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 esovePAen£[ánkańEtsuRkiRtPaBEfmeTot . 
 CaTIbBa©b́en£eyIgxMJúGñkeroberogsUmeKarBCUnBrdĺGñksikßa 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lkçN³RKwHénRTwsþIcMnYn 
 

I-PaBEckdac;kñúg     
 !> sMNMucMnYnKt;rWLaTIhV 



  eKtag    CasMNMuéncMnYnKt;rWLaTIhVEdl ³ 
       }.....,3,2,1,0,1,2,3.....{   
 @> niymn½y 



  ]bmafa a  nig b  CacMnYnKt;rWLaTIhV . ebI bqa   Edl  CacMnYnKt; q

 rWLaTIhVenaHeKfa a  CaBhuKuNén b  b¤ eKfa  CatYEckén a   b

 b¤ eKfa b  Eckdac;   . a

 eKkMNt;sresr  Ganfa b  Eckdac; a  . a|b

 #> lkçN³PaBEckdac; 
  tag  CacMnYnKt;rWLaTIhV . eKmanlkçNHRKwHdUcxageRkam ³ c,b,a

  k>   a|a

  x> ebI  nig  enaH  a|b c|a c|b

  K> ebI  nig  enaH  a|b 0a  |b||a| 

  X> ebI  nig  enaH  a|b c|b  ca|b  RKb;cMnYnKt;rWLaTIhV  ,  . 
  g> ebI  nig  enaH  . a|b ca|b  c|b

  c> ebI  nig  enaH a|b b|a |b||a|   
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0  q> ebI   nig a  enaH a|b a|
b

a  
  C> cMeBaH a|b,0c   luHRtaEt   . ac|bc

  sRmaybBa¢ak; 
  k>    a|a

  eyIgsmÁal;eXIjfa a1a    dUcenH   . a|a

  x> ebI  nig  enaH   a|b c|a c|b

  ebI  nig  naM[man a|b c|a Zq,q 21   Edl 1bqa   nig 2aqc    
  eKTaj)an   dUcenH  . 21qbqc  c|b

  K> ebI  nig  enaH  a|b 0a  |b||a| 

  ebI  naM[man  Edl a|b Zq bqa   ehIyedaysarEt  0a 

  enaH   ehtuenH 1|q|  |b||b|.|q||a|    . 
  X> ebI  nig  enaH  a|b c|b  ca|b  RKb;cMnYnKt;rWLaTIhV  ,    
  ebI  nig  naM[man a|b c|a Zq,q 21   Edl 1bqa   nig 2bqc   
  RKb;cMnYnKt;rWLaTIhV  ,   eK)an b)qq(ca 21   
  dUcenH  .  ca|b

  g> ebI  nig  enaH    a|b ca|b  c|b

  eKman  nig a|b ca|b   naM[man Zq,q 21    Edl  1bqa 

  nig  enaHeKTaj)an 2bqca  b)qq(abqc 122   
  dUcenH    . c|b



sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

  c> ebI  nig  enaH a|b b|a |b||a|   
  ebI  enaH  nig  enaH  RKb;  a|b |b||a|  b|a |a||b|  0b,a 

  dUcenH |b||a|    . 
  q> ebI   nig a  enaH a|b 0 a|

b

a   

  eday  naM[ a|b )0q,Zq(;bqa   b¤ q
b

a
  

  dUcenH   b¤  a|q a|
b

a  . 
  C> cMeBaH a|b,0c   luHRtaEt    ac|bc

  eday   smmUl 0a,0c  0ac   . 
  eday  naM[ a|b )0q,Zq(;bqa   
  smmUl    bcqac 

  smmUl   . ac|bc

$> cMnYnKt;KU-cMnYnKt;ess nig lkçN³ 
  k> cMnYnKt;KUmYymanrag k2  RKb;cMnYnKt;rWLaTIhV k  . 
  x> cMnYnKt;essmYymanrag 1k2   RKb;cMnYnKt;rWLaTIhV k  . 
  K> plbUkrvagBIcMnYncMnYnKt;ess CacMnYnKt;KU . 
  X> plbUkrvagBIrcMnYnKt;KU CacMnYnKt;KU . 
  g> plbUkrvagcMnYnKt;KU nwg cMnYnKt;ess CacMnYnKt;ess . 
  c> plKuNrvagBIrcMnYnKt;ess CacMnYnKt;ess . 
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  q> plKuNrvagBIrcMnYnKt;CacMnYnKU luHRtaEtmancMnYnKt;mYyy:agticCa 
              cMnYnKU . 
 5> lkçN³Eckdac;nwgmYycMnYn 
  k> mYycMnYnEckdac;nwg 2 luHRtaEtelxxÞg;rayéncMnYnenaHEckdac;nwg  2

  )ann½yfacMnYnenaHRtUvmanelxcugeRkayCaelxKU  . }8,6,4,2,0{

  ]TahrN_ ³ cMnYn  Eckdac;nwg  eRBaHelxxÞg;ray 8  714593168 2

  Eckdac;nwg 2 . 
  x> mYYycMnYnEckdac;nwg 3 luHRtaEtplbUkénRKb;elxxÞg;rayéncMnYnenaH 
         Eckdac;nwg 3 .  
    ]TahrN_ ³ cMnYn  Eckdac;nwg  89754321516 3

  eRBaH 1735186151234579   
  Eckdac;nwg 3 . 
  K> mYycMnYnEckdac;nwg 4  luHRtaEtcMnYnBIrxÞg;xagcugéncMnYnenaHEckdac; 
  nwg 4  . 
  ]TahrN_ ³ cMnYn  Eckdac;nwg 4  eRBaHvamanelxBIrxÞg; 87716824594

  cugeRkay  Eckdac;nwg 4   . 12448 

  X> mYycMnYnEckdac;nwg 5  luHRtaEtelxxÞg;cugeRkayéncMnYnenaHCaelx 
    b¤  5   . 0

  ]TahrN_ ³ cMnYn 168277695  Eckdac;nwg 5eRBaHmanelx cugeRkay 5
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  g> mYycMnYnEckdac;nwg 25 luHRtaEtelxBIrxÞg;cugeRkayéncMnYnenaH 
  Eckdac;nwg 25 KW  . }75,50,25,00{

  ]TahrN_ ³ cMnYn  Eckdac;nwg  eRBaHvamanelxBIr 2137486475 25

  xÞg;cugeRkay 75  Eckdac;nwg  . 25

  c>mYYycMnYnEckdac;nwg 9  luHRtaEtplbUkénRKb;elxxÞg;rayéncMnYnenaH 
         Eckdac;nwg 9  . 
  ]TahrN_ ³ cMnYn 1682751681  Eckdac;nwg 9  
  eRBaH 451861572861   Eckdac;nwg 9  . 
  q>mYycMYnEckdac;nwg 11  luHRtaEtpldkrvagplbUkelxxÞg;ess nig 
  plbUkelxxÞg;KUéncMnYnenaH¬rab;BIsþaMeTAeqVg ¦ Eckdac;nwg 11  . 
  ]TahrN_ ³  cMnYn  Eckdac;nwg 11   2990108

  eRBaH 11)900()2918(   Eckdac;nwg 11  . 
 6> kaerR)akdéncMnYnKt;viC¢man 
  cMnYnKt;viC¢man ehAfakaerR)akd ....,n.....,,36,25,16,9,4,1 2

   éncMnYnKt;viC¢man   . n.....,,6,5,4,3,2,1

 RKb;cMnYnEdlCakaerR)akdmanragEtBIrKt;KW  b¤   RKb;cMnYn m4 1m4 

   Kt;viC¢man m  . 
 ]TahrN_ ³ kaerR)akdéncMnYnKt;KU  manrag  22 n4)n2(  m4

 ehIykaerR)akdéncMnYnKt;ess  1)1n(n4)1n2( 2 

 

      eroberogeday lwm plÁún                                                            - TMB½r 5 - 



sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

 manrag   . 1m4 

 elxxÞg;cugeRkaybg¥s;énkaerrbs;mYycMnYnKt;KW   b¤ 0  . 9,6,5,4,1

 ]TahrN_ ³ cMnYn  minEmnCakaerR)akdéncMnYnKt;mYyeT 82794567216

 eRBaHvamanelxcugeRkay 8  . 
 CaTUeTARKb;cMnYnKt;EdlmanelxxÞg;cugeRkayCaelx  minEmnCa 8,7,3,2

 kaerR)akdénmYycMnYnKt;eT . 
 smÁal; ³  
 kaerénRKb;cMnYnKt;GacmanelxcugeRkay   b¤    9,6,5,4,1 0

 b:uEnþRKb;cMnYnKt;EdlmanelxcugeRkay   b¤ 0   minsuTæEt 9,6,5,4,1

 CakaerR)akdénmYycMnYnKt;eT . 
II-viFIEckEbbGWKøItkñúg    IN

 !> RTwsþIbT   
 ]bmafa a  nig b  CaBIrcMnYnKt;viC¢man nig  xusBIsUnü enaHmanKU   b )r,q(

 éncMnYnKt;viC¢manEtmYyKt;Edl rbqa   nig br0   . 
 sRmaybBa¢ak; 
 edIm,IbgðajGtßiPaBén  eyIgnwgsikSabIkrNIdUcxageRkam ³ )r,q(

  kñúgkrNIenHeyIgsnμtfa ba    
  eyIgGacyk  nig 0q  bar   enaHeK)an  . )a,0()r,q( 

  kñúgkrNIenHeyIgsnμtfa ba    
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  eyIgGacyk  nig 1q  b0r   enaHeK)an )0,1()r,q(   . 
  kñúgkrNIcugeRkayenHeyIgsnμtfa   ba 

  mancMnYncMnYnKt;viC¢man n  Edl nba   . yk q  CacMnYnKt;viC¢many:ag 
 ticEdl  enaH ab)1q(  aqb   . 
 yk  enaH bqar  rbqa   nig br0   
 srubTaMgbIkrNIxagelIenHeyIgGacsnñidæanfa cMeBaa  nig  CaBIrcMnYnKt; b

 viC¢man nig b  xusBIsUnü enaHmanKU  éncMnYnKt;viC¢manEdl  )r,q(

  nig  . rbqa  br0 

 CabnþeTAeTotenHeyIgnwgbgðajPaBmanEtmYyKt;énKU  
 éncMnYnKt;viC¢manEdl 

)r,q(

rbqa   nig br0   . 
 ]bmafa  Edl  CaKUéncMnYnKt;viC¢manepÞógpÞat; 'r'bqa  )'r,'q(

  . eday b'r0  rbqa   enaHeK)an rbq'r'bq   
 eKTaj)an   enaH b)q'q('rr  'rr|b    
 ehtuenH    b¤ b|'rr|  0|'rr|   eRBaH br0  nig b'r0   
 enaH  b¤ b'rrb  b|'rr|   . 
 dUcenH 0|'rr|   naM[ 'rr    ehIy 'qq   . 
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@> niymn½y  
  eFIVviFIEckEbbGWKøItkñúgsMNMu IN  éncMnYnKt;viC¢man a  nwgcMnYnKt;viC¢man b  
 Edl  KWrkKUéncMnYnKt;viC¢man  Edl 0b  )r,q( rbqa   nig br0    
 cMnYnKt; q  ehAfaplEckénviFIEckenH ehIy r  ehAfasMNl; . 
  ehAfatYEck nig a  ehAfatMNagEck . b

 smÁal; 
 ebI  enaH ba0  ar;0q   
 ebI  enaH  kñúgkrNIenH a  CaBhuKuNén b  b¤ b  Eckdac; a  0r  bqa 

 ehIy q  CaplEckR)akdén  nig b  . a

]TahrN _1³ eK[ n  CacMnYnKt;viC¢man . eKdwgfa n  Ecknwg  [sMNl;  . 5 3

ebIeKEckcMnYn n  enaHnwg 7  [sMNl;  . 2

k> rksMNl;énviFIEckEbbGWKøItrvag  nwg  n 35

x> kMNt;cMnYn n  ebIeKdwgfa 70456n70432   . 
dMeNaHRsay 
k> rksMNl;énviFIEckEbbGWKøItrvag  nwg   n 35

eKdwgfa n  Ecknwg 5  [sMNl;  naM[man  Edl  3 0q1  3q5n 1 

ehIyedayeKEckcMnYn n  enaHnwg  [sMNl;  naM[man  7 2 0q2 

Edl   . 2q7n 2 
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eK)anRbBn½æ       b¤  







2q7n

3q5n

2

1








40q140n20

63q105n21

2

1  

eKTaj )40q140()63q105(n20n21 21   
                       2335)q4q3(n 21     tag 0q4q3q 21   
eK)an   . 23q35n 

dUcenHsMNl;énviFIEckEbbGWKøItrvag n  nwg  KW 35 23r   . 
x> kMNt;cMnYn n  ebIeKdwgfa  70456n70432    
eK)an 7045623q3570432   enaH 

35

13
2012q

35

24
2011   

eKTaj)an   ehIy 2012q  7044323201235n    . 
 
]TahrN _2³ cUrrksMNl;énviFIEckEbbGWKøIt rvagcMnYn  nig    20122 7

eKman    enaH  1723  6702010 )17(2 

tamrUbmnþeTVFajÚtun  
n22n1nnn y)n,n(C....yx)2,n(Cyx)1,n(Cx)0,n(C)yx(    

yk   nig  1y,7x  670n 

eK)an  Edl q  CacMnYnKt;viC¢manmYy . 1q7)17(2 6702010 

KuNGgÁTaMgBIrnwg  eK)an  . 422  4)q4(722012 

dUcenH sMNl;énviFIEckEbbGWKøIt rvagcMnYn  nig    KW  . 20122 7 4r 
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]TahrN _3³ eK[cMnYnKt;viC¢man m  nig n  .  
eKdwgfa m  Ecknwg 7  [sMNl;  ehIy n  Ecknwg  [sMNl;  . 2 7 3

k> rksMNl;énviFIEckrvag 22 nm   nwg 7  
x> bgðajfa 7  Eckdac;  . 33 nm 

dMeNaHRsay 
k> rksMNl;énviFIEckrvag 22 nm   nwg 7    
tambRmab;  m  Ecknwg  [sMNl; 2 ehIy n  Ecknwg 7  [sMNl;  7 3

naM[mancMnYnKt;viC¢man  nig  Edl 1q 2q 2q7m 1   nig 3q7n 2   
eK)an  2

2
2

1
22 )3q7()2q7(nm 

                        6]1)q3q2(2)qq(7[7 21
2

2
2

1 

dUcenH sMNl;énviFIEckrvag 22 nm   nwg   KW 7 6r    . 
x> bgðajfa 7  Eckdac;   33 nm 

tamrUbmnþeTVFajÚtuneKman ³ 
n

1n

0k

kkn1kn
n

0k

kknn r]rqb)k,n(C[br)bq()k,n(C)rbq(  








  

b¤   Edl n
n

n rbq)rbq(  ]rqb)k,n(C[q
1n

0k

kkn1kn
n 





  
tamsmPaBxagelIenHeKGacsresr ³ 

1)1'q(72'q7)2q7(m 1
3

1
3

1
3    Edl   IN'q1 

6)3'q(73'q7)3q7(n 2
3

2
3

1
3    Edl   IN'q2 
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eK)an   )5'q'q(77)4'q'q(7nm 2121
33 

dUcenH    . 33 nm|7 

]TahrN _4³ eK[cMnYnKt;viC¢man  nig z  .  y,x

eKdwgfa  nig  Ecknwg 216 [sMNl;erogKña nig  . y,x z 4,3 5

kMNt;témøtUcCageKmYyén  edIm,I[  Eckdac;nwg  . n nnn zyx  216

tamviFIEckEbbGWKøItebI  nig z  Ecknwg  [sMNl;erogKña nig 5  y,x 216 4,3

enaHeKman  Edl INq,q,q 321  4q216y,3q216x 21   
nig  . tameTVFajÚtuneKGacsresr ³ 5q216z 3 

nnn
n

nnn 543q216zyx   .  
ebI  enaH 3n  2166543543 3333nnn   . 
dUcenHtémøtUcCageKén n Edl  KW nnn zyx|216  3n    . 
III-viFIEckEbbGWKøItkñúg   
  RTwsþIbT   
  nig b  CaBIrcMnYnKt;rWLaTIhV nig b  xusBIsUnü enaHvamancMnYnKt;rWLaTIhV a

  EtmYyKt; nig cMnYnKt;rWLaTIhV  EtmYyKt;Edl q r rbqa   nig  
     . |b|r0 

 sRmayRTwsþIbTenHTajecjBIsRmayRTwsþIbTviFIEckEbbGWKøItkñúg IN  
 rvag a|  nig  |  EdleyIg)ansikSarYcmkehIy . | |b
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]TahrN_ 1 ³ cUrrkplEck nig sMNl;énviFIEckEbGWKøItrvag  nwg 75 11  
 eKman   b¤ 961175  9)6()11(75   
 dUcenHeKTajplEck 6q    nigsMNl; 9r    . 
 ]TahrN_ 2 ³ cUrrkplEck nig sMNl;énviFIEckEbGWKøItrvag  nwg 7  95

 eKman 413795     
 b¤ 3)14(737)13(74)13(795   
 dUcenHeKTajplEck 14q    nigsMNl; 3r    . 
 ]TahrN_ 3 ³  
 cUrrkplEck nig sMNl;énviFIEckEbGWKøItrvag 61  nwg   . 19

 eKman    431961 

 b¤ 154191519319431961   
 dUcenHeKTajplEck   nigsMNl; 4q  15r    . 
 

IV-cMnYnbzm 
 !>niymn½y   
  cMnYnKt;  ehAfacMnYnbzmluHRtaEtK μancMnYnKt; d  Edl   1p  1d 

 nig   . p|d

  ebI  CacMnYnbzmenaH p  mantYEckrYmEtBIrKt;KW 1  nig pxøÜnÉg . 1p 

 kñúgkrNIepSgBIenH eKehAfacMnYnminbzm . 
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 ]TahrN_ CacMnYnbzm . ...,23,19,17,13,11,7,5,3,2

 @>RTwsþIbT  
 RKb;cMnYnKt;  mantYEckCacMnYnbzmy:agticmYy . 1n 

 sRmaybBa¢ak; 
 -ebI n  CacMnYnbzmenaH  mantYEckrYmBIrKW  nig n  xøÜÉg . n 1

 -ebI n  minEmnCacMnYnbzmenaHy:agticman  CatYEcktUcbMputén  1d  n

  Edl  nig  bdn  bd1    . 
     snμtfa d  minEmnCacMnYnbzmenaH d  mantYEck  mYyeTotEdl 1d dd1   
 ehtuenH   nig  enaH   Edl d|d1 n|d n|d1 dd1   enaHvapÞúyBI d  Edl 
 CatYEcktUcbMputén n  .  
 dUcenH d  CatYEckbzmtUcbMputén n  . 
#>RTwsþIbT  
 RKb;cMnYnKt;  minEmnCacMnYnbzmenaHmancMnYnKt;Fm μCatibzm p  1n 

 Edl   nig  . n|p np2 

 sRmaybBa¢ak; 
 ebI  minEmnCacMnYnbzmenaHtamRTwsþIbTxagelI n  mantYEckCacMnYn 1n 

 bzmtUcCageKmYyEdltageday p  . 
 eK)an   Edl   ¬eRBaH p  CatYEcktUcbMputén  ¦ pqn  qp  n

 tam  eK)an   . qp  npqp2 
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$>RTwsþIbT  
 RKb;cMnYnKt;  Eckmindac;nwgcMnYnbzm p  Edl  enaH n  1n  np2 

 CacMnYnbzm . 
 sRmaybBa¢ak; 
 ]bmafa  CacMnYnKt;FmμCatiminbzm .  1n 

 tamRTwsþIbTeK)an  nig    EdlpÞúyBIsm μtikmμEdlfa n  Eckmin n|p np2 

 dac;nwg p  . dUcenHkarEdl]bmafa n  minEmnCacMnYnbzm minBiteT . 
 dUcenH n  CacMnYnbzm ¬Bit¦ . 
 ]TahrN_  cUrRsayfa 1009 CacMnYnbzm ? 
 bnÞab;BIeFIVviFIEckEbbGWKøItrvagcMnYn 1009 CamYycMnYnbzm  ,7,5,3,2

  nig  eXIjfa 1009 Eckmindac;CamYycMnYnbzm 29,23,19,13,11 31

 TaMgenHeT . 31 CacMnYnbzmFMCageKEdl 1009961312   . 
 tamRTwsþIbTxagelIeK)an  1009 CacMnYnbzm . 
%>karbMEbkmYycMnYnKt;CaplKuNktþabzm 
k-GtßiPaB nig PaBmanEtmYyKt;énkarbMEbk 
 RTwsþIbT ³ 
 RKb;cMnYnKt;FmμCati  minbzmGacbMEbkCaplKuNktþabzm)an 1n 

 ehIy)anEtmYyEbKt; . 
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sRmaybBa¢ak; 
tag d  CatYEckbzmmYyén  enaHeK)an n dqn    Edl  1q,INq 

-ebI q  CacMnYnbzm enaH n  GacsresrCaplKuNénBIrktþabzm)an . 
-ebI q  minEmnCacMnYnbzmenaH  GacmantYEck  mYyEdl  q 1q 21qqq 

  nig  . 1q2 

  ebI  minEmnCacMnynbzmenaH  GacmantYEck  mYyEdl 2q 2q 3q 432 qqq   
  nig  .   1q4 

  tamlMnaMdEdl²enHeKGacbegáItsVúIténplEck CasIVútcuH ....,q,q,q,q 321

  EdlmantYcugeRkayCacMnYnbzm . 
  tag k321 p.....,,p,p,p  CasIVúttYEckbzmén  dUcenHeKgacsresr n

  cMnYnKt;FmμCati n  CaTRmg;  k
k

3
3

2
2

1
1 p....pppn     

  kp  CacMnYnbzm nig k  CacMnYnKt;Fm μCatiFMCagsUnü ¬ ...3,2,1k   ¦. 
]TahrN_ ³ bMEbkcMnYn  nig CaplKuNktþabzm . 777 2002

eK)an   nig 3773777  1311722002    . 
x-lkçxNÐEckdac; 
 RTwsþIbT ³   ]bmafa n  nig  CacMnYnKt;Fm μCatiFMCag 1  . p

 edIm,I[ p  CatYEckmYyén n  luHRtaEtRKb;tYEckbzmén p  CatYEckén  n

 nigniTsSnþéntYEcknImYy²én p  minFMCagniTsSnþéntYEckEdldUcerogKñarbs; n   
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 sRmaybBa¢ak; 
 tag k

k
3

3
2

2
1

1 p....pppn     
   kp  CacMnYnbzm nig k  CacMnYnKt;Fm μCatiFMCagsUnü ¬ ...3,2,1k   ¦. 
 ebI p  CatYEckmYyén  enaHman  Edl n 1q  q.pn   . 
 karbMEbk CaplKuNénktþabzmdUcKñanwgkarbMEbk n  CaktþabzmEdr . q.p

 dUcenH p  minGacmanktþabzmepSgeToteRkABI k321 p.....,,p,p,p eT. 
 eKGacyk k

k
3

3
2

2
1

1 p....pppp    Edl k  CacMnYnKt; 
 ehIy kk0    nig ...3,2,1k   .  
 eKman )p(p....pppn

k

1i

i
i

k
k

3
3

2
2

1
1 



   

               
 





 
k

1i

n

1i

ii
i

k

1i

i
i

ii
i )p(p)p()p(n  

 dUcenH p  CatYEckmYyén n  . 
K-cMnYnéntYEckrbs;mYycMnYn 
 tag k

k
3

3
2

2
1

1 p....pppn    CacMnYnKt;FmμCatimYy 
 kp  CacMnYnbzm nig k  CacMnYnKt;FmμCatiFMCagsUnü ¬ ...3,2,1k   ¦. 
 eyIg)andwgrYcehIyfaebI p  CatYEckmYyén n  enaH p  GacsresrCaTUeTA 
   k

k
3

3
2

2
1

1 p....pppp    Edl k  CacMnYnKt; 
 ehIy kk0    nig ...3,2,1k   . 
 ehtuenHtYEckmYyén n  )anmkBIkareRCIserIs  mYyén  Liste
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

 k321 .....,,,,   EdlcMnYnnImYy²én k  GacykBI k...,,2,1,0   . 
 dUcenHedayEp¥kelIeKalkarN_r)ab;eKGacsnñidæanfacMnYntYEckén n  
 kMNt;eday )1).....(1)(1( k21    . 
 ]TahrN_1 ³ cUrrkcMnYntYEckén 31752 ? 
 eKman 243 73231752   
 dUcenHcMnYntYEckén 31752 KW 60)21)(41)(31(    . 
 ]TahrN_2 ³ cUrkMNt; n  edIm,[cMnYntYEckéncMnYn 2n2n1n2 7.4.3    
 esμInwg   . 1716

 eKman 2n2n21n22n2n1n2 7.2.27.4.3    mancMnYntYEckesμInwg  
 1312111716)3n2)(2n2)(1n2(   
 eKTaj)an  . 5n 

V-tYEckrYm nig BhuKuNrYm 
 !>tYEckrYménBIcMnYnKt;FmμCati  
    niymn½y 
  eKyk a  nig b  CaBIrcMnYnkt;FmμCati . eKfa CatYEckrYmén  a  nig  d b

 kalNa d  CatYEckén  pg nig CatYEckén  pg . a b

 ]TahrN_ ³ 
  CatYEckrYmén 42  nig 70  eRBaH  nig  . 7 42|7 70|7
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@>tYEckrYmFMbMpuénBIcMnYnKt;FmμCati  
    niymn½y ³ 
  eKyk a  nig b  CaBIrcMnYnKt;FmμCati .  
 tYEckrYmFMbMputén  a  nig b  CacMnYnKt;FmμCatiEdlFMCageK kñúgcMeNamtYEck 
 rYmén a  nig b  EdlkMNt;tageday  )b,a(GCD . 
 ]TahrN_ ³ rktYEckrYmFMbMputén 70  nig  ? 84

 eKman 75270    nig 73284 2   
 dUcenH 1472)84,70(GCD    . 
 #>cMnYnbzmrvagKña 
    niymn½y ³ 
 BIrcMnYnKt;Fm μCati a  nig b  CacMnYnbzmrvagKñaluHRtaEt 1)a,a(GCD   
]TahrN_ ³ bgðajfa  nig 55  CacMnYnbzmrvagKña ? 42

eKman   nig 73242  11555   eK)an  . 1)55,42(GCD 

dUcenH 42  nig 55  CacMnYnbzmrvagKña . 
$>lkçN³ nig RTwsþIbTéntYEckrYmFMbMput 
eKyk a  nig b  CaBIrcMnYnKt;FmμCati .  
 ebI a  Eckdac;nwg b  enaH b)b,a(GCD    . 
 ebI a  Eckmindac;nwg b  enaHmanKU  éncMnYnKt;FmμCatiEtmYyKt; )r,q(

   Edl rbqa    b¤ bqar    .  
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 tag d  CatYEckrYmmYyén a  nig b  enaH 1dqa   nig   2dqb 

 eK)an )qqq.(dqdqdqbqar 2121   . 
 dUcenHRKb;tYEckrYmén a  nig b  CatYEckénsMNl;  . r

 RTwsþIbT ³ 
 ebI a  nig  CacMnYnKt;FmμCatiEdl b rbqa   nig br0    
 enaHeK)an  . )r,b(GCD)b,a(GCD 

 sRmaybBa¢ak; 
 tag   naM[mancMnYnKt;FmμCati  Edl  )b,a(GCD y,x xa 

 nig  ehIy yb  1)y,x(GCD    . 
 eday  enaH rbqa   .)qyx(bqar    
   eday 1)y,qyx(GCD   enaH )b,a(GCD)r,b(GCD   . 
%>Gal;kUrItGWKøIt ¬ Algorithme d’Eclide ¦ 
 ]bmafa a  nig b  CacMnYnKt;FmμCatiEdl rbqa   nig   br0 

 enaHeK)an  )r,b(GCD)b,a(GCD 

 -ebI  enaH  naM[ 0r  a|b b)b,a(GCD   . 
 -ebI  nig  enaH 0r  b|r r)r,b(GCD)b,a(GCD   . 
 -ebI b  Eckmindac;nwg r  naM[manKU  Edl )r,q( 11 11 rrqb   
   eK)an )r,r(GCD)r,b(GCD)b,a(GCD 1   
 -ebI r  Eckmindac;nwg  naM[manKU  Edl 1r )r,q( 22 221 rqrr   
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 eK)an )r,r(GCD)r,r(GCD)r,b(GCD)b,a(GCD 211   
 tamrebobdUcKñaenHeK)anlkçN³TUeTA ³ 
 )r,r(GCD....)r,r(GCD)r,b(GCD)b,a(GCD k1k1   
 ebI 1kk r|r   enaH kk1k r)r,r(GCD   . 
 RbtibtþivIFIEckbnþbnÞab;EbbenHehAfa Gal;kUrItGWKøIt . 
 RTwsþIbT ³ 
  éncMnYnKt;Fm μCati a  nig  KWCasMNl;cugeRkaybMputxusBIsUnü GCD b

 kñúgviFIEckbnþbnÞab;Kña b¤ Gal;kUrItGWKøIt . 
 smÁal; ³ ebI 1rk   enaH a  nig b  CacMnYnbzmrvagKña . 
]TahrN_1 ³  
edayeRbI Gal;kUrItGWKøItcUrrktYEckFMbMputénBIrcMnYn 18480 nig 13104 
eKman 537611310418480   

           
03362672

33667232352

672235225376

23525376213104






dUcenH 336)13104;18480(GCD    . 
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]TahrN_2 ³¬ ¦  1959IMO

cUrRsayfa 
3n14

4n21


  CaRbPaKsRmYlmin)anRKb;cMnYnKt;Fm μCati n  . 

tamGal;kUrItGWKøIteK)an ³ 

01)1n7(1n7

12)1n7(3n14

)1n7(1)3n14(4n21





 

eK)an 1)3n14,4n21(GCD   
ehtuenH  nig  CacMnYnbzmrvagKñaRKb; cMnYnKt;Fm μCati n  . 4n21  3n14 

dUcenH  
3n14

4n21


  CaRbPaKsRmYlmin)an . 

 RTwsþIbT ³ 
 sMNMutYEckrYménBIrcMnYnKt;Fm μCati  nig b  es μInwgsMNMutYEckrYmFMbMput a

 rbs;va . 
 sRmaybBa¢ak; 
 tamGal;kUrItGWKøIteK)an ³ 
 kk1k1 r)r,r(GCD....)r,r(GCD)r,b(GCD)b,a(GCD    
 Edl 1kk r|r   . 
 dUcenH sMNMutYEckrYmén b&a sMNMutYEckrYmén  .....r&b 

              sMNMutYEckén . kk1k rr&r    Edl )b,a(GCDrk   . 
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]TahrN_ ³ 
 eK[cMnYn  nig  . cUrrksMNMutYEckrvag  nig  ? 74a  102b  a b

 tag   nig  CasMNMutYEckén a  nig b  . )a(D )b(D

 eday 732174a 2   nig 17321102b   
 eK)an  }74,28,21,14,12,7,6,4,3,2,1{)a(D 

 nig      }102,51,34,17,6,3,2,1{)b(D 

 ebI  CasMNMutYEckrYmén a  nig  enaHeK)an ³ )b,a(D b

 }6,3,2,1{)b(D)a(D)b,a(D    . 
 müa:geTot 632)b,a(GCD   enaH }6,3,2,1{)(D   
 dUcenH   . }6,3,2,1{)(D)b,a(D 

 RTwsþIbT ³ 
 RKb;cMnYnKt;FmμCati k,b,a  nig RKb;tYEckrYm én  nig  eKman  d a b

 k> )b,a(GCD.k)kb,ka(GCD   
 x> 

d

)b,a(GCD
)

d

b
,

d

a
(GCD    

 sRmaybBa¢ak; 
 k> )b,a(GCD.k)kb,ka(GCD   
 tag  naM[manBIcMnYnKt;FmμCati  nig bzmrvagKñaEdl )b,a(GCD x y

   nig   enaH x.a  y.b  x..kka   nig y..k   
 eK)an )b,a(GCD.k.k)kb,ka(GCD   
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 x> 
d

)b,a(GCD
)

d

b
,

d

a
(GCD   

 tamRTwsþbTxagelIeK)an ³ 
  )b,a(GCD)

d

d.b
,

d

d.a
(GCD)

d

b
,

d

a
(GCD.d   

 dUcenH 
d

)b,a(GCD
)

d

b
,

d

a
(GCD   . 

 RTwsþIbT ³ 
  nig b  CaBIrcMnYnKt;FmμCatiehIy a   CatYEckrYmén  nig  . a b

  CatYEckrYmFMbMputén a  nig  luHRtaEt  b

a  nig 


b  bzmrvagKña . 

 
-]bmafa 


a  nig 


b  bzmrvagKñaenaH 1)

b
,

a
(GCD 


  

  eK)an 


 .1)
b

,
a

(GCD.  eday )b,a(GCD)
b

,
a

(GCD. 


  
  enaHeK)an )b,a(GCD  . 
-ebI )b,a(GCD  enaH 1

)b,a(GCD








  

 Et 





)b,a(GCD
)

b
,

a
(GCD  enaH 1)

b
,

a
(GCD 


 enaH 


a  nig 


b  

 CacMnYnKt;bzmrvagKña . 
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^>smPaBbWs‘U ¬ Bezout’s Indentity ¦ 
 cMeBaHRKb;cMnYnKt;Fm μCati; a  nig b  mancMnYnKt;rWLaTIhVu  nig  Edl  v

  . )b,a(GCDbvau 

 sRmaybBa¢ak; ³ 
 tamGal;kUrItGWKøIteK)an ³ 
   b¤  11 rbqa  11 bqar    Edl br0 1   
  b¤ 221 rqrb  )qq1(b)q(aqrbr 212212    
  b¤ 3321 rqrr  3213 qrrr   
                                 

)qqqqq(b)qq1(a

)qq1(bqqaqbqa

3213132

213321



  

---------------------------------------------- 
 
eyIgsegáteXIjfa  111 bar   Edl 111 q,1   
                            222 bar   Edl 21222 qq1,q   
                            333 bar    Edl 323 qq1  
                                                              321313 qqqqq   . 
]bmafa  kkk bar   Bit 
eyIgnwgRsayfa 1k1k1k bar    BiteTot . 
eKman 1k1kk1k rqrr    enaH 1kk1k1k qrrr    
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Ettamkar]bmaeKman  kkk bar   nig 1k1k1k bar    
eK)an 1kk1kk1k1k1k qbqabar    
          )q(b)q(ar 1kk1k1kk1k1k    
edayyk 1kk1k1k q    nig 1kk1k1k q    
eK)an 1k1k1k bar    Bit .  
dUcenH  kkk bar)b,a(GCD   . 
srubmkcMeBaHRKb;cMnYnKt;Fm μCati; a  nig b  mancMnYnKt;rWLaTIhV  nig  Edl  u v

  . )b,a(GCDbvau 

&>RTwsþIbTbWs‘U ¬ Bezout’s theory ¦ 
 BIrcMnYnKt;Fm μCati; a  nig b  bzmrvagKñaluHRtaEtmanBIrcMnYnKt;rWLaTIhV 
  nig  Edl  . u v 1bvau 

 sRmaybBa¢ak ; ³ 
 tam  Bezout’s Indentity  
 cMeBaHRKb;cMnYnKt;Fm μCati; a  nig b  mancMnYnKt;rWLaTIhVu  nig  Edl  v

  . )b,a(GCDbvau 

 -ebI  enaH 1bvau  1)b,a(GCD   naM[ a  nig b  bzmrvagKña . 
 -ebI a  nig b  bzmrvagKñaenaH 1)b,a(GCD   ehIy  . 1bvau 
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]TahrN_1 ³ cUrRsayBIrcMnYnKt;Fm μCatibnþKñaCacMnYnbzm . 
 tag n  nig  CaBIrcMnYnKt;bnþKña . 1n 

 eday 1n1n)1(n1)1n(   enaHtamRTwsþIbTBezout  
 eK)an  n  nig  CaBIrcMnYnKt;FmμCatibzmrvagKña . 1n 

 ]TahrN_ 2 ³  )1959IMO(

 RKb;cMnYnKt;FmμCati n  bgðajfa 
3n14

4n21


  CaRbPaKsRmYlmin)an . 

 eKman 18n429n42)2)(4n21()3)(3n14(   
 enaHtamRTwsþIbTBezout eK)an  4n21   nig 3n14   CaBIrcMnYnKt; 
 Fm μCatibzmrvagKña . 
 dUcenH 

3n14

4n21


  CaRbPaKsRmYlmin)an . 

*>RTwsþIbTehÁas ¬ Gauss’s theory ¦ 
 ebIplKuN ab  Eckdac;nwg  ehIy c  nig a  bzmrvagKñaenaH b  Eckdac; c

 nwg c   . 
 sRmaybBa¢ak; 
 ebI c  nig a  bzmrvagKñaenaH 1)a,c(GCD   . 
 tamRTwsþIbT Bezout  naM[mancMnYnkt;rWLaTIhV u  nig Edl v 1cvau   
 naM[   . bbcvabu 

 eday  enaH ab|c bcvabu|c   b¤  . b|c
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 dUcenH ebI   nig ab|c 1)c,a(GCD    enaH   . b|c

 ]TahrN_ ³  
 RKb;cMnYnKt;FmμCati n  ebI 1)6;1n(GCD   enaHcUrRsayfa ³ 
 cMnYn   Eckdac;nwg   . nn2 2  6

 eKman  )n...21(6)1n2)(1n(n 222 

 eK)an   EttambRmab; )1n2)(1n(n|6  1)6,1n(GCD   
 tamRTwsþIbTehÁaseK)an )1n2(n|6   . 
 vi)ak ³ 
 ebI  nig n|b,n|a 1)b,a(GCD   enaH   . n|ab

sRmaybBa¢ak; 
ebI  enaHman  Edl n|a INq aqn    
ehIy  enaH   n|b aq|b

eday  enaHman 1)b,a(GCD  IN'q   Edl 'bqq   
ehtuenH   naM[   . 'abqaqn  n|ab

]TahrN_ ³ ( Eötvös Competition 1899 ) 

Show that 2903n - 803n - 464n + 261n is divisible by 1897 

eKman   Edl 27171897  1)271,7(GCD   
tamsmPaB )b....baa)(ba(ba 1n2n1nnn    

11
nn q3007q)8032903(8032903    

22
nn q297q)261464(261464   
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eK)an   )q29q300(72614648032903 21
nn2n 

naM[  . nnnn 2614648032903|7 

müa:geTot  33
nn q9271q)4642903(4642903 

nig  44
nn q2271q)261803(261803 

naM[  . nnnn 2614648032903|271 

dUcenH nnnn 2614648032903   Eckdac;nwg 1897 . 
VI-BhuKuNrYmtUcbMput 
 !>BhuKuNrYmtUcbMputénBIrcMnYnKt;FmμCati 
  k> niymn½y ³ 
  eKyk a  nig b  CaBIrcMnYnkt;FmμCati . BhuKuNrYmtUcbMputén  a  nig b   
 KWCacMnYnKt;Fm μCatiEdlCaBhuKuNrYmviC¢man nigtUcCageKén a  nig b  . 
 eKkMNt;tag  CaBhuKuNrYmén a  nig b  . )b,a(LCM

 ]TahrN_ ³ 60)30,20(LCM    . 
 x> RTwsþIbT ³ 
  RKb;BhuKuNén  KWCaBhuKuNrYmén a  nig b  . )b,a(LCM

 sRmaybBa¢ak; ³ 
 ebI  naM[manKU )b,a(LCM ),(   éncMnYnKt;viC¢manEdl ³ 
   .  ba

 cMeBaHRKb;cMnYnKt;Fm μCati k  eKman k  CaBhuKuNén   . 
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 tamsmPaB  ba  eK)an )k(b)k(ak   
 smPaBcugeRkayenHbBa¢ak;fa k  KWCaBhuKuNén a  nigCaBhuKuNén b. 
 ]TahrN_ ³ 60)30,20(LCM   ehIy  CaBhuKuNén 60  360

 dUcenH 360 CaBhuKuNrYmén  nig  eRBaH 20 30 1820360   
 nig   . 1230360 

@>lkçN³énBhuKuNrYmtUcbMputénBIrcMnYnKt;Fm μCati 
  tag  nig n  CacMnYnKt;FmμCati nig  CaRKb;tYEckén  nig b  . b,a d a

 eKmanlkçN³sMxan;²dUcxageRkam ³ 
 k>  )a,b(LCM)b,a(LCM 

 x>  a)a,a(LCM 

 K>  a)a,1(LCM 

 X>  na)na,a(LCM 

 g>  )b,a(LCM.n)nb,na(LCM 

 c> 
d

)b,a(LCM
)

d

b
,

d

a
(LCM    

#>TMnak;TMngrvag nig  )b,a(LCM )b,a(GCD

  k> BhuKuNrYmtUcbMputénBIrcMnYnKt;bzmrvagKña ³ 
 RTwsþIbT ³  
  ebI a  nig  CaBIrcMnYnKt;FmμCatibzmrvagKñaenaH b b.a)b,a(LCM   . 
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 sRmaybBa¢ak; ³ 
  tag  naM[manKU )b,a(LCM ),(   éncMnYnKt;viC¢manEdl ³ 
    eday  ba 1)b,a(GCD   enaH |b  naM[man   mYy 
  Edl   . ehtuenH b abba    . 
  eday  tUcbMputenaH )b,a(LCM 1  .dUcenH ab)b,a(LCM     
x> plKuNrvag nig  ³ )b,a(LCM )b,a(GCD

 RTwsþIbT ³  
  ebI a  nig  CaBIrcMnYnKt;FmμCati enaHeK)an ³ b

  ba)b,a(LCM)b,a(GCD    . 
 sRmaybBa¢ak; ³ 
  tag    )b,a(LCM

  ebI  enaHmanKU )b,a(GCD ),(   éncMnYnKt;viC¢manbzmrvagKña 
  Edl    nig  a b  . 
  eK)an ),(LCM),(LCM)b,a(LCM   
  eday  enaH 1),(GCD   ),(LCM  
  ehtuenH 








ab)).((

)b,a(LCM  
  eKTaj  . ba

  dUcenH ba)b,a(LCM)b,a(GCD    . 
  ]TahrN_1 ³ cUredaHRsaykñúg  nUvRbB½æsmIkar ³ 2IN
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






420)y,x(LCM

28)y,x(GCD

  eKman 1176042028)y,x(LCM)y,x(GCDxy    
  eday  naM[manKU 28)y,x(GCD  ),(  éncMnYnKt;viC¢manbzmrvag 
  KñaEdl   nig  28x  28y   
 eK)an  enaH 1176028xy 2  15

784

11760
   

 eKTaj  . })1,15(;)15,1(;)3,5(;)5,3{(),( 

 eday    nig  28x  28y  enaHeK)anKUcemøIy ³ 
  . )}420,28(;)140,84{()x,y(;)y,x( 

 ]TahrN_2 ³ cUredaHRsaykñúg  nUvRbB½æsmIkar ³ 2IN

  







1440)y,x(LCM

276yx

 tag  enaHmanKU )y,x(GCD ),(   éncMnYnKt;viC¢manbzmrvagKña 
 Edl    nig  x y  . 
 eK)an 276yx   enaH )1(

276


  

 eday )y,x(LCM)y,x(GCDxy   
 eK)an  enaH  14402 )2(

1440


  

 EcksmIkar (  GgÁ nig GgÁ eK)an )1(&)2 )3(
23

120

276

1440



  
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 eday  enaH 1),(GCD  1),(GCD    . 
 tam  eKTaj)an  )3( 120  nig 23  . 
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 eK)anKUcemøIy 15,8  8,15   b¤     nig 12
1440




  

 dUcenH   b¤  180y,96x  96y,180x    . 
K> RTwsþIbT 
 RKb;cMnYnKt;FmμCati a  nig b  ebI )b,a(LCM  luHRtaEt  

a

  nig 
b

   
 CacMnYnbzmrvagKña . 
 sRmaybBa¢ak; 
 tag   )b,a(GCD

 -ebI  enaH )b,a(LCM ba  
   eKTaj)an  




 b

a
  nig 




 a

b
 

  eday  enaH )b,a(GCD 1)
b

,
a

(GCD 


 naM[ 

a  nig 


b  

 CacMnYnKt;FmμCatibzmrvagKña .  
 dUcenH 

a

  nig 
b

  k¾CacMnYnbzmrvagKña . 

 -]bmafa  CaBhuKuNén a  nig b  Edl '
a

'  nig 
b

' CacMnYnbzmrvagKña. 
    eyIgnwgRsayfa  Ca  én a  nig b  . ' LCM

     CaBhuKuNén  naM[man ' )b,a(LCM IN  Edl '  
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  ehIy 
aa

' 


   nig 
bb

' 


  enaH   CatYEckén 
a

'  nig 
b

'  

  eday 
a

'  nig 
b

' CacMnYnbzmrvagKñaenaH 1  . 
  dUcenH )b,a(LCM'    . 
 
 ]TahrN_ 1 ³ cUredaHRsaykñúg  nUvRbB½æsmIkar ³ 2IN

  







252)y,x(LCM

1512xy

 tag 
x

252

x

)y,x(LCM
a    nig 

y

252

y

)y,x(LCM
b   

 eK)an  enaH a  nig b  CacMnYnbzmrvagKña . 1)b,a(GCD 

 eKman 42
1512

252

xy

252
ab

22

   

 eKTaj)an })42,1();14,3();21,2(;)7,6{()a,b();b,a(   
 eday 

x

252
a   enaH 

a

252
x   nig 

y

252
b   enaH 

a

252
y   

 dUcenH  . )}6,252();18,84();12,126(;)36,42{()x,y();y,x( 

 ]TahrN_ 2 ³ cUredaHRsaykñúg  nUvRbB½æsmIkar ³ 2IN

  







105)y,x(LCM

36yx

 tag 
x

105

x

)y,x(LCM
a    nig 

y

105

y

)y,x(LCM
b   
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 eK)an  enaH a  nig b  CacMnYnbzmrvagKña . 1)b,a(GCD 

 man 36
b

105

a

105
yx    b¤ 

35

12

105

36

ab

ba


  
 eKTaj)an  nig 12ba  35ab   enaH 7b,5a   b¤ 5b,7a   
 dUcenH   b¤ 15y,21x  21y,15x    . 
VII- Modular Arithmetic 
 !>niymn½y-PaBsmmUl 
  eKyk  nig r  CacMnYnKt;Edl b,a 0b   . 
 eKkMNt;sresr  Ganfa a  smmUl r  tam b  mann½yfa )b(modra 

  ¬ b  Eckdac; ra|b  ra   ¦ b¤mann½ymü:ageTotfa a  nig   r

 mansMNl;dUcKñaeBlEckCamYyb  . 
 ebI  Eckmindac;nwg b  enaHeKkMNt;sresr                          . ra  )b(modra 

  kalNa r  CasMNl;énviFIEckrvag a  nig b  . )b(modra 

 ]TahrN_ ³     k>   eRBaH )7mod(317  32717   
                    x>   eRBaH )11(mod538  531138   
@>lkçN³RKwH nig RTwsþIbT énPaBsmmUl 
 k>  )b(modaa 

 x> ebI   nig )b(modra  )b(modsr   enaH  )b(modsa 

 K> ebI    enaH )b(modra  )b(modar     
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 X> ebI  nig )b(modra 11  )b(modra 22    
 enaH  nig  )b(modrraa 2121  )b(modrraa 2121   
 g> ebI  enaHRKb;cMnYnKt; )b(modra    eK)an )b(modra   
 c> ebI  nig )b(modra 11  )b(modra 22    
        enaH   . )b(modrraa 2121 

 q> ebI  enaHRKb;cMnYnKt; )b(modra  1k   eK)an  )b(modra kk 

 C> ebI  ehIy )b...,,b,b(LCM n21 ,...2,1k;)b(modra k   
        luHRtaEt  )(modra   . 
 Q> yk f  CaBhuFamanemKuNCacMnYnKt; . 
         enaH )b(modra  )b(mod)r(f)a(f    . 
 @>kUr:UEl kñúgPaBsmmUl 
  kUr:UElTI1 
  eKyk p  CacMnYnbzm .  
  ebI a  nig CaBIrcMnYnKt;Edl b )p(mod0ab   enaHeKTaj)an 
    b¤  )p(mod0a  )b(mod0b   . 
  kUr:UElTI2  
  yk m  CacMnYnKt;viC¢man ehIy  CabIcMnYnKt;Edl  . c,b,a 0c 

  ebI ac    enaH )m(modbc )
)m,cgcd(

m
(modba   
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  kUr:UElTI3 
  tag m  CacMnYnKt;viC¢man  ehIy a  nig b  CacMnYnKt;bzmeTAnwg m  . 
  cMeBaHRKb;cMnYnKt; x  nig  ebI    y )m(modba xx 

  nig   enaH  )m(modba yy  )m(modba )y,x(GCD)y,x(GCD 

#>sMNl;kñúgviFIEck 
 xageRkamenHCa]TahrN_énkarsikSaGMBIsMNl;énviFIEckrvagcMnYnrag  kn

 CamYycMnYnKt;viC¢man b  NamYy  . 
 !> b¤  0n2  )2(mod1

 @> b¤  0n2  )3(mod1

 #> b¤  0n2  )5(mod1

 $> b¤ 1  b¤  0n2  )8(mod4

 %> b¤  0n3  )9(mod1

VIII-eKalkarN_énRbBn½ær)ab; 
 !>niymn½y 
  RbBn½ær)ab; CasMNMuénkarsnμtTaMgGs;EdlsRmab;sresrcMnYnKt;. 
  eKalénRbBn½ær)ab; CacMnYnelxEdleRbIkñúgRbBn½æenaH . 
  kñúgRbBn½ær)ab;eKal x  Edl  CacMnYnKt;FMCag 1 dac;xat . x

  eKeRbI x  elx KW ³ })1x(.....,,3,2,1,0{   . 
  tamsnμtcMnYnKt;Fm μCatitUcCageKalEdltagelxEtmYy . 
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-RbBn½æeKal 2  eRbIelx 0 nig 1 EdltagcMnYnsUnü nig mYy . 
-RbBn½æeKal 10  eRbIelx  nig  Edltag 8,7,6,5,4,3,2,1,0 9

  cMnYn ³ sUnü-mYy-BIr-bI-bYn-R)aM-R)aMmYy-R)aMBIr-R)aMbI nig R)aMbYn . 
 @>karsresrmYycMnYnenAkñúgRbBn½ær)ab;eKal  x

  k> GtßiPaB ³ 
  cMnYnsBaØaeRbIKW )1x(....,,3,2,1,0    
 Edl 1x...3210    . yk  CacMnYnKt;NamYy . N

 ebI  enaH  tagedaysBaØaNamYykñúgcMeNamelxdUcxagelI . xN  N

 ebI  enaHmanKU  Edl xN  )r,q( o1 xr0,rxqN oo1   
 Edl  tag[elxNamYykñúgcMeNamelxxagelI nig   . 0r 0q1 

 /a  ebI  enaHmansBaØamYysRmab;smÁal;  EdleKsnμtsresr ³ xq1  1q

          o101 rqrxqN    . 
  ]TahrN_ ³  
  kñúgRbBn½æeKaldb;  mann½yfa79N  9x779N     
         Edl  es μInwg 10  . x

  kñúgRbBn½æeKalR)aMBIr  24N   mann½yfa 4x224N     
         Edl  es μInwg  . x 7

 /b  ebI  enaHmanKU  Edl xq1  )r,q( 12 121 rxqq   
          Edl xr0,0q 12   ehIy ³ 

 

      eroberogeday lwm plÁún                                                            - TMB½r 37 - 



sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

  o1201
2

2o12 rrqrxrxqrx)rxq(N     . 
/c  ebI  enaHmanKU  Edl xq2  )r,q( 23 232 rxqq   

          Edl xr0,0q 23   ehIy ³ 

  
0123

o1
2

2
3

3

01
2

23

rrrq

rxrxrxq

rxrx)rxq(N







    

eyIgeFIVrebobenHdEdl² rhUtdl;eBlEdl)anplEck   enaHeK)an xqn 

o122n1nn

01
1n

1n
n

n

rrr.....rrq

rxr....xrxqN








  

Edl  nig suTæEtCaelxEdltUcCag  dac;xat . 1n210 r,....,r,r,r  nq x

kñúgn½yenHeKGacsresr ³























1xr

1xr

1xq

0

1n

n

 

eK)an )1x(x)1x(...x)1x(x)1x(N 1nn    
         1n1n x1xN      
dUcenH   . 1nxN 
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]TahrN_ 
kñúgRbBnæ½eKal  cMnYn 5 15625524031N 6   
eRBaH 15350545224031 1234   
                   176611505001250    . 
x> PaBmanEtmYy ³ 
 eyIg)ansikSarYcmkehIyfaviFIEckGWKøItrvag N  nwg x  vapþl;KU  )r,q( o1

 EtmYyKt;Edl xr0,rxqN 001   . GaRs½yehtuenHeKk¾)an 
 KU )r,q(....,),r,q(,)r,q( 1nn2312   EtmYyKt;Edr . 
 dUcenHcMnYnnImYy²énbNþacMnYn n1n10 q,r...,,r,r   manEtmYyKt;cMeBaH 
 cMnYnKt; N  KW)ann½yfaeKGacsresr  )anEtmYyEbbKt; . N

K> RTwsþIbT 
 RKb;cMnYnKt; N  mantMNagEtmYyKt;enAkñúgRbBn½ær)ab;éneKal  . x

 CaBiess cMeBaHRKb;eKal x  eK)an  100x.1x    
 dUcenHcMeBaHRKb;eKal x  eK)an ³ 
 01

1n
1n

n
n011nn rzr....xrxqrr.....rqN  

  
 b¤eKGacsresr ³ 
 )r...xr(x)r...xrxq(N 0

1k
1k

k
k

1kn
1n

kn
n  





  

 tag 0
1k

1kk
kn

n r....xrR;r....xqQ  


  
 eK)an   Edl Rx.QN k  k

02k1k xr....rrR    . 
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 dUcenH Q  CaplEck nig R  CasMNl;énviFIEckrvag  nwg   . N kx

 X> kMNt;smÁal ; 
 eKkMNt;smÁal;  )ann½yfa  sresrkñúgRbB½næeKal a  ehIy  :)N( a N a

 sresrkñúgRbBn½æeKal 10  .  
 ebIK μan a  )ann½yfa  sresrkñúgRbB½næeKal 10  . N

 ]TahrN_ 1³ eKsresr  mann½yfasresrkñúgRbBn½æeKal  . 5)2133042( 5

 ebIeKsresr 2133042  mann½yfaeKsresrkñúgRbBn½æeKal 10  . 
 ]TahrN_2 ³ cUrsresr  kñúgRbBn½æeKal 10  . 6)21304(

 eK)an  . 2920460636162)21304( 234
6 

IX-RTwsþIbTkñúglkçN³PaBEckdac;énmYycMnYn 
 !>PaBEckdac;nwg  b¤ nwg  2 5

 RTwsþIbT ³ 
 -mYycMnYnEckdac;nwg 2 luHRtaEtelxxÞg;rayéncMnYnenaHEckdac;nwg 2 
    )ann½yfacMnYnenaHRtUvmanelxcugeRkayCaelxKU  . }8,6,4,2,0{

    -mYycMnYnEckdac;nwg 5  luHRtaEtelxxÞg;cugeRkayéncMnYnenaHCaelx 
    b¤  5   . 0

 sRmaybBa¢ak; ³ 
 tag 0121nn aaa.....aaN   CacMnYnKt;sresrkñúgRbB½næeKal 10  . 
 eKGacsresrcMnYn N  Ca o121nn a10aa....aaN    
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 eK)an   nig )2(modaN 0 )5(modaN 0  
 dUcenH N|2   luHRtaEt  ehIy 0a|2 N|5  luHRtaEt   . 0a|5

 @>PaBEckdac;nwg  b¤ nwg  4 25

 RTwsþIbT ³ 
-mYycMnYnEckdac;nwg 4  luHRtaEtcMnYnBIrxÞg;xagcugéncMnYnenaHEckdac;nwg 4   
-mYycMnYnEckdac;nwg  luHRtaEtelxBIrxÞg;cugeRkayéncMnYnenaH 25

   Eckdac;nwg  KW  . 25 }75,50,25,00{

sRmaybBa¢ak; ³ 
tag 0121nn aaa.....aaN   CacMnYnKt;sresrkñúgRbB½næeKal 10 . 
eKGacsresrcMnYn N  Ca o121nn aa100a....aaN    
eK)an )4(modaaN 01   nig )25(modaaN 01  
dUcenH N|4   luHRtaEt 01aa|4  ehIy N|25  luHRtaEt 01aa|25   . 
#>PaBEckdac;nwg  b¤ nwg  3 9

 RTwsþIbT ³ 
 -mYYycMnYnEckdac;nwg 3 luHRtaEtplbUkénRKb;elxxÞg;rayéncMnYnenaH 
       Eckdac;nwg 3 .  
  
-mYYycMnYnEckdac;nwg 9  luHRtaEtplbUkénRKb;elxxÞg;rayéncMnYnenaH 
         Eckdac;nwg 9  . 
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sRmaybBa¢ak; ³ 
tag 0121nn aaa.....aaN   CacMnYnKt;sresrkñúgRbB½næeKal 10 . 
eKGacsresrcMnYn N  Ca )10a(N

n

0k

kn
kn




   

eday   nig  )3(mod110 kn  )9(mod110 kn   
eK)an )3(mod)a(N

n

0k
kn


    nig )9(mod)a(N

n

0k
kn


   

Edl 


 
n

0k
n10k

n

0k
kn a....aa)a()a(    . 
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dUcenH N|3   luHRtaEt 


n

0k
k )a(|3 ehIy N|9  luHRtaEt 



n

0k
k )a(|9     . 

$>PaBEckdac;nwg  11

 RTwsþIbT ³ 
 mYycMYnEckdac;nwg 11  luHRtaEtpldkrvagplbUkelxxÞg;ess nig 
 plbUkelxxÞg;KUéncMnYnenaH¬rab;BIsþaMeTAeqVg ¦ Eckdac;nwg 11  . 
sRmaybBa¢ak; ³ 
tag 0121nn aaa.....aaN   CacMnYnKt;sresrkñúgRbB½næeKal 10  . 
eKGacsresrcMnYn N  Ca )10a()10a(N

n

0k

k
k

n

0k

kn
kn 




   

eday    )11(mod)1(10 kk 
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eK)an )11(moda)1(N
n

0k
k

k

    

Edl   ...)aa(...)aa(a)1( 3120

n

0k
k

k 


 

dUcenH N|11   luHRtaEt ...)aa(...)aa(|11 3120      . 
X-RTwsþIbTEhVm:at nig vilsun  
 k> RTwsþIbTEhVm:at (Fermat’s Theorem)  

 ebI p  CacMnYnbzm nig a  CacMnYnKt;FmμCatiEckmindac;nwg p  enaHeK)an 
  Eckdac;nwg p  b¤    . aap  )p(modaap 

 -cMeBaH  eK)an   Bit 1a  )pmpd(011p 

 -eyIg]bmafavaBitcMeBaH ma   KW    )p(mod0mmp 

      Edl m  Eckmindac;nwg . p

 -eyIgnwgRsayfavaBitcMeBaH 1ma   eTotKW  ³ 
    . )p(mod0)1m()1m( p 

 tamrUbmnþeTVFajÚtuneKman ³ 

 1m)mC(mC)1m( p
1p

1k

kk
p

p

0k

kk
p

p  



 

 eKman 1k
1p

k
p C

k

p

)!kp()!1k(

)!1p(
.

k

p

)!kp(!k

!p
C 








  

     b¤      enaH   Eteday  1k
1p

k
p pCkC 

 k
pkC|p 1)k,p(GCD 
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 enaHeKTaj  naM[ k
pC|p 





1p

1k

kk
pmC|p  

 ehtuenH  )p(mod1m)1m( pp 

 Ettamkar]bma    )p(mod0mmp 

 eK)an  Bit . )p(mod0)mm()1m()1m( pp 

 dUcenH   Edl  Eckmindac;nwg . )p(modaap  a p

vi)ak ³ 
tamRTwsþIbTxagelIeKGacsresr )p(mod0)1a(aaa 1pp    
ebI  enaH 1)p,a(GCD  )1a(|p 1p   . 
dUcenH    Edl a  nig  bzmrvagKña . )p(mod1a 1p  p

x> RTwsþIbTvilsun (Willson’s Theorem) 

  ebI p  CacMnYnbzmenaH )p(mod1)!1p(   
XI-RTwsþIbTGWEl Euler’s Theorem 

 !> GnuKmn_GWEl 
  niymn½y ³ 
     cMeBaHRKb;cMnYnKt;Fm μCati n  eKtag )n(  CaRKb;cMnYnKt;FmμCati k  
 tUcCag n  EdlbzmrvagKñaCamYynwg n  . GnuKmn_ )n(  ehAfaGnuKmn_ 
 GWEl  ehIyEdl )functiontotients'Euler( 1)1(   nigRKb; 
 cMnYnbzm p  eKman 1p)p(   . 
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   ]TahrN_ 0111)11(,617)7(    . 
 lkçN³ nig RTwsþIbT  
 k>   1pp)p(  

     Edl p  CacMnYnbzm nig 1  CacMnYnKt;FmμCati  . 
 x>   Edl )b().a()b.a(  1)b,a(GCD    . 
 K> )p()...p().p()p....p.p( k21k21

k21k21
   

        Edl kp  CacMnYnbzmxusKña nig 1k   CacMnYnKt;FmμCati  . 
 X> )b()a()]b,a(GCD[)]b,a(LCM[   
 g> ebI a|b  enaH )a(|)b(   
 ]TahrN_ ³ 
  29477)7()343( 233 

  24)33)(22()3().2()3.2()72( 2232323 

 @>RTwsþIbT 
 ebI a  nig  CacMnYnKt;viC¢manbzmrvagKñaenaHeK)an ³ n

 )n(mod1a )n(    . 
 ]TahrN_ ³ cUrrkelxBIrxÞg;cugeRkayén  ? 10003

 eKman  40)55)(22()5.2()100( 2222 

 eK)an   enaH  )100(mod1340  )100(mod1)3(3 25401000 

 dUcenHcMnYn  manelxBIxÞg;cugeRkay  . 10003 01
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 XII-smIkarDIy:Upg;lIenEG‘ (Linear Diophantine Equation)  
  !> niymn½y 
     smIkarEdlmarag (*)bxa...xaxa kk2211   
  EdlemKuN k21 a....,,a,a  nig bCacMnYnKt;efr . 
  @> RTwsþIbT 
     smIkarmancemøIyluHRtaEt   . b|)a,....,a,a,a(GCD n321

  ]TahrN_ ³ smIkar 17y36x48   K μancemøIykñúgsMNMuéncMnYnKt;eT 
  eRBaH 12)36,48(GCD     ehIy 17  Eckmindac;nwg 12  . 
  #> dMeNaHRsaysmIkarrag  ax + by = c 
    RTwsþIbT ³ 
  snμtfa  CacMnYnKt;Edl  c,b,a c|)b,a(GCD  ehIyyk  )y,x( oo

  CacemøIymYyénsmIkar cbyax   .  
  RKb;cemøIyd¾éTeToténsmIkarenHkñúgsMNMucMnYnKt;[tamTRmg; ³ 
  t

a
yy,t

b
xx 00 




   Edl Zt,)b,a(GCD   . 
 sRmaybBa¢ak;  
 ebI CacemøIymYyénsmIkar )y,x( oo cbyax   enaHeK)an ³ 
  )1(cbyax 00 

 yk )'y,'x(  CacemøIyepSgeTotén cbyax   enaHeK)an ³ 
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 )2(c'by'ax   
 eFIVplsgsmIkar  nig  eK)an ³ )2( )1(

 
)'yy(b)x'x(a

0)y'y(b)x'x(a

00

00



  

 EckGgÁTaMgBIrénsmIkarnwg )b,a(GCD   eK)an ³ 
 )'yy(

b
)x'x(

a
00 





  eday 1)

b
,

a
(GCD 


 

 enaHeK)an )'yy(|
a

0 
 naM[man t Z  Edl t

a
'yy0 
  

 eKTaj)an t
a

y'y 0 
  ehIy t

a
.

b
)x'x(

a
0 



   

 eKTaj t
b

x'x 0 
  . 

 dUcenH t
a

yy,t
b

xx 00 



   Edl Zt,)b,a(GCD   . 

 ]TahrN_ 1³ edaHRsaysmIkar 15y4x7   kñúgsMNMucMnYnKt;. 
 cMeBaH 2y,1x   eK)an 15)2(4)1(7   Bit 
 dUcenHKU  CacemøIymYyrbs;smIkar . )2,1(

 eday  enaHtamRTwsþIbTxagelIeK)ancemøIy ³ 1)4,7(GCD 

 t72y,t41x    Edl Zt  . 
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eKmansIVútnBVnþBIr  kMNt;eday ³ 

 tYdMbUgénsVIút  nig  manb:unμantYEdlesμIKña ? 

]TahrN_ 2³ 
  nig 1nn )x(   1nn )y( 

 .....,11,7,3:)x( n nig ...,38,92,y( n  15, 2,011:)

 etIkñúgcMeNam 2012 )x( n )y( n

 dMeNaHRsay 
 tYTI p  énsIVútnBVnþ  KW x   )x( n 1p4)1p)(37(3p 

 tYTI k  énsIVútnBVnþ y(  KW 2k91k)(1111y)k )20(k   
 ebI px  eK)an 2k94  b¤   ky 1p p4 k9 3   

 cMeBaH   eK)an 3)1(9)3(4   Bit  1k,3p 

 enaHKU 1k,3   p  CacemøIymYyénsmIkar . 
 smIkar 3k9p4   Gacsresr )1k(9)3p(4   
 9,4( an teday naM[m 1)GCD   INt,0    Edl  

  nig  3p  41t9 tk  t4  b¤  1k,3t9p    
  nig cMeBaH 2012p1   2012k   eK1  Taj)an  

 223 

  201t41

naM[ t0
 

12

20123t91    b¤ 223.,,1,t ..,20  . 

 dUcenHkñúgcMeNam  tYdMbUgénsVIút nig man tYesμIKña . )x( n )y( n 2242012
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4> dMeNaHRsaysmIkarrag  (
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)b,aGCDby  ax  
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eK[ a  nig b  CacMnYnKt;viC¢manxusKña . 
eKdwgfa Eckdac;nwg )ba(ab  22 baba   . 
cUrRsayfa 3 ab|ba|   ? 
dMeNaHRsay 
Rsayfa 3 ab|ba|   
tag   naM[manKUcMnYnKt;viC¢manbzmrvagKña Edl )b,a(GCD )v,u(

ua   nig   vb 

eK)an 
2222 vuvu

)vu(uv

baba

)ba(ab








  CacMnYnKt;viC¢man . 

eyIgman  1)u,v(GCD)u,vuvu(GCD 222 

ehIy  1)v,u(GCD)v,vuvu(GCD 222 

 nig  1)vu,v(GCD)vu,vuvu(GCD 222 

enaHRbPaK 
22 vuvu

)vu(uv



 CacMnYnKt;luHRtaEt   |vuvu 22

enaHeK)an  . RKb;KUcMnYnKt;viC¢manbzmrvagKña  22 vuvu  )v,u(

eKman 1|vu|  ehtuenH   3333 .|vu||ba| 

Et 22 vuvu   enaH  uv)vuvu(|ba| 22223 

eday  enaH  dUcenH uvab 2 ab|ba| 3 3 ab|ba|    . 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI4 ¬ Romania 2003 ¦ 
eK[cMnYnbzm 31321 n....nnn   Edl   4

31
4

2
4

1 n...nn 

Eckdac;nwg 30 enaHcUrRsayfakñúgcMeNamcMnYnTaMgenHeKGacrkcMnYnbzmbI 
bnþKña)an .  
dMeNaHRsay 
tag   Edl S  Eckdac;nwg 4

31
4

2
4

1 n...nnS  53230   . 
eyIgdwgfaRKb;cMnYnzmTaMgGs;suTæEtCacMnYness elIkElgEtcMnYnbzm  ecj 2

ehIy S  CaplbUkéncMnYnbzmxusKñacMnYn 31 ehtuenHedIm,I[ S|30  luHNa 
EtkñúgcMeNamcMnYnbzmTaMgGs;enHmanmYyesμInwg  . 2

eyIgyk  . 2n1 

CabnþeToteyIgBinitüeXIjfaRKb;cMnYnbzm  Edl in 31i1   RtUvmanmYy 
esμInwg  eRBaHfaebIsin  Eckmindac;nwg  eTenaHcMnYn RtUvmanrag 2n3  in 3 in

2k3,1k3  RKb; 31i1    nig   )3(mod1n 4
i 

ehIy  . )3(mod131n...nnS 4
31

4
2

4
1 

CacugeRkayeyIgnwgRsayfaman 5n3   mYyeTotkñúgcMeNam  Edl  in

31i1   . ebI  Edl in 31i1   suTæEtEckmindac;nwg  enaHeK)an 5

)5(mod1n 2
i    naM[  ehIy  )5(mod1n 4

i  )5(mod131S 

dUcenHeKGacrk)ancMnYnbzm  bnþKñakñúgcMeNamcMnYnbzmTaMg  . 5,3,2 31
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI5  
cUrkMNt;RKb;RtIFatu )z,y,x(  CacMnYnKt;Edl 6z5y4x3   . 
dMeNaHRsay 
eKman 6z5y4x3   enaH z56y4x3   
eK)an )5(mod1y4x3    eRBaH )5(mod1z56   
naM[man  Edl Zt t51y4x3   
eKTaj)an 

3

yt21
yt

3

y4t51
x





  

ebI 0yt21   b¤ t21y   enaH t1)t21(tx   
ehIytamsmIkar 6z5y4x3   eKTaj)an 

5

y4x36
z


  

t1
5

t55

5

)t21(4)t1(36
z 





  . 

dUcenH  t1z,t21y,t1x    . 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI6  
eK[  . kMNt; n  edIm,I[ N  CakaerR)akd . n)11111(N 

dMeNaHRsay 
eKman  1nnnn)11111(N 234

n 

-ebI n  CacMnYnKUenaH 
2

n
n2   nig 1

2

n
n2   CaBIrcMnYnKt;bnþKña 

eKman N
4

n
nn)

2

n
n(

2
3422   

ehIy N
4

n5
1nnnn)1

2

n
n(

2
23422   

enaH 2222 )1
2

n
n(N)

2

n
n(   naM[  minGacCakaerR)akd N

cMeBaHRKb; n  CacMnYnKU . 
-ebI n  CacMnYnessenaH 

2

1n
n2 

   nig 
2

1n
n2 

  CacMnYnKt;bnþKña . 

man N
2

1
n

2

n
nn)

2

1n
n(

2
3422 


   

       N
4

)1n)(3n(
1nnnn)

2

1n
n( 23422 





  

ebI n  enaH 3 2222 )
2

1n
n(N)

2

1n
n(





  naM[ minGacCa N

kaerR)akd .  
dUcenHedIm,I[ CakaerR)akdluHRtaEt N 3n   KW 211121N  . 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI7  
cUrRsayfa 

2n30

1n12


  CaRbPaKsRmYlmin)anRKb;cMnYnKt;viC¢man n  . 

dMeNaHRsay 
rebobTI1 
tag  nig 1n12a  2n30b   
eKman 14n605n60b2a5   
tamRTwsþIbT Bezout  eKTaj)an  a  nig b  CaBIrcMnynKt;bzmrvagKña  
dUcenH 

2n30

1n12


  CaRbPaKsRmYlmin)anRKb;cMnYnKt;viC¢man n  . 

rebobTI2 
tamGal;kUrItGWKøIteK)an ³ 

1)1,n6(GCD

)n6,1n12(GCD)1n12,2n30(GCD


  

eKTaj)an  nig 2n30  1n12   CacMnYnbzmrvagKña . 
dUcenH 

2n30

1n12


  CaRbPaKsRmYlmin)anRKb;cMnYnKt;viC¢man n  . 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI8 ¬ Russia 1995 ¦ 

 

      eroberogeday lwm plÁún                                                            - TMB½r 67 - 

neK[ m   nig  CacMnYnKt;viC¢manEdl ³ 
nm)n,m(GCD)n,m(LCM    

cUrRsayfa n|m  b¤ m|n  ? 
dMeNaHRsay 
tag  naM[manKUcMnYnKt;viC¢man  Edl )n,m(GCD )b,a( 1)b,a(GCD   
ehIy  nig   am  bn

tamrUbmnþ 



 ab
ab

)n,m(GCD

mn
)n,m(LCM

2
 

smIkar nm)n,m(GCD)n,m(LCM    køayCa 

0)1b)(1a(

0)1b()1b(a

01baab

ba1ab

baab









 

eKTaj)an  b¤   . 1a  1b 

-ebI  eK)an 1a   bn,m  enaH n|m  
-ebI  eK)an 1b   n,am  enaH m|n  
dUcenH n|m  b¤ m|n  . 

 



sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI9 ¬ UK 1998 ¦ 
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z,eK[ y,x  CacMnYnKt;viC¢manEdl 
z

1

y

1

x

1
  . 

tag h  CatYEckrYmFMbMputén z,y,x  . 
cUrRsayfa hxyz  nig )xy(h   CakaerR)akd . 
dMeNaHRsay 
ebI h  CatYEckrYmFMbMputén z,y,x  naM[manRtIFatu  Edl )c,b,a(

chz,bhy,ahx    nig 1)c,b,a(GCD   . 
tag  naM[manKU  Edl )b,a(GCD )n,m(  nb,ma  
ehIy  . 1)b,a(GCD 

eKman 
z

1

y

1

x

1
  enaH 

ch

1

bh

1

ah

1
  b¤ ab)ab(c    

b¤   2mn)nm(c 

b¤  eday  mn)nm(c 1)n,m(GCD)n,nm(GCD   
nig 1)n,m(GCD)m,nm(GCD   
enaH c|  Et 1)c,b,a(GCD   enaH 1 ehIy  1)b,a(GCD 

eK)an  . tam 1)ab,ab(GCD  ab)ab(c   eKTaj)an 
abc    nig  . 1ab 

dUcenH  nig  2244 )ch(chabchhxyz  22 h)ab(h)xy(h 

 



sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI10 ¬ HMMT 2005¦ 
cMnYn  manbYnktþabzmR)akd .  27000001

cUrKNnaplbUkktþabzmenaH ? 
dMeNaHRsay 
tamsmPaB  ]a3)1a)[(1a()1aa)(1a(1a 223 

ebIeyIgyk  eK)an ³ 300a 

331271437

271331301

)30301(30127000001 22





 

dUcenH 652331271437    . 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI11 ¬ HMMT 2005¦ 
cUrkMNt;RKb;cMnYnKt;viC¢man n  edIm,I[ 5!n   CaKUbR)akd . 
dMeNaHRsay 
kMNt; n  
cMeBaH  eK)an  7n  )7(mod55!n 

cMeBaHRKb;cMnYnKt;viC¢man k  eKman  )7(mod1,0k3 

dUcenHebI  cMnYn  minGacCaKUbR)akd . 7n  5!n 

cMeBaH  manEtkrNI 6,5,4,3,2,1n  5n   Edl 351256!n   
dUcenH   . 5n 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI12  
ebI  enaHbgðajfa   )n(modra  )n(modra 2nn 

etIcRmas;sMeNIenHBitb¤eT ? 
dMeNaHRsay 
ebI  naM[man  CacMnYnKt;Edl )n(modra  0q  rnqa   
tamrUbmnþeTVFajÚtuneKman ³ 

n
1n

0p

pnp
n

n

n

0p

ppnp
n

nn

r)nq(Ca

r)nq(C)rnq(a



















 

edayRKb;  eKman 1np0  pn)nq(|n   nig  p
nC|n

enaH   




1n

0p

pnp
n

2 )nq(C|n

dUcenH  . )n(modra 2nn 

cRmas;énsMeNIenHminBiteT .  
Ca]TahrN_   b:uEnþ )4(mod13 24  )4(mod13    . 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI13 
eKtag   kkkk

n n....321)k(S 

nig      n....321)1(Sn     Edl k  CacMnYnKt;vIC¢maness . 
cUrRsayfa  Eckdac;nwg  . )k(Sn )1(Sn

dMeNaHRsay 
eKmanRKb; k  CacMnYness   Edl  CacMnYnKt;viC¢man kk ba|ba  b,a

-krNI  CacMnYnessenaHeK)an 1m2n 
kkkkk

1m2 )1m2()m2(.....321)k(S   
                  ....])m2(2[])1m2(1[ kkkk 

eday  ,...)m2(2|)1m(,)1m2(1|)1m( kkkk 

enaHeKTaj)an )k(S|)1m( 1m2   
müa:geToteKGacsresr ³ 

kkkkk
1m2 )1m2()m2(.....321)k(S   

                  ....])1m2(2[])m2(1[ kkkk 

eday  ,...)1m2(2|1m2,)m2(1|1m2 kkkk 

enaHeKTaj)an )k(S|)1m2( 1m2    eday 1)1m2,1m(GCD   
enaH )k(S|)1m2)(1m( 1m2    b¤ )k(S|)1(S 1m21m2   
-krNI  KU ¬edaHRsayxagelIEdr¦ . m2n 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI14  ¬ IMO 1986 ¦ 
eKtag  CacMnYnKt;viC¢manxusBI  b¤ 13  . d 5,2

cUrbgðajfaeKGacrktémøxusKña  mYyenAkñúgsMNMu   b,a }d,13,5,2{

Edl  minEmnCakaerR)akd . 1ab 

dMeNaHRsay 
karbgðaj 
ebI  CatémøxusKñaén  enaHeK)an ³ b,a }d,13,5,2{

}1d13,1d5,1d2,64,25,9{1ab   
edIm,Ibgðajfamantémø  Edl b,a 1ab   minEmnCakaerR)akdenaHeyIgRtUv 
]bmafa 1d13,1d5,1d2   suTæEtCakaerR)akdCakrNIminGacman. 
ebI 1d13,1d5,1d2   CakaerR)akdenaHmancMnYnKt; Edl c,b,a

222 c1d13,b1d5,a1d2   . 
tamsmIkar  bBa¢ak;fa a  KWCacMnYness . yk 2a1d2  1x2a   

eK)an 1)1x(x2
2

1)1x2(
d

2



  enaH )4(mod1d   

mü:ageToteday 1)1x(x2d   CacMnYnessenaHtamsmIkar ³ 
2b1d5   nig 2c1d13   eK)an b  nig c  suTæEtCacMnYnKU . 

tag z2c,y2b   eK)an  )yz(4bc)1d5()1d13( 2222 

eKTaj )yz(
2

1
d 22   enaHGacman z  nig y  Edl  )4(mod0d 
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

eday  enaHmann½yfakar]bmaxagelIminBit . 1d 

dUcenHK μantémø d  EdleFIV[ 1d13,1d5,1d2  suTæEtCakaerR)akd 
)aneT . 
srubmkeKGacrktémøxusKña  mYyenAkñúgsMNMu   b,a }d,13,5,2{

Edl  minEmnCakaerR)akd . 1ab 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

      eroberogeday lwm plÁún                                                            - TMB½r 74 - 



sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

lMhat;TI15  ¬ IMO 1998 ¦ 
cUrkMNt;RKb;KUéncMnYnKt;viC¢man )y,x(  edaydwgfa   yxyx2 

Eckdac;nwg    . 7yxy2 

dMeNaHRsay 
kMNt;RKb;KUéncMnYnKt;viC¢man )y,x(  
tag   nig   yxyxa 2  7yxyb 2 

ebI a  Eckdac;nwg b  enaHeK)andUcKña bxay   Eckdac;nwg b  . 
eKman  x7y)7yxy(x)yxyx(ybxay 222 

eday  enaH    1x  22 yxy 

naM[  . b7yxyx7xyx7y 222 

dUcenH  Eckdac;nwg b  luHRtaEt  . x7y2  0x7y2 

k> krNITI1 ³  enaH    0x7y2  x7y2 

eday y  CacMnYnKt;viC¢manenaHluHRtaEt 2k7x   ehIy   k7y 

RKb;cMnYnKt;viC¢man k  . 
x>krNITI2    enaH    0x7y2  0yx7 2 

 edayBinitüeXIjfa   ehtuenHedIm,I[  Eck x7yx7 2  2yx7 

dac;nwg  luHRtaEt  7yxyb 2  7yxyyx7x7 22 

ehtuenHeKRtUv[   enaH 7y2  1y   b¤ 2y   . 
-cMeBaH 1y    eK)an  ehIy 1x7yx7 2  8xb   
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sikSaKNitviTüaedayxøÜnÉg                     RTwsþIcMnYn 

eKman  57)8x(71x7   Eckdac;nwg 8xb   luHRtaEt 
b  CatYEckén 57  . eday 88xb   enaH 19b   b¤  57b 

eKTaj)an   b¤  . 11x  49x 

dUcenHeK)an 1y,11x    b¤  1y,49x   . 
-cMeBaH 2y   eK)an  ehIy 4x7yx7 2  9x4b   
eday  enaH 1)4;9x4(GCD  4x7   Eckdac;nwg  9x4 

smmUl  Eckdac;nwg )4x7(4  9x4   . 
eKman 79)9x4(7)4x7(4    .  
eday 79  CacMnYnbfmenaHedIm,I[ )4x7(4   Eckdac;nwg  9x4 

luHRtaEt 4   enaH 799x 
2

35
x   minEmnCacMnYnKt; . 

dUcenHkñúgkrNI 2y   K μancemøIy . 
srubmkeK)anKUcemøIy ³ 

...,2,1k,})k7,k7(,)1,49(,)1,11({)y,x( 2   
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lMhat;TI16   
cUrbgðajfacMeBaHRKb;cMnYnKt;viC¢man n  cMnYn 3n n3   Eckdac; 
nwg 7  luHRtaEt  Eckdac;nwg 7  . 1n3 3n 

dMeNaHRsay 
-sn μtfa  Eckdac;nwg 7  enaH n RtUvEckmindac;nwg  3n n3  7

tamRTwsþIbT  eK)an  . Euler )7(mod1n6 

cMnYn  Eckdac;nwg 7  enaHeK)andUcKña  3n n3  )n3(n 3n3 

Eckdac;nwg 7  . 
eKman   )1n()13n()n3(n 6n33n3 

eday  enaHeKTaj)an )7(mod1n6  13n n3   Eckdac;nwg  7

-snμtfa  Eckdac;nwg 7  enaH n RtUvEckmindac;nwg  13n n3  7

tamRTwsþIbT  eK)an  . Euler )7(mod1n6 

cMnYn  Eckdac;nwg 7  enaH Eckdac;nwg  . 13n n3  )13n(n n33  7

eKman  n3n6n33 3n3)1n()13n(n 

eday  enaHeKTaj)an )7(mod1n6  n3 3n   Eckdac;nwg  7

dUcenH cMnYn  Eckdac;nwg 7  luHRtaEt 3n n3  1n3 3n    
Eckdac;nwg 7  . 
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lMhat;TI17   
cUrkMnt;RKb;KUtémøKt;viC¢man  ebIeKdwgfacMnYn )b,a(

 
1bab2

a
32

2


 CacMnYnKt; viC¢manEdr . 

dMeNaHRsay 
kMnt´RKb´KUtémøKt´viC¢man  ½ )b,a(

yk  k
1bab2

a
32

2




  Edl *INk  
eKán )1(0)1b(kakb2a 322   
DIsRKImINg´énsmIkar )1b(k4bk4 342   
                 222 bk4)bkb2(   
smIkar  mancemøIykñúg  lu¼RtaEt )1( *IN  CakaerRákd 
mann&yfa 2222 dbk4)bkb2(   
Edl d CacMnYnKt´. 
-ebI  0bk4  2  ¦ 

4

b
k

2

  
eyIgTTYlán  

2

bb

2

b
kb2a

3
2 

   ¦  
2

b
a   

eday  CacMnYnKt´viC¢man ehtuen¼eKRtUv[ ½ b,a

 INp,p2b  
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eKTaj  pp8p
4

)p2(
)p2(2a 4

2
2    

ehIy   p
2

p2
a   . 

dUcen¼  
*INp,)p2,p(;)p2,pp8()b,a( 4   

-ebI  0bk4 2   
eKán *INk,)1bkb2(dbk4)bkb2( 222222   
¦   0)1b()1b(k4 22     eKTaján 1b   
kñúgkrNIsmIkar køayCa )1( 0ak2a2   naM[ k2a   
dUcen¼  )1,k2()b,a(    cMeBa¼RKb´ *INk   . 
-ebI 0bk4 2   
eKán 222222 )1bkb2(dbk4)bkb2(   
smmUl 0)1bkb2(bk4)bkb2( 22222   
¦ 0)1k4()1b(b2)3k4(b2   (  minBitkñúg  ) *IN

srubmkeKánKUcemøIybImanragdUcxageRkam ½ 
)k2,kk8(;)k2,k(;)1,k2()b,a( 4   

Edl  *INk   . 
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lMhat;TI18   
cUrkMnt´RKb´KUtémøKt´  ebIeKdwgfacMeBa¼RKb´ 3n,m 

cMnYnKt´viC¢man a  eKman  
1aa

1aa
2n

m


  CacMnYnKt´ . 

dMeNaHRsay 
kMnt´RKb´KUtémøKt´viC¢man  ½ )n,m(

edIm,I[  
1aa

1aa
2n

m


  CacMnYnKt´lu¼RtaEt 1aa 2n    

CaktþarYmén   ehIy  . 1aam  nm 

eyIgyk *INk,knm   

)1aa)(a1()1aa(a

1aa1aa
k1k2nk

knm








 
tamTMnak´TMngen¼edIm,I[ 1aa 2n   CaktþarYmén  1aam 

lu¼RtaEt  nig 1kn  k 2  . 
dUcen¼  . )3,5()n,m( 
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lMhat;TI19   
cUrbgðajfa   nP n(n 1)(n 2)....(n k)   
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*Eckdac;nwg (k  cMeBaHRKb; n I1)! N  nig k IN * . 
dMeNaHRsay 
karbgðaj  
eKman  nP n(n 1)(n 2)....(n k)   

cMeBaH   Eckdac;nwg  1n 1 : P 1 2 3.... (k 1) (k 1)        !

(k 1)!   Bit . 
]bmafavaBitcMeBaH n  KW  Eckdac;nwg p pP (k 1)!  
eK)an  pP p(p 1)(p 2)...(p k) (k 1)!q ,q IN *      

eyIgnwgRsayfavaBitcMeBaH n p 1   KW p 1P   Eckdac;nwg (k   1)!

eKman  p 1P (p 1)(p 2)(p 3)...(p 1 k       )

p 1 pP P (p 1)(p 2)...(p k)[(p 1 k) p]           
p 1 pP P (k 1)(p 1)(p 2)...(p k)        

eday (p k)! (p 1)(p 2)...(p k)
C(p k ,k)

k!p! k!

   
    

eK)an   Bit p 1P (k 1)!q (k 1)!C(p k ,p      )

dUcenH  Eckdac;nwg  . nP n(n 1)(n 2)...(n k)    (k 1)!
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lMhat;TI20 (IMO 1997) 

 

      eroberogeday lwm plÁún                                                            - TMB½r 82 - 

2eK[BIcMnYnKt;viC¢man   nig b  . eBlEdl a 2a b Ecknwg a b  

enaHeK)anplEck q  nigsMNl; r  .  
cUrkMNt;RKb;KU (a  edaydwgfa  .  , b ) 2q r 1977 

dMeNaHRsay 
kMNt;RKb;KU (a  , b )

tamviFIEckEbbGWKøIteKGacsresr    2 2a b (a b)q r (*    )

1

1 1

Edl 0 r   . a b   

eKman   enaH r a b   2 2q r q a b      
b¤  2q a b 1 1977   

b¤  2q a b 1978 (**)  

eKman  enaH     r  0 2 2a b (a b)q r (a b)q     

tamvismPaB 
2

2 2 (a b)
a b

2


   

eK)an 
2(a b)

(a b)q
2


    b¤  a b 2q   

tamvismPaB (*  eKGacsresr  *) 2q 2q 1978 

b¤  2 2(q 1) 1979 44 43   

eKTaj q 1   b¤  q 4  45  4
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mü:ageTot  2 2 2q q r 1977 44 43    
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4

4 1

1

eKTaj)an q  . 4

BIlTæplxagelIenHeKTaj)an ³ 
q 4  ehIy  2r 1977 44 4  

smIkar (*)  Gacsresr 2 2a b 44(a b) 4     
b¤   2 2(a 22) (b 22) 1009   

tag u |  nig   Edl u ,a 22  | |v | b 22  v IN  
eK)ansmIkar  . 2 2u v 1009 

eyIgdwgfaRKb;kaeréncMnYnKt;manelxcugeRkay {  0,1,4,9,5,6 }

ehtuenHplbUkkaerénBIcMnYnKt;EdlmanelxcugeRkayesμI luHRtaEt 9

elxcugeRkayénkaercMnYnnImYyesμ IerogKña 4  nig  b¤ nig    5 5 4

b¤  nig 9  b¤  nig  . 0 9 0

BIsmIkar  eKTaj)an 0 u  2 2 2u v 1009 31 48    3  1

v]bmafa  enaH   u  2 2 22u u v 1009  

eKTaj 2 21009 41
u 22

2 2
   u 23  b¤  

ehtuenH 23  . u 31 

eday  RtUvmanelxcugeRkay {0  2u , 4 , 5 ,9}
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enaHeKGaceRCIserIstémø u  CadMbUgdUcxageRkam ³ 
u {30,28,25,23,27}  
eday  enaH  2 2u v 1009  2 2v 1009 u   
-ebI u  enaH 3 0 v 1009 900 109    minyk 
-ebI u  enaH 2 8 v 1009 784 15     yk 
-ebI u  enaH 2 5 v 1009 6225 384    minyk 
-ebI u  enaH 2 3 v 1009 529 480    minyk 
-ebI u  enaH 2 7 v 1009 729 280    minyk 
eday  CasmIkarqøúHehtuenHebI (a CacemøIy 2 2u v 1009  ,b )

rbs;smIkarenaH (b  k¾CacemøIyrbs;smIkarEdr . ,a)

eKTaj)ancemøIy u 2   b¤  u 18 , v 1  5 85 , v 2     
-krNI u 2    eK)an 8 , v 15 

| a 22 | 28

| b 22 | 15

 
  

  

eKTaj)an a 5  b¤ a 50,b 3  7 70 , b   . 
-krNI u 1   eK)an 5 , v 28 

| a 22 | 15

| b 22 | 28

 
  

 

a 37,b 5  0 0 b¤ a 7   . , b 5 

dUcenH (  . a,b) {(50,37);(37,50);(7,50);(50,7)}
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lMhat;TI21 (IMO 1960) 

eK[  CacMnYnmanelxbIxÞg; . eKdwgfa N  Eckdac;nwg 11 ehIy  N N

Ecknwg 11 )anplEckes μInwgplbUkkaerénelxxÞg;rbs;  . N

cUrkMNt;elxTaMgbIxÞg;rbs; N  ? 
dMeNaHRsay 
kMNt;elxTaMgbIxÞg;rbs; N  
tag  N abc 100a 10b c (1)   

eK)an 2 2N
a b c

11
   2 )

c

  b¤  2 2 2N 11(a b c ) (2  

tam  eKGacsresr (1) N 11(9a b) a b      
edIm,I[  Eckdac;nwg 11 luHRtaEt a bN c    Eckdac;nwg 11 
eday 1 a  nig 0 b  9

8

  9 , 0 c 9   

eK)an   ehtuenH a b8 a b c 1     c 0     
b¤ a b  . c 1   1

c-krNI a b  b¤ b ac 0      
eK)an  2 2 2N 11(9a b) 11(a b c     )

2b¤   2 29a a c a (a c) c     

b¤   2 2
12a 2(c 5)a 2c c 0 (E )    
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)DIsRKmINg;smIkar  KW  1(E ) 2 2
1' (c 5) 2(2c c      

b¤  .  2
1' 3c 8c 2     5

0smIkar  manb¤skñúgsMNMu   luHRtaEt 1(E ) 1'   nig  1'

CakaerR)akd . eday   cMeBaH c  enaH c 01'  0 2 1 , c   
eday  CakaerR)akdEtkñúgkrNI c1' 0  mYyKt; 
ehtuenHsmIkar  køayCa 1(E ) 22a 10a 0    eKTaj)an a 5 

ehIy b a   . c 5 0     5

0dUcenH a 5   ehIy N 5, b 5 , c 0   5  . 
-krNI  a b  b¤ b (c 1   1 1a c) 1    
eK)an  2 2 2N 11(9a b 1) 11(a b c      )

2

0

2 29a a c 11 1 a (a c 11) c          
b¤  2 2

22a 2(c 32)a 2c 23c 131 0 (E )     

DIsRKImINg;énsmIkar  KW ³ 2(E )

2 2
2' (c 32) 2(2c 23c 131)       

        23c 14c 6   
smIkar  manb¤skñúgsMNMu  luHRtaEt 2(E )  2'   nig  1'

CakaerR)akd . 
eday   cMeBaHRKb; c   enaH c2'  0 5 {1,2 ,3,4}  
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3eday  CakaerR)akdEtkñúgkrNI c2'   mYyKt; 
ehtuenHsmIkar  køayCa 1(E ) 22a 26a 80 0     eKTaj)an  
a 5 ; a  8

3

0

3 0

 . 
- cMeBaH a 5    , c 

enaH b a  minyk  . c 11 8 11 3       

-cMeBaH a 8  enaH b 8, c  3 11     . 
dUcenH a 8   ehIy N 8, b 0 , c   3 30   . 
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lMhat;TI22 (IMO 1978) 

eK[cMnYnKt;viC¢man  nig n  Edl 1 mm n    . 
cUrkMNt;témøtUcbMputén m n  edIm,I[cMnYn  nig  m1978 n1978

manelxbIxÞg;cugeRkaybMputdUcKña ? 
dMeNaHRsay 
kMNt;témøtUcbMputén m n  

edIm,I[cMnYn  nig manelxbIxÞg;cugeRkaybMputdUcKña m1978 n1978

luHRtaEtplsg   Eckdac;nwg 1000  . nd 1978 1978  m

eKman m n md 1978 (1978 1)   cMeBaHRKb;1 m n    . 
eday 1000   ehIy 19788 125  989 2   enaHedIm,I[ 

m n md 1978 (1978 1)   Eckdac;nwg 1000  luHRtaEt 
m1978  Eckdac;nwg  nig 8 n m1978 1   Eckdac;nwg 125  . 

cMnYn   Eckdac;nwg 8  luHRtaEt m 3  m m1978 989 2  m

3

5
2



ehIyeday 1 m   enaHeKTaj)an  . n  n m 

eKman   Edl  11978 15 125 103 125q 103     1q 1

ehIy  2 2
1 21978 (125q 103) 125q 103   

Eteday    2103 84 125 109  

enaH  2
21978 (q 84) 125 109   
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*b¤       Edl 2
31978 125q 109  3 2q (q 4) IN    

elIkCakaer  4 2
31978 (125q 109) 

                            
2

4

4

5 5 4

125q 109

125(q 95) 6

125q 6 ; q (q 95) IN *

 

  

    

ehtuenHRKb; p I  eK)an ³ N *



k

4p p p
5 61978 (125q 6) 125q 6    

eday  
p

p p

k 0

6 (1 5) C(p,k).5


   

             
p

k 3

k 3

25p(p 1)
1 5p 125 C(p,k)5

2





      

eK)an 4p
7

25p(p 1)
1978 125q 1 5p

2


     

Edl 
p

k 3
7 6

k 3

q q C(o,k)5 


     ¬ CacMnYnKt;viC¢man ¦ 

eKTaj 4p
7

5p(5p 3)
1978 1 125q

2


    

edIm,I[  Eckdac;nwg 125luHRtaEt nigRKan;Et[ n m1978 1 

n m 4p ,p IN *     nig 5p(5p 3)

2

   Eckdac;nwg 125   
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edIm,I[ 5p(5p 3)

2

  Eckdac;nwg 125  luHRtaEt pCaBhuKuNén 25 
eBalKW  p 2   5k , k IN   *

ehIyeday n m  enaH 4p  n m 100k   nig m 3 

eKman   RKb; k I  m n (n m) 2m 100k 6      N *

dUcenHtémøGb,brmaén m n  KW 106  EdlRtUvnwg k 1  . 
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lMhat;TI23 (IMO 1962) 

cUrkMNt;cMnYnKt;FmμCatitUcbMput n  edaydwgfa kñúgRbBn½æedsIum:al; n  
manelx  CaelxcugeRkaybMput . ebIeKlubelx 6  cugeRkayenaH 6

ecalehIyykeTAsresrBIxagmuxénelxEdlenAsl;enaHeK)ancMnYn 
mYyeTotesμInwg  éncMnYnedIm  . 4 n

dMeNaHRsay 
kMNt;cMnYnKt;FmμCatitUcbMput n   
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1sn μtfa n  CacMnYnmanelx k   xÞg;enaHeK)an ³ 
k k 1 1n a a ....a 6 10.N 6     Edl k k 1 2 1N a a ....a a   

yk k
k k 1 1p 6a a ....a 6 10 N     . 

tamlkçxNÐénsmμtikmμeK)an  p 4 n   
eKTaj  k6 10 N 4(10.N 6)   

eKTaj)an 
k10 4

N 2
13


    . témø k dMbUgEdleFVI[ 10  k

5

4

Eckdac;nwg 13  KW k  ehIy 
510 4

N 2 15384
13


    

dUcenH n  . 10N 6 153846  
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lMhat;TI24 

cUrkMNt;RKb;KUcMnYnKt;FmμCati (a  ebIeKdwgfa ³ ,b )
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2

3

|

2a b  Ecknwg  )anplEck  nigsMNl; 53  .    a b 40

dMeNaHRsay 
kMNt;RKb;KUcMnYnKt;FmμCati (a  ,b )

tamviFIEckEbGWKøIteK)an ³ 
2 2a b 40(a b) 5     
2 2

2 2

a b 40a 40b 53

(a 20) (b 20) 853

   

   
 

tag u |   Edl u,a 20 | ; v | b 20    v *  
eK)ansmIkar   . 2 2u v 85  3

v

eyIgdwgfaRKb;kaeréncMnYnKt;manelxcugeRkay {  0,1,4,9,5,6 }

ehtuenHplbUkkaerénBIcMnYnKt;EdlmanelxcugeRkayesμI luHRtaEt 3

elxcugeRkayénkaercMnYnnImYyesμ IerogKña 4  nig  b¤ nig   . 9 9 4

]bmafa  enaH  u  2 2 22u u v 853  

b¤ 853
u 2

2
  0 2 2 2 3  ehIy u u v 85    b¤ u 2  9

ehtuenH 21    ehIy  RtUvmanelxcugeRkay  b¤  u 29  2u 4 9
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2 3enaHeK)an u   b¤  2 u 2   b¤ u 27  b¤ u 28  . 
tamsmIkar   eKTaj 2 2u v 85  3 2v 853 u   
-ebI u   enaH 2 2 v 853 484 369    minyk 
-ebI u   enaH 2 3 v 853 529 324 18     
-ebI u    enaH 2 7 v 853 729 12   4

8

 minyk 
-ebI u  enaH 2 v 853 784 6   9

3

8 3

|

 minyk 
edaysmIkar manlkçNHqøúHenaHeKTaj)anKUcemøIy 2 2u v 85 

u 23 , v 1    b¤ u 1  8 , v 2 

eday u |   enaHeKTaj)anKUcemøIy a 20 | ; v | b 20   

(a,b) (38,43) ; (43,38)   . 
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lMhat;TI25 (Singapore National Mathematical Olympiad 2009) 
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n

n

2m

cUrkMNt;RKb;cMnYnKt;viC¢man mnig EdlepÞógpÞat;smIkar   
   .  

m 23.2 1 n 

dMeNaHRsay 
kMNt;cMnYnKt;viC¢man mnig  ³ 
smIkar   smmUl n12.3  (*)

3
)1n)(1n(

2m 
  

smIkarenHmancemøIykñúg  luHRtaEt *IN
3

1n   b¤ 
3

1n    CacMnYnKt; . 
-krNI  

3
1n    CacMnYnKt; ³ 

edayGgÁTImYyénsmIkar (*)  CaktþasV½yKuNén  nig  2

 1n
3

1n


  enaHeKRtUv [ k2.
3

1n
1n


    

b¤  k

k k

2 3 6
n 1

2 3 2 3


  

 
  Edl INk  

edIm,I[  luHRtaEt *INn IN
32

6
k




 enaHeKTaj)an 2k    
ehIy  7n 

ehIytam  eK)an (*) m 48 6
2 2 m

3
4


     . 
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-krNI   
3

1n   CacMnYnKt; ³ 
edayGgÁTImYyénsmIkar (*)  CaktþasV½yKuNén  nig   2

3
1n

1n


  RKb; n  2

enaHeKRtUv[ k2.
3

1n
1n


   b¤  

32
32

n
k

k




   Edl INk



 
edIm,I[  luHRtaEt *INn *IN

32
32

k

k





  enaHeKTaj)an  
1k,0k   ehIy 5n,2n    . 

> cMeBaH  tam  eK)an 2n  (*) 0m12m    
    minykeRBaH . *INm

 > cMeBaH  tam (*)  eK)an 5n  3m22 3m   . 
dUcenH     b¤  5n,3m  7n,4m    . 
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lMhat;TI26 (IMO 1967) 
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1eK[  CacMnYnKt;FmμCatiedaydwgfa m kk , m , n     
CacMnYnbfmFMCag n  . eKyk 1 sc s(s 1)   .  
cUrRsayfaplKuN ³ 

m 1 k m 2 k m 3 k m n k(c c )(c c )(c c )...(c c )        
Eckdac;nwgplKuN   .  1 2 3 nc .c .c ...c

dMeNaHRsay 
RsayfaplKuN ³ 

m 1 k m 2 k m 3 k m n k(c c )(c c )(c c )...(c c )         
Eckdac;nwgplKuN  1 2 3 nc .c .c ...c

tag  nig  


 
n

1i
kimn ccP  




n

1i
in cQ  

eKman )1yx)(yx(cc yx   
eK)an  




n

1i
n )1kim)(kim(P

               



n

1i

n

1i
)1kim()kim(  
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b¤ 
)!1km(

)!1knm(

)!km(

)!knm(
Pn 







  

ehIy    )!1n(!n)1i(iQ
n

1i
n  



eK)an 
)!1km()!km()!1n(!n

)!1knm()!knm(

Q

P

n

n




  

eKman 
)!km(!n

)!knm(
Cn

knm 


  

          nig  
)!km()!1n(

)!1knm(
C 1n

1knm 



  

         enaH 1n
1knm

n
knm

n

n C.C.
1km

1

Q

P 


  

         eKman n
knmC   CacMnYnKt; 

ehIy 
)1km()!km()!1n(

)!1knm(
C

1km

1 1n
1knm 







  

                                          
)!1km()!1n(

)!1knm(




  

tamsmμtikmμ   CacMnYnbfmFMCag 1km  1n   enaHvaKμanktþarYm 
CamYynwg ehIy)!1n(  )!1knm(   Eckdac;nwg )!1kn(   
tamRTwsþIbT Gauss  eK)an 1n

1knmC 
  Eckdac;nwg  1km 

dUcenH    m 1 k m 2 k m 3 k m n k(c c )(c c )(c c )...(c c )      

Eckdac;nwgplKuN   . 1 2 3 nc .c .c ...c
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lMhat;TI27 ( IMO 2005 ) 

eK[sIVút   kMNt;eday  ,...a,a,a 321 1632a nnn
n 

cMeBaHRKb;cMnYnKt;viC¢man n  . 
cUrkMNt;RKb;cMnYnKt;viC¢manEdlbzmeTAnwgRKb;tYénsIVút . 
dMeNaHRsay 
cMnYnKt;viC¢manEdlbzmeTAnwgRKb;tYénsIVútenHmanEtmYyKt;KW 1 . 
eyIgnwgbgðajfaRKb;cMnYnbzm Eckdac; cMeBaHRKb;cMnYnviC¢man n. p na

smÁal;eXIjfacMeBaH  nig 2p  3p   Eckdac; 
481632a 222

2    . 
eyIg]bmafa  . tamRTwsþIbT Fermat  eyIgman 5p 

)p(mod16

)p(mod13

)p(mod12

1p

1p

1p













 

enaH )6(mod0612363.22.3 1p1p1p    
b¤  )p(mod0)1632(6 2p2p2p  

enaH   Eckdac;nwg  . 2pa6  p

BIeRBaHEt p  bzmeTAnwg 6 enaH  Eckdac;nwg p  . 2pa 
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lMhat;TI28 ( IMO Shortlist 2003 ) 

cUrkMNt;cMnYnKt;viC¢man k tUcCageK edaydwgfamancMnYnKt;  
k321 x....,,x,x,x  Edl 20023

k
3

2
3

1 2002x.....xx  . 
dMeNaHRsay 
cMnYnKt;viC¢man k  EdltUcCageKKW 4k   . 
CadMbUgeyIgnwgbgðajfa  minGacCaplbUkénKUbbIcMnYn . 20022002

eKman  enaH  )9(mod42002  )9(mod142002 3 

eK)an  )9(mod42004.)2002(2002 6732002 

müa:geTot  cMeBaHRKb;cMnYnKt;   )9(mod1,0x3  x

ehtuenH  Ecknwg 9 minGac[sMNl;esμI  )aneT. 3
3

3
2

3
1 xxx  4

dUcenH  minGacsresrCaplbUkKUbR)akdénbIcMnYnKt;)aneT. 20022002

eyIgnwgbgðajfa  GacsresrCaplbUkénKUbR)akdénbYncMnYn 20022002

)an . eKman 11101011100010002002 33   
eday 200220022002 20012002   
         

3667366736673667

333667

)2002()2002()10.2002()10.2002(

)111010()2002(





dUcenH 4k    . 
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lMhat;TI29  

eK[cMnYnKt;viC¢man  . yk  CaplKuNéntYelxminsUnüén n  . n )n(p

¬ebI n  manelxEtmYy enaH  esμInwgelxenaH ¦ )n(p

eKyk )999(p.....)2(p)1(pS   . 
etIktþabzmFMCageKén  esμIb:unμan ? S

dMeNaHRsay 
ktþabzmFMCageKén S  
tambMrab;  CaplKuNéntYelxminsUnüén n   )n(p

ebI abcn   enaH  )c(p)b(p)a(p)abc(p)n(p   
ehIy  cMeBaH n)n(p  9n1   nig  1)0(p   . 
yk )999(p....)1(p)0(pT   enaH 1T)0(pTS   
tag 469...211)9(p...)2(p)1(p)0(pk   
eK)an 33

9a09c,b,a0

999

0n
k])a(p[)abc(p)n(pT  


 

ehtuenH 103753)14646)(146(1461TS 323   
dUcenH 103  CaktþabzmFMCageKrbs; S  . 
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lMhat;TI30 (IMO 1976 ) 

eK[sIVút  kMNt;eday ³ )u( n

1
2

1nn1n10 u)2u(uu,
2

5
u,2u    cMeBaH  ,...2,1n 

cUrbgðajfacMeBaHRKb;cMnYnnKt;viC¢man n  eKman   3

)1(2

n

nn

2u



    
¬ Edl  x  tagCacMnYnKt;viC¢mantUcCag  x  ¦ 
dMeNaHRsay 

bgðajfa     3

)1(2

n

nn

2u



    
CadMbUgeyIgKNnatY  eK)anlMnaMdUcxageRkam ³ 5432 u,u,u,u

11
11

55
5

4

3
3

31
1

2

1
1

10
0

0

2

1
2u,

2

1
2u

2

1
2u,

2

1
2

2

5
u

2

1
2

2

5
u,

2

1
22u







 

eyIgsegáteXIjfakenSam  manragTUeTA nu
n

n
V

V
n

2

1
2u   

Edl  CasIVútkMNt;eday  )V( n .....,11,5,3,1,1,0:)V( n

tagsIVút  Edl )w( n 1nnn VVw    RKb;  0n 
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eK)an ³ naM[  CasIVútFrNImaRt ....,16,8,4,2,1:)W( n )W( n

mantY   nig ersug 1W0  2q   . 
eK)an   enaH n

n 2W  n
n1n 2VV     

KuNGgÁTaMgBIrnwg  eK)an ³ 1n)1( 

n1n
n

n
1n

1n 2)1(V)1(V)1( 


   
eK)an    













1n

0k

k1k
k

k
1k

1k
1n

0k
2)1(V)1(V)1(  

                                  
3

12)1(
VV)1(

nn

0n
n 

  

eday   enaH 0V 0 3

)1(2

3.)1(

12)1(
V

nn

n

nn

n






  

dUcenH   3

)1(2

3

)1(2

n

nnnn

22u

 
    

eday  enaH   )3(mod)1(2 nn  nn )1(2|3 

ehIy 13

)1(2 nn

2 


     dUcenH     3

)1(2

n

nn

2u



     . 
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lMhat;TI31 (IMO 2010 ) 

cUrkMNt;RKb;GnuKmn_ IRIR:f   edaydwgfasmPaB  
    )y(f)x(fyxf  BitCanic©RKb; IRy,x  . 

¬  tag[EpñkKt;én a  ¦ .    a

dMeNaHRsay 
kMNt;RKb;GnuKmn_ IRIR:f   
RKb; IRy,x   eKmansmPaB  
yk  nig  eK)an 0x  0y   )0(f)0(f)0(f   
eKTaj    0)0(f1)0(f    enaH 0)0(f   b¤   1)0(f   
-krNI    1)0(f 

yk  CMnYskñúg (*)  eK)an 0y   )0(f)x(f)0(f     
b¤  )0(f)x(f    naM[ )x(f  CaGnuKmn_efr 
tag c)x(f   CMnYskñúgsmIkar (*)  eK)an  ccc     
enaH   .   1c,0c 

dUcenH 0)x(f   b¤  c)x(f    Edl  )2,1[c  ¬eRBaH   ¦   1c 
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-krNI 0)0(f   
yk   CMnYskñúg (*)  eK)an 1yx   )1(f)1(f)1(f    
enaH 0)1(f   b¤     1)1(f 

k> cMeBaH 0)1(f   enaHeyIgyk 1x   CMnYskñúg (*) eK)an  
  IRy0)y(f)1(f)y(f   . 

x> cMeBaH  enaHeyIgyk   1)1(f  1y   eK)an   (**))x(f)x(f   
yk 

2

1
y,2x   kñúg (*)  eK)an 



 )

2

1
(f)2(f)1(f  

Ettam  eK)an (**) 0)0(f)
2

1
(f   ehtuenHeKTaj)an 0)1(f   

minBiteRBaH   .   1)1(f 

srubmkeK)ancemøIy IRx,0)x(f     
b¤  IRx,c)x(f    Edl 2c1     . 
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lMhat;TI32  

eKdwgfa  manktþabzm  0160321002004008 250000p

cUrkMNt;ktþabzmenaH . 
dMeNaHRsay 
kMNt;ktþabzm 
edayeRCIserIs 2,1000  ba  eK)an ³ 

54322345 0160321002004008 babbababaa   

                                

k

bababababa

ba

ba

.250501.1002.4

)998004)(1002004)(1002(

))()((

2

2222

66











 

Edl  enaH 250000k 250501p   . 
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lMhat;TI33 (IMO 1984) 

cUrkMNt;KUmYyéncMnYnKt;viC¢man  edaydwgfa ³ ba ,

)(:)( baabi   Eckmindac;nwg 7   
777)(:)( babaii   Eckdac;nwg   . 77

dMeNaHRsay 
kMNt;KUmYyéncMnYnKt;viC¢man  ³ ba ,

tamrUbmnþeTVFajÚtuneK)an ³ 
222777 ))((7)( bababaabbaba   

tambRmab;eKman )(:)( baabi   Eckmindac;nwg 7   
dUcenHedIm,I[  Eckdac;nwg    777)(:)( babaii  77

luHRtaEt  Eckdac;nwg  . 22 baba  37

eKman  enaH 3222 7)(  bababa 19 ba  
edayeFIVkarsakl,gCMnYs 18,1  ba  enaHeK)an ³ 

32222 7343181811  baba  
dUcenHKU  CacemøIy. 18,1  ba

mü:ageTottamRTwsþIbTGWEl ³ 
ebI  enaH 1),( naGCD )mod(1)( na n   . 
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eKman  ))(( 2233 babababa 

ehtuenHedIm,I[ 22 baba   Eckdac;nwg  luHRtaEt 37

)7(mod 333 ba    nig ba   Eckmindac;nwg 7  . 
eKman 9837677)7( 2233   . 
ebI c  CacMnYnKt;viC¢manEckmindac;nwg 7  enaHeK)an  
  . )7(mod1)( 3398 c

dUcenHedIm,I[  luHRtaEt )7(mod1 33 a 98ca   
]TahrN_ ³ 
-ebIeKyk  enaH  2c )7(mod182 398 

  ehtuenH   )7(mod1182 33398   
  dUcenH  CacemøIymYy . 1,18  ba

-ebIeKyk  enaH  3c )7(mod3243 398 

  ehtuenH    )7(mod13243 33398   
  dUcenH  CacemøIyepSgmYyeTot . 1,324  ba
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