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ជំពូកទី០១ 

ករមងលំហត់េរជ សេរ ស 
1-ចូររសយបញជ ក់សមភពខងេរកម ៖ 
 ក) 3 2 2 2 3 2 3 3(a 3ab ) (3a b b ) (a b) (a b)+ − + = − ++ − + = − ++ − + = − ++ − + = − +  
 ខ) 4 2 2 4 2 2 2 2 2 2 4 4(a 6a b b ) 16a b (a b ) (a b) (a b)+ + − + = − ++ + − + = − ++ + − + = − ++ + − + = − +  ។ 
2-ចូររសយថ 2 2 2 2 2 2(a b )(x y ) (ax by) (bx ay)+ + = + + −+ + = + + −+ + = + + −+ + = + + −  
 រួចទញថ 2 2 2 2| ax by | a b . x y+ ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +  ។ 
3-េគឲយកេនសម 2 2A (a b c d) , B (a b c d)= + + + = + − −= + + + = + − −= + + + = + − −= + + + = + − −  
 2C (a c b d)= + − −= + − −= + − −= + − −   និង 2D (a d b c)= + − −= + − −= + − −= + − −   ។ 
 ចូររសយថ 2 2 2 2A B C D 4(a b c d )+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +   ។ 

4-េគតង a b c
p

2

+ ++ ++ ++ +====  ។ ចូររសយបញជ ក់ថ ៖ 

 2 2 2a(p a) b(p b) c(p c) 2(p a)(p b)(p c) abc− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =  
5-េគតង  

2 2 2
2 2 2 2 2a b c a b c

p , q , x (q a )(q b )
2 2

+ + + ++ + + ++ + + ++ + + += = = − −= = = − −= = = − −= = = − −  
 2 2 2 2y (q b )(q c )= − −= − −= − −= − −  និង 2 2 2 2z (q c )(q a )= − −= − −= − −= − −   ។ 
 ចូររសយថ x y z 4p(p a)(p b)(p c)+ + = − − −+ + = − − −+ + = − − −+ + = − − −  ។ 
6-ចូរដក់ជផលគុណកតត ៃនកេនសម ៖ 
 3 3 3 3A (x y z) x y z= + + − − −= + + − − −= + + − − −= + + − − −   និង 3 3 3B x y z 3xyz= + + −= + + −= + + −= + + −   
7-េប a b c 0+ + =+ + =+ + =+ + =  េនះចូររសយថ ៖ 
 ក) 3 3 3a b c 3abc+ + =+ + =+ + =+ + =  ខ) 2 2 2 2 4 4 4(a b c ) 2(a b c )+ + = + ++ + = + ++ + = + ++ + = + +  
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8-េគឲយ a b b c c a
x , y , z

a b b c c a

− − −− − −− − −− − −= = == = == = == = =
+ + ++ + ++ + ++ + +

   ។  
 ចូររសយថ (1 x)(1 y)(1 z) (1 x)(1 y)(1 z)+ + + = − − −+ + + = − − −+ + + = − − −+ + + = − − −   ។ 
9-េប ax by cz 0+ + =+ + =+ + =+ + =  េនះចូររសយថ ៖ 

 
2 2 2

2 2 2

ax by cz 1

ab(x y) bc(y z) ca(z x) a b c

+ ++ ++ ++ + ====
− + − + − + +− + − + − + +− + − + − + +− + − + − + +

  ។ 

10-ចូរបងហ ញថ  
2

2 3 2 3
E 2

2 2 3 2 2 3

    + −+ −+ −+ −= + == + == + == + =    
    + + − −+ + − −+ + − −+ + − −    

 

11-ចូរបងហ ញថ 3 3 3 3 3
1 2 4

2 1
9 9 9

− = − +− = − +− = − +− = − +      

12-ចូរបងហ ញថ 
3 3 3

33 2 20 25
5 4

3

+ −+ −+ −+ −− =− =− =− =   ។ 

13-ចូរបងហ ញថ 
1

4 44

4 4

3 2 5 5 1

3 2 5 5 1

    + ++ ++ ++ +====    
− −− −− −− −    

  ។ 

14-េគឲយ a b c d

x y z t
= = == = == = == = =   ។ ចូររសយថ ៖ 

 ax by cz ct a b c d. x y z t+ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + +   ។ 

15-េប 3 3 3ax by cz= == == == =   និង 1 1 1
1

x y z
+ + =+ + =+ + =+ + =  ចូររសយថ ៖ 

 2 2 2 3 3 33 ax by cz a b c+ + = + ++ + = + ++ + = + ++ + = + +   ។ 

16-េគឲយកេនសម 
1 1 1

2 2 2 22 2 2y {2[(a b ) a][(a b ) b]}= + − + −= + − + −= + − + −= + − + −   

 ចូររសយថ 
1

2 2 2y a b (a b )= + − += + − += + − += + − +   ។ែដលa,b 0>>>> ។ 
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17-េគឲយ a 0 , b 0 , c 0≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥  ។ គណនកេនសម ៖ 
 A a b c 2 ac bc a b c 2 ac bc= + + + + + + + − += + + + + + + + − += + + + + + + + − += + + + + + + + − +  

18-ចូររសយថចំនួន 
2 3 2 3

3 3q q p q q p
x

2 4 27 2 4 27
= − + + + − − += − + + + − − += − + + + − − += − + + + − − +   

 ជឬសមួយៃនសមីករ 3x px q 0+ + =+ + =+ + =+ + =   ។ 
19-ចូរបងហ ញថ 3 2  មិនអចសរេសរជរង p q++++  ែដល p និង  
 qជចំនួនសនិទន េហយ q 0>>>>  និង q មិនែមនជកេររបកដ ។ 
20-េដះរសយសមីករ ៖ 

 x ab x bc x ac
a b c

a b b c a c

− − −− − −− − −− − −+ + = + ++ + = + ++ + = + ++ + = + +
+ + ++ + ++ + ++ + +

  
 ែដល a b 0 , b c 0 , c a 0+ ≠ + ≠ + ≠+ ≠ + ≠ + ≠+ ≠ + ≠ + ≠+ ≠ + ≠ + ≠ ។ 

21-េដះរសយសមីករ x a x b x c 1 1 1
2

bc ac ab a b c

− − −− − −− − −− − −     + + = + ++ + = + ++ + = + ++ + = + +    
    

 

 ែដល a 0,b 0 , c 0≠ ≠ ≠≠ ≠ ≠≠ ≠ ≠≠ ≠ ≠   ។ 
22-េដះរសយសមីករ ៖ 

 a b x a c x b c x 4x
1

c b a a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −+ + + =+ + + =+ + + =+ + + =
+ ++ ++ ++ +

 
 ែដល a,b,c 0≠≠≠≠  និង a b c 0+ + ≠+ + ≠+ + ≠+ + ≠   ។ 
23-េដះរសយសមីករ ៖ 

 
p p

pb x b x c
x

b x a

+ ++ ++ ++ ++ =+ =+ =+ =   
 ែដល p , p 2 , a,b,c 0∈ ≥ ≠∈ ≥ ≠∈ ≥ ≠∈ ≥ ≠ℕ  ។ 
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24-េដះរសយសមីករ 3 3 3a x a x b+ + − =+ + − =+ + − =+ + − = ែដលa និងb  

 ជចំនួនពិតេផទៀងផទ ត់ 
3

2 (b 2a)
a 0 , a 0 , b 0

27b

−−−−− ≥ ≠ ≠− ≥ ≠ ≠− ≥ ≠ ≠− ≥ ≠ ≠ ។ 
25-េដះរសយសមីករ ៖ 

 a x b a

bb x a

+ −+ −+ −+ − ====
+ −+ −+ −+ −

  ែដល a 0 , b 0> >> >> >> >  និង a b≠≠≠≠   ។ 

26-េគឲយ 7 3
x

7 3

++++====
−−−−

  និង 7 3
y

7 3

−−−−====
++++

  

 ចូរគណន 4 4 4A x y (x y)= + + += + + += + + += + + +   ? 

27-ចូរបងហ ញថ 15 35 21 5 3 7

23 2 5 7

+ + + ++ + + ++ + + ++ + + +====
+ ++ ++ ++ +

 ។ 

28-ចូរសរមួលកេនសម ៖ 

 1 1 1
P ...

2 1 2 3 2 2 3 100 99 99 100
= + + += + + += + + += + + +

+ + ++ + ++ + ++ + +
 

29-គណន M 2 2 2 5 2 2 2 5= + − + − − − += + − + − − − += + − + − − − += + − + − − − +  
30-ចូរកំណត់បីចំនួនគត់វជិជមន a ,b,c  េដយដឹងថ ៖ 
 7 2(1 3)(1 7) a b c+ + + = + ++ + + = + ++ + + = + ++ + + = + +   ( a b c< << << << <  ) ។ 
31-ចូរកំណត់គូៃនចំនួនសនិទនមួយ (a,b,c)  េដយដឹងថ ៖ 
 3 3 3 3 32 1 a b c− = + +− = + +− = + +− = + +   ។ 

32-គណនផលគុណ 2 2 2 2

1 1 1 1
P (1 )(1 )(1 )....(1 )

2 3 4 2014
= − − − −= − − − −= − − − −= − − − −  ។ 

33-គណន 1 1 1 1
S ...

3 1 5 3 7 5 625 623
= + + + += + + + += + + + += + + + +

+ + + ++ + + ++ + + ++ + + +
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34-ក)រគប់ k 1,2,3,...====  ចូររសយថ ៖ 

 1 1 1 1
( )

2(2k 1) 2k 1 (2k 1) 2k 1 2k 1 2k 1
= −= −= −= −

+ − + − + − ++ − + − + − ++ − + − + − ++ − + − + − +
  

 ខ)គណនផលបូក ៖ 
 1 1 1 1

S ...
3 3 5 3 3 5 7 5 5 7 625 623 623 625

= + + + += + + + += + + + += + + + +
+ + + ++ + + ++ + + ++ + + +

 

35-ចូរគណន ៖ 

  7 7
A 2 4 7 2 2 2

2 2
= × + + + + −= × + + + + −= × + + + + −= × + + + + −  

36-គណន 
3 3 3 3 33

1 3 5
E

4 2 1 4 2 1 16 4 1
= + += + += + += + +

+ + − + − ++ + − + − ++ + − + − ++ + − + − +
 

37-ចូររសយថ  7 7 2 2(x 1) x 1 7x(x 1)(x x 1)+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +  ។ 

   អនុវតតន៍ ៖ គណន 
7 7

5 1 5 1
A

2 2

            + −+ −+ −+ −= += += += +            
            

  ។ 

38-េគឲយពីរចំនួន  1 13
a

2

++++====   និង  1 13
b

2

−−−−====  
    គណនតៃមល  7 5N 19a 40b= += += += +   ។ 
39-គណន 3 3A 45 29 2 45 29 2= − + += − + += − + += − + +  ។ 
40-គណនតៃមលៃនកេនសម ៖  
 A ( 7 33 7 33 2)( 7 33 7 33 2)= − + + − − + + += − + + − − + + += − + + − − + + += − + + − − + + +  
41-េគដឹងថ (((( )))) (((( ))))x x

3 33 32 2 4 15 4 15
−−−−

+ = − + ++ = − + ++ = − + ++ = − + +   
   ចូរគណនតៃមល x xA 2 2−−−−= += += += +   ។ 
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42-េគមនពីរចំនួនពិត x  និង y ែដល 2 2x 8xy y 1000+ + =+ + =+ + =+ + =  ។ 
    ចូរកំណត់តៃមលធំបំផុតៃន P 2014 xy====   ? 
43-ចូររកគូចេមលយទងំអស់ៃន (a ,b)ែដលជចំនួនគត់វជិជមនេហយបំេពញ 
    លកខខណឌ ឲយសមីករ 2ab b (a 1) 2014− − − =− − − =− − − =− − − =   ។ 
44-ចូររកគូចេមលយទងំអស់ៃន (x , y)ែដលជចំនួនគត់វជិជមនេហយ 
   បំេពញលកខខណឌ ឲយសមីករ 3xy 6x 4y 5 0− − + =− − + =− − + =− − + =   ។ 
45-រកគូចេមលយទងំអស់ៃន (x , y)ែដលជចំនួនគត់វជិជមនេហយបំេពញ 
    លកខខណឌ ឲយសមីករ 2 2x 2x y 4y 8 0 , x 0 , y 0− − − − = ≥ ≥− − − − = ≥ ≥− − − − = ≥ ≥− − − − = ≥ ≥  ។ 

46-េដះរសយរបពនឋ័សមីករ 
3 2

2 3

x 3xy 66500

3x y y 58500

 + =+ =+ =+ =


+ =+ =+ =+ =
 

47-េដះរសយរបពនឋ័សមីករ 
3 2 2

2 2 2 3

7x 6x y 3xy 38

13x 15x y 3xy y 49

 − + =− + =− + =− + =


− + − =− + − =− + − =− + − =
 

48- កំណត់គូៃនចំនួនវជិជមន a,b,c េដយដឹងថ
3 3 3

5 5 5

a b c 3abc

a b c 9375

 + + =+ + =+ + =+ + =


+ + =+ + =+ + =+ + =
 

49-ក)ចូររសយថ ៖ 
   2 2 2 2 2 2 2 2(a b c) (a b c) 4c (a b) (a b c 2ab)+ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + + ។ 
  ខ)េដះរសយសមីករ ៖ 
     2 2 2c x (a b c)(a b c)x (a b) 0− + + + − − + =− + + + − − + =− + + + − − + =− + + + − − + =   ែដល c 0≠≠≠≠  

50-សរមួល 
7 7 7

3
(a b) a b

M (a b)
7ab(a b)

+ − −+ − −+ − −+ − −= −= −= −= −
++++

ែដល 
3

3

a 15 4 3

b 5 2 3

 = += += += +

 = −= −= −= −
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51-េគមនចំនួនវជិជមន a ,b,c និង t  េផទៀងផទ ត់សមភព  
 2ab bc ca t+ + =+ + =+ + =+ + =  ។ចូររសយថ 2M 2t====  េដយដឹងថ ៖ 

2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

(t b )(t c ) (t c )(t a ) (t a )(t b )
M a b c

t a t b t c

+ + + + + ++ + + + + ++ + + + + ++ + + + + += + += + += + += + +
+ + ++ + ++ + ++ + +

 

52-េគមន 2 2x ab (1 a )(1 b )= + + += + + += + + += + + +  និង 2 2y a 1 b b 1 a= + + += + + += + + += + + +   
 ចូររសយថ 2 2x y 1− =− =− =− =   ។ 

53-េគឲយ x , y,z  ជបីចំនួនពិតខុសពីសូនយែដល 1 1 1
0

x y z
+ + =+ + =+ + =+ + =  ។ 

 ចូររសយថ 2 2 2 2x y z (x y z)+ + = + ++ + = + ++ + = + ++ + = + +  ។ 
    អនុវតតន៍អនុវតតន៍អនុវតតន៍អនុវតតន៍ ៖ េប a ,b,c  ជបីចំនួនសនិទនខុសគន  និង a b c≠ ≠≠ ≠≠ ≠≠ ≠  ។ 

 ចូររសយថ 2 2 2

1 1 1

(a b) (b c) (c a)
+ ++ ++ ++ +

− − −− − −− − −− − −
  

 ក៏ជចំនួនសនិទនែដរ។ 
54-គណនផលបូក ៖ 

 2 2 2 2 2 2

1 1 1 1 1 1
S 1 1 ... 1

1 2 2 3 2013 2014
= + + + + + + + + += + + + + + + + + += + + + + + + + + += + + + + + + + + +  

55-ឧបមថចំនួនគត់ a  និង b បំេពញលកខខណឌ  2 2a b 13+ =+ =+ =+ =  
 និង 3 3a b 19+ =+ =+ =+ =   ។  ចូររកតៃមល a b++++   ? 
56-ឧបមថេគមនបីចំនួន a ,b,c  បំេពញលកខខណឌ ខងេរកម ៖ 

 
2

a b c m 1

ab bc ca m 4m 6

+ + = ++ + = ++ + = ++ + = +
 + + = − ++ + = − ++ + = − ++ + = − +

   ែដល m ជបរ៉ែ៉ម៉រត ។ 
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កំណត់ m  ែដលេធវឲយ 2 2 2a b c+ ++ ++ ++ +  មនតៃមលធំបំផុត រួចកំណត់រគប់គូ 
(b,c) ចំេពះ a 1====  និង តៃមល m ែដលេទបរកេឃញ ។ 

57-ឧបមថចំនួនពិត a  និង b បំេពញលកខខណឌ ខងេរកម ៖ 
 a b 2m 2+ = ++ = ++ = ++ = + និង ab 5m 1= −= −= −= −   ែដល m ជបរ៉ែ៉ម៉រត ។ 
 ក)គណន 2M (a b)= −= −= −= −  ជអនុគមន៍ៃន m  រួចកំណត់លកខខណឌ ៃនែដន 
    តៃមល  | 2m 3 |−−−−  និង m  េដមបីឲយចំេណទមនន័យ ។ 
 ខ)កំណត់បណត គូតៃមល c  និង d  េដមបីឲយ (a b)(c d) 2(ab cd)+ + = ++ + = ++ + = ++ + = +  
 េផទៀងផទ ត់ជនិចចរគប់ m  េផទៀងផទ ត់លកខខណឌ សំណួរក) ។ 
58-ឧបមថេគមនបីចំនួន a ,b,c  បំេពញលកខខណឌ ខងេរកម ៖ 

  
3 3 3 3

a b c m 1

a b c m 57m 331

+ + = −+ + = −+ + = −+ + = −
 + + = − −+ + = − −+ + = − −+ + = − −

   ែដល m ជបរ៉ែ៉ម៉រត ។ 

 ក)គណន P (a b)(b c)(c a)= + + += + + += + + += + + +  ជអនុគមន៍ៃន m   
  រួចកំណត់តៃមលរបស់ m  ែដលេធវឲយ P  មនតៃមលធំបំផុត ។ 
 ខ)េប a c 2b+ =+ =+ =+ =  ចូរកំណត់រគប់គូ (a,b,c)  ចំេពះតៃមលm  
  េទបរកេឃញ។ 
59-ឧបមថេគមនបីចំនួន a ,b,c  បំេពញលកខខណឌ ខងេរកម ៖ 

 
2

3 3 3 4 3 2

a b c 3(m 1)

a b c 3abc m 2m 11m 2m 10

 + + = ++ + = ++ + = ++ + = +


+ + − = − + − ++ + − = − + − ++ + − = − + − ++ + − = − + − +
    

 ែដល m ជបរ៉ែ៉ម៉រត ។ 
ក)គណន 2 2 2S (a b) (b c) (c a)= − + − + −= − + − + −= − + − + −= − + − + −  ជអនុគមន៍ៃន m  ។ 
 រួចកំណត់តៃមលរបស់ m  ែដលេធវឲយ S មនតៃមលតូចបំផុត ។ 
ខ)េប a c 2b+ =+ =+ =+ =  ចូរកំណត់រគប់គូ (a,b,c)  ចំេពះតៃមលm េទបរកេឃញ។ 
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60-េគឲយ 4 3P(x) x x 1= − += − += − += − +  និង 2Q(x) x 2= −= −= −= −  
 ឧបមថមនបួនចំនួន a ,b,c ,d  ែដលបំេពញលកខខណឌ  ៖ 
 P(x) (x a)(x b)(x c)(x d)= − − − −= − − − −= − − − −= − − − −  ។ 
 ចូរគណនតៃមល N Q(a).Q(b).Q(c).Q(d)====  ។ 

 
���☺��� 
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ជំពូកទី០២ 

ដំេណះរសយគំរូ 
លំហត់ទី០១ 
ចូររសយបញជ ក់សមភពខងេរកម ៖ 
ក) 3 2 2 2 3 2 3 3(a 3ab ) (3a b b ) (a b) (a b)+ − + = − ++ − + = − ++ − + = − ++ − + = − +  
ខ) 4 2 2 4 2 2 2 2 2 2 4 4(a 6a b b ) 16a b (a b ) (a b) (a b)+ + − + = − ++ + − + = − ++ + − + = − ++ + − + = − +    

ដំេណះរសយ 
រសយបញជ ក់សមភព 
ក) 3 2 2 2 3 2 3 3(a 3ab ) (3a b b ) (a b) (a b)+ − + = − ++ − + = − ++ − + = − ++ − + = − +   
តង 3 2 2 2 3 2E (a 3ab ) (3a b b )= + − += + − += + − += + − +  

3 2 2 3 3 2 2 3E (a 3ab 3a b b )(a 3ab 3a b b )= + + + + − −= + + + + − −= + + + + − −= + + + + − −  

   
3 2 2 3 3 2 2 3

3 3

(a 3a b 3ab b )(a 3a b 3ab b )

(a b) (a b)

= + + + − + −= + + + − + −= + + + − + −= + + + − + −

= + −= + −= + −= + −
 

ដូចេនះ 3 2 2 2 3 2 3 3(a 3ab ) (3a b b ) (a b) (a b)+ − + = − ++ − + = − ++ − + = − ++ − + = − +  ។ 
ខ) 4 2 2 4 2 2 2 2 2 2 4 4(a 6a b b ) 16a b (a b ) (a b) (a b)+ + − + = − ++ + − + = − ++ + − + = − ++ + − + = − +    
តង 4 2 2 4 2 2 2 2 2 2F (a 6a b b ) 16a b (a b )= + + − += + + − += + + − += + + − +  

4 2 2 4 3 3 4 2 2 4 3 3F (a 6a b b 4a b 4ab )(a 6a b b 4a b 4ab )= + + − − + + + += + + − − + + + += + + − − + + + += + + − − + + + +  

   
4 3 2 2 3 4 4 3 2 2 3 4

4 4

(a 4a b 6a b 4ab b )(a 4a b 6a b 4ab b )

(a b) (a b)

= − + − + + + + += − + − + + + + += − + − + + + + += − + − + + + + +

= − += − += − += − +
 

ដូចេនះ 4 2 2 4 2 2 2 2 2 2 4 4(a 6a b b ) 16a b (a b ) (a b) (a b)+ + − + = − ++ + − + = − ++ + − + = − ++ + − + = − +  ។ 
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លំហត់ទី០២ 
ចូររសយថ 2 2 2 2 2 2(a b )(x y ) (ax by) (bx ay)+ + = + + −+ + = + + −+ + = + + −+ + = + + −  
រួចទញថ 2 2 2 2| ax by | a b . x y+ ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +  ។ 

ដំេណះរសយ 
រសយថ 2 2 2 2 2 2(a b )(x y ) (ax by) (bx ay)+ + = + + −+ + = + + −+ + = + + −+ + = + + −   
តង 2 2A (ax by) (bx ay)= + + −= + + −= + + −= + + −  
េគបន 2 2 2 2 2 2 2 2A a x 2abxy b y b x 2abxy a y= + + + − += + + + − += + + + − += + + + − +  

             

2 2 2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2

(a x b x ) (a y b y )

x (a b ) y (a b )

(a b )(x y )

= + + += + + += + + += + + +
= + + += + + += + + += + + +
= + += + += + += + +

 

ដូចេនះ 2 2 2 2 2 2(a b )(x y ) (ax by) (bx ay)+ + = + + −+ + = + + −+ + = + + −+ + = + + −  ពិត ។ 
ទញថ 2 2 2 2| ax by | a b . x y+ ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +    
េគមន 2 2 2 2 2 2(a b )(x y ) (ax by) (bx ay)+ + = + + −+ + = + + −+ + = + + −+ + = + + −   
េដយ 2(bx ay) 0− ≥− ≥− ≥− ≥  េនះ 2 2 2(ax by) (bx ay) (ax by)+ + − ≥ ++ + − ≥ ++ + − ≥ ++ + − ≥ +  
េគទញបន 2 2 2 2 2(a b )(x y ) (ax by)+ + ≥ ++ + ≥ ++ + ≥ ++ + ≥ +  
សមមូល 2 2 2 2| ax by | a b . x y+ ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +   ពិត ។ 
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លំហត់ទី០៣ 
េគឲយកេនសម 2 2A (a b c d) , B (a b c d)= + + + = + − −= + + + = + − −= + + + = + − −= + + + = + − −  

2C (a c b d)= + − −= + − −= + − −= + − −   និង 2D (a d b c)= + − −= + − −= + − −= + − −   ។ 
ចូររសយថ 2 2 2 2A B C D 4(a b c d )+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +   ។ 

ដំេណះរសយ 
រសយថ 2 2 2 2A B C D 4(a b c d )+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +    
េគមន 2 2A (a b c d) [(a b) (c d)]= + + + = + + += + + + = + + += + + + = + + += + + + = + + +  
             2 2(a b) 2(a b)(c d) (c d)= + + + + + += + + + + + += + + + + + += + + + + + +  

          
2 2

2 2

B (a b c d) [(a b) (c d)]

(a b) 2(a b)(c d) (c d)

= + − − = + − += + − − = + − += + − − = + − += + − − = + − +
= + − + + + += + − + + + += + − + + + += + − + + + +

 

េគបន 2 2A B 2[(a b) (c d) ]+ = + + ++ = + + ++ = + + ++ = + + +  
េហយ   2 2C (a c b d) [(a b) (c d)]= + − − = − + −= + − − = − + −= + − − = − + −= + − − = − + −  
              2 2(a b) 2(a b)(c d) (c d)= − + − − + −= − + − − + −= − + − − + −= − + − − + −  

           
2 2

2 2

D (a d b c) [(a b) (c d)]

(a b) 2(a b)(c d) (c d)

= + − − = − − −= + − − = − − −= + − − = − − −= + − − = − − −
= − − − − + −= − − − − + −= − − − − + −= − − − − + −

   

េគបន 2 2C D 2[(a b) (c d) ]+ = − + −+ = − + −+ = − + −+ = − + −   
2 2 2 2A B C D 2[(a b) (a b) ] 2[(c d) (c d) ]+ + + = + + − + + + −+ + + = + + − + + + −+ + + = + + − + + + −+ + + = + + − + + + −  

េដយ 2 2 2 2(a b) (a b) 2(a b )+ + − = ++ + − = ++ + − = ++ + − = +  
និង 2 2 2 2(c d) (c d) 2(c d )+ + − = ++ + − = ++ + − = ++ + − = +  
ដូចេនះ 2 2 2 2A B C D 4(a b c d )+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +   ពិត ។ 
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លំហត់ទី០៤ 

េគតង a b c
p

2

+ ++ ++ ++ +====  ។ ចូររសយបញជ ក់ថ ៖ 
2 2 2a(p a) b(p b) c(p c) 2(p a)(p b)(p c) abc− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =   

ដំេណះរសយ 
រសយបញជ ក់ថ 

2 2 2a(p a) b(p b) c(p c) 2(p a)(p b)(p c) abc− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =  
តង 2 2 2A a(p a) b(p b) c(p c)= − + − + −= − + − + −= − + − + −= − + − + −  
          2 2 2 2 3 3 3(a b c)p 2(a b c )p a b c= + + − + + + + += + + − + + + + += + + − + + + + += + + − + + + + +  
និង B 2(p a)(p b)(p c)= − − −= − − −= − − −= − − −  
        3 22p 2(a b c)p 2(ab bc ca)p 2abc= − + + + + + −= − + + + + + −= − + + + + + −= − + + + + + −  
េដយ a b c

p
2

+ ++ ++ ++ +====  េនះ a b c 2p+ + =+ + =+ + =+ + =  
េគបន 3 2 2 2 3 3 3A 2p 2(a b c )p a b c= − + + + + += − + + + + += − + + + + += − + + + + +  
េហយ 3 3B 2p 4p 2(ab bc ca)p 2abc= − + + + −= − + + + −= − + + + −= − + + + −  
េនះ 2 2 2 3 3 3A B 2(ab bc ca a b c )p a b c 2abc+ = + + − − − + + + −+ = + + − − − + + + −+ = + + − − − + + + −+ = + + − − − + + + −  

2 2 2 2 2 22(ab bc ca a b c )p (ab bc ca a b c )(a b c)+ + − − − = + + − − − + ++ + − − − = + + − − − + ++ + − − − = + + − − − + ++ + − − − = + + − − − + +

                                        3 3 33abc a b c= − − −= − − −= − − −= − − −  

េគបន 3 3 3 3 3 3A 3abc a b c a b c 2abc abc= − − − + + + − == − − − + + + − == − − − + + + − == − − − + + + − =  ពិត 

ដូចេនះ
2 2 2a(p a) b(p b) c(p c) 2(p a)(p b)(p c) abc− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =− + − + − + − − − =  ។ 
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លំហត់ទី០៥ 

េគតង  
2 2 2

2 2 2 2 2a b c a b c
p , q , x (q a )(q b )

2 2

+ + + ++ + + ++ + + ++ + + += = = − −= = = − −= = = − −= = = − −  
2 2 2 2y (q b )(q c )= − −= − −= − −= − −  និង 2 2 2 2z (q c )(q a )= − −= − −= − −= − −   ។ 

ចូររសយថ x y z 4p(p a)(p b)(p c)+ + = − − −+ + = − − −+ + = − − −+ + = − − −  ។ 

ដំេណះរសយ 
រសយថ x y z 4p(p a)(p b)(p c)+ + = − − −+ + = − − −+ + = − − −+ + = − − −   

េគមន 2 2 2 24x (2q 2a )(2q 2b )= − −= − −= − −= − −  េដយ 
2 2 2

2 a b c
q

2

+ ++ ++ ++ +====  

េគបន 2 2 2 2 2 2 4 2 2 24x (b c a )(a c b ) c (a b )= + − + − = − −= + − + − = − −= + − + − = − −= + − + − = − −  

ដូចគន ែដរ 4 2 2 24y a (b c )= − −= − −= − −= − −  និង 4 2 2 24z b (c a )= − −= − −= − −= − −  

េគបន ៖ 
4 4 4 2 2 2 2 2 2 2 2 24(x y z) a b c (a b ) (b c ) (c a )+ + = + + − − − − − −+ + = + + − − − − − −+ + = + + − − − − − −+ + = + + − − − − − −  

                

2 2 2 2 2 2 4 4 4

2 2 4 4 4 2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2

2a b 2b c 2c a a b c

4a c (a b c 2a b 2b c 2a c )

4a c (a b c )

(2ac a b c )(2ac a b c )

[(a c) b ][b (a c) ]

(a c b)(a c b)(b a c)(b a c)

2p(2p 2b)(2p 2c)(2p 2a)

16p(p a)(p b)(

= + + − − −= + + − − −= + + − − −= + + − − −
= − + + − − += − + + − − += − + + − − += − + + − − +
= − − += − − += − − += − − +
= + − + − + −= + − + − + −= + − + − + −= + − + − + −
= + − − −= + − − −= + − − −= + − − −
= + + + − + − − += + + + − + − − += + + + − + − − += + + + − + − − +
= − − −= − − −= − − −= − − −
= − −= − −= − −= − − p c)−−−−

 

ដូចេនះ  x y z 4p(p a)(p b)(p c)+ + = − − −+ + = − − −+ + = − − −+ + = − − −  ។ 
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លំហត់ទី០៦ 
ចូរដក់ជផលគុណកតត ៃនកេនសម ៖ 

3 3 3 3A (x y z) x y z= + + − − −= + + − − −= + + − − −= + + − − −   និង 3 3 3B x y z 3xyz= + + −= + + −= + + −= + + −   

ដំេណះរសយ 
3 3 3 3A (x y z) x y z= + + − − −= + + − − −= + + − − −= + + − − −    

   

3 3 3 3

3 2 2 3 3 3 3

3 2 2 3 3

2 2

2

[(x y) z] x y z

(x y) 3(x y) z 3(x y)z z x y z

(x y) 3(x y) z 3(x y)z x y

3xy(x y) 3(x y) z 3(x y)z

3(x y)(xy xz yz z )

3(x y)[x(y z) z(y z)] 3(x y)(y z)(z x)

= + + − − −= + + − − −= + + − − −= + + − − −
= + + + + + + − − −= + + + + + + − − −= + + + + + + − − −= + + + + + + − − −
= + + + + + − −= + + + + + − −= + + + + + − −= + + + + + − −
= + + + + += + + + + += + + + + += + + + + +
= + + + += + + + += + + + += + + + +
= + + + + = + + += + + + + = + + += + + + + = + + += + + + + = + + +

 

ដូចេនះ 3 3 3 3A (x y z) x y z 3(x y)(y z)(x z)= + + − − − = + + += + + − − − = + + += + + − − − = + + += + + − − − = + + +   ។ 
េដយ 3 3 3 3A (x y z) x y z 3(x y)(y z)(x z)= + + − − − = + + += + + − − − = + + += + + − − − = + + += + + − − − = + + +    
េគទញ 3 3 3 3x y z (x y z) 3(x y)(y z)(x z)+ + = + + − + + ++ + = + + − + + ++ + = + + − + + ++ + = + + − + + +  
េគបន 3B (x y z) 3(x y)(y z)(x z) 3xyz= + + − + + + −= + + − + + + −= + + − + + + −= + + − + + + −  
តង s x y z= + += + += + += + +  េនះេគបន ៖ 

3

3 3 2

3 3 3 3

2 2 2 2

B s 3(s z)(s x)(s y) 3xyz

s 3s 3(x y z)s 3(xy yz xz)s 3xyz 3xyz

s 3s 3s 3(xy yz xz)s s 3(xy yz xz)s

s(s 3xy 3yz 3xz) (x y z)(x y z xy yz xz)

= − − − − −= − − − − −= − − − − −= − − − − −

= − + + + − + + + −= − + + + − + + + −= − + + + − + + + −= − + + + − + + + −
= − + − + + = − + += − + − + + = − + += − + − + + = − + += − + − + + = − + +

= − − − = + + + + − − −= − − − = + + + + − − −= − − − = + + + + − − −= − − − = + + + + − − −

 

ដូចេនះ 2 2 2B (x y z)(x y z xy yz xz)= + + + + − − −= + + + + − − −= + + + + − − −= + + + + − − −  ។ 
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លំហត់ទី០៧ 
េប a b c 0+ + =+ + =+ + =+ + =  េនះចូររសយថ ៖ 
ក) 3 3 3a b c 3abc+ + =+ + =+ + =+ + =  
ខ) 2 2 2 2 4 4 4(a b c ) 2(a b c )+ + = + ++ + = + ++ + = + ++ + = + +  

ដំេណះរសយ 
ក) 3 3 3a b c 3abc+ + =+ + =+ + =+ + =  
េគមន a b c 0+ + =+ + =+ + =+ + =  េនះ a (b c)= − += − += − += − +  
េលកអងគទងំពីរជគូបេគបន 3 3 3 3a (b c) b c 3bc(b c)= − + = − − − += − + = − − − += − + = − − − += − + = − − − +  
េគទញ 3 3 3a b c 3abc+ + =+ + =+ + =+ + =   ពិត ។ 
ខ) 2 2 2 2 4 4 4(a b c ) 2(a b c )+ + = + ++ + = + ++ + = + ++ + = + +   
េគមន a b c 0+ + =+ + =+ + =+ + =  េនះ 2(a b c) 0+ + =+ + =+ + =+ + =  
ឬ 2 2 2a b c 2(ab bc ca)+ + = − + ++ + = − + ++ + = − + ++ + = − + +  
េលកជកេរ 2 2 2 2 2(a b c ) 4(ab bc ca)+ + = + ++ + = + ++ + = + ++ + = + +  
េដយ 2 2 2 2 2 2 2 2 2 2(ab bc ca) a b b c c a 2ab c 2a bc 2abc+ + = + + + + ++ + = + + + + ++ + = + + + + ++ + = + + + + +  

                             

2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2 4 4 4

a b b c a c 2abc(a b c)

a b b c a c

1
[(a b c ) (a b c )]

2

= + + + + += + + + + += + + + + += + + + + +
= + += + += + += + +

= + + − + += + + − + += + + − + += + + − + +

 

េគបន 2 2 2 2 2 2 2 2 4 4 4(a b c ) 2(a b c ) 2(a b c )+ + = + + − + ++ + = + + − + ++ + = + + − + ++ + = + + − + +  
ដូចេនះ 2 2 2 2 4 4 4(a b c ) 2(a b c )+ + = + ++ + = + ++ + = + ++ + = + +  ពិត ។ 
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លំហត់ទី០៨ 

េគឲយ a b b c c a
x , y , z

a b b c c a

− − −− − −− − −− − −= = == = == = == = =
+ + ++ + ++ + ++ + +

   ។  
ចូររសយថ (1 x)(1 y)(1 z) (1 x)(1 y)(1 z)+ + + = − − −+ + + = − − −+ + + = − − −+ + + = − − −   ។ 

ដំេណះរសយ 
រសយថ (1 x)(1 y)(1 z) (1 x)(1 y)(1 z)+ + + = − − −+ + + = − − −+ + + = − − −+ + + = − − −  

េគមន a b 2a
1 x 1

a b a b

−−−−+ = + =+ = + =+ = + =+ = + =
+ ++ ++ ++ +

  និង a b 2b
1 x 1

a b a b

−−−−− = − =− = − =− = − =− = − =
+ ++ ++ ++ +

 

េនះ 1 x 2a a b a

1 x a b 2b b

+ ++ ++ ++ += × == × == × == × =
− +− +− +− +

   ។ 

រសយដូចគន ែដរ 1 y b

1 y c

++++ ====
−−−−

 និង 1 z c

1 x a

++++ ====
−−−−

 ។ 

េគបន 1 x 1 y 1 z a b c
. . . . 1

1 x 1 y 1 z b c a

+ + ++ + ++ + ++ + + = == == == =
− − −− − −− − −− − −

  

ដូចេនះ (1 x)(1 y)(1 z) (1 x)(1 y)(1 z)+ + + = − − −+ + + = − − −+ + + = − − −+ + + = − − −  ពិត ។ 
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លំហត់ទី០៩ 
េប ax by cz 0+ + =+ + =+ + =+ + =  េនះចូររសយថ ៖ 

2 2 2

2 2 2

ax by cz 1

ab(x y) bc(y z) ca(z x) a b c

+ ++ ++ ++ + ====
− + − + − + +− + − + − + +− + − + − + +− + − + − + +

  ។ 

ដំេណះរសយ 
យក 2 2 2N ax by cz= + += + += + += + + និង 2 2 2D ab(x y) bc(y z) ca(z x)= − + − + −= − + − + −= − + − + −= − + − + −  
េគបន ៖ 

2 2 2 2 2 2D abx aby bcy bcz caz cax 2abxy 2bcyz 2cazx= + + + + + − − −= + + + + + − − −= + + + + + − − −= + + + + + − − −  

   

2 2 2 2 2 2

2 2 2

2 2 2 2 2 2

2

a(cz by ) b(ax cz ) c(ax by ) 2abxy 2acxz 2bcyz

a(N ax ) b(N by ) c(N cz ) 2abxy 2acxz 2bcyz

(a b c)N (a x b y c z 2abxy 2acxz 2bcyz)

(a b c)N (ax by cz)

= + + + + + − − −= + + + + + − − −= + + + + + − − −= + + + + + − − −
= − + − + − − − −= − + − + − − − −= − + − + − − − −= − + − + − − − −
= + + − + + + + += + + − + + + + += + + − + + + + += + + − + + + + +
= + + − + += + + − + += + + − + += + + − + +

 

   (a b c).N= + += + += + += + +   េរពះ ax by cz 0+ + =+ + =+ + =+ + =  

េគទញបន N 1

D a b c
====

+ ++ ++ ++ +
 

ដូចេនះ 
2 2 2

2 2 2

ax by cz 1

ab(x y) bc(y z) ca(z x) a b c

+ ++ ++ ++ + ====
− + − + − + +− + − + − + +− + − + − + +− + − + − + +

  ។ 
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លំហត់ទី១០ 

ចូរបងហ ញថ  
2

2 3 2 3
E 2

2 2 3 2 2 3

    + −+ −+ −+ −= + == + == + == + =    
    + + − −+ + − −+ + − −+ + − −    

 

ដំេណះរសយ 

េគមន 
2 2 24 2 3 3 2 3 1 ( 3 1)

2 3
2 2 2

+ + + ++ + + ++ + + ++ + + ++ = = =+ = = =+ = = =+ = = =   

និង 
2 2 24 2 3 3 2 3 1 ( 3 1)

2 3
2 2 2

− − + −− − + −− − + −− − + −− = = =− = = =− = = =− = = =  

េគបន 
2

2
1

( 3 1)2 3 2( 3 1)2
3 1 2(3 3)2 2 3 2

2

+++++ ++ ++ ++ += == == == =
+ ++ ++ ++ ++ ++ ++ ++ + ++++

 

                              
22( 3 1) 2( 3 1) 6 2

2 3( 3 1) 2 3 2 3

+ + ++ + ++ + ++ + += = == = == = == = =
++++

  

េហយ 
2

2
1

( 3 1)2 3 2( 3 1)2
3 1 2(3 3)2 2 3 2

2

−−−−− −− −− −− −= == == == =
− −− −− −− −− −− −− −− − −−−−

 

                              
22( 3 1) 2( 3 1) 6 2

2 3( 3 1) 2 3 2 3

− − −− − −− − −− − −= = == = == = == = =
−−−−

  

េដយ 6 2 6 2 2 6
2

2 3 2 3 2 3

+ −+ −+ −+ −+ = =+ = =+ = =+ = =  េនះ 2E ( 2) 2= == == == = ពិត ។ 
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លំហត់ទី១១ 

ចូរបងហ ញថ 3 3 3 3 3
1 2 4

2 1
9 9 9

− = − +− = − +− = − +− = − +    

ដំេណះរសយ 
តង 3t 2====  េនះ 3t 2====   

េដមបីរសយថ 3 3 3 3 3
1 2 4

2 1
9 9 9

− = − +− = − +− = − +− = − +  ពិតេគរតូវរសយថ 
2

3

3

1 t t
t 1

9

− +− +− +− +− =− =− =− =  ពិត ឬ 2 39(t 1) (1 t t )− = − +− = − +− = − +− = − +  ពិត 

មន 2 2 2 4 2 3(1 t t ) 1 t t 2t 2t 2t− + = + + − + −− + = + + − + −− + = + + − + −− + = + + − + −  
                      3 3 2t(t 2) 2(t 2) 3(t 1)= − − − + −= − − − + −= − − − + −= − − − + −  េដយ 3t 2====  
េគបន 2 2 2(1 t t ) 3(1 t ) 3(1 t)(1 t)− + = − = + −− + = − = + −− + = − = + −− + = − = + −  
គុណអងគទងំពីរនឹង 21 t t− +− +− +− +  េគបន ៖ 

2 3 2

3

(1 t t ) 3(1 t)(1 t t )(1 t)

3(1 t )(1 t)

3(1 2)(1 t) 9(1 t)

− + = + − + −− + = + − + −− + = + − + −− + = + − + −
= + −= + −= + −= + −
= + − = −= + − = −= + − = −= + − = −

 

ដូចេនះ  3 3 3 3 3
1 2 4

2 1
9 9 9

− = − +− = − +− = − +− = − +    ។ 
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លំហត់ទី១២ 

ចូរបងហ ញថ 
3 3 3

33 2 20 25
5 4

3

+ −+ −+ −+ −− =− =− =− =   ។ 

ដំេណះរសយ 

បងហ ញថ 
3 3 3

33 2 20 25
5 4

3

+ −+ −+ −+ −− =− =− =− =    

តង 
3 3 32 20 25

y
3

+ −+ −+ −+ −====   ែដល y 0>>>>   
តមសមភព 2 2 2 2(a b c) a b c 2ab 2bc 2ca+ − = + + + − −+ − = + + + − −+ − = + + + − −+ − = + + + − −  េគបន  

3 3 3 3 3 3
2

3 33 3 3 3

3 33 3
33

4 400 625 2 40 2 500 2 50
y

9

4 2 50 5 5 4 5 10 4 2 50

9

9 5 9 4 9( 5 4)
5 4

9 9

+ + + − −+ + + − −+ + + − −+ + + − −====

+ + + − −+ + + − −+ + + − −+ + + − −====

− −− −− −− −= = = −= = = −= = = −= = = −

 

េគទញ 33y 5 4= −= −= −= −   េរពះ y 0>>>>  ។ 

ដូចេនះ 
3 3 3

33 2 20 25
5 4

3

+ −+ −+ −+ −− =− =− =− =   ។ 
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លំហត់ទី១៣ 

ចូរបងហ ញថ 
1

4 44

4 4

3 2 5 5 1

3 2 5 5 1

    + ++ ++ ++ +====    
− −− −− −− −    

  ។ 

ដំេណះរសយ 
តង 4t 5====  េនះ 4t 5====  

េគមន 
4

4 4 3 24

4 4 3 24

5 1 (t 1) t 4t 6t 4t 1

(t 1) t 4t 6t 4t 15 1

    + + + + + ++ + + + + ++ + + + + ++ + + + + += == == == =     − − + − +− − + − +− − + − +− − + − +−−−−    
 

                        

3 2

3 2

3 2

3 2

2 2

2 2

4

4

5 4t 6t 4t 1

5 4t 6t 4t 1

6 4t 6t 4t

6 4t 6t 4t

3 2t t (3 2t) (3 2t)(3 t )

3 2t t (3 2t) (3 2t)(3 t )

3 2t 3 2 5

3 2t 3 2 5

+ + + ++ + + ++ + + ++ + + +====
− + − +− + − +− + − +− + − +
+ + ++ + ++ + ++ + +====
− + −− + −− + −− + −
+ + + + ++ + + + ++ + + + ++ + + + += == == == =
− + − − +− + − − +− + − − +− + − − +

+ ++ ++ ++ += == == == =
−−−− −−−−

 

េគទញ 
1

4 4 4

4 4

5 1 3 2 5

5 1 3 2 5

    + ++ ++ ++ +====     
− −− −− −− −    

 ពិត 

ដូចេនះ
1

4 44

4 4

3 2 5 5 1

3 2 5 5 1

    + ++ ++ ++ +====    
− −− −− −− −    

  ។ 
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លំហត់ទី១៤ 

េគឲយ a b c d

x y z t
= = == = == = == = =   ។ ចូររសយថ ៖ 

ax by cz ct a b c d. x y z t+ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + +   ។ 

ដំេណះរសយ 
រសយថ ax by cz ct a b c d. x y z t+ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + +   

តង  

a kx

b kya b c d
k

c kzx y z t

d kt

====
 ===== = = = ⇔= = = = ⇔= = = = ⇔= = = = ⇔  ====
 ====

 េនះេគបន ៖ 

ax by cz dt (x y z t) k (1)+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +  
េហយ a b c d

a b c d (x y z t)k k (2)
x y z t

+ + ++ + ++ + ++ + ++ + + = + + + ⇔ =+ + + = + + + ⇔ =+ + + = + + + ⇔ =+ + + = + + + ⇔ =
+ + ++ + ++ + ++ + +

 

យក (2) ជំនួសកនុង (1) េគបន ៖ 
a b c d

ax by cz dt (x y z t)
x y z t

+ + ++ + ++ + ++ + ++ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +
+ + ++ + ++ + ++ + +

 

                                  x y z t. a b c d= + + + + + += + + + + + += + + + + + += + + + + + +  ពិត 

ដូចេនះ ax by cz ct a b c d. x y z t+ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + ++ + + = + + + + + + ។ 
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លំហត់ទី១៥ 

េប 3 3 3ax by cz= == == == =   និង 1 1 1
1

x y z
+ + =+ + =+ + =+ + =  ចូររសយថ ៖ 

2 2 2 3 3 33 ax by cz a b c+ + = + ++ + = + ++ + = + ++ + = + +   ។ 

ដំេណះរសយ 
រសយថ 2 2 2 3 3 33 ax by cz a b c+ + = + ++ + = + ++ + = + ++ + = + +    

តង 
3 3 3

2 2 23 3
ax by cz

t ax by cz
x y z

= + + = + += + + = + += + + = + += + + = + +   

េដយ 3 3 3ax by cz= == == == =  និង 1 1 1
1

x y z
+ + =+ + =+ + =+ + =   

េនះ 
3 3 3

33 3
ax ax ax 1 1 1

t x a( ) x a
x y z x y z

= + + = + + == + + = + + == + + = + + == + + = + + =  ឬ 3t
a

x
====  

រសយដូចគន ែដរ 3t
b

y
====   និង 3t

c
z

====   

េគបន 3 3 3t t t
a b c

x y z
+ + = + ++ + = + ++ + = + ++ + = + +  ឬ 3 3 31 1 1

( )t a b c
x y z

+ + = + ++ + = + ++ + = + ++ + = + +   

េដយ 1 1 1
1

x y z
+ + =+ + =+ + =+ + =  េនះ 3 3 3t a b c= + += + += + += + +  

ដូចេនះ 2 2 2 3 3 33 ax by cz a b c+ + = + ++ + = + ++ + = + ++ + = + +   ពិត។ 
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លំហត់ទី១៦ 

េគឲយកេនសម 
1 1 1

2 2 2 22 2 2y {2[(a b ) a][(a b ) b]}= + − + −= + − + −= + − + −= + − + −  ែដល a,b 0>>>> ។ 

ចូររសយថ 
1

2 2 2y a b (a b )= + − += + − += + − += + − +   ។ 

ដំេណះរសយ 

រសយថ 
1

2 2 2y a b (a b )= + − += + − += + − += + − +    
1 1 1

2 2 2 22 2 2y {2[(a b ) a][(a b ) b]}= + − + −= + − + −= + − + −= + − + −  

   

2 2 2 2

2 2 2 2

2 2 2 2 2 2

2 2 2 2 2 2

2 2 2 2 2

2 (a b ) (a b) a b ab

2(a b ) 2(a b) a b 2ab

(a 2ab b ) 2(a b) a b (a b )

(a b) 2(a b) a b ( a b )

(a b a b ) | a b a b |

    = + − + + += + − + + += + − + + += + − + + +
    

= + − + + += + − + + += + − + + += + − + + +

= + + − + + + += + + − + + + += + + − + + + += + + − + + + +

= + − + + + += + − + + + += + − + + + += + − + + + +

= + − + = + − += + − + = + − += + − + = + − += + − + = + − +

 

េដយ 2 2a b a b+ > ++ > ++ > ++ > +   រគប់ a 0 , b 0> >> >> >> >  ។ 

ដូចេនះ
1

2 2 2y a b (a b )= + − += + − += + − += + − +   ។ 
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លំហត់ទី១៧ 
េគឲយ a 0 , b 0 , c 0≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥≥ ≥ ≥  ។ គណនកេនសម ៖ 
A a b c 2 ac bc a b c 2 ac bc= + + + + + + + − += + + + + + + + − += + + + + + + + − += + + + + + + + − +  
ដំេណះរសយ 
គណនកេនសម ៖ 
A a b c 2 ac bc a b c 2 ac bc= + + + + + + + − += + + + + + + + − += + + + + + + + − += + + + + + + + − +  
េគមន 2 2a b c 2 ac bc (a b) 2 (a b)c c+ + + + = + + + ++ + + + = + + + ++ + + + = + + + ++ + + + = + + + +  
                                       2( a b c)= + += + += + += + +  
េហយ 2 2a b c 2 ac bc (a b) 2 (a b)c c+ + − + = + − + ++ + − + = + − + ++ + − + = + − + ++ + − + = + − + +  
                                       2( a b c)= + −= + −= + −= + −  
េគបន 2 2A ( a b c) ( a b c)= + + + + −= + + + + −= + + + + −= + + + + −  

             | a b c | | a b c |

a b c | a b c |

= + + + + −= + + + + −= + + + + −= + + + + −

= + + + + −= + + + + −= + + + + −= + + + + −
 

-េប a b c 0 a b c+ − > ⇔ + >+ − > ⇔ + >+ − > ⇔ + >+ − > ⇔ + >  េគបន៖ 
  A a b c a b c 2 a b= + + + + − = += + + + + − = += + + + + − = += + + + + − = +   ។ 
-េប a b c 0 a b c+ − < ⇔ + <+ − < ⇔ + <+ − < ⇔ + <+ − < ⇔ + <  េគបន៖ 
  A a b c a b c 2 c= + + − + + == + + − + + == + + − + + == + + − + + =   ។ 
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លំហត់ទី១៨ 

ចូររសយថចំនួន 
2 3 2 3

3 3q q p q q p
x

2 4 27 2 4 27
= − + + + − − += − + + + − − += − + + + − − += − + + + − − +   

ជឬសមួយៃនសមីករ 3x px q 0+ + =+ + =+ + =+ + =   ។ 

ដំេណះរសយ 

តង 
2 3 2 3

3 3q q p q q p
a , b

2 4 27 2 4 27
= − + + = − − += − + + = − − += − + + = − − += − + + = − − +  

េគបន x a b= += += += +  េនះ 3 3 3 3x (a b) a b 3ab(a b)= + = + + += + = + + += + = + + += + = + + +  

េដយ 
2 3 2 3

3 3 q q p q q p
a b q

2 4 27 2 4 27
+ = − + + − − + = −+ = − + + − − + = −+ = − + + − − + = −+ = − + + − − + = −  

េហយ 
22 2 3

3
q q p p

ab
2 4 27 3

        = − − + == − − + == − − + == − − + =        
         

 

េគបន 3x q px= − −= − −= − −= − −  ឬ 3x px q 0+ + =+ + =+ + =+ + =  ។ 

សរមយេនះបញជ ក់ថ  
2 3 2 3

3 3q q p q q p
x

2 4 27 2 4 27
= − + + + − − += − + + + − − += − + + + − − += − + + + − − +   

ជឬសមួយៃនសមីករ 3x px q 0+ + =+ + =+ + =+ + =   ។ 
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លំហត់ទី១៩ 
ចូរបងហ ញថ 3 2  មិនអចសរេសរជរង p q++++  ែដល p និង q ជចំនួន 
សនិទន េហយ q 0>>>>  និង q មិនែមនជកេររបកដ ។ 

ដំេណះរសយ 
ឧបមថ 3 2 p q= += += += +  េនះ 32 (p q)= += += += +  

                                    
3 2

3 2

2 p 3p q 3pq q q

2 (p 3pq) (3p q) q

= + + += + + += + + += + + +

= + + += + + += + + += + + +
 

េដយq មិនែមនជកេររបកដេនះសមភពេនះពិតលុះរតែត 23p q 0+ =+ =+ =+ =  
េដយ q 0>>>>  េនះ 23p q 0+ >+ >+ >+ >  ។ 
សរមយេនះមនន័យថ 3 2  មិនអចសរេសរជរង p q++++  ែដល p និង 
q ជចំនួនសនិទន េហយ q 0>>>>  និង q មិនែមនជកេររបកដ ។ 
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លំហត់ទី២០ 
េដះរសយសមីករ ៖ 
x ab x bc x ac

a b c
a b b c a c

− − −− − −− − −− − −+ + = + ++ + = + ++ + = + ++ + = + +
+ + ++ + ++ + ++ + +

  
ែដល a b 0 , b c 0 , c a 0+ ≠ + ≠ + ≠+ ≠ + ≠ + ≠+ ≠ + ≠ + ≠+ ≠ + ≠ + ≠ ។ 

ដំេណះរសយ 
េដះរសយសមីករ ៖ 
x ab x bc x ac

a b c
a b b c a c

− − −− − −− − −− − −+ + = + ++ + = + ++ + = + ++ + = + +
+ + ++ + ++ + ++ + +

  

សមមូល x ab x bc x ac
( c) ( a) ( b) 0

a b b c a c

− − −− − −− − −− − −− + − + − =− + − + − =− + − + − =− + − + − =
+ + ++ + ++ + ++ + +

  

សមមូល x ab ac bc x ab ac bc x ab ac bc
0

a b b c a c

− − − − − − − − −− − − − − − − − −− − − − − − − − −− − − − − − − − −+ + =+ + =+ + =+ + =
+ + ++ + ++ + ++ + +

 

សមមូល 1 1 1
(x ab bc ca)( ) 0

a b b c c a
− − − + + =− − − + + =− − − + + =− − − + + =

+ + ++ + ++ + ++ + +
 

សមមូល x ab bc ca 0− − − =− − − =− − − =− − − =  
ដូចេនះ x ab bc ca= + += + += + += + +  ជឬសៃនសមីករ ។ 
 
 
 
 

 



គណិតវិទយសិសសពូែកថន ក់ទី៩ 
 

 

 

Prepared by  LIM PHALKUN Page 30 

 

លំហត់ទី២១ 

េដះរសយសមីករ x a x b x c 1 1 1
2

bc ac ab a b c

− − −− − −− − −− − −     + + = + ++ + = + ++ + = + ++ + = + +    
    

 

ែដល a 0,b 0 , c 0≠ ≠ ≠≠ ≠ ≠≠ ≠ ≠≠ ≠ ≠   ។ 

ដំេណះរសយ 
េដះរសយសមីករ  
x a x b x c 1 1 1

2
bc ac ab a b c

− − −− − −− − −− − −     + + = + ++ + = + ++ + = + ++ + = + +    
    

 

សមមូល x a 1 1 x b 1 1 x c 1 1
0

bc b c ac a c ab a b

− − −− − −− − −− − −                    − − + − − + − − =− − + − − + − − =− − + − − + − − =− − + − − + − − =                    
                    

 

សមមូល x a b c x b c a x c a b
0

bc ac ab

− − − − − − − − −− − − − − − − − −− − − − − − − − −− − − − − − − − −+ + =+ + =+ + =+ + =  

សមមូល 1 1 1
(x a b c)( ) 0

bc ca ab
− − − + + =− − − + + =− − − + + =− − − + + =  

េគទញឬស x a b c= + += + += + += + +   ។ 
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លំហត់ទី២២ 
េដះរសយសមីករ ៖ 
a b x a c x b c x 4x

1
c b a a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −+ + + =+ + + =+ + + =+ + + =
+ ++ ++ ++ +

 
ែដល a,b,c 0≠≠≠≠  និង a b c 0+ + ≠+ + ≠+ + ≠+ + ≠   ។ 

ដំេណះរសយ 
េដះរសយសមីករ ៖ 

             a b x a c x b c x 4x
1

c b a a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −+ + + =+ + + =+ + + =+ + + =
+ ++ ++ ++ +

 
សមីករសមមូល 
a b x a c x b c x x

( 1) ( 1) ( 1) 4(1 ) 0
c b a a b c

a b c x a b c x a b c x a b c x
4 0

c b a a b c
1 1 1 4

(a b c x)( ) 0
c b a a b c

+ − + − + −+ − + − + −+ − + − + −+ − + − + −+ + + + + − − =+ + + + + − − =+ + + + + − − =+ + + + + − − =
+ ++ ++ ++ +

+ + − + + − + + − + + −+ + − + + − + + − + + −+ + − + + − + + − + + −+ + − + + − + + − + + −+ + − =+ + − =+ + − =+ + − =
+ ++ ++ ++ +

+ + − + + − =+ + − + + − =+ + − + + − =+ + − + + − =
+ ++ ++ ++ +

 

េគទញឬស x a b c= + += + += + += + +   ។ 
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លំហត់ទី២៣ 
េដះរសយសមីករ ៖ 
p p

pb x b x c
x

b x a

+ ++ ++ ++ ++ =+ =+ =+ =  ែដល p , p 2 , a,b,c 0∈ ≥ ≠∈ ≥ ≠∈ ≥ ≠∈ ≥ ≠ℕ  ។ 

ដំេណះរសយ 
េដះរសយសមីករ ៖ 

            
p p

pb x b x c
x

b x a

+ ++ ++ ++ ++ =+ =+ =+ =  

សមមូល  pp 1 1 c
( b x )( ) x

b x a
+ + =+ + =+ + =+ + =  

សមមូល 
1

1 1p
p(b x) c

x
bx a

++++
++++ ====      

សមមូល  
1

1
p

1
1

p

(b x) bc

a
x

++++

++++

++++ ====  

សមមូល 
1 p

pb x bc

x a

++++

++++     ====    
    

  េគទញ 
p

1 pb bc
1

x a

++++    + =+ =+ =+ =     
    

 

ដូចេនះ p

1 p

b
x

bc
1

a

++++

====
     −−−−    
    

  ជឬសៃនសមីករ ។ 
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លំហត់ទី២៤ 

េដះរសយសមីករ 3 3 3a x a x b+ + − =+ + − =+ + − =+ + − =  

ែដលa និងbជចំនួនពិតេផទៀងផទ ត់ 
3

2 (b 2a)
a 0 , a 0 , b 0

27b

−−−−− ≥ ≠ ≠− ≥ ≠ ≠− ≥ ≠ ≠− ≥ ≠ ≠ ។ 

ដំេណះរសយ 

េដះរសយសមីករ 3 3 3a x a x b+ + − =+ + − =+ + − =+ + − =  
លកខខណឌ័   x 0≥≥≥≥  
េគមន 3 3 3(A B) A B 3A.B(A B)+ = + + ++ = + + ++ = + + ++ = + + +  
យក 3 3A a x , B a x= + = −= + = −= + = −= + = −   ែដល 3A B b+ =+ =+ =+ =  
េគបន (((( ))))3

3 23 3b a x a x 3 a x b= + + − + −= + + − + −= + + − + −= + + − + −  

                3 23b 2a 3 b a x= + −= + −= + −= + −  
េគទញ 3 2

3

b 2a
a x

3 b

−−−−− =− =− =− =   ឬ 
3

2 (b 2a)
a x

27b

−−−−− =− =− =− =  

ដូចេនះ 
3

2 (b 2a)
x a

27b

−−−−= −= −= −= −   េរពះ 
3

2 (b 2a)
a 0 , a 0 , b 0

27b

−−−−− ≥ ≠ ≠− ≥ ≠ ≠− ≥ ≠ ≠− ≥ ≠ ≠ ។  
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លំហត់ទី២៥ 
េដះរសយសមីករ ៖ 

a x b a

bb x a

+ −+ −+ −+ − ====
+ −+ −+ −+ −

  ែដល a 0 , b 0> >> >> >> >  និង a b≠≠≠≠   ។ 

ដំេណះរសយ 
េដះរសយសមីករ ៖ 

a x b a

bb x a

+ −+ −+ −+ − ====
+ −+ −+ −+ −

 សមីករមនន័យេប  x a , x b≥ ≥≥ ≥≥ ≥≥ ≥    

សមីករសមមូល b( a x b) a ( b x a )+ − = + −+ − = + −+ − = + −+ − = + −  

                       

2 2

ab b(x b) ab a(x a)

b(x b) a(x a)

b(x b) a(x a)

(b a)x b a

+ − = + −+ − = + −+ − = + −+ − = + −

− = −− = −− = −− = −
− = −− = −− = −− = −

− = −− = −− = −− = −

 

េដយ a b≠≠≠≠  េនះេគទញឬស 
2 2b a

x a b
b a

−−−−= = += = += = += = +
−−−−

  ។ 
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លំហត់ទី២៦ 

េគឲយ 7 3
x

7 3

++++====
−−−−

  និង 7 3
y

7 3

−−−−====
++++

  

ចូរគណន 4 4 4A x y (x y)= + + += + + += + + += + + +   ? 

ដំេណះរសយ 
គណន 4 4 4A x y (x y)= + + += + + += + + += + + +    

េគមន 
2

2 2

7 3 ( 7 3) 7 2 21 3 10 2 21
x

7 3 47 3 7 3

+ + + + ++ + + + ++ + + + ++ + + + += = = == = = == = = == = = =
−−−−−−−− −−−−

 

             5 21

2

++++====  

េហយ
2

2 2

7 3 ( 7 3) 7 2 21 3 10 2 21
x

7 3 47 3 7 3

− − − + −− − − + −− − − + −− − − + −= = = == = = == = = == = = =
−−−−++++ −−−−

 

             5 21

2

−−−−====  

េគបន 5 21 5 21
x y 5

2 2

+ −+ −+ −+ −+ = + =+ = + =+ = + =+ = + =  និង 
2 25 21

xy 1
4

−−−−= == == == =  
េគបន 4 4 4 2 2 2 2 2 4A x y (x y) (x y ) 2x y 5= + + + = + − += + + + = + − += + + + = + − += + + + = + − +  

             
22 2

2

(x y) 2xy 2(xy) 625

(25 2) 2 625 1152

    = + − − += + − − += + − − += + − − +    

= − − + == − − + == − − + == − − + =
 

ដូចេនះ 4 4 4A x y (x y) 1152= + + + == + + + == + + + == + + + =  ។  
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លំហត់ទី២៧ 

ចូរបងហ ញថ 15 35 21 5 3 7

23 2 5 7

+ + + ++ + + ++ + + ++ + + +====
+ ++ ++ ++ +

 ។ 

ដំេណះរសយ 

បងហ ញថ 15 35 21 5 3 7

23 2 5 7

+ + + ++ + + ++ + + ++ + + +====
+ ++ ++ ++ +

 

តង 15 35 21 5 ( 15 25) ( 21 35)
x

3 2 5 7 3 2 5 7

+ + + + + ++ + + + + ++ + + + + ++ + + + + += == == == =
+ + + ++ + + ++ + + ++ + + +

 

      5( 3 5) 7( 3 5) ( 3 5)( 5 7)
x

3 2 5 7 ( 3 5) ( 5 7)

+ + + + ++ + + + ++ + + + ++ + + + += == == == =
+ + + + ++ + + + ++ + + + ++ + + + +

 

េគទញ 1 ( 3 5) ( 5 7) 1 1

x ( 3 5)( 5 7) 5 7 3 5

+ + ++ + ++ + ++ + += = += = += = += = +
+ + + ++ + + ++ + + ++ + + +

 

           1 7 5 5 3 7 3

x 2 2 2

− − −− − −− − −− − −= + == + == + == + =  

េគបន 
2 2

2 2( 7 3) 7 3
x

27 3 7 3

+ ++ ++ ++ += = == = == = == = =
−−−− −−−−

  ពិត 

ដូចេនះ 15 35 21 5 3 7

23 2 5 7

+ + + ++ + + ++ + + ++ + + +====
+ ++ ++ ++ +

 ។ 
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លំហត់ទី២៨ 
ចូរសរមួលកេនសម ៖ 

1 1 1
P ...

2 1 2 3 2 2 3 100 99 99 100
= + + += + + += + + += + + +

+ + ++ + ++ + ++ + +
 

ដំេណះរសយ 
សរមួលកេនសម ៖ 

1 1 1
P ...

2 1 2 3 2 2 3 100 99 99 100
= + + += + + += + + += + + +

+ + ++ + ++ + ++ + +
  

ចំេពះរគប់ចំនួនគត់វជិជមន k  េគមន ៖ 
1 1 k 1 k

(k 1) k k k 1 k(k 1)( k 1 k ) k(k 1)

1 1

k k 1

+ −+ −+ −+ −= == == == =
+ + + + + + ++ + + + + + ++ + + + + + ++ + + + + + +

= −= −= −= −
++++

 

េគបន 1 1 1 1 1
P (1 ) ( ) ... ( )

2 2 3 99 100
= − + − + + −= − + − + + −= − + − + + −= − + − + + −  

            1 9
1

10 10
= − == − == − == − =  ។ 

ដូចេនះ 1 1 1 9
P ...

102 1 2 3 2 2 3 100 99 99 100
= + + + == + + + == + + + == + + + =

+ + ++ + ++ + ++ + +
 ។ 
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លំហត់ទី២៩ 

គណន M 2 2 2 5 2 2 2 5= + − + − − − += + − + − − − += + − + − − − += + − + − − − +   

ដំេណះរសយ 

តង a 2 2 2 5 , b 2 2 2 5= + − + = − − += + − + = − − += + − + = − − += + − + = − − +  
េគបន 2 2a b 2 2 2 5 2 2 2 5 4+ = + − + + − − + =+ = + − + + − − + =+ = + − + + − − + =+ = + − + + − − + =  

េហយ 2 2ab 2 ( 2 2 5) 4 2 2 5 6 2 5= − − + = + − = −= − − + = + − = −= − − + = + − = −= − − + = + − = −  
             2 2 2( 5) 2 5 1 ( 5 1) 5 1= − + = − = −= − + = − = −= − + = − = −= − + = − = −  
េគបន 2 2 2M a b (a b) a b 2ab= − = − = + −= − = − = + −= − = − = + −= − = − = + −  
              24 2( 5 1) 6 2 5 ( 5 1) 5 1= − − = − = − = −= − − = − = − = −= − − = − = − = −= − − = − = − = −  
ដូចេនះ M 2 2 2 5 2 2 2 5 5 1= + − + − − − + = −= + − + − − − + = −= + − + − − − + = −= + − + − − − + = −  ។ 
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លំហត់ទី៣០ 
ចូរកំណត់បីចំនួនគត់វជិជមន a ,b,c  េដយដឹងថ ៖ 

7 2(1 3)(1 7) a b c+ + + = + ++ + + = + ++ + + = + ++ + + = + +   ( a b c< << << << <  ) ។ 

ដំេណះរសយ 
កំណត់បីចំនួនគត់វជិជមន a ,b,c  េដយដឹងថ ៖ 

7 2(1 3)(1 7) a b c+ + + = + ++ + + = + ++ + + = + ++ + + = + +   
េលកអងគទងំពីរជកេរេគបន ៖ 

27 2(1 3)(1 7) ( a b c)

9 2 3 2 5 2 15 a b c 2 ab 2 ac 2 bc

+ + + = + ++ + + = + ++ + + = + ++ + + = + +

+ + + = + + + + ++ + + = + + + + ++ + + = + + + + ++ + + = + + + + +
 

េដយ a b c< << << << <  េនះ ab ac bc< << << << <   

េហតុេនះ 

a b c 9

ab 3

ac 5

bc 15

+ + =+ + =+ + =+ + =
 ====
 ====
 ====

 

បនទ ប់ពីេដះរសយេគបន a 1 , b 3, c 5= = == = == = == = =   ។ 
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លំហត់ទី៣១ 
ចូរកំណត់គូៃនចំនួនសនិទនមួយ (a,b,c)  េដយដឹងថ ៖ 
3 3 3 3 32 1 a b c− = + +− = + +− = + +− = + +   ។ 

ដំេណះរសយ 
កំណត់គូៃនចំនួនសនិទនមួយ (a,b,c)  
តង 3 3x 2 1= −= −= −= −   និង 3y 2====  
េគមន 3 33y ( 2) 2= == == == =   េហយ  3 3 3x 2 1 y 1= − = −= − = −= − = −= − = −    
េគមន 2 3(y 1)(y y 1) y 1 2 1 1− + + = − = − =− + + = − = − =− + + = − = − =− + + = − = − =  

េគទញ 2

1
y 1

y y 1
− =− =− =− =

+ ++ ++ ++ +
 េនះ 3

23

1
x y 1 (1)

y y 1
= − == − == − == − =

+ ++ ++ ++ +
 

េគមន 
2 3 3 3

2 3y 3y 3 (y 1) y 2 (y 1)
y y 1 (2)

3 3 3

+ + + − + ++ + + − + ++ + + − + ++ + + − + ++ + = = =+ + = = =+ + = = =+ + = = =  

យក (2) ជួសកនុង (1) េគបន 
3 3

x (3)
y 1

====
++++

 

2 3(y 1)(y y 1) y 1 2 1 3+ − + = + = + =+ − + = + = + =+ − + = + = + =+ − + = + = + = េនះ 2

3
y 1 (4)

y y 1
+ =+ =+ =+ =

− +− +− +− +
 

យក (4) ជួសកនុង (3) េគបន 
3

2 3 3

3

3 1
x (y y 1) ( 4 2 1)

3 9
= − + = − += − + = − += − + = − += − + = − +  

ឬ  3 3 3
4 2 1

x
9 9 9

= − += − += − += − +   េដយ 3 3 3 3 3x 2 1 a b c= − = + += − = + += − = + += − = + +    

ដូចេនះ 4 2 1
a ,b , c

9 9 9
= = − == = − == = − == = − =   ។ 
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លំហត់ទី៣២ 

គណនផលគុណ 2 2 2 2

1 1 1 1
P (1 )(1 )(1 )....(1 )

2 3 4 2014
= − − − −= − − − −= − − − −= − − − −  ។ 

ដំេណះរសយ 

គណនផលគុណ 2 2 2 2

1 1 1 1
P (1 )(1 )(1 )....(1 )

2 3 4 2014
= − − − −= − − − −= − − − −= − − − −   

ចំេពះរគប់ចំនួនគត់ k 2≥≥≥≥  េគមន 
2

2 2

1 k 1 k 1 k 1
1 .

k k k k

− − +− − +− − +− − +− = =− = =− = =− = =  

េគបន 1 3 2 4 3 5 2013 2015
P ( . ) ( . ) ( . )....( . )

2 2 3 3 4 4 2014 2014
====  

            
1 2 3 2013 3 4 5 2015

( . . ... ) ( . . ... )
2 3 4 2014 2 3 4 2014
1 2015 2015

2014 2 4028

====

= × == × == × == × =
 

ដូចេនះ 2015
P

4028
====   ។ 
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លំហត់ទី៣៣ 
គណនផលបូក  

1 1 1 1
S ...

3 1 5 3 7 5 625 623
= + + + += + + + += + + + += + + + +

+ + + ++ + + ++ + + ++ + + +
 

ដំេណះរសយ 
គណនផលបូក  

1 1 1 1
S ...

3 1 5 3 7 5 625 623
= + + + += + + + += + + + += + + + +

+ + + ++ + + ++ + + ++ + + +
 

ចំេពះរគប់ k 1,2,3,....==== េគមន ៖ 

2 2

1 2k 1 2k 1 2k 1 2k 1

22k 1 2k 1 (2k 1) (2k 1)

+ − − + − −+ − − + − −+ − − + − −+ − − + − −= == == == =
+ + −+ + −+ + −+ + − + − −+ − −+ − −+ − −

 

េគបន 3 1 5 3 7 5 625 623
S ...

2 2 2 2

− − − −− − − −− − − −− − − −= + + + += + + + += + + + += + + + +  

            
3 1 5 3 7 5 ... 625 623

2

625 1 25 1
12

2 2

− + − + − + + −− + − + − + + −− + − + − + + −− + − + − + + −====

− −− −− −− −= = == = == = == = =
 

ដូចេនះ S 12====   ។ 
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លំហត់ទី៣៤ 
ក)រគប់ k 1,2,3,...====  ចូររសយថ ៖ 

 1 1 1 1
( )

2(2k 1) 2k 1 (2k 1) 2k 1 2k 1 2k 1
= −= −= −= −

+ − + − + − ++ − + − + − ++ − + − + − ++ − + − + − +
  

ខ)គណនផលបូក ៖ 
1 1 1 1

S ...
3 3 5 3 3 5 7 5 5 7 625 623 623 625

= + + + += + + + += + + + += + + + +
+ + + ++ + + ++ + + ++ + + +

 

ដំេណះរសយ 
ក) រសយថ ៖ 

 1 1 1 1
( )

2(2k 1) 2k 1 (2k 1) 2k 1 2k 1 2k 1
= −= −= −= −

+ − + − + − ++ − + − + − ++ − + − + − ++ − + − + − +
  

េគមន 

1 1

(2k 1) 2k 1 (2k 1) 2k 1 (2k 1)(2k 1)( 2k 1 2k 1)
====

+ − + − + − + + + −+ − + − + − + + + −+ − + − + − + + + −+ − + − + − + + + −
 

                                            

2k 1 2k 1

2 (2k 1)(2k 1)

1 1 1

2 2k 1 2k 1

+ − −+ − −+ − −+ − −====
+ −+ −+ −+ −

    = −= −= −= −    − +− +− +− +    

 

ដូចេនះ 

1 1 1 1
( )

2(2k 1) 2k 1 (2k 1) 2k 1 2k 1 2k 1
= −= −= −= −

+ − + − + − ++ − + − + − ++ − + − + − ++ − + − + − +
ពិត 
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ខ)គណនផលបូក ៖ 
1 1 1 1

S ...
3 3 5 3 3 5 7 5 5 7 625 623 623 625

= + + + += + + + += + + + += + + + +
+ + + ++ + + ++ + + ++ + + +

 

េគមន 1 1 1 1
( )

2(2k 1) 2k 1 (2k 1) 2k 1 2k 1 2k 1
= −= −= −= −

+ − + − + − ++ − + − + − ++ − + − + − ++ − + − + − +
 

ចំេពះ 1 1 1
k 1 : (1 )

23 3 3
= = −= = −= = −= = −

++++
  

ចំេពះ 1 1 1 1
k 2 : ( )

25 3 3 5 3 5
= = −= = −= = −= = −

++++
 

         

1 1 1 1
k 3 : ( )

27 5 5 7 5 7
= = −= = −= = −= = −

++++
− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −
− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −

 

ចំេពះ 1 1 1 1
k 312 : ( )

2625 623 623 625 623 625
= = −= = −= = −= = −

++++
 

េដយបូកសមភពទងំេនះអងគនិងអងគេគបន ៖ 
1 1 1 1 12

S (1 ) (1 )
2 2 25 25625

= − = − == − = − == − = − == − = − =  ។ 

ដូចេនះ 12
S

25
====   ។ 
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លំហត់ទី៣៥ 

ចូរគណន  7 7
A 2 4 7 2 2 2

2 2
= × + + + + −= × + + + + −= × + + + + −= × + + + + −  

ដំេណះរសយ 
គណន  

 7 7
A 2 4 7 2 2 2

2 2
= × + + + + −= × + + + + −= × + + + + −= × + + + + −  

េគមន 22 4 7 8 2 7 ( 7 1) 7 1× + = + = + = +× + = + = + = +× + = + = + = +× + = + = + = +  

        
2

7 4 7 8 2 7 7 1 7 1
2

2 2 4 2 2

    + + + ++ + + ++ + + ++ + + ++ = = = =+ = = = =+ = = = =+ = = = =    
    

  

       
2

7 4 7 8 2 7 7 1 7 1
2

2 2 4 2 2

    − − − −− − − −− − − −− − − −− = = = =− = = = =− = = = =− = = = =    
    

  

េគបន 7 1 7 1
A 7 1 2

2 2

+ −+ −+ −+ −= + + += + + += + + += + + +  

             
4

2 244 4 4

7 1 2 7 7 1 2 7

1 2 7 7 (1 7) 1 7

= + + = + += + + = + += + + = + += + + = + +

= + + = + = += + + = + = += + + = + = += + + = + = +
 

ដូចេនះ 4A 1 7= += += += +   ។ 
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លំហត់ទី៣៦ 

គណន 
3 3 3 3 33

1 3 5
E

4 2 1 4 2 1 16 4 1
= + += + += + += + +

+ + − + − ++ + − + − ++ + − + − ++ + − + − +
 

ដំេណះរសយ 

គណន 
3 3 3 3 33

1 3 5
E

4 2 1 4 2 1 16 4 1
= + += + += + += + +

+ + − + − ++ + − + − ++ + − + − ++ + − + − +
 

តមរូបមនត ៖ 
3 3 2 2a b (a b)(a ab b )− = − + +− = − + +− = − + +− = − + +  េនះ 2 2 3 3

1 a b

a ab b a b

−−−−====
+ + −+ + −+ + −+ + −

  
3 3 2 2a b (a b)(a ab b )+ = + − ++ = + − ++ = + − ++ = + − +  េនះ 2 2 3 3

1 a b

a ab b a b

++++====
− + +− + +− + +− + +

  

េគទញ 
3

3

3 3

1 2 1
2 1

2 14 2 1

−−−−= = −= = −= = −= = −
−−−−+ ++ ++ ++ +

  

           
3

3

3 3

3 3( 2 1)
2 1

2 14 2 1

++++= = += = += = += = +
++++− +− +− +− +

 

           
3

3

33

5 5( 4 1)
4 1

4 116 4 1

++++= = += = += = += = +
++++− +− +− +− +

 

េយងបន 3 3 3E 2 1 2 1 4 1= − + + + += − + + + += − + + + += − + + + +  

                23 3 3 34 2 2 1 ( 2 1) 2 1= + + = + = += + + = + = += + + = + = += + + = + = +  

ដូចេនះ 3E 2 1= += += += +   ។ 
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លំហត់ទី៣៧ 
ចូររសយថ  7 7 2 2(x 1) x 1 7x(x 1)(x x 1)+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +  ។ 

អនុវតតន៍ ៖ គណន 
7 7

5 1 5 1
A 1

2 2

            + − ++ − ++ − ++ − += + += + += + += + +            
            

  ។ 

ដំេណះរសយ 
រសយថ  7 7 2 2(x 1) x 1 7x(x 1)(x x 1)+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +  

7 3 2 3 2 2(x 1) (x 1)[(x 1) ] (x 1)(x 3x 3x 1)+ = + + = + + + ++ = + + = + + + ++ = + + = + + + ++ = + + = + + + +  

          
3 2 2 3 2 2

6 5 4 3 2

(x 1)[(x 3x ) 2(x 3x )(3x 1) (3x 1) ]

(x 1)(x 6x 15x 20x 15x 6x 1)

= + + + + + + += + + + + + + += + + + + + + += + + + + + + +

= + + + + + + += + + + + + + += + + + + + + += + + + + + + +
 

7 6 5 4 3 2x 1 (x 1)(x x x x x x 1)+ = + − + − + − ++ = + − + − + − ++ = + − + − + − ++ = + − + − + − +  
តង 7 7 7 7y (x 1) x 1 (x 1) (x 1)= + − − = + − += + − − = + − += + − − = + − += + − − = + − +  

         

5 4 3 2

4 3 2

2 2

(x 1)(7x 14x 21x 14x 7x)

7x(x 1)(x 2x 3x 2x 1)

7x(x 1)(x x 1)

= + + + + += + + + + += + + + + += + + + + +

= + + + + += + + + + += + + + + += + + + + +

= + + += + + += + + += + + +

 

ដូចេនះ 7 7 2 2(x 1) x 1 7x(x 1)(x x 1)+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +  ។ 

មយង៉េដយជំនួស a
x

b
====  កនុងសមភពខងេលេគបន ៖ 

2
7 7 2

2

a a a a a a
( 1) ( ) 1 7 ( 1)( 1)
b b b b b b

+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +  
គុណអងគទងំពីរនឹង 7b  េគបន ៖ 

7 7 7 2 2 2(a b) a b 7ab(a b)(a ab b )+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +  
េគទញបន 7 7 7 2 2 2a b (a b) 7ab(a b)(a ab b )+ = + − + + ++ = + − + + ++ = + − + + ++ = + − + + +  
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យក 5 1
a

2

++++====   និង  5 1
b

2

− +− +− +− +====  

 េនះ 5 1 5 1
a b 1

2 2

+ − ++ − ++ − ++ − ++ = + =+ = + =+ = + =+ = + =  និង 5 1 5 1
ab 1

2 2

+ − ++ − ++ − ++ − += × == × == × == × =  
េហយ 2 2 2a ab b (a b) ab 1 1 2+ + = + − = + =+ + = + − = + =+ + = + − = + =+ + = + − = + =  

េគបន 
7 7

7 25 1 5 1
1 7( 1)(1)(2) 15

2 2

            + − ++ − ++ − ++ − ++ = − − =+ = − − =+ = − − =+ = − − =            
            

 

េហតុេនះ 
7 7

5 1 5 1
A 1 1 15 16 4

2 2

            + − ++ − ++ − ++ − += + + = + = == + + = + = == + + = + = == + + = + = =            
            

   

ដូចេនះ A 4====  ។ 
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លំហត់ទី៣៨ 

េគឲយ 1 13
a

2

++++====   និង  1 13
b

2

−−−−====   
ចូរគណនតៃមល  7 5N 19a 97b= += += += +  ។ 

ដំេណះរសយ 
គណនតៃមល  7 5N 19a 97b= += += += +  

េគមន 1 13
a

2

++++====  និង 1 13
b

2

−−−−====   

េគបន  1 13 1 13
a b 1

2 2

+ −+ −+ −+ −+ = + =+ = + =+ = + =+ = + =   និង 1 13
ab 3

4

−−−−= = −= = −= = −= = −  
េនះ a  និង b  ជឬសសមីករ 2x x 3 0− − =− − =− − =− − =  (រទឹសតីបទែវយត) 
េគបន 2a a 3 0− − =− − =− − =− − =   និង 2b b 3 0− − =− − =− − =− − =  ែដល a 0 , b 0> <> <> <> <  ។ 
េគមន 2a a 3= += += += +  េនះ 3 2a a 3a a 3 3a 4a 3= + = + + = += + = + + = += + = + + = += + = + + = +  
េហយ 5 2 3 2a a .a (a 3)(4a 3) 4a 15a 9 19a 21= = + + = + + = += = + + = + + = += = + + = + + = += = + + = + + = +  
េគទញ 7 2 5 2a a .a (a 3)(19a 21) 19a 78a 63= = + + = + += = + + = + += = + + = + += = + + = + +  
          7a 19(a 3) 78a 63 97a 120= + + + = += + + + = += + + + = += + + + = +  
រសយដូចគន ែដរ 5b 19b 21= += += += +   (េរពះលំនដូំច 5a 19a 21= += += += +  ) 
េគបន 7 5N 19a 97b 19(97a 120) 97(19b 21)= + = + + += + = + + += + = + + += + = + + +  
             1843(a b) 4317 1843 4317 6160= + + = + == + + = + == + + = + == + + = + =  
ដូចេនះ N 6160====   ។ 
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លំហត់ទី៣៩ 

គណន 3 3A 45 29 2 45 29 2= − + += − + += − + += − + +  ។ 

ដំេណះរសយ 

តង 3u 45 29 2= −= −= −= −   និង 3v 45 29 2= += += += +  
េគបន A u v= += += += +  នឲំយ 3 3 3 3A (u v) u v 3uv(u v)= + = + + += + = + + += + = + + += + = + + +  
េដយ 3 3u v 45 29 2 45 29 2 90+ = − + + =+ = − + + =+ = − + + =+ = − + + =  
និង 2 2 33uv 45 (29 2) 343 7= − = == − = == − = == − = =   
េគបនសមីករ 3A 90 21A= += += += +  សមមូល 3A 21A 90 0− − =− − =− − =− − =  
សមមូល 3 2 2A 6A 6A 36A 15A 90 0− + − + − =− + − + − =− + − + − =− + − + − =  
សមមូល 2A (A 6) 6A(A 6) 15(A 6) 0− + − + − =− + − + − =− + − + − =− + − + − =  
សមមូល 2(A 6)(A 6A 15) 0− + + =− + + =− + + =− + + =   
េដយ 2 2A 6A 15 (A 3) 6 0+ + = + + >+ + = + + >+ + = + + >+ + = + + >   
េនះសមីករមនឬសែតមួយគត់គឺ A 6 0 A 6− = ⇔ =− = ⇔ =− = ⇔ =− = ⇔ =  ។ 
ដូចេនះ 3 3A 45 29 2 45 29 2 6= − + + == − + + == − + + == − + + =  ។ 
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លំហត់ទី៤០ 
គណនតៃមលៃនកេនសម ៖  

A ( 7 33 7 33 2)( 7 33 7 33 2)= − + + − − + + += − + + − − + + += − + + − − + + += − + + − − + + +  
ដំេណះរសយ 
គណនតៃមល  

A ( 7 33 7 33 2)( 7 33 7 33 2)= − + + − − + + += − + + − − + + += − + + − − + + += − + + − − + + +  
តង a 7 33= −= −= −= −   និង b 7 33= += += += +  េនះ ab 49 33 4= − == − == − == − =  
េគបន A (a b ab)(a b ab)= + − + += + − + += + − + += + − + +  
             2 2 2 2(a b) ( ab) a ab b= + − = + += + − = + += + − = + += + − = + +  
េដយ 2 2a b 7 33 7 33 14+ = − + + =+ = − + + =+ = − + + =+ = − + + =   និង ab 4====  
េនះ A 14 4 18= + == + == + == + =   ។ 
ដូចេនះA ( 7 33 7 33 2)( 7 33 7 33 2) 18= − + + − − + + + == − + + − − + + + == − + + − − + + + == − + + − − + + + =  
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លំហត់ទី៤១ 

េគដឹងថ (((( )))) (((( ))))x x
3 33 32 2 4 15 4 15

−−−−
+ = − + ++ = − + ++ = − + ++ = − + +   

ចូរគណនតៃមល x xA 2 2−−−−= += += += +   ។ 

ដំេណះរសយ 
គណនតៃមល x xA 2 2−−−−= += += += +    
តមរូបមនត 3 3 2 2a b (a b)(a ab b )+ = + − ++ = + − ++ = + − ++ = + − +  

េគបន (((( )))) (((( ))))3 3
3 3x x x xA 2 2 2 2− −− −− −− −= + = += + = += + = += + = +  

             (((( )))) (((( )))) (((( )))) (((( ))))x x x x
3 3 3 32 2 4 4 1

− −− −− −− −            = + + −= + + −= + + −= + + −
                        

 

តង (((( )))) (((( ))))x x
3 33 3t 2 2 4 15 4 15

−−−−
= + = − + += + = − + += + = − + += + = − + +   

េគបន (((( )))) (((( )))) (((( )))) (((( ))))
2x x x x

2 3 3 3 3t 2 2 4 4 2
− −− −− −− −    = + = + += + = + += + = + += + = + +

        
 

េគទញ (((( )))) (((( ))))x x
23 34 4 t 2

−−−−
+ = −+ = −+ = −+ = −  

េហយ 2 3A t(t 2 1) t 3t (1)= − − = −= − − = −= − − = −= − − = −  

តង 3u 4 15= −= −= −= −   និង 3v 4 15= += += += +  
េគបន t u v= += += += +  នឲំយ 3 3 3 3t (u v) u v 3uv(u v)= + = + + += + = + + += + = + + += + = + + +  
េដយ 3 3u v 4 15 4 15 8+ = − + + =+ = − + + =+ = − + + =+ = − + + =  
និង 2 23uv 4 ( 15) 1= − == − == − == − =   
េគបនសមីករ 3t 8 3t= += += += +  សមមូល 3t 3t 8 (2)− =− =− =− =  
តម(1) និង (2) បន A 8====   ។ 
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លំហត់ទី៤២ 
េគមនពីរចំនួនពិត x  និង y  ែដល 2 2x 8xy y 1000+ + =+ + =+ + =+ + =  ។ 
ចូរកំណត់តៃមលអំបំផុតៃន P 2014xy====   ? 

ដំេណះរសយ 
កំណត់តៃមលអំបំផុតៃន P 2014xy====    
េគមន 2 2x 8xy y 1000+ + =+ + =+ + =+ + =   
សមមូល 210xy (x y) 1000+ − =+ − =+ − =+ − =  

សមមូល 
2(x y)

xy 100
10

−−−−= −= −= −= −   

េដយ 2(x y) 0− ≥− ≥− ≥− ≥  េនះ 
2(x y)

xy 100 100
10

−−−−= − ≤= − ≤= − ≤= − ≤  
េគទញ P 2014xy 201400= ≤= ≤= ≤= ≤  (សមភពេកតេឡងេពលx y==== ) 
ដូចេនះតៃមលធំបំផុតៃន P 2014xy====   គឺ maxP 201400====  ។ 
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លំហត់ទី៤៣ 
ចូររកគូចេមលយទងំអស់ៃន (a ,b)ែដលជចំនួនគត់វជិជមនេហយបំេពញ 
លកខខណឌ ឲយសមីករ 2ab b (a 1) 2014− − − =− − − =− − − =− − − =   ។ 

ដំេណះរសយ 
រកគូចេមលយទងំអស់ៃន (a ,b)ែដលជចំនួនគត់វជិជមន ៖ 
េគមន 2ab b (a 1) 2014− − − =− − − =− − − =− − − =  
សមមូល 2b(a 1) (a 1) 2014− − − =− − − =− − − =− − − =    
សមមូល (a 1)(b a 1) 2014− − + =− − + =− − + =− − + =    
េដយ 2014 2 19 53= × ×= × ×= × ×= × ×  េហយ a  និង bជចំនួនគត់វជិជមន 

េនះេគទញ  a 1 1

b a 1 2014

− =− =− =− =
 − + =− + =− + =− + =

  មនគូចេមលយ a 2 , b 2015= == == == =   

            ឬ   a 1 2

b a 1 19 53

− =− =− =− =
 − + = ×− + = ×− + = ×− + = ×

 មនគូចេមលយa 3 ,b 1009= == == == =   

            ឬ   a 1 19

b a 1 2 53

− =− =− =− =
 − + = ×− + = ×− + = ×− + = ×

 មនគូចេមលយa 20 ,b 125= == == == =   

            ឬ   a 1 2 19

b a 1 53

− = ×− = ×− = ×− = ×
 − + =− + =− + =− + =

 មនគូចេមលយa 39 ,b 91= == == == =   

            ឬ   a 1 53

b a 1 2 19

− =− =− =− =
 − + = ×− + = ×− + = ×− + = ×

 មនគូចេមលយa 54 ,b 91= == == == =   

            ឬ   a 1 2 53

b a 1 19

− = ×− = ×− = ×− = ×
 − + =− + =− + =− + =

 មនគូចេមលយa 107 ,b 125= == == == =   
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            ឬ   a 1 19 53

b a 1 2

− = ×− = ×− = ×− = ×
 − + =− + =− + =− + =

 មនគូចេមលយa 1008 ,b 1009= == == == =   

            ឬ   a 1 2 19 53

b a 1 1

− = × ×− = × ×− = × ×− = × ×
 − + =− + =− + =− + =

 មនគូចេមលយa 2015 ,b 2015= == == == =   

ដូចេនះគូចេមលយគត់វជិជមនរបស់សមីករគឺ ៖a 2 , b 2015= == == == = , 
a 3 ,b 1009= == == == = , a 20 ,b 125= == == == =  , a 39 ,b 91= == == == =  , a 54 ,b 91= == == == =  , 
a 107 ,b 125= == == == =  , a 1008 ,b 1009= == == == =  និង a 2015 ,b 2015= == == == =  ។ 
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លំហត់ទី៤៤ 
ចូររកគូចេមលយទងំអស់ៃន (x , y)ែដលជចំនួនគត់វជិជមនេហយបំេពញ 
លកខខណឌ ឲយសមីករ 3xy 6x 4y 5 0− − + =− − + =− − + =− − + =   ។ 

ដំេណះរសយ 
កំណត់គូចេមលយទងំអស់ៃន (x , y)ែដលជចំនួនគត់វជិជមន 
េគមន 3xy 6x 4y 5 0− − + =− − + =− − + =− − + =  
សមមូល 3x(y 2) 4(y 2) 3 0− − − − =− − − − =− − − − =− − − − =  
សមមូល (y 2)(3x 4) 3− − =− − =− − =− − =  
េដយ(x , y)ជគូៃនចំនួនគត់វជិជមនេនះេគទញបន ៖ 

y 2 1
(1)

3x 4 3

− =− =− =− =
 − =− =− =− =

  ឬ  y 2 3
(2)

3x 4 1

− =− =− =− =
 − =− =− =− =

 

របពនឋ័សមីករ (1) និង (2) សុទឋែតគម នគូចេមលជចំនួនគត់វជិជមន ។ 
ដូចេនះគម នគូ(x , y)ជគូៃនចំនួនគត់វជិជមនែដលបំេពញលកខខណឌ ឲយ 
សមីករ3xy 6x 4y 5 0− − + =− − + =− − + =− − + =  េនះេទ  ។ 
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លំហត់ទី៤៥ 
រកគូចេមលយទងំអស់ៃន (x , y)ែដលជចំនួនគត់វជិជមនេហយបំេពញ 
លកខខណឌ ឲយសមីករ 2 2x 2x y 4y 8 0 , x 0 , y 0− − − − = ≥ ≥− − − − = ≥ ≥− − − − = ≥ ≥− − − − = ≥ ≥  ។ 

ដំេណះរសយ 
កំណត់គូចេមលយទងំអស់ៃន (x , y)ែដលជចំនួនគត់វជិជមន 
េគមន 2 2x 2x y 4y 8 0 , x 0 , y 0− − − − = ≥ ≥− − − − = ≥ ≥− − − − = ≥ ≥− − − − = ≥ ≥  
សមមូល 2 2(x 2x 1) (y 4y 4) 5 0− + − + + − =− + − + + − =− + − + + − =− + − + + − =  
សមមូល 2 2(x 1) (y 2) 5− − + =− − + =− − + =− − + =  
សមមូល (x y 1)(x y 3) 5+ + − − =+ + − − =+ + − − =+ + − − =  

េគទញ x y 1 5

x y 3 1

+ + =+ + =+ + =+ + =
 − − =− − =− − =− − =

  (េរពះ x y 1 x y 3+ + > − −+ + > − −+ + > − −+ + > − − រគប់x 0 , y 0≥ ≥≥ ≥≥ ≥≥ ≥ ) 

សមមូល x y 4

x y 4

+ =+ =+ =+ =
 − =− =− =− =

  មនគូចេមលយ x 4 , y 0= == == == =   ។ 

ដូចេនះ x 4 , y 0= == == == =   ជគូចេមលយែតមួយគត់ ។ 
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លំហត់ទី៤៦ 

េដះរសយរបពនឋ័សមីករ 
3 2

2 3

x 3xy 66500

3x y y 58500

 + =+ =+ =+ =


+ =+ =+ =+ =
 

ដំេណះរសយ 
េដះរសយរបពនឋ័សមីករ ៖ 

 
3 2

2 3

x 3xy 66500 (1)

3x y y 58500 (2)

 + =+ =+ =+ =


+ =+ =+ =+ =
 

បូកសមីករ(1)និង(2)េគបន 3 2 2 3x 3x y 3xy y 125000+ + + =+ + + =+ + + =+ + + =  
សមមូល 3 3(x y) (50)+ =+ =+ =+ =   ឬ  x y 50 (3)+ =+ =+ =+ =  
ដកសមីករ(1)និង(2)េគបន 3 2 2 3x 3x y 3xy y 8000− + − =− + − =− + − =− + − =  
សមមូល 3 3(x y) (20)− =− =− =− =   ឬ  x y 20 (4)− =− =− =− =  
បូកសមីករ (3)និង(4)េគបន 2x 70====  សមមូល x 35====  
ដកសមីករ (3)និង(4)េគបន 2y 30====  សមមូល y 15====  
ដូចេនះ x 35 , y 15= == == == =   ។ 
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លំហត់ទី៤៧ 

េដះរសយរបពនឋ័សមីករ 
3 2 2

2 2 2 3

7x 6x y 3xy 38

13x 15x y 3xy y 49

 − + =− + =− + =− + =


− + − =− + − =− + − =− + − =
 

ដំេណះរសយ 
េដះរសយរបពនឋ័សមីករ ៖ 

 េគមន  
3 2 2

2 2 2 3

7x 6x y 3xy 38

13x 15x y 3xy y 49

 − + =− + =− + =− + =


− + − =− + − =− + − =− + − =
 

សមមូល 
3 2 2

3 2 2 3

14x 12x y 6xy 76 (1)

13x 15x y 3xy y 49 (2)

 − + =− + =− + =− + =


− + − =− + − =− + − =− + − =
 

បូកសមីករ(1)និង(2)េគបន 3 2 2 327x 27x y 9xy y 125− + − =− + − =− + − =− + − =  
សមមូល 3 3(3x y) (5)− =− =− =− =   ឬ  3x y 5 (3)− =− =− =− =  
ដកសមីករ(1)និង(2)េគបន 3 2 2 3x 3x y 3xy y 27+ + + =+ + + =+ + + =+ + + =  
សមមូល 3 3(x y) 3+ =+ =+ =+ =   ឬ  x y 3 (4)+ =+ =+ =+ =  
បូកសមីករ (3)និង(4)េគបន 4x 8====  សមមូល x 2====  
ដកសមីករ (3)និង(4)េគបន 2y 2====  សមមូល y 1====  
ដូចេនះ x 2 , y 1= == == == =   ។ 
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លំហត់ទី៤៨ 

កំណត់គូៃនចំនួនវជិជមន a,b,c េដយដឹងថ
3 3 3

5 5 5

a b c 3abc

a b c 9375

 + + =+ + =+ + =+ + =


+ + =+ + =+ + =+ + =
  

ដំេណះរសយ 
កំណត់គូៃនចំនួនវជិជមន a,b,c  

3 3 3

5 5 5

a b c 3abc (1)

a b c 9375 (2)

 + + =+ + =+ + =+ + =


+ + =+ + =+ + =+ + =
 

សមីករ (1) សមមូល 3 3 3a b c 3abc 0+ + − =+ + − =+ + − =+ + − =  
សមមូល 2 2 2(a b c)(a b c ab bc ca) 0+ + + + − − − =+ + + + − − − =+ + + + − − − =+ + + + − − − =  
សមមូល 2 2 2a b c ab bc ca 0+ + − − − =+ + − − − =+ + − − − =+ + − − − =  េរពះa b c 0 ,a,b,c 0+ + > >+ + > >+ + > >+ + > >  

សមមូល 2 2 21
[(a b) (b c) (c a) ] 0

2
− + − + − =− + − + − =− + − + − =− + − + − =  

សមមូល 
a b 0

b c 0

c a 0

− =− =− =− =
 − =− =− =− =
 − =− =− =− =

  សមមូល a b c (3)= == == == =  

យក (3)ជួសកនុង (2) េគបន 5 5 5c c c 9375+ + =+ + =+ + =+ + =   

សមមូល 5 59375
c 3125 5

3
= = == = == = == = =  េនះ c 5====  ។ 

ដូចេនះ a b c 5= = == = == = == = =   ។ 
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លំហត់ទី៤៩ 
ក)ចូររសយថ ៖ 
 2 2 2 2 2 2 2 2(a b c) (a b c) 4c (a b) (a b c 2ab)+ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + + ។ 
ខ)េដះរសយសមីករ ៖ 
  2 2 2c x (a b c)(a b c)x (a b) 0− + + + − − + =− + + + − − + =− + + + − − + =− + + + − − + =   ែដល c 0≠≠≠≠  

ដំេណះរសយ 
ក)រសយថ ៖ 
 2 2 2 2 2 2 2 2(a b c) (a b c) 4c (a b) (a b c 2ab)+ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + +  ។ 
តង 2 2 2 2y (a b c) (a b c) 4c (a b)= + + + − + += + + + − + += + + + − + += + + + − + +  េហយ z a b= += += += +  
េគបន 2 2 2 2y (z c) (z c) 4c z= + − += + − += + − += + − +  

             

2 2 2 2 2

4 2 2 4 2 2

4 2 2 4

2 2 2 2 2 2 2

(z c ) 4c z

z 2z c c 64c z

z 2z c c

(z c ) (a b c 2ab)

= − += − += − += − +
= − += − += − += − +
= + += + += + += + +

= + = + + += + = + + += + = + + += + = + + +

 

េរពះ 2 2 2 2z (a b) a 2ab b= + = + += + = + += + = + += + = + +  
ដូចេនះ 2 2 2 2 2 2 2 2(a b c) (a b c) 4c (a b) (a b c 2ab)+ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + ++ + + − + + = + + +  
ខ)េដះរសយសមីករ ៖ 
  2 2 2c x (a b c)(a b c)x (a b) 0− + + + − − + =− + + + − − + =− + + + − − + =− + + + − − + =   ែដល c 0≠≠≠≠  
េគមន 2 2 2 2 2 2 2 2(a b c) (a b c) 4c (a b) (a b c 2ab)∆ = + + + − + + = + + +∆ = + + + − + + = + + +∆ = + + + − + + = + + +∆ = + + + − + + = + + +  

េគទញឬស 
2

1 2 2

(a b)
x 1 , x

c

++++= − == − == − == − =   ។ 
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លំហត់ទី៥០ 

សរមួល 
7 7 7

3
(a b) a b

M (a b)
7ab(a b)

+ − −+ − −+ − −+ − −= −= −= −= −
++++

 

ែដល 3 3a 15 4 3 ; b 5 2 3= + = −= + = −= + = −= + = −   ។ 

ដំេណះរសយ 

សរមួល 
7 7 7

3
(a b) a b

M (a b)
7ab(a b)

+ − −+ − −+ − −+ − −= −= −= −= −
++++

 

េគមន 7 7 7 2 2 2(a b) a b 7ab(a b)(a ab b )+ − − = + + ++ − − = + + ++ − − = + + ++ − − = + + +   
(េមលលំហត់៣៧) ។ 

េគបន 
2 2 2

3
7ab(a b)(a ab b )

M (a b)
7ab(a b)

+ + ++ + ++ + ++ + += −= −= −= −
++++

 

              2 23 (a b)(a ab b )= − + += − + += − + += − + +  
              3 3 3a b= −= −= −= −   េរពះ 2 2a ab b 0+ + >+ + >+ + >+ + >  

េដយ 3 3a 15 4 3 ; b 5 2 3= + = −= + = −= + = −= + = −     
េនះ 3 3 3a b 15 4 3 5 2 3 10 6 3 ( 3 1)− = + − + = + = +− = + − + = + = +− = + − + = + = +− = + − + = + = +  
ដូចេនះ 3 3 3M a b 1 3= − = += − = += − = += − = +   ។ 
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លំហត់ទី៥១ 
េគមនចំនួនវជិជមន a ,b,c និង t  េផទៀងផទ ត់សមភព 2ab bc ca t+ + =+ + =+ + =+ + =  ។ 
ចូររសយថ 2M 2t====  េដយដឹងថ ៖ 

2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

(t b )(t c ) (t c )(t a ) (t a )(t b )
M a b c

t a t b t c

+ + + + + ++ + + + + ++ + + + + ++ + + + + += + += + += + += + +
+ + ++ + ++ + ++ + +

  

ដំេណះរសយ 
រសយថ 2M 2t====  
េគមន 2ab bc ca t+ + =+ + =+ + =+ + =  សមមូល 2 2b(a b) c(a b) t b+ + + = ++ + + = ++ + + = ++ + + = +  
សមមូល 2 2t b (a b)(b c)+ = + ++ = + ++ = + ++ = + +  ។ 
រសយដូចគន ែដរ 2 2 2 2t c (c a)(c b) , t a (a b)(a c)+ = + + + = + ++ = + + + = + ++ = + + + = + ++ = + + + = + +  ។ 

េគបន 
2 2 2 2 2

2
2 2

(t b )(t c ) (a b)(a c)(b c)
(b c)

t a (a b)(a c)

+ + + + ++ + + + ++ + + + ++ + + + += = += = += = += = +
+ + ++ + ++ + ++ + +

 

          
2 2 2 2 2

2
2 2

(t c )(t a ) (a b)(b c)(c a)
(c a)

t b (a b)(b c)

+ + + + ++ + + + ++ + + + ++ + + + += = += = += = += = +
+ + ++ + ++ + ++ + +

 

          
2 2 2 2 2

2
2 2

(t a )(t b ) (a b) (a c)(b c)
(a b)

t c (a c)(b c)

+ + + + ++ + + + ++ + + + ++ + + + += = += = += = += = +
+ + ++ + ++ + ++ + +

 

េហតុេនះ 2 2 2M a (b c) b (c a) c (a b)= + + + + += + + + + += + + + + += + + + + +  

                
2

ab ac bc ab ac bc

2(ab bc ca) 2t

= + + + + += + + + + += + + + + += + + + + +
= + + == + + == + + == + + =

 

ដូចេនះ 2M 2t====  ពិត ។ 
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លំហត់ទី៥២ 
េគមន 2 2x ab (1 a )(1 b )= + + += + + += + + += + + +  និង 2 2y a 1 b b 1 a= + + += + + += + + += + + +   
ចូររសយថ 2 2x y 1− =− =− =− =   ។ 

ដំេណះរសយ 
រសយថ 2 2x y 1− =− =− =− =    

េគមន 
2

2 2 2x ab (1 a )(1 b )    = + + += + + += + + += + + +
    

 
              2 2 2 2 2 2a b 2ab (1 a )(1 b ) (1 a )(1 b )= + + + + + += + + + + + += + + + + + += + + + + + +  
េហយ  

2
2 2 2y a 1 b b 1 a    = + + += + + += + + += + + +

    
 

              2 2 2 2 2 2a (1 b ) 2ab (1 a )(1 b ) b (1 a )= + + + + + += + + + + + += + + + + + += + + + + + +  
េគបន 2 2 2 2 2 2 2 2 2 2x y a b (1 a )(1 b ) a (1 b ) b (1 a )− = + + + − + − +− = + + + − + − +− = + + + − + − +− = + + + − + − +  

                    
2 2 2 2 2 2 2 2 2 2 2 2a b 1 a b a b a a b b a b

1

= + + + + − − − −= + + + + − − − −= + + + + − − − −= + + + + − − − −
====

 

ដូចេនះ 2 2x y 1− =− =− =− =   ។ 
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លំហត់ទី៥៣ 

េគឲយ x , y,z  ជបីចំនួនពិតខុសពីសូនយែដល 1 1 1
0

x y z
+ + =+ + =+ + =+ + =  ។ 

ចូររសយថ 2 2 2 2x y z (x y z)+ + = + ++ + = + ++ + = + ++ + = + +  ។ 
អនុវតតន៍អនុវតតន៍អនុវតតន៍អនុវតតន៍ ៖ េប a ,b,c  ជបីចំនួនសនិទនខុសគន  និង a b c≠ ≠≠ ≠≠ ≠≠ ≠  ។ 

ចូររសយថ 2 2 2

1 1 1

(a b) (b c) (c a)
+ ++ ++ ++ +

− − −− − −− − −− − −
 ក៏ជចំនួនសនិទនែដរ។ 

ដំេណះរសយ 
រសយថ 2 2 2 2x y z (x y z)+ + = + ++ + = + ++ + = + ++ + = + +  
េគមន 2 2 2 2(x y z) x y z 2xy 2yz 2xz+ + = + + + + ++ + = + + + + ++ + = + + + + ++ + = + + + + +  

                          2 2 2 1 1 1
x y z 2xyz( )

x y z
= + + + + += + + + + += + + + + += + + + + +  

េដយេគមន 1 1 1
0

x y z
+ + =+ + =+ + =+ + =  (តមសមមតិកមម ) 

ដូចេនះ 2 2 2 2(x y z) x y z+ + = + ++ + = + ++ + = + ++ + = + +  ពិត ។ 

រសយថ 2 2 2

1 1 1

(a b) (b c) (c a)
+ ++ ++ ++ +

− − −− − −− − −− − −
 ជចំនួនសនិទន 

យក 1 1 1
x , y , z

a b b c c a
= = == = == = == = =

− − −− − −− − −− − −
  ែដលa b c≠ ≠≠ ≠≠ ≠≠ ≠  

េនះ 1 1 1
a b b c c a 0

x y z
+ + = − + − + − =+ + = − + − + − =+ + = − + − + − =+ + = − + − + − =  

តមសរមយខងេលេគមន 2 2 2 2(x y z) x y z+ + = + ++ + = + ++ + = + ++ + = + +  
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េគបន
2

2 2 2

1 1 1 1 1 1

(a b) (b c) (c a) a b b c c a
    + + = + ++ + = + ++ + = + ++ + = + +    − − − − − −− − − − − −− − − − − −− − − − − −    

 

                                                   1 1 1

a b b c c a
= + += + += + += + +

− − −− − −− − −− − −
 

េដយ a,b,cជចំនួនសនិទនេនះ 1 1 1

a b b c c a
+ ++ ++ ++ +

− − −− − −− − −− − −
ជចំនួន 

សនិទន ។ 
ដូចេនះ េប a ,b,c  ជបីចំនួនសនិទនខុសគន  និង a b c≠ ≠≠ ≠≠ ≠≠ ≠  េនះ  

2 2 2

1 1 1

(a b) (b c) (c a)
+ ++ ++ ++ +

− − −− − −− − −− − −
 ក៏ជចំនួនសនិទនែដរ។ 
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លំហត់ទី៥៤ 
គណនផលបូក ៖ 

2 2 2 2 2 2

1 1 1 1 1 1
S 1 1 ... 1

1 2 2 3 2013 2014
= + + + + + + + + += + + + + + + + + += + + + + + + + + += + + + + + + + + +  

ដំេណះរសយ 
ជដំបូងយងនឹងរសយថរគប់ចំនួនពិត x, y,z  មិនសូនយ 

ែដល x y z 0+ + =+ + =+ + =+ + =  េនះេគបន  
2

2 2 2

1 1 1 1 1 1

x y z x y z

    
+ + = + ++ + = + ++ + = + ++ + = + +    

    
 

េគមន 
2

2 2 2

1 1 1 1 1 1 2 2 2

x y z x y z xy yz xz

    
+ + = + + + + ++ + = + + + + ++ + = + + + + ++ + = + + + + +    

    
 

េដយ 2 2 2 2
(x y z) 0

xy yz zx xyz
+ + = + + =+ + = + + =+ + = + + =+ + = + + = េរពះx y z 0+ + =+ + =+ + =+ + =  

េហតុេនះ 
2

2 2 2

1 1 1 1 1 1

x y z x y z

    
+ + = + ++ + = + ++ + = + ++ + = + +    

    
  ពិត 

េដយយក x 1 , y k , z (k 1) ; k 1,2,3,...= = = − + ∀ == = = − + ∀ == = = − + ∀ == = = − + ∀ = េគបន ៖ 
2

2 2

1 1 1 1
1 1

k (k 1) k k 1
    + + = + −+ + = + −+ + = + −+ + = + −    + ++ ++ ++ +    

 េដយ 1 1
1 0

k k 1
+ − >+ − >+ − >+ − >

++++
  

រគប់k ∈∈∈∈ℕ  េនះ 2 2

1 1 1 1
1 1

k (k 1) k k 1
+ + = + −+ + = + −+ + = + −+ + = + −

+ ++ ++ ++ +
  

េហតុេនះ 1 1 1 1 1 1
S (1 ) (1 ) ... (1 )

1 2 2 3 2013 2014
= + − + + − + + + −= + − + + − + + + −= + − + + − + + + −= + − + + − + + + −  

ដូចេនះ 1 2013 2015
S 2014

2014 2014

××××= − == − == − == − =  ។ 
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លំហត់ទី៥៥ 
ឧបមថចំនួនគត់ a  និង b បំេពញលកខខណឌ  2 2a b 13+ =+ =+ =+ =  
និង 3 3a b 19+ =+ =+ =+ =   ។  ចូររកតៃមល a b++++   ? 

ដំេណះរសយ 
រកតៃមល a b++++    
ពិនិតយ 2 2 3 2 2 3 3 3(a b)(a b ) a ab a b b (a b ) ab(a b)+ + = + + + = + + ++ + = + + + = + + ++ + = + + + = + + ++ + = + + + = + + +  
េដយេគមន 2 2a b 13+ =+ =+ =+ =  និង 3 3a b 19+ =+ =+ =+ =  (សមមតិកមម) 
េគបន 13(a b) 19 ab(a b)+ = + ++ = + ++ = + ++ = + +   

េដយ 2 2 2(a b) (a b ) 2ab 13 2ab+ = + + = ++ = + + = ++ = + + = ++ = + + = +  េនះ 
2(a b) 13

ab
2

+ −+ −+ −+ −====  

េហតុេនះ 
2(a b) 13

13(a b) 19 (a b)
2

+ −+ −+ −+ −+ = + ++ = + ++ = + ++ = + +  
សមមូល 326(a b) 38 (a b) 13(a b)+ = + + − ++ = + + − ++ = + + − ++ = + + − +  
សមមូល 3(a b) 39(a b) 38 0+ − + + =+ − + + =+ − + + =+ − + + =   
តង s a b= += += += + ែដលsជចំនួនគត់េនះេគបន 3s 39s 38 0− + =− + =− + =− + =  
សមមូល 3(s 1) 39(s 1) 0− − − =− − − =− − − =− − − =  
សមមូល 2(s 1)(s s 1) 39(s 1) 0− + + − − =− + + − − =− + + − − =− + + − − =  
សមមូល 2(s 1)(s s 38) 0− + − =− + − =− + − =− + − =   
េគទញ s 1====   ឬ  2s s 38 0+ − =+ − =+ − =+ − =  

េដយ 2 21 153
s s 38 (s ) 0

2 4
+ − = + − =+ − = + − =+ − = + − =+ − = + − =  គម នឬសជចំនួនគត់។ 

ដូចេនះ s a b 1= + == + == + == + =   ។ 
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លំហត់ទី៥៦ 
ឧបមថេគមនបីចំនួន a ,b,c  បំេពញលកខខណឌ ខងេរកម ៖ 

2

a b c m 1

ab bc ca m 4m 6

+ + = ++ + = ++ + = ++ + = +
 + + = − ++ + = − ++ + = − ++ + = − +

   ែដល mជបរ៉ែ៉ម៉រត ។ 

កំណត់ m  ែដលេធវឲយ 2 2 2a b c+ ++ ++ ++ +  មនតៃមលធំបំផុត រួចកំណត់រគប់គូ 
(b,c) ចំេពះ a 1====  និង តៃមល m ែដលេទបរកេឃញ ។ 

ដំេណះរសយ 
កំណត់ m  ែដលេធវឲយ 2 2 2a b c+ ++ ++ ++ +  មនតៃមលធំបំផុត ៖ 
េគមន 2 2 2 2a b c (a b c) 2(ab bc ca)+ + = + + − + ++ + = + + − + ++ + = + + − + ++ + = + + − + +  
េដយេគមន 2a b c m 1 & ab bc ca m 4m 6+ + = + + + = − ++ + = + + + = − ++ + = + + + = − ++ + = + + + = − +     
េគបន 2 2 2 2 2a b c (m 1) 2(m 4m 6)+ + = + − − ++ + = + − − ++ + = + − − ++ + = + − − +  

                          

2 2

2 2

2

m 2m 1 2m 8m 12

m 10m 11 14 (m 10m 25)

14 (m 5)

= + + − + −= + + − + −= + + − + −= + + − + −

= − + − = − − += − + − = − − += − + − = − − += − + − = − − +

= − −= − −= − −= − −

 

េដយ 2(m 5) 0− ≥− ≥− ≥− ≥  េនះេដមបឲីយ 2 2 2 2a b c 14 (m 5)+ + = − −+ + = − −+ + = − −+ + = − −  
មនតៃមលធំបំផុតេគរតូវឲយ 2(m 5) 0 m 5− = ⇔ =− = ⇔ =− = ⇔ =− = ⇔ =  ។ 
ដូចេនះតៃមល m  ែដលរតូវរកគឺ m 5====  ។ 
កំណត់គូ(b,c) ចំេពះ a 1====  និង តៃមល m ែដលេទបរកេឃញ ៖ 
ចំេពះ a 1====  និង m 5====  េនះ b c 5+ =+ =+ =+ =  និង bc 6====  
េគទញ b 2 , c 3= == == == =   ឬ b 3 , c 2= == == == =   ។ 
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លំហត់ទី៥៧ 
ឧបមថចំនួនពិត a  និង b បំេពញលកខខណឌ ខងេរកម ៖ 
a b 2m 2+ = ++ = ++ = ++ = + និង ab 5m 1= −= −= −= −   ែដល mជបរ៉ែ៉ម៉រត ។ 
ក)គណន 2M (a b)= −= −= −= −  ជអនុគមន៍ៃន m  រួចកំណត់លកខខណឌ ៃនែដន 
    តៃមល  | 2m 3 |−−−−  និង m  េដមបីឲយចំេណទមនន័យ ។ 
ខ)កំណត់បណត គូតៃមល c  និង d  េដមបីឲយ (a b)(c d) 2(ab cd)+ + = ++ + = ++ + = ++ + = +  
 េផទៀងផទ ត់ជនិចចរគប់ m  េផទៀងផទ ត់លកខខណឌ សំណួរក) ។ 

ដំេណះរសយ 
ក)គណន 2M (a b)= −= −= −= −  ជអនុគមន៍ៃន m  ៖ 
េគមន 2 2 2 2 2M (a b) a 2ab b (a 2ab b ) 4ab= − = − + = + + −= − = − + = + + −= − = − + = + + −= − = − + = + + −  

              

2 2

2

2

(a b) 4ab 4(m 1) 4(5m 1)

4m 8m 4 20m 4

4m 12m 8

= + − = + − −= + − = + − −= + − = + − −= + − = + − −
= + + − += + + − += + + − += + + − +
= − += − += − += − +

 

ដូចេនះ 2 2M (a b) 4m 12m 8= − = − += − = − += − = − += − = − +  ។ 
កំណត់លកខខណឌ ៃនែដនតៃមល  | 2m 3 |−−−−  និង m   ៖ 
េដមបីឲយចំេណទមនន័យលុះរតែត M 0≥≥≥≥  េរពះ 2M (a b) 0= − ≥= − ≥= − ≥= − ≥  
សមមូល 24m 12m 8 0− + ≥− + ≥− + ≥− + ≥  
សមមូល 2(2m 3) 1 0− − ≥− − ≥− − ≥− − ≥   
សមមូល 2(2m 3) 1− ≥− ≥− ≥− ≥  
សមមូល | 2m 3 | 1− ≥− ≥− ≥− ≥    
ដូចេនះែដនតៃមលៃន | 2m 3 |−−−−  គឺ | 2m 3 | 1− ≥− ≥− ≥− ≥   ។ 
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មយង៉េទៀតេដមបីឲយ | 2m 3 | 1− ≥− ≥− ≥− ≥  លុះរតែត 2m 3 1− ≥− ≥− ≥− ≥  ឬ 2m 3 1− ≤ −− ≤ −− ≤ −− ≤ −  
សមមូល m 2≥≥≥≥   ឬ m 1≤≤≤≤   ។ 
ដូចេនះែដនតៃមលៃន m  គឺ  m 2≥≥≥≥   ឬ m 1≤≤≤≤   ។ 
ខ)កំណត់បណត គូតៃមល c  និង d  ៖ 
េគមន  (a b)(c d) 2(ab cd)+ + = ++ + = ++ + = ++ + = +   
េដយ    a b 2m 2+ = ++ = ++ = ++ = + និង ab 5m 1= −= −= −= −    
េគបន (2m 2)(c d) 2(5m 1 cd)+ + = − ++ + = − ++ + = − ++ + = − +  
សមមូល m(c d) c d 5m 1 cd+ + + = − ++ + + = − ++ + + = − ++ + + = − +  
សមមូល (c d cd 1) m [5 (c d)]+ − + = − ++ − + = − ++ − + = − ++ − + = − +  
សមីករចុងេរកយេនះេផទៀងផទ ត់ជនិចចរគប់ mលុះរតែត ៖ 

c d cd 1 0

5 (c d) 0

+ − + =+ − + =+ − + =+ − + =
 − + =− + =− + =− + =

 សមមូល cd 6 2 3

c d 5 2 3

= = ×= = ×= = ×= = ×
 + = = ++ = = ++ = = ++ = = +

 

េគទញ c 2 , d 3= == == == =   ឬ  c 3, d 2= == == == =   ។ 
ដូចេនះគូតៃមល c  និង d  គឺ c 2 , d 3= == == == =   ឬ  c 3, d 2= == == == =    ។ 
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លំហត់ទី៥៨ 
ឧបមថេគមនបីចំនួន a ,b,c  បំេពញលកខខណឌ ខងេរកម ៖ 

3 3 3 3

a b c m 1

a b c m 57m 331

+ + = −+ + = −+ + = −+ + = −
 + + = − −+ + = − −+ + = − −+ + = − −

   ែដល mជបរ៉ែ៉ម៉រត ។ 

ក)គណន P (a b)(b c)(c a)= + + += + + += + + += + + +  ជអនុគមន៍ៃន m  រួចកំណត់តៃមល 
 របស់ m  ែដលេធវឲយ P  មនតៃមលធំបំផុត ។ 
ខ)េប a c 2b+ =+ =+ =+ =  ចូរកំណត់រគប់គូ (a,b,c)  ចំេពះតៃមលm េទបរកេឃញ។ 

ដំេណះរសយ 
ក)គណន P (a b)(b c)(c a)= + + += + + += + + += + + +  ជអនុគមន៍ៃន m   
េគមនសមភព 3 3 3 3(a b c) a b c 3(a b)(b c)(c a)+ + = + + + + + ++ + = + + + + + ++ + = + + + + + ++ + = + + + + + +  

េគទញ 3 3 3 31
(a b)(b c)(c a) (a b c) (a b c )

3
    + + + = + + − + ++ + + = + + − + ++ + + = + + − + ++ + + = + + − + +      

េដយេគមន 3 3 3 3a b c m 1 ; a b c m 57m 331+ + = − + + = − −+ + = − + + = − −+ + = − + + = − −+ + = − + + = − −    

េគបន 3 31
P (m 1) (m 57m 331)

3
    = − − − −= − − − −= − − − −= − − − −      

             (((( ))))3 2 3

2

1
m 3m 3m 1 m 57m 331

3

m 20m 110

= − + − − + += − + − − + += − + − − + += − + − − + +

= − + += − + += − + += − + +
 

ដូចេនះ 2P m 20m 110= − + += − + += − + += − + +   ។ 
កំណត់តៃមលm  ែដលេធវឲយ P  មនតៃមលធំបំផុត ៖ 
េដយ 2 2P m 20m 110 210 (m 10)= − + + = − −= − + + = − −= − + + = − −= − + + = − −  
ដូចេនះP  មនតៃមលធំបំផុតលុះរតែត m 10====  ។ 
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ខ) កំណត់រគប់គូ (a,b,c)  
ចំេពះ m 10====  េគបន a b c 10 1 9+ + = − =+ + = − =+ + = − =+ + = − =  
េហយ P (a b)(b c)(c a) 210= + + + == + + + == + + + == + + + =   និង a c 2b+ =+ =+ =+ = (សមមតិកមម) 

េគបនរបពនឋ័ 
a b c 9 (1)

(a b)(b c)(c a) 210 (2)

a c 2b (3)

+ + =+ + =+ + =+ + =
 + + + =+ + + =+ + + =+ + + =
 + =+ =+ =+ =

 

យកសមីករ (3)ជំនួសកនុង (1) េគបន 3b 9====  េនះ b 3====  
តម (3) េគបន a c 2 3 6+ = × =+ = × =+ = × =+ = × =  
តម(2)េគបន (a 3)(3 c)(6) 210+ + =+ + =+ + =+ + =  
សមមូល ac 3(a c) 9 35+ + + =+ + + =+ + + =+ + + =  េដយ a c 6+ =+ =+ =+ =  
េគទញ  ac 35 9 18 8= − − == − − == − − == − − =  

េគបនរបពនឋ័ a c 6 2 4

ac 8 2 4

+ = = ++ = = ++ = = ++ = = +
 = = ×= = ×= = ×= = ×

 

េគទញបន a 2,c 4= == == == =   ឬ a 4 , c 2= == == == =  ។ 
ដូចេនះ a 2,b 3,c 4= = == = == = == = =   ឬ  a 4 , b 3 ,c 2= = == = == = == = =   ។ 
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លំហត់ទី៥៩ 
ឧបមថេគមនបីចំនួន a ,b,c  បំេពញលកខខណឌ ខងេរកម ៖ 

2

3 3 3 4 3 2

a b c 3(m 1)

a b c 3abc m 2m 11m 2m 10

 + + = ++ + = ++ + = ++ + = +


+ + − = − + − ++ + − = − + − ++ + − = − + − ++ + − = − + − +
    

ែដល mជបរ៉ែ៉ម៉រត ។ 
ក)គណន 2 2 2S (a b) (b c) (c a)= − + − + −= − + − + −= − + − + −= − + − + −  ជអនុគមន៍ៃន m  ។ 
 រួចកំណត់តៃមលរបស់ m  ែដលេធវឲយ S មនតៃមលតូចបំផុត ។ 
ខ)េប a c 2b+ =+ =+ =+ =  ចូរកំណត់រគប់គូ (a,b,c)  ចំេពះតៃមលm េទបរកេឃញ។ 

ដំេណះរសយ 
ក)គណនS ជអនុគមន៍ៃន m  ៖ 
 េគបន 2 2 2S (a b) (b c) (c a)= − + − + −= − + − + −= − + − + −= − + − + −  

                
2 2 2 2 2 2

2 2 2

a 2ab b b 2bc c c 2ca a

2(a b c ab bc ca)

= − + + − + + − += − + + − + + − += − + + − + + − += − + + − + + − +

= + + − − −= + + − − −= + + − − −= + + − − −
 

 គុណអងគទងំពីរនឹង a b c+ ++ ++ ++ +  េគបន ៖ 

 
2 2 2

3 3 3

(a b c)S 2(a b c)(a b c ab bc ca)

(a b c)S 2(a b c 3abc)

+ + = + + + + − − −+ + = + + + + − − −+ + = + + + + − − −+ + = + + + + − − −

+ + = + + −+ + = + + −+ + = + + −+ + = + + −
 

 េគទញ 
3 3 32(a b c 3abc)

S
(a b c)

+ + −+ + −+ + −+ + −====
+ ++ ++ ++ +

 

 េដយ
2

3 3 3 4 3 2

a b c 3(m 1)

a b c 3abc m 2m 11m 2m 10

 + + = ++ + = ++ + = ++ + = +


+ + − = − + − ++ + − = − + − ++ + − = − + − ++ + − = − + − +
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 េគបន 
4 3 2

2

2 m 2m 11m 2m 10
S

3 m 1

− + − +− + − +− + − +− + − += ×= ×= ×= ×
++++

 

                

2 2 2

2

2 2
2

2

2 m (m 2m 10) (m 2m 10)

3 m 1

2 (m 2m 10)(m 1) 2
(m 2m 10)

3 m 1 3

− + + − +− + + − +− + + − +− + + − += ×= ×= ×= ×
++++

− + +− + +− + +− + += × = − += × = − += × = − += × = − +
++++

 

 ដូចេនះ 22
S (m 2m 10)

3
= − += − += − += − +   ។ 

 កំណត់តៃមលរបស់ m  ែដលេធវឲយ S មនតៃមលតូចបំផុត ៖ 

 េគមន 2 22 2
S (m 2m 10) (m 1) 9

3 3
    = − + = − += − + = − += − + = − += − + = − +        

 េដយ 2(m 1) 0− ≥− ≥− ≥− ≥  េនះេដមបឲីយ S មនតៃមលតូចបំផុតលុះរតែត 
 2(m 1) 0 m 1− = ⇔ =− = ⇔ =− = ⇔ =− = ⇔ =  ។ 
 ដូចេនះតៃមលរបស់ m  ែដលេធវឲយ S មនតៃមលតូចបំផុតគឺ m 1====  ។ 
ខ) កំណត់រគប់គូ (a,b,c)  ចំេពះតៃមលm េទបរកេឃញ៖ 
 េគមន  a c 2b (1)+ =+ =+ =+ =  

 ចំេពះ m 1====  េគបន 
3 3 3

a b c 6 (2)

a b c 3abc 18 (3)

+ + =+ + =+ + =+ + =
 + + − =+ + − =+ + − =+ + − =

 

 យក (1) ជំនួសកនុង(2) េគបន 3b 6====  េនះ b 2====   

យកb 2====  ជួសកនុង (2) និង (3) េគបន 
3 3

a c 4 (2)

a c 6ac 10 (3)

+ =+ =+ =+ =
 + − =+ − =+ − =+ − =

 

សមីករ (3)អចសរេសរ 2 2(a c)(a ac c ) 6ac 10+ − + − =+ − + − =+ − + − =+ − + − =  
សមមូល 2(a c)[(a c) 3ac] 6ac 10+ + − − =+ + − − =+ + − − =+ + − − =  េដយ a c 4+ =+ =+ =+ =  
េគបន 4(16 3ac) 6ac 10− − =− − =− − =− − =  េនះ ac 3 (4)====  
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តម (2) និង (4)  េគបនរបពនឋ័សមីករ a c 4

a.c 3

+ =+ =+ =+ =
 ====

 

េនះ a  និង c  ជឬសៃនសមីករ 2X 4X 3 0− + =− + =− + =− + =  
សមមូល (X 1)(X 3) 0− − =− − =− − =− − =   សមមូល X 1 , X 3= == == == =  
េគទញបនគូចេមលយ a 1 , c 3= == == == =   ឬ  a 3 , c 1= == == == =  
ដូចេនះ (a 1,b 2 ,c 3 )= = == = == = == = = ឬ (a 3 , b 2 ,c 1 )= = == = == = == = =   ។ 
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លំហត់ទី៦០ 
េគឲយ 4 3P(x) x x 1= − += − += − += − +  និង 2Q(x) x 2= −= −= −= −  
ឧបមថមនបួនចំនួន a ,b,c,d  ែដលបំេពញលកខខណឌ  ៖ 
P(x) (x a)(x b)(x c)(x d)= − − − −= − − − −= − − − −= − − − −  ។ 
ចូរគណនតៃមល N Q(a).Q(b).Q(c).Q(d)====  ។ 

ដំេណះរសយ 
គណនតៃមល N Q(a).Q(b).Q(c).Q(d)====   
េគមន 2Q(x) x 2 (x 2)(x 2) ( 2 x)( 2 x)= − = − + = − − −= − = − + = − − −= − = − + = − − −= − = − + = − − −  
េគបន Q(a) ( 2 a)( 2 a)= − − −= − − −= − − −= − − −  

          
Q(b) ( 2 b)( 2 b)

Q(c) ( 2 c)( 2 c)

Q(d) ( 2 d)( 2 d)

= − − −= − − −= − − −= − − −

= − − −= − − −= − − −= − − −

= − − −= − − −= − − −= − − −

 

េដយ P(x) (x a)(x b)(x c)(x d)= − − − −= − − − −= − − − −= − − − −  
េគបន P( 2) ( 2 a)( 2 b)( 2 c)( 2 d)− = − − − − − − − −− = − − − − − − − −− = − − − − − − − −− = − − − − − − − −   
និង      P( 2) ( 2 a)( 2 b)( 2 c)( 2 d)= − − − −= − − − −= − − − −= − − − −  
េហតុេនះ P( 2)P( 2) Q(a)Q(b)Q(c)Q(d) N− = =− = =− = =− = =  
េដយ 4 3P( 2) ( 2) ( 2) 1 5 2 2− = − − − + = +− = − − − + = +− = − − − + = +− = − − − + = +  
និង     4 3P( 2) ( 2) ( 2) 1 5 2 2= − + = −= − + = −= − + = −= − + = −  
េគបន P( 2)P( 2) (5 2 2)(5 2 2) 25 8 17− = + − = − =− = + − = − =− = + − = − =− = + − = − =  
ដូចេនះ N Q(a).Q(b).Q(c).Q(d) 17= == == == =   ។ 


	Books1
	Math Olympiad Grad 9

