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 សសួតីមិតតអនកសិកសជទរីសឡញ់របអ់ន !សសួតីមិតតអនកសិកសជទរីសឡញ់របអ់ន !សសួតីមិតតអនកសិកសជទរីសឡញ់របអ់ន !សសួតីមិតតអនកសិកសជទរីសឡញ់របអ់ន ! 
េសៀវេភ េសៀវេភ េសៀវេភ េសៀវេភ គណិតវិទយអហរបូករណ៍ ែដលេលកអនកកពំងុែតកនអ់នេនះែដលេលកអនកកពំងុែតកនអ់នេនះែដលេលកអនកកពំងុែតកនអ់នេនះែដលេលកអនកកពំងុែតកនអ់នេនះ 
ខ ញុបំទបនេរៀបចេំឡើងខ ញុបំទបនេរៀបចេំឡើងខ ញុបំទបនេរៀបចេំឡើងខ ញុបំទបនេរៀបចេំឡើងសរមបទ់កុជសរមបទ់កុជសរមបទ់កុជសរមបទ់កុជឯឯឯឯកសរសរមបអ់នកសិកសែដលមនកសរសរមបអ់នកសិកសែដលមនកសរសរមបអ់នកសិកសែដលមនកសរសរមបអ់នកសិកសែដលមន 
បំណងចងេ់រតៀមរបឡងេទបនតករសិកសេនបរេទស។បំណងចងេ់រតៀមរបឡងេទបនតករសិកសេនបរេទស។បំណងចងេ់រតៀមរបឡងេទបនតករសិកសេនបរេទស។បំណងចងេ់រតៀមរបឡងេទបនតករសិកសេនបរេទស។ 
    េនកនុងេសៀវេភេនះ េយើងខ ញុបំនេរជសីេរសីលំហតល់អៗ  មកេធវើដេំណះរសយេនកនុងេសៀវេភេនះ េយើងខ ញុបំនេរជសីេរសីលំហតល់អៗ  មកេធវើដេំណះរសយេនកនុងេសៀវេភេនះ េយើងខ ញុបំនេរជសីេរសីលំហតល់អៗ  មកេធវើដេំណះរសយេនកនុងេសៀវេភេនះ េយើងខ ញុបំនេរជសីេរសីលំហតល់អៗ  មកេធវើដេំណះរសយ 
ជគរំ ូែដលអចឲយអនកសិកសងយយល ់និង ឆបច់ងច ំ។ជគរំ ូែដលអចឲយអនកសិកសងយយល ់និង ឆបច់ងច ំ។ជគរំ ូែដលអចឲយអនកសិកសងយយល ់និង ឆបច់ងច ំ។ជគរំ ូែដលអចឲយអនកសិកសងយយល ់និង ឆបច់ងច ំ។ 
    េយើងខ ញុសំងឃមឹថ េសៀវេភមួយកបលេនះ នឹងអចចលូរមួផតលន់វូេយើងខ ញុសំងឃមឹថ េសៀវេភមួយកបលេនះ នឹងអចចលូរមួផតលន់វូេយើងខ ញុសំងឃមឹថ េសៀវេភមួយកបលេនះ នឹងអចចលូរមួផតលន់វូេយើងខ ញុសំងឃមឹថ េសៀវេភមួយកបលេនះ នឹងអចចលូរមួផតលន់វូ 
គនិំតនិងគនិំតនិងគនិំតនិងគនិំតនិងវធិសីរសតថមីៗកនុងករេដះរសយលំហត់វធិសីរសតថមីៗកនុងករេដះរសយលំហត់វធិសីរសតថមីៗកនុងករេដះរសយលំហត់វធិសីរសតថមីៗកនុងករេដះរសយលំហតេ់រតៀមរបឡងអហរបូករណ៍េរតៀមរបឡងអហរបូករណ៍េរតៀមរបឡងអហរបូករណ៍េរតៀមរបឡងអហរបូករណ៍ 
    ចេំពះេលកអនកសិកសជពុំខនេឡើយ ។ចេំពះេលកអនកសិកសជពុំខនេឡើយ ។ចេំពះេលកអនកសិកសជពុំខនេឡើយ ។ចេំពះេលកអនកសិកសជពុំខនេឡើយ ។ 
    ជទបីញច បខ់ ញុបំទសមូជនូពរចេំពះេលកអនក សមូមនសខុភពលអជទបីញច បខ់ ញុបំទសមូជនូពរចេំពះេលកអនក សមូមនសខុភពលអជទបីញច បខ់ ញុបំទសមូជនូពរចេំពះេលកអនក សមូមនសខុភពលអជទបីញច បខ់ ញុបំទសមូជនូពរចេំពះេលកអនក សមូមនសខុភពលអ 
មនរបជញ ឈល សៃវ និង ទទលួបនេជគជយ័កនុងរគបភ់រកចិច ។មនរបជញ ឈល សៃវ និង ទទលួបនេជគជយ័កនុងរគបភ់រកចិច ។មនរបជញ ឈល សៃវ និង ទទលួបនេជគជយ័កនុងរគបភ់រកចិច ។មនរបជញ ឈល សៃវ និង ទទលួបនេជគជយ័កនុងរគបភ់រកចិច ។ 
 
 
 
                                                           បតដ់ំបងៃថងទី ៣ កកកដ ឆន ២ំ០១៣ 
                                               អនកនិពនឋ និង រសវរជវ 
                                                        

                                                          លមឹ ផលគនុ   
                                                                                    
                                      Tel : 017 768 246 
                                                                  Email: lim_phalkun@ymail.com 
                                                        Website: www.mathtoday.wordpress.com 
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វិញញ សគណិតវិទយទី០១ 
សរមប់រយះេពល ១េម៉ង៣០នទី 

������� 
(របឡងអហរូបករណ៍េទេវៀតណម ១៥ ែខមិថុនឆន  ំ២០១៣) 

I-េគដកឃ់លីរកហម 5 និងឃលីេខៀវ 15 ចូលកនុងថងម់យួ ។ ឃលីបីរតូវ 

 យកេចញេដយៃចដនយ ។ រករបូបប ៖ 

 ក)ឃលីទងំបីសុទឋែតពណ៌រកហម 

 ខ)ឃលីពរីគតព់ណ៌រកហម 

 គ)យ៉ងតចិឃលីពរីពណ៌រកហម 

 ឃ)យ៉ងតចិឃលីមយួពណ៌េខៀវ ។ 

II-េគឲយសមកីរឌេីផរង៉ែ់សយល 9 '' 0 (1)y y+ =+ =+ =+ =  

 ក)រកចេមលយៃនសមកីរ (1) 

 ខ)កំណតអ់នុគមន ៍ f  ែដលជចេមលយៃនសមកីរ (1) េហយ 

 េផទៀងផទ ត ់ (0) 0f ====  និង '(0) 3f ====  ។ 

 គ)កំណតអ់នុគមន ៍ g  ជចេមលយៃនសមកីរ (1) េហយេផទៀងផទ ត ់

 
2

0

( ). 0g x dx

ππππ

====∫∫∫∫   និង 
0

( ). 3g x dx
ππππ

====∫∫∫∫  ។ 

III-េគឲយអនុគមន ៍ f  មនេដរេីវរតង ់0 និង (0) 0f ====  ។ គណន 

   
0

1
lim ( ) ( ) ... ( ) ;

2x

x x
f x f f k

x k→→→→

    + + + ∈+ + + ∈+ + + ∈+ + + ∈    
    

ℕℕℕℕ  
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IV-េគឲយអនុគមន ៍ (1 )
( ) , 1 , [0,1]

1
x

f x x
x

αααα

αααα αααα++++= ≥ ∈= ≥ ∈= ≥ ∈= ≥ ∈
++++

 ។ 

   ក)រកចំណុចបរមៃនអនុគមន ៍ f  ។ 

   ខ)រសយបញជ កថ់  
       (((( )))) (((( ))))2| | | | | | | | 2 | | | |x y x y x y

ααααα α α α αα α α α αα α α α αα α α α α−−−−+ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ +   ។ 
 

ដំេណះរសយ 

I-រករបូបប៖ 

 ក)ឃលីទងំបីសុទឋែតពណ៌រកហម 

 តង A ជរពតឹតកិរណ៍ចបយ់កឃលបីពីថីងប់នឃលីទងំបីសុទឋែត 

 ពណ៌រកហម ។ 

 េគបន ( )
( )

( )
n A

P A
n S

= == == == =
cnM YnkrNIRsbcnM YnkrNIRsbcnM YnkrNIRsbcnM YnkrNIRsb
cMnYnkrNIGaccMnYnkrNIGaccMnYnkrNIGaccMnYnkrNIGac   

 េដយ 3
20

20! 18 19 20
( ) 1140

3!.17! 6
n S C

× ×× ×× ×× ×= = = == = = == = = == = = =  

 និង 3
5

5! 120
( ) 10

3!.2! 12
n A C= = = == = = == = = == = = =  

 ដូចេនះ 10 1
( )

1140 114
P A = == == == =   ។ 

 ខ)ឃលីពរីគតព់ណ៌រកហម 

 តង B  ជរពតឹតកិរណ៍ចបយ់កឃលបីពីថីងប់នឃលីពរីគតព់ណ៌ 

 រកហម ។  
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េគបន ( )
( )

( )
n B

P B
n S

= == == == =
cnM YnkrNIRsbcnM YnkrNIRsbcnM YnkrNIRsbcnM YnkrNIRsb
cMnYnkrNIGaccMnYnkrNIGaccMnYnkrNIGaccMnYnkrNIGac   

 េដយ 2 1
5 15

5!
( ) 15 150

2!.3!
n B C C= × = × == × = × == × = × == × = × =  

 ដូចេនះ 150 5
( )

1140 38
P B = == == == =   ។ 

គ)យ៉ងតចិឃលីពរីពណ៌រកហម 

 តង C  ជរពតឹតកិរណ៍ចបយ់កឃលបីពីថីងប់នយ៉ងតចិឃលីពរី 

 ពណ៌រកហមេនះ C A B= ∪= ∪= ∪= ∪  ។ 

 េគបន ( ) ( ) ( ) ( )P C P A B P A P B= ∪ = += ∪ = += ∪ = += ∪ = +  

                    1 5 16 8
114 38 114 57

= + = == + = == + = == + = =  

 ដូចេនះ 8
( )

57
P C ====  ។ 

 

ឃ)យ៉ងតចិឃលីមយួពណ៌េខៀវ  

 តង D  ជរពតឹតកិរណ៍ចបយ់កឃលបីពីថីងប់នយ៉ងតចិឃលីមយួ 

 ពណ៌េខៀវ េនះ D  និង A ជរពតឹតកិរណ៍ពរីផទុយគន  ។ 

 េគបន 1 113
( ) 1 ( ) 1

114 114
P D P A= − = − == − = − == − = − == − = − =   ។ 

II-ក)រកចេមលយៃនសមកីរ (1) 
  9 '' 0 (1)y y+ =+ =+ =+ =   
 មនសមកីរសមគ ល់ 29 1 0r + =+ =+ =+ =   មនឬស 1

3
r i= ±= ±= ±= ±  

 េគបនចេមលយៃនសមកីរ(1)គឺ cos sin
3 3
x x

y A B= += += += + , ,A B ∈ ℜ∈ ℜ∈ ℜ∈ ℜ។ 
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 ខ)កំណតអ់នុគមន ៍ f  ែដលជចេមលយៃនសមកីរ (1) េហយ 

 េផទៀងផទ ត ់ (0) 0f ====  និង '(0) 3f ====  ៖ 

 េគមន ( ) cos sin
3 3
x x

f x A B= += += += +  េនះ (0) 0f A= == == == =  

 េហយ '( ) sin cos
3 3 3 3
A x B x

f x = − += − += − += − +  េនះ '(0) 3
3
B

f = == == == =  

 េគទញ 9B ====  ។ 

 ដូចេនះ ( ) 9sin
3
x

f x ====   ។ 

 គ)កំណតអ់នុគមន ៍ g  ជចេមលយៃនសមកីរ (1) េហយេផទៀងផទ ត ់

 
2

0

( ). 0g x dx

ππππ

====∫∫∫∫   និង 
0

( ). 3g x dx
ππππ

====∫∫∫∫   

 េគមន ( ) cos sin
3 3
x x

g x A B= += += += +  

 េគបន 
2 2

0 0

( ). cos sin . 0
3 3
x x

g x dx A B dx

π ππ ππ ππ π

    = + == + == + == + =    
    

∫ ∫∫ ∫∫ ∫∫ ∫  

                             2

0

3 sin 3 cos 0
3 3
x x

A B

ππππ

    − =− =− =− =    
    

 

3 3 3
( ) ( 3 ) 0
2 2

A B B− − − =− − − =− − − =− − − =  ឬ ( 3 2) 0 ( )A B a− − =− − =− − =− − =  

មយ៉ងេទៀត  
0 0

( ). cos sin . 3
3 3
x x

g x dx A B dx
π ππ ππ ππ π

    = + == + == + == + =    
    

∫ ∫∫ ∫∫ ∫∫ ∫  

 
0

3 sin 3 cos 3
3 3
x x

A B
ππππ

    − =− =− =− =    
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3 3 3
( ) ( 3 ) 3

2 2
A B B− − − =− − − =− − − =− − − =  ឬ 3 2 ( )A B b+ =+ =+ =+ =  

តម ( )a  និង ( )b  េគបនរបពនឋ ័ ( 3 2) 0

3 2

A B

A B

 − − =− − =− − =− − =


+ =+ =+ =+ =
 

បនទ បព់េីដះរសយេគបន 1 , 2 3A B= − = += − = += − = += − = +  

ដូចេនះ ( ) cos (2 3)sin
3 3
x x

g x = − + += − + += − + += − + +   ។ 

III-គណន 

   
0

1
lim ( ) ( ) ... ( ) ;

2x

x x
L f x f f k

x k→→→→

    = + + + ∈= + + + ∈= + + + ∈= + + + ∈    
    

ℕℕℕℕ   

        
0

1

1
lim

k

x
p

x
f

x p→→→→ ====

    
====     

    
∑∑∑∑   េដយ (0) 0f ====  

        0
1

0
1

( ) (0)
lim

( ) (0)
lim

k

x
p

n

x
p

x
f f

p
x

x
f f

p
x

→→→→ ====

→→→→====

−−−−
====

−−−−
====

∑∑∑∑

∑∑∑∑

 

 េដយ 
0

( ) (0)
1

lim '(0)
x

x
f f

p
f

x p→→→→

−−−−
= ×= ×= ×= ×  

 ដូេចនះ 
0

1

1 1
lim ( ) ( ) ... ( ) '(0)

2

k

x
p

x x
L f x f f f

x k p→→→→ ====

    = + + + = ×= + + + = ×= + + + = ×= + + + = ×    
    

∑∑∑∑  ។ 
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IV-ក)រកចំណុចបរមៃនអនុគមន ៍ f   
 េគមន (1 )

( ) , 1 , [0,1]
1

x
f x x

x

αααα

αααα αααα++++= ≥ ∈= ≥ ∈= ≥ ∈= ≥ ∈
++++

   

 េគបន (1 )
ln ( ) ln ln(1 ) ln(1 )

1
x

f x x x
x

αααα
αααα

αααα αααα
    ++++= = + − += = + − += = + − += = + − +    ++++    

 

 េធវេដរេីវេលអងគទងំពរីៃនសមកីរេគបន ៖ 

 
1 1'( ) (1 )

( ) 1 1 (1 )(1 )
f x x x

f x x x x x

α αα αα αα α

α αα αα αα α
α α αα α αα α αα α α− −− −− −− −−−−−= − == − == − == − =
+ + + ++ + + ++ + + ++ + + +

 េដយ (1 )
( )

1
x

f x
x

αααα

αααα
++++====
++++

   

 េគទញបន 
1 1

2

(1 ) (1 )
'( )

(1 )
x x

f x
x

α αα αα αα α

αααα
αααα − −− −− −− −+ −+ −+ −+ −

====
++++

 

 ចំេពះ [0,1]x ∈∈∈∈  េនះ '( ) 0f x ≥≥≥≥  នឲំយ f  េកនេលចេនល ះ [0,1]  
 ដូចេនះអនុគមន៍ f មនចំណុចអបបបរមរតង ់ 0x ====  និងមន 

 ចំណុចអតបិរមរតង ់ 1x ====  ។ 

 ខ)រសយថ (((( )))) (((( ))))2| | | | | | | | 2 | | | |x y x y x y
ααααα α α α αα α α α αα α α α αα α α α α−−−−+ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ +    

 តមសរមយខងេលចំេពះ [0,1]x ∈∈∈∈  េគមន ៖ 

 (0) ( ) (1)f f x f≤ ≤≤ ≤≤ ≤≤ ≤   ឬ  1(1 )
1 2 (*)

1
x

x

αααα
αααα

αααα
−−−−++++≤ ≤≤ ≤≤ ≤≤ ≤

++++
 

 -ចំេពះ 0y ====  េនះវសិមភពខងេលពតិ ។ 

 -ចំេពះ 0y ≠≠≠≠  េនះេគជំនួស x  េដយ | |
| |
x
y

 កនុង (*)  េគបន ៖ 

                          (((( )))) 1| | | |
1 2

| | | |

x y

x y

αααα
αααα

α αα αα αα α
−−−−++++

≤ ≤≤ ≤≤ ≤≤ ≤
++++

   

 សមមូល (((( )))) (((( ))))2| | | | | | | | 2 | | | |x y x y x y
ααααα α α α αα α α α αα α α α αα α α α α−−−−+ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ +   ពតិ ។ 
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វិញញ សគណិតវិទយទី០២ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគមនសវុីតនពវនត 51,47,43,39,.... 

   ចូរគណនផលបកូ n  តួដំបូង nS ៃនសវុីតេនះ ។ 
 កំណត ់n  េដមបឲីយ nS  មនតៃមលអតបិរម រចួកំណតត់ៃមលេនះ  
II-កនុងតរមុយអរតូណម៉ល់ (o, i , j ,k)

→ → →→ → →→ → →→ → →  េគមនចំណុច A(1,2,3) 

 និងបលង ់( ) : x 2y 2z 8 0α + − − =α + − − =α + − − =α + − − =   ។ 
 ក-កំណតស់មកីរប៉រ៉ែមរ៉តៃនបនទ ត ់( )∆∆∆∆  គូសេចញពចីំណុច 
 A េហយែកងនងឹបលង ់( )ββββ  រតងច់ំណុច H  ។ 
 ខ-គណនកូអរេដេនៃនចំណុច H  និងចំណុច A'  ឆលុះគន នឹង  
 A េធៀបនឹងបលង ់( )αααα  ។ 
 គ-កំណតស់មកីរបលង ់( )ββββ  កតត់មចំណុច A'  េហយរសបនឹង 
 បលង ់( )αααα  ខងេល ។ 

III-េគមនអនុគមន ៍
2x px q x 1

f (x)
3x 4 x 1

 + + ≤+ + ≤+ + ≤+ + ≤==== 
+ >+ >+ >+ >

ebIebIebIebI
ebIebIebIebI

 

 កំណតព់រីចំនួនពតិ p  និងq  េដមបឲីយ f មនេដរេីវរតង ់x 1====    
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IV-េគឲយអងំេតរកល 
1

n 2x
n

0

I x e .dx ; n IN−−−−= ∈= ∈= ∈= ∈∫∫∫∫    

 ក/សិកសអេថរភពៃន n(I )  រចួរកទំនកទ់ំនងរវង nI  និង n 1I ++++   
 ខ/រសយថ n 2

1
n 2 : 0 I

(n 1)e
∀ ≥ ≤ ≤∀ ≥ ≤ ≤∀ ≥ ≤ ≤∀ ≥ ≤ ≤

−−−−
 ។ ទញរក nn

lim I
→+∞→+∞→+∞→+∞

   

ដំេណះរសយ 

I-ក/គណនផលបូក n  តួដំបូង nS ៃនសវុីត៖ 

 េដយ 1 2a 51 , a 47= == == == =  េនះ 2 1d a a 47 51 4= − = − = −= − = − = −= − = − = −= − = − = −  
 េហយ n 1a a (n 1)d 51 (n 1)( 4) 4n 55= + − = + − − = − += + − = + − − = − += + − = + − − = − += + − = + − − = − +  
 េគបន 1 n

n

n(a a ) n(51 4n 55)
S n(53 2n)

2 2
++++ − +− +− +− += = = −= = = −= = = −= = = −   

 េគអចសរេសរ 2 2
n

2809 53
S 53n 2n 2(n )

8 4
= − = − −= − = − −= − = − −= − = − −  

 េដមបឲីយ nS  មនតៃមលធំបផុំតលុះរតែត 253
(n )

2
−−−−  មនតៃមលតូច 

 បំផុតេដយ n IN∈∈∈∈  និង 2 253 1
(n ) (n 13 )

4 4
− = − −− = − −− = − −− = − −  េនះេគរតូវ 

 ឲយ n 13====  ។ 

 ដូចេនះ n 13====   និង 13

2809 1
S 351

8 8
= − == − == − == − =  ។ 

II-ក-កំណតស់មកីរប៉រ៉ែមរ៉តៃនបនទ ត ់( )∆∆∆∆  ៖ 

 បលង ់( ) : x 2y 2z 8 0α + − − =α + − − =α + − − =α + − − =  មនវុចិទរណ័រម៉ល់n (1,2, 2)
→→→→

= −= −= −= −   
 េដយបនទ ត ់( ) ( )∆ ⊥ α∆ ⊥ α∆ ⊥ α∆ ⊥ α េនះn (1,2, 2)

→→→→
= −= −= −= − ជវុចិទររ័បបទ់សិៃន 
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 ( )∆∆∆∆ ដូចេនះសមកីរបនទ ត ់( )∆∆∆∆  កតត់ម A(1,2,3) សរេសរ ៖ 

 

x 1 t

( ) : y 2 2t

z 3 2t ; t IR

= += += += +
∆ = +∆ = +∆ = +∆ = +
 = − ∈= − ∈= − ∈= − ∈

 

ខ-គណនកូអរេដេនៃនចំណុច H  និងចំណុច A'  ឆលុះគន នឹង A  
 េធៀបនឹងបលង ់( )αααα  ៖ 
 យកសមកីរ ( )∆∆∆∆  ជួសកនុង ( )αααα  េគបន ៖ 

 

(1 t) 2(2 2t) 2(3 2t) 8 0

1 t 4 4t 6 4t 8 0

9t 9 0

+ + + − − − =+ + + − − − =+ + + − − − =+ + + − − − =
+ + + − + − =+ + + − + − =+ + + − + − =+ + + − + − =

− =− =− =− =
 

 េគទញបន 9
t 1

9
= == == == =   យកជួសកនុងសមកីរ ( )∆∆∆∆  េគបន 

 H(2,4,1)  ។  
 េហយេដយចណុំច A'  ឆលុះគន នឹង A េធៀបនងឹបលង ់( )αααα  េនះ 
 ចំណុច H  ជចំណុចកណត លៃន A  និង A'  ។ 
 េគបន A' H A A' H Ax 2x x 4 1 3 , y 2y y 8 2 6= − = − = = − = − == − = − = = − = − == − = − = = − = − == − = − = = − = − =  
 និង A' H Az 2z z 2 3 1= − = − = −= − = − = −= − = − = −= − = − = −   ។ដូចេនះ A'(3,6, 1)−−−−   ។ 
គ-កំណតស់មកីរបលង ់( )ββββ ៖ 
 េដយ ( ) / /( )β αβ αβ αβ α  េនះ n (1 , 2 , 2)

→→→→
= −= −= −= −  ជវុចិទរណ័រម៉ល់ៃន  

 ( )ββββ  ។ េដយ ( )ββββ កតត់មចំណុច A'(3,6, 1)−−−−    េនះេគបន  
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( ) : 1.(x 3) 2(y 6) 2(z 1) 0

( ) : x 3 2y 12 2z 2 0

( ) : x 2y 2z 11 0

β − − − + + =β − − − + + =β − − − + + =β − − − + + =
β − − + + + =β − − + + + =β − − + + + =β − − + + + =
β − + + =β − + + =β − + + =β − + + =

 

 ដូចេនះ ( ) : x 2y 2z 11 0β − + + =β − + + =β − + + =β − + + =   ។ 
III-កំណតព់រីចំនួនពតិ p  និងq  េដមបឲីយ f មនេដរេីវរតង ់x 1====    
េគរតូវឲយ f  ជបរ់តង ់x 1====  គឺ 

x 1 x 1
lim f (x) lim f (x)
→ →→ →→ →→ →− +− +− +− +

====  

េគបន 2

x 1 x 1
lim (x px q) lim (3x 4)
→ →→ →→ →→ →− +− +− +− +

+ + = ++ + = ++ + = ++ + = +  

                     1 p q 7+ + =+ + =+ + =+ + =   ឬ  q 6 p (1)= −= −= −= −  

និងេគរតូវឲយ f ' (1) f ' (1)− +− +− +− +====   ។ 

េគមន 
h 0

f (1 h) f (1)
f ' (1) lim

h−−−−
→→→→ −−−−

+ −+ −+ −+ −====  

                    

2

h 0

2

h 0

2

h 0

h 0

(1 h) p(1 h) q (1 p q)
lim

h

1 2h h p ph q 1 p q
lim

h

h (2 p)h
lim

h

lim (h 2 p) 2 p

→→→→

→→→→

→→→→

→→→→

−−−−

−−−−

−−−−

−−−−

+ + + + − + ++ + + + − + ++ + + + − + ++ + + + − + +====

+ + + + + − − −+ + + + + − − −+ + + + + − − −+ + + + + − − −====

+ ++ ++ ++ +====

= + + = += + + = += + + = += + + = +

 

េហយ  
h 0

f (1 h) f (1)
f ' (1) lim

h++++
→→→→ ++++

+ −+ −+ −+ −====  
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                    h 0

h 0

3(h 1) 4 (3 4)
lim

h

3h
lim 3

h

→→→→

→→→→

++++

++++

+ + − ++ + − ++ + − ++ + − +====

= == == == =
 

េហតុេនះ 2 p 3+ =+ =+ =+ =    េនះ  p 1====    
េហយតម(1) េគបន q 6 1 5= − == − == − == − =   ។ 

ដូចេនះ p 1 , q 5= == == == =   ។ 

IV-ក/សិកសអេថរភពៃន n(I )  រចួរកទនំកទ់នំងរវង nI  និង n 1I ++++   
ចំេពះរគប ់x [0,1]∈∈∈∈  និង n IN∈∈∈∈  េគមន n 1 nx x++++ ≤≤≤≤  
គុណអងគទងំពរីនឹង 2xe−−−−  េគបន n 1 2x n 2xx e x e+ − −+ − −+ − −+ − −≤≤≤≤  

នឲំយ 
1 1

n 1 2x n 2x

0 0

x e .dx x e .dx+ − −+ − −+ − −+ − −≤≤≤≤∫ ∫∫ ∫∫ ∫∫ ∫   ឬ  n 1 nI I++++ ≤≤≤≤   ។ 

ដូចេនះ nI  ជសវុីតចុះ ។ 

មយ៉ងេទៀត 
1

n 2x
n

0

I x e .dx ; n IN−−−−= ∈= ∈= ∈= ∈∫∫∫∫   នឲំយ  
1

n 1 2x
n 1

0

I x e .dx+ −+ −+ −+ −
++++ ==== ∫∫∫∫  

តង 
n

n 1

2x2x

du (n 1)x .dxu x
1

v edv e .dx
2

++++

−−−−−−−−

 = += += += + ====    
⇒⇒⇒⇒    

= −= −= −= −==== 

 

េគបន 
1 1

2x n 1 n 2x
n 1

0 0

1 n 1
I e x x e .dx

2 2
− + −− + −− + −− + −

++++
++++    = − += − += − += − +        
∫∫∫∫  
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ដូេចនះ n 1 n2

1 n 1
I I

2e 2++++
++++= − += − += − += − +  ជទំនកទ់ំនងែដលរតូវរក ។ 

ខ/រសយថ n 2

1
n 2 : 0 I

(n 1)e
∀ ≥ ≤ ≤∀ ≥ ≤ ≤∀ ≥ ≤ ≤∀ ≥ ≤ ≤

−−−−
 រចួទញរក nn

lim I
→+∞→+∞→+∞→+∞

   

េគមន n(I )  ជសវុីតចុះេនះេគបន n 1 nI I++++ ≤≤≤≤  ែត

n 1 n2

1 n 1
I I

2e 2++++
++++= − += − += − += − +  

េគបន n n2

1 n 1
I I

2e 2
++++− + ≤− + ≤− + ≤− + ≤  នឲំយ n 2

1
I (1)

(n 1)e
≤≤≤≤

−−−−
 

េហយ n 2xx [0,1] : x e 0−−−−∀ ∈ ≥∀ ∈ ≥∀ ∈ ≥∀ ∈ ≥   នឲំយ 
1

n 2x
n

0

I x e .dx 0 (2)−−−−= ≥= ≥= ≥= ≥∫∫∫∫  ។ 

តម(1)និង(2) n 2

1
n 2 : 0 I

(n 1)e
∀ ≥ ≤ ≤∀ ≥ ≤ ≤∀ ≥ ≤ ≤∀ ≥ ≤ ≤

−−−−
  និង nn

lim I 0
→+∞→+∞→+∞→+∞

====   ។ 
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វិញញ សគណិតវិទយទី០៣ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-គណនេដរេីវទី n  ៃនអនុគមន ៍y sin x====   ។ 

II-េគឱយសវុីតៃនចំនួនពិត  កំនតេ់ដយ ៖ 

  ែដល  

 ក. ចូរេផទៀងផទ តស់មភព  

 ខ. គណនផលបកូ  
ជអនុគមនៃ៍ន  រចួទញរកលីមតីវកលណ  ។ 

III-េគឲយអងំេតរកល 
2

n
n

0

I cos x.dx , n IN

ππππ

= ∈= ∈= ∈= ∈∫∫∫∫   

 1/រកទំនកទ់ំនងរវង nI  និង n 2I −−−−  ។ 
 2/ទញរក 2pI  និង 2p 1I ++++  ែដល p IN∈∈∈∈  ។ 
IV-េគឲយបលង ់( ) : 2x 2y z 1 0α − + − =α − + − =α − + − =α − + − =  និងែសវ៊ (S)មនសមកីរ 

 2 2 2(S) : x y z 2x 8y 4z 12 0+ + + − − + =+ + + − − + =+ + + − − + =+ + + − − + =   ។ 
 ក-បងហ ញថបលង ់( )αααα  បះ៉នងឹែសវ៊ (S) រតងច់ំណុច A  មយួ ។ 
 ខ-កំណតកូ់អរេដេនៃនចំណុចបះ៉ A  ។ 

)( nu

)32)(32(
6

11 ++++++++ ++++++++
==== nnnn

n

nu ....;3;2;1;0====n

nn

n

nn

n

nu
32

3
32

3
11

1

++++
−−−−

++++
==== ++++++++

++++

(((( )))) n

n

k
kn uuuuuS ++++++++++++++++======== ∑∑∑∑

====
...210

0

n +∞+∞+∞+∞→→→→n
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 គ-កំណតស់មកីរបនទ ត ់( )∆∆∆∆  ែកងនឹងបលង់( )αααα   រតងច់ំណុច A   
 ឃ-េរកពចីំណុច A  បនទ ត់( )∆∆∆∆  របសពវែសវ៊ (S)រតងច់ំណុច B  
 មយួេទៀត ។  
 ចូរកំណតកូ់អរេដេនចំណុច B  រចួកំណតស់មកីរៃនបលង ់( )ββββ   
 ែដលបះ៉ែសវ៊ (S) រតង ់B  ។ 

ដំេណះរសយ 

I-គណនេដរេីវទី n  ៃនអនុគមន ៍y sin x====    
េគបន y ' (sin x)' cos x sin( x)

2
ππππ= = = += = = += = = += = = +  

           

y '' (sin( x)) ' cos( x) sin( x)
2 2

3
y ''' (sin( x)) ' cos( x) sin( x)

2

π ππ ππ ππ π= + = + = π += + = + = π += + = + = π += + = + = π +

ππππ= π + = π + = += π + = π + = += π + = π + = += π + = π + = +

− − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − −

 

ឧបមថ (n) n
y sin( x)

2
ππππ= += += += + ពតិ 

េយងបន 

(((( ))))(n 1) (n) n (n 1)
y y ' cos( x) sin x

2 2
++++ π + ππ + ππ + ππ + π    = = + = += = + = += = + = += = + = +    

    
ពតិ 

ដូចេនះ  (n) n
y sin( x)

2
ππππ= += += += +  ។ 
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II-ក. េផទៀងផទ តស់មភព    

េគបន  

               

ខ. គណនផលបកូ  

េគមន    

េគបន                        

           

ដូចេនះ   េហយ    ។ 
 

nn

n

nn

n

nu
32

3
32

3
11

1

++++
−−−−

++++
==== ++++++++

++++

)32)(32(
)32(3)32(3

11

111

++++++++

++++++++++++

++++++++
++++−−−−++++==== nnnn

nnnnnn

nu

Bit
)32)(32(

6

)32)(32(
36.236.3

11

11

1212

++++++++

++++++++

++++++++

++++++++
====

++++++++
−−−−−−−−++++====

nnnn

n

nnnn

nnnn

(((( )))) n

n

k
kn uuuuuS ++++++++++++++++======== ∑∑∑∑

====
...210

0

nn

n

nn

n

nu
32

3
32

3
11

1

++++
−−−−

++++
==== ++++++++

++++

∑∑∑∑
====

++++++++

++++










++++
−−−−

++++
====

n

k
kk

k

kk

k

nS
0

11

1

32
3

32
3

)23(2
23

)32(2
3.232

32
3

2
1

32
3

32
3

......

35
27

97
81

13
9

35
27

5
3

13
9

2
1

5
3

11

11

11

111

11

1

11

1

++++++++

++++++++

++++++++

++++++++++++

++++++++

++++

++++++++

++++

++++
−−−−====

++++
++++−−−−−−−−====

++++
++++−−−−====










++++
−−−−

++++
++++

++++






 −−−−++++






 −−−−++++






 −−−−++++






 −−−−====

nn

nn

nn

nnn

nn

n

nn

n

nn

n

11

11

23
23

.
2
1

++++++++

++++++++

++++
−−−−==== nn

nn

nS
2
1

lim ====
+∞+∞+∞+∞→→→→ nn

S
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III-1/រកទំនកទ់នំងរវង nI  និង n 2I −−−−  ៖ 

 មន 
2 2

n n 1
n

0 0

I cos x.dx cos x.cosx.dx , n IN

π ππ ππ ππ π

−−−−= = ∈= = ∈= = ∈= = ∈∫ ∫∫ ∫∫ ∫∫ ∫  

 តង 
n 1 n 2u cos x du (n 1)sinxcos x.dx

dv cosx.dx v sinx

− −− −− −− −    = = − −= = − −= = − −= = − −
⇒⇒⇒⇒    

= == == == =    
 

      
2

n 1 2 n 22
n 0

0

I cos xsinx (n 1) sin xcos x.dx

ππππ
ππππ

− −− −− −− −    = + −= + −= + −= + −     ∫∫∫∫  

        
2

2 n 2
n

0

I (n 1) (1 cos x)cos x.dx

ππππ

−−−−= − −= − −= − −= − −∫∫∫∫  

           
2 2

n 2 n
n

0 0

n n 2 n n n 2

I (n 1) cos x.dx (n 1) cos x.dx

n 1
I (n 1)I (n 1)I I .I

n

π ππ ππ ππ π

−−−−

− −− −− −− −

= − − −= − − −= − − −= − − −

−−−−= − − −= − − −= − − −= − − − ⇒⇒⇒⇒ ====

∫ ∫∫ ∫∫ ∫∫ ∫  

 ដូចេនះ n n 2

n 1
I I

n −−−−
−−−−====   , 

2/ទញរក 2pI  និង 2p 1I ++++  ែដល p IN∈∈∈∈  ៖ 
 េគមន n n 2

n 1
I I

n −−−−
−−−−====   េនះ n

n 2

I n 1
I n−−−−

−−−−====  

 -េប n 2k====  េនះ 2k

2k 2

I 2k
I 2k 1−−−−

====
−−−−

 

 េគបន 
p n

2k

k 1 k 12k 2

I 2k 1
I 2k= == == == =−−−−

−−−−====∏ ∏∏ ∏∏ ∏∏ ∏  
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2p62 4

0 2 4 2p 2

III I 1 3 5 .... (2p 1)
. . ...

I I I I 2 4 6 ....... 2p−−−−

× × × × −× × × × −× × × × −× × × × −====
× × × ×× × × ×× × × ×× × × ×

 

                        2p 0

1 3 5 .... (2p 1)
I I

2 4 6 ...... 2p
× × × × −× × × × −× × × × −× × × × −= ×= ×= ×= ×

× × × ×× × × ×× × × ×× × × ×
   

 ែត 
2

0
0

I dx
2

ππππ

ππππ= == == == =∫∫∫∫   ដូចេនះ 2p

1 3 5 .... (2p 1)
I

2 4 6 ...... 2p 2
× × × × − π× × × × − π× × × × − π× × × × − π= ×= ×= ×= ×

× × × ×× × × ×× × × ×× × × ×
   

-េប n 2k 1= += += += +  េនះ 2k 1

2k 1

I 2k
I 2k 1

++++

−−−−

====
++++

 

 េគបន 
p n

2k 1

k 1 k 12k 1

I 2k
I 2k 1

++++

= == == == =−−−−

====
++++∏ ∏∏ ∏∏ ∏∏ ∏  

 
2p 13 5 7

1 3 5 2p 1

II I I 2 4 6 .... 2p
. . ...

I I I I 3 5 7 ....... 2p 1
++++

−−−−

× × × ×× × × ×× × × ×× × × ×====
× × × × +× × × × +× × × × +× × × × +

 

                      2p 1 1

2 4 6 .... (2p)
I I

3 5 7 ...... 2p 1++++
× × × ×× × × ×× × × ×× × × ×= ×= ×= ×= ×

× × × × +× × × × +× × × × +× × × × +
   

 ែត [[[[ ]]]]
2

2
1 0

0

I cosxdx sinx 1

ππππ
ππππ

= = == = == = == = =∫∫∫∫    

 ដូចេនះ 2p 1

2 4 6 .... (2p)
I

3 5 7 ...... 2p 1++++
× × × ×× × × ×× × × ×× × × ×====

× × × × +× × × × +× × × × +× × × × +
  ។ 

IV-ក-បងហ ញថបលង ់( )αααα  បះ៉នឹងែសវ៊ (S) រតងច់ំណុច A  មយួ ៖ 

សមកីរែសវ៊ (S) អចសរេសរជទរមងស់តងដ់ដូចខងេរកម ៖ 
2 2 2(S) : (x 1) (y 4) (z 2) 9+ + − + − =+ + − + − =+ + − + − =+ + − + − =  េនះេគទញបន I( 1,4,2)−−−−  

ជផចិត និង R 3====  ជរងវ ស់ករំបស់ែសវ៊ ។ 
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ចមង យពចីំណុច I  េទបលង ់( )αααα  កំណតេ់ដយ ៖ 
I I I

2 2 2

| 2x 2y z 1| | 2 8 2 1|
d(I, ) 3

32 ( 2) 1

− + −− + −− + −− + − − − + −− − + −− − + −− − + −α = = =α = = =α = = =α = = =
+ − ++ − ++ − ++ − +

 

េដយ d(I, ) R 3α = =α = =α = =α = = េនះបលង់( )αααα បះ៉នឹងែសវ៊ (S)រតងច់ំណុចមយួ 
ខ-កំណតកូ់អរេដេនៃនចំណុចបះ៉ A  ៖ 
 
 
 
 
 
 
 
តង A A AA(x ,y ,z )  ជចំណុចបះ៉ែដលរតូវរក ។ 
េគមន A ( )∈ α∈ α∈ α∈ α  េនះ A A A2x 2y z 1 0 (1)− + − =− + − =− + − =− + − =  
មយ៉ងេទៀត IA / / n

→ →→ →→ →→ →   េនះ IA t.n
→ →→ →→ →→ →

====    
េដយ A A AIA (x 1,y 4,z 2)

→→→→
= + − −= + − −= + − −= + − −   និង n (2, 2,1)

→→→→
= −= −= −= −  

េគបន 
A

A

A

x 1 2t

y 4 2t

z 2 t

+ =+ =+ =+ =
 − = −− = −− = −− = −
 − =− =− =− =

  ឬ  
A

A

A

x 2t 1

y 2t 4 (2)

z t 2

= −= −= −= −
 = − += − += − += − +
 = += += += +
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យកសមកីរ (2) ជួសកនុង (1) េគបន ៖ 
2(2t 1) 2( 2t 4) (t 2) 1 0

4t 2 4t 8 t 2 1 0

9t 9 0

− − − + + + − =− − − + + + − =− − − + + + − =− − − + + + − =
− + − + + − =− + − + + − =− + − + + − =− + − + + − =

− =− =− =− =
 

េគទញបន t 1==== យកជំនួសកនុង(2)េគបន A A Ax 1,y 2,z 3= = == = == = == = =  
ដូចេនះ A(1,2,3)  ។ 
គ-កំណតស់មកីរបនទ ត ់( )∆∆∆∆  ែកងនឹងបលង់( )αααα   រតងច់ំណុច A  ៖ 
វុចិទររ័បបទ់ិសៃនបនទ ត់( )∆∆∆∆ ជវុចិទរណ័រម៉ល់ៃនបលង់( )αααα    
េនះេគបន u n (2, 2,1)

→ →→ →→ →→ →
= = −= = −= = −= = −   េហយេដយ A ( )∈ ∆∈ ∆∈ ∆∈ ∆  េនះ 

សមកីរប៉រ៉ែមរ៉តៃន ( )∆∆∆∆  អចសរេសរ ៖ 
x 1 2t

( ) : y 2 2t

z 3 t , t IR

= += += += +
∆ = −∆ = −∆ = −∆ = −
 = + ∈= + ∈= + ∈= + ∈

    ។ 

ឃ-កំណតកូ់អរេដេនចំណុច B  ៖ 

តង B B BB(x ,y ,z )  ។ េដយ B ( )∈ ∆∈ ∆∈ ∆∈ ∆  េនះ
B

B

B

x 1 2t

y 2 2t

z 3 t

= += += += +
 = −= −= −= −
 = += += += +

    (3) 

យក (3) ជនួំសកនុងសមកីរសតងដ់ៃន (S) េគបន ៖ 
2 2 2

2 2 2

2 2 2

2

(1 2t 1) (2 2t 4) (3 t 2) 9

(2t 2) ( 2t 2) (t 1) 9

4(t 1) 4(t 1) (t 1) 9

9(t 1) 9

+ + + − − + + − =+ + + − − + + − =+ + + − − + + − =+ + + − − + + − =
+ + − − + + =+ + − − + + =+ + − − + + =+ + − − + + =
+ + + + + =+ + + + + =+ + + + + =+ + + + + =

+ =+ =+ =+ =
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េគទញបន 1 2t 0 , t 2= = −= = −= = −= = −   ។ 
-ចំេពះ t 0====  េនះតម(3)េគបន x 1,y 2,z 3= = == = == = == = = ជចណុំចA  
-ចំេពះ t 2= −= −= −= −  េនះតម(3)េគបន x 3,y 6,z 1= − = == − = == − = == − = =  ។ 
ដូចេនះ B( 3,6,1)−−−−   ។ 
កំណតស់មកីរៃនបលង ់( )ββββ  ែដលបះ៉ែសវ៊ (S) រតង ់B  ៖ 
បលង ់( )ββββ  មនវុចិទរណ័រម៉ល់ n (2, 2,1)

→→→→
= −= −= −= −   ។ 

ដូចេនះ ( ) :2(x 3) 2(y 6) (z 1) 0β + − − + − =β + − − + − =β + − − + − =β + − − + − =   
ឬ ( ):2x 2y z 17 0β − + + =β − + + =β − + + =β − + + =   ។ 
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វិញញ សគណិតវិទយទី០៤ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ទូកមយួចបេ់ផតមេចញដំេណ រពចីំណុចរតួតពនិិតយែដលខណះ t   
 នទីេរកយមកទូកេនះមនចមង យពចីំណុចរតួតពនិិតយែដល 

 តងេដយអនុគមន ៍ 3S(t) t 60t= += += += +  (គិតជែមរ៉ត) 

 ក/រកេលបឿនទូករតងច់ំណុចចបេ់ផតម ។ 

 ខ/កំណតេ់លបឿនៃនទូកេនខណះ t 3==== នទី ។ 

II-េគឲយសវុីត k 2 2

1 1
a 1

k (k 1)
= + += + += + += + +

++++
   

 ចូរគណនផលបកូ 
n

n k
k 1

S a
====

====∑∑∑∑  ។ 

III-េគឲយអងំេតរកល 
1

n
n

0

I x 1 x.dx= −= −= −= −∫∫∫∫  ែដល n 0,1,2,...====  

ក/រក 0I   រចួបេងកតទនំកទ់នំងរវង nI  និង n 1I −−−−  ។ គណន nI  ។ 
ខ/រសយបញជ កថ់ n 3

1
I

(n 1)
<<<<

++++
  ។ 

IV-េគឲយបនទ ត ់ x 3 y 3 z 2
(d) :

2 2 1
− − −− − −− − −− − −= == == == =

−−−−
និងែសវ៊ (S)មនសមកីរ 

ទូេទ 2 2 2(S) : x y z 4x 2y 2z 3 0+ + − + − − =+ + − + − − =+ + − + − − =+ + − + − − =   ។ 
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ក-កំណតកូ់អរេដេនផចិត I  និង ក ំR  របស់ែសវ៊ (S) ។ 
ខ-តង A  ជចំេណលែកងៃន I  េលបនទ ត ់(d)  ។ រកកូអរេដេន 
ៃនចំណុចA  ។គណន IA  រចួទញថបនទ ត់(d)បះ៉នឹងែសវ៊ (S) ។ 
គ-កំណតស់មកីរបលងែ់កងនឹងបនទ ត់(d)  េហយបះ៉នឹងែសវ៊ (S) ។ 

ដំេណះរសយ 

I-ក/រកេលបឿនទូករតងច់ំណុចចបេ់ផតម ៖ 

 េគបន t  គឺ 2dS
V '(t) S '(t) 3t 60

dt
= = = += = = += = = += = = +  

 េប t 0====  េនះ 2V '(0) 3(0) 60 60m / mn= + == + == + == + =  ។ 

 ខ/កំណតេ់លបឿនៃនទូកេនខណះ t 3==== នទី ៖ 

 េប t 3mn====  េនះ 
2V '(3) 3(3) 60 27 60 87m / mn= + = + == + = + == + = + == + = + = ។ 

II-គណនផលបកូ 
n

n k
k 1

S a
====

====∑∑∑∑  ។ 

េគមន  

k 2 2

2 2 2 2

1 1
a 1

k (k 1)

k (k 1) (k 1) k

k(k 1)

= + += + += + += + +
++++

+ + + ++ + + ++ + + ++ + + +
====

++++
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(((( ))))

2 2 2 2

k

2 2 2

2 2

2

k (k 1) k 2k 1 k
a

k(k 1)

k (k 1) (2k 2k) 1

k(k 1)

k (k 1) 2k(k 1) 1

k(k 1)

k(k 1) 1 k(k 1) 1
k(k 1) k(k 1)

1 1 1
1 1

k(k 1) k k 1

+ + + + ++ + + + ++ + + + ++ + + + +
====

++++

+ + + ++ + + ++ + + ++ + + +
====

++++

+ + + ++ + + ++ + + ++ + + +
====

++++

+ ++ ++ ++ + + ++ ++ ++ += == == == =
+ ++ ++ ++ +

= + = + −= + = + −= + = + −= + = + −
+ ++ ++ ++ +  

  េគបន 
n n n

n
k 1 k 1 k 1

1 1 1 1
S (1 ) (1) ( )

k k 1 k k 1= = == = == = == = =

= + − = + −= + − = + −= + − = + −= + − = + −
+ ++ ++ ++ +∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑  

                     
21 (n 1) 1 n(n 2)

n 1
n 1 n 1 n 1

+ − ++ − ++ − ++ − += + − = == + − = == + − = == + − = =
+ + ++ + ++ + ++ + +

 

  ដូចេនះ 
n

n k
k 1

n(n 2)
S a

n 1====

++++= == == == =
++++∑∑∑∑   ។ 

 

III-ក/រក 0I   រចួបេងកតទំនកទ់ំនងរវង nI  និង n 1I −−−−  ៖ 

េប n 0====  េនះ 
1

0
0

I 1 x.dx= −= −= −= −∫∫∫∫  

តង 1 x t− =− =− =− =  នឲំយ 2x 1 t= −= −= −= −  េនះ dx t.dt= −= −= −= −  
េប x 0====  េនះ t 1====   និង x 1==== េនះ t 0====  
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េគបន 
10 1

2 3
0

01 0

2 2
I t .( 2tdt) 2t .dx t

3 3
    = − = = == − = = == − = = == − = = =        

∫ ∫∫ ∫∫ ∫∫ ∫  

ដូចេនះ 0

2
I

3
====   ។    

មយ៉ងេទៀតេគមន 
1

n
n

0

I x 1 x.dx= −= −= −= −∫∫∫∫  

តង 
n 1

n du nx .dxu x
2

v 1 xdx (1 x) 1 xdv 1 x.dx
3

−−−− ==== ====    
⇒⇒⇒⇒    

= − = − − −= − = − − −= − = − − −= − = − − −= −= −= −= −   ∫∫∫∫
 

       
1 1n

n 1
n

00

2x 2n
I (1 x) 1 x x (1 x) 1 xdx

3 3
−−−−    

= − − − + − −= − − − + − −= − − − + − −= − − − + − −    
    

∫∫∫∫  

            

1 1
n 1 n

n
0 0

n n 1 n

n n 1

2n 2n
I x 1 x.dx x 1 x.dx

3 3

2n 2n
I I I

3 3
2n 2n

(1 )I I
3 3

−−−−

−−−−

−−−−

= − − −= − − −= − − −= − − −

= −= −= −= −

+ =+ =+ =+ =

∫ ∫∫ ∫∫ ∫∫ ∫

 

ដូចេនះ n n 1

2n
I I

2n 3 −−−−====
++++

 ជទំនកទ់ំនងែដលរតូវរក ។ 
គណន nI  ៖ 
េគមន n n 1

2n
I I

2n 3 −−−−====
++++

 េនះ n

n 1

I 2n
I 2n 3−−−−

====
++++

 

េគបន 
n n

k

k 1 k 1k 1

I 2k
I 2k 3= == == == =−−−−

====
++++∏ ∏∏ ∏∏ ∏∏ ∏  
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ឬ  n

0

I 2 4 6 .... 2n
I 5 7 9 ... (2n 3)

× × × ×× × × ×× × × ×× × × ×====
× × × × +× × × × +× × × × +× × × × +

 េដយ 0

2
I

3
====    

ដូចេនះ n

2 4 6 .... 2n 2
I

5 7 9 ... (2n 3) 3
× × × ×× × × ×× × × ×× × × ×= ×= ×= ×= ×

× × × × +× × × × +× × × × +× × × × +
  ។ 

ខ/រសយបញជ កថ់ n 3

1
I

(n 1)
<<<<

++++
   

េគមន n

2 4 6 .... 2n 2
I

5 7 9 ... (2n 3) 3
× × × ×× × × ×× × × ×× × × ×= ×= ×= ×= ×

× × × × +× × × × +× × × × +× × × × +
   

              
n 1

k 1

2 4 6 .... (2n 2) 1 1 2k
3 5 7 .... (2n 3) n 1 n 1 2k 1

++++

====

× × × × +× × × × +× × × × +× × × × += × == × == × == × =
× × × × + + + +× × × × + + + +× × × × + + + +× × × × + + + +∏∏∏∏  

តមវសិមភពមធយមនពវនត និង មធយមធរណីមរតចំេពះរគប ់
k IN∈∈∈∈ េគមន (2k) (2k 2) 2 (2k)(2k 2)+ + ≥ ++ + ≥ ++ + ≥ ++ + ≥ +  
 ឬ 2k 1 2k(2k 2)+ ≥ ++ ≥ ++ ≥ ++ ≥ +  

េគទញ 2k 2k k
2k 1 k 12k(2k 2)

≤ =≤ =≤ =≤ =
+ ++ ++ ++ +++++

  

េគបន 
n 1

n
k 1

1 k 1 1
I

n 1 k 1 (n 1) n 2 (n 1) n 1

++++

====

≤ = <≤ = <≤ = <≤ = <
+ ++ ++ ++ + + + + ++ + + ++ + + ++ + + +∏∏∏∏  

ដូចេនះ n 3

1
I

(n 1)
<<<<

++++
    ។ 

IV-ក-កំណតកូ់អរេដេនផចិត I  និង ក ំR  របស់ែសវ៊ (S) ៖ 

សមកីរ 2 2 2(S) : x y z 4x 2y 2z 3 0+ + − + − − =+ + − + − − =+ + − + − − =+ + − + − − =   អចសរេសរ ៖ 
2 2 2(S) : (x 2) (y 1) (z 1) 9− + + + − =− + + + − =− + + + − =− + + + − =  ។ 
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ដូចេនះកូអរេដេនៃនផចិតែសវ៊គឺ I(2, 1,1)−−−−   នងិក ំR 3====   ។ 
ខ- រកកូអរេដេនៃនចំណុចA  ៖ 
តង A A AA(x ,y ,z ) ។  
េដយ A (d)∈∈∈∈  េនះកូអរេដេន A េផទៀងផទ តស់មកីរ (d)  ។ 

េគបន A A Ax 3 y 3 z 2
t

2 2 1
− − −− − −− − −− − −

= = == = == = == = =
−−−−

 េនះ 
A

A

A

x 3 2t

y 3 2t (1)

z 2 t

= += += += +
 = += += += +
 = −= −= −= −

 

េគមន IA (1 2t , 4 2t , 1 t)
→→→→

= + + −= + + −= + + −= + + −   ។ 
បនទ ត ់(d)  មនវុចិទររ័បបទ់ិស u (2,2, 1)

→→→→
= −= −= −= −  ។ 

េដយ IA u IA .u 0
→ → → →→ → → →→ → → →→ → → →

⊥ ⇔ =⊥ ⇔ =⊥ ⇔ =⊥ ⇔ =  
េគបន 2(1 2t) 2(4 2t) (1 t) 0+ + + − − =+ + + − − =+ + + − − =+ + + − − =  
          2 4t 8 4t 1 t 0

9t 9 0

+ + + − + =+ + + − + =+ + + − + =+ + + − + =
+ =+ =+ =+ =

 

េគទញ t 1= −= −= −= − យកជំនួសកនុង(1)េគបន A A Ax 1,y 1 ,z 3= = == = == = == = = ។ 
ដូចេនះ A(1,1,3) ។ 
គណន IA  រចួទញថបនទ ត់(d)បះ៉នឹងែសវ៊ (S) ៖ 
េគបន 2 2 2IA (1 2) (1 1) (3 1) 3= − + + + − == − + + + − == − + + + − == − + + + − =  ។ 
េដយ IA R 3= == == == =  ដូចេនះបនទ ត់(d)បះ៉នឹងែសវ៊(S)រតង ់A  ។ 
គ-កំណតស់មកីរបលងែ់កងនឹងបនទ ត់(d)  េហយបះ៉នឹងែសវ៊ (S) ៖ 
តង αααα ជបលងែ់កងនឹងបនទ ត ់(d)  េនះ u (2,2, 1)

→→→→
= −= −= −= −  ជវុចិទរ ័
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នរម៉ល់ៃនបលង ់αααα ។  សមកីរបលង ់αααα អចសរេសរ  
( ) : 2x 2y z d 0α + − + =α + − + =α + − + =α + − + =  ។ េដយបលង ់αααα បះ៉នឹងែសវ៊ (S) េនះេគ
បន  
                          d(I, ) R 3α = =α = =α = =α = =  

               2 2 2

| 4 2 1 d |
3

2 2 ( 1)

|1 d | 9

− − +− − +− − +− − + ====
+ + −+ + −+ + −+ + −

+ =+ =+ =+ =
 

េគទញបន 1d 8====    ឬ   2d 10= −= −= −= −  ។ 
ដូចេនះសមកីរបលងែ់ដលរតូវរកគឺ ៖ 1( ) : 2x 2y z 8 0α + − + =α + − + =α + − + =α + − + =   និង  

2( ) : 2x 2y z 10 0α + − − =α + − − =α + − − =α + − − =   ។ 
 

 

 

 

 

 

 



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 28 

 

វិញញ សគណិតវិទយទី០៥ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-កំណតរ់កតួទី n  ៃនសវុីត n(a ) : 6 , 11 , 18 , 27 , 38,..... ។ 

II-េដយេរបឌីេផរង៉ែ់សយលចូរគណនតៃមលរបែហលៃន otan 46   ? 

III-េគឲយអនុគមន ៍f  និង g  កំណតេ់ដយ ៖ 

sin x
x 1

1 xf (x)
x 1

ππππ ≠≠≠≠ −−−−==== 
 π =π =π =π =

ebIebIebIebI

ebIebIebIebI
   និង 

nx sin x
0 x 1

g(x) 1 x
x 1

 ππππ ≤ <≤ <≤ <≤ <==== −−−−
 π =π =π =π =

ebIebIebIebI

ebIebIebIebI
 

1/រសបញជ កថ់f  និង g  ជអនុគមនជ៍បេ់លចេនល ះ [0 ,1] ។ 

2/គណន n 0 1 2 n 1S I I I ... I −−−−= + + + += + + + += + + + += + + + +   ែដល 
1

n
n

0

I x sin x.dx= π= π= π= π∫∫∫∫    

3/រសយថ
1 1

n
0 0

S f (x).dx g(x).dx= −= −= −= −∫ ∫∫ ∫∫ ∫∫ ∫  រចួទញថ៖        

   nn
0

sinx
lim S .dx

x

ππππ

→+∞→+∞→+∞→+∞
==== ∫∫∫∫  

។ 
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IV-េគឲយបនទ ត ់ x 1 y 3 z 1
(d) :

3 2 4
+ − ++ − ++ − ++ − += == == == =

−−−−
 និងបលង់( )αααα  មនសមកីរ 

( ) : x 2y 2z 10 0α + + − =α + + − =α + + − =α + + − =   ។ 
ក-កំណតកូ់អរេដេនចំណុចរបសពវA  រវង(d)និងបលង់( )αααα  ។ 
ខ-រកសមកីរែសវ៊កំR 3====  េហយបះ៉នឹងបលង់( )αααα  រតងច់ំណុចA ។ 

ដំេណះរសយ 

I-កំណតរ់កតួទី n  ៃនសវុីត n(a ) : 6 , 11 , 18 , 27 , 38,.....  
តង n(b )  ជផលសងលំដប1់ ៃនសវុីត n(a ) ែដល n(b )មនតួ 
កំណតេ់ដយ n n 1 nb a a++++= −= −= −= −  ។ 
េគបន n(b ): 5 , 7 ,9 ,11,.... េនះ n(b )  ជសវុីតនពវនតមនតួ 

1b 5==== និងផលសងរមួ d 7 5 2= − == − == − == − =  ។ 
េគបន n 1b b (n 1)d 5 2(n 1) 2n 3= + − = + − = += + − = + − = += + − = + − = += + − = + − = +  
ចំេពះ n 2≥≥≥≥  េគបន 

n 1 n 1

n 1 k
k 1 k 1

a a b 6 (2k 3)
− −− −− −− −

= == == == =

= + = + += + = + += + = + += + = + +∑ ∑∑ ∑∑ ∑∑ ∑  

                                
2

2

(n 1)(5 2(n 1) 3)
6

2
6 (n 1)(n 3)

6 n 3n n 3

n 2n 3

− + − +− + − +− + − +− + − += += += += +

= + − += + − += + − += + − +
= + + − −= + + − −= + + − −= + + − −
= + += + += + += + +

 

ដូចេនះ  2
na n 2n 2= + += + += + += + +  
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II-គណនតៃមលរបែហលៃន otan 46    
 តងអនុគមន ៍f (x) tan x====  

 យក ox 45====  និង ox 1∆ =∆ =∆ =∆ =  េនះេគបន ៖ 

 o o of (46 ) f (45 ) f '(45 ). x= + ∆= + ∆= + ∆= + ∆  

 េដយ 2
2

1
f '(x) (tan x)' 1 tan x

cos x
= = = += = = += = = += = = +   

 េនះ of '(45 ) 2====   
 េគបន o 3.14

f (46 ) 1 2 1.035
180

= + × == + × == + × == + × = ។ 

 ដូចេនះ otan46 1.035====   ។ 

III-1/រសបញជ កថ់f  និង g  ជអនុគមនជ៍បេ់លចេនល ះ [0 ,1]  
េគមន 

x 1 t 0 t 0

sin x sin (1 t) sin
lim lim lim f (1)

1 x t t→ → →→ → →→ → →→ → →

π π − ππ π − ππ π − ππ π − π= = × π = π == = × π = π == = × π = π == = × π = π =
− π− π− π− π

 

ដូចគន ែដរ 
n

n

x 1 x 1 x 1

x sin x
limg(x) lim lim[x f (x)] g(1)

1 x→ → →→ → →→ → →→ → →

ππππ= = = π == = = π == = = π == = = π =
−−−−

 
ដូចេនះ f  ជអនុគមនជ៍បេ់ល[0 ,1] ។ 

2/គណន n 0 1 2 n 1S I I I ... I −−−−= + + + += + + + += + + + += + + + +   ែដល 
1

n
n

0

I x sin x.dx= π= π= π= π∫∫∫∫    

េគបន 
1 1 n

2 n 1
n

0 0

1 x
S (1 x x ... x )sin x.dx sin x.dx

1 x
−−−− −−−−= + + + + π = π= + + + + π = π= + + + + π = π= + + + + π = π

−−−−∫ ∫∫ ∫∫ ∫∫ ∫  

               
1 1 n

0 0

sin x x sin x
.dx .dx

1 x 1 x
π ππ ππ ππ π= −= −= −= −

− −− −− −− −∫ ∫∫ ∫∫ ∫∫ ∫   ។ 
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3/រសយថ
1 1

n
0 0

S f (x).dx g(x).dx= −= −= −= −∫ ∫∫ ∫∫ ∫∫ ∫  និង nn
0

sinx
lim S .dx

x

ππππ

→+∞→+∞→+∞→+∞
==== ∫∫∫∫   

េគមន 
1 1 n

0 0

sin x x sin x
.dx .dx

1 x 1 x
π ππ ππ ππ π= −= −= −= −

− −− −− −− −∫ ∫∫ ∫∫ ∫∫ ∫   ។ 

េដយ sin x
f (x)

1 x
ππππ====

−−−−
  និង 

nx sin x
g(x)

1 x
ππππ====

−−−−
 កណំតជ់បេ់ល 

[0 ,1] ។ដូចេនះ 
1 1

n
0 0

S f (x).dx g(x).dx= −= −= −= −∫ ∫∫ ∫∫ ∫∫ ∫   ។ 

េដយ f និង gជអនុគមនក៍ំណត ់និង ជបេ់ល [0,1]  
េនះរគប ់x [0,1]∈∈∈∈  មន M 0>>>>  ែដល | f (x) | M<<<<  
េហយនិង   n n| g(x) | x | f (x) | M.x= <= <= <= <  ។ 

នឲំយ 
1 1 1

n

0 0 0

M
| g(x).dx | | g(x) | dx M. x .dx

n 1
≤ < =≤ < =≤ < =≤ < =

++++∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫  

េដយ 
n

M
lim 0

n 1→+∞→+∞→+∞→+∞
====

++++
  េនះ 

1

n
0

lim g(x).dx 0
→∞→∞→∞→∞

====∫∫∫∫  

េគទញ 
1

nn
0

sin x
lim S .dx (1)

1 x→+∞→+∞→+∞→+∞

ππππ====
−−−−∫∫∫∫    

តង 1 x t− =− =− =− =  ឬ x 1 t dx dt= −= −= −= − ⇒⇒⇒⇒ = −= −= −= −  
េប x 0==== េនះ t 1====   និង x 1====  េនះ t 0====  

េគបន 
1 0 1

0 1 0

sin x sin (1 t) sin t
.dx ( dt) .dt (2)

1 x t t
π π − ππ π − ππ π − ππ π − π= − == − == − == − =

−−−−∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫  

តង x t dx .dt= π= π= π= π ⇒⇒⇒⇒ = π= π= π= π  
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េប t 0==== េនះ x 0====   និង t 1====  េនះ t = π= π= π= π  

េគបន 
1

0 0

sin t sinx
.dt .dx (3)

t x

ππππππππ ====∫ ∫∫ ∫∫ ∫∫ ∫  

តម (1) , (2) និង (3)  េគបន nn
0

sinx
lim S .dx

x

ππππ

→+∞→+∞→+∞→+∞
==== ∫∫∫∫  ពតិ ។ 

IV-ក-កំណតកូ់អរេដេនចំណុចរបសពវA  រវង(d)និងបលង់( )αααα   

   
x 1 y 3 z 1

(d)
3 2 4

x 2y 2z 10 0 ( )

+ − ++ − ++ − ++ − + = == == == = −−−−
 + + − = α+ + − = α+ + − = α+ + − = α

 

តង x 1 y 3 z 1
t

3 2 4
+ − ++ − ++ − ++ − += = == = == = == = =

−−−−
េនះ 

x 3t 1

y 2t 3 (1)

z 4t 1

= −= −= −= −
 = − += − += − += − +
 = −= −= −= −

 

យក (1) ជួសកនុង ( )αααα  េគបន ៖ 
(3t 1) 2( 2t 3) 2(4t 1) 10 0

3t 1 4t 6 8t 2 10 0

7t 7 0

− + − + + − − =− + − + + − − =− + − + + − − =− + − + + − − =
− − + + − − =− − + + − − =− − + + − − =− − + + − − =

− =− =− =− =
 

េគទញបន t 1====  យកជួសកនុង (1) េគបន x 2,y 1,z 3= = == = == = == = =  
ដូចេនះ A(2,1,3)  ។ 
ខ-រកសមកីរែសវ៊កំR 3====  េហយបះ៉នឹងបលង់( )αααα  រតងច់ំណុចA ៖ 
តង I(a,b,c) ជផចិតរបស់របស់ែសវ៊ (S) ែដលរតូវរក ។ 
សមកីរសតងដ់ៃនែសវ៊អចសរេសរ ៖ 

2 2 2 2(S) : (x a) (y b) (z c) R 9− + − + − = =− + − + − = =− + − + − = =− + − + − = =  
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េដយ (S) បះ៉បលង ់( )αααα  រតង ់A  េនះេគបន AI / / n
→ →→ →→ →→ →  ។ 

េគមន AI (a 2,b 1,c 3)
→→→→

= − − −= − − −= − − −= − − −  និង n (1,2,2)
→→→→

==== ជវុចិទរណ័រម៉ល់ 
ៃនបលង់( )αααα  ។ 
េដយ AI / / n

→ →→ →→ →→ →  េនះ AI t .n
→ →→ →→ →→ →

====   

េគទញ 
a 2 t

b 1 2t

c 3 2t

− =− =− =− =
 − =− =− =− =
 − =− =− =− =

  ឬ  
a t 2

b 2t 1 (2)

c 2t 3

= += += += +
 = += += += +
 = += += += +

 

េហយ | AI | | t | . | n |
→ →→ →→ →→ →

====   េនះ | AI | R 3
| t | 1

1 4 4| n | | n |

→→→→

→ →→ →→ →→ →= = = == = = == = = == = = =
+ ++ ++ ++ +

 

េគទញ 1 2t 1 ; t 1= − == − == − == − =  ។ 
-ចំេពះ t 1= −= −= −= −  តម (2) េគបន a 1,b 1,c 1= = − == = − == = − == = − =  
ដូចេនះ 2 2 2

1(S ) : (x 1) (y 1) (z 1) 9− + + + − =− + + + − =− + + + − =− + + + − =   ។ 
-ចំេពះ t 1====  តម(2)េគបន a 3,b 3,c 5= = == = == = == = =  
ដូចេនះ 2 2 2

2(S ) : (x 3) (y 3) (z 5) 9− + − + − =− + − + − =− + − + − =− + − + − =   ។ 
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វិញញ សគណិតវិទយទី០៦ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ចូរកំណតតួ់ទូេទៃនសវុីត n(a ) េដយសគ ល់ទំនក ់

  ទំនងកំេណ ន 1 n 1 na 1 ; a 2a 4n 1++++= = + += = + += = + += = + +  ែដល n 1,2,3,4,...====    
II-េគឲយអនុគមន ៍f  កំណតេ់ដយ ៖ 

 3 2f (x) x (a b c)x (ab bc ca)x abc= − + + + + + −= − + + + + + −= − + + + + + −= − + + + + + −  
 ែដល a,b,c IR∈∈∈∈  ។ 
 ក/គណន f (a) និង f (b)  រចួទញថសមកីរ  f '(x)  មន 
 ឬសយ៉ងតចិមយួេនចេនល ះចនួំន a  និង b  ។ 
 ខ/ទញបញជ កវ់សិមភព 2(a b c) 3(ab bc ca)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +   ។ 

III-េគឲយ 
2

n
n

0

I sin x.dx

ππππ

==== ∫∫∫∫   ែដល n  ជចំនួនគតម់និអវជិជមន ។ 

 1/រកទំនកទ់ំនងរវង nI  និង n 2I ++++   ។ 
 2/រសយបញជ កថ់អនុគមន ៍ n n 1f (n) (n 1)I .I ++++= += += += +   
    េផទៀងផទ ត់f (n 1) f (n)+ =+ =+ =+ =  ។ 
 3/គណន f (n)   ។ 
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IV-េគឲយបនទ តព់រី 1(d )  និង 2(d )  មនសមកីរឆលុះេរៀងគន  ៖ 

1

x 5 y 1 z 2
(d ) :

2 1 2
− − +− − +− − +− − += == == == =
− −− −− −− −

  និង  2

x 6 y 2 z 1
(d ) :

4 1 3
− − −− − −− − −− − −= == == == =
− −− −− −− −

 
A  ជចំណុចមយួៃន 1(d )មនអបសីុ់ស Ax 1====  េហយ B  ជ 
ចំណុចមយួៃន 2(d )  មនអបសីុ់ស Bx t====   ែដល t IR∈∈∈∈  ។ 

ក-ចូររសយថ 
226(t 2) 144

AB
4

− +− +− +− +
====    

ខ-កំណតត់ៃមល t  េដមបឲីយ (AB)  មនតៃមលអបបបរម ។ 
គ-ចំេពះតៃមល t  ែដលបនរកេឃញខងេល ចូរបងហ ញថ (AB)  
ជបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )  រចួទញរកចមង យរវង 
បនទ ត់ 1(d )  និង 2(d )  ។ 
 

ដំេណះរសយ 

I-កំណតតួ់ទូេទៃនសវុីត n(a ) 
 តងសវុីតជំនួយ nr n= α + β= α + β= α + β= α + β  ែដល ,α βα βα βα β េថរ 

ជំនួសសវុីតជនួំយ nr  កនុងសវុីត n(a ) េគបន n 1 nr 2r 4n 1++++ = + += + += + += + +  
 សមមូល (n 1) 2( n ) 4n 1α + + β = α + β + +α + + β = α + β + +α + + β = α + β + +α + + β = α + β + +  
                    n ( ) (2 4)n (2 1)α + α + β = α + + β +α + α + β = α + + β +α + α + β = α + + β +α + α + β = α + + β +  
 េគទញ 2 4

2 1

α = α +α = α +α = α +α = α +
α + β = β +α + β = β +α + β = β +α + β = β +

  នឲំយ 4 ; 5α = − β = −α = − β = −α = − β = −α = − β = −  

 េហតុេនះ nr 4n 5= − −= − −= − −= − −   ។ 
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 តងសវុីត n n n nb a r a 4n 5= − = + += − = + += − = + += − = + +  
 េគបន n 1 n 1 nb a 4(n 1) 5 2a 4n 1 4n 4 5+ ++ ++ ++ += + + + = + + + + += + + + = + + + + += + + + = + + + + += + + + = + + + + +  
              n 1 n n nb 2a 8n 10 2(a 4n 5) 2b++++ = + + = + + == + + = + + == + + = + + == + + = + + =  
 េគបន n(b )  ជសវុីតធរណីមរតមនផលេធៀបរមួ q 2====  
 និងតួ 1 1b a 4 5 1 4 5 10= + + = + + == + + = + + == + + = + + == + + = + + =  ។ 
 តមរបូមនត n 1 n 1 n

n 1b b q 10 2 5 2− −− −− −− −= × = × = ×= × = × = ×= × = × = ×= × = × = ×  
 េដយ n nb a 4n 5= + += + += + += + +  េនះ n na b (4n 5)= − += − += − += − +  
 ដូចេនះ  n

na 5 2 (4n 5)= × − += × − += × − += × − +   ។ 
II-ក/គណន f (a) និង f (b)  ៖ 

េគបន 3 2f (a) a (a b c)a (ab bc ca)a abc 0= − + + + + + − == − + + + + + − == − + + + + + − == − + + + + + − =  
         3 2f (b) b (a b c)b (ab bc ca)b abc 0= − + + + + + − == − + + + + + − == − + + + + + − == − + + + + + − =  
ដូចេនះ f (a) f (b) 0= == == == =   ។ 
ទញថសមកីរ  f '(x) 0====  មនឬសយ៉ងតចិមយួេនចេនល ះ
(a ,b) ៖ េដយ f  ជអនុគមនជ៍បេ់ល [[[[ ]]]]a,b  និង មនេដរេីវេល 
(a ,b) េហយ f (a) f (b) 0= == == == =   េនះតមរទឹសតីបទរ ៉លូមន 

(a ,b)α ∈α ∈α ∈α ∈ ែដល f '( ) 0α =α =α =α =  េនះមននយ័ថសមកីរ  f '(x) 0====  
មនឬសយ៉ងតចិមយួេនចេនល ះ(a ,b) ។ 
ខ/ទញបញជ កវ់សិមភព 2(a b c) 3(ab bc ca)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +    
េគមន 2f '(x) 3x 2(a b c)x (ab bc ca)= − + + + + += − + + + + += − + + + + += − + + + + +  
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េដយ f '(x) 0====  ជសមកីរមនឬសេនះ ' 0∆ ≥∆ ≥∆ ≥∆ ≥  
ែត 2' (a b c) 3(ab bc ca)∆ = + + − + +∆ = + + − + +∆ = + + − + +∆ = + + − + +  
ដូចេនះ 2(a b c) 3(ab bc ca)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +   ។ 
III-1)រកទំនកទ់នំងរវង nI  និង n 2I ++++   ៖ 

េគមន 
2

n
n

0

I sin x.dx

ππππ

==== ∫∫∫∫   េនះ 

2 2
n 2 n 1

n 2
0 0

I sin xdx sin x.sinxdx

π ππ ππ ππ π

+ ++ ++ ++ +
++++ = == == == =∫ ∫∫ ∫∫ ∫∫ ∫  

តង 
n 1 nu sin x du (n 1)cosxsin x.dx

dv sinx.dx v cosx

++++    = = += = += = += = +
⇒⇒⇒⇒    

= = −= = −= = −= = −    
 

េគបន 
2

n 1 2 n2
n 2 0

0

I sin xcosx (n 1) cos xsin x.dx

ππππ
ππππ

++++
++++     = − + += − + += − + += − + +     ∫∫∫∫  

2
2 n

n 2
0

2 2
n n 2

n 2
0 0

I (n 1) (1 sin x)sin x.dx

I (n 1) sin x.dx (n 1) sin x.dx

ππππ

++++

π ππ ππ ππ π

++++
++++

= + −= + −= + −= + −

= + − += + − += + − += + − +

∫∫∫∫

∫ ∫∫ ∫∫ ∫∫ ∫

 

n 2 n n 2I (n 1)I (n 1)I+ ++ ++ ++ += + − += + − += + − += + − +   នឲំយ n 2 n

n 1
I I

n 2++++
++++====
++++

  ។ 
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2)បញជ កថ់ n n 1f (n) (n 1)I .I ++++= += += += +  េផទៀងផទ ត់f (n 1) f (n)+ =+ =+ =+ =   
េគមន n n 1f (n) (n 1)I .I ++++= += += += +  េនះ n 1 n 2f (n 1) (n 2)I .I+ ++ ++ ++ ++ = ++ = ++ = ++ = +  
ែត n 2 n

n 1
I I

n 2++++
++++====
++++

  េនះ 

n 1 n n n 1

n 1
f (n 1) (n 2).I I (n 1)I I

n 2+ ++ ++ ++ +
+++++ = + = ++ = + = ++ = + = ++ = + = +
++++

 
ដូចេនះ f (n 1) f (n)+ =+ =+ =+ =   ។ 
3/គណន f (n)   ៖ 
េដយ f (n 1) f (n)+ =+ =+ =+ =  េនះ f (n)  ជអនុគមនេ៍ថរ ។ 

េគបន 0 1f (n) f (0) I .I= == == == =  េដយ 
2

0
0

I dx
2

ππππ

ππππ= == == == =∫∫∫∫  នងិ 

2

1
0

I sinx.dx 1

ππππ

= == == == =∫∫∫∫   ដូចេនះ  f (n)
2
ππππ====   ។ 

IV-ក)រសយថ 
226(t 2) 144

AB
4

− +− +− +− +
====    

េគមន 1A (d )∈∈∈∈  ែដល Ax 1====  េនះ A Ay 1 z 21 5
2 1 2

− +− +− +− +−−−− = == == == =
− −− −− −− −

 
េគទញបន A Ay 1 , z 2= − == − == − == − =   េនះ A(1, 1 , 2)−−−−   ។ 
មយ៉ងេទៀត 2B (d )∈∈∈∈  ែដល Bx t====  េនះ B By 2 z 1t 6

4 1 3
− −− −− −− −−−−− = == == == =

− −− −− −− −
 

េគទញបន B B

t 2 22 3t
y , z

4 4
+ −+ −+ −+ −= == == == =  េនះ t 2 22 3t

B( t , , )
4 4
+ −+ −+ −+ −  ។ 

េគបន t 6 14 3t
AB (t 1 , , )

4 4

→→→→ + −+ −+ −+ −= −= −= −= −  
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េហតុេនះ 
2 2

2 (t 6) (14 3t)
AB | AB | (t 1)

16 16
+ −+ −+ −+ −= = − + += = − + += = − + += = − + +

����������������  

ដូចេនះ 
22 26(t 2) 14426t 104t 248

AB
4 4

− +− +− +− +− +− +− +− += == == == =   ។ 
ខ)កំណតត់ៃមល t  េដមបឲីយ AB  មនតៃមលអបបបរម ៖ 

េគមន 
226(t 2) 144

AB
4

− +− +− +− +
====   (សរមយខងេល ) 

េដមបឲីយ AB  មនតៃមលអបបបរមលុះរតែត t 2 0− =− =− =− = ឬt 2====  
ដូចេនះ t 2====   ។ 
គ)បងហ ញថ (AB)ជបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )  ៖ 
ចំេពះ t 2====  េគបន B(2 , 1 , 4)  និង AB (1 , 2 , 2)

→→→→
====   ។ 

តង u→→→→  និង v
→→→→  ជវុចិទររ័បបទ់ិសៃនបនទ ត ់ 1(d )  និង 2(d )  ។ 

េគបន u ( 2 , 1 , 2)
→→→→

= − −= − −= − −= − −   និង v ( 4 , 1 , 3)
→→→→

= − −= − −= − −= − −   ។ 
េគមន AB.u 2 2 4 0 AB u

→ →→ →→ →→ →
= − − + = ⇔ ⊥= − − + = ⇔ ⊥= − − + = ⇔ ⊥= − − + = ⇔ ⊥

���� �������� �������� �������� ����  ។ 
េហយ AB.v 4 2 6 0 AB v

→ →→ →→ →→ →
= − − + = ⇔ ⊥= − − + = ⇔ ⊥= − − + = ⇔ ⊥= − − + = ⇔ ⊥

���� �������� �������� �������� ����   េនះ 2(AB) (d )⊥⊥⊥⊥ ។ 
ដូចេនះ(AB)ជបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )  ។ 
ទញរកចមង យរវងបនទ ត់ 1(d )  និង 2(d )  ៖ 
េដយ (AB)ជបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )  េនះ AB  
ជចមង យរវងបនទ ត ់ 1(d )  និង 2(d )   ។ 
ដូចេនះ 1 2d(d ,d ) AB 1 4 4 3= = + + == = + + == = + + == = + + =   ។ 
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វិញញ សគណិតវិទយទី០៧ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ចំេពះរគបច់នួំនពិតវជិជមន αααα  និង ββββ  ែដល α < βα < βα < βα < β  

  ចូររសយថ ln( )
β − α β β − αβ − α β β − αβ − α β β − αβ − α β β − α< << << << <

β α αβ α αβ α αβ α α
   

II-េគមន n n n 2

1
S 4 a ,n 1,2,3,4,....

2 −−−−= − − == − − == − − == − − =  ជផលបូក n  តួ 
 ដំបូងៃនសវុីត n(a )  ។ 

 ក/កំណតទ់ំនកទ់នំងកំេណ នរវង n 1a ++++  និង na  ។ 
 ខ/កំណតតួ់ទី n  ៃនសវុីត n(a ) ។ 

III-េគឲយ 
2

n
n

0

I cos x.dx , n IN

ππππ

= ∈= ∈= ∈= ∈∫∫∫∫  

ក/រកទនំកទ់នំង nI  និង n 2I −−−−   ែដលមន n  ។ 
ខ/េគសនមត 2p

1 3 .... (2p 1)
I

2 4 6 ..... (2p) 2
× × × − π× × × − π× × × − π× × × − π= ×= ×= ×= ×
× × × ×× × × ×× × × ×× × × ×

 និង  

2p 1

2 4 6 ..... 2p
I

1 3 5 ..... (2p 1)++++
× × × ×× × × ×× × × ×× × × ×====

× × × × +× × × × +× × × × +× × × × +
 ។ បងហ ញថ  2p 2 2p 1

2p 2p

I I
1

I I
+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤   

រចួទញរក   
2

2p

(2 4 6 .... 2p) 1
lim

[1 3 5 .... (2p 1)] 2p 1→+∞→+∞→+∞→+∞

× × × ×× × × ×× × × ×× × × × ××××
× × × × − +× × × × − +× × × × − +× × × × − +

  ។ 
 



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 41 

 

IV-េគឲយបនទ តព់រី 1(d )  និង 2(d )  មនសមកីរឆលុះេរៀងគន  ៖ 

1

y 4 z 5
(d ) : x 2

2 2
− −− −− −− −− = =− = =− = =− = =   និង  2

x 3 z 4
(d ) : y

1 4
− −− −− −− −= == == == =
−−−−

 
ចូររកសមកីរប៉រ៉ែមរ៉តៃនបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )   
 

ដំេណះរសយ 

I-រសយថ ln( )
β − α β β − αβ − α β β − αβ − α β β − αβ − α β β − α< << << << <

β α αβ α αβ α αβ α α
  ។ 

តងអនុគមន ៍f (x) ln x====   ែដល x [ , ]∈ α β∈ α β∈ α β∈ α β  និង 0 < α < β< α < β< α < β< α < β  
េគបន f  ជអនុគមនជ៍បេ់ល [[[[ ]]]],α βα βα βα β  និង មនេដរេីវេល 
( , )α βα βα βα β  
េនះតមរទឹសតីបទតៃមលមធយមមន c ( , )∈ α β∈ α β∈ α β∈ α β  ែដល ៖ 

f ( ) f ( ) ln ln
f '(c) (1)

β − α β − αβ − α β − αβ − α β − αβ − α β − α= == == == =
β − α β − αβ − α β − αβ − α β − αβ − α β − α

   

េគមន 1
f '(x) (ln x)'

x
= == == == =   េនះ 1

f '(c)
c

====  

ែត c ( , )∈ α β∈ α β∈ α β∈ α β  េនះ cα < < βα < < βα < < βα < < β   ឬ  1 1 1
c

< << << << <
β αβ αβ αβ α

 

េគបន 1 1
f '(c) (2)< << << << <

β αβ αβ αβ α
 

តម (1) នងិ (2) េគទញ1 ln ln 1β − αβ − αβ − αβ − α< << << << <
β β − α αβ β − α αβ β − α αβ β − α α

   

ដូចេនះ ln( )
β − α β β − αβ − α β β − αβ − α β β − αβ − α β β − α< << << << <

β α αβ α αβ α αβ α α
  ។ 
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II-ក/កំណតទ់ំនកទ់ំនងកំេណ នរវង n 1a ++++  និង na  ៖ 

 េគមន n n n 2

1
S 4 a (1)

2 −−−−= − −= − −= − −= − −    

 េនះ n 1 n 1 n 1

1
S 4 a (2)

2+ ++ ++ ++ + −−−−= − −= − −= − −= − −  
 េធវផលដករវងទនំកទ់នំង (2) និង (1) េគបន ៖ 
 n 1 n n n 1 n 1 n 2

1 1
S S a a

2 2+ ++ ++ ++ + − −− −− −− −− = − − +− = − − +− = − − +− = − − +  ែត n 1 n n 1S S a+ ++ ++ ++ +− =− =− =− =  

 េគបន n 1 n n 1 n 1

1
a a a

2+ ++ ++ ++ + −−−−= − += − += − += − +  ឬ n 1 n n

1 1
a a

2 2++++ = += += += + ។ 

 ដូចេនះទំនកទ់ំនងរវង n 1a ++++  និង na  គឺ  n 1 n n

1 1
a a

2 2++++ = += += += + ។ 
 ខ/កំណតតួ់ទី n  ៃនសវុីត n(a ) ៖ 
 េគមន n 1 n n

1 1
a a

2 2++++ = += += += +  េនះ n 1 n
n 1 n2 a 2 a 2++++

++++ − =− =− =− =  
 េដយតង n

n nb 2 a====  េគបន n 1 nb b 2++++ − =− =− =− =  េថរ 
 េគទញបន n(b )  ជសវុីតនពវនតមនផលសងរមួ d 2====  
  និង 1 1b 2a==== តម n n n 2

1
S 4 a

2 −−−−= − −= − −= − −= − −  េនះ 1 1 1

1
S 4 a

2−−−−= − −= − −= − −= − −   
 ែត 1 1S a==== េនះ 1 1a 4 a 2= − −= − −= − −= − −  នឲំយ 1a 1====  និង 1 1b 2a 2= == == == =  
 េហតុេនះ n 1b b (n 1)d 2 2(n 1) 2n= + − = + − == + − = + − == + − = + − == + − = + − =  
 តមទំនកទ់នំង n

n nb 2 a====  េគទញ n
n n n n 1

b 2n n
a

2 2 2 −−−−= = == = == = == = =  

 ដូចេនះ n n 1

n
a

2 −−−−====   ។ 
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III-ក)រកទនំកទ់នំង nI  និង n 2I −−−−   ែដលមន n  ៖ 

មន 
2 2

n n 1
n

0 0

I cos x.dx cos x.cosx.dx , n IN

π ππ ππ ππ π

−−−−= = ∈= = ∈= = ∈= = ∈∫ ∫∫ ∫∫ ∫∫ ∫  

តង 
n 1 n 2u cos x du (n 1)sinxcos x.dx

dv cosx.dx v sinx

− −− −− −− −    = = − −= = − −= = − −= = − −
⇒⇒⇒⇒    

= == == == =    
 

       
2

n 1 2 n 22
n 0

0

I cos xsinx (n 1) sin xcos x.dx

ππππ
ππππ

− −− −− −− −    = + −= + −= + −= + −     ∫∫∫∫  

        
2

2 n 2
n

0

I (n 1) (1 cos x)cos x.dx

ππππ

−−−−= − −= − −= − −= − −∫∫∫∫  

           
2 2

n 2 n
n

0 0

n n 2 n n n 2

I (n 1) cos x.dx (n 1) cos x.dx

n 1
I (n 1)I (n 1)I I .I

n

π ππ ππ ππ π

−−−−

− −− −− −− −

= − − −= − − −= − − −= − − −

−−−−= − − −= − − −= − − −= − − − ⇒⇒⇒⇒ ====

∫ ∫∫ ∫∫ ∫∫ ∫  

ដូចេនះ n n 2

n 1
I I

n −−−−
−−−−====   ។ 

ខ/បងហ ញថ  2p 2 2p 1

2p 2p

I I
1

I I
+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤    

រគប ់x [0, ]
2
ππππ∈∈∈∈  និង p IN∈∈∈∈ េគមន 

2p 2 2p 1 2pcos x cos x cos x+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤  

េគបន 
2 2 2

2p 2 2p 1 2p

0 0 0

cos x.dx cos x.dx cos x.dx

π π ππ π ππ π ππ π π

+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫  
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ឬ   2p 2 2p 1 2pI I I+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤   នឲំយ 2p 2 2p 1

2p 2p

I I
1

I I
+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤   ។ 

 ទញរក   
2

2p

(2 4 6 .... 2p) 1
lim

[1 3 5 .... (2p 1)] 2p 1→+∞→+∞→+∞→+∞

× × × ×× × × ×× × × ×× × × × ××××
× × × × − +× × × × − +× × × × − +× × × × − +

  ៖ 

េគមន n n 2

n 1
I I

n −−−−
−−−−====   េនះ 2p 2 2p

2p 1
I I

2p++++
++++====   

 ឬ 2p 2

2p

I 2p 1
I 2p

++++ ++++====  

េដយ  2p 2 2p 1

2p 2p

I I
1

I I
+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤   េនះ 2p 1

2p

I2p 1
1

2p I
++++++++ ≤ ≤≤ ≤≤ ≤≤ ≤   

េដយ 
p

2p 1
lim 1

2p→+∞→+∞→+∞→+∞

++++ ====   េគទញ 2p 1

n
2p

I
lim 1

I
++++

→+∞→+∞→+∞→+∞
====    ។ 

មន 2p

1 3 .... (2p 1)
I

2 4 6 ..... (2p) 2
× × × − π× × × − π× × × − π× × × − π= ×= ×= ×= ×
× × × ×× × × ×× × × ×× × × ×  

និង 2p 1

2 4 6 ..... 2p
I

1 3 5 ..... (2p 1)++++
× × × ×× × × ×× × × ×× × × ×====

× × × × +× × × × +× × × × +× × × × +
 

េគបន 
2

2p 1
2

2p

I (2 4 6 .... 2p) 1 2
I [1 3 5 .... (2p 1)] 2p 1

++++ × × × ×× × × ×× × × ×× × × ×= × ×= × ×= × ×= × ×
× × × × − + π× × × × − + π× × × × − + π× × × × − + π

   

េគទញ 
2

2p 1
2

2p

I(2 4 6 .... 2p) 1
.

[1 3 5 .... (2p 1)] 2p 1 2 I
++++× × × × π× × × × π× × × × π× × × × π× =× =× =× =

× × × × − +× × × × − +× × × × − +× × × × − +
   

េដយ  2p 1

n
2p

I
lim 1

I
++++

→+∞→+∞→+∞→+∞
====    (សរមយខងេល) 

ដូចេនះ
2

2p

(2 4 6 .... 2p) 1
lim

[1 3 5 .... (2p 1)] 2p 1 2→+∞→+∞→+∞→+∞

× × × × π× × × × π× × × × π× × × × π× =× =× =× =
× × × × − +× × × × − +× × × × − +× × × × − +

  ។ 
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IV-រកសមកីរប៉រ៉ែមរ៉តៃនបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )   
តង A A A 1A(x ,y ,z ) (d )∈∈∈∈   និង B B B 2B(x ,y ,z ) (d )∈∈∈∈  

េគបន 
A A

A

B B
B

y 4 z 5
x 2 p

2 2
x 3 z 4

y q
1 4

− −− −− −− − − = = =− = = =− = = =− = = =
 − −− −− −− − = = == = == = == = =
 −−−−

 

េនះ   
A

A

A

x p 2

y 2p 4 (1)

z 2p 5

= += += += +
 = += += += +
 = += += += +

   

និង  
B

B

B

x q 3

y q (2)

z 4q 4

= − += − += − += − +
 ====
 = += += += +

 

េគបន AB ( q p 1 , q 2p 4 , 4q 2p 1 )
→→→→

= − − + − − − −= − − + − − − −= − − + − − − −= − − + − − − −  
តង u→→→→  និង v

→→→→  ជវុចិទររ័បបទ់ិសៃនបនទ ត ់ 1(d )  និង 2(d )  ។ 
េគបន u (1 , 2 , 2)

→→→→
====   និង v ( 1 ,1 , 4)

→→→→
= −= −= −= −   ។ 

េដមបឲីយ (AB)  ជបនទ តែ់កងរមួរវងបនទ ត់ 1(d )  និង 2(d )  

លុះរតែត  AB u

AB v

→ →→ →→ →→ →

→ →→ →→ →→ →


⊥⊥⊥⊥


 ⊥⊥⊥⊥

  សមមូល AB.u 0

AB.v 0

→ →→ →→ →→ →

→ →→ →→ →→ →


====


 ====

   

សមមូល q p 1 2q 4p 8 8q 4p 2 0

q p 1 q 2p 4 16q 8p 4 0

− − + + − − + − − =− − + + − − + − − =− − + + − − + − − =− − + + − − + − − =
 + − + − − + − − =+ − + − − + − − =+ − + − − + − − =+ − + − − + − − =

 

សមមូល 9q 9p 9 0

18q 9p 9 0

− − =− − =− − =− − =
 − − =− − =− − =− − =

  នឲំយ p 1 , q 0= − == − == − == − =   ។ 
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យក p 1 , q 0= − == − == − == − =   ជួសកនុង (1) និង (2) េគបន ៖ 
A(1,2,3)  និង B(3 ,0 , 4) េហយេគបន AB (2 , 2 , 1)

→→→→
= −= −= −= −   

ដូចេនះ 
x 1 2t

(AB) : y 2 2t ; t IR

z 3 t

= += += += +
 = − ∈= − ∈= − ∈= − ∈
 = += += += +

  ។  
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វិញញ សគណិតវិទយទី០៨ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឱយអនុគមន៍f មនេដរេីវេល ( 2 , )− + ∞− + ∞− + ∞− + ∞ ែដល f (x) x 2= += += += +  
 ក. រកតៃមលអមៃន f '(x)  ចំេពះរគប ់x [ 1,2 ]∈ −∈ −∈ −∈ −  
 ខ. បងហ ញថចំេពះរគប ់x [ 1 , 2 ]∈ −∈ −∈ −∈ −   េគបន ៖ 
       1 5 1 3

x x 2 x
4 4 2 2

+ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ +   ។    
II-េគឲយសវុីត n(a ) កណំតេ់ដយ ៖ 

 1 2a 7 ; a 17= == == == =   និង n 2 n 1 na 5a 6a 0+ ++ ++ ++ +− + =− + =− + =− + =   ែដល n IN∈∈∈∈  
 គណនតួទូេទៃនសវីត n(a )  ។ 

III-គណនអងំេតរកល 
1

3
0

x
I .dx

x 1
====

++++∫∫∫∫  

IV-េគឲយអងំេតរកល ៖ 

n3

n n n

6

sin x
I .dx

sin x cos x

π

π
====

++++∫∫∫∫    និង 
n3

n n n

6

cos x
J .dx

sin x cos x

π

π
====

++++∫∫∫∫  

ចូររសយថ/ក n nI J====   ។ 
 ខ គណន/ nI  និង nJ   ។ 
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ដំេណះរសយ 

 

I-ក. រកតៃមលអមៃន f '(x)  ចំេពះរគប ់x [ 1,2 ]∈ −∈ −∈ −∈ −  
េគមន f (x) x 2= += += += +  
េគបន (x 2)' 1

f '(x)
2 x 2 2 x 2

++++= == == == =
+ ++ ++ ++ +

 

េដយ 1 x 2− ≤ ≤− ≤ ≤− ≤ ≤− ≤ ≤   េនះ 1 x 2 4≤ + ≤≤ + ≤≤ + ≤≤ + ≤   ឬ 1 x 2 2≤ + ≤≤ + ≤≤ + ≤≤ + ≤  
េគទញ 1 1 1

4 22 x 2
≤ ≤≤ ≤≤ ≤≤ ≤

++++
 

ដូចេនះ  1 1
f '(x)

4 2
≤ ≤≤ ≤≤ ≤≤ ≤  ចំេពះរគប ់x [ 1,2 ]∈ −∈ −∈ −∈ −   ។ 

ខ. បងហ ញថចំេពះរគប ់x [ 1 , 2 ]∈ −∈ −∈ −∈ −   េគបន  ◌ៈ 
   1 5 1 3

x x 2 x
4 4 2 2

+ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ +  

តមសរមយខងេលេគមន 1 1
f '(x)

4 2
≤ ≤≤ ≤≤ ≤≤ ≤  ចំេពះរគប ់

x [ 1,2 ]∈ −∈ −∈ −∈ −  
តមរទឹសតីបទវសិមភពកំេណ នមនកំណតអ់នុវតតនច៍ំេពះអនុគម
ន ៍f កនុងចេនល ះ [ 1,2 ]−−−−   េគបន  ៖  
ចំេពះ x 1≥ −≥ −≥ −≥ −  េនះ 1 1

(x 1) f (x) f ( 1) (x 1)
4 2

+ ≤ − − ≤ ++ ≤ − − ≤ ++ ≤ − − ≤ ++ ≤ − − ≤ +  

ឬ 1 1 1 1
x x 2 1 x

4 4 2 2
+ ≤ + − ≤ ++ ≤ + − ≤ ++ ≤ + − ≤ ++ ≤ + − ≤ +  

ដូចេនះ    1 5 1 3
x x 2 x

4 4 2 2
+ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ ++ ≤ + ≤ +   ។ 
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II-គណនតួទូេទៃនសវីត n(a )  ។ 

 សមកីរសមគ ល់ៃនសវុីតគឺ   2r 5r 6 0− + =− + =− + =− + =  
 2( 5) 4(1)(6) 1∆ = − − =∆ = − − =∆ = − − =∆ = − − =  េគទញឬស 1 2r 2 ; r 3= == == == =  ។ 
 ទំនកទ់ំនង n 2 n 1 na 5a 6a 0+ ++ ++ ++ +− + =− + =− + =− + =    អចសរេសរជពរីទំរង ់៖ 

 n 2 n 1 n 1 n

n 2 n 1 n 1 n

a 2a 3(a 2a ) (1)

a 3a 2(a 3a ) (2)
+ + ++ + ++ + ++ + +

+ + ++ + ++ + ++ + +

− = −− = −− = −− = −
 − = −− = −− = −− = −

 

 តង n n 1 nb a 2a++++= −= −= −= −   និង  n n 1 nc a 3a++++= −= −= −= −   
 េនះ n 1 n 2 n 1b a 2a+ + ++ + ++ + ++ + += −= −= −= −   និង  n 1 n 2 n 1c a 3a+ + ++ + ++ + ++ + += −= −= −= −  

 តម (1) នងិ (2) េគបន n 1 n

n 1 n

b 3b

c 2c
++++

++++

====
 ====

  

 នឲំយ n(b )  និង n(c ) ជសវុីតធរណីមរតមនេរសុងេរៀងគន  
  b cq 3 , q 2= == == == =  
 េគបន n 1

n 1 bb b q −−−−= ×= ×= ×= ×   និង n 1
n 1 cc c q −−−−= ×= ×= ×= ×  

 េដយ 1 2 1b a 2a 17 14 3= − = − == − = − == − = − == − = − =   
 និង 1 2 1c a 3a 17 21 4= − = − = −= − = − = −= − = − = −= − = − = −  
 េគបន n

nb 3====   និង n 1
nc 2 ++++= −= −= −= −    

 េនះ 
n

n 1 n

n 1
n 1 n

a 2a 3 (3)

a 3a 2 (4)
++++

++++
++++

 − =− =− =− =


− = −− = −− = −− = −
 

 ដកសមកីរ (3)នងិ(4) េគបន n 1 n
na 2 3++++= += += += +   ។ 
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III-គណនអងំេតរកល 
1

3
0

x
I .dx

x 1
====

++++∫∫∫∫  

េគអចសរេសរ 
1

1 2

3
0

x .dx
I

x 1
====

++++
∫∫∫∫   តង 

3
2t x====    េនះ  

1
23

dt x .dx
2

====  
េប x 0==== េនះt 0====   និង x 1====   េនះ t 1====   ។ 

េគបន 
1

2
0

2 dt
I

3 t 1
====

++++
∫∫∫∫   តង t tan ϕ====  េនះ 
2dt (1 tan )dϕ ϕ= += += += +  

េប t 0==== េនះ 0ϕ ====   និង t 1====   េនះ 
4
πϕ ====   ។ 

េគបន 
24 4 4

22
0 0 0

2 (1 tan )d 2 d 2 cos .d
I

3 3 cos 3 1 sin1 tan

π π π

ϕ ϕ ϕ ϕ ϕ
ϕ ϕϕ

++++= = == = == = == = =
−−−−++++

∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫  

តង u sinϕ====  េនះ du cos .dϕ ϕ====  

េប 0ϕ ====  េនះ u 0====   និង 
4
πϕ ====  េនះ 1

u
2

====  

េគបន 
1 1

2 2

2
0 0

2 du 1 1 1
I ( )du

3 3 1 u 1 u1 u
= = += = += = += = +

− +− +− +− +−−−−∫ ∫∫ ∫∫ ∫∫ ∫  
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[[[[ ]]]]
1

2
0

1 1 2 1
I ln |1 u | ln |1 u | ln( )

3 3 2 1

++++= − − + + == − − + + == − − + + == − − + + =
−−−−

 

េដយ 22 1
( 2 1)

2 1

++++ = += += += +
−−−−

 េនះ 21
I ln( 2 1)

3
= += += += +  

ដូចេនះ 2
I ln( 2 1)

3
= += += += +   ។ 

IV-ក/រសយថ n nI J====    

មន 
n3

n n n

6

sin x
I .dx

sin x cos x

π

π
====

++++∫∫∫∫    និង 

n3

n n n

6

cos x
J .dx

sin x cos x

π

π
====

++++∫∫∫∫    

ចំេពះ 
n3

n n n

6

sin x
I .dx

sin x cos x

π

π
====

++++∫∫∫∫   តង x t
2
π= −= −= −= −  េនះ 

dx dt= −= −= −= −  
េប x

6
π==== េនះt

3
π====   និង x

3
π====  េនះ t

6
π====  

េគបន 
n

6

n
n n

3

sin ( t)
2I .( dt)

sin ( t) cos ( t)
2 2

π

π

π

π π

−−−−
= −= −= −= −

− + −− + −− + −− + −
∫∫∫∫  
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n3

n nn n

6

cos t
I .dt J

cos t sin t

π

π
= == == == =

++++∫∫∫∫  

ដូចេនះ n nI J====   ។ 
ខ គណន/ nI  និង nJ   ៖ 

េគបន
n n3 3

n n n n n n

6 6

sin x cos x
I J .dx .dx

sin x cos x sin x cos x

π π

π π
+ = ++ = ++ = ++ = +

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫  

  

          
3

n n

6

I J dx
3 6 6

π

π

π π π+ = = − =+ = = − =+ = = − =+ = = − =∫∫∫∫   ែត n nI J====  

េនះ n n2I 2J
6
π= == == == =   នឲំយ n nI J

12
π= == == == =  ។ 

ដូចេនះ nI
12
π====  និង nJ

12
π====   ។ 
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វិញញ សគណិតវិទយទី០៩ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគមនសវុីត n(a ) កណំតេ់ដយ 1a 5====  និងទំនកទ់ំនង 
 2

n 1 n na a 2a 2++++ = − += − += − += − +   ែដល n 1,2,3,4,....====  ។ 

 ចូររសយបញជ កថ់ n2
na 2 1= += += += +   ។ 

II-េគឱយអនុគមន ៍f  មនេដរេីវេល IR  ែដល  
 2f (x) ln(x 1 x )= + += + += + += + +  
 ក. រកតៃមលអមៃន f '(x)  ចំេពះរគប ់ 3 4

x [ , ]
4 3

∈∈∈∈  ។ 

 ខ. បងហ ញថចំេពះរគប ់ 3 4
x [ , ]

4 3
∈∈∈∈    េគបន  ៖ 

        23x 9 4x 3
ln 2 ln(x 1 x ) ln 2

5 20 5 5
− + ≤ + + ≤ − +− + ≤ + + ≤ − +− + ≤ + + ≤ − +− + ≤ + + ≤ − +    

III-េគឲយអងំេតរកល 23 x

0

I x e .dx
α

α
−−−−==== ∫∫∫∫   ែដល 0α >>>>   ។ 

    គណន I α   ជអនុគមនៃ៍ន α  រចួគណន lim I αα→+∞→+∞→+∞→+∞
  ។ 

IV-េគេអយគូប ABCDEFGH  មយួមនរទនុងេសម1។ 
លំហមនទសិេដតមតរំយុអរតូណរម៉ល់មនទសិេដវជិជមន 













 →→→→→→→→→→→→
AE,AD,AB,A   េគយក I  ជចំនុចកណត លៃនអងកត ់[[[[ ]]]]EF   
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និង K ជផចិតកេរ ADHE  ។ 
ក. ចូរេផទៀងផទ តថ់ →→→→→→→→→→→→

××××==== IAIGBK  រចួគណនរកឡៃផទរតី
េកណ IGA  ។ 
ខ. គណនមឌេតរតែអត ABIG  រចួទញរកចំងយពចីនុំច B 
េទបលង ់(((( ))))AIG   
 
 
 
 
 
 

 

 

 

 

ដំេណះរសយ 

I-រសយបញជ កថ់ n2
na 2 1= += += += +    

 ចំេពះ n 1====  េគបន 2
1a 2 1 5= + == + == + == + =  ពតិ 

 ឧបមថវពតិចំេពះ n k====  គឺ 
k2

ka 2 1= += += += +  ពតិ 
 េយងនឹងរសយថវពតិចំេពះ n k 1= += += += +  គឺ 

k 12
k 1a 2 1

++++

++++ = += += += +  

A B

C

E F

GH

I

K
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េគមន 2 2
k 1 k k ka a 2a 2 (a 1) 1++++ = − + = − += − + = − += − + = − += − + = − +  ែត k2

ka 2 1= += += += +  
េគបន k k 12 2 2

k 1a (2 1 1) 1 2 1
++++

++++ = + − + = += + − + = += + − + = += + − + = +  ពតិ 
ដូចេនះ n2

na 2 1= += += += +   ។ 
II-ក. រកតៃមលអមៃន f '(x)  ចំេពះរគប ់ 3 4

x [ , ]
4 3

∈∈∈∈  

េគបន 
2

2

(x 1 x )'
f '(x)

x 1 x

+ ++ ++ ++ +====
+ ++ ++ ++ +

 

                  
22

2 2 2

2

2x
1

1 x x2 1 x

x 1 x (x 1 x ) 1 x

1

1 x

++++
+ ++ ++ ++ +++++= == == == =

+ + + + ++ + + + ++ + + + ++ + + + +

====
++++

 

ចំេពះរគប ់ 3 4
x [ , ]

4 3
∈∈∈∈   េគបន 225 25

1 x
16 9

≤ + ≤≤ + ≤≤ + ≤≤ + ≤  

ឬ  25 5
1 x

4 3
≤ + ≤≤ + ≤≤ + ≤≤ + ≤   នឱំយ 

2

3 1 4
5 51 x

≤ ≤≤ ≤≤ ≤≤ ≤
++++

 

ដូចេនះ  3 4
f '(x)

5 5
≤ ≤≤ ≤≤ ≤≤ ≤  ចំេពះរគប ់ 3 4

x [ , ]
4 3

∈∈∈∈   ។ 

ខ. បងហ ញថចំេពះរគប ់ 3 4
x [ , ]

4 3
∈∈∈∈    េគបន  ◌ៈ 

   23x 9 4x 3
ln 2 ln(x 1 x ) ln 2

5 20 5 5
− + ≤ + + ≤ − +− + ≤ + + ≤ − +− + ≤ + + ≤ − +− + ≤ + + ≤ − +    

តមសរមយខងេល 3 4
f '(x)

5 5
≤ ≤≤ ≤≤ ≤≤ ≤  ចំេពះរគប ់ 3 4

x [ , ]
4 3

∈∈∈∈    
តមរទឹសតីបទវសិមភពកំេណ នមនកំណតេ់គបន  ៖  
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ចំេពះ 3 3 3 3 4 3
x : (x ) f (x) f ( ) (x )

4 5 4 4 5 4
≥ − ≤ − ≤ −≥ − ≤ − ≤ −≥ − ≤ − ≤ −≥ − ≤ − ≤ −  

ឬ 23x 9 4x 3
ln(x 1 x ) ln 2

5 20 5 5
− ≤ + + − ≤ −− ≤ + + − ≤ −− ≤ + + − ≤ −− ≤ + + − ≤ −  

ដូចេនះ 23x 9 4x 3
ln 2 ln(x 1 x ) ln 2

5 20 5 5
− + ≤ + + ≤ − +− + ≤ + + ≤ − +− + ≤ + + ≤ − +− + ≤ + + ≤ − +   ។ 

III-គណន I α   ជអនុគមនៃ៍ន α  រចួគណន lim I αα→+∞→+∞→+∞→+∞
   

េគមន 23 x

0

I x e .dx
α

α
−−−−==== ∫∫∫∫   ែដល 0α >>>>    

តង 
2

2

x

u x

dv xe dx−−−−

 ====


====

   នឲំយ 2x

du 2x.dx

1
v e

2
−−−−

====

 = −= −= −= −

 

េគបន 2 22
x x

00

x
I e xe .dx

2

α α

α
− −− −− −− −    

= − += − += − += − +    
    

∫∫∫∫  

                2x

0

1 1 1 1
e e e ( e )

2 2 2 2 2
− − − −− − − −− − − −− − − −    = − − = − − −= − − = − − −= − − = − − −= − − = − − −        

α
α α αα α  

ដូចេនះ 1 1
I e

2 2
α

α
α −−−−++++= −= −= −= −   និង  1

lim I
2αα→+∞→+∞→+∞→+∞

====    ។ 
 

IV-ក-េផទៀងផទ តថ់ →→→→→→→→→→→→
××××==== IAIGBK  

កនុងលំហ 











 →→→→→→→→→→→→
AE,AD,AB,A   េគមន ៖ 
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(((( )))) (((( )))) (((( )))) (((( ))))

(((( )))) (((( )))) (((( )))) (((( ))))1,1,0H,1,1,1G,1,0,1F,1,0,0E

0,1,0D,0,1,1C,0,0,1B,0,0,0A
 

េដយI  ជចំនុចកណត លៃនអងកត ់[[[[ ]]]]EF  េគបន  ៖








 ++++++++++++
2

11
,

2
00

,
2

10
I  

ឬ 






 1,0,
2
1

I
 និង K  ជផចិតកេរ ADHE េនះវជចំនុចកណត ល

ៃនអងកត ់[[[[ ]]]]AH   េគបន ៖ 

 






 ++++++++++++
2

10
,

2
10

,
2

00
K ឬ 









2
1

,
2
1

,0K  ។ 

េយងបន ៖ (((( ))))1
2
1

,
2
1

,1BK 






−−−−====
→→→→

 

េហយ 






 −−−−−−−−====






====
→→→→→→→→

1,0,
2
1

IA,0,1,
2
1

IG  េគបន ៖ 

→→→→→→→→→→→→→→→→→→→→

→→→→→→→→→→→→

→→→→→→→→

++++++++−−−−====××××

−−−−−−−−

====××××

AE.
2
1

AD.
2
1

ABIAIG

10
2
1

01
2
1

AEADAB

IAIG

 

េគបន (((( ))))2
2
1

,
2
1

,1IAIG 






−−−−××××
→→→→→→→→
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តម (((( ))))1  និង  (((( ))))2  េគបន ៖ →→→→→→→→→→→→
××××==== IAIGBK  ។ 

គណនរកឡៃផទរតេីកណ IGA ◌ៈ 

តមរបូមនត ៖ 
→→→→→→→→→→→→

====××××==== BK.
2
1

IAIG.
2
1

SIGA   

                           
4
6

4
1

4
1

1.
2
1 ====++++++++==== ឯកតៃផទ។ 

ខ. គណនមឌេតរតែអត ABIG  ៖ 

 តមរបូមនត  
→→→→→→→→→→→→














××××==== IB.IAIG

6
1

VABIG    

េដយ 






 −−−−====
→→→→

1,0,
2
1

IB  និង 






−−−−====××××
→→→→→→→→

2
1

,
2
1

,1IAIG  

េគបន ៖ 6
1

2
1

0
2
1

.
6
1

VABIG ====−−−−++++−−−−====   ឯកតត មឌ ។ 
រកចំងយពចីំនុច B េទបលង ់(((( ))))AIG  ៖ 

តមរបូមនត  (((( ))))(((( ))))AIG,BdS.
3
1

V IGAABIG ××××====  

នេំអយ (((( ))))(((( ))))
IGA

ABIG

S
V3

AIG,Bd ====  

ដូចេនះ  (((( ))))(((( ))))
3
6

4
6
6
1

.3
AIG,Bd ========  ។ 
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វិញញ សគណិតវិទយទី១០ 
សរមប់រយះេពល ២េម៉ង 

������� 

I-េគឲយសវុីត  កំនតេ់ដយ  

 ែដល   ។ 
 េដយេរបអនុមនរមួគណិតវទិយចូររសយថ  ៖  

        ។ 

II-េគឱយ f ជអនុគមនក៍នំតេ់ដយ 2 nf (x) (x 1 x )= + += + += + += + +   
 ែដល x IR∈∈∈∈  និង n IN∈∈∈∈  ។ 
 ក-ចូរគណនេដរេីវ f '(x)  រចួបងហ ញថ ៖ 
  21 x .f '(x) n.f (x)+ =+ =+ =+ =   ។ 
 ខ-ចូររសយបញជ កទ់ំនកទ់ំនង ៖ 
    2 2(1 x ).f ''(x) x.f '(x) n .f (x)+ + =+ + =+ + =+ + =  ។ 
III- f ជអនុគមនក៍ណំតពី់សំណំុ IR  េទ IR  េហយេផទៀងផទ ត ់
 សមកីរ 2 3 3 3f (x 1) x f (x 1) x x+ + + = ++ + + = ++ + + = ++ + + = +   រគប់x IR∈∈∈∈  ។ 

 ចូរគណនអងំេតរកល 
2

1

I f (x).dx==== ∫∫∫∫  ។ 

(((( ))))nu






−−−−====

++++====

++++ nnn uuu

u

2

15
2

1

0

.....,2,1,0====n

1
2

15
2

15
22

++++






 −−−−++++






 ++++====
nn

nu
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IV-េគឲយអងំេតរកល 
n

x
n

(n 1)

I e sinx.dx
ππππ

−−−−

− π− π− π− π

==== ∫∫∫∫    

   ែដល n 1,2,3 , ...==== ។ 

 ក ចូរគណន / 1I  ។ 
 ខ បងហ ញថ/ n(I ) ជសវុីតធរណីមរតរចួទញរក nI ។ 
 គ គណនផលបកូ/ n 1 2 nS I I ... I= + + += + + += + + += + + +  ជអនុគមនៃ៍នn។ 
 ឃ ទញរកលីមតីៃន/ nS  កលណ n → +∞→ +∞→ +∞→ +∞   ។ 
 

ដំេណះរសយ 

I-រសយថ         

- ចំេពះ   

េគបន    ពតិ ។ 
ឧបមថវពតិដល់  គឺ  ៖  

   ពតិ   

េយងនឹងរសយថវពតិដល់  គឺ  ៖  

    ពតិ 

1
2

15
2

15
22

++++






 −−−−++++






 ++++====
nn

nu

0====n

151
2

15
2

15
0 ++++====++++−−−−++++++++====u

kn ====

1
2

15
2

15
22

++++






 −−−−++++






 ++++====
kk

ku

1++++==== kn

1
2

15
2

15
1212

1 ++++






 −−−−++++






 ++++====
++++++++

++++

kk

ku
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េគមន  

េដយ    

េគបន  ៖  

   

    ពតិ 

ដូចេនះ      ។ 

II-ក-គណនេដរេីវ f '(x)  
េគមន  2 nf (x) (x 1 x )= + += + += + += + +  
តមរបូមនត  n n 1(u )' nu'.u −−−−====  
េគបន  2 2 n 1f '(x) n.(x 1 x )'.(x 1 x ) −−−−= + + + += + + + += + + + += + + + +  

(((( )))) 112 22

1 −−−−−−−−====−−−−====++++ kkkk uuuu

1
2

15
2

15
22

++++






 −−−−++++






 ++++====
kk

ku

1
2

15
2

2
15

1
2

15
2

15

1212

1

2
22

1

−−−−






 −−−−++++++++






 ++++====

−−−−





















 −−−−++++






 ++++====

++++++++

++++

++++

kk

k

kk

k

u

u

1
2

15
2

15
1212

1 ++++






 −−−−++++






 ++++====
++++++++

++++

kk

ku

1
2

15
2

15
22
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 −−−−++++






 ++++====
nn

nu
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2
2 n 1

2

2 n 1

2

2
2 n 1

2

2 n

2

(1 x )'
f '(x) n. 1 .(x 1 x )

2 1 x

2x
n. 1 .(x 1 x )

2 1 x

1 x x
n. .(x 1 x )

1 x
n

(x 1 x )
1 x

−−−−

−−−−

−−−−

    ++++= + + += + + += + + += + + +        ++++    

    
= + + += + + += + + += + + +        ++++    

+ ++ ++ ++ += + += + += + += + +
++++

= + += + += + += + +
++++

 

ដូចេនះ  2 n

2

n
f '(x) .(x 1 x )

1 x
= + += + += + += + +

++++
  ។ 

បងហ ញថ 21 x .f '(x) n.f (x)+ =+ =+ =+ =  
េគមន 2 n

2

n
f '(x) .(x 1 x )

1 x
= + += + += + += + +

++++
  

 េដយ 2 nf (x) (x 1 x )= + += + += + += + +  
េគបន 

2

n
f '(x) .f (x)

1 x
====

++++
 នឱំយ 21 x .f '(x) n.f (x)+ =+ =+ =+ =  ។ 

ដូចេនះ   21 x .f '(x) n.f (x)+ =+ =+ =+ =    ។ 
ខ-រសយបញជ កទ់ំនកទ់ំនង  ៖  
    2 2(1 x ).f ''(x) x.f '(x) n .f (x)+ + =+ + =+ + =+ + =  
    េគមន  21 x .f '(x) n.f (x)+ =+ =+ =+ =  នឱំយ 

2

f (x)
f '(x) n.

1 x
====

++++
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េគបន   
2 2

2 2

f '(x) 1 x ( 1 x )'f (x)
f ''(x) n.

( 1 x )

+ − ++ − ++ − ++ − +====
++++

 

                

(((( ))))

2

2

2

2

2

2

2x
f '(x). 1 x .f (x)

2 1 xf ''(x) n
1 x

f (x)
1 x .f '(x) x.

1 xf ''(x) n. 1
1 x

+ −+ −+ −+ −
++++====

++++

+ −+ −+ −+ −
++++====

++++

 

េគមន (((( ))))21 x .f '(x) n.f (x) 2+ =+ =+ =+ =   
និង  (((( ))))

2

1 f (x)
.f '(x) 3

n 1 x
====

++++
 

យក (2) និង (3) ជួសកនុងទំនកទ់នំង (((( ))))1  េគបន  ៖  

ដូចេនះ   2 2(1 x ).f ''(x) x.f '(x) n .f (x)+ + =+ + =+ + =+ + =   ។ 

III-គណនអងំេតរកល 
2

1

I f (x).dx==== ∫∫∫∫   

-េបេគតង x t 1= += += += +  េនះ dx dt====  
ចំេពះ x 1====  េនះ t 0====   នងិ x 2====   េនះ t 1====  ។ 

េគបន 
2 1

1 0

I f (x).dx f (t 1).dt (1)= = += = += = += = +∫ ∫∫ ∫∫ ∫∫ ∫  

-េបេគតង 3x t 1= += += += +  េនះ 2dx 3t dt====  
ចំេពះ x 1====  េនះ t 0====   នងិ x 2====   េនះ t 1====  ។ 



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 64 

 

េគបន 
2 1

2

1 0

I f (x).dx 3 t f (t 1).dt= = += = += = += = +∫ ∫∫ ∫∫ ∫∫ ∫  

ឬ  
1

2 3

0

1
I t f (t 1).dt (2)

3
= += += += +∫∫∫∫  

បូកសមកីរ )1 (និង (2) េគបន ៖  
1

2 3

0

1
I I [f (t 1) t f (t 1)].dt

3
+ = + + ++ = + + ++ = + + ++ = + + +∫∫∫∫  

េដយ  2 3 3 3f (x 1) x f (x 1) x x+ + + = ++ + + = ++ + + = ++ + + = +   រគប់x IR∈∈∈∈  ។ 

េគបន 
4
3

1
1

3 43

0
0

4 1 3
I (t t ).dt t t 1

3 4 4

    
    = + = + == + = + == + = + == + = + =
    
    

∫∫∫∫  

ដូចេនះ  3
I

4
====    ។ 

 

IV-ក គណន/ 1I  ៖ 

េប n 1====   េនះ x
1

0

I e sinx.dx
ππππ

−−−−==== ∫∫∫∫  

តង 
xu e

dv sinx.dx

−−−− ====


====
  នឲំយ 

xdu e .dx

v cosx

−−−− = −= −= −= −


= −= −= −= −
   

 
េគបន៖ 
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x x

1 0
0

x
1

0

I e cosx e cosx.dx

I 1 e e cosx.dx

ππππ
ππππ− −− −− −− −

ππππ
−π −−π −−π −−π −

    = − −= − −= − −= − −    

= + −= + −= + −= + −

∫∫∫∫

∫∫∫∫

 

តង 
xu e

dv cosx.dx

−−−− ====


====
  នឲំយ 

xdu e .dx

v sinx

−−−− = −= −= −= −


====
   

េគបន ៖ 

 
x x

1 0
0

1 1

I 1 e e sinx e sinx.dx

I 1 e I

ππππ
ππππ−π − −−π − −−π − −−π − −

−π−π−π−π

    = + − −= + − −= + − −= + − −    

= + −= + −= + −= + −

∫∫∫∫  

ដូចេនះ 1

1 e 1 e
I

2 2e

−π π−π π−π π−π π

ππππ

+ ++ ++ ++ += == == == =   ។ 
ខ បងហ ញថ/ n(I ) ជសវុីតធរណីមរត ៖ 

មន 
n

x
n

(n 1)

I e sin x.dx
ππππ

−−−−

− π− π− π− π

==== ∫∫∫∫   េនះ 
(n 1)

x
n 1

n

I e sin x.dx
+ π+ π+ π+ π

−−−−
++++

ππππ

==== ∫∫∫∫    

តង x t= π += π += π += π +  េនះ dx dt====  
ចំេពះ x n= π= π= π= π   េនះ t (n 1)= − π= − π= − π= − π   នងិ x (n 1)= + π= + π= + π= + π  េនះ 
t n= π= π= π= π  
េគបន 

n n
t t

n 1
(n 1) (n 1)

I e sin( t).dt e e sin t.dt
π ππ ππ ππ π

−π− −π −−π− −π −−π− −π −−π− −π −
++++

− π − π− π − π− π − π− π − π

= π + = −= π + = −= π + = −= π + = −∫ ∫∫ ∫∫ ∫∫ ∫  

         n 1 nI e I− π− π− π− π
++++ = −= −= −= −   នឲំយ n(I ) ជសវុីតធរណីមរត ។ 
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ទញរក nI ជអនុគមនៃ៍នn៖ 

តមរបូមនត n 1 n 1
n 1

1 e
I I q ( e )

2

−π−π−π−π
− −π −− −π −− −π −− −π −++++= × = × −= × = × −= × = × −= × = × −   ។ 

គ /គណនផលបកូ n 1 2 nS I I ... I= + + += + + += + + += + + +  ជអនុគមនៃ៍នn៖ 

េគបន 
n n n

n 1

1 q 1 e 1 ( e ) 1 ( e )
S I

1 q 2 1 e 2

−π −π −π−π −π −π−π −π −π−π −π −π

−π−π−π−π

− + − − − −− + − − − −− + − − − −− + − − − −= × = × == × = × == × = × == × = × =
− +− +− +− +  

ឃ /ទញរកលីមតីៃន nS  កលណ n → +∞→ +∞→ +∞→ +∞   ៖ 

េគបន 
n

nn n

1 ( e ) 1
limS lim

2 2

−π−π−π−π

→∞ →∞→∞ →∞→∞ →∞→∞ →∞

+ −+ −+ −+ −= == == == =   េរពះ n

n
lim( e ) 0−π−π−π−π

→∞→∞→∞→∞
− =− =− =− =   ។ 

ដូចេនះ nn

1
limS

2→∞→∞→∞→∞
====   ។ 
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វិញញ សគណិតវិទយទី១១ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឱយអងំេតរកល  
a n

n 3 3
0

x .dx
I , a 0

x a
= >= >= >= >

++++∫∫∫∫   

 ក. ចូរកំនតត់ៃមលរបស់ n  េដមបឱីយ nI  មនិអរស័យនងឹ a  ។ 
 ខ. គណន nI  ចំេពះតៃមល n  ែដលបនរកេឃញខងេល ។ 
II-េគមនសមកីរ  

កំណត ់  េដមបឱីយសមកីរេនះមនឬសបី  បេងកត 
បនជសវុីតនពវនតមយួ ។ 

III-េគឲយអនុគមន ៍f (x)  កំនត ់និងមនេដរេីវេល IR  ។ 

 េគដឹងថ  
2

f (1) f '(1) 3

1 2
f ''(x) f '(x) 4x 1

2x 1 (2x 1)

= == == == =

 − = +− = +− = +− = + −−−− −−−−

 

 ចូរកំនតរ់កអនុគមន ៍f (x)  ។ 

IV-េគឱយអងំេតរកល 
1 nx

n x
0

e
I .dx , n IN

e 1
= ∈= ∈= ∈= ∈

++++∫∫∫∫  ។ 

 ក)គណន 0 1 1I I , I++++  រទួញរក 0I  ។ 
 ខ)គណន n n 1I I ++++++++  ជអនុគមនៃ៍ន n  ។ 
 

016m10x)7m6(2mx3x 23 ====−−−−++++−−−−++++++++

m 321 x,x,x
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ដំេណះរសយ 

I-ក. កំនតត់ៃមលរបស់ n  េដមបឱីយ nI  មនិអរស័យនឹង a 

េយងមន  
a n

n 3 3
0

x .dx
I , a 0

x a
= >= >= >= >

++++∫∫∫∫  
េយងតង x a.t====  នឱំយ  dx a.dt====   
េហយចំេពះ [[[[ ]]]]x 0,a∈∈∈∈  នឱំយ  [[[[ ]]]]t 0,1∈∈∈∈   

េគបន 
1 1n n

n 2
n 3 3 3

0 0

(a.t) .a.dt t .dt
I a .

(at) a t 1
−−−−= == == == =

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫  
តមទំនកទ់នំងេនះ េដមបឱីយ nI  មនិអរស័យនឹង a លុះរតែត 
 n 2 0− =− =− =− =  ឬ n 2====  ។ 
ដូចេនះ េដមបឱីយ nI  មនិអរស័យនឹង a េគរតូវឱយ  n 2====  ។ 
ខ. គណន nI  ចំេពះតៃមល n  ែដលបនរកេឃញខងេល  

ចំេពះ n 2====  េគបន 
1 2

2 3
0

x dx
I

x 1
====

++++∫∫∫∫  
តង 3U x 1= += += += +  នឱំយ 2dU 3x .dx====  
េហយចំេពះ [[[[ ]]]]x 0,1∈∈∈∈  នឱំយ  [[[[ ]]]]U 1 , 2∈∈∈∈  

េយងបន [[[[ ]]]]
2

2

2 1
1

1 dU 1 1
I ln | U | ln2

3 U 3 3
= = == = == = == = =∫∫∫∫   ។ 

ដូចេនះ   2

1
I ln2

3
====   ។ 
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II-កំណត ់m   
េប  ជឬសរបស់សមកីរេនះតមរទឹសតីបទែវយត 
េគមនទំនកទ់នំង 

 

េប  បេងកតបនជសវុីតនពវនតេនះ  
យកសមកីរ  ជួសកនុង  េគបន    
ឬ   ។ 

តមសមកីរ  េគបន  
តមសមកីរ  េគបន  
ឬ  
ឬ   
ឬ   នឱំយ   ។ 
ដូចេនះ    ។ 

III-កំនតរ់កអនុគមន ៍f (x)  ៖ 
េគមន 

2
1 2

f ''(x) f '(x) 4x 1 (1)
2x 1 (2x 1)

− = +− = +− = +− = +
−−−− −−−−

 

តង 1
g(x) f '(x).

2x 1
====

−−−−
 េគបន 

2
1 1

g'(x) f ''(x) f '(x)
2x 1 (2x 1)

= −= −= −= −
−−−− −−−−

 

321 x,x,x









++++−−−−====
−−−−====++++++++

−−−−====++++++++

)3(16m10xxx

)2()7m6(2xxxxxx

)1(m3xxx

321

313221

321

321 x,x,x )4(x2xx 231 ====++++

)4( )1( m3x3 2 −−−−====

mx2 −−−−====

)3(
m

16m10
x

16m10
xx

2
31

−−−−====−−−−−−−−====

)2( 14m12xxx)xx( 31231 −−−−====++++++++

14m12
m

16m10
)m(m2 −−−−====−−−−++++−−−−−−−−

016m24m12m2 23 ====−−−−++++−−−−

0)2m(2 3 ====−−−− 2m ====

2m ====
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ទំនកទ់ំនង (1) កល យេទជ g'(x) 4x 1= += += += + េនះ
2g(x) 2x x C= + += + += + += + +  

េប x 1====  េនះ g(1) 3 C= += += += +  ែត 1
g(1) f '(1). f '(1) 3

2(1) 1
= = == = == = == = =

−−−−
 

េគបន 3 C 3+ =+ =+ =+ =  នឲំយ C 0====   ដូចេនះ 2g(x) 2x x= += += += +   
េដយ 1

g(x) f '(x).
2x 1

====
−−−−

េគទញ 2f '(x)
2x x

2x 1
= += += += +

−−−−
  

3f '(x) 4x x= −= −= −= − នឲំយ 4 21
f (x) x x k

2
= − += − += − += − +   

េប x 1====  េនះ 1
f (1) k 3

2
= + == + == + == + =  នឲំយ 5

k
2

====   ។ 

ដូចេនះ  4 21 5
f (x) x x

2 2
= − += − += − += − +   ។ 

IV-ក)គណន 0 1 1I I , I++++  រទួញរក 0I    

េយងមន 
1 1 x

0 1x x
0 0

1 e
I .dx , I

e 1 e 1
= == == == =

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫  

េយងបន 
1 1 1 1x x

0 1 x x x
0 0 0 0

1 e 1 e
I I .dx .dx .dx dx 1

e 1 e 1 e 1
+++++ = + = = =+ = + = = =+ = + = = =+ = + = = =

+ + ++ + ++ + ++ + +∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫  
1 1x x

1x
1 x x 0

0 0

e (e 1)' e 1
I .dx .dx ln(e 1) ln(e 1) ln2 ln

e 1 (e 1) 2
+ ++ ++ ++ +

    = = = + = + − == = = + = + − == = = + = + − == = = + = + − =    + ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫

 
េដយ 0 1I I 1+ =+ =+ =+ =  នឱំយ 0 1

e 1
I 1 I 1 ln( )

2
++++= − = −= − = −= − = −= − = −  ។ 
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ដូចេនះ  

0 1 1 0

e 1 e 1
I I 1 , I ln , I 1 ln

2 2
+ ++ ++ ++ +            + = = = −+ = = = −+ = = = −+ = = = −            

            
  ។ 

ខ-គណន n n 1I I ++++++++  ជអនុគមនៃ៍ន n  

េយងបន 
1 1nx (n 1)x

n n 1 x x
0 0

e e
I I .dx .dx

e 1 e 1

++++

+++++ = ++ = ++ = ++ = +
+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫  

                        

1 1nx (n 1)x nx x

x x
0 0

11 n
nx nx

00

e e e (1 e )
.dx .dx

e 1 e 1

1 e 1
e .dx e

n n

+++++ ++ ++ ++ += == == == =
+ ++ ++ ++ +

−−−−    = = == = == = == = =        

∫ ∫∫ ∫∫ ∫∫ ∫

∫∫∫∫

 

ដូចេនះ  
n

n n 1

e 1
I I

n++++
−−−−+ =+ =+ =+ =   ។ 
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វិញញ សគណិតវិទយទី១២ 
សរមប់រយះេពល ២េម៉ង 

������� 
I-េគដឹងថ cos cos cosθ α βθ α βθ α βθ α β====   ។  ចូររសយថ ៖
 tan , tan , tan

2 2 2
θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +   ជសវុីតធរណីមរត។ 

II-ចំេពះរគបច់ំនួនពិត 0 a b≤ <≤ <≤ <≤ <   ចូររសយបញជ កថ់  ៖  
 n 1 n n n 1na (b a) b a nb (b a)− −− −− −− −− ≤ − ≤ −− ≤ − ≤ −− ≤ − ≤ −− ≤ − ≤ −    ែដល n IN∈∈∈∈ ។ 

III-េគឲយអងំេតរកល  ែដល   

តង   ។ 

ក/ចូររសយថ   ។ 

ខ/គណន  រចួទញរក   ។ 
គ/េដយេរបលទឋផលខងេលចូរទញថ៖ 
     ។ 

IV-េគឲយបលងព់រី ( ) : x 2y 2z 11 0α + + − =α + + − =α + + − =α + + − =  , ( ) : 2x 2y z 1 0β − + − =β − + − =β − + − =β − + − =  
និងបនទ ត ់( ) : x 3 t ,y 6 4t , z 7 t∆ = + = − = −∆ = + = − = −∆ = + = − = −∆ = + = − = −   ែដល t IR∈∈∈∈  
ក-គណនកូអរេដេណចំណុចរបសពវ A  និង B រវងបនទ ត ់( )∆∆∆∆  
ជមយួបលង ់( )αααα  និង ( )ββββ  េរៀងគន  ។ 

1
n

n
0

I x(1 x) .dx= += += += +∫∫∫∫ n 0,1,2,...====

n 0 1 2 nS I I I .... I= + + + += + + + += + + + += + + + +
1

n 1
n

0

S 1 (1 x) .dx++++= − + += − + += − + += − + +∫∫∫∫

nS nI

n 1
0 1 2 n
n n n n

1 1 1 1 n.2 1
C C C .... C

2 3 4 n 2 (n 1)(n 2)

++++ +++++ + + + =+ + + + =+ + + + =+ + + + =
+ + ++ + ++ + ++ + +
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ខ-យក C  ជចំណុចមនអបសីុ់ស x 1====  េហយសថិតេនកនុងបលង ់
   ( )αααα  និង ( )ββββ  ។  
   រកកូអរេដេនៃនចំណុច C  រចួររកបេភទៃន ABC∆∆∆∆  
គ-កំណតស់មកីរែសវ៊ (S) មនផចិតេនេលបនទ ត ់( )∆∆∆∆  េហយបះ៉រមួ 
    េទនឹងបលង ់( )αααα  និង ( )ββββ  ។ 
 

ដំេណះរសយ 

I-រសយថ tan , tan , tan
2 2 2

θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +   ជសវុីតធរណីមរត 

េគរតូវរសយឲយេឃញថ 2tan tan .tan
2 2 2
β θ α θ αβ θ α θ αβ θ α θ αβ θ α θ α+ −+ −+ −+ −====  ។ 

េគមន 
tan tan

2 2tan
2 1 tan tan

2 2

θ αθ αθ αθ α
θ αθ αθ αθ α

θ αθ αθ αθ α

++++++++ ====
−−−−

  

និង 
tan tan

2 2tan
2 1 tan tan

2 2

θ αθ αθ αθ α
θ αθ αθ αθ α

θ αθ αθ αθ α

−−−−−−−− ====
++++

 

េគបន 
2 2

2 2

tan tan
2 2tan tan

2 2 1 tan tan
2 2

θ αθ αθ αθ α
θ α θ αθ α θ αθ α θ αθ α θ α

α αα αα αα α

−−−−+ −+ −+ −+ − ====
−−−−
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េដយ 
2

2

2

2sin 1 cos2tan
2 1 cos2cos

2

αααα
α αα αα αα α

αααα αααα
−−−−= == == == =
++++

 

2 1 cos 1 cos cos
tan

2 1 cos 1 cos cos
θ θ α βθ θ α βθ θ α βθ θ α β

θ α βθ α βθ α βθ α β
− −− −− −− −= == == == =
+ ++ ++ ++ +

   

 (េរពះ cos cos cosθ α βθ α βθ α βθ α β====  ) 

េគបន 
1 cos cos 1 cos
1 cos cos 1 cos

tan tan
1 cos cos 1 cos2 2 1
1 cos cos 1 cos

α β αα β αα β αα β α
θ α θ αθ α θ αθ α θ αθ α θ α α β αα β αα β αα β α

α β αα β αα β αα β α
α β αα β αα β αα β α

− −− −− −− −−−−−
+ −+ −+ −+ − + ++ ++ ++ +==== − −− −− −− −− ×− ×− ×− ×

+ ++ ++ ++ +

   

តង cosa αααα====   និង cosb ββββ====   េគបន ៖ 
1 1
1 1tan tan

1 12 2 1
1 1

ab a
ab a

ab a
ab a

θ α θ αθ α θ αθ α θ αθ α θ α
− −− −− −− −−−−−+ −+ −+ −+ − + ++ ++ ++ +==== − −− −− −− −− ×− ×− ×− ×

+ ++ ++ ++ +

 

                           
2 2

2 2

2

(1 )(1 ) (1 )(1 )
(1 )(1 ) (1 )(1 )

1 1
1 1
2 2 1 1 cos

tan
2 2 1 1 cos 2

ab a ab a
ab a ab a

a ab a b a ab a b
a ab a b a ab a b

a ab b
a ab b

β ββ ββ ββ β
ββββ

− + − + −− + − + −− + − + −− + − + −====
+ + − − −+ + − − −+ + − − −+ + − − −

+ − − − + − ++ − − − + − ++ − − − + − ++ − − − + − +====
+ + + − + + −+ + + − + + −+ + + − + + −+ + + − + + −

− − −− − −− − −− − −= = = == = = == = = == = = =
+ + ++ + ++ + ++ + +

 

ដូចេនះ tan , tan , tan
2 2 2

θ α β θ αθ α β θ αθ α β θ αθ α β θ α− +− +− +− +   ជសវុីតធរណីមរត ។ 
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II-រសយថ  n 1 n n n 1na (b a) b a nb (b a)− −− −− −− −− ≤ − ≤ −− ≤ − ≤ −− ≤ − ≤ −− ≤ − ≤ −          
តងអនុគមន ៍ nf (x) x====   ែដល x [0, )∈ + ∞∈ + ∞∈ + ∞∈ + ∞   
េគបន n 1f '(x) nx −−−−====   ។ 
េដយ f (x)  ជអនុគមនជ៍ប ់និងមនេដរេីវេលចេនល ះ
x [0, )∈ + ∞∈ + ∞∈ + ∞∈ + ∞    
េនះតមរទឹសតីបទតៃមលមធយម េនះមន c (a,b )∈∈∈∈  ែដល  ៖  

)1(
ab
ab

ab
)a(f)b(f

)c('f
nn

−−−−
−−−−====

−−−−
−−−−====  

េហយចំេពះ x [a, b ]∈∈∈∈   ែដល 0 a b≤ <≤ <≤ <≤ <     
េគមន  n 1 n 1 n 1a x b− − −− − −− − −− − −< << << << <  េនះេគទញ n 1 n 1na f '(x) nb− −− −− −− −< << << << <   
យក x c====  េគបន n 1 n 1na f '(c) nb (2)− −− −− −− −< << << << <  

តម (1)  និង (2)  េគទញ 
n n

n 1 n 1b a
na nb

b a
− −− −− −− −−−−−< << << << <

−−−−
   

ដូចេនះ n 1 n n n 1na (b a) b a nb (b a)− −− −− −− −− < − < −− < − < −− < − < −− < − < −     ។ 

III-ក)រសយថ    

េគមន  

           

េគបន  

1
n 1

n
0

S 1 (1 x) .dx++++= − + += − + += − + += − + +∫∫∫∫

[[[[ ]]]]
1 1

n n
n

0 0

I x(1 x) .dx (x 1) 1 (1 x) .dx= + = + − += + = + − += + = + − += + = + − +∫ ∫∫ ∫∫ ∫∫ ∫
1 1

n 1 n
n

0 0

I (x 1) .dx (x 1) .dx++++= + − += + − += + − += + − +∫ ∫∫ ∫∫ ∫∫ ∫
1 1n n

k 1 k
n k

k 0 k 0 0 0

S (I ) (1 x) .dx (1 x) .dx++++

= == == == =

    
= = + − += = + − += = + − += = + − +    

    
∑ ∑∑ ∑∑ ∑∑ ∑ ∫ ∫∫ ∫∫ ∫∫ ∫
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                 េដយ  

ដូចេនះ   ។ 

ខ)គណន  រចួទញរក   ៖ 

េគមន    

               

ដូចេនះ   ។ 
មយ៉ងេទៀត  េនះ  

   

ដូចេនះ   ។ 

គ)េដយេរបលទឋផលខងេលចូរទញថ៖ 
      

តមេទវធញូតុន  
គុណអងគទងំពរីនឹង  េគបន ៖ 

  
េធវអងំេតរកលកំណតព់ ី  េទ  េលសមភពេនះេគបន ៖ 

1 1
n 1

0 0

(1 x) .dx dx++++= + −= + −= + −= + −∫ ∫∫ ∫∫ ∫∫ ∫
1

0

dx 1====∫∫∫∫
1

n 1
n

0

S 1 (1 x) .dx++++= − + += − + += − + += − + +∫∫∫∫

nS nI
1

n 1
n

0

S 1 (1 x) .dx++++= − + += − + += − + += − + +∫∫∫∫
1 n 2

n 2

0

1 2 1
1 (1 x) 1

n 2 n 2

++++
++++ −−−−    = − + + = − += − + + = − += − + + = − += − + + = − +    + ++ ++ ++ +    

n 2

n

2 1
S 1

n 2

++++ −−−−= − += − += − += − +
++++

n 0 1 n n 1 nS I I ... I S I−−−−= + + + = += + + + = += + + + = += + + + = + n n n 1I S S −−−−= −= −= −= −
n 2 n 1 n 1

n

2 1 2 1 n.2 1
I ( 1 ) ( 1 )

n 2 n 1 (n 1)(n 2)

+ + ++ + ++ + ++ + +− − +− − +− − +− − += − + − − + == − + − − + == − + − − + == − + − − + =
+ + + ++ + + ++ + + ++ + + +

n 1

n

n.2 1
I

(n 1)(n 2)

++++ ++++====
+ ++ ++ ++ +

n 1
0 1 2 n
n n n n

1 1 1 1 n.2 1
C C C .... C

2 3 4 n 2 (n 1)(n 2)

++++ +++++ + + + =+ + + + =+ + + + =+ + + + =
+ + ++ + ++ + ++ + +

n 0 1 2 2 n n
n n n n(1 x) C C x C x .... C x+ = + + + ++ = + + + ++ = + + + ++ = + + + +

x
n 0 1 2 2 3 n n 1

n n n nx(1 x) C x C x C x .... C x +++++ = + + + ++ = + + + ++ = + + + ++ = + + + +

0 1
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េដយ    (តមសរមយខងេល ) 

ដូចេនះ     

IV-ក)គណនកូអរេដេណចំណុចរបសពវ A  និង B  ៖ 

យកសមកីរ ( )∆∆∆∆  ជួសកនុងសមកីរ ( )αααα  េគបន៖ 
(3 t) 2(6 4t) 2(7 t) 11 0

3 t 12 8t 14 2t 11 0

9t 18 0 t 2

+ + − + − − =+ + − + − − =+ + − + − − =+ + − + − − =
+ + − + − − =+ + − + − − =+ + − + − − =+ + − + − − =

− + =− + =− + =− + = ⇒⇒⇒⇒ ====
 

យកt 2====  ជួសកនុង ( )∆∆∆∆  េគបន x 5,y 2 ,z 5= = − == = − == = − == = − =  ។ 
ដូចេនះ A(5 , 2 ,5)−−−−   ។ 
យកសមកីរ ( )∆∆∆∆  ជួសកនុងសមកីរ ( )ββββ  េគបន៖ 
2(3 t) 2(6 4t) (7 t) 1 0

6 2t 12 8t 7 t 1 0

9t 0 t 0

+ − − + − − =+ − − + − − =+ − − + − − =+ − − + − − =
+ − + + − − =+ − + + − − =+ − + + − − =+ − + + − − =

==== ⇒⇒⇒⇒ ====
 

យកt 0====  ជួសកនុង ( )∆∆∆∆  េគបន x 3,y 6 ,z 7= = == = == = == = =  ។ 
ដូចេនះ B(3 , 6 ,7)  ។ 

1 1
n 0 1 2 2 3 n n 1

n n n n
0 0

x(1 x) .dx (C x C x C x .... C x ).dx+++++ = + + + ++ = + + + ++ = + + + ++ = + + + +∫ ∫∫ ∫∫ ∫∫ ∫
1

0 2 1 3 2 4 n n 2
n n n n n

0

1 1 1 1
I C x C x C x .... C x

2 3 4 n 2
++++    = + + + += + + + += + + + += + + + +    ++++    

0 1 2 n
n n n n n

1 1 1 1
I C C C .... C

2 3 4 n 2
= + + + += + + + += + + + += + + + +

++++
n 1

n

n.2 1
I

(n 1)(n 2)

++++ ++++====
+ ++ ++ ++ +

n 1
0 1 2 n
n n n n

1 1 1 1 n.2 1
C C C .... C

2 3 4 n 2 (n 1)(n 2)

++++ +++++ + + + =+ + + + =+ + + + =+ + + + =
+ + ++ + ++ + ++ + +
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ខ-រកកូអរេដេនៃនចំណុច C  រចួរករបេភទៃន ABC∆∆∆∆  
ចំេពះ x 1====  េគបន 1 2y 2z 11 0

2 2y z 1 0

+ + − =+ + − =+ + − =+ + − =
 − + − =− + − =− + − =− + − =

 ឬ 2y 2z 10 0

2y z 1 0

+ − =+ − =+ − =+ − =
− + + =− + + =− + + =− + + =

 

េគទញបន y 2 , z 3= == == == =   ។  ដូចេនះ C(1,2,3)  ។ 
េគមន CA (4, 4,2) ; CB (2,4,4)

→ →→ →→ →→ →
= − == − == − == − =   

េគបន CA.CB 8 16 8 0 CA CB
→ → → →→ → → →→ → → →→ → → →

= − + = ⇔ ⊥= − + = ⇔ ⊥= − + = ⇔ ⊥= − + = ⇔ ⊥  
េហយ | CA | 16 16 4 6 ; | CB | 4 16 16 6

→ →→ →→ →→ →
= + + = = + + == + + = = + + == + + = = + + == + + = = + + =  

េគទញ CA CB 6= == == == = ដូចេនះ ABC  ជរតេីកណែកងសមបត 
គ-កំណតស់មកីរែសវ៊ (S) ៖ 
តង I(a,b,c) ជផចិតរបស់ែសវ៊ (S) មនផចិតេនេលបនទ ត ់( )∆∆∆∆   
េហយបះ៉រមួេទនងឹបលង ់( )αααα  និង ( )ββββ  ។ 

េគបន 
a 3 t

b 6 4t (1)

c 7 t

= += += += +
 = −= −= −= −
 = −= −= −= −

  េហយ R d(I, ) d(I, )= α = β= α = β= α = β= α = β  

| (3 t) 2(6 4t) 2(7 t) 11| | 2(3 t) 2(6 4t) (7 t) 1|

1 4 4 4 4 1

+ + − + − − + − − + − −+ + − + − − + − − + − −+ + − + − − + − − + − −+ + − + − − + − − + − −
====

+ + + ++ + + ++ + + ++ + + +
 

ឬ  | 9t 18 | | 9t |
t 1

3 3
− +− +− +− + ==== ⇒⇒⇒⇒ ====   យកជួសកនុង (1) េគបន 

a 4

b 2

c 6

====
 ====
 ====

 

េហយ 9
R 3

3
= == == == =  ។ ដូចេនះសមកីរសតងដ់ៃនសមកីរែសវ៊សរេសរ  

2 2 2(S) : (x 4) (y 2) (z 6) 9− + − + − =− + − + − =− + − + − =− + − + − =   ។ 
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វិញញ សគណិតវិទយទី១៣ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឱយសវុីតៃនចំនួនពិត  កំនតេ់ដយ  ៖ 

 

ក.តង  ។ បងហ ញថ  ជសវុីតធរណីមរត  
ខ. គណន  និង  ជអនុគមនៃ៍ន   ។ 
II-េគឱយអនុគមន៍ f  កំណតេ់ដយ  1

f (x)
1 x

====
−−−−

  ែដល x 1≠≠≠≠  
ក. គណនេដរេីវទី n  ៃនអនុគមន ៍f (x)  តងេដយ (n)f (x)  ។ 
ខ.ចូររសយថអនុគមន ៍f (x)  អចសរេសរជរង  ៖  

2 n
(n)

n
x x x

f (x) f (0) f '(x) f ''(0) ... f (0) R (x)
1! 2! n!

= + + + + += + + + + += + + + + += + + + + +  

ែដល 
n 1

n
x

R (x)
1 x

++++
====

−−−−
  រគប ់x 1≠≠≠≠   ។ 

III-េគឲយ     

 1/រគប ់  វជិជមន គណន  

(((( ))))nu








====++++−−−−−−−−====

========

++++++++++++ ...;2;1;0;
2

2
2
1

2
3

2;1

112

10

n
n

uuu

uu

nnn

nuuv nnn ++++−−−−==== ++++1 (((( ))))nv

nv nu n

1
f (x)

x(x 1)
====

++++

a
a

1

F(a) f (x).dx==== ∫∫∫∫
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 2/រគប ់  េគតង  ។ 
 គណន  រចួរកលីមតីរបស់សវុីត  កលណ    
IV-ចូររសយថេបេគមនសមភព 

 cos cos( ) cos( 2 ) cos( 3 )x x x x
a b c d

θ θ θθ θ θθ θ θθ θ θ+ + ++ + ++ + ++ + += = == = == = == = =   

 េនះេគបន  a c b d
b c
+ ++ ++ ++ +====   ។ 

 

ដំេណះរសយ 

I-ក. បងហ ញថ  ជសវុីតធរណីមរត  
 េគមន   
 េគបន  

 េដយ  

 េនះ  

        

 ដូចេនះ  ជសវុីតធរណីមរតមនផលេធៀបរមួ   ។ 
 

n IN∈∈∈∈ nS F(1) F(2) .... F(n)= + + += + + += + + += + + +

nS n(S ) n → +∞→ +∞→ +∞→ +∞

(((( ))))nv

nuuv nnn ++++−−−−==== ++++1

1121 ++++++++−−−−==== ++++++++++++ nuuv nnn

2
2

2
1

2
3

12

++++−−−−−−−−==== ++++++++

n
uuu nnn

1
2

2
2
1

2
3

111 ++++++++−−−−++++−−−−−−−−==== ++++++++++++ nu
n

uuv nnnn

(((( )))) nnnn

nnn

vnuuv

n
uuv

2
1

2
1

22
1

2
1

11

11

====++++−−−−====

++++−−−−====

++++++++

++++++++

(((( ))))nv
2
1====q
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 ខ. គណន  និង  ជអនុគមនៃ៍ន    
 តមរបូមនត    េដយ  

 ដូចេនះ    ។ 
 េដយ   

 េគទញ     

              

                         

 ដូចេនះ     ។ 
 
 

 

 

nv nu n

n
n qvv ××××==== 0

1010 ====−−−−==== uuv

nnv
2
1====

nuuv nnn ++++−−−−==== ++++1

nuu
nnn
−−−−====−−−−++++2
1
1

(((( )))) ∑∑∑∑∑∑∑∑
−−−−

====

−−−−

====
++++ 







 −−−−====−−−−
1
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1

0
1 2
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k
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1
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3
2
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2
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2
1

121
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1

1

2
1

1

1

1

0

−−−−++++−−−−−−−−====

−−−−−−−−++++−−−−====

−−−−−−−−
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II-ក. គណនេដរេីវទី n  ៃនអនុគមន ៍f (x)  ៖  
េគមន 11

f (x) (1 x)
1 x

−−−−= = −= = −= = −= = −
−−−−

 
េគបន 2 2 2f '(x) (1 x)'(1 x) (1 x) 1!(1 x)− − −− − −− − −− − −= − − − = − = −= − − − = − = −= − − − = − = −= − − − = − = −  

          
3 3

(3) 4 4

f ''(x) 2(1 x) 2!(1 x)

f (x) 6(1 x) 3!(1 x)

− −− −− −− −

− −− −− −− −

= − = −= − = −= − = −= − = −

= − = −= − = −= − = −= − = −
− − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − −

 

ឧបមថ (n) n 1f (x) n!(1 x)− −− −− −− −= −= −= −= −   ពតិ 
េយងនឹងរសយថ (n 1) n 2f (x) (n 1)!(1 x)+ − −+ − −+ − −+ − −= + −= + −= + −= + −   ពតិ 
េគមន  

(n 1) (n) n 1 n 2f (x) [f (x)]' [n!(1 x) ]' (n 1)!(1 x)+ − − − −+ − − − −+ − − − −+ − − − −= = − = + −= = − = + −= = − = + −= = − = + −

ពតិ 
ដូចេនះ (n) n 1

n 1

n!
f (x) n!(1 x)

(1 x)
− −− −− −− −

++++= − == − == − == − =
−−−−

  ។ 

ខ.រសយថអនុគមន ៍f (x)  អចសរេសរជរង  ៖  
2 n

(n)
n

x x x
f (x) f (0) f '(x) f ''(0) ... f (0) R (x)

1! 2! n!
= + + + + += + + + + += + + + + += + + + + +    

េគមន (n)
n 1

n!
f (x)

(1 x) ++++====
−−−−

  េនះ (n)f (0) n!====   និង f (0) 1====  

េហយ 
n 1

n
x

R (x)
1 x

++++
====

−−−−
  េនះេគបន  ៖  

)x(R)0(f
!n

x
...)0(''f

!2
x

)x('f
!1

x
)0(f)x(f n

)n(
n2

++++++++++++++++++++====   
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n 1
2 n

2 n n 1

n 1 n 1

x
1 x x .... x

1 x

(1 x)(1 x x .... x ) x
1 x

1 x x 1
1 x 1 x

++++

++++

+ ++ ++ ++ +

= + + + + += + + + + += + + + + += + + + + +
−−−−

− + + + + +− + + + + +− + + + + +− + + + + +====
−−−−

− +− +− +− += == == == =
− −− −− −− −

Bti

 

III-1/រគប ់  វជិជមន គណន  

េគមន    

េគបន  

                  

2/គណន  រចួរកលីមតីរបស់សវុីត  កលណ    
េគមន   

េគបន  

ដូចេនះ   េហយ    

( េរពះ   )។ 

a
a

1

F(a) f (x).dx==== ∫∫∫∫
1 1 1

f (x)
x(x 1) x x 1

= = −= = −= = −= = −
+ ++ ++ ++ +

a

1

1 1
F(a) ( ).dx

x x 1
= −= −= −= −

++++∫∫∫∫

[[[[ ]]]]
a

a

1
1

x
ln | x | ln | x 1 | ln | |

x 1

a 1 2a
ln( ) ln ln , a 0

a 1 2 a 1

    = − + == − + == − + == − + =     ++++    

= − = >= − = >= − = >= − = >
+ ++ ++ ++ +

nS n(S ) n → +∞→ +∞→ +∞→ +∞
n

n
k 1

S F(1) F(2) .... F(n) F(k)
====

= + + + == + + + == + + + == + + + =∑∑∑∑
nn n

n
k 1 k 1

2k 2k 2
S ln( ) ln[ ] ln

k 1 k 1 n 1= == == == =

= = == = == = == = =
+ + ++ + ++ + ++ + +∑∑∑∑ ∏∏∏∏

n

n

2
S ln

n 1
====

++++

n

nn n

2
lim S lim ln

n 1→+∞ →+∞→+∞ →+∞→+∞ →+∞→+∞ →+∞
= = +∞= = +∞= = +∞= = +∞

++++
n

n

2
lim

n 1→∞→∞→∞→∞
= +∞= +∞= +∞= +∞

++++
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IV-រសយថ a c b d
b c
+ ++ ++ ++ +====    

តង  cos cos( ) cos( 2 ) cos( 3 ) 1x x x x
a b c d t

θ θ θθ θ θθ θ θθ θ θ+ + ++ + ++ + ++ + += = = == = = == = = == = = =  

េគទញ  
cos

cos( )

cos( 2 )

cos( 3 )

a t x

b t x

c t x

d t x

θθθθ
θθθθ
θθθθ

====
 = += += += +
 = += += += +
 = += += += +

 

[[[[ ]]]]cos cos( 2 ) 2 cos cos( ) 2 cosa c t x x t x bθ θ θ θθ θ θ θθ θ θ θθ θ θ θ+ = + + = + =+ = + + = + =+ = + + = + =+ = + + = + =  
[[[[ ]]]]cos( ) cos( 3 )

2 cos cos( 2 ) 2 cos

b d t x x

t x c

θ θθ θθ θθ θ
θ θ θθ θ θθ θ θθ θ θ

+ = + + ++ = + + ++ = + + ++ = + + +

= + == + == + == + =
 

េគបន 2 cos
2 cos

a c b b
b d c c

θθθθ
θθθθ

++++ = == == == =
++++

  សមមលូ a c b d
b c
+ ++ ++ ++ +====   ។ 

ដូចេនះ  a c b d
b c
+ ++ ++ ++ +====   ។ 
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វិញញ សគណិតវិទយទី១៤ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ក) ចូររសយថ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =  

ខ) គណនផលគុណ  
(1 tan1 )(1 tan2 )(1 tan3 )...(1 tan45 )o o o oP = + + + += + + + += + + + += + + + +  

 

II-េគឱយសវុីតៃនចនួំនពិត  កំនតច់ំេពះរគប ់  េដយ  ៖ 

  និង    ។ 

ក.តង  ចំេពះ  ។ 
 បងហ ញថ  ជសវុីតធរណីមរត ។ 
ខ. គណន  និង  ជអនុគមនៃ៍ន   ។ 

III-េគឲយអនុគមន ៍
3 2

2

x 3x 3x 1
y f (x)

3x 3x 1

+ − ++ − ++ − ++ − += == == == =
− +− +− +− +

  

 កំនតច់ំេពះរគប ់x IR∈∈∈∈  ។ 
  ចំេពះរគបច់ំនួនពិតវជិជមន a  និង b  ចូររសយបញជ កថ់ ៖ 

  
1 a b 1 a b ab

f f
2 2 a b

+ + + + ++ + + + ++ + + + ++ + + + +            ≥≥≥≥            + ++ ++ ++ +            
 ។ 

 

(((( ))))nu Nn ∈∈∈∈

10 −−−−====u
164

)1)(12(
1 −−−−++++

−−−−−−−−====++++ nu
un

u
n

n
n

nu
u

v
n

n
n ++++

++++==== 12
...;2;1;0====n

(((( ))))nv

nv nu n
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IV-េគឲយអងំេតរកល ៖ 

       និង  

    ក)ចូររសយថ/ក   ។ 
    ខ)គណន /  នងិ   ។ 
 

ដំេណះរសយ 

 

I-ក) រសយថ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =   
េគមន ៖ 
cos(45 ) cos45 cos sin45 sin

2 2 1
cos sin (cos sin )

2 2 2
1 sin 1

cos (1 ) cos (1 tan )
cos2 2

o o oα α αα α αα α αα α α

α α α αα α α αα α α αα α α α

ααααα α αα α αα α αα α α
αααα

− = +− = +− = +− = +

= + = += + = += + = += + = +

= + = += + = += + = += + = +

 

នឲំយ 2 cos(45 )
1 tan

cos

o αααα αααα
αααα

−−−− = += += += +  ។ 

ដូចេនះ 2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =   ។ 
 

n3

n n n

6

sin x
I .dx

sin x cos x

π

π
====

++++∫∫∫∫
n3

n n n

6

cos x
J .dx

sin x cos x

π

π
====

++++∫∫∫∫

n nI J====

nI nJ
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ខ) គណន  
(1 tan1 )(1 tan2 )(1 tan3 )...(1 tan45 )o o o oP = + + + += + + + += + + + += + + + +  

តមសមភព  2 cos(45 )
1 tan

cos

o αααααααα
αααα

−−−−+ =+ =+ =+ =   េនះេគបន ៖ 
02 cos44

1 tan1
cos1

2 cos43
1 tan2

cos2

2 cos42
1 tan3

cos3

2 cos0
1 tan45

cos45

o
o

o
o

o

o
o

o

o
o

o


+ =+ =+ =+ =




+ =+ =+ =+ =

 + =+ =+ =+ =


− − − − − − − − − − − − −− − − − − − − − − − − − −− − − − − − − − − − − − −− − − − − − − − − − − − −

 + =+ =+ =+ =


  
គុណសមភពេនះអងគ និង អងគេគបន ៖ 

(((( )))) (((( ))))
45

46
23

2 cos0
2 2

cos45

o

oP = = == = == = == = =   (េរពះ 1
cos45

2
o ====  ) 

   ដូចេនះ 232 8388608P = == == == =   ។ 

II-ក. បងហ ញថ  ជសវុីតធរណីមរត 

េគមន   េនះ  

េដយ      េគបន  ៖ 

(((( ))))nv
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u

v
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n
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++++==== 12
1

12

1

1
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ដូចេនះ  ជសវុីតធរណីមរតមនផលេធៀបរមួេសម    
ខ. គណន  និង  ជអនុគមនៃ៍នn 

តមរបូមនត   េដយ  

ដូចេនះ    ។ 

េហយេដយ    

េនះ  

ដូចេនះ     ។ 
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III-រសយបញជ កថ់ ៖ 
1 a b 1 a b ab

f f
2 2 a b

+ + + + ++ + + + ++ + + + ++ + + + +            ≥≥≥≥            + ++ ++ ++ +            
   

េយងមន 
3 2

2

x 3x 3x 1
f (x)

3x 3x 1

+ − ++ − ++ − ++ − +====
− +− +− +− +

 កំនតច់ំេពះរគប ់x IR∈∈∈∈  
2 2 3 2

2 2

4 3 2 2 2

2 2 2 2

(3x 6x 3)(3x 3x 1) (6x 3)(x 3x 3x 1)
f '(x)

(3x 3x 1)

3x 6x 3x 3x (x 1)
0 , x IR

(3x 3x 1) (3x 3x 1)

+ − − + − − + − ++ − − + − − + − ++ − − + − − + − ++ − − + − − + − +====
− +− +− +− +

− + −− + −− + −− + −= = ≥ ∀ ∈= = ≥ ∀ ∈= = ≥ ∀ ∈= = ≥ ∀ ∈
− + − +− + − +− + − +− + − +

 

ដូចេនះ f (x)  ជអនុគមនេ៍កនេល IR  ។ 
មយ៉ងេទៀតេយងសនមតថ 1 a b 1 a b ab

2 2 a b
+ + + + ++ + + + ++ + + + ++ + + + +≥≥≥≥

+ ++ ++ ++ +
  

េគបន 2 2 a b
1 a b 1 a b ab

+ ++ ++ ++ +≤≤≤≤
+ + + + ++ + + + ++ + + + ++ + + + +

 

     
2 (1 a) (1 b)

1 a b (1 a)(1 b)

2 1 1
1 a b 1 a 1 b

+ + ++ + ++ + ++ + +≤≤≤≤
+ + + ++ + + ++ + + ++ + + +

≤ +≤ +≤ +≤ +
+ + + ++ + + ++ + + ++ + + +

 

េដយ 1 1
1 a b 1 a

≤≤≤≤
+ + ++ + ++ + ++ + +

 និង 1 1
1 a b 1 b

≤≤≤≤
+ + ++ + ++ + ++ + +

 
រគបច់នួំនពិតវជិជមន a  និង b ។ 
េគទញ 2 1 1

1 a b 1 a 1 b
≤ +≤ +≤ +≤ +

+ + + ++ + + ++ + + ++ + + +
  

នឲំយករសនមត 1 a b 1 a b ab
2 2 a b

+ + + + ++ + + + ++ + + + ++ + + + +≥≥≥≥
+ ++ ++ ++ +

ពិត។ 
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ដូចេនះតមលកខណះអនុគមនេ៍កនេគទញ  
1 a b 1 a b ab

f f
2 2 a b

+ + + + ++ + + + ++ + + + ++ + + + +            ≥≥≥≥            + ++ ++ ++ +            
 ។ 

IV-ក)រសយថ    

   និង    

ចំេពះ   តង  េនះ 

 
េប េនះ   និង  េនះ  

េគបន  

    

ដូចេនះ   ។ 
 

n nI J====

n3

n n n

6

sin x
I .dx

sin x cos x

π

π
====

++++∫∫∫∫
n3

n n n

6

cos x
J .dx

sin x cos x

π

π
====

++++∫∫∫∫

n3

n n n

6

sin x
I .dx

sin x cos x

π

π
====

++++∫∫∫∫ x t
2
π= −= −= −= −

dx dt= −= −= −= −

x
6
π==== t

3
π==== x

3
π==== t

6
π====

n
6

n
n n

3

sin ( t)
2I .( dt)

sin ( t) cos ( t)
2 2

π

π

π

π π

−−−−
= −= −= −= −

− + −− + −− + −− + −
∫∫∫∫

n3

n nn n

6

cos t
I .dt J

cos t sin t

π

π
= == == == =

++++∫∫∫∫

n nI J====
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ខ)គណន  និង   ៖ 

េគបន   

            ែត  

េនះ   នឲំយ  ។ 

ដូចេនះ  និង   ។ 
 

 

 

 

 

 

 

nI nJ

n n3 3

n n n n n n

6 6

sin x cos x
I J .dx .dx

sin x cos x sin x cos x

π π

π π
+ = ++ = ++ = ++ = +

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫

3

n n

6

I J dx
3 6 6

π

π

π π π+ = = − =+ = = − =+ = = − =+ = = − =∫∫∫∫ n nI J====

n n2I 2J
6
π= == == == = n nI J

12
π= == == == =

nI
12
π==== nJ

12
π====
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វិញញ សគណិតវិទយទី១៥ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឱយ a  និង b  ជពរីចំនួនពតិែដល 0 a b
2
ππππ≤ < <≤ < <≤ < <≤ < <    

ចូររសយថ 2 2

b a b a
tanb tana

cos a cos b

− −− −− −− −< − << − << − << − <   

II-េគឱយសវុីតៃនចនួំនពិត  និង   កំនតេ់ដយ ៖ 

 

    ែដល   ។ 
ក.េគតង   និង  រគប ់   
    បងហ ញថ  នងិ ជសវុីតធរណីមរត។ 
    គណន  និង ជអនុគមនៃ៍ន   ។ 
ខ.ចូរគណន  និង ជអនុគមនៃ៍ន   ។ 

 

0)( ≥≥≥≥nnu (((( )))) 0≥≥≥≥nnv















−−−−====

−−−−====

−−−−========

++++

++++

5
212

5
313

1;4

1

1

00

nn
n

nn
n

uv
v

vu
u

vu

...;3;2;1;0====n

nnn vux −−−−==== nnn vuy 32 ++++==== 0≥≥≥≥n

(((( ))))nx (((( ))))ny

nx ny n

nu nv n
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III-េគមនអងំេតរកល   

  ែដល  

   ក)រសយថ  ជសវុីតចុះ រចួគណន  ។ 
   ខ)គណនលីមតី   ។ 
IV-េគឲយបនទ តព់រី 1(d )  និង 2(d )  មនសមកីរឆលុះេរៀងគន  ៖ 

     1

y 4 z 5
(d ) : x 2

2 2
− −− −− −− −− = =− = =− = =− = =   និង  2

x 3 z 4
(d ) : y

1 4
− −− −− −− −= == == == =
−−−−

 
    រកសមកីរប៉រ៉ែមរ៉តៃនបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )   
 

ដំេណះរសយ 

I-រសយថ 2 2

b a b a
tanb tana

cos a cos b

− −− −− −− −< − << − << − << − <  

តងអនុគមន ៍f (x) tan x====   ែដល x [0 , )
2
ππππ∈∈∈∈   

េគបន 2

1
f '(x)

cos x
====   ។ 

េដយ f (x)  ជអនុគមនជ៍ប ់និងមនេដរេីវេលចេនល ះx [0 , )
2
ππππ∈∈∈∈  

េនះតមរទឹសតីបទតៃមលមធយម េនះមន c (a ,b )∈∈∈∈  ែដល  ៖  
f (b) f (a) tanb tana

f '(c) (1)
b a b a

− −− −− −− −= == == == =
− −− −− −− −

 

n1

n 2
0

x
I .dx

x x 1
====

+ ++ ++ ++ +∫∫∫∫

n 0,1,2,...====

n(I ) n n 1 n 2I I I+ ++ ++ ++ ++ ++ ++ ++ +

n
n
lim (nI )
→+∞→+∞→+∞→+∞
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េហយចំេពះ x [a , b ]∈∈∈∈   ែដល 0 a b
2
ππππ≤ < <≤ < <≤ < <≤ < <     

េគមន  cosb cos x cosa≤ ≤≤ ≤≤ ≤≤ ≤   
េនះេគទញ 2 2

1 1
f '(x)

cos a cos b
< << << << <   

យក x c====  េគបន 2 2

1 1
f '(c) (2)

cos a cos b
< << << << <  

តម (1)  និង (2)  េគទញ  

2 2

b a b a
tanb tana

cos a cos b

− −− −− −− −≤ − ≤≤ − ≤≤ − ≤≤ − ≤   ។ 
 

II-ក.បងហ ញថ  និង ជសវុីតធរណីមរត 

េគមន  នឱំយ  

េដយ   និង  

េគបន  
          
ដូចេនះ  ជសវុីតធរណីមរតមនផលេធៀបរមួ  
និងតួ  ដូចេនះ     ។ 
មយ៉ងេទៀត  នឱំយ  

(((( ))))nx (((( ))))ny

nnn vux −−−−==== 111 ++++++++++++ −−−−==== nnn vux

5
313

1
nn

n

vu
u

−−−−====++++ 5
212

1
nn

n

uv
v

−−−−====++++

5
212

5
313

1
nnnn

n

uvvu
x

−−−−−−−−−−−−====++++

nnnn xvux 3)(31 ====−−−−====++++

(((( ))))nx 3====q

514000 ====++++====−−−−==== vux n
nx 35××××====

nnn vuy 32 ++++==== 111 32 ++++++++++++ ++++==== nnn vuy
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ដូចេនះ  ជសវុីតធរណីមរតមនផលេធៀបរមួ  
និងតួ   ដូចេនះ     ។ 
ខ. គណន  និង ជអនុគមនៃ៍ន   

តមសរមយខងេលេគទញ   

បនទ បព់េីដះរសយរបពនឋេ័នះេគទទួលបន  ៖ 

 ។ 
III-ក)រសយថ  ជសវុីតចុះ  

េគមន   និង  

ចំេពះរគប ់  និង  េគមន  

នឲំយ  េនះ  ។ 

ដូចេនះ  ជសវុីតចុះ ។ 
 

nnnn

nnnn
n

nnnn
n

yvuy

uvvu
y

uvvu
y

264
5

636626

5
212

3
5

313
2

1

1

1

====++++====

−−−−++++−−−−====








 −−−−++++






 −−−−====

++++

++++

++++

(((( ))))ny 2====q

13432 000 ====−−−−====++++==== vuy n
ny 2====

nu nv n





====++++
××××====−−−−

n
nn

n
nn

vu

vu

232

35

5
3102

;
5

235 1 nn

n

nn

n vu
××××−−−−====++++××××====

++++

n(I )
n1

n 2
0

x
I .dx

x x 1
====

+ ++ ++ ++ +∫∫∫∫
n 11

n 1 2
0

x
I .dx

x x 1

++++

++++ ====
+ ++ ++ ++ +∫∫∫∫

x [0,1]∈∈∈∈ n IN∈∈∈∈ n n 1x x ++++≥≥≥≥
n n 1

2 2

x x

x x 1 x x 1

++++
≥≥≥≥

+ + + ++ + + ++ + + ++ + + + n n 1I I ++++≥≥≥≥

n(I )
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គណន  ៖ 

េគបន  

                                   

ដូចេនះ   ។ 
ខ) គណនលីមតី    ៖ 

េគមន    

េគបន   រគប ់   ។ 
េដយ   ជសវុីតចុះេនះចំេពះរគប ់  េគមន 

  
នឲំយ  

តម )1 ( , (2) នងិ )3 ( េគទញបន    

នឲំយ    

n n 1 n 2I I I+ ++ ++ ++ ++ ++ ++ ++ +
n n 1 n 21

n n 1 n 2 2
0

x x x
I I I .dx

x x 1

+ ++ ++ ++ +

+ ++ ++ ++ +
+ ++ ++ ++ ++ + =+ + =+ + =+ + =

+ ++ ++ ++ +∫∫∫∫
n 21

2
0

1n 11
n

0 0

x (1 x x )
.dx

x x 1

x 1
x .dx

n 1 n 1

++++

+ ++ ++ ++ +====
+ ++ ++ ++ +

    
= = == = == = == = =    + ++ ++ ++ +    

∫∫∫∫

∫∫∫∫

n n 1 n 2
1

I I I
n 1+ ++ ++ ++ ++ + =+ + =+ + =+ + =

++++
n

n
lim (nI )
→+∞→+∞→+∞→+∞

n n 1 n 2
1

I I I (1)
n 1+ ++ ++ ++ ++ + =+ + =+ + =+ + =

++++

n 2 n 1 n
1

I I I (2)
n 1− −− −− −− −+ + =+ + =+ + =+ + =

−−−−
n 2≥≥≥≥

n(I ) n 2≥≥≥≥

n 2 n 1 n n 1 n 2I I I I I+ + − −+ + − −+ + − −+ + − −≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤

n n 1 n 2 n n 2 n 1 nI I I 3I I I I (3)+ + − −+ + − −+ + − −+ + − −+ + ≤ ≤ + ++ + ≤ ≤ + ++ + ≤ ≤ + ++ + ≤ ≤ + +

n
1 1

3I
n 1 n 1

≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ −

n
n n

nI
3(n 1) 3(n 1)

≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ −
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េដយ  

ដូចេនះ   ។ 
IV-រកសមកីរប៉រ៉ែមរ៉តៃនបនទ តែ់កងរមួរវងបនទ ត ់ 1(d )  និង 2(d )   
តង A A A 1A(x ,y ,z ) (d )∈∈∈∈   និង B B B 2B(x ,y ,z ) (d )∈∈∈∈  

េគបន 
A A

A

B B
B

y 4 z 5
x 2 p

2 2
x 3 z 4

y q
1 4

− −− −− −− − − = = =− = = =− = = =− = = =
 − −− −− −− − = = == = == = == = =
 −−−−

 

េនះ   
A

A

A

x p 2

y 2p 4 (1)

z 2p 5

= += += += +
 = += += += +
 = += += += +

  និង  
B

B

B

x q 3

y q (2)

z 4q 4

= − += − += − += − +
 ====
 = += += += +

 

េគបន AB ( q p 1 , q 2p 4 , 4q 2p 1 )
→→→→

= − − + − − − −= − − + − − − −= − − + − − − −= − − + − − − −  
តង u→→→→  និង v

→→→→  ជវុចិទររ័បបទ់ិសៃនបនទ ត ់ 1(d )  និង 2(d )  ។ 
េគបន u (1 , 2 , 2)

→→→→
====   និង v ( 1 ,1 , 4)

→→→→
= −= −= −= −   ។ 

េដមបឲីយ (AB)  ជបនទ តែ់កងរមួរវងបនទ ត់ 1(d )  និង 2(d )  

លុះរតែត  AB u

AB v

→ →→ →→ →→ →

→ →→ →→ →→ →


⊥⊥⊥⊥


 ⊥⊥⊥⊥

  សមមូល AB.u 0

AB.v 0

→ →→ →→ →→ →

→ →→ →→ →→ →


====


 ====

   

សមមូល q p 1 2q 4p 8 8q 4p 2 0

q p 1 q 2p 4 16q 8p 4 0

− − + + − − + − − =− − + + − − + − − =− − + + − − + − − =− − + + − − + − − =
 + − + − − + − − =+ − + − − + − − =+ − + − − + − − =+ − + − − + − − =

 

n n

n n 1
lim lim

3(n 1) 3(n 1) 3→∞ →∞→∞ →∞→∞ →∞→∞ →∞
= == == == =

+ −+ −+ −+ −

n
n

1
lim(nI )

3→∞→∞→∞→∞
====
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សមមូល 9q 9p 9 0

18q 9p 9 0

− − =− − =− − =− − =
 − − =− − =− − =− − =

  នឲំយ p 1 , q 0= − == − == − == − =   ។ 

យក p 1 , q 0= − == − == − == − =   ជួសកនុង (1) និង (2) េគបន ៖ 
A(1,2,3)  និង B(3 ,0 , 4) េហយេគបន AB (2 , 2 , 1)

→→→→
= −= −= −= −   

ដូចេនះ 
x 1 2t

(AB) : y 2 2t ; t IR

z 3 t

= += += += +
 = − ∈= − ∈= − ∈= − ∈
 = += += += +

  ។  
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វិញញ សគណិតវិទយទី១៦ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ក) ចូររសយថ 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =  

ខ) គណន  
(1 cot1 )(1 cot 2 )(1 cot 3 )...(1 cot134 )o o o oP = + + + += + + + += + + + += + + + +  

 

II-េគឱយសវុីតៃនចនួំនពិត  និង   កំនតេ់ដយ ៖ 

    ែដល   ។ 

ក.កំនតរ់គបគូ់  េដមបបីន   
   ចំេពះរគប ់   ។ 
ខ. គណន  និង ជអនុគមនៃ៍ន   ។ 

III-េគឲយអងំេតរកល   ែដល  

    គណន  ជអនុគមនៃ៍ន  រចួទញរកលីមតី   ។ 

0)( ≥≥≥≥nnu (((( )))) 0≥≥≥≥nnv
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++++====
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nnn

nnn

vuv

vuu

vu

3
7

3
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3
2

3
8

1;3

1

1

00

...;3;2;1;0====n

(((( ))))θθθθ;r (((( ))))nnnn vurvu θθθθθθθθ ++++====++++ ++++++++ 11

0≥≥≥≥n

nu nv n

n

n 2
0

dx
I

8x 6x 1
====

+ ++ ++ ++ +∫∫∫∫ n 0>>>>

nI n n
n
lim I
→+∞→+∞→+∞→+∞
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IV-ចូរគណន y ''  ជអនុគមនៃ៍ន x  និង y   េបេគដឹងថ  ៖  
     3 3x y 4 3xy+ + =+ + =+ + =+ + =   ។ 
 

ដំេណះរសយ 

I-ក) រសយថ 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ =  

េគមន cos sin cos
1 cot 1

sin sin
α α + αα α + αα α + αα α + α+ α = + =+ α = + =+ α = + =+ α = + =
α αα αα αα α

 
េដយ o osin cos 2 sin(45 ) 2 sin(135 )α + α = + α = − αα + α = + α = − αα + α = + α = − αα + α = + α = − α  

ដូចេនះ 2 sin(135 )
1 cot

sin

o αααααααα
αααα

−−−−+ =+ =+ =+ = ។ 
ខ) គណន  

(1 cot1 )(1 cot 2 )(1 cot 3 )...(1 cot134 )o o o oP = + + + += + + + += + + + += + + + +    
េដយេរបសមភព 2 sin(135 )

1 cot
sin

o αααααααα
αααα

−−−−+ =+ =+ =+ = េគបន ៖ 

(((( ))))134
67P 2 2 147573952589676412928= = == = == = == = =   ។ 

 

II-ក. កំនតរ់គបគូ់   ៖ 

េគមន  

េដយ  និង  
េគបនសមកីរ  ៖ 

(((( ))))θθθθ;r

(((( )))) (((( ))))*11 nnnn vurvu θθθθθθθθ ++++====++++ ++++++++

nnn vuu
3
2

3
8

1 ++++====++++ nnn vuv
3
7

3
1

1 ++++====++++
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សមកីរេនះេផទៀងផទ តរ់គប ់   លុះរតែត  ៖ 

 

យកសមកីរ  ជួសកនុង  េគបន ៖ 

  ឬ  
ឬ    េគទញ  
ចំេពះ   េនះ  
ចំេពះ  េនះ    
ដូចេនះ    
ខ. គណន  និង ជអនុគមនៃ៍ន   ◌ៈ 
េដយយក  ជួសកនុង  

េគបន  

តងស៊វីត  

(((( ))))

nnnn

nnnnnn

vrurvu

vurvuvu

θθθθθθθθθθθθ

θθθθθθθθ

++++====






 ++++++++






 ++++

++++====






 ++++++++++++

3
7

3
2

3
1

3
8

3
7

3
1

3
2

3
8

0≥≥≥≥n

(((( ))))

(((( ))))








====++++

====++++

2
3
7

3
2

1
3
1

3
8

θθθθθθθθ

θθθθ

r

r

(((( ))))1 (((( ))))2

θθθθθθθθθθθθ 






 ++++====++++
3
1

3
8

3
7

3
2

2872 θθθθθθθθθθθθ ++++====++++

022 ====−−−−++++ θθθθθθθθ 21 21 −−−−====∨∨∨∨==== θθθθθθθθ

1====θθθθ 3====r

2−−−−====θθθθ 2====r

(((( )))) (((( )))) (((( )))) }2;2;1;3{; −−−−====θθθθr

nu nv n

(((( )))) (((( )))) (((( )))) }2;2;1;3{; −−−−====θθθθr (((( ))))*

(((( ))))
(((( ))))




−−−−====−−−−
++++====++++

++++++++

++++++++

iivuvu

ivuvu

nnnn

nnnn

)2(22

)(3

11

11





−−−−====
++++====

nnn

nnn

vuy

vux

2
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តម  និង   េគបន   

ទំនកទ់ំនងេនះបញជ កថ់  និង  ជសវុីតធរណីមរត 
មនផលេធៀបរមួេរៀងគន   និង  និងតួដំបូង 

  និង  
តមរបូមនតេគបន   និង  

េគទញបនរបពន័ឋ   

បនទ បព់េីដះរសយរបពន័ឋេនះេគទទួលបន  ៖ 

  និង    ។ 
III-គណន  ជអនុគមនៃ៍ន  រចួទញរកលីមតី    

េគមន   ែដល  

តង  

សរេសរ  ជរងកណូនិចច  

េគបន  

នឲំយ  

(((( ))))i (((( ))))ii




====
====

++++

++++

nn

nn

yy

xx

2

3

1

1

(((( ))))nx (((( ))))ny

31 ====q 22 ====q

4000 ====++++==== vux 12 000 ====−−−−==== vuy
n

nx 34××××==== n
ny 2====





====−−−−
××××====++++

n
nn

n
nn

vu

vu

22

34

3
238 nn

nu
++++××××====

3
234 nn

nv
−−−−××××====

nI n n
n
lim I
→+∞→+∞→+∞→+∞

n

n 2
0

dx
I

8x 6x 1
====

+ ++ ++ ++ +∫∫∫∫ n 0>>>>

2

1 1
f (x)

(2x 1)(4x 1)8x 6x 1
= == == == =

+ ++ ++ ++ ++ ++ ++ ++ +

f (x)
a b

f (x)
2x 1 4x 1

= += += += +
+ ++ ++ ++ +

2

a b 1
2x 1 4x 1 8x 6x 1

+ =+ =+ =+ =
+ ++ ++ ++ + + ++ ++ ++ +

a(4x 1) b(2x 1) 1+ + + =+ + + =+ + + =+ + + =
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ឬ       

េគទញ    នឲំយ  

េគបន  

 

     

ដូចេនះ   និង 

  ។ 
 

IV-គណន y ''  ជអនុគមនៃ៍ន x  និង y   
េគមន  3 3x y 2 3xy+ + =+ + =+ + =+ + =    
េធវេដរេីវេលអងគទងំពរីៃនសមកីរេនះេគបន  ៖  

(4a 2b)x (a b) 1+ + + =+ + + =+ + + =+ + + =
4a 2b 0

a b 1

+ =+ =+ =+ =
 + =+ =+ =+ =

a 1 , b 2= − == − == − == − =

1 2
f(x)

2x 1 4x 1
= − += − += − += − +

+ ++ ++ ++ +
n n

n
0 0

2 1
I f (x).dx ( ).dx

4x 1 2x 1
= = −= = −= = −= = −

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫

[[[[ ]]]] [[[[ ]]]]

n n

0 0

n n

0 0

2dx dx
4x 1 2x 1

1 1
ln | 4x 1 | ln | 2x 1 |

2 2

1 1 4n 1
ln(4n 1) ln(2n 1) ln

2 2 2n 1

= −= −= −= −
+ ++ ++ ++ +

= + − += + − += + − += + − +

++++= + − + == + − + == + − + == + − + =
++++

∫ ∫∫ ∫∫ ∫∫ ∫

n
4n 1

I ln
2n 1

++++====
++++

n
n n

4n 1
lim I lim ln ln 2

2n 1→∞ →∞→∞ →∞→∞ →∞→∞ →∞

++++= == == == =
++++
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2 2

2 2

2

2

3x 3y'y 3y 3xy'

x y 'y y xy '

y x
y'

y x

+ = ++ = ++ = ++ = +

+ = ++ = ++ = ++ = +

−−−−====
−−−−

 

េហយ 
2 2

2 2

(y ' 2x)(y x) (2yy ' 1)(y x )
y ''

(y x)

− − − − −− − − − −− − − − −− − − − −====
−−−−

 

              
2 2 2 2

2 2

(x 2xy y) (y 2x y x)y '

(y x)

− + − − +− + − − +− + − − +− + − − +====
−−−−

 

ជំនួស 
2

2

y x
y '

y x

−−−−====
−−−−

 រចួបរងួមេគទទួលបន  ៖  
3 3

2 3

2xy(3xy x y 1)
y ''

(y x)

− − −− − −− − −− − −====
−−−−

  េដយ 3 3x y 2 3xy+ + =+ + =+ + =+ + =    

ដូចេនះ 
2 3

2xy
y ''

(y x)
====

−−−−
  ។ 
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វិញញ សគណិតវិទយទី១៧ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ចំេពះរគបច់នួំនពិត 0 a b
2
ππππ≤ < ≤≤ < ≤≤ < ≤≤ < ≤   ចូររសយបញជ កថ់  ៖  

  (b a)cosb sinb sina (b a)cosa− < − < −− < − < −− < − < −− < − < −    ។ 
II-ក) ចូររសយថ sin3a sina 2sinacos2a− =− =− =− =  

ខ)គណនផលបកូ ៖ 

n n

x 2x x 2x
S sinxcos2x sin cos ... sin cos

3 3 3 3
= + + += + + += + + += + + +  

III-េគឲយអងំេតរកល   ែដល    

     ចូរគណនលីមតី   ។  
IV-េគឲយបលង់(P)កតត់មចំណុច A(4, 2,2)−−−−  មនវុចិទរណ័រម៉ល់ 

n (1,2,2)
→→→→

====  េហយបនទ ត ់ x 1 y 4
(L) : z 2

1 4
− −− −− −− −

= = −= = −= = −= = −
−−−−

 ។ 
ក-កំណតស់មកីរៃនបលង់(P) រចួគណនកូអរេដេនចំណុច M  
ជរបសពវរវងបនទ ត ់(L)  និងបលង់(P) ។ 
ខ-យកB,C,Dជរបសពវរវងបលង ់(P)ជមយួអកស ័(ox),(oy),(oz)

េរៀងគន  ។ ចូររសយថចតុេកណ ABCD  ជរបេលឡូរកម 

3n1

n 3
0

t
I .dt

1 t
====

++++∫∫∫∫ n 0,1,2,...====

n
n
lim (nI )
→+∞→+∞→+∞→+∞
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រចួគណនៃផទរកលរបស់វ ។ 
គ-េគឲយ S(2, 6, 2)− −− −− −− −  ។ បងហ ញថបនទ ត ់(SA)អរតូកូណល់នឹង 
បលង ់(ABCD)  ។ គណនរងវ ស់ SA រចួទញរកមឌៃនពរ៉ីមតី 
SABCD ។ 

ដំេណះរសយ 

I-រសយថ (b a)cosb sinb sina (b a)cosa− ≤ − ≤ −− ≤ − ≤ −− ≤ − ≤ −− ≤ − ≤ −        
តងអនុគមន ៍f (x) sinx====   ែដល x [0, ]

2
ππππ∈∈∈∈   

េគបន f '(x) cosx====   ។ 
េដយ f (x)  ជអនុគមនជ៍ប ់និងមនេដរេីវេលចេនល ះ [0 ,

2
x ]

ππππ∈∈∈∈  

េនះតមរទឹសតីបទតៃមលមធយម េនះមន )b,a(c∈∈∈∈  ែដល  ៖  
f (b) f (a) sinb sina

f '(c) (1)
b a b a

− −− −− −− −= == == == =
− −− −− −− −

 

េហយចំេពះ x [a, b ]∈∈∈∈   ែដល 0 a b
2
ππππ≤ < ≤≤ < ≤≤ < ≤≤ < ≤     

េគមន  cosb cosx cosa< << << << <   
េនះេគទញ cosb f '(x) cosa< << << << <   
យក x c====  េគបន cosb f '(c) cosa (2)< << << << <  
តម (1) និង (2)  េគទញ sinb sina

cosb cosa
b a

−−−−< << << << <
−−−−

   
ដូចេនះ (b a)cosb sinb sina (b a)cosa− < − < −− < − < −− < − < −− < − < −    ។ 
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II-ក) រសយថ sin3a sina 2sinacos2a− =− =− =− =   
តមរបូមនត p q p q

sinp sinq 2sin cos
2 2
− +− +− +− +− =− =− =− =  

េគបន 3a a 3a a
sin3a sina 2sin cos 2sinacos2a

2 2
− +− +− +− +− = =− = =− = =− = =  

ដូចេនះ sin3a sina 2sinacos2a− =− =− =− =   ។ 
ខ)គណនផលបកូ ៖ 

n n

x 2x x 2x
S sinxcos2x sin cos ... sin cos

3 3 3 3
= + + += + + += + + += + + +  

តមសរមយខងេលេគមន sin3a sina 2sinacos2a− =− =− =− =    
យក k

x
a

2
====   េគបន   k 1 k k k

x x x 2x
sin sin 2sin cos

3 3 3 3−−−− − =− =− =− =  

ឬ k k k 1 k

x 2x 1 x x
sin cos sin sin

3 3 2 3 3−−−−
    = −= −= −= −    
    

 

ចំេពះ  k 0 ,1,2,3,....,n====   េគបន ៖ 

n n n 1 n

1
sinxcos2x (sin3x sinx)

2
x 2x 1 x

sin cos (sinx sin )
3 3 2 3

x 2x 1 x x
sin cos (sin sin )

3 3 2 3 3−−−−

 = −= −= −= −

 = −= −= −= −

− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − −

 = −= −= −= −


 

េធវផលបកូអងគ នងិ អងគេគបន n

1 x
S (sin3x sin )

2 3
= −= −= −= −   ។ 
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III-គណនលីមតី     

េគមន   ែដល    

េគបន  

 

  និង  

រគប ់  េគមន  នឲំយ  

េគទញ   ឬ  រគប ់
 

នឲំយ   ជសវុីតចុះ ។ តមលកខណះៃនសវុីតចុះេគបន ៖ 

  នឲំយ  
យកទំនកទ់នំង )1( និង )2( ជំនួសកនុង )3( េគបន ៖ 

  នឲំយ  

េដយ េនះ   ។ 

n
n
lim (nI )
→+∞→+∞→+∞→+∞

3n1

n 3
0

t
I .dt

1 t
====

++++∫∫∫∫ n 0,1,2,...====

3n 31

n 1 3
0

t
I .dt

1 t

++++

++++ ====
++++∫∫∫∫

13n 3n 3 3n 11 1
3n

n n 1 3
0 0 0

t t t 1
I I .dt t .dt

3n 1 3n 11 t

+ ++ ++ ++ +

++++
    +++++ = = = =+ = = = =+ = = = =+ = = = =    + ++ ++ ++ +++++     

∫ ∫∫ ∫∫ ∫∫ ∫

n n 1
1

I I (1)
3n 1+++++ =+ =+ =+ =

++++ n 1 n
1

I I (2)
3n 2−−−− + =+ =+ =+ =

−−−−

t [0 ,1]∈∈∈∈ 3n 3n 3t t ++++≥≥≥≥
3n 3n 3

3 3

t t

1 t 1 t

++++
≥≥≥≥

+ ++ ++ ++ +
3n 3n 31 1

3 3
0 0

t t
dt .dt

1 t 1 t

++++
≥≥≥≥

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫ n n 1I I ++++≥≥≥≥

n 0,1,2,...====

n(I )

n 1 n n 1I I I+ −+ −+ −+ −≤ ≤≤ ≤≤ ≤≤ ≤ n 1 n n n 1
n

I I I I
I (3)

2 2
+ −+ −+ −+ −+ ++ ++ ++ +≤ ≤≤ ≤≤ ≤≤ ≤

n
1 1

I
6n 2 6n 4

≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ − n

n n
nI

6n 2 6n 4
≤ ≤≤ ≤≤ ≤≤ ≤

+ −+ −+ −+ −

n n

n n 1
lim lim

6n 2 6n 4 6→∞ →∞→∞ →∞→∞ →∞→∞ →∞
= == == == =

+ −+ −+ −+ − n
n

1
lim (n I )

6→+∞→+∞→+∞→+∞
====
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IV-ក)កំណតស់មកីរៃនបលង់(P)៖ 

តមរបូមនត A A A(P) : a(x x ) b(y y ) c(z z ) 0− + − + − =− + − + − =− + − + − =− + − + − =  
េដយ A(4, 2,2)−−−−  និង n (1,2,2)

→→→→
====  

េគបន 1.(x 4) 2(y 2) 2(z 2) 0− + + + − =− + + + − =− + + + − =− + + + − =  
              x 4 2y 4 2z 4 0− + + + − =− + + + − =− + + + − =− + + + − =  
ដូចេនះ (P) : x 2y 2z 4 0+ + − =+ + − =+ + − =+ + − =   ។ 
គណនកូអរេដេនចំណុច M ៖ 

តង x 1 y 4
z 2 t

1 4
− −− −− −− −= = − == = − == = − == = − =

−−−−
 នឲំយ 

x t 1

y 4t 4 (1)

z t 2

= − += − += − += − +
 = += += += +
 = += += += +

 

យកសមកីរ(1)ជនួំសកនុង (P) េគបន ៖ 
( t 1) 2(4t 4) 2(t 2) 4 0

9t 9 0 t 1

− + + + + + − =− + + + + + − =− + + + + + − =− + + + + + − =
+ =+ =+ =+ = ⇒⇒⇒⇒ = −= −= −= −  

យកតៃមល t 1= −= −= −= −  ជួសកនុង(1) េគបន 
x ( 1) 1 2

y 4( 1) 4 0

z 1 2 1

= − − + == − − + == − − + == − − + =
 = − + == − + == − + == − + =
 = − + == − + == − + == − + =

 

ដូចេនះ M(2 , 0 , 1)  ។ 
ខ-រសយថចតុេកណ ABCD  ជរបេលឡូរកម ៖ 
េគមន (P) : x 2y 2z 4 0+ + − =+ + − =+ + − =+ + − =  
-េប y 0 , z 0= == == == =   េគបន x 4 0− =− =− =− =  េនះ x 4====   
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-េប x 0 , z 0= == == == =  េគបន 2y 4 0− =− =− =− =   េនះ y 2====  
-េប x 0 , y 0= == == == =  េគបន 2z 4 0− =− =− =− =  េនះ z 2====  
េគបន B(4,0,0) , C(0,2,0),D(0,0,2) ។ 
េដយ A(4, 2,2)−−−−  េនះ AB (0,2, 2)

→→→→
= −= −= −= −  និង DC (0,2, 2)

→→→→
= −= −= −= −  

េដយ AB DC
→ →→ →→ →→ →

====   េនះ ABCD  ជរបេលឡូរកម ។ 
គណនៃផទរកលៃនABCD  ៖ 
តមរបូមនត ABCDS | AB AD|

→ →→ →→ →→ →
= ×= ×= ×= ×  

េដយ AB (0,2, 2) , AD ( 4,2,0)
→ →→ →→ →→ →

= − = −= − = −= − = −= − = −  

េគបន 
i j k

AB AD 0 2 2 4 i 8 j 8k

4 2 0

→ → →→ → →→ → →→ → →

→ → → → →→ → → → →→ → → → →→ → → → →
× = − = + +× = − = + +× = − = + +× = − = + +

−−−−
 

2 2 2
ABCDS 4 8 8 12= + + == + + == + + == + + =   (ឯកតៃផទ) ។ 

គ-បងហ ញថបនទ ត ់(SA)អរតូកូណល់នឹងបលង ់(ABCD)  ៖ 
េគមន S(2, 6, 2)− −− −− −− −   និង A(4, 2,2) , B(4,0,0) ,C(0,2,0)−−−−   
េនះ SA (2,4,4) , AB (0,2, 2);AC ( 4,4, 2)

→ → →→ → →→ → →→ → →
= = − = − −= = − = − −= = − = − −= = − = − −   

េគបន SA .AB 0 8 8 0 SA AB
→ → → →→ → → →→ → → →→ → → →

= + − = ⇔ ⊥= + − = ⇔ ⊥= + − = ⇔ ⊥= + − = ⇔ ⊥   
េហយ   SA .AC 8 16 8 0 SA AC

→ → → →→ → → →→ → → →→ → → →
= − + − = ⇔ ⊥= − + − = ⇔ ⊥= − + − = ⇔ ⊥= − + − = ⇔ ⊥  

ដូចេនះ(SA)អរតូកូណល់នឹងបលង ់(ABCD)  ។ 
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គណនរងវ ស់ SA រចួទញរកមឌៃនពរ៉ីមតី SABCD ៖ 
 
 
 
 
 
 
 
 
 
 
 
េគបន SA | SA | 4 16 16 6

→→→→
= = + + == = + + == = + + == = + + =  ។ 

តមរបូមនត SABCD ABCD

1
V S SA

3
= ×= ×= ×= ×   េដយ   

ABCD

SA 6

S 12

====
 ====

 

ដូចេនះ SABCD

1
V 6 12 24

3
= × × == × × == × × == × × =    (ឯកតមឌ) ។ 
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វិញញ សគណិតវិទយទី១៨ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឱយសវុីតៃនចំនួនពិត  និង   កំនតេ់ដយ ៖ 

 

ែដល   ។ 
ក. ចូររសយថ  ជនិចចចំេពះរគប ់  ។ 
ខ. បងហ ញថេគអចកនំតច់ំនួនពិត  េដមបឱីយបន ៖ 
      
គ. ចូរគណន  និង  ជអគុមនៃ៍ន    ។ 

II-េគឲយអនុគមន ៍y f (x)====  កំនត ់និង មនេដរេីវេល IR េដយ ៖ 

   
2f '(x).f (x) x(x 2)

f (0) 2

 = −= −= −= −


====
 ចំេពះរគប ់x IR∈∈∈∈  ។ 

    ចូរកំនតរ់កអនុគមន ៍y f (x)====  ។ 

III-េគឱយអងំេតរកល    

ក. ចូរកំនតត់ៃមលរបស់  េដមបឱីយ  មនិអរស័យនងឹ  ។ 

0)( ≥≥≥≥nnu (((( )))) 0≥≥≥≥nnv









++++====

++++====

========

++++

++++

2

1

22

1

00

2

2

2;4

nnnn

nnn

vvuv

vuu

vu

...;3;2;1;0====n

nn vu >>>> 0≥≥≥≥n

r

(((( )))) 2

11 nnnn vruvru ++++====++++ ++++++++

nu nv n

a n

n 3 3
0

x .dx
I , a 0

x a
= >= >= >= >

++++∫∫∫∫

n
nI a
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ខ. គណន  ចំេពះតៃមល  ែដលបនរកេឃញខងេល ។ 
IV-ក) ចូររសយថ 2 a 1

sinasin (2sina sin2a)
2 4

= −= −= −= −  

  ខ)គណនផលបូក ៖ 

  
2 2 n 2

n n 1

a a a a a
S sinasin 2sin sin .... 2 sin sin

2 2 4 2 2++++= + + += + + += + + += + + +  
 

ដំេណះរសយ 

I-ក. រសយថ  ជនិចចចំេពះរគប ់   

េយងមន  ពតិ 
ឧបមថវពតិចំេពះ  គឺ  ពតិ 
េយងនឹងរសយថវពតិចំេពះ   គឺ    ពតិ 
េគមន  

           េរពះ   
េគទញ    ពតិ 
ដូចេនះ  ជនិចចចេំពះរគប ់  ។ 
ខ. កំនតច់ំនួនពិត   ៖ 
េគមន    
េដយ   និង  
េគបន  

nI n

nn vu >>>> 0≥≥≥≥n

24 00 ====>>>>==== vu

kn ==== kk vu >>>>

1++++==== kn 11 ++++++++ >>>> kk vu

(((( )))) (((( ))))222

11 22 kkkkkkk vvuvuvu ++++−−−−++++====−−−− ++++++++

(((( )))) 02

11 >>>>−−−−====−−−− ++++++++ kkkk vuvu kk vu >>>>

11 ++++++++ >>>> kk vu

nn vu >>>> 0≥≥≥≥n

r

(((( )))) (((( ))))*2

11 nnnn vruvru ++++====++++ ++++++++

22

1 2 nnn vuu ++++====++++
2

1 2 nnnn vvuv ++++====++++

(((( )))) (((( )))) (((( ))))2222 22 nnnnnnn vruvvurvu ++++====++++++++++++
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េគទញ   ឬ   
ដូចេនះ     ឬ     ។ 
គ. គណន  និង  ជអគុមនៃ៍ន    ◌ៈ 
យកតៃមល  ជំនួសកនុង   េគបន ៖ 

  

  

តង    និង    
តម   េគបន  និង  
នឱំយ   និង  ជស៊វីតធរណីមរតមនេរសុងេរៀងគន   

និង  និងតួ  និង  
េគបន   និង   
េដយ   និង   

េគទញ  នឱំយ  

បនទ បព់េីដះរសយរបពនឋេ័នះេគទទួលបន  ៖ 

   និង     

22222 2)2(2 nnnnnnnn vrvruuvrvuru ++++++++====++++++++++++
22 rr ====++++ 022 ====−−−−−−−− rr

11 −−−−====r 22 ====r

nu nv n

2;1 ====−−−−==== rr (((( ))))*

(((( ))))
(((( ))))





++++====++++

−−−−====−−−−

++++++++

++++++++

2

11

2

11

22 nnnn

nnnn

vuvu

vuvu

(((( )))) (((( ))))
(((( )))) (((( ))))




++++====++++
−−−−====−−−−

++++++++

++++++++

iivuvu

ivuvu

nnnn

nnnn

2ln2)2ln(

ln2)ln(

11

11

)ln( nnn vux −−−−==== (((( ))))nnn vuv 2ln ++++====

(((( ))))iii &)( nn xx 21 ====++++ nn yy 21 ====++++

(((( ))))nx (((( ))))ny

21 ====q 22 ====q 2ln0 ====x 8ln0 ====y

2ln2n
nx ==== 8ln2n

ny ====

)ln( nnn vux −−−−==== (((( ))))nnn vuv 2ln ++++====

(((( ))))
(((( ))))




====++++
====−−−−

8ln22ln

2ln2ln
n

nn

n
nn

vu

vu







====++++

====−−−−
n

nn

n

nn

vu

vu
2

2

82

2

3
82 212 nn

nu
++++====

++++

3
28 22 nn

nv
−−−−



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 115 

 

II-កំនតរ់កអនុគមន ៍y f (x)==== ៖ 
េគមន 2f '(x) . f (x) x(x 2) (1)= −= −= −= −  
តង 3g(x) f (x)====  េគបន 2g '(x) 3f '(x) . f (x)====  
ឬ 21

g '(x) f '(x) .f (x)
3

====  

ទំនកទ់ំនង (1) េទជ 1g '(x) x(x 2)
3

= −= −= −= −  

                  
2

3 2

g '(x) 3x 6x

g(x) x 3x k

= −= −= −= −

= − += − += − += − +
 

េប x 0====  េនះ g(0) k====  
េដយ 3 3g(0) f (0) (2) 8= = == = == = == = =  
េគបន 3 2g(x) x 3x 8= − += − += − += − +  ែត 3g(x) f (x)====  
េគទញ 3 3 2f (x) x 3x 8= − += − += − += − +  នឲំយ 3 3 2f (x) x 3x 8= − += − += − += − +   
ដូចេនះ  3 3 2f (x) x 3x 8= − += − += − += − +   ។ 
III-ក. កំនតត់ៃមលរបស់  េដមបឱីយ  មនិអរស័យនងឹ  

េយងមន   

េយងតង  នឱំយ    
េហយចំេពះ  នឱំយ    

េគបន  

n
nI a

a n

n 3 3
0

x .dx
I , a 0

x a
= >= >= >= >

++++∫∫∫∫

x a.t==== dx a.dt====

[[[[ ]]]]x 0,a∈∈∈∈ [[[[ ]]]]t 0,1∈∈∈∈
1 1n n

n 2
n 3 3 3

0 0

(a.t) .a.dt t .dt
I a .

(at) a t 1
−−−−= == == == =

+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫
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តមទំនកទ់នំងេនះ េដមបឱីយ  មនិអរស័យនឹង លុះរតែត 
  ឬ  ។ 
ដូចេនះ េដមបឱីយ  មនិអរស័យនឹង េគរតូវឱយ   ។ 
ខ. គណន  ចំេពះតៃមល  ែដលបនរកេឃញខងេល  

ចំេពះ  េគបន  
តង  នឱំយ  
េហយចំេពះ  នឱំយ   

េយងបន   ។ 

ដូចេនះ     ។ 

IV-ក) រសយថ 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −   

តមរបូមនត sin2a 2sinacosa====  
េគបន 2sina sin2a 2sina 2sinacosa− = −− = −− = −− = −  

                               2

2

2sina(1 cosa)

a
2sina(2sin )

2
a

4sinasin
2

= −= −= −= −

====

====

 

ដូចេនះ 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −   ។ 

nI a

n 2 0− =− =− =− = n 2====

nI a n 2====

nI n

n 2====
1 2

2 3
0

x dx
I

x 1
====

++++∫∫∫∫
3U x 1= += += += + 2dU 3x .dx====

[[[[ ]]]]x 0,1∈∈∈∈ [[[[ ]]]]U 1 , 2∈∈∈∈

[[[[ ]]]]
2

2

2 1
1

1 dU 1 1
I ln | U | ln2

3 U 3 3
= = == = == = == = =∫∫∫∫

2

1
I ln 2

3
====
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ខ)គណនផលបកូ ៖ 
2 2 n 2

n n 1

a a a a a
S sinacos 2sin cos .... 2 sin cos

2 2 4 2 2 ++++= + + += + + += + + += + + +  

   
n

k 2
k k 1

k 0

a a
2 sin sin

2 2 ++++
====

    ====     
    

∑∑∑∑  

េគមន 2 a 1
sinasin (2sina sin2a)

2 4
= −= −= −= −    

ជំនួស a េដយ k

a
2

 េគបន ៖ 
2

k k 1 k k 1

a a 1 a a
sin sin 2sin sin

2 2 4 2 2+ −+ −+ −+ −
    = −= −= −= −    
    

 

គុណអងគទងំពរីនឹង k2   ៖ 
k 2 k 1 k

k k 1 k k 1

a a 1 a a
2 sin sin (2 sin 2 sin )

2 2 4 2 2
++++

+ −+ −+ −+ −= −= −= −= −   
េគបន 

n
k 1 k n 1

k k 1 n
k 0

1 a a 1 a
S (2 sin 2 sin ) (2 sin sin2a)

4 2 2 4 2
+ ++ ++ ++ +

−−−−
====

= − = −= − = −= − = −= − = −∑∑∑∑   

ដូចេនះ n 1

1 a
S sin sin2a

4 2 ++++
    = −= −= −= −    
    

  ។ 
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វិញញ សគណិតវិទយទី១៩ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ក) ចូររសយថ 2 2cos a cos 2a sinasin 3a− =− =− =− =  

ខ)គណនផលបកូ ៖ 

      n n

a 3a a 3a
S sinasin3a sin sin .... sin sin

2 2 2 2
= + + += + + += + + += + + +  

II-េគឲយអនុគមនរ៍បកច់ំណូលសរបុពីករលកស់មភ រះ x  

    េរគឿងនិងអនុគមនរ៍បកច់ំណយសរបុេលករផលិតសមភ រះ x       
    កំណតេ់រៀងគន េដយ R(x) 300x====    
    និង  2 3C(x) 1000 72x x= − += − += − += − +  ។ 

   ក)កំណតអ់នុគមនរ៍បកច់ំេណញសរបុ ។ 

   ខ)កំណតប់រមិណសមភ រះែដលរតូវលកេ់ដមបឲីយេគទទួលបន 

   របកច់ំេណញអតបិរមរចួរករបកច់ំេណញអតិបរមេនះ ។ 

III-េគឱយសវុីតៃនចនួំនពិត  និង   កំនតេ់ដយ ៖ 

      និង    

ែដល   ។ 
 

0)( ≥≥≥≥nnu (((( )))) 0≥≥≥≥nnv
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====
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4
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0

v
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ក. ចំេពះរគប ់ ចូររសយថ   
    និង  ។ 
ខ. បងហ ញថេគអចកនំតច់ំនួនពិត  េដមបឱីយបន ៖ 
      
គ. ចូរគណន  និង  ជអគុមនៃ៍ន    ។ 

IV-ចូរបងហ ញថ   

អនុវតតន៍អនុវតតន៍អនុវតតន៍អនុវតតន ៍៖ ចូរគណនអងំេតរកល  
 

 

ដំេណះរសយ 

I-ក) រសយថ 2 2cos a cos 2a sinasin 3a− =− =− =− =   
េគមន 2 1 cos2a

cos a
2

++++====   និង 2 1 cos4a
cos 2a

2
++++====  

2 2 1 cos2a 1 cos4a
cos a cos 2a

2 2
+ ++ ++ ++ +− = −− = −− = −− = −  

                     
cos2a cos4a

2
2a 4a 2a 4a

sin sin sinasin3a
2 2

−−−−====

− +− +− +− += − == − == − == − =
 

ដូចេនះ 2 2cos a cos 2a sinasin 3a− =− =− =− =   ។ 
 

0≥≥≥≥n 0>>>>++++ nn vu

02 >>>>++++ nn vu

r

(((( )))) 3

11 nnnn vruvru ++++====++++ ++++++++

nu nv n

b b

a a

f (x).dx f (a b x).dx= + −= + −= + −= + −∫ ∫∫ ∫∫ ∫∫ ∫

3

0

I ln(1 3 tanx).dx

ππππ

= += += += +∫∫∫∫
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ខ)គណនផលបកូ ៖ 

n n

a 3a a 3a
S sinasin3a sin sin .... sin sin

2 2 2 2
= + + += + + += + + += + + +  

តមសរមយខងេលេគមន  2 2cos a cos 2a sinasin 3a− =− =− =− =    
ជំនួស a េដយ k

a
2

 េគបន  
2 2

k k 1 k k

a a a 3a
cos cos sin sin

2 2 2 2−−−−− =− =− =− =  
ចំេពះ 2 2k 0 : sinasin3a cos a cos 2a= = −= = −= = −= = −  
ចំេពះ 2 2a 3a a

k 1 : sin sin cos cos a
2 2 2

= = −= = −= = −= = −  

ចំេពះ 2 2
2 2 2

a 3a a a
k 3 : sin sin cos cos

2 2 2 2
= = −= = −= = −= = −  

− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − −  
ចំេពះ 2 2

n n n n 1

a 3a a a
k n : sin sin cos cos

2 2 2 2 −−−−= = −= = −= = −= = −  

េធវផលបកូអងគ នងិ អងគ េគបន n

a
S cos cos2a

2
= −= −= −= −   ។ 

ដូចេនះ n

a
S cos cos2a

2
= −= −= −= −   ។ 

II-ក/កំណតអ់នុគមនរ៍បកច់ំេណញសរបុ  
តង P(x)ជអនុគមនៃ៍នរបកច់ំេណញសរបុពីករលកស់មភ រះ 

េគបន 2 3P(x) R(x) C(x) 300x 1000 72x x= − = − + −= − = − + −= − = − + −= − = − + −  

ដូចេនះ 3 2P(x) x 72x 300x 1000= − + + −= − + + −= − + + −= − + + −   ។ 
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ខ/កំណតប់រមិណសមភ រះែដលរតូវលកេ់ដមបឲីយេគទទួលបន
របកច់ំេណញអតបិរម រចួកំណតរ់ករបកច់ំេណញអតិបរមេនះ  
េគមន 2P'(x) 3x 144x 300 3(x 50)(x 2)= − + + = − − += − + + = − − += − + + = − − += − + + = − − +  

េប P '(x) 0====   េនះ  1 2x 50 , x 2= = −= = −= = −= = − (មនិយក) 

េគមន P ''(x) 6x 144= − += − += − += − +  េនះ P ''(50) 300 144 0= − + <= − + <= − + <= − + <  

េនះមននយ័ថ P(x) មនអតបិរមរតង ់x 50====  ។ 

ដូចេនះេដមបបីនរបកច់ំេណញអតបិរមេគរតូវលកស់មភ រះ 50

ឯកតេហយរបកច់ំេណញអតបិរមេនះគឺ ៖ 

maxP P(50) 69 ,000= == == == = ឯកតរបូិយវតថុ ។ 

III-ក. ចំេពះរគប ់ រសយថ    

េគមន  ពតិ 
ឧបមថវពតិដល់  គឺ  ពតិ 
េយងនឹងរសយថវពតិដល់  គឺ ពតិ 
េគមន  

           ពិត 
ដូចេនះ  ចំេពះរគប ់  ។ 
ចំេពះរគប ់  រសយថ    ៖ 
េគមន  ពតិ 
ឧបមថវពតិដល់  គឺ  ពតិ 

0≥≥≥≥n 0>>>>++++ nn vu

062400 >>>>====++++====++++ vu

kn ==== 0>>>>++++ kk vu

1++++==== kn 011 >>>>++++ ++++++++ kk vu
3223

11 33 nnnnnnkk vvuvuuvu ++++++++++++====++++ ++++++++

(((( )))) 03

11 >>>>++++>>>>++++ ++++++++ kkkk vuvu

0>>>>++++ nn vu 0≥≥≥≥n

0≥≥≥≥n 02 >>>>++++ nn vu

08442 00 >>>>====++++====++++ vu

kn ==== 02 >>>>++++ kk vu
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េយងនឹងរសយថវពតិដល់  គឺ ពតិ 
េគមន  

       ពតិ 
ដូចេនះ  ចំេពះរគប ់  ។ 
ខ. កំនតច់ំនួនពិត  េដមបឱីយបន  ៖ 
  

េដយ    េគបន  ៖ 

 
េហយ    
េដយេរបៀបេធៀបទំនកទ់ំនង  និង  េគទញបន ៖ 

 

 ដូចេនះ     ។ 
គ. គណន  និង  ជអគុមនៃ៍ន    ◌ៈ 

យកតៃមល   ជួសកនុង  េគបន  ៖ 

 

1++++==== kn 02 11 >>>>++++ ++++++++ kk vu
3223

11 81262 nnnnnnkk vvuvuuvu ++++++++++++====++++ ++++++++

(((( )))) 022 3

11 >>>>++++>>>>++++ ++++++++ kkkk vuvu

02 >>>>++++ nn vu 0≥≥≥≥n

r

(((( )))) (((( ))))*3

11 nnnn vruvru ++++====++++ ++++++++







++++++++====

−−−−−−−−====

++++

++++

322

1

323

1

793

66

nnnnnn

nnnnn

vvuvuv

vvuuu

(((( ))))ivrvurvruuvru nnnnnnnn

3223

11 )67()69(3 −−−−++++−−−−++++++++====++++ ++++++++

(((( )))) (((( ))))iivrvurvruuvru nnnnnnnn

3322233 33 ++++++++++++====++++

(((( ))))i (((( ))))ii





====++++−−−−
====++++−−−−

⇔⇔⇔⇔




−−−−====
−−−−====

067

023

67

693
3

2

3

2

rr

rr

rr

rr

2;1 21 ======== rr

nu nv n

2;1 21 ======== rr (((( ))))*

(((( ))))
(((( )))) (((( ))))
(((( )))) (((( ))))




++++====++++
++++====++++





++++====++++

++++====++++

++++++++

++++++++

++++++++

++++++++

nnnn

nnnn

nnnn

nnnn

vuvu

vuvu

vuvu

vuvu

2ln32ln

ln3ln

22

)(

11

11

3

11

3
11
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តមទំនកទ់នំងេនះបញជ កថ់   
និង  សុទឋែតជសវុីតធរណីមរតែដលមនផល 
េធៀបរមួ  ដូចគន  ។ 

េគបន  

េគទញ   

បនទ បព់េីដះរសយរបពនឋេ័នះេគទទួលបន  ៖ 
  និង        ។ 

IV-បងហ ញថ   

តង    
េប  និង  
េយងបន 

 

ដូចេនះ      ។ 

គណនអងំេតរកល    

)}ln({ nn vu ++++

)}2{ln( nn vu ++++

3====q

(((( )))) (((( ))))
(((( )))) (((( ))))




====++++====++++
====++++====++++

8ln3)2ln32ln

6ln3ln3ln

00

00

nn
nn

nn
nn

vuvu

vuvu







====++++

====++++
n

nn

n

nn

vu

vu
3

3

82

6

nn

nu 33 862 −−−−××××====
nn

nv 33 68 −−−−====
b b

a a

f (x).dx f (a b x).dx= + −= + −= + −= + −∫ ∫∫ ∫∫ ∫∫ ∫

t a b x dt dx= + −= + −= + −= + − ⇒⇒⇒⇒ = −= −= −= −

x a t b==== ⇒⇒⇒⇒ ==== x b t a==== ⇒⇒⇒⇒ ====

b a a b

a b b a

f (x).dx f (a b t)( dt) f (a b t).dt f (a b t).dt= + − − = − + − = + −= + − − = − + − = + −= + − − = − + − = + −= + − − = − + − = + −∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫
b b

a a

f (x).dx f (a b x).dx= + −= + −= + −= + −∫ ∫∫ ∫∫ ∫∫ ∫

3

0

I ln(1 3 tanx).dx

ππππ

= += += += +∫∫∫∫
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តមរបូមនតខងេលេយងអចសរេសរ ៖ 

 

 នឱំយ    

ដូចេនះ      ។ 
 

 

 

 

 

 

3 3

0 0

3 3

0 0

3 3

0 0

3 tanx
I ln 1 3 tan( x) .dx ln 1 3. .dx

3 1 3 tanx

4
I ln .dx ln4 ln(1 3 tanx) .dx

1 3 tanx

2
I ln4 dx ln(1 3 tanx).dx ln2 I

3

π ππ ππ ππ π

π ππ ππ ππ π

π ππ ππ ππ π

    π −π −π −π −    = + − = += + − = += + − = += + − = +             ++++         

         = = − += = − += = − += = − +         ++++    

ππππ= − + = −= − + = −= − + = −= − + = −

∫ ∫∫ ∫∫ ∫∫ ∫

∫ ∫∫ ∫∫ ∫∫ ∫

∫ ∫∫ ∫∫ ∫∫ ∫
2

2I ln2
3
ππππ==== I ln2

3
ππππ====

3

0

I ln(1 3 tan x).dx ln 2
3

ππππ

ππππ= + == + == + == + =∫∫∫∫
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វិញញ សគណិតវិទយទី២០ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឲយអនុគមន ៍ :f IN IR→  េដយដឹងថរគប ់ x IN∈  េគមន 

  (1) 2013f =  និង (2 ) 2 ( ) 2013f x f x= −   ។   
  ចូរគណនតៃមល 2013(2 )f   ? 

II-េគឱយសវុីត    ែដល   ។ 

ក-ចំេពះរគប ់  ចូរបងហ ញថ    ។ 
ខ-គណនផលបកូ  

        

III-េគឱយ ជអនុគមនជ៍បេ់ល  ។ 

      ចូរបងហ ញថ  ? 

អនុវតតនៈ៍អនុវតតនៈ៍អនុវតតនៈ៍អនុវតតនៈ៍ ចូរគណន   ។ 

IV-កនុងតរមុយអរតូណម៉ល់ (o, i , j ,k)
→ → →→ → →→ → →→ → →  េគមនបីចំណុច 

A( 1,2,3)−−−−   ,  B(0, 1,1)−−−−  និង C(2,3,5) ។ 

22n
)1n(

1

n

1
1S

++++
++++++++==== *INn ∈∈∈∈

*INn ∈∈∈∈
1n

1
n
1

1Sn ++++
−−−−++++====

222222n
)1n(

1

n

1
1.....

3

1

2

1
1

2

1

1

1
1

++++
++++++++++++++++++++++++++++++++++++====ΣΣΣΣ

f [[[[ ]]]]0,1

0 0

x.f (sinx).dx f (sinx).dx
2

π ππ ππ ππ πππππ====∫ ∫∫ ∫∫ ∫∫ ∫

2
0

xsinx.dx
I

1 cos x

ππππ

====
++++∫∫∫∫
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ក-ចូរកំណតស់មកីរបលង ់(P)កតត់មចំណុច A  េហយែកងនឹងវុចិ
ទរ ័BC
����������������  និងសមកីរប៉រ៉ែមរ៉តបនទ ត ់(L)  កតត់មពរីចំណុចB ,C   

ខ-គណនកូអរេដេនៃនចំណុចរបសពវ H  រវងបនទ ត ់(L)   
ជមយួបលង ់(P) ។ 
គ-រករបេភទៃនរតីេកណABC  រចួគណនៃផទរកល ABC∆∆∆∆ ។ 
 

ដំេណះរសយ 

I-គណន 2013(2 )f  

េគមន (2 ) 2 ( ) 2013f x f x= −   រគប ់ x IN∈  

េរជសេរ ស 12kx −=   រគប ់k IN∈  េគបន ៖ 

( ) ( )12 2 2 2013k kf f −= −  ឬ ( ) ( )1

1

2 2 2013

2 2 2

k k

k k k

f f −

−− = −   

េគបន ( ) ( )12013 2013

1
1 1

2 2 2013

2 2 2

k k

k k k
k k

f f −

−
= =

 
 − = −
 
 

∑ ∑  

                
2013 2013

2013

1
1

(2 ) 1 2(1) 2013
122 1
2

f
f

−
− = − × ×

−
 

               
2013

2013 2013

(2 ) 2013
2013 2013

2 2

f − = − +   

ដូចេនះ 2013(2 ) 2013f =   ។ 
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II-ក)បងហ ញថ     

េយងមន          ( ចំេពះរគប ់  ) 

                  

ដូចេនះ   ។ 
ខ)គណនផលបកូ  ៖ 
េគបន  

    

ដូចេនះ   ។ 
 
 

1n
1

n
1

1Sn ++++
−−−−++++====

22n
)1n(

1

n

1
1S

++++
++++++++==== *INn∈∈∈∈

1n
1

n
1

1
)1n(n

1
1

)1n(n
1)1n(n

)1n(n

]1)1n(n[

)1n(n

1)1n(n2)1n(n

)1n(n

n1n2n)1n(n

)1n(n

n)1n()1n(n

22

2

22

22

22

2222

22

2222

++++
−−−−++++====

++++
++++====

++++
++++++++====

++++
++++++++====

++++
++++++++++++++++====

++++
++++++++++++++++++++====

++++
++++++++++++++++====

1n
1

n
1

1Sn ++++
−−−−++++====

∑∑∑∑
====

====
++++

++++++++++++++++++++++++++++++++++++====ΣΣΣΣ
n

1k
k222222n )S(

)1n(

1

n

1
1.....

3

1

2

1
1

2

1

1

1
1

∑∑∑∑
==== ++++

++++====
++++

−−−−++++====
++++

−−−−++++====








++++
−−−−++++====

n

1k

2

1n
)2n(n

)1n(n
1)1n(

1n
1

1n
1k

1
k
1

1

(((( ))))
1n
2nn

n ++++
++++====ΣΣΣΣ
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III-បងហ ញថ   

តង  នឱំយ   
និង ចំេពះ  នឱំយ  

េគបន 

 

 

នឱំយេគទញបន   ។ 

អនុវតតនៈ៍អនុវតតនៈ៍អនុវតតនៈ៍អនុវតតនៈ៍ គណន   

េគមន  

តង  នឱំយ   
េហយចំេពះ េនះ  

េគបន  ។ 

ដូចេនះ  ។ 
 

0 0

x.f (sinx).dx f (sinx).dx
2

π ππ ππ ππ πππππ====∫ ∫∫ ∫∫ ∫∫ ∫

x t= π −= π −= π −= π − dx dt= −= −= −= −

[[[[ ]]]]x 0,∈ π∈ π∈ π∈ π [[[[ ]]]]t ,0∈ π∈ π∈ π∈ π

[[[[ ]]]]
0

0

x.f (sinx).dx ( t).f sin( t) .dt
ππππ

ππππ

= − π − π −= − π − π −= − π − π −= − π − π −∫ ∫∫ ∫∫ ∫∫ ∫

0 0 0 0

x.f (sinx).dx ( t).f (sin t).dt f (sin t).dt t.f ( sin t).dt
π π π ππ π π ππ π π ππ π π π

= π − = π −= π − = π −= π − = π −= π − = π −∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫

0 0 0

x.f (sinx).dx f (sinx).dx x.f (sinx).dx
π π ππ π ππ π ππ π π

= π −= π −= π −= π −∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫

0 0

x.f (sinx).dx f (sinx).dx
2

π ππ ππ ππ πππππ====∫ ∫∫ ∫∫ ∫∫ ∫

2
0

xsinx.dx
I

1 cos x

ππππ

====
++++∫∫∫∫

2 2 2
0 0 0

x.sinx.dx sinx.dx sinx.dx
I x.

1 cos x 2 sin x 2 2 sin x

π π ππ π ππ π ππ π πππππ= = == = == = == = =
+ − −+ − −+ − −+ − −∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫

z cosx==== dz sin x.dx= −= −= −= −

[[[[ ]]]]x 0,∈ π∈ π∈ π∈ π [[[[ ]]]]z 1, 1∈ −∈ −∈ −∈ −

[[[[ ]]]]
1 2

1

2 1
1

dz
I arctanz

2 1 z 2 2 4 4 4

−−−−

−−−−

π − π π π π ππ − π π π π ππ − π π π π ππ − π π π π π    = = = + == = = + == = = + == = = + =    ++++     
∫∫∫∫

2

2
0

x sin x.dx
I

1 cos x 4

ππππ ππππ= == == == =
++++∫∫∫∫
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IV-ក)កំណតស់មកីរបលង ់(P) និងសមកីរប៉រ៉ែមរ៉តបនទ ត ់(L)  ៖ 
 
 
 
 
 
 
 
 
វុចិទរណ័រម៉ល់ៃនបលង ់(P)គឺ n BC (2,4,4)

→ →→ →→ →→ →
= == == == =  ។ 

សមកីរបលង់(P) កតត់មចំណុច A  អចសរេសរតមរបូមនត 
         A A A(P) : a(x x ) b(y y ) c(z z ) 0− + − + − =− + − + − =− + − + − =− + − + − =  

         
(P) : 2(x 1) 4(y 2) 4(z 3) 0

(P) : 2x 4y 4z 18 0

(P) : x 2y 2z 9 0

+ + − + − =+ + − + − =+ + − + − =+ + − + − =
+ + − =+ + − =+ + − =+ + − =

+ + − =+ + − =+ + − =+ + − =
 

ដូចេនះ (P) : x 2y 2z 9 0+ + − =+ + − =+ + − =+ + − =   ។ 
វុចិទររ័បបទ់ិសៃនបនទ ត ់(L)  គឺ u BC (2,4,4)

→ →→ →→ →→ →
= == == == =  

សមកីរបនទ ត ់(L)  កតត់មពរីចំណុច B  និង C  អចសរេសរ 
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តមរបូមនត 
B

B

B

x x at

(L) : y y bt

z z ct , t IR

= += += += +
 = += += += +
 = + ∈= + ∈= + ∈= + ∈

 

ដូចេនះ 
x 2t

(L) : y 1 4t

z 1 4t ,t IR

====
 = − += − += − += − +
 = + ∈= + ∈= + ∈= + ∈

 

ខ-គណនកូអរេដេនៃនចំណុចរបសពវ H  ៖ 
យកសមកីរ (L)  ជំនួសកនុង (P) េគបន ៖ 

 

18t 9 0− =− =− =− =   នឲំយ   1
t

2
====   ។ 

យកតៃមល 1
t

2
====  ជួសកនុងសមកីរ(L) េគបន 

x 1

y 1 2 1

z 1 2 3

====
 = − + == − + == − + == − + =
 = + == + == + == + =

 

ដូចេនះ H(1,1,3)  ។ 
គ-រករបេភទៃនរតីេកណ ABC  រចួគណនៃផទរកលៃន ABC∆∆∆∆  
េគមន AB (1, 3, 2 ) ; BC (2,4,4) ; CA ( 3, 1, 2)= − − = = − − −= − − = = − − −= − − = = − − −= − − = = − − −

���� ���� �������� ���� �������� ���� �������� ���� ����  
េដយ | AB | 1 9 4 14 ; | CA | 9 1 4 14

→ →→ →→ →→ →
= + + = = + + == + + = = + + == + + = = + + == + + = = + + =  

េនះេគទញ | AB | | CA | 14
→ →→ →→ →→ →

= == == == =  ។ 
ដូចេនះ ABC  ជរតេីកណសមបតកពូំល A  ។ 
មយ៉ងេទៀត AH (2, 1,0)

→→→→
= −= −= −= −   

2t 2( 1 4t) 2(1 4t) 9 0

2t 2 8t 2 8t 9 0

+ − + + + − =+ − + + + − =+ − + + + − =+ − + + + − =
− + + + − =− + + + − =− + + + − =− + + + − =
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េគបន AH.BC (2)(2) ( 1)(4) (0)(4) 0
→ →→ →→ →→ →

= + − + == + − + == + − + == + − + =  សមមូល 
AH BC
→ →→ →→ →→ →

⊥⊥⊥⊥  
េនះ AH  ជកមពស់ៃន ABC∆∆∆∆  ។ េគបន ABC

1
S AH.BC

2
====    

ែត AH 4 1 0 5 ,BC 4 16 16 6= + + = = + + == + + = = + + == + + = = + + == + + = = + + =  
ដូចេនះ ABCS 3 5====   (ឯកតៃផទ)។ 
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វិញញ សគណិតវិទយទី២១ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឱយសវុីតៃនចំនួនពិត  កំនតេ់ដយ  ◌ៈ 

 ែដល  

ក. ចូរសរេសរ  ជរង  ែដល និង  
ជពរីចំនួនពតិរតូវកំនត ់។ 

ខ. គណនផលបកូ  
ជអនុគមនៃ៍ន  រចួទញរកលីមតីវកលណ  ។ 

II-ចូរបងហ ញថ   ។ 

III-េគឱយ  ជអនុគមនគូ៍េល   ។ 

 ក. ចូរបងហ ញថ    ។ 

 ខ. អនុវតតន ៍ ៖ គណន   

IV-េគឲយ ( ) : 2x 2y z 9 0α + + − =α + + − =α + + − =α + + − =  និង 
x 2 t

( ) : y 6 4t

z 2 t , t IR

= −= −= −= −
∆ = −∆ = −∆ = −∆ = −
 = + ∈= + ∈= + ∈= + ∈

   

)( nu

nn

nn
u

4
)13)(1( ++++−−−−==== ....;3;2;1====n

nu
1

22

4
)1(

4 ++++

++++++++ nn

nBAn
A B

(((( )))) n

n

k
kn uuuuuS ++++++++++++++++======== ∑∑∑∑

====
...210

0

n +∞+∞+∞+∞→→→→n

1
tan10 3

sin40
o

o+ =+ =+ =+ =

f [[[[ ]]]]a,a−−−−
a a

x
a 0

f (x).dx
f (x).dx , q 0 ,q 1

1 q−−−−

= > ≠= > ≠= > ≠= > ≠
++++∫ ∫∫ ∫∫ ∫∫ ∫

x

2 2cos2x
I .dx

1 3

ππππ

−π−π−π−π

++++====
++++∫∫∫∫
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ក-រកកូអរេដេនចំណុចរបសពវ A  រវងបនទ ត ់( )∆∆∆∆ និងបលង ់( )αααα ។ 
ខ-កំណតរ់ងវ ស់មុរំសួចរវងបនទ ត ់( )∆∆∆∆  និង បលង ់( )αααα  ។ 
គ-កំណតស់មកីរបលង ់( )ββββ  ែកងនឹងបនទ ត ់( )∆∆∆∆  រតងច់ំណុច A  ។ 
ឃ-កំណតស់មកីរប៉រ៉ែមរ៉តៃនបនទ តរ់បសពវរវងបលង់( )αααα និង( )ββββ  
 

ដំេណះរសយ 

I-ក.សរេសរ  ជរង   

េគបន   

          

េគទញ  នឱំយ   ។ 

ដូចេនះ   ។ 

ខ. គណនផលបកូ  

េគមន  

េគបន  

nu
1

22

4
)1(

4 ++++

++++++++ nn

nBAn

nnn

nnnBAn
4

)13)(1(
4

)1(
4 1

22 ++++−−−−====++++++++ ++++

48122)4(

)123(4)1(4
22

222

−−−−−−−−====++++++++++++
−−−−−−−−====++++++++

nnBBnnBA

nnnBAn









−−−−====
−−−−====

====++++

4

82

124

B

B

BA

4;4 −−−−======== BA

1

22

4
)1(4

4
4

++++

++++−−−−==== nnn

nn
u

(((( )))) n

n

k
kn uuuuuS ++++++++++++++++======== ∑∑∑∑

====
...210

0

nnnnn

nnnn
u

4
)1(

44
)1(4

4
4 2

1

2

1

22 ++++−−−−====++++−−−−==== −−−−++++

∑∑∑∑
====

−−−− 






 ++++−−−−====
n

k
kkn

kk
S

0

2

1

2

4
)1(

4
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ដូចេនះ   េហយ   ។ 

II-បងហ ញថ    

ឧបមថ   ពតិ 

សមមូល  
សមមូល  

 

 

 

 
  

(((( ))))

n

nn

n

nn

4
)1(

4
)1(

4
....

...
64
16

16
9

16
9

4
4

4
4

110

2

2

1

2

++++−−−−====








 ++++−−−−++++

++++






 −−−−++++






 −−−−++++






 −−−−++++−−−−====

−−−−

nn

n
S

4
)1( 2++++−−−−==== 0lim ====

+∞+∞+∞+∞→→→→ nn
S

1
tan10 3

sin40
o

o+ =+ =+ =+ =

1
tan10 3

sin40
o

o+ =+ =+ =+ =

sin10 1
3

cos10 sin40

o

o o+ =+ =+ =+ =

sin40 sin10 cos10 3sin40 cos10o o o o o+ =+ =+ =+ =

(((( )))) (((( ))))1 3
cos30 cos50 cos10 sin50 sin30

2 2
o o o o o− + = +− + = +− + = +− + = +

1 3 3 1
cos50 cos10 sin50

2 2 2 2
o o o

         − + = +− + = +− + = +− + = +         
        

3 1 3 3
cos50 cos10 sin50

4 2 2 4
o o o− + = +− + = +− + = +− + = +

1 3
cos10 cos50 sin50

2 2
o o o= += += += +

cos10 cos60 cos50 sin60 sin50o o o o o= += += += +
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 ពតិ 
ដូចេនះ   ។ 

 

III-ក.បងហ ញថ    ។ 

េគមន     

តង  នឱំយ  និងចំេពះ  នឱំយ 
  

េគបន 

 

េដយ ជអនុគមនគូ៍េនះ  

េគទញបន  

យក (2) េទជួសកនុង (1) េគបន ៖ 

   

ដូចេនះ    ។ 

cos10 cos(60 50 )o o o= −= −= −= −
1

tan10 3
sin40

o
o+ =+ =+ =+ =

a a

x
a 0

f (x).dx
f (x).dx , q 0 ,q 1

1 q−−−−

= > ≠= > ≠= > ≠= > ≠
++++∫ ∫∫ ∫∫ ∫∫ ∫

(((( ))))
a 0 a

x x x
a a 0

f (x).dx f (x).dx f (x).dx
1

1 q 1 q 1 q− −− −− −− −

= += += += +
+ + ++ + ++ + ++ + +∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫∫ ∫ ∫

x t= −= −= −= − dx dt= −= −= −= − [[[[ ]]]]x a,0∈ −∈ −∈ −∈ −

[[[[ ]]]]t a,0∈∈∈∈

0 0 a at x

x t t x
a a 0 0

f (x).dx f ( t).dt q .f ( t)dt q f ( x).dx
1 q 1 q 1 q 1 q−−−−

−−−−

− − −− − −− − −− − −= − = == − = == − = == − = =
+ + + ++ + + ++ + + ++ + + +∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫∫ ∫ ∫ ∫

f (x) [[[[ ]]]]f ( x) f (x) , x a,a− = ∀ ∈ −− = ∀ ∈ −− = ∀ ∈ −− = ∀ ∈ −

(((( ))))
0 a x

x x
a 0

f (x).dx q .f (x)
.dx 2

1 q 1 q−−−−

====
+ ++ ++ ++ +∫ ∫∫ ∫∫ ∫∫ ∫

a a a a ax x

x x x x
a 0 0 0 0

f (x).dx q .f (x).dx f (x).dx (q 1)f (x).dx
f (x).dx

1 q 1 q 1 q 1 q−−−−

++++= + = == + = == + = == + = =
+ + + ++ + + ++ + + ++ + + +∫ ∫ ∫ ∫ ∫∫ ∫ ∫ ∫ ∫∫ ∫ ∫ ∫ ∫∫ ∫ ∫ ∫ ∫

a a

x
a 0

f (x).dx
f (x).dx , q 0 ,q 1

1 q−−−−

= > ≠= > ≠= > ≠= > ≠
++++∫ ∫∫ ∫∫ ∫∫ ∫
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ខ. អនុវតតន ៍ ៖ គណន    

េដយ  ជអនុគមនគូ៍េនះេគបន  ៖ 

  

  

ដូចេនះ   ។ 
 

IV-ក)រកកូអរេដេនចំណុចរបសពវ A  រវងបនទ ត ់( )∆∆∆∆ និងបលង ់( )αααα ៖ 

យកសមកីរ ( )∆∆∆∆  ជួសកនុង ( )αααα  េគបន ៖ 
2(2 t) 2(6 4t) (2 t) 9 0

4 2t 12 8t 2 t 9 0

9t 9 0

− + − + + − =− + − + + − =− + − + + − =− + − + + − =
− + − + + − =− + − + + − =− + − + + − =− + − + + − =

− + =− + =− + =− + =
 

េគទញបន t 1====   យកជួសកនុង ( )∆∆∆∆  េគបន x 1,y 2,z 3= = == = == = == = =  
ដូចេនះ A(1,2,3)  ។ 
ខ-កំណតរ់ងវ ស់មុរំសួចរវងបនទ ត ់( )∆∆∆∆  និង បលង ់( )αααα  ៖ 
តង n→→→→  និង u→→→→  េរៀងគន ជវុចិទរន័រម៉ល់ និងវុចិទររ័បបទ់ិស 

x

2 2cos2x
I .dx

1 3

ππππ

−π−π−π−π

++++====
++++∫∫∫∫

f(x) 2 2cos2x= += += += +

0 0

I 2 2cos2x.dx 2 | cosx | .dx
π ππ ππ ππ π

= + == + == + == + =∫ ∫∫ ∫∫ ∫∫ ∫

[[[[ ]]]] [[[[ ]]]]

2

0
2

2
0

2

2 cosx.dx 2 cosx.dx

2 sinx 2 sinx 2(1 0) 2(0 1) 4

ππππ
ππππ

ππππ

ππππ ππππ
ππππ

= −= −= −= −

= − = − − − == − = − − − == − = − − − == − = − − − =

∫ ∫∫ ∫∫ ∫∫ ∫

I 4====



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 137 

 

ៃនបលង់( )αααα  និងបនទ ត់( )∆∆∆∆   
េហយ θθθθ  ជមុរំវងវុចិទរ ័
n
→→→→  និង u→→→→  េហយ ϕϕϕϕ  ជមុរំវង 
បនទ ត់( )∆∆∆∆ និងបលង់( )αααα  េនះ  
េគបន 

2
ππππϕ = − θϕ = − θϕ = − θϕ = − θ   ។ 

េគមន n (2,2,1) ; u ( 1 , 4,1)
→ →→ →→ →→ →

= = − −= = − −= = − −= = − −   ។ 
n .u 2 8 1 2

cos
24 4 1 1 16 1| n | . | u |

→ →→ →→ →→ →

→ →→ →→ →→ →

− − +− − +− − +− − +
θ = = =θ = = =θ = = =θ = = =

+ + + ++ + + ++ + + ++ + + +
   េគបន 

4
ππππθ =θ =θ =θ =  

ដូចេនះ 
2 4 4
π π ππ π ππ π ππ π πϕ = − =ϕ = − =ϕ = − =ϕ = − =   ។ 

គ-កំណតស់មកីរបលង ់( )ββββ  ែកងនឹងបនទ ត ់( )∆∆∆∆  រតងច់ំណុច A  ៖ 
េដយ ( ) ( )β ⊥ ∆β ⊥ ∆β ⊥ ∆β ⊥ ∆  េនះ u ( 1, 4,1)

→→→→
= − −= − −= − −= − − ជវុចិទរណ័រម៉ល់ៃនបលង់( )ββββ

តមរបូមនត 0 0 0( ) : a(x x ) b(y y ) c(z z ) 0β − + − + − =β − + − + − =β − + − + − =β − + − + − =  
េដយ A ( )∈ β∈ β∈ β∈ β  េនះ ( ) : (x 1) 4(y 2) (z 3) 0β − − − − + − =β − − − − + − =β − − − − + − =β − − − − + − =  
ដូចេនះ ( ) : x 4y z 6 0β − − + + =β − − + + =β − − + + =β − − + + =   ។ 
ឃ-កំណតស់មកីរប៉រ៉ែមរ៉តៃនបនទ តរ់បសពវរវងបលង់( )αααα និង( )ββββ  
យក z t ,t IR= ∈= ∈= ∈= ∈   េនះ 2x 2y t 9 0

x 4y t 6 0

+ + − =+ + − =+ + − =+ + − =
− − + + =− − + + =− − + + =− − + + =

 

បនទ បព់េីដះរសយេគបន 1 1
x 4 t , y t ,z t ;t

2 2
= − = + = ∈ℜ= − = + = ∈ℜ= − = + = ∈ℜ= − = + = ∈ℜ  ។ 
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វិញញ សគណិតវិទយទី២២ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េដះរសយរបពនឋស័មកីរ    

 ែដល  
 

II-ក) ចូររសយថ   
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

  

ខ)គណនផលបកូ ៖ 
2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + +  

III-ក-គណនអងំេតរកលកំនត ់  ។ 

 ខ-ទញថ  

IV-េគឲយបលង ់( ) : 2x 2y z 1 0α − + − =α − + − =α − + − =α − + − =  និងែសវ៊ (S)មនសមកីរ 

2 2 2(S) : x y z 2x 8y 4z 12 0+ + + − − + =+ + + − − + =+ + + − − + =+ + + − − + =   ។ 
ក-បងហ ញថបលង ់( )αααα បះ៉នងឹែសវ៊ (S) រតងច់ំណុច A  មយួ ។ 
ខ-កំណតកូ់អរេដេនៃនចំណុចបះ៉ A  ។ 

3

3

3

3 4

2 6 6

3 9 8

x y x

y z y

z x z

 + = ++ = ++ = ++ = +


+ = ++ = ++ = ++ = +
 + = ++ = ++ = ++ = +

, ,x y z IR∈∈∈∈

(((( ))))
1

n

n
0

I 1 x .dx ,n IN= + ∈= + ∈= + ∈= + ∈∫∫∫∫
n 1

0 1 2 n
n n n n

1 1 1 2 1
C C C ..... C

2 3 n 1 n 1

++++ −−−−+ + + + =+ + + + =+ + + + =+ + + + =
+ ++ ++ ++ +
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គ-កំណតស់មកីរបនទ ត ់( )∆∆∆∆  ែកងនឹងបលង់( )αααα   រតងច់ំណុច A  ។ 
ឃ-េរកពចីំណុច A  បនទ ត់( )∆∆∆∆  របសពវែសវ៊ (S)រតងច់ំណុច B  
មយួេទៀត ។ ចូរកណំតកូ់អរេដេនចំណុច B  រចួកំណតស់មកីរ 
ៃនបលង ់( )ββββ  ែដលបះ៉ែសវ៊ (S) រតង ់B  ។ 
 

ដំេណះរសយ 

I-កំណតរ់គបច់េមលយពតិ  ៖ 

េគមន    

តមសមកីរ  េគបន  
េដយ   
េនះ   
តមសមកីរ  េគបន  
ែត   
េនះ   
តម  េគបន  
គុណសមកីរ  េគបន ៖ 

 

, ,x y z
3

3

3

3 4

2 6 6

3 9 8

x y x

y z y

z x z

 + = ++ = ++ = ++ = +


+ = ++ = ++ = ++ = +
 + = ++ = ++ = ++ = +

3 3 4x y x+ = ++ = ++ = ++ = + 3 3 2 2x x y− − = −− − = −− − = −− − = −
3 23 2 ( 2)( 1)x x x x− − = − +− − = − +− − = − +− − = − +

2( 2)( 1) 2 ( )x x y i− + = −− + = −− + = −− + = −
32 6 6y z y+ = ++ = ++ = ++ = + 32 6 4 2y y z− − = −− − = −− − = −− − = −

3 22 6 4 2( 2)( 1)y y y y− − = − +− − = − +− − = − +− − = − +
22( 2)( 1) 2 ( )y y z ii− + = −− + = −− + = −− + = −

33 9 8z x z+ = ++ = ++ = ++ = + 23( 2)( 1) 2 ( )z z x iii− + = −− + = −− + = −− + = −

( ),( ) &( )i ii iii
2 2 26( 2)( 2)( 2)( 1) ( 1) ( 1) ( 2)( 2)( 2)x y z x y z x y z− − − + + + = − − − −− − − + + + = − − − −− − − + + + = − − − −− − − + + + = − − − −
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េដយ  េនះសមកីរសមមូល 

  នឲំយ  

ដូចេនះ  ជចេមលយែតមយួគតរ់បស់របពនឋស័មកីរ។ 

II-ក) រសយថ   
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

  

េគមន 3 2cos3 4cos 3cos cos (4cos 3)a a a a a= − = −= − = −= − = −= − = −  

េគបន 
2 21 1 1 (4cos 3) 4(1 cos )

cos3 cos cos3 cos3
a a

a a a a
− − −− − −− − −− − −− = =− = =− = =− = =   

េដយ 2 21 cos sina a− =− =− =− =  េនះ 
21 1 4sin

cos3 cos cos3
a

a a a
− =− =− =− =  

ដូចេនះ
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

 ។ 

ខ)គណនផលបកូ  

   
2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + +  

េគមន  
2sin a 1 1 1

cos3a 4 cos3a cosa
    = −= −= −= −    
    

 ជំនួស a  េដយ 3k a  

េគបន 
2

1 1

sin 3 1 1 1
cos3 4 cos3 cos3

k

k k k

a
a a a+ ++ ++ ++ +

    = −= −= −= −    
    

 

2 2 2 1
( 2)( 2)( 2) ( 1) ( 1) ( 1) 0

6
x y z x y z

    − − − + + + + =− − − + + + + =− − − + + + + =− − − + + + + =        

2 2 2 1
( 1) ( 1) ( 1) 0

6
x y z

    + + + + >+ + + + >+ + + + >+ + + + >        

( 2)( 2)( 2) 0x y z− − − =− − − =− − − =− − − =
2

2

2

x

y

z

====
 ====
 ====

2x y z= = == = == = == = =



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 141 

 

2 2 2 2 2 n

n 2 3 n 1

sin a sin 3a sin 3 a sin 3 a
S ....

cos3a cos3 a cos3 a cos3 a++++= + + + += + + + += + + + += + + + +  

    1 1
0

1 1 1 1 1 1
4 cos3 cos3 4 cos3 cos

n

k k n
k a a a a+ ++ ++ ++ +

====

            = − = −= − = −= − = −= − = −            
            

∑∑∑∑  

ដូចេនះ 1

1 1 1
4 cos3 cosn nS

a a++++
    = −= −= −= −    
    

  ។ 

III-ក)គណនអងំេតរកលកំនត ់ 

       

          

 ខ-ទញបងហ ញថ  
េគមន  
េធវអងំេតរកលកំនតក់នុងចេនល ះ  ៃនសមភពេនះេគបន  ៖ 

 

(((( ))))
1

n

n
0

I 1 x .dx ,n IN= + ∈= + ∈= + ∈= + ∈∫∫∫∫

(((( ))))
1

n 1 n 1

0

n 1

1 1 1
1 x .2

n 1 n 1 n 1

2 1
n 1

++++ ++++

++++

    = + = −= + = −= + = −= + = −    + + ++ + ++ + ++ + +    

−−−−====
++++

n 1
0 1 2 n
n n n n

1 1 1 2 1
C C C ..... C

2 3 n 1 n 1

++++ −−−−+ + + + =+ + + + =+ + + + =+ + + + =
+ ++ ++ ++ +

(((( ))))n 0 1 2 2 n n
n n n n1 x C C x C x ..... C x+ = + + + ++ = + + + ++ = + + + ++ = + + + +

[[[[ ]]]]0,1

(((( )))) (((( ))))
1 1

n 0 1 2 2 n n
n n n n

0 0

1n 1
0 1 2 2 3 n n 1
n n n n

0

n 1
0 1 2 n
n n n n

1 x .dx C C x C x ..... C x .dx

2 1 1 1 1
C x C x C x ...... C x

n 1 2 3 n 1

2 1 1 1 1
C C C ............ C

n 1 2 3 n 1

++++
++++

++++

+ = + + + ++ = + + + ++ = + + + ++ = + + + +

−−−−     = + + + += + + + += + + + += + + + +    + ++ ++ ++ +    

−−−− = + + + += + + + += + + + += + + + +
+ ++ ++ ++ +

∫ ∫∫ ∫∫ ∫∫ ∫



គណិតវិទយអហរូករណ៍ 
 

 

 

Prepared by Lim Phalkun Page 142 

 

ដូចេនះ    ។ 
IV-ក)បងហ ញថបលង ់( )αααα បះ៉នឹងែសវ៊ (S) រតងច់ំណុច A  មយួ ៖ 

សមកីរែសវ៊ (S) អចសរេសរជទរមងស់តងដ់ដូចខងេរកម ៖ 
2 2 2(S) : (x 1) (y 4) (z 2) 9+ + − + − =+ + − + − =+ + − + − =+ + − + − =  េនះេគទញបន I( 1,4,2)−−−−  

ជផចិត និង R 3====  ជរងវ ស់ករំបស់ែសវ៊ ។ 
ចមង យពចីំណុច I  េទបលង ់( )αααα  កំណតេ់ដយ ៖ 

I I I

2 2 2

| 2x 2y z 1| | 2 8 2 1|
d(I, ) 3

32 ( 2) 1

− + −− + −− + −− + − − − + −− − + −− − + −− − + −α = = =α = = =α = = =α = = =
+ − ++ − ++ − ++ − +

 

េដយ d(I, ) R 3α = =α = =α = =α = = េនះបលង់( )αααα បះ៉នឹងែសវ៊ (S)រតងច់ំណុចមយួ 
ខ-កំណតកូ់អរេដេនៃនចំណុចបះ៉ A  ៖ 
 
 
 
 
 
 
 
តង A A AA(x ,y ,z )  ជចំណុចបះ៉ែដលរតូវរក ។ 
េគមន A ( )∈ α∈ α∈ α∈ α  េនះ A A A2x 2y z 1 0 (1)− + − =− + − =− + − =− + − =  

n 1
0 1 2 n
n n n n

1 1 1 2 1
C C C ..... C

2 3 n 1 n 1

++++ −−−−+ + + + =+ + + + =+ + + + =+ + + + =
+ ++ ++ ++ +
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មយ៉ងេទៀត IA / / n
→ →→ →→ →→ →   េនះ IA t.n

→ →→ →→ →→ →
====    

េដយ A A AIA (x 1,y 4,z 2)
→→→→

= + − −= + − −= + − −= + − −   និង n (2, 2,1)
→→→→

= −= −= −= −  

េគបន 
A

A

A

x 1 2t

y 4 2t

z 2 t

+ =+ =+ =+ =
 − = −− = −− = −− = −
 − =− =− =− =

  ឬ  
A

A

A

x 2t 1

y 2t 4 (2)

z t 2

= −= −= −= −
 = − += − += − += − +
 = += += += +

 

យកសមកីរ (2) ជួសកនុង (1) េគបន ៖ 
2(2t 1) 2( 2t 4) (t 2) 1 0

4t 2 4t 8 t 2 1 0

9t 9 0

− − − + + + − =− − − + + + − =− − − + + + − =− − − + + + − =
− + − + + − =− + − + + − =− + − + + − =− + − + + − =

− =− =− =− =
 

េគទញបន t 1==== យកជំនួសកនុង(2)េគបន A A Ax 1,y 2,z 3= = == = == = == = =  
ដូចេនះ A(1,2,3)  ។ 
គ-កំណតស់មកីរបនទ ត ់( )∆∆∆∆  ែកងនឹងបលង់( )αααα   រតងច់ំណុច A  ៖ 
វុចិទររ័បបទ់ិសៃនបនទ ត់( )∆∆∆∆ ជវុចិទរណ័រម៉ល់ៃនបលង់( )αααα    
េនះេគបន u n (2, 2,1)

→ →→ →→ →→ →
= = −= = −= = −= = −   េហយេដយ A ( )∈ ∆∈ ∆∈ ∆∈ ∆  េនះ 

សមកីរប៉រ៉ែមរ៉តៃន ( )∆∆∆∆  អចសរេសរ ៖ 
x 1 2t

( ) : y 2 2t

z 3 t , t IR

= += += += +
∆ = −∆ = −∆ = −∆ = −
 = + ∈= + ∈= + ∈= + ∈

    ។ 
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ឃ-កំណតកូ់អរេដេនចំណុច B  ៖ 

តង B B BB(x ,y ,z )  ។ េដយ B ( )∈ ∆∈ ∆∈ ∆∈ ∆  េនះ
B

B

B

x 1 2t

y 2 2t

z 3 t

= += += += +
 = −= −= −= −
 = += += += +

    (3) 

យក (3) ជនួំសកនុងសមកីរសតងដ់ៃន (S) េគបន ៖ 
2 2 2

2 2 2

2 2 2

2

(1 2t 1) (2 2t 4) (3 t 2) 9

(2t 2) ( 2t 2) (t 1) 9

4(t 1) 4(t 1) (t 1) 9

9(t 1) 9

+ + + − − + + − =+ + + − − + + − =+ + + − − + + − =+ + + − − + + − =
+ + − − + + =+ + − − + + =+ + − − + + =+ + − − + + =
+ + + + + =+ + + + + =+ + + + + =+ + + + + =

+ =+ =+ =+ =

 

េគទញបន 1 2t 0 , t 2= = −= = −= = −= = −   ។ 
-ចំេពះ t 0====  េនះតម(3)េគបន x 1,y 2,z 3= = == = == = == = = ជចណុំចA  
-ចំេពះ t 2= −= −= −= −  េនះតម(3)េគបន x 3,y 6,z 1= − = == − = == − = == − = =  ។ 
ដូចេនះ B( 3,6,1)−−−−   ។ 
កំណតស់មកីរៃនបលង ់( )ββββ  ែដលបះ៉ែសវ៊ (S) រតង ់B  ៖ 
បលង ់( )ββββ  មនវុចិទរណ័រម៉ល់ n (2, 2,1)

→→→→
= −= −= −= −   ។ 

ដូចេនះ ( ) :2(x 3) 2(y 6) (z 1) 0β + − − + − =β + − − + − =β + − − + − =β + − − + − =   
ឬ ( ):2x 2y z 17 0β − + + =β − + + =β − + + =β − + + =   ។ 
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វិញញ សគណិតវិទយទី២៣ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-ចូរកំណតែ់ផនកគតៃ់នចំនួន   ។ 

 

II-ចំេពះរគប ់  េគមន    

ក.គណនតៃមលេលខៃន  ែដលបំេពញលកខខណឌ  
ខងេល។ 
ខ.ទញរកតៃមល   ។ 

III-េគមនស៊វីត កំនតច់ំេពះរគប ់  េដយ ៖ 

     

 ក-ចូរគណនតួ  ។ 

 ខ-បញជ ក ់ ជអនុគមនៃ៍ន  រចួទញ  

 គ-ចូររកលីមតី  

910

23
1

1

n n====
∑∑∑∑

1≥≥≥≥n








====−−−−++++
++++++++++++====

====

2

23

)()1(

)(

1)1(

nnfnf

dcnbnannf

f

dcba ;;;

2222 ....321 nSn ++++++++++++++++====

n(I ) n 1≥≥≥≥
1

n x
n

0

1
I . (1 x) .e .dx

n!
= −= −= −= −∫∫∫∫

1I

n 1I ++++ nI
n

n
p 0

1
I e

P!====

    = −= −= −= −     
    

∑∑∑∑

nn
lim I
→+∞→+∞→+∞→+∞
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 រចួទញថ  

IV-គណនផលបកូខងេរកម ៖  

     
3 3 3 3

0

1 1 1
sin 3 sin sin 3 ... sin 3

3 3 3

n
k n

n k n
k

S a a a a
====

    = = + + += = + + += = + + += = + + +    
    

∑∑∑∑  

 

ដំេណះរសយ 

I-កំណតែ់ផនកគតៃ់នចំនួន    

   ពនិិតយ  

   និង      

 េហតុេនះេគបន   និង  

េដយ   សមមលូ  

សមមូល  សមមលូ  

សមមូល   

   សមមូល  

n

1 1 1 1
lim 1 .... e 2.71828

1! 2! 3! n!→+∞→+∞→+∞→+∞

    + + + + + = =+ + + + + = =+ + + + + = =+ + + + + = =    
    

910

23
1

1

n n====
∑∑∑∑

3
3 21 1

3 3 27
n

n n n
    + = + + ++ = + + ++ = + + ++ = + + +    
    

3
3 21 1

3 3 27
n

n n n
    − = − + −− = − + −− = − + −− = − + −    
    

3
3 21

3
n n n
    + > ++ > ++ > ++ > +    
    

3
3 21

3
n n n
    − > −− > −− > −− > −    
    

3
3 21

3
n n n
    + > ++ > ++ > ++ > +    
    

3 3 3 21
(1 )

3
n n n

n
+ > ++ > ++ > ++ > +

3
1 1

1 1
3n n

    + > ++ > ++ > ++ > +    
    

3
1 1

1 1
3n n

+ > ++ > ++ > ++ > +

3
1 1

3 1 1
n n

    
> + −> + −> + −> + −    

    

(((( ))))3 3

23

1
3 1 (1)n n

n
> + −> + −> + −> + −
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រសយដូចគន ែដរេគបន   

សមមូល    

សមមូល  

តម (1) នងិ (2) េគទញបន ៖ 
  

       

          

 

តង   និង  
េគបន  

            

េនះែផនកគតៃ់ន   គឺ  ។ 

ដូចេនះ   ។ 

3
1 1

1 1
3n n

− > −− > −− > −− > −

3
1 1

3(1 1 )
n n

< − −< − −< − −< − −

3 3

23

1
3( 1) (2)n n

n
< − −< − −< − −< − −

(((( )))) (((( ))))3 3 3 3

23

1
3 1 3 1n n n n

n
+ − < < − −+ − < < − −+ − < < − −+ − < < − −

(((( )))) (((( ))))
9 9 910 10 10

3 3 3 3

23
2 2 2

1
3 1 3 1

n n n

n n n n
n= = == = == = == = =

+ − < < − −+ − < < − −+ − < < − −+ − < < − −∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑
910

9 33 3

23
2

1
3( 10 1 2) 3(10 1)

n n====

+ − < < −+ − < < −+ − < < −+ − < < −∑∑∑∑
910

9 3 33 3

23
1

1
3( 10 1 2) 1 3(10 1) 1 3 10 2

n n====

+ − + < < − + = × −+ − + < < − + = × −+ − + < < − + = × −+ − + < < − + = × −∑∑∑∑
93 33( 10 1 2) 1a = + − += + − += + − += + − + 33 10 2b = × −= × −= × −= × −

3 93 33.10 2 3( 10 1 2) 1b a− = − − + − −− = − − + − −− = − − + − −− = − − + − −
3 93 3

3 933 3

3.10 3 3 10 1 3 2

3( 2 1) 3(10 10 1) 3 2 3 1

b a− = − − + +− = − − + +− = − − + +− = − − + +

= − + − + < − <= − + − + < − <= − + − + < − <= − + − + < − <
910

23
1

1

n n====
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II-ក.គណនតៃមលេលខៃន  

េគមន  

េដយ   
េនះ  
េគបន  
េគទញ  

នឱំយ  
េហយ  េនះ  

ដូចេនះ   ។ 
ខ.ទញរកតៃមល    
តមសរមយខងេលេគបន  ៖ 

 
េដយ  
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េនះ  

េហយ  

                      

ដូចេនះ   ។ 
III-ក)ចូរគណនតួ  

េគមន   

តង      នឱំយ   

េគបន  

ដូចេនះ     ។ 
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តង   នឱំយ   

េគបន  

               

ដូចេនះ    ។ 

ទញឱយបនថ   

េគមន   ឬ  

េគបន  

                 

េដយ  

េគបន  

ដូចេនះ   ។ 

គ-ចូររកលីមតី  
ចំេពះ  េគមន   និង   
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េគបន  

នឱំយ  

េដយ  

េគទញបន   ។ 

កលណ  នឱំយ   

ដូចេនះ   ។  

ទញថ  

េគមន  នឱំយ   

េគបន  េរពះ   

ដូចេនះ    

IV-គណនផលបកូ ៖  
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េនះេគទញ  (((( ))))3 1
sin 3sin sin3 )

4
x x x= −= −= −= −    

េគបន    
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1
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វិញញ សគណិតវិទយទី២៤ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-គណនផលគុណខងេរកម ៖  

2

2 2 2
(1 2cos2 )(1 2cos )(1 2cos )...(1 2cos )

3 3 3n n

a a a
P a= + + + += + + + += + + + += + + + +  

II-េគឱយសវុីតៃនចនួំនពិត កំនតេ់ដយ  ៖ 

 និង   

ក. តង  ។ បងហ ញថ  
ខ.បងហ ញថសវុីត  ជសវុីតធរណីមរត រចួគណន 
  និង ជអនុគមនៃ៍ន  ។ 
គ. ទញរកតួ  ៃនសវុីត។ 

III-េគឲយអនុគមន ៍   ែដល  និង    

 ក/ចូររសយថ   ។ 

 ខ/េគពនិិតយ    នងិ  

 ចូររសយថ   រគប ់   ។ 
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 គ/បងហ ញថ  ជសវុីតចុះ រចួចំេពះរគប ់  
 ចូរបងហ ញថ    ។ 

 ឃ/គណនលីមតី  ។ 
 

ដំេណះរសយ 

I-គណនផលគុណខងេរកម ៖  

2

2 2 2
(1 2cos2 )(1 2cos )(1 2cos )...(1 2cos )

3 3 3n n

a a a
P a= + + + += + + + += + + + += + + + +    
តមរបូមនត  3 2sin3 3sin 4sin sin (3 4sin )ϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕϕ ϕ ϕ ϕ ϕ= − = −= − = −= − = −= − = −  
េដយ 2 23 4sin 1 2(1 2sin ) 1 2cos2ϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕϕ ϕ ϕ− = + − = +− = + − = +− = + − = +− = + − = +    
េគទញ  sin3

1 2cos2
sin

ϕϕϕϕϕϕϕϕ
ϕϕϕϕ

+ =+ =+ =+ =  

េគបន 1

2

sin sinsin3 sin sin33 3....
sin sin sin sin sin

3 3 3 3

n

n

n n
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a a a
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a a a aa

−−−−
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II-ក. បងហ ញថ   
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ដូចេនះ   ។ 

ខ.បងហ ញថសវុីត  ជសវុីតធរណីមរត ៖ 
េយងមន  នឱំយ   

ែត  

េគបន   ។ 

ដូចេនះ  ជសវុីតធរណីមរតមនេរសុង  ។ 
តមរបូមនត   
ែត  

ដូចេនះ  និង   ។ 

គ. ទញរកតួ  ៃនសវុីត 

េយងមន  នឱំយ  
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ដូចេនះ     ។ 
 

III-ក/រសយថ    

តមរបូមនត  
េគបន  

                   

ដូចេនះ   ។ 
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និង  

 

              

 

                

ដូចេនះ    ។ 
គ/បងហ ញថ  ជសវុីតចុះ  

េគមន      

តង   នឲំយ   និង  
ចំេពះ  េគបន  េនះ  

ចំេពះ  េគបន   

េនះ  ។ 

េគបន  
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−−−−
x 0==== tan 0ϕ =ϕ =ϕ =ϕ = 0ϕ =ϕ =ϕ =ϕ =
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ចំេពះ  េគមន  

េគបន   

េនះ   ឬ  ដូច

េនះ   ជសវុីតចុះ  ។ 
បងហ ញថ ៖     

េគមន  

េហយ  

េគបន   រគប ់  ។ 
េដយ  ជសវុីតចុះ េនះេគមន   ឬ 

 
ែត  េគទញ  

េហតុេនះ  ឬ   

មយ៉ងេទៀត   ឬ    ែត 
 

[0, ]
4
ππππϕ∈ϕ∈ϕ∈ϕ∈ n n 1tan tan ++++ϕ ≥ ϕϕ ≥ ϕϕ ≥ ϕϕ ≥ ϕ

n n 1 n 1
n 1 n 1 n 2
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2 2 2
+ ++ ++ ++ +

+ + ++ + ++ + ++ + +ϕ ≥ ϕ ≥ ϕϕ ≥ ϕ ≥ ϕϕ ≥ ϕ ≥ ϕϕ ≥ ϕ ≥ ϕ

4 4
n n 1

n 1 n 2
0 0

1 1
tan .d tan .d

2 2

π ππ ππ ππ π

++++
+ ++ ++ ++ +ϕ ϕ ≥ ϕ ϕϕ ϕ ≥ ϕ ϕϕ ϕ ≥ ϕ ϕϕ ϕ ≥ ϕ ϕ∫ ∫∫ ∫∫ ∫∫ ∫ n n 1I I ++++≥≥≥≥

n(I )

nn 1 n 1

1 1
I

5(n 1)2 5(n 1)2+ −+ −+ −+ −≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ −

n
n 1 n 1

J
I 4I

n− +− +− +− ++ =+ =+ =+ =

[[[[ ]]]]
2 12 1

2 1 n
n 2 n0

00

x 1
J f '(x).dx f (x) ( )

1 x 2

−−−−−−−−
−−−−     = = = == = = == = = == = = =    −−−−    

∫∫∫∫

n 1 n 1 n

1
I 4I

n.2− +− +− +− ++ =+ =+ =+ = n 2≥≥≥≥

n(I ) n 2 nI I++++ ≤≤≤≤

n n 2 nI 4I 5I+++++ ≤+ ≤+ ≤+ ≤

n 1 n 1 n

1
I 4I

n.2− +− +− +− ++ =+ =+ =+ = n n 2 n 1

1
I 4I

(n 1)2++++ +++++ =+ =+ =+ =
++++

n n 1

1
5I

(n 1)2 ++++≥≥≥≥
++++ n n 1

1
I (1)

5(n 1).2 ++++≥≥≥≥
++++

n n 2I I −−−−≤≤≤≤ n n 2 n5I I 4I−−−−≤ +≤ +≤ +≤ +

n 2 n n 1

1
I 4I

(n 1)2−−−− −−−−+ =+ =+ =+ =
−−−−
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េហតុេនះ   ឬ   

តម(1)និង(2)េគបន     ។ 

ឃ/គណនលីមតី  ៖ 

តមសរមយខងេលេគមន    

គុណអងគទងំពរីនឹង  េគបន   

េហតុេនះ 

  

ដូចេនះ   ។ 
 
 
 
 
 
 
 

n n 1

1
5I

(n 1)2 −−−−≤≤≤≤
−−−− n n 1

1
I (2)

5(n 1)2 −−−−≤≤≤≤
−−−−

nn 1 n 1

1 1
I

5(n 1)2 5(n 1)2+ −+ −+ −+ −≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ −

n
nn

lim (n 2 I )
→+∞→+∞→+∞→+∞

nn 1 n 1

1 1
I

5(n 1)2 5(n 1)2+ −+ −+ −+ −≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ −

nn.2 n
n

n 1
n2 I

10(n 1) 10(n 1)
≤ ≤≤ ≤≤ ≤≤ ≤

+ −+ −+ −+ −

n
nn n n

n
nn

n 1
lim lim(n2 I ) lim

10(n 1) 10(n 1)

1 1
lim(n2 I )

10 10

→∞ →∞ →∞→∞ →∞ →∞→∞ →∞ →∞→∞ →∞ →∞

→∞→∞→∞→∞

≤ ≤≤ ≤≤ ≤≤ ≤
+ −+ −+ −+ −

≤ ≤≤ ≤≤ ≤≤ ≤

n
nn

1
lim (n 2 I )

10→+∞→+∞→+∞→+∞
====
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វិញញ សគណិតវិទយទី២៥ 
សរមប់រយះេពល ២េម៉ង 

������� 
 

I-េគឲយសវុីតៃនចំនួនពិត )u( n  កំនតេ់ដយ ៖ 

1u0 ====     និង 
1u4u6u4

u
u

n
2

n
3

n

4
n

1n ++++++++++++
====++++  រគប ់ INn ∈∈∈∈  

ចូរបងហ ញថ 
4

n1n u
1

1
u

1
1 








++++====++++

++++

 រគប ់ INn ∈∈∈∈  

រចួគណន nu  ជអនុគមនៃ៍ន n  ។ 
II-េគឲយអនុគមន ៍  និង  កំណតេ់ដយ ៖ 

     

 ក/គណនេដរេីវៃន   ។ 

 ខ/ទញរកអងំេតរកល   ។ 

III-ចូរកំណតរ់គបអ់នុគមន ៍  េដយដឹងថ ៖ 

 ចំេពះរគបច់ំនួនពិត  និង ។ 
 
 

 

f g

f (x) arcsin(sinx cosx)

g(x) ln(sinx cosx sin2x)

= −= −= −= −

= + += + += + += + +
h(x) f(x) g(x)= −= −= −= −

4

0

I tanx.dx

ππππ

==== ∫∫∫∫

f : IR IR→→→→

f (xf (y) x) xy f (x)+ = ++ = ++ = ++ = + x y
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IV-ក)ចំេពះរគប ់  ចូររសយថ  ។ 

ខ)ចូរបងហ ញថ   
    ែដល   ។ 

 
 

ដំេណះរសយ 

I-បងហ ញថ 
4

n1n u
1

1
u

1
1 








++++====++++

++++

  

  េយងមន 4
n

n
2

n
3

n

1n u
1u4u6u4

1
u

1
1

++++++++++++++++====++++
++++

 

                                                            4

n
4

n

4
n

4
n

n
2

n
3

n
4

n

u
1

1
u

)1u(

u

1u4u6u4u









++++====++++====

++++++++++++++++====

    

ដូចេនះ 
4

n1n u
1

1
u

1
1 








++++====++++

++++

 ។ 

គណន nu  ជអនុគមនៃ៍ន n     

េយងមន 
4

n1n u
1

1
u

1
1 








++++====++++

++++

 

េគបន 







++++====








++++

++++ n1n u
1

1ln4
u

1
1ln  

1x >>>>
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

1
(2 )

ln ln 3 2
a b a b

ab
a b

− +− +− +− +< +< +< +< +
−−−−

0, 0 ,a b a b> > ≠> > ≠> > ≠> > ≠
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តង 







++++====

n
n u

1
1lnv  នឲំយ 








++++====

++++
++++

1n
1n u

1
1lnv  

េគបន n1n v4v ====++++  ។ 
ទំនកទ់ំនងេនះបញជ កថ់ )v( n  ជសវុីតធរណីមរតមនេរសុង     

4q ====  និងតួ 2ln
u
1

1lnv
0

0 ====







++++====   ( ( ( ( េរពះ 1u0 ====  ) ) ) ) ។ 

តមរបូមនត 2ln4q.vv nn
0n ========  ។ 

េដយ 







++++====

n
n u

1
1lnv  

េគទញ 2ln4
u
1

1ln n

n

====







++++  នឲំយ n4

n

2
u
1

1 ====++++  

ដូចេនះ 
12

1
u n4n

−−−−
====    ។ 

II-ក/គណនេដរេីវៃន    
េគបន  
េដយ  

េហយ  

  

h(x) f(x) g(x)= −= −= −= −

h'(x) f '(x) g'(x)= −= −= −= −

2

(sinx cosx)' cosx sinx
f '(x)

sin2x1 (sinx cosx)

− +− +− +− += == == == =
− −− −− −− −

(sinx cosx sin2x)'
g'(x)

sinx cosx sin2x

+ ++ ++ ++ +====
+ ++ ++ ++ +

cos2x
cosx sinx

sin2xg'(x)
sinx cosx sin2x

− +− +− +− +
====

+ ++ ++ ++ +
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េគបន  

ដូចេនះ   ។ 

ខ/ទញរកអងំេតរកល  

េគបន 

 

េដយ 
 

និង  ។ 

ដូចេនះ  
III-កំណតអ់នុគមន ៍  

េគមន  

(cosx sinx)(cosx sinx)
(cosx sinx)

sin2x
sinx cosx sin2x

cosx sinx

sin2x

− +− +− +− +− +− +− +− +

+ ++ ++ ++ +
−−−−====

cosx sinx cosx sinx 2sinx
h'(x)

sin2x sin2x 2sinxcosx

+ −+ −+ −+ −= − == − == − == − =

h'(x) 2 . tan x====

4

0

I tanx.dx

ππππ

==== ∫∫∫∫

4 4

0 0

1 1 1
I 2. tanx.dx h'(x).dx [h( ) h(0)]

42 2 2

π ππ ππ ππ π

ππππ= = = −= = = −= = = −= = = −∫ ∫∫ ∫∫ ∫∫ ∫

h( ) f ( ) g( ) arcsin(0) ln( 2 1) ln( 2 1)
4 4 4
π π ππ π ππ π ππ π π= − = − + = − += − = − + = − += − = − + = − += − = − + = − +

h(0) arcsin( 1) ln(1)
2
ππππ= − − = −= − − = −= − − = −= − − = −

2
I [ ln( 2 1)]

2 2
ππππ= − += − += − += − +

f :

f (x f (y) x) xy f (x) (*)+ = ++ = ++ = ++ = +
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-យក  ជួសកនុង  េគបន ៖ 
   
តង  េនះ  
-យក  ជួសកនុង  េគបន ៖ 
   េដយ  

  ឬ   ែដល  
យក  ជំនួសកនុងសមកីរ  េគបន ៖ 

 

េគទញ    ឬ   

ដូចេនះ   ឬ    ។ 

IV-ក)ចំេពះរគប ់  រសយថ  ៖ 

    តង  ជអនុគមន ៍កំណតរ់គប ់  េដយ ៖ 

    
    េគបន  

    

             រគប ់  ។ 

x 1 , y 1 f (1)= = − −= = − −= = − −= = − − (*)
f (f ( 1 f ( 1)) 1) 1 f (1) f (1) 1− − − + = − − + = −− − − + = − − + = −− − − + = − − + = −− − − + = − − + = −

a f ( 1 f ( 1)) 1= − − − += − − − += − − − += − − − + f (a) 1= −= −= −= −

y a==== (*)

f (x f (a) x) ax f (x)+ = ++ = ++ = ++ = + f (a) 1= −= −= −= −

f ( x x) ax f (x)− + = +− + = +− + = +− + = + f (x) ax b= − += − += − += − + b f (0)====

f (x) ax b= − += − += − += − + (*)
2a xy abx ax b xy ax b− − + = − +− − + = − +− − + = − +− − + = − +

2a 1

b 0

 ====


====

a 1

b 0

= ±= ±= ±= ±
 ====

f (x) x==== f (x) x= −= −= −= −

1x >>>>
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

f 1x >>>>
2

2

3( 1)
( ) ln

4 1
x

f x x
x x

−−−−= −= −= −= −
+ ++ ++ ++ +

2 2

2 2

1 6 ( 4 1) 3( 1)(2 4)
'( )

( 4 1)
x x x x x

f x
x x x

+ + − − ++ + − − ++ + − − ++ + − − += −= −= −= −
+ ++ ++ ++ +

4

2 2

( 1)
0

( 4 1)
x

x x x
−−−−= >= >= >= >

+ ++ ++ ++ +
1x >>>>
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    េដយ   េនះ   រគប ់  

    ដូចេនះ  ។ 

ខ)បងហ ញថ   

តមសរមយខងេលេគមន   

រគប ់  េយងសនមត  េហយយក  

េគបន  

ឬ     

េដយ  េនះ   និង  

េគទញ  

ដូចេនះ    ។ 
 
 
 

 

 

(1) 0f ==== ( ) (1) 0f x f> => => => = 1x >>>>
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

1
(2 )

ln ln 3 2
a b a b

ab
a b

− +− +− +− +< +< +< +< +
−−−−

2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

0 , 0a b> >> >> >> > a b>>>> 1
a

x
b

= >= >= >= >

3 1
3( )

ln
4

4 1

a
a a bb
b a a a b ab

b b

    −−−−         −−−−    > => => => =    
+ ++ ++ ++ +     + ++ ++ ++ +

(((( ))))1 3( )
ln ln

2 4

a b
a b

a b ab

−−−−− >− >− >− >
+ ++ ++ ++ +

a b>>>> 0a b− >− >− >− > ln ln 0a b− >− >− >− >

4 1
2

ln ln 6 3 2
a b a b ab a b

ab
a b

− + + +− + + +− + + +− + + +    < = +< = +< = +< = +    −−−−     
1

(2 )
ln ln 3 2

a b a b
ab

a b
− +− +− +− +< +< +< +< +
−−−−
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