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១០០លំហាត់គណិតវទិ្យាអឡូពំិច 
រ ៀបរ ៀងរោយៈ 

ផុន សុកល់ 
និសសតិននវទិ្យាស្ថា នបរចេកវទិ្យាកម្ពុជា(ស្ថលាតិចណូ) 

 
 មួ្មានៈ 
 លំហាត់គណិតវិទ្យាអូឡពំិចតាមបណ្តា ប្រទទ្យសជ ំ វិញពិភពទោក  
 លំហាត់គណិតវិទ្យាអូឡពំិចអន្ារជាតិដូចជា IMO APMO PUTNAM ... 

 
សម្រមាប់ៈ 
 ទប្តៀមប្រឡងសិសសពូកកថ្នា ក់ទេតា/រាជធាន្ី  ន្ិង ថ្នា ក់ទ្យូទងំប្រទទ្យស 
   ទប្តៀមប្រឡងអាហារូបករណ៍កា ងប្សុក ទប្ៅប្សុក 
 
 

 
 

ភ្នំរពញ នងៃទ្យ ី២០ ខែ ម្ករា ឆ្ន  ំ២០១៤ 
 កាសិទ្យធ ិ

                                                    គ.ស.២០១៤ 



អា ម្ភកថា 
 ដោយដ ើលដ ើញពីកង្វះខាតនៃឯកសារគណិតវទិ្យាអូឡ ាំពិចដទ្យើបជម្ ុញ 
ចតិតរូបខ ្ញាំបាទ្យឲ្យខតិខាំដរៀបដរៀង្ជាដ ៀវដៅ ួយកាលដៃះដ ើង្ដ ើ បីទ្យ ញកជា 
ឯកសារ ម្ាប ិ់ ាៃ ញ ិ ស  ិកាស្រសាវម្ជាវ   ។        
 លាំហាតក់នញង្ដ ៀវដៅដៃះដ ទើរតតទ ាំង្អ  ់ញទ្យ ធតតបកតម្ែតក ម្ ួលពី 
ភាសាបរដទ្យ ដៅជាភាសាជាតដិយើង្ដ ើ បី ម្ ួល លអ់នក ិកា ងាយស្រ ួល 
ត វង្យល ់ត លកនញង្ដ ះលាំហាត ួ់យចាំៃៃួម្តូវបាៃ កស្រ ង្ដ់ចញពីដ ៀវដៅ 
គណិតវទិ្យាអូឡ ាំពិចបរដទ្យ លបីៗដ ើយលាំហាត ួ់យចាំៃៃួដទ្យៀត កស្រ ង្ដ់ចញ 
ពីអញីៃធណិឺតតា រយះដវ ៉េបសាយគណិតវទិ្យា ាំខាៃ ់ៗ    ។  លាំហាតទ់ ាំង្ដ ះភាគ 
ដម្ចើៃជាលាំហាតធ់្លា បដ់ចញម្ែ ង្គណិតវទិ្យាអូឡ ាំពិចដៅតា បណ្តត ម្ែដទ្យ  
ជញាំវញិពិភពដោក ូចជា   រ ឋអាដ រចិ  ម្ែដទ្យ រូ សញី  អង្ដ់គា   កាណ្តោ 
អូស្ត្សាត លី  ឥណ្តា  រ ៉េូដ ៃ ីដម្ែ ញីល  ចៃិ កដូរ ៉េ  ៉េ ញង្ដហាោ លី  ិង្ហបញរ ី ភលីីពីៃ 
ឥណាូ ដៃ ញី  ដវៀតណ្ត   ជាដ ើ   ។   លពី់ដ ះជាលាំហាតា់ៃដៅកនញង្ការ 
ម្ែ ង្គណិតវទិ្យាអូឡ ាំពិចលកខណះអៃតរជាតរួិ ាៃៈ   IMO   APMO                

PUTNAM   ...    ។ 
 ចាំៃ ញចពិដ  នៃដ ៀវដៅដៃះគលឺាំហាតៃ់ ួីយៗ ញទ្យ ធតតម្ែោបដ់ោយ       
 ាំដណ្តះស្រសាយយ៉េង្ដកាះកាយ ងាយយល ់ដ ើយម្ែកបដោយគៃាលះតែាកៗដ ើ បី 
ទ្យ ញកជាទ្យ ញៃកនញង្ការដម្តៀ ខ ាៃួម្ែ ង្ ិ សពូតកគណិតវទិ្យាថ្នន កជ់ាត ិក ូ៏ចជាថ្នន ក ់
អៃតរជាត ិ ។ 
 ជាទ្យអីវសាៃត ដទះបីជារូបខ ្ញាំបាទ្យខតិខាំពិៃតិយពិច វយយ៉េង្ណ្ត កដ៏ោយ  
កក៏ាំ ញ ឆ្ោង្ចា ់ជាដកើតាៃជាអដចត ជាកជ់ាពញាំខាៃ  ។ ដ ត ញដៃះ ខ ្ញាំ ង្ឃល  
ថ្ន ិតតអនក ិកា ៃលង្យលដ់ ើយជួយតកតម្ វូ  ។  ខ ្ញាំបាទ្យៃលង្ទ្យៃទលង្រង្ច់ ាំពាកយរះិគៃ ់
ក នញង្ៃ វយសាា ប   ។                                                                                       
 



  ូ ជៃូពរឲ្យ ិតតអនក ិកា ជួបតតដ ចកត ីញខ ៃងិ្ ទ្យទ្យលួដជាគជវយម្គប់
ភារកចិ ច   ។  

                                                   ភនាំដពញ នងៃទ្យ ី២០ តខ  ករា ឆ្ន ាំ ២០១៤ 
                                                                    អនកដរៀបដរៀង្ 

                          ផ ញៃ  ញកល ់
                                       ៃ ិសិតនៃវទិ្យាសាា ៃបដច ចកវទិ្យាក ពញជា(សាោតចិណូ) 
                                                                          Tel: 097 6 950 937 

                                             E-mail: sokolphon@gmail.com 
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លំហាត់ទី១                                                                                         
គេឲ្យ  មានប្ញសបី្ជាចំនួនពិតខុសៗ  ប្ ុន្នែ  
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តតនោយ , ,p q rជាបញសទងំបីម្ន 3 2x ax bx c    ន ោះតាមម្រទ្ឹសតីបទ្តយែត 

3 2x ax bx c  
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នយើងបាន់ៈ          

                   
p q r a

pq qr rp b

pqr c

   


  
  

   

តាម (*)  នយើងបាន់ៈ  3 2 1
2001 2001 2001

64
a b c   

                  
ដូចននោះ យសិមភាពម្រតូយបានម្រាយបញ្ជា ក    ។ 

 

លំហាត់ទី២  
តាង , , ,a b c d  ជាចំនួនគត យជិ្ាានតដលន្ទៀងផ្ទទ ត  ៖ a b c d     និង  

   a b c d ac bd       ។                                                       

ចូរម្រាយបញ្ជា ក ថ់ៈ ចំន ោះម្រគប ចំនួនគត យជិ្ាាន m  និង ចំនួនគត នសស n  
ន ោះ   n m m na b c d   មនិតមនជាចំនួនបឋមនទ្  ។                      

ដំរ ោះស្រាយ 

នយើងាន់ៈ    a b c d ac bd                                                                   

ន ោះ       a b c d ac bd a b c d a          

  a b c d a b a d                                                                         

 ឲំ្ែ ាន k   តដល      a b a d k a b c d                                                                                   
សនាតថ់ៈ  gcd , 1a d a b c d       ន ោះតាម     នយើងបាន់ៈ  
a b c d a b       ឲំ្ែ   a b l a b c d       តដល  l     
នបើ 1l   ន ោះ  a b a b c d        c d   មនិពិត នម្រ ោះ c d                   
នបើ 2l    ន ោះ   2a b a b c d    

                                      

2 2c d a b    2 2 0c d     មនិពិត                                          
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 ឲំ្ែការសនាតថ់ៈ   មនិពិត                                                                                   
ននោះបញ្ជា ក ថ់ៈ  gcd , 1a d a b c d q         ។                      
មយ៉ាងនទ្ៀត់ៈ q a d  និង q a b c d      q b c   ន ោះនយើងបាន់ៈ 
      moda d q    និង                                              

n na d    ( នម្រ ោះ n  ជា ចំនួនគត នសស )  និង    modm mb c q  

 modn m m na b c d q     0 modn m m na b c d q                                                                 
ាននយ័ថ់ៈ  n m m na b c d     ជាពហ គ ណម្ន 1q    ។                                             
ដូចននោះ n m m na b c d     មនិតមនជាចំនួនបឋមនទ្   ។ 

 

លំហាត់ទី៣ 
ចូរស្រាយបញ្ជា ក់ថា បបើ x  និង y  ជាចំនួនគត់វជិ្ាមានដែលៈ  2 2x y x   
ដចកដាច់នឹង 2xy  ប ោះ x  ស្រតូវដតជាកាបរស្រាកែ ។ 

ដំរ ោះស្រាយ 
បដាយ 2 2x y x   ដចកដាច់នឹង 2xy

 
ប ោះមានចំនួនគត់វជិ្ាមាន k មួយដែលៈ 

2 2 2x y x xyk    
2 22 0y xyk x x       

បែើមបើឲ្យសមើការខាងបលើបនោះមានបញសជាចំនួនគត់វជិ្ាមានលតោះស្ររាតដតៈ

      2 2 22 4 4 1 1xk x x x x k          ជាកាបរស្រាកែ 

  2 1 1x x k      ជាកាបរស្រាកែ  

ដតបដាយ     2 21 1 1 1k x x k       ប ោះរាតមស្ររឹសតើបរBezout  

បគានៈ   x  និង  2 1 1x k     ជាចំនួនបឋមរវាងគ្នា                                    

        x  និង  2 1 1x k     ស្រតូវដតជាកាបរស្រាកែទងំពើរ ។                                                                  

ែូចបនោះ x   ជាកាបរស្រាកែ  ។ 

 gcd , 1a d a b c d    

 modb c q
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លំហាត់ទី៤                                            
នគឲ្ែា៉ា ម្រទ្ីសម្នចំនួនពិតមនិអយជិ្ាានមយួតដលានលំោប   m n  នហើយ 
ជួ្រនដកនីមយួៗ និងជួ្រឈរនីមយួៗ ានយ៉ា ងតិចធាត យជិ្ាានមយួ  ។                         
មយ៉ាងនទ្ៀត នបើជួ្រនដកមយួ និង ជួ្រឈរមយួម្របសពវគ្មា ម្រតង ធាត ជាចំនួនយជិ្ាាន 
ន ោះ្លបូកធាត របស ពួកវាទងំពីរ គឺ នសាើគ្មា   ។    ចូរម្រាយបញ្ជា ក ថ់ៈ  
m n     ។  

ដំរ ោះស្រាយ 
តាង 

ija  ជាធាត សថិតនៅកា ងជួ្រនដកទ្ី i  និង ជួ្រឈរទ្ី j  នហើយ តាង 

           ។                                                                                                               

ឧបាថ ir  ជា្លបូកធាត ទងំអស កា ងជួ្រនដកទ្ី i  និង jc  ជា្លបូកធាត  
កា ងជួ្រឈរទ្ី j    ន ោះ 

i jr c  នពលណាតដល  ,i j S     ។                                                  
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ដូចននោះ  m n     ។ 

 

លំហាត់ទី៥ 

 អន គមន ៍ :f   មយួន្ទៀងផ្ទទ ត លកខខណឌ ៖    0 0f f f    និង 

   f a f b a b      ចំន ោះ ,a b     ។                                    

ម្រាយបញ្ជា ក ថ  0 0f    ។ 

ដំរ ោះស្រាយ   

ចំន ោះ ,a b  , នយើងាន់ៈ    f a f b a b      ន ោះនយើងបាន់ៈ

   0 0 0f f      0 0f f f            

                 0 0f f f f f      0f f                                                                                                                 

នហើយ់ៈ             0 0 0 0 0f f f f f f f f   

                              0f          2                                                                                                               

តាម  1  និង  2  ទញបាន់ៈ     0 0f f f                                                 

 ឲំ្ែ     0 0f f f                                                                          

 នបើ     0 0f f f       0 0f f f    0 0f f f                                                                                        

 នបើ     0 0f f f                                                                               
          0 0 0 0 0f f f f f     2 0f   

 0 0f   0 0f     ។                                           

សរ បទងំពីរករណី , ដូចននោះ   0 0f      ។ 

 1
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លំហាត់ទី៦ 

នគឲ្ែ  na  ជាសវ ីតម្នចំនួនពិតតដលន្ទៀងផ្ទទ ត ់ៈ 1k m k ma a a     
ចំន ោះម្រគប ចំនួនគត យជិ្ាាន k  និង m    ។  ចូរម្រាយបញ្ជា ក ថ់ៈ 
ចំន ោះម្រគប ចំនួនគត យជិ្ាាន p  និង q   ន ោះនគបាន យសិមភាព់ៈ  

1 1p qa a

p q p q
         ។                                        

                                                            (IMO Longlists 1980) 

ដំរ ោះស្រាយ 

ចំន ោះម្រគប ចំនួនគត យជិ្ាាន k  និង m  នយើងាន់ៈ 1k m k ma a a           
ន ោះនយើងបាន់ៈ                                                                    

1 k m k ma a a    1 1k ma    k ma a  1k ma                                                            
នយើងនឹងម្រាយតាមយចិារនោយកំននើនន ៀបនឹង q  ថ់ៈ                                                    

 1
pq

a q 
p

qa  1
pq

a q                                                                  

 ចំន ោះ 1q    :  p p pa a a    ជាយសិមភាពពិត  ។                         
 ឧបាថយសិមភាពននោះពិតដល  q  គឹថ់ៈ    
                        1 1pq p pqa q qa a q                                                                
 ពិនិតែចំន ោះ 1:q                                   
នយើងាន់ៈ  1 pq a p pqa a   1p pqa a q     1p pqa  

 1q     
 1q p

a q


                                                                                                

នហើយ   1 pq a p pqa a   1p pqa a q       1p pqa    
 1q 

 1q p
a q


            1 1

1 pq p q p
a q q a a q

 
                               

ននោះាននយ័ថ់ៈ យសិមភាព    ពិតដល  1q     ។                                          
ដូនចាោះ    1 1pq p pqa q qa a q        ចំន ោះ ,p q    ។  
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ម្រាយដូចគ្មា តដរតាមយចិារនោយកំននើនន ៀបនឹង p  នគបាន ៖                                               

   1 1pq q pqa p pa a p        ចំន ោះ ,p q      ។                                  
នយើងបាន់ៈ                                                                          

p q
qa pa      max 1 1 ,

pq pq
a p a q    

    1 1
pq pq

a q a p       2p q p q                                                                                                                        

  1 1p qa a

p q p q
     ចំន ោះ  ,p q      ។                      

ដូចននោះ យសិមភាពម្រតូយបានម្រាយបញ្ជា ក     ។ 

 

លំហាត់ទី៧ 

តាង a  ជាចំនួនគត នសសមយួ ។  ចូរម្រាយបញ្ជា ក ថ់ៈ  2 22
n n

a    និង 
2 22
m m

a    ជាចំនួនបឋមរវាងគ្មា ចំន ោះម្រគប ចំនួនគត យជិ្ាាន n  និង m  
តដល n m    ។ 

   

ដំរ ោះស្រាយ

នោយមនិន វើឲ្ែបាត បង លកខណោះទូ្នៅ , នយើងសនាតថ m n    ។ 

ចំន ោះចំនួនបឋម pណាមយួតដលតចកោច  2 22
n n

a   ន ោះនគបាន់ៈ  

 2 22 mod
n n

a p          
នលើកអងគទងំពីរម្នសមកីារននោះជាកានរចំនួន  m n  ដង នគបាន់ៈ                 

 2 22 mod
m m

a p    នហើយនោយ a  ជាចំនួនគត នសសន ោះ 2p     
2 2 2 12 2 2
m m m      0 mod p
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 2 2 22 2 mod
m m m

a p                    

 2 22 0 mod
m m

a p       p  តចកមនិោច  2 22
m m

a                            

ននោះបញ្ជា ក ថ់ៈ  ម្រគប កតាត បឋមម្ន 2 22
n n

a   គឺតចកមនិោច  2 22
m m

a     ។  

ដូចននោះ  2 22
n n

a   និង 2 22
m m

a   ជាចំនួនបឋមរវាងគ្មា ចំន ោះម្រគប ចំនួន 
គត យជិ្ាាន n  និង m  តដល n m        ។ 

 

លំហាត់ទី៨ 

តាង , ,a b c  ជាបីចំនួនគត ខ សៗគ្មា   ។   P x  ជាពហ ធាតដលាននមគ ណ
ជាចំនួនគត   ។   ចូរបង្ហា ញថ់ៈ មនិអាចានករណីតដល   P a b ,  

 P b c   និង   P c a   ន ោះនទ្  ។                                                       
                                                                               

ដំរ ោះស្រាយ 

នយើងាន  P x  ជាពហ ធាតដលាននមគ ណជាចំនួនគត  នហើយ                                       
, ,a b c  ជាបីចំនួនគត ខ សៗគ្មា  ន ោះតាមម្រទ្ឹសតីបទ្្លគ ណកតាត នយើងបាន់ៈ               

   a b P a P b     ,b c P b P c   និង    c a P c P a   
           

, ,
P a P b P b P c P c P a

a b b c c a

  


  
 ជាចំនួនគត                                      

ឧបាថ់ៈ  P a b ,   P b c   និង  P c a                                                    

, ,
b c c a a b

a b b c c a

  


  
 ស ទ្ធតតជាចំនួនគត តដលាន្លគ ណនសាើនឹង 1    

ន ោះនយើងទញបាន តម្មៃោច ខាតរបស វានីមួយៗម្រតូយតតនសាើនឹង 1  ាននយ័ថ់ៈ

1
b c c a a b

a b b c c a

  
  

  
 a b b c c a       
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ជាករណីមនិអាច នម្រ ោះ , ,a b c   ជាចំនួនគត  ខ សៗគ្មា  , ននោះបញ្ជា ក ថ់ៈ 
ការឧបាខាងនលើគឺខ ស  ។                                                                 
ដូចននោះ មនិអាចានករណីតដល់ៈ  P a b ,   P b c   និង   P c a   
ន ោះនទ្  ។ 

 

លំហាត់ទី៩ 

សវ ីត 1 2, ,...p p  ម្រតូយបានកំណត ដូចតនៅ់ៈ 
1 2p    និង ចំន ោះ 2n    ,      

np  ជាតួតចកបឋមតដល ំបំ  ្តម្ន 1 2 1... 1np p p        ។                                  
ចូរម្រាយបញ្ជា ក ថ់ៈ 5  មនិតមនជាតួម្នសវ ីតននោះនទ្  ។                                                                                   

                                           

ដំនណាោះម្រាយ                                                                                        
នយើងាន់ៈ 1 2p   និង 2p (តួតចកបឋម ំបំ  ្តម្ន 1 1 3p   ) 3                       
នហើយចំន ោះ 1k   នយើងាន់ៈ                                                      

kp   តួតចកបឋម ំបំ  ្តម្ន 1 2 1... 1kp p p     ន ោះ 2kp                        
នម្រ ោះ 

1 2 1... 1kp p p     ជាចំនួនគត នសស  ។                                     
ឧបាថ់ៈ 5  ជាតួម្នសវ ីត  np   ាននយ័ថ 5np   ចំន ោះ n  ណាមយួ 

នគបាន់ៈ 1 2 1... 1np p p   3 .5m l     នម្រ ោះ 1 2 1... 1np p p     ជាចំនួនគត  
នសស នហើយ   5  ជាតួតចកបឋម ំបំ  ្តរបស វា  ។                                                                         
នយើងសនងេតន ើញថ់ៈ ចំន ោះ 1m   ន ោះ  3 .5 0 mod3m l                                  
តត  1 2 1 3 1... 1 2 3 1 1 mod3n np p p p p                                                      
  1 2 1... 1np p p   3 .5m l     ជាសមភាពន្ទៀងផ្ទទ ត  ល ោះម្រតាតត់ៈ 0m          
កា ងករណីននោះ នគបាន់ៈ                                                           
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1 2 1 3 1... 2 3n np p p p p     5 1l                                    

                                                 1 25 1 5 5 1l l                                                                     

គឺថ់ៈ  1 2
3 12 3 4 5 5 1l l

np p  
          

សមភាពននោះមនិពិតនទ្នម្រ ោះ អងគទ្ី១   0 mod 4                                         
(នម្រ ោះ 

3 4 1, ,..., np p p 
 ស ទ្ធតតជាចំនួនបឋម 2 )                        

តតអងគទ្ី២  0 mod 4   ,   ននោះបញ្ជា ក ថ់ៈ ការឧបាខាងនលើគឺខ ស 
ាននយ័ថ់ៈ 5np    ចំន ោះម្រគប  n      ។                                                                                     
ដូចននោះ 5  មនិតមនជាតួម្នសវ ីត np  ន ោះនទ្     ។ 

                  

លំហាត់ទី១០ 

តាង :f   ជាអន គមនម៍យួតដលន្ទៀងផ្ទទ ត ់ៈ 
          1f n f f n    ចំន ោះម្រគប ចំនួនគត យជិ្ាាន n      ។ 

ចូរម្រាយបញ្ជា ក ថ់ៈ  f n n  ចំន ោះម្រគប ចំនួនគត យជិ្ាាន n   ។                                
                                                                                    

ដំរ ោះស្រាយ 

តាង  P n  ជាសំនណើ មយួតដលថ់ៈ“ នបើ  m n   ន ោះ  f m n   ” ។         
តាមយចិារនោយកំននើន , នយើងនឹងម្រាយថ  P n  ជាសំនណើ ពិត់ៈ                        
នោយចំន ោះម្រគប   1, 1m f m    ន ោះបញ្ជា ក ថ់ៈ  1P  ជាសំនណើ ពិត  
ឧបាថសំនណើ   P n  ពិតដល  n  គឹថ់ៈ នបើ   m n   ន ោះ  f m n      
នយើងនឹងម្រាយថ់ៈ  1P n  ពិតគឹម្រតូយម្រាយថ់ៈ                                        
នបើ 1m n    ន ោះ   1f m n    ។                                                                                                   
នោយ 1m n    ឬ  1m n   
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    1 1f m n f f m n                                                    

នយើងបាន់ៈ      1f m f f m n     ទញបាន់ៈ   1f m n    

ាននយ័ថ់ៈ  1P n  ជាសំនណើ ពិត  ។                                                       
ដូនចាោះជាទូ្នៅ នបើ  m n   ន ោះ  f m n     ។                                
កា ងករណីពិនសសនយើងបាន់ៈ  f n n   ចំន ោះម្រគប  1n      ។                           

      1f n f f n f n      ទញបាន់ៈ f  ជាអន គមនន៍កើនោច  

ខាត  ។                                                                                              
នយើងឧបាថ់ៈ ាន k  ណាមយួតដលន វើឲ្ែ  f k k      ។                                  

 f k k      1f k k                                          
    1f k f f k    1f k    ននោះជាសមភាពមនិពិត  

តដលបញ្ជា ក ថ់ៈ គ្មា នចំនួនគត   k  ណាមយួន វើឲ្ែ  f k k   ន ោះន ើយ ។  
ដូចននោះ  f n n   ចំន ោះម្រគប ចំនួនគត យជិ្ាាន n    ។ 

 

លំហាត់ទី១១ 

តាង p  និង q  ជាចំនួនកំុផ្លិចន្ែលាៈ 0q    ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ 

គប្ើប្ញសទំងអស់ននសមីការ 2 2 0x px q    មានតនមលដាច់ខាត            

ែូចគ្មា  គ ោះ  
p

q
  ជាចំនួនពិត    ។                                                                                                              

                                       

ដំរ ោះស្រាយ 

តាង 
1x  និង 

2x  ជាប្ញសននសមីការ គ ើយ 1 2r x x     ។                                 
តាមទ្េឹសែីប្េន្យយត គេបានាៈ 

1 2x x p    និង 2
1 2x x q                      



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 12 

 

 
22

1 2 1 2

2
1 2 2 1

2
x xp x x

x x x xq


    

           
1 2 2 1 1 2 2 1

2 2 2 2

2 1

2 2
x x x x x x x x

r rx x
                                                    

              1 2 2 1 1 22
2

1 2
2 2 Rex x x x x x

rr
                                 

គទ្រោះតាមរបូ្មនែាៈ   2Rez z z                                                            

មានន័យថាៈ 
2

2

p

q
 ជាចំនួនពិត    1                                                                   

មយ ងគេៀត គយើងមានាៈ   2
1 2 1 2 1 2Re x x x x x x r                        

2

2
0

p

q
       2    

តាម  1  និង  2  ទញបានាៈ  
p

q
  ជាចំនួនពិត  ។                                                   

ែូចគនោះ  
p

q
  ជាចំនួនពិតមួយ , ទ្តូយបានស្រាយប្ញ្ជា ក់ ។ 

 

លំហាត់ទី១ 

ស្ុីត ្ុីបូ្ណាសីុ  
1n n

F

 ទ្តូយបានកំណត់គដាយាៈ 

1 2 1F F    និង 

2 1 , 1n n nF F F n     ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ                            
3 3

32 2 2 2
2 22

9

n n
n n

F F
F F 

     ចំគរោះទ្េប់្ 2n    ។ 
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ដំរ ោះស្រាយ 

គយើងមានាៈ                                                       
     

2 2 2 1 2 2 2 2 1n n n n n nF F F F F F       2 2 2 22 n n nF F F                   
 2 2 2 2 23n n nF F F                                                                  

3
2 2nF    

3

2 2 23 n nF F                                                                  

                 3 3
2 2 2 2 2 2 2 2 227 9 3n n n n n nF F F F F F    

3 3 3
2 2 2 2 2 2 2 2 2 227 9n n n n n nF F F F F F                                                      

មយ ងគេៀត គយើងមានាៈ  
2 2 4 2 23n n nF F F  

   2 2 2 4 2 2 2 2 2 2 2 2 23n n n n n n n nF F F F F F F F        

2 2
2 2 2 2 2 2 2 2 4 2n n n n n nF F F F F F         

2

4 2 6
F F F

2
3 1 8 1       

2
2 2 2 2 2 1n n nF F F                                                                                             

   តាម    គេបានាៈ   3 3 3 2
2 2 2 2 2 2 227 9 1n n n n nF F F F F                                      

  
3 3

32 2 2 2
2 22

9

n n
n n

F F
F F 

                                      

ែូចគនោះសមភាពទ្តូយបានស្រាយប្ញ្ជា ក់  ។                                                        

 

លំហាត់ទី១៣ 

ចូរស្រាយប្ញ្ជា ក់ថប្ញសទំង5ននសមីការាៈ 
  មិនអាចជាចំនួនពិតទំង 

អស់បានគេ គប្ើ 4
2 5 32 5a a a    ។                                                                                  

                                                                          

 

5 4 3 2
5 4 3 2 1 0 0a x a x a x a x a x a     



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 14 

 

ដំរ ោះស្រាយ 

តាង 
i

r  ,   1,2,3,4,5i    ជាប្ញសទំង 5  ននសមីការាៈ 
5 4 3 2

5 4 3 2 1 0 0a x a x a x a x a x a        គ ោះតាមទ្េឹសែីប្េន្យយត 

គេបានាៈ  
5

4

51

i

i

a
r

a


    គ ើយ 3

51 5

i j

i j

a
rr

a
  

    ។                                                 

តាមលកខខ័ណឌ ាៈ 4
2 5 32 5a a a    

2

34

5 5

2 5
aa

a a

 
   

 
2

5

1 1 5

2 5i i j

i i j

r r r
   

 
   

 
 
5

2

1 1 5 1 5

2 4 5i i j i j

i i j i j

r r r r r
      

       
5

2

1 1 5

2 i i j

i i j

r r r
   

                                                                           

គយើងឧប្មាថាៈ 
i

r  ,   1,2,3,4,5i    សុេធន្តជាចំនួនពិតគ ោះ 
គយើងបានាៈ  2 2 2i j i jr r rr      , 1 5i j    

   2 2

1 5 1 5

2i j i j

i j i j

r r r r

     

    
                         

5
2

1 1 5

2 i i j

i i j

r r r

   

        ផ្ទុយពីលកខខ័ណឌ        

គនោះមានន័យថាៈការឧប្មាខាងគលើេឺខុស  ។                                                          
ែូចគនោះ ប្ញសទំង5ននសមីការាៈ 

5 4 3 2
5 4 3 2 1 0 0a x a x a x a x a x a       មិនអាចជាចំនួនពិតទំង 

អស់បានគេ គប្ើ 4
2 5 32 5a a a    ។ 
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លំហាត់ទី១៤ 

 តាង ,x y  ជាចំនួនេត់ន្ែល , 1x y    គ ើយគផ្ទៀងផ្ទទ ត់ាៈ 

  ។    ចូរស្រាយប្ញ្ជា ក់ថាៈ                                               

4 44 1x y   ន្ចកដាច់នឹង 1x   ។ 

ដំរ ោះស្រាយ                                                                                                        

គយើងតាង  
4 1

1

x a

y b





  និង  

4 1

1

y c

x d





   ន្ែល  , 0b d    និង 

   , , 1a b c d       ។ 

តាមសមាតិកមាាៈ  
4 4` 1 1

1 1

x y

y x

 
 

             
  

a c ad bc

b d bd


   

 
bd ad bc    d ad bc    d bc

d b    (គទ្រោះ  , 1c d  )                                                   

មយ ងគេៀតាៈ      2 21 1 1 1
ac

x x y y
bd

     
 
  bd ac  

b ac  b c   (គទ្រោះ  , 1a b  )                                                                             

តាម    និង    គេបានាៈ d c 1d 
4 1

1

y
c

x


  


41 1x y      

គយើងមានាៈ                                                                                       

 
4 44 1x y  

4 44 44 44 1x y y y                                               

                   44 4 41 1y x y m        , m                                                            

4 4` 1 1

1 1

x y

y x
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                                     44 2 41 1 1 1y x x x y m                                

  4 441 1x x y   

ែូចគនោះ   4 44 1x y   ន្ចកដាច់នឹង 1x    ។ 

 

លំហាត់ទី១៥ 

តាង  
0n n

a

 ជាស្ុីតននចំនួនពិតន្ែលគផ្ទៀងផ្ទទ ត់ាៈ  2

1

1

5
n na a     

ចំគរោះទ្េប់្ 0n      ។    ចូរស្រាយប្ញ្ជា ក់ថាៈ 2
5 5n na a             

ចំគរោះទ្េប់្ 5n       ។                                             
                                                

ដំរ ោះស្រាយ 

គយើងមានាៈ                                                                                                                                                                                                                                                      

                             

2
1

2
2 1

2
3 2

2
4 3

2
5 4

1

5

1

5

1

5

1

5

1

5

n n

n n

n n

n n

n n

a a

a a

a a

a a

a a
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បូ្កអងគនិងអងគននយសិមភាពទំងអស់ខាងគលើគនោះ គេបានាៈ                                               

5na 
 2

na 
2

1 1

1

4
n na a 

 
  

 

2
2 2

1

4
n na a 

 
   
           

         
2

3 3

1

4
n na a 

 
   
 

2
4 4

1

4
n na a 

 
   
                                

          
2
na 

2

1

1

2
na 

 
 

 

2

2

1

2
na 

 
  
 

2

3

1

2
na 

 
  
 

         

2

4

1

2
na 

 
  
 

2
na     2

5n na a     ,  0n     

2
5n na a    , 5n     4

5 5n na a     , 5n   
2

5 5n na a     , 5n     ។ 

ែូចគនោះ  2
5 5n na a      ចំគរោះទ្េប់្ 5n     ។ 

 

លំហាត់ទី១៦ 

គេតាង  x  ជាន្ផ្ាកេសភាេននចំនួនពិត x  ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ 

  lim 2 3 1
n

n
       ។ 

ដំរ ោះស្រាយ                                                                             
តាមរបូ្មនែននការព ល តគេ្ធា ,Newton គយើងសគងេតគ ើញថាៈ  

 2 3 3
n

a b     និង  2 3 3
n

a b                         

ន្ែល ,a b  ជាចំនួនេត់            ។                                                           
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គយើងបានាៈ    2 3 2 3 2
n n

a      ជាចំនួនេត់                                           

       2 3 2 3 1
n n

                                                                            

       2 3 1 2 3
n n

                                                                         

គដាយ   0 2 3 1 0 2 3 1
n

        

    2 3 2 3
n n

                                                          

គយើងបានាៈ       2 3 1 2 3
n n

   

    lim 2 3 1 lim 2 3 1
n n

n n 
                                                             

គទ្រោះ  0 2 3 1 lim 2 3 0
n

n
         ។                                                    

ែូចគនោះ   lim 2 3 1
n

n
    ទ្តូយបានស្រាយប្ញ្ជា ក់  ។ 

 

លំហាត់ទី១៧ 

តាង   2 2007 1f x x x     ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ 

ចំគរោះទ្េប់្ចំនួនេត់យជិ្ាមាន n  , សមីការ     ... ... 0f f f x                            

(មាន n  ែងនន f ) , មានយ ងតិចប្ញសជាចំនួនពិតមួយ ។ 
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ដំរ ោះស្រាយ 

តាង       ... ...G x f f f x    , (មាន n  ែងនន f )     ។                 

គយើងសគងេតគ ើញថាៈ                                                                                              

គប្ើ x
 

  2 2007 1f x x x   
                                  

                               
2

2

2007 1
1x

x x

 
     

    

 G x                                                                                                           
  គប្ើ   x G x                                                           
គនោះមានន័យថាៈ ទ្បាកែជាមានចំនួនពិត   មានតនមលធំទ្េប់្ទ្គ្មន់មួយ 
ន្ែល    0G       1                                                                                               
មយ ងគេៀតាៈ គយើងតាង   ជាប្ញសមួយននសមីការាៈ 

  2 2006 1 0f x x x x      ន្ែលជាសមីការមានប្ញសសុេធន្តជា 
ចំនួនពិតយជិ្ាមានគ ោះគយើងទញបានាៈ 0    ។                                       

  0G        2                                                                                                       
តាម  1  និង  2  គេបានាៈ      0G G     ,                                                       
គ ោះតាមទ្េឹសែីប្េតនមលកណាែ លាៈ x  មួយន្ែល  ,x    គធ្ើឲ្យ 

  0G x            ។                                                                                              
ែូចគនោះ ចំគរោះទ្េប់្ចំនួនេត់យជិ្ាមាន n  ,                                                                  

សមីការ  G x      ... ... 0f f f x     (មាន n  ែងនន f ) , 

មានយ ងតិចប្ញសជាចំនួនពិតមួយ ។ 
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លំហាត់ទី១៨   

គេឲ្យអនុេមន ាៈ   f x   1cos a x  2

1
cos

2
a x  

 3

1
cos

4
a x  

1

1
cos

2
nn

a x


    ន្ែល 
ia  ជាចំនូនពិតគេរ និង 

អគេរពិត x , ចូរស្រាយប្ញ្ជា ក់ថាៈ គប្ើ    1 2 0f x f x    គ ោះ 
គេបានាៈ  

1 2x x  ជាព ុេុណនន     ។  

ដំរ ោះស្រាយ                                                                                                       

គយើងមានាៈ  f x   1cos a x  2

1
cos

2
a x    3

1
cos

4
a x

 
1

1
cos

2
nn

a x


                                                              

 1f a   cos0  2 1

1
cos

2
a a    11

1
cos

2
nn

a a


               

 1f a  
1

1 1 1
1

2 4 2n
  

1

1
1 1 0

2n

 
    

 

គនោះប្ញ្ជា ក់ថអនុេមន   f(x)   មិនន្មនគសាើនឹង 0 ទ្េប់្  x  គ ោះគេ  ។ 

មយ ងគេៀតាៈ 

   
1

1

1
cos

2

n

kk

k

f x a x




                                                       

          
1 1

1

1 1
cos cos sin sin

2 2

n

k kk k

k

a x a x
 



 
      

 


               
  

             
1 1

1 1

1 1
cos cos sin sin

2 2

n n

k kk k

k k

x a x a
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តាង 
1

1

1
cos

2

n

kk

k

A a




    និង   
1

1

1
sin

2

n

kk

k

B a




                                                     

ន្ែល A  និង B  មិនអាចគសាើនឹង 0  ទ្ពមគ្មា គ ោះគេ គទ្រោះ គប្ើ 
0A B   គ ោះ   0f x   ទ្េប់្ x   ន្ែលផ្ទុយពី     ។                                                             

កាុងករណីគនោះ , គយើងបានាៈ                                                                 
  cos sinf x A x B x               

           2 2 sin cos cos sinA B x x                                                                   

           2 2 sinA B x        2 2, 0A B                                 

ន្ែល  
2 2

sin
A

A B
 


  និង  

2 2
cos

B

A B
 


   ។                                                                                       

គដាយ    1 2 0f x f x         1 1sin sin 0x x                             

   
1 1

2 2

x k

x k

 

 

 


   
 1 2, ,k k 

   
 1 2 1 2x x k k                                          

    
1 2x x  ជាព ុេុណ នន     ។  

 

លំហាត់ទី១៩ 

តាង 3n   និង 1 2, ,..., na a a  ជាចំនួនពិតន្ែលគផ្ទៀងផ្ទទ ត់ាៈ 

1 2 na a a n      និង  2 2 2 2
1 2 na a a n      ។  

ចូរស្រាយប្ញ្ជា ក់ថាៈ    ។ 

                                                                           

 

 

 1 2max , ,..., 2na a a 
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ដំរ ោះស្រាយ 

គយើងឧប្មាថាៈ 2ia    ចំគរោះទ្េប់្ 1,2,...,i n     ។                                                     
តាង 2 0i ix a     គេបានាៈ                                                                                  

1

n

i

i

x



  
1

2

n

i

i

a




1

2

n

i

 
1

2

n

i

i

a n



 
1

n

i

i

a



 2n n n                              

គ ើយ  2 2

1

n

i

i

n a



  
2

1

2

n

i

i

x



  2

1 1

4 4

n n

i i

i i

n x x

 

         1                                 

ន្តចំគរោះ 0ix   គេបានាៈ  
2

2

1 1

n n

i i

i i

x x

 

 
   
 

 
1

n

i

i

n x


                      

  2n  
1 1

4 4
n n

i i

i i

n x n x
 

                                                                                                                                        

 
1

4 0

n

i

i

n n x



 
     

 
  , យសិមភាពគនោះមិនពិតគទ្រោះ 4n   និង  

1

n

i

i

x n



      ។                                                                       

 ំឲ្យការឧប្មាខាងគលើេឺខុស មានន័យថាៈ ចំនួន  , 1,2,...,ia i n  
មិនអាចសុេធន្តតូចជាង 2  គេេឺទ្តូយមានយ ងគោចណាស់ ia  មួយន្ែរ 
ន្ែល 2   ។                                                                                      
ែូចគនោះ   1 2max , ,..., 2na a a     ។ 
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លំហាត់ទី២០ 

គេកំណត់ស្ុីតននអនុេមន    
0

n n
f x


 ែូចតគ ាៈ  0 1,f x 

 1f x x  និង       
2

1 11n n nf x f x f x     ,                         

ចំគរោះទ្េប់្ 1n    ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ ចំគរោះn  នីមួយៗ   ,     

 nf x  ជាព ុធាន្ែលមានគមេុណជាចំនួនេត់  ។  

ដំរ ោះស្រាយ 

ចំគរោះទ្េប់្ 1,n   គយើងមានាៈ       
2

1 11n n nf x f x f x                                            

       
2

1 21n n nf x f x f x                                         

ែកអងគនិងអងគននសមភាពទំងពីរគនោះ, គយើងបានាៈ 

             
2 2

1 1 1 2n n n n n nf x f x f x f x f x f x       

             2 1 1 1n n n n n nf x f x f x f x f x f x      

   

 

   

 
2 1 1

1

n n n n

n n

f x f x f x f x

f x f x

  



 
 

   

 
2 0

1

f x f x

f x


  

     
x           1 1n n nf x xf x f x       , 1n                                               

តាមយចិារគដាយកំគនើន, គយើងនឹងអាចស្រាយបានថាៈ  nf x  ជាព ុធា 
មានគមេុណជាចំនួនេត់ ។                                                                                                           
ែូចគនោះ ចំគរោះn  នីមួយៗ ,  nf x   ជាព ុធាន្ែលមានគមេុណជា 
ចំនួនេត់ ។ 
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លំហាត់ទី២១ 

តាង , ,k m n  ជាចំនួនេត់យជិ្ាមានន្ែលគផ្ទៀងផ្ទទ ត់ាៈ 1k n     និង 

 , 1k n    ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ គប្ើ 1m mk n k n      គ ោះ 

2 1k n    ។ 

ដំរ ោះស្រាយ 

គយើងមានាៈ   1 2 2 1m m m m m mk n k n k k n k n n             
m mk n k n      ន្តតាមសមាតិកមាាៈ 1m mk n k n     

   1m m m mk n k n k n    
                                       

1m mk n n n     1 1mn n           1                                                                    

គដាយ  , 1k n     , 1k n n     1, 1mk n n        2                       

តាម  1  និង  2  គេទញបានាៈ 1k n n                                                         
គដាយារន្ត  1k n   , គយើងបានាៈ 1k n n   2 1k n                                    
ែូចគនោះ  2 1k n    ទ្តូយបានស្រាយប្ញ្ជា ក់  ។ 

 

លំហាត់ទី២២ 

តាង ,a b  ជាចំនួនពិតន្ែលគផ្ទៀងផ្ទទ ត់ាៈ 3 13 17a b a    និង 

5 7 11a b b    ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ a b   ។       
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ដំរ ោះស្រាយ 

គយើងឧប្មាថាៈ a b   គ ោះ 13 13b a   និង 5 5b a                                        

តាមសមាតិកមាាៈ    3 13 17a a a     

3 13
1

17 17

a a
   

     
   

                                                                

ពិនិតយអនុេមន ាៈ  
3 13

17 17

x x

f x
   

    
   

  ,   f x ជាអនុេមន ចុោះ 

ជានិចច គ ើយ   
3 13 16

1 1
17 17 17

f         1 1f a f    

1a                                                                                                  

មយ ងគេៀតាៈ 5 7 11a b b    5 7 11b b b    

5 7
1

11 11

b b
   

     
   

   

ពិនិតយអនុេមន ាៈ  
5 7

11 11

x x

g x
   

    
   

  ,   g x  ជាអនុេមន ចុោះ 

ជានិចច គ ើយ   
5 7 12

1 1
11 11 11

g          1 1g b g    

1b                                                                                                      
តាម    និង    គេទញបានាៈ 1a b    , យសិមភាពគនោះផ្ទុយពីការ 
ឧប្មាខាងគែើមន្ែលថាៈ a b    ។                                                                                     
ែូចគនោះ  a b  ទ្តូយបានស្រាយប្ញ្ជា ក់ ។ 

 

 

 

3 13 17a b a 
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លំហាត់ទី២៣ 

តាង , ,a b c  ជាចំនួនគត យជិ្ាាន   ។                                               
ចូរម្រាយបញ្ជា ក ថ់ៈ  បីចំនួន  2a b c  , 2b c a  , 2c a b    មនិ 
អាចជាកានរម្របាកដទងំអស បាននទ្  ។ 

ដំរ ោះស្រាយ 

ឧបាថបីចំនួន 2 2 2, ,a b c b c a c a b       ស ទ្ធតតជាកានរម្របាកដ          

នោយ 2a b c   ជាកានរម្របាកដ ំជាង 2a    
22 1a b c a      

2 1b c a                                                                                      
សម្រាយដូចគ្មា តដរ នគបាន់ៈ 2 1c a b     និង 2 1a b c     ។ 
បូកអងគនិងអងគម្នយសិមភាពទងំបីខាងនលើ នយើងបាន់ៈ                       

   2 2 3a b c a b c        ជាយសិមភាពមនិពិត   ។                               
ននោះបញ្ជា ក ថ់ៈ ការឧបាខាងនលើគឺខ ស   ។                      
ដូចននោះ បីចំនួន 2 2 2, ,a b c b c a c a b       មនិអាចជាកានរម្របាកដ 
ទងំអស បាននទ្ ។ 

                                                                                                           

លំហាត់ទី២៤                                                                                       
តាង  na  ជាសវ ីតមយួតដលន្ទៀងផ្ទទ ត ់ៈ 

1 5a      និង                                               

na  1 1 1
1 2 2 3n n nn

na   
        ចំន ោះម្រគប  2n       ។                                     

ចូរម្រាយបញ្ជា ក ថ់ៈ   na  ជាសវ ីតច ោះ   ។ 
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ដំរ ោះស្រាយ 

ចំន ោះម្រគប  2n   , នយើងាន់ៈ na  1 1 1
1 2 2 3n n nn

na   
                                       

1 1 1
1 2 2 3n n n n

n na a   
                                                       

នយើងបាន់ៈ           

                         

2

2 1

3 2 2 2

3 2

4 3 3 3

4 3

1 1 1

1

2 2 3

2 2 3

2 2 3

.....................................

2 2 3n n n n

n n

a a

a a

a a

a a   



   

   

   

   

 

បូ្កអងគនិងអងគាៈ                                                             

 2 1
1 2 2 2n n

na a       2 12 3 3 3n                             

     
12 1

5 2
2 1

n 
 



13 1
2 3

3 1

n 
  


5 2 2 3 3n n     2 3n n 

2 3
n n n

na  
2

3 1
3

n

n
 

   
 

3 1n
nf       ន្ែល  2

3

n

n
f

 
  
 

                                           

គដាយ  2
0 1

3
   គ ោះ 10 n nf f     11 1 1n nf f                          

គយើងបានាៈ    
1 1

11 1 1n n
n nf f          1                                                   

មយ ងគេៀតាៈ  1 1

1n n



   , 2n                                                     

 
1

11 n
nf      

1

1
11 n

nf 
  , 2n     2                                           

តាម  1  និង  2  គយើងបានាៈ     
1 1

1
11 1n n

n nf f 
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  1
13 1 3 1n n

n nf f
     1n na a     , 2n                                   

ែូចគនោះ  na   ជាសវ ីតច ោះ  ។ 

 

លំហាត់ទី២៥                                                                                                         
នគឲ្ែ ,n p  ជាចំនួនគត តដល 1n   និង p  ជាចំនួនបឋម   ។                      

នបើ 1n p   និង 3 1p n   ,  ចូរបង្ហា ញថ់ៈ 4 1p   ជាកានរម្របាកដ  ។ 
  

ដំរ ោះស្រាយ 

គយើងមានាៈ 3 1p n     21 1p n n n                                                              

ឧបាថ់ៈ  1 1 1p n n p p       , តត 1n p  1p n                    
1n n     ជាយសិមភាពមនិពិត  ។                                                                       

ាននយ័ថ់ៈ 1p n  ន ោះនយើងទញបាន់ៈ 2 1p n n   ,   ( p  ជាចំនួន 

បឋម)                                                                                                    
នោយ 1n p   ន ោះ 1p nk   1p nk    ចំន ោះចំនួនគត  1k                      

នយើងបាន់ៈ  2 1p n n p       2 1 1p n n nk    

 1p n n k                                                                                         

នបើ p n  , ន ោះតាមសមាតិកមា់ៈ 1n p    នគទញបាន់ៈ 1p p   តដលជា 
ករណីមនិអាច , ដូនចាោះ នយើងបាន់ៈ 1p n k   1n k p      ឬ  

1 0n k                                                                                            
នបើ 1n k p   1nk   ន ោះ  1 0n k k    , ជាយសិមភាពមនិពិត    
ននោះបញ្ជា ក ថ់ៈ 1 0n k     ន ោះ  1k n                                    

1p nk    1 1n n  
2 1n n    
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224 3 4 4 1 2 1p n n n                                                           

ដូចននោះ  4 1p   ជាកានរម្របាកដ   ។  

 

លំហាត់ទី២៦ 

តាង 1 2 100, ,...,x x x  ជាចំនួនពិតមនិអយជិ្ាានតដលន្ទៀងផ្ទទ ត ់ៈ  

1 2 1i i ix x x     ចំន ោះម្រគប  1,2,...,100i   (នយើងយក 101 1x x  ,  
102 2x x )    ។  ចូរកំណត តម្មៃអតិបរាតដលអាចម្ន្លបូក់ៈ 

100

2

1

i i

i

S x x 



   ។                                                                                 

             

ដំរ ោះស្រាយ

ចំគរោះទ្េប់្ 1,2,...,100i   នយើងាន់ៈ 1 2 1i i ix x x     

2 11i i ix x x                                                                                
នយើងបាន់ៈ                                                                                         

100

2

1

i i

i

S x x 



  
100

1

1

1i i i

i

x x x 



  
100

1

i

i

x




100

2

1

i

i

x



 
100

1

1

i i

i

x x 





   1

n

i

i

x



  
2

1

1

1

2

n

i i

i

x x 



                                                                       

តាមយសិមភាព :Cauchy schwarz                                                                            

 
100

2

1

1

i i

i

x x 



    

2
100

1

1

1

100
i i

i

x x 
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ដូនចាោះ 
100

1

i

i

S x



   

2
100

1

1

1

200
i i

i

x x 



 
  

 


100

1

i

i

x




2

100

1

2

100
i

i

x



 
   

 


            

100 100

1 1

2 100

100 2
i i

i i

x x

 

  
     

  
                                                      

នោយនម្របើយសិមភាព AM GM  នគបាន់ៈ                            
2

100 100

1 1

2 1 100

100 2 2
i i

i i

S x x

 

  
       

  
 

2
2 100 25

100 4 2

 
  

 
                                 

ដូចននោះ  max

25

2
S      ។ 

 

លំហាត់ទី២៧ 

ចូររកម្រគប អន គមន ៍ :f   តដលន្ទៀងផ្ទទ ត ់ៈ x   ,  
    max 2f x xy f y    តដល y   ។ 

      

ដំរ ោះស្រាយ 

តាមសមាតិកមា់ៈ ចំន ោះចំនួនពិត x  ណាមយួ , នយើងបាន់ៈ 
   2f x xy f y    ចំន ោះម្រគប  y    ។                                                                                                    

យក x y  ន ោះ   2f x x                                                                                              
កំណត      2 0g x f x x     ន ោះ     2f x g x x       
នយើងបាន់ៈ     max 2f x xy f y                                               

    2g x x   2max 2xy g y y                                                                          

 g x   2max 2xy y g y   2x                                                             
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 g x   2 2max 2x xy y g y                                                       

 0 g x      2
max 0x y g y                                                        

ទញបាន់ៈ   0g x   ន ោះ   2 ,f x x x     ។                                                       
ដូចននោះ    2 ,f x x x      ម្រតូយបានកំណត   ។ 

 

លំហាត់ទី២៨ 

នគឲ្ែពហ ធា 4 3 2 2az bz cz dz e      ាននមគ ណស ទ្ធតតជាចំនួនគត  
(តដល 0a  ) និង ានបញស 1 2 3 4, , ,r r r r  តដល 1 2r r  ជាចំនួនសនិទន 
នហើយ 3 4 1 2r r r r     ។  ចូរម្រាយបញ្ជា ក ថ់ៈ 1 2r r  ជាចំនួនសនិទន  ។                                                                             
                            

ដំរ ោះស្រាយ 

នោយ 1 2 3 4, , ,r r r r  ជាបញសម្នពហ ធា 4 3 2 2az bz cz dz e     
ន ោះតាមម្រទ្ឹសតីតយែត នគបាន់ៈ  

     

1 2 3 4

1 2 1 3 1 4 2 3 2 4 3 4

1 2 3 1 2 4 2 3 4 3 4 1

b
r r r r

a

c
r r r r r r r r r r r r

a

d
r r r r r r r r r r r r

a
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1 2 3 4

1 2 3 4 1 2 3 4

1 2 3 4 3 4 1 2

b
r r r r

a

c
r r r r r r r r

a

d
r r r r r r r r

a


    




    



    
  

                                                                                                            

     

          តាង   1 2m r r   និង  3 4n r r    , នយើងបាន់ៈ 

      

 
 
 
 
 

 
 
 
 

     

                                                      

                                   

 

                                      

    

នោយ , , ,a b c d  ជាចំនួនគត  ,  0a    ន ោះតាម  1  នយើងបាន់ៈ     
m n  ជាចំនួនសនិទន ទញបាន់ៈ n  ជាចំនួនសនិទន នម្រ ោះ 1 2m r r   
ជាចំនួនសនិទន  ឲំ្ែ mn ជាចំនួនសនិទន នហើយតាម  2  នយើងបាន់ៈ 

1 2 3 4mn rr r r   ជាចំនួនសនិទន ន ោះ 1 2 3 4r r r r  ជាចំនួនសនិទន             
 ឲំ្ែ  1 2 3 4m rr r r  ជាចំនួនសនិទន តតតាម  3 : 1 2 3 4nrr mr r  ជាចំនួន 
សនិទន  ឲំ្ែ  1 2 3 4m rr r r  1 2 3 4nrr mr r     1 2m n rr   
ជាចំនួនសនិទន តតនោយ 1 2m r r  3 4r r n     ន ោះ 0m n   
នគទញបាន់ៈ 1 2r r  ម្រតូយតតជាចំនួនសនិទន   ។                                                                                                                           
ដូចននោះ 1 2r r  ជាចំនួនសនិទន , ម្រតូយបានម្រាយបញ្ជា ក  ។ 

 

b
m n

a
    1

1 2 3 4

c
mn rr r r

a
    2

1 2 3 4

d
nrr mr r

a
    3
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លំហាត់ទី២៩                                                                                                      

នគឲ្ែ 0 1994a   និង 
2

1
1

n
n

n

a
a

a
 


  ចំន ោះម្រគប ចំនួនគត មនិអយជិ្ាានn  , 

ចូរម្រាយបញ្ជា ក ថ់ៈ 1994 n  ជាចំនួនគត  ំបំ  ្ត តូចជាងឬនសាើនឹង na  
ចំន ោះ 0 998n    ។                                                                                              
                                                                        

ដំរ ោះស្រាយ 

នយើងាន់ៈ 1n na a 
2

1

n
n

n

a
a

a
 



1
1 0

1na
  


                                            

1n na a     ចំន ោះ 0,1,2,...n    នគបាន់ៈ     
     0 1 2 na a a a                                                                 
មយ៉ាងនទ្ៀត់ៈ      0 1 0 2 1 1n n na a a a a a a a                                

1994 n  
0 1 1

1 1 1

1 1 1na a a 

  
  

1994 n 

      
                             

នហើយចំន ោះ 0 998n   , នយើងាន់ៈ                                             

0 1 1

1 1 1

1 1 1na a a 

  
  

 
1 1 1

1 1 1

1 1 1n n na a a  

   
  

1 1n

n

a 


 997

998 998
1

1 1994 997 1a
  

  
                                                                         

1994 n 
0 1 1

1 1 1

1 1 1na a a 

  
  

  1994 1n  

 1994 1na n         2                                                                          
តាម  1  និង  2  នគបាន់ៈ 1994 nn a   1994 1n    

1994na n                                                                                            

 1
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ដូចននោះ 1994 n  ជាចំនួនគត  ំបំ  ្ត តូចជាងឬនសាើនឹង na     ចំន ោះ 
0 998n    ។ 

 

លំហាត់ទី៣០                                                                                          
នគឲ្ែចំនួនគត  1n   នហើយ ,a b  ជាចំនួនពិតយជិ្ាានតដលន្ទៀងផ្ទទ ត ់ៈ 

1na a    និង  2 3nb b a    ។                                                                               
នតើ a  និង b  មយួណា ំជាងមយួណា  ? 
                                                                          

ដំរ ោះស្រាយ

នយើងាន់ៈ 1na a  1  ,   នម្រ ោះ 0a     1a                                       

នហើយ  
22 1 4na a a      តាមយសិមភាព ,AM GM  សមភាពមនិ 

អាចនកើតាននទ្នម្រ ោះ 1a     ។                                                                                

មយ៉ាងនទ្ៀត់ៈ 2 3nb b a   
2n

b

a

 
  

 
 

2

3 3

4n

b a b a

a a

 
                              

នយើងឧបាថ់ៈ b a  ន ោះ  3 3

4 4

b a b b b

a a a

 
                                            

ទញបាន់ៈ 
2n

b

a

 
 
 

  b
a
  ជាយសិមភាពមនិពិតនម្រ ោះ 1n    ។                              

 ននោះបញ្ជា ក ថ់ៈ ការឧបាខាងនលើគឺខ ស ាននយ័ថ់ៈ b a    ។                             
ដូចននោះ b a    ។                                                                                   
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លំហាត់ទី៣១ 

k  ជាចំនួនគត យជិ្ាានមយួ ។  សវ ីត 1 2 3, , ,...a a a  ម្រតូយបានកំណត នោយ់ៈ 

1 1a k   និង 2

1n n na a ka k      ។   ចូរបង្ហា ញថ់ៈ ma  និង na   ជា 
ចំនួនបឋមរវាងគ្មា  ចំន ោះ m n   ។                                              

                                            (  

ដំរ ោះស្រាយ    

គយើងមានាៈ 2

1n n na a ka k                                                               

 1n n na k a a k     1 1n n na a a k       
                  1 1n na a a     1a k                                                        

                  1 1n na a a     , (នម្រ ោះ 1 1a k  )       1                                                        

ឧបាថ់ៈ n m  ,  នយើងតាង  gcd ,m nd a a   ន ោះតាម  1  នគបាន់ៈ 
d k   នោយ 2

1 1n n na k a ka     2

1nd a                                                                            

តាង p  ជាតួតចកបឋមម្ន d  ន ោះ 2

1np a 
  

1np a   , ននោះានន័យថ់ៈ 

ម្រគប តួតចកបឋមទងំអស ម្ន d  តចកោច  1na   ន ោះនយើងទញបាន់ៈ 1nd a   
ន វើដូចរនបៀបននោះជាបនតប ទ ប នយើងនឹងបាន់ៈ 1 1d a k                                    
នោយ d k  ន ោះទញបាន់ៈ 1 1d d        ។                                 
ដូចននោះ ma  និង na   ជាចំនួនបឋមរវាងគ្មា  ចំន ោះ m n    ។   
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លំហាត់ទី៣២ 

តាង :f   ជាអន គមនម៍យួតដលន្ទៀងផ្ទទ ត ់ៈ 

   2 1f f x x x      ចំន ោះម្រគប ចំនួនពិត x  ,                        

ចូរកំណត តម្មៃ   0f    ។                                                                 

(

ដំរ ោះស្រាយ 

ចំន ោះម្រគប ចំនួនពិត x  នយើងាន់ៈ    2 1f f x x x       គ ោះ 

  0 1f f                                                                              

មយ ងគេៀតាៈ  2 1f x x     f f f x     
2

1f x f x     

គ ោះ      
2

0 0 1f f      
2

1 1 1f f    1f                                     

 ំឲ្យ     
2

1 2 1 1 0f f     ទញបានាៈ  1 1f                                        

គ ើយ     0 0 1 0f f                                                                                       

គប្ើ  0 0f   គ ោះ     1 0 0 0f f f    មិនពិត                                   

ទញបានាៈ   0 1 0f                                                                                         
ែូចគនោះ  0 1f     ។ 
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លំហាត់ទី៣៣ 

ចូរកំណត់ទ្េប់្ស្ុីតននចំនួនពិត 1 2 1995, ,...,a a a  ន្ែលគផ្ទៀងផ្ទទ ត់ាៈ 

 2 1na n    1 1na n    ចំគរោះ 1,2,3,...,1994n    និង 

19952 1994a   
1 1a     ។                                                               

                                                                                                                                                                 

ដំរ ោះស្រាយ 

គយើងមានាៈ  

 
1995

1

2 1n

n

a n


   
1994

1995

1

2 1 2 1994n

n

a n a


    

 
1994

1 1

1

1 1n

n

a n a



      
1994

1 1

1

n

n

a a



   
1994

1

1 1
n

n


  
  

1995

1

n

n

a


   
1995

1

1 1
n

n


     
1995

1

1 1n

n

a n


                                                            

     
1995

1

1 1 2 1 0n n

n

a n a n


       
                                          

    
1995 2

1

1 1 0n

n

a n


                                                        

គេទញបានាៈ  1 1 0na n     ចំគរោះទ្េប់្ 1,2,3,...,1995n               

  
na n   ចំគរោះទ្េប់្ 1,2,3,...,1995n               ។                                              

ែូចគនោះ ស្ុីតន្ែលទ្តូយរកេឺាៈ  
na n  ,  1,2,3,...,1995n       ។ 
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លំហាត់ទី៣៤ 

ចូរប្ង្ហា ញថ ចំគរោះ  1 a b c    គេបានយសិមភាពាៈ 

log log loga b cb c a   log log logb c aa b c      ។  

(

ដំរ ោះស្រាយ 

តាង logax b  ,  logby c  និង logcz a   គេបានាៈ 

log .log .loga b cxyz b c a
log log log

1
log log log

b c a

a b c
                                           

គដាយ 1 a b c     គ ោះគេបានាៈ                                                               
log 1

log 1

log 1

a

b

c

x b

y c

z a

 


 
  

     
1 0

1 0

1 0

x

y

z

 


 
  

 

   1 1 1 0x y z                            

1 0xyz x y z xy yz zx                             
x y z xy yz zx                                   

1 1 1xy yz zx
x y z

xyz x y z

 
      

1 1 1
log log log

log log log
a b c

a b c

b c a
b c a

                                       

ែូចគនោះ log log loga b cb c a   log log logb c aa b c    , 
ទ្តូយបានប្ង្ហា ញ ។ 
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លំហាត់ទី៣៥ 

ព ុធា 4 22x x ax b    មានប្ញសបួ្នជាចំនួនពិតខុសៗគ្មា     ។ 

ចូរប្ង្ហា ញថ តនមលដាច់ខាតននប្ញសនីមួយៗសុេធន្តតូចជាង 3    ។   

(

ដំរ ោះស្រាយ

តាង p , q , r , s  ជាប្ញសទំងបួ្ននន 4 22x x ax b    គ ោះតាម 
ទ្េឹសែីប្េន្យយត គេបានាៈ 0p q r s       និង 

2pq qr rs pr ps qs                                                               
គ ោះ 2 2 2 2 20 4 4p q r s                                                                        
គដាយ q r s   គ ោះតាមយសិមភាព :Cauchy schwarz  

    
2 2 2 2 2 2 21 1 1q r s q r s                                                             

     
2 23 4p p                                                                                                   

  2 212 3p p                                                                                                       
  2 3p                                                                                                               
  3p                                                                                                         

ស្រាយតាមរគប្ៀប្ែូចគ្មា ន្ែរ គេបានាៈ 3q   ,  3r   ,  3s                  

ែូចគនោះ តនមលដាច់ខាតននប្ញសនីមួយៗ សុេធន្តតូចជាង 3    ។ 
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លំហាត់ទី៣៦ 

គេឲ្យ , ,x y z  ជាចំនួនពិតយជិ្ាមានន្ែលគផ្ទៀងផ្ទទ ត់ាៈ 1xyz   ,  

ចូរប្ង្ហា ញថាៈ 
5 2 5 2 5 2

5 2 2 5 2 2 5 2 2
0

x x y y z z

x y z y z x z x y

  
  

     
     ។  

(

ដំរ ោះស្រាយ

យសិមភាពន្ែលទ្តូយស្រាយសមមូលាៈ 
 

        

2 5 2 5 2 5

5 2 2 5 2 2 5 2 2
0

x x y y z z

x y z y z x z x y

  
  

                                                       


  

2 5 2 5 2 5

5 2 2 5 2 2 5 2 2
1 1 1 3

x x y y z z

x y z y z x z x y

  
     

                           



  

2 2 2 2 2 2 2 2 2

5 2 2 5 2 2 5 2 2
3

x y z x y z x y z

x y z y z x z x y

     
  

                               
តាមយសិមភាព គេបានាៈ                                                     

 
2

2 2 2x y z   
2

5 1. . .x x y y z z  

                                           
 5 2 2x y z  

2 21
y z

x

 
  

 
 5 2 2x y z    2 2yz y z 

 
,
       

1
1xyz yz

x

 
   

                                                                                      



    

2 2 2

5 2 2

x y z

x y z

 

    

2 2

2 2 2

y z yz

x y z

 


                                                         

  
2 2 2

5 2 2
cyclic

x y z

x y z

 

 


2 2

2 2 2
cyclic

y z yz

x y z
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   2 2 2

2 2 2

2 x y z xy yz zx

x y z

    


  2 2 2
2

xy yz zx

x y z

 
 

 
2 1 3  

      2 2 2 2 2 20x y y z z x x y z xy yz zx           

ែូចគនោះ យសិមភាពទ្តូយបានស្រាយប្ញ្ជា ក់   ។                                                               

 

លំហាត់ទី៣៧ 

:f   ជាអនុេមន ន្ែលគផ្ទៀងផ្ទទ ត់ាៈ     f xf y yf x  

ចំគរោះចំនួនពិត ,x y  មួយចំនួន  ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ 

   f x f x    ចំគរោះទ្េប់្ចំនួនពិត x   ។   

(

ដំរ ោះស្រាយ 

គយើងសគងេតគ ើញថាៈ គប្ើ   0f x   ,  x   គ ោះ 

   f x f x   ចំគរោះទ្េប់្ x    ។                                                                                      
គយើងសិកាគលើករណី  f x  មិនគសាើនឹង 0  ទ្េប់្ x  គ ោះទ្តូយមាន 

0x  
មួយន្ែល  0 0f x    ។                                                                                                             
គប្ើ    1 2f y f y   គ ោះ                                                           

     1 0y f x    0 1f x f y   0 2f x f y  2 0y f x                                                                    

     1 2 0 0y y f x     
1 2y y                                 

គនោះប្ញ្ជា ក់ថាៈ f   ជាអនុយតែទ្ប្កាន់   ។                                                                 
ចំគរោះ 1x    គេបានាៈ     1f f y yf  គ ោះ     1 1f f f                    

   1 1f    គ ោះគយើងបានាៈ   f f y y  ឬ   f f x x                     

ែូគចាោះ   f f xy xy          1                                                                  
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គដាយជំ្នួស x  គដាយ  f x  កាុងសមីការអនុេមន ាៈ  
                 f xf y yf x                                                                           

គេបានាៈ     f f x f y   yf f x yx      2                                         

តាម  1  និង  2  គេបានាៈ        f f x f y f f xy                                    

       f x f y f xy                                                                                  
     2 1 1 1f f                                                                                            
   1 1f          គទ្រោះ  1 1f                                                       
គេបានាៈ        1f x f f x f x                                                           
ែូចគនោះ    f x f x    ចំគរោះទ្េប់្ចំនួនពិត x   ។ 

 

លំហាត់ទី៣៨                                                                                                        
តាង ,m n  ជាចំនួនេត់ធមាជាតិន្ែលាៈ 1m n   ជាចំនួនប្ឋម និង 

ន្ចកដាច់  2 22 1m n    ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ  m n   ។  

(

ដំណ ោះស្រាយ 

គយើងមានាៈ                                                                            

 2 21 2 1m n m n     
2

m n   
2

1m n  

 
2

m n    1 1m n m n                                                                                      

   
2

1m n m n                                                                                           

  1m n m n        គទ្រោះ 1m n   ជាចំនួនប្ឋម                              
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គដាយ 1m n m n        0m n     m n                                   
ែូចគនោះ m n  ទ្តូយបានស្រាយប្ញ្ជា ក់  ។ 

 

លំហាត់ទី៣៩ 

គេឲ្យ   3 22 3 2P x x x     និង តាង 

  : , 1999S P n n n    ,   2 1:T n n      និង 

 2 2 :U n n      ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ S T  និង S U  

មានចំនួនធាតុគសាើគ្មា    ។       

ដំរ ោះស្រាយ 

តាង X  ជាចំនួនធាតុននសំណំុ X                                                                             

គដាយ   3 22 3 2P n n n      
2

1 2 1 1n n                                             

គ ោះ S T  ជាចំនួនននកាគរទ្បាកែមានេទ្មង់    
2

1 2 1n n   

ន្ែល n  ,  1999n   គ ើយ ចំគរោះ 1999n   ,     
2

1 2 1n n    
ជាកាគរទ្បាកែលុោះទ្តាន្តាៈ  1n   ឬ 

 21
1 : 1,3,5,...,63

2
n k k

 
   
 

                    

គេបានាៈ S T  33     ។                                                                                 
ែូចគ្មា ន្ែរាៈ S U  ជាចំនួនននកាគរទ្បាកែមានេទ្មង់ាៈ                                      

3 22 3n n  2 2 3n n   ន្ែល n  ,  1999n   
គ ើយចំគរោះ 1999n  ,  2 2 3n n  កាគរទ្បាកែលុោះទ្តាន្តាៈ 0n    ឬ 
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 21
3 : 1,3,5,...,63

2
n k k

 
   
 

   គេបានាៈ S U  33       ។                          

ែូចគនោះ S T S U     ទ្តូយបានស្រាយប្ញ្ជា ក់ ។

 

លំហាត់ទី៤០ 

តាង , ,r s t  ជាប្ញសននសមីការាៈ   2 3 7 2x x x      ។  
ចូរប្ង្ហា ញថ , ,r s t  ជាចំនួនពិតយជិ្ាមាន រចួគ ើយកំណត់តនមលននាៈ 
arctan arctan arctanr s t     ។   

 

ដំរ ោះស្រាយ 

តាង  f x   2 3 7 2x x x    3 23 13 14 2x x x                                       
គ ោះ  0 2f    ,   1 2f   ,   2 2f    ,   3 4f                            

គយើងបានាៈ                                                                           

   

   

   

0 1 4 0

1 2 4 0

2 3 8 0

f f

f f

f f

   

   

   

                                          

តាមទ្េឹសែីប្េតនមលកណាែ លទញបានាៈ សមីការ   0f x   មានប្ញសបី្េឺ 
ប្ញសមួយគៅចគ ល ោះ  0,1  ប្ញសមួយគេៀតគៅចគ ល ោះ  1,2  គ ើយ 

ប្ញសេីបី្គៅ ចគ ល ោះ  2,3  គនោះប្ញ្ជា ក់ថាៈ ប្ញសទំងបី្ , ,r s t  នន

សមីការ   0f x   សុេធន្តជាចំនួនពិតយជិ្ាមាន  ។                                                                               
មយ ងគេៀត គយើងតាងាៈ                                                                            

arctana r  គ ោះ tanr a                                                                       
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arctanb s  គ ោះ tans b                                                                     
arctanc t  គ ោះ  tant c                                                                        

តាមរបូ្មនែាៈ  

 
 

tan tan tan tan .tan .tan
tan

1 tan .tan tan .tan tan .tan

a b c a b c
a b c

a b b c c a

  
  

  

គយើងបានាៈ   tan  arctan arctan arctanr s t 
 

 1

r s t rst

rs st tr

  


  
      

គដាយ , ,r s t  ជាប្ញសននសមីការាៈ   0f x    គ ោះតាមទ្េឹសែីប្េន្យយត 

គេបានាៈ 13

3
r s t    ,   14

3
rs st tr       និង    2

3
rst                                              

 ំឲ្យ   tan  arctan arctan arctanr s t 

13 2

3 3 1
14

1
3



  



                              

គ ោះ  arctan arctan arctanr s t 
4

k


      k                           

គដាយ , ,r s t  ជាចំនួនពិតយជិ្ាមាន គ ោះមានន័យថាៈ                                           

tan 0

tan 0

tan 0

a

b

c





 

    ំឲ្យ  

0
2

0
2

0
2

a

b

c








 




 



 


                                                                        

គេបានាៈ  0  3

2
a b c


    ឬ 

3
0 arctan arctan arctan

2
r s t
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តាម  និង  គយើងបានាៈ  3
arctan arctan arctan

4
r s t


                             

ែូចគនោះ  3
arctan arctan arctan

4
r s t


     ទ្តូយបានកំណត់  ។

លំហាត់ទី៤១ 

តាង 3n   ជាចំនួនេត់ និង តាង 2 3, ,..., na a a  ជាចំនួនពិតយជិ្ាមាន
ន្ែលាៈ  2 3... 1na a a    ។  ចូរស្រាយប្ញ្ជា ក់ថាៈ 

     
2 3

2 31 1 ... 1
n n

na a a n        ។ 

ដំរ ោះស្រាយ

គដាយ 2 3... 1na a a    គ ោះ គយើងអាចតាងាៈ 2
2

3

x
a

x
  3

3

4

x
a

x
 ...

2

n
n

x
a

x
 ន្ែល 2 3, ,..., 0nx x x    ។                                                                            

ែូគចាោះ យសិមភាពន្ែលទ្តូយស្រាយសមមូលាៈ                                             

     
2 3 2 3 1

2 3 3 4 2 3 4 2... ...
n n n n

n nx x x x x x n x x x x     

 1 1

2 2

n n
k n k

k k k

k k

x x n x 

 

       កាុងករណីគនោះ យក 1 2nx x   

តាមយសិមភាព AM GM  គយើងមានាៈ                                               

 1

k

k kx x    11
1

k

k
k

x
x k

k

 
   

   

1

1

1
1

k
k k

k k

x
k x

k










 
1

1 1
1

k
k

k k k

k
x x

k
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 ំឲ្យ    1

2

n
k

k k

k

x x 




 

1

1 1
2 2

.
1

kn n
k

k k k
k k

k
x x

k



 
 




  1

2

n
n k

k

k

n x 



   

សមភាពគកើតមានកាលណាាៈ 1

1

k
k

x
x

k




 ឬ  1

1
ka

k



 

ចំគរោះទ្េប់្  2,3,...,k n    ។                                                             
មានន័យថាៈ 2 1a   និង 1ka    3,4,...,k n                                         

គយើងបានាៈ 2 3... 1na a a   ផ្ទុយពីសមាតិកមាន្ែល 2 3... 1na a a     ។ 
គនោះប្ញ្ជា ក់ថ សមភាពមិនអាចគកើតមានបានគេ េឺថាៈ 

 1 1

2 2

n n
k n k

k k k

k k

x x n x 

 

     ពិត   ។                                                              

ែូចគនោះ      
2 3

2 31 1 ... 1
n n

na a a n    ទ្តូយបានស្រាយប្ញ្ជា ក់  ។ 

 

លំហាត់ទី៤២ 

តាង ,a n  ជាចំនួនេត់ និង p  ជាចំនួនប្ឋមមួយន្ែលាៈ 1p a    ។ 
ចូរស្រាយប្ញ្ជា ក់ថាៈ ព ុធា   nf x x ax p     មិនអាចសរគសរ 
ជាផ្លេុណននពីរព ុធាមិនគេរន្ែលមានគមេុណជាចំនួនេត់ ។ 

ដំរ ោះស្រាយ 

តាង z  ជាប្ញសមួយននព ុធា  f x    គយើងនឹងស្រាយថាៈ 1z                      

ឧប្មាថ  1z   គ ោះ nz az p     

ទញបានាៈ 
np z az  1nz z a  1nz a  1 a    ផ្ទុយពីសមាតិកមា   

គនោះប្ញ្ជា ក់ថ 1z      ។                                                                      
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គយើងឧប្មាថព ុធា  f x  អាចសរគសរជាផ្លេុណននពីរព ុធាមិន  
គេរន្ែលមានគមេុណជាចំនួនេត់ េឺមានន័យថ      .f x g x h x   , 
គយើងបានាៈ      0 0 . 0p f g h                                                                  

គដាយ p  ជាចំនួនប្ឋម គ ោះទញបាន   0 1g    ឬ   0 1h      ។ 

គដាយមិនគធ្ើឲ្យបាត់ប្ង់លកខណោះេូគ  , គយើងសនាតថ  0 1g                            

គប្ើ 1 2, ,..., kz z z  ជាប្ញសនន  g x  គ ោះពួកវាក៏ជាប្ញសនន  f x  ន្ែរ                       
 ំឲ្យ 

1 2, ,..., 1kz z z                                                                            

គយើងបានាៈ   1 2 1 21 0 ... ... 1k kg z z z z z z      , មិនពិត   ។                      

ប្ញ្ជា ក់ថ ការឧប្មាខាងគលើេឺ ខុស  ។                                                            
ែូចគនោះ ព ុធា  f x   មិនអាចសរគសរជាផ្លេុណននពីរព ុធាមិន 
គេរន្ែលមានគមេុណជាចំនួនេត់   ។ 

 

លំហាត់ទី៤៣                                                                                     

ចូរស្រាយប្ញ្ជា ក់ថ គប្ើ n  មិនន្មនជាព ុេុណនន 3  គ ោះមំុ  
n

  អាច

ពុោះន្ចកជាបី្មំុប្ ុនៗគ្មា គដាយគទ្ប្ើន្តប្ ទ ត់និងន្ែកឈាន  ។  

ដំរ ោះស្រាយ

គដាយ n  មិនន្មនជាព ុេុណនន 3  គ ោះ n  និង 3  ទ្តូយន្តជាចំនួនប្ឋម 
រវាងគ្មា , តាមទ្េឹសែីប្េ :Bezout  មានចំនួនេត់ a  និង b  ន្ែល 

3 1an b   សមមូលាៈ 
3 3

a b
n n

  
   ន្ែលកាុងគ ោះ a  និង b  ទ្តូយ 

មានសញ្ជា ផ្ទុយគ្មា  ។                                                                                



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 49 

 

គទ្ប្ើន្ែកឈាន េូសរង្ង់មួយន្ែលមានធាូាេ ត់មំុផ្ចិត 
n

  និង 
3

  

រចួគទ្ប្ើរង្្ហស់ធាូទំងពីរគនោះ សង់ធាូមួយន្ែលមានរង្្ហស់គសាើនឹង a  ែងនន 

ធាូន្ែលាេ ត់មំុ 
3

  ជំុ្យញិរង្ង់ន្ែលបានសង់រួចតាមេិសគៅមួយគដាយ 

យក X  ជាចំនុចចាប់្គផ្ែើម (េល់) និង A  ជាចំនុចចុង ។                                                                               
តាមេិសគៅមួយគផ្េងគេៀត, ចាប់្គផ្ែើមពីចំនុច A  គយើងសង់ធាូមួយគេៀត 

ន្ែលមានរង្្ហស់គសាើនឹង b  ែងននធាូន្ែលាេ ត់គដាយមំុ 
n

  គ ើយយក 

Y  ជាចំនុចចុងននធាូគ ោះ ។ តាមសមភាព 
3 3

a b
n n

  
    គេបានាៈ 

រង្្ហស់ធាូ XY 
3n

     តាមរយោះរង្្ហស់ធាូគនោះ , គេអាចខ័ណឌ ន្ចកធាូន្ែល 

ាេ ត់គដាយមំុផ្ចិត 
n

  ជាធាូបី្តូចៗប្ ុនគ្មា  ន្ែលគនោះប្ញ្ជា ក់ថាៈ មំុ 
n

  

អាចពុោះន្ចកជាមំុបី្ប្ ុនៗគ្មា គដាយគទ្ប្ើន្ត ប្ ទ ត់ និង ន្ែកឈាន   ។ 

 

លំហាត់ទី៤៤ 

ស្ុីតននចំនួនេត់ 0 1 2, , ,...u u u  គផ្ទៀងផ្ទទ ត់ាៈ 0 1u   និង 1 1n n nu u ku    
ចំគរោះ 1n    គ ើយន្ែល k  ជាចំនួនេត់យជិ្ាមានគេរមួយ  ។                
គប្ើ 2000 2000u   , ចូរកំណត់តនមលន្ែលអាចនន k   ។   
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ដំរ ោះស្រាយ 

តាង 1u x  គដាយ 1 1n n nu u ku    , 1n   និង 0 1u   គ ោះគេបានាៈ      

2u kx  ,  2

3u k  ,  
2

4

k
u

x
  ,  5

k
u

x
  ,  6 1u   ,  7u x  ,  ...  ។ 

គយើងសគងេតគ ើញថាៈ 0 6u u  ,  1 7u u  ,  ...                                               
 ំឲ្យ  nu  ជាស្ុីតខួប្ន្ែលមានខួប្គសាើនឹង 6                                                
គេបានាៈ 2 8 14 6 333 2 2000u u u u u                                                                     

េឺថាៈ 2 2000u u    2000kx     2 4 32 .5
k

x
x
                                    

គដាយ k  ជាចំនួនេត់យជិ្ាមាន គ ើយ 5

k
u

x
  ជាចំនួនេត់ 

គ ោះគយើងទញបានាៈ  2 2 4 2 2 4 2 21,2 ,2 ,2 .5 ,2 .5 ,5x                                                                            

   1,2,4,10,20,5x                                                                                      
   2000,1000,500,200,100,400k                                                             
ែូចគនោះ តនមលន្ែលអាចនន k  េឺាៈ 

 2000,1000,500,200,100,400k   ។ 

លំហាត់ទី៤៥ 

តាង p  ជាចំនួនប្ឋមគសសមួយ  ។ ចូរស្រាយប្ញ្ជា ក់ថាៈ 

 1
2 1

1

1

2

p
p

k

p p
k







    2mod p   ។ 
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ដំរ ោះស្រាយ 

គយើងមានាៈ   
1

2 12 1 2 1 2 1

1

1 2 1
p

pp p p

k

k p


  



        

     2 1 2 12 1 2 11 1 2 2
p pp pp p
             

2 1 2 1
1 1

2 2

p p
p p

      
          

    1p   ជាចំនួនេត់េូ       

  
1

2
2 12 1

1

p

pp

k

k p k







                                                            

តាមការព ល តគេ្ធា Newton  គេបានាៈ                                                          

 
2 1p

p k


 2 1 2 2 2 3 1 2 2 2 1

2 1 2 1

p p p p

p pp C p k C pk k   

                         

គដាយ ទ្េប់្តួននអងគខាងាែ ំននសមភាពគនោះសុេធន្តន្ចកដាច់នឹង 2p  
គលើកន្លងន្តពីរតួចុងគទ្កាយ គ ោះគេបានាៈ                                                      

 
2 1 1 2 2 2 1

2 1

p p p

pp k C pk k
  

       2mod p                                                           

     
2 1 2 1 2 22 1

p p pp k k p pk
        2mod p      1                         

ចំគរោះ 1 k p   ,  k  ន្ចកមិនដាច់នឹង p  គ ោះតាមទ្េឹសែីប្េ 
:Fermat  1 1pk     mod p   

 ំឲ្យ      2 2 22 1 2 1 1 1pp k p       mod p  

គេបានាៈ   2 22 1 1pp k mp     ចំគរោះចំនួនេត់ m  ណាមួយ   ។             

គ ោះ    2 2 22 1 pp pk mp p    p     2mod p       2                         

តាម  1  និង  2  គេបានាៈ 

 
2 1 2 1p pp k k

     p   2mod p      

តាម    និង     ំឲ្យាៈ   
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1
2 1

1

p
p

k

k






  

1

2

1

p

k

p





   
1

2

p
p

 
 

 

 2
2 1

2 2

p pp p
p


      2mod p                                                       

ែូចគនោះ   1
2 1

1

1

2

p
p

k

p p
k







    2mod p   ទ្តូយបានស្រាយប្ញ្ជា ក់  ។

លំហាត់ទី៤៦ 

 nu ជាស្ុីតមួយន្ែលកំណត់គដាយាៈ 1 21, 2u u   និង 

1 13n n nu u u    ចំគរោះ 2n    ។   nv  ជាស្ុីតមួយគេៀតន្ែលគផ្ទៀង

ផ្ទទ ត់ាៈ  
1

cot
n

n i

i

v arc u


  ,  1,2,3,...n     ។  

ចូរេណ  lim n
n

v


    ។  

ដំរ ោះស្រាយ 

គយើងសគងេតគ ើញថាៈ                                                  

                                

1 1

2 3

3 5

4 7

1

2

5

13 ,...

u F

u F

u F

u F

 

 

 

 

                                                                    

គនោះប្ញ្ជា ក់ថតួនីមួយៗននស្ុីត  nu  ជាតួេីគសសននស្ុីត ្ុីបូ្ណាសីុ 

 nF  ន្ែលកំណត់គដាយាៈ 1 2 1F F   និង 1 1n n nF F F    , 2n                                                                                                               
មយ ងគេៀត គយើងមានាៈ                           
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2 2 1
2 2 1

2 1 2

1
cot cot cot i i

i i

i i

F F
arc F arc F arc

F F







 



                                        
2 2 1

2 1

1
cot i i

i

F F
arc

F








     
                                                       

គយើងនឹងស្រាយថាៈ  1 2 3 1
n

n n n nF F F F         ចំគរោះ 1n   :        
គយើងមានាៈ 

1 2 3n n n nF F F F       1 1 1 2n n n n n nF F F F F F        
2

1 2n n nF F F    2

1 1n n n nF F F F    2 2

1 1n n n nF F F F   

  1 1 1n n n n n nF F F F F F      1 2 1n n n nF F F F   

 1 1 2n n n nF F F F        
1

2 3 1 41
n

F F F F


      1
n

                         

ែូគចាោះ  1 2 3 1
n

n n n nF F F F         ចំគរោះ 1n   ពិត    ។                                     
យក 2 1n i     គេបានាៈ 

2 2 1 2 1 2 2 1i i i iF F F F                                                 

 ំឲ្យ  2 2 1
2 2

2 1

1i i
i

i

F F
F

F







                                      

តាម   :  2 2 1 2 2arctan arctan arctani i iF F F                                                     

  2 1 2 2 2arctan arctan arctani i iF F F                                                              
   2 1 2 2 2

1 1

arctan arctan arctan
n n

i i i

i i

F F F 

 

  
                                     

  2 2 2

2

arctan arctan arctan
n

i n

i

u F F 



                                                           

   1 2 2

2

lim arctan limarctan limarctan
n

i n
n n n

i

u u F 
  



                                  

គដាយ  2 2lim n
n

F 


   គ ោះ 2 1lim cot 0n
n

arc F 


                                        

គេបានាៈ 
2

lim cot
n

i
n

i

arc u




 
1cotarc u cot1

4
arc


                                   

ែូចគនោះ 
1

lim cot
4 4 2

n

i
n

i

arc u
  




         ។   
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លំហាត់ទី៤៧ 

តាង u  និង v  ជាពីរចំនួនពិតតដលន្ទៀងផ្ទទ ត ់ៈ 

 2 3 8 910u u u u u       2 3 10 1110v v v v v     

8     ។    ចូរកំណត ថនតើ u  ឬ v  មយួណា ំជាង  ។                        
                                                                              (USAMO1989) 

ដំរ ោះស្រាយ                                                                                               
នគពិនិតែអន គមនព៍ីរ់ៈ   2 8 91 10f x x x x x       និង      

  2 10 111 10g x x x x x       ន ោះតាមសមាតិកមា នយើងបាន់ៈ 

    9f u g v      ។                             

នហើយ    g x f x
11 10 910 9x x x     9 10 9 1x x x     

នយើងសនងេតន ើញថ់ៈ    0 1 9f f u           នហើយ                                             

9

10
f
 
 
 

8 9

8 9

9 9 9
1 10

10 10 10
     

9
99

9

91 910 10
9 101

10


  


               

 10 9 f u       ឲំ្ែ      
9

0
10

f f u f
 

   
 

                                                                      

គដាយ  f x  ជាអនុេមន គកើនជានិចច គ ោះទញបានាៈ  
9

0
10

u                                        

ែូគចាោះ       9 10 9 1 0g u f u u u u                                                         
គ ោះ      g u f u g v    ំឲ្យ u v    គទ្រោះ  g x ជាអនុេមន  
គកើនជានិចច                                                                                                                               
ែូចគនោះ  u v    ។ 
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លំហាត់ទី៤៨ 

ចូររកទ្េប់្ចំនួនេត់យជិ្ាមាន k  ន្ែលគផ្ទៀងផ្ទទ ត់យសិមភាពាៈ 

   2 2 25k ab bc ca a b c      កាុងគ ោះ , ,a b c  ទ្តូយន្តជារង្្ហស់ 

ទ្ជ្ុងននទ្តីគកាណមួយ ។                                                                          
                                       (China Girl’s Mathematical Olympiad 2002) 

ដំរ ោះស្រាយ 

គយើងមានាៈ    2 2 25k ab bc ca a b c                                              

គដាយ       
2 2 2

0a b b c c a                                                           

   2 2 2a b c ab bc ca                                                                              
គេបានាៈ    5k ab bc ca ab bc ca                                                         
 ំឲ្យ  5k    ឬ  6k    គទ្រោះ k    1                                                
ន្តគយើងែឹងគ ើយថ យសិមភាព    គផ្ទៀងផ្ទទ ត់លុោះទ្តាន្តាៈ , ,a b c  ទ្តូយ 
ន្តជារង្្ហស់ទ្ជ្ុងននទ្តីគកាណមួយ ែូគចាោះគប្ើគយើងយក , ,a b c  1,1,2  
ន្ែលជាសំណំុទ្តីធាតុមិនអាចផ្គុំជាទ្តីគកាណមួយបានគ ោះគយើងនឹង   

បានាៈ     2 2 21 1 1 2 2 1 5 1 1 2k                                                     

  6k     2                                                                                       
តាម  1  និង  2  ទញបានាៈ  6k           ។                                 
គយើងនឹងស្រាយប្ញ្ជា ក់ថាៈ 6k    ពិតទ្បាកែន្មន ៖                                              
ចំគរោះ 6k    គ ោះគេបានាៈ                                        

   2 2 26 5ab bc ca a b c                                                             

     2 2 25 6 5 6 0a b c a b c bc        ជាយសិមីការែឺគទ្កេី២ 

មានអញ្ជា ត a   គ ើយមានាៈ                                                                                      

    
2 2 23 5 5 6b c b c bc         

2 216 48 16b bc c     
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 2 216 3b bc c     
2

16 b c bc    
 

 
2

16 16b c bc     16bc  
2

4 b c                                                                                       

 ំឲ្យ   3

5

b c
a

  
 

   3 2

5

b c b c                                               

  a b c    ែូចគ្មា ន្ែរ គប្ើគយើងគទ្ប្ើយសិមីការ     គដាយយក b  រចួ 
c   ជាអញ្ជា តយញិ គ ោះគេនឹងបានាៈ  b c a    និង c a b    
គនោះប្ញ្ជា ក់ថាៈ , ,a b c  ជារង្្ហស់ទ្ជ្ុងននទ្តីគកាណមួយ  ។                                                           
ែូចគនោះ 6k   មានន្តមួយេត់   ។ 

 

លំហាត់ទី៤៩ 

នគឲ្ែ l , m  និង n  ជាចំនួនគត យជិ្ាានតដល m n  ជាចំនួនបឋម និង 

 28 l mn     2 22 5m n m n l     ។  ចូរម្រាយបញ្ជា ក ថ់ៈ                      
11 3l   ជាកានរម្របាកដ  ។                                                                                             
                 (Bulgarian Mathematical Olympiad , Regional round 2006) 

ដំរ ោះស្រាយ 

តាង m n p    និង m n q      
1

2
m p q    និង  

1

2
n q p                                     

នយើងបាន់ៈ  2 21

4
mn q p    និង   2 2 2 21

2
m n p q                                    

សមភាពតដលនគឲ្ែសមមូល់ៈ  2 2 21
8

4
l q p
 

  
 

 2 2 5p q ql                                                             

  2 2 28 2 2l q p  2 2 5p q ql      2 2 23 5 8q ql l p                                                            
     23 8q l q l p                                                                                                            
នោយ p m n   ជាចំនួនបឋម នហើយ  3 8q l q l    ន ោះនគទញបាន់ៈ
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2

1

3 8

q l

q l p

 


 
      23 1 8l l p       211 3l p                                                             

ដូចននោះ 11 3l   ជាកានរម្របាកដ  ។ 

 

លំហាត់ទី៥០  

ចូរម្រាយបញ្ជា ក ថ សវ ីតតដលកំណត នោយ់ៈ 0 1y    និង 

 2

1

1
3 5 4

2
n n ny y y      ចំន ោះ 0n   ានតួស ទ្ធតតជាចំនួនគត   ។                    

                                           (British Mathematical Olympiad 2002) 

ដំរ ោះស្រាយ 

ចំន ោះម្រគប  0n   នយើងាន់ៈ  2

1

1
3 5 4

2
n n ny y y                                                                          

  2

12 3 5 4n n ny y y                                                                                                            
  2 2 2

1 14 12 9 5 4n n n n ny y y y y                                                                                            
  2 2

1 13 1 0n n n ny y y y         1                                                                                           
   2 2

1 13 1 0n n n ny y y y        2                                                                                
ដកអងគនិងអងគម្ន  1  និង  2   នគបាន់ៈ 2 2

1 1 1 13 3 0n n n n n ny y y y y y                                          

      1 1 1 1 1 13 0n n n n n n ny y y y y y y                                                                         
    1 1 1 1 3 0n n n n ny y y y y                                                                                                   
តតតាម   :  12 3 0n ny y      12 3n ny y     1n ny y                                     

  1 1n n ny y y       1 0n ny y                                                                                                                               
  1 13 0n n ny y y                                                                                                               
នយើងាន់ៈ 0 1y    ន ោះ  2

1 0 0

1
3 5 4 2

2
y y y                                                                

សនងេតន ើញថ់ៈ 0y , 1y                                                                                                          
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ឧបាថ់ៈ 1ny  , ny       1 13n n ny y y                                                                          
ន ោះតាមយចិារអន ានរមួគណិតយទិ្យ នគបាន់ៈ ny   ម្រគប  0n    ។                                                          
ដូចននោះ ម្រគប តួម្នសវ ីត  

0n n
y


ជាចំនួនគត    ។ 

 

លំហាត់ទី៥១ 

ចំនួនពិតយជិ្ាាន , ,a b c  ន្ទៀងផ្ទទ ត សមភាព់ៈ     8a b b c c a      ។  

ចូរម្រាយបញ្ជា ក ថ់ៈ     
3

a b c     
3 3 3

27

3

a b c         ។                                                        

                                          (Macedonia Mathematical Olympiad 2008) 

ដំរ ោះស្រាយ 

នគានឯកលកខណោះភាព់ៈ                                                                                                                                                             
  

3
a b c      3 3 3 3a b c a b b c c a                                                        

                 3 3 3 24a b c         ( នម្រ ោះ     8a b b c c a     )                             

                 3 3 3 3 3 3 3 3 3 3 3a b c                                                                                         
                  3 3 3 899 3a b c     ( នម្របើយសិមភាព Cauchy  9 តួ )                                          

  
3 3 3

273
3

a b c
a b c

 
                                                                                                       

  
3 3 3

27

3 3

a b c a b c   
                                                                   

ដូចននោះយសិមភាពម្រតូយបានម្រាយបញ្ជា ក   ។                
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លំហាត់ទី៥២                                                                                                         
នគឲ្ែ f  ជាអន គមនា៍នតម្មៃជាចំនួនពិតនហើយន្ទៀងផ្ទទ ត ់ៈ 
     , , 2 , 2f x y f x z f y z z    ចំន ោះម្រគប ចំនួនពិត x , y  និង z   ។ 

ចូរកំណត តម្មៃម្ន  2005,1000f   ។                                                               
                                            (Singapore Mathematical Olympiad 2005) 

ដំរ ោះស្រាយ 

ចំន ោះម្រគប ចំនួនពិត x , y  និង z   នយើងាន់ៈ 

     , , 2 , 2f x y f x z f y z z                                                                             
យក x y z   ន ោះ  ,f x x x    ចំន ោះម្រគប ចំនួនពិត x    ។                                                  
យក x y  ន ោះ      , , 2 , 2f x x f x z f x z z                                                                               
     , , 2 2f x z f x x z x z                                                                                               
យក 2005x   និង 1000z    ន ោះ  2005,1000 2005 2 1000 5f                                      
ដូចននោះ  2005,1000 5f     ។ 

 

លំហាត់ទី៥៣ 

ចូរម្រាយបញ្ជា ក ថ់ៈ គ្មា នចំនួនតដលានទ្ម្រមង  44 4443    ណាមយួតចកោច 
នឹង 13  ន ោះនទ្ ។                                                                                
                                                 (Dutch Mathematical Olympiad 2007) 

ដំរ ោះស្រាយ 

ឧបាថ់ៈ ានចំនួនមយួតដលានទ្ម្រមង  44 4443
k

    តចកោច នឹង 13  

នយើងបាន់ៈ  
1 1

44 4443 13 44 44430 44 4443 10
k k k 

              កត៏ចកោច នឹង 
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13  តដរ    ឲំ្ែ 
1

44 4443
k

    តចកោច នឹង 13   នម្រ ោះ 10  និង 13  ជាចំនួនបឋម 

រវាងគ្មា   ។   នោយនចោះតតបនតន វើតាមរនបៀបននោះ នយើងនឹងបាន់ៈ 43  តចកោច នឹង 
13  តតននោះជាករណីមនិពិត ។     បញ្ជា ក ថ ការឧបាខាងនលើគឺខ ស  ។                                                                                                         
ដូចននោះគ្មា នចំនួនតដលានទ្ម្រមង  44 4443    ណាមយួតចកោច នឹង 13  ន ោះ
នទ្   ។ 

 

លំហាត់ទី៥៤ 

នគឲ្ែ A  ជាចំនួនពិត និង n  ជាចំនួនគត តដល 2 19n    ។  រកម្រគប ពហ ធា 
 P x  តដលាននមគ ណជាចំនួនពិតនហើយន្ទៀងផ្ទទ ត ់ៈ 

    19 99nP P P x Ax x     ។                                                  

                                               (Austria Mathematical Olympiad 1999) 

ដំរ ោះស្រាយ 

តាង  degm P x  ន ោះ     3deg P P P x m                                                                      

នគាន់ៈ     19 99nP P P x Ax x                                                                                                

នបើ 0A  ន ោះ 3n m                                                                                                                           
នោយ 2 19n     32 19m     2m     (នម្រ ោះ m  ជាចំនួនគត )          
  8n     នគបាន់ៈ   2P x ax bx c    តដល , ,a b c  និង 0a                                                             
        

2
2 2P P x a ax bx c b ax bx c       c                                     

                  3 4 2 32a x a bx                                                                                                
         

4 3
3 2 2 22P P P x a ax bx c a b ax bx c                                                                             

                       7 8 6 74a x a bx                                                                                                   
តត     8 19 99P P P x Ax x     ទញបាន់ៈ 64 0a b     0b           
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នម្រ ោះ 0a   ន ោះនយើងបាន់ៈ   2P x ax c        P x P x                           
         P P P x P P P x    ឲំ្ែ    P P P x  ជាអន គមនគូ៍ ្ទ យពី 

    8 19 99P P P x Ax x    តដលមនិតមនជាអន គមនគូ៍ ,  ននោះបញ្ជា ក ថ់ៈ 

A  ម្រតូយតតនសាើនឹង 0   ។                                                                  
កា ងករណីននោះ នគបាន់ៈ     19 99P P P x x    ឲំ្ែ  deg 1P x                                            

ន ោះនគតាង  P x x     , 0    នគបាន់ៈ                                            
    P P x P x     2x x                                                             

      2P P P x P x      2 x            
                        3 2 1x                                                                                     
នោយ     19 99P P P x x                                                                                                     

  
 

3

2

19

1 99



  

 


  

       

3

3

2 3

19

99 19 199 199

1 1 18






  

 

 
   

  

                           

ដូចននោះ    3 399
19 19 1

18
P x x     ។ 

 

លំហាត់ទី៥៥ 

 នបើ a  ជាបញសពិតម្នសមីការ់ៈ 5 3 2 0x x x      ។   បង្ហា ញថ 6 3a      ។ 

                                                        (India Mathematical Olympiad 2004) 

ដំរ ោះស្រាយ 

នោយ a  ជាបញសពិតមយួម្នសមីការ់ៈ 5 3 2 0x x x      ន ោះាននយ័ថ់ៈ    
     5 3 2 0a a a                                                                                                                                                                                                          


5 3 2a a a                                                                                                                                                    

,  0a 
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7 5 3 22a a a a                                                                                                                         

        3 3 22 2a a a a                                                                                                          
        22 2a a                                                                                                                               


7 22 2a a a                                                                                                                               


6 2

1 2a a
a

    
2

2 2 4a
a

 
  

 
  (តាមយសិមភាព Cauchy )                                                  


6 3a     1                                                                                                                               

នហើយ 5 3 2a a a                                                                                                                                    

   
3 5

2 2

3 3 2 2

2 1 1
2 2

a a a
a a

a a a a

 
           

(សមភាពមនិអាចនកើតានបាននទ្នម្រ ោះ  1a    ្ទ យមកយញិ នបើ 1a    ន ោះ 
a  មនិតមនជាបញសម្នសមកីារនគឲ្ែន ោះនទ្)                                            

  
3

2
1 2

a
     3 2a     6 4a    2                                                                                     

តាម  1  និង  2  នគបាន់ៈ 63 4a     ន ោះ  6 3a                                                                                
ដូចននោះ 6 3a       ។ 

 

លំហាត់ទី៥៦ 

1a , 2a , 3a ,     ជាសវ ីតមយួតដលន្ទៀងផ្ទទ ត ់ៈ 1 2a   , 2 5a    និង 

   2 2

2 12 2n n na n a n a      ចំន ោះម្រគប  1n    ។   នតើានសនទសសន ៍
, ,p q r  តដលន្ទៀងផ្ទទ ត ់ៈ p q ra a a  តដរឬនទ្  ?                                                       

                                                            (1995 Czech-Slovak Match ) 
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ដំរ ោះស្រាយ 

នយើងសនងេតន ើញថ់ៈ  1 2 2 mod3a    និង  2 5 2 mod3a                                                               
ឧបាថ់ៈ  2 mod3na   និង  1 2 mod3na     នគបាន់ៈ      

     2 2

2 2 2 2 2 8 2 mod3na n n                                              
ន ោះតាមយចិារអន ានរមួគណិតយទិ្យ នគបាន់ៈ  2 mod3na   ចំន ោះម្រគប  1n                               
កា ងន ោះ  2 mod3pa   ,   2 mod3qa      4 1 mod3p qa a                                       
នហើយ   2 mod3ra      mod3p q ra a a    p q ra a a   ចំន ោះម្រគប  

, ,p q r     ។                                                                                                  
ដូចននោះ មនិានសនទសសន ៍ , ,p q r  តដលន្ទៀងផ្ទទ ត ់ៈ p q ra a a  ន ោះនទ្  ។ 

 

លំហាត់ទី៥៧ 

នគឲ្ែ a  និង b  ជាពីរចំនួនគត យជិាា ានតដល a b   ។                                    
នគដឹងថ់ៈ  gcd , 1 1a b ab    និង  gcd , 1 1a b ab    ,  
ចូរម្រាយបញ្ជា ក ថ់ៈ    

2 2
1a b ab    មនិតមនជាកានរម្របាកដ  ។                       

                                                  (Iran Mathematical Olympiad 2010) 

ដំរ ោះស្រាយ 

នគាន់ៈ    
2 2

1a b ab  
2 2 2 22 2 1a ab b a b ab     

                                        2 21 1a b                                                                 
នយើងនឹងម្រាយឲ្ែន ើញថ់ៈ  2 2gcd 1, 1 1a b     :                                                                            
តាង  2 2gcd 1, 1a b     ន ោះ 2 1a     2 1b                                                      
     2 21 1a b           a b a b                                                                                                                         
ឧបាថ់ៈ 1   ន ោះនយើងតាង d  ជាតួតចកបឋមមយួម្ន   ,   1d                                               
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  d       d a b a b     d a b    d a b  ,  (d  ជាចំនួនបឋម)                               
  នបើ d a b  :                                                                                                                     
នយើងាន់ៈ 2 1a     2 1b    នហើយ  d       2 1d a     2 1d b                                     

                                                                               

    នម្រ ោះ                                                                                                  
        នម្រ ោះ  ជាចំនួនបឋម                                                                                                    
   មនិពិតនម្រ ោះ                                                                            
 នបើ                                                                                                                            

នយើងាន់ៈ                                                                       

                                                                                                                                 
                                                                                                                                        
   មនិពិតនម្រ ោះ                                                      

ទងំពីរករណីននោះបញ្ជា ក ថ់ៈ ការឧបាតដលថ  គឺខ ស         ។                                                            
ដូនចាោះ   ម្រតូយតតនសាើនឹង  ាននយ័ថ់ៈ     និង   ជាចំនួនបឋម 
រវាងគ្មា    ឲំ្ែ នបើ   ជាកានរម្របាកដ 
ល ោះម្រតាតត    និង   ម្រតូយតតជាកានរម្របាកដទងំពីរ តតននោះជាករណី 
មនិអាច  ។                                                                                  
ដូចននោះ   មនិតមនជាកានរម្របាកដន ោះនទ្  ។ 

 

 

 

 

       
2 22 21 1 1d a b a b ab     

  
2

1d ab  d a b

 1d ab  d

  gcd , 1 1d a b ab   1d 

 d a b :

      
2 22 21 1 1d a b a b ab     

  
2

1d ab 

 1d ab 

  gcd , 1 1d a bb ab   1d 

1 

 1 2 1a  2 1b 

   
2 2

1a b ab     2 21 1a b  

2 1a  2 1b 

   
2 2

1a b ab  



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 65 

 

លំហាត់ទី៥៨ 

រង្ហវ ស ម្រជ្ុង  និង    ម្នពីរម្រតីនកាណ    និង  
ន្ទៀងផ្ទទ ត នូយម្របពន័ធសមកីារ់ៈ   និង 

  ។  ចូរម្រាយបញ្ជា ក ថ  ជាម្រតីនកាណានម ំកា ងទងំ 
បីជាម មំ្រសួចនហើយសរនសរម  ំ  ជាអន គមនម៍្ន      ។                     
                                              (British Mathematical Olympiad 1996) 

ដំរ ោះស្រាយ 

នយើងាន់ៈ                                                                                                                   

                                                                           

                                                                              
                                                                        
      (នម្រ ោះ     យសិមភាពកា ងម្រតីនកាណ )                               

                                                                                            

ម្រាយដូចគ្មា តដរ់ៈ                                                                                              
 ឲំ្ែ  ស ទ្ធតតជាម មំ្រសួច   ។                                                                                      

មយ៉ាងនទ្ៀត                                                 

                        

                        

                                                                  

a , b , c u , v , w ABC UVW

  2u v w u a   ,   2v w u v b  

  2w u v w c   ABC

U , V , W A , B , C

 

 

 

2

2

2

u v w u a

v w u v b

w u v w c

   


  


  



2 2

2 2

2 2

a uv uw u

b vw vu v

c wu wv w

   


  


  


2 2 2 2 2 22a b c uv u v w     

 
22w u v      0w u v w u v     

w v u  , w u v  UVW



2 2 2

cos 0
2

a b c
C

ab

 
 

cos 0B  , cos 0A

A , B , C

 
2

2 2 2

2 2
cos

4

a b c
C

a b

 


   
  

2 2

4

w u v w u v

uv v w u w u v

   


   

  
4

w u v w u v

uv
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ដូចគ្មា ់ៈ                                                                                                   
ដូចននោះ     ជាម មំ្រសួច  នហើយ    និង 

 ។ 

 

លំហាត់ទី៥៩ 

 នគឲ្ែ   ជាចំនួនពិតយជិ្ាានតដលន្ទៀងផ្ទទ ត ់ៈ   ។  
ចូរម្រាយបញ្ជា ក ថ់ៈ    ។                                         
                                 (India National Mathematical Olympiad 2009) 

ដំរ ោះស្រាយ 

តាមយសិមភាព  នគាន់ៈ                                                                   

តដលសមភាពនកើតានកាលណា់ៈ                       
 ឲំ្ែ  តត  ទញបាន់ៈ      មនិពិតនម្រ ោះ 

  ននោះបញ្ជា ក ថយសិមភាពខាងនលើមនិអាចកាៃ យជាសមភាពនទ្            
គឺថ់ៈ                                                     

2 2 22

4

uv u v w

uv

  


2 2 21
1

22

u v w

uv

 
 

1
1 cos

2
W 

 2 cos 1 cosC W 

  2cos 1 2cos cos2 cos 2W C C C     

 2W C 

2V B  , 2U A 

A , B , C 2U A  , 2V B 

2W C 

a , b , c
3 3 3a b c 

  2 2 2 6a b c c a c b    

AM GM

2 2 3 2 2 3bc cb b ac ca a           2 2 3 2 2 366 6bc cb b ac ca a abc 

2 2 3 2 2 3bc cb b ac ca a    

a b c 
3 3 3a b c  0a b c  

, ,a b c 

2 2 3 2 2 3bc cb b ac ca a     6abc



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 67 

 

តចកអងគទងំពីរម្នយសិមភាពននោះនឹង  នគបាន់ៈ           

        
                                     

គ ណអងគទងំពីរម្នយសិមភាពននោះនឹង  នគបាន់ៈ 

                                                              

នោយ   ឲំ្ែ  និង  នគបាន់ៈ    

                                                                                  

                                                                                 
                                                                                     

                                                                                        

តត                                                                                                  

ដូចននោះ   ម្រតូយបានម្រាយបញ្ជា ក   ។ 

 

លំហាត់ទី៦០                                                                                           
នគឲ្ែពហ ធា  ានបញសស ទ្ធតតជាចំនួនពិត នហើយ 
នគតាង    ។  ឧបាថ   គ្មា នបញសជា 
ចំនួនពិត  ចូរម្រាយបញ្ជា ក ថ់ៈ   ។                                                     
          (India International Mathematical Olympiad Training Camp 2005) 

ដំរ ោះស្រាយ 

តាង  តដល  ជាបញសពិតទងំបីម្ន 
                                                                                                           

0ab 

2 2 2 2

6
c cb b c ca a

c
a b

   
 

   0c a c b  

     
  

3 3 3 3

6
c a c b c b c a

c c a c b
a b

   
   

3 3 3a b c  3 3 3c a b  3 3 3c b a 

   
  

3 3

6
a c a b c b

c c a c b
a b

 
   

       2 2 6a c a b c b c c a c b     

   2 3 2 3 6a c a b c b c c a c b     

   
3 3

2 2 6
a b

a b c a c b
c


    

3 3 3a b c  

3 3
2a b

c
c




  2 2 2 6a b c c a c b    

  3 2P x x ax bx c   

  25 16 2004Q x x x      0P Q x 

,  2004 2004P 

     1 2 3P x x x x x x x    1x , 2x , 3x

 P x
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នោយ  ជាសមីការគ្មា នបញសជាចំនួនពិត ន ោះទញបាន់ៈ 
    ម្រតូយតតជាសមកីារគ្មា នបញសជាចំនួនពិត ន ោះ   ។                                                                    

នយើងាន់ៈ                                                          

                               

   ចំន ោះ                                                               

                               

ដូចននោះ  ម្រតូយបានម្រាយបញ្ជា ក   ។ 

 

លំហាត់ទី៦១ 

សវ ីតពីរ  និង  ម្រតូយបានកំណត នោយ់ៈ  

  ចំន ោះម្រគប   និង  
  ចំន ោះម្រគប    ។  ចូរម្រាយបញ្ជា ក ថ់ៈ 

 ចំន ោះម្រគប    ។                                                             
                                             (Vietnam Mathematical Olympiad 1987) 

ដំរ ោះស្រាយ 

         កត សាគ ល ន ើញថ់ៈ  និង  ជាសវ ីតម្នចំនួនគត យជិ្ាាន  ។                                     
នគាន 1987 1622n nx x                                                                   

 1987

1 1622n n nx x x                                                                                                                       
  1987 1987

1 0 0 1622 365 365 1987x x x                                                                   

នោយ  ជាចំនួនបឋម ន ោះតាមម្រទ្ឹសតីបទ្  នគបាន់ៈ 
                                      

   0P Q x 

  iQ x x ; 1,2,3i  0 

  iQ x x 
25 16 2004 ix x x  


25 16 2004 0ix x x      216 20 2004 0ix    


64

2004
4

ix  1,2,3i 

      1 2 32004 2004 2004 2004P x x x   

3
64

2004
5

 
  
 

 2004 2004P 

 nx  ny 0 365x  ,

 1986

1 1 1622n n nx x x    0n  0 16y  ,

 3

1 1 1952n n ny y y    0n 

0p qx x  , 1p q 

 nx  ny

 1986

1 1 1622n n nx x x   





1987 Fermat

 1987365 365 mod1987   1987365 365 0 mod1987 
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ដូចគ្មា តដរ់ៈ                                                                
1987 1987

2 1 1 01622 1622x x x x      1987365 365 1987   0

 mod1987                                                                                       
តាមរនបៀបននោះនយើងបាន់ៈ   ម្រគប                                                                      
នោយ   ន ោះ  ម្រគប   ។                                                         
មយ៉ាងនទ្ៀត                                                                                               

                                                                                                                 
                                                     
                                                                 

ដូចគ្មា តដរ់ៈ                                                     
                                                                                                   

តាមលំ នំនោះនយើងបាន់ៈ  ម្រគប                                                                  
នោយ  ន ោះ    ម្រគប              ។                                              
ចំន ោះម្រគប    នយើងាន់ៈ     និង  

                                                                                       
                                                                               

ននោះបញ្ជា ក ថ       ម្រគប     ។                                                                                             
ដូចននោះ    ចំន ោះម្រគប        ។    

 

 

 

  1 0 0 mod1987x x 

  1 0 mod1987x x

  2 1 0 mod1987x x x 

 0 mod1987nx x 1n 

0 365x   365 mod198nx  1n 

 3

1 1 1952n n ny y y   
4 1952n ny y  


4

1 1952n n ny y y   


4

1 0 0 1952y y y  
416 1952  63584 32 1987  

  1 0 0 mod1987y y    1 0 mod1987y y

4

2 1 1 1952y y y   4

0 1952y   0 mod1987

  2 1 0 mod1987y y y 

 0 mod1987ny y 1n 

0 16y   16 mod1987ny  1n 

, 1p q   365 mod1987px 

 16 mod1987qy 

  365 16 349 mod1987p qx x   

p qx y , 1p q 

0p qx x  , 1p q 
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លំហាត់ទី៦២ 

 នគឲ្ែ  n   ជាចំនួនគត មយួ ។ បង្ហា ញថ់ៈ នបើ 22 2 1 12n    ជាចំនួនគត  
ន ោះ វាម្រតូយតតជាកានរម្របាកដ   ។                                                                    
                                                (British Mathematical Olympiad 2006) 

ដំរ ោះស្រាយ       

តាង  ជាចំនួនគត                                                                                            
    

224 1 12 2n m     កា ងករណីននោះ  ម្រតូយតតជាចំនួនគត គូ គឺ 

                                                                                    
នគបាន់ៈ   ទញបាន់ៈ  ម្រតូយតតជាចំនួនគត គូ គ ឺ                                           
នគបាន់ៈ                                                                

                                                                                            
នោយ  ន ោះ   ឬ                                     
  នបើ   ន ោះ  2 21 3l k      2 1 0 mod3l                      
   2 1 mod3l    មនិពិតនទ្នម្រ ោះ ចំន ោះម្រគប ចំនួនពិត l ,  2 1 mod3l                                                                     
  នបើ  ន ោះ   

222 4 4 2m i j k k     ជាកានរម្របាកដ  ។                                 
ដូចននោះ ចំន ោះម្រគប ចំនួនគត  n  ,  នបើ  22 2 1 12n    ជាចំនួនគត ន ោះ វាម្រតូយ 
តតជាកានរម្របាកដ   ។ 

 

លំហាតទី៦៣ 

ចូររកម្រគប ចំនួនគត  x  និង ចំនួនបឋម p  តដលន្ទៀងផ្ទទ ត ់ៈ 8 2 22
x

x p      ។ 

                                                     (Greece Mathematical Olympiad 2008) 

22 2 1 12n m  

 , m

2m i

 
221 12 1n i   i 2i j

 
221 12 2 1n j   

2 21 12 4 4 1n j j   

  23 1n j j 

 gcd , 1 1j j   23j k ,
21j l  2j k ,

21 3j l 

23j k ,
21j l 

2j k ,
21 3j l 



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 71 

 

ដំរ ោះស្រាយ 

នយើងាន់ៈ 8 2 22
x

x p                                                                                                      
នយើងសនងេតន ើញថ នបើ 0x   ន ោះ 2x     2 22

x                                     
  8 2 22

x

p x      មនិពិត ដូនចាោះ 0x                                                                                                                                         
នបើ 0x   ន ោះ 32p   មនិតមនជាចំនួនបឋម       ។                                                                                              
នបើ 1x   ន ោះ 17p   ជាចំនួនបឋម  នគបាន 1x   និង 17p   ជាចនមៃើយមយួ                                        
នបើ 2x   :                                                                                                                        

 
2

4 24 2
x

p x                                                                           

     
1 12

4 2 4 22 2 4 2
x x

x x
 

                                                                        

     
1 24 2 2 22 2 2 2

x x

x x
 

      
1 24 2 2 22 2 2 2

x x

x x
 

                                                      

នដើមបឲី្ែ p  អាចជាចំនួនបឋមល ោះម្រតាតត់ៈ 1 24 2 2 22 2 2 2 1
x x

x x
 

                                                   

   
2 1 14 2 2 2 22 2 2 2 1

x x x

x x
  

                                                                                             

   
2 12

2 2 22 2 1
x x

x
 

    ជាករណីមនិអាច  ។                                                                                 

ដូចននោះ 1x   និង 17p   ជាចនមៃើយតតមយួគត    ។ 

 

លំហាត់ទី៦៤ 

 នគឲ្ែ  1a , 2a , 3a , 4a , 5a  ជាចំនួនពិតតដលន្ទៀងផ្ទទ ត សមីការខាងនម្រកាម់ៈ                

  ចំន ោះ   ។           

ចូរកំណត តម្មៃម្ន    ។                                   

                                                                             (APMO 2009) 

 

1
2 1

a

k 

2
2 2

a

k




3
2 3

a

k




4
2 4

a

k




5
2 5

a

k


 2

1

k
 k 1,2,3,4,5

3 51 2 4

37 38 39 40 41

a aa a a
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ដំរ ោះស្រាយ 

តាង

  ជាពហ ធាដឺនម្រកទ្ី                                                                             

នោយ        ចំន ោះ                       

                                                                                             
ន ោះ                                                                
 ឲំ្ែ   នគបាន់ៈ                                                                                  

                                         
ន ោះ                                                                                             

តត់ៈ 

        

ន ោះ      ឲំ្ែ                                                                                                

នគបាន់ៈ                                 

នោយ់ៈ 

                                                                                                        

 ឲំ្ែ           

                                                                 

យក   នគបាន់ៈ                                                                         

 P x      2 2 2 2 2 21 2 3 4 5x x x x x x      1
2 1

a

x





 2

2 2

a

x 

3
2 3

a

x




54
2 2 2

1

4 5

aa

x x x


   

  
10

1
2 1

a

k 

2
2 2

a

k




3
2 3

a

k




4
2 4

a

k




5
2 5

a

k


 2

1

k


k 1,2,3,4,5

         1 2 3 4 5 0P P P P P         

x  1 , 2 , 3 , 4 , 5

 P x  2 21x   2 22x   2 23x   2 24x   2 25x 

   
2

0 5!P  

 P x      2 2 2 2 2 21 2 3 4 5x x x x x x      1
2 1

a

x





 2

2 2

a

x 

3
2 3

a

x




54
2 24 5

aa
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     2 2 2 2 21 2 3 4 5x x x x x     

   0 5!P      
2
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1
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 P x  2 21
1

5!
x   2 22x   2 23x   2 24x   2 25x 
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2
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2 2 2

1

4 5

aa

x x x


   

  

3 51 2 4
2 2 2 2 21 2 3 4 5

a aa a a

x x x x x
   

    

     

     

2 2 2 2 2 2 2 2 2 2

22 2 2 2 2 2

1
1 2 3 4 5

15!

1 2 3 4 5

x x x x x
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ដូចននោះ      ម្រតូយបានកំណត   ។ 

 

លំហាត់ទី៦៥ 

រកម្រគប អន គមន ៍  តដលន្ទៀងផ្ទទ ត ់ៈ   

 និង                                  

ចំន ោះម្រគប      ។   

                                             (Iran Mathematical Olympiad 2000) 

ដំរ ោះស្រាយ 

ចំន ោះម្រគប    នយើងាន់ៈ      

ន ោះនយើងបាន់ៈ                                                                        

មយ៉ាងនទ្ៀត      ចំន ោះម្រគប                                                                           

ន ោះ  

3 51 2 4

37 38 39 40 41

a aa a a
   

     

     

2 2 2 2 2 2 2 2 2 2

22 2 2 2 2 2

1
6 1 6 2 6 3 6 4 6 5

15!

66 6 1 6 2 6 3 6 4 6 5

    

 
    

187465

6744582


3 51 2 4

37 38 39 40 41

a aa a a
   

187465

6744582


:f   1 1f  ,

 
   

  gcd ,

f m f n
f mn

f m n
   

2000

f f f m m

m , n 

m , n   
   

  gcd ,

f m f n
f mn

f m n


   4 2 2f f 
   

  
 

2 2
2

gcd 2,2

f f
f

f
 

  
2000

f f f m m m

  
2000

2 2f f f     
1999

2f f f f
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  ជាករណីមនិអាចាន  ។                                                                       

ដូចននោះ គ្មា នអន គមន ៍  ណាន្ទៀងផ្ទទ ត លកខខណឌ ម្របធានលំហាត ន ោះនទ្  ។ 

 

លំហាត់ទី៦៦ 

នគឲ្ែ   ជាចំនួនពិតយជិ្ាានតដល់ៈ                                            

  ។  ចូរម្រាយបញ្ជា ក ថ់ៈ   ។  

                                                                                  (Latvia 2002) 

ដំរ ោះស្រាយ 

តាង                                        
ដូនចាោះសមភាពតដលនគឲ្ែសមមូល់ៈ  

                                      

                                                                                             
                                   
                                                                              

ដូចគ្មា តដរ់ៈ                                                                            

                                                                                         

                                                         
គ ណអងគនិងអងគម្នយសិមភាពទងំបនួខាងនលើ នគបាន់ៈ                                                 
                                            

                                                                                  
                                                                                                                           

    
1999

4f f f f   
2000

4 4f f f 

f

a , b , c , d

4

1

1 a 4

1

1 b


 4

1

1 c


 4

1

1 d



1 3abcd 

2 tana A ,
2 tanb B ,

2 tanc C ,
2 tand D

2 2 2 2

1 1 1 1
1

1 tan 1 tan 1 tan 1 tanA B C D
   

   


2 2 2 2cos cos cos cos 1A B C D   


2 2 2 21 cos cos cos cosA B C D   

3 2 2 23 cos cos cosB C D  


2sin A

3 2 2 23 cos cos cosB C D  

2sin B
3 2 2 23 cos cos cosA C D  

2sin C
3 2 2 23 cos cos cosA B D  

2sin D
3 2 2 23 cos cos cosA B C  

2 2 2 2sin sin sin sinA B C D   4 2 2 2 23 cos cos cos cosA B C D   


2 2 2 2 4tan tan tan tan 3A B C D   


4 4 4 4 43a b c d 
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ដូចននោះ  ម្រតូយបានម្រាយបញ្ជា ក    ។ 

 

លំហាត់ទី៦៧ 

ចូរម្រាយបញ្ជា ក ថ នបើ m , n  និង r  ជាចំនួនគត យជិ្ាាន នហើយ 

 
2 1

1 3 2 3
r

m n


      ន ោះ m  ជាកានរម្របាកដ  ។                                       

                                             (British Mathematical Olympiad 1986) 

ដំរ ោះស្រាយ 

តាមរូបមនតព ៃ តនទ្វធា  នគាន់ៈ                                                     

                                       

                               
                                                                   
នហើយដូចគ្មា តដរចំន ោះ                                                                       

     
2 12 1

2 1

2 1

0

2 3 2 3
rr k

r kk

r

k

C


 





                                   

                 2 1 2 2 3 1 2 2

2 1 2 1
2 3 2 3 2r r r r

r r
C C   

 
     

                                                           1 2 2 3 2 4 1 2 1

2 1 2 1 2 1
2 3 2 3 3r r r r

r r r
C C C   

  
                                                        

តាង 2 1 2 2 3 1 2 2

2 1 2 1
2 3 2 3 2r r r r

r r
a C C   

 
                                                                             

នហើយ 1 2 2 3 2 4 1 2 1

2 1 2 1 2 1
2 3 2 3r r r r

r r r
b C C C   

  
         តដល a  និង b  ស ទ្ធតត 

ជាចំនួនគត យជិ្ាាន កា ងន ោះ  2 1 2 2 3 1 2 2

2 1 2 1
1 2 1 3 2 3 2r r r r

r r
a C C   

 
       

3x   តដល  2 2 2 32 2 2 1r rx        2 2 3 2 2 1

2 1 2 1
2 3 2r r r

r r
C C  

 
      

ជាចំនួនគត នសស  នយើងបាន់ៈ  
2 1

2 3 3
r

a b


      និង                                   

 3abcd 

3abcd 

Newton

     
2 12 1

2 1

2 1

0

2 3 2 3
rr k

r kk

r

k

C


 





   

 2 1 2 2 3 1 2 2

2 1 2 1
2 3 2 3 2r r r r

r r
C C   

 
     

 1 2 2 3 2 4 1 2 1

2 1 2 1 2 1
2 3 2 3 3r r r r

r r r
C C C   
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2 1

2 3 3
r

a b


                                                                                 

 ឲំ្ែ        
2 1 2 1

2 3 2 3 3 3
r r

a b a b
 

                                                                         

  2 23 1a b       21
1

3

a
a b

 
  

 
                                                           

នយើងនឹងម្រាយថ់ៈ  1
gcd 1, 1

3

a
a

 
  

 
                                                                                   

តាង 1
gcd 1,

3

a
d a

 
  

 
  ន ោះ 1a pd   និង 1

3

a
qd


      តដល 

 gcd , 1p q                                                                                                   

 ឲំ្ែ   
1

1 3 3
3

a
a pd qd

 
    

 
 ឬ  3 2q p d     ឲំ្ែ  2d                                         

នោយ 1 3 2a x    និង 1

3

a
x


  ស ទ្ធតតជាចំនួនគត នសស ន ោះ 

1
gcd 1,

3

a
d a

 
  

 
 កម៏្រតូយតតជាចំនួនគត នសសតដរ នយើងទញបាន់ៈ 1d   

ាននយ័ថ 1a   និង 1

3

a   ជាចំនួនបឋមរវាងគ្មា  តាម     ឲំ្ែ 1a   និង 

1

3

a    ម្រតូយតតជាកានរម្របាកដទងំពីរ       ។                                                       

នោយ  
2 1

2 3 3
r

a b


      តតតាមសមាតិកមា់ៈ  

           
2 1

1 3 2 3
r

m n


                                                                             

ទញបាន់ៈ 1 m a    ន ោះ  1m a    ជាកានរម្របាកដ    ។                                                                      
ដូចននោះ    ជាកានរម្របាកដ ម្រតូយបានម្រាយបញ្ជា ក     ។ 

 

 

 

 

m
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លំហាត់ទី៦៨ 

ចូរម្រាយបញ្ជា ក ថ ម្របពន័ធសមីការ 3 3 3x y z x y z       និង 
2 2 2x y z xyz     គ្មា នចនមៃើយ  , ,x y z  ជាចំនួនពិតយជិ្ាាននទ្  ។   

                                         (Canadian Mathematical Olympiad 2003) 

ដំរ ោះស្រាយ 

តាង                                                                                  
នោយ 3 3 3x y z x y z      ន ោះ                                                                            
នបើ  ន ោះ  តដលសមភាពនកើតានកាលណា់ៈ 

  តតនបើ 1x y z    ន ោះសមកីារ 2 2 2x y z xyz    មនិន្ទៀង 
ផ្ទទ ត  ននោះបញ្ជា ក ថ នបើម្របពន័ធសមកីារានចនមៃើយ  , ,x y z  ជាចំនួនពិតយជិ្ាាន 
ន ោះយ៉ា ងតិចបំ  ្តានមយួម្នអញ្ជា តទងំបីម្រតូយតតតូចជាង   នយើងសនាតថ់ៈ 

  នគបាន់ៈ  ្ទ យពីសមាតិកមា់ៈ 
2 2 2x y z xyz     ។                                                                                                

ដូចននោះ នយើងអាចសនាិោា នបានថ់ៈ ម្របពន័ធសមកីារគ្មា នចនមៃើយ  , ,x y z  
ជាចំនួនពិតយជិ្ាានន ោះនទ្   ។ 

 

 

 

 

 

       3 3 3, ,f x y z x x y y z z     

 , , 0f x y z 

, , 1x y z   , , 0f x y z 

1x y z  

1

1x  2 2 2 2 2 2x y z y z yz yz xyz      
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លំហាត់ទី៦៩ 

នគឲ្ែ  ជាពហ ធា monic  ដឺនម្រកទ្ី 1991 តដលាននមគ ណជាចំនួនគត  
នហើយនគតាង     

2

9g x f x    ។    ចូរម្រាយបញ្ជា ក ថ់ៈ 
ចំនួនម្នបញសតដលជាចំនួនគត ខ សៗគ្មា របស សមកីារ   0g x   មនិអាចនលើសពី 
1995  ន ោះនទ្   ។                                                                                 
                                                                       ( IMO Shortlist 1991) 

ដំរ ោះស្រាយ  

នយើងាន់ៈ     
2

9g x f x                                                       
តាង    ជាបញសគត ខ សៗគ្មា ម្នសមកីារ   3 0f x     និង 

   ជាជាបញសគត ខ សៗគ្មា ម្នសមកីារ   3 0f x    
នហើយនយើងសនាតថ់ៈ     និង 

  ។                                                                                    
ឧបាថ់ៈ ចំនួនម្នបញសគត ខ សៗគ្មា របស សមីការ   0g x   នលើសពី 1995  
ន ោះាននយ័ថ់ៈ  ឬ                                                                                                      
នោយ  ានដឺនម្រក 1991 ន ោះបញសម្នសមីការ   3 0f x    និង 
  3 0f x    ានចំនួនមនិនលើសពី 1991 នទ្  គឺថ់ៈ   និង    

 ឲំ្ែ                                                                       
នោយបញសម្នសមីការ  ស ទ្ធតតជាចំនួនគត ខ សៗគ្មា  ន ោះចាស ជា 
ាន   តដល                                                                                                                                    
តាង , (  ជាពហ ធា monicដឺនម្រកទ្ី 1991)                                                                                
ន ោះ   ម្រគប  1,2,3,...,i k   និង                                                        
ម្រគប   1,2,3,...,j h            ។                                                                                                    

 f x

     3 3f x f x  

1
x ,

2
x ,

3
x , ,

k
x

1
y ,

2
y ,

3
y , ,

h
y

1 2 3 k
x x x x    ,

1 2 3 h
y y y y   

i j
x y

1995k h  1996k h 

 f x

1991k  1991h 

k , h  5

  0g x 

i , j 7
i j

x y 

  1991 1990

1990 0
f x x a x a     f x

  3 0
i

f x     3 0
j

f y  
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នគបាន់ៈ                                                                                                           

                 
1991 1990

1990 0

1991 1990

1990 0

3

3

i i

j j

x a x a

y a y a

   


    

                                                               

ដកអងគនិងអងគនគបាន់ៈ       1991 1991 1990 1990

1990 1
6

i j i j i j
x y x y a x y a                               

នោយ  m m

i j i j
x y x y    ចំន ោះម្រគប  1,2,3,...,1991m                                                                        

 ឲំ្ែ   6
i j

x y    ន ោះ 6
i j

x y    ចំន ោះម្រគប  1,2,3,...,i k   និង 
1,2,3,...,j h     ្ទ យពី     ននោះបញ្ជា ក ថ់ៈ ការឧបាខាងនលើគឺខ ស   ។                                                                                             

ដូចននោះ ចំនួនបញសម្នសមកីារ   0g x   មនិអាចនលើសពី 1995  ន ោះនទ្   ។ 

 

 លំហាត់ទី៧០  

នគឲ្ែ a , b ,  c  ជាចំនួនពិតយជិ្ាានតដល 1a b c       ។                                               

ចូរបង្ហា ញថ់ៈ 1 1 1a b ca b c   
1

3
    ។                                                                                  

                                               (Austria Mathematical Olympiad 2008) 

ដំរ ោះស្រាយ 

រនបៀបទ្ី១ 

តាមលកខណោះស ីនមម្រទ្ី នយើងសនាតថ់ៈ a  b  c 0                                         
 ឲំ្ែ loga  logb  logc    នគបាន់ៈ   log log 0a b a b   ,

  log log 0b c b c      និង    log log 0a c a c                                                                                               
ន ោះ         log log log log log log 0a b a b b c b c a c a c        

  2 log log loga a b b c c   log logb c a   log logc a b 

                                                                   log loga b c                                                                                                                       

   2 log log loga b ca b c  log log loga bc b ca c ab                                         
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  2log a b ca b c log log loga a b b c cb c c a a b                                                                     
  2log loga b c a b ca b c a b c   log loga c b a b c a b cb c a a b c                                           
  3log loga b c a b c a b c a b ca b c a b c                                                                                 
   

3

log loga b ca b c abc    នម្រ ោះ 1a b c                                                                    

  
3

a b ca b c abc                                                                                                            

   
1

3
a b ca b c abc   

2

3abc abc


                                                                                                          

     
2

3
a b c

abc
abc

a b c
                                                                                    

   1 1 1 3 1

3 3

a b c a b c
a b c abc    

                                                             

ដូចននោះយសិមភាព 1 1 1 1

3

a b ca b c       ម្រតូយបានម្រាយបញ្ជា ក     ។                                              

រនបៀបទ្ី២                                                                                                           

តាមលកខណោះស ីនមម្រទ្ី នយើងសនាតថ់ៈ a  b  c 0                                              
 ឲំ្ែ loga  logb  logc  នោយនម្របើយសិមភាព Chebyshev  នគបាន់ៈ                                        

log log log

3 3

a b c a b c   


log log log

3

a a b b c c 
                                                      

   
3

log log a b cabc a b c   នម្រ ោះ 1a b c                                                           

   
3

a b cabc a b c   1 1 1 3 1

3 3

a b c a b c
a b c abc    

  
            

ដូចននោះយសិមភាព  1 1 1 1

3

a b ca b c       ម្រតូយបានម្រាយបញ្ជា ក     ។                                              
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លំហាត់ទី៧១ 

តាង f  ជាអន គមនម៍យួកំណត ពីសំណ ំ ម្នចំនួនគត នៅសំណ ំ ម្នចំនួនគត យជិ្ា 
ាន  ,  នគសនាតថ ចំន ោះពីរចំនួនគត  m  និង n  ន ោះ្លសង    f m f n  
តចកោច នឹង  f m n    ។  ចូរម្រាយបញ្ជា ក ថ ចំន ោះម្រគប ចំនួនគត   m     
និង n   តដល    f m f n  ន ោះ ចំនួន  f n  តចកោច នឹង  f m    ។   
                                                                                                                                                                      (IMO 2011) 

ដំរ ោះស្រាយ 

ចំន ោះម្រគប ចំនួនគត  m  និង n  នគាន់ៈ      f m n f m f n                                        
យក 0n   ន ោះ      0f m f m f   ឲំ្ែ     0f m f   ចំន ោះម្រគប ចំនួន 
គត  m        ។                                                                                             
យក 0m   ន ោះ      0f n f f n    ឲំ្ែ    f n f n  នហើយនគកប៏ាន់ៈ 
   f n f n   ទញបាន់ៈ    f n f n    ចំន ោះម្រគប ចំនួនគត  n                                                                                                            

នហើយ     f m n f m n       f m f n     f m f n         ។
ចំន ោះចំនួនគត  m  និង n  តដល    f m f n  ន ោះនគបាន់ៈ 

     f m n f n f m                                                                                          
មយ៉ាងនទ្ៀត     f n f m n m      f m n f m                                                   
 ឲំ្ែ       f n f m n f m      ឬ      0f m n f m                                         
ករណី      f n f m n f m     ន ោះ      f n f m n f m        ឬ   
                                                            f n f m n f m                                                                                                    
    នបើ      f n f m n f m                                                                                            
 ឲំ្ែ           f n f m f m n f n f m                                                       
នគបាន់ៈ  2 0f m    មនិពិតនម្រ ោះ f  ានតម្មៃជាចំនួនគត យជិ្ាាន   ។                                                      
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    នបើ      f n f m n f m                                                                                          
 ឲំ្ែ   f m       f n f m f m n                                                                       
នគបាន់ៈ   0f m n    មនិពិតនម្រ ោះ f  ានតម្មៃជាចំនួនគត យជិ្ាាន   ។                                                
ករណីច ងនម្រកាយ     0f m n f m    ឬ    f m n f m                                                 
នោយ      f m n f m f n            f m f m f n                                                       
 ឲំ្ែ     f m f n                                                                                                              
ដូចននោះ ចំន ោះម្រគប ចំនួនគត  m  និង n  តដល    f m f n  ន ោះចំនួន  f n  
តចកោច នឹង  f m     ។ 

 

លំហាត់ទី៧២  

នគឲ្ែ a  និង b  ជាចំនួនគត យជិ្ាាន ។  ចូរម្រាយបញ្ជា ក ថ នបើ 4 1ab  ជាតួ 
តចកម្ន  

2
24 1a    ន ោះ a b    ។                                                                           

                                                                                   (IMO 2007) 

ដំរ ោះស្រាយ 

នបើ a b   ន ោះ   
2

24 1 4 1ab a   ពិត     ។                                                                

ឧបាថ់ៈ ានគូ   2,a b   តដល a b   នហើយន្ទៀងផ្ទទ ត   
2

24 1 4 1ab a     
នម្រជ្ើសនរ ើសគូ  ,a b  មយួណាតដលន វើឲ្ែ 2a b  ានតម្មៃតូចជាងនគ                                          
នគពិនិតែ់ៈ     

2 22 24 1 4 4 4 1b b ab ab                            
                             

224 4 4 1 4 1b ab ab ab    

                          2 24 1 4b a    mod4 1ab                                               

         
2 2

2 4 24 1 16 4 1 0 mod4 1b b a ab                                                           

     
2

24 1 4 1ab b     បញ្ជា ក ថ់ៈ  ,b a  កជ៏ាគូតដលន្ទៀងផ្ទទ ត លកខខណឌ  
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លំហាត តដរ នគបាន់ៈ  2 2b a a b     ន ោះ  b a         ។                                                                  
មយ៉ាងនទ្ៀត់ៈ    

2
24 1 4 1ab a                                                                                                       

    
2

24 1 4 1a ab k     តដល k                                                                                         
នោយ  4 1 1 mod4ab a         4 1 mod4k ab k a                                          
     

2
24 1 mod4a k a       តត     

2
24 1 1 mod4a a                          

ទញបាន់ៈ  4 1k al    តដល l   នហើយ    
2

24 1 4 1a ab k                                                    
ន ោះ  

2
24 1 4 1k al a     បញ្ជា ក ថ់ៈ  ,a l  កជ៏ាគូតដលន្ទៀងផ្ទទ ត លកខខណឌ  

លំហាត តដរ នគបាន់ៈ 2 2a l a b       l b a                                                                  
នោយ     

2
24 1 4 1 4 1a ab al                                                                            

  4 2 216 8 1 16 4 4 1a a a bl ab al                                                                          
  34 2 4a a abl b l    l                                                                       


3 24 2 4a a a l a l                                                                                                 

  3 24 4a a a l l                                                                                                           
     2 24 1 4 1a a a l                                                                                                   
  a l    ្ទ យពី      ននោះបញ្ជា ក ថ់ៈ ការឧបាតដលថានគូ   2,a b   
តដល a b   នហើយន្ទៀងផ្ទទ ត   

2
24 1 4 1ab a    មនិពិតនទ្  ។                                                                   

ដូចននោះ នបើ 4 1ab  ជាតួតចកម្ន  
2

24 1a   ល ោះម្រតាតត  a b    ។ 

 

លំហាត់ទី៧៣                                                                                                            
នគឲ្ែ 1a , 2a , ... , na , ...  ជាសវ ីតម្នចំនួនពិតតដលន្ទៀងផ្ទទ ត ់ៈ 0 1na    និង 

1 22 0n n na a a      ចំន ោះ  1,2,3,...n     ។   ចូរម្រាយបញ្ជា ក ថ់ៈ 
  10 1 2n nn a a       ចំន ោះម្រគប  1,2,3,...n      ។                                     

                                                                        (IMO Shortlist 1975) 

   4 1 4 1al b l al a    
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ដំរ ោះស្រាយ 

ចំន ោះ 1,2,3,...n   នយើងាន់ៈ 
1 22 0n n na a a                                    

  
1 1 2n n n n

a a a a
  

                                                                             
តាង 

1n n n
a a a


     ឲំ្ែ  

1n n
a a


    ន ោះចំន ោះ k n  ,  

k n
a a                    

នគបាន់ៈ 
n n m

a a


      1 1 2 1n n n n n m n m
a a a a a a

     
      

                        
1 1n n n m

a a a
  

       
n

m a                                                     

  
1n n m

a a
 

   
n

m a                                                                                            
ឧបាថ់ៈ 0

n
a   ចំន ោះ n  ខៃោះ ន ោះចំន ោះ m  ានតម្មៃ ំម្រគប ម្រគ្មន  នគបាន់ៈ 
1

n n m
a a


     មនិពិតនម្រ ោះ 0 1na  , 1,2,3,...n              ។                           

ដូនចាោះការឧបាខាងនលើគឺខ ស ាននយ័ថ់ៈ 0
n

a    ចំន ោះម្រគប  1,2,3,...n                          
នគបាន   1 0

n
n a     ចំន ោះម្រគប  1,2,3,...n           1                                  

មយ៉ាងនទ្ៀត់ៈ  0 1na  , 1,2,3,...n                                                                                           
ន ោះ  n 

1 2 3 n
a a a a        

                1 2 2 3 1 1
2

n n n
a a a a n a a na

 
                                          

                       
1 2 1

2
n n

a a n a na


                                                

           2
n n n

a a n a        
 1

1 2
2

n n

n n
n a a


                            

 ឲំ្ែ   1 2
n

n a        2                                                                                                   
តាម  1  និង  2   នគបាន់ៈ  0 1 2

n
n a                                                                            

ដូចននោះ   10 1 2n nn a a       ចំន ោះម្រគប  1,2,3,...n      ។ 
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លំហាត់ទី៧៤ 

នគឲ្ែ 
1 2
, ,...,

n
a a a  ជាចំនួនពិត  ។  ចំន ោះម្រគប  i    1 i n   នគកំណត ់ៈ 

 max :1
i i

d a j i     min :
j

a i j n    នហើយនគតាង 

 max :1
i

d d i n     ។                                                                                                   
ក ចូរម្រាយបញ្ជា ក ថ ចំន ោះចំនួនពិត 1 2 n

x x x      ន ោះ 

 max :1
2

i i

d
x a i n                      ។                                                                              

ខ ចូរបង្ហា ញថ ានចំនួនពិត  1 2 n
x x x      តដលន វើឲ្ែ    កាៃ យជា 

សមភាព   ។ 

                                                                                              (IMO 2007) 

ដំរ ោះស្រាយ       

ក. ម្រាយបញ្ជា ក ថ ចំន ោះចំនួនពិត 1 2 n
x x x     ន ោះ 

 max :1
2

i i

d
x a i n           :                                                                     

នយើងសនាតថ់ៈ  max :1
i m

d d i n d       ចំន ោះសនទសសន ៍  m  ,

 1 m n   ណាមយួ នហើយតាង k  និង l ,  1 k m l n     ជាសនទសសន៍ 
តដល 

m k l
d a a    ន ោះនយើងបាន់ៈ    m k l k k l l

d a a a x x a        
(នម្រ ោះនោយ k l  ន ោះ 

k l
x x   ឬ  0

l k
x x    )                                                                                                         

នយើងទញបាន់ៈ 
2 2

m
k k

d d
a x     ឬ  

2 2

m
l l

d d
x a                                               

ដូចននោះ  max :1
2

i i

d
x a i n       ចំន ោះចំនួនពិត 1 2 n

x x x     ។ 

ខ.ានចំនួនពិត  1 2 n
x x x      តដលន វើឲ្ែ    កាៃ យជាសមភាព់ៈ                    

តាង   max :1
i j

M a j i     និង  min :
i j

m a i j n                                                     

នយើងយក 
2

i i
i

m M
x


   ន ោះ  ix  ជាសវ ីតមនិច ោះ នម្រ ោះ  im  និង  iM  ស ទ្ធ 
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តតជាសវ ីតមនិច ោះ  ។                                                                                                                              
នោយ 

i i i
m a M    និង  i i i

d M m    ន ោះនយើងបាន់ៈ                                            

2 2

i i i
d m M

 
2

2

i i i
m M M 


2

i i
i

m M
M


 

i i i i
x M x a                         

គឺថ់ៈ 
2

i
i i

d
x a         1                                                                                               

នហើយ  
2 2

i i i
d M m


2

2

i i i
M m m 


2

i i
i

M m
m


 

i i
x m 

i i
x a                               

គឺថ់ៈ 
2

i
i i

d
x a      2                                                                                                           

តាម  1 និង  2  នយើងបាន់ៈ 
2 2

i i
i i

d d
x a      ន ោះ 

2

i
i i

d
x a                                      

 ឲំ្ែ   max :1
i i

x a i n   max :1
2 2

i
d d

i n
 

    
 

                                              

តតតាម   នគទញបាន់ៈ  max :1
i i

x a i n  
2

d
    ចំន ោះសវ ីត  ix     ។                   

ដូចននោះ ានចំនួនពិត  1 2 n
x x x     តដលន វើឲ្ែ    កាៃ យជាសមភាព   ។ 

 

លំហាត់ទី៧៥ 

 រកម្រគប ចំនួនបឋម p  តដលន្ទៀងផ្ទទ ត ់ៈ 2
2

p
p  កជ៏ាចំនួនបឋមតដរ  ។                

                                                                        (Albanian IMO TST 2011) 

ដំរ ោះស្រាយ 

នបើ 2p   ន ោះ 2
2

p
p 8   មនិតមនជាចំនួនបឋម   ។                                                                     

នបើ 3p   ន ោះ 2
2

p
p 17   ជាចំនួនបឋម ឲំ្ែ  3p   ជាចនមៃើយមួយ   ។                             

នបើ 3p   ( p  ម្រតូយតតជាចំនួននសស ) ន ោះ    2 1 1 mod3
p p
                     

នហើយតាមម្រទ្ឹសតីបទ្ :Fermat   
2

1 mod3p   នគបាន់ៈ 2
2

p
p  0 mod3                   



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 87 

 

ន ោះ 2
2

p
p  មនិតមនជាចំនួនបឋមនទ្  ។                                                                               

ដូចននោះ 3p  ជាចំនួនបឋមតតមយួគត តដលន វើឲ្ែ 2
2

p
p  កជ៏ាចំនួនបឋមតដរ   

 

លំហាត់ទី៧៦ 

តាង a , b , c  ជាចំនួនពិត  ។    ចូរម្រាយបញ្ជា ក ថ់ៈ  

   
21

max , , 1
3

ab bc ca a b b c c a a b c             ។   

                                                                                    (Baltic Way 2012) 

ដំរ ោះស្រាយ 

យសិមភាពតដលម្រតូយម្រាយអាចសរនសរជា់ៈ                                                                                 
      2

4 3 12a b c ab bc ca        12max , ,a b b c c a         

        2 2 2
2 12T a b b c c a         12max , ,a b b c c a       

តាមយសិមភាព :Cauchy Schwarz                                                         
           

22
a b a c c b         2 2

2 a c c b                                                     

       2 2 2
2 a b b c c a      

2
3 a b                                                          

ម្រាយដូចគ្មា ់ៈ       2 2 2
2 a b b c c a      

2
3 b c                                                 

និង       2 2 2
2 a b b c c a      

2
3 c a                                                             

នគបាន់ៈ   
2

3 12T a b     2
3 4a b    

2
3 2 4a b    12 a b                       

ដូចគ្មា តដរ់ៈ 12T b c    និង  12T c a                                                           
នយើងទញបាន់ៈ  12max , ,T a b b c c a      ពិត  ។ 
ដូចននោះយសិមភាពម្រតូយបានម្រាយបញ្ជា ក     ។ 
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លំហាត់ទី៧៧ 

 ចូរកំណត ម្រគប ពហ ធា  P x  តដលាននមគ ណជាចំនួនពិតនហើយន្ទៀងផ្ទទ ត ់ៈ 
       1 1 1x P x x P x     ជាពហ ធានេរ  ។                                                                      
                                             (Canadian Mathematical Olympiad 2013) 

ដំរ ោះស្រាយ 

តាង          1 1 1R x x P x x P x                                                                               
     1 2 1R P    និង    1 2 0R P                                                                
នោយ  R x  ជាពហ ធានេរ ន ោះ    1 1R R                                                                        
     1 0P P  k  ចំន ោះចំនួននេរ k  ណាមយួ                                             
ដូនចាោះនយើងអាចតាង      1P x x x Q x k    តដល  Q x  ជាពហ ធាមយួ                     
ន ោះ      1 1 1P x x x Q x k                                                                          
នយើងបាន់ៈ        1 1 1R x x x x Q x     1x k       1 1x x x Q x  

 1x k    1 1x x x       1 2Q x Q x k                                                          
 R x  ជាពហ ធានេរល ោះម្រតាតត់ៈ    1Q x Q x    ចំន ោះម្រគប  x                                           

     1Q x Q x c    ចំន ោះចំនួននេរ cណាមយួ                                                        
ដូចននោះ     1P x cx x k     តដល c , k  ជាចំនួននេរ          ។        

 

លំហាត់ទី៧៨ 

នគឲ្ែ 34! 295232799 96041408476186096435 000000cd ab     ។ 
ចូរកំណត នលខខទង   a , b , c , d   ។                                                                                                                                                        

                                                                         (British Mathematical Olympiad 2002) 

 



១០០ លំហាត់គណិតវទិ្យាអឡូពំិច 

 

រ ៀបរ ៀងរោយ ផុនសុកល់                                                                  ទំ្យព័ ទី្យ 89 

 

ដំរ ោះស្រាយ 

តាមសមាតិកមា់ៈ 34!
6

295232799 96041408476186096435 10cd ab                      
តត 34! 1 2 3 33 34   

32 15 7 4 3 2 2
2 3 5 7 11 13 17 19 23 29 31             

          25 15 4 3 2 2 7
19 23 29 31 2 3 7 11 13 17 10                                                         

 ឲំ្ែ  295232799 96041408476186096435cd ab                 
         25 15 4 3 2 2

19 23 29 31 2 3 7 11 13 17 10                                                
ទញបាន់ៈ 0b   នហើយ 0a     ។                                                                      
នយើងសនងេតន ើញថ់ៈ អងគទ្ី២ម្ន    តចកោច នឹង 4  ន ោះអងគទ្ី១ម្ន  

កម៏្រតូយតចកោច នឹង 4  តដរ  ឲំ្ែ 5a  តចកោច នឹង 4  ទញបាន់ៈ 2a     ។                                                       
មយ៉ាងនទ្ៀត អងគទ្ី២ម្ន    តចកោច នឹង 9  ្ង 11្ង ន ោះអងគទ្ី១ម្ន    
កម៏្រតូយានលកខណោះ ដូនចាោះតដរ នគបាន់ៈ                                                                         

       

     

141 0 mod9

80 61 0 mod11

c d

d c

  


   

                                                                         

   

 

3 mod9

3 mod11

c d

d c

 


 

                                                                                                       

នោយ 0 c , 9d   ន ោះ 9 9d c     និង 0 18c d                                            

   

 

3,12

8,3

c d

d c

 


  

                                                                                                     

ករណី 3

8

c d

d c

 


  
    2 5d    មនិពិត                                                          

ករណី 12

3

c d

d c

 


 
    2 15d   មនិពិត                                                                      

ករណី 12

8

c d

d c

 


  
   2 4d   2d   10c   មនិពិត នម្រ ោះ 0 9c                 

ករណី 3

3

c d

d c

 


 
     2 6d    3d  0c   យក                                       

ដូចននោះ 2a  , 0b  , 0c  , 3d     ។ 
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លំហាត់ទី៧៩ 

ចូរម្រាយបញ្ជា ក ថនបើ a , b , cជាចំនួនគត  មាជាតិតដលន្ទៀងផ្ទទ ត ់ៈ 
2007 2007 2007

a b c    ន ោះ  min ,a b  2007    ។ 
                                                                   (Vietnam Olympic 2007) 

ដំរ ោះស្រាយ 

ឧបាថ់ៈ a b  ន ោះ  min ,a b a       1                                                             
តាមសមាតិកមា់ៈ 2007 2007 2007

a b c                                                                  
ទញបាន់ៈ c b   ឬ   1c b         (នម្រ ោះ ,b c


 )                                                                                                  

  
2007 2007

1c b 
2007 2006

2007 1b b   

                            2007 20062007b b                                                                                      


2007 2007

c b
2006

2007b
2006

2007a                                                                                    
  2007 2006

2007a a                                                                                             
  2007a        2                                                                                                   
តាម  1 និង  2 នយើងបាន់ៈ  min ,a b  2007                                                                             
ដូចននោះ  min ,a b  2007    ម្រតូយបានម្រាយបញ្ជា ក   ។ 
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លំហាត់ទី៨០ 

នគឲ្ែ a , b , n  ជាចំនួនគត តដល ំជាង 1 និង 0 i
x b   ចំន ោះ 0,1,2,...,i n   

នហើយ 0
n

x  ,
1

0
n

x

   ។  

1 1 0
...

n n
x x x x


  តាងឲ្ែចំនួន 

n
A នៅកា ងម្របពន័ធរបាប  

នគ្មល a  នហើយតាងឲ្ែ 
n

B  កា ងម្របពន័ធរបាប នគ្មល b  , ដូចគ្មា តដរ  

1 2 1 0
...

n n
x x x x

 
  តាងឲ្ែចំនួន 

1n
A


 នៅកា ងម្របពន័ធរបាប នគ្មល a  នហើយតាងឲ្ែ 

1n
B


 កា ងម្របពន័ធរបាប  នគ្មល b    ។  ចូរម្រាយបញ្ជា ក ថ់ៈ a b   ល ោះម្រតាតត   

1 1n n

n n

A B

A B

      ។     

                                                                                  (IMO 1970) 

ដំរ ោះស្រាយ 

តាមសមាតិកមា់ៈ  
 

1

1 1 0 1 0
...

n n

n n n n na
A x x x x x a x a x



 
    

                     
 

1 2

1 1 2 1 0 1 2 0
...

n n

n n n n na
A x x x x x a x a x

 

    
                             

                     
 

1

1 1 0 1 0
...

n n

n n n n nb
B x x x x x b x b x



 
                           

                     
 

1 2

1 1 2 1 0 1 2 0
...

n n

n n n n nb
B x x x x x b x a x

 

    
                                     

តាង   
1

1 1 0

1 2

1 2 1 0

n n

n n
n n

n n

x t x t x t x
F t

x t x t x t x





 

 

   


   
           

                
1 2

1 2 1 0

1

n

n
n n

n n

x t

x t x t x t x
 

 

 
   

                                             

                
 

1 n
x

G t
    តដល   1 2 01

2 1
n n

n n

x x xx
G t

t t t t

 


                                                        

នោយចំន ោះ 0,1,2,..., : 0
i

i n x   ន ោះ  G t  ជាអន គមនច៍ ោះ  ឲំ្ែ  F t  ជា 
អន គមនន៍កើន នយើងបាន់ៈ                                                                                                                                   

  នបើ a b  ន ោះ    F a F b   ឬ  
1 1

n n

n n

A B

A B
 

  ឬ 1 1n n

n n

A B

A B
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 នបើ 1 1n n

n n

A B

A B

    ឬ  
1 1

n n

n n

A B

A B
 

  ឬ    F a F b   ន ោះ a b                                   

ដូចននោះ  a b   ល ោះម្រតាតត   1 1n n

n n

A B

A B

        ។  

 

លំហាត់ទី៨១ 

នគឲ្ែសវ ីត 0
a ,

1
a ,

2
a , ... និង 0

b ,
1

b ,
2

b ,... តដល 
0

a ,
0

b  0  នហើយ 

1

1

2
n n

n

a a
b


   ,

1

1

2
n n

n

b b
a


     ។   ចូរម្រាយបញ្ជា ក ថ់ៈ 

 2006 2006
,Max a b 2007     ។                                                                

                                                                  (Vietnam Olympic 2007) 

ដំរ ោះស្រាយ 

នគាន់ៈ 
1 1

1 1

2 2
n n n n

n n

a b a b
b a

 

  
    
  

                                        

                      1
1

4
n n

n n

a b
a b

                                                          

                      
1 1n n

a b
 


1 1

1 1
2

4 4
n n n n

a b a b
 

                                                          

                      
0 0

0

1
1

4

n

i i i

a b n
a b



                                                                      

 ឲំ្ែ  
2006 2006

a b
2005

0 0

0

1

4i i i

a b
a b



  2006                                          

                     
0 0

0 0

1
2006

4
a b

a b
  

0 0

0 0

1
2 2006

4
a b

a b
   2007    1  

មយ៉ាងនទ្ៀត់ៈ    2006 2006 2006
, 0Max a b a      នហើយ 

                   2006 2006 2006
, 0Max a b b                                                                                     

 ឲំ្ែ    
2

2006 2006
,Max a b

2006 2006
a b      2                                                                                                                      
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តាម  1  និង  2  ទញបាន់ៈ    
2

2006 2006
, 2007Max a b                                             

ដូចននោះ   2006 2006
,Max a b 2007    ម្រតូយបានម្រាយបញ្ជា ក   ។ 

 

លំហាត់ទី៨២ 

នគឲ្ែ  
1

5 3
n n

f x x x


     តដល 1n   ជាចំនួនគត   ។  
ចូរម្រាយបញ្ជា ក ថ់ៈ  f x  មនិអាចសរនសរជា្លគ ណម្នពីរពហ ធាតដលាន 
នមគ ណជាចំនួនគត នហើយានដឺនម្រកយ៉ា ងតិចបំ  ្ត 1 ន ោះន ើយ  ។                                                        
                                                                                (IMO1993) 

ដំរ ោះស្រាយ                                                                         
ឧបាថ      f x g x h x   តដល  g x  និង  h x  ជាពហ ធាមនិនេរាន 
នមគ ណជាចំនួនគត      ។                                                                                                                                         
នគាន់ៈ  

1
5 3

n n
f x x x


           0 0 0 3f g h                          

ន ោះចាស ជាានមយួកា ងចំនណាម  0g  និង  0h  នសាើនឹង 1    ,  សនាតថ់ៈ 
 0 1g      ដូនចាោះ នយើងអាចតាង   1

r
g x x                                                                        

នោយ   1 0f    ន ោះ  1r   ឬ  2r     ។                                                                          
តាង 

1
z ,

2
z , ... ,

r
z  ជាបញសម្នពហ ធា  g x    ន ោះ 

      1 2 r
g x x z x z x z       នគបាន់ៈ        1 2

0
r

g z z z                                                                               

  1 2
0 1

r
z z z g    ឬ  1

1

1
r

n

i

i

z




                                                                   

នហើយ់ៈ   5g      1 2
5 5 5

r
z z z      

    1 2
5 5 5

r
z z z     

0

5
r

i

i

z


   
1

0 0

5
r r

n

i i

i i

z z


 

  

 
1

0

5
r

n

i i

i

z z
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នោយ 
i

z  ជាបញសម្ន  g x  ន ោះពួកវាកជ៏ាបញសម្ន  f x  នគបាន់ៈ   0
i

f z   


1
5 3 0

n n

i i
z z


     

1
5 3

n

i i
z z


                                                                  

   5g   
0

3
r

i

  3
r


2

3 9                                                                              

តត      5 5 5 3g h f           5 3g    ្ទ យពី    ននោះបញ្ជា ក ថ់ៈ 
ការឧបាខាងនលើគឺខ ស   ។                                                                                                   
ដូចននោះ  f x  មនិអាចសរនសរជា្លគ ណម្នពីរពហ ធាតដលាននមគ ណជា 
ចំនួនគត នហើយាដឺនម្រកយ៉ា ងតិចបំ  ្ត 1 ន ោះន ើយ  ។ 

 

លំហាត់ទី៨៣ 

ចំន ោះពីរចំនួនគត យជិ្ាាន a  និង b  តដលជាចំនួនបឋមរវាងគ្មា  , 

ចូររកម្រគប តួតចករមួ បំំ  ្តតដលអាចម្ន a b  និង 
2005 2005

a b

a b




   ។                                               

                                              (Korean Mathematical Olympiad 2005) 

ដំរ ោះស្រាយ 

តាង  
2005 2005

gcd ,
a b

d a b
a b

 
  

  

                                                                                             

   0 moda b d      moda b d                                                                     

នហើយ   
2005 2005

0 mod
a b

d
a b





                                                                                         

  
2004 2003 2002 2 2004

0 moda a b a b b d                                                                 
   

2004 2004 2004
0 modb b b d                                                                        

   
2004

2005 0 modb d         
2004

2005 0 moda d                                         
  2004

2005d a     2004
2005d b                                                                                 
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   2004 2004
gcd 2005 ,2005d a b  2004 2004

2005gcd ,a b           

        
2004

2005 gcd ,a b 2005    (នម្រ ោះ  gcd , 1a b  )                                 

  1,5,401,2005d                                                                                      
ដូចននោះតម្មៃតដលអាចម្ន d  គឺ  1,5,401,2005d       ។ 

 

លំហាត់ទី៨៤                                                                               
ចូរម្រាយបញ្ជា ក ថ់ៈ ចំន ោះម្រគប  n   ន ោះនគបាន់ៈ 

                      

    
22

0

2 !

! !

n

k

n

k n k 
  

2

2

n

n
C    ។                                                   

                                                                    (IMO Longlist 1982) 

ដំរ ោះស្រាយ 

នយើងពិនិតែពហ ធា់ៈ      
2

1 1 1
n n n

x x x                                                        
តាមការព ៃ តនទ្វធា Newton  នយើងបាន់ៈ                                                  
   0 1 2 2 2 2

2 2 2 2

n n

n n n n
C C x C x C x                                          

 0 1 n n

n n n
C C x C x       0 1 n n

n n n
C C x C x    

តាមរនបៀបម្របដូចនលខនមគ ណម្ន n
x  ន ោះនយើងបាន់ៈ 

    0 1 1 1 1 0

2

n n n n n

n n n n n n n n n
C C C C C C C C C

 
                                                                 

      
2 2 2

0 1

2

n n

n n n n
C C C C                                                                  

      (នម្រ ោះ k n k

n n
C C


   ;   0,1,2,...,k n )                                                                                           

ដូនចាោះ     

    
22

0

2 !

! !

n

k

n

k n k 
      

      

2

22 2
0

! 2 !

! ! !

n

k

n n

n k n k




                   

                                            

    

2

22
0

2 ! !

! ! ! !

n

k

n n

n n k n k
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2

2

0

n
n k

n n

k

C C


                                          

                                        
2

n

n
C      

2 2 2
0 1 n

n n n
C C C

 
   

 
                                            

                                         
2

2 2 2

n n n

n n n
C C C                                                                                                  

ដូចននោះ    

    
22

0

2 !

! !

n

k

n

k n k 
  

2

2

n

n
C   ម្រតូយបានម្រាយបញ្ជា ក    ។  

 

លំហាត់ទី៨៥ 

តាង a , b , c , d , e , f  ជាចំនួនពិតតដលន្ទៀងផ្ទទ ត ់ៈ   
 

8 7 6 5 4 3 2
4 7P x x x x ax bx cx dx ex f           អាចោក ជា្ល 

គ ណ 8កតាត លីននតអ៊ែ 
i

x x  តដល 0
i

x   ចំន ោះ 0,1,2,...,8i    ។           
ចូរកំណត ម្រគប តម្មៃតដលអាចម្ន f    ។                                                                                             
                                                                                 (APMO 2003) 

ដំរ ោះស្រាយ 

នោយពហ ធា  
8 7 6 5 4 3 2

4 7P x x x x ax bx cx dx ex f          អាច 
ោក ជា្លគ ណ 8កតាត លីននតអ៊ែ 

i
x x , 0,1,2,...,8i                                     

ាននយ័ថ់ៈ 
i

x , 0,1,2,...,8i    ជាបញសទងំ 8  ម្នពហ ធា  P x  

ន ោះតាមម្រទ្ឹសតីបទ្តយែតនគបាន់ៈ  
8

1

4
i

i

x


   និង 
1 8

7
i j

i j

x x
  

                          

ន ោះ  
2

8 8
2

1 1

i i

i i

x x
 

 
  
 

 
1 8

2 2
i j

i j

x x
  

                                            

តតតាមយសិមភាព :Cauchy Schwarz   
2

8 8
2

1 1

8 16
i i

i i

x x
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8

1

4
i

i

x


    តត 
8

1

4
i

i

x


                                                               

ន ោះសមភាពនកើតានកាលណា់ៈ  
1 2 8

1

2
x x x                                                  

ដូចននោះ  
88

1

1 1

2 256
i

i

f x


 
   

 
       ។  

 

លំហាត់ទី៨៦                                                                                           

ចូរបង្ហា ញថ់ៈចំន ោះម្រគប ចំនួនគត យជិ្ាាន n  ,  2 1

2 1

0

8
n

k k

n

k

C






  តចកមនិោច នឹង 5  

ន ោះន ើយ  ។                                                               (IMO 1974) 

ដំរ ោះស្រាយ 

នយើងពិនិតែ់ៈ      
2 1

2 1

2 1

0

1
n

k kn

n

k

x C x








  
2 2

2 1

0

n
k k

n

k

C x




 
2 1 2 1

2 1

0

n
k k

n

k

C x
 





                     

                                   2 2

2 1

0

n
k k

n

k

C x




 
2 1 2

2 1

0

n
k k

n

k

x C x






                                        

លំ ដូំចគ្មា តដរ់ៈ  
2 1

1
n

x



2 2

2 1

0

n
k k

n

k

C x




 
2 1 2

2 1

0

n
k k

n

k

x C x






                                             

យក 8x    និង តាង 2

2 1

0

8
n

k k

n

k

m C




  ,  2 1

2 1

0

8
n

k k

n

k

n C






   ន ោះនយើងបាន់ៈ                                              

        
2 1

1 8
n

 8m n     និង   
2 1

1 8
n

 8m n                                                    

      
2 1 2 1

1 8 1 8
n n 

     8 8m n m n                                                     

    
2 22 1

7 8
n

m n


                                                                                                    

  2 2 2 1
8 7

n
m n


                                                                                                        

នបើ n  តចកោច នឹង 5   ន ោះ  
2 2 1

7 mod5
n

m


                                                                             
តត 2 1

7
n

   
1

7 49 2 1
n n

      2   mod5    មនិពិតនម្រ ោះ          
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2

0,1,4m   mod5      ចំន ោះម្រគប  m    ។                                                        

ដូចននោះ  2 1

2 1

0

8
n

k k

n

k

n C






    តចកមនិោច នឹង 5      ។ 

 

លំហាត់ទី៨៧  

នគឲ្ែ a  និង b  ជាពីរចំនួនគត យជិ្ាាន   ។  ចូរម្រាយបញ្ជា ក ថ់ៈ                                      
នបើ    , 5 , 5lcm a a lcm b b     ន ោះ  a b       ។   

ដំរ ោះស្រាយ 

នគាន់ៈ    gcd , 5 gcd ,5a a a   1,5    នហើយ  
               gcd , 5 gcd ,5b b b   1,5                                                               
តាមសមាតិកមា់ៈ    , 5 , 5lcm a a lcm b b                                                                       

     
 

5

gcd , 5

a a

a a





 
 

5

gcd , 5

b b

b b





                                                                             

 នបើ  gcd , 5 1a a     និង  gcd , 5 5b b                                                                      
ន ោះ    :      5 5 5b b a a                                                                              
នោយ     gcd , 5 gcd ,5 5b b b      ន ោះ  5 b                                                                               
 ឲំ្ែ   25 5b b      25 5 5a a      

2
5 5 5a a a a                                

  2
5 a     5 a    ( នម្រ ោះ 5  ជាចំនួនបឋម )                                                                   

     gcd , 5 gcd ,5 5a a a      មនិពិតនទ្នម្រ ោះនយើងកំព ងសិកាករណី 
 gcd , 5 1a a      ។                                                                                           

ម្រាយដូចគ្មា តដរចំន ោះករណី  gcd , 5 5a a     និង  gcd , 5 1b b    កម៏និ 
ពិតតដរ   ។                                                                                                       
 នបើ    gcd , 5 gcd , 5 1a a b b     ឬ     gcd , 5 gcd , 5 5a a b b                  
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ន ោះ   :     5 5b b a a     
2 2

5 0a b a b                          
            5 0a b a b                                                                                       
           a b                                                                                                   
ដូចននោះ នបើ    , 5 , 5lcm a a lcm b b     ន ោះ  a b       ។   

 

លំហាត់ទី៨៨ 

ចូរម្រាយបញ្ជា ក ថ់ៈ គឺានម្រតីនកាណតដលអាចឲ្ែនគកាត ជា 2005 ម្រតីនកាណ 
តូចប៉ា នៗគ្មា    ។                                                                                                                              (APMO 2005) 

ដំរ ោះស្រាយ 

នយើងម្រតូយដឹងថ់ៈ នបើម្រតីនកាណមយួានម្រជ្ុងមយួម្របតយង n  ន ោះនគចបស ជាអាច 
កាត វាជា 2

n ម្រតីនកាណតូចប៉ា នៗគ្មា  តដលដូចនៅនឹងម្រតីនកាណនដើមន ោះ នហើយ 
ម្រជ្ុងនីមយួៗតដលម្រតូយនឹងម្រជ្ុងម្របតយង n  គឺ ានម្របតយងនសាើ 1   ។                            
ជាឧទហរណ៍់ៈ នគអាចកាត ម្រតីនកាណតដលានម្រជ្ុងមយួម្របតយង 3  ជា                      
ម្រតីនកាណប៉ា នៗគ្មា ចំនួន 2

3 9  នហើយម្រជ្ុងនីមយួៗតដលម្រតូយនឹងម្រជ្ុងម្របតយង 3  គឺ 
ានម្របតយងនសាើ 1    ។ 

 

 

 

 

 

 

1

1

1

N
P

M
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នពលននោះនយើងម្រតូយយភិាគនលើលំហាត របស នយើងយញិ , កត សាគ ល ន ើញថ់ៈ 
2005 5 401   2 2

2 1 20 1  
2 2 2

40 1 20 2                      

         
2 22

40 1 2 20 20 2                                                                         
        2 2

39 22   

តាង ABC  ជាម្រតីនកាណតកងមយួតដលានម្រជ្ុងជាប ម តំកង AB  និង BC  
ានម្របតយង 39  និង 22  នរៀងគ្មា   ។                                                                                                                
នយើងគូសកមពស  BK  តដលតចកម្រតីនកាណ ABC  ជាពីរម្រតីនកាណដូចគ្មា គឺ 

BCK  និង ABK   ។                                                                                                                              
នោយ ABK  ានម្រជ្ុង 39AB   ន ោះនគអាចកាត វាជាម្រតីនកាណប៉ា នៗ 
គ្មា ចំនួន 2

39  នហើយ ចំន ោះ BCK  តដលាន 22BC   នគអាចកាត វាជា 
ម្រតីនកាណប៉ា នៗ គ្មា ចំនួន 2

22   ។                                                            
មយ៉ាងនទ្ៀត់ៈ នោយ ABK  និង BCK  ជាម្រតីនកាណដូចគ្មា ន ោះនយើងទញ 
បាន់ៈ ម្រតីនកាណទងំ 2 2

39 22 2005  ស ទ្ធតតប៉ា នៗគ្មា     ។                                                                                           
ដូចននោះ គឺានម្រតីនកាណតដលអាចឲ្ែនគកាត ជា 2005 ម្រតីនកាណតូចប៉ា នៗគ្មា  ។  

 

លំហាត់ទី៨៩ 

 តាង r  និង s  ជាចំនួនពិតយជិ្ាានតដលន្ទៀងផ្ទទ ត ់ៈ 
  r s rs r s rs rs     , ចូររកតម្មៃអបបបរាម្ន r s rs   និង r s rs     

                                      (The Philippines Mathematical Olympiad 2013) 

ដំរ ោះស្រាយ 

សមាតិកមា់ៈ   r s rs r s rs rs                                                                                    

     
2 2

rs r s rs    
2

4rs rs                                                                             
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2

3 0rs rs                                                                                                        

  3rs                                                                                                                       
មយ៉ាងនទ្ៀត់ៈ     

2 2
rs r s rs       

2 2
r s rs rs                                                       

   
22

3 3 3r s rs rs rs rs        2 3 3        និង    

       
2 1 1

2 3 3
1 1

1 1 1 1
3

r s rs rs rs rs

rs

        

   

                      

ដូចននោះ  min 2 3 3r s rs      និង   min 2 3 3r s rs            ។         

 

លំហាត់ទី៩០ 

ចំន ោះចំនួនគត យជិ្ាាន k  មយួ ,  នគតាង  1
f k  ជាកានរម្ន្លបូកនលខខទង ម្ន 

k  នហើយនគកំណត  
1 1n n

f f f

   ។  ចូរគណ   2006

2007
2f     ។                                                

                                         (Hong Kong Mathematical Olympiad 2006) 

ដំរ ោះស្រាយ 

តាង  n x  ជាចំនួននលខខទង ម្ន x  នហើយ  s x  ជា្លបូកនលខខទង ម្នម្ន x  
ន ោះនគបាន់ៈ   1

10
n x

x


       1 logn x x                                                 
នហើយ    9s x n x   9 1 log x                                                     
នយើងបាន់ៈ    

2

1
81 1 logf x x                                                                                  

    2006

1
2f  

2
81 1 2006log2 

2
2006

81 1
3

 
  

 

2 8
81 700 10                  

    2006

2
2f   2006

1 1
2f f   

2
2006

1
81 1 log 2f   

42
81 1 8 10              

     2006

3
2f   2006

1 2
2f f   

2
2006

2
81 1 log 2f   

2
81 1 4 2025            

       
2006 2

4
2 1 9 9 9 784f                                                                          
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2006 2

5
2 6 9 9 576f                                                                                        

       
2006 2

6
2 4 9 9 484f                                                                               

       
2006 2

7
2 3 9 9 441f                                                                                

       
2006 2

8
2 3 9 9 441f     , ...                                                                

នយើងទញបាន់ៈ ចំន ោះ 7n   ន ោះ  2006
2 441

n
f                                                                         

    2006
2

n
s f 3 9 9 21                                                                                      

នោយ 2006
2 4  mod9     2006

2
n

f    4,7   mod9                             

   2006
2

n
s f  4,7   mod9                                                                         

នយើងបាន់ៈ   2006
2

n
s f  4,7,13,16   ចំន ោះ 7n      ។                                                    

  នបើ   2006
2 4

n
s f                                                                                                             

ន ោះ    2006 2

1
2 4 16

n
f


                                                                   

            
2006 2

2
2 1 6 49

n
f


                                                    

            
2006 2

3
2 4 9 169

n
f


                                                          

            
2006 2

4
2 1 6 9 256

n
f


                                                

            
2006 2

5
2 2 5 6 169

n
f


    , ...                                                              

       
2006

2 169,256
n

f     ចំន ោះ 10n        ។                                                      

  នបើ   2006
2 7

n
s f    ,  ម្រាយដូចគ្មា តដរ ន ោះ    

2006
2 169,256

n
f                       

ចំន ោះ 9n    ។ 

  នបើ   2006
2 13

n
s f   ឬ    2006

2 16
n

s f    ន ោះ    
2006

2 169,256
n

f    

ចំន ោះ 7n      ។                                                                                                              
សរ បមក់ៈ នបើ   2006

2
n

s f  4,7,13,16   ចំន ោះ 7n      ន ោះ   

                     
2006

2 169,256
n

f     ចំន ោះ  10n     ។                                                                        
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យក  2007n   ន ោះ    
2006

2007
2 169,256f                                                     

មយ៉ាងនទ្ៀត់ៈ នោយ 2006
2 4   mod9                                                               

ន ោះ                                                                                
               2006

1
2f 7   mod9                                                            

               2006

2
2f 4   mod9                                                                       

               2006

3
2f 7   mod9                                               

                    2006

4
2f 4   mod9  , ...                                                          

នយើងអាចសនាិោា នបានថ់ៈ ចំន ោះ p


  ន ោះ  2006

2
2

p
f 4  mod9   

នហើយ  2006

2 1
2

p
f


7  mod9                                                                

ននោះបញ្ជា ក ថ  2006

2007
2f 7  mod9                                                               

តាម    និង    នគបាន់ៈ  2006

2007
2 169f                                                                 

ដូចននោះ  2006

2007
2 169f                 ។ 

 

លំហាត់ទី៩១ 

នគឲ្ែ ABC   ជាម្រតីនកាណមយួតដលានការំងវង ចារកឹនម្រៅ R  ,  បរាិម្រត P   

និង ម្្ទម្រកឡា K  ។  ចូរកំណត តម្មៃអតិបរាម្ន 
3

KP

R
      ។                                                           

                                        (Canadian Mathematical Olympiad 2005) 

ដំរ ោះស្រាយ 

តាមម្រទ្ឹសតីបទ្ស ីន សអន យតតកា ងម្រតីនកាណ ABC  :  2
sin sin sin

a b c
R

A B C
                          

ន ោះ  2 sina R A  ,  2 sinb R B  និង 2 sinc R C                                                 

នយើងបាន់ៈ 1
sin

2
K ab C

1
2 sin 2 sin

2
R A R B sibC             
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             2
2 sin sin sinR A B C                                                                           

នហើយ   2 sin sin sinP a b c R A B C                                                               

 ឲំ្ែ   
3

KP

R

 
3

3

4 sin sin sin sin sin sinR A B C A B C

R

   


                 4sin sin sin sin sin sinA B C A B C                                    
តាមយសិមភាព Cauchy  នគបាន់ៈ   

                
3

sin sin sin
sin sin sin

3

A B C
A B C

  
    

 
                                                 

នយើងបាន់ៈ  
3

KP

R
 

44
sin sin sin

27
A B C                                                                  

នោយ sin X  ជាអន គមន៍្ តចំន ោះ  0,X   ន ោះតាមយសិមភាព Jensen  

នគបាន់ៈ   sin sin sin

3

A B C 
 sin

3

A B C  
 
 

3
sin

3 2


                                     

    sin sin sinA B C     3 3

2
 

ទញបាន់ៈ 
3

KP

R


4

4 3 3

27 2

 
 
 

27

4
                                                      

សមភាពនកើតានកា ងករណី់ៈ sin sin sinA B C     A B C                                    

ដូចននោះ តម្មៃអតិបរាម្ន 
3

KP

R
  គឺ  27

4
       ។ 

 

លំហាត់ទី៩២ 

 នគឲ្ែ  a , b , c  ជាចំនួនគត  នហើយនគសនាតសមីការ់ៈ 2003 2
0x ax bx c      

ានបញសជាចំនួនគត  
1

x ,
2

x ,
3

x     ។   ចូរម្រាយបញ្ជា ក ថ់ៈ 

    
2003 2003 2003

1 2 2 3 3 1
2003 1a b c x x x x x x            ។                                  

                                                                   (Vietnam Olympic 2003) 
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ដំរ ោះស្រាយ 

1
x ,

2
x ,

3
x   ជាបញសម្នសមីការ់ៈ 2003 2

0x ax bx c     ន ោះនគបាន់ៈ    
     2003 2

0
i i i

x ax bx c       ចំន ោះ 1,2,3i                                                            
   2003 2

1 0
i i i i

x x ax b x c                                                                                 

តាង    
2

1f x ax b x c      ន ោះ  
2003

0
i i i

x x f x                                   
តតតាមម្រទ្ឹសតីបទ្ :Fermat   

2003
mod2003

i i
x x   2003

i i
x x 0

 mod2003    if x 0  mod2003     ចំន ោះ 1,2,3i                                                                   
នបើ    1 2 2 3 3 1

x x x x x x   0   mod2003    ន ោះសំនណើ ពិត  ។                                
នបើ    1 2 2 3 3 1

x x x x x x   0   mod2003    ន ោះ                                    

1 2
0x x    mod2003  ,   

2 3
0x x   mod2003    និង                      

3 1
0x x   mod2003       (នម្រ ោះ 2003 ជាចំនួនបឋម)                                                 

នយើងាន់ៈ    1
0 mod2003f x   និង    2

0 mod2003f x                                
    1 2

f x f x 0   mod2003                                                                                
     1 2 1 2

1x x a x x b    0   mod2003                                                     
   1 2

1a x x b   0  mod2003                                                                       
ដូចគ្មា ់ៈ  2 3

1a x x b   0  mod2003                                                            
ដកអងគនិងអងគ់ៈ   3 1

a x x 0   mod2003                                                                    

 0a    mod2003    1b  0  mod2003  

នោយ    
2

1
i i i

f x ax b x c    0  mod2003                                      

  0 mod2003c    1a b c   0  mod2003                                      
តាមម្រទ្ឹសតីបទ្ :Fermat  2003

a a  mod2003  ,  2003
b b  mod2003   និង                

2003
c c  mod2003                                                                                                    


2003 2003 2003
1a b c   1a b c    0  mod2003                                      
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    1 2 2 3 3 1
x x x x x x    2003 2003 2003

1a b c   0   mod2003  

សរ បមក់ៈ     
2003 2003 2003

1 2 2 3 3 1
2003 1a b c x x x x x x         ។ 

 

លំហាត់ទី៩៣ 

 នគឲ្ែចំនួនពិតយជិ្ាាន a , b ,  c  និង x , y , z   ន្ទៀងផ្ទទ ត ់ៈ                                    
a x b y   c z  1     ។     ចូរម្រាយបញ្ជា ក ថ់ៈ                                                        

 abc xyz
1 1 1

ay bz cx

 
  

 
 3                                                              

                                             (Russian Mathematical Olympiad 2002) 

ដំរ ោះស្រាយ 

នយើងាន់ៈ a x b y   c z  1   ន ោះ 1x a   , 1y b   និង 1z c   
នយើងបាន់ៈ abc xyz    1 1 1abc a b c                   
                                  1 1 1 1abc a b c b c               
                                 1 1 1abc a c b bc b c                           
                                 1 1 1ac b a b c       

តចកអងគទងំពីរម្នសមភាពននោះនឹង  1ay a b   ន ោះ                          

                                  1
1

1

abc xyz c c

ay b a

 
  


                                                

ម្រាយលំ ដូំចគ្មា តដរ់ៈ   1
1

1

abc xyz a a

ay c b

 
  


                    

                                 1
1

1

abc xyz b b

ay a c

 
  


                                              

បូកអងគនិងអងគនគបាន់ៈ                                                                                                          
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 abc xyz
1 1 1

ay bz cx

 
  

 
                                                                

           1

1

c b

b c

 
  

 

1

1

c a

a c

 
  

 

1

1

a b

b a

 
  

 
3         

          2 2 2 3 3           (តាមយសិមភាព AM GM )                                              

ដូចននោះ  abc xyz
1 1 1

ay bz cx

 
  

 
 3   ម្រតូយបានម្រាយបញ្ជា ក     ។ 

 

លំហាត់ទី៩៤ 

 ចូររកម្រគប គូានលំោប   ,a b  ម្នចំនួនគត យជិ្ាានតដលន វើឲ្ែ់ៈ 
3

1

1

a b

a




  និង 

3
1

1

b a

b




  ស ទ្ធតតជាចំនួនគត យជិ្ាាន   ។   

                                                            (Junior Balkan MO 2013) 

ដំរ ោះស្រាយ 

តាមសមាតិកមា់ៈ 
3

1

1

a b

a




  ជាចំនួនគត យជិ្ាានន ោះ                                         

3
1 1a a b     

3
1 1b a b        1 1a b                                                                                                             

ម្រាយដូចគ្មា តដរចំន ោះ  
3

1

1

b a

b




 ជាចំនួនគត យជិ្ាាន ន ោះនគបាន់ៈ 1 1b b                                              

     1 1 1 2b b b         1 1,2b     2,3b                                             
នបើ 2b     1 3a      2a                                                                                     
នបើ 3b     1 4a      1,3a                                                                    
សរ បចនមៃើយាន់ៈ  2, 2a b  ;  1, 3a b    3, 3a b                
នយើងយកគូចនមៃើយទងំននោះនៅជ្ំនួសកា ងសមាតិកមា , ន ើញថពិតជាន្ទៀងផ្ទទ ត                                                                                          
ដូចននោះ         , 2,2 , 1,3 , 3,3a b     ។ 
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លំហាត់ទី៩៥ 

 នគឲ្ែ  n
u  ជាសវ ីតតដលកំណត នោយ 

2 1n n n
u u u

 
   នហើយនគតាង 

0

n

n i

i

S u


     នបើនគដឹងថ់ៈ 2

2 1 2003 2003
1u u S S      ,                     

ចូរកំណត តម្មៃម្ន 
2003

S   ។ 

                                                                    (Vietnam Olympic 2003) 

ដំរ ោះស្រាយ 

នគាន់ៈ 
2 1n n n

u u u
 
    នបើនគតាង  

1
u x  និង 2

u y  នគបាន់ៈ
3

u y x  ,

4
u x  ,  

5
u y  ,

6
u x y  ,

7
u x ,

8
u y , ...                                                       

នយើងសនងេតន ើញថ់ៈ 
1 7

u u ,
2 8

u u , ...  ន ោះបញ្ជា ក ថ សវ ីត  n
u  ជាសវ ីត

ខួបតដលានខួបនសាើនឹង 6  ន ោះ 
6n n m

u u


 , m    ។               
មយ៉ាងនទ្ៀតនយើងសនងេត់ៈ 

6
0S    ឲំ្ែ 

6
0

k
S   តដល k  នគបាន់ៈ                                

2003 1998 1999 2000 2001 2002 2003
S S u u u u u                            
         

6 333 6 333 1 6 333 2 6 333 3 6 333 4 6 333 5
S u u u u u

          
           

         
1 2 3 4 5

0 u u u u u                                                  
         x y y x x y                                                                           
         

2 1
y x u u                                                                                             

តាមសមាតិកមា់ៈ  2

2 1 2003 2003
1u u S S                                         

                2

2003 2003 2003
1S S S                                                       

                 
2

2003
1 0S      

2003
1S                                                                          

ដូចននោះ 
2003

1S      ។ 
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លំហាត់ទី៩៦ 

 នគឲ្ែ ABC  ជាម្រតីនកាណមយួតដលន្ទៀងផ្ទទ ត ់ៈ                                                       
 

2
8 7 3AB BC CA   2 2 2

6 AB BC CA      ។                               

ចូរម្រាយបញ្ជា ក ថ់ៈ 0
60A   ។  

                                             (Korean Mathematical Competition 2002) 

ដំរ ោះស្រាយ 

តាង a BC , b CA  និង c AB   ន ោះសមភាពតដលនគឲ្ែសមមូល់ៈ        
         2 2 22

8 7 3 6c a b c a b                                                                               

  
2 2 2

15 2 21 24 55 112 58 0b b a c a ac c       
ននោះជាសមីការដឺនម្រកទ្ី២, អញ្ជា ត b  ម្រតូយតតានលកខខណឌ ់ៈ  0                             
  2 2

6 64 112 49a ac c    0    
2

8 7 0a c     8 7a c   

ជ្ំនួសកា ងសមភាពនដើំមនគបាន់ៈ  3 7a b     នយើងទញបាន់ៈ 
7 3 8

a b c
         

ននោះបញ្ជា ក ថ់ៈ  ABC  ដូចនឹង A B C    តដលានម្រជ្ុង 7 , 3 , 8   តដលកា ង 

A B C    ននោះាន់ៈ 
2 2 23 8 7 1

cos
2 3 8 2

A
 

  
 

    0
60A                                                                     

ដូចននោះ   0
60A A            ។               
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លំហាត់ទី៩៧ 

 នគឲ្ែa , b , c , d   ជាចំនួនគត តដល 0a b c d        ។  នោយដឹងថ់ៈ  
ac bd   b d a c b d a c        ,   ចូរម្រាយបញ្ជា ក ថ់ៈ                     
ab cd  មនិតមនជាចំនួនបឋមនទ្   ។                                                              
                                                                                (IMO 2001) 

ដំរ ោះស្រាយ 

តាមសមាតិកមា់ៈ  ac bd   b d a c b d a c                                                      
                 2 2 2 2

a ac c b bd d                                                                           
                2 2 0 2 2 0

2 60 2 120a c acCos b d bdCos                    
សមភាពននោះបញ្ជា ក ថ់ៈ a , b , c , d  ជារង្ហវ ស ម្រជ្ុងម្នចត នកាណនបា៉ា ង ABCD  
មយួតដល   BC a , DA b , AB c , CD d ,

0
60ABC     និង 

0
120ADC   

 

 

 

 

តាមម្រទ្ឹសតីបទ្កូស ីន សកា ងម្រតីនកាណ ABD  និង BCD  នគបាន់ៈ 
2 2 2 2 2

2 2b c bcCosA BD a d adCosC                                                             

តត 0
180A C     ទញបាន់ៈ 

2 2 2 2

2 2

b c a d
CosA

bc ad

  



                                                  

 ឲំ្ែ  
2 2 2 2

2 2 2
2

2 2

b c a d
BD a d ad

bc ad

  
   



  ac bd ab cd

bc ad

 



                            

a

60

120

d c

b 

C

B

A
D
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តតតាមម្រទ្ឹសតីបទ្ Ptolemy  អន យតតកា ងចត នកាណនបា៉ា ង ABCD  តដលជា 
ចត នកាណចារកឹកា ងរងវង មយួនគបាន់ៈ                                      
       BD AC BC AD AB CD     ab cd                                                     

    
2 2 2

BD AC ab cd                                                                                        

    ac bd ab cd

bc ad

 


 2 2
b bd d    

2
ab cd                                                   

  ac bd  2 2
b bd d   ab cd   bc ad                                                     

   ac bd ab cd bc ad                1                                                                                        
នោយ 0a b c d       ន ោះ ab cd ac bd bc ad           2                                  
នបើ ab cd   ជាចំនួនបឋម ន ោះតាមទ្ំ ក ទ្ំនង  1  និង  2  នគទញបាន់ៈ 
ac bd bc ad    មនិពិតនម្រ ោះ ac bd bc ad       ។                                                            
ដូចននោះ ab cd  មនិតមនជាចំនួនបឋមនទ្   ។ 

 

លំហាត់ទី៩៨ 

 នគឲ្ែ  ,f x y    
2003

cos2 cos
2

x y a x y           ចំន ោះម្រគប  a ,

      ។   ចូរម្រាយបញ្ជា ក ថ់ៈ      
2 2

max , min , 2003f x y f x y   
                                                       (Vietnam Olympic 2003) 

ដំរ ោះស្រាយ 

ចំន ោះម្រគប  a ,    នយើងាន់ៈ                                                                 

  ,f x y    
2003

cos2 cos
2

x y a x y                                                      

នយើងបាន់ៈ  
2003

0,0 cos
2

f a                                                                          
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នហើយ   2003
, cos

2 2 2
f a

 


 
  

 
                                                                                          

ន ោះ   
2003

0,0 , 2
2 2 2

f f
  

  
 

                                                                                            

 ឲំ្ែ  max ,f x y     max 0,0 , ,
2 2

f f
   

  
  


2003

2
 

នយើងបាន់ៈ   
2

max ,f x y 
2003

2
     1                                                              

មយ៉ាងនទ្ៀតនយើងាន់ៈ 2003
, sin

4 4 2
f a

 


 
   

 
    នហើយ        

                             2003
, sin

4 4 2
f a

 


 
     
 

                                                                                    

ន ោះ  2003
, ,

4 4 4 4 2
f f
      

       
   

                                                                           

 ឲំ្ែ   min ,f x y  min , , ,
4 4 4 4

f f
       

     
    


2003

2
                            

នយើងបាន់ៈ   
2

min ,f x y 
2003

2
    2                                                                                        

បូក  1  និង  2   នគបាន់ៈ      
2 2

max , min , 2003f x y f x y      ។ 

 

លំហាត់ទី៩៩ 

 តាង P  ជាចំណ ចមយួនៅកា ងបៃង ម្នម្រតីនកាណ ABC  តដលអងេត  PA , PB  
និង PC   អាច្គ ំជាម្រតីនកាណតដលានម មំយួជាម ំទល ។  នគសនាតថ់ៈ 
នៅកា ងម្រតីនកាណននោះ ម ទំលគឺឈមនឹងម្រជ្ុង PA   ។   ចូរម្រាយបញ្ជា ក ថ 

BAC  ជា ម មំ្រសួច      ។                                                                                                    
                                                                                          (USAMO 2001) 
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ដំរ ោះស្រាយ 

តាមម្រទ្ឹសតីបទ្កូស ីន សកា ងម្រតីនកាណតដល្គ ំនោយអងេត  PA , PB  និង PC  
នគបាន់ៈ 2 2 2

2 cosAP PB PC PB PC        តដល    ជាម តំដលឈមនឹង 
ម្រជ្ុង  PA   

តាមសមាតិកមា់ៈ  90 ,180
o o

  ន ោះ  cos 0     នគបាន់ៈ                               

          2 2 2
AP PB PC                                                                                                     

      2 2 2

AP PB PC                                                                                                   
         

2 22

AP AB AP AC AP                                                                           

      2

AP     2 2 2 2

2 2AB AB AP AP AC AC AP AP                             

  2AB BC 
2 2 2

2 2 2AB AC AP AB AP AC AP AB BC           
                    

2

AP AB AC   0                                                                        

  AB BC   0      cos
AB BC

BAC
AB BC


  0                                                              

ដូចននោះ BAC   ជាម មំ្រសួច   ។ 

 

លំហាត់់ទី១០០ 

តាង T  ជាសំណ ំ ម្នម្រគប តួតចកគត យជិ្ាានម្ន 100
2004    ។  ចូរកំណត ចំនួនធាត  

នម្រចើនបំ  ្តតដលអាច តដលសំណ ំ រង S  ម្ន T  អាចាន នបើគ្មា នធាត ម្ន S  
ណាជា ពហ គ ណម្នធាត មយួន្សងនទ្ៀតម្ន S   នទ្   ។  
                                                  (Canadian Mathematical Olympiad 2004) 
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ដំរ ោះស្រាយ 

នោយ  100 200 100 100
2004 2 3 167       ន ោះនគបាន់ៈ 

 2 3 167 :0 200,0 , 100
a b c

T a b c      ,   , ,a b c                                                               

តាង   200
2 3 167 :0 , 100

b c b c
S b c

 
                                                                        

ចំន ោះ 0 , 100b c    ន ោះ 0 200 200b c                                                        
ននោះបញ្ជា ក ថ់ៈ  S  ជាសំណ ំ រងមយួម្ន T      ។                                                                                             
នោយ b  ាន101តម្មៃតដលអាចនហើយ c  ាន101តម្មៃតដលអាចន ោះ S  ាន 

2
101  ធាត   ។                                                                        
នយើងនឹងម្រាយថ់ៈ គ្មា នធាត ម្ន S  ណាជាពហ គ ណម្នធាត មយួន្សងនទ្ៀតនទ្ 
នហើយកគ៏្មា នសំណ ំ រង ម្ន T  ន្សងនទ្ៀតណាតដលានចំនួនធាត នម្រចើនជាង S  
ន ោះន ើយ់ៈ                                                                                            
ឧបាថ់ៈ 200

2 3 167
b c b c 

   ជាពហ គ ណម្ន 200
2 3 167

j k j k 
                                             

ន ោះ  200 200b c j k     , b j , c k                                                                                
 ឲំ្ែ b c j k    ,  b j , c k    ទញបាន់ៈ b j  និង c k   
ននោះបញ្ជា ក ថគ្មា នធាត ម្ន S  ណាជាពហ គ ណម្នធាត មយួន្សងនទ្ៀតម្ន  S  នទ្                           
តាង U  ជាសំណ ំ រងមយួម្ន T  តដលានធាត នលើសពី 2

101                                                           
នោយានម្រតឹមតត 2

101 គូខ សគ្មា ម្ន  ,b c  តដល 0 , 100b c   
ន ោះតាមនគ្មលការណ៍រនធម្រ ប The pigeon hole principle  , U  ម្រតូយាន 
ធាត ពីរ 1 1 1

1
2 3 167

a b c
u   និង 2 2 2

2
2 3 167

a b c
u   តដល 

1 2
b b ,

1 2
c c   និង  

1 2
a a     ។                                                                                    
នបើ 1 2

a a  ន ោះ 
1

u  ជាពហ គ ណម្ន 
2

u  និង នបើ 1 2
a a   ន ោះ 

2
u   ជា 

ពហ គ ណម្ន 
1

u  ននោះបញ្ជា ក ថ់ៈ U  មនិបនំពញលកខខណឌ តដលម្រតូយការន ោះនទ្ ។     
ដូចននោះចំនួនធាត នម្រចើនបំ  ្តតដលអាច តដលសំណ ំ រងមយួម្ន T  អាចានគឺ 

2
101 10201     ។ 
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Each problem is worth 7 points

∗ The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.

Problem 1. Prove that for every irrational real number a, there are irrational real numbers
b and b′ so that a + b and ab′ are both rational while ab and a + b′ are both irrational.

Problem 2. Let a, b and c be positive real numbers such that abc = 8. Prove that

a2

√
(1 + a3)(1 + b3)

+
b2

√
(1 + b3)(1 + c3)

+
c2

√
(1 + c3)(1 + a3)

≥ 4

3
.

Problem 3. Prove that there exists a triangle which can be cut into 2005 congruent
triangles.

Problem 4. In a small town, there are n×n houses indexed by (i, j) for 1 ≤ i, j ≤ n with
(1, 1) being the house at the top left corner, where i and j are the row and column indices,
respectively. At time 0, a fire breaks out at the house indexed by (1, c), where c ≤ n

2 .
During each subsequent time interval [t, t+1], the fire fighters defend a house which is not
yet on fire while the fire spreads to all undefended neighbors of each house which was on
fire at time t. Once a house is defended, it remains so all the time. The process ends when
the fire can no longer spread. At most how many houses can be saved by the fire fighters?
A house indexed by (i, j) is a neighbor of a house indexed by (k, `) if |i− k|+ |j − `| = 1.

Problem 5. In a triangle ABC, points M and N are on sides AB and AC, respectively,
such that MB = BC = CN . Let R and r denote the circumradius and the inradius of the
triangle ABC, respectively. Express the ratio MN/BC in terms of R and r.
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Problems and Solutions

Problem 1. Prove that for every irrational real number a, there are irrational real numbers
b and b′ so that a + b and ab′ are both rational while ab and a + b′ are both irrational.

(Solution) Let a be an irrational number. If a2 is irrational, we let b = −a. Then,
a + b = 0 is rational and ab = −a2 is irrational. If a2 is rational, we let b = a2 − a. Then,
a + b = a2 is rational and ab = a2(a− 1). Since

a =
ab

a2
+ 1

is irrational, so is ab.

Now, we let b′ =
1

a
or b′ =

2

a
. Then ab′ = 1 or 2, which is rational. Note that

a + b′ =
a2 + 1

a
or a + b′ =

a2 + 2

a
.

Since,
a2 + 2

a
− a2 + 1

a
=

1

a
,

at least one of them is irrational.

1



Problem 2. Let a, b and c be positive real numbers such that abc = 8. Prove that

a2

√
(1 + a3)(1 + b3)

+
b2

√
(1 + b3)(1 + c3)

+
c2

√
(1 + c3)(1 + a3)

≥ 4

3
.

(Solution) Observe that
1√

1 + x3
≥ 2

2 + x2
. (1)

In fact, this is equivalent to (2 + x2)2 ≥ 4(1 + x3), or x2(x− 2)2 ≥ 0. Notice that equality
holds in (1) if and only if x = 2.

We substitute x by a, b, c in (1), respectively, to find

a2

√
(1 + a3)(1 + b3)

+
b2

√
(1 + b3)(1 + c3)

+
c2

√
(1 + c3)(1 + a3)

≥ 4a2

(2 + a2)(2 + b2)
+

4b2

(2 + b2)(2 + c2)
+

4c2

(2 + c2)(2 + a2)
. (2)

We combine the terms on the right hand side of (2) to obtain

Left hand side of (2) ≥ 2S(a, b, c)

36 + S(a, b, c)
=

2

1 + 36/S(a, b, c)
, (3)

where S(a, b, c) := 2(a2 + b2 + c2) + (ab)2 + (bc)2 + (ca)2. By AM-GM inequality, we have

a2 + b2 + c2 ≥ 3 3
√

(abc)2 = 12 ,

(ab)2 + (bc)2 + (ca)2 ≥ 3 3
√

(abc)4 = 48 .

Note that the equalities holds if and only if a = b = c = 2. The above inequalities yield

S(a, b, c) = 2(a2 + b2 + c2) + (ab)2 + (bc)2 + (ca)2 ≥ 72 . (4)

Therefore
2

1 + 36/S(a, b, c)
≥ 2

1 + 36/72
=

4

3
, (5)

which is the required inequality.

2



Problem 3. Prove that there exists a triangle which can be cut into 2005 congruent
triangles.

(Solution) Suppose that one side of a triangle has length n. Then it can be cut into n2

congruent triangles which are similar to the original one and whose corresponding sides to
the side of length n have lengths 1.

Since 2005 = 5 × 401 where 5 and 401 are primes and both primes are of the type
4k + 1, it is representable as a sum of two integer squares. Indeed, it is easy to see that

2005 = 5× 401 = (22 + 1)(202 + 1)
= 402 + 202 + 22 + 1
= (40− 1)2 + 2× 40 + 202 + 22

= 392 + 222.

Let ABC be a right-angled triangle with the legs AB and BC having lengths 39 and
22, respectively. We draw the altitude BK, which divides ABC into two similar triangles.
Now we divide ABK into 392 congruent triangles as described above and BCK into 222

congruent triangles. Since ABK is similar to BKC, all 2005 triangles will be congruent.

3



Problem 4. In a small town, there are n×n houses indexed by (i, j) for 1 ≤ i, j ≤ n with
(1, 1) being the house at the top left corner, where i and j are the row and column indices,
respectively. At time 0, a fire breaks out at the house indexed by (1, c), where c ≤ n

2 .
During each subsequent time interval [t, t+1], the fire fighters defend a house which is not
yet on fire while the fire spreads to all undefended neighbors of each house which was on
fire at time t. Once a house is defended, it remains so all the time. The process ends when
the fire can no longer spread. At most how many houses can be saved by the fire fighters?
A house indexed by (i, j) is a neighbor of a house indexed by (k, `) if |i− k|+ |j − `| = 1.

(Solution) At most n2 + c2−nc− c houses can be saved. This can be achieved under the
following order of defending:

(2, c), (2, c + 1); (3, c− 1), (3, c + 2); (4, c− 2), (4, c + 3); . . .
(c + 1, 1), (c + 1, 2c); (c + 1, 2c + 1), . . . , (c + 1, n).

(6)

Under this strategy, there are

2 columns (column numbers c, c + 1) at which n− 1 houses are saved
2 columns (column numbers c− 1, c + 2) at which n− 2 houses are saved
· · ·
2 columns (column numbers 1, 2c) at which n− c houses are saved
n− 2c columns (column numbers n− 2c + 1, . . . , n) at which n− c houses are saved

Adding all these we obtain :

2[(n− 1) + (n− 2) + · · ·+ (n− c)] + (n− 2c)(n− c) = n2 + c2 − cn− c. (7)

We say that a house indexed by (i, j) is at level t if |i− 1|+ |j− c| = t. Let d(t) be the
number of houses at level t defended by time t, and p(t) be the number of houses at levels
greater than t defended by time t. It is clear that

p(t) +
t∑

i=1

d(i) ≤ t and p(t + 1) + d(t + 1) ≤ p(t) + 1.

Let s(t) be the number of houses at level t which are not burning at time t. We prove that

s(t) ≤ t− p(t) ≤ t

for 1 ≤ t ≤ n − 1 by induction. It is obvious when t = 1. Assume that it is true for
t = k. The union of the neighbors of any k − p(k) + 1 houses at level k + 1 contains at
least k − p(k) + 1 vertices at level k. Since s(k) ≤ k − p(k), one of these houses at level
k is burning. Therefore, at most k − p(k) houses at level k + 1 have no neighbor burning.
Hence we have

s(k + 1) ≤ k − p(k) + d(k + 1)
= (k + 1)− (p(k) + 1− d(k + 1))
≤ (k + 1)− p(k + 1).

4



We now prove that the strategy given above is optimal. Since

n−1∑
t=1

s(t) ≤
(

n

2

)
,

the maximum number of houses at levels less than or equal to n − 1, that can be saved

under any strategy is at most
(
n
2

)
, which is realized by the strategy above. Moreover, at

levels bigger than n− 1, every house is saved under the strategy above.

The following is an example when n = 11 and c = 4. The houses with © mark are
burned. The houses with

⊗
mark are blocked ones and hence those and the houses below

them are saved.

•⊙ ⊙ ⊙ ⊙ ⊙ ⊙ ⊙ ⊙ ⊙ ⊙ ⊙

⊙ ⊙ ⊙ ⊗ ⊗ ⊙ ⊙ ⊙ ⊙ ⊙ ⊙

⊙ ⊙ ⊗ ⊗ ⊙ ⊙ ⊙ ⊙ ⊙

⊙ ⊗ ⊗ ⊙ ⊙ ⊙ ⊙

⊗ ⊗ ⊗ ⊗ ⊗

5



Problem 5. In a triangle ABC, points M and N are on sides AB and AC, respectively,
such that MB = BC = CN . Let R and r denote the circumradius and the inradius of the
triangle ABC, respectively. Express the ratio MN/BC in terms of R and r.

(Solution) Let ω, O and I be the circumcircle, the circumcenter and the incenter of ABC,
respectively. Let D be the point of intersection of the line BI and the circle ω such that
D 6= B. Then D is the midpoint of the arc AC. Hence OD ⊥ CN and OD = R.

We first show that triangles MNC and IOD are similar. Because BC = BM , the line
BI (the bisector of ∠MBC) is perpendicular to the line CM . Because OD ⊥ CN and
ID ⊥ MC, it follows that

∠ODI = ∠NCM (8)

Let ∠ABC = 2β. In the triangle BCM , we have

CM

NC
=

CM

BC
= 2 sin β (9)

Since ∠DIC = ∠DCI, we have ID = CD = AD. Let E be the point of intersection
of the line DO and the circle ω such that E 6= D. Then DE is a diameter of ω and
∠DEC = ∠DBC = β. Thus we have

DI

OD
=

CD

OD
=

2R sin β

R
= 2 sin β. (10)

Combining equations (8), (9), and (10) shows that triangles MNC and IOD are similar.
It follows that

MN

BC
=

MN

NC
=

IO

OD
=

IO

R
. (11)

The well-known Euler’s formula states that

OI2 = R2 − 2Rr. (12)

Therefore,

MN

BC
=

√
1− 2r

R
. (13)

(Alternative Solution) Let a (resp., b, c) be the length of BC (resp., AC, AB). Let α
(resp., β, γ) denote the angle ∠BAC (resp., ∠ABC, ∠ACB). By introducing coordinates
B = (0, 0), C = (a, 0), it is immediate that the coordinates of M and N are

M = (a cos β, a sin β), N = (a− a cos γ, a sin γ), (14)

6



respectively. Therefore,

(MN/BC)2 = [(a− a cos γ − a cos β)2 + (a sin γ − a sin β)2]/a2

= (1− cos γ − cos β)2 + (sin γ − sin β)2

= 3− 2 cos γ − 2 cos β + 2(cos γ cos β − sin γ sin β)
= 3− 2 cos γ − 2 cos β + 2 cos(γ + β)
= 3− 2 cos γ − 2 cos β − 2 cos α
= 3− 2(cos γ + cos β + cos α).

(15)

Now we claim
cos γ + cos β + cos α =

r

R
+ 1. (16)

From
a = b cos γ + c cos β
b = c cos α + a cos γ
c = a cos β + b cos α

(17)

we get

a(1 + cos α) + b(1 + cos β) + c(1 + cos γ) = (a + b + c)(cos α + cos β + cos γ). (18)

Thus

cos α + cos β + cos γ

=
1

a + b + c
(a(1 + cos α) + b(1 + cos β) + c(1 + cos γ))

=
1

a + b + c

(
a

(
1 +

b2 + c2 − a2

2bc

)
+ b

(
1 +

a2 + c2 − b2

2ac

)
+ c

(
1 +

a2 + b2 − c2

2ab

))

=
1

a + b + c

(
a + b + c +

a2(b2 + c2 − a2) + b2(a2 + c2 − b2) + c2(a2 + b2 − c2)

2abc

)

= 1 +
2a2b2 + 2b2c2 + 2c2a2 − a4 − b4 − c4

2abc(a + b + c)
.

(19)

On the other hand, from R =
a

2 sin α
it follows that

R2 =
a2

4(1− cos2 α)
=

a2

4

(
1−

(
b2 + c2 − a2

2bc

)2
)

=
a2b2c2

2a2b2 + 2b2c2 + 2c2a2 − a4 − b4 − c4
.

(20)
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Also from
1

2
(a + b + c)r =

1

2
bc sin α, it follows that

r2 =
b2c2(1− cos2 α)

(a + b + c)2
=

b2c2

(
1−

(
b2 + c2 − a2

2bc

)2
)

(a + b + c)2

=
2a2b2 + 2b2c2 + 2c2a2 − a4 − b4 − c4

4(a + b + c)2
.

(21)

Combining (19), (20) and (21), we get (16) as desired.

Finally, by (15) and (16) we have

MN

BC
=

√
1− 2r

R
. (22)

Another proof of (16) from R.A. Johnson’s “Advanced Euclidean Geometry”1 :

Construct the perpendicular bisectors OD, OE,OF , where D, E, F are the midpoints
of BC, CA, AB, respectively. By Ptolemy’s Theorem applied to the cyclic quadrilateral
OEAF , we get

a

2
·R =

b

2
·OF +

c

2
·OE.

Similarly
b

2
·R =

c

2
·OD +

a

2
·OF,

c

2
·R =

a

2
·OE +

b

2
·OD.

Adding, we get

sR = OD · b + c

2
+ OE · c + a

2
+ OF · a + b

2
, (23)

where s is the semiperimeter. But also, the area of triangle OBC is OD · a

2
, and adding

similar formulas for the areas of triangles OCA and OAB gives

rs = 4ABC = OD · a

2
+ OE · b

2
+ OF · c

2
(24)

Adding (23) and (24) gives s(R + r) = s(OD + OE + OF ), or

OD + OE + OF = R + r.

Since OD = R cos A etc., (16) follows.

1This proof was introduced to the coordinating country by Professor Bill Sands of Canada.
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XVIII Asian Pacific Mathematics Olympiad

Time allowed : 4 hours
Each problem is worth 7 points

∗ The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.

Problem 1. Let n be a positive integer. Find the largest nonnegative real number f(n)
(depending on n) with the following property: whenever a1, a2, . . . , an are real numbers
such that a1 + a2 + · · ·+ an is an integer, there exists some i such that | ai − 1

2
| ≥ f(n).

Problem 2. Prove that every positive integer can be written as a finite sum of distinct
integral powers of the golden mean τ = 1+

√
5

2
. Here, an integral power of τ is of the form

τ i, where i is an integer (not necessarily positive).

Problem 3. Let p ≥ 5 be a prime and let r be the number of ways of placing p checkers
on a p× p checkerboard so that not all checkers are in the same row (but they may all be
in the same column). Show that r is divisible by p 5. Here, we assume that all the checkers
are identical.

Problem 4. Let A,B be two distinct points on a given circle O and let P be the midpoint
of the line segment AB. Let O1 be the circle tangent to the line AB at P and tangent to
the circle O. Let ` be the tangent line, different from the line AB, to O1 passing through
A. Let C be the intersection point, different from A, of ` and O. Let Q be the midpoint
of the line segment BC and O2 be the circle tangent to the line BC at Q and tangent to
the line segment AC. Prove that the circle O2 is tangent to the circle O.

Problem 5. In a circus, there are n clowns who dress and paint themselves up using a
selection of 12 distinct colours. Each clown is required to use at least five different colours.
One day, the ringmaster of the circus orders that no two clowns have exactly the same set
of colours and no more than 20 clowns may use any one particular colour. Find the largest
number n of clowns so as to make the ringmaster’s order possible.



Problem 1. Let n be a positive integer. Find the largest nonnegative real number f(n)
(depending on n) with the following property: whenever a1, a2, . . . , an are real numbers
such that a1 + a2 + · · ·+ an is an integer, there exists some i such that | ai − 1

2
| ≥ f(n).

(Solution) The answer is

f(n) =

{
0 if n is even,
1
2n

if n is odd.

First, assume that n is even. If ai = 1
2

for all i, then the sum a1 + a2 + · · · + an is an
integer. Since | ai − 1

2
|= 0 for all i, we may conclude f(n) = 0 for any even n.

Now assume that n is odd. Suppose that | ai − 1
2
|< 1

2n
for all 1 ≤ i ≤ n. Then, since∑n

i=1 ai is an integer,

1

2
≤

∣∣∣∣∣
n∑

i=1

ai − n

2

∣∣∣∣∣ ≤
n∑

i=1

∣∣∣∣ai − 1

2

∣∣∣∣ <
1

2n
· n =

1

2
,

a contradiction. Thus |ai − 1
2
| ≥ 1

2n
for some i, as required. On the other hand, putting

n = 2m + 1 and ai = m
2m+1

for all i gives
∑

ai = m, while

∣∣∣∣ai − 1

2

∣∣∣∣ =
1

2
− m

2m + 1
=

1

2(2m + 1)
=

1

2n

for all i. Therefore, f(n) = 1
2n

is the best possible for any odd n.

Problem 2. Prove that every positive integer can be written as a finite sum of distinct
integral powers of the golden mean τ = 1+

√
5

2
. Here, an integral power of τ is of the form

τ i, where i is an integer (not necessarily positive).

(Solution) We will prove this statement by induction using the equality

τ 2 = τ + 1.

If n = 1, then 1 = τ 0. Suppose that n− 1 can be written as a finite sum of integral powers
of τ , say

n− 1 =
k∑

i=−k

aiτ
i, (1)

where ai ∈ {0, 1} and n ≥ 2. We will write (1) as

n− 1 = ak · · · a1a0.a−1a−2 · · · a−k. (2)

For example,
1 = 1.0 = 0.11 = 0.1011 = 0.101011.



Firstly, we will prove that we may assume that in (2) we have aiai+1 = 0 for all i with
−k ≤ i ≤ k − 1. Indeed, if we have several occurrences of 11, then we take the leftmost
such occurrence. Since we may assume that it is preceded by a 0, we can replace 011
with 100 using the identity τ i+1 + τ i = τ i+2. By doing so repeatedly, if necessary, we will
eliminate all occurrences of two 1’s standing together. Now we have the representation

n− 1 =
K∑

i=−K

biτ
i, (3)

where bi ∈ {0, 1} and bibi+1 = 0.
If b0 = 0 in (3), then we just add 1 = τ 0 to both sides of (3) and we are done.
Suppose now that there is 1 in the unit position of (3), that is b0 = 1. If there are two

0’s to the right of it, i.e.
n− 1 = · · · 1.00 · · · ,

then we can replace 1.00 with 0.11 because 1 = τ−1 + τ−2, and we are done because we
obtain 0 in the unit position. Thus we may assume that

n− 1 = · · · 1.010 · · · .

Again, if we have n− 1 = · · · 1.0100 · · · , we may rewrite it as

n− 1 = · · · 1.0100 · · · = · · · 1.0011 · · · = · · · 0.1111 · · ·
and obtain 0 in the unit position. Therefore, we may assume that

n− 1 = · · · 1.01010 · · · .

Since the number of 1’s is finite, eventually we will obtain an occurrence of 100 at the end,
i.e.

n− 1 = · · · 1.01010 · · · 100.

Then we can shift all 1’s to the right to obtain 0 in the unit position, i.e.

n− 1 = · · · 0.11 · · · 11,

and we are done.

Problem 3. Let p ≥ 5 be a prime and let r be the number of ways of placing p checkers
on a p× p checkerboard so that not all checkers are in the same row (but they may all be
in the same column). Show that r is divisible by p 5. Here, we assume that all the checkers
are identical.

(Solution) Note that r =

(
p 2

p

)
− p . Hence, it suffices to show that

(p 2 − 1)(p 2 − 2) · · · (p 2 − (p− 1))− (p− 1)! ≡ 0 (mod p 4). (1)



Now, let

f(x) := (x− 1)(x− 2) · · · (x− (p− 1)) = xp−1 + sp−2x
p−2 + · · ·+ s1x + s0. (2)

Then the congruence equation (1) is same as f(p 2)−s0 ≡ 0 (mod p 4). Therefore, it suffices
to show that s1p

2 ≡ 0 (mod p 4) or s1 ≡ 0 (mod p 2).
Since ap−1 ≡ 1 (mod p) for all 1 ≤ a ≤ p− 1, we can factor

xp−1 − 1 ≡ (x− 1)(x− 2) · · · (x− (p− 1)) (mod p). (3)

Comparing the coefficients of the left hand side of (3) with those of the right hand side
of (2), we obtain p | si for all 1 ≤ i ≤ p − 2 and s0 ≡ −1 (mod p). On the other hand,
plugging p for x in (2), we get

f(p) = (p− 1)! = s0 = p p−1 + sp−2p
p−2 + · · ·+ s1p + s0,

which implies
p p−1 + sp−2p

p−2 + · · ·+ s2p
2 = −s1p.

Since p ≥ 5, p | s2 and hence s1 ≡ 0 (mod p 2) as desired.

Problem 4. Let A,B be two distinct points on a given circle O and let P be the midpoint
of the line segment AB. Let O1 be the circle tangent to the line AB at P and tangent to
the circle O. Let ` be the tangent line, different from the line AB, to O1 passing through
A. Let C be the intersection point, different from A, of ` and O. Let Q be the midpoint
of the line segment BC and O2 be the circle tangent to the line BC at Q and tangent to
the line segment AC. Prove that the circle O2 is tangent to the circle O.

(Solution) Let S be the tangent point of the circles O and O1 and let T be the intersection
point, different from S, of the circle O and the line SP . Let X be the tangent point of
` to O1 and let M be the midpoint of the line segment XP . Since ∠TBP = ∠ASP , the
triangle TBP is similar to the triangle ASP . Therefore,

PT

PB
=

PA

PS
.

Since the line ` is tangent to the circle O1 at X, we have

∠SPX = 90◦ − ∠XSP = 90◦ − ∠APM = ∠PAM

which implies that the triangle PAM is similar to the triangle SPX. Consequently,

XS

XP
=

MP

MA
=

XP

2MA
and

XP

PS
=

MA

AP
.



From this and the above observation follows

XS

XP
· PT

PB
=

XP

2MA
· PA

PS
=

XP

2MA
· MA

XP
=

1

2
. (1)

Let A′ be the intersection point of the circle O and the perpendicular bisector of the chord
BC such that A,A′ are on the same side of the line BC, and N be the intersection point
of the lines A′Q and CT . Since

∠NCQ = ∠TCB = ∠TCA = ∠TBA = ∠TBP

and

∠CA′Q =
∠CAB

2
=

∠XAP

2
= ∠PAM = ∠SPX,

the triangle NCQ is similar to the triangle TBP and the triangle CA′Q is similar to the
triangle SPX. Therefore

QN

QC
=

PT

PB
and

QC

QA′ =
XS

XP
.

and hence QA′ = 2QN by (1). This implies that N is the midpoint of the line segment
QA′. Let the circle O2 touch the line segment AC at Y . Since

∠ACN = ∠ACT = ∠BCT = ∠QCN

and |CY | = |CQ|, the triangles Y CN and QCN are congruent and hence NY ⊥ AC and
NY = NQ = NA′. Therefore, N is the center of the circle O2, which completes the proof.

Remark : Analytic solutions are possible : For example, one can prove for a triangle ABC
inscribed in a circle O that AB = k(2 + 2t), AC = k(1 + 2t), BC = k(1 + 4t) for some
positive numbers k, t if and only if there exists a circle O1 such that O1 is tangent to the
side AB at its midpoint, the side AC and the circle O.

One obtains AB = k′(1 + 4t′), AC = k′(1 + 2t′), BC = k′(2 + 2t′) by substituting
t = 1/4t′ and k = 2k′t′. So, there exists a circle O2 such that O2 is tangent to the side BC
at its midpoint, the side AC and the circle O.

In the above, t = tan2 α and k = 4R tan α
(1+tan2 α)(1+4 tan2 α)

, where R is the radius of O and

∠A = 2α. Furthermore, t′ = tan2 γ and k′ = 4R tan γ
(1+tan2 γ)(1+4 tan2 γ)

, where ∠C = 2γ. Observe

that
√

tt′ = tan α · tan γ = XS
XP

· PT
PB

= 1
2
, which implies tt′ = 1

4
. It is now routine easy to

check that k = 2k′t′.

Problem 5. In a circus, there are n clowns who dress and paint themselves up using a
selection of 12 distinct colours. Each clown is required to use at least five different colours.
One day, the ringmaster of the circus orders that no two clowns have exactly the same set



of colours and no more than 20 clowns may use any one particular colour. Find the largest
number n of clowns so as to make the ringmaster’s order possible.

(Solution) Let C be the set of n clowns. Label the colours 1, 2, 3, . . . , 12. For each
i = 1, 2, . . . , 12, let Ei denote the set of clowns who use colour i. For each subset S of
{1, 2, . . . , 12}, let ES be the set of clowns who use exactly those colours in S. Since S 6= S ′

implies ES ∩ ES′ = ∅, we have ∑
S

|ES| = |C| = n,

where S runs over all subsets of {1, 2, . . . , 12}. Now for each i,

ES ⊆ Ei if and only if i ∈ S,

and hence
|Ei| =

∑
i∈S

|ES|.

By assumption, we know that |Ei| ≤ 20 and that if ES 6= ∅, then |S| ≥ 5. From this we
obtain

20× 12 ≥
12∑
i=1

|Ei| =
12∑
i=1

(∑
i∈S

|ES|
)
≥ 5

∑
S

|ES| = 5n.

Therefore n ≤ 48.
Now, define a sequence {ci}52

i=1 of colours in the following way:

1 2 3 4 | 5 6 7 8 | 9 10 11 12 |
4 1 2 3 | 8 5 6 7 | 12 9 10 11 |
3 4 1 2 | 7 8 5 6 | 11 12 9 10 |
2 3 4 1 | 6 7 8 5 | 10 11 12 9 | 1 2 3 4

The first row lists c1, . . . , c12 in order, the second row lists c13, . . . , c24 in order, the third
row lists c25, . . . , c36 in order, and finally the last row lists c37, . . . , c52 in order. For each
j, 1 ≤ j ≤ 48, assign colours cj, cj+1, cj+2, cj+3, cj+4 to the j-th clown. It is easy to check
that this assignment satisfies all conditions given above. So, 48 is the largest for n.

Remark : The fact that n ≤ 48 can be obtained in a much simpler observation that

5n ≤ 12× 20 = 240.

There are many other ways of constructing 48 distinct sets consisting of 5 colours. For
example, consider the sets

{1, 2, 3, 4, 5, 6}, {3, 4, 5, 6, 7, 8}, {5, 6, 7, 8, 9, 10}, {7, 8, 9, 10, 11, 12},
{9, 10, 11, 12, 1, 2}, {11, 12, 1, 2, 3, 4}, {1, 2, 5, 6, 9, 10}, {3, 4, 7, 8, 11, 12}.

Each of the above 8 sets has 6 distinct subsets consisting of exactly 5 colours. It is easy to
check that the 48 subsets obtained in this manner are all distinct.



Medal Student Name

Gold Award

Brian Lawrence (USA)

Cheng-Chiang Tsai (Taiwan)

Yufei Zhao (Canada)

Panupong Pasupat (Thailand)

Guevara Manuel Guevara (Mexico)

Daniel Soncco (Peru)

Seok Hyeong Lee (Korea)

Toshiki Kataoka (Japan)

Pok Wai Fong (Hong Kong)

Andrey Kim (Kazakhstan)

Yan Zhao (Singapore)

Silver Award

Arnav Tripathy (USA)

Ju Gang Nam (Korea)

Shinn-Yih Huang (Taiwan)

Masaki Watanabe (Japan)

Peng Shi (Canada)

Yun Pui Tsoi (Hong Kong)

Teeradej Kittipassorn (Thailand)

Graham White (Australia)

Daulet Zhanguzin (Kazakhstan)

Issac Buenrostro (Mexico)

German Gieczewski (Argentina)
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Martin Spencer (New Zealand)
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Ga Hye Jung (Korea)

Pi-Hsun Shih (Taiwan)
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Jennifer Park (Canada)

Chiu Wai Wong (Hong Kong)
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Wei Quan Lim (Singapore)
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Chang Hyun Kwak (Korea)

Yo Han Lee (Korea)

Wei-Ming Chen (Taiwan)

Yu-Wei Fan (Taiwan)

Akinori Mitani (Japan)

Atushi Yano (Japan)

William Ma (Canada)

Lin Fei (Canada)

On Yip Chong (Hong Kong)

Chak Hei Yuen (Hong Kong)

Teerawut Wonnaparhun (Thailand)

Permsup Meeying (Thailand)

Vinoth Nandakumar (Australia)

Philipp Allgeuer (Australia)

Matihew NG (Australia)

Assan Zholoassov (Kazakhstan)

Asset Musagaliev (Kazakhstan)

David Torres (Mexico)

Ignacio Rossi (Argentina)

Leopoldo Taravilse (Argentina)

Jia-Han Chiam (Singapore)

Jossy Alva (Peru)

Albert Gunawan (Indonesia)

Afkar Aulia (Indonesia)

Zhi Kin Loke (Malaysia)

Yi Sun (USA)

Zhou Fan (USA)

Yul Hee Nam (Korea)

In Hwan Choi (Korea)

Yao-Hsiang Yang (Taiwan)

Tsung-Che Wu (Taiwan)

Yuki Ito (Japan)

Yuki Yoshida (Japan)
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Kwun Kiu Wong (Hong Kong)
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Teruhisa Koshikawa (Japan)

Allen Zhang (Canada)

Kwun Tat Chan (Hong Kong)

Ka Wai NG (Hong Kong)

Sarita Bunsupha (Thailand)
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Nicolas Ponieman (Argentina)
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Jun Ren Lim (Singapore)

Feng Zhu (Singapore)

Fabián Prada (Colombia)

Federico Castillo (Colombia)

James Liley (New Zealand)

Toto Suryo Efar (Indonesia)

Tee-Jin Cheong (Malaysia)

Yu Wei Lim (Malaysia)

Luis Pena (Panama)

Sebastian Libedinsky (Chile)



XIX Asian Pacific Mathematics Olympiad 

 

Time allowed : 4 hours
Each problem is worth 7 points

∗ The contest problems are to be kept confidential until they are posted on the official APMO
website. Please do not disclose nor discuss the problems over the internet until that date.
No calculators are to be used during the contest.

Problem 1. Let S be a set of 9 distinct integers all of whose prime factors are at most 3.
Prove that S contains 3 distinct integers such that their product is a perfect cube.

Problem 2. Let ABC be an acute angled triangle with ∠BAC = 60◦ and AB > AC. Let
I be the incenter, and H the orthocenter of the triangle ABC. Prove that

2∠AHI = 3∠ABC.

Problem 3. Consider n disks C1, C2, . . . , Cn in a plane such that for each 1 ≤ i < n, the
center of Ci is on the circumference of Ci+1, and the center of Cn is on the circumference
of C1. Define the score of such an arrangement of n disks to be the number of pairs (i, j)
for which Ci properly contains Cj. Determine the maximum possible score.

Problem 4. Let x, y and z be positive real numbers such that
√
x+
√
y+
√
z = 1. Prove

that
x2 + yz√
2x2(y + z)

+
y2 + zx√
2y2(z + x)

+
z2 + xy√
2z2(x+ y)

≥ 1.

Problem 5. A regular (5 × 5)-array of lights is defective, so that toggling the switch for
one light causes each adjacent light in the same row and in the same column as well as
the light itself to change state, from on to off, or from off to on. Initially all the lights are
switched off. After a certain number of toggles, exactly one light is switched on. Find all
the possible positions of this light.

1
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Problem 1. Let S be a set of 9 distinct integers all of whose prime factors are at most 3.
Prove that S contains 3 distinct integers such that their product is a perfect cube.

Solution. Without loss of generality, we may assume that S contains only positive integers.
Let

S = {2ai3bi | ai, bi ∈ Z, ai, bi ≥ 0, 1 ≤ i ≤ 9}.
It suffices to show that there are 1 ≤ i1, i2, i3 ≤ 9 such that

ai1 + ai2 + ai3 ≡ bi1 + bi2 + bi3 ≡ 0 (mod 3). (†)

For n = 2a3b ∈ S, let’s call (a (mod 3), b (mod 3)) the type of n. Then there are 9 possible
types :

(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (2, 2).

Let N(i, j) be the number of integers in S of type (i, j). We obtain 3 distinct integers
whose product is a perfect cube when

(1) N(i, j) ≥ 3 for some i, j, or

(2) N(i, 0)N(i, 1)N(i, 2) 6= 0 for some i = 0, 1, 2, or

(3) N(0, j)N(1, j)N(2, j) 6= 0 for some j = 0, 1, 2, or

(4) N(i1, j1)N(i2, j2)N(i3, j3) 6= 0, where {i1, i2, i3} = {j1, j2, j3} = {0, 1, 2}.
Assume that none of the conditions (1)∼(3) holds. Since N(i, j) ≤ 2 for all (i, j), there

are at least five N(i, j)’s that are nonzero. Furthermore, among those nonzero N(i, j)’s, no
three have the same i nor the same j. Using these facts, one may easily conclude that the
condition (4) should hold. (For example, if one places each nonzero N(i, j) in the (i, j)-th
box of a regular 3 × 3 array of boxes whose rows and columns are indexed by 0,1 and 2,
then one can always find three boxes, occupied by at least one nonzero N(i, j), whose rows
and columns are all distinct. This implies (4).)



Second solution. Up to (†), we do the same as above and get 9 possible types :

(a (mod 3), b (mod 3)) = (0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (2, 2)

for n = 2a3b ∈ S.
Note that (i) among any 5 integers, there exist 3 whose sum is 0 (mod 3), and that (ii)

if i, j, k ∈ {0, 1, 2}, then i+j+k ≡ 0 (mod 3) if and only if i = j = k or {i, j, k} = {0, 1, 2}.
Let’s define

T : the set of types of the integers in S ;
N(i) : the number of integers in S of the type (i, ·) ;
M(i) : the number of integers j ∈ {0, 1, 2} such that (i, j) ∈ T .

If N(i) ≥ 5 for some i, the result follows from (i). Otherwise, for some permutation (i, j, k)
of (0, 1, 2),

N(i) ≥ 3, N(j) ≥ 3, N(k) ≥ 1.

If M(i) or M(j) is 1 or 3, the result follows from (ii). Otherwise M(i) = M(j) = 2. Then
either

(i, x), (i, y), (j, x), (j, y) ∈ T or (i, x), (i, y), (j, x), (j, z) ∈ T

for some permutation (x, y, z) of (0, 1, 2). Since N(k) ≥ 1, at least one of (k, x), (k, y) and
(k, z) contained in T . Therefore, in any case, the result follows from (ii). (For example, if
(k, y) ∈ T , then take (i, y), (j, y), (k, y) or (i, x), (j, z), (k, y) from T .)



Problem 2. Let ABC be an acute angled triangle with ∠BAC = 60◦ and AB > AC. Let
I be the incenter, and H the orthocenter of the triangle ABC. Prove that

2∠AHI = 3∠ABC.

Solution. Let D be the intersection point of the lines AH and BC. Let K be the
intersection point of the circumcircle O of the triangle ABC and the line AH. Let the line
through I perpendicular to BC meet BC and the minor arc BC of the circumcircle O at
E and N , respectively. We have

∠BIC = 180◦ − (∠IBC + ∠ICB) = 180◦ − 1

2
(∠ABC + ∠ACB) = 90◦ +

1

2
∠BAC = 120◦

and also ∠BNC = 180◦ − ∠BAC = 120◦ = ∠BIC. Since IN ⊥ BC, the quadrilateral
BICN is a kite and thus IE = EN .

Now, since H is the orthocenter of the triangle ABC, HD = DK. Also because
ED ⊥ IN and ED ⊥ HK, we conclude that IHKN is an isosceles trapezoid with
IH = NK.

Hence
∠AHI = 180◦ − ∠IHK = 180◦ − ∠AKN = ∠ABN.

Since IE = EN and BE ⊥ IN , the triangles IBE and NBE are congruent. Therefore

∠NBE = ∠IBE = ∠IBC = ∠IBA =
1

2
∠ABC

and thus

∠AHI = ∠ABN =
3

2
∠ABC.

Second solution. Let P,Q and R be the intersection points of BH, CH and AH with
AC, AB and BC, respectively. Then we have ∠IBH = ∠ICH. Indeed,

∠IBH = ∠ABP − ∠ABI = 30◦ − 1

2
∠ABC

and

∠ICH = ∠ACI − ∠ACH =
1

2
∠ACB − 30◦ = 30◦ − 1

2
∠ABC,

because ∠ABH = ∠ACH = 30◦ and ∠ACB+∠ABC = 120◦. (Note that ∠ABP > ∠ABI
and ∠ACI > ∠ACH because AB is the longest side of the triangle ABC under the given
conditions.) Therefore BIHC is a cyclic quadrilateral and thus

∠BHI = ∠BCI =
1

2
∠ACB.



On the other hand,

∠BHR = 90◦ − ∠HBR = 90◦ − (∠ABC − ∠ABH) = 120◦ − ∠ABC.

Therefore,

∠AHI = 180◦ − ∠BHI − ∠BHR = 60◦ − 1

2
∠ACB + ∠ABC

= 60◦ − 1

2
(120◦ − ∠ABC) + ∠ABC =

3

2
∠ABC.



Problem 3. Consider n disks C1, C2, . . . , Cn in a plane such that for each 1 ≤ i < n, the
center of Ci is on the circumference of Ci+1, and the center of Cn is on the circumference
of C1. Define the score of such an arrangement of n disks to be the number of pairs (i, j)
for which Ci properly contains Cj. Determine the maximum possible score.

Solution. The answer is (n− 1)(n− 2)/2.
Let’s call a set of n disks satisfying the given conditions an n-configuration. For an n-

configuration C = {C1, . . . , Cn}, let SC = {(i, j) | Ci properly contains Cj }. So, the score
of an n-configuration C is |SC|.

We’ll show that (i) there is an n-configuration C for which |SC| = (n− 1)(n− 2)/2, and
that (ii) |SC| ≤ (n− 1)(n− 2)/2 for any n-configuration C.

Let C1 be any disk. Then for i = 2, . . . , n − 1, take Ci inside Ci−1 so that the cir-
cumference of Ci contains the center of Ci−1. Finally, let Cn be a disk whose center is on
the circumference of C1 and whose circumference contains the center of Cn−1. This gives
SC = {(i, j) | 1 ≤ i < j ≤ n− 1} of size (n− 1)(n− 2)/2, which proves (i).

For any n-configuration C, SC must satisfy the following properties:

(1) (i, i) 6∈ SC ,

(2) (i + 1, i) 6∈ SC, (1, n) 6∈ SC ,

(3) if (i, j), (j, k) ∈ SC, then (i, k) ∈ SC ,

(4) if (i, j) ∈ SC, then (j, i) 6∈ SC .

Now we show that a set G of ordered pairs of integers between 1 and n, satisfying the
conditions (1)∼(4), can have no more than (n− 1)(n− 2)/2 elements. Suppose that there
exists a set G that satisfies the conditions (1)∼(4), and has more than (n − 1)(n − 2)/2
elements. Let n be the least positive integer with which there exists such a set G. Note
that G must have (i, i + 1) for some 1 ≤ i ≤ n or (n, 1), since otherwise G can have at
most (

n

2

)
− n =

n(n− 3)

2
<

(n− 1)(n− 2)

2

elements. Without loss of generality we may assume that (n, 1) ∈ G. Then (1, n− 1) 6∈ G,
since otherwise the condition (3) yields (n, n−1) ∈ G contradicting the condition (2). Now
let G′ = {(i, j) ∈ G | 1 ≤ i, j ≤ n− 1}, then G′ satisfies the conditions (1)∼(4), with n− 1.

We now claim that |G−G′| ≤ n− 2 :

Suppose that |G−G′| > n− 2, then |G−G′| = n− 1 and hence for each 1 ≤ i ≤ n− 1,
either (i, n) or (n, i) must be in G. We already know that (n, 1) ∈ G and (n − 1, n) ∈ G
(because (n, n − 1) 6∈ G) and this implies that (n, n − 2) 6∈ G and (n − 2, n) ∈ G. If we
keep doing this process, we obtain (1, n) ∈ G, which is a contradiction.



Since |G−G′| ≤ n− 2, we obtain

|G′| ≥ (n− 1)(n− 2)

2
− (n− 2) =

(n− 2)(n− 3)

2
.

This, however, contradicts the minimality of n, and hence proves (ii).



Problem 4. Let x, y and z be positive real numbers such that
√

x +
√

y +
√

z = 1. Prove
that

x2 + yz√
2x2(y + z)

+
y2 + zx√
2y2(z + x)

+
z2 + xy√
2z2(x + y)

≥ 1.

Solution. We first note that

x2 + yz√
2x2(y + z)

=
x2 − x(y + z) + yz√

2x2(y + z)
+

x(y + z)√
2x2(y + z)

=
(x− y)(x− z)√

2x2(y + z)
+

√
y + z

2

≥ (x− y)(x− z)√
2x2(y + z)

+

√
y +

√
z

2
. (1)

Similarly, we have

y2 + zx√
2y2(z + x)

≥ (y − z)(y − x)√
2y2(z + x)

+

√
z +

√
x

2
, (2)

z2 + xy√
2z2(x + y)

≥ (z − x)(z − y)√
2z2(x + y)

+

√
x +

√
y

2
. (3)

We now add (1)∼(3) to get

x2 + yz√
2x2(y + z)

+
y2 + zx√
2y2(z + x)

+
z2 + xy√
2z2(x + y)

≥ (x− y)(x− z)√
2x2(y + z)

+
(y − z)(y − x)√

2y2(z + x)
+

(z − x)(z − y)√
2z2(x + y)

+
√

x +
√

y +
√

z

=
(x− y)(x− z)√

2x2(y + z)
+

(y − z)(y − x)√
2y2(z + x)

+
(z − x)(z − y)√

2z2(x + y)
+ 1.

Thus, it suffices to show that

(x− y)(x− z)√
2x2(y + z)

+
(y − z)(y − x)√

2y2(z + x)
+

(z − x)(z − y)√
2z2(x + y)

≥ 0. (4)

Now, assume without loss of generality, that x ≥ y ≥ z. Then we have

(x− y)(x− z)√
2x2(y + z)

≥ 0



and

(z − x)(z − y)√
2z2(x + y)

+
(y − z)(y − x)√

2y2(z + x)
=

(y − z)(x− z)√
2z2(x + y)

− (y − z)(x− y)√
2y2(z + x)

≥ (y − z)(x− y)√
2z2(x + y)

− (y − z)(x− y)√
2y2(z + x)

= (y − z)(x− y)

(
1√

2z2(x + y)
− 1√

2y2(z + x)

)
.

The last quantity is non-negative due to the fact that

y2(z + x) = y2z + y2x ≥ yz2 + z2x = z2(x + y).

This completes the proof.

Second solution. By Cauchy-Schwarz inequality,
(

x2

√
2x2(y + z)

+
y2

√
2y2(z + x)

+
z2

√
2z2(x + y)

)
(5)

× (
√

2(y + z) +
√

2(z + x) +
√

2(x + y)) ≥ (
√

x +
√

y +
√

z)2 = 1,

and
(

yz√
2x2(y + z)

+
zx√

2y2(z + x)
+

xy√
2z2(x + y)

)
(6)

× (
√

2(y + z) +
√

2(z + x) +
√

2(x + y)) ≥
(√

yz

x
+

√
zx

y
+

√
xy

z

)2

.

We now combine (5) and (6) to find

(
x2 + yz√
2x2(y + z)

+
y2 + zx√
2y2(z + x)

+
z2 + xy√
2z2(x + y)

)

× (
√

2(x + y) +
√

2(y + z) +
√

2(z + x))

≥ 1 +

(√
yz

x
+

√
zx

y
+

√
xy

z

)2

≥ 2

(√
yz

x
+

√
zx

y
+

√
xy

z

)
.

Thus, it suffices to show that

2

(√
yz

x
+

√
zx

y
+

√
xy

z

)
≥

√
2(y + z) +

√
2(z + x) +

√
2(x + y) . (7)

Consider the following inequality using AM-GM inequality

[√
yz

x
+

(
1

2

√
zx

y
+

1

2

√
xy

z

)]2

≥ 4

√
yz

x

(
1

2

√
zx

y
+

1

2

√
xy

z

)
= 2(y + z),



or equivalently √
yz

x
+

(
1

2

√
zx

y
+

1

2

√
xy

z

)
≥

√
2(y + z) .

Similarly, we have

√
zx

y
+

(
1

2

√
xy

z
+

1

2

√
yz

x

)
≥

√
2(z + x) ,

√
xy

z
+

(
1

2

√
yz

x
+

1

2

√
zx

y

)
≥

√
2(x + y) .

Adding the last three inequalities, we get

2

(√
yz

x
+

√
zx

y
+

√
xy

z

)
≥

√
2(y + z) +

√
2(z + x) +

√
2(x + y) .

This completes the proof.



Problem 5. A regular (5 × 5)-array of lights is defective, so that toggling the switch for
one light causes each adjacent light in the same row and in the same column as well as
the light itself to change state, from on to off, or from off to on. Initially all the lights are
switched off. After a certain number of toggles, exactly one light is switched on. Find all
the possible positions of this light.

Solution. We assign the following first labels to the 25 positions of the lights:

1 1 0 1 1
0 0 0 0 0
1 1 0 1 1
0 0 0 0 0
1 1 0 1 1

For each on-off combination of lights in the array, define its first value to be the sum
of the first labels of those positions at which the lights are switched on. It is easy to
check that toggling any switch always leads to an on-off combination of lights whose first
value has the same parity(the remainder when divided by 2) as that of the previous on-off
combination.

The 90◦ rotation of the first labels gives us another labels (let us call it the second
labels) which also makes the parity of the second value(the sum of the second labels of
those positions at which the lights are switched on) invariant under toggling.

1 0 1 0 1
1 0 1 0 1
0 0 0 0 0
1 0 1 0 1
1 0 1 0 1

Since the parity of the first and the second values of the initial status is 0, after certain
number of toggles the parity must remain unchanged with respect to the first labels and
the second labels as well. Therefore, if exactly one light is on after some number of toggles,
the label of that position must be 0 with respect to both labels. Hence according to the
above pictures, the possible positions are the ones marked with ∗i’s in the following picture:

∗2 ∗1

∗0

∗3 ∗4



Now we demonstrate that all five positions are possible :

Toggling the positions checked by t (the order of toggling is irrelevant) in the first
picture makes the center(∗0) the only position with light on and the second picture makes
the position ∗1 the only position with light on. The other ∗i’s can be obtained by rotating
the second picture appropriately.

t t
t

t t t
t t
t t t

t t
t t t t

t
t t t

t
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Problem 1. Let ABC be a triangle with ∠A < 60◦. Let X and Y be the points on the sides
AB and AC, respectively, such that CA+AX = CB +BX and BA+AY = BC +CY . Let
P be the point in the plane such that the lines PX and PY are perpendicular to AB and
AC, respectively. Prove that ∠BPC < 120◦.

Problem 2. Students in a class form groups each of which contains exactly three members
such that any two distinct groups have at most one member in common. Prove that, when
the class size is 46, there is a set of 10 students in which no group is properly contained.

Problem 3. Let Γ be the circumcircle of a triangle ABC. A circle passing through points
A and C meets the sides BC and BA at D and E, respectively. The lines AD and CE meet
Γ again at G and H, respectively. The tangent lines of Γ at A and C meet the line DE at L
and M , respectively. Prove that the lines LH and MG meet at Γ.

Problem 4. Consider the function f : N0 → N0, where N0 is the set of all non-negative
integers, defined by the following conditions :

(i) f(0) = 0, (ii) f(2n) = 2f(n) and (iii) f(2n+ 1) = n+ 2f(n) for all n ≥ 0.

(a) Determine the three sets L := {n | f(n) < f(n+ 1) }, E := {n | f(n) = f(n+ 1) }, and
G := {n | f(n) > f(n+ 1) }.

(b) For each k ≥ 0, find a formula for ak := max{f(n) : 0 ≤ n ≤ 2k} in terms of k.

Problem 5. Let a, b, c be integers satisfying 0 < a < c − 1 and 1 < b < c. For each k,
0 ≤ k ≤ a, let rk, 0 ≤ rk < c, be the remainder of kb when divided by c. Prove that the two
sets {r0, r1, r2, . . . , ra} and {0, 1, 2, . . . , a} are different.



XX Asian Pacific Mathematics Olympiad 

March, 2008 

Problem 1. Let ABC be a triangle with ∠A < 60◦. Let X and Y be the points on the sides
AB and AC, respectively, such that CA + AX = CB + BX and BA + AY = BC + CY . Let
P be the point in the plane such that the lines PX and PY are perpendicular to AB and
AC, respectively. Prove that ∠BPC < 120◦.

(Solution) Let I be the incenter of △ABC, and let the feet of the perpendiculars from I
to AB and to AC be D and E, respectively. (Without loss of generality, we may assume
that AC is the longest side. Then X lies on the line segment AD. Although P may or
may not lie inside △ABC, the proof below works for both cases. Note that P is on the line
perpendicular to AB passing through X.) Let O be the midpoint of IP , and let the feet of
the perpendiculars from O to AB and to AC be M and N , respectively. Then M and N are
the midpoints of DX and EY , respectively.

1



The conditions on the points X and Y yield the equations

AX =
AB + BC − CA

2
and AY =

BC + CA − AB

2
.

From AD = AE =
CA + AB − BC

2
, we obtain

BD = AB − AD = AB − CA + AB − BC

2
=

AB + BC − CA

2
= AX.

Since M is the midpoint of DX, it follows that M is the midpoint of AB. Similarly, N is the
midpoint of AC. Therefore, the perpendicular bisectors of AB and AC meet at O, that is,
O is the circumcenter of △ABC. Since ∠BAC < 60◦, O lies on the same side of BC as the
point A and

∠BOC = 2∠BAC.

We can compute ∠BIC as follows :

∠BIC = 180◦ − ∠IBC − ∠ICB = 180◦ − 1
2
∠ABC − 1

2
∠ACB

= 180◦ − 1
2
(∠ABC + ∠ACB) = 180◦ − 1

2
(180◦ − ∠BAC) = 90◦ +

1
2
∠BAC

It follows from ∠BAC < 60◦ that

2∠BAC < 90◦ +
1
2
∠BAC, i.e., ∠BOC < ∠BIC.

From this it follows that I lies inside the circumcircle of the isosceles triangle BOC because
O and I lie on the same side of BC. However, as O is the midpoint of IP , P must lie outside
the circumcircle of triangle BOC and on the same side of BC as O. Therefore

∠BPC < ∠BOC = 2∠BAC < 120◦.

Remark. If one assumes that ∠A is smaller than the other two, then it is clear that the
line PX (or the line perpendicular to AB at X if P = X) runs through the excenter IC

of the excircle tangent to the side AB. Since 2∠ACIC = ∠ACB and BC < AC, we have
2∠PCB > ∠C. Similarly, 2∠PBC > ∠B. Therefore,

∠BPC = 180◦ − (∠PBC + ∠PCB) < 180◦ −
(

∠B + ∠C

2

)
= 90 +

∠A

2
< 120◦.

In this way, a special case of the problem can be easily proved.

2



Problem 2. Students in a class form groups each of which contains exactly three members
such that any two distinct groups have at most one member in common. Prove that, when
the class size is 46, there is a set of 10 students in which no group is properly contained.

(Solution) We let C be the set of all 46 students in the class and let

s := max{ |S| : S ⊆ C such that S contains no group properly }.

Then it suffices to prove that s ≥ 10. (If |S| = s > 10, we may choose a subset of S consisting
of 10 students.)

Suppose that s ≤ 9 and let S be a set of size s in which no group is properly contained.
Take any student, say v, from outside S. Because of the maximality of s, there should be a
group containing the student v and two other students in S. The number of ways to choose
two students from S is (

s

2

)
≤
(

9
2

)
= 36.

On the other hand, there are at least 37 = 46 − 9 students outside of S. Thus, among those
37 students outside, there is at least one student, say u, who does not belong to any group
containing two students in S and one outside. This is because no two distinct groups have two
members in common. But then, S can be enlarged by including u, which is a contradiction.

Remark. One may choose a subset S of C that contains no group properly. Then, assuming
|S| < 10, prove that there is a student outside S, say u, who does not belong to any group
containing two students in S. After enlarging S by including u, prove that the enlarged S
still contains no group properly.

3



Problem 3. Let Γ be the circumcircle of a triangle ABC. A circle passing through points
A and C meets the sides BC and BA at D and E, respectively. The lines AD and CE meet
Γ again at G and H, respectively. The tangent lines of Γ at A and C meet the line DE at L
and M , respectively. Prove that the lines LH and MG meet at Γ.

(Solution) Let MG meet Γ at P . Since ∠MCD = ∠CAE and ∠MDC = ∠CAE, we have
MC = MD. Thus

MD2 = MC2 = MG · MP

and hence MD is tangent to the circumcircle of △DGP . Therefore ∠DGP = ∠EDP .
Let Γ′ be the circumcircle of △BDE. If B = P , then, since ∠BGD = ∠BDE, the tangent

lines of Γ′ and Γ at B should coincide, that is Γ′ is tangent to Γ from inside. Let B ̸= P .
If P lies in the same side of the line BC as G, then we have

∠EDP + ∠ABP = 180◦

because ∠DGP + ∠ABP = 180◦. That is, the quadrilateral BPDE is cyclic, and hence P is
on the intersection of Γ′ with Γ.
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Otherwise,
∠EDP = ∠DGP = ∠AGP = ∠ABP = ∠EBP.

Therefore the quadrilateral PBDE is cyclic, and hence P again is on the intersection of Γ′

with Γ.
Similarly, if LH meets Γ at Q, we either have Q = B, in which case Γ′ is tangent to Γ

from inside, or Q ̸= B. In the latter case, Q is on the intersection of Γ′ with Γ. In either
case, we have P = Q.
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Problem 4. Consider the function f : N0 → N0, where N0 is the set of all non-negative
integers, defined by the following conditions :

(i) f(0) = 0, (ii) f(2n) = 2f(n) and (iii) f(2n + 1) = n + 2f(n) for all n ≥ 0.

(a) Determine the three sets L := {n | f(n) < f(n + 1) }, E := {n | f(n) = f(n + 1) }, and
G := {n | f(n) > f(n + 1) }.

(b) For each k ≥ 0, find a formula for ak := max{f(n) : 0 ≤ n ≤ 2k} in terms of k.

(Solution) (a) Let

L1 := {2k : k > 0}, E1 := {0} ∪ {4k + 1 : k ≥ 0}, and G1 := {4k + 3 : k ≥ 0}.

We will show that L1 = L, E1 = E, and G1 = G. It suffices to verify that L1 ⊆ E, E1 ⊆ E,
and G1 ⊆ G because L1, E1, and G1 are mutually disjoint and L1 ∪ E1 ∪ G1 = N0.

Firstly, if k > 0, then f(2k) − f(2k + 1) = −k < 0 and therefore L1 ⊆ L.
Secondly, f(0) = 0 and

f(4k + 1) = 2k + 2f(2k) = 2k + 4f(k)
f(4k + 2) = 2f(2k + 1) = 2(k + 2f(k)) = 2k + 4f(k)

for all k ≥ 0. Thus, E1 ⊆ E.
Lastly, in order to prove G1 ⊂ G, we claim that f(n + 1) − f(n) ≤ n for all n. (In fact,

one can prove a stronger inequality : f(n + 1) − f(n) ≤ n/2.) This is clearly true for even n
from the definition since for n = 2t,

f(2t + 1) − f(2t) = t ≤ n.

If n = 2t + 1 is odd, then (assuming inductively that the result holds for all nonnegative
m < n), we have

f(n + 1) − f(n) = f(2t + 2) − f(2t + 1) = 2f(t + 1) − t − 2f(t)
= 2(f(t + 1) − f(t)) − t ≤ 2t − t = t < n.

For all k ≥ 0,

f(4k + 4) − f(4k + 3) = f(2(2k + 2)) − f(2(2k + 1) + 1)
= 4f(k + 1) − (2k + 1 + 2f(2k + 1)) = 4f(k + 1) − (2k + 1 + 2k + 4f(k))
= 4(f(k + 1) − f(k)) − (4k + 1) ≤ 4k − (4k + 1) < 0.

This proves G1 ⊆ G.

(b) Note that a0 = a1 = f(1) = 0. Let k ≥ 2 and let Nk = {0, 1, 2, . . . , 2k}. First we claim
that the maximum ak occurs at the largest number in G ∩ Nk, that is, ak = f(2k − 1). We
use mathematical induction on k to prove the claim. Note that a2 = f(3) = f(22 − 1).

Now let k ≥ 3. For every even number 2t with 2k−1 + 1 < 2t ≤ 2k,

f(2t) = 2f(t) ≤ 2ak−1 = 2f(2k−1 − 1) (†)

by induction hypothesis. For every odd number 2t + 1 with 2k−1 + 1 ≤ 2t + 1 < 2k,

f(2t + 1) = t + 2f(t) ≤ 2k−1 − 1 + 2f(t)
≤ 2k−1 − 1 + 2ak−1 = 2k−1 − 1 + 2f(2k−1 − 1)

(‡)
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again by induction hypothesis. Combining (†), (‡) and

f(2k − 1) = f(2(2k−1 − 1) + 1) = 2k−1 − 1 + 2f(2k−1 − 1),

we may conclude that ak = f(2k − 1) as desired.
Furthermore, we obtain

ak = 2ak−1 + 2k−1 − 1

for all k ≥ 3. Note that this recursive formula for ak also holds for k ≥ 0, 1 and 2. Unwinding
this recursive formula, we finally get

ak = 2ak−1 + 2k−1 − 1 = 2(2ak−2 + 2k−2 − 1) + 2k−1 − 1
= 22ak−2 + 2 · 2k−1 − 2 − 1 = 22(2ak−3 + 2k−3 − 1) + 2 · 2k−1 − 2 − 1
= 23ak−3 + 3 · 2k−1 − 22 − 2 − 1
...

= 2ka0 + k2k−1 − 2k−1 − 2k−2 − ... − 2 − 1
= k2k−1 − 2k + 1 for all k ≥ 0.
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Problem 5. Let a, b, c be integers satisfying 0 < a < c − 1 and 1 < b < c. For each k,
0 ≤ k ≤ a, let rk, 0 ≤ rk < c, be the remainder of kb when divided by c. Prove that the two
sets {r0, r1, r2, . . . , ra} and {0, 1, 2, . . . , a} are different.

(Solution) Suppose that two sets are equal. Then gcd(b, c) = 1 and the polynomial

f(x) := (1 + xb + x2b + · · · + xab) − (1 + x + x2 + · · · + xa−1 + xa)

is divisible by xc − 1. (This is because : m = n+ cq =⇒ xm −xn = xn+cq −xn = xn(xcq − 1)
and (xcq − 1) = (xc − 1)((xc)q−1 + (xc)q−2 + · · · + 1).) From

f(x) =
x(a+1)b − 1

xb − 1
− xa+1 − 1

x − 1
=

F (x)
(x − 1)(xb − 1)

,

where F (x) = xab+b+1 + xb + xa+1 − xab+b − xa+b+1 − x , we have

F (x) ≡ 0 (mod xc − 1) .

Since xc ≡ 1 (mod xc − 1), we may conclude that

{ab + b + 1, b, a + 1} ≡ {ab + b, a + b + 1, 1} (mod c). (†)

Thus,
b ≡ ab + b, a + b + 1 or 1 (mod c).

But neither b ≡ 1 (mod c) nor b ≡ a + b + 1 (mod c) are possible by the given conditions.
Therefore, b ≡ ab + b (mod c). But this is also impossible because gcd(b, c) = 1.
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XXI Asian Pacific Mathematics Olympiad 

           March, 2009 
 
Time allowed : 4 hours Each problem is worth 7 points
∗ The contest problems are to be kept confidential until they are posted on the official APMO
website (http://www.kms.or.kr/Competitions/APMO). Please do not disclose nor discuss the
problems over the internet until that date. Calculators are not allowed to use.

Problem 1. Consider the following operation on positive real numbers written on a black-
board: Choose a number r written on the blackboard, erase that number, and then write a
pair of positive real numbers a and b satisfying the condition 2r2 = ab on the board.

Assume that you start out with just one positive real number r on the blackboard, and
apply this operation k2 − 1 times to end up with k2 positive real numbers, not necessarily
distinct. Show that there exists a number on the board which does not exceed kr.

Problem 2. Let a1, a2, a3, a4, a5 be real numbers satisfying the following equations:

a1

k2 + 1
+

a2

k2 + 2
+

a3

k2 + 3
+

a4

k2 + 4
+

a5

k2 + 5
=

1
k2

for k = 1, 2, 3, 4, 5.

Find the value of
a1

37
+

a2

38
+

a3

39
+

a4

40
+

a5

41
. (Express the value in a single fraction.)

Problem 3. Let three circles Γ1, Γ2, Γ3, which are non-overlapping and mutually external,
be given in the plane. For each point P in the plane, outside the three circles, construct
six points A1, B1, A2, B2, A3, B3 as follows: For each i = 1, 2, 3, Ai, Bi are distinct points on
the circle Γi such that the lines PAi and PBi are both tangents to Γi. Call the point P
exceptional if, from the construction, three lines A1B1, A2B2, A3B3 are concurrent. Show
that every exceptional point of the plane, if exists, lies on the same circle.

Problem 4. Prove that for any positive integer k, there exists an arithmetic sequence
a1

b1
,

a2

b2
, . . . ,

ak

bk

of rational numbers, where ai, bi are relatively prime positive integers for each i = 1, 2, . . . , k,
such that the positive integers a1, b1, a2, b2, . . . , ak, bk are all distinct.

Problem 5. Larry and Rob are two robots travelling in one car from Argovia to Zillis. Both
robots have control over the steering and steer according to the following algorithm: Larry
makes a 90◦ left turn after every ` kilometer driving from start; Rob makes a 90◦ right turn
after every r kilometer driving from start, where ` and r are relatively prime positive integers.
In the event of both turns occurring simultaneously, the car will keep going without changing
direction. Assume that the ground is flat and the car can move in any direction.

Let the car start from Argovia facing towards Zillis. For which choices of the pair (`, r) is
the car guaranteed to reach Zillis, regardless of how far it is from Argovia?



XXI Asian Pacific Mathematics Olympiad 

March, 2009 

Problem 1. Consider the following operation on positive real numbers written on a black-

board:

Choose a number r written on the blackboard, erase that number, and then write a

pair of positive real numbers a and b satisfying the condition 2r2 = ab on the board.

Assume that you start out with just one positive real number r on the blackboard, and apply

this operation k2 − 1 times to end up with k2 positive real numbers, not necessarily distinct.

Show that there exists a number on the board which does not exceed kr.

(Solution) Using AM-GM inequality, we obtain

1
r2

=
2
ab

=
2ab

a2b2
≤ a2 + b2

a2b2
≤ 1

a2
+

1
b2

. (∗)

Consequently, if we let Sℓ be the sum of the squares of the reciprocals of the numbers written

on the board after ℓ operations, then Sℓ increases as ℓ increases, that is,

S0 ≤ S1 ≤ · · · ≤ Sk2−1. (∗∗)

Therefore if we let s be the smallest real number written on the board after k2−1 operations,

then
1
s2

≥ 1
t2

for any number t among k2 numbers on the board and hence

k2 × 1
s2

≥ Sk2−1 ≥ S0 =
1
r2

,

which implies that s ≤ kr as desired.

Remark. The nature of the problem does not change at all if the numbers on the board

are restricted to be positive integers. But that may mislead some contestants to think the

problem is a number theoretic problem rather than a combinatorial problem.
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Problem 2. Let a1, a2, a3, a4, a5 be real numbers satisfying the following equations:

a1

k2 + 1
+

a2

k2 + 2
+

a3

k2 + 3
+

a4

k2 + 4
+

a5

k2 + 5
=

1
k2

for k = 1, 2, 3, 4, 5.

Find the value of
a1

37
+

a2

38
+

a3

39
+

a4

40
+

a5

41
. (Express the value in a single fraction.)

(Solution) Let R(x) :=
a1

x2 + 1
+

a2

x2 + 2
+

a3

x2 + 3
+

a4

x2 + 4
+

a5

x2 + 5
. Then R(±1) = 1,

R(±2) =
1
4

, R(±3) =
1
9

, R(±4) =
1
16

, R(±5) =
1
25

and R(6) is the value to be found.

Let’s put P (x) := (x2 + 1)(x2 + 2)(x2 + 3)(x2 + 4)(x2 + 5) and Q(x) := R(x)P (x). Then for

k = ±1,±2,±3,±4,±5, we get Q(k) = R(k)P (k) =
P (k)
k2

, that is, P (k)− k2Q(k) = 0. Since

P (x) − x2Q(x) is a polynomial of degree 10 with roots ±1,±2,±3,±4,±5, we get

P (x) − x2Q(x) = A(x2 − 1)(x2 − 4)(x2 − 9)(x2 − 16)(x2 − 25). (∗)

Putting x = 0, we get A =
P (0)

(−1)(−4)(−9)(−16)(−25)
= − 1

120
. Finally, dividing both sides

of (∗) by P (x) yields

1 − x2R(x) = 1 − x2 Q(x)
P (x)

= − 1
120

· (x2 − 1)(x2 − 4)(x2 − 9)(x2 − 16)(x2 − 25)
(x2 + 1)(x2 + 2)(x2 + 3)(x2 + 4)(x2 + 5)

and hence that

1 − 36R(6) = − 35 × 32 × 27 × 20 × 11
120 × 37 × 38 × 39 × 40 × 41

= − 3 × 7 × 11
13 × 19 × 37 × 41

= − 231
374699

,

which implies R(6) =
187465
6744582

.

Remark. We can get a1 =
1105
72

, a2 = −2673
40

, a3 =
1862
15

, a4 = −1885
18

, a5 =
1323
40

by solving

the given system of linear equations, which is extremely messy and takes a lot of time.
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Problem 3. Let three circles �1, �2, �3, which are non-overlapping and mutually external,

be given in the plane. For each point P in the plane, outside the three circles, construct

six points A1, B1, A2, B2, A3, B3 as follows: For each i = 1, 2, 3, Ai, Bi are distinct points

on the circle �i such that the lines PAi and PBi are both tangents to �i. Call the point

P exceptional if, from the construction, three lines A1B1, A2B2, A3B3 are concurrent. Show

that every exceptional point of the plane, if exists, lies on the same circle.

(Solution) Let Oi be the center and ri the radius of circle �i for each i = 1, 2, 3. Let P be

an exceptional point, and let the three corresponding lines A1B1, A2B2,A3B3 concur at Q.

Construct the circle with diameter PQ. Call the circle �, its center O and its radius r. We

now claim that all exceptional points lie on �.

3



Let PO1 intersect A1B1 in X1. As PO1 ⊥ A1B1, we see that X1 lies on �. As PA1 is a

tangent to �1, triangle PA1O1 is right-angled and similar to triangle A1X1O1. It follows that

O1X1

O1A1
=

O1A1

O1P
, i.e., O1X1 · O1P = O1A1

2 = r1
2.

On the other hand, O1X1 · O1P is also the power of O1 with respect to �, so that

r2
1 = O1X1 · O1P = (O1O − r)(O1O + r) = O1O

2 − r2, (∗)

and hence

r2 = OO2
1 − r2

1 = (OO1 − r1)(OO1 + r1).

Thus, r2 is the power of O with respect to �1. By the same token, r2 is also the power of

O with respect to �2 and �3. Hence O must be the radical center of the three given circles.

Since r, as the square root of the power of O with respect to the three given circles, does not

depend on P , it follows that all exceptional points lie on �.

Remark. In the event of the radical point being at in�nity (and hence the three radical

axes being parallel), there are no exceptional points in the plane, which is consistent with the

statement of the problem.
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Problem 4. Prove that for any positive integer k, there exists an arithmetic sequence

a1

b1
,

a2

b2
, . . . ,

ak

bk

of rational numbers, where ai, bi are relatively prime positive integers for each i = 1, 2, . . . , k,

such that the positive integers a1, b1, a2, b2, . . . , ak, bk are all distinct.

(Solution) For k = 1, there is nothing to prove. Henceforth assume k ≥ 2.

Let p1, p2, . . . , pk be k distinct primes such that

k < pk < · · · < p2 < p1

and let N = p1p2 · · · pk. By Chinese Remainder Theorem, there exists a positive integer x

satisfying

x ≡ − i (mod pi)

for all i = 1, 2, . . . , k and x > N2. Consider the following sequence :

x + 1
N

,
x + 2

N
, , . . . ,

x + k

N
.

This sequence is obviously an arithmetic sequence of positive rational numbers of length k.

For each i = 1, 2, . . . , k, the numerator x + i is divisible by pi but not by pj for j ̸= i, for

otherwise pj divides |i − j|, which is not possible because pj > k > |i − j|. Let

ai :=
x + i

pi
, bi :=

N

pi
for all i = 1, 2, . . . , k.

Then
x + i

N
=

ai

bi
, gcd(ai, bi) = 1 for all i = 1, 2, . . . , k,

and all bi’s are distinct from each other. Moreover, x > N2 implies

ai =
x + i

pi
>

N2

pi
> N >

N

pj
= bj for all i, j = 1, 2, . . . , k

and hence all ai’s are distinct from bi’s. It only remains to show that all ai’s are distinct from

each other. This follows from

aj =
x + j

pj
>

x + i

pj
>

x + i

pi
= ai for all i < j

by our choice of p1, p2, . . . , pk. Thus, the arithmetic sequence

a1

b1
,

a2

b2
, . . . ,

ak

bk

of positive rational numbers satis�es the conditions of the problem.
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Remark. Here is a much easier solution :

For any positive integer k ≥ 2, consider the sequence

(k!)2 + 1
k!

,
(k!)2 + 2

k!
, . . . ,

(k!)2 + k

k!
.

Note that gcd(k!, (k!)2 + i) = i for all i = 1, 2, . . . , k. So, taking

ai :=
(k!)2 + i

i
, bi :=

k!
i

for all i = 1, 2, . . . , k,

we have gcd(ai, bi) = 1 and

ai =
(k!)2 + i

i
> aj =

(k!)2 + j

j
> bi =

k!
i

> bj =
k!
j

for any 1 ≤ i < j ≤ k. Therefore this sequence satis�es every condition given in the problem.
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Problem 5. Larry and Rob are two robots travelling in one car from Argovia to Zillis. Both

robots have control over the steering and steer according to the following algorithm: Larry

makes a 90◦ left turn after every ℓ kilometer driving from start; Rob makes a 90◦ right turn

after every r kilometer driving from start, where ℓ and r are relatively prime positive integers.

In the event of both turns occurring simultaneously, the car will keep going without changing

direction. Assume that the ground is flat and the car can move in any direction.

Let the car start from Argovia facing towards Zillis. For which choices of the pair (ℓ, r) is the

car guaranteed to reach Zillis, regardless of how far it is from Argovia?

(Solution) Let Zillis be d kilometers away from Argovia, where d is a positive real number.

For simplicity, we will position Argovia at (0, 0) and Zillis at (d, 0), so that the car starts

out facing east. We will investigate how the car moves around in the period of travelling the

�rst ℓr kilometers, the second ℓr kilometers, . . . , and so on. We call each period of travelling

ℓr kilometers a section. It is clear that the car will have identical behavior in every section

except the direction of the car at the beginning.

Case 1: ℓ − r ≡ 2 (mod 4) . After the �rst section, the car has made ℓ − 1 right turns and

r− 1 left turns, which is a net of 2(≡ ℓ− r (mod 4)) right turns. Let the displacement vector

for the �rst section be (x, y). Since the car has rotated 180◦, the displacement vector for

the second section will be (−x,−y), which will take the car back to (0, 0) facing east again.

We now have our original situation, and the car has certainly never travelled further than ℓr

kilometers from Argovia. So, the car cannot reach Zillis if it is further apart from Argovia.

Case 2: ℓ − r ≡ 1 (mod 4) . After the �rst section, the car has made a net of 1 right turn.

Let the displacement vector for the �rst section again be (x, y). This time the car has rotated

90◦ clockwise. We can see that the displacements for the second, third and fourth section

will be (y,−x), (−x,−y) and (−y, x), respectively, so after four sections the car is back at

(0, 0) facing east. Since the car has certainly never travelled further than 2ℓr kilometers from

Argovia, the car cannot reach Zillis if it is further apart from Argovia.

Case 3: ℓ − r ≡ 3 (mod 4) . An argument similar to that in Case 2 (switching the roles of

left and right) shows that the car cannot reach Zillis if it is further apart from Argovia.

Case 4: ℓ ≡ r (mod 4) . The car makes a net turn of 0◦ after each section, so it must be

facing east. We are going to show that, after traversing the �rst section, the car will be at

(1, 0). It will be useful to interpret the Cartesian plane as the complex plane, i.e. writing

x + iy for (x, y), where i =
√
−1. We will denote the k-th kilometer of movement by mk−1,
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which takes values from the set {1, i,−1,−i}, depending on the direction. We then just have

to show that
ℓ r−1∑
k=0

mk = 1,

which implies that the car will get to Zillis no matter how far it is apart from Argovia.

Case 4a: ℓ ≡ r ≡ 1 (mod 4) . First note that for k = 0, 1, . . . , ℓr − 1,

mk = i⌊k/ℓ⌋(−i)⌊k/r⌋

since ⌊k/ℓ⌋ and ⌊k/r⌋ are the exact numbers of left and right turns before the (k + 1)st

kilometer, respectively. Let ak(≡ k (mod ℓ)) and bk(≡ k (mod r)) be the remainders of k

when divided by ℓ and r, respectively. Then, since

ak = k −
⌊

k

ℓ

⌋
ℓ ≡ k −

⌊
k

ℓ

⌋
(mod 4) and bk = k −

⌊
k

r

⌋
r ≡ k −

⌊
k

r

⌋
(mod 4),

we have ⌊k/ℓ⌋ ≡ k − ak (mod 4) and ⌊k/r⌋ ≡ k − bk (mod 4). We therefore have

mk = ik−ak(−i)k−bk = (−i2)ki−ak(−i)−bk = (−i)ak ibk .

As ℓ and r are relatively prime, by Chinese Remainder Theorem, there is a bijection between

pairs (ak, bk) = (k(mod ℓ), k(mod r)) and the numbers k = 0, 1, 2, . . . , ℓr − 1. Hence

ℓ r−1∑
k=0

mk =
ℓ r−1∑
k=0

(−i)ak ibk =

(
ℓ−1∑
k=0

(−i)ak

)(
r−1∑
k=0

ibk

)
= 1 × 1 = 1

as required because ℓ ≡ r ≡ 1 (mod 4).

Case 4b: ℓ ≡ r ≡ 3 (mod 4) . In this case, we get

mk = iak(−i)bk ,

where ak(≡ k (mod ℓ)) and bk(≡ k (mod r)) for k = 0, 1, . . . , ℓr − 1. Then we can proceed

analogously to Case 4a to obtain

ℓ r−1∑
k=0

mk =
ℓ r−1∑
k=0

(−i)ak ibk =

(
ℓ−1∑
k=0

(−i)ak

)(
r−1∑
k=0

ibk

)
= i × (−i) = 1

as required because ℓ ≡ r ≡ 3 (mod 4).

Now clearly the car traverses through all points between (0, 0) and (1, 0) during the �rst

section and, in fact, covers all points between (n − 1, 0) and (n, 0) during the n-th section.

Hence it will eventually reach (d, 0) for any positive d.

8



To summarize: (ℓ, r) satis�es the required conditions if and only if

ℓ ≡ r ≡ 1 or ℓ ≡ r ≡ 3 (mod 4).

Remark. In case gcd(ℓ, r) = d ̸= 1, the answer is :

ℓ

d
≡ r

d
≡ 1 or

ℓ

d
≡ r

d
≡ 3 (mod 4).
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XXII Asian Pacific Mathematics Olympiad 

March, 2010 

Time allowed: 4 hours Each problem is worth 7 points
*The contest problems are to be kept confidential until they are posted on the official APMO
website (http://www.mmjp.or.jp/competitions/APMO). Please do not disclose nor discuss the
problems over the internet until that date. Calculators are not allowed to use.

Problem 1. Let ABC be a triangle with 6 BAC 6= 90◦. Let O be the circumcenter of the
triangle ABC and let Γ be the circumcircle of the triangle BOC. Suppose that Γ intersects
the line segment AB at P different from B, and the line segment AC at Q different from C.
Let ON be a diameter of the circle Γ. Prove that the quadrilateral APNQ is a parallelogram.

Problem 2. For a positive integer k, call an integer a pure k-th power if it can be represented
as mk for some integer m. Show that for every positive integer n there exist n distinct positive
integers such that their sum is a pure 2009-th power, and their product is a pure 2010-th power.

Problem 3. Let n be a positive integer. n people take part in a certain party. For any pair
of the participants, either the two are acquainted with each other or they are not. What is
the maximum possible number of the pairs for which the two are not acquainted but have a
common acquaintance among the participants?

Problem 4. Let ABC be an acute triangle satisfying the condition AB > BC and
AC > BC. Denote by O and H the circumcenter and the orthocenter, respectively, of the
triangle ABC. Suppose that the circumcircle of the triangle AHC intersects the line AB at
M different from A, and that the circumcircle of the triangle AHB intersects the line AC at
N different from A. Prove that the circumcenter of the triangle MNH lies on the line OH.

Problem 5. Find all functions f from the set R of real numbers into R which satisfy for
all x, y, z ∈ R the identity

f(f(x) + f(y) + f(z)) = f(f(x)− f(y)) + f(2xy + f(z)) + 2f(xz − yz).



SOLUTIONS FOR 2010 APMO PROBLEMS

Problem 1. Let ABC be a triangle with ∠BAC 6= 90◦. Let O be the circumcenter of the
triangle ABC and let Γ be the circumcircle of the triangle BOC. Suppose that Γ intersects
the line segment AB at P different from B, and the line segment AC at Q different from C.
Let ON be a diameter of the circle Γ. Prove that the quadrilateral APNQ is a parallelogram.

Solution: From the assumption that the circle Γ intersects both of the line segments AB
and AC, it follows that the 4 points N,C,Q,O are located on Γ in the order of N,C,Q,O
or in the order of N,C,O,Q. The following argument for the proof of the assertion of the
problem is valid in either case. Since ∠NQC and ∠NOC are subtended by the same arc
_
NC of Γ at the points Q and O, respectively, on Γ, we have ∠NQC = ∠NOC. We also

have ∠BOC = 2∠BAC, since ∠BOC and ∠BAC are subtended by the same arc
_
BC of the

circum-circle of the triangle ABC at the center O of the circle and at the point A on the
circle, respectively. From OB = OC and the fact that ON is a diameter of Γ, it follows that
the triangles OBN and OCN are congruent, and therefore we obtain 2∠NOC = ∠BOC.
Consequently, we have ∠NQC = 1

2∠BOC = ∠BAC, which shows that the 2 lines AP,QN
are parallel.

In the same manner, we can show that the 2 lines AQ,PN are also parallel. Thus, the
quadrilateral APNQ is a parallelogram.

Problem 2. For a positive integer k, call an integer a pure k-th power if it can be represented
as mk for some integer m. Show that for every positive integer n there exist n distinct positive
integers such that their sum is a pure 2009-th power, and their product is a pure 2010-th power.

Solution: For the sake of simplicity, let us set k = 2009.
First of all, choose n distinct positive integers b1, · · · , bn suitably so that their product is a

pure k+1-th power (for example, let bi = ik+1 for i = 1, · · · , n). Then we have b1 · · · bn = tk+1

for some positive integer t. Set b1 + · · ·+ bn = s.

Now we set ai = bis
k2−1 for i = 1, · · · , n, and show that a1, · · · , an satisfy the required

conditions. Since b1, · · · , bn are distinct positive integers, it is clear that so are a1, · · · , an.
From

a1 + · · ·+ an = sk2−1(b1 + · · ·+ bn) = sk2
= (sk)2009,

a1 · · · an = (sk2−1)nb1 · · · bn = (sk2−1)ntk+1 = (s(k−1)nt)2010

we can see that a1, · · · , an satisfy the conditions on the sum and the product as well. This
ends the proof of the assertion.
Remark: We can find the appropriate exponent k2 − 1 needed for the construction of the
ai’s by solving the simultaneous congruence relations: x ≡ 0 (mod k + 1), x ≡ −1 (mod k).

Problem 3. Let n be a positive integer. n people take part in a certain party. For any
pair of the participants, either the two are acquainted with each other or they are not. What
is the maximum possible number of the pairs for which the two are not acquainted but have
a common acquaintance among the participants?
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Solution: When 1 participant, say the person A, is mutually acquainted with each of the
remaining n − 1 participants, and if there are no other acquaintance relationships among
the participants, then for any pair of participants not involving A, the two are not mutual
acquaintances, but they have a common acquaintance, namely A, so any such pair satisfies
the requirement. Thus, the number desired in this case is (n−1)(n−2)

2 = n2−3n+2
2 .

Let us show that n2−3n+2
2 is the maximum possible number of the pairs satisfying the

requirement of the problem. First, let us observe that in the process of trying to find the
maximum possible number of such pairs, if we split the participants into two non-empty
subsets T and S which are disjoint, we may assume that there is a pair consisting of one
person chosen from T and the other chosen from S who are mutual acquaintances. This is
so, since if there are no such pair for some splitting T and S, then among the pairs consisting
of one person chosen from T and the other chosen from S, there is no pair for which the two
have a common acquaintance among participants, and therefore, if we arbitrarily choose a
person A ∈ T and B ∈ S and declare that A and B are mutual acquaintances, the number of
the pairs satisfying the requirement of the problem does not decrease.

Let us now call a set of participants a group if it satisfies the following 2 conditions:
• One can connect any person in the set with any other person in the set by tracing a

chain of mutually acquainted pairs. More precisely, for any pair of people A,B in the set
there exists a sequence of people A0, A1, · · · , An for which A0 = A, An = B and, for each
i : 0 ≤ i ≤ n− 1, Ai and Ai+1 are mutual acquaintances.
• No person in this set can be connected with a person not belonging to this set by tracing

a chain of mutually acquainted pairs.
In view of the discussions made above, we may assume that the set of all the participants

to the party forms a group of n people. Let us next consider the following lemma.

Lemma. In a group of n people, there are at least n− 1 pairs of mutual acquaintances.

Proof: If you choose a mutually acquainted pair in a group and declare the two in the pair
are not mutually acquainted, then either the group stays the same or splits into 2 groups.
This means that by changing the status of a mutually acquainted pair in a group to that
of a non-acquainted pair, one can increase the number of groups at most by 1. Now if in a
group of n people you change the status of all of the mutually acquainted pairs to that of
non-acquainted pairs, then obviously, the number of groups increases from 1 to n. Therefore,
there must be at least n − 1 pairs of mutually acquainted pairs in a group consisting of n
people. �

The lemma implies that there are at most n(n−1)
2 − (n − 1) = n2−3n+2

2 pairs satisfying
the condition of the problem. Thus the desired maximum number of pairs satisfying the
requirement of the problem is n2−3n+2

2 .

Remark: One can give a somewhat different proof by separating into 2 cases depending on
whether there are at least n−1 mutually acquainted pairs, or at most n−2 such pairs. In the
former case, one can argue in the same way as the proof above, while in the latter case, the
Lemma above implies that there would be 2 or more groups to start with, but then, in view
of the comment made before the definition of a group above, these groups can be combined
to form one group, thereby one can reduce the argument to the former case.



Alternate Solution 1: The construction of an example for the case for which the number
n2−3n+2

2 appears, and the argument for the case where there is only 1 group would be the
same as in the preceding proof.

Suppose, then, n participants are separated into k(k ≥ 2) groups, and the number of people
in each group is given by ai, i = 1, · · · , k. In such a case, the number of pairs for which paired
people are not mutually acquainted but have a common acquaintance is at most

∑k
i=1 aiC2,

where we set 1C2 = 0 for convenience. Since aC2 + bC2 ≤ a+bC2 holds for any pair of
positive integers a, b, we have

∑k
i=1 aiC2 ≤ a1C2 + n−a1C2. From

a1C2 + n−a1C2 = a2
1 − na1 +

n2 − n
2

=
(
a1 −

n

2
)2 +

n2 − 2n
4

it follows that a1C2 + n−a1C2 takes its maximum value when a1 = 1, n − 1. Therefore, we
have

∑k
i=1 aiC2 ≤ n−1C2, which shows that in the case where the number of groups are 2

or more, the number of the pairs for which paired people are not mutually acquainted but
have a common acquaintance is at most n−1C2 = n2−3n+2

2 , and hence the desired maximum
number of the pairs satisfying the requirement is n2−3n+2

2 .

Alternate Solution 2: Construction of an example would be the same as the preceding
proof.

For a participant, say A, call another participant, say B, a familiar face if A and B are
not mutually acquainted but they have a common acquaintance among the participants, and
in this case call the pair A,B a familiar pair.

Suppose there is a participant P who is mutually acquainted with d participants. Denote
by S the set of these d participants, and by T the set of participants different from P and
not belonging to the set S. Suppose there are e pairs formed by a person in S and a person
in T who are mutually acquainted.

Then the number of participants who are familiar faces to P is at most e. The number of
pairs formed by two people belonging to the set S and are mutually acquainted is at most
dC2. The number of familiar pairs formed by two people belonging to the set T is at most
n−d−1C2. Since there are e pairs formed by a person in the set S and a person in the set
T who are mutually acquainted (and so the pairs are not familiar pairs), we have at most
d(n− 1−d)− e familiar pairs formed by a person chosen from S and a person chosen from T.
Putting these together we conclude that there are at most e+ dC2+ n−1−dC2+d(n−1−d)−e
familiar pairs. Since

e+ dC2 + n−1−dC2 + d(n− 1− d)− e =
n2 − 3n+ 2

2
,

the number we seek is at most n2−3n+2
2 , and hence this is the desired solution to the problem.

Problem 4. Let ABC be an acute triangle satisfying the condition AB > BC and
AC > BC. Denote by O and H the circumcenter and the orthocenter, respectively, of the
triangle ABC. Suppose that the circumcircle of the triangle AHC intersects the line AB at
M different from A, and that the circumcircle of the triangle AHB intersects the line AC at
N different from A. Prove that the circumcenter of the triangle MNH lies on the line OH.

Solution: In the sequel, we denote ∠BAC = α,∠CBA = β,∠ACB = γ. Let O′ be the
circumcenter of the triangle MNH. The lengths of line segments starting from the point H
will be treated as signed quantities.



Let us denote by M ′, N ′ the point of intersection of CH,BH, respectively, with the cir-
cumcircle of the triangle ABC (distinct from C, B, respectively.) From the fact that 4
points A,M,H,C lie on the same circle, we see that ∠MHM ′ = α holds. Furthermore,

∠BM ′C,∠BN ′C and α are all subtended by the same arc
_
BC of the circumcircle of the

triangle ABC at points on the circle, and therefore, we have ∠BM ′C = α, and ∠BN ′C = α

as well. We also have ∠ABH = ∠ACN ′ as they are subtended by the same arc
_

AN ′ of the
circumcircle of the triangle ABC at points on the circle. Since HM ′ ⊥ BM,HN ′ ⊥ AC, we
conclude that

∠M ′HB = 90◦ − ∠ABH = 90◦ − ∠ACN ′ = α

is valid as well. Putting these facts together, we obtain the fact that the quadrilateral
HBM ′M is a rhombus. In a similar manner, we can conclude that the quadrilateral HCN ′N
is also a rhombus. Since both of these rhombuses are made up of 4 right triangles with an
angle of magnitude α, we also see that these rhombuses are similar.

Let us denote by P,Q the feet of the perpendicular lines on HM and HN , respectively,
drawn from the point O′. Since O′ is the circumcenter of the triangle MNH, P,Q are re-
spectively, the midpoints of the line segments HM,HN. Furthermore, if we denote by R,S
the feet of the perpendicular lines on HM and HN , respectively, drawn from the point O,
then since O is the circumcenter of both the triangle M ′BC and the triangle N ′BC, we see
that R is the intersection point of HM and the perpendicular bisector of BM ′, and S is the
intersection point of HN and the perpendicular bisector of CN ′.

We note that the similarity map φ between the rhombuses HBM ′M and HCN ′N carries
the perpendicular bisector of BM ′ onto the perpendicular bisector of CN ′, and straight line
HM onto the straight line HN, and hence φ maps R onto S, and P onto Q. Therefore, we get
HP : HR = HQ : HS. If we now denote by X,Y the intersection points of the line HO′ with
the line through R and perpendicular to HP , and with the line through S and perpendicular
to HQ, respectively, then we get

HO′ : HX = HP : HR = HQ : HS = HO′ : HY

so that we must have HX = HY , and therefore, X = Y. But it is obvious that the point
of intersection of the line through R and perpendicular to HP with the line through S and
perpendicular to HQ must be O, and therefore, we conclude that X = Y = O and that the
points H,O′, O are collinear.

Alternate Solution: Deduction of the fact that both of the quadrilaterals HBM ′M and
HCN ′N are rhombuses is carried out in the same way as in the preceding proof.

We then see that the point M is located in a symmetric position with the point B with
respect to the line CH, we conclude that we have ∠CMB = β. Similarly, we have ∠CNB = γ.
If we now put x = ∠AHO′, then we get

∠O′ = β − α− x, ∠MNH = 90◦ − β − α+ x,

from which it follows that

∠ANM = 180◦ − ∠MNH − (90◦ − α) = β − x.

Similarly, we get

∠NMA = γ + x.



Using the laws of sines, we then get
sin(γ + x)
sin(β − x)

=
AN

AM
=

AC

AM
· AB
AC
· AN
AB

=
sinβ

sin(β − α)
· sin γ

sinβ
· sin(γ − α)

sin γ
=

sin(γ − α)
sin(β − α)

.

On the other hand, if we let y = ∠AHO, we then get

∠OHB = 180◦ − γ − y, ∠CHO = 180◦ − β + y,

and since
∠HBO = γ − α, ∠OCH = β − α,

using the laws of sines and observing that OB = OC, we get

sin(γ − α)
sin(β − α)

=
sin∠HBO
sin∠OCH

=
sin(180◦ − γ − y) · OH

OB

sin(180◦ − β + y) · OH
OC

=
sin(180◦ − γ − y)
sin(180◦ − β + y)

=
sin(γ + y)
sin(β − y)

.

We then get sin(γ + x) sin(β − y) = sin(β − x) sin(γ + y). Expanding both sides of the last
identity by using the addition formula for the sine function and after factoring and using
again the addition formula we obtain that sin(x− y) sin(β + γ) = 0. This implies that x− y
must be an integral multiple of 180◦, and hence we conclude that H,O,O′ are collinear.

Problem 5. Find all functions f from the set R of real numbers into R which satisfy for
all x, y, z ∈ R the identity

f(f(x) + f(y) + f(z)) = f(f(x)− f(y)) + f(2xy + f(z)) + 2f(xz − yz).
Solution: It is clear that if f is a constant function which satisfies the given equation,

then the constant must be 0. Conversely, f(x) = 0 clearly satisfies the given equation, so,
the identically 0 function is a solution. In the sequel, we consider the case where f is not a
constant function.

Let t ∈ R and substitute (x, y, z) = (t, 0, 0) and (x, y, z) = (0, t, 0) into the given functional
equation. Then, we obtain, respectively,

f(f(t) + 2f(0)) = f(f(t)− f(0)) + f(f(0)) + 2f(0),

f(f(t) + 2f(0)) = f(f(0)− f(t)) + f(f(0)) + 2f(0),

from which we conclude that f(f(t)−f(0)) = f(f(0)−f(t)) holds for all t ∈ R. Now, suppose
for some pair u1, u2, f(u1) = f(u2) is satisfied. Then by substituting (x, y, z) = (s, 0, u1) and
(x, y, z) = (s, 0, u2) into the functional equation and comparing the resulting identities, we
can easily conclude that

f(su1) = f(su2) (∗)
holds for all s ∈ R. Since f is not a constant function there exists an s0 such that f(s0)−f(0) 6=
0. If we put u1 = f(s0)− f(0), u2 = −u1, then f(u1) = f(u2), so we have by (∗)

f(su1) = f(su2) = f(−su1)

for all s ∈ R. Since u1 6= 0, we conclude that

f(x) = f(−x)



holds for all x ∈ R.
Next, if f(u) = f(0) for some u 6= 0, then by (∗), we have f(su) = f(s0) = f(0) for all

s, which implies that f is a constant function, contradicting our assumption. Therefore, we
must have f(s) 6= f(0) whenever s 6= 0.

We will now show that if f(x) = f(y) holds, then either x = y or x = −y must hold.
Suppose on the contrary that f(x0) = f(y0) holds for some pair of non-zero numbers x0, y0

for which x0 6= y0, x0 6= −y0. Since f(−y0) = f(y0), we may assume, by replacing y0 by −y0

if necessary, that x0 and y0 have the same sign. In view of (∗), we see that f(sx0) = f(sy0)
holds for all s, and therefore, there exists some r > 0, r 6= 1 such that

f(x) = f(rx)

holds for all x. Replacing x by rx and y by ry in the given functional equation, we obtain

f(f(rx) + f(ry) + f(z)) = f(f(rx)− f(ry)) + f(2r2xy + f(z)) + 2f(r(x− y)z) (i),

and replacing x by r2x in the functional equation, we get

f(f(r2x) + f(y) + f(z)) = f(f(r2x)− f(y)) + f(2r2xy + f(z)) + 2f((r2x− y)z) (ii).

Since f(rx) = f(x) holds for all x ∈ R, we see that except for the last term on the right-hand
side, all the corresponding terms appearing in the identities (i) and (ii) above are equal, and
hence we conclude that

f(r(x− y)z) = f((r2x− y)z)) (iii)

must hold for arbitrary choice of x, y, z ∈ R. For arbitrarily fixed pair u, v ∈ R, substitute
(x, y, z) = ( v−u

r2−1
, v−r2u

r2−1
, 1) into the identity (iii). Then we obtain f(v) = f(ru) = f(u), since

x− y = u, r2x− y = v, z = 1. But this implies that the function f is a constant, contradicting
our assumption. Thus we conclude that if f(x) = f(y) then either x = y or x = −y must
hold.

By substituting z = 0 in the functional equation, we get

f(f(x) + f(y) + f(0)) = f(f(x)− f(y) + f(0)) = f((f(x)− f(y)) + f(2xy + f(0)) + 2f(0).

Changing y to −y in the identity above and using the fact that f(y) = f(−y), we see that
all the terms except the second term on the right-hand side in the identity above remain the
same. Thus we conclude that f(2xy + f(0)) = f(−2xy + f(0)), from which we get either
2xy + f(0) = −2xy + f(0) or 2xy + f(0) = 2xy − f(0) for all x, y ∈ R. The first of these
alternatives says that 4xy = 0, which is impossible if xy 6= 0. Therefore the second alternative
must be valid and we get that f(0) = 0.

Finally, let us show that if f satisfies the given functional equation and is not a constant
function, then f(x) = x2. Let x = y in the functional equation, then since f(0) = 0, we get

f(2f(x) + f(z)) = f(2x2 + f(z)),

from which we conclude that either 2f(x) + f(z) = 2x2 + f(z) or 2f(x) + f(z) = −2x2− f(z)
must hold. Suppose there exists x0 for which f(x0) 6= x2

0, then from the second alternative,
we see that f(z) = −f(x0)− x2

0 must hold for all z, which means that f must be a constant
function, contrary to our assumption. Therefore, the first alternative above must hold, and
we have f(x) = x2 for all x, establishing our claim.

It is easy to check that f(x) = x2 does satisfy the given functional equation, so we conclude
that f(x) = 0 and f(x) = x2 are the only functions that satisfy the requirement.



• Summary of Results

Rank

1 Republic of KOREA 10 265 1 2 4 3

2 RUSSIA 10 264 1 2 4 3

3 United States of America 10 236 1 2 4 3

4 THAILAND 10 223 1 2 4 3

5 JAPAN 10 221 1 2 4 3

6 CANADA 10 215 1 2 4 3

7 HONG KONG 10 190 1 2 4 3

8 SINGAPORE 10 188 1 2 4 3

9 AUSTRALIA 10 185 1 2 4 3

10 TAIWAN 10 183 1 2 4 3

11 KAZAKHSTAN 10 179 1 2 4 3

12 PERU 10 166 1 1 5 3

13 ARGENTINA 10 162 1 2 4 3

14 BRAZIL 10 143 0 3 4 0

15 MEXICO 10 143 0 2 5 1

16 AZERBAIJAN 10 124 0 2 2 0

17 MALAYSIA 10 122 0 2 2 1

18 COLOMBIA 10 103 0 0 3 0

19 TURKMENISTAN 10 97 0 0 3 0

20 NEW ZEALAND 10 86 0 0 1 0

21 KYRGYZ 10 84 0 0 1 0

22 CAMBODIA 10 83 0 0 1 0

23 INDONESIA 10 79 0 0 0 1

24 BANGLADESH 10 76 0 0 0 0

25 PHILIPPINES 9 75 0 0 1 0

26 TAJIKISTAN 9 70 0 0 0 0

27 PANAMA 6 55 0 0 1 0

28 EL SALVADOR 7 41 0 0 0 0

29 COSTA RICA 7 35 0 0 0 0

30 ECUADOR 5 35 0 0 1 1

31 URUGUAY 5 35 0 0 1 0

32 TRINIDAD AND TOBAGO 10 21 0 0 0 0

33 QATAR 10 ♦ 0 0 0 0

Total 298 4184 13 34 79 43

m : 14.040 /  : 7.393σ m +  = 21.433σ m + /3 = 16.504σ m - /3 = 11.576σ

Awards Cut-offs : Gold ≥ 22 Silver ≥ 17 Bronze ≥ 14

# of Problems 1 2 3 4 5 Total
Mean(m) : 6.35 2.05 3.67 1.06 0.9 14.04

2010
Participants

# of
Contestant

Total
Score

Gold
Awards

Silver
Awards

Bronze
Awards

Hon.
Men.

 ♦ Coordination of the marking not complete hence the number of the participants from 
Qatar are excluded from the total above.



• Award
Award Names of Contestant Country

Prilo Sebastian Argentina

Liang Alfred Australia

Deng Calvin Canada

Ching Tak Wing Hong Kong

Hosaka Kazuhiro Japan

Satylkhanov Kanat Kazakhstan

Song Sanghun Korea

Raul Arturo Chavez Sarmiento Peru

Matdinov Marsel Russia

Loh Yao ChenIvan Singapore

Wu Yi-Chan Taiwan

Manurangsi Pasin Thailand

Gu Albert U.S.A.

Stefanich German Ezequiel Argentina

Zylber Ariel Ricardo Argentina

Large Timothy Australia

Chong Aaron Australia

Shukurlu Altun Azerbaijan

Mustafayev Elshad Azerbaijan

De Sa Oliveira Sales Marcelo Tadeu Brazil

Secco Torres da Silva Matheus Brazil

Camelo Sa Joao Lucas Brazil

Sun Chen Canada

Sardarli Mariya Canada

Hung Ka Kin Hong Kong

Chan Kwun Tat Hong Kong

Kishikawa Akio Japan

Minegishi Ryu Japan

Kalsin Sergey Kazakhstan

Ovchinnikov Denis Kazakhstan

Kim Bumsoo Korea

Lyoo Youngwook Korea

How Si Yu Malaysia

Tham Ying Hong Malaysia

Perales Daniel Mexico

Hernandez Flavio Mexico

Jose Gustavo Garcia Sulca Peru

Mokin Vasiliy Russia

Erokhin Stanislav Russia

Aw JinAlan Singapore

Ang Jie Jun Singapore

Hsia Chih-Yang Taiwan

Wang Szu-Po Taiwan

Kamtue Supanat Thailand

Charoenngam Nipith Thailand

GOLD
AWARD

SILVER
AWARD



Phan Toan Duc U.S.A.

Keller Sam U.S.A.

Cogorno Nicolas Alejandro Argentina

Cufre Juan Manuel Argentina

Umfurer Alfredo Raul Argentina

Sadofschi Costa Ivan Argentina

Wong Sampson Australia

Gorey Declan Australia

Law Stacey Australia

De Silva Raveen Australia

Rustamli Subhan Azerbaijan

Bagirov Naib Azerbaijan

Lisboa Empinotti Gustavo Brazil

Barbosa Alves Deborah Brazil

Mendes Silva Maria Clara Brazil

De Andrade Silva Carios Henrique Brazil

Vuthea Vong Cambodia

Zung Jonathan Canada

Rickards James Canada

Zhu Yuqi Canada

Cheng Robin Canada

Azuero Juan Camilo Colombia

Castaneda Angela Colombia

Arcila David Colombia

Xavier Andrew Soriano Diaz Ecuador

Wong Mon Lok Hong Kong

Lo Jing Hoi Hong Kong

Lo Chun Tung Hong Kong

Chow Tseung Man Hong Kong

Takigiku Motoki Japan

Noyama Tomoyuki Japan

Koshiyama Hiroki Japan

Matsuo Yoshinori Japan

Zhakupov Kairulla Kazakhstan

Yermakhanov Nurbergen Kazakhstan

Zhanbulatufy Medet Kazakhstan

Duisenbayev Azamat Kazakhstan

Yim Joonhyuk Korea

Jee Eunsoo Korea

Hwang Sunghyun Korea

Park Hyunyoung Korea

Mamarasul uulu Mamatkasim Kyrgyzstan

How Si Wei Malaysia

Lim Joshua Kai Tsen Malaysia

Anorve Fernando Mexico

Miranda Jose-Luis Mexico

Calderon Irving Mexico

SILVER
AWARD

BRONZE
AWARD



Guardiola Jose Mexico

Diaz Julio Mexico

Zhang Robert New Zealand

Fan Antonio Panama

Juan Paucar Zanabria Peru

Jesus Angel Advincula Altamirano Peru

Josue Benjamin Garcia Piscoya Peru

Jose Ruben Matta Ramos Peru

Alejandro Omar Loyola Bartra Peru

Lao Carmela Antoinette Philippines

Pakharev Alexei Russia

Ivlev Fedor Russia

Menshchikov Andrei Russia

Omelyanenko Victor Russia

Chan Jun NengRyan Singapore

Tng Jia HaoBarry Singapore

Wong Ying LinGabriel Singapore

Lim Jeck Singapore

Chen Brain Taiwan

Chen Wei-Jung Taiwan

Chen Yung-Hsin Taiwan

Lin Wu-Cheng Taiwan

Ruangwises Suthee Thailand

Tantipongpipat Uthaipon Thailand

Vachiraprasith Kamron Thailand

Jiradilok Pakawut Thailand

Atayev Serdar Turkmenistan

Hajyyev Rovshen Turkmenistan

Samedov Agageldi Turkmenistan

Rodriguez Ismael Uruguay

Chu Tim U.S.A.

He Xiaoyu U.S.A.

Yang David U.S.A.

Wu Tiangi U.S.A.

Pedraza Lucia Ines Argentina

Juncal Mariano Argentina

Lang Carolina Argentina

Li Michael Australia

Yu Angel Australia

Ryba Christopher Australia

Song Alex Canada

Hemmati Soroosh Canada

Jiang Heinrich Canada

Bruno Giuseppe Poggi Cevallos Ecuador

Tam Ka Yu Hong Kong

Wong Ching Hong Kong

Lee Man Ching Hong Kong

BRONZE
AWARD

H.MEN
AWARD



Lingga Ivan Wangsa Cipta�@ Indonesia

Nakasuka Kengo Japan

Higaki Motohide Japan

Yoshida Kensuke Japan

Khadjimuratov Nursultan Kazakhstan

Nurgabulov Yerniyaz Kazakhstan

Rakhymzhan Altai Kazakhstan

Kim Sungho Korea

Park Sunggi Korea

Lee Sanghoon Korea

Teo Wee Seong Malaysia

Arreola Fernando Mexico

Hector Moises Alcala Ramos Peru

Edison Jordy Meza Ramos Peru

Javier Perales Valerio Peru

Tyshchuk Konstantin Russia

Egorov Dmitry Russia

Bernshtein Anton Russia

Kuan Joseph Singapore

Lee You Jun Singapore

Lin Wayne Singapore

Wu Sheng-Hsien Taiwan

Chen Ting-Wei Taiwan

Lin Yu-Hsuan Taiwan

Sothanaphan Nat Thailand

Siltham Sira Thailand

Ponvilawan Ben Thailand

Firoiu Vlad U.S.A.

Yang Dai U.S.A.

Lee Mitchell U.S.A.

The Mathematical Olympiad Foundation of Japan

H.MEN
AWARD



2011 APMO PROBLEMS

Time allowed: 4 hours Each problem is worth 7 points
*The contest problems are to be kept confidential until they are posted on the offi-
cial APMO website (http://www.mmjp.or.jp/competitions/APMO). Please do not
disclose nor discuss the problems over the internet until that date. Calculators are
not allowed to use.

Problem 1. Let a, b, c be positive integers. Prove that it is impossible to have
all of the three numbers a2 + b + c, b2 + c + a, c2 + a + b to be perfect squares.

Problem 2. Five points A1, A2, A3, A4, A5 lie on a plane in such a way that no
three among them lie on a same straight line. Determine the maximum possible
value that the minimum value for the angles ∠AiAjAk can take where i, j, k are
distinct integers between 1 and 5.

Problem 3. Let ABC be an acute triangle with ∠BAC = 30◦. The internal and
external angle bisectors of ∠ABC meet the line AC at B1 and B2, respectively, and
the internal and external angle bisectors of ∠ACB meet the line AB at C1 and C2,
respectively. Suppose that the circles with diameters B1B2 and C1C2 meet inside
the triangle ABC at point P . Prove that ∠BPC = 90◦.

Problem 4. Let n be a fixed positive odd integer. Take m + 2 distinct points
P0, P1, · · · , Pm+1 (where m is a non-negative integer) on the coordinate plane in
such a way that the following 3 conditions are satisfied:
(1) P0 = (0, 1), Pm+1 = (n + 1, n), and for each integer i, 1 ≤ i ≤ m, both x- and
y- coordinates of Pi are integers lying in between 1 and n (1 and n inclusive).
(2) For each integer i, 0 ≤ i ≤ m, PiPi+1 is parallel to the x-axis if i is even, and
is parallel to the y-axis if i is odd.
(3) For each pair i, j with 0 ≤ i < j ≤ m, line segments PiPi+1 and PjPj+1 share
at most 1 point.

Determine the maximum possible value that m can take.

Problem 5. Determine all functions f : R → R, where R is the set of all real
numbers, satisfying the following 2 conditions:
(1) There exists a real number M such that for every real number x, f(x) < M is
satisfied.
(2) For every pair of real numbers x and y,

f(xf(y)) + yf(x) = xf(y) + f(xy)

is satisfied.

1



SOLUTIONS FOR 2011 APMO PROBLEMS

Problem 1.

Solution: Suppose all of the 3 numbers a2 + b + c, b2 + c + a and c2 + a + b are
perfect squares. Then from the fact that a2 + b + c is a perfect square bigger than
a2 it follows that a2 + b + c ≥ (a + 1)2, and therefore, b + c ≥ 2a + 1. Similarly we
obtain c + a ≥ 2b + 1 and a + b ≥ 2c + 1.

Adding the corresponding sides of the preceding 3 inequalities, we obtain
2(a + b + c) ≥ 2(a + b + c) + 3, a contradiction. This proves that it is impos-
sible to have all the 3 given numbers to be perfect squares.

Alternate Solution: Since the given conditions of the problem are symmetric in
a, b, c, we may assume that a ≥ b ≥ c holds. From the assumption that a2+b+c is a
perfect square, we can deduce as in the solution above the inequality b+c ≥ 2a+1.
But then we have

2a ≥ b + c ≥ 2a + 1,

a contradiction, which proves the assertion of the problem.

Problem 2.

Solution: We will show that 36◦ is the desired answer for the problem.
First, we observe that if the given 5 points form a regular pentagon, then the

minimum of the angles formed by any triple among the five vertices is 36◦, and
therefore, the answer we seek must be bigger than or equal to 36◦.

Next, we show that for any configuration of 5 points satisfying the condition of
the problem, there must exist an angle smaller than or equal to 36◦ formed by a
triple chosen from the given 5 points. For this purpose, let us start with any 5
points, say A1, A2, A3, A4, A5, on the plane satisfying the condition of the problem,
and consider the smallest convex subset, call it Γ, in the plane containing all of the
5 points. Since this convex subset Γ must be either a triangle or a quadrilateral
or a pentagon, it must have an interior angle with 108◦ or less. We may assume
without loss of generality that this angle is ∠A1A2A3. By the definition of Γ it is
clear that the remaining 2 points A4 and A5 lie in the interior of the angular region
determined by ∠A1A2A3, and therefore, there must be an angle smaller than or

equal to
1
3
· 108◦ = 36◦, which is formed by a triple chosen from the given 5 points,

and this proves that 36◦ is the desired maximum.
1
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Problem 3.

Solution: Since ∠B1BB2 = 90◦, the circle having B1B2 as its diameter goes
through the points B, B1, B2. From B1A : B1C = B2A : B2C = BA : BC, it
follows that this circle is the Apolonius circle with the ratio of the distances from
the points A and C being BA : BC. Since the point P lies on this circle, we have

PA : PC = BA : BC = sin C : sin A,

from which it follows that PA sin A = PC sin C. Similarly, we have PA sin A =
PB sin B, and therefore, PA sin A = PB sin B = PC sin C.

Let us denote by D,E, F the foot of the perpendicular line drawn from P to the
line segment BC, CA and AB, respectively. Since the points E, F lie on a circle
having PA as its diameter, we have by the law of sines EF = PA sin A. Similarly,
we have FD = PB sin B and DE = PC sin C. Consequently, we conclude that
DEF is an equilateral triangle. Furthermore, we have ∠CPE = ∠CDE, since the
quadrilateral CDPE is cyclic. Similarly, we have ∠FPB = ∠FDB. Putting these
together, we get

∠BPC = 360◦ − (∠CPE + ∠FPB + ∠EPF )

= 360◦ − {(∠CDE + ∠FDB) + (180◦ − ∠FAE)}
= 360◦ − (120◦ + 150◦) = 90◦,

which proves the assertion of the problem.

Alternate Solution: Let O be the midpoint of the line segment B1B2. Then
the points B and P lie on the circle with center at O and going through the point
B1. From

∠OBC = ∠OBB1 − ∠CBB1 = ∠OB1B − ∠B1BA = ∠BAC

it follows that the triangles OCD and OBA are similar, and therefore we have that
OC ·OA = OB2 = OP 2. Thus we conclude that the triangles OCP and OPA are
similar, and therefore, we have ∠OPC = ∠PAC. Using this fact, we obtain

∠PBC − ∠PBA = (∠B1BC + ∠PBB1)− (∠ABB1 − ∠PBB1)

= 2∠PBB1 = ∠POB1 = ∠PCA− ∠OPC

= ∠PCA− ∠PAC,

from which we conclude that ∠PAC + ∠PBC = ∠PBA + ∠PCA. Similarly, we
get ∠PAB + ∠PCB = ∠PBA + ∠PCA. Putting these facts together and taking
into account the fact that

(∠PAC + ∠PBC) + (∠PAB + ∠PCB) + (∠PBA + ∠PCA) = 180◦,

we conclude that ∠PBA + ∠PCA = 60◦, and finally that

∠BPC = (∠PBA+∠PAB)+(∠PCA+∠PAC) = ∠BAC+(∠PBA+∠PCA) = 90◦,

proving the assertion of the problem.

Problem 4.

Solution: We will show that the desired maximum value for m is n(n− 1).
First, let us show that m ≤ n(n−1) always holds for any sequence P0, P1, · · · , Pm+1

satisfying the conditions of the problem.
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Call a point a turning point if it coincides with Pi for some i with 1 ≤ i ≤ m.
Let us say also that 2 points {P,Q} are adjacent if {P,Q} = {Pi−1, Pi} for some
i with 1 ≤ i ≤ m, and vertically adjacent if, in addition, PQ is parallel to the
y-axis.

Any turning point is vertically adjacent to exactly one other turning point.
Therefore, the set of all turning points is partitioned into a set of pairs of points
using the relation of ”vertical adjacency”. Thus we can conclude that if we fix
k ∈ {1, 2, · · · , n}, the number of turning points having the x-coordinate k must be
even, and hence it is less than or equal to n − 1. Therefore, altogether there are
less than or equal to n(n − 1) turning points, and this shows that m ≤ n(n − 1)
must be satisfied.

It remains now to show that for any positive odd number n one can choose a
sequence for which m = n(n − 1). We will show this by using the mathematical
induction on n. For n = 1, this is clear. For n = 3, choose

P0 = (0, 1), P1 = (1, 1), P2 = (1, 2), P3 = (2, 2),

P4 = (2, 1), P5 = (3, 1), P6 = (3, 3), P7 = (4, 3).

It is easy to see that these points satisfy the requirements (See fig. 1 below).

figure 1

Let n be an odd integer ≥ 5, and suppose there exists a sequence satisfying the
desired conditions for n−4. Then, it is possible to construct a sequence which gives
a configuration indicated in the following diagram (fig. 2), where the configuration
inside of the dotted square is given by the induction hypothesis:

figure 2

By the induction hypothesis, there are exactly (n − 4)(n − 5) turning points for
the configuration inside of the dotted square in the figure 2 above, and all of the
lattice points in the figure 2 lying outside of the dotted square except for the 4
points (n, 2), (n−1, n−2), (2, 3), (1, n−1) are turning points. Therefore, the total
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number of turning points in this configuration is

(n− 4)(n− 5) + (n2 − (n− 4)2 − 4) = n(n− 1),

showing that for this n there exists a sequence satisfying the desired properties,
and thus completing the induction process.

Problem 5.

Solution: By substituting x = 1 and y = 1 into the given identity we obtain
f(f(1)) = f(1). Next, by substituting x = 1 and y = f(1) into the given identity
and using f(f(1)) = f(1), we get f(1)2 = f(1), from which we conclude that either
f(1) = 0 or f(1) = 1. But if f(1) = 1, then substituting y = 1 into the given
identity, we get f(x) = x for all x, which contradicts the condition (1). Therefore,
we must have f(1) = 0.

By substituting x = 1 into the given identity and using the fact f(1) = 0, we
then obtain f(f(y)) = 2f(y) for all y. This means that if a number t belongs to the
range of the function f , then so does 2t, and by induction we can conclude that for
any non-negative integer n, 2nt belongs to the range of f if t does. Now suppose
that there exists a real number a for which f(a) > 0, then for any non-negative
integer n 2nf(a) must belong to the range of f , which leads to a contradiction to
the condition (1). Thus we conclude that f(x) ≤ 0 for any real number x.

By substituting x
2 for x and f(y) for y in the given identity and using the fact

that f(f(y)) = 2f(y), we obtain

f(xf(y)) + f(y)f
(x

2

)
= xf(y) + f

(x

2
f(y)

)
,

from which it follows that xf(y)−f(xf(y)) = f(y)f
(

x
2

)
−f

(
x
2 f(y)

)
≥ 0, since the

values of f are non-positive. Combining this with the given identity, we conclude

that yf(x) ≥ f(xy). When x > 0, by letting y to be
1
x

and using the fact that

f(1) = 0, we get f(x) ≥ 0. Since f(x) ≤ 0 for any real number x, we conclude that
f(x) = 0 for any positive real number x. We also have f(0) = f(f(1)) = 2f(1) = 0.

If f is identically 0, i.e., f(x) = 0 for all x, then clearly, this f satisfies the given
identity. If f satisfies the given identity but not identically 0, then there exists a
b < 0 for which f(b) < 0. If we set c = f(b), then we have f(c) = f(f(b)) = 2f(b) =
2c. For any negative real number x, we have cx > 0 so that f(cx) = f(2cx) = 0,
and by substituting y = c into the given identity, we get

f(2cx) + cf(x) = 2cx + f(cx),

from which it follows that f(x) = 2x for any negative real x.
We therefore conclude that if f satisfies the given identity and is not identically

0, then f is of the form f(x) =

{
0 if x ≥ 0
2x if x < 0.

Finally, let us show that the

function f of the form shown above does satisfy the conditions of the problem.
Clearly, it satisfies the condition (1). We can check that f satisfies the condition
(2) as well by separating into the following 4 cases depending on whether x, y are
non-negative or negative.

• when both x and y are non-negative, both sides of the given identity are 0.
• when x is non-negative and y is negative, we have xy ≤ 0 and both sides

of the given identity are 4xy.
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• when x is negative and y is non-negative, we have xy ≤ 0 and both sides
of the given identity are 2xy.
• when both x and y are negative, we have xy > 0 and both sides of the given

identity are 2xy.
Summarizing the arguments above, we conclude that the functions f satisfying the
conditions of the problem are

f(x) = 0 and f(x) =

{
0 if x ≥ 0
2x if x < 0.



• Summary of Results

Rank

1 KOREA 10 289 1 2 4 3

2 USA 10 269 1 2 4 3

3 THAILAND 10 228 1 2 4 3

4 PERU 10 223 1 2 4 3

5 TAIWAN 10 220 1 2 4 3

6 JAPAN 10 208 1 2 4 3

7 RUSSIA 10 205 1 2 4 3

8 SINGAPORE 10 205 1 2 4 3

9 BRAZIL 10 190 1 2 4 3

10 10 173 1 2 4 3

11 CANADA 10 164 1 2 4 3

12 AUSTRALIA 10 156 0 3 4 3

13 KAZAKHSTAN 10 154 0 3 4 3

14 MEXICO 10 141 0 3 4 3

15 INDONESIA 10 135 0 2 5 3

16 10 128 1 1 5 1

17 ARGENTINA 10 121 0 2 5 2

18 MALAYSIA 10 108 1 0 4 1

19 AZERBAIJAN 10 101 0 2 4 0

20 TAJIKISTAN 10 82 0 0 3 0

21 TURKMENISTAN 10 78 0 1 2 0

22 10 60 0 1 1 1

23 PHILIPPINES 10 59 0 0 2 0

24 5 49 1 0 2 0

25 COLOMBIA 10 41 0 0 0 1

26 CAMBODIA 10 41 0 0 0 1

27 BANGLADESH 5 26 0 0 0 1

28 ECUADOR 10 24 0 0 0 1

29 URUGUAY 2 20 0 0 1 0

30 10 18 0 0 0 0

31 9 16 0 0 1 0

32 3 11 0 0 0 0

33 PAKISTAN 10 8 0 0 0 0

34 SYRIA 10 5 0 0 0 0

35 QATAR 7 1 0 0 0 0

♦ Total 317 3961 14 41 92 53

The following up-dated reports of the results of APMO 2011 are changed slightly from the version 
reported at the time of the General Meeting of APMO 2011 held at the time of 52nd IMO. The 
change was necessitated by the inclusion of the results of the Costa Rica team, consisting of 5 
students (including 1 gold medalist and 2 copper medalists ). We verified that the test was 
administered on the specified day (March 7) and the marking of the papers was done properly, but 
for some reason we did not receive the report of the results until late May, which was too late for 
the preparation of our initial report. 

2011
Participants

# of
Contestant

Total
Score

Gold
Awards

Silver
Awards

Bronze
Awards

Hon.
Men.

HONG KONG

NEW ZEALAND

SAUDI ARABIA

COSTA RICA

TRINIDAD AND TOBAGO

EL SALVADOR

COTE D'IVOIRE



m : 12.495 /  : 8.892σ m +  = 21.387σ m + /3 = 15.459σ m - /3 = 9.531σ

Awards Cut-offs : Gold ≥ 22 Silver ≥ 16 Bronze ≥ 10

# of Problems 1 2 3 4 5 Total

Mean(m) : 4.79 4.08 1.61 0.6 1.41 12.5

•Award
KOREA

USA

SINGAPORE

PERU

TAIWAN

JAPAN

RUSSIA

THAILAND

BRAZIL

CANADA

MALAYSIA

USA

KOREA

KOREA

TAIWAN

PERU

THAILAND

USA

JAPAN

TAIWAN

BRAZIL

BRAZIL

JAPAN

PERU

RUSSIA

SINGAPORE

SINGAPORE

THAILAND

RUSSIA

AZERBAIJAN

AUSTRALIA

MEXICO

 ♦ Panama has participated in the competition, but decided to withdraw from the consideration for 
ranking and awards. For this reason, data for Panama are not included from the tabulation above.

GOLD
AWARD

Kim Young Ho

He Xiaoyu

Lim Jeck

Chavez Sarmiento Raul Arturo

Hua Shiang-Chih

Kishikawa Akio

Pakharev Alexey

Kurutach Thanard

Camelo Sa Joao Lucas

Song Alex

Granville Malcolm NEW ZEALAND

Li Yau Wing HONG KONG

Tham Ying Hong

Jimenez Humberto COSTA RICA

SILVER
AWARD

Cao Wenyu

Park Jun Oh

Hwang Sung Hyun

Chen Wei-Jung

Garcia Sulca Jose Gustavo

Bhutisaksang Theerawat

O'dorney Evan

Kitamura Takuma

Liao Wei-En

Braga Costa Andre Macieira

Lisboa Empinotti Gustavo

Koshiyama Hiroki

Loyola Bartra Alejandro
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2012 APMO PROBLEMS

Time allowed: 4 hours Each problem is worth 7 points
*The contest problems are to be kept confidential until they are posted on the offi-
cial APMO website (http://www.mmjp.or.jp/competitions/APMO). Please do not
disclose nor discuss the problems over the internet until that date. Calculators are
not allowed to use.

Problem 1. Let P be a point in the interior of a triangle ABC, and let D,E, F
be the point of intersection of the line AP and the side BC of the triangle, of the
line BP and the side CA, and of the line CP and the side AB, respectively. Prove
that the area of the triangle ABC must be 6 if the area of each of the triangles
PFA, PDB and PEC is 1.

Problem 2. Into each box of a 2012 × 2012 square grid, a real number greater
than or equal to 0 and less than or equal to 1 is inserted. Consider splitting the grid
into 2 non-empty rectangles consisting of boxes of the grid by drawing a line parallel
either to the horizontal or the vertical side of the grid. Suppose that for at least one
of the resulting rectangles the sum of the numbers in the boxes within the rectangle
is less than or equal to 1, no matter how the grid is split into 2 such rectangles.
Determine the maximum possible value for the sum of all the 2012× 2012 numbers
inserted into the boxes.

Problem 3. Determine all the pairs (p, n) of a prime number p and a positive
integer n for which np+1

pn+1 is an integer.

Problem 4. Let ABC be an acute triangle. Denote by D the foot of the
perpendicular line drawn from the point A to the side BC, by M the midpoint of
BC, and by H the orthocenter of ABC. Let E be the point of intersection of the
circumcircle Γ of the triangle ABC and the half line MH, and F be the point of
intersection (other than E) of the line ED and the circle Γ. Prove that BF

CF = AB
AC

must hold.
Here we denote by XY the length of the line segment XY .

Problem 5. Let n be an integer greater than or equal to 2. Prove that if the
real numbers a1, a2, · · · , an satisfy a2

1 + a2
2 + · · ·+ a2

n = n, then∑
1≤i<j≤n

1
n− aiaj

≤ n

2

must hold.

1



SOLUTIONS FOR 2012 APMO PROBLEMS

Problem 1.

Solution: Let us denote by 4XY Z the area of the triangle XY Z. Let
x = 4PAB, y = 4PBC and z = 4PCA.

From

y : z = 4BCP : 4ACP = BF : AF = 4BPF : 4APF = (x− 1) : 1

follows that z(x − 1) = y, which yields (z + 1)x = x + y + z. Similarly, we get
(x+1)y = x+y +z and (y +1)z = x+y +z. Thus, we obtain (x+1)y = (y +1)z =
(z + 1)x.

We may assume without loss of generality that x ≤ y, z. If we assume that y > z
holds, then we get (y + 1)z > (z + 1)x, which is a contradiction. Similarly, we see
that y < z leads to a contradiction (x + 1)y < (y + 1)z. Therefore, we must have
y = z. Then, we also get from (y + 1)z = (z + 1)x that x = z must hold. We now
obtain from (x − 1) : 1 = y : z = 1 : 1 that x = y = z = 2 holds. Therefore, we
conclude that the area of the triangle ABC equals x + y + z = 6.

Problem 2.

Solution: If we insert numbers as in the figure below (0′s are to be inserted in the
remaining blank boxes), then we see that the condition of the problem is satisfied
and the total number of all the numbers inserted is 5.

0 1 0
1 1 1
0 1 0

We will show that the sum of all the numbers to be inserted in the boxes of the
given grid cannot be more than 5 if the distribution of the numbers has to satisfy
the requirement of the problem. Let n = 2012. Let us say that the row number
(the column number) of a box in the given grid is i (j, respectively) if the box lies
on the i-th row and the j-th column. For a pair of positive integers x and y, denote
by R(x, y) the sum of the numbers inserted in all of the boxes whose row number is
greater than or equal to x and less than or equal to y (assign the value 0 if x > y).

First let a be the largest integer satisfying 1 ≤ a ≤ n and R(1, a − 1) ≤ 1, and
then choose the smallest integer c satisfying a ≤ c ≤ n and R(c + 1, n) ≤ 1. It is
possible to choose such a pair a, c since R(1, 0) = 0 and R(n + 1, n) = 0. If a < c,
then we have a < n and so, by the maximality of a, we must have R(1, a) > 1,
while from the minimality of c, we must have R(a+1, n) > 1. Then by splitting the
grid into 2 rectangles by means of the horizontal line bordering the a-th row and
the a+ 1-th row, we get the splitting contradicting the requirement of the problem.
Thus, we must have a = c.

Similarly, if for any pair of integers x, y we define C(x, y) to be the sum of the
numbers inserted in all of the boxes whose column number is greater than or equal
to x and less than or equal to y (C(x, y) = 0 if x > y), then we get a number b for
which

C(1, b− 1) ≤ 1, C(b + 1, n) ≤ 1, 1 ≤ b ≤ n.
1
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If we let r be the number inserted in the box whose row number is a and the column
number is b, then since r ≤ 1, we conclude that the sum of the numbers inserted
into all of the boxes is

≤ R(1, a− 1) + R(a + 1, n) + C(1, b− 1) + C(b + 1, n) + r ≤ 5.

Problem 3.

Solution
For integers a, b and a positive integer m, let us write a ≡ b (mod m) if a − b

is divisible by m. Since np+1
pn+1 must be a positive integer, we see that pn ≤ np must

hold. This means that if p = 2, then 2n ≤ n2 must hold. As it is easy to show by
induction that 2n > n2 holds if n ≥ 5, we conclude that if p = 2, then n ≤ 4 must
be satisfied. And we can check that (p, n) = (2, 2), (2, 4) satisfy the condition of
the problem, while (2, 3) does not.

Next, we consider the case where p ≥ 3.
Suppose s is an integer satisfying s ≥ p. If sp ≤ ps for such an s, then we have

(s + 1)p = sp

(
1 +

1
s

)p

≤ ps

(
1 +

1
p

)p

= ps

p∑
r=0

pCr
1
pr

< ps

p∑
r=0

1
r!

≤ ps

(
1 +

p∑
r=1

1
2r−1

)
< ps(1 + 2) ≤ ps+1

Thus we have (s + 1)p < ps+1, and by induction on n, we can conclude that if
n > p, then np < pn. This implies that we must have n ≤ p in order to satisfy our
requirement pn ≤ np.

We note that since pn +1 is even, so is np +1, which, in turn implies that n must
be odd and therefore, pn + 1 is divisible by p + 1, and np + 1 is also divisible by
p + 1. Thus we have np ≡ −1 (mod (p + 1)), and therefore, n2p ≡ 1 (mod (p + 1)).

Now, let e be the smallest positive integer for which ne ≡ 1 (mod (p+1)). Then,
we can write 2p = ex + y, where x, y are non-negative integers and 0 ≤ y < e, and
we have

1 ≡ n2p = (ne)x · ny ≡ ny (mod (p + 1)),

which implies, because of the minimality of e, that y = 0 must hold. This means
that 2p is an integral multiple of e, and therefore, e must equal one of the numbers
1, 2, p, 2p.

Now, if e = 1, p, then we get np ≡ 1 (mod (p + 1)), which contradicts the
fact that p is an odd prime. Since n and p + 1 are relatively prime, we have by
Euler’s Theorem that nϕ(p+1) ≡ 1 (mod (p+1)), where ϕ(m) denotes the number of
integers j(1 ≤ j ≤ m) which are relatively prime with m. From ϕ(p+1) < p+1 < 2p
and the minimality of e, we can then conclude that e = 2 must hold.

From n2 ≡ 1 (mod (p + 1)), we get

−1 ≡ np = n(2· p−1
2 +1) ≡ n (mod (p + 1)),
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which implies that p + 1 divides n + 1. Therefore, we must have p ≤ n, which,
together with the fact n ≤ p, show that p = n must hold.

It is clear that the pair (p, p) for any prime p ≥ 3 satisfies the condition of the
problem, and thus, we conclude that the pairs (p, n) which satisfy the condition of
the problem must be of the form (2, 4) and (p, p) with any prime p.

Alternate Solution. Let us consider the case where p ≥ 3. As we saw in the
preceding solution, n must be odd if the pair (p, n) satisfy the condition of the
problem. Now, let q be a prime factor of p + 1. Then, since p + 1 divides pn + 1, q
must be a prime factor of pn + 1 and of np + 1 as well. Suppose q ≥ 3. Then, from
np ≡ −1 (mod q), it follows that n2p ≡ 1 (mod q) holds. If we let e be the smallest
positive integer satisfying ne ≡ 1 (mod q), then by using the same argument as
we used in the preceding solution, we can conclude that e must equal one of the
numbers 1, 2, p, 2p. If e = 1, p, then we get np ≡ 1 (mod q), which contradicts the
assumption q ≥ 3. Since n is not a multiple of q, by Fermat’s Little Theorem we
get nq−1 ≡ 1 (mod q), and therefore, we get by the minimality of e that e = 2 must
hold. From n2 ≡ 1 (mod q), we also get

np = n(2· p−1
2 +1) ≡ n (mod q),

and since np ≡ −1 (mod q), we have n ≡ −1 (mod q) as well.
Now, if q = 2 then since n is odd, we have n ≡ −1 (mod q) as well. Thus, we

conclude that for an arbitrary prime factor q of p + 1, n ≡ −1 (mod q) must hold.
Suppose, for a prime q, qk for some positive integer k is a factor of p + 1. Then

qk must be a factor of np + 1 as well. But since

np + 1 = (n + 1)(np−1 − np−2 + · · · − n + 1) and

np−1 − np−2 + · · · − n + 1 ≡ (−1)p−1 − (−1)p−2 + · · · − (−1) + 1 6≡ 0 (mod q),
we see that qk must divide n + 1. By applying the argument above for each prime
factor q of p + 1, we can then conclude that n + 1 must be divisible by p + 1, and
as we did in the preceding proof, we can conclude that n = p must hold.

Problem 4.

Solution: If AB = AC, then we get BF = CF and the conclusion of the problem
is clearly satisfied. So, we assume that AB 6= AC in the sequel.

Due to symmetry, we may suppose without loss of generality that AB > AC.
Let K be the point on the circle Γ such that AK is a diameter of this circle. Then,
we get

∠BCK = ∠ACK − ∠ACB = 90◦ − ∠ACB = ∠CBH

and
∠CBK = ∠ABK − ∠ABC = 90◦ − ∠ABC = ∠BCH,

from which we conclude that the triangles BCK and CBH are congruent. There-
fore, the quadrilateral BKCH is a parallelogram, and its diagonal HK passes
through the center M of the other diagonal BC. Therefore, the 3 points H,M,K
lie on the same straight line, and we have ∠AEM = ∠AEK = 90◦.

From ∠AED = 90◦ = ∠ADM , we see that the 4 points A, E, D,M lie on
the circumference of the same circle, from which we obtain ∠AMB = ∠AED =
∠AEF = ∠ACF . Putting this fact together with the fact that ∠ABM = ∠AFC,
we conclude that the triangles ABM and AFC are similar, and we get AM

BM = AC
FC .

By a similar argument, we get that the triangles ACM and AFB are similar, and
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therefore, that AM
CM = AB

FB holds. Noting that BM = CM , we also get AC
FC = AB

FB ,
from which we can conclude that BF

CF = AB
AC , proving the assertion of the problem.

Problem 5.

Solution: Let us note first that if i 6= j, then since aiaj ≤
a2

i +a2
j

2 , we have

n− aiaj ≥ n−
a2

i + a2
j

2
≥ n− n

2
=

n

2
> 0.

If we set bi = |ai| (i = 1, 2, . . . , n), then we get b2
1 + b2

2 + · · ·+ b2
n = n and 1

n−aiaj
≤

1
n−bibj

, which shows that it is enough to prove the assertion of the problem in the
case where all of a1, a2, · · · , an are non-negative. Hence, we assume from now on
that a1, a2, · · · , an are all non-negative.

By multiplying by n the both sides of the desired inequality we get the inequality:

∑
1≤i<j≤n

n

n− aiaj
≤ n2

2

and since n
n−aiaj

= 1 + aiaj

n−aiaj
, we obtain from the inequality above by subtracting

n(n−1)
2 from both sides the following inequality:

(i)
∑

1≤i<j≤n

aiaj

n− aiaj
≤ n

2

We will show that this inequality (i) holds.
If for some i the equality a2

i = n is valid, then aj = 0 must hold for all j 6= i and
the inequality (i) is trivially satisfied. So, we assume from now on that a2

i < n is
valid for each i.

Let us assume that i 6= j from now on. Since 0 ≤ aiaj ≤
(

ai+aj

2

)2

≤ a2
i +a2

j

2

holds, we have

(ii)
aiaj

n− aiaj
≤ aiaj

n− a2
i +a2

j

2

≤

(
ai+aj

2

)2

n− a2
i +a2

j

2

=
1
2
· (ai + aj)2

(n− a2
i ) + (n− a2

j )
.

Since n− a2
i > 0, n− a2

j > 0, we also get from the Cauchy-Schwarz inequality that

(
a2

j

n− a2
i

+
a2

i

n− a2
j

)
((n− a2

i ) + (n− a2
j )) ≥ (ai + aj)2,

from which it follows that

(iii)
(ai + aj)2

(n− a2
i ) + (n− a2

j )
≤

(
a2

j

n− a2
i

+
a2

i

n− a2
j

)
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holds. Combining the inequalities (ii) and (iii), we get∑
1≤i<j≤n

aiaj

n− aiaj
≤ 1

2

∑
1≤i<j≤n

(
a2

j

n− a2
i

+
a2

i

n− a2
j

)

=
1
2

∑
i 6=j

a2
j

n− a2
i

=
1
2

n∑
i=1

n− a2
i

n− a2
i

=
n

2
,

which establishes the desired inequality (i).



• Summary of Results

Rank 2012                     Participants

1 KOREA 10 333 1 2 4 3

2 USA 10 283 1 2 4 3

3 THAILAND 10 279 1 2 4 3

4 RUSSIA 10 249 1 2 4 3

5 JAPAN 10 241 1 2 4 3

6 TAIWAN 10 232 1 2 4 3

7 PERU 10 227 1 2 4 3

8 SINGAPORE 10 217 1 2 4 3

9 HONG KONG 10 214 1 2 4 3

10 CANADA 10 209 1 2 4 3

11 BRAZIL 10 202 1 2 4 3

12 MEXICO 10 177 1 2 4 3

13 INDONESIA 10 176 1 2 4 3

14 KAZAKHSTAN 10 167 0 3 4 3

15 AUSTRALIA 10 154 1 1 5 3

16 MALAYSIA 10 150 1 2 2 0

17 ARGENTINA 10 126 0 1 4 5

18 TURKMENISTAN 10 115 0 1 4 2

19 BANGLADESH 10 105 0 1 2 2

20 PHILIPPINES 10 97 0 1 1 4

21 NEW ZEALAND 10 81 0 0 2 4

22 SAUDI ARABIA 10 78 1 0 0 3

23 COLOMBIA 10 76 0 1 0 3

24 AZERBAIJAN 9 68 0 0 1 4

25 URUGUAY 5 66 0 0 3 2

26 TAJIKISTAN 9 63 0 0 2 1

27 PAKISTAN 10 60 0 0 1 2

28 MOROCOO 10 49 0 0 0 2

29 EL SALVADOR 4 46 0 1 1 0

30 CAMBODIA 10 45 0 0 0 1

31 Costa Rica 10 45 0 0 0 3

32 SYRIA 6 35 0 0 0 2

33 ECUADOR 8 28 0 1 0 0

34 Kyrgyz Republic 4 28 0 0 0 0

35 PANAMA 5 21 0 0 0 0

36 TRINIDAD AND TOBAGO 10 9 0 0 0 0

37 QATAR 3 5 0 0 0 0

Total 333 4756 16 39 84 85

M : 14.369 / σ : 9.498 m + σ = 23.866 m + σ/3 = 17.534 m - σ/3 = 11.203

Awards Cut-offs : Gold ≥ 24 Silver ≥ 18 Bronze ≥ 12

# of Problems 1 2 3 4 5 Total
Mean(m) : 5.08 3.76 2.92 2.59 0.47 14.37

 The Mathematical Olympiad Foundation of Japan

# of
Contestant

Total
Score

Gold
Awards

Silver
Awards

Bronze
Awards

Hon.
Men.



•Award
Award Names of Contestant Country

GOLD AWARD

Park Tae Hwan KOREA
Yarg David USA
Laksanabunsong Pongsatorn THAILAND
How Si Yu MALAYSIA
Chow Chi Hong HONG KONG
Yeh Chih-Kuan TAIWAN
Angels Rodrigo Sanches BRAZIL 
Brennan Matthew CANADA
Yumi Kasai JAPAN

PERU
Klyuev Daniil RUSSIA
Basyoni Al-Yazeed SAUDI ARABIA 
Ang Yan Sheng SINGAPORE
Xu Yanning AUSTRALIA 
Lie Stefanus INDONESIA
Garza Vargas Jorge MEXICO

SILVER AWARD

Park Sung Jin KOREA
Kang Seungyeon KOREA
Rickards James CANADA
Ryu Minegishi JAPAN
Genki Shimizu JAPAN
Anzo The Zhao Yang MALAYSIA
Luyo Carbonero Paul PERU
Altamirano Modesto Christian Omar PERU
Ryabtseva Maria RUSSIA
Krachun Dmitry RUSSIA
Lim Jeck SINGAPORE
Kor Ryan SINGAPORE
Chang Keng-Chien TAIWAN
Lin Kuan-Yu TAIWAN
Jiradilok Pakawut THAILAND
Komolsiripakdi Tanat THAILAND
Tas James USA
Gao Zijing USA
Song Zhou Qun(Alex) CANADA
Camelo Sa Joas Lvcas BRAZIL 
Tham Ying Hong MALAYSIA
Li Yau Wing HONG KONG
Loo Andy HONG KONG
 Mendes Silva Maria Clara BRAZIL 
Salazar Veronica COLOMBIA
Escobar Benitez Byron Thonatiu EL SALVADOR
Roque Montoya Diego MEXICO
Morco Henry Jefferson PHILIPPINES

Adｖincula Altamirano  Jesus Angel



SILVER AWARD

Fu Nancy AUSTRALIA 
Biswas Dhananjoy BANGLADESH
Cortez Lemos  Carlos Andres ECUADOR
Zaky Ahmad INDONESIA
Dushayev Saken KAZAKHSTAN 
Ibraimov Akzhol KAZAKHSTAN 
Chiu Han Enrique MEXICO
Moektijono Tobi INDONESIA
Zylber Ariel Ricardo ARGENTINA 
Imanmalik Yerzhan KAZAKHSTAN 
Soltanov Merdan TURKMENISTAN

BRONZE AWARD

KOREA
Moon Hanwool KOREA

KOREA
Jung Jong Wook KOREA
Kensuke Yoshida JAPAN
Pitimanaaree Nipun THAILAND
Brakensiek Joshua USA
Jagadeesan Ravi USA
Li Ray USA
Derg Calvin USA
Chavez Sarmiento Raul Arturo PERU
Krokhmal Nikolay RUSSIA
Anunrojwong Jirawat THAILAND
Charoenngam Nipith THAILAND
Karntikoon Kritkorn THAILAND
Grigorev Miknail RUSSIA
Baev Budimir RUSSIA
Wong Sze Nga HONG KONG
How Si Wei MALAYSIA

PERU
Shogo Murai JAPAN
Takuma Kitamura JAPAN
Hiroki Komatsu JAPAN
Napa Bernuy Angel Gerardo PERU
Ishkuvatov Ruslan RUSSIA
Liao Wei-En TAIWAN
Tsai Che-Ping TAIWAN
Wu Fei CANADA
Lee You Jun SINGAPORE
Ling Yan Hao SINGAPORE
Braga Costa Andre Macieira BRAZIL 
Whalhey Alexander CANADA
Kung Man kit HONG KONG
Warton Cordero Alejandro Miguel PERU
Chen Ho-Chien TAIWAN
Yu Jia-Ruei TAIWAN

Kiｍ Dong Hyo

Kiｍ Jae Joonｇ

Peraleｓ Valerio Javier



BRONZE AWARD

Lai Leo CANADA
Yap Jit Wu SINGAPORE
Zhang Aidi SINGAPORE
Fiuza do Nascimento Henrigve Gasparini BRAZIL 
Miyazaki Rafael Kazuhiro BRAZIL 
de Alencar Severo Franco Mathevs BRAZIL 
Au Lawrence HONG KONG
Tang Dik Man Damian HONG KONG
Lesmana Nixie Sapphira INDONESIA
Bonifacio Mariano Carlos ARGENTINA 
Chua Alexander AUSTRALIA 
Sanjaya Stephen INDONESIA
Koswara Ivan Adrian INDONESIA
Susan Fransisca INDONESIA
Nurgabylov Yerniyaz KAZAKHSTAN 
Gonzalez Cazares Jorge MEXICO
Aztiazaran Tobin Alberto MEXICO
Ortiz Rhoton Juan MEXICO
Garcia Alejo URUGUAY
Kwong  Jason AUSTRALIA 
Khou Victor AUSTRALIA 
Huseyuli Shahin AZERBAIJAN 
Shorif Mugdho Mirza Md.Tanjim BANGLADESH
Liu Yi CANADA
Urbina Sanchez Gerardo Augusto EL SALVADOR
Kalmyrzayev Sergazy KAZAKHSTAN 
Abdybayev Azamat KAZAKHSTAN 
Medrano Martindel Campo Adan MEXICO
Shan Syed Waqar Ali PAKISTAN
Co Kenneth PHILIPPINES
Shodaolat   Saidmuhammad TAJIKISTAN
Agamyradov Palvan TURKMENISTAN
Assensa Franco ARGENTINA 
Chapman Kaimyn AUSTRALIA 
Sailanbayev Alibek KAZAKHSTAN 
Correa Ignacio URUGUAY
Staffa Bruno ARGENTINA 
Gunning Alexander AUSTRALIA 
Das Sourav BANGLADESH
Khong Yi Kye MALAYSIA
Han George NEW ZEALAND
Shanmugantahan Arun Chockalingam NEW ZEALAND
Shamsiddin Shahyodshohi TAJIKISTAN
Rahmanov Nazar TURKMENISTAN
Hojamammedov Kerven TURKMENISTAN
Goldsztajn Diego URUGUAY
Valiyev Ilshat TURKMENISTAN



BRONZE AWARD

Cogorno Nicolas Alejandro ARGENTINA 
Ki Do Hyeong KOREA
Schin Seung Won KOREA
Jung In Sung KOREA
Shen Bobby USA
Neeranartvong Weerachai THAILAND
Suaysom Natchanon THAILAND
Thongsai Poon THAILAND
Yarg Patrick USA
Lee Mitchell USA
Rukhovich Alexey RUSSIA
Kazumi Kasaura JAPAN
Yo Mitani JAPAN
Ostanin Alexander RUSSIA
Matushkin Alexander RUSSIA
Liao Yu-Hong TAIWAN
Cheng Li-Wei TAIWAN
Yam Yuen Sum HONG KONG
Lau Chun Ting HONG KONG
Chan Long Tin HONG KONG
Kenta Shinya JAPAN
Wu Yu-Sheng TAIWAN
Nishida Kawai Daniel Eiti BRAZIL 
Tanadi Raymond INDONESIA
Ccopa Yugra Jesus Marcos PERU
Li Lawrence SINGAPORE
Tan Sheldon Kieren SINGAPORE
de Oliveira Pacanowski Alessandro A.P. BRAZIL 
Zelazny Michel Rozenberg BRAZIL 
Chen Letian CANADA
Zhou Kevin Kai Qi CANADA
Toribio Dionicio Ricardo Gabriel PERU
Yang Allen CANADA
Kulboldin Daniyar KAZAKHSTAN 
Rojas Salvador Luiggui Angel PERU
Tan Way SINGAPORE
Young Peter Tirtowijoyo INDONESIA
Orynkul Batyrkhan KAZAKHSTAN 
Amankeldi Akezhan KAZAKHSTAN 
Diaz Calderon Julio MEXICO
Sanchez Gomez Jose MEXICO
Teran Rios Diego MEXICO
Lang Carolina ARGENTINA 
Shu Mel AUSTRALIA 
Hasanzade Suleyman AZERBAIJAN 
Hasan Adib BANGLADESH
Rveda Maria Ximena COLOMBIA

HONOURABLE     
MENTION



Jimcnet Humberto Costa Rica
Calderon Tomas Costa Rica
Harmanto Bivan Alzacky INDONESIA
Allabayev Shanur TURKMENISTAN
Candioti Alejandro Marcelo ARGENTINA 
Salgado Gaston ARGENTINA 
Ragavan Seyoon AUSTRALIA 
Calisa Vaishnavi AUSTRALIA 
Aliyeu Izmir AZERBAIJAN 
Hasanzade Hasan AZERBAIJAN 
Ouaki Mohamed Mehdi MOROCOO
Jeng Hao NEW ZEALAND
Cho Byung-Cheol NEW ZEALAND
Awad Al-Kaream Siddig SAUDI ARABIA 
Elmurod Khusraoi TAJIKISTAN
Chiazzo Ignacio URUGUAY
Siock Maximiliano URUGUAY
Sclar Melanie ARGENTINA 
Bombau Ignacio Javier ARGENTINA 
Acosia Francisco COLOMBIA
Ben Ajiba Mhamed Amine MOROCOO
Allen James NEW ZEALAND
Jamy Misha Nasir PAKISTAN
Sy Adrian Reginald PHILIPPINES
Uy Mikaela Angelina PHILIPPINES
Dee Camille Tyrene PHILIPPINES
Chuatak John Thomas PHILIPPINES
Abdal Jalil Eid Husun SAUDI ARABIA 
Abdullayev Mustafa AZERBAIJAN 
Kabir Ehsanul BANGLADESH
Thy So Thea CAMBODIA
Florez Leonardo COLOMBIA
Quesada Oscar Costa Rica
Qi Vincent NEW ZEALAND
Malik Usama Zaid PAKISTAN
Hamdi Yassine SAUDI ARABIA 
Hamshow Mohammad Yazen SYRIA
Khadour Mohamed SYRIA
Bayramov Kerven TURKMENISTAN

The Mathematical Olympiad Foundation of Japan

HONOURABLE     
MENTION



XXV Asian Pacific Mathematics Olympiad

Time allowed: 4 hours Each problem if worth 7 points

Problem 1. Let ABC be an acute triangle with altitudes AD,BE and CF , and let O
be the center of its circumcircle. Show that the segments OA,OF,OB,OD,OC,OE
dissect the triangle ABC into three pairs of triangles that have equal areas.

Problem 2. Determine all positive integers n for which
n2 + 1

[
√
n]2 + 2

is an integer. Here

[r] denotes the greatest integer less than or equal to r.

Problem 3. For 2k real numbers a1, a2, . . . , ak, b1, b2, . . . , bk define the sequence of
numbers Xn by

Xn =
k∑

i=1

[ain + bi] (n = 1, 2, . . .).

If the sequence Xn forms an arithmetic progression, show that
∑k

i=1 ai must be an
integer. Here [r] denotes the greatest integer less than or equal to r.

Problem 4. Let a and b be positive integers, and let A and B be finite sets of
integers satisfying:

(i) A and B are disjoint;
(ii) if an integer i belongs either to A or to B, then i + a belongs to A or i − b

belongs to B.
Prove that a|A| = b|B|. (Here |X| denotes the number of elements in the set X.)

Problem 5. Let ABCD be a quadrilateral inscribed in a circle ω, and let P be a
point on the extension of AC such that PB and PD are tangent to ω. The tangent at
C intersects PD at Q and the line AD at R. Let E be the second point of intersection
between AQ and ω. Prove that B,E,R are collinear.



Solutions of APMO 2013

Problem 1. Let ABC be an acute triangle with altitudes AD,BE and CF , and let O
be the center of its circumcircle. Show that the segments OA,OF,OB,OD,OC,OE dissect
the triangle ABC into three pairs of triangles that have equal areas.

Solution. Let M and N be midpoints of sides BC and AC, respectively. Notice that
∠MOC = 1

2
∠BOC = ∠EAB, ∠OMC = 90◦ = ∠AEB, so triangles OMC and AEB are

similar and we get OM
AE

= OC
AB

. For triangles ONA and BDA we also have ON
BD

= OA
BA

. Then
OM
AE

= ON
BD

or BD ·OM = AE ·ON.
Denote by S(Φ) the area of the figure Φ. So, we see that S(OBD) = 1

2
BD · OM =

1
2
AE ·ON = S(OAE). Analogously, S(OCD) = S(OAF ) and S(OCE) = S(OBF ).

Alternative solution. Let R be the circumradius of triangle ABC, and as usual write
A,B,C for angles ∠CAB, ∠ABC, ∠BCA respectively, and a, b, c for sides BC, CA, AB
respectively. Then the area of triangle OCD is

S(OCD) = 1
2
·OC · CD · sin(∠OCD) = 1

2
R · CD · sin(∠OCD).

Now CD = b cosC, and

∠OCD =
180◦ − 2A

2
= 90◦ − A

(since triangle OBC is isosceles, and ∠BOC = 2A). So

S(OCD) = 1
2
Rb cosC sin(90◦ − A) = 1

2
Rb cosC cosA.

A similar calculation gives

S(OAF ) = 1
2
OA · AF · sin(∠OAF )

= 1
2
R · (b cosA) sin(90◦ − C)

= 1
2
Rb cosA cosC,

so OCD and OAF have the same area. In the same way we find that OBD and OAE have
the same area, as do OCE and OBF .

Problem 2. Determine all positive integers n for which n2+1
[
√
n]2+2

is an integer. Here [r]

denotes the greatest integer less than or equal to r.

Solution. We will show that there are no positive integers n satisfying the condition of
the problem.

Let m = [
√
n] and a = n−m2. We have m ≥ 1 since n ≥ 1. From n2+1 = (m2+a)2+1 ≡

(a− 2)2 + 1 (mod (m2 + 2)), it follows that the condition of the problem is equivalent to the
fact that (a− 2)2 + 1 is divisible by m2 + 2. Since we have

0 < (a− 2)2 + 1 ≤ max{22, (2m− 2)2}+ 1 ≤ 4m2 + 1 < 4(m2 + 2),

1



we see that (a− 2)2 + 1 = k(m2 + 2) must hold with k = 1, 2 or 3. We will show that none
of these can occur.

Case 1. When k = 1. We get (a− 2)2−m2 = 1, and this implies that a− 2 = ±1, m = 0
must hold, but this contradicts with fact m ≥ 1.

Case 2. When k = 2. We have (a − 2)2 + 1 = 2(m2 + 2) in this case, but any perfect
square is congruent to 0, 1, 4 mod 8, and therefore, we have (a − 2)2 + 1 ≡ 1, 2, 5 (mod 8),
while 2(m2 + 2) ≡ 4, 6 (mod 8). Thus, this case cannot occur either.

Case 3. When k = 3. We have (a− 2)2 + 1 = 3(m2 + 2) in this case. Since any perfect
square is congruent to 0 or 1 mod 3, we have (a−2)2+1 ≡ 1, 2 (mod 3), while 3(m2+2) ≡ 0
(mod 3), which shows that this case cannot occur either.

Problem 3. For 2k real numbers a1, a2, . . . , ak, b1, b2, . . . , bk define the sequence of
numbers Xn by

Xn =
k∑

i=1

[ain + bi] (n = 1, 2, . . .).

If the sequence Xn forms an arithmetic progression, show that
∑k

i=1 ai must be an integer.
Here [r] denotes the greatest integer less than or equal to r.

Solution. Let us write A =
∑k

i=1 ai and B =
∑k

i=1 bi. Summing the corresponding terms
of the following inequalities over i,

ain + bi − 1 < [ain + bi] ≤ ain + bi,

we obtain An+B−k < Xn < An+B. Now suppose that {Xn} is an arithmetic progression
with the common difference d, then we have nd = Xn+1−X1 and A+B − k < X1 ≤ A+B
Combining with the inequalities obtained above, we get

A(n + 1) + B − k < nd + X1 < A(n + 1) + B,

or
An− k ≤ An + (A + B −X1)− k < nd < An + (A + B −X1) < An + k,

from which we conclude that |A − d| < k
n

must hold. Since this inequality holds for any
positive integer n, we must have A = d. Since {Xn} is a sequence of integers, d must be an
integer also, and thus we conclude that A is also an integer.

Problem 4. Let a and b be positive integers, and let A and B be finite sets of integers
satisfying:

(i) A and B are disjoint;
(ii) if an integer i belongs either to A or to B, then i + a belongs to A or i − b belongs

to B.
Prove that a|A| = b|B|. (Here |X| denotes the number of elements in the set X.)

Solution. Let A∗ = {n − a : n ∈ A} and B∗ = {n + b : n ∈ B}. Then, by (ii),
A ∪B ⊆ A∗ ∪B∗ and by (i),

|A ∪B| ≤ |A∗ ∪B∗| ≤ |A∗|+ |B∗| = |A|+ |B| = |A ∪B|. (1)

2



Thus, A ∪ B = A∗ ∪ B∗ and A∗ and B∗ have no element in common. For each finite set X
of integers, let

∑
(X) =

∑
x∈X x. Then∑

(A) +
∑

(B) =
∑

(A ∪B)

=
∑

(A∗ ∪B∗) =
∑

(A∗) +
∑

(B∗)

=
∑

(A)− a|A|+
∑

(B) + b|B|, (2)

which implies a|A| = b|B|.

Alternative solution. Let us construct a directed graph whose vertices are labelled by
the members of A ∪ B and such that there is an edge from i to j iff j ∈ A and j = i + a or
j ∈ B and j = i− b. From (ii), each vertex has out-degree ≥ 1 and, from (i), each vertex has
in-degree ≤ 1. Since the sum of the out-degrees equals the sum of the in-degrees, each vertex
has in-degree and out-degree equal to 1. This is only possible if the graph is the union of
disjoint cycles, say G1, G2, . . . , Gn. Let |Ak| be the number of elements of A in Gk and |Bk|
be the number of elements of B in Gk. The cycle Gk will involve increasing vertex labels by
a a total of |Ak| times and decreasing them by b a total of |Bk| times. Since it is a cycle, we
have a|Ak| = b|Bk|. Summing over all cycles gives the result.

Problem 5. Let ABCD be a quadrilateral inscribed in a circle ω, and let P be a point
on the extension of AC such that PB and PD are tangent to ω. The tangent at C intersects
PD at Q and the line AD at R. Let E be the second point of intersection between AQ and
ω. Prove that B,E,R are collinear.

Solution. To show B,E,R are collinear, it is equivalent to show the lines AD,BE,CQ
are concurrent. Let CQ intersect AD at R and BE intersect AD at R′. We shall show
RD/RA = R′D/R′A so that R = R′.

Since 4PAD is similar to 4PDC and 4PAB is similar to 4PBC, we have AD/DC =
PA/PD = PA/PB = AB/BC. Hence, AB · DC = BC · AD. By Ptolemy’s theorem,
AB ·DC = BC · AD = 1

2
CA ·DB. Similarly CA · ED = CE · AD = 1

2
AE ·DC.

Thus
DB

AB
=

2DC

CA
, (3)

and
DC

CA
=

2ED

AE
. (4)

3
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ω

A

B

C
E

D

P

Q
R(R′)

Since the triangles RDC and RCA are similar, we have RD
RC

= DC
CA

= RC
RA

. Thus using (4)

RD

RA
=

RD ·RA

RA2
=

(
RC

RA

)2

=

(
DC

CA

)2

=

(
2ED

AE

)2

. (5)

Using the similar triangles ABR′ and EDR′, we have R′D/R′B = ED/AB. Using the
similar triangles DBR′ and EAR′ we have R′A/R′B = EA/DB. Thus using (3) and (4),

R′D

R′A
=

ED ·DB

EA · AB
=

(
2ED

AE

)2

. (6)

It follows from (5) and (6) that R = R′.
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XXV APMO Summary of Results

Rank 2013 Participants # of Contestant Total Score Hon. Men.

1 KOREA 10 350 1 2 4 3

1 RUSSIA 10 350 1 2 4 3

1 USA 10 350 1 2 4 3

4 THAILAND 10 313 1 2 4 3

5 TAIWAN 10 288 1 2 4 3

6 JAPAN 10 267 1 2 4 3

7 CANADA 10 257 1 2 4 3

7 SINGAPORE 10 257 1 2 4 3

9 BRAZIL 10 248 1 2 4 3

10 HONG KONG 10 237 1 2 4 3

11 KAZAKHSTAN 10 222 1 2 4 3

12 INDONESIA 10 214 0 3 4 3

13 MALAYSIA 10 213 1 2 4 3

14 MEXICO 10 194 1 2 4 3

15 AUSTRALIA 10 191 1 2 4 3

16 BANGLADESH 10 148 0 1 6 3

17 ARGENTINA 10 118 0 2 2 3

18 SAUDI ARABIA 10 115 0 1 3 6

19 TURKMENISTAN 10 114 0 1 2 7

20 COLOMBIA 9 105 0 3 0 3

21 TAJIKISTAN 10 94 0 1 1 8

22 Costa Rica 9 91 1 0 2 2

23 AZERBAIJAN 10 90 0 0 3 5

24 NEW ZEALAND 10 85 0 0 3 5

25 PHILIPPINES 10 68 0 0 1 6

26 ECUADOR 10 50 0 1 1 1

27 PAKISTAN 10 46 0 0 0 5

28 Kyrgyz Republic 5 39 0 0 1 3

29 CAMBODIA 10 36 0 0 0 3

30 SYRIA 6 25 0 0 0 2

31 PANAMA 3 16 0 0 1 0

32 URUGUAY 1 14 0 0 1 0

33 EL SALVADOR 4 13 0 0 0 1

34 TRINIDAD AND TOBAGO 10 7 0 0 0 1

Total 307 5225 15 41 87 109

m : 17.020 / σ : 11.572  m + σ = 28.592  m + σ/3 = 20.877 m - σ/3 = 13.163

Awards Cut-offs :

# of Problems 1 2 3 4 5 Total 

Mean(m) : 5.53 4.31 2.26 2.53 2.39 17.02 

 Gold 
Awards

Silver 
Awards

Bronze 
Awards

Gold ≥ 29 Silver ≥ 21 Bronze ≥ 14



Country code
Names of Contestants

Medal
Last First

AUS 1 Gunning Alex Gold
BRA 1 Angelo Rodrigo Sanches Gold
CAN 1 Calvin Gold
CRI 1 Jimenez Alvarado Humberto Gold
HKG 1 Gold
JPN 1 Gold
KAZ 1 Gold
KOR 1 Lee Gold
MAS 1 Lim Kai Ze Justin Gold
MEX 1 Roque Montoya Diego Alonso Gold
RUS 1 Nikita Gold
SGP 1 Lim Gold
TWN 1 Chiang Hung Gold
THA 1 Gold
USA 1 Chen Evan Gold
ARG 1 Ignacio Martin Silver
ARG 2 Staffa Bruno Silver
AUS 2 Jonathan Silver
AUS 3 Alexander Silver
BGD 1 Das Silver
BRA 2 Silver
BRA 3 Miyazaki Rafael Kazuhiro Silver
CAN 2 Song Alex Silver
CAN 3 Sun Kevin Silver
COL 1 Salazar Veronica Silver
COL 2 Florez Leonardo Silver
COL 3 Espinoza Camilo Silver
ECU 1 Cortez Lemos Carlos Andres Silver
HKG 2 Wong Nihg Shing Silver
HKG 3 Man Siu Hang Silver
IDN 1 Harmanto Bivan Silver
IDN 2 Wibisono Kevin Silver
IDN 3 Silver
JPN 2 Tasuki Kinjo Silver
JPN 3 Silver
KAZ 2 Silver
KAZ 3 Abuov Nurbol Silver
KOR 2 Kim Juhan Silver
KOR 3 Lee Jongwon Silver
MAS 2 Tham Silver
MAS 3 How Si Yu Silver
MEX 2 Beuchot Castellano Kevin Silver
MEX 3 Enrique Silver
RUS 2 Ivan Silver
RUS 3 Klyuev Daniil Silver
SAU 1 Basyoni Al-Yazeed Silver
SGP 2 Ling Silver
SGP 3 Yap Silver
TWN 2 Chen Brian Silver
TWN 3 Chao William Ting-Wei Silver
TJK 1 Sadi Silver
THA 2 Silver

Deng

Lau Chun Ting
Mayuko Yamashita
Tortai Alisher

You Seong

Chernega
Jeck

Pitimanaaree Nipun

Darago

Zheng
Chua

Sourav
Zanarella Murilo Corato

Ulum Mohammad Yasya

Takuma Kitamura
Kalmyrzayev Sergazy

Ying Hong

Chiu Han
Kochkin

Yan Hao
Jit Wu

Oqilnazarzoda
Karntikoon Kritkorn



THA 3 Silver
TKM 1 Silver
USA 2 Joshua Silver
USA 3 Mark Silver
ARG 3 Salvatore Alejo Manuel Bronze
ARG 4 Alejandro Bronze
AUS 4 Bronze
AUS 5 Ivan Bronze
AUS 6 Mel Bronze
AUS 7 Jason Bronze
AZE 1 Hasan Bronze
AZE 2 Bronze
AZE 3 Bronze
BGD 2 Bronze
BGD 3 Hasan Bronze
BGD 4 Bronze
BGD 5 Hasan Bronze
BGD 6 Bronze
BGD 7 Hasan Bronze
BRA 4 Franco Matheus Bronze
BRA 5 Oliveira Reis Victor Bronze
BRA 6 Da Silva Reis Lucas Bronze
BRA 7 Victor Bronze
CAN 4 Alexander Bronze
CAN 5 Ma Bronze
CAN 6 Daniel Bronze
CAN 7 Wu Bronze
CRI 2 Kimberly Bronze
CRI 3 Villegas Segura Bronze
ECU 2 Omar Nicolas Bronze
HKG 4 Yam Bronze
HKG 5 Shun Chung Bronze
HKG 6 Chan Long Tin Bronze
HKG 7 Yu Bronze
IDN 4 Young Peter Bronze
IDN 5 Stephen Bronze
IDN 6 Bronze
IDN 7 Susan Bronze
JPN 4 Bronze
JPN 5 Hitoshi Ito Bronze
JPN 6 Yo Bronze
JPN 7 Daisuke Bronze
KAZ 4 Bronze
KAZ 5 Bronze
KAZ 6 Kalysh Ileskhan Bronze
KAZ 7 Bronze
KOR 4 Ju Jung Hun Bronze
KOR 5 Bronze
KOR 6 Kim Min Hyuk Bronze
KOR 7 Han Kihyun Bronze
KGZ 1 Eshbolot uulu Kayrat Bronze
MAS 4 Bronze
MAS 5 How Si Wei Bronze
MAS 6 Bronze

Wattanawongwibul Phusit
Ovlyagulyyev Dovlet
Brakensiek
Sellke

Candioti
Ragavan Seyoon
Zelich
Shu
Kwong 
Hasanzade
Hasanzade Suleyman
Maharranov Mehdi
Abrar Mohammad Nadimul

MD. Zahidul
Shafiullah Nur Muhammad

Tahmid
Ferdous Fahim

Adib
de Alencar Severo

De Oliveira Bitaraes
Whatley

Zhiyao
Spivak

Fei
Villalobos Carballo

Juleana
Paladines Valverde

Yuen Sum
Tse

Hoi Wai

Sanjaya
Rifai Wiwit

Fransisca
Shogo Murai

Mitani
Miyamoto

Abdrakhmanov Alen
Kulboldin Daniyar

Saylanbayev Alibek

Baek Seung Yoon

Teh Zhao Yang Anzo

Khong Yi Kye



MAS 7 Lim Yun Kai Bronze
MEX 4 Ortiz Rhoton Juan Carlos Bronze
MEX 5 Ramos Tormo Luis Xavier Bronze
MEX 6 Adan Bronze
MEX 7 Medrano Martin del C. Olga Bronze
NZL 1 Han George Bronze
NZL 2 Cho Byung-Cheol Bronze
NZL 3 Chen Natalia Bronze
PAN 1 Moreno Felipe Bronze
PHI 1 Sy Adrian Reginald Bronze
RUS 4 Krachun Dmitry Bronze
RUS 5 Ershov Stanislav Bronze
RUS 6 Alexey Bronze
RUS 7 Belov Dmitry Bronze
SAU 2 Bronze
SAU 3 Husain Bronze
SAU 4 Khan Ibrahim Bronze
SGP 4 Lin Kewei, David Bronze
SGP 5 Howe Choong Yin Bronze
SGP 6 Teh Jiun Harn Bronze
SGP 7 Tan Sheldon Kieren Bronze
TWN 4 Lu Yan-Der Bronze
TWN 5 Yu Bronze
TWN 6 Hseih Yu-Guan Bronze
TWN 7 Mao Yao-Wen Bronze
TJK 2 Makhmudov Alisher Bronze
THA 4 Vivatsethachai Suchan Bronze
THA 5 Nat Bronze
THA 6 Bronze
THA 7 Neeranartvong Weerachai Bronze
TKM 2 Bronze
TKM 3 Rahmanov Nazar Bronze
URY 1 Correa Ignacio Bronze
USA 4 Shen Bobby Bronze
USA 5 Stoner David Bronze
USA 6 Wang Victor Bronze
USA 7 Tao James Bronze
ARG 5 Salvador Alejo Antonio H.Men
ARG 6 Mazzocato Agustin H.Men
ARG 7 Salgado H.Men
AUS 8 So Patrick H.Men
AUS 9 He Patrick H.Men
AUS 10 H.Men
AZE 4 Isa H.Men
AZE 5 Agayev Ismat H.Men
AZE 6 Izmir H.Men
AZE 8 H.Men
AZE 9 Farid H.Men
BGD 8 H.Men
BGD 9 Turzo Sazid Akhter H.Men
BGD 10 Das H.Men
BRA 8 H.Men
BRA 9 Zelazny H.Men
BRA 10 Alessandro H.Men

Medrano Martin del C.

Volostnov

Alharbi Abdulrahman
Eid

Hung-Hsun

Sothanaphan
Komolsiripakdi Tanat

Soyunov Nuryagdy

Gaston

Wijerathna Praveen
Bayramov

Aliyev
Shirinov Mahammad
Verdiyev
Kabir Ehsanul

Sowmitra
De Faveri Alexandre Perozim

Michel Rozenberg
Pacanowski



KHM 1 Khon H.Men
KHM 2 La H.Men
KHM 3 Um H.Men
CAN 8 Leo H.Men
CAN 9 Du Richard H.Men
CAN 10 Lim Ursula Anne H.Men
COL 4 Diaz Juan Sebastian H.Men
COL 5 Francisco H.Men
COL 6 Lopez Hector H.Men
CRI 4 Leon Jimenez Daniel H.Men
CRI 5 Ferreira Lor Rosaria H.Men
ECU 3 Perez Lopez Javier H.Men
SLV 1 Mundo Duenas Manuel Alejandro H.Men
HKG 8 Ho Wui Hang H.Men
HKG 9 Hon Pun Yat H.Men
HKG 10 H.Men
IDN 8 Soesanto Christa H.Men
IDN 9 Said Septian H.Men
IDN 10 Suyitno Edwin H.Men
JPN 8 Kento Nomura H.Men
JPN 9 Satoshi Hayakawa H.Men
JPN 10 Atsumasa Kurozumi H.Men
KAZ 8 Taken H.Men
KAZ 9 Zhunis Abylay H.Men
KAZ 10 Toktasynov Yeldar H.Men
KOR 8 Song H.Men
KOR 9 Jung Chong Wook H.Men
KOR 10 H.Men
KGZ 2 Mullahashim Simai H.Men
KGZ 3 Moskalenko Alim H.Men
KGZ 4 Imankulov Ermek H.Men
MAS 8 Tan Kin Aun H.Men
MAS 9 Noorman Muhammad Afiq H.Men
MAS 10 Tam H.Men
MEX 8 Gomez Casarez Axel H.Men
MEX 9 Espinoza Ruiz Demian H.Men
MEX 10 Rojas Cuadra Maria Cecilia H.Men
NZL 4 H.Men
NZL 5 Kim Jaehwan H.Men
NZL 6 Seong Ian H.Men
NZL 7 Kim H.Men
NZL 8 Shen Kevin H.Men
PAK 1 H.Men
PAK 2 H.Men
PAK 3 Ammar Abbas H.Men
PAK 4 Shahzaib Ali H.Men
PAK 5 Muhammad H.Men
PHI 2 Uy Mikaela Angelina H.Men
PHI 3 Ang Clyde Wesley H.Men
PHI 4 Sy Andrew Lawrence H.Men
PHI 5 Lim Tiong Soon Kelsey H.Men
PHI 6 Lao Ma. Czarina Angela H.Men
PHI 7 John Thomas H.Men
RUS 8 H.Men

Vanny
Sokchamroeun
Chanpiset

Lai

Acosia

Cheung Ka Wai

Adilkhanuly 

Young Keun

Hwang Injae

Sheng Cong Bryan

Guo Siyuan

Su Jeong

Awais Muhammad Chishti
Mohammad Faaiz Taufiq

Adnan

Chuatak
Baev Budimir



RUS 9 Matushkin Alexander H.Men
RUS 10 Lev H.Men
SAU 5 H.Men
SAU 6 H.Men
SAU 7 H.Men
SAU 8 Hasan H.Men
SAU 9 Hamdi H.Men
SAU10 Mahdi H.Men
SGP 8 Tan Pin Lin H.Men
SGP 9 Zhang Wen H.Men
SGP 10 Tan H.Men
SYR 1 H.Men
SYR 2 H.Men
TWN 8 Lin H.Men
TWN 9 H.Men
TWN 10 Yu H.Men
TJK 3 H.Men
TJK 4 H.Men
TJK 5 H.Men
TJK 6 H.Men
TJK 7 H.Men
TJK 8 H.Men
TJK 9 H.Men
TJK 10 H.Men
THA 8 H.Men
THA 9 Thee H.Men
THA 10 H.Men
TTO 1 H.Men
TKM 4 H.Men
TKM 5 H.Men
TKM 6 H.Men
TKM 7 H.Men
TKM 8 H.Men
TKM 9 H.Men
TKM 10 H.Men
USA 8 Ravi H.Men
USA 9 Swayze Thomas H.Men
USA 10 Schneider Eric H.Men

Shabanov
Zawawi Sameh
Alsaeed Wael
Hbibullah Alzubair
Eid

Yassine
Alsheikh Saleh

Siah Yong
Atieh Fadi
Rahma Ahmad Rami

Hau-Yi
Lai Cheng-Chien

Jia-Ruei
Emomov Golibjon
Mirzoev Manuchekhr
Karimov Farrukh
Shahzodshokhi Shamsiddin
Muqayumkhonov Musokhon
Halimov Shuhrat
Murodov Firuz
Bobizoda Sobiz
Pitimanaaree Paween
Ngamsangrat
Sanguanmoo Sivakorn
Ramakrishnan Prasanna
Valiyev Ilshat
Soltanov Merdan
Iljanov Perman
Soyunjov Alshir
Gutlygeldiyev Babanazar
Halmedov Bazarbay
Shamyradov Seyitmuhammet
Jagadeesan



ឯកសារយោងៈ 
១. 360 Problems for Mathematical Contests  

២. Bulgarian Mathematical Competitions 2003-2006 

៣. Elementary Number Theory 

៤. Australian Mathematical Olympiads 1979-1995 

៥. Five hundred mathematical challenges 

៦. Junior  Balkan Mathematical Olympiads 

៧. Romanian Mathematical Olympiads 

៨. 103 Trigonometry  Problems 

៩. 104 Number Theory Problems 

១០. Mathematical Olympiad in China - Problems and Solutions 

១១. Selected-Problems-Of-The-Vietnamese-Mathematical-

Olympiad-1962-2009 

១៣. The IMO Compendium (fist edition) 

១៤. យ ៀវយៅល្បីៗ ជាយ្រីនយ ៀត 
១៥. និងតាម  Internet       ។ 
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