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េរៀបេរៀងេដយ លឹម ផលគុន 1 

 

ជំពូកទី១ 
 

111  

លហំត់គណិតវិទយេរជសេរ ស 
 

1) េគឲយអនុគមន៍ :f IN IR→  េដយដឹងថរគប់ x IN∈  េគមន 

  (1) 2013f =  និង (2 ) 2 ( ) 2013f x f x= −   ។   
  ចូរគណនតៃមល 2013(2 )f   ? 

2)េគឲយអនុគមន៍ f  កំណត់េដយ 
2

8 7
( )

2 2 1

x
f x

x x

+=
+ +

 

ក)រគប់ 0x >  រសយថ 9
( )

2 1
f x

x
≤

+
 ។ 

ខ)េបី , ,a b c  ជរងវ ស់រជុងៃនរតីេកណមួយេនះចូររសយថ៖ 

   
9

a b c
f f f

b c a c a b a b c
     + + ≤     + − + − + −       

3) េគឲយ , , , , ,a b c x y z  ជរបមួំយចំនួនពតិវជិជមនេផទៀងផទ ត់ 

x y z a b c+ + = + +   និង xyz abc=  ។ 

សនមតថ a x y z c≤ < < ≤   និង a b c< <  ។ 

ចូររសយថ ,x a y b= =   និង z c=  

4)េគឲយ , , ,a b c d IN∈   េដយដឹងថ a b c d≥ ≥ ≥  ។ 

ចូរបងហ ញថសមកីរ 4 2 2 0x ax bx cx d− − − − =  គម នឬស 

ជចំនួនគត់ ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 2 

 

5)ចូរកំណត់រគប់ចំនួនគត់វជិជមន ,m n  និងចនួំនបឋម 5p ≥  

ែដលេផទៀងផទ ត់ 2(4 12) 3( 1)nm m m p+ + = −   ។ 

6)េគឲយ  និង  ជឬសៃន   ។  
 ចូរបងហ ញថ  ជឬសៃន  
7)ចូរបងហ ញថ   ។ 
8)េគឲយបីចំនួនពតិវជិជមន   ។ ចូររសយបញជ ក់ថ ៖ 

   ។ 

9)ចូរកំណត់រគប់អនុគមន៍  េដយដឹងថ ៖ 
  ចំេពះរគប់  ។ 
10)កនុងេតរតែអ៊ត  មួយមន  េហយីេជីង 
 ៃនចេំណលែកងពី  េទបលង់  ជរបសពវៃនកមពស់ៃន 

។ 
 ចូររសយថ   
 េតីេពលណេទបីេយងីបនសមភព ? 
11)េគឲយ  ជចំនួនគត់វជិជមន ។  
 ចូរបងហ ញថចនួំនបី  មិនអច 
 ជកេររបកដទងំអស់ ។ 
12)សមីករ  មនឬបីជចំនួនពិតវជិជមន     
 (មិនចបំច់ខុសគន  )។ 

a b 4 3P(x) x x 1= + −= + −= + −= + −

ab 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −
1

tan10 3
sin40

o
o+ =+ =+ =+ =

a ,b ,c

2 2 2

a b c ab bc ca 5
b c c a a b a b c 2

+ ++ ++ ++ ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + + + ++ + + + ++ + + + ++ + + + +

f : IR IR→→→→

f (x)f (y) f (xy) x y= + += + += + += + + x,y IR∈∈∈∈
ABCD o90BDC ====∠∠∠∠

D )ABC(

ABC∆∆∆∆

)CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++

a,b ,c
2 2 2a b c,b c a,c a b+ + + + + ++ + + + + ++ + + + + ++ + + + + +

0cbxaxx 23 ====−−−−++++−−−−
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េរៀបេរៀងេដយ លឹម ផលគុន 3 

 

 ចូរកំណត់តៃមលអបបបរមែដលអចៃន   ។ 
 

13)េដះរសយរបពនឋ័សមីករ    

  ែដល  ។ 
14)េគមន  ជចំនុចមួយេនកនុងរតេីកណ  ។ តង  
 និង  ជចំនុចរបសពវរវង  ជមួយរជុង 
 ឈមៃនមុំ  និង  េរៀងគន  ។  
 ចូរកំណត់ចំនុច ែដលអចឲយៃផទរកលៃនរតីេកណ  
 មនតៃមលធំបផុំត។ 
15)ចូរកំណត់រគប់គូៃនចនួំនគត់វជិជមន  េដយដឹងថ  
   ែចកដច់នឹង    ។ 

16)ចូរកំណត់ែផនកគត់ៃនចំនួន   ។ 

17)េគតង  ជសំណំុៃនចំនួនសនិទនវជិជមន ។  
 ចូរកំណត់រគប់អនុគមន៍  េបីេគដឹងថ  
 និង   ចំេពះរគប់  ។ 
 
 

b
c

ba23
cba1 −−−−

++++++++
++++++++++++

3

3

3

3 4

2 6 6

3 9 8

x y x

y z y

z x z

 + = ++ = ++ = ++ = +


+ = ++ = ++ = ++ = +
 + = ++ = ++ = ++ = +

, ,x y z IR∈∈∈∈

P ABC D,E

F (AP),(BP),(CP)

A ,B C

P DEF

)y,x(

yxyx2 ++++++++ 7yxy2 ++++++++
910

23
1

1

n n====
∑∑∑∑

Q++++

f : Q Q+ ++ ++ ++ +→→→→

f (x 1) f (x) 1+ = ++ = ++ = ++ = + 3 3f (x ) f (x)==== x Q++++∈∈∈∈
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18)េគឲយ  ជបីចនួំនគត់ខុសគន  ។  
 យក  ជពហុធមនេមគុណជចំនួនគត់ ។  
 ចូរបងហ ញថលកខខណឌ    
 មិនអចេផទៀងផទ ត់រពមគន បនេទ ។ 
19)របេលឡូរកម  មួយមន  និងមុំ 
  និងមុកំនុងទងំអស់ៃនរតេីកណ  ជមុំរសួច  
 ចូរបងហ ញថរងវង់ក ំ  េហយីមនផចតិ   
 រគបដណត ប់របេលឡូរកមេបី    ។ 
20)េគឲយ  ជបីចំនួនពតិវជិជមន ។ ចូររសយបញជ ក់ថ ៖ 
  
21)េគឲយ  ជបីចនួំនពតិវជិជមន ។  ចូរបងហ ញថ 

  

22)ចូរកំណត់រគប់អនុគមន៍  េដយដឹងថ ៖ 
  ចំេពះរគប់ចំនួនពិត  និង ។ 
23)េគឱយ  ជរបែវងរជុងរបស់រតេីកណមួយែដលមន    
 បរមិរតេសមី   ។   

 ចូររសយថ                    ។    
24)ចូរកំណត់រគប់គូចនួំនគត់  ែដលេផទៀងផទ ត់សមីករ ៖ 
   ។ 

a ,b ,c

P(x)

P(a) b ,P(b) c ,P(c) a= = == = == = == = =

ABCD AB a , AD 1= == == == =

BAD∠ = θ∠ = θ∠ = θ∠ = θ ABD

1====ℓℓℓℓ A,B,C,D

a cos 3 sin≤ θ + θ≤ θ + θ≤ θ + θ≤ θ + θ

a ,b ,c
5 2 5 2 5 2 3( 3)( 3)( 3) ( )a a b b c c a b c− + − + − + ≥ + +− + − + − + ≥ + +− + − + − + ≥ + +− + − + − + ≥ + +

c,b,a

abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
f : IR IR→→→→

f (xf (y) x) xy f (x)+ = ++ = ++ = ++ = + x y

c;b;a

2

2abc2cba
2
3 222 <<<<++++++++++++<<<<

( , )x y

2 2 2 2( 16) ( 1) 448x y y x+ + + =+ + + =+ + + =+ + + =
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25)ចូរកំណត់ចនួំនពិតតូចជងេគៃន  េដយដឹងថវសិមភព 
   
 ពិតចេំពះរគប់ចនួំនពតិ  និង  ។ 
26)េគឲយអនុគមន៍ជប់  េផទៀងផទ ត់លកខខណឌ  ៖ 
   និង  ចំេពះរគប់  ។ 
  ចូរកំណត់តៃមល   ។ 
27)ចូរកំណត់បេីលខចុងេរកយៃនចំនួន    ? 
28)េគឱយ  ជចំនួនមនេលខបីខទង់ ។  
 េគដងឹថ  ែចកដច់នឹង  េហយី ែចកនឹង បនផែចក 
 េសមីនឹងផលបូកកេរៃនេលខខទង់របស់  ។ 
 ចូរកំណត់េលខទងំបីខទង់របស់  ? 
29)ចូរបងហ ញថ មនចំនុច មួយេនេលីរជុង  ៃន  
 េដយដឹងថ  ជមធយមធរណីមរតៃន  និង  

 លុះរតែត    ។  

30)ក)ចំេពះរគប់  ចូររសយថ  ។ 

 ខ)ចូរបងហ ញថ   

     ែដល   ។ 
 

M
2 2 2 2 2 2 2 2 2 2|ab(a b ) bc(b c ) ca(c a ) | M.(a b c )− + − + − ≤ + +− + − + − ≤ + +− + − + − ≤ + +− + − + − ≤ + +

a,b c

:f IR IR→→→→

(1000) 999f ==== [[[[ ]]]]( ). ( ) 1f x f f x ==== x IR∈∈∈∈

(500)f

99997

N

N 11 N 11

N

N

D AB ABC∆∆∆∆

CD AD DB

2 C
sinAsinB sin

2
≤≤≤≤

1x >>>>
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

1
(2 )

ln ln 3 2
a b a b

ab
a b

− +− +− +− +< +< +< +< +
−−−−

0, 0 ,a b a b> > ≠> > ≠> > ≠> > ≠
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31)េគឲយពហុធ  ។ 
 េគដងឹថ និង   ។ 
 ចូររសយថ  ។ 
32)េគឱយ   ជបចីំនួនពិតវជិជមន ។ ចូរបងហ ញថ ៖    

          
33)ចូរកំណត់រគប់គូៃនចនួំនគត់មិនអវជិជមន  េដយដឹងថ ៖ 
   ។ 
34)េគឱយ  ជចំនួនពិតវជិជមន េដយដឹងថ  

 ។  ចូរបងហ ញថ   

  
35)េគឱយ  ជចំនួនគត់វជិជមនេដយដឹងថ   
 ជចំនួនគត់។ 
 ចូររសយថ  ជកេររបកដៃនចនួំនគត់មួយ។ 
36)េគយក  ជចណុំចមួយេនកនុងរតីេកណ េហយី  
 ជេជីងៃនចេំណលែកងពី  េទបនទ ត់  
 េរៀងគន  ។ ចូររសយថ ។ 
 

4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +

P(1) 1 , P(2) 8= == == == = P(3) 27====
4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +

c,b,a

2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++

( , )x y

3 3 28 6 8y x x x= + − += + − += + − += + − +

c,b,a

cba
c
1

b
1

a
1 ++++++++====++++++++

16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
n 1n2822 2 ++++++++

1n2822 2 ++++++++

P ABC

D,E,F P BC,CA,AB

PA PB PC 2(PD PE PF)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +
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37)េគឲយរតីេកណ មួយនិង  ជចំណុចមួយេនកនុងរតេីកណ 
    ចូររសយបញជ ក់ថ យ៉ងតចិមួយៃនមុំ  
 និង  រតូវតូចជង ឬ េសមីេទនងឹ   ។ 
 
38)េគឲយ  ជបីចនួំនពតិវជិជមន ។  
  ចូររសយបញជ ក់ថ ៖ 

  
39)ចូរបងហ ញថចំនួន  
  ែចកដច់នឹង   ។ 
40)ចូរកំណត់រគប់អនុគមន៍  េដយដឹងថ ៖ 
   ចំេពះរគប់  ។ 
41)េបី  និង  ជពហុធេដយដឹងថ ៖ 
    
  េនះចូររសយថ  ជកតត ៃន  ។ 
42)េគយក  ជចំណុចមួយេនកនុងរតីេកណ េហយី  
 ជេជីងៃនចេំណលែកងពី  េទបនទ ត់  េរៀងគន  ។ 

 ចូរកំណត់រគប់ចណុំច  េដីមបឲីយ  អបបបរម ?  
 
 

ABC P

ABC PAB, PBC∠ ∠∠ ∠∠ ∠∠ ∠

PCA∠∠∠∠ o30

a,b ,c

a b a b c b c a c 3
. . .

b c 2a b c c a 2b c a a b 2c a b 4
+ + ++ + ++ + ++ + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + + + + ++ + + + + + + + ++ + + + + + + + ++ + + + + + + + +

2013 2013 2013 2013 2013 20131 2 3 4 5 6N = + + + + += + + + + += + + + + += + + + + +

7

f : IR IR→→→→
2f (x f (y)) y xf (x)+ = ++ = ++ = ++ = + x,y IR∈∈∈∈

P(x) ,Q(x) ,R(x) S(x)
5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +

x 1−−−− P(x)

P ABC D,E,F

P BC,CA,AB

P
BC CA AB
PD PE PF

+ ++ ++ ++ +
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43)េគឲយ  ជចំនួនគត់មួយ ។ សវុ ីត  កំណត់េដយ ៖ 

   និង   ចំេពះ   ។ 

 ក)ចូរបងហ ញថចេំពះរគប់ចនួំនគត់វជិជមន  សវុ ីត គឺ 
  ជសវុ ីតៃនចនួំនគត់ ។ 
 ខ)េបី  ចូរបងហ ញថ   ចំេពះរគប់  
  រចួគណន  ជអនុគមន៍ៃន  ។ 
44)េគឱយរតីេកណ  មួយមនមុំ  ជមុំរសួច ។ 

 ចូររសយថ     

45)េគឱយ  ជចំនួនពិតវជិជមនែដលមនផលបូកេសមី  ។  
 ចូរកំណត់តៃមលអតបិរមៃន  
    
46)ចូរកំណត់រគប់រតេីកណែដលមនរជងុជចំនួនគត់បនតគន   
  និង មុមួំយរបស់វេសមីនឹងេទវដងៃនមុេំផសងេទៀត ។ 

47)េគឲយ  ជចំនួនពិតែដល  ជចំនួនគត់មួយ ។ 

  រសយថ  ជចំនួគត់ចេំពះរគប់   ។ 

 
 

2k ≥≥≥≥ ( )nx

0 1 1x x= == == == = 1
1

1k
n

n
n

x
x

x++++
−−−−

++++==== 1n ≥≥≥≥

2k ≥≥≥≥ ( )nx

2k ==== 1 13n n nx x x+ −+ −+ −+ −= −= −= −= − 1n ≥≥≥≥

nx n

ABC C,B,A

18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++

a ,b ,c 6

3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +

p
1

p
p
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1n
np

p
++++ n IN∈∈∈∈
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48)េគឱយ  ជចំនួនពិតវជិជមន ។ ចូររសយបញជ ក់ថ ៖ 

  

49)េគឱយរតេីកណ  មួយមនរជងុ  និងមនៃផទរកឡ  
    ។ឧបមថ  ជរតីេកណចរកឹកនុងរតីេកណ   ។ 

  ចូររសយបញជ ក់ថ    
50)េគឲយ  ជពហុធដឺេរកទី  ។  
 េគដងឹថ  ចំេពះ   ។ 
 ចូរកំណត់   ។ 
51)េគឱយចំនួនពតិ  េផទៀងផទ ត់  
  និង   ។ 
 ចូររសយថ ៖ 

  
52)ចូរបងហ ញថ  ចំេពះរគប់  
  ែដល   ។ 
53)េគឱយរតីេកណ  មួយមនរជងុ

 
  េហយីមនមុំកនុងជមុំរសួច ។    

  ចូររសយថ  

c,b,a

8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++

ABC a ,b ,c

S DEF ABC
28S

DE EF FD
abc

+ + ≥+ + ≥+ + ≥+ + ≥

P(x) n

k
P(k)

k 1
====

++++
k 0,1,2 , ....,n====

P(n 1)++++

212121 z,z,y,y,x,x 0x,0x 21 >>>>>>>>

0zyx 2
111 >>>>−−−− 0zyx 2

222 >>>>−−−−

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8

−−−−
++++

−−−−
≤≤≤≤

++++−−−−++++++++
2 2(2 1) 2 1

n n
nm λλλλ+++++ = ++ = ++ = ++ = + n∈∈∈∈ℕℕℕℕ

, nm λλλλ ∈∈∈∈ℤℤℤℤ

ABC , ,BC a AC b AB c= = == = == = == = =

)cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++
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54)េគឲយរតីធ   ែដល  និង  
  េបី  ចំេពះរគប់  េនះចូរកំណត់តៃមលអបបបរមៃន  
    ។ 

55)េគឲយ  ។ គណន  ? 

56)េគយក  និង  ជផចិតរងវង់ចរកឹកនុងនងិចរកឹេរកៃន  
  រងវង់ ចរកឹកនុងមុំ  វប៉ះេទនងឹ  និង  េរៀង 
  គន រតង់ចំនុច  និង  េរៀងគន  ។ 
  េបីសិនជចនុំចកណត ល  ៃនអងកត់  សថិតេនេលីរងវង់ 
  ចរកឹេរកៃនរតីេកណ េនះចូរបងហ ញថបីចំនុច 
   រត់រតង់គន ។ 
57)ចំេពះរគប់ចនួំនពិត   េគឲយ ៖ 
   
   
   
   
  ចូរកំណត់តៃមលតូចបំផុតៃន   ។ 
 

2( )f x ax bx c= + += + += + += + + a b<<<< , ,a b c IR∈∈∈∈

( ) 0f x ≥≥≥≥ x IR∈∈∈∈
a b c

D
b a
+ ++ ++ ++ +====

−−−−
4

3

1 tan
2

n

n k
k

P
ππππ

====

        = −= −= −= −         
        

∏∏∏∏ lim nn
P

→+∞→+∞→+∞→+∞

I O ABC∆∆∆∆

Aωωωω A AB , AC BC

K ,M N

P KM

ABC

O , I , N

, , ,a b c d

2 2 2( 1) 2( 2) ( 3)A a b c= + + − + += + + − + += + + − + += + + − + +
2 2 2( 1) 2( 2) ( 3)B b c d= + + − + += + + − + += + + − + += + + − + +
2 2 2( 1) 2( 2) ( 3)C c d a= + + − + += + + − + += + + − + += + + − + +
2 2 2( 1) 2( 2) ( 3)D d a b= + + − + += + + − + += + + − + += + + − + +

S A B C D= + + += + + += + + += + + +



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 11 

 

58)ចូរបងហ ញថ   

  ចំេពះរគប់ចំនួនពិតវជិជមន   ។ 
59)េគឲយសវុ ីត  កំណត់េដយ  និង  

  រគប់   ។ គណនលីមីត   ? 

60)កំណត់ចំនួនគត់វជិជមន  និងចនួំនពតិ  េដីមបឲីយពហុធ 
    ែចកដច់នងឹពហុធ  
   ។ 
61)េគឲយសវុ ីតៃនចំនួនពិត  កំណត់េដយ ៖ 
    និង   រគប់  
  ចូររសយថរគប់តួទងំអស់ៃនសវុ ីតសុទឋែតជចនួំនគត់ ។ 
62)ចូរបងហ ញថ ៖    

   
  ចំេពះរគប់ចំនួនពិតវជិជមន   ។    
63)ចូរបងហ ញថេបីចំនួនគត់  ែចកមិនដច់នឹង   
 េនះេគបន  ែចកដច់នឹង  ។ 
 
 

db
1

ca
1

1

d
1

c
1

1

b
1

a
1

1

++++
++++

++++

≤≤≤≤
++++

++++
++++

d,c,b,a

( )nu 1 2u ==== 1

1
!n n

n
u n u

n −−−−
−−−−= += += += +

2,3,4,...n ====
1

1
lim

n

n
k nu→+∞→+∞→+∞→+∞ ====
∑∑∑∑

n λλλλ
n 3P(x) x 12x x (2 81)= − + λ − λ += − + λ − λ += − + λ − λ += − + λ − λ +
2Q(x) x 12x 27= − += − += − += − +

( )nx

1 0x ==== 2
1 5 24 1n n nx x x++++ = + += + += + += + + 1,2,3, ....n ====

1
ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++

c,b,a

1 2 3 9, , , ....,a a a a 3
2 2 2 2
1 2 3 9...N a a a a= + + + += + + + += + + + += + + + + 3
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64)េគឲយ  និង  ជចំនួនគត់មិនអវជិជមន។  

  ចូរបងហ ញថ  ជចំនួនគត់ ។ 

65)េគឲយចំនួនពតិ  និង  េផទៀងផទ ត់សមីករ ៖ 
    និង   ។ 
  ចូរកំណត់តៃមល   ?  
66)េគឱយ  ជបីចនួំនពតិវជិជមនែដល  ។     

 ចូរបងហ ញថ     
67)េគឲយ  ជចំនួនគត់មួយ ។ ចូរបងហ ញថគម នចំនួនគត់  និង  
 (  )ែដលបំេពញលកខខណឌ័  ៖ 
   ។ 
68)ចូរកំណត់ចំនួនគត់ធមមជតិតូចបំផុត  េដយដឹងថ កនុងរបពនឋ័ 
 េដសីុម៉ល់ មនេលខ  ជេលខចុងេរកយបំផុត ។  
 េបីេគលុបេលខ  ចុងេរកយេនះេចលេហយីយកេទសរេសរ 
 ពីខងមុខៃនេលខែដលេនសល់េនះេគបនចំនួនមួយេទៀតេសមី 
 នឹង  ដងៃនចំនួនេដីម  ។ 
69)ចូរកំណត់រគប់ចំនួនគត់វជិជមន  និង  េដីមបឲីយ  
  ជចំនួនបឋម ។ 
 

m n

(2m)! (2n)!
m!n!(m n)!++++

αααα ββββ
3 23 5 17 0α α αα α αα α αα α α− + − =− + − =− + − =− + − = 3 23 5 11 0β β ββ β ββ β ββ β β− + + =− + + =− + + =− + + =

α βα βα βα β++++

c;b;a 1abc====

2
3

)ba(c

1

)ac(b

1

)cb(a

1
333 ≥≥≥≥

++++
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++++
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++++
a b c

1c >>>>
2 2 2 2( 1) ( 2) ( 3) .... ( 99) ca a a a b+ + + + + + + + =+ + + + + + + + =+ + + + + + + + =+ + + + + + + + =

n
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6

4 n

a b 4 44a b++++
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70)េគឱយ  ( ( ( ( ែដល ))))ជចំនួនពិតវជិជមនែដល    

 េផទៀងផទ ត់           

 ចូរបងហ ញថ   ។    
71)េគឲយ  ជបីចនួំនពតិែដល  ។ 
 ចូររសយថ   ។ 

72)ចូររសយបញជ ក់វសិមភព   

  ចំេពះរគប់ចំនួនគត់វជិជមន ។ 
73)ចូររសយថ   ។ 

74)េគឲយសវុ ីតចនួំនពិត  កំណត់េដយ ៖ 

    និងទំនក់ទនំងកំេណីន   រគប់   

ចូររសយថ   រចួទញរក   ។ 
75)េគឲយរតីេកណ  មួយមនរជងុ   
   ជចំណុចមួយៃនបលង់ េហយី ជផចិតរងវង់ចរកឹកនុងរតីេក  
  ចូររសយបញជ ក់សមភព ៖ 
    ។ 
 

n21 x...,,x,x 2n ≥≥≥≥

1998
1

1998x
1

....
1998x
1

1998x
1

n21

====
++++

++++++++
++++

++++
++++

1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−
, ,α β γα β γα β γα β γ sin sin sin 2α β γα β γα β γα β γ+ + ≥+ + ≥+ + ≥+ + ≥

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤

2 ( 1)( 2)
( !)

6

n
n n n

n n
+ ++ ++ ++ +    ≤ ≤≤ ≤≤ ≤≤ ≤         

1 1 3 5 1997 1
....

199 2 4 6 1998 44
< × × × × << × × × × << × × × × << × × × × <

( )nx

1 1x ====
2

1

1 1n
n

n

x
x

x++++

+ −+ −+ −+ −
==== n∈∈∈∈ℕℕℕℕ

1tan
2n nx
ππππ

++++==== (((( ))))lim 2n
nn

x
→+∞→+∞→+∞→+∞

ABC BC a,AC b,AB c= = == = == = == = =

P I ABC

2 2 2 2a.PA b.PB c.PC (a b c).PI abc+ + = + + ++ + = + + ++ + = + + ++ + = + + +
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76)េគឲយរតីេកណ  មួយមនរជងុ   
  ចូរកំណត់ចំណុច  ៃនបលង់េដីមបឲីយ     
  មនតៃមលអបបបរម រចួកំណត់តៃមលអបបបរមេនះ ។ 
77)េបី   និង    

  ចូររសយថ    ។ 

78)ចូរបងហ ញថរគប់ចនួំនគត់វជិជមនមិនបឋមសុទឋែតអចសរេសរ 
 ជរង   ែដល   ។ 
79)ចូរបងហ ញថេបី  ែចកមនិដច់នងឹ  េនះ  
 ែចកដច់នឹង  ជនិចចរគប់  ។ 
80)េគឲយរតេីកណ មួយ ។ ចំណុច  និង  សថិតេនេលី 
  បនទ ត់ េដយដឹងថបនទ ត់  និង  រសបេទនឹងបនទ ត់ 
  ប៉ះនងឹរងវង់ចរកឹេរកៃនរតីេកណ  រតង់  និង  េរៀងគន   

 ចូររសយថ   ?  

81)េគឲយចំនួន   និង    

 ចូររសយថ  ជកេររបកដៃនចនួំនគត់មួយ ។ 

82)េគឲយ ,a b  និង n  ជចំនួនគត់ែដល 
2 2

2
a b

n
++++ ====   ។ 

 ចូរបងហ ញថ 2 2n c d= += += += +  ចំេពះ c  និង d  ជចំនួនគត់ ។ 

ABC BC a,AC b,AB c= = == = == = == = =

P 2 2 2a.PA b.PB c.PC+ ++ ++ ++ +

1 2 n0 a a ... a≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤ 1 2 n0 b b ... b≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤
n n n

i i i i
i 1 i 1 i 1

1 1 1
a b a b

n n n= = == = == = == = =

            
× ≤× ≤× ≤× ≤                        

            
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

1xy yz zx+ + ++ + ++ + ++ + + , ,x y z IN∈∈∈∈

n 3 23 3 1n n+ ++ ++ ++ +

13 n IN∈∈∈∈

ABC D E

BC AD AE

ABC B C
2BE AB

CD AC
    ====     
    

444...444
2

x
n

====��������������������
elxelxelxelx

888...888y
n

====��������������������
elxelxelxelx

2 4x y+ ++ ++ ++ +
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83)េគឱយបីចំនួនពិតមនិអវជិជមន  និងមនិសូនយរពមគន ពីរ ។ 
  ចូររសយបញជ ក់ថ ៖ 

     
84)ក)ចូរកំណត់ចំនួនគត់វជិជមនដបូំងេគជកេររបកដេហយីមន 
  េលខបីខទង់ចុងេរកយសុទឋែតជេលខ  ។ 
 ខ)ចូរកំណត់រគប់ចំនួនគត់ទងំអស់ែដលជកេររបកដេហយី 
 មនេលខបខីទង់ចុងេរកយសុទឋែតជេលខ  ។ 
 គ)ចូរទញបងហ ញថគម នចំនួនគត់ជកេររបកដែដលមនេលខ 
 បួនខទង់ចុងេរកយសុទឋែតជេលខ  េទ ។ 
85)េគឲយ   និង  ជចំនួនគត់វជិជមនកនុងរបពនឋ័ 
 េដសីុម៉ល់ ែដល  និង  ។ 
 ក)ចូរបងហ ញថ  មិនអចជចនួំនគត់ ។ 
 ខ)ចូរកំណត់រគប់ចំនួនគត់  និង  េដយដឹងថ   
 គ)ចូរកំណត់គូ  េដយដឹងថ  ជចនួំនគត់ធំជងេគ ។ 
86)េគឱយរតេីកណ  មួយ ។ េគតង ជផចិតៃនរងវង់ចរកឹកនុង 
  រតីេកណេនះ ។ កនលះបនទ ត់ពុះកនុងៃនមុំ កត់រជងុ 
  ឈមេរៀងគន រតង់   ។ 

  ចូររសយថ      ។ 

c,b,a

2 2 2

1 1 1 9
(ab bc ca)

(a b) (b c) (c a) 4
    + + + + ≥+ + + + ≥+ + + + ≥+ + + + ≥    + + ++ + ++ + ++ + +    

4

4

4

x abcabc==== 00y d d====

, , , {1,2,3,...,9}a b c d ∈∈∈∈ 0 , 0d a≠ ≠≠ ≠≠ ≠≠ ≠

x

x y x y++++ IN∈∈∈∈

( , )x y xy

ABC I

A , B , C

A' , B' , C'

1 AI.BI.CI 8
4 AA'.BB'.CC' 27

< ≤< ≤< ≤< ≤
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87)េគឲយបីចំនួនពិតវជិជមន a ,b ,c  ។ ចូររសយបញជ ក់ថ ៖ 

 2 2 2 2 2 2

a b c 3

2 2b c 2bc c a 2ca a b 2ab
+ + ≥+ + ≥+ + ≥+ + ≥

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
   

88)េគឲយបីចំនួនពិតវជិជមន a ,b ,c  ។ ចូររសយបញជ ក់ថ ៖ 

 
n

2 2 2
a b c n ab bc ca n 3

b c c a a b 2 2a b c

+ + ++ + ++ + ++ + ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + ++ + ++ + ++ + + + ++ ++ ++ +

   

  ែដល n 2 , n IN≥ ∈≥ ∈≥ ∈≥ ∈   ។ 
89)ចូរកំណត់រគប់អនុគមន៍ f : Q Q+ ++ ++ ++ +→→→→  េដយដឹងថ ៖ 

 
y f (y)

f (x ) f (x) 2y
x f (x)

+ = + ++ = + ++ = + ++ = + +  ចំេពះរគប់ x,y Q++++∈∈∈∈  ។ 

90)េគតង  ជផចិតៃនរងវង់ចរកឹកនុងរតីេកណ  មួយ ។  
  ឧបមថរងវង់ចរកឹកនុងរតេីកណ  ប៉ះរជុងទងំប ី
   េរៀងគន រតង់  ។ បនទ ត់មួយគូស 
  េចញពចីំនុច  រសបនឹង កត់ និង េរៀងគន  
  រតង់  និង   ។   ចូររសយថ  ជមុំរសួច  ។ 
91)ចូររសយថ 3 2 1n

nA n= − −= − −= − −= − −  ែចកដច់នឹង 4 ចំេពះរគប់ចំនួន 
 គត់វជិជមន n  ។ 
92)េបី 1p  និង 2p  ជចំនួនបឋមេសសេផសងគន េនះបងហ ញថ ៖ 

 (((( ))))4

1 2 1 1N p p= + −= + −= + −= + −  យ៉ងតចិមន4តួែចកបឋមេផសងគន  ។ 
93)ចូរបងហ ញថ 3

cot 4cos 11
22 22
π ππ ππ ππ π− =− =− =− =   ។ 

 

I ABC

ABC

[BC],[CA],[AB] K ,L ,M

B (MK) (LM) (LK)

R S RIS∠∠∠∠
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94)េគឲយ , ,x y z  ជចំនួនពិតវជិជមន ។ ចូររសយបញជ ក់វសិមភព ៖ 

 
2 2 2

3 3 3
12

x z y x z y

y z xxyz xyz xyz

                    
+ + + + + ≥+ + + + + ≥+ + + + + ≥+ + + + + ≥                                        

                    
 

95)េគឲយអនុគមន៍ :f IR IR→→→→  ែដលចំេពះរគប់ ,x y IR∈∈∈∈  េគមន 

 (((( ))))3 2 2( ) 2 (3 ( ) ) ( )f x y y f x y f y f x− + + = +− + + = +− + + = +− + + = +   ។ 
 ចូរកំណត់អនុគមន៍ f   ។ 
96)គណនតៃមល sin39 sin69 sin183 sin213o o o oS = + + += + + += + + += + + +  ។ 

97)េគឲយរតីធ 2( )f x ax bx c= + += + += + += + +  េផទៀងផទ ត់ 
(5) 5

(55) 5555

(555) 555555

f

f

f

====
 ====
 ====

  

 ចូររសយបញជ ក់ថ 
( ) (2 )

(555...555) 555...555
n n

f ====����� ���������� ���������� ���������� �����  ។ 

98)េគឲយ P  ជចំណុចមួយេនកនុងរតីេកណ ABC   េហយី ,D E  
  និងF ជេជីងៃនចេំណលែកងៃន P េលីរជុង , ,BC CA AB េរៀងគន  
 ចូររសយថ 

(((( )))) (((( )))) (((( ))))
2 2 2

2 2 2 3
PA PB PC

PE PF PF PD PD PE
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
  

99)សមីករ 2 2013 0x x q− + =− + =− + =− + =  មនឬសពីរαααα  និង ββββ  ជចំនួនពិត។ 
  េគដងឹថ  ។ ចូរកណំត់តៃមល  ? 
100)េគឲយ  ជបចីំនួនពិតែដល 2 2 2 1a b c+ + =+ + =+ + =+ + =   ។ 

  ចូររសយថ 
2 2 2 3

1 2 1 2 1 2 5
a b c

bc ca ab
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
  ។ 

 

3 3 22013α βα βα βα β+ =+ =+ =+ = q

, ,a b c
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101)េគឲយរតីេកណ  មួយមនរជងុ  
  និង  ។  និង  ជពីរចំណុចសថិតេនេលីអងកត់  
  ែដល  និង  ។ ចូរគណនរងវ ស់ៃនមុំ DAE∠∠∠∠   ?  
102)បនទ ត់េសវពីរ  និង ខុសគន ៃន   ែដល 
  េផទៀងផទ ត់សមីករ 2 2 2( )AQ AP AC AB= + −= + −= + −= + −    
 បងហ ញថ AP  ជកនលះបនត ត់ពុះកនុងៃនមុំ BAC∠ ⇔∠ ⇔∠ ⇔∠ ⇔   ។ 
103)េគឲយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច ចរកឹកនុងរងវង់ផចិត 
 O  ក ំ R  ។ បនទ ត់ ( ),( ),( )AO BO CO  កត់រងវង់ចរកឹេរក OBC∆∆∆∆  
 ,OAC OAB∆ ∆∆ ∆∆ ∆∆ ∆  ជថមីេរៀងគន រតង់ចំណុច , ,K L M   ។ 
 ចូររសយថ 3. . 8OK OL OM R≥≥≥≥   

104)ចូររសយបញជ ក់ថ    ជរបភគសរមួលមិនបន 
 រគប់ចំនួនគត់ធមមជតិ  ។ 
105)ចូរកំណត់រគប់ចំនួនពិត p  េដមបឲីយសមីករ ៖ 

 3 2 4 3 2 32 ( 1) ( 4 1) 3 0x p p x p p x p− + + + − − =− + + + − − =− + + + − − =− + + + − − =  មនឬសបី 
 េផសងគន បងកីតបនជរងវ ស់រជុងៃនរតីេកណែកងមួយ ។ 
106)េគឲយ , ,a b c IR∈∈∈∈  ។ េប ី 2| | 1ax bx c+ + ≤+ + ≤+ + ≤+ + ≤  រគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −   

 ចូររសយថ 2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤  ចំេពះរគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  ។ 
107)ចូរបងហ ញថចំេពះរគប់ចំនួនគត់វជិជមន  តៃមលៃនកេនសម ៖ 

  ែចកដច់នងឹ  ។ 

ABC 20 , 21AB AC= == == == =

29BC ==== D E [[[[ ]]]]BC

8BD ==== 9EC ====

AP AQ ABC∆∆∆∆

AB AC≠≠≠≠

BP CQ====

21n 4
14n 3

++++
++++

n

n
4 1 22 2 1n n

nA ++++= − −= − −= − −= − − 9
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េរៀបេរៀងេដយ លឹម ផលគុន 19 

 

108)ចូរបងហ ញថ 3 3 3512 675 720+ +  មិនែមនជចំនួនបឋម ។ 
109) េគឲយសវុ ីតៃនចំនួនពតិ ( )nu  កំណត់េដយ 1 21 , 5u u= =   

  និង 
2

1
2

4n
n

n

u
u

u
+

+
+=   ែដល n IN∈   ។ 

    ចូររសយថរគប់តួៃនសវុ ីត( )nu សុទឋែតជចំនួនគត់ រចួគណនតួ 
    ទូេទ nu  ៃនសវុ ីតជអនុគមន៍ៃន n  ។ 

110)េគឲយ , ,a b c  ជបីចំនួនពិតេផទៀងផទ ត់ទំនក់ទំនង   
       3 3 3 4 4 4a b c a b c+ + = + +   ។  ចូររសយបញជ ក់ថ  
       

2 3 3 3 2 3 3 3 2
1

a b c

a b c a b c a b c
+ + ≥

+ + + + + +
  ។ 

111)រងវង់ចរកឹកនុងៃនរតេីកណ ABC  មួយប៉ះរជុង ,BC CA  និង AB   
       េរៀងគន រតង់ ,K L  និង M   ។ 

  ចូររសយបញជ ក់ថ 3

2

AL BM CK

AB BC CA
+ + ≤   ។ 

 
����� 
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េរៀបេរៀងេដយ លឹម ផលគុន 21 

 

លហំត់ទី០១ 

េគឲយអនុគមន៍ :f IN IR→  េដយដឹងថរគប់ x IN∈  េគមន 

(1) 2013f =  និង (2 ) 2 ( ) 2013f x f x= −   ។   
ចូរគណនតៃមល 2013(2 )f   ? 
 
 

ដំេណះរសយ 

គណន 2013(2 )f  

េគមន (2 ) 2 ( ) 2013f x f x= −   រគប់ x IN∈  

េរជីសេរសី 12kx −=   រគប់ k IN∈  េគបន ៖ 

( ) ( )12 2 2 2013k kf f −= −  ឬ ( ) ( )1

1

2 2 2013

2 2 2

k k

k k k

f f −

−− = −   

េគបន ( ) ( )12013 2013

1
1 1

2 2 2013

2 2 2

k k

k k k
k k

f f −

−
= =

 
 − = −
 
 

∑ ∑  

                     
2013 2013

2013

1
1

(2 ) 1 2(1) 2013
122 1
2

f
f

−
− = − × ×

−
 

                     
2013

2013 2013

(2 ) 2013
2013 2013

2 2

f − = − +   
ដូចេនះ 2013(2 ) 2013f =   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 22 

 

លហំត់ទី០២ 

េគឲយអនុគមន៍ f  កណំត់េដយ 
2

8 7
( )

2 2 1

x
f x

x x

+=
+ +

 

ក)រគប់ 0x >  រសយថ 9
( )

2 1
f x

x
≤

+
 ។ 

ខ)េបី , ,a b c  ជរងវ ស់រជុងៃនរតីេកណមួយេនះចូររសយថ៖ 

9
a b c

f f f
b c a c a b a b c
     + + ≤     + − + − + −     

 

 
 

ដំេណះរសយ 

ក)រគប់ 0x >  រសយថ 9
( )

2 1
f x

x
≤

+
  

េគមន 
2

9 8 7 9
( )

2 1 2 12 2 1

x
f x

x xx x

+− = −
+ ++ +

 

                             

2

2

2

2

(8 7)(2 1) 9(2 2 1)

(2 1)(2 2 1)

2( 1)
0 0

(2 1)(2 2 1)

x x x x

x x x

x
x

x x x

+ + − + +=
+ + +

−= − ≤ ∀ >
+ + +

 

េរពះ 22( 1) 0 , (2 1)(2 2 1) 0 0x x x x x− ≥ + + + > ∀ >  ។ 

ដូចេនះ  9
( )

2 1
f x

x
≤

+
រគប់ 0x >  ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 23 

 

ខ) រសយថ
9

a b c
f f f

b c a c a b a b c
     + + ≤     + − + − + −     

  

េបី , ,a b c  ជរងវ ស់រជុងៃនរតីេកណមួយេនះ 
0

0

0

b c a

c a b

a b c

+ − >
 + − >
 + − >

 

េដយេគមន 9
( )

2 1
f x

x
≤

+
រគប់ 0x >  (សរមយខងេលី) 

េគបន 9 9( )
(1)

2
a b c a

f
ab c a b c a

b c a

+ −  ≤ = + − + + 
+ −

 

ដូចគន ែដរ 9( )
(2)

b c a b
f

c a b c a b

+ −  ≤ + − + + 
 

និង         9( )
(3)

c a b c
f

a b c a b c

+ −  ≤ + − + + 
 

បូកវសិមភព (1) , (2) និង (3) េគបន ៖ 

9
a b c

f f f
b c a c a b a b c
     + + ≤     + − + − + −     

 ពិត  

េរពះ 9( ) 9( ) 9( )
9

b c a c a b a b c

b c a a b c a b c

+ − + − + −+ + =
+ + + + + +

  ។ 

សមភពេកតីមនកលណ 1x =  េនះ 
2

2

2

a b c

b c a

c a b

= +
 = +
 = +

 

នឲំយ a b c= =  េនះវជរជុងៃនរតីេកណសមងស ័។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 24 

 

 

លហំត់ទី០៣  (India National Olympiad 2013) 

េគឲយ , , , , ,a b c x y z  ជរបមួំយចំនួនពិតវជិជមនេផទៀងផទ ត់ 

x y z a b c+ + = + +   និង xyz abc=  ។ 

សនមតថ a x y z c≤ < < ≤   និង a b c< <  ។ 

ចូររសយថ ,x a y b= =   និង z c=  
 
 

ដំេណះរសយ 

េដយ a x y z c≤ < < ≤   េនះ 1
c

z
≥   និង 1

a

x
≤   

េដយ xyz abc=  តមវសិមភព AM-GM េគបន  

33 3
c b a abc

z y x xyz
+ + ≥ =  េគទញ 1 1 , 3 0

c c b a

z z y x
− ≥ + + − ≥   

េហយីេដយ 1 0
a

x
− ≥ េនះ  2 1 0

c b a

z y x
+ − ≥ − ≥  ។ 

 ( ) ( )T a b c x y z= + + − + +  

      
( ) ( )

1 1 1

3 2 1 0

a b c
x y z

x y z

c b a c b c
x y x z y

z y x z y z

    = − + − + −    
    

     = + + − + − + − + − − ≥     
    

 

េដយ a b c x y z+ + = + +  នឲំយ 0T =  េនះវសិមភពពិត 

លុះរតែត , ,a x b y c z= = =   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 25 

 

 

លហំត់ទី០៤(India National Olympiad 2013) 

េគឲយ , , ,a b c d IN∈   េដយដឹងថ a b c d≥ ≥ ≥  ។ 

ចូរបងហ ញថសមកីរ 4 2 2 0x ax bx cx d− − − − =  គម នឬស 

ជចំនួនគត់ ។ 
 
 

ដំេណះរសយ 

តង 4 3 2( )f x x ax bx cx d= − − − −  

ឧបម α  ជឬសគត់វជិជមនៃន ( ) 0f x =  េនះ ( ) 0f α =  

េគបន  4 3 2 0a b c dα α α α− − − − =  

ឬ         3 2( )d a b c dα α α α= + + +  េនះ | dα   
នឲំយ (*)dα ≤    
េដយ 3 4 3 2( ) 0a a b c dα α α α α α− = − = + + >  េនះ aα >  

េដយ a b c d≥ ≥ ≥   េនះ dα >  ផទុយពីករពិត (តម(*)  ) 

សរមយបញជ ក់េនះមនន័យថសមីករ ៖ 
4 2 2 0x ax bx cx d− − − − =  គម នឬសជចំនួនគត់ ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 26 

 

 

លហំត់ទី០៥(India National Olympiad 2013) 

ចូរកំណត់រគប់ចនួំនគត់វជិជមន ,m n  និងចំនួនបឋម 5p ≥  

ែដលេផទៀងផទ ត់ 2(4 12) 3( 1)nm m m p+ + = −   ។ 
 
 

ដំេណះរសយ 

កំណត់រគប់ចនួំនគត់វជិជមន ,m n  និងចនួំនបឋម 5p ≥  

េគមន 2(4 12) 3( 1)nm m m p+ + = −    
សមមូល 3 24 12 3 3 nm m m p+ + + =  

សមមូល 2(4 1)( 3) 3 (*)nm m p+ + =  

េនះេគទញ 3 | 4 1m +  ឬ 23| 3m +   
ករណីទី១ ៖    3 | 4 1m +   

េគបន 
2

4 1 3

3

m p

m p

α

β

 + =


+ =
  ែដល , ,n INα β α β+ = ∈  

េគមន 2 24 1 3 ( 2) 3m m m p pα β+ + + = + = +  

េនះ | 2p m +  នឲំយ 2 (mod )m p≡ −  

នឲំយ 2 3 7 (mod )m p+ ≡  ែត 2 3 0 (mod )m p pβ+ = ≡  

េគទញ | 7p   េនះ 7p =  

េគបន 4 1 3 7m α+ = ×   ឬ  3 7 1

4
m

α× −=  

េដយ 2 3 7m pβ β+ = =  
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េរៀបេរៀងេដយ លឹម ផលគុន 27 

 

េគបន 
2(3 7 1)

3 7
16

α
β× − + =  

សមមូល 29 7 6 7 49 16 7α α β× − × + = ×  

-េបី 1α =  េគបន 29 7 6 7 49 16 7β× − × + = ×  

ឬ 16 7 8β× =   (គម នឬសកនុង IN  ) 

-េបី 2α ≥ សមីករសមមូល  29 7 (7 6) 1 16 7α α β−× − + = ×   
ជសមីករគម នចេមលីយកនុងសំណំុ IN  េរពះចំេពះរគប់ 2α ≥   
អងគទមួីយៃនសមកីរែចកមិនដច់នងឹ 7 េហយីអងគទីពរីែចកដច់ 

នឹង 7 ។ 

ករណីទី២ ៖   23| 3m +  

េគបន 
2

4 1

3 3

m p

m p

α

β

 + =


+ =
  ែដល , ,n INα β α β+ = ∈  

េគមន 2 24 1 3 ( 2) 3m m m p pα β+ + + = + = +  

េនះ | 2p m +  នឲំយ 2 (mod )m p≡ −  

នឲំយ 2 3 7 (mod )m p+ ≡  ែត 2 3 0 (mod )m p pβ+ = ≡  

េគទញ | 7p   េនះ 7p =  

េគបន 4 1 7m α+ =   ឬ  7 1

4
m

α −=   

េដយ 2 3 3 3 7m pβ β+ = = ×   េនះ 
2

7 1
3 3 7

4

α
β − + = × 

 
 

សមមូល 27 2 7 49 48 7α α β− × + = ×  
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េរៀបេរៀងេដយ លឹម ផលគុន 28 

 

-េប ី 1α =  េនះ 27 14 49 7 16 48 7β− + = × = ×  

ឬ 7
7

3
β =   (ជសមីករគម នឬស)  

-េបី 2α =  េនះ 4 2 27 2 7 49 7 48 48 7β− × + = × = ×   

េគទញ 2β =  េហយី 
27 1

12 , 2 2 4
4

m n
−= = = + =  ។ 

-េបី 2α >  េគបន ( )2 27 7 7 2 1 48 7α α β− − + = ×
 

 

ឬ ( )2 27 7 2 1 48 7α α β− −− + = ×   ជសមីករគម នឬសកនុង IN  

េរពះអងគទមួីយែចកមនិដច់នឹង7រគប់ 2α >  ។ 

សរុបមកេគបន 2 , 2α β= =   និង 2 2 4n = + =  

ដូចេនះ 12 , 2 , 7m n p= = =   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 29 

 

លហំត់ទី០៦ 

េគឲយ a  និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   ។  
ចូរបងហ ញថ ab ជឬសៃន 6 4 3 2Q(x) x x x x 1= + + − −= + + − −= + + − −= + + − −  
 

ដំេណះរសយ 

បងហ ញថ ab ជឬសៃន Q(x) 
តង S a b= += += += +   និង P ab====   េនះ a  និង bជឬសៃនសមីករ  

2x Sx P 0− + =− + =− + =− + =  ។ 
េដយ a  និង b  ជឬសៃន 4 3P(x) x x 1= + −= + −= + −= + −   េនះេគអចដក់ 

2x Sx P− +− +− +− +  ជកតត រមួកនុង P(x) ។ េគអចសរេសរ ៖ 
4 3 2 2x x 1 (x Sx P)(x cx d)+ − = − + + ++ − = − + + ++ − = − + + ++ − = − + + +  

                

2 2

2 2

2 2

1 S
P( x x 1)(x cx d)

P P
1 S

( x x 1)(Px Pcx Pd)
p P

1
( x ux 1)(px vx w)
p

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

= − + + += − + + += − + + += − + + +

 

ែដល S
u , v Pc , w Pd

P
= = == = == = == = =   ។ 

តមសមភពខងេលីេនះេគទញបន w 1= −= −= −= −  ។ 

េគទញបន 4 3 2 21
x x 1 ( x ux 1)(px vx 1)

p
+ − = − + + −+ − = − + + −+ − = − + + −+ − = − + + −  
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េរៀបេរៀងេដយ លឹម ផលគុន 30 

 

4 3 4 3 2v 1
x x 1 x ( up)x (p uv)x (u v)x 1

p p
+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −+ − = + − + − − + + −  

េគទញ 

v
uP 1 (1)

P
1

P uv 0 (2)
P

u v 0 (3)

 − =− =− =− =

 − − =− − =− − =− − =


+ =+ =+ =+ =


 

តម (1) នងិ (3) េគទញបន 2

P
v u , u

1 P
= − = −= − = −= − = −= − = −

++++
 

ទំនក់ទនំង (2) េទជ 
2

2 2

1 P
P 0

P (1 P )
− + =− + =− + =− + =

++++
 

នឲំយ 6 4 3 2P P P P 1 0+ + + − =+ + + − =+ + + − =+ + + − =   មនន័យថ P ab====   
ជឬសរបស់ពហុធ 6 4 3 2Q(x) x x x x 1= + + + −= + + + −= + + + −= + + + −   ។ 
ដូចេនះេបី a  និង bជឬសៃន P(x) េនះ abជឬសៃនQ(x) ។ 
 
សមគ ល ់៖  ចំនួន λλλλ  ជឬសរបស់ពហុធ  

2
0 1 2

0

( ) ...
n

k n
k n

k

P x a x a a x a x a x
====

= = + + + += = + + + += = + + + += = + + + +∑∑∑∑   

លុះរតែតវេផទៀងផទ ត់សមីករ ( ) 0P x ====  េពលគឺ ៖ 
2

0 1 2
0

( ) ... 0
n

k n
k n

k

P a x x xλ λ λ λ λ λλ λ λ λ λ λλ λ λ λ λ λλ λ λ λ λ λ
====

= = + + + + == = + + + + == = + + + + == = + + + + =∑∑∑∑  ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 31 

 

លហំត់ទី០៧ 

ចូរបងហ ញថ 1
tan10 3

sin40
o

o+ =+ =+ =+ =   ។ 
 
ដំេណះរសយ 

បងហ ញថ 1
tan10 3

sin40
o

o+ =+ =+ =+ =    

ឧបមថ 1
tan10 3

sin40
o

o+ =+ =+ =+ =   ពិត 

សមមូល sin10 1
3

cos10 sin40

o

o o+ =+ =+ =+ =  
សមមូល sin40 sin10 cos10 3sin40 cos10o o o o o+ =+ =+ =+ =  

(((( )))) (((( ))))1 3
cos30 cos50 cos10 sin50 sin 30

2 2
o o o o o− + = +− + = +− + = +− + = +  

1 3 3 1
cos50 cos10 sin50

2 2 2 2
o o o

         − + = +− + = +− + = +− + = +         
        

 

3 1 3 3
cos50 cos10 sin50

4 2 2 4
o o o− + = +− + = +− + = +− + = +  

1 3
cos10 cos50 sin50

2 2
o o o= += += += +  

cos10 cos60 cos50 sin60 sin50o o o o o= += += += +   
cos10 cos(60 50 )o o o= −= −= −= −  ពិត 
ដូចេនះ 1

tan10 3
sin40

o
o+ =+ =+ =+ =   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 32 

 

លហំត់ទី០៨ 

េគឲយបីចំនួនពិតវជិជមន a ,b ,c  ។ ចូររសយបញជ ក់ថ ៖ 

2 2 2

a b c ab bc ca 5
b c c a a b a b c 2

+ ++ ++ ++ ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + + + ++ + + + ++ + + + ++ + + + +

  ។ 

 
ដំេណះរសយ 

បងហ ញថ  2 2 2

a b c ab bc ca 5
b c c a a b a b c 2

+ ++ ++ ++ ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + + + ++ + + + ++ + + + ++ + + + +

  ។ 

េដយេរបវីសិមភព Cauchy-Schwarz េយងីបន ៖ 
2 2 2 2 2

cyc cyc

a a (a b c) a b c
1

b c a(b c) 2(ab bc ca) 2(ab bc ca)
+ + + ++ + + ++ + + ++ + + += ≥ = += ≥ = += ≥ = += ≥ = +

+ + + + + ++ + + + + ++ + + + + ++ + + + + +∑ ∑∑ ∑∑ ∑∑ ∑  

តមវសិមភព AM-GM េគមន ៖ 
2 2 2

2 2 2 2 2 2

a b c ab bc ca ab bc ca
3

ab bc ca a b c a b c
+ + + + + ++ + + + + ++ + + + + ++ + + + + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + ++ + + + + ++ + + + + ++ + + + + +

 

ឬ 
2 2 2

2 2 2

a b c ab bc ca 3
2(ab bc ca) a b c 2

+ + + ++ + + ++ + + ++ + + ++ ≥+ ≥+ ≥+ ≥
+ + + ++ + + ++ + + ++ + + +

 

េគទញ 2 2 2
cyc

a ab bc ca 3 5
1

b c a b c 2 2
+ ++ ++ ++ ++ ≥ + =+ ≥ + =+ ≥ + =+ ≥ + =

+ + ++ + ++ + ++ + +∑∑∑∑  

ដូចេនះ 2 2 2

a b c ab bc ca 5
b c c a a b a b c 2

+ ++ ++ ++ ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + + + ++ + + + ++ + + + ++ + + + +

  ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 33 

 

លហំត់ទី០៩ 

ចូរកំណត់រគប់អនុគមន៍ f : IR IR→→→→  េដយដឹងថ ៖ 
f (x)f (y) f (xy) x y= + += + += + += + +  ចំេពះរគប់ x,y IR∈∈∈∈  ។ 
 
 

ដំេណះរសយ 

កំណត់អនុគមន៍ f  
េគមន f (x)f (y) f (xy) x y= + += + += + += + +   (1) 
យក x y 0= == == == =  ជួសកនុង (1) េគបន 2f (0) f (0)====  
នឲំយ f (0) 0====  ឬ f (0) 1====   ។ 
យក y 0====  ជួសកនុង (1) េគបន f (x).f (0) f (0) x= += += += +  
-ចំេពះ f (0) 0====  េគបន f (x) 0 x× =× =× =× =  (មិនអច) 
-ចំេពះ f (0) 1====  េគបន f (x) 1 x= += += += +  
-យក f (x) x 1= += += += +  ជួស (1)េគបន ៖ 
(x 1)(y 1) (xy 1) x y+ + = + + ++ + = + + ++ + = + + ++ + = + + + BtiBtiBtiBti  
ដូចេនះ f (x) x 1= += += += +   ។ 
 

����� 
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េរៀបេរៀងេដយ លឹម ផលគុន 34 

 

លហំត់ទី១០ 

កនុងេតរតែអ៊ត ABCD  មួយមន o90BDC ====∠∠∠∠  េហយីេជងី 
ៃនចេំណលែកងពី D  េទបលង់ )ABC(  ជរបសពវៃនកមពស់ៃន 

ABC∆∆∆∆ ។ 
ចូររសយថ )CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++   
េតីេពលណេទបីេយងីបនសមភព ? 
 
ដំេណះរសយ 

រសយបញជ ក់ថ )CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++   
 
 
 
 
 
 
 
 
 
 
 

D 

H 
E 

F 
B 

C 

A 
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េរៀបេរៀងេដយ លឹម ផលគុន 35 

 

សង់កមពស់ ]CE[   និង ]BF[  ៃនរតីេកណ ABC  េហយីតង H   
ជរបសពវរវងកមពស់ៃនរតេីកណេនះ ។ 
េគមន )ABC()CED( ⊥⊥⊥⊥   និង )CE()AB( ⊥⊥⊥⊥  ែដល )CE(   
ជបនទ ត់របសពវរវងបលង់ )CED(  និង )ABC(  េនះេគទញបន 

)CDE()AB( ⊥⊥⊥⊥  េហយីេដយ )CDE()DE( ⊂⊂⊂⊂ េនះេគបន 
)DE()AB( ⊥⊥⊥⊥  នឱំយ BED∆∆∆∆  ជរតីេកណែកងរតង់ E ។ 

តមរទឹសតីបទពីតគរ ័ )1(EBDEBD 222 ++++====   
តមសមមតិកមម o90BDC ====∠∠∠∠  េនះ BDC∆∆∆∆  ជរតីេកណែកង 
រតង់ Dេគបន )2(CDBDBC 222 ++++====  
យក )1(  ជួសកនុង )2(  េគបន  2222 CDEBDEBC ++++++++====  
ែត 222 EBCEBC ++++====  េនះេគទញបន  ៖ 

22222 CDEBDEEBCE ++++++++====++++  ឬ 222 CDDECE ++++====  
នឱំយ CED∆∆∆∆  ជរតីេកណែកងរតង់ D  ។ 
េគបន  )ED()CD( ⊥⊥⊥⊥  និង )BD()CD( ⊥⊥⊥⊥   
េនះ )ABD()CD( ⊥⊥⊥⊥   េដយ )ABD()AD( ⊂⊂⊂⊂   
េនះ )AD()CD( ⊥⊥⊥⊥  នឱំយ CDA∆∆∆∆  ជរតីេកណែកងរតង់ D  ។   
រសយដូចគន ែដរេគបន )BD()AD( ⊥⊥⊥⊥   
នឱំយ ADB∆∆∆∆  ជរតីេកណែកងរតង់ D  ។  
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េរៀបេរៀងេដយ លឹម ផលគុន 36 

 

តមរទឹសតីបទពីតគរេ័គបន  









++++====

++++====

++++====

222

222

222

CDADCA

CDBDBC

BDADAB

 

េគទញ )3()CDBDAD(2CABCAB 222222 ++++++++====++++++++  
តមវសិមភព SchwarzCauchy −−−−  េគមន ៖ 

)4()CABCAB(3)CABCAB( 2222 ++++++++≤≤≤≤++++++++  
តម )4(&)3(  េគបន  ◌ៈ 

)CDBDAD(6)CABCAB( 2222 ++++++++≤≤≤≤++++++++   ពិត 
វសិមភពេនះកល យជសមភពលុះរតែត CABCAB ========  
កនុងករណីេនះេគបន ABC  ជរតីេកណសមងស ័៕ 
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េរៀបេរៀងេដយ លឹម ផលគុន 37 

 

លហំត់ទី១១ 

េគឲយ a ,b ,c ជចំនួនគត់វជិជមន ។  
ចូរបងហ ញថចនួំនបី 2 2 2a b c ,b c a ,c a b+ + + + + ++ + + + + ++ + + + + ++ + + + + +  មិនអច 
ជកេររបកដទងំអស់ ។ 
 
ដំេណះរសយ 

េបី  2 2 2a b c ,b c a ,c a b+ + + + + ++ + + + + ++ + + + + ++ + + + + +  សុទធែតជកេររបកដ 
េនះរគប់ចនួំនគត់វជិជមន a ,b ,c េគមន ៖ 

2 2

2 2

2 2

a b c (a 1)

b c a (b 1)

c a b (c 1)

 + + ≥ ++ + ≥ ++ + ≥ ++ + ≥ +


+ + ≥ ++ + ≥ ++ + ≥ ++ + ≥ +
 + + ≥ ++ + ≥ ++ + ≥ ++ + ≥ +

 

បូកវសិមីករបីេនះអងគ នងិ អងគេគបន ៖ 
2 2 2 2 2 2

2 2 2 2 2 2

a b c 2a 2b 2c (a 1) (b 1) (c 1)

a b c 2a 2b 2c a b c 2a 2b 2c 3

+ + + + + ≥ + + + + ++ + + + + ≥ + + + + ++ + + + + ≥ + + + + ++ + + + + ≥ + + + + +
+ + + + + ≥ + + + + + ++ + + + + ≥ + + + + + ++ + + + + ≥ + + + + + ++ + + + + ≥ + + + + + +

 

                                    0 3≥≥≥≥  មិនពតិ 
ដូចេនះបីចនួំន 2 2 2a b c ,b c a ,c a b+ + + + + ++ + + + + ++ + + + + ++ + + + + + មិនអចជកេរ 
របកដទងំអស់ ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 38 

 

លហំត់ទី១២ 

សមីករ 0cbxaxx 23 ====−−−−++++−−−−  មនឬបជីចំនួនពិតវជិជមន     
(មិនចបំច់ខុសគន  )។ 

ចូរកំណត់តៃមលអបបបរមែដលអចៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++   ។ 

 

ដំេណះរសយ 

កំណត់តៃមលអបបបរមែដលអចៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++

   
តង w,v,u  ជឬសរបស់សមីករ 0cbxaxx 23 ====−−−−++++−−−−  ។ 

េគបន 








====
====++++++++

====++++++++

cuvw

bwuvwuv

awvu

 

េដយ 0w,0v,0u >>>>>>>>>>>>  េនះ 0c,0b,0a >>>>>>>>>>>>  

a3ab2b

c3bac2abb
b
c

ba23
cba1

2

2

++++++++
−−−−++++−−−−++++====−−−−

++++++++
++++++++++++                                    

                        

)b3ab2b(3

c9ac6abb2
3
1

)b3ab2b(3

)c9ac6abb2()b3ab2b(

)b3ab2b(3

c9b3ac6ab3b3

2

2

2

22

2

2

++++++++
−−−−−−−−++++++++====

++++++++
−−−−−−−−++++++++++++++++====

++++++++
−−−−++++−−−−++++====
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េរៀបេរៀងេដយ លឹម ផលគុន 39 

 

តមវសិមភព GMAM −−−− េគមន  ៖ 
3 uvw3wvua ≥≥≥≥++++++++====    

និង 3 222 wvu3wuvwuvb ≥≥≥≥++++++++====  
េគបន c9uvw9ab ====≥≥≥≥  ឬ (*)0c9ab ≥≥≥≥−−−−  
ម៉យងេទៀតេគមន ៖ 

                        

)3(vwu
2

vuwu

)2(uvw
2

wuwv

)1(wuv
2

wvvu

2
2222

2
2222

2
2222

≥≥≥≥++++

≥≥≥≥++++

≥≥≥≥++++

 

បូកវសិមភព )3(,)2(,)1(  េគបន  ៖ 
)wvu(uvwuwwvvu 222222 ++++++++≥≥≥≥++++++++  

ែថមអងគទងំពីរនងឹ )wvu(uvw2 ++++++++  េគបន 
)wvu(uvw3)wuvwuv( 2 ++++++++≥≥≥≥++++++++  

ឬ ac3b2 ≥≥≥≥   ឬ (**)0ac6b2 2 ≥≥≥≥−−−−  
បូកវសិមភព (**)&(*)  េគបន 0c9ac6abb2 2 ≥≥≥≥−−−−−−−−++++  

េហតុេនះ 3
1

)b3ab2b(3

c9ac6abb2
3
1

2

2

≥≥≥≥
++++++++

−−−−−−−−++++++++   

ឬ 
3
1

b
c

ba23
cba1 ≥≥≥≥−−−−

++++++++
++++++++++++

 ។ 

ដូចេនះតៃមលអបបបរមៃន 
b
c

ba23
cba1 −−−−

++++++++
++++++++++++  គឺ 3

1   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 40 

 

លហំត់ទី១៣ 

េដះរសយរបពនឋ័សមីករ  
3

3

3

3 4

2 6 6

3 9 8

x y x

y z y

z x z

 + = ++ = ++ = ++ = +


+ = ++ = ++ = ++ = +
 + = ++ = ++ = ++ = +

  

 ែដល , ,x y z IR∈∈∈∈  
 
ដំេណះរសយ 
កំណត់រគប់ចេមលយីពិត , ,x y z  ៖ 

េគមន 
3

3

3

3 4

2 6 6

3 9 8

x y x

y z y

z x z

 + = ++ = ++ = ++ = +


+ = ++ = ++ = ++ = +
 + = ++ = ++ = ++ = +

   

តមសមីករ 3 3 4x y x+ = ++ = ++ = ++ = +  េគបន 3 3 2 2x x y− − = −− − = −− − = −− − = −  
េដយ 3 23 2 ( 2)( 1)x x x x− − = − +− − = − +− − = − +− − = − +   
េនះ 2( 2)( 1) 2 ( )x x y i− + = −− + = −− + = −− + = −   
តមសមីករ 32 6 6y z y+ = ++ = ++ = ++ = +  េគបន 32 6 4 2y y z− − = −− − = −− − = −− − = −  
ែត 3 22 6 4 2( 2)( 1)y y y y− − = − +− − = − +− − = − +− − = − +   
េនះ 22( 2)( 1) 2 ( )y y z ii− + = −− + = −− + = −− + = −   
តម 33 9 8z x z+ = ++ = ++ = ++ = +  េគបន 23( 2)( 1) 2 ( )z z x iii− + = −− + = −− + = −− + = −  
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គុណសមីករ ( ),( ) &( )i ii iii  េគបន ៖ 
2 2 26( 2)( 2)( 2)( 1) ( 1) ( 1) ( 2)( 2)( 2)x y z x y z x y z− − − + + + = − − − −− − − + + + = − − − −− − − + + + = − − − −− − − + + + = − − − −  

2 2 2 1
( 2)( 2)( 2) ( 1) ( 1) ( 1) 0

6
x y z x y z

    − − − + + + + =− − − + + + + =− − − + + + + =− − − + + + + =        
  

េដយ 2 2 2 1
( 1) ( 1) ( 1) 0

6
x y z

    + + + + >+ + + + >+ + + + >+ + + + >        
 េនះសមកីរសមមូល 

( 2)( 2)( 2) 0x y z− − − =− − − =− − − =− − − =   នឲំយ 
2

2

2

x

y

z

====
 ====
 ====

 

ដូចេនះ 2x y z= = == = == = == = =  ជចេមលយីែតមួយគត់របស់របពនឋ័សមីករ។ 
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លហំត់ទី១៤ 

េគមន P ជចំនុចមួយេនកនុងរតេីកណ ABC  ។ តង D,E 
និង F  ជចំនុចរបសពវរវង (AP),(BP),(CP) ជមួយរជុង 
ឈមៃនមុំ A ,B  និង C េរៀងគន  ។  
ចូរកំណត់ចំនុចPែដលអចឲយៃផទរកលៃនរតីេកណDEF  
មនតៃមលធំបផុំត។ 
 
ដំេណះរសយ 

កំណត់ចំនុច P 
 
 
 
 
 
 
តង BC a , AC b , AB c ,BD x , CE y ,AF z= = = = = == = = = = == = = = = == = = = = =  
េគបន DC a x , EA b y , FB c z= − = − = −= − = − = −= − = − = −= − = − = −   ។ 
ៃផទរកឡៃនរតីេកណ DEF  កំណត់េដយ ៖ 

DEF ABC AFE BDF CEDS S (S S S )= − + += − + += − + += − + +  
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េដយ AFE

ABC

S AF.AE z(b y)
S AB.AC bc

−−−−= == == == = ឬ AFE ABC
(b y)z

S S
bc
−−−−====  

េហយី BDF ABC CDE ABC
x(c z) (a x)y

S S ; S S
ac ab
− −− −− −− −= == == == =  

េនះ DEF ABC
z(b y) x(c z) y(a x)

S [1 ].S
bc ca ab
− − −− − −− − −− − −= − − −= − − −= − − −= − − −  

តង x y z
u , v ,w

a b c
= = == = == = == = =  ែដល (0 u, v,w 1)< << << << <  

េគបន DEF ABCS [1 w(1 v) u(1 w) v(1 u)]S= − − − − − −= − − − − − −= − − − − − −= − − − − − −  
ឬ DEF ABCS [1 (u v w) (uv vw wu)].S= − + + + + += − + + + + += − + + + + += − + + + + +  
តមរទឹសតីបទ Ceva េគមន AF.BD.CE FB.DC.EA====  
េគបន xyz (a x)(b y)(c z)= − − −= − − −= − − −= − − −  

ឬ  x y z x y z
. . (1 )(1 )(1 )

a b c a b c
= − − −= − − −= − − −= − − −  

    
uvw (1 u)(1 v)(1 w)

uvw 1 (u v w) (uv vw wu) uvw

2uvw 1 (u v w) (uv vw wu)

2(1 u)(1 v)(1 w)

= − − −= − − −= − − −= − − −
= − + + + + + −= − + + + + + −= − + + + + + −= − + + + + + −
= − + + + + += − + + + + += − + + + + += − + + + + +
= − − −= − − −= − − −= − − −

 

េគទញ DEF

ABC

S
2uvw 2(1 u)(1 v)(1 w) (*)

S
= = − − −= = − − −= = − − −= = − − −  

តមវសិមភព AM GM−−−−  េគមន ៖ 
63 1

u.v.w.(1 u)(1 v)(1 w) ( ) (**)
6 64

− − − ≤ =− − − ≤ =− − − ≤ =− − − ≤ =  
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តម (*)  និង (**)  េគទញ 
2

DEF

ABC

S 1
2.S 64

    
≤≤≤≤    

    
 

នឲំយ DEF ABC
1

S S
4

≤≤≤≤   ។  

ដូចេនះតៃមលធំបផុំតៃន DEFS េសមីនឹង 1
4

 ៃន ABCS  ។  

កនុងករណីេនះ 1
u v w

2
= = == = == = == = =  នឲំយD,E,Fជចំនុចកណត លៃន 

BC, CA ,AB ,េនះPជទីរបជុំទមងន់ៃន ABC∆∆∆∆ ។ 
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លហំត់ទី១៥ 

ចូរកំណត់រគប់គូៃនចំនួនគត់វជិជមន )y,x(  េដយដឹងថ  
yxyx2 ++++++++  ែចកដច់នឹង 7yxy2 ++++++++    ។ 

 
ដំេណះរសយ 

កំណត់រគប់គូៃនចនួំនគត់វជិជមន )y,x(  
តង yxyxa 2 ++++++++====   និង  7yxyb 2 ++++++++====  
េបី a  ែចកដច់នឹង b េនះេគបនដូចគន  bxay −−−−  ែចកដច់នឹង b  
េគមន x7y)7yxy(x)yxyx(ybxay 222 −−−−====++++++++−−−−++++++++====−−−−  
េដយ 1x ≥≥≥≥  េនះ  22 yxy ≥≥≥≥   
នឱំយ b7yxyx7xyx7y 222 ====++++++++<<<<−−−−≤≤≤≤−−−−  ។ 
ដូចេនះ x7y2 −−−−  ែចកដច់នឹង b លុះរតែត 0x7y2 ≤≤≤≤−−−−  ។ 
ក. ករណីទី១  ៖ 0x7y2 ====−−−−  េនះ x7y2 ====    
េដយ y ជចំនួនគត់វជិជមនេនះលុះរតែត 2k7x ====   
េហយី k7y ====  រគប់ចនួំនគត់វជិជមន k  ។ 
ខ.ករណីទី២  0x7y2 <<<<−−−−   េនះ 0yx7 2 >>>>−−−−    
 េដយពិនិតយេឃញីថ x7yx7 2 <<<<−−−−   េហតុេនះេដីមបឱីយ 2yx7 −−−−  
 ែចកដច់នងឹ 7yxyb 2 ++++++++====  លុះរតែត  

7yxyyx7x7 22 ++++++++≥≥≥≥−−−−>>>>  
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េហតុេនះេគរតូវឱយ 7y2 <<<<   េនះ 1y ====  ឬ 2y ====  ។ 
-ចំេពះ 1y ====   េគបន 1x7yx7 2 −−−−====−−−−  េហយី 8xb ++++====  
េគមន  57)8x(71x7 −−−−++++====−−−−  ែចកដច់នឹង 8xb ++++====   
លុះរតែត b ជតួែចកៃន 57 ។  
េដយ 88xb >>>>++++====  េនះ 19b ====  ឬ 57b ====  
េគទញបន 11x ====   ឬ 49x ====  ។ 
ដូចេនះេគបន 1y,11x ========   ឬ  1y,49x ========  ។ 
-ចំេពះ 2y ====  េគបន 4x7yx7 2 −−−−====−−−−  េហយី 9x4b ++++====  
េដយ 1)4;9x4(GCD ====++++  េនះ 4x7 −−−−  ែចកដច់នងឹ 9x4 ++++  
សមមូល )4x7(4 −−−−  ែចកដច់នឹង 9x4 ++++  ។ 
េគមន 79)9x4(7)4x7(4 −−−−++++====−−−−   ។  
េដយ 79 ជចំនួនបថមេនះេដមីបឱីយ )4x7(4 −−−−  ែចកដច់នឹង  

9x4 ++++ លុះរតែត 799x4 ====++++   េនះ 
2
35

x ====  មិនែមនជចំនួនគត់  
ដូចេនះកនុងករណី 2y ====  គម នចេមលីយ ។ 
សរុបមកេគបនគូចេមលីយ  ៖ 

...,2,1k,})k7,k7(,)1,49(,)1,11({)y,x( 2 ====∈∈∈∈  ។ 
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លហំត់ទី១៦ 

ចូរកំណត់ែផនកគត់ៃនចនួំន 
910

23
1

1

n n====
∑∑∑∑   ។ 

 
ដំេណះរសយ 

កំណត់ែផនកគត់ៃនចំនួន 
910

23
1

1

n n====
∑∑∑∑    

ពិនិតយ 
3

3 21 1
3 3 27

n
n n n
    + = + + ++ = + + ++ = + + ++ = + + +    
    

 

និង     
3

3 21 1
3 3 27

n
n n n
    − = − + −− = − + −− = − + −− = − + −    
    

 

េហតុេនះេគបន 
3

3 21
3

n n n
    + > ++ > ++ > ++ > +    
    

  និង 
3

3 21
3

n n n
    − > −− > −− > −− > −    
    

 

េដយ 
3

3 21
3

n n n
    + > ++ > ++ > ++ > +    
    

  សមមូល 3 3 3 21
(1 )

3
n n n

n
+ > ++ > ++ > ++ > +  

សមមូល 
3

1 1
1 1

3n n
    + > ++ > ++ > ++ > +    
    

 សមមូល 3
1 1

1 1
3n n

+ > ++ > ++ > ++ > +  

សមមូល 3
1 1

3 1 1
n n

    
> + −> + −> + −> + −    

    
  

សមមូល (((( ))))3 3

23

1
3 1 (1)n n

n
> + −> + −> + −> + −  

រសយដូចគន ែដរេគបន 3
1 1

1 1
3n n

− > −− > −− > −− > −   
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សមមូល 3
1 1

3(1 1 )
n n

< − −< − −< − −< − −    

សមមូល 3 3

23

1
3( 1) (2)n n

n
< − −< − −< − −< − −  

តម (1) នងិ (2) េគទញបន ៖ 

(((( )))) (((( ))))3 3 3 3

23

1
3 1 3 1n n n n

n
+ − < < − −+ − < < − −+ − < < − −+ − < < − −   

េនះ (((( )))) (((( ))))
9 9 910 10 10

3 3 3 3

23
2 2 2

1
3 1 3 1

n n n

n n n n
n= = == = == = == = =

+ − < < − −+ − < < − −+ − < < − −+ − < < − −∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑   

        
910

9 33 3

23
2

1
3( 10 1 2) 3(10 1)

n n====

+ − < < −+ − < < −+ − < < −+ − < < −∑∑∑∑   

     
910

9 3 33 3

23
1

1
3( 10 1 2) 1 3(10 1) 1 3 10 2

n n====

+ − + < < − + = × −+ − + < < − + = × −+ − + < < − + = × −+ − + < < − + = × −∑∑∑∑  

តង 93 33( 10 1 2) 1a = + − += + − += + − += + − +   និង 33 10 2b = × −= × −= × −= × −  
េគបន 3 93 33.10 2 3( 10 1 2) 1b a− = − − + − −− = − − + − −− = − − + − −− = − − + − −  

           
3 93 3

3 933 3

3.10 3 3 10 1 3 2

3( 2 1) 3(10 10 1) 3 2 3 1

b a− = − − + +− = − − + +− = − − + +− = − − + +

= − + − + < − <= − + − + < − <= − + − + < − <= − + − + < − <
 

េនះែផនកគត់ៃន 
910

23
1

1

n n====
∑∑∑∑   គឺ 31 3 10 2 1 2997b − = × − − =− = × − − =− = × − − =− = × − − =  ។ 

ដូចេនះ 
910

23
1

1
2997

n n====

    
====    

    
∑∑∑∑   ។ 
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លហំត់ទី១៧ 

េគតង Q++++  ជសំណំុៃនចនួំនសនិទនវជិជមន ។  
ចូរកំណត់រគប់អនុគមន៍ f :Q Q+ ++ ++ ++ +→→→→  េបេីគដឹងថ  
f (x 1) f (x) 1+ = ++ = ++ = ++ = + និង 3 3f (x ) f (x)====   ចំេពះរគប់ x Q++++∈∈∈∈  ។ 
    
ដំេណះរសយ 

កំណត់អនុគមន៍ f :  
តមសមភព f (x 1) f (x) 1+ = ++ = ++ = ++ = +  េគទញបន  
f (x n) f (x) n+ = ++ = ++ = ++ = +  ចំេពះរគប់ n IN∈∈∈∈  ។ 

តង p Q
q

++++∈∈∈∈   ែដល p,q IN∈∈∈∈  េហយីយក p
t f ( )

q
====  

ជំនួស 2p
x q

q
= += += += + កនុងសមភព 3 3f (x ) f (x)====  េគបន ៖ 

3

2 3 2

3

2

2 3 3 2 2 4 6

p p
f[( q ) ] f ( q )

q q

p
f ( ) q

q

(t q ) t 3t q 3tq q (1)

    
+ = ++ = ++ = ++ = +    

    

    
= += += += +    
    

= + = + + += + = + + += + = + + += + = + + +
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េដយេគមន ៖ 

 

3
2 3 2 3 6

3

3
2 3 6

3

3 2 3 6

3 2 3 6

p p
f[( q ) ] f ( 3p 3pq q )

q q

p
f ( ) 3p 3pq q

q

p
f ( ) 3p 3pq q

q

t 3p 3pq q (2)

+ = + + ++ = + + ++ = + + ++ = + + +

= + + += + + += + + += + + +

= + + += + + += + + += + + +

= + + += + + += + + += + + +

 

ផទឹម (1) និង (2) េគបនសមីករ ៖ 
2 2 4 2 3

2 2 4 2 3

2 2 2 4 3

3

3

3t q 3tq 3p 3pq

t q tq p pq

(t q p ) (tq pq ) 0

(tq p)(tq p) q (tq p) 0

(tq p)(tq p q ) 0

+ = ++ = ++ = ++ = +
+ = ++ = ++ = ++ = +
− + − =− + − =− + − =− + − =

− + + − =− + + − =− + + − =− + + − =
− + + =− + + =− + + =− + + =

 

េគទញឬស p
t

q
====   ឬ  

3p q
t

q
++++= −= −= −= −   ែត t Q ++++∈∈∈∈   

ដូចេនះសមីករមនឬសែតមួយគឺ p
t

q
====  េហយីេដយ p

t f ( )
q

====  

ដូចេនះ f (x) x , x Q ++++= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 51 

 

លហំត់ទី១៨ 

េគឲយ a ,b ,c ជបីចំនួនគត់ខុសគន  ។  
យក P(x) ជពហុធមនេមគុណជចំនួនគត់ ។  
ចូរបងហ ញថលកខខណឌ  P(a) b ,P(b) c , P(c) a= = == = == = == = =   
មិនអចេផទៀងផទ ត់រពមគន បនេទ ។ 
 
ដំេណះរសយ 

េដយ P(a) b ,P(b) c , P(c) a= = == = == = == = =  េនះេគបន ៖ 
1

2

3

P(x) b (x a) Q (x) (1)

P(x) c (x b) Q (x) (2)

P(x) a (x c) Q (x) (3)

− = −− = −− = −− = −
 − = −− = −− = −− = −
 − = −− = −− = −− = −

 

កនុងចេំណមបីចនួំនគត់ខុសគន  a ,b ,c េយងីអចេរជីសេរសីយក 
តៃមលខតដច់ៃនផលដកធំជងេគមួយ ។  
សនមតថ | a c |−−−−  ជចំនួនធំជងេគកនុងចេំណមចនួំន  
| a b |,| b c | , | a c |− − −− − −− − −− − −   េគបន | a c | | a b |− > −− > −− > −− > −    
េដយយក x c====  ជួសកនុង (1) េនះេគបន ៖  

1P(c) b a b (c a).Q (c)− = − = −− = − = −− = − = −− = − = −  
េគបន 1| a b | | a c |.| Q (c) |− = −− = −− = −− = −   េដយ 1Q (c) ជចំនួនគត់ 
េនះ | a b | | a c |− ≥ −− ≥ −− ≥ −− ≥ −  ែដលផទុយពកីរឧបមខងេលី។ 
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លហំត់ទី១៩ (IMO 1967) 
របេលឡូរកម ABCD  មួយមន AB a , AD 1= == == == =  និងមុ ំ

BAD∠ = θ∠ = θ∠ = θ∠ = θ  និងមុកំនុងទងំអស់ៃនរតេីកណ ABD  ជមុំរសួច  
ចូរបងហ ញថរងវង់ក ំ 1====ℓℓℓℓ  េហយីមនផចតិ A,B,C,D  
រគបដណត ប់របេលឡូរកមេបី  a cos 3 sin≤ θ + θ≤ θ + θ≤ θ + θ≤ θ + θ   ។ 
 
ដំេណះរសយ 

 
 
 
 
 
 
 
 
តង R  ជករំងវង់ចរកឹេរកៃនរតីេកណ ABD  ។ 
យក A B C D, , ,Ω Ω Ω ΩΩ Ω Ω ΩΩ Ω Ω ΩΩ Ω Ω Ω  ជរងវង់ក ំ 1====ℓℓℓℓ  និងមន 
ផចិត A,B,C,D  េរៀងគន  ។ 
េបីរងវង់ A B D, ,Ω Ω ΩΩ Ω ΩΩ Ω ΩΩ Ω Ω  រគបដណត ប់ ABD∆∆∆∆  េនះ B C D, ,Ω Ω ΩΩ Ω ΩΩ Ω ΩΩ Ω Ω  

A B 

C D 
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េរៀបេរៀងេដយ លឹម ផលគុន 53 

 

រគបដណត ប់ BCD∆∆∆∆  ។  េហតុេនះ រងវង់ A B C D, , ,Ω Ω Ω ΩΩ Ω Ω ΩΩ Ω Ω ΩΩ Ω Ω Ω   
រគបដណត ប់របេលឡូរកមABCD  សមមូលរងវង់ A B D, ,Ω Ω ΩΩ Ω ΩΩ Ω ΩΩ Ω Ω  
 រគបដណត ប់ ABD∆∆∆∆  ។ 
រងវង់ A B D, ,Ω Ω ΩΩ Ω ΩΩ Ω ΩΩ Ω Ω  មនក ំ 1====ℓℓℓℓ រគបដណត ប់ ABD∆∆∆∆  
របសិនេបី R≥≥≥≥ℓℓℓℓ   ឬ R 1≤≤≤≤  ។ 
តមរទឹសតីបទសីុនូសកនុង ABD∆∆∆∆  េគមន 
BD 2Rsin A 2Rsin= = θ= = θ= = θ= = θ  
េគបន 2 2 2 2BD 4R sin A 4sin (1)= ≤ θ= ≤ θ= ≤ θ= ≤ θ   ( េរពះ R 1≤≤≤≤ ) 
តមរទឹសតីបទកូសីុនូសកនុង ABD∆∆∆∆ េគបន ៖ 

2 2 2BD a 1 2acos A a 1 2acos (2)= + − = + − θ= + − = + − θ= + − = + − θ= + − = + − θ  
តម (1) នងិ (2) េគទញ 2 2a 1 2acos 4sin+ − θ ≤ θ+ − θ ≤ θ+ − θ ≤ θ+ − θ ≤ θ  
ឬ 2 2(a cos ) 3sin− θ ≤ θ− θ ≤ θ− θ ≤ θ− θ ≤ θ   នឲំយ a cos 3 sin≤ θ + θ≤ θ + θ≤ θ + θ≤ θ + θ   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 54 

 

លហំត់ទី២០ (USAMO 2004) 

េគឲយ a ,b ,c ជបីចំនួនពិតវជិជមន ។ ចូររសយបញជ ក់ថ ៖ 
5 2 5 2 5 2 3( 3)( 3)( 3) ( )a a b b c c a b c− + − + − + ≥ + +− + − + − + ≥ + +− + − + − + ≥ + +− + − + − + ≥ + +  

 
ដំេណះរសយ 

រគប់ចំនួនពតិ t  េគមន 2 1t −−−−   និង 3 1t −−−−  មនសញញ ដូចគន  
េគបន 2 3 5 3 2( 1)( 1) 1 0t t t t t− − = − − + ≥− − = − − + ≥− − = − − + ≥− − = − − + ≥  
ឬ 5 2 33 2t t t− + ≥ +− + ≥ +− + ≥ +− + ≥ +  ។ ចំេពះរគប់ចំនួនពិតវជិជមនa ,b ,c 

េគទញ 

5 2 3

5 2 3

5 2 3

3 2

3 2

3 2

a a a

b b b

c c c

 − + ≥ +− + ≥ +− + ≥ +− + ≥ +
 − + ≥ +− + ≥ +− + ≥ +− + ≥ +
 − + ≥ +− + ≥ +− + ≥ +− + ≥ +

 

គុណវសិមភពទងំបីេនះអងគនិងអងគេគបន ៖ 
5 2 5 2 5 2 3 3 3( 2)( 2)( 2) ( 2)( 2)( 2)a a b b c c a b c− + − + − + ≥ + + +− + − + − + ≥ + + +− + − + − + ≥ + + +− + − + − + ≥ + + +  

េយងីរតូវរសយថ 3 3 3 3(a 2)(b 2)(c 2) (a b c)+ + + ≥ + ++ + + ≥ + ++ + + ≥ + ++ + + ≥ + +   

តមវសិមភព Holder  េគបន ៖ 
1 1 1

3 3 33 3 3( 1 1) (1 1) (1 1 ) ( )a b c a b c+ + + + + + ≥ + ++ + + + + + ≥ + ++ + + + + + ≥ + ++ + + + + + ≥ + +  

េគទញ 3 3 3 3(a 2)(b 2)(c 2) (a b c)+ + + ≥ + ++ + + ≥ + ++ + + ≥ + ++ + + ≥ + +  ពិត 

ដូចេនះ  5 2 5 2 5 2 3( 3)( 3)( 3) ( )a a b b c c a b c− + − + − + ≥ + +− + − + − + ≥ + +− + − + − + ≥ + +− + − + − + ≥ + + ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 55 

 

លហំត់ទី២១ 

េគឲយ c,b,a  ជបីចំនួនពតិវជិជមន ។  ចូរបងហ ញថ 

abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++  
 
ដំេណះរសយ 

បងហ ញថ  

 
abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
     

េយងីមន 0)ba(abba)ba)(ba( 3322 ≥≥≥≥++++−−−−++++====−−−−−−−−  
ឬ )ba(abba 33 ++++≥≥≥≥++++  
ឬ )cba(ababc)ba(ababcba 33 ++++++++====++++++++≥≥≥≥++++++++  

េគទញ (((( ))))1
)cba(abc

c
)cba(ab

1

abcba

1
33 ++++++++

====
++++++++

≤≤≤≤
++++++++

 

រសយបំភលឺដូចគន ែដរេគបន 
(((( ))))

(((( ))))3
)cba(abc

b

abcca

1

2
)cba(abc

a

abccb

1

33

33

++++++++
≤≤≤≤

++++++++

++++++++
≤≤≤≤

++++++++  

េដយបូកវសិមភព (1) , (2) និង (3) េគបន 

abc
1

abcca

1

abccb

1

abcba

1
333333 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
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េរៀបេរៀងេដយ លឹម ផលគុន 56 

 

លហំត់ទី២២ 

ចូរកំណត់រគប់អនុគមន៍ f : IR IR→→→→  េដយដឹងថ ៖ 
f (xf (y) x) xy f (x)+ = ++ = ++ = ++ = +  ចំេពះរគប់ចំនួនពិត x  និង y។ 
    
ដំេណះរសយ 

កំណត់អនុគមន៍ f :  
េគមន f (x f (y) x) xy f (x) (*)+ = ++ = ++ = ++ = +  
-យក x 1 , y 1 f (1)= = − −= = − −= = − −= = − −  ជួសកនុង (*)  េគបន ៖ 
 f (f ( 1 f ( 1)) 1) 1 f (1) f (1) 1− − − + = − − + = −− − − + = − − + = −− − − + = − − + = −− − − + = − − + = −   
តង a f ( 1 f ( 1)) 1= − − − += − − − += − − − += − − − +  េនះ f (a) 1= −= −= −= −  
-យក y a====  ជួសកនុង (*)  េគបន ៖ 
 f (x f (a) x) ax f (x)+ = ++ = ++ = ++ = +   េដយ f (a) 1= −= −= −= −  
f ( x x) ax f (x)− + = +− + = +− + = +− + = +   ឬ f (x) ax b= − += − += − += − +   ែដល b f (0)====  
យក f (x) ax b= − += − += − += − +  ជំនួសកនុងសមីករ (*)  េគបន ៖ 

2a xy abx ax b xy ax b− − + = − +− − + = − +− − + = − +− − + = − +  

េគទញ 
2a 1

b 0

 ====


====
   ឬ  a 1

b 0

= ±= ±= ±= ±
 ====

 

ដូចេនះ f (x) x====   ឬ  f (x) x= −= −= −= −   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 57 

 

លហំត់ទី២៣ 

េគឱយ c;b;a  ជរបែវងរជុងរបស់រតីេកណមួយែដលមន    
បរមិរតេសមី 2  ។   
ចូររសយថ                2abc2cba

2
3 222 <<<<++++++++++++<<<<     ។    

    
ដំេណះរសយ 

បងហ ញថ   2abc2cba
2
3 222 <<<<++++++++++++<<<<     

េដយបរមិរតរបស់រតីេកណេនះេសមី 2 េនះរជងុទងំបី c;b;a  
របស់រតេីកណសុទឋែតតូចជង 1 ។ 
េយងីបន 

2
1

Asinbc
2
1

S <<<<====  
តមរូបមនតេហរុង )cp)(bp)(ap(pS −−−−−−−−−−−−====  េដយ 1p ====  
េនះ 

2
1

)c1)(b1)(a1(S <<<<−−−−−−−−−−−−====  

េគទញ 
4
1

)c1)(b1)(a1(0 <<<<−−−−−−−−−−−−<<<<  

ឬ         
4
1

abc)cabcab()cba(10 <<<<−−−−++++++++++++++++++++−−−−<<<<  

    ឬ        
4
1

abc)cabcab(210 <<<<−−−−++++++++++++−−−−<<<<     

ឬ  
4
5

abc)cabcab(1 <<<<−−−−++++++++<<<<  

ឬ  
2
5

abc2)cabcab(22 <<<<−−−−++++++++<<<<   
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េរៀបេរៀងេដយ លឹម ផលគុន 58 

 

េគមន )cabcab(2cba)cba( 2222 ++++++++++++++++++++====++++++++  
េគទញ    ៖ 

[[[[ ]]]]abc2)cabcab(24abc2cba

)cabcab(2abc2)cba(abc2cba
222

2222

−−−−++++++++−−−−====++++++++++++

++++++++−−−−++++++++++++====++++++++++++
 

េដយ 
2
5

abc2)cabcab(22 <<<<−−−−++++++++<<<<  

េគបន 24abc2cba
2
5

4 222 −−−−<<<<++++++++++++<<<<−−−−  

ដូចេនះ  2abc2cba
2
3 222 <<<<++++++++++++<<<<   ។    

    

◊◊◊����◊◊◊    
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េរៀបេរៀងេដយ លឹម ផលគុន 59 

 

លហំត់ទី២៤ 

ចូរកំណត់រគប់គូចនួំនគត់ ( , )x y  ែដលេផទៀងផទ ត់សមីករ ៖ 
2 2 2 2( 16) ( 1) 448x y y x+ + + =+ + + =+ + + =+ + + =   ។ 

 
ដំេណះរសយ 

កំណត់រគប់គូចំនួនគត់ ( , )x y  ៖ 
េគមន 2 2 2 2( 16) ( 1) 448x y y x+ + + =+ + + =+ + + =+ + + =  

            

2 2 2 2 2 2

2 2 2 2

2 2 2

2 2

16 448

2 16 448

2 ( 8) ( 8) 456

(2 1)( 1) 456

x y x x y y

x y x y

x y y

x y

+ + + =+ + + =+ + + =+ + + =
+ + =+ + =+ + =+ + =
+ + + =+ + + =+ + + =+ + + =
+ + =+ + =+ + =+ + =

 

េគមន 3456 2 3 19= × ×= × ×= × ×= × ×   េហយី 22 1x ++++  ជចំនួនេសសេហយី 
េដយ 22 1x ++++  និង 2 8y ++++  ជចំនួនគត់វជិជមនរគប់ ,x y Z∈∈∈∈  
េហតុេនះេគរតូវឲយ 22 1 {1,3,19,57}x + ∈+ ∈+ ∈+ ∈   េនះេគទញបន ៖ 

0 , 1 , 3x = ± ±= ± ±= ± ±= ± ±   ។ 
-ចំេពះ 0x ====  េនះេគបន 2 1 456y + =+ =+ =+ =  (គម នចេមលយីកនុង Z  ) 
-ចំេពះ 1x = ±= ±= ±= ±  េនះេគបន 2 8 152y + =+ =+ =+ =  េគទញ 12y = ±= ±= ±= ±  ។ 
-ចំេពះ 3x = ±= ±= ±= ±  េនះេគបន 2 8 24y + =+ =+ =+ =  េគទញ 4y = ±= ±= ±= ±  ។ 
ដូចេនះេគបនរបបំីគូចេមលីយ ( 1, 12);( 3, 4)± ± ± ±± ± ± ±± ± ± ±± ± ± ±   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 60 

 

លហំត់ទី២៥ (IMO 2006) 
ចូរកំណត់ចំនួនពតិតូចជងេគៃន M  េដយដឹងថវសិមភព 

2 2 2 2 2 2 2 2 2 2|ab(a b ) bc(b c ) ca(c a ) | M.(a b c )− + − + − ≤ + +− + − + − ≤ + +− + − + − ≤ + +− + − + − ≤ + +   
ពិតចេំពះរគប់ចនួំនពតិ a ,b និង c ។ 
 
ដំេណះរសយ 

កំណត់ចំនួនពតិតូចជងេគៃន M  
តង 2 2 2 2 2 2y ab(a b ) bc(b c ) ca(c a )= − + − + −= − + − + −= − + − + −= − + − + −  

         

2 2 3 3 3 3

2 2 3 3 3

3 2 2

2 2 3 2 2

2 2 2

2 2

ab(a b ) b c bc ac a c

ab(a b ) c (a b) c(a b )

(a b)[ab(a b) c c(a ab b )]

(a b)[a b ab c a c abc b c]

(a b)[a (b c) ab(b c) c(b c )]

(a b)(b c)(a ab bc c )

(a b)(b c)(a c)(a b c)

= − + − + −= − + − + −= − + − + −= − + − + −

= − + − − −= − + − − −= − + − − −= − + − − −

= − + + − + += − + + − + += − + + − + += − + + − + +

= − + + − − −= − + + − − −= − + + − − −= − + + − − −

= − − + − − −= − − + − − −= − − + − − −= − − + − − −

= − − + − −= − − + − −= − − + − −= − − + − −
= − − − + += − − − + += − − − + += − − − + +

 

វសិមភពែដលឲយសមមូលនឹងវសិមភព 
2 2 2 2| (a b)(b c)(a c)(a b c) | M (a b c ) (1)− − − + + ≤ + +− − − + + ≤ + +− − − + + ≤ + +− − − + + ≤ + +  

េដយកេនសមកនុងវសិមភព(1)មនលកខណះឆលុះេនះេយងីអច 
សនមតថ a b c≤ ≤≤ ≤≤ ≤≤ ≤   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 61 

 

េហតុេនះ | (a b)(b c) | (b a)(c b)− − = − −− − = − −− − = − −− − = − −  
តមវសិមភព AM GM−−−−  ចំេពះ b a 0,c b 0− ≥ − ≥− ≥ − ≥− ≥ − ≥− ≥ − ≥  េគបន  
(b a) (c b) 2 (b a)(c b)− + − ≥ − −− + − ≥ − −− + − ≥ − −− + − ≥ − −   

េនះ 
2(c a)

(b a)(c b)
4

−−−−− − ≤− − ≤− − ≤− − ≤ េដយ c a 0− ≥− ≥− ≥− ≥  េនះ 

េគបន 
3(c a)

(b a)(c b)(c a)
4

−−−−− − − ≥− − − ≥− − − ≥− − − ≥  

ឬ 
3(c a)

| (a b)(b c)(a c) | | (b a)(c b)(c a) |
4

−−−−− − − = − − − ≤− − − = − − − ≤− − − = − − − ≤− − − = − − − ≤  

គុណអងគទងំពីរនងឹ | a b c | 0+ + ≥+ + ≥+ + ≥+ + ≥   េគបន  
31

| y | | (a b)(b c)(c a)(a b c) | (c a) |a b c | (2)
4

= − − − + + ≤ − + += − − − + + ≤ − + += − − − + + ≤ − + += − − − + + ≤ − + +  

មយង៉េទៀតតមវសិមភព Cauchy Schwarz−−−−  េគបន ៖ 
2 2 2

2 2 2

[(b a) (c b)] 2[(b a) (c b) ]

(c a) 2(b a) 2(c b)

− + − ≤ − + −− + − ≤ − + −− + − ≤ − + −− + − ≤ − + −

− ≤ − + −− ≤ − + −− ≤ − + −− ≤ − + −
 

ែថមអងគទងំពីរៃនវសិមភពេនះនងឹ 22(c a)−−−− េគបន ៖ 
2 2 2 2

2 2 2 2

3(c a) 2(b a) 2(c b) 2(c a)

2
(c a) [(b a) (c b) (c a) ] (3)

3

− ≤ − + − + −− ≤ − + − + −− ≤ − + − + −− ≤ − + − + −

− ≤ − + − + −− ≤ − + − + −− ≤ − + − + −− ≤ − + − + −
 

េលីកអងគទងំពីរៃន (2) ជកេរេគបន ៖ 
2 6 21

| y | (c a) (a b c) (4)
16

≤ − + +≤ − + +≤ − + +≤ − + +  
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េរៀបេរៀងេដយ លឹម ផលគុន 62 

 

តម (3) និង (4) េគទញបន ៖ 
2 2 2 2 3 21 8

| y | [(b a) (c b) (c a) ] (a b c)
16 27

≤ × − + − + − + +≤ × − + − + − + +≤ × − + − + − + +≤ × − + − + − + +  
32 2 2

2 21 (b a) (c b) (c a)
| y | (a b c) (5)

2 3

    − + − + −− + − + −− + − + −− + − + −≤ + +≤ + +≤ + +≤ + +    
        

 

តង 
2 2 2(b a) (c b) (c a)

u
3

− + − + −− + − + −− + − + −− + − + −====  និង 2v (a b c)= + += + += + += + +  

េគបន  2 2 23u v 3(a b c )+ = + ++ = + ++ = + ++ = + +  ។តម AM GM−−−−  េគមន  
4 33u v u u u v 4 u v+ = + + + ≥+ = + + + ≥+ = + + + ≥+ = + + + ≥  េនះ 

4
3

4
(3u v)

u v
4

++++≤≤≤≤  
32 2 2 4 2 2 2 4

2
4

(b a) (c b) (c a) 3 (a b c )
(a b c)

3 4

    − + − + − + +− + − + − + +− + − + − + +− + − + − + ++ + ≤+ + ≤+ + ≤+ + ≤    
        

 

តមទំនក់ទនំង (5)េគទញ  
4 2 2 2 4 4 2 2 2 4

2
4 9

1 3 (a b c ) 3 (a b c )
| y | .

2 4 2

+ + + ++ + + ++ + + ++ + + +≤ =≤ =≤ =≤ =  

ឬ 2 2 2 2 2 2 2 29 9 2
| y | (a b c ) (a b c )

3216 2
≤ + + = + +≤ + + = + +≤ + + = + +≤ + + = + +  

2 2 2 2 2 2 2 2 2 29 2
|ab(a b ) bc(b c ) ca(c a ) | .(a b c )

32
− + − + − ≤ + +− + − + − ≤ + +− + − + − ≤ + +− + − + − ≤ + +  

ដូចេនះ  9 2
M

32
====

  
ែដលជចំនួនពិតតូចជង ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 63 

 

លហំត់ទី២៦ 

េគឲយអនុគមន៍ជប់ :f IR IR→→→→  េផទៀងផទ ត់លកខខណឌ  ៖ 
(1000) 999f ====   និង [[[[ ]]]]( ). ( ) 1f x f f x ====  ចំេពះរគប់ x IR∈∈∈∈  ។ 

ចូរកំណត់តៃមល (500)f   ។ 
 
ដំេណះរសយ 

កំណត់តៃមល (500)f   ៖ 
តមលកខខណឌ  [[[[ ]]]]( ). ( ) 1f x f f x ====  ចេំពះរគប់ x IR∈∈∈∈  េបីេគយក 

1000x ====  េនះ [[[[ ]]]](1000). (1000) 1f f f ====    
េដយ (1000) 999f ====  

េគបន 999. (999) 1f ====   នឲំយ 1
(999)

999
f ====   ។ 

េដយ f  ជអនុគមន៍ជប់េនះតមរទឹសតីបទតៃមលកណត លមន 
ចំនួន [[[[ ]]]]999,1000a ∈∈∈∈  ែដល ( ) 500f a ====  ។ 
េគបន [[[[ ]]]]( ). ( ) 1f a f f a ====   ឬ 500 (500) 1f× =× =× =× =   

េនះ 1
(500)

500
f ====   ។ 

ដូចេនះ 1
(500)

500
f ====   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 64 

 

លហំត់ទី២៧ 

ចូរកំណត់បីេលខចុងេរកយៃនចំនួន 99997    ? 
 
ដំេណះរសយ 

កំណត់បីេលខចុងេរកយ 
េគមន 47 2401====  េនះរគប់ n IN∈∈∈∈  េគបន 47 (2401)n n====  
តមេទវធញូតុន ៖ 

1 2 2(2401) (1 2400) 1 2400 2400 ... 2400n n n n
n n nC C C= + = + + + += + = + + + += + = + + + += + = + + + +  

ែដល !
!( )!

k
n

n
C

k n k
====

−−−−
 ។ 

េយងីសេងកតេឃញីថរគប់ 2k ≥≥≥≥  និង n k≥≥≥≥ ចំនួន 2400k k
nC  មន 

េលខសូនយបួនខទង់ចុងេកយជនចិច ។ 
ដូចេនះេលខបីខទង់ចុងេរកយៃន(2401)n ដូចេលខបខីទង់ចុងេរកយ 
ៃនចនួំន 11 2400 1 2400nC n+ = ++ = ++ = ++ = +  ែដរ ។ 
េគមន 1 2400 24 100 1n n+ = × ++ = × ++ = × ++ = × +  េហយីសនមតថេលខមួយខទង់ 
ចុងេរកយ(ខទង់រយ)ៃនចនួំន 24n  គឺ p  េនះេគបន ៖ 
24 100 1 (... ) 100 1 ... 01n p p× + = × + =× + = × + =× + = × + =× + = × + =  េហតុេនះេគទញបនថ 
េលខបីខទង់ចុងេរកយៃនចំនួន 47 n  គឺ 01p  ែដល p  ជេលខខទង់ 
រយរបស់ 24n  រគប់ n IN∈∈∈∈  ។ 
េដយសមគ ល់េឃញីថ 9999 4 2499 3= × += × += × += × +  
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េរៀបេរៀងេដយ លឹម ផលគុន 65 

 

េនះចំេពះ 2499n ====  េគបន24 59976n ==== មនេលខចុងេរកយ6 
េនះេគទញបន 4 99967 7n ====  មនបីេលខចុងេរកយេសមី 601 ។ 
េគមន 37 343====  េនះ 9996 37 7 (...601) 343 ...143× = × =× = × =× = × =× = × =  ។ 
ដូចេនះេលខបីខទង់ចុងេរកយៃន 99997  គឺ 143  ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 66 

 

លហំត់ទី២៨(IMO 1960) 
េគឱយ N  ជចំនួនមនេលខបខីទង់ ។  
េគដងឹថ N  ែចកដច់នឹង 11  េហយី N ែចកនឹង 11បនផែចក 
េសមីនឹងផលបូកកេរៃនេលខខទង់របស់ N  ។ 
ចូរកំណត់េលខទងំបីខទង់របស់ N  ? 
 
ដំេណះរសយ 

កំណត់េលខទងំបីខទង់របស់ N  
តង N abc 100a 10b c (1)= = + += = + += = + += = + +  

េគបន 2 2 2N
a b c

11
= + += + += + += + +   ឬ 2 2 2N 11(a b c ) (2)= + += + += + += + +  

តម (1)  េគអចសរេសរ N 11(9a b) a b c= + + − += + + − += + + − += + + − +  
េដីមបឱីយ N  ែចកដច់នឹង 11  លុះរតែត a b c− +− +− +− + ែចកដច់នឹង 
11។េដយ 1 a 9≤ ≤≤ ≤≤ ≤≤ ≤  និង 0 b 9 , 0 c 9≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤  
េគបន 8 a b c 18− ≤ − + ≤− ≤ − + ≤− ≤ − + ≤− ≤ − + ≤   េហតុេនះ a b c 0− + =− + =− + =− + =   
ឬ a b c 11− + =− + =− + =− + =  ។ 
-ករណី a b c 0− + =− + =− + =− + =  ឬ b a c= += += += +  
េគបន 2 2 2N 11(9a b) 11(a b c )= + = + += + = + += + = + += + = + +  
ឬ  2 2 29a a c a (a c) c+ + = + + ++ + = + + ++ + = + + ++ + = + + +  
ឬ  2 2

12a 2(c 5)a 2c c 0 (E )+ − + − =+ − + − =+ − + − =+ − + − =  
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េរៀបេរៀងេដយ លឹម ផលគុន 67 

 

ឌីសរគមីណង់សមីករ 1(E )  គឺ  2 2
1' (c 5) 2(2c c)∆ = − − −∆ = − − −∆ = − − −∆ = − − −  

ឬ 2
1' 3c 8c 25∆ = − − +∆ = − − +∆ = − − +∆ = − − +  ។  

សមីករ 1(E )  មនឬសកនុងសំណំុℕ លុះរតែត 1' 0∆ ≥∆ ≥∆ ≥∆ ≥ និង  
1'∆∆∆∆ ជកេររបកដ ។  

េដយ 1' 0∆ <∆ <∆ <∆ <   ចំេពះ c 2≥≥≥≥  េនះ c 0 , c 1= == == == =  
េដយ 1'∆∆∆∆  ជកេររបកដែតកនុងករណី c 0====  មួយគត់ 
េហតុេនះសមីករ 1(E )  កល យជ 22a 10a 0− =− =− =− =   េគទញបន  
a 5==== េហយី b a c 5 0 5= + = + == + = + == + = + == + = + =   ។ 
ដូចេនះ a 5 , b 5 , c 0= = == = == = == = =   េហយី N 550====  ។ 
-ករណី  a b c 11− + =− + =− + =− + =  ឬ b (a c) 11= + −= + −= + −= + −  
េគបន 2 2 2N 11(9a b 1) 11(a b c )= + + = + += + + = + += + + = + += + + = + +  

2 2 29a a c 11 1 a (a c 11) c+ + − + = + + − ++ + − + = + + − ++ + − + = + + − ++ + − + = + + − +  
ឬ 2 2

22a 2(c 32)a 2c 23c 131 0 (E )+ − + − + =+ − + − + =+ − + − + =+ − + − + =  
ឌីសរគីមីណង់ៃនសមីករ 2(E )  គ ឺ៖ 

2 2
2' (c 32) 2(2c 23c 131)∆ = − − − +∆ = − − − +∆ = − − − +∆ = − − − +  

       23c 14c 6= − + −= − + −= − + −= − + −  
សមីករ 2(E )  មនឬសកនុងសំណំុ ℕ  លុះរតែត 2' 0∆ ≥∆ ≥∆ ≥∆ ≥  និង  

1'∆∆∆∆ ជកេររបកដ ។ 
េដយ 2' 0∆ <∆ <∆ <∆ <   ចំេពះរគប់ c 5≥≥≥≥   េនះ c {1,2 ,3,4}====  
េដយ 2'∆∆∆∆  ជកេររបកដែតកនុងករណី c 3====  មួយគត់ 
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េរៀបេរៀងេដយ លឹម ផលគុន 68 

 

េហតុេនះសមីករ 1(E )  កល យជ 22a 26a 80 0− + =− + =− + =− + =    
េគទញបន a 5 ; a 8= == == == =  ។ 
- ចំេពះ a 5 , c 3= == == == =    
េនះ b a c 11 8 11 3 0= + − = − = − <= + − = − = − <= + − = − = − <= + − = − = − <  មិនយក  ។ 
-ចំេពះ a 8 , c 3= == == == =  េនះ b 8 3 11 0= + − == + − == + − == + − =  ។ 
ដូចេនះ a 8 , b 0 , c 3= = == = == = == = =   េហយី N 803====   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 69 

 

លហំត់ទី២៩(IMO 1974) 
ចូរបងហ ញថ មនចំនុច Dមួយេនេលីរជុង AB  ៃន ABC∆∆∆∆  
េដយដឹងថ CD  ជមធយមធរណីមរតៃន AD  និង DB  

លុះរតែត  2 C
sin AsinB sin

2
≤≤≤≤   ។ 

 
ដំេណះរសយ 

 
 
 
 
 
 
 

េយងីនងឹរសយថ  2 C
sin AsinB sin (1)

2
≤≤≤≤    ពិតលុះរតែត 

មនចំនុច D  េលី AB  ែដល 2AD.DB CD (2)====  
យក E ជរបសពវរវង(CD) ជមួយរងវង់(C)ចរកឹេរក ABC∆∆∆∆   
និង F  ជចំនុចកណត លធនូ ABឈមេទនឹងរជុងAB ៃន C ។ 
តង G  ជចំនុចកណត លៃន AB េហយីយក a ,b ,c ជរជងុៃន 

C 

A B 
D G 

E 

F 

 

H 



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 70 

 

រតីេកណ ABC  ។  េគមន AD.DB CD.DE (3)====  
តម (2) នងិ (3) េគទញបន CD DE====  នឲំយចមង យពចីំនុច 
E េទរជងុ AB  េសមីនឹងកមពស់ ch  គូសពីកពូំល C េទ AB  
ចំនុច D  មនលុះរតែតបនទ ត់ ( ) / /(AB)∆∆∆∆  និងមនចមង យ ch  
ពី (AB)  របសពវជមួយរងវង់ (C) ចរកឹេរកៃន ABC∆∆∆∆  
េពលគឺេគរតូវឲយ cd(F,(AB)) FG h= ≥= ≥= ≥= ≥  ។ 

េគមន C
FAG FCB

2
∠∠∠∠∠ = ∠ =∠ = ∠ =∠ = ∠ =∠ = ∠ =  និង AB c

AG
2 2

= == == == =  

េគបន C c C
FG AG.tan tan

2 2 2
= == == == =  

កនុងរតីេកណែកង CHB  េគមន chCH
sinB

BC a
= == == == =   

េនះ ch asinB====   ។ េហតុេនះេគបន c c
tan asinB

2 2
≥≥≥≥    

ែត a 2R sin A====  និង c 2RsinC====  
( R ករំងវង់ចរកឹេរក ABC∆∆∆∆ ) 

េដយ C C
sinC 2sin cos

2 2
====  និង 

C
sinC 2tan

C2 cos
2

====  

េគបន 2 C
sin sin AsinB

2
≥≥≥≥  សមមូលវសិមភព (1) ។ 

ដូចេនះភពសមមូលៃន (1) និង (2) រតវូបនរសយបញជ ក់។ 
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លហំត់ទ៣ី០ 

ក)ចំេពះរគប់ 1x >>>>  ចូររសយថ 
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

 ។ 

ខ)ចូរបងហ ញថ 1
(2 )

ln ln 3 2
a b a b

ab
a b

− +− +− +− +< +< +< +< +
−−−−

  

    ែដល 0, 0 ,a b a b> > ≠> > ≠> > ≠> > ≠   ។ 
 
ដំេណះរសយ 

ក)ចំេពះរគប់ 1x >>>>  រសយថ 
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

 ៖ 

    តង f  ជអនុគមន៍ កំណត់រគប់ 1x >>>>  េដយ ៖ 

   
2

2

3( 1)
( ) ln

4 1
x

f x x
x x

−−−−= −= −= −= −
+ ++ ++ ++ +

 

    េគបន 
2 2

2 2

1 6 ( 4 1) 3( 1)(2 4)
'( )

( 4 1)
x x x x x

f x
x x x

+ + − − ++ + − − ++ + − − ++ + − − += −= −= −= −
+ ++ ++ ++ +

 

                         
4

2 2

( 1)
0

( 4 1)
x

x x x
−−−−= >= >= >= >

+ ++ ++ ++ +
  រគប់ 1x >>>>  ។ 

    េដយ (1) 0f ====   េនះ ( ) (1) 0f x f> => => => =   រគប់ 1x >>>>  

    ដូចេនះ 
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

 ។ 
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ខ)បងហ ញថ 1
(2 )

ln ln 3 2
a b a b

ab
a b

− +− +− +− +< +< +< +< +
−−−−

  

    តមសរមយខងេលីេគមន 
2

2

3( 1)
ln

4 1
x

x
x x

−−−−>>>>
+ ++ ++ ++ +

 រគប់ 1x >>>>  

 រគប់ 0 , 0a b> >> >> >> >  េយងីសនមត a b>>>>  េហយីយក 1
a

x
b

= >= >= >= >  

 េគបន 
3 1

3( )
ln

4
4 1

a
a a bb
b a a a b ab

b b

    −−−−         −−−−    > => => => =    
+ ++ ++ ++ +     + ++ ++ ++ +

 

     ឬ  (((( ))))1 3( )
ln ln

2 4

a b
a b

a b ab

−−−−− >− >− >− >
+ ++ ++ ++ +

   

 េដយ a b>>>>  េនះ 0a b− >− >− >− >   និង ln ln 0a b− >− >− >− >  

 េគទញ 4 1
2

ln ln 6 3 2
a b a b ab a b

ab
a b

− + + +− + + +− + + +− + + +    < = +< = +< = +< = +    −−−−     
 

 ដូចេនះ  1
(2 )

ln ln 3 2
a b a b

ab
a b

− +− +− +− +< +< +< +< +
−−−−

  ។ 
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លហំត់ទ៣ី១ 

េគឲយពហុធ 4 3 2f (x) x ax bx cx d= + + + += + + + += + + + += + + + +  ។ 
េគដងឹថ P(1) 1 , P(2) 8= == == == = និង P(3) 27====   ។ 
ចូររសយថ 4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 
 
ដំេណះរសយ 

តងពហុធ 3P(x) f (x) x= −= −= −= −  
ចំេពះ k 1,2 ,3==== េគបន 3P(k) f (k) k 0= − == − == − == − =  
េគទញបន x 1 , 2 , 3====   ជឬសៃនពហុធ P(x) ។ 
េដយ f (x) ជពហុធដឺរកទីបួនមនេលខេមគុណមុខតួ 4x េសមី 1  
េនះេគទញP(x)ជពហុធដឺរកទបួីនមនេលខេមគុណមុខតួ 4x  
េសមី 1ែដរេហតុេនះពហុធ P(x) អចសរេសរ ៖ 
P(x) (x 1)(x 2)(x 3)(x )= − − − − α= − − − − α= − − − − α= − − − − α  ។ 

3 3f (x) P(x) x (x 1)(x 2)(x 3)(x ) x= + = − − − − α += + = − − − − α += + = − − − − α += + = − − − − α +  
-ចំេពះ x 2= + λ= + λ= + λ= + λ  េគបន ៖ 

2 3f (2 ) ( 1)(2 ) (2 ) (1)+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ+ λ = λ λ − + λ − α + + λ   
-ចំេពះ x 2= − λ= − λ= − λ= − λ  េគបន ៖ 

2 3f (2 ) ( 1)(2 ) (2 ) (2)− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ− λ = −λ λ − − λ − α + − λ   
បូកទំនក់ទនំង (1) និង (2) េគបន ៖  

4 2f (2 ) f (2 ) 2 10 16+ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ ++ λ + − λ = λ + λ +  ។ 
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លហំត់ទ៣ី២ 

េគឱយ  c,b,a  ជបីចំនួនពិតវជិជមន ។ ចូរបងហ ញថ ៖    
2

3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++             

 
ដំេណះរសយ 

េគមនសមភព  ៖    

)cabcabcba)(ac)(cb)(ba(5)cba(cba

)ac)(cb)(ba(3)cba(cba
2225555

3333

++++++++++++++++++++++++++++++++−−−−++++++++====++++++++

++++++++++++−−−−++++++++====++++++++
 

េគបន  ៖ 

)cabcabcba(
3
5

)cba(cba
)cba(cba 222

3333

5555

++++++++++++++++++++====
++++++++−−−−++++++++
++++++++−−−−++++++++  

េយងីនងឹរសយថ     
2222 )cba(

9
10

)cabcabcba(
3
5 ++++++++≥≥≥≥++++++++++++++++++++  
ឬ 2222 )cba(2)cabcabcba(3 ++++++++≥≥≥≥++++++++++++++++++++  
ឬ                          cabcabcba 222 ++++++++≥≥≥≥++++++++  
តមវសិមភព GMAM −−−−  េគមន ៖ 

222
222222

cba
2

ac
2

cb
2

ba
cabcab ++++++++====++++++++++++++++++++≤≤≤≤++++++++         ពិត 

ដូចេនះ  2
3333

5555

)cba(
9
10

)cba(cba
)cba(cba ++++++++≥≥≥≥

++++++++−−−−++++++++
++++++++−−−−++++++++   ។    
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លហំត់ទ៣ី៣ 

ចូរកំណត់រគប់គូៃនចំនួនគត់មិនអវជិជមន ( , )x y  េដយដឹងថ ៖ 
3 3 28 6 8y x x x= + − += + − += + − += + − +   ។ 

    
ដំេណះរសយ 

កំណត់រគប់គូៃនចនួំនគត់មិនអវជិជមន ( , )x y  
េគមន 3 2 3 2( 8 6 8) ( 1) 5 9 7 0x x x x x x+ − + − + = − + >+ − + − + = − + >+ − + − + = − + >+ − + − + = − + >  
េនះ 3 3 2 38 6 8 ( 1)y x x x x= + − + > += + − + > += + − + > += + − + > +   ឬ  1 (1)y x> +> +> +> +  
មយង៉េទៀត 3 2 3 2( 8 6 6) ( 3) 15 33 0x x x x x x+ − + − + = − − <+ − + − + = − − <+ − + − + = − − <+ − + − + = − − <   
រគប់ 1x ≥≥≥≥  េនះ 3 3 2 38 6 8 ( 3)y x x x x= + − + < += + − + < += + − + < += + − + < +    
ឬ  1 (2)y x< +< +< +< +    
េដយ x  និង y ជចំនួនគត់មនិអវជិជមនេនះតម (1) និង (2) 
េគទញបន 2y x= += += += +  ។ េដយ 3 3 28 6 8y x x x= + − += + − += + − += + − +    
េគបន 3 3 2( 2) 8 6 8x x x x+ = + − ++ = + − ++ = + − ++ = + − +  សមមូល 22 18 0x x− =− =− =− =  
េគទញបន ( , ) (0,2);(9,11)x y ====   ។ 
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លហំត់ទ៣ី៤ 

េគឱយ c,b,a  ជចំនួនពតិវជិជមន េដយដងឹថ  
cba

c
1

b
1

a
1 ++++++++====++++++++ ។  ចូរបងហ ញថ   

16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++  
 
ដំេណះរសយ 

រសយថ 16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++   

េគមន 222 )cb()cb(a4a4)cba2( ++++++++++++++++====++++++++   

                                2

22

)cb()ca)(ba(4

)cb(bc4ac4ab4a4

−−−−++++++++++++====

−−−−++++++++++++++++====
 

េដយ 0)cb( 2 ≥≥≥≥−−−−  េនះ )ca)(ba(4)cba2( 2 ++++++++≥≥≥≥++++++++  

េគទញ  )1(
)ca)(ba(4

1

)cba2(

1
2 ++++++++

≤≤≤≤
++++++++    

រសយដូចគន ែដរេគបន  )2(
)cb)(ba(4

1

)cb2a(

1
2 ++++++++

≤≤≤≤
++++++++   

និង )3(
)ca)(cb(4

1

)c2ba(

1
2 ++++++++

≤≤≤≤
++++++++     
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បូកវសិមភព )2(,)1(  និង )3(  េគបន ៖ 

)ac)(cb)(ba(2
cba

S

)ca)(cb(4
1

)cb)(ba(4
1

)ca)(ba(4
1

S

++++++++++++
++++++++≤≤≤≤

++++++++
++++

++++++++
++++

++++++++
≤≤≤≤

 

ពិនិតយ  
abc)ac)(cb)(ba()cabcab)(cba( ====++++++++++++−−−−++++++++++++++++  

តមវសិមភព GMAM −−−−  េគមន ៖ 
abc8ca2.bc2.ab2)ac)(cb)(ba( ====≥≥≥≥++++++++++++  

េគទញបន  
)cabcab)(cba(

9
8

)ac)(cb)(ba( ++++++++++++++++≥≥≥≥++++++++++++   

តមសមមតិកមមេគមន cba
c
1

b
1

a
1 ++++++++====++++++++  

េគបន )cabcab)(
c
1

b
1

a
1

(
9
8

)ac)(cb)(ba( ++++++++++++++++≥≥≥≥++++++++++++    

         
abc

)cabcab(
9
8

)ac)(cb)(ba(
2++++++++≥≥≥≥++++++++++++    

េដយ )cba(abc3)cabcab( 2 ++++++++≥≥≥≥++++++++  េនះេគទញ 
)cba(

3
8

)ac)(cb)(ba( ++++++++≥≥≥≥++++++++++++   េនះ 
16
3

8
3

.
2
1

S ====≤≤≤≤  

ដូចេនះ 16
3

)c2ba(

1

)cb2a(

1

)cba2(

1
222 ≤≤≤≤

++++++++
++++

++++++++
++++

++++++++    
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លហំត់ទ៣ី៥ 

េគឱយ n ជចំនួនគត់វជិជមនេដយដងឹថ 1n2822 2 ++++++++   
ជចំនួនគត់។ 
ចូររសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចនួំនគត់មួយ។ 
 
ដំេណះរសយ 

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទី១១១១    
រសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចំនួនគត់ 
តមបរមប់ 1n2822 2 ++++++++  ជចនួំនគត់នឱំយមន INm∈∈∈∈  
ែដល 22 m1n28 ====++++   ឬ 1n28m 22 ====−−−−  ជសមីករ Pell ។ 
គូចេមលីយដំបូងៃនសមីករេនះគឺ 24n,127m ========   
េរពះ 12428127 22 ====××××−−−− ។   
ចំេពះរគប់ 1k ≥≥≥≥ េគអចសរេសរ ៖ 

k22222 )2428127(2428127n28m ××××−−−−====××××−−−−====−−−−  
kk )748127()748127()n72m)(n72m( ++++−−−−====++++−−−−  

េគទញ 






++++====++++

−−−−====−−−−
k

k

)748127(n72m

)748127(n72m
 

េគបនចេមលីយទូេទៃនសមីករ ៖ 
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74
)748127()748127(

n

2
)748127()748127(

m

kk

kk

−−−−−−−−++++====

++++++++−−−−====
 

កនុងករណីេនះេគបន  m221n2822 2 ++++====++++++++  
kk2 )748127()748127(21n2822 −−−−++++++++++++====++++++++  

េដយ 2)738(748127 ±±±±====±±±±  
និង 1)738)(738( ====−−−−++++  េនះេគបន  

[[[[ ]]]]2kkkk )738()738()748127()748127(2 −−−−++++++++====−−−−++++++++++++  
េគបន 2kk2 ])738()738[(1n2822 −−−−++++++++====++++++++  
ជកេររបកដៃនចំនួនគត់េរពះ kk )738()738( −−−−++++++++  
ជចំនួនគត់។ 
ដូចេនះេបី 1n2822 2 ++++++++  ជចំនួនគត់េនះ 1n2822 2 ++++++++   
ជកេររបកដៃនចំនួនគត់ ។ 
រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ២ី២២២    
រសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចំនួនគត់ 
តមបរមប់ 1n2822 2 ++++++++  ជចនួំនគត់នឱំយមន INm∈∈∈∈  
ែដល  22 m1n28 ====++++   ឬ 22 n281m ====−−−−  

ឬ 2n7
2

1m
.

2
1m ====++++−−−−
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តមសមីករេនះេគទញបន 









====++++

====−−−−

2

2

q7
2

1m

p
2

1m

 ឬ  









====++++

====−−−−

2

2

q
2

1m

p7
2

1m

  

ែដល p និង q ជចនួំនគត់វជិជមន ។ 
េគទញបន   

1q14m,1p2m 22 −−−−====++++====  ឬ 1q2m,1p14m 22 −−−−====++++====     
-ករណី 1q14m,1p2m 22 −−−−====++++====  
  េគបន 1q141p2 22 −−−−====++++  ឬ 1q7p 22 −−−−====−−−−  ជសមីករគម ន 
ចេមលីយកនុង IN  េរពះអងគទពីីរសមីករែចកនងឹ 7 ឱយសំណល់ 1−−−−  
ែតអងគទពីីរៃនសមកីរែចកនឹង 7 មិនអចឱយសំណល់ 1−−−−  េទ  
េរពះរគប់ចំនួនគត់វជិជមន p ចំនួន 2p  ែចកនឹង 7 ឱយសំណល់  

4,2,1  ។ 
-ករណី  1q2m,1p14m 22 −−−−====++++====   
េគបន 1q21p14 22 −−−−====++++  ឬ 1p7q 22 ====−−−−  ជសមីករមន 
ចេមលីយកនុងសំណំុ IN  េរពះ 22 p7q −−−−  ែចកនឹង 7 អច 
ឱយសំណល់ 1 ។ 
េហតុេនះ មនគូ  INq,p ∈∈∈∈  ែដល  1q2m,1p14m 22 −−−−====++++====   
 កនុងករណីេនះេគបន m221n2822 2 ++++====++++++++   
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ចំេពះ 1q2m 2 −−−−====  េគបន   
222 q4)1q2(221n2822 ====−−−−++++====++++++++  ជកេររបកដ ។ 

ឬេគអចយក 1p14m 2 ++++====  េគបន  ៖ 
4p28)1p14(221n2822 222 ++++====++++++++====++++++++  

                    22 q4)1p7(4 ====++++====  ជកេររបកដ។ 
 េរពះ 1p7q 22 ====−−−−   ឬ 22 q1p7 ====++++   ។ 
 
រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ៣ី    ៣    ៣    ៣    រសយថ 1n2822 2 ++++++++  ជកេររបកដៃនចនួំន 
គត់តមបរមប់ 1n2822 2 ++++++++  ជចំនួនគត់នឱំយមនចំនួនគត់ 
វជិជមន n ែដល 1p4p4)1p2(1n28 222 ++++++++====++++====++++  
េគបន 2n7)1p(p ====++++  េដយ 1)1p,p(GCD ====++++  
េរពះ 1p)1p( ====−−−−++++  (តមរទសឹតីបទ Bezout  ) 
េគទញបន p ែចកដច់នងឹ 7  ឬ 1p ++++  ែចកដច់នឹង 7 ។ 
-ករណី p ែចកដច់នឹង 7 ៖ 
តម 2n7)1p(p ====++++  េគទញបន 22 t1p,k7p ====++++====   
រគប់ចំនួនគត់វជិជមន k  និង t  េហយី 1)t,k(GCD ====   ។ 
េគមន 22 t1k7 ====++++  ឬ 1k7t 22 ====−−−−   ជសមីករមនឬសកនុង  
IN េរពះ 22 k7t −−−−  ែចកនឹង 7 មនសំណល់ 2,1  ឬ 4 ។ 
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-ករណី 1p ++++  ែចកដច់នឹង 7 ៖ 
តម 2n7)1p(p ====++++  េគទញបន 22 t71p,kp ====++++====  
រគប់ចំនួនគត់វជិជមន k  និង t  េហយី 1)t,k(GCD ====  ។ 
េគមន 22 t71k ====++++  ឬ 1t7k 22 −−−−====−−−−   ជសមីករគម នឬសកនុង 
 IN េរពះ 22 t7k −−−−  ែចកនឹង 7 មិនអចមនសំណល់ 1−−−− េទ ។ 
ចំេពះ 22 t1p,k7p ====++++====   ែដល 1k7t 22 ====−−−−   េគមន 

22 t44p4)1p2(221n2822 ====++++====++++++++====++++++++ ជកេរ ។ 
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លហំត់ទ៣ី៦ 

េគយក  ជចំណុចមួយេនកនុងរតីេកណ េហយី  
ជេជីងៃនចេំណលែកងពី  េទបនទ ត់  

េរៀងគន  ។ ចូររសយថ ។ 
 
ដំេណះរសយ 

រសយថ   
  
 
 
 
 
 
 
េគមន  េនះ  
ជចតុេកណចរកឹកនុងរងវង់អងកត់ផចតិ  ។ 
តមរទឹសតីបទកូសីុនូសអនុវតតន៍កនុង  េគបន ៖ 

  
ែត  

P ABC

D,E,F P BC,CA,AB

PA PB PC 2(PD PE PF)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +

PA PB PC 2(PD PE PF)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +

oPDC PEC 180∠ + ∠ =∠ + ∠ =∠ + ∠ =∠ + ∠ = PDCE

PC

PDE∆∆∆∆
2 2 2DE PD PE 2PD.PE.cos DPE= + − ∠= + − ∠= + − ∠= + − ∠

oDPE 180 C∠ = −∠ = −∠ = −∠ = −

A 

B C 

P 

D 

E 
F 
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េរពះ  ។ 
ែត   
េនះ  
រតីេកណ  ចរកឹកនុងរងវង់អងកត់ផចិត  ។ 
តមរទឹសតីបទសីុនូស 

េគបន   

រសយបំភលឺដូចគន ែដរេគបន  

និង  ។ 

េធវីផលបូកវសិមភព (1),(2) និង (3) េគបន ៖ 
 

តមវសិមភព  េគមន ៖ 

 

ដូចេនះ   ។ 

2 2 2

2 2 o

2 2

2 2

DE PD PE 2PD.PE.cosC

PD PE 2PD.PE.cos(180 (A B))

PD PE 2PD.PEcos(A B)

(PDsinB PEsin A) (PDcosB PEcos A)

= + += + += + += + +

= + + − += + + − += + + − += + + − +

= + − += + − += + − += + − +

= + + −= + + −= + + −= + + −
cos(A B) cos AcosB sin AsinB+ = −+ = −+ = −+ = −

2(PDcosB PEcos A) 0− ≥− ≥− ≥− ≥

DE PDsinB PEsin A≥ +≥ +≥ +≥ +

CDE PC

DE sinB sin A
PC PD. PE. (1)

sinC sinC sinC
= ≥ += ≥ += ≥ += ≥ +

sinB sinC
PA PF. PE. (2)

sin A sin A
≥ +≥ +≥ +≥ +

sin A sinC
PB PF. PD. (3)

sinB sinB
≥ +≥ +≥ +≥ +

sinC sinB sinC sinA sinB sinA
PA PB PC PD( ) PE( ) PF( )

sinB sinC sinA sinC sinA sinB
+ + ≥ + + + + ++ + ≥ + + + + ++ + ≥ + + + + ++ + ≥ + + + + +

AM GM−−−−

sin A sinB sinC sin A sinB sinC
2 , 2, 2

sinB sin A sin A sinC sinC sinB
+ ≥ + ≥ + ≥+ ≥ + ≥ + ≥+ ≥ + ≥ + ≥+ ≥ + ≥ + ≥

PA PB PC 2(PD PE PF)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +
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លហំត់ទ៣ី៧  (IMO 1991) 
េគឲយរតីេកណ មួយនិង  ជចំណុចមួយេនកនុងរតេីកណ 
   ចូររសយបញជ ក់ថ យ៉ងតចិមួយៃនមុំ  
និង  រតូវតូចជង ឬ េសមីេទនងឹ   ។ 
 
ដំេណះរសយ 

 
 
 
 
 
 
 
េយងីសនមតថ  
យក  ជចំេណលែកងៃន  េលី  ។ 

េគបន   ។ 

ឧបមថមុំ  ទងំអស់សុទឋែតធំជង  េនះមុំ  
នីមួយៗរតវូតូចជង ។  

ABC P

ABC PAB, PBC∠ ∠∠ ∠∠ ∠∠ ∠

PCA∠∠∠∠ o30

PAB , PBC , PCA∠ = α ∠ = β ∠ = γ∠ = α ∠ = β ∠ = γ∠ = α ∠ = β ∠ = γ∠ = α ∠ = β ∠ = γ

Q,R,S P BC,CA,AB

PS PQ PR
sin , sin ,sin

PA PB PC
α = β = γ =α = β = γ =α = β = γ =α = β = γ =

, ,α β γα β γα β γα β γ o30 , ,α β γα β γα β γα β γ
o150

A 

B C 

P 

Q 

R 
S 
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េគបន  

េគទញ  

េហតុេនះ   
េដយ   
(វសិមភព Erdos-Mordell  : េមលីសរមយលំហត់ទី៣៦) 
នឲំយករឧបមខងេលីមិនពិត ។ 
ដូចេនះយ៉ងតចិមួយៃនមុំ  និង   
រតូវតូចជង ឬ េសមីេទនឹង   ។ 
 
 
 
 
 
 
 
 
 
    

1 1 1
sin , sin ,sin

2 2 2
α > β > γ >α > β > γ >α > β > γ >α > β > γ >

PS 1 PQ 1 PR 1
, ,

PA 2 PB 2 PC 2
> > >> > >> > >> > >

PA PB PC 2(PQ PR PS)+ + < + ++ + < + ++ + < + ++ + < + +

PA PB PC 2(PQ PR PS)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +

PAB, PBC∠ ∠∠ ∠∠ ∠∠ ∠ PCA∠∠∠∠
o30
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លហំត់ទ៣ី៨ 

េគឲយ a ,b ,c ជបីចំនួនពិតវជិជមន ។  
ចូររសយបញជ ក់ថ ៖ 
a b a b c b c a c 3

. . .
b c 2a b c c a 2b c a a b 2c a b 4

+ + ++ + ++ + ++ + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + + + + ++ + + + + + + + ++ + + + + + + + ++ + + + + + + + +  

 
ដំេណះរសយ 

េយងីតង ៖ 
a b a b c b c a c

T . . .
b c 2a b c c a a 2b c a b a b 2c

+ + ++ + ++ + ++ + += + += + += + += + +
+ + + + + + + + ++ + + + + + + + ++ + + + + + + + ++ + + + + + + + +

 

តង x a b , y b c ,z c a= + = + = += + = + = += + = + = += + = + = +  េនះTអចសរេសរជ 

2 2 2 2 2 2

2 2 2

x x y z y x y z z y z x
T . . .

y 2(x z) z 2(x y) x 2(z y)

x y z x y z 15
y z x x y y z z x 4

x y z x y z 15
xy yz zx 4x xy y yz z zx

− + + − + −− + + − + −− + + − + −− + + − + −= + += + += + += + +
+ + ++ + ++ + ++ + +

= + + + + + −= + + + + + −= + + + + + −= + + + + + −
+ + ++ + ++ + ++ + +

= + + + + + −= + + + + + −= + + + + + −= + + + + + −
+ + ++ + ++ + ++ + +

 

តមវសិមភព Cauchy Schwarz−−−−  េគបន ៖ 



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 88 

 

2 2

2 2 2

4

2 2 2

(x y z) (x y z) 15
T

xy yz zx 4x y z xy yz zx

(x y z) 15
4(xy yz zx)(x y z xy yz zx)

+ + + ++ + + ++ + + ++ + + +≥ + −≥ + −≥ + −≥ + −
+ ++ ++ ++ + + + + + ++ + + + ++ + + + ++ + + + +

+ ++ ++ ++ += −= −= −= −
+ + + + + + ++ + + + + + ++ + + + + + ++ + + + + + +

 

តមវសិមភព AM GM−−−−  រគប់ u , v 0>>>>  េគមន  

u v 2 uv+ ≥+ ≥+ ≥+ ≥   នឲំយ  
2(u v)

uv
4

++++≤≤≤≤  ឬ  2
1 4

uv (u v)
≥≥≥≥

++++
 

យក 2 2 2u 2(xy yz zx) , v x y z xy yz zx= + + = + + + + += + + = + + + + += + + = + + + + += + + = + + + + +  

េគបន 
4

2 2
8(x y z) 15

T
4[(x y z) xy yz zx]

+ ++ ++ ++ +≥ −≥ −≥ −≥ −
+ + + + ++ + + + ++ + + + ++ + + + +

 

តង 
2(x y z)

t
xy yz zx

+ ++ ++ ++ +====
+ ++ ++ ++ +

  ែដល t 3≥≥≥≥  េនះ 
2

2
8t

T
(t 1)

≥≥≥≥
++++

 

េគបន 
2

2 2
3 8t 9 (t 3)(7t 1)

T 0
4 2(t 1) 2(t 1)

− +− +− +− +− ≥ − = ≥− ≥ − = ≥− ≥ − = ≥− ≥ − = ≥
+ ++ ++ ++ +  

 នឲំយ 3
T

4
≥≥≥≥   ។ 

ដូចេនះ 
a b a b c b c a c 3

. . .
b c 2a b c c a 2b c a a b 2c a b 4

+ + ++ + ++ + ++ + ++ + ≥+ + ≥+ + ≥+ + ≥
+ + + + + + + + ++ + + + + + + + ++ + + + + + + + ++ + + + + + + + +

 

 
 
 



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 89 

 

លហំត់ទ៣ី៩ 

ចូរបងហ ញថចនួំន 2013 2013 2013 2013 2013 20131 2 3 4 5 6N = + + + + += + + + + += + + + + += + + + + +  
ែចកដច់នឹង 7  ។ 
 
ដំេណះរសយ 

បងហ ញថ 7 |N  
ចំេពះរគប់ ,a b N∈∈∈∈  និង n  ជចំនួនគត់វជិជមនេសសេគមន 

1 2 1( )( ... )n n n n na b a b a a b b− − −− − −− − −− − −+ = + − + ++ = + − + ++ = + − + ++ = + − + +  េនះ | n na b a b+ ++ ++ ++ +  
េហតុេនះេគបន 2013 20137 |1 6++++  , 2013 20137 | 2 5++++  , 2013 20137 | 3 4++++  
ដូចេនះចំនួន 2013 2013 2013 2013 2013 20131 2 3 4 5 6N = + + + + += + + + + += + + + + += + + + + +  
ែចកដច់នឹង 7  ។ 
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លហំត់ទី៤០ 

ចូរកំណត់រគប់អនុគមន៍ f : IR IR→→→→  េដយដឹងថ ៖ 
2f (x f (y)) y xf (x)+ = ++ = ++ = ++ = +  ចំេពះរគប់ x,y IR∈∈∈∈  ។ 

 
ដំេណះរសយ 

កំណត់រកអនុគមន៍f :  
េគមន 2f (x f (y)) y xf (x) (*)+ = ++ = ++ = ++ = +   
យក x 0====  េគបន f (f (y)) y (1)====  រគប់ y IR∈∈∈∈  
ជំនួស y  េដយ 2x f (y)++++  កនុង (1) េគបន ៖ 

2 2f (f (x f (y))) x f (y) (2)+ = ++ = ++ = ++ = +  
តម (*)  និង (2) េគទញបន 2f (y xf (x)) x f (y) (3)+ = ++ = ++ = ++ = +  
ជំនួស x  េដយ f (x)  កនុង (3) េគបន ៖ 

2

2

f (y f (x)f (f (x))) f (x) f (y)

f (y xf (x)) f (x) f (y) (4) ( f (f (x)) x )

+ = ++ = ++ = ++ = +
+ = + =+ = + =+ = + =+ = + =eRBaHeRBaHeRBaHeRBaH

 

តម (3) នងិ (4) េគទញបន 2 2f (x) x (5)====  
ជំនួស y  េដយ f (y)  កនុង (*)  េគបន ៖ 

(((( )))) (((( ))))

2

2

2 22

f (x f (f (y))) f (y) x f (x)

f (x y) f (y) x f (x)

f (x y) f (y) xf (x)

+ = ++ = ++ = ++ = +
+ = ++ = ++ = ++ = +

+ = ++ = ++ = ++ = +
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2 2 2 2 2

4 2 2 2 4

2

(x y) f (y) 2x f (x)f (y) x f (x)

x 2x y y y 2xf (x)f (y) x

2x y 2xf (x)f (y)

+ = + ++ = + ++ = + ++ = + +
+ + = + ++ + = + ++ + = + ++ + = + +

====
 

េគទញ f (x)f (y) x y (6)====  
តម (5) េគបន f (x) x====   ឬ  f (x) x= −= −= −= −  ។ 
-េបី f (x) x====  េនះតម (6) េយងីបន f (y) y y IR= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈  
ដូចេនះ f (x) x x IR= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈   ។ 
-េបី f (x) x= −= −= −= −  េនះតម (6) េគបន f (y) y y IR= − ∀ ∈= − ∀ ∈= − ∀ ∈= − ∀ ∈  
ដូចេនះ f (x) x====  ឬ  f (x) x x IR= − ∀ ∈= − ∀ ∈= − ∀ ∈= − ∀ ∈   ។ 
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លហំត់ទី៤១ 
េបី P(x) ,Q(x) ,R(x) និង S(x) ជពហុធេដយដឹងថ ៖ 

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   
េនះចូររសយថ x 1−−−−  ជកតត ៃន P(x) ។ 
 
ដំេណះរសយ 

រសយថx 1−−−−  ជកតត ៃន P(x)៖ 
េគមន  

5 5 2 5 4 3 2P(x ) xQ(x ) x R(x ) (x x x x 1)S(x) (*)+ + = + + + ++ + = + + + ++ + = + + + ++ + = + + + +   

យក 
2 i
5e
ππππ

α =α =α =α =   េនះ 5 1α =α =α =α =    

េហយី 
5

4 3 2 1
1 0

1
α −α −α −α −α + α + α + α + = =α + α + α + α + = =α + α + α + α + = =α + α + α + α + = =
α −α −α −α −

 
ជំនួស x  េដយ 2 3 4, , ,α α α αα α α αα α α αα α α α  កនុង (*)  េនះេគបន ៖ 

2

2 4

3

4 3

P(1) Q(1) R(1) 0 (1)

P(1) Q(1) R(1) 0 (2)

P(1) Q(1) R(1) 0 (3)

P(1) Q(1) R(1) 0 (4)

 + α + α =+ α + α =+ α + α =+ α + α =


+ α + α =+ α + α =+ α + α =+ α + α =


+ α + α =+ α + α =+ α + α =+ α + α =
 + α + α =+ α + α =+ α + α =+ α + α =

   

គុណសមីករ (1),(2),(3) និង (4) នឹងចំនួនេរៀងគន   
2 3 4, , ,−α − α − α −α−α − α − α −α−α − α − α −α−α − α − α −α  
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េគបន 

2 3

2 4

3 4

4 3 2

P(1) Q(1) R(1) 0 (5)

P(1) Q(1) R(1) 0 (6)

P(1) Q(1) R(1) 0 (7)

P(1) Q(1) R(1) 0 (8)

 − α − α − α =− α − α − α =− α − α − α =− α − α − α =


− α − α − α =− α − α − α =− α − α − α =− α − α − α =


− α − α − α =− α − α − α =− α − α − α =− α − α − α =
 − α − α − α =− α − α − α =− α − α − α =− α − α − α =

   

បូកសមីករទងំ(8)ខងេលីេគបន 5P(1) 0====  េនះ P(1) 0====  
ដូចេនះ x 1−−−−  ជកតត ៃន P(x) ។ 
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លហំត់ទី៤២( IMO 1981) 
េគយក  ជចំណុចមួយេនកនុងរតីេកណ េហយី  
ជេជីងៃនចេំណលែកងពី  េទបនទ ត់  េរៀងគន  ។ 

ចូរកំណត់រគប់ចណុំច  េដីមបឲីយ  អបបបរម ?  
    
ដំេណះរសយ 
កំណត់រគប់ចំណុច  
 
 
 
 
 
 
 
 
 
តង  ជរជងុរបស់រតីេកណេនះ 
យក   ជចមង យពី េទបនទ ត់  

 េរៀងគន  ។ 

P ABC D,E,F

P BC,CA,AB

P
BC CA AB
PD PE PF

+ ++ ++ ++ +

P

BC a,AC b ,AB c= = == = == = == = =

PD x , PE y , PF z= = == = == = == = = P

BC,CA,AB

A 

P 

B C D 

E 
F 

x 

y 
z 

a 

b c 
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ៃផទរកឡៃនរតីេកណ កំណត់េដយ ៖ 

 
េគទញ  ។   
តមវសិមភព Cauchy-Schwarz 

  

េគទញ    

វសិមភពេនះកល ជសមភពលុះរតែត  

េគទញបន  ។ 

េនះមនន័យថ      អបបបរមេនេពលែដល 
ចំណុច ជផចិតរងវង់ចរកឹកនុងៃនរតីេកណ ។ 
 
 
 
 
 
 

ABC

PBC PCA PAB
1

S S S S (ax by cz)
2

= + + = + += + + = + += + + = + += + + = + +

ax by cz 2S+ + =+ + =+ + =+ + =

2 a b c
(a b c) (ax by cz)( )

x y z
+ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + ++ + ≤ + + + +

2BC CA AB a b c (a b c)
PD PE PF x y z 2S

+ ++ ++ ++ ++ + = + + ≥+ + = + + ≥+ + = + + ≥+ + = + + ≥

byax cz

a b c
x y z

= == == == =

x y z= == == == =
BC CA AB
PD PE PF

+ ++ ++ ++ +

P
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លហំត់ទី៤៣ 

េគឲយ 2k ≥≥≥≥  ជចំនួនគត់មួយ ។ សវុ ីត ( )nx  កំណត់េដយ ៖ 

0 1 1x x= == == == =   និង 1
1

1k
n

n
n

x
x

x++++
−−−−

++++====   ចំេពះ 1n ≥≥≥≥   ។ 

ក)ចូរបងហ ញថចេំពះរគប់ចនួំនគត់វជិជមន 2k ≥≥≥≥  សវុ ីត ( )nx គឺ 
 ជសវុ ីតៃនចនួំនគត់ ។ 
ខ)េបី 2k ====  ចូរបងហ ញថ 1 13n n nx x x+ −+ −+ −+ −= −= −= −= −   ចំេពះរគប់ 1n ≥≥≥≥  
  រចួគណន nx  ជអនុគមន៍ៃន n  ។ 
 
ដំេណះរសយ 

ក)បងហ ញថ សវុ ីត ( )nx ជសវុ ីតៃនចំនួនគត់ ៖ 
េគមន 0 1 1x x= == == == =  ជចំនួនគត់ 

េបី 1n ====  េគបន 
2
1

2
0

1
2

x
x

x
++++= == == == =  ជចំនួនគត់។ 

េបី 2n ====  េគបន 2
3

1

1
2 1

k
kx

x
x

++++= = += = += = += = +  ជចំនួនគត់ ។ 

េយងីឧបមថ nx IN∈∈∈∈   ពិត ។ េយងីនងិរសយថ 1nx IN++++ ∈∈∈∈  ។ 

េគមន 1
1

1k
n

n
n

x
x

x++++
−−−−

++++====   េនះ 1

2

1k
n

n
n

x
x

x
−−−−

−−−−

++++====   រគប់ 2n ≥≥≥≥  

ឬ 2 1 1k
n n nx x x− −− −− −− −− =− =− =− =   េនះ 2nx −−−−  និង 1nx −−−−  ជចំនួនបថមរវងគន  
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េដយ 1

2

1k
n

n
n

x
x

x
−−−−

−−−−

++++====   េនះសមភព 1
1

1k
n

n
n

x
x

x++++
−−−−

++++====    អចសរេសរ 

(((( ))))
1

1 22
1

1 2 1

1
1

1

kk
n kk k

n nn
n k

n n n

x
x xx

x
x x x

−−−−

− −− −− −− −−−−−
++++

− − −− − −− − −− − −

    ++++ ++++     + ++ ++ ++ +    = == == == =    

តង (((( ))))1 21
kk k

n nN x x− −− −− −− −= + += + += + += + +   រគប់ 2n ≥≥≥≥  
េគមន 2 3 1 11 0 (mod )k

n n n nN x x x x− − − −− − − −− − − −− − − −≡ + = ≡≡ + = ≡≡ + = ≡≡ + = ≡  េនះ 1 |nx N−−−−   
េហយី (((( )))) (((( ))))1 2 2 21

k kk k k
n n n n nN x x x x x− − − −− − − −− − − −− − − −= + + = += + + = += + + = += + + = +  េនះ 2 |k

nx N−−−−   
េដយ 1 2( , ) 1n nGCD x x− −− −− −− − ====  េនះេគបន 2 1 |k

n nx x N− −− −− −− −  ។ 

េគទញបន (((( ))))1 2

1
2 1

1
kk k

n n

n k
n n

x x
x

x x
− −− −− −− −

++++
− −− −− −− −

+ ++ ++ ++ +
====   ជចំនួនគត់ ។ 

ដូចេនះចំេពះរគប់ចំនួនគត់វជិជមន 2k ≥≥≥≥  សវុ ីត ( )nx គឺជសវុ ីតៃន 
ចំនួនគត់ ។ 
ខ)េបី 2k ====  បងហ ញថ 1 13n n nx x x+ −+ −+ −+ −= −= −= −= −   ចំេពះរគប់ 1n ≥≥≥≥    

េគមន 1
1

1k
n

n
n

x
x

x++++
−−−−

++++====    េនះចេំពះ 2k ====  េគបន 
2

1
1

1n
n

n

x
x

x++++
−−−−

++++====  

េគទញ 2
1 1 1 (1)n n nx x x+ −+ −+ −+ − − =− =− =− =   និង  2

2 1 1 (2)n n nx x x+ ++ ++ ++ +− =− =− =− =  
តម(1)នងិ(2)េគបន 2 2

1 1 2 1n n n n n nx x x x x x+ − + ++ − + ++ − + ++ − + +− = −− = −− = −− = −   
សមមូល 2 1 1 1( ) ( )n n n n n nx x x x x x+ + − ++ + − ++ + − ++ + − ++ = ++ = ++ = ++ = +  

េគទញ 2 1 1

1

n n n n

n n

x x x x

x x
+ − ++ − ++ − ++ − +

++++

+ ++ ++ ++ +
====   េនះ 1 1n n

n

x x
x

− +− +− +− +    ++++
    
    

ជសវុ ីតេថរ 
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េគបន 1 1 0 2

1

1 2
3

1
n n

n

x x x x

x x
− +− +− +− ++ ++ ++ ++ + ++++= = == = == = == = =    

េគទញ 1 1 3n n nx x x− +− +− +− ++ =+ =+ =+ =   ឬ 1 13n n nx x x+ −+ −+ −+ −= −= −= −= −  
ដូចេនះ  1 13n n nx x x+ −+ −+ −+ −= −= −= −= −   ចំេពះរគប់ 1n ≥≥≥≥    ។ 
គណន nx  ជអនុគមន៍ៃន n  ៖ 
េគមន 1 13n n nx x x+ −+ −+ −+ −= −= −= −= −   ចំេពះរគប់ 1n ≥≥≥≥     
សមីករសមគ ល់ 2 3 1x x= −= −= −= −   ឬ 2 3 1 0x x− + =− + =− + =− + =  

9 4 5∆ = − =∆ = − =∆ = − =∆ = − =   មនឬស 1 2

3 5 3 5
,

2 2
x x

− +− +− +− += == == == =  

េគបន 3 5 3 5
2 2

n n

nx µ λµ λµ λµ λ
            − +− +− +− += += += += +            
            

  

េដយ 0 1 1x x= == == == =   េនះ 5 1 5 1
,

2 5 2 5
µ λµ λµ λµ λ+ −+ −+ −+ −= == == == =  

ដូចេនះ 5 1 3 5 5 1 3 5
2 22 5 2 5

n n

nx
            + − − ++ − − ++ − − ++ − − += += += += +            
            

  ។ 
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លហំត់ទី៤៤ 

េគឱយរតីេកណ ABC មួយមនមុំ C,B,A  ជមុំរសួច ។ 

ចូររសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++    

 
ដំេណះរសយ 

រសយថ  18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++  

តង 
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
++++++++====∑∑∑∑  

           
Ccos
Ctan

Bcos
Btan

Acos
Atan 222

++++++++====  
តមវសិមភព SchwarzCauchy−−−−  េគបន ៖ 

)1(
CcosBcosAcos

)CtanBtanA(tan 2

++++++++
++++++++≥≥≥≥∑∑∑∑  

តងអនុគមន៍ xtan)x(f ====   ែដល )
2

,0(x
ππππ∈∈∈∈   

េគបន xtan1
xcos

1
)x('f 2

2
++++========  

          0)xtan1(xtan2)x(''f 2 >>>>++++====  
តមវសិមភព Jensen េគបន ៖ 

 )
3

CBA
(f3)C(f)B(f)A(f

++++++++≥≥≥≥++++++++
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ឬ 33
3

tan3)
3

CBA
tan(3CtanBtanAtan ====ππππ====++++++++≥≥≥≥++++++++  

េគទញ )2(27)CtanBtanA(tan 2 ≥≥≥≥++++++++  
តងអនុគមន៍ xcos)x(g ====  ែដល )

2
,0(x
ππππ∈∈∈∈  

េគបន xsin)x('g −−−−====  
          )

2
,0(x,0xcos)x(''g
ππππ∈∈∈∈∀∀∀∀<<<<−−−−====  

នឱំយ )x(g  ជអនុគមន៍េប៉ង ។ 
តមវសិមភព Jensen េគបន ៖ 

)
3

CBA
(g3)C(g)B(g)A(g

++++++++≤≤≤≤++++++++  

2
3

3
cos3)

3
CBA

cos(3CcosBcosAcos ====ππππ====++++++++≤≤≤≤++++++++  

េគទញ )3(
3
2

CcosBcosAcos
1 ≥≥≥≥

++++++++
 

គុណវសិមភព )3(&)2(  អងគ នងិ អងគេគបន  ៖ 

)4(18
3

227
CcosBcosAcos

tanC)tanB(tanA 2
====××××≥≥≥≥

++++++++
++++++++  

តម  )4(&)1(  េគទញបន 18≥≥≥≥∑∑∑∑   ។ 

ដូចេនះ 18
Ccos

Csin

Bcos

Bsin

Acos

Asin
3

2

3

2

3

2
≥≥≥≥++++++++   ។ 

    
    
លហំត់ទី៤៥ 



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 101 

 

េគឱយ a ,b ,c  ជចំនួនពតិវជិជមនែដលមនផលបូកេសមី 6  ។  
ចូរកំណត់តៃមលអតបិរមៃន  
 3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +   
 
ដំេណះរសយ 

កំណត់តៃមលអតិបរមៃន   
3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +   

តង 3 32 2u a 2bc , v b 2ca= + = += + = += + = += + = +  និង 3 2w c 2ab= += += += +  
េគមន  

3 3 3 2 2 2 2u v w a 2bc b 2ca c 2ab (a b c)+ + = + + + + + = + ++ + = + + + + + = + ++ + = + + + + + = + ++ + = + + + + + = + +  
ែតតមសមមតិកមម a b c 6+ + =+ + =+ + =+ + =   េនះ 3 3 3u v w 36 (1)+ + =+ + =+ + =+ + =  
េហយី S u v w (2)= + += + += + += + +  
ចំេពះរគប់ x 0>>>>  េយងីេរជីសេរសី 3f (x) x====  
េគមន 2f '(x) 3x====  និង f ''(x) 6x 0= >= >= >= >   
េនះតមវសិមភព Jensenេគបន 

u v w
f (u) f (v) f (w) 3f ( ) , u, v,w 0

3
+ ++ ++ ++ ++ + ≥ ∀ >+ + ≥ ∀ >+ + ≥ ∀ >+ + ≥ ∀ >  

េគបន 
3

3 3 3 3u v w 1
u v w 3 (u v w) (3)

3 9
+ ++ ++ ++ +    + + ≥ = + ++ + ≥ = + ++ + ≥ = + ++ + ≥ = + +    

    
 

តមទំនក់ទនំង  (1),(2) & (3)  េគបន  
3S

36
9

≥≥≥≥   
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 នឱំយ 3S 3 12≤≤≤≤  
ដូចេនះតៃមលអតបិរមៃន   

3 3 32 2 2S a 2bc b 2ca c 2ab= + + + + += + + + + += + + + + += + + + + +   
េសមីនឹង 3

maxS 3 12====   ែដលរតវូនឹង a b c 2= = == = == = == = =    ។ 
 
 
 
 
 
 
 
 
 
 
 
 
 
    
លហំត់ទី៤៦ (IMO 1968) 
ចូរកំណត់រគប់រតេីកណែដលមនរជុងជចនួំនគត់បនតគន   
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និង មុមួំយរបស់វេសមីនឹងេទវដងៃនមុេំផសងេទៀត ។ 
 
ដំេណះរសយ 

តង ABC  ជរតីេកណែដលរតូវកំណត់។ តងa,a 1,a 2+ ++ ++ ++ +  
ជរជុងឈមៃនមុំ A,B,C េរៀងគន  ។ 
តមរទឹសតីបទកូសីុនូសេគបន ៖ 

2 2 2

2 2 2

2 2 2

(a 1) (a 2) a a 5
cos A

2(a 1)(a 2) 2(a 2)

a (a 2) (a 1) a 1
cosB

2a(a 2) 2a

a (a 1) (a 2) a 3
cosC

2a(a 1) 2a

+ + + − ++ + + − ++ + + − ++ + + − += == == == =
+ + ++ + ++ + ++ + +

+ + − + ++ + − + ++ + − + ++ + − + += == == == =
++++

+ + − + −+ + − + −+ + − + −+ + − + −= == == == =
++++

 

តមរូបមនតមុឌុំប 2cos 2 2cos 1θ = θ −θ = θ −θ = θ −θ = θ −  េនះេយងីនឹងកណំត់a  
កនុងបកីរណីគឺ C 2A , B 2A= == == == =  ឬ C 2B====  ។ 
ក/ករណី C 2A====   
េគបន 2cosC cos2A 2cos A 1= = −= = −= = −= = −  

ឬ  
2

2
a 3 (a 5)

2 1
2a 4(a 2)

− +− +− +− += × −= × −= × −= × −
++++

 

ឬ 2 2 2(a 3)(a 2) a(a 5) 2a(a 2)− + = + − +− + = + − +− + = + − +− + = + − +  
បនទ ប់ពបីរងមួេគបន 3 22a a 25a 12 0− − − =− − − =− − − =− − − =  
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ចំេពះ a 4====  េនះ 3 22(4) 4 25(4) 12 0− − − =− − − =− − − =− − − =  ពិត 
ែចកពហុធ 3 22a a 25a 12− − −− − −− − −− − −  នឹង a 4−−−−  េគបនផលែចក 

22a 7a 3 (2a 1)(a 3)+ + = + ++ + = + ++ + = + ++ + = + +  ។ 
សមីករសមមូល (a 4)(a 3)(2a 1) 0− + + =− + + =− + + =− + + =   េដយ a 0>>>>  
េគទញឬស a 4====  ។ 
ដូចេនះេគបនរតេីកណមនរជុង 4,5,6  ។ 
ខ/ករណី B 2A====  
េគបន 2cosB cos 2A 2cos A 1= = −= = −= = −= = −  

េគបនសមីករ 
2

2
a 1 (a 5)

2 1
2a 4(a 2)

+ ++ ++ ++ += × −= × −= × −= × −
++++

 

ឬ 2 2 2(a 1)(a 2) a(a 5) 2a(a 2)+ + = + − ++ + = + − ++ + = + − ++ + = + − +  
បនទ ប់ពបីរងមួមកេគបន 3 22a 3a 9a 4 0+ − + =+ − + =+ − + =+ − + =  
ចំេពះ a 1====  េនះ 2 3 9 4 0+ − + =+ − + =+ − + =+ − + =  ពិត 
ែចកពហុធ 3 22a 3a 9a 4+ − ++ − ++ − ++ − +  នឹង a 1−−−−  េគបនផលែចក 

22a 5a 4+ −+ −+ −+ −  ។ 
 េនះសមីករសមមូល 2(a 1)(2a 5a 4) 0− + − =− + − =− + − =− + − =  
េដយ a IN∈∈∈∈  េនះេគទញឬស a 1====  ។ 
េដយ a,a 1,a 2+ ++ ++ ++ +  ជរជុងរតេីកណេនះ a (a 1) a 2+ + > ++ + > ++ + > ++ + > +  
ឬ a 1>>>>  ។ ដូចេនះករណី B 2A====  មិនអចមន ។ 
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ឃ/ករណី C 2B====  (មិនអចមន) សិសសរតូវេដះរសយ។ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    
    
លហំត់ទី៤៧ 
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េគឲយ p  ជចំនួនពតិែដល 1
p

p
++++  ជចំនួនគត់មួយ ។ 

រសយថ 1n
np

p
++++  ជចំនួគត់ចេំពះរគប់ n IN∈∈∈∈   ។ 

 
ដំេណះរសយ 

រសយថ 1n
np

p
++++  ជចំនួគត់ 

តង 1n
n nS p

p
= += += += +   ចំេពះរគប់ 1,2,3,...n ====  

េគមន 1 1
1 1 1

1 1 1 1
( )( )n n n

n n n nS S p p p p
p p p p

+ −+ −+ −+ −
+ −+ −+ −+ −= + + = + + += + + = + + += + + = + + += + + = + + +  

           1 1 1n n nS S S S+ −+ −+ −+ −= += += += +   េនះ 1 1 1 (*)n n nS S S S+ −+ −+ −+ −= −= −= −= −   ។ 

ចំេពះ 1n ====  េនះ 1

1
S p

p
= += += += +  ជចំនួនគត់ ។ 

ឧបមថ nS  ជចំនួនគត់េនះតម (*)  េគទញ 1nS ++++  ជចំនួនគត់ 

ដូចេនះ 1n
n nS p

p
= += += += +   ជចំនួនគត់ ។ 
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លហំត់ទី៤៨ 

េគឱយ c,b,a  ជចំនួនពតិវជិជមន ។ ចូររសយបញជ ក់ថ ៖ 

8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++

 
 
ដំេណះរសយ 

រសយបញជ ក់    

 8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++     

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទី១១១១    

តង 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T

++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++====  

យក cbas ++++++++====  េនះកេនសម T  អចសរេសរ  ៖ 

22

2

22

2

22

2

)sc(c2

)sc(

)sb(b2

)sb(

)sa(a2

)sa(
T

−−−−++++
++++++++

−−−−++++
++++++++

−−−−++++
++++====   

េគមន 22

22

22

2

sas2a3

sas2a

)sa(a2

)sa(

++++−−−−
++++++++====

−−−−++++
++++  

                                  
)

sas2a3

s2as8
1(

3
1

sas2a3

s3as6a3
.

3
1

22

2

22

22

++++−−−−
++++++++====

++++−−−−
++++++++====
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22

2

22

2

22

2

s2)sa3(

s2as8
3
1

s3as6a9

s2as8
3
1

)sa(a2

)sa(

++++−−−−
++++++++====

++++−−−−
++++++++====

−−−−++++
++++  

េដយ 0)sa3( 2 ≥≥≥≥−−−−    េនះ 222 s2s2)sa3( ≥≥≥≥++++−−−−  

ឬ  cba
a4

1
s
a4

1
s2

s2as8

s2)sa3(

s2as8
2

2

22

2

++++++++
++++====++++====++++≤≤≤≤

++++−−−−
++++

  

េគទញ )1(
cba

a4
3
4

)sa(a2

)sa(
22

2

++++++++
++++≤≤≤≤

−−−−++++
++++  

រសយបំភលឺដូចគន ខងេលីែដរេគបន  ៖ 

)3(
cba

c4
3
4

)sc(c2

)sc(

)2(
cba

b4
3
4

)sb(b2

)sb(

22

2

22

2

++++++++
++++≤≤≤≤

−−−−++++
++++

++++++++
++++≤≤≤≤

−−−−++++
++++

  

បូកវសិមភព )2(,)1( និង )3(  េគបន  ៖ 
844

cba
c4b4a4

3
4

3
4

3
4

T ====++++====
++++++++
++++++++++++++++++++≤≤≤≤  

ដូចេនះ   8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++    

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ២ី២២២    

តង 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T

++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++====  

យក acz,cby,bax ++++====++++====++++====  
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េគបន 








++++++++====++++
++++++++====++++
++++++++====++++

bac2yz

acb2yx

cba2zx

 និង 








−−−−++++====
−−−−++++====
−−−−++++====

xyzc2

zyxb2

yzxa2

 

កេនសម T  អចសរេសរជ  ៖ 

22

2

22

2

22

2

z2)zxy(

)xy(2

x2)xyz(

)yz(2

y2)yzx(

)zx(2
T

++++−−−−++++
++++++++

++++−−−−++++
++++++++

++++−−−−++++
++++====

  
តមវសិមភព SchwarzCauchy −−−−  ៖ 222 )vu()vu(2 ++++≥≥≥≥++++  
េគបន 2222 )zx()yyzx(y2)yzx(2 ++++====++++−−−−++++≥≥≥≥++++−−−−++++  

         2222

2222

y)zx(
2
1

y2)yzx(

y2)zx(y4)yzx(2

++++++++≥≥≥≥++++−−−−++++

++++++++≥≥≥≥++++−−−−++++
 

េគទញ  
2

222

2

22

2

)zx(

y2
1

4

y)zx(
2
1

)zx(2

y2)yzx(

)zx(2

++++
++++

====
++++++++

++++≤≤≤≤
++++−−−−++++

++++
 

េដយ )zx(2)zx( 222 ++++≤≤≤≤++++  នឱំយ ់ 22

2

2

2

zx

y

)zx(

y2

++++
≥≥≥≥

++++
 

ឬ   22

222

2

2

zx

zyx

)zx(

y2
1

++++
++++++++≥≥≥≥

++++
++++  

េគទញបន )1(
zyx

)zx(4

y2)yzx(

)zx(2
222

22

22

2

++++++++
++++≤≤≤≤

++++−−−−++++
++++  
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រសយបំភលឺដូចខងេលីែដរេគបន ៖ 

)3(
zyx

)xy(4

z2)zxy(

)xy(2

)2(
zyx

)yz(4

x2)xyz(

)yz(2

222

22

22

2

222

22

22

2

++++++++
++++≤≤≤≤

++++−−−−++++
++++

++++++++
++++≤≤≤≤

++++−−−−++++
++++

  

បូកវសិមភព )3(,)2(,)1(  េគបន  ៖ 

8
zyx

)xy(4)yz(4)zx(4
T 222

222222

====
++++++++

++++++++++++++++++++≤≤≤≤  

ដូចេនះ 8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++    

រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ៣ី៣៣៣    

តង 22

2

22

2

22

2

)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
T

++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++====  

េគមនសមភព )vu2(3)vu(2)vu2( 2222 ++++====−−−−++++++++  
េដយយក au ====   និង  cbv ++++====  េនះេគបន ៖ 

(((( ))))2222 )cb(a23)cba(2)cba2( ++++++++====−−−−−−−−++++++++++++  
ឬ (((( )))) 2222 )cba(2)cb(a23)cba2( −−−−−−−−−−−−++++++++====++++++++  
ែចកអងគទងំពីរនងឹ 22 )cb(a2 ++++++++  េគបន ៖ 

េយងីបន  22

2

22

2

)cb(a2

)cba(2
3

)cb(a2

)cba2(

++++++++
−−−−−−−−−−−−====

++++++++
++++++++  

កេនសម T  អចបំែលងជ ៖ 
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








++++++++
−−−−−−−−++++

++++++++
−−−−−−−−++++

++++++++
−−−−−−−−−−−−==== 22

2

22

2

22

2

)ba(c2

)bac(

)ac(b2

)cab(

)cb(a2

)cba(
29T  

េដីមបរីសយថ 8T ≤≤≤≤   េយងីរតវូរសយឱយេឃញីថ ៖ 

2
1

)ba(c2

)bac(

)ac(b2

)cab(

)cb(a2

)cba(
S 22

2

22

2

22

2

≥≥≥≥
++++++++

−−−−−−−−++++
++++++++

−−−−−−−−++++
++++++++

−−−−−−−−====  

េគមន bc2cba2)cb(a2 22222 ++++++++++++====++++++++  
េដយ 22 cbbc2 ++++≤≤≤≤   េនះ )cba(2)cb(a2 22222 ++++++++≤≤≤≤++++++++  
រសយដូចគន ែដរ )cba(2)ac(b2 22222 ++++++++≤≤≤≤++++++++  
េហយី )cba(2)ba(c2 22222 ++++++++≤≤≤≤++++++++  

េគទញ 
)cba(2

)bac()cab()cba(
S 222

222

++++++++
−−−−−−−−++++−−−−−−−−++++−−−−−−−−≥≥≥≥  

េដយកេនសម 222 )bac()cab()cba( −−−−−−−−++++−−−−−−−−++++−−−−−−−−  
េសមីនឹង )cabcab(2)cba(3 222 ++++++++−−−−++++++++  

េនះ 222 cba

cabcab
2
3

S
++++++++
++++++++−−−−≥≥≥≥  

េគមន cabcab
2

ac
2

cb
2

ba 222222

++++++++≥≥≥≥++++++++++++++++++++  

ឬ cabcabcba 222 ++++++++≥≥≥≥++++++++  នឱំយ 
2
1

1
2
3

S ====−−−−≥≥≥≥   ពិត ។ 
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រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទី៤៤៤៤    
រសយថ  

8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++

  

តង 
c

ba
z,

b
ac

y,
a

cb
x

++++====++++====++++====  

1
cba

c
cba

b
cba

a
1z

1
1y

1
1x

1 ====
++++++++

++++
++++++++

++++
++++++++

====
++++

++++
++++

++++
++++  

វសិមភពសមមូល 8
z2

)z2(

y2

)y2(

x2

)x2(
2

2

2

2

2

2

≤≤≤≤
++++
++++++++

++++
++++++++

++++
++++

  

េយងីនងឹរសយថ 
3
1

u1
1

3
8

u2

)u2(
2

2

−−−−
++++

≤≤≤≤−−−−
++++
++++   រគប់ 0u >>>>  

េគមន 0
)u1)(u2(3

)2u)(5u(
3
1

u1
1

3
8

u2

)u2(
2

2

2

2

≤≤≤≤
++++++++

−−−−++++−−−−====++++
++++

−−−−−−−−
++++
++++ ពិត 

េហតុេនះ  (*)
3
8

3
1

u1
1

u2

)u2(
2

2

++++−−−−
++++

≤≤≤≤
++++
++++  

តម (*)  េគបន ៖ 

81
z1

1
y1

1
x1

1

z2

)z2(

y2

)y2(

x2

)x2(
2

2

2

2

2

2

++++−−−−
++++

++++
++++

++++
++++

≤≤≤≤
++++
++++++++

++++
++++++++

++++
++++  

ដូចេនះ    

8
)ba(c2

)bac2(

)ac(b2

)acb2(

)cb(a2

)cba2(
22

2

22

2

22

2

≤≤≤≤
++++++++
++++++++++++

++++++++
++++++++++++

++++++++
++++++++  
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លហំត់ទី៤៩ 

េគឱយរតីេកណ  មួយមនរជងុ  និងមនៃផទរកឡ  
  ។ឧបមថ  ជរតីេកណចរកឹកនុងរតីេកណ   ។ 

ចូររសយបញជ ក់ថ    
    
ដំេណះរសយ 

រសយបញជ ក់ថ     
 
 
 
 
 
 

តង  េនះ  

េគបន  
តមរទឹសតីបទកូសីុនូសកនុងរតីេកណ  េគបន  ៖ 

 

ABC a ,b ,c

S DEF ABC
28S

DE EF FD
abc

+ + ≥+ + ≥+ + ≥+ + ≥

28S
DE EF FD

abc
+ + ≥+ + ≥+ + ≥+ + ≥

BD x , CE y , AF z= = == = == = == = =
0 x a

0 y b

0 z c

< << << << <
 < << << << <
 < << << << <

DC a x , AE b y , BF c z= − = − = −= − = − = −= − = − = −= − = − = −

BDF

Bcos)zc(x2)zc(xDF 222 −−−−−−−−−−−−++++====
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េដយ  
េនះ  
            
េគទញបន  
រសយដូចគន ែដរ  
និង  ។ 
េដយេរបវីសិមភពរតេីកណេគបន  ◌ៈ 

 
តង  

          

ដូចេនះ    ។ 
 
 
 
 

cosB cos( (A C)) cos(A C)= π − + = − += π − + = − += π − + = − += π − + = − +
2 2 2DF x (c z) 2x(c z)cos(A C)= + − + − += + − + − += + − + − += + − + − +

2 2[xcos A (c z)cosC] [xsin A (c z)sinC]= + − + − −= + − + − −= + − + − −= + − + − −
DF | xcos A (c z)cosC |≥ + −≥ + −≥ + −≥ + −

DE | ycosB (a x)cos A |= + −= + −= + −= + −

EF | zcosC (b y)cosB |= + −= + −= + −= + −

DE EF FD | acosA bcosB ccosC| (1)+ + ≥ + ++ + ≥ + ++ + ≥ + ++ + ≥ + +
T acos A bcosB ccosC= + += + += + += + +

2

3 2 2

Rsin 2A Rsin 2B Rsin 2C

R(sin 2A sin 2B sin 2C)

4Rsin AsinBsinC

abc abc abc 8S
4R.

abc abc8R 2R 2( )
4S

= + += + += + += + +
= + += + += + += + +
====

= = = == = = == = = == = = =

28S
DE EF FD

abc
+ + ≥+ + ≥+ + ≥+ + ≥
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លហំត់ទី៥០ 

េគឲយ P(x) ជពហុធដឺេរកទី n ។  
េគដងឹថ k

P(k)
k 1

====
++++

 ចំេពះ k 0 ,1, 2 , ....,n====   ។ 
ចូរកំណត់ P(n 1)++++   ។ 
 
ដំេណះរសយ 

តងQ(x) (x 1)P(x) x= + −= + −= + −= + −  េនះ Q(k) 0====  រគប់ 
k 0 ,1, 2 , ....,n====  ។ 
េនះេគអចសរេសរ Q(x) ax(x 1)(x 2)(x 3)...(x n)= − − − −= − − − −= − − − −= − − − −  
េគទញបន  
(x 1)P(x) x ax(x 1)(x 2)(x 3)....(x n)+ − = − − − −+ − = − − − −+ − = − − − −+ − = − − − −  

យក x 1= −= −= −= −  េគបន n 11 a( 1) .(n 1)!++++= − += − += − += − +  េនះ 
n 1( 1)

a
(n 1)!

++++−−−−====
++++

 

េគបន 

n 1( 1)
x(x 1)(x 2)(x 3)...(x n) x

(n 1)!
P(x)

x 1

++++−−−− − − − − +− − − − +− − − − +− − − − +
++++====

++++
 

 

ដូចេនះ  
1 n

P(n 1) n
n

n 2


+ =+ =+ =+ = 

 ++++

ebI KUUebI KUUebI KUUebI KUU

ebI essebI essebI essebI ess
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លហំត់ទី៥១ (IMO 1969) 
េគឱយចនួំនពតិ 212121 z,z,y,y,x,x  េផទៀងផទ ត់ 0x,0x 21 >>>>>>>>  

0zyx 2
111 >>>>−−−−  និង 0zyx 2

222 >>>>−−−−   ។ 
ចូររសយថ ៖ 

2
222

2
111

2
212121 zyx

1

zyx

1

)zz()yy)(xx(

8

−−−−
++++

−−−−
≤≤≤≤

++++−−−−++++++++  
    
ដំេណះរសយ 

រសយថ ៖ 
(*)

zyx

1

zyx

1

)zz()yy)(xx(

8
2

222
2

111
2

212121 −−−−
++++

−−−−
≤≤≤≤

++++−−−−++++++++   

តង 0zyxb;0zyxa 2
222

2
111 >>>>−−−−====>>>>−−−−====   

និង 2
212121 )zz()yy)(xx(c ++++−−−−++++++++====  

េដយ 0x1 >>>>  និង 0x2 >>>>  េនះ 0
x
za

y
1

2
1

1 >>>>++++====  និង 0y2 >>>>  

211221
2

222
2

111 zz2yxyx)zyx()zyx(c −−−−++++++++−−−−++++−−−−====  
211221 zz2yxyxbac −−−−++++++++++++====  

េដយ 2
111 zyxa −−−−====   េនះ 

1

2
1

1 y
za

x
++++====  

 និង  2
222 zyxb −−−−====  េនះ 

2

2
2

2 y
zb

x
++++====  
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េគបន 21
2

2
2

1
1

2
1

2 zz2)
y

zb
(y)

y
za

(ybac −−−−++++++++++++++++++++====  

            2
2

2

1
21

2
1

1

2

2

1

1

2 z
y
y

zz2z
y
y

b
y
y

a
y
y

ba ++++−−−−++++++++++++++++====  

             
2

2
2

1
1

1

2

2

1

1

2 z
y
y

z
y
y

b
y
y

a
y
y

ba 







−−−−++++++++++++++++====  

េដយ 0z
y
y

z
y
y

2

2
2

1
1

1

2 ≥≥≥≥







−−−−  េនះេគទញបន  ៖ 

b
y
y

a
y
y

bac
2

1

1

2 ++++++++++++≥≥≥≥  េដយ ab2b
y
y

a
y
y

2

1

1

2 ≥≥≥≥++++  
េនះ )1()ba(ab2bac 2++++====++++++++≥≥≥≥   

េយងីឧបមថវសិមភព (*)  ពិតេពលគឺ  b
1

a
1

c
8 ++++≤≤≤≤  ពិត 

េគបន 
ba

ab8
c

++++
≥≥≥≥  េដយ 2)ba(c ++++≥≥≥≥   (តមវសិមភព )1(  ) 

េយងីនងឹរសយថ  
សមមូល ab8)ba)(ba( 2 ≥≥≥≥++++++++  
េដយ ab2ba ≥≥≥≥++++   េហយី ab4)ba( 2 ≥≥≥≥++++  
េនះ ab8)ba)(ba( ≥≥≥≥++++++++   ពិត។ 
វសិមភពេនះកល យសមភពលុះរតែត ៖ 

2

1
2

1

2
1 y

y
z

y
y

z ====   ឬ 1221 yzyz ====  និង b
y
y

a
y
y

2

1

1

2 ====   ។ 

ba
ab8

)ba( 2

++++
≥≥≥≥++++
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លហំត់ទី៥២ 

ចូរបងហ ញថ 2 2(2 1) 2 1
n n

nm λλλλ+++++ = ++ = ++ = ++ = +  ចំេពះរគប់ n ∈∈∈∈ℕℕℕℕ  
ែដល , nm λλλλ ∈∈∈∈ℤℤℤℤ   ។ 
 
ដំេណះរសយ 

បងហ ញថ 2 2(2 1) 2 1
n n

nm λλλλ+++++ = ++ = ++ = ++ = +  
-ចំេពះ 1n ====  េគបន ៖ 

12 2 2 1 2
1(2 1) 4 4 1 2 ( 1) 1 2 1m m m m m λλλλ+++++ = + + = + + = ++ = + + = + + = ++ = + + = + + = ++ = + + = + + = +  

ែដល 1( 1) 2m m λλλλ+ =+ =+ =+ =   រគប់ 1λλλλ ∈∈∈∈ℤℤℤℤ   ។ 
-េយងីឧបមថ 2 2(2 1) 2 1

n n
nm λλλλ+++++ = ++ = ++ = ++ = +  ពិតចេំពះរគប់ n ∈∈∈∈ℕℕℕℕ  

-េយងីនងឹរសយថ 12 3
1(2 1) 2 1

n n
nm λλλλ

++++ ++++
+++++ = ++ = ++ = ++ = +  ពិតចេំពះ n ∈∈∈∈ℕℕℕℕ  

េគមន 1 2
2 2(2 1) (2 1)

n n

m m
++++     + = ++ = ++ = ++ = +      

                            

(((( ))))22

2( 2) 2 3

3 1 2

3
1

2 1

2 2 1

2 (2 ) 1

2 1

n
n

n n
n n

n n
n n

n
n

λλλλ

λ λλ λλ λλ λ
λ λλ λλ λλ λ

λλλλ

++++

+ ++ ++ ++ +

+ ++ ++ ++ +

++++
++++

= += += += +

= + += + += + += + +

= + += + += + += + +

= += += += +

 

ែដល 1 2
1 2n

n n nλ λ λλ λ λλ λ λλ λ λ++++
++++ = + ∈= + ∈= + ∈= + ∈ℕℕℕℕ   ។ 

ដូចេនះ 2 2(2 1) 2 1
n n

nm λλλλ+++++ = ++ = ++ = ++ = +  ចំេពះរគប់ n ∈∈∈∈ℕℕℕℕ  
ែដល , nm λλλλ ∈∈∈∈ℤℤℤℤ   ។ 
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លហំត់ទី៥៣ 

េគឱយរតីេកណ ABC  មួយមនរជងុ , ,BC a AC b AB c= = == = == = == = =
 

េហយីមនមុំកនុងជមុំរសួច ។    

ចូររសយថ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++

 
    
ដំេណះរសយ 

បងហ ញថ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++     

តង 
Bcos
ac

Acos
cb

Ccos
ba ++++++++++++++++++++====∑∑∑∑  

                                            Bcos)ac(
)ac(

Acos)cb(
)cb(

Ccos)ba(
)ba( 222

++++
++++++++

++++
++++++++

++++
++++====     

តមវសិមភព 
n21

2
n21

n

2
n

2

2
2

1

2
1

y...yy
)x...xx(

y
x

....
y
x

y
x

++++++++++++
++++++++++++≥≥≥≥++++++++++++  

េគបន Bcos)ac(Acos)cb(Ccos)ba(
)]ac()cb()ba[( 2

++++++++++++++++++++
++++++++++++++++++++≥≥≥≥∑∑∑∑             

 

)AcosbBcosa()CcosaAcosc()BcoscCcosb(
)cba(4 2

++++++++++++++++++++
++++++++≥≥≥≥∑∑∑∑     

                                            )cba(4
cba
)cba(4 2

++++++++====
++++++++
++++++++≥≥≥≥∑∑∑∑     

ដូចេនះ )cba(4
Bcos
ac

Acos
cb

Ccos
ba ++++++++≥≥≥≥++++++++++++++++++++   ។ 
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លហំត់ទី៥៤ 

េគឲយរតីធ 2( )f x ax bx c= + += + += + += + +   ែដល a b<<<<  និង , ,a b c IR∈∈∈∈  
េបី ( ) 0f x ≥≥≥≥  ចំេពះរគប់ x IR∈∈∈∈  េនះចូរកំណត់តៃមលអបបបរមៃន  

a b c
D

b a
+ ++ ++ ++ +====

−−−−
  ។ 

 
ដំេណះរសយ 

េដយ ( ) 0f x ≥≥≥≥  ចំេពះរគប់ x IR∈∈∈∈  សមមូល 
2

0

4 0

a

b ac

>>>>


− ≤− ≤− ≤− ≤
 

យក 0t b a= − >= − >= − >= − >   (េរពះ b a>>>>  ) 

េដយ 2 4 0b ac− ≤− ≤− ≤− ≤  េនះ 
2 2( )

4 4
b t a

c
a a

++++≥ =≥ =≥ =≥ =  

េគបន 
2( )

2( ) 4
t a

t aa b c a t a c aD
b a t t

+++++ ++ ++ ++ ++ + + + ++ + + + ++ + + + ++ + + + += = ≥= = ≥= = ≥= = ≥
−−−−

 

ឬ         
24 ( 2 ) ( )

4
a t a t a

D
at

+ + ++ + ++ + ++ + +≥≥≥≥  

តង 
2 2 24 ( 2 ) ( ) 6 9

( )
4 4

a t a t a t at a
f t

at at
+ + + + ++ + + + ++ + + + ++ + + + += == == == =   

            1 3 9
. .

4 2 4
t a
a t

= + += + += + += + +  

េគបន 3 1 9 3 3
( ) 2 . . . 3

2 4 4 2 2
t a

f t
a t

≥ + = + =≥ + = + =≥ + = + =≥ + = + =   

េគទញបន 3D ≥≥≥≥   េនះតៃមលអបបបរមៃន D  គឺ min 3D ====   ។ 
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លហំត់ទី៥៥ 

េគឲយ 4

3

1 tan
2

n

n k
k

P
ππππ

====

        = −= −= −= −         
        

∏∏∏∏  ។ គណន lim nn
P

→+∞→+∞→+∞→+∞
 ? 

 
ដំេណះរសយ 

គណន lim nn
P

→+∞→+∞→+∞→+∞
  

េគមន 4 2 21 tan (1 tan )(1 tan )
2 2 2k k k kx
π π ππ π ππ π ππ π π= − = + −= − = + −= − = + −= − = + −  

េដយ 2

2

1
1 tan

2 cos
2

k

k

ππππ
ππππ+ =+ =+ =+ =  និង 1

2

2tan
2tan

2 1 tan
2

k

k

k

ππππ
ππππ

ππππ−−−− ====
−−−−

 

ឬ 1
2

1 1

2tan 2sin cos
2 2 21 tan

2 tan sin cos
2 2 2

k k k

k

k k k

π π ππ π ππ π ππ π π
ππππ

π π ππ π ππ π ππ π π
−−−−

− −− −− −− −

− = =− = =− = =− = =  

េគបន 

3

1

1

cos sin
2 22

cos sin
2 2

k k

k

k k

x

π ππ ππ ππ π

π ππ ππ ππ π
−−−−

−−−−

    
    

= × ×= × ×= × ×= × ×    
    
    

  

េគទញ (((( ))))

3

1

3 3 3
1

cos sin
2 22

cos sin
2 2

n n nk k

n k
k k k

k k

P x

π ππ ππ ππ π

π ππ ππ ππ π
−−−−

= = == = == = == = =
−−−−

    
    

= = × ×= = × ×= = × ×= = × ×    
    
    

∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏∏ ∏ ∏  
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3 3
2

3( 3)
8

3
2

cos sin 1 12 22 . 2 sin
2 2cos sin cos

2 2 2

n
n n

n n

n n

P

π ππ ππ ππ π
ππππ

π π ππ π ππ π ππ π π
−−−−     = × = × ×= × = × ×= × = × ×= × = × ×     

    
 

េគមន 1 1
lim 1

cos0cos
2

n

n

ππππ→+∞→+∞→+∞→+∞
= == == == =  

និង 
0

sin
lim 2 sin lim( . )

2
n

nn x

x
x

ππππ π ππ ππ ππ π
→+∞ →→+∞ →→+∞ →→+∞ →

= == == == =   ែដល 
2nx
ππππ====   ។ 

េគបន 3
8 8

1
lim

2 2nn
P

ππππππππ
→+∞→+∞→+∞→+∞

= × == × == × == × =   ។ 
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យក  ជចំនុចរបសពវទីពីររវងបនទ ត់  ជមួយរងវង់  
តង   និង  ។ 

េយងីមន  និង  ។ 
តមរទឹសតីបទសវ័យគុណៃនចនុំច  និង  េធៀបនងឹរងវង់  

េគមន   
និង  
ឬ   និង  
បូកសមីករពីរេនះេគបន  
ឬ   េហតុេនះ  ។ 
តមរទឹសតីបទកូសីុនូសអនុវតតន៍កនុងរតីេកណ  េគមន ៖ 

 
េដយ  និង  េនះេគបន  ៖ 

  ឬ  

ែត  េគបន  
 ឬ   
យក  ជចំេណលែកងៃន  េលី េហយីសនមតថ   
ជរបសពវរវង  ជមួយ  និង តង  ជចំនុច 
កណត លៃន  ។  
ឧបមថ  េនះេគបន  

Q PM

(ABC) KP PM x= == == == = PQ y====

KB p c= −= −= −= − MC p b= −= −= −= −

K M

(ABC) KP.KQ KA.KB====

MP.MQ MC.MA====

x(x y) p(p c)+ = −+ = −+ = −+ = − x(x y) p(p b)− = −− = −− = −− = −
22x p(2p b a) pa= − − == − − == − − == − − =

2 1
x pa

2
==== 2 2MK 4x 2pa= == == == =

AKM
2 2 2MK MA KA 2MA.KAcos A= + −= + −= + −= + −

MA KA p= == == == = 2MK 2pa====
2 2 2 2 A

2pa 2p 2p cos A 4p sin
2

= − == − == − == − = 2 A
a 2psin

2
====

A (p b)(p c)
sin

2 bc
− −− −− −− −====

2p(p b)(p c)
a

bc
− −− −− −− −====

abc 2p(p b)(p c) (1)= − −= − −= − −= − −

D I BC N'

(OI) [BC] E

BC

N' N==== N'C NC p b= = −= = −= = −= = −



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 125 

 

េដយ  េនះេគបន  ឬ  ជចំនុច 
កណត លៃនអងកត់  ។ 
រតីេកណែកង  និងរតេីកណែកង  មនមុំ  

រមួវជរតេីកណដូចគន  ។  
េហតុេនះេគបន   ឬ   

េគមន   ។ 

កនុងរតីេកណែកង  េគមន  
េគទញ   នឱំយ  
យក  និង   
(ករំងវង់ចរកឹកនុង និង េរក  ) 
េគបន  ឬ   

តមរូបមនតៃផទរកឡៃន  េគមន   

និងរទឹសតីបទកូសីុនូស  

េគបន   

ឬ  ែត  

BD p b= −= −= −= − ED EN'==== E

[DN']

N'DI N'EO

DN'I∠∠∠∠
DI DN' 2DE

2
EO EN' EN'

= = == = == = == = = DI 2.EO====

BOC
BAC EOC

2
∠∠∠∠∠ = = ∠∠ = = ∠∠ = = ∠∠ = = ∠

EOC
OE

cos EOC cos A
OC

∠ = =∠ = =∠ = =∠ = =

OE OC.cos A==== DI 2.OC cos A====

DI r==== OC R====

ABC∆∆∆∆

r 2Rcos A==== r
cos A

2R
====

ABC∆∆∆∆ abc
S pr

4R
= == == == =

2 2 2b c a
cos A

2bc
+ −+ −+ −+ −====

2 2 2 2

S
b c a 2Sp

abc2bc abcp
2S

+ −+ −+ −+ − = == == == =

2 2 2 24S ap(b c a )= + −= + −= + −= + − S p(p a)(p b)(p c)= − − −= − − −= − − −= − − −
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េគបន  
ឬ  
 
េដយ  

                     

េនះ  
ឬ  
ឬ  
តមទំនក់ទនំង  និង  បញជ ក់ថករឧបម  ពិត 
ដូចេនះបីចនុំច  រត់រតង់គន  ។ 
 
 
 
 
 
 
 
 
 

2 2 24p(p a)(p b)(p c) ap(b c a )− − − = + −− − − = + −− − − = + −− − − = + −
2 2 24(p a)(p b)(p c) a(b c a )− − − = + −− − − = + −− − − = + −− − − = + −

2 2 2 2 2b c a (b c) a 2bc+ − = − − ++ − = − − ++ − = − − ++ − = − − +
2bc (b c a)(b c a)

2bc 4(p b)(p c)

= + − + − −= + − + − −= + − + − −= + − + − −
= − − −= − − −= − − −= − − −

4(p a)(p b)(p c) 2abc 4a(p b)(p c)− − − = − − −− − − = − − −− − − = − − −− − − = − − −

abc 2(p a)(p b)(p c) 2a(p b)(p c)= − − − + − −= − − − + − −= − − − + − −= − − − + − −

abc 2p(p b)(p c) (2)= − −= − −= − −= − −

(1) (2) N' N====

O , I , N
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លហំត់ទី៥៧ 

ចំេពះរគប់ចំនួនពិត , , ,a b c d   េគឲយ ៖ 
2 2 2( 1) 2( 2) ( 3)A a b c= + + − + += + + − + += + + − + += + + − + +  
2 2 2( 1) 2( 2) ( 3)B b c d= + + − + += + + − + += + + − + += + + − + +  
2 2 2( 1) 2( 2) ( 3)C c d a= + + − + += + + − + += + + − + += + + − + +  
2 2 2( 1) 2( 2) ( 3)D d a b= + + − + += + + − + += + + − + += + + − + +  

ចូរកំណត់តៃមលតូចបំផុតៃន S A B C D= + + += + + += + + += + + +   ។ 
 
ដំេណះរសយ 

កំណត់តៃមលតូចបផុំតៃន S A B C D= + + += + + += + + += + + +    
តង a b c dεεεε = + + += + + += + + += + + +  ។  
តមេរបីវសិមភព Minkowski  េគបន ៖ 

2 2 2 2(4 ) 2( 8) ( 12) 4 288S ε ε ε εε ε ε εε ε ε εε ε ε ε≥ + + − + + = +≥ + + − + + = +≥ + + − + + = +≥ + + − + + = +  
េដយ 24 288 288εεεε + ≥+ ≥+ ≥+ ≥   េនះ 288 12 2S ≥ =≥ =≥ =≥ =  
ដូចេនះតៃមលតូចបផុំតៃន S  គឺ min 12 2S ====   ។ 
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លហំត់ទី៥៨ 

ចូរបងហ ញថ  
db

1
ca

1
1

d
1

c
1

1

b
1

a
1

1

++++
++++

++++

≤≤≤≤
++++

++++
++++  

ចំេពះរគប់ចំនួនពិតវជិជមន d,c,b,a   ។ 
 
ដំេណះរសយ 

េគមន  ៖ 

)dc)(ba(
bcdacdabdabc

dc
cd

ba
ab

d
1

c
1

1

b
1

a
1

1
X

++++++++
++++++++++++====

++++
++++

++++
====

++++
++++

++++
====  

និង  dcba
)db)(ca(

db
1

ca
1

1
Y

++++++++++++
++++++++====

++++
++++

++++

====  

េគបន )dc)(ba(
bcdacdabdabc

dcba
)db)(ca(

XY
++++++++

++++++++++++−−−−
++++++++++++
++++++++====−−−−  

បនទ ប់ពតីរមវូភគរមួ រចួសរមួលេគបន  ៖ 

0
)dcba)(dc)(ba(

)bcad(
XY

2

≥≥≥≥
++++++++++++++++++++

−−−−====−−−−  នឱំយ XY ≥≥≥≥   ពិត។ 

ដូចេនះ 
db

1
ca

1
1

d
1

c
1

1

b
1

a
1

1

++++
++++

++++

≤≤≤≤
++++

++++
++++
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លហំត់ទី៥៩ 

េគឲយសវុ ីត ( )nu  កំណត់េដយ 1 2u ====  និង 1

1
!n n

n
u n u

n −−−−
−−−−= += += += +  

រគប់ 2,3,4,...n ====   ។ គណនលីមីត 
1

1
lim

n

n
k nu→+∞→+∞→+∞→+∞ ====
∑∑∑∑   ? 

 
ដំេណះរសយ 

គណនលីមីត 
1

1
lim

n

n
k nu→+∞→+∞→+∞→+∞ ====
∑∑∑∑    

េគមន 1 2 1! 0!u = = += = += = += = +  
ចំេពះ 2n ====   េគបន 2 1

1 1
2! 2 2 3 2! 1!

2 2
u u= + = + × = = += + = + × = = += + = + × = = += + = + × = = +  

ឧបមថវពិតចំេពះ n k====  គឺ ! ( 1)!ku k k= + −= + −= + −= + −   
េយងីនងឹរសយថវពិតចំេពះ 1n k= += += += +  គឺ 1 ( 1)! !ku k k++++ = + += + += + += + +  ។ 

េគមន 1 ( 1)!
1k k

k
u k u

k++++ = + += + += + += + +
++++

  េដយ ! ( 1)!ku k k= + −= + −= + −= + −  

េគបន [[[[ ]]]]1 ( 1)! ! ( 1)! ( 1)! !
1k

k
u k k k k k

k++++ = + + + − = + += + + + − = + += + + + − = + += + + + − = + +
++++

  ពិត 

ដូចេនះ ! ( 1)!nu n n= + −= + −= + −= + −   ។ 

1 1 1

1 1 1 1 1
1

! ( 1)! ! ( 1)! ( 1)!

n n n

n
k k kk

S
u k k k k n= = == = == = == = =

    
= = = − = −= = = − = −= = = − = −= = = − = −    + − + ++ − + ++ − + ++ − + +    
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

 
ដូចេនះ 

1

1 1
lim lim lim 1 1

( 1)!

n

nn n n
k n

S
u n→+∞ →+∞ →+∞→+∞ →+∞ →+∞→+∞ →+∞ →+∞→+∞ →+∞ →+∞====

    
= = − == = − == = − == = − =    ++++    

∑∑∑∑    ។ 
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លហំត់ទី៦០ 

កំណត់ចំនួនគត់វជិជមន n និងចនួំនពិត λλλλ  េដីមបឲីយពហុធ 
n 3P(x) x 12x x (2 81)= − + λ − λ += − + λ − λ += − + λ − λ += − + λ − λ +   ែចកដច់នងឹពហុធ  
2Q(x) x 12x 27= − += − += − += − +  ។ 

 
ដំេណះរសយ 

កំណត់ចំនួនគត់វជិជមន n និងចនួំនពិត λλλλ  េដីមបឲីយពហុធ 
n 3P(x) x 12x x (2 81)= − + λ − λ += − + λ − λ += − + λ − λ += − + λ − λ +   ែចកដច់នងឹពហុធ  
2Q(x) x 12x 27= − += − += − += − +  ។ 

ដំេណះរសយ 
កំណត់ចំនួនគត់វជិជមន n និងចនួំនពិត λλλλ  
េគមន 2Q(x) x 12x 27 (x 3)(x 9) 0= − + = − − == − + = − − == − + = − − == − + = − − =  
េនះ 1x 3====   ឬ   2x 9====   ។ 

េគបន P(3) 0
Q(x) | P(x)

P(9) 0

====⇔⇔⇔⇔  ====
  

 ឬ   
n

n

3 405 0 (1)

9 7 8829 0 (2)

 + λ − =+ λ − =+ λ − =+ λ − =


+ λ − =+ λ − =+ λ − =+ λ − =
 

េដះរសយរបពនឋ័សមីករេនះេគបន n 4 , 324= λ == λ == λ == λ =   ។ 
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លហំត់ទី៦១ 

េគឲយសវុ ីតៃនចំនួនពិត ( )nx  កំណត់េដយ ៖ 
1 0x ====   និង 2

1 5 24 1n n nx x x++++ = + += + += + += + +   រគប់ 1,2,3,....n ====  
ចូររសយថរគប់តួទងំអស់ៃនសវុ ីតសុទឋែតជចនួំនគត់ ។ 
    
ដំេណះរសយ 

រសយថរគប់តួទងំអស់ៃនសវុ ីតសុទឋែតជចនួំនគត់ ៖ 
េគមន 2

1 5 24 1n n nx x x++++ = + += + += + += + +    
សមមូល 2 2

1( 5 ) 24 1n n nx x x++++ − = +− = +− = +− = +  
សមមូល 2 2 2

1 110 25 24 1n n n n nx x x x x+ ++ ++ ++ +− + = +− + = +− + = +− + = +  
សមមូល 2 2

1 110 1 0 ( )n n n nx x x x a+ ++ ++ ++ +− + − =− + − =− + − =− + − =  
ចំេពះ 2n ≥≥≥≥  េគទញ 2 2

1 110 1 0 ( )n n n nx x x x b− −− −− −− −− + − =− + − =− + − =− + − =  
ដកសមីករ ( )a  និង ( )b  អងគ នងិ អងគេគបន ៖ 

2 2
1 1 1 110 10 0n n n n n nx x x x x x+ − + −+ − + −+ − + −+ − + −− − + =− − + =− − + =− − + =  

1 1 1 1 1 1

1 1 1 1

( )( ) 10 ( ) 0

( )( 10 ) 0 ( )
n n n n n n n

n n n n n

x x x x x x x

x x x x x c
+ − + − + −+ − + − + −+ − + − + −+ − + − + −

+ − + −+ − + −+ − + −+ − + −

− + − − =− + − − =− + − − =− + − − =
− + − =− + − =− + − =− + − =

 

េដយ 2
1 5 24 1n n nx x x++++ = + += + += + += + +    

េនះ 2
1 4 24 1 0n n n nx x x x++++ − = + + >− = + + >− = + + >− = + + >   រគប់ n IN∈∈∈∈  និង 1 1x ====  

នឲំយ ( )nx  ជសវុ ីតេកីន ។ 
េហតុេនះ 1 1n n nx x x+ −+ −+ −+ −> >> >> >> >  េនះ 1 1 0n nx x+ −+ −+ −+ −− ≠− ≠− ≠− ≠  
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តមសមីករ ( )c  រគប់ 2n ≥≥≥≥ េគបន 1 1 10 0 ( )n n nx x x d+ −+ −+ −+ −+ − =+ − =+ − =+ − =   
េគមន 1 0x ====   េហយី 2

2 1 15 1 24 0 1 0 1x x x= + + = + + == + + = + + == + + = + + == + + = + + =  
តម ( ) :d  3 1 210 0x x x+ − =+ − =+ − =+ − =  ឬ 3 10x ====   
េហតុេនះ 1 2 3, ,x x x ∈∈∈∈ℤℤℤℤ 
េគម 1 1 10 0n n nx x x+ −+ −+ −+ −+ − =+ − =+ − =+ − = ឬ 1 110n n nx x x+ −+ −+ −+ −= −= −= −= −   
េបី 1 ,n nx x Z−−−− ∈∈∈∈  េនះ 1 110n n nx x x+ −+ −+ −+ −= − ∈= − ∈= − ∈= − ∈ℤℤℤℤ  ។ 
ដូចេនះរគប់តួទងំអស់ៃនសវុ ីតសុទឋែតជចនួំនគត់ ។ 
 
 
 
 
 
 
 
 
 
 
    
 



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 133 

 

លហំត់ទី៦២ 

ចូរបងហ ញថ ៖    
1

ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++  

ចំេពះរគប់ចំនួនពិតវជិជមន c,b,a   ។    
 
ដំេណះរសយ 

បងហ ញថ 1
ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++      

ជដំបូងេយងីរតូវរសយថ  
3

4

3

4

3

4

3

4

2

cba

a

bc8a

a

++++++++
≥≥≥≥

++++
 

វសិមភពេនះសមមូល )bc8a(a)cba( 23

4
23

4

3

4

3

4

++++≥≥≥≥++++++++  
សមមូល bca8cb2ca2ba2cb 3

4

3

4

3

4

3

4

3

4

3

4

3

4

3

8

3

8

≥≥≥≥++++++++++++++++   
តមវសិមភព GMAM −−−− េគមន 3

4

3

4

3

8

3

8

cb2cb ≥≥≥≥++++  
េគទញ bca8cb2ca2ba2cb 3

4

3

4

3

4

3

4

3

4

3

4

3

4

3

8

3

8

≥≥≥≥++++++++++++++++  ពិត 

េហតុេនះ (((( ))))1

cba

a

bc8a

a

3

4

3

4

3

4

3

4

2

++++++++
≥≥≥≥

++++
  

ដូចគន ែដរេគទញ (((( ))))2

cba

b

ac8b

b

3

4

3

4

3

4

3

4

2

++++++++
≥≥≥≥

++++
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េហយី         (((( ))))3

cba

c

ab8c

c

3

4

3

4

3

4

3

4

2

++++++++
≥≥≥≥

++++
 

េដយបូកវសិមភព )3(,)2(,)1(  អងគនិងអងគេគបន 
1

ab8c

c

ca8b

b

bc8a

a
222

≥≥≥≥
++++

++++
++++

++++
++++         ។ 
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លហំត់ទី៦៣ 

ចូរបងហ ញថេបីចនួំនគត់ 1 2 3 9, , ,....,a a a a  ែចកមិនដច់នឹង 3 េនះ 
េគបន 2 2 2 2

1 2 3 9...N a a a a= + + + += + + + += + + + += + + + +  ែចកដច់នឹង 3 ។ 
 
ដំេណះរសយ 

បងហ ញថ 2 2 2 2
1 2 3 9...N a a a a= + + + += + + + += + + + += + + + +  ែចកដច់នឹង 3 

េបីចនួំន ka  ែចកមនិដច់នឹង 3 េនះចនួំន ka  រតូវមនរង 3 1q ++++  
ឬ 3 2q ++++   រគប់ q ∈∈∈∈ℤℤℤℤ   ែដល 1,2,3,....,9k ====  ។ 
◊◊◊◊ករណី 3 1ka q= += += += +  េនះេគបន 
  2 2 2 2(3 1) 9 6 1 3(3 2 ) 1 3 1ka q q q q q λλλλ= + + + + = + + = += + + + + = + + = += + + + + = + + = += + + + + = + + = +   
ែដល 23 2q qλλλλ = + ∈= + ∈= + ∈= + ∈ℤℤℤℤ   ។ 
◊◊◊◊ករណី 3 2ka q= += += += +  េនះេគបន 
  2 2 2 2(3 2) 9 12 4 3(3 4 1) 1 3 1ka q q q q q µµµµ= + + + + = + + + = += + + + + = + + + = += + + + + = + + + = += + + + + = + + + = +   
ែដល 23 4 1q qµµµµ = + + ∈= + + ∈= + + ∈= + + ∈ℤℤℤℤ   ។ 
តមករណីទងំពខីងេលីេគទញបនថចំនួន 2

ka  អចសរេសរ 
ជរង 2 3 1k ka p= += += += +   រគប់ kp ∈∈∈∈ℕℕℕℕ   និង 1,2,3,...,9k ====  ។ 
េហតុេនះ 2 2 2 2

1 2 3 9...N a a a a= + + + += + + + += + + + += + + + +   

                  
2 2 2

1 2 9

2 2 2
1 2 9 1 9

(3 1) (3 1) ... (3 1)

9( ... ) 3(2 ... 2 ) 9

p p p

p p p p p

= + + + + + += + + + + + += + + + + + += + + + + + +

= + + + + + + += + + + + + + += + + + + + + += + + + + + + +
 

ដូចេនះ 2 2 2 2
1 2 3 9...N a a a a= + + + += + + + += + + + += + + + +  ែចកដច់នឹង 9  ។ 
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លហំត់ទី៦៤    (IMO 1972) 
េគឲយ m  និង n ជចំនួនគត់មនិអវជិជមន។  

ចូរបងហ ញថ (2m)! (2n)!
m!n!(m n)!++++

 ជចំនួនគត់ ។ 

 
ដំេណះរសយ 

តង  (2m)! (2n)!
f (m,n)

m!n!(m n)!
====

++++
 

-ចំេពះ n 0====  េគបន m
2m2

(2m)!
f (m,0) C

(m!)
= == == == =   

ជចំនួនគត់រគប់ចនួំនគត់មិនអវជិជមន m  ។ 

-េយងីមន (2m 2)!(2n)!
f (m 1,n)

(m 1)!n!(m n 1)!
+++++ =+ =+ =+ =

+ + ++ + ++ + ++ + +
 

                            

(2m)!(2n)!(2m 1)(2m 2)
(m!)(m 1).n!(m n)!(m n 1)

(2m)!(2n)! 4m 2
.

m!n!(m n)! m n 1

4m 2
f (m,n)

m n 1

+ ++ ++ ++ +====
+ + + ++ + + ++ + + ++ + + +

++++====
+ + ++ + ++ + ++ + +

++++====
+ ++ ++ ++ +

 

រសយដូចគន  4n 2
f (m,n 1) f (m,n)

m n 1
+++++ =+ =+ =+ =

+ ++ ++ ++ +
 

េគបន f (m 1,n) f (m,n 1) 4f (m,n)+ + + =+ + + =+ + + =+ + + =  
េគទញ f (m,n 1) 4f (m,n) f (m 1,n) (*)+ = − ++ = − ++ = − ++ = − +  , 
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េយងីនងឹរសយតមកំេណីនតមn ថf (m,n)  ជចំនួនគត់ ។ 
ចំេពះ n 0====  េគបន m

2mf (m,0) C====  ជចំនួនគត់ 
ចំេពះរគប់ m IN {0}∈ ∪∈ ∪∈ ∪∈ ∪  ( សរមយខងេលី )។ 
ឧបមថ f (m,n)  ជចំនួនគត់រគប់ n IN {0}∈ ∪∈ ∪∈ ∪∈ ∪  
េយងីនងឹរសយថf (m 1,n)++++  ជចំនួនគត់ែដរ ។ 
តម (*)  េគទញបន f (m,n 1)++++  ជចំនួនគត់ែដរេរពះ 
f (m,n)និង f (m 1,n)++++  ជចំនួនគត់ ។ 

ដូចេនះ (2m)! (2n)!
m!n!(m n)!++++

 ជចំនួនគត់ ។ 
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លហំត់ទី៦៥ 

េគឲយចនួំនពតិ αααα  នងិ ββββ  េផទៀងផទ ត់សមីករ ៖ 
3 23 5 17 0α α αα α αα α αα α α− + − =− + − =− + − =− + − =   និង 3 23 5 11 0β β ββ β ββ β ββ β β− + + =− + + =− + + =− + + =   ។ 

ចូរកំណត់តៃមល α βα βα βα β++++   ?  
 
ដំេណះរសយ 

កំណត់តៃមល α βα βα βα β++++    
តង 3 2( ) 3 5f x x x x= − += − += − += − +  េនះេគបន ៖  

3 2

3 2

( ) 3 5 17

( ) 3 5 11

f

f

α α α αα α α αα α α αα α α α
β β β ββ β β ββ β β ββ β β β

 = − + == − + == − + == − + =


= − + = −= − + = −= − + = −= − + = −
 

េគបន ( ) ( ) 6f fα βα βα βα β+ =+ =+ =+ =  ។ 
េដយ 3 2 3( ) 3 5 ( 1) 2( 1) 3f x x x x x x= − + = − + − += − + = − + − += − + = − + − += − + = − + − +  

3 3( ) ( ) ( 1) ( 1) 2( 1) 2( 1) 6 6f fα β α β α βα β α β α βα β α β α βα β α β α β+ = − + − + − + − + =+ = − + − + − + − + =+ = − + − + − + − + =+ = − + − + − + − + =   
េគទញ 3 3( 1) ( 1) 2( 1) 2( 1) 0α β α βα β α βα β α βα β α β− + − + − + − =− + − + − + − =− + − + − + − =− + − + − + − =  
ឬ 2 2( 2) ( 1) ( 1)( 1) ( 1) 2 0α β α α β βα β α α β βα β α α β βα β α α β β    + − − + − − + − + =+ − − + − − + − + =+ − − + − − + − + =+ − − + − − + − + =      
េដយ 2 2( 1) ( 1)( 1) ( 1) 2 0α α β βα α β βα α β βα α β β− + − − + − + >− + − − + − + >− + − − + − + >− + − − + − + >   
ដូចេនះ 2α βα βα βα β+ =+ =+ =+ =  ។ 
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លហំត់ទី៦៦ 

េគឱយ c;b;a  ជបីចំនួនពិតវជិជមនែដល 1abc====  ។     
ចូរបងហ ញថ    

2
3

)ba(c
1

)ac(b
1

)cb(a
1

333 ≥≥≥≥
++++

++++
++++

++++
++++         

 
ដំេណះរសយ 

រសយថ 2
3

)ba(c
1

)ac(b
1

)cb(a
1

333 ≥≥≥≥
++++

++++
++++

++++
++++       

)ba(c)ac(b)cb(a
c
1

b
1

a
1

)ba(c
c
1

)ac(b
b
1

)cb(a
a
1

T

)ba(c

1

)ac(b

1

)cb(a

1
T

2222

333

++++++++++++++++++++








 ++++++++
≥≥≥≥

++++










++++
++++










++++
++++










====

++++
++++

++++
++++

++++
====

    

េដយ 2
22

)cabcab(
abc

cabcab
c
1

b
1

a
1 ++++++++====







 ++++++++====






 ++++++++     
េហយី )cabcab(2)ba(c)ac(b)cb(a ++++++++====++++++++++++++++++++  

េគទញ 
2
3

2
)abc(3

2
cabcab

T
3 2

====≥≥≥≥
++++++++≥≥≥≥  

ដូចេនះ  2
3

)ba(c
1

)ac(b
1

)cb(a
1

333 ≥≥≥≥
++++

++++
++++

++++
++++     ។ 
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លហំត់ទី៦៧ 

េគឲយ a  ជចំនួនគត់មួយ ។ ចូរបងហ ញថគម នចំនួនគត់ b និង c  
( 1c >>>>  )ែដលបំេពញលកខខណឌ័  ៖ 

2 2 2 2( 1) ( 2) ( 3) .... ( 99) ca a a a b+ + + + + + + + =+ + + + + + + + =+ + + + + + + + =+ + + + + + + + =   ។ 
 
ដំេណះរសយ 

េយងីសនមតថមនចំនួនគត់ , ,a b c  ែដល 1c >>>>  េដយដឹងថ 
2 2 2 2( 1) ( 2) ( 3) .... ( 99) ca a a a b+ + + + + + + + =+ + + + + + + + =+ + + + + + + + =+ + + + + + + + =    

តង 2 2 2 2( 1) ( 2) ( 3) .... ( 99)S a a a a= + + + + + + + += + + + + + + + += + + + + + + + += + + + + + + + +     

    

2 2 2 2 2 2

2 2 2 2

2

2

( 2 1 ) ( 2.2 2 ) ... ( 2.99 99 )

99 2 (1 2 ... 99) (1 2 ... 99 )

99 100 99 100 199
99 2 .

2 6
33(3 300 50 199)

a a a a a a

a a

a a

a a

= + + + + + + + + += + + + + + + + + += + + + + + + + + += + + + + + + + + +
= + + + + + + + += + + + + + + + += + + + + + + + += + + + + + + + +

× × ×× × ×× × ×× × ×
= + += + += + += + +

= + + ×= + + ×= + + ×= + + ×

 

េគបន 233(3 300 50 199) (*)ca a b+ + × =+ + × =+ + × =+ + × =  
រគប់ , ,a b c ∈∈∈∈ℤℤℤℤ  តម (*)  េគទញបន b ជពហុគុណៃន 3 ។ 
េដយ 2,3,4,....c ====  េនះេគទញបន cb  រតូវែចកដច់នឹង  

23 9====  េនះេគទញបន 29 | 33(3 300 50 199)a a+ + ×+ + ×+ + ×+ + ×  
េដយ 33 ែចកដច់នឹង  េហយី  
ែចកមិនដច់នឹង  េនះ  ែចកមនិដច់ 
នឹង  ។ 

3 23 300 50 199a a+ + ×+ + ×+ + ×+ + ×

3 233(3 300 50 199)a a+ + ×+ + ×+ + ×+ + ×

9
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លហំត់ទី៦៨(IMO 1962) 
ចូរកំណត់ចំនួនគត់ធមមជតិតូចបំផុត  េដយដឹងថ កនុងរបពនឋ័ 
េដសីុម៉ល់ មនេលខ  ជេលខចុងេរកយបំផុត ។  
េបីេគលុបេលខ  ចុងេរកយេនះេចលេហយីយកេទសរេសរ 
ពីខងមុខៃនេលខែដលេនសល់េនះេគបនចំនួនមួយេទៀតេសមី 
នឹង  ដងៃនចំនួនេដីម  ។ 
 
ដំេណះរសយ 

កំណត់ចំនួនគត់ធមមជតិតូចបផុំត   
សនមតថ  ជចំនួនមនេលខ  ខទង់េនះេគបន  ៖ 

  ែដល   
យក  ។ 
តមលកខខណឌ ៃនសមមតិកមមេគបន   
េគទញ  

េគទញបន   ។  
តៃមល ដំបូងែដលេធវីឱយ  

ែចកដច់នឹង  គឺ  េហយី  
ដូចេនះ  ។ 

n

n 6

6

4 n

n

n k 1++++

k k 1 1n a a ....a 6 10.N 6−−−−= = += = += = += = + k k 1 2 1N a a ....a a−−−−====
k

k k 1 1p 6a a ....a 6 10 N−−−−= = × += = × += = × += = × +
p 4 n= ×= ×= ×= ×

k6 10 N 4(10.N 6)× + = +× + = +× + = +× + = +
k10 4

N 2
13

−−−−= ×= ×= ×= ×

k k10 4−−−−

13 k 5====
510 4

N 2 15384
13

−−−−= × == × == × == × =

n 10N 6 153846= + == + == + == + =



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 142 

 

លហំត់ទី៦៩ 

ចូរកំណត់រគប់ចនួំនគត់វជិជមន  និង  េដីមបឲីយ  
ជចំនួនបឋម ។ 
 
ដំេណះរសយ 

កំណត់រគប់ចនួំនគត់វជិជមន  និង   
េគមន  

                        

េដយ  រគប់  
ដូចេនះេដីមបឲីយ  ជចំនួនបឋមលុះរតែត  

 
នឲំយ    សមមូល   ។ 

ដូចេនះ   េហយី  ជចំនួនបឋម ។ 
 
 
 
 
    

a b 4 44a b++++

a b

4 4 2 2 2 2 24 ( 2 ) 4a b a b a b+ = + −+ = + −+ = + −+ = + −
2 2 2 2

2 2 2 2

( 2 2 )( 2 2 )

( ) ( )

a ab b a ab b

a b b a b b

= − + + += − + + += − + + += − + + +

            = − + + += − + + += − + + += − + + +            
2 2( ) 1a b b+ + >+ + >+ + >+ + > ,a b IN∈∈∈∈

4 44a b++++
2 2( ) 1a b b− + =− + =− + =− + =

0

1

a b

b

− =− =− =− =
 ====

1a b= == == == =

1 , 1a b= == == == = 4 44 1 4 5a b+ = + =+ = + =+ = + =+ = + =
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លហំត់ទ៧ី០ 

េគឱយ  ( ( ( ( ែដល ))))ជចំនួនពិតវជិជមនែដល    

េផទៀងផទ ត់           

ចូរបងហ ញថ   ។    
 
ដំេណះរសយ 

េគមន        

ឬ         

តង  េគបន  

េគទញ   ែដល  និង  

តម  េគមន  

េគបន    

េគទញ  ឬ  

ែត  េនះ       

ដូចេនះ     ។ 

n21 x...,,x,x 2n ≥≥≥≥

1998
1

1998x
1

....
1998x
1

1998x
1

n21

====
++++

++++++++
++++

++++
++++

1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−

1998
1

1998x
1

....
1998x
1

1998x
1

n21

====
++++

++++++++
++++

++++
++++

1
1998x

1998
....

1998x
1998

1998x
1998

n21

====
++++

++++++++
++++

++++
++++

1x
1998

y
i

i ++++
==== 1y....yy n21 ====++++++++++++

∑∑∑∑
≠≠≠≠

====−−−−
ij

ii )y(y1 ni1 ≤≤≤≤≤≤≤≤ nj1 ≤≤≤≤≤≤≤≤

GMAM −−−− ∑∑∑∑ ∏∏∏∏
≠≠≠≠

−−−−
≠≠≠≠

−−−−≥≥≥≥
ij

1n
ij

ii )y()1n()y(

1n

ij
ii )y()1n(y1 −−−−

≠≠≠≠
∏∏∏∏−−−−≥≥≥≥−−−−

∏∏∏∏∏∏∏∏
========

−−−−≥≥≥≥−−−−
n

1i
i

n
n

1i
i )y()1n()y1( ∏∏∏∏

====
−−−−≥≥≥≥−−−−n

1i

n

i

i )1n()
y

y1
(

1998
x

y
y1 i

i

i ====−−−− n
n

n21 )1n(
1998

x...xx −−−−≥≥≥≥

1998
1n

x...x.xn
n21 ≥≥≥≥

−−−−
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លហំត់ទ៧ី១ 

េគឲយ  ជបីចំនួនពិតែដល  ។ 
ចូររសយថ   ។ 
 
ដំេណះរសយ 

រសយថ   ៖ 
តមវសិមភព  េគមន ៖ 

  
  

បូកវសិមភព (1) និង (2) អងគ នងិ អងគេគបន ៖ 
  

េគទញ   
េដយ  (តមសមមតិកមម) 
េនះ  
ដូចេនះ   ។ 
 
 
 
 
 

, ,α β γα β γα β γα β γ sin sin sin 2α β γα β γα β γα β γ+ + ≥+ + ≥+ + ≥+ + ≥

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤

Cauchy Schwarz−−−−
2 2 2 2(sin sin sin ) 3(sin sin sin ) (1)α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +
2 2 2 2(cos cos cos ) 3(cos cos cos ) (2)α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + ≤ + ++ + ≤ + ++ + ≤ + ++ + ≤ + +

2 2(sin sin sin ) (cos cos cos ) 9α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + + + + ≤+ + + + + ≤+ + + + + ≤+ + + + + ≤
2 2(cos cos cos ) 9 (sin sin sin )α β γ α β γα β γ α β γα β γ α β γα β γ α β γ+ + ≤ − + ++ + ≤ − + ++ + ≤ − + ++ + ≤ − + +

sin sin sin 2α β γα β γα β γα β γ+ + ≥+ + ≥+ + ≥+ + ≥
2(cos cos cos ) 9 4 5α β γα β γα β γα β γ+ + ≤ − =+ + ≤ − =+ + ≤ − =+ + ≤ − =

cos cos cos 5α β γα β γα β γα β γ+ + ≤+ + ≤+ + ≤+ + ≤
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លហំត់ទ៧ី២ 

ចូររសយបញជ ក់វសិមភព   

ចំេពះរគប់ចំនួនគត់វជិជមន ។ 
 
ដំេណះរសយ 

រសយបញជ ក់វសិមភព    

េគមន   រគប់ចំនួនគត់វជិជមន  ។ 

តមវសិមភព  េគមន  

 

េដយ  

េគទញបន    

សមមូល   

មយង៉េទៀតេយងីមន  ជអនុគមន៍េប៉ងេលី 
ចេនល ះ  េនះវមនតៃមលអបបបរមែតរតង់ចំណុច   
ឬ  គឺ   ។  

2 ( 1)( 2)
( !)

6

n
n n n

n n
+ ++ ++ ++ +    ≤ ≤≤ ≤≤ ≤≤ ≤         

2 ( 1)( 2)
( !)

6

n
n n n

n n
+ ++ ++ ++ +    ≤ ≤≤ ≤≤ ≤≤ ≤         

2

1

( !) ( 1 )
n

k

n k n k
====

= + −= + −= + −= + −∏∏∏∏ n

AM GM−−−−

(((( ))))2

1 1

1
( 1 ) ( 1 ) !

n n
nn

k k

k n k k n k n
n = == == == =

+ − ≥ + − =+ − ≥ + − =+ − ≥ + − =+ − ≥ + − =∑∑∑∑ ∏∏∏∏

1

( 1)( 2)
( 1 )

6

n

k

n n n
k n k

====

+ ++ ++ ++ ++ − =+ − =+ − =+ − =∑∑∑∑

(((( ))))2 ( 1)( 2)
!

6
n n n

n
+ ++ ++ ++ +≤≤≤≤

(((( ))))2 ( 1)( 2)
! (1)

6

n
n n

n
+ ++ ++ ++ +    ≤≤≤≤         

( ) ( 1 )f x x n x= + −= + −= + −= + −

[[[[ ]]]]1 , n 1x ====

x n==== (1) ( )f f n n= == == == =
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េហតុេនះេគទញបនថ    
រគប់  ។ 

េគបន    

តម (1) នងិ (2) ចំេពះរគប់  េគទញបន ៖ 

  ។ 

 
 
 
 
 
 
 
 
 
 
 
    

    

( ) ( 1 )f k k n k n= + − ≥= + − ≥= + − ≥= + − ≥

1,2,3,...,k n====

(((( ))))2

1 1

( !) ( 1 ) (2)
n n

n

k k

n k n k n n
= == == == =

= + − ≥ == + − ≥ == + − ≥ == + − ≥ =∏ ∏∏ ∏∏ ∏∏ ∏
n IN∈∈∈∈

2 ( 1)( 2)
( !)

6

n
n n n

n n
+ ++ ++ ++ +    ≤ ≤≤ ≤≤ ≤≤ ≤         
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លហំត់ទ៧ី៣ 

ចូររសយថ   ។ 

 
ដំេណះរសយ 

តង  

េគមន   រគប់  

េនះេគបន   

មយង៉េទៀត   រគប់  
េគទញ  េនះេគបន 

   

េនះ  នឲំយ  

តម (1) នងិ (2) េគបន   ។ 

ដូចេនះ     ។ 

 
 

1 1 3 5 1997 1
....

199 2 4 6 1998 44
< × × × × << × × × × << × × × × << × × × × <

999

1

1 3 5 1997 2 1
....

2 4 6 1998 2n

n
p

n====

−−−−= × × × × == × × × × == × × × × == × × × × = ∏∏∏∏
2 1 2 1

2 2 1
n n

n n
− −− −− −− −>>>>

++++
1n ≥≥≥≥

999

1

2 1 1
(1)

2 1 999n

n
p

n====

−−−−> => => => =
++++∏∏∏∏

2 2(2 1)(2 1) 4 1 4n n n n− + = − <− + = − <− + = − <− + = − < 1n ≥≥≥≥
2 1 2

2 2 1
n n

n n
−−−− <<<<

++++
999

1

2 1 2 4 6 1998 1
. . ...

2 1 1999 1 3 5 1997 1999n

n
p

n p====

    < = × =< = × =< = × =< = × =    ++++     
∏∏∏∏

2
2

1 1 1
1999 1936 44

p < < =< < =< < =< < = 1
(2)

44
p <<<<

1 1
1999 44

p< << << << <

1 1 3 5 1997 1
....

199 2 4 6 1998 44
< × × × × << × × × × << × × × × << × × × × <
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លហំត់ទ៧ី៤ 

េគឲយសវុ ីតចនួំនពតិ  កំណត់េដយ ៖ 

  និងទំនក់ទនំងកំេណីន   រគប់   

ចូររសយថ   រចួទញរក   ។ 
    
ដំេណះរសយ 

រសយថ    

ចំេពះ  េគបន  ពិត 

ឧបមថវពិតចំេពះ  គឺ  

េយងីនងឹរសយថវពិតចំេពះ  គឺ  

េគមន  

 

( )nx

1 1x ====
2

1

1 1n
n

n

x
x

x++++

+ −+ −+ −+ −
==== n∈∈∈∈ℕℕℕℕ

1tan
2n nx
ππππ

++++==== (((( ))))lim 2n
nn

x
→+∞→+∞→+∞→+∞

1tan
2n nx
ππππ

++++====

1n ==== 1 tan 1
4

x
ππππ= == == == =

n k==== 1tan
2k kx
ππππ

++++====

1n k= += += += + 1 2tan
2k kx
ππππ

++++ ++++====

2
2 1 1

1

1 1

1

1
1

1 tan 1 cos1 1 2 2

tan sin
2 2

cos
2

k k
k

k
k

k k

k

x
x

xx

ππππ ππππ

ππππ

ππππ

++++ ++++

++++

+ ++ ++ ++ +

++++

−−−−
+ −+ −+ −+ −+ −+ −+ −+ −

= = == = == = == = =
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  ពិត 

ដូចេនះ    ។ 
រកលីមីត    ៖ 

េយងីបន   

តង   េនះ   កលណ េនះ  

េគបន  

                             

ដូចេនះ    ។ 
 
 
 
 
 
    
    

2
1 2

1 2

1 2 2

1 cos 2sin
2 2 tan

2sin 2sin cos
2 2 2

k k

k k

k k k

x

π ππ ππ ππ π
ππππ

π π ππ π ππ π ππ π π
+ ++ ++ ++ +

++++ ++++

+ + ++ + ++ + ++ + +

−−−−
= = == = == = == = =

1tan
2n nx
ππππ

++++====

(((( ))))lim 2n
nn

x
→+∞→+∞→+∞→+∞

(((( )))) 1lim 2 lim 2 tan
2

n n
n nn n

x
ππππ

++++→+∞ →+∞→+∞ →+∞→+∞ →+∞→+∞ →+∞
====

12ny
ππππ

++++==== 2
2

n

y
ππππ==== n → +∞→ +∞→ +∞→ +∞ 0y →→→→

(((( )))) 1 0
lim 2 lim 2 tan lim tan

2 2
n n

n nn n y
x y

y
π ππ ππ ππ π

++++→+∞ →+∞ →→+∞ →+∞ →→+∞ →+∞ →→+∞ →+∞ →
= == == == =

0

tan
lim

2 2y

y
y

π ππ ππ ππ π
→→→→

= == == == =

(((( ))))lim 2
2

n
nn

x
ππππ

→+∞→+∞→+∞→+∞
====
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លហំត់ទ៧ី៥ 

េគឲយរតីេកណ  មួយមនរជងុ   
 ជចំណុចមួយៃនបលង់ េហយី ជផចិតរងវង់ចរកឹកនុងរតីេក  

ចូររសយបញជ ក់សមភព ៖ 
  ។ 

 
ដំេណះរសយ 
 
 
 
 
 
 
 
 
 

តង   ជកនលះបរមិរតៃនរតេីកណ  
យក ជរបសពវរវង  និង  េនះ  ជកនលះបនទ ត់ពុកនុង 
ៃនមុំ  របស់រតីេកណ  ។ 

ABC BC a,AC b,AB c= = == = == = == = =

P I ABC

2 2 2 2a.PA b.PB c.PC (a b c).PI abc+ + = + + ++ + = + + ++ + = + + ++ + = + + +

a b c
p

2
+ ++ ++ ++ +==== ABC

D AI BC AD

A ABC

A 

B C D 

I 

P 
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េគមន  

ឬ   

េគទញ  

តមរទឹសតីបទកូសីុនូស  

េគបន  

                      

នឲំយ   . 

េដយ  ជកនលះពុះកនុងៃនមុំ  ៃន  េនះេគមន ៖ 

 

េគទញ  ។ 
ដូចគន ែដរ  ជកនលះពុះកនុងៃនមុ ំ  ៃន  េនះេគមន ៖ 

  ឬ  ឬ  

ABC ABD ADCS S S= += += += +
1 1 A 1 A

bcsin A c.ADsin b.ADsin
2 2 2 2 2

= += += += +

2bc A
AD .cos

b c 2
====

++++
2 2 2b c a

cos A
2bc

+ −+ −+ −+ −====

2 2 2
2 A 1 cos A 2bc b c a

cos
2 2 4bc

+ + + −+ + + −+ + + −+ + + −= == == == =

2 2(b c) a (b c a)(b c a)
4bc 4bc

2p(2p 2a) p(p a)
4bc bc

+ − + + + −+ − + + + −+ − + + + −+ − + + + −= == == == =

− −− −− −− −= == == == =

2 2
2

2 2
4b c p(p a) 4bcp(p a)

AD
bc(b c) (b c)

− −− −− −− −= × == × == × == × =
+ ++ ++ ++ +

AD A ABC∆∆∆∆
BD DC BD DC BC
AB AC AB AC AB AC

++++= = == = == = == = =
+ ++ ++ ++ +

ac ab
BD , DC

b c b c
= == == == =

+ ++ ++ ++ +
BI B ABD∆∆∆∆

AI ID
AB BD

==== AI ID
acc

b c

====

++++

AI ID AI ID AD
b c a b c a 2p

++++= = == = == = == = =
+ + ++ + ++ + ++ + +
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េគទញ   

និង   ។ 

តមរទឹសតីបទ Stewart េគបន ៖ 
-ចំេពះ  េធៀបនងឹរតីេកណ  
េគមន  

           

េគទញ  
-ចំេពះ  េធៀបនងឹរតីេកណ  
េគមន  

ឬ         

            

             

        
   យក(1) ជួសកនុង (2)  បនទ ប់ពបីរងមួេគបន ៖  
        ។ 

AI b c ID a
,

AD 2p AD 2p
++++= == == == =

2
2

a(b c) abc p a
AI.ID .AD .

b c p4p

+ −+ −+ −+ −= == == == =
++++

PD PBC
2 2 2BC.(PD BD.DC) BD.PC DC.PB+ = ++ = ++ = ++ = +

2
2 2 2

2
a bc ac ab

a(PD ) .PC .PB
b c b c(b c)

+ = ++ = ++ = ++ = +
+ ++ ++ ++ +++++

2
2 2 2 a bc

(b c).PD b.PB c.PC (1)
b c

+ = + −+ = + −+ = + −+ = + −
++++

PI PAD
2 2 2AD.(PI AI.ID) AI.PD ID.PA+ = ++ = ++ = ++ = +

2 2 2AI ID
PI .PD .PA AI.ID

AD AD
= + −= + −= + −= + −

2 2 2b c a abc p a
PI .PD .PA .

2P 2P b c p
+ −+ −+ −+ −= + −= + −= + −= + −

++++
2 2 2 2abc(p a)

2p.PI (b c).PD a.PA
b c

−−−−= + + −= + + −= + + −= + + −
++++

2 2 2 abc(b c a)
2p.PI (b c).PD a.PA (2)

b c
+ −+ −+ −+ −= + + −= + + −= + + −= + + −
++++

2 2 2 2a.PA b.PB c.PC (a b c).PI abc+ + = + + ++ + = + + ++ + = + + ++ + = + + +
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លហំត់ទ៧ី៦ (Korea National Korea National Korea National Korea National Olympiad 1993Olympiad 1993Olympiad 1993Olympiad 1993) 
េគឲយរតីេកណ  មួយមនរជងុ   
ចូរកំណត់ចំណុច  ៃនបលង់េដីមបឲីយ     
មនតៃមលអបបបរម រចួកំណត់តៃមលអបបបរមេនះ ។ 
 
ដំេណះរសយ 
តង ជផចិតរងវង់ចរកឹកនុងរតេីកណ  
តមរទឹសតីបទ EULER ចំេពះរគប់ចំណុច  ៃនបលង់េគមន 
សមភព ៖ 

   
េដយ  េនះ    
ដូចេនះេដីមបឲីយយ   មនតៃមលអបបបរម 
លុះរតែតចំណុច  ។ 
ដូចេនះចំណុច  គឺជផចិតរងវង់ចរកឹកនុងៃន  េហយីតៃមល 
អបបបរមៃន   គឺ  ។ 
 
 
 
 
    

ABC BC a,AC b,AB c= = == = == = == = =

P 2 2 2a.PA b.PB c.PC+ ++ ++ ++ +

I ABC

P

2 2 2 2a.PA b.PB c.PC (a b c).PI abc+ + = + + ++ + = + + ++ + = + + ++ + = + + +
2PI 0≥≥≥≥ 2 2 2a.PA b.PB c.PC abc+ + ≥+ + ≥+ + ≥+ + ≥

2 2 2a.PA b.PB c.PC+ ++ ++ ++ +

P I≡≡≡≡

P ABC∆∆∆∆
2 2 2a.PA b.PB c.PC+ ++ ++ ++ + abc
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លហំត់ទ៧ី៧ 

េបី   និង    

ចូររសយថ    ។ 

 
ដំេណះរសយ 

រសយថ     

េដយ   និង   
េនះចំេពះរគប់គូ  ៃន  េគមន ៖ 

  សមមូល  

តង   និង  េនះតម  េគបន ៖ 

 

តមទំនក់ទនំង  េយងីេធវីផលបូកតម  េគបន ៖ 

1 2 n0 a a ... a≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤ 1 2 n0 b b ... b≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤
n n n

i i i i
i 1 i 1 i 1

1 1 1
a b a b

n n n= = == = == = == = =

            
× ≤× ≤× ≤× ≤                        

            
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

n n n

i i i i
i 1 i 1 i 1

1 1 1
a b a b

n n n= = == = == = == = =

            
× ≤× ≤× ≤× ≤                        

            
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

1 2 n0 a a ... a≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤ 1 2 n0 b b ... b≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤≤ ≤ ≤ ≤

i , j {1,2,3,....,n }

i j i j(a a )(b b ) 0− − ≥− − ≥− − ≥− − ≥ i j j i i i j ja b a b a b a b (*)+ ≤ ++ ≤ ++ ≤ ++ ≤ +
n

a i
i 1

S a
====

====∑∑∑∑
n

b j
j 1

S b
====

====∑∑∑∑ (*)

n n

i j j i i i j j
i 1 i 1

n

j a j b i i j j
i 1

(a b a b ) (a b a b )

b .S a S a b na b (**)

= == == == =

====

+ ≤ ++ ≤ ++ ≤ ++ ≤ +

+ ≤ ++ ≤ ++ ≤ ++ ≤ +

∑ ∑∑ ∑∑ ∑∑ ∑

∑∑∑∑

(**) j
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ែចកអងគទងំពីរនងឹ  េគបន ៖ 

 ពិត 

ដូចេនះ    ។ 

 
 
 
 
 
    
    

n n n

j a j b i i j j
j 1 j 1 i 1

n n

b a a b i i j j
i 1 j 1

n

a b i i
i 1

a n n

i i i i
i 1 i 1 i 1

(b S a S ) a b na b

S .S S .S n a b n a b

2S S 2n a b

a b n a b

= = == = == = == = =

= == == == =

====

= = == = == = == = =

    
+ ≤ ++ ≤ ++ ≤ ++ ≤ +    

        

+ ≤ ++ ≤ ++ ≤ ++ ≤ +

≤≤≤≤

× ≤× ≤× ≤× ≤

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

∑ ∑∑ ∑∑ ∑∑ ∑

∑∑∑∑

∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑
2n

n n n

i i i i
i 1 i 1 i 1

1 1 1
a b a b

n n n= = == = == = == = =
× ≤× ≤× ≤× ≤∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑

n n n

i i i i
i 1 i 1 i 1

1 1 1
a b a b

n n n= = == = == = == = =

            
× ≤× ≤× ≤× ≤                        

            
∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑∑ ∑ ∑
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លហំត់ទ៧ី៨ 

ចូរបងហ ញថរគប់ចំនួនគត់វជិជមនមនិបឋមសុទឋែតអចសរេសរ 
ជរង   ែដល   ។ 
 
 

ដំេណះរសយ 

តង  ជចំនួនគត់វជិជមនមិនបឋមេនះ  ែដល និង  
ជចំនួនគត់វជិជមនធំជង  ។ 
េបី  េនះ  
េហតុេនះ  េនះ   
ឬ   ។ 
ដូចេនះចំនួនគត់វជិជមនមនិបឋមសុទឋែតអចសរេសរជរង  

 ែដល   ។ 
 
 
 
 
 
    
    

1xy yz zx+ + ++ + ++ + ++ + + , ,x y z IN∈∈∈∈

c c a b= ×= ×= ×= × a b

1

1z ==== 1 1 ( 1)( 1)xy yz zx xy y x x y+ + + = + + + = + ++ + + = + + + = + ++ + + = + + + = + ++ + + = + + + = + +

( 1)( 1)x y ab+ + =+ + =+ + =+ + = 1 , 1x a y b= − = −= − = −= − = −= − = −

1 , 1x b y a= − = −= − = −= − = −= − = −

1xy yz zx+ + ++ + ++ + ++ + + 1 , 1 , 1x a y b z= − = − == − = − == − = − == − = − =
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លហំត់ទ៧ី៩ 

ចូរបងហ ញថេបី  ែចកមនិដច់នឹង  េនះ  
ែចកដច់នឹង  ជនិចចរគប់  ។ 
 
ដំេណះរសយ 

េបី  ែចកមិនដច់នងឹ  េនះ  ឬ  
រគប់  ។ 
◊ករណី  
េគបន  
                            
េគមន  េនះ  
និង  ។ 
េគបន  
ដូចេនះ   ចំេពះរគប់  
◊ករណី  
េគបន  
េគមន  េនះ  
និង  ។ 
េគបន  
ដូចេនះ   ចំេពះរគប់  

n 3 23 3 1n n+ ++ ++ ++ +

13 n IN∈∈∈∈

n 3 3 1n p= += += += + 3 2n p= += += += +

0,1,2,...p ====

3 1n p= += += += +
2 2(3 1) 3 13 3 1 3 3 1n n p p+ ++ ++ ++ ++ + = + ++ + = + ++ + = + ++ + = + +

6 2 3 13 3 1p p+ ++ ++ ++ += + += + += + += + +
33 27 1 (mod13)= ≡= ≡= ≡= ≡ 3 13 3 (mod13)p++++ ≡≡≡≡

6 2 23 3 9 (mod 13)p++++ ≡ =≡ =≡ =≡ =
6 2 3 13 3 1 9 3 1 13 0(mod13)p p+ ++ ++ ++ ++ + ≡ + + = ≡+ + ≡ + + = ≡+ + ≡ + + = ≡+ + ≡ + + = ≡

27 | 3 3 1n n+ ++ ++ ++ + 3 1 , 0,1,2,...n p p= + == + == + == + =

3 2n p= += += += +
2 2(3 2) 3 23 3 1 3 3 1n n p p+ ++ ++ ++ ++ + = + ++ + = + ++ + = + ++ + = + + 6 4 3 23 3 1p p+ ++ ++ ++ += + += + += + += + +
33 27 1 (mod13)= ≡= ≡= ≡= ≡ 3 23 9 (mod13)p++++ ≡≡≡≡

6 4 23 9 81 3 (mod 13)p++++ ≡ = ≡≡ = ≡≡ = ≡≡ = ≡
6 2 3 13 3 1 9 3 1 13 0(mod13)p p+ ++ ++ ++ ++ + ≡ + + = ≡+ + ≡ + + = ≡+ + ≡ + + = ≡+ + ≡ + + = ≡

27 | 3 3 1n n+ ++ ++ ++ + 3 2 , 0,1,2,...n p p= + == + == + == + =
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លហំត់ទី៨០(Spain Mathematical Olympiad 1998)    
េគឲយរតីេកណ មួយ ។ ចំណុច  និង  សថិតេនេលី 
បនទ ត់ េដយដឹងថបនទ ត់  និង  រសបេទនឹងបនទ ត់ 
ប៉ះនងឹរងវង់ចរកឹេរកៃនរតីេកណ  រតង់  និង  េរៀងគន   

ចូររសយថ   ?  

    
ដំេណះរសយ 
 
 
 
 
 
 
 
 
 
 
 
តង  ជចំណុចរបសពវរវងបនទ ត់ប៉ះនឹងរងវង់ចរកឹេរកៃនរត ី

A D E

BC AD F

ABC B C
2BE AB

CD AC
    ====     
    

S

A 

B C D E 

S 

o 
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េកណ  រតង់  នងិ  េរៀងគន  ។ 
េគបន   
េដយ  េនះ   (មុំឆល ស់កនុង ) 
េគទញ   
េហយី  (មុំរមួ ) នឲំយ  ដូច  ។ 

េគបនផលេធៀបដំណូច   ឬ  

រសយដូចគន ែដរេគបន  
ែចកសមភព (1) និង (2) អងគ នងិ អងគេគបន       

            

ដូចេនះ   ។ 

 
 

 

 

 

 

ABC B C

SBC BAC∠ = ∠∠ = ∠∠ = ∠∠ = ∠

AE / /SB SBC AEB∠ = ∠∠ = ∠∠ = ∠∠ = ∠

SBC BAC AEB∠ = ∠ = ∠∠ = ∠ = ∠∠ = ∠ = ∠∠ = ∠ = ∠

ABC ABE∠ = ∠∠ = ∠∠ = ∠∠ = ∠ AEB∆∆∆∆ CAB∆∆∆∆

BE AB
AB BC

====
2AB

BE (1)
BC

====

2AC
CD (2)

BC
====

2
2

2

AB
BE ABBC
CD ACAC

BC

    = == == == =     
    

2BE AB
CD AC

    ====     
    
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លហំត់ទី៨១ 

េគឲយចនួំន   និង    

ចូររសយថ  ជកេររបកដៃនចនួំនគត់មួយ ។ 
 
ដំេណះរសយ 

រសយថ  ជកេររបកដ 
េគមន     

និង    

េគបន  

                           

េដយ  រគប់តៃមល  េនះ  ជកេររបកដៃន 
ចំនួនគត់មួយ ។ 
 
 

444...444
2

x
n

====��������������������
elxelxelxelx

888...888y
n

====��������������������
elxelxelxelx

2 4x y+ ++ ++ ++ +

2 4x y+ ++ ++ ++ +

24
444...444 (10 1)

92

nx
n

= = −= = −= = −= = −��������������������
elxelxelxelx

8
888...888 (10 1)

9
ny

n
= = −= = −= = −= = −��������������������
elxelxelxelx

24 16
2 4 (10 1) (10 1) 4

9 9
n nx y+ + = − + − ++ + = − + − ++ + = − + − ++ + = − + − +

2

2

22

4.10 16.10 4 16 36
9

4.10 16.10 16
9

(2.10 4) 10 2
2

9 3

n n

n n

n n

+ − − ++ − − ++ − − ++ − − +

+ ++ ++ ++ +====

    + ++ ++ ++ += = ×= = ×= = ×= = ×    
    

3 |10 2n ++++ n 2 4x y+ ++ ++ ++ +
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លហំត់ទី៨២ 

េគឲយ ,a b  និង n  ជចំនួនគត់ែដល 
2 2

2
a b

n
++++ ====   ។ 

ចូរបងហ ញថ 2 2n c d= += += += +  ចំេពះ c  និង d  ជចំនួនគត់ ។ 
 
ដំេណះរសយ 

បងហ ញថ 2 2n c d= += += += +  ចំេពះ c  និង d  ជចំនួនគត់ ៖ 
េយងីសនមតថសំណល់ៃនវធិីែចករវង a  និង 5 ធំជងឬេសមីនិង 
សំណល់ៃនវធិីែចករវង b និង 5 ។ 
េដយ 2 25 | ( )a b++++  េនះគូែដលអចៃន ( , ) (mod5)a b  គឺ ៖ 
(0,0);(2,1);(3,1);(4,2) និង (4,3) ។ 
-ករណីទី១ ( , ) (0,0) (mod5)a b ≡≡≡≡  
 េនះ 5 , 5a p b q= == == == =  ែដល ,p q ∈∈∈∈ℤℤℤℤ  េគបន ៖ 

2 2
2 2 2 25 5 (2 ) ( 2 )

5
a b

n p q p q p q
++++= = + = + + −= = + = + + −= = + = + + −= = + = + + −  

មនន័យថ 2 2n c d= += += += +   ែដល 2c p q= += += += +  និង 2d p q= −= −= −= −  ។ 
-ករណីទី២ ( , ) (2,1) (mod5)a b ≡≡≡≡  
 េនះ 5 2 , 5 1a p b q= + = += + = += + = += + = +  ែដល ,p q ∈∈∈∈ℤℤℤℤ  េគបន ៖ 

2 2
2 2 2 25 5 4 2 1 (2 1) ( 2 )

5
a b

n p q p q p q p q
++++= = + + + + = + + + −= = + + + + = + + + −= = + + + + = + + + −= = + + + + = + + + −  

មនន័យថ 2 2n c d= += += += +   ែដល 2 1c p q= + += + += + += + +  និង 2d p q= −= −= −= −   



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 162 

 

-ករណីទី៣ ( , ) (3,1) (mod5)a b ≡≡≡≡  
 េនះ 5 3 , 5 1a p b q= + = += + = += + = += + = +  ែដល ,p q ∈∈∈∈ℤℤℤℤ  េគបន ៖ 

2 2
2 2 2 25 5 6 2 2 (2 1) ( 2 1)

5
a b

n p q p q p q p q
++++= = + + + + = − + + + += = + + + + = − + + + += = + + + + = − + + + += = + + + + = − + + + +  

មនន័យថ 2 2n c d= += += += +  ែដល 2 1c p q= − += − += − += − +  និង 2 1d p q= + += + += + += + +   
-ករណីទី៤ ( , ) (4,2) (mod5)a b ≡≡≡≡  
 េនះ 5 4 , 5 2a p b q= + = += + = += + = += + = +  ែដល ,p q ∈∈∈∈ℤℤℤℤ  េគបន ៖ 

2 2
2 2 2 25 5 8 4 4 (2 2) ( 2 )

5
a b

n p q p q p q p q
++++= = + + + + = + + + −= = + + + + = + + + −= = + + + + = + + + −= = + + + + = + + + −  

មនន័យថ 2 2n c d= += += += +  ែដល 2 2c p q= + += + += + += + +  និង 2d p q= −= −= −= −   
-ករណីទី៥ ( , ) (4,3) (mod5)a b ≡≡≡≡  
 េនះ 5 4 , 5 3a p b q= + = += + = += + = += + = +  ែដល ,p q ∈∈∈∈ℤℤℤℤ  េគបន ៖ 

2 2
2 2 2 25 5 8 6 5 ( 2 2) (2 1)

5
a b

n p q p q p q p q
++++= = + + + + = + + + − += = + + + + = + + + − += = + + + + = + + + − += = + + + + = + + + − +  

មនន័យថ 2 2n c d= += += += +  ែដល 2 2c p q= + += + += + += + +  និង 2 1d p q= − += − += − += − +   

សរុបមកេបី 
2 2

5
a b

n
++++ ====  ែដល , ,a b n ∈∈∈∈ℤℤℤℤ  េនះ 2 2n c d= += += += +  

ែដល ,c d ∈∈∈∈ℤℤℤℤ   ។ 
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លហំត់ទី៨៣ (Iran 1996) 

េគឱយបចីំនួនពិតមនិអវជិជមន  និងមនិសូនយរពមគន ពរី ។ 
ចូររសយបញជ ក់ថ ៖ 

   
    
ដំេណះរសយ 

រសយបញជ ក់ថ  ៖ 

   

តង  
េគមនសមភព  ៖ 

 
                                   
និង  

វសិមភព  ខងេលីសមមូល   

 

សមមូល  
 

c,b,a

2 2 2

1 1 1 9
(ab bc ca)

(a b) (b c) (c a) 4
    + + + + ≥+ + + + ≥+ + + + ≥+ + + + ≥    + + ++ + ++ + ++ + +    

(*)
4
9

)ac(

1

)cb(

1

)ba(

1
)cabcab( 222 ≥≥≥≥









++++
++++

++++
++++

++++
++++++++

abcz,cabcaby,cbax ====++++++++====++++++++====

abc)cabcab)(cba()ac)(cb)(ba( −−−−++++++++++++++++====++++++++++++
zxy −−−−====

)zxy(x4)yx()ca()ba( 22

cyc

22 −−−−−−−−++++====++++++++∑∑∑∑

(*)

4
9

)zxy(

)zxy(x4)yx(
y 2

22

≥≥≥≥








−−−−
−−−−−−−−++++

0z9xyz34y4yx17yx4 23224 ≥≥≥≥−−−−++++++++−−−−

(**)0)z9xy(z)xz6y4yx5x(y)z9xy4x(xy 2243 ≥≥≥≥−−−−++++++++++++−−−−++++++++−−−−
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តមវសិមភព  ចំេពះរគប់ចនួំនពិតមិនអវជិជមន  
េគមន  ៖ 

 

 
តមវសិមភព  េគមន ៖ 

 
តម  េគទញបន  ពិត ។ 

ដូចេនះ   

 
 
 
 
 
 
 
 
 
    

Schur , ,x y z

)1(0z9xy4x0)zx)(yx(x 3

cyc
≥≥≥≥++++−−−−⇔⇔⇔⇔≥≥≥≥−−−−−−−−∑∑∑∑

)2(0xz6y4yx5x0)zx)(yx(x 224

cyc

2 ≥≥≥≥++++++++−−−−⇔⇔⇔⇔≥≥≥≥−−−−−−−−∑∑∑∑

GMAM −−−−

)3(0z9xyabc9)cabcab)(cba( ≥≥≥≥−−−−⇔⇔⇔⇔≥≥≥≥++++++++++++++++
)3(&)2(),1( (**)

4
9

)ac(

1

)cb(

1

)ba(

1
)cabcab( 222 ≥≥≥≥









++++
++++

++++
++++

++++
++++++++
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លហំត់ទី៨៤ 

ក)ចូរកំណត់ចនួំនគត់វជិជមនដំបូងេគជកេររបកដេហយីមន 
 េលខបីខទង់ចុងេរកយសុទឋែតជេលខ  ។ 
ខ)ចូរកំណត់រគប់ចំនួនគត់ទងំអស់ែដលជកេររបកដេហយី 
 មនេលខបខីទង់ចុងេរកយសុទឋែតជេលខ  ។ 
គ)ចូរទញបងហ ញថគម នចំនួនគត់ជកេររបកដែដលមនេលខ 
 បួនខទង់ចុងេរកយសុទឋែតជេលខ  េទ ។ 
 
ដំេណះរសយ 

ក)កំណត់ចនួំនគត់វជិជមនដំបូងេគជកេររបកដេហយីមន 
 េលខបីខទង់ចុងេរកយសុទឋែតជេលខ  ៖ 
 េដយសមគ ល់េឃញីថ  ។ 
 ដូចេនះ  ជចំនួនែដលរតូវរក ។ 
ខ) កំណត់រគប់ចនួំនគត់ទងំអស់ែដលជកេររបកដេហយីមន 
 េលខបីខទង់ចុងេរកយសុទឋែតជេលខ  ៖ 
 តង  ជចំនួគត់វជិជមនែដលមនេលខបីខទង់ចុងេរកយសុទឋ 
 ែតជេលខ  េនះេគបន ជពហុ 
 គុណៃន   ។ 
េគទញបន , យ៉ងតិចមនមួយរតូវែចកដច់នឹង ។ 

4

4

4

4

238 1444====

1444

4

2n

4 2 1444 ( 38)( 38)n n n− = − +− = − +− = − +− = − +
3 31000 2 5= ×= ×= ×= ×

38n −−−− 38n ++++ 4
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េដយ  និង  ែចកមិនដច់នឹង 
5 េនះេដីមបឲីយ  ជពហុគុណៃន  លុះរតែត 
មនយ៉ងតចិមួយៃន  ,  ែចកដច់នងឹ  ។ 
សរុបមកេគរតូវឲយយ៉ងតចិមួយៃន  ,  ជពហុគុណ 
ៃន  ។ 
ដូចេនះ   ឬ   ែដល   ។ 
គ)ទញបងហ ញថគម នចំនួនគត់ជកេររបកដែដលមនេលខ 
 បួនខទង់ចុងេរកយសុទឋែតជេលខ  េទ ៖ 
 េគមន 2 2 2(500 38) 250000 38000 1444n q q q= ± = ± += ± = ± += ± = ± += ± = ± +  
 េដយរគប់ q IN∈∈∈∈  េលខខទង់ពន់ៃន 2250000 38000q q±±±±  
 មិនអចជេលខ 3 េនះេយងីអចសននិដឋ នថគម នចនួំនគត់ជកេរ 
 របកដែដលមនេលខបួនខទង់ចុងេរកយសុទឋែតជេលខ  េទ ។ 
 
 
 
 
 

    
    

( 38) ( 38) 76 4 19n n+ − − = = ×+ − − = = ×+ − − = = ×+ − − = = × 76

( 38)( 38)n n− +− +− +− + 35

38n −−−− 38n ++++ 35

38n −−−− 38n ++++
34 5 500× =× =× =× =

500 38n q= += += += + 500 38n q= −= −= −= − q IN∈∈∈∈

4

4
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លហំត់ទី៨៥ 

េគឲយ   និង  ជចំនួនគត់វជិជមនកនុងរបពនឋ័ 
េដសីុម៉ល់ ែដល  និង  ។ 
ក)ចូរបងហ ញថ  មិនអចជចនួំនគត់ ។ 
ខ)ចូរកំណត់រគប់ចំនួនគត់  និង  េដយដឹងថ   
គ)ចូរកំណត់គូ  េដយដឹងថ  ជចនួំនគត់ធំជងេគ ។ 
 
ដំេណះរសយ 

ក) បងហ ញថ  មិនអចជចំនួនគត់ ៖ 
េគមន   េដយ  
េនះេគបន  ។ 
េដីមបឲីយ  ជចំនួនគត់លុះរតែត  ជកេររបកដៃនចំនួនគត់ 
េនះ  រតូវែចកដច់នឹង  ។ 
កនុងករណីេនះ  រតវូែចកដច់នងឹ  ែដលជ 
ករណីមិនអចេកតីមនេរពះ   ។ 
ដូចេនះ  មិនអចជចំនួនគត់ ។ 
ខ) កំណត់រគប់ចនួំនគត់  និង  េដយដឹងថ   
េគមន  និង   
េគបន  
េដីមបឲីយ  ជចំនួនគត់លុះរតែត  ជកេររបកដ 

x abcabc==== 00y d d====

, , , {1,2,3,...,9}a b c d ∈∈∈∈ 0 , 0d a≠ ≠≠ ≠≠ ≠≠ ≠

x

x y x y++++ IN∈∈∈∈

( , )x y xy

x

1001x abcabc abc= = ×= = ×= = ×= = × 1001 7 11 13= × ×= × ×= × ×= × ×

7 11 13x abc= × × ×= × × ×= × × ×= × × ×

x x

abc 7,11,13

abc 7 11 13 1001× × =× × =× × =× × =

1001abc <<<<

x

x y x y++++ IN∈∈∈∈

1001x abcabc abc= = ×= = ×= = ×= = × 00 1001y d d d= = ×= = ×= = ×= = ×

1001( ) 7 11 13 ( )x y abc d abc d+ = + = × × ++ = + = × × ++ = + = × × ++ = + = × × +

x y++++ x y++++
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ៃនចនួំនគត់វជិជមន េនះេគរតូវឲយ  ។ 
តមសមភព  េគរតូវឲយ  
េរពះេបី  េនះ  ។ 
េគបន  សមមូល  
សមមូល  ។ 
េគទញបនគូចេមលីយ  ។ 
គ) កំណត់គូ  េដយដឹងថ  ជចនួំនគត់ធំជងេគ ៖ 
េគមន  និង   
េគបន   ។ 
េដីមបឲីយ  ជចំនួនគត់លុះរតែត  ជកេរ 
របកដៃនចនួំនគត់វជិជមន េពលគេឺគរតូវឲយ  ជកេរ 
របកដៃនចនួំនគត់វជិជមន ។ េគមន   
េហយីចំនួនជកេររបកដធំជងេគែដលតូចជងចំនួន  គឺ  

 ឬ  ។ 
េដយ  េនះ  មិនយក 
េហយី  មនរង  េនះ  
ែដល  ។ ដូចេនះ  
    
    
    

1001abc d+ =+ =+ =+ =

1001abc d+ =+ =+ =+ = 9 , 9a b= == == == =

9, 9a b< << << << < 10000abc d+ <+ <+ <+ <

99 1001c d+ =+ =+ =+ = 990 1001c d+ + =+ + =+ + =+ + =

1001 990 11c d+ = − =+ = − =+ = − =+ = − =

( , ),( , ) {(2,9),(3,8),(4,7),(5,6)}c d d c ∈∈∈∈

( , )x y xy

1001x abcabc abc= = ×= = ×= = ×= = × 00 1001y d d d= = ×= = ×= = ×= = ×
21001xy abc d= × ×= × ×= × ×= × ×

xy 21001 . .xy abc d====

abc d××××

999 9 8991abc d× ≤ × =× ≤ × =× ≤ × =× ≤ × =

8991
2 2 294 47 2 8836= × == × == × == × = 2 2 293 31 3 8449,...= × == × == × == × =

247 2209 abc= >= >= >= > 2 2 294 47 2 8836= × == × == × == × =
231 961==== abc 2961 9 93abc d× = × =× = × =× = × =× = × =

961 , 9abc d= == == == = 961961 , 9009x y= == == == =
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លហំត់ទី៨៦ 

េគឱយរតីេកណ  មួយ ។ េគតង ជផចិតៃនរងវង់ចរកឹកនុង 
រតីេកណេនះ ។ កនលះបនទ ត់ពុះកនុងៃនមុំ កត់រជងុ 
ឈមេរៀងគន រតង់   ។ 

ចូររសយថ      ។ 
    
ដំេណះរសយ 

រសយថ     
 
 
 
 
 
 
 
តង និង   ជករំងវង់ចរកឹកនុងរត ី
េកណ េហយី  និង  េរៀងគន ជៃផទរកលៃនរតីេកណ 
  និង ។ 

ABC I

A , B , C

A' , B' , C'

1 AI.BI.CI 8
4 AA'.BB'.CC' 27

< ≤< ≤< ≤< ≤

1 AI.BI.CI 8
4 AA'.BB'.CC' 27

< ≤< ≤< ≤< ≤

BC a , AC b, AB c= = == = == = == = = r

S T

ABC IBC
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េយងីមន    និង  

េគបន   
រតីេកណែកង  និង  មនមុំ  
 (មុំរតវូគន )  ជរតីេកណដូចគន  ។  

េគបន  

តមទំនក់ទនំង  និង  េគទញបន   

េដយ  និង  

េគបន    

នឱំយ   

ដូចគន ែដរ  និង   
េធវីវធិីគុណទំនក់ទំនង  និង  េគបន  ៖ 

 

តមវសិមភព  េគបន ៖ 

1
S AH.BC

2
====

1
T II '.BC

2
====

T I I '
(i)

S AH
====

AA'H I A'I ' A'AH A'I I '∠ = ∠∠ = ∠∠ = ∠∠ = ∠

II ' IA' AA' AI AI
1 (ii)

AH AA' AA' AA'
−−−−= = = −= = = −= = = −= = = −

(i) (ii)
T AI

1
S AA'

= −= −= −= −

1
T a.r

2
====

a b c
S pr .r

2
+ ++ ++ ++ += == == == =

1
ar AI2 1

a b c AA'.r
2

= −= −= −= −+ ++ ++ ++ +

AI a b c
1 (1)

AA' a b c a b c
++++= − == − == − == − =

+ + + ++ + + ++ + + ++ + + +
BI c a

(2)
BB' a b c

++++====
+ ++ ++ ++ +

CI a b
(3)

CC' a b c
++++====

+ ++ ++ ++ +
(1) , (2) (3)

3
AI.BI.CI (a b)(b c)(c a)

(4)
AA'.BB'.CC' (a b c)

+ + ++ + ++ + ++ + +====
+ ++ ++ ++ +

AM GM−−−−
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េគទញ   

េហតុេនះ  

ម៉យងេទៀតេយងីសនមតថ    ពិត 

េយងីបន  
េដយ  

 

        

េដយ  ជរជុងរតេីកណមួយេនះ  

េគទញ  ពិត 

េហតុេនះ  

តម  និង  េគបន      ។ 

ដូចេនះ     ។ 

3

3

(a b) (b c) (c a) 3 (a b)(b c)(c a)

2(a b c) 3 (a b)(b c)(c a)

+ + + + + ≥ + + ++ + + + + ≥ + + ++ + + + + ≥ + + ++ + + + + ≥ + + +

+ + ≥ + + ++ + ≥ + + ++ + ≥ + + ++ + ≥ + + +
3

3
(a b)(b c)(c a) 2 8

3 27(a b c)

+ + ++ + ++ + ++ + +     ≤ =≤ =≤ =≤ =    
    + ++ ++ ++ +

AI.BI.CI 8
(*)

AA'.BB'.CC' 27
≤≤≤≤

3
(a b)(b c)(c a) 1

4(a b c)

+ + ++ + ++ + ++ + + >>>>
+ ++ ++ ++ +

34(a b)(b c)(c a) (a b c)+ + + > + ++ + + > + ++ + + > + ++ + + > + +
3 3 3 3(a b c) a b c 3(a b)(b c)(c a)+ + = + + + + + ++ + = + + + + + ++ + = + + + + + ++ + = + + + + + +

3 3 34(a b)(b c)(c a) a b c 3(a b)(b c)(c a)+ + + > + + + + + ++ + + > + + + + + ++ + + > + + + + + ++ + + > + + + + + +
3 3 3(a b)(b c)(c a) a b c 0

(a b c)(a c b)(b c a) 4abc 0

+ + + − − − >+ + + − − − >+ + + − − − >+ + + − − − >
+ − + − + − + >+ − + − + − + >+ − + − + − + >+ − + − + − + >

a , b , c

a b c

a c b

b c a

+ >+ >+ >+ >
 + >+ >+ >+ >
 + >+ >+ >+ >

(a b c)(a c b)(b c a) 4abc 0+ − + − + − + >+ − + − + − + >+ − + − + − + >+ − + − + − + >
AI.BI.CI 1

(**)
AA'.BB'.CC' 4

>>>>

(*) (**)
1 AI.BI.CI 8
4 AA'.BB'.CC' 27

< ≤< ≤< ≤< ≤

1 AI.BI.CI 8
4 AA'.BB'.CC' 27

< ≤< ≤< ≤< ≤
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លហំត់ទី៨៧ 

េគឲយបីចំនួនពិតវជិជមន a ,b ,c  ។ ចូររសយបញជ ក់ថ ៖ 

2 2 2 2 2 2

a b c 3

2 2b c 2bc c a 2ca a b 2ab
+ + ≥+ + ≥+ + ≥+ + ≥

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
   

 
ដំេណះរសយ 

ជដំបូងេយងីនងឹរសយថ 2 2b c 2bc 2(b c)+ + ≤ ++ + ≤ ++ + ≤ ++ + ≤ +  
េលីកអងគទងំពីរជកេរេគបន ៖ 

2 2 2 2

2 2 2 2 2 2

2 2 2 2

2 2 2

( b c 2bc) 2(b c)

b c 2 2bc(b c ) 2bc 2b 4bc 2c

2 2bc(b c ) b c 2bc

( b c 2bc) 0

+ + ≤ ++ + ≤ ++ + ≤ ++ + ≤ +

+ + + + ≤ + ++ + + + ≤ + ++ + + + ≤ + ++ + + + ≤ + +

+ ≤ + ++ ≤ + ++ ≤ + ++ ≤ + +

+ − ≥+ − ≥+ − ≥+ − ≥ BtiBtiBtiBti

 

េគបន 
2 2

cyc cyc

a 1 a 3
b c2 2 2b c 2bc

≥ ≥≥ ≥≥ ≥≥ ≥
+++++ ++ ++ ++ +

∑ ∑∑ ∑∑ ∑∑ ∑   ពិត 

េរពះ  
cyc

a 3
b c 2

≥≥≥≥
++++∑∑∑∑   ( វសិមភព Nesbit  ) ។ 
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លហំត់ទី៨៨ 

េគឲយបីចំនួនពិតវជិជមន a ,b ,c  ។ ចូររសយបញជ ក់ថ ៖ 
n

2 2 2
a b c n ab bc ca n 3

b c c a a b 2 2a b c

+ + ++ + ++ + ++ + ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + ++ + ++ + ++ + + + ++ ++ ++ +

   

ែដល n 2 , n IN≥ ∈≥ ∈≥ ∈≥ ∈   ។ 
 
ដំេណះរសយ 

េយងីមន  
2 2 2a b c a b c

b c c a a b ab ac bc ab ac bc
+ + = + ++ + = + ++ + = + ++ + = + +

+ + + + + ++ + + + + ++ + + + + ++ + + + + +
 

តម Lemma Cauchy-Schwarz េគបន ៖ 
2 2 2 2a b c (a b c) a b c

1
b c c a a b 2(ab bc ca) 2(ab bc ca)

+ + + ++ + + ++ + + ++ + + ++ + ≥ = ++ + ≥ = ++ + ≥ = ++ + ≥ = +
+ + + + + + ++ + + + + + ++ + + + + + ++ + + + + + +

 

េយងីនងឹរសយថ  
2 2 2

n
2 2 2

a b c n ab bc ca n 1
2(ab bc ca) 2 2a b c

+ + + + ++ + + + ++ + + + ++ + + + ++ ≥+ ≥+ ≥+ ≥
+ ++ ++ ++ + + ++ ++ ++ +

 

តង 
2 2 2

n a b c
t 1

ab bc ca
+ ++ ++ ++ += ≥= ≥= ≥= ≥
+ ++ ++ ++ +

 េគបន 
nt n n 1
2 2t 2

+++++ ≥+ ≥+ ≥+ ≥  

សមមូល n n
t n 1

t
+ ≥ ++ ≥ ++ ≥ ++ ≥ +  
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តមវសិមភព AM GM−−−−  េគមន ៖ 
n nn 1

n

n

1 1 1 1
t .... (n 1) t . n 1

t t t t
+++++ + + + ≥ + = ++ + + + ≥ + = ++ + + + ≥ + = ++ + + + ≥ + = +

����������������������������
 

ឬ n n
t n 1

t
+ ≥ ++ ≥ ++ ≥ ++ ≥ +  ពិត 

េហតុេនះ  
n

2 2 2
a b c n ab bc ca n 1 n 3

1
b c c a a b 2 2 2a b c

+ + + ++ + + ++ + + ++ + + ++ + + ≥ + =+ + + ≥ + =+ + + ≥ + =+ + + ≥ + =
+ + ++ + ++ + ++ + + + ++ ++ ++ +

   

ដូចេនះ n
2 2 2

a b c n ab bc ca n 3
b c c a a b 2 2a b c

+ + ++ + ++ + ++ + ++ + + ≥+ + + ≥+ + + ≥+ + + ≥
+ + ++ + ++ + ++ + + + ++ ++ ++ +

  ។ 

 
 
 
    
    
    
    
    
    
    



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 175 

 

លហំត់ទី៨៩ 

ចូរកំណត់រគប់អនុគមន៍ f : Q Q+ ++ ++ ++ +→→→→  េដយដឹងថ ៖ 
y f (y)

f (x ) f (x) 2y
x f (x)

+ = + ++ = + ++ = + ++ = + +  ចំេពះរគប់ x,y Q++++∈∈∈∈  ។ 

 
ដំេណះរសយ 

កំណត់អនុគមន៍ f  

េគមន y f (y)
f (x ) f (x) 2y (*)

x f (x)
+ = + ++ = + ++ = + ++ = + +  

យក (x,y) {(1,1),(1,2),(2,2)}====  ជំនួសកនុង (*)  េគបន ៖ 
f (2) f (1) 3

f (2)
f (3) f (1) 4

f (1)

f (3) f (2) 5

 = += += += +

 = + += + += + += + +

 = += += += +

 

បនទ ប់ពេីដះរសយេគបន f (1) 1 , f (2) 4 , f (3) 9= = == = == = == = =  
តមលទធផលេនះេយងីឧបមថ 2f (n) n====  ចំេពះរគប់ n IN∈∈∈∈  
េយងីនងឹរសយថ 2f (n 1) (n 1)+ = ++ = ++ = ++ = +  ។ 
យក x y n= == == == =  ជំនួសកនុង (*)  េគបន f (n 1) f (n) 1 2n+ = + ++ = + ++ = + ++ = + +  
េដយ 2f (n) n====  េគបន 2 2f (n 1) n 1 2n (n 1)+ = + + = ++ = + + = ++ = + + = ++ = + + = +  
េយងីនងឹរសយថ 2f (x) x x Q ++++= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈  ជចេមលីយែតមួយគត់ 
របស់សមីករ ។ 
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-យក x n , y m= == == == =  រគប់ m,n IN∈∈∈∈  ជួសកនុង (*)  េគបន ៖ 
2

2
2

m f(m) m
f (n ) f (n) 2m n 2m (1)

n f (n) n
+ = + + = + ++ = + + = + ++ = + + = + ++ = + + = + +  

-យក m
x ,y m

n
= == == == = រគប់ m,n IN∈∈∈∈  ជួសកនុង (*)  េគបន ៖ 

2m m f(m) m m
f( n) f ( ) 2m f( ) 2m (2)

m mn n nf ( ) f ( )
n n

+ = + + = + ++ = + + = + ++ = + + = + ++ = + + = + +  

ផទឹម (1) និង (2) េគទញបន ៖ 
2 2

2
2

m m m
f( ) n

mn nf ( )
n

+ = ++ = ++ = ++ = +    

ឬ 
2 2

2

m m n
[f ( ) ][1 ] 0(**)

mn n f ( )
n

− − =− − =− − =− − =  

តង p Q
q

++++∈∈∈∈   ែដល p IN∈∈∈∈  និង q IN∈∈∈∈  ។  

-េបី 
2q

1 0
p

f ( )
q

− ≠− ≠− ≠− ≠  េនះតម (**)  យក m p ,n q= == == == =   

េគទញបន 
22

2

p p p
f ( )

q q q
    

= == == == =     
    

។ 

ដូចេនះ 2f (x) x , x Q++++= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈   ។ 
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-េបី 
2q

1 0
p

f ( )
q

− =− =− =− =  េនះ 
2 2f (2q) 4q q

1
2p p p

f ( ) f ( ) f ( )
2q q q

= ≠ == ≠ == ≠ == ≠ =   

តម (**)  យក m 2p,n 2q= == == == =  េគទញបន  
22

2

p 2p (2p) p
f ( ) f ( )

q 2q (2q) q
    

= = == = == = == = =     
    

 

ដូចេនះ 2f (x) x , x Q++++= ∀ ∈= ∀ ∈= ∀ ∈= ∀ ∈   ជចេមលយីែតមួយគត់។ 
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លហំត់ទី៩០( IMO 1998 ) 
េគតង  ជផចិតៃនរងវង់ចរកឹកនុងរតីេកណ  មួយ ។  
ឧបមថរងវង់ចរកឹកនុងរតេីកណ  ប៉ះរជុងទងំប ី

 េរៀងគន រតង់  ។ បនទ ត់មួយគូស 
េចញពចីំនុច  រសបនឹង កត់ និង េរៀងគន  
រតង់  និង   ។   ចូររសយថ  ជមុំរសួច  ។ 
                                                       
ដំេណះរសយ 

រសយថ  ជមុំរសួច ៖ 
 
    
 
 
 
 
 
 
 
 

I ABC

ABC

[BC],[CA],[AB] K ,L ,M

B (MK) (LM) (LK)

R S RIS∠∠∠∠

RIS∠∠∠∠

A 

B 
C 

I 

L 

K 

M 

S 

R 
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េគមន  

ដូចគន ែដរ  

និង  ។ 

ម៉យងេទៀត   ។ 
តមរទឹសតីបទសីុនូសអនុវតតន៍កនុងរតេីកណ និងរតេីកណ 

 េគបន  

េហយីដូចគន ែដរ  ឬ  

េគទញបន  នឱំយ  
េដយ  េនះ  
េគមន  េហយី េនះ 

។ 
តមរទឹសតីបទពីតគរអ័នុវតតន៍កនុងរតីេកណែកង  និង  
េគបន  
និង      

o A
AML BMR 90

2
∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −

o C
CKL BKS 90

2
∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −

o B
BKM BMK 90

2
∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −

o B
LMK MRS 90

2
∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −∠ = ∠ = −

BRM

BSK

o

o

A A
sin(90 ) cosRB 2 2

C CBM sin(90 ) cos
2 2

−−−−
= == == == =

−−−−

C
cosSB 2

ABK cos
2

====

A
cosBK 2

CSB cos
2

====

RB BK
BM SB

==== BM.BK RB.SB====

BM BK==== 2BM RB.SB (1)====

(RS) / /(MK) (IB) (KM)⊥⊥⊥⊥

(IB) (RS)⊥⊥⊥⊥

RIB SIB
2 2 2IR RB IB (2)= += += += +

2 2 2IS SB IB (3)= += += += +
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តមរទឹសតីបទកូសីុនូសអនុវតតន៍កនុងរតីេកណ  េគបន ៖ 
 

យកទំនក់ទនំង  មកជំនួសកនុង  េគបន  ៖ 

 

                   
ែតកនុងរតីេកណែកង  មន  

េគបន  នឱំយ  ជមុំរសួច ។ 
 
 
 
 
 
 
 
 
 
    
    

RIS

)4(RIScos.IS.IR2ISIRRS 222 ∠∠∠∠−−−−++++====
(1),(2),(3) (4)
2 2 2 2RB SB 2IB (RB SB)

cos RIS
2IR.IS

+ + − ++ + − ++ + − ++ + − +∠ =∠ =∠ =∠ =

2 2 22IB 2RB.SB IB BM
2IR.IS IR.IS
− −− −− −− −= == == == =

BIM 2 2 2IB IM BM= += += += +
2IM

cos RIS 0
IR.IS

∠ = >∠ = >∠ = >∠ = > RIS∠∠∠∠
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លហំត់ទី៩១ 

ចូររសយថ 3 2 1n
nA n= − −= − −= − −= − −  ែចកដច់នងឹ 4 ចំេពះរគប់ចំនួន 

គត់វជិជមន n  ។ 
 

ដំេណះរសយ 

រសយថ 3 2 1n
nA n= − −= − −= − −= − −  ែចកដច់នឹង 4 

◊ រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទី១១១១ 
-ចំេពះ 1n ====  េគបន 1 4 2 1 0A = − − == − − == − − == − − =  េនះ 14 | A  
-ឧបមថវពិតចំេពះ n k====  គឺ 4 | kA  
-េយងីនងឹរសយថវពិតចំេពះ 1n k= += += += +  គឺ 14 | kA ++++  
េគមន 3 2 1k

kA k= − −= − −= − −= − −   េនះ 3 2 1k
kA k= + += + += + += + +  

េហយី 1
1 3 2( 1) 1 3(3 ) 2 3k k

kA k k++++
++++ = − + − = − −= − + − = − −= − + − = − −= − + − = − −  

         1 3( 2 1) 2 3 3 4k k kA A k k A k++++ = + + − − = += + + − − = += + + − − = += + + − − = +  
េដយ 4 | kA  េនះេគបន 14 | 3 4k kA A k++++ = += += += +  
ដូចេនះ nA  ែចកដច់នឹង 4 ជនិចចរគប់ n IN∈∈∈∈  ។ 
◊ រេបៀបទីរេបៀបទីរេបៀបទីរេបៀបទ២ី២២២ 
េយងីសិកស២ករណីដូចតេទ ៖ 
-ករណី 2n p====   (ចំនួនគូ) 
េគបន ៖ 

2 2
2 3 4 1 (3 1) 4 (3 1)(3 1) 4p p p p

pA p p p= − − = − − = − + −= − − = − − = − + −= − − = − − = − + −= − − = − − = − + −  



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 182 

 

េដយ 3 1p −−−−   និង 3 1p ++++  សុទឋែតជចនួំនគូេនះេគបន 
4 | (3 1)(3 1)p p− +− +− +− +  នឲំយ 24 | pA  ។ 
-ករណី 2 1n p= += += += +  (ចំនួនេសស ) 
េគបន 2 1

2 1 3 2(2 1) 1p
pA p++++

++++ = − + −= − + −= − + −= − + −  

                   
2 1

2

3 4 3

3(3 1) 4

3(3 1)(3 1) 4

p

p

p p

p

p

p

++++= − −= − −= − −= − −

= − −= − −= − −= − −

= + − −= + − −= + − −= + − −

 

េដយ 3 1p −−−−   និង 3 1p ++++  សុទឋែតជចនួំនគូេនះេគបន 
4 | (3 1)(3 1)p p− +− +− +− +  នឲំយ 2 14 | pA ++++  ។ 
ដូចេនះ 3 2 1n

nA n= − −= − −= − −= − −  ែចកដច់នឹង 4 រគប់ចំនួនគត់វជិជមន n  
 
 
 
 
 
 
 
 
 
    



111 លំហត់េរជីសេរសីពិេសស 
 

 

  

េរៀបេរៀងេដយ លឹម ផលគុន 183 

 

លហំត់ទី៩២ 

េបី 1p  និង 2p  ជចំនួនបឋមេសសេផសងគន េនះបងហ ញថ ៖ 
(((( ))))4

1 2 1 1N p p= + −= + −= + −= + −  យ៉ងតចិមន4តួែចកបឋមេផសងគន  ។ 
 
ដំេណះរសយ 

តង 3 1 2 2p p p= += += += +   
េគមន (((( ))))4

1 2 1 1N p p= + −= + −= + −= + −  

               

2 2 2
1 2 1 2

2 2 2 2
1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 2 3 1 2 3

( 2 1) 1

( 2 )( 2 2)

( 2) ( 2) 2

( 2)

p p p p

p p p p p p p p

p p p p p p p p

p p p p p p

= + + −= + + −= + + −= + + −

= + + += + + += + + += + + +

= + + += + + += + + += + + +        

= += += += +

 

េយងីមន 3 1 2 2p p p= += += += +  េនះ 3 12 (mod )p p≡≡≡≡   
និង 3 22 (mod )p p≡≡≡≡  េហយីេដយ 1 2, 3p p ≥≥≥≥  េនះ 3p  ែចកមិន 
ដច់នឹង 1 2,p p  េហយី 3 1 3 2,p p p p> >> >> >> >  ។ 
-េបី 3p  ជចំនួនមិនបឋមេនះ N មនយ៉ងតចិ4កតត បឋមខុសគន  
-េបី 3p  ជចំនួនបឋមេនះមន 4 1 2 3 2p p p p= += += += +   
ែដល 4 1 4 22(mod ), 2(mod )p p p p≡ ≡≡ ≡≡ ≡≡ ≡  និង 4 32 (mod )p p≡≡≡≡  
មនន័យថ 4p  ែចកមិនដច់នឹង 1 2 3, ,p p p  េនះេយងីអច 
សននិដឋ នថ N មនយ៉ងតចិ4កតត បឋមខុសគន  ។ 
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លហំត់ទី៩៣ 

ចូរបងហ ញថ 3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =   ។ 

 
ដំេណះរសយ 

បងហ ញថ 3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =     

យក 
22

x
ππππ====   និង cos sinz x i x= += += += +   េនះ 11

2
x

ππππ====  
េហយី 2 1 0z + ≠+ ≠+ ≠+ ≠  ។ 
េយងីមន   
សមមូល  
សមមួល   
េដយ   េនះ  
សមមូល  

 
  

និង  

េនះ  ។ េហតុេនះេគបន ៖ 
 

មយង៉េទៀតឧបមថ     ពិត 

22 cos22 sin22 cos sin 1z x i x iπ ππ ππ ππ π= + = + = −= + = + = −= + = + = −= + = + = −
22 1 0z + =+ =+ =+ =

2 20 18 16 2( 1)( ... 1) 0z z z z z+ − + − − + =+ − + − − + =+ − + − − + =+ − + − − + =
2 1 0z + ≠+ ≠+ ≠+ ≠ 20 18 16 2... 1 0z z z z− + − − + =− + − − + =− + − − + =− + − − + =

10 8 6 4 2
10 8 6 4 2

1 1 1 1 1
( ) ( ) ( ) ( ) ( ) 1 0z z z z z

z z z z z
+ − + + + − + + + − =+ − + + + − + + + − =+ − + + + − + + + − =+ − + + + − + + + − =

: cos( ) sin( )nn z nx i nx∀ ∈ = +∀ ∈ = +∀ ∈ = +∀ ∈ = +ℤℤℤℤ

1
cos( ) sin( )n nx i nx

z
= −= −= −= −

1
2cos( )n

nz nx
z

+ =+ =+ =+ =

2cos10 2cos8 2cos6 2cos4 2cos2 1 0 (*)x x x x x− + − + − =− + − + − =− + − + − =− + − + − =
3

cot 4cos 11
22 22
π ππ ππ ππ π− =− =− =− =
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ឬ    ែដល  
េលីកអងគទងំពីរជកេរេគបន ៖ 

 េដយ  

 

សមមូល  
សមមូល ៖ 

 

ពិតតមសមភព  ។ 
ដូចេនះ    ។ 
 
 
 
 
 
    

cot 4cos3 11x x− =− =− =− =
22

x
ππππ====

2(cot 4cos3 ) 11x x− =− =− =− = cos
cot

sin
x

x
x

====
2

cos
cos3 11

sin
x

x
x

    − =− =− =− =    
    

(((( ))))2 2cos 4sin cos3 11sinx x x x− =− =− =− =

2 2 2 2cos 8cos sin cos3 16sin cos 3 11sin

1 cos2 8sin2 cos3 8(1 cos2 )(1 cos6 ) 11(1 cos2 )

2 4cos2 4(sin5 sin ) 8cos6 8cos8 cos6 0

2 4cos4 4(cos6 cos10 ) 8cos6 4(cos4 cos8 ) 0

2cos10 2cos8

x x x x x x x

x x x x x x

x x x x x x

x x x x x x

x x

− + =− + =− + =− + =
+ − + − + = −+ − + − + = −+ − + − + = −+ − + − + = −

− + − − + − =− + − − + − =− + − − + − =− + − − + − =
− + − − + − + =− + − − + − + =− + − − + − + =− + − − + − + =

−−−− 2cos6 2cos4 2cos2 1 0x x x+ − + − =+ − + − =+ − + − =+ − + − =
(*)

3
cot 4cos 11

22 22
π ππ ππ ππ π− =− =− =− =
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លហំត់ទី៩៤ 

េគឲយ , ,x y z  ជចំនួនពតិវជិជមន ។ ចូររសយបញជ ក់វសិមភព ៖ 
2 2 2

3 3 3
12

x z y x z y

y z xxyz xyz xyz

                    
+ + + + + ≥+ + + + + ≥+ + + + + ≥+ + + + + ≥                                        

                    
  

 
ដំេណះរសយ 

តង
2 2 2

3 3 3

x z y x z y
T

y z xxyz xyz xyz

                    
= + + + + += + + + + += + + + + += + + + + +                                        
                    

 

េដយេរបវីសិមភពមធយមនពវនត-មធយមធរណីមរតេគបន ៖ 

3 3

3 3

3 3

2

2

2

x z xz

y xyz y xyz

y x yx

z xyz z xyz

z y zy

x xyz x xyz

+ ≥+ ≥+ ≥+ ≥

+ ≥+ ≥+ ≥+ ≥

+ ≥+ ≥+ ≥+ ≥

  

េគបន 
2 2 2

3
2 2 23 3 3

4 12 12
xz yx zy x y z

T
x y zy xyz z xyz x xyz

    
≥ + + ≥ =≥ + + ≥ =≥ + + ≥ =≥ + + ≥ =        

    
 

ដូចេនះ 
2 2 2

3 3 3
12

x z y x z y

y z xxyz xyz xyz

                    
+ + + + + ≥+ + + + + ≥+ + + + + ≥+ + + + + ≥                                        

                    
។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 187 

 

លហំត់ទី៩៥ 

េគឲយអនុគមន៍ :f IR IR→→→→  ែដលចំេពះរគប់ ,x y IR∈∈∈∈  េគមន 
(((( ))))3 2 2( ) 2 (3 ( ) ) ( )f x y y f x y f y f x− + + = +− + + = +− + + = +− + + = +   ។ 

ចូរកំណត់អនុគមន៍ f   ។ 
 
ដំេណះរសយ 

កំណត់អនុគមន៍ f   ៖ 
េគមន (((( ))))3 2 2( ) 2 (3 ( ) ) ( ) (*)f x y y f x y f y f x− + + = +− + + = +− + + = +− + + = +    
យក 3y x==== ជួសកនុង (*)  េគបន ៖ 

(((( )))) (((( ))))3 2 6 3(0) 2 3 ( ) ( ) (1)f x f x x f x f x+ + = ++ + = ++ + = ++ + = +  
យក ( )y f x= −= −= −= −  ជួសកនុង(*)  េគបន ៖ 

(((( )))) (((( ))))3 2 2( ) 2 ( ) 3 ( ) ( ) (0)f x f x f x f x f x f+ − + =+ − + =+ − + =+ − + =  
ឬ (((( ))))3 3(0) ( ) 4 ( ) (2)f f x f x f x= + −= + −= + −= + −  
តម (1)នងិ (2)េគបន (((( ))))3 3 2 64 ( ) 2 3 ( ) 0f x x f x x− + + =− + + =− + + =− + + =  
សមមូល (((( ))))3 2 3 6( ) 4 ( ) ( ) 0f x x f x x f x x    − + + =− + + =− + + =− + + =       
រគប់ x IR∈∈∈∈  ។ េដយ 2 3 64 ( ) ( ) 0f x x f x x+ + >+ + >+ + >+ + >  រគប់ 0x ≠≠≠≠   
េរពះ 4 0a = >= >= >= >  និង 6 6 616 15 0x x x∆ = − = − <∆ = − = − <∆ = − = − <∆ = − = − <   រគប់ 0x ≠≠≠≠    
ដូចេនះ 3( )f x x====   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 188 

 

លហំត់ទី៩៦ 

គណនតៃមល sin39 sin69 sin183 sin213o o o oS = + + += + + += + + += + + +  ។ 
 
ដំេណះរសយ 

តមរូបមនត sin sin 2sin cos
2 2

p q p q
p q

+ −+ −+ −+ −+ =+ =+ =+ =  

េគបន sin39 sin69 2sin54 cos15o o o o+ =+ =+ =+ =  
និង sin183 sin213 2sin198 cos15o o o o+ =+ =+ =+ =  
េគបន 2cos15 (sin54 sin198 )o o oS = += += += +   
ែត sin198 sin(180 18 ) sin18o o o o= + = −= + = −= + = −= + = −  

2cos15 (sin54 sin18 ) 4cos15 cos36 sin18o o o o o oS = − == − == − == − =  

េដយ cos36 sin36 sin72 1
cos36 sin18

42cos18 4cos18

o o o
o o

o o= = == = == = == = =  

េរពះ sin72 sin(90 18 ) cos18o o o o= − == − == − == − =   ។ 

េគបន 
3

11 cos30 2 32cos15
2 2 2

o
oS

+++++ ++ ++ ++ += = = == = = == = = == = = =  

ដូចេនះ 2 3 6 2
2 4

S
+ ++ ++ ++ += == == == =   ។ 
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េរៀបេរៀងេដយ លឹម ផលគុន 189 

 

លហំត់ទី៩៧ 

េគឲយរតីធ 2( )f x ax bx c= + += + += + += + +  េផទៀងផទ ត់ 
(5) 5

(55) 5555

(555) 555555

f

f

f

====
 ====
 ====

  

ចូររសយបញជ ក់ថ 
( ) (2 )

(555...555) 555...555
n n

f ====����� ���������� ���������� ���������� �����  ។ 

 
ដំេណះរសយ 

រសយបញជ ក់ថ 
( ) (2 )

(555...555) 555...555
n n

f ====����� ���������� ���������� ���������� �����  

េដយ 
(5) 5

(55) 5555

(555) 555555

f

f

f

====
 ====
 ====

េនះ 
25 5 55

3025 55 5555

308025 555 555555

a b c

a b c

a b c

+ + =+ + =+ + =+ + =
 + + =+ + =+ + =+ + =
 + + =+ + =+ + =+ + =

 

បនទ ប់ពេីដះរសយេគទទួលបន 9
, 2 , 0

5
a b c= = == = == = == = =  

េគបន 29 9
( ) 2 2

5 5
f x x x x x

    = + = += + = += + = += + = +    
    

  

េដយ 
( )

5
555...555 (10 1)

9
n

n

= −= −= −= −��������������������  េនះេគបន ៖ 

2

( )

5 9 5 5
555...555 (10 1) (10 1) 2 (10 1)

9 5 9 9
n n n

n

f
             
     = − − + = −= − − + = −= − − + = −= − − + = −                         
��������������������  

                   
(2 )

555....555
n

    
    ====
    
    
��������������������   ពិត 
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េរៀបេរៀងេដយ លឹម ផលគុន 190 

 

លហំត់ទី៩៨ 

េគឲយ P  ជចំណុចមួយេនកនុងរតេីកណ ABC   េហយី ,D E  
និងF ជេជីងៃនចេំណលែកងៃន P េលីរជុង , ,BC CA AB េរៀងគន  
ចូររសយថ  

(((( )))) (((( )))) (((( ))))
2 2 2

2 2 2 3
PA PB PC

PE PF PF PD PD PE
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
 ។ 

 
ដំេណះរសយ 

រសយថ 
(((( )))) (((( )))) (((( ))))

2 2 2

2 2 2 3
PA PB PC

PE PF PF PD PD PE
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
  

 
 
 
 
 
 
 
    
  

A 

B C 

P 

D 

E 
F 
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េរៀបេរៀងេដយ លឹម ផលគុន 191 

 

េគមន sin sin
PE PF PE PF

PAE PAF
PA PA PA
++++ = + = ∠ + ∠= + = ∠ + ∠= + = ∠ + ∠= + = ∠ + ∠   

sin sin 2sin .cos
2 2

PAE PAF PAE PAF
PAE PAF

∠ +∠ ∠ −∠∠ +∠ ∠ −∠∠ +∠ ∠ −∠∠ +∠ ∠ −∠∠ + ∠ =∠ + ∠ =∠ + ∠ =∠ + ∠ =   

េដយ cos 1
2

PAE PAF∠ − ∠∠ − ∠∠ − ∠∠ − ∠ ≤≤≤≤   េនះេគបន ៖ 

sin sin 2sin 2sin
2 2

PAE PAF A
PAE PAF

∠ + ∠∠ + ∠∠ + ∠∠ + ∠∠ + ∠ ≤ =∠ + ∠ ≤ =∠ + ∠ ≤ =∠ + ∠ ≤ =   

េគទញបន 2sin
2

PE PF A
PA
++++ ≤≤≤≤   

ឬ 1

2sin
2

PA
APE PF

≥≥≥≥
++++

 

រសយដូចគន ែដ 1

2sin
2

PB
BPF PD

≥≥≥≥
++++

  

និង 1

2sin
2

PC
CPD PE

≥≥≥≥
++++

 

តង 
(((( )))) (((( )))) (((( ))))

2 2 2

2 2 2

PA PB PC

PE PF PF PD PD PE
∑∑∑∑ = + += + += + += + +

+ + ++ + ++ + ++ + +
 

េគបន 
2 2 2

1 1 1 1
4 sin sin sin

2 2 2
A B C

    
    

∑∑∑∑ ≥ + +≥ + +≥ + +≥ + +    
    
    

  

 
តមវសិមភពមធយមនពវនត-មធយមធរណីមរតេគមន 
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េរៀបេរៀងេដយ លឹម ផលគុន 192 

 

32 2 2
3

1 1 1 3

sin sin sin sin sin sin2 2 2 2 2 2

A B C A B C
+ + ≥+ + ≥+ + ≥+ + ≥

    
    
    

 

េគទញ 
3

3

3 1
. (*)

4
sin sin sin

2 2 2
A B C

∑∑∑∑ ≥≥≥≥
    
    
    

 

តង , ,BC a CA b AB c= = == = == = == = =  ជរជងុៃនរតីេកណ ។ 
តមរទឹសតីបទកូសីុនូស ៖ 

2 2 2 2 2 22 cos ( ) 4 sin 4 sin
2 2
A A

a b c bc A b c bc bc= + − = − + ≥= + − = − + ≥= + − = − + ≥= + − = − + ≥

 

េគទញ 
2

2sin
2 4
A a

bc
≤≤≤≤  េហយី 

2 2
2 2sin , sin

2 4 2 4
B b C c

ca ab
≤ ≤≤ ≤≤ ≤≤ ≤  

េនះ 
2 2 2

2 2 2
2 2 2

1
sin sin sin

2 2 2 6464

A B C a b c

a b c
≤ =≤ =≤ =≤ =  

នឲំយ 3

2
3

1
64 4 (**)

sin sin sin
2 2 2
A B C

≥ =≥ =≥ =≥ =
    
    
    

 

តម (*)  និង (**)  េគទញ 3
4 3

4
∑∑∑∑ ≥ × =≥ × =≥ × =≥ × =   ។ 

ដូចេនះ
(((( )))) (((( )))) (((( ))))

2 2 2

2 2 2 3
PA PB PC

PE PF PF PD PD PE
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
  ។ 

លហំត់ទី៩៩ 
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េរៀបេរៀងេដយ លឹម ផលគុន 193 

 

សមីករ 2 2013 0x x q− + =− + =− + =− + =  មនឬសពីរαααα  និង ββββ  ជចំនួនពិត។ 
េគដងឹថ 3 3 22013α βα βα βα β+ =+ =+ =+ =  ។ ចូរកណំត់តៃមល q  ? 
 

 
ដំេណះរសយ 

កំណត់តៃមល q   

េដយ αααα  និង ββββ  ជឬសសមីករេនះ 2013

q

α βα βα βα β
αβαβαβαβ

+ =+ =+ =+ =
 ====

 

េគដងឹថ 3 3 22013α βα βα βα β+ =+ =+ =+ =  
េនះេយងីបន  3 2( ) 3 ( ) 2013α β αβ α βα β αβ α βα β αβ α βα β αβ α β+ − + =+ − + =+ − + =+ − + =  
                            3 22013 3 (2013) 2013q− =− =− =− =  
េគទញ  

3 2 22013 2013 2013 2012
671 2012 1350052

3(2013) 3 2013
q

− ×− ×− ×− ×
= = = × == = = × == = = × == = = × =

××××
 

                          
ដូចេនះ 1350052q ====   ។ 
 

 

 

លហំត់ទី១០០ 
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េរៀបេរៀងេដយ លឹម ផលគុន 194 

 

េគឲយ , ,a b c  ជបីចំនួនពិតែដល 2 2 2 1a b c+ + =+ + =+ + =+ + =   ។ 

ចូររសយថ 
2 2 2 3

1 2 1 2 1 2 5
a b c

bc ca ab
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
  ។ 

 
ដំេណះរសយ 

តង 
2 2 2

1 2 1 2 1 2
a b c

S
bc ca ab

= + += + += + += + +
+ + ++ + ++ + ++ + +

  ។ 

េគមន 2, : ( ) 0x y IR x y∀ ∈ − ≥∀ ∈ − ≥∀ ∈ − ≥∀ ∈ − ≥   សមមូល 2 22xy x y≤ +≤ +≤ +≤ +  
េនះេគបន 2 2 21 2 1 2bc b c a+ ≤ + + = −+ ≤ + + = −+ ≤ + + = −+ ≤ + + = −   
េរពះ 2 2 2 1a b c+ + =+ + =+ + =+ + =   េហយី 2 21 2 ( ) 0bc a b c+ = + + >+ = + + >+ = + + >+ = + + >  

េគទញបន 
2 2

2
(1)

1 2 2

a a

bc a
≥≥≥≥

++++ −−−−
  

រសយដូចគន ែដរ 
2 2

2
(2)

1 2 2

b b

ca b
≥≥≥≥

++++ −−−−
និង

2 2

2
(3)

1 2 2

c c

ab c
≥≥≥≥

++++ −−−−
 

បូកវសិមភព (1),(2)និង(3) អងគ និងអងគេគបន ៖ 
2 2 2

2 2 22 2 2

a b c
S

a b c
≥ + +≥ + +≥ + +≥ + +

− − −− − −− − −− − −
 

តងអនុគមន៍ : (0,1)f IR→→→→  េដយ ( )
2

x
f x

x
====

−−−−
 េគបន  

2

2
'( )

(2 )
f x

x
====

−−−−
  និង 

3

4
''( ) 0 (0,1)

(2 )
f x x

x
= > ∀ ∈= > ∀ ∈= > ∀ ∈= > ∀ ∈

−−−−
 

េនះ f  ជអនុគមន៍េប៉ង ។ 
តមវសិមភព Jensen  េយងីបន ៖ 
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េរៀបេរៀងេដយ លឹម ផលគុន 195 

 

2 2 2 2 2 2( ) ( ) ( ) 1
( )

3 3 3
f a f b f c a b c

f f
    + + + ++ + + ++ + + ++ + + +

≥ =≥ =≥ =≥ =        
    

 

េដយ 
1

1 13( )
13 52
3

f = == == == =
−−−−

 េគទញ 2 2 2 3
( ) ( ) ( )

5
f a f b f c+ + ≥+ + ≥+ + ≥+ + ≥  

ឬ 
2 2 2

2 2 2

3
52 2 2

a b c

a b c
+ + ≥+ + ≥+ + ≥+ + ≥

− − −− − −− − −− − −
  េនះ 3

5
S ≥≥≥≥  ។ 

ដូចេនះ  
2 2 2 3

1 2 1 2 1 2 5
a b c

bc ca ab
+ + ≥+ + ≥+ + ≥+ + ≥

+ + ++ + ++ + ++ + +
  ។ 

 

 

 

 

 

 

 

 

 

 

 

លហំត់ទី១០១ 
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េគឲយរតីេកណ ABC  មួយមនរជងុ 20 , 21AB AC= == == == =  
និង 29BC ====  ។ D  និង E  ជពីរចំណុចសថិតេនេលីអងកត់ [[[[ ]]]]BC  
ែដល 8BD ====  និង 9EC ====  ។ 
ចូរគណនរងវ ស់ៃនមុំ DAE∠∠∠∠   ?  
 
ដំេណះរសយ 

គណនរងវ ស់ៃនមុំ DAE∠∠∠∠    
 
 
 
 

 

 

 

 

 

 

 

តង ,BAD DAEα βα βα βα β∠ = ∠ =∠ = ∠ =∠ = ∠ =∠ = ∠ =  និង EAC γγγγ∠ =∠ =∠ =∠ =  

A 

B 

C 

E 

D 
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េដយ 29 9 20BE BC EC AB= − = − = == − = − = == − = − = == − = − = =  េនះ IBE   
ជរតីេកណសមបតកំពូល B  េគបន AEB BAE α βα βα βα β∠ = ∠ = +∠ = ∠ = +∠ = ∠ = +∠ = ∠ = +  
េហយី 29 8 21CD BC BD CA= − = − = == − = − = == − = − = == − = − = =  េនះ CAD∆∆∆∆  
ជរតីេកណសមបតកំពូល C  េគបន ADC DAC β γβ γβ γβ γ∠ = ∠ = +∠ = ∠ = +∠ = ∠ = +∠ = ∠ = +  
េដយ 2 2 2 2 2 220 21 29AB AC BC+ = + = =+ = + = =+ = + = =+ = + = =  េនះ ABC∆∆∆∆  
ជរតីេកណែកងរតង់ A  េនះេគបន 90oAα β γα β γα β γα β γ+ + = =+ + = =+ + = =+ + = =  ។ 
កនុងរតីេកណ ADE  េគមន ( ) ( ) 108oβ β γ α ββ β γ α ββ β γ α ββ β γ α β+ + + + =+ + + + =+ + + + =+ + + + =  
េគទញ 2 180 ( ) 180 90 90o o o oβ α β γβ α β γβ α β γβ α β γ= − + + = − == − + + = − == − + + = − == − + + = − =  
ដូចេនះ 45oDAE ββββ∠ = =∠ = =∠ = =∠ = =   ។ 
 
 
 
 
 
 
 
 
 

លហំត់ទី១០២ 
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បនទ ត់េសវពីរ AP  នងិ AQ ខុសគន ៃន ABC∆∆∆∆  ែដល AB AC≠≠≠≠  
េផទៀងផទ ត់សមីករ 2 2 2( )AQ AP AC AB= + −= + −= + −= + −   ។  
បងហ ញថ AP  ជកនលះបនត ត់ពុះកនុងៃនមុំ BAC∠∠∠∠  លុះរតែត 
BP CQ====   ។ 
 
ដំេណះរសយ 

េដីមបបីងហ ញថសំេណីេនះពិតេយងីរតូវរសយបញជ ក់ពីរករណី ៖ 
◊ ករណីទី១  
េបី BP CQ====  នឲំយ AP  ជកនលះបនត ត់ពុះកនុងៃនមុំ BAC∠∠∠∠  
តង , ,BC a AC b AB c= = == = == = == = =  និងយក BP CQ x= == == == =  ។ 
តមរទឹសតីបទកូសីុនូសេគបន ៖ 

2 2 2 2 2 2 2 22 cos ( )
x

AQ b x bx C b x a b c
a

= + − = + − + += + − = + − + += + − = + − + += + − = + − + +  
2 2 2 2 2 2 2 22 cos ( )

x
AP c x cx B c x a c b

a
= + − = + − + −= + − = + − + −= + − = + − + −= + − = + − + −  

េនះ 2 2 2 2 2
( )(1 )

x
AQ AP b c

a
− = − −− = − −− = − −− = − −   ។ 

េដយ 2 2 2( )AQ AP AC AB= + −= + −= + −= + −   (សមមតិកមម ) 
េគទញ 2 2 2 2

( ) ( )(1 )
x

b c b c
a

− = − −− = − −− = − −− = − −   េដយ b c≠≠≠≠  

េនះេគបន 2
( )(1 )

x
b c b c

a
− = + −− = + −− = + −− = + −  
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សមមូល b a x

c x

−−−−====   ឬ AC CP

AB PB
====  េនះ AP  ជកនលះបនត ត់ពុះ 

កនុងៃនមុំ BAC∠∠∠∠  របស់រតេីកណ ABC  ។ 
◊ ករណីទី២  
េបី AP  ជកនលះបនទ ត់ពុះកនុងៃនមុំ BAC∠∠∠∠  នឲំយ BP CQ====  
តង , ,BC a AC b AB c= = == = == = == = =   
េគមន 2 2 2 2 .cosAP c BP c BP B= + −= + −= + −= + −   េដយ ac

BP
b c

====
++++

 

េគបន 
2 2 2 2

2 2 ( )
(1)

ac c a c b
AP c

b c b c

+ −+ −+ −+ −    = + −= + −= + −= + −    + ++ ++ ++ +    
 ។ 

តង CQ x====   េគបន 
2 2 2

2 2 2 . (2)
a b c

AQ x b x
a

+ −+ −+ −+ −
= + −= + −= + −= + −  

េហយីេគមន 2 2 2( ) (3)AQ AP b c= + −= + −= + −= + −  
យក (1) នងិ (2) ជំនួសកនុងសមកីរ (3) េគបនសមីករ ៖ 

2 2 22 2 2
2

2

( )( )
0

( )

c b c b c a ba b c
x x

a b c

    − + +− + +− + +− + +    + −+ −+ −+ −     − + =− + =− + =− + =         ++++    
 

សមមូល
2 2 2

0
2

ac a b c ac
x x

b c b c

    + −+ −+ −+ −    − − + =− − + =− − + =− − + =            + ++ ++ ++ +        
 

េគទញឬស  
2 2 2

, 2 cos
ac a b c ac

x BP x b C BP
b c a b c

+ −+ −+ −+ −
= = = − = −= = = − = −= = = − = −= = = − = −

+ ++ ++ ++ +
 

ឬសទីពីរេនះបញជ ក់ទីតងំពីរៃន Q  ែដលឆលុះគន េទនឹងកមពស់គូសពី 
កំពូល A េទរជងុBC ៃន ABC∆∆∆∆   ។ 
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លហំត់ទី១០៣ 

េគឲយរតីេកណ ABC  មួយមនមុំកនុងជមុំរសួច ចរកឹកនុងរងវង់ផចតិ 
O  ក ំ R  ។ បនទ ត់ ( ),( ),( )AO BO CO  កត់រងវង់ចរកឹេរក OBC∆∆∆∆  

,OAC OAB∆ ∆∆ ∆∆ ∆∆ ∆  ជថមីេរៀងគន រតង់ចំណុច , ,K L M   ។ 
ចូររសយថ 3. . 8OK OL OM R≥≥≥≥    ។ 
 

ដំេណះរសយ 

រសយថ 3. . 8OK OL OM R≥≥≥≥    
 
 
 
 
 
 
 
 
 

 
 
 
 

D 

E F 
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តង 1 2 3, ,S S S  េរៀងគន ជៃផទរកឡៃន OBC∆∆∆∆ , ,OAC OAB∆ ∆∆ ∆∆ ∆∆ ∆  
និង 1 2 3S S S S= + += + += + += + +  ជៃផទរកឡៃនរតេីកណ ABC  ។ 
េយងីមន 

1

1
S AD OA OD OA

S OD OD OD

++++= = = += = = += = = += = = +  

េគទញ 2 31

1 1 1

1
S SS SOA S

OD S S S

++++−−−−= − = == − = == − = == − = =  ឬ 2 3

1

S SR

OD S

++++
====  

រសយដូចគន ែដរ 3 1

2

S SR

OE S

++++
====   និង 1 2

3

S SR

OF S

++++====  

េគបន 
3

1 2 2 3 3 1

1 2 3

( )( )( )

. .

S S S S S SR

OD OE OF S S S

+ + ++ + ++ + ++ + +
====  

តមវសិមភពមធយមនពវនត-មធយមធរណីមរតេគមន ៖ 
1 2 2 3 3 1 1 2 2 3 3 1 1 2 3( )( )( ) 2 .2 .2 8S S S S S S S S S S S S S S S+ + + ≥ =+ + + ≥ =+ + + ≥ =+ + + ≥ =  

េគទញបន 
3

8 (*)
. .
R

OD OE OF
≥≥≥≥  

េដយ , , ,O B K C  សថិតេនេលីរងវង់ែតមួយេនះេគបន ៖ 
OKC OBC OCB OCD∠ = ∠ = ∠ = ∠∠ = ∠ = ∠ = ∠∠ = ∠ = ∠ = ∠∠ = ∠ = ∠ = ∠   

េគទញ 2 2.OD OK OC R= == == == =   េនះ 
2R

OK
OD

====  

ដូចគន ែដរ 
2R

OL
OE

====   និង 
2R

OM
OF

====  

េគបន 
6

. . (**)
. .
R

OK OL OM
OD OE OF

====  
តម (*)  និង (**)  េគទញបន 3. . 8OK OL OM R≥≥≥≥    ពិត 
ដូចេនះ 3. . 8OK OL OM R≥≥≥≥    ។ 
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លហំត់ទី១០៤ (IMO 1959) 

ចូររសយបញជ ក់ថ    ជរបភគសរមួលមិនបន 
រគប់ចំនួនគត់ធមមជតិ  ។ 
 
ដំេណះរសយ 

តមអល់កូរតីអគឺលតីេគបន  ៖  

 

េគបន  
េហតុេនះ  និង  ជចំនួនបឋមរវងគន រគប់ 
ចំនួនគត់ធមមជតិ  ។ 

ដូចេនះ   ជរបភគសរមួលមិនបន ។ 
 
 
 
 
 
 

21n 4
14n 3

++++
++++

n

21n 4 (14n 3) 1 (7n 1)

14n 3 (7n 1) 2 1

7n 1 (7n 1) 1 0

+ = + × + ++ = + × + ++ = + × + ++ = + × + +
+ = + × ++ = + × ++ = + × ++ = + × +

+ = + × ++ = + × ++ = + × ++ = + × +
GCD(21n 4,14n 3) 1+ + =+ + =+ + =+ + =

21n 4++++ 14n 3++++

n

21n 4
14n 3

++++
++++
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លហំត់ទី១០៥ 

ចូរកំណត់រគប់ចំនួនពិត p  េដមបឲីយសមីករ ៖ 
3 2 4 3 2 32 ( 1) ( 4 1) 3 0x p p x p p x p− + + + − − =− + + + − − =− + + + − − =− + + + − − =  មនឬសបី 

េផសងគន បងកីតបនជរងវ ស់រជុងៃនរតីេកណែកងមួយ ។ 
    

ដំេណះរសយ 

កំណត់រគប់ចំនួនពិត p  
តង , ,α β γα β γα β γα β γ  ជឬសទំងបីៃនសមីករែដល 0 α β γα β γα β γα β γ< < << < << < << < <   

តមរទឹសតីបទែវយត 4 3

3

2 ( 1)

4 1

3

p p

p p

p

α β γα β γα β γα β γ
αβ βγ γααβ βγ γααβ βγ γααβ βγ γα
αβγαβγαβγαβγ

+ + = ++ + = ++ + = ++ + = +
 + + = + −+ + = + −+ + = + −+ + = + −
 ====

   

េដយ , ,α β γα β γα β γα β γ  អចបេងកតបនជរងវ ស់រជុងៃនរតីេកណ 
ែកងមួយេនះ 2 2 2α β γα β γα β γα β γ+ =+ =+ =+ =  ឬ 2 2 2 22γ α β γγ α β γγ α β γγ α β γ= + += + += + += + +  
េដយ 2 2 2 2( ) 2( )α β γ α β γ αβ βγ γαα β γ α β γ αβ βγ γαα β γ α β γ αβ βγ γαα β γ α β γ αβ βγ γα+ + = + + − + ++ + = + + − + ++ + = + + − + ++ + = + + − + +  

                            
2 2 4 3

4 3 2 4 3

2 2

4 ( 1) 2( 4 1)

4 8 4 2 8 2

2( 1)

p p p p

p p p p p

p

= + − + −= + − + −= + − + −= + − + −
= + + − − += + + − − += + + − − += + + − − +
= += += += +

 

េគទញបន 2 1pγγγγ = += += += +  ។ 

េគមន  
4 3

2 ( 1)

4 1

p p

p p

α β γα β γα β γα β γ
αβ βγ γααβ βγ γααβ βγ γααβ βγ γα

+ + = ++ + = ++ + = ++ + = +


+ + = + −+ + = + −+ + = + −+ + = + −
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សមមូល 
4 3

2 ( 1)

4 1 ( )

p p

p p

α β γα β γα β γα β γ
αβ α βαβ α βαβ α βαβ α β

+ = + −+ = + −+ = + −+ = + −


= + − − += + − − += + − − += + − − +
 

សមមូល 
2

4 3 2 2

2 ( 1) ( 1)

4 1 ( 1)( 2 1)

p p p

p p p p p

α βα βα βα β
αβαβαβαβ
 + = + − ++ = + − ++ = + − ++ = + − +


= + − − + + −= + − − + + −= + − − + + −= + − − + + −  
សមមូល

  

2

3

2 1

2 2

p p

p p

α βα βα βα β
αβαβαβαβ
 + = + −+ = + −+ = + −+ = + −


= −= −= −= −  
 

េនះេគទញបន αααα  និង ββββ  ជឬសៃនសមីករដឺេរកទីពីរ ៖ 
2 2 3

2

( 2 1) (2 2 ) 0

( 2 )( 1) 0

z p p z p p

z p z p

− + − + − =− + − + − =− + − + − =− + − + − =
− − + =− − + =− − + =− − + =

 

េគទញឬស 2 1 , 2p pα βα βα βα β= − == − == − == − =   ។ 
តមទំនក់ទំនង 33pαβγαβγαβγαβγ ====   
 េនះ 2 2 3( 1)(2 )( 1) 3p p p p− + =− + =− + =− + =  
េដយ , , 0α β γα β γα β γα β γ >>>>  េនះ 0p >>>>  និង 2 1 0p − >− >− >− >  ឬ 1p >>>>  ។ 
េហតុេនះសមីករសមមូល ៖ 

4 2 2 22 3 2 ( 2)(2 1) 0p p p p− − = − + =− − = − + =− − = − + =− − = − + =  
េគទញបន 2p ====   េហយ 1 , 2 2 , 3α β γα β γα β γα β γ= = == = == = == = =  ។ 
ដូចេនះ 2p ====   ។ 
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លហំត់ទី១០៦ 

េគឲយ , ,a b c IR∈∈∈∈  ។ េបី 2| | 1ax bx c+ + ≤+ + ≤+ + ≤+ + ≤  រគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −   
ចូររសយថ 2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤  ចំេពះរគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  ។ 
 

ដំេណះរសយ 

រសយថ 2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤  ចំេពះរគប់ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −  
តង 2( )f x ax bx c= + += + += + += + +  េនះ | (1) | | | 1f a b c= + + ≤= + + ≤= + + ≤= + + ≤  

  និង  ។ 
តង  ។ 
េគអចសរេសរ  

 

         

េគបន  
េដយេរបវីសិមភពរតេីកណេគបន ៖ 

 
េដយ  និង  
 

| ( 1) | | | 1f a b c− = − + <− = − + <− = − + <− = − + < | (0) | | | 1f c= ≤= ≤= ≤= ≤
2( )g x cx bx a= + += + += + += + +

2 1 1
( ) ( 1) ( ) ( )

2 2
x x

g x c x a b c a b c
+ −+ −+ −+ −= − + + + + − += − + + + + − += − + + + + − += − + + + + − +

2 1 1
( 1) (0) (1) ( 1)

2 2
x x

x f f f
+ −+ −+ −+ −= − + + −= − + + −= − + + −= − + + −

2 1 1
| ( ) | | ( 1) (0) (1) ( 1) |

2 2
x x

g x x f f f
+ −+ −+ −+ −= − + + −= − + + −= − + + −= − + + −

2 |1 | |1 |
| ( ) | | 1 | . | (0) | | (1) | | ( 1) |

2 2
x x

g x x f f f
+ −+ −+ −+ −≤ − + + −≤ − + + −≤ − + + −≤ − + + −

| (1) | 1 , | ( 1) | 1f f≤ − ≤≤ − ≤≤ − ≤≤ − ≤ | (0) | 1f ≤≤≤≤
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េនះេគបន ៖ 
 

េដយ   េនះ  ។ 
ដូចេនះ េបី  ចំេពះរគប់   
េនះ  ចំេពះរគប់  ។ 
 
ចំណ!ំ  វិសមភពរតីេកណ៖  
 

◊ ចំេពះរគប់ចំនួនពិត  និង  េគមន  
    សមភពេកតីេឡងីែតកនុងករណី  និង  មនសញញ ដូចគន  ។ 
◊ ជទូេទ ៖ 
    រគប់ចំនួនពតិ  េគមន ៖ 
   ។ 
◊ ចំេពះចនួំនកុផំលិច ៖ 
    រគប់ចំនួនកុផំលចិ  េគមន ៖ 
   ។ 
 ( ែដល  តងឲយមូ៉ឌុលៃនចនួំនកុំផលចិ  ) 
◊ ចំេពះវុចិទ័រកនុងបលង់ ឬ កនុងលំហ ៖ 
   ។ 

2 2 21 1 1 1
| ( ) | | 1| | | | | 1 2

2 2 2 2
x x x x

g x x x x
+ − + −+ − + −+ − + −+ − + −≤ − + + = − + + + = −≤ − + + = − + + + = −≤ − + + = − + + + = −≤ − + + = − + + + = −

22 2x− ≤− ≤− ≤− ≤ | ( ) | 2g x ≤≤≤≤
2| | 1ax bx c+ + ≤+ + ≤+ + ≤+ + ≤ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −

2| | 2cx bx a+ + ≤+ + ≤+ + ≤+ + ≤ [[[[ ]]]]1,1x ∈ −∈ −∈ −∈ −

a b | | | | | |a b a b+ ≤ ++ ≤ ++ ≤ ++ ≤ +

a b

1 2, ,..., na a a

1 2 1 2| ... | | | | | ... | |n na a a a a a+ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + +

1 2, ,..., nz z z

1 2 1 2| ... | | | | | ... | |n nz z z z z z+ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + +

| |z z

1 2 1 2| .... | | | | | .... | |n nu u u u u u
→ → → → → →→ → → → → →→ → → → → →→ → → → → →

+ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + ++ + + ≤ + + +
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លហំត់ទី១០៧ 

ចូរបងហ ញថចេំពះរគប់ចនួំនគត់វជិជមន  តៃមលៃនកេនសម ៖ 
 ែចកដច់នងឹ  ។ 

 
ដំេណះរសយ 

េយងីមន  

                     

េដយ  
                   
េគទញ   រគប់  ។ 
េហយី  
                         
េគទញ   រគប់  ។ 
ដូចេនះ  ែចកដច់នឹង  ។ 
 
សមគ ល ់៖ ចំនួនគត់  ែចកដច់នឹងចំនួនគត់  លុះរតែតមន 
ចំនួនគត់  ែដល  ។ 
េគកនំត់សរេសរ  អនថ  ែចកដច់  ។ 

n
4 1 22 2 1n n

nA ++++= − −= − −= − −= − − 9

4 1 2 4 22 2 1 2 .2 2 1n n n n
nA ++++= − − = − −= − − = − −= − − = − −= − − = − −

4 2 4

2 2 2 2

2 2 2

2 1

(2 2 ) (2 1)

2 (2 1) (2 1)(2 1)

(2 1) (2 2 1)

(4 1)(2 1)

n n n

n n n n

n n n

n n++++

= − + −= − + −= − + −= − + −
= − + − += − + − += − + − += − + − +
= − + + += − + + += − + + += − + + +
= − += − += − += − +

1 24 1 (4 1)(4 4 ... 4 1)n n n− −− −− −− −− = − + + + +− = − + + + +− = − + + + +− = − + + + +
1 23(4 4 ... 4 1)n n− −− −− −− −= + + + += + + + += + + + += + + + +

3 | 4 1n −−−− n IN∈∈∈∈
2 1 2 2 1(2 1) (2 1)(2 2 .... 1)n n n+ −+ −+ −+ −+ = + − + ++ = + − + ++ = + − + ++ = + − + +

2 2 13(2 2 ... 1)n n−−−−= − + += − + += − + += − + +
2 13 | 2 1n++++ ++++ n IN∈∈∈∈

4 1 22 2 1n n
nA ++++= − −= − −= − −= − − 9

a b

q a bq====

|b a b a
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លហំត់ទី១០៨ 

ចូរបងហ ញថ 3 3 3512 675 720+ +  មិនែមនជចំនួនបឋម ។ 
 

ដំេណះរសយ 

បងហ ញថ 3 3 3512 675 720+ +  មិនែមនជចំនួនបឋម ៖ 
តង 3 3 3 3 3 3512 675 720S a b c= + + = + +   
 ែដល 512 , 675 , 720a b c= = =  ។ 
េគមន 9 3 2 4 2512 2 , 675 3 5 , 720 2 3 5a b c= = = = × = = × ×  
េយងីពនិិតយេឃញីថ 22 3c ab=  េនះ S  អចសរេសរជ ៖ 

  
3 3 3 3 3 3

2 2 2

( 3 ) 3 ( )

( )( )

S a b c a b c ab c

a b c a b c ab bc ca

= + + = + + − − −

= + − + + − + +
 

 េដយ 512 675 720 467 1a b c+ − = + − = ≠  េនះ 467 |S  ។ 
 ដូចេនះ 3 3 3512 675 720+ +  មិនែមនជចំនួនបឋម ។ 
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លហំត់ទី១០៩ 

េគឲយសវុ ីតៃនចំនួនពិត ( )nu  កំណត់េដយ 1 21 , 5u u= =    

និង 
2

1
2

4n
n

n

u
u

u
+

+
+=   ែដល n IN∈   ។ 

ចូររសយថរគប់តួៃនសវុ ីត( )nu សុទឋែតជចំនួនគត់ រចួគណនតួ 
ទូេទ nu  ៃនសវុ ីតជអនុគមន៍ៃន n  ។ 
 
ដំេណះរសយ 

រសយថរគប់តួៃនសវុ ីត( )nu សុទឋែតជចនួំនគត់ ៖ 

េគមន 
2

1
2

4n
n

n

u
u

u
+

+
+=   េនះ 2

2 1 4 (1)n n nu u u+ += +   

 េហយី  2
3 1 2 4 (2)n n nu u u+ + += +  

ដកសមីករ (1) និង (2) េគបន  
2 2

2 3 1 1 2n n n n n nu u u u u u+ + + + +− = −    
សមមូល  2 2

2 2 3 1 1n n n n n nu u u u u u+ + + + ++ = +   
ឬ 2 2 1 3 1( ) ( )n n n n n nu u u u u u+ + + + ++ = +   

សមមូល 3 1 2

2 1

(3)n n n n

n n

u u u u

u u
+ + +

+ +

+ +=  

តង 2

1

n n
n

n

u u
V

u
+

+

+=  េនះ 3 1
1

2

n n
n n

n

u u
V V

u
+ +

+
+

+= =   
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 (តមទំនក់ទំនង(3)) េនះ ( )nV  ជសវុ ីតេថរ ។ 

េគបន 3 1
1

2
n

u u
V V

u

+= =   ែត 1 21 , 5u u= =   

 និង 
2
2

3
1

4 25 4
29

1

u
u

u

+ += = =  

េនះ 29 1
6

5nV
+= =  ឬ 2

1

6n n

n

u u

u
+

+

+ =  នឲំយ 2 16n n nu u u+ += −    

េដយ 1 21 , 5u u= =   ជចំនួនគត់េនះតម 2 16n n nu u u+ += −    
េគទញបន nu  ជចំនួនគត់រគប់n IN∈  
ដូចេនះរគប់តួៃនសវុ ីត( )nu សុទឋែតជចនួំនគត់ ។ 
គណនតួទូេទ nu  ៃនសវុ ីតជអនុគមន៍ៃន n  ៖ 
េគមន 2 16n n nu u u+ += −   (តមសរមយខងេលី ) 
សមីករសមគ ល់ 2 6 1r r= −   ឬ  2 6 1 0 , ' 9 1 8r r− + = ∆ = − =  
េគទញឬស 1 23 2 2 , 3 2 2r r= − = +  
តួទូេទៃនសវុ ីតមនរង  

( ) ( )1 2 3 2 2 3 2 2
n nn n

nu r rα β α β= + = − + +  

េដយ 1 21 , 5u u= =  េនះ 
2 2

(3 2 2) (3 2 2) 1

(3 2 2) (3 2 2) 5

α β
α β

 − + + =


− + + =
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បនទ ប់ពេីដះរសយរបពនខ័េនះេគបន  
2 2 2 2

,
4 4

α β+ −= =  

 ដូចេនះ  ( ) ( )2 2 2 2
3 2 2 3 2 2

4 4

n n

nu
+ −= − + +   ។ 
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លហំត់ទី១១០ 

េគឲយ , ,a b c  ជបីចំនួនពិតេផទៀងផទ ត់ទំនក់ទំនង  
3 3 3 4 4 4a b c a b c+ + = + +   ។ ចូររសយបញជ ក់ថ  

2 3 3 3 2 3 3 3 2
1

a b c

a b c a b c a b c
+ + ≥

+ + + + + +
  ។ 

 

ដំេណះរសយ 

រសយបញជ ក់ថ 2 3 3 3 2 3 3 3 2
1

a b c

a b c a b c a b c
+ + ≥

+ + + + + +  
េយងីតង  

 
2 3 3 3 2 3 3 3 2

2 2 2

3 3 3 3 3 3 3 3 3( ) ( ) ( )

a b c
T

a b c a b c a b c

a b c

a a b c b b a c c c a b

= + +
+ + + + + +

= + +
+ + + + + +

   

 តមវសិមភព Cauchy-Schwarz 

( )2 2 2 2 2 2 2
1 1 2 2 3 3 1 2 3 1 2 3( )( ) (*)a b a b a b a a a b b b+ + ≤ + + + +  

1 23 3 3 3 3 3

3 3 3 3

,
( ) ( )

( )

a b
a a

a a b c b b a c

c
a

c c a b

= =
+ + + +

=
+ +
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3 3 3 3 3 3
1 2

3 3 3
3

( ) , ( )

( )

b a a b c b b b a c

b c c a b

= + + = + +

= + +
 

ែដល 2 2 2
1 1 2 2 3 3 1 2 3,a b a b a b a b c a a a T+ + = + + + + =  

2 2 2 3 3 3 3 3 3 3 3 3
1 2 3 ( ) ( ) ( )b b b a b c a b c b c a c a b+ + = + + + + + + + +   

ជំនួសកនុង (*)  េគទញបន  
2

3 3 3 3 3 3 3 3 3

( )

( ) ( ) ( )

a b c
T

a b c a b c b c a c a b

+ +≥
+ + + + + + + +

                  

     
2

3 3 3 3 3 3 4 4 4

( )

( ) ( )( ) ( )

a b c

a b c a b c a b c a b c

+ +=
+ + + + + + + − + +

 

េដយេគមន 3 3 3 4 4 4a b c a b c+ + = + +   (សមមតិកមម ) 

េគទញ 
2

3 3 3 3 3 3

( )
(**)

( )( )

a b c a b c
T

a b c a b c a b c

+ + + +≥ =
+ + + + + +

 

តមវសិមភព Holder េគមន ៖ 
4 4 4 2 3 3 3 3

3 3 3 2

3 3 3 4 4 4 2

( )( ) ( )

( )
1 (***)

( )

a b c a b c a b c

a b c a b c

a b c a b c

+ + + + ≥ + +

+ + + +⇔ ≥ =
+ + + +

 

តម (**)  និង (***)   េគទញបន 1T ≥  ពិត ។ 

ដូចេនះ   
2 3 3 3 2 3 3 3 2

1
a b c

a b c a b c a b c
+ + ≥

+ + + + + +
   ។ 
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លហំត់ទី១១១ 

រងវង់ចរកឹកនុងៃនរតីេកណ ABC  មួយប៉ះរជុង ,BC CA  និង AB  
 េរៀងគន រតង់ ,K L  និង M   ។ 

ចូររសយបញជ ក់ថ 3

2

AL BM CK

AB BC CA
+ + ≤   ។ 

 

ដំេណះរសយ 

រសយបញជ ក់ថ 3

2

AL BM CK

AB BC CA
+ + ≤    

  
 
 
 
 
 
 
តង , ,AM AL x BM BK y CK CL z= = = = = =   េនះ  

, ,BC y z CA z x AB x y= + = + = +  
 

A 

B C K 

L 
M 

I 
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(*)
AL BM CK x y z

AB BC CA x y y z z x
+ + = + +

+ + +
 

តង x y z
T

x y y z z x
= + +

+ + +  

   
( )( ) ( )( ) ( )( )

( )( )( )

x y z z x y x y z x z x y y z

x y y z x z

+ + + + + + + +
=

+ + +
 

         
( )( ) ( )( ) ( )( )

( )( )( )

x z xy xz x y yz xy y z xz yz

x y y z x z

+ + + + + + + +
=

+ + +
 

តមវសិមភព  Cauchy-Schwarz  េគមន  
( )( ) ( )( ) ( )( )

2( ) 2( )

x z xy xz x y yz xy y z xz yz

x y z xy yz xz

+ + + + + + + +

≤ + + + +
 

( )( )
2 2 1

( )( )( ) ( )( )( )

x y z xy yz xz xyz
T

x y y z x z x y y z x z

+ + + +≤ = +
+ + + + + +

 

តមវសិមភព AM-GM េគមន  
( )( )( ) 2 .2 .2 8x y y z x z xy yz xz xyz+ + + ≥ =  

េនះេគទញ 1

( )( )( ) 8

xyz

x y y z x z
≤

+ + +
   

េហតុេនះ 1 3
2 1

8 2
T ≤ + =   ពិត 

ដូចេនះ  3

2

AL BM CK

AB BC CA
+ + ≤  ។ 
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