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គណះកមម ករនពន្ឋិ  នង េរៀបេរៀងិ  

េǎក លម ផលគនឹ ុ  

េǎក ែសន ពសដ្ឋិ ិ  

គណះកមម ករ្រតួតពនតយបេចចកេទសិ ិ  

 

េǎក លម ឆនុឹ  េǎក អងុ សǁំងឹ  

េǎក្រស ទយុ រǁី ី  េǎក ទតយ េម៉ងិ  

េǎក នន ់សខុǁ េǎក ្រពម សនុតយឹ ិ   
 

គណះកមម ករ្រតួតពនយអកខǍវរុទ្ឋិ ិ  

េǎក លម មគកសរឹ ិ ិ  
 

ករយកំុពយទ័រិ ូ               រចនទព័ំរ នង ្រកបិ  

េǎក អងុ សǁំងឹ                         េǎក ្រពំ ម៉ǔ 

កញញ  ល គǁុ្ណ កី  
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emeronsegçb 
 

           cMnYnBit nig RbB&næráb́ 
 
1-cMnYnBit 
 k> bnÞat;cMnYnBit 
 
 
 
-cMnuc O   RtUvnwgcMnYn 0  . 
-RKb;cMnucenAEpñkviC¢manehIymancm¶ay s BIcMnuc O  RtUvKñanwgcMnYnviC¢man s  . 
-RKb;cMnucenAEpñkGviC¢manehIymancm¶ay sBIcMnuc O  RtUvKñanwgcMnYnGviC¢man s−−−−  
x> kareRbobeFobcMnYnBit 
-cMnYnBit b  FMCagcMnYnBit a  b¤ cMnYnBit a  tUcCagcMnYnBit b  RtUv)aneKkMNt; 
  sresr ab >>>>   b¤  ba <<<<   . 
-ebI a  viC¢manenaH 0a >>>>  . 
-ebI a  GviC¢manenaH 0a <<<<  . 

O  E  

s s 

s s−−−−  )(ℓ  EpñkGviC¢man EpñkviC¢man 
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eKGaceRbobeFobcMnYnBittamlkæN³xageRkam ³ 
-cMeBaHRKb;cMnYnBit a  nig b  eKGac)anTMnak;TMngmYykñúgcMeNamTMnak;TMngbI 
  KW  ba,ba,ba >>>>====<<<<    . 
-ebI ba >>>>  nig cb >>>>   naM[ ca >>>>   . 
-ebI ba <<<<  nig cb <<<<   naM[ ca <<<<   . 
-ebI ba ====   nig cb ====   naM[ ca ====   . 
-ebI ba >>>>   smmUl 0ba >>>>−−−−   . 
-ebI ba <<<<   smmUl 0ba <<<<−−−−   . 
K> témødac;xat 
-témødac;xaténcMnYnBit a  kMNt;tageday |a|   . 
-RKb;cMnYnBit a  eKman 0|a| ≥≥≥≥  
-témø 0|a| ====  luHRtaEt 0a ====  

-karbeBa©jtémødac;xat  






<<<<−−−−

≥≥≥≥
====

0aa

0aa
|a| ebI

ebI  

2-kenßamräDIkaĺ 
 k>plKuN nig plEckb¤skaer 
 cMeBaHRKb;cMnYnBit 0a >>>>   nig 0b >>>>   eKman ³ 
 !> abba ====××××  @> 

b
a

b
a ====  
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 x>eRbobeFobb¤skaeréncMnYnviC¢manBIr 
 cMeBaHRKb;cMnYnBit 0a >>>>   nig 0b >>>>   eKman ³ 
 !> baba <<<<⇔⇔⇔⇔<<<<   
 @> baba >>>>⇔⇔⇔⇔>>>>  
 K>karbM)at;ra:DIkal;BIPaKEbg 
 cMeBaHRKb;cMnYnBit 0a >>>>   nig 0b >>>>   Edl ba ≠≠≠≠  eKman ³ 
 ba)ba)(ba( −−−−====++++−−−−  dUcenHeKmansmPaB ³ 
 !> 

ba
c)ba(

)ba)(ba(
c)ba(

ba
c

−−−−
−−−−====

−−−−++++
−−−−====

++++
   

 @> 
ba

c)ba(
)ba)(ba(

c)ba(
ba

c
−−−−
++++====

++++−−−−
++++====

−−−−
  

 X>karsRmYlra:DIkal;BIrCan; 
 cMeBaHRKb;cMnYnBit 0a >>>>   nig 0b >>>>   Edl ba ≥≥≥≥  eKman ³ 
 ba)ba(ab2ba 2 ±±±±====±±±±====±±±±++++   . 
3-RbBn&æráb́ 
k>RbBn½æeKal 10 
  (((( )))) 01

2
2

1n
1n

n
n100121nn a10a10a....10a10aaaa.....aa ++++××××++++××××++++++++××××++++××××==== −−−−

−−−−−−−−  
     x>RbBn½æeKal 2 
  (((( )))) 01

2
2

1n
1n

n
n20121nn a2a2a....2a2aaaa.....aa ++++××××++++××××++++++++××××++++××××==== −−−−

−−−−−−−−  . 
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kRmglMhat́eRCIserIs 
!> eK[ c,b,a  CabIcMnYnBitminsUnü . 
cUrkMNt;témøEdlGacénkenSam 

|c|
c

|b|
b

|a|
a

A ++++++++====    ? 

@> cUrkMNt;lkçxNÐ a  nig b  edIm,I[eK)ansmPaBdUcxageRkam ³ 
 

a
ab

a
ba −−−−====−−−−    ? 

#> eK[ c,b,a  CabIcMnYnBitepÞógpÞat;  
   0|3c||10b

4
1

|)6a3( 2 ====++++++++−−−−++++++++   
   cUrkMNt;témøén bca10 ++++   ? 
$> eK[ c,b,a  CabIcMnYnBitEdl cba <<<<<<<<  .  
cUrkMnt;témøtUcbMputénkenSam ³ |cx||bx||ax|y −−−−++++−−−−++++−−−−====  
%> eKdwgfa 1c >>>>   ehIyeKman  

1cc
1c2c

x
−−−−−−−−

++++−−−−++++====  
c1c

1c2c
y,

−−−−++++
++++−−−−++++====  

nig 
1c2c

1cc
z

++++−−−−++++
−−−−−−−−====   . 

cUrRsaybBa¢ak;fa zyx <<<<<<<<   ? 
^> eK[ x  CacMnYnBiotmYy . eKyk 

|x2|
|x|22|x|

x1
x31

A
−−−−

−−−−++++−−−−
−−−−

++++
++++−−−−====   

cUrbgðajfa A  CacMnYnKt; . 
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&> eK[ 
37
37

x
−−−−
++++====   nig 

37
37

y
++++
−−−−====   

    cUrkMNt;témø 444 )yx(yxS ++++++++++++====   . 
*> KNnatémøénkenSam ³  

)121110)(121110)(121110)(121110(P −−−−−−−−++++−−−−−−−−++++++++++++====  
(>KNna 

7523
5213515

N
++++++++

++++++++++++====  
!0> sRmYl 52225222A ++++−−−−−−−−−−−−++++−−−−++++====  
!!> eKdwgfa 3819x −−−−====   . 
KNnatémø 

15x8x

23x18x2x6x
A

2

234

++++−−−−
++++++++−−−−−−−−====  

!@> sRmYl 33

3
1a

3
8a

a
3

1a
3

8a
ay

−−−−++++−−−−++++−−−−++++++++====   Edl 1a ≥≥≥≥   . 

!#> eK[cMnYn 1078a21A ====   nig 1012b87B ====  Edl a  nig b  Caelx  . 
ebI B4A ====××××  enaHcUrkMNt;RKb;KU )b,a(  ? 
!$>eK[ c,b,a  Caelx .  
eKtag 10xy,abx 10 −−−−========  nig 10cccz ====  
eKdwgfa zy.x ====  . cUrkMNt;KU )c,b,a(  
!%> eK[cMnYn 10aabbn ====   Edl a  nig b  Caelx . 
k> cUrbgðajfaRKb;elx a  nig b  cMnYn n  Eckdac;nwg 11 Canic© . 
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x> eKyk 
11
n

q ====   .  bgðajfaebI q  Eckdac;nwg 11 enaHmanKU )b,a( EtmYyKt; 
Edl n  CakaerR)akd ? 
!^> eK[cMnYn 10aaaaaan ====   Edl }9,8,7,6,5,4,3,2,1{a ====   
k> cUrRsayfa n  Eckdac;nwg 7 Canic© . 
x> cUrkMNt;RKb;elx a  edIm,I[ n  mantYEcky:agticmYyCakaerR)akdFMCag 1 . 
!&> eK[cMnYn 10aaabbbn ====   Edl ba ≠≠≠≠   nig b,a  Caelx . 
k>cUrsresr n  CaTRmg;Bnøat rYcbRgYm . 
x> kMNt;RKb;KU )b,a(  EdleFVI[ n  Eckdac;nwg 7  . 
!*> eK[cMnYn 2abcdn ====  kñúgRbB½nær)ab;eKal 2 Edl }1,0{d,c,b,a ∈∈∈∈  . 
k> cUrsresr n  CaTRmg;Bnøat . 
x> ebI 1cba ============  enaHcUrkMNt; d  edIm,I[ n  Eckdac;nwg 5 . 
K> ebI 1dba ============  enaHcUrkMNt; c  edIm,I[ n  Eckdac;nwg 3 . 
X> ebI 1dca ============  enaHcUrkMNt; b  edIm,I[ n  Eckdac;nwg 11 . 
!(>eK[cMnYn 21100101n ====  ¬kñúgRbB½næeKal 2¦ 
nigcMnYn    10b14285p ==== ¬kñúgRbB½næeKal 10¦ 
k>cUrsresr n  eTACacMnYnkñúgRbB½næeKal 10 . 
x>kMNt;elx b  edIm,I[

10)6n(9
1bp

++++++++
++++××××   CacMnYnKt; ? 
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@0> eK[cMnYn 10m 21a7b====  nig 10n b7a12====  
cUrkMNt;elx a  nig b  edIm,I[ n

4
m

====  ? 
 

                                      eroberogeday lwm pl:ún 
                                        Tel : 017 768 246 

                                                               www.mathtoday.wordpress.com 
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lMhat́TI1 
eK[ c,b,a  CabIcMnYnBitminsUnü . 
cUrkMNt;témøEdlGacénkenSam 

|c|
c

|b|
b

|a|
a

A ++++++++====    ? 

dMeNa¼Rsay 
kMNt;témøEdlGacénkenSam 

|c|
c

|b|
b

|a|
a

A ++++++++====   

-ebI 0c,0b,0a >>>>>>>>>>>>   ¬viC¢manTaMgbI ¦ 
eK)an 3111

c
c

b
b

a
a

A ====++++++++====++++++++====   . 
-ebI 0c,0b,0a <<<<<<<<<<<<   ¬GviC¢manTaMgbI ¦ 
eK)an 3111

c
c

b
b

a
a

A −−−−====−−−−−−−−−−−−====
−−−−

++++
−−−−

++++
−−−−

====   . 
-ebIkñúgcMeNam c,b,a  manGviC¢manmYy nig viC¢manBIr 
eK)an 1111A ====++++++++−−−−====   . 
-ebIkñúgcMeNam c,b,a  manGviC¢manBIr nig viC¢manmYy 
eK)an 1111A −−−−====++++−−−−−−−−====   . 
dUcenHtémøEdlGacén A  KW 1,1,3 −−−−−−−−   nig 3  . 
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lMhat́TI2 
cUrkMNt;lkçxNÐ a  nig b  edIm,I[eK)ansmPaBdUcxageRkam ³ 
 

a
ab

a
ba −−−−====−−−−    ? 

dMeNa¼Rsay 
kMNt;lkçxNÐ a  nig b   
smPaBEdl[

a
ab

a
ba −−−−====−−−−  BitluHRtaEt ³  

0a ≠≠≠≠   nig 0
a

ba ≤≤≤≤−−−−   

1
a
b

0
a
b

1

≥≥≥≥⇔⇔⇔⇔

≤≤≤≤−−−−⇔⇔⇔⇔
 

dUcenHeKmanlkçxNÐ a  nig b   KW 1
a
b ≥≥≥≥   nig 0a ≠≠≠≠   . 
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lMhat́TI3 
eK[ c,b,a  CabIcMnYnBitepÞógpÞat; 0|3c||10b

4
1

|)6a3( 2 ====++++++++−−−−++++++++   
cUrkMNt;témøén bca10 ++++   ? 
dMeNa¼Rsay 
kMNt;témøén bca10 ++++    
eKman 0|3c||10b

4
1

|)6a3( 2 ====++++++++−−−−++++++++  
eyIgeXIjfaGgÁxageqVgénsmIkarsuTæEtCacMnYnminGviC¢man . 

ehtuenHeyIgRtUvEt)an 










====++++

====−−−−

====++++

03c

010b
4
1

06a3

 

eKTaj 3c,40b,2a −−−−========−−−−====  
dUcenH 9041201024)3)(40()2(bca 1010 ====−−−−====−−−−++++−−−−====++++   . 
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lMhat́TI4 
eK[ c,b,a  CabIcMnYnBitEdl cba <<<<<<<<  .  
cUrkMnt;témøtUcbMputénkenSam ³ |cx||bx||ax|y −−−−++++−−−−++++−−−−====  
dMeNa¼Rsay 
kMnt;témøtUcbMput 
eKman  |cx||bx||ax|y −−−−++++−−−−++++−−−−====  
-krNI ax ≤≤≤≤  
eK)an )ac()ab()xc()xb()xa(y −−−−++++−−−−≥≥≥≥−−−−++++−−−−++++−−−−====  
-krNI bxa ≤≤≤≤<<<<  
eK)an  

ac)bc()ab()xc()ab()xc()xb()ax(y −−−−====−−−−++++−−−−≥≥≥≥−−−−++++−−−−====−−−−++++−−−−++++−−−−====  
-krNI cxb ≤≤≤≤<<<<  
eK)an  

ac)bc()ab()bc()ax()xc()bx()ax(y −−−−====−−−−++++−−−−>>>>−−−−++++−−−−====−−−−++++−−−−++++−−−−====  
-krNI xc <<<<  
eK)an 
 ac)cx()bc()ab()cx()bx()ax(y −−−−>>>>−−−−++++−−−−++++−−−−>>>>−−−−++++−−−−++++−−−−====  
dUcenH acymin −−−−====  EdlRtUvnwg bx ====   . 
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lMhat́TI5 
eKdwgfa 1c >>>>   ehIyeKman  

1cc
1c2c

x
−−−−−−−−

++++−−−−++++====  
c1c

1c2c
y,

−−−−++++
++++−−−−++++====  

nig 
1c2c

1cc
z

++++−−−−++++
−−−−−−−−====   . 

cUrRsaybBa¢ak;fa zyx <<<<<<<<   ? 
dMeNa¼Rsay 
RsaybBa¢ak;fa zyx <<<<<<<<   
eKman 

1cc
1c2c

x
−−−−−−−−

++++−−−−++++====   

             

1c2c
1cc

])1c()c)[(1c2c(

)1cc]()1c()2c[(
22

22

++++++++++++
−−−−++++====

−−−−−−−−++++++++++++
−−−−++++++++−−−−++++====

 

1c2c
c1c

])c()1c)[(1c2c(

)c1c]()1c()2c[(
c1c

1c2c
y

22

22

++++++++++++
++++++++====

−−−−++++++++++++++++
++++++++++++−−−−++++====

−−−−++++
++++−−−−++++====

 

eKTaj)an yx <<<<   eRBaH c1c1cc ++++++++<<<<−−−−++++   . 
ehIy 

1cc
1c2c

1c2c
1cc

z
−−−−++++

++++++++++++====
++++−−−−++++

−−−−−−−−====  
eday 1c2cc1c1cc ++++++++++++<<<<++++++++<<<<−−−−++++   enaH zyx <<<<<<<<   Bit . 
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lMhat́TI6 

eK[ x  CacMnYnBiotmYy . eKyk 
|x2|

|x|22|x|
x1

x31
A

−−−−
−−−−++++−−−−

−−−−
++++
++++−−−−====   

cUrbgðajfa A  CacMnYnKt; . 
dMeNa¼Rsay 
bgðajfa A  CacMnYnKt;  

|x2|
|x|22|x|

x1
x31

A
−−−−

−−−−++++−−−−
−−−−

++++
++++−−−−====  mann½y luHRtaEt 









≠≠≠≠−−−−
≥≥≥≥−−−−
≥≥≥≥−−−−

0|x2|

0|x|2

02|x|

 

smmUl 




≠≠≠≠
====
2x

2|x|   naM[ 2x −−−−====  

cMeBaH 2x −−−−====   eK)an 7
4
0

21
61

A ====−−−−
−−−−
−−−−−−−−====  

dUcenH 7A ====  CacMnYnKt; . 
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lMhat́TI7 
eK[ 

37
37

x
−−−−
++++====   nig 

37
37

y
++++
−−−−====   

cUrkMNt;témø 444 )yx(yxS ++++++++++++====   . 
dMeNa¼Rsay 
kMNt;témø 444 )yx(yxS ++++++++++++====    
eKman 

4
21210

37

)37(
37
37

x
22

2 ++++====
−−−−

++++====
−−−−
++++====    

nig 
4

21210
37

)37(
37
37

y
2 −−−−====

−−−−
−−−−====

++++
−−−−====  

eK)an 5yx ====++++   nig 1xy ====  
eKman 444 )yx(yxS ++++++++++++====  

             
[[[[ ]]]]

1152

6252529

52)225(

)yx(yx2xy2)yx(

)yx(yx2)yx(

42

42222

422222

====
++++−−−−====

++++−−−−−−−−====

++++++++−−−−−−−−++++====

++++++++−−−−++++====

 

dUcenH 1152S ====   . 
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lMhat́TI8 
KNnatémøénkenSam ³  

)121110)(121110)(121110)(121110(P −−−−−−−−++++−−−−−−−−++++++++++++====  
dMeNa¼Rsay 
KNnatémøén P 
eKman )121110)(121110(M −−−−++++++++++++====  

              
11029

1211110210

)12()1110( 22

++++====

−−−−++++++++====

−−−−++++====

 

nig )121110)(121110(N −−−−−−−−++++−−−−====  

         
11029

1211110210

)12()1110( 22

−−−−====

−−−−++++−−−−====

−−−−−−−−====

 

eK)an )11029)(11029(N.MP −−−−++++========  
             35944081 −−−−====−−−−====  
dUcenH 359P −−−−====   . 
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lMhat́TI9 
KNna 

7523
5213515

N
++++++++

++++++++++++====    
dMeNa¼Rsay 
KNna 

7523
5213515

N
++++++++

++++++++++++====  

eKman 
)75()53(

)75)(53(
)75()53(
)535()2115(

N
++++++++++++

++++++++====
++++++++++++

++++++++++++====  

eK)an 
53

1
75

1
)75)(53(
)75()53(

N
1

++++
++++

++++
====

++++++++
++++++++++++====    

             
37

2
2

37
2

35
2

57
++++

====−−−−====−−−−++++−−−−====  

dUcenH 
2

37
N

++++====   . 
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lMhat́TI10 
sRmYl 52225222A ++++−−−−−−−−−−−−++++−−−−++++====  
dMeNa¼Rsay 
sRmYl 52225222A ++++−−−−−−−−−−−−++++−−−−++++====  
tag 5222a ++++−−−−++++====   nig 5222b ++++−−−−−−−−====  
eK)an 4ba 22 ====++++   nig 15526)522(4ab −−−−====−−−−====++++−−−−−−−−====  
eKman 2222 )15(2524ab2ba)ba( −−−−====++++−−−−====−−−−++++====−−−−  
eKTaj)an 15ba −−−−====−−−−  
dUcenH 15baA −−−−====−−−−====   . 
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lMhat́TI11 
eKdwgfa 3819x −−−−====   . 
KNnatémø 

15x8x

23x18x2x6x
A

2

234

++++−−−−
++++++++−−−−−−−−====  

dMeNa¼Rsay 

KNnatémø 
15x8x

23x18x2x6x
A

2

234

++++−−−−
++++++++−−−−−−−−====  

eKman 34)34(3819x 2 −−−−====−−−−====−−−−====    
naM[ 3)4x( 2 ====−−−−   b¤ 013x8x2 ====++++−−−−   
kenSam A  GacsresrmYyEbbeTotKW ³ 

2)13x8x(

10)1x)(13x18x(
A

2

22

++++++++−−−−
++++++++++++−−−−====  eday 013x8x2 ====++++−−−−  

dUcenH 5
2
10

A ========   . 
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lMhat́TI12 

sRmYl 33

3
1a

3
8a

a
3

1a
3

8a
ay

−−−−++++−−−−++++−−−−++++++++====   Edl 1a ≥≥≥≥   . 

dMeNa¼Rsay 

sRmYl 33

3
1a

3
8a

a
3

1a
3

8a
ay

−−−−++++−−−−++++−−−−++++++++====    

yk 
3

1a
x

−−−−====   naM[ 1x3a 2 ++++====   nig 3x
3

8a 2 ++++====++++  
kenSamxagedImGacsresrCa ³ 

2x11x

)x1()1x(

xx3x311x3x3x

)3x(x1x3)3x(x1x3y

3 33 3

3 323 23

3 223 22

====−−−−++++++++====
−−−−++++++++====

−−−−++++−−−−++++++++++++++++====

++++−−−−++++++++++++++++++++====

 

dUcenH 2y ====   . 
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lMhat́TI13 
eK[cMnYn 1078a21A ====   nig 1012b87B ====  Edl a  nig b  Caelx  . 
ebI B4A ====××××  enaHcUrkMNt;RKb;KU )b,a(  ? 
dMeNa¼Rsay 
kMNt;RKb;KU )b,a(  
eKman 810710a10110278a21A 234

10 ++++××××++++××××++++××××++++××××========  
          a10021078A ++++====  
ehIy 210110b10710812b87B 234

10 ++++××××++++××××++++××××++++××××========  
         b10087012B ++++====  
eday B4A ====××××   enaH b10087012)a10021078(4 ++++====++++  
b¤  b10087012a40084312 ++++====++++  

          
27ba4

2700)ba4(100

8431287012b100a400

====−−−−
====−−−−

−−−−====−−−−
 

eKTaj 
4

b27
a

++++====    
eday b  CaelxenaH }9,8,7,6,5,4,3,2,1,0{b ====  
ehIyeday a  CaelxEdrenaHtémøEdlGacrbs; b  KW }9,5,1{  
dUcenH )}9,9(,)5,8(,)1,7{()b,a( ====  . 
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lMhat́TI14 
eK[ c,b,a  Caelx .  
eKtag 10xy,abx 10 −−−−========  nig 10cccz ====  
eKdwgfa zy.x ====  . cUrkMNt;KU )c,b,a(  
dMeNa¼Rsay 
kMNt;KU )c,b,a(  
eKman 10ba1010xy,ba10abx 10 −−−−++++====−−−−====++++========  
nig c111c10c10ccccz 2

10 ====++++××××++++××××========  
eday zxy ====  enaH c111)10x(x ====−−−−  
b¤ )E(0c111x10x2 ====−−−−−−−−  
DIsRKImINg;bRgYménsmIkar c11125' ++++====∆∆∆∆  
eday x  CacMnYnKt;viC¢manenaH '∆∆∆∆  CakaerR)akd . 
eKman 0c ≠≠≠≠  nig }9,8,7,6,5,4,3,2,1{c ====  
eKTaj)an 9c ====  EtmYyKt;EdlnaM[ 2)32(1024' ========∆∆∆∆  CakaerR)akd . 
kñúgkrNIenHeK)an 27325x;37325x 21 −−−−====−−−−========++++====   ¬minyk ¦ 
dUcenH 37x ====   Et ba10x ++++====  enaHeKTaj 7b,3a ========   . 
dUcenH 9c,7b,3a ============   . 
epÞógpÞat; 999z,27y,37x ============   enaH 9992737 ====××××   Bit . 



CMBUkTI1                                   cMnYnBit 

  
- 22 - 

lMhat́TI15 
eK[cMnYn 10aabbn ====   Edl a  nig b  Caelx . 
k> cUrbgðajfaRKb;elx a  nig b  cMnYn n  Eckdac;nwg 11 Canic© . 
x> eKyk 

11
n

q ====   .  bgðajfaebI q  Eckdac;nwg 11 enaHmanKU )b,a( EtmYyKt; 
Edl n  CakaerR)akd ? 
dMeNa¼Rsay 
k>bgðajfaRKb;elx a  nig b  cMnYn n  Eckdac;nwg 11 Canic© 
eKman b10b10a10aaabbn 23

10 ++++××××++++××××++++××××========   
          )ba100(11b11a1100n ++++====++++====  CaBhuKuNén 11 . 
dUcenHRKb;elx a  nig b  cMnYn n  Eckdac;nwg 11 Canic© . 
x>kMNt;KU )b,a(   
eKman )ba(a99ba100

11
n

q ++++++++====++++========  
cMnYn q  Eckdac;nwg 11luHRtaEt ba ++++  Eckdac;nwg 11 . 
eday a  nig b  CaelxenaH 18ba0 ≤≤≤≤++++<<<<   naM[ 11ba ====++++   
eK)an )1a9(1111a99q ++++====++++====  
eKTaj )1a9(11q11n 2 ++++========   . cMeBaH 9...,,3,2,1a ====  témøEdleFIV[ n  
CakaerR)akdmanEtmYyKt;KW 7a ====   EdlRtUvnwg 4711b ====−−−−====   . 
dUcenH 4b,7a ========   ehIy 2887744n ========   . 
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lMhat́TI16 
eK[cMnYn 10aaaaaan ====   Edl }9,8,7,6,5,4,3,2,1{a ====   
k> cUrRsayfa n  Eckdac;nwg 7 Canic© . 
x> cUrkMNt;RKb;elx a  edIm,I[ n  mantYEcky:agticmYyCakaerR)akdFMCag 1 . 
dMeNa¼Rsay 
k> Rsayfa n  Eckdac;nwg 7 Canic© 
eKman 10aaaaaan ====  

             

a715873

a111111

a)11010101010(

a10a10a10a10a10a
2345

2345

××××××××====
××××====

××××++++++++++++++++++++====

++++××××++++××××++++××××++++××××++++××××====

 

dUcenH n  Eckdac;nwg 7 Canic© . 
x> kMNt;RKb;elx a  edIm,I[ n  mantYEckCakaerR)akd ³ 
eKman 37131173111111 ××××××××××××××××====  
eK)an a37131173n ××××××××××××××××××××====  Edl }9,8,7,6,5,4,3,2,1{a ====  
dUcenHedIm,I[ n  mantYEcky:agticmYyEdlCakaerR)akdluHRtaEt 

9,8,7,6,4,3a ====   . 
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lMhat́TI17 
eK[cMnYn 10aaabbbn ====   Edl ba ≠≠≠≠   nig b,a  Caelx . 
k>cUrsresr n  CaTRmg;Bnøat rYcbRgYm . 
x> kMNt;RKb;KU )b,a(  EdleFVI[ n  Eckdac;nwg 7  . 
dMeNa¼Rsay 
k>sresr n  CaTRmg;Bnøat rYcbRgYm  
eKman 10aaabbbn ====    

             
)ba1000(111

)11010(b)11010(10a

b10b10b10a10a10a
223

2345

++++====
++++++++++++++++++++××××====

++++××××++++××××++++××××++++××××++++××××====

  

x>kMNt;RKb;KU )b,a(  EdleFVI[ n  Eckdac;nwg 7   
eKGacsresr ³ 

                   
)]ba6(a7142[373

)ba1000(373

)ba1000(111n

++++++++××××××××××××====
++++××××××××====

++++====
 

edIm,I[ n  Eckdac;nwg 7 luHRtaEt ba6 ++++  Eckdac;nwg 7 . 
eday ba ≠≠≠≠  nig 0a ≠≠≠≠  dUcenHedIm,I[ ba6 ++++  Eckdac;nwg 7 luHRtaEt ³ 

})2,9(,)1,8(,)0,7(,)9,2(,)8,1{()b,a( ∈∈∈∈  . 
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lMhat́TI18 
eK[cMnYn 2abcdn ====  kñúgRbB½nær)ab;eKal 2 Edl }1,0{d,c,b,a ∈∈∈∈  . 
k> cUrsresr n  CaTRmg;Bnøat . 
x> ebI 1cba ============  enaHcUrkMNt; d  edIm,I[ n  Eckdac;nwg 5 . 
K> ebI 1dba ============  enaHcUrkMNt; c  edIm,I[ n  Eckdac;nwg 3 . 
X> ebI 1dca ============  enaHcUrkMNt; b  edIm,I[ n  Eckdac;nwg 11 . 
dMeNa¼Rsay 
k> sresr n  CaTRmg;Bnøat  
eK)an d2c2b2aabcdn 23

2 ++++××××++++××××++++××××========  
x> kMNt; d  edIm,I[ n  Eckdac;nwg 5 
 ebI 1cba ============ enaH d14d222n 23 ++++====++++++++++++====  
dUcenHedIm,I[ n  Eckdac;nwg 5KWmanEt 1d ====   . 
K> kMNt; c  edIm,I[ n  Eckdac;nwg 3  
ebI 1dba ============  enaH c2131c222n 23 ++++====++++++++++++====  
dUcenH edIm,I[ n  Eckdac;nwg 3 KWmanEt 1c ====  . 
X> kMNt; b  edIm,I[ n  Eckdac;nwg 11  
ebI 1dca ============  enaH b41112b42n 3 ++++====++++++++++++====  
dUcenH edIm,I[ n  Eckdac;nwg 11 KWmanEt 0b ====   . 
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lMhat́TI19 
eK[cMnYn 21100101n ====  ¬kñúgRbB½næeKal 2¦ 
nigcMnYn    10b14285p ==== ¬kñúgRbB½næeKal 10¦ 
k>cUrsresr n  eTACacMnYnkñúgRbB½næeKal 10 . 
x>kMNt;elx b  edIm,I[

10)6n(9
1bp

++++++++
++++××××   CacMnYnKt; ? 

dMeNa¼Rsay 
k>sresr n  eTACacMnYnkñúgRbB½næeKal 10  
eK)an 21100101n ====  
            1041212121 256 ====++++××××++++××××++++××××====  
dUcenH 104n ====  
x>kMNt;elx b  edIm,I[ 

10)6n(9
1bp

++++++++
++++××××  CacMnYnKt;  

eKman 10001099010)6n(9 ====++++====++++++++  
ehIy b142850b14285p 10 ++++======== naM[ 1b)b142850(1bp ++++++++====++++××××  
edIm,I[

10)6n(9
1bp

++++++++
++++××××  CacMnYnKt;luHRtaEt 1b)b142850( ++++++++  Eckdac;nwg 1000 

eday b  CaelxenaHeK)an  7b ====  EtmYyKt;eRBaHcMeBaH 7b ====  eK)an ³ 
1000000171428571b)b142850( ====++++××××====++++++++  Eckdac;nwg 1000 . 

dUcenH 7b ====  CacemøIyEdlRtUvrk . 
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lMhat́TI20 
eK[cMnYn 10m 21a7b====  nig 10n b7a12====  
cUrkMNt;elx a  nig b  edIm,I[ n

4
m

====  ? 
dMeNa¼Rsay 
kMNt;elx a  nig b  
eKman 10m 21a7b====  
              20000 1000 100a 70 b

21070 100a b

= + + + += + + + += + + + += + + + +
= + += + += + += + +

 
nig       10n b7a12====  
               10000b 7000 100a 10 2

10000b 100a 7012

= + + + += + + + += + + + += + + + +
= + += + += + += + +

 

eday  n
4

m
====    enaH  n 4m====  

10000b 100a 7012 4(20170 100a b)

9996b 3000a 73668

3332b 1000a 24556

+ + = + ++ + = + ++ + = + ++ + = + +
− =− =− =− =
− =− =− =− =

 

eKTaj 3332b 24556
a

1000
−−−−====  

eday a ≥≥≥≥   enaH 25556
b

3332
≥≥≥≥  b¤ b 8≥≥≥≥   ehtuenH b 8====   b¤    b 9====    . 

cMeBaH b 8====  enaH a 2====   ehIycMeBaH b 9====  enaH a IN∈∈∈∈  
dUcenH a 2 , b 9= == == == =   . 
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emeronsegçb 

 

           BhuFa nig viFIEckBhuFa 
 
1-ÉkFa nig BhuFa 
 k-ÉkFa 
-ÉkFa KWCakenSamEdlrbmaNviFIelIGefrmanEtviFIKuN nig sV½yKuNEdlman 
   niTsSnþKt;viC¢man b¤ sUnü . 
-ÉkFadUcKña KWCaÉkFaEdlmanEpñkGefrdUcKña . 
-dWeRkénÉkFa CaplbUkniTsSnþrbs;GefrnImYy²énÉkFa . 
x-BhuFa 
-BhuFa CaplbUkéneRcInÉkFaxusKña . 
-dWeRkénBhuFa KWCadWeRkrbs;tYEdrmandWeRkx<s;CageK . 
K-RbmaNviFIelIBhuFa 
-edIm,IeFIV plbUk b¤ dk énBhuFa BIr b¤eRcIn eKRtUvbUk b¤ dkÉkFaEdldUcKña . 
-edIm,IKuNBhuFa nig BhuFa eKyktYnImYy²énBhuFaTImYy KuNRKb;tYénBhuFa 
  TIBIr rYceFIVRbmaNviFI ¬ bRgYm ¦ . 
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X-rUbmnþ 
 !> 222 bab2a)ba( ++++++++====++++  
 @> 222 bab2a)ba( ++++−−−−====−−−−  
 #> 32233 bab3ba3a)ba( ++++++++++++====++++  
 $> 32233 bab3ba3a)ba( −−−−++++−−−−====−−−−  
 %> 22 ba)ba)(ba( −−−−====++++−−−−  
 ^> ca2bc2ab2cba)cba( 2222 ++++++++++++++++++++====++++++++  
 &> 3322 ba)baba)(ba( ++++====++++−−−−++++  
 *> 3322 ba)baba)(ba( −−−−====++++++++−−−−  
 (> )dcx)(bax(bdx)bcad(acx2 ++++++++====++++++++++++  
2-RbmaNviFIEckBhuFa 
k-RTwsþIviFIEckBhuFa 
-]bmafaeKmanBhuFaBIr A  nig B  manGefrdUcKña ehIymandWeRk m  nig n  
erogKña . ebI nm ≥≥≥≥  eKGacrkkenSamBICKNit Q  nig R  EdlepÞógpÞat; 

RQBA ++++××××====  . dWeRkén R  tUcCagdWeRkén B  . 
Q  CaplEck ehIy R  CasMNl;enAkñúgviFIEck . plEck Q  mandWeRk nm −−−− . 
-ebI 0R ====  eK)an QBA ××××====   enaHeKfa A  Eckdac;nwg B  . 
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x-tYEckrYmFMbMput nig BhuKuNrYmtUcbMput 
-tYEckrYmFMbMputénkenSam AnigB  KWCaplKuNktþarYmEdlmanniTsSnþtUcCageK 
-BhuKuNrYmtUcbMput KWCaplKuNRKb;ktþaminrYm nig RKb;ktþarYmEdlmanniTsSnþ 
  FMCageK . 
�viFan  
 �edIm,IKNnatYEckrYmFMbMput ³ 
 !> dak;CaplKuNktþaRKb;tYTaMgGs; . 
 @> eRCIserIsykEtktþarYm EdlmanniTsSnþtUcCageK . 
 #> tYEckrYmFMbMputCaplKuNktþarYmTaMgenaH . 
 �edIm,IKNnatYEckrYmtUcbMput ³ 
 !> dak;CaplKuNktþaRKb;tYTaMgGs; . 
 @> eRCIserIsykktþaminrYm nig ktþaEdlmanniTsSnþFMCageK . 
 #> BhuKuNrYmtUcbMputCaplKuNktþaTaMgenaH . 
K-RbmaNviFIbUk dkkenßamRbPaK 

 !> 
D

BA
D
B

D
A ++++====++++   

 @> 
D

BA
D
B

D
A −−−−====−−−−  

 #> 
D

CBA
D
C

D
B

D
A −−−−++++====−−−−++++    ¬  0D ≠≠≠≠   ¦ 
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�viFan  
 �edIm,IKNnaplbUk b¤ dkRbPaK ³ 
 !> tRmUvRbPaKnImYy²[manPaKEbgrYm. 
 @> eFIVRbmaNviFI bUk b¤ dkPaKyk TukPaKEbgrYm . 
 #> sRmYllTæpl . 
X-RbmaNviFIKuN nig RbmaNviFIEck 

 !> 
DB
CA

D
C

B
A

××××
××××====××××   

 @> 
CB
DA

C
D

B
A

D
C

B
A

××××
××××====××××====÷÷÷÷  

    ¬  0D,C,B ≠≠≠≠   ¦ 
�viFan  
 �edIm,IKNnaplKuN nig plEckRbPaK ³ 
 !> dak;PaKyk nig PaKEbgCaplKuNktþa. 
 @> sRmYlkenSamRbPaKnImYy² . 
 #> eFIVRbmaNviFIKuN b¤ EcktamrUbmnþRKwH . 
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kRmglMhat́eRCIserIs 
!> KNnakenSam ³ 
   

1x3
1

4x4x

)2x(x)2x(5
x5

1x6x9
E

2

2

−−−−
××××

++++−−−−
−−−−−−−−−−−−××××

−−−−
++++−−−−====   

    kMNt;RKb;cMnYnKt; x  edIm,I[ E  CacMnYnKt; . 
@> eK[BhuFa cbxaxx)x(A 23 ++++++++++++====  Edl Zc,b,a ∈∈∈∈  
cUrkMNt; c,b,a   edIm,I[ 33 1641x ++++++++====  Cab¤srbs; 0)x(A ====  . 
#> cUrbgðajfa 222222 )aybx()byax()yx)(ba( ++++++++−−−−====++++++++  
rYcTajfa 2222 yx.ba|aybx| ++++++++≤≤≤≤++++  RKb;cMnYnBit y,x,b,a  . 
$> eK[ 

ac
ac

z,
cb
cb

y,
ba
ba

x
++++
−−−−====

++++
−−−−====

++++
−−−−====  

cUrbgðajfa )z1)(y1)(x1()z1)(y1)(x1( −−−−−−−−−−−−====++++++++++++   
%> eK[BhuFa λλλλ++++++++−−−−==== x9x6x)x(f 23  
k> kMNt;cMnYnBit λλλλ edIm,I[ )x(f  Eckdac;nwg 4x −−−−  . 
x> cMeBaHtémø λλλλ  Edl)anrkeXIj cUrdak; )x(f  CaplKuNktþa . 
K> cUrk x  CacMnYnKt;viC¢manedIm,I[ )x(f  CakaerR)akd . 
^> eK[BhuFa qpxx)x(f 3 ++++++++====  
k> kMNt; p  nig q  edIm,I[ )x(f  Eckdac;nwg 1x2x2 ++++−−−−  
x> cMeBaHtémø p  nig q  Edl)anrkeXIjxagelI cUrkMnt;RKb;cMnYnKt;viC¢man x  
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     EdlnaM[ )x(f  CakaerR)akd . 
&> eK[BhuFa 72 )1x3x(2)x(P ++++−−−−====  
rksMNl;énviFIEckrvag )x(P  nwg 3x4x2 ++++−−−−  . 
*> eKmanBhuFa dcxbxax)x(P 23 ++++++++++++====   
eKdwgfa )x(P  Ecknwg x  [sMNl; 2  ehIy )x(P  Ecknwg 1x ++++  [sMNl; 1 
k> etI )x(P  Ecknwg xx2 ++++  [sMNl;b:unµan ? 
x> kMNt; d,c,b,a   edaydwgfa 10)2(P)1(P ========  . 
(>eK[BhuFa edxcxbxax)x(f 234 ++++++++++++++++====   
eKdwgfa k)k(f ====  RKb; 4,3,2,1k ====   nig 77)5(f ====  . 
cUrkMnt;elxemKuN e,d,c,b,a  . 
!0> eKdwgfa 

k
1

4k
d

3k
c

2k
b

1k
a ====

++++
++++

++++
++++

++++
++++

++++
  cMeBaH  4,3,2,1k ====  . 

cUrKNna 
9
d

8
c

7
b

6
a

A ++++++++++++====   . 
!!> eK[BhuFa 3 2A(x) x 2x 38x 33= + − += + − += + − += + − +  nig 2B(x) x 6x 14= − += − += − += − +  
k> cUrkMNt;BIrcMnYnBit αααα  nig ββββ  edIm,I[  

2A(x) ( x )(x 6x 4) B(x) 5= α + β − + + −= α + β − + + −= α + β − + + −= α + β − + + −  cMeBaHRKb;cMnYnBit x  . 
x> kMNt;témø A(x)

B(x)
 cMeBaH x 14 6 5= += += += +   . 
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!@> eK[BhuFa 4 3P(x) x 4x ax b= − + += − + += − + += − + +  . 
kMNt;cMnYnBit a  nig b  ebIeKdwgfa P(x)  Ecknwg 2x 4x 3− +− +− +− +  [sMNl; 4x 1−−−− . 
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lMhat́TI1 
KNnakenSam ³ 

1x3
1

4x4x

)2x(x)2x(5
x5

1x6x9
E

2

2

−−−−
××××

++++−−−−
−−−−−−−−−−−−××××

−−−−
++++−−−−====   

kMNt;RKb;cMnYnKt; x  edIm,I[ E  CacMnYnKt; . 
dMeNa¼Rsay 
KNnakenSam E  
eKman 

1x3
1

4x4x

)2x(x)2x(5
x5

1x6x9
E

2

2

−−−−
××××

++++−−−−
−−−−−−−−−−−−××××

−−−−
++++−−−−====  

             
2x
1x3

)1x3()2x)(x5(

)x5)(2x()1x3(

1x3
1

)2x(

)x5)(2x(
x5
)1x3(

2

2

2

2

−−−−
−−−−====

−−−−−−−−−−−−
−−−−−−−−−−−−====

−−−−
××××

−−−−
−−−−−−−−××××

−−−−
−−−−====

  

dUcenH 
2x
1x3

E
−−−−
−−−−====   Edl 5x,2x,

3
1

x ≠≠≠≠≠≠≠≠≠≠≠≠   . 
kMNt;RKb;cMnYnKt; x   ³ 
eKman 

2x
5

3
2x

5)2x(3
2x
1x3

E
−−−−

++++====
−−−−

++++−−−−====
−−−−
−−−−====  

edIm,I[ E  CacMnYnKt;luHRtaEt 2x −−−−  Eckdac; 5  eBalKWeKRtUv[ 1x,3x ====−−−−====  
,3x ====  b¤ 7x ====  . 

dUcenH }7,3,1,3{x −−−−∈∈∈∈   . 
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lMhat́TI2 
eK[BhuFa cbxaxx)x(A 23 ++++++++++++====  Edl Zc,b,a ∈∈∈∈  
cUrkMNt; c,b,a   edIm,I[ 33 1641x ++++++++====  Cab¤srbs; 0)x(A ====  . 
dMeNa¼Rsay 
kMNt; c,b,a  
eKman   33 1641x ++++++++====  

            
3

23

33

21x

)21(x

2241x

++++====

++++====

++++++++====

 

eK)an 333 )2()1x( ====−−−−  
naM[ 03x3x3x 23 ====−−−−++++−−−−   
dUcenH 33 1641x ++++++++====  Cab¤s 03x3x3x 23 ====−−−−++++−−−−   . 
ehtuenH  33 1641x ++++++++====  Cab¤srbs; 0cbxaxx)x(A 23 ====++++++++++++====  
luHRtaEt 3c,3b,3a −−−−========−−−−====   . 
dUcenH 3c,3b,3a −−−−========−−−−====   CacMnYnKt;EdlRtUvrk . 
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lMhat́TI3 
cUrbgðajfa 222222 )aybx()byax()yx)(ba( ++++++++−−−−====++++++++  
rYcTajfa 2222 yx.ba|aybx| ++++++++≤≤≤≤++++  RKb;cMnYnBit y,x,b,a  . 
dMeNa¼Rsay 
bgðajfa 222222 )aybx()byax()yx)(ba( ++++++++−−−−====++++++++   
tag 22 )aybx()byax(A ++++++++−−−−====  

           

)yx)(ba(

)ba(y)ba(x

)ybya()xbxa(

yaxbybxa

yaabxy2xbybabxy2xa

2222

222222

22222222

22222222

22222222

++++++++====

++++++++++++====

++++++++++++====

++++++++++++====

++++++++++++++++−−−−====

 

dUcenH 222222 )aybx()byax()yx)(ba( ++++++++−−−−====++++++++  . 
Tajfa 2222 yx.ba|aybx| ++++++++≤≤≤≤++++   
eday RKb;cMnYnBit y,x,b,a  eKman 0)byax( 2 ≥≥≥≥−−−−   
tam 222222 )aybx()byax()yx)(ba( ++++++++−−−−====++++++++  
eKTaj)an 22222 )aybx()yx)(ba( ++++≥≥≥≥++++++++  
dUcenH 2222 yx.ba|aybx| ++++++++≤≤≤≤++++   . 
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lMhat́TI4 

eK[ 
ac
ac

z,
cb
cb

y,
ba
ba

x
++++
−−−−====

++++
−−−−====

++++
−−−−====  

cUrbgðajfa )z1)(y1)(x1()z1)(y1)(x1( −−−−−−−−−−−−====++++++++++++   
dMeNa¼Rsay 
bgðajfa )z1)(y1)(x1()z1)(y1)(x1( −−−−−−−−−−−−====++++++++++++   
eKman 

ba
a2

ba
ba

1x1
++++

====
++++
−−−−++++====++++  

          
ac

c2
ac
ac

1z1

cb
b2

cb
cb

1y1

++++
====

++++
−−−−++++====++++

++++
====

++++
−−−−++++====++++

 

eK)an )1(
)ac)(cb)(ba(

abc8
)z1)(y1)(x1(

++++++++++++
====++++++++++++  

ehIy 
ba

b2
ba
ba

1x1
++++

====
++++
−−−−−−−−====−−−−  

         
ac

a2
ac
ac

1z1

cb
c2

cb
cb

1y1

++++
====

++++
−−−−−−−−====−−−−

++++
====

++++
−−−−−−−−====−−−−

 

eK)an )2(
)ac)(cb)(ba(

abc8
)z)(y1)(x1(

++++++++++++
====−−−−−−−−−−−−  

tamTMnak;TMng )1(  nig )2(  eKTaj)an ³ 
)z1)(y1)(x1()z1)(y1)(x1( −−−−−−−−−−−−====++++++++++++   Bit . 
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lMhat́TI5 
eK[BhuFa λλλλ++++++++−−−−==== x9x6x)x(f 23  
k> kMNt;cMnYnBit λλλλ edIm,I[ )x(f  Eckdac;nwg 4x −−−−  . 
x> cMeBaHtémø λλλλ  Edl)anrkeXIj cUrdak; )x(f  CaplKuNktþa . 
K> cUrk x  CacMnYnKt;viC¢manedIm,I[ )x(f  CakaerR)akd . 
dMeNa¼Rsay 
k> kMNt;cMnYnBit λλλλ  
edIm,I[ )x(f  Eckdac;nwg 4x −−−−  luHRtaEtmankenSamBICKNit )x(Q  mYyEdl 

)x(Q)4x(x9x6x)x(f 23 −−−−====λλλλ++++++++−−−−====  
yk 4x ====  eK)an 0369664)4(f ====λλλλ++++++++−−−−====  
eKTaj)an 4−−−−====λλλλ  . 
x> dak; )x(f  CaplKuNktþa 
cMeBaH 4−−−−====λλλλ  eK)an 4x9x6x)x(f 23 −−−−++++−−−−====   
eday )x(f  Eckdac;nwg 4x −−−−  enaHeKGacsresr ³ 

ββββ−−−−αααα−−−−ββββ++++−−−−αααα++++====

ββββ−−−−αααα−−−−−−−−ββββ++++αααα++++====

ββββ++++αααα++++−−−−====

4x)4(x)4(x

4x4x4xxx

)xx)(4x()x(f

23

223

2

 

edayeRbobeFobkenSamenHCamYynwg 4x9x6x)x(f 23 −−−−++++−−−−====  eK)an ³ 
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−−−−====ββββ−−−−
====αααα−−−−ββββ
−−−−====−−−−αααα

44

94

64

   naM[ 1,2 ====ββββ−−−−====αααα  

eK)an )1x2x)(4x()x(f 2 ++++−−−−−−−−====  
dUcenH 2)1x)(4x()x(f −−−−−−−−====   . 
K>rk x  CacMnYnKt;viC¢manedIm,I[ )x(f  CakaerR)akd 
eKman 2)1x)(4x()x(f −−−−−−−−====   
eday 2)1x( −−−−  CakaerR)akdRKb;cMnYnKt;viC¢man 1x >>>>  enaHedIm,I[ )x(f  Cakaer 
R)akdenaHeKRKan;Et[ 4x −−−−  CakaerR)akd . 
eK)an 2p4x ====−−−−   RKb; ...},3,2,1{INp ====∈∈∈∈  
dUcenH 4px 2 ++++====    . 
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lMhat́TI6 
eK[BhuFa qpxx)x(f 3 ++++++++====  
k> kMNt; p  nig q  edIm,I[ )x(f  Eckdac;nwg 1x2x2 ++++−−−−  
x> cMeBaHtémø p  nig q  Edl)anrkeXIjxagelI cUrkMnt;RKb;cMnYnKt;viC¢man x  
     EdlnaM[ )x(f  CakaerR)akd . 
dMeNa¼Rsay 
k> kMNt; p  nig q   
edIm,I[ )x(f  Eckdac;nwg 22 )1x(1x2x −−−−====++++−−−−  luHRtaEtmankenSamBICKNit 

)x(Q  mYyEdl )x(Q)1x()x(f 2−−−−====  
b¤ )1()x(Q)1x(qpxx 23 −−−−====++++++++  
yk 1x ====  CYskñúg )1(  eK)an ³ p1q0qp1 −−−−−−−−====⇒⇒⇒⇒====++++++++  
eK)an p1pxx)x(f 3 −−−−−−−−++++====  

                 
)p1xx)(1x(

)1x(p)1xx)(1x(
2

2

++++++++++++−−−−====

−−−−++++++++++++−−−−====  

eday )x(f  Eckdac;nwg 2)1x( −−−−  enaHeK)an p1xx2 ++++++++++++  RtUvEtEckdac;nwg 
1x −−−−  eBalKW 1x ====  Cab¤s 0p1xx2 ====++++++++++++  

eK)an 3p0p1112 −−−−====⇒⇒⇒⇒====++++++++++++   ehIy 2)3(1q ====−−−−−−−−−−−−====  
dUcenH 2q,3p ====−−−−====   . 
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x> kMnt;RKb;cMnYnKt;viC¢man x  
cMeBaH 2q,3p ====−−−−====    
eK)an )x()1x(2x3x)x(f 23 αααα++++−−−−====++++−−−−====  
yk 0x ====  eK)an αααα======== 2)0(f  
dUcenH )2x()1x()x(f 2 ++++−−−−====  
edayktþa 2)1x( −−−−  CakaerR)akdRKb;cMnYnKt; 1x >>>>  . 
ehtuenHedIm,I[ )x(f  CakaerR)akdluHRtaEt 2x ++++  CakaerR)akd . 
eK)an 2k2x ====++++   INk,2k ∈∈∈∈≥≥≥≥∀∀∀∀  
dUcenH 2kx 2 −−−−====   . 
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lMhat́TI7 
eK[BhuFa 72 )1x3x(2)x(P ++++−−−−====  
rksMNl;énviFIEckrvag )x(P  nwg 3x4x2 ++++−−−−  . 
dMeNa¼Rsay 
rksMNl; 
tag bax)x(R ++++====  CasMNl;énviFIEckrvag )x(P  nwg 3x4x2 ++++−−−−  enaHman 
kenSamBICKNit )x(Q  Edl )x(R)x(Q)3x4x()x(P 2 ++++++++−−−−====  
b¤ bax)x(Q)3x4x()1x3x(2 272 ++++++++++++−−−−====++++−−−−  
eyIgdwgfa 03x4x2 ====++++−−−−  eBlEdl 1x ====  b¤ 3x ====  
ebI 1x ====  eK)an )1(ba2 ++++====−−−−  
ebI 3x ====  eK)an )2(ba32 ++++====  
yksmIkar )2(  dksmIkar )1(  eK)an 2aa24 ====⇒⇒⇒⇒====  
tam )1(  eK)an 422a2b −−−−====−−−−−−−−====−−−−−−−−====  
dUcenH 4b,2a −−−−========   nig 4x2)x(R ++++−−−−====   . 
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lMhat́TI8 
eKmanBhuFa dcxbxax)x(P 23 ++++++++++++====   
eKdwgfa )x(P  Ecknwg x  [sMNl; 2  ehIy )x(P  Ecknwg 1x ++++  [sMNl; 1 
k> etI )x(P  Ecknwg xx2 ++++  [sMNl;b:unµan ? 
x> kMNt; d,c,b,a   edaydwgfa 10)2(P)1(P ========  . 
dMeNa¼Rsay 
k> etI )x(P  Ecknwg xx2 ++++  [sMNl;b:unµan ? 
smµtikmµ )x(P  Ecknwg x[sMNl;2 ehIy )x(P  Ecknwg 1x ++++  [sMNl; 1 
naM[mankenSamBICKNit )x(Q1  nig )x(Q2  Edl ³ 

2)x(xQ)x(P 1 ++++====   b¤  )1(
x
2

)x(Q
x

)x(P
1 ++++====  

1)x(Q)1x()x(P 2 ++++++++====  b¤ )2(
1x

1
)x(Q

1x
)x(P

2 ++++
++++====

++++
 

dksmIkar )1(  nig )2(  eK)an 
1x

1
x
2

)x(Q)x(Q
1x
)x(P

x
)x(P

21 ++++
−−−−++++−−−−====

++++
−−−−  

b¤ 
)1x(x

2x
)x(Q)x(Q)x(P

)1x(x
x)1x(

21 ++++
++++++++−−−−====

++++
−−−−++++  

b¤ 2x)xx()]x(Q)x(Q[)x(P 2
21 ++++++++++++−−−−====  

TMnak;TMngenHbBa¢ak;fa )x(P  Ecknwg xx2 ++++  [sMNl; 2x)x(R ++++====  . 
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x> kMNt; d,c,b,a    
tamsRmayxagelI )x(P  Ecknwg xx2 ++++  [sMNl; 2x)x(R ++++====  naM[man 
kenSamBICKNit ββββ++++αααα==== x)x(Q  Edl 2x)x)(xx()x(P 2 ++++++++ββββ++++αααα++++====   
edaydwgfa 10)2(P)1(P ========   enaH 





====++++ββββ++++αααα
====++++ββββ++++αααα

104)2(6

103)(2  

b¤ 







====ββββ++++αααα

====ββββ++++αααα

12
2
7
  naM[ 

2
5−−−−====αααα   nig 6====ββββ  

eK)an 2x)6
2
x5

)(xx()x(P 2 ++++++++++++−−−−++++====  

          
2x7x

2
7

x
2
5

)x(P

2xx6
2
x5

x6
2
x5

)x(P

23

2
2

3

++++++++++++−−−−====

++++++++++++−−−−++++−−−−====
 

eday dcxbxax)x(P 23 ++++++++++++====  
dUcenH 2d,7c,

2
7

b,
2
5

a ============−−−−====   . 
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lMhat́TI9 
eK[BhuFa edxcxbxax)x(f 234 ++++++++++++++++====   
eKdwgfa k)k(f ====  RKb; 4,3,2,1k ====   nig 77)5(f ====  . 
cUrkMnt;elxemKuN e,d,c,b,a  . 
dMeNa¼Rsay 
kMnt;elxemKuN e,d,c,b,a  
tagBhuFa x)x(f)x(g −−−−====  eday k)k(f ====  RKb; 4,3,2,1k ====    
enaHeK)an 0)4(g)3(g)2(g)1(g ================  
ehtuenH )4x)(3x)(2x)(1x()x(g −−−−−−−−−−−−−−−−λλλλ====  
eK)an )4x)(3x)(2x)(1x(x)x(f −−−−−−−−−−−−−−−−λλλλ====−−−−  
b¤ x)4x)(3x)(2x)(1x()x(f ++++−−−−−−−−−−−−−−−−λλλλ====  
ebI 5x ====  enaH 524)5(f ++++λλλλ====   Et 77)5(f ====  
eK)an 377524 ====λλλλ⇒⇒⇒⇒====++++λλλλ  
dUcenH x)4x)(3x)(2x)(1x(3)x(f ++++−−−−−−−−−−−−−−−−====  
b¤        72x149x105x30x3)x(f 234 ++++−−−−++++−−−−====  
eday edxcxbxax)x(f 234 ++++++++++++++++====  
dUcenH 72e,149d,105c,30b,3a ====−−−−========−−−−========   . 
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lMhat́TI10 

eKdwgfa 
k
1

4k
d

3k
c

2k
b

1k
a ====

++++
++++

++++
++++

++++
++++

++++
  cMeBaH  4,3,2,1k ====  . 

cUrKNna 
9
d

8
c

7
b

6
a

A ++++++++++++====   . 
dMeNa¼Rsay 

KNna 
9
d

8
c

7
b

6
a

A ++++++++++++====   
tagBhuFa ³ 

)1()
x
1

4x
d

3x
c

2x
b

1x
a

)(4x)(3x)(2x)(1x(x)x(P −−−−
++++

++++
++++

++++
++++

++++
++++

++++++++++++++++====  

eKman 
k
1

4k
d

3k
c

2k
b

1k
a ====

++++
++++

++++
++++

++++
++++

++++
  cMeBaH  4,3,2,1k ====  

ehtuenH 0)4(P)3(P)2(P)1(P ================  . 
eday )x(P  CaBhuFadWeRkTIbYnén x  enaHnaM[mancMnYnBit 0≠≠≠≠λλλλ  Edl  

)2()4x)(3x)(2x)(1x()x(P −−−−−−−−−−−−−−−−λλλλ====  
tam )1(  eKGacsresr ³ 

)4x)(3x)(2x)(1x()
4x

d
...

1x
a

)(4x)...(1x(x)x(P ++++++++++++++++−−−−
++++

++++++++
++++

++++++++====  
ebI 24)0(P0x −−−−====⇒⇒⇒⇒====   Ettam )2(  λλλλ==== 24)0(P  
eKTaj)an 12424 −−−−====λλλλ⇒⇒⇒⇒−−−−====λλλλ  
ehtuenH )3()4x)(3x)(2x)(1x()x(P −−−−−−−−−−−−−−−−−−−−====  
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yk 5x ====  CYskñúg )1(  eK)an ³ 







 −−−−++++++++++++====
5
1

9
d

8
c

7
b

6
a

9.8.7.6.5)5(P   nig 24)5(P −−−−====  

eK)an 24)
5
1

9
d

8
c

7
b

6
a

(9.8.7.6.5 −−−−====−−−−++++++++++++  

eKTaj 
126
25

630
125

5
1

630
1

9
d

8
c

7
b

6
a ========++++−−−−====++++++++++++   

dUcenH  
126
25

9
d

8
c

7
b

6
a

A ====++++++++++++====    . 
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lMhat́TI11 
eK[BhuFa 3 2A(x) x 2x 38x 33= + − += + − += + − += + − +  nig 2B(x) x 6x 14= − += − += − += − +  
k> cUrkMNt;BIrcMnYnBit αααα  nig ββββ  edIm,I[  

2A(x) ( x )(x 6x 4) B(x) 5= α + β − + + −= α + β − + + −= α + β − + + −= α + β − + + −  cMeBaHRKb;cMnYnBit x  . 
x> kMNt;témø A(x)

B(x)
 cMeBaH x 14 6 5= += += += +   . 

dMeNa¼Rsay 
k>kMNt;BIrcMnYnBit αααα  nig ββββ   
eday 2A(x) ( x )(x 6x 4) B(x) 5= α + β − + + −= α + β − + + −= α + β − + + −= α + β − + + −  cMeBaHRKb;cMnYnBit x  enaH 
eKGacyk x 0====  nig x 1====  eK)an A(0) 4 B(0) 5

A(1) ( ) B(1) 5

= β + −= β + −= β + −= β + −
 = − α + β + −= − α + β + −= − α + β + −= − α + β + −

 

A(0) 33 , B(0) 14= == == == =  nig A(1) 1 1 38 33 3 , B(1) 1 6 14 9= + − + = − = − + == + − + = − = − + == + − + = − = − + == + − + = − = − + =  
eK)an 33 4 14 5

3 9 5

= β + −= β + −= β + −= β + −
− = −α − β + −− = −α − β + −− = −α − β + −− = −α − β + −

  naM[ 6 , 1β = α =β = α =β = α =β = α =  

dUcenH 1 , 6α = β =α = β =α = β =α = β =   . 
x> kMNt;témø A(x)

B(x)
 cMeBaH x 14 6 5= += += += +   

eKman 2x 14 6 5 (3 5) 3 5= + = + = += + = + = += + = + = += + = + = +  
b¤ x 3 5− =− =− =− =  naM[ 2(x 3) 5− =− =− =− =  b¤ 2x 6x 4 0− + =− + =− + =− + =   
eKman 2 2A(x) (x 6)(x 8x 4) x 6x 14 5= + − + + − + −= + − + + − + −= + − + + − + −= + − + + − + −  
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b¤  2 2A(x) (x 6)(x 6x 4) (x 6x 4) 5= + − + + − + += + − + + − + += + − + + − + += + − + + − + +  
ehIy 2 2B(x) x 6x 14 (x 6x 4) 10= − + = − + += − + = − + += − + = − + += − + = − + +   eday 2x 6x 4 0− + =− + =− + =− + =  
enaH A(x) 5 1

B(x) 10 2
= == == == =   . 

lMhat́TI12 
eK[BhuFa 4 3P(x) x 4x ax b= − + += − + += − + += − + +  . 
kMNt;cMnYnBit a  nig b  ebIeKdwgfa P(x)  Ecknwg 2x 4x 3− +− +− +− +  [sMNl; 4x 1−−−− . 
dMeNa¼Rsay 
kMNt;cMnYnBit a  nig b   
tag Q(x) CaplEckrvag P(x)  nwg 2x 4x 3− +− +− +− +  
eK)ansmIkar 4 3 2x 4x ax b (x 4x 3)Q(x) 4x 1− + + = − + + −− + + = − + + −− + + = − + + −− + + = − + + −  
eyIgdwgfa 2

1 2x 4x 3 0 x 1 , x 3− + =− + =− + =− + = ⇒⇒⇒⇒ = == == == =  
ehtuenHebI x 1====  eK)an 1 4 a b 4 1− + + = −− + + = −− + + = −− + + = −  b¤  a b 6 (1)+ =+ =+ =+ =  
ebI x 3====  eK)an 4 33 4.3 3a b 12 1− + + = −− + + = −− + + = −− + + = −  b¤ 3a b 38 (2)+ =+ =+ =+ =  
dksmIkar (1)  nig (2)  GgÁ nig GgÁeK)an 2a 32 a 16− = −− = −− = −− = − ⇒⇒⇒⇒ ====  
ehIytam (1)  eK)an b 6 a 6 16 10= − = − = −= − = − = −= − = − = −= − = − = −  . 
dUcenH a 16 , b 10= = −= = −= = −= = −   . 
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emeronsegçb 
 

              cMnYnkMupøic 
 
1-smIkardWeRkTIBIrmanmYyGBaØat 
 k-niymn&y 
smIkarEdlmanragTUeTA 0cbxax2 ====++++++++  ehAfasmIkardWeRkTIBIrmanmYyGBaØat 
Edl x  CaGBaØat ehIyelxemKuN  c,b,a  CacMnYnefr nig 0a ≠≠≠≠  . 
x-dMeNa¼RsaysmIkardWeRkTIBIr 
snµtfaeKmansmIkar 0a,0cbxax2 ≠≠≠≠====++++++++  
DIsRKImINg;smIkar ac4b2 −−−−====∆∆∆∆  
-ebI 0>>>>∆∆∆∆  smIkarmanb¤sBIrCacMnYnBitepSgKñaKW ³ 
 

a2
b

x;
a2

b
x 21

∆∆∆∆−−−−−−−−====∆∆∆∆++++−−−−====  

-ebI 0====∆∆∆∆  smIkarmanb¤sDúb 
a2

b
xx 21 −−−−========  

-ebI 0<<<<∆∆∆∆  smIkarmanb¤sBIrepSgKñaCacMnYnkMupøicqøas;Kña ³ 
 

a2
ib

x;
a2
ib

x 21
∆∆∆∆−−−−−−−−−−−−====∆∆∆∆−−−−++++−−−−====  
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K-TMnaḱTMng…s nig elxemKuN 
ebI αααα  nig ββββ  Cab¤srbs;smIkar 0a,0cbxax2 ≠≠≠≠====++++++++  enaHeKman ³ 
-plbUkb¤s 

a
b

S −−−−====ββββ++++αααα====  

-plKuNb¤s 
a
c

.P ====ββββαααα====  
X-muFaKNna…sénsmIkardWeRkTIBIrgay 
]bmafaeKmansmIkardWeRkTIBIr 0a,0cbxax2 ≠≠≠≠====++++++++  
-ebI 0cba ====++++++++  smIkarmanb¤s 

a
c

x;1x 21 ========  

-ebI cab ++++====  smIkarmanb¤s 
a
c

x,1x 21 −−−−====−−−−====  
g-rUbmnþdaḱCaplKuNktþa 
ebI αααα  nig ββββ  Cab¤srbs;smIkar 0a,0cbxax2 ≠≠≠≠====++++++++  enaHeK)an  ³ 

)x)(x(acbxax2 ββββ−−−−αααα−−−−====++++++++   . 
c-beg›ItsmIkardWeRkTIBIr 
ebIeKdwgplbUk S====ββββ++++αααα  nig plKuN P====αβαβαβαβ  enaH αααα  nig ββββ  Cab¤ssmIkar 
dWeRkTIBIr 0PSxx2 ====++++−−−−   . 
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2-vismPaB 
k-lkçN£vismPaB 
!> cMeBaHRKb;cMnYnBit c,b,a  ebI ba >>>>  enaHeK)an cbca ++++>>>>++++  
   b¤ cbca −−−−>>>>−−−−   . 
@> cMeBaHRKb;cMnYnBit c,b,a  eKman ³ 
-ebI ba >>>>  nig 0c >>>>  enaH bcac>>>>  
-ebI ba >>>>  nig 0c <<<<  enaH bcac<<<<  
x-vismPaBmFümnBVnþ nig mFümFrNImaRt 
 cMeBaHRKb;cMnYnBit 0a ≥≥≥≥  nig  0b ≥≥≥≥   eKman ³ 
 ab

2
ba ≥≥≥≥++++  .  

 vismPaBenHkøayCasmPaBluHRtaEt ba ====  . 
3-vismIkartémødaćxat 
 ebI 0>>>>αααα  enaHeK)an ³ 
 !> ⇔⇔⇔⇔αααα<<<<++++ |bax|  αααα<<<<++++ bax  nig αααα−−−−>>>>++++ bax  
 @> ⇔⇔⇔⇔αααα>>>>++++ |bax|  αααα>>>>++++ bax  b¤ αααα−−−−<<<<++++ bax  
 #> αααα±±±±====++++⇔⇔⇔⇔αααα====++++ bax|bax|  
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4-sBaØarbśeTVFadWeRkTImYy 
 cMeBaHeTVFa bax)x(f ++++====   man 

a
b

x −−−−====  Cab¤s eKkMNt;sBaØaeTVFaenH 
eTAtamsBaØarbs; a  dUctaragxageRkam ³ 

x  ∞∞∞∞−−−−              
a
b−−−−                   ∞∞∞∞++++  

bax)x(f ++++====    sBaØapÞúyBI a  sBaØadUc a  
5-sBaØarbśRtIFadWeRkTIBIr 
 cMeBaHRtIFa cbxax)x(f 2 ++++++++====  manb¤sBIr αααα  nig ββββ  Edl ββββ<<<<αααα   . 
 

x  ∞∞∞∞−−−−                 αααα                    ββββ            ∞∞∞∞++++  
cbxax)x(f 2 ++++++++====  sBaØadUc a  sBaØapÞúyBI a  sBaØadUc a  

 
6-cemøIyvismIkardWeRkTIBIr 
  -krNI 0>>>>∆∆∆∆  nig 0a >>>>  man…s )(, ββββ<<<<ααααββββαααα  
      k> 0cbxax2 >>>>++++++++  mancemøIy ββββ>>>>αααα<<<< x,x   . 
      x> 0cbxax2 <<<<++++++++  mancemøIy ββββ<<<<<<<<αααα x    . 
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIy   ββββ≥≥≥≥αααα≤≤≤≤ x,x    . 
      X> 0cbxax2 ≤≤≤≤++++++++  mancemøIy ββββ≤≤≤≤≤≤≤≤αααα x   . 



CMBUkTI3                                   cMnYnkMupøic 

  
- 55 - 

  -krNI 0====∆∆∆∆  nig 0a >>>>  man…sDúb  
      k> 0cbxax2 >>>>++++++++  mancemøIyRKb;cMnYnBitelIkElgEt 

a2
b

x −−−−====  
      x> 0cbxax2 <<<<++++++++  KµancemøIy .  
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      X> 0cbxax2 ≤≤≤≤++++++++  mancemøIy 

a2
b

x −−−−====  . 
-krNI 0<<<<∆∆∆∆  nig 0a >>>>  man…sCacMnYnkMupøic 
      k> 0cbxax2 >>>>++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      x> 0cbxax2 <<<<++++++++  KµancemøIy . 
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      X> 0cbxax2 ≤≤≤≤++++++++  KµancemøIy . 
 

����� 
 
 
 

                                                          eroberogeday lwm plÁún 
                                                          Tel : ( 017 ) 768 246 
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kRmglMhat́eRCIserIs 
!> eKmansmIkar 01x2x2 ====−−−−−−−−  manb¤stageday αααα  nig ββββ  . 
cUrKNna 24 6A ββββ++++αααα====   . 
@> eK[smIkar 01xx2 ====−−−−−−−−  manb¤stageday αααα nig ββββ  . 
cUrKNna ββββ++++ββββ++++αααα==== 35 2A   
#> eK[smIkar 09m4x)1m(2x:)E( 2 ====−−−−++++++++−−−−  
k> bgðajfa )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m  . 
x> kMNt;témø m  edIm,I[ 17)xx(2xx 21

2
2

2
1 ++++++++====++++  Edl 21 x,x  Cab¤s . 

$> eK[smIkar 0qpxx:)E( 2
1 ====++++++++  nig 0'qx'px:)E( 2

2 ====++++++++  
cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
%> eK[smIkar 0qpxx:)E( 2

1 ====++++++++  nig 0'qx'px:)E( 2
2 ====++++++++  

cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
^> eK[ 0c,0b,0a ≥≥≥≥≥≥≥≥≥≥≥≥  . 
k>cUrRsayfa ab2ba ≥≥≥≥++++   nig 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++  
x> edayeRbIvismPaBxagelIenHcUrRsayfa 3 abc3cba ≥≥≥≥++++++++  
&> eK[ c,b,a  CacMnYnBitviC¢man .  
cUrRsayfa )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  
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*> eK[ y,x,b,a  CacMnYnviC¢man nig 1ba ====++++  . 
cUrbgðajfa ybxabyax ++++≥≥≥≥++++   . 
(>eK[  0c,b,a >>>>   Edl 1abc≥≥≥≥  .   
cUrbgðajfa   

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++    
!0> eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++    

!!> eK[ d,c,b,a  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ 
22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++   

cUrbgðajfa 1ba 22 >>>>++++  nig 1dc 22 >>>>++++   . 
!@> eK[ 0z,y,x >>>>  Edl 1zyx ====++++++++   . 

cUrRsayfa 
4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

   

!#> eKmansmIkar 0qpxx:)E( 2 ====++++++++  
ebI 3x αααα====  Cab¤srbs;smIkar )E(  enaHcUrRsayfaeKmanTMnak;TMng  

0q)pq3p( 332 ====++++αααα−−−−++++αααα   . 
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!$> edaHRsaysmIkar 
   2x3x

26
)31(2x3x 2

2

++++−−−−====
++++

++++++++−−−−  

!%> edaHRsaysmIkar 
      8x6xx 32 ++++====++++−−−−   
 

����� 
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lMhat́TI1 
eKmansmIkar 01x2x2 ====−−−−−−−−  manb¤stageday αααα  nig ββββ  . 
cUrKNna 24 6A ββββ++++αααα====   . 
dMeNa¼Rsay 
KNna 24 6A ββββ++++αααα====    

eday αααα  nig ββββ  Cab¤s 01x2x2 ====−−−−−−−−  enaHeK)an 






====−−−−ββββ−−−−ββββ

====−−−−αααα−−−−αααα

)2(012

)1(012
2

2

 

tam )1(  eKTaj 122 ++++αααα====αααα  
elIkCakaereK)an 24 )12( ++++αααα====αααα  

                        
512

14)12(4

144

4

4

24

++++αααα====αααα

++++αααα++++++++αααα====αααα

++++αααα++++αααα====αααα

 

tam )2(  eKTaj 122 ++++ββββ====ββββ  
eK)an 24 6A ββββ++++αααα====    
             

11)(12

)12(6512

++++ββββ++++αααα====
++++ββββ++++++++αααα====  

eday 2====ββββ++++αααα  enaH 3511)2(12A ====++++====  
dUcenH 35A ====   . 
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lMhat́TI2 
eK[smIkar 01xx2 ====−−−−−−−−  manb¤stageday αααα nig ββββ  . 
cUrKNna ββββ++++ββββ++++αααα==== 35 2A   
dMeNa¼Rsay 
KNna ββββ++++ββββ++++αααα==== 32A 35   

eday αααα nig ββββ  Cab¤sén 01xx2 ====−−−−−−−−  enaHeK)an 






====−−−−ββββ−−−−ββββ

====−−−−αααα−−−−αααα

01

01
2

2

 

b¤ 






++++ββββ====ββββ

++++αααα====αααα

1

1
2

2

 

eKman ββββ++++ββββ++++αααα==== 35 2A  

              

2)(5

252)1(3

2523

25)23(

3)1(2)121(

22)12(

)1(2)1(

.2)(

2

22

2

222

++++ββββ++++αααα====
++++ββββ++++αααα++++++++αααα====

++++ββββ++++αααα++++αααα====

++++ββββ++++++++αααααααα====
ββββ++++++++ββββ++++++++αααα++++++++αααααααα====

ββββ++++ββββ++++ββββ++++++++αααα++++αααααααα====

ββββ++++++++ββββββββ++++++++αααααααα====

ββββ++++ββββββββ++++αααααααα====

 

eday 1====ββββ++++αααα   enaH 725A ====++++====  
dUcenH 7A ====  . 
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lMhat́TI3 
eK[smIkar 09m4x)1m(2x:)E( 2 ====−−−−++++++++−−−−  
k> bgðajfa )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m  . 
x> kMNt;témø m  edIm,I[ 17)xx(2xx 21

2
2

2
1 ++++++++====++++  Edl 21 x,x  Cab¤s . 

dMeNa¼Rsay 
k> bgðajfa )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m   
 DIsRKImINg;bRgYménsmIkarKW ³ 

 
IRm09)1m(9m41m2m

)9m4()1m('
22

2

∈∈∈∈∀∀∀∀>>>>++++−−−−====++++−−−−++++++++====

−−−−−−−−++++====∆∆∆∆  

dUcenH )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m. 
x> kMNt;témø m  edIm,I[ 18)xx(2xx 21

2
2

2
1 ++++++++====++++   

eday 21 x,x  Cab¤senaH 




−−−−====
++++====++++

)2(9m4xx

)1()1m(2xx

21

21  

eKman 17)xx(2xx 21
2

2
2

1 ++++++++====++++  
          )3(17)xx(2xx2)xx( 2121

2
21 ++++++++====−−−−++++  

yksmIkar )2(&)1(  CMnYskñúg )3(  eK)an ³ 

2
1

m0)1m2(

01m4m4

17)1m(4)9m4(2)1m(4

2

2

2

====⇒⇒⇒⇒====−−−−

====++++−−−−

++++++++====−−−−−−−−++++
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lMhat́TI4 
eK[smIkar 0qpxx:)E( 2

1 ====++++++++  nig 0'qx'px:)E( 2
2 ====++++++++  

cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
dMeNa¼Rsay 
rkTMnak;TMngrvag 'q,'p,q,p   
tag αααα  Cab¤srYmrbs;smIkar )E( 1  nig )E( 2  enaHeK)an ³ 







====++++αααα++++αααα

====++++αααα++++αααα

)2(0'q'p

)1(0qp
2

2

 

dksmIkar )2(&)1(  eK)an ³ 0)'qq()'pp( ====−−−−++++αααα−−−−  
eKTaj 

'pp
'qq

−−−−
−−−−−−−−====αααα   ykCMnYskñúgsmIkar )1(  eK)an ³ 

0)'pqq'p)('pp()'qq(

0)]'pp(q)'qq(p)['pp()'qq(

0)'pp(q)'qq)('pp(p)'qq(

0q
'pp
'qq

p
'pp
'qq

2

2

22

2

====−−−−−−−−−−−−−−−−

====−−−−−−−−−−−−−−−−−−−−−−−−

====−−−−++++−−−−−−−−−−−−−−−−

====++++








−−−−
−−−−−−−−++++









−−−−
−−−−−−−−

 

dUcenH )'pqq'p)('pp()'qq( 2 −−−−−−−−====−−−−   . 
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lMhat́TI5 
eK[smIkar 0qpxx:)E( 2

1 ====++++++++  nig 0'qx'px:)E( 2
2 ====++++++++  

cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
dMeNa¼Rsay 
Rsayfa abc8)ac)(cb)(ba( ≥≥≥≥++++++++++++    
tammFümnBVnþ nig mFümFrNImaRteKman ³ 

)1(ab2baab
2

ba ≥≥≥≥++++⇒⇒⇒⇒≥≥≥≥++++  
dUcKñaEdreK)an     )2(bc2cb ≥≥≥≥++++    nig  )3(ac2ac ≥≥≥≥++++  
eFIVviFIKuNvismPaB )3(&)2(,)1(  GgÁnigGgÁeK)an ³ 

abc8cba8)ac)(cb)(ba(

ac2.bc2.ab2)ac)(cb)(ba(
222 ====≥≥≥≥++++++++++++

≥≥≥≥++++++++++++  

dUcenH abc8)ac)(cb)(ba( ≥≥≥≥++++++++++++   . 
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lMhat́TI6 
eK[ 0c,0b,0a ≥≥≥≥≥≥≥≥≥≥≥≥  . 
k>cUrRsayfa ab2ba ≥≥≥≥++++   nig 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++  
x> edayeRbIvismPaBxagelIenHcUrRsayfa 3 abc3cba ≥≥≥≥++++++++  
dMeNa¼Rsay 
k>Rsayfa ab2ba ≥≥≥≥++++   nig 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++    
]bmafa ab2ba ≥≥≥≥++++   Bit 
eK)an 0ab2ba ≥≥≥≥−−−−++++  

         
Bit0)ba(

0)b(b.a2)a(
2

22

≥≥≥≥−−−−

≥≥≥≥++++−−−−  

dUcenH ab2ba ≥≥≥≥++++    . 
RsaydUcKñaEdr 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++   . 
x>Rsayfa 3 abc3cba ≥≥≥≥++++++++  
eKman )1(ab2ba ≥≥≥≥++++   

)2(
3

cba
.c2

3
cba

c
++++++++≥≥≥≥++++++++++++     

bUkvismPaB )2(&)1(  GgÁ nig GgÁeK)an ³ 
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)3()
3

cba
.cab(2)cba(

3
4

)
3

cba
.cab(2

3
cba

cba

++++++++++++≥≥≥≥++++++++

++++++++++++≥≥≥≥++++++++++++++++++++
 

eday )4(
3

cba
.abc2

3
cba

.c.ab2
3

cba
.cab 4 ++++++++====++++++++≥≥≥≥++++++++++++  

tam )4(&)3(   eK)an ³ 

4

4

3
cba

.abc3cba

3
cba

.abc4)cba(
3
4

++++++++≥≥≥≥++++++++

++++++++≥≥≥≥++++++++
 

elIkGgÁTaMgBIrCasV½yKuN 4 eK)an ³ 

abc27)cba(

3
cba

.abc.81)cba(

3

4

≥≥≥≥++++++++

++++++++≥≥≥≥++++++++  

dUcenH 3 abc3cba ≥≥≥≥++++++++    . 
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lMhat́TI7 
eK[ c,b,a  CacMnYnBitviC¢man .  
cUrRsayfa )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  
dMeNa¼Rsay 
Rsayfa )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++   
tamvismPaB mFümnBVnþ nig mFümFrNImaRteKman ³ 

)3(bca
2

acba

)2(abc
2

accb

)1(cab
2

cbba

2
2222

2
2222

2
2222

≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++

 

bUkvismPaBTaMgenHGgÁnigGgÁeK)an ³ 
)4(bcaabccabaccbba 222222222 ++++++++≥≥≥≥++++++++  

man )bcaabcbca(2accbba)cabcab( 2222222222 ++++++++++++++++++++====++++++++   
b¤ )bcaabccab(2)cabcab(accbba 2222222222 ++++++++−−−−++++++++====++++++++   
vismPaB )4(  Gacsresr ³ 

2222222 abccabbca)bcaabccab(2)cabcab( ++++++++≥≥≥≥++++++++−−−−++++++++   
                                     )abccabbca(3)cabcab( 2222 ++++++++≥≥≥≥++++++++   
dUcenH )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  . 
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lMhat́TI8 
eK[ y,x,b,a  CacMnYnviC¢man nig 1ba ====++++  . 
cUrbgðajfa ybxabyax ++++≥≥≥≥++++   . 
dMeNa¼Rsay 
bgðajfa ybxabyax ++++≥≥≥≥++++   
]bmafa ybxabyax ++++≥≥≥≥++++   Bit 
smmUl 2)ybxa(byax ++++≥≥≥≥++++  
            )1(ybxyab2xabyax 22 ++++++++≥≥≥≥++++  
eday 1ba ====++++  enaH vismPaB )1(  Gacsresr ³ 

Bit0)yx(ab

0)xy2yx(ab

0xyab2abyabx

ybxyab2xaybabyabxxa

ybxyab2xa)ba)(byax(

2

2222

22

≥≥≥≥−−−−

≥≥≥≥−−−−++++

≥≥≥≥−−−−++++

++++++++≥≥≥≥++++++++++++

++++++++≥≥≥≥++++++++

 

dUcenH  ybxabyax ++++≥≥≥≥++++    . 
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lMhat́TI9 
eK[  0c,b,a >>>>   Edl 1abc≥≥≥≥  .   
cUrbgðajfa   

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++    
dMeNa¼Rsay 

Rsayfa 
8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++   
eKman a21a2 ≥≥≥≥++++   RKb; 0a >>>>  
eK)an 222 )1a(33a6a34a4a4 ++++====++++++++≥≥≥≥++++++++  
eKTaj 

4
)1a(3

1aa
2

2 ++++≥≥≥≥++++++++   

b¤        
4

)1a(3
1a

1aa2 ++++≥≥≥≥
++++

++++++++  

b¤        
2
a3

a1
a

1
2

≥≥≥≥
++++

++++   eRBaH a21a ≥≥≥≥++++  

dUcKñaEdr 
2
b3

b1
b

1
2

≥≥≥≥
++++

++++   nig 
2

c3
c1

c
1

2

≥≥≥≥
++++

++++  

eK)an
8
abc27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++  

edaysmµtikmµ 1abc≥≥≥≥  enaH 
8
27

8
abc27 ≥≥≥≥  

dUcenH 
8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++   . 
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lMhat́TI10 
eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++    

dMeNa¼Rsay 
eKmansmPaB ³ 

)cabcabcba)(ac)(cb)(ba(5)cba(cba

)ac)(cb)(ba(3)cba(cba
2225555

3333

++++++++++++++++++++++++++++++++−−−−++++++++====++++++++

++++++++++++−−−−++++++++====++++++++  

)cabcabcba(
3
5

)cba(cba
)cba(cba 222

3333

5555

++++++++++++++++++++====
++++++++−−−−++++++++
++++++++−−−−++++++++  

eyIgnwgRsayfa 2222 )cba(
9
10

)cabcabcba(
3
5 ++++++++≥≥≥≥++++++++++++++++++++  

b¤ 2222 )cba(2)cabcabcba(3 ++++++++≥≥≥≥++++++++++++++++++++  
b¤                          cabcabcba 222 ++++++++≥≥≥≥++++++++  
tamvismPaB mFümnBVnþ nig mFümFrNImaRteKman ³ 

ac
2

ac
,bc

2
cb

,ab
2

ba 222222

≥≥≥≥++++≥≥≥≥++++≥≥≥≥++++  
enaH 222

222222

cba
2

ac
2

cb
2

ba
cabcab ++++++++====++++++++++++++++++++≤≤≤≤++++++++   Bit 

dUcenH  2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++   . 
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lMhat́TI11 
eK[ d,c,b,a  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ 

22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++   
cUrbgðajfa 1ba 22 >>>>++++  nig 1dc 22 >>>>++++   . 
dMeNa¼Rsay 
bgðajfa 1ba 22 >>>>++++  nig 1dc 22 >>>>++++    
tag 22 ba1x −−−−−−−−====   nig 22 dc1y −−−−−−−−====  
eyIg]bmafa 0x ≥≥≥≥  nig 0y ≥≥≥≥  
vismPaB 22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++   
smmUl 2)1bdac(xy −−−−++++>>>>  
b¤         2)2bd2ac2(xy4 −−−−++++>>>>  
eday 2222 dcba2yx −−−−−−−−−−−−−−−−====++++  
enaH yxbd2ac2dcba2bd2ac2 2222 −−−−−−−−++++++++−−−−−−−−−−−−−−−−====−−−−++++  
                               ]yx)db()ca[( 22 ++++++++−−−−++++−−−−−−−−====  
eKTaj 2222 )yx()]yx()db()ca([xy4 ++++≥≥≥≥++++++++−−−−++++−−−−>>>>  
b¤  22 yxy2xxy4 ++++++++>>>>  
b¤  0)yx( 2 <<<<−−−−   minBit . naM[kar]bmaxagelIpÞúyBIkarBit . 
dUcenHeKTaj 0x <<<<  nig 0y <<<<  naM[ 1ba 22 >>>>++++  nig 1dc 22 >>>>++++   . 



CMBUkTI3                                   cMnYnkMupøic 

  
- 71 - 

lMhat́TI12 
eK[ 0z,y,x >>>>  Edl 1zyx ====++++++++   . 

cUrRsayfa 
4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

   

dMeNa¼Rsay 

Rsayfa 
4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

   

eKBinitü 2

232

2

3

)x1(
)xx2()xx2x(

)x1(
x

−−−−
−−−−++++++++−−−−====

−−−−
 

                           

2

2

2

22

2

22

2

2

)x1(4
)1x3(

4
1

x
)x1(4

)x1()1x3(
x

)x1(4
)xx21()1x6x9(

x

)x1(
xx2

x

−−−−
−−−−++++−−−−====

−−−−
−−−−−−−−−−−−++++====

−−−−
++++−−−−−−−−++++−−−−++++====

−−−−
−−−−++++====

 

eday 0
)x1(4
)1x3(
2

2

≥≥≥≥
−−−−
−−−−   enaH )1(

4
1

x
)x1(

x
2

3

−−−−≥≥≥≥
−−−−

 

dUcKñaEdr )2(
4
1

y
)y1(

y
2

3

−−−−≥≥≥≥
−−−−

nig )3(
4
1

z
)z1(

z
2

3

−−−−≥≥≥≥
−−−−

 

bUkvismPaB )3(,)2(,)1(  GgÁ nig GgÁeK)an ³ 

4
1

4
3

1
4
3

zyx
)z1(

z
)y1(

y
)x1(

x
2

3

2

3

2

3

====−−−−====−−−−++++++++≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

  Bit . 
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lMhat́TI13 
eKmansmIkar 0qpxx:)E( 2 ====++++++++  
ebI 3x αααα====  Cab¤srbs;smIkar )E(  enaHcUrRsayfaeKmanTMnak;TMng  

0q)pq3p( 332 ====++++αααα−−−−++++αααα   . 
dMeNa¼Rsay 
Rsayfa 0q)pq3p( 332 ====++++αααα−−−−++++αααα    
ebI 3x αααα====  Cab¤srbs;smIkar )E(  enaHeK)an  0qp 33 2 ====++++αααα++++αααα  . 
tamsmPaB  

)cabcabcba)(cba(abc3cba 222333 −−−−−−−−−−−−++++++++++++++++====−−−−++++++++  
ebIeKyk qc,pb,a 33 2 ====αααα====αααα====   eK)an ³ 

0pq3qp 332 ====αααα−−−−++++αααα++++αααα   ¬eRBaH 0qp 33 2 ====++++αααα++++αααα  ¦ 
dUcenH  0q)pq3p( 332 ====++++αααα−−−−++++αααα    Bit . 
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lMhat́TI14 
edaHRsaysmIkar 

2x3x
26

)31(2x3x 2
2

++++−−−−====
++++

++++++++−−−−  
dMeNa¼Rsay 
edaHRsaysmIkar 

2x3x
26

)31(2x3x 2
2

++++−−−−====
++++

++++++++−−−−  
smIkarmann½yluHRtaEt 02x3x2 ≥≥≥≥++++−−−−  
naM[ 1x ≤≤≤≤   b¤  2x ≥≥≥≥  . 
tag 2x3xt 2 ++++−−−−====  smIkarGacsresr ³ 

t
26
32t 2

====
++++

++++   b¤  032t)26(t 2 ====++++++++−−−−  
22 )26(38)26( −−−−====−−−−++++====∆∆∆∆  

eKTajb¤s 6t,2t 21 ========  
-cMeBaH 2t ====  enaH 22x3x2 ====++++−−−−  b¤ 3x,0x0x3x 21

2 ========⇒⇒⇒⇒====−−−−  
-cMeBaH 6t ====  enaH 62x3x2 ====++++−−−−   b¤ 4x,1x04x3x 21

2 ====−−−−====⇒⇒⇒⇒====−−−−−−−−  
dUcenH }4,3,0,1{x −−−−∈∈∈∈   . 
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lMhat́TI15 
edaHRsaysmIkar 8x6xx 32 ++++====++++−−−−   
dMeNa¼Rsay 
edaHRsaysmIkar 
eKman 8x6xx 32 ++++====++++−−−−    
          )4x2x)(2x(6xx 22 ++++−−−−++++====++++−−−−   
smIkarmann½yluHRtaEt 0)4x2x)(2x( 2 ≥≥≥≥++++−−−−++++  
eday 04x2x2 >>>>++++−−−−  Canic©RKb; IRx∈∈∈∈  eBaH 012,01a <<<<−−−−====∆∆∆∆>>>>====  
ehtuenHeKRtUv[ 2x02x −−−−≥≥≥≥⇒⇒⇒⇒≥≥≥≥++++  . 
tag 4x2xv,2xu 2 ++++−−−−====++++====  
smIkarGacsresr 0)vu(uv2vu 2 ====−−−−⇔⇔⇔⇔≥≥≥≥++++  b¤ vu ====  
eK)an 4x2x2x 2 ++++−−−−====++++  
b¤ 02x3x2 ====−−−−++++−−−−  eday 2

a
c

x,1x0cba 21 ============⇒⇒⇒⇒====++++++++  
dUcenH 2x,1x 21 ========   . 
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emeronsegçb 
 

           smIkar nig vismIkar 
 
1-smIkardWeRkTIBIrmanmYyGBaØat 
 k-niymn&y 
smIkarEdlmanragTUeTA 0cbxax2 ====++++++++  ehAfasmIkardWeRkTIBIrmanmYyGBaØat 
Edl x  CaGBaØat ehIyelxemKuN  c,b,a  CacMnYnefr nig 0a ≠≠≠≠  . 
x-dMeNa¼RsaysmIkardWeRkTIBIr 
snµtfaeKmansmIkar 0a,0cbxax2 ≠≠≠≠====++++++++  
DIsRKImINg;smIkar ac4b2 −−−−====∆∆∆∆  
-ebI 0>>>>∆∆∆∆  smIkarmanb¤sBIrCacMnYnBitepSgKñaKW ³ 
 

a2
b

x;
a2

b
x 21

∆∆∆∆−−−−−−−−====∆∆∆∆++++−−−−====  

-ebI 0====∆∆∆∆  smIkarmanb¤sDúb 
a2

b
xx 21 −−−−========  

-ebI 0<<<<∆∆∆∆  smIkarmanb¤sBIrepSgKñaCacMnYnkMupøicqøas;Kña ³ 
 

a2
ib

x;
a2
ib

x 21
∆∆∆∆−−−−−−−−−−−−====∆∆∆∆−−−−++++−−−−====  
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K-TMnaḱTMng…s nig elxemKuN 
ebI αααα  nig ββββ  Cab¤srbs;smIkar 0a,0cbxax2 ≠≠≠≠====++++++++  enaHeKman ³ 
-plbUkb¤s 

a
b

S −−−−====ββββ++++αααα====  

-plKuNb¤s 
a
c

.P ====ββββαααα====  
X-muFaKNna…sénsmIkardWeRkTIBIrgay 
]bmafaeKmansmIkardWeRkTIBIr 0a,0cbxax2 ≠≠≠≠====++++++++  
-ebI 0cba ====++++++++  smIkarmanb¤s 

a
c

x;1x 21 ========  

-ebI cab ++++====  smIkarmanb¤s 
a
c

x,1x 21 −−−−====−−−−====  
g-rUbmnþdaḱCaplKuNktþa 
ebI αααα  nig ββββ  Cab¤srbs;smIkar 0a,0cbxax2 ≠≠≠≠====++++++++  enaHeK)an  ³ 

)x)(x(acbxax2 ββββ−−−−αααα−−−−====++++++++   . 
c-beg›ItsmIkardWeRkTIBIr 
ebIeKdwgplbUk S====ββββ++++αααα  nig plKuN P====αβαβαβαβ  enaH αααα  nig ββββ  Cab¤ssmIkar 
dWeRkTIBIr 0PSxx2 ====++++−−−−   . 
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2-vismPaB 
k-lkçN£vismPaB 
!> cMeBaHRKb;cMnYnBit c,b,a  ebI ba >>>>  enaHeK)an cbca ++++>>>>++++  
   b¤ cbca −−−−>>>>−−−−   . 
@> cMeBaHRKb;cMnYnBit c,b,a  eKman ³ 
-ebI ba >>>>  nig 0c >>>>  enaH bcac>>>>  
-ebI ba >>>>  nig 0c <<<<  enaH bcac<<<<  
x-vismPaBmFümnBVnþ nig mFümFrNImaRt 
 cMeBaHRKb;cMnYnBit 0a ≥≥≥≥  nig  0b ≥≥≥≥   eKman ³ 
 ab

2
ba ≥≥≥≥++++  .  

 vismPaBenHkøayCasmPaBluHRtaEt ba ====  . 
3-vismIkartémødaćxat 
 ebI 0>>>>αααα  enaHeK)an ³ 
 !> ⇔⇔⇔⇔αααα<<<<++++ |bax|  αααα<<<<++++ bax  nig αααα−−−−>>>>++++ bax  
 @> ⇔⇔⇔⇔αααα>>>>++++ |bax|  αααα>>>>++++ bax  b¤ αααα−−−−<<<<++++ bax  
 #> αααα±±±±====++++⇔⇔⇔⇔αααα====++++ bax|bax|  
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4-sBaØarbśeTVFadWeRkTImYy 
 cMeBaHeTVFa bax)x(f ++++====   man 

a
b

x −−−−====  Cab¤s eKkMNt;sBaØaeTVFaenH 
eTAtamsBaØarbs; a  dUctaragxageRkam ³ 

x  ∞∞∞∞−−−−              
a
b−−−−                   ∞∞∞∞++++  

bax)x(f ++++====    sBaØapÞúyBI a  sBaØadUc a  
5-sBaØarbśRtIFadWeRkTIBIr 
 cMeBaHRtIFa cbxax)x(f 2 ++++++++====  manb¤sBIr αααα  nig ββββ  Edl ββββ<<<<αααα   . 
 

x  ∞∞∞∞−−−−                 αααα                    ββββ            ∞∞∞∞++++  
cbxax)x(f 2 ++++++++====  sBaØadUc a  sBaØapÞúyBI a  sBaØadUc a  

 
6-cemøIyvismIkardWeRkTIBIr 
  -krNI 0>>>>∆∆∆∆  nig 0a >>>>  man…s )(, ββββ<<<<ααααββββαααα  
      k> 0cbxax2 >>>>++++++++  mancemøIy ββββ>>>>αααα<<<< x,x   . 
      x> 0cbxax2 <<<<++++++++  mancemøIy ββββ<<<<<<<<αααα x    . 
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIy   ββββ≥≥≥≥αααα≤≤≤≤ x,x    . 
      X> 0cbxax2 ≤≤≤≤++++++++  mancemøIy ββββ≤≤≤≤≤≤≤≤αααα x   . 
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  -krNI 0====∆∆∆∆  nig 0a >>>>  man…sDúb  
      k> 0cbxax2 >>>>++++++++  mancemøIyRKb;cMnYnBitelIkElgEt 

a2
b

x −−−−====  
      x> 0cbxax2 <<<<++++++++  KµancemøIy .  
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      X> 0cbxax2 ≤≤≤≤++++++++  mancemøIy 

a2
b

x −−−−====  . 
-krNI 0<<<<∆∆∆∆  nig 0a >>>>  man…sCacMnYnkMupøic 
      k> 0cbxax2 >>>>++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      x> 0cbxax2 <<<<++++++++  KµancemøIy . 
      K> 0cbxax2 ≥≥≥≥++++++++  mancemøIyRKb;cMnYnBitTaMgGs; . 
      X> 0cbxax2 ≤≤≤≤++++++++  KµancemøIy . 
 

����� 
 
 
 

                                                          eroberogeday lwm plÁún 
                                                          Tel : ( 017 ) 768 246 



CMBUkTI4                            smIkar nig vismIkar 

  
- 80 - 

kRmglMhat́eRCIserIs 
!> eKmansmIkar 01x2x2 ====−−−−−−−−  manb¤stageday αααα  nig ββββ  . 
cUrKNna 24 6A ββββ++++αααα====   . 
@> eK[smIkar 01xx2 ====−−−−−−−−  manb¤stageday αααα nig ββββ  . 
cUrKNna ββββ++++ββββ++++αααα==== 35 2A   
#> eK[smIkar 09m4x)1m(2x:)E( 2 ====−−−−++++++++−−−−  
k> bgðajfa )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m  . 
x> kMNt;témø m  edIm,I[ 17)xx(2xx 21

2
2

2
1 ++++++++====++++  Edl 21 x,x  Cab¤s . 

$> eK[smIkar 0qpxx:)E( 2
1 ====++++++++  nig 0'qx'px:)E( 2

2 ====++++++++  
cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
%> eK[smIkar 0qpxx:)E( 2

1 ====++++++++  nig 0'qx'px:)E( 2
2 ====++++++++  

cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
^> eK[ 0c,0b,0a ≥≥≥≥≥≥≥≥≥≥≥≥  . 
k>cUrRsayfa ab2ba ≥≥≥≥++++   nig 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++  
x> edayeRbIvismPaBxagelIenHcUrRsayfa 3 abc3cba ≥≥≥≥++++++++  
&> eK[ c,b,a  CacMnYnBitviC¢man .  
cUrRsayfa )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  



CMBUkTI4                            smIkar nig vismIkar 

  
- 81 - 

*> eK[ y,x,b,a  CacMnYnviC¢man nig 1ba ====++++  . 
cUrbgðajfa ybxabyax ++++≥≥≥≥++++   . 
(>eK[  0c,b,a >>>>   Edl 1abc≥≥≥≥  .   
cUrbgðajfa   

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++    
!0> eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++    

!!> eK[ d,c,b,a  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ 
22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++   

cUrbgðajfa 1ba 22 >>>>++++  nig 1dc 22 >>>>++++   . 
!@> eK[ 0z,y,x >>>>  Edl 1zyx ====++++++++   . 

cUrRsayfa 
4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

   

!#> eKmansmIkar 0qpxx:)E( 2 ====++++++++  
ebI 3x αααα====  Cab¤srbs;smIkar )E(  enaHcUrRsayfaeKmanTMnak;TMng  

0q)pq3p( 332 ====++++αααα−−−−++++αααα   . 
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!$> edaHRsaysmIkar 
   2x3x

26
)31(2x3x 2

2

++++−−−−====
++++

++++++++−−−−  

!%> edaHRsaysmIkar 
      8x6xx 32 ++++====++++−−−−   
 

����� 
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lMhat́TI1 
eKmansmIkar 01x2x2 ====−−−−−−−−  manb¤stageday αααα  nig ββββ  . 
cUrKNna 24 6A ββββ++++αααα====   . 
dMeNa¼Rsay 
KNna 24 6A ββββ++++αααα====    

eday αααα  nig ββββ  Cab¤s 01x2x2 ====−−−−−−−−  enaHeK)an 






====−−−−ββββ−−−−ββββ

====−−−−αααα−−−−αααα

)2(012

)1(012
2

2

 

tam )1(  eKTaj 122 ++++αααα====αααα  
elIkCakaereK)an 24 )12( ++++αααα====αααα  

                        
512

14)12(4

144

4

4

24

++++αααα====αααα

++++αααα++++++++αααα====αααα

++++αααα++++αααα====αααα

 

tam )2(  eKTaj 122 ++++ββββ====ββββ  
eK)an 24 6A ββββ++++αααα====    
             

11)(12

)12(6512

++++ββββ++++αααα====
++++ββββ++++++++αααα====  

eday 2====ββββ++++αααα  enaH 3511)2(12A ====++++====  
dUcenH 35A ====   . 
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lMhat́TI2 
eK[smIkar 01xx2 ====−−−−−−−−  manb¤stageday αααα nig ββββ  . 
cUrKNna ββββ++++ββββ++++αααα==== 35 2A   
dMeNa¼Rsay 
KNna ββββ++++ββββ++++αααα==== 32A 35   

eday αααα nig ββββ  Cab¤sén 01xx2 ====−−−−−−−−  enaHeK)an 






====−−−−ββββ−−−−ββββ

====−−−−αααα−−−−αααα

01

01
2

2

 

b¤ 






++++ββββ====ββββ

++++αααα====αααα

1

1
2

2

 

eKman ββββ++++ββββ++++αααα==== 35 2A  

              

2)(5

252)1(3

2523

25)23(

3)1(2)121(

22)12(

)1(2)1(

.2)(

2

22

2

222

++++ββββ++++αααα====
++++ββββ++++αααα++++++++αααα====

++++ββββ++++αααα++++αααα====

++++ββββ++++++++αααααααα====
ββββ++++++++ββββ++++++++αααα++++++++αααααααα====

ββββ++++ββββ++++ββββ++++++++αααα++++αααααααα====

ββββ++++++++ββββββββ++++++++αααααααα====

ββββ++++ββββββββ++++αααααααα====

 

eday 1====ββββ++++αααα   enaH 725A ====++++====  
dUcenH 7A ====  . 
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lMhat́TI3 
eK[smIkar 09m4x)1m(2x:)E( 2 ====−−−−++++++++−−−−  
k> bgðajfa )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m  . 
x> kMNt;témø m  edIm,I[ 17)xx(2xx 21

2
2

2
1 ++++++++====++++  Edl 21 x,x  Cab¤s . 

dMeNa¼Rsay 
k> bgðajfa )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m   
 DIsRKImINg;bRgYménsmIkarKW ³ 

 
IRm09)1m(9m41m2m

)9m4()1m('
22

2

∈∈∈∈∀∀∀∀>>>>++++−−−−====++++−−−−++++++++====

−−−−−−−−++++====∆∆∆∆  

dUcenH )E(  manb¤sBIrepSgKñaCacMnYnBitCanic©RKb;témø m. 
x> kMNt;témø m  edIm,I[ 18)xx(2xx 21

2
2

2
1 ++++++++====++++   

eday 21 x,x  Cab¤senaH 




−−−−====
++++====++++

)2(9m4xx

)1()1m(2xx

21

21  

eKman 17)xx(2xx 21
2

2
2

1 ++++++++====++++  
          )3(17)xx(2xx2)xx( 2121

2
21 ++++++++====−−−−++++  

yksmIkar )2(&)1(  CMnYskñúg )3(  eK)an ³ 

2
1

m0)1m2(

01m4m4

17)1m(4)9m4(2)1m(4

2

2

2

====⇒⇒⇒⇒====−−−−

====++++−−−−

++++++++====−−−−−−−−++++
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lMhat́TI4 
eK[smIkar 0qpxx:)E( 2

1 ====++++++++  nig 0'qx'px:)E( 2
2 ====++++++++  

cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
dMeNa¼Rsay 
rkTMnak;TMngrvag 'q,'p,q,p   
tag αααα  Cab¤srYmrbs;smIkar )E( 1  nig )E( 2  enaHeK)an ³ 







====++++αααα++++αααα

====++++αααα++++αααα

)2(0'q'p

)1(0qp
2

2

 

dksmIkar )2(&)1(  eK)an ³ 0)'qq()'pp( ====−−−−++++αααα−−−−  
eKTaj 

'pp
'qq

−−−−
−−−−−−−−====αααα   ykCMnYskñúgsmIkar )1(  eK)an ³ 

0)'pqq'p)('pp()'qq(

0)]'pp(q)'qq(p)['pp()'qq(

0)'pp(q)'qq)('pp(p)'qq(

0q
'pp
'qq

p
'pp
'qq

2

2

22

2

====−−−−−−−−−−−−−−−−

====−−−−−−−−−−−−−−−−−−−−−−−−

====−−−−++++−−−−−−−−−−−−−−−−

====++++








−−−−
−−−−−−−−++++









−−−−
−−−−−−−−

 

dUcenH )'pqq'p)('pp()'qq( 2 −−−−−−−−====−−−−   . 
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lMhat́TI5 
eK[smIkar 0qpxx:)E( 2

1 ====++++++++  nig 0'qx'px:)E( 2
2 ====++++++++  

cUrrkTMnak;TMngrvag 'q,'p,q,p  edIm,I[ )E( 1  nig )E( 2  manb¤srYmmYy . 
dMeNa¼Rsay 
Rsayfa abc8)ac)(cb)(ba( ≥≥≥≥++++++++++++    
tammFümnBVnþ nig mFümFrNImaRteKman ³ 

)1(ab2baab
2

ba ≥≥≥≥++++⇒⇒⇒⇒≥≥≥≥++++  
dUcKñaEdreK)an     )2(bc2cb ≥≥≥≥++++    nig  )3(ac2ac ≥≥≥≥++++  
eFIVviFIKuNvismPaB )3(&)2(,)1(  GgÁnigGgÁeK)an ³ 

abc8cba8)ac)(cb)(ba(

ac2.bc2.ab2)ac)(cb)(ba(
222 ====≥≥≥≥++++++++++++

≥≥≥≥++++++++++++  

dUcenH abc8)ac)(cb)(ba( ≥≥≥≥++++++++++++   . 
 
 
 
 
 
 



CMBUkTI4                            smIkar nig vismIkar 

  
- 88 - 

lMhat́TI6 
eK[ 0c,0b,0a ≥≥≥≥≥≥≥≥≥≥≥≥  . 
k>cUrRsayfa ab2ba ≥≥≥≥++++   nig 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++  
x> edayeRbIvismPaBxagelIenHcUrRsayfa 3 abc3cba ≥≥≥≥++++++++  
dMeNa¼Rsay 
k>Rsayfa ab2ba ≥≥≥≥++++   nig 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++    
]bmafa ab2ba ≥≥≥≥++++   Bit 
eK)an 0ab2ba ≥≥≥≥−−−−++++  

         
Bit0)ba(

0)b(b.a2)a(
2

22

≥≥≥≥−−−−

≥≥≥≥++++−−−−  

dUcenH ab2ba ≥≥≥≥++++    . 
RsaydUcKñaEdr 

3
cba

.c2
3

cba
c

++++++++≥≥≥≥++++++++++++   . 
x>Rsayfa 3 abc3cba ≥≥≥≥++++++++  
eKman )1(ab2ba ≥≥≥≥++++   

)2(
3

cba
.c2

3
cba

c
++++++++≥≥≥≥++++++++++++     

bUkvismPaB )2(&)1(  GgÁ nig GgÁeK)an ³ 
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)3()
3

cba
.cab(2)cba(

3
4

)
3

cba
.cab(2

3
cba

cba

++++++++++++≥≥≥≥++++++++

++++++++++++≥≥≥≥++++++++++++++++++++
 

eday )4(
3

cba
.abc2

3
cba

.c.ab2
3

cba
.cab 4 ++++++++====++++++++≥≥≥≥++++++++++++  

tam )4(&)3(   eK)an ³ 

4

4

3
cba

.abc3cba

3
cba

.abc4)cba(
3
4

++++++++≥≥≥≥++++++++

++++++++≥≥≥≥++++++++
 

elIkGgÁTaMgBIrCasV½yKuN 4 eK)an ³ 

abc27)cba(

3
cba

.abc.81)cba(

3

4

≥≥≥≥++++++++

++++++++≥≥≥≥++++++++  

dUcenH 3 abc3cba ≥≥≥≥++++++++    . 
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lMhat́TI7 
eK[ c,b,a  CacMnYnBitviC¢man .  
cUrRsayfa )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  
dMeNa¼Rsay 
Rsayfa )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++   
tamvismPaB mFümnBVnþ nig mFümFrNImaRteKman ³ 

)3(bca
2

acba

)2(abc
2

accb

)1(cab
2

cbba

2
2222

2
2222

2
2222

≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++

 

bUkvismPaBTaMgenHGgÁnigGgÁeK)an ³ 
)4(bcaabccabaccbba 222222222 ++++++++≥≥≥≥++++++++  

man )bcaabcbca(2accbba)cabcab( 2222222222 ++++++++++++++++++++====++++++++   
b¤ )bcaabccab(2)cabcab(accbba 2222222222 ++++++++−−−−++++++++====++++++++   
vismPaB )4(  Gacsresr ³ 

2222222 abccabbca)bcaabccab(2)cabcab( ++++++++≥≥≥≥++++++++−−−−++++++++   
                                     )abccabbca(3)cabcab( 2222 ++++++++≥≥≥≥++++++++   
dUcenH )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  . 
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lMhat́TI8 
eK[ y,x,b,a  CacMnYnviC¢man nig 1ba ====++++  . 
cUrbgðajfa ybxabyax ++++≥≥≥≥++++   . 
dMeNa¼Rsay 
bgðajfa ybxabyax ++++≥≥≥≥++++   
]bmafa ybxabyax ++++≥≥≥≥++++   Bit 
smmUl 2)ybxa(byax ++++≥≥≥≥++++  
            )1(ybxyab2xabyax 22 ++++++++≥≥≥≥++++  
eday 1ba ====++++  enaH vismPaB )1(  Gacsresr ³ 

Bit0)yx(ab

0)xy2yx(ab

0xyab2abyabx

ybxyab2xaybabyabxxa

ybxyab2xa)ba)(byax(

2

2222

22

≥≥≥≥−−−−

≥≥≥≥−−−−++++

≥≥≥≥−−−−++++

++++++++≥≥≥≥++++++++++++

++++++++≥≥≥≥++++++++

 

dUcenH  ybxabyax ++++≥≥≥≥++++    . 
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lMhat́TI9 
eK[  0c,b,a >>>>   Edl 1abc≥≥≥≥  .   
cUrbgðajfa   

8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++    
dMeNa¼Rsay 

Rsayfa 
8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++   
eKman a21a2 ≥≥≥≥++++   RKb; 0a >>>>  
eK)an 222 )1a(33a6a34a4a4 ++++====++++++++≥≥≥≥++++++++  
eKTaj 

4
)1a(3

1aa
2

2 ++++≥≥≥≥++++++++   

b¤        
4

)1a(3
1a

1aa2 ++++≥≥≥≥
++++

++++++++  

b¤        
2
a3

a1
a

1
2

≥≥≥≥
++++

++++   eRBaH a21a ≥≥≥≥++++  

dUcKñaEdr 
2
b3

b1
b

1
2

≥≥≥≥
++++

++++   nig 
2

c3
c1

c
1

2

≥≥≥≥
++++

++++  

eK)an
8
abc27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++  

edaysmµtikmµ 1abc≥≥≥≥  enaH 
8
27

8
abc27 ≥≥≥≥  

dUcenH 
8
27

)
c1

c
1)(

b1
b

1)(
a1

a
1(

222

≥≥≥≥
++++

++++
++++

++++
++++

++++   . 
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lMhat́TI10 
eK[  c,b,a  CabIcMnYnBitviC¢man . cUrbgðajfa ³ 

2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++    

dMeNa¼Rsay 
eKmansmPaB ³ 

)cabcabcba)(ac)(cb)(ba(5)cba(cba

)ac)(cb)(ba(3)cba(cba
2225555

3333

++++++++++++++++++++++++++++++++−−−−++++++++====++++++++

++++++++++++−−−−++++++++====++++++++  

)cabcabcba(
3
5

)cba(cba
)cba(cba 222

3333

5555

++++++++++++++++++++====
++++++++−−−−++++++++
++++++++−−−−++++++++  

eyIgnwgRsayfa 2222 )cba(
9
10

)cabcabcba(
3
5 ++++++++≥≥≥≥++++++++++++++++++++  

b¤ 2222 )cba(2)cabcabcba(3 ++++++++≥≥≥≥++++++++++++++++++++  
b¤                          cabcabcba 222 ++++++++≥≥≥≥++++++++  
tamvismPaB mFümnBVnþ nig mFümFrNImaRteKman ³ 

ac
2

ac
,bc

2
cb

,ab
2

ba 222222

≥≥≥≥++++≥≥≥≥++++≥≥≥≥++++  
enaH 222

222222

cba
2

ac
2

cb
2

ba
cabcab ++++++++====++++++++++++++++++++≤≤≤≤++++++++   Bit 

dUcenH  2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++   . 
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lMhat́TI11 
eK[ d,c,b,a  CabIcMnYnBitEdlepÞógpÞat;vismPaB ³ 

22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++   
cUrbgðajfa 1ba 22 >>>>++++  nig 1dc 22 >>>>++++   . 
dMeNa¼Rsay 
bgðajfa 1ba 22 >>>>++++  nig 1dc 22 >>>>++++    
tag 22 ba1x −−−−−−−−====   nig 22 dc1y −−−−−−−−====  
eyIg]bmafa 0x ≥≥≥≥  nig 0y ≥≥≥≥  
vismPaB 22222 )1bdac()1dc)(1ba( −−−−++++>>>>−−−−++++−−−−++++   
smmUl 2)1bdac(xy −−−−++++>>>>  
b¤         2)2bd2ac2(xy4 −−−−++++>>>>  
eday 2222 dcba2yx −−−−−−−−−−−−−−−−====++++  
enaH yxbd2ac2dcba2bd2ac2 2222 −−−−−−−−++++++++−−−−−−−−−−−−−−−−====−−−−++++  
                               ]yx)db()ca[( 22 ++++++++−−−−++++−−−−−−−−====  
eKTaj 2222 )yx()]yx()db()ca([xy4 ++++≥≥≥≥++++++++−−−−++++−−−−>>>>  
b¤  22 yxy2xxy4 ++++++++>>>>  
b¤  0)yx( 2 <<<<−−−−   minBit . naM[kar]bmaxagelIpÞúyBIkarBit . 
dUcenHeKTaj 0x <<<<  nig 0y <<<<  naM[ 1ba 22 >>>>++++  nig 1dc 22 >>>>++++   . 
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lMhat́TI12 
eK[ 0z,y,x >>>>  Edl 1zyx ====++++++++   . 

cUrRsayfa 
4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

   

dMeNa¼Rsay 

Rsayfa 
4
1

)z1(
z

)y1(
y

)x1(
x

2

3

2

3

2

3

≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

   

eKBinitü 2

232

2

3

)x1(
)xx2()xx2x(

)x1(
x

−−−−
−−−−++++++++−−−−====

−−−−
 

                           

2

2

2

22

2

22

2

2

)x1(4
)1x3(

4
1

x
)x1(4

)x1()1x3(
x

)x1(4
)xx21()1x6x9(

x

)x1(
xx2

x

−−−−
−−−−++++−−−−====

−−−−
−−−−−−−−−−−−++++====

−−−−
++++−−−−−−−−++++−−−−++++====

−−−−
−−−−++++====

 

eday 0
)x1(4
)1x3(
2

2

≥≥≥≥
−−−−
−−−−   enaH )1(

4
1

x
)x1(

x
2

3

−−−−≥≥≥≥
−−−−

 

dUcKñaEdr )2(
4
1

y
)y1(

y
2

3

−−−−≥≥≥≥
−−−−

nig )3(
4
1

z
)z1(

z
2

3

−−−−≥≥≥≥
−−−−

 

bUkvismPaB )3(,)2(,)1(  GgÁ nig GgÁeK)an ³ 

4
1

4
3

1
4
3

zyx
)z1(

z
)y1(

y
)x1(

x
2

3

2

3

2

3

====−−−−====−−−−++++++++≥≥≥≥
−−−−

++++
−−−−

++++
−−−−

  Bit . 
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lMhat́TI13 
eKmansmIkar 0qpxx:)E( 2 ====++++++++  
ebI 3x αααα====  Cab¤srbs;smIkar )E(  enaHcUrRsayfaeKmanTMnak;TMng  

0q)pq3p( 332 ====++++αααα−−−−++++αααα   . 
dMeNa¼Rsay 
Rsayfa 0q)pq3p( 332 ====++++αααα−−−−++++αααα    
ebI 3x αααα====  Cab¤srbs;smIkar )E(  enaHeK)an  0qp 33 2 ====++++αααα++++αααα  . 
tamsmPaB  

)cabcabcba)(cba(abc3cba 222333 −−−−−−−−−−−−++++++++++++++++====−−−−++++++++  
ebIeKyk qc,pb,a 33 2 ====αααα====αααα====   eK)an ³ 

0pq3qp 332 ====αααα−−−−++++αααα++++αααα   ¬eRBaH 0qp 33 2 ====++++αααα++++αααα  ¦ 
dUcenH  0q)pq3p( 332 ====++++αααα−−−−++++αααα    Bit . 
 
 
 
 



CMBUkTI4                            smIkar nig vismIkar 

  
- 97 - 

lMhat́TI14 
edaHRsaysmIkar 

2x3x
26

)31(2x3x 2
2

++++−−−−====
++++

++++++++−−−−  
dMeNa¼Rsay 
edaHRsaysmIkar 

2x3x
26

)31(2x3x 2
2

++++−−−−====
++++

++++++++−−−−  
smIkarmann½yluHRtaEt 02x3x2 ≥≥≥≥++++−−−−  
naM[ 1x ≤≤≤≤   b¤  2x ≥≥≥≥  . 
tag 2x3xt 2 ++++−−−−====  smIkarGacsresr ³ 

t
26
32t 2

====
++++

++++   b¤  032t)26(t 2 ====++++++++−−−−  
22 )26(38)26( −−−−====−−−−++++====∆∆∆∆  

eKTajb¤s 6t,2t 21 ========  
-cMeBaH 2t ====  enaH 22x3x2 ====++++−−−−  b¤ 3x,0x0x3x 21

2 ========⇒⇒⇒⇒====−−−−  
-cMeBaH 6t ====  enaH 62x3x2 ====++++−−−−   b¤ 4x,1x04x3x 21

2 ====−−−−====⇒⇒⇒⇒====−−−−−−−−  
dUcenH }4,3,0,1{x −−−−∈∈∈∈   . 
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lMhat́TI15 
edaHRsaysmIkar 8x6xx 32 ++++====++++−−−−   
dMeNa¼Rsay 
edaHRsaysmIkar 
eKman 8x6xx 32 ++++====++++−−−−    
          )4x2x)(2x(6xx 22 ++++−−−−++++====++++−−−−   
smIkarmann½yluHRtaEt 0)4x2x)(2x( 2 ≥≥≥≥++++−−−−++++  
eday 04x2x2 >>>>++++−−−−  Canic©RKb; IRx∈∈∈∈  eBaH 012,01a <<<<−−−−====∆∆∆∆>>>>====  
ehtuenHeKRtUv[ 2x02x −−−−≥≥≥≥⇒⇒⇒⇒≥≥≥≥++++  . 
tag 4x2xv,2xu 2 ++++−−−−====++++====  
smIkarGacsresr 0)vu(uv2vu 2 ====−−−−⇔⇔⇔⇔≥≥≥≥++++  b¤ vu ====  
eK)an 4x2x2x 2 ++++−−−−====++++  
b¤ 02x3x2 ====−−−−++++−−−−  eday 2

a
c

x,1x0cba 21 ============⇒⇒⇒⇒====++++++++  
dUcenH 2x,1x 21 ========   . 
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emeronsegçb 
GnuKmn_RtIekaNmaRt nig karGnuvtþn _ 

 
1-niymn&y 
 kñúgRKb;RtIekaNEkg ABC  ebI A  CamMuRsYcmYyenaHeKmanTMnak;TMng 
dUcxageRkam ³ 
 
 
 
 
 
 

 
BC AC

sin A ; cos A
AB AB
BC AC

tan A ; cot A
AC BC

= == == == =

= == == == =
  

2-TMnaḱTMngrvagpleFobRtIekaNmaRt 

 2 2

2 2
2 2

sin A cos A
tan A ; cot A

cos A sin A
1

sin A cos A 1 ; tan A
cot A

1 1
1 tan A ; 1 cot A

cos A sin A

= == == == =

+ = =+ = =+ = =+ = =

+ = + =+ = + =+ = + =+ = + =

   

A  B  

C  
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3-taragtémøpleFobRtIekaNmaRténmMuBiess 

αααα    o0     o30     o45     o60     o90     o120     o135     o150     o180     

sinαααα    0    1
2
    2

2
    3

2
    1    3

2
    2

2
    1

2
    0    

cosαααα    1    3
2
    2

2
    1

2
    0    1

2
−−−−     2

2
−−−−     3

2
−−−−     1−−−−     

tan αααα    0    3
3
    1    3    minkMNtminkMNtminkMNtminkMNt;;;;    3−−−−     1−−−−     3

3
−−−−     0    

 
4-RTwsþIbTsIunUs 

 eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c= = == = == = == = =  carwkkñúg 
rgVg;mYymanp©it O  nigkaM R   . 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

eKmanTMnak;TMng   a b c
2R

sin A sinB sinC
= = == = == = == = =   . 

 
 

A  

B  C  
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5-RTwsþIbTkUsIunUs 
 eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c= = == = == = == = =  
 
 
 
 
 
 eKmanTMnak;TMngdUcxageRkam ³ 

 
2 2 2

2 2 2

2 2 2

a b c 2bccos A

b c a 2accosB

c a b 2abcosC

= + −= + −= + −= + −
= + −= + −= + −= + −
= + −= + −= + −= + −

 

6-épÞRkLaRtIekaN 
 k-krNIsÁal;RCugBIr nig mMumYy 
 épÞRkLa S énRtIekaN ABC  mYykMNt;eday ³ 
        1 1 1

S bcsin A acsinB absinC
2 2 2

= = == = == = == = =  
 x-krNIsÁal;RCugTaMgbI ¬rUbmnþehr:ug ¦ 
 épÞRkLa S énRtIekaN ABC  mYykMNt;eday ³ 
      S p(p a)(p b)(p c)= − − −= − − −= − − −= − − −   Edl a b c

p
2

+ ++ ++ ++ +====   . 
 

A  

B  C  a  

b  c  
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kRmglMhat́eRCIserIs 
!> eKmanRtIekaN ABC   mYyEkgRtg; C  . eKdwgfa AB 10 cm====  
nig 7

sin A sinB
5

+ =+ =+ =+ =   .   
cUrkMNt;RCug AC  nig BC   rYcTajrk tan A  nig tanB   . 
@> edaydwgfa 5

tan
12

α =α =α =α =   nig o o0 90< α << α << α << α <    . 
cUrKNnatémøén cos , sinα αα αα αα α   nig cotαααα   . 
#> cUrKNna 4 2 4 2A sin x 4cos x cos x 4sin x= + + += + + += + + += + + +  
              2 2B (asinx bcosx) (acosx bsinx)= + + −= + + −= + + −= + + −  
$> eKdwgfa b

tanx
a

====   . 

cUrRsayfa 
4 4cos x sin x 1

a b a b
+ =+ =+ =+ =

++++
 

%> eKdwgfa 41
sinx cosx

29
+ =+ =+ =+ =   . 

cUrKNnaplKuN sin x.cosx  rYcTajrk sin x  nig  cosx  . 
^> eKdwgfa tan x cot x a+ =+ =+ =+ =   Edl o0 x 90< << << << <   nig a 2≥≥≥≥ . 
cUrKNna 3 3tan x cot x++++  CaGnuKmn_én a   . 
&> cMeBaHRKb; x IR∈∈∈∈   cUrRsaybBa¢ak;smPaB ³ 
k> 6 6 2 2sin x cos x 1 3sin xcos x+ = −+ = −+ = −+ = −  
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x> 8 8 4 4 4 41 1 1 1
(sin x cos x) (sin x cos x) sin xcos x

4 2 4 2
+ − + + =+ − + + =+ − + + =+ − + + =    

*> eKdwgfa m n p
cosa , cosb , cosc

n p p m m n
= = == = == = == = =

+ + ++ + ++ + ++ + +
 

cUrKNnakenSam ³ 
2 2 2

2 2 2

sin a sin b sin c
M

2 2cosa sin a 2 2cosb sin b 2 2cosc sin c
= + += + += + += + +

+ − + − + −+ − + − + −+ − + − + −+ − + − + −
 

(>cUrRsaybBa¢ak;fa 2 2| acosx bsinx | a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   
!0> eKmanRtIekaN ABC  mYyEdl BC a , AC b , AB c= = == = == = == = =   . 
cUrRsaybBa¢ak;smPaB 

2 2 2a b c
bccos A accosB abcosC

2
+ ++ ++ ++ ++ + =+ + =+ + =+ + =  

!!> eKmanRtIekaN ABC  mYyEdl BC a , AC b , AB c= = == = == = == = =   . 
tag R  nig S erogKñaCakaM nig épÞRkLaénRtIekaN ABC  enH . 
cUrRsayfa   

2 2 2cos A cosB cosC R(sin A sin B sin C)
a b c 4S

+ ++ ++ ++ ++ + =+ + =+ + =+ + =  
!@> kñúgRKb;RtIekaN ABC cUrRsayfa ³ 

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =  

!#> kñúgRKb;RtIekaNcUrRsayfa ³ 
2

(p a)(p b)(p c)
(1 cos A)(1 cosB)(1 cosC) 8

abc
− − −− − −− − −− − −    − − − =− − − =− − − =− − − =     

    
  

Edl a , b , c CaRCugRtIekaN  ABC   nig a b c
p

2
+ ++ ++ ++ +====  . 
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!$> eK[RtIekaN ABC  mYy . 
k> cUrRsaybBa¢ak;fa  

2a
1 cos A

2bc
− ≤− ≤− ≤− ≤   

Edl a , b , c CaRCugRtIekaN  ABC   . 
x> TajbBa¢ak;fa 1

(1 cos A)(1 cosB)(1 cosC)
8

− − − ≤− − − ≤− − − ≤− − − ≤    
!%> eK[RtIekaN ABC  mYy . 
k> cUrRsaybBa¢ak;fa  2 2 2sin A sin B sin C 2sinBsinCcos A= + −= + −= + −= + −   
x> TajbBa¢ak;fa ³ 

2 2 2sin A sin B sin C
cot A cot B cotC

2sin AsinBsinC
+ ++ ++ ++ ++ + =+ + =+ + =+ + =    

!^> eK[RtIekaN ABC  mYymanmMu A,B,C  CamMuRsYcEdlepÞógpÞat;smPaB  
1 1 1 1

cot A cot B cotC
2 sin A sinB sinC
    + + = + ++ + = + ++ + = + ++ + = + +    
    

  . 

cUrRsayfa ABC  CaRtIekaNsmgS½ ? 
!&> eK[RtIekaN ABC  mYymanRCug AB 5cm====  nigépÞRkLa 2S 6cm==== . 
KNnatémø cot A cot B++++  .  
!*> tag R  CakaMrgVg;carwkkñúg nig S CaépÞRkLaénRtIekaN ABC  mYy . 
k> cUrRsayfa 

22R
(cot A cot B)(cot B cotC)(cotC cot A)

S
+ + + =+ + + =+ + + =+ + + =   

x> ebI ABC  CamMuRsYcenaHcUrTaj[)anfa ³ 1
cos AcosBcosC

8
≤≤≤≤   . 
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!(> eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c= = == = == = == = =   carwkkñúg 
rgVg;mYymanp©it O  nig kaM R   . tag S nig OBCS  CaépÞRkLaén OBC∆∆∆∆  
nig ABC∆∆∆∆  erogKña . snµtfa A,B,C  CamMuRsYc . 
k> cUrRsayfa 2

OBC

1
S a cot A

4
====  . 

x> cUrTajbgðajfa 2 2 2a cot A b cot B c cotC 4S+ + =+ + =+ + =+ + =  . 
K> cUrTajbgðajfa 2

abc
acos A bcosB ccosC

2R
+ + =+ + =+ + =+ + =     . 

@0> eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c= = == = == = == = =   . 
tag a b c

p
2

+ ++ ++ ++ +====  CaknøHbrimaRt ehIy r  nig R  CakaMrgVg;carwkkñúg nig kaM 
rgVg;carwkeRkAénRtIekaN ABC  erogKña . 
cUrRsaybBa¢ak;fa ³ 
k> 2 2ab bc ca p r 4rR+ + = + ++ + = + ++ + = + ++ + = + +   
x> 2 2 2 2 2a b c 2p 2r 8rR+ + = − −+ + = − −+ + = − −+ + = − −   
K> 3 3 3 2 2a b c 3abc 2p(p 3r 12rR)+ + − = − −+ + − = − −+ + − = − −+ + − = − −  
@!>eK[RtIekaN ABC  mYy . D  CacMNucmYYénRCug [BC]   Edl BAD∠ = α∠ = α∠ = α∠ = α  
nig DAC∠ = β∠ = β∠ = β∠ = β  . 
cUrRsaybBa¢ak;fa BC sin sin

AD sinB sinC
α βα βα βα β= += += += +   ? 
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lMhat́TI1 
eKmanRtIekaN ABC   mYyEkgRtg; C  . eKdwgfa AB 10 cm====  
nig 7

sin A sinB
5

+ =+ =+ =+ =   .   
cUrkMNt;RCug AC  nig BC   rYcTajrk tan A  nig tanB   . 
dMeNa¼Rsay 
kMNt;RCug AC  nig BC   
  
 
 
 
 
 
tag   BC a , AC b , AB c 10 cm= = = == = = == = = == = = =  
tamRTwsþIbTBItaKr½kñúgRtIekaNEkg ABC  eKman 2 2 2a b c+ =+ =+ =+ =  
eday c 10====   enaH 2 2a b 100 (1)+ =+ =+ =+ =  
müa:geTottamniymn½y BC a AC b

sin A ; sinB
AB 10 AB 10

= = = == = = == = = == = = =  

eday 7
sin A sinB

5
+ =+ =+ =+ =   enaH a b 7

10 10 5
+ =+ =+ =+ =   b¤ a b 14 (2)+ =+ =+ =+ =  

 

A  

B  C  

c 10 cm====  

a  

b  
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TMnak;TMng (1) Gacsresr 2(a b) 2ab 100+ − =+ − =+ − =+ − =  
b¤ 

2 2(a b) 14
ab 50 50 48 (3)

2 2
++++= − = − == − = − == − = − == − = − =     

tam (2) nig (3) eK)anRbBnæ½smIkar a b 14

ab 48

+ =+ =+ =+ =
 ====

 

tamRTwsþIbTEvütnaM[ a  nig b  Cab¤ssmIkar 2X S X P 0− + =− + =− + =− + =  
b¤  2X 14X 48 0− + =− + =− + =− + =  

' 49 48 1∆ = − =∆ = − =∆ = − =∆ = − =   eKTajb¤s 1 2X 7 1 6 ; X 7 1 8= − = = + == − = = + == − = = + == − = = + =  
dUcenH a 6 , b 8= == == == =   b¤  a 8 , b 6= == == == =   . 
Tajrk tan A  nig tanB  ³ 
-krNI  a 6 , b 8= == == == =   eK)an ³ 
   a 6 3

tan A
b 8 4

= = == = == = == = =   nig b 8 4
tanB

a 6 3
= = == = == = == = =  . 

-krNI  a 8 , b 6= == == == =   eK)an ³ 
   a 8 4

tan A
b 6 3

= = == = == = == = =   nig b 6 3
tanB

a 8 4
= = == = == = == = =   . 
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lMhat́TI2 

edaydwgfa 5
tan

12
α =α =α =α =   nig o o0 90< α << α << α << α <    . 

cUrKNnatémøén cos , sinα αα αα αα α   nig cotαααα   . 
dMeNa¼Rsay 
KNnatémøén cos , sinα αα αα αα α   nig cotαααα    
eKman 5

tan
12

α =α =α =α =   nig o o0 90< α << α << α << α <     

tamTMnak;TMng 2
2

1
1 tan

cos
+ α =+ α =+ α =+ α =

αααα
 

eKTaj 2
22

1 1 144
cos

1 tan 1695
1

12

α = = =α = = =α = = =α = = =
+ α+ α+ α+ α     ++++     

    

 

eday o o0 90< α << α << α << α <    enaH cos 0α >α >α >α >  
dUcenH 12

cos
13

α =α =α =α =   . 

ehIytamTMnak;TMng   sin
tan

cos
ααααα =α =α =α =
αααα
   

eKTaj 5 12 5
sin tan cos .

12 13 13
α = α α = =α = α α = =α = α α = =α = α α = =   rYc 1 12

cot
tan 5

α = =α = =α = =α = =
αααα

  . 

dUcenH 12 5 12
cos ; sin ; cot

13 13 5
α = α = α =α = α = α =α = α = α =α = α = α =   . 
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lMhat́TI3 
cUrKNna 4 2 4 2A sin x 4cos x cos x 4sin x= + + += + + += + + += + + +  
              2 2B (asinx bcosx) (acosx bsinx)= + + −= + + −= + + −= + + −  
dMeNa¼Rsay 
KNna A  nig B  

4 2 4 2A sin x 4cos x cos x 4sin x= + + += + + += + + += + + +  
eday 2 2sin x cos x 1+ =+ =+ =+ =   enaH 2 2sin x 1 cos x= −= −= −= −   b¤  2 2cos x 1 sin x= −= −= −= −  
eK)an 4 2 4 2A sin x 4(1 sin x) cos x 4(1 cos x)= + − + + −= + − + + −= + − + + −= + − + + −  

             
4 2 4 2

2 2 2 2

2 2

sin x 4sin x 4 cos x 4cos x 4

(sin x 2) (cos x 2)

| sin x 2 | | cos x 2 |

= − + + − += − + + − += − + + − += − + + − +

= − + −= − + −= − + −= − + −

= − + −= − + −= − + −= − + −

 

eday 20 sin x 1≤ ≤≤ ≤≤ ≤≤ ≤   nig 20 cos x 1≤ ≤≤ ≤≤ ≤≤ ≤   
eK)an 2 2A (sin x 2) (cos x 2)= − − − −= − − − −= − − − −= − − − −  
             2 24 (sin x cos x) 4 1 3= − + = − == − + = − == − + = − == − + = − =   . 

2 2B (asinx bcosx) (acosx bsinx)= + + −= + + −= + + −= + + −  
    

2 2 2 2 2 2

2 2

a (sin x cos x) b (sin x cos x)

a b

= + + += + + += + + += + + +
= += += += +

 

dUcenH  2 2A 3 , B a b= = += = += = += = +    . 
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lMhat́TI4 

eKdwgfa b
tanx

a
====   . 

cUrRsayfa 
4 4cos x sin x 1

a b a b
+ =+ =+ =+ =

++++
 

dMeNa¼Rsay 

Rsayfa 
4 4cos x sin x 1

a b a b
+ =+ =+ =+ =

++++
   

eKman b
tanx

a
====   naM[ 2 b

tan x
a

====   eday cosx
tan x

sinx
====  

eK)an 
2

2

sin x b
cos x a

====   b¤  
2 2 2 2cos x sin x cos x sin x 1

a b a b a b
++++= = == = == = == = =
+ ++ ++ ++ +

 

eKTaj 
2cos x 1

a a b
====

++++
  naM[ 

4

2

cos a
(1)

a (a b)
====

++++
   

ehIy   
2sin x 1

b a b
====

++++
  naM[ 

4

2

sin b
(2)

b (a b)
====

++++
   

bUksmPaB (1)  nig (2)  GgÁ nig GgÁeK)an ³ 
4 4

2 2 2

cos x sin x a b a b 1
a b (a b) (a b) (a b) a b

+++++ = + = =+ = + = =+ = + = =+ = + = =
+ + + ++ + + ++ + + ++ + + +

   

dUcenH 
4 4cos x sin x 1

a b a b
+ =+ =+ =+ =

++++
  . 
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lMhat́TI5 

eKdwgfa 41
sinx cosx

29
+ =+ =+ =+ =   . 

cUrKNnaplKuN sin x.cosx  rYcTajrk sin x  nig  cosx  . 
dMeNa¼Rsay 
KNnaplKuN sin x.cosx 
eKman 2 2 2(sinx cosx) sin x 2sinxcosx cos x+ = + ++ = + ++ = + ++ = + +  
eday   41

sinx cosx
29

+ =+ =+ =+ =   nig 2 2sin x cos x 1+ =+ =+ =+ =  

eK)an 
2

41
1 2sinxcosx

29
     = += += += +    
    

  b¤ 
2 2

2

41 29 840
2sinxcosx

29 841
−−−−= == == == =  

dUcenH 420
sin x.cosx

841
====   . 

Tajrk sin x  nig  cosx  ³ 
edayeKman 41

sinx cosx
29

+ =+ =+ =+ =   nig 420
sin x.cosx

841
====   enaH sin xnigcosx 

Cab¤ssmIkar 2 41 420
X X 0

29 841
− + =− + =− + =− + =   . 

bnÞab;BIedaHRsaysmIkarenHeK)an 1 2

20 21
X ; X

29 29
= == == == =  

dUcenH 20 21
sinx ; cosx

29 29
= == == == =   b¤  21 20

sinx ; cosx
29 29

= == == == =   . 
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lMhat́TI6 
eKdwgfa tan x cot x a+ =+ =+ =+ =   Edl o0 x 90< << << << <   nig a 2≥≥≥≥ . 
cUrKNna 3 3tan x cot x++++  CaGnuKmn_én a   . 
dMeNa¼Rsay 
KNna 3 3tan x cot x++++  CaGnuKmn_én a  
eKman tan x cot x a+ =+ =+ =+ =  
eK)an 2 2(tanx cot x) a+ =+ =+ =+ =  
          2 2 2tan x 2tanxcot x cot x a+ + =+ + =+ + =+ + =   eday tan xcot x 1====    
eKTaj 2 2 2tan x cot x a 2+ = −+ = −+ = −+ = −  
tamsmPaB 3 3 2 2A B (A B)(A A.B B )+ = + − ++ = + − ++ = + − ++ = + − +  
eK)an 3 3 2 2tan x cot x (tanx cot x)(tan x tan xcot x cot x)+ = + − ++ = + − ++ = + − ++ = + − +  
                                2 2a(a 2 1) a(a 3)= − − = −= − − = −= − − = −= − − = −  
dUcenH 3 3 3tan x cot x a 3a+ = −+ = −+ = −+ = −   . 
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lMhat́TI7 
cMeBaHRKb; x IR∈∈∈∈   cUrRsaybBa¢ak;smPaB ³ 
k> 6 6 2 2sin x cos x 1 3sin xcos x+ = −+ = −+ = −+ = −  
x> 8 8 4 4 4 41 1 1 1

(sin x cos x) (sin x cos x) sin xcos x
4 2 4 2

+ − + + =+ − + + =+ − + + =+ − + + =    
dMeNa¼Rsay 
RsaybBa¢ak;smPaB ³ 
k> 6 6 2 2sin x cos x 1 3sin xcos x+ = −+ = −+ = −+ = −    
eKman 3 3 2 2 3(a b) a 3a b 3ab b+ = + + ++ = + + ++ = + + ++ = + + +  
b¤  3 3 3a b (a b) 3ab(a b)+ = + − ++ = + − ++ = + − ++ = + − +  
yk 2a sin x====   nig 2b cos x====   eK)an ³ 

6 6 2 2 3 2 2 2 2sin x cos x (sin x cos x) 3sin xcos x(sin x cos x)+ = + − ++ = + − ++ = + − ++ = + − +  
eday 2 2sin x cos x 1+ =+ =+ =+ =  
dUcenH   6 6 2 2sin x cos x 1 3sin xcos x+ = −+ = −+ = −+ = −    . 
x> 8 8 4 4 4 41 1 1 1

(sin x cos x) (sin x cos x) sin xcos x
4 2 4 2

+ − + + =+ − + + =+ − + + =+ − + + =      
eKman 2 2 2(a b) a 2ab b+ = + ++ = + ++ = + ++ = + +   b¤ 2 2 2a b (a b) 2ab+ = + −+ = + −+ = + −+ = + −  
dUcKñaEdr 4 4 2 2 2 2 2a b (a b ) 2a b+ = + −+ = + −+ = + −+ = + −  
b¤ 24 4 2 2 2a b (a b) 2ab 2a b    + = + − −+ = + − −+ = + − −+ = + − −      
edayyk 2a sin x====   nig 2b cos x====  eK)ansmPaB 
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4 4 2 2 2 2 2

2 2

sin x cos x (sin x cos x) 2sin xcos x

1 2sin xcos x

+ = + −+ = + −+ = + −+ = + −
= −= −= −= −

 

ehIy  
28 8 2 2 2 2 2 4 4

2 2 2 4 4

2 2 4 4

sin x cos x (sin x cos x) 2sin xcos x 2sin xcos x

(1 2sin xcos x) 2sin xcos x

1 4sin xcos x 2sin xcos x

    + = + − −+ = + − −+ = + − −+ = + − −    

= − −= − −= − −= − −
= − += − += − += − +

 

tagGnuKmn_ 
8 8 4 41 1 1

f (x) (sin x cos x) (sin x cos x)
4 2 4

= + − + += + − + += + − + += + − + +             

       

2 2 4 4 2 2

2 2 4 4 2 2

4 4
4 4

1 1 1
(1 4sin xcos x 2sin xcos x) (1 2sin xcos x)

4 2 4
1 4sin xcos x 2sin xcos x 2 4sin xcos x 1

4
2sin xcos x 1

sin xcos x
4 2

= − + − − += − + − − += − + − − += − + − − +

− + − + +− + − + +− + − + +− + − + +====

= == == == =

 

dUcenH 8 8 4 4 4 41 1 1 1
(sin x cos x) (sin x cos x) sin xcos x

4 2 4 2
+ − + + =+ − + + =+ − + + =+ − + + =   . 
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lMhat́TI8 

eKdwgfa m n p
cosa , cosb , cosc

n p p m m n
= = == = == = == = =

+ + ++ + ++ + ++ + +
 

cUrKNnakenSam ³ 
2 2 2

2 2 2

sin a sin b sin c
M

2 2cosa sin a 2 2cosb sin b 2 2cosc sin c
= + += + += + += + +

+ − + − + −+ − + − + −+ − + − + −+ − + − + −
 

dMeNa¼Rsay 
KNnakenSam ³ 

2 2 2

2 2 2

sin a sin b sin c
M

2 2cosa sin a 2 2cosb sin b 2 2cosc sin c
= + += + += + += + +

+ − + − + −+ − + − + −+ − + − + −+ − + − + −
   

eKman 2 2sin a 1 cos a (1 cosa)(1 cosa)= − = − += − = − += − = − += − = − +  
nig 2 2 22 2cosa sin a 1 2cosa cos a (1 cosa)+ − = + + = ++ − = + + = ++ − = + + = ++ − = + + = +  
eK)an 

2

2 2

sin a (1 cosa)(1 cosa) 1 cosa
2 2cosa sin a (1 cosa) 1 cosa

− + −− + −− + −− + −= == == == =
+ − + ++ − + ++ − + ++ − + +

 

ehIy 
2

2

sin b 1 cosb
2 2cosb sin b 1 cosb

−−−−====
+ − ++ − ++ − ++ − +

 nig  
2

2

sin c 1 cosc
2 2cosc sin c 1 cosc

−−−−====
+ − ++ − ++ − ++ − +

   

eK)an  1 cosa 1 cosb 1 cosc
E

1 cosa 1 cosb 1 cosc
− − −− − −− − −− − −= + += + += + += + +
+ + ++ + ++ + ++ + +

 

              
m n p1 1 1n p p m m n
m n p

1 1 1
n p p m m n

− −− −− −− − −−−−+ ++ ++ ++ + ++++= + += + += + += + +
+ + ++ + ++ + ++ + +

+ + ++ + ++ + ++ + +

 

              n p m p m n m n p
1

m n p
+ − + + − + + −+ − + + − + + −+ − + + − + + −+ − + + − + + −= == == == =

+ ++ ++ ++ +
 

dUcenH E 1====   . 
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lMhat́TI9 
cUrRsaybBa¢ak;fa 2 2| acosx bsinx | a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   
dMeNa¼Rsay 
RsaybBa¢ak;fa 2 2| acosx bsinx | a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   
]bmafa 2 2| acosx bsinx | a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   Bit 
smmUl 2 2 2(acosx bsinx) a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +  
eday 2 2sin x cos x 1+ =+ =+ =+ =  enaHeK)an ³ 

2 2 2 2 2(acosx bsinx) (a b )(sin x cos x)+ ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +  
2 2 2 2 2 2 2 2 2 2

2 2

a cos x 2absinxcosx b sin x a sin x a cos x b sin x

b cos x

+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +
++++

 

b¤ 2 2 2 2a sin x 2absinxcosx b cos x 0− + ≥− + ≥− + ≥− + ≥  
b¤ 2(asinx bcosx) 0− ≥− ≥− ≥− ≥   Bit 
dUcenH 2 2| acosx bsinx | a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   Bit  . 
smÁal; ³ 
eKman 2 2 2 2(acosx bsinx) (asinx bcosx) a b+ + − = ++ + − = ++ + − = ++ + − = +  
eday 2(asinx bcosx) 0− ≥− ≥− ≥− ≥  enaHeKTaj)an ³ 

2 2 2(acosx bsinx) a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   b¤ 2 2| acosx bsinx | a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +   Bit  . 
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lMhat́TI10 
eKmanRtIekaN ABC  mYyEdl BC a , AC b , AB c= = == = == = == = =   . 
cUrRsaybBa¢ak;smPaB 

2 2 2a b c
bccos A accosB abcosC

2
+ ++ ++ ++ ++ + =+ + =+ + =+ + =  

dMeNa¼Rsay 

RsaybBa¢ak;  
2 2 2a b c

bccos A accosB abcosC
2

+ ++ ++ ++ ++ + =+ + =+ + =+ + =    
 
 
 
 

 

tamRTwsþIbTkUsIunUseKmanTMnak;TMng ³   
2 2 2

2 2 2

2 2 2

a b c 2bccos A (1)

b c a 2accosB (2)

c a b 2abcosC (3)

= + −= + −= + −= + −
= + −= + −= + −= + −
= + −= + −= + −= + −

 

bUkTMnak;TMng (1) , (2)& (3)  GgÁnigGgÁeK)an ³ 
2 2 2 2 2 2a b c 2(a b c bccos A accosB abcosC)+ + = + + − − −+ + = + + − − −+ + = + + − − −+ + = + + − − −  

dUcenH 
2 2 2a b c

bccos A accosB abcosC
2

+ ++ ++ ++ ++ + =+ + =+ + =+ + =   . 
 

 

A  

B  C  a  

b  c  
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lMhat́TI11 
eKmanRtIekaN ABC  mYyEdl BC a , AC b , AB c= = == = == = == = =   . 
tag R  nig S erogKñaCakaM nig épÞRkLaénRtIekaN ABC  enH . 
cUrRsayfa   

2 2 2cos A cosB cosC R(sin A sin B sin C)
a b c 4S

+ ++ ++ ++ ++ + =+ + =+ + =+ + =  
dMeNa¼Rsay 

Rsayfa  
2 2 2cos A cosB cosC R(sin A sin B sin C)

a b c 4S
+ ++ ++ ++ ++ + =+ + =+ + =+ + =   

tamRTwsþIbTkUsIunUs nig sIunUsGnuvtþn_kñúgRtIekaN ABC  eK)an ³ 
2 2 2a b c 2bccos A= + −= + −= + −= + −   b¤ 

2 2 2cos A b c a
a 2abc

+ −+ −+ −+ −====  

a b c
2R

sin A sinB sinC
= = == = == = == = =  b¤ 

a 2Rsin A

b 2RsinB

c 2RsinC

====
 ====
 ====

   nig abc
S

4R
====  

eK)an 
2 2 2 2cos A 4R (sin B sin C sin A)

a 8RS
+ −+ −+ −+ −====  

b¤        
2 2 2cos A R(sin B sin C sin A)

(1)
a 4S

+ −+ −+ −+ −====    

dUcKñaEdr 
2 2 2cosB R(sin A sin C sin B)

(2)
b 4S

+ −+ −+ −+ −====    

nig         
2 2 2cosC R(sin A sin B sin C)

(3)
c 4S

+ −+ −+ −+ −====    
bUksmPaB (1),(2) &(3)  eK)an ³ 

2 2 2cos A cosB cosC R(sin A sin B sin C)
a b c 4S

+ ++ ++ ++ ++ + =+ + =+ + =+ + =  Bit . 
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  lMhat́TI12 
kñúgRKb;RtIekaN ABC cUrRsayfa ³ 

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =   

dMeNa¼Rsay 
RsaybBa¢ak;fa   

2(sin A sinB sinC)
(1 cos A)(1 cosB)(1 cosC)

2
+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =    

tagRCug BC a , AC b , AB c= = == = == = == = =   nig a b c
p

2
+ ++ ++ ++ +====  CaknøHbrimaRt 

yk RCakaMrgVg;carwkeRkA nig S CaépÞRkLarbs; ABC∆∆∆∆  . 
tamRTwsþIbTkUsuInUseKman 2 2 2a b c 2bccos A= + −= + −= + −= + −  
eK)an 2 2 2a (b 2bc c ) 2bc(1 cos A)= + + − += + + − += + + − += + + − +  
eKTaj 

2 2(b c) a (b c a)(b c a)
1 cos A

2bc 2bc
+ − + + + −+ − + + + −+ − + + + −+ − + + + −+ = =+ = =+ = =+ = =  

eday a b c
p

2
+ ++ ++ ++ +====  enaH  a b c 2p+ + =+ + =+ + =+ + =  nig b c a 2(p a)+ − = −+ − = −+ − = −+ − = −  

eK)an 4p(p a) 2p(p a)
1 cos A

2bc bc
− −− −− −− −+ = =+ = =+ = =+ = =  

dUcKñaEdr 2p(p b) 2p(p c)
1 cosB , 1 cosC

ac ab
− −− −− −− −+ = + =+ = + =+ = + =+ = + =  

eK)an 
2

2

8p .p(p a)(p b)(p c)
(1 cos A)(1 cosB)(1 cosC) (1)

(abc)
− − −− − −− − −− − −+ + + =+ + + =+ + + =+ + + =  

tamrUbmnþehr:ug abc
S p(p a)(p b)(p c)

4R
= − − − == − − − == − − − == − − − =  
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eKTaj 2 2

p(p a)(p b)(p c) 1
(2)

(abc) 16R
− − −− − −− − −− − − ====  

ykTMnak;TMng (2) CMnYskñúg (1) eK)an ³ 
22

2

8p 1 p
(1 cos A)(1 cosB)(1 cosC) . (3)

16R 2 R
    + + + = =+ + + = =+ + + = =+ + + = =     
    

 

tamRTwsþIbTsIunUs a b c
2R

sin A sinB sinC
= = == = == = == = =  

eKTaj a b c 2p p
sin A sinB sinC (4)

2R 2R R
+ ++ ++ ++ ++ + = = =+ + = = =+ + = = =+ + = = =  

tam (3) nig (4) eK)anTMnak;TMng ³ 
2(sin A sinB sinC)

(1 cos A)(1 cosB)(1 cosC)
2

+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =   Bit . 
smÁal; ³ eKGacsYrbEnßmeToteday[RsaybBa¢ak;fa ³ 

23
cos A cosB cosC sin A sinB sinC

1
3 2

+ + + ++ + + ++ + + ++ + + +        + ≥+ ≥+ ≥+ ≥         
         

  

edayeRbIvismPaBmFümnBVnþ mFümFrNImaRteK)an ³ 
3

1 cos A 1 cosB 1 cosC
(1 cos A)(1 cosB)(1 cosC)

3
+ + + + ++ + + + ++ + + + ++ + + + +    + + + ≤+ + + ≤+ + + ≤+ + + ≤     

    
 

b¤ 
3

cos A cosB cosC
(1 cos A)(1 cosB)(1 cosC) 1

3
+ ++ ++ ++ +    + + + ≤ ++ + + ≤ ++ + + ≤ ++ + + ≤ +    

    
 

eday 
2(sin A sinB sinC)

(1 cos A)(1 cosB)(1 cosC)
2

+ ++ ++ ++ ++ + + =+ + + =+ + + =+ + + =    

dUcenH 
23

cos A cosB cosC sin A sinB sinC
1

3 2

+ + + ++ + + ++ + + ++ + + +        + ≥+ ≥+ ≥+ ≥         
         

  Bit. 
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lMhat́TI13 
kñúgRKb;RtIekaNcUrRsayfa ³ 

2
(p a)(p b)(p c)

(1 cos A)(1 cosB)(1 cosC) 8
abc

− − −− − −− − −− − −    − − − =− − − =− − − =− − − =     
    

  

Edl a , b , c CaRCugRtIekaN  ABC   nig a b c
p

2
+ ++ ++ ++ +====  . 

dMeNa¼Rsay 
RsaybBa¢ak;fa   

2
(p a)(p b)(p c)

(1 cos A)(1 cosB)(1 cosC) 8
abc

− − −− − −− − −− − −    − − − =− − − =− − − =− − − =     
    

  

tamRTwsþIbTkUsuInUseKman 2 2 2a b c 2bccos A= + −= + −= + −= + −  
eK)an 2 2 2a (b 2bc c ) 2bc(1 cos A)= − + + −= − + + −= − + + −= − + + −  
eKTaj 

2 2a (b c) (a b c)(a b c)
1 cos A

2bc 2bc
− − + − − +− − + − − +− − + − − +− − + − − +− = =− = =− = =− = =  

eday a b c
p

2
+ ++ ++ ++ +====  enaH  a b c 2(p c)+ − = −+ − = −+ − = −+ − = −  nig a b c 2(p b)− + = −− + = −− + = −− + = −  

eK)an 4(p b)(p c) 2(p b)(p c)
1 cos A

2bc bc
− − − −− − − −− − − −− − − −− = =− = =− = =− = =  

dUcKñaEdr 2(p a)(p c) 2(p a)(p b)
1 cosB ;1 cosC

ac ab
− − − −− − − −− − − −− − − −− = − =− = − =− = − =− = − =  

dUcenH 
2

(p a)(p b)(p c)
(1 cos A)(1 cosB)(1 cosC) 8

abc
− − −− − −− − −− − −    − − − =− − − =− − − =− − − =     

    
 Bit 
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lMhat́TI14 
eK[RtIekaN ABC  mYy . 
k> cUrRsaybBa¢ak;fa  

2a
1 cos A

2bc
− ≤− ≤− ≤− ≤   

Edl a , b , c CaRCugRtIekaN  ABC   . 
x> TajbBa¢ak;fa 1

(1 cos A)(1 cosB)(1 cosC)
8

− − − ≤− − − ≤− − − ≤− − − ≤    
dMeNa¼Rsay 

k>RsaybBa¢ak;fa  
2a

1 cos A
2bc

− ≤− ≤− ≤− ≤    
tamRTwsþIbTsIunUseKman 2 2 2a b c 2bccos A= + −= + −= + −= + −  
tamvismPaBmFümnBVnþ mFümFrNImaRteKman  2 2b c 2bc+ ≥+ ≥+ ≥+ ≥  
eKTaj  2a 2bc 2bccos A 2bc(1 cos A)≥ − = −≥ − = −≥ − = −≥ − = −  
dUcenH 

2a
1 cos A

2bc
− ≤− ≤− ≤− ≤   . 

x> TajbBa¢ak;fa 1
(1 cos A)(1 cosB)(1 cosC)

8
− − − ≤− − − ≤− − − ≤− − − ≤  

tamsRmayxagelIeKman  
2a

1 cos A (1)
2bc

− ≤− ≤− ≤− ≤    

RsaydUcKñaEdr 
2b

1 cosB (2)
2ac

− ≤− ≤− ≤− ≤   nig 
2c

1 cosC (3)
2ab

− ≤− ≤− ≤− ≤  
KuNvismPaB (1) , (2) , (3)  GgÁ nig GgÁeKTTYl)an ³ 

1
(1 cos A)(1 cosB)(1 cosC)

8
− − − ≤− − − ≤− − − ≤− − − ≤     Bit . 
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lMhat́TI15 
eK[RtIekaN ABC  mYy . 
k> cUrRsaybBa¢ak;fa  2 2 2sin A sin B sin C 2sinBsinCcos A= + −= + −= + −= + −   
x> TajbBa¢ak;fa ³ 

2 2 2sin A sin B sin C
cot A cot B cotC

2sin AsinBsinC
+ ++ ++ ++ ++ + =+ + =+ + =+ + =    

dMeNa¼Rsay 
k>RsaybBa¢ak;fa  2 2 2sin A sin B sin C 2sinBsinCcos A= + −= + −= + −= + −  
tag a , b , c CaRCugRtIekaN  ABC   nig R  CakaMrgVg;carwkeRkARtIekaN. 
tamRTwsþIbTsIunUs a b c

2R
sin A sinB sinC

= = == = == = == = =  

eKTaj  
a 2Rsin A

b 2rsinB (1)

c 2RsinC

====
 ====
 ====

 

tamRTwsþIbTkUsIunUs 2 2 2a b c 2bccos A (2)= + −= + −= + −= + −  
yk (1) CMnYskñúg (2) eK)an ³ 

2 2 2 2 24R sin A 4R (sin B sin C 2sinBsinCcos A)= + −= + −= + −= + −  
sRmYl 24R  kñúgGgÁTaMgBIrénsmPaBeK)an ³ 

2 2 2sin A sin B sin C 2sinBsinCcos A= + −= + −= + −= + −   Bit 
dUcenH 2 2 2sin A sin B sin C 2sinBsinCcos A= + −= + −= + −= + −  . 
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x> TajbBa¢ak;fa ³ 
2 2 2sin A sin B sin C

cot A cot B cotC
2sin AsinBsinC

+ ++ ++ ++ ++ + =+ + =+ + =+ + =   
tamsRmayxagelIeKman  2 2 2sin A sin B sin C 2sinBsinCcos A= + −= + −= + −= + −  
eKTaj 

2 2 2sin B sin C sin A
cos A

2sinBsinC
+ −+ −+ −+ −====   eday cos A

cot A
sin A

====  

eK)an 
2 2 2sin B sin C sin A

cot A (i)
2sin AsinBsinC

+ −+ −+ −+ −====   

RsaydUcKñaEdreKTTYl)an 
2 2 2sin A sin C sin B

cot B (ii)
2sin AsinBsinC

+ −+ −+ −+ −====  

nig 
2 2 2sin A sin B sin C

cotC (iii)
2sin AsinBsinC

+ −+ −+ −+ −====  
eFIVplbUksmPaB (i) , (ii) & (iii)  eK)an ³ 

2 2 2sin A sin B sin C
cot A cot B cotC

2sin AsinBsinC
+ ++ ++ ++ ++ + =+ + =+ + =+ + =    Bit 

dUcenH 
2 2 2sin A sin B sin C

cot A cot B cotC
2sin AsinBsinC

+ ++ ++ ++ ++ + =+ + =+ + =+ + =   . 
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lMhat́TI16 
eK[RtIekaN ABC  mYymanmMu A,B,C  CamMuRsYcEdlepÞógpÞat;smPaB  

1 1 1 1
cot A cot B cotC

2 sin A sinB sinC
    + + = + ++ + = + ++ + = + ++ + = + +    
    

  . 

cUrRsayfa ABC  CaRtIekaNsmgS½ ? 
dMeNa¼Rsay 
Rsayfa ABC  CaRtIekaNsmgS½ 
tag a , b , c CaRCug nig S CaépÞRkLaénRtIekaN ABC    
eKman 1 1 1

S bcsin A acsinB absinC
2 2 2

= = == = == = == = =  

eKTaj)an 2S 2S 2S
sin A , sinB , sibC

bc ac ab
= = == = == = == = =  

eK)an 
2 2 2

2 2 2
b c a

cos A b c a2bccot A
2Ssin A 4S
bc

+ −+ −+ −+ −
+ −+ −+ −+ −= = == = == = == = =  

ehIy 
2 2 2 2 2 2a c b a b c

cot B , cotC
4S 4S

+ − + −+ − + −+ − + −+ − + −= == == == =  

eK)an 
2 2 2a b c

cot A cot B cotC (1)
4S

+ ++ ++ ++ ++ + =+ + =+ + =+ + =  

mü:ageTot 1 1 1 bc ca ab
(2)

sin A sinB sinC 2S
+ ++ ++ ++ ++ + =+ + =+ + =+ + =  

tamsmµtikmµ 1 1 1 1
cot A cot B cotC (3)

2 sin A sinB sinC
    + + = + ++ + = + ++ + = + ++ + = + +    
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yksmIkar (1) & (2)   CMnYskñúg (3)  eK)an ³ 
   

2 2 2a b c ab bc ca
4S 4S

+ + + ++ + + ++ + + ++ + + +====  
b¤ 2 2 2a b c ab bc ca+ + = + ++ + = + ++ + = + ++ + = + +  
TMnak;TMngenHsmmUl 2 2 2(a b) (b c) (c a) 0− + − + − =− + − + − =− + − + − =− + − + − =  

eKTaj 
a b 0

b c 0

c a 0

− =− =− =− =
 − =− =− =− =
 − =− =− =− =

  naM[ a b c= == == == =   . 

edayRtIekaN ABC  manRCugbIesµIKñavaCaRtIekaNsmgS½ . 
smÁal; ³ 
edayeKGacRsayfa 

2 2 2sin A sin B sin C
cot A cot B cotC

2sin AsinBsinC
+ ++ ++ ++ ++ + =+ + =+ + =+ + =    

ehIysmµtikmµ 1 1 1 1
cot A cot B cotC

2 sin A sinB sinC
    + + = + ++ + = + ++ + = + ++ + = + +    
    

  

eKTaj)ansmIkar ³ 
2 2 2sin A sin B sin C 1 1 1 1
2sin AsinBsinC 2 sin A sinB sinC

+ ++ ++ ++ +     = + += + += + += + +    
    

 
2 2 2

2 2 2

sin A sin B sin C sin AsinB sinBsinC sinCsin A

(sin A sinB) (sinB sinC) (sinC sin A) 0

+ + = + ++ + = + ++ + = + ++ + = + +
− + − + − =− + − + − =− + − + − =− + − + − =

 

eKTaj 
sin A sinB 0

sinB sinC 0

sinC sin A 0

− =− =− =− =
 − =− =− =− =
 − =− =− =− =

  naM[ sin A sinB sinC= == == == =  

b¤  A B C= == == == =   enaH ABC  CaRtIekaNsmgS½ .  



  CMBUkTI5                            GnuKmn_RtIekaNmaRt 

 

- 127 - 

lMhat́TI17 
eK[RtIekaN ABC  mYymanRCug AB 5cm====  nigmanépÞRkLa 2S 6cm==== . 
KNnatémø cot A cot B++++  .  
dMeNa¼Rsay 
KNnatémø cot A cot B++++  
 
 
 
 
 
sg;kMBs; CH  én ABC∆∆∆∆   . 
eKman AH

cot A
CH

====   nig HB
cotC

CH
====  

eK)an 
2 2AH HB AB AB AB

cot A cot B
CH CH AB.CH 2S

+++++ = = = =+ = = = =+ = = = =+ = = = =  
eday 2AB 5 cm & S 6cm= == == == =  
dUcenH 25

cot A cot B
12

+ =+ =+ =+ =   . 
 
 
 
 
 
 

C  

A  B  H  
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lMhat́TI18 
tag R  CakaMrgVg;carwkkñúg nig S CaépÞRkLaénRtIekaN ABC  mYy . 
k> cUrRsayfa 

22R
(cot A cot B)(cot B cotC)(cotC cot A)

S
+ + + =+ + + =+ + + =+ + + =   

x> ebI ABC  CamMuRsYcenaHcUrTaj[)anfa ³ 1
cos AcosBcosC

8
≤≤≤≤   . 

dMeNa¼Rsay 

Rsayfa 
22R

(cot A cot B)(cot B cotC)(cotC cot A)
S

+ + + =+ + + =+ + + =+ + + =   
 
 
 
 
 
KUskMBs; aAA' h====  én ABC∆∆∆∆  . tag BC a , AC b , AB c= = == = == = == = =  . 
kñúgRtIekaNEkg ABA' & AA'C  eKman BA' A'C

cot B ; cotC
AA' AA'

= == == == =  

eK)an 
2

a

BA' A'C a a
cot B cotC

AA' h 2S
+++++ = = =+ = = =+ = = =+ = = =   Edl SCaépÞRkLa ABC∆∆∆∆  

dUcKñaEdr 
2 2b c

cotC cot A , cot A cot B
2S 2S

+ = + =+ = + =+ = + =+ = + =  

eK)an 
2 2 2

3

a b c
(cot A cot B)(cot B cotC)(cotC cot A)

8S
+ + + =+ + + =+ + + =+ + + =  

A  

B  C  A'  
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eday abc
S

4R
====  enaH abc 4RS====  

eK)an 
2 2

3

16R S
(cot A cot B)(cot B cotC)(cotC cot A)

8S
+ + + =+ + + =+ + + =+ + + =  

dUcenH 
22R

(cot A cot B)(cot B cotC)(cotC cot A)
S

+ + + =+ + + =+ + + =+ + + =   . 

x> Taj [)anfa ³ 1
cos AcosBcosC

8
≤≤≤≤   

tamsRmayxagelIeKman ³ 
 

22R
(cot A cotB)(cot B cotC)(cotC cot A) (i)

S
+ + + =+ + + =+ + + =+ + + =    

ebI ABC  CamMuRsYcenaH cot A 0 , cot B 0 , cotC 0> > >> > >> > >> > >  
tamvismPaB mFümnBVnþ mFümFrNImaRteKman ³ 
cot A cot B 2 cot Acot B , cot B cotC 2 cot BcotC

cotC cot A 2 cotCcot A

+ ≥ + ≥+ ≥ + ≥+ ≥ + ≥+ ≥ + ≥

+ ≥+ ≥+ ≥+ ≥
 

KuNvismPaBxagelIenH GgÁ nig GgÁ eK)an  
(cot A cotB)(cot B cotC)(cotC cot A) 8cot Acot BcotC (ii)+ + + ≥+ + + ≥+ + + ≥+ + + ≥  
tam (i)&(ii)  eKTaj)an 

22R
8cot Acot BcotC

S
≤≤≤≤  

Et 
3

2abc 8R sin AsinBsinC
S 2R sin AsinBsinC

4R 4R
= = == = == = == = =  

eK)an 
2

2

2R
8cot Acot BcotC

2R sin AsinBsinC
≤≤≤≤  

dUcenH  1
cos AcosBcosC

8
≤≤≤≤   . 
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lMhat́TI19 
eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c= = == = == = == = =   carwkkñúg 
rgVg;mYymanp©it O  nig kaM R   . tag S nig OBCS  CaépÞRkLaén OBC∆∆∆∆  
nig ABC∆∆∆∆  erogKña . snµtfa A,B,C  CamMuRsYc . 
k> cUrRsayfa 2

OBC

1
S a cot A

4
====  . 

x> cUrTajbgðajfa 2 2 2a cot A b cot B c cotC 4S+ + =+ + =+ + =+ + =  . 
K> cUrTajbgðajfa 2

abc
acos A bcosB ccosC

2R
+ + =+ + =+ + =+ + =     . 

dMeNa¼Rsay 
k> Rsayfa 2

OBC

1
S a cot A

4
====   

 
 
 
 
 

 
tag K  CacMNuckNþalénRCug [BC]  enaH [OK] [BC]⊥⊥⊥⊥   . 
eKman BOC

BOK BAC A
2

∠∠∠∠∠ = = ∠ = ∠∠ = = ∠ = ∠∠ = = ∠ = ∠∠ = = ∠ = ∠   . 

A  

B  C  

O  

K  
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kñúgRtIekaNEkg OBK  eKman ³ 
OK 2OK 2OK

cot BOK cot A
BK BC a

∠ = = = =∠ = = = =∠ = = = =∠ = = = =  

eKTaj 1
OK acot A

2
====  . 

RkLaépÞénRtIekaN OBC  KW 2
OBC

1 1
S BC.OK a cot A

2 4
= == == == =   Bit 

dUcenH  2
OBC

1
S a cot A

4
====  . 

x> Tajbgðajfa 2 2 2a cot A b cot B c cotC 4S+ + =+ + =+ + =+ + =  
tamsRmayxagelIeKman 2

OBC

1
S a cot A

4
====  

dUcKñaEdr 2
OCA

1
S b cot B

4
====   nig 2

OAB

1
S c cotC

4
====  

eday OBC OCA OABS S S S= + += + += + += + +  
eK)an 2 2 21

S (a cot A b cot B c cotC)
4

= + += + += + += + +  
dUcenH 2 2 2a cot A b cot B c cotC 4S+ + =+ + =+ + =+ + =   . 
K> Tajbgðajfa 2

abc
acos A bcosB ccosC

2R
+ + =+ + =+ + =+ + =    

eKman 2 2 2 abc
a cot A b cot B c cotC 4S

R
+ + = =+ + = =+ + = =+ + = =   eRBaH abc

S
4R

====  

eday 2 2a
a cot A .acos A 2Racos A , b cot B 2RbcosB

sin A
= = == = == = == = =  

enaHeK)an 2

abc
acos A bcosB ccosC

2R
+ + =+ + =+ + =+ + =   . 

 



  CMBUkTI5                            GnuKmn_RtIekaNmaRt 

 

- 132 - 

lMhat́TI20 
eK[RtIekaN ABC  mYymanRCug BC a , AC b , AB c= = == = == = == = =   . 
tag a b c

p
2

+ ++ ++ ++ +====  CaknøHbrimaRt ehIy r  nig R  CakaMrgVg;carwkkñúg nig kaM 
rgVg;carwkeRkAénRtIekaN ABC  erogKña . 
cUrRsaybBa¢ak;fa ³ 
k> 2 2ab bc ca p r 4rR+ + = + ++ + = + ++ + = + ++ + = + +   
x> 2 2 2 2 2a b c 2p 2r 8rR+ + = − −+ + = − −+ + = − −+ + = − −   
K> 3 3 3 2 2a b c 3abc 2p(p 3r 12rR)+ + − = − −+ + − = − −+ + − = − −+ + − = − −  
dMeNa¼Rsay 
RsaybBa¢ak;fa ³ 
k> 2 2ab bc ca p r 4rR+ + = + ++ + = + ++ + = + ++ + = + +  
tamrUbmnþehr:ug S p(p a)(p b)(p c)= − − −= − − −= − − −= − − −  
EteKman S pr====  enaHeK)ansmIkar 
pr p(p a)(p b)(p c)= − − −= − − −= − − −= − − −  
elIkGgÁTaMgBIrCakaereK)an ³ 

2 2

2 3 2

p r p(p a)(p b)(p c)

pr p (a b c)p (ab bc ca)p abc

= − − −= − − −= − − −= − − −
= − + + + + + −= − + + + + + −= − + + + + + −= − + + + + + −

 

eday a b c 2p+ + =+ + =+ + =+ + =  ehIy abc 4R.S 4R.pr= == == == =  
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2 3 3

2 3

pr p 2p (ab bc ca)p 4R.pr

pr p (ab bc ca)p 4rRp

= − + + + −= − + + + −= − + + + −= − + + + −
= − + + + −= − + + + −= − + + + −= − + + + −

 

eKTaj 
2 3pr p 4rRp

ab bc ca
p

+ ++ ++ ++ ++ + =+ + =+ + =+ + =  

dUcenH 2 2ab bc ca p r 4rR+ + = + ++ + = + ++ + = + ++ + = + +   
x> 2 2 2 2 2a b c 2p 2r 8rR+ + = − −+ + = − −+ + = − −+ + = − −  
eKman 2 2 2 2a b c (a b c) 2(ab bc ca)+ + = + + − + ++ + = + + − + ++ + = + + − + ++ + = + + − + +  
eday a b c 2p+ + =+ + =+ + =+ + =   nig 2 2ab bc ca p r 4rR+ + = + ++ + = + ++ + = + ++ + = + +   
dUcenH 2 2 2 2 2a b c 2p 2r 8rR+ + = − −+ + = − −+ + = − −+ + = − −   . 
K> 3 3 3 2 2a b c 3abc 2p(p 3r 12rR)+ + − = − −+ + − = − −+ + − = − −+ + − = − −   
eKmansmPaB ³ 

3 3 3 2a b c 3abc (a b c)[(a b c) 3(ab bc ca)]+ + − = + + + + − + ++ + − = + + + + − + ++ + − = + + + + − + ++ + − = + + + + − + +  
eday a b c 2p+ + =+ + =+ + =+ + =   nig 2 2ab bc ca p r 4rR+ + = + ++ + = + ++ + = + ++ + = + +   
dUcenH 3 3 3 2 2a b c 3abc 2p(p 3r 12rR)+ + − = − −+ + − = − −+ + − = − −+ + − = − −   . 
 
 
 
 
 
 



  CMBUkTI5                            GnuKmn_RtIekaNmaRt 

 

- 134 - 

lMhat́TI21 
eK[RtIekaN ABC  mYy . D  CacMNucmYYénRCug [BC]   Edl BAD∠ = α∠ = α∠ = α∠ = α  
nig DAC∠ = β∠ = β∠ = β∠ = β  . 
cUrRsaybBa¢ak;fa BC sin sin

AD sinB sinC
α βα βα βα β= += += += +   ? 

dMeNa¼Rsay 

RsaybBa¢ak;fa BC sin sin
AD sinB sinC

α βα βα βα β= += += += +    
 
tamRTwsþIbTsIunUsGnuvtþn_ 
kñúg ABD& ADC∆ ∆∆ ∆∆ ∆∆ ∆  
eKman  BD AD

sin sinB
====

αααα
 

b¤ sin
BD .AD (1)

sinB
αααα====  

ehIy DC AD
sin sinC

====
ββββ

 

b¤  sin
DC .AD (2)

sinC
ββββ====  

bUkTMnak;TMng (1) & (2)   eK)an sin sin
BD DC .AD

sinB sinC
α βα βα βα β    + = ++ = ++ = ++ = +    

    
   

eday BD DC BC+ =+ =+ =+ =  enaH sin sin
BC .AD

sinB sinC
α βα βα βα β    = += += += +    

    
   

dUcenH BC sin sin
AD sinB sinC

α βα βα βα β= += += += +    . 

αααα  ββββ  

A  

D  B  C  
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