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Edl BAa ;;  CabIcMnYnBitviC¢man nig xusBI 1 . 
x>edaHRsaysmIkar 6867 72log2log ====++++ xx   
 
dMeNa¼Rsay 
k>RsaybBa¢ak;fa AaBa BA loglog ====   
tag (((( ))))iAt Balog====  
eK)an Bt aA loglog ====   eday 

A
t

t
B

B
A log

log
log ====  
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ABt

B
A
t

aB

BaB

a
B

B

loglog

log.loglog

log
log
log

====
====

====

 

eKTaj (((( ))))iiBt Aalog====  
tam (((( ))))i  nig (((( ))))ii  eK)an  AaBa BA loglog ====  . 
x>edaHRsaysmIkar  

   6867 72log2log ====++++ xx   
tamrUbmnþxagelIeK)an xx 2log72log 7====  
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32log

2log

2log

2log2log

========⇒⇒⇒⇒====
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lMhat́TI9 
edaHRsayRbBn½æsmIkar  
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−−−−−−−−====++++

++++====−−−−−−−−

)4(5ln25ln.6ln26ln.5ln5ln

)3(6ln.5ln26ln.4ln26ln.5ln6ln.4ln
22 yx

yx  

bUksmIkar )4(&)3( eK)an ³ 
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1
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1

5.4 2 ====−−−− y     
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lMhat́TI10 
edaHRsaysmIkar  ³  
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4
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≠≠≠≠
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lMhat́TI11 
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x¿ kMNt́témø x edIm,I[kenßam 








++++
++++

1

13
log

22 x

x  nig  















++++
++++
13
44

log
2

2 x
x   viC¢manRBmKña . 
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eKTaj¦s  
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x¿ kMNt́témø x  

edIm,I[kenßam 








++++
++++

1

13
log

22 x

x  nig 













++++
++++
13
44

log
2

2 x
x   

viC¢manRBmKñalu¼RtaEt ³ 










≥≥≥≥
++++
++++

≥≥≥≥
++++
++++

1
13
44

1
1

13

2

2

x
x

x

x

  smmUl 












≥≥≥≥
++++

++++−−−−

≥≥≥≥
++++
++++−−−−

0
13

334

0
1

3

2

2

2

x
xx

x

xx

 

naM[  
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- 103 - 
 

eyIgman 













++++
++++










++++
++++====

13
44

log.
1

13
log)(

2

222 x
x

x

x
xf  

eyIgán ³ 
22

222 )
13
44

(log
2
1

)
1

13
(log

2
1

)( 








++++
++++++++

++++
++++≤≤≤≤

x
x

x

x
xf  
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lMhat́TI12 
edaHRsayvismIkar 02xlog

2
1

1xlog 3

2
12 >>>>++++++++−−−−  

dMeNa¼Rsay 
edaHRsayvismIkar  

02xlog
2
1

1xlog 3
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tag 01xlogt 2 ≥≥≥≥−−−−====  
eK)an 02)1t(

2
3

t 2 >>>>++++++++−−−−  
  b¤        01t2t3 2 >>>>++++++++−−−−  
eKTaj 1t

3
1 <<<<<<<<−−−−   eday 0t ≥≥≥≥  

eK)an 1t0 <<<<≤≤≤≤    b¤  11xlog0 2 <<<<−−−−≤≤≤≤   naM[ 4x2 <<<<≤≤≤≤  
dUcenH )4,2[x ∈∈∈∈   . 
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lMhat́TI13 
eK[ c,b,a  CabIcMnYnBitEdl ),1(c,b,a ∞∞∞∞++++∈∈∈∈   
b¤  )1,0(c,b,a ∈∈∈∈   . 
cUrbgðajfa )blogalogc(log4ablogcalogbclog cabcabcba ++++++++≥≥≥≥++++++++    
dMeNa¼Rsay 
bgðajfa (*))blogalogc(log4ablogcalogbclog cabcabcba ++++++++≥≥≥≥++++++++   
eyIgyk d  CacMnYnBiténcenøaH ),1( ∞∞∞∞++++  b¤ )1,0(  . 
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lMhat́TI14 
េដះរសយរបពន័ឋសមីករ ៖ 

 
 
 

dMeNa¼Rsay 
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បូកសមីករ )i(  និង )ii(   េគបន  64bab3ba3a 3223 ====++++++++++++  

ឬ  64)ba( 3 ====++++   នឲំយ  )1(4ba ====++++  
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lMhat́TI15 
eK[GnuKmn_  IRxxxxf ∈∈∈∈++++++++==== ,)1ln()( 2   
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lMhat́TI16 
សនមតថ  c,b,a  ជចំនួនពិតវជជមនែដល ិ 27a 7log3 ====  

49b 11log7 ====   និង  11c 25log11 ====   ។ 

ចូរគណន  (((( )))) (((( )))) (((( ))))211
2
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73 25log11log27log ====++++++++   ៕ 

 
 
 
 
 
 



CMBUkTI2                 GnuKmn_Giucs,Ú²NǵEsül nig elakarIt 
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lMhat́TI17 
េគឲយ  z,y,x   ជបីចំនួនពិតវជជមន េហយ ិ 0a >>>>  និងខសពី ុ 1   
ចូររសយថ៖ 
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lMhat́TI18 
េដះរសយរបពន័ឋសមីករ 
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lMhat́TI19 
េដះរសយសមីករ 

1x
2

xx 2xlog2
2 ++++++++ ====++++  

dMeNa¼Rsay 
េដះរសយសមីករ 

1x
2

xx 2xlog2
2 ++++++++ ====++++  

-ចំេពះ 1x >>>>   េគមន  1xxx 22
2 ++++++++ >>>>   និង 0xlog2 >>>>  
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lMhat́TI9 
e K [  dcba ,,,  C a cM nY ne nA kñ úg ce nø a H ];0[ ππππ  e d a ydw gfa  
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lMhat́TI10 
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=
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=
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=
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=
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=
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=
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=
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=
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lMhat́TI11 
eK[ 

ba

1

b

xsin

a

xcos 44

++++
====++++   

Edl 0ba,0b,0a ≠≠≠≠++++≠≠≠≠≠≠≠≠ . 
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lMhat́TI12 
e K [ RtI e ka N ABC  e hI ye K ta g  r   ni g  R e ro g Kñ aC a kaM rgV g;  
ca rw kkñ ú g  ni g  kaM rgVg ; ca rw ke RkA énRtI eka N  . 
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−−−−++++====++++  

                               
2

cos
2

sin2

2
cos)

22
cos(2

BAC

BAC
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−−−−−−−−==== ππππ

 

e hI y 
2

sin21cos 2 C
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2

))()((  

e hI y  prRabc 4====  
e K ) a n 

R
r

prR
Sr

CBA ++++====++++====++++++++ 1
4

.41coscoscos  

dU ce nH 
R
r
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lMhat́TI13 
eK[ cxsinbxcosacxcosbxsina)x(f 2222 ++++++++++++++++++++====    
cUrRsayfa c

2

ba
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elIkGg:TaMgBIrén )1(  CakaereKán ½ 

(((( ))))
)2()cxsinbxcosa)(cxcosbxsina(2c2ba)x(f

cxsinbxcosacxcosbxsina)x(f
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++++++++++++++++++++++++++++====
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2
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CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 136 - 

xsinxcos)ab()cb)(ca()x(P

xcos)ab(xcos)ab()cb)(ca()x(P

]xcos)ab()cb([]xcos)ab()ca[()x(P
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lMhat́TI14 
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lMhat́TI15 
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lMhat́TI16 
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lMhat́TI17 
k¿cUrRsayfa )x3sinxsin3(

4

1
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lMhat́TI18 
b gð a j fa kñ ú g RtI e kaN  ABC  mY yeK m a n 
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lMhat́TI19 
b gð a j fa kñ ú g RtI e kaN  ABC  mY yEd l CBA ≠≠≠≠≠≠≠≠ e K ma n 
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e d a y HCBHBCa ++++========  naM [  BcCba coscos ++++====  
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++++−−−−====−−−−
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lMhat́TI20 
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x¿cUrKNna 
xcos

)nxsin(
....

xcos

x3sin

xcos

x2sin

xcos

xsin
S

n32n ++++++++++++++++====  
dMeNa¼Rsay 
k¿Rsayfa xcot.

xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++   

 eyIgman )xnxcos(x)1ncos( ++++====++++  
     ¦    xsin)nxsin(xcos)nxcos(x)1ncos( −−−−====++++  
 EckGg:TaMgBIrnwg xcos 1n++++  eKán ½ 
 xtan.

xcos

)nxsin(

xcos

)nxcos(

xcos

xsin)nxsin(

xcos

xcos)nxcos(

xcos

x)1ncos(
nn1n1n1n

−−−−====−−−−====
++++

++++++++++++  
 naM[    

xtan

1
.

xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++  

 dUcen¼   xcot.
xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++    . 

x¿KNna 
xcos

)nxsin(
....

xcos

x3sin

xcos

x2sin

xcos

xsin
S

n32n ++++++++++++++++====  
 eyIgán ∑∑∑∑

====





====
n

1k
kn
xcos

)kxsin(
S   

 eday xcot.
xcos

)kxcos(

xcos

x)1kcos(

xcos

)kxsin(
k1kk 




 −−−−
++++==== ++++    

  ∑∑∑∑
====

++++++++ 






 −−−−
++++====







 −−−−
++++====

n

1k
1nk1kn 1
xcos

x)1ncos(
xcot

xcos

)kxcos(

xcos

x)1kcos(
xcotS   

dUcen¼  




 −−−−++++==== ++++ 1
xcos

x)1ncos(
xcotS

1nn   . 
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lMhat́TI1 
eK[cMnYnkMupøic (((( ))))3 2 2

x y
Z log ( ) i log x log y

2
++++= + += + += + += + +   

nig 13 i
W

1 2i
++++====

−−−−
 Edl * *x IR ; y IR+ ++ ++ ++ +∈ ∈∈ ∈∈ ∈∈ ∈  . 

k-cUrsresr W  CaTRmg´BICKNit . 
x-kMnt´ x  nig y  edIm,I[ Z W====  . 
dMeNa¼Rsay 
k-sresr W  CaTRmǵBICKNit 

 eyIgán 12 i (12 i)(1 2i) 12 24i i 2
W 2 5i

1 2i 1 4 5
+ + + + + −+ + + + + −+ + + + + −+ + + + + −= = = = += = = = += = = = += = = = +

− +− +− +− +
 

 dUcen¼ W 2 5i= += += += +   . 

x-kMnt́ x  nig y  edIm,I[ Z W====  

 eyIgán Z W====  smmUl 2

2 2

x y
log ( ) 2

3
log x log y 5

++++ ====

 + =+ =+ =+ =

 

 ¦ 2

2

x y
log ( ) 2

3
log (x.y) 5

++++ ====

 ====

 naM[ x y 12

x.y 32

+ =+ =+ =+ =
 ====

 

 eKTaj x ; y  Ca¦ssmIkar 032u12u2 ====++++−−−−  

 eday 43236' ====−−−−====∆∆∆∆  eKTaj¦s 




====++++====
====−−−−====

826u

426u

2

1  

 dUcen¼ 8y;4x ========   ¦  4y;8x ========   . 
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lMhat́TI2 
eda¼RsaysmIkar 

i1
i79

|z|z2
++++
−−−−====−−−−  Edl z CacMnYnkMupøic . 

dMeNa¼Rsay 
eda¼RsaysmIkar ½  

i1
i79

|z|z2
++++
−−−−====−−−−  tag IRy;x,y.ixz ∈∈∈∈++++====  

eKán 
)i1)(i1(
)i1)(i79(

|iyx|)iyx(2
−−−−++++
−−−−−−−−====++++−−−−++++  

   
i81iy2)yxx2(

2
7i7i99

yxiy2x2

22

22

−−−−====++++++++−−−−

−−−−−−−−−−−−====++++−−−−++++  

eKTaj 






−−−−====
====++++−−−−

)2(8y2

)1(1yxx2 22  

tam )2(  eKTaj 4y −−−−====  ykeTACYskñúg )1( eKán  

22

22

22

2

2

7454';015x4x3

16x1x4x4

16x)1x2(

2
1

x,16x1x2

116xx2

====++++====∆∆∆∆====−−−−−−−−

++++====++++−−−−

++++====−−−−

−−−−>>>>++++====−−−−

====++++−−−−

 

eKTaj¦s 
2
1

3
5

3
72

x;3
3

72
x 21 −−−−<<<<−−−−====−−−−========++++====  (minyk) 

eKán  4y;3x −−−−========  .dUcen¼ i43z −−−−====  . 
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lMhat́TI3 
eK[cMnYnkMupøicBIr 1Z  nig 2Z  Edl 0Z2 ≠≠≠≠   . 
 cUrRsaybBa¢ak;fa 

|Z|
|Z|

Z
Z

2

1

2

1 ====   

dMeNa¼Rsay 
RsaybBa¢ak;fa 

|Z|
|Z|

Z
Z

2

1

2

1 ====   

eyIgtag b.iaZ1 ++++====   nig  d.icZ2 ++++====  Edl  d,c,b,a  CacMnYnBit . 
eyIg)an 

222

2

2

1

d.ic

bd.ibc.iad.iac
)d.ic)(d.ic(
)d.ic)(b.ia(

d.ic
b.ia

Z
Z

−−−−
−−−−++++−−−−====

−−−−++++
−−−−++++====

++++
++++====   

eK)an    
222222

2

1

dc

adbc
.i

dc

bdac

dc

)adbc(i)bdac(
Z
Z

++++
−−−−++++

++++
++++====

++++
−−−−++++++++====  

naM[      
2

22

2

22
2

1

dc

adbc

dc

bdac
Z
Z










++++
−−−−++++









++++
++++====  

                    

22

2222

22

222222

22

22222222

22

22222222

22

22

dc

)ba)(dc(

dc

)dc(b)dc(a

dc

)dbcb()daca(

dc

daabcd2cbdbabcd2ca

dc

)adbc()bdac(

++++
++++++++

====

++++
++++++++++++

====

++++
++++++++++++

====

++++
++++−−−−++++++++++++====

++++
−−−−++++++++

====
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eKTaj   
22

22

2

1

dc

ba
Z
Z

++++

++++====    

edayeKman  






++++====

++++====
22

2

22
1

dc|Z|

ba|Z|  

dUecñH   
|Z|
|Z|

Z
Z

2

1

2

1 ====      . 
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lMhat́TI4 
eK[cMnYnkMupøicBIr 1Z  nig 2Z . 
k> cUrRsaybBa¢ak;fa |Z||Z||ZZ| 2121 ++++≤≤≤≤++++   
x> Taj[)anfa 222222 dcba)db()ca( ++++++++++++≤≤≤≤++++++++++++  
cMeBaHRKb;  d,c,b,a  CacMnYnBit . 
dMeNa¼Rsay 
k> RsaybBa¢ak;fa |Z||Z||ZZ| 2121 ++++≤≤≤≤++++   
kñúgbøg;kMupøic )XOY(  eyIgeRCIserIsviucTr½BIr →→→→

U  nig →→→→
V  manGahVikerogKña 

1Z  nig 2Z   naM[viucTr½ →→→→→→→→
++++ VU  manGahVik  21 ZZ ++++  . 

tamlkçN³RCugrbs;RtIekaNeK)an  ||V||||U||||VU||
→→→→→→→→→→→→→→→→

++++≤≤≤≤++++   
eday ³  |ZZ|||VU||,|Z|||V||,|Z|||U|| 2121 ++++====++++========

→→→→→→→→→→→→→→→→  
dUcenH   |Z||Z||ZZ| 2121 ++++≤≤≤≤++++   

x> Taj[)anfa 222222 dcba)db()ca( ++++++++++++≤≤≤≤++++++++++++   
eyIgtag b.iaZ1 ++++====   nig  d.icZ2 ++++====  Edl  d,c,b,a  CacMnYnBit . 
man )db.(i)ca(ZZ 21 ++++++++++++====++++ naM[  22

21 )db()ca(|ZZ| ++++++++++++====++++  
ehIy  22

2
22

1 dc|Z|,ba|Z| ++++====++++====  . 
tamsRmayxagelIeKman  |Z||Z||ZZ| 2121 ++++≤≤≤≤++++  
dUcenH   222222 dcba)db()ca( ++++++++++++≤≤≤≤++++++++++++      . 
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lMhat́TI5 
eK[cMnYnkMupøic  22.i22z −−−−++++++++====   . 
k>cUrsresr 2z  CaTMrg;BiCKNit . 
x>cUrsresr 2z  nig z  CaTMrg;RtIekaNmaRt . 
K>TajrktMélR)akdén 

8
cos

ππππ  nig 
8

sin
ππππ  . 

dMeNa¼Rsay 
k-sresr 2z  CaTMrg;BiCKNit  
eyIg)an 22 )22.i22(z −−−−++++++++====  
                2 2

2

( 2 2 ) 2( 2 2 )(i. 2 2 ) (i. 2 2 )

2 2 2 2 2.i 2 2 2 2 2 2i

= + + + − + −

= + + − − + = +
   

dUcenH   i.2222z2 ++++====  

x-sresr 2z  nig z  CaTMrg;RtIekaNmaRt  
eKman i.2222z2 ++++==== 







 ππππ++++ππππ====







++++====

4
sin.i

4
cos4

2
2

.i
2
2

4  

dUcenH  






 ππππ++++
ππππ====

4
sin.i

4
cos4z2  nig  







 ππππ++++ππππ====
8

sin.i
8

cos2z   

K-TajrktMélR)akdén 
8

cos
ππππ  nig 

8
sin

ππππ   
tamsMrayxagelIeKTaj  22.i22

8
sin.i

8
cos2 −−−−++++++++====







 ππππ++++ππππ  

dUcenH  
2

22
8

cos
++++====ππππ   nig  

8
22

8
sin

−−−−====ππππ    . 
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lMhat́TI6 
eKeGaycMnYnkMupøic ³ 

2
2.i6

z1
−−−−====  nig i1z2 −−−−====   

k>cUrsresr  21 z,z nig 
2

1

z
z

Z ====  CaragRtIekaNmaRt. 

x>cUrsresr 
2

1

z
z

Z ====  CaragBiCKNit. 

K>TajeGay)anfa 
4

26
12

cos
++++====ππππ  nig 

4
26

12
sin

−−−−====ππππ . 
dMeNa¼Rsay 
k>sresr  21 z,z nig 

2

1

z
z

Z ====  CaragRtIekaNmaRt³ 

eKman 






 ππππ−−−−ππππ====







−−−−====−−−−====

6
sin.i

6
cos2

2
1

.i
2
3

2
2

2i6
z1  

dUcenH 




 ππππ−−−−++++ππππ−−−−==== )
6

sin(.i)
6

cos(2z1  . 

eKman 






 ππππ−−−−ππππ====







−−−−====−−−−====

4
sin.i

4
cos2

2
2

.i
2
2

2i1z2  

dUcenH 




 ππππ−−−−++++ππππ−−−−==== )
4

sin(.i)
4

cos(2z2   . 

eKman 




 ππππ++++
ππππ−−−−++++

ππππ++++
ππππ−−−−======== )

46
sin(.i)

46
cos(

2
2

z
z

Z
2

1  

dUcenH  
12

sin.i
12

cosZ
ππππ++++ππππ====  . 
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x> sresr 
2

1

z
z

Z ====  CaragBiCKNit  

eK)an 
4

22i6i6
)i1)(i1(2

)i1)(2i6(
)i1(2
2i6

Z
++++−−−−++++====

++++−−−−
++++−−−−====

−−−−
−−−−====  

dUcenH 
4

26
.i

4
26

Z
−−−−++++++++====   . 

K> TajeGay)anfa ³ 
 

4
26

12
cos

++++====ππππ  nig 
4

26
12

sin
−−−−====ππππ  

tamsRmayxagelIeKman ³ 
     )1(

12
sin.i

12
cosZ

ππππ++++ππππ====    

nig )2(
4

26
.i

4
26

Z
−−−−++++++++====  

pÞwmTMnak;TMng ¬!¦ nig ¬@¦ eK)an ³ 

4
26

.i
4

26
12

sin.i
12

cos
−−−−++++++++====ππππ++++ππππ  

dUcenH  
4

26
12

cos
++++====ππππ    nig   

4
26

12
sin

−−−−====ππππ   . 
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lMhat́TI7 
eK[ 1z  nig 2z  CacMnYnkMupøicBIr . 
cUrRsayfa (((( ))))2

2
2

1
2

21
2

21 |z||z|2|zz||zz| ++++====−−−−++++++++  

dMeNa¼Rsay 
Rsayfa (((( ))))2

2
2

1
2

21
2

21 |z||z|2|zz||zz| ++++====−−−−++++++++   
eKman )zz)(zz(|zz| 2121

2
21 ++++++++====++++  

      
(((( ))))1|z|zzzz|z||zz|

zzzzzzzz|zz|
2

22121
2

1
2

21

22212111
2

21

++++++++++++====++++

++++++++++++====++++  

ehIy )zz)(zz(|zz| 2121
2

21 −−−−−−−−====−−−−  

      
(((( ))))2|z|zzzz|z||zz|

zzzzzzzz|zz|
2

22121
2

1
2

21

22212111
2

21

++++−−−−−−−−====−−−−

++++−−−−−−−−====−−−−  

bUkTMnaḱTMng (((( ))))1  nig (((( ))))2  eKán ½ 
(((( ))))2

2
2

1
2

21
2

21 |z||z|2|zz||zz| ++++====−−−−++++++++   . 
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lMhat́TI8 
eK[ 1z  nig 2z  CacMnYnkMupøicBIrEdl 1|z||z| 21 ========  
nig 1z.z 21 −−−−≠≠≠≠  . 

cUrRsayfa 
21

21

zz1
zz

++++
++++  CacMnYnBitmYy . 

dMeNa¼Rsay 
Rsayfa 

21

21

zz1
zz

++++
++++  CacMnYnBitmYy 

tag 
21

21

zz1
zz

Z
++++

++++====  ena¼ 
21

21

z.z1
zz

Z
++++

++++====  

eday 1|z|z.z 2
111 ========  ena¼ 

1
1 z

1
z ====  ehIydUcKña 

2
2 z

1
z ====  

eKán Z
1zz

zz

z
1

.
z
1

1

z
1

z
1

Z
12

12

21

21 ====
++++

++++====
++++

++++
====  

eday ZZ ====  ena¼ 
21

21

zz1
zz

Z
++++

++++====  CacMnYnBit . 
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lMhat́TI9 
eK[cMnYnkMupøic )

xsin

1
x.(sini)

xcos

1
x(cosZ

2
2

2
2 ++++++++++++====   

Edl x  CacMnYnBit. 
cUrkMnt́rkm̈UDulGb,brmaéncMnYnkMupøicen¼ ? 

dMeNa¼Rsay 
rkm¨UDulGb,brmaéncMnYnkMupøic 

eyIgán 2
2

22
2

2 )
xsin

1
x(sin)

xcos

1
x(cos|Z| ++++++++++++====  

tag 2
2

22
2

2 )
xsin

1
x(sin)

xcos

1
x(cos)x(f ++++++++++++====  

        

)
xcosxsin
xsinxcos

()xsinx(cos4

)
xcos

1
xsin

1
()xsinx(cos4

xsin
1

2xsin
xcos

1
2xcos

44

44
44

44
44

4
4

4
4

++++++++++++++++====

++++++++++++++++====

++++++++++++++++++++====
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[[[[ ]]]]

)
x2sin

16
1)(x2sin

2
1

1(4

)
x2sin

16
1(xcosxsin2)xsinx(cos4

)
xcosxsin

1
1)(xsinx(cos4)x(f

4
2

4
22222

44
44

++++−−−−++++====

++++−−−−++++++++====

++++++++++++====

  

edayeKman 1x2sin2 ≤≤≤≤  naM[ 
2
1

x2sin
2
1

1 2 ≥≥≥≥−−−−    

nig 17
x2sin

16
1

4
≥≥≥≥++++  

eKTaj 
2
25

2
17

4)
x2sin

16
1)(x2sin

2
1

1(4
4

2 ====++++≥≥≥≥++++−−−−++++  

eyIgán 
2
25

)
x2sin

16
1)(x2sin

2
1

1(4)x(f
4

2 ≥≥≥≥++++−−−−++++====  

eday )x(f|Z| ====  eKTaján 
2

25
2

5
|Z| ====≥≥≥≥  

dUcen¼m¨UDulGb,brmaén Z  KW  
2

25
|Z| min ====   . 
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lMhat́TI10 
eK[  INn,i

3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====    . 

cUrbgðajfa  
3

n
sin.

)3(

2
.iA

n

1n ππππ====
++++   cMeBaHRKb; INn ∈∈∈∈  . 

dMeNa¼Rsay 
bgðajfa  

3
n

sin.
)3(

2
.iA

n

1n ππππ====
++++   cMeBaHRKb; INn ∈∈∈∈  . 

eyIgman INn,i
3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====    

tag 






 ππππ++++
ππππ====








++++====

++++====++++====
3

sin.i
3

cos
3

2
2
3

i
2
1

3
2

3
3.i1

i
3

1
Z  

tamrUbmnþdWmr½eK)an 






 ππππ++++
ππππ====







 ++++====
3

n
sin.i

3
n

cos
)3(

2
i

3

1
Z

n

nn
n  

ehIy  






 ππππ−−−−
ππππ====

3
n

sin.i
3

n
cos

)3(

2
Z

n

n
n  

eKTaj 






 ππππ−−−−
ππππ−−−−







 ππππ++++
ππππ====

3
n

sin.i
3

n
cos

)3(

2
3

n
sin.i

3
n

cos
)3(

2
A

n

n

n

n  
              

3
n

sin.
)3(

2
.i

3
n

sin.i
3

n
cos

3
n

sin.i
3

n
cos

)3(

2
n

1n

n

n ππππ====






 ππππ++++
ππππ−−−−

ππππ++++
ππππ====

++++  

dUcenH  
3

n
sin.

)3(

2
.iA

n

1n ππππ====
++++

  . 
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lMhat́TI11 
kñúgbøg;kMupøic )j,i,O(

→→→→→→→→  eK[bYncMnuc D,C,B,A   
EdlmanGahVikerogKña 

i45Z,i54Z,i61Z CBA ++++====++++====++++====  nig i32Z D −−−−−−−−====  . 
cUrRsayfactuekaN ABCDcarikkñúgrgVg;mYyEdleKnwgbBa¢ak;p©it 
 nig kaMrbs;va . 
dMeNa¼Rsay 
RsayfactuekaN ABCDcarikkñúgrgVg; 
eyIgtag 0cbyaxyx:)c( 22 ====++++++++++++++++   
CasmIkarrgVg;carikeRkARtIekaN ABC  . 
eyIg)an )c(A ∈∈∈∈  naM[ 0cb6a61 22 ====++++++++++++++++   
b¤  )1(37cb6a −−−−====++++++++  
            )c(B ∈∈∈∈  naM[ 0cb5a454 22 ====++++++++++++++++   
b¤  )2(41cb5a4 −−−−====++++++++  
            )c(C∈∈∈∈  naM[ 0cb3a2)3()2( 22 ====++++−−−−−−−−−−−−++++−−−−  
b¤ )3(13cb3a2 −−−−====++++−−−−−−−−                              

eyIg)anRbB½næsmIkar  








−−−−====++++−−−−−−−−
−−−−====++++++++

−−−−====++++++++

13cb3a2

41cb5a4

37cb6a
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bnÞab;BIedaHRsayRbB½næenHeK)ancemøIuy  
23c,2b,2a −−−−====−−−−====−−−−====  . 

smIkarrgVg;carikeRkARtIekaN ABCGacsresr ³ 
    023y2x2yx:)c( 22 ====−−−−−−−−−−−−++++   
b¤  25)1y()1x(:)c( 22 ====−−−−++++−−−−   
müa:geTotedayykkUGredaen DCYskñúgsmIkar  

25)13()12(:)c( 22 ====−−−−−−−−++++−−−−−−−−  
vaepÞógpÞat;enaHnaM[ )c(D∈∈∈∈  . 
edaybYncMnuc D,C,B,A  sßitenAelIrgVg;mansmIkar 

25)1y()1x(:)c( 22 ====−−−−++++−−−−  EtmYy 
enaHnaM[ctuekaNABCDcarikkñúgrgVg; )c( manp©it )1,1(I   
nig kaM  5R ==== . 
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lMhat́TI12 
eK[ 1z  nig 2z  CaBIrcMnYnkMupøic .  
cUrbgðajfa |1z||1z||zz||zz1| 2

2
2

12121 −−−−−−−−≥≥≥≥++++++++++++   
dMeNa¼Rsay 
bgðajfa |1z||1z||zz||zz1| 2

2
2

12121 −−−−−−−−≥≥≥≥++++++++++++    
tamvismPaBRtIekaNeK)an ³ 
     |zzzz1||zz||zz1| 21212121 ++++++++++++≥≥≥≥++++++++++++   
nig |zzzz1||zz||zz1| 21212121 −−−−−−−−++++≥≥≥≥++++++++++++   
eK)an (((( )))) |)zz()zz1(||zz||zz1| 2

21
2

21
2

2121 ++++−−−−++++≥≥≥≥++++++++++++   
eday 

)z1)(z1(zzzz1)zz()zz1( 2
2

2
1

2
2

2
1

2
2

2
1

2
21

2
21 −−−−−−−−====++++−−−−−−−−====++++−−−−++++  

eK)an (((( )))) |)z1)(z1(||zz||zz1| 2
2

2
1

2
2121 −−−−−−−−≥≥≥≥++++++++++++  

         (((( )))) |z1||z1||zz||zz1| 2
2

2
1

2
2121 −−−−−−−−≥≥≥≥++++++++++++  

dUcenH  (((( )))) |)zz()zz1(||zz||zz1| 2
21

2
21

2
2121 ++++−−−−++++≥≥≥≥++++++++++++  
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lMhat́TI13 
eK[ 21 z;z   CacMnYnkMupøicEdl 0r|z||z| 21 >>>>========  . 

bgðajfa 2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz ≥≥≥≥








−−−−
−−−−++++









++++
++++   

dMeNa¼Rsay 
bgðajfa ³ 

2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz ≥≥≥≥








−−−−
−−−−++++









++++
++++   

tag  )x2sinix2(cosrz1 ++++====  nig )y2siniy2co(rz2 ++++====  
Edl  IRy;IRx ∈∈∈∈∈∈∈∈  . 
eK)an ³ 

)yxcos(
)yxcos(

.
r
1

])yxcos()yxsin(i2)yx(cos2[r

)yxcos()yxsin(i2)yxcos()yxcos(2

])y2x2sin(.i)y2x2cos([rr
])y2sinx2(sini)y2cosx2(cos[r

zzr
zz

2

22
21

2
21

++++
−−−−====

++++++++++++++++
−−−−++++++++−−−−++++====

++++++++++++++++
++++++++++++====

++++
++++

 

dUcKñaEdr 
)xysin(
)xysin(

r
1

zzr

zz

21
2

21

++++
−−−−====

−−−−
−−−−  

eK)an ³ 
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−−−−++++

++++
−−−−====









−−−−
−−−−++++









++++
++++

)xy(sin

)xy(sin

)yx(cos

)yx(cos

r

1

zzr

zz

zzr

zz
2

2

2

2

2

2

21
2

21

2

21
2

21  

eday  )yx(cos
)yx(cos
)yx(cos 2

2

2

−−−−≥≥≥≥
++++
−−−−   eRBaH 1)yx(cos2 ≤≤≤≤++++  

ehIy )yx(sin
)xy(sin
)xy(sin 2

2

2

−−−−≥≥≥≥
++++
−−−−    eRBaH 1)yx(sin2 ≤≤≤≤++++  

1)yx(sin)yx(cos
)xy(sin
)xy(sin

)yx(cos
)yx(cos 22

2

2

2

2

====−−−−++++−−−−≥≥≥≥
++++
−−−−++++

++++
−−−−  

dUcenH  2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz ≥≥≥≥








−−−−
−−−−++++









++++
++++    . 
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lMhat́TI14 
eKyk n21 z....;;z;z  CacMnYnkMupøicEdlepÞógpÞat;TMnak;TMng 

1n,...,2,1,0k;0z)kn(iz)1k( k1k −−−−========−−−−−−−−++++ ++++  
k-kMnt; 0z  ebIeKdwgfa n

n210 2z....zzz ====++++++++++++++++  
x-cMeBaHtémø 0z  Edl)ankMnt;xagelIcUrbgðajfa ³ 

!n
)1n3(

|z|....|z||z||z|
n

2
n

2
2

2
1

2
0

++++<<<<++++++++++++++++   
dMeNa¼Rsay 
k-kMnt; 0z  ebIeKdwgfa n

n210 2z....zzz ====++++++++++++++++   
eKman 0z)kn(iz)1k( k1k ====−−−−−−−−++++ ++++  
eK)an 

1k
kn

.i
z

z

k

1k

++++
−−−−====++++  

        
)!pn(!p

!n
C;Ci

z

z

1k
kn

.i
z

z

p
n

p
n

p

0

p

1p

0k

)1p(

0k k

1k

−−−−
========










++++
−−−−====







 ∏∏∏∏∏∏∏∏
−−−−

====

−−−−

====

++++

 

eKTaj ....,2,1,0p;Cziz p
n0

p
p ========  

 
eday n

n210 2z....zzz ====++++++++++++++++    b¤ ∑∑∑∑
====

====
n

0p

n
p 2)z(  
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man  n
0

n

0p

n

0p

pp
n0p )i1(ziCz)z( ++++========∑∑∑∑ ∑∑∑∑

==== ====
 

eK)an nn
0 2)i1(z ====++++  

eKTaj n
n

n

0 )i1(
)i1(

2
z −−−−====

++++
====  

dUcenH n
0 )i1(z −−−−====    . 

x-cMeBaHtémø 0z  Edl)ankMnt;xagelIcUrbgðajfa ³ 

!n
)1n3(

|z|....|z||z||z|
n

2
n

2
2

2
1

2
0

++++<<<<++++++++++++++++   
edayGnuvtþn_vismPaB GMAM −−−− eyIg)an 

(((( ))))2n
n

21
n

20
n

2
0

2
n

2
1

2
0 )C(....)C()C(zz...zz ++++++++++++====++++++++++++  

                            (((( ))))

!n
)1n3(

n
)1n(....)2n2()1n2(n2

!n
2

))1n)....(2n2)(1n2(n2
!n

2

!n!n
)!n2(

.2Cz

n

nn

n

nn
n2

2
0

++++<<<<








 ++++++++++++−−−−++++−−−−++++<<<<

++++−−−−−−−−====

========

 

dUcenH 
!n

)1n3(
|z|....|z||z||z|

n
2

n
2

2
2

1
2

0
++++<<<<++++++++++++++++   . 
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lMhat́TI15 
eK[ 321 z;z;z  CacMnYnkMupøicedaydwgfa ³ 

0zzzzzzzzz 133221321 ====++++++++====++++++++   . 
cUrbgðajfa  |z||z||z| 321 ========   
dMeNa¼Rsay 
bgðajfa  |z||z||z| 321 ========  
eKman 0zzzzzzzzz 133221321 ====++++++++====++++++++  
eKTaj 





====++++++++
−−−−====++++

)2(0)zz(zzz

)1(zzz

21321

321  

yk )1(  CMnYskñúg )2(  eyIg)an ³ 
0zzz 2

321 ====−−−−  naM[ |z|.|z||z| 21
2

3 ====  
dUcKñaEdr |z|.|z||z| 31

2
2 ====   nig |z|.|z||z| 32

2
1 ====  

eyIg)an ³ 
|z||z||z||z||z||z||z||z||z| 133221

2
3

2
2

2
1 ++++++++====++++++++  

b¤ 0|)z||z(||)z||z(||)z||z(| 2
13

2
32

2
21 ====−−−−++++−−−−++++−−−−  

dUcenH  |z||z||z| 321 ========   . 
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lMhat́TI16 
cUrbgðajfa  1

iz32
iz6 ≤≤≤≤

++++
−−−−   luHRtaEt  

3
1

|z| ≤≤≤≤   
dMeNa¼Rsay 
bgðajfa 

3
1

|z| ≤≤≤≤  
eKman  1

iz32
iz6 ≤≤≤≤

++++
−−−−     

lkçxNÐ  0iz32 ≠≠≠≠++++   b¤  
3
i2

z ≠≠≠≠  
eK)an |iz32||iz6| ++++≤≤≤≤−−−−  

         

9
1

|z|

9
1

zz

3zz27

zz9iz6zi641zi6iz6zz36

)zi32)(iz32()iz6)(iz6(

|iz32||iz6|

2

22

≤≤≤≤

≤≤≤≤

≤≤≤≤
++++++++−−−−≤≤≤≤++++−−−−++++

−−−−++++≤≤≤≤++++−−−−
++++≤≤≤≤−−−−

 

dUcenH   
3
1

|z| ≤≤≤≤    . 
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lMhat́TI17 
eK[ n321 z....;;z;z;z  CacMnYnkMupøicEdlmanm:UDúlesµI 1 . 
eKtag 








××××






==== ∑∑∑∑∑∑∑∑
========

n

1k k

n

1k
k )

z
1

()z(Z   . 

cUrbgðajfa  2nZ0 ≤≤≤≤≤≤≤≤      
 
dMeNa¼Rsay 
bgðajfa  2nZ0 ≤≤≤≤≤≤≤≤     
eday n321 z....;;z;z;z  CacMnYnkMupøicEdlmanm:UDúlesµI 1 
enaHeKGactag kkk xsin.ixcosz ++++====  
Edl n,....,3,2,1k;IRxk ====∈∈∈∈  
eK)an  








××××






==== ∑∑∑∑∑∑∑∑
========

n

1k k

n

1k
k )

z
1

()z(Z     

             
(((( )))) (((( ))))

0xsinxcos

xsinixcosxsin.ixcos

2n

1k
k

2n

1k
k

n

1k
kk

n

1k
kk

≥≥≥≥






++++






====

−−−−××××++++====

∑∑∑∑∑∑∑∑

∑∑∑∑∑∑∑∑

========

========  

eK)an 0Z ≥≥≥≥  
müa:geTottamvismPaB SchwartzCauchy −−−−  
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     (((( ))))∑∑∑∑∑∑∑∑
========

≤≤≤≤






 n

1k
k

2
2n

1k
k xcosnxcos   

nig (((( ))))∑∑∑∑∑∑∑∑
========

≤≤≤≤






 n

1k
k

2
2n

1k
k xsinnxsin  

eKTaj (((( )))) )x(sinnxcosnZ
n

1k
k

2
n

1k
k

2 ∑∑∑∑∑∑∑∑
========

++++≤≤≤≤  

          (((( ))))
2

n

1k
k

2
k

2

nn.nZ

xsinxcosnZ

====≤≤≤≤

++++≤≤≤≤ ∑∑∑∑
====  

dUcenH  2nZ0 ≤≤≤≤≤≤≤≤    . 
sMKal;  ³ eKGacRsay 2nZ ≤≤≤≤ tammYyrebobeTotdUcxageRkam 
eday 1|z| k ====  enaH 

k
k z

1
z ====   RKb; n.....;;2;1k ====    

eK)an 







××××






==== ∑∑∑∑∑∑∑∑
========

n

1k k

n

1k
k )

z
1

()z(Z     

            
(((( )))) 2

2n

1k
k

2n

1k
k

n

1k
k

n

1k
k

n

1k
k

n

1k
k

n|z|z

zzzz

====






≤≤≤≤====








××××






====






××××






====

∑∑∑∑∑∑∑∑

∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑∑

========

================  

eKTaj)an 2nZ ≤≤≤≤   . 
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lMhat́TI18 
eK[cMnYnkMupøic z Edl 1|z| ====   . cUrbgðajfa ³ 

4|z1||z1|2 2 ≤≤≤≤++++++++−−−−≤≤≤≤    
dMeNa¼Rsay 
bgðajfa  4|z1||z1|2 2 ≤≤≤≤++++++++−−−−≤≤≤≤   
tag tsin.itcosz ++++====  
eK)an |

2
t

sin|2tsin)tcos1(|z1| 22 ====++++−−−−====−−−−  
ehIy  |tcos|2t2sin)t2cos1(|z1| 222 ====++++++++====++++  
                     |

2
t

sin21|2 2−−−−====  
eK)an 







 −−−−++++====−−−−++++−−−− |
2
t

sin21||
2
t

sin|2|z1||z1| 22  

edayyk 1x1;
2
t

sinx ≤≤≤≤≤≤≤≤−−−−====  ehIytagGnuKmn_ f  
kMnt;eday |x21||x|)x(f 2−−−−++++====   Edl 1x1 ≤≤≤≤≤≤≤≤−−−−   
cMeBaH 1x1 ≤≤≤≤≤≤≤≤−−−−  eK)an 2)x(f

2
2 ≤≤≤≤≤≤≤≤  

dUcenH  4|z1||z1|2 2 ≤≤≤≤++++++++−−−−≤≤≤≤    . 
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lMhat́TI19 
eK[cMnYnkMupøic y.ixz ++++====  Edl xnig y  CaBIrcMnYnBit . 
cUrkMnt;témø x  nig y  ebIeKdwgfa ³ 

i2
10

z)i31(z)i23(
−−−−

====++++++++++++       ¬ z CacMnYnkMupøicqøas;én z  ¦ . 
dMeNa¼Rsay 

kMnt;témø x  nig y  
eKman 

i2
10

z)i31(z)i23(
−−−−

====++++++++++++     
eday y.ixz ++++====  naM[  y.ixz −−−−====  
eK)an 

i2
10

)iyx)(i31()iyx)(i23(
−−−−

====−−−−++++++++++++++++  

          
i24)y2x5.(i)yx4(

5
)i2(10

y3ix3iyxy2ix2iy3x3

++++====++++++++++++

++++====++++++++−−−−++++−−−−++++++++  

eKTaj)an  




====++++
====++++

2y2x5

4yx4  

eKman 628
22

14
D,358

25

14
D x ====−−−−============−−−−========   

nig      12208
25

44
Dy −−−−====−−−−========  

eK)an  4
3

12
D

D
y,2

3
6

D
D

x yx −−−−====−−−−====================  

dUcenH   4y,2x −−−−========     . 
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x y
3 2 2 ))( )((( )Z log ( ) i log x log y

2
++++

nig 
  = + += + += + += + +

13 i
W

1 2i
++++====

−−−−
 Edl * *x IR ; y IR+ ++ ++ ++ +

k-cUrsresr 
 . ∈ ∈∈ ∈∈ ∈∈ ∈

W

x-kMnt´ 
 CaTRmg´BICKNit . 

x  nig y  edIm,I[ Z W====

-sresr 

dMeNa¼Rsay 
 . 

k W

 eyIgán 

 CaTRmǵBICKNit 
12 i (12 i)(1 2i) 12 24i i 2

2 5iW
1 2i 1 4 5

+ + + + + −+ + + + + −+ + + + + −+ + + + + −= = = = += = = = += = = = += = = = +
− +− +− +− +

 dUcen¼ 

 

W 2 5i= += += += +

x-kMnt́ 

  . 

x  nig y  edIm,I[ Z W====

 eyIgán 

 

Z W====  smmUl 
x y

2 2

2log ( ) 2
3

log x log y 5

++++



 == ==

 + =+ =+ =+ =

 ¦ 



 

x y
2

2

log ( ) 2
3

log (x.y) 5

++++ ====  naM[ 
 ==



 ==

x y 12

x.y 32

+ =+ =+ =+ =
==


 ==

 eKTaj 

 

x ; y  Ca¦ssmIkar 032u12u2 ====++++−−−−

 eday 

 

43236' ====−−−−====∆∆∆∆
== ++ ==




 eKTaj¦s 




==++==
====−−−−====

 dUcen¼ 
826u

426u

2

1  

8y;4x ========   ¦  4y;8x ========   . 
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i1
z2 |z|

i79
++++
−−−−  Edl −− ====−− z

eda¼RsaysmIkar ½  
dMeNa¼Rsay 

 CacMnYnkMupøic . 

i1
z2 |z|

i79
++++
−−−−  tag −− ====−− IRy;x,y.ixz ∈∈∈∈++++====

eKán 
 

++ −−
x(2 iy x| iy

9( )(i7 )i
1( )(i )i1

1
|)

−−++
−−−−−−−−

   

++ −− ++ ====++−−++  

−− ++ ++ == −−

iy2
i9 i7

2( iy2 i81)yxx

2
79

yxx2

22

22

−−==++++−−

−−−−−−−−−−−−

eKTaj 

++ −− ++ ====++−−++  

tam 

)1(

)2(

−− ++ ==
== −−











−−==
==++−−

8y2

1yxx2 22  

)2(  eKTaj 4y −−−−====  ykeTACYskñúg )1( eKán  

eKTaj¦s 

−− ++ ==

−− == ++ >> −−

−− == ++

−− ++ == ++

−− −− == ∆∆ == ++ ==

16

16

2( )1 16

16

15 45 22

22

22

2

2

74';0x4x3

x1x4x4

xx

2
1

x,x1x2

1xx2

==++==∆∆==−−−−

++==++−−

++==−−

−−>>++==−−

==++−−

 

2
1

3
5

3
72

x;3
3

== −− << −−72
x 21 −−<<−−==−−−−== ======++++

eKán  

 (minyk) ====

4y;3x −−−−======== == −− i4 .dUcen¼ 3z −−==  . 
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lMhat́TI3 
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1Z 2Z 0Z2 ≠≠≠≠

 cUrRsaybBa¢ak;fa 
  . 

RsaybBa¢ak;fa 

dMeNa¼Rsay 

  ==
|Z|
|Z|

Z
Z

2

1

2

1 ==

b.ieyIgtag 

  ==
|Z|
|Z|

Z
Z

2

1

2

1 ==

aZ1 ++++==== d.i  nig  cZ2 ++++====  Edl  d,c,b,a

eyIg)an 
 CacMnYnBit . 

eK)an    

  == ++
++

== ++ −−
++ −−

== −− ++ −−
−−

b.i
d.i

a( )(b.i )d.i
c( )(d.i )d.i

ac ad.i bc.i bd.

d. 222

2

2

1

ic

i
c
c

c
a

Z
Z

−−
−−++−−==

−−++
−−++==

++
++==

++
ac( bd bc(i ad ac bd

.i
bc ad

222222
2

1

dcdcdc

))
Z
Z
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−−−−

++
++++
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++++

++
====
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−−−−++++++++

naM[      

====  

                    

== ++
++









 ++ −−
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ac bd bc ad 2
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2
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2

1

dcdcZ
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++==  
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222222

22

22222222

22

22222222
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dc

ac( bd bc( ad
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a( b(

c( c(
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)db)da
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)dbc)dac
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da2cbdb2ca

dc

))

++++

==
++ ++ −−

++

== ++ ++ ++ −− ++
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==
++ ++ ++
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++ ++ ++
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++ ++++++
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++++++
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edayeKman  

   == ++

++ 22

22

2

1

dc

ba
Z
Z

++

++==

dUecñH   

== ++

== ++











++==

++==
22

2

22
1

dc|Z|

ba|Z|  

==
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|Z|
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2
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1Z 2Z

|Z||Z||Z 2121 ++++≤≤≤≤++++

x> Taj[)anfa 
  

cMeBaHRKb;  
++ ++ ++ ≤≤ ++ ++ ++a( )c b( )d 222222 dcba ++++++≤≤++++++  

d,c,b,a

k> RsaybBa¢ak;fa 
dMeNa¼Rsay 

 CacMnYnBit . 

|Z||Z||ZZ| 2121 ++++≤≤≤≤++++

kñúgbøg;kMupøic 
  

)XOY(  eyIgeRCIserIsviucTr½BIr →→→→
U  nig →→→→

V

  naM[viucTr½  nig 
 manGahVikerogKña 

1Z 2Z
→→→→→→→→

++++ VU  manGahVik  21 ZZ ++++

|| || || || || ||tamlkçN³RCugrbs;RtIekaNeK)an  
 . 

VUVU
→→→→→→→→→→→→→→→→

== == ++ == ++|| || ||,| || ||, ||eday ³  
  ++ ≤≤ ++++≤≤++

|ZZ|VU|Z|VZ|U 2121 ++==++====
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