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អរមមកក 

   សសួ�ីមតិ �អ�កសិក្សោាីសី�សឡាស់ រាបា

េសៀវេ�ាក្មមលំហតស់ គិតវ វោទេ្រជសេេ រសពិេសសាែផ�កពហុធែដលា

េលកអ�កកពំមុែតតរស់ រេរនេ នុ�ំោ�រេេៀានេំៀបមេមួើរា៤រំពកូា។ា

រំពកូោ១ីាសេមេេៀរសេមងាារំពកូោ២ីាក្មមលំហតសេ្រជសេេ រសារំពកូោ៣ីា

សែផ�កដេំេនាះ�លំហតសារិមារំពកូោ៤ីាសលំហតសអរវុត�រ�ា។ា

េ�ក�មុរំពកូោ២ីាេ�បមេ នុ�ំរេ្រជសេេ រសលំហតសពិេសសេមកេមកបដេំេនា

ាះ�េ�ក�មុរំពកូោ៣ីាាតមេេាៀាេផផមេពីព� គា មេក៉នក៉�ាែដល់នា

ឲ្អ�កសិក្្��លសារិមានាសនមាាំ។ា

ា េ�បមេ នុសំម្ ឃមមាេសៀវេ�ម�ួក៉លេរនារឃម់ននលូេមួផ�ល សរវូា

់រិំតារិមាវ វមះីាស��ថីេក�ុមតេេរនាះ�លំហតស់ គិតវ វោទកេំ វតសិសផពែូកាា

នេំពនេលកអ�កសិក្សពុំជរេៀប�ា។ា

ា សោាីប� ាសេ នុ�ំោសមូររូពេនេំពនេលកអ�កាសមូើរសេុនពលខា

ើរ្្សន ជា សឈវារិមាោោលួ�រេស់រ ន�ក�មុ្់ាសនេកនិ�ា។ា
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ជំពូកទី១ 

េមេរៀនសេងខបេលពហុធ 
 

១-និយមន័យ 
 អនុគមន៍មួយែដលមនទរមង់

n n
n k k

n k k
k 0 k 0

P(x) a x a x−
−

= =

= =∑ ∑

ឬ 2 n
0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  

េហថពហុធដឺេរកទី n  ៃនមួយអេថរ x  ។  
ែដលចំនួន 0 1 2 na ,a ,a , ....,aជេមគុណៃនពហុធ និង na 0≠≠≠≠    

ka  ជេមគុណមុខតួ kx  ៃនពហុធ (0 k n≤ ≤≤ ≤≤ ≤≤ ≤   ) ។ 
ឧទហរណ៍ ឧទហរណ៍ ឧទហរណ៍ ឧទហរណ៍     

4 3 2P(x) x 4x 3x 2x 1= + + + += + + + += + + + += + + + +  ជពហុធដឺេរកទីបួន ។ 
២-ពហុធពីរេសមគន  
 និយមន័យនិយមន័យនិយមន័យនិយមន័យ   ពហុធពីរេសមគន លុះរតែតេលខេមគុណរតូវ
គន េសមគន  ។ 
ឧបមថ 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +   ែដល na 0≠≠≠≠  
និង  2 n

0 1 2 nQ(x) b b x b x .... b x= + + + += + + + += + + + += + + + +   ែដល nb 0≠≠≠≠   ។ 
េគបន k kP(x) Q(x) a b= ⇔ == ⇔ == ⇔ == ⇔ =   ែដល k 0,1,2 , ....,n====  ។ 
 



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  2 

 

ឧទហរណ៍១  
េគមនពហុធពីរដូចខងេរកម ៖ 

4 3 2P(x) x (2a 1)x bx (3c 1)x d 1= + − + + + + −= + − + + + + −= + − + + + + −= + − + + + + −  
4 3 2Q(x) x bx (a 5)x (c d)x c 7= + + − + − + += + + − + − + += + + − + − + += + + − + − + +  

ចូរកំណត់ចំនួនពិត a ,b,c និង d  េដមបឲីយ P(x) Q(x)====  
រគប់ x  ។ 

េគបន P(x) Q(x)====  សមមូល 

2a 1 b

b a 5

3c 1 c d

d 1 c 7

− =− =− =− =
 = −= −= −= −
 + = −+ = −+ = −+ = −
 − = +− = +− = +− = +

 

សមមូល 

2a b 1

a b 5

2c d 1

c d 8

− =− =− =− =
− + = −− + = −− + = −− + = −
− − =− − =− − =− − =
− + =− + =− + =− + =

   នំឲយ 

a 4 , b 9 , c 3 , d 5= − = − = − == − = − = − == − = − = − == − = − = − =   
ដូចេនះ a 4 , b 9 , c 3 , d 5= − = − = − == − = − = − == − = − = − == − = − = − =  ។ 
ឧទហរណ៍២  
េគឲយពហុធ 2P(x) x px q= + += + += + += + +  កំណត់ចំនួនពិត p  និង q  
េដមបឲីយ 2 4 3 2P (x) x 6x 11x 6x 1= + + + += + + + += + + + += + + + +  ។ 
េគមន 2 2 2P (x) (x px q)= + += + += + += + +  
                    4 3 2 2 2x 2px (p 2q)x 2pqx q= + + + + += + + + + += + + + + += + + + + +  
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េគទញបន    
2

2

2p 6 (1)

p 2q 11 (2)

2pq 6 (3)

q 1 (4)

====
 + =+ =+ =+ =
 ====
 ====

 

តម (1) និង (2) េគទញបន p 3 ; q 1= == == == =    
យកp 3 ; q 1= == == == =  ជួសកនុង (3) និង (4) េនះសមីករេផទៀង
ផទ ត់ ។ 
ដូចេនះ p 3====   និង q 1====   ។ 
៣-វិធីបូក និង វិធីដកពហុធ 
េគមនពហុធពីរ      
      2 k n

0 1 2 k nP(x) a a x a x .... a x ... a x= + + + + + += + + + + + += + + + + + += + + + + + +  
និង 2 k m

0 1 2 k mQ(x) b b x b x .... b x ... b x= + + + + + += + + + + + += + + + + + += + + + + + +   
េគបនផលបូក និង ផលដកដូចខងេរកម ៖ 

k
0 0 1 1 k kP(x) Q(x) (a b ) (a b )x ... (a b )x ....+ = + + + + + + ++ = + + + + + + ++ = + + + + + + ++ = + + + + + + +   

និង 
k

0 0 1 1 k kP(x) Q(x) (a b ) (a b )x ... (a b )x ....− = − + − + + − +− = − + − + + − +− = − + − + + − +− = − + − + + − +    
ឧទហរណ៍ េគឲយ 2P(x) 2x x 7= + −= + −= + −= + −  និង 

3 2Q(x) x 4x 5x 3= − + += − + += − + += − + +  
េគបន 3 2P(x) Q(x) x 2x 6x 4+ = − + −+ = − + −+ = − + −+ = − + −  
និង 3 2P(x) Q(x) x 6x 4x 10− = − + − −− = − + − −− = − + − −− = − + − −   ។ 
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៤-វិធីគុណៃនពហុធ 
េគមនពហុធ      
      2 k n

0 1 2 k nP(x) a a x a x .... a x ... a x= + + + + + += + + + + + += + + + + + += + + + + + +  
និង 2 k m

0 1 2 k mQ(x) b b x b x .... b x ... b x= + + + + + += + + + + + += + + + + + += + + + + + +  ។ 
េគបន 

m n
0 0 0 1 1 0 n mP(x).Q(x) a b (a b a b )x .... a b x ++++= + + + += + + + += + + + += + + + +   ។ 

ឧទហរណ៍  
េគឲយពហុធ 2P(x) x 2x 2= − += − += − += − +  និង 2Q(x) 2x 4x 4= + += + += + += + +  

2 2P(x).Q(x) (x 2x 2)(2x 4x 4)= − + + += − + + += − + + += − + + +  

                
4 3 2 3 2 2

4

2x 4x 4x 4x 8x 8x 4x 8x 8

2x 8

= + + − − − + + += + + − − − + + += + + − − − + + += + + − − − + + +

= += += += +
 

៥-អល់កូរតីវិធីែចក 
ឧបមថេគមនពហុធពីរ A(x)  និង B(x) ែដល B(x) 0≠≠≠≠   
វធីីែចករវងពហុធA(x)  និង B(x) គឺរកគូពហុធQ(x) និង 
R(x)ែតមួយគត់ែដល A(x) B(x).Q(x) R(x)= += += += +  និង 
deg(R) deg(B)<<<<  ។ 
ពហុធQ(x) េហថផលែចក និង R(x) េហថសំណល់   
តង deg(A)និង deg(B)ជដឺេរកៃនពហុធ A(x) និងB(x) 
េរៀងគន  ។ 
-េប deg(A) deg(B)<<<<  េនះ Q(x) 0====  និង R(x) B(x)==== ។ 
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-េប R(x) 0≡≡≡≡   េនះ A(x) B(x)Q(x)==== កនុងករណីេនះេគថ 
B(x)ជកតត ៃន B(x) ឬ A(x)  ជពហុគុណៃន B(x) ឬ B(x)

ែចកដច់ A(x)  េគកំណត់សរេសរ B(x) | A(x)   ។ 
ឧទហរណ៍១  
វធីិែចករវងពហុធ 3 2A(x) x x 1= + −= + −= + −= + −  នឹង 

2B(x) x x 3= − −= − −= − −= − −  
ឲយផលែចក Q(x) x 2= += += += +  និង សំណល់R(x) 5x 5= += += += +  េរពះ 

3 2

2 2

x x 1 5x 5
x 2

x x 3 x x 3

+ − ++ − ++ − ++ − += + += + += + += + +
− − − −− − − −− − − −− − − −

  ។ 

ឧទហរណ៍២  
េគឲយពហុធ 4A(x) x 4= += += += +  និង 2B(x) x 2x 2= + += + += + += + +  
េដយ 

4 2 2 2 2 2A(x) x 4 (x 2) 4x (x 2x 2)(x 2x 2)= + = + − = + + − += + = + − = + + − += + = + − = + + − += + = + − = + + − +  
េនះេគបន B(x) | A(x)  ។ 
៦-រទឹសតីបទសំណល ់(Remainder Theorem) 
សំណល់ៃនវធីិែចកៃនរគប់ពហុធ P(x)នឹង x − α− α− α− α គឺ P( )αααα  
សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់ ៖ 
តមអល់កូរតីៃនវធីិែចកេយងបន P(x) (x )Q(x) r= − α += − α += − α += − α +  
យក x = α= α= α= α  េគបន P( ) 0 Q(a) r rα = × + =α = × + =α = × + =α = × + =  េនះ r P( )= α= α= α= α   
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ឧទហរណ៍១  
ចូររកសំណល់ៃនវធីិែចករវងពហុធ 

3 2 4P(x) (x 3x 11x 4)= + − += + − += + − += + − +  
នឹង x 2−−−−   ។ 
តង r  ជសំណល់ៃនវធីិែចករវង P(x) នឹង x 2−−−−  ។ 
តមរទឹសតីបទសំណល់េគបន 

4r P(2) (8 12 22 4) 16= = + − + == = + − + == = + − + == = + − + =  
ដូចេនះសំណល់ៃនវធីិែចកគឺ r 4====  ។ 
ឧទហរណ៍២ កំណត់ចំនួនពិត λλλλ  េដមបឲីយ 

5 3 2P(x) x x 2x 9= + λ + += + λ + += + λ + += + λ + +  
ែចកនឹង x 2−−−−  ឲយសំណល់ 1 ។ 
េគបន P(2) 32 8 8 9 1= + λ + + == + λ + + == + λ + + == + λ + + =   នំឲយ 6λ = −λ = −λ = −λ = −   ។ 
៧-រទឹសតីបទ BEZOUT 
ពហុធ P(x) ែចកដច់នឹងេទវធ x − α− α− α− α លុះរតែត P( ) 0α =α =α =α =    
សរមយបញជ ក់ 
មនពហុធ Q(x) និងចំនួនេថរ r  ែដល 
P(x) (x )Q(x) r= − α += − α += − α += − α +  
េប x = α= α= α= α  េនះ P( ) rα =α =α =α =  ។  
េដយ (x a) | P(x)−−−−  េនះ r 0====  ។  
េហតុេនះ P( ) 0α =α =α =α =   ។  
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ឧទហរណ៍១ កំណត់ចំនួនពិត λλλλ  េដមបឲីយ 
3P(x) x x 16= + λ += + λ += + λ += + λ +  

ែចកដច់នឹង x 4++++  ។   េគបន x 4 | P(x) P( 4) 0+ ⇔ − =+ ⇔ − =+ ⇔ − =+ ⇔ − =  
                     64 4 16 0− − λ + =− − λ + =− − λ + =− − λ + =  នំឲយ 12λ = −λ = −λ = −λ = −  ។ 
ឧទហរណ៍២ កំណត់ចំនួនគត់វជិជមន n  េដមបឲីយ 

nP(x) x 12x 16= − −= − −= − −= − −  
ែចកដច់នឹង x 4−−−−  ។ 
េគបន x 4 | P(x) P(4) 0− ⇔ =− ⇔ =− ⇔ =− ⇔ =  
                     n4 48 16 0− − =− − =− − =− − =  នំឲយ n 3====  ។ 
៨-រទឹសតីបទ  
េបហុធ P(x) ែចកដច់នឹងពហុធ Q(x) េនះរគប់ឬសៃន 
Q(x)ជឬសរបស់ P(x)  ។ 
ឧទហរណ៍  
កំណត់ចំនួនគត់វជិជមន n  និងចំនួនពិត λλλλ  េដមបីឲយពហុធ 

n 3P(x) x x 48x 64= + λ + −= + λ + −= + λ + −= + λ + −   ែចកដច់នឹង 
2Q(x) x 6x 8= − += − += − += − +  ។ 

េគមន 2Q(x) x 6x 8 (x 2)(x 4) 0= − + = − − == − + = − − == − + = − − == − + = − − =  
េនះ 1x 2====   ឬ   2x 4====   ។ 
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េគបន P(2) 0
Q(x) | P(x)

P(4) 0

====⇔⇔⇔⇔  ====
  ឬ   

n

n

2 8 32 0 (1)

4 64 128 0 (2)

 + λ + =+ λ + =+ λ + =+ λ + =


+ λ + =+ λ + =+ λ + =+ λ + =
 

គុណសមីករ (1) នឹង 8 េគបន n8 2 64 256 0 (3)× + λ + =× + λ + =× + λ + =× + λ + =  
ដកសមីករ (2) និង (3) េគបន n n4 8 2 128 0− × − =− × − =− × − =− × − =  
ឬ n 2(2 4) 144 0− − =− − =− − =− − =   នំឲយ n2 4 12− =− =− =− =  េគទញ n 4====  
តម (1) េគបន 42 8 32 0+ λ + =+ λ + =+ λ + =+ λ + =   នំឲយ 6λ = −λ = −λ = −λ = −  ។ 
ដូចេនះ n 4====   និង 6λ = −λ = −λ = −λ = −  ។ 
៩-រទឹសតីបទ  
េបពហុធ P(x) ែចកដច់នឹងពហុធពីរ R(x) និង Q(x) 
ែដលR(x) និង Q(x) ជពហុធបឋមរវងគន េនះ  P(x)

ែចកដច់នឹងP(x).Q(x)  ។ 
ឧទហរណ៍  
រកពហុធ P(x) មនដឺរកទីបួនេបេគដឹងថ 

2(x 4x 8) | P(x)− +− +− +− +  និង 2(x 4x 8) | P(x)+ ++ ++ ++ +   េហយ P(x) 
ែចកនឹង x 1−−−−  ឲយសំណល់ 65 ។ 
េដយ P(x) ជពហុធមនដឺរកទីបួន េហយ P(x) ែចកដច់
នឹងពហុធ 2x 4x 8− +− +− +− +  និង 2x 4x 8+ ++ ++ ++ +  ែដល 

2 2GCD(x 4x 8, x 4x 8) 1− + + + =− + + + =− + + + =− + + + =  
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េនះ 2 2P(x) a (x 4x 8)(x 4x 8)= − + + += − + + += − + + += − + + +   ែដល a 0≠≠≠≠  
េដយP(x) ែចកនឹង x 1−−−−  ឲយសំណល់ 65 េនះ P(1) 65====  
េគបន a(1 4 8)(1 4 8) 65− + + + =− + + + =− + + + =− + + + =   នំឲយ a 1====   ។ 
ដូចេនះ 2 2 4P(x) (x 4x 8)(x 4x 8) x 64= − + + + = += − + + + = += − + + + = += − + + + = +   ។ 
១០-រទឹសតីបទ  
េប P(x) និង Q(x) ជពហុធពីរមនដឺេរកតូចជង ឬ េសម n  
េហយេដយដឹងថ k kP(x ) Q(x ) , k 1,2 ,3 ,4 , ...,m= == == == =   
ែដល 1 2 mx , x , ..., x  ជចំនួនខុសគន  និង m n>>>>  េនះ
P(x) Q(x)==== ចំេពះរគប់ x   ។ 
ឧទហរណ៍  
ចូររកពហុធដឺេរកទីបួន P(x) មួយេដយដឹងថ ៖ 
P(0) 1 , P( 1) P(1) 2 , P(2) 17= − = = == − = = == − = = == − = = =   និង P(3) 82====  
េយងពិនិតយពហុធ 4Q(x) x 1= += += += +  ។ 
េគមន k kP(x ) Q(x )====  រគប់ k 1,2,3,4,5====  
ែដល 1 2 3 4 5x 0 , x 1 , x 1 , x 2 , x 3= = − = = == = − = = == = − = = == = − = = =   ។ 
តមរទឹសតីបទខងេលេគទញបន 4P(x) Q(x) x 1= = += = += = += = +  
ពីេរពះ P(x) ជពហុធដឺេរកទីបួន គឺ n 4 m 5= < == < == < == < =   ។ 
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១១-រទឹសតីបទ 
េប 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  ែដល na 0≠≠≠≠  ជពហុ
ធដឺរកទី n 0>>>>  មន n  ឬស 1 2 3 n, , , ....,α α α αα α α αα α α αα α α α  េនះេគអច
ដក់វជផលគុណកតត បនែតមួយែបបគត់គឺ ៖ 

n 1 2 nP(x) a (x )(x )....(x )= − α − α − α= − α − α − α= − α − α − α= − α − α − α    ។ 
ឧទហរណ៍១  
េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +   
ចូររកេលខេមគុណ a ,b,c,d េដយដឹងថ f (k) 2k 1= +  
ចំេពះ k 1,2,3====  និង f (4) 33====   ។ 
តងពហុធ P(x) f (x) (2x 1)= − += − += − += − +  
ចំេពះ k 1,2,3==== េគបន P(k) f (k) (2k 1) 0= − + == − + == − + == − + =  
( េរពះសមមតិកមម f (k) 2k 1= += += += +  ចំេពះតៃមល k 1,2,3====  ) 
េគទញបន x 1 , 2 , 3====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x)ជពហុធដឺរកទីបួនមនេលខេមគុណមុខតួ 4x

េសម 1 េនះេគទញP(x)ជពហុធដឺរកទីបួនមនេលខេម
គុណមុខតួ 4x េសម 1ែដរ ។ 
េហតុេនះពហុធ P(x) អចសរេសរ ៖ 
P(x) (x 1)(x 2)(x 3)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ែដលααααជឬសមួយេទៀត
ៃន P(x) ។ េគបន 
f (x) P(x) 2x 1 (x 1)(x 2)(x 3)(x ) 2x 1= + + = − − − − α + += + + = − − − − α + += + + = − − − − α + += + + = − − − − α + +  
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ចំេពះ x 4====  េគបន f (4) 6(4 ) 9 33= − α + == − α + == − α + == − α + =  េនះ 0α =α =α =α =  
េគបន f (x) x(x 1)(x 2)(x 3) 2x 1= − − − + += − − − + += − − − + += − − − + +  
ឬ        4 3 2f (x) x 6x 11x 4x 1= − + − += − + − += − + − += − + − +  
ដូចេនះ a 6 , b 11 , c 4 , d 1= − = = − == − = = − == − = = − == − = = − =   ។ 
ឧទហរណ៍២  
េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +   
េគដឹងថ 2f (k) k====  រគប់ k 1,3,5====  ។ 
ចូរគណនតៃមលៃន f ( 4) f (10)− +− +− +− +   និង f ( 9) f (15)− +− +− +− +  ? 
តងពហុធ 2P(x) f (x) x= −= −= −= −  
ចំេពះ k 1,3,5==== េគបន 2P(k) f (k) k 0= − == − == − == − =  
( េរពះតមសមមតិកមម 2f (k) k====  ចំេពះតៃមល k 1,3,5====  ) 
េគទញបន x 1 , 3 , 5====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x)ជពហុធដឺរកទីបួនមនេលខេមគុណមុខតួ 4x

េសម 1 េនះេគទញP(x)ជពហុធដឺរកទីបួនមនេលខេម
គុណមុខតួ 4x េសម 1ែដរេហតុេនះពហុធ P(x) អចសរេសរ  
P(x) (x 1)(x 3)(x 5)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ែដលααααជឬសមួយេទៀត
ៃន P(x) ។ េគបន 

2 2f (x) P(x) x (x 1)(x 3)(x 5)(x ) x= + = − − − − α += + = − − − − α += + = − − − − α += + = − − − − α +  
ចំេពះ x 4= −= −= −= −  េគបន f ( 4) 315(4 ) 16− = + α +− = + α +− = + α +− = + α +   
ចំេពះ x 10====  េគបន f (10) 315(10 ) 100= − α += − α += − α += − α +   
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េនះេគបន ៖ 
f( 4) f(10) 315(4 ) 16 315(10 ) 100 4526− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =  
ចំេពះ x 9= −= −= −= −  េគបន f ( 9) 1680(9 ) 81− = + α +− = + α +− = + α +− = + α +   
ចំេពះ x 15====  េគបន f (15) 1680(15 ) 225= − α += − α += − α += − α +   
េនះេគបន ៖ 
f ( 6) f(15) 1680(9 ) 81 1680(15 ) 225 40626− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =− + = + α + + − α + =  
ដូចេនះ f ( 4) f (10) 4526− + =− + =− + =− + =   និង  f ( 6) f (15) 40626− + =− + =− + =− + =   
១២-រទឹសតីបទែវយត  
េប 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  ែដល na 0≠≠≠≠  ជពហុ
ធដឺរកទី n 0>>>>  មន n  ឬស 1 2 3 n, , , ....,α α α αα α α αα α α αα α α α  េនះេគបន  
n

n 0n 1 n 2
i i j 1 2 3 n

i 1 1 i j nn n n

aa a
, , .... , ..... ( 1)

a a a
− −− −− −− −

= ≤ < ≤= ≤ < ≤= ≤ < ≤= ≤ < ≤
α = − α α = α α α α = −α = − α α = α α α α = −α = − α α = α α α α = −α = − α α = α α α α = −∑ ∑∑ ∑∑ ∑∑ ∑

ឧទហរណ៍១  
េប αααα និង ββββ ជឬសៃន 2P(x) ax bx c , a 0= + + ≠= + + ≠= + + ≠= + + ≠  

េនះេគបន 
b
a

c
a

 α + β = −α + β = −α + β = −α + β = −

 αβ =αβ =αβ =αβ =


   

ឧទហរណ៍២   
េប ,α βα βα βα β  និង γγγγ  ជឬសៃនពហុធ 
 3 2P(x) ax bx cx d , a 0= + + + ≠= + + + ≠= + + + ≠= + + + ≠   េនះេគបន ៖ 
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b
a

c
a

d
a

 α + β + γ = −α + β + γ = −α + β + γ = −α + β + γ = −

 αβ + βγ + αγ =αβ + βγ + αγ =αβ + βγ + αγ =αβ + βγ + αγ =

 αβγ = −αβγ = −αβγ = −αβγ = −

 

១៣-អងំែទប៉ូឡសយុងឡរកង ់ 
 េគឲយ n  ចំណុច 1 1 2 2 3 3 n n(x , y ) , (x , y ), (x , y ), ....., (x , y ) 
េនះមនពហុធ P(x) ែតមួយគត់ែដលេផទៀងផទ ត់ 

i iP(x ) y , i 1,2 ,3 , ...,n= == == == =  េហយរបូមនតអីុចពលីសីុតរបស់វ

គឺ 
n

j
i

i 1 1 j n , j i i j

x x
P(x) y

x x= ≤ ≤ ≠= ≤ ≤ ≠= ≤ ≤ ≠= ≤ ≤ ≠

    −−−−
====     −−−−        
∑∑∑∑ ∏∏∏∏   ។ 

ឧទហរណ៍  
រកពហុធ P(x) ែតមួយគត់ែដលកត់តមបីចំណុច 

1 2M (1,3) , M (2 , 4)  និង 3M (4,12)  ។ 
តមរបូមនតេគបន ៖ 

 
3

j
i

i 1 1 j 3 i j
j i

x x
P(x) y

x x= ≤ ≤= ≤ ≤= ≤ ≤= ≤ ≤
≠≠≠≠

    
−−−−    ====     −−−−

        

∑∑∑∑ ∏∏∏∏              

       3 32 1 1 2
1 2 3

1 2 1 3 2 1 2 3 3 1 3 2

x x x xx x x x x x x x
y . . y . . y . .

x x x x x x x x x x x x
− −− −− −− −− − − −− − − −− − − −− − − −= + += + += + += + +

− − − − − −− − − − − −− − − − − −− − − − − −
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   2 2 2

2

(x 2)(x 4) (x 1)(x 4) (x 1)(x 2)
3. 4. 12.

(1 2)(1 4) (2 1)(2 4) (4 1)(4 2)

(x 6x 8) 2(x 5x 4) 2(x 3x 2)

x 2x 4

− − − − − −− − − − − −− − − − − −− − − − − −= + += + += + += + +
− − − − − −− − − − − −− − − − − −− − − − − −

= − + − − + + − += − + − − + + − += − + − − + + − += − + − − + + − +

= − += − += − += − +

   

ដូចេនះ 2P(x) x 2x 4= − +   ជពហុធែដលរតូវរក ។ 
១៤-ករអនុវតតន៍ៃនករគណន  
ឧបមថេគមនពហុធដឺេរកទី n  ៖ 
 n n 1 2

n n 1 2 1 0P(x) a x a x ... a x a x a−−−−
−−−−= + + + + += + + + + += + + + + += + + + + +  ែដល na 0≠≠≠≠   

ក/េដរេីវៃនពហុធ ៖ 
 េដរេីវៃនពហុធេនះកំណត់េដយ ៖ 
 n 1 n 2

n n 1 2 1P'(x) na x (n 1)a x ... 2a x a− −− −− −− −
−−−−= + − + + += + − + + += + − + + += + − + + +  

ខ/អងំេតរកលមិនកំណត់ ៖ 
 អំងេតរកលមិនកំណត់ៃនពហុធេនះគឺ ៖ 

 n 1 n 2n n 1 1
0

a a a
P(x).dx x x ... x a x C

n 1 n 2
++++ −−−−= + + + + += + + + + += + + + + += + + + + +

++++∫∫∫∫  

គ/ករណីែដលពហធុ n 1 2 nP(x) a (x )(x )...(x )= − α − α − α= − α − α − α= − α − α − α= − α − α − α េនះ 

   េគបន 
1 2 n

1 1 1
P'(x) P(x) ...

x x x

    
= × + + += × + + += × + + += × + + +    − α − α − α− α − α − α− α − α − α− α − α − α    

   

ឃ/ករណីែដលពហធុ
m m m

n 1 2 k
1 2 kP(x) a (x ) (x ) ...(x )= − α − α − α= − α − α − α= − α − α − α= − α − α − α   
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ែដល 
k

i
i 1

n
====

α =α =α =α =∑∑∑∑  េនះេគបន ៖ 

1 2 k

1 2 k

m m m
P'(x) P(x) ...

x x x

    
= × + + += × + + += × + + += × + + +    − α − α − α− α − α − α− α − α − α− α − α − α    

  ។ 

ឃ/ឬសរតួត ៖ 
េបមន m IN∈∈∈∈  ែដល mP(x) (x ) Q(x)= − α= − α= − α= − α  និង Q( ) 0α ≠α ≠α ≠α ≠  
េនះ αααα ជឬសរតតួ m  ដងៃន P(x) ។  
ចំនួន ααααជឬសរតតួ m  ដងៃន P(x)លុះរតែត ៖ 

(m 1)P( ) 0 , P '( ) 0 , P ''( ) 0 , ...., P ( ) 0−−−−α = α = α = α =α = α = α = α =α = α = α = α =α = α = α = α =   
និង (m)P ( ) 0α ≠α ≠α ≠α ≠   ។ 
១៥-រទឹសតីបទ  
 ឧបមថេគមនពហុធ P(x) មួយ ។ 
េប k(x ) | P(x)− α− α− α− α   េនះ k 1(x ) | P '(x)−−−−− α− α− α− α ែដល k IN∈∈∈∈   
សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់ ៖ 
េដយ k(x ) | P(x)− α− α− α− α   នំឲយមនពហុធ Q(x) ែដល ៖ 

kP(x) (x ) Q(x)= − α= − α= − α= − α   
េគបន k 1 kP '(x) k(x ) Q(x) (x ) Q'(x)−−−−= − α + − α= − α + − α= − α + − α= − α + − α  
ទំនក់ទំនងេនះេគទញបន k 1(x ) | P '(x)−−−−− α− α− α− α   ។ 
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ឧទហរណ៍១  
េគឲយពហុធ 4 3 2P(x) x 2x 3x 5x 1= + + + −= + + + −= + + + −= + + + −  
តង a ,b ,c ,d ជឬសរបស់ P(x) ។ 

ចូរគណនតៃមលៃន 1 1 1 1
S

a 2 b 2 c 2 d 2
= + + += + + += + + += + + +

+ + + ++ + + ++ + + ++ + + +
  ។ 

ដំេណះរសយដំេណះរសយដំេណះរសយដំេណះរសយ      
េដយ a ,b ,c ,d ជឬសរបស់ P(x)េនះេគអចសរេសរ ៖ 
          P(x) (x a)(x b)(x c)(x d)= − − − −= − − − −= − − − −= − − − −  
េគបន P'(x) 1 1 1 1

P(x) x a x b x c x d
= + + += + + += + + += + + +

− − − −− − − −− − − −− − − −
 

យក x 2= −= −= −= −  េនះ 
P'( 2) 1 1 1 1

( ) S
P( 2) a 2 b 2 c 2 d 2

−−−− = − + + + = −= − + + + = −= − + + + = −= − + + + = −
− + + + +− + + + +− + + + +− + + + +

 

េគទញ P'( 2)
S

P( 2)
−−−−= −= −= −= −
−−−−

  ែត P( 2) 16 16 12 10 1 1− = − + − − =− = − + − − =− = − + − − =− = − + − − =         
3 2P '(x) 4x 6x 6x 5= + + += + + += + + += + + +  េនះ P'( 2) 15− = −− = −− = −− = −   ។ 

 ដូចេនះ S 15====   ។ 
ឧទហរណ៍២  
ចូររកពហុធ P(x) មួយមនដឺេរកទីរបំេដយដឹងថP(x) 
ែចកនឹង 3(x 1)−−−−  ឲយសំណល់ 1−−−−  េហយ P(x)ែចកនឹង 

3(x 1)++++  ឲយសំណល់ 1 ។ 
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តមបរមប់េគបន 3(x 1) | P(x) 1− +− +− +− +   េនះ 
2(x 1) | P '(x) (1)−−−−   

េហយ 3(x 1) | P(x) 1+ −+ −+ −+ −   េនះ 2(x 1) | P '(x) (2)++++  
តម(1) និង (2) េគទញ 2 2(x 1) (x 1) | P '(x)+ −+ −+ −+ −  
េដយP(x)ជពហុធដឺេរកទីរបំេនះ P'(x)ជពហុធដឺេរក
ទីបួន េហតុេនះ 2 2 4 2P '(x) a(x 1) (x 1) a(x 2x 1)= + − = − += + − = − += + − = − += + − = − +  

េគទញ 
5 3

4 2 x 2x
P(x) a (x 2x 1).dx a( x) C

5 3
= − + = − + += − + = − + += − + = − + += − + = − + +∫∫∫∫  

េគមន P(1) 1= −= −= −= −   និង P(1) 1====  េនះ 
8

a C 1
15

8
a C 1

15

 + = −+ = −+ = −+ = −

− + =− + =− + =− + =


 

េគទញបន 15
a ; C 0

8
= − == − == − == − =  

ដូចេនះ 
5 3

5 315 x 2x 3 5 15
P(x) ( x) x x x

8 5 3 8 4 8
= − − + = − + −= − − + = − + −= − − + = − + −= − − + = − + −    

១៦-រទឹសតីបទតៃមលមធយម 
ឧបមថ 2 n

0 1 2 nP(x) a a x a x .... a x= + + + += + + + += + + + += + + + +  ែដល na 0≠≠≠≠  
និង ka IR ,k 0,1,2, ...,n∈ =∈ =∈ =∈ =  ។ 
េបមនពីរចំនួនពិត αααα និង ββββ ែដល P( )αααα  និង P( )ββββ  មន
សញញ ផទុយគន េនះយ៉ងេហចណស់មនចំនួនពិត c ៃន
ចេនល ះចំនួនពិត αααα និង ββββែដល P(c) 0====   ។ 
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ឧទហរណ៍  
េគឲយពហុធ 4 3 2P(x) x ax bx cx d= + + + += + + + += + + + += + + + +  
ែដល a,b,c,dជចំនួនពិតេផទៀងផទ ត់ | a c | |1 b d |+ > + ++ > + ++ > + ++ > + +    
ចូររសយថសមីករ P(x)មនឬសមួយយ៉ងតិចជចំនួន
ពិតេនកនុងចេនល ះ 1−−−−  និង 1 ។ 
េគមន P( 1) 1 a b c d (1 b d) (a c)− = − + − + = + + − +− = − + − + = + + − +− = − + − + = + + − +− = − + − + = + + − +  
និង  P(1) 1 a b c d (1 b d) (a c)= + + + + = + + + += + + + + = + + + += + + + + = + + + += + + + + = + + + +  
េគបន 2 2P( 1).P(1) (1 b d) (a c) 0− = + + − + <− = + + − + <− = + + − + <− = + + − + <  
ដូចេនះសមីករមនឬសយ៉ងតិចមួយេនចេនល ះ 1−−−−  និង 1  
១៧-រទឹសតីបទរ ៉ូល 
 ឧបមថេគមនពហុធ P(x) មួយ ។ចំេពះរគប់ចំនួន 
α ≠ βα ≠ βα ≠ βα ≠ β ែដល P( ) P( ) 0α = β =α = β =α = β =α = β =  េនះមនចំនួន c េនចេនល ះ αααα 
និង ββββែដល P'(c) 0====   ។ 
ឧទហរណ៍  
េគតង r  និង R  ជកំៃនរងវង់ចរកឹកនុង និងចរកឹេរក 
រតីេកណមួយ េហយ p  ជកនលះបរមិរតៃនរតីេកណ ។ 
ចូររសយថ 2 29r (4R r) 3p (4R r)+ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ +   ។ 
តង a , b ,c ជរងវ ស់រជុងៃនរតីេកណេនះេគមនទំនក់
ទំនងឆលុះដូចខងេរកម ៖ 
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2 2

a b c 2p

ab bc ca p r 4rR

abc 4pRr

+ + =+ + =+ + =+ + =
 + + = + ++ + = + ++ + = + ++ + = + +
 ====

េនះ a , b , cជឬសសមីករ 

3 2 2 2x 2px (p r 4rR)x 4pRr 0 (1)− + + + − =− + + + − =− + + + − =− + + + − =   
តង a b cr , r , r  ជកំរងវង់ចរកឹកនុងមំុ A,B,C ៃនរតីេកណ 

ABC  េគមន a b c

a b c

p(r r) p(r r) p(r r)
a , b , c

r r r
− − −− − −− − −− − −= = == = == = == = =  

យក p(y r)
x

y
−−−−====  ជួសកនុងសមីករ (1) េគបន ៖ 

3 2 2 2y (4R r)y p y p r 0 (2)− + + − =− + + − =− + + − =− + + − =  
មនន័យថ a b cr , r , r   ជឬសមីករ (2) ។ 
តងពហុធ 3 2 2 2P(x) x 2px (p r 4rR)x 4pRr= − + + + −= − + + + −= − + + + −= − + + + −   
និង  3 2 2 2Q(y) y (4R r)y p y p r= − + + −= − + + −= − + + −= − + + −   ។ 
េគបន 2 2 2P '(x) 3x 4px p r 4rR= − + + += − + + += − + + += − + + +  
និង 2 2Q'(y) 3y 2(4R r)y p= − + += − + += − + += − + +  
តមរទឹសតីបទរ ៉លូេគទញបនសមីករ P'(x) 0====  និង 
Q'(y) 0==== សុទឋែតជសមីករមនឬស ។ 
េដយឌីសរគីមីណង់សមីករគឺ ៖ 

2
1' p 3r(4R r)∆ = − +∆ = − +∆ = − +∆ = − +   និង  2 2

2' 2(4R r) 3p∆ = + −∆ = + −∆ = + −∆ = + −  
េដយ 1' 0∆ ≥∆ ≥∆ ≥∆ ≥   និង 2' 0∆ ≥∆ ≥∆ ≥∆ ≥   េនះេគទញបនវសិមភព ៖ 

2 29r (4R r) 3p (4R r)+ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ ++ ≤ ≤ +   ពិត ។ 
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១៨-រទឹសតីបទ 
េប P(x) ជពហុធមនេមគុណជចំនួនពិត និង មនដឺេរក
ជចំនួនេសសេនះយ៉ងតិចវមនឬសមួយជចំនួនពិត ។ 
១៩-រទឹសតីបទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនពិត ។  
េបចំនួនកំុផលិច x i , , IR= α + β α β∈= α + β α β∈= α + β α β∈= α + β α β∈  ជឬសៃន P(x) េនះ
ចំនួនកំុផលិចឆល ស់ x i= α − β= α − β= α − β= α − β  ក៏ជឬសៃន P(x) ែដរ ។ 
២០-រទឹសតីបទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនសនិទន ។  
េបចំនួនកំុផលិច a b c++++  ជឬសៃន P(x) េនះចំនួនa b c−−−−  
ក៏ជឬសៃន P(x) ែដរ ។ 
a និង b  ជចំនួនសនិទន និង c ជចំនួនអសនិទន ។ 
២១-រទឹសតីបទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនគត់រឡឺទីហវ 
និង Zα∈α∈α∈α∈  ។ P( ) 0α =α =α =α =  េនះ | P(0)αααα   ។  

២២-រទឹសតីបទ 
ឧបមថ P(x) ជពហុធមនេមគុណជចំនួនគត់រឡឺទីហវ 
និង , Zα β∈α β∈α β∈α β∈  ែដល α ≠ βα ≠ βα ≠ βα ≠ β   េនះេគបន | P( ) P( )α − β α − βα − β α − βα − β α − βα − β α − β    
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សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់៖ 

តង 
n

2 n k
0 1 2 n k

k 0
P(x) a a x a x ... a x a x

====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑  

េគបន 
n

k k
k

k 0
P( ) P( ) a ( )

====
α − β = α − βα − β = α − βα − β = α − βα − β = α − β∑∑∑∑  

េដយ k k k 1 k 2 k 1( )( .... )− − −− − −− − −− − −α − β = α − β α + α β + + βα − β = α − β α + α β + + βα − β = α − β α + α β + + βα − β = α − β α + α β + + β  

េនះេគទញបន 
n

k k
k

k 0
( ) | a ( )

====
α − β α − βα − β α − βα − β α − βα − β α − β∑∑∑∑   ។ 

ឧទហរណ៍ េតមនពហុធP(x) មនេមគុណជចំនួនគត់
ែដល P(2) 7==== និង P(5) 15====   ឬេទ ?   
 េដយ P(5) P(2) 8− =− =− =− =  ែចកមិនដច់នឹង 5 2 3− =− =− =− =  េនះ
គម នពហុធបំេពញលកខខណឌ េនះេទ ។ 
២៣-សមភពញូតនុ  
  យក 1 2 n, , ....,α α αα α αα α αα α α  ជអេថរ ។ ចំេពះ k 1≥≥≥≥ េយងតង  

k 1 2 kp ( , , ...., )α α αα α αα α αα α α  ជផលបូកសវ័យគុណ k  កំណត់េដយ ៖ 
n

k k k k
k 1 2 n i 1 2 n

i 1
p ( , , ...., ) ...

====
α α α = α = α + α + + αα α α = α = α + α + + αα α α = α = α + α + + αα α α = α = α + α + + α∑∑∑∑    

េហយចំេពះរគប់ k 0≥≥≥≥  តង k 1 2 ne ( , , ..., )α α αα α αα α αα α α  ជធតុឆលុះ 
ពហុធែដលជផលបូកៃនរគប់ផលគុណខុសៗគន ៃនអេថរ
ខុសគន ៗ ែដលកំណត់េដយ 

0 1 2 ne ( , , ..., ) 1α α α =α α α =α α α =α α α =  
1 1 2 n 1 2 ne ( , , ..., ) ...α α α = α + α + + αα α α = α + α + + αα α α = α + α + + αα α α = α + α + + α  
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2 1 2 n i j
1 i j n

e ( , , ..., )
≤ < ≤≤ < ≤≤ < ≤≤ < ≤

α α α = α αα α α = α αα α α = α αα α α = α α∑∑∑∑  

n 1 2 n 1 2 ne ( , , ..., ) . ...α α α = α α αα α α = α α αα α α = α α αα α α = α α α
− − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − −

 

k 1 2 ne ( , , ..., ) 0α α α =α α α =α α α =α α α =  ចំេពះ k n>>>>  េនះសមភពញូតុន
កំណត់េដយ៖ 

k
i 1

k 1 2 n k i 1 2 n i 1 2 n
i 1

ke ( , , ..., ) ( 1) e ( , , ..., ).p ( , , ..., )−−−−
−−−−

====
α α α = − α α α α α αα α α = − α α α α α αα α α = − α α α α α αα α α = − α α α α α α∑∑∑∑

២៤-េស៊រម៉ីក់ឡូរងំចំេពះអនុគមន៍ពហធុ  
ឧបមថេគមនពហុធ 2 n

0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +   
អនុគមន៍ពហុធេនះអចសរេសរជេស៊រម៉ីក់ឡូរងំដូចខង
េរកម ៖ 

2 n kn
(n) (k)

k 0

x x x x
P(x) P(0) P'(0) P''(0) .... P (0) .P (0)

1! 2! n! k !====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑

សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់សរមយបញជ ក់៖  

តង 
n

2 n k
0 1 2 n k

k 0
P(x) a a x a x ... a x a x

====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑  

(3) (k )
1 2 3 kP'(0) a , P ''(0) 2a ,P (0) 6a , ...,P (0) k !a= = = == = = == = = == = = =  

េគទញ 
(k )

1 2 k
P'(0) P ''(0) P (0)

a , a , ..., a
1! 2! k !

= = == = == = == = =  

ដូចេនះ 
2 n kn

(n) (k)

k 0

x x x x
P(x) P(0) P'(0) P''(0) .... P (0) .P (0)

1! 2! n! k!====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑  
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២៥-េស៊រៃីតល័រចំេពះអនុគមន៍ពហុធ  
  ឧបមថេគមនពហុធ 

2 n
0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +  

អនុគមន៍ពហុធេនះអចសរេសរជេស៊រៃីតល័រដូចខង
េរកម ៖ 

2 n
(n)x (x ) (x )

P(x) P( ) P'( ) P''( ) ... P ( )
1! 2! n!
− α − α − α− α − α − α− α − α − α− α − α − α= α + α + α + + α= α + α + α + + α= α + α + α + + α= α + α + α + + α

 

ឬ 
kn

(k)

k 0

(x )
P(x) P ( )

k !====

− α− α− α− α= α= α= α= α∑∑∑∑   ។ 

តងពហុធ Q(x) P(x )= + α= + α= + α= + α   េគបន 
(n) (n)Q(0) P( ) , Q'(0) P'( ) ,Q''(0) P''( ), ....,Q (0) P ( )= α = α = α = α= α = α = α = α= α = α = α = α= α = α = α = α

 
តមេស៊រម៉ីក់ឡូរងំេគបន ៖ 

2 n
(n)x x x

Q(x) Q(0) Q'(0) Q''(0) ... Q (0) (*)
1! 2! n!

= + + + += + + + += + + + += + + + +  

ជំនួស x  េដយ x − α− α− α− α និង Q(x ) P(x)− α =− α =− α =− α =  កនុង (*)  េគបន  
2 n

(n)x (x ) (x )
P(x) P( ) P'( ) P''( ) ... P ( )

1! 2! n!
− α − α − α− α − α − α− α − α − α− α − α − α= α + α + α + + α= α + α + α + + α= α + α + α + + α= α + α + α + + α

 

ដូចេនះ  
kn

(k)

k 0

(x )
P(x) P ( )

k !====

− α− α− α− α= α= α= α= α∑∑∑∑   ។ 



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  24 

 

ឧទហរណ៍  
េគឲយពហុធ 7 6P(x) x 3x 5x 2= − + += − + += − + += − + +  ។ 
ចូររកសំណល់ៃនវធីិែចករវង P(x) នឹង 3(x 1)−−−−   ។ 
េគមន 7 6P(x) x 3x 5x 2= − + += − + += − + += − + +  េនះ P(1) 5====  
           6 5P '(x) 7x 18x 5= − += − += − += − +  េនះ P'(1) 6= −= −= −= −  
           5 4P ''(x) 42x 90x= −= −= −= −  េនះ P''(1) 48= −= −= −= −  
           (3) 4 3P (x) 210x 360x= −= −= −= −  េនះ 

(3)P (1) 210 360 150= − = −= − = −= − = −= − = −  
      --------------------------------------------------------------------- 
តមេស៊រៃីតល័រេគអចសរេសរ ៖ 

2 3 7
(3) (7)x 1 (x 1) (x 1) (x 1)

P(x) P(1) P'(1) P''(1) P (1) ... P (1)
1! 2! 3! 7!
− − − −− − − −− − − −− − − −= + + + + += + + + + += + + + + += + + + + +

 
សមភពេនះបញជ ក់ថ P(x) ែចកនឹង 3(x 1)−−−−  ឲយអនុគមន៍
សំណល់ 

2x 1 (x 1)
R(x) P(1) P '(1) P ''(1)

1! 2!
− −− −− −− −= + += + += + += + +  

        
2

2

5 6(x 1) 24(x 1)

24x 42x 13

= − − − −= − − − −= − − − −= − − − −

= − + −= − + −= − + −= − + −
 

ដូចេនះអនុគមន៍សំណល់ែដលរតូវរកគឺ 
2R(x) 24x 42x 13= − + −= − + −= − + −= − + −  ។ 
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ជំពូកទី២ 

ករមងលំហត់េរជសេរ ស 
១)ពហុធ  មនឬសរបំេផសង
គន  េហយ  ជពហុធមួយេទៀត  
គណនផលគុណ  ។ 
២)សមីករ  មនឬសបីេផសងគន    

គណនតៃមលេលខ   

៣)  ជពហុធដឺេរកទី  ែដលេផទៀងផទ ត់ 
 ។ 

ក)បងហ ញថេដរេីវទី  ៃនអនុគមន៍  កំណត់េដយ 
 ។ 

ខ)ទញបញជ ក់ថ   
    េហយ   ។ 
៤)េគឧបមថពហុធ 5 3 2P(x) x x 2x x 3= − + − +  មនឬស  
    1 2 3 4 5x ,x ,x ,x ,x  ។ 

     េគយក 
2

4 2

x 3x 2
f (x)

x x 2

− +=
− −

 ។ ចូរគណនតៃមល       

     [ ]
5

k 1 2 3 4 5
k 1

A f (x ) f (x )f (x )f (x )f (x )f (x )
=

= =∏  ? 

 

5 3 2( ) 5 3 2 1r x x x x x= − − + += − − + += − − + += − − + +

1 2 3 4 5, , , ,a a a a a 2( ) 5s x x= − += − += − += − +

1 2 3 4 5( ). ( ). ( ). ( ). ( )P s a s a s a s a s a====
3 23 4 5t t t= + −= + −= + −= + − , ,a b c

7 7 7 7 7 7

7 ( , , )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + += + += + += + +

− − −− − −− − −− − −
( )nP x n

1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +

n
2xy e−−−−====

2( ) ( )n x
ny e P x−−−−====

1 1( ) 2 ( ) 2 ( ) 0n n nP x x P x n P x+ −+ −+ −+ −+ + =+ + =+ + =+ + =

''( ) 2 '( ) 2 ( ) 0n n nP x xP x n P x− + =− + =− + =− + =
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៥)េគឧបមថ 1x  និង 2x  ជឬសៃនសមីករ 2x 2x 1 0− − =   
ចូរគណនតៃមល 7 4

1 2A 12x 169x= +  ? 
៦)េគឧបមថ 1 2 3x ,x ,x  និង 4x  ជឬសៃនសមីករ 

4 3 2x 3x 2x x 1 0− + − − =  ។ 
ចូរគណនតៃមល 4 4 4 4

1 2 3 4A x x x x= + + +  ? 
៧)េគឲយសមីករ 

4 3 2 2(E) : x 2(m 1)x (2m 3)x (11m 6)x 5m 4 0− + + + − + + + =  
ែដល m∈ℜ ជប៉រ៉ែម៉រត ។ 
ក)កំណត់តៃមល m  េដមបីឲយសមីករ (E) មនឬសបួន 

1 2 3 4x ,x ,x ,x  េផទៀងផទ ត់ទំនក់ទំនង ៖ 2 2 2 2
1 2 3 3x x x x 30+ + + =   

ខ)េដះរសយសមីករ (E) ចំេពះតៃមល m  ែដលបនរក       
    េឃញខងេល ។ 
៨)េគមនសមីករ  
កំណត់  េដមបីឱយសមីករេនះមនឬសបី  បេងកត 
បនជសវុីតនពវនតមួយ ។ 

៩)ចំេពះរគប់  េគមន    

ក.គណនតៃមលេលខៃន  ែដលបំេពញលកខខណឌ  
ខងេល។ 
ខ.ទញរកតៃមល   ។ 

016m10x)7m6(2mx3x 23 ====−−−−++++−−−−++++++++

m 321 x,x,x

1≥≥≥≥n








====−−−−++++
++++++++++++====

====

2

23

)()1(

)(

1)1(

nnfnf

dcnbnannf

f

dcba ;;;

2222 ....321 nSn ++++++++++++++++====
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១០)េគឲយពហុធ 4 3 2P(x) x 2x 3x 5x 1= + + + −= + + + −= + + + −= + + + −  
តង a ,b ,c ,d ជឬសរបស់ P(x) ។ 

ចូរគណនតៃមលៃន 1 1 1 1
S

a 2 b 2 c 2 d 2
= + + += + + += + + += + + +

+ + + ++ + + ++ + + ++ + + +
  ។ 

១១)កំណត់ចំនួនគត់វជិជមន n  និងចំនួនពិត λλλλ  េដមបឲីយពហុធ 
n 3P(x) x 12x x (2 81)= − + λ − λ += − + λ − λ += − + λ − λ += − + λ − λ +   ែចកដច់នឹងពហុធ 
2Q(x) x 12x 27= − += − += − += − +  ។ 

១២)កំណត់ចំនួនពិត a  និងចំនួនពិត b  េដមបីឲយពហុធ 
6 4 3 2P(x) x 3x ax bx ax 1= − + + − += − + + − += − + + − += − + + − +   ែចកដច់នឹងពហុធ 

2(x 1)−−−−  ។ 
១៣)កំណត់ចំនួនពិត a  និងចំនួនពិត b  េដមបីឲយពហុធ 

5P(x) ax bx 1= + += + += + += + +   ែចកដច់នឹងពហុធ 2Q(x) x 2x 1= − −= − −= − −= − −   
១៤)េគឲយពហុធដឺេរកទីបី P(x) មួយ ។ េគដឹងថ P(x) ែចក
នឹង x 2−−−− ឲយសំណល់ 2 និងP(x) ែចកនឹង x 2++++ ឲយសំណល់ 

2−−−−  ។ 
ក/រកសំណល់ៃនវធីិែចករវង P(x) នឹង 2x 4−−−−   ។ 
ខ/េគដឹងថ P(0) P(1) 8= = −= = −= = −= = −  ។ រក P(x) ? 
១៥)េគឲយពហុធដឺេរកទីបី P(x) មួយ ។  
េគដឹងថ 2P(x 1) P(x) x+ − =+ − =+ − =+ − =   និង P(0) 0====  ។ 
ក/ចូររកពហុធ P(x) ។ 
ខ/េរបលទឋផលខងេលចូររសយថ ៖ 
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   2 2 2 2 n(n 1)(2n 1)
1 2 3 ... n

6
+ ++ ++ ++ ++ + + + =+ + + + =+ + + + =+ + + + =    

១៦)េគឲយពហុធដឺេរកទីបី P(x) មួយ ។ េគដឹងថ 
32P(x) P(x 1) x− + =− + =− + =− + =    

ក/ចូររកពហុធ P(x) ។ 
ខ/េរបលទឋផលខងេលចូរគណនផលបូក ៖ 

   
3 3 3 3

n 2 3 n

1 2 3 n
S ....

2 2 2 2
= + + + += + + + += + + + += + + + +    

១៧)េគឲយពហុធដឺេរកទីបី P(x) មួយ ។  
េគដឹងថ P(x) 3−−−−  ែចកដច់នឹង 2(x 3)−−−−  និង P(x) 3++++  ែចក
ដច់នឹង 

2(x 3)++++  ។ ចូរកំណត់រកពហុធ P(x) ? 
១៨)កំណត់រកពហុធ P(x) មួយែដលេផទៀងផទ ត់លកខខណឌ័  ៖ 

2 2 2P(x ) x (x 1)P(x)= += += += +    និង P(2) 2====   
១៩)េគឲយ a និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   ។  
ចូរបងហ ញថ ab ជឬសៃន 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −  
២០)េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +  ។ 
េគដឹងថ P(1) 1 , P(2) 8= == == == = និង P(3) 27====   ។ 
ចូររសយថ 4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 
២១)េប P(x) ,Q(x),R(x) និង S(x) ជពហុធេដយដឹងថ ៖ 

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   
េនះចូររសយថ x 1−−−−  ជកតត ៃន P(x) ។ 
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២២)េគឲយ P(x) ជពហុធដឺេរកទី n  ។  

េគដឹងថ k
P(k)

k 1
====

++++
 ចំេពះ k 0,1,2 , ....,n====   ។ 

ចូរកំណត់ P(n 1)++++   ។ 
២៣)េគឲយ a ,b ,c ជបីចំនួនគត់ខុសគន  ។ យក P(x) ជពហុ
ធមនេមគុណជចំនួនគត់ ។ ចូរបងហ ញថលកខខណឌ  
P(a) b ,P(b) c ,P(c) a= = == = == = == = =   
មិនអចេផទៀងផទ ត់រពមគន បនេទ ។ 
២៤)េគឲយរតីធ 2f (x) ax bx c= + += + += + += + +  ែដល a 0 , a,b,c IR≠ ∈≠ ∈≠ ∈≠ ∈  
ក/ចូររសយថ f (x) x−−−−  ជកតត ៃន f[f (x)] x−−−−   ។ 
ខ/ចូររសយថេបសមីករ f (x) x====  គម នឬសជចំនួនពិតេនះ
សមីករ f[f (x)] x====  ក៏គម នឬសជចំនួនពិតែដរ ។ 
២៥)េគតង αααα និង ββββ ជឬសៃនសមីករ 2x x 1 0− − =− − =− − =− − =   ។ 
ចូរគណន 8 5S 5 21= α + β= α + β= α + β= α + β  និង 8 5P (5 1)(21 1)= α − β += α − β += α − β += α − β +  
២៦)េគឲយរតីធ 2P(x) ax bx c= + += + += + += + +  ែដល a 0≠≠≠≠  និង a,b,c

ចំនួនេថរ ។ចូររសយថ 
P(1) P(4) P(6) P(7) P(2) P(3) P(5) P(8)+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +  
២៧)េគឲយ a ,b,c,dជបួនចំនួនខុសគន  និង ខុសពីសូនយ ។  

ចូរេដះរសយរបពនឋ័ 

2 3 4
1 2 3 4

2 3 4
1 2 3 4

2 3 4
1 2 3 4

2 3 4
1 2 3 4

ax a x a x a x 1

bx b x b x b x 1

cx c x c x c x 1

dx d x d x d x 1

 + + + =+ + + =+ + + =+ + + =


+ + + =+ + + =+ + + =+ + + =


+ + + =+ + + =+ + + =+ + + =
 + + + =+ + + =+ + + =+ + + =  
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២៨)េគឲយពហុធ 2 n
0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +  ែដល      

       na 0≠≠≠≠   មនឬស 1 2 3 nx , x , x , ...., x   ។ 

 
       តង m m m m

m 1 2 3 nS x x x .... x= + + + += + + + += + + + += + + + +   ែដល mជចំនួន 
       គត់រឡឺទីហវ។ចូររសយថ ៖ 
       0 m 1 m 1 2 m 2 n m na S a S a S .... a S 0+ + ++ + ++ + ++ + ++ + + + =+ + + + =+ + + + =+ + + + =    
២៩)ចូរកំណត់រគប់ចំនួនពិត p  េដមបីឲយសមីករ ៖ 

     3 2 4 3 2 32 ( 1) ( 4 1) 3 0x p p x p p x p− + + + − − =− + + + − − =− + + + − − =− + + + − − =  មនឬសបី 
      េផសងគន បងកីតបនជរងវ ស់រជុងៃនរតីេកណែកងមួយ ។ 
៣០)េគឲយ , ,a b c IR∈∈∈∈  ។  
      េប 2| | 1ax bx c+ + ≤+ + ≤+ + ≤+ + ≤  រគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  ។ ចូររសយថ  
      2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤  ចំេពះរគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  ។ 
៣១)េគឲយ  និង  ជឬសៃន   ។  
      ចូរបងហ ញថ  ជឬសៃន  
៣២)សមីករ  មនឬបីជចំនួនពិត     
       វជិជមន    (មិនចំបច់ខុសគន  )។ 

       ចូរកំណត់តៃមលអបបបរមែដលអចៃន   ។ 
៣៣)េគឲយរតីធ    
       ែដល  និង  
      េប  ចំេពះរគប់  េនះចូរកំណត់តៃមល 

       អបបបរមៃន   ។ 

a b 4 3P(x) x x 1= + −= + −= + −= + −

ab 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −

0cbxaxx 23 ====−−−−++++−−−−

b
c

ba23
cba1 −−−−

++++++++
++++++++++++

2( )f x ax bx c= + += + += + += + +

a b<<<< , ,a b c IR∈∈∈∈

( ) 0f x ≥≥≥≥ x IR∈∈∈∈
a b c

D
b a
+ ++ ++ ++ +====

−−−−
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៣៤)េគឲយចំនួនពិត  និង  េផទៀងផទ ត់សមីករ ៖ 
         និង   ។ 
       ចូរកំណត់តៃមល   ?  
៣៥)េគឲយរតីធ 2( )f x ax bx c= + += + += + += + +  េផទៀងផទ ត់      

       
(5) 5

(55) 5555

(555) 555555

f

f

f

====
 ====
 ====

  

        ចូររសយបញជ ក់ថ 
( ) (2 )

(555...555) 555...555
n n

f ====����� ���������� ���������� ���������� �����  ។ 

៣៦)ឧបមថសមីករ 2 2013 0x x q− + =− + =− + =− + =  មនឬសពីរαααα  និង  
       ββββ  ជចំនួនពិត។ េគដឹងថ  ។  
        ចូរកំណត់តៃមល  ? 
៣៧)េគឲយ , ,a b c IR∈∈∈∈   និង 0a ≠≠≠≠  ។ េគដឹងថ a  និង 
4 3 2a b c+ ++ ++ ++ + មនសញញ ដូចគន  ។ ចូររសយថឬសទំងពីរៃនស
មីករដឺេរកទីពីរ 2 0ax bx c+ + =+ + =+ + =+ + =  មិនអចសថិតេនកនុងចេនល ះ 
(1,2) រពមគន េទ ។ 
៣៨)េគឲយ , ,a b c   ជចំនួនគត់ ែដលa  ជចំនួនគូនិង bជ
ចំនួនេសស ។ចូរបងហ ញថចំេពះរគប់ចំនួនគត់មិនអវជិជមន n 
មនចំនួនគត់វជិជមន x  ែដល 2ax bx c+ ++ ++ ++ +   ែចកដច់នឹង 2n    
៣៩)ចូរកំណត់ចំនួនអសនិទន x  េដយដឹងថ 2 2x x++++  និង 

3 6x x−−−−   ជចំនួនសនិទន ។ 
 

αααα ββββ
3 23 5 17 0α α αα α αα α αα α α− + − =− + − =− + − =− + − = 3 23 5 11 0β β ββ β ββ β ββ β β− + + =− + + =− + + =− + + =

α βα βα βα β++++

3 3 22013α βα βα βα β+ =+ =+ =+ =

q
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៤០)ចូរកំណត់រគប់ពហុធពិត ( )P x  មនដឺេរកទី៥ េដយដឹងថ 

      ( ) 1P x ++++  ែចកដច់នឹង 3( 1)x −−−−   និង ( ) 1P x −−−−  ែចកដច់ 
      នឹង 3( 1)x ++++   ។ 
៤១)េគឲយពហុធ     
      4 3 2 4 1( ) ( 1)( 1) ( 1)k k

kP x x x x x x x −−−−= − − + − + += − − + − + += − − + − + += − − + − + +  
       ែដល k  ជចំនួនគត់វជិជមន ។ 
       ចំេពះរគប់ចំនួនគត់វជិជមន k  បងហ ញថពហុធ ( )kP x       
        ែចកដច់នឹងពហុធ 5 1x ++++  ជនិចច ។ 
៤២)េគឲយ , ,a b c  ជបីចំនួនពិតេផទៀងផទ ត់ ៖ 
      , 6a b c a b c< < + + =< < + + =< < + + =< < + + =  និង 9ab bc ca+ + =+ + =+ + =+ + =   ។ 
       ចូរបងហ ញថ 0 1 3 4a b c< < < < < << < < < < << < < < < << < < < < <   ? 
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ជំពូកទី៣ 

ែផនកដំេណះរសយ 
 
លំហត់ទី០១ 
ពហុធ  មនឬសរបំេផសងគន  

េហយ  ជពហុធមួយេទៀត ។ 
គណនផលគុណ  ។ 

(រRឡងសសិសពូែកគណិតវិទយឆន ២ំ០១២) 

ដំេណះរសយ 
គណនផលគុណ    
េដយ  ជឬសហុធ 

 េនះតមរទឹសតីបទកតត  
េគអចសរេសរ 

 

េហយេគមន    
េគបន 

  

5 3 2( ) 5 3 2 1r x x x x x= − − + += − − + += − − + += − − + +

1 2 3 4 5, , , ,a a a a a 2( ) 5s x x= − += − += − += − +

1 2 3 4 5( ). ( ). ( ). ( ). ( )P s a s a s a s a s a====

1 2 3 4 5( ). ( ). ( ). ( ). ( )P s a s a s a s a s a====

1 2 3, 4 5, , ,a a a a a
5 3 2( ) 5 3 2 1r x x x x x= − − + += − − + += − − + += − − + +

5

1 2 3 4 5
1

( ) ( )( )( )( )( ) ( )k
k

r x x a x a x a x a x a x a
====

= − − − − − = −= − − − − − = −= − − − − − = −= − − − − − = −∏∏∏∏
2( ) 5 ( 5 )( 5 )s x x x x= − + = − += − + = − += − + = − += − + = − +

5

1 2 3 4 5
1

( ). ( ). ( ). ( ). ( ) ( 5 )( 5 )k k
k

P s a s a s a s a s a a a
====

= = − += = − += = − += = − +∏∏∏∏
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េរពះ   ។ 

េដយ   និង  

េគបន  ។ 
 

េហតុេនះ  
                      
ដូចេនះ   ។ 
 
 
 
 
 
 
 
 

5 5 5 5

1 1 1 1

( 5 ) ( 5 ) ( 5 ) ( 5 )k k k k
k k k k

a a a a
= = = == = = == = = == = = =

= − × + = − − × − −= − × + = − − × − −= − × + = − − × − −= − × + = − − × − −∏ ∏ ∏ ∏∏ ∏ ∏ ∏∏ ∏ ∏ ∏∏ ∏ ∏ ∏
5 5

1 1

( 5 ) ( 5 )k k
k k

a a
= == == == =

+ = − − −+ = − − −+ = − − −+ = − − −∏ ∏∏ ∏∏ ∏∏ ∏
5

1

( 5 ) ( 5)k
k

a r
====

− =− =− =− =∏∏∏∏
5

1

( 5 ) ( 5)k
k

a r
====

− − = −− − = −− − = −− − = −∏∏∏∏
( 5 ) ( 5 )P r r= − × −= − × −= − × −= − × −

5 3 2( 5 ) ( 5 ) 5( 5 ) 3( 5 ) 2 5 1 14 2 5r = − − + + = − += − − + + = − += − − + + = − += − − + + = − +
5 3 2( 5 ) ( 5 ) 5( 5 ) 3( 5 ) 2 5 1 14 2 5r − = − − − − − − + = − −− = − − − − − − + = − −− = − − − − − − + = − −− = − − − − − − + = − −

( 5 ) ( 5 ) ( 14 2 5)( 14 2 5)P r r= − × − = − − + − −= − × − = − − + − −= − × − = − − + − −= − × − = − − + − −
2 2( 14) (2 5 ) (196 20) 176    = − − − = − − = −= − − − = − − = −= − − − = − − = −= − − − = − − = −    

1 2 3 4 5( ). ( ). ( ). ( ). ( ) 176P s a s a s a s a s a= = −= = −= = −= = −
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លំហត់ទី០២ 
សមីករ  មនឬសបីេផសងគន    

គណនតៃមលេលខ    

(រRឡងសសិសពូែកគណិតវិទយឆន ២ំ០១២) 

 
ដំេណះរសយ 
គណនតៃមលេលខ  

   

តង 

   

េគមន  និង  ជឬសៃន   

េនះ   

េដយ  មិនែមនជឬសៃនសមីករ  
េនះ  និង  

េគបន    

3 23 4 5t t t= + −= + −= + −= + − , ,a b c
7 7 7 7 7 7

7 ( , , )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + += + += + += + +

− − −− − −− − −− − −

7 7 7 7 7 7

7 ( , , )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + += + += + += + +

− − −− − −− − −− − −

( , , )
n n n n n n n n

n n
cyc

a b b c c a a b
F F a b c

a b b c c a a b

− − − −− − − −− − − −− − − −
= = + + == = + + == = + + == = + + =

− − − −− − − −− − − −− − − −∑∑∑∑

a b 3 23 4 5t t t= + −= + −= + −= + −
3 2

3 2

3 4 5

3 4 5

a a a

b b b

 = + −= + −= + −= + −


= + −= + −= + −= + −

0t ==== 3 23 4 5t t t= + −= + −= + −= + −

0a ≠≠≠≠ 0b ≠≠≠≠
3 2

3 2

3 4 5

3 4 5

a a a

b b b

 = + −= + −= + −= + −


= + −= + −= + −= + −
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សមមូល    

េគទញ 
  

ែចកអងគទំងពីរនឹង  េគបន ៖ 

  

នំឲយ
 

េគទញ 
 

 -េប  តម េគបន  
ែតតម

  េគ

បន  ,  និង 

 

េដយ  ជឬសៃន   េនះ   
េហតុេនះ   េគបន  ។ 

3 2 1

3 2 1

3 4 5

3 4 5

n n n n

n n n n

a a a a

b b b b

+ + ++ + ++ + ++ + +

+ + ++ + ++ + ++ + +

 = + −= + −= + −= + −


= + −= + −= + −= + −

3 3 2 2 1 13( ) 4( ) 5( )n n n n n n n na b a b a b a b+ + + + + ++ + + + + ++ + + + + ++ + + + + +− = − + − − −− = − + − − −− = − + − − −− = − + − − −
0a b− ≠− ≠− ≠− ≠

3 3 2 2 1 1

3 4 5
n n n n n n n na b a b a b a b

a b a b a b a b

+ + + + + ++ + + + + ++ + + + + ++ + + + + +− − − −− − − −− − − −− − − −
= + −= + −= + −= + −

− − − −− − − −− − − −− − − −

3 3 2 2 1 1

3 4 5
n n n n n n n n

cyc cyc cyc cyc

a b a b a b a b

a b a b a b a b

+ + + + + ++ + + + + ++ + + + + ++ + + + + +− − − −− − − −− − − −− − − −
= + −= + −= + −= + −

− − − −− − − −− − − −− − − −∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑ ∑ ∑

3 2 1( , , ) 3 ( , , ) 4 ( , , ) 5 ( , , )n n n nF a b c F a b c F a b c F a b c+ + ++ + ++ + ++ + += + −= + −= + −= + −

0n ==== (*) 3 2 1 03 4 5F F F F= + −= + −= + −= + −

( , , )
n n n n n n n n

n
cyc

a b b c c a a b
F a b c

a b b c c a a b

− − − −− − − −− − − −− − − −
= + + == + + == + + == + + =

− − − −− − − −− − − −− − − −∑∑∑∑

0 0F ==== 1 3
a b b c c a

F
a b b c c a

− − −− − −− − −− − −
= + + == + + == + + == + + =

− − −− − −− − −− − −
2 2 2 2 2 2

2 2( )
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + + = + += + + = + += + + = + += + + = + +

− − −− − −− − −− − −
, ,a b c 3 23 4 5t t t= + −= + −= + −= + − 3a b c+ + =+ + =+ + =+ + =

2 6F ==== 3 18 12 0 30F = + − == + − == + − == + − =
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-េប  តម េគបន  
  

-េប  តម េគបន 
  

 -េប  តម េគបន  
     
 -េប  តម េគបន  
     

    ដូចេនះ   

 
 
 
 
 
 
 
 
 

1n ==== (*)

4 3 2 13 4 5 90 24 15 99F F F F= + − = + − == + − = + − == + − = + − == + − = + − =

2n ==== (*)

5 4 3 23 4 5 297 120 30 387F F F F= + − = + − == + − = + − == + − = + − == + − = + − =

3n ==== (*)

6 5 4 33 4 5 1161 396 150 1407F F F F= + − = + − == + − = + − == + − = + − == + − = + − =

4n ==== (*)

7 6 5 43 4 5 4221 1548 495 5274F F F F= + − = + − == + − = + − == + − = + − == + − = + − =
7 7 7 7 7 7

7 ( , , ) 5274
a b b c c a

F a b c
a b b c c a

− − −− − −− − −− − −
= + + == + + == + + == + + =

− − −− − −− − −− − −
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លំហត់ទី០៣ 
 ជពហុធដឺេរកទី  ែដលេផទៀងផទ ត់ 

 ។ 
ក)បងហ ញថេដរេីវទី  ៃនអនុគមន៍  កំណត់េដយ 

 ។ 
ខ)ទញបញជ ក់ថ   
    េហយ   ។ 

(រRឡងសសិសពូែកគណិតវិទយឆន ២ំ០១១) 

ដំេណះរសយ 
ក)បងហ ញថេដរេីវទី  ៃនអនុគមន៍  កំណត់េដយ 

  
តមរបូមនតេដរេីវ  េនះេគបន 

 
េនះ  ពិតចំេពះ   ។ 
េយងឧបមថវពិតចំេពះ  គឺ  ពិត 
េយងនឹងរសយថវពិតចំេពះ  គឺ 

  
េគមន  

( )nP x n

1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +

n
2xy e−−−−====

2( ) ( )n x
ny e P x−−−−====

1 1( ) 2 ( ) 2 ( ) 0n n nP x x P x n P x+ −+ −+ −+ −+ + =+ + =+ + =+ + =

''( ) 2 '( ) 2 ( ) 0n n nP x xP x n P x− + =− + =− + =− + =

n
2xy e−−−−====

2( ) ( )n x
ny e P x−−−−====

(((( )))) ' '.u ue u e====
2 2 22

1' ( )' 2 . ( )x x xy x e x e e P x− − −− − −− − −− − −= − = − == − = − == − = − == − = − =
2

1' ( )xy e P x−−−−==== 1n ====

n k====
2( ) ( )k x

ky e P x−−−−====

1n k= += += += +
2( 1)

1( )k x
ky e P x+ −+ −+ −+ −

++++====
2( 1) ( ) ' ( ) 'k k x

ky y e P x+ −+ −+ −+ −        = == == == =             
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 ជពហុធដឺេរកទី  ែដលេផទៀងផទ ត់ 
 ។ 

យក  េគបន  
េគទញ  ពិត 
ដូចេនះ េដរេីវទី  ៃនអនុគមន៍  កំណត់េដយ 

  ។ 
ខ)ទញ ថ  និង 

   
មន  េនះ   ឬ  
តងអនុគមន៍  កំណត់េដយ  ។  

តមរបូមនតឡិបនិចេគមន    ែដល 

េគបន 

េគទញ   េដយ 

   

2 2

2

2 ( ) ' ( )

2 ( ) ' ( )

x x
k k

x
k k

xe P x e P x

e xP x P x

− −− −− −− −

−−−−

= − += − += − += − +

= − += − += − += − +        

( )nP x n

1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +

1n k= += += += + 1( ) 2 ( ) ' ( )k k kP x xP x P x++++ = − += − += − += − +
2( 1)

1( )k x
ky e P x+ −+ −+ −+ −

++++====

n
2xy e−−−−====

2( ) ( )n x
ny e P x−−−−====

1 1( ) 2 ( ) 2 ( ) 0n n nP x x P x n P x+ −+ −+ −+ −+ + =+ + =+ + =+ + =
''( ) 2 '( ) 2 ( ) 0n n nP x xP x n P x− + =− + =− + =− + =

2xy e−−−−====
2

' 2 2xy xe xy−−−−= − = −= − = −= − = −= − = − 2 ' 0xy y+ =+ =+ =+ =

z 2 'z xy y= += += += +

(((( ))))( ) ( ) ( )

0

n
n k n k k

n
k

uv C u v−−−−

====
==== ∑∑∑∑

!
!( )!

k
n

n
C

k n k
====

−−−−

( ) ( ) ( ) ( 1) 0 ( ) 1 ( 1) ( 1)

0

2 2 2 0
n

n k n k k n n n n
n n n

k

z C y x y C y x C y y− + − +− + − +− + − +− + − +

====
= + = + + == + = + + == + = + + == + = + + =∑∑∑∑

( 1) ( ) ( 1)2 2 0n n ny xy ny+ −+ −+ −+ −+ + =+ + =+ + =+ + =
2( ) ( )n x

ny e P x−−−−====
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េគបន  

សមមូល  
ដូចេនះ  ពិត ។ 
មយ៉ងេទៀតេគមន  េនះ 

 
េដយ  េនះេគបន ៖ 

  ឬ 
 

េគបន  
េធវេដរេីវេលអងគទំងពីរៃន  
េនះ េគបន   
េនះ  
យក  ជំនួសកនុង  េគបន 

 
ដូចេនះ  ពិត ។ 
 
 
 
 
 

2 2 2

1 1( ) 2 ( ) 2 ( ) 0x x x
n n ne P x xe P x ne P x− − −− − −− − −− − −

+ −+ −+ −+ −+ + =+ + =+ + =+ + =

2

1 1( ) 2 ( ) 2 ( ) 0x
n n ne P x xP x nP x−−−−

+ −+ −+ −+ −+ + =+ + =+ + =+ + =        

1 1( ) 2 ( ) 2 ( ) 0n n nP x xP x nP x+ −+ −+ −+ −+ + =+ + =+ + =+ + =

1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +

1( ) 2 ( ) ' ( )n n nP x x P x P x++++ = − += − += − += − +

1 1( ) 2 ( ) 2 ( ) 0n n nP x xP x nP x+ −+ −+ −+ −+ + =+ + =+ + =+ + =

12 ( ) ' ( ) 2 ( ) 2 ( ) 0n n n nxP x P x x P x nP x−−−−− + + + =− + + + =− + + + =− + + + =

1' ( ) 2 ( ) 0n nP x nP x−−−−+ =+ =+ =+ =

1' ( ) 2( 1) ( ) 0 (*)n nP x n P x++++ + + =+ + =+ + =+ + =

1 1( ) 2 ( ) ' ( )n n nP x x P x P x− −− −− −− −= − += − += − += − +

1 1 1' ( ) 2 ( ) 2 ' ( ) '' ( )n n n nP x P x xP x P x− − −− − −− − −− − −= − − += − − += − − += − − +

1' ( ) 2 ( ) 2 ' ( ) '' ( ) (**)n n n nP x P x xP x P x++++ = − − += − − += − − += − − +

(**) (*)

2 ( ) 2 ' ( ) '' ( ) 2( 1) ( ) 0n n nP x xP x P x n P x− − + + + =− − + + + =− − + + + =− − + + + =

'' ( ) 2 ' ( ) 2 ( ) 0n n nP x xP x nP x− + =− + =− + =− + =
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លំហត់ទី០៤ 
េគឧបមថពហុធ 5 3 2P(x) x x 2x x 3= − + − +  មនឬស 

1 2 3 4 5x ,x ,x ,x ,x  ។ 

េគយក 
2

4 2

x 3x 2
f (x)

x x 2

− +=
− −

 ។ ចូរគណនតៃមល 

[ ]
5

k 1 2 3 4 5
k 1

A f (x ) f (x )f (x )f (x )f (x )f (x )
=

= =∏  ? 

ដំេណះរសយ 
គណនតៃមល [ ]

5

k 1 2 3 4 5
k 1

A f (x ) f (x )f (x )f (x )f (x )f (x )
=

= =∏   

េដយ 5 3 2P(x) x x 2x x 3= − + − +  មនឬស 1 2 3 4 5x ,x ,x ,x ,x  
េនះ P(x)  អចសរេសរ ៖ 

5

1 2 3 4 5 k
k 1

P(x) (x x )(x x )(x x )(x x )(x x ) (x x )
=

= − − − − − = −∏  

េគមន 
2

4 2 2 2

x 3x 2 (x 1)(x 2) (x 1)(x 2)
f (x)

x x 2 (x 1)(x 2) (x i)(x i)(x 2)(x 2)

− + − − − −= = =
− − + − − + − +

 

                  (1 x)(2 x)

(i x)( i x)( 2 x)( 2 x)

− −=
− − − − − −

 

េគអចសរេសរ [ ]
5

k 1 2 3 4 5
k 1

A f (x ) f (x )f (x )f (x )f (x )f (x )
=

= =∏  
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5
k k

k 1 k k k k

5 5

k k
k 1 k 1

5 5 5 5

k k k k
k 1 k 1 k 1 k 1

(1 x )(2 x )

(i x )( i x )( 2 x )( 2 x )

(1 x ) (2 x )

(i x ) ( i x ) ( 2 x ) ( 2 x )

P(1)P(2)

P(i)P( i)P( 2)P( 2)

=

= =

= = = =

− −=
− − − − − −

− × −
=

− − − − − −

=
− −

∏

∏ ∏

∏ ∏ ∏ ∏
 

េដយេគមន 
P(1) 1 1 2 1 3 4

P(2) 32 8 8 2 3 33

P(i) i i 2 i 3 1 i

= − + − + =
= − + − + =
= + − − + = +

 

 
P( i) i i 2 i 3 1 i

P( 2) 4 2 2 2 4 2 3 7 2

− = − − − + + = −

= − + − + = +
 

 P( 2) 4 2 2 2 4 2 3 7 2− = − + + + + = −  
េគបន 4 33 4 33 22

A
2 45 15(1 i)(1 i)(7 2)(7 2)

× ×= = =
×+ − + −

 ។ 

ដូចេនះ [ ]
5

k 1 2 3 4 5
k 1

22
A f (x ) f (x )f (x )f (x )f (x )f (x )

15=

= = =∏   ។ 
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លំហត់ទី០៥ 
េគឧបមថ 1x  និង 2x  ជឬសៃនសមីករ 2x 2x 1 0− − =  ។ 
ចូរគណនតៃមល 7 4

1 2A 12x 169x= +  ? 
ដំេណះរសយ 
គណនតៃមល 7 4

1 2A 12x 169x= +   
េដយ 1x  និង 2x  ជឬសៃនសមីករ 2x 2x 1 0− − =   

េនះេគបន 
2
1 1

2
2 2

x 2x 1 0

x 2x 1 0

 − − =


− − =
 

ឬ 
2
1 1

2
2 2

x 2x 1 (1)

x 2x 1 (2)

 = +


= +
 

តម (1) េគបន 3 2
1 1 1 1 1 1x 2x x 2(2x 1) x 5x 2= + = + + = +  

េលកជកេរ 
6 2 2
1 1 1 1 1 1 1x (5x 2) 25x 20x 4 25(2x 1) 20x 4 70x 29= + = + + = + + + = +  

គុណអងគទំងពីរនឹង 1x េគបន 
7 2
1 1 1 1 1 1x 70x 29x 70(2x 1) 29x 169x 70= + = + + = +  

មយ៉ងេទៀតតម(2)េគបន 
4 2 2
2 2 2 2 2 2 2x (2x 1) 4x 4x 1 4(2x 1) 4x 1 12x 5= + = + + = + + + = +  

េហតុេនះ 

 
7 4
1 2 1 2

1 2

A 12x 169x 12(169x 70) 169(12x 5)

2028(x x ) 1685

= + = + + +
= + +
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តមរទឹសតីបទែវយត 1 2

b
x x 2

a
+ = − =  េនះេគបន 

A 2028 2 1685 5741= × + =  ។ 
ដូចេនះ 7 4

1 2A 12x 169x 5741= + =   ។ 
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លំហត់ទី០៦ 
េគឧបមថ 1 2 3x ,x ,x  និង 4x  ជឬសៃនសមីករ 

4 3 2x 3x 2x x 1 0− + − − =  ។ 
ចូរគណនតៃមល 4 4 4 4

1 2 3 4A x x x x= + + +  ? 
ដំេណះរសយ 
គណនតៃមល 4 4 4 4

1 2 3 4A x x x x= + + +   
តង n n n n

n 1 2 3 4S x x x x= + + +  ែដល n∈ℤ េនះេគបន 
4A S=  

េគមន kx , k 1,2,3,4=  ជឬសៃនសមីករ
4 3 2x 3x 2x x 1 0− + − − =  េនះេគបន ៖ 

4 3 2
k k k kx 3x 2x x 1 0 (1)− + − − =   

គុណអងគទំងពីរៃន (1) នឹង n
kx  េគបន 

n 4 n 3 n 2 n 1 n
k k k k kx 3x 2x x x 0+ + + +− + − − =   

េហតុេនះ 
4

n 4 n 3 n 2 n 1 n
k k k k k

k 1

(x 3x 2x x x ) 0+ + + +

=

− + − − =∑  ឬ 

n 4 n 3 n 2 n 1 nS 3S 2S S S 0+ + + +− + − − =  
េគទញ n 4 n 3 n 2 n 1 nS 3S 2S S S (2)+ + + += − + +  
យក n 0=  ជួសកនុង (2)  េគបន 4 3 2 1 0S 3S 2S S S (3)= − + +  
យក n 1= −  ជួសកនុង (2)  េគបន 3 2 1 0 1S 3S 2S S S (4)−= − + +  
េគមន 0 1 1 2 3 4S 1 1 1 1 4 , S x x x x 3= + + + = = + + + =  
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2 2 2 2
2 1 2 3 4

2
1 2 3 4 1 2 1 3 3 4

2

S x x x x

(x x x x ) 2(x x x x ... x x )

3 2(2) 5

= + + +

= + + + − + + +

= − =

 

           

1
1 2 3 4

2 3 4 1 3 4 1 2 3 1 2 3

1 2 3 4

1 1 1 1
S

x x x x

x x x x x x x x x x x x

x x x x

1
1

1

− = + + +

+ + +=

= = −
−

 

តម(4)េគបន 3S 3(5) 2(3) 4 ( 1) 16= − + + − =  
តម(4)េគបន 4S 3(16) 2(5) 3 4 45= − + + =  
ដូចេនះ 4 4 4 4

1 2 3 4A x x x x 45= + + + =  
��� សមគ ល់រទសឹតីបទែវយតកនុងសមកីរដឺេរកទីបួន  

េប 1 2 3 4x ,x ,x ,x  ជឬសសមីករ 4 3 2ax bx cx dx e 0+ + + + =  េនះ

េគមន ៖ 

1 2 3 4

1 2 1 3 1 4 2 3 2 4 3 4

1 2 3 1 2 4 1 3 4 2 3 4

1 2 3 4

b
x x x x

a
c

x x x x x x x x x x x x
a

d
x x x x x x x x x x x x

a
e

x x x x
a

 + + + = −

 + + + + + =


 + + + = −


 =
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លំហត់ទី០៧ 
េគឲយសមីករ 

4 3 2 2(E) : x 2(m 1)x (2m 3)x (11m 6)x 5m 4 0− + + + − + + + =  
ែដល m∈ℜ ជប៉រ៉ែម៉រត ។ 
ក)កំណត់តៃមល m  េដមបឲីយសមីករ (E) មនឬសបួន 

1 2 3 4x ,x ,x ,x  េផទៀងផទ ត់ទំនក់ទំនង ៖
2 2 2 2

1 2 3 3x x x x 30+ + + =  ។ 
ខ)េដះរសយសមីករ (E) ចំេពះតៃមល m  ែដលបនរក       
    េឃញខងេល ។ 
ដំេណះរសយ 
ក)កំណត់តៃមល m  ៖ 
េប 1 2 3 4x ,x ,x ,x  ជឬសរបស់សមីករ (E) េនះេគមន
ទំនក់ទំនង ៖ 

1 2 3 4

2
1 2 1 3 1 4 2 3 2 4 3 4

1 2 3 1 2 4 1 3 4 2 3 4

1 2 3 4

x x x x 2(m 1) (1)

x x x x x x x x x x x x 2m 3 (2)

x x x x x x x x x x x x 11m 6 (3)

x x x x 5m 4 (4)

+ + + = +
 + + + + + = +


+ + + = +
 = +

  

 

តមលកខខណឌ សមមតិកមម  2 2 2 2
1 2 3 3x x x x 30 (5)+ + + =  
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េដយ 
2 2 2 2 2

1 2 3 4 1 2 3 4 1 2 1 3 3 4x x x x (x x x x ) 2(x x x x ... x x ) (6)+ + + = + + + − + + +

យកទំនក់ទំនង (1) , (2) និង (5) ជួសកនុង (6) េគបន ៖ 

            

2 2

2 2

30 4(m 1) 2(2m 3)

30 4m 8m 4 4m 6

30 8m 2

32 8m

32
m 4

8

= + − +
= + + − −
= −
=

= =

 

ដូចេនះ  m 4=   ។ 
ខ)េដះរសយសមីករ (E) ៖ 
ចំេពះ m 4= សមីករអចសរេសរ 

4 3 2(E) : x 10x 35x 50x 24 0− + − + =  
សមមូល (E) : (x 1)(x 2)(x 3)(x 4) 0− − − − =  
េដមបឲីយផលគុណៃនកតត េសមសូនយលុះរតែត និង រគន់ែត
កតត មួយេសមសូនយ ។ 
េគបន x {1,2,3,4}∈  ជសំណំុឬសរបស់សមីករ ។ 
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លំហត់ទី០៨ 
េគមនសមីករ  
កំណត់  េដមបឱីយសមីករេនះមនឬសបី  បេងកត 
បនជសវុីតនពវនតមួយ ។ 
ដំេណះរសយ 
កំណត់ m   
េប  ជឬសរបស់សមីករេនះតមរទឹសតីបទែវយត 
េគមនទំនក់ទំនង 

 

េប  បេងកតបនជសវុីតនពវនតេនះ  
យកសមីករ  ជួសកនុង  េគបន    
ឬ   ។ 

តមសមីករ  េគបន  
តមសមីករ  េគបន  

ឬ  
ឬ    ឬ   នំឱយ    
ដូចេនះ    ។ 

016m10x)7m6(2mx3x 23 ====−−−−++++−−−−++++++++

m 321 x,x,x

321 x,x,x









++++−−−−====
−−−−====++++++++

−−−−====++++++++

)3(16m10xxx

)2()7m6(2xxxxxx

)1(m3xxx

321

313221

321

321 x,x,x )4(x2xx 231 ====++++

)4( )1( m3x3 2 −−−−====

mx2 −−−−====

)3(
m

16m10
x

16m10
xx

2
31

−−−−====−−−−−−−−====

)2( 14m12xxx)xx( 31231 −−−−====++++++++

14m12
m

16m10
)m(m2 −−−−====−−−−++++−−−−−−−−

016m24m12m2 23 ====−−−−++++−−−− 0)2m(2 3 ====−−−− 2m ====

2m ====
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លំហត់ទី០៩ 

ចំេពះរគប់  េគមន    

ក.គណនតៃមលេលខៃន  ែដលបំេពញលកខខណឌ  
ខងេល។ 
ខ.ទញរកតៃមល   ។ 
ដំេណះរសយ 
ក.គណនតៃមលេលខៃន  

េគមន  

េដយ   
េនះ  
េគបន  
េគទញ  

នំឱយ  
េហយ  េនះ  

ដូចេនះ   ។ 

1≥≥≥≥n








====−−−−++++
++++++++++++====

====

2

23

)()1(

)(

1)1(

nnfnf

dcnbnannf

f

dcba ;;;

2222 ....321 nSn ++++++++++++++++====

dcba ;;;









====−−−−++++
++++++++++++====

====

2

23

)()1(

)(

1)1(

nnfnf

dcnbnannf

f

dcnbnannf ++++++++++++==== 23)(

dncnbnanf ++++++++++++++++++++++++====++++ )1()1()1()1( 23

cbanbaannfnf ++++++++++++++++++++====−−−−++++ )23(3)()1( 2

22 )23(3 ncbanbaan ====++++++++++++++++++++

6
1

;
2
1

;
3
1 ====−−−−======== cba

1)1( ====++++++++++++==== dcbaf 1====d

1;
6
1

;
2
1

;
3
1 ========−−−−======== dcba
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ខ.ទញរកតៃមល    
តមសរមយខងេលេគបន ៖ 

 
េដយ  

េគបន  
               
េដយ   

េនះ  

េហយ  

                      

ដូចេនះ   ។ 

 
 
 
 

2222 ....321 nSn ++++++++++++++++====

1
6
1

2
1

3
1

)( 23 ++++++++−−−−==== nnnnf

2)()1( nnfnf ====−−−−++++

[[[[ ]]]]∑∑∑∑∑∑∑∑
========

−−−−++++========
n

k

n

k
n kfkfkS

11

2 )()1(

)1()1( fnf −−−−++++====

1
6
1

2
1

3
1

)( 23 ++++++++−−−−==== nnnnf

11
6
1

2
1

3
1

)1( ====++++++++−−−−====f

1)1(
6
1

)1(
2
1

)1(
3
1

)1( 23 ++++++++++++++++−−−−++++====++++ nnnnf

1
6

)12)(1(
1

6
32

1
6
1

2
1

3
1

23
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លំហត់ទី១០ 
េគឲយពហុធ 4 3 2P(x) x 2x 3x 5x 1= + + + −= + + + −= + + + −= + + + −  
តង a ,b ,c ,d ជឬសរបស់ P(x) ។ 

ចូរគណនតៃមលៃន 1 1 1 1
S

a 2 b 2 c 2 d 2
= + + += + + += + + += + + +

+ + + ++ + + ++ + + ++ + + +
  ។ 

ដំេណះរសយ 
គណនតៃមលៃន 1 1 1 1

S
a 2 b 2 c 2 d 2

= + + += + + += + + += + + +
+ + + ++ + + ++ + + ++ + + +

   

េដយ a ,b ,c ,d ជឬសរបស់ P(x)េនះេគអចសរេសរ ៖ 
          P(x) (x a)(x b)(x c)(x d)= − − − −= − − − −= − − − −= − − − −  
េគបន P'(x) 1 1 1 1

P(x) x a x b x c x d
= + + += + + += + + += + + +

− − − −− − − −− − − −− − − −
 

យក x 2= −= −= −= −  េនះ 
P'( 2) 1 1 1 1

( ) S
P( 2) a 2 b 2 c 2 d 2

−−−− = − + + + = −= − + + + = −= − + + + = −= − + + + = −
− + + + +− + + + +− + + + +− + + + +

 

េគទញ P'( 2)
S

P( 2)
−−−−= −= −= −= −
−−−−

  ែត P( 2) 16 16 12 10 1 1− = − + − − =− = − + − − =− = − + − − =− = − + − − =         
3 2P '(x) 4x 6x 6x 5= + + += + + += + + += + + +  េនះ P'( 2) 15− = −− = −− = −− = −   ។ 

 ដូចេនះ S 15====   ។ 
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លំហត់ទី១១ 
កំណត់ចំនួនគត់វជិជមន n  និងចំនួនពិត λλλλ  េដមបីឲយពហុធ 

n 3P(x) x 12x x (2 81)= − + λ − λ += − + λ − λ += − + λ − λ += − + λ − λ +   ែចកដច់នឹងពហុធ 
2Q(x) x 12x 27= − += − += − += − +  ។ 

ដំេណះរសយ 
កំណត់ចំនួនគត់វជិជមន n  និងចំនួនពិត λλλλ  
េគមន 2Q(x) x 12x 27 (x 3)(x 9) 0= − + = − − == − + = − − == − + = − − == − + = − − =  
េនះ 1x 3====   ឬ   2x 9====   ។ 

េគបន P(3) 0
Q(x) | P(x)

P(9) 0

====⇔⇔⇔⇔  ====
  ឬ   

n

n

3 405 0 (1)

9 7 8829 0 (2)

 + λ − =+ λ − =+ λ − =+ λ − =


+ λ − =+ λ − =+ λ − =+ λ − =
 

េដះរសយរបពនឋ័សមីករេនះេគបន n 4 , 324= λ == λ == λ == λ =   ។ 
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លំហត់ទី១២ 
កំណត់ចំនួនពិត a  និងចំនួនពិត b  េដមបឲីយពហុធ 

6 4 3 2P(x) x 3x ax bx ax 1= − + + − += − + + − += − + + − += − + + − +   ែចកដច់នឹងពហុធ 
2(x 1)−−−−  ។ 

ដំេណះរសយ 
កំណត់ចំនួនពិត a  និងចំនួនពិត b  
េប 2(x 1) | P(x)−−−−   េនះ (x 1) | P'(x)−−−−   េគទញបន 

P(1) 0

P'(1) 0

====
 ====

 

េដយ P(1) 1 3 a b a 1 b 1 0= − + + − + = − == − + + − + = − == − + + − + = − == − + + − + = − =  េនះ b 1====  
េហយ 5 3 2P '(x) 6x 12x 3ax 2bx a= − + + −= − + + −= − + + −= − + + −  
េនះ  P'(1) 6 12 3a 2b a 2a 2b 6 0= − + + − = + − == − + + − = + − == − + + − = + − == − + + − = + − =   
េគទញ a 3 b 3 1 2= − = − == − = − == − = − == − = − =   ។ 
ដូចេនះ a 2====   និង  b 1====   ។ 
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លំហត់ទី១៣ 
កំណត់ចំនួនពិត a  និងចំនួនពិត b  េដមបឲីយពហុធ 

5P(x) ax bx 1= + += + += + += + +   ែចកដច់នឹងពហុធ 
2Q(x) x 2x 1= − −= − −= − −= − −  ។ 

ដំេណះរសយ 
កំណត់ចំនួនពិត a  និងចំនួនពិត b  
តង αααα និង ββββ ជឬសៃនពហុធ 2Q(x) x 2x 1= − −= − −= − −= − −   
េនះតមរទឹសតីបទែវយតេគមន 2α + β =α + β =α + β =α + β =   និង 1αβ = −αβ = −αβ = −αβ = −   ។ 

េដមបឲីយ Q(x) | P(x) លុះរតែត 
P( ) 0

P( ) 0

α =α =α =α =
 β =β =β =β =

 

ឬ  
5

5

a b 1 0 (1)

a b 1 0 (2)

 α + α + =α + α + =α + α + =α + α + =


β + β + =β + β + =β + β + =β + β + =
 

គុណសមីករ (1) នឹង ββββ េហយសមីករ (2) នឹង −α−α−α−α  រចួបូក
គន េគបន 

5 5a( ) ( ) 0α β − αβ − α − β =α β − αβ − α − β =α β − αβ − α − β =α β − αβ − α − β =   នំឲយ 4 4a
( )

α − βα − βα − βα − β====
αβ α − βαβ α − βαβ α − βαβ α − β

 

ឬ  2 2 2

1 1
a

( )( ) ( )[( ) 2 ]
= == == == =

αβ α + β α + β αβ α + β α + β − αβαβ α + β α + β αβ α + β α + β − αβαβ α + β α + β αβ α + β α + β − αβαβ α + β α + β αβ α + β α + β − αβ
 

េដយ 2α + β =α + β =α + β =α + β =   និង 1αβ = −αβ = −αβ = −αβ = −   េនះ 

2

1 1
a

12( 1)(2)(2 2)
= = −= = −= = −= = −

− +− +− +− +
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មយ៉ងេទៀតដកសមីករ (1) និង (2) អងគ និង អងគេគបន ៖ 
5 5a( ) b( ) 0α − β + α − β =α − β + α − β =α − β + α − β =α − β + α − β =   េនះ 

5 5

b a
α − βα − βα − βα − β= − ×= − ×= − ×= − ×
α − βα − βα − βα − β  

ឬ 4 3 2 2 3 4b ( )a= − α + α β + α β + αβ + β= − α + α β + α β + αβ + β= − α + α β + α β + αβ + β= − α + α β + α β + αβ + β  

ឬ  
4 4 2 2 2 2[( ) ( ) ]

b
12

α + β + αβ α + β + α βα + β + αβ α + β + α βα + β + αβ α + β + α βα + β + αβ α + β + α β====     េរពះ  1
a

12
= −= −= −= −  

េដយ 2 2 2( ) 2 4 2 6α + β = α + β − αβ = + =α + β = α + β − αβ = + =α + β = α + β − αβ = + =α + β = α + β − αβ = + =  
េហយ  4 4 2 2 2 2 2( ) 2 36 2 34α + β = α + β − α β = − =α + β = α + β − α β = − =α + β = α + β − α β = − =α + β = α + β − α β = − =  

េគបន 34 6 1 29
b

12 12
− +− +− +− += == == == =   ។ 

ដូចេនះ  1 29
a , b

12 12
= − == − == − == − =     ។ 
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លំហត់ទី១៤ 
េគឲយពហុធដឺេរកទីបី P(x) មួយ ។ េគដឹងថ P(x) ែចកនឹង 
x 2−−−−  
ឲយសំណល់ 2 និងP(x) ែចកនឹង x 2++++ ឲយសំណល់ 2−−−−  ។ 
ក/រកសំណល់ៃនវធីិែចករវង P(x) នឹង 2x 4−−−−   ។ 
ខ/េគដឹងថ P(0) P(1) 8= = −= = −= = −= = −  ។ រក P(x) ? 
ដំេណះរសយ 
ក/រកសំណល់ៃនវធីិែចករវង P(x) នឹង 2x 4−−−−    

តមបំរប់េគបន 
1

2

P(x) 2
Q (x) (1)

x 2 x 2
P(x) 2

Q (x) (2)
x 2 x 2

 = += += += + − −− −− −− −
 −−−− = += += += +
 + ++ ++ ++ +

 

េធវផលសងរវសងសមីករ (1) និង (2) អងគនិងអងគេគបន ៖ 

   1 2
1 1 2 2

( )P(x) Q (x) Q (x)
x 2 x 2 x 2 x 2

− = − + +− = − + +− = − + +− = − + +
− + − +− + − +− + − +− + − +

   

ឬ 1 22 2

4 4x
P(x) Q (x) Q (x)

x 4 x 4
= − += − += − += − +

− −− −− −− −
   

ឬ  2 2

P(x) x
Q(x) (3)

x 4 x 4
= += += += +

− −− −− −− −
 ែដល 1 2Q (x) Q (x)

Q(x)
4
−−−−====   

តមទំនក់ទំនង (3) េគទញបនថសំណល់ៃនវធីិែចករវង 
P(x)នឹង 2x 4−−−−  គឺ R(x) x====   ។ 
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ខ-រកពហុធ P(x) ៖ 
តម (3) េគសរេសរ 2P(x) (x 4)Q(x) x= − += − += − += − +  
េដយ P(x) ជពហុធដឺេរកទីបីេនះ Q(x) រតូវែតជពហុធ
ដឺេរកទី១ 
េហតុេនះេគអចតង R(x) ax b= += += += +   
េគសរេសរ 2P(x) (x 4)(ax b) x= − + += − + += − + += − + +  
ចំេពះ x 0====  េគបន P(0) 4b 8= − = −= − = −= − = −= − = −  េនះ b 2====  ។ 
ចំេពះ x 1====  េគបន P(1) 3(a b) 1 8= − + + = −= − + + = −= − + + = −= − + + = −  
េគទញ a 3 b 3 2 1= − = − == − = − == − = − == − = − =  ។ 
ដូចេនះ 2 3 2P(x) (x 4)(x 2) x x 2x 3x 8= − + + = + − −= − + + = + − −= − + + = + − −= − + + = + − −   ។ 
 
 
 
 
 
 
 
 
 
 



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  59 

 

លំហត់ទី១៥ 
េគឲយពហុធដឺេរកទីបី P(x) មួយ ។  
េគដឹងថ 2P(x 1) P(x) x+ − =+ − =+ − =+ − =   និង P(0) 0====  ។ 
ក/ចូររកពហុធ P(x) ។ 
ខ/េរបលទឋផលខងេលចូររសយថ ៖ 

   2 2 2 2 n(n 1)(2n 1)
1 2 3 ... n

6
+ ++ ++ ++ ++ + + + =+ + + + =+ + + + =+ + + + =    

ដំេណះរសយ 
ក/ រកពហុធ P(x) ៖ 
តង 3 2P(x) ax bx cx d= + + += + + += + + += + + +  
េគបន 3 2P(x 1) a(x 1) b(x 1) c(x 1) d+ = + + + + + ++ = + + + + + ++ = + + + + + ++ = + + + + + +  
           2P(x 1) P(x) 3ax (3a 2b)x a b c+ = + + + + + ++ = + + + + + ++ = + + + + + ++ = + + + + + +  
ឬ 2P(x 1) P(x) 3ax (3a 2b)x a b c (1)+ − = + + + + ++ − = + + + + ++ − = + + + + ++ − = + + + + +  
តមសមមតិកមម  2P(x 1) P(x) x (2)+ − =+ − =+ − =+ − =   
េដយេរបៀបេធៀបសមភព (1) និង (2) េគទញបន ៖ 

3a 1

3a 2b 0

a b c 0

====
 + =+ =+ =+ =
 + + =+ + =+ + =+ + =

  នំឲយ 1 1 1
a , b , c

3 2 6
= = − == = − == = − == = − =  

េគបន  3 21 1 1
P(x) x x x d

3 2 6
= − + += − + += − + += − + +  េដយ P(0) 0====  េនះ 

d 0====  
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ដូចេនះ  3 21 1 1 x(x 1)(2x 1)
P(x) x x x

3 2 6 6
− −− −− −− −= − + == − + == − + == − + =   ។ 

ខ/ រសយថ 2 2 2 2 n(n 1)(2n 1)
1 2 3 ... n

6
+ ++ ++ ++ ++ + + + =+ + + + =+ + + + =+ + + + =    

េគមន 2P(x 1) P(x) x+ − =+ − =+ − =+ − =  េនះ 

[[[[ ]]]]
n n

2

k 1 k 1
P(k 1) P(k) k

= == == == =
+ − =+ − =+ − =+ − =∑ ∑∑ ∑∑ ∑∑ ∑  

េគទញ 
n

2

k 1
k P(n 1) P(1)

====
= + −= + −= + −= + −∑∑∑∑  េដយ 

x(x 1)(2x 1)
P(x)

6
− −− −− −− −====  

េនះ P(1) 0====  និង n(n 1)(2n 1)
P(n 1)

6
+ ++ ++ ++ ++ =+ =+ =+ =  

ដូចេនះ 
n

2 2 2 2 2

k 1

n(n 1)(2n 1)
k 1 2 3 ... n

6====

+ ++ ++ ++ += + + + + == + + + + == + + + + == + + + + =∑∑∑∑    

 
 
 
 
 
 
 
 



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  61 

 

លំហត់ទី១៦ 
េគឲយពហុធដឺេរកទីបី P(x) មួយ ។ េគដឹងថ 

32P(x) P(x 1) x− + =− + =− + =− + =    
ក/ចូររកពហុធ P(x) ។ 
ខ/េរបលទឋផលខងេលចូរគណនផលបូក ៖ 

   
3 3 3 3

n 2 3 n

1 2 3 n
S ....

2 2 2 2
= + + + += + + + += + + + += + + + +    

ដំេណះរសយ 
ក/រកពហុធ P(x) ៖ 
តង 3 2P(x) ax bx cx d= + + += + + += + + += + + +  
េនះ 3 2P(x 1) a(x 1) b(x 1) c(x 1) d+ = + + + + + ++ = + + + + + ++ = + + + + + ++ = + + + + + +  
េគបន ៖ 

3 22P(x) P(x 1) ax (b 3a)x (c 2b 3a)x d a b c− + = + − + − − + − − −− + = + − + − − + − − −− + = + − + − − + − − −− + = + − + − − + − − −
 

េដយ 32P(x) P(x 1) x− + =− + =− + =− + =   េនះ 

a 1

b 3a 0

c 2b 3a 0

d a b c 0

====
 − =− =− =− =
 − − =− − =− − =− − =
 − − − =− − − =− − − =− − − =

 

េគទញបន a 1 , b 3 , c 9 , d 13= = = == = = == = = == = = =  
ដូចេនះ 3 2P(x) x 3x 9x 13= + + += + + += + + += + + +   ។ 
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ខ/េរបលទឋផលខងេលចូរគណនផលបូក ៖ 

   
3 3 3 3

n 2 3 n

1 2 3 n
S ....

2 2 2 2
= + + + += + + + += + + + += + + + +    

េគមន 32P(x) P(x 1) x− + =− + =− + =− + =  
យក x k====  េនះ 32P(k) P(k 1) k− + =− + =− + =− + =   ែដល k 1, 2, 3, ...====  

ែចកសមភពនឹង k 12 ++++    េនះ    
3

k k 1 k 1

P(k) P(k 1) k

2 2 2+ ++ ++ ++ +
++++− =− =− =− =  

េគបន 
3n n

nk k 1 k
k 1 k 1

P(k) P(k 1) 1 k 1
S

2 22 2 2++++
= == == == =

++++    − = =− = =− = =− = =        
∑ ∑∑ ∑∑ ∑∑ ∑  

េហតុេនះ n n 1 n

P(1) P(n 1) P(n 1)
S 2 P(1)

2 2 2++++
+ ++ ++ ++ +    = − = −= − = −= − = −= − = −        

 

ែត 3 2P(1) 26 , P(n 1) (n 1) 3(n 1) 9(n 1) 13= + = + + + + + += + = + + + + + += + = + + + + + += + = + + + + + +  
                                 3 2n 6n 18n 26= + + += + + += + + += + + +  
ដូចេនះ 

3 2

n n

n 6n 18n 26
S 26

2

+ + ++ + ++ + ++ + += −= −= −= −   ។ 
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លំហត់ទី១៧ 
េគឲយពហុធដឺេរកទីបី P(x) មួយ ។  
េគដឹងថ P(x) 3−−−−  ែចកដច់នឹង 2(x 3)−−−−  និង P(x) 3++++  ែចក
ដច់នឹង 

2(x 3)++++  ។ ចូរកំណត់រកពហុធ P(x) ? 
ដំេណះរសយ 
កំណត់រកពហុធ P(x) ៖ 
េគមន 2(x 3) | P(x) 3− −− −− −− −  េនះ (x 3) | P '(x)−−−−  
េហយ 2(x 3) | P(x) 3+ ++ ++ ++ +  េនះ (x 3) | P'(x)++++  
េដយ GCD(x 3,x 3) 1− + =− + =− + =− + =  េនះ (x 3)(x 3) | P'(x)− +− +− +− +  
នំឲយមន a IR∈∈∈∈  ែដល 2P '(x) a(x 3)(x 3) a(x 9)= − + = −= − + = −= − + = −= − + = −  

េគបន 
3

2 x
P(x) a (x 9).dx a( 9x) C

3
= − = − += − = − += − = − += − = − +∫∫∫∫  

មយ៉ងេទៀតមន P(3) 3====   និង P( 3)− = −− = −− = −− = − េនះ 
18a C 3

18a C 3

− + =− + =− + =− + =
 + = −+ = −+ = −+ = −

 

េគទញបន 1
a , C 0

6
= − == − == − == − =   ។ ដូចេនះ 

31 3x
P(x) x

18 2
= − += − += − += − +   ។ 
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លំហត់ទី១៨ 
កំណត់រកពហុធ P(x) មួយែដលេផទៀងផទ ត់លកខខណឌ័  ៖ 

2 2 2P(x ) x (x 1)P(x)= += += += +    និង P(2) 2====   
ដំេណះរសយ 
កំណត់រកពហុធ P(x) 
តង n  ជដឺេរកៃនពហុធ P(x) េហយេដយេគមន
សមភព 2 2 2P(x ) x (x 1)P(x) (1)= += += += +    
 េនះ 2n 2 2 n n 4= + + = += + + = += + + = += + + = +  ឬ n 4====  ។ 
ជំនួស x  េដយ x−−−−  កនុង (1) េនះ 

2 2 2P(x ) x (x 1)P( x) (2)= + −= + −= + −= + −  
តម (1) និង (2) េគបនP(x) P( x)= −= −= −= −  េនះ P(x)ជអនុគម
ន៍គូ។ 
យក x 0====  េគបន P(0) 0====  
យក x i====  េគបន P( 1) 0− =− =− =− =  
យក x 1= −= −= −= −  េគបន P(1) 2P( 1) 0= − == − == − == − =  
េគបន P(0) P( 1) P(1) 0= − = == − = == − = == − = =  េនះ 0, 1,1−−−−  ជឬសៃន
P(x) 
េគបន P(x) x(x 1)(x 1)(ax b)= − + += − + += − + += − + +  ែដល a 0≠≠≠≠  
េដយ P(x) ជអនុគមន៍គូេនះេគទញបន b 0====  ។ 
េហតុេនះ 2 2P(x) ax (x 1)= −= −= −= −   
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េដយ P(2) 2====  េនះេគបន 12a 2====  នំឲយ 1
a

6
====  

ដូចេនះ 
4 2

2 21 x x
P(x) x (x 1)

6 6 6
= − = −= − = −= − = −= − = −   ។ 
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លំហត់ទី១៩ 
េគឲយ a និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   ។  
ចូរបងហ ញថ ab ជឬសៃន 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −  
ដំេណះរសយ 
បងហ ញថ ab ជឬសៃន Q(x) 
តង S a b= += += += +   និង P ab====   េនះ a និង bជឬសៃន 

2x Sx P 0− + =− + =− + =− + =  
េដយ a និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   េនះេគអច
ដក់ 

2x Sx P− +− +− +− +  ជកតត រមួកនុង P(x) ។ េគអចសរេសរ ៖ 
4 3 2 2x x 1 (x Sx P)(x cx d)+ − = − + + ++ − = − + + ++ − = − + + ++ − = − + + +  

                

2 2

2 2

2 2

1 S
P( x x 1)(x cx d)

P P
1 S

( x x 1)(Px Pcx Pd)
p P

1
( x ux 1)(px vx w)
p

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

 

ែដល S
u , v Pc , w Pd

P
= = == = == = == = =   ។ 

តមសមភពខងេលេនះេគទញបន w 1= −= −= −= −  ។ 

េគទញបន 4 3 2 21
x x 1 ( x ux 1)(px vx 1)

p
+ − = − + + −+ − = − + + −+ − = − + + −+ − = − + + −  
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ឬ 
4 3 4 3 2v 1

x x 1 x ( up)x (p uv)x (u v)x 1
p p

+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −

 

េគទញ 

v
uP 1 (1)

P
1

P uv 0 (2)
P

u v 0 (3)

 − =− =− =− =

 − − =− − =− − =− − =


+ =+ =+ =+ =


 

តម (1) និង (3) េគទញបន 2

P
v u , u

1 P
= − = −= − = −= − = −= − = −

++++
 

ទំនក់ទំនង (2) េទជ 
2

2 2

1 P
P 0

P (1 P )
− + =− + =− + =− + =

++++
 

នំឲយ 6 4 3 2P P P P 1 0+ + + − =+ + + − =+ + + − =+ + + − =   មនន័យថ P ab====   
ជឬសរបស់ពហុធ 6 4 3 2Q(x) x x x x 1= + + + −= + + + −= + + + −= + + + −   ។ 
ដូចេនះេប a និង bជឬសៃន P(x) េនះ abជឬសៃនQ(x) 
 
 
 
 
 



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  68 

 

លំហត់ទី២០ 
េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +  ។ 
េគដឹងថ P(1) 1 , P(2) 8= == == == = និង P(3) 27====   ។ 
ចូររសយថ 4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 
ដំេណះរសយ 
រសយថ 4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  
តងពហុធ 3P(x) f (x) x= −= −= −= −  
ចំេពះ k 1,2,3==== េគបន 3P(k) f (k) k 0= − == − == − == − =  
េគទញបន x 1 , 2 , 3====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x)ជពហុធដឺរកទីបួនមនេលខេមគុណមុខតួ 4x

េសម 1 េនះ 
េគទញP(x)ជពហុធដឺរកទីបួនមនេលខេមគុណមុខតួ 4x

េសម 1ែដរ 
េហតុេនះពហុធ P(x) អចសរេសរ ៖ 
P(x) (x 1)(x 2)(x 3)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ែដលααααជឬសមួយេទៀត
ៃន P(x) 
េគបន 3 3f (x) P(x) x (x 1)(x 2)(x 3)(x ) x= + = − − − − α += + = − − − − α += + = − − − − α += + = − − − − α +  
-ចំេពះ x 2= + λ= + λ= + λ= + λ  េគបន ៖ 

2 3f (2 ) ( 1)(2 ) (2 ) (1)+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ   
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-ចំេពះ x 2= − λ= − λ= − λ= − λ  េគបន ៖ 
2 3f (2 ) ( 1)(2 ) (2 ) (2)− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ   

បូកទំនក់ទំនង (1) និង (2) េគបន ៖  
4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 
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លំហត់ទី២១ 
េប P(x) ,Q(x),R(x) និង S(x) ជពហុធេដយដឹងថ ៖ 

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   
េនះចូររសយថ x 1−−−−  ជកតត ៃន P(x) ។ 
ដំេណះរសយ 
រសយថx 1−−−−  ជកតត ៃន P(x)៖ 
េគមន 

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x) (*)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   

យក 
2 i
5e
ππππ

α =α =α =α =   េនះ 5 1α =α =α =α =    

េហយ 
5

4 3 2 1
1 0

1
α −α −α −α −α + α + α + α + = =α + α + α + α + = =α + α + α + α + = =α + α + α + α + = =
α −α −α −α −

 

ជំនួស x  េដយ 2 3 4, , ,α α α αα α α αα α α αα α α α  កនុង (*)  េនះេគបន ៖ 
2

2 4

3

4 3

P(1) Q(1) R(1) 0 (1)

P(1) Q(1) R(1) 0 (2)

P(1) Q(1) R(1) 0 (3)

P(1) Q(1) R(1) 0 (4)

 + α + α =+ α + α =+ α + α =+ α + α =


+ α + α =+ α + α =+ α + α =+ α + α =


+ α + α =+ α + α =+ α + α =+ α + α =
 + α + α =+ α + α =+ α + α =+ α + α =

   

គុណសមីករ (1),(2),(3) និង (4) នឹងចំនួនេរៀងគន  
2 3 4, , ,−α − α − α −α−α − α − α −α−α − α − α −α−α − α − α −α  
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េគបន 

2 3

2 4

3 4

4 3 2

P(1) Q(1) R(1) 0 (5)

P(1) Q(1) R(1) 0 (6)

P(1) Q(1) R(1) 0 (7)

P(1) Q(1) R(1) 0 (8)

 − α − α − α =− α − α − α =− α − α − α =− α − α − α =


− α − α − α =− α − α − α =− α − α − α =− α − α − α =


− α − α − α =− α − α − α =− α − α − α =− α − α − α =
 − α − α − α =− α − α − α =− α − α − α =− α − α − α =

   

បូកសមីករទំង(8)ខងេលេគបន 5P(1) 0====  េនះ P(1) 0====  
ដូចេនះ x 1−−−−  ជកតត ៃន P(x) ។ 
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លំហត់ទី២២ 
េគឲយ P(x) ជពហុធដឺេរកទី n  ។  

េគដឹងថ k
P(k)

k 1
====

++++
 ចំេពះ k 0,1,2 , ....,n====   ។ 

ចូរកំណត់ P(n 1)++++   ។ 
ដំេណះរសយ 
តងQ(x) (x 1)P(x) x= + −= + −= + −= + −  េនះ Q(k) 0====  រគប់
k 0,1,2 , ....,n====  ។ 
េនះេគអចសរេសរ 
Q(x) ax(x 1)(x 2)(x 3)...(x n)= − − − −= − − − −= − − − −= − − − −  
េគទញបន 
(x 1)P(x) x ax(x 1)(x 2)(x 3)....(x n)+ − = − − − −+ − = − − − −+ − = − − − −+ − = − − − −  

យក x 1= −= −= −= −  េគបន n 11 a( 1) .(n 1)!++++= − += − += − += − +  េនះ 
n 1( 1)

a
(n 1)!

++++−−−−====
++++

 

េគបន 

n 1( 1)
x(x 1)(x 2)(x 3)...(x n) x

(n 1)!
P(x)

x 1

++++−−−− − − − − +− − − − +− − − − +− − − − +
++++====

++++
 

ដូចេនះ  
1 n

P(n 1) n
n

n 2


+ =+ =+ =+ = 

 ++++

ebI KUUebI KUUebI KUUebI KUU

ebI essebI essebI essebI ess
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លំហត់ទី២៣ 
េគឲយ a ,b ,c ជបីចំនួនគត់ខុសគន  ។ យក P(x) ជពហុធ
មនេមគុណ 
ជចំនួនគត់ ។ ចូរបងហ ញថលកខខណឌ  
P(a) b ,P(b) c ,P(c) a= = == = == = == = =   
មិនអចេផទៀងផទ ត់រពមគន បនេទ ។ 
ដំេណះរសយ 
េដយ P(a) b ,P(b) c ,P(c) a= = == = == = == = =  េនះេគបន ៖ 

1

2

3

P(x) b (x a) Q (x) (1)

P(x) c (x b) Q (x) (2)

P(x) a (x c) Q (x) (3)

− = −− = −− = −− = −
 − = −− = −− = −− = −
 − = −− = −− = −− = −

 

កនុងចំេណមបីចំនួនគត់ខុសគន  a ,b ,c េយងអចេរជសេរ ស
យកតៃមល 
ដច់ៃនផលដកធំជងេគមួយ ។ សនមតថ | a c |−−−−  ជចំនួនធំ
ជងេគកនុង 
ចំេណមចំនួន | a b |,| b c | , | a c |− − −− − −− − −− − −   េគបន 
| a c | | a b |− > −− > −− > −− > −   ។ 
េដយយក x c====  ជួសកនុង (1) េនះ 

1P(c) b a b (c a).Q (c)− = − = −− = − = −− = − = −− = − = −  



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  74 

 

េគបន 1| a b | | a c |.| Q (c) |− = −− = −− = −− = −   េដយ 1Q (c) ជចំនួនគត់
េនះ 
| a b | | a c |− ≥ −− ≥ −− ≥ −− ≥ −  ែដលផទុយពីករឧបមខងេល។ 
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លំហត់ទី២៤ 
េគឲយរតីធ 2f (x) ax bx c= + += + += + += + +  ែដល a 0 , a,b,c IR≠ ∈≠ ∈≠ ∈≠ ∈  
ក/ចូររសយថ f (x) x−−−−  ជកតត ៃន f[f (x)] x−−−−   ។ 
ខ/ចូររសយថេបសមីករ f (x) x====  គម នឬសជចំនួនពិត
េនះសមីករ f[f (x)] x====  ក៏គម នឬសជចំនួនពិតែដរ ។ 
ដំេណះរសយ 
ក/រសយថ f (x) x−−−−  ជកតត ៃន f[f (x)] x−−−−   ៖ 
េគមន 2f (x) ax bx c= + += + += + += + +  
េគបន 2f[f (x)] a f (x) b f (x) c= + += + += + += + +  

                     

2 2 2

2 2

a[f (x) x ] b[f (x) x] ax bx c

a[f (x) x ] b[f (x) x] [f (x) x] x

[f (x) x][af (x) ax b 1] x

= − + − + + += − + − + + += − + − + + += − + − + + +

= − + − + − += − + − + − += − + − + − += − + − + − +
= − + + + += − + + + += − + + + += − + + + +

 

េនះ f[f (x)] x [f (x) x][af (x) ax b 1]− = − + + +− = − + + +− = − + + +− = − + + +  
េគទញ f (x) x−−−−  ជកតត ៃន f[f (x)] x−−−−   ។ 
ខ/សមីករ f (x) x====   
ឬ 2ax bx c x+ + =+ + =+ + =+ + =  
ឬ 2ax (b 1)x c 0+ − + =+ − + =+ − + =+ − + =   មន 2

1 (b 1) 4ac∆ = − −∆ = − −∆ = − −∆ = − −   
េដយ f (x) x====  ជសមីករគម នឬសេនះ 

2
1 (b 1) 4ac 0∆ = − − <∆ = − − <∆ = − − <∆ = − − <  
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សមីករ f[f (x)] x====  សមមូល 
[f (x) x][af (x) ax b 1] 0− + + + =− + + + =− + + + =− + + + =  
េយងនឹងរសយថ af(x) ax b 1 0+ + + =+ + + =+ + + =+ + + =  ជសមីករគម ន
ឬស ។ 
េគមន 2a(ax bx c) ax b 1 0+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
          2 2a x a(b 1)x ac b 1 0+ + + + + =+ + + + + =+ + + + + =+ + + + + =  
មន  2 2 2

2 a (b 1) 4a (ac b 1)∆ = + − + +∆ = + − + +∆ = + − + +∆ = + − + +  

             

2 2

2 2

2 2 2
1

a [(b 1) 4ac 4b 4]

a (b 2b 1 4ac 4b 4)

a [(b 1) 4ac 4] a [ 4]

= + − − −= + − − −= + − − −= + − − −

= + + − − −= + + − − −= + + − − −= + + − − −

= − − − = ∆ −= − − − = ∆ −= − − − = ∆ −= − − − = ∆ −

 

េដយ 1 0∆ <∆ <∆ <∆ <  េគទញបន 2 0∆ <∆ <∆ <∆ <  ។ ដូចេនះេបសមីករ 
f (x) x====  គម នឬសជចំនួនពិតេនះសមីករ  f[f (x)] x====  ក៏
គម នឬសជចំនួនពិតែដរ ។ 
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លំហត់ទី២៥ 
េគតង αααα និង ββββ ជឬសៃនសមីករ 2x x 1 0− − =− − =− − =− − =   ។ 
ចូរគណន 8 5S 5 21= α + β= α + β= α + β= α + β  និង 8 5P (5 1)(21 1)= α − β += α − β += α − β += α − β + ។ 
ដំេណះរសយ 
គណន 8 5S 5 21= α + β= α + β= α + β= α + β  
េដយ αααα និង ββββ ជឬសៃនសមីករ 2x x 1 0− − =− − =− − =− − =   េនះតម
រទឹសតីបទ 
ែវយតេគមន 1α + β =α + β =α + β =α + β =   និង 1αβ = −αβ = −αβ = −αβ = −  

េគមន 
2

2

1 0

1 0

α − α − =α − α − =α − α − =α − α − =


β − β − =β − β − =β − β − =β − β − =
  េនះ   

2

2

1 (1)

1 (2)

α = α +α = α +α = α +α = α +


β = β +β = β +β = β +β = β +
 

តម(1)េគបន 2 2 2 2( ) ( 1) 2 1α = α + = α + α +α = α + = α + α +α = α + = α + α +α = α + = α + α +  
                     4 ( 1) 2 1 3 2α = α + + α + = α +α = α + + α + = α +α = α + + α + = α +α = α + + α + = α +  
េលកជកេរ  8 2 2(3 2) 9 12 4α = α + = α + α +α = α + = α + α +α = α + = α + α +α = α + = α + α +  
                   8 9( 1) 12 4 21 13α = α + + α + = α +α = α + + α + = α +α = α + + α + = α +α = α + + α + = α +  
េនះេគទញ  85 105 65 (1)α = α +α = α +α = α +α = α +    
តម(2)េគបន 2 2 2 2( ) ( 1) 2 1β = β + = β + β +β = β + = β + β +β = β + = β + β +β = β + = β + β +  
                     4 ( 1) 2 1 3 2β = β + + β + = β +β = β + + β + = β +β = β + + β + = β +β = β + + β + = β +  
គុណអងគទំងពីរនឹង ββββ េគបន ៖ 

5 23 2 3( 1) 2 5 3β = β + β = β + + β = β +β = β + β = β + + β = β +β = β + β = β + + β = β +β = β + β = β + + β = β +  
េនះេគទញ 521 105 63 (2)β = β +β = β +β = β +β = β +    
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បូក (1) និង (2) អងគនិងអងគេគបន ៖ 
8 5S 5 21 105( ) 128= α + β = α + β += α + β = α + β += α + β = α + β += α + β = α + β +   េដយ 1α + β =α + β =α + β =α + β =  

ដូចេនះ S 105 128 233= + == + == + == + =   ។ 
គណន 8 5P (5 1)(21 1)= α − β += α − β += α − β += α − β +   ៖ 
េគមន 85 105 65α = α +α = α +α = α +α = α +   និង  521 105 63β = β +β = β +β = β +β = β +    
េគបន P (105 64)(105 64)= α + β += α + β += α + β += α + β +  

             
11025 6720( ) 4096

11025 6720 4096

209

= αβ + α + β += αβ + α + β += αβ + α + β += αβ + α + β +
= − + += − + += − + += − + +
= −= −= −= −

 

ដូចេនះ 8 5P (5 1)(21 1) 209= α − β + = −= α − β + = −= α − β + = −= α − β + = −  ។ 
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លំហត់ទី២៦ 
េគឲយរតីធ 2P(x) ax bx c= + += + += + += + +  ែដល a 0≠≠≠≠  និង a,b,c

ចំនួនេថរ ។ 
ចូររសយថ 
P(1) P(4) P(6) P(7) P(2) P(3) P(5) P(8)+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +  
ដំេណះរសយ 
រសយថ 
P(1) P(4) P(6) P(7) P(2) P(3) P(5) P(8)+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + +  
េគមន P(1) a b c= + += + += + += + +   

          
P(4) 16a 4b c

P(6) 36a 6b c

P(7) 49a 7b c

= + += + += + += + +
= + += + += + += + +
= + += + += + += + +

 

េគបន P(1) P(4) P(6) P(7) 102a 18b 4c (1)+ + + = + ++ + + = + ++ + + = + ++ + + = + +  
េហយP(2) 4a 2b c= + += + += + += + +   

          
P(3) 9a 3b c

P(5) 25a 5b c

P(8) 64a 8b c

= + += + += + += + +
= + += + += + += + +
= + += + += + += + +

 

េគបន P(2) P(3) P(5) P(8) 102a 18b 4c (2)+ + + = + ++ + + = + ++ + + = + ++ + + = + +  
ដូចេនះ 
P(1) P(4) P(6) P(7) P(2) P(3) P(5) P(8)+ + + = + + ++ + + = + + ++ + + = + + ++ + + = + + + ។ 
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លំហត់ទី១៧ 
េគឲយ a ,b,c,dជបួនចំនួនខុសគន  និង ខុសពីសូនយ ។  

ចូរេដះរសយរបពនឋ័ 

2 3 4
1 2 3 4

2 3 4
1 2 3 4

2 3 4
1 2 3 4

2 3 4
1 2 3 4

ax a x a x a x 1

bx b x b x b x 1

cx c x c x c x 1

dx d x d x d x 1

 + + + =+ + + =+ + + =+ + + =


+ + + =+ + + =+ + + =+ + + =


+ + + =+ + + =+ + + =+ + + =
 + + + =+ + + =+ + + =+ + + =

 

ដំេណះរសយ 

េដះរសយរបពនឋ័ 

2 3 4
1 2 3 4

2 3 4
1 2 3 4

2 3 4
1 2 3 4

2 3 4
1 2 3 4

ax a x a x a x 1

bx b x b x b x 1

cx c x c x c x 1

dx d x d x d x 1

 + + + =+ + + =+ + + =+ + + =


+ + + =+ + + =+ + + =+ + + =


+ + + =+ + + =+ + + =+ + + =
 + + + =+ + + =+ + + =+ + + =

 

តងពហុធ 2 3 4
1 2 3 4P(t) x t x t x t x t= + + += + + += + + += + + +  និង P(0) 0====  

ែដល P(a) P(b) P(c) P(d) 1= = = == = = == = = == = = =  េនះពហុធ P(t)អច
សរេសរ 
P(t) A(t a)(t b)(t c)(t d) 1= − − − − += − − − − += − − − − += − − − − +   ។ 
យក t 0====  េគបន P(0) A.(abcd) 1 0= + == + == + == + =   េនះ 

1
A

abcd
= −= −= −= −  

េហតុេនះ (t a)(t b)(t c)(t d)
P(t) 1

abcd
− − − −− − − −− − − −− − − −= −= −= −= −  
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េដយ 2 3 4
1 2 3 4P(t) x t x t x t x t= + + += + + += + + += + + +  េនះេគបនសមភព 

2 3 4
1 2 3 4

(t a)(t b)(t c)(t d)
x t x t x t x t 1

abcd
− − − −− − − −− − − −− − − −+ + + = −+ + + = −+ + + = −+ + + = −  

បនទ ប់ពីពនល តរចួផទឹមេលខេមគុណេគទទួលបនលទឋផល
ដូចតេទ ៖ 

 

1

2

3 4

abc abd acd bcd
x

abcd
ab ac ad bc bd cd

x
abcd

a b c d 1
x ; x

abcd abcd

+ + ++ + ++ + ++ + +====

+ + + + ++ + + + ++ + + + ++ + + + += −= −= −= −

+ + ++ + ++ + ++ + += = −= = −= = −= = −
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លំហត់ទី២៨ 
េគឲយពហុធ 2 n

0 1 2 nP(x) a a x a x ... a x= + + + += + + + += + + + += + + + +  ែដល 
na 0≠≠≠≠   មនឬស 1 2 3 nx , x , x , ...., x   ។  

តង m m m m
m 1 2 3 nS x x x .... x= + + + += + + + += + + + += + + + +   ែដល mជចំនួនគត់រ ឺ

ឡទីហវ។ 
ចូររសយថ 0 m 1 m 1 2 m 2 n m na S a S a S .... a S 0+ + ++ + ++ + ++ + ++ + + + =+ + + + =+ + + + =+ + + + =    
ដំេណះរសយ 

េគមន 
n

2 n k
0 1 2 n k

k 0
P(x) a a x a x ... a x a x

====
= + + + + == + + + + == + + + + == + + + + = ∑∑∑∑   

េដយ ix , i 1,2,3, ...,n====   ជឬសៃន P(x) េនះ iP(x ) 0====  

េគបន 
n

k
k i

k 0
a x 0 (*)

====
====∑∑∑∑   

គុណអងគទំងពីរៃន (*)  នឹង m
ix  េនះេគបន 

n
m k

k i
k 0

a x 0++++

====
====∑∑∑∑  

េនះេគទញ  
n n n

m k
k m k k i

k 0 i 1 k 0
a S a x 0++++

++++
= = == = == = == = =

    = == == == =    
    

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   ពិត 

ដូចេនះ  0 m 1 m 1 2 m 2 n m na S a S a S .... a S 0+ + ++ + ++ + ++ + ++ + + + =+ + + + =+ + + + =+ + + + =   ។ 
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លំហត់ទី២៩ 
ចូរកំណត់រគប់ចំនួនពិត p  េដមបឲីយសមីករ ៖ 

3 2 4 3 2 32 ( 1) ( 4 1) 3 0x p p x p p x p− + + + − − =− + + + − − =− + + + − − =− + + + − − =  មនឬសបី 
េផសងគន បងកីតបនជរងវ ស់រជុងៃនរតីេកណែកងមួយ ។ 
ដំេណះរសយ 
កំណត់រគប់ចំនួនពិត p  
តង , ,α β γα β γα β γα β γ  ជឬសទំងបីៃនសមីករែដល 0 α β γα β γα β γα β γ< < << < << < << < <   

តមរទឹសតីបទែវយត 4 3

3

2 ( 1)

4 1

3

p p

p p

p

α β γα β γα β γα β γ
αβ βγ γααβ βγ γααβ βγ γααβ βγ γα
αβγαβγαβγαβγ

+ + = ++ + = ++ + = ++ + = +
 + + = + −+ + = + −+ + = + −+ + = + −
 ====

   

េដយ , ,α β γα β γα β γα β γ  អចបេងកតបនជរងវ ស់រជុងៃនរតីេកណ 
ែកងមួយេនះ 2 2 2α β γα β γα β γα β γ+ =+ =+ =+ =  ឬ 2 2 2 22γ α β γγ α β γγ α β γγ α β γ= + += + += + += + +  
េដយ 2 2 2 2( ) 2( )α β γ α β γ αβ βγ γαα β γ α β γ αβ βγ γαα β γ α β γ αβ βγ γαα β γ α β γ αβ βγ γα+ + = + + − + ++ + = + + − + ++ + = + + − + ++ + = + + − + +  

                            

2 2 4 3

4 3 2 4 3

2 2

4 ( 1) 2( 4 1)

4 8 4 2 8 2

2( 1)

p p p p

p p p p p

p

= + − + −= + − + −= + − + −= + − + −
= + + − − += + + − − += + + − − += + + − − +
= += += += +

 

េគទញបន 2 1pγγγγ = += += += +  ។ 

េគមន  
4 3

2 ( 1)

4 1

p p

p p

α β γα β γα β γα β γ
αβ βγ γααβ βγ γααβ βγ γααβ βγ γα

+ + = ++ + = ++ + = ++ + = +


+ + = + −+ + = + −+ + = + −+ + = + −
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សមមូល 
4 3

2 ( 1)

4 1 ( )

p p

p p

α β γα β γα β γα β γ
αβ α βαβ α βαβ α βαβ α β

+ = + −+ = + −+ = + −+ = + −


= + − − += + − − += + − − += + − − +
 

សមមូល 
2

4 3 2 2

2 ( 1) ( 1)

4 1 ( 1)( 2 1)

p p p

p p p p p

α βα βα βα β
αβαβαβαβ
 + = + − ++ = + − ++ = + − ++ = + − +


= + − − + + −= + − − + + −= + − − + + −= + − − + + −  
សមមូល

  

2

3

2 1

2 2

p p

p p

α βα βα βα β
αβαβαβαβ
 + = + −+ = + −+ = + −+ = + −


= −= −= −= −  
 

េនះេគទញបន αααα  និង ββββ  ជឬសៃនសមីករដឺេរកទីពីរ ៖ 
2 2 3

2

( 2 1) (2 2 ) 0

( 2 )( 1) 0

z p p z p p

z p z p

− + − + − =− + − + − =− + − + − =− + − + − =
− − + =− − + =− − + =− − + =

 

េគទញឬស 2 1 , 2p pα βα βα βα β= − == − == − == − =   ។ 
តមទំនក់ទំនង 33pαβγαβγαβγαβγ ====   
 េនះ 2 2 3( 1)(2 )( 1) 3p p p p− + =− + =− + =− + =  
េដយ , , 0α β γα β γα β γα β γ >>>>  េនះ 0p >>>>  និង 2 1 0p − >− >− >− >  ឬ 1p >>>>  ។ 
េហតុេនះសមីករសមមូល ៖ 

4 2 2 22 3 2 ( 2)(2 1) 0p p p p− − = − + =− − = − + =− − = − + =− − = − + =  
េគទញបន 2p ====   េហយ 1 , 2 2 , 3α β γα β γα β γα β γ= = == = == = == = =  ។ 
ដូចេនះ 2p ====   ។ 
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លំហត់ទី៣០ 
េគឲយ , ,a b c IR∈∈∈∈  ។ េប 2| | 1ax bx c+ + ≤+ + ≤+ + ≤+ + ≤  រគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −   
ចូររសយថ 2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤  ចំេពះរគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  ។ 
ដំេណះរសយ 
រសយថ 2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤  ចំេពះរគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  
តង 2( )f x ax bx c= + += + += + += + +  េនះ | (1) | | | 1f a b c= + + ≤= + + ≤= + + ≤= + + ≤  

  និង  ។ 
តង  ។ 
េគអចសរេសរ  

 

         

េគបន  

េដយេរបវសិមភពរតីេកណេគបន ៖ 

 

េដយ  និង  
េនះេគបន ៖ 

| ( 1) | | | 1f a b c− = − + <− = − + <− = − + <− = − + < | (0) | | | 1f c= ≤= ≤= ≤= ≤
2( )g x cx bx a= + += + += + += + +

2 1 1
( ) ( 1) ( ) ( )

2 2
x x

g x c x a b c a b c
+ −+ −+ −+ −= − + + + + − += − + + + + − += − + + + + − += − + + + + − +

2 1 1
( 1) (0) (1) ( 1)

2 2
x x

x f f f
+ −+ −+ −+ −= − + + −= − + + −= − + + −= − + + −

2 1 1
| ( ) | | ( 1) (0) (1) ( 1) |

2 2
x x

g x x f f f
+ −+ −+ −+ −= − + + −= − + + −= − + + −= − + + −

2 |1 | |1 |
| ( ) | | 1 | . | (0) | | (1) | | ( 1) |

2 2
x x

g x x f f f
+ −+ −+ −+ −≤ − + + −≤ − + + −≤ − + + −≤ − + + −

| (1) | 1 , | ( 1) | 1f f≤ − ≤≤ − ≤≤ − ≤≤ − ≤ | (0) | 1f ≤≤≤≤
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េដយ   េនះ  ។ 
ដូចេនះ េប  ចំេពះរគប់   
េនះ  ចំេពះរគប់  ។ 
ចំណ!ំ  វិសមភពរតីេកណ៖  
◊ ចំេពះរគប់ចំនួនពិត  និង  េគមន  
  សមភពេកតេឡងែតកនុងករណី  និង  មនសញញ ដូចគន   
◊ ជទូេទ ៖ 
    រគប់ចំនួនពិត  េគមន ៖ 
   ។ 
◊ ចំេពះចំនួនកំុផលិច ៖ 
    រគប់ចំនួនកំុផលិច  េគមន ៖ 
   ។ 
 ( ែដល  តងឲយមូ៉ឌុលៃនចំនួនកំុផលិច  ) 
◊ ចំេពះវុចិទ័រកនុងបលង់ ឬ កនុងលំហ ៖ 

   ។ 
 
 

2 2 21 1 1 1
| ( ) | | 1| | | | | 1 2

2 2 2 2
x x x x

g x x x x
+ − + −+ − + −+ − + −+ − + −≤ − + + = − + + + = −≤ − + + = − + + + = −≤ − + + = − + + + = −≤ − + + = − + + + = −

22 2x− ≤− ≤− ≤− ≤ | ( ) | 2g x ≤≤≤≤
2| | 1ax bx c+ + ≤+ + ≤+ + ≤+ + ≤ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −

2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −

a b | | | | | |a b a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +

a b

1 2, ,..., na a a

1 2 1 2| ... | | | | | ... | |n na a a a a a+ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + +

1 2, , ..., nz z z

1 2 1 2| ... | | | | | ... | |n nz z z z z z+ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + +

| |z z

1 2 1 2| .... | | | | | .... | |n nu u u u u u
→ → → → → →→ → → → → →→ → → → → →→ → → → → →

+ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + +



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  87 

 

 
 
លំហត់ទី៣១ 
េគឲយ  និង  ជឬសៃន   ។  
ចូរបងហ ញថ  ជឬសៃន  
ដំេណះរសយ 
បងហ ញថ  ជឬសៃន  
តង   និង   េនះ  និង ជឬសៃនសមី
ករ  ។ 
េដយ  និង  ជឬសៃន   េនះេគអច
ដក់ 

 ជកតត រមួកនុង  ។ េគអចសរេសរ ៖ 
 

                 

ែដល   ។ 

a b 4 3P(x) x x 1= + −= + −= + −= + −

ab 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −

ab Q(x)

S a b= += += += + P ab==== a b
2x Sx P 0− + =− + =− + =− + =

a b 4 3P(x) x x 1= + −= + −= + −= + −

2x Sx P− +− +− +− + P(x)
4 3 2 2x x 1 (x Sx P)(x cx d)+ − = − + + ++ − = − + + ++ − = − + + ++ − = − + + +

2 2

2 2

2 2

1 S
P( x x 1)(x cx d)

P P
1 S

( x x 1)(Px Pcx Pd)
p P

1
( x ux 1)(px vx w)
p

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

S
u , v Pc , w Pd

P
= = == = == = == = =
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តមសមភពខងេលេនះេគទញបន  ។ 

េគទញបន  

 

េគទញ  

តម (1) និង (3) េគទញបន  

ទំនក់ទំនង (2) េទជ  

នំឲយ   មនន័យថ   
ជឬសរបស់ពហុធ   ។ 
ដូចេនះេប  និង ជឬសៃន  េនះ ជឬសៃន

 ។ 
សមគ ល់ ៖  ចំនួន  ជឬសរបស់ពហុធ  

  

លុះរតែតវេផទៀងផទ ត់សមីករ  េពលគឺ ៖ 

w 1= −= −= −= −

4 3 2 21
x x 1 ( x ux 1)(px vx 1)

p
+ − = − + + −+ − = − + + −+ − = − + + −+ − = − + + −

4 3 4 3 2v 1
x x 1 x ( up)x (p uv)x (u v)x 1

p p
+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −

v
uP 1 (1)

P
1

P uv 0 (2)
P

u v 0 (3)

 − =− =− =− =

 − − =− − =− − =− − =


+ =+ =+ =+ =


2

P
v u , u

1 P
= − = −= − = −= − = −= − = −

++++
2

2 2

1 P
P 0

P (1 P )
− + =− + =− + =− + =

++++
6 4 3 2P P P P 1 0+ + + − =+ + + − =+ + + − =+ + + − = P ab====

6 4 3 2Q(x) x x x x 1= + + + −= + + + −= + + + −= + + + −

a b P(x) ab

Q(x)

λλλλ

2
0 1 2

0

( ) ...
n

k n
k n

k

P x a x a a x a x a x
====

= = + + + += = + + + += = + + + += = + + + +∑∑∑∑

( ) 0P x ====
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 ។ 

 
លំហត់ទី៣២ 
សមីករ  មនឬបីជចំនួនពិតវជិជមន     
(មិនចំបច់ខុសគន  )។ 

ចូរកំណត់តៃមលអបបបរមែដលអចៃន   ។ 

ដំេណះរសយ 

កំណត់តៃមលអបបបរមែដលអចៃន    
តង  ជឬសរបស់សមីករ  ។ 

េគបន  

េដយ  េនះ  

                                   

2
0 1 2

0

( ) ... 0
n

k n
k n

k

P a x x xλ λ λ λ λ λλ λ λ λ λ λλ λ λ λ λ λλ λ λ λ λ λ
====

= = + + + + == = + + + + == = + + + + == = + + + + =∑∑∑∑

0cbxaxx 23 ====−−−−++++−−−−

b
c

ba23
cba1 −−−−

++++++++
++++++++++++

b
c

ba23
cba1 −−−−

++++++++
++++++++++++

w,v,u 0cbxaxx 23 ====−−−−++++−−−−









====
====++++++++

====++++++++

cuvw

bwuvwuv

awvu

0w,0v,0u >>>>>>>>>>>> 0c,0b,0a >>>>>>>>>>>>

a3ab2b

c3bac2abb
b
c

ba23
cba1

2

2

++++++++
−−−−++++−−−−++++====−−−−

++++++++
++++++++++++
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តមវសិមភព េគមន ៖ 

   
និង  
េគបន  ឬ  
ម៉យងេទៀតេគមន  ៖ 

                         

បូកវសិមភព  េគបន ៖ 
 

ែថមអងគទំងពីរនឹង  េគបន 
 

)b3ab2b(3

c9ac6abb2
3
1

)b3ab2b(3

)c9ac6abb2()b3ab2b(

)b3ab2b(3

c9b3ac6ab3b3

2

2

2

22

2

2

++++++++
−−−−−−−−++++++++====

++++++++
−−−−−−−−++++++++++++++++====

++++++++
−−−−++++−−−−++++====

GMAM −−−−
3 uvw3wvua ≥≥≥≥++++++++====

3 222 wvu3wuvwuvb ≥≥≥≥++++++++====
c9uvw9ab ====≥≥≥≥ (*)0c9ab ≥≥≥≥−−−−

)3(vwu
2

vuwu

)2(uvw
2

wuwv

)1(wuv
2

wvvu

2
2222

2
2222

2
2222

≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++

)3(,)2(,)1(

)wvu(uvwuwwvvu 222222 ++++++++≥≥≥≥++++++++
)wvu(uvw2 ++++++++

)wvu(uvw3)wuvwuv( 2 ++++++++≥≥≥≥++++++++
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ឬ   ឬ  
បូកវសិមភព  េគបន  

េហតុេនះ   

ឬ  ។ 

ដូចេនះតៃមលអបបបរមៃន  គឺ   ។ 

លំហត់ទី៣៣ 
េគឲយរតីធ   ែដល  និង  
េប  ចំេពះរគប់  េនះចូរកំណត់តៃមលអបបបរ

មៃន   ។ 

ដំេណះរសយ 

េដយ  ចំេពះរគប់  សមមូល  

យក   (េរពះ  ) 

េដយ  េនះ  

េគបន  

ឬ          

ac3b2 ≥≥≥≥ (**)0ac6b2 2 ≥≥≥≥−−−−
(**)&(*) 0c9ac6abb2 2 ≥≥≥≥−−−−−−−−++++

3
1

)b3ab2b(3

c9ac6abb2
3
1

2

2

≥≥≥≥
++++++++

−−−−−−−−++++++++

3
1

b
c

ba23
cba1 ≥≥≥≥−−−−

++++++++
++++++++++++

b
c

ba23
cba1 −−−−

++++++++
++++++++++++

3
1

2( )f x ax bx c= + += + += + += + + a b<<<< , ,a b c IR∈∈∈∈

( ) 0f x ≥≥≥≥ x IR∈∈∈∈
a b c

D
b a
+ ++ ++ ++ +====

−−−−

( ) 0f x ≥≥≥≥ x IR∈∈∈∈
2

0

4 0

a

b ac

>>>>


− ≤− ≤− ≤− ≤

0t b a= − >= − >= − >= − > b a>>>>

2 4 0b ac− ≤− ≤− ≤− ≤
2 2( )

4 4
b t a

c
a a

++++≥ =≥ =≥ =≥ =
2( )

2( ) 4
t a

t aa b c a t a c aD
b a t t

+++++ ++ ++ ++ ++ + + + ++ + + + ++ + + + ++ + + + += = ≥= = ≥= = ≥= = ≥
−−−−

24 ( 2 ) ( )
4

a t a t a
D

at
+ + ++ + ++ + ++ + +≥≥≥≥
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តង   

             

េគបន   

េគទញបន   េនះតៃមលអបបបរមៃន  គឺ    
 
លំហត់ទី៣៤ 
េគឲយចំនួនពិត  និង  េផទៀងផទ ត់សមីករ ៖ 

  និង   ។ 
ចូរកំណត់តៃមល   ?  
ដំេណះរសយ 
កំណត់តៃមល    
តង  េនះេគបន ៖  

 

េគបន  ។ 
េដយ  

  
េគទញ  

2 2 24 ( 2 ) ( ) 6 9
( )

4 4
a t a t a t at a

f t
at at

+ + + + ++ + + + ++ + + + ++ + + + += == == == =

1 3 9
. .

4 2 4
t a
a t

= + += + += + += + +

3 1 9 3 3
( ) 2 . . . 3

2 4 4 2 2
t a

f t
a t

≥ + = + =≥ + = + =≥ + = + =≥ + = + =

3D ≥≥≥≥ D min 3D ====

αααα ββββ
3 23 5 17 0α α αα α αα α αα α α− + − =− + − =− + − =− + − = 3 23 5 11 0β β ββ β ββ β ββ β β− + + =− + + =− + + =− + + =

α βα βα βα β++++

α βα βα βα β++++
3 2( ) 3 5f x x x x= − += − += − += − +

3 2

3 2

( ) 3 5 17

( ) 3 5 11

f

f

α α α αα α α αα α α αα α α α
β β β ββ β β ββ β β ββ β β β

 = − + == − + == − + == − + =


= − + = −= − + = −= − + = −= − + = −

( ) ( ) 6f fα βα βα βα β+ =+ =+ =+ =
3 2 3( ) 3 5 ( 1) 2( 1) 3f x x x x x x= − + = − + − += − + = − + − += − + = − + − += − + = − + − +

3 3( ) ( ) ( 1) ( 1) 2( 1) 2( 1) 6 6f fα β α β α βα β α β α βα β α β α βα β α β α β+ = − + − + − + − + =+ = − + − + − + − + =+ = − + − + − + − + =+ = − + − + − + − + =
3 3( 1) ( 1) 2( 1) 2( 1) 0α β α βα β α βα β α βα β α β− + − + − + − =− + − + − + − =− + − + − + − =− + − + − + − =
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ឬ  
េដយ   
ដូចេនះ  ។ 
 
 
 
លំហត់ទី៣៥ 
េគឲយរតីធ 2( )f x ax bx c= + += + += + += + +  េផទៀងផទ ត់ 

(5) 5

(55) 5555

(555) 555555

f

f

f

====
 ====
 ====

  

ចូររសយបញជ ក់ថ 
( ) (2 )

(555...555) 555...555
n n

f ====����� ���������� ���������� ���������� �����  ។ 

ដំេណះរសយ 

េដយ 
(5) 5

(55) 5555

(555) 555555

f

f

f

====
 ====
 ====

ឬ 
25 5 55

3025 55 5555

308025 555 555555

a b c

a b c

a b c

+ + =+ + =+ + =+ + =
 + + =+ + =+ + =+ + =
 + + =+ + =+ + =+ + =

 

បនទ ប់ពីេដះរសយេគទទួលបន 9
, 2 , 0

5
a b c= = == = == = == = =  

េគបន 29 9
( ) 2 2

5 5
f x x x x x

    = + = += + = += + = += + = +    
    

  

2 2( 2) ( 1) ( 1)( 1) ( 1) 2 0α β α α β βα β α α β βα β α α β βα β α α β β    + − − + − − + − + =+ − − + − − + − + =+ − − + − − + − + =+ − − + − − + − + =    
2 2( 1) ( 1)( 1) ( 1) 2 0α α β βα α β βα α β βα α β β− + − − + − + >− + − − + − + >− + − − + − + >− + − − + − + >

2α βα βα βα β+ =+ =+ =+ =



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  94 

 

េដយ 
( )

5
555...555 (10 1)

9
n

n

= −= −= −= −��������������������  េនះេគបន ៖ 

2

( )

5 9 5 5
555...555 (10 1) (10 1) 2 (10 1)

9 5 9 9
n n n

n

f
             
     = − − + = −= − − + = −= − − + = −= − − + = −                         
��������������������  

                   
(2 )

555....555
n

    
    ====
    
    
��������������������   ពិត 

 
លំហត់ទី៣៦ 
ឧបមថសមីករ 2 2013 0x x q− + =− + =− + =− + =  មនឬសពីរαααα  និង ββββ  
ជចំនួនពិត។ េគដឹងថ  ។  
ចូរកំណត់តៃមល  ? 
ដំេណះរសយ 
កំណត់តៃមល q   

េដយ αααα  និង ββββ  ជឬសសមីករេនះ  

េគដឹងថ  
េនះេយងបន   
                             
េគទញ  

3 3 22013α βα βα βα β+ =+ =+ =+ =

q

2013

q

α βα βα βα β
αβαβαβαβ

+ =+ =+ =+ =
 ====

3 3 22013α βα βα βα β+ =+ =+ =+ =
3 2( ) 3 ( ) 2013α β αβ α βα β αβ α βα β αβ α βα β αβ α β+ − + =+ − + =+ − + =+ − + =
3 22013 3 (2013) 2013q− =− =− =− =
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ដូចេនះ   ។ 
 
 
 
 
លំហត់ទី៣៧ 
េគឲយ , ,a b c IR∈∈∈∈   និង 0a ≠≠≠≠  ។ េគដឹងថ a  និង 
4 3 2a b c+ ++ ++ ++ + មនសញញ ដូចគន  ។ ចូររសយថឬសទំងពីរៃន
សមីករដឺេរកទីពីរ 2 0ax bx c+ + =+ + =+ + =+ + =  មិនអចសថិតេនកនុង
ចេនល ះ (1,2) រពមគន េទ ។ 

ដំេណះរសយ 

ករបងហ ញ 

េដយ a  និង 4 3 2a b c+ ++ ++ ++ +  មនសញញ ដូចគន េនះេគបន 

1 2 1 2

4 3 2
0 4 3 2 4 3( ) 2

a b c b c
x x x x

a a a

+ ++ ++ ++ +
≤ = + + = − + +≤ = + + = − + +≤ = + + = − + +≤ = + + = − + +  

េដយេគមន ៖ 

1 2 1 2 1 2 1 14 3( ) 2 ( 1)( 2) ( 2)( 1)x x x x x x x x− + + = − − + − −− + + = − − + − −− + + = − − + − −− + + = − − + − −  

3 2 22013 2013 2013 2012
671 2012 1350052

3(2013) 3 2013
q

− ×− ×− ×− ×
= = = × == = = × == = = × == = = × =

××××

1350052q ====



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  96 

 

េប 1 2, (1,2)x x ∈∈∈∈ េនះ 1 2( 1)( 2) 0x x− − <− − <− − <− − < និង 
1 2( 2)( 1) 0x x− − <− − <− − <− − <  

េគបន 1 2 1 24 3( ) 2 0x x x x− + + <− + + <− + + <− + + <  មិនពិត(ផទុយពីសមមតិកមម) 

ដូចេនះឬសទំងពីរៃនសមីករដឺេរកទីពីរ 2 0ax bx c+ + =+ + =+ + =+ + =  
មិនអចសថិតេនកនុងចេនល ះ (1,2) រពមគន េទ ។ 

 
 
 
 
 

លំហត់ទី៣៨ 
េគឲយ , ,a b c   ជចំនួនគត់ ែដលa  ជចំនួនគូនិង bជចំនួន
េសស ។ចូរបងហ ញថចំេពះរគប់ចំនួនគត់មិនអវជិជមន n 
មនចំនួនគត់វជិជមន x  ែដល 2ax bx c+ ++ ++ ++ +   ែចកដច់នឹង 2n    
ដំេណះរសយ 

េយងនឹងរសយសំេណ េនះតមកំេណ នេល {0}n IN∈ ∪∈ ∪∈ ∪∈ ∪  

ចំេពះ 0n ====  យក 0x IN∈∈∈∈  េគបន 0 2
0 02 |ax bx c+ ++ ++ ++ +   ពិត 

ចំេពះ 0n ≥≥≥≥  យក nx IN∈∈∈∈  ែដល 22 | ( )n
n n nax bx c P x+ + =+ + =+ + =+ + =   

េយងនឹងរសយថរគប់ 1nx IN++++ ∈∈∈∈  េនះ 1
12 | ( )n

nP x++++
++++  

េប 22 | ( )n
n n nax bx c P x+ + =+ + =+ + =+ + =  េនះ ( ) 2n

nP x µµµµ====  ែដល µµµµ   
ជចំនួនគត់េសស ។ 

េគមន ( ) ( ) ( ) ( )n n nP x P x x x a x x b− = − + +− = − + +− = − + +− = − + +         



ករមងលំហត់េរជសេរ សពិេសស                                                            ពហុធ 
 

 

េរៀបេរៀងេដយ លឹម ផលគុន                                                                                          Page  97 

 

ែដល ( )na x x b+ ++ ++ ++ +  ជចំនួនគត់េសសរគប់ x IN∈∈∈∈  

យក 1 2n
n nx x λλλλ++++ = += += += +   ែដល λλλλ  ជចំនួនគត់េសសេនះ 

េគបន 

1 1( ) ( ) 2 ( )n
n n n nP x P x a x x bλλλλ+ ++ ++ ++ += + + += + + += + + += + + +         េដយ ( ) 2n

nP x µµµµ====  

េគបន 1 1( ) 2 ( )n
n n nP x a x x bµ λµ λµ λµ λ+ ++ ++ ++ +    = + + += + + += + + += + + +              

េដយ 1( )n na x x bµ λµ λµ λµ λ +++++ + ++ + ++ + ++ + +         ជចំនួនគូេនះ 
1

12 | ( )n
nP x++++

++++  

ដូចេនះចំេពះរគប់ចំនួនគត់មិនអវជិជមន n មនចំនួនគត់
វជិជមន x  ែដល 2ax bx c+ ++ ++ ++ +   ែចកដច់នឹង 2n   ។ 
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លំហត់ទី៣៩ 
ចូរកំណត់ចំនួនអសនិទន x  េដយដឹងថ 2 2x x++++  និង 

3 6x x−−−−   ជចំនួនសនិទន ។ 

ដំេណះរសយ 

កំណត់ចំនួនអសនិទន x  

តង 2 2A x x= += += += +  និង 3 6B x x= −= −= −= −  

េគមន 3 2 26 ( 2 ) 2( 2 ) 2B x x x x x x x x= − = + − + −= − = + − + −= − = + − + −= − = + − + −  

              2 2

( 2) 2

Ax A x

A x A

= − −= − −= − −= − −
= − −= − −= − −= − −

 

េដយ x ∉∉∉∉ℚℚℚℚ  និង ,A B ∈∈∈∈ℚℚℚℚ  េនះតម ( 2) 2B A x A= − −= − −= − −= − −  

េគទញបន 2 0

2

A

B A

− =− =− =− =
 = −= −= −= −

   េនះ 2

4

A

B

====
 = −= −= −= −

 

សមមូល 2 2 2x x+ =+ =+ =+ =  េនះ 1 21 3 , 1 3x x= − + = − −= − + = − −= − + = − −= − + = − −  ។ 
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ដូចេនះ 1 21 3 , 1 3x x= − + = − −= − + = − −= − + = − −= − + = − −  ។ 

 
 
 
 
 
 
 
 
 
 

លំហត់ទី៤០ 

ចូរកំណត់រគប់ពហុធពិត ( )P x  មនដឺេរកទី៥ េដយដឹងថ 

( ) 1P x ++++  ែចកដច់នឹង 3( 1)x −−−−   និង ( ) 1P x −−−−  ែចកដច់នឹង 

3( 1)x ++++   ។ 
ដំេណះរសយ 

កំណត់រគប់ពហុធពិត ( )P x  មនដឺេរកទី៥ 

រេបៀបទី១  
តមសមមតិកមមេគបន 3 2( ) 1 ( 1) ( ) (1)P x x ax bx c+ = − + ++ = − + ++ = − + ++ = − + +  

និង 3 2( ) 1 ( 1) ( ) (2)P x x ax px q− = + + +− = + + +− = + + +− = + + +  ែដល 0a ≠≠≠≠  និង 
, ,a b c  , ,p q  ជចំនួនពិត ។ 

ទំនក់ទំនង (1) អចសរេសរ ៖ 
5 4 3( ) 1 ( 3 ) ( 3 3 ) ( 3 3 )P x ax b a x c b a x c b a x+ = + − + − + + − + −+ = + − + − + + − + −+ = + − + − + + − + −+ = + − + − + + − + −  

                                                                (3 )c b x c+ − −+ − −+ − −+ − −  
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ទំនក់ទំនង (2) អចសរេសរ ៖ 
5 3 2( ) 1 ( 3 ) ( 3 3 ) (3 3 )P x ax p a x q p a x q p a x4444− = + + + + + + + +− = + + + + + + + +− = + + + + + + + +− = + + + + + + + +  

                                                              (3 )q p x q+ + ++ + ++ + ++ + +  

េរបៀបេធៀបេលខេមគុណេគបន 
3 3

3 3 3 3

3 3 3 3

3 3

2

b a p a

c b a q p a

c b a q p a

c b q p

c q

− = +− = +− = +− = +
 − + = + +− + = + +− + = + +− + = + +− + − = + +− + − = + +− + − = + +− + − = + +
 − = +− = +− = +− = +


− = +− = +− = +− = +

 

បនទ ប់ពីេដះរសយរបពនឋ័េនះេគទទួលបនចេមលយ ៖ 

3 9 9
, , 1 , , 1

8 8 8
a b c p q= − = − = − = = −= − = − = − = = −= − = − = − = = −= − = − = − = = −  

តម (1) េគបន 3 23 9
( ) ( 1) ( 1) 1

8 8
P x x x x= − − − − −= − − − − −= − − − − −= − − − − −  

បនទ ប់ពីបរងមួេគបន 5 33 10 15
( )

8 8 8
P x x x x= − + −= − + −= − + −= − + −   ។ 

រេបៀបទី២ 

តមសមមតិកមមេគបន 3( ) ( 1) ( ) 1 (1)P x x Q x= − −= − −= − −= − −  

និង 3( ) ( 1) ( ) 1 (2)P x x R x= + += + += + += + +  ែដល ( )P x  និង ( )Q x  

ជពហុធមនដឺេរកទីពីរ ។ 

តម(1) េគបន [[[[ ]]]]2'( ) ( 1) 3 ( ) ( 1) '( ) (3)P x x Q x x Q x= − + −= − + −= − + −= − + −  

តម(2)េគបន [[[[ ]]]]2'( ) ( 1) 3 ( ) ( 1) '( ) (4)P x x R x x R x= + + += + + += + + += + + +  

តម (3) និង (4) បញជ ក់ថ '( )P x  ែចកដច់នឹង 2 2( 1)x −−−−  
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េដយ ( )P x ជពហុធដឺេរកទី៥េនះ '( )P x ពហុធដឺេរកទី៤ 

េហតុេនះេគបន 2 2 4 2'( ) ( 1) ( 2 1)P x k x k x x= − = − += − = − += − = − += − = − +  

េគទញបន 
5 3

4 2 2
( ) ( 2 1).

5 3
x x

P x k x x dx k x
    

= − + = − + += − + = − + += − + = − + += − + = − + +        
    

∫∫∫∫ ℓℓℓℓ  

តម (1) និង (2) េគទញ (1) 1

( 1) 1

P

P

= −= −= −= −
 − =− =− =− =

 

េដយ 8 8
( 1) , (1)

15 15
P k P k− = + = − +− = + = − +− = + = − +− = + = − +ℓ ℓℓ ℓℓ ℓℓ ℓ  

េគបនរបពនឋ័ 
8

1
15
8

1
15

k

k

 + = −+ = −+ = −+ = −

 − =− =− =− =


ℓℓℓℓ

ℓℓℓℓ

  នំឲយ 15
0 ,

8
k= = −= = −= = −= = −ℓℓℓℓ   

ដូចេនះ 
5 3 5 315 2 3 5 15

( )
8 5 3 8 4 8

x x x x
P x x x

    
= − − + = − + −= − − + = − + −= − − + = − + −= − − + = − + −        
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លំហត់ទី៤១ 

េគឲយពហុធ 
4 3 2 4 1( ) ( 1)( 1) ( 1)k k

kP x x x x x x x −−−−= − − + − + += − − + − + += − − + − + += − − + − + +  

ែដល k  ជចំនួនគត់វជិជមន ។ 

ចំេពះរគប់ចំនួនគត់វជិជមន k  បងហ ញថពហុធ ( )kP x  ែចក
ដច់នឹងពហុធ 5 1x ++++  ជនិចច ។ 

ដំេណះរសយ 

េយងតង 3 2( ) 1A x x x x= − + −= − + −= − + −= − + −   និង 4( ) ( )B x x A x= −= −= −= −  

េនះ 4 1 ( 1) ( )x x A x− = +− = +− = +− = +   និង 5 1 ( 1) ( )x x B x+ = ++ = ++ = ++ = +  

េគបន 4 4 1( ) ( 1) ( ) ( 1)k kP x x A x x x −−−−= − + += − + += − + += − + +  

                  
1 4 1

1 4 1

( 1) ( ) ( 1)

( 1) ( )

k k

k k

x A x x x

x A x x

+ −+ −+ −+ −

+ −+ −+ −+ −

= + + += + + += + + += + + +

    = + += + += + += + +    

 

ចំេពះ 1k ====  បន 4 3 2 3
1( ) ( 1)( 1) ( 1)P x x x x x x x= − − + − + += − − + − + += − − + − + += − − + − + +  

                                 5 2( 1)( 1)x x x= + − += + − += + − += + − +  

េនះ 5
1( 1) | ( )x P x++++   ពិត 

ឧបមថ 5 1 4 11 | ( ) ( 1) ( )k k
kx P x x A x x+ −+ −+ −+ −    + = + ++ = + ++ = + ++ = + +      ពិត 
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េយងនឹងរសយថ
5 2 4 3

11 | ( ) ( 1) ( )k k
kx P x x A x x+ ++ ++ ++ +

++++     + = + ++ = + ++ = + ++ = + +       
តង 1 4 1( ) ( )k k

kQ x A x x+ −+ −+ −+ −= += += += +   
េគបន 2 4 3

1( ) ( )k k
kQ x A x x+ ++ ++ ++ +

++++ = += += += +  

                      [[[[ ]]]]2 4 1

4 1

( ) ( ) ( )

( ) ( ) ( )

k k

k
k

A x A x B x x

A x Q x B x x

+ −+ −+ −+ −

−−−−

= + += + += + += + +

= += += += +
 

េដមបរីសយថ 5 1 | ( )kx P x++++  េយងរតូវរសយថ 
( ) | ( )kB x Q x   

េប ( ) | ( )kB x Q x  នំឲយ 1( ) | ( )kB x Q x++++   
េរពះ 4 1

1( ) ( ) ( ) ( ) k
k kQ x A x Q x B x x −−−−

++++ = += += += +  

េគទញបន 5 2 4 3
11 | ( ) ( 1) ( )k k

kx P x x A x x+ ++ ++ ++ +
++++     + = + ++ = + ++ = + ++ = + +      

ដូចេនះចំេពះរគប់ចំនួនគត់វជិជមន k  បងហ ញថពហុធ 
( )kP x  ែចកដច់នឹងពហុធ 5 1x ++++  ជនិចច ។ 
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លំហត់ទី៤២ 

េគឲយ , ,a b c  ជបីចំនួនពិតេផទៀងផទ ត់ 
, 6a b c a b c< < + + =< < + + =< < + + =< < + + =  

និង 9ab bc ca+ + =+ + =+ + =+ + =   ។ 

ចូរបងហ ញថ 0 1 3 4a b c< < < < < << < < < < << < < < < << < < < < <   ? 

ដំេណះរសយ 

បងហ ញថ 0 1 3 4a b c< < < < < << < < < < << < < < < << < < < < <    
តង ( ) ( )( )( )f x x a x b x c= − − −= − − −= − − −= − − −  

               
3 2

3 2

( ) ( )

6 9

x a b c x ab bc ca x abc

x x x p

= − + + + + + −= − + + + + + −= − + + + + + −= − + + + + + −

= − + −= − + −= − + −= − + −
 

ែដល p abc====   ។ 

េគមន 2'( ) 3 12 9 3( 1)( 3)f x x x x x= − + = − −= − + = − −= − + = − −= − + = − −   
េប '( ) 0f x ====  មនឬស 1 21 , 3x x= == == == =   ។ 

េនះេគទញ  (1) 0f >>>>   និង  (3) 3f <<<<  េហយ  
1 3a b c< < < << < < << < < << < < <   

េដយ (1) 4 0f p= − >= − >= − >= − >   និង (3) 0f p= − <= − <= − <= − <  េគទញ 
0 4p< << << << <  
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មយ៉ងេទៀត f  ជអនុគមន៍េកនដច់ខតចំេពះ 3x >>>>   
េហយមន (4) 4 (1) 0f p f= − = >= − = >= − = >= − = >  េនះេគទញបន 4c <<<<   
ដូចេនះ 0 1 3 4a b c< < < < < << < < < < << < < < < << < < < < <   ។ 

 

ជំពូកទី៤ 

ករមងលំហត់អនុវតតន៍ 
១-េគឲយពហុធ 5 3P(x) x ax 7x 6= + − += + − += + − += + − +   
 ែដល a ជចំនួនពិត ។ 
 កំណត់តៃមល a េដមបីឲយ P(x) ែចកដច់នឹង x 2−−−−   ។ 
២-េគមនពហុធ n n 1 3P(x) x 6x 7x 5x 2−−−−= − + + −= − + + −= − + + −= − + + −   
 ែដល n N∈∈∈∈  ។ 
 កំណត់តៃមល n  េដមបីឲយ P(x) ែចកដច់នឹង x 2−−−−   ។ 
៣-េគមនពហុធ 4 3 2P(x) x ax bx cx d= + + + += + + + += + + + += + + + +  
 េគដឹងថ P(2) 4 , P(4) 16 ,= == == == = P(8) 64====  និង P(10) 4====  
 ចូរកំណត់តៃមលៃន a ,b ,c ,d  ។  
៤-េគមនពហុធ 4 3 2P(x) x ax bx cx d= + + + += + + + += + + + += + + + +  
 េគដឹងថ P(1) 20 , P(2) 40= == == == = និង P(3) 60==== ។ 
 ចូរកំណត់តៃមលៃន P( 6) P(10)− +− +− +− +   ។  
៥-េគមនពហុធ P(x) មនដឺេរកទីរបំ ។  
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 េគដឹងថ 2(x 1) | P(x)++++ និង 3(x 1) | P(x)++++  ។ 
  រក P(x) េប P(1) 8====   ។ 
 
 
៦-េគឲយ 2P(x) ax bx c= + += + += + += + +   ែដល a 0≠≠≠≠  និង a,b,c IR∈∈∈∈   
 កំណត់ a ,b ,c េដយដឹងថ a b c 4+ + =+ + =+ + =+ + =  េហយពហុធ 
  2P (x) 2P(x)++++  ែចកដច់នឹង x(x 1)(x 2)(x 3)+ + ++ + ++ + ++ + +   ។ 
៧-កំណត់ពហុធ P(x) មួយមនដឺេរកទីរបំេដយដឹងថ ៖ 
 P(x) 2++++  ែចកដច់នឹង 3(x 2)++++  និង P(x) 2−−−−  ែចកដច់ 
 នឹង 3(x 2)−−−− ។ 
៨-េគមនពហុធ 2 5P(x) (2x 7x 4)= − += − += − += − +  
 ក/រកសំណល់ៃនវធីិែចករវង P(x) នឹង  x 2−−−−  
 ខ/ឧបមថ 2 10

0 1 2 10P(x) a a x a x ... a x= + + + += + + + += + + + += + + + +  ។ 
 ចូរគណនតៃមល 0 1 2 10S a a a ... a= + + + += + + + += + + + += + + + +   ។ 
៩-រកសំណល់ៃនវជីិែចករវងពហុធ nP(x) (x 1) , n 2= + ≥= + ≥= + ≥= + ≥  
 នឹងពហុធ 2Q(x) x 1= += += += +   ។ 
១០-េគឲយពហុធ 4 2P(x) x ax b= + += + += + += + +  ែដល a ,b IR∈∈∈∈  ។ 
 កំណត់ a និង b  េដមបឲីយ P(x) ែចកដច់នឹង 2x 2x 4− +− +− +− +   
១១-េគឲយពហុធ 5 3P(x) ax bx 1= + += + += + += + +  ែដល a ,b IR∈∈∈∈  ។ 
 កំណត់ a និង b  េដមបឲីយ P(x) ែចកដច់នឹង 2x x 1− −− −− −− −   
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១២-េគឲយ 2P(x) ax bx c , a 0= + + ≠= + + ≠= + + ≠= + + ≠  និង a,b,c េថរ ។ 

 េគតង 
(k 1)k

2
ku ( 1) [P(k 1) P(k)]

−−−−

= − + −= − + −= − + −= − + −  ។  
 ចូររសយថ  1 3 5 7u u u u 0+ + + =+ + + =+ + + =+ + + =   ។ 

១៣-េគឲយពហុធ 2 3 2n 1
P(x) 1 x x x .... x

−−−−
= + + + + += + + + + += + + + + += + + + + +  ។ 

 ចូររសយថ 2 4 2n 1
P(x) (1 x)(1 x )(1 x )...(1 x )

−−−−
= + + + += + + + += + + + += + + + +   

១៤-េគឲយ P(x) ជពហុធមនដឺេរកទី n  ែដល kP(k) 2====  
 ចំេពះតៃមល  k 0 , 1 ,2,3 , ....,n====   ។  
 ចូរគណន P(n 1)++++   ? 
១៥-េគឲយពហុធ ៖
P(x) x(x 2)(x 4)(x 6) (x 1)(x 3)(x 5)(x 7)= − − − + − − − −= − − − + − − − −= − − − + − − − −= − − − + − − − −  
 ចូររសយថពហុធេនះមនឬសបួនសុទឋែតជចំនួនពិត  
១៦-េគឲយពហុធ P មួយមនេមគុណជចំនយនពិតែដល 
 េផទៀងផទ ត់P(cos x) P(sin x)====   ចំេពះរគប់ x  ។  
 ចូររសយថមនពហុធ Q  មួយេដយដឹងថ  
 4 2P(x) Q(x x )= −= −= −= −   ចំេពះរគប់ x  ។ 
១៧-បងហ ញថរបសិនេបពហុធ  
 2Q(x) ax (c b)x (e d)= + − + −= + − + −= + − + −= + − + − មន 
 ឬសទំងអស់ជចំនួនពិតធំជង 1 េនះពហុធ ៖ 
 4 3 2P(x) ax bx cx dx e= + + + += + + + += + + + += + + + +  មនយ៉ងតិចឬសមួយ 
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 ជចំនួនពិត  ( ែដល a,b,c,d,e IR∈∈∈∈   )។ 
១៨-ចូរកំណត់លកខខណឌ េលេលខេមគុណេដមបីឲយ  
 3x px q+ ++ ++ ++ +  ែចកដច់ នឹង 2x mx 1+ −+ −+ −+ −   ។ 
 
១៩-ចូរកំណត់លកខខណឌ េលេលខេមគុណេដមបីឲយ  
 4 2x px q+ ++ ++ ++ +  ែចកដច់នឹង 2x mx 1+ ++ ++ ++ +   ។ 
២០-កំណត់ a និង b  េដមបីឲយ 4 3ax bx 1+ ++ ++ ++ +  ែចកដច់នឹង 
   2(x 1)−−−− ។ 
២១-កំណត់ a និង b  េដមបីឲយ n 1 nax bx 1++++ + ++ ++ ++ +  ែចកដច់នឹង 
  2(x 1)−−−− ។ 
២២-េប m,n,pជចំនួនគត់វជិជមនេនះចូររសយថ៖ 
    3m 3n 1 3p 2x x x+ ++ ++ ++ ++ ++ ++ ++ +  ែចកដច់នឹង 2x x 1+ ++ ++ ++ +   ។ 
២៣-កំណត់ចំនួនគត់វជិជមន mេដមបីឲយ m m(x 1) x 1+ − −+ − −+ − −+ − −  
    ែចកដច់នឹង 2x x 1+ ++ ++ ++ +   ។ 
២៤-េគតង , ,α β γα β γα β γα β γ  ជឬសៃនពហុធ  
       3 2P(x) x x 2x 4= + + += + + += + + += + + +  
    រក 3 3 3

1 1 1
S = + += + += + += + +

α β γα β γα β γα β γ
   

       និង 3 3 3

1 1 1
T

(1 ) (1 ) (1 )
= + += + += + += + +

+ α + β + γ+ α + β + γ+ α + β + γ+ α + β + γ
 

២៥-េគតង , ,α β γα β γα β γα β γ  និង δδδδ  ជឬសៃនពហុធ  
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      4 3P(x) x x x 4= − + += − + += − + += − + +  
 ចូរគណន 3 3 3 3

1 1 1 1
S = + + += + + += + + += + + +

α β γ δα β γ δα β γ δα β γ δ
   

 និង 3 3 3 3

1 1 1 1
T

(1 ) (1 ) (1 ) (1 )
= + + += + + += + + += + + +

− α − β − γ − δ− α − β − γ − δ− α − β − γ − δ− α − β − γ − δ
 

២៦-ឬសៃនសមីករ 4 3 2x x x 1 0− − − =− − − =− − − =− − − =  គឺ a ,b,cនិង d  ។ 
 ចូរគណន p(a) p(b) P(c) p(d)+ + ++ + ++ + ++ + +  េដយដឹងថ ៖ 
 6 5 3 2P(x) x x x x x= − − − −= − − − −= − − − −= − − − −   ។ 
២៧-េគឲយសមីករ 2x 3x 1 0− + =− + =− + =− + =  មនឬសតងេដយ 1x  
       និង 2x  ។ ចូរគណនតៃមល  
       5 6 5 6

1 2 1 2S (x 21)(x 55) 144x 55x= + + + += + + + += + + + += + + + +  ។ 
២៨-េគឲយសមីករ 2x x 3 0− − =− − =− − =− − =  មនឬសតងេដយ 1x  

       និង 2x  ។ចូរគណនតៃមល 5 3
1 2

1 2
A

2x 1 19x 7
= += += += +

+ −+ −+ −+ −
 ។ 

២៩-េគឲយសមីករ 2x 2x 1 0− − =− − =− − =− − =  មនឬសតងេដយ 1x  
       និង 2x  ។ ចូរគណនតៃមល 3 7

1 2 2P (x 3)(x x 100)= + + += + + += + + += + + +  
៣០-េគឲយពហុធ n n 1f (x) x 5x 3−−−−= + += + += + += + +   ែដល n 1>>>>  ។ 
    ចូរបងហ ញថ f (x)  មិនអចដក់ជផលគុណៃនពីរពហុ 
       ធមិនេថរែដលមនេមគុណជចំនួនគត់  ។ 
៣១-េគឲយ P(x)ជពហុធមនដឺេរកទី 3n  េហយេគដឹងថ ៖ 

       
P(0) P(3) ... P(3n) 2 ,

P(1) P(4) ... P(3n 2) 1

= = = == = = == = = == = = =
= = = − == = = − == = = − == = = − =
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      និង P(2) P(5) ... P(3n 1) 0= = = − == = = − == = = − == = = − =   ។  
      សនមតថ P(3n 1) 730+ =+ =+ =+ =   ។  ចូរកំណត់តៃមល n   ។ 
 
 
៣២-េគឲយពហុធ P(x) (x a)(x b)(x c)(x d) 9= − − − − −= − − − − −= − − − − −= − − − − −  
       ែដល a,b,c,dជចំនួនគត់ខុសគន ។ េបP(x)មនឬស 
       ជចំនួនគត់េនះបងហ ញថផលបូក a b c d+ + ++ + ++ + ++ + +   
       ែចកដច់នឹង 4។ 
៣៣-េគឲយពហុធ 2 nP(x) (x x 1)= + += + += + += + +   ែដល n IN∈∈∈∈  
 ក/ចូររសយថ 2P(x ) P(x).P(x 1)= −= −= −= −  
 ខ/ចូររកសំណល់ៃនវធីិែចករវង P(x) នឹង 2x 1++++  ។ 
 គ/េគឧបមថ  

       
2n

k 2 2n
k 0 1 2 2n

k 0
P(x) a x a a x a x ... a x

====
= = + + + += = + + + += = + + + += = + + + +∑∑∑∑  

     ចូរគណន n 0 2 4 2nS a a a .... a= + + + += + + + += + + + += + + + +  
     និង n 1 3 5 2n 1T a a a ... a −−−−= + + + += + + + += + + + += + + + +   ជអនុគមន៍ៃន n    
៣៤-េគឲយ P(x) ជពហុធដឺរកទី n  ែដល P(0) 0====  និង  
       P(k) 1====  ចំេពះ k 1, 2, 3, ....,n====  ។ ចូរកំណត់រក P(x)  
៣៥-េគឲយ P(x) ជពហុធដឺេរកទីរបំែដលេផទៀងផទ ត់  
       P(k) k====  ចំេពះ  k 0,1, 2, 3,4====  និង P(5) 245====  ។ 
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       ចូរកំណត់ P(x) ។ 
៣៦-េគឲយពហុធ 3 2P(x) x mx (3m 13)x (5m 3)= + − + − +  
     ែដល m∈ℜ ជប៉រ៉ែម៉រត ។ 
    កំណត់តៃមល m េដមបឲីយផលបូកកេរៃនឬសទំងបីរបស់  
 ពហុធP(x)មនតៃមលអបបបរម រចួដក់P(x)ជផលគុណ 
 កតត ចំេពះតៃមល m ែដលបនរកេឃញ ។ 
៣៧-េគឲយពហុធ 2P(x) x x 3= − −  មនឬសពីរតងេដយ  
    α  និង β ។ គណនតៃមល 5 8N 217 19= α + β  ។ 
៣៨-េគឲយពហុធ 7 4P(x) ax bx 1= + +  ែដល a ,b ∈ℜ  ។ 
 កំណត់តៃមល a  និង b  េដមបីឲយ P(x)  ែចកដច់នឹងពហុធ 
 2Q(x) x x 1= − −  ។ 
៣៩-េគឲយពហុធ 5 3 2P(x) x 3x 2x 4x 1= − + + −  មនឬសរបំ 
 ខុសគន តងេដយ 1 2 3 4 5x ,x ,x , x , x  ។ យក 2Q(x) x 3= −  

 ចូរគណនតៃមល 
5

i
i 1

M Q(x )
=

= ∏  ។ 

៤០-តង a  និង b  ជឬសសមីករ 2x x 1 0− − =  ។ 
       គណន 8 7 3 4S 3a 2b 13a 21b= + + +   ។ 
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    ( Dǔsan Djukíc ) 
6. Polynomials in One VariablePolynomials in One VariablePolynomials in One VariablePolynomials in One Variable 
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