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អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

រង�ង�់តីេកណម�ត
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សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

១. ទំនក់ទំនងសំខន់ៗ
១.១ រូបមន�មុំ បូក និង ដក
1. cos(a+b) = cos a cos b−sin a sin b 2. cos(a−b) = cos a cos b+sin a sin b

3. sin(a+ b) = sin a cos+ sin b cos a 4. sin(a− b) = sin a cos− sin b cos a

5. tan(a+ b) =
tan a+ tan b
1− tan a tan b

6. tan(a− b) =
tan a− tan b
1 + tan a tan b

7. cot(a+ b) =
cot a cot b− 1

cot a+ cot b
8. cot(a− b) =

cot a cot b+ 1

cot b− cot a

១.២ រូបមន�មុំឌុប និង កន�ះមុុំ
ក . cos 2x = 2 cos2−1 = 1−2 sin2 x

ខ . sin 2x = 2 sinx cosx

គ . tan 2x =
2 tanx

1− tan2 x

ឃ . cot 2x =
cot2 x− 1

2 cotx

ង . sin 3x = 3 sinx− 4 sin3 x

ច . cos 3x = 4 cos3 x− 3 cosx

ឆ . sin2 x

2
=

1− cosx
2

ជ . cos2
x

2
=

1 + cosx
2

ឈ . tan2 1− cosx
1 + cosx

ញ . tan
x

2
=

sinx
1 + cosx

១.៣ បំែលងផលបូកជផលគុណ
1. cos p+ cos q = 2 cos

p+ q

2
cos

p− q

2
6. tan p+ tan q =

sin(p+ q)

cos p cos q

3. cos p− cos q = −2 sin
p+ q

2
sin

p− q

2
7. tan p− tan q =

sin(p− q)

cos p cos q

4. sin p+ sin q = 2 sin
p+ q

2
cos

p− q

2
8. cot p+ cot q =

sin(p+ q)

sin p sin q

5. sin p− sin q = 2 sin
p− q

2
cos

p+ q

2
9. cot p− cot q =

sin(q − p)

sin p sin q

  ១.៤ រូបមន�កេន�មជអនុគមន៍ t �ម t = tan
x

2

ក . cosx =
1− t2

1 + t2
ខ . sinx =

2t

1 + t2
គ . tanx =

2t

1− t2
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អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

១.៥ បំែលងផលគុណជផលបូក

១ . cosα cos β =
1

2
[cos(α + β) + cos(α− β)]

២ . sinα sin β =
1

2
[cos(α− β)− cos(α + β)]

៣ . sinα cos β =
1

2
[sin(α + β) + sin(α− β)]

៤ . cosα sin β =
1

2
[sin(α + β)− sin(α− β)]

កំណត់សមគ ល់
រូបមនŉមុំឌុបģនពីរូបមនŉផលបូកជំនួសតៃមųមុំ a = b និង កនųះមុំģនមកពីបŚǹរតៃមųមុំ x → x

2
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សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

២.សមីករ�តីេកណម�ត

២.១ សមីករ cosx = a , a ជចំនួនពិត
. ◦ |a| > 1 សមីŁរ cosx = a ýŊ នចេមųǿយ

◦ |a| ⩽ 1 Ĝឲំŏ x = ±arc cos a = ±α េŢយ α = arc cos a

និង 2π − α ďមុំផĀǶយរបស់ α (មួយរងſង់) ដូចរូប 01

cosx

sin
x

α

−α

a

a
=

1

a
=

−
1

a
=

0

α

−α

2π
−
α

រូប 01

- ដូចេនះ cosx = a ⇐⇒ cosx = cosα =⇒ x = ±α + 2kπ , kϵZ ។ (ទូេĉ)

♦ ករណីពិេសស
◦ a = 1 េĜះ cosx = 1 =⇒ x = 2kπ , kϵZ

◦ a = −1 េĜះ cosx = −1 =⇒ x = (2k + 1)π , kϵZ

◦ a = 0 េĜះ cosx = 0 =⇒ x = (2k + 1)
π

2
, kϵZ។

▲ ŪទីសŚ ីបទទី ១ cosx = 0 ⇐⇒ x = (2k + 1)
π

2
, k ϵ Z

��យបȦជ ក.់ េយǿងដឹង▫ cosx = 0 េĝេពល x ďពហុគុណចំនួនេសសៃន
π

2

∵ cosx = 0 ⇐⇒ x = ±π

2
, ±3π

2
, ±5π

2
, .....
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⇐⇒ x = (2k + 1)
π

2
, k ϵ Z

∴ cosx = 0 ⇐⇒ x = (2k + 1)
π

2
, k ϵ Z ។

▲ ŪទីសŚ ីបទទី ២ េបǿ −1 ≤ a ≤ 1 ែដលŌន α មួយែដលេធſǿឲŏ cosx = a េយǿងģនដំេ₧ះ

ŪƘយទូេĉŪតǹវģនកំណត់េŢយ cosx = cosα ⇐⇒ x = ±α+2kπ , k ϵ Z , α ϵ [0, π] ។

��យបȦជ ក.់ េយǿងŌន cosx = cosα , α ϵ [0, π]

⇐⇒ cosx− cosα = 0

⇐⇒ −2 sin
(
x+ α

2

)
sin
(
x− α

2

)
= 0

⇐⇒ −2 sin
(
x+ α

2

)
= 0 ឬ sin

(
x− α

2

)
= 0

⇐⇒
(
x+ α

2

)
= kπ ឬ

(
x− π

2

)
= kπ , k ϵ Z

⇐⇒ x+ α = 2kπ ឬ x− α = 2kπ

⇐⇒ x = −α + 2kπ ឬ x = α + 2kπ

ដូចេនះ . cosx = cosα ⇐⇒ x = ±α + 2kπ , k ϵ Z , α ϵ[0, π] ។

◦ �កបអនុគមន៍ y = cosx , y = a

x

y

y = a

α−α

k = 0 k = 1k = −1

2π − α−2π + α
π−π 2π−2π 2π + α−2π − α

លំ�ត់គំរូទី១
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . cosx =
1

2

ខ . cosx = −
√
2

2

គ . cos 2x =

√
3

2

ឃ . cosx =
1

3

ង . cosx = sinx

ច . cos
(
3x− π

6

)
= −1

ដំេ�ះ��យ.

ក . cosx =
1

2
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Ĝឲំŏ x = ±arc cos
1

2
េŢយ arc cos

1

2
=

π

3
េយǿងģន x = ±π

3
+ 2kπ , k ϵ Z

x

y

y =
1

2
π

3

7π

3
−7π

3
−π

3

5π

3
−5π

3

- ដូចេនះ x = ±π

3
+ 2kπ, kϵ Z

ខ . cosx = −
√
2

2

សមីŁរƫចសរេសរ cosx = cos
3π

4
=⇒ x = ±3π

4
+ 2kπ

- ដូចេនះ x = ±3π

4
+ 2kπ, kϵ Z ។

គ . cos 2x =

√
3

2
សមីŁរƫចសរេសរ cos 2x = cos

π

3
⇐⇒ 2x = ±π

3
+ 2kπ =⇒ x = ±π

6
+ kπ, kϵ Z

- ដូចេនះ x = ±π

6
+ kπ, kϵ Z ។

ឃ . cosx =
1

3

Ĝឲំŏ x = ±arc cos
1

3
+ 2kπ

- ដូចេនះ x = ±arc cos
1

3
+ 2kπ, kϵ Z ។

ង . cosx = sinx

សមីŁរƫចសរេសរ cosx = cos
(π
2
− x
)
⇐⇒ x = ±

(π
2
− x
)
+ 2kπ

⇐⇒ x =
π

2
− x+ 2kπ ឬ x = −π

2
+ x+ 2kπ មិនពិត

⇐⇒ 2x =
π

2
+ 2kπ =⇒ x =

π

4
+ kπ

- ដូចេនះ x =
π

4
+ kπ, kϵ Z ។
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ច . cos
(
3x− π

6

)
= −1

Ĝឲំŏ 3x− π

6
= (2k + 1)π

⇐⇒ 3x =
π

6
+ 2kπ + π

=⇒ x =
7π

18
+

2

3
kπ

- ដូចេនះ x =
7π

18
+

2

3
kπ, kϵ Z ។

លំ�ត់គំរូទី២
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . cos(3x+
π

3
) = cos(x− π

6
)

ខ . cos
π

6
cosx− sin

π

6
sinx =

√
2

2

គ . sin2 x+ sin2 2x = 1

ឃ . cos 2x− sin 2x = (cosx− sinx)2

ដំេ�ះ��យ.

ក . cos
(
3x+

π

3

)
= cos

(
x− π

6

)
⇐⇒ 3x+

π

3
= ±

(
x− π

6

)
+ 2kπ

⇐⇒ 3x+
π

3
= x− π

6
+ 2kπ ឬ 3x+

π

3
= −x+

π

6
+ 2kπ

⇐⇒ 2x = −π

2
+ 2kπ ឬ 4x = −π

6
+ 2kπ

=⇒ x = −π

4
+ kπ ឬ x = − π

24
+

1

2
kπ

- ដូចេនះ x = −π

4
+ kπ ឬ x = − π

24
+

1

2
kπ, kϵ Z ។

ខ . cos
π

6
cosx− sin

π

6
sinx =

√
2

2

⇐⇒ cos
(π
6
+ x
)
=

√
2

2
សមីŁរƫចសរេសរ cos

(π
6
+ x
)
= cos

π

4
⇐⇒ π

6
+ x = ±π

4
+ 2kπ

⇐⇒ π

6
+ x =

π

4
+ 2kπ ឬ

π

6
+ x = −π

4
+ 2kπ

⇐⇒ x =
π

4
− π

6
+ 2kπ ឬ x = −π

4
− π

6
+ 2kπ
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=⇒ x =
π

12
+ 2kπ ឬ x = −5π

12
+ 2kπ

- ដូចេនះ x =
π

12
+ 2kπ ឬ x = −5π

12
+ 2kπ, kϵ Z ។

គ . sin2 x+ sin2 2x = 1

⇐⇒ 1− cos 2x
2

+
1− cos 4x

2
= 1

⇐⇒ 1− cos 2x+ 1− cos 4x = 2

⇐⇒ cos 2x+ cos 4x = 0 ⇐⇒ 2 cos 3x cosx = 0

⇐⇒ cos 3x = 0 ឬ cosx = 0

⇐⇒ 3x = (2k + 1)
π

2
ឬ x = (2k + 1)

π

2
=⇒ x = (2k + 1)

π

6
ឬ x = (2k + 1)

π

2- ដូចេនះ x = (2k + 1)
π

6
ឬ x = (2k + 1)

π

2
, kϵ Z ។

ឃ . cos 2x− sin 2x = (cosx− sinx)2

⇐⇒ cos 2x− sin 2x = cos2 x− 2 sinx cosx+ sin2 x

⇐⇒ cos 2x = 1 ⇐⇒ 2x = 2kπ =⇒ x = kπ

- ដូចេនះ x = kπ , k ϵ Z ។

២.២ សមីករ sinx = a , a ជចំនួនពិត
. ◦ |a| > 1 សមីŁរ sinx = a ýŊ នចេមųǿយ

◦ |a| ⩽ 1 Ĝឲំŏ x = arc sin a ឬ x = π − arc sin a

េŢយ α = arc sin a និង π − α ďមុំបែន□មរបស់ α (មួយរងſង់) ដូចរូប 02

- ដូចេនះ sinx = a ⇐⇒ sinx = sinα

=⇒ x = α + 2kπ ឬ x = π − α + 2kπ , kϵZ។ (ទូេĉ)

◦ ƫចសរេសរ sinx = sinα ⇐⇒ x = kπ + (−1)kα α ϵ [−π

2
,
π

2
], kϵ Z។

♦ ករណីពិេសស

◦ a = 1 េĜះ sinx = 1 =⇒ x =
π

2
+ 2kπ , kϵZ

◦ a = −1 េĜះ sinx = −1 =⇒ x = −π

2
+ 2kπ , kϵZ

៨ េរȄបេរȄងេŢយ ឃុយ ŬŪតី
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◦ a = 0 េĜះ sinx = 0 =⇒ x = kπ , kϵZ។

cosx

sin
x

a

a = 1

a = −1

απ − α

a = 0α

រូប 02

▲ ŪទីសŚ ីបទទី ៣ េយǿងŌន sinx = 0 ⇐⇒ x = kπ , kϵ Z

��យបȦជ ក.់ េយǿងដឹង▫ sinx = 0 េĝេពល x ďពហុគុណចំនួនៃន π

∵ sinx = 0 ⇐⇒ x = ±π , ±2π , ±3π , .....

⇐⇒ x = kπ , k ϵ Z

∴ sinx = 0 ⇐⇒ x = kπ , k ϵ Z ។

▲ ŪទីសŚ ីបទទី ៤ េបǿ −1 ≤ a ≤ 1 ែដលŌន α មួយែដលេធſǿឲŏ sinx = a េយǿងģនដំេ₧ះ

ŪƘយទូេĉŪតǹវģនកំណត់េŢយ sinx = sinα ⇐⇒ x = kπ+(−1)kα , k ϵ Z , α ϵ
[
−π

2
,
π

2

]
។

��យបȦជ ក.់ េយǿងŌន sinx = sinα , α ϵ [−π

2
,
π

2
]

⇐⇒ sinx− sinα = 0 ⇐⇒ 2 cos
(
x+ α

2

)
sin
(
x− α

2

)
= 0

⇐⇒ cos
(
x+ α

2

)
= 0 ឬ sin

(
x− α

2

)
= 0

⇐⇒
(
x+ α

2

)
= (2k + 1)

π

2
ឬ
(
x− α

2

)
= kπ , k ϵ Z

⇐⇒ x+ α = (2k + 1)π ឬ x− α = 2kπ , k ϵ Z

⇐⇒ x = (2k + 1)π − α ឬ x = 2kπ + α , k ϵ Z
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⇐⇒ x = (ពហុគុណេសសៃន π)−α ឬ x = (ពហុគុណគូរៃន π)+α

⇐⇒ x = kπ + (−1)kα , k ϵ Z

- ដូចេនះ sinx = sinα ⇐⇒ x = kπ + (−1)kα, k ϵ Z , α ϵ
[
−π

2
,
π

2

]
។

◦ �កបអនុគមន៍ y = sinx , y = a

x

y

y = a

α π − α−2π + α−π − α
π−π 2π−2π

2π + α 3π − α

3π

. ″មŪŁបសមីŁរŌនសំណុំចេមųǿយគឺ៖

x = α , 2π + α , 4π + α , ...... = 2kπ + α

និង x = π − α , 3π − α , 5π − α , ...... = (2k + 1)π − α

- ដូចេនះ (x ďពហុគុណគូរៃន π)+α ឬ (ďពហុគុណេសសៃន π)−α

េយǿងƫចបŪងǼមចេមųǿយĈងំពីរេŢយឲŏចេមųǿយទូេĉកំណត់េŢយ x = kπ + (−1)kα, k ϵ Z ។

លំơត់គំរូទី៣
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . sinx =
1

2

ខ .
1

2
sin

x

2
−

√
3

2
cos

x

2
=

√
2

2
គ . sin

(
2x+

π

4

)
= 1

ឃ . sin 2x = sin
(π
3
− x
)

ង . sin 2x =
√
2 cosx

ច . sinx cos2 x = 1

ដំេ�ះ��យ.

ក . sinx =
1

2
សមីŁរƫសរេសរ sinx = sin

π

6
⇐⇒ x =

π

6
+ 2kπ ឬ x = π − π

6
+ 2kπ

⇐⇒ x =
π

6
+ 2kπ ឬ x =

5π

6
+ 2kπ , k ϵ Z

មŜ៉ងេទȄតសមីŁរ sinx = sin
π

6
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េយǿងƫច យកចេមųǿយបŪងǼមទូេĉគឺ x = kπ + (−1)k
π

6
, k ϵ Z

- ដូចេនះ x = kπ + (−1)k
π

6
, k ϵ Z ។

x

y

y =
1

2
π

6

5π

6

13π

6
−11π

6
−7π

6

ខ .
1

2
sin

x

2
−

√
3

2
cos

x

2
=

√
2

2
⇐⇒ sin

x

2
cos

π

3
− sin

π

3
cos

x

2
= sin

π

4
⇐⇒ sin

(x
2
− π

3

)
= sin

π

4
⇐⇒ x

2
− π

3
= kπ + (−1)k

π

4
⇐⇒ x

2
= kπ +

π

3
+ (−1)k

π

4

=⇒ x = 2kπ +
2π

3
+ (−1)k

π

2
= (3k + 1)

2π

3
+ (−1)k

π

2
, k ϵ Z ។

- ដូចេនះ x = (3k + 1)
2π

3
+ (−1)k

π

2
, k ϵ Z ។

គ . sin
(
2x+

π

4

)
= 1

⇐⇒ 2x+
π

4
=

π

2
+ 2kπ ⇐⇒ 2x =

π

2
− π

4
+ 2kπ

⇐⇒ 2x =
π

4
+ 2kπ ⇐⇒ x =

π

8
+ kπ , k ϵ Z

- ដូចេនះ x =
π

8
+ kπ , k ϵ Z ។

ឃ . sin 2x = sin
(π
3
− x
)

⇐⇒ π

3
− x = kπ + (−1)k2x ⇐⇒ (−1)k2x+ x =

π

3
− kπ

⇐⇒ x
[
2(−1)k + 1

]
=

π

3
− kπ ⇐⇒ x =

π

3
− kπ

2(−1)k + 1
, k ϵ Z

- ដូចេនះ x =

π

3
− kπ

2(−1)k + 1
, k ϵ Z ។

ង . sin 2x =
√
2 cosx

⇐⇒ 2 sinx cosx−
√
2 cosx = 0 ⇐⇒

√
2 cosx(

√
2 sinx− 1) = 0

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ១១
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⇐⇒ cosx = 0 ឬ (
√
2 sinx− 1) = 0 ⇐⇒ sinx =

√
2

2
= sin

π

4
⇐⇒ x = (2k + 1)

π

2
ឬ x = kπ + (−1)k

π

4
, k ϵ Z

- ដូចេនះ x = (2k + 1)
π

2
ឬ x = kπ + (−1)k

π

4
, k ϵ Z ។

ច . sinx cos2 x = 1

⇐⇒ sinx(1− sin2 x) = 1 ⇐⇒ 2 sin3 x− sinx+ 1 = 0

⇐⇒ (sinx+ 1)(2 sin2 x− 2 sinx+ 1) = 0

⇐⇒ sinx+ 1 = 0 ឬ 2 sin2 x− 2 sinx+ 1 = 0

⇐⇒ sinx = −1 ឬ 2

[(
sinx− 1

2

)2

+
1

4

]
̸= 0

⇐⇒ x = −π

2
+ 2kπ, k ϵ Z

- ដូចេនះ x = −π

2
+ 2kπ, k ϵ Z ។

លំ�ត់គំរូទី៤
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . sin 2x = (cosx− sinx)2

ខ . cos2 x− sinx = −1

គ . sin 3x+ 5 sinx = 0

ឃ . sin 2x+ sin 4x+ sin 6x = 0

ដំេ�ះ��យ.

ក . sin 2x = (cosx− sinx)2

⇐⇒ sin 2x = cos2 x− 2 sinx cosx+ sin2 x

⇐⇒ 2 sin 2x = 1 ∴ sin2 x+ cos2 x = 1 , 2 sinx cosx = sin 2x

⇐⇒ sin 2x =
1

2
= sin

π

6
⇐⇒ 2x = kπ + (−1)k

π

6

=⇒ x =
1

2

[
kπ + (−1)k

π

6

]
- ដូចេនះ x =

1

2

[
kπ + (−1)k

π

6

]
, k ϵ Z ។

ខ . cos2 x− sinx = −1
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អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

⇐⇒ 1− sin2 x− sinx+ 1 = 0 ⇐⇒ sin2 x+ sinx− 2 = 0

⇐⇒ (sinx− 1)(sinx+ 2) = 0 េŢយ sinx+ 2 ̸= 0

⇐⇒ sinx− 1 = 0 ⇐⇒ sinx = 1 =⇒ x =
π

2
+ 2kπ , k ϵ Z

- ដូចេនះ x =
π

2
+ 2kπ , k ϵ Z ។

គ . sin 3x+ 5 sinx = 0

⇐⇒ 3 sinx− 4 sin3 x+ 5 sinx = 0 ⇐⇒ 8 sinx− 4 sin3 x = 0

⇐⇒ 4 sinx(2− sin2 x) = 0 េŢយ 2− sin2 x ̸= 0

⇐⇒ sinx = 0 ⇐⇒ x = kπ , k ϵ Z

- ដូចេនះ x = kπ , k ϵ Z ។

ឃ . sin 2x+ sin 4x+ sin 6x = 0

⇐⇒ sin 6x+ sin 2x+ sin 4x = 0 ⇐⇒ 2 sin 4x cos 2x+ sin 4x = 0

⇐⇒ sin 4x(2 cos 2x+ 1) = 0 ⇐⇒ sin 4x = 0 ឬ 2 cos 2x+ 1 = 0

⇐⇒ 4x = kπ ឬ cos 2x = −1

2
⇐⇒ 2x = ±2π

3
+ 2kπ

=⇒ x =
1

4
kπ ឬ x = ±π

3
+ kπ , k ϵ Z

- ដូចេនះ x =
1

4
kπ ឬ x = ±π

3
+ kπ , k ϵ Z ។

២.៣ សមីករ tanx = a , a ជចំនួនពិត
▲ ŪទីសŚ ីបទទី ៥ tanx = 0 ⇐⇒ x = kπ , k ϵ Z

��យបȦជ ក.់ េយǿងដឹង▫ tanx = 0 េĝេពល x ďពហុគុណចំនួនៃន π

∵ tanx = 0 ⇐⇒ x = ±π , ±2π , ±3π , .....

⇐⇒ x = kπ , k ϵ Z

∴ tanx = 0 ⇐⇒ x = kπ , k ϵ Z ។

▲ ŪទីសŚ ីបទទី ៦ ″ង a ďចំនួនពិតនិងŌនមុំ α ែដលďចេមųǿយďក់ŵក់ៃនសមីŁរ tanx = a

េយǿងģនដំេ₧ះŪƘយទួេĉŪតǹវģនកំណត់េŢយ tanx = tanα ⇐⇒ x = α+kπ , αϵ
[
−π

2
,
π

2

]
។
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��យបȦជ ក.់ េយǿងŌន tanx = tanα , α ϵ
[
−π

2
,
π

2

]
⇐⇒ sinx

cosx
=

sinα
cosα

, cosx ̸= 0

⇐⇒ sinx cosα− sinα cosx = 0 ⇐⇒ sin(x− α) = 0

⇐⇒ x− α = kπ ⇐⇒ x = α + kπ , k ϵ Z

- ដូចេនះ tanx = tanα ⇐⇒ x = α + kπ , k ϵ Z , α ϵ
[
−π

2
,
π

2

]
។

◦ �កបអនុគមន៍ y = tanx , y = a

x

y = a

y

2π + α
0

−π + α α π + απ

2
3π

2
−3π

2
−π

2

π−π−2π 2π

−2π + α

. ǻក៏ចĤស់ផងែដរពីដំេ₧ះŪƘយ″មŪŁបសមីŁរŌនចេមųǿយគឺ៖ x = α + kπ , k ϵ Z

ŪសែដងýĖ ែដរសŪŌប់សមីŁរ cotx = a ⇐⇒ cotx = cotα =⇒ x = α+kπ , k ϵ Z ។

ឬេយǿងƫចែŪបŁų យសមីŁរ cotx = a េĉď tanx =
1

a
, a ̸= 0 ែដលƫចេŢះŪƘយģន ។

លំ�ត់គំរូទី៥
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . tanx = 1

ខ . tan 3x =

√
3

3

គ .
2 tanx

1− tan2 x
=

√
3

ឃ . cot
(x
2
− 3
)
= −1

ង . tan2 x− (1+
√
3) tanx+

√
3 = 0

ច . tan
(π
4
− x
)
+ tan

(π
4

)
= 4
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ដំេ�ះ��យ.

ក . tanx = 1

⇐⇒ tanx = tan
π

4
=⇒ x =

π

4
+ kπ , k ϵ Z

- ដូចេនះ x =
π

4
+ kπ , k ϵ Z ។

x

y = 1

y

0

−3π

4

π

4
5π

4
−7π

4

π

2
3π

2
−3π

2
−π

2

π−π−2π 2π

ខ . tan 3x =

√
3

3
⇐⇒ tan 3x = tan

π

6
⇐⇒ 3x =

π

6
+ kπ

=⇒ x =
π

18
+

1

3
kπ , k ϵ Z

- ដូចេនះ x =
π

18
+

1

3
kπ , k ϵ Z ។

គ .
2 tanx

1− tan2 x
=

√
3

⇐⇒ tan 2x = tan
π

3
⇐⇒ 2x =

π

3
+ kπ =⇒ x =

π

6
+

1

2
kπ , k ϵ Z

- ដូចេនះ x =
π

6
+

1

2
kπ , k ϵ Z ។

ឃ . cot
(x
2
− 3π

)
= −1

⇐⇒ cot
(x
2
− 3π

)
= cot

(
−π

4

)
⇐⇒ x

2
− 3π = −π

4
+ kπ

⇐⇒ x

2
= −π

4
+ 3π + kπ ⇐⇒ x

2
=

11π

4
+ kπ
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=⇒ x =
11π

2
+ 2kπ , k ϵ Z

- ដូចេនះ x =
11π

2
+ 2kπ , k ϵ Z ។

ង . tan2 x− (1 +
√
3) tanx+

√
3 = 0

⇐⇒ tan2 x− tanx−
√
3 tanx+

√
3 = 0

⇐⇒ tanx(tanx− 1)−
√
3(tanx− 1) = 0

⇐⇒ (tanx− 1)(tanx−
√
3) = 0

⇐⇒ tanx− 1 = 0 ឬ tanx−
√
3 = 0

⇐⇒ tanx = 1 ឬ tanx =
√
3

⇐⇒ tanx = tan
π

4
ឬ tanx = tan

π

3
=⇒ x =

π

4
+ kπ ឬ x =

π

3
+ kπ , k ϵ Z

- ដូចេនះ x =
π

4
+ kπ ឬ x =

π

3
+ kπ , k ϵ Z ។

ច . tan
(π
4
− x
)
+ tan

(π
4
+ x
)
= 4

⇐⇒ 1− tanx
1 + tanx

+
1 + tanx
1− tanx

= 4

⇐⇒ (1 + tanx)2 + (1− tanx)2

1− tan2 x
= 4

⇐⇒ 2(1 + tan2 x) = 4(1− tan2 x) ⇐⇒ 3 tan2 x = 1

⇐⇒ tan2 x =
1

3
=⇒ tanx = ± 1√

3
= ±

√
3

3

េយǿងģន tanx =

√
3

3
= tan

π

6
ឬ tanx = −

√
3

3
= tan

(
−π

6

)
Ĝឲំŏ x =

π

6
+ kπ ឬ x = −π

6
+ kπ , k ϵ Z

- ដូចេនះ x = ±π

6
+ kπ , k ϵ Z ។

លំ�ត់គំរូទី៦
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . tan(x− 300) tan 500 = 0

ខ . tanx+ tan 2x+ tanx tan 2x = 1

គ . tan 5x+ cot 2x = 0

ឃ . tan(x− 150) = 3 tan(x+ 150)
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ដំេ�ះ��យ.

ក . tan(x− 300) tan 500 = 0

⇐⇒ tan(x− 300) = 0 ⇐⇒ x− 300 = kπ

=⇒ x = 300 + kπ =
π

6
+ kπ

- ដូចេនះ x =
π

6
+ kπ , k ϵ Z

ខ . tanx+ tan 2x+ tanx tan 2x = 1

សមីŁរƫចសរេសរ tanx+ tan 2x = 1− tanx tan 2x

⇐⇒ tanx+ tan 2x
1− tanx tan 2x

= 1 ⇐⇒ tan 3x = 1 = tan
π

4

⇐⇒ 3x =
π

4
+ kπ =⇒ x =

π

12
+

kπ

3
, k ϵ Z

- ដូចេនះ x =
π

12
+

kπ

3
, k ϵ Z ។

គ . tan 5x+ cot 2x = 0

សមីŁរƫចសរេសរ
sin 5x
cos 5x

+
cos 2x
sin 2x

= 0

⇐⇒ sin 5x sin 2x+ cos 5x cos 2x
cos 5x sin 2x

= 0

⇐⇒ cos(5x− 2x)

cos 5x sin 2x
= 0 លកšខណŹ (cos 5x ̸= 0 , sin 2x ̸= 0)

េយǿងģន cos 3x = 0 ⇐⇒ 3x =
π

2
+ kπ

=⇒ x =
π

6
+

kπ

3
= (2k + 1)

π

6
k ϵ Z

- ដូចេនះ x = (2k + 1)
π

6
, k ϵ Z ។

ឃ . tan(x− 15o) = 3 tan(x+ 15o)

សមីŁរƫចសរេសរ
tan(x− 15o)

tan(x+ 15o)
=

3

1

⇐⇒ tan(x− 15o) + tan(x+ 15o)

tan(x− 15o)− tan(x+ 150)
=

3 + 1

3− 1

∴ A

B
=

C

D
⇐⇒ A+B

A−B
=

C +D

C −D
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⇐⇒

sin(x− 15o)

cos(x− 15o)
+

sin(x+ 15o)

cos(x+ 15o)

sin(x− 15o)

cos(x− 15o)
− sin(x+ 15o)

cos(x+ 15o)

= 2

⇐⇒ sin(x− 15o) cos(x+ 15o) + sin(x+ 15o) cos(x− 15o)

sin(x− 15o) cos(x+ 15o)− sin(x+ 15o) cos(x− 150)
= 2

⇐⇒ sin(x− 15o + x+ 15o)

sin(x− 15o − x− 15o)
= 2

⇐⇒ sin 2x
sin(−30o)

= 2 ⇐⇒ sin 2x = −1

2x = −π

2
+ 2kπ =⇒ x = −π

4
+ kπ , k ϵ Z

- ដូចេនះ x = −π

4
+ kπ , k ϵ Z ។

២.៤ សមីករ sin2 x = a , cos2 x = a , tan2 x = a , a ជចំនួនពិត
. សមីŁរ sin2 x = sin2 α , cos2 x = cos2 α , tan2 x = tan2 α

=⇒ x = ±α + kπ , k ϵ Z ។ (ŌនចេមųǿយទូេĉដូចýĖ )

កំណត់សមគ ល់
េយǿងŌនរូបមនŉžងេŪŁម៖

ក . sin 2x =
2 tanx

1 + tan2 x
ខ . cos 2x =

1− tan2 x

1 + tan2 x
គ . tan 2x =

2 tanx
1− tan2 x

��យបȦជ ក.់

◦ េយǿងŌន cos2 x = cos2 α

⇐⇒ 1 + cos 2x
2

=
1 + cos 2α

2
⇐⇒ cos 2x = cos 2α

⇐⇒ 2x = ±2α + 2kπ =⇒ x = ±α + kπ , k ϵ Z

- ដូចេនះ x = ±α + kπ , k ϵ Z

◦ េយǿងŌន sin2 x = sin2 α

⇐⇒ 1− cos 2x
2

=
1− cos 2α

2
⇐⇒ cos 2x = cos 2α

⇐⇒ 2x = ±2α + 2kπ =⇒ x = ±α + kπ , k ϵ Z

- ដូចេនះ x = ±α + kπ , k ϵ Z
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◦ េយǿងŌន tan2 x = tan2 α

⇐⇒ 1− tan2 x

1 + tan2 x
=

1− tan2 α

1 + tan2 α
″មរូបមនŉ (ខ) េយǿងģន

⇐⇒ cos 2x = cos 2α ⇐⇒ 2x = ±2α + 2kπ

=⇒ x = ±α + kπ , k ϵ Z

- ដូចេនះ x = ±α + kπ , k ϵ Z

◦ �កបអនុគមន៍ y = sin2 x , y = a

x

y

0

y = a

α−α π − α−π + α π + α−π − α 2π − α−2π + α
2π−2π π−π

 លំ�ត់គំរូទី៧
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . sin2 x =
1

2

ខ . cos2 5x = 0

គ . 4 tan2 x = 12

ឃ . sin4 x− cos4 x = 0

ង . 7 cos2 x+ 3 sin2 x = 4

ច . tan2 x+ cot2 x = 2

ដំេ�ះ��យ.

ក . sin2 x =
1

2

សមីŁរƫចសរេសរ sin2 x =

(√
2

2

)2

⇐⇒ sin2 x =
(

sin
π

4

)2
= sin2 π

4
=⇒ x = ±π

4
+ kπ , k ϵ Z

- ដូចេនះ x = ±π

4
+ kπ , k ϵ Z ។

x

y

0

y =
1

2
π

4
−π

4
3π

4
−3π

4

5π

4
−5π

4

7π

4
−7π

4

2π−2π π−π
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ខ . cos2 5x = 0

⇐⇒ cos2 5x = cos2
π

2
⇐⇒ 5x = ±π

2
+ kπ

=⇒ x = ± π

10
+

kπ

5
, k ϵ Z

- ដូចេនះ x = ± π

10
+

kπ

5
, k ϵ Z ។

គ . 4 tan2 x = 12

សមីŁរƫចសរេសរ tan2 x = 3 =
(√

3
)2

tan2 x = tan2 π

3
=⇒ x = ±π

3
+ kπ , k ϵ Z

- ដូចេនះ x = ±π

3
+ kπ , k ϵ Z ។

ឃ . sin4 x− cos4 x = 0

ƫចសរេសរ
(
sin2 x

)2 − (cos2 x
)2

= 0

⇐⇒ (sin2 x− cos2 x)(sin2 x+ cos2 x) = 0

⇐⇒ sin2 x− cos2 x = 0 ∴ sin2 x+ cos2 x = 1

⇐⇒ sin2 x = cos2 x = sin2
(π
2
− x
)

⇐⇒ x = ±
(π
2
− x
)
+ kπ

⇐⇒ x =
π

2
− x+ kπ ឬ x = −π

2
+ x+ kπ មិនពិត

⇐⇒ 2x =
π

2
+ kπ =⇒ x =

π

4
+

kπ

2
, k ϵ Z

- ដូចេនះ x =
π

4
+

kπ

2
, k ϵ Z ។

ង . 7 cos2 x+ 3 sin2 x = 4

⇐⇒ 7 cos2 x+ 3(1− cos2 x) = 4 ⇐⇒ 4 cos2 x = 1

⇐⇒ cos2 x =
1

4
=

(
1

2

)2

= cos2
π

3

=⇒ x = ±π

3
+ kπ , k ϵ Z

- ដូចេនះ x = ±π

3
+ kπ , k ϵ Z ។
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ច . tan2 x+ cot2 x = 2

⇐⇒ tan2 x+
1

tan2 x
= 2 ⇐⇒ tan4 x− 2 tan2 x+ 1 = 0

⇐⇒
(
tan2 x

)2 − 2 tan2 x+ 1 = 0

⇐⇒ (tan2 x− 1)2 = 0 ⇐⇒ tan2 = 1 = tan2 π

4
=⇒ x = ±π

4
+ kπ , k ϵ Z

- ដូចេនះ x = ±π

4
+ kπ , k ϵ Z ។

 លំ�ត់គំរូទី៨
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . sin2 x = 9

ខ . cos 2x = cos2 x

គ . 2 sin2 x+ sin2 2x = 2

ឃ . tanx+ tan 2x+ tan 3x = 0

ដំេ�ះ��យ.

ក . sin2 x = 9

⇐⇒ sin2 x = 32 =⇒ x = ±arc sin 3 + kπ

- ដូចេនះ x = ±arc sin 3 + kπ , k ϵ z ។

ខ . cos 2x = cos2 x

⇐⇒ 2 cos2 x− 1 = cos2 x ⇐⇒ cos2 x = 1 = cos2 0

⇐⇒ x = kπ , k ϵ Z

- ដូចេនះ x = kπ , k ϵ Z ។

គ . 2 sin2 x+ sin2 2x = 2

∴ (sin 2x)2 = (2 sinx cosx)2 = 4 sin2 x cos2 x

⇐⇒ 2 sin2 x+ 4 sin2 x cos2 x = 2

⇐⇒ sin2 x+ 2 sin2 x cos2 x = 1

⇐⇒ 2 sin2 x cos2 x = 1− sin2 x = cos2 x

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ២១



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

⇐⇒ 2 sin2 x cos2 x− cos2 x = 0

⇐⇒ cos2 x(2 sin2 x− 1) = 0

⇐⇒ cos2 x = 0 ឬ 2 sin2 x− 1 = 0 ⇐⇒ sin2 x =
1

2

=⇒ x = ±π

2
+ kπ ឬ sin2 x =

(√
2

2

)2

= sin2 π

4
=⇒ x = ±π

4
+ kπ

- ដូចេនះ x = ±π

2
+ kπ  , x = ±π

4
+ kπ , k ϵ Z ។

ឃ . tanx+ tan 2x+ tan 3x = 0

⇐⇒ tanx+ tan 2x+ tan(2x+ x) = 0

⇐⇒ tanx+ tan 2x+
tan 2x+ tanx
1− tanx tan 2x

= 0

⇐⇒ (tanx+ tan 2x)
(
1 +

1

1− tan 2x tanx

)
= 0

ករណី tanx+ tan 2x = 0

⇐⇒ tanx+
2 tanx

1− tan2 x
= 0 ⇐⇒ tanx

(
1 +

2

1− tan2 x

)
= 0

◦ tanx = 0 =⇒ x = kπ , k ϵ Z

◦ 1 +
2

1− tan2 x
= 0 ⇐⇒ 2

1− tan2 x
= −1

⇐⇒ 1− tan2 x = −2

⇐⇒ tan2 x = 3 =
(√

3
)2

= tan2 π

3
=⇒ x = ±π

3
+ kπ , k ϵ Z

ករណី 1 +
1

1− tan 2x tanx
= 0

⇐⇒ 1− tan 2x tanx = −1 ⇐⇒ tan 2x tanx = 2

⇐⇒ tanx
(

2 tanx
1− tan2 x

)
= 2 ⇐⇒ tan2 x = 1− tan2 x

⇐⇒ tan2 x =
1

2
=

(√
2

2

)2

=⇒ x = ±arc tan
√
2

2
+ kπ , k ϵ Z

- ដូចេនះ x = kπ , x = ±π

3
+ kπ , x = ±arc tan

√
2

2
+ kπ , k ϵ Z ។
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■ ��ងសមីករ�តីេកណម�ត
សមីករ ចេម�យទូេទ សមីករ ចេម�យទូេទ

sinx = 0 x = kπ cosx = 0 x = (2k + 1)
π

2

tanx = 0 x = kπ sinx = 1 x =
π

2
+ 2kπ

cosx = 1 x = 2kπ sinx = −1 x = −π

2
+ 2kπ

cosx = −1 x = (2k + 1)π tanx = ±1 x = ±π

4
+ kπ

sinx = sinα x = kπ + (−1)kα cosx = cosα x = ±α + 2kπ

tanx = tanα x = α + kπ sin2 x = sin2 α x = ±α + kπ

cos2 x = cos2 α x = ±α + kπ tan2 x = tan2 α x = ±α + kπ

២.៥ សមីករដឺេ�កទី២ ចំេពះអនុគមន៍រង�ងរ់បស់ x ចំេពះ a ̸= 0

⋄ a sin2 x+ b sinx+ c = 0 1 ⋄ a cos2 x+ b cosx+ c = 0 2

⋄ a tan2 x+ b tanx+ c = 0 3 ⋄ a cot2 x+ b cotx+ c = 0 4

��យបȦជ ក.់

េយǿង″ង t = sinx ជំនួសកĖǶង 1 និង t = cosx ជំនួសកĖǶង 2 ែដល −1 ⩽ t ⩽ 1

េយǿងģនសមីŁរ at2 + bt+ c = 0 េŢះŪƘយសមីŁររួចយកតៃមųឬស₧ែដលេផĀȅងĬĀ ត់ ។

″ង t = tanx ជំនួសកĖǶង 3 និង t = cotx ជំនូសកĖង 4 ģនសមីŁរ at2 + bt+ c = 0

លំ�ត់គំរូទី៩
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . 4− cos 2x− 7 sinx = 0

ខ . 2 cos2 x− 3
√
2 cosx+ 2 = 0

គ . tan2 x

2
−(1−

√
3) tan

x

2
−
√
3 = 0

ឃ .
1

sin2 x
= cotx+ 3

ដំេ�ះ��យ.

ក . 4− cos 2x− 7 sinx = 0
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សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

េŢយ cos 2x = 1− 2 sin2 x

េĜះេយǿងģន 2 sin2 x− 7 sinx+ 3 = 0 1

″ង t = sinx ែដល −1 ⩽ t ⩽ 1

″ម 1 ģនសមីŁរ 2t2 − 7t+ 3 = 0

∆ = (−7)2 − 4× 2× 3 = 49− 24 = 25 =⇒
√
∆ = 5

t1 =
7 + 5

2× 2
= 3 មិនយក t2 =

7− 5

2× 2
=

1

2

េយǿងģន sinx =
1

2
= sin

π

6
=⇒ x = kπ + (−1)k

π

6
, k ϵ Z

- ដូចេនះ x = kπ + (−1)k
π

6
, k ϵ Z ។

ខ . 2 cos2 x− 3
√
2 cosx+ 2 = 0

″ង t = cosx ែដល −1 ⩽ t ⩽ 1

េយǿងģនសមីŁរ 2t2 − 3
√
2t+ 2 = 0

∆ = (−3
√
2)2 − 4× 2× 2 = 2 =⇒

√
∆ =

√
2

t1 =
3
√
2 +

√
2

2× 2
=

√
2 មិនយក t2 =

3
√
2−

√
2

2× 2
=

√
2

2

េយǿងģន cosx =

√
2

2
= cos

π

4
=⇒ x = ±π

4
+ 2kπ , k ϵ Z

- ដូចេនះ x = ±π

4
+ 2kπ , k ϵ Z

គ . tan2 x

2
− (1−

√
3) tan

x

2
−
√
3 = 0

″ង t = tan
x

2
េយǿងģនសមីŁរ t2 − (1−

√
3)t−

√
3 = 0

∆ =
[
−(1−

√
3)
]2

− 4(−
√
3) = 1− 2

√
3 + 3 + 4

√
3 = 4 + 2

√
3

=⇒
√
∆ =

√
4 + 2

√
3 =

√
(
√
3)2 + 2

√
3 + 12 =

√
(
√
3 + 1)2 =

√
3 + 1

t1 =
1−

√
3 +

√
3 + 1

2
= 1 ; t2 =

1−
√
3−

√
3− 1

2
= −

√
3

◦ tan
x

2
= 1 = tan

π

4
⇐⇒ x

2
=

π

4
+ kπ =⇒ x =

π

2
+ 2kπ , k ϵ Z

◦ tan
x

2
= −

√
3 = tan(−π

3
) ⇐⇒ x

2
= −π

3
+ kπ

=⇒ x = −2π

3
+ 2kπ , k ϵ Z
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អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

- ដូចេនះ x =
π

2
+ 2kπ ; x = −2π

3
+ 2kπ , k ϵ Z ។

ឃ .
1

sin2 x
= cotx+ 3

េŢយ
1

sin2 x
= 1 + cot2 x

េĜះេយǿងģន cot2 x− cotx− 2 = 0 1 ″ង t = cotx

″ម 1 ģនសមីŁរ t2 − t− 2 = 0

∆ = (−1)2 − 4× (−2) = 1 + 8 = 9 =⇒
√
∆ = 3

t1 =
1 + 3

2
= 2 , t2 =

1− 3

2
= −1

◦ cotx = 2 =⇒ x = arc cot 2 + kπ , k ϵ Z

◦ cotx = −1 = cot(−π

4
)

=⇒ x = −π

4
+ kπ , k ϵ Z

- ដូចេនះ x = arc cot 2 + kπ , x = −π

4
+ kπ , k ϵ Z ។

២.៦ សមីករ�ង a cosx+ b sinx = c

. េគដឹង▫Ōនគូចេមųǿយ (a, b) ďចំនូនពិតែដលមិនសូនŏែដលŌន a ďēតុŪតǹវýĖ នឹងចំនួនពិត r និង θ

ែដល r > 0។ េមǿលចំណចុ P ែដលŌនកូអរេŢេន P (a, b) កĖǶងបųង់ (xy) េហǿយ P ďចំណចុចល័ត

េលǿអ័កƖ ។ ļą ប់ចំណចុ O េĉចំណចុ P ែដលďŪបែវង r និងŌនរİſ ស់ ∠XOP = θ ែដល θ ď

មំុែដលŌនទិសេţវǤďą Ōន ។ ដូចរូប 03

X

Y

P (a, b)

b

aO
θ

r =

√ a
2 +

b2

03
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. ពីនិយមន័យžងេលǿេគŌន sin θ និង cos θ ែដល cos θ =
a

r
និង sin θ =

b

r

េĜះ a = r cos θ , b = r sin θ ។ - ដូចេនះ r =
√
a2 + b2 និង θ = arc tan

b

a
។

⋄ មុំ θ ŪតǹវេផĀȅងĬĀ ត់ r cos θ = a , r sin θ = b និងស□ ិតេលǿចំណចុ P (a, b) ។

េĜះេយǿងģនសមីŁរ r cos θ cosx+ r sin θ sinx = c ⇐⇒ r cos(x− θ) = c

=⇒ cos(x− θ) =
c

r
សŪŌប់សមីŁរេនះេŢះŪƘយģនលុះŪ″ែត −1 ⩽ c

r
⩽ 1

⇐⇒ −
√
a2 + b2 ⩽ c ⩽

√
a2 + b2 េបǿ cosα =

c

r
េយǿងģនចេមųǿយទូេĉផŚល់ឲŏ

x− θ = 2kπ ± α =⇒ x = 2kπ + θ ± α , ϵ Z ។

⋄ េហតុេនះេដǿមġីឲŏសមីŁរ a cosx+ b sinx = c ŌនចេមųǿយលុះŪ″ែត |c| ⩽
√
a2 + b2

វǤធីƘūសŉİយែចកសមីŁរេនះនឹង
√
a2 + b2 េយǿងģន

a√
a2 + b2

និង
b√

a2 + b2

ពីមុខ cos θ និង sin θ ។

♦ េដǿមġីេŢះŪƘយសមីŁរែដលŌនេរȄង a cosx+ b sinx = c ″មជំơ៊នžងេŪŁម៖

1 Ĉញរក a = r cosϕ , b = r sinϕ និង r =
√
a2 + b2 , ϕ = arc tan

b

a
2 េĜះសមីŁរžងេលǿនឹងŁų យďសមីŁរ r cosϕ cosx+ r sinϕ sinx = c

⇐⇒ r cos(x− ϕ) = c =⇒ cos(x− ϕ) =
c

r
=

c√
a2 + b2

▷ ករណីទី១ េបǿ |c| >
√
a2 + b2 េĜះសមីŁរ a cosx+b sinx = c មិនƫចេŢះŪƘយģន ។

▷ ករណីទី២ េបǿ |c| ⩽
√
a2 + b2 េĜះĈញរក

c√
a2 + b2

= cosα ĜឲំŏģនសមីŁរ

cos(x− θ) = cosα ⇐⇒ x− θ = ±α + 2kπ =⇒ x = θ ± α + 2kπ , k ϵ Z ។

លំ�ត់គំរូទី១០
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក .
√
3 cosx− sinx = 1

ខ .
√
3 cosx+ sinx = 0

គ .
√
3 sinx− cosx =

√
2

ឃ .
√
3 sin 2x+ cos 2x =

√
2

ដំេ�ះ��យ.

ក .
√
3 cosx− sinx = 1

េŢយ r =
√
a2 + b2 =

√√
3
2
+ (−1)2 =

√
4 = 2 > |1| = 1

២៦ េរȄបេរȄងេŢយ ឃុយ ŬŪតី
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េយǿងģន cosϕ =
a

r
=

√
3

2
, និង sinϕ =

b

r
=

1

2
=⇒ ϕ =

π

6

សមីŁរƫចេសេសរ 2

(√
3

2
cosx− 1

2
sinx

)
= 1

⇐⇒ cos
π

6
cosx− sin

π

6
sinx =

1

2
= cos

π

3
⇐⇒ cos

(
x+

π

6

)
= cos

π

3
=⇒ x+

π

6
= ±π

3
+ 2kπ , k ϵ Z

◦ x+
π

6
=

π

3
+ 2kπ =⇒ x =

π

3
− π

6
+ 2kπ =

π

6
+ 2kπ , k ϵ Z

◦ x+
π

6
= −π

3
+ 2kπ =⇒ x = −π

3
− π

6
= −π

2
+ 2kπ , k ϵ Z

- ដូចេនះ x =
π

6
+ 2kπ , x = −π

2
+ 2kπ , k ϵ Z ។

ខ .
√
3 cosx+ sinx = 0

េŢយ r =
√
a2 + b2 =

√√
3
2
+ 12 =

√
4 = 2 > 0

េយǿងģន cosϕ =
a

r
=

√
3

2
, និង sinϕ =

b

r
=

1

2
=⇒ ϕ =

π

6

សមីŁរƫចេសេសរ 2

(√
3

2
cosx+

1

2
sinx

)
= 0

⇐⇒ cos
π

6
cosx+ sin

π

6
sinx = 0

⇐⇒ cos
(
x− π

6

)
= 0 ⇐⇒ x− π

6
= (2k + 1)

π

2

=⇒ x =
π

2
+ kπ +

π

6
=

2π

3
+ kπ , k ϵ Z

- ដូចេនះ x =
2π

3
+ kπ , k ϵ Z ។

គ .
√
3 sinx− cosx =

√
2

ƫចសរេសរ cosx−
√
3 sinx = −

√
2

េŢយ r =
√
a2 + b2 =

√
12 + (−

√
3)2 =

√
4 = 2 > | −

√
2| =

√
2

េយǿងģន cosϕ =
a

r
=

1

2
, និង sinϕ =

b

r
=

√
3

2
=⇒ ϕ =

π

3

សមីŁរƫចេសេសរ 2

(
1

2
cosx−

√
3

2
sinx

)
= −

√
2

⇐⇒ cos
π

3
cosx− sin

π

3
sinx = −

√
2

2
= cos

3π

4

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ២៧
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⇐⇒ cos
(
x+

π

3

)
= cos

3π

4
=⇒ x+

π

3
= ±3π

4
+ 2kπ , k ϵ Z

◦ x+
π

3
=

3π

4
+ 2kπ =⇒ x =

5π

12
+ 2kπ , k ϵ Z

◦ x+
π

3
= −3π

4
+ 2kπ =⇒ x = −13π

12
+ 2kπ , k ϵ Z

- ដូចេនះ x =
5π

12
+ 2kπ , x = −13π

12
+ 2kπ , k ϵ Z ។

ឃ .
√
3 sin 2x+ cos 2x =

√
2

ƫចសរេសរ cos 2x+
√
3 sin 2x =

√
2

េŢយ r =
√
a2 + b2 =

√
12 + (

√
3)2 =

√
4 = 2 >

√
2

េយǿងģន cosϕ =
a

r
=

1

2
, និង sinϕ =

b

r
=

√
3

2
=⇒ ϕ =

π

3

សមីŁរƫចេសេសរ 2

(
1

2
cos 2x+

√
3

2
sin 2x

)
=

√
2

⇐⇒ cos
π

3
cos 2x+ sin

π

3
sin 2x =

√
2

2
= cos

π

4
⇐⇒ cos

(
2x− π

3

)
= cos

π

4
=⇒ 2x− π

3
= ±π

4
+ 2kπ , k ϵ Z

◦ 2x− π

3
=

π

4
+ 2kπ ⇐⇒ 2x =

7π

12
+ 2kπ =⇒ x =

7π

24
+ kπ , k ϵ Z

◦ 2x− π

3
= −π

4
+ 2kπ ⇐⇒ 2x = − π

12
+ 2kπ =⇒ x = − π

24
+ kπ , k ϵ Z

- ដូចេនះ x =
7π

24
+ kπ , x = − π

24
+ kπ , k ϵ Z ។

លំ�ត់គំរូទី១២
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . 2 sinx− 3 cosx = −
√
26

2

ខ . 3 cosx+ 4 sinx = 5

ដំេ�ះ��យ.

ក . 2 sinx− 3 cosx = −
√
26

2

ƫចសរេសរ 3 cosx− 2 sinx =

√
26

2
1

េŢយ r =
√

32 + (−2)2 =
√
13 >

√
26

2

២៨ េរȄបេរȄងេŢយ ឃុយ ŬŪតី
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េយǿងģន cosϕ =
a

r
=

3√
13

និង sinϕ =
b

r
=

2√
13

=⇒ ϕ = arc tan
b

a
= arc tan

2

3

″ម 1 ែចកនឹង
√
13 េយǿងទទួលģន

3√
13

cosx− 2√
13

sinx =

26

2√
13

=

√
2

2

⇐⇒ cosϕ cosx− sinϕ sinx = cos
π

4
⇐⇒ cos(x− ϕ) = cos

π

4

⇐⇒ x− ϕ = ±π

4
+ 2kπ =⇒ x = ±π

4
+ ϕ+ 2kπ , ϕ = arc tan

2

3
, k ϵ Z

- ដូចេនះ x = ±π

4
+ ϕ+ 2kπ , ϕ = arc tan

2

3
, k ϵ Z ។

ខ . 3 cosx+ 4 sinx = 5 1

េŢយ r =
√
32 + 42 = 5 ⩾ 5

េយǿងģន cosϕ =
a

r
=

3

5
និង sinϕ =

b

r
=

4

5
=⇒ ϕ = arc tan

b

a
= arc tan

4

3

″ម 1 ែចកនឹង 5 េយǿងទទួលģន
3

5
cosx+

4

5
sinx = 1

⇐⇒ cosϕ cosx+ sinϕ sinx = 1 ⇐⇒ cos(x− ϕ) = 1

⇐⇒ x− ϕ = (2k + 1)
π

2
=⇒ x = (2k + 1)

π

2
+ ϕ , ϕ = arc tan

4

3
, k ϵ Z

- ដូចេនះ x = (2k + 1)
π

2
+ ϕ , ϕ = arc tan

4

3
, k ϵ Z ។

២.៧ សមីករ�ង a0 sinn x+ a1 sinn−1 x cosx+ a2 sinn−2 cos2 x+ ....+ an cosn x

⋄ a0 sinn x+ a1 sinn−1 x cosx+ a2 sinn−2 cos2 x+ ......+ an cosn x = 0 1

a0 , a1, ...., an ďចំនួនពិតនិងŌនផលបូកនិទសƖនŉ cosx និង sinx តួនីមួយៗេសŊ ǿរýĖ គឺ n ។

. វិធី�Ȝស�េ�ះ��យ
◦ ែចកសមីŁរ 1 នឹង cosn x ែដល cosn x ̸= 0

◦ សមីŁរនឹងកŁų យď a0 tann x+ a1 tann−1 x+ a2 tann−2 x+ .....+ an = 0

◦ ″ង t = tanx េŢះŪƘយសមីŁរអេថរ t រួចĈញរក x

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ២៩



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

លំ�ត់គំរូទី១៣
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . 3 sin2 x+ 3 sinx cosx− 6 cos2 x = 0

ខ . 3 sin2 x+ 2 sinx cosx = 2

គ . 5 sin2 x− 7 sinx cosx+ 16 cos2 x = 4

ឃ . sin3 x− sin2 x cosx− 3 sinx cos2 x+ 3 cos3 x = 0

ដំេ�ះ��យ.

ក . 3 sin2 x+ 3 sinx cosx− 6 cos2 x = 0

ែចកសមីŁរនឹង cos2 x ģនសមីŁរ

3 tan2 x+ 3 tanx− 6 = 0 ″ង t = tanx

េយǿងģន 3t2 + 3t− 6 = 0 ⇐⇒ t1 = 1 , t2 = −2

◦ tanx = 1 ⇐⇒ tanx = tan
π

4
=⇒ x =

π

4
+ kπ , k ϵ Z

◦ tanx = −2 =⇒ x = arc tan(−2) + kπ , k ϵ Z

- ដូចេនះ x =
π

4
+ kπ , x = arc tan(−2) + kπ , k ϵ Z

ខ . 3 sin2 x+ 2 sinx cosx = 2

សមីŁរƫចសរេសរ 3 sin2 x+ 2 sinx cosx = 2(sin2 x+ cos2 x)

⇐⇒ sin2 x+ 2 sinx cosx− cos2 x = 0

ែចកសមីŁរនឹង cos2 x េយǿងģនសមីŁរ

tan2 x+ 2 tanx− 1 = 0 , ″ង t = tanx

េយǿងģន t2 + 2t− 1 = 0 ⇐⇒ (t− 1)2 = 0 =⇒ t = 1

◦ tanx = 1 ⇐⇒ tanx = tan
π

4
=⇒ x =

π

4
+ kπ , k ϵ Z

- ដូចេនះ x =
π

4
+ kπ , k ϵ Z

គ . 5 sin2 x− 7 sinx cosx+ 16 cos2 x = 4

៣០ េរȄបេរȄងេŢយ ឃុយ ŬŪតី



អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

សមីŁរƫចសរេសរ 5 sin2 x− 7 sinx cosx+ 16 cos2 x = 4(sin2 x+ cos2 x)

⇐⇒ sin2 x− 7 sinx cosx+ 12 cos2 x = 0

ែចកសមីŁរនឹង cos2 x េយǿងģនសមីŁរ

tan2 x− 7 tanx+ 12 = 0 , ″ង t = tanx

េយǿងģន t2 − 7t+ 12 = 0 ⇐⇒ t1 = 3 , t2 = 4

◦ tanx = 3 =⇒ x = arc tan 3 + kπ , k ϵ Z

◦ tanx = 4 =⇒ x = arc tan 4 + kπ , k ϵ Z

- ដូចេនះ x = arc tan 3 + kπ , x = arc tan 4 + kπ , k ϵ Z

ឃ . sin3 x− sin2 x cosx− 3 sinx cos2 x+ 3 cos3 x = 0

ែចកសមីŁរនឹង cos2 x ģនសមីŁរ tan3 x− tan2 x− 3 tanx+ 3 = 0

tan2 x(tanx− 1)− 3(tanx− 1) = 0 ⇐⇒ (tanx− 1)(tan2 x− 3) = 0

◦ tanx− 1 = 0 =⇒ x =
π

4
+ kπ , k ϵ Z

◦ tan2 x− 3 = 0 ⇐⇒ tan2 x = 3 =
(√

3
)2

= tan
π

3
=⇒ x = ±π

3
+ kπ , k ϵ Z

- ដូចេនះ x =
π

4
+ kπ , x = ±π

3
+ kπ , k ϵ Z ។

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៣១
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៣.វិសមីករ�តីេកណម�ត

⋄ ឧបŌេយǿងŪតǹវេŢះŪƘយវǤសមីŁរ f(x) > a ឬ f(x) < a េយǿងŪតǹវេŪបǿŪŁបៃន

អនុគមន៍ŪŁប y = f(x) និង y = a េដǿមġីសិកƙទី″ងំេធȄបរǻងŪŁបĈងំពីរេĉ″មតៃមų x ។

. បĜĀ ប់មកដំេ₧ះŪƘយៃនវǤសមីŁរ f(x) > a ǻគឺតៃមų x សŪŌប់ចំណចុ (x, f(x)) ៃនŪŁប

y = f(x) ស□ ិតេĝžងេលǿŪតង់ៃនបĜĀ ត់ y = a ។

x

y

y = a

x1 x2

. ŪសេដȄងýĖ ែដរដំេ₧ះŪƘយវǤសមីŁរ f(x) < a ǻគឺតៃមų x សŪŌប់ចំណចុ (x, f(x)) ៃនŪŁប

y = f(x) ស□ ិតេĝžងេŪŁមŪតង់ៃនបĜĀ ត់ y = a ។

x

y

y = a

x2x1

៣.១ វិសមីករ�ង sinx > a

. ឧបŌរកតៃមų x ែដលបំេពញលកšខណŹ នូវវǤសមីŁរ sinx > a , −1 ⩽ a ⩽ 1 កĖǶងមួយរងſង់

♦ ករណី 0 < a < 1

cosx

sinx

a
απ − α

α

៣២ េរȄបេរȄងេŢយ ឃុយ ŬŪតី
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• េមǿលរូបžងេលǿវǤសមីŁរ sinx > a ģនផŚល់ចេមųǿយតៃមų α < x < π − α យកចេមųǿយពី

តូចេĉធំនិងŪČស់ពីŪទនិĜឡិŁរ ចេមųǿយទូេĉ α + 2kπ < x < π − α + 2kπ , k ϵ Z 1

♦ ករណី −1 < a < 0

cosx

sinx

a 2π − α

α

π + α

α
−α

• េមǿលរូបžងេលǿវǤសមីŁរ sinx > a ģនផŚល់ចេមųǿយតៃមų 2π − α < x < π + α ែតǻ

ďតៃមųពីធំេĉតូចេហតុេនះេយǿងបŉǹរតៃមųមុំពី 2π − α េĉ −α (មុំផĀǶយýĖ ) េĜះģនចេមųǿយតៃមų

−α < x < π + α ចេមųǿយទូេĉ − α + 2kπ < x < π + α + 2kπ 2

ែតេយǿងពិនិតŏេមǿលចេមųǿយៃនវǤសមីŁរĈងំពីរďចេមųǿយទូេĉរួមែតមួយ េយǿងŌនចេមųǿយទូេĉ 2

−α + 2kπ < x < π + α + 2kπ , k ϵ Z យក α = −α

ទទួលģនចេមųǿយទូេĉ −(−α) + 2kπ < x < π − α + 2kπ ∵ sin(−α) = − sinα

េយǿងģន α + 2kπ < x < π − α + 2kπ , k ϵ Z ។ ″ម 1 និង 2

- ដូចេនះ α + 2kπ < x < π − α + 2kπ , k ϵ Z ។

◦ �កបអនុគមន៍ sinx > a

x

y

y = a

α π − α−2π + α−π − α
π−π 2π−2π

2π + α 3π − α
3π

៣.១ វិសមីករ�ង sinx < a

◦ ឧបŌរកតៃមų x ែដលបំេពញលកšខណŹ នូវវǤសមីŁរ sinx < a , −1 ⩽ a ⩽ 1 កĖǶងមួយរងſង់

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៣៣
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.

cosx

sinx

a
απ − α

α

◦ ″មរូបžងេលǿវǤសមីŁរផŚល់ចេមųǿយ π − α េĉ α េយǿងយកទិសេţŪČស់ពីŪទនិចĜឡិŁរេĜះ

តៃមų α ផŚល់ឲŏ α + 2π េដǿមġីģនតៃមųមុំពីតូចេĉធំេហតុេនះģនចេមųǿយ π − α < x < α + 2π

ចេមųǿយទូេĉ π−α+2kπ < x < α+2π+2kπ ឬេយǿងƫចចេមųǿយេផƖងពីេនះយក k = −1

រកƙចេមųǿយទូេĉេĜះ π − α− 2π + 2kπ < x < α + 2π − 2π + 2kπ

⇐⇒ −π − α + 2kπ < x < α + 2kπ , k ϵ Z

- ដូចេនះ −π − α + 2kπ < x < α + 2kπ , k ϵ Z ។

◦ �កបអនុគមន៍ sinx < a

x

y

y = a

α π − α−2π + α−π − α
π−π 2π−2π

2π + α 3π − α
3π

លំ�ត់គំរូទី១៤
◦ េŢះŪƘយវǤសមីŁរžងេŪŁម៖

ក . sinx >
1

2
ខ . sinx > −

√
3

2
គ . sinx ⩽ 1

2
ឃ . sinx < −

√
2

2

ដំេ�ះ��យ.

ក . sinx >
1

2
វǤសមីŁរƫចសរេសរ sinx > sin

π

6

៣៤ េរȄបេរȄងេŢយ ឃុយ ŬŪតី
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⇐⇒ π

6
+ 2kπ < x < π − π

6
+ 2kπ , k ϵ Z

⇐⇒ π

6
+ 2kπ < x <

5π

6
+ 2kπ , k ϵ Z

- ដូចេនះ
π

6
+ 2kπ < x <

5π

6
+ 2kπ , k ϵ Z ។

x

y

y =
1

2
π

6
5π

6
−11π

6
−7π

6

π−π 2π−2π

13π

6

17π

6

3π

ខ . sinx > −
√
3

2
វǤសមីŁរƫចសរេសរ sinx > sin

(
−π

3

)
⇐⇒ −π

3
+ 2kπ < x < π −

(
−π

3

)
+ 2kπ

⇐⇒ −π

3
+ 2kπ < x <

4π

3
+ 2kπ , k ϵ Z

- ដូចេនះ −π

3
+ 2kπ < x <

4π

3
+ 2kπ , k ϵ Z ។

x

y

y = −
√
3

2

−π

3
−2π

3
−7π

3

4π

3

5π

3

10π

3π−π 2π−2π 3π

គ . sinx ⩽ 1

2
វǤសមីŁរƫចសរេសរ sinx ⩽ sin

π

6
⇐⇒ −π − π

6
+ 2kπ ⩽ x ⩽ π

6
+ 2kπ

⇐⇒ −7π

6
+ 2kπ ⩽ x ⩽ π

6
+ 2kπ , kϵ Z

- ដូចេនះ −7π

6
+ 2kπ ⩽ x ⩽ π

6
+ 2kπ , kϵ Z ។

x

y

y =
1

2
π

6
5π

6
−11π

6
−7π

6

π−π 2π−2π

13π

6

17π

6

3π

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៣៥



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

ឃ . sin 2x < −
√
2

2
វǤសមីŁរƫចសរេសរ sin 2x < sin

(
−π

4

)
⇐⇒ −π −

(
−π

4

)
+ 2kπ < 2x < −π

4
+ 2kπ

⇐⇒ −π +
π

4
+ 2kπ < 2x < −π

4
+ 2kπ , k ϵ Z

−3π

8
+ 2kπ < 2x < −π

8
+ 2kπ

⇐⇒ −3π

8
+ 2kπ < x < −π

8
+ kπ , k ϵ Z

- ដូចេនះ −3π

8
+ 2kπ < x < −π

8
+ kπ , k ϵ Z ។

x

y

y = −
√
2

2

5π

8

7π

8

13π

8

15π

8
−π

8
−3π

8
−9π

8
−11π

8
π 3π

2
−3π

2

π

2
−π

2
−π 2π

៣.២ វិសមីករ�ង cosx > a

. ឧបŌរកតៃមų x ែដលបំេពញលកšខណŹ នូវវǤសមីŁរ cosx > a , −1 ⩽ a ⩽ 1 កĖǶងមួយរងſង់ ។

cosx

sinx

a

2π − α

α

α
−α

◦ ″មរូបžងេលǿវǤសមីŁរផŚល់ចេមųǿយ 2π−α េĉ α េយǿងយកទិសេţŪČស់ពីŪទនិចĜឡិŁរេĜះតៃមų

2π − α ផŚល់ឲŏ −α មុំផĀǶយេដǿមġីģនតៃមųមុំពីតូចេĉធំេហតុេនះģនចេមųǿយ −α < x < α

ចេមųǿយទូេĉ −α + 2kπ < x < α + 2kπ , k ϵ Z

៣៦ េរȄបេរȄងេŢយ ឃុយ ŬŪតី



អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

- ដូចេនះ −α + 2kπ < x < α + 2kπ , k ϵ Z ។

◦ �កបអនុគមន៍ cosx > a

x

y

y = a

α−α 2π − α−2π + α −π π 2π 2π + α

៣.៣ វិសមីករ�ង cosx < a

. ឧបŌរកតៃមų x ែដលបំេពញលកšខណŹ នូវវǤសមីŁរ cosx < a , −1 ⩽ a ⩽ 1 កĖǶងមួយរងſង់ ។

cosx

sinx

a

2π − α

α

α

◦ ″មរូបžងេលǿវǤសមីŁរផŚល់ចេមųǿយ α េĉ 2π−α េយǿងយកទិសេţŪČស់ពីŪទនិចĜឡិŁរេĜះតៃមų

α េĉមុំ 2π − α ďតៃមųមុំពីតូចេĉធំេហតុេនះģនចេមųǿយ α < x < 2π − α

ចេមųǿយទូេĉ α + 2kπ < x < 2π − α + 2kπ , k ϵ Z

- ដូចេនះ α + 2kπ < x < 2π − α + 2kπ , k ϵ Z ។

◦ �កបអនុគមន៍ cosx < a

x

y

y = a

α−α 2π − α−2π + α −π π 2π 2π + α

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៣៧



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

 លំ�ត់គំរូទី១៥
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . cosx >

√
2

2

ខ . cosx > −
√
3

2

គ . cos 2x ⩽ 1

2

ឃ . cosx < −
√
3

2

ង . cosx <
1

3

ច . cosx > sinx

ដំេ�ះ��យ.

ក . cosx >

√
2

2
វǤសមីŁរƫចសរេសរ cosx > cos

π

4
⇐⇒ −π

4
+ 2kπ < x <

π

4
+ 2kπ , k ϵ Z

- ដូចេនះ −π

4
+ 2kπ < x <

π

4
+ 2kπ , k ϵ Z ។

x

y

y =

√
2

2
π

4
−π

4
7π

4
−7π

4

−π π 2π 9π

4
−9π

4

−2π

ខ . cosx > −
√
3

2

វǤសមីŁរƫចសរេសរ cosx > cos
5π

6

⇐⇒ −5π

6
+ 2kπ < x <

5π

6
+ 2kπ , k ϵ Z

- ដូចេនះ −5π

6
+ 2kπ < x <

5π

6
+ 2kπ , k ϵ Z ។

x

y

y = −
√
3

2

5π

6
−5π

6

7π

6
−7π

6

17π

6
−17π

6

−π π 2π−2π

គ . cos 2x ⩽ 1

2
វǤសមីŁរƫចសរេសរ cos 2x ⩽ cos

π

3
⇐⇒ π

3
+ 2kπ ⩽ 2x ⩽ 2π − π

3
+ 2kπ

៣៨ េរȄបេរȄងេŢយ ឃុយ ŬŪតី



អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

⇐⇒ π

3
+ 2kπ ⩽ 2x ⩽ 5π

3
+ 2kπ

⇐⇒ π

6
+ kπ ⩽ x ⩽ 5π

6
+ kπ , k ϵ Z

- ដូចេនះ
π

6
+ kπ ⩽ x ⩽ 5π

6
+ kπ , k ϵ Z ។

x

y

y =
1

2
π

6
5π

6

7π

6

11π

6

13π

6
−π

6−5π

6
−11π

6
−13π

6

−π π 2π−2π

ឃ . cosx < −
√
3

2

វǤសមីŁរƫចសរេសរ cosx < cos
5π

6

⇐⇒ 5π

6
+ 2kπ < x < 2π − 5π

6
+ 2kπ

⇐⇒ 5π

6
+ 2kπ < x <

7π

6
+ 2kπ

- ដូចេនះ
5π

6
+ 2kπ < x <

7π

6
+ 2kπ , k ϵ Z ។

x

y

y = −
√
3

2

5π

6

7π

6

17π

6
−5π

6
−7π

6
−17π

6
3π

2
−3π

2

π

2
−π

2
−π π

2π−2π

ង . cosx <
1

3

វǤសមីŁរƫចសរេសរ cosx < cos
(

cos−1 1

3

)
⇐⇒ cos−1 1

3
+ 2kπ < x < 2π − cos−1 1

3
+ 2kπ

- ដូចេនះ cos−1 1

3
+ 2kπ < x < 2π − cos−1 1

3
+ 2kπ , k ϵ Z ។

x

y

y =
1

3
cos−1 1

3
2π − cos−1 1

32π + cos−1 1

3

− cos−1 1

3
−2π + cos−1 1

3−2π − cos−1 1

3

−π π 2π−2π

3π

2
−3π

2

π

2
−π

2

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៣៩



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

ច . cosx > sinx

វǤសមីŁរƫចសរេសរ cosx− sinx > 0

⇐⇒
√
2

(√
2

2
cosx−

√
2

2
sinx

)
> 0

⇐⇒ cosx cos
π

4
− sinx sin

π

4
> 0

⇐⇒ cos
(
x+

π

4

)
> 0 ⇐⇒ cos

(
x+

π

4

)
> cos

π

2
⇐⇒ −π

2
+ 2kπ < x+

π

4
<

π

2
+ 2kπ

⇐⇒ −π

2
− π

4
+ 2kπ < x <

π

2
− π

4
+ 2kπ

⇐⇒ −3π

4
+ 2kπ < x <

π

4
+ 2kπ

- ដូចេនះ −3π

4
+ 2kπ < x <

π

4
+ 2kπ , k ϵ Z ។

x

y

π

4

−3π

4

5π

4

−7π

4

−π π 2π 9π

4

sinx

cosx−2π

៣.៤ វិសមីករ�ង tanx > a

▲ ŪទីសŚ ីបទទី ៧ ″ង a ďចំនួនពិតនិងŌនមុំ α ែដលďចេមųǿយďក់ŵក់ៃនវǤសមីŁរ tanx > a

េយǿងģនដំេ₧ះŪƘយទូេĉŪតǹវģនកំណត់េŢយ tanx > tanα ⇐⇒ kπ + α < x < kπ +
π

2
k ϵ Z , α ϵ

[
−π

2
,
π

2

]
។

��យបȦជ ក.់ េយǿងŌន tanx > tanα , α ϵ
[
−π

2
,
π

2

]
⇐⇒ sinx

cosx
>

sinα
cosα

េŢយ cosx ̸= 0 =⇒ x ̸= (2k + 1)
π

2

⇐⇒ sinx cosα− sinα cosx
cosα cosx

> 0 ⇐⇒ sin(x− α)

cosx
> 0 1

◦ sin(x− α) = 0 ⇐⇒ x− α = kπ =⇒ x = kπ + α

◦ cosx = 0 =⇒ x = kπ +
π

2
″ម 1 េយǿងģន kπ + α < x < kπ +

π

2- ដូចេនះ tanx > tanα ⇐⇒ kπ + α < x < kπ +
π

2
, kϵ Z , α ϵ

[
−π

2
,
π

2

]
។

៤០ េរȄបេរȄងេŢយ ឃុយ ŬŪតី



អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

◦ �កបអនុគមន៍ tanx > a

x

y = a

y

2π + α
0

−π + α α π + απ

2
3π

2
−3π

2
−π

2

π−π−2π 2π
−2π + α

. ǻក៏ចĤស់ផងែដរពីដំេ₧ះŪƘយ″មŪŁបវǤសមីŁរŌនសំណុំចេមųǿយគឺ៖ tanx > a

⇐⇒ kπ + α < x < kπ +
π

2
, k ϵ Z , α ϵ

[
−π

2
,
π

2

]
។

៣.៥ វិសមីករ�ង tanx < a

▲ ŪទីសŚ ីបទទី ៨ ″ង a ďចំនួនពិតនិងŌនមុំ α ែដលďចេមųǿយďក់ŵក់ៃនវǤសមីŁរ tanx < a

េយǿងģនដំេ₧ះŪƘយទូេĉŪតǹវģនកំណត់េŢយ tanx < tanα ⇐⇒ kπ − π

2
< x < kπ + α

k ϵ Z , α ϵ
[
−π

2
,
π

2

]
។

��យបȦជ ក.់ េយǿងŌន tanx < tanα , α ϵ
[
−π

2
,
π

2

]
⇐⇒ sinx

cosx
<

sinα
cosα

េŢយ cosx ̸= 0 =⇒ x ̸= (2k + 1)
π

2

⇐⇒ sinx cosα− sinα cosx
cosα cosx

< 0 ⇐⇒ sin(x− α)

cosx
< 0 1

◦ sin(x− α) = 0 ⇐⇒ x− α = kπ =⇒ x = kπ + α

◦ cosx = 0 =⇒ x = kπ +
π

2
″ម 1 េយǿងģន kπ − π

2
< x < kπ + α

- ដូចេនះ tanx < tanα ⇐⇒ kπ − π

2
< x < kπ + α , kϵ Z , α ϵ

[
−π

2
,
π

2

]
។

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៤១



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

◦ �កបអនុគមន៍ tanx < a

x

y = a

y

2π + α
0

−π + α α π + απ

2
3π

2
−3π

2
−π

2

π−π−2π 2π
−2π + α

. ǻក៏ចĤស់ផងែដរពីដំេ₧ះŪƘយ″មŪŁបវǤសមីŁរŌនសំណុំចេមųǿយគឺ៖ tanx < a

⇐⇒ kπ − π

2
< x < kπ + α , k ϵ Z , α ϵ

[
−π

2
,
π

2

]
។

■ ចំេĵះវǤសមីŁរ cotx > a ⇐⇒ tanx <
1

a

■ ចំេĵះវǤសមីŁរ cotx < a ⇐⇒ tanx >
1

a

លំ�ត់គំរូទី១៦
◦ េŢះŪƘយសមីŁរžងេŪŁម៖

ក . tanx > 1

ខ . tan
(
x− π

3

)
⩾ 1√

3

គ . tan 2x > −
√
3

ឃ . tanx <
√
3

ង . tanx < 2

ច . tan
(
2x− π

3

)
< 1

ដំេ�ះ��យ.

ក . tanx > 1

វǤសមីŁរƫចសរេសរ tanx > tan
π

4
⇐⇒ kπ +

π

4
< x < kπ +

π

2
, k ϵ Z

- ដូចេនះ kπ +
π

4
< x < kπ +

π

2
, k ϵ Z ។

៤២ េរȄបេរȄងេŢយ ឃុយ ŬŪតី



អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

x

y = 1

y

0
9π

4

π

4−3π

4

5π

4

π

2
3π

2
−3π

2
−π

2

π−π−2π 2π

−7π

4

ខ . tan
(
x− π

3

)
⩾ 1√

3

វǤសមីŁរƫចសរេសរ tan
(
x− π

3

)
⩾ 1√

3
=

√
3

3
= tan

π

6

⇐⇒ kπ +
π

6
⩽ x− π

3
< kπ +

π

2
⇐⇒ kπ +

π

6
+

π

3
⩽ x < kπ +

π

2
+

π

3

⇐⇒ kπ +
π

2
⩽ x < kπ +

5π

6

- ដូចេនះ kπ +
π

2
⩽ x < kπ +

5π

6
, k ϵ Z ។

x
y =

1√
3

y

0
π

2
−π

2
3π

2
−7π

6
−π

6
5π

6

11π

6
−3π

2

គ . tan 2x > −
√
3

វǤសមីŁរƫចសរេសរ tan 2x > −
√
3 = tan

(
−π

3

)
⇐⇒ kπ − π

3
< 2x < kπ +

π

2

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៤៣



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

⇐⇒ kπ

2
− π

6
< x <

kπ

2
+

π

4

- ដូចេនះ
kπ

2
− π

6
< x <

kπ

2
+

π

4
, k ϵ Z ។

x

y = −
√
3

y

0

−5π

4
−π

4

−7π

6
−2π

3
−π

6

π

3

5π

6
π

4
3π

4
−3π

4

5π

4

ឃ . tanx <
√
3

វǤសមីŁរƫចសរេសរ tanx < tan
π

3
⇐⇒ kπ − π

2
< x < kπ +

π

3
, k ϵ Z

- ដូចេនះ kπ − π

2
< x < kπ +

π

3
, k ϵ Z ។

x

y =
√
3

y

0
π

3
4π

3

7π

3
−2π

3

π

2
3π

2
−3π

2
−π

2

π−π−2π 2π

−5π

3

ង . tanx < 2

វǤសមីŁរƫចសរេសរ tanx < tan
(
tan−1 2

)
∴ arc tan 2 = tan−1 2

⇐⇒ kπ − π

2
< x < kπ + tan−1 2 , k ϵ Z

៤៤ េរȄបេរȄងេŢយ ឃុយ ŬŪតី



អនុ.ŪតីេŁណŌŪត សមីŁរ វǤសមីŁរ

- ដូចេនះ kπ − π

2
< x < kπ + tan−1 2 , k ϵ Z ។

x

y = 2

y

0
tan−1 2 π + tan−1 2 2π + tan−1 2−π + tan−1 2

π

2

3π

2
−3π

2
−π

2 π−π−2π 2π

−2π + tan−1 2

ច . tan
(
2x− π

3

)
< 1

វǤសមីŁរƫចសរេសរ tan
(
2x− π

3

)
< tan

π

4
⇐⇒ kπ − π

2
< 2x− π

3
< kπ +

π

4
⇐⇒ kπ − π

2
+

π

3
< 2x < kπ +

π

4
+

π

3

⇐⇒ kπ − π

6
< 2x < kπ +

7π

12

⇐⇒ kπ

2
− π

12
< x <

kπ

2
+

7π

24

- ដូចេនះ
kπ

2
− π

12
< x <

kπ

2
+

7π

24
។

x

y = 1

y

0

7π

24

19π

24
−5π

24
−17π

24
−29π

24
− π

12
5π

12

11π

12
−7π

12
−13π

12

េរȄបេរȄងេŢយ ឃុយ ŬŪតី ៤៥



សមីŁរ វǤសមីŁរ អនុ.ŪតីេŁណŌŪត

លំ�ត់អនុវត�ទី ១
◦ េŢះŪƘយវǤសមីŁរžងេŪŁម៖

ក . sinx > −1

2

ខ . sinx ⩾ 1

គ . sinx ⩽ 1√
2

ឃ . sinx <

√
3

2

ង . cosx >

√
3

2

ច . cosx ⩾ −1

2

ឆ . cosx <
1√
2

ជ . cosx <
2

3

ឈ . tan 2x ⩽ 1

លំ�ត់អនុវត�ទី ២
◦ េŢះŪƘយវǤសមីŁរžងេŪŁម៖

ក . tanx >
1√
3

ខ . tan
x

2
⩾ 1

គ . sin 2x <
1

2

ឃ . sin 3x <

√
3

2

ង . cos 5x ⩽ 1

2

ច . cos 6x > −1

2

ឆ . sin 5x < −
√
2

2

ជ . tan 3x > −1

ឈ . tanx > 3

លំ�ត់អនុវត�ទី ៣
◦ េŢះŪƘយវǤសមីŁរžងេŪŁម៖

ក . 2 cosx ⩽ −
√
2

ខ . −
√
2 sinx+ 1 ⩾ 0

គ .
√
3 tanx− 1 < 0

ឃ . sin
(
2x+

π

3

)
> −

√
3

2

ង . cos
(x
2
− π

3

)
⩽ 1√

2
ច . sinx > cosx

ឆ . 2 cos
(x
2
+

π

6

)
⩽ 1

ជ .
5

4
sin2 x+

1

4
sin2 2x > cos 2x

លំ�ត់អនុវត�ទី ៤
◦ េŢះŪƘយវǤសមីŁរžងេŪŁម៖

ក . sinx+ cosx > 1

ខ . sinx− cosx < 1

គ .
√
3 sinx+ cosx > 1

ឃ . sinx−
√
3 cosx < 1

ង .
√
3 cosx− sinx > 1

ច .
√
3 cosx+ sinx ⩽ 0

ឆ .
√
3 sinx− cosx >

√
2

ជ .
√
3 sin 2x+ cos 2x <

√
2

ឈ . −
√
3 sin 2x+ cos 2x > −

√
2

៤៦ េរȄបេរȄងេŢយ ឃុយ ŬŪតី


