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rkßasiT§iRKb́ÿag 



FrNImaRtviPaKkñúgbøg; 
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CMBUkTI1 

RTwsþIbTsMxan;² 
 

1-RTwsþIbTkUsIunUs ( The law of sines ) 

 cMeBaHRtIekaN ABC  manRCug cAB,bAC,aBC   
carwkkñúgrgVg;p©it O  kaM R  eK)an  R2

Csin

c

Bsin

b

Asin

a
   . 

sRmaybBa¢ak; 
 
 
 
 
 
 
 
sg;Ggát;p©it R2BD   enaHeK)an o90BAD   ¬mMucarwkknøHrgVg; ¦ 
kñúgRtIekaNEkg ABD  eKman 

R2

c

BD

AB
Dsin   

eday ACBADB   ¬mMucarwkkñúgrgVg;sáat;edayFñÚrrYm AB  ¦ 

A  

B  

C  

D
O  



FrNImaRtviPaKkñúgbøg; 
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eK)an 
R2

c
Csin    b¤ R2

Csin

c
   . 

RsaydUcKñaEdreK)an R2
Asin

a
   nig R2

Bsin

b
  

dUcenH R2
Csin

c

Bsin

b

Asin

a
   . 

RTwsþIbTenHBitCanic©cMeBaHmMu C,B,A  CamMuRsYc b¤ mMuEkg b¤ mMuTal . 
2-rUbmnþcMeNalEkg (Projection Formula ) 

 kñúgRKb;RtIekaN ABC  eKman ³ 

 
AcosbBcosac

CcosaAcoscb

BcoscCcosba





 

 
sRmaybBa¢ak; 
 
 
 
 
 
 
sg;km<s; AH  énRtIekaN ABC  . 

A  

B  C  H  



FrNImaRtviPaKkñúgbøg; 
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eKman  HCBHBC   
kñúgRtIekaNEkg ABH  nig AHC  eKman ³ 

c

BH

AB

BH
Bcos   enaH BcoscBH   

b

HC

AC

HC
Ccos   enaH CcosbHC   

ehtuenH CcosbBcoscBC    eday aBC   
dUcenH BcoscCcosba    . 
cMeBaHrUbmnþBIreTotRsaydUcrebobxagelIenHEdr . 
3-RTwsþIbTkUsIunUs 
 kñúgRKb;RtIekaN ABC  eKman ³ 

 
Ccosab2bac

Bcosca2acb

Acosbc2cba

222

222

222







 

sRmaybBa¢ak; 
 tamrUbmnþcMeNalEkgeKman ³ 












AcosbBcosac

CcosaAcoscb

BcoscCcosba

 b¤ 















AcosbcBcosacc

CcosabAcosbcb

BcosacCcosaba

2

2

2

 

eFIVplbUksmIkarBIrenHGgÁ nig GgÁeK)an ³ 



FrNImaRtviPaKkñúgbøg; 
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Acosbc2cba 222   b¤ Acosbc2cba 222   
cMeBaHrUbmnþBIreTotRsaydUcKñaxagelIEdr . 
4-RTwsþIbTemdüan 
 kñúgRKb;RtIekaN ABC  EdlmanRCug c,b,a  nigemdüanRtUvKña  
 cba m,m,m   eKman ³ 

 

4

c

2

ba
m

4

b

2

ac
m

4

a

2

cb
m

222
2

c

222
2

b

222
2

a
















 

sRmaybBa¢ak; 
 
 
 
 
 
 
sg;emdüan amAK   

A  

B  C  K  



FrNImaRtviPaKkñúgbøg; 
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 tamRTwsþIbTkUsIunUskñúgRtIekaN ABK   
 BcosBK.AB2BKABAK 222   
 b¤ )1(Bcosac

4

a
cBcos

2

a
.c2

4

a
cm

2
2

2
22

a    
 tamRTwsþIbTkUsIunUskñúgRtIekaN AKC   
 CcosKC.AC2KCACAK 222   
 b¤ )2(Ccosab

4

a
bCcos

2

a
.b2

4

a
bm

2
2

2
22

b   
 bUksmIkar )2(&)1(   eK)an ³ 

 )CcosbBcosc(a
2

a
cbm2

2
222

a   
 Et aCcosbBcosc     ¬ rUbmnþcMeNalEkg ¦ 

 enaH 
2

a
cba

2

a
cbm

2
222

2
222

a   

 dUcenH 
4

a

2

cb
m

222
2

a 


   . 
4-RTwsþIbTLibnic ¬ Leibniz’s theorem ¦ 
 kñúgRKb;RtIekaN ABC  EdlmanRCug c,b,a  ehIy O  Cap©itrgVg;carwkkñúg 
 nig G  CaTIRbCMuTm¶n;énRtIekaNenaHeKman 

9

cba
ROG

222
22 
  . 

 



FrNImaRtviPaKkñúgbøg; 
 

 
 

eroberogeday lwm plÁún                                        TMBr½ 6  

sRmaybBa¢ak; 
 
 
 
 
 
 
 

 
sg;düan AK  nig BL  kat;KñaRtg; G  .  
tag OGA  enaH OGK   
tamRTwsþIbTkUsIunUskñúgRtIekaN OGA  ³ 

 cosGA.OG2GAOGOA 222  
eKTaj )1(

GA.OG2

OAGAOG
cos

222 
   

tamRTwsþIbTkUsIunUskñúgRtIekaN OGK  ³ 





cosGK.OG2GKOGOK

)cos(GK.OG2GKOGOK
222

22
 

A  

B  C  K

G  

O  



FrNImaRtviPaKkñúgbøg; 
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eKTaj)an )2(
GK.OG2

OGGKOK
cos

222 
  

pÞwm )1(  nig )2(  eK)an ³ 

)OGGKOK(
GK

GA
OAGAOG

GK.OG2

OGGKOK

GA.OG2

OAGAOG

222222

222222








 

edayeKman aa m
3

1
AK

3

1
GK,m

3

2
AK

3

2
GA,ROA   

kñúgRtIekaNEkg :OCK   
4

a
ROK

2
22    ¬BItaKr½ ¦  

eK)an  )OGm
9

1

4

a
R(2Rm

9

4
OG 22

a

2
222

a
2   

b¤        
2

a
m

3

2
R3OG3

2
2

a
22    

tamRTwsþIbTemdüan 
4

a

2

cb
m

222
2

a 


  

ehtuenH 
2

a
)

4

a

2

cb
(

3

2
R3OG3

2222
22 


  

            
3

cba
R3OG3

222
22 
  

dUcenH  
9

cba
ROG

222
22 
  . 

 



FrNImaRtviPaKkñúgbøg; 
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5-RTwsþIbT Stewart ¬ Stewart's Theorem ¦ 
 eK[RtIekaN ABC  mYymanRCug c,b,a  . 
 P  CacMNucmYyén AB  Edl nPB,mPA   nig cnm   . 
 eK)an  22222 nmmnPC).nm(nbma    . 
 smÁal;eKehARTwsþIbT Stewart  dUcKñanwgRTwsþIbT  Apollonius   
 (Apollonius' theorem). 
 sRmaybBa¢ak; 
 
 
 
 
 
 
tamRTwsþIbTkUsIunUscMeBaHRtIekaN PAC nig PBC  eKman ³ 

 cosPA.PC2PAPCAC 222   Edl APC  
 cos.PB.PC2PBPCBC 222  

eday nPB,mPA,aBC,bAC   
 

C  

A  BP

m  n



FrNImaRtviPaKkñúgbøg; 
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 eK)an  cos.mPC2mPCb 222  
 nig   cosnPC2nPCa 222  
 ehtuenH 22222 mnnmPC)nm(manb   
 dUcenH 22222 nmmnPC).nm(nbma    . 
6-épÞRkLaénRtIekaN 
 k>krNIsÁal;RCug nig km<s; 
 kñúgRKb;RtIekaN ABC  EdlmanRCug c,b,a  nigkm<s; cba h,h,h  
 eK)anépÞRkLa cba hc

2

1
hb

2

1
ha

2

1
S    . 

 x>krNIsÁal;RCugBIr nig mMumYy 
 RTwsþIbT ³ épÞRkLaén ABC  kMNt;eday ³ 
 Csinab

2

1
Bsinca

2

1
Asinbc

2

1
S   . 

 sRmaybBa¢ak;  
 
 
 
 
 

A  

B  C  H  



FrNImaRtviPaKkñúgbøg; 
 

 
 

eroberogeday lwm plÁún                                        TMBr½ 10  

 eKman aha
2

1
BC.AH

2

1
S   

 kñúgRtIekaNEkg AHC  eKman 
b

h

AC

AH
Csin a  b¤ Csinbha   

 dUcenH Csinab
2

1
S    . 

 smÁal; ³ 
 tamRTwsþIbTsIunUseKman 

R2

c
Csin   Edl R  CakaMrgVg;carwkeRkARtIekaN 

 ehtuenH 
R4

abc

R2

c
.ab

2

1
Csinab

2

1
S    . 

 dUcenH 
R4

abc
Csinab

2

1
Bsinca

2

1
Asinbc

2

1
S   . 

 K>rUbmnþehr:ug 
 RTwsþIbT ³ épÞRkLaén ABC  edaysÁal;RCugTaMgbI c,b,a  
 kMNt;eday )cp)(bp)(ap(pS   Edl 

2

cba
p


  

 sRmaybBa¢ak; 
 tamrUbbmnþ )1(Asinbc

2

1
S   

 eKman Acos1Asin 22   
 eday Acosbc2cba 222   

 enaH 
bc2

acb
Acos

222 
  



FrNImaRtviPaKkñúgbøg; 
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 eK)an 2
222

2 )
bc2

acb
(1Asin


  

                          

22

22

2222

22

222222

cb4

)cba)(cba)(acb)(acb(
cb4

])cb(a][a)cb[(

cb4

)acb(cb4










 

 tag 
2

cba
p


   CaknøHbrimaRtén ABC  

 enaHeK)an 















)bp(2cba

)cp(2cba

)ap(2acb

p2cba

 

 eK)an 
22

2

cb4

)cp)(bp)(ap(p16
Asin


  

 eKTaj )2()cp)(bp)(ap(p
bc

2
Asin   

 yk )2(  CYskñúg )1(  eK)an ³ 
 )cp)(bp)(ap(p

bc

2
bc

2

1
S   

 dUcenH  )cp)(bp)(ap(pS    . 
 



FrNImaRtviPaKkñúgbøg; 
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X>RkLaépÞRtIekaNCanuKmn_énknøHbrimaRt nig kaMrgVg;carwkkñúg 
 RTwsþIbT ³ épÞRkLaén ABC  Edlman p  CaknøHbrimaRt nig r  CakaM 
 énrgVg;carwkñúgénRtIekaNkMNt;eday prS    . 
 sRmaybBa¢ak; 
 
 
 
 
 
 
 
 
 tag I  Cap©itrgVg;carwkkñúgRtIekaN ABC  ehIy L,K,H  CacMnucb:Hrvag 
 rgVg;carwkkñúgRtIekaN CamYyRCug AB,CA,BC  erogKña . 
 épÞRkLaén ABC   kMNt;eday ³ 
 r.

2

cba
cr

2

1
br

2

1
ar

2

1
SSSS IABICAIBC


  

 tag 
2

cba
p


   enaH prS    . 

H  B  C  

A  

K
L  

I



FrNImaRtviPaKkñúgbøg; 
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7-kaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN 
 eK[RtIekaN ABC  mYymanRCug c,b,a  ehIytag 

2

cba
p


 . 

 tag r  nig R  erogKñaCakaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAén ABC  
 tamrUbmnþépÞRkLaénRtIekaN ABC  eK)an ³ 
 )cp)(bp)(ap(p

R4

abc
prS   

 dUcenH  
p

)cp)(bp)(ap(
r


   

         nig  
)cp)(bp)(ap(p4

abc
R


   . 

8-TMnak;TMngqøúHénRCugrbs;RtIekaNmYy 
 eK[RtIekaN ABC  mYymanRCug c,b,a  .  
RbEvgRCug c,b,a  manTMnak;TMngqøúHCaGnuKmn_én p,R,r  dUcxageRkam ³ 














)3(prR4abc

)2(rR4rpcabcab

)1(p2cba
22  

)ann½yfa c,b,a  Cab¤sénsmIkardWeRkTIbI ³ 
0prR4x)rR4rp(px2x 2223    ¬tamRTwsþIbTEvüt ¦. 

cMeBaHTMnak;TMng )2(  nig )3(  GacRsaybBa¢ak;dUcxageRkam ³ 
 



FrNImaRtviPaKkñúgbøg; 
 

 
 

eroberogeday lwm plÁún                                        TMBr½ 14  

tamrUbmnþ  
p

)cp)(bp)(ap(
r


  

eK)an 
p

)cp)(bp)(ap(
r2 

  

         
p

abcp)cabcab(p)cba(p
r

23
2 
  

eday p2cba   ehIy pr
R4

abc
S   enaH prR4abc   

ehtuenH 
p

prR4p)cabcab(p2p
r

33
2 
  

             rR4cabcabpr 22   
dUcenH rR4rpcabcab 22   . 
smÁal;  ³  
eKman ca2bc2ab2cba)cba( 2222   
eK)an )cabcab(2)cba(cba 2222   

                              
rR8r2p2

)rR4rp(2)p2(
22

222



  

dUcenH )4(rR8r2p2cba 22222    
ehIy abc)acbcab)(cba()ac)(cb)(ba(   

                                          
)rR2rp(p2

prR4)rR4rp(p2
22

22



  



FrNImaRtviPaKkñúgbøg; 
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dUcenH )5()rR2rp(p2)ca)(cb)(ba( 22   
tamsmPaB )ca)(cb)(ba(3cba)cba( 3333   
eK)an )ca)(cb)(ba(3)cba(cba 3333   

                               
)rR6r3p(p2

)rR6r3p3p4(p2

)rR2rp(p6)p2(

22

222

223







 

dUcenH )6()prR6pr3p(2cba 23333    
]TahrN _ ³ kñúgRKb;RtIekaN ABC  cUrRsayfa ³ 
                 

R

r
1CcosBcosAcos    Edl r  nig R  tagerogKña 

CargVas;kaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaN ABC  . 
dMeNaHRsay 
tamRTwsþIbTkUsIunUsGnuvtþn_kñúgRtIekaN ABC  eK)an ³ 

ab2

cba

ac2

bac

bc2

acb
CcosBcosAcos

222222222 






  

                                
abc2

)cba(2)cba)(cba( 333222 
  

edayCMnYs ³ p2cba   
ehIy         rR8r2p2cba 22222   
nig              )prR6pr3p(2cba 23333   



FrNImaRtviPaKkñúgbøg; 
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eK)an ³ 

prR8

)prR6pr3p(4)rR8r2p2(p2
CcosBcosAcos

2322 
  

                                

R

r
1

rR4

r4rR4

pRr8

)rR12r6p2rR8r2p2(p2

2

2222









 

dUcenH 
R

r
1CcosBcosAcos    . 

9-RTwsþIbTGWEl 
 eK[RtIekaN ABC  mYymanRCug c,b,a  . tag I  Cap©iténrgVg;carwk 
kñúgénRtIekaNenH . cMeBaHRKb;cMnuc X  énbøg;eKmanTMnak;TMng ³ 

abcXI.)cba(XC.cXB.bXA.a 2222    . 
sRmaybBa¢ak; 
 
 
 
 
 

 
B  

A

C  

I

y  

x



FrNImaRtviPaKkñúgbøg; 
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kñúgtRmuyGrtUnrm:al; )Bxy(  eKman  ³ 
)Bsinc;Bcosc(A;)0,a(C;)0;0(B  . 

tag r  CakaMrgVg;carwkkñúg nig 
2

cba
p


  CaknøHbrimaRt 

énRtIekaN ABC  enaHeK)an  )r;bp(I   . 
ebI S  CaépÞRkLaénRtIekaN ABC  enaHeKman  ³ 

pr)cp)(bp)(ap(pS     ¬rUbmnþehr:ug ¦ 
elIkCakaereKTaj)an  

p

)cp)(bp)(ap(
r2 

    

tag )y;x(X 00  CacMnucNak¾edayénbøg; . 
tag 222 XC.cXB.bXA.aM   
nig abcXI).cba(N 2    eK)an ³ 

22
00

2
0

2
0

22
00

2
0

2
0

22
0

222

0
2

0
2

0

22
00

2
0

2
0

2
0

2
0

2
0

2
0

2
0

2
0

222

accaSy4)bp(px4)yx(p2

accaSy4)b2p2)(p2(x)yx(p2

accaSy4)
ac2

bca
1(acx2)yx(p2

caacBsinacy2)Bcos1(acx2)yx)(cba(

]y)ax[(c)yx(b])Bsincy()Bcoscx([a

cXCbXBaXAM
















 

 
 



FrNImaRtviPaKkñúgbøg; 
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ehIy abcXI)cba(N 2   

        

 

abc)cp)(bp)(ap(2

)bp(p2Sy4)bp(px4)yx(p2

abc
p

)cp)(bp)(ap(
p2

)bp(p2Sy4)bp(px4)yx(p2

abcpr2

)bp(p2pry4)bp(px4)yx(p2

abc)ry())bp(x(p2

2
00

2
0

2
0

2
00

2
0

2
0

2

2
00

2
0

2
0

2
0

2
0


















 

yk abc)cp)(bp)(ap(2)bp(p2T 2   

      

22

2

22

acca

)ca(ac)bb2p2(acabc)bp(ac2

abc]acp)cba(p2)[bp(2

abc]acp)ca(ppbp)[bp(2








 

eKTaj 22
00

2
0

2
0 accaSy4)bp(px4)yx(p2N   

edaykenSam NM   naM[eKTaj)an  
abcXI)cba(XC.cXB.bXA.a 2222    . 

 
 
 



FrNImaRtviPaKkñúgbøg; 
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10-cm¶ayrvagp©itrgVg;carwkkñúg nig p©itrgVg;carwkeRkAénRtIekaN 
 RTwsþIbT 
eK[RtIekaN ABC  mYyEdl O  Cap©itrgVg;carwkeRkA nig I  Cap©itrgVg;carwk 
kñúg . ebI R  nig r  CargVas;kaMrgVg;carwkkñúg nig kaMrgVg;carwkeRkAénRtIekaNenaH 
eK)an Rr2ROI 22    b¤  )r2R(ROId    . 
 sRmaybBa¢ak; 
tamRTwsþIbTGWEleyIg)an ³ 

abcOI)cba(OC.cOB.bOA.a 2222   
eday ROCOBOA   nig 

2

cba
p


  

eK)an abcd.p2Rp2 22   naM[ 
p2

abc
Rd 22    Edl OId   . 

tamrUbmnþépÞRkTLa 
R4

abc
prS   eKTaj rR2

p2

abc
  

dUcenH )r2R(RrR2Rd 22   b¤ )r2R(Rd    . 
 
 
 
 
 



FrNImaRtviPaKkñúgbøg; 
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11-cm¶ayBIp©itrgVg;carwkkñúgeTAkMBUlénRtIekaN 
 eK[RtIekaN ABC  mYymanRCug c,b,a   .  
ebI I  Cap©itrgVg;carwkkñúgénRtIekaNenaHeK)an ³ 

ab.
p

cp
IC,ac.

p

bp
IB,bc.

p

ap
IA








   

 sRmaybBa¢ak; 
 
 
 
 
 
 
 
tamRTwsþIbTGWElcMeBaHRKb;cMnuc X  eKman ³ 

abcXI).cba(XC.cXB.bXA.a 2222   
ebI AX   enaHeK)an ³ 

abcAI).cba(cbbc

abcAI).cba(AC.cAB.bAA.a
222

2222



  

A  

B  C  

I



FrNImaRtviPaKkñúgbøg; 
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eKTaj)an 
p2

)a2p2(bc

cba

)acb(bc
AI2 





  

dUcenH bc.
p

ap
AI


  . cMeBaHrUbmnþBIreTotRsaydUcKña . 

smÁal; ³ 
eKman  ab.

p

cp
IC,ac.

p

bp
IB,bc.

p

ap
IA








   

eK)an )
p

cp

p

bp

p

ap
(abcIC.cIB.bIA.a 222 







  

eday 1
p

p2p3

p

)cba(p3

p

cp

p

bp

p

ap














  

dUcenH abcIC.cIB.bIA.a 222    . 
12-kenSamRtIekaNmaRt 

2

A
tan,

2

A
cos,

2

A
sin  

 eK[RtIekaN ABC  mYymanRCug c,b,a  nigknøHbrimaRt p  . 
 eKmanTMnak;TMngdUcxageRkam ³ 

 
)cp(p

)cp)(bp(

2

A
tan,

bc

)ap(p

2

A
cos

bc

)cp)(bp(

2

A
sin












 

 
 



FrNImaRtviPaKkñúgbøg; 
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 sRmaybBa¢ak; 
 
 
 
 
 
 
 
 
 kñúgRtIekaNEkg IAL  eKman 

IA

r

IA

LI

2

A
sin   

 eday 
p

)cp)(bp)(ap(
r


  nig bc.

p

ap
IA


  

 eK)an  
bc

)cp)(bp(

bc.
p

ap
p

)cp)(bp)(ap(

2

A
sin








  

 dUcenH 
bc

)cp)(bp(

2

A
sin


  . dUcKñaEdreKmanTMnak;TMng ³ 

 
ac

)cp)(ap(

2

B
sin


   nig 

ab

)bp)(ap(

2

C
sin


   . 

H  B  C  

A  

K
L  

I



FrNImaRtviPaKkñúgbøg; 
 

 
 

eroberogeday lwm plÁún                                        TMBr½ 23  

müa:geToteKman 
2

A
cos

2

A
sinbcAsinbc

2

1
S   

eKTaj 
bc

)cp)(bp(
bc

)cp)(bp)(ap(p

2

A
sinbc

S

2

A
cos




  

dUcenH 
bc

)ap(p

2

A
cos


   . RsaydUcKñaEdreK)an ³ 

ac

)bp(p

2

B
cos


   nig 

ab

)cp(p

2

C
cos


   . 

eKman 
)ap(p

)cp)(bp(

bc

)ap(p
bc

)cp)(bp(

2

A
cos

2

A
sin

2

A
tan









  

RsaydUcKñaEdreK)anTMnak;TMng ³ 

)bp(p

)cp)(ap(

2

B
tan




   nig 
)cp(p

)bp)(ap(

2

C
tan




   . 

13-RTwsþIbTknøHbnÞat;BuHkñúgénmMumYyrbs;RtIekaN 
 eK[RtIekaN C,B,A  manRCug c,b,a  .  
ebI CBA ,,    CaknøHbnÞat;BuHkñúgénmMu C,B,A  enaHeK)an ³ 

2

C
cos

ba

ab2
,

2

B
cos

ca

ac2
,

2

A
cos

cb

bc2
CBA 






    . 

 
 



FrNImaRtviPaKkñúgbøg; 
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sRmaybBa¢ak; 
 
 
 
 
 
 
 
épÞRkLaénRtIekaN ABC  KW ³ 

2

A
sinb

2

1

2

A
sinc

2

1
Asinbc

2

1

SSS

AA

AKCABK

 


 

eKTaj)an 
2

A
sin)cb(

Asinbc
A


  eday 

2

A
cos

2

A
sin2Asin   

dUcenH 
2

A
cos

cb

bc2
A 
   . 

RsaydUcKñaEdreK)an  
2

C
cos

ba

ab2
,

2

B
cos

ca

ac2
CB 



    . 

 
 

A  

K  B  C  

A  



FrNImaRtviPaKkñúgbøg; 
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14-kenSamkaMrgVg;carwkkñúgénRtIekaNmYy 
 eK[RtIekaN C,B,A  manRCug c,b,a  nigknøHbrimaRt p  . 
ebI r  CakaMrgVg;carwkkñúgRtIekaN ABC  enaHeK)an ³ 

2

C
tan)cp(

2

B
tan)bp(

2

A
tan)ap(r    . 

sRmaybBa¢ak; 
 
 
 
 
 
 
 
tag zCKCH,yBHBL,xAKAL   

eK)an 











bxz

azy

cyx

  naM;[ p2cba)zyx(2   

eKTaj pzyx   enaH 











cp)yx(pz

bp)xz(py

ap)zy(px

 

HB  C  

A  

K
L  

I



FrNImaRtviPaKkñúgbøg; 
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dUcenH bpBHBL,apALAK   
nig cpCKCH    . 
kñúgRtIekaNEkg ALI  eKman 

ap

r

AL

LI

2

A
tan


  

eK)an 
2

A
tan)ap(r    . RsaydUcKñaEdreK)an ³ 

2

B
tan)bp(r    nig 

2

C
tan)cp(r   

dUcenH 
2

C
tan)cp(

2

B
tan)bp(

2

A
tan)ap(r    . 

smÁal; ³ 
épÞRkLaénRtIekaN ABC  GacKNnatamrUbmnþ ³ 

2

C
tan)cp(p

2

B
tan)bp(p

2

A
tan)ap(pprS    . 

15-kenSamkaMrgVg;carwkkñúgmMumYyénRtIekaN 
 RTwsþIbT ³ 
 eK[RtIekaN C,B,A  manRCug c,b,a  nigknøHbrimaRt p  . 
ebI Ar  CakaMrgVg;carwkkñúgmMu A  énRtIekaN ABC  enaHeK)an ³ 

2

C
tan

bp

2

B
tan

cp

2

A
tanprA





   . 

 



FrNImaRtviPaKkñúgbøg; 
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sRmaybBa¢ak; 
 
 
 
 
 
 
 
 
eKman CHACCKACAK   nig BHABBLABAL   
eK)an ³ 

p2BCABAC)BHCH(ABACALAK   
eday ALAK   enaHeK)an p2AL2AK2   b¤ pALAK   
ehIy bpACAKCHCK   nig cpBLBH   
dUcenH cpBLBH,bpCHCK,pALAK   
kñúgRtIekaNEkg AL  eKman 

p

r

AL

L

2

A
tan A


  

eK)an )1(
2

A
tanprA   

  

A  B

C  

H

K

L

Ar  



FrNImaRtviPaKkñúgbøg; 
 

 
 

eroberogeday lwm plÁún                                        TMBr½ 28  

mü:ageToteKman LBHB   
naM[   BH

22

LBH

22

B









  

eK)an 
Ar

cp

H

BH
BHcot

2

B
tan





   eKTaj )2(

2

B
tan

cp
rA


   

RsaydUcKñaEdreK)an )3(

2

C
tan

bp
rA


  

tamTMnak;TMng )2(,)1(  nig )3(  eK)an ³ 

2

C
tan

bp

2

B
tan

cp

2

A
tanprA





   . 

eKmanTMnak;TMngRsedogKñaenHEdrcMeBaHkaMrgVg;carwkkñúgmMu B  nig kñúgmMu C 

2

C
tan

ap

2

A
tan

bp

2

C
tanpr,

2

C
tan

ap

2

A
tan

cp

2

B
tanpr CB











  

smÁal ; ³ 
eKman 

2

A
tan

bp
.

2

B
tanp.

2

B
tan

cp
.

2

A
tan)ap(rrrr CBA


  

          2
CBA S)cp)(bp)(ap(prrr   

dUcenHeK)an CBA rrrrS    . 
 



FrNImaRtviPaKkñúgbøg; 
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16-RTwsþIbTesv:a ¬Ceva’s theorem ¦ 
 RTwsþIbT ³ 
 kñúgRtIekaN ABC  mYy bnÞat;bI BE,AD  nig CF  RbsBVKñaRtg;cMnuc 
 K  mYyluHRtaEt 1

EA

CE
.

DC

BD
.

FB

AF
   . 

 sRmaybBa¢ak; 
  ]bmafabnÞat;bI BE,AD  nig CF  RbsBVKñaRtg;cMnucK  mYy 
 
 
 
 
 
 
 
 
 yk )(  CabnÞat;kat;tam A  ehIyRsbnwg )BC(  . 
 tag G  nig H  CaRbsBVrvagbnÞat; )BE(  nig )CF(  CamYybnÞat; )(  
 erogKña . 
 

A

B  
C  D

E

F K

G  
H  



FrNImaRtviPaKkñúgbøg; 
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eday  AHF  dUc BCF  enaHeK)an  )1(
BC

AH

FB

AF
  

         AEG  dUc BCE  enaHeK)an  )2(
AG

BC

EA

CE
  

         AGK  dUc BDK  enaHeK)an )3(
DK

AK

BD

AG
  

         AHK  dUc CDK  enaHeK)an )4(
DK

AK

DC

AH
  

tam )4(&)3(  eK)an 
DC

AH

BD

AC
  b¤ )5(

AH

AG

DC

BD
  

KuNTMnak;TMng )5(&)2(,)1(  GgÁ nig GgÁeK)an ³ 
1

AH

AG
.

AG

BC
.

BC

AH

EA

CE
.

DC

BD
.

FB

AF
   Bit . 

 ]bmafa  1
EA

CE
.

DC

BD
.

FB

AF
   Bit. 

eyIgnwgRsayfabnÞat; BE,AD  nig CF  RbsBVKñaRtg;cMnuc K  mYy. 
snμtfa k  CaRbsBVrvagbnÞat; BE  nig CF  ehIyyk 'D  CaRbsBVrvag 
bnÞat; AK  nig BC . enaHtamsRmayxagelIeK)an ³ 

1
EA

CE
.

C'D

'BD
.

FB

AF
   Ettamkar]bma 1

EA

CE
.

DC

BD
.

FB

AF
    

enaHeK)an 
DC

BD

C'D

'BD
  b¤ 1

DC

BD
1

C'D

'BD
   

b¤ 
DC

DCBD

C'D

C'D'BD 


  b¤ 
DC

BC

C'D

BC
  enaH DCC'D   mann½yfa 

cMNuc 'D  nig D  RtYtsIuKña . 



FrNImaRtviPaKkñúgbøg; 
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17-RTwsþImInWLÚs ¬Menelaus theorem ¦ 
 RTwsþIbT ³ 
 ykbIcMnuc D,F  nig E  sßiterogKñaelIRCug BC,AB  nig AC 
 énRtIekaN ABC  enaHcMNucbIenHrt;Rtg;KñaebI 1

AE

CE
.

CD

BD
.

BF

AF
   . 

 sRmaybBa¢ak; ³ 
 
 
 
 
 

 
 tag cba H,H,H  CacMeNalEkgén C,B,A  elI )EF( erogKña . 
enaHeK)an FAHa  dUc FBHb   enaH )1(

BH

AH

BF

AF

b

a  

               DBHb  dUc DCHc  enaH )2(
CH

BH

CD

BD

c

b  

               EAHa  dUc ECHc  enaH )3(
AH

CH

AE

CE

a

c  

KuNsmIkar )3(&)2(),1(  eK)an 1
AE

CE
.

CD

BD
.

BF

AF
   . 

A

B C  

F  

D

E

bH  

aH  

cH  



FrNImaRtviPaKkñúgbøg; 
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18-sV½yKuNéncMnucmYyeFobnwgrgVg;mYy  
 RTwsþIbT ³ 
 ebIbnÞat;BIrKUsecjBIcMnuc P  mYykat;rgVg;Rtg; B,A  nig D,C  erogKña 
enaHeK)an PDPCPBPA    . 
sRmaybBa¢ak; ³ 
krNIcMnuc P  enAkñúgrgVg;  
 
 
 
 
 
 
 
 
eKman PCBPAD   ¬mMucarwkkñúgrgVg;sáat;edayFñÚrYm DB¦ 
          CPBAPD    ¬mMuTl;kMBUl¦ 
eK)an PAD  nig PCB  CaRtIekaNdUcKña . 
eK)anpleFobdMNUc  

PB

PD

PC

PA
   enaH PDPCPBPA    . 

A  B

C  

D

P  



FrNImaRtviPaKkñúgbøg; 
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krNIcMnuc P  enAeRkArgVg; 
 
 
 
 
 
 
 eKman ABCADC    ¬mMucarwkkñúgrgVg;sáat;FñÚrrYm AC¦ 
                          BPCAPD    ¬mMurYm¦ 

  eK)an PAD  nig PCB  CaRtIekaNdUcKña . 
 eK)anpleFobdMNUc  

PB

PD

PC

PA
   enaH PDPCPBPA    . 

smÁal ; ³ 
tag R  CakaMrgVg; ehIy d  Cacm¶ayBIp©iténrgVg;eTAcMnuc P  . 
-ebI P  enAkñúgrgVg;enaH 22 dRPDPCPBPA     
-ebI P  enAeRkArgVg;enaH 22 RdPDPCPBPA     . 
 
 
 

P  

A B

C  

D



FrNImaRtviPaKkñúgbøg; 
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sRmaybBa¢ak; 
 
 

 
 
 
 
 

krNI P  enAkñúgrgVg; ehIyyk KL  CaGgát;p©iténrgVg;kat;tam P   
eK)an 22 dR)dR)(dR(PL.PKPB.PA   . 

 
 
 
 
 
 

krNI P  enAeRkArgVg; ehIyyk KL  CaGgát;p©iténrgVg;kat;tam P   
eK)an 22 Rd)Rd)(Rd(PL.PKPB.PA   . 

A  

B

P  
K  L

O  

P  

A
B

K L  O  



FrNImaRtviPaKkñúgbøg; 
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19-RTwsþIbTtUelmI ¬ Ptolemy's theorem ¦ 
 RTwsþIbT ³ 

 ebI ABCD CactuekaNcarwkkñúgrgVg;enaHeK)an ³ 
 AD.BCCD.ABBD.AC     . 
sRmaybBa¢ak; 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

  

yk K  CacMnucmYyén AC  Edl CBDABK   
eKmanmMucarwkkñúg BDCBAC   nig ACBADB   
eK)an KBCKBDDBCKBDABKABD   
enaH ABK  dUcRtIekaN DBC  ehIy ABD  dUcRtIekaN KBC  
eK)anpleFobdMNUc 

BD

CD

AB

AK
  nig 

BD

DA

BC

CK
  

A  

B

C  

D  

K  



FrNImaRtviPaKkñúgbøg; 
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eKTaj CD.ABBD.AK    nig AD.BCBD.CK   
ehtuenH AD.BCCD.ABBD.CKBD.AK   
                 AD.BCCD.AB)CKAK(BD   
eday ACCKAK   
dUcenH AD.BCCD.ABBD.AC     . 
20-vismPaBtUelmI ¬ Ptolemy's inequality ¦ 
 RTwsþIbT ³ 
 eK[ctuekaN ABCD enaHeK)an ³ 
 BD.ACAD.BCCD.AB    
 vismPaBenHkøayCasmPaBluHRtaEtctuekaN ABCDcarwkkñúgrgVg; . 
sRmaybBa¢ak; 
yk DCBA z,z,z,z  CaGahVikéncMnuc D,C,B,A  erogKña . 
eKmansmPaB  

)zz)(zz()zz)(zz()zz)(zz( BDACADBCCDAB    
tamvismPaBRtIekaNeK)an ³ 

|)zz)(zz(||)zz)(zz(||)zz)(zz| ADBCCDABBDAc    
dUcenH AD.BCCD.ABBD.AC   . 
 



FrNImaRtviPaKkñúgbøg; 
 

 
 

eroberogeday lwm plÁún                                        TMBr½ 37  

21-épÞRkLactuekaNcarwkkñúgrgVg;  
 rUbmnþ Brahmagupta ³ ¬ Brahmagupta's formula ¦ 
 eK[ctuekaN ABCD manRCug d,c,b,a  nigknøHbrimaRt p  
 carwkkñúgrgVg;enaHépÞRkLavakMNt;eday ³ 
 )dp)(cp)(bp)(ap(S    . 
sRmaybBa¢ak; 
 
 
 
 
 
 
 
eday o180CA   enaHeK)an AsinCsin   nig AcosCcos   
eKman Csinbc

2

1
Asinad

2

1
SSS BCDABD   

          Asin)bcad(
2

1
S    enaH )1(

bcad

S2
Asin


  

tamRTwsþIbTkUsIunUsGnuvtþn_kñúgRtIekaN ABD  nig BCD 

A  

B  

C  

D



FrNImaRtviPaKkñúgbøg; 
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eK)an Acosbc2cbAcosad2daBD 22222   

eKTaj)an )2(
)bcad(2

cbda
Acos

2222




  

ehIyeKman  )3(1AcosAsin 22   
tam )3(&)2(,)1(  eK)an ³ 

1
)bcad(4

)cbda(

)bcad(

S4
2

22222

2

2








 

eKTaj 
1616

)cbda()bcad(4
S

222222
2 




  
Edl )cbda()bcad(2 2222   

           
)cbda)(cbda(

)cb()da( 22


   

nig    )cbda()bcad(2 2222   

           
)dacb)(dacb(

)da()cb( 22


   

eday p2dcba   
enaH )cp)(bp(4   nig )dp)(ap(4   
ehtuenH )dp)(cp)(bp)(ap(S2   
dUcenH )dp)(cp)(bp)(ap(S    . 
 



FrNImaRtviPaKkñúgbøg; 
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smÁal; ³  
ebIcMnuc CD   enaH 0d   
eK)an )cp)(bp)(ap(pS    rUbmnþehr:ug . 
 
 
 
 
 
 
 
22-rUbmnþépÞRkLactuekaNe)a:g  

    rUbmnþ Bretschneider   (Bretschneider's formula) 
 

 eK[ctuekaNe)a:g ABCD manRCug d,c,b,a  nigknøHbrimaRt p  
 enaHépÞRkLarbs;vakMNt;eday ³ 
 

2

CA
cosabcd)dp)(cp)(bp)(ap(S 2 

  . 
 
 

A  

B

C  D,  



FrNImaRtviPaKkñúgbøg; 
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sRmaybBa¢ak; 
 
 
 
 
 
 

 
eKman Csinbd

2

1
Asinad

2

1
SSS BCDABD   

b¤  )1(S2CsinbdAsinad   
tamRTwsþIbTkUsIunUskñúgRtIekaN ABD  nig BCD  eK)an ³ 

Ccosbc2cbAcosad2da 2222   
eKTaj )2(

2

cbda
CcosbcAcosad

2222 
  

tam )2(&)1( eK)an 
 222 S4)CcosbcAcosad()CsinbcAsinad(  

                                                         2
2222

)
2

cbda
(


  

 

A 

B 
C

D

a 

b

c

d



FrNImaRtviPaKkñúgbøg; 
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eKTaj)an ³ 

 

2

CA
cosabcd

16
S

2

CA
cosabcd4

4

)cbda(
bcadS4

22

2
22222

22













 

Edl )cbda()bcad(2 2222   

           
)cbda)(cbda(

)cb()da( 22


   

nig    )cbda()bcad(2 2222   

           
)dacb)(dacb(

)da()cb( 22


   

eday p2dcba   
enaH )cp)(bp(4   nig )dp)(ap(4   
ehtuenH 

2

CA
cosabcd)dp)(cp)(bp)(ap(S 22 

  

dUcenH 
2

CA
cosabcd)dp)(cp)(bp)(ap(S 2 

  . 
smÁal ; ³ 
ebI ABCD carwkkñúgrgVg;enaH 090cos

2

CA
cos o 

  
enaH )dp)(cp)(bp)(ap(S    . 
 



FrNImaRtviPaKkñúgbøg; 
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23-cm¶ayrvagp©itrgVg;carwkkñúg nig carwkeRkAénctuekaNe)a:g  
 ebIctuekaNe)a:g ABCD carwkkñúgrgVg; )R,O(C nigcarwkeRkA  
rgVg; )r,I('C  enaHeK)an ³ 

2222 R4rrRrOId    . 
sRmaybBa¢ak;  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tag H  nig K  CacMNucb:HrvagrgVg; )'C(  CamYyRCug ]AB[  
nig ]BC[ ehIy E  nig F  CacMNucRbsBVrvag )AI(   
nig )CI(  CamYyrgVg; )C( erogKña  . 

A 

B 

C

D

I

O

H 

K

E

F 



FrNImaRtviPaKkñúgbøg; 
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eKman DCBDCF2DOF    
nig DABDAE2DOE   
eK)an o180DABDCBDOEDOF    
naM[ ]EF[  CaGgát;p©iténrgVg; )C(   . 
tamRTwsþIbTemdüankñúgRtIekaN EIF  eK)an ³ 

)1(R)IFIE(
2

1

4

EF

2

IFIE
OI 222

222
2 


    

eKman 
2

BAD
IAB


   nig 

2

DCB
ICB


  

eK)an o
o

90
2

180

2

DCBBAD
ICBIAB 


  

sg; rIKIH   .  
BIrRtIekaNEkg IAH  nig IKC  pÁMúKñabegáIt)anCaRtIekaNEkg 
EdlmanIA  nig IC CaRCugmMuEkg nig KCAH   CaGIb:UetnUs . 
 
 
 
 

 

I

A CH  , K

r



FrNImaRtviPaKkñúgbøg; 
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tamTMnak;TMngmaRtkñúgRtIekaNEkgeK)an )2(
IC

1

IA

1

r

1
222

  
tamRTwsþIbTsV½yKuNcMNuc I  eFobnwgrgVg; )C(   
eK)an   22 OIRIF.ICIE.IA     
naM[ )3(

IE

OIR
IA

22 
   nig   )4(

IF

OIR
IC

22 
  

ykTMnak;TMng )3(  nig )4(  CMnYskñúg )2(  eK)an ³ 

222

22

2 )OIR(

IFIE

r

1




   naM[ )5(
r

)OIR(
IFIE

2

222
22 
  

ykTMnak;TMng )5(  CMnYskñúg )1(  eK)an ³ 
2

2

222
2 R

r2

)OIR(
OI 


    

b¤  0rR2r.OI2)OIR( 2222222   
tag OId    eK)an 0rR2rd2)dR( 2222222    
b¤ 0rR2Rd)Rr(2d 2242224    tag 2dt   
eK)an  0rR2Rt)Rr(2t 224222   
DIsRKImINg;bRgYm  

)R4r(r)rR2R()Rr(' 222224222   
eKTajb¤s 2222

1 R4rrRrt     
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b¤ 2222
2 R4rrRrt     

eday Rd   enaH 22 Rdt   . 
ehtuenH 22222 R4rrRrdt    
naM[ 2222 R4rrRrdOI    Bit . 
smÁal; ³ 
tamsmPaB 0rR2rd2)dR( 2222222    
eKGacsresr ³ 

])dR()dR[(r)dR(r2)dR( 222222222   
EckGgÁTaMgBIrnwg 2222222 r)dR()dR(r)dR(    
eK)anTMnak;TMng 

222 )dR(

1

)dR(

1

r

1





    . 
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eroberogeday lwm plÁún                                        TMBr½ 46  

CMBUkTI2 

 
     

 

lMhat;TI1 
eK[ ABC  CaRtIekaNmYyehIy D  CaeCIgénkm<s;KUsBIkMBUl A  . 
yk E  nig F  sßitenAelIbnÞat;kat;tamD  edaydwgfa AE  Ekgnwg BE  
ehIy AF  Ekgnwg CF  Edl E  nig F  xusBI D  .  
yk M  nig N CacMNuckNþalénGgát; BC nig EF  erogKña . 
cUrRsayfa AN  Ekgnwg NM  ? 
dMeNaHRsay 
 
  
 
 
 
 

 

A 

B C D M

N

Q

P 
E

F 
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tag )w( 1  nig )w( 2  CargVg;manGgát;p©iterogKña AB  nig AC  . 
eK)an )w(E 1  eRBaH  BEAE   ehIy )w(F 2  eRBaH CFAF   
tag P  nig Q  CacMnucRbsBVrvagbnÞat; )AN(  CamYy )w( 1  nig )w( 2  
erogKña . 
cMnuc N  enAeRkArgVg; )w( 1  enaHeK)an )1(NA.NQND.NE   
eRBaH N  CacMNuckNþalén EF  . 
cMeBaHrgVg; )w( 2  eKman )2(NA.NPND.NF   
tam )2(&)1(  eKTaj)an NA.NPNA.NQ   b¤ NPNQ   
eday MCMB   enaHeK)an PC//MN  ehIyeday PCAP   
dUcenH NMAN    . 
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lMhat;TI2 
eK[RtIekaN ABC  mYymanRCug c,b,a  nigmanépÞRkLa S   . 
]bmafaDEF  CaRtIekaNcarwkkñúgRtIekaN ABC   . 

cUrRsaybBa¢ak;fa ³
abc

S8
FDEFDE

2
    

dMeNaHRsay 
 

 
 
 

 
  

tag zAF,yCE,xBD   enaH 











cz0

by0

ax0

 

eK)an zcBF,ybAE,xaDC   
tamRTwsþIbTkUsIunUskñúgRtIekaN BDF  eK)an ³ 

Bcos)zc(x2)zc(xDF 222   
eday )CAcos())CA(cos(Bcos   

A  

B  C  D

E

F  
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enaH )CAcos()zc(x2)zc(xDF 222   
                22 ]Csin)zc(Asinx[]Ccos)zc(Acosx[   
eKTaj)an |Ccos)zc(Acosx|DF   
RsaydUcKñaEdr |Acos)xa(Bcosy|DE   
nig |Bcos)yb(Ccosz|EF   . 
edayeRbIvismPaBRtIekaNeK)an  ³ 

)1(|CcoscBcosbAcosa|FDEFDE   
tag CcoscBcosbAcosaT   

         

abc

S8

)
S4

abc
(2

abc

R2

abc

R8

abc
.R4

CsinBsinAsinR4

)C2sinB2sinA2(sinR

C2sinRB2sinRA2sinR

2

223






 

dUcenH 
abc

S8
FDEFDE

2
    . 
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