 3) Repeat Step 2 until the maximum possible error is less than 0.05 units.

Finding the 3rd Interval
e
Current left-endpoint f(2.5) =3
Midpoint 2 75 f(2.75) = =2
Current right-endpoint 3 | f(3) =10

Third interval: [2.5,2.75].

Third approximation: The midpoint is at = 2.625

Associated error: 4-0.125 units.

Finding the 4th Interval
: |t
Current left-endpoint F(2.5) ~ 3
Midpoint 2. 625 f(2.625) 2 0.9
Current right-endpoint  2.75 | f(2.75) ~ —2

4th interval: [2.625,2.75)

4th approximation: The midpoint is x = 2.6875.
Assoclated error of +0.0625 units.

Finding the 5th Interval
Current lefi-endpoint  2.625 | f(2.625) ~ 0.9
Midpoint 2.6875 | £(2.6875) =~ —0.5
Current right-endpoint ~ 2.75 | f(2.75) ~ —2

(© http://www mathwarehouse.com
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5th interval: [2.625,2.6875].
5th approximation: The midpoint 1s x = 2.65625
Associated error: +£0.03125 units.

Answer The root of the function is approximately z = 2.65625 and has an
associated maximum error of only 4+0.03125 units.

Question 5 Solution

Step 1) Identify the function by geiting the equation equal to zero.

2?22 -2=0
The function we'll use is f(z) = 22 — 2x — 2.

Step 2) Determine an appropriate starting interval, the first approximation and
its associated maximum error.

At x = 0 the function value is f(0) = —2, while at z = 3 the function value
s f(3)=1.
1st Interval: [0, 3]
1st Approximation: The midpoint is at z = 1.5.

Associated Error: 1.5 units.

Step 3) Determine the second interval, second approximation and its associated
maximum error.

Finding the 2nd Interval
Current left-endpoint 0 | f(0) =2
Midpoint 1.5 | f(1.5) = —2.75
Current right-endpoint 3 | f(3) =1

2nd Interval: [1.5,3]
2nd Approximation: x = 2.25
Assoclated Error: £0.75 units
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Step 4) Repeat Step 3 twice to complete the iterations of the bisection method
for this question.

Finding the 3rd Interval
v | 5@
Current left-endpoint 1.5 | f(1.5) = —2.75
Midpoint, 2.25 | f(2.25) ~ —1.4
Current right-endpoint 3 | f(3) =1

3rd Interval: [2.25,3]
3rd Approximation: x = 2.625
Assoclated Error: £0.375 units

Finding the 4th Interval
v LI
Current, left-endpoint  2.25 | f(2.25) = —1.4375
Midpoint  2.625 | f(2.625) = —0.359375
Current right-endpoint 3 f3)=1

4th Interval: [2.625, 3]
4th Approximation: z = 2.8125
Assoclated Error: £0.1875 units

Answer The solution to the equation is approximately z = 2.8125 with a
maximum error of 0.1875 units.

Question 6 Solution
Step 1) Identify the function we will use by rewriting the equation so it is set
equal to zero.
zt—z-3=0

The function we will use is f(z) = 2 — z — 3.
Step 2) Identify the first interval, the first approximation and its associated
maximum error.

Notice that at z =0 the function value is f(0) = —3.

Also, at z = 2 the function value is f(2) = 11.

(© http://www mathwarehouse.com

BRI 0 NG Page 31



as:ﬁszséajm?ess Cop) &3% EPIITEOT How to Use the Bisection Algorithm

1st Interval: [0,2]
1st Approximation: z =1

Assoclated Error: £1 unit

Step 3) Identify the 2nd interval, approximation and associated error.

Finding the 2nd Interval

f(=)

10y =-3
1y =-3
=1

Current, left-endpoint
Midpoint
Current. right-endpoint

2nd Interval: [1,2]
2nd Approximation: z = 1.5

Associated Error £0.5 units

Step 4) Repeat Step 3 until you've found the 5th approximation.

Finding the 3rd Interval
z | f(z)
Current left-endpoint 1 | f(1) = -3
Midpoint 1.5 | f(1.5) ~ 0.6
Current right-endpoint, 2 | f(2) =11

3rd Interval: [1,1.5]
3rd Approximation: x = 1.25

Assoclated Error: £0.25 units

Finding the 4th Interval
v | £)
Current left-endpoint 1 | f(1) = —3
Midpoint 1.25 | f(1.25) ~ —1.8
Current right-endpoint 1.5 | f(1.5) ~ 0.6

4th Interval: [1.25,1.5]
4th Approximation: x = 1.375

Assoclated Error: £0.125 units
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Finding the 5th Interval
Current left-endpoint  1.25 | f(1.25) ~ —1.8
Midpoint 1.375 | f(1.375) ~ —0.8
Current right-endpoint 1.5 | f(1.5) ~ 0.6

o 5th Interval: [1.375,1.5]
o 5th Approximation: x = 1.4375

o Associated Error: +0.0625 units

Answer The solution to the equation is approximately z = 1.4375. This ap-
proximation has an maximum error of at most 0.0625 units.

Question 7 Solution
Step 1) Identify the function we'll use by rewriting the equation so it is equal
to zero.
2® 927 1200 —13=0
The function is f(x) = x% — 922 + 20z — 13.

Step 2) Determine the first interval, 1st approximation, and its associated error.

We know the solution is larger than 5, but we don’t know how much larger.
We set, up a small table of values to help us out.

From this table we can select the first interval and determine the first ap-
proximation.

1st Interval: [6,7]
1st Approximation: z = 6.5

Associated Error: 0.5 units

Step 3) Find the second interval, second approximation and the associated error.
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Finding the 2nd Interval
Current left-endpoint & | f(6) = —
Midpoint 6.5 | f(6.5) ~ 11.4
Current right-endpoint 7 | f(7) =29

2nd Interval: [6,6.5]
2nd Approximation r = 6.25

Associated Error: £0.25 units

Step 4) Repeat Step 3 until the maximum error is less than the given tolerance
of 0.1.
Finding the 3rd Interval
| f(z)
Current left-endpoint € | f(€) =
Midpeoint  6.25 | f(&. 25) R 4 6
Current right-endpoint 6.5 | f(6.5) ~ 11.4

3rd Interval: [6,6.25]
3rd Approximation: z = 6.125

Associated Error: £0.125 units

Finding the 4th Interval
Current left-endpoint 6 ( )=
Midpoint  6.125 | f(6. 125) ~16
Current right-endpoint  6.25 | f(6.25) ~ 4.6

4th Interval: [6,6.125]
4th Approximation x = 6.0625

Assoclated Error: £0.0625 units

Answer: The solution to the equation iz approximately z = 6.0625 with a
maximum error of 0.0625 units.

Question 8 Solution
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Step 1) Rewrite the equation so we can identify the function we are working
with.
3 2 —
z® 4+ b+ 7z +5=0
So, f(z) =23+ 522+ Tz +5
Step 2) Identify the first interval, the first approximation, and the associated
error.

We know the solution is negative, but that is all. Let’s set up a table of
values to get an idea of where our first interval should be.

1st Interval: [—3, —4]
1st Approximation: x = —3.5

Associated Error: £0.5 units

Step 3) Identify the 2nd interval, 2nd approximation and the associated maxi-
Mum error.

Finding the 2nd Interval
v | @
Current left-endpoint —4 | f(—4) = -7
Midpoint —3.5 | f(-3.5) ~ —1.1
Current right-endpoint -3 | f(—3)=2

2nd Interval: [—3.5, —3]
2nd Approximation: z = —3.25

Associated Error: £0.25 units

Step 4) Repeat Step 3 until the maximum error is less 0.05 units.

Finding the 3rd Interval
Current left-endpoint  —3.5 [ f(—3.5) = —1.1
Midpoint —3.25 | f(—3.25) ~ 0.7
Current right-endpoint -3 | f(-3) =2
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3rd Interval: [—3.5,—3.25]
3rd Approximation: x = —3.375
Associated Error: +0.125

Finding the 4th Interval
Current lefi-endpoint  —3.5 | f(—3.5) ~ —1.1
Midpoint.  —3.375 | f(—3.375) ~ —0.1
Current right-endpoint  —3.25 | f(—3.25) ~ 0.7

4th Interval: [—3.375, —3.25]
4th Approximation: z = —3.3125

Associated Error: £0.0625 units

Finding the 5th Interval
: i@
Current left-endpoint  —3.375 | f(—3.375) ~ —0.1
Midpoint —3.3125 | f(—3.3125) ~ 0.3
Current right-endpoint  —3.25 | f(—3.25) ~ 0.7

5th Interval: [—3.375, —3.3125]
5th Approximation: x = —3.34275
Assoclated Error: £0.03125 units

Answer The equation has a solution at approximately 2 = —3.34275 with a
maximum error in the approximation of at most 0.03125 units.

Question 9 Solution

Step 1) Find a non-linear function whose root is at +/7.

x =+/71
2 =71
22 -71=0
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We'll uge f(z) = 2% — 71

Step 2) Find the first interval, first approximation and its associated maximum

erTOr.
We know /71 ig larger than 8, but less than 9. We'll use [8,9] as the first
interval.

o 1st Interval: [8,9]
» 1st Approximation: z = 8.5

s Associated Error: +0.5 units

Step 3) Find the second interval, second approximation and the associated max-
imum error.

Finding the 2nd Interval
Current left-endpoint 8 | f(8) = -7
Midpoint 8.5 | f(8.5)=1.25
Current right-endpoint 9 | f£(9) =10

2nd Interval: [8,8.5]

2nd Approximation: z = 825
Associated Error: £0.25 units

Step 4) Repeat Step 3 until you've found the 4th approximation.

Finding the 3rd Interval
x| flz)
Current left-endpoint 8 | f(8) =—7
Midpoint 8.25 | f(8.25) ~ —2.9
Current right-endpoint 8.5 | f(8.5) = 1.25

3rd Interval: [8.25,8.5]

3rd Approximation xz = 8.375
Associated Error: £0.125 units

Finding the 4th Interval
Left endpoint  8.25 | f(8.25) ~ —2.9
Midpoint  8.375 | f(8.375) =~ —0.9
Right endpoint 8.5 | f(8.5) =1.25
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4th Interval: [8.375,8.5)
4th Approximation: z = 8.4375
Associated Error: +0.0625 units

Answer: +/T1 = 8.4375 with a maximum error in this approximation of 0.0625.

Question 10 Solution

Step 1) Determine the nonlinear function we will use for the bisection algorithm.

1
r=——
&3
1
5—7
73
3r° =1
3z -1=0

We will use f(z) = 3z° — 1.

Step 2) Find the first interval, first approximation and the associated error.

Since 0 < %3 < 1, we should be able to use [0,1] as the first interval. A
quick check of the function values confirms this.

x| f(z)
0 -1
1] 2

1st Interval: [0,1]
1st Approximation: z = 0.5

Assoclated Error: 0.5 units

Step 3) Determine the second interval, second approximation and the associated
error.

Finding the 2nd Interval
Current left-endpoint 0 | f(0) = -1
Midpeint 0.5 | £(0.5) &~ —0.9
Current right-endpoint 1 | f(1) =2
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2nd Interval: [0.5,1]
2nd Approximation: z = 0.75

Associated Error: £0.25 units

Step 4) Find the third interval, third approximation and its associated error.

Finding the 3rd Interval
e | 10)
Current left-endpoint 0.5 | f(0.5) =~ —0.9
Midpoint 0.75 | f(0.75) == —0.2
Current right-endpoint 1 | f(1) =2

Third Interval: [0.75,1]
Third Approximation: x = 0.875 with an error of 0.125 units.

Answer: /3 ~ 0.875 with a maximum error of 0.125 units.

Question 11 Solution
Step 1) Find a nonlinear function with a root at /125.

x =125
z? =125
22125 =0

We'll use f(z) = 22 — 125.

Step 2) Determine an appropriate starting interval. It’s midpoint will be the
first approximation.

Since 112 = 121 and 122 = 144 we know 11 < /125 < 12.

First Interval: [11,12]
First approximation: £ = 11.5

Associated Error: £0.5 units

Step 3) Determine the second interval, the second approximation, and the as-
sociated error value.
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Finding the 2nd Interval

Current lefi-endpoint 11 | f(11) = —4
Midpoint 115 | £(11.5) = 7.25
Current right-endpoint 12 | f(12) =19

2nd Interval: [11,11.5]
2nd Approximation: z = 11.25 with a maximum error of 0.25 units.

Step 4) Determine the third interval, the third approximation, and the associ-
ated error value.

Finding the 3rd Interval

z | fl®)
Current left-endpoint 11 | f(11) = —4
Midpoint  11.25 | £(11.25) ~ 1.6
Current right-endpoint  11.5 | f(11.5) =7.25

Third Interval: [11,11.25]

Third Approximation: z = 11.125 with a maximum error of 0.125.

Answer: /125 = 11.125 with a maximum error of 0.125 units.

Question 12

Step 1) Find a nonlinear function with a root at

412500
.

~ ¥12500
T2
12500
N
¥ 16
. 3125
T g
4z* = 3125
4r* — 3125 =0

We'll use the function f(x) = 4x* — 3125.

Step 2) Determine the appropriate starting interval, the first approximation and
the associated error.

Since 10* = 10,000 is about the right size, we try £(10) = 36,875
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By comparison, f(5) = —625, so the best starting interval is somewhere
between z = 5 and z = 10. Let’s make a table of values to help us narrow
things down.

Well, that was convenient.

1st Interval: [5,6]
1st Approximation: z = 5.5

Associated Error: £0.5 units

Step 3) Find the second interval, approximation, and associated error.

Finding the 2nd Interval
Current left-endpoint 5 | f(5) = —625
Midpoint 5.5 | f(5.5) = 535.25
Current right-endpoint 6 | f(6) = 2059

2nd Interval: [5,5.5]
2nd Approximation: x = 5.25

Associated Error: £0.25 units

Step 4) Repeat Step 3 until the maximum error is smaller than the allowed
tolerance.

Finding the 3rd Interval
Current, left-endpoint 5 | f(5) = —625
Midpoint  5.25 | f(5.25) =2 —86.2
Current right-endpoint 5.5 | f(5.5) = 535.25

Third Interval: [5.25, 5.5)
Third Approximation: The midpoint of the 3rd interval is z = 5.375

Associated Error: £0.125 units
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Finding the 4th Interval
Current left-endpoint  5.25 | f(5.25) ~ —86.2
Midpoint  5.375 | f(5.375) ~ 213.7
Current right-endpoint 5.5 | f(5.5) = 535.25

Fourth Interval: [5.25,5.375]
Fourth Approximation: The midpoint of the 4th interval is = 5.3125

Assoclated Error: £0.0625 units

Answer: % - /12500 = 5.3125 with a maximum error of 0.0625.

(Question 13 Solution
Step 1) Solve 0.5"(b — a) for n when a = 2 and b =5.

0575 — 2) = 0.01

1
0.5% 3= —
10

or-4
e

7 -(Inl1—1n2)lnl —1n30

—nln2=—1n30
_ In 30
n= In2

a2 490732

Answer We will need to use at least 5 iterations in order to ensure the accuracy.

Question 14
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Step 1) Solve 0.5" (b — a) = 0.02 for n when a = —1 and b = 1.

0.5% (1 — (=1)) — 0.02

14" 1
2] 77w
/1\\?? ]
(ﬁ,' = 100

F10 1
nln (2) =1In (m)

n(lnl —In2) —Inl —In100
—nln2 = —1n100

~In1oo
"7 2

A G.G4473

How to Use the Bisection Algorithm

Answer: We will need at least 7 iterations before the error tolerance is reached.
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