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000 mmﬁﬁmmayﬁaabpms

hER

156] X°+ax® +bx+c msyulithGgsiingeyg Uig

3 2
x2+x+2001) +a(x2+x+2001) +b(x2+x+2001)+c
MSUMGSSNALIE 1 GIpNWUMAN:

20013 +a2001% +b2001+c¢ > 6—14 y

(Russian Mathematical Olympiad 2001)

é:tmm:Emw

mi f(X)=x"+x+2001= (x+%)2 +2001—% > 2001—%

MyUU: (f(x))3+a(f(x))2+bf(x)+c MSymogsin
91510 xX*+ax® +bx+c wsywmGgsinn:minyusinig:
aginmeniy <2001-=

M P,q,r Musindis x® +ax? +bx+c i:nsSwi:
p,q,r<2001—% = 2001- p>% ,2001—q>% 81

2001-r > 1
4

— (2001- p)(2001—q)(2001—r) > 6—14
< 2002° —(p+q+r)2001* +(pg +qr + rp)2001
1
—par > — *
par > (¥

W p,q, rnyadugis x® +ax? +bx+c i:mui§ gusiijn

o)t w grasmes aare 1



000 mmﬁﬁmmayﬁaabpms

iwams:
p+g+r=-a
pg+qr+rp=>b
pgr =—C

muy (%) itdims: 2001° +a2001° +b2001+c¢ > 6—14

H618: TuuMNpin SN WUENA

BimsEl

mi a,b.c.d megsanigmsiianglami s a>b>c>d fi
(a+b—c+d)|(ac+hd)
GIPWUINAS: GIM:RUGSSAtigms m §h Ggsnfita n
91 a"b"+c"d" Fsivstmigsuyyis

(Mongolia ,Team Selection Test 2008)

fstmm:Emw

iums: (a+b—c+d)|(ac+hd)

191 (a+b-c+d)|(ac+bd)+(a+b-c+d)a
<:>a+b—c+d‘(a+b)(a+d) (*)

sigj 918 ke N i (a+b)(a+d)=k(a+b-c+d)
gt ged(a+d,a+b—c+d)=1 i91umy () ithhms:
a+b-c+d|a+b §i6j a+b=I(a+b-c+d) i leN
iwl=1i0: a+tb=a+b-c+d < c=d 8sfinign: c>d
i 1>2 191 a+b>2(a+b—c+d)

< 2c-2d>a+b>2c < -2d >0 680

o)t w grasmes ara 2



S1gjMiaggn®: ged(a+d,a+b—c+d)=1 Fsiin
iS:U(MAt: gcd(a+d,a+b—c+d)=gq>1 4
giinig)s: gla+d 8t gla+b-c+d = glb—c in:iHHMS:
=—d(modq) 81 b=c(modq)
—a"=-d" (ign: n i Gg8Etivn) 81 b™ =c"(modq)
= a"b" =—c"d"(modq) < a"b™ +c"d" =0(modq)
nefw®: a"b™ +c™d" MANHANIS g >1
§51S: a"b™ +c"d" BeiusmEgsuynis

D

i X% +y? - 68k 2xy 1S1:nsGgsARIRNS kywinn:
X°+y°—x=2xyk < y*—2xyk+x*—x=0
ifgferudminhidisinsynhgsad ?g Spyspmia:

= (—2xk)’ —4(x2 —x) = 4x(x(k2 —1)+1) RmImaR

& x(x(K* ~1)+1) mmsmas

i —(k° - x+(x(k2 —1)+1) =1 19:muiFus Bezout

mms: x 8 x(k?-1)+1 thigsuvsihag
(k*-1)+1 hammumaR Fafi
BoIS: x DmimAL

o)t w grasmes a5 3



000 mmﬁﬁmmayﬁaqpms

BumAse

ingjiFruistgsindenigmsywitumeling (mxn) wWiw
granfywa Suginuiyws methhfiomuignsyw
ginig)n iWgnanyw 8 grugwpagnpimgmegsigns

I:RUYRMHIURIRN AN B 1lm 9 GIFOwunhc:

m=n ‘I
(Canadian Mathematical Olympiad 2006)

étmm:Emw
mi a; hmaainisinugnand i 8o giasié j wiw m
S:{(i,j):aij>0} 4

GUNIR I MEUYRMASINHOHRGIERE | §3 ¢, MBNyRmY
AugIng j 19 =c; muAmidw (i, j)esS
- a;; .. a.
ithams: Z{TJZ(I,j)ES} = Z{J:(i,j)es}
i C;
Tine:
a. a.
Z{J:(i,j)es}=2{l:lsiSm,lsjgn}
f f
g2
i-1\ i j=1 i—1 \ [ i-1
W
> il (I,j)eS}:Z{C—” 1<I<m,lSan}
j j
n 1 m n 1 n
Jj=1 j J1=1 j=1 i j=1

o)t w grasmes a8 4



sBumAse
ngrud f iR - R gunglamawgeans f(£(£(0)))=0 &u
[f(a)-f(b)<|a—h| Gim:abeR -
[Pwuimat f(0)=0
(Mongolia Mathematical Olympiad 2000)

étmm:Emw

6im: a,beR , ithums: |f(a)- f(b)|<|a—b| :idums:
[£(0)|=[f(0)-0]=|f (£ (0))-(0)
[ (£(F()-F(FO)=]1 (1) @
witw: | (f(0))=|f(f(0)-0/=|f(f(f(0)))-f(0)
=T (2

#1ff £(0)=f(f(0)) = f(0)="f(f(0))="f(f(f(0)))=0
10 f(0)=—f(f(0))

= |1 (0)| <[ (0)-0]2[ £ ( (0))- (0))=2]f (0)
=|f(0)|<0=f(0)=0 9

afusinfiinian |, §oise f(0)=0 -

o)t w grasmes SR8 5



000 mmﬁﬁmmayﬁaabpms

bkl

ngf (a,) Mejnistgsininngama: a, ., —a —a,[<1

Gimn:{puGgsanigms k 8 m 9 G wugnAt:
gin:puGgsanigms p 84 q ncmms Twsmn:

(IMO Longlists 1980)

étmm:Emw

Gun:pudgsnnigns k 81 m ibhws: [a,,, —a,—a,| <1
iqeudimes:
-1<a,,.—a —a,<l<a, —1<a +a <a,. +1
i dapnwmsinnmwiifiguiy g o
a,—(9-1)<ga,<a +(q-1)  (*)
o 5iN: q=1=(*):a, <a, <a, thivsmnin 9
o SUMBTUMANISABEN q At

Apq —(CI _1) =0qa, =a, +(q _1)
o iI8HjHIM: q+1:
igums: (q+1)a,=ga, +a,<a,+a, +(q-1) <a,, ,, +1
+(q-1) = Ag41)p T U
ww (q+1)a,=ga, +a,>a +a,—(q-1) > a_, , -1
—(q-1)= Qg —d = gy —US (g+1)a, < Ag)p T O
;88w fggmn (+) Ond g+1 9
i a, —(q-1)<ga, <a, +(q-1) GiIM: Vp,geN -

o)t w grasmes a0 6



000 mmﬁﬁmmayﬁaabpms

pwgsmisimeinnnwaidsiguly p wms s
a,,—(p-1)<pa, <a,+(p-1) GiM: vp,geN 9
ithhms:

‘qap — paq‘ < max{‘aqu +( p—l)—(aqu —(q —1))‘,

‘apq +(q_1)_<apq —(p—l))‘} =p+Q-2<p+qg

a, a,| 1

- 1,
<—+= §im: vp,geN A

P oq p g

§6iS: TUEMOHINSEOWUa 9

—

BimsEn

M a MESSHRI YW 9 GIENWUIMASR: a’ +22
a?" +22" migsuvEmmSimeEuEgsatigme n §4 m
i nzm

(Baltic Way 2001)

f:tmm:Emw

ihwdgifgjmaviunan:gigl , ibhwgisi m>n
Gin:Ggsuty p amywinnisamns a2 +27 INANS:
a? =27 (mod p)
uinspHuiismng:mmiutss m—n o iwmMS:

2m 2m ol o U
a® =2 (mod p) Wiwimw a MESSARIIAIING p =2

= 22" 427" = 22m+1$_0(mod P)

o)t w grasmes a7



000 mmﬁﬁmmayﬁaqpms

—a? =27 =27 (mod p)

—=a’ +22 #0(mod p) = p iBABING a?’ +27"
IS:UMAR: [pURMULYlS a2 +27 Aiondsing a” +27
H61S: a’ +27 8ha? +22 megsurmamEIm:pGSs

Aadigns n 8 migun=m 9

BmsEs

mi a,b,c MUGFeRGSAIIM 1 P(x) MnUMitumsivgan
mégsnn 9 giuinms: Esmowmsnianizn P(a)=b,
P(b)=c 8% P(c)=a i01:i§

(USAMO 1974)

fstmm:Emw

ighes P(x) mnuminunsisganthEgsas wiw
a,b,c MIGSSHHZUIMN IN:MYFAJUSTURANAMNITHNS:
a—b|P(a)-P(b),b—c|P(b)-P(c) 81 c—a|P(c)-P(a)
_ P@)-P() P()-P() PO)-P(a) ;oo
a—

b b-c c—a

qumt: P(a)=b, P(b)=c 81 P(c)=
b-c c—a a-b
a—b'b-cc-a
inadnamns sigmsanuanlywIpingin 1 msswon
b-c| a—b
a—b| c—a

aginmsgsanidumstunnnigia 1

c—al
b—c

=1=l|a—-b|=|b—c|=|c—a|

o)t w grasmes are 8



MANSSMG 1yNn: a,b,c MGSSHH GWIH , 1ISUIMABT:
MIgUNQNIBAGH

jois: Bsmomsnidnitn: P(a)=b, P(b)=c 8 P(c)=a
191:19

BumAse

BN P, Py, RIMSANNGHGNIGE: p, =2 B dimen>2 |
p, MisnuvuiduEssnis pp,..p_ +1
GIFNWUINHS: 5 §siusmhyisaAjnissis

(Australia Mathematical Olympiad 1982)

SIAM ANt

ufumse: p, =2 & p,(isnuvuddnnis p,+1=3)=3
iwséim: k > 1 ubhms:

p, = BisAUUEEGENIS pp,...p +1 192 p, > 2

iyns p,p,...p, +1 MGESSHHIRI 9

quiI®): 5 MisdAn (p,) MS§WH p, =5 dim: n AMyw
NS PPy Py +1=3"5" {m: p.p,..p,, +1 MEgSHH
i w5 mgisnuguitgnwoh 9

idhmandms: §ime m>119: 3"5' =0(mod3)

i PP Poyg +1=2-3-py--- poy +1=1(mod3)

= PiPy-Pyg +1=3"5" mawmmgama asmin: m=0
NHATANIS: TAMS:

o)t w grasmes a8 9



000 mmﬁﬁmmayﬁaabpms

PP Prg =2-3- Py Ppy=5 —1
=(5—1)(5"1+5"2+---+1)

A 2-3- Py Py = 4(5I—1 452 +...+1)

cgumnis:Esinigign: #§9 #0(mod4)

NS Py, P P,y CUGIREIGSSUUY > 2)

[<]

(
68§V =0(mod4) , ISTUIMAT: MIGUNNNITAL N

nesWwR: p, =5 Gimspt N

b

618 5 Bsivsmhaisain(p,) icie

BN

c’

mi f N - N nugasSgwisuiglaga:
f(n+1)> f(f(n)) Sunpudgsanigms n 9

GIFWuEnAt: f(n)=n Sim:pudgsnnigms n 9
(IMO 1977)

f:tmm:Emw

mi P(n) maidhgwisus:<id m2n i@z f(m)=n "
mulnnnwigs , ibufpnws P(n) hasdnia:
iwdim:Et m=1, f (m) =1 i:ugnas: P(1) heaatdnin
guBIasian P(n) finda n &6 m>n i f(m)>n
N SH{ANWwE: P(n+1) AnRpifanwe:

W m2n+l i f(m)>=n+1 4

iw m>n+1 § m-1>n

o)t w grasmes 2058 10



N8§ws: P(n+1) heastihiin

=0

ig:mgigl il m>n i f(m)=n
antAnfigeidums: f(n)=n Simepao n>1

-4

= f(n+1)> f(f(n))= f(n) nupms: f NHSATIIASDS
N5

igheuns: w8 k amywinmife) f(k)=k

= f(k)>k < f(k)>k+1

= f(k+1)> f(f(k))> f(k+1) s:avmadsiin
wuEAat: mesgsnd k amywife) f (k) =k i:igjw
618 f(n)=n Sim:pudgsanigms n

Bim§E09

M P 8h 0 thGgsARGHNU: g=0 1 GiIipUIWwuMAN:
Ty HaEesis udmi x° + px+g° =0 nsatgmGam
p

HEM 1. — MEgsha
q

(Romanian Mathematical Olympiad 1999)

f:tmm:Eanw

MR X, 811 x, MYTSIEMI AW r=x|=[x,|

MU{FAUGHR IAMS: X +x, =—p 88 xX,=¢°

o)t w grasmes aare 11



q % X5 Xp X
XXo XX X X0 XX
:1§+221+2:122+221+2
r r
%" |x]

=24 (%% %% ) = 2+ 2 Re (%%, )
N :MuBjusg: z+7Z =2Re(2)
p2
wmssSwh: —
q

yfing)a ndams: Re(xx, )= —[x x| = —|x|[x,| = -r?

megsia (1)

mu (1) 81 (2) imms: 5 mGgsha

HGIS: P MGSSAAYW , (RIMSPUIWUNA ]
q 4

gauyame (F,) ., imsinnaint: F=F,=1 8§

|:n+2:|:n+1+|:n’nZlV] D;i‘[)ﬁﬂ[ﬁﬁ%ﬂﬁm:

Fl ., +F} : .
F, =—222 __21-2_9p5 §imeatin>2
2n 9 2n

(Korean Mathematics Competition 2000)

o)t w grasmes aare 12



000 mmaamafcyﬁaqpms

Sleoms: Em o3
RGN S:
Fono=Fnaut+thy=F,+Fh,+Fy 1 =2F, +F, —F,

= Fyn =3F — R

_—

— F23n+2 = (3F2n -Fns )3

=27 F23n - F23n—2 _9F2nF2n—2 (3an - an—z)

- F23n+2 + F23n—2 =27 F23n —9F, Fn oFono (*)

yIg)a hms: F,, +F,_, =3F,,_,

=k, ( Fn + an—4) =3k, k5 = (F2n+2 + an—z) Fono
2

- F22n — o oFonin = F22n—2 —Fn P == |:4 - Fz Fa

=3"-1.8=1 = Fon_2Faniz = Fon —1

2n+

3 3
Foneo + Fons

-2 I:23n

= an:

HOIS UM ORI SPUIWU A ]

wBunsSam

GIpNWU ATy S 5issudmi:
asx’ +a,x* +a,x° +a,x* +ax+a, =0 SSMGMNMGESNAFN

HETM SIS 10 2a) <5a.a,

(USAMO 1983)

o)t w grasmes 2058 13



000 mmﬁﬁmmayﬁaabpms

étmm:@mw

mar, (i=1234,5) thyugin 5 Iseutma:

agx® +a,x* +ax> +a,x* +ax+a, =0 I :Mmu{Fegueiiin

a
CINEE Zr:——“ 1S b Z === 1

1<i< j<5 a5

2
myuFsAN: 2a; <5a5a, az(ﬁj <5.%
8 8

= 2(irj <5- > K

1<i<j<5
<:>22r +4. Z hr <5 Z rr
1<i< j<5 1<i< j<5
o 2. Zr < Z o ()
1<i< j<b

a

nhnguwnm: r, (i=12,34,5) yglambgsiams:
)

inms: P+ri>2rr (1<i<j<5

= 2, (W+rf)=2 > (un)

1<i< j<5 1<i< j<b

5
2 al )
<:>221|ri > > gwingdan (x)

1<i< j<b

(U]

al

IS SIS SWH:MISUMNNINGAZH ]

JGIS: yru P bissudmi:

as x> +a,x* +a;x° +a,x* +ax+a, =0 SSMGMNGESNAFN
HEUM SIS 10 2a) <5a.a,

o)t w grasmes ard 14



000 mmﬁﬁmmayﬁaabpms

mi X,y megsaniin xy = -1 Awig)aga:

1 .
+ e/ 1 BIpnIWwumMam:
y+1 x+1

x'y* —1ioamG8a x+1 7

(Vietnam Mathematical Olympiad 2007)

g it b.d 20 &%

4 4
MuHAAY: — 1+y 1eZ
0 y+1l 0 x+1
a ¢ ad+bc
>t b; 7 =hd|ad +hc = d|ad +hc = dbc

=d|b ¢yn: (c,d)=1) (*)
yNIg)a: %z(x+1)(x2+1)(y+1)(y2+1)eZ = bd |ac

= blac = blc (ymn: (a,b)=1) (*x*)
4

y _1=CEZ
X+1

my (*) 811 (x+) 1ams: djc=>d =1=
:>x+1‘y4—1

ROBTS:

X4y44 1= X4y44 _ y44 4 y44 1

— y“"’(x4 —1)+(y4 —1)m ,(m EZ)

o)t w grasmes 2058 15



000 BYNAANFIGNHEANS
— y““(x—l)(x+1)(x2+1)+(y4 —1)m
= x+1‘x4 y* -1

gois: x'y* -1ligAamG8a x+1 1

GHNSAU N>0 1 GIPOIWUMMAN: (a5 > a7 s
GIM:{At n>5

(USA , Team Selection Test 2001)

é’:tmm:@nw

ROBTS:

-

, 1
an+12an +g

d

> g2 1
n+2 —an+1+g

> g2 1
a'n+2'|_g

-

a

n+3 =

> 32 1
n+4 = an+3 +g

a

a

> g2 1
n+5 <= an+4 +g

~

o)t w grasmes 2058 16



000 mmaamafcyﬁaqpms

(o
SZF

H EMNARHTNIGISS IRMS:

( +lj+(a2 ~a +Ej
n+5 n+l n+1 4 n+2 n+2 4
+£ar?+3 - an+3 + Ej +(a§+4 - an+4 + Ej
4 4
1Y 1) 1Y
= a,f + (aml _Ej +(an+2 _Ej +(an+3 _Ej

2
1 2
+(an+4—§j >a! =a, .>a ,vnx0

Q

n+5 =

nS,VnZS ]

—a,>a’;,vn>5 —=a .>a . ,vn>5

== an+5 =

a

JGIS: Ja,s >a’ . GUNHU N5 -

[\) | o
BUNHSN0

i {x} tign SGESNAA X 1 GipwugNAt:

[=3 ad

m{ }1

f:tmm:Eanw

(Australia mathematical Olympiad 1982)

mujusgisminaigm Newton, itfiegandmm:

4

(2 \/5) —a-by3 &n (2+\/_) —a+b3

firy a,b tGg8anm T

o)t w grasmes aara 17



000 enaacnatanyg s
ninms: (2-43) +(2++3) =22 mégans
= {2 ) | +{(2+ ) | -1

= {(2+ﬁ)n}=1—{(2—\@)n}

it 0<2-v3<1=0<(2-43) <1
3{(2_@)”}42_@)“

ams: {(2+J§)”}=1—(2—J§)”

= Iim{(2+\/§)n}=l— lim(2-43) =1

n—o n—o

im: 0<2—3<1= Iim(2—\/§)n =0 9

N—o0

GISS Iim{(2+\/§)n}:1 (RIS ANWUENA 7

Nn—o0

WimsEon

mir f(X)=x+2007x+1 7 GipOWuNAN:
Gim:poGgsantgems n, wdmi f(f(..(f(x)).))=0
(818 N Gifs ), SWINAGUITNGSSAAYW

(Brazil mathematical Olympiad 2007)

o)t w grasmes &are 18



000 mmaamafcyﬁaqpms

étmm:@mw

mi G(x) = ( ( (f(x) ))) (18 n anis f) 9
iih s andmon:

16X 00 = f(X)=xX"+2007x+1

( 2007 1)
I+ ——+— | > +©
X X

= G(X) = 400

=18 X >0=G(X) >+

IS ISSW: (MAdSEssia o MSRIYSEUMSYW
i G(a)>0 (1)

ypiig)a: nhhmi g hyygwissgdmi:

f (X)=x< x*+2006x+1=0 fgrutheuSmimsyeurggiam
Ggshmigumsin:ndhamms: <0

=G(B8)=p<0 (2)

mu (1) 80 (2) mms: G(a)-G(L)<0 ,
IemuiFaiueatganmou: X ywiin xe(a, B) 1§g]
G(x)=0 T

HGIS: GHM{AUGSSAMGMIS N

rfimi G(x)=f(f(-.(f(x)). )): (18 N Gais f),

HISWINAGYIMNGSSNAYLW

o)t w grasmes 2058 19



000 mmﬁﬁmmayﬁaabpms

ingjHsAEs: f(Xx)=cos(a +X) +%cos(a2 +X) +

1 1 5 e = o
Zcos(a?,+x)+~-+Fcos(an+x) [y a, hGgsiars: 8h

HiIgifa X, gipnwugnan: 15 f(x)=f(x)=0 18

IS X, — X, NAWAANTS 7
(IMO 1969)

étmm:Emw

i s: f(x)=cos(a +X) +%cos(a2 +X) +%cos(a3 +X)

(an+x) (*)

= f(—a,) =cos0 +%cos(a2 —a1)+---+%COS(an —a)

+ .4

1 1 1 1
— | (—al) 21—5_2_'“2‘_1 :1_(1_ 2n—1j >0

ISSUGNATHSAYS f(x) BSiusIaiShn 0 (AU x 1N

yjng)a:
1
Z— cos ak +x
2K

(1 1
- Z(W'Cosak 'COSX—F‘S”’] a.k -SIN X]
k=1

1 1,1
= cosx-zﬁ-cosak —SIn x-zﬁ-sm a,
k=1 k=1
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000 mmﬁﬁmmayﬁaabpms

n n

1 - 1 .
mi A:Z:F-cosak 8 B:Z:F-smak
k=1 k=1

tiru A 81 B 8smsieg8n 0 (pugusicig iy if
A=B=01s1: f(x)=0 (a0 X fdrugtwi (*) 9
AIANIS: , ndums:

—_ =0

—_ =F

x) = A-cosx—B-sinx
= A? + B?(sina-cosx—cosa-sin x)
= A’ +B? -sin(a-X) ,(»\/A2+B2 7&0)

, . A . B
iU SIN =—= 811 COS = ——— ]
JAZ 4 B2 JA? 4 B

it f(x)="f(x)=0= sin(a—x)=sin(a—x)=0

)
- {O‘_Xl: T (koke?) = x—%=(k k)7

= X —x fauganis 7 9

Cc@y

WmEEn g

M n>3 84 a,a,,..,a, MGgshatinu
a+a,+--+a,>n 81 a’+a’+---+a’=n
2

GIPUIUUEMAS: max{a,a,,....a,} =

(USAMO 1999)
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000 mmﬁﬁmmayﬁaabpms

étmm:@mw

HHavHIm: a <2 GHnsRt i=12,...,n
M X :2—ai >0 Imms:

YX— 22 Zai:Zn—Zn:ai§2n—n:n

1

IS N <Za _ZZ x * —4n— 4Zx +Zx

tatiime x, >0 IAMS: Zx (ij <n. Zx
2 < 4n—4in+n-Zxi
i=1 i=1

Zx <0, fessmnis:Ssfimpymse n>4 &

n
insn

sigjmigumniag mssSwm: 688 a,(i=12,..,n)

D.

ESMNBEIAGBMN 2 ISARINSWINIIMBAMS & Yol
iy 22 9

HOIS: max{a,a,...,a,} =2 I
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GIMe{Rt n
fo(X) o mid o SIsaANMGESSHR

(India Mathematical Olympiad 2012)
étmm:Emw

GIm:{pt n>1, ndaes: (fn(x))2—1= foa (%) frur(X)

= (o (0)) 1= £, (%) fo2(x)

ganySusniswsmnnias:, fhms:

(12(0) ~(fa () = s (X)- Fara (X) = 0 (%) Frp2 (%)
< fn(x)(f ( )+fn+2 )_ n+1 (fn 1 X n+1(x))
_ a0+ 0 (%) _ Fra () Foa (%) fo(X)+ fo(X)
fria(X) f, (X f,(X)
=X = f(x)=xf,(x)-f,(x) ,n=x1

muTnihwaIss, thnfamspnwnss: f (x) thnuym
HISIHANNTNGSSAR I

§oIs: Gimen Sywa, f (x) thnnmidumsigganth
GSSHn

o)t w grasmes 2058 23



000 BYNAANFIGNHEANS
sumsgle
mi k,m,n megsanigmsinumgama: k>n>1 8
(k,n)=1 1 gipnwugnath: 15 k—n‘k’“—n’“‘1 SR
k<2n-1 1

(Indonesia National Science Olympiad 2003)

étmm:Emw

itinms: k™ —n" =(k-n km‘1+km‘2-n+---+k-n’“‘2+nm‘1)

= k-nlk"-n" iamuying: k—n‘km —nm*

()

it (k,n)=1 = (k—n,n)=1 :(k—n,nm‘l):l (2)
mu (1) 81 (2) imeimms: k—n|n-1

it anifa k>n>1, iiams: k—-n<n-1<k<2n-1
§ors: k<2n-1 [Rimspuiwugn

c@y

BEmESHY

mi a,b migshatung]nga: 3°+13° =17 §a
52 4+7° =11° 1 gippnwugnan: a<b 9

(Romanian Mathematical Olympiad 2002)
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000 mmaamafcyﬁaqpms

étmm:@mw

hnguwmm: a>b e 13° <13% 8 5° <5°

mumoyhing: 3P+13° =17 =3 +13* >17°

7))

S| = +H = 21

17 17

Hemus: f(x):(ij +(E] , f(x)migavsn:
' 17 17 ' '

3 13 _16
17 17 17

=
taA])
2

g wiw f(1)= <l=f(a)=1>f(1)

=a<l (x)
ghurg)a: 5°+7° =11 =5 +7° <11°

BEE)

S| =+ = =1

11 11

:g(x):(l—ij +(£j . g(X) thusauSG:

5 7 12
>1 b)<1 1
11 11 11 =0(b)=<1<0(l)

F/ALY

N8eajHSAY

iy iw g(l)=
=b>1 (xx)
my (*) 80 (x*) mImemms: a<l<b , Trusmnisegwimi
sutnntdsiium: a>b 9

HGIS: a<b (RIMSpNWuMa
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000 a?méﬁr{nﬁ?ayﬁaajﬁs
BmEElm

i a,b,c MEgsHiigms
GIPWUNA®H: U688 a’+b+c,b’+c+a,c®+a+b &8
MEMMIMATANHAINSIE 9

(APMO 2011)

étmm:Emw

aunHTEgS a® +b+c,b® +c+a,c’ +a+b wginmmumng
it a® +b+c mmugmaaing a®> = a®+b+c>(a+1)’
<b+c>2a+1

OTWEGHINT Hms: c+a>2b+1 8 a+b>2c+1
ynahSunnisioumnAutanid ufhms:
2(a+b+c)=2(a+b+c)+3 himgsmagsia
ISUINAS: MIGUNANIURSA

3ois: U688 a®+b+c,b® +c+a,c”® +a+b Fsmommuimni
ANHAIMRIG 9

Wnsslh e

mi {a,} manywinuiglama: a, =5 8§

u

a, =l t+2"142.3" Fimptin>2 4
GIPNWUIMAS: {a,} Ma6G:

(Vietnam Mathematical Olympiad 2010)
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000 mmaamafcyﬁaqpms

étmm:@mw

Gim:pt n> 2, ufhms: a, =ant+2" 14 2.3

sal=al1+2" 4 2.3M

ihums:
a =a,+2+2-3
a=a +2°+2-3
a;=a +2°+2.3°
a'=a'; +2"+2.3"
yAHNSHHY:
ay = (2+22+ +2" 1)+2(3+32+ +3" 1)
n-1 n-1
=5+2- 2 L. 3 1—5+2”—2+3n 3=2"+3"
n } 2
2" +3 3n1+ —3”1+ fxf3b) fn:(gj

fualis] O<3<1[81 O<f <f , =1<l+f <1+f

1 1
dnms: 1<+ f)n <(1+ f_ )0 (2)

1 1
ghnIgn: —<—— ,vn>2
lj‘l :]n . < 1 n
1 1
= (1+ )0 < 1+ f )1 ,wvn>2 (2)
1 1
mu (1) 81 (2) ndams: (1+ f)n <(1+ )02
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= 31+ f, <3JY1+f , <a,<a,; ,vn>2

§uIs: {a,} Mang:

Bumaslon
WG N, p Megsnnign n>1 84 p mEgsuvy

i n[p—1 84 p|n’-1, GUP@E: 4p-1 MMUIMAG

(Argentina , Team Selection Test 2005)

étmm:Emw

tines: p‘n"”—l = p‘(n—l)(n2+n+1)

U pn-1=>n-1>p>p-1,iain|p-1=p-1>n
=n-1>n Mimsmndsin

msfwe: pln-1indangms: pjn®+n+1, (p migs
U1y)

i n|p-1191: p-1=nk < p=nk+16im:Ggsnn k>1
ifhms: p‘(n2+n+1)— P = p‘(n2+n+1)—(nk+1)

& pn(n-k+1)

i p|n, icmughng: n|p-1 HOM®MS: p|p—1iEu
AIANGsMe , fig: hhms: pn—-k+1 =n-k+1>p ¢

n-k+1=0
i n—k+1> p=nk+1i91: n(k-1)+k <0, mimggmndsin

1:UMMAR: n—k+1=0 191: k=n+1
= p=nk+1=n(n+1)+1=n’+n+1
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000 mmﬁﬁmmayﬁaabpms

= 4p-3=4n*+4n+1=(2n+1)"
HG1Ss 4p—1 MMU{MAT

ibumAage
MY X, Xy, 000 Yoo MBS AnBsHIgISinuIG]amA:

X, + X+ X%, <L EUNHT i =1,2,...,100 (HAWH X5 =X

X = Xy) 9 gifnndnigaivinisumoistuyn:
100

S = inxi+2 “
i=1

(IMO Shortlist 2010)

fztmm:@nw

SHNS{AT i =1,2,...,100 iHAHS: X + X, +X,, <1

S Xipo S1=X% =Xy

iame:

100 100 100 100 100

S = inxi+23 in (- X% + X1 ) = in —Z X;* _inxm
i=1 i=1 i=1 i=1 i=1
n n
= in _%Z(Xi +Xi+1)2
i=1 1

muiadumAn Cauchy —schwarz :

i=1 i=1
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ihwifiasesmn AM —GM 1nms:

100 100 2 2
2 (100 25
s< 2 [ 13 10 §° :_(_j 5
100 | 2 2 100\ 4 2

i=1 i=1

25
T I —

BimsSon

GUAIRTHSABS f 19— % niglama: VxeR
f(x)=max(2xy—f(y)) i yeR

(Morocco Mathematical Olympiad 2011)

f:tmm:Emw

muroging: GinsGgshin X amyw , iBHms:
f(x)=2xy—f(y) Gin:pv yeR

WwH X=Y i f(x)=x’

ARNG g(x)=f(X)-x*20 1912 f(x)=g(x)+x
iihms: f(x)=max(2xy - f(y))

= g(x)+x2=max(2xy—g(y)—y2)
<:>g(x)=max(2xy—y2—g(y))—x2
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=3

VN

x):max(—x2+2xy—y2—g )
<:>O£g(x)=max( (x— y) —g(y))s
NMMS: g(x)=019: f(x)=x*vxeR
j6is: f(x)=x*vxeR Lﬁjimsﬁnnﬁ “

WmsEa

InBjAuUIMm az* +bz®+cz® +dz* +e HISTERING ﬁmGSSﬁ

it a=0) 88 Msyw 1,0, 180 1 +1, higswing
W r+r, 0+, 9 GIEDWUENLRS: rr, HE§Ssng
(PUTNAM 2003)

é’:tmm:@nw

TN 1,1, 1, MUAISNUNM az? +bz® +cz2 +dz% +e
i muif aitijn mms:

-

n+n+n+r, =

/\

Lo +nG+nn +LG+0LE + 61 =

Q |

LEE + L, + LI, + 1L = ——

\
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000 mmﬁﬁmmayﬁaabpms

b
(q+5)+(g+g)=—a

SA(h+n)(L+n)+nn+rr =

» |2 o»|o

Ln(n+n)+nn(n+r)=-

\

M m=r+r, 88 n=r+r, ,ibhms:

( b
m+n=—— 1
- (1
C
{ mn+rr,+rr, =g (2)
nr.r, + mr.r ——9 (3)
L 172 3'4 — a

W a,b,c,d Migsnn, (a=0) iNmy (1) iThms:

m+n MESSWINS AUNMNS: N MESSWENS PN m=r +7,
MmGgsul NS 816) mn MEgsul NS iwmy (2) ihums:
mn+rr, +6r, MGSS8 NS 1912 6, + 1,6, MEgSuing

sig] m(rr, +rr,) ©EgsuSns inmey (3): nr, +mor, Higs
818 S16] m(rr, +r,r,) —(nnr, +mrr,) =(m—n)rr,
MEgSUl NS IRthWw M= +r#r,+r,=n i: m-n=0
WAPWMS: 4, PAAMESSuiNg

{618: L, ME§SASNS , HINSENWUING
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000 mmﬁﬁmmayﬁaabpms

BimsEh g
2

(=3 a- o 1 o UK
i1n6] 8, =1994 8 a,,, =—"— Gin:posgsandsuigmsn,
a, +1 "

GIEOWUENAS: 1994 —n tEgenafitgn §omuyiailh a,

$im: 0<n<998 “

(IMO Shortlist 1994)
étmm:Emw
2
o a 1
iwims: a, —a ,=a, ———=1- >0
a,+1 a,+1

—=a >a 6in:n=0,12,. i#HMNS:

n+1

a,>a >a,>--->a >

ﬁﬁhisjﬁ: a,=a,+(a,—a,)+(a,—a)+--+(a,—a,,)
1 1 1

=1994 —n + + 4ot >1994—n (1)
a,+1 a +1 a,,+1
iwGim: 0<n<998 | ifHms:

1 1 1 1 1 1
+ oot < + et
a,+1 a +1 a,+1 a ,+1 a  +1 a ,+1

n 908 908
a_ +1 ag +1 1994-997+1
1 1 1
—=1994—n+ + et <(1994—n)+1

a,+1 a1+1+ a , +1
<a,<(1994-n)+1 (2)
my (1) 84 (2) 1ms: 1994-n<a, <(1994—n)+1
—|a, |=1994—n
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000 mmﬁﬁmmayﬁaabpms

§Gi8: 1994 —n MESSARGURH gomiyigly a, §ims
0<n<998 “

sBumAsmo
1HG{Gg8HH n>11Uitw a,b mﬁgsﬁﬁ?gms%ﬁmgﬂh@ﬁ:
a"=a+1 8% b*=b+3a 4

ifi a 8% b ywambmhhywam 2

(USAMO 1993)

étmm:Emw

ihhms: a"=a+1>1, ((ign:a>0 ) =>a>l1
wWiw a® =(a+1)" >4a ( melwgmn AM —GM, wumass
meifinmsigign: a>1 ) 4

2n
ﬁﬁﬁiﬂﬁ: b*" =b+3a :(Ej = b+ 3a < b+3a

a a’" 4a
iagumt: b>a 1 b +3a < b+3b =9
4a da a

b)" b -
AMMS: | — | < — miwsmnssinigm: n>1
a a

1S:UANAT: MIgunANIUAg meSws: b>a
jois: b>a
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000 BYNAANFIGNHEANS
BumAagma
k MESSHATIMSHW 9 [ a,a,,a,,... [RINSANNHIHw:

a=k+18ha_ =a>-ka +k 9 giojnme:: a, 8 a, M

GSSUUHINUE Gim: m=n

(Poland Mathematical Olympiad 2002)

étmm:Emw

ines: a,, =a’ —ka, +k
—=a,,—k=a,(a,-k)=aa,,(a,,—k)
=...=aa,,a(a—k)
=aa,--a ,(0n:a=k+1l) (1)
UG n>m , M d =ged(a,,a,) I9:my (1) mns:

dk 1uhw a,-k=a’,—ka,, =d|a},

mi p haishvsis d 19 pla?, = pla,, ,8:0s§wo:

(pogisnvveihnasis d isRmns a,, iInsidhaqos: dla,,

ifgonyjuissmugunuiiniams: dla =k +1

=30

i dk ieamms: dil=d=1 9
joiss a, 8¥ a, MEgSuyBIlg Gim: m=n 4

o)t w grasmes &858 35



000 mmaamafcyﬁaqpms

BImEEmL

M f:R - R nagausywisuiglamna:
f(f(x))=x—x+1 Gum:ptdgsia x

gifiandniy f(0)
(Baltic Way 2011)

étmm:Emw

Simepidgsiin x wdhms: f(f(x))=x*-x+1 12

f(f(0))=1

yhaig)a: f (xz—x+1):f(f(f(x)))z(f(x))z—f(x)ﬂ
@2 (£(0) ~F(0)+1=(F (1)) - f ()+1=F(1)

(0)
:31@3( (1) -2f(1)+1=0 amms: f(1)=1
i f(0)(f ( )=1)=0
5 f(0)=01::1=f(f(0))=f(0)=0 dsiin
FUNOS: f(O) -1=0
juis: f(0)=1 1
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000 mmaamafcyﬁaqpms

BmEEmm

mnnnanmj ISGSSIM a,a,,..., 8 THIUIG] A

2,/a,—(n-1) >a,,—(n-1) 6in: n=12,3,..,1994 &n

2\A005 —1994 > +1 1

(APMO 1995)

Slesm:s E‘U’] 3}
I s:
1995 1994
Y 2,Ja,—(n-1) =2 Ja, —(n—1) +2/a, —1994
n21994 "~ 1994 1994
>>la,—(n-1)]+a,+12>a  +a-> (n-1)+1

1:;3 1995 1995n=:L "

=nz:1:an_Z::[(n—l)—ljzg[an—(n—1)+1]
:»1929:5[ (n-12)+1-2,a,~(n-1) | <0

= nZl:(\/an ~(n-1) —1)2 <0

memms: Ja,—(n—-1)-1=0 Gin:{at n=12,3,..,1995

& a =n GIM:{EU n=12,3,...,1995 T
JGI8: eiatdu{piind: a,=n, n=123,..1995
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000 a?méﬁr{nﬁ?a'pﬁaajﬁs
WBmsEme

givinmo Gim: l<a<b<c iamsisssmn:

4 n

log,b+log,c+log.a <log,a+log.b+log,c

(Russia Mathematical Olympiad 2009)

étmm:Emw

Mt x=log,b , y=1log,c 8§i1 z=log a IAMS:

logh logc loga
xyz =log, b.log, c.log. a= - : =1

loga logb logc
ihts 1<a<b<c 1n:Ems:
X=log,b=>1 X=1=0
y=Ilog,c>1 < qy-1>0
z=log,a<1 z-1<0

=(x-1)(y-1)(z-1)<0

S XYZ-1+X+y+Z2—xXy—yz—2zx<0

S X+ Y+ZS XY+ YZ+ X
Xy +Yyz+2X

1
S X+Y+2< =+
Xyz X

1 1
_+_
y 2
1 1

< log,b+log, c+log . a< + +
log,b log,c log, a

iGIS: log,b+log, c+log.a <log,a+log.b+log,c,

(Rimsuinm 9
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000 BYNAANFIGNHEANS
Q | o
SBEmaS M
NUM x* —2x° +ax+b MISYNYSMGSSNneIm 1

givinmoh algisaaisyuiywInglagotni 3

12

(Hungary Mathematical Olympiad 1999)

étmm:Emw

M p,q,r,s hytd$nysis x* —2x* +ax+b My
(Grgugtija mms: p+q+r+s=0 §&n
pq+qr+rs+pr+ps+qs=-2

I P°+q°+r°+s°=0°+4=4

nts g#r#S i :muisdsmn Cauchy —schwarz :
(q+r+s)2<(12+12+12)(q2+r2+52)

< (-p) <3(4-p’)

& p<12-3p?

& pP<3

:>\p\<\/§

powmenglugsmid mms: g <3, [r|<V3, [s|<+3

HGIS: algh G

4

v—ﬂf

SUsiSyw g aygiagsmi v3
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BmEEmd

G X, Y,z thGgshmgmsigugnma: xyz>1,

x> — X — 7% -7
l;jﬁj«;nﬂmt’f‘li 5 2 2 5y 2y 2 5 2 220 V]
X+Yi 472 Y+ +XE P44y
(IMO 2005)
étmm:Emw
UM NIE R W U Y U
x2 — x5 yz_ys 72 _ 75
5 2 2+ 5 2 2+ 5 2 ZSO
X+yi 422 Y+ +XE P+ xXP+y
2 5 2 5 2 5
X2 —x - 72 —7
S — > 2+1+ 5y 2y 2+1+ — 2+1§3
X°+Yy° +12 y° 422 + X °+x°+y

X +y +2° X4y 470 X+yi+7?
A 5 2 2+ 5 2 2+ 2_3
X+Y+2° Y +P Xt P+ +y

MuIABM N Cauchy-Schwarz [AM S
2 2
(x2 +y* 4 22) = (x/x5 NXT Yy z.z)

S(x5+y2+22)£§+y2+22j£(x5+y2+22)(y2+y2+22) |

mos=ton

N X +y°+12° <y2+22+yz
X°+y*+2° X +y'+1z°
X2 +y? +7° y® +2° +yz
= D s S )
cyclicX +y +Z cyclch +y +Z

><|H

N
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000 mmﬁﬁmmayﬁaabpms

2(x2+y2+22)+(xy+yz+zx)
= =2+
X +y>+12° X +y2+z

Xy + Yz + zX
2

<2+1=3

——

(x—y)2+(y—z)2+(z—x)2 >0=> X+ Yy +2° > Xy + yz+zx)

HGIS: TeusmN{piqnSppnwugna

BumESm

fiR—R tmugassiauglagma: f(xf(y))=yf(x)
GIN:GSRAR X,y ywGSS 1 GIpuWwugmath:

f(—x)=f(x) Gun:ptGgsha x

(Kazakhstan Mathematical Olympiad 2012)

E
pui3
G

panbmom: b f(x)=0, VxeR s

X) Gim:{pt VXeR 1

—h
—~~
I
X
~
Il

—h
—~~

Grme x=1 mmms: f(f(y))=yf (1) s £(f(1))=1(1)
= f(1)=1 :udams: f(f(y))
grg: F(F(y))=x (1)

Il
<
=

—
—_~

—
—~~

X
~—"

~—

Il

X
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<L)
mms:—f(x):f(—l) () (3

M M,N hégsannygthaldnu: m+n+1lmEgsuuy §i
t6n

&
G 2(m°+n°)-1 7 GippWUENAN: m=n

J

(Swi ss Mathematical Olympiad 2010)

ST S| RIS

ROBTS:

m+n+1‘2(m2 +n?)=1=(m-n)’ +(m+n) -1
=(m—n)2 +(m+n+1)(m+n-1)

= m+n+1‘(m—n)2

= m+n+lm-n ( gn: m+n+1lhiégsuvy )
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000 mmﬁﬁmmayﬁaabpms

Ity m+n+1>m-n = Mm-n=0 < m=n

HGIS: m=n (AIQNSPNIWUIMA

Bimagme

Ing] P(x)=2x"-3x*+2 {8 mi
S={P(n):neN,n<1999} , T ={n*+1:neN} &
U={n"+2:neN} 1 gipnwugnamn: SNT &1 SAU
HISGSSMAIIM I

(Romania Mathematical Olympiad 1999)

fztmm:@nw

mi | X| thégsmgisainn X

ity P(n)=2n*-3n?+2=(n-1)"(2n+1)+1

1912 |S AT| tnégsismupmatms e (n-1)° (2n+1)
s neN , n<1999 riw §im: n<1999 , (n—1)°(2n+1)
mmnimanmia: n=1 y

1
ne {E(k2 —1): k :1,3,5,...,63}

IS |SAT| =33

Homiai [SNU| thigsismumadnsep:

2n° —3n’=n?*(2n-3) v ne N, n<1999

wGime N1<1999,n? (2n-3) mupmanggnia: n=0 u
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000 mmﬁﬁmmayﬁaabpms

e{%(k2+3):k=1,3,5,...,63 mms: [SAU| =33 1

HEIS: [SNT|=|SNU| pimsputwuima

WunsEco

ma r,s,t thyssiseutmi: x(x—2)(3x=7)=2 1
GIUENM™ r,S,t thEgsARigum s JoIwhnnanigis:
arctanr +arctans-+arctant

(Ibero American 1987)

fztmm:@nw

mi f(x)=x(x—-2)(3x—=7)—2=3x*-13x> +14x -2
i f(0)=-2, f(1)=2, f(2)=-2, f(3)=4

RO S:
f(0) (1) =4<0
f(1)x f(2)=-4<0
f(2)x 1 (3)=-8<0
mutfmveniganmuuamms: udmi f (x)=0 ;isyrita
yrugwisioig: (0,1) , urygwig)arsioig: (1,2) wiw
yrg§ust g (2,3) , 1scugnath: yeaaHnd r,s,tis
augmi f(x)=0 auglathGgsARIf:S
yNIg)a nshmi:
a=arctanr i1: r=tana

o)t w grasmes SRS a4



b=arctans 11: s=tanb
c=arctant 11 t=tanc
Myjuyg:

tana+tanb+tanc—tana.tanb.tanc
1-(tana.tanb+tanb.tanc+tanc.tana)

tan(a+b+c)=

(r+s+t)—rst
1—-(rs+st+tr)

diqs: tan(arctanr +arctans+arctant) =
inw r,s,t thysuisaudmi: f(x)=0 emu{dajuela

13 14 . 2
[FNS: r+s+t=—, rs+st+tr=— 81 rst=—
3 3 3
sG] tan(arctanr+arctans-+arctant)=-=—>=-1

SF arctanr+arctans+arctant=—%+k7z (keZ) )

s r,S,t thegsiaigums iInimsSwm:

O<a<—
tana>0
tanb>0 8igj {0<b<Z>
tanc>0 2
O<c<—

3
IHOS: 0<a+b+c<7ﬂ U

3
0 <arctanr +arctans +arctant < 77[ )
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000 mmaamafcyﬁaqpms

o o 3
My (1) Su (2) ItwamS: arctanr +arctans+arctant = Tﬂ-

o 3r 2
L&IG[Sz arctanr+arctans+arctant:T LﬂfmSﬂﬂ,ﬂn ‘]

WBimEEen

M N>3 thEg8AR 81 Ml &,,8,,...,8, MGSBARIHUIS

U a,a,..a, =1 1 GIpnWwugnao:

(1+a,) (1+a,) ..(1+a,)" >n"

(IMO 2012)
é’:tmm:@nw
o X3
N a,a,..a, =1 I$: iwhmema: a , 8 =—,...,
X, X,

X
a,=— I X,, Xy, X, >0 1
X

51Gs Teuumnt SRR W Y
(% +X,) X +X,) >N"CK XX
(X %) (X +X,) (X + %)

<:>H (X +%.,) >n ka+1 ,(QRATANIS: WA X,y =X, )
k=2 k=2

mutedumn AM —GM nfnms:

k-1

k
(% + xk+1)k = (xk +(k —1)%} >k X, %

(k-1)

Kk
= X X1 k—1
(k-1)
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FIEMAIRANSMUAM: X, = k+11 y a =
Grmeat ke{2,3,...,n}

msSwm: a,=1 81 a, <1,vke{3,4,.,n

N——

£
D
>
I
H
S

<1
ihms: aa,..a, <l gwhoygingiin a,
m:

Die

ISSUNAth fuEMNBSHMGIARMSMSIG

n

l_l(xk+xk+1)k>n“11[x|f+1 At

56182 (1+a,) (1+a,) ..(1+a,)" > n" (RIS pNwWUENA

BimEEl

mi a,nN thigsan 81t p thégsuvvywidmn: p>|a+1 7
GIUIUUMAT: AUIE f(X)=X"+ax+p BSHMIGASIIN
muuaAnisiin MBSt sSIuanNMGESSAGH

(Romanian Mathematical Olympiad 1999)

f:tmm:Emw

ma z mysywisnmm f(x) , idadapnwn: |z)>1.
guwith |z|<1,i181: 2"+az=—p

FINOMS:

p=
ISSUMMAD [z]>1

7 n-1

z”+az‘:\z\

z”‘1+a‘ <

+|a|<1+a|, gwhesyiny

Y g
1
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o

000 (ULMBAEN SZJ)HGJ]F]S

hgun N m f( ) MG N UAANTSAINU MBS
g siganthégsan amssSwon f(x)=g(x).h(x)
ioims: p=f(0)=g(0).h(0)

it P megsuvs miamms |g(0)|=1 y |h(0)=1 =
inwisifeymaviugan:giel | nfawgam |g(0) =1

16 2,,2,,...,2, thyesis g(x) icganathyaits f(x) b

16§ |7],|2,],-. |2

ninms: 1=|9(0) =|2.2,..2,|=|z|z,)--|z|>1 . Gsfin 4
UIMATH MIguan IGad gy
§GIs: nuim f(x) smGasiihiuganisfinmos

IGilH UM SIEANNtGSSEn 7

Bimagem
Gipwugnfat 15 n 8sfusthnmganis 3 i:g % H1G
nigamigissminwiiiavnasnignnuns

(USAMO 1981)

f:tmm:Emw

ity n §8tysthnmannis 311 n 84 3 GRS
mam, mu{Fue Bezout: msGgsan a S b kv

T T VA
an+3b=1svyru: a=—+b==-—1
n 3 3n

=C

URRESI: a 81 b (i

IS UMW ]
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i
n 3
31 |a| dnis

RIGMY G Iy Wi w

(British Mathematical Olympiad 1994)
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000 mmﬁﬁmmayﬁaabpms

étmm:@mw

MU =X, mhw u U =ku ,n>181 u, =1 n:ams:

n+1

k2 k
U2=kX,U3=k2,U4=—,U5=;,U6=1,U7

X
s admm: Uy =U; , U =U

16
u

~

Zan

s1gj (u,) thegmguliumsgule]
TS Uy =Ug = Uy == Ug.as3.0 = Upooo

B01: U, = Uy < kX=2000 < .32 =245
X

o (= k o
s K G SSARIGMS 1w —=u, thGgSH
X

i:ndaamms: X e{1,2%,2,2°5%, 245 5%}
= x€{1,2,4,10,20,5}
= k e {2000,1000,500, 200,100, 400}

A

fytarumnocis k &

HGIS:
Ke {2000,1000,500, 200,100, 400} T

Cc@y

MRS R

mil P tNGSSUVHIUYW 1 GIpNWugnat:

pisz"lsp(ijLl) (mod pz) 9

k=1

(Canadian Mathematical Olympiad 2004)

o)t w grasmes



2p-1 2p-1
J{(—pz_lj +(—p;lj j,(pilmégsm‘g)

=S (p k)™ ()

mumingaigm Newton tams:

(P—K)™ = PPt oo CZ - PRI 4 C - PP 7 kPP
Nt (pugisHp s aisumnis auginioninGin p’
G ATURIR NG ERIMW I IAMS:

(p—k)""=C},, - pk**?—k*™* (mod p)

& (p-k)" +k**=(2p-1) pk*** (mod p°) (1)
Gim: 1<k<p, k iGASSinGEn p Inemu{Fnue
Fermat: kP* =1 (mod p)
sigj (2p-1)k**? =(2p-1)(1*)=-1 (mod p)

s (2p-1)k**?=mp—1 GHN:GZSHT M AMYHS
;2 (2p-1) pk?*? =mp?—p =—p (mod p®) (2)
mu (1) 811 (2) mms:

(p—k)""+k** = —p (mod p*) (**)

my (*) 81 (x*) 8igj:
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S =Eon-( oo
Pl

mod p?)

-1
HGISS kaZp‘lsp(pTJrl) (mod p2) [PINSpwuMA

>

&: v, =) arccotu; , n=123,...

i=1

ginnns limv, 4

N—o0

(Vietnam Mathematical Olympiad 1984)

el :Emw
i A IS Mt

u=1=F

u,=2=F,

U, =5=F;

u,=13=F,,.
IssumathaSywaisaa (u,) thgdruesisaiaujynmed
(Fn) trsdnnatin: F=F =181 F  =F +F , ,n>2

8:

=
=
s
ha)

=
=5
g
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FF,+1
arccotF,, —arccotF, , =arccot 221 —

2i41 T 2i
F.F. ., +1
=arccot 22— (%)
2i-1

nSndapnwn: FLF,-FF.,=(-1)" &mm:n>1:

n+l" n+2 n' n+3 —

inws: F,F.,-FF. =F.(F.+F)-F(F.+F.,)

n+l" n+2 n’ n+3

- |:n2+1 T |:n |:n+2 - |:n2+1 o I:n (Fn + |:n+l) - |:n%rl - |:n2 T |:n |:n+1
- ( |:n+1 _ |:n )( |:n+1 + |:n ) _ |:n |:n+1 = |:n—l |:n+2 - |:n I:n+1

n

= _( I:n |:n+1 - |:n—1|:n+2) == (_1)n_1 ( F2F3 - F1F4) - (_1)

n o a
gig: F,F,.,—FF.=(-1) Gin:n>1ia -

J

C

wa n=2-1 wms: F,F,,—F, ,F..,=-1

Sﬁl @J F2i I;Zi-‘rl +1 — F2i+2
2i-1

mu (*): arctan F,; —arctan F,,,, =arctan .,

< arctanF,, , =arctan F,, —arctan F,,,

n

& iarctan F,. = (arctanF, —arctan F,,, )

i=1 i=1

n
= Zarctan u, =arctan F, —arctan F,,
i=2

n
= lim Zarctan u, = limarctanu, —limarctan F,, ,
i=2

N—00 2= N—o0 N—o0

LEN bES rlgl F,.,=+%© sy limarccotF, =0

N—0

n
: T
IO S: !]Epozarccotui =arccotu,=arccotl = 2
i=2

n
i T
gors: lim arccoty, =+ ==
i=1

NS

i
A4
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000 a?méﬁr{nﬁ?a'pﬁaajﬁs
WBmEEen
mi u 8 v miiBgsAnizuig]ama:
(u+u2+u3+---+u8)+10u9=(v+v2+v3+---+v1°)+10v“=

8 4 gifinna®if u y v gwamimny

(USAMO1989)

étmm:Emw

NS aHgAuS: f(X)=1+x+x"+--+x*+10x° §%
g(X)=1+xX+Xx"+---+x° +10x" IN:Myghng ibhms:
f(uy=g(v)=9

wiw g(x)— f (x)=10X"+x° —9%"= x* (10x —9)(x +1)
ih Ao f(0)=1<9=f(u) 0w

9
8 o 1-9 9 9
f(gj:1+g++9_+109 = 10 +109_
10 0 10

~10>9=f(u) g f(0)<f(“)<f(%j

c’

s . a 9
ity f(x) (MESABSIASISE INHUNMS: O<u<1—
516 g(u)—f (u)=u’(10u—9)(u+1)<0
112 g(u)< f(u)=g(v) 8igj U<V Iym: g(X)thHSAYS
Sl

JGIS: U<V 9
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000 mmﬁﬁmmayﬁaabpms

WmsELs

guAAuGgsanigos k fduighmatsmn:
k(ab+bc+ca)>5(a’ +b*+c*) gis: a,b,c aitamnines
[mnis{irmantgts

(China Girl’s Mathematical Olympiad 2002)

étmm:Emw

s k(ab+bc+ca)>5(a2+b2+c2) (*)
ko] (a—b)2+(b—c)2+(c—a)220

& a’+b*+c?zab+bc+ca
inms: k(ab+bc+ca)>5(ab+bc+ca)

s16] k>5 uy k>6 1yn: keN (1)

nndnfnmiws frvsman (+) mgamangmin: a,b,c (i
Tt sgmeqh:sLﬁ:mnngw grgatbndnwna{a,b,c} ={11,2}
fumaiapimgismognimangwnsi:dnsa
ms: k(1><1+1><2+2><1)£5(12+12+22)

< k<6 (2)

mu (1) 81 (2) supms: k=6 T

i Snpowumat: k=6 Animnanivs s

Gin: k=6 s:Ems:

6(ab+bc+ca)>5(a*+b*+c*) (Q)

< 52’ -6(b+c)a+5(b’+c?)—6bc <0 mirsdmidigl
WISHONA a IUIwws:

=[3(b+c)] —5[5(b2 + cz)—6bc] — _16b? + 48bc —16C>
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000 mmﬁﬁmmayﬁaabpms

:—16(b2—3bc+c2):—16[(b—c)z—bc]
=-16(b—c) +16bc <16hc<4(b+c)’
3(b+c)+VA"_3(b+c)+2(b+c)
5
& a<b+c gomianindadiaudmi (Q) hwwn b §o

S16] a<

C thuamaim iNEfams: b<c+a 8 c<a+b
ISsugNAt: a,b,c thinasRnisiimany

HGIS: K =6 wmsiagwan

WimsSes

1G] I, m 8% n MESSARIIUSIEN m—n MESSUUY 8h
8(1* —mn)=2(m*+n?)+5(m+n)l GIPNWUINAR:
111 +3 MIMUMaG 9

(Bulgarian Mathematical Olympiad , Regional round 2006)

fstmm:Emw

MY m-n=p 8% m+n=q :>m=%(p+q) SH n:%(q—p)

<3 . _1 2 2\ Q 2 2_1 2 2
wims: mn_Z(q —p) S m*+n _E(p +q)
RSB NI TR BTG 8(I2—%(q2—pz)j:(p2+q2)+5ql
< 81°—20°+2p°=p*+09° +5ql < 3g°+5ql —8I* = p?
< (q-1)(3q+8l)=p?
W p=m-n NESSULH 1w 3q+81>g-1 IQIHAMMS:
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000 mmaamafcyﬁaqpms

=1
d = 3(1+1)+8l=p* < 1U+3=p?
3q+8l = p?

§61S: 11 +3 MMUMAL

BumAgHo
GIPWUINAS anidudnndihw: y,=1 8

1 o bl o I
==(3 +4/5 2—4) GiM: n>0 MISHAUFIHMNMOESSHE I
yn+1 2( yn yn 7] u

(British Mathematical Olympiad 2002)

étmm:Emw

Sime(at n>0 tfhms: yn+1:%(3yn+\/5y§7—4)
= 2yn+l—3yn:\/5y§7—4 (*)

< 4yp,—12y,.,Y, +9Yy; =5y, —4

S Yo =3YeaYa+ Ve +1=0 (1)

= Yi-3Y, Y.+ Y, +1=0 (2)

IR SHENTS (1) 88 (2) WMST V2, y2, ~3Y,uYs +3YaYes =0
& (Yo = Yor) Yor + Vo) =3 (Yo = Yos) =0

& (Ynir = Yoa) (Ynr + Yo —3¥,) =0

inmy (*): 2Y,—3Y, 20 = 2y, 23y, = Y. >V,
= YVu>Y, >V = You—VY,>0

= Y.y —3Y,+VY,,=0

WHme: y, =1 19 y1=%(3yo+\/5y§7—4):2

umnilme: vy, y,eZ
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000 mmaamafcyﬁaqpms

quUUIt: y ., y.€Z =y, =3y -V €7
I MUTIHSNSJUARMNKIGN INNS: y, eZ [HU n=0
G1S: (AURISAn (y,)  MESSHt 9

bR

G5SAnTMS ab,c MNHABMA: (a+b)(b+c)(c+a)=8

3 3 3
I T EMAS: a+g+c22‘7/$ y

(Macedonia Mathematical Olympiad 2008)

é’:tmm:@nw

iﬁﬁ‘lSﬂﬁﬂJQﬂﬂimﬂi
(a+b+c)3:a3+b3+c3+3(a+b)(b+c)(c+a)

=a’+b’+c®+24  (i{n: (a+b)(b+c)(c+a)=8)

—a*+b*+c®+3+3+3+3+3+3+3+3

> 9g/(a3 +b*+¢?)3 (iffifasmn cauchy 98 )

3 3 3
a’+b’+c
& a+b+c>3—m8m—
\} 3
3 3 3
- a+b+c227a +b’+c
3 \l 3

oIS fuumnpin S wuga
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000 mmﬁﬁmmayﬁaabpms

B AgHY
iG] f mﬁgﬁﬁémsﬁgmﬁgsﬁﬁttﬁﬂjtg}]ﬁ@ﬁ:
f(xy)=f(x2)-2f(y,z)—2z Gim:EOGSSNH x,y 8z

GIRANRHIYIS f (2005,1000)

(Singapore Mathematical Olympiad 2005)

étmm:Emw

Gins(pudgshin x,y 81 2 ubhms:
f(xy)="f(xz)-2f(y,z)-2z

WhH x=y=z i9: f(x,x)=—x Gim:{pudgsia x

Wi x=y I f(x,x)=f(x,z)-2f(x,2)-2z

= f(xz)=—f(xXx)—2z2=x-2z

WH x=2005 8§41 2=1000 i1 f(2005,1000)=2005-2x1000=5

§GiS: f(20051000)=5

BImsSEm

9

GIPNWUINAS): MSTSSIRUMSS{Hh 4. 4443 AMYUIGHING
SH 13 19116 4

(Dutch Mathematical Olympiad 2007)

f:tmm:Eanw

UGB NSGSSYWIRMUMSHY 44---4443 I6HMGEY 13
u %/_/

u
k

MM 44...4443-13=44...44430=44...4443x10 HiGHNGEY
%/_/ . o

k ko1 ko1
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000 a?méﬁr{nﬁ?ayﬁajﬁs

13 181 S16] 44---4443 I6ANG8H 13 1ym: 10 84 13 MEgSUYY
—_— u

k-1

g 9 inwissinugifmuny)uis: iluduns: 43 isnmssn
13 inigsmnningsiin 9 vgnAt migumauibiga
HOISMSGSSIRUMS S 44- 4443 AMYWIsHnGEH 13 1:

ig

WImEERe

in6] A MESShn 80 n MESSANIRL 2<n<19 9 IRFETAVID
P(x) %ﬁmmsmﬁjnnmﬁgsﬁmiﬁmigjﬁ@ﬁ:

P(P(P(x)))=Ax"+19x+99

(Austria Mathematical Olympiad 1999)

fztmm:@nw

M m=degP(x) 1§1: degP(P(P(x)))=m?
ST P(P(P(x)))=AX"+19x+99
i A0 1912 n=m®
W 2<n<19 < 2<m*<19 = m=2 (iyNs m NESH)
— n=8 IAMS: P(x)=ax’ +bx+c i abceR {4 a=0
= P(P(x)):a(ax2+bx+c)2+b(ax2+bx+c)+c
=a’x* +2a’hx® +---
=S P(P(P(x))):aS(axz+bx+c)4+2a2b(ax2+bx+c)3+---

=a’x®+4ahx’ +---

iti P(P(P(x)))= A +19x+99 S1MMS: 4a%=0 = b=0
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000 mmﬁﬁmmayﬁaabpms

igN: a=0 IN:ABHMS: P(x)=ax’ +¢ = P(-x)=P(x)
= P(P(P(—x)))=P(P(P(x))) 18] P(P(P(x))) MiigAuSH fuwi
( P(x)))=Ax" +19x+99 TG STUSthigaus , 1S:U(NABTY:
A (finigii o
UATANIS: IRMS: P(P(P(x)))=19x+99 818] degP(x)

1

ISR P(X)=ax+ B ,a=0 NS
P(P(X)):aP(X)+,B:a(ax+,8)+,6’:axz+a,8+,8
:>P(P(P(X))):aZP(X)+a,B+ﬂ=a2(ax+,8)+a,6’+,8

:a3x+(a2+a+1)ﬂ

1w P(P(P(x)))=19x+99
a =19

=19
{ = 09 99(a-1) 99(¥19-1)

(a® +a+1)B=99 B

+a+l  odf-1 18

o o 99
OIS P(X)= 19x+E(\/1_9—1) “1

c@y

BEMHRERR

10 a MyasiinisaBme: x - +x-2=0 9 UM |a°|=3

(India Mathematical Olympiad 2004)

f:tmm:Eanw

i a MYBAGEWISHEMI: - X +x-2=0 iSMsSWwWo:
a’-a’+a-2=0 , (a=0)

sat=ai-a+2

o)t w grasmes 2058 61



000 mmaamafcyﬁaqpms

—a’'=a’-a®+2a?
—a*-a+2-a*+2a°
=2a’-a+2

7 2
S a +a=2a+2
2

:>a6+1:2a+§22 (2a)(—j:4 (NBIIEMN Cauchy)
a

—a’23 (1)

W a®+a=a®+2

3 5
a’+2 a’+a 1 / 1
3 - 3 :a2+—2>2 a2°—2:2
a a a a

(UEMNTSMGIRHNSNSISIPN: a=+1 FWHRIM 10 a=+1 19:

a Bsiusmymis wBMIRE[IN 1)
= 1+§>2 = a’<2 = a°<4 (2)
MY (1) 81 (2) IHMNS: 3<a’<4 1812 |a°|=3

jBis: [a®|=3 9

WBnEERh

a8, 8, - MaaywWitAg)amns: a =2 ,a,=5 &b
a,.,=(2-n%)a,, +(2+n?)a, GIM:(HT n=1 9 HOSUFAYIS

p.or iWIGlaME: a8 =a, i1iE 2

=]

(1995 Czech-Slovak Match )
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000 mmﬁﬁmmayﬁaabpms

étmm:@nw

I RIINS: o, =2=2(mod3) 84 a, =5=2(mod3)

GUWMB: a, =2(mod3) S a,,; =2(mod3) THMS:
a,,,=(2-n?)2+(2+n*)2=8=2(mod3)

I MIIHSWMISIURANKIGN 1HMS: a,=2(mod3) GiN:{HT n>1
gﬁiﬁﬂ: a,=2(mod3) , a,=2(mod3) = a a, =4=1(mod3)

i a, =2(mod3) = a,a, #a,(mod3) = aa, #a, Sim:{Ro
p,q,r I

5618: 88wSrugagls poar %ﬁﬂﬁ@jﬁgpﬁ: a,a,=a, 191218

WmsERna

iG] a 84 b MAiGgeRATNMLILU a>b
1HEHB): ged(a—b,ab+1)=1 §4 ged(a+b,ab-1)=1,
GIFOWUNAR: (a—b)’ +(ab+1)* FSiTSMMUMAL

(Iran Mathematical Olympiad 2010)

f:tmm:Emw

B8 (a—b) +(ab+1)’ =a? —2ab+b* +a’h® +2ab+1
:(a2+1)(b2+1)

N SN WENBM®: ged(a® +1b% +1)=1 :

Mt 5=ged(a’ +1,b* +1) 1812 5|2’ +1 A 5]o® +1

= o|(a®+1)—-(b*+1) = d|(a—b)(a+b)

qUMIB: 5 =1 in:udimi d MEisAvveywis 5 , (d>1)
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000 mmaamafcyﬁaqpms

= d|§ = d|(a-b)(a+b) = dla-b v dja+b , (d NESUYY)
o ii dla=b :

IWHIS: sla?+1 A s +1 WIW d[§ = dfa?+1 A dfp*+1
= d‘(az+1)(b2+1):(a—b)2+(ab+l)2

= d|(ab+1)" 1{Ne dja—b

= dlab+1  i{n: d MESSULY

= dlged(a—b,ab+1)=1 FSAHIM: d>1

o iff dla+b:

ifhens: d|(a®+1)(b* +1)=(a+b)’ +(ab-1)°

= d|(ab—1)2

= dlab-1

= d|gcd(a+bb,ab—1)=1 GSA%HIYN: d>1
Aufinidnis s ugmAs: MIguMinu®S 5-1 A y

Jig: o (pinigsh 1esSwe: a’+1 84 b*+1 ME§SUYY
g 16510 (a—b)*+(ab+1) =(a® +1)(b? +1) MMIU{MAL
emin a’+1 88 b +1 (i mumanginii iniscmnidn
g8mMG

§51S: (a—b) +(ab+1)* BSIHSMMUMALZING
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noorﬁunéﬁa}wﬁquqﬁﬁs
WmsSRs

HNAITEY a, b, c 8 u, v, w isfiifiiman asc 8iuvw
igi]ﬁg]ﬁ%iLUﬁgﬁjﬁmI: u(v+w-u)=a?, v(w+u-v)=b> 8%
wu+v-w)=c* 9 GIFAWUIAT ABC MfIMANNSTHIH
Imfuoiiwameag u v, w hugessis A, B.C

(British Mathematical Olympiad 1996)

étmm:Emw

IUNe:

u(v+w-u)=a’ a’=uv+uw-—u’

v(w+u-v)=b®> < Jb®=vw+vu-v?

w(u+v—w)=c’ c? = WU +wWv —w?
= a’+b*—-c’=2uv—-u’ -V + W
=w2—(u—v)2=(W—u+v)(w+u—v)>0
G{Mme w+v>u , w+u>v ?ﬁiﬁﬁmﬁﬁ’[ﬁiﬁ’]ﬂﬂ UvVW)

2  h2_ Q2
— 005C:w>0
2ab

(PN EEMIRT: cosB>0, cosA>0
6] A, B,C & ﬁmﬁLﬁm y

+b? - C
4a’b?

\/(w u+v (W+u-— v)

4uv(v+w-—u w+u—v)

yiiig)s cosC= \/(az

:\/(W U+V)(W+u-v)

4uv
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000 mmaamafcyﬁaqpms

\/2uv—u2 —Vvi+wW?

4uv
_i\/_uervz—w2
\/5 2UvV
—i 1—cosW
2

— J2c0sC =+/1—coswW

< cosW =1-2cos’C =—cos2C =cos(z —2C)

= W=r-2C

BOM: V=r-2B , U=r-2A

B5is: A,B,C MG WIW U=7r-2A,V=r-2B §H

W=7-2C 9

Wimssne

ifBj a,b,c mégsﬁﬁ?gmsi’ﬁmigjﬁ@ﬁ: a’+b*=c® 4
GIPNWUINHRS: a’+b?—c?>6(c—a)(c—b)

(India National Mathematical Olympiad 2009)

é’:tmm:Emw

MUTIUMN AM —GM IHTS:

bc? +cb? +b® +ac? +ca’ +a° > 6\6/(bc2)(cb2)(b?’)(acz)(caz)(a"’) — 6abc
I UREMNIRGHSMUNM: be? =cb? =b® =ac? =ca? =a’

$16] a=b=c ifi a’+b’=c® QUNMS: a=b=c=0 BSHnHIyN:
ab,ceR* 1S:UNARTsEMNNUIUTSMEMWHBMNIg

fit: bc?+ch®+b®+ac® +ca’+a’ >6abc
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000 mmﬁﬁmmayﬁaabpms

isnrnginfinsiusmnis:§h ab>0 mms:
¢’ +cb+b’ +cz+ca+a2

a b
ganupginfineiasmnis:8h (c—a)(c-b)>0 iHnmMS:

(c—a)(ac —b )+(c—b)(bc -a )>6c:(c—a)(c—b)

i a®+b*=c® §16] *-a’=b® 84 *-b’=a’ IHme:
as(c—a)+b3(c—b)
a

< a’(c-a)+b*(c—b)>6c(c—a)(c—b)

> 6C

>6c(c—a)(c—b)

< a’c-a’+bc—b’>6¢c(c—a)(c-b)

3 3
o al+p?-2 +b >6(c—a)(c-b)
C
3 3
i @+p=c = 2 Zb =c?

BGi8: a’+b2—c?>6(c—a)(c—b) [HINSPHENWUING

) | &

RS0

TEIAUIM P(x)=x +ax? +bx+c M8Uagintégeiin wiw
THMH Q(x)=5x"—16x+2004 1 §UMIT) P(Q(x))=0 MSYAM

G8sfit | GIPNWUENRE: P(2004)>2004

(India International Mathematical Olympiad Training Camp 2005)

f:tmm:Eanw

Ml P(X)=(x=x)(x=%)(x=%) T80T X, %, , x, Myasiingindis

P(x)
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i P(Q(x))=0 MaBMINSYAIMGSAn i :qupms:
Q(x)=x ; i=123 [pfinMauBminsyumbgsin in: a<o
IIHEI8: Q(x)=x <> 5x*—16x+2004 =X,

< 5x°-16x+2004—x =0 = A=16"—20(2004-x)<0

=N 2004—xi>% §in: i=12,3

3
= P(2004) = (2004 - x, )(2004 - X, )(2004 — x,) > (6—54j > 2004

518 P(2004)>2004 [RIDSFNWUINA

o | &
BUNHS9

ﬁjﬁﬁi (%) 8% (y,) imsAnnfinw: x, =365,
Xy = X, (X0 +1) +1622 GIMAT n=0 {4 y, =16,

Yo = Yo (V2 +1)-1952 BIUN:{AT n>0 9 GIANWUINAB:
[X, = %,[>0 GIM{AT p,g=1

(Vietnam Mathematical Olympiad 1987)

f:tmm:Emw

ARAINIEEO®: (x,) 84 (y,) Mdnisdgsanigns
WS X, =X, (X% +1)+1622 = X + X, +1622
= X, =X =X +1622
= X =X =X +1622 = (365" —365)+1987
W 1987 MESSUUY IN:Mu{GUS Fermat IHMS:

365" =365(m0d1987) <« 365" —365=0(mod1987)
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000 mmﬁﬁmmayﬁaabpms

= X — X, =0(mod1987)
< X =X, (mod1987)
i:

pul A

G
=X =X +1622 = %" +1622 = (3651987 —365) +1987=0
mod 1987) = X, =% = X,(mMod1987)

P =0

Vo

MUy uisdums: x, =x,(mod1987) {#l n>1
1MW x, =365 1812 x, =365(mod198) {HU n>1
ufiig)n v, =y, (y2+1)-1952 = y/ +y, ~1952

& Yo, Y, =Y —1952

= Y, — Y, =Yg —1952 =16* —1952 = 63584 =32-1987
= ¥, —Y,=0(mod1987) < 'y, =Y,(mod1987)
BOMIGT y, -y, =y —1952 = y¢ 1952 =0(mod1987)
= Y,=Y, =Y,(mod1987)

Musiig:itiims: vy, =y,(mod1987) [V n>1
W y, =16 181 y, =16(mod1987) {HU n>1 9
GIMe(AU p,g>1 iHHNS: x, =365(mod1987) ’H
Y, =16(mod1987)

= X, — X, =365-16=349(mod1987)

ISSUMAR x =y, (AU pg=1

HOIS: |x, %[>0 GIM:(HU pg=1 4
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000 a?méﬁr{nﬁ?a'pﬁaajﬁs
BmEEHl

1196 n MESSHAYW 9 UINMB: 15 2+2¢1+12n% NESSHA
I NiRfinmmung

(British Mathematical Olympiad 2006)

étmm:Emw

M 2+2y1+12n2 =m MESSAR

o 4(1+12n%)=(m-2)° ganrAnis: |, m plinmagsnng A
m=2i

WS 1+12n2=(i-1)° DUWS: | HInNEgSHng f i=2j
IHMS: 1+12n2=(2j-1)° < 1+12n*=4j°—4j+1

< 3n=j(j-1)

INW ged(j,j-1)=11N: j=3k*, j-1=1° U j=k*, j-1=3I°

« 10 j=3k?, j-1=12 i91s 12+1=3k? = 12+1=0(mod3)

& 12=-1(mod3) B8iinigiym: Gime{puGShin 1,12 £-1(mod3)
« 10 j=k?, j-1=31% i1 m=2i=4j=4k?=(2k)* MMUNHST
juig: Gim:potgent n 18 242141207 MbgsafIN: A
intmmumng 9

c@y

BumsSom

GUATHUGSSAR x 84 GgSUvY p %ﬁnﬁg:]ﬁgwﬁ: 12742 -p

(Greece Mathematical Olympiad 2008)
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étmm:@mw

phms: X +22*2=p

I RHBm® 10 x<0 191 2XeQ = 2772eQ

= p=x2+22"2¢N §8iin §ig: x>0

i x=0191: p=2° BSlgSMGgSuty

i x=119: p=17 MESSUUY NS x=1 84 p=17 NHIFWHW

=(x4 122770 o2, 22”) (x4 1 2.277" Loy -22“)
15uj6] p Momdgsvuuamin: x*+2.227 —2x2. 27" =1
o (x4 _ox2.027 4 02 ) 4277
X—2 2 x-1 a o
o (x2—22 ) + 227 21 MRIANSSme

B51S: x=1 8% p=17 MGIFWIRYWHH

WBInEEhe

1HB] a,ay,a5,8,,a mﬁgsﬁﬁ%ﬁﬂjt@]ﬁ@ﬁmﬁm:mmmﬁ:

2a1 + 2a2 + 2a3 + 2a4 + 2a5 :i2 BIM: k =1,2,34,5
k*+1 k“°+2 k“°+3 k°+4 k°+5 K

gifandnigie 2,2, %8, 4 &
’ ¥ 37 38 39 40 41

(APMO 2009)

o)t w grasmes &are 71



000 mmaamafcyﬁaqpms

étmm:@mw
mi () = (x4 2) o 2) 3o ) (0
L8 & , & j nnnmiinpeg 10

+
X>+3 x°+4 x+5 X2

Tt 2a1 +2az +2a3 +2a4 +2a5 :i2 Gime
k“+1 k°+2 k“+3 k“+4 k°+5 k

k =1,2,34,5
I8 P(£1)=P(+2)=P(£3)=P(+4)=P(35)=0

Q1G] x=+1, 42, +3, +4, 5 IH(S:

P(x) =A(x*-1%)(x* - 22) (x* -&7) (x* - 4*) (x* -5°)

1912 P(0)=-4(5!)’

() =2 ()20 1) 45 g ¢ 5

X“+1 x°+2

Rt insj (3 +1)(x2 +2)(x2 +3) (2 +4)(x2 +5)
i1 P(0)=—(5) Sig] -A(5)’ =—(5) = A:é

IHMS: P(x) :é(x2 —12) (x2 —22)(x2 —32)(x2 —42)(x2 —52)

inw: P(x) = (x +1)(x2+2)(x2+3)(x2+4)(x2+5)( 2a1 +

X“+1

a a a 1
22 +23 +24 + 2al5 __2J
X“+2 X +43 XxX°+44 x°+5 x

S[ef] +a2+a3+a4+a5
x+1 X>+2 x°+3 x°+4 x*+5

) ;!(xz —12)(x2 —22)(x2 —32)(x2 —42)(x2 —52) 1

(1) +2)(F 34 +5) K

Wi x=6 1AM
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37 38 39 40 41
L))o )5

5l 1
—_ +_
62(62+1)(62+2)(62+3)(62+4)(62+5) 6
187465
6744582
goig; A, B 8 A 8 I8 ginegnng 4
v 37 38 39 40 41 6744582 “-
WimsEhe

INATHEAYS NN ianglama: £(1)=1

f (mn) = ff(ég)(;(,rr‘]))) 88 (foforof)(m)

GIM:HU m neN 9

m

2000

(Iran Mathematical Olympiad 2000)

é’:tmm:Emw

GUNS(HU m, ne N wbihms:  f(mn)= f(m)f(n)

IDENmE: f(4)=f(2x2) = ff(éz(fz(zz))) _1(2)

gPig)E  (fofoof)(m)=m SINHYT meN
2000

i 2:(fofo---of2(2)=(fofo---of)(f(2))
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=(foforof)(f(4)) =(fofoof)(d)=4 MAINTIMTIMS

J

1999 2000

D618 MSHSHYS f nmmgjﬁgwﬁmga@wmsnﬁunﬁim:w y

uikkhh

iH6] a,b,c,d mEgshnigmsinm:

14+ 14+ 14+ 14:1 9 GIPNWUNHS: abed >3
1+a” 1+b™ 1+c” 1+d

(Latvia 2002)

étmm:Emw

Ml a®=tanA, b’>=tanB, c’=tanC , d>=tanD
BiG IuM NI VRG] I YU

1 1 1 1

1+ tan® A+1+tan2 B +l+tan2C +1+tan2 D =1

< c0s° A+cos’B+cos’C +cos’D=1

— 1-cos? A=cos? B +cos2C +cos? D >3%cos? B - cos2 C - cos2 D

o sin?A>3Ycos?B - cos2C - cos? D

HGEIGE sin?B >3%cos? A-cos?C - cos? D

v

sin2C >3%cos? A-cos? B -cos? D

sin? D >33cos? A-cos? B - cos?C
annah SunnisToumnAngs nuul 1Hms:
sin A-sin® B -sin”C -sin” D >3%cos? A-cos? B - cos® C - cos? D
< tan®A-tan’B-tan’C-tan’ D > 3*
< a'vc’d* >3
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000 mmaamafcyﬁaqpms

— abcd >3
§G1S: abed >3 (HIMSFNWUINR

sbumsgos
GIEOWUENAR 10 m, n 84 r mgsanigms wiw

Lemen3=(2443)" 19 m MMUDAL 9

(British Mathematical Olympiad 1986)

étmm:Emw

MUJUTSNHIGM Newton THINS:

(2+48)" = chrl 20 ()
=(2+3C;, - 2 +---+37C7 - 2)
+(Ch, 2" +3C] -2+ +37CI)V3
iwgsmitidims
r-1 2r-l
=(2*+3C; -2 +---+37C} - 2)
~(Ch, 2" +3C, -2+ +37C)V3

mﬁ a:22r—1+302 -22r—3+_”+3r—1c2r—2.2

2r-1 2r-1
W b=C .22 +3CS -2 +...+37C?? 1B a &4 b aygin
2r-1 2r-1

MESSARTGNS HRING a+1=(2**+1)+3C2 - 2* " +-.-+37CH 2.2
=3x %ﬁm X:(22r—2_22rf3 +,.._2+1) +(C22r_l.22r—3+...+3r72C2r4'2)

2r-1

megeafiuas nfams: (2+43) =a+b/3 fi
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000 mmaamafcyﬁaqpms

(2—«/5)%1 —a-by3
S[ef] (2+J§)2r_1(2—\/§)2r_1 =(a+by3)(a-bv3)

o a’-3'=1 < (a—l)(aTJrljzb2 (*)

ihupnwn: gcd(a—l,aTJrljzl

Mil d:gcd(a—l,aTJrl) i1 a-1=pd S8 aTJrlzqd S0

ged(p.q)=1
2 a+l 2
S16] (a—l)—B(T):pd—Sqd U (3g—p)d=2 SIBj d|2

W a-1=3x-2 &4 a%lzx AgIntE§SAitAIAT 1912

u

d :gcd(a—l,aTJrlj Apfinmagsnatain iBhnmms: d=1

NSSWH a—1 {4 aTH MGSUUBINNEG MY (+) $16] a-1 84

a+1
3
W (2443) =a+b3 inmuayling:
1+ m+ nJ§=(2+J§)2r_l

ANMS: 1+m=a I m=a-1 MMUMHT

piahmumaganis 9

J618: m MMUMAL HINSEOWwUEG 9
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000 BYNAANFIGNHEANS
BumAgas
GIPOWUINAR [PASBMI X +y° + 22 =x+y+z 84
X +y +22=xyz MSHIBW (x,y,2) HESSNnigmeis

(Canadian Mathematical Olympiad 2003)

étmm:Emw

it f(xy,2)=(x"=x)+(y’ - y)+(z'~2)

W X+ y + 2 =x+y+z I f(xy,2)=0

i xy,z>1191: f(xy,2)>0 iFUEMAIRGNSMUAM:
x=y=z=1 618 x=y=z=1 1Q:0BMI ¥ +y?+ 22 = xyz ﬁs@jﬁ
DA 1S:ugnAt BpAguBmInSsIBw (xy,z) MEgSNnigms
inshnfistgansywisnmagindpiingsms 1 ihnugao:
x<1 THMS: X¥*+y’ +2° >y +7°>2y7> yz> Xyz Emﬁﬁiﬁﬁﬁﬁi
X*+y +2°=xyz 1

3o1s: ihms§Hsmes: WAgaudmImSsIgw (x y.2)
mgsinigmein:ig
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Wimsshe

1H6] f(x) MOVIM monic Hifjif 1991 IHUMSIHHANMGSSHE
WIWinmi g(x)=(f(x)) -9 9 GIENWUENAB:
Sgeisyminumsgsntgamivainsmi g(x)=0 Semoibail
1995 191:1G 1

( IMO Shortlist 1991)

étmm:Emw

ifiame: g(x):(f(x))2 9 =(f(x)-3)(f(x)+3)

M X, %, X, ..., x MUCEHISIFNISudmI f(x)-3=0 &
Voo Voo Voo oonr y, MNURIATERIIMISBMI f(x)+3=0
NWIDHEHE: X <X, <X, <--<X , ¥, <Y,<Y, <<y, 8%
=Yy,

UMt GSSISUmURNg M INIUATUEMI g(x)=0 1Geull 1995
I:MSSWH: k+h>1995 1§ k-+h>1996

TNW f(x) MISHIH 1991 1N yisuBmi f(x)-3=0 &4
f(x)+3=0 118G 8B LIl 1991 18 HAth: k<1991 8§31 h<1901
6] k,h>5

INWwyisaudmi g(x)=0 aGiInMESSARZUIMN INGNAIM
WS i, | W [x-y[27 ()

x) MM monic Hiffi§ 1991)

mﬁ .I:( ) 1991+31990 1990+.”+a0,(f(
S

912 f(x)-3=0 (U i=123..k 8 f(y,)+3=0

B0 j=123...h “
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000 a?méﬁr{nﬁ?a'pﬁaajﬁs
ARV RS

1991 1990

1991 1990
X+ Qg X """"'ao:3
yj +a1990yj ""”""ao:_3

DRHRSHERIRMS: (X =y )+ (X =y )ag, +++(X — ¥, )a, =6

i j i

TW x -y [x"—y" GIMIHT m=12,3,...,1991

S16] x -y, |6 191 [x -y[<6 BIMEY i=123..k §i
j=12,3..,h §Wi (x) 1:UGNAT: MIGUNNNIVAGH
j618: §gsunisBmi g(x)=0 BeMuIT Il 1995 191216 4

BumAagao
inG] a,b, c MEgSNRIFNSIGNU a+b+c=1

GIUINM®): Jab e s% .

(Austria Mathematical Olympiad 2008)

fstmm:Emw

11y]u§ o

MYBUHAN: AIB]E iHhgnt: azb>c>0
Sﬁ[ij loga>logb >logc 1HMS: (a—b)(loga—logb)>0,
(b—c)(logb—logc)>0 SH (a—c)(loga—logc)=>0

iS1: (a—b)(loga—logb)+(b—c)(logh—logc)+(a—c)(loga—logc)=>0

< 2(aloga+blogb+clogc)>(logb +logc)a+(logc+loga)b
+(loga+logb)c

= Z(Iogaa +logh® +Iogc°) >alogbc +blogca+clogab
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< 2loga®h’c® > logh®c? + logc’a® + loga‘h*
< 2loga®h’c® +loga®h°c® >logb®*“c™?a’* +loga®h’c*

a+b+c ba+b+c a+b+c

< 3loga®h°c® >loga c

= Iog(a""bbc‘:)3 >logabc 1{fN: a+b+c=1
= (aabbcc)3 > abc

1 2
< a’h°c®2(abc)s =(abc)(abc) @

abc
ah°c®

YA a+b+c 1
o Ja et <3abe < ==

3 3

2
<(abc)3

soie:Tasmn Jai e g% imswuand 9
ny)udy

MYUHAN:AiB]E ihagnt: azb>c>0
$16] loga > logh > logc 1ENWIHiasBMAM Chebyshev 1HMS:

a+b+c-loga+logb+logc<a|oga+b|ogb+c|ogc
3 3 - 3
= Iogabcslog(a"‘bbc‘s)3 iffn: a+b+c=1

< abc S(aabbcc )3 — ,al—abl—bcl—c < 3/abc < a+b+c :1

3 3

eis:Taoumn \/al‘abl‘bcl“’s% [iNS{pNwugma -
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000 BYNAANFIGNHEANS
Bumase
mi f hasasSywinnaionnissgsnnigiannissgsnniy
®e , iHUgHt GimeNiGgeat m 84 n IBUAH f(m)- f(n)
IGRMGEH f(m-n) 9 GIFEOWUMAS GIMHUGSSHE m
S8 n 18U f(m)<f(n) 19 588 f(n) IGANGEN f(m) 9

(IMO 2011)

étmm:Emw

BIMAUGSSHA m 84 n i8OS f(m—n)|f(m)-f(n)

Wi n=0 1R f(m)|f(m)-f(0) §16] f(m)|f(0) Gin:(HUGSS

Hm

WhH m=0 191 f(-n)[f(0)-f(n) §1&] f(-n)|f(n) WiwinHims:

f(n)[f(-n) QUDMS: f(-n)=f(n) GINAUGSSHAT n

WA 1 (m+n)= 1 (m—(-n)|f (M)~ f(-n)= F(m)~F(n)

GimeEgSna m 84 n 10U f(m)< f(n) INIHNS:

f(m-+n)< f(n)— f(m)

ginig)s f(n )=f((m+n)—m)|f(m+n)—f(m)

$16] f(n)<|f( m+n)—f( ) U f(m+n)-f(m)=0

*HIAN f(n)<|[f(m+n)—f(m) 1902 f(n)<f(m+n)—f(m) U
—f(n)> f(m+n)

0 f(n)<f(m+n)—f(m)
S16] f(n)+ f(m)< f(m+n)<f(n)—f(m)
IWMS: 2f (m)<o Bsimipn: f weniymigentigms
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i —f(n)=f(m+n)—f(m)
1] f(m)< f(n)<f(m)—f(m+n)
IWMS: f(m+n)<o Ssfiniym: f wsnigmigsanigms
*RINGRIYMW f (m+n)—f(m)=0 U f(m+n)= f(m)
1w f(m+n)/f(m)-f(n) < f(m)f(m)-7f(n)
$16] f(m)|f(n)
3618 GIMe(pUGSSAn m 83 n 16U £ (m)< f(n) 19:888 (n)

iGRMGEH f(m)

B Ag L
9G] a 84 b MESSHATHMS 9 GIPNWUFNHAT 10 4ab—1
iGhls (4a2-1) 1912 a=b

(IMO 2007)

fstmm:Emw

Il 2 o
i a=b 1812 4ab-1|(4a’-1) i I

()

UM M1SH (ab)eN 100 axb WAWIGURA 4ab-1|(4a* 1)
1R a0TTads (a,b) GWAMIBMUIGEE] 2a+b MSHIPHHINNIN
16085]: 4b? —1=4b>—(4ab)’ +(4ab) -1

=4b’ —(4ab)’ +(4ab-1)(4ab+1)

= 4h? (1— 4a2) (mod4ab —1)

= (4p?-1) =16b*(4a’ ~1) =0(mod4ab—1)

= 4ab-1(4b°-1) UGENAM: (b.a) Rgianglamingean
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UNHTET IHMS: 2b+a>2a+b 1912 b>a

ufitig)n:  4ab-1(4a® -1y

= (4a® ~1) =(4ab-1)k 15 keN

1MW 4ab-1=-1(mod4a) = k(4ab—1)=—k(mod4a)

= (4a2—1)zs—k(mod4a) it (4a2—1)251(m0d4a)

QUNMS: k=4al -1 18U IeN Ui (4> -1) =(4ab-1)k

1912 k=4al-1(4a° -1)° UNABY: (a 1) Atpizuigjamaugeng
FBUNGIGT INMNS: 2a+1>2a+b = I>b>a (*)

TNW (4a° -1) =(4ab-1)(4al -1)

< 16a‘ —8a’* +1=16a’hl —4ab—4al +1

— 4a’—2a=4abl -b-1 =(4al-1)b—1>(4al -1)a I

< 4a° —2a>4a’l-a—|

o 4a’—a>4a’l -1

< (4a*-1)a>(4a’-1)l

= a>| GWil (x) 1SVNAH: MIGUNITUENLY (ab) e’
i azb WiwE)ama ab-1(4a*-1)° Fsfinig

6182 10 4ab-1 MHIGATS (422 -1) sgin a=b

oA M

6] &, 8, .., ,,.. NAAISEgsAnidUIG)amA: 0<a, <1 §b
a,—2a,,+a,,>0 GiM: n=123.. 9 GINWUINHR:
0<(n+1)(a,-a,,)<2 GiMET n=123.. 9

(IMO Shortlist 1975)
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000 mmaamafcyﬁaqpms

étmm:@mw

§ims n=12,3,... ithiNS: a —2a_,+a_,>0

< an_an+12an+l_a

n+2

il Aa =a —a , Sﬁ@j Aa >Aa iGN k>n | Aa, <Aa,

WMS: a -a,,=(a,-a.,)+(a,,-a.,)++(an.—a.m)

=Aa +Aa  +--+Aa < mAa,

nem1 S
< a —a, < MmAa

SUMBY: Aa <0 BIM: n g2 181:61M: m NSHIPHRHUMS 1HMS:
a —a  <-1 BSAHIN: 0<a,<1,n=123,.. y
BIGMIgUNANIURSA MSSW®: Aa >0 GIM:{HU n=123,..
IHME (n+1)Aa >0 GUNS{HU n=123.. (1)

yinig)n: 0<a,<1,n=123,..

ifle n2a +a,+a,+---+a,

=(a,—a,)+2(a,—a,)+-+n(a,—a,,)+na,,
=Aa +2Aa, +---+nAa +na_,

n(n+1)

>Aa +2Aa, +---+nAa, =(1+2+---+n)Aa, = 5

Aa,
S16] (n+1)Aa <2 (2)

My (1) 811 (2) HMS: 0<(n+1)Aa, <2

§Gi8: 0<(n+1)(a, —a,,)<2 GIM:{HU n=123..
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Bumasae
1H6] a,a,,....a, MGSSAH 9 GIM:AG i (1<i<n) WAANG:
d, =max{a :1< j<i} —minfa;:i<j<n} IWIWIHMH
d =max{d,:1<i<n}
i/ GIOWUIMAR G1MGg8in x <x, <---<x 182

_ d
maxix. —al:1<i<n;>— (= g

fx-al-1<izn}=2 (2)

2/ GIUINM® B8Ggshn x <x, <--<x, IKUIEE] (+) MWD

n

fagma

(IMO 2007)

étmm:Emw

fi/. FOWUIMAR GinsGgShin x <x, <---<x 181
_ d
—al:l<i<n;>— :
max{|x, —a|:1<i<n} , (%)
ithaggHt: d =max{d,:1<i<n}=d, GiM:Igags m
(1<m<n) AMYLW WY k 848 1, (1<k<m<l<n) NeIgag)s
80U d, =a -3 IIHHUWS: d, =8, -3 <(a -%)+(x-2)

@pmaiinm k<l IR x, <x U x-x 20 )

= d d d
IWANMMS: a —x,>"=— {J x —a>-"=—

36182 max{|x —a|:1<i<n}z— GIMGSAN x <x, <--<x

N

]

n

q

g/ mebgslin x <x, <-.<x iBMIFE] (+) MWHaEMN:
Sn}

il Mi:max{aj:lsjsi} S mi:min{aj:i_j
MM ime (x) magnBen: m: (m) 88 (M)

iawn x =

<
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inthajnsey:
W m<a<M 83 d=M-m iithins:
d m-M, m+M,-2M, m+M,

-M. =x-M. <x —a
2 2 2 2 1 1 | I 1

At x —a 2—% (1)

M, —m, _Mi+mi—2mi _Mi+mi

—-m=X-m2=2X —a
2 2 2 | 1 I 1 1

i %o
2
o d
At xi—aiSE' (2)
- oo d d d
MY (1) Si1(2) 1WNMS: —E'SXi—aiSE' i |xi—ai|£E'
0 i d ) d
S16] max{\xi—ai\:lglSn}Smax{—':1£|£n}:—
2 2

MY (+)IHNNMS: max{\xi—ai\:lsisn}z% Gimeags {x)

m
H6IS: MSHSSAn x <x, <--<x IRMIFE] (+) MWMaBMA

B A ae
IRUGSSUUY p %ﬁmt@]ﬁgpﬁ: 2° + p” AitGgsuyLin:

(Albanian IMO TST 2011)

f:tmm:Emw

i p=21%: 2"+ p’=8 FslusMBgSuvy

i p=31N: 2°+p° =17 MEYSUUHLIG] p=3 NGIFWYW
i p>3 (p finMbgsIIAT ) 1912 2" =(-1)" =—1(mod3)
WMy AJUS Fermat: p’=1(mod3) IHMS: 2° + p* =0(mod3)
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912 2° + p” BelusMEgSuvHIG

H618: p=3MGSSUUHIRYWHNIANIGE] 2°+ p° AtNGSSUYLIS

iBumaa
M a,b,c MESSHn 9 GIEPAWUINAS:

ab+bc+ca+max{|a—b|,|b—c|,|c—a|}£1+%(a+b+c)2 “

(Baltic Way 2012)

étmm:Emw

TEMNTE UHIAN WG T aIm:
= 4((a+b+c)2—3(ab+bc+ca))+12212max{\a—b\,\b—c\,\c—a\}
& T=2((a-b)"+(b-c)’ +(c-a)')+12 > 12max{la-b| b ~d] |c - al}
muiguman Cauchy —Schwarz:

(a=b)*=((a-c)+(c-b)) <2((a-c)’+(c-b)’)
& 2((a=b)’ +(b—c) +(c-a)’) =3(a-b)
PNWEGH: 2((a-b)*+(b-c)’ +(c-a)’) 23(b—c)’
811 2((a-b)" +(b—c) +(c-a)’) 23(c-a)’
WMS: T23(a-b)’ +12=3((a-b)’ +4)>3-2\/(a-b)" -4 =12Jab
jominn: T>12b-c¢ 8% T>12/c—4
iBhmms: T>12max{ja-bJb—c|,[c-a]} {iE 4
goisiuumapinsypnwugmn -
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000 a?méﬁr{nﬁ?a'pﬁaajﬁs
WBms S

GIRANA{RUAUIM P(x) iﬁmmswtjnnmﬁ%sﬁmiﬁmtgjﬁ@ﬁ:
(x+1)P(x—1)—(x—1)P(x) MAUIMNIGI

(Canadian Mathematical Olympiad 2013)

étmm:Emw

M R(x)=(x+1)P(x—1)—(x-1)P(x)

= R(-1)=2P(-1) 8% R(1)=2P(0)

TNW R(x) MAVIMISH I R(-1)=R(1)

= P(-1)=P(0)=k GiN:G$8IBI k AMYW

GG UMY P(x)=x(x+1)Q(x)+k IEI Q(x) MAUIMYW
i1 P(x—1)=x(x-1)Q(x~1)+k

NS R(x)=(x+1)x(x~1)Q(x~1) +(x+1)k —(x—1)x(x +1)Q(x)
—(x=1)k = x(x-1)(x+1) (Q(x—1)—Q(x))+ 2k

R(x) MAUIMISINMIn: Q(x-1)=Q(x) GIM:{HT x

= Q(x-1)=Q(x)=c GiM:G8IBI c MY

HO18: P(x)=cx(x+1)+k iU ¢, k HEg8iss 9

o1-
c@y

Bunngne

1G] 34!=295232799cd96041408476186096435ab000000 1

GIinN#Iuegd a,b,c,d
(British Mathematical Olympiad 2002)
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étmm:@nw

MYAYRNY: 34! =295232799cd96041408476186096435abx10°

it 341=1.2.3...33.34=2".3°.5".7".11°.13°.17*.19.23.29.31
=19.23.29.31.2”.37.7*.11° 13" .17 .10’

S16] 295232799cd96041408476186096435ab
=19.23.29-31.2”.37.7".1°.13°.17°.10 (%)

QUNMS: b=0 Uit a=0

9 al b

idhmnndme: shiuis (+) isnns8h 4 1nupdols (¥)

(=] 9

ARIGRMGEY 4 181 §16] 5a IGAMGEN 4 MMS: a=2 4

al

gfinig)n spfuis (+) ionmG8h o th 1150 1n:HRGols (+)

9

ATpIESIRAN: §ig:ins inms:

v

141+c+d =0(mod9)
‘h80+d)—(61+c)zo(modln

c+d =3(mod9)
d —c=3(mod11)

fiN 0<c,d<9 i —9<d-c<9 S8 0<c+d<18

_ {c +d ={312}

d—c:{—&3}
= d:3 [=Y [=N
snfen 4°7° ~ 2d=-5 §siit
d-c=-8
. d=12 . .
snign J¢7° — 2d=15 §siit
d-c=3
. d=12 =
Lihm {Z+C_ . =2d=4=d=2=c=10 §sfin i[m: 0<c=<o
. (crd=3
*ﬁjnn{;+c_3 —2d=6 =d=3=c=0 WA

j618: a=2,b=0,c=0,d=3
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000 rz}méﬁr{nﬁ?a‘pﬁaajﬁs
WmsEn g

GIFNWUEMASID a, b, cthigeannghHAs mtgijﬁgnﬁ:

2007 2007 2007
a p—

+b™ =c iS12 min{a,b} >2007

(Vietnam Olympic 2007)

étmm:Emw

UMB): a<b IN: min{a,bl=a (1)
mﬁﬁjﬁﬁﬁﬁ. a.2007 n b2007 _ C2007
AMMS: c>b U c>b+1  (IN2 bceN)

2006

— > (b +1)2007 =b* +200707° +-.. 41

> b2007 + 2007b2006
C2007 _ b2007 > 2007b2006 > 2007a2006
2007 2006

= a™ >2007a
= a>2007 (2)

my (1) 81 (2)1BHMS: min{a,b} > 2007
JGiSe min{ab} >2007 {RIMS{FNWUNA
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000 BYNAANFIGNHEANS
BumAgHo
1%6] a,b,n MESSARIHUGHY 1 88 0<x <b §iM: i=012,...,n

ﬁﬁtﬁx;to,x #0 T X X ,..XX

n“'n-1""

I a IWMHE] B ARPASINGIMA b, ugis

X X _.xx MUGESS A i,mﬁﬁnjnssmmmm a T WM G]
B, gﬁﬁmgmﬁ MU b 9 GIPWUNAR: a<b AN
%<BB”n 9
(IMO 1970)
étmm:Emw

MYYRAY: A =X X .. X% - xa'+x a4t X

n-1 n-2
A]—l n 1 n-2" X1X - Xn—la + Xn—2a A XO

n“'n-1°"

- n n-1
B, =X X xlxo(b):xnb +X P X

B . i bn—l n-2
= Xn—an—Z' . .X1X0 (b)_ Xn—l + Xn—Za 4.t X

n-1 0

t" " t
Xt +X t +-+xt+X,

M F(t)=

tn—l tn—2 t
Xn_l +Xn_2 +---+X1 +X0

Xt
=1+ 1 =
SU X U e XX

X 2o X X X
=1+~ 1l G(t)="2+ 2 4.t :&lJr_r?

t t t t
IWEin: i=0,12,...,n:x >0 192 G(t) MHgHuEG: 6] F(t) M

nsnudifis ubums:

o il a>b i1 F(a)>F(b) U A LB g Aa B
AW—l Bn—l A] Bn
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WBunsEan

or™~1r 2t

nl:an—i_i ,bn]_:bn-l-i 9 GiLﬁﬂUjUFmﬁmi
’ 2b ™ 2a v e

n n

1NG]AJH a,,a,4,,... 881 b, b, b,,... il a,, b, >0 U

a

Max{@,g56: D005} > 2007 1
(Vietnam Olympic 2007)

é’:tmm:@nw

WS a b =|a +— | b +—
2b 2a

S16] a =aj,+» —— +2006

2006 'bzoos_ 00
1 1
+2006 > 2 [ah, -——— +2006 =2007 (1)
4a.b, 4ab,

GHNIG)H:  Max{ay. D000} > Bggs >0 T

>a b, +

v

Max {a‘2006 ! b2006 } b2006 >0

So] @J ('\/Iax{azoosibzooes})2 Z 85006 'bzooe (2)
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My (1) 84 (2) NS (Max{@05.D006}) > 2007

2006’ 2006

8182 Max{a,,0.D,00 ) >+2007  [HINSPNWUENA

BmsEal

186] f(x)=x"+5x""+3 1 n>1 MESHR
GIFNWUNAR: f(x) Bsmoamamiuganisinumisums
wHNMmEgsafiiwmsiipunufoots 1 1n:igjw

(IMO1993)

étmm:Emw

qUMR f(x)=g(x)-h(x) iU g(x) &4 h(x) HonymELiging
wHANMmEgsHn

NS f(x)=x"+5x" +3 = f(0)=g(0)-h(0)=3
IENAUMMSYWHREIAMY g(0) 84 h(0) 1Aj8H +1 , wgnv:
g(0)=+1 §ig: iDAMGEMH g(x)=x" +---+1

W f(x1)=0181 r>1U r>2

i 7, 2,,..., z, NYAISAUIM g(x) I8

11 =21

9(x)=(x-2)(x=2,)(x~2) WW&: g(0)=(-2)(-2)(z)

=|z,2,-2|=]g(0)|=1 U ljzi”_lzl
Wi [o(-5) =(-5-2)(-5- 1) (-5-2)
:(5+zl)(5+22)---(5+zr)‘:l:)[(5+zi) :1:[(5+zi) Hz

r

= Hzi”_1(5+ ;)

i=0
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000 BYNAANFIGNHEANS
W z, MYMIL g(x) INRRNAMYAITS f(x) IHMS: (z)=0
=7 +52 +3=0&7 (z+5)=-3

f[(—s)‘ 323 =9 (v

i=0

= [9(-5)|=

it g(-5)-h(-5)=f(-5)=3 = |g(-5)<3 GWil (+) IS:UNAB:
migumaag

§6IS: f(x) Bsmuamanmiuianisiinumisumnsivanm
sgsnniiwmiinunaiodsn 1 196w o

o | o
SBUNHSBM

Gim:NiGgSnAigme a 84 b inwmsgsuvuiham ,
D . o R . - a2005+b2005
GUADGIREEOTRIRUMGIS avb B3 =——
+

(Korean Mathematical Olympiad 2005)

fstmm:Emw

2005

2005
i d —gcd(a+b,wJ
a+b

= a+b=0(modd) < a=-b(modd)

2005 2005

wiw 22 _o(modd)
a+b
a2004 _ a2003b n a2002b2 S b2004 — O(mOdd)
— b2004 +b2004+"°+b2004 EO(mOdd)
— 20050 =0(modd) = 2005a"" =0(modd)
= d[2005a™ A d|20050""

o)t w grasmes 058 94



000 mmaamafcyﬁaqpms

2004

= d ‘gcd(2005a

2004 |, 2004 )

,2005b2004):2005gcd(a b
=2005(gcd(a,b))”=2005 (N2 ged(a,b)=1)

= d e{1,5,401,2005}
BoiS:niyinumsis d § d <{15401,2005}

WImsEae
GIPNWEIMAR: SINAT neN I1IRNS:

n (2n)! (e V
§<k!>2((n—k>!>2 ()

(IMO Longlist 1982)

é’:tmm:@nw

iHAsHINM: (1+x)" =(1+x)"-(L+x)"
MuMINQHIGM Newton (HHMS:

C, +C, -Xx+Co -X +--+Cor - X"
:(C:+Crl]-x+---+C: -xn)(C:+Cr1]-x+---+C:-xn)

MU uUgsiusivganis " inaiins:
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WimsEes

M a,b,c,d e, f MEgsAnizuzjma:
P(x):x8—4x7+7x6+ax5+bx4+cx3+dx2+ex+f MONAMEY
HAN 8AMITISIA x—x 16 x >0 §iM: i=012,...8

GIRANA{RURIGIRUMGis

(APMO 2003)

é’:tmm:Emw

INWANM P(x)=x —4x +7x +ax” +bx' +ox” +dx’ +ex+ f MG
MAMSURAN 8AMMISH x-x,i=012...,8
ns§wM: x,i=0,12,...,.8 MYAIFHH 8 i8nUIM P(x)

8
IMUFUSHnInmS: Y x =4 88 ) xx, =7

i=1 1<i<j<8

2
1T Zgle:(ixi) -2 Z xixj:2
i=1 i=1

1<i<j<8

8 \? 8
inmulasmn Cauchy — Schwarz : (Z xi} < 8(2 x.2j =16
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8 8
= Zx <4 10 le =4

i=1 i=1
Icumnifiamemuam: xlzxzz...:XB:%

8 1Y° 1
BHiS: f = xi:(—j —_— 9
[Ix=13) =256

IBRR
2n+1

gionms:Gim:pudgsanigms n, Y c,; -8 16AESMGESEN 5

Ieigw (IMO 1974)

i x=+/8 S8 M m= Zc

2n+l 2n+1

(1+\/_)2n+1_m+n\/_ SH (1—«/§)2n+1:m—n\/§
= (1+J§)2n+l(l—J§)2n+l :(m+n\/§)(m—n\/§)

PN (_7)2n+1 _ mZ —8n2

, n:ZCZk“-sk i iume:
k=0

o m2:8n2_72n+1
i n i6RMGEH 5 1912 m =-7""(mod5)

i —7""" = -7.49"=2(-1)"" =+2(mod5) Hehniyn:
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*={0,,4} (mod5)  GIM:HU meN

2k+1 k
2ndl

§Gis: n= Zc ishgsmos s
sBumsges
i%6] a 84 b MAIGSSHATHMS 9 GIFOWUINAT:

i0 Icm(a,a+5)=Ilcm(b,b+5) i81: a=b |

étmm:Emw

IHHS: ged(a,a+5)=ged(a,5)e L5 UMW
gcd(b,b+5)=gcd(b,5) € {1,5}

Mytuginy: Icm(a,a+5)=lcm(b,b+5)

a(a+5)  b(b+5) )

< ged(a,a+5) ged(b,b+5)
*il gcd(a,a+5)=1 84 ged(b,b+5)=

VS

i (*): b(b+5)=5a(a+5)

W ged(b,b+5)=ged(b,5)=5 1912 5

18] 25b(b+5) = 255a(a+5) = 5la(a+5)=a’+5a

- 5‘a2 = 5fa ({3 5 MEYIUUY )

= gcd(a,a+5):gcd(a,5):5 gsfimsign:idnagianphn
gcd(a,a+5)=1

W EsMitiGim:niAh ged(a,a+5)=5 81 ged(b,b+5)=1 AiFe
Naigs

oil gcd(a,a+5)=gcd(b,b+5)=11 gcd(a,a+5)=gcd(b,b+5)=5
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000 mmaamafcyﬁaqpms

0

1912 (*): b(b+5):a(a+5)<:>az—b2+5(a—b)
< (a—-b)(a+b+5)=0
= a=b

35182 10 Icm(a,a+5)=lcm(b,b+5) 1912 a=b 9

BumASEe

GIEOWUNAT: ANSHRIMANTGUMGEIRMET 2005 {Himan
H6USIM (APMO 2005)
Sram:[anw

v

iapiin e Wimanygwnsiingwpiim o imgiamms
manmh n’ fimangoisam inugsigfhiimanidvin: wiw
Sy ANnuHISHEwIN o B espiiig 1 9
MNEOUIAN: IHMEMHHIMANTE U SHEHYWIPIH 3 M
fimangsamoss 3° =9 wEnSywIidupilnEngpih s &
meihiagr 4
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npuissitiapImani U A ATIGHID , AN PUTDBEE:
2005=5x401= (2" +1)(20° +1) =40° +1+ 20" +2°

=(40-1)" +2-20+20" +2°

=39 +22°

9

Ml ABC M{fimaninhywiiums{ihmugind AB 84 BC
(it 39 84 22 1Whm

(=]

ibhgongal BK dishiiiman ABC mifliffiimangsms
ABCK 8% AABK

I AABK HIS{HHN AB=39 ISuInMGMENMFIMANGS Y
MBS 397 1w §iM: ABCK 1IMS BC =22 IHMGMANT
Himantsg migs 22°

yilig)n: it AABK 8% ABCK mifiimangomisiidiaam
MS: (RIMANGH 39° +22°=2005 aigintsSIm

B5i8: ANSHIMANIZUMGEIRMATN 2005 (RIMANGEHSIHM

Cc@y

WBIMASRE

mi r 8 s mogsinfgmsisuiglama:

(r+s—rs)(r+s+rs)=rs, GHARTYHUJUIOIS r+s—rs 88 r+s+rs
(The Philippines Mathematical Olympiad 2013)

f:tmm:Eanw

fUYRnY: (r+s—rs)(r+s+rs)=rs

& rs=(r+s) —(rs)’ > 4rs—(rs)’
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& (rs)’ —3rs>0

= rs>3

Hﬁﬂi@jﬁ: rs=(r+s)’ —(rs)’ = (r+s)’
= r+s+rs:4/ r32+rs+rszx/32+3+3:2x/§+3 81

Fr+s—rs= +rs —2\/_ 3

,/++1 ,/1+ +1
rs

G182 min(r+s+rs):2\/§+3 83 min(r+s—rs):2\/§—3 49

(rs)2 +rS

WimsEso

Bin:GgSARTHIS k Yuw , wmi (k) MMTIRTUYRILSGHIS
k U WiEA NG f  =fof < GIHANS f2007(22006) 9

(Hong Kong Mathematical Olympiad 2006)

é’:tmm:Emw

mi n(x) MESSIULZHTS x W s(x) MBUYARTUEZHISIS
IIHMS: x>10"" = n(x)<1+logx

W s(x)<9-n(x) <9(1+logx)

itihms: f(x)<81(1+logx)’

2
2006) <81-700" <10’

= f,(2"") <8101+ 2006Iog2)2<81(1+

2

= 1,(2°) = fl( f1(22°°6)) <81(L+log f1(22°°6)) <81(1+8)’ <10°
2= 1,( 1,(2")) <81(1+ log f2(22006))2<81(1+4)2=2025

(
= £,(2)<(1+9+9+9)" =784
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N f5(22006)£(6+9+9)2:576
= f,(2")<(4+9+9)" - 484
= f7(22006)s(3+9+9)2:441
= 1,(2"°)<(3+9+9) =441

idanmms: fin: n>7 192 1, (27°) <441
( (2)) <3 +9+9=21
4 (mod9) = f(22006) = (4,7} (mod9)

s

ihhms: s(fn(ZZOOG))e{4,7,13,16} Gin: n>7 4

169,256} Gin: n>10

J=7 . pwgsminnme 1,(2") < {169,256)

«18 o 1,(2)) =13 4 s(1,(2")) =16 19 1,(2")<{169,256)
Gine n>7
ropusn: 18 o £,(27")) {4 7.1316) 1Mz n>7 1

f,(2"") e {169,256} fin: n=10
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WhH n=2007 1812 0, (2"") < {169,256} ()

ginig)a: ihw 2°° =4 (modo)
19

fz( (mod9)
f,(2°)=7 (mod9)
f,(2") =4 (mod9) ,

idumen§nsmes: fin: pen’ i 1, (2)=4(mod9)
Wiw f,,,(2) =7 (modo9)

ISSUIMAB f0,,(2) =7 (mod9)  (++)

MY (+) B (xx) DS f (27 ) =169

JOISE fyp, (27 =169 g

BumASE
1G] ABC M{imangwizumsmiininig R , vTn{p P

84 inren K 9 granndnigafiumis X2 4

R’
(Canadian Mathematical Olympiad 2005)

f:tmm:Eanw

muiddusaiswnsingafiiman Asc . & -_P___¢ _op
o v s sinA sinB sinC

i1 a=2RsinA, b=2RsinB 831 c=2RsinC

iHiame: K :%absinC :%-ZRsin A-2RsinB-sibC
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—2R%-sinA-sinB-sinC
i P=a+b+c=2R(sinA+sinB+sinC)
KP 4R’sin A-sin B-sinC(sin A+sinB+sinC)

3 3

R R
=4sin A-sin B-sinC(sin A+sin B+sinC)

S[ef]

MuTAIEMA Cauchy M S:

SinA.sinB.sinC <[sin A+sin B+sian3

3

UM S: Eszi'?(sin A+sin B+sinC)4

R3

W sinX MHESHESHAGIM: X e(0,7) I :MBTAIHMAN Jensen

M sinA+sinB+sinC _ . A+B+Cjzsin£:£
3 3 2
= SInA+sinB+sinC < %
ngms: KP < 4[38] 27
R 27 2 4

EMMATMSRNAIAN: sinA=sinB=sinC = A=B=C

soise algnfvimis KD § 20 4

R 4

o1-
Cc@y

Bunng sl

iHB] a,b,c MESSHH INWIRISHATMI: X +ax’ +bx+c=0
MSYMMGESSHH X, x,,x, 91 GIFNWUENAR:

2003‘ 2003 b2003+C2003—1)(X1_X2)(X2_Xg)(xg_xl) 9

(Vietnam Olympic 2003)
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étmm:@mw

X, %, X Myaisadms X +ax’ +bx+c=0 I91:IHMS:

xfooa +axi2 +bx, +¢c=0 Gime i=1,2,3

o xP X. +(axi2 +(b-1)x, +c) =0

2003
i

Ml f(x)=ax" +(b-1)x+c 181 X —x + f(x)=0

2003
. —=x%=0

iMu{FAjus Fermat: x™ =x (mod2003) < x
(mod2003) = f(x)=0(mod2003) GiM: i=12,3

W0 (% =% )(% —%)(%—%) =0 (mod2003) iRn:aINAH
10 (% =% )(% =% )(% ~%) %0 (mod2003) i8:

x,—X, #0 (mod2003) , x,-x,#0(mod2003) &%

X, —x #0(mod2003)  (i{fN: 2003 MESSUYH)

ithms: f(x)=0(mod2003) 811 f(x,)=0(mod2003)

= f(x)—-f(x,)=0 (mod2003)

< (% -%)(a(x +%,)+b-1)=0 (mod2003)

= a(x +X,)+b-1=0(mod2003)

O a(x, +x,)+b—1=0(mod2003)

DAHYSHAEN: a(x,—x)=0 (mod2003)

= a=0 (mod2003) = b-1=0(mod2003)

W f(x)=ax +(b—1)x +c=0(mod2003)
= ¢=0(mod2003) = a+b+c—-1=0(mod2003)
MY{FAIUS Fermat: a*” =a(mod2003) , b** =b(mod2003) &%

2003

¢ =c(mod2003)

2003 2003 2003
a

+b™ " +c”  —1l=a+b+c-1=0(mod2003)
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000 BYNAANFIGNHEANS
:>(x1—x2)(x2—x3)(x3—x1)(a2003+b2003+c2003—1)50 (mod2003)
fUiuun: 2003‘(32003 +b2003+02°°3—1)(x1—x2)(x2 %) (% —-%)

sBunsgEm
nEjgSARIFMS a,b, ¢ Bh x,y,z Wups:

a+x=b+y =c+z=1 4 GIFOWUINAR:

(abc+xyz) (i+i+iJ >3
ay bz cx

(Russian Mathematical Olympiad 2002)

é’:tmm:@nw

I MS: a+x=b+y =c+z=1 191 x=1-a ,y=1-b 8% z=1-c

itimS: abc+xyz —abc+(1-a)(1-b)(1-c)
=abc—a(1-b)(1-c)+(1-b)(1-c)
=abc—a(l-c—b+bc)+(1-b)(1-c)
=ac—(1-b)a+(1-b)(1-c)

isnnp Sihfnsausmnig:8l ay=a(1-b) i9:

abc+xyz ¢ 1—0_1
ay 1-b a

rowisigegpin: ez a 1-a
ay l1-c b
abc+xyz: b +1—b_1
ay l-a ¢
ynHY SUHRIAMS:
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( C 1—bj (1—0 a j (1—a b j
= —+— |+ + + + -3
1-b ¢ a 1-c b 1-a
>24+2+2-3=3 (MBILUEMN AM —GM )

oIS (abc+xyz)(ai+bi+cij >3 [RIMS[WUENA
y bz cx 2

BumAsee
3
GUATRURMSNG (ab) isGgennifmsitnifes: ab‘ll Sh
a—+
b’a+1 2 e -
o gInMGSSRRIgMS
(Junior Balkan MO 2013)
é’:tmm:Emw
= a’h-1 ’ :
muaydng: —— MESSARIGHISINS
+

a+1‘a3b—1:b(a3 +1)—(b +1) = a+1lb+1

bla+1

[ wgsmitidims MESSHHIFNS INHMS: b-1p+1

= b-1(b+1)-(b-1)=2 = b-1e{1,2} = be{2,3}

it b=2 = a+l3 = a=2

i b=3 = a+l4 =ae{l3}
UIUGIEWMS: (a=2,b=2); (a=1b=3) r(a=3b=3)
m"jﬁmﬁﬁﬁtﬁmg‘ﬁms:mﬁ%mgﬁmgﬁﬁq , m”jmmﬁﬁmig]a@ﬁ
§UISs (ab)e{(2.2),(13),(33)}

o)t w grasmes 2058 107



000 mmaamafcyﬁaqpms

WmsEsn

)l 9

98] (u,) MAURHEURANTINW u,, =u , —u, WIWIAEDY

2

s =Yu THENS: u,—u =S~ S, +1

n i 1

GIfANHRIYEIS S,

(Vietnam Olympic 2003)
s:tmm:Emw
IHNIS: U, =u  —u TOIEMY u=x 88 u,=y BNy, =y—x,
Uy ==X, U ==Y, U =X=Y,U =X,U=Y,...

BRSO : u=u,,u,=u,, ... IR &6 (u)) Najs

g1 e

-Q

9

QUL SSUIRSN 6 1N u =u . ,meN

n+6m !

ginig)nidiain: s, =0 §16] S, =0 AT keN TAMS:

S2003 = S1998 + Uigg9 + Uzgoo T Uzgo1 T Uzgoz + Ungos
= Se.aas T Usaaszin + Usaazzis + Usaazia T Usassia T Usasais
=0+u, +u, +uU; +U, +U,
=X+ Y+Y—X—X-Y
=y—X=U,—U,
mﬁﬁj‘gﬁﬁ‘gi U, —U, = S22003 —Sy003 +1
& Sy = S2003 Sy00s T1
( 2003 ) =0 = S, =1
ﬁuGIS o Sy =1 1
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000 BYNAANFIGNHEANS
ibumAgss
1ng) ABC Mifimanywismiglama:
(8AB—7BC-3CA)’=6(AB’ ~BC’~CA’) 9
GIOWUENAS: A=60"

(Korean Mathematical Competition 2002)

étmm:Emw

M a=BC,b=CA 8§11 c=AB I:BMNIZUIRG]AIBYN:
(8c—7a—3b)2:6(c2—a2—b2)

& 15b° +2b(21a - 24c) +55a" ~112ac +58¢” =0

1B mitinY, nane b piinnsusaN: A0

& —6(64a’ ~112ac+49¢’) 20 < (8a—7c)’<0 = 8a=Tc

Ssaghaumniivinms: sa=70 ufhaimms: %:gzg
IS:UMNAT: AABC §u8l AAB'C IBUMSHEN 7,3, 8 1HHh
, F+8-7" 1 o
AA'B'C' 18:t18: CoOSA' = =— = A'=60
2-3-8 2
HGIS: A=A=60" 4
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000 a?méﬁr{nﬁ?a'pﬁaajﬁs
WBmsE <l

iHGja,b,c,d MESSHAKIAN a>b>c>d>0 4 Wwius:
ac+bd =(b+d+a—c)(b+d—a+c) , GIFNWUENAT:
ab+cd B8igSMEgSutLIg

(IMO 2001)

étmm:Emw

Myfuginyg: ac+bd =(b+d+a—c)(b+d-a+c)

= a’—ac+c’ =b’ +bd +d°

< a’+c¢’ —2acCos60’ =b’ +d° —2bdCos120°
ABMAISSUNABY: a,b,c, d MINAIENISGHIMANGNY ABCD
yWwikn BC=a, DA=b,AB=c,CD=d, ZABC=60" &

Z/ADC =120°

B

MUEAUSHSunRiMAN ABD 81 BCD 1M S:

b>+c” —2bcCosA=BD’ =a’ +d° —2adCosC
b’+c’—a’ —d°
2bc + 2ad

Sﬁ@,j BD2:a2+d2+2ad-b2+cz_a2_d2 :(ac+bd)(ab+cd)
2bc + 2ad bc + ad

i A+C=180" QINMS: CosA=
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InMUF UG Ptolemy HSIHHUGHIMANINY ABCD i
GHIMANOIRANINAYWIRNS:
BD-AC =BC-AD+AB-CD =ab+cd

< BD’-AC’=(ab+cd)’

(ac+bd)(ab+cd)
bc+ad

<:>(ac+bd)(b2+bd +d2)=(ab+cd)(bc+ad)

A

{b” +bd +d”)=(ab+cd)’

= ac+hd|(ab+cd)(bc+ad) (1)

1w a>b>c>d>0 i81: ab+cd >ac+bd>bc+ad  (2)

i ab+cd MGSSUVH IN:MBENAGSH (1) 84 (2) WHODMS:
ac+bdjpc+ad BSAHIYM: ac+bd >bc+ad

6182 ab+cd B8iuSMigsuywis

WimsEss

1G] f(x,y):‘/g-cosZ(x+y)+acos(x+y+a) GiN:{Av a,
cgeR 9 GIEOWUINAS: (max f(xy)) +(min f (x,y)) >2003

(Vietnam Olympic 2003)

f:tmm:Emw

GIN:{HU a, o e R iDHIS:

f (X, y):,/g .C0S2(X+Yy)+acos(x+y+a)

iihms: £(0,0) :,/20203 +acosa
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iUl f(%%)z g—acosa
Sk f(o,o)+f(f,fj=2 2003
2'2 2

—asing sl

g (1) 84 (2) wm8: (maxf(xy)) +(min f(xy)) 22003

Cc@y

BunESss

mi P ménﬂﬁﬁumtmgﬁgtﬁsﬁtmnﬂ ABC iiifUsif PA, PB
Sh PC mﬁﬁlmi}”ﬁtmnﬂi’ﬁmmséﬁummﬁmm 4 IHAIgHB:
islghiiimanis: §nURMUBEIEN PA 9 GIFNMWUINAS
Z/BAC @ §[juG

(USAMO 2001)
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mmm:Emw

muf pusiasunaimaniiuginwals PA, PB 84 PC
WS AP’ =PB’+PC’-2PB-PC-cosw il » MHIEUIATHEY
{fih PA
MUAYRAY: ©e(90°180°) 1912 coso<0 TAMS:

AP® > PB® +PC”

—2 —2 —=2
& AP >PB +PC

2 2 . \2

& AP >(AB-AP) +(AC-AP)

o AP >(AB2 —2AB-AP+AP2)+(AC2 —2AC-AP+AP2)

< 2AB-BC>AB +AC +AP —2AB-AP—2AC-AP+2AB-BC
:(AP—AB—AC)220

AB-B
8[|

@

— AB-BC >0 = cos/BAC= >0

BGISs ZBAC MY{UG

Cc@y

sSemEEn00

U 9 U

M T NOANISpUHIGARAIgMSIS 2004 9 GIAANHS

u v

oo

S
idstgninums inuaannm s is 7 moms ibmsmyis s

AMN NNHNISMHYWiGHIg)ais s 18
(Canadian Mathematical Olympiad 2004)
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étmm:@nw

200 4100

-3

100

i 2004 =2 167 TR

T ={2167°:0<a<200,0<b,c<100} , (a,b,ceN)

200-b—c

i §={2""".3".167°:0<b,c <100]

§1M: 0<b,c<100 i 0<200—b—c<200

ISSUMNAS: S MARNMyWis T

TNW b NS101HTYIRUMGIUIW ¢ MS1016igiiuMsIN: s Mg
101° ME 4

IFuEH{ANwH: MEMAIS s AMMANAANISMAYWIGHIG)HIg
wiwhmsainni is 1 igpng)anmisumsgsmifsmi
Isigjt:

UMt 2°°°°.3.167° MAUMIHANTS 277 .3’ 167"

i91: 200-b-¢>200—j—k,b>j,c>k

1G] b+c<j+k , b>j,c>k SUNMS: b=j 84 c=k
IS:UMMARMSMEIS S Ammanganismayuigig)ais s ig
M U maonniywis 7 inumsmaibaoi 1017
TNWHMS{Hvin 10°H30MIS (b,c) i 0<b,c<100
tm:mmmmmm?ngmﬁ (The pigeon hole principle) ,U ‘[,fjf’tﬂs
M u, =2*3"167% §4 u, =2%3"167% 1305 b =h,, ¢ =c, 8
a=a, 1

i a >a, 1912 u, MANHANTS u, §0 10 2, <a, 1912y, W
NUHANTS u, 1S:VINAT: U ﬁsﬁmmmga@%ﬁmﬁjimﬁm:w “
BoissGgsmuiBsinnitums iduMNMywis T Monsh

101° =10201 4
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XVII Asian Pacific Mathematics Olympiad

Time allowed : 4 hours
FEach problem is worth 7 points

x The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.

Problem 1. Prove that for every irrational real number a, there are irrational real numbers
b and b’ so that a + b and ab’ are both rational while ab and a + b’ are both irrational.

Problem 2. Let a,b and ¢ be positive real numbers such that abc = 8. Prove that

a? b2 c?

V(L +a3)(1+0%) - VI + )1+ c3) - V(I +A)(1+ a?)

Q| W~

Problem 3. Prove that there exists a triangle which can be cut into 2005 congruent
triangles.

Problem 4. In a small town, there are n x n houses indexed by (1, j) for 1 <4, j < n with
(1,1) being the house at the top left corner, where ¢ and j are the row and column indices,
respectively. At time 0, a fire breaks out at the house indexed by (1,c¢), where ¢ < %
During each subsequent time interval [, ¢+ 1], the fire fighters defend a house which is not
yet on fire while the fire spreads to all undefended neighbors of each house which was on
fire at time . Once a house is defended, it remains so all the time. The process ends when
the fire can no longer spread. At most how many houses can be saved by the fire fighters?

A house indexed by (4, ) is a neighbor of a house indexed by (k, ) if |i — k| +|j — ¢| = 1.

Problem 5. In a triangle ABC, points M and N are on sides AB and AC', respectively,
such that M B = BC' = C'N. Let R and r denote the circumradius and the inradius of the
triangle ABC respectively. Express the ratio M N/BC in terms of R and r.



XVII APMO - March, 2005

Problems and Solutions

Problem 1. Prove that for every irrational real number a, there are irrational real numbers
b and b so that a + b and ab’ are both rational while ab and a + ¢’ are both irrational.

(Solution) Let a be an irrational number. If a? is irrational, we let b = —a. Then,
a+ b= 0 is rational and ab = —a? is irrational. If a? is rational, we let b = a? — a. Then,
a+ b= a?is rational and ab = a*(a — 1). Since

_ab

a=—+1

a?

is irrational, so is ab.

Now, we let i = — or ¥ = —. Then ab’ = 1 or 2, which is rational. Note that
a a

241 242
a—l—b':ajL or a+b/:a+ )
a a
Since,
a*+2 a®+1 1
a a  a

at least one of them is irrational.



Problem 2. Let a,b and ¢ be positive real numbers such that abc = 8. Prove that

a? n b? n ? S 4
VI+a)1+0) O+ I+ I+ (I+ah) T3
(Solution) Observe that
1 S 2 (1)
VItad T 2422

In fact, this is equivalent to (2 + z2) > 4(1 + %), or z%(z — 2)® > 0. Notice that equality
holds in (1) if and only if z = 2.

We substitute x by a,b, ¢ in (1), respectively, to find

a? b? c?
V(1 +a?)(1+b%) * VI +03)(1+3) - VI +E)(1+a?)
- 4a? N 4b? N 4c? 2
T 24a®)24+02)  2+¥)2+3) 2+A)(2+a?) )

We combine the terms on the right hand side of (2) to obtain

_ 25(a,b,c) 2
Left h £(2) > _
eft hand side of (2) 2 == S(a,b,¢c)  1+36/S(a,b,c)’ (3)

where S(a,b,c) :=2(a? + b* + ¢2) + (ab)? + (bc)? + (ca)?. By AM-GM inequality, we have

a® + b2 + &2
(ab)? + (bc)? + (ca)?

Note that the equalities holds if and only if a = b = ¢ = 2. The above inequalities yield

S(a,b,c) = 2(a* + b* + ) + (ab)? + (be)? + (ca)* > 72. (4)
Therefore
=3 )
1+36/S(a,b,c) — 1+36/72 3’

which is the required inequality.



Problem 3. Prove that there exists a triangle which can be cut into 2005 congruent
triangles.

(Solution) Suppose that one side of a triangle has length n. Then it can be cut into n?
congruent triangles which are similar to the original one and whose corresponding sides to
the side of length n have lengths 1.

Since 2005 = 5 x 401 where 5 and 401 are primes and both primes are of the type
4k + 1, it is representable as a sum of two integer squares. Indeed, it is easy to see that

2005 =5 x 401 = (22 +1)(202 + 1)
=402 +20%2+22 +1
= (40 — 1)2 + 2 x 40 + 20% + 22
= 392 4 222

Let ABC be a right-angled triangle with the legs AB and BC' having lengths 39 and
22, respectively. We draw the altitude BK, which divides ABC' into two similar triangles.
Now we divide ABK into 392 congruent triangles as described above and BCK into 222
congruent triangles. Since ABK is similar to BKC', all 2005 triangles will be congruent.



Problem 4. In a small town, there are n x n houses indexed by (i, 7) for 1 <4, j < n with
(1,1) being the house at the top left corner, where ¢ and j are the row and column indices,
respectively. At time 0, a fire breaks out at the house indexed by (1,c), where ¢ < g
During each subsequent time interval [t, ¢+ 1], the fire fighters defend a house which is not
yet on fire while the fire spreads to all undefended neighbors of each house which was on
fire at time . Once a house is defended, it remains so all the time. The process ends when
the fire can no longer spread. At most how many houses can be saved by the fire fighters?
A house indexed by (i, 7) is a neighbor of a house indexed by (k,¢) if |i — k| + |j — ¢| = 1.

(Solution) At most n? + c? —nc — ¢ houses can be saved. This can be achieved under the
following order of defending:

(27C>7 (27C+ 1)7 (3,0 - 1)7 (37C+ 2)a (470_ 2)7 (470_'_3); s (6)
(c+1,1),(c+1,2¢);(c+1,2¢+1),...,(c+ 1,n).
Under this strategy, there are

2 columns (column numbers ¢, ¢+ 1) at which n — 1 houses are saved
2 columns (column numbers ¢ — 1, ¢ + 2) at which n — 2 houses are saved

2 columns (column numbers 1, 2¢) at which n — ¢ houses are saved
n — 2¢ columns (column numbers n — 2¢ + 1,...,n) at which n — ¢ houses are saved

Adding all these we obtain :
2n—D+n—2)+-+n—0c)]+(n—20)n—-c)=n*+c—cn—c (7)

We say that a house indexed by (i, 7) is at level ¢ if |i — 1|+ |j — ¢| = t. Let d(t) be the
number of houses at level ¢ defended by time ¢, and p(t) be the number of houses at levels
greater than ¢ defended by time ¢. It is clear that

p(t) + ) d(i) <tand p(t+1)+d(t+1) < p(t) + 1.

Let s(t) be the number of houses at level ¢ which are not burning at time ¢. We prove that
s(t) <t —p(t) <t

for 1 <t < n —1 by induction. It is obvious when ¢t = 1. Assume that it is true for
t = k. The union of the neighbors of any k& — p(k) + 1 houses at level k + 1 contains at
least k — p(k) + 1 vertices at level k. Since s(k) < k — p(k), one of these houses at level
k is burning. Therefore, at most k — p(k) houses at level k + 1 have no neighbor burning.
Hence we have

s(k+1) <k—pk)+dk+1)
=(k+1)—(pk)+1—d(k+1))
<(k+1)—pk+1)



We now prove that the strategy given above is optimal. Since

nis(t) < (’;)

t=1

the maximum number of houses at levels less than or equal to n — 1, that can be saved
under any strategy is at most (g), which is realized by the strategy above. Moreover, at
levels bigger than n — 1, every house is saved under the strategy above.

The following is an example when n = 11 and ¢ = 4. The houses with () mark are
burned. The houses with (X) mark are blocked ones and hence those and the houses below
them are saved.

N\ /N A\ N NN N NN
€2 7 GV 2 (/2 OV C VAN OV GV GV A VA O

W
W
U
U
U

Y yanN A RN AD\ A\ 7\ 7\ yanN yanN yanN /1
O—— O— D
D\ A RN AD\ AD\ 7D\ /D yanN yanN /1
O— Oo— O
D\ LD LD\ D\ yanN yanN 1
® Oo———
I\ A\ LD\ LD\ Al




Problem 5. In a triangle ABC, points M and N are on sides AB and AC, respectively,
such that M B = BC = C'N. Let R and r denote the circumradius and the inradius of the
triangle ABC', respectively. Express the ratio M N/BC' in terms of R and r.

(Solution) Let w, O and I be the circumcircle, the circumcenter and the incenter of ABC,
respectively. Let D be the point of intersection of the line BI and the circle w such that
D # B. Then D is the midpoint of the arc AC. Hence OD 1. CN and OD = R.

We first show that triangles M NC and IOD are similar. Because BC' = BM, the line
BI (the bisector of ZM BC) is perpendicular to the line C'M. Because OD 1 C'N and
ID 1 MC, it follows that

/0Dl = /NCM (8)
Let ZABC = 2(3. In the triangle BCM, we have
cCM CM .
N_C = B_C = QSlnﬁ (9)

Since Z/DIC = ZDCI, we have ID = CD = AD. Let E be the point of intersection
of the line DO and the circle w such that £ # D. Then DFE is a diameter of w and
/ZDEC = ZDBC = . Thus we have

DI CD  2Rsinf

OD OD R
Combining equations (8), (9), and (10) shows that triangles M NC and IOD are similar.
It follows that

= 2sin J. (10)

MN B MN B 10 B 10 (1)
BC NC OD R’
The well-known Euler’s formula states that

OI” = R* — 2Rr. (12)
Therefore,

MN 2r

— =/1-=. 13

BC R (13)

(Alternative Solution) Let a (resp., b, ¢) be the length of BC' (resp., AC, AB). Let «
(resp., B, v) denote the angle ZBAC' (resp., ZABC, ZACB). By introducing coordinates
B = (0,0), C' = (a,0), it is immediate that the coordinates of M and N are

M = (acos3,asin3), N = (a— acosy,asin?y), (14)



respectively. Therefore,

(MN/BC)?* =|[(a—acosy—acosf)?+ (asiny — asin 3)*]/a?
= (1 — cosy — cos 3)* + (sin~y — sin 3)?
=3 —2cosy — 2cos 3+ 2(cos~ycos 3 — sin-ysin [3)

=3 —2cosy — 2cos 3+ 2cos(y + ) (15)
=3—2cosy—2cosl —2cosa
=3 — 2(cos~y + cos f + cos ).
Now we claim .
cosv—l—cosﬂ—l—cosazﬁ%—l. (16)
From
a =bcosy+ccosf
b =ccosa+ acosy (17)
¢ =acos( + bcosa
we get

a(l+cosa) + b(1 + cos B) + ¢(1 4 cosy) = (a+ b+ ¢)(cos a + cos 5 + cos 7). (18)
Thus

cos a + cos 3 + cos 7y

1
= a+b+c(a(]—+cosg)+b(1+COSﬁ)—|—C(1—|—Cosry))

1 1+b2—|rc:2—a2 b 1+a2+02—b2 N 1_|_a2—|—b2—c2
at+b+ec 2bc 2ac 2ab

a?(0? + ¢ — a®) + v*(a® + & — b?) + A(a® + b* — 2)
2abc

=
=——atbtc+
a+b+c

14 2a2b% + 2% + 2¢%a? — a* — b — ¢4

2abc(a+ b+ c¢)
(19)
On the other hand, from R = — it follows that
sin «
o o2 _ a2
4(1 — cos? a) (b2+02—a2)2
411 - —————
2bc (20)

a’b?c?

TR L 222 + 22—t — b — A




1 1
Also from 5(& +b+co)r= §bc sin «, it follows that

e 1 (M)Q
s bl —cos’a) 2be

T =

(a4 b+ c)? (a+b+c)? (21)

B 2a2b% + 2% + 2c%a? — a* — bt — ¢4
B 4(a+ b+ c)? '

Combining (19), (20) and (21), we get (16) as desired.
Finally, by (15) and (16) we have

MN 2r
—— =4/1 - —. 22
BC R (22)

Another proof of (16) from R.A. Johnson’s “Advanced Euclidean Geometry”!:

Construct the perpendicular bisectors OD, OF, OF, where D, E, F' are the midpoints
of BC,CA, AB, respectively. By Ptolemy’s Theorem applied to the cyclic quadrilateral
OFAF, we get

a b c
Z.R=-.0F+=-0E.
5 R 5 O +2 O
Similarly
b c a c a b
. .R=-.0D+—=--OF —.-R=--OE+--0D.
2R20+2072R20+2O
Adding, we get
b b
sR=0D. +C+OE-C+G+OF-a;, (23)

where s is the semiperimeter. But also, the area of triangle OBC is OD - g, and adding

similar formulas for the areas of triangles OC'A and OAB gives

C

) (24)

rs:AABC’:OD-ngOE-ngOF-
Adding (23) and (24) gives s(R+ 1) = s(OD + OE + OF), or
OD+ OFE+ OF =R +r.

Since OD = Rcos A etc., (16) follows.

IThis proof was introduced to the coordinating country by Professor Bill Sands of Canada.
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XVIII Asian Pacific Mathematics Olympiad

Time allowed : 4 hours
Each problem is worth 7 points

x The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.

Problem 1. Let n be a positive integer. Find the largest nonnegative real number f(n)
(depending on n) with the following property: whenever ay,as, ..., a, are real numbers
such that a; + ag + - - - + a, is an integer, there exists some ¢ such that | a; — % | > f(n).

Problem 2. Prove that every positive integer can be written as a finite sum of distinct
integral powers of the golden mean 7 = %5 Here, an integral power of 7 is of the form
7%, where 7 is an integer (not necessarily positive).

Problem 3. Let p > 5 be a prime and let r» be the number of ways of placing p checkers
on a p X p checkerboard so that not all checkers are in the same row (but they may all be
in the same column). Show that r is divisible by p5. Here, we assume that all the checkers
are identical.

Problem 4. Let A, B be two distinct points on a given circle O and let P be the midpoint
of the line segment AB. Let O; be the circle tangent to the line AB at P and tangent to
the circle O. Let ¢ be the tangent line, different from the line AB, to O; passing through
A. Let C be the intersection point, different from A, of £ and O. Let ) be the midpoint
of the line segment BC' and O; be the circle tangent to the line BC' at () and tangent to
the line segment AC'. Prove that the circle Oy is tangent to the circle O.

Problem 5. In a circus, there are n clowns who dress and paint themselves up using a
selection of 12 distinct colours. Each clown is required to use at least five different colours.
One day, the ringmaster of the circus orders that no two clowns have exactly the same set
of colours and no more than 20 clowns may use any one particular colour. Find the largest
number n of clowns so as to make the ringmaster’s order possible.



Problem 1. Let n be a positive integer. Find the largest nonnegative real number f(n)
(depending on n) with the following property: whenever ay,as, ..., a, are real numbers
such that a; + a + - - + a, is an integer, there exists some ¢ such that | a; — 1 | > f(n).

(Solution) The answer is
0 if n is even,
f(n)—{ 5 if nis odd.
First, assume that n is even. If a; = % for all 7, then the sum a; + as + - -+ + a,, is an
integer. Since | a; — 2 |= 0 for all 4, we may conclude f(n) =0 for any even n.

Now assume that n is odd. Suppose that | a; — % |< % for all 1 < i < n. Then, since
>, a; is an integer,

n

a contradiction. Thus |a; — %| > % for some i, as required. On the other hand, putting

n=2m+1and q; = 5" for all i gives > a; = m, while
1 1 m 1 1
a’i —_— = = — = = —
2|72 2m+1 2@m+1) 2n

for all i. Therefore, f(n) = % is the best possible for any odd n.

Problem 2. Prove that every positive integer can be written as a finite sum of distinct
integral powers of the golden mean 7 = %5 Here, an integral power of 7 is of the form
7% where 7 is an integer (not necessarily positive).

(Solution) We will prove this statement by induction using the equality
rP=r141.

If n =1, then 1 = 7°. Suppose that n — 1 can be written as a finite sum of integral powers
of 7, say

k
n—1= Z&ﬂ'i, (1)

i=——k
where a; € {0,1} and n > 2. We will write (1) as

n—1=ag---a1ap.a_10_9- - a_p. (2)

For example,
1=1.0=0.11 =0.1011 = 0.101011.



Firstly, we will prove that we may assume that in (2) we have a;a;,41 = 0 for all ¢ with
—k <11 <k —1. Indeed, if we have several occurrences of 11, then we take the leftmost
such occurrence. Since we may assume that it is preceded by a 0, we can replace 011
with 100 using the identity 77! + 7¢ = 72, By doing so repeatedly, if necessary, we will
eliminate all occurrences of two 1’s standing together. Now we have the representation

K
i=—K

where bl c {0, 1} and bibi—H =0.
If by = 0 in (3), then we just add 1 = 79 to both sides of (3) and we are done.
Suppose now that there is 1 in the unit position of (3), that is by = 1. If there are two
0’s to the right of it, i.e.
n—1=---1.00---,

then we can replace 1.00 with 0.11 because 1 = 7! + 772, and we are done because we
obtain 0 in the unit position. Thus we may assume that

n—1=---1.010--- .
Again, if we have n — 1 =---1.0100- - -, we may rewrite it as
n—1=---10100---=---1.0011---=---0.1111- - -

and obtain 0 in the unit position. Therefore, we may assume that
n—1=---1.01010--- .

Since the number of 1’s is finite, eventually we will obtain an occurrence of 100 at the end,
ie.

n—1=---1.01010---100.

Then we can shift all 1’s to the right to obtain 0 in the unit position, i.e.
n—1=---011---11,

and we are done.

Problem 3. Let p > 5 be a prime and let r» be the number of ways of placing p checkers
on a p X p checkerboard so that not all checkers are in the same row (but they may all be
in the same column). Show that 7 is divisible by p®. Here, we assume that all the checkers
are identical.

2
(Solution) Note that r = <];) — p. Hence, it suffices to show that

P*=1)p* =2 —(p-1)—(p—-1'=0 (modp?). (1)



Now, let
f@)y=@—-1)(x—2)(x—(p—1) =aP ' +5, 027 2+ - + 512 + 5. (2)

Then the congruence equation (1) is same as f(p?) —so = 0 (mod p?). Therefore, it suffices
to show that s;p? =0 (mod p*) or sy =0 (mod p?).
Since a?~! =1 (mod p) for all 1 < a < p — 1, we can factor

2 —l=(@-1)(x-2)(r—(p—1)) (modp) (3)

Comparing the coefficients of the left hand side of (3) with those of the right hand side
of (2), we obtain p|s; for all 1 < i < p—2 and sg = —1 (mod p). On the other hand,
plugging p for x in (2), we get

fp) =@ —1)!=s0=p"" + 5, 9p" 4+ + 510+ 50,

which implies
PP sy o P sop® = —sip.

Since p > 5, p| sy and hence s; = 0 (mod p?) as desired.

Problem 4. Let A, B be two distinct points on a given circle O and let P be the midpoint
of the line segment AB. Let O; be the circle tangent to the line AB at P and tangent to
the circle O. Let ¢ be the tangent line, different from the line AB, to O; passing through
A. Let C be the intersection point, different from A, of £ and O. Let ) be the midpoint
of the line segment BC' and O, be the circle tangent to the line BC' at ) and tangent to
the line segment AC'. Prove that the circle O, is tangent to the circle O.

(Solution) Let S be the tangent point of the circles O and O, and let T' be the intersection
point, different from S, of the circle O and the line SP. Let X be the tangent point of
¢ to O7 and let M be the midpoint of the line segment X P. Since /TBP = ZASP, the
triangle T'BP is similar to the triangle ASP. Therefore,

PT  PA
PB PSS’
Since the line ¢ is tangent to the circle Oy at X, we have

ZSPX =90° — ZXSP =90° — LZAPM = ZPAM

which implies that the triangle PAM is similar to the triangle SPX. Consequently,

XS _MP _ XP . XP _MA
XP MA 2MA MY pPs T Ap-




From this and the above observation follows

XS PT XP PA XP MA 1
XP PB 2MA PS 2MA XP 2

(1)

Let A’ be the intersection point of the circle O and the perpendicular bisector of the chord
BC such that A, A" are on the same side of the line BC, and N be the intersection point
of the lines A’Q) and CT. Since

INCQ =/LTCB=/TCA=/TBA=/TBP

and

L/CAB /XAP
2 2

the triangle NCQ is similar to the triangle TBP and the triangle C'A’Q) is similar to the
triangle SPX. Therefore

LOAQ = = /PAM = /SPX,

QN _PT . QC _ XS
oc ~pPB % oa " Xxp

and hence QA" = 2QN by (1). This implies that N is the midpoint of the line segment
QA’. Let the circle Oy touch the line segment AC' at Y. Since

LACN = LACT = ZBCT = ZQCN

and | CY| = | CQ)|, the triangles YCN and QCN are congruent and hence NY 1 AC and
NY = NQ = NA’. Therefore, N is the center of the circle Oy, which completes the proof.

Remark : Analytic solutions are possible : For example, one can prove for a triangle ABC'
inscribed in a circle O that AB = k(2 + 2t), AC = k(1 + 2t), BC' = k(1 + 4t) for some
positive numbers k,t if and only if there exists a circle O; such that O, is tangent to the
side AB at its midpoint, the side AC' and the circle O.

One obtains AB = K'(1 + 4t'),AC = K'(1 + 2t'), BC = K'(2 + 2t') by substituting
t =1/4t" and k = 2k't’. So, there exists a circle Oy such that O, is tangent to the side BC
at its midpoint, the side AC and the circle O.

In the above, t = tan? @ and k = a Hanff)tarjj T a) where R is the radius of O and
/A = 2«a. Furthermore, ' = tan®~ and &' = ( AR tany where ZC' = 27. Observe

1+tan? v)(1+4 tan? v)
that vtt' = tana - tany = i((—}z . % = %, which implies tt' = i. It is now routine easy to
check that k = 2k't'.

Problem 5. In a circus, there are n clowns who dress and paint themselves up using a
selection of 12 distinct colours. Each clown is required to use at least five different colours.
One day, the ringmaster of the circus orders that no two clowns have exactly the same set



of colours and no more than 20 clowns may use any one particular colour. Find the largest
number n of clowns so as to make the ringmaster’s order possible.

(Solution) Let C' be the set of n clowns. Label the colours 1,2,3,...,12. For each
1 =1,2,...,12, let E; denote the set of clowns who use colour i. For each subset S of
{1,2,...,12}, let Es be the set of clowns who use exactly those colours in S. Since S # S’

implies Eg N Eg = (), we have
> |Es|=IC| =mn,
S

where S runs over all subsets of {1,2,...,12}. Now for each i,

Es C E; ifandonlyif €S,

|Ez| - Z ’ES|

ies
By assumption, we know that |E;| < 20 and that if Eg # ), then |S| > 5. From this we

obtain b b
20 x 12> > |E[ =) <Z |ES|> >5 |Es| =5n.
S

=1 i=1 €S

and hence

Therefore n < 48.
Now, define a sequence {c;}?2, of colours in the following way:

1234567891011 12 |
4123[8567]1291011 |
3412[7856]1112910 |
2341|6785[1011129]1234

The first row lists ci,...,c12 in order, the second row lists ¢i3, ..., oy in order, the third
row lists co5, ..., c36 in order, and finally the last row lists c37,...,c50 in order. For each
J, 1 <7 <48, assign colours ¢;, ¢ji1, ¢jt2, Cj+3, Cj+a to the j-th clown. It is easy to check
that this assignment satisfies all conditions given above. So, 48 is the largest for n.

Remark : The fact that n < 48 can be obtained in a much simpler observation that
5n < 12 x 20 = 240.

There are many other ways of constructing 48 distinct sets consisting of 5 colours. For
example, consider the sets

{1,2,3,4,5,6},  {3,4,5,6,7,8}, {5,6,7,8,9,10}, {7,8,9,10,11,12},
{9,10,11,12,1,2}, {11,12,1,2,3,4}, {1,2,5,6,9,10}, {3,4,7,8,11,12}.

Each of the above 8 sets has 6 distinct subsets consisting of exactly 5 colours. It is easy to
check that the 48 subsets obtained in this manner are all distinct.
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Each problem is worth 7 points

x The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.

Problem 1. Let S be a set of 9 distinct integers all of whose prime factors are at most 3.
Prove that S contains 3 distinct integers such that their product is a perfect cube.

Problem 2. Let ABC be an acute angled triangle with Z/BAC = 60° and AB > AC'". Let
I be the incenter, and H the orthocenter of the triangle ABC'. Prove that

2/AHI = 3/ZABC.

Problem 3. Consider n disks C,Cs, ..., C, in a plane such that for each 1 < i < n, the
center of C; is on the circumference of C;,1, and the center of C), is on the circumference
of C}. Define the score of such an arrangement of n disks to be the number of pairs (i, )
for which C; properly contains C;. Determine the maximum possible score.

Problem 4. Let z,y and z be positive real numbers such that /= 4 ,/y+/z = 1. Prove
that
2+ yz Y2+ 2z 22+ xy -1

2Ryt Rere) | ety

Problem 5. A regular (5 x 5)-array of lights is defective, so that toggling the switch for
one light causes each adjacent light in the same row and in the same column as well as
the light itself to change state, from on to off, or from off to on. Initially all the lights are
switched off. After a certain number of toggles, exactly one light is switched on. Find all
the possible positions of this light.
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Problem 1. Let S be a set of 9 distinct integers all of whose prime factors are at most 3.
Prove that S contains 3 distinct integers such that their product is a perfect cube.

Solution. Without loss of generality, we may assume that S contains only positive integers.
Let
S = {2%

It suffices to show that there are 1 < iy, 140,13 < 9 such that

‘biEZ, ai,bizO, 1§Z§9}

a;, + a;, + aiy = by + b, + b, =0 (mod 3). (1)

For n = 223" € S, let’s call (a (mod 3),b (mod 3)) the type of n. Then there are 9 possible
types:
(O’ 0)7 (07 1)7 (O’ 2)’ (17 0)7 (17 1)’ (]‘7 2)7 (27 O)’ (27 ]‘)7 (27 2)

Let N(i,j) be the number of integers in S of type (i,7). We obtain 3 distinct integers
whose product is a perfect cube when

(1) N(i,7) > 3 for some i, j, or

(2) N(i,0)N(z,1)N(i,2) # 0 for some ¢ = 0,1,2, or

(3) N(0,7)N(1,7)N(2,4) # 0 for some j =0,1,2, or

(4) N(ir,j1)N (2, j2) N (is, ja) # 0, where {ir, iz, 45} = {Ji1, jo, js} = {0,1,2}.

Assume that none of the conditions (1)~(3) holds. Since N(i,j) < 2 for all (4, j), there
are at least five N(i,7)’s that are nonzero. Furthermore, among those nonzero N (i, j)’s, no
three have the same ¢ nor the same j. Using these facts, one may easily conclude that the
condition (4) should hold. (For example, if one places each nonzero N(i, 5) in the (i, 7)-th
box of a regular 3 x 3 array of boxes whose rows and columns are indexed by 0,1 and 2,
then one can always find three boxes, occupied by at least one nonzero N (i, j), whose rows
and columns are all distinct. This implies (4).)



Second solution. Up to (T), we do the same as above and get 9 possible types:
(a (mod 3),b (mod 3)) = (0,0), (0,1),(0,2),(1,0), (1,1),(1,2),(2,0),(2,1), (2, 2)

for n =23 ¢ S.
Note that (i) among any 5 integers, there exist 3 whose sum is 0 (mod 3), and that (ii)
ifi,7,k € {0,1,2}, then i+j+%k = 0 (mod 3) if and only if i = j = k or {4, j,k} = {0, 1, 2}.
Let’s define

T': the set of types of the integers in 5';
N (i) : the number of integers in S of the type (7, -);
M (7): the number of integers j € {0, 1,2} such that (i,j) € T.

If N(i) > 5 for some i, the result follows from (i). Otherwise, for some permutation (i, j, k)
of (0,1,2),
N() =3, N()=3, N(k)=>1.

If M (i) or M(j) is 1 or 3, the result follows from (ii). Otherwise M (i) = M(j) = 2. Then
either

(i, 2), (6 y), (G, 2), (Gy) €T or (i), (6,y), (4, %), (J,2) €T
for some permutation (x,y, z) of (0,1,2). Since N(k) > 1, at least one of (k, z), (k,y) and

(k,z) contained in T". Therefore, in any case, the result follows from (ii). (For example, if
(k.y) € T, then take (i,y), (. 9), (k,y) or (i, ), G, ), (k, y) from T.)



Problem 2. Let ABC be an acute angled triangle with ZBAC = 60° and AB > AC. Let
I be the incenter, and H the orthocenter of the triangle ABC'. Prove that

2/AHI = 3/ZABC.

Solution. Let D be the intersection point of the lines AH and BC. Let K be the
intersection point of the circumcircle O of the triangle ABC' and the line AH. Let the line
through I perpendicular to BC' meet BC' and the minor arc BC' of the circumcircle O at
E and N, respectively. We have

1 1
/BIC = 180° — (ZIBC + ZICB) = 180° = - (ZABC + ZACB) = 90° + S ZBAC = 120°

and also Z/ZBNC = 180° — ZBAC = 120° = ZBIC. Since IN 1 BC, the quadrilateral
BICN is a kite and thus IE = EN.

Now, since H is the orthocenter of the triangle ABC, HD = DK. Also because
ED 1 IN and ED 1 HK, we conclude that THKN is an isosceles trapezoid with
IH =NK.

Hence

ZAHI =180° — ZIHK = 180° — ZAKN = ZABN.

Since I[E = EN and BE 1 IN, the triangles I BE and N BE are congruent. Therefore
/NBE =/IBE = /IBC = /IBA = %ZABC

and thus 5
JAHI = ZABN = EAABC.

Second solution. Let P, () and R be the intersection points of BH,CH and AH with
AC, AB and BC, respectively. Then we have ZIBH = ZICH. Indeed,

/IBH = /ABP — ZABI = 30° — %LABC

and
ZICH = ZACI — ZACH = %AAC’B —30° = 30° — ééABC,

because ZABH = ZACH = 30° and ZACB+/ABC = 120°. (Note that ZABP > ZABI
and ZACI > ZACH because AB is the longest side of the triangle ABC under the given
conditions.) Therefore BIHC is a cyclic quadrilateral and thus

/ZBHI = /ZBCI = %AACB.



On the other hand,
/BHR=90°—- ZHBR =90° — (LABC — ZABH) = 120° — ZABC.

Therefore,

LZAHI =180°—-4ZBHI - ZBHR = 60° — %AAC'B + LABC

= 60° — %(120o — LABC)+ LABC = géABC’.



Problem 3. Consider n disks C',Cs, ..., C, in a plane such that for each 1 <7 < n, the
center of C; is on the circumference of C;,1, and the center of C), is on the circumference
of C. Define the score of such an arrangement of n disks to be the number of pairs (i, )
for which C; properly contains C;. Determine the maximum possible score.

Solution. The answer is (n — 1)(n — 2)/2.

Let’s call a set of n disks satisfying the given conditions an n-configuration. For an n-
configuration C = {C,...,Cy,}, let Sec = {(4,) | C; properly contains C; }. So, the score
of an n-configuration C is |S¢].

We'll show that (i) there is an n-configuration C for which |[S¢| = (n —1)(n —2)/2, and
that (ii) |Se| < (n —1)(n — 2)/2 for any n-configuration C.

Let C; be any disk. Then for ¢« = 2,...,n — 1, take C; inside C;_; so that the cir-
cumference of C; contains the center of C;_;. Finally, let C), be a disk whose center is on
the circumference of C; and whose circumference contains the center of C,,_;. This gives
Se ={(i,j) |1 <i<j<n-—1}ofsize (n — 1)(n —2)/2, which proves (i).

For any n-configuration C, Se must satisfy the following properties:
(1) (i,7) & Se,

(2) (i+1,9) & Sc, (1,n) € Sc,

(3) if (2,7), (j, k) € Se, then (i,k) € Sc,

(4) if (i,75) € Se, then (j,i) & Sc .

Now we show that a set GG of ordered pairs of integers between 1 and n, satisfying the
conditions (1)~(4), can have no more than (n — 1)(n —2)/2 elements. Suppose that there
exists a set G that satisfies the conditions (1)~(4), and has more than (n — 1)(n — 2)/2
elements. Let n be the least positive integer with which there exists such a set G. Note
that G must have (4,7 4+ 1) for some 1 < i < n or (n,1), since otherwise G can have at

o (=3 _ (-1 -2)
n n(n — n—1)(n—
(2) e Ty T 2
elements. Without loss of generality we may assume that (n,1) € G. Then (1,n—1) € G,

since otherwise the condition (3) yields (n,n—1) € G contradicting the condition (2). Now
let G'={(i,7) € G|1 <1i,j <n—1}, then G’ satisfies the conditions (1)~(4), with n — 1.

We now claim that |G — G| <n —2:

Suppose that |G —G'| > n—2, then |G —G'| =n—1 and hence for each 1 <i <n—1,
either (i,m) or (n,7) must be in G. We already know that (n,1) € G and (n — 1,n) € G
(because (n,n — 1) ¢ ) and this implies that (n,n —2) ¢ G and (n — 2,n) € G. If we
keep doing this process, we obtain (1,n) € G, which is a contradiction.



Since |G — G'| < n — 2, we obtain

(n—1)(n—2)

|G| >

This, however, contradicts the minimality of n, and hence proves (ii).



Problem 4. Let z,y and z be positive real numbers such that /z +,/y + /2 = 1. Prove
that
2%+ yz y? + 2z 22+ xy .-

V222 (y + 2) * \/2y2(z—|—x) * \/222(x+y) o

Solution. We first note that
2?+yz P —z(y+z2)+yz z(y + z)
222(y + 2) 222(y + 2) 222(y + 2)
(r—y)lz—2)  |y+=
Ve V2
@-e—2)  VitVE

22%(y + 2) 2

Similarly, we have

We now add (1)~(3) to get

2+ yz N v + zx 22+ xy

\/2x2y+z V202 (2 +2) /222 +y)

e S e I R s )
2 NW B = e I U

(
Y-z -2)y-2)  (-2)(z-y)
V222 (y + 2) 2y%(z + x) 22%(x +y)

Thus, it suffices to show that

+

-—ylr—2) G-2)y—-2) (-2)(z-y
222(y + 2) 2y%(z + ) 222(z +y)

> 0. (4)

Now, assume without loss of generality, that x > y > 2. Then we have

-2,
202(y +2)



and

-2y, W-Dy—2) _ y-2—2) <y—z>< >
V22 (zty) V2 +a) 22z ty) V2

(y—2)z—y) (y—2)(x—y) 1 >
> — )

Pty | Jwern YA 2z2<x+y> 22z + 2)

The last quantity is non-negative due to the fact that
V(2 +2) =922 + e >yt 4 2P = 2 x +y).

This completes the proof.

Second solution. By Cauchy-Schwarz inequality,

x? y? 2
<\/2x2y+z +\/2y2 z+x)+ 222(x+y)> (5)
X (V2 +2) + V2= +2) + V2 1) > Ve + Vy+Vz)? =

and

Yz 2T xy
<¢2x2(y+z) ! V292 (2 + z) i ¢2Z2(a;+y)> (6)

x (V2(y + 2) + 2z +2) + 2z +y)) > <\/%+\/§+\/?>2.

We now combine (5) and (6) to find

2+ yz y:+ 2z 22+ ay
202(y +2) 202z +2)  \/222(z+y)
x (V2(z+y)+ 2y +2) +\/2z+:c

([ ) )

Thus, it suffices to show that

2(\/%+\/%+\/?)Zm+\/2(z+m)+\/2(m+y). (7)

Consider the following inequality using AM-GM inequality

VG W G5 2y 2o




or equivalently

Similarly, we have

Zx 1 jzy 1 Jyz

— L= ) > /2
,/y+(2 z+2,/x)_ (z+x),
xy 1 Jyz 1 [zx

—= =+ =] | >/2 .
z+(2 x+2 y)_ (x+9)

Adding the last three inequalities, we get

2(\/%+\/%+\/?> > 2y +2)+ 20z +2)+ V2 +y).

This completes the proof.




Problem 5. A regular (5 x 5)-array of lights is defective, so that toggling the switch for
one light causes each adjacent light in the same row and in the same column as well as
the light itself to change state, from on to off, or from off to on. Initially all the lights are
switched off. After a certain number of toggles, exactly one light is switched on. Find all
the possible positions of this light.

Solution. We assign the following first labels to the 25 positions of the lights:

—| oo~
= ol o~
ololo|lo|lo
—| oo~
—| oo~

For each on-off combination of lights in the array, define its first value to be the sum
of the first labels of those positions at which the lights are switched on. It is easy to
check that toggling any switch always leads to an on-off combination of lights whose first
value has the same parity(the remainder when divided by 2) as that of the previous on-off
combination.

The 90° rotation of the first labels gives us another labels (let us call it the second
labels) which also makes the parity of the second value(the sum of the second labels of
those positions at which the lights are switched on) invariant under toggling.

el el = e
[en] Nen) Nev] Nan) Ran]
el i = e
[es] Han) Nan) Nan] Naw]
el e = e

Since the parity of the first and the second values of the initial status is 0, after certain
number of toggles the parity must remain unchanged with respect to the first labels and
the second labels as well. Therefore, if exactly one light is on after some number of toggles,
the label of that position must be 0 with respect to both labels. Hence according to the
above pictures, the possible positions are the ones marked with *;’s in the following picture:

*9 *1

*0

*3 *q




Now we demonstrate that all five positions are possible:

Toggling the positions checked by t (the order of toggling is irrelevant) in the first
picture makes the center(xq) the only position with light on and the second picture makes
the position *; the only position with light on. The other *;’s can be obtained by rotating
the second picture appropriately.
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Problem 1. Let ABC be a triangle with ZA < 60°. Let X and Y be the points on the sides
AB and AC, respectively, such that CA+ AX = CB+ BX and BA+ AY = BC+CY. Let
P be the point in the plane such that the lines PX and PY are perpendicular to AB and
AC, respectively. Prove that ZBPC < 120°.

Problem 2. Students in a class form groups each of which contains exactly three members
such that any two distinct groups have at most one member in common. Prove that, when
the class size is 46, there is a set of 10 students in which no group is properly contained.

Problem 3. Let I' be the circumcircle of a triangle ABC. A circle passing through points
A and C meets the sides BC' and BA at D and FE, respectively. The lines AD and C'E meet
I' again at G and H, respectively. The tangent lines of I" at A and C' meet the line DFE at L
and M, respectively. Prove that the lines LH and MG meet at I'.

Problem 4. Consider the function f : Ny — Ng, where Ny is the set of all non-negative
integers, defined by the following conditions :

(i) f(0) =0, (ii) f(2n) =2f(n) and (iii)) f(2n+ 1) =n+2f(n) for all n > 0.

(a) Determine the three sets L :={n| f(n) < f(n+1)}, E:={n]| f(n)=f(n+1)}, and
Gi={n| f(n) > f(n+1)}.

(b) For each k > 0, find a formula for a;, := max{f(n) : 0 <n < 2¥} in terms of k.

Problem 5. Let a,b,c be integers satisfying 0 < a < ¢c—1and 1 < b < ¢. For each k,
0<k<a,let rg, 0<rp <c, be the remainder of kb when divided by c¢. Prove that the two
sets {ro,r1,72,...,74} and {0,1,2,...,a} are different.
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Problem 1. Let ABC be a triangle with ZA < 60°. Let X and Y be the points on the sides
AB and AC, respectively, such that CA+ AX = CB+ BX and BA+ AY = BC+CY. Let
P be the point in the plane such that the lines PX and PY are perpendicular to AB and
AC, respectively. Prove that ZBPC < 120°.

(Solution) Let I be the incenter of AABC, and let the feet of the perpendiculars from I
to AB and to AC be D and E, respectively. (Without loss of generality, we may assume
that AC is the longest side. Then X lies on the line segment AD. Although P may or
may not lie inside AABC, the proof below works for both cases. Note that P is on the line
perpendicular to AB passing through X.) Let O be the midpoint of P, and let the feet of
the perpendiculars from O to AB and to AC be M and N, respectively. Then M and N are
the midpoints of DX and EY, respectively.




The conditions on the points X and Y yield the equations

AX:AB—I—BC—CA and AY:BC%—CA—AB'
2 2
From AD = AFE = CA+A2B_BC , we obtain

CA+ AB—-BC AB+BC—-CA
2 o 2 -

Since M is the midpoint of DX it follows that M is the midpoint of AB. Similarly, N is the
midpoint of AC. Therefore, the perpendicular bisectors of AB and AC' meet at O, that is,
O is the circumcenter of AABC'. Since ZBAC < 60°, O lies on the same side of BC as the
point A and

BD =AB—-AD = AB — AX.

/BOC =2/BAC.
We can compute ZBIC as follows:

/BIC =180° — ZIBC — ZICB = 180° — %ZABC’ — ééACB

1 1 1
= 180° — 5(4ABC’ + ZACB) = 180° — 5(180O — /ZBAC) =90° + iéBAC
It follows from ZBAC < 60° that
2/BAC < 90° + %ZBAC’, ie., ZBOC < £BIC.

From this it follows that I lies inside the circumcircle of the isosceles triangle BOC' because
O and I lie on the same side of BC'. However, as O is the midpoint of I P, P must lie outside
the circumcircle of triangle BOC and on the same side of BC as O. Therefore

/ZBPC < Z/BOC = 2/BAC < 120°.

Remark. If one assumes that ZA is smaller than the other two, then it is clear that the
line PX (or the line perpendicular to AB at X if P = X) runs through the excenter I¢
of the excircle tangent to the side AB. Since 2/ACIc = ZACB and BC < AC, we have
2/PCB > /C. Similarly, 2/PBC > ZB. Therefore,

/BPC =180° — (/PBC + ZPCB) < 180° — (M) LA

= — < 120°.
5 90+2< 0

In this way, a special case of the problem can be easily proved.



Problem 2. Students in a class form groups each of which contains exactly three members
such that any two distinct groups have at most one member in common. Prove that, when
the class size is 46, there is a set of 10 students in which no group is properly contained.

(Solution) We let C' be the set of all 46 students in the class and let
s :=max{|S| : S C C such that S contains no group properly }.

Then it suffices to prove that s > 10. (If |S| = s > 10, we may choose a subset of S consisting
of 10 students.)

Suppose that s < 9 and let S be a set of size s in which no group is properly contained.
Take any student, say v, from outside .S. Because of the maximality of s, there should be a
group containing the student v and two other students in S. The number of ways to choose

two students from S is 0
s
< = 36.

On the other hand, there are at least 37 = 46 — 9 students outside of S. Thus, among those
37 students outside, there is at least one student, say u, who does not belong to any group
containing two students in S and one outside. This is because no two distinct groups have two
members in common. But then, S can be enlarged by including u, which is a contradiction.

Remark. One may choose a subset S of C' that contains no group properly. Then, assuming
|S| < 10, prove that there is a student outside S, say u, who does not belong to any group
containing two students in S. After enlarging S by including u, prove that the enlarged S
still contains no group properly.



Problem 3. Let I' be the circumcircle of a triangle ABC. A circle passing through points
A and C meets the sides BC and BA at D and FE, respectively. The lines AD and C'E meet
I" again at G and H, respectively. The tangent lines of I' at A and C meet the line DFE at L
and M, respectively. Prove that the lines LH and MG meet at I'.

(Solution) Let MG meet I" at P. Since ZMCD = LZCAFE and ZMDC = LZCAE, we have
MC = MD. Thus
MD? =MC? = MG -MP

and hence M D is tangent to the circumcircle of ADGP. Therefore /DGP = ZEDP.

Let I'” be the circumcircle of ABDE. If B = P, then, since ZBGD = ZBDE, the tangent
lines of IV and I" at B should coincide, that is I is tangent to I" from inside. Let B # P.
If P lies in the same side of the line BC' as GG, then we have

LEDP + ZABP = 180°

because /DGP + ZABP = 180°. That is, the quadrilateral BPDF is cyclic, and hence P is
on the intersection of IV with I'.




Otherwise,
/EDP = /DGP = /AGP = ZABP = Z/EBP.

Therefore the quadrilateral PBDE is cyclic, and hence P again is on the intersection of T
with T

Similarly, if LH meets I' at Q, we either have Q = B, in which case I" is tangent to I’
from inside, or Q # B. In the latter case, ) is on the intersection of IV with I'. In either
case, we have P = Q).



Problem 4. Consider the function f : Ny — Ny, where Ny is the set of all non-negative
integers, defined by the following conditions :

(i) f(0) =0, (ii) f(2n) =2f(n) and (iii)) f(2n+ 1) =n+2f(n) for all n > 0.
(a) Determine the three sets L:={n| f(n) < f(n+1)}, E:={n]| f(n)=f(n+1)}, and
G:={n[ f(n)> fn+1)}.

(b) For each k > 0, find a formula for aj, := max{f(n) : 0 <n < 2¥} in terms of k.

(Solution) (a) Let
Li:={2k:k>0}, EF1:={0}U{dk+1:k>0}, and G;:={4k+3:k >0}.

We will show that Ly = L, F1 = FE, and G; = G. It suffices to verify that L1 C FE, £y C F,
and G1 C G because L1, Fq, and G1 are mutually disjoint and L1 U E; U G; = Np.

Firstly, if k£ > 0, then f(2k) — f(2k +1) = —k < 0 and therefore L; C L.

Secondly, f(0) =0 and

FAk+1) =2k +2f(2k) = 2k + 4f(k)
Fk+2) =2f(2k+1) = 2(k + 2f(k)) = 2k + 4f (k)

for all £ > 0. Thus, E; C E.

Lastly, in order to prove G; C G, we claim that f(n+ 1) — f(n) <n for all n. (In fact,
one can prove a stronger inequality: f(n + 1) — f(n) < n/2.) This is clearly true for even n
from the definition since for n = 2t,

f@t+1) - f(2t) =t < n.

If n = 2t + 1 is odd, then (assuming inductively that the result holds for all nonnegative
m < n), we have

fn+1) = f(n)

fRt+2)—ft+1)=2f(t+1)—t—2f(t)
20ft+1)— f(t) —t<2t—t=t<n.

For all £ > 0,

F(4k +4) — f(4k +3) = f(2(2k +2)) — f(2(2k +1) +1)
—Af(k+1)— (2k+1+2f(2k+1)) = 4f(k+ 1) — (2k + 1 + 2k + 4f(k))
—A(f(k+1) — f(k)) — (4k + 1) < 4k — (4k + 1) < 0.

This proves G; C G.
(b) Note that ag = a; = f(1) = 0. Let k£ > 2 and let N}, = {0,1,2,...,2*}. First we claim
that the maximum ay occurs at the largest number in G N N, that is, ap = f(2F —1). We

use mathematical induction on k to prove the claim. Note that as = f(3) = f(22 — 1).
Now let £ > 3. For every even number 2¢ with k-l 41 <2t < 2’“,

F(28) = 2f(t) < 20,y = 2/(2F1 = 1) (+)
by induction hypothesis. For every odd number 2t + 1 with 281 +1 < 2t 4+ 1 < 2k,
ft+1) =t+2f(1t) <261 —14+2f() )
<Pl 14 2ap =2t 14 2f(2F - 1)

6



again by induction hypothesis. Combining (1), (1) and

FEF—1) = fEF T 1) +1) =28 — 1y 2f (2R 1),

we may conclude that a, = f(2¥ — 1) as desired.
Furthermore, we obtain

ar = 2ai_1 + oF=1_1

for all k£ > 3. Note that this recursive formula for aj, also holds for £ > 0,1 and 2. Unwinding
this recursive formula, we finally get

ap =2ap_1 +2F1 —1=22ap_5+2F2 1)+ 21 -1
=22aqp_o4+2-2F1 -2 - 1=222ap_3+2F3 —1)42. 21 21
=2a,_5+3-21_922_92_1

= okqy + k2k—1 — okl _ok=2_ _9_1
=k2k=1 _9k L1 forall k> 0.



Problem 5. Let a,b,c be integers satisfying 0 < a < ¢c—1 and 1 < b < ¢. For each k,
0<Ek<a,let ry, 0 <7 <c, be the remainder of kb when divided by c. Prove that the two
sets {ro,r1,72,...,7¢} and {0,1,2,...,a} are different.

(Solution) Suppose that two sets are equal. Then ged(b, ¢) = 1 and the polynomial
fl@)=QQ+a+2%®+. 42— (1+z+2®+- +2°7 +29

is divisible by z¢—1. (This is because: m =n+cq = 2™ — 2" = 2" — " = " (21— 1)
and (27 — 1) = (¢ — 1)((z)? ! + (2¢)7"2 4 - .- +1).) From

f(w) B plat)d _ 1 B 2ot _q B F(JU)
oaxb—1 r—1  (z—-1)(zb—1)"
where F(r) = g®+b+1 4 g0 4 gotl _ pabtb _ gatbtl _ o we have
F(z)=0 (mod z°—1).
Since ¢ =1 (mod z¢ — 1), we may conclude that
{ab+b+1,b,a+1} ={ab+b,a+b+1,1} (mod c). (1)

Thus,
b= ab+b, a+b+1 or 1 (mod c).

But neither b = 1 (mod ¢) nor b = a+ b+ 1 (mod ¢) are possible by the given conditions.
Therefore, b = ab+ b (mod c¢). But this is also impossible because ged(b, ¢) = 1.
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website (http://www.kms.or.kr/Competitions/APMO). Please do not disclose nor discuss the
problems over the internet until that date. Calculators are not allowed to use.

Problem 1. Consider the following operation on positive real numbers written on a black-
board: Choose a number r written on the blackboard, erase that number, and then write a
pair of positive real numbers a and b satisfying the condition 2r> = ab on the board.

Assume that you start out with just one positive real number r on the blackboard, and
apply this operation k% — 1 times to end up with k2 positive real numbers, not necessarily
distinct. Show that there exists a number on the board which does not exceed kr.

Problem 2. Let a1, a9, as, a4, as be real numbers satisfying the following equations:

aj a2 as a4 as 1
=— fork=1,2,3,4,5.
k2+1+k2+2+k2+3+k2+4+k2+5 2 or y Ly Dy Ey

Find the value of % + g—; + g—g + Z—é + % . (Express the value in a single fraction.)
Problem 3. Let three circles I'1,I'9, '3, which are non-overlapping and mutually external,
be given in the plane. For each point P in the plane, outside the three circles, construct
six points Ay, By, As, Bs, As, B3 as follows: For each i = 1,2,3, A;, B; are distinct points on
the circle I'; such that the lines PA; and PB; are both tangents to I';. Call the point P
exceptional if, from the construction, three lines A;B;, AsBs, A3Bs are concurrent. Show
that every exceptional point of the plane, if exists, lies on the same circle.

Problem 4. Prove that for any positive integer k, there exists an arithmetic sequence

ai a ag

b b by
of rational numbers, where a;, b; are relatively prime positive integers for each i = 1,2,...,k,
such that the positive integers a1, b1, az, ba, ..., ag, by are all distinct.

Problem 5. Larry and Rob are two robots travelling in one car from Argovia to Zillis. Both
robots have control over the steering and steer according to the following algorithm: Larry
makes a 90° left turn after every £ kilometer driving from start; Rob makes a 90° right turn
after every r kilometer driving from start, where £ and r are relatively prime positive integers.
In the event of both turns occurring simultaneously, the car will keep going without changing
direction. Assume that the ground is flat and the car can move in any direction.

Let the car start from Argovia facing towards Zillis. For which choices of the pair (¢,7) is
the car guaranteed to reach Zillis, regardless of how far it is from Argovia?
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Problem 1. Consider the following operation on positive real numbers written on a black-
board:

Choose a number r written on the blackboard, erase that number, and then write a

pair of positive real numbers a and b satisfying the condition 2r? = ab on the board.

Assume that you start out with just one positive real number r on the blackboard, and apply
this operation k? 1 times to end up with k? positive real numbers, not necessarily distinct.

Show that there exists a number on the board which does not exceed kr.

(Solution) Using AM-GM inequality, we obtain

12 _ 2 @4p 11 )
r2  ab  a?bh? a?b? a? b2’

Consequently, if we let Sy be the sum of the squares of the reciprocals of the numbers written

on the board after £ operations, then Sy increases as ¢ increases, that is,
So 51 Si2 1. (%)

Therefore if we let s be the smallest real number written on the board after k> 1 operations,

then — o) for any number ¢ among k? numbers on the board and hence
s

1
2
ka—Q

SkQ 1 So = 5
which implies that s  kr as desired. O

Remark. The nature of the problem does not change at all if the numbers on the board
are restricted to be positive integers. But that may mislead some contestants to think the

problem is a number theoretic problem rather than a combinatorial problem.



Problem 2. Let a1, as,as, aq4,as be real numbers satisfying the following equations:

aj + as + as + a4 + as _i
K2+1 k2+2 k2+3 k2+4 k245 k2

for k =1,2,3,4,5.

Find the value of % + g—; + % + Z—é + % . (Express the value in a single fraction.)

. ai an as a4 as
Solut Let s .
(oulonl) et R(x) 1x2+1+x21+2+x2+3tx2+4+$2+5
R(£2) = 1 R(£3) = g’ R(+4) = 6 R(£5) = — and R(6) is the value to be found.

5)
Let’s put P(x) := (22 4+ 1)(2? + 2)(2% + 3)(2® + 4)(2® + 5) and Q(z) := R(z)P(z). Then for
P(k
k=41,4+2,43 44, 45, we get Q(k) = R(k)P(k) = 152) , that is, P(k) k?Q(k) = 0. Since
P(x) 2%Q(z) is a polynomial of degree 10 with roots +1, 42, +3, +4, +5, we get

Then R(+1) = 1,

P(x) $2Q($):A(x2 1)(3:2 4)(962 9)(x2 16)(x2 25). (%)

1
Putting x = 0, we get A = OC 4( 9)( 16)( 25) = o0 Finally, dividing both sides
of (x) by P(z) yields

Q) 1 (@ DE* 4@ 9@ 16)(2z*  25)
P(x) 120 (22 +1)(22 4 2) (22 + 3)(22 + 4) (22 + 5)

and hence that

1 36R(6) = 35 x 32 x27x20x 11 B 3xTx11 B 231
120 x37x38x39x40x 41 13x19x37x41 374699’
187465
hich impli =—.
which implies R(6) GTAAER
1105 2673 1862 1885 1323 )
Remark. We can get a; = TR as = 0 ,a3 = B , Q4 = 13 a5 = 10 by solving

the given system of linear equations, which is extremely messy and takes a lot of time.



Problem 3. Let three circles 1, 2, 3, which are non-overlapping and mutually external,
be given in the plane. For each point P in the plane, outside the three circles, construct
six points Ay, By, As, B, Az, Bs as follows: For each ¢ = 1,2,3, A;, B; are distinct points
on the circle ; such that the lines PA; and PB; are both tangents to ;. Call the point
P exceptional if, from the construction, three lines A1 By, Ao Bs, A3B3 are concurrent. Show

that every exceptional point of the plane, if exists, lies on the same circle.

(Solution) Let O; be the center and r; the radius of circle ; for each i = 1,2,3. Let P be
an exceptional point, and let the three corresponding lines A1 B, A2B2,A3B3 concur at Q.
Construct the circle with diameter PQ. Call the circle | its center O and its radius r. We

now claim that all exceptional points lie on

L]

O




Let PO; intersect A1B7 in X7. As PO, L A1Bj, we see that X7 lies on . As PA; is a
tangent to 1, triangle PA;O1 is right-angled and similar to triangle A1 X;0;. It follows that

01X, 014
0,4 O P’

i.e., 01X1 01P = 01A12 = 7"12.
On the other hand, O1X; O7P is also the power of O with respect to , so that
ri =01X1 O1P = (010 1)(010+7r)=0,0? r% (%)

and hence
7"2 = OO% 7’% = (001 7’1)(001 =+ 7’1).

2 is also the power of

Thus, r? is the power of O with respect to ;. By the same token, r
O with respect to 2 and 3. Hence O must be the radical center of the three given circles.
Since r, as the square root of the power of O with respect to the three given circles, does not

depend on P, it follows that all exceptional points lie on . O

Remark. In the event of the radical point being at in nity (and hence the three radical
axes being parallel), there are no exceptional points in the plane, which is consistent with the

statement of the problem.



Problem 4. Prove that for any positive integer k, there exists an arithmetic sequence

ai as ag
o b

of rational numbers, where a;, b; are relatively prime positive integers for each i = 1,2,...,k,

such that the positive integers a1, b1, az, be, ..., ag, by are all distinct.

(Solution) For k = 1, there is nothing to prove. Henceforth assume k& 2.

Let p1,p2,...,pr be k distinct primes such that
k<pr< <p2<m

and let N = p1po  pg. By Chinese Remainder Theorem, there exists a positive integer x

satisfying
x i (mod p;)
for alli =1,2,...,k and > N2. Consider the following sequence:
r+1  r+2 r+k
N ) N ) LA N *

This sequence is obviously an arithmetic sequence of positive rational numbers of length k.
For each ¢« = 1,2,...,k, the numerator x + ¢ is divisible by p; but not by p; for j # 4, for
otherwise p; divides |¢  j|, which is not possible because p; > k > |i  j|. Let

j N
ai::x—i_z, b; := — forall i =1,2,... k.
2 Pi
Then ‘
“”;"‘:Z ged(ag, b)) =1  forall i=1,2,...,k
and all b;’s are distinct from each other. Moreover, > N? implies
;  N? N
a="TP S NS Y o forall ij=1,2,..k
bi bi P

and hence all a;’s are distinct from b;’s. It only remains to show that all a;’s are distinct from

each other. This follows from

x+j>x+i>x+i

aj = = a; for all i <j
pj pj 2
by our choice of p1,p2,...,pr. Thus, the arithmetic sequence
ai az ag
b b b
of positive rational numbers satis es the conditions of the problem. O



Remark. Here is a much easier solution :

For any positive integer k£ 2, consider the sequence

(K2 +1 (kD242 (K% + k
TR T T

Note that ged(k!, (k!)2 +i) =i for all i = 1,2,...,k. So, taking

N2 4+ k!
ai::w, b, = — forall i=1,2,...,k,
i i

we have ged(ag, b)) = 1 and

kNZ+i kN + k! k!
2 J (3 i

forany 1 ¢ <j k. Therefore this sequence satis es every condition given in the problem.



Problem 5. Larry and Rob are two robots travelling in one car from Argovia to Zillis. Both
robots have control over the steering and steer according to the following algorithm: Larry
makes a 90 left turn after every £ kilometer driving from start; Rob makes a 90 right turn
after every r kilometer driving from start, where ¢ and r are relatively prime positive integers.
In the event of both turns occurring simultaneously, the car will keep going without changing

direction. Assume that the ground is flat and the car can move in any direction.

Let the car start from Argovia facing towards Zillis. For which choices of the pair (¢,7) is the

car guaranteed to reach Zillis, regardless of how far it is from Argovia?

(Solution) Let Zillis be d kilometers away from Argovia, where d is a positive real number.
For simplicity, we will position Argovia at (0,0) and Zillis at (d,0), so that the car starts
out facing east. We will investigate how the car moves around in the period of travelling the

rst {r kilometers, the second ¢r kilometers, ..., and so on. We call each period of travelling
fr kilometers a section. It is clear that the car will have identical behavior in every section

except the direction of the car at the beginning.

Case 1: ¢ r 2 (mod 4). After the rst section, the car has made ¢ 1 right turns and

r 1 left turns, which is anet of 2( ¢ r (mod 4)) right turns. Let the displacement vector
for the rst section be (z,y). Since the car has rotated 180 , the displacement vector for
the second section will be ( x, y), which will take the car back to (0,0) facing east again.
We now have our original situation, and the car has certainly never travelled further than #r

kilometers from Argovia. So, the car cannot reach Zillis if it is further apart from Argovia.

Case 2: ¢ r 1 (mod4). After the rst section, the car has made a net of 1 right turn.

Let the displacement vector for the rst section again be (x,y). This time the car has rotated
90 clockwise. We can see that the displacements for the second, third and fourth section
will be (y, x), ( =, y)and ( y,x), respectively, so after four sections the car is back at
(0,0) facing east. Since the car has certainly never travelled further than 2¢r kilometers from

Argovia, the car cannot reach Zillis if it is further apart from Argovia.

Case 3: ¢ r 3 (mod4). An argument similar to that in Case 2 (switching the roles of

left and right) shows that the car cannot reach Zillis if it is further apart from Argovia.

Case 4: ¢ r (mod4). The car makes a net turn of 0 after each section, so it must be
facing east. We are going to show that, after traversing the rst section, the car will be at
(1,0). It will be useful to interpret the Cartesian plane as the complex plane, i.e. writing

x + 1y for (z,y), where i = v/ 1. We will denote the k-th kilometer of movement by my 1,



which takes values from the set {1,7, 1, i}, depending on the direction. We then just have

to show that

which implies that the car will get to Zillis no matter how far it is apart from Argovia.

Case 4a: ¢ r 1 (mod 4). First note that for k =0,1,...,¢r 1,

my = iR )k

since |k/¢] and |k/r]| are the exact numbers of left and right turns before the (k 4 1)st
kilometer, respectively. Let ai( & (mod ¢)) and bi( k& (mod r)) be the remainders of k

when divided by ¢ and r, respectively. Then, since

L L L T

we have |k/¢] k ap (mod 4) and |k/r] k by (mod 4). We therefore have
mk — Zk ak( ’L)k bk — ( Z2>kl ak< Z) bk. — ( Z)a;C Z‘bk .

As ¢ and r are relatively prime, by Chinese Remainder Theorem, there is a bijection between

pairs (ag,br) = (k(mod ¢), k(mod r)) and the numbers £k =0,1,2,...,¢r 1. Hence

lr 1 Ir 1 ? 1 r 1
S omp =) (i)™= (Z( z')“k) <Zzbk> =1x1=1
k=0 k=0

k=0 k=0

as required because £ r 1 (mod 4).

Case 4b: ¢ r 3 (mod4). In this case, we get

my = i% (i),

where a( & (mod ¢)) and bg( %k (mod r)) for k = 0,1,...,¢r 1. Then we can proceed

analogously to Case 4a to obtain
lr 1 lr 1 ? 1 r 1
S omp =Y (i)t = (Z( z’)“k) (Zzb’“> =ix( i)=1
k=0 k=0 k=0 k=0
as required because £ r 3 (mod 4).
Now clearly the car traverses through all points between (0,0) and (1,0) during the rst

section and, in fact, covers all points between (n  1,0) and (n,0) during the n-th section.

Hence it will eventually reach (d,0) for any positive d.



To summarize: (¢,r) satis es the required conditions if and only if

¢ r 1 or £ r 3 (mod4).

Remark. In case ged(¢,r) = d # 1, the answer is:
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Time allowed: 4 hours FEach problem is worth 7 points
*The contest problems are to be kept confidential until they are posted on the official APMO
website (http://www.mmgp.or.jp/competitions/APMO). Please do not disclose nor discuss the
problems over the internet until that date. Calculators are not allowed to use.

Problem 1. Let ABC be a triangle with /BAC # 90°. Let O be the circumcenter of the
triangle ABC and let I' be the circumcircle of the triangle BOC. Suppose that I' intersects
the line segment AB at P different from B, and the line segment AC at @ different from C.
Let ON be a diameter of the circle I'. Prove that the quadrilateral APNQ is a parallelogram.

Problem 2. For a positive integer k, call an integer a pure k-th powerif it can be represented
as m* for some integer m. Show that for every positive integer n there exist n distinct positive
integers such that their sum is a pure 2009-th power, and their product is a pure 2010-th power.

Problem 3. Let n be a positive integer. n people take part in a certain party. For any pair
of the participants, either the two are acquainted with each other or they are not. What is
the maximum possible number of the pairs for which the two are not acquainted but have a
common acquaintance among the participants?

Problem 4. Let ABC' be an acute triangle satisfying the condition AB > BC' and
AC > BC. Denote by O and H the circumcenter and the orthocenter, respectively, of the
triangle ABC'. Suppose that the circumcircle of the triangle AHC' intersects the line AB at
M different from A, and that the circumcircle of the triangle AH B intersects the line AC at
N different from A. Prove that the circumcenter of the triangle M N H lies on the line OH.

Problem 5. Find all functions f from the set R of real numbers into R which satisfy for
all z,y, z € R the identity

@)+ Fy) + (2) = F(f (@) = f() + fey + f(2)) + 2f (2 — y2).



SOLUTIONS FOR 2010 APMO PROBLEMS

Problem 1. Let ABC be a triangle with ZBAC # 90°. Let O be the circumcenter of the
triangle ABC and let I" be the circumcircle of the triangle BOC. Suppose that I' intersects
the line segment AB at P different from B, and the line segment AC at @ different from C.
Let ON be a diameter of the circle T'. Prove that the quadrilateral APNQ is a parallelogram.

Solution: From the assumption that the circle I' intersects both of the line segments AB
and AC, it follows that the 4 points N, C, @Q, O are located on I' in the order of N,C,Q,O
or in the order of N,C,0, Q. The following argument for the proof of the assertion of the
problem is valid in either case. Since ZNQC and ZNOC are subtended by the same arc

—~

NC of T' at the points @@ and O, respectively, on I'; we have ZNQC = ZNOC. We also

have /BOC =2/BAC, since ZBOC and ZBAC' are subtended by the same arc BC' of the
circum-circle of the triangle ABC at the center O of the circle and at the point A on the
circle, respectively. From OB = OC and the fact that ON is a diameter of I, it follows that
the triangles OBN and OCN are congruent, and therefore we obtain 2/ZNOC = ZBOC.
Consequently, we have ZNQC = %ZBOC = /BAC, which shows that the 2 lines AP, QN
are parallel.

In the same manner, we can show that the 2 lines AQ, PN are also parallel. Thus, the
quadrilateral APNQ is a parallelogram.

Problem 2. For a positive integer k, call an integer a pure k-th power if it can be represented
as mF¥ for some integer m. Show that for every positive integer n there exist n distinct positive
integers such that their sum is a pure 2009-th power, and their product is a pure 2010-th power.

Solution: For the sake of simplicity, let us set & = 2009.

First of all, choose n distinct positive integers by, - - - , b, suitably so that their product is a
pure k4 1-th power (for example, let b; = i**1 fori = 1,--- ,n). Then we have by - - - b, = tF*!
for some positive integer ¢t. Set by + --- + b, = s.

Now we set a; = bjs* 1 for i = 1,---,n, and show that ay,--- ,a, satisfy the required
conditions. Since by,--- ,b, are distinct positive integers, it is clear that so are ai,--- , ay.
From

ay -+ .. +an — sk2_1(b1 -+ .. _|_bn) — $k2 — (sk’)QOOQ’

al-- -y = (8k271)nb1 by (Skal)ntk+1 — (S(kfl)nt)2010

we can see that aq,--- ,a, satisfy the conditions on the sum and the product as well. This
ends the proof of the assertion.

Remark: We can find the appropriate exponent k? — 1 needed for the construction of the
a;’s by solving the simultaneous congruence relations: z =0 (mod k+ 1), z = —1 (mod k).

Problem 3. Let n be a positive integer. n people take part in a certain party. For any
pair of the participants, either the two are acquainted with each other or they are not. What
is the maximum possible number of the pairs for which the two are not acquainted but have
a common acquaintance among the participants?
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Solution: When 1 participant, say the person A, is mutually acquainted with each of the
remaining n — 1 participants, and if there are no other acquaintance relationships among
the participants, then for any pair of participants not involving A, the two are not mutual

acquaintances, but they have a common acquaintance, namely A, so any such pair satisfies
(n=1)(n=2) _ n2-3n+2
2 = 2 -

Let us show that % is the maximum possible number of the pairs satisfying the
requirement of the problem. First, let us observe that in the process of trying to find the
maximum possible number of such pairs, if we split the participants into two non-empty
subsets T" and S which are disjoint, we may assume that there is a pair consisting of one
person chosen from 7' and the other chosen from S who are mutual acquaintances. This is
S0, since if there are no such pair for some splitting 7" and .S, then among the pairs consisting
of one person chosen from 7' and the other chosen from S, there is no pair for which the two
have a common acquaintance among participants, and therefore, if we arbitrarily choose a
person A € T and B € S and declare that A and B are mutual acquaintances, the number of
the pairs satisfying the requirement of the problem does not decrease.

Let us now call a set of participants a group if it satisfies the following 2 conditions:

e One can connect any person in the set with any other person in the set by tracing a
chain of mutually acquainted pairs. More precisely, for any pair of people A, B in the set
there exists a sequence of people Ag, Ay, -+, A, for which Ay = A, A, = B and, for each
1:0<i<n-—1, A; and A;;1 are mutual acquaintances.

e No person in this set can be connected with a person not belonging to this set by tracing
a chain of mutually acquainted pairs.

In view of the discussions made above, we may assume that the set of all the participants
to the party forms a group of n people. Let us next consider the following lemma.

the requirement. Thus, the number desired in this case is

Lemma. In a group of n people, there are at least n — 1 pairs of mutual acquaintances.

Proof: If you choose a mutually acquainted pair in a group and declare the two in the pair
are not mutually acquainted, then either the group stays the same or splits into 2 groups.
This means that by changing the status of a mutually acquainted pair in a group to that
of a non-acquainted pair, one can increase the number of groups at most by 1. Now if in a
group of n people you change the status of all of the mutually acquainted pairs to that of
non-acquainted pairs, then obviously, the number of groups increases from 1 to n. Therefore,
there must be at least n — 1 pairs of mutually acquainted pairs in a group consisting of n
people. O

The lemma implies that there are at most @ —(n—-1) = % pairs satisfying

the condition of the problem. Thus the desired maximum number of pairs satisfying the

. . op2_
requirement of the problem is %

Remark: One can give a somewhat different proof by separating into 2 cases depending on
whether there are at least n — 1 mutually acquainted pairs, or at most n — 2 such pairs. In the
former case, one can argue in the same way as the proof above, while in the latter case, the
Lemma above implies that there would be 2 or more groups to start with, but then, in view
of the comment made before the definition of a group above, these groups can be combined
to form one group, thereby one can reduce the argument to the former case.



Alternate Solution 1: The construction of an example for the case for which the number
% appears, and the argument for the case where there is only 1 group would be the
same as in the preceding proof.

Suppose, then, n participants are separated into k(k > 2) groups, and the number of people
in each group is given by a;,7 = 1,--- , k. In such a case, the number of pairs for which paired
people are not mutually acquainted but have a common acquaintance is at most Zle a; C2,

where we set 1C2 = 0 for convenience. Since ,C5 + C2 < 445C2 holds for any pair of

positive integers a, b, we have Zle a;C2 < 4,02 + 15—, Ca. From
2 2
9 n®—n n\2 n°—2n
a102 + n—a102 =aj —naj + 9 = (al - 5) T
it follows that ,,C% + ,—q,C> takes its maximum value when a; = 1,n — 1. Therefore, we

have Zle a;C2 < pn—1C%, which shows that in the case where the number of groups are 2

or more, the number of the pairs for which paired people are not mutually acquainted but
n?—3n+2
2

have a common acquaintance is at most ,,_1Co = , and hence the desired maximum

. . . . . 2_3n+2
number of the pairs satisfying the requirement is *—5"+=.

Alternate Solution 2: Construction of an example would be the same as the preceding
proof.

For a participant, say A, call another participant, say B, a familiar face if A and B are
not mutually acquainted but they have a common acquaintance among the participants, and
in this case call the pair A, B a familiar pair.

Suppose there is a participant P who is mutually acquainted with d participants. Denote
by S the set of these d participants, and by T the set of participants different from P and
not belonging to the set S. Suppose there are e pairs formed by a person in S and a person
in T who are mutually acquainted.

Then the number of participants who are familiar faces to P is at most e. The number of
pairs formed by two people belonging to the set S and are mutually acquainted is at most
dC5. The number of familiar pairs formed by two people belonging to the set T' is at most
n—d—1C2. Since there are e pairs formed by a person in the set S and a person in the set
T who are mutually acquainted (and so the pairs are not familiar pairs), we have at most
d(n—1—d) — e familiar pairs formed by a person chosen from S and a person chosen from 7.
Putting these together we conclude that there are at most e+ 4Ca2+ ,,—1_¢Co+d(n—1—d)—e
familiar pairs. Since

n%—3n+2
2 )

, and hence this is the desired solution to the problem.

e+ 4Co + nfldeQ—i-d(n—l—d)—e:

the number we seek is at most %
Problem 4. Let ABC be an acute triangle satisfying the condition AB > BC and
AC > BC. Denote by O and H the circumcenter and the orthocenter, respectively, of the
triangle ABC. Suppose that the circumcircle of the triangle AHC' intersects the line AB at
M different from A, and that the circumcircle of the triangle AH B intersects the line AC at
N different from A. Prove that the circumcenter of the triangle M N H lies on the line OH.

Solution: In the sequel, we denote /BAC = o, Z/CBA = 3,Z/ACB = ~. Let O’ be the
circumcenter of the triangle M N H. The lengths of line segments starting from the point H
will be treated as signed quantities.



Let us denote by M’, N’ the point of intersection of CH, BH, respectively, with the cir-
cumcircle of the triangle ABC (distinct from C, B, respectively.) From the fact that 4
points A, M, H,C' lie on the same circle, we see that ZMHM' = « holds. Furthermore,

/BM'C,/BN’C and « are all subtended by the same arc BC of the circumcircle of the
triangle ABC' at points on the circle, and therefore, we have /BM'C = o, and Z/BN'C = «

as well. We also have ZABH = ZACN' as they are subtended by the same arc AN’ of the
circumcircle of the triangle ABC' at points on the circle. Since HM' | BM,HN' 1 AC, we
conclude that

/M'HB =90° — ZABH = 90° — ZACN' = «

is valid as well. Putting these facts together, we obtain the fact that the quadrilateral
HBM'M is a rhombus. In a similar manner, we can conclude that the quadrilateral HCN'N
is also a rhombus. Since both of these rhombuses are made up of 4 right triangles with an
angle of magnitude «, we also see that these rhombuses are similar.

Let us denote by P,(Q the feet of the perpendicular lines on HM and HN, respectively,
drawn from the point O’. Since O’ is the circumcenter of the triangle M NH, P, are re-
spectively, the midpoints of the line segments HM, HN. Furthermore, if we denote by R, S
the feet of the perpendicular lines on HM and HN, respectively, drawn from the point O,
then since O is the circumcenter of both the triangle M’BC and the triangle N'BC, we see
that R is the intersection point of HM and the perpendicular bisector of BM’, and S is the
intersection point of HN and the perpendicular bisector of CN'.

We note that the similarity map ¢ between the rhombuses HBM'M and HCN'N carries
the perpendicular bisector of BM' onto the perpendicular bisector of C'N’, and straight line
H M onto the straight line H N, and hence ¢ maps R onto S, and P onto ). Therefore, we get
HP:HR=HQ : HS. If we now denote by X,Y the intersection points of the line HO" with
the line through R and perpendicular to H P, and with the line through S and perpendicular
to HQ, respectively, then we get

HO':HX =HP:HR=HQ:HS=HO':HY

so that we must have HX = HY, and therefore, X = Y. But it is obvious that the point
of intersection of the line through R and perpendicular to HP with the line through S and
perpendicular to HQ must be O, and therefore, we conclude that X =Y = O and that the
points H, O, O are collinear.

Alternate Solution: Deduction of the fact that both of the quadrilaterals H BM'M and
HCN'N are rhombuses is carried out in the same way as in the preceding proof.

We then see that the point M is located in a symmetric position with the point B with
respect to the line C'H, we conclude that we have ZCM B = 3. Similarly, we have ZCN B = ~.
If we now put x = ZAHO', then we get

/0 =3—-a—x, ZMNH =90° — 3 —a +z,
from which it follows that
LZANM =180° — ZMNH — (90° —a) = 8 — x.

Similarly, we get
LNMA =~ +zx.



Using the laws of sines, we then get
sin(y+z) AN AC AB AN
sin(f — z) T AM ~ AM AC AB
sin 8 siny sin(y —a)  sin(y —a)

sin(8 —«) sinf siny  sin(f—a)’
On the other hand, if we let y = ZAHO, we then get
/ZOHB =180° — vy —y, ZCHO =180° — 3 + v,
and since
/HBO =v—a, ZOCH =0 - q,

using the laws of sines and observing that OB = OC, we get

sin(y —a) sinZHBO  sin(180° —y —y) - 9%
sin(f — «) T sin/OCH sin(180° — B +y) - @A
)

oC
sin(y + )

~ sin(180° — B+y)  sin(B—y)’
We then get sin(y + z)sin(f — y) = sin(f — x) sin(y + y). Expanding both sides of the last
identity by using the addition formula for the sine function and after factoring and using
again the addition formula we obtain that sin(x — y) sin(8 + v) = 0. This implies that z — y
must be an integral multiple of 180°, and hence we conclude that H, O, O’ are collinear.

sin(180° — v —y

Problem 5. Find all functions f from the set R of real numbers into R which satisfy for
all z,y,z € R the identity

@)+ fy) + f(2) = F(f(x) = f() + fQRry + f(2)) + 2f (22 — y2).
Solution: It is clear that if f is a constant function which satisfies the given equation,
then the constant must be 0. Conversely, f(x) = 0 clearly satisfies the given equation, so,
the identically 0 function is a solution. In the sequel, we consider the case where f is not a
constant function.
Let t € R and substitute (x,y,z) = (¢,0,0) and (x,y, z) = (0,¢,0) into the given functional
equation. Then, we obtain, respectively,
FUF@) +2£(0)) = f(f () — £(0)) + F(f(0)) +2£(0),
FUF@) +2£(0)) = f(f(0) = f(8)) + F(f(0)) +2£(0),
from which we conclude that f(f(t)—f(0)) = f(f(0)— f(¢)) holds for all ¢ € R. Now, suppose
for some pair uy,ug, f(uy) = f(us2) is satisfied. Then by substituting (z,y, z) = (s,0,u;) and
(xz,y,z) = (s,0,u2) into the functional equation and comparing the resulting identities, we
can easily conclude that

f(su1) = f(suz) (*)
holds for all s € R. Since f is not a constant function there exists an sg such that f(sg)—f(0) #
0. If we put u; = f(so) — f(0),u2 = —uy, then f(uy) = f(u2), so we have by (x)

f(sur) = f(suz) = f(—su)

for all s € R. Since u; # 0, we conclude that

f(z) = f(—x)



holds for all z € R.

Next, if f(u) = f(0) for some u # 0, then by (x), we have f(su) = f(s0) = f(0) for all
s, which implies that f is a constant function, contradicting our assumption. Therefore, we
must have f(s) # f(0) whenever s # 0.

We will now show that if f(x) = f(y) holds, then either x = y or z = —y must hold.
Suppose on the contrary that f(zg) = f(yo) holds for some pair of non-zero numbers zg, yo
for which z¢ # yo,x0 # —yo. Since f(—yo) = f(yo), we may assume, by replacing yo by —yo
if necessary, that zp and yo have the same sign. In view of (x), we see that f(sxo) = f(syo)
holds for all s, and therefore, there exists some r > 0,7 # 1 such that

fz) = f(rz)

holds for all z. Replacing « by rx and y by ry in the given functional equation, we obtain

F(f(rz) + f(ry) + f(2)) = f(f(ra) = f(ry)) + F2rPay + f(2)) + 2f (r(z —y)2) (D),

and replacing = by r2z in the functional equation, we get

FU2a) + fy) + F(2) = F(f(rP2) = f(y) + [(2rizy + f(2) + 2f (P —y)z) (i)
Since f(rz) = f(z) holds for all x € R, we see that except for the last term on the right-hand
side, all the corresponding terms appearing in the identities (i) and (ii) above are equal, and
hence we conclude that

Fr(a —y)2) = F((P2 —y)2) (i)
must hold for arbitrary choice of x,y, 2z € R. For arbitrarily fixed pair u,v € R, substitute
(z,y,2) = (-7, ”73’;21", ) into the identity (iii). Then we obtain f(v) = f(ru) = f(u), since
r—y =u,r’r —y = v,z = 1. But this implies that the function f is a constant, contradicting
our assumption. Thus we conclude that if f(z) = f(y) then either z = y or x = —y must
hold.

By substituting z = 0 in the functional equation, we get

FUf @)+ fy) + f(0) = F(f(x) = fy) + f(0)) = F((f(x) = f(y) + fzy + f(0)) + 2/(0).
Changing y to —y in the identity above and using the fact that f(y) = f(—vy), we see that
all the terms except the second term on the right-hand side in the identity above remain the
same. Thus we conclude that f(2zy + f(0)) = f(—2zy + f(0)), from which we get either
2zy + f(0) = —2zy + f(0) or 2zy + f(0) = 2zy — f(0) for all z,y € R. The first of these
alternatives says that 4zy = 0, which is impossible if zy # 0. Therefore the second alternative
must be valid and we get that f(0) = 0.

Finally, let us show that if f satisfies the given functional equation and is not a constant
function, then f(x) = 2%. Let z = y in the functional equation, then since f(0) = 0, we get

F2f(2) + f(2)) = f(22* + f(2)),

from which we conclude that either 2f(x) + f(2) = 222 + f(z) or 2f(z) + f(2) = —22% — f(2)
must hold. Suppose there exists z¢ for which f(zg) # 33(2), then from the second alternative,
we see that f(2) = —f(xg) — #3 must hold for all z, which means that f must be a constant
function, contrary to our assumption. Therefore, the first alternative above must hold, and
we have f(x) = 22 for all z, establishing our claim.

It is easy to check that f(x) = 22 does satisfy the given functional equation, so we conclude
that f(z) = 0 and f(x) = 22 are the only functions that satisfy the requirement.




* Summary of Results

2010 # of Total Gold Silver | Bronze Hon.

Rank Participants Contestant | Score | Awards | Awards | Awards | Men.
1 Republic of KOREA 10 265 1 2 4 3
2 |RUSSIA 10 264 1 2 4 3
3 |United States of America 10 236 1 2 4 3
4 |THAILAND 10 223 1 2 4 3
5 |JAPAN 10 221 1 2 4 3
6 |CANADA 10 215 1 2 4 3
7 HONG KONG 10 190 1 2 4 3
8 |SINGAPORE 10 188 1 2 4 3
9 |AUSTRALIA 10 185 1 2 4 3
10 TAIWAN 10 183 1 2 4 3
11 [ KAZAKHSTAN 10 179 1 2 4 3
12 [PERU 10 166 1 1 5 3
13 |ARGENTINA 10 162 1 2 4 3
14 BRAZIL 10 143 0 3 4 0
15 MEXICO 10 143 0 2 5 1
16 |AZERBAIJAN 10 124 0 2 2 0
17 MALAYSIA 10 122 0 2 2 1
18 |COLOMBIA 10 103 0 0 3 0
19 TURKMENISTAN 10 97 0 0 3 0
20 |NEW ZEALAND 10 86 0 0 1 0
21 KYRGYZ 10 84 0 0 1 0
22 |CAMBODIA 10 83 0 0 1 0
23 | INDONESIA 10 79 0 0 0 1
24 |BANGLADESH 10 76 0 0 0 0
25 |PHILIPPINES 9 75 0 0 1 0
26 TAJIKISTAN 9 70 0 0 0 0
27 PANAMA 6 55 0 0 1 0
28 |EL SALVADOR 7 41 0 0 0 0
29 |COSTA RICA 7 35 0 0 0 0
30 |[ECUADOR 5 35 0 0 1 1
31 |[URUGUAY 5 35 0 0 1 0
32 |TRINIDAD AND TOBAGO 10 21 0 0 0 0
33 |QATAR 10 * 0 0 0 0
Total 298 4184 13 34 79 43

m: 14.040/ o :7.393 m+ o0 =21.433 ‘m+ 0/3=16.504 m- 0/3=11.576
Awards Cut-offs : Gold > 22 Silver > 17 Bronze > 14
# of Problems 1 2 3 4 5 Total
Mean(m) : 6.35 2.05 3.67 1.06 0.9 14.04

¢ Coordination of the marking not complete hence the number of the participants from
Qatar are excluded from the total above.



* Award

Award Names of Contestant Country
Prilo Sebastian Argentina
Liang Alfred Australia
Deng Calvin Canada
Ching Tak Wing Hong Kong
Hosaka Kazuhiro Japan
Satylkhanov Kanat Kazakhstan

A%;);R].)D Song Sanghun Korea
Raul Arturo Chavez Sarmiento Peru
Matdinov Marsel Russia
Loh Yao Chenlvan Singapore
Wu Yi-Chan Taiwan
Manurangsi Pasin Thailand
Gu Albert U.S.A.
Stefanich German Ezequiel Argentina
Zylber Ariel Ricardo Argentina
Large Timothy Australia
Chong Aaron Australia
Shukurlu Altun Azerbaijan
Mustafayev Elshad Azerbaijan
De Sa Oliveira Sales Marcelo Tadeu Brazil
Secco Torres da Silva Matheus Brazil
Camelo Sa Joao Lucas Brazil
Sun Chen Canada
Sardarli Mariya Canada
Hung Ka Kin Hong Kong
Chan Kwun Tat Hong Kong
Kishikawa Akio Japan
Minegishi Ryu Japan
Kalsin Sergey Kazakhstan

SILVER Ovchinnikov Denis Kazakhstan

AWARD Kim Bumsoo Korea
Lyoo Youngwook Korea
How Si Yu Malaysia
Tham Ying Hong Malaysia
Perales Daniel Mexico
Hernandez Flavio Mexico
Jose Gustavo Garcia Sulca Peru
Mokin Vasiliy Russia
Erokhin Stanislav Russia
Aw JinAlan Singapore
Ang Jie Jun Singapore
Hsia Chih-Yang Taiwan
Wang Szu-Po Taiwan
Kamtue Supanat Thailand
Charoenngam Nipith Thailand




Phan Toan Duc U.S.A.
Keller Sam U.S.A.
Cogorno Nicolas Alejandro Argentina
Cufre Juan Manuel Argentina
Umfurer Alfredo Raul Argentina
Sadofschi Costa Ivan Argentina
Wong Sampson Australia
Gorey Declan Australia
Law Stacey Australia
De Silva Raveen Australia
Rustamli Subhan Azerbaijan
Bagirov Naib Azerbaijan
Lisboa Empinotti Gustavo Brazil
Barbosa Alves Deborah Brazil
Mendes Silva Maria Clara Brazil
De Andrade Silva Carios Henrique Brazil
Vuthea Vong Cambodia
Zung Jonathan Canada
Rickards James Canada
Zhu Yuqi Canada
Cheng Robin Canada
Azuero Juan Camilo Colombia
Castaneda Angela Colombia
Arcila David Colombia
Xavier Andrew Soriano Diaz Ecuador
Wong Mon Lok Hong Kong
Lo Jing Hoi Hong Kong
Lo Chun Tung Hong Kong
Chow Tseung Man Hong Kong
Takigiku Motoki Japan
Noyama Tomoyuki Japan
Koshiyama Hiroki Japan
Matsuo Yoshinori Japan
Zhakupov Kairulla Kazakhstan
Yermakhanov Nurbergen Kazakhstan
Zhanbulatufy Medet Kazakhstan
Duisenbayev Azamat Kazakhstan
Yim Joonhyuk Korea
Jee Eunsoo Korea
Hwang Sunghyun Korea
Park Hyunyoung Korea
i%?AI\{{Z]? Mamarasul uulu Mamatkasim Kyrgyzstan
How S1 We1 Malaysia
Lim Joshua Kai Tsen Malaysia
Anorve Fernando Mexico
Miranda Jose-Luis Mexico
Calderon Irving Mexico




Guardiola Jose Mexico
Diaz Julio Mexico
Zhang Robert New Zealand
Fan Antonio Panama
Juan Paucar Zanabria Peru

Jesus Angel Advincula Altamirano Peru

Josue Benjamin Garcia Piscoya Peru

Jose Ruben Matta Ramos Peru
Alejandro Omar Loyola Bartra Peru

Lao Carmela Antoinette Philippines
Pakharev Alexei Russia
Ivlev Fedor Russia
Menshchikov Andrei Russia
Omelyanenko Victor Russia
Chan Jun NengRyan Singapore
Tng Jia HaoBarry Singapore
Wong Ying LinGabriel Singapore
Lim Jeck Singapore
Chen Brain Taiwan
Chen Wei-Jung Taiwan
Chen Yung-Hsin Taiwan
Lin Wu-Cheng Taiwan
Ruangwises Suthee Thailand
Tantipongpipat Uthaipon Thailand
Vachiraprasith Kamron Thailand
Jiradilok Pakawut Thailand
Atayev Serdar Turkmenistan
Hajyyev Rovshen Turkmenistan
Samedov Agageldi Turkmenistan
Rodriguez Ismael Uruguay
Chu Tim U.S.A.

He Xiaoyu U.S.A.
Yang David U.S.A.

Wu Tiangi U.S.A.
Pedraza Lucia Ines Argentina
Juncal Mariano Argentina
Lang Carolina Argentina
Li Michael Australia
Yu Angel Australia
Ryba Christopher Australia
Song Alex Canada
Hemmati Soroosh Canada
Jiang Heinrich Canada
Bruno Giuseppe Poggi Cevallos Ecuador
Tam Ka Yu Hong Kong
Wong Ching Hong Kong
Lee Man Ching Hong Kong




H.MEN
AWARD

Lingga Ivan Wangsa Cipta@ Indonesia
Nakasuka Kengo Japan
Higaki Motohide Japan
Yoshida Kensuke Japan
Khadjimuratov Nursultan Kazakhstan
Nurgabulov Yerniyaz Kazakhstan
Rakhymzhan Altai Kazakhstan
Kim Sungho Korea

Park Sunggi Korea

Lee Sanghoon Korea

Teo Wee Seong Malaysia
Arreola Fernando Mexico
Hector Moises Alcala Ramos Peru
Edison Jordy Meza Ramos Peru

Javier Perales Valerio Peru
Tyshchuk Konstantin Russia
Egorov Dmitry Russia
Bernshtein Anton Russia
Kuan Joseph Singapore
Lee You Jun Singapore
Lin Wayne Singapore
Wu Sheng-Hsien Taiwan
Chen Ting-Wei Taiwan

Lin Yu-Hsuan Taiwan
Sothanaphan Nat Thailand
Siltham Sira Thailand
Ponvilawan Ben Thailand
Firoiu Vlad U.S.A.
Yang Dai U.S.A.

Lee Mitchell U.S.A.
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2011 APMO PROBLEMS

Time allowed: 4 hours FEach problem is worth 7 points
*The contest problems are to be kept confidential until they are posted on the offi-
cial APMO website (hitp://www.mmgjp.or.jp/competitions/APMQO). Please do not
disclose nor discuss the problems over the internet until that date. Calculators are
not allowed to use.

Problem 1. Let a,b,c be positive integers. Prove that it is impossible to have
all of the three numbers a? + b+ ¢, b2+ c+a, ¢ + a + b to be perfect squares.

Problem 2. Five points Ay, Ay, Az, A4, A5 lie on a plane in such a way that no
three among them lie on a same straight line. Determine the maximum possible
value that the minimum value for the angles ZA;A;Aj can take where i, j, k are
distinct integers between 1 and 5.

Problem 3. Let ABC be an acute triangle with ZBAC = 30°. The internal and
external angle bisectors of ZABC meet the line AC' at By and Bs, respectively, and
the internal and external angle bisectors of ZACB meet the line AB at C; and Cs,
respectively. Suppose that the circles with diameters By By and C7C5 meet inside
the triangle ABC at point P. Prove that ZBPC = 90°.

Problem 4. Let n be a fixed positive odd integer. Take m + 2 distinct points
Py, Py, ,Pyy1 (where m is a non-negative integer) on the coordinate plane in
such a way that the following 3 conditions are satisfied:
(1) Py =(0,1), Ppy1 = (n+1,n), and for each integer i, 1 <i < m, both 2- and
y- coordinates of P; are integers lying in between 1 and n (1 and n inclusive).
(2) For each integer i, 0 < i < m, P;P;y; is parallel to the z-axis if ¢ is even, and
is parallel to the y-axis if i is odd.
(3) For each pair 4,j with 0 < ¢ < j < m, line segments P; P,y and P;P; 1 share
at most 1 point.

Determine the maximum possible value that m can take.

Problem 5. Determine all functions f : R — R, where R is the set of all real
numbers, satisfying the following 2 conditions:

(1) There exists a real number M such that for every real number z, f(x) < M is
satisfied.

(2) For every pair of real numbers x and y,

fxf() +yf(x) =xf(y) + flzy)

is satisfied.



SOLUTIONS FOR 2011 APMO PROBLEMS

Problem 1.

Solution: Suppose all of the 3 numbers a®> +b+c¢, b> +c+a and 2 + a + b are
perfect squares. Then from the fact that a® + b + ¢ is a perfect square bigger than
a? it follows that a® + b+ ¢ > (a + 1)?, and therefore, b + ¢ > 2a + 1. Similarly we
obtainc+a>2b+1and a+b>2c+ 1.

Adding the corresponding sides of the preceding 3 inequalities, we obtain
2(a+b+c) > 2(a+ b+ c)+ 3, a contradiction. This proves that it is impos-
sible to have all the 3 given numbers to be perfect squares.

Alternate Solution: Since the given conditions of the problem are symmetric in
a, b, c, we may assume that a > b > c holds. From the assumption that a>+b+cis a
perfect square, we can deduce as in the solution above the inequality b+c¢ > 2a+ 1.
But then we have

2a >b+c>2a+1,

a contradiction, which proves the assertion of the problem.

Problem 2.

Solution: We will show that 36° is the desired answer for the problem.

First, we observe that if the given 5 points form a regular pentagon, then the
minimum of the angles formed by any triple among the five vertices is 36°, and
therefore, the answer we seek must be bigger than or equal to 36°.

Next, we show that for any configuration of 5 points satisfying the condition of
the problem, there must exist an angle smaller than or equal to 36° formed by a
triple chosen from the given 5 points. For this purpose, let us start with any 5
points, say Aq, Ao, A, Ay, As, on the plane satisfying the condition of the problem,
and consider the smallest convex subset, call it I', in the plane containing all of the
5 points. Since this convex subset I' must be either a triangle or a quadrilateral
or a pentagon, it must have an interior angle with 108° or less. We may assume
without loss of generality that this angle is ZA; A3 A3. By the definition of T it is
clear that the remaining 2 points A4 and As lie in the interior of the angular region
determined by £A;AsAs, and therefore, there must be an angle smaller than or

1
equal to 3 108° = 36°, which is formed by a triple chosen from the given 5 points,

and this proves that 36° is the desired maximum.
1



2

Problem 3.

Solution:  Since /ByBBy = 90°, the circle having B;Bs as its diameter goes
through the points B, By, Bs. From B1A : B1C = B3A : BoC = BA : BC, it
follows that this circle is the Apolonius circle with the ratio of the distances from
the points A and C being BA : BC'. Since the point P lies on this circle, we have

PA:PC=BA:BC=sinC: sind,

from which it follows that PAsin A = PC'sinC. Similarly, we have PAsin A =
PBsin B, and therefore, PAsin A = PBsin B = PC'sinC.

Let us denote by D, E, F' the foot of the perpendicular line drawn from P to the
line segment BC, C' A and AB, respectively. Since the points E, F lie on a circle
having PA as its diameter, we have by the law of sines FF = PAsin A. Similarly,
we have FFD = PBsin B and DE = PC'sinC. Consequently, we conclude that
DEF is an equilateral triangle. Furthermore, we have ZCPE = ZC'DFE, since the
quadrilateral CDPF is cyclic. Similarly, we have /FPB = /FDB. Putting these
together, we get

/ZBPC =360° — (LCPE + L/FPB + LEPF)
=360° — {(LCDE + ZFDB) + (180° — LFAE)}
= 360° — (120° + 150°) = 90°,
which proves the assertion of the problem.

Alternate Solution: Let O be the midpoint of the line segment By B;. Then
the points B and P lie on the circle with center at O and going through the point
B1. From

£L0BC = £Z0BB; — ZCBBy = £L0B1B — /B1BA = /ZBAC

it follows that the triangles OC'D and OB A are similar, and therefore we have that
OC -OA = OB? = OP?. Thus we conclude that the triangles OCP and OPA are
similar, and therefore, we have ZOPC = ZPAC. Using this fact, we obtain

/PBC — /PBA = (/B,BC + /PBB,) — (/ABB, — /PBB;)
= 2/PBB, = /POB, = /PCA— /OPC

=/PCA - /LPAC,

from which we conclude that /PAC + /PBC = /ZPBA + ZPCA. Similarly, we
get LZPAB+ /PCB = Z/PBA + ZPCA. Putting these facts together and taking
into account the fact that

(LPAC + /PBC)+ (LPAB+ Z/PCB) + (/PBA+ ZPCA) = 180°,
we conclude that /PBA + ZPCA = 60°, and finally that
/BPC = (/PBA+/PAB)+(/PCA+/PAC) = ZBAC+(LPBA+/PCA) = 90°,

proving the assertion of the problem.

Problem 4.

Solution: We will show that the desired maximum value for m is n(n — 1).
First, let us show that m < n(n—1) always holds for any sequence Py, Py, - -+, Ppt1
satisfying the conditions of the problem.



Call a point a turning point if it coincides with P; for some ¢ with 1 <¢ < m.
Let us say also that 2 points {P, @} are adjacent if {P,Q} = {P,_1, P;} for some
1 with 1 < i < m, and vertically adjacent if, in addition, PQ is parallel to the
y-axis.

Any turning point is vertically adjacent to exactly one other turning point.
Therefore, the set of all turning points is partitioned into a set of pairs of points
using the relation of ”vertical adjacency”. Thus we can conclude that if we fix
ke {1,2,---,n}, the number of turning points having the x-coordinate k must be
even, and hence it is less than or equal to n — 1. Therefore, altogether there are
less than or equal to n(n — 1) turning points, and this shows that m < n(n — 1)
must be satisfied.

It remains now to show that for any positive odd number n one can choose a
sequence for which m = n(n — 1). We will show this by using the mathematical
induction on n. For n = 1, this is clear. For n = 3, choose

P0:(071)7 P1:(171)7 P2:(172)u P3:(2a2)7

Py =(2,1), Ps=(3,1), Ps = (3,3), P; = (4,3).
It is easy to see that these points satisfy the requirements (See fig. 1 below).

figure 1

Let n be an odd integer > 5, and suppose there exists a sequence satisfying the
desired conditions for n—4. Then, it is possible to construct a sequence which gives
a configuration indicated in the following diagram (fig. 2), where the configuration
inside of the dotted square is given by the induction hypothesis:

figure 2

By the induction hypothesis, there are exactly (n — 4)(n — 5) turning points for
the configuration inside of the dotted square in the figure 2 above, and all of the
lattice points in the figure 2 lying outside of the dotted square except for the 4
points (n,2), (n—1,n—2), (2,3), (1,n—1) are turning points. Therefore, the total
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number of turning points in this configuration is
(n—4)(n—5)+ (n? — (n —4)> —4) = n(n — 1),

showing that for this n there exists a sequence satisfying the desired properties,
and thus completing the induction process.

Problem 5.

Solution: By substituting = 1 and y = 1 into the given identity we obtain
f(f(1)) = f(1). Next, by substituting x = 1 and y = f(1) into the given identity
and using f(f(1)) = f(1), we get f(1)2 = f(1), from which we conclude that either
f(Q) =0or f(1) = 1. But if f(1) = 1, then substituting y = 1 into the given
identity, we get f(x) = « for all z, which contradicts the condition (1). Therefore,
we must have f(1) = 0.

By substituting = 1 into the given identity and using the fact f(1) = 0, we
then obtain f(f(y)) = 2f(y) for all y. This means that if a number ¢ belongs to the
range of the function f, then so does 2t, and by induction we can conclude that for
any non-negative integer n, 2"t belongs to the range of f if ¢ does. Now suppose
that there exists a real number a for which f(a) > 0, then for any non-negative
integer n 2" f(a) must belong to the range of f, which leads to a contradiction to
the condition (1). Thus we conclude that f(x) < 0 for any real number x.

By substituting § for 2 and f(y) for y in the given identity and using the fact

that f(f(y)) = 2f(y), we obtain
Fafe) + 1w (5) = o) + £ (5/0) -

from which it follows that zf(y) — f(zf(y)) = fF(¥)f (%) — f (£ f(y)) > 0, since the
values of f are non-positive. Combining this with the given identity, we conclude

1
that yf(x) > f(xy). When & > 0, by letting y to be — and using the fact that
x

f(1) =0, we get f(z) > 0. Since f(x) <0 for any real number z, we conclude that
f(z) = 0 for any positive real number z. We also have f(0) = f(f(1)) =2f(1) =0.

If f is identically 0, i.e., f(x) = 0 for all z, then clearly, this f satisfies the given
identity. If f satisfies the given identity but not identically 0, then there exists a
b < 0 for which f(b) < 0. If we set ¢ = f(b), then we have f(c) = f(f(b)) = 2f(b) =
2¢. For any negative real number x, we have cx > 0 so that f(cx) = f(2¢cz) = 0,
and by substituting y = ¢ into the given identity, we get

J(2ex) + ef (2) = 2cx + f(ca),

from which it follows that f(x) = 22 for any negative real x.
We therefore conclude that if f satisfies the given identity and is not identically

if x>
0, then f is of the form f(x) = g ?f o ;8 Finally, let us show that the
x if .

function f of the form shown above does satisfy the conditions of the problem.
Clearly, it satisfies the condition (1). We can check that f satisfies the condition
(2) as well by separating into the following 4 cases depending on whether z,y are
non-negative or negative.

e when both z and y are non-negative, both sides of the given identity are 0.
e when z is non-negative and y is negative, we have zy < 0 and both sides
of the given identity are 4xy.



e when z is negative and y is non-negative, we have zy < 0 and both sides
of the given identity are 2xy.
e when both z and y are negative, we have xy > 0 and both sides of the given
identity are 2xy.
Summarizing the arguments above, we conclude that the functions f satisfying the
conditions of the problem are

0 ifz>0
2x if x <0.

flx)=0 and fz) = {



The following up-dated reports of the results of APMO 2011 are changed slightly from the version
reported at the time of the General Meeting of APMO 2011 held at the time of 52nd IMO. The
change was necessitated by the inclusion of the results of the Costa Rica team, consisting of 5
students (including 1 gold medalist and 2 copper medalists ). We verified that the test was
administered on the specified day (March 7) and the marking of the papers was done properly, but
for some reason we did not receive the report of the results until late May, which was too late for
the preparation of our initial report.

* Summary of Results

Rank 201 1 # of Total Gold Silver | Bronze Hon.
Participants Contestant | Score | Awards | Awards | Awards | Men.
1 |KOREA 10 289 1 2 4 3
2 [USA 10 269 1 2 4 3
3 |[THAILAND 10 228 1 2 4 3
4 |PERU 10 223 1 2 4 3
5 |TAIWAN 10 220 1 2 4 3
6 |JAPAN 10 208 1 2 4 3
7 |RUSSIA 10 205 1 2 4 3
8 [SINGAPORE 10 205 1 2 4 3
9 |BRAZIL 10 190 1 2 4 3
10 |HONG KONG 10 173 1 2 4 3
11 |CANADA 10 164 1 2 4 3
12 |AUSTRALIA 10 156 0 3 4 3
13 |KAZAKHSTAN 10 154 0 3 4 3
14 MEXICO 10 141 0 3 4 3
15 |INDONESIA 10 135 0 2 5 3
16 |[NEW ZEALAND 10 128 1 1 5 1
17 |ARGENTINA 10 121 0 2 5 2
18 |MALAYSIA 10 108 1 0 4 1
19 |AZERBAIJAN 10 101 0 2 4 0
20 |TAJIKISTAN 10 82 0 0 3 0
21 |TURKMENISTAN 10 78 0 1 2 0
22 |SAUDI ARABIA 10 60 0 1 1 1
23 |PHILIPPINES 10 59 0 0 2 0
24 |COSTA RICA 5 49 1 0 2 0
25 |COLOMBIA 10 41 0 0 0 1
26 |CAMBODIA 10 41 0 0 0 1
27 |BANGLADESH 5 26 0 0 0 1
28 |ECUADOR 10 24 0 0 0 1
29 |[URUGUAY 2 20 0 0 1 0
30 |TRINIDAD AND TOBAGO 10 18 0 0 0 0
31 |EL SALVADOR 9 16 0 0 1 0
32 |COTE D'IVOIRE 3 11 0 0 0 0
33 |PAKISTAN 10 8 0 0 0 0
34 |SYRIA 10 5 0 0 0 0
35 |QATAR 7 1 0 0 0 0
¢ |Total 317 3961 14 41 92 53




m:12.495/ o : 8.892 m+ o =21.387 m+ o/3=15.459 m- 0/3=9.531
Awards Cut-offs : Gold > 22 Silver > 16 Bronze > 10

# of Problems 1 2 3 4 5 Total

Mean(m) : 4.79 4.08 1.61 0.6 1.41 12.5

¢ Panama has participated in the competition, but decided to withdraw from the consideration for
ranking and awards. For this reason, data for Panama are not included from the tabulation above.

* Award
Kim Young Ho KOREA
He Xiaoyu USA
Lim Jeck SINGAPORE
Chavez Sarmiento Raul Arturo PERU
Hua Shiang-Chih TAIWAN
Kishikawa Akio JAPAN
GOLD Pakharev Alexey RUSSIA

AWARD Kurutach Thanard THAILAND
Camelo Sa Joao Lucas BRAZIL
Song Alex CANADA
Granville Malcolm NEW ZEALAND
Li Yau Wing HONG KONG
Tham Ying Hong MALAYSIA
Jimenez Humberto COSTA RICA
Cao Wenyu USA
Park Jun Oh KOREA
Hwang Sung Hyun KOREA
Chen Wei-Jung TAIWAN
Garcia Sulca Jose Gustavo PERU
Bhutisaksang Theerawat THAILAND
O'dorney Evan USA
Kitamura Takuma JAPAN
Liao Wei-En TAIWAN
Braga Costa Andre Macieira BRAZIL
Lisboa Empinotti Gustavo BRAZIL
Koshiyama Hiroki JAPAN
Loyola Bartra Alejandro PERU
Skutin Alexander RUSSIA
Kuan Joseph SINGAPORE
Kor Ryan SINGAPORE
Charoenngam Nipith THAILAND
Grigorev Mikhail RUSSIA
Mustafayev Elshad AZERBAIJAN
Wo Bar Wai Barry HONG KONG

ATARL Lu Colin AUSTRALIA
Perales Daniel MEXICO




Zylber Ariel ARGENTINA
Brennan Matthew CANADA
Lingga Ivan Wangsa Cipta INDONESIA
Nurzhigit Nurbolat KAZAKHSTAN
Large Tim AUSTRALIA
Hernandez Flavio MEXICO

Spink Hunter CANADA
Ching Tak Wing HONG KONG
Wael Hussain Al Saeed SAUDI ARABIA
Prillo Sebastian ARGENTINA
Huseynli Shahin AZERBAIJAN
Khou Victor AUSTRALIA
Azvero Juan Camilo COLOMBIA
Gunardi Johan INDONESIA
Nurgabilov Ernyaz KAZAKHSTAN
Drobax Andrei KAZAKHSTAN
Rogue Diego MEXICO
Shanmuganathan Arun Chockalingam NEW ZEALAND
Hajyyev Rovshen TURKMENISTAN
Chang Jae Won KOREA

Moon Han Wool KOREA

Na Sang Hoon KOREA
Whang Sung Seob KOREA

Gu Albert USA

Deng Calvin USA

Yang David USA

Gunby Benjamin USA

Fiuza do Nascimento Henrigve Gasparini BRAZIL

Kasai Yumi JAPAN

Luyo Carbonero Paul Michael PERU
Gutierrez Taipe Gianmarco Jaime PERU

Yeh Chih-Kuan TAIWAN
Siltham Sira THAILAND
Figueroa Curo Jesus Alberto PERU

Yangjit Wijit THAILAND
Pitimanaaree Nipun THAILAND
Karntikoon Kritkorn THAILAND
Adachi Satoru JAPAN

Meza Ramos Edison Jordy PERU
Shabanov Lev RUSSIA
Krachun Dmitry RUSSIA

Ang Yan Sheng SINGAPORE
Ding Yue SINGAPORE
Chen Yu-An TAIWAN
Tsigler Alexander RUSSIA

Ang Jie Jun SINGAPORE
Chiang Hung TAIWAN




BRONZE
AWARD

Gorelov Ivan

RUSSIA

Chang Lai-Ho TAIWAN
Kasaura Kazumi JAPAN
Yoshida Kensuke JAPAN

Chan Jun Neng, Ryan SINGAPORE
Lima Rossi Hanon Guy BRAZIL

Wong Sze Nga HONG KONG
Lum Kai Chun HONG KONG
Gorey Declan AUSTRALIA
Xu Yunning AUSTRALIA
Mendes Silva Maria Clara BRAZIL

Porto Lira Caique BRAZIL

Jiang Heinrich CANADA

Sun Susan CANADA

Au Lawrence HONG KONG
Tam Ka Yu HONG KONG
Musaev Temirlan KAZAKHSTAN
Gonzalez Carolina ARGENTINA
Gafarzade Miraga AZERBAIJAN
Shukurlu Altun AZERBAIJAN
Wong Rachel AUSTRALIA
Yu Angel AUSTRALIA
Spivak Daniel CANADA

Zhou Kaiven CANADA
Moektijono Tobi INDONESIA
Ibraimov Akhzhol KAZAKHSTAN
Daurihan Muhyt KAZAKHSTAN
Ezhebay Ashim KAZAKHSTAN
Belanger Georges MEXICO
Salgado Gaston ARGENTINA
Alekberzade Elvin AZERBAIJAN
Cifventes Jesus David COLOMBIA
Putra Tryan Aditya INDONESIA
Ananto Pramudya INDONESIA
Teh Anzo Zhao Yang MALAYSIA
Khong Yi Kye MALAYSIA
Medrano Adun MEXICO
Acevedo Joshva MEXICO
Anorve Feinando MEXICO
Zhang Robert NEW ZEALAND
Morrissey Benedict NEW ZEALAND
Allen James NEW ZEALAND
Morco Henry Jefferson PHILIPPINES
Sharipov Dyhakhongir TAJIKISTAN
Shodavlat Saidmuhammad TAJIKISTAN
Mugaymkhonov Musokhon TAJIKISTAN
Hojamammedov Kerven TURKMENISTAN




Agamyradov Palvan TURKMENISTAN
Peraza Javier URUGUAY
Heredia Ezequiel COSTA RICA
Bagirov Naib AZERBAIJAN
Harmanto Bivan Alzacky INDONESIA
Nassirudin Muhammad INDONESIA
Yan Tom NEW ZEALAND
Shin Ha Young NEW ZEALAND
Urbina Sanchez Gerardo Augusto EL SALVADOR
How Si Yu MALAYSIA
How Si Wei MALAYSIA
Assenza Franco ARGENTINA
Capretto Margarita ARGENTINA
Sever Jeremias ARGENTINA
Sy Amiel PHILIPPINES
Al-Yazeed Basyoni SAUDI ARABIA
Calderon Tomas COSTA RICA
Lee Dong Hwan KOREA
Ki Do Hyeong KOREA
Jee Eun Soo KOREA
Ruangwises Suthee USA
Sothanaphan Nat THAILAND
Babbitt Matthew USA
Lee Mitchell USA
Cardenas Barriga Pablo Conzalo PERU
Tantipongpipat Uthaipon THAILAND
Jiradilok Pakawut THAILAND
Gol'tsova Nadezhda RUSSIA
Chiang Cheng-Min TAIWAN
Chen Brian TAIWAN
Kurozumi Atumasa JAPAN
Minegishi Ryu JAPAN
Simizu Genki JAPAN
Warton Cordero Alejandro Miguel PERU
Burova Olga RUSSIA
Wang Hsin-Po TAIWAN
Rocha de Melo Rafael Rodrigues BRAZIL
Nishida Kawai Daniel Eiti BRAZIL
de Oliveira Bitaraes Victor BRAZIL
Cheung Lap Chung Ivan HONG KONG
Cheung Hil Fung Harry HONG KONG
Ccopa Yugra Jesus Marcos PERU
Bolbachan Vasily RUSSIA
AARD Ke Yuxuan SINGAPORE
Lin Wayne SINGAPORE
Aw Alan SINGAPORE
Chua Alexander AUSTRALIA




Chow Chi Hong

HONG KONG

Fu Nancy AUSTRALIA
Chen Yuzhou CANADA
Sardarli Mariya CANADA

Zhou Kevin CANADA
Seylov Termirlan KAZAKHSTAN
Amankeldyin Akezhan KAZAKHSTAN
Zhanakhimetov Sultan KAZAKHSTAN
Al Akbar Gulbuddin Hikmatyar INDONESIA
Han George NEW ZEALAND
Papatoniou John AUSTRALIA
Gunawan Jeremiah Riker INDONESIA
Zaky Ahmad INDONESIA
Rivera Jose MEXICO
Domingvez Angel MEXICO

Orfiz Juan MEXICO
Umfurer Alfredo ARGENTINA
Rojas Damian ARGENTINA
Rattanak Rith CAMBODIA
Cortez Lemos Carlos Andres ECUADOR
Soh Chin Lip MALAYSIA
Hassan Alsibyani SAUDI ARABIA
Hasan Abid BGD

The Mathematical Olympiad Foundation of Japan




2012 APMO PROBLEMS

Time allowed: 4 hours FEach problem is worth 7 points
*The contest problems are to be kept confidential until they are posted on the offi-
cial APMO website (hitp://www.mmgjp.or.jp/competitions/APMQO). Please do not
disclose nor discuss the problems over the internet until that date. Calculators are
not allowed to use.

Problem 1. Let P be a point in the interior of a triangle ABC, and let D, E, F'
be the point of intersection of the line AP and the side BC of the triangle, of the
line BP and the side C'A, and of the line C'P and the side AB, respectively. Prove
that the area of the triangle ABC must be 6 if the area of each of the triangles
PFA, PDB and PEC is 1.

Problem 2. Into each box of a 2012 x 2012 square grid, a real number greater
than or equal to 0 and less than or equal to 1 is inserted. Consider splitting the grid
into 2 non-empty rectangles consisting of boxes of the grid by drawing a line parallel
either to the horizontal or the vertical side of the grid. Suppose that for at least one
of the resulting rectangles the sum of the numbers in the boxes within the rectangle
is less than or equal to 1, no matter how the grid is split into 2 such rectangles.
Determine the maximum possible value for the sum of all the 2012 x 2012 numbers
inserted into the boxes.

Problem 3. Determine all the pairs (p,n) of a prime number p and a positive

nP4+1 ., .
prt1 s an integer.

Problem 4. Let ABC be an acute triangle. Denote by D the foot of the
perpendicular line drawn from the point A to the side BC, by M the midpoint of
BC, and by H the orthocenter of ABC'. Let E be the point of intersection of the
circumcircle T' of the triangle ABC and the half line M H, and F be the point of
intersection (other than E) of the line ED and the circle I'. Prove that 25 = ‘g—g
must hold.

Here we denote by XY the length of the line segment XY

integer n for which

Problem 5. Let n be an integer greater than or equal to 2. Prove that if the

real numbers ay,as, - - , a, satisfy a? + a2 + - -+ + a? = n, then
1 n
n—a;a;
1<i<j<n v

must hold.



SOLUTIONS FOR 2012 APMO PROBLEMS

Problem 1.

Solution: Let us denote by AXYZ the area of the triangle XY Z. Let
x=APAB,y=APBC and z = APCA.

From
y:z=ABCP: ANACP =BF : AF = ABPF : AAPF =(z-1):1

follows that z(x — 1) = y, which yields (z + 1)z = « + y + z. Similarly, we get
(x4+1)y=z+y+zand (y+1)z = x+y—+z. Thus, we obtain (z+1)y = (y+1)z =
(z+ 1)z

We may assume without loss of generality that x < y, z. If we assume that y > z
holds, then we get (y + 1)z > (z + 1), which is a contradiction. Similarly, we see
that y < z leads to a contradiction (z + 1)y < (y + 1)z. Therefore, we must have
y = z. Then, we also get from (y + 1)z = (z + 1)z that x = z must hold. We now
obtain from (zx —1) : 1 =y :2z=1:1that # = y = z = 2 holds. Therefore, we
conclude that the area of the triangle ABC equals x + y + z = 6.

Problem 2.

Solution: If we insert numbers as in the figure below (0’s are to be inserted in the
remaining blank boxes), then we see that the condition of the problem is satisfied
and the total number of all the numbers inserted is 5.

0 0
1 1
0 0

We will show that the sum of all the numbers to be inserted in the boxes of the
given grid cannot be more than 5 if the distribution of the numbers has to satisfy
the requirement of the problem. Let n = 2012. Let us say that the row number
(the column number) of a box in the given grid is i (j, respectively) if the box lies
on the i-th row and the j-th column. For a pair of positive integers x and y, denote
by R(x,y) the sum of the numbers inserted in all of the boxes whose row number is
greater than or equal to x and less than or equal to y (assign the value 0 if x > y).

First let a be the largest integer satisfying 1 < a < mn and R(1,a —1) < 1, and
then choose the smallest integer ¢ satisfying a < ¢ < n and R(c+ 1,n) < 1. It is
possible to choose such a pair a, ¢ since R(1,0) =0 and R(n+ 1,n) =0. If a < ¢,
then we have a < n and so, by the maximality of a, we must have R(1,a) > 1,
while from the minimality of ¢, we must have R(a+1,n) > 1. Then by splitting the
grid into 2 rectangles by means of the horizontal line bordering the a-th row and
the a+ 1-th row, we get the splitting contradicting the requirement of the problem.
Thus, we must have a = c.

Similarly, if for any pair of integers =,y we define C'(z,y) to be the sum of the
numbers inserted in all of the boxes whose column number is greater than or equal
to z and less than or equal to y (C(x,y) =0 if > y), then we get a number b for
which

Cc(1,b—-1)<1, COb+1Ln) <1, 1<b<n.
1



If we let r be the number inserted in the box whose row number is a and the column
number is b, then since » < 1, we conclude that the sum of the numbers inserted
into all of the boxes is

<R(l,a—1)+R(a+1,n)+C(1,b—-1)+C(b+1,n)+r <5.

Problem 3.

Solution
For integers a,b and a positive integer m, let us write a = b (mod m) if a — b

is divisible by m. Since Z:i} must be a positive integer, we see that p" < nP must
hold. This means that if p = 2, then 2" < n? must hold. As it is easy to show by
induction that 2" > n? holds if n > 5, we conclude that if p = 2, then n < 4 must
be satisfied. And we can check that (p,n) = (2,2),(2,4) satisfy the condition of
the problem, while (2,3) does not.

Next, we consider the case where p > 3.

Suppose s is an integer satisfying s > p. If sP < p® for such an s, then we have

1\” 1\"
(s+1)p—sp(1+> §ps<1+>
$ p

Thus we have (s + 1)? < p**t! and by induction on n, we can conclude that if
n > p, then n? < p”. This implies that we must have n < p in order to satisfy our
requirement p” < nP.

‘We note that since p™ 41 is even, so is n? + 1, which, in turn implies that n must
be odd and therefore, p™ + 1 is divisible by p + 1, and nP + 1 is also divisible by
p+ 1. Thus we have n? = —1 (mod (p+ 1)), and therefore, n?? = 1 (mod (p+1)).

Now, let e be the smallest positive integer for which n® =1 (mod (p+1)). Then,
we can write 2p = ex + y, where x,y are non-negative integers and 0 < y < e, and
we have

1=n% =% -nY =nY (mod (p+ 1)),

which implies, because of the minimality of e, that y = 0 must hold. This means
that 2p is an integral multiple of e, and therefore, e must equal one of the numbers
1,2,p,2p.

Now, if e = 1,p, then we get n? = 1 (mod (p + 1)), which contradicts the
fact that p is an odd prime. Since n and p + 1 are relatively prime, we have by
Euler’s Theorem that n#*+1) =1 (mod (p41)), where ¢(m) denotes the number of
integers j(1 < j < m) which are relatively prime with m. From ¢(p+1) < p+1 < 2p
and the minimality of e, we can then conclude that e = 2 must hold.

From n? =1 (mod (p + 1)), we get

) =n (mod (p+ 1)),
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which implies that p + 1 divides n + 1. Therefore, we must have p < n, which,
together with the fact n < p, show that p = n must hold.

It is clear that the pair (p,p) for any prime p > 3 satisfies the condition of the
problem, and thus, we conclude that the pairs (p,n) which satisfy the condition of
the problem must be of the form (2,4) and (p, p) with any prime p.

Alternate Solution. Let us consider the case where p > 3. As we saw in the
preceding solution, n must be odd if the pair (p,n) satisfy the condition of the
problem. Now, let g be a prime factor of p + 1. Then, since p + 1 divides p™ + 1, ¢
must be a prime factor of p™ + 1 and of n? + 1 as well. Suppose ¢ > 3. Then, from
nP? = —1 (mod q), it follows that n?? = 1 (mod ¢) holds. If we let e be the smallest
positive integer satisfying n® = 1 (mod ¢), then by using the same argument as
we used in the preceding solution, we can conclude that e must equal one of the
numbers 1,2, p,2p. If e = 1, p, then we get n? =1 (mod g¢), which contradicts the
assumption ¢ > 3. Since n is not a multiple of ¢, by Fermat’s Little Theorem we
get n971 =1 (mod q), and therefore, we get by the minimality of e that e = 2 must
hold. From n? =1 (mod q), we also get

n? =n@ T ) = (mod q),
and since n? = —1 (mod q), we have n = —1 (mod q) as well.
Now, if ¢ = 2 then since n is odd, we have n = —1 (mod ¢) as well. Thus, we

conclude that for an arbitrary prime factor ¢ of p+ 1, n = —1 (mod ¢) must hold.
Suppose, for a prime g, ¢* for some positive integer k is a factor of p 4+ 1. Then
¢" must be a factor of n? + 1 as well. But since

nP4+1=Mn+DnP—nP24+...—n+1) and
Pl P2 1= ()P = ()P 24— (1) +1#0  (mod gq),
we see that ¢* must divide n + 1. By applying the argument above for each prime

factor ¢ of p + 1, we can then conclude that n 4+ 1 must be divisible by p + 1, and
as we did in the preceding proof, we can conclude that n = p must hold.

Problem 4.

Solution: If AB = AC, then we get BF = CF and the conclusion of the problem
is clearly satisfied. So, we assume that AB # AC in the sequel.

Due to symmetry, we may suppose without loss of generality that AB > AC.
Let K be the point on the circle I" such that AK is a diameter of this circle. Then,
we get

/BCK = /ACK — ZACB =90° — ZACB = /CBH

and
/CBK = ZABK — ZABC = 90° — ZABC = /BCH,

from which we conclude that the triangles BC'K and CBH are congruent. There-
fore, the quadrilateral BKCH is a parallelogram, and its diagonal HK passes
through the center M of the other diagonal BC. Therefore, the 3 points H, M, K
lie on the same straight line, and we have ZAEM = ZAEK = 90°.

From ZAED = 90° = ZADM, we see that the 4 points A, F, D, M lie on
the circumference of the same circle, from which we obtain ZAMB = ZAED =
LAEF = ZACF. Putting this fact together with the fact that ZABM = ZAFC,
we conclude that the triangles ABM and AFC' are similar, and we get % = %.

By a similar argument, we get that the triangles ACM and AF B are similar, and



4

therefore, that é—% = % holds. Noting that BM = C'M, we also get % = 4B

FB»
BF AB
C

from which we can conclude that &5 = 47, proving the assertion of the problem.

Problem 5.

2
Solution: Let us note first that if ¢ # j, then since a;a; < & era] , we have

2 2
ajy +aj
n—aiajZn—72 >n—

If we set b; = |a;| (i = 1,2,...,n), then we get b + b2 + -+ + b2 = n and n_imj <
ﬁ, which shows that it is enough to prove the assertion of the problem in the
case where all of aq,as, - ,a, are non-negative. Hence, we assume from now on
that aq,as,- - ,a, are all non-negative.

By multiplying by n the both sides of the desired inequality we get the inequality:

2

n n
Z — a;ay S?

— n
1<i<j<n
and since —2— = 14 —*%_ we obtain from the inequality above by subtracting
i@y iQyj

"("2_1) from both sides the following inequality:

. a;Q; n

1 — < =

) Z n—aa; ~ 2

We will show that this inequality (i) holds.
If for some i the equality a? = n is valid, then a; = 0 must hold for all j # i and

the inequality (i) is trivially satisfied. So, we assume from now on that a? < n is

valid for each . )
Let us assume that ¢ # j from now on. Since 0 < a;a; < (aﬁ_TaJ) <

holds, we have

2,2
aj +aj
2

(LZ-‘r(lJ 2 2
3 a;a; aia; 2 1 (ai +aj)
(ii) — = e S 2ta? 2 m—ad)+ (n—a2)
n — a;a; n— 220 n— 230 n—a; n—aj

Since n —a? > 0, n — a? > 0, we also get from the Cauchy-Schwarz inequality that

n—a; n-—a;

0,2- a2
( pri 12>((na?)Jr(na?))Z(aﬁaj)?,

from which it follows that

‘&‘2 CL2 a2
(i T 2>§< t )

n—a; TL*CLJ»



holds. Combining the inequalities (ii) and (iii), we get

1<i<j<n <i
2
e 1 aj
2 Z ‘n — a?
i#]
n 2
—~ n — a?

S

i=1

i

o3 N

which establishes the desired inequality (i).

i)
2
> < . R
n—aa; ~ 2 , n—a?
1<i<j<n i




* Summary of Results

Rank | 2012 Participants # of Total Gold Silver | Bronze Hon.

Contestant | Score | Awards | Awards | Awards | Men.
1 | KOREA 10 333 1 2 4 3
2  |USA 10 283 1 2 4 3
3 |THAILAND 10 279 1 2 4 3
4  |RUSSIA 10 249 1 2 4 3
5 |JAPAN 10 241 1 2 4 3
6 |TAIWAN 10 232 1 2 4 3
7 |PERU 10 227 1 2 4 3
8 |SINGAPORE 10 217 1 2 4 3
9 |HONG KONG 10 214 1 2 4 3
10 |CANADA 10 209 1 2 4 3
11 |BRAZIL 10 202 1 2 4 3
12 | MEXICO 10 177 1 2 4 3
13 [ INDONESIA 10 176 1 2 4 3
14 | KAZAKHSTAN 10 167 0 3 4 3
15 |AUSTRALIA 10 154 1 1 5 3
16 |MALAYSIA 10 150 1 2 2 0
17 |ARGENTINA 10 126 0 1 4 5
18 |TURKMENISTAN 10 115 0 1 4 2
19 BANGLADESH 10 105 0 1 2 2
20 |PHILIPPINES 10 97 0 1 1 4
21 |NEW ZEALAND 10 81 0 0 2 4
22  |SAUDI ARABIA 10 78 1 0 0 3
23 |COLOMBIA 10 76 0 1 0 3
24 |AZERBAIJAN 9 68 0 0 1 4
25 |URUGUAY 5 66 0 0 3 2
26 |TAJIKISTAN 9 63 0 0 2 1
27 |PAKISTAN 10 60 0 0 1 2
28 |MOROCOO 10 49 0 0 0 2
29 |EL SALVADOR 4 46 0 1 1 0
30 |CAMBODIA 10 45 0 0 0 1
31 |Costa Rica 10 45 0 0 0 3
32 |SYRIA 6 35 0 0 0 2
33 |[ECUADOR 8 28 0 1 0 0
34 Kyrgyz Republic 4 28 0 0 0 0
35 |PANAMA 5 21 0 0 0 0
36 |TRINIDAD AND TOBAGO 10 9 0 0 0 0
37 |QATAR 3 5 0 0 0 0
Total 333 4756 16 39 84 85

M :14.369 /6 :9.498 m + o =23.866 m+o/3=17.534 m-o/3=11.203
Awards Cut-offs : Gold > 24 Silver > 18 Bronze > 12

# of Problems 1 2 3 4 5 Total

Mean(m) : 5.08 3.76 2.92 2.59 0.47 14.37

The Mathematical Olympiad Foundation of Japan




eAward

Award Names of Contestant Country
Park Tae Hwan KOREA
Yarg David USA
Laksanabunsong Pongsatorn THAILAND
How Si Yu MALAYSIA
Chow Chi Hong HONG KONG
Yeh Chih-Kuan TAIWAN
Angels Rodrigo Sanches BRAZIL

GOLD AWARD Bren?an M.atthew CANADA
Yumi Kasai JAPAN
Advincula Altamirano Jesus Angel PERU
Klyuev Daniil RUSSIA
Basyoni Al-Yazeed SAUDI ARABIA
Ang Yan Sheng SINGAPORE
Xu Yanning AUSTRALIA
Lie Stefanus INDONESIA
Garza Vargas Jorge MEXICO
Park Sung Jin KOREA
Kang Seungyeon KOREA
Rickards James CANADA
Ryu Minegishi JAPAN
Genki Shimizu JAPAN
Anzo The Zhao Yang MALAYSIA
Luyo Carbonero Paul PERU
Altamirano Modesto Christian Omar PERU
Ryabtseva Maria RUSSIA
Krachun Dmitry RUSSIA
Lim Jeck SINGAPORE
Kor Ryan SINGAPORE
Chang Keng-Chien TAIWAN
Lin Kuan-Yu TAIWAN
Jiradilok Pakawut THAILAND
Komolsiripakdi Tanat THAILAND
Tas James USA
Gao Zijing USA
Song Zhou Qun(Alex) CANADA

SILVER AWARD Camelo Sa Joas Lvcas BRAZIL
Tham Ying Hong MALAYSIA
Li Yau Wing HONG KONG
Loo Andy HONG KONG
Mendes Silva Maria Clara BRAZIL
Salazar Veronica COLOMBIA

Escobar Benitez Byron Thonatiu

EL SALVADOR

Roque Montoya Diego

MEXICO

Morco Henry Jefferson

PHILIPPINES




Fu Nancy AUSTRALIA
Biswas Dhananjoy BANGLADESH
Cortez Lemos Carlos Andres ECUADOR
Zaky Ahmad INDONESIA
Dushayev Saken KAZAKHSTAN
Ibraimov Akzhol KAZAKHSTAN
Chiu Han Enrique MEXICO
Moektijono Tobi INDONESIA
Zylber Ariel Ricardo ARGENTINA
Imanmalik Yerzhan KAZAKHSTAN
Soltanov Merdan TURKMENISTAN
Kim Dong Hyo KOREA

Moon Hanwool KOREA

Kim Jae Joong KOREA

Jung Jong Wook KOREA
Kensuke Yoshida JAPAN
Pitimanaaree Nipun THAILAND
Brakensiek Joshua USA
Jagadeesan Ravi USA

Li Ray USA

Derg Calvin USA

Chavez Sarmiento Raul Arturo PERU
Krokhmal Nikolay RUSSIA
Anunrojwong Jirawat THAILAND
Charoenngam Nipith THAILAND
Karntikoon Kritkorn THAILAND
Grigorev Miknail RUSSIA

Baev Budimir RUSSIA

Wong Sze Nga HONG KONG
How Si Wei MALAYSIA
Perales Valerio Javier PERU

Shogo Murai JAPAN

Takuma Kitamura JAPAN

Hiroki Komatsu JAPAN

Napa Bernuy Angel Gerardo PERU
Ishkuvatov Ruslan RUSSIA

Liao Wei-En TAIWAN

Tsai Che-Ping TAIWAN

Wu Fei CANADA

Lee You Jun SINGAPORE
Ling Yan Hao SINGAPORE
Braga Costa Andre Macieira BRAZIL
Whalhey Alexander CANADA

Kung Man kit HONG KONG
Warton Cordero Alejandro Miguel PERU

Chen Ho-Chien TAIWAN

Yu Jia-Ruei

TAIWAN




BRONZE AWARD

Lai Leo CANADA

Yap Jit Wu SINGAPORE
Zhang Aidi SINGAPORE
Fiuza do Nascimento Henrigve Gasparini BRAZIL
Miyazaki Rafael Kazuhiro BRAZIL

de Alencar Severo Franco Mathevs BRAZIL

Au Lawrence HONG KONG
Tang Dik Man Damian HONG KONG
Lesmana Nixie Sapphira INDONESIA
Bonifacio Mariano Carlos ARGENTINA
Chua Alexander AUSTRALIA
Sanjaya Stephen INDONESIA
Koswara Ivan Adrian INDONESIA
Susan Fransisca INDONESIA
Nurgabylov Yerniyaz KAZAKHSTAN
Gonzalez Cazares Jorge MEXICO
Aztiazaran Tobin Alberto MEXICO

Ortiz Rhoton Juan MEXICO

Garcia Alejo URUGUAY
Kwong Jason AUSTRALIA
Khou Victor AUSTRALIA
Huseyuli Shahin AZERBAIJAN
Shorif Mugdho Mirza Md.Tanjim BANGLADESH
Liu Yi CANADA
Urbina Sanchez Gerardo Augusto EL SALVADOR
Kalmyrzayev Sergazy KAZAKHSTAN
Abdybayev Azamat KAZAKHSTAN
Medrano Martindel Campo Adan MEXICO

Shan Syed Waqar Ali PAKISTAN

Co Kenneth PHILIPPINES
Shodaolat Saidmuhammad TAJIKISTAN
Agamyradov Palvan TURKMENISTAN
Assensa Franco ARGENTINA
Chapman Kaimyn AUSTRALIA
Sailanbayev Alibek KAZAKHSTAN
Correa Ignacio URUGUAY
Staffa Bruno ARGENTINA
Gunning Alexander AUSTRALIA
Das Sourav BANGLADESH
Khong Yi Kye MALAYSIA

Han George NEW ZEALAND
Shanmugantahan Arun Chockalingam NEW ZEALAND
Shamsiddin Shahyodshohi TAJIKISTAN
Rahmanov Nazar TURKMENISTAN
Hojamammedov Kerven TURKMENISTAN
Goldsztajn Diego URUGUAY
Valiyev Ilshat TURKMENISTAN




Cogorno Nicolas Alejandro ARGENTINA
Ki Do Hyeong KOREA
Schin Seung Won KOREA
Jung In Sung KOREA
Shen Bobby USA
Neeranartvong Weerachai THAILAND
Suaysom Natchanon THAILAND
Thongsai Poon THAILAND
Yarg Patrick USA
Lee Mitchell USA
Rukhovich Alexey RUSSIA
Kazumi Kasaura JAPAN
Yo Mitani JAPAN
Ostanin Alexander RUSSIA
Matushkin Alexander RUSSIA
Liao Yu-Hong TAIWAN
Cheng Li-Wei TAIWAN
Yam Yuen Sum HONG KONG
Lau Chun Ting HONG KONG
Chan Long Tin HONG KONG
Kenta Shinya JAPAN
Wu Yu-Sheng TAIWAN
Nishida Kawai Daniel Eiti BRAZIL
Tanadi Raymond INDONESIA
Ccopa Yugra Jesus Marcos PERU
Li Lawrence SINGAPORE
Tan Sheldon Kieren SINGAPORE
de Oliveira Pacanowski Alessandro A.P. BRAZIL
Zelazny Michel Rozenberg BRAZIL
Chen Letian CANADA
Zhou Kevin Kai Qi CANADA
Toribio Dionicio Ricardo Gabriel PERU
Yang Allen CANADA
Kulboldin Daniyar KAZAKHSTAN
Rojas Salvador Luiggui Angel PERU
Tan Way SINGAPORE
Young Peter Tirtowijoyo INDONESIA
Orynkul Batyrkhan KAZAKHSTAN
Amankeldi Akezhan KAZAKHSTAN
Diaz Calderon Julio MEXICO
Sanchez Gomez Jose MEXICO
Teran Rios Diego MEXICO
Lang Carolina ARGENTINA
O e IShu Mel AUSTRALIA
Hasanzade Suleyman AZERBAIJAN
Hasan Adib BANGLADESH
Rveda Maria Ximena COLOMBIA




Jimcnet Humberto Costa Rica
Calderon Tomas Costa Rica
Harmanto Bivan Alzacky INDONESIA
Allabayev Shanur TURKMENISTAN
Candioti Alejandro Marcelo ARGENTINA
Salgado Gaston ARGENTINA
Ragavan Seyoon AUSTRALIA
Calisa Vaishnavi AUSTRALIA
Aliyeu Izmir AZERBAIJAN
Hasanzade Hasan AZERBAIJAN
Ouaki Mohamed Mehdi MOROCOO

Jeng Hao NEW ZEALAND
Cho Byung-Cheol NEW ZEALAND
Awad Al-Kaream Siddig SAUDI ARABIA
Elmurod Khusraoi TAJIKISTAN
Chiazzo Ignacio URUGUAY
Siock Maximiliano URUGUAY
Sclar Melanie ARGENTINA
Bombau Ignacio Javier ARGENTINA
Acosia Francisco COLOMBIA

Ben Ajiba Mhamed Amine MOROCOO
Allen James NEW ZEALAND
Jamy Misha Nasir PAKISTAN

Sy Adrian Reginald PHILIPPINES
Uy Mikaela Angelina PHILIPPINES
Dee Camille Tyrene PHILIPPINES
Chuatak John Thomas PHILIPPINES
Abdal Jalil Eid Husun SAUDI ARABIA
Abdullayev Mustafa AZERBAIJAN
Kabir Ehsanul BANGLADESH
Thy So Thea CAMBODIA
Florez Leonardo COLOMBIA
Quesada Oscar Costa Rica

Qi Vincent NEW ZEALAND
Malik Usama Zaid PAKISTAN
Hamdi Yassine SAUDI ARABIA
Hamshow Mohammad Yazen SYRIA

Khadour Mohamed SYRIA
Bayramov Kerven TURKMENISTAN
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XXV Asian Pacific Mathematics Olympiad

_APNIO_

® m
u =
Time allowed: 4 hours FEach problem if worth 7 points

Problem 1. Let ABC be an acute triangle with altitudes AD, BE and C'F', and let O
be the center of its circumcircle. Show that the segments OA, OF,OB,0D,0C, OF
dissect the triangle ABC' into three pairs of triangles that have equal areas.

2

1
[Vn]? +2

Problem 2. Determine all positive integers n for which is an integer. Here

[r] denotes the greatest integer less than or equal to r.

Problem 3. For 2k real numbers aq,as, ..., a, b1, ba, ..., b, define the sequence of
numbers X, by
k
X, = Z[am +b] (n=1,2,...).
i=1

If the sequence X, forms an arithmetic progression, show that Zle a; must be an
integer. Here [r] denotes the greatest integer less than or equal to r.

Problem 4. Let a and b be positive integers, and let A and B be finite sets of
integers satisfying:

(i) A and B are disjoint;

(ii) if an integer i belongs either to A or to B, then i + a belongs to A or i — b
belongs to B.

Prove that a|A| = b|B|. (Here | X| denotes the number of elements in the set X.)

Problem 5. Let ABCD be a quadrilateral inscribed in a circle w, and let P be a
point on the extension of AC such that PB and PD are tangent to w. The tangent at
C intersects PD at ) and the line AD at R. Let E be the second point of intersection
between AQ) and w. Prove that B, E/, R are collinear.



Solutions of APMO 2013

Problem 1. Let ABC be an acute triangle with altitudes AD, BE and C'F, and let O
be the center of its circumcircle. Show that the segments OA, OF,OB,0D,OC, OF dissect
the triangle ABC into three pairs of triangles that have equal areas.

Solution. Let M and N be midpoints of sides BC and AC, respectively. Notice that
ZMOC = %ZBOC = /FAB, ZOMC = 90° = ZAFEB, so triangles OMC and AEB are
similar and we get % = %. For triangles ONA and BDA we also have % = g—ﬁ. Then
9% =S¥ or BD-OM = AE - ON.

Denote by S(®) the area of the figure ®. So, we see that S(OBD) = %BD -OM =

$AE - ON = S(OAE). Analogously, S(OCD) = S(OAF) and S(OCE) = S(OBF).

Alternative solution. Let R be the circumradius of triangle ABC', and as usual write
A, B, C for angles Z/CAB, ZABC, ZBCA respectively, and a,b, ¢ for sides BC, CA, AB
respectively. Then the area of triangle OCD is

S(OCD)=14-0C-CD -sin(£ZOCD) =LR-CD -sin(Z0CD).

Now C'D = bcosC', and

4001):%:90%,4

(since triangle OBC' is isosceles, and ZBOC = 2A). So

S(OCD) = $Rbcos Csin(90° — A) = 3 Rbcos C cos A.

— 2
A similar calculation gives

S(OAF) = 30A - AF - sin(LOAF)
= 1R (bcos A)sin(90° — CO)
= %Rb cos A cos C,

so OC'D and OAF have the same area. In the same way we find that OBD and OAFE have
the same area, as do OC'E and OBF.

Problem 2. Determine all positive integers n for which [\7%*512 is an integer. Here [r]

denotes the greatest integer less than or equal to r.

Solution. We will show that there are no positive integers n satisfying the condition of
the problem.

Let m = [y/n] and a = n—m?. We have m > 1sincen > 1. From n*+1 = (m*+a)*+1 =
(a—2)>+1 (mod (m?+2)), it follows that the condition of the problem is equivalent to the
fact that (a — 2)? + 1 is divisible by m? + 2. Since we have

0<(a—2)?+1<max{2% (2m —2)*} + 1 <4m? +1 < 4(m* + 2),



we see that (a — 2)% + 1 = k(m? + 2) must hold with k£ = 1,2 or 3. We will show that none
of these can occur.

Case 1. When k = 1. We get (a —2)?> —m? = 1, and this implies that a —2 = +1, m =0
must hold, but this contradicts with fact m > 1.

Case 2. When k = 2. We have (a — 2)? + 1 = 2(m? + 2) in this case, but any perfect
square is congruent to 0,1,4 mod 8, and therefore, we have (a — 2)* + 1 =1,2,5 (mod 8),
while 2(m? +2) = 4,6 (mod 8). Thus, this case cannot occur either.

Case 3. When k = 3. We have (a — 2)? + 1 = 3(m? + 2) in this case. Since any perfect
square is congruent to 0 or 1 mod 3, we have (a—2)?*+1 = 1,2 (mod 3), while 3(m?+2) =0
(mod 3), which shows that this case cannot occur either.

Problem 3. For 2k real numbers aq,as,...,a, bi,bs, ..., b, define the sequence of

numbers X,, by
k

X, = Z[ain +b] (n=1,2,...).
i=1
If the sequence X,, forms an arithmetic progression, show that Zle a; must be an integer.
Here [r] denotes the greatest integer less than or equal to r.

Solution. Let us write A = Ele a; and B = Zle b;. Summing the corresponding terms
of the following inequalities over 1,

ain +b; — 1 < [a;n + b;] < a;n + b,

we obtain An+ B —k < X,, < An+ B. Now suppose that {X,} is an arithmetic progression
with the common difference d, then we have nd = X,,,; — Xy and A+ B—k< X; <A+ B
Combining with the inequalities obtained above, we get

An+1)+B—k<nd+ X, < A(n+1) + B,

or
An—k<An+(A+B—-X\)—k<nd<An+ (A+B—X,) < An+k,

from which we conclude that |A — d| < % must hold. Since this inequality holds for any

positive integer n, we must have A = d. Since {X,,} is a sequence of integers, d must be an
integer also, and thus we conclude that A is also an integer.

Problem 4. Let a and b be positive integers, and let A and B be finite sets of integers
satisfying:

(i) A and B are disjoint;

(ii) if an integer ¢ belongs either to A or to B, then i + a belongs to A or i — b belongs
to B.

Prove that a|A| = b|B|. (Here | X| denotes the number of elements in the set X.)

Solution. Let A* = {n —a : n € A} and B* = {n+0b : n € B}. Then, by (ii),
AUB C A*U B* and by (i),

|JAUB| < |A"UB*| < |A*|+|B*| = |A|+ |B| = |AU B|. (1)

2



Thus, AU B = A* U B* and A* and B* have no element in common. For each finite set X
of integers, let > (X) =" .y 2. Then

Y (A+) (B)=) (AUB)
=S (ruB) =Y (an+ > (B
= (A) —alA[+ ) (B)+b|B], (2)

which implies a|A| = b|B].

Alternative solution. Let us construct a directed graph whose vertices are labelled by
the members of AU B and such that there is an edge from i to jiff j € Aand j =i+ a or
j € Band j =i—b. From (ii), each vertex has out-degree > 1 and, from (i), each vertex has
in-degree < 1. Since the sum of the out-degrees equals the sum of the in-degrees, each vertex
has in-degree and out-degree equal to 1. This is only possible if the graph is the union of
disjoint cycles, say G1, Gy, ..., G,. Let |Ag| be the number of elements of A in Gy and |By|
be the number of elements of B in GG. The cycle Gy will involve increasing vertex labels by
a a total of | Ag| times and decreasing them by b a total of | By| times. Since it is a cycle, we
have a|Ag| = b|Bg|. Summing over all cycles gives the result.

Problem 5. Let ABCD be a quadrilateral inscribed in a circle w, and let P be a point
on the extension of AC such that PB and PD are tangent to w. The tangent at C' intersects
PD at () and the line AD at R. Let E be the second point of intersection between A(Q and
w. Prove that B, E, R are collinear.

Solution. To show B, E, R are collinear, it is equivalent to show the lines AD, BE, C(Q
are concurrent. Let C'QQ intersect AD at R and BE intersect AD at R'. We shall show
RD/RA = R'D/R'A so that R = R'.

Since APAD is similar to APDC and APAB is similar to APBC, we have AD/DC =
PA/PD = PA/PB = AB/BC. Hence, AB - DC = BC - AD. By Ptolemy’s theorem,
AB-DC = BC-AD = ;CA- DB. Similarly CA- ED = CE - AD = AE - DC.

Thus
DB B 2DC

A5~ CA 3)
and DC  2ED
CA ~ AE (4)



Since the triangles RDC and RC'A are similar, we have % = g—i = g—i. Thus using (4)

RD RD-RA (RC\® (DC\® (2ED\’ 5)
RA~ RA?> \RA) \CA) \AE )~

Using the similar triangles ABR' and FDR', we have R’'D/R'B = ED/AB. Using the
similar triangles DBR' and FAR' we have R"'A/R'B = EA/DB. Thus using (3) and (4),

RA  FEA-AB \ AE (6)

It follows from (5) and (6) that R = R'.

R'D ED-DB (2ED)2



XXV APMO Summary of Results

IRank 2013 Participants # of Contestant| Total Score Av(jgll'((iis :vifl::;s Ilzvl;(:zles Hon. Men.
IIKOREA 10 350 1 2 4 3
1|RUSSIA 10 350 1 2 4 3
1JUSA 10 350 1 2 4 3
4THAILAND 10 313 1 2 4 3
5|TAIWAN 10 288 1 2 4 3
6|JAPAN 10 267 1 2 4 3
7|ICANADA 10 257 1 2 4 3
7ISINGAPORE 10 257 1 2 4 3
9IBRAZIL 10 248 1 2 4 3

10 HONG KONG 10 237 1 2 4 3
11JKAZAKHSTAN 10 222 1 2 4 3
12]INDONESIA 10 214 0 3 4 3
13IMALAYSIA 10 213 1 2 4 3
14MEXICO 10 194 1 2 4 3
15/AUSTRALIA 10 191 1 2 4 3
16|BANGLADESH 10 148 0 1 6 3
17JARGENTINA 10 118 0 2 2 3
18|]SAUDI ARABIA 10 115 0 1 3 6
19 TURKMENISTAN 10 114 0 1 2 7
20|[COLOMBIA 9 105 0 3 0 3
21|TAJIKISTAN 10 94 0 1 1 8
22|Costa Rica 9 91 1 0 2 2
23|AZERBAIJAN 10 90 0 0 3 5
24INEW ZEALAND 10 85 0 0 3 5
25|PHILIPPINES 10 68 0 0 1 6
26l ECUADOR 10 50 0 1 1 1
27|PAKISTAN 10 46 0 0 0 5
28|Kyreyz Republic 5 39 0 0 1 3
29|CAMBODIA 10 36 0 0 0 3
30|SYRIA 25 0 0 0 2
31{PANAMA 16 0 0 1 0
32|JURUGUAY 14 0 0 1 0
33|[EL SALVADOR 4 13 0 0 0 1
34/TRINIDAD AND TOBAGO 10 7 0 0 0 1
Total 307 5225 15 41 87 109

m:17.020 / o : 11.572

m + o = 28.592

m + o/3 = 20.87]

m-o/3 = 13.163

Awards Cut-offs : Gold = 29 Silver = 21 Bronze = 14
# of Problems 1 2 3 4 5 Total
Mean(m) : 5.53 431 2.26 2.53 2.39 17.02




Names of Contestants

Country code Last First Medal
AUS 1 Gunning Alex Gold
BRA 1 Angelo Rodrigo Sanches Gold
CAN 1 Deng Calvin Gold
CRI1 Jimenez Alvarado Humberto Gold
HKG 1 Lau Chun Ting Gold
JPN 1 Mayuko Yamashita Gold
KAZ 1 Tortai Alisher Gold
KOR 1 Lee You Seong Gold
MAS 1 Lim Kai Ze Justin Gold
MEX 1 Roque Montoya Diego Alonso Gold
RUS 1 Chernega Nikita Gold
SGP 1 Lim Jeck Gold
TWN 1 Chiang Hung Gold
THA 1 Pitimanaaree Nipun Gold
USA 1 Chen Evan Gold
ARG 1 Darago Ignacio Martin Silver
ARG 2 Staffa Bruno Silver
AUS 2 Zheng Jonathan Silver
AUS 3 Chua Alexander Silver
BGD 1 Das Sourav Silver
BRA 2 Zanarella Murilo Corato Silver
BRA 3 Miyazaki Rafael Kazuhiro Silver
CAN 2 Song Alex Silver
CAN 3 Sun Kevin Silver
coL1 Salazar Veronica Silver
COL 2 Florez Leonardo Silver
COoL 3 Espinoza Camilo Silver
ECU 1 Cortez Lemos Carlos Andres Silver
HKG 2 Wong Nihg Shing Silver
HKG 3 Man Siu Hang Silver
IDN 1 Harmanto Bivan Silver
IDN 2 Wibisono Kevin Silver
IDN 3 Ulum Mohammad Yasya Silver
JPN 2 Tasuki Kinjo Silver
JPN 3 Takuma Kitamura Silver
KAZ 2 Kalmyrzayev Sergazy Silver
KAZ 3 Abuov Nurbol Silver
KOR 2 Kim Juhan Silver
KOR 3 Lee Jongwon Silver
MAS 2 Tham Ying Hong Silver
MAS 3 How Si Yu Silver
MEX 2 Beuchot Castellano Kevin Silver
MEX 3 Chiu Han Enrique Silver
RUS 2 Kochkin Ivan Silver
RUS 3 Klyuev Daniil Silver
SAU 1 Basyoni Al-Yazeed Silver
SGP 2 Ling Yan Hao Silver
SGP 3 Yap Jit Wu Silver
TWN 2 Chen Brian Silver
TWN 3 Chao William Ting-Wei Silver
TIK 1 Oqilnazarzoda Sadi Silver
THA 2 Karntikoon Kritkorn Silver




THA 3 Wattanawongwibul Phusit Silver
TKM 1 Ovlyagulyyev Dovlet Silver
USA 2 Brakensiek Joshua Silver
USA 3 Sellke Mark Silver
ARG 3 Salvatore Alejo Manuel Bronze
ARG 4 Candioti Alejandro Bronze
AUS 4 Ragavan Seyoon Bronze
AUS 5 Zelich Ivan Bronze
AUS 6 Shu Mel Bronze
AUS 7 Kwong Jason Bronze
AZE 1 Hasanzade Hasan Bronze
AZE 2 Hasanzade Suleyman Bronze
AZE 3 Maharranov Mehdi Bronze
BGD 2 Abrar Mohammad Nadimul | Bronze
BGD 3 Hasan MD. Zahidul Bronze
BGD 4 Shafiullah Nur Muhammad Bronze
BGD 5 Hasan Tahmid Bronze
BGD 6 Ferdous Fahim Bronze
BGD 7 Hasan Adib Bronze
BRA 4 de Alencar Severo Franco Matheus Bronze
BRA 5 Oliveira Reis Victor Bronze
BRA 6 Da Silva Reis Lucas Bronze
BRA 7 De Oliveira Bitaraes Victor Bronze
CAN 4 Whatley Alexander Bronze
CAN 5 Ma Zhiyao Bronze
CAN 6 Spivak Daniel Bronze
CAN 7 Wu Fei Bronze
CRI 2 Villalobos Carballo Kimberly Bronze
CRI 3 Villegas Segura Juleana Bronze
ECU 2 Paladines Valverde Omar Nicolas Bronze
HKG 4 Yam Yuen Sum Bronze
HKG 5 Tse Shun Chung Bronze
HKG 6 Chan Long Tin Bronze
HKG 7 Yu Hoi Wai Bronze
IDN 4 Young Peter Bronze
IDN 5 Sanjaya Stephen Bronze
IDN 6 Rifai Wiwit Bronze
IDN 7 Susan Fransisca Bronze
JPN 4 Shogo Murai Bronze
JPN 5 Hitoshi Ito Bronze
JPN 6 Yo Mitani Bronze
JPN 7 Daisuke Miyamoto Bronze
KAZ 4 Abdrakhmanov Alen Bronze
KAZ 5 Kulboldin Daniyar Bronze
KAZ 6 Kalysh Ileskhan Bronze
KAZ 7 Saylanbayev Alibek Bronze
KOR 4 Ju Jung Hun Bronze
KOR 5 Baek Seung Yoon Bronze
KOR 6 Kim Min Hyuk Bronze
KOR 7 Han Kihyun Bronze
KGZ 1 Eshbolot uulu Kayrat Bronze
MAS 4 Teh Zhao Yang Anzo Bronze
MAS 5 How Si Wei Bronze
MAS 6 Khong Yi Kye Bronze




MAS 7 Lim Yun Kai Bronze
MEX 4 Ortiz Rhoton Juan Carlos Bronze
MEX 5 Ramos Tormo Luis Xavier Bronze
MEX 6 Medrano Martin del C. |Adan Bronze
MEX 7 Medrano Martin del C. |Olga Bronze
NZL 1 Han George Bronze
NZL 2 Cho Byung-Cheol Bronze
NZL 3 Chen Natalia Bronze
PAN 1 Moreno Felipe Bronze
PHI 1 Sy Adrian Reginald Bronze
RUS 4 Krachun Dmitry Bronze
RUS 5 Ershov Stanislav Bronze
RUS 6 Volostnov Alexey Bronze
RUS 7 Belov Dmitry Bronze
SAU 2 Alharbi Abdulrahman Bronze
SAU 3 Eid Husain Bronze
SAU 4 Khan Ibrahim Bronze
SGP 4 Lin Kewei, David Bronze
SGP 5 Howe Choong Yin Bronze
SGP 6 Teh Jiun Harn Bronze
SGP 7 Tan Sheldon Kieren Bronze
TWN 4 Lu Yan-Der Bronze
TWN 5 Yu Hung-Hsun Bronze
TWN 6 Hseih Yu-Guan Bronze
TWN 7 Mao Yao-Wen Bronze
TIK 2 Makhmudov Alisher Bronze
THA 4 Vivatsethachai Suchan Bronze
THA 5 Sothanaphan Nat Bronze
THA 6 Komolsiripakdi Tanat Bronze
THA 7 Neeranartvong Weerachai Bronze
TKM 2 Soyunov Nuryagdy Bronze
TKM 3 Rahmanov Nazar Bronze
URY 1 Correa Ignacio Bronze
USA 4 Shen Bobby Bronze
USA 5 Stoner David Bronze
USA 6 Wang Victor Bronze
USA 7 Tao James Bronze
ARG 5 Salvador Alejo Antonio H.Men
ARG 6 Mazzocato Agustin H.Men
ARG 7 Salgado Gaston H.Men
AUS 8 So Patrick H.Men
AUS 9 He Patrick H.Men
AUS 10 Wijerathna Praveen H.Men
AZE 4 Bayramov Isa H.Men
AZE 5 Agayev Ismat H.Men
AZE 6 Aliyev [zmir H.Men
AZE 8 Shirinov Mahammad H.Men
AZE 9 Verdiyev Farid H.Men
BGD 8 Kabir Ehsanul H.Men
BGD 9 Turzo Sazid Akhter H.Men
BGD 10 Das Sowmitra H.Men
BRA 8 De Faveri Alexandre Perozim H.Men
BRA 9 Zelazny Michel Rozenberg H.Men
BRA 10 Pacanowski Alessandro H.Men




KHM 1 Khon Vanny H.Men
KHM 2 La Sokchamroeun H.Men
KHM 3 Um Chanpiset H.Men
CAN 8 Lai Leo H.Men
CAN 9 Du Richard H.Men
CAN 10 Lim Ursula Anne H.Men
CoL 4 Diaz Juan Sebastian H.Men
COL 5 Acosia Francisco H.Men
COL 6 Lopez Hector H.Men
CRI 4 Leon Jimenez Daniel H.Men
CRI 5 Ferreira Lor Rosaria H.Men
ECU 3 Perez Lopez Javier H.Men
SLV 1 Mundo Duenas Manuel Alejandro H.Men
HKG 8 Ho Wui Hang H.Men
HKG 9 Hon Pun Yat H.Men
HKG 10 Cheung Ka Wai H.Men
IDN 8 Soesanto Christa H.Men
IDN 9 Said Septian H.Men
IDN 10 Suyitno Edwin H.Men
JPN 8 Kento Nomura H.Men
JPN 9 Satoshi Hayakawa H.Men
JPN 10 Atsumasa Kurozumi H.Men
KAZ 8 Adilkhanuly Taken H.Men
KAZ 9 Zhunis Abylay H.Men
KAZ 10 Toktasynov Yeldar H.Men
KOR 8 Song Young Keun H.Men
KOR 9 Jung Chong Wook H.Men
KOR 10 Hwang Injae H.Men
KGZ 2 Mullahashim Simai H.Men
KGZ 3 Moskalenko Alim H.Men
KGZ 4 Imankulov Ermek H.Men
MAS 8 Tan Kin Aun H.Men
MAS 9 Noorman Muhammad Afiq H.Men
MAS 10 Tam Sheng Cong Bryan H.Men
MEX 8 Gomez Casarez Axel H.Men
MEX 9 Espinoza Ruiz Demian H.Men
MEX 10 Rojas Cuadra Maria Cecilia H.Men
NZL 4 Guo Siyuan H.Men
NZL 5 Kim Jachwan H.Men
NZL 6 Seong lan H.Men
NZL 7 Kim Su Jeong H.Men
NZL 8 Shen Kevin H.Men
PAK 1 Awais Muhammad Chishti H.Men
PAK 2 Mohammad Faaiz Taufiq H.Men
PAK 3 Ammar Abbas H.Men
PAK 4 Shahzaib Ali H.Men
PAK 5 Muhammad Adnan H.Men
PHI 2 Uy Mikaela Angelina H.Men
PHI 3 Ang Clyde Wesley H.Men
PHI 4 Sy Andrew Lawrence H.Men
PHI 5 Lim Tiong Soon Kelsey H.Men
PHI 6 Lao Ma. Czarina Angela H.Men
PHI 7 Chuatak John Thomas H.Men
RUS 8 Baev Budimir H.Men




RUS 9 Matushkin Alexander H.Men
RUS 10 Shabanov Lev H.Men
SAU 5 Zawawi Sameh H.Men
SAU 6 Alsaeed Wael H.Men
SAU 7 Hbibullah Alzubair H.Men
SAU 8 Eid Hasan H.Men
SAU 9 Hamdi Yassine H.Men
SAU10 Alsheikh Saleh Mahdi H.Men
SGP 8 Tan Pin Lin H.Men
SGP 9 Zhang Wen H.Men
SGP 10 Tan Siah Yong H.Men
SYR 1 Atieh Fadi H.Men
SYR 2 Rahma Ahmad Rami H.Men
TWN 8 Lin Hau-Yi H.Men
TWN 9 Lai Cheng-Chien H.Men
TWN 10 Yu Jia-Ruei H.Men
TIK 3 Emomov Golibjon H.Men
TIK 4 Mirzoev Manuchekhr H.Men
TIK 5 Karimov Farrukh H.Men
TIK 6 Shahzodshokhi Shamsiddin H.Men
TIK 7 Mugayumkhonov Musokhon H.Men
TIK 8 Halimov Shuhrat H.Men
TIK 9 Murodov Firuz H.Men
TIK 10 Bobizoda Sobiz H.Men
THA 8 Pitimanaaree Paween H.Men
THA 9 Ngamsangrat Thee H.Men
THA 10 Sanguanmoo Sivakorn H.Men
TTO 1 Ramakrishnan Prasanna H.Men
TKM 4 Valiyev Ilshat H.Men
TKM 5 Soltanov Merdan H.Men
TKM 6 Iljanov Perman H.Men
TKM 7 Soyunjov Alshir H.Men
TKM 8 Gutlygeldiyev Babanazar H.Men
TKM 9 Halmedov Bazarbay H.Men
TKM 10 Shamyradov Seyitmuhammet H.Men
USA 8 Jagadeesan Ravi H.Men
USA 9 Swayze Thomas H.Men
USA 10 Schneider Eric H.Men
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