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- 89 - 
 

lMhat́TI5 

eK[GnuKmn_ xx

xx

ee

ee
xf −−−−

−−−−

++++
−−−−====)(   

k>cUrRsayfa )(xf  CaGnuKmn_ess . 
x>cMeBaHRKb;cMnYnBit a  nig b  cUrRsayfa ³ 
   (((( ))))

)()(1
)()(

bfaf
bfaf

baf
++++

++++====++++   

dMeNa¼Rsay 
k> Rsayfa )(xf  CaGnuKmn_ess 
eKman xx

xx

ee

ee
xf −−−−

−−−−

++++
−−−−====)(  

cMeBaHRKb;cMnYnBit x  eKman 0>>>>++++ −−−− xx ee  
dUcenHGnuKmn_ f  manEdnkMnt; IRD f ====  
cMeBaHRKb; fDx ∈∈∈∈  eK)an fDx ∈∈∈∈−−−−  
eK)an (((( )))) 0)( ====

++++
−−−−++++

++++
−−−−====++++−−−− −−−−

−−−−

−−−−

−−−−

xx

xx

xx

xx

ee

ee

ee

ee
xfxf  

eKTaj )()( xfxf −−−−====−−−−  
dUcenH )(xf  CaGnuKmn_ess . 
 



CMBUkTI2                 GnuKmn_Giucs,Ú²NǵEsül nig elakarIt 
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lMhat́TI8 
k>cUrRsaybBa¢ak;fa AaBa BA loglog ====  
Edl BAa ;;  CabIcMnYnBitviC¢man nig xusBI 1 . 
x>edaHRsaysmIkar 6867 72log2log ====++++ xx   
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k>RsaybBa¢ak;fa AaBa BA loglog ====   
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x>edaHRsaysmIkar  

   6867 72log2log ====++++ xx   
tamrUbmnþxagelIeK)an xx 2log72log 7====  
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
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tam  )2(&)1(  eK)anRbBnæ½  ³ 

)5ln(

)6ln(

5ln26ln26ln5ln

5ln24ln25ln4ln −−−−
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lMhat́TI10 
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lMhat́TI19 
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- 119 - 
 

eK)an 12
1

2
12 VVV ========   Bit 

         22
1

4
1

2
23 VVVV ============   Bit 

]bmafavaBitcMeBaH kn ====  KW k

VVk
2

1====   
eyIgnwgRsayfavaBitcMeBaH 1++++==== kn  KW 12

11

++++
====++++

k

VVk  
eKman 2

1 kk VV ====++++    eday k

VVk
2

1====  
eK)an 12

1

2
2

11

++++
====





====++++

kk

VVVk   Bit 
dUcenH n

VVn
2

1====   . 
K>KNna nV  nig nu  CaGnuKmn_én n  nig x   ³ 
eKman n

VVn
2

1====     
eday (((( )))) (((( ))))2

2
log2

2121 log1log1log1 2 xxuV x ++++====++++====++++==== ++++  
dUcenH (((( )))) 12

2log1
++++

++++====
n

xVn  
ehIy nn uV 2log1++++====  naM[ 12 −−−−==== nV

nu  

dUcenH (((( ))))(((( )))) 1log1
12

22 −−−−++++
++++

====
n

x
nu   . 

 
 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 120 - 

lMhat́TI1 
cU rb gð a j fa  ³   

xxxx 3cos
64
63

)
3

4
(cos)

3
2

(coscos 777 ====++++++++++++++++ ππππππππ    
cM e Ba HRK b ; cM nY nBi t x  . 
dMeNa¼Rsay 

xxxx 3cos
64
63

)
3

4
(cos)

3
2

(coscos 777 ====++++++++++++++++ ππππππππ   
ta g  )()

3
4

(cos)
3

2
(coscos)( ixxxxE nnn

n

ππππππππ ++++++++++++++++====  
ta m rU b m nþ  xxx cos3cos43cos 3 −−−−====   
e K T a j   xxx 3cos

4
1

cos
4
3

cos3 ++++====  
e d a yKuN G gÁT aMgBI rnw g   xn 3cos −−−−     e K )a n ³  
  )1(cos3cos

4
1

cos
4
3

cos 32 xxxx nnn −−−−−−−− ++++====  
dU cKña Ed re KT a j )an ³  
  )2()

3
2

(cos3cos
4
1

)
3

2
(cos

4
3

)
3

2
(cos 32 ππππππππππππ ++++++++++++====++++ −−−−−−−− xxxx nnn   

  )3()
3

4
(cos3cos

4
1

)
3

4
(cos

4
3

)
3

4
(cos 32 ππππππππππππ ++++++++++++====++++ −−−−−−−− xxxx nnn  

e d a ybU ks mI ka r )2(;)1(  ni g  )3(  e K )a n ³  
  )()(3cos

4
1

)(
4
3

)( 32 iixExxExE nnn −−−−−−−− ++++====  
ta m  )(i  cM e Ba H 2,1;0 ============ nnn  e K ) an ³  



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 121 - 

2
3

sin
2
3

cos
2
3

)(

)sin
2
3

cos
2
1

()sin
2
3

cos
2
1

(cos)(

0sin
2
3

cos
2
1

sin
2
3

cos
2
1

cos)(

)
3

4
cos()

3
2

cos(cos)(

3)(

22
2

222
2

1

1

0

====++++====

++++−−−−++++−−−−−−−−++++====

====++++−−−−−−−−−−−−====

++++++++++++++++====

====

xxxE

xxxxxxE

xxxxxxE

xxxxE

xE

ππππππππ

 

ta m  )(ii  cM e Ba H 7;5,4;3 ================ nnnn  e K ) an 

xxxxExxExE

xxxxExxExE

xxExExE

xxExxExE

3cos
64
63

3cos
32
9

3cos
64
45

)(3cos
4
1

)(
4
3

)(

3cos
16
15

3cos
8
3

3cos
16
9

)(3cos
4
1

)(
4

)(

8
9

)(3cos
4
1

)(
4
3

)(

3cos
4
3

)(3cos
4
1

)(
4
3

)(

457

235

124

013

====++++====++++====

====++++====++++3333====

====++++====

====++++====

 

dU ce nH  xxxx 3cos
64
63

)
3

4
(cos)

3
2

(coscos 777 ====++++++++++++++++ ππππππππ    . 
 
 
 
 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 122 - 

lMhat́TI2 
ចូរបងហ ញថ ៖ 

2
1

11
9

cos
11
7

cos
11
5

cos
11
3

cos
11

cos ====ππππ++++ππππ++++ππππ++++ππππ++++ππππ
 

dMeNa¼Rsay 
បងហ ញថ ៖ 

2
1

11
9

cos
11
7

cos
11
5

cos
11
3

cos
11

cos ====ππππ++++ππππ++++ππππ++++ππππ++++ππππ    

យក 
11

sin.i
11

cosz
ππππ++++ππππ====   េហយ  1z11 −−−−====  

េគមន 
z1

1

1z

z1

1z

zz
zzzzzW

22

11
9753

−−−−
====

−−−−
−−−−−−−−====

−−−−
−−−−====++++++++++++++++====  

េដយ  )
22

cosi
22

(sin
22

sin2
11

sini
11

cos1z1
ππππ−−−−ππππππππ====ππππ−−−−ππππ−−−−====−−−−  

េគបន  
)

22
cosi

22
(sin

22
sin2

1
W ππππ−−−−ππππππππ====  

           
22

cot
2
1

i
2
1

22
sin2

22
cosi

22
sin

W
ππππ++++====ππππ

ππππ++++ππππ

====  

េដយែផនកពិតៃន W  គឺ  
11
9

cos
11
7

cos
11
5

cos
11
3

cos
11

cos
ππππ++++ππππ++++ππππ++++ππππ++++ππππ   

ដូចេនះ  
2
1

11
9

cos
11
7

cos
11
5

cos
11
3

cos
11

cos ====ππππ++++ππππ++++ππππ++++ππππ++++ππππ    ។ 

 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 123 - 

lMhat́TI3 
គណន ooo 80cos40cos20cosP ====    

dMeNa¼Rsay 
គណន ooo 80cos40cos20cosP ====    

តង oo 20sini20cosz ++++====   េហយ 1180sini180cosz oo9 −−−−====++++====  

េគបន 
z2

1z
2

z
1

z

2
zz

20cos
2

o ++++====
++++

====++++====     (  េរពះ 
z
1

z ====   ) 

          
4

844
o

2

422
o

z2

1z
2

zz
80cos;

z2

1z
2

zz
40cos

++++====++++====++++====++++====  

េគបន 
)1z(z8

)1z)(1z)(1z)(1z(

z8

)1z)(1z)(1z(
P 27

8422

7

842

−−−−
++++++++++++−−−−====

++++++++++++====  

             
8
1

)z1(8

1z

)zz(8

1z
7

7

79

16
====

−−−−−−−−
−−−−−−−−====

−−−−
−−−−====  

ដូចេនះ  
8
1

80cos40cos20cosP ooo ========   ។ 

 

 

 

 

 

 

 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 124 - 

lMhat́TI4 
េគឲយ )a( n  ជសវ៊ីតនពវនតមួយមនផលសងរួម d   ។ 

េគតង 
dcos

acos
...

dcos

acos

dcos

acos
dcos
acos

S
n

n
3

3
2

21
n ++++++++++++++++====    

ចំេពះ ...,3,2,1n ====  

ចូររសយថ 
dsin
asin

dsindcos

asin
S 1

n
n

n −−−−====    ។ 

dMeNa¼Rsay 
រសយថ 

dsin
asin

dsindcos

asin
S 1

n
n

n −−−−====  

េដយ )a( n  ជសវ៊ីតនពវនតមួយមនផលសងរួម d   េនះ daa n1n ++++====++++    

េគបន nnn1n acosdsindcosasin)dasin(asin ++++====++++====++++  

ែចកអងគទងំពីរនឹង 0dcos 1n ≠≠≠≠++++   េគបន ៖ 

dcos

acosdsindcosasin

dcos

asin
1n

nn
1n

1n
++++++++

++++ ++++====  

េគទញ 






 −−−−==== ++++
++++

dcos

asin

dcos

asin
dsin
dcos

dcos

acos
n

n
1n

1n
n

n  

           

dsin
asin

dsindcos

asin
dcos
asin

dcos

asin
dsin
dcos

S

dcos

asin

dcos

asin

dsin
dcos

S

1
n

1n1
1n

1n
n

n

1p
p

p
1p

1p
n

−−−−====






 −−−−====

















−−−−====

++++
++++

++++

====
++++

++++
∑∑∑∑

 

ដូចេនះ  
dsin
asin

dsindcos

asin
S 1

n
n

n −−−−====    ។ 

 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 125 - 

lMhat́TI5 
េគដងថ ឹ a

)zyxsin(
zsinysinxsin

)zyxcos(
zcosycosxcos ====

++++++++
++++++++====

++++++++
++++++++

  

ចូររសយថ a)xzcos()zycos()yxcos( ====++++++++++++++++++++   

dMeNa¼Rsay 
រសយថ a)xzcos()zycos()yxcos( ====++++++++++++++++++++   

តង iziyix ew,ev,eu ============  

េគបន (((( )))) (((( ))))zsinysinxsinizcosycosxcoswvu ++++++++++++++++++++====++++++++  

េហយ )zyxsin(i)zyxcos(euvw )zyx(i ++++++++++++++++++++======== ++++++++  

េគមន  a
)zyxsin(

zsinysinxsin
)zyxcos(

zcosycosxcos ====
++++++++
++++++++====

++++++++
++++++++

 

នឲំយ  a
)zyxcos(i)zyxcos(

)zsinysinx(sini)zcosycosx(cos ====
++++++++++++++++++++

++++++++++++++++++++
 

         

aeee

a
uv
1

uw
1

vw
1

a
uvw

wvu

)yx(i)zx(i)zy(i ====++++++++

====++++++++

====++++++++

++++−−−−++++−−−−++++−−−−

 

តមសមភពេនះេគទញបន ៖ 

     a)xzcos()zycos()yxcos( ====++++++++++++++++++++  

និង 0)xzsin()zysin()yxsin( ====++++++++++++++++++++  

ដូចេនះ  a)xzcos()zycos()yxcos( ====++++++++++++++++++++   ។ 

 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 126 - 

lMhat́TI6 
e K [  xxxxf 2424 sin4coscos4sin)( ++++−−−−++++====   
k> s RmY l  )(xf  
x >kM nt;  x  e dIm ,I [  

2
1

)( ====xf  
dMeNa¼Rsay 
k> s RmY l  )(xf  
e K m a n xxxxf 2424 sin4coscos4sin)( ++++−−−−++++====  
e d a y xx 22 sin1cos −−−−====  ni g  xx 22 cos1sin −−−−====  

)cos1(4cos)sin1(4sin)( 2424 xxxxxf −−−−++++−−−−−−−−++++====  

         
xxxx

xx

xxxx

2222

2222

4242

sincos)cos2()sin2(

)cos2()sin2(

coscos44sinsin44

−−−−====−−−−−−−−−−−−====

−−−−−−−−−−−−====

++++−−−−−−−−++++−−−−====

 

dU ce nH xxf 2cos)( ====   . 
x >kM nt;  x  e dIm ,I [  

2
1

)( ====xf  

e K ) a n 
2
1

2cos ====x   naM [  ππππππππ
kx 2

3
++++±±±±====  Edl  Zk ∈∈∈∈   . 

 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 127 - 

lMhat́TI7 

cM e Ba HRK b;  INn ∈∈∈∈  e K [ 
12

sin
12

cos
ππππππππ nn

nS ++++====   

k> K N na témø  
12

cos
ππππ  ni g  

12
sin

ππππ  
x > b gða j fa  0624 12 ====++++−−−− ++++++++ nnn SSS    
dMeNa¼Rsay 

k> K N na témø  
12

cos
ππππ  ni g  

12
sin

ππππ  

4
26

2
2

.
2
3

2
2

.
2
1

4
sin

3
sin

4
cos

3
cos

)
43

cos(
12

cos

++++====++++====

++++====

−−−−====

ππππππππππππππππ

ππππππππππππ

  

4
26

2
1

.
2
2

2
2

.
2
3

3
cos

4
sin

4
cos

3
sin

)
43

sin(
12

sin

−−−−====−−−−====

−−−−====

−−−−====

ππππππππππππππππ

ππππππππππππ

  

dU ce nH   
12

26
12

sin;
12

26
12

cos
−−−−====++++==== ππππππππ   . 

 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 128 - 

x > b gða j fa  0624 12 ====++++−−−− ++++++++ nnn SSS   
e K m a n 

12
sin

12
cos

ππππππππ nn
nS ++++====  

ta g  
12

sin;
12

cos 21
ππππππππ ======== xx  e na H nn

n xxS 21 ++++====  

e K m a n 
2
6

4
26

4
26

21 ====−−−−++++++++====++++ xx   

e hI y  
4
1

16
26

4
26

.
4

26
. 21 ====−−−−====−−−−++++====xx  

e K ) a n 1x  ni g  2x  C a b¤ ss mI ka r 0
4
1

2
62 ====++++−−−− xx  

b¤   01624 2 ====++++−−−− xx  

e K T a j  






====++++−−−−

====++++−−−−

01624

01624

2
2

2

1
2

1

xx

xx  

b¤          






====++++−−−−

====++++−−−−
++++++++

++++++++

)(0624

)(0624

2
1

2
2

2

1
1

1
2

1

iixxx

ixxx
nnn

nnn

 

bU ks mI ka r )(i  ni g  )(ii  G gÁ nw g G gÁ eK ) a n ³  
0)()(62)(4 21

1
2

1
1

2
2

2
1 ====++++++++++++−−−−++++ ++++++++++++++++ nnnnnn xxxxxx       

dU ce nH 0624 12 ====++++−−−− ++++++++ nnn SSS   . 
  
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 129 - 

lMhat́TI8 

e K [  )cos(sin
1

)( xx
k

xf kk
k ++++====  Ed l  ...;3;2;1====k  

cU rb gð a j fa  
12
1

)()( 64 ====−−−− xfxf   .   
dMeNa¼Rsay 

b gð a j fa  
12
1

)()( 64 ====−−−− xfxf    

e K m a n )cos(sin
4
1

)( 44
4 xxxf ++++====  

                    
(((( ))))xx

xxxx

22

22222

cossin21
4
1

]cossin2)cos(sin[
4
1

−−−−====

−−−−++++====
 

e hI y )cos(sin
6
1

)( 66
6 xxxf ++++====   

[[[[ ]]]])cos(sincossin3)cos(sin
6
1

)( 2222322
6 xxxxxxxf ++++−−−−++++====  

         (((( ))))xx 22 cossin31
6
1 −−−−====  

e K ) a n 
12
1

6
1

4
1

)()( 64 ====−−−−====−−−− xfxf  

dU ce nH  
12
1

)()( 64 ====−−−− xfxf    . 
 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 130 - 

lMhat́TI9 
e K [  dcba ,,,  C a cM nY ne nA kñ úg ce nø a H ];0[ ππππ  e d a ydw gfa  





++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
  

cU rb gð a j fa  )cos(7)cos(2 cbda −−−−====−−−−    . 
dMeNa¼Rsay 
b gð a j fa  )cos(7)cos(2 cbda −−−−====−−−−  
e K m a n  





++++====++++
++++====++++

)cos2(cos4cos7cos

)sin2(sin4sin7sin

dcba

dcba
  

b¤         




−−−−====−−−−
−−−−====−−−−

bcda

bcda

cos7cos4cos8cos

sin7sin4sin8sin   

      b¤          






−−−−====−−−−

−−−−====−−−−

)()cos7cos4()cos8cos(

)()sin7sin4()sin8sin(
22

22

iibcda

ibcda  

bU ks mI ka r )(i  ni g  )(ii  G gÁ nw g G gÁ eK ) a n ³  
           

)cos(56)cos(16

)cos(5665)cos(1665

cbda

cbda

−−−−−−−−====−−−−−−−−
−−−−−−−−====−−−−−−−−  

dU ce nH  )cos(7)cos(2 cbda −−−−====−−−−   .   
 
 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 131 - 

lMhat́TI10 

eK[ 
a

b
=θtan   . 

cUrRsayfa  33

8

3

8 1
)b+a(

=
b

θsin
+

a

θcos      

dMeNa¼Rsay 
Rsayfa  33

8

3

8 1
)b+a(

=
b

θsin
+

a

θcos    

eKman 
a

b
=θtan  naM[ 

a

b
=θtan2   

eday    
θcos

θsin
=θtan   

eKán 
a

b
=
θcos

θsin
2

2   
smmUl 

b+a
=

a+b

θcos+θsin
=

a

θcos
=

b

θsin 12222  

eKTaj 
b+a

=
b

θsin 12

 naM[ )(
bI+a(

b
=

b

θsin
143

8

  

ehIy  
b+a

=
a

θcos 12

 naM[ )(
bI+a(

a
=

a

θcos
243

8

 
bUkTMnak´TMng )1(  nig )2(  Gg:nwgGg:eKán ½ 
      343

8

3

8 1
)b+a(

=
)b+a(

b+a
=

b

θsin
+

a

θcos   

dUcen¼ 33

8

3

8 1
)b+a(

=
b

θsin
+

a

θcos  . 

 
 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 132 - 

lMhat́TI11 
eK[ 

ba

1

b

xsin

a

xcos 44

++++
====++++   

Edl 0ba,0b,0a ≠≠≠≠++++≠≠≠≠≠≠≠≠ . 
cUrRsaybBa¢ak´fa 44

10

4

10

)ba(

1

b

xsin

a

xcos

++++
====++++  . 

dMeNa¼Rsay 
RsaybBa¢ak´fa 44

10

4

10

)ba(

1

b

xsin

a

xcos

++++
====++++   

eyIgman 
ba

1

b

xsin

a

xcos 44

++++
====++++  

eyIgán ab)xsinaxcosb)(ba( 44 ====++++++++     

[[[[ ]]]]

0)xcosbxsina(

0xcosxsinab2xcosbxsina

01xcosxsin2)xcosx(sinabxcosbxsina

0)1xcosx(sinabxcosbxsina

0abxsinabxcosbxsinaxcosab

22

224222

222224222

444242

442424

====−−−−

====−−−−++++

====−−−−−−−−++++++++++++

====−−−−++++++++++++

====−−−−++++++++++++

 

eKTaj 
ba

1

ba

xsinxcos

b

xsin

a

xcos 2222

++++
====

++++
++++========  

eKán 
ba

1

a

xcos2

++++
====  naM[ )1(

)ba(

a

a

xcos
54

10

++++
====  

ehIy 
ba

1

b

xsin2

++++
====  naM[ )2(

)ba(

a

b

xsin
54

10

++++
====  

bUksmIkareKán 454

10

4

10

)ba(

1

)ba(

ba

b

xsin

a

xcos

++++
====

++++
++++====++++  

 



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 133 - 

lMhat́TI12 
e K [ RtI e ka N ABC  e hI ye K ta g  r   ni g  R e ro g Kñ aC a kaM rgV g;  
ca rw kkñ ú g  ni g  kaM rgVg ; ca rw ke RkA énRtI eka N  . 
cU rRs a yfa  

R
r

CBA ++++====++++++++ 1coscoscos   
dMeNa¼Rsay 

Rs a yfa  
R
r

CBA ++++====++++++++ 1coscoscos    

e K m a n 
2

cos
2

cos2coscos
BABA

BA
−−−−++++====++++  

                               
2

cos
2

sin2

2
cos)

22
cos(2

BAC

BAC

−−−−====

−−−−−−−−==== ππππ

 

e hI y 
2

sin21cos 2 C
C −−−−====  

)
2

cos
2

(sin
2

sin21coscoscos
BACC

CBA
−−−−−−−−−−−−====++++++++  

e d a y 
2

cos
2

cos
2

cos
2

sin
BABABAC −−−−−−−−++++====−−−−−−−−  

                                    
2

sin
2

sin2
BA−−−−====  

 
e K ) a n )(

2
sin

2
sin

2
sin41coscoscos i

CBA
CBA ++++====++++++++  



CMBUkTI3                              GnuKmn_RtIekaNmaRt 

   

- 134 - 

e K dwg fa  ³  

bc
cpbpA ))((

2
sin

−−−−−−−−====  ;  
ac

cpapB ))((
2

sin
−−−−−−−−====   

 ni g   
ab

bpapC ))((
2

sin
−−−−−−−−====   

abc
cpbpap

CBA
))()((

41coscoscos
−−−−−−−−−−−−++++====++++++++  

ta m rU b m nþ e hru g  ³  

R
abc

prcpbpappS
4

))()(( ========−−−−−−−−−−−−====  

e K T a j   Srpr
p

S
cpbpap ============−−−−−−−−−−−− 2

2

))()((  

e hI y  prRabc 4====  
e K ) a n 

R
r

prR
Sr

CBA ++++====++++====++++++++ 1
4

.41coscoscos  

dU ce nH 
R
r

CBA ++++====++++++++ 1coscoscos    . 
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lMhat́TI13 
eK[ cxsinbxcosacxcosbxsina)x(f 2222 ++++++++++++++++++++====    
cUrRsayfa c

2

ba
2)x(fcbca ++++

++++≤≤≤≤≤≤≤≤++++++++++++  
rYcbBa¢ak´témøGtibrma nig Gb,brmaén )x(f  . 
dMeNa¼Rsay 

Rsayfa c
2

ba
2)x(fcbca ++++++++≤≤≤≤≤≤≤≤++++++++++++   

eyIgman )1(cxsinbxcosacxcosbxsina)x(f 2222 ++++++++++++++++++++====    
eday c,b,a CabIcMnYnBitviC¢manena¼ 0)x(f:IRx >>>>∈∈∈∈∀∀∀∀  
elIkGg:TaMgBIrén )1(  CakaereKán ½ 

(((( ))))
)2()cxsinbxcosa)(cxcosbxsina(2c2ba)x(f

cxsinbxcosacxcosbxsina)x(f
22222

2
22222

++++++++++++++++++++++++++++====

++++++++++++++++++++====
 

tamvismPaBkUsiuRKb´cMnYnBit 0B,A ≥≥≥≥  
eKman   B.A2BA ≥≥≥≥++++  ¦ BAB.A2 ++++≤≤≤≤  
eKán c2ba)cxsinbxcosa)(cxcosbxsina(2 2222 ++++++++≤≤≤≤++++++++++++++++  
tamTMnak´TMng ( )2  eKTaján ½ 

)c
2

ba
(4c2bac2ba)x(f 2 ++++++++====++++++++++++++++++++≤≤≤≤   

naM[  )3(c
2

ba
2)x(f ++++++++≤≤≤≤  

yk )cxsinbxcosa)(cxcosbxsina()x(P 2222 ++++++++++++++++====  
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xsinxcos)ab()cb)(ca()x(P

xcos)ab(xcos)ab()cb)(ca()x(P

]xcos)ab()cb([]xcos)ab()ca[()x(P

]c)xcos1(bxcosa[]cxcosb)xcos1(a[)x(P

222

4222

22

2222

−−−−++++++++++++====

−−−−−−−−−−−−++++++++++++====

−−−−−−−−++++−−−−++++++++====

++++−−−−++++++++++++−−−−====

 

eyIgman IRx,0xcosxsin)ab( 222 ∈∈∈∈∀∀∀∀≥≥≥≥−−−−  
eKTaján IRx,)cb)(ca()x(P ∈∈∈∈∀∀∀∀++++++++≥≥≥≥  
TMnak´TMng )2(  eKGacsresr ½ 

      
22

2

2

)cbca()x(f

)cb)(ca(2)cb()ca()x(f

)cb)(ca(2c2ba)x(P2c2ba)x(f

++++++++++++≥≥≥≥

++++++++++++++++++++++++≥≥≥≥

++++++++++++++++++++≥≥≥≥++++++++++++====

 

eKTaj )4(cbca)x(f ++++++++++++≥≥≥≥  
tamTMnak´TMng )3(  nig )4(  eKTaján ½ 

c
2

ba
2)x(fcbca ++++++++≤≤≤≤≤≤≤≤++++++++++++  cMeBa¼RKb´ IRx ∈∈∈∈  . 

dUcGnuKmn_mantémøGtibrmaesµI  c
2

ba
2M ++++++++====  

nigmantémøGb,brmaesµI  cbcam ++++++++++++====    . 
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lMhat́TI14 
eKmanGnuKmn_ 2

2

2

2

2

2

xcos

1
xcos

xsin

1
xsin)x(f 







 ++++++++






 ++++====  

cUrrktémøtUcbMputénGnuKmn_en¼ . 
dMeNa¼Rsay 
rktémøtUcbMputénGnuKmn_en¼  
 2

2

22

2

2 )
xsin

1
x(sin)

xcos

1
x(cos)x(f ++++++++++++====  

     

[[[[ ]]]]

)
x2sin

16
1)(x2sin

2

1
1(4

)
x2sin

16
1(xcosxsin2)xsinx(cos4

)
xcosxsin

1
1)(xsinx(cos4

)
xcosxsin

xsinxcos
()xsinx(cos4

)
xcos

1

xsin

1
()xsinx(cos4

xsin

1
2xsin

xcos

1
2xcos

4

2

4

22222

44

44

44

44
44

44

44

4

4

4

4

++++−−−−++++====

++++−−−−++++++++====

++++++++++++====

++++++++++++++++====

++++++++++++++++====

++++++++++++++++++++====

 

edayeKman 1x2sin2 ≤≤≤≤  naM[ 
2

1
x2sin

2

1
1 2 ≥≥≥≥−−−−  nig  

17
x2sin

16
1

4
≥≥≥≥++++  . 

eKTaj 
2

25

2

17
4)

x2sin

16
1)(x2sin

2

1
1(4

4

2 ====++++≥≥≥≥++++−−−−++++  
eyIgán 

2

25
)
x2sin

16
1)(x2sin

2

1
1(4)x(f

4

2 ≥≥≥≥++++−−−−++++====  
dUcen¼témøtUcbMputénGnuKmn_KW 

2

25
m ====   . 
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lMhat́TI15 
eda¼RsaysmIkar ½ 

2

1
xcos

2

3
xcos

16

9
xcos

2

1
xcos

16

1 2424 ====−−−−++++++++−−−−++++  

dMeNa¼Rsay 
eda¼RsaysmIkar ½ 

)1(
2

1
xcos

2

3
xcos

16

9
xcos

2

1
xcos

16

1 2424 ====−−−−++++++++−−−−++++  
smIkar (((( ))))1  Gacsresr ½ 

)(coscos

coscos

2
2

1

4

3

4

1

2

1

4

3

4

1

22

2

2

2

2

=−+−

=






 −+






 −

xx

xx

 

tag  xt 2cos=  Edl 10 ≤≤ t  smIkar )(2 Gacsresr  
)3(

2

1

4

3
t

4

1
t ====−−−−++++−−−−   

elIGkß& )ox'x(  eRCIserIscMnuc )
4

3
(B,)

4

1
(A,)t(M  

tam (((( ))))3  eKán  
2

1
MBMA ====++++  eday 

2

1
AB ====  

eKán ABMBMA ====++++  naM[ M enAkñúg [[[[ ]]]]AB  
eKTaj 

4

3
t

4

1 ≤≤≤≤≤≤≤≤   smmUl  
4

3
xcos

4

1 2 ≤≤≤≤≤≤≤≤  
smmUl  

2

3
|xcos|

2

1 ≤≤≤≤≤≤≤≤  eKTaj  










∈∈∈∈++++−−−−≤≤≤≤≤≤≤≤++++−−−−

++++≤≤≤≤≤≤≤≤++++

Z'k;k,π'k
6

π
xπ'k

3

π

πk
3

π
xκπ

6

π
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lMhat́TI16 
k¿cUrRsaybBa¢ak´TMnak´TMng x2cot2xcotxtan −−−−====  
x¿cUrKNnaplbUkxageRkam ½ 
 

nn22n
2

a
tan

2

1
....

2

a
tan

2

1

2

a
tan
2

1
atanS ++++++++++++++++====  

dMeNa¼Rsay 
k¿RsaybBa¢ak´TMnak´TMng x2cot2xcotxtan −−−−====   

 tag x2cot2xcotA −−−−====  eday 









−−−−========

====

xtan2

xtan1

x2tan

1
x2cot

xtan

1
xcot

2
 

 eKán xtan
xtan

xtan11
)

xtan2

xtan1
(2

xtan

1
A

22

====
++++−−−−====

−−−−−−−−====  
 dUcen¼ x2cot2xcotxtan −−−−====  . 
 
x¿KNnaplbUkxageRkam ½ 

 

a2cot2
2

a
cot

2

1

2

a
cot

2

1

2

a
cot

2

1

)
2

a
cot2

2

a
(cot

2

1

2

a
tan

2

1

2

a
tan

2

1
....

2

a
tan

2

1

2

a
tan
2

1
atanS

nn

n

0k
1k1kkk

n

0k
1kkk

n

0k
kk

nn22n

−−−−====






 −−−−====






 −−−−====








====

++++++++++++++++====

∑∑∑∑

∑∑∑∑

∑∑∑∑

====
−−−−−−−−

====
−−−−

====  

 dUcen¼ a2cot2
2

a
cot

2

1

2

a
tan

2

1
....

2

a
tan
2

1
atanS

nnnnn −−−−====++++++++++++====  . 
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lMhat́TI17 
k¿cUrRsayfa )x3sinxsin3(

4

1
xsin3 −−−−====  

x¿cUrKNna  
n

31n

3

32

2

33
n

3

a
sin3....

3

a
sin3

3

a
sin3

3

a
sinS −−−−++++++++++++++++====    

dMeNa¼Rsay 
k¿Rsayfa )x3sinxsin3(

4

1
xsin3 −−−−====   

 eyIgman )x2xsin(x3sin ++++====   
 tamrUbmnþ acosbsinbcosasin)basin( ++++====++++  

       

xsin4xsin3

xsin2xsin2xsin2xsin

)xsin1(xsin2)xsin21(xsin

xcosxsin2)xsin21(xsin

xcosx2sinx2cosxsin

3

33

22

22

−−−−====

−−−−++++−−−−====

−−−−++++−−−−====

++++−−−−====

++++====

 

 eday   xsin4xsin3x3sin 3−−−−====  
 dUcen¼ )x3sinxsin3(

4

1
xsin3 −−−−====   . 

x¿ KNna 
n

31n

3

32

2

33
n

3

a
sin3....

3

a
sin3

3

a
sin3

3

a
sinS −−−−++++++++++++++++====  

eyIgán ∑∑∑∑
====

−−−−







====
n

1k
k

31k
n

3

a
sin3S eday )x3sinxsin3(

4

1
xsin3 −−−−====            

 n
k k 1 n

n k k 1 n
k 1

1 a a 1 a
S 3 sin 3 sin (3 sin sin a)

4 3 3 4 3
−

−
=

 = − = − 
 

∑  
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lMhat́TI18 
b gð a j fa kñ ú g RtI e kaN  ABC  mY yeK m a n 
        

2
tan

2
tan

CBA
ba
ba −−−−====

++++
−−−−    

   

dMeNa¼Rsay 

b gð a j fa   
2

tan
2

tan
CBA

ba
ba −−−−====

++++
−−−−   

e K m a n  ARa sin2====  ni g  BRb sin2====  
e K ) a n )sin(sin2 BARba −−−−====−−−−  

         
)(

2
sin

2
sin4

2
cos

2
sin4

i
CBA

Rba

BABA
Rba

−−−−====−−−−

++++−−−−====−−−−
 

e hI y )sin(sin2 BARba ++++====++++  

         
)(

2
cos

2
cos4

2
cos

2
sin4

ii
BAC

Rba

BABA
Rba

−−−−====++++

−−−−++++====++++
 

e FI vi FI Eck )(i  ni g  )(ii  GgÁ  ni g  GgÁ eK ) a n ³  

2
tan

2
tan

CBA
ba
ba −−−−====

++++
−−−−   . 
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lMhat́TI19 
b gð a j fa kñ ú g RtI e kaN  ABC  mY yEd l CBA ≠≠≠≠≠≠≠≠ e K ma n 
k> 0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa   
x > abc

BAACCB
BAcACbCBa

3
)sin()sin()sin(

)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−      

dMeNa¼Rsay 
b gð a j fa   0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa  
  
 
 
 
kñ ú g RtI e ka N Ekg  ABH  e K m a n 

c
BH

AB
BH

B ========cos  
e K T a j  BcBH cos====  
kñ ú g RtI e ka N Ekg  ACH  e K m a n 

b
HC

AC
HC

C ========cos  
e K T a j  CbHC cos====  
e d a y HCBHBCa ++++========  naM [  BcCba coscos ++++====  
dU cKña Ed r AcCab coscos ++++====  ni g  AbBac coscos ++++====  

A  

H  B  C  
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ta m RTw sþ I bT sIu nU s  
B

b
A

a
sinsin

====  

e K ) a n 
B

AcCa
A

BcCb
sin

coscos
sin

coscos ++++====++++  

b¤  

CBAcCAaBb

BABAccAaBb

BA
c

CAaBb

AAcACaBBcBCb

cos)sin(cos)sinsin(

)cos()sin(cos)sinsin(

)2sin2(sin
2

cos)sinsin(

sincossincoscossinsincos

−−−−−−−−====−−−−
++++−−−−====−−−−

−−−−====−−−−

++++====++++

 

e K T a j    )(sinsin)sin( iBbAaBAc −−−−====−−−−   
dU cKña Ed r )(sinsin)sin( iiCcBbCBa −−−−====−−−−  
             )(sinsin)sin( iiiAaCcACb −−−−====−−−−  
bU kTM na k; TM ng  )(&)(;)( iiiiii  e K ) a n ³  

0)sin()sin()sin( ====−−−−++++−−−−++++−−−− BAcACbCBa    . 
x > abc

BAACCB
BAcACbCBa

3
)sin()sin()sin(

)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−   

ta g    )sin(;)sin(;)sin( BAczACbyCBax −−−−====−−−−====−−−−====    
e K ) a n 0====++++++++ zyx      
b¤   zyx −−−−====++++  
e K ) a n 33)( zyx −−−−====++++  
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xyzzyx

zyxyzx

zyyxxyx

zyxyyxx

3

3

)(3

33

333

333

333

33223

====++++++++

−−−−====++++−−−−

−−−−====++++++++++++

−−−−====++++++++++++

 

CM nY s  )sin(;)sin(;)sin( BAczACbyCBax −−−−====−−−−====−−−−====  
rY cEckG gÁ T aM g BI rnwg  )sin()sin()sin( BAACCB −−−−−−−−−−−−    

abc
BAACCB

BAcACbCBa
3

)sin()sin()sin(
)(sin)(sin)(sin 333333

====
−−−−−−−−−−−−

−−−−++++−−−−++++−−−−  
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lMhat́TI20 
k¿cUrRsayfa xcot.

xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++  

x¿cUrKNna 
xcos

)nxsin(
....

xcos

x3sin

xcos

x2sin

xcos

xsin
S

n32n ++++++++++++++++====  
dMeNa¼Rsay 
k¿Rsayfa xcot.

xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++   

 eyIgman )xnxcos(x)1ncos( ++++====++++  
     ¦    xsin)nxsin(xcos)nxcos(x)1ncos( −−−−====++++  
 EckGg:TaMgBIrnwg xcos 1n++++  eKán ½ 
 xtan.

xcos

)nxsin(

xcos

)nxcos(

xcos

xsin)nxsin(

xcos

xcos)nxcos(

xcos

x)1ncos(
nn1n1n1n

−−−−====−−−−====
++++

++++++++++++  
 naM[    

xtan

1
.

xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++  

 dUcen¼   xcot.
xcos

)nxcos(

xcos

x)1ncos(

xcos

)nxsin(
n1nn 




 −−−−
++++==== ++++    . 

x¿KNna 
xcos

)nxsin(
....

xcos

x3sin

xcos

x2sin

xcos

xsin
S

n32n ++++++++++++++++====  
 eyIgán ∑∑∑∑

====





====
n

1k
kn
xcos

)kxsin(
S   

 eday xcot.
xcos

)kxcos(

xcos

x)1kcos(

xcos

)kxsin(
k1kk 




 −−−−
++++==== ++++    

  ∑∑∑∑
====

++++++++ 






 −−−−
++++====







 −−−−
++++====

n

1k
1nk1kn 1
xcos

x)1ncos(
xcot

xcos

)kxcos(

xcos

x)1kcos(
xcotS   

dUcen¼  




 −−−−++++==== ++++ 1
xcos

x)1ncos(
xcotS

1nn   . 
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lMhat́TI1 
eK[cMnYnkMupøic (((( ))))3 2 2

x y
Z log ( ) i log x log y

2
++++= + += + += + += + +   

nig 13 i
W

1 2i
++++====

−−−−
 Edl * *x IR ; y IR+ ++ ++ ++ +∈ ∈∈ ∈∈ ∈∈ ∈  . 

k-cUrsresr W  CaTRmg´BICKNit . 
x-kMnt´ x  nig y  edIm,I[ Z W====  . 
dMeNa¼Rsay 
k-sresr W  CaTRmǵBICKNit 

 eyIgán 12 i (12 i)(1 2i) 12 24i i 2
W 2 5i

1 2i 1 4 5
+ + + + + −+ + + + + −+ + + + + −+ + + + + −= = = = += = = = += = = = += = = = +

− +− +− +− +
 

 dUcen¼ W 2 5i= += += += +   . 

x-kMnt́ x  nig y  edIm,I[ Z W====  

 eyIgán Z W====  smmUl 2

2 2

x y
log ( ) 2

3
log x log y 5

++++ ====

 + =+ =+ =+ =

 

 ¦ 2

2

x y
log ( ) 2

3
log (x.y) 5

++++ ====

 ====

 naM[ x y 12

x.y 32

+ =+ =+ =+ =
 ====

 

 eKTaj x ; y  Ca¦ssmIkar 032u12u2 ====++++−−−−  

 eday 43236' ====−−−−====∆∆∆∆  eKTaj¦s 




====++++====
====−−−−====

826u

426u

2

1  

 dUcen¼ 8y;4x ========   ¦  4y;8x ========   . 
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lMhat́TI2 
eda¼RsaysmIkar 

i1
i79

|z|z2
++++
−−−−====−−−−  Edl z CacMnYnkMupøic . 

dMeNa¼Rsay 
eda¼RsaysmIkar ½  

i1
i79

|z|z2
++++
−−−−====−−−−  tag IRy;x,y.ixz ∈∈∈∈++++====  

eKán 
)i1)(i1(
)i1)(i79(

|iyx|)iyx(2
−−−−++++
−−−−−−−−====++++−−−−++++  

   
i81iy2)yxx2(

2
7i7i99

yxiy2x2

22

22

−−−−====++++++++−−−−

−−−−−−−−−−−−====++++−−−−++++  

eKTaj 






−−−−====
====++++−−−−

)2(8y2

)1(1yxx2 22  

tam )2(  eKTaj 4y −−−−====  ykeTACYskñúg )1( eKán  

22

22

22

2

2

7454';015x4x3

16x1x4x4

16x)1x2(

2
1

x,16x1x2

116xx2

====++++====∆∆∆∆====−−−−−−−−

++++====++++−−−−

++++====−−−−

−−−−>>>>++++====−−−−

====++++−−−−

 

eKTaj¦s 
2
1

3
5

3
72

x;3
3

72
x 21 −−−−<<<<−−−−====−−−−========++++====  (minyk) 

eKán  4y;3x −−−−========  .dUcen¼ i43z −−−−====  . 
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lMhat́TI3 
eK[cMnYnkMupøicBIr 1Z  nig 2Z  Edl 0Z2 ≠≠≠≠   . 
 cUrRsaybBa¢ak;fa 

|Z|
|Z|

Z
Z

2

1

2

1 ====   

dMeNa¼Rsay 
RsaybBa¢ak;fa 

|Z|
|Z|

Z
Z

2

1

2

1 ====   

eyIgtag b.iaZ1 ++++====   nig  d.icZ2 ++++====  Edl  d,c,b,a  CacMnYnBit . 
eyIg)an 

222

2

2

1

d.ic

bd.ibc.iad.iac
)d.ic)(d.ic(
)d.ic)(b.ia(

d.ic
b.ia

Z
Z

−−−−
−−−−++++−−−−====

−−−−++++
−−−−++++====

++++
++++====   

eK)an    
222222

2

1

dc

adbc
.i

dc

bdac

dc

)adbc(i)bdac(
Z
Z

++++
−−−−++++

++++
++++====

++++
−−−−++++++++====  

naM[      
2

22

2

22
2

1

dc

adbc

dc

bdac
Z
Z










++++
−−−−++++









++++
++++====  

                    

22

2222

22

222222

22

22222222

22

22222222

22

22

dc

)ba)(dc(

dc

)dc(b)dc(a

dc

)dbcb()daca(

dc

daabcd2cbdbabcd2ca

dc

)adbc()bdac(

++++
++++++++

====

++++
++++++++++++

====

++++
++++++++++++

====

++++
++++−−−−++++++++++++====

++++
−−−−++++++++

====
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eKTaj   
22

22

2

1

dc

ba
Z
Z

++++

++++====    

edayeKman  






++++====

++++====
22

2

22
1

dc|Z|

ba|Z|  

dUecñH   
|Z|
|Z|

Z
Z

2

1

2

1 ====      . 
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lMhat́TI4 
eK[cMnYnkMupøicBIr 1Z  nig 2Z . 
k> cUrRsaybBa¢ak;fa |Z||Z||ZZ| 2121 ++++≤≤≤≤++++   
x> Taj[)anfa 222222 dcba)db()ca( ++++++++++++≤≤≤≤++++++++++++  
cMeBaHRKb;  d,c,b,a  CacMnYnBit . 
dMeNa¼Rsay 
k> RsaybBa¢ak;fa |Z||Z||ZZ| 2121 ++++≤≤≤≤++++   
kñúgbøg;kMupøic )XOY(  eyIgeRCIserIsviucTr½BIr →→→→

U  nig →→→→
V  manGahVikerogKña 

1Z  nig 2Z   naM[viucTr½ →→→→→→→→
++++ VU  manGahVik  21 ZZ ++++  . 

tamlkçN³RCugrbs;RtIekaNeK)an  ||V||||U||||VU||
→→→→→→→→→→→→→→→→

++++≤≤≤≤++++   
eday ³  |ZZ|||VU||,|Z|||V||,|Z|||U|| 2121 ++++====++++========

→→→→→→→→→→→→→→→→  
dUcenH   |Z||Z||ZZ| 2121 ++++≤≤≤≤++++   

x> Taj[)anfa 222222 dcba)db()ca( ++++++++++++≤≤≤≤++++++++++++   
eyIgtag b.iaZ1 ++++====   nig  d.icZ2 ++++====  Edl  d,c,b,a  CacMnYnBit . 
man )db.(i)ca(ZZ 21 ++++++++++++====++++ naM[  22

21 )db()ca(|ZZ| ++++++++++++====++++  
ehIy  22

2
22

1 dc|Z|,ba|Z| ++++====++++====  . 
tamsRmayxagelIeKman  |Z||Z||ZZ| 2121 ++++≤≤≤≤++++  
dUcenH   222222 dcba)db()ca( ++++++++++++≤≤≤≤++++++++++++      . 
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lMhat́TI5 
eK[cMnYnkMupøic  22.i22z −−−−++++++++====   . 
k>cUrsresr 2z  CaTMrg;BiCKNit . 
x>cUrsresr 2z  nig z  CaTMrg;RtIekaNmaRt . 
K>TajrktMélR)akdén 

8
cos

ππππ  nig 
8

sin
ππππ  . 

dMeNa¼Rsay 
k-sresr 2z  CaTMrg;BiCKNit  
eyIg)an 22 )22.i22(z −−−−++++++++====  
                2 2

2

( 2 2 ) 2( 2 2 )(i. 2 2 ) (i. 2 2 )

2 2 2 2 2.i 2 2 2 2 2 2i

= + + + − + −

= + + − − + = +
   

dUcenH   i.2222z2 ++++====  

x-sresr 2z  nig z  CaTMrg;RtIekaNmaRt  
eKman i.2222z2 ++++==== 







 ππππ++++ππππ====







++++====

4
sin.i

4
cos4

2
2

.i
2
2

4  

dUcenH  






 ππππ++++
ππππ====

4
sin.i

4
cos4z2  nig  







 ππππ++++ππππ====
8

sin.i
8

cos2z   

K-TajrktMélR)akdén 
8

cos
ππππ  nig 

8
sin

ππππ   
tamsMrayxagelIeKTaj  22.i22

8
sin.i

8
cos2 −−−−++++++++====







 ππππ++++ππππ  

dUcenH  
2

22
8

cos
++++====ππππ   nig  

8
22

8
sin

−−−−====ππππ    . 
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lMhat́TI6 
eKeGaycMnYnkMupøic ³ 

2
2.i6

z1
−−−−====  nig i1z2 −−−−====   

k>cUrsresr  21 z,z nig 
2

1

z
z

Z ====  CaragRtIekaNmaRt. 

x>cUrsresr 
2

1

z
z

Z ====  CaragBiCKNit. 

K>TajeGay)anfa 
4

26
12

cos
++++====ππππ  nig 

4
26

12
sin

−−−−====ππππ . 
dMeNa¼Rsay 
k>sresr  21 z,z nig 

2

1

z
z

Z ====  CaragRtIekaNmaRt³ 

eKman 






 ππππ−−−−ππππ====







−−−−====−−−−====

6
sin.i

6
cos2

2
1

.i
2
3

2
2

2i6
z1  

dUcenH 




 ππππ−−−−++++ππππ−−−−==== )
6

sin(.i)
6

cos(2z1  . 

eKman 






 ππππ−−−−ππππ====







−−−−====−−−−====

4
sin.i

4
cos2

2
2

.i
2
2

2i1z2  

dUcenH 




 ππππ−−−−++++ππππ−−−−==== )
4

sin(.i)
4

cos(2z2   . 

eKman 




 ππππ++++
ππππ−−−−++++

ππππ++++
ππππ−−−−======== )

46
sin(.i)

46
cos(

2
2

z
z

Z
2

1  

dUcenH  
12

sin.i
12

cosZ
ππππ++++ππππ====  . 
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x> sresr 
2

1

z
z

Z ====  CaragBiCKNit  

eK)an 
4

22i6i6
)i1)(i1(2

)i1)(2i6(
)i1(2
2i6

Z
++++−−−−++++====

++++−−−−
++++−−−−====

−−−−
−−−−====  

dUcenH 
4

26
.i

4
26

Z
−−−−++++++++====   . 

K> TajeGay)anfa ³ 
 

4
26

12
cos

++++====ππππ  nig 
4

26
12

sin
−−−−====ππππ  

tamsRmayxagelIeKman ³ 
     )1(

12
sin.i

12
cosZ

ππππ++++ππππ====    

nig )2(
4

26
.i

4
26

Z
−−−−++++++++====  

pÞwmTMnak;TMng ¬!¦ nig ¬@¦ eK)an ³ 

4
26

.i
4

26
12

sin.i
12

cos
−−−−++++++++====ππππ++++ππππ  

dUcenH  
4

26
12

cos
++++====ππππ    nig   

4
26

12
sin

−−−−====ππππ   . 
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lMhat́TI7 
eK[ 1z  nig 2z  CacMnYnkMupøicBIr . 
cUrRsayfa (((( ))))2

2
2

1
2

21
2

21 |z||z|2|zz||zz| ++++====−−−−++++++++  

dMeNa¼Rsay 
Rsayfa (((( ))))2

2
2

1
2

21
2

21 |z||z|2|zz||zz| ++++====−−−−++++++++   
eKman )zz)(zz(|zz| 2121

2
21 ++++++++====++++  

      
(((( ))))1|z|zzzz|z||zz|

zzzzzzzz|zz|
2

22121
2

1
2

21

22212111
2

21

++++++++++++====++++

++++++++++++====++++  

ehIy )zz)(zz(|zz| 2121
2

21 −−−−−−−−====−−−−  

      
(((( ))))2|z|zzzz|z||zz|

zzzzzzzz|zz|
2

22121
2

1
2

21

22212111
2

21

++++−−−−−−−−====−−−−

++++−−−−−−−−====−−−−  

bUkTMnaḱTMng (((( ))))1  nig (((( ))))2  eKán ½ 
(((( ))))2

2
2

1
2

21
2

21 |z||z|2|zz||zz| ++++====−−−−++++++++   . 
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lMhat́TI8 
eK[ 1z  nig 2z  CacMnYnkMupøicBIrEdl 1|z||z| 21 ========  
nig 1z.z 21 −−−−≠≠≠≠  . 

cUrRsayfa 
21

21

zz1
zz

++++
++++  CacMnYnBitmYy . 

dMeNa¼Rsay 
Rsayfa 

21

21

zz1
zz

++++
++++  CacMnYnBitmYy 

tag 
21

21

zz1
zz

Z
++++

++++====  ena¼ 
21

21

z.z1
zz

Z
++++

++++====  

eday 1|z|z.z 2
111 ========  ena¼ 

1
1 z

1
z ====  ehIydUcKña 

2
2 z

1
z ====  

eKán Z
1zz

zz

z
1

.
z
1

1

z
1

z
1

Z
12

12

21

21 ====
++++

++++====
++++

++++
====  

eday ZZ ====  ena¼ 
21

21

zz1
zz

Z
++++

++++====  CacMnYnBit . 
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lMhat́TI9 
eK[cMnYnkMupøic )

xsin

1
x.(sini)

xcos

1
x(cosZ

2
2

2
2 ++++++++++++====   

Edl x  CacMnYnBit. 
cUrkMnt́rkm̈UDulGb,brmaéncMnYnkMupøicen¼ ? 

dMeNa¼Rsay 
rkm¨UDulGb,brmaéncMnYnkMupøic 

eyIgán 2
2

22
2

2 )
xsin

1
x(sin)

xcos

1
x(cos|Z| ++++++++++++====  

tag 2
2

22
2

2 )
xsin

1
x(sin)

xcos

1
x(cos)x(f ++++++++++++====  

        

)
xcosxsin
xsinxcos

()xsinx(cos4

)
xcos

1
xsin

1
()xsinx(cos4

xsin
1

2xsin
xcos

1
2xcos

44

44
44

44
44

4
4

4
4

++++++++++++++++====

++++++++++++++++====

++++++++++++++++++++====
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[[[[ ]]]]

)
x2sin

16
1)(x2sin

2
1

1(4

)
x2sin

16
1(xcosxsin2)xsinx(cos4

)
xcosxsin

1
1)(xsinx(cos4)x(f

4
2

4
22222

44
44

++++−−−−++++====

++++−−−−++++++++====

++++++++++++====

  

edayeKman 1x2sin2 ≤≤≤≤  naM[ 
2
1

x2sin
2
1

1 2 ≥≥≥≥−−−−    

nig 17
x2sin

16
1

4
≥≥≥≥++++  

eKTaj 
2
25

2
17

4)
x2sin

16
1)(x2sin

2
1

1(4
4

2 ====++++≥≥≥≥++++−−−−++++  

eyIgán 
2
25

)
x2sin

16
1)(x2sin

2
1

1(4)x(f
4

2 ≥≥≥≥++++−−−−++++====  

eday )x(f|Z| ====  eKTaján 
2

25
2

5
|Z| ====≥≥≥≥  

dUcen¼m¨UDulGb,brmaén Z  KW  
2

25
|Z| min ====   . 
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lMhat́TI10 
eK[  INn,i

3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====    . 

cUrbgðajfa  
3

n
sin.

)3(

2
.iA

n

1n ππππ====
++++   cMeBaHRKb; INn ∈∈∈∈  . 

dMeNa¼Rsay 
bgðajfa  

3
n

sin.
)3(

2
.iA

n

1n ππππ====
++++   cMeBaHRKb; INn ∈∈∈∈  . 

eyIgman INn,i
3

1
i

3

1
A

nn

∈∈∈∈






 −−−−−−−−






 ++++====    

tag 






 ππππ++++
ππππ====








++++====

++++====++++====
3

sin.i
3

cos
3

2
2
3

i
2
1

3
2

3
3.i1

i
3

1
Z  

tamrUbmnþdWmr½eK)an 






 ππππ++++
ππππ====







 ++++====
3

n
sin.i

3
n

cos
)3(

2
i

3

1
Z

n

nn
n  

ehIy  






 ππππ−−−−
ππππ====

3
n

sin.i
3

n
cos

)3(

2
Z

n

n
n  

eKTaj 






 ππππ−−−−
ππππ−−−−







 ππππ++++
ππππ====

3
n

sin.i
3

n
cos

)3(

2
3

n
sin.i

3
n

cos
)3(

2
A

n

n

n

n  
              

3
n

sin.
)3(

2
.i

3
n

sin.i
3

n
cos

3
n

sin.i
3

n
cos

)3(

2
n

1n

n

n ππππ====






 ππππ++++
ππππ−−−−

ππππ++++
ππππ====

++++  

dUcenH  
3

n
sin.

)3(

2
.iA

n

1n ππππ====
++++

  . 
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lMhat́TI11 
kñúgbøg;kMupøic )j,i,O(

→→→→→→→→  eK[bYncMnuc D,C,B,A   
EdlmanGahVikerogKña 

i45Z,i54Z,i61Z CBA ++++====++++====++++====  nig i32Z D −−−−−−−−====  . 
cUrRsayfactuekaN ABCDcarikkñúgrgVg;mYyEdleKnwgbBa¢ak;p©it 
 nig kaMrbs;va . 
dMeNa¼Rsay 
RsayfactuekaN ABCDcarikkñúgrgVg; 
eyIgtag 0cbyaxyx:)c( 22 ====++++++++++++++++   
CasmIkarrgVg;carikeRkARtIekaN ABC  . 
eyIg)an )c(A ∈∈∈∈  naM[ 0cb6a61 22 ====++++++++++++++++   
b¤  )1(37cb6a −−−−====++++++++  
            )c(B ∈∈∈∈  naM[ 0cb5a454 22 ====++++++++++++++++   
b¤  )2(41cb5a4 −−−−====++++++++  
            )c(C∈∈∈∈  naM[ 0cb3a2)3()2( 22 ====++++−−−−−−−−−−−−++++−−−−  
b¤ )3(13cb3a2 −−−−====++++−−−−−−−−                              

eyIg)anRbB½næsmIkar  








−−−−====++++−−−−−−−−
−−−−====++++++++

−−−−====++++++++

13cb3a2

41cb5a4

37cb6a
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bnÞab;BIedaHRsayRbB½næenHeK)ancemøIuy  
23c,2b,2a −−−−====−−−−====−−−−====  . 

smIkarrgVg;carikeRkARtIekaN ABCGacsresr ³ 
    023y2x2yx:)c( 22 ====−−−−−−−−−−−−++++   
b¤  25)1y()1x(:)c( 22 ====−−−−++++−−−−   
müa:geTotedayykkUGredaen DCYskñúgsmIkar  

25)13()12(:)c( 22 ====−−−−−−−−++++−−−−−−−−  
vaepÞógpÞat;enaHnaM[ )c(D∈∈∈∈  . 
edaybYncMnuc D,C,B,A  sßitenAelIrgVg;mansmIkar 

25)1y()1x(:)c( 22 ====−−−−++++−−−−  EtmYy 
enaHnaM[ctuekaNABCDcarikkñúgrgVg; )c( manp©it )1,1(I   
nig kaM  5R ==== . 
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lMhat́TI12 
eK[ 1z  nig 2z  CaBIrcMnYnkMupøic .  
cUrbgðajfa |1z||1z||zz||zz1| 2

2
2

12121 −−−−−−−−≥≥≥≥++++++++++++   
dMeNa¼Rsay 
bgðajfa |1z||1z||zz||zz1| 2

2
2

12121 −−−−−−−−≥≥≥≥++++++++++++    
tamvismPaBRtIekaNeK)an ³ 
     |zzzz1||zz||zz1| 21212121 ++++++++++++≥≥≥≥++++++++++++   
nig |zzzz1||zz||zz1| 21212121 −−−−−−−−++++≥≥≥≥++++++++++++   
eK)an (((( )))) |)zz()zz1(||zz||zz1| 2

21
2

21
2

2121 ++++−−−−++++≥≥≥≥++++++++++++   
eday 

)z1)(z1(zzzz1)zz()zz1( 2
2

2
1

2
2

2
1

2
2

2
1

2
21

2
21 −−−−−−−−====++++−−−−−−−−====++++−−−−++++  

eK)an (((( )))) |)z1)(z1(||zz||zz1| 2
2

2
1

2
2121 −−−−−−−−≥≥≥≥++++++++++++  

         (((( )))) |z1||z1||zz||zz1| 2
2

2
1

2
2121 −−−−−−−−≥≥≥≥++++++++++++  

dUcenH  (((( )))) |)zz()zz1(||zz||zz1| 2
21

2
21

2
2121 ++++−−−−++++≥≥≥≥++++++++++++  
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lMhat́TI13 
eK[ 21 z;z   CacMnYnkMupøicEdl 0r|z||z| 21 >>>>========  . 

bgðajfa 2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz ≥≥≥≥








−−−−
−−−−++++









++++
++++   

dMeNa¼Rsay 
bgðajfa ³ 

2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz ≥≥≥≥








−−−−
−−−−++++









++++
++++   

tag  )x2sinix2(cosrz1 ++++====  nig )y2siniy2co(rz2 ++++====  
Edl  IRy;IRx ∈∈∈∈∈∈∈∈  . 
eK)an ³ 

)yxcos(
)yxcos(

.
r
1

])yxcos()yxsin(i2)yx(cos2[r

)yxcos()yxsin(i2)yxcos()yxcos(2

])y2x2sin(.i)y2x2cos([rr
])y2sinx2(sini)y2cosx2(cos[r

zzr
zz

2

22
21

2
21

++++
−−−−====

++++++++++++++++
−−−−++++++++−−−−++++====

++++++++++++++++
++++++++++++====

++++
++++

 

dUcKñaEdr 
)xysin(
)xysin(

r
1

zzr

zz

21
2

21

++++
−−−−====

−−−−
−−−−  

eK)an ³ 
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








++++
−−−−++++

++++
−−−−====









−−−−
−−−−++++









++++
++++

)xy(sin

)xy(sin

)yx(cos

)yx(cos

r

1

zzr

zz

zzr

zz
2

2

2

2

2

2

21
2

21

2

21
2

21  

eday  )yx(cos
)yx(cos
)yx(cos 2

2

2

−−−−≥≥≥≥
++++
−−−−   eRBaH 1)yx(cos2 ≤≤≤≤++++  

ehIy )yx(sin
)xy(sin
)xy(sin 2

2

2

−−−−≥≥≥≥
++++
−−−−    eRBaH 1)yx(sin2 ≤≤≤≤++++  

1)yx(sin)yx(cos
)xy(sin
)xy(sin

)yx(cos
)yx(cos 22

2

2

2

2

====−−−−++++−−−−≥≥≥≥
++++
−−−−++++

++++
−−−−  

dUcenH  2

2

21
2

21

2

21
2

21

r

1

zzr

zz

zzr

zz ≥≥≥≥








−−−−
−−−−++++









++++
++++    . 
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lMhat́TI14 
eKyk n21 z....;;z;z  CacMnYnkMupøicEdlepÞógpÞat;TMnak;TMng 

1n,...,2,1,0k;0z)kn(iz)1k( k1k −−−−========−−−−−−−−++++ ++++  
k-kMnt; 0z  ebIeKdwgfa n

n210 2z....zzz ====++++++++++++++++  
x-cMeBaHtémø 0z  Edl)ankMnt;xagelIcUrbgðajfa ³ 

!n
)1n3(

|z|....|z||z||z|
n

2
n

2
2

2
1

2
0

++++<<<<++++++++++++++++   
dMeNa¼Rsay 
k-kMnt; 0z  ebIeKdwgfa n

n210 2z....zzz ====++++++++++++++++   
eKman 0z)kn(iz)1k( k1k ====−−−−−−−−++++ ++++  
eK)an 

1k
kn

.i
z

z

k

1k

++++
−−−−====++++  

        
)!pn(!p

!n
C;Ci

z

z

1k
kn

.i
z

z

p
n

p
n

p

0

p

1p

0k

)1p(

0k k

1k

−−−−
========










++++
−−−−====







 ∏∏∏∏∏∏∏∏
−−−−

====

−−−−

====

++++

 

eKTaj ....,2,1,0p;Cziz p
n0

p
p ========  

 
eday n

n210 2z....zzz ====++++++++++++++++    b¤ ∑∑∑∑
====

====
n

0p

n
p 2)z(  
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man  n
0

n

0p

n

0p

pp
n0p )i1(ziCz)z( ++++========∑∑∑∑ ∑∑∑∑

==== ====
 

eK)an nn
0 2)i1(z ====++++  

eKTaj n
n

n

0 )i1(
)i1(

2
z −−−−====

++++
====  

dUcenH n
0 )i1(z −−−−====    . 

x-cMeBaHtémø 0z  Edl)ankMnt;xagelIcUrbgðajfa ³ 

!n
)1n3(

|z|....|z||z||z|
n

2
n

2
2

2
1

2
0

++++<<<<++++++++++++++++   
edayGnuvtþn_vismPaB GMAM −−−− eyIg)an 

(((( ))))2n
n

21
n

20
n

2
0

2
n

2
1

2
0 )C(....)C()C(zz...zz ++++++++++++====++++++++++++  

                            (((( ))))

!n
)1n3(

n
)1n(....)2n2()1n2(n2

!n
2

))1n)....(2n2)(1n2(n2
!n

2

!n!n
)!n2(

.2Cz

n

nn

n

nn
n2

2
0

++++<<<<








 ++++++++++++−−−−++++−−−−++++<<<<

++++−−−−−−−−====

========

 

dUcenH 
!n

)1n3(
|z|....|z||z||z|

n
2

n
2

2
2

1
2

0
++++<<<<++++++++++++++++   . 

 
 



CMBUkTI4                                    sVúItcMnYnBit 

  

- 166 - 

lMhat́TI15 
eK[ 321 z;z;z  CacMnYnkMupøicedaydwgfa ³ 

0zzzzzzzzz 133221321 ====++++++++====++++++++   . 
cUrbgðajfa  |z||z||z| 321 ========   
dMeNa¼Rsay 
bgðajfa  |z||z||z| 321 ========  
eKman 0zzzzzzzzz 133221321 ====++++++++====++++++++  
eKTaj 





====++++++++
−−−−====++++

)2(0)zz(zzz

)1(zzz

21321

321  

yk )1(  CMnYskñúg )2(  eyIg)an ³ 
0zzz 2

321 ====−−−−  naM[ |z|.|z||z| 21
2

3 ====  
dUcKñaEdr |z|.|z||z| 31

2
2 ====   nig |z|.|z||z| 32

2
1 ====  

eyIg)an ³ 
|z||z||z||z||z||z||z||z||z| 133221

2
3

2
2

2
1 ++++++++====++++++++  

b¤ 0|)z||z(||)z||z(||)z||z(| 2
13

2
32

2
21 ====−−−−++++−−−−++++−−−−  

dUcenH  |z||z||z| 321 ========   . 
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lMhat́TI16 
cUrbgðajfa  1

iz32
iz6 ≤≤≤≤

++++
−−−−   luHRtaEt  

3
1

|z| ≤≤≤≤   
dMeNa¼Rsay 
bgðajfa 

3
1

|z| ≤≤≤≤  
eKman  1

iz32
iz6 ≤≤≤≤

++++
−−−−     

lkçxNÐ  0iz32 ≠≠≠≠++++   b¤  
3
i2

z ≠≠≠≠  
eK)an |iz32||iz6| ++++≤≤≤≤−−−−  

         

9
1

|z|

9
1

zz

3zz27

zz9iz6zi641zi6iz6zz36

)zi32)(iz32()iz6)(iz6(

|iz32||iz6|

2

22

≤≤≤≤

≤≤≤≤

≤≤≤≤
++++++++−−−−≤≤≤≤++++−−−−++++

−−−−++++≤≤≤≤++++−−−−
++++≤≤≤≤−−−−

 

dUcenH   
3
1

|z| ≤≤≤≤    . 
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lMhat́TI17 
eK[ n321 z....;;z;z;z  CacMnYnkMupøicEdlmanm:UDúlesµI 1 . 
eKtag 








××××






==== ∑∑∑∑∑∑∑∑
========

n

1k k

n

1k
k )

z
1

()z(Z   . 

cUrbgðajfa  2nZ0 ≤≤≤≤≤≤≤≤      
 
dMeNa¼Rsay 
bgðajfa  2nZ0 ≤≤≤≤≤≤≤≤     
eday n321 z....;;z;z;z  CacMnYnkMupøicEdlmanm:UDúlesµI 1 
enaHeKGactag kkk xsin.ixcosz ++++====  
Edl n,....,3,2,1k;IRxk ====∈∈∈∈  
eK)an  








××××






==== ∑∑∑∑∑∑∑∑
========

n

1k k

n

1k
k )

z
1

()z(Z     

             
(((( )))) (((( ))))

0xsinxcos

xsinixcosxsin.ixcos

2n

1k
k

2n

1k
k

n

1k
kk

n

1k
kk

≥≥≥≥






++++






====

−−−−××××++++====

∑∑∑∑∑∑∑∑

∑∑∑∑∑∑∑∑

========

========  

eK)an 0Z ≥≥≥≥  
müa:geTottamvismPaB SchwartzCauchy −−−−  
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     (((( ))))∑∑∑∑∑∑∑∑
========

≤≤≤≤






 n

1k
k

2
2n

1k
k xcosnxcos   

nig (((( ))))∑∑∑∑∑∑∑∑
========

≤≤≤≤






 n

1k
k

2
2n

1k
k xsinnxsin  

eKTaj (((( )))) )x(sinnxcosnZ
n

1k
k

2
n

1k
k

2 ∑∑∑∑∑∑∑∑
========

++++≤≤≤≤  

          (((( ))))
2

n

1k
k

2
k

2

nn.nZ

xsinxcosnZ

====≤≤≤≤

++++≤≤≤≤ ∑∑∑∑
====  

dUcenH  2nZ0 ≤≤≤≤≤≤≤≤    . 
sMKal;  ³ eKGacRsay 2nZ ≤≤≤≤ tammYyrebobeTotdUcxageRkam 
eday 1|z| k ====  enaH 

k
k z

1
z ====   RKb; n.....;;2;1k ====    

eK)an 







××××






==== ∑∑∑∑∑∑∑∑
========

n

1k k

n

1k
k )

z
1

()z(Z     

            
(((( )))) 2
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