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f(x+1) =k, f(xX*+x+1)=k
1812 9)MUielh 2
K? =k
k(k-1)=0
k=0,k=1
Big: f(x) [aitataieh o 1
(i) aigath f(x) Belusmonmits, sumd x, Adyatgediayis f (x)
1812 x =2 +x,+1 hamyayguie f(x) 81, §igs
f(x)=f (x§+x0+1): f (%) CF (x,+1) =0
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mulnifiadesadaien , 1912 10 x, SNYUYUIE: x,,, =x¢ +x, +1 Aith
yeurig)attr 9
{102, 1AD8 X, —x, = ¢ +1> 0 IMEID x,%,%,,... AATAIAG Rhdafiand
ntgsisyanuaininm f(x) pilathdgenans,
16:5NBEWH MEMI f(x) =0 SANEYAS
Big: 1 (x) [aisthonmidumedisg
g uiguegenaighasimico) ihun§mims , immeugRath
aldmeiipgmamis (x) pitansuganiaish 1 hons 9
Wi f(x)=x"+c (lo)
IR:MY(9) IAME
(x2+c)((x+1)2+c):(x2+x+1)2+c
X'+ 23+ (2 + ) x?*+ 2x+c(c+ P =x*+ A+ P+ X+ !
hungmifuisaon suumonin imHmmet c=1
§ig: amm £ (x) = +1 15 ahdgeanidog
Wi f(x)=x"+ox®+dx’*+ex+ f (M)
fges ariimi (m) ieghsgeapiewmimi () joimiduugan wms,
c=0,d=2,e=0,f =1
{ig: omm 1 (x)=x* +2¢ +1=(x*+ 1) ifladugeanidag
iiaroupet 1 (x)=(+1)" o n=12,3,.. amhsugrapitoe
iihms,
f(x)CF (x+2) = (x*+2)° ((x+]) ]) (x*+2¢+ &+ x+ §
64 f(x)[f(x2+x+1):((x +x+1) +1) =(x*+ 27+ &%+ x+ §

itihsaupmth , menguitayuiuuie:as
manm g(x) Bas g(x) = (x)-(x2+2)’
i g(x) =0 1@ WU ARRHIN UMY
qumth g(x)z0 saiiple g(x) A s<2n,
My (9) Bl f(x)=(x+1)"+g(x) , WTHDE 3

(x2+1) g(x+1)+ (x+]) ])g g(¥+x+3-g(x)m(x+3 (k)
ipte (k) IUHRNRIGHS 2n+s BRISIUHYNUANBBUMY IAIAR 25
16:ANRNIRAN:IAIE 9

IBOMME g(x)=0 A f(x)=(x*+1)"

BOissaufuEAim o miRupins o 1(x2+1)” Reu n thigeaBIGNE

<
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240. HAAYE f ( t@:]hmﬁmgermmtmﬁ :
(i) Bin:{pUtgaria e x , f(x) Adigeia
(ii) (2013 # f (2012
(iii) f(x+y)=f(x)f(y)-f(xy)+1 GIN:{AUGERMUENE x AR y

Ummfﬂ f( 2012) 1
2013/ 201z

s‘l’tms&nw
span (-2 o
mugean f(x+y)=1f(x)f(y)-f(xy)+1 (9)
iiikdgandiniyh x=y=019g4(0) 1508
f(0)=f(0)f(0)-f(0+1
(f(0)-1)"=0
§1G] f(0)=1 (lo)
MUPU, B§A x=1,y=-1151gh(9) 1AMS ¢
F(0)=f() (-9~ (-3+1
() AENAME f(-1)(f()-1)=0
Big: hensliniaNifaigiioma a (1) =11 f(-1)=0
mango & f(1)=1, iiudgar y=11¢lgk (9) 1508
f(x+1)=f(x)f(D-f(x)+1
f(x+1)=f(x)-f(x)+1
f(x+1) =1 Gim:{puaiyistige s Na x
At muug2aniaue) f (2019 = f (2013 Bigsiapimiug2aniay

AONFl 2 f(-1)=0, §(9) MHAWA x=y=-11M: ¢
£(-2)= (-1 F (1) f (3 +1
1§ f(-2)=1-1(1 (M)
ugiyn iidga x=—2 84 y=179k (9) 1AME *

f(-1)=f(-2)f()-f(-2+1
0=f(-2)f(D)-f(-2+1
0=1(-2)f()-1() my(m)
0=(f(-2)-7)f(3

iduhig)a, hnedmialiBumoiRameag s ()=0y f(-2)=-
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maNgo ¢ (1)=0, dgar y=1191G4(9) 1AME
f(x+1)=f(x)f()-f(x)+1=1-f(x)
1612 f(x+2)=f(x) (k)
Mu(0) ks x=2,y=% 1BM8 ¢

(2 (e (3

ig, mu(L) ks f(%+2) = f (%j 16:DEEMNFWUS]:

O

9 al

ngiesiiagwaianim idumoiio 5
b ¢ f(-2)=-1, ML(M) 1AM
f(-2)=1-f (1) IR OMDE f(1)=2

MY(9) IAME
f(x+1)=f(x)f(D-f(x)+1=2f (x)- f(x)+1
f(x+1)=f(x)+1 (%)

§ig: 1(0)=1mu(k) , 1:glumhamulousiade th f(x)+11d x Mg

Ad

g, 1l n thigeadlgmaiuosats 1:0(0) ¢

f(1+%j: £(n) t (Elj_ f (ng&ju

BAMDE n+f(1j:(n+1)f(1j—1

n n

=3
W
Ee

ige
o0

3
00

@u(d) BY nf (%)=n+1 AWM f(%)=1+% 9

iff k AthOgendY 1M1:0(9) 3

f(k+%j: f (k) t (%)— f (Eju
RO

3+k+1=(k+1)(1+3j_ ¢ (Ej+1

n n n
i f(h):5+l
n n
RUEAT , GIN:(AUCEEAIENE x , ITHME f(x)=x+1

fig: f(_zolzjzl_ 2012 1
v 2013 2013 201

Hote: f(—&lzj:—l Bimeum
v 2013 201: ™" “=

Quaicne tn thuja , i siun & da ngn SIS | 42



00l SENFARAKIGN VOL 3

241, IN[AUHGAYE f T80 3
(i) winigthtgsns
(ii) handmelpuigs x¢§ , B4
(iif) 1) Angeap

2X

N

503 - f (x)=% f( 2) aimn:{ataigle x niol <

w

s?tmmsEinw

INPUHEAYE f

g f:R\{Z}—»Rfﬁm 503x—f(x)=1f( 2 j (9)
3 2 (3x=2

2 e

3x-2 3
Y

u-2 3

NG X BR(9)ithty u IThoS 3

som—f(u):%f(

Neawh 1006"—f( X J
x—2 | x-2

M u=

18l x=

|

)

-2
f () (lo)

A UTRITMI( 9 )T ASTTATIEN 1006¢— f (32X j: 2f (x) (m)

l\,I,_\ @

RAHY BhHRIE (M) B0 (le) , 1AMS ¢
1006‘»(__3f( )
3xX-2 2
1006x(Xx-2-3 _3 ()
3x-2 2
2012x(x ])_f()
3X—-2

HoteHEAUSIRURIMIEZA 1 (x)=

1006x -

200203 t05 x2 2 4
3x-2 3

242. Gin:HgAYEE f IBuRandiptogeds 5ht§]hmﬁm§2r@
f(xy)=xO0F (y)+ f (x) gY f (X+y):f( 2013)+f(y2013) 4
giiananigls f (V2556
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s"étmsEmw

fananigls f (V2556

IHTHENG f:R - R 0, (xy)=xCF(y)+f(x)y (9)
BR f(x+y)=f (59 £ (y™Y) (lo)

£ (0)=2f (0)
1G] f(0)=0
BR(9) WA x=y=1 18,
f (1) =2f (1
§1E] f(1)=0
BH(le) WA x=a B y=0,18)2 f(a)= f () Gin:(AUGE6H a 9
BANMDED £ (x°) =1 (x) BR £ (y9)=1(y)
IDIFTNAMDME (o) & f(x+y)=f(x)+f(y) (m)
i yzlﬁ@,ﬁjqﬂﬁﬁ;ﬁ]i(m) ,1BME 2
f(x+1)=f(x)+f(1)=f(x)+0=f(x) GuN:{pUGEENS x
sttt £ (0)= 0 im:mulndiadsanalsn , itimouinmme
f(n)=0 GiM:{AU n higeAnEEHIGNE
ik sunfugRanedjiam f(vV2556)
A x =y =+2556 ﬁ@fuqh(e)mms :
f (/255602550 =/ 2556F (v 259 f (v 25§61/ 25
f (2556) = 2/ 2556 (v 255p

0=2/2556f (+/ 255§
f (v2556) = 0
Buis: f(v2556)= 0 (AIMEAANG

243. 1ABIOAIMANINA ABCD 9 a1ga M ,N AthGapusameuis AB,CD 9
umt 2

2. MN <max(AD ,BC)
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é’itmmsEmw

f. UMt 2MN = AC+BD = AD +BC
B

D

MuMRFRaNN , ITAME
MN =MA+ AC +CN
MN =MB+BD + DN
ynHY GUHRIE (9) A3 () 1AMA 3
ZW:(W+W)+E+@+(W+W)

]

ithtti M 88 N thoaposumais AB 84 CD , 18MS 3

MA+MB=0 &4 MC+MD =0

_— — ——— — - ———

—_—

tm( )tﬁmﬁ 2MN = AC +BD = AD + DC + BC +CD = AD + BC

_— — —— ——

2. U@@t’n MN < max(AD ,BC)
M m=max(AD ,BC) , 1AMK ¢
o[ = |AB + B¢
<[0} 2
=AD+BC
Z‘W‘s m+m= 2m
818] MN =|VN| < max(AD BC)
BOI8: MN <max(AD ,BC) {fiAUMNM 9

244, 1 ANHOgTEIEM

AT+ 2
X+3y=2-log, 3

é’itmmsEmw

i an 0 gleausm

T+ 3 2
X+3y=2-log, 3

a=4""1>0 o o
i L IRiR{ungreEmMImUIFth
b=3"">0 ” ¥
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O<a+bs?2
{ab =3[V > NS = 3}13 =
- ab=>1
gNhIg)a , 1606 ¢
(a-b)*=(a+b) -4abs 4-4=0
§18] a-b=0=a=b
16):1AM6 a=b=1
RGNS,

{O<a+b52

Xx+y-1=0

2y-1= Iog%

1
X = E(1+ log, 3)

1
y :5(1— log, 3)
jore:oifwiuaddmig x=(1+log, 3 B y=_(1-log, 3 9

log, v5-x < log, ( 3-x)

5 5

(X+EJDN
3

245. 1N tUOgleauSm

s?tmmsEinw

log, V5-x<log, (3-x) (3

5 5

(x+%)DN (2)

e an w0 glasm

MY (1) 18K ¢
J5-x>3-x>0
{5—x>(3—x)2
3-x>0
{5—x>9—6x+x2
x<3

X<3

1<x<4 4 1 10
=1<X<3 e —<xXx+=-<=—
X<3 3 3

{x2—5x+4<0
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famy (2) & x+20N SEIAME x+20{2,3 - XD{E E}
3 3 33
jore:piglimmneoig x=> g x= 4
246. [FNWUNAD 2
A. 222755+ 55582 {oRthGAR 7 9

9. 2010+ 2012°°+ 2014"% IOAhORN 7 4

s?tmmsEinw

A, [ANWUGDATH 22225+ 555522 {0AthOAR 7
IIRWE § 2222= 7 31% 3 R+ IH(U k=317
5555= 7x 793 4 I+ . RS k=793
1BMs,
2223°%+ 56582%2=( ®+ B +( I+ W
=7m+ 355+ T+ 422
By m,nON
IHYT
2227%%+ 555522= {m+n)+( § +( 47
=7q+ 243"+ 16
=7q+(243+ 19t
=7q+70B*%
=7s
BO16: 2227%° + 5558 funthGEd 7 [FIME{ANUONA
2. (ANWBENAT 2016°+ 20187+ 2014 IonAtGEY 7
MG ¢ 2010= 7287 E M+ IRAS m=287
2012= T028% 3 i+ IR m=287
2014= 71288~ 2 @- :iBMS n=288
1BMs,
2010°+ 2012°%+ 2014"% 2( m+ )17 +( m+ )87+( nr )20
=7p+1+7q+ 3+ T+ 2°%+ 3
=7(p+q+r)+3%+ 2%+ 4
=75+ 3034 2154 4
NG

Quaicne tn thuja , i siun & da ngn g



00l SENFARAKIGN VOL 3

3 =3 32)1006( mod 7
=3[2(mod 7
=32*°( mod 7
= 3[4 ( mod 7
=12[#%( mod 7
=5[16""( mod 7
=502**(mod 7
=10Z*( mod}
=332°( mod 7
=3[#*°(mod )
=316 ( mod 7}
53[Q25)5(m0d7)
=32°(mod 7
=332 (mod7}
=32 (mod7)
=3[2(mod )
=6(mod7)

2°°= 4**(mod )
E4[Q42)201(m0d7)
= 42" (mod 7
=8[2**(mod 7
=32"(mod?)
5(42)20(mod7)
=2?°(mod?)
=32"(mod?)
=4"(mod7)
=16"(mod 7
=2?(mod7)
=4(mod?7)
IAMe & 3°°+ 2%+ 4= ¢ mod I+ 4 modj+ (4 modE( 6 +4 )@ mop
é@J F+ 27+ 4= 14 mod J= ¢ mod);
BOI6: 2016°+ 2012+ 2014% {0AMGER 7 [HIDEANWUINS
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247. 166]06608 m &4 n Ing)lHd 1m+100= 9 4
graan e aigHAuINieHAAYENIHIGT f (mn)=(m+9)(n+6)(10m+ %)

é’itmmsEmw

aaneaigHaunieHaAYANIHIGTH f (mn)=(m+9)(n+6)(1an+ 9)
INENG 11m+10= g Gin:{ptiGgada m &l n
muluumn Y60 g-BRERIANME , 1ADS
(m+9)+(n+6)+(1an+ N
3

1Im+ 10+ 15>
— 3

) > 3(m+9)(n+6)(1am+ <)

J(m+9)(n+6)(1am+ &)

9+15
f(mn)<8&
f (mn)<512
IBNE maxf(m,n)= 51z MUAM m+9=n+6=10n+ h=>m=-1n= :
Joissalgndunisngays ¢ A 512 MUAM m=-1n=2 9

248,11 a,b,c,d thiigainiianglama a* +b7+c?+d?=2013
UMt a®+b’+c’+d*<2013 4

é’itmmsEmw

UMt a®+b°+c’+d*< 2013

ITHNG a® +b’+c’+d?=201F {Bnta,b,c,d thigaha
508, a2:2013°-—(b2+c2+d2)s 2013

I8 ME a<2013= a- 201X (

RENIAME,
a’(a-2013< 0
a*-201%°< 0
a’ <201%’ (9
)agiesiir, 16me ¢
b® < 2013 (2
¢ 20137 (3
B d°<20131° (4

ynny Gasdislaumn (1),(2) (3 64 (4) 1AM &
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249.

a’+b®+c®+d°<201R°+ 201B°+ 2018°+ 2043
a®+b’*+c’+d°<2013a’+b’+c’+d ) = 2013 2013
a3+b3+g3+d33201§ . ) . Lo
AR NRANEMUAM YWERGIAMY a,b,c fitd 1618} 2013 HIWGEE
Gijaig)ateien age]

BOi6:I0HM0 a®+b®+c®+d°< 2013 [FIDE{ANWHINS 4

INPUHEAEE R - R IRNEJRMAMTAN f (X (v)+x)=xy+ f (x)
Gim:{pUGgaNa x 60 y 4

s‘l’tmsEﬁnw
INPUHEAYE f
g, f:R - R WAIEAHEUGAD f (x (v)+x)=xy+ f (x)
Gim:{pUGEENS x 6R y 4
WA x=1,y=-1-f (1) Bh@A a=f(y)+1 tihme 3
f(a)="f(f(y)+1)=y+f(1)=-1
A y=a BU@N b= f (0) iFTMME 3
b=f (xf (a)+x):ax+ f (x)
BIG{IAME f(X)=-ax+b
RGUHRALE f (x)=-ax+b IFIQRMBMINRIN , 1ADE
a’xy—abx—ax+b=xy—ax+b
a’xy—(ab+a)x+b=xy-ax+b
a’=1
~(ab+a)=-a
b=b

a=z1 a==+1
=
ab=0 b=0

BOIRHRAUATRIBIAEA f(x)=x 1] f(x)=-x 9
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250. 161G}jU, AQPB B} ASRC Ammii ity AQs Amifimanatly
iff Qs=4 Ak BC=x 1 ginaigls x

@) 4 S

z%mmsEiﬁw

inaigie x

nius o

U[AIMONAIGY] AQS 1AMA ¢ AQ=QS=SA
ihif QS=4 1AME AQ=AS=4

C1

{his AQPB B3 ASRC thmii 16):IIAME AB=AQ=4 B3 AC=AS=4

ping)a , ghifimanaiily AQS 1AME ¢ 0QAS=60°
IIAMe , OBAC =360 - 90 - 90 - JQAS = 120
A

B M C
aRRYAINAGM A Gin:ma BC Ahmhtapoidiayaiimihe M
I muNgAn:aIuF SEANs M iapoaumuis BC &l
OBAC _ 120 _

OBAM =0CAM =———=—— =60
2 2
BME ABM M{HIMANAE USR] 9 18m8, %:@
RGJIIRMS BM :szzdé A CM =243

§i1gs x=BC=BM +MC =4/3 (IMEAANA
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38 | 51



00l SENFARAKIGN VOL 3

U la
muny)ufo AW , 1ANE AB=AC=4 &4 DBAC=120
mulFaIusRaRN , IThmE
BC? = AB?+ AC2 - 2[ABAC [£0sIBAC
BC? = 4%+ 4° - 2[W ¥ cos120

BC*=32- 32(—£)
2

BC* =32+16= 48

BC =/48=4/3
BOI6: x=BC =4/3 [imEALNS 9

1) uE m
Q N 5

F R

B M C
@4 M, N thiaposamuiamie BC B4 Qs Uy 9 muugon:aiu(F
M, AN Baighidugatayw wiwugs v Indthyweiugs Qs &4 BC
MuNy)uFo , DQAS=60° B4 OBAC =120 IR:MEMUHAN:AIIH{F , 1AME 3
QAN =30° B3 [IBAM =60° 4
[FIMAn AQS M{AIMANAIBY] , DAQN =60°
G} OABM =180 - 1BAM —JAMB = 180 - 60— 90= 3t
A AB=AG , [fIMAN ANQ &4 BMA thifitmaniisg 9
ITMe , BM = AN
MU aIusAmAT, 1AMs ¢
BM = AN =./AQ? -QN’?
x=BM =42 -2 = 2/3
BOI6: x=BC =4/3 [iMEALNS 9
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251. ABCD-EFGH AthauytuiRume ABCD My2i , mufgm H,G,F &4
E guugahwhImnuiesou A B.c &4 D 1hg 4 Ggedaywg
methdslmuAguEyw T 4 (phAgusYws , sajuisdgsandgu
thiign§ 1 whjulirudarsiipt AB.C.D.EFGH & |
1,2,3,4,5,6,7, 1)am 1 inGgsiiulaisipasfg F 1

s?tmmsEinw
inGgsiiulasipidgn F
A B
|
|
D _C
|
|
|
H .
E F

@l ab.c,d.e f,ghAhigeiRugihieipisgu
A.B,C.D E,F GH 9Ruyhtihaimanimt s
atb+c+d+e+f+g+h=1+2+3+ 4+ 5 6+ A# & 3
InAMME, c+f =36-(b+d+h)-(a+e+g)=36- JA+H)
gt nlihms ¢
e+f=36-3(A+B) B f+g=36-3(A+D)
1nme ¢
3f =(c+f)+(e+f)+(f +g)-(c+e+g)
=(36-3(1+ §)+(36- $+ P+( 36 B4 - B
=39
Ruiesiame f =13 higeiRnnapihapatgn F 4

252. 16BEIH YAMMA] (u,) AANBINM ¢ u, =0,u =1 &4 u,, =u, +u, , (AU
n=1 ‘1
A. 1% u, MHEAYEIE n
2. UMD u +u,+-+u, =u,,,-1 Lﬁﬁ nON 9
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é’immsEmw

A. 1% u, MHEAYEIS n

ITHENG u,=0,u, =1 A% (AT n=1, u,,, =u, +u,, (9)
FRAFHN(0)NBUEMIMINNT & r2=r+1

W AEMIAN A ADETITW 1, :¥

IBOY(9) 3
Uy = (1 + 1)U, =1,
U, — U =1U —rry (o)
Wwa v, =u, -nu,_, Lﬁﬁ nz1
18 () 2 v, =1V,
gmngatie: upmd (v,) hejanndnpiiumeduaiys r, 84530 v
IMe 2 v, =vr = u, —ru, = (u-rpgrs? (m)
gNhIg)a (9) ¢
Uy = (1 + 1)U, =1,
Upyg = Uy = 10U, — T4, (k)
wn w, =u, -ru,_, Lﬁfi nx1
i8(k) 2w, =rw,
¢mngais: upmt (w,) thejamndmpiumeduaie [ fagFo w
I9me 2w, =wr = u, —ru_ = (u-ragri® (&)
MY (M) 83 (2)15ME 2
1

(ul_rluo)rg_ _ﬁz(ul_ryo)r2 _u,
n r r, r,

ihtf u,=0,u, =11AME 3

u _rln_rzn
" n=r
Lo 1 1+5) (1-v5)
" 1+J5 1-45 2 2
2 2

v i (5 15
"5 2 2
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253.

BOIB[AT n20.u, :%K“f]n—[l_f]n} Bimehand 4

2. UMD u +u,+-+u, =u,,,-1 Lﬁﬁ nON
NG u,, =u, +u_, (AU n21, 1AME 3
u =u,
U1+U2=U3
u, +u, =u,
U, +U,, =U,,
ynnheanhisrm AhHAINNIN , 15ME ¢
u + (U +u,+--+u)) =u,,,
éﬁjtﬁ?ﬁmﬁ $ U +u,+e+U =U,—U=U,,—1
BO16: u +u,+--+u, =u,,,~1 AU nON [RIDEUM 4

A, ufpmth A=12°-1{onthGEk 600 9
2. injputgenanyhA n ilangluma B=2"+1ionthtdh 3

s‘l’tmsEﬁnw

A, ufnmth A=120-150RthGER 600
{iT1ENG 600= 10060= 1M12 1AMS 3
A=17°-1

=(11-9 (18 + 18+ + 1% )

=10(1f + 18+ + 1% } 10
IR RALE
1P+18++ 10 = 13( 12 W 1 1) 14 21)4 %1 4)+( +1)

:12(1f+ 12+ 14+ 13+ )1 12
AW 17 MAIUNRORINS 1 Bim:{ptigeanEEHIGNE K
BB 17 +1F+ 11+ 11+ &I NAGHthINI2 5
63@] 18+1f+ 11+ 13+ 1!
1G] A1001206= 60(
Bute: A=17°-1{uAthGEH 600 [HIMENIITLNA 9
2. injputgenanyhA n ilangluma B=2"+1ionthtdh 3
ke ¢ 2=-1(mod3= 2=(-)"( modB nON
618] 2" +1=((~1)"+1)( mod}
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254.

it B=2"+11{0AMGER 3 1812 (-1)" +1{oAMGEY 3
BB n=2k+1,kON
B016:066ABHYMAIMNLA n=2k+1,kON (nihigentnym)

AN MIRIEAMT 85 + 24 + & - 1= ( 9

é’itmmsEmw

I ANMIRIEMT 85 + 246 + B¢ 1= (

B MM T x3+3x2+%x—é= (9)
Ml y=x+1181: x=y-1
e (9) ¢
3 2, 3 1_
(-1 +3(y-9 +7(y-9-5=
9 .9
y3—zy+§= (o)
= ? ——g ° :l S =
Ml z_2 X W p= ALl 7 B1B] y=+/3z
3
1AME (lo) 2
3 9 _
(-2
423—3z:—§ (m)
J3

ithus —1<—7<1’£ﬁﬁ‘lh z=cosa ,0ka< 21

IRBAME (M) &

4cos a- 3cow = cogé—T

CcoS3r = cossg

SEUNRSPSTEY:

18 3
° 5 177 297
m@‘j 01=E,0’2= a;= 18

18
R 5 177 297
181: z =cos— z,= COS— Z7,= COS—
18 18 18

éﬁj y, = \/_005—8 Y, = \/_Bcos—8 Y= \/_3005%

297
QRN 3cos -1 3co5— - 3cos— —
%= ICO 18 2= \/—0018 .=V 3¢ 18
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255.

Bute: lmit eyt x1=\/§cosi—g— 1x2:I3co%17—;T— ai

xezx/:_%cos%r— 9

A, IRBJAITMI x* +bx®+ o +bx+1= 0 MAYAS 9 UMt b2 +(c-2)° >3 4

2. NN ATEMT X* +3x-3=0 9

é’itmmsEmw

. ufpmth b?+(c-2)">3
WA E , BRI X* +bx® +cx® +bx+1=0
BRI NV ORI 2

x2+bx+c+9+i2:0
X X

(x2+x—12j+b[x+—ij+c=0 (9)

Mh t=x+= 18 x2+i2:t2—2 =2
X X

§IE](9) &
t?+bt+c-2=0
t? =(2-c)-bht
Ul UEM 0 BUNHIACOPSKI 150§ ,
t“:((2—0)—bt)2s((Z—c)2+b2)(t2+])
“
t?+1
I ff > 2 1612 t* 216 H0
t*-3(t°+1) =t*-3°- 32 16- T4 3 |
t'>3(t°+1)
t4
m>
Mti(le) BA(M) AIBIAME 3 b2 +(2-¢)°>3 4
guiestsumn b2 +(c-2)° >3 [HIE[ULINS
2. ih:{AntsesSm
AN BEIEMI X +3x-3=0 (9)

<(2-c)" +b? (o)

18 3 (M)

Ml x:y—% 1BME (9) 2

A
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y*-—-3=0 (lo)
M t=y* 1808 (o) 3
t—}—3:0
t
t2-3t-1=0

(t_éf _13
2 4

t_

éﬁj y= ,3/%(31 \/1_3)

Bois: _i/ (3:+13) - \/

I+

I\)‘&‘
w

N w

w
I+
&l
w

N

i Dy aEmIRE] 4

256. 1§ m,n, p MYAOEEAAPRTIUATAIEMT ¢ aC +bx®+cx-a=0 ,a# 0 9

Ummt’ﬂ[ f V2+f3 P +n?+ p? |, IR IEm0IAaMEIsinaam 2

é’immsEmw

sm2+n2+p2

UG mn, p MYMPRTIVATAIEMT ¢ & +bx®+cx-a=0 ,a# 0
muiFauelle , 15Me ¢ mp=1

° T m  1lr a
gimes a==,B=-",y=""— 18 a+B+y=m B4
a 4 P 6 12 arpry=n
V2 \/2+\/_3

cosqa =—— ,Co0 =—— ,COoB=
2 ¥= 2 F=

V2 3 _Nerd3
m n P
HY U \/Enp+«/_3mp—\/ﬁ3mns mnp(m2+n2+ p2)
MUY 2npcosa + 2mp co@+ BN cos<m’+n’+ p? (9)
g , s
(p-mcosB-n 0037)2+(m sifB—n sin)zz 0
p2+m2(c052,[>’+ sinz[a’)+n2( coda + siﬁa)z @n cg8+ np co:
—2mncoga + f)

Tuumon 2 <m’+n®+ p?
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p*+m?+n®=2mpcosB+ p com + @n cog (I{M: a+B+y=1)
SEIHAN(9) [FIDMS[ANWUNH
MEMNIABMEMUIAM
{msin,&’=nsina
p =mcosfS+n cowr

ey =1 =P
Y sing sing siny

InMe * TP =—4({3+1)
~sina sing siny

g1G] k=—s4(ﬁ,+1)
Whms,
m=ksina =-%2 \/_3+ 1

J3+3
2

p= ksiny:?/?_;\/é

Buie:lasumo £ @ NRASEPRCICH p? [DIDBNWULNA 9

p
J3+3
2

=k

n=ksing=3

AN ATEM IR RINAUIRN m=-82V3+1,n=2

¢1

Gl p=¢ 7-43
2

257. tﬁlﬁjﬁiﬁ‘pﬁ 3
3T 5 T 97
S= cos—+ COS—+ COS—+ CO0S—+ COS-
11 11 11 11 11

15 S MOGRAIANA 1iF ?

s?tmmsEinw
15 S MOGRAIANA UiF ?
OIN: (At k=1,2,3,.. iTHENG ¢

C(2—1 EBn—z( _Slr(lzkzj

11

1IN
5t T ar

V4 3T
S=cos—+ cos—+ COS—+ COS—+ CO5-
11 11 11 11 11

. TT /4 T JT 37 JT 5 Vi T
SS|n1—1:S|n—cos—+ sin— coS—+ S Cces-+ S  ees+ S

11 11 11 11 11 11 11 11 11
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Vi 21T AT . . . 8r
Ssin—==|| sin—-sin0/+| sir—- siA— |+---+| SIA—— Sin—
11 11 11 1 1
Ssinﬂ—1 sin@— sin0
11 2 11
1 1Y7-m
=—| sin -0
5[0
1 . m
==sin| 71—-—
2 ( 11]
Ssm—:lsinz
1 2 11
s=1
2

258. 1AMN6 ABC DpImanidumsgAhimgno | uinmth
9. tanA+ taB+ taC > q :
lo. tanAtarBOtaiC > §

Mm. tan" A+ tal B+ taAC > ( {f)sn 9

é’itmmsEmw

ABC mifmanidumegHuihiyo , 19me
tanA> 0,tarB> 0,taC >

AW A+B+C=7,0< A,B,C<’_2T

9. UMD tanA+ tanB+ taC> J :

MR f(x)=tanx , 0< x<7—2T

i f'(x):coizx>0

RG] f thHRAYAIAR , 1M :MuTRIEMN Jensen 1AMA &

f(A)+f(B)+f(C)23f(L§+Cj

tanA+ tanB+ tarC = 3t A+I:+Cj

tanA+ tanB+ tarC > 3ta1§= «3_3

M OIRBNEMUAM A=B=C :%T

RIS IHMO tanA+ tanB+ tac > § : [HIDE{ANLIUNH
MUMOIRBNEMUAM ABC thiftmanathy 9

<
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259.

lo. M tanATanBOtaC > J
1AN6 A+B=m7-C
115188
tan(A+B) = tan(7-C) =~ tarC
tanA+ tanB

1-tanA tarB
tanA+ tanfB=- talC+ ta\ taB tdd

tanAtanB taiC = tam+ taB+ taD> 3
BOi6:IEM0 tanAtanBOtac > 3 : (RIMS{ANIUINA 4

MUMOIRBNEMUIAM ABC thiftmanathy 9

=—tanC

0. yMt tan” A+ taf B+ taAiC = ( d_)sn
muelumnnaItg , 1AMe 3

tar’ A+ tarf B+ taAC> ( tan taB t@)' > B V3)3

foieaemn tan A+ tarf B+ tahC> &( I RIDSENWUGDS 4
MUMOIRBNEMUAM ABC thiftmanathy 9

s miBasEmI (x+a)’ +(y+b)’ +(x+y)’ =c® MBYHS
1812 (a+b) <3 9

s‘l’tmsEﬁnw

uinmo (a+b)” <3c?
ITENGRIEMI (x+a) +(y+b) +(x+y) =¢? (9)
IRH (%, Yo) NATITMWIURIGIEMI (9) 1ADS 3
(% +a)" +(Yo+b) +(x*¥) =¢?
METAIEM D Bunhiacopski ITRING
(a+b)’ =((% +a) +(yo+b) +(~%,~ ¥5))’
5(12+12+12)((x0+a) +(yo+b)* +(- xo—yo)z)
=3((% +a)" +(yo+b)" + (% *+ ¥o)’)
=3c?
Bui6:laiHmo (a+b)’ <3¢ [AIMS{ANLLINS 4
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260. Iy lim

n
no+od0

dx 4

_X

1+e"

%tmmsEmw

i lim |7 Y
1+en
QEREREGE dt=%dx 616] 15m& 2
3 n e—x B 1 e—nt
In—jo = dx_njol+e‘t dt
l+en
iM: 0<x<n RIBJ O<t<1
QS x=0 1812 t=0

x=n,(n - +w) i t=1

et

' al 1 et

Al O<t<1iWidMe =< <=

[" il 2 1+¢€ 2
t t

fuy 1ne"“s € mem<S mem
vo2 1 2

+¢

A= R=N40] EJ'le‘mdt < njl dt sﬂjle'(“‘l)‘dt
v 2Jo 0 2Jo

e—nt

1+¢e’

uyNs e Mdrs<l, <[ et
v 2k 230

J':e—ntdt — _%I:e—nt :ch')

1 “n
=—(1-¢")
a3
J' (n1) g :_i[e—(n—l)t]l
0 n-1 0
1 [
=Y
1 -n
=n—_1(1_el )
§1E](9) 3
CEH1-e7)s1, =0 E T (1-e)
%(1—e“)s|ns—;%(1—e@'”)
n
ithts lim e =0, nlingw% =0

(9)
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mlﬁj—<llml <1:>I|ml ——;

n- +oo 2 n- 40

Roi6e nrpj dx—— [RIMS{ANUITONA

1+en

261,16 1R - R iBangjathdngon :
@ f(x+y)sf(x)+1f(y) , Ox,yOR

(ii) jim ) =g
x-0 X

s?tmmsEinw

INHEAYE f
My @) f(x+y)<f(x)+f(y) [pU x yOR
G18] OnOIN: f () <nf (x) W x Bty >

iihms 1 ( nf( j IR x=0 BIE] f(0)=0

(X} f(x)
g (X”jz n_ -1 (9)
1RINEGR | ’
0< f(0)=f(x-x)< f(x)+f(-x)
f(x)=-f(-x)
f(x)Zf(—x) <50 (o)

—X —X

(f_x
=), (”j OnON (M)
-X X
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262.

263. IR ANIUIO G RIEMI

), )
iEh lim —" =jim AV =1 MY (ii)
e X i X
n n
f.,
im—" = im =g MY (ii)
n- oo _X _}ﬂo _X
n " n

x
|
x

| f(x)=x [at x£0
Al x#0 ITUME 0< f(0)< f(x)+f(-x)=x-x=0
1G] f(0)=0
BOIRUEAHRAYE f 18135 f (x) =x (Al xOR (FIOEAANG 9

AIgAEIEMI X° - 45¢° + 6x-a= 0 MBYAIT X, x,,x,
UIMMBRUYA ==+ +x2 BEMHEAYEIS a

é’itmmsEmw

UIMMRUYE $=x2 +x2+x2 B6HEALATS a
IAENE £ x,x,,x, ﬂ]gﬁj‘fﬁﬁjﬁmi x® -45x* + 6x-a= 0
muiFauelle , 15me 2
X +X,+X;=45
Xlx2 + X2X3+ X3X1: 6
X:I.X2X3=a
HNIG)E , =2+ X2+ X2
Z=(X1+X2+X3)2—2(X1X2+X2X3+Xg(])
S =45 -2[b
¥ =2025-12= 2013 .
BOi6: 3=+ +x2=2013 Heluathigauéis a

{(x+3y+ 4z+t)2 = 27(x2 + y2+22+t2)

X+y*+27°+1%=03
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264.

é’itmmsEmw

a0 g aame
g (x+3y+4z+t)" = 27(x2+y2+22+t2) (3
X+y*+27°+1%=03 (2
MU AIEM N Bunhacopski ¢
(x+3y+4z+t)" < (1+ 9+ 16+ )(X* +y*+2°+1?)
(x+3y+4z+t)2s 27(x2+y2+22+t2) (3
i My (1) 6] (3)Hamamuam , 18

1812 (2) ¢ C+(3x)" +(4x)*+x* =92
(1+27+ 64+ 3° = 9
93¢ = 93
x*=1=x=1
56 £ y=3,2=41=1
BOIR:UIPWIUATIO§ATEAMIB x=1,y=3,2= 41 = 1{piM e 9

ihaants Bhiman wEmiInkimy i mualighnits a s

‘2|x|—a‘=x—a 9

s?tmmsEinw

ihaants Bhimap wEmiInimy i mualighniss a
ke g imi 2/x-a=x-a (9)
EMI(0) AHYNS

x—-a=0

{(2|X|‘a)2 =(x-a)’

X>a

{4x2 -4xa+a’=x*- 2ax+a’
X=a

{3X2 —2a(2|x|—x) =0

GimsasBmI 3¢ - 2a(2x-x)= 0 1ADS
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- 1ff x20 1612 3% - 2ax = 0= x = o,x=2_:;51

= 1 x<0 1812 3x*+6ax= 0= x=-2
I61AME ¢
+ 1 a<0 MEMI(9) NAOIGH x=0
+ 1 a>0 MEMI(9) NEMAOIGH

265. UINM{AIMAN ABC fﬁmmsétﬁ]h@mémﬁésﬂ :
sin2 cod 2 = sinS cos
2 2 2

IR [HIMAN ABC R{BIMANAIEMS 9

é’itmmsEmw
uimth (HIMman ABC tiftmanuyma
WA G sing co§%: sin% c:o%é2 IUGJ'%JEDS 2

A . B
sin_—  sin_
2 _ 2

cos A co§E
2 2

tané EILA = tanE EI%
2 cog > 2 co§—2

tané 1+ tar’ré = taFE 3 ta2n§
2 2 2 2

tané—tanE + taﬁé— ta?‘lE =0
2 2 2 2

tans - tans |+[ tare— tag | tdia+ td tan+  fan |=
2 2 2 2 2 2 2

tané—tan§ ¥ taﬁ£‘+ tappr‘ ta§r+ téHB— = (9)
2 2 2 2 2 2
iy 0< 2 B 7 g16] tan"> 0,tare > (
2'2 2 2 2

6.]3] 1+tanzé+tané tanEi+ taﬁE> 3
2 2 2 2
1812 (0) IBYNS 8
tang—tanE: 0

A=B
BOIGS{HIMAN ABC M{AIMANGUEMARQN C [HIDSANWLUINA 9
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266.

267.

A6 cosa coB+ coF cgst cops s
Iﬁﬁf"&vIHU,jUiH]iUﬁljﬁtﬁ‘pH M =cos' a+ co§ S+ cosy 9

é’itmmsEmw

Iﬁﬁf"&vIHU,jUiH]iUﬁljﬁtﬁ‘pH M =cos' a+ co§ S+ cosy
UG 2 cosa cosB+ cof cgst cgs oS
MUY N Bunhiacopski , IAME ¢
1=|cosz co3+ cof cgst CPS aws
s\/co§a+ co$ B+ co%yDl/ cds3+ cog+ cas
SENEINGR
1<coga+ codfB+ cosy
s\/12+12+1251/co§a+ co8f+ coy
s\/éEl/coé‘CH co§ 5+ coby
AIHY

Jcos a + coé B+ co‘éyz\/i

3
NTSE
3
1

M==
3

ATHR NIRAENEMIAM cosa = cogB = coy:%

BOi6:BlEHUIUIILA M & minM :%ﬁmmm cosa = cogB= cog=—~ 9

uipmahiiiman asc yunnsgPuimlathaugean :

Ssin2A+sin B+ sinZ = siA+ siB+ sid
i8)1: ABC ﬂl[,ﬁtﬁmnﬁjﬁﬁ‘j 9

s?tmmsEinw

uinnth ABC MiAtmanaek]

MG ¢ sin2A+sinB+ sinZ = sim+ siB+ s@
it A,B,C thighPaiieiman e A+B+C=7
A+B_1m_C

2 2 2

§1B] A+B=7-C 8K

) sin(A+B) = sin(77-C) = sinC a4 sin( At Bj = sin(

2
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RN
sin2A+sinB+ sinZ = 2sifA+B) cdqA-B)+ 2sh oOs

=2sinC cof A-B)+ 2silC co8
=2sinC( co{ A-B)+ co€)

:ZsinCDZco{A_I:Jer COEA_BZ_C)

=4sinAsinB sirC ()

gphig)s
sin A+ sinB+ sirC = ZsirEA; Bj co(sA;Bj+ si@

. (m C A-B .C C
=2sinl ——— | co + 2sSiR— cos
2 2 2 2 2

C A-B (T A+B
=2c0s—| co + sih—-—
2 2 2 2

= ZcosE 02 cosé O COSB'
2 2 2

=4cosé cosIé cog (p
2 2 2

@y (1) 84 (2) BB (9) ATHYS 3

4sinAsinB sirC = 4005'5—‘ CGI{B; ceCs
2 2 2
C A B C A
8cos— cos— co&2 s s s++3= cexzs €os e%s

—4sir12§+ 4sin§ COEB -0

4sinzé—4siné COEB_CJ+ Cd{B_C + 4 cééﬁj:
2 2 2 2 2
2
ot )
2 2 2
(Zsiné—co{B_CD + siﬁ(B;Cj: (
2 2 2

e,

B—Cj

Zsiné = co{
2 2

=
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ithty sin(B;Cj:O é@J cos(B;Cj:i]th: coda+sifa=":

inithty COS(B;C)> oRE:INT COS(B;C)= 1181,

Zsinézl
2
Sin(B_Cj:O
2
A1 /4
SIN— =— = SIn—
2 2 6
sin _Cj:smO
2
A_m
2 6
B;C:O
2
a="7
3
B=C
Vi
T3 _n
’iifrltﬁA+B+C:77:>B=CzT3=§

BOIS{AIMAN ABC D{AIMANMEY] (HIDANWHINA 4
268. IENG{HAIMAN ABC YW NBIR[AEN S BURMIRAGIAIA R
iff 35=2R?(sirf A+ sif B+ sirC)

sinmhiftman ABC thiftmanasiy 4

s?tmmsEinw

uinmth ABC Miftmanaek)
MUY, itMe ¢ 35= 2R (sirf A+ sifB+ siriC) (9)
mul#ajuealqn ghifiiman Aec ,1ams ¢
a _ b _Cc _ _abc
sinA  sinB  sinC 5

sinA=i
2R

° ) b
SERPINGE B=—
J in| sin R

sinC=-2
2R

18):(0) AIHYN ¢
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R AT

3abc=a’+b*+c® (1)
mulaEMOnRa] , 136 ¢

a+b*+c*23¥adbt?

a’+b’+c®>3abc (2)
My (1) &4 (2) SEMEMNABNG , IMNAME a=b=c
BOIS{AIMAN ABC S{AIMANMIEY] (HIDANWHINA 4

269. 1[N0 G ATEMI &
XX+ Y+1+ X+ Y2+ Xx+y+1+y=18
XX+ Y+L—X+4 Y +Xx+y+1-y=2

s?tmmsEinw

a0 g aamI

U+ x+y+1+ x4,y +x+y+1+y=18

SR Hx+y+l-x+ [y +x+y+l-y=2

ynny GaHRie (1) AR (2) , 108 3
\/x2+x+y+1+\/y2+x+y+1: 10

TR &0gaIamMI 3 {

@ (1) B4 (3) 1M 1AMS & x+y=8 (4)
MY (1) B4 (4) 162 1AME 3 X2 +9+,/y?+9=10 (9
M t=x-4 UBY x=t+4 63 y=4-t
1812 (5) fubye ¢
J(t+4) +9+ J(4-1)*+ 9= 10
Jt? +8t+ 25+t - &+ 25= 10
2(t2+25)+ 2\/(t2+ 25)2—( 8)” = 100
\/(t2+25)2—(&)2 = 25-12
UH200 25-t°2 0~ t*< 25 —Est< &
A6,

t* +50t% + 625~ 64°= 625 SO +t*
36:°=0=>t=0
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270.

271.

COHY

x—4=0
=>X=y=4
4-y=0

BOIR IO gUEMIMEDITN x=y=4 [pima:ant

18] a,b.c titgelgmaiiang)ama arbrc=4
UM (a+b)(b+c)(c+a)=a’b’® 4

é’itmmsEmw
UM (a+b)(b+c)(c+a)=a’w’c’
ITHNG a+b+c=4 [AUOGRIRNE a,b,c
1ME 2 (a+b)’ =4ab 1812,
(a+b+c)’=((a+b)+c) 2 4(a+b)c
16> 4(a+b)c
16(a+b)> 4(a+b)’ c> 4 4bc)
16(a+b) > 16abc
a+b=abc
(o ugiesian, 1sme ¢
b+c=abc
c+a=abc
REHTME , (a+b)(b+c)(c+a)=(abc)’
BUIE:[AUGRRIGHE a,b,c iR a+b+c=4 , Tutmn

(a+b)(b+c)(c+a)=(abc)’ {AIMBANUILONA

AP0 gIBMI (HMB x.y.z) 3

Xy B yZ 3 X _X2+y2+22
ay+bx bz+cy cx+az a’+b*+c?

é’itmmsEmw

AP0 gIBMI (HMB x.y.z)
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ay+tbx bz+cy cox+az a“+b°+c

igwghinmyaEmiiogs x,y,z 16 o 1AME
(9) BIB] X*+y?+2°=0
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if x,y,z#0 1806 2
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1812 tanA taB .taC > (BH cotg,cot% ,cot%> (

TG cos(A-B)< 1
1812 cos(A-B) coC < co€ ( ca> )
AIHY
(cosA coB+ simA siB) caB<- c(A+B)
cosA coB( ¥ co€)< siA sB( -1 c6y
sinAsinB S 1+ co€ —cotZE

cosAco8 I co€ 2
181 tanAtanB > cozt% (9)
(o ugiesian, 1sme ¢
tanB tarC > COztg (o)
64 tanC tanAz co’[g (M)

MY(9), (lo) 82 (M) IAMSE
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294.

(tanA tanB tarC)zz( cog—‘ ceg c%)z

18):  tanAtamB tarC > co{g co% c% ()

gnhig)a , mulIuMOnal 1AM 3

JtanA++/ tanB > 2/\/ talAd/ taB > ,%,/ cf)tcz—:
éﬁj JtanA++/ tanB = %/ co{cz—:
npsus)amiesitr, niivme ¢

JtanB ++/ tarC > %/ cofg
g4 JtanC ++/ tanA = %/ co%
RENIAMS,
2(\/tanA+\/tarB+\/ta|G:)2 é ce%+ é ce'ge‘+ \# cezt

JtanA ++/ tanB ++/ tar€ 2\/ co{g—‘+\/ ceg+\/ cc—% ()

MY (1) 84 (2) 1AM8 3

tanAtanB tariC ++/ tal\++/ taB++/ tad> c'&gl c%t ecét+

\/COtg +\/00t% +\/ CO'[E2
Juie: Tdumo (JtaTA—\/;tg]{ﬁ—\/cT%}[Jt_@—\/T&z]z

COté COtE COtE— tarA taB ta@
2 2 2

[BIDS{ANEONS 9 AIENAIEMNIRENEMUIAM A=B=C ( AABC
fIthy) 9

IBBJEUEMI a +bx+c=0 , (az 0) NAYMNT x AR x, B35 x =x2 9
UMt b°+a’c+ac?=3abc

s?tmmsEinw

UMD b®+a’c+ac?=3abc

UG , x AR x, MYMITATAIEMT a® +bx+c=0 , (a% 0)
muiFaueils , nihme
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X +X = _E
a
XX, ==

a
EYNT
()(13 + Xg) +3X1X2(X1+ Xz) =73

XX, ==
> a

i x =x2 1908,

(x2+x +3BC—[€ j— b—3
3_C

% a

(cjz c 3b_ b

| - =

a a a° a’
3_C

% a

¢, c_3c__b

a’ a a? a’

ac’ +a’c-3abc=-b*

16 b°+a’c+ac? = 3abc {IMEANWUINA

295. 156] m A} n thirdgendlgme Mangjuma J_——>o y

vipmth v7-1> 1 9
n mn

s?tr\ms[:inw

vipmth v7-"1> 1
n mn

At mnON itifkme */__F>O

IEYN,
J7>0

n
>y
ity 7n? Gl m* thOGRABIGENG N 7 > m’
RIG[IAME , Tn?>m+1
= 4 72 =P+ 11808 P +1:7 MAIANEEMNTIFIO{AT mON
BIG{IAME 72 >m’ +1 1812 7n’ = m?+2
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- 4 7’ =P+ 2 1810 n? +2:7 AIANSSMUIFOHET mON
RIGIIAME 7n? > P +2 1612 7n> =’ +3

1<1

m?

W mON 816 m* 11812

g1Gj m2+i2+2s m* +3<7n’
m

2
(m+£j <7n?
m

ﬁnzm+i
m

\/7zm+i . nON
n m
7_mzi
n_mn

SELI

a 7 2= 2+3 2 = a
ﬁj@ﬁjﬁﬁmtﬁﬁmﬁﬁ]mm{ nemes, {7” 4

, HEHTIF)]0
m- =1
18: 88 WU NEBMNTIRRNEIF 9
m 1

RN - [RIDE{ANWTENH

m=1

296. 158] (5RHEHIGING 2 a,,5,,8, 2 1H]uthAMIG2AD 2
a,+a,+3+a,+8 =11
I IGHBUIIUNIAIGNY A=aa, +aa, +aa, +a,a, 9

s"étmsEmw

INBIYHAUINIUATAIENY A=aa, +a,a, +a3, +a,a,
AU a,8,,a;,3,,a, 0N W a +a,+a,+a,+a, =1
ivms,
A=aa, +2,a,+aa, +aa <(a+a+a)(a+a,) (9)
gphig)s , mulasumo el , times ¢
(a +a +a)(a, +a,)22(a +a +a&)(a +a,)
it (1) 2(a o ra)(aa) (1)

MH(9) Al(l) MEHTAMS, As%

FEMARAMEMAUAM & +a,+a,=a +a,=> Y& =a,= & =8, =8 =0
Boie:algndurnie A A maxA:% 9
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297. 1BBJAIR U, U,, U, u,,... TE]AENE 3
u=1u,=3
u,=2u,_+u,,
UM u, =1+2C2 +2°C} +2°C2 +-- 9

s"étmsEmw

UM u, =1+2C2 +2°CH +2°C2 +---
MG u =1,u,=3,u =2u_ +u_, (9)
SERGEN(0) MBEIEMIAIAI
o o r’=2r+1
YETU e IERMIEIUR r =12
108, u, = p(1+v2) +a(1-v2) i p Bk o MiidgeiRUERRIAANG
ittty u =1,u,=3
IAMAE §MAFRN NN ATHYNS
p(1+\/§)+q(l—\/§)=l
p(3+2v2)+q(3-2v2)=3

=p=g =%
RETHmS
=3 {1ev2) -2 )
u, :%((c,? +~/2Ct +2C? +2J§c§+...)+(c,? ~J2C! +2C% - 2./2C3 +))

u :%(2(1+ 2C2 +2°C} +2°CE +:))

U, =1+2C2+2°C +2°C> +--
BOIB[AU nON 1AME u, =1+2C2 +22C* + 2°CE +-. [FIDBENWUNH 9

208. (Al NON,n>2 i ANtTATEMI &

20)(1+x)" +301-% +{/(1-x)" =0

é’itmmsEmw

(ANt Sm
{pli nON,n>2 ithNEEMI

2 P{/(l+x)2+3 }Tll—x2+”(1—x)2:O (9)
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- 1ff n thiigen 1M1:(9) MEYIMUIAM $
1+x=0
1-x* =0 6] xOO (AEUIFE)
1-x=0
Boie:mifimi(o)meyastim: n thigeg
- 1 n MOGAIMAT 1M1 x=1 HRIHEMYAIIUAT (0) 19, 1ADME &

20)(1+x)° L3

Ja-x" a-xy
2%K%}§r+3%ﬂ§?i:+1=o (o)
[ﬁﬁt:dffi

IR uEmI(le ) HYA,

A2 +3t+1=0
t=—1,t:—1
2
ﬁmﬁt=,n/1:’§:—1 (n I6I65) , 1AMS
ﬂ:—l
1-x
1+x=x-1
1=-1 8808
o 1+x 1
AianN t=p =—-= n Ifdéfd) , 16 ¢
1-x 2 ( ), A
x__ 1
1-x 2"
2"(1+x)=x-1
x(2"-1)=-1-2"
2"+1
X:
1-2"

1+2"

n

BOIG S CUjUEn MEMINEYA x= By n thigeaBIATAIENN o

299. UM ifiFman ABC gt weRh AR a.b,c uillamshisapisas
SOEYUI 1M B< . 4

Idn U 3
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é’itmmsEmw

uinm Bsg
I a,b,c MAJAEYE INUNAMS
=b-d y a
{a (d thnaiuies)

c=b+d
C

B
mulFaueaigas Gimsfman aasC itiams
b? =a® +b’ - 2accosB
g16]
a’+c’-b’
2ac
(b-d)* +(b+d)*-b?
2(b-d)(b+d)
_ 207 +2d% b7
cosB=—————
2(b*-d?)
_ b*+2d?
~2(b?-d?)

b* + 2d? .

cosB =

cosB =

IAme |

b? +2d? > b* -d?

1G] 3d°>0 0@
é@jaBletm:Bsﬁ

2 3

Boiedaumo Bs%’ [pIneANIUONS

300. 1AAIGATAIEMT X2 —(a+d)x+(ad —bc) =0 MBYRINT 5 x &Y x, 9
uimth X 8k ¢ thyasmuaiasmi ¢
X?~(a® +d*+3abc +3bcd ) X +(ad ~bc)’ =0
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é’itmmsEmw

uipmth X 63 X MYAIUAT
fuBMI X - (a°+d* +3abc +3bed ) X +(ad —bc)° =0
ithmne x B x, MyadeaEMI X -(a+d)x+(ad-bc) =0
1 muFaIueis , SENAME ¢
{><1+><2=a+d
XX, =ad —bc
RENIAMS,

X+ = (% + %) =3 (% + %)
=(a+d)’ -3(ad -bc)(a+d)
=a’+d®+3ad(a+d)-3(ad -bc)(c+d)
=a’+d°+3(a+d)(ad -ad +bc)
=a’+d®+3pc(a+d)
=a’+b’ +3abc+3bcd

Ntwyuimig)s, xx =(ad -bc)’

MU IUBIMN , 1A D6 3

Xt BH ¢ MYMITBATATEMI
Xs—(a3+b3+3abc+3bcd)x+(ad—bc)3=0

Boi6: FoiRnpmeGinmeuhms (RIS WUANAIONN

= [

(5§ om awum @ Wo9W (83 MIgRNITWENUUY

anetiauigivnsdwissdsnsignsdms , enwanitamugs:
weugs SeanSincdgeuiusingpeutiieuciatnsaitiyreding)Resiginge

§ 90, 99, 9 mywy AnfigHIganyeiauiiy BsHGRinanhamye
yAmnG[FISirmgannisiw 1 taucdujusatitaucinsamywn eucs

yahcgi cans {aag)iy ddauyepacgmaHasiuiw |

4

SayArsanANRAGEJIHaameueY ST BiayRmsHIgandiam 2
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OO S8R

sjssasigis or.
9. INPNWAITMI X - 4x+3=/x+5 4
1 1

V. SN NWAITMI 24x - 60+ 36- + = (4
VBx-7 x-1
S5 89, x =4,x =3i(—61+3\/4la— 2 + 3
< ' "2 \54

1 3
9§/54(_61+ Mj
V. x=g “
s)sesasigin 0a.
IRRUYR 13+113+ 213 313+ 911AJSUGRNS 2
sRssasigis 0o,
HR{U, MIHGINSHNAHN 1om 1 GUARENIGIGARGH

SLEGS + Area=60m?
4
sEjsdasiein oy,
findyhisaln Yuamej & 1 84 1 9 unUus §SywaisaAln

] al

migrumunisgiigsidnsimoian 1 nmsajs gyam

Ne
e

msyh
ehal

L o

A
K

u

-

1,1,2,3,5,8,13,21, 34.,.

iighdinmyiooniynisals Yuameal wmstgsy iumnuganiss 2
sijsesasigis oc,

iinségsnntgsims inrudnisioin: Vi1 §h V111 ?
si)sesasiis o6.
AnuShiinwumisaifighiuomi (5,1)
YW SHHIENIS (0,0) 8% (5,1 9 (0,00

imiii s nsigrgnpins 2
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siEjsedasiein 07.
ishinpuiduinwn N 1glionih 40 tRSBUiGn SHAINNNT 39 Hom 9
mGgs N 11 4

siE)sedasiein oc.

3

w

3
X z
+L+—2x+y+z 9

Simnspudssinigms x,y 84 z vinme ¢
yz 2% Xy

sie)sedasiin 07.

GIM:{RUGSSNRIGNS x,y 8§41 z UMK 3 X3 +y?*+ 2222 (xy+x2) 4
si)sesasigis 0/0.

Gim:{pUGgSNnigms a,b,c 84 d UM 3

16(abc +bed +cda+dab) < (a+b+c+d)" 4

sie)sesasiiss o1,

IANSESS a.a,,a,., 84 o, Bgsidmugam

kzailJr kzainr kfi 3" k?i 4 k?-i 5 k?

ginnAnigisnigny 2+%2,%,8,5% 4
’ ¥ 37 38 39 40 4

s)ssassgis o1a.
mi N hanfisGgsnhigms 9 innsHsaus N - N n;i:]hgnﬁ
B (f (m)+ f(n))|(m+n)™ GimeAs mnoN 4
POWUSMAR (1), (2).7(3.1(4 ... hajrsygifs 4
s)ssasigin 0/,
IHGIHSHYS R - R tgﬂhgﬂﬁmga@ f(x+2xy) = f (x)+2f (xy) 1§00
x,yOR 8% f (2012 =a 9 GIHANS) f (2013 4
sessasigin oy,
ugnud t Mol R SRIGlaMANGERN 1 (x)f (y)- f (x+y)=sinxsiny
1 1

(AU x,yOR 9 PWUINAS £ s 8 " 21 (8

>2 9

si)sedasigin orc.
hpnwguainfisgsnalins siadms
(Vx-4ly) =3361-/1129632
sEjsdasigin 044
(3y2)Iogs2 —X"%3 = x

5X2 )I0g5 2 _ yIog3 5

g ausmi 3 y|

=y
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sie)sesasigies 017.

RFOWAITMI \x+xr - +vx =y
ssdassein o

1+i2 =
I[N i (1+i2j T X In(1+i) Y o1k g
X
sie)sedasiies 019,
ii636th a,b,c thigahaiRMig
2 2 2
Ua'] mfﬂ 2 2 + b 2 + : 2 22 ‘1
(b-c)” (c-a)” (a-b)
sEjsdasigin 0.20.
A manufacturer needs to place ten identical ball bearings against the inner
side of a circular container such that each ball bearing touches two other

ball bearings, as in the picture. The (inner) radius of the container is 4 cm.

(a) Find the common radius r of the ball bearings.
(b) The manufacturer needs to place a circular ring inside the container.

What is the largest possible ( outer) radius of the ring such that it is

not on top of the ball bearings and its base is level with the base of the
container?

siE)sesassgis 021,
A circle of radius 1 is inscribed inside a polygon with eight sides of

equal length, called a regular octagon. That is, each of the eight sides is
tangent to the circle, as in the picture.

(a) Calculate the area of the octagon.
(b) If you were to increase the number of sides of the polygon, would
the area inside it increase or decrease? What number would the area
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approach, if any? Explain.
(c¢) Inscribe a regular octagon inside the same circle. That is, draw a regular

octagon such that each of its eight vertices touches the circle. Calculate
the area of this octagon.

siEsedasigin 022.

The picture on the right shows a cube whose 4

sides are of lengtha >0.

[ SN . -
!

(a) Find the length of the diagonal line
segment AB . by
(b) Find the angle 0 that AB makes with the
base of the cube.
sjsasinin 025,
In Figure, suppose that a, 3, and AD are known. Show that :

(a) BC= __AD B
cota - cotf

AD [fang
tang - tano
AD [$ina

sin(B-a)
(Hint : What is the measure of the angle ZABD ?) [13 By
sijsesassgis 0oy, A D ¢
we found the exact values of all six trigonometric functions of 75°. For
J6-3
V62

Cofunction Theorem, this means that tan15 =

(b) AC=

(c) BD=

. So sincetanl5 = cot75 by the

613
NN

describe another method for finding the exact values of the trigonometric
functions of 15°. In fact, it can be used to find the exact values for the

example, we showed that cot75 =

We will now

. . . o
trigonometric functions of 5 when those for 0 are known, for any

0° <@ <90 .The method is illustrated in Figure and is described below.

e
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Draw a semicircle of radius 1 centered at a point O on a horizontal line. Let

P be the point on the semicircle such that OP makes an angle of 60° with
the horizontal line, as in Figure. Draw a line straight down from P to the
horizontal line at the point Q. Now create a second semicircle as follows :
Let A be the left endpoint of the first semicircle, then draw a new
semicircle centered at A with radius equal to AP . Then create a third
semicircle in the same way : Let B be the left endpoint of the second
semicircle, then draw a new semicircle centered at B with radius equal to
BP . This procedure can be continued indefinitely to create more
semicircles.In general, it can be shown that the line segment from the
center of the new semicircle to P makes an angle with the horizontal line
equal to half the angle from the previous semicircle’s center to P .

(@) Explain why OPAQ =30. (Hint : What is the supplement of 60° ?)

(b) Explain why OPBQ =15 and OPCQ=7.5.

(c) Use Figure to find the exact values of sin15,cos15, andtan15. (Hint : To
start, you will need to use [JPOQ = 60° and OP =1 to find the exact
lengths of PQ and OQ.)

(d) Use Figure to calculate the exact value of tan7.5.

(e) Use the same method but with an initial angle of JPOQ =45’ to find the

exact values of sin22.5 ,cos22Z, and tan 22.5.
sEjsdasiegin 0ac.
IMpUHSAES iR - R IRAIEJARAREMI f(x (v)+x) =0+ f ()
Gime{puGgsin x,y 9
siE)sedasigin 0.2¢.
mi x,y,z MiGgsinigms 9 vipms
X y

+
x+(x+y)(x+2) y+(y+z)(y+x) z+(z+x)(z+y)
sEjsedasigin 027.
Ml a,b,c NEGgSARIgmS Iy abc=1 9 viNM ¢
a—1+b—1+c—1>
b C a
a—l+ b—1+ c-1_
"b+c c+a a+b
si)sesassgis 0ac.
IS a,b,c,d thigsNndsuIfms fnu a2 -ab+b?>=c?~cd+d? 4
UM (a+b)(c+d)=2(ab+cd) 9
siEjsesasigin 027.

9. 0

0 “

IBNS a,b,c MGgSARIGS fany a+b+c:§+61+% 4

1l a<b<c UMNME ab’c’>1 9

¢
R

Qo
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sEjsEasiegin 020.
ITANGURRISNY X (X, +%,) (X X, 4 X,) -+ (X + X, X g+ 4%, ) IRNSUPS
I 2

siE)sesasigin 0.
iff u thigeanyt
QIAIHAIAIRNY J3u-1+ar— 37 +J 3i- v 8°- 8% 9

sEjsdasigin 052
IgHD = yx-1 B0 y*=1-y 1 UMt ¢ =115 x=1 9

Ejsasiegin 053,

7 3a3+b3 - a+b

a®+(a-b) a+(a-b)
sRjsssasigin 0oy,
1506688 x AMIBAT x* +x° +x2+ x+1 MMIHMAR 2

sEsiasinin 0aC,

Mi a 84 b MOGEWANE 1 IBMOYE *-t-1 B8R t* +at+b NEYMARD
HE ?

sRsssasigin 026
1706608 a,b IBUIAIEMI x¢ +ax® +11x+ 6= 0 81 x° +bx® +14x+ 8= 0 MG
yaumOga01

sRjssasigin 057
M{HUNIgNY (cos42+ cos102+ cosli4 cosf.fz 9

sEjsdasigin 0ac.

IGAM a,a,,....a, higeamgIRuE)ahaaEm
(x-a)(x-a,)(x-a,)--(x—a,)+(-1)"" (n)’=0

By OFRARYW r

u u

[FUEt e 2

uimt 2nr =a +a,+a,+---+a, 9
siEjsedasigin 059,
il , xy Athu@dph 1 matgle x 9

150°

¢
R

Qo
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sEjsdasiegin oy o.
The equilateral triangle ABC has sides of length 1 and AB lies on the line XY. The

triangle is rotated clockwise around B until BC lies on the line XY. It is then rotated
similarly around C and then about A as shown in the diagram.

What is the length of the path traced out by point C during this sequence of
rotations?

* A B »

X .
A B C A B
siE)sedasiein 0y,
TAB] X% %, PPy Py > 0,(N2 9

P+ pptet+p
Py P2 Ps .. Pn p1X1+p2X2+“'+ann
U@@ﬁ]&[&[&[lﬁqs{ — j )|

sEsdasigin oy,
e antaISme $
9. cox+ sirf™x= 2% 4 2 2 gx<gr
lo. 57 +57=9

Ejsasiegin oy,

WAt Lsfp—% <7
“ 48 77 5+ 4coéx 3¢
sRjsssasigin oy,
Aandpungaud f whwilhd f(x+%}=x2+x_]; 9

siEsadasigins oUC,
IBUAMOEEUANE x IRUIFEAIEPY X2 +x+6 hmii{miistgeadyw 4
ssdassein oys.
al o 2 2 2 4 _b 2
ab,c i0EaTgME 1 uipmt £+ 2+ s arprcs 20
e “S=" b ¢ a a+b+c
siEsedasigies oy
b+c c+a+a+b 1 1 1

>—+-+= 9

a,b,c thiiogelgms 1 uipm 242705
b c a b c

sEjsesasigin oyc.
a,b,c,d thiyatigeigme 4 uinmoh 3
a b c d
+ + +
b+2c+d c+2d+a d+2a+b a+ d+c

>1 4

Qo
Sc
cm
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sie)sesasigin 0y .
a,b,c iiiGigelgme iittBnra+b+c> i+b ~ it a+b+c>£ 9

siEjsedasigin 0s0.
a,b,c hiiogaigma NtwiRai(a+b)(b+c)(c+a)=19
umt ab+bc+ca2§ y|
sie)sedasigien ocv.
a,b,c hiiogaigms Nwitnia+b+c=34
Nt a’bic?= (3 2a)(3- D) (3 2) 9
sEjsdasiein oca.

a,b,c hiigaigms uNtwitasabc=1 4

yimm 1+1+151‘1
"= 1+a+b 1+b+c 1l1l+c+a

sEjsdasigin ora,
a,b,c hiiogaigms nNtwitasabe =14

a b o 3
UDAY ) e aiprd 2

sRssasigis ocy.

ab,c Miitgelgme iNwiRuia+b+c> ‘;‘+b+£ 9

c a
M at , ba _ cb .3 4
“=""b(c+a) c(a+b) a(b+c) 2

sijsesasigis o,

a,b,c Miidgelgme iNwiRnsa+b+c=14

u

b c 3
uinmth —2 >\ﬁ 9
Jo+c \/c+a x/a+b 2

siEjsedasigin 05s.
a,b,c thii0gaI3ME INWIRAIab+bc+ca+2abc =14

uimth \/%J’\/E'F@Zg 4
si)sesassois 0c7.

a,b,c Miidgalgme iNtwinsabc=14

a b C 3
AN o) o derd (e i) 4

siE)sedasigin occ.
a,b.c hiiogeigme iNtwinsa+b+c=14

1
3<

umt a(1+b- c)3+b(1+c a)3+c(1+a b)s <

Qo
Sc
cm
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siEjsdasiegin ocv.
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18] x,y,z>0 9 U@ W+|x—y|+|y;z|+|z—x|2x+g+z y

si)sesasseies 0191,

156] a,b,c,x,y,z>0 1 UMD §(a+x)(b+y)(c+2) > abc +3xyz
si)sesasiin 0172

1AB] x,y,z>0 9

yinmt X + y + z <19
T xa(xry)(x+2) v+ (y+z)(y+x)  z+y(z+x)(z+Y)

sijsesasigisn 0195,

3
I8B] x,y,z>0,x+y+z=1 49 Ummm X Y 4, 2 z\ﬁ 9
J %y Y T L-x (1-y V1-z V2

sissasigin 019y,

S5

1nB] a,b,cOR 9 UNMD \/a2+(1—b2)+\/b2+(1—c)2 +\/cz+(1—a)2 272 4
sijsesasigisn 0r9c.

i56] a,b,c>0 1 UM Va2 -ab+b? +b?-bc+c?2a?+ac+c? 4
si)sesasigin 0196

1AB] x,y,z>0xy+yz+zx=1 1
X y , 2 >2x(1—x2)+2y(1—y2)+ &(1—22)
S EE (wed) () (22

uinnth
1+ x

¢
R

Qo
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si)sesassnis 0197.

18B] x,y,z20 TUMMD xyz=(y+z-x)(z+x-y)(x+y-2) 9
siE)sedasigin 0/9¢.

158] ab,c>0

ufnmth \Jab(a+b) +,foc(b+c) +,/ca(c+a) = J4abc+(a+b)(b+c)(c+a) 4
siE)ssassgis 0199,

18B] x,y,z20 4 UMD ¢

(\/x(y+z)+\/y(z+x)+\/Z(X+y))ﬂ/m22\/(y+z)(z+x)(x+y) y

siEjsedasigin 0200.

156 x,y,z>0 9 uipmoh cVYFZ Nzax Jxry A(xty+2)
n x oy oz Jyr9)(z+x)(x+y)
sie)sesasigin 0201,
156] a,b,c>0 9
o a’(b+c) .\ b*(c+a) . cz(a+b) 2

(b°+c?)(2a+b+c) (c*+a’)(Db+c+a) (a’+b’)(x+a+b) 3

siR)ssassnis 0204,

a’ b? c? 2
+ <— 9

156 a,bc>0 9 ufpMth _+ . ~
2a’+(b+c)” Dd’+(c+a)” Z*+(a+b)” 3

siEjsedasigin 0205,
1A8] a,b,cOR 4 UM (a?+b*+c?) 23(ab+bT+ch)

siEjsedasigin 0204,
The machine tool diagram on the right shows a symmetric V-block, in which one
circular roller sits on top of a smaller circular roller. Each roller touches both

slanted sides of the V-block. Find the diameter d of the large roller, given the
information in the diagram.

¢
R

Qo
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siEjsedasigin 020¢.
A slider-crank mechanism is shown in Figure below. As the piston moves

downward the connecting rod rotates the crank in the clockwise direction, as
indicated.

siEjsedasigin 020¢.
A tower on one side of a river is directly east and north of points A and B,
respectively, on the other side of the river. The top of the tower has angles of
elevation a and f from A and B, respectively, as in the picture on the right. Let d
be the distance between A and B. Assuming that both sides of the river are at the

same elevation, show that the height h of the tower is
d

h=
Jcot a + cot B

o
sijsesasigisn 0207.
The machine tool diagram on the right shows a
symmetric worm thread, in which a circular

roller of diameter 1.5inches sits. Find the

amount d that the top of the roller rises above
the top of the thread, given the information in
the diagram. (Hint: Extend the slanted sides of
the thread until they meet at a point.)

Qo
¢
e
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siEjsdasigin 020¢.
Two circles of radii 5 and 3 cm, respectively, intersect at two points. At either

point of intersection, the tangent lines to the circles form a 60° angle, as in Figure.
Find the distance between the centers of the circles.

siE)sdasiein 0209.
Use the Law of Cosines to show that for any triangle AABC,
¢® <a’+b?if Cis acute,
c® > a’+Db? if Cis obtuse,
and ¢’ =a’ +b? if C is a right angle.
sie)sesasigin 02/0.
Show that for any triangle AABC,
CosA, codB  coE _ a’ +b*+c?
a b c 2abc
sie)sesassgies 0o/s.
Show that for any triangle AABC,
a’(b+c-a)+b*(a+c-b)+c*(a+b-c)
2abc
What do the terms in parentheses represent geometrically? Use your answer to
explain why cos A + cos B + cos C > 0 for any triangle, even if one of the cosines is
negativel.
sie)sedasigin 0212,
Recall from elementary geometry that a median of a triangle is a line segment
from any vertex to the midpoint of the opposite side. Show that the sum of the
squares of the three medians of a triangle is 3/4 the sum of the squares of the

CoSA+ coB+ cof€ =

sides.
si)sesasigin 0215,
The Dutch astronomer and mathematician Willebrord Snell (1580-1626) wrote the

Law of Cosines as

2ab _ 1
c? —(a—b)2 1-cosC

in his trigonometry text Doctrina triangulorum (published a year after his death).

Show that this formula is equivalent to formula (*) in our statement of the Law

of Cosines.

(*) ¢®=a’+b*-2abcosC

11t turns out that 1 < cos A + cos B + cos C < 3/2 for any triangle, as we will see later.

Queacne tn thuja , i siun & da ngn SIS | 118



00l SENFARAKIGN VOL 3

sie)sesasigin 021y,
Suppose that a satellite in space, an earth station, and the center of the earth all lie
in the same plane. Let re be the radius of the earth, let rs be the distance from the
center of the earth to the satellite (called the orbital radius of the satellite), and let d
be the distance from the earth station to the satellite. Let E be the angle of elevation

from the earth station to the satellite, and let y and y be the angles shown in Figure.

satellite
_}:.

local horizontal

earth station

of earth

Use the Law of Cosines to show that

2
d= rs\/1+(£] - 2(5] cosy
rS rS

and then use E =¢/ —90° and the Law of Sines to show that
siny

2
-
rS rS

Note: This formula allows the angle of elevation E to be calculated from the
coordinates of the earth station and the subsatellite point (where the line from the
satellite to the center of the earth crosses the surface of the earth).

cosE =

sie)sesasigis 0215,

Let AABC be a right triangle with € = 90°, Show that tan( A; Bj = a_g .
a+

siEjsedasiin 0244

A-B -
For any triangle AABC, show that tan( j =2 b CO(EJ .
2 a+b

siessasigis 0217

For any triangle AABC, show that tanA=——1 B

c-acosB’
(Hint: Draw the altitude from the vertex C to AB.) Notice that this formula provides
another way of solving a triangle in Case3 (two sides and the included angle).
() ]
si)sesassoie 02/¢.
For any triangle AABC, show that ¢ = b cos A+a cos B. This is another check of a
triangle.

Qo
¢
e
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sie)sesassnin 0249,

618

If b cos A = a cos B, show that the triangle AABC is isosceles.

BE8s563E8 0220.

Let ABCD be a quadrilateral which completely contains its two diagonals. The
quadrilateral has eight parts: four sides and four angles. What is the smallest
number of parts that you would need to know to solve the quadrilateral? Explain
your answer

sie)sedasiein 0221,

{nwupAtignepis(fiman ABC MUIAMYIUYEE
A= a’sinBsinC _ b” sinA sirC _ ¢ sirA siB 4
2sinA 2sinB 2siic

sijsesasigin 0222,

For any triangle AABC, lets= % (a +b+ C) . Show that

anP o [(57b)(s=¢c) B _ [(s-a)(s=c) ,c_ (s-a)(s=b)
2 s(s-a) 2 s(s-b) 2 s(s-c)

sRssasigin 0223,

Show that for any triangle AABC, the radius R of its circumscribed circle is

_ abc
\/(a+b+c)(b+c—a)(a—b+c)(a+b—c)

sRjssassgis 022y

Show that for any triangle AABC, the radius R of its circumscribed circle and the
radius r of its inscribed circle satisfy the relation
abc
rR=———
2(a+b+c)

si)sesasigin 02aC,

Let AABC be an equilateral triangle whose sides are of length a.

a) Find the exact value of the radius R of the circumscribed circle of AABC.

b) Find the exact value of the radius r of the inscribed circle of AABC.

¢) How much larger is R than r?

d) Show that the circumscribed and inscribed circles of AABC have the same center.

siEjsdasiein 02.2¢.

Let AABC be a right triangle with C = 90°. Show that tang = C%E
Cc

siEjsedasigin 0227.

Suppose that a point with coordinates (X, y) = (a(cosz// -& ) a el Sim(/) is a

distance r > O from the origin, where a > 0 and 0< ¢ <1. Use r’=x*+y? to show
that r =a(1-£cogy).

(Note: These coordinates arise in the study of elliptical orbits of planets.)

Qo
¢
e
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sEsedasigin 022¢.
Let A, B, C, and D be positive angles such that A+B+C+D = 180°. Show that2
sin A sin B + sin C sin D = sin (A+C) sin (B+() .
siEjsedasigin 0227

Suppose that two lines with slopes M and m,, respectively, intersect at an angle 0

and are not perpendicular (i.e. &% 90° ), as in the figur. Show that tané = m-m
1+mm,
\II
y=max+bs
~ y=mix+ by
: . x
0
7

siEjsedasigin 0230.

Use Exercise 0229 to find the angle between the lines y = 2x+3 and y = —5x—4.
sie)sesasigin 0251,

For any triangle AABC, show that cot A cot B + cot B cot C + cot C cot A = 1.
siEjsdasigin 0222,

For any positive angles A, B, and C such that A+B+C = 90°, show that

tanAtanB+tanBtanC+tanCtan A=1.

sjsesasigin 0253,
Prove the identity sin (A+B) cos B — cos (A+B) sin B = sin A. Note that the right
side depends only on A, while the left side depends on both A and B.

sijsesasigin 02aY.

Sinﬂ Cosﬂ
gipfn UjUanfl‘i Mollweide’s equations, a-b = (2: E 3 a+b = g 9
¢ aBE ¢ sin—

() ]
sijsedasigin 024¢,
Using Mollweide’s equations, please prove the Law of Tangents: For any triangle

AABC,

A-B B-C C-A
tan ta ta
a-b_ ( 2 j b-c _ { 2 j c-a_ { 2 j
a+b (A+Bj’b+c '{B+Cj'c+a £C+Aj
tan tal ta
2 2 2
s)ssasigin 0226,

A rope is fastened to a wall in two places 8 ft apart at the same height. A cylindrical

container with a radius of 2 ft is pushed away from the wall as far as it can go while
being held in by the rope, as in Figure which shows the top view. If the center of the
container is 3 feet away from the point on the wall midway between the ends of the

rope, what is the length L of the rope?

2 This is the “trigonometric form” of Ptolemy’s Theorem, which says that a quadrilateral can be inscribed
in a circle if and only if the sum of the products of its opposite sides equals the product of its diagonals.
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siEjsdasiegin 0257
The centers of two belt pulleys, with radii of 5 cm and 8 cm, respectively, are 15 cm
apart. Find the total length L of the belt around the pulleys.

sRjsasigin 02a¢.
In Figure one end of a 4 ft iron rod is attached to the center of a pulley with radius
0.5 ft. The other end is attached at a 40° angle to a wall, at a spot 6 ft above the
lower end of a steel wire supporting a box. The other end of the wire comes out of
the wall straight across from the top of the pulley. Find the length L of the wire
from the wall to the box.

{55
mmmm e e
S 3]

L] ]

Exercise 0238 Exercise 0239
() ]
sRjsasigin 0257,
Figure shows the same setup as in Exercise 6 but now the wire comes out of the wall
2 ft above where the rod is attached. Find the length L of the wire from the wall to
the box.

Qo
¢
e
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a ]
siEjsedasigin 0alo.
Find the total length L of the figure eight shape in Figure. (Hint: Draw a circle of
radius 4 centered at A, then draw a tangent line to that circle from B.)

a a
sie)sedasigin 0241,
Repeat Exercise 8 but with the circle at A having a radius of 3 instead of 2.
siEjsdasigin 024 2.
The centers of two circles are 7 cm apart, with one circle having a radius of 5 cm
and the other a radius of 3 cm. Find the area K of their intersection.

sjsesasigin 02y s,
Find the area of the shaded region in Figure.

QDT

Exercise 0243 Exercise 0244 Exercise 0245
sijsesasigin 02y Y.
Find the area of the shaded region in Figure. (Hint: Draw two central angles.)
siEjsedasigin 02y <,
Find the area of the shaded region in Figure.
siR)ssassnis 0oy,

Three circles with radii of 4 m, 2 m, and 1 m are externally tangent to each other.

Find the area of the curved region between the circles, as in Figure. (Hint: Connect
the centers of the circles.)

o &

Exercise 0246 Exercise 0247

Qo
¢
e
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siEjsdasiegin 02y 7.
Show that the total area enclosed by the loop around the three circles of radius r in
Figure is (7T+ 6+\/§) re.

sEjsiasigin 0ayc.
Shows three equal squares lined up against each other. For the angles a, B, and 7y
in the picture, show that a = B+y. (Hint: Consider the tangents of the angles.)

/

sijsesasigin 024 9.

Sam’s pet is tied to the corner of a square shed, 6 metres on each side. The rope is 8

metres long. The area outside the shed over which the pet can wander is N77 square
metres. Find the whole number N .

sie)sedasiis 0250.

Suppose that A, B, and C represent 1, 2, and 3 in some order. What is the greatest
possible sum that can result from this addition?

ABC4
54BC
+C B 6 A4

si)sesassoies 02,
As shown, each of four congruent circles just touches two other circles and two sides
the outer square. The centres of the four circles are connected to form the inner
square. If the area of the outer square is 100 sq cm, what is the area of the inner
square, in sq cm?

Qo
¢
e
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a a
sEjsadasigin 0aca.
Thirty cubes are placed in a line such that they are joined face to face. The edges of
each cube are one cm long. Find the surface area of the resulting solid, in sq cm.

sEjsadasigin 0203,
Each of three darts lands in a numbered region of the dart board, scoring the
number of points shown. How many different sums are possible for the three darts?

.
Riky,

() ]
sEjsedasigin 02y,
A “fast” clock gains time at the same rate every hour. It is set to the correct time at
10 a.m. When the fast clock shows 11 a.m. the same day, the correct time is 10:52
a.m. When the fast clock shows 3:30 p.m. that day, what is the correct time?

= -
= =

(= ]
siEjsdasiegin 0acT.
Each diagram below shows a balance of masses using different objects. How many
@ s will balance two A s

1 I

s sedasiein 0256,
186] AIGNY (n MOEEARIFME)
S=sing+sinZr+ sSin& +---+ sima
T =1+cosa+ cos@+ coIB+---+ cor
uimth ¢

n+1)a
/. Ssin% = sin% sin%

n+l)a
2/. Tsin%: cos% sin(T) 9

Qo
¢
e
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siEjsdasigin 0257
upm 2

/. sin2—n+ sin4—”+ sinzT=—1 cotz
7 7 7 2 14

Vi 3T 5t 7T 9r 1
2/. cos—+ cos—+ cos—+ CcOoS—+ COS-=-—
11 11 11 11 11

21T ar orr a1 107 1
f/. cos—+ cos—+ cos—+ COS—-+ COS—=——

11 11 11 11 11 :
uj/. sin£+sin2—”+--.+ sin@: cotl 9

11 11 11 2z

sijsesasinisn 0asc.
uinmth

fi/. 4cos18 cos?1 cos24 cosSt? co%iSHT\/g
83

2/. tan30 + tan40+ tan50+ tanb& 3 cos

11,
sinl8 sin54

/. tan9 - tan27- tan63+ tan8t 9
siEjsadasigin 0207

ymmy SNt S|-n,8 C(?:{a+,8)

Y= cosa - sing sifa + B)
siEjsedasigin 0.240.

uip@h gutiman Aec gl =
cosB+ coL =«

Al sinA= 22" 0% Spyisimanink
sinB+ sinC

SINA _ CoB* Cof Amimmanauma yimanini
sinB coL + COA

siE)sedasiin 0261,
inaly o RYjE] ¢
A/, taEmI (cosa+ BSim—\/_i)x2+(\/_Bcoa— 3sim- )2+ sin- cos+ =3

Al

=tan(a +p)

2/.

BT x=1 9
9/, BaEmI (25ina—co§a+ ;sz—\/_x siar + 20637/—( —3\/_)3 sin=
HBY x=+/3 4
sjsesasinin 0262,
I {ANUIIEMT 12cosc+ sinc+ > + & (9

12cosx+ Ssink+ 14
siEjsdasigin 0263,
gpRiuaiimanini ABC AMYAIUATATEMIsin® x+ sinx sin X~ 3cobx=
uinmthipiman ABC Athifimanishaumns 9

¢
R

Qo
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siEjsdasigin 026y,

GORYIIUAIAIMONAEME ABC AMYAIIATAIEMI tanx- tang—i: &

3
uinmthiftman ABC AM{HIManaItR] 4
siEjsesasinin 0265,
UMD cos’(x-a)+ sif(x-b)- 2cofx-a) sifix-b) sim-b)= cbga-b) 9
sijsesasiin 0266
haants BRAMAPLOgEISMI MHEALETS a ¢
{2* +4 =1
X+2y=a
sEjsdasigin 0267
e antaSme $

/. Iog4(x—\/x2——1)Elog5(x+\/x2——1)= |0920(X—\/X2——])

2/. (2+\/§)log2X +x( 2—x/_2)Iogzx = 1+ x°

al. ( 5+ 2ﬁ)smx+( 5- 2/_6) =z9
siEjsdasiein 0.26¢.

1

1+cosB _ a+c

mgiman AsC igluamangeap Ceod

uinmth ABC {fMANAIEME 4
siEjsdasigin 0.249.
mejfiman ABC iglaang2ap acot%+bcot%:b tarB+a tarh

uimth ABC D{AIMANAIHME 9
sEjsdasiegin 0270.
cos' A+ co$B _
siP A+sifB 2

IREIHIMAN ABC IH]AANE2 AN cot’ A+ cof B) 9

uimth ABC D{AIMANAIHME 9
si)sesassnis 0271,

BEHMan ABC HJANANIG2AN atanB+btanA=(a+b) tarEA;B) 9
uinmth ABC thifimanink yaums 9
siejsedasiin 0272.
IREJHMAN ABC 1H]1HAUFIAN tanA+ tank = 2cot% 9
uimth ABC D{AIMANAIHME 9

¢
R

Qo
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sEjsidasigin 0275,
b c a
+ = 9
cosB coL siB sig

mgiman AsC gluhangeap

uingmth ABC tiftmaniak 4
sEjsdasiegin 027y,

[AIMAN ABC ®6Y A=28 9 UMM a>=b’+bc 9
siEjsedasigin 0275,

cos A+ codB _
sin" A+sifB 2

IREIAIMAN ABC IH]AANE2 AN cot’ A+ cof B) 9
uimth ABC D{AIMANAIHME 9

sie)sesasiis 0276.
IABAIMANAIEME ABC 16 BC=a,AB=AC=b Al DA=20° 9
umth a®+b®=3ab” 4

si)sesassgis 0277,
IBNRO0NT (%, y,) B8 (x,,y,) ShdiGapmiehinigpmimitgaud y =log, x
1/ URMMEANT (xx, v, +y,) BR (¢x, 2y, +y,) Baielidiigpmuniid

a 2 aly
2/. UM EANT (\/ng,%yﬁ 2y2j Bl (% 2y, - sz Oaisliuiepmi

U
sRssassin 027¢.
B8 (x.y,) B (x.y,) thiidapobaishidispmimingaud y=a* iR
a>0,az1 9

AL UMt (3x,y7) 8k (%le iapoishinigpmi Nl

a 2 [ aly al
2. UMD (% +2x,,y,y3) B4 (2x1—xz,ﬁj thoapoisliuigim niing 4

2
si)sesassis 0279
BB sind+coP =+ ZiN 0<f<77 4 BANEA 2

/. sin@ co 2/. tang + A/. sinfd-coso 9

tan
siE)sesasigin 02¢o.
INBIYI2IERIgNE NRIMY ¢

A=8co§9— 25|ﬁ€+ coé idum and =5
2cosf- siné

- o . 2 _
_sing+ 0939 mﬁam tan@=2, C= sw; @-coséd
cosd - sird sin8- 2cod @

_1+1and Bfud sing=> Bl 0<o<”
1-tan@ 5 2

i34t tane :%

D

¢
R

Qo
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sie)sedasigin 0ac.
[ANWUNAEM N NRMY 3

1+ 2sina cowr _ tam + CosSX _ 1+ sirx

/. — = 2/. — =
sin“a - cosa tamr — 1-sinx COX
+ i -

5/ 1 'cosa+ sir _ .2 /. cota 1=cota
sing 1+ cosr simr 1-tana

cotd-1 1- tard

#/. sin*ta-coéa = sifa- codx ) =
coté+1 1+ tard

sing+ cosd _ cosé
tafd-1  sind- cod
siEjsdasigin 02¢a.

fal. §/. (acosa +b sina')2 +(a simr-b coz'sr)2 =a%+b?

sin@d sing
+

gimm cos@(
nw= 1-cos M co¥g

j HIOMTEAIGRE(ER keotd TR k MgS

i8R ugin 4
siEjsedasigin 02¢s.
sing L coy
1+ cosf sirg

uipmth cosH( j HIOMTAIGRE(ER keotd TR k TigS

gk Ui
siEsadasigin 0acy.

uipmth sina(1+ cosr_ I Cos’j HIORTAIGH (Y keota T80 k g
l1-coso M+ cow

i8R Ui
si)sesasinin 02¢C,

U MEMODRIMY 3
sin? (a + B) + sirt (a - B)

/. =tan’ a + tarf
2cos a coéf ama+tanf
9/. 20 4 S _ (sing + cosr)( tam + cor -
tana  cotr

/. tanza(1+ taﬁa)( ¥ cozta)—( 1 ta"m/)zz Atdar 4
sEjsdasiein 02¢s.
MEURIRNE NRIMY 3
sin2a+ sin& - sina cosa — cos @
A _ A, ——
1+cosa— 2sik 2 sin 7a - sing
Jirsina VB SN g0 7o g
J1+sin2Xx -+ 1- sinX 4

siEjsedasigin 02¢7.

Al

Bin: -1st<1 88 t20 10 tanx=Y1T VI o UMt t=sin2x 9

-t

¢
R

Qo
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siEjsdasiegin 0ac,

uinmehaigpy A:sinZ(x—%Tj+sin2x+ sin?(x+2—;7j Gem{aitushaly x
siE)sedasigin 02¢.

inalY a INH]B]AIENY A=cosX-a sifx+ 2cobx BEHNIWANATY x 9
si)sesasigisn 0290.

uMmtaigpy A:cosz(x—z?ﬂj+ co$x+ coé(x+2—:j Qsmm}’méhﬁ%’g X 9
sie)sesassgin 0294,

inaly aD(O,Z—ZTj ilujainiansy

A=cosx+ coga+x)+ cof @+x)+ cdsadx)+ cpsa#x)+ ¢oabx)
Gempiwalsty x 9

siEjsedasigin 0292
puipMOFmAn ABC IFAMAMEMN sin2A+ sinB- sing = (&
{pimaniai

sRjsasigin 0295,
AEJFimAn ABC UMt il sin® A+ sif B+ sifC =% I iiman ABC

DAImAnaER]
siEjsdasiein 029y,
cosB+ co

5B BO% (gspiman
sinB+ sinC

uipmidifiman Asc wedaiigluma sina
ABC thiptmanini 4
siE)sedasigin 029¢.

Sin3A+sinB+ sinB8 = |

1

IR EgHRTITAIAIMAN ABC s 1T ¢ . C
s “ COsA cosB = S|ﬁ5

sR)ssassin 0296
mnpagOaiiuaifiman Asc g i {Si”m SinG = 28I
tanB+ tarC = 2taA
si)sesasigisn 0297.
wEHman ABC yurnsgphdniig]adangean scos cos cos=
g Hriispiman AsC 1812 9
siejsedasigin 029¢.

‘e o ay o o sinB:(\/_Z— cosC) SinA
iﬁi{;’]ﬁjqqﬂmhﬁtﬁiﬁtﬁ]m ABC gW iU 9

sinC = («/_2— cosB) SimA

¢
R

Qo
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siEjsdasiein 0299.
coS A+ co$B _
S A+siPB 2
IR{AIMAN ABC th{fiMANAIEME 4
sjsedasigin 0200.
= sin A+ sinB+ sinC A

uipmth , 1ff SNATSINBHSIC _ 0 Aa© teefiman ABC thifitman
a= sinA+ sinB - sinC 2 2

uip@thilighfiiman Asc itiitme cof? A+ cof B)

IHME 9
sijsedasigin 0301,

uip@and cosa= sib+ sic - IIFIMAN ABC MFIMANAEDS
sRjssasigin 0204,

umthil cog A+ codB+ cokC= IR:AIMAN ABC thiftmanink
sRssasinin 0203,

uinMthil sinA+ sinB+ sirC = T cof+ coB+ c@ IRHMAN ABC

mipimaniai
sRssassnin 020y,

IRHEHIMAN ABC Al A,B,C MIPATEGRIIA

A/, {ITAER cosA+ coB+ cof = gianng sing sin% sin% y|

2/. UMD sin® A+sifB+sifC= 4 % cod cdB c@ 9
s)ssasigin 020C.
eI ngelmi x Al y 1 8
fi/. x+1=cos@ B y=sind 9/. x=cos® BY y=cosd- 1
/. x-3=cos®@ B y=2-sind W. x=3sind- 2cod B y=3cosh+ 2sird
si)sesasigin 0206,
QU{AIMAN ABC §16 DBAC =6 &l DABC=20 491ii BC=x,
UMth AC=2xcosd
sRssassgin 0207.
QU{AIMAN DEF Y, DEDF =¢ &4 ODEF =46 91 EF =x ,
UMD DF =4xcosdcos?
sjssasigin 0s0¢.
UM AEM O NRIMY 3
sin28

/.
1-cos®

=coté 2/. tanA— cotA=-2cotA 9

¢
R

Qo
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sEjsdasigin 0209,
uipminighifimon Asc waf A &4 B iglahamgeap
3} tanA+ 2tarB = tarA] tahB
I AIMAN ABC Ih{AIMANLME
s)ssasigin 0a10.
u . - . a X Yy
uinmi x+a+y Ahapyuisiedond x a y
X y a
anandiedanh nhidthiusanistnm
nain(ptalyls o ghoig: o<o <y Mangjachanim
1 cos! cos?

cos@ 1 cos@ = (4
cosfd cos? 1

siR)ssassnin 0o,

n 3(n+2)
2(n+1) " 2(n+)
{pnwmuiniHgmsEaNaTeNth ¢ u <3, OnON 9

si)sesasigin 0512,
1ABJAIS (u,) AANAINM 4 =1,u, =u,,+u,, , On>3
ipnwmuinHgmaEannatenth ¢ u, M, -u’=(-1)" ,On>1 9
sR)ssasigin 0513,
uipmohiiiman asc umesdghAuiigjahdngean sinA= 2sinB coc
IRAIMAN ABC th{fiMANAEME 4
siR)sesasigin 0oy,
fi/. (UIEIIRIRNY sinx - cosx MNN Csin(x+a) 9
9/. EBUTESIAIENY /3sin 2+ cosX NN Csin(2x+a) 9
si)sesasigin 0a1C,

A UMM sin 75 = V6+42

,OnON 9

BEAIA (u,) AONAIW u =-1,u,, =

A cos78 = V642
4 4

2/. IBEIIAIGNY (JE—\/E) sinx+(\/_6+\/_2) cos N Csin(x+a) 9
EjsEasiegin 0ok,
AN NEAIEATS
© x =n+i-4n
Vi =\/ﬁ(\/nTa—\/ﬁ) ,adR

_3n-2
% n+5

1

¢
R

Qo
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sssasinin 0a17.

Beu =——1 e 2
' n*+1-n
siesedasigin 0aK.
sa  ABEE-[N-
168 x, = =3 e -
< 204060--[[ n)

siejsedasigin 019

If a and b are integers and /7 — 43 is one of the roots of the equation
x* +ax+b =0, find the value of a+D.
sEjsdasigin 0220,
ABCD is a square with AB=a, and AEFG is a rectangle such that E lies on side
BC and D lies onside FG. If AE =b, what is the length of side EF ?

B { L C

a I
b

A D

G
s)ssasigin 0221

Find the value of sin47—T+ sin43—77+ sirf‘5—ﬂ+ Siﬁ7—ﬂ.
8 8 8 8

siEjsadasigin 0522,
Find the minimum value of (a + b) (1 + %—j , where a and b range over all positive
a
real numbers.
sRjssasigin 0523,
The lengths of the sides of a quadrilateral are 2011 ¢cm, 2012 cm, and x cm . If x is
an integer, find the largest possible value of x.

sRjssasigin 0say.

Find the value of (Iogﬁ (cos 26) + log; ( coséf() + log ( cos%))z .
sjsedasigin 03¢,

Find the remainder when (x=1)"" +(x—2)"" is divided by x* —3x+ 2.
siE)sadasigin 0526,

Suppose that ABC is a triangle and D is a point on side AB with AD =BD =CD .
If JACB = X, find the value of X.

¢
R

Qo
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s sSasinin 0327,
il x,y Bk 2 thiigenalgme ianglama 27x+ 287+ 2= 36;

fﬁﬁigiﬁ 10(x+y+2) 4
sEjsdasigin 0sa¢.
Olle S o g
sRjssasigin 0529,
islighunRimyY, ADE Amifimaniiumne DAED =120 it B &4 C A
ibapoehidph A Mangaga soe AdFmanardiyyts
iff AB=4cm,CD =6cm A% BC =xcm 4 iAnigia x 9
E

A B C D

sEjsdasigin 0530

AIGaT x Al y AMGEEABIGME IR x+2y=2012 &l xy NEATYHAU,

inaigie x-y 9
sRjsdasigin 0551,

ol _ \/E > 3 I

W cos2A=-=", INBIEIS 6(sir® A+ co$ A) 4
sRjssasigin 0532,

Let N be the positive integer for which the sum of its two smallest factors is 4 and

the sum of its two largest factors is 204. Find the value of N .

sRsasinin 0838,
- 99 (_1) k+1

v S:;\/k(kﬂ) (Vk+1-vk)’
sEjsmdasigin 053y,

Let a,a,,a,,... be the sequence of all positive integers that are relatively prime to

inaigie 10005

75, where a, <a, <a, <---.(The first five terms of the sequence are : 3 =1,a, = 2
a, =4,a,=7,a; = 8.) Find the value of a,,,.

Ejsiasigin 023,
Given triangle ABC with points M and N are in the sides AB and AC respectively. If

BM +C—I\I =1, then prove that the centroid of ABC lies on MN .

MA NA

Qo
Sc
cm
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siEjsedasigin 0534,
Given that a,b,C,x ,X, ,X;,X, ,X; are real positives such that a+b+c=1 and
X X, X, [X, X, =1. Prove that (axf + bx1+c)(ax§ + bx2+c)---(ax§ +bx,+ c) >1.

sEjsdasigin 0537,

Find all pairs of nonnegative integers (x, y) satisfying (:|.4y)X +y*¥ =2013
sEjssasigin 0aac.

In triangle ABC, D is a point on AB and E is a point on AC such that BE and CD are

bisectors of B and C respectively. Let Q,M and N be the feet of perpendiculars from
the midpoint P of DE onto BC, AB and A(, respectively. Prove that PQ = PM + PN.

sRssasigin 0537,
Find all functions f :R - R so that (x + y)(f(x) — f(y)) = (x — y)f(x + y) for all
x,y ER.

sEjsdasigin 0syo.
In triangle ABC, the angle bisectors of angle B and C meet the median AD at points
E and F respectively. If BE = CF, prove that 4ABC is isosceles.

siEjsedasigin 0ay .
Let ABCD be a convex quadrilateral. Prove that there exists a point E in the plane of
ABCD such that A ABE is similar to A CDE.

sEjsiasgin oaya.
Let P, Q be points taken on the side BC of a triangle ABC, in the order B, P ,Q ,C.
Let the circumcircles of PAB, QAC intersect at M (# A) and those of PAC, QAB at N
(#A). Prove that A, M, N are collinear if and only if P , Q are symmetric in the
midpoint A' of BC.
a a
sEjsaasigin 0sys.
a b c _3

For any positive real numbers a , b, c, + + >—
b+c c+a a+tb 2

sRssasinin 0ayy.
Leta , b, ¢ be positive numbers such that a+b+c< 3. Prove that
1 1 1 3
+ + > =

1+a 1+b 1+c 2
si)sesasigin 0aYC,
Prove that for any positive real numbers a , b, c,

a b c 1
+ >,

+ 2
10b+1r 1@+ 12 18+ 4 7
siEjsedasigin 0sys.

Prove that for any positive real numbersa ,b,c,d,e,

a b Cc d
+ + +
b+2c+3d+4 c+A+2+4 d+ 2+ 3+ B e+ 3+ B+ d
e 1
+ >=
a+2b+3x+4d 2
sR)ssasigin 0oy 7.
A sequence of natural numbers fang is defined by a =1,a, = 3 and
a, = (n +1) a,_, —na,_, ,Nn> 2. Find all values of n such that 1].|an .
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sEjsEasiegin oayL.
Suppose that a function f defined on the positive integers satisfies f(1) =1, f(2) = 2,

and f(n+2)=f(n+2-f(n+1)+f(n+1-f(n)) ,(n= 9.
(a) Show thatO< f (n+1) - f (n)< 1.
(b) Show that if f(n) is odd, then f(n+1)=f(n)+1.

(¢) Determine, with justification, all values of N for which f (n) =2"+1.

siEjsdasigin 05Uy

Prove that there are no perfect squares in the array below:

11
22
33
44
55
66
7
88
99

111
333
444
955
666
777
888
999

siEjsdasiegin 0a00.

Let (ak)kzo be a sequence given by 8, =0,a,,, =33, + 1fork=0.

Prove that 11|6155 .
si)ssasigin 0ac,

Find all continuous functions f :R — R such that

X
f (X)3 = _1—2

siEjsdasigin 0502,

Show that for p > 1 we have
P+2° 4+ +(n-0"+n"+(n-0"++ 2+ 2 _

lim

1111
2222
3333
4444
5555
6666
7777
8888
9999

(%2 +7xt () +16f (x)°) ,OxOR.

n - +oo

Find the limit if p = 1.

Ejsiasigin 0a0s.
show that the polynomial X*+3x°+ 6x*+ 9x+ 12 cannot be written as the product

of 2 polynomials of degree 2 with integer coefficients.

sEjsaasiegin 0oy,

Let ( f ) be a sequence of functions defined by: f; (X) =x, f, (X) = fn_l(X) -

(xON,n=2).

n

2

+o00

(a) Prove that f, (X) < f. (X) for all x where both functions are defined.

(b) Find for each n the points of x inside the domain for which f, (X) =X.

siEjsedasigin 050,

Determine all integer solutions (a,b,c) with ¢ < 94 for which:

(a+JE)2 +(b+\/5)2 =60+ 20/c.

siEjsesasigin 0555,

NG

In triangle AADC we got AD = DC and D = 100", In triangle ACAB we got CA = AB

and A = 20°. Prove that AB = BC + CD.
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siEjsdasigin 0a07.
Determine all 6-digit numbers (abcedef) so that (abedef) = (def)? where (xi1x2...xn) is
no multiplication but an n-digit number.
siEsdasigin 045K,
Solve for x € [0, 21): sin x < cos x < tan x < cot x.
siEjsedasigin 0507,
(a) Solve for 8[1R:cos4) = cos8.

2 4,
(b) 0037” , COS%T and 00367” are the roots of an equation of the form

ax’ +bx® +cx+d =0 where a, b, ¢, d are integers. Determine a, b, ¢ and d.
si)sesasigin 0260.
a'+a’+1l
a’b®+ab’+1

Find all positive integers a and b such that is an integer.

siE)sedasigin 0261,
Given is an acute angled triangle 4ABC with side lengths a, b and ¢ (in an usual
way) and circumcenter 0. Angle bisector of angle ZBAC intersects circumcircle at
points A and Aj. Let D be projection of point A; onto line AB, L and M be
midpoints of AC and AB , respectively.

(a) Prove that AD = %(b+ C) .

(b) If triangle A ABC is an acute angled prove that A;D = OM + OL .
a Pl
siEjsdasigin 0262,
If a, b and c are positive reals such that a%> + b? + ¢ = 1 prove the inequality:
a5 +b° b5+ ¢S c5+35
+ +
ab(a+b) bc(b+c) ca(c+a)
siEjsedasigin 0563,

If a, b and c are positive reals prove inequality:

gt ot o =
b+c a+c a+b

(- 9
siEjsedasigin 06y
Prove that in an isosceles triangle A ABC with AC = BC = b following inequality
holds b > 7r , where r is inradius.

siEsedasigin 056¢.
Let AD be height of triangle A ABC and R circumradius. Denote by E and F feet of
perpendiculars from point D to sides AB and AC. If AD = RV2, prove that

circumecenter of triangle A ABC lies on line EF.
sRsiasinin 0266,
Find all functions f :R - R satisfying f ( f (X) + y) =f (X2 - y) +4f (X) y
for all x,yUR.
sEjsdasiegin 0267
Let p = 4k+3 be a prime number. Find the number of different residues mod p of
(x2 +y2)% where (x, p) = (y,p) = 1.
siR)sesasinin 026C.

Show that the number x is rational if and only if three distinct terms that form a

>3(ab+bc+ca)-2.

geometric progression can be chosen from the sequence
xx+Lx+2 x+3,....
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a 2
siE)sedasiein 0249
Let x, y be two positive integers such that 3x>+ x = 4y> + y. Prove that x — y is a
perfect square.

siEjsdasigin 0570.
Let ABC be a triangle such that BC = AC +% AB. Let P be a point of AB such that

AP = 3PB. Show that [IPAC =2[1CPA.
siR)ssassnin 0271,
Let a, b, ¢ be three positive real numbers such that abe = 1. Show that:

a b C 3
= — . When is there equality?

(a+1)(b+] (b+1(c+] (c+J(a+] 4
sjssasigin 0572
Let a, b, ¢, d be positive reals such taht a + b + ¢ + d = 1. Prove that:

6(a’+b*+c*+d®)za’+b +c +d 2+%.

sRsiasigin 0575,
Let A,B,C,D be four distinct points on a circle such that the lines AC and BD
intersect at E, the lines AD and BC intersect at F and such that AB and CD are not
parallel. Prove that C,D,E, F are on the same circle if, and only if, EF1AB.
sEjsadasigin 057y,
Suppose that the minimum value of the function f(x) = 3x2 — ax3is —4 for 0 <x < 2,
(1) Find the value of a.
(2) Find the maximum value M of f(x) for the interval 0 <x < 2.

sRjssasigin 0575
11
Find the value of ¢ such that z (n - C) (2n - C) is minimal and find the minimum

n=1

value m.
(] 9
Ejsiasigin 0274,
Suppose that the all of the points on the line L : x + by + 2 = 0 is mapped to L by

k 2
linear transformation f expressed by matrix (2 kJ with k > 0.

(1) Find the values of k and b.
(2) Find the coordinate of P(u, v) on L such that f(P) = P.

sEjsdasigin 0577
Is tan? a rational number?

si)sesasigin 0a7¢.
Three nonnegative real numbers satisfy a, b, ¢ satisfy a? < b%+¢?, b? < ¢>+a? and
c? < a2+b2 Prove the inequality

(a+b+ c)(a2 +b? +CZ)(a3+ b+ C3) > 4(a6+ b%+c 6) . When does equality hold?
sEjsdasigin 0579
Let be given a triangle ABC with BC = a,CA = b,AB = c. Find point P in the plane
for which aAP? + bBP? + ¢CP? is minimum, and compute this minimum.

sijssasigin 05¢0.
7x°-10

Find the smallest X[IN for which —83 7x25—10 83 is an integer.

Qo
¢
e
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sissasigin 0acr.
The incircle of a triangle AjA2Aj; is centered at O and meets the segment OA; at B;
j =1, 2, 3. A circle with center Bj is tangent to the two sides of the triangle having
Aj as an endpoint and intersects the segment OB; at ; .

OC, +0OC, + OC, < 1 and find the conditions for equality.

AA+AA+AA, 43

sijsedasigin 05,
Find all pairs of functions f, g : R — R such that
(i) if x <y, then f(x) <f{(y) ,
(ii) f(xy) = g(I(x) + (y) for all x, y € K.
sRjssasigin 0aca.
For positive numbers a,,a,,a,,...,8, we define

_atatetd oo o
A= n G={ag,a  H at+at++a

Prove that

Prove that

(i) A < —l+(éj , for n even
H G

A ”'2+2(”_1)(ﬁjn,fornodd
n n G
dam s A itmthuasensis a,a,.a,,...4,
G HMEREGHANNAIE a,a,.a,...4,
H iMthygEnagaois a,a,a,...,
(ngursuiguiaf)inl Afnwagmguigagita)
sjssasigin oacy.

For all positive reals a, b, and ¢, what is the value of positive constant k satisfies the
following inequality?
a b C 1
+ + > .
c+kb a+kc b+ka 2013
siR)ssasinin 0a¢C,
Find all f: R - R such that for all real numbers x, f (x) = 0 and for all real
numbers x and y,

f(x+y)+f(x—y)—2f(x) - 2y?=0.
aQ P
sR)sasigin 0acs.
ABCD is convex AD // BC, AC 1 BD. M is interior point of ABCD which is not a
intersection of diagonals AC and BD such that ZAMB = 2CMD = g .Pis

intersection of angel bisectors of ZA and £C. Q is intersection of angel bisectors of
4B and £D. Prove that ZPMB = 2QMC.

a ]
siEjsedasigin 05¢T.
Denote by M midpoint of side BC in an isosceles triangle A ABC with AC = AB.
Take a point X on a smaller arc MA of circumcircle of triangle 4ABM. Denote by T

point inside of angle BMA such that ZTMX = 90° and TX = BX.
Prove that ZMTB — 2CTM does not depend on choice of X.

Qo
¢
e
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sEjsdasigin 0acc.
Find all functions f: R" — R satisfying f (x + f (y)) = f (x + y) + f (y) for all
pairs of positive reals x and y. Here, R” denotes the set of all positive reals.
si)sesasigin 05¢T.
Let M be the intersection point of medians of a triangle A ABC. It is known that
AC =2BC and ZACM = 2CBM. Find 2ACB.
siR)ssassgin 0290,
The quadrilateral ABCD is cyclic. Points E and F are chosen at the diagonals AC
and BD in such a way that AF1CD and DELAB. Prove that EF // BC.
siejsedasigin 0391,
Prove that there exist infinitely many collections of positive integers (a, b, ¢, d, e, f)
such that a <b < ¢ and the equalities ab — ¢ = de, bc — a = ef and ac — b = df hold.

sEjsasigin 0292,

Find all pairs of positive integers (a, b) such that Ja-1++vb-1=+/ab-1.
sRsiasigin 0595,

The point D at the side AB of triangle ABC is given. Construct points E, F at sides

BC,AC respectively such that the midpoints of DE and DF are collinear with B and
the midpoints of DE and EF are collinear with C.

sRssasigin 0a9Y.
Bob has picked positive integer 1 < N < 100. Alice tells him some integer, and Bob

replies with the remainder of division of this integer by N. What is the smallest
number of integers which Alice should tell Bob to determine N for sure?

si)sesasigin 0a9C.
Denote by S(n) the sum of digits of integer n. Find
a).S(3) + S(6) + S(9) + ... +S(300) ,

b). S(3) + S(6) + S(9) + ... + S(3000).

sRjssasigin 059
Let O be the circumcenter and I be the incenter of triangle ABC. Prove that if
AI 1 OB and BI 1 OC then CI // OA.

sEjsedasigin 0597
Circle O has diameters AB and CD perpendicular to each other. AM is any chord
intersecting CD at P. Then AP - AM is equal to:

C‘T
M
p
A O B
D
(a) AO-OB  (b) AO- AB (€)CP-CD (d)CP-PD  (e) CO-OP
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sEsedasigin 059¢.
1 N 1 . 1 _ cosi
cos® cosl cosl co§82 co$88 cos89 Zdir

Prove

eifz]ssasasjmﬁ 0399.
INBIEIUAT P+ Q + R IGIgARUAAN NIIMY

6 3 9 0 2z 7 z

sijsedasigin 0400,
isighjuninGd , upmAiagmanduis , sanmandtia &4 od-iman
sUTs IR sREaYw 9 san@inaiey Oxvz 9

AlanBNwsSeitad)tmigey
[11. &)1 “9000 BUMH vol 2”Lﬁﬁn31i.mfimj2 odd meatatith s “1aaign
an anignmals .. 1 yutagamsiat ¢ “iaaignas shidnsumals
> 1m 4
[21. tad)inl “itmasaiaiepdianians mao” (FAFNIF 90 (AJaMERD)

‘I v

menait ¢ “ainmgaomaasggiRuo puah aRIAA N

nudannmein s ﬁjﬁmﬁﬁﬁmﬁjﬁtﬁMULmﬁJiUﬁJﬁmﬁjﬁﬁnﬁ im
mjﬁ2§ﬁti]mt]hmsmnﬁﬂﬁmmmmmm AUNEUERANIE: 9 16 UMY
dian:dnudgrfuitieinenisny 1w Ssmedaahsanniems
AP 9 gmui]RagEAND FRZaAIGEINAIMWINEANUATED
U85 9 QEHIAANGIN :MIA[FITATERER EAEAER 4

gagnmsiiumgm:iadamimegutionnmeyphmmfigpien
od dbwadldwstiaadalen 9 yueBagamnsitupnuInIes MY
JUIEMIDSIPE 00N 18:EJME{ATID MW ANHOTHEIDSAPAIANAS
avstwmiioiam Ima shmisguigapt 1 Mm@ smMBdapoihs
eRIUAIgEILTA (pant AEIoIdmsMwIUATEY SauieathBuartiii 4

f'yl:llfaa%ms Tou e t‘hUﬁ

Qo
Sc
t't.)l
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